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AbsLract

The perfornance of five tests purported to evaluate the sig-

nifícance of individuat discriminant functions following a multivariate

anaLysis of variance r,ras investigated using MonËe Carl-o simulation

Eethods. The five procedures examined r,rere Bartlett.rs partitioned-U,

Marri.ottr s chi-square procedure, and threè procedures whi.ch uÈilizet1

Royrs largesÈ root criterion in some form. The simul-ation procedure

did not invol-ve any víoJ-ation of disÈributional assumptions. fn terss

of type I error rates, the partÍtioned-U procedure r¡as found to

falsely reject the nu11 hypothesls at levels r,¡hich most closel-y cor-

responded to the theoretical- Ìat.e, provided the sarnple size was J-arge

reLatfve to thê number of dependent variables. This procedure was also

found to have, Ín generaL, greater power againsÈ a varieËy of alternative

hypotheses than the other procedures considered. In addition, cerÈaÍn

published critícisms of the partitioned-U procedure r¡ere examined and not

supported by the present results. In vier,7 of these findÍngs, and due to

its relatiíe ease of appl,lcation, the partitioned-U was recomended as

the nethod of choíce.
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This paper ís concerned t¡íth Èhe probl_em of determi-ning, for a

one-rrrTay ' fixed effects nuLtÍvaríate analysis of varÍance (MANovA) design,

how many sÍgnificanË discriminant functj-ons are þresent in a data seL.

The most frequently recomnended procedure (e.g., Tatsuoka, 1971; Overall

and Klett, I972i Tim, 197 5) for deterniûing how many of a possÍble s

discriminant functions are signifLcant (r¡rhere s ís equal to the lesser of
p, the number of dependent variables, and dfn, the hypothesis d.egrees of
freedom) Ís the partitioned-U procedure, firsL proposed by Bartlett (1941).

Despite its seeming popularíty and acceptance, thê partitioned-U procedure

is not r^riËhouÈ j.ts crÍtics. NotabLy, IlarrÍs (1975, 1976) contends that
Èhe procedure is both logicålly and sËatistically invalicl. SpecifÍcally,
IlarrÍs (1976) cLalns that the procedure neither tests the first root,
nor takes into account the possibi-1Íty that the sÍze order of the sanpLe

roots roay not coïrespond with the order of the populaÈion roots. The pur_

pose of the reseafch reported here is to coqare a number of procedures

purported to test the hypotheses aLluded to above, ín terxûs of theír type

I error raÈes and power to detect true population dlfferences.

The past decade has aeen a substaritial growth ín the application
of multivariate anal-ysis procedures by socÍal scienrÍsts. i{hile Ëhe work

of researchers such as Ol-son (l-974, J-976) has provided guidelines for
choosing a rbest testt from among a number of alÈeruaÈive overalL ùfANovA

test statistfcs, such guÍdelf.nes are frequently noÈ avaLlable to the

analyst uricertain about r,rhich procedure to apply after the overall- MANovA

nul1 hypothesís has been rejected. A numbeÍ of options are availabl-e
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includÍng univariate analysis of variance on each of the P dependent

varíables (Cramer and Bock, 1966), calculation of step-dor{n or residual

F-statistics (Roy and Bargnann, 1958), and discriminant function analysis

(for a review of Lhis procedure, see ltuberÈy, 1975). It is the application

of this third procedure, díscrininânt functíon analysis, as a fol-low-up pro-

cedure to MANOVA, which is investigated by the research reported here. A recent

generål review of these procedures is provÍded by Miller (L977) '

The model under consíderation is the one-way fixed effects design

Ín which p (>1) norlrally dÍstribuËeal response measures are available for

n experimenÈal unÍts in each of q treatment groups. The overall- MANOVA

nul1 hypothesis for such a design can be stated as:

Ho., t fl +u2="' =!q,

rrrhere the ¡ are the-p-vari.ate mean parâmeter vectors assocíated t'ith each'q
of the q levels of the treatment. IEPortantly, all of the frequently-

applied MANOVA test critería are functions of the laËent roots, or eÍgen-

values of the matrix product E-lH th.r" H and E are pxp sums of squares

and cross products (SSCP) naÈrÍces defÍned in the one-way case as

q
rI=X

i=1

q

í=1

r¿here Y., is the jth of nj observation vectors in grouP i, Y. is the mean
1l-1"

vector for the ith group and Í is the grand mean vector. Examples of

n. (Y.-Y) (Yí-Y)'

(Y..-Y.) (Y. .-T)'aJaaJ

n
t

j=1

(1. 1)

(r.z)
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overall ì4ANOVA test critería which are functions of Ehe eigenvalues of

-IE *H are Roy's largest root criterÍon (noy, l-945), lfilks | líke1íhood ratio

(Ili1ks, 1932), the Lawley-HotellÍng trace criteríon (La¡¡ley, 1938; Eotel-ling,

1951-) and PÍ1lai's trace criEeríon (Píllai, 1955). The dísËríbuÈion theory

of the eigenval-ues used in Èhese tests is revier¿ed and discussed ín some

detail by P íl'fai (L976, 7977). For a comparison of these procedures ín terms

of their robustness to violation of certain of their distríbutíonal assumpÈions,

the reader is referred to Olson (L974).

As is clear froE Èhe staÈemenË of the overall MANOVA nul1 hypo-

Èhesis above, a significant overall statistic inplíes onl-y that, in terms of

the parameter Eeari vectors, some group (or groups) differ fron others on soDe

variate (or variates). No índication is given as to r{here exacLly the popu-

lation diffêrences âre to be found. Discríminant analysis addresses thÍs

questionby determÍnÍng the number of distinct ways in whích the q groups

differ significantly on the p variates, sometimes referred to as dÍmensÍons

of dífference (IfuberÈy, J-975). Ttris ís accomplished by forming linear com-

posítes of the orj-ginal- variabJ-es, ca1led discrimÍnant functions, which

hTeight the variables ín a manner r¿hich naxinizes the ratio of betra'een-group

to rrÍthin-group variation ü'hile taking into account the intercorrelatíons

among the dependent variables. As many as s functions are possible, each

of whÍch is associated r,rith one of the latent roots of E-1H. The maxímiza-

tion procedure employed results in the extraction of the sample roots (denoted

.tr) in decreasíng order of nagnítude, wÍth successÍvely derived functj-ons

uncorrelated (ín Èhe total sanple) r{'íth those already deríwed. The problen

then becoDes one of deteruining hohr rnany òf these sample roots are statís-

tically significanË, meanÍng that they represent reliable dímensíons of dif-

ference ín the population. Iluberty (1975), in his comprehensive revíew

of díscrimÍnant analysís, coments that rrin the liÈeraÈure, the
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process of tesÈing the significance of a function has been lacking Ín

c]-arity'r (p.548). To date, five procedures have been proposed in res-

ponse to this sÍËuation. They are:

1) The parÈirÍoned-U procedure due ro Battl-erÈ (l-Ef );
2) A variation on Royrs l-argest root test proposed by Finn (Lg74);

3) Another variation on Royts test proposed. by Harris (1976);

4) A variati-on of Bârtlettrs procedure proposed by MarïiotÈ

(L952 ) ¡ and

5) A combínation of Bartlettrs and Royrs tests pïoposed by

Harris (1976).

Before discussÍng the deÈails of these procedures, it r¡íL1 be

conveníent to introduce Èhe following notation. Let the pxp natríx M,

the parameËric counterpar! of H, be defineil as

q
M = X n- (u.,-u) (u.-u)'

i=1 rr

Ìrhere U. is the popuJ-ation mean vecÈoï for the ith of q treatments, U is
the grand nean vector Ín Èhe population, and n. is the m¡mber of observa-

tÍons in the ith group. Further, lêt X denote the pxp population SSCP

natrix conmon Èo each of the q level-s of the tïeatment populaÈions,

esÈÍEated by E, and let ¡ denote the pxp popul-ation variance-covaríance

matrí:r. It is thê nonzero latent roots of f-\"t, denoted À1, À2,..., Àr,

(r¡here r Ís the rank of ¡-1'f) which are esLimated by the ïoots of E-1H

(9.y, 9,2r..., Lr), and which correspond to Ëhe true populaÈÍon d.iscrimin-

ant functions. The follor¡ing sections desc¡ibe Ín soue detail the fíve
procedures menÈÍoned above, and present statements of Èhe nu1l hypotheses

tested by each in terms of Ëhe population roots.

(1.3)
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The ?artiLioned-U ptocedure. One approach to testing the signÍ_

fieance of a given value of U (Ëhe l^Iílks r ]_anbda (tr{i1ks, Lg3Z) overal-l

MANoVA staÈistic), where U is defined as

s
u=

i=l l- + .e, .

involves cal-culating Bartlettrs V statistic as

(1.4)

(1. s)v= [N-r-1p+q¡ 7 21
s
E ln (1+!,. )

i=l- r'

vhere N is the Ëotal sample sÍze, and p and q aïe as definecl previousJ-y,

V is distributed approxinately as a chi-square r"rith p(q-l-) degrees of
freedom rohen used as a test of the overall MANovA nul1 hypothes5-s. since

the suceessive terms 1n(L+.{,r) in expression (l-.5) are statistically inde_

pendent (assuuing multivarÍate nornalify of Èhe original p vatiabl-es) the

addÍtlve componerits of V are each approximaËely dÍstributed as chi-
square varlâtes wíËh pfq-2í degrees of freedom r^rhere í is the nurnber of
components removed fron the expressfon for V.

The partiÈioned-U procedure per se involves the foLlor,ríng steps

(as outJ.ined by Harris, J.97ó):

(1) Test the overall nu11 hypothesÍs by couparing V to X2 vith
p(q-l) degrees of freedom. If llo overall is noÈ rejecËed, iË j-s con-

cLuded that none of the discriminanÈ functions are staListical-1-y signi-
ficanÈ, and Èesting stops. If, horrever, this nul1 hypothesis is rejected,

then at least the first discriminant functlon is considered significanÈ,

and the researcher proceeds to step 2.

(Z) Test the significance of the resÍdual after successiveLy reuov-

ing the chi-square componenËs (i.e., 1n(1+l,r)) corresponcling to Èhe firsÈ
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i discríminânË funcÈÍons. As soon as the residuaL becomes smaller than

the crÍticaL value of the appropriate chi-square distribution, ít is con-

cluded that onLy these first i functions are significanÈ (at Èhat a J-evel-).

