
THE UNTVTRSiTY OF MANITOBA

STRUCTURAL ANALYSIS OF ARCHTD.FOLDED PLATTS OF REVOLUTION

Roland Chee-Pang Hui

A THESIS

SUBlvlITTED TO THE FACULTY OF GRADUATE STUDIES

IN PARTIAL FULFILMINT OF THE REQUIREMENTS FOR THE DTGREE

OF MASTER OF SCIENCE

DEPARTMENT OF CIVIL ENGINEERING

l^IINNIPEG, MANiT0BA

by

0ctober, 1974



STRUCTURAL ANALYSIS OF ARCHED-FOLDED PLATES OF REVOLUTION

by

ROLAND HUI

A dissertation subnlitted to the Faculty of Graduatc Studies of
the U¡riversity of Munitoba in partial fulfillment of'the requirements

of the tlegree ol

MASTER OF SCIINCE

@ 1974

Pernrission has becn grantcd to the LltsRAlìY OI.- TtlU UNIVUR-

SITY Ot MANITOIJA to lcnd or sell copies of this dissert¿rtion, to

the NATIONAL LIBRAIIY Of,'(lANAl)A to rlricrotilm this

dissertatio¡r and to lend t¡r sell copies of the l'ilnr, and UNlVtjlìSITY

MlClìOFlLlvlS to publish ¿rn abstract of this dissertation.

Tlte autltor reserves other ¡rublicatjon rights, and neither thc

dissertation nor extensivc extracts fronl it nray be printe<l or t-rther-

rvise reprocluced without thc arrthol''s wlittell pennissitln.



ACKNOl^lLEDGITENTS

The wrjter gratefuìly acknowledges the cordjal assistance

and guidance given to him by Dr. A. H. Shah in the preparation of

this thesis. His superior knowledge on the subiect is sÍncerely

apprec i ated .

The writer also wishes to thank Professor J. I. Glanville

for his many constructive comments and enthusiasm on the subiect.

His valuable contributions are gratefully recognized.

l1



SUYIIIARY

An arched-folded plate of revolution, formed by rotating

a folded cross-sectjon about a fixed Jine, is investigated under the

action of uniform'ly distributed surface loads.

An attempt to analyze the above structure by ordinary one

dimensjonal structural theories, name'ly, arch and curved-beam theorjes

for the longitudinal action and moment distribution for transverse

action while ensuring compatibility between two foìds, is the main

objectjve of this thesis.

The comparisons of numerical results for a two-folds

roof system obtained by the structural and finite element analyses,

are also included .
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C|.|APTER I

I NTRODU CT I ON

1.1 Object of Stud.v

A prismatic fo'lded-p1ate structure, formed by a system of

thin plates spanning longitudinally and monolithica'l1y connected to

each other along 'longitudinal joints has obtained increasing

popu'larity'in past decades. It is now well known that folded p'late

constructjon utilizes the strength characterístic of shell structures,

such that its inherent stiffness allows for a longer span. Yet,

contrasted with curved shell, the folded p]ate offers the advantage

of simp'ìer and less expensive formwork. Although mainly used for roof

system, the folded pìate has been adapted to bins, bridges, floors

and even foundations, resu'ltì ng in an economic, rational and p'ìeasi ng

des i gn.

The analys'is of folded plate structures has received

considerable attention since the first pubìicatìon in 1930. G. thlersl

of Germany was one of the first to propose a folded-p'late theory

based on a I inear variation of 'longitudinal stress in each p'late but

neglected the effect of the relative dìspìacement of the joints. Further

development of the theory in the 1930's was made by H. Craemer2 and

E. Gruber3. They took into account the transverse moments at the joints

arising from continuity of construction. This method was introduced to
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North Amerjca in 1947 in a paper by G.þlinter and M. Pei4. They

described the foided plate theory negl ect'ing relative joìnt d'isplace-

ments and developed a convenient iteration procedure for the deter-

mination of the longitudina'l stress pattern after the moment

distrjbution procedure. The more rigorous theory which takes

into account the effect of relat'ive joint displacements was first
proposed by Gruber and Gruenings i n 1932. The theory was simplifÍed

by l,l. 7. Vlassow6 in j936 with an approach that used linear algebraic

equations for calculation of the 'longitudinal stresses and ridge

moments instead of solving fourth order sjmultaneous differential

equations. The theory involving re'lative ioints disp'lacements was

also developed by I.GaafarT and D. Yitzhaki8 who introduced dffferent

procedures which reduced the number of equat'ions required for solution

to approximately one half that of Vlassow's method. in addition, an

iteratìon method was developed to account for relative iojnt d'isplace-

ment. Further theoretical developments reconsidered the use of s'impie

beam theory in each plate and the use of one-way slab in the transverse

direction vras introduced by H. SimpsonlB. Utjlization of the two-

dimensional theory of elast'icity for determination of membrane stresses

and turo-way s'lab theory for determination of bending and twísting of

the slab was introduced by Goìdberq and Leve9. The ASCE Task Committee

on Folded Plate Construction summarized the literature on analysis of

folded plates structures'into the following four basic categories:
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beam method,

folded plate theory neg'lecting relative joint

d i sp'l acement ,

(c) folded p'late theory considering relatjve joint

displacement, and

(d) elastic'ity method.

A full bibliography on folded plates has been presented in the report

by this committee ín lg6g10.

The behaviour of prismatic folded plate structures is

now well understood. Fìgure 1..l shows some typical fojded piate

structures together with almost unlimited range of possible cross-

section arrangements. The structures carry the superìmposed loads

to the end diaphragms or gable frames through considerable bend'ing

action in the'long'itudinal direction. The tensile longitudinal

stresses require a large amount of reinforcement and thus I im'it the

long'itudinal clear span of a reinforced concrete folded p1ate. There

are two ways to overcome such dìfficulty. One method is to apply

prestressing forces to folded pìate structuresll where possibility

of cracking, tensile stresses and deflections can be significantly

reduced. Another method is to utilize the fact that an arched

construction can resist loads more effectively than a straight one.

Therefore, an arched folded plate will be able to resist loads more

effectively than a conventional straight folded p'late. An attempt,

usìng structural theories, to analyze such structure under the act'ion

(a )

(b)
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V
(i) Northlighl Type

Triongulor Folded Plote Strucfure

Umbrello Folded Plote Structure

0¡) I- Beom Type (liû T- Beom Type

Typicol Cross - Sections

Fig. l.l Typicol Folded Plote Structures
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Fig. t.t Cont¡nued



-6-

of loads, becomes the main objective of this thesis.

1.2 Geometry and Previous Study

There are two distinct different types of arched folded plate

structures. By translating a folded cross-section along a g'iven curve,

an arched folded p'late of translation is formed (Figure l.2a). However,

by rotating a folded cross-section about a fixed line, an arched folded

p'late of revolution is formed (Figure l.2b). Both structures have the

strength characteristic of a double curvature shell and yet it is

simple in forming due to the straight edges in one direction.

Since each unit of the arched folded plate of translatjon is

an incljned straight line translating along a shallow curve, each un'it

can be analyzed as a translational shallow shell in the longitudinal

direction. Using the governing equatìons of a general shallow shell

gìven by K.Marguerrel2 und the Levy-type soìut'ion given by K.Apeland
1)

and E. Popov'', the probìem of an arched folded plate of translation,

simply supported a'long the two transverse edges, has been solved by

Shah and Lansdownl4.

Each unit of the arched folded plate of revolution is formed

by rotating an inclined straight line about an axis. It can also be

considered as a section from a circular cone shown in Figure 1.3a. The

pìan view of two inclined lines of rotation, which form such unit,

ìs shown in Figure .l.3b. Since each unit of the arched folded pìate

of revolution is actual'ly part of a circular cone, it can be analyzed

by She'll theory. The solutjon'is quite comp'lex, and current'ly being

examined. 0n'ly simply supported boundary conditjon along the two
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(o) Tronslotionol Type

(b) Rototionol Type

Fig. 1.2 Arched FolCed Plate
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transverse edges can be solved by any shell theory. This thesis,

however, combines ordinary one d'imensional structural theories for

longitudinal action and moment distribution for transverse action,

whi'le ensuring compatibil ity between two folds, and can so'lve any

boundary conditions along the transverse edges.

.l.3 
Assumptions and Limitations

In order to app'ly one-dimensional structural theories to

arched folded p'late structures (Figure 1.4), certain assumptions

must be made. Limitations are thereby introduced jn the applicabiiity

of the theory. Some basic assumptions similar to those jn the

conventional folded plate theory are:

(l ) The materíal is elastic, isotropic, and homogeneous.

(2) The principle of superposition holds.

(3) The plates carry 'loads transversely only by bending

normal to their p'lanes (i .e. transverse conti nuous one-way s'l ab

action ) .

(4) The plates carry loads'longitudinally by bend'ing and

axial force withjn their planes (i.e. longitudinal arch-curved beam

action ) .

(5) The variation of longitudinal stress across the entire

cross-section of each unit is p'lanar. It varies l'inearly across the

wjdth and over the depth.

(6) D'isplacements due to axial forces, bending moments are

considered.
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(7) The longitudinal distribution of a'l'l I oads on al I

units must be symmetrical.

(B) The cross-section of each unit is constant throughout

its span length (i.e. prismat'ic arched folded plates).

Additional assumptions are:

(9) The arched fojded plate is symmetricaì in the iongitudinal

d i recti on .

(10) The end supporting members aìong the two transverse

edges must provide built-in boundary conditions.

(ll) The open cross-section of each unit may have shapes

other than the basic,A. shape.The ratio of the largest sectional

dimension to the radius of curvature must be in the order of l/10

or less. The ratio of span-wjdth should be more than 5.

(12) Each unit can be subjected to ìnplane and out of plane

loadjngs which can be forces or moments. Loadings w'ithin and normal

to structure's plane of curvature are termed inp'lane and out of plane

loads respectively.

(13) Individual unit possess torsional resistance. Torsional

stresses due to twisting moments are ignored. Rotatìonal deflections

of the cross-section due to twisting are considered.

