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Abstract

Generalized inverses of matrices are of great importance in the resolution of linear
systems and have been extensively studied by many researchers. A collection of
some results on generalized inverses of matrices over commutative rings has been
provided by K. P. S. Bhaskara Rao [30]. In this thesis, we consider constructing
algorithms for finding generalized inverses and generalizing the results collected
in [30] to the non-commutative case.

We first construct an algorithm by using the greatest common divisor to find a
generalized inverse of a given matrix over a commutative Euclidean domain. We
then build an algorithm for finding a generalized inverse of a matrix over a non-
commutative Euclidean domain by using the one-sided greatest common divisor
and the least common left multiple. Finally, we explore properties of various
generalized inverses including the Moore-Penrose inverse, the group inverse and

the Drazin inverse in the non-commutative case.
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Notation and Terminology

Below is a list of special notation and terminology to be used in Chapters 1] to [4]

(Notation that is either standard or only used locally has not been included.)

a field

a division ring, p.

an automorphism of R, p.

the inverse of o

a o-derivation, p.

the composite mapping o o d (§ o o, resp.)

the skew polynomial ring R[x;0,d], p.

the Ore quotient ring of S, p.

the leading coefficient of a polynomial f in S, p.
the normal form of a polynomial f in S, p.

the left (right) quotient of the division of a by b, p.
a zero matrix of suitable size

the (i, 7)™ entry of a matrix A

an m x n matrix in which the (i, /)" entry is a;;

the determinant of a matrix A over a commutative ring

the adjoint matrix of a matrix A over a commutative ring
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Row;(A)
Col;(A)

Ro

the ith row of a matrix A (i € N), p.

the ith column of a matrix A (i € N), p.

a unimodular matrix corresponding to row operations,
p- 27

a unimodular matrix corresponding to column operations,
p- 28

the involution transpose of a matrix A, p.

a {1}-inverse of a matrix A, p.[f]

the Moore-Penrose inverse of a matrix A, p. [7]

the group inverse of a matrix A, p.[7]

the (unique) rank of a free module M, p.

the (inner) rank of a matrix A, p.

A 0
, where A, B are matrices, p.

0 B
the center of a ring P, p.
the ring of all m x n matrices over P
the ring of all m x m matrices over P
direct sum of modules
tensor product of modules

assign a value B to a variable A, p.

an empty matrix, p. 2§

vi



Introduction

Generalized Inverses

A generalized inverse of a matrix A, as the name implies, is a matrix G that is
analogous to the usual inverse, and it possibly exists when A is singular or even
rectangular. In other words, given a matrix A, a generalized inverse of A is a

matrix G such that
AGA = A. (1)

If A is a square nonsingular matrix, then G reduces to the usual inverse of A.
The theory of the generalized inverse for matrices originated from the need
of finding a solution to a linear system of algebraic equations. Concretely, the
concept of a generalized inverse was first introduced in 1903 by Fredholm [12],
where a particular generalized inverse that serves as an integral operator was
called “pseudoinverse”. The notion of a generalized inverse for a matrix (not
necessarily a square matrix) was mentioned for the first time by Moore [25] in
1920. However, in the following 30 years, except for a few extensions of Moore’s
work, no systematic study was done on the subject due to the ambiguous notion.
The first breakthrough in the study of generalized inverses came in 1955, when
Penrose [2§] redefined the Moore generalized inverse based on the results obtained
by Bjerhammar ([1], [2]) in 1951. In his paper, Penrose introduced a generalized
inverse satisfying the four equations (L.I)-(1.4) in Chapter [I} and showed the

uniqueness of the inverse. This discovery has greatly affected and promoted the
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development of the theory of generalized inverses, and the generalized inverse
defined by Penrose is therefore widely known as the Moore-Penrose inverse.

Today, the literature on the theory of generalized inverses is extensive. A
variety of generalized inverses, such as the group inverse and the Drazin inverse,
have been constructed for different purposes. To avoid confusion, we shall refer
to the generalized inverse satisfying condition (1)) as {1}-inverse for the rest of
this thesis.

The application of generalized inverses of matrices has been extended to sev-
eral areas, including statistics, numerical analysis, and cryptography. For exam-
ple, the Moore-Penrose inverse is commonly used to find a least square solution to
a linear system that has multiple solutions (Penrose and Todd [29]) and to solve
problems in linear statistical models (Kirkland [19]); the Drazin inverse plays
an important role in singular linear systems, differential equations and Markov
chains (Hanke [15], Campbell [6], C. D. Meyer, Jr [22, 23]); generalized inverses of
matrices over finite fields have been proposed as protential tools in cryptographic
research (Wu [32, 33]).

To analyze the properties of generalized inverses of matrices, many algorithms
have been proposed. For instance, K. P. S. B. Rao [30] has introduced an algo-
rithm for determining the existence of a generalized inverse and finding a gen-
eralized inverse of a given matrix over a commutative principal ideal domain;
Courrieu [I1], Katsikis and Pappas ([I7] [18]) have introduced fast algorithms for
computing Moore-Penrose inverses of real matrices; Miljkovi¢ [24] has introduced
iterative methods for computing generalized inverses of complex matrices. Nev-
ertheless, fast algorithms for finding generalized inverses of matrices, especially

in the non-commutative case, are still in great demand.

Skew Polynomial Rings

A skew polynomial ring, also called an Ore extension, is a polynomial ring whose

multiplication by the indeterminate is “skewed” by an endomorphism and an
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associated skew derivation on the coefficient ring. Concretely, let R be a ring, o
a ring endomorphism of R, and let § be a o-derivation on R, namely, an additive
map § : R — R satisfying d(ab) = o(a)d(b) + d6(a)b for all a,b € R. A skew
polynomial ring over R, written S = R[z; 0, ], is a ring S satisfying the following

conditions:

(a) S is a ring, containing R as a subring;

(b) z is an element of S;

(c) Sis a free left R-module with basis {1, z, 22, ...};
(d) zr =o(r)z+6(r) for all r € R.

For any element f of S, f is uniquely expressed in the form

~1
f=ax" +a, 12"+ +ax+ag

where n € N and ay, ...,a, € R. If R is a commutative ring, o is the identity
mapping and ¢ is the zero derivation, then the skew polynomial ring S reduces
to the ordinary polynomial ring R[x].

The concept of a skew polynomial ring was first considered in 1920 by Noether
and Schmeidler [26]. In 1933, the general definition of a skew polynomial ring was
introduced by Ore [27], who first systematically studied this object. Since then,
the structure and construction of skew polynomial rings have been extensively
studied by numerous authors, such as Jacobson [16], Cohn [9], and Lam [21]], and
the theory of skew polynomials has thus had a substantial growth.

It has been shown that the study of skew polynomial rings is of great impor-
tance and has applications in many research areas. In pure mathematics, skew
polynomials can be used for solving systems of linear differential and difference
equations (Bronstein and Petkovsek [5]). In coding theory, skew polynomial rings

over finite fields can be used to study linear codes and to construct error-correcting
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codes (Boucher, [3], [4]). In control theory, linear control systems over Ore al-
gebras have been investigated for potential values and applications in electrical

engineering and computer science (Chyzak, Quadrat and Robertz [7]).

Outline of the Thesis

This thesis is organized as follows.

In Chapter (I, we outline the basic definitions and results to be used in the
thesis.

In Chapter [2| we construct an algorithm for finding {1}-inverses of matrices
over commutative Euclidean domains by using the extended Euclidean algorithm
and some properties of the greatest common divisor. Given a matrix A, the
algorithm first determines the existence of a {1}-inverse of A, then computes a
{1}-inverse of A (if there is any). The complexity of the algorithm is given for
comparing its efficiency with that of others. Some examples are presented for the
demonstration of the algorithm.

In Chapter [3| we build an algorithm for finding {1}-inverses of matrices over a
skew polynomial ring S (whose definition is given in Chapter 1)) based on the fact
that S is a non-commutative Euclidean domain. Compared with the algorithm
in Chapter [2] this algorithm is constructed by using one-sided greatest common
divisors and least common multiples.

In Chapter [4, we investigate the existence and construction of various gen-
eralized inverses of matrices including {1}-inverses, Moore-Penrose inverses and
Drazin inverses.

In the Appendix, we give the Maple codes of the first algorithm.



Chapter 1

Preliminaries

This chapter outlines some of the basic mathematical definitions and results rel-

evant to the thesis.

1.1 Generalized Inverses for Matrices

It is known that there are different types of generalized inverses for matrices. In
this section, we list the definitions and properties of the generalized inverses to
be investigated in this thesis.

Let P be a ring. An involution on P is an anti-automorphism f on P of order
2. The image of an element p € P under f, written p, is called the involution of
p. We define a mapping g : M,,un(P) = M, (P) such that for A = (a;;) €
M0 (P), g(A) = A%, where A* = (A)T, A = (@ij)mxn. We call the image A* of
the matrix A under the mapping g the involution transpose of A. By definition,

we have

(A7) = A

(AB)* = B*A*.

For this section, we now fix the notation that P is a ring (not necessarily
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commutative) with an involution, A,,xn, Guxm (m,n € N) are two matrices over

P and k € Z*. Consider the following equations.

AGA = A (1.1)
GAG =G (1.2)
(AG)" = AG (1.3)
(GA) = GA (1.4)
AG = GA (1.5)
Ak =AM (1.6)

Definition 1.1. (a) If A and G satisfy Equation (1.1]), then G is called a {1}-
inverse of A, written A~, over P. If A has a {1}-inverse, then A is called a
reqular matriz. The matriz ring M, «,(P) (n € N) is called a regular ring if

every matriz from M., (P) is regular.

(b) If A and G satisfy Equation and (1.9), then G is called a {1, 2}-inverse
of A over P. Generalized inverses named {1,2,3}-inverse, {1,2,4}-inverse

and so on are defined analogously.
Proposition 1.1. A {1}-inverse for a matriz is not unique.

If G is a {1}-inverse of A, then GAG is a {1}-inverse of A. For example,
v +1 2z 1

let A = be a matrix over the polynomial ring Q[z]. Then
0 ? x+1
1—%x2—%x3 —1—§x
G=| 348,24 99 Uy sy is a {1}-inverse of A. One can verify

—%a:4 — %x?’ + %xz 822 41

3.2 3,3 2
that GAG = —3 4 B2y 9,3 4oy is also a {1}-inverse of A.

—2at — 33+ 32 Sz 41

Proposition 1.2. If A has a {1}-inverse over P, then A has a {1,2}-inverse

6



1.1. GENERALIZED INVERSES FOR MATRICES

over P.

If Gy and G4 are two {1}-inverses of A over P, then G1AG» is a {1, 2}-inverse
of A over P.

Proposition 1.3. If A has a {1, 3}-inverse over P, then A has a {1,2,3}-inverse

over P.
If G is a {1, 3}-inverse of A, then GAG is a {1, 2, 3}-inverse of A.

Definition 1.2. If A and G satisfy Equations to , then G 1is called the

Moore-Penrose inverse (MP-inverse, for short) of A, written AY, over P.
Lemma 1.1. ([30], p16) The MP-inverse of a matriz is unique.

Note that if A has a {1,3}-inverse G; and a {1,4}-inverse G over P, then
G2 AG, is a MP-inverse of A over P.

Proposition 1.4. ([30], Proposition 3.10)

(a) Amxn has a {1,3}-inverse if and only if (i) A*A is reqular and (ii) for a
matriz Cyys (s € N) over P, AC' =0 whenever A*AC = 0.

(b) Apxn has a {1,4}-inverse if and only if (i) AA* is reqular and (i) for a
matriz Diys (s € N), DA =0 whenever DAA* = 0.

(¢) Apxn has an MP-inverse if and only if (i) A*A and AA* are both reqular and
(ii) for any matrices Cpxs and Dyx,, over P (s,t € N), AC = 0 whenever
A*AC =0 and DA = 0 whenever DAA* = 0.

(d) Apsxn has an MP inverse if and only if (i)A* AA* is regular and (ii) A has the
properties that, for any matrices Cyxs and Dyy,, over P (s,t € N), AC =0
whenever A*AC = 0 and DA = 0 whenever DAA* = 0.

Definition 1.3. (a) If A and G satisfy Equations and (1.5), then G is

called a commuting g-inverse of A over P.
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(b) If A and G satisfy Equations (1.1), and (1.5), then G is called a group

inverse of A, written A%, over P.

(c) If A and G satisfy Equations , and @, then G 1s called a Drazin

inverse of A over P.

From the definitions we can see that the Drazin inverse is a generalization of

the group inverse.
Proposition 1.5. ([30/, p. 89) The group inverse of a matriz is unique.

Proposition 1.6. ([30], Proposition 6.23) The Drazin inverse of a matriz is

unique.

1.2 General Skew Polynomial Rings

In the Introduction, we saw that the indeterminate of a skew polynomial does
not commute with its coefficients. In order to work with skew polynomial com-
putations, we introduce the Leibniz rule for skew polynomial multiplication and
rules for exchanging the indeterminate and coefficients of a skew polynomial in
this section.

Let S = R[z;0,0] be a skew polynomial ring and f = a,a™ + a, 12" " +
-+ ax + ag € S with ag,aq,...,a, € R, a, # 0. The degree of f, written
deg(f), is defined to be max{ila; # 0, i = 0,1,...,n}. The leading coefficient of
f, written le(f), is defined to be a,. If f = 0, then deg(f) = —oo, lc(f) = 0. If
the coefficient ring R is a skew field, then we define the normal form of f, written
nf(f), to be (Ic(f)) "' f. For any two skew polynomials f; and f, in S, the degrees

of their sum and product satisfy the following condition:

deg(fi + fo) < max{deg(f1), deg(f2)}.
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Moreover, if the coefficient ring R is a domain, then

deg(f1f2) = deg(f1) + deg(f2).

Lemma 1.2. (Leibniz rule) Let S = R[x;0,0] be a skew polynomial ring. For

any r € S,

Z( ) o' 6F (1), (1.7)
Ifo=1, 6#0, then
2;( >5k Hr)at, rak :zk: (’;)( DF it sk =i (r); (1.8)

ifo#1, 6 =0, then
aFr = o"(r)ak, ra* = 2FeTH(r). (1.9)

The above rule can be shown by induction. Clearly, (1.7 holds for k£ = 1.
Suppose (1.7)) holds for all kK = n where n € N, n > 1. Then for k =n + 1, we

have

o= (: (”) o'6" i () )
g"; (7)aots= 010
-

) 'L+15n z )xiJrl_'_o_iénfiJrl(T)xi)

%

7(;& (6" (r)z + 6" (r)) + -+ (Z) ("™ + 6"5(r)a™)

.
(s () (e Qe
s

n+1 n+1 n+1\ i i n+1\ . n+1
)(5 —i—Z( ; ) J (r)z* + nt1)” (r)x

=1
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n+1
— Z (n —; 1> Fi§mH ()

k
= (k) ot ok (r)at
i
=0

Thus, (1.7) holds for all » € R. Identities (1.8]) and (1.9) follow directly from
D).