The successíve test statfstics and thêir assocÍated degrees of freedom

(as shor,m fn Tatsuoka, i-971, p. 165) nay be surmarized as foLlor¿s:

Residual after ApproxiÐate Degrees of
RenovÍng X2 - StaÈistic Freed.om

Iirst discrlmÍnanr V - ul p(s-l) - (p+S-2)

funcrÍon = (p_1) (q_2)

I'Írst 2 dlscríminanr V - Vl - V2 (p-1) (S-Z) - (p+C-4)

funcrÍon = (p_Z) (q_3)

I'írst 3 discrimlruûr v - v1 - vz -v3 (p-2) (q-3) - Cp +C-6)
funcrlon = (p_3) (q_a)

The nul-L hypothesis tested by this procedure is stated succinctly

by Kshirsâgar (1972) as follor¿s: for any value of i. greater than zero

(rneaning not the overall ÈesË) the first i population root.s are nonzero,

lthÍl-e the remaLning s-i roots are equal xo zexo. Hence, thLs procedure

inpLfcltly rejects the hypothesl,s that À1 = 0 ¡¡hen the overall statistic

is found to be significant.

I'innr s (1974) variation of Royrs crÍferion. As menÈioned above

Royrs largest rooÈ crÍterl-on define<l j-n Èerns of the roots of E-lH as

(1' 6)*= 
11

L 1+ 1

'r.ras developed as a test of the overaLl MANOVA nu11 hypothesis. This fact

notÌriËhstanding, I'inn (L974 ) and, Harris (see below) have recomended
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using this statisËic Lo test nu11 hypotheses of the form Ho : Ài = 0,

v.rhen the previous (larger) i-l sarnple roots have been tested. Finnrs

(1974) procedure involves reducing two of the components of the degrees

of freedon by one for eäch prior root tested, As a test of the overall

hypoÈhesis ' R is compared to the critical value of Èhe greatest character-

ísti-c root distrÍbution (pÍ1laÍ, 1965) with the following parameters:

s = ¡nin (p, S-1)

rn= (lp-atnl-tr,,
n=(df.-p-]-)/2

t"._a
1,. + 1

a

(1.7)

(1. 8)

(1.9)

where df- and df are the degrees of freedom for hypothesís and error,he
lespecËíve1y. As a test of the sÍgnifícance of discrimínanÈ funcÈíons

oÈher than the first (presumably proven significant by the overall test)
Finn would calculate R as

(1.10)

and evaluate this statistic against the greatesÈ root d.istribuÈion r^riÈh

dfn and df" in the n and n arguûents, respectively, reduced by one for

each prior root ÈesËed. Testing would terminate with the finiling of â

nonsignifÍcant staÈistic. The nuIl hypothesis tested at any given sËage

is Ho : Ài = 0 , given that Èhe previous i-l- roots have been found Èo be

nonzero.

Harris' (1976) variation of Roy's críterion. This procedure Ís

síûi1ar in all respects to Iinn's (1974) procedure except thât, râther than

reducing dfe and dfn, Harris reco¡¡¡nend.s red.ucing s by one for each prior
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root tested, while leaving the m and n arguments unchanged.

Marriottrs (1952) Chi-square Procedure. Marriott (1-952) proposed

a variation on the partitÍoned-U procedure r^rhich both takes into account

the possÍbility that the ordering of the sample roots does not correspond

to the ordering of the population roots, and provides a dj-recÈ test of

11 . The procedure involves the follo\,7íng steps:

L) Test the hypothesis Ho : ì1 = 0 by evaluating Èhe signific-
ance of

vl =-[N-1-(p+q)/2] ln.01 (1.11)

as a X2 variate wíth degrees of freedom equal to

p+q- z+Ll2 t(p-r) (q-z)l2l3 (1.1-2)

2) Test the hypothesis that À,+I = 0 r¿hen the prevÍous i rooÈs

have been shown to be signÍfícant by evaluating

v.. = _ [N _ 1_ (p_i + c_i) / 2l rn e,. (1.13)L-a

"" " X2 variate with degrees of freedom

p-i+q-i-z+rlz t (p-i-t) (c-i-z)12/ 3 (1.14)

Step 2 is repeated with i Íncreasing untÍ1 either nonsignificance is

obtâined or i=s. Mârriott (1952) reports some data indicating that this
procedure performs r¿el-1 when p Ís small (4 or less) but may becone l-Íberal

as p increases. The validity of these assertions has not, before the

presenË study, been put to an empÍrical test.
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Harrísr (1976) Mixed Procedure, As an alternâtive to the use of

Royrs criterion for testing roots other than the firsË (see above) Ilarrj.s

(L976) has proposed a procedure r¡hich combínes the parËítioned.-U test

and a variation on the l-argesL roo! tesÈ. The steps in this rmixedt

procedure are as folLovs:

1) Test the ovêTall null hypothesi-s using Bartlettrs V with

p(q-l) degrees of freedom. If this nu1l hypothesis is rejected, conclude

that there is at least one significant discriminant function, and proceed

to step (2). If the observed V does not exceed the critical va1ue,

tesLing stops.

2) TesË the signifÍcance of the LargesL popuLâÈion root by com-

paringR t to the tabled critical value of the greatest characteristic

root dÍstributíon !,?ith values for s, n and. n cal-cul-ated i.n the r¡anner

described above, If Ëhis test achieves significance, conclude that the

populatíon value of L1 does not equal zexo, and proceed to step (3).

Otherç¡ise conclude that the nature of the relationship betr^7een group

nembership and the dependent variabl-es cannot be specified, ånd stop

tesÈing.

3) Test the hypothesis Lhat the remaining s-í populatíon roots

are all- equal to zero by comparing

s
v= [N-1-(p+s,)12] x

K=i+1
ln (1+1.*) (1.ls)

to X2o with (p-i) (q-i-1) degrees of freedom. If thís resr fails ro

achieve significancê, concLude that only the first i population roots

are nonzero. If Ít achieves significance, conclude that not all of the

last s-i population Ìoots are zeto, and proceed to step (4).
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4) Test Èhe nuLl hypothesfs that the i + lth population root

i-s equal to zero by conparing R .*, to the greatest characteristic root

distribution r¡ríth sr = s-Í. rf nonsignificant conclude that the nature

of the reLationship associated wiËh the Last s-í roots cannot be speci-

fied, If sJ.gniflcant, conclude Èhat the í + lth dl-scriminant function

is nonzero (Ín the popul-atíon), and return to step (3). Steps (3) and

(4) are repeaLed untí1 a nonsignÍfica[t tesË termÍnates the procedure, or

until L=s.

To date, 1itt1e, if any, enpirical LnvestigatLon of these proce-

dures hå's been Ìeported in the literâture. BarËIettrs (1941) dÍscussion

of the partitLoned-U procedure is Largely anal-ytical in contenÈ. Harris

(1976) comnents that his proposed vâríation of Royrs têst xûay be conserva-

tive fn its eval-uation of roots other than the first, whLle the mixe<l

plocedute rDay prove frustrating to use due to the fact that dífferent saEp-

líng distributions are referenced ât dÍfferent stages of the procedure,

resulÈing Ín potentl-al1y contÍadLcÈory concLusiong. Marriott (1952) inves-

tigated the behaviour of his proposed procedure for selected leve1s of p

and q, and noted some overesÈiDatlon of sLgniffcance leve1s as p increased.

These comenÈs perLafn soleLy to the Èype I error rate leveLs of these

tests. No Índivj-dual of comparative dåtå are at present avaílable regard-

ing the porùer of any of these tests to detect the existence of nonzero

popul"ation rooÈs given a set of sampl-e data. It r^rfll be convenient at

this point to introduce the MANovA noncentralLty parameter, a standardized

measure of the distance between group centroids in rhe population. Given a



pxp parameter hypothesis SSCP matrix,

tion covariance maEríx, 3 , let

11

M as defined above, and the popula-

_1II*=MÊ- (1.16)

The noncentraliËy parameter is the sum of the eigenvalues, h, (for j =

I,2r... rp) of Hx, or sínply tr(H*), the trace of H* (Schatzoff, 1966b;

01son, 1973).

In response to the need for both of the types of information

mentioned above, the research reported here comprÍsed tr¡o distinct
phases. In study I, the proced.ures r¡7ere compated in terms of their type

I error rates for various combínations of p, q and n. In study II, vary-

ing degrees and paÈterns of multivariate noncentrality Ìrere incorporated.

into the simulation procedure, and the procedures were compared in terÐs

of their por,rer to detect these populatÍon d.iscriEinant functions. The

simulation proeedure dÍd not íncorporaÈe vÍ.olations of the disËribuÈional

assuûrpËions of the overalL tesÈs.

Method

Even in the absence of assunption violation, the Ìesearcher r,rho

wishes to investigate alDost âny aspect of multivaríate analysis is faced

Trrith the probLen of choosing from among a seemingly infinite number of

combinations of independenË variabl-es. CenÈfal to this problem i-n the

presenË context of a one-way MANoVA is Ëhe fact that, subj ect to the con-

strainL of s always being límiÈed to the lesser of p and dfn, any given

set of population roots can result from an infÍnite number of combinations

of p, q, n, that forn the q p-variate populaËíon mean vectors, and the
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co''ron population covariance matrix. Even holding all but the mean vectors

constant, there exists an ÍnfÍnite number of sets of mean vectors whích,

ín combination r{riÈh the other factors, will yield a given seË of roots.

This problem makes simulation of a particuldT set of roots by starting
r.'7ith the raw data a somewhat confusing and arduous task (although not an

inpossible task - see O1son, 1973), In order to citcurûvent this problen,

the datâ generation procedure utilized by Schâtzoff (1966b) was ernployed

Ín the present study. Details of thís procedure aïe presented below, fo1-

lowing an enumeration and description of the independent varíables inves-

tÍgated.

1. Number of dependent variables: p. The leveLs ínvestigated

were 2, 3, 6 and 10 in the nul1 siËuatÍons (study I) and 2, 3 ancl 6 Ín

the noncentral cases (study II).

2- Numb er of groups: q. Al_I of the sÍmulated experÍmenÈs had a

one-hray design with 3, 6 or 10 l-eve1s of the Èreatment factor.

3. Number of observations per group: n. The level-s of Èhis

varíable examined were 5, 10 and 50 with all groups ín any simulaËed

experíment beÍng equal in size.

The foJ-lowing f".tor! reLate to the mânipulatíon of Eultívari.ate

noncentralLty and were, aecordingly, Ínvestigated only in study II.
4. Number of nonzero population roots: x. Subj ecË to the lin-

itation that r not exceed s for any combination of p and q, experímenËs

rÀ7ere sÍmulated in ¡¡hich r, the population dimensionaliÈy, was equal to

1, 2, 3 and 5.