(14) Shear stresses in each cross-section have negligible

effect on the deflection of the cross-section.

(15) The actual deflections are smali compared to the overajl

configuration of the structure.
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(16) The two outer longitudinal edges of the structure

are assumed to be free of supports. It can be supported by edge

beams which are considered as simp'le supports, but not rvithout

modification of the theory.

The limitations which the preceding assumptions impose are

generaì'ly those associated w'ith arch/curved beam theory and one-way

s'lab action. Certain restrictions on the configuration of the

structure are also introduced. It is noted that the theory

herein is considered to be applicab'le to reinforced concrete (a

nonhomogeneous material ) and to structures composed of proper'ly

jointed prefabrÍcated sections (initially discontinuous) for which,

effectively, a homogeneous continuous structure results from the

design. A further limitation, such as maintaining an ang'le between

adjoining plates of not less than l5o and not more than l65o has

been recommended by R.B. Moormanl5 in order to avo'id violating

the assumption of superposition.

1.4 Outline of the Method of Analysis

The theory of arched folded plates of revolution presented

here considers the longitudinal action of each unit to be governed

by arch and curved-beam theories, and the transverse action to be

that of a continuous one-v/ay slab. The procedure of ana'lysis

employed here is similar to those developed by D. Yitzhakil6'in th.

conventional folded plate theory and subsequently adopted by D.

BillingtonlT in his book. This analysis is divided into the foììowìng
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three parts.

(l) Elementary Analysis (first presented in North America
A

by M. Pei-) consisting of three separate analyses.

(a) Transverse Slab Analysis:

All surface loads are considered to be carried transverse'ly

to the joints by the p'lates act'ing as continuous one-way slabs. The

interior jo'ints are assumed unyieldìng along their entire span'length.

Moment-distribution can be used here to g'ive transverse moments at

the joints and the resulting reactions can be used in joint loads with

the same longìtudjnal distribution as the'loads. No'longitudjnal

stresses are developed at this stage.

(b) Longitudinal Arch/Curved Beam Analysis:

The reactions from (a) are appiied as loads which will be

transmitted longitud'inaì'ly to the end supporting diaphragms by each

unit acting as an arch and as a curved beam. These vertical joìnt

react'ions must first be transferred to the shear center of every

unit. Longitudinal hinges are then introduced along the joints to

eliminate transverse moments. in addition, each unit is allowed to

behave individually under load. The ana'lysis is now separated into

the fol 'lorrri ng two steps.

(i) Circular Arch Analysis, 'in which the inplane loads are

accounted for.

(ii) Curved Beam Analysis, in which the out of plane loads

are taken care of.
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Longitudinal stresses in each unit are developed from (i)

and (ii). These stresses are injtially determined on the assumption

that each unit carries its loads and behaves independent'ly of every

other un'it. Free-edge qtresses in two separate units at a common

joint are usually different. Cross-section deflections in each

unìt, computed on the same basis as 'longitudinal stresses, will

a'lso show that rejative dispiacements exists between successive

joints. The incompatibility cannot be allowed in the overall

structure, and corrections must then be applied.

(2) Correction Analys'is

The relative joint displacements in (b) violate the basic

assumption of unyielding supports in (a). Self-equalized forces

are applied at each common jojnt jn order to correct such discre-

pancies. However, this wilj further introduce unequa'l longitudinal

edge stresses. Equalized edge stresses can be'obtained by the

applìcation of self-equalized shear correction forces, however this

will destroy the disp'lacement compatibility established previously.

An overall compatibility at every common jo'int can be

established by using iteration technique. in this study, simu'ltaneous

equations are set up in such a way that the conditions of displacement

and stress compatibif ity at each common jojnt are simultaneously

sati sfi ed .

(3 ) Superposi tion

The results of the elementary anaiysis (a) are combined with

those of the correction ana'lysìs to give final forces, moments, stresses

and displacements.



2.1

CHAPTER I I

BTNDING OF A CURVTD BEAryI

i ntroduct i on

Beams with curved axes under loads normal to the plane of

the'ir curvatures are classifÍed as curved beams. The problem of

bending of curved beams has been intensive'ly jnvestjgated. Many

well-known elasticians including Barrá de Saint-Venantl9, H. Mur.ur20

and A. J. S. R'ippard2l have made valuable contributions.

In this chapter a beam with circular axis is examined. The

Saint-Venant's equations which relate d'isplacements to forces are

derived. By considering the equ'il i hium conditions of the beam,

equ'i'librium equations are obta'ined. The expressions for forces,

moments and displacements are presented for a variety of load'ings.

2.2
ttr

Sa'int-Venant's Equations and Equat "

Consider the cantilever curved beam having the constant

cross-sectional properties shown in Figure 2.1. The beam has a local

cartesìan coordinates system xyz with the origin 0 at the centroid of

the cross-section of the beam. The shear center S is assumèd to

coincide with the centroid. The x and y axes are in the directions

of the princìpal axes of inertia of the cross-section, whfle the z-axis

coincides with the tangent to the elastjc line at 0. The xz-p1ane also
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coincides wjth the plane of initial curvature of the beam. The

positive directions of x, y, and z are defined as shown. The arc s

is defined as the arc length of the center line measured from the

fixed end. Other variables, wh'ich appear in Figure 2.1, are defined

as fol lows:

M.. = bending moment acting on the cross-section at 0 about
X

x-axi s ,

M_ = twisting moment at 0 about z-axis,z

N.. = shear force in y dÍrection,
v
v = centroid disp'lacement in the directjon of y-axis,

ß = angle of twist of the cross-sectjon about z-axis,

counterclockwise rotation being posjtive,

4 = angle of twist per unit length at the same cross-section,

trT = flexura'l rigid.ity,-'xx I

K = torsional rigidity,
R = initjal radius of curvature of the center I ine,

R = radius of curvature of the deformed center I ine at 0
I

in the yz principaì plane.

Furthermore, it is assumed that the effect of cross-sectionaì warpìng

is neg'ligib1e. The original plane section after twist is assumed to

remain plane, such that the torsional rig'idity could be calculated

s'imply as the product of the torsional constant J and the shear modulus

G^ of the material. Based on the above definitions and assumpt'ions,(-

the follovring equations can be derived,
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(2.1 )

where.K=GJ.'c
The radius of curvature R, and the twist 6 must be expressed

as functions of d'isplacement v and the angle ß. Small deflection

theory'imp'lies that v and ß will be small quantities. The final

values of R and q are obtained by superimpos'ing the separate
I

effects produced on the beam by the linear displacement v and the

angul ar d i sp'lacement ß.

If an element ds of a curved bar (Figure 2.2a) is subjected

to a small dìsp'lacement dv in the y-direction at a cross-section 0r,

the element will rotate wìth respect to the axis C0 through an angìe

dvlds. Due to this displacement, the axis C0, wìll disp'lace into the

new C0 axis. The angle 0 C0 is equal to dvlR. The twist per unit
272

I ength 4 wi'l 1 be

(o). =*-* =uå+ Q.z)
1

1

In addition, â displacement dv v¡ill also produce a new curvature R--
1

of the center line of the beam in the yz plane, which will be g'iven

by
I d2v(õr) =-:-__:_ (2.3)

'', i ds2

EI I
-R* =M* 

I

:, =M, I

The same element is now subjected to a smali angular
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d'isplacement g (Figure 2.2b). The corresponding curvature will be

given by

I lr _ sinß :
\R_/ z 

_ __R-_

I

The twist per unit length

dg will be

(o) =
2

Equatìon (2.4) is obtained

2.3'

Ê

R

by the following

(2.4)

(2.5)

manipulations in Figure

4, produced by the angu'lar displacement

ds
ds

00 = d, C0 =

dsinß = (R

Rsinosinß,

1

v=
dv=
do

R, d=R-Rcose

- Rcose)sinB = Rsinß - Rcosesinß

d" = Rcososinß
de2

where, ds = Rdo.

Therefore, curvature =
dzv - d2v

ds2 R2de2 do*0

_ Rcososinß

R2

_ sinß- -R-

de+0

The summation of equations (2.2) and

and (2.4) gìves the following equations,

l_ß
R--R-

1

* - dß *Y ds

d2v

ds2

dv
Rd't

(2.5) , equat'ions (2.3)

(2.6)
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Figure 2.1 lnternal cnd Moments of o Curved Beom
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By substituting equ

Saint-Venant's equations for

M*=Er**rÊ-*l
os'

N,=r($$+| ffl
Figure 2.4 depicts

with the stress resultants ac

loads app'lied along the elast

by the directions of all forc

y-d'irection, give,

i nto equations (2.1 ) ,

are derived, thus,

(2.7)

a curved beam ds ìn length

ut faces and the distributed

positìve signs are defined

e summation of force in the

ations (2.6)

a curved beam

I
I

I
t
I

_l

an el ement of

ting on the c

ic I ine. The

es shown. Th

The summation of moments about x and z

ru = hu, + M I - m''y R-x z' x

t'1; M*

-F---R-=-*'

where prime denotes differentiation with respect to

By differentiatìng equatìon (2.9) w'ith respect to e

into equations (2.8), give,

MT+M;=R*i+R2qy

Thus, the resulting set of equilibrium equations is

(2.8)

directions respectively, js

(2.e)

(2.10)

U.

and substitute

(2.1I )

dNv_^
Rde - qy
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t4;

M'
z

N
v

M"=Rm'+R2OXX'Y
M =-Rmxz
þu' + urJ - mx

(2.12)

Equations (2.7) and (2.12) are inappìicable for open cross-

section curved beams where generally shear centers do not coincide with

centroids. complete derivation of such a theory for thin-wal'led, open

section curved bars has been given by J. A. cheneyzZ.However, according
t2

to V. 7. Vlasov'" equations (2.7) and (2.12) are still valid provided

that beams have small initia'l curvature with the ratio of the largest

sectional dimension to the radius of curvature of the order of l/10 or

less. The cross-sections must also be symmetrica'l in order to eliminate

I*y, the product of inertia.