Lemma 1.3. Let S = R|x;0,6] be a skew polynomial ring. For anyr,s € R, k €

N,

5k (rs) = i (’“) ot (1) (). (1.10)

Lemma 1.4. Let S = Rlz;0,d] be a skew polynomial ring. Let k > 1 be an

integer. If 6 =0, then for any a € R,

(za)k = 2" (H 0’“”(@)) = (H ai<a)> k. (1.11)
(az)F = 2" (H J_Hi(a)) = (H ai(a)> k. (1.12)

=0

1.3 A Skew Polynomial Ring S

From now on, we fix the notation that S = R[z;0, ] is a skew polynomial ring,
where R is a division ring, ¢ is an automorphism of R and ¢ is a o-derivation.
We shall give conditions for S to be a (non-commutative) Euclidean domain and
an Ore domain (and thus to have a unique ring of fractions) in order to support
the investigation on generalized inverses of matrices over S in Chapters |3 and

of this thesis.

1.3.1 Euclidean Domains

Recall that a principal left (right, resp.) ideal domain is a domain in which every

left (right, resp.) ideal is generated by a single element, and a principal left and

10



1.3. A SKEW POLYNOMIAL RING S

right ideal domain is called a principal ideal domain (PID).
Proposition 1.7. ([7j)], Theorem 2.8) The skew polynomial ring S is a PID.

We now turn to Euclidean domains. A left (right, resp.) Euclidean domain is
a domain D with a function d : D — N|J{—o0} such that for all a,b € D with

b # 0, there exist ¢, € D such that
a=qb+r (a=bqg+r resp.), d(r) < d(b),

in other words, for any a,b € D with b # 0, d(a) > d(b), there exists ¢ € D

satisfying
d(a — cb) < d(a) (d(a — bc) < d(a), resp.). (1.13)

The element ¢ is called the left (right, resp.) quotient of the division of a by b,
written ¢ = aquoyb, (¢ = aquo, b, resp.). The function d is called a left (right,
resp.) Buclidean function on D. A ring that is a left and right Euclidean domain

is simply called a Fuclidean domain.

Proposition 1.8. Let d : S — N{J{—o0} denote the degree function over S.

Then S is a Euclidean domain with d being a Fuclidean function on it.

The above proposition can be shown as follows. Let f = Z fixt, g = Z g;r'

be polynomials in S such that g, # 0. By (1.13)), it suffices to show that

there exist hy, he € S such that d(f — hig) < d(f), d(f — gha) < d(f). (1.14)

If d(f) < d(g), then (1.14]) is clear. Suppose d(f) > d(g). Then f, # 0. Since

o is an automorphism of R and g,, # 0, we have 0" "™(g,,) € R\ {0}, and so

" m(gm))il in R. Let hl - fn(a'nim(gm))ill’nim.

A

o gm) has an inverse (o

Then

11



1.3. A SKEW POLYNOMIAL RING S

f—hyg
= [ = fa(0" 7™ (gm)) T 2" T (g™ 4 Gma ™+ -+ go)

= f— ful0" ™ (gm)) (@ ™ gma™ + [terms of lower degrees))

= f— fu(d" ™ (gm)) " (% (n B m) o 0" (g )T T + [terms of lower degrees])

, i
=0
= f = fu(0" ™ (gn)) (0" " (gm)2z™ + [terms of lower degrees])

= f — faa"™ — [terms of lower degrees],

and so d(f — hi1g) < d(f). The existence of an element hy in S such that d(f —

ghs) < d(f) can be shown analogously.

1.3.2 Ore Domains

Recall that the skew polynomial ring S is a PID (Proposition. In this section,
we shall use this fact.

Let us start with some basic definitions. Let X be a multiplicative set in a ring
P (i.e., a subset X C P such that 1 € X and X is closed under multiplication).

Then X is called a left (right, resp.) Ore set if for each a € X and r € P,
Xr = Pa (rX = aP, resp.).

If X is a right and left Ore set, then X is called an Ore set.

Definition 1.4. A left (right, resp.) Ore domain is any domain D in which
the non-zero elements form a left (right, resp.) Ore set, i.e., for each nonzero
a,b € D, Da(\Db # 0 (aD(bD # 0, resp.). A left and right Ore domain is

called an Ore domain.

Recall that a left (right, resp.) Bézout domain is a domain in which every
finitely generated left (right, resp.) ideal of R is principal. Since the skew poly-
nomial ring S is a PID, it is a Bézout domain. Every Bézout domain is Ore ([14],

Exercise 6D). Thus, we have the following result.

12



1.3. A SKEW POLYNOMIAL RING S

Proposition 1.9. The skew polynomial ring S is an Ore domain.

1.3.3 Rings of Fractions

The fact that the skew polynomial ring S is an Ore domain enables us to construct
a ring of fractions for S and investigate problems over S from the perspective of a
division ring. In this section, we shall outline some properties of rings of fractions
and give some results on a ring of fractions for the ring S.

We first fix the following notation for this section:

P a ring

X(CP) a multiplicative set of non-zero divisors in P
A left (right, resp.) ring of fractions (or a left (right, resp.) quotient ring)
for P with respect to X is any overring P’ O P such that:
(a) Every element z in X has an inverse z 71 in P’.

(b) Every element of P’ can be expressed in the form z'a (resp., ax™!) for some

a€ Pandx e X.

Proposition 1.10. ([7]|], Theorem 6.2) A left (right, resp.) ring of fractions for

P with respect to X ezists if and only if X is a left (right, resp.) Ore set.

If X(C P) is a left (right, resp.) Ore set, we shall write X 'P (PX !, resp.)

to denote any left (right, resp.) ring of fractions for P with respect to X.

Proposition 1.11. ([T]|]/, Proposition 6.5) If X(C P) is a right and left Ore set,

then PX~!' = X~'P, and vice versa.

We now turn to classical quotient rings. A classical left (right, resp.) quotient
ring for P is a left (right, resp.) quotient ring for P with respect to the multi-

plicative set of all non-zero divisors in P. If P has both a classical left quotient

13



1.4. INVERSE OF A MATRIX

ring and a classical right quotient ring, then by Proposition [1.11], the two one-
sided classical quotient rings coincide; In this case, P is said to have a classical

quotient ring.

Proposition 1.12. ([7j], Theorem 6.8) For a ring P, the following conditions

are equivalent:

(a) There exists a right (left, resp.) Ore set X of non-zero divisors in P such

that PX~1 (X7'P, resp.) is a division ring.
(b) P has a classical right (left, resp.) quotient ring which is a division ring.
(c) P is a right (left, resp.) Ore domain.

Recall that the skew polynomial ring S is a left and right Ore domain (Propo-
sition . By Proposition , there exist a classical left (right, resp.) quotient
ring for S with respect to S\ {0}; Moreover, by Proposition the classical
left (right, resp.) quotient ring is also a right (left, resp.) quotient ring. Thus,
we just refer to the Ore quotient ring of S, and use Q(S) to denote it for the rest

of this paper.

1.4 Inverse of a Matrix

The inverse for a matrix is sometimes needed in the investigation of a generalized
inverse for a matrix. In this section, we give some properties of the inverse of a
matrix over the skew polynomial ring S, together with some relevant definitions.

Let A be an n x n matrix over a ring P. A left (right, resp.) inverse of A over
P is an n xn matrix A;' (A", resp.) such that A;'A =1 (AAR' = I, resp.). An
inverse of A over P is an n x n matrix A~! over P such that A™1A = AA"! = ].
If both A;' and Aj' exist, then A;' = Ax' = A71 and A is called an invertible
matrix over P. The uniqueness of an inverse for a matrix is obvious.

For any matrix A over the skew polynomial ring S, a left (or right) inverse

of A is in fact the inverse of A over S. To prove this, we use the fact that S is

14



1.4. INVERSE OF A MATRIX

Noetherian and thus is stably finite.

Definition 1.5. A ring P is said to be right Noetherian if it satisfies the ascending
chain condition (ACC) on right ideals, namely, whenever Iy C Iy C --- is a
strictly increasing chain of right ideals of P, there exists a positive integer m such

that I, = I,,, for alln > m. A left Noetherian ring is defined correspondingly.

Using the property that S is a PID, we can verify the following conclusion

without difficulty.
Proposition 1.13. The skew polynomial ring S is left and right Noetherian.
We now give the property that S is stably finite.

Definition 1.6. ([20/, p. 5) A ring P is Dedekind-finite if, for any a,b € P,
ab =1 implies ba = 1. We say that a ring QQ is stably finite if the matriz rings

M., (Q) are Dedekind-finite for all natural numbers n.

Proposition 1.14. ([20/, Proposition 1.13) The skew polynomial ring S is stably
finite, that is, for any n X n matriz A over the skew polynomial ring S, a left (or

right) inverse of A over S is the inverse of A over S.

For matrices over S, there are three types of elementary row (column, resp.)

operations defined as follows:

(i) Interchange of any two rows (columns, resp.)

(ii) Addition of a multiple of a row (column, resp.) by a non-zero polynomial

from S to another row (column, resp.)

(iii) Scalar multiplication from the left (right, resp.) of a row (column, resp.) by

a non-zero element from R.

An elementary matriz over S is a square matrix obtained by applying one

single elementary row (or column) operation on an identity matrix. A matrix
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1.5. RANK OF A MATRIX

over S is called a unimodular matriz if it is a product of elementary matrices
over S.

It is known that every elementary (unimodular, resp.) matrix over a field F
has an inverse that is also elementary (unimodular, resp.) over F. A proof of this
result can be found in any elementary linear algebra book. For matrices over S,

we have a similar result (which can be shown analogously) as follows.

Proposition 1.15. (a) Every elementary matriz over S is invertible over S.
Moreover, the inverse of an elementary matrixz over S is also an elementary

matriz over S.

(b) Every unimodular matrixz over S is invetible over S. Moreover, the inverse

of a unimodular matriz over S is also a unimodular matriz over S.

The above proposition can be shown in a similar way as we did for the com-
mutative case (which can be found in any standard elementary linear algebra

book).

1.5 Rank of a Matrix

In this section, we give the result that the skew polynomial ring S is a free
ideal ring. By interpreting matrices over S as S-module homomorphisms, we
define three types of rank of a matrix over S and show that the ranks are in fact

equivalent.

1.5.1 Free Ideal Rings

Let P be a ring. An indexed set X = (z;);es of elements of a module over P is
called left (right, resp.) linearly independent if for every finite sequence x, ..., z,

of elements of X and every pq,...,p, € P,
Zpixi =0 (Z z;p; = 0, resp.) implies p; = -+ = p, = 0.
i=1 i=1
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1.5. RANK OF A MATRIX

A free left P-module (of rank cardinality I) is a left P-module M with a linearly
independent spanning set X = (x;);e;. In other words, M is a free left P-module
it M is isomorphic to @;c;Pz; . If I is finite, that is, M = @I , Px; for some
n € N, then n is called the rank of M, written n = rank(M). A free right

P-module N and the rank of N are defined correspondingly.

Definition 1.7. ([10], P. 110) A free left ideal ring (a left fir, for short) is a ring
P in which all left ideals are free as left P-modules, of unique rank. A right fir is

defined correspondingly. A free ideal ring (a fir, for short) is a left and right fir.
Since S is a left and right Ore domain, we have the following result.

Proposition 1.16. ([10], Proposition 2.2.2.) The skew polynomial ring S is a
fir.

Definition 1.8. ([10], P. 111) Let « be a cardinal. A left a-fir is a ring P in
which all a-generated left ideals are free as left P-modules, of unique rank. A

right a-fir is defined correspondingly. An a-fir is a left and right o-fir.
Clearly, S is an a-fir.
Proposition 1.17. ([§/, Theorem 2.1) Let o be a cardinal.
(i) In a left fir every submodule of a free left module is free.

(i) In a left a-fir every a-generated submodule of a free left module is free.

1.5.2 Rank of a Matrix

After seeing that the skew polynomial ring S is a free ideal ring, we can define

the rank of a matrix over S. We fix the following notation for this section.

S the set of 1 X m matrices over S
nS the set of n x 1 matrices over S
0 a zero matrix of suitable size

17



1.5. RANK OF A MATRIX

Both ™S and S™ are free S-modules, thus, any n-generated submodule of ™S and
any m-generated submodule of S™ are free (Proposition |1.17]).

We interpret a matrix A,,«, over S in the following ways:

(a) a right S-module homomorphism of columns ™S — ™S, that is, a function
f: ™S — ™S such that f(u+v) = f(u) + f(v) and f(va) = f(v)a for all

u,v €S and a € 5,
(b) a left S-module homomorphism of rows S™ — S™.
(c) an element of the (M, (S), M, (S))-bimodule ™S ® S™.

The column rank of A over S is the rank of the submodule of ™S spanned
by the n columns of A, that is, the rank of the image of A under the above
interpretation @ The row rank of A over S is the rank of the submodule of
S™ generated by the m rows of A under the above interpretation (]ED Since S is
an n-fir for any n € N, n > 1, the definitions of column rank and row rank of a
matrix over S are valid. Note that the column (row, resp.) rank of the matrix is
independent of the choice of bases. In particular, the column (row, resp.) rank
is not affected by elementary operations.

We now define the inner rank of a matrix. Let A = B,,«,.C\«» be a decomposi-
tion of A over S, where r is the least number that such a matrix C' can have. The
number 7 is called the inner rank of A, written r = p(A), and the factorization

BC is called the rank factorization of A over S.

Proposition 1.18. ([10], Proposition 5.4.5.) Let A € M,«n(S). The following
four numbers are equal and do not exceed min{p,(A), p.(A}), where p,.(A) denotes

the row rank of A and p.(A) denotes the column rank of A:

(i) the least r such that the map A (under interpretation (d) or (U)) can be

factored through S™,

T
(ii) the least r such that A can be written Zbi ® ¢;, under interpretation (H),

=1
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1.5. RANK OF A MATRIX

(iii) the least r such that the image of A in S™ is contained in a submodule

generated by r elements (interpretation (1)),

(iv) the least r such that the image of A in ™S is contained in a submodule

generated by r elements (interpretation (d)).

In Part ({ii) of Proposition [1.18} the number r is equivalent to the least number
r such that A = B,,+,C,«, and thus is in fact the inner rank of A. Therefore, for

any m X n matrix A,

0 < p(A) < min{m,n}, (1.15)

and

p(A) =0 if and only if A = 0. (1.16)

Also, using rank factorization, we can verify that for any two matrices A and B,

p(diag(A, B)) < p(A) + p(B), (1.17)

p(AB) < min{p(A), p(B)}. (1.18)

We now turn to the relation between the three types of rank defined above.
Since the skew polynomial ring S is a Bézout domain, we have the following

result.

Proposition 1.19. ([10/, Proposition 5.4.4) Over the skew polynomial ring S,

the row rank, the column rank and the inner rank of a matriz are equal.

From above we can see that, for any matrix A over S,

p(A) = p(AT), (1.19)

Also, since the three types of rank of A coincide, we shall just refer to the rank

of A and use p(A) to denote it in the rest of the thesis.
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1.5. RANK OF A MATRIX

Definition 1.9. Let A € M4, (S), where myn € N, 1 <m <n (1 <n <m).
Then A is said to be of left (right. resp.) full rank if p(A) =m (p(A) =n). If
m =n and p(A) = n, then A is of full rank.