5. Degree of multívaríate noncentralíty: tr(H*). The values of
this paraiîeter investigated r¡ere 0 (indÍcating afr. ,r,rff case, as in study
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I), 10, 40 and 90.

6. PâtÈern of noncentralÍËy, The following påtterns of the

roots of H* were investigated:

a) concentrated: Ín r^rhich only the first ïoot of H* is
nonzero and ís therefore itself equal to tr(H*).

b) equal: in which the r nonzeïo roots of H* are equal ín

size and sun to tr(H*).

c) linear: in whích the size of the roots fron 1 to r de-

creases by a constant amount in a linear fashiou.

d) geometric: in which the size of the loots from 1 Ëo r
decreases by half ín a geomeÈric fashíon.

The values of the factor 1eve1s were chosen to facilÍtate comparison of

the results of the present study with those of Olson (1973, L976) and

schaÈzoff (1966b). Table 1 displays the 1eve1s of these fa.ctors investi-
gated ín each of the three studies in questi-on.

The various combinations of these facÈors exan:ined in the present

investigation allowed for 36 (pxqxn) distant cases to be simulated Ín

study I, ¡¿hÍIe 405 distinct factor combinâtions rarere possible in the

noncentral situation. In each of the null cases, except Èhose in
which n=50, for p aË least 6, or Ì/Í th p=q=n=10, 5000 replications r¡ere

generated. In all remaining eases J-000 replications lrrere run.
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Table 1

The values of the independent varíables ínvesËigated
by 01son (I9l3), Scharzoff (1966b) and Meredirh (1978)

I'actor

p

q

ft

!r (H*)

olson (1973)

2, 3, 6, t0

2, 3, 6, to

5, 10, 50

0, 10, 40, 90

Study

Schatzoff (196 6b )

2, 4, 6

3, 5, 7

25, 100

L2,24

equal

linear

geometric

Meredith (1978)

2, 3, 6, f0

3, 6, 10

5, 10, 50

0, 10, 40, 90

concentrated

equal

linear

geomeËric

PaËÈern concentrated
*

dÍffuse

:t differences on all canonical variates

The data generation procedure enployed rt'as ÈhaË outlíned by

Schatzoff (1966b). SpecificalTy, a p x dfe matríx, Tr, is generated

the elements of r+hich are independently and identically distributed

N (0,1) random variables. The sample error SSCP natrix E is then

computed as

E=TT I

1l

siEilar fashion, a p x dfn nå.tríx, Tr, ís generated, also cornposed

N (O,L) varíates, ê.nd the hypothesís SSCP natrix, H, is coDputed as

In

of
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H = TrIr' .

Thi.s definition of H applies Ëo Èhe nulI case on1y. In the noncêntraL case

val-ues equal to the square roots of h., the eigenvalues of Hx, are added

to the el-ements of the princípa1 diagonal of T2 prior to computing H, Ín

order to achieve the desired degree and form of uultivaríate noncentralíty.

The theory underlyÍng this procedure is discussed by Dempster (1969).

Briefly, it reLÍes upon the fact thaË if H and E are independ.enr random pxp

roaËrices dlstributed as Wishart matrÍces r,7ith q-L and N-q degrees of free-

dom respectively, then the quantity

lul

ln+ rl

has the desired dísÈribution of llilksr 
^ 

statistÍc (Dempster, L969, p. 3L1),

anal the roots of E-1H "re the desired estimates of lr, 1r,...1" as defÍned.

above.

Once E-IH ûas compuËed for êåch replication, the sanple eigen-

values were obtâíned as the soLutíons to the determinantal equation

i n-lri- ørl = o

VaLues of the five statistics under consíderation as r.¡el1 as Bartl-ettrs

V and Royrs overall MANOVÁ. Ëests !¡ere calculated as descrÍbed above.

Counts rÀ7ere kept of the number of experimenÈs in r¿hich Èhe statistics

exceeded the tabled critical values. Successi.vely smaller .C. lrere tested

either until a nonsignifícant result r"¡as obtained or until s roots had

been evaluated. These procedures were carried out for nominal significance

(a) l-evels of .05 and .01. The raw d.ata were converted to percentage
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exceedance data 1n which the tej ectÍon count for the tests of âny gi.ven

rooÈ are expressed as a percentage of the nr¡mbe¡ of samples in ¡,¡hích Èhe

test of nexÈ largest root r,üas found significant. For example, if a gíven

procedure rejected Ho t 13 = 0 in 500 samples, and then rejecËed

Ho , À4 = 0 in 200 of these samples, then the percentage exceedance for
this procedure as a test of the fourth populaÈíon root would be (200/500)

x LO = 40"Á.

In aJ-1, 5751000 sinul"ated experiments weïe generated and. anal-yzed

in the present study.

Results

CertaÍn data relevant to the practicability of three of the pro_

cedures bec'oe evídent ín advance of any sírnulaÈion. I^Iith respêct to
Harrisf (J-976) uixed procedure, and Harrisr (1976) variation of Royrs

test (hereafter these procedures wíl_l be referred to as l"û( and H, res_

pectiveLy), the procedures coul-d not be applÍed exactly as originally
described since s wf.l1 necessarily equal L for the test of the last
(.*h) root, and no tables of the greatest characteristÍc rooË are avaiL_

able for s=1. This is not surprising, in that any situatíon where s=L

is anaLyzable as a multiple regïessÍon problen. In the pïesent study,

Ù0( and II tested the significance of thesËh tooÈ as an Ì'-statistic rarith

k and N-L-1 degrees of freedon, where N is the total sampl-e size, and k

Ís the absolute value of the difference betr¡een p ancl dfn * 1. This

procedure is outlined by Marriott (L97 4) and fa11s r{,ithin the general

fornat for testÍng the sÍgnificance of nultiple correr-ation coefficients.
A second pre-sirnuLation finding concerned rinnrs (1974) variation
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of Royts test (hereafter referred. to as I). IÈ was discovered in the

process of obtaining the tabled critÍca1 valuês, that reducing dfh in
the m argument could result in the critj-cal value increasing in sone

casés across roots, decreasing in oÈher cases, and even decreasíng, and

then Íncreasing agaÍn across certain sets of rooËs. The size pattern of
m across roots (and thence, of the cïiËical values) depeniled upon the

relative sizes of p and q. I'or exampLe, if p=3 .nU q=6, the value of the

m parameter for the test of the fÍrst root is I/2, Íot the second root

n=0, and for the third root m = - Il2. Here, as would be expected, the

size of the critical value decreases as successively snaller roots are

Lested. If, ho!¡ever, p=6 and q=3, then mr= L 1,12 whíle n, = 2. Fínally,
if p=6 

"ttu 
q=l-O, then Èhe vaLues of m associatect with the criticaL values

used to test the suecessiveLy srnaLLer sampLe roots are I, !/2, O, -L12,

O, L/2, a nonmonotonic sequence. Thís serÍous logical inconsistency Ín
F resul-ted in this procedure being eJ-íminated from furÈher consíderation

in the presef¡t study.

The principaL mode of presentation of the results of studÍes I
and II ís via the use of graphs depícÈing the behaviour of the four
procedures in various situations. As an aid to interpretÍng the figures,

esÈimates of the variability Ínherent in the data were carculated Ín two

different ways. In Lhe first, a facÈorial analysis of variance ¡¿as

performed on the percentage exceedance data for tesËs of the firsË root

in the nu1l case at a noninal signifícance leve1 of .05, The factors in
the analysis were: p¡ gr n and the test. The four-way interaction,

used as a residual- error mean square, was found to be 0.I2g basecl on 36
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degrees of freedon. (A sr.mnary table of this ANOVA as well- as tables of

rarr data are avail-abLe in a longer versíon of this report (Meredíth,

1978).) The approxinate standatd error of a point in the graphs is then

.llÐãZ = .377". caution ls therefore recomended when drawing conclu-

sions based on differences of less than .75 percentage points. Ol_son

(1973) points ouÈ that r¿hile such esÈimates are useful for assessing the

effects of the various independent varíabl-es rarithin a study, they do

not address the issue of hor¡ accurateLy the data are estünatÍng theore-

tical vaLues. For such comparisons it is useful- to caLculate the sÈand-

ard. errors of the proporËiona1 exceedance rates as ((a) (r-o)/rrn)1/2

rühere NR is the number of repl-ications, and d reflects the proportíon

of the replicaÈes exceed.ilg the critical value. Hence, when a = .05

and 5000 repl-ications Irere genetaËed, the sÈandard error of-the percent-

age daÈa Ís .31-. In cases where 1000 replicaÈions were generated, the

standard error is .69. l{heo inspecting flgures for tests of the second

root in the null case, .it shoul-d be reme¡nbered thaÈ the number of

replÍcations i-s real1y NR Ëines o, since tests of the second root onl-y

follow rej ectÍons of the LesL of À, , of rùhich approxinately a x NR

are expected. Tor example, if NR=5000 and s = .05, then the approxjmate

nuDber of expected replications for the test of l, is 5000 x .05 = 250¡

resulÈing in an approxinaÈe standard error for these data of

(250(.05)(.95))1/2 = f.:4. Accordingly, dífferences berr.Teen rhe Èesrs

in the figures for À, aÈ a nominal significance level- of .05 should be

Ínterpreted cautiously if they are less than approxímately three percenL-

age points.
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Study I. In this sectÍon are reported the resulÈs for the null
condltions, í.e., Lhe cases of no nonzero popul-ation eigenvalues, r,rheïe

the value of tr(Hx), the noncentrality parameter, is equal to zero.

tr'igures 1 through 3 present percentage exceed.ances of tabl_e¿l critical
values for the tests of the fi¡st two sample roots ã.t a nominal signific_
ance leveL of .05. DealÍng fÍrst r^rith the tests of À, r inspect.ion of
figures 1(a)' (b) and (c) reveals that, in nost cases, the partitioned.-

U (P-U) and H vere found to perform at around the 5% leveJ-, meaning

that Èhe enpírical- rej ection rate correspondeil ¡¡el1 r'ith the theoretical
1eve1. In contrasÈ, MaïríoÈtrs (1952) procedure (MR) and Ùfr r¿ere found

Ín general to be conservatfve, meanfng that enpírical o was belorü the

theoreticaL level, The satisfâctory performance of p-U and If r¿as not

surprising since these procedures are ín fact the overall V and Royrs

overall test, procedures r¡hoge operatLng characteristics have been

rarel-L documented. The consístency of the d.ifference between ?_U and ll,
and MR and I'D( Ís apparenr in figures 1(a), (b) and (c). To Èhe exrenr

that Ít is possible to nâke general statements about the individual

independent vari.abLes under r.nvesÈígation here, the for-r-owing concr-usions

seem r,rrarranted. The effect of increasing either of p or q is, in
general, to l-o¡¡er Èhe ïejectíon rates, especially for MR and l"Ð(. The

most marked effect of increasing n, Èhe ceJ-1 size, ís to jmprove the

perfornance of P-U especial-ly vhen p is large reLa!Íve Lo q, as in the

cases of p=6, q=3 and p=10, q=3, This finding ís not unexpecte¿l ín that
P-u was deveJ-oped as a large sampJ-e procedure. The effect of signifícance
level r¡as ent irel-y predictable in thaË rejection rates 

'rrere 
lor,¡er for Lhe
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smaller value of 0,, Since the fíndíngs for ¡¿=,01 were similar in form to

those for .05, only Èhe .05 results are presented since the rejectíon ïates

aË .05 are less sr¡sceptible to floor effects.