In Vlasov's theory, the quantìty of * tr neglected as compared

to unity, where a* is the coord'inate of the shear center, and R is the

radius of curvature of the centroídal axis. The stress resultant M*

is referred to the centroid, while the torsional moment M, and shear

N.. are referred to the shear center. All internal deflections andv

external applied loads are referred to the shear center. In deriv'ing

equatìons (2.12), all forces are referred to the centroidal axis,

thus introduc'ing some approximate characters.

In this thesis, Vlasov's equations are employed with the above-

mentioned modificati ons.
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2.3 Bending 0f A Curved Beam Out 0f It's Initial Plane

Equat'ions (2.7) and (2.12) are ordinary I inear different jal

equations. Exact solutions will depend upon the variations of the

applied loads gy, t* and mr. Furthermore, the followjng notations

are adopted for the purpose of simpl ify'ing equations (2.7)

Equations (2.7) then become

M..=ate-9lu-1x ' de2 (2.,4)
M, = ua råå - Í*l

where the angle e is measured from the bisector of the angle 2y between

the two points of support (Figure 2.5). The boundary conditions

regard'less of loading varìations are assumed to be

V=V'R
EI

XXd - --R-

t,= KU EI
XX

g(y) =

Y(v) =

dY(v) 
=

de

(2.13 )

(2.15)

s(-v)

Y (-v)

=0

=Q

(2.12), (2.14) and (2.15),

a var i ety of 'l 
oad ì ng

d-Yf;I = o

for clamped edges. Then, from equations

solutions can be readily deve'loped under

variations.
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Figure 2.4. Forces ond Moments on o curved Beom Element

Figure 2.5 Built-in Curved Beomwiih u.d.l.shown
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2.3.1 Beam Subjected to Loadings Having Cosine Variation (nll

In this section, solutions of equations (2.12) are based on

the assumption that beams are subjected to loadíngs having cosne

var i ati on on'ly. That i s ,

9v

m
X

mt
X

,,

where Hn, Xn and Zn are the

magnitudes of each n va1ue,

and x=x
n=0r2r3r.....

(2.16)

(2.17 )

(2.18 )

and qr,

become

A.-cosne = R2H cosnonn
or

A cosne = nRX cosnenn
and

B cosno = -RZ cosnonn
m.. and m_ are in the positive direction, equations (2.12)xz

M'*M"=Acosnezxn
M' - M = B cosnezxn

lN =*(M'+M)- xsinney K'x z' n

= xHncosno

rX sinne
n

rnXncosno

lZncos ne

Solutjons are valid for each term of a complete harmonic series except

for n = l. A cosine variation is assumed for the loadings because it
ìs a symmetrical function and thus satísfies the genera'l assumpt'ions

in Chapter l. Furthermore, by using the following notatìon,
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The comp'lete solution of equations (2.'14) and (2.18) using

boundary condition equation (2.15) can be written as

M
z

N,

= C sino +

sinne

Y=C +Ccose

M =Ccose*X1

2

rCOS h0

n2

c
I = -(l +' 'au

(An-Bn) 
cosno

l-n2
A -n2Bn n sinne

l-tf' nI

A_n- -R-

(2.lea)

(2.teb)

(2.lec)

(2.led)

c0sn0

(2.lee)

(2.20a)

\
n2

C, )coso +

Xns i nno

c (t+u)

i* osine +

C (1+p )

+* osi no

Bnn2(l*u)-An(1+n2u)

au þz-1¡z

* 
An(l+u)-gn(n2+u)

au (n2-l )2

where
A^ ('l +n 2P 

)
Bn2-n l+¡r

(n2

(An-Bn ) u

(si nycosny-.orvl#[)

sinycosnyÌ/{H

2{
- 1)2

(¡2-t ) (l+u)
cosys'iny + y 1

+2

A (l+n2u)
B n2--I------n l*¡ffi t (cosY+vsi nY+YcosYcotv) c,

(nz -1 ¡z

fcotv slnnY
n

COSIIY r r

-1 

¡
n2

,l
n2

(2.20b)
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{ (1+"¡coty)C +Z
I

A-(l+n2u)
Bnn'- '-a t

sinilnz-l )'
slnnYì
-î-r (2.20c)

sinnv -
n tt

sinno - ^n -v

I cosny - y2 cosne

nz n2
.))
L. n'

I

n2
= -02

2

2.3.2 Beam Subjected To Loadings Having Cosine Variation (n = I )

Equations (2..l9's) in Section 2.3.1 do not hold for the case

of n = l. Solutions for such a case are presented in this section.

In equations (2.12), the loading terms wil'l be

For n=0

where H

2.3. I ,

o,y

m
X

.'. mt
X

H coso
I

X sine
1

X coso
1

Z coso
1

X and Z are the magnitudes
l1

using the notation

(2.21)

for n = l. Simi I ar to Sect'ion

(2.22)

I
by

A cose
1

A cose
1

B cose
1

R2H cose
t

RX coso
I

-RZ coso
1

=

or

or

=
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and qy, mx and mz are in the positive direction, equations (Z.iZ)

become

Solutions of equations (2.23) are obtained by considering the effects

of q.., m.. and m_ separately. These effects can be combined using the'y' x z

superposition technique. The solution of equations (2.14), (2.1S) and

(2.23) with onlv A, considered, can be written as

M;+M'=Arcoso

M'-M =Bcosezxl
*r=t(I'4'+Mz) -Xrsino

A1 Al
M*=(ru 7)cosu*2osino

A1
M_=Csine---=ocoSoz4¿

'r ¿.. AtU
Y = ,u + Crcose * äf (TTu

A1(1+p)
+ --=:-- e2COSO

öau

3Ar
--4-- C )esino

4

(2.23)

(2.zaa)

(2.24b)

(2.24c)

(2.24d)

CL
g = -(C +'5 au

A1 (l+p)
- J-au

A.
* ^' )cose +

¿av'

o 2cos e

l+u tî
2a1r t t'u

A,
- +)os'ine

where

f,=
4

sìry(cosy+ysiny) -(# - I )ycos2y1
(2.25a)

A1

4
y + cosysiny (l-#)
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, = H'{tu

= ffit,H c4)(l + vcoty) + (3 + ^¡z+.rcoty)] (z.zsb)

Alu ^. A1

- T+u)(cosv 
+ i*) * V (3cosv +

3ysjny + ycosycoty)]

The solution of equations (2.14) , (2.'15) and (2.23) w'ith only

considered, g'ives

(2.25c)

(2.26a)

(2.26b)

(2.26c)

(2.26d)

(2.27 a)

(2.27 b)

(2.27 c)

M=
X

M=
z

Y-

Þ-

B1

Crcoso - 7- osino

81 81(c?+;)sine+jecose

c, + crcoru - H G, ])urinu +S2cose
C7 r ¿., Br (u-3 )

-(C, * *)cose * äi (r, -4TjluT)osine +

Bt(1+¡r)
--Eau o 2coso

Br rcosY(ycosy-siny) # ysin2v
r]---T .,*#cosysiny

{c, - (l+v2) + - (c, *})vcotvt

= H {(cosv + vs'inY + Ycosvcotv) c

(cosy + ys'iny - ycosycotyl ït

v¡here

^ l+ut=-J"B 2au



CHAPTER i I I

CIRCULAR ARCH TIjEORY

3. I Introduction

The arch is a well-known fundamentar structural unit. It
can resist external loads more effectively than a straight beam

because its resÍstance capacity is from internal axial compression as

well as shear and moment. Two different theories have been developed

to describe the structural behaviour of an arch. The General Arch

Theory is subjected to approximations var id for the majority of

structural arches. ttlost of the ana'lysìs techniques, namely, the unit

load method, the elastic center method and the column anaìogy method,

are governed by the above theory. The more exact theory which

includes the effects of axial deformations is called a Deflection
'ATheory". such theory is usual]y found to be nonlinear, and an

exact solutjon is not yet available.

In this chapter, only the synmetrical circular arch is

examined. The governing ìinear differential equations are obtained

by considering the equilibrium condítions of a differential element.

Forces and dispìacements relationships are derived from the stress-

stra'in considerations. The exact solution of these equations is

presented under certain boundary and loading conditions.
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3.2 Governing Equations

It is assumed that the plane of curvature of the arch is also

a p'lane of symmetry of the cross-section. External loads applied to

the arch act only in this p'lane. Deformation, under such conditions,

wil'l also take piace in this plane. Thus, the prob'lem becomes a two-

dimensÍonal plane-strain problem. Furthermore, the princip'le of

superposition and Navjer's hypothesis js appìicable. That is, the

structure obeys the Hooke's Law, and a sectjon that is p'lane before

bending 'is plane afterwards. Finaljy, the small deformations are

assumed.

The displacement functjons are derived from the Euler-Bernoulli

Beam Theory. Strain-strain relatjonships are established under the

plane-strain condition. The moment and force equations are obtained

by integrat'ing over the entìre cross-section.

In Figure 3.1, â differential element of a straight beam before

and after deformation is shown. The deformed element has a radius of

curvature p. The slope angie o is considered to be small. The relation

between e and the displacement u is thus

O:tano=9
òz

The displacement functions for point c within the element given by

Eul er-Bernoul I'i , are

(3.1 )

(3.2)
u(z,x)

w(z ,x )

u(z)

wo(z) + xtano = vlo(z) + xwl(z)
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where

w =tano=þ (3.3)
1

The same expression of equations (3.2) js extended to the

elastic arch, where a smal'l e'lement is shown in Figure 3.2. The

d'isp'lacement functions thus become

u = u(o)

w = w_(e) + xw (3.4)O' t
v=0

The stra i n-d i sp'l acement rel ationshi ps expressed i n po'l ar coord i nate

are

" -âu " =! ðw +u-rãr-eraor
(3.5)

v =!!*Lâu-w're ðr r à0 r

Different'iat'ing equatìons (3.4) with respect to r and o, and

substituting into equations (3.5), yie'lds

tl^ = t6 = Ye6=Yg¡ = o

, dw dw._¡ o,x r,ute-F -dã-F-ãe-F

^. =ldu _þ*&*Yro rd-o- r'f "1

if shear strain js ignored, i.e.yre = 0, Equations (3.6) give

*,=*t*o-$$l (3.7)

(3.6)
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Figure 3.1 Euler- Bernouille Beom Element

€#
Figure 3.2 Circulor Arch Elemenl
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Differentiating equation (3.7) with respect to e and substituting

into equations (3.6) yie'lds

+=*,*-4r (s.B)
d0'

^ _l dw dw ''
,e -R[(u +#l *ä(+- s:*l] (3.e)

ou-

The theory of elasticity gives the following stress-strain relation

aSÊY.=rr=0,

or=Eeu=frttu*of) .ärÍä 4l (3.r0)

The stress resultant N, and stress couple Mu, defined as the normal

force and bend'ing moment actjng on the cross-sect'ion, are the integrals

of stress over the arch thickness.