Lemma 1.5. ([10], Corollary 5.4.5) Let Apxn, Brxm and Cyxm (k,m,n € N) be
matrices over S. Then BA = CA (AB = AC, resp.) implies B = C if and only
if A is of left (right, resp.) full rank.
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Chapter 2

An Algorithm For Finding

{1}-inverses (Commutative Case)

An algorithm for finding a {1}-inverse of a matrix over a (commutative) ring
has been introduced by K. P. S. B. Rao ([30], p. 41). In this chapter, we shall
improve the efficiency of the algorithm given by K. P. S. B. Rao and use it to find
{1}-inverses of matrices over a polynomial ring F[z], where F is a field. In fact, all
of the results of this chapter hold for matrices over any commutative Euclidean

domain. The Maple code of the improved algorithm will be given in Appendix.

2.1 Theoretical Basis

Let us start with some properties of matrices over the polynomial ring F[z].

Lemma 2.1. Let Ayxn, Bpxn (m,n € N) be two matrices over F[z] such that

B =FE, «mAF,«,, where

(i) E is a square matriz over F|x] obtained by applying row exchanging and/or

row addition to an identity matriz,

(i) F is a square matriz over Flx] obtained by applying column exchanging

and/or column addition to an identity matriz.

Then
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2.1. THEORETICAL BASIS

(a) E and F are invertible in M, xm(F[z]) and M, ., (F[x]), respectively;
(b) A has a {1}-inverse over F[z| if and only if B has a {1}-inverse over Flx].

Proof. We first show that E is invertible over F[z]. By definition, E is a product
of elementary matrices whose determinants are 1. Thus, det(F) = +1, and so
E is invertible over F[z] with E~! = ﬁ(madj(E) = tadj(F), where adj(F)

denotes the adjoint matrix of £. Similarly, we can show that F' is invertible over
If B has a {1}-inverse Gp over F[z|, then (FAF)Gg(EAF) = EAF, which
implies A(FGpE)A = A, that is, A has a {1}-inverse FGgE over F|z].
Conversely, suppose A has a {1}-inverse G4 over F[z], namely, AG4A = A.
Since B = EAF, we have A = E"'BF~!. Then AG4A = A implies
B(F7'GAE~')B = B, and so B has a {1}-inverse (F"'G4E!) over Flz]. [

T
Theorem 2.1. (a) Let A = {al...an} (A = [01"-%} , resp.) be alxn
(nx 1, resp.) matriz over Fz| with a; # 0. If A has a {1}-inverse over F[z],

then ged(aq, ..., a,) = 1.

4

a
(b) Let A= be a matriz over Flx| with a # 0 and z = {21 e zﬂ} .
Onwd, l%nxn
If A has a {1}-inverse over F|x], then ged(a, 21, ..., 2,) = 1.

len

a
(c) Let be a matriz over F[z]. If A has a {1}-inverse, then (i)
Onwd_ l%nxn

either a = 0 or a has a multiplicative inverse in Flz| and (ii) B has a {1}-
inverse over F[z].
Proof. (a) We shall only show the case for A = {al e an} The case for A =

1T
{al ---a,| can be shown analogously.

- T
Let G = |g -- 'Qn} be a {1}-inverse of A. Then

{ _{] [ggH}_{(g++g> |
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2.1. THEORETICAL BASIS

It follows that a1 = (a191+- - -+ angn)aq, that is, (a191+- - -+ a,g, —1)a; = 0.
Since F[x] has no zero divisors, and since a; # 0, we have a1 g1+ - -+a, g, = 1.

Since F|x] is a principal ideal domain, ged(ay, ..., a,) = 1 ([30], Theorem 4.2).
(b) By [30], Theorem 4.15.

(c¢) By [30], Theorem 4.15.

Theorem 2.2. Let Ay« = (a;j) be a matriz over F[z].

(a) There exists an invertible matriz E,,x, over Flx|, such that

g x *

0 = *
EFA =

0 = *

where g = ged(agn, o1, ...y @y ) and each * stands for some element in F|x].

(b) There exists an invertible matriz F, ., over F[z|, such that

h 0 - 0

* %k *
AF =

* %k *

where h = ged(aqy, ara, ..., a1,) and each x stands for some element in F[z].

Proof. (a) Since F[z] is a Euclidean domain, by the traditional extended Eu-
clidean algorithm for commutative Euclidean domains (for example, [31],

Algorithm 3.6), we can find some g1, s1,t; € F[z] such that

ged(an, az) = g1 = s1an + tiag.
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2.1.

THEORETICAL BASIS

Define E; to be an m x m elementary matrix over F[z] such that

S1,
tla
El (27 ]) =
6;111
L,
0,
\
Then
EA

1=1, 5 =1,
1=1, j =2,
1=2, g =1,
1=2, =2,

3<i<m, j=1,

otherwise.
S1 tl 0
—ag1 a1
g1 g1

0 0 1
0 0 0
[ *

0 *
a3y a3z
Am1  Am2

, 1.e., E1
0 a1
0 a21
0 asy
1 Am1
asn | >
amn_

where each * stands for some element in F[z].

Using the same idea, we define m x m elementary matrices Ej, over F|x] for

k=1,..,m—1 as follows

24
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I
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a12

a22

a32
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a3,
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2.1. THEORETICAL BASIS

p
Sk, 1= 17 J = 17
tka 1= 17 J= ka
o T R e j=1
Ek@?]) - o*
9k—1 _ _
gk 1= k? j - ka
1, 2<i<m, itk j=i
0, otherwise,
\

where sg, tx, gr € Flz| such that

Gk = ged(gr—1, Art1,1) = SkGe—1 + thQri1,1-

Then for each k,

0 * *
E,---FA= 0 " e "
Ag42,1 Q422 -~ Ag42n
am1 Am2 e Amn

where g, = ged(aqs, ao, ..., ap411). Let E = E,_;---Ey. Then E is the

desired unimodular matrix.

(b) Similarly, we can show the existence of the matrix F'. Since F[z] is a Euclidean
domain, by the traditional extended Euclidean algorithm for commutative

Euclidean domains, we can find some hy, p1, ¢; € Flz| such that

ged(an, ar2) = hy = prain + qrare.
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2.1. THEORETICAL BASIS

Define Fj to be an n x n elementary matrix over Flz| such that

D1, Z:Lj:la
q1, 222,j:1, p1 _% O 0
_%7 =1, 7=2, o " ’ !
Fi(i,§) = 1 Jie, Fi=|0 0 1 -+ 0
W.oi=2j=2
1, 3<t<m, j=t, 0 0 0 -+ 1]
0, otherwise.
\
Then
r A P1 —% O 0
aipr a2 aiz o Qup
q1 ah_111 0 0
Qg1 Q22 A23 --- Q2
AFy = ‘ . _ . ‘ 0 0 1 --- 0
Am1 Gm2 Am3 - Qmn
- - _O 0 0 1_
hi 0 a3 --- aiy
* ok Qg3 -+ Qo2p
* 0k Am3 ccc Gmp

where each x stands for some element in F[z].

Using the same idea, we define n x n elementary matrices Fj, over F[z] for

k=2,...,n—1 as follows
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2.2. ALGORITHM

Pk =1, 7=1
Qs =k, j=1,
YD TS
h’;b:, 1=k, j=F,
1, 2<i<n, itk j=i
0, otherwise,

where pg, g, hi, € F[z]| such that

hy = ged(hi—1, a1 k41) = Prhr—1 + qe@1 s

Let F = F;---F,_1. Then F' is the desired unimodular matrix.

2.2 Algorithm

We now give the algorithm for finding a {1}-inverse of a matrix over the polyno-

mial ring F|x].

Algorithm 1 Row operations (RowOp)

Input A € M,,,«,,(Flz]) and k,i € N, where m,n € N, m >2n>1, 1<k <
m—1, k+1<1i<m, and at least one of A(k,k), A(i, k) is nonzero.

Output A unimodular matrix Ro € M, (F[z]) such that
(RoA)(k, k) = ged(A(k, k), A(i, k)) and (RoA)(i, k) = 0.
1: Use the extended Euclidean algorithm to compute g, s,t such that

g = gcd(A(k, k), AGG, k) = sA(k, k) + tA(i, k).

[\

. Ro + Im .
. Ro(k,k) < s, Ro(k,i) < t, Ro(i, k) + _A(;,k), Ro(i,1) < A(l;-,k)
return Ro

w

>
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2.2. ALGORITHM

Algorithm 2 Column operations (ColOp)

Input A € M,,,«,,(F[z]) and k,j € N, where m;n € N, m > 1,n>2, 1<k <
n—1, k+1<j<mn, and at least one of A(k, k), A(k, j) is nonzero.
Output A unimodular matrix Co € M, (F[z]) such that
(ACo)(k, k) = ged(A(k, k), A(k, 7)) and (ACo)(k,j) = 0.
1: Use the extended Euclidean algorithm to compute g, s,t such that

g =gcd(A(k, k), A(k,7)) = sA(k, k) + tA(k, 7).

[\

: Co ]n .
- Co(k, k) < s, Co(k, j) + —2E2 Co(j, k) « t, Co(j, j) « “=8
return Co

= w

Algorithm 3 Find a {1}-inverse of a given matrix

Input A € M5, (F[z]) and m,n € N.

Outout G € M« (F[x]) such that AGA = A, if A has a {1}-inverse;
utpu

p “The given matrix has no {1}-inverse. 7, otherwise.
Steps

1: s < min{m,n}

2: Ro+1I,,,Co+1I,, E+ I,, F<+ I,

3:if A= [ ] or A=0,,«x, then > A: an empty matrix or a zero matrix.
4: return G < A7

5: end if

6: B+ A

7. if s > 1 then
8: for £ from 1 to s —1 do

9: if Coly(B) = 0 and Rowy(B) = 07 then

10: k < k + 1 and goto step

11: end if

12: for i from k + 1 to m do

13: Call Algorithm (1| to compute Ro <— RowOp(B, k, 1)
14: B« RoB

15: E <+ RoE

16: end for

17: C<+ B

18: for j from £+ 1 ton do

19: Call Algorithm 2| to compute Co < ColOp(C, k, j)
20: C <+ CCo

21: F <+ FCo

22: end for
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2.2. ALGORITHM

Algorithm 3 Find a {1}-inverse of a given matrix (continued)

23: if C'(k,k) # 1 then

24: return “The input matrix has no {1}-inverse.” > Theorem [2.1]
25: else

26: for : from k + 1 to m do

27: Call Algorithm [1] to compute Ro <— RowOp(C, k, 1)

28: C < RoC

29: E + RoE

30: end for

31: B+ C

32: end if

33: end for

34: end if

35: if m = n then Dm=n=Ss.
36: if B(s,s) € F then

37: if B(s,s) # 0 then

38: Ro <+ the matrix obtained by multiplying Row,(I,,) by B(;S)

39: B < RoB, FE < RoFE

40: end if

41: return G < FBTE

42: else > B(s,s) ¢ F.
43: return “The input matrix has no {1}-inverse.” > Theorem [2.1]
44: end if

45: else

46: if m > n then

AT: B« BT

48: end if

49: rB < row dimension of B, ¢B < column dimension of B > rB < ¢B.

50: if Row,5(B) =0 then

51: if m > n then

52: return G < I'BFE

53: else

54: return G + FBTE

55: end if

56: else

57: for j from rB + 1 to cB do
58: Call Algorithm 2 to compute Co +— ColOp(B,rB, j)
59: B+ BCo

60: if m > n then

61: E «+ Co'E

62: else

63: F+ FCo

64: end if

65: end for
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Algorithm 3 Find a {1}-inverse of a given matrix (continued)

66: if B(rB,rB) # 1 then

67: return “The input matrix has no {1}-inverse.”
68: else if m > n then

69: return G < I'BFE

70: else

71: return G < FBTE

72: end if

73: end if

74: end if

Theorem 2.3. In Algorithm|3, if the given matriz A has a {1}-inverse over F[z],

then the matriz G is a {1}-inverse of A over F|x].

Proof. From Algorithm [3| we can see that, the matrices E,,xm, Frxn and Bp,xn

obtained at Step [4] / [41] / 2| / [54] / [69] / [71] satisfy the following conditions:

(a) E and F are invertible over F[z],
(b) EAF = B,

o lor0,fori=1,..,sand j =i (s = min{m,n})
(c) B(i,j) =
0, otherwise

If m <n, then s = m and so BBT = I,,,, which implies BBT B = I,,,; otherwise,
m > n = s, and so B'B = I,,, which also gives BBTB = B. Thus, BT is a

{1}-inverse of B, i.e., BBTB = B. Then, from EAF = B we can get

(EAF)BT(EAF) = EAF.

By Theorem , E and F have inverses E~! and F~! over F[z], respectively. So
E~YEAF) BT (EAF)F~! = E"'FAFF~! that is,

A(FBTE)A = A.

Hence, G = FBTE is a {1}-inverse of A. O
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2.3. EXAMPLES

2.3 Examples

Below are some examples generated by using the algorithm.

1 2 3
(a) Let A= be a matrix over Q.

4 5 6

—1

N[

Then G4 = | 0 0 | is a {1}-inverse of A over Q.

D=

1 =z
(b) Let B= |0 1| be a matrix over Q[z].

5 6

-z 0
Then G = is a {1}-inverse of B over Q|x].

0 1 O

325 —6at +42 + 622 +1 —zt4+22% —22 -2 23 —222+42 22+1

(c) Let C' = —3x% + 322 — 4z R | —z+1 x be
32 —x 1 3
1 x? x? =2

dr 423 +1  4dad —Tr—1
a matrix over Q[z]. Then G¢ = is a {1}-

2 ottt at—2t—z+1

0 0 0
inverse of C' over Q[z].
1 =
(d) Let D = be a matrix over Q[z]. By Algorithm [3]
r 1
L2l Row, Row; —Rowz_ 1 x Coly —z Col; —Coly 1 0
r 1 0 —22+1 0 —22+1

Since deg(—z?+1) > 0, {_ﬁ + 1] has no {1}-inverse over Q[x]. By Theorem
2.1l D has no {1}-inverse over Q[z].
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Chapter 3

An Algorithm For Finding

{1}-inverses (Non-commutative

Case)

Recall that S = Rlz;0,d] denotes the skew polynomial ring where R is a skew
field, o is an automorphism of R and 9§ is a o-derivation. In this chapter, we con-
struct an algorithm for finding {1}-inverses for matrices over the skew polynomial

ring S based on the fact that S is a Euclidean domain (Proposition .

3.1 Theoretical Basis

In this section, we shall discuss some properties of generalized inverses, which
will be used to formulate an algorithm for finding a {1}-inverse of a given matrix

over the skew polynomial ring S.