It r¡as thor¡ght possible that the effects of changing p and q on

the Èests trlight be due to the joinË influence of these factoxs ori s, the

uaximrrm possible number of roots. Accordingly, fíguxe 2 rrras drarlrn to shor'.I

for 1eve1s of n, the effect of s ori the percentage exceedance rates of the

four procedures. Inspection of fÍgure 2 serves to confirm the general

finding noted âbove that Íncreasing Èhe Eaximum possible dímensionality of

a problem lowers the rej,.ecÈion rates of the procedures, especially MR and

IÐ(. Further, it was found thaÈ wiLhin values of s, the rejection rate was

a decreasing function of q, the numb er of groups, and did not vary consis-

LenÈly r1,ith changes in p. Thís Eay well have been due to the influence of q

on dfe.

The performance of the four procedures as ËesËé of the second dis-

crimínant functíon revealed a considerabl-e change in their reJ-ative align-

ment. Figures 3(a), (b), anr<l (c) present thepercentage exceedance data

at a noninal signÍficance 1evel of .05 for the four procedures for all

36 conbinations of p, q and n ínvestÍgated. Whereas for Àr, the per-

formance of P-U and H was in sharp contrast r^'iÈh that of MR and lÐ(,

inspection of figure 3 reveals that, for Àr, it í" P-ü and MR which

díffer consistenÈly from the other tr4ro tests. Another general differ-

ence beÈween the resul-ts for l, and those for À1 is the lack of smoothness

in the curves for À, compared to those for À1. This is surely due at

least in part Èo the fact that the À, resuJ-Ès were taken as pro-

portíons of 5000 (or 1000 for selected conditions) while the À,
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resulrs trere Ëåken as proportions of 250 or 50 (5% of 5000 and 1000,

respectively). Hence the greateï variabilÍty of the estinates and. con-

comitanÈ l-ack of smoothness in the curves.

The caveaÈ notwíthstanding, the following conclusions regardÍng

the perfom¿rnce of these procedures as tests of the second discrimin-
anÈ function seen warranted. The ¡eader is referred to figuïes 3(a), (b),
and (c) for visual coïroboratíon of these conclusions. As mentioned.

above, P-U and MR are performing sinilarly as are lfi and II. In general-,

the rel ection rates of p-U and MR are cLoser to the nominaL l-evel- of
52 than are the raËes of lÐt and II. The rates for !Ð( and H are gener_

a1J-y conservative, particularly for l-arger val-ues of q. In contrast to
this findlng is the highly ånticonservêtíve performance of p_U and MR

in the conditíon r¡here p=10, S=3 and n=5 (percentage exceedances of l2Z

and, 27"/., respectfveLy), even alLotring for a standard error of these

points of 1.38. The Liberality of p-U rnay be d.ue to the fact Lhat it
Ís a large sanpl-e test, riaking Ít suscepÈib1e to sanpling error when n

is snal-J-, or r¿hen p approaches dfa , as in this. case. In terms of Ëhe

general effects of the independent variables Índividually, percentage

exceedance r¡as found to be a decreasing function of pi q, s and n.

The tests of À, at a = .0L showed very few rej ecÈions by any

of the tests since, even with 5000 replications, j.f the nominal rate
was operating one would expect only .01 x .01 x 5000 = .5 rej eetíons of
the nul-1 hypothesis for 

^2. 
The results for tests of roots 3 through

5 revealed onl-y a few rej ections by p-U and MR for À, at ci, = .05. No

other rej ections r,Jere detected.

Although these data ad.dress Èhe issue of Èhe relative propensity
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of the procedures exaníned to fal-sely reject nulI hypoÈheses pertainíng

to Èhe second discri¡inant furictíon, Ít r^ras of Ínteres! to deternine

nore precisely Èhe behaviour of P-U as a tesÈ for roots beyond the fírst.

This interest rtas generated by Harrís | (1976) claiu that the procedure

¡¿ouLd be conservatÍve in its evaluation of roots beyond the fj-rst. Accord-

ingly, 200 sets of 1000 replications were generated for conditÍon p=2,

Q=3r n=10; and 100 sets of l-000 repl-ícations !üere generaÈed fotî the case

of p=3, g=3¡ n=10. The mean percentage exceedance for the test of the

first residual- (hence, of Àr) was found to be 5.7% for Èhe trÀro variate

case, and 5.L7" Íor the three variate case. These findings strongLy sug-

gest thaË, for the cases exarnÍned aË least, P-U Ís rej ecting at or near

the nomÍnal rate for both the overall Lest and the tesË of the fiïst

residuaL.

Study II. The results reported in this section pertain to the

comparative powers of the four procedures to deLect nonzeto popuLation

diserimínant functions given various d.egtees and. patterns of muLLívarÍaÈe

noncentraLiËy. The first cases to be considered are those in whÍch Lhe

popuLatfon noncenÈrality l{Tas concenLrated in a single noncentraLity

root. Figure 4 presents percenÈage exceedance data for p=6 and cor
binations of q (3, 6 and J-0), n (5 and 10) and rhe mulÈivariare non-

centxality parameter (10, 40 and 90) at a nominal sígnifíeance 1eve1

of .05. Inspection of this figure reveals that in general, the tests

are performing aÈ approximately the same leve1. Exceptions to this are

the cases in which p=6, where II shorrs consistently greater sensitivÍty

to an intermediate l-evel of noncenrrality (tr(gx¡ = 49¡. A1l- of Èhe
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Ëests rej ected Ho in approxÍmaLely LOji! of the sanples when the val-ue

of Èr(if*) simulated was 90, at both noninaL signifÍcance levels of .05

and .01. The generaL effects of Índependent variables may be sumnarized

as foll-or¿s: percenÈage exceedance decreased r^ríth increases in p oï q

(hence s), and íncreased rarith increases in n, tr(H*) and a . The superior-

Ífy of H is consistent with earlíer findings cornparÍng V and Royts overall

tests among others (e.g., OJ-son, L974; Sc]..a:-,zoff, l-966b) r,¡hich inclicated

greater power for Royts test than for V to detect significant discríuin-
ant dimensions r¡hen all but one of the noncentralíty roots are zero.

The results for those cases in Írhich more than one population

root was nonzero shor¡ed a sJ-Íght realignment of the four procedures

from Lhe concentrated noncentrality pattern. Figures 5(a) to 5(e)

present percentage exceedances for selecÈed combinaLions of p, q and n

at a nooínal signlficance level of .05. Note rhat Ín cases where tr,ro lorizero
parameter roots tùere simulated, only two patterns are presented, equal and

1Ínear, sÍnce the linear and geometric patÈerns are identíeal for t!r7o

rooÈs. The consisÈency of the results presented Ís representative of
all- of the conditions simulâted at both nominaL signíficance l-evels.

The data for each successÍve root are expressed as a percenËage of the

ûuûber of sampLes in which the test of rhe preceding root rúas signíficånt.
lor example, if, for a given procedure, the Ëest of tr, is signiflcant
in 500 of the 1000 replications, then the percentage for the test of \Z

is taken as a proportion of 500, and not of 1000. Inspection of fígure

5 ¡ci1l reveal the following consistent ordering of the four proced.ures:

for all but the l-ast nonzero population root in any set, p-U is the nost
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powerfuL procedure follo¡¡ed by MR, H and IÐ(, with the l-åtter three tests

generally closer to each other than they are to P-U. For the test of

the Last nonzero population root, the alignment changes somewhat, with

MR slightly superlor to P-U, and both of these tests rej ectíng nore

frequently Èhan efther H or lrD(. !D( is unífornly the least powerful

procedure, partÍcuJ-arJ-y fot tests of roots beyond the first. In terns of

the effects of the independent variabLes tndividually, the follorring

general conclusions see¡n warranted: power Ís a decreasing function of p

and q, and increases !,ríth larger values of n, tr(Ek) and the nominal

significance 1eveL. The síze patteÌn of the roots was found Lo be a Less

pote[t factor than anticipated, lriÈh litt]-e difference evÍdent betr¡een

the Linear and geometric patterns, and slightly higheï rej ecÈion raÈes

for roots tested later in the equâL pattern, than in either of the other

two. The relatively snall size of this Last d.ifference underl-ines the

insensÍLivity of aL1 of Èhe procedures when faced with equaL sízed popu-

LaËíon rooÈs. In alJ- cases, the tesËs I"rere more sensitíve Ëo the first
root than to the second, more sensitive to the second root than to the

thlrd, and so on, despite the equal size of the paraneter roots.

In eval"uating Ëhe perfornance of the procedures under investi-
gatÍon in the noncentral case, one might be concerned with the comparative

frequency with which the procedures overesËiEate the true dinensionality

of a set of sample data. Stated anoÈher l,¡ay, one nighË ask: what ís

the comparative likelÍhood of fal-seI-y rejecting Ho , Àk = 0 afËer cor-

recLLy rej ecting H^ : Àr._1 = 0 , for the four proced.ures? DaÈa bearingO lC-I

on this quesÈíon r,¡ere examined in Èhe presenÈ study for cases in whích
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dimensionalitíes of two and three rrrere simulated. The resulÈs were

sinil-ar to those reported for the tests of À2 in study I, I.¡íth P-U and

¡4R rejecting aÈ or near the nominal rate, and, lÐ( and H rejecting at a

level ¡^¡e11 below the nominaL rate. In general, the likelihood of such

false rejections $ras å decreasing function of p and q.