N, = Nu = .f ordA

(3 .l I )
M = M^ = ,f xo^dAyoAo

The force-displacement relations are obtained by substituting equations

(3.10) into (3.11),

*, = I F t, * $$roo 
. 
i Ë 

(å# - 
ffloo

=*(,_flf,1 (3.12a)
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+I
A

M=
J

,dw
\do

r
A

/dA
A

.XE

In
EI

vv
R2

(Nr*t'ti)=a,

(u * 
{glan * ,**- Sroo

d2u '. 
^,

where

=Aand x2dA = I
vy

The governing differential equations are derived by considering

the equil'ibrium conditions in a differential arch element as shown in

Figure 3.3. The positive directjons of all forces are defined as

indicated. The summation of forces in the x and z directions give

dxdA=o

(3.12b)

(3.13)

(3.14)

I
R-

N - N' = Roxz'z

The summation of moment about y-direction yie'lds

M'
N =--I +mXKY

Differentiating equation (3.14) with respect to e and substitut'ing into

equations (3.13), the equiiibrium equat'ion set can be written as

M"
N - + = -m' +zRy

lt1 '

N,+*=-Ro +zK'z
M'

Nr=-***,

Ro.X

m (3. r 5)
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Again, equations (3.12) and (3.15) are not valid for open

cross-section elastic arches. The more exact derivations will be

those given by J. A. Cneneyz? The approx'imate theor.y, proposed by

U. 7. Vlasov23will again be used. All the related assumptions and

recommendations will be followed as before.

3.3 Bendinq 0f A Circular Fixed-Ends Arch

Equations (g.le) and (3.15) are ordinary I jnear differential

equations for which exact solution can be found if the loading and

boundary conditions are known. By using the follow'ing notation

.EAK= 
o

I
e = yy

AR2

Equations (9. I Z) become

(3.r 6)

Nr=ktr*l$)

(e.iz¡

IY- = ,, r-dzu + -dwrR ''e' du, do'

where the ang'le o is measured from the bisector of the angle 2.¡

between the two supports (Figure 3.4). The built-in supports are

described by the following boundary condition,

u(v) = u(-y) = 0

w(v) =w(-v)=0

Sttl ={$t-v) =o

(3.r8)
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r =R+X

qxds

My+dMy

Nz +dNz

\ã

\0
x

è+

Fígure 3.3 Forces ond
Moment on on

Arch Element

Fígure 3.4 Fixed-End Circulor Arch

A_A
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3.3.1 Arch Su ected To Loadin Hav i Sine and Cosine Variations

ïn this section, solutions of equations (3.1S) are based on

the assumption that the load'ing varíations are cosne and sinne. To

be exact, the variation of Qx, g, and m, is

o,X

qz

ty

ty

rVncosne

rTns i nno

lUns i nne

rnUnco sno

and Un are the magnitudes

not hold for the case of

for each nth

n = l. Again,

harmonic values.

by using the

(3.1e)

where Vn,

Solutions

nota t i on

T
n

do

Encos n e

E cosne
n

Fnsi nno

where c¡ . q and m'x' 'z y
(3.15) become

N
z

N,
z

N*

RVnco sne

-nU cosne
n

(-RTn * un)sinno

are assumed in the positive direction, equat'ions

or

and

(3.20)

M"J=rR'n
M'V-c
R -,n
M'

-**,

cosn0

sinno

sinne
n

(3.21 )
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The effects of any combinations of gx, g, ând r.y.un be found by

superpos'itjon.

The complete solution of equatìons (3.17) and (3.21),

using boundary conditions equations (3..l8) can be written as

lnF +E)
N_=Dcoso+ n n'cosno (Z.ZZa)z ¡ 1-n2

M F nF +E

+ = D, - Drcoso - (* * fflcosne (3.zzb)

n(nF +E)
N, = Unsinno - Drsine sinne - Fnsinne (3.22c)

(3.?2d)

where

n(1

D3

w=r,

D =2{
1

s'r nnY

(i+e)(i-nz) n 
1

ycosy+y2s i ny+y2cosycoty- +f

D3 D1(l+6) tr

u = _ fr + urcose + ]1;', esine - ï1, *-., * U-

F(n' 1+n2c)
) cosno

+c) (l -n2)2 :

Dr(r-l ) Dr(l+r)
r + [-Zke- - Or]sino + --2TE ocoso +

l*e ,-(nFn+En)e En Fn(1+n2e) .., sinno
t._ L_ _______J ß.22e)r\ç (l+e ) (l -nz) (l -n2)2 n('l+6)(t -¡z¡z rr

E F (l+n2r)
I n + --]L----1få]ry - nsinny-ycoSrìy*¡yqotysinnyl
(l-n2)2 n('l+6)(l-n2)2-- n

yco sy*r2 s i ny+y2cosvcotv-{S

( n Fn+En )

(3.23a)
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NE
. Fn(l +n2c)
+-

n l+6
[=

2

lr-:tr { ['l+ cotv]

Dr=+ {[cosv+ YsinY+

-2
('l -¡z ¡ 

z

YcosYcotY] D +
I

(l -nz¡z

'lllll (3.23b)
srnY-

Ezln+
(1 -¡z¡z

Fn('l+n2e)

n('l+ç)(l -nz)z

V coso
I

T sino
I

U sine
I

U cose
I

nE +F' J+nze
I cosny - 2 ""n" n TTZ cotysinny] (3 .23c )

Forn=0,

3.3.2

ofn=l

where

Fr-^nr-un-n
sinny _ -_

n

sinne_= 0
n

=0

Arch Subiected To Loadings Having Sine and Cosine VariationsTi=ll-
In this section, so'lution of equations (¡.lS) for the case

ìs presented. The variation assumed for Q*, Q, ârìd m, is

o=.X

o=,z

m=
v

mt =
v

(3 .24 )

V'T
11

and U are magnitudes for n = l. By usìng the notation
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E cose = RV cosolori
E cose =*U cosoI andl
F sins = (_RT +

1

where o . o- and m'x- '¿ y

(g.l S) become

M''

Nr-*
l'1'

Nr**
M'

N* =-*

The effects of any comb'ination of

by superimposing the individual effects.

The compl ete sol ut'ion of equations

boundary conditions equations (3..l8), can be

N = D coso - D esinez ro 1I

M =! +D coso+D esineY l4 ìs 16

U )sine
1

are assumed jn the positive direction, equations

E cose
1

F síne
i

U sine
1

(3.25)

(3.26)

9*, 9, and m, can be found

(3.26) and (3.17), using

written as

i4 15

N =-D sine - DX 12 13

16

ecoso + u sine
1

Kz

trrl
R

(3.27a)

(3.27b)

(3 .27 c)

(s.zza¡

(3.27e)

u=D
7

w=Do
6

where
E1

,.=--R'

+ D coso + D osine + -E€2cos089

* Drrino + Duecose - $ r2sìne

(s.zaa)
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I L, I L.YY' * YY'),
R2 R2

K-
2

$=$=
I

E2AIyy '

IYY-A,
p2

+AL +
2

.L

L +Ra

(3.28b)

(3.28c)

(3.28d)

(3 .zea )

(3.2eb)

(3 .2ec )

(3.zed)

(3.2ee)

(3.2ef)

E2AIyv

I
YY+A
R2

and

!=
4 B'

t{6; -t I

LrR2
f- -L.EB

2

B1

K i(- -282
z* y2 + (1+ycoty)vcotvl

Br ^,2 Bi' YcotY4E--.=!-+= *4e YcotYl
22

t*, 
* YcoslcotY *D = (cosy+ysiny+ycosycotv)(D --6 4 48r' 4 2

#l l" + (yzcotfi +y2-l )*u, 
Pz

81 LrR2
(, -l -ycoty) Du - EB +

z-z

BI

#. (l-vcotv) 19P]
2

^ B, I*,t,ù-;) Ë-
2

(r+ycoty)b,*,

-n--u
6

= ('l+ycot^¡)

B1

,, -48
-2

D + [ (coty-
4

K
2

YrY
2tî-

D =D
9
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!5 * ri- - t') !lt'rEB \48
zzgzP2

1., R2 , 38, 3I-+ã-*È-4tr-- vY +

z 2 4BrRz

L,R2 3I B,I
n - l= + f !! - 'YY+
V ED \u 'u, 48 R2 B2R2

22

(3.2es)

(3.2eh)

(¡.zgi)

(3.2ej )

(3 .2ek)

(3.2er )

(3.zen)

13

14

15

t6

Kl
2

Bl
- 6-)

2

EAK? B

D,, =#r'l -fr1
2

EI B,

t (l -.-) n
p3 ', '+

srlyy) 
K l

B2R2 2
2

E I.,.,K2 B 1= ofi- 
(r-B-)

EI
= YYg

p26

Ei B,=Ëtru-- rl

81 r,
-- - -t28 4t

2

EI K"
= yy.(l

4R2



C|-|APTER IV

YIEÏIJ(]D OF ANALYSIS

4, I Introduction

This chapter deals with the analysis of arched folded piates

of revolution on sìmple spans. Such structures are composed of folds

in the transverse directjon, where each fold is synmetric and arches

a'long the longitudinal direction. All folds are connected mono-

lithicaì'ly to each other along the common edges in order to deve'lop

the spatial rigidity of the components parts. The structure thus

can be considered as:

(a) a continuous one-v,/ay sìab spanning transversely

between joints, and

(b) a serìes of open-section curved beams spanning

1 ong'itud i nal 1y between end supports .