3.1.1 GCRD, GCLD, LCRM and LCLM

Let f,g € S. A greatest common right divisor (GCRD) of f, g, written gerd(f, g),

is the normal form nf(s) of a nonzero skew polynomial s € S such that

(a) sis a common right divisor of f and g, namely, f = f1s and g = g;s for some
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3.1. THEORETICAL BASIS

fi,1 €85,

(b) if t € S is a common right divisor of f and g, then ¢ is a right divisor of s.

In particular, gerd(0, f) = f. The greatest common left divisor (GCLD) of f and

g, written geld(f, g), is defined correspondingly.

Lemma 3.1. (Bézout’s identity) Let ay,as,...,an,a € S. The following state-

ments are equivalent.
(i) Say + Sas + - -+ Sa, = Sa (1S + axS+ -+ + a,S = aS, resp.).

(i) nf(a) = gerd(aq, ag, ..., a,) (nf(a) = geld(aq, ag, ..., ay), resp.).
Moreover, gerd(ay, as, ..., a,) (gcld(aq, asg, ..., a,), resp.) is unique.

Proof. We shall only prove the case of GCRD. The case of GCLD can be shown
analogously.

(i) = (ii). Suppose (i) holds. Then a = cja; + czas + -+ + ¢pa, for some
C1,Cay .. Cp € 5. Also, for each © = 1,2,...,n, Sa; C Sa, namely, a; = ca for
some ¢ € S, that is, a is a right divisor of a;. Let b € S such that b is a
common right divisor of aq,...,a,. Then b is a right divisor of a. By definition,
nf(a) = gerd(ay, as, ..., ay).

(ii) = (i). Suppose (ii) holds. Since S is a left principal ideal domain, for
ai,..,a, € S, there exists ¢ € S such that Sa; + --- + Sa,, = Sc. By the result
above, nf(c) = gerd(aq, as, ..., a,). Thus, ¢ and a are right divisors of each other,
namely, ¢ = sa and a = rc for some r,s € S. It follows that a = rsa, namely,
(rs —1)a = 0. Since S is a domain, rs = 1. Therefore, r,s € R. Since GCRDs
are monic, r = s = 1. Thus, a = ¢, and so Sa; + Say + --- + Sa, = Sa. The

uniqueness of gerd(ay, as, ..., a,) is also shown by proving ¢ = a. O

We now turn to one-sided least common multiples of polynomials from the
skew polynomial ring S.
Let f,g € S\ {0}. A least common right multiple (LCRM) of f, g, written

lerm(f, g) is the normal form nf(s) of a nonzero skew polynomial s € S such that
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3.1. THEORETICAL BASIS

(a) s is a common right multiple of f and g, namely, s = ff; = gg; for some

fi,g1 €8,

(b) t € S is a common right multiple of f and g, then ¢ is a right multiple of s.

The least common left multiple (LCLM) of f and g, written lclm(f, g), is defined

correspondingly.
Proposition 3.1. Let ay,as, ...,a,,a € S. Then the following are equivalent.
(1) a1S(Na2S()---anS =aS (Say()Sax()---[)San = Sa, resp.).
(ii) nf(a) = lerm(aq, ag, ..., a,) (nf(a) = lclm(ay, as, ..., ay,), resp.).
Moreover, lerm(ay, as, ..., a,) and lclm(aq, ag, ..., a,) are unique.

Proof. We shall only prove the case of LCRM. The case of LCLM can be shown
analogously.

(i) = (ii). Suppose (i) holds. Then for each i = 1,2,....,n, aS C @;S, that is,
a = a;c; for some ¢; € S, and so a is a right multiple of a;. Let b be a common
right multiple of a4, ..., a,. Then for all : = 1,2,...,n, bS C @;S, and so bS C aS.
Thus, b = ac for some ¢ € S, and whence b is a right multiple of a. By definition,
nf(a) = lerm(ay, ag, ..., ay).

(ii) = (i). Suppose (ii) holds. Since S is a right PID, for ay,as,...,a, € S,
there exists ¢ € S, such that a1 5 () axS()---[)anS = ¢S. By the previous result,
nf(c) = lerm(ay, ..., a,). Thus, ¢ and @ are right multiples of each other, namely,
a = c¢r and ¢ = as for some nonzero monic polynomial r,s € S. It follows that
a = asr, that is, a(1l — sr) = 0. Since S has no zero divisor, sr = 1, which
implies r,s € R. Hence s = r = 1, and so a = ¢. Also, the uniqueness of

lerm(ay, asg, ..., a,) is shown by proving a = c. ]

3.1.2 Extended Euclidean Algorithm

In the previous section, we gave the definitions of one-sided GCD and LCM of

elements from the Euclidean domain S. To compute the GCRD and LCLM,
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we can use the following algorithm that is analogous to the traditional extended

Euclidean algorithm for commutative Euclidean domain (31}, Algorithm 3.6).

Algorithm 4 Extended Euclidean Algorithm (EEA)

Input f,g € S, where deg(f) =n, deg(g) =m, m <n, m,n € N.
Output k£ € N, r;,s;,t; € Sfor 0 <i < k41, and ¢ € S for 1 <i <k, as
computed below.
1: T‘()(—f,So%l,to(—O,Tl(—g,Sl<—0,t1<—1
2: 1+ 1
3: while r; # 0 do
Qi < Ti—1qQUOI T4, Tig1 < Ti—1 — GiT5
Sit1 £ Sic1 — iSq, Lig1 <= ti—1 — qity, 1 1+ 1,
where r;_1 quoj r; is the left quotient of the division of r;_1 by r; (see page
)
4: end while
5: k< 1—1
6: return k,r;,s;,t; for 0 <: < k41, and ¢; for 1 > i > k.

The above algorithm eventually terminates since deg(r), deg(rs), ..., deg(r)
are strictly decreasing non-negative integers. For all 1 < i < k, we have s; f+t;9 =
ri; in particular, gerd(f, g) = nf(rg), lelm(f, g) = nf(s;f) = nf(t;g9) (see Lemma
3-3). To show this, we first give the following lemma.

Lemma 3.2. Let r;, s;,t; for0 <i < k+1 andq; for1 <1 <k be as in Algorithm

[4. Consider the matrices

1
Ry = , Qi = Jorl<i<k
s1 4 I —q

in Maywo(S), and Ry = Q; -+~ Q1 Ry for 0 <i < k. Then

f T
((I) R; = ’
g Tit1
S; tl
(b) R; =
Siv1 tiy1

Proof. (By induction) The case for i = 0 is clear from step 1 of Algorithm [
Suppose and holds for ¢ > 1. Then by the induction hypothesis and the
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fact that R, 1 = Q;11R;, we have

f Ty Tit1 i1
Rz’+1 = Qi-‘,—l = =

g Ti+1 Ty — Qi+1Ti+1 Tit2

Similarly, we have

0 1 si Sit1 liv1
Riy1 = Qi Ry = =

1 —@iv1| [Si+1 tima Sit2 liyo

Lemma 3.3. In Algorithm[{], the following statements hold.
(a) sif +tig=r; foralll <i<k+1,

(b) gerd(f,g) = nf(re).

(c¢) lm(f, g) = nf(sp1f) = nf(trs19).-

Proof. (a) It follows directly from Lemma (3.2,

(b) By () and Lemma [3.2 we have

Tk Tk sif +trg f /
= = = Ry, = Q- Q1 Ry
0 Tht1 Sit1f + tht1g g g
To f
=Qr- - =Qr- -
(&1 g
g 1

For each i € {1,...,k}, Q; is invertible over S, with inverse Q;' = )
1 0
Thus,

r
-1 -1
:Ql Qk ,
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which implies that 7, is a common right divisor of f and g. On the other
hand, by @, ry = Sif + trg. Thus, any common right divisor of f and g is

a right divisor of r. Hence, gerd(f, g) = nf(ry).

(¢) By (a]), set1f+trt19 = reg1 = 0. Thus, v = sp1f = —t119 is a left common
multiple of f and g. Meanwhile, deg(v) = deg(f) + deg(g) — deg(gerd(f,g))
([13], p. 468). Thus, v = lclm(f, g).

O

Example 3.1. (EEA) Suppose S = C[x; 0] with o(c) =€, where € is the complex
conjugate of c. Let f = ix®> —i, g = iz + z be two elements of S. Set ro = f,

r=g,s =15 =0,1t=0,t =1. Then, by Algorithm[},

ro =11+ (—x —i) = qr1 + 712, where g =1, 19 = —x — 1,
11 = (—ix)ry = qara, where go = —ix,

Sy =80 — q181 = 1,

83 = S§1 — Q282 = 1T,

to =to — ity = —1,

tgztl—Qthzl—iI.

By Lemma|3.5,

gerd(f,g) = nf(ry) =z +i=—f+g,
lclm(f, g) = nf(s3f) = nf (izx(iz? —1))
= nf(tsg) = nf((1 — iz)(iz* + 2))

:Jfg—ZL'.

An algorithm for finding GCLD and LCRM of elements from the Euclidean
domain S can be constructed analogously. To complete the computations for more

complicated cases, for instance, S = R[z; 0, ] where o # 1, § # 0, the computer
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algebra package “Ore_algebra” (and the package “OreTools”, if needed) in Maple

can be used.

3.1.3 {1}-inverses of Matrices over S

a z
Theorem 3.1. (a) Let A = | be a matriz over S with a # 0, z =
0 B

212, | and B € Myyun(S). If A has a {1}-inverse over S, then

geld(a, zl_, vy Zp) = 1.

a 0
(b) Let A= | be a matriz over S, where B € M5, (S) and each 0 denotes

0 B

a zero matriz of the appropriate size. If A has a {1}-inverse over S, then

a € R and B has a {1}-inverse over S.

g z
Proof. (a) Let G = be a {1}-inverse of A, where y = {yl . .ynl and
. ¥
Y

H € M, 4,,(S). Since A = AGA, we have

xT a z aga+gyTa *

a z a z

Q

B * *

IS
Sy
IS

B QTH

o

where each * stands for some element in S. Then aga + ggTa = a, hence
(ag+ zy" — 1)a = 0. Since S has no zero divisor, we have ag + zy" — 1 =0,

ie.,ag+ z1y1 + -+ Zy, = 1. By Lemma[3.1] geld(a, 21, ..., 2,) = 1.

T
(b) Let G = gL be a {1}-inverse of A, where z = {xl . .Im], and H €

vt i
M, xm(S). Since A = AGA, we have

a 0 a 0|lg x| |a O aga  *

)

T

BHB

o
S
Sy
[}
S
Sy
<
Su
o
S
&
*

where each * stands for some element in S. Thus, we have aga = a and

38



3.1. THEORETICAL BASIS

BHB = B, so (ag — 1)a = a(ga — 1) = 0 and B is regular over S. Since S
has no zero divisor, either a = 0 or ag = ga = 1. Therefore a € R.

]

an a
Lemma 3.4. Let A = e € My(S), gr = gerd(agn,as1) and g =

A21 QA22
geld(aqy, a12). Then there exist invertible matrices E, F € My(S), such that

where each * stands for some element in S.

Proof. We first show the existence of the above matrix F. By Lemma [3.1] and
Proposition there exist s,t,k,l € S, such that

say + tasy = gg, lelm(agy, agr) = kayy = lag;. (3.1)

Assume ay; = by1gR, o1 = ba1gg for some by, by € S. Then (sbyy +tbyy — 1)gr =

0, and (kby; — lbe1)gr = 0. Since S is a domain, either gg = 0 or

Sb11 + tbgl = 1, k’bll - lbgl = 0. (32)

If gr =0, then a1; = as; = 0, and we are done with E = [,. Otherwise, we have

(3.2)). Also, by (3.1)), geld(k,1) = 1. So there exist p,q € S such that

kp —lqg = gcld(p,q) = 1. (3.3)
Let
b st | B, — bii p— biisp — biitqg
S bai g — ba1sp — baitq
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Then, by 7,

s t ail a2 sayp +tagp * gr *
FA= = =
k -l 21 Q929 ka11 — lagl * 0 *x
and
s t bi1 p—buisp—butq
EE1 -

k=l |bar q— basp — bailq

Sbll + tbgl s(p — bllsp — blth) + t(q — bngp — bgltq)

kbiy — by k(p — biisp — bitq) — (g — barsp — baytq)

1 sp— (sby1 + tha1)sp — (sbyy + thar)tq + tq
0 kp - lq - (kbn - lbgl)Sp - (kbn — lbgl)tq

Thus, Ej is a right inverse of E over S. By Proposition [1.14] F is the inverse of
E over S.
The existence of the above matrix F' can be shown analogously. By Lemma

and Proposition [3.1], there exist §/,¢,k’,1’ € S such that

anS/ + Clutl =dJr, ank' = alzl/ = ICI"HI(&H, a12). (34)

Suppose a1 = grcyp and a1o = grcie for some c¢q1, 12 € S. Then

C11$I -+ Clgt/ = 1, Cllk/ — Clgl/ =0. (35)

By (3.4), gerd(k',1") = 1. So there exist some p’, ¢’ € S such that

Pk —1'q =1. (3.6)

40



3.1. THEORETICAL BASIS

Let
s K C11 C12
F - 5 Fl -
t =l p—p'scn —qtenn ¢ —p's'en —q'tern
» gr 0 .
Then, by (3.4)—(3.6)) and Proposition [1.14, AF = , Fi=F. O
x %

The above proof of Lemma (3.4] actually shows the construction of the desired
matrices F and F. In general, the matrices £ and F' are not unique.
In the following theorem, we generalize the row and column operations de-

noted by E and F in Lemma [3.4] to those applied on a matrix of any size.

Theorem 3.2. Let A = (a;;) € Myxn(S), gr = gerd(an, ..., am1) and g, =
geld(aqy, ..., a1,).  Then there exist invertible matrices E € M,,(S) and F €

M, (S), such that

where each x stands for some matrixz over S of suitable size and each O stands for

a zero matriz of the appropriate size.

Proof. We first show the existence of E. If m = 1, then we have nothing to prove.
If m = 2, then the existence of E is clear by Lemma [3.4] Suppose m > 3. By

Lemma [3.4] there exists an invertible matrix £y € My(S) such that

gerd(aqy,ag)  * oe- %
0 * .. *
E, 0
A= asy A3z -+ A3n
Q ]m—2
| am1 Am2  * a'mn_
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Let M be the m x m elementary matrix which corresponds to interchanging row

2 and row 3. Then by Lemma there exists an invertible matrix Ey € My(S)

such that
gerd(ayy, asy,azy) k- %
0 * e *
E2 Q E1 Q 0 * e *
M A=
0 Ino 0 I aq1 Qg2 - Qqp
am1 Am2  * Amn
Ey 0 Er 0
By Lemma (3.4], M is invetible over S. If we keep pro-
Q Im—2 Q Im—?

ceeding in the above way, we eventually get an invertible matrix F € M,,(S),

k
such that FA = IR

0 =

The existence of the matrix F' can be shown analogously.