CompuÈational Checks. In any simulation study ít ís imperative

to ensure that the daÈa generaÈion procedure is working properly, and

yielding reasonable results, In the present study thís r,zas accomplÍ-shed

by comparíng the reJ ection rates of BarËLettrs V and Royts overall

MANoVA tests to the anticípated theo¡etÍca1 rates in the nul-l case. The

direct comparison is feasible in the present study sirice no violatíon of

distributional- assumptions was incorporaLed Ínto the simulatíon pro-

cedure. !ùÍth few exceptions, the enpirical rej ection rates were fourid

to corresporid closely to the theoretical raËes. The exceptions Èo thÍs

generaL finding frequently involved BaÌtlett.ts V in cases r¿here n was

smal-l. Over alL combÍnations of p, g and n, the mean rej ection rate at

a = ,05 was 5.347" for V, and 5.1"/. fot Royrs test. Certåin comparisons

r¿ere aLso possibLe in the noncenËral case. SpecLfically, Roy (1966)

tabuLated values of the powêr function for V for values of tr(Hx) - 10,

40 fn the concenËrated noricentralÍty situation. Comparison wÍth the

results of the present study showed consÍstenÈ agreemênt Èo wj-thin

approxinately trùo percentage points.
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IJ l-S cu s s r-o rr

The overall rêsults of this study may be sumarized as folLor¡s ¡

in the nul1 case P-U and H closely approxl-mate the nominal type I

error rate, T,rhile ì4R and l"Ð( ate conservative as tests of the fírst

discrininant function. As tesËs of the second root (again in Èhe nuIl

case) P-U and MR perform at â level more consÍstent úith the nominal rate

than do H and lÐ(, which are again conservatl-ve. In the noncentral case,

P-U generally detects true populatfon dÍscrírninant funcÈions as

frequenÈl-y, or more frequentl-y than the other procedures. The on1y

mêJor excepÈi.on to thís is the concentrated noncentrality situaLion in

r,rhich H ís slightly superíor to P-U. The satÍsfactory performance of

P-U and II as ËesÈs of the firsÈ root in the nu1l case is noË surprisÍng,

sinee, as noted above, as tests of À, , these procedurês are, in facÈ,

Bartlettrs V and Royrs críterion, respectively. It Ís important Èo note

that neiËher of these procedures directly tests a nu1l hypothesi-s of

the forn 11 = 0, but are insÈead tesËs of the overall MANOVA nu1l

hypothesis, the rej ecÈion of which only indirectly i'nFlies that aÈ least

one population discri-ninant function 1s nonzero,

The results of the presenÈ study bear directLy on Harrisr (1976)

criticÍsÐs of P-U as l-iberal in lts evaluation of À, and conservative

in its eval-uation of smaller roots. . Unlike Ilarris' (1976) simulaËÍon,

the procedure enployed in the presenË study ís consistent liLth the null

hypoÈhesis tested by P-U, namel-y that the first k roots are nonzero !

r,ühile the remaining s-k are zero. Harris I (1976) sinulation tesËed a

nuLl hypoÈhesís of the foru À, = 0 , whÍch is not the nul1 hypothesis
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tested by P-IJ (Kshirsagar, 1972). Across al-mo st all conbinations of p,

q and n examined in the present study, P-U rej ected correct nu1l hypo-

theses (the nul1 case) at a leveL close to the nomínaL signifÍcance

Ievel. The môst noLeworËhy exception to Èhis was Ëhe case of p=10, q=3,

n=5 in r^¡hich P-U was lÍberal in íts eval-uatioos of both À, and

(especially) ),2 . The finding of a !27" rejection rate by ?-U (norninal

o = .05) for the Ëest of the second root in thi.s case (based on 151000

replications) refLects the instability of this procedure as p approaches

df" (here, 10 and 12, respectively). Only xt'e 277" rej ection rate of MR

under the same conditions was farther from the noninal rate of 5"t!. In any

event, it seems clear, on the basis of these resul-ts, thal P-U, cor-

Tectly appl-j.ed, is neÍÈher liberal in its evaluation of Xr, nor con-

servative in its evaluation of ì.2 .

The unsatísfactory performance of the procedure proposed by

Finn (l-974) docr¡¡oents the danger Ínherent in ad hoc solutions to problems

in inferential statistics. Not only clid !'innt s (1974) procedure lack

distTibutÍonal- theory support, buÈ iËs applÍcation in certairi situations

is c1-earLy illogical due to the degree of freedom problem discussed

above. Users of the widely-distributed multj-variate anaLysis program

MULTMRIANCE (I'inn, 1972) shouLd be an¡are Ëhat this procedure is in-

cLuded as part of the discrimínant analysis output (val-ues of s, m and

n are printed for each discriminant functÍon), and should ígûore thÍs

infornation rûhen fnËeÏpreting theit results.

A príncipâl aÍn of this research project rras to atterpt to

provide guideJ-ines for researchers who r¿ished to deÈermine the number of

rel-iable discrÍ.ninanË functíons present ín their data. (An example
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applícation of the fglr procedures considered here is províded in

Meredith (1978).) The overr¿helming recomtendation is to use P-U pro-

vided Lhat df. ís large relaÈive Ëo p. Across all combinations of p' q

and n invesLigated (except p=10, dfe = 12) P-U was found to be neither

unacceptably liberal nor conservative in íËs rate of false rejections

(type I error rate), and to have adequate Power against a variety of

alternative hypotheses. In addition to these factors P-U has dístribu-

Ëiònal theory support, ls widely available in statístical program pack-

ages, and references the chi-square distributÍon (availabLe i-n most

statisti.cal texts) in a straightfonrard and sinple nanner. Thls last

consideratíon casts II and MR ín an unfavourable light since use of the

published tabies of the greatest characterÍstic root distributÍon (for

H) often requíres substantial ÍnterPgl-at.ion, and occasÍonâl-l-y extra-

polation, $thile MR requires calcul-ation of non-íntegral degrees of free-

dom for referencing the chi-square critical values, agaÍn atíth frequent

interpolation. It seens reasonable to recomend agains t use of l"D(

since it lacks distribulional theory suPPort ' Îúould be tedious to apPly

in that two sampLing distributlons vould have to be referenced, is con-

servatÍve ín terfÂs of type I error raten and lacks power.

As noted above" tlie performance of ?-U deteriorated as p ap-

approached dfa . Several- possible Ëacks to foIlor¡ ín such situations

Ðight be a) use P-U but with a more stringent significance 1evel (say

.01 instead of .05) Ín order Ëo reduce the probabilíty of over-iuter-

preting the number of discrininant functions PresenÈ in onets data;

b) attenpt to reduce p by, for exarnpLe, perforning a priocipal
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components analysis on the dependenÈ varÍahles prior to the MANOVA;

c) increase n; or d) eliminate dependent varl.ables on the basis of

theoretíca1 importance or ínterest.

The recomendation of the present study to euploy P-U musË be

tempered r"rÍth the foJ-J-owing consideratÍons. Importantly, the present

study sÍmulated data in which alL distributional assuDptions lrere satis-

fiecl. Further research,wilJ- be requlred to determine r{hether the pro-

cedures consldered here are differentl.ally sensitive to assmption

viol-aÈion. Certainly rhe resulÈs reporred by Olson (1973, 1974) indi-

cate thaË both V and Royrs overall tests are sensitÍve to vÍoLations of

the assumption of population varÍance-covariance D,atrix homogeneÍty.

It is not cLear ¡,¡hether these findings can be extended to ?-U and Il,

but in vÍeli of the probabJ-e hÍgh frequency of vj.olation of this assump-

tion, this question r¿ould. seem to r.rarranÈ examination. Anotheï charac-

terfstic of the data simulaÈed in thís stucly which is likely atypical

of rrealt data is Èhat all- groups were equal Ín síze, and the data were

coropleËe (i,e., no data were nissing). A conpl-ete evaluation of the

perfornance of P-U and the other procedures would require simulation of

toixed ceLl sizes and the application of several procedures to coorpensate

for û.issÍng data.
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IITERATURE REVIEI\I

In the past, research Ín experimental psychology has typÍcally

involved investigating the effect of one or more manipul-atÍons or

treaÈuents on only ofre outcome Deasure or dependent varíabl-e, This con-

centration on a single depend.ent varíable defines the unívaríaqe approach.

ro contrast, the mul-tivåríate approach simultaneously investigates the effects

of Èhe manipulation(s) on Ë!l7o ormore tlependenf variables. The univaríate

approach has predorninated despite general recogniËÍon among researchers

Èhat any €!íven treatEent is lÍable to affect ûìore than one aspect of

Ëhe subjecËsr behaviour.

Although the basic prineiples of rnany multivariate anal-ysis

procedures were r¡orked ouÈ by niathematical statísÈicians severaL

decades ago (e.g., Fisher, 1936; Hotelling, j.936; Rao, 1948), rhe

appLication of these procedures to social science research has only

becone wÍdespread during the last decade or so. A najor factoï in the

inereasing popularÍty of multÍvariate techniques is, Irithout doubt, the

proliferation of digi.tal computÍng facilities, and the concurrenÈ avail-

abilÍty of statistlcal program packages such as SPSS (Nie, HuJ-l, Jenkins,

Steinbrenner and Bent, 1975) and BMDP (Dixon, 1975).

As more textbooks on multivariaËe analysis are rnrrÍtten fot

social scientlsts (e.g., 0vera]-L and KLett, 1972; Tatsuoka, J-971; I'ínn,

19743 tlanís, 1975), the rationale and procedures for applying multi-

varíaLe analysis of variance (MANOVA) are becoming ÍncreasingJ-y familíar
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Èo psychological researchers. The greater complexity of mulÈivariate,

as opposed to univariate procedures, v¿hich resul-ts froD the multÍdimen_

sional nature of Lhe analysis] aeuancls thaË researchers be sênsÍtive Lo

a number of proced.ural choíce points which they face. For exàmpJ-e,

several statisÈics are available for use Ín testing the overall hypo_

thesis in MANoVA. Fortunately, the results of simulation research

such as those teported by Olson (L92l ) enable practiÈioners to E^ake

reasoned choices v¡hen no sÍngJ_e procedure is uniformLy preferabJ-e.