The analytica'l procedure presented in this chapter actually

consists of three separate analyses:

(l ) El ementary transverse sl ab analysì s, 'i n which al I

surface loads are assumed to be carríed trans-

versely to the joints by one-way s'lab bendìng onìy.

(2) Arch and curved-beam analyses for joint loads, in

which the joint reactíons from (1 ) are app'l ied as



-44-

loads to the combined arch-curved beam system.

(3) Correction analysis, in which correction forces are

determined and compatib'i1ity between two folds is

ensured.

4.2 Elementar.y Transverse Slab Analysjs

The objective of this analysis is to transform surface

loads into the forms of joint loads and joint moments.

Roof structure is usualìy subjected to uniform'ly dìs-

tributed surface loadings. At any unit transverse cross-sections,

the system can be considered as a continuous one-way slab (Figure 4.la)

Since the structure is prismatic, such cross-section will be the same

everyvrhere. Fictitious supports are p'laced at every joint along the

entire span length in order to develop jo'int reactions (Fìgure 4.zb).

Elementary transverse slab analysis is performed by anaìyzìng the

continuous one-way slab for the transverse distributed loads. The

moment distrjbutjon technique may be used to compute the transverse

moments M-.; and the reactions R-, at each joint. Typical results ofJJ
the transverse slab analysis is shown in Figure 4..lc.

The transverse reinforcement patterns will be designed

according to the magnitude of the final transverse slab bending

moments. The joint reactions will be app'lied as joint loads. There

are no longitudinal stresses developed from this analysìs.
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Figure 4.1
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4.3 Lonqitudinal Arch and Curved-Beam Analysis

The joint reactions deve'loped ìn section 4.2 are transmitted

to the end supports by the combined arch and curved-beam system. The

anaiysis is camied out by considering first, the Primary System, where

'longitudinal hinges are introduced along a1l interior joints to

eliminate transverse joint moments and allow each folded unit to
rotate free'ly. This primary system, however, is not statical'ly

determinate, and is not yet ready to be analyzed, therefore, the

fo'l'lowing steps are necessary.

(a) ffre ioint loads \ are resolved into inp'lane forces F,

only at the common interior joints between two folds vlhere the joint
j occurs between plates j and j+j (Figure 4.2a). Fj can be obtained

by the geometric relationships:

COSill. .,
-'J+ I orSlnü.

J

y, _ cosvi
F'. =-R , 'r' j ''j sinc,

where quation (4.1a ) is appl ied to

and equation (4.1b) to the right of

pos'itive downward, pl ate forces are

angle ü;r Fêprêsenting the slope of
J

measured counterclockwise from the

ang'le a, is measured clockwise from

j+l (Fìsure 4.2b).

(4.1 b)

the plate to the left of joint j
joint j. The joint loads are

positive from right to left. The

plate j with the horizontal, is

horizontal at the left joint. The

the continuation of p'late j and

0_Fi = R.JJ (a.la)
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After jo'int loads are resolved into inpìane forces at all

the common jointso the primary system can be divided into a series

of subsystems. Each primary subsystem consists of individual folded

unit and is allowed to behave separate'ly as an arch and curved beam.

To make these subsystems appljcable to the sojutions derived in

chapters 2 and 3, inplane forces in each unft must be transferred

to the shear centers. In Figure 4.2c, Q¡ and P, are the sum of

forces in the vertical and horizontal directions, and Z, is the

moments sum at the shear center of unit j. From here on, onìy the

interior common jo'ints between folds are numbered, where the joint
j now occurs between foìds j-l and j.

(b) Each primary subsystem subjected to loadinS Qj is

considered as an arch, and r,¡hile subiected to P, snd Z, is considered

as a curved beam. Loadings Q' P- and Z, have the same longìtudinaì

variation as the ioint loads R-, and hence the same as the external

surface loads, i.e.,

(\ )u - (Qj )e, (Pj )r, (Zj ), = r^r(e )

wh'ich in the case of uniform loading is a constant.

The resuìting internal forces and displacements for each

subsystem can be obtajned from the solutions in Section 2.3.1 and

3.3..I for the case n=0 (Fìgure 4.3a). The ìongìtudinal edge stresses

are obtained from the internal forces at a cross-section by the simple

flexural theory where tensile stress is taken as positive.
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"!te) = rk- h o, #h hjl,,o, (a.za)

"jt,l = rk *r, +hjrj,o (4.2b)

where A, Ixx, Iyy, b, and h, are cross-sectional properties (Fìgure 4.3b)

of unit i, and Nr, M, and M, are internaj force components whjch is

function of e. The right edge stress of unit j is given by equation (4.2a),

while the left edge stress is given by equation (4.2b).

The edge disp]acements of unit j are different from those at

the shear center. Due to effects of the internal rotation, the edge

deflections are given by

,!tel = rj(e) + ßj(e) x b, (+.sa)

ujtul = ur(e) - u¡(e) , bj (4.3b)

vr(e)=uj(o)+ßj(e)xh, (4 .3c )

where u,, v, and ß, are the vertical , horizontal and rotatjonal

displacements at the shear center of unit j. Equation (4.3a) is

valid for the right edge while equation (4.3b) is good for the left
edge (Figure 4.3c). Equation (4.3c) is va'lid for both edges.

(c) The differences between the edge stresses and the edge

deflections in each unit at every common joint are the errors:
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o3,¡ (u)

'i,r {e )

= ui-l,i(t) - vr,r(e)

(4.5)

(4.6)

(4.7)

where the single subscript refers to a common joint value and the

double subscript m,i to a value of unit m (where m = j-r or i) at

ioint i. Figure 4.4a ijlustrates stress incompatibility at common

io jnts while 'incompatibiì ity of disp'lacements is shown in Figure 4.4b.

4.4 Correction Analysis

The longitud'inaì edge stresses and edge def'lections computed

in Section 4.3 are initial'ly determined on the assumption that each

unit carries its loads independent'ly of the others. Free edge

stresses and displacements result which are not usual'ly the same on the

two sides of a common joint of two adjacent folds. That.is, no!, or!
r J- J

and avr- aiways exists for every ioint j. These incompatibilities,

however, are not allowed, and correction forces must be found to

ensure compatibility between two folds.

To correct the differences in 'longitudinal stresses, longitu-

dinal shears will deve'lop at the ioints to equalize the edge stresses

(Figure 4.5). These shearing stresses are produced by the app]icatìon

of self-equiljbrating ìongitudÍnai shear correction forces T, at the

ioint i, which may be thought of as concentrated eccentric tensions

or compressions. The iongitudinal variation of these forces must be
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the same as that for the shearing stresses rj due to the wav T, is
taken as

T, = trtdz

t, = 
itn,-s'inno

(4.8)

where t is the cross-sectjon thickness, and dz equals unity. The

longitudinal normal stresses have the variation of cose, which is

the same as the internal forces. To be consistent wíth those elasticity
equations, the shear stresses t must have a sine variation, which is

anti-symmetric as compared to o. Furthermore, each shear correction

force T* consists of a comp'lete harmonic series of sine variation.
J

where n = 1,2,3, . ., âñd Tn,j is the unknown magnitude of the

correction force for each n at jo'int j. Then, the shear correctjon

force T, is applied to the undeformed configuration of the structure

at every common joint as shown in Figure 4.6. The longitudinal edge

stresses and disp]acements in each unit due to unit shear correction

force can be obtained from the solutions in chapter 2 and 3. By

the usual force transformation to the shear center, for example,

the effects of unit i subiected to shear conrection forces T, and

Tj*l are the sum of the individual (F'igure 4.7) . Therefore,

(4.e)

t!,r*, (e)T¡+r (4'lo)

stresses of unit i due to T' and

edge stresses of unit i due to tj*1.

where

-roi,j*l

-fo.
J 'J
is

'lrrl = ã5,j(o)r, +

is the right edge

the resultìng rìght
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ãÍ,¡*r (o)T¡+r

ü5,¡*r (e)T¡+r

üi,r*t (e)T¡+l

(4.1 'r 
)

(4.12)

(4.13 )

(4.14 )

way as in

i ong i tud'i na1

a common

v, (e ) = üj ,j 
(u )T¡ * üj ,j*t (o )T¡+l

where ü5, üj, üj, ã1, and ãj are obtained in the same

equations (4.3) and (4.2). The difference between the

edge stresses and the edge defjections in each unit at

joint j are given by

u"l{r) = ol_i (e) - "jtul

urltu)=u!-r(e)-rftrt

(4.j5)

(4.16)

^ T,-,ovr(o) = vj_1 (e) - vr(e) (4.17)

where the single subscript at the left sìde refers to a value at

joint j, while the right side subscript refers to the value of

unit j.