1 0
Lemma 3.5. Let A = | be a matriz over S, where B € M4, (5), m,n €
0 B

N* and each 0 is a zero matriz of the appropriate size. Then A is reqular over

S if and only if B is reqular over S. Moreover, if C' € M, (S) is a {1}-inverse

1 0
of B, then | is a {1}-inverse of A over S.
0 C

Proof. If A is regular over S, then by Theorem B is regular over S. Con-

versely, suppose C' € M,,,n(5) is a {1}-inverse of B, that is, BCB = B. Let
1 0 1 0 1

G = ~|. Then AGA = - = | = A, and so G is a {1}-
0 C 0 BCB 0 B

inverse of A over S. Therefore, A is regular over S.
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3.2 Algorithm

We now introduce the algorithm for finding a {1}-inverse of a given matrix over

the skew polynomial ring S.

Algorithm 5 Find a {1}-inverse of a given matrix over S

Input A = (a;;) € M,,x,(S), where m,n € N*.

G € M4 (S) such that AGA = A, if A is regular

“Not regular.”, otherwise

Output {

1: g1 < gCI’d((IH, asy, ..., aml), go < gcld(an, aio, ..., aln)

2: for i from 1 to 2 do

-1 -
o, if g £0 )
if g €R then b« 49 197 end if
0, otherwise
3: end for
4: if m =n =1 then
5: if g1 € R then return G < [h;] else return “Not regular.” end if

6: else if m = 1 then
find an invertible matrix F' € M, (.S) such that
AF = [gg le(n_l)} (Theorem )

7 if go € R then return G < F [0 ho } else return “Not regular.”
(n—1)x1

8: end if

9: else if n = 1 then

find an invertible matrix F € M, x,,(S) such that

EA= { 5 } (Theorem,
O(m—1)x1

10: if g, € R then return G « [hl le(m_l)} E
11: else return “Not regular.”
12: end if

13: else find invertible matrices E € M, x,,(S5) and F' € M,,«,(S) such that

_ [ b 19 Oix(m-1)
EA— {omm *},(EA)F_ L o)
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Algorithm 5 Find a {1}-inverse of a given matrix over S(continued)

14: where b = [bl bn,l], g = geld(gq, b1, ..., by—1), and each x denotes
some matrix of the appropriate size (Theorem [3.2)
15: if g # 1 then return “Not regular.” (Theorem [3.1))

16: else find an invertible matrix M € M,,«,,(S) such that

_ 1 le(n—l)
M((EA)F) - |i0(m1)><1 B )

call Algorithmff| to compute a {1}-inverse H of B over S,

return G «— F 1 O1x(m-1) ME
On—1)x1 H

17: end if

18: end if

Theorem 3.3. In Algorithm 5, the n x m matriz G is a {1}-inverse of the m xn

matriz A over the skew polynomial ring S.

Proof. Let A, G, B, H g and h be as in Algorithm [5]

==t 404 3] [u] o] - [a] .

If m =1, then
hg h2
AGA = AF A= [92 le(n—l)‘| A=A
On—1)x1 On—1)x1
If n =1, then
g1
AGA=A|p O1x(m-1) EA=A R, O1x(m-1) = A
Om—1)x1

If m>2, n>2 then By, Fuxn Miysm and H,—1)x(m—1) are such that

1 Oy
MEAF = o= BB =B,

Om—1)x1 B
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which gives

MEAGAF = MEAF

Om—1)x1

= MFEAF.

Since E, F and M are invertible over S (Theorem [3.2), we have AGA = A, which

completes the proof.

Example 3.2. Let S = Clz;0] (= Clx;0,0]), where o is the standard complex

1

On—1)x1

O1x(n-1)
B

O1x(n-1)
BH

O1x(n-1)
BHB

O1x(n-1)
B

1

conjugation on C. Then Ve € C, xc =¢x. Let A =

1+ 23

matrix over S. Then G = | —ix?

ix3

—ix

ix?

Om—1)x1

1T

O1x(n-1)

0

be a
—*—2?+1

1 | is a {1}-inverse of A over S.

T
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Chapter 4

Other Results

In this chapter, we explore the properties of a variety of generalized inverses for

matrices over the skew polynomial ring S.

4.1 Involutions on Skew Polynomial Rings

From Chapter [I] we know that the concept of an involution is needed when study-
ing MP-inverses. The existence of an involution is known for some division rings
(for example, the quaternion conjugation over the division ring of quaternions).
In this section, we extend involutions on division rings to some particular skew
polynomial rings in order to support our investigation on the skew polynomial
ring S = R[x;0,0], where R is a division ring, ¢ is an automorphism of R and ¢
is a o-derivation.

In this section, we let R be the division ring with an involution f : r +— 7.

Proposition 4.1. Suppose 0 = 1 and §(F) = 6(r) for any r € R. Define a

function g
g: S — S
S S
=0 i=0

Then g is an tnvolution over S.

, T GR, 1= 1,...,71.
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Proof. Let p = iaixi, q = ibjxj be two arbitrary polynomials in S with
a;,b; € R. Clearl;z,og(p) +9(q) ]::(;(p +q). Let ax®, bz’ (a # 0, b # 0) denote the
s term of p and the " term of ¢, respectively. Then, to show g(pq) = g(q)g(p),
it suffices to prove that g(azba') = g(bz')g(azx®) holds for any s € {0,...,m} and

t€{0,...,n}.

glaz®bat) = g (a (Z (f) 58—1‘(5)3&) xt> [ Lemma [[7]]

I
»
(e
NS
N
Q
e
VA
~__
(@)
i
~~
>
SN—
8
o~
t
~_

= (=) .s (S) (—1)*"2'6**(b))a [ Lemmal[L.2]]
= ;(—1)t+25—i (j) 2" (b)a
= ;<—1)t+i (f) 25 (b)a.

Thus, g(az®bz') = g(bx')g(az®). One can easily verify that g is a bijection. So
g is an anti-automophism. We now prove that ¢ is of order 2. Since g(p + ¢) =
g(p) + g(q) for any p,q € S, it suffices to show that g(g(az™)) = ax™ for any

a€ R, neN.

_ (—1)”g(in0 (’;) 5" (@) ) [ Lemma
_ gg 1)+ (TZ) 26" (a)
- gH)H C‘) 216" ()
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= ax" [ Lemma [1.2]]

Hence g is of order 2 and so is an involution over S. O]

Recall that for a ring P, the centre of P is

Z(P)={x € P| xr =rx for all r € P}.

Proposition 4.2. Suppose 0 = 1 and §(F) = o(r) for any r € R. Let ¢ € Z(R)

such that ¢ # 0, §(c) = 0 and define a function g as follows
g: S — S

Z Tt Z(cm)zr_z

' i=0

(a) If there exists some a € R\ {0} such that §(a) # 0, then g is an involution

,ER 1=1,...,n.

over S if and only if c = —1.
(b) If 6 =0 and cc = 1, then g is an involution over S.

(c) If c # —1 and g is an involution over S, then § = 0.

Proof. (a) Let a € R\ {0} be as above. Suppose ¢ is an involution. Since o =1
and d(c) = 0, we have zc = o(c)x + 6(c) = cx. Let p = z, ¢ = ax be two

elements of S. Then

9(pg) = g(o(a)z® + d(a)z) 9(0)9(p) = (ca)a(cz)
= g(az®) + g(6(a)x) = c*rax
= (cz)*a + cxd(a) = *x(za — 6(a))
= 2°c®a + xcd(a), = 2°c*a + z(—c*5(a)).

If g is an involution on S, then g(pq) = g(q)g(p), and so cd(a) = —c*§(a),

ie.,

(1+ c)ed(@) = 0.
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Since ¢ # 0 and R has no zero divisor, we have either §(a) = 0 or (1+¢)

0,
i.e., 6(a) = 0or c= —1. Since f is a bijection and §(a) # 0, we have §(a) # 0.

Hence ¢ = —1.

Conversely, if ¢ = —1, then by Proposition [4.1] ¢ is an involution on S.

Suppose 0 = 0. Then for all r € R, xr = o(r)z+9(r) = rx. Let p = Z a;x’,
i=0

q = ijxj be two arbitrary polynomials in S with a;,b; € R. Clearly,

=0

g(p) + g9(q) = g(p + q). Let az®,bx’ (a # 0, b # 0) denote the s term of

p and the t* term of ¢, respectively. Then, to show g(pq) = g(q)g(p), it

suffices to prove that g(az®ba') = g(bx')g(az®) holds for any s € {0,...,m}

and t € {0,...,n}.

g(az®bz’) = g(abr®z") g(bx')g(az®) = (cx)'b(cx)*a
= (cz)**ab = da'bcira
= c*Hgtiha = e sha.

Clear, g(az®bx') = g(bx')g(ax®). One can easily verify that g is a bijection.

Therefore, g is an anti-automorphism on S.

We now prove that g is of order 2. Since g is a homomorphism of the additive

group of S, it suffices to show that g(g(az™)) = az™ for any a € R, n € N.

g(g(az™)) = g((cx)"a) = g(c"ax") = (cx)"c"a = a(ce)"z" = ax™.

Hence g is of order 2 and so is an involution over S.

Suppose ¢ # —1 and g is an involution. Then for any p,q € S, g(pq) =

9(q)g(p). Let a be an arbitrary element in R\ {0}. Set p = z and ¢ = ax.

Then, by Part (a), g(pq) = g(q)g(p) gives

(I1+c¢)cd(a) = 0.
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Since ¢ # —1, ¢ # 0 and R has no zero divisor, we have §(a) = 0, i.e.,
d(a) = 0. By definition, f is a bijection. So d(a) = 0. Hence for all r € R,

d(r) = 0.

~—

]

Recall that for an element ¢ of R, the conjugation by c is the automorphism

1 is the inverse of ¢ in R.

he: r— ¢ 'rc over R, where ¢~
From the above we see that involutions on skew polynomial rings exist when
the skew polynomial rings satisfy some conditions. Thus, we can assume the

existence of an involution on the skew polynomial ring S and use the involution

to define generalized inverses for matrices over S.

4.2 Some Basic Properties

Recall that, given a matrix A = (a;j)mxn Over the skew polynomial ring S =
Rlz;0,6], where R is the skew field with an involution a — @ (a € R), the
involution transpose of A over S is A* = (A)T = (@i )nxm- Let B = (bij)nxi be a
matrix over S as well. Then by definition, we can verify the following identities

without difficulty:

Note that the following identities do not generally hold:

(a) (AB)" = B"AT,

(b) (A)(B) = BA,
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a a b b
For instance, let A = , B = , where a,b € S such that ab # ba.
0 b 0 a
Then
ab 0 ba
(AB)" = # BT AT,
ab+a® ba ba + a® ab
o ba ba + a2 ba ba + b2 _
(A)(B) = | # — BA,
0 ab 0 ab

In Section [1.5.2| we gave the definition of the rank of a matrix over S. We

now give a property of matrices of left (right, resp.) full rank as follows.

Lemma 4.1. Let A,x, be a matriz over S. Suppose p(A) = m, 1 < m < n.

Then A has a right inverse over Q(S). Similarly, A has a left inverse over Q(S5)

if p(A)=n, 1 <n<m.

Proof. We shall only prove the result for the case p(A) = m. The case p(A) =n
can be shown analogously.

By Proposition [1.12] and Theorem [3.2] there exists an n x n matrix F over
Q(S), such that

AR — I Oix(n-1) |

where each % denotes some matrix of the appropriate size. Since p(A) = m, by

using the above method, we can find a n x n matrix By over Q(S), such that

I, 0,, n_m},ifm<n
ABlz |: X( )

I,, ifm=n
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Let

)

L,
,ifm<n
By = O(n—m)xm )
I, ifm=n

\

and B = B1B,. Then AB = I,,,, and so A has a right inverse over Q(.5). O

4.3 Matrix Diagonalization

Matrix Diagonalization is very useful when studying properties of matrices. Over
a commutative PID, every square matrix can be changed into a particular di-
agonal matrix, by the Smith normal form theorem ([30], Theorem 4.10). In
non-commutative case, we have some similar results.

In this section, we show that every matrix (not necessary square) over the
skew polynomial ring S can be converted into a diagonal matrix that has the
same fundamental properties of the underlying matrix in order to support our

further investigation on the generalized inverses for matrices over S.

Proposition 4.3. Let A € M,,,x,(S) \ {0} such that p(A) = r. Then there exist

invertible matrices U € My« (S) and V' € M, «,(S) such that

T 0 0 0
0 @ -+ 0 0
vAV=1| T, (4.1)
0 0 -+ x, |-+ 0
0 0 0 0

where x1, T, ..., x, are nonzero elements in S.

Proof. We first prove the following
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Claim. The matrix A can be converted into an m X n matrix of the form

* 0
: (4.2)

0 D

where * denotes some element in S and each 0 denotes a zero matrix of the
appropriate size, by performing elementary row and column operations.

Let A; = A. Suppose A;(s,t) is a nonzero entry that is of the lowest de-
gree in A;. Then there exist invertible matrices Fy € M« (S) and F; €
M5 (S) such that EyA1Fy = Ag, where Ay(1,1) = Ai(s,t). Suppose by =
gerd(As(1,1), ..., As(m, 1)). By Theorem there exists an invertible matrix
E5 € M,um(S), such that

b1 by b,
0 * -+ %

EQAQZB: s bg,...,bnGS.
0 = *

If geld(by, bo, ..., by) = by, then there exists an invertible matrix Fy € M., (5)

such that
by 0 0
0 =% *
BF, =
0 = *

If geld(by, by, ..., b,) = 1 # by, then by Theorem [3.2] there exists an invertible

matrix Fy € M, (S5) such that
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1 0 0
BFQZ )
ko ok *

and so there exists an invertible matrix E3 € M, (S), such that E3BF, is of
the form (4.2]).

If geld(by, bo, ..., b,) = ¢1, where ¢; # 1 and ¢; # b; for i = 1,2,...,n, then
deg(c1) < deg(br) < deg(A2(1,1)) < deg(A1(1,1)). By Theorem [3.2] there exists

an invertible matrix Fy € M, «,(S) such that

C1 0 0
Co X =+ X

BFQ =C= , CoyeieyCy € S.
Cp X s X

If gerd(ey, €ay vy ) = 1 or gerd(cy, o, ..., ¢) = 1, then the claim is clear. Oth-
erwise, we let A; = C' and repeat the above process.

Since deg(A;(1,1)) strictly decreases in each iteration, we eventually get a
matrix B such that geld(by, by, ..., b,) = by or geld(by, bs, ..., b,) = 1 (or a matrix
C' such that gerd(cq,ca, ..., cm) = ¢ or gerd(eq, o, ..., ¢y) = 1). Thus, we can
convert B (or C') into a matrix of the form by applying elementary column
(or row) operations.

After we convert A into the form (4.2)), we let A; = D and repeat the above
process. Since p(A) = r, we eventually convert A into the form (4.1]). Therefore,
there exist invertible matrices U € M,,,,(S) and V' € M., (.S) such that UAV
is of the form (4.1J).
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4.4 {l1}-inverses

Recall that a matrix A over the skew polynomial ring S is called a regular matrix

if there exists some matrix G over S such that
AGA = A.

In this case, G is called a {1}-inverse of A, written A~.

In Section we gave the definition of the rank of an m x n matrix A,
written p(A), over the skew polynomial ring S. In this section, we shall explore
the relation of the rank of a matrix to the existence of a {1}-inverse of the matrix

over S.