The overall nu1l hypothesís i.n MANOVA allu<Ied to âbove can be

stated for a one-r.zay (singl-e factor) design as: the p-element popula_

Èion group rnean vectors are identieal for each of q groups, where p is
the number of dependent vâriabl_es. Rej ection of this overall nulL

hypothesis, given a sÍgnificant multivariate test staËistic, iûplies to

the researcher that the mean vector associated lrith at least one of the

q factor levels dj-ffers from the otheïs (in terms of the populaËion

parameter vecËors). ofÈen however, this general finding vil1 not

answer al-r of the researcherts questíons about hís data. He ûãy r{ant to

knor¿ which of the p dependent variabLes are conÈribuLÍng signifícantly to

the mul-ËÍvariate differences among the level-s of the facÈor. A number of
procedures are currently available for addressing this question. The

simpLest ptocedure involves evaluatÍng the size of the univariate ANovA

I-For exanple, given a four group design with two dependent
neasures, groups 1 and 2 night differ from groups 3 and 4 on the first
dependent varÍabJ-e, whi.Ie on Èhe second variabJ-e, groups 1 and 3 coulddíffer from 2 and 4. rn this câse, there night be saíd to be thro dimen-
sions of dífference ín these data: dimension L differentiaÈes groups
A and 2 from 3 and 4 while dimension 2 alifferentiates gïoups t ãn¿ à froru2 and 4.
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F staLÍstics for each dependent variable (Cramer and Bock, 1966).

Another approach involves the calculation of step-down or residual F-

ståtistics (Roy and Bargnann, 1958). It is the applicabilíty of a

third procedure, linear díscrÍmÍnanË analysis, ¡shich is addressed by

the research described here. (¡.or a review of this procedure, the

reader j-s referred to Huberty, 1975.) Specifically, several procedures

for determining the number of sj-gnificant dimensíons of difference

present in a set of multivaríate mean vectors are compared. The broad

aÍms of this research are to corment on the Ëype I error rate and pohTer

characteristics of the procedures cornpared, and, thereby, provide guide-

lines for the practiLioner which will enable him to analyze hj-s multi-

variaÈe datâ in ttre manner which besË addfesses his research interests.

The MulËivarlate l,inear Model

It is necessary at this point to introduce the model underlying

MANOVA, and the notatÍon ro be employed through this paper. The nulti-

variate linear model for a one-way fixed effects desígn is defined as

fo1loü's :

Y=Xß+e (2.1)

Ywhere ,, - is the observation matrix consisting of a p-elementNxp
response vector for each of N subjects.

X is an N x q design maËrix specifyÍng the mulÈivaríate lineår

model components associaLed wíth each of the q treatment 1eve1-s,

$ is a q x p matrix of paraneters representing each variatets

overall mean in Lhe population, and lhe q - 1 fixed treaLment

effects, and



46

a is ån N x p error matrix r4Those rows âre assumed to be

randomly saltrpld frorn N (0r, 3), that is, from a p-varÍate
lxp pxp

norroal dístribution T,rith covariance uâtrix 3 and the null

vector as mean.

The prinary assumptions of the model can be reworded succinctly in terms

of thê obsèrvati-on må.tri.x Y: the N row vectors yr. are assuüed to be

independent sampl-es from a ûrltivarfate normal distrÍbution vith a

coúmon varÍance nâtrix 3 (01-son, 1973).

In order to help clarify the meaning of the components of equa-

tion 2.I the fol-Louring synbotic expansÍon is provided. Given N = 6

subj ects randomly assigned to one of three level_s of treatment A (q=3)

such that o1 = 2, nr= 2 anð, n3= 2, and p = 4 dependent varíab1es

- measured on each subject, the fixed effects línear model Intould take the
.form:

Y=xßore
6x4 6x3 3x4 ' 6x4

A1

A1

A3

A3

Y1t Yt2 Yr-¡ Yt4

YzL Yz2 Yz3 Yz4

Ygt Y32 Y¡¡ Y:4

Y4t 
"42 

Y43 a44

Y51 Y5z Y53 Y54

Y6t 
"62 

Y6g Y64

u(r) u(z) u(3) u(,+)

dt (t ) 0t (z) al (s) ar (,+)

ùz(t) az(z) az(s) cz(¿l)

*. p subscript in

parentheses

I
1

1

1

10
L0 1.1 r...er4

N2

^2

0l_

01
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1
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Hence, takíng Y3r, for example, and performÍng the XÊ nul-tLplL_
catfon, the equaËion fot Ëhi-s particuLar score would be:

tr, = (l)r¡s) * (o)or(:) + (l)cr,r, + e'

= u (:) * oz(:) "33

To take a second example

"uo 
= (1)uç+) + (-r)ar,o, + G!).-rro, + euo

- u(¿) * ot (+) * oz(4) I t64

EquaÈLon (2.2) dernonstrates an important characËeristic of fixed
effect lÍnear nodeLs, nanely that the effect associaËed with the qth
level is equaL to:

q-l-
X s.

1 (2.2)

indÍcatÍng that Èhe q treaÈment effects sum to zero.

MANoVA Tesr SrarÍstics

As noËed above, the overall nuJ-l hypothesis to be tested via the
I'IANoVA is thaË of no diffetences among the population group mean vectoËs.
As pointed out Ln many sources (e.g,, Tatsuoka, 1971; 01son, 1976) any

of several tesÈ criteria may be used to perforu this Ëest. The mosÈ fre_
quently menËioned of these are: lüi1ks I Likelíhood ratio (!¡il"ks, 1932);
Royrs largest root test (Roy, 1945) ¡ Ëhe Lår.rley_Hotelling trace criterion
(LawJ-ey, L938; HoÈetling, 1951) ¡ and pilJ-ai's rrace crirerion (pÍJ-1ai,

-ft
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l-955). ImportanÈly, all of these statistics are functions of the eigen-

values or laLent roots of the Eatríx pïoducË E-lH rh.t" E is a sample

estimate of the p*p withi-n groups or error sum of squares and cross

producEs (SSCP) natrix, X, and H Ís a sample estimate of the pxp betrrreen

groups or h)pothesÍs SSCP natrix, M. The maximum possíb1e nunber of

nonzero eigenvaLues for any given [-\, denoted s, ís equal to the

lesser of p, the number of dependent varíabLes and dfn , the hypothesis

degrees of freedom (here, q-1). Ilence

s = min (p, dfh). (2.3)

Table 2 presents formulae for the MANoVA statistics 1ísted above Ín

Tablez . Four Test Criteria for MANoVA

Synbol Crf.terion
Descriptive Label- and in terms of

of CTlterion Range È-l¡f
9",

Royrs l-årgest 0 < R < 1 ---=--!-root 1 + gl

€;

HoteJ-lÍngr s 0<T<- tC.
Èrace 1 a

s
i{ilks I likelihoocl O<U<1 tt *ratio 1 r+li

s 9'-
PiLlai's trace 0<P<s t T+[.11
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Ëerms of Lhe latent root -1:s of E -H (denoted 1,.). The null case is repre-

sented by the sÍtuatíon in r,¡hich a1l- of a possibl-e s roots are equal- to
0. It r¿ilL be convenient here Èo inÈïod.uce the s x s diagonal natrÍx
.A rnrhose elenents are the roots of :-\ 1"or. or all of which nay be

zero) :

À.
l_

sxs

Inspection of TabLe 2 rüill reveal that all of Èhe statistics enployed

to tesË the overalL null hypothesis utilÍze a1-L s sarnple rooÈs, with Èhe

exception of Royrs test which utllizes only the first (largest) sanple

root.

Linear DíscrinLnant Analysís

Irrhile the sÍzes of the overall MANOVA test staËistfcs clescribed

above are ínfLuenced by ei.ther al-l r (< s) nonzero sampl-e roots, or by

only the first (J-argest) sanple root (in the case of Royrs test), dis_

crÍminant analysis involves testÍng the significance of each nonzero

rooË indivÍdually. The r nonzero eÍgenvalues of E-ltt, denoËed

9,7, !'2, ..., L,, are imporÈant for discliminant anaLysis in tr,ro major

ways. Specifically, there is associated rrith each nonzero .{,, , a

p-elemenÈ vector of discrÍ-ninant function coeffji.cients denoted v. , which

. ).2



are defined such that r,¡hen each of

by its corresponding discriminant

posite variable Yr, , as
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the p orígínal" variables ís nultÍplied

function coefficíent Èo yield a coE-

Yr. = v. X
f-1 (2.4)

where X is a p-elenent vector of raw scores,

the ratio of the hypothesís sr¡m of squares to the error sum of squares is
mâximized. Thís ratío of hypothesís to error components, caLLed the

determinantal crÍteríon and denoted 11 r can be expressed in teïms of the

rar¿ variabLes as

v.Hv'. / v.Evr. (= À.) (2.s)

SuccessLvely deríved discriminant funcÈions sâtisfy the same criterÍon

subj ecÈ to the constraj-nt that each rne¡¿t díscrirninant function be

uncorreLated. (in the total- sauple) r{ith those alreacly clerived. The

maxÍmization procedure results in the extraction of the sampLe toots

Ín decteasing order of ûagnitude. Hence, the first sample toot ís
alÌrrays the l-argest of the r nonzero roots,9., is the second largest, and

so on.

Interpretively, the r discriminant functíons associated wiÈh

each nonzero .c. (r¡here r is the rank of U-1u) can be thoughË of as

representing 'dÍmensions of dífferencet among the q groups in Èhe p-

variate test space. The potenÈial existence of more than one dimension

of dlfference (provided p > 1 and q > 2) reflecÈs the fact that the
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mean of any given group can differ fron that of any of the other q - 1

groups on any of the p dePendent variables. In general, íncreasing the

dífferences among the grouPs on the dependent vari-ables, and decreasing

the degree of Íntercorrelat ion (r"ithin group) among thè variables ' wi'll

tend to increase r (to a maximum of s), thereby increasÍng the dinen-

sÍonality of Ëhe tesÈ space required to represenÈ all of the dÍEen-

sions along which the groups dÍffer. As mentioned previously, the maxi-

nurn value which s can attaín is the lesser of p and q - 1. Hence, in

sítuations where only Èrnto grouPs are being coropared, only one discrimin-

ant function Ís possible, the significance of r¡hich can be tested by any

of several statístics incluclíng Hotellingrs t2 (tiotell-Íog, 1931) ' i'ti-lks !

likelihood ïatío (ilÍlks, i"932), Royrs test (Roy' 1945) and the l,ar, ey-

HoteJ-ling trace criteri.on (Lawley, l-938; HoÈelling ' 1951). As Ti@r

(1975) points out., iû the trto sample cases (where s=l-), these statistics

are equLvalent.