The vertical and horizontal edge disp'lacement errors are to

be corrected by applying a set of self-equilibrating vertica'l and

horizontal correction forces at the joints. The correction forces

are necessary only where relative joint displacements occur, thus

their longitudinal variation must be the same as that for the dis-

placements. The edge displacement variation is found to be synrnetrical

and therefore can be represented by a cosine function. The correction
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forces not only have cosine variation,

harmonic series.

but also consist of a complete

where n = 0, l, 2r 3 etc., Vn,j und Hn,j u.a the unknown

magnitude of the correction forces for each n at joint j. Again,

the disp]acement correction forces are applied to the undeformed

shape of the structure at each common joint as shown in Fjgure 4.9.

using the solutions given in chapters 2 and 3, the longitudinal edge

stresses and displacements in each unit due to either v, or H, can

be evaluated. For examp'le, the results of unit j subjected to

vertical displacement correction forces v- and v¡+1 (Fìgure 4.9)

are

"!tel = õl,j(o)v- * ã5,j*, (e)vj+r

ui = 
iun,icosne

H. = xH .cosneJ n ñ'J

(4.18)

(4.1 e)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

and displ acements

"jr'l
u!tel

ujr'l

;f ,, {e )v,

ul . (e )v.J,J' J

-0ul,¡ (o )v,

õi,i*, (o)v¡+l

ü5,¡*r 1e)v¡+r

üf ,r*t 1o )v¡+l

v, (e ) = üj ,j (e )v¡ * üj ,j*t (o )v¡+l

The difference between the long'itudinal edge stresses

in each unit at a common joint j are given by
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¡ T;+l

h 
¡ 
xT¡r

Tj *

Figure 4.7 Unit j subjected to Stress Correction Force T¡ ond T¡rr

vrl 2

b¡ xT¡+r

b¡xT¡

Figure 4.8 The Applicoiion of Displocement Correction Forces
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6ol(e)

ôul(e)

"!_., { e )

't-, te )

"ftul

,jtel

vr(e)

(4.25)

(4.26)

(4.27 )

(4.28)

(4.2e)

(4.30)

(4.3r )

(4.32)

(4.33 )

(4.34 )

(4.3s )

Similarly, the results of unit j subjected to horizontal

displacement correction forces H, and H¡+t (Figure 4.ì0) are

"lrel = ãT,j(e)Hj * ã!,j*, 1o)H¡+r

"jtrl = ãj,j(e)Hj * õf,j*, 10)H¡+.r

,!rol = ül,j(o)H, * ül,j*, (e)Hj+r

,jtel = üÍ,, (e)H¡ * üj,j*, (e)Hj+r

vr(e) = üj,j(e)Hj * üj,j*., (o)H¡+ì

and the difference between the long'itudina] edge stresses and

d'isp'lacements in each unit at a common joìnt j are given by

ou]{e) = vj_, (o) -

u"!{u) = o!_, (e)

ur!tr) = ,!_., {e)

ou!{r) = uj_, (e)

"jtu I

,jr'l

- vr(e)

Actually, the correction forces V, H and T are app'lied to

each common joint simultaneous'ly. The difference in ìongitudinal

edge stresses and displacements are obtained separateìy for each

ioint. Before simultaneous equat'ions can be set up, the value of
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+

vj

Figure 4.9 Unit j subjected to Verticol Correction Forces V¡ ond V¡+t

H ¡+r

_u._*
j subjecied to Horizontol

b¡ x V¡+r

b¡ xV¡

{

h, xH¡

Figure 4.lO Unit Correction Forces H¡ ond H.¡+¡
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n must be determined. The n value indicates the number of terms in

a harmonic series and represents the number of locations along the

common joints where compatibilities are to be imposed. For example,

if n = 3, then at e = 0r, e, and er, the condition of compatib'ility

in longitudinal stresses and disp'lacements are ensured. The

correction forces will take on terms like

V=V +Vcose+Vcos2e
012

H=H +Hcoso+Hcos2e
012

T = T sine + T sin2e + T sin3e + T sin4o1234

It can be seen that T has one more term than v and H, because due to

the naturai restraints at the end supports only longitudina'l stresses

need to be corrected at boundaries.

Simultaneous equations are set up based on the compatibility

rel ation.

ô, 's + arl's = O (4.36 )

For example, at joint j, the sjmultaneous equatìons us'ing matrix

notation are as outlined on the following page. Equation (4.37)

is continued for every joint. Total number of unknowns is equal to

No. of fnterior common joints x (3n + l).
The techniques of solving simultaneous equations are many.

The most popular one is the Gauss-Elimination Method. However, when

the number of unknowns becomes bigger, even with the aid of the

electronic digita'l computer, the above technique proved to be ineffective.

In such cases Gauss-Seidel iteration may be used.
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V urJ

vr,i

V
Iì 'J

H.0'J

H1 ìtrJ

:

H fl'J

T 1'J

T"
rJ

t

T'fl'J

T'n+l ,i

-^u5(e1)

-^u5(02)

:

-^u jL 
(on )

-^vjL(e1)

-^v5(e2)

:

-^v!(en)

-¡o!(e )J1

-ao! ( e, )

ôuÏ (0, )*ou!(e, )*uul (e,

ou] ( e, )*or! f r, )*url {u,

ur] t un )+oul, un ¡+ouj ( o

ou] { r, )+ovf ( u, )*oul { t

n)+ovÏ,un¡+ovj(e

, )+oof(u,)*u"ltt

tn)

:

lfrn¡+0"!(on)+u"l(

]ttl*0"!(v)+o"l{r)
(3n+l

ôo

6o

n)

)
1

uuYrtJ'

ooYleJ'

tn)

v)

:

-n-L¡^, j \

-¿of(J'
(3n+ì )xl(3n+1 )¡1)x(sn+l)



-62-

4.5 Superpos i ti on

The final displaced configuratíons of the structure are

obtained by superimposing the effects due to the joint loads and the

correction forces. The longitudinal normal edge stresses and djs-
pìacements of each unit subjected to joint loads are previously

stored. The magnitudes of the correction forces are obtained by

solving equation (4.37), then applying the results to each unjt.
The results of each unit due to each component of these correction

forces are combined and added to those previous'ly stored values to

give the final answer.

Stress and disp]acements compatibilities are expected

especia'lly at the specified locations of each joint. If the

number of locations selected are appropriate, the results in-

between are found to be satisfactory. More precise results will
be obtained with larger values of n.



CHAPIER V

APPLICATION OF THE ANALYSIS NETHOD

5. I Introduction

The objective of this chapter is to illustrate the

ana'lysis of arched folded pìates based on the method presented in

the preceding chapter.

A two-folds roof structure is seiected for this purpose.

Results will be compared with those given by the Finite Element Method.

5,2 Example - Layout

The dimensioning of the structure is usual'ly governed by

the fo'l'lowing variables such as span'length, plate thjckness, plate

depth and slope, and final]y radius of rotation. The effects of these

variables are bríefly discussed.

(l) Ratio of span length to the total width of the cross-

section, L/B:-Deflections will be smaller as L/B decreases. As L/B

'increases and > 5, the longitudinaì stresses tend to approach those

values which would be obtained from an arch analysis of the entire

cross-section. The transverse moments will a'lso rapidìy increase r¡lith

Ll8.

(2) Ratio of overall depth of the cross-section to the radius

of curvature, h/P.:-This ratio should be in the order of i/10 or less.
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The smaller the ratio, the more accurate analysis wilì be.

(3) The p'late slopes should not be too flat or too deep.

The steeper slopes are always difficult to cast. A slope between

30o to 45" would be ideal.

(4) The plate thickness:-A thin slab is diffjcult and

costly to cast. Thickness of 3 to 4 inches should provide sufficient

moment capacity.

The choice of the type of cross-section is restricted to

symmetrica'l cross-sections only. Although other type of symmetric

cross-sections are possible, however, the simple V-shape is considered

to be basic here.

The singìe span two-folds arched folded-plate roof shown

jn Figure 5..l has been analyzed for a uniformly distributed loads

over the incl ined surface of the roof.

The loadíng was as follows:

Concrete Dead Load ('150 pcf )

0ther Dead Load

Live Load

TOTAL ROOF LOAD I^I

Unit I

37.5 psf

37.5 psf

jq.a_psl

I 00.0 psf

Unit 2

50 psf

I 50 psf

-Ð-P!f
250 psf

The propertíes of the system are tabulated in Table I
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5.3 Exampie - Analvsis

A. Elementary Transverse Slab Ana'lysis

A typical one foot strip of slab continuous over the supports

is ana'lyzed by moment distribution (Figure 5.2a). The fixed end moments

are distributed and the resulting reactions and transverse moments at

the supports are computed in Table 2 and shown in Figure 5.2b.

TABLE 2 - Transverse Moments and Joint Reactions

-

For

l I

2
I

I

3
I

Joi nt

I 2 3 4 Pl ate

0l l0 12 21 23 3? 34 43 Member

0 3 4 4 4.74 4 '2 0 Relative Stiffness K

0 .428 .572 .457 .543 .572 .428 0 Distribution Factor DF

0 -173 116 -116 ll55 -1155 1730 0 Fixed End Moments ft-lb/ft

0 -47 47 -506 506 -t 60s 1603 0 F'inal lt4oments M ft-l b/ft
-13 l3 -132 132 -159 159 233 -233 M/d cosr! 1b/ft

200 200 200 200 I 000 I 000 I 000 I 000 lrijd/z I b/fr

187 213 68 332 841 ll59 I 233 767 Total Vertical Shear I b/ft

187 281 ll73 2392 767 Joint Reactions R.
J

I b/ft
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(o) One Woy Slob bending

f
lr73

(b) Tronsverse Moments ond Joint Reoctions Results

Figure 5.2 Tronsverse Slob Anolysis

32

wt = IOO Psf

wz = 2SOPsf

,h, = Fictitious Supporl

767 tb
1

t87
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B. Longitudinal Arch and Curved-Beam Analysis

(a) Inplane Forces - The joint reactions are resolved into

inplane forces according to equation (4..l) only at the common joint z.

Fr = -1173 lb. Fr = ll73 lb.22

The shear center of unit I and z are at joint I and 3 respective'ly.

The ioint reactions Ro, Ru and the vertical components of the inplane

forces are transferred to the respective shear center, such that

Q = 187 + 2Bl + ll73 sin36o = 1054.5 lb.+I

P =0
1

7, = 3.464 (187 - ll73 sin30') = -1383.87 ft-lb.)