Proposition 4.4. Let A, xn, Gnxm be two matrices over S.
(a) If AGA = A, then p(A) < p(G).

(b) If AGA = A and GAG = G, then p(A) = p(G).

Proof. By (1.18)). O

We now give a result that can be used to determine the existence of a {1}-

inverse of a matrix over S.

Proposition 4.5. Let A be an m x n matriz over S such that p(A) =m (p(A) =
n, resp.). Then a matrix G over S is a {1}-inverse of A if and only if G is a

right (left, resp.) inverse of A over S.

Proof. We shall only prove the result for the case p(A) = m. The case p(A) =n
can be shown analogously.

Suppose that G is a {1}-inverse of A over S. Consider A,,x, as a matrix over
Q(S). Since p(A) = m, A has a right inverse over Q(S), by Lemma [1.1] Let B
denote a right inverse of A over Q(S). Then AG = AGAB = AB = I, and so
G is a right inverse of A over S. Conversely, if G is a right inverse of A over S,

then AGA =1A = A, and so G is a {1}-inverse of A. O
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In Section [1.5.2| we gave the definition of rank factorization for a matrix over

S. We now give an alternative definition of rank factorization as follows.

Proposition 4.6. Given any m x n matriz A over S, where m,n € N. Let
A = BpxrCrxn be a decomposition of A over the Ore quotient ring Q(S) of S,

where r € N. The following are equivalent.

(a) A= BC is a rank factorization of A over S, i.e., p(A) =r.

(b) p(B) =r, p(C) =r.

(¢) B has a left inverse and C has a right inverse over the Ore quotient ring
Q(S) of S.
Proof. (a) = (b). Suppose p(A) = r. Note that » < min{m,n}. By and
(1.18)), p(B) =1, p(C) =r.
(b) = (c). Suppose p(B) =r, p(C) =r. By Lemma [1.1] B has a left inverse
and C' has a right inverse over Q(.5).

(c) = (a). Suppose B has a left inverse B, and C has a right inverse C,,}

nxr

over Q(S). Then B~'AC™! = I,. By (1.18), p(A) > p(I,) = r. On the other
hand, p(A) < r, by the definition of inner rank. Thus, p(A) = r. O

4.5 {1,2}-inverses

Given a matrix A over the skew polynomial ring S, a matrix G over S is called

a {1,2}-inverse of A if

AGA = A,

GAG =G.

We have seen that, for any matrix A over S, there exist invertible matrices U and
V over S such that UAV is a diagonal matrix that shares the same fundamental
properties with A (Proposition [4.3). In this section, we shall use this property to

investigate the {1, 2}-inverses of matrices over S.
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Theorem 4.1. Let A be a regular matrix over S.

0
(a) Suppose A = U | V' for some invertible matrices U and V' over S. A
0

[an)

matriz of the form

I B
vt Ut (4.3)
C OB

for some matrices B, C of appropriate size is a {1,2}-inverse of A. Moreover,

every {1,2}-inverse of A can be expressed in the form of (4.3).

(b) Suppose A has a rank factorization A = Ap AR such that Ap has a left inverse
A;' and Ag has a right inverse A" over S. The matriz Ap' A is a {1,2}-
inverse of A. Moreover, every {1,2}-inverse of A can be expressed in the

form ARTALL.

I B
Proof. (a) By definition, one can verify that V! Ulis a {1,2}-
C OB

I 0
inverse of U | V with out difficulty.

0

o

(e}

1
On the other hand, if a matrix G over S is a {1, 2}-inverse of U v,

o
()

namely,

~
o
~
()
~
()
~
o

U | VGU V=U vV, GU VG =G,

[e)
[}
[}
o
[
[
[}
[e)

then we have

~
[
~
[
~
[
~

0
VGU = , VGU | VGU = VGU,

[e=)
[
[
[==)
[
[==)
[=)
[

since U are V' are invertible over S. This gives that VGU is a {1, 2}-inverse
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I 0

E B
of over S. Without loss of generality, suppose VGU = for

00 C D

some matrices F/, B, C, D of appropriate size. Then

I O| |E B||I O I 0 E B||I 0| |E B E B
0 0] |C D| |00 00 ¢ D| |0 0 |C D ¢ D
that is,

E 0 I 0 E? EB E B

0 0 00 CE CB C D

I B
which implies that £ = I, D = CB. Therefore, VGU = , and so
C CB

a=v|' Pl
C CB

(b) By definition, one can easily verify that Az'A; " is a {1,2}-inverse of Ay Ap.

On the other hand, let G be a {1,2}-inverse of Ay Ag over S. Then

ALARGALAR = ALAR, (44)

GALARG = G. (4.5)

Since Ay, has a left inverse A;' over S and Ap has a right inverse A" over

S, we get

GAL = AR, ARG = A;! (4.6)

from . Substitute into , we get G = ARt ALl

]

Theorem 4.2. Let A be a matriz over S. If G is a {1,2}-inverse of A over S,
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then every {1,2}-inverse of A can be expressed in the form

fo(X,Y) =G+ (I — GA)XAG + GAY (I — AG) + (I — GA)XAY (I — AG)

for some matrices X, Y of appropriate size. In addition, every matriz of the form
fa(X,Y) in which G is a {1,2}-inverse of A over S is also a {1,2}-inverse of A
over S.

Proof. Suppose G is a {1,2}-inverse of A. One can easily verify that G =
fa(G,G). On the other hand, let X,Y be matrices of suitable size over S. One
can verify that Afo(X,Y)A = A, fo(X,Y)Afc(X,Y) = fo(X,Y) without diffi-
culty. Thus, fe(X,Y) is a {1, 2}-inverse of A over S O

4.6 MP-inverses

Given a matrix A over the skew polynomial ring S, a matrix G is said to be the

MP-inverse of A over S, denoted by A™, if

AGA = A,
GAG =G,
(AG)* = AG,
(GA)* = GA.

In this section, we investigate the existence and construction of MP-inverses of
matrices over the skew polynomial ring S.

Recall that for any invertible matrices A and B over S, we have (A71)* =
(A*)~t and (AB)~! = B7'A~'. Using these two identities, we can get the follow-

ing identities:

(A"A)™h = (A4, (4.7)

(AA) = ((AA) )" (4.8)
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We now introduce theorems used to determine the existence of MP-inverses

of matrices over S.

Theorem 4.3. Let A be an m X n matriz over the skew polynomial ring S with
an involution a — a such that m > n and p(A) = n (m < n and p(A) = m,
resp.). Then A has a MP-inverse if and only if A*A (AA*, resp.) is invertible. If
A*A (AA*, resp.) is invertible, then G := (A*A)71A* (G := A*(AA*)™!, resp.)
is the MP-inverse of A, and GG* (G*G, resp.) is the inverse of A*A (AA*, resp.)

over S.

Proof. We shall only prove the case in which m > n. The case in which m < n
can be shown analogously.

Suppose A has a MP-inverse G over S. Since p(A) = n, A has a left inverse
Ap, over Q(S). Then AGA = A implies

GA=1.

Also, AGA = A together with (AG)* = AG give (AG)*A = A, hence

G"A*A = A.

Thus, GG*A*A = GA = I, that is, A*A has a left inverse GG* over S. By
Proposition [I.14] A*A is invertible, and GG* is the inverse of A*A over S.

Conversely, suppose A*A is invertible. We verify that G := (A*A)"1A* is the
MP-inverse of A over S. Since GA = (A*A)"'A*A = I, we have AGA = A,
GAG = G and (GA)* = GA. Moreover, by ([L.7), we have

— A(A"A)'A" = AG.

Therefore, G := (A*A)~1 A* is the MP-inverse of A over S. O
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Theorem 4.4. Let A be an m x n matriz over the skew polynomial ring S with
an involution a — a. Let p(A) =r. Let A = ApAg, where Ay is an m X r matrix

and Ag 1s a r X n matriz. Then the following are equivalent.

(i) The MP-inverse At of A over S eists.

(ii) The MP-inverse A} of Ar and the MP-inverse A}, of Ar over S ewist.
(iii) Aj A and ArA% are invertible.

Proof. (i) = (ii). Suppose (i) holds, that is,

ALApAYApAp = AL Ap, (4.9)
ATApARAT = AY, (4.10)
(ApARAT)* = AL ApAt, (4.11)
(AYALAR) = AT AL Ag. (4.12)

We shall only show that ArA™ is the MP-inverse of Ar. The case of the MP-

inverse of Ag can be shown analogously.

By (1.15) and (1.18), p(Az) =7, p(Ag) = r. Thus, Ay, has a left inverse A;*
and Apg has a right inverse A" over Q(S). Then from (4.9) and (4.10) we get

AL(ArAN) AL = Ap, (4.13)

(ARAT)AL(ARA™T) = ARA™. (4.14)
Moreover, by (4.13), we have

ApAT AL = (A7YAL) ARAT AL (ARAZY
= AZI(ALARAJFAL)ARAEI
= A TALARAR

=1,
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and so

ApAt A, = (ARATAL)". (4.15)

Hence, by (4.11)), (4.13]), (4.14) and (4.15), AgA™ is the MP-inverse of A, over
S.

(74) = (i). Suppose (i) holds. Then

AAFATA = ApARALAT AL AR
= AL ARAL(ARAR AT AL AT AL AR
= AL ARAR AT AL AR
= A AR

AFATAALAT = AL AT AL AR AL AT
= AR(AL AL) AL ALAR AR (ARAR AL
— ABAT A AR A AT

= ApAr,

AARAS = AL ARALAT
= A ARAL(ARARN AT
= A ARAG AS
= AL AT
— (AL ALY

= (AARAL)",

62



4.6. MP-INVERSES

ALATA = ALAT AL AR
= AB(A AL AT AL AR
= ALAT AL AR
= A} Ap
= (ARAR)”

— (ALATA)".

By definition, A} A} is the MP-inverse of A.

(71) < (iii) follows from Theorem O

Theorem 4.5. Let A be an m X n matrix over the skew polynomial ring S with

an tnvolution f: a — a. If
(a) p(A*A) = p(AA") = p(A) and
(b) A*A and AA* are regular over S,

then H = A*(AA*)"A(A*A)~A* is the MP-inverse of A, where (AA*)~ and
(A*A)~ are {1}-inverses of AA* and A*A, respectively.
Proof. Consider A, A*A and AA* as matrices over Q(S). Since p(A*A) = p(A),

there exists an unimodular matrix B over Q(S) such that BA*A = A. Also,

since p(A) = p(AA*), there exists an unimodular matrix C over Q(S) such that
AA*C' = A. Hence

AHA = AA*(AA")" A(A"A)A"A
— AA"(AA") BA*A(A"A) A" A
— AA*(AA")"BA*A
— AA*(AA") A
= AA*(AA")" AA*C
= AA*C
= A,
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HAH = A*(AA*)~ A(A*A)~ A*AA*(AA*)~ A(A*A)~ A
— A"(AA") " BA*A(A*A)" A" AA*(AA")" AA*C(ATA)~A*
— A"(AA") BA*AA*(AA")" AA*C(A"A)~ A*
— A*(AA")"BA*AA*C(A*A)~ A"
— A"(AA")"A(AA)" A*

= H,

(AH)* = (AA"(AA®)" A(A*A)~ A*)*
= (AA*(AA")" AA"C(A*A)~A%)
= (AA*C(A*A)~ A*)*
= (A(A*A)~ A%
= (BA*A(A*A)~(BA* A)*)*
= (BA*A(A*A)~ A*AB*)*
= (BA*AB")"
— BA*AB*

— AH,

(HA)" = (A"(AA") " A(A*A)~ A*A)"
— (A"(AA") BA*A(A*A)~ A" Ay’
— (A7(AA") BA*Ay
— (A"(AA7)A)°
= ((AA*C)*(AA") " AA™C)"
= (C*AA*(AA*)" AA*C)*
= (C*AA*CY
— C*AAC

=HA.
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Thus H is the MP-inverse of A over S.

4.6.1 {1}-inverses of the Form PCQ

In Theorem of the previous section, we saw that if a given matrix A over
the skew polynomial ring S has an MP-inverse, then the MP-inverse of A can be
expressed in the form of A*C'A* for some matrix C' over S, or, in other words, in
the form of PCQ, where P and () are given matrices over S. Since the MP-inverse
is a special kind of {1}-inverse, we investigate whether a given matrix over S has

a {1}-inverse of such form.

Theorem 4.6. Let A,un, Puxr and Qx., be matrices over the skew polynomial

ring S.
(a) If Crxi is a matriz over S, then PCQ is a {1}-inverse of A if and only if

(i) p(QAP) = p(A),

(i) C is a {1}-inverse of QAP over S.
(b) For some matriz Cyy;, A has a {1}-inverse of the form PCQ if and only if

(i) p(QAP) = p(A),

(ii) QAP is regular.

Moreover, if p(P) = p(Q) = p(A) and A has a {1}-inverse of the form PCQ,

then this {1}-inverse of A is unique.

Proof. (a) If PCQ is a {1}-inverse of A over S, that is,

APCQA = A, (4.16)

then APCQAPCQA = A. By (L.18),

p(A) = p((APC)QAP)(CQA)) < p(QAP),  p(QAP) < p(A),
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so p(QAP) = p(A). Also, By (4.16), QAPCQAP = QAP. Thus C is a
{1}-inverse of QAP over S.

Conversely, suppose (i) and (ii) of Part (a) hold. By (1.18)),

P(QAP) < p(QA) < p(A), p(QAP) < p(AP) < p(A).

By assumption p(QAP) = p(A), so we get

p(QA) = p(A) = p(AP).

Consider QA, AP, A as matrices over Q(S). Since p(QA) = p(A), p(AP) =

p(A), there exist matrices D and E over Q(S) such that

DQA = A, (4.17)

APE = A. (4.18)

Since C'is a {1}-inverse of QAP, namely, QAPCQAP = QAP, we have

DQAPCQAPE = DQAPE,

By (4.17) and (4.18)), APCQA = A, that is, PC(Q is a {1}-inverse of A.

(b) Follows from Part (a).

Now, let p(P) = p(Q) = p(A). Suppose that A has a {1}-inverse of the form
PCQ for some matrix C over S. By Part (d), p(QAP) = p(A), which implies
p(P) = p(Q) = p(QAP). Consider Q, P, QAP as matrices over Q(S). Then there

exist matrices D and F over (S) such that

E(QAP) =P, (4.19)

(QAP)D = Q. (4.20)
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By (.19).(-20).

PCQ = (EQAP)C(QAPD)
= EQ(APCQA)PD
— EQAPD

= EQ (or PD).

This implies that the matrix PC(Q is in fact independent of C. Also, from (4.19))
and (4.20) we can see that E' and @ are dependent on P and (). Therefore, the

matrix PC() is unique. [

Theorem outlines the sufficient and necessary conditions for a matrix to
have a {1}-inverse of the form PC(Q. Using this result, we can get the following

conclusions without difficulty.

Corollory 4.1. Let A be an m X n matriz over the skew polynomial ring S.