In cases rrhere the reduced dímensionality of Èhe test space ûay

exceed one, the researcher is faced with the problern of decidÍng how

many r of a possíble s sample discrimÍnant functions are íûportant in

the sense that they represent rel-iable dímensions of difference Ín the

populatj.on. Huberty (1975) couments that 'iÍn the l-Íterature ' thê Plocess

of testing the signifÍcance of a functíon has been lacking in cl-arityf

(p. 548). The method whieh is recomnended by most aurhors of multL-

varíate texts r,¡ritten for behaviouraL scientÍsts (e.g., Tatsuoka, 1971;

Timn, 1975; Overal-l- and Klett, L972), is a procedure fírst suggested by

Bartlett. (1941) called the "partitioned-U" sequenËial procedure. The
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"U" referred to here is Wilksr lambda criterion, Lhe ovèrall MÄNoVA

statÍstic discussed earlier. As shornm ín TabLe 2

s-
',rfu - t+ 9". Q.6)a=-t a

where the g- are the sample eígenvalues assocÍated $rith the suceessively
l-

derived discriminant f urì.cLions. In essence, thê partíËioned-U procedure

tests Èhe sÈatistical sígníficance of each function by evaluating the

size of Lhe resídual U's after successive .Q,. have been subtracted. This

procedure and oÈhers r¡i1L be described Ín detail beLow. Suffl"ce iË to

say at this point Èhat despite the apparent popularity of the parÈí-

tíoned-U procedure among r¡rriters of both texts and packêged statistical

progïams such as SPSS (K1ecka, 1975), MANOVA (CLyale, 1$[9) ancl MU].TI-

VARIANCE (Iinn, J-972), there is less than complete agreement ås to its

logical a;d statistical vaJ-idity (Harrís, 1975; Harris, 1976). The nexÈ

sectÍon of this paper víJ-L describe the severaL approaches currenËly

available for testing the significance of indÍvidual dÍscriminant

functi.ons, and elaborate upon any criticísms of these procedures whích

have been published to datê.

The Test CriLerÍa

Royrs Largest RooÈ Test. ThÍs sËatistic, whi.ch was introduced

earlÍer (see Tabl-e 2) is general-Iy considered to be a test of the overaLL

null hypothesis of equalÍty of populatíon mean vectors across q groups

(q ¿ 2). As is evidenË from Ëhe formuLa for this statÍsLic (reproduced
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for convenience below), in its I'classicalrr form, only the largest san¡ple

-leigenroot of E -H, !,, , ís involved in its computatíon. Hence, as a

ËesË of the fÍrsË dÍscriminant function (Lhat associated níËh ¿l) ,

Roy's crLterion, R = -+-- e.7)iúl -t- _L

r¡hich is compared Ëo the criticâ1 value of Èhe grêatest charâcteristic

roor distriburion (Pil-LaÍ, 1965) with the foJ-lowing paramerers:

s = min (p, q-1)

m={[e-arnl-utz
n=(df"-p-I)/2

where dfn and df. are the degrees of freedom for hypoËhesís and error,
respectively.

As a test of Èhe signlficance of discrÍninant functions other

than the first, Harris (1976) and fÍnn (1974) recomend using Royrs

crÍterion on roots 2 through s, but vrith reduced. values for the degree

of freedom patameters. Specifically, Harris recomnends that the value

of s be set equâ1 to s-i, ¡¿here Í is the number of functions alreaily

Èested' q7hí1e n and n renaín unchanged from the values employed in the

overalL test. Finn, on the other hand, would leave s unchanged but ¡¿ouLd

reduce dfn and df" (in the m and n arguments, respectively) by one for
each prior functíon tested. Hence, â test of the second sarnple discrímÍn-

ant functíon, .Q,, , using these procedures would reference Èhe tables of
the greatest characteristic root dístríbution (pi11ai, 1965) with the

parameter val-ues shor,m Ín Table 3.



54

Table 3. Degree of freedom parameters for referencing the greaËest
characterístj-c root disLribution to tesÈ the significanceof 

^2 
(hence i*1)

ilarrÍs (1976)

s-1
( fn-arn | -t t z

(d,t"- v-L) I z

. linn (1974 )

S

( 
le- 

(drh-l)l -1) /2

G.f"- v-2) / z

Finn presents his procedure r,Tithout corEuent. Harris, however,

notes thaË the tests of ïoots other than the first r,¡í11 be conservative
since "this procedure d.oes not take into account the capiËalizatíon on

chance which Leads to the fi¡st sample root's rabsorbingr a larger
share of the total (degree of relaLionship) than does Èhe eorresponding
population roottt (1976, p. 363). This conclusion is based on a lbgÍcal-
argunènt, and has not, Èo date, been empirically supported. In fact,
simulation data on Èhe type I error and. pol^rer characterÍstics of these
tests are unavail-abLe for either Harrisr or Finnrs procedures.

The PartLtioned-U procedure, As mentioned above, thís procedure

r,rras first suggested by Bartlett (1941) and has been adopted as the
nethod of choice by the ,naj ority of current mur-tÍvariãte texÈs

(e.g., Tatsuoka, J-971; Overall and Klerr, 1972; Finn, 1974; Timn, 1975).
One approach to testÍng the signífj-cance of a glven value of U as a test
of the overall nu11 hypoÈhesis involves calculating BarÈl-ettrs v statisLic
as

v = [n-r-1p+c) / zl 1nu (2.8)
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r¿hich is distributed approximately as a chi-square rríth p(q_1) degrees

of freedom. The fâct that successive diseriminant functions are un_

correlated allor¡s for the following alternate fornula for V expressed

in Ëerms of Èhe aonzero eigenvalues associâted \ùith Èhe firsÈ r discri_
minant functions:

rv = [N-I-(p+s,)/ zl ¡
i=1

ln (1 + !,. ) (2.9\

Because Ëhe successive terms J-n (1+gr) in this expression are statistíc_
a1ly independent (assumÍng muLÈÍvatÍate nornality of Ëhe original p

variabJ-es) the addl-tíve componerits of V are each approximately distri_
buted as chi-square variatesrrith p + q _ 2i d.egïees of freedon.

The partitioned-U procedure per se, then, involves Èhe folLowing

steps (as outLined by Harris, 1976):

(1) Test the overaLl nu1L by comparing V ro Xzo vith p(q-l)
degrees of freedom. If IIo overall is not rejected, it is concluded that
none of Ëhe discríninant functions are statistically significant, and

testing stops. If, however, thls nu11 hypothesis is rejected, then at
least the fÍrst dlscrínínant function is considered significanÈ, and

Èhe researcher proceeds Ëo step 2.

(2) Tes! the significance of the resid.uaL after sûccessively

removing the first k discri-minant functions. As soon âs the residuaL

becomes smaller than the critical value of the approprÍate chi._square d.ís_

tribuÈion, it is concluded that only these first k functions are signifi_
cant (at thaÈ o leve1). The successr.ve test statistics and their associ-
ated degrees of freedon (as shown ín Tâtsuoka, lrgTl- , p. J_65) nay be
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su¡mârized as follol.rs:

Residual after
Removíng

Tirst discri.minant
function

Iirst 2 discriminant
funcËion

Iirst 3 discriminant
funct ion

:

Approximate
X2 Statistic

u.u,

v-v1 -v2

u-u1 - vZ -v3

DegÌees of
Freedon

p(c-l) - (p+q-2)

= (p-1) (s-2)

(p-1) (q-2) - (pts-4)
= (p-2) (q-3)

(p-2) (q-3) - (p+s-6)

= (p-3) (q-4)

The largest number of sígnÍficant discriminant functions which

is possible in a gÍven set of data is s = min (p,C_l). TypÍcall-y, Ëhe

number of functions which prove ãignificant (k) r¡Ílf be l-ess than s.

The remaining s- k dímensions can be regarded as imateïial for popula_

tion dffferentiation sínce any sarnple differences along these dimen_

sions can.be attributed to sampLÍng error. The practical experience

of two researchers leads Èhem to report that kÍs very se]-dom greater
than Èrüo (Huberty n 1975) or rhree (Olson, L976) in eilucational/
psychological research.

Despite its seemÍng popularity, the parÈitÍoned-U procedure is
not wiÈhouÈ its critics. In partícular, Harris (L976) has argued that
this testLng sequence is both logically and staËÍstica11y ÍnvalÍd. The

dissatÍsfaction with the J-ogic of the procedure centres on Ëhe fact Èhat

the significance of Ëhe first cliscrirninant function is never directLy
tested' rnstead, it ís inferre¿l on the basís of the overall test that
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necessarily be the fírsË (the Largest). Iiarris argues that Lo tesË the

significance of 9-r, it is necessary to refer to the sampling distri-

buUion of largest roots, namely, the great.est characteristic root

disÈribution (Pi11ai, 1965). To support rhis posirion, tlarïis ciËes

Bartlett (1941-): 'rfor any test on [the population value of the latgest

rootl r{e have litÈ1e choice but to consíder tl, , tfre largest sa¡nple

rooÈlrr (p. 30).

The sËatislically-baseit cÍitÍcisns of the partitíoned-U test

focus on Ër,zo dístinct issues. The firsÈ concerns the parÈitioning

procedure iËself. Ilarris (1976) provides simulatíon data whj-ch suggest

that the use of the partitioned-U procedure Èo evaluate Ëhe signifi-

cance of the largest. root (in the nulI case, i.e., where the populatÍon

roots were all zero) led to type I error rates (false rejectÍon of Ho :

If = 0) as high as .61 when the nominal rate r{âs set aÈ -05. HarrÍst

(L976) Table 2 is reproduced beLow as Table 4 ro provide a complete

pLcture of his findings. trIhile these data were obtained from slmulated

canonical correl-ation results, their extenslon to MANoVA l-s justÍfied

on the grounds thaÈ both analyses fa11 within a general linear model

framework-
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Table 4- Empirical estimates of type I erïor rate c for Royrs. largest rooË test, the parÈÍtioneal_U (p.U.) test ;f f, -and hlilks' lambda overal-l MANOVA test (HårrÍs, Lg76).'

s=2
Test o = .05

CrLtical Vâ1ue Z Significant

c = .01

Critical Vâ1ue Z Significant

.06934 L.2
,06331 2.2*x

. .92052 L.2.93986 5.8

Roy?s

P. -U.
I{i1ks I

Royr s

P. -U.
lJilks I

. 05151-

.04566

.19263

.13831-

.s26L9

6.4

9. 0***

s=10

2-O

61.0

1.0

.2L533

.16309

.497 2s

0.5

24. 0***
0.0

*Signi-f icantly dif f erent
** SignÍf i-cantly dif f erent

***Signif icantly dif f erent

from the nominal cr rate at Èhe .05 LeveL
from the nomÍnal o rate at the .0L leve1
Erom the nominal o rate at the .001 level