Q = 767 + 2392 + ll73 sin33o = 3745.5 lb.+
2

P =0
2

Z = 6.928 (l173 sin30o - 767 ) = -1250.51 fr-t b.J
2

(b) The primary subsystem subjected to ìoads Q, is analyzed

as an arch; and when subiected to loads P, and Z, is considered as a

curved beam. using the solutions presented in Section 2.3.1 and 3.3.1

for the case n = 0, the internal forces and displacements for each

subsystem can be obtained. The edge stresses and edge deflections are

evaluated according to equatìons (4.2) and (4.3). The results at e

equals to 0o, l5o, 30o and 45o for unit I and 2 are recorded in

Tabl e 3a.
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TABLE 3a

Unit I aO
U Õ', {ts/tt'¡ ,i (in) u, (in)

a. Arch Case
E. = 50x (-1 054.5)
F"=0

n

0
l5
30
45

-l 9931 .07272
-?2005.40983
-28087.05852
-377 61 . 56448

-0. 06923
-0. 05445
-0. 02098
0.00

b. Curved Beam Case
A =Q
Bl = -so* (-1 383 .87 )

0
l5
30
45

-29627.941 68
-29639.28157
-29672.52847
-29725.41 666

-0.0641 4
-0.05635
-0.03399
0.00

0.01164
0.00574

-0.00488
0.00

Summation of a and b

0
t5
30
45

-49559. 0t 440
-51644.691 40
-577 59. 58699
-67 486. 9Bl I 4

-0. I 3337
-0. I I 080
-0. 05497
0.00

0.01 I 64
0.00574

-0. 00488
0. 00

Unit 2 00 ú | 0vrt'¡ ,n (in) v, (in)

a. Arch Case
E = 5lx(-37a5.5)
F[=o

0
l5
30
45

-l B3t 6 .357 52
-23658 .44007
-3 9320.63364
-64235.58561

-0.0921 9
-0.07251
-0 .027 94
0.0

b. Curved Beam Case
A =0
el = -stx(-1250.5ì)

0
l5
30
45

sl 54.091 39
5t 54.96785
5l 57 . 537 48
5l 6l .62517

0
0
0
0

Oil 37
00999
00603
00

-0.00217
-0.00232
-0.0021 5
0. 00

Summation of and

0
l5
30
45

-l 3l 62.2561 3
-18503.47222
-341 63 .0961 6
-59073 .96044

-0.08082
-0.06252
-0. 021 9l

00

-0. 0021 7

-0.00232
-0.0021 5

0. 00
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(c) The errors in longitudina'l edge stresses and edge

deflection at joint 2 are computed from equatíons (4.5) and (4.7)

and recorded in Table 3b.

TABLE 3b

aO
U Ao! (nst) orL ('in)

2
ou: (in)

z

0

l5
30

45

-36396.74828

-33141 .21918

-23596.49083

- 8413.0207

-0

-0

-0

05255

O4828

03306

0. 0t 38l

0.00806

-0.00273

C. Correction Analysis

The value of n is chosen to be 3. That is, the correction

forces applied at ioint 2 have the following form, and the compat'ibìlity

conditjons at e chosen at 0o, lbo and 30o are imposed.

Vz = Vo r, * V1,2 cose * Yrr, cos?e

HZ = HO r, * H1r2 COSO * Hr,2 COSZ}

Tz = Tt,, rino + Tr,r tin2e + Tu,, tin3e + T4,, sin4e

(5.1)

Each term of the harmonic series are appl ied to the undeformed confjgurat'ion

of the structure shown in Figure 5.3. The solutions are obtained according

to Table 4.
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\Ó"

\
{

V2 = Vg,2+ V¡,2 Cos 0 + YZ,Z Cos 29

HZ = l-þ,e* Hl,Z Cos 0 + HZ,Z Cos 29

Tz = Tt,zSing + Þp Sin 20 +T3,ipin 38 +

9" T+,2 Sin4g
lÉ

(urz rø)

V : Locotions where Compotibilities
lmposed

Section A -A

Fígure 5.3 The Application of Correction Forces T,V & H
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The 'longitudinal normal edge stresses and displacement due to

correction forces V2, H2 and T2 are calculated from equations

(4.20)-(4.24), equations (4.28)-(4.32) and equarions (4.10)-

(4.14) respectÍve'ly. The differences in longitudinal edge

stresses and deflections at joint 2 due to each of the comection

forces are obtained from equations (4.2s)-(4.27), equations (4.33)-

(4.35) and equations (4.15)-(4.17) accordingìy. The resurts are

recorded in Table 5.

The simultaneous equatioàs set up on the basis of

equation (4.26) and presented according to equation (4.27) are as

shown following Table 5.
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TABLE 5

(a ) Term eo ^Vôt",t

2

"Vôv
2

^Vôõ
2

v2

vo z
t

0
l5
30
45

0
0
0
0

00032
00027
000t 5
0

-0.00004
-0. 00003
0. 0000003
0.0

I 26.51 481
129.94336
I 39. 99534
I 55.98574

Vr2
0

l5
30
45

0.00060
0. 00037

-0. 00007
0.0

-0
-0
-0

0

0001 5
0001 1

000028
0

I I 3.07389
122.49207
139.44067
1 3l .4991 0

Yz z

0
15
30
45

0
0

-0
0

001 36
00062
0006s
0

-0. 00044
-0. 00032
-0.00010
0.0

76.1 9363
102.21034
137.27466

66.40147

(b) Term ^OU ouH
2

^HÒV
2

^HÒo
2

H2

Hoz
t

0
l5
30
45

0
0

-0
0

001 29
00051
00085
0

-0.00262
-0.00247
-0.002t2
0 0

81.93825
50.37005
42.18324

189.41426

Hl 2
t

0
l5
30
45

0
0

-0
0

00124
00050
00081
0

-0.00244
-0.00?29
-0. 001 95
0.0

7 9 . 08068
47 .77 438
42.06121

178.58729

Hzz
)

0
l5
30
45

0.001 I 1

0. 00043
-0.00072
0.0

-0. 001 93
-0.001 8l
-0.001 50
0.0

7l .091 52
40.54660
41.47119

I 48 .78533
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Table 5 continued

(c ) Term eo uuT
2

"TOV
2

^Tôo
2

12

T, ,,

0
l5
30
45

-0
-0
+0

0

00032
0001 3
00020
0

0. 0001 3
0. 000099
0.000034
0.0

1 s .31 s76
2 .1 8806

19.77059
19.79238

T,,,
0

l5
30
45

-0.00059
-0.00023
+0. 00036
0.0

0. 00024
0.0001 8
0.000061
0.0

26.58266
3.71378

- 38. I 0300
- 27 .08445

,,,,
0

l5
30
45

-0
-0
+0

0

00076
00028
00047
0

0.00030
0.00022
0.000075
0.0

39.39091
3.96205

53.26825
I 5.79659

,, ,,

0
15
30
45

-0.00083
-0. 00028
+0. 00051
0.0

0
0
0
0

00031
00023
000074
0

50.80227
2.44401

- 63.21682
1 0.531 25



l,l
','

,0
",

 
e,

fo
,'1

0"
) 

ou
l',

'(0
.)

 ,
u]

','
(0

")
 o

ul
','

(0
.)

 o
u]

','
(0

.)
 o

rl'
,'(

0"
) 

ou
!,,

.1
0"

) 
ou

l,,
r(

0"
) 

ou
lu

,.(
0"

)-
',u

'lr
t 
" 

,,0
")

 
-

,r
.'r

' ,
t 

',"
10

 ,'
 

eo
T

r' 
,' 

n,
ou

rt
 ,'

 
uo

f 
t 
,' 

6o
rr

' 
,' 

6o
ur

','
 

oo
l, 
,, 

oo
l 
,,r

 
oo

lu
,,

Y
c 

z
'J

uz
 ' 

(3
0'

)

u,
T

','
,r

o.
i 

or
T

"'(
¡0

.)
 o

ul
','

{r
0"

, 
ou

l',
'1

r0
")

 o
ul

','
(¡

0"
) 

ou
l',

l,r
o.

,o
ul

',]
(,

0"
) 

or
l,,

](
ro

.t 
rr

l,,
;(

30
")

 6
vl

',,
],r

0"
,

1'
)r

o,
'(c

s"
) 

co
l0

,'(
qs

.)
 o

ol
','

{o
u"

l 
o"

l',
2(

45
.)

 ô
ol

r,
'to

uo
, 

oo
T

r',
'(q

s.
) 

o,
l2

,,t
ou

",
 o

o!
r,

r¡
45

.r
 6

o]
3,

2ç
ou

.¡
 o

ol
.,r

to
u.

,

E
qu

ot
lo

n 
( 

5.
2 

)

V
¡

H
s ï1 ll H
¡

T
2 v2 H
2

T
3

T
q

2 2 2 2 z

-.
u!

(o
')

-r
'!(

0"
)

-.
"1

{o
"l

-.
ul

(ls
")

-r
r!

çr
s"

¡
-¿

"!
(r

s'
)

-r
,!1

:o
'¡

-.
u!

 1
:0

" 
¡

-r
"!

¡r
o'

¡
-¡

o!
(q

s"
 )

I \¡ co I



-79-

The solutions of equation (5.1) are found as follows:

uoo'

Utt1 2)

T,,,

vr,,

H, ,,
T,,,

V,,,

Hr,,

T, ,,
ï+ z

1b/f t
1b/f t

fr-r b/fr

1b/ rt
1b/f t

fr-t b/fr

1b/ ft
I b/fr

ft-t b/fr

ft-l b/fr

(5.3)

- 2944.861 06

9501.403.l8

-248953.67749

4l 09. 03864

- t3648.94789

264018.11955

- 856.34874

4352.32644

-l 23606. I 9378

23302.62672

D. Superposition

To obtain the final longitudinal edge stresses and dis-
pìacements, the magnitude of the correction forces in equation (s.3)

- are applied back to the structure at the common joints according to

their corrected directions. Subsequently, the correction forces are

transferred to the shear centers of the'ir respective units. The

results are again obtained from the solutions presented in

chapters 2 and 3 for various loading cases. Then, using the principle

of superposition, the effects from the correction forces are combined

wíth those due to joint loads calcu'lated previously to give the final

results as shown in Tab'le 6.