(a) If C is a n X n matriz over S (D is a m X m matrix over S, resp.), then C' A*
(A*D, resp.) is a {1}-inverse of A if and only if
(1) p(A"A) = p(A) (p(AA") = p(A), resp.),
(i1) C (D, resp.) is a {1}-inverse of A*A (AA*, resp.) over S.
(b) For some n xn matriz C' (some m x m matriz D, resp.), A has a {1}-inverse
of the form C'A* (A*D, resp.) if and only if
(i) p(A*A) = p(A) (p(AA") = p(A), resp.),
(i) A*A (AA*, resp.) is reqular.
Proof. The result for matrices of the form C' A* is obtained by taking P = I,Q =

A* in Theorem (4.6l The result for matrices of the form A*D can be shown

analogously. |

Corollory 4.2. Let A be an m X n matrix over S.
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(a) If C is a m x n matriz over S, then A*CA* is a {1}-inverse of A if and only
if
(i) p(ATAA") = p(A),

(i) C is a {1}-inverse of A*AA* over S.

(b) For some m x n matriz C, A has a {1}-inverse of the form A*C'A* if and

only if

(1) p(A*AA") = p(A),

(i) A*AA* is regular.
Proof. The result is obtained by taking P = A*,Q = A* in Theorem [4.6] O
Corollory 4.3. Let A be an m X m matrix over S.

(a) If C' is a m x m matriz over S, then AC (CA, resp.) is a {1}-inverse of A
if and only if

(i) p(A%) = p(A),
(ii) C is a {1}-inverse of A over S.

(b) For some m x m matriz C', A has a {1}-inverse of the form AC (CA, resp.)

if and only if
(i) p(A?) = p(A),
(ii) A? is regular.
Consequently, AC is a {1}-inverse of A if and only if CA is a {1}-inverse of A.

Proof. The result for matrices of the form AC'is obtained by taking P = A,Q = I
in Theorem [4.6] The result for matrices of the form C'A can be shown analogously.
O

Corollory 4.4. Let A be an m X m matrix over S.
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(a) If C is a m x m matriz over S, then ACA is a {1}-inverse of A if and only
if
(i) p(A%) = p(A),
(ii) C is a {1}-inverse of A over S.
(b) For some m x m matriz C, A has a {1}-inverse of the form AC A if and only
if
(i) p(A%) = p(A),

(i1) A3 is regular.

Further, if A has a {1}-inverse of the form ACA, then the {1}-inverse of the
form AC'A of A is unique.

Proof. The result is obtained by taking P = A, = A in Theorem [4.6] O

Corollory 4.5. Let A, xm be a matrixz over S, m € N. The following statements

are equivalent.

(i) A has a {1}-inverse of the form AC for some matriz C' over S.
(i) A has a {1}-inverse of the form C'A for some matriz C' over S.
(iii) p(A) = p(A2) and A? is regular.

(iv) A has a {1}-inverse of the form ACA for some matriz C over S.

(v) p(A) = p(A3) and A3 is reqular.

(vi) p(A) = p(A™) and A™ is reqular forn € N, n > 2.

Proof. & & . By Corollary .
& . By Corollary .
To show & ([v), it suffices to show (i1 < (vi).
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= ([vi). Suppose holds. Since p(A) = p(A?), there exists a matrix
B over Q(S) such that A*>B = A. This gives

A=A’B=A(A’B)B=A’B>=...= A"B"" ", (4.21)
By (L18), p(A) = p(A"B"') < p(A"), p(A™) < p(A). Therefore, p(A) = p(A").
On the other hand, let G be a {1}-inverse of A?, that is, A2GA% = A% By
(121), A2GA = A°GA’B = A’B = A. Thus
AMGA)" = APPARGA(GA)" 2 = AV 2A(GA)" 2 = ... = A,
and so

A" — AAn—l — An<GA)n—1An—1 — An(GA)n_2GAn,

that is, (GA)"2G is a {1}-inverse of A" over S.

To show = , it suffices to show = . Suppose holds. Let G be
a {1}-inverse of A". Since p(A) = p(A™), there exists a matrix B over Q(S) such

that A"B = A. Since A"GA™ = A", we have A"GA = A"GA"B = A"B = A,

ie.,
A(AIGYA = A,

Therefore, A has a {1}-inverse of the form AC over S. O
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4.7 {1,2,3}-inverses and {1, 2, 4}-inverses

Let A,.xn and G, «, be two matrices over the skew polynomial ring S. Recall

that G is called a {1, 2, 3}-inverse ({1, 2,4}-inverse, resp.) of A if

AGA = A,
GAG =G,

(AG)" = AG ((GA)* = GA, resp.).

In this section, we shall investigate the existence and construction of {1,2,3}-

inverses and {1,2,4}-inverses of matrices over the skew polynomial ring S.
Proposition 4.7. Let A be an m x n matriz over S. Then

(a) A {1}-inverse G of A is a {1,2,3}-inverse of A if and only if G is of the

form C'A* for some matriz C over S.

(b) A {1}-inverse G of A is a {1,2,4}-inverse of A if and only if G is of the

form A*C' for some matriz C' over S.

(c) A {1}-inverse G of A is the MP-inverse of A if and only if G is of the form

A*CA* for some matriz C' over S.
Proof. (a) If G is a {1,2,3}-inverse of A, i.e., AGA = A, GAG = G, (AG)* =
AG, then G = GAG = G(AG)* = GG*A*, and so G is of the form C'A*.

Conversely, if G is a {1}-inverse of A and G = C' A* for some matrix C over S,
then ACA*A = A. This gives ACA*AC*A* = AC*A*. So (ACA*)(ACA*)* =
(ACA*)*. On the other hand, (ACA*)(ACA*)* = ((ACA*)(ACA*)*)* =
((ACA*)*)* = ACA*. Thus, (ACA*)* = ACA*, that is,

(AG)* = AG.
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This also implies

GAG = CA"ACA* = CA*(ACA")" = C(ACA*A)* = C(AGA)* = CA* = G.

Hence, G is a {1, 2, 3}-inverse of A over S.
If Gisa{l,2,4}-inverse of A, i.e., AGA = A, GAG = G, (GA)* = GA, then
G =GAG = (GA)*"G = A*G*G, and so G is of the form A*C.

Conversely, if G is a {1}-inverse of A and G = A*C for some matrix C
over S, then AA*CA = A. This gives A*C*AA*CA = A*C*A, that is,
(A*CA)*(A*CA) = (A*CA)*. On the other hand, (A*CA)*(A*CA) =
((A*CA)*(A*CA))* = A*CA. Thus, (A*CA)* = A*CA, that is,

(GA)* = GA.

It follows that

GAG = A"CAA'C = (A"CA)*A*C = (AA'CA)'C = (AGA)'C=AC =G

By definition, G is a {1, 2, 4}-inverse of A over S.

If G is the MP-inverse of A, ie., AGA = A, GAG = G, (AG)* = AG,
(GA)* = GA, then G = GAG = GAGAG = (GA)*G(AG)* = A*G*GG*A*,
and so G is of the form A*CA*.

Conversely, if G is a {1}-inverse of A and G = A*CA* for some matrix C
over S, then AA*CA*A = A. This gives AA*CA*AC*AA* = AC*AA* and
A*AC*AA*CA*A = A*AC* A, that is,

(AA*CA)(AA*C A" = (AA*CAY),

(A*CA*A)*(A*CA*A) = (A*CA*A)".
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It follows that

(AACA") = (AA*CA")(AA*CA™) = ((AA*CA*)(AA*CA*)") = AA*C A",

(A"CAA) = (A*CATA) (A"CA*A) = ((A*CA*A) (A*CATA))* = A"C A A,

namely,

(AG)* = AG, (GA)* = GA.

Now,

A" CATAA'CA* = (A"CATA)"A"CA" = (AA"CATA)"CA* = A*C A7,

that is, GAG = G. Hence, G is the MP-inverse of A over S.
]

Corollory 4.6. Let A be an m x n matriz over the skew polynomial ring S
with an involution a — a. If p(A*A) = p(A) and A*A is regular, then A has a

{1,2,3}-inverse over S.

Proof. Let A be as above. Since p(A*A) = p(A) and A*A is regular, by Part (b)
of Corollary [£.1] A has a {1}-inverse of the form C'A* for some matrix C over S.
By Part(a) of Proposition CA* is a {1, 2, 3}-inverse of A over S. O

Theorem 4.7. Let A,,«n be a matrixz of rank r over the skew polynomial ring
S with an involution a — @ such that A has a factorization A = A Ar over S,
where Ay ism X1 and Ag isr xn. Then A has a {1,2,3}-inverse over S if and

only if A} Ar is invertible and Ar has a right inverse over S .

Proof. Let A be as above. Then, by (1.15) and (1.18), p(AL) = r, p(Agr) = r,

and so Ay has a left inverse over Q(S), Ag has a right inverse over Q(95).

Suppose A has a {1,2,3}-inverse G over S. Consider A and G as matrices
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over Q(S). Since AGA = A, that is, ALARGALAr = AL Ag, we have

ArGAL = 1. (4.22)

Thus, Ag has a right inverse over S. Also, since (AG)* = AG, we have

G* AL AL = AL ARG. (4.23)

By (4.22)) and (4.23]),

ARGGTARATAL = ARGALARGAL = 1.

Thus, A} A has a left inverse over S. By Proposition [1.14] A} Ay is invertible
over S.
Conversely, suppose that A3 Ay, has an inverse, denoted by (A% Ar)~!, and Ag

has a right inverse, denoted by Ay, over S. Let G = AR'(A; AL) L A%. Then

AGA =A, ArGALAg
—ApARAZ (AL AL) YA AL AR
—ApAp

:A7

GAG :A;Ll (AEAL)_lAzAAI_%l (AZAL)_lAz
=AR (AL AL) AL ALARAR (AL AL) A
=ARN (A} AL) AL
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(AG)" =(AAR' (AL AL) AL
=(ALARAR (ALAL) T AL)
=(AL(ALAL) AL
A (A3 L)) A
=AL(A}AL) A [By (#.8)]
AL AR AN (AT AL AL
=AAR (AT AL)TTAL

=AG.

By definition, G is a {1, 2, 3}-inverse of A over S. O

4.8 Group Inverses

Let A be an m X m matrix over a ring. An m X m matrix G is called a group

inverse of A, denoted by A#, if

AGA = A, (4.24)
GAG =G, (4.25)
AG = GA. (4.26)

If G satisfies only (4.24]) and (4.26]), then G is called a commuting g-inverse of A.
The group inverse of a given matrix is unique. For if G and H are both group

inverses of A, then

G = GAG = GAHAG = (AG)(AH)G = AHG,

H=HAH = HAGAH = H(GA)(HA) = HGA = HAG = AHG,

and so G = H. For a given matrix A, if G is a commuting g-inverse of A, then

G AG is a group inverse of A. Thus, a square matrix has a group inverse if and
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only if it has a commuting g-inverse.

Proposition 4.8. Let A be a square matrixz over S and n € N, n > 2. The

following statements are equivalent.
(i) A has a group inverse over S.
(ii) A has a {1}-inverse of the form AC for some matriz C' over S.
(i) A has a {1}-inverse of the form C'A for some matriz C' over S.
(iv) A has a {1}-inverse of the form ACA for some matriz C over S.
(v) p(A) = p(A?) and A? is reqular.
(vi) p(A) = p(A™) and A" is regular.

Further, if ACA is a {1}-inverse of A over S, then AC'A is the group inverse of
A.

Proof. By Corollary , to are equivalent.
= . If G is a group inverse of A, then G = GAG = AGG. Thus, A has

a {1}-inverse of the form AC for some square matrix C' over S.
= (). Suppose A has a {1}-inverse G over S, where G = ACA for some

matrix C'. Then
A= AGA = A*’CA? (4.27)
By (L.18), p(A) = p(A?). Thus, there exists a matrix B over Q(S) such that
BA®* = A. (4.28)
Since A2C A = A?, by using (4.28)), we get

ACA® = A, (4.29)
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Also, (4.27)) gives A3C A% = A2, Using the same method as above, we get

APCA = A. (4.30)

By (4.29) and (4.30]), we have

GAG = ACAAACA = ACA=G, AG=ACA*ACA = ACAA=GA.

Therefore, GG is the group inverse of A over S.

4.9 Drazin Inverses

Let A be an n X n matrix over the skew polynomial ring S. An n x n matrix G

over S is called a Drazin inverse of A if for some positive integer k,

ARG = AR (4.31)
GAG = G, (4.32)
AG = GA. (4.33)

The Drazin inverse of a given matrix is unique. For if G and H are both Drazin

inverses of A, then for some positive integer k,

G = GAG = GPA = ... = GH1 AP = GMIAM = GM AR H AR
_ Gk+1Ak+2H2 .= Gk+1A2k+1Hl€+1 _ Gk+1AkAk+1Hk+l
_ GAk—HHk-i-l — Ak+1GHk+1 — Aka-i-l — Ak—lHAHHk—l

=Aghk=...=H.

If A has a Drazin inverse G satisfying (4.31)), then, by (1.18)), p(A¥) = p(AF+1).
We define the smallest positive integer p such that p(AP™!) = p(AP) to be the
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index of A.

Proposition 4.9. Let A, G be two matrices over the skew polynomial ring S and

let p be the index of A.
(a) If A and G satisfy , then A and G satisfy APT1G = AP.

(b) If A and G satisfy APTLG = AP, then A and G satisfy for all k > p,
k e N.

Proof. Consider A as a matrix over Q(S5).
(a) If A and G satisfy (4.31), then p(A¥) = p(A* 1), and so p(A*) = p(AP).

Thus, there exists a matrix B over Q(S) such that A? = BA* which implies

AP = BA* = BAF1G = APAG = APTI@G.

(b) Trivial.
0

We now establish a relation between the existence of the Drazin inverse of a

given matrix A over S and the existence of a {1}-inverse of A* for some integer

k.

Theorem 4.8. Let A be an n X n matriz over the skew polynomial ring S and

let p be the index of A.
(a) If A has a Drazin inverse over S, then AP*! is regular over S.

(b) If APT* is reqular over S for some integer k > 1, then both APTHF1 gnd APtk-1

are reqular over S, and A has a Drazin inverse over S.

(c) If A?P™' has a {1}-inverse (A*P*1)~ over S, then AP(A?PT1)~ AP is the Drazin

inverse of A over S.
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Proof. (a) Let G be the Drazin inverse of A over S. Then APT! = APA =

APTIGA. On the other hand, GA = GPFL AP Thus, APH = APTIGPHL AP+

and so AP*! is regular over S.

Let G be a {1}-inverse of AP™ over S. We first show that AP™*! is regular.
Since APTFGAPTF = APFE it follows from (1.18)) that p(APHF) = p(APTR-L)
and so there exists a matrix B over Q(S), such that AP**B = APTA=1 Thus,

we have
APTRGAPTR=L — ApFh—1 (4.34)
Let H = GAPYF1G. By (4.34)), we have

APTRHLE APFRAL . p(APTRG APTR=1) G AP R+

— AAp+k—1GAp+k+1

— Ap+k+1

Also, by (4.34), we have APTE-LAGAPTE—L = APth=1  Hence, both APTF*!

and AP*F=1 are regular over S.

The above result implies that, if AP*¥ is regular over S for some integer k > 1,
then A?*! is regular over S. Thus, to show that A has a Drazin inverse over

S, it suffices to show Statement of this proposition.

Let H = AP(A?T1)=AP. Since p(A%T!) = p(APTY) = p(AP), there exist
matrices B, C, D over (S) such that

AP+ — AT AP = C AT = A%HID),
It follows that
AH = APt! (A2p+1)—Ap — BA2p+1(A2p+l)—A2p+1D — BA?tD — A;mrlD7
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HA = AP(APTH " APTL = QAT AT AAPTID = CAPTYAD = APTID,
whence AH = HA. Also, we have

APHUET = APPHL(AZHL)= AP = AWHL(ADTD) = AZHI D = A%H1ID = AP,
HAH = AP(AZF1)~ AP APHY (A2~ AP
= AP(APFY)T AP B AT (AW A% D
= AP(APF)T APBAPHLD = AP(APFL)T AP APHLD

— AP(APF)) AP = .

Therefore, H is the Drazin inverse of A over S.

]

The above result shows that a given matrix A of index p over S has a Drazin
inverse over S if and only if AP*! is regular over S. In the following theorem, we
shall see that the existence of the Drazin inverse of A can also be determined by

the existence of the group inverse of AP over S.

Theorem 4.9. Let A be a matrix of index p over the skew polynomial ring S and
let k > p, k € N. Then A has a Drazin inverse over S if and only if A* has a

group inverse over S.

Proof. Suppose A has a Drazin inverse G over S. We show that G* is the group
inverse of A* over S. By (4.32), (4.33), we have AG = A*G* GA = GFA*,
G*A = G*'. Hence,

GFAFGF = G AG = GF'G = GF,

GFAF = GA = AG = A*GF,
Also, by Proposition [£.9) we have A*'G' = A*. Thus, A*GA = A*, and so

A%EGE = ARFGFAF = AFGA = AF.
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By, definition, G* is the group inverse of A*.
Conversely, suppose A* has a group inverse H over S. Then, by Part (v) of
Proposition A% s regular over S, and by Part (b) of Theorem 4.8 A has a

Dragzin inverse over S. O

After seeing the above conditions for a given matrix to have a Drazin inverse
over the skew polynomial ring S, we give a result on the decomposition of a

Drazin inverse of a matrix over S as follows.

Proposition 4.10. Let A be a square matriz over the skew polynomial ring S.
Then A has a Drazin inverse over S if and only if A can be uniquely expressed

as Ay + As, where
(i) Ay has a group inverse over S,
(ii) As is nilpotent,

(iii) A1As = Ay A, = 0.

Proof. Suppose that A has a Drazin inverse G over S. Let A; = AGA and
Ay = A— AGA. We first show that , and hold. Since GAG = G,
AG = GA, we have

A1GAy = AGAGAGA = AGA = Ay,
GAG = GAGAG =G,

AG = AGAG = GAGA = GA,,

and so G is the group inverse of A; over S. Also, since GAGA = GA, AG = GA,

we have

AjAy = AGA(A — AGA) = AGA? — AGAGA® = AGA® — AGA* =0,

AsA; = (A — AGA)AGA = A’GA — A’GAGA = A°GA — A’GA = 0.
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In addition, A*"1G = A* for some positive integer k, so p(A*!) = p(A*), whence
we may let the index of A to be some positive integer p. By Proposition [4.9]
APTIG = AP 5o APTIG — AP = 0. Also, AG = GA. Thus,

AL = (A— AGA) = AP(I — AG)? = (A" — APHLG)(I — AG)P = 0.

We now show that the decomposition A = A;+ A, is unique. Suppose A = B+ B,
such that By has a group inverse Bfﬁ over S, B, is nilpotent and B1By = BBy =
0. Then it suffices to show By = A;. In the previous part we have seen that, if
G is the Drazin inverse of A over S, then G is the group inverse of A; over S.
Thus, to show B; = Ay, it suffices to show that the group inverse Bf’E of B is
the Drazin inverse of A (by the uniqueness of group inverse and that of Drazin
inverse).

Since BY is the group inverse of By, we have (Bf*)2B; = B¥ and so B B, =
(BY¥)2B;B, = 0. Similarly, we have BB = 0. Thus, AB¥ = (B, + B,)BY =
B\BY, Bf A= B (B, + B,) = Bf By, and so

ABY = BF A.

On the other hand, by assumption, Bf = 0 for some integer ¢ > 1, BBy =
ByB; =0, so A1 = (By + By)? = Bf. Tt follows that

A BY = BIT'BIB] = B{"'B, = B = A1,

B¥ABY = A(B)? = (B, + B,)(BY)? = By(B})* = B'.

Therefore, by definition, BfE is the Drazin inverse of A, which completes the

proof. O
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Appendix

Maple Codes

Below are local procedures defined for finding {1}-inverses of matrices over a

commutative Euclidean domain (see Algorithms [1} 2] and [3)).

with(LinearAlgebra):
with(Student[LinearAlgebral):
with(VectorCalculus):

with(ArrayTools):

# Packages that are used.
RowOp:=proc(B,k,i)

# Local procedure corresponding to Algorithm [I
local rB:=2, g:=1, s:=0, t:=0, Ro:=Matrix():
rB:=RowDimension(B):
Ro:=IdentityMatrix(rB);
g:=gedex(Blk k], Bli,k],x,’s’,'t");

Ro[k,k]:=s;

Ro[k,i]:=t;

Rofi.KJ:=Bi.K] /g

Roli,i]:=B[k.k]|/g;

Ro;

end proc;
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ColOp:=proc(B,k,j)

# Local procedure corresponding to Algorithm [2]
local ¢B:=2, g:=1, s:=0, t:=0: Co:=Matrix():
cB:=ColumnDimension(B):

Co:= IdentityMatrix(cB);

g:=gedex(B[k k],Blk,j],x,’s’,’t");

Colk,k]:=s;

Colk,j]:=-Blk,j]/g;

Colj k]:=t;

Colj,jl:=Bl[k k| /g;

Co;

end proc;

GInverse:=proc(A,rA,cA)

# Local procedure corresponding to Algorithm [3]

global rA, cA:

# rA and cA are the row dimension and column dimension of the input matrix
A, respectively.

local Str:= "The input matrix has no g-inverse.”:

local m:=0, n:=0, s:=min(m,n);

local k:=1, i:=1, j:=1, p:=1;

local B:=Matrix(), C:=Matrix(), MD:=Matrix(), G:= Matrix():
local E:= Matrix(), F:= Matrix():

local Ro:= Matrix(), Co:= Matrix():

local rowB:=[ |, colB:=[ ]:

local arraycol:= Array(), arrayrow:= Array():

m:=rA; n:=cA,

s:=min(m,n);

E:= IdentityMatrix(m); F:= IdentityMatrix(n);
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if m=0 or n=0 then

# A is an empty matrix.
G:=Transpose(A);

return G;

elif IsZero(A) then

# A is a zero matrix.
G:=Transpose(A);

return G;

elif m=1 and n=1 then

4 Ais1x 1.

if degree(A[m,n],x)=0 then
G:=Matrix(1,1,[1/A[m,n]]);
return G;

else

return Str;

fi;

elif m=1 then

# Aislxn(n>2neN).
for j from 1 to n do

if not A[1,j]=0 then

P:=;

# Find the first nonzero entry A(1,p) of A.
break;

fi;

od;
Co:=ColumnOperation(IdentityMatrix(n),[1,p]);
B:=A.Co;

F:=F.Co;

for j from 2 to n do

85



4.9. DRAZIN INVERSES

Co:=ColOp(B,1,j);
B:=B.Co;

F:=F.Co;

od;

for i to m do

for j to n do

Bli,j]:= expand(B[i,j]);
end do;

end do;

# Now Aixn = BisxnFrxn, B =[gcd(A(1,1),...,A(1,n)) 0 ---

if degree(B[1,1],x) > 0 then

# ged(A(L,1), ..., A(1,n)) # 1.
return Str;

else

G:=F.(Transpose(B));

return G;

fi;
elif n=1 then

# Aismx1(m>2 meN).

for i from 1 to m do

if not A[i,1]=0 then

p:=i;

# Find the first nonzero entry A(p, 1) of A.
break;

fi;
od;
Ro:=RowOperation(IdentityMatrix(m),[1,p]);
B:=Ro.A;

E:=Ro.E;
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for i from 2 to m do
Ro:=RowOp(B,1,i);
B:=Ro.B;

E:=Ro.E;

od;

for i to m do

for j to n do

Bi,j]:= expand(BIi.j]);
end do;

end do;

# Now A,x1 = EmxmBmx1, B = [ged(A(1,1), ...

if not B(1,1)=1 then
#ged(A(1,1),..., A(m, 1)) # 1.
return Str;

else

G:=(Transpose(B)).E;

return G;

fi;

fi;

B:=A;

for k from 1 to s-1 do

here:

it k < s then

rowB:=[seq(B[k,j], j=k..n)];
colB:=[seq(B[i.,k], i=k..m)];

if is(colB,[0 $ nops(colB)]) then

# B(k,j)=0for j =k k+1,..n.
if is(rowB,[0 $nops(rowB)]) then

# B(i,k)=0fori=Fkk+1,....m.
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k:=k+1;

goto(here);

# Go back to the step where the label “here” is.

else

for j from k+1 to n do

if not B[k,j]=0 then

p:=J;

break;

# Find the first nonzero entry B(k,p) in the kth row of B.

fi;

od;

Co:=ColumnOperation(IdentityMatrix(n),k,p]);

B:=B.Co;

F:=F.Co;

fi;

else

for i from k to m do

if not B[i,k]=0 then

p:=i;

# Find the first nonzero entry B(p, k) in the kth column of B.
break;

fi;
od;
Ro:=RowOperation(IdentityMatrix(m),[k,p]);
B:=Ro.B;

E:=Ro.E;

fi;

for i from k+1 to m do

Ro:=RowOp(B,k,i);
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B:=Ro.B;

E:=Ro.E;

od;

for i to m do

for j ton do

Bli,j:= expand(B[i,j]);
end do;

end do;

C:=B;

for j from k+1 to n do
Co:=ColOp(C.k,j);
C:=C.Co;

F:=F.Co;

od;

if not Clk,k]=1 then

return Str;
else
MD:=C,;

for i from k+1 to m do
Ro:=RowOp(MD k,i);
MD:=Ro.MD;

E:=Ro.E;

od;

fi;

B:=MD;

fi:

od;

rowB:=[seq(B[m,j], j=1..n)];
colB:=[seq(B[i,n], i=1..m)];
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if m > n then

if is(colB,[0$nops(colB)]) then

# B(i,n)=0fori=n,n+1,..,m.

G:=F.(Transpose(B)).E;

for i to m do

for j to n do

Glj,i]:= expand(Glj,i])

end do;

end do;

return G;

else

for i from n to m do

if not BJi,n]=0 then

p:=i;

# Find the first nonzero entry B(p,n) in the nth column of B.
break;

fi;
od;
Ro:=RowOperation(IdentityMatrix(m),[n,p]);
B:=Ro.B;

E:=Ro.E;

for i from n+1 to m do

Ro:=RowOp(B,n,i);

B:=Ro.B;

E:=Ro.E;

od;

for i to m do

for j to n do

Bl[i,j]:= expand(Bi,j])
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end do;

end do;

if not B[n,n]=1 then

return Str;

else

G:=F.(Transpose(B)).E;

for i to m do

for j to n do

Glj,i]:= expand(Glj.i])

end do;

end do;

return G;

fi;

fi;

elif n>m then

if is(rowB,[0$nops(rowB)]) then

# B(m,j)=0for j=m,m+1,..n.
else

for j from m to n do

if not B[m,j]=0 then

p:=;

# Find the first nonzero entry B(m,p) in the mth row of B.
break;

fi;

od;
Co:=ColumnOperation(IdentityMatrix(n),[m,p]);
B:=B.Co;

F:=F.Co;

for j from m+1 to n do
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Co:=ColOp(B,m,j);

B:=B.Co;

F:=F.Co;

od:

for i to m do

for j to n do

Bfijj:= expand (B[]

end do;

end do;

if not B(m,m)=1 then

return Str;

else

G:=F.(Transpose(B)).E;

for i to m do

for j to n do

Glj,i]:= expand(G[j,i])

end do;

end do;

return G;

fi;

fi;

else

# Aismxm (m>2 meN).
if not degree(B([s,s],x) > 0 then
# B(m,m) € F.

if not Bls,s] =0 then
Ro:=RowOperation(IdentityMatrix(s),s,1/B[s,s]);
B:=Ro.B;

E:=Ro.E;
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fi;
G:=F.(Transpose(B)).E;
for i to m do

for j ton do

Gji]:= expand(Gj.i]
end do;

end do;

return G;

else

return Str;

fi;

fi;

end proc;
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Examples:

| > restart;

> with(LinearAlgebra) :
with(Student[ LinearAlgebra]) :
with(VectorCalculus) :

| with(ArrayTools) :

| > read("RowOp.mpl") :

| > read("ColOp.mpl") :

| > read("GInverse.mpl") :

> A = Matrix( ); rA, cA := Dimension(A) :

> Glnverse(A, rA, cA);

> B = Matrix(2,3); rB, cB := Dimension(B) :

000
00 0]
> Glnverse(B, rB, cB);

00
00
00

> C = Matrix(1, [5x]); rC, cC := Dimension(C) :

C:=[5x]

> Glnverse(C, rC, cC);
"The input matrix has no g-inverse."

> E = Martrix(1, 3, [l,x, xz]); rE, cE == Dimension(E) :

E:=[ 1 x & ]
> Glnverse(E, rE, cE);
1
0
0

> F = Matrix(S, 1, [x, 2 x, xz]); rF, cF = Dimension(F) :
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_> Glnverse(F, rF, cF);
| "The input matrix has no g-inverse."

[> G = Matrix(2,3,[1,2,3,4,5,61); rG, cG = Dimension(G) :
123
456

> Glnverse(G, rG, cG);

o N|=

wiv o
o |~

=> G.GInverse(G, rG, cG).G;

123
4 56
[> H = Matrix(3,2,[1,x,0,1,5,6]); rH,cH:= Dimension(H) :

I x
H=|01
56
=> Glnverse(H, rH, cH);
1 -x 0
01 0
(> H.Glnverse(H, rH, cH).H: # Verification
I x
01
56

3x+1 2x 1
K= 5
0 X x+1

=> GInverse(K, 1K, cK);
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> K = Matrix(2,3, [3-x+ 1,2 x, 1,0,x2,x+ 1]); rK, cK := Dimension(K) :

®

10

an

12)

13)

(14

1s)

(16)
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_3 2 33 2

1 X 5 X 1 5
3.3 2,93 11 6
2T TsY 5t
9 4. 33,32 62
5x 5 +2x 5x x+1

> simplify(K.GInverse(K, rK, cK).K); # Verification
3x+1 2x 1
0 ¥ ox+1
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