The final value of the longitudinal edge stresses and

deflections of unit I and 2 at joint 2 are plotted against 0 in

Figure 5.4.
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TABLE 6

Unit I

Unit 2

^oU
9"

62 (psr) 9"
U2 (in) uå (in)

0*

l0
l5*
20

30*

35

45*

-27065.371 98

-27 967.39349

-29297 .92963

-31397 .19269

-37833 .69426

-42004.961 I 6

-55265. I 0l 36

-0. 09606

-0. 08658

-0.07512

-0.06035

-0.02821

-0. 0l 530

0.0

0.0.l 036

0.00930

0.00791

0. 00603

0.00264

0.001 95

0.0

* Locations where compatibility conditions are imposed

^oU
r

Õ1 (psf) r
Ui (in) (in)r

V1

0*

l0
l5*
20

30*

35

45*

-27064 .7 6436

-281 33 .7 4616

-29298.74526

-30933 .24935

-37832.89467

-44318.57361

-55266.29357

-0. 09606

-0. 08636

-0.07 512

-0. 06077

-0.02820

-0. 0'l 456

0.0

0.01 035

0.00924

0. 007 9l

0.00624

0. 00263

0.00070

0.0
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5.4 Analysis By The Finite Element Method

From the classical thin-shell theory, it is possible to

generate differential equations of equilibrium or continuity, which

have been solved for only special geometric forms and certain spec'ific

boundary conditíons. It is evidenced that the theory cannot adequately

deal with shell structures having arbjtrary geometric shapes and

boundary conditions, such as the arched folded p'lates of revolution.

However, a comp'letely new approach for the solution of problems in

continuum mechanics, using matrix alegbra and the digital computer,

was introduced in the 50's and later became known as the finite
element method. This method was first app'lied to the p'lane stress

problems and was subsequentìy extended to the p'lates and shells

analysis with satisfactory results. The major advantages of the

finite element method are the ability to accommodate arbitrary

geometry and boundary conditions together wìth variable thickness,

varjable material properties, discontinuities in the shell surface,

and general loading condit'ions.

The two-fold arched folded piate roof which is the subject

of the present study is analyzed by the finite element method using

a computer program deveioped by Johnson and Smith26. The roof

surface is idealized by an assemblage of f'lat quadrilateral elements

as shown in F'igure 5.5. The material properties of each element

are assumed to be homogeneous, isotropic and linearly e'lastic.

The global and surface coordinates for each node, the boundary

conditions and the nodal loads are among the input data to the

program which are shown in Appendix I.
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The g'loba1 coordinate system X, J, z, as indicated in

Figure 5.5, is chosen for the structure. Noda'l coordinates are

calculated by the following expressions:

x = Rcos0

j = SCOSa

z = Rsine

6 and
1

and

are defined by

I âr=_râFr Ae
læl

magnitudes, and have the values of

where, R, s, a ârìd 0 are defined in Figure 5.6.

The surface coordinate system 6, E, E is characterizedI23
by the fact that 6. is normal to the surface at each node, whire

E. and E^ are tangent to the surface at each nodaì point. ReferringI2
to Figure 5.6, the vector F from orrigin 0 to node I is defined as

ñ = Rcosei + scosoj + Rsinek (5.5)

(5.4)

(5.6)

-l
(5.7)

= ssina

ïherefore,

E = sinacosoi+coso5+sinosinok
1

6 = -sinoi+coseR
2

s i n2ocos 2o*cos 2a*s i n2as i n 2o

s2si n2crs i n2e+s2s i n2ocos20

(s.B )
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The normal, E_, is generated by the cross-product of g and E312
The anglêS cr ârìd e are defined in such way that the cross-product

of E, and E consistently have an outv¡ard normal t CarefulL 2 -3

attention must be paid to nodal points having sudden change of slope

where E is approximated by
I

=J (5.e)

The boundary condit'ions al low specif ied dÍsp'lacements at

any nodai point. A five degree-of-freedom nodal point displacement

system for the assemblage is utilized. These five degrees of freedom

consist of three l'inear translations and two rotations, and are

defined as fol I ows:

D = Translation in
I

D = Transl ation in
2

D = Translation 'in
)

D = Rotation about
4

D = Rotation about
tr

.BB-

surface E -direction.
I

surface € -direction.
2

surface Er-direction.

E coordi nate.
I

E coordi nate.
2

The boundary conditions for this examp'le are specified at two specìa1

locations. At the fix-end support, all nodal displacement components

are equal to zero. At the axis of symmetry only D, and Du are zero.

To be exact, rotatíon about the g'lobal y-coordjnate at the syrmetry

axis are zero; however, this is not allowed in the programme due to

local base coordinate system was chosen.

The originaì loading in the previous analysis js taken as

uniformly rad'ia1 distributed pressure over the inclined surface of



-89-

the roof. The programme allows uniform pressure loads upl which

are normal to the surface of the element only; however, nodal loads

are permitted with considerable flexibility. The five nodal load

components P. to P at each node correspond in an energy sense to the15
five nodal point displacement components Dr ro Or. Due to the above

programme restriction, the original UPL is converted into nodal point

loads having components P, and P, on'lv. Input nodal force values for

each loaded nodes are listed in Appendix I.

The output of the computer programme contains the fo'llowing

information:

(1) Reprint all the input data.

(2) Nodal ioint disp'lacements Or-0, are expressed in the

base coordinate system which 'in this case is the

surface coordinate system

(3) The quantities of element stress resultants are

printed with respect to the average plane coordjnate

system. The sign convention for these quantìties are

illustrated in Figure 5.7 for surface coordinates.

These stress resultants can be assumed to be actìng

at the centroid of the quadrilateral element.

(4) Averaged nodal stress resujts are also among the output.

These quantities are the averaged e'lement stress

resultants in ail the elements surrounding a given

node expressed with respect to the surface coordinate

system
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ðËl'
r.\*, Z

(o ) Reference Axes €¡ond {,

( b ) Stress Resulto nts (c)Moment Resuftonts

n€z *€z

N2

Figure 5.7 Shell Stresses ond Momenls
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Previous structural ana'lysis of the arched folded plate

roof yields longitudina'l direct stresses and d'ispìacements only at

the common joint of the two units, which are comparable with

stress resultant Nr, disp'lacement components D, and D, of nodaj

points 49-54 from the shell analysis. Results of the element

stress resultants for element 36-45 and nodal disp'lacements for nodes

49-54, together wjth the distribution of transverse bending moments

M at mid-span are pìotted in Figure 5.8.
2 ' ' -r-'
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CHAPTER VI

CONCLUS I ONS

6.1 Conclusions

The stress resultants and disp]acements along the common

joint of the arched folded plate roof, obta.ined by the structural

analysis are compared with the results of a finite element analysis using

shell theory. The comparisons are summarized in Figure 5.ga, b, c

and d.

Figure 5.8a shows reasonab'ly good agreement in the vertical
dìsplacement component values between the two methods of anaiysìs.

These vertica'l dispìacement values are referred to edge displacements

u in the structural anaìysis and nodal displacements D, expressed in

the surface coordinate t, 'in the finite element analysis. For

locatjons having sudden change of slope, the outward normal 6, is
referred to the.same direction as to the edge disp]acement u.

Nodal displacement components D. in the finjte element analysisi
are expressed in the surface coordinate 6r-direction, which is paraììe1

to the 91oba1 horizontal axis for rocations having sudden change of
s1ope. The edge disp'lacements v in the structura'l analysis are

referred to the same direction. Figure 5.gb shows no sígnificant
difference in the horizontaì disp'lacement val ues from the two ana1yses,

a'lthough some d'iscrepencies were observed.
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The stress resultants in shej'l theory are actuaìly force per

unit iength of surface. Values of the longitudinal direct stress N,

in the finite element analysis should therefore be divided by the element

thickness. Due to the fact that the structure díd not have an overall

uniform plate thickness, separate element thickness was used for

e'lements at the trough. Stresses produced by plate bending moments

M are not íncluded in the longitudinal membrane stresses because theyI
contribute less than 5 per cent of the final stress values. The

longitudinal direct stresses yieìded by the two methods of analysis

are both expressed with respect to the same direction such that they

can be compared. Figure 5.Bc shows some d'isagreement in the longitudinal

direct stress values between the two methods of analysìs. The simple

structura'l analysis yields higher stress values, while discrepancies

become 'larger towards the fixed-end support. The overall stress

distribution pattern, however, are in a reasonable good agreement between

the two.

Transverse bending is represented in the shel'l analys'is by the

moment M shown ìn Figure 5.7. The maximum M values would generally22
occur near the center of the long span; therefore, the distribution

of transverse moments M, obtained from the finite element analysis

at mid-span is shown in Figure s.Bd. comparison between the two .is

relative]y meaningless at this stage as a final rotation correction was

not made at the common joint in the structural analysis.

Values of the transverse direct stress Nr, the inplane shear S,

and of the p'late torsional momenrr t, were not examined in detail as

they were found to be less significant from normal structura'l design
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consideration. Consequently, values of N , M and S are not compared.
IL2

Despite the fact that values of ìongitudinal direct stress

obtained from both methods of ana'lysis compared favourably only in some

degree, and there is no comparison in transverse moment values; it may

be concluded that the structural theory proposed in this thesis can

predict satisfactorily the internal forces and the deflection behaviour

of an arched folded plates structure under load at this early development

stage. The theory, however, will be far from perfect without any further

research.

6.2 Comments For Further Study

The proposed structural theory obviously does not comp¡ise a

compìetely satisfactory solution to the prob'lem of arched folded p'lates

of revolution. Thus, the techniques of the theory are open to ìmprove-

ment and refinement. However, there were two notable areas in which

improvement to the techn'iques used could have resulted in major

improvements in the qualìtat'ive results obtained.

l) under the current theory, rotation was allowed at the

common ioints such that the original angle a- in Figure 4.2b was not

maintained as the structure dispìaced. This rotational error can be

eliminated by the ìncorporation of rotation correction within the

correction analysis, such that the conditions of disp]acement,

stress and rotation compatibility at each common joint of the structure

are ensured. improvement in the correction ana'lysis would not only
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contribute great'ly to the accuracy of the resuìts, but also allow

the more accurate determination of the final transverse moments.

2) The final longitudina'l direct stresses and displacements

of the structure at the common joints could be improved. This can be

done by increasing the number of locations where compatibility

conditions are to be imposed. Locations near the support are highiy

preferab'le. Consequentìy, those discrepancies between units observed

in Figure 5.4 can be removed.

It was recognized that the range of app'licability of the

proposed structura'l theory was very limited. Quite often the theory

was found restricted to many geometrjc limitations as indicated in

the ear'ly chapters. It was apparent that another approach to the

problem of the arched folded plates structure was desirable. The

consideration of plate strips, rather than the whole unit itse'lf,
wou'ld be very beneficial.
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