0n the basis of these fínclings, Harrís argues that sínce Èhe

PartÍtioned-U procedure consistently overestinates Èhe sj-gnÍficance of
11, ."iL rnzoul-d seem absurd to claim that subtracting thf.s grossly infLated
estínate of the conÈriburÍon of [ÀrJ to tV] . would l"eave us with a

sÈatistÍc which, a) truly represenËs that portion of the reLatÍonship
(between group membership and the dependent variables) sunrnarized by

[V] which is not accounted for by the fírst ldiscrÍminant functÍon];
and, b) is distribuËed as a chi-square wÍrh tp(S_l) _ (p+q_2)l degrees of

'
freedom (Harris, L976, p. 361).
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Unfortunately, it seems clear Èhat Harris has not used the proper

simulatíon procedure to examine the partitioned-U procedurers ÈesÈ of À1

l.Ihat Harris has done, Ís to assume that since Ëhe components of V are

independently chi-square dístributed, then the staÈistic associated with

eactr of the L- could be used to test the nu11 hypothesis that each l. = 0,a -' i
by conparing each statístic to the chi-square dj-stribÈuion rarith pt-2Í
degrees of freedom. One possible reason for the lack of âgreement regard-

ing the appropriateness of the parÈiti-oned. procedure may be the exisÈence

of sone confusion about the exact hypotheses bej-ng tested. Kshírsagar

(L972) rnakes a partÍcular point of stating that the hypothesis being

tested at any gÍven poinË follor,rj.ng rejection of the overal_l nu11 hypo-

thesis, i.e., for any value of i, ís the fÍrst í population roots are

nonzero, r^thÍle the renåining s-Í are zero. He poínËs out that this
hypothesis is correctly tested by evaluaÈing the size of Ëhe statistíc
associated r.rith Èhe s-i remâinÍng roots as a X2 wíth (p-i) (q-1-Í) degrees

of freedom, and noÈ by evaluatíng the statistics associated rrÍth just the

i roots Índividuall-y. Accordíngly, Harrisr assertÍon that the parti-
tioned-U procedure is liberat Ín iÈs evaLuaÈion of the significance of
À1 Ís neither supported nor refuted by the sinulation results he reports

since the nul1 hypothesis that lr=0 is eval-uated indirectly by the over-

all test and not by evaluatlng the si,ze of a V statistíc based on .1,1

alone (as llarris díd).
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Harris' second staÈistical- basis for criticizing the use of the

partítíoned-u procedure stens fro' the fact that the ord.ering of the
-lsample roots of E -H (in terrns of size) Eay not correspond to the oïder_

ing of the popul-ation ræts r,üÍth the result that sanple roots ¡nrhich are

"out of order" are not evâluated against the correct chi_square dÍ-s_

tributÍon (as determined by the degree of freedorn parameÈer). WhÍLe

Harrisr argumenLs concerníng both thís order problen, and the lack of
any dÍrect Lest of À1 in the païtíÈioned-U procedure are not logícally
unappealing, an empirical deterninatÍon of a) the ïelative frequency of
noncorrespondence (in terms of sÍze ordering) of the sampl-e and popula_

tion roots, and b) the relatlve frequency of a significant overal-l-

Êest beíng foLlowed by a nonsignificanÈ test of 11, woulil shed some

Iight on the practícal irnpoitance of these problems.

Harrlsr (1976) MíTed procedure. As an alÈernâtive to Èhe use of
Royrs criterion for testing roots other Èhan Èhe first (see above) Harris
(1976) has proposed a procedure which conbines the partitioned-u test
and a varj.âtion on the largest root test. The steps ín this rraixed r

procedure are as foLlows:

(1) Tesr

P (q-1) degrees of

that there is at

to sLep (2). If

testing stop s.

(2) Test

the overalL null hypothesis using BartLettrs V wíth

freedom. If this nu11 hypoÈhesís is rejected, concJ-ude

least one sígnificanÈ discrimÍriant functÍon, and proceed

the observed V does noÈ exceed the critical- value,

the signÍficance of the largest popuJ-ation roo! by
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compåring lt to the tabled critícâl value of the greatest characteristic

root distributíon with values for s, E and n câl_culated in the manner

described above. If thÍs test achieves significance, conclude that th'e

popr¡lation val-ue of À1 does not equal zero, and. proceed to step (3).

Otherrrise conclude that the nature of Èhe relationshíp betr,reen group

nembershíp and the dependent variables cannot be specifieil, and. stop

testÍng.

(3) Test the hypothesis thaÈ the renainÍng s-i population roots

are all equal to zero by conparing

v= ttq-r- (p+s) / zl Ï rnlr+øo)
K= i+l

(2. r0)

to X-d nith (p-Í) (q-i-l) degrees of freedom. If Èhis Èesr faj-Ls ro

achieve signífÍ,cance, conclude that only the first i population ïoots

are nonzero. If it achieves significance, conclude that not all of the

last s-i populatÍon roots are zero, and proceed to step (4),

(4) Tesr rhe null hyporhesis rhar the Í + lth populatÍon root

ís equal to zero by corûparing R.+1 to the greatest characËerisÈj_c root

distrÍbution with sr = s-i, If nonsignlficant conclude that the naÈure

of the relationship associated ü7ith the last s-i roots canooÈ be speci-

fied. If significant, conclude that the itlth discrininånt funcÈion

is nonzero (in the population), and return to step (3). Steps (3)

and (4) are repeated unËil a nonsignificant test terminates Lhe proce-

dure, or untí1 i=s. I'igure 6 presents the steps in this procedure in
flow chart forn.
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Figure 6. A flo¡¿ chart showing the sreps in Ëarrisr (1976)
procedure for testíng roots 1 through s.

all s roots been tested?
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Harris coments that this proced.ure mighL prove frustrating
since conflicting conclusions might be suggesteal by the results of
different steps in the procedure, For exanple, a sÍgnificant V, r{rhich

ín Èhe conventioûal pârtitÍoned-u procedure voula be considered suffÍ-
cient to rejecË the nu1l hypothesis that a1l- s rooËs (includÍng the
largest) are zero, night in step (Z) be contïadicted by a nonsÍgnificant
largest root test (of À1). A simÍlar tl?e of situâtion could occur

betr,Teen steps (3) and (4). The reason foï these seening d.iscrepancÍes

ís that different sanplÍng distrÍbutions are being refe*ed to by the
different lests, making thís procedure nonconsonant (Ín GabrÍelrs (1969)

terns).

MarriotÈ's (1952) procedure. 
- MârrLoÈÈ (L952) proposed a varia_

tion on the partitioned-u procedure which both takes Ínto åccount the
possibílity ÈhaÈ the orderÍng of the sanpLe roots does not correspond

to the ordering of the popul-ation roots, and provides a dÍrect test of
ll . The procedure ínvolves the follor^líng steps:

L) Test the hlpothesis Ho .: 11 = 0 by evaLuating rhe sígni_
ficance of

v1 =-[N-1j(prq)/2] 1n c1

as a X 2 variate r¡ith degrees of freedom equal

p + q - 2 + rlz lþ-t)(s_z)j 2/3

(2.r1)

2) Test the hypothesis that À.+1 = 0 when the previous i roots
have been shoqm to be significanf by evaluating
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vÍ= - [N-1- (p-i +q-í) / 2] 1n r., (z.rz)

as " X2 varíate with degrees of fr".do,
p - i + q - i - 2 + t/zt@-í-t)(q-i-2)12/3

step 2 Ís repeared r,ÍÈh i. increasing untÍl either nonsi.gnificance is
obtained or i=s. Marríott (1952) reports some data indicatÍnp¡ that thÍs
procedure performs well when p is sna11 (4 or less) but nay become

liberal as p increases. The validíty of these assertions has not,
before the present sËud.y, been put to an empirical test..
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APPENÐIX 1

THEORETICAI, CRITICAL VALUES

Tables A to E present the theoretÍca1 critical
vå1ues eûpl-oyed in both the sverall MANOVA tests,

and Èhe tests of individual discri-nínant funcÈions.

No critical values are presenÈed for r.inn's (1974)

procedure for reasons discussed in the text. Four-

and five-point Lagrangían interpoLation was used

nrhere necessary in obtaÍning the tabled critical

values .



Table A

Theoretical critical values for Bartlettrs V

tr=. 05

n=5 n=Lo n=50

9.52 9.49

18.40 18. 30

28-90 28.90

9.49

18.30

28.87

L2.68 12.61 72.59

25.L8 25.12 25.00

40.30 40.11 40.11

2L.93 2L.t5 2r.07

44.30 43.90 43. 80

72.60 72.20 72.L5

d=. 01

n=10

13.30 13.30 l-3 _ 30

23.30 23.20 23.20

34.80 34.80 34. 80

16.96 16.84 L6.81

30.89 30.61- 30.58

47.20 47.00 46.96

27.53 26.40 26.30

51. s0 51.00 50. 90

81.60 8r.20 81.07

48.69 38.50 37.60

78.40 76.50 76.20

125.00 L24.20 r24.L2

PQ

23
6

10

J

6

l-0

3

6

l0

10 3 39.48 32.00 3L.40

6 69.40 67.80 67.s0

10 1L4.00 IL3.20 113.1s

The values in Èhis table lrere obtained from Schatzoffts (1966a) tables,
as reproduced in Pearson and Hartley (1972).
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Table B

Theoretical criÈicaL values for Roy's criterion

P

2

a

3

6

10

n=5

.520

.440

.390

.981 * .640

.795 .465

.657 .370

a=. 05

n=10 n=50

.277 .O57

.235 .048

.205 .O42

.340

.27I

.235

.485

.365

.300

n=5

. 650

.53s

.460

.734 .435

.590 .328

.501 .27 5

.904

.7 25

-606

a=. 01

n=10 n=50

.368 .080

.295 .062

.245 .O52

.093

,070

,059

.070

. 055

.049

. L06

.078

.o62

3 ,619

6 .507

l-0 .438

3 .824

6 .655

10 .549

.575 .133

.420 .093

.342 .O72

10 3

6

10

.150

.105

. 080

.994 * .725 .180

.845 .515 .r20

.707 .4to .091

The values in thís table vere obtained from pillairs (1960, 1965) results
for the di.stribuÈíon of the greatesÈ châracterLsÈic root, as reproduced
Ín Pearson and Hartl-ey (L972). The asterisk derioÈes vaLues obtaÍned from
Ol-son t s (l-973) table of Monte CarLo crÍtÍcal values.
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Table C

Theoretical crítical values for the parËitioned-U procedure

Residual

4

c = .05

12.59 5.99
28.87 18.3L 9.85

26.68 L2.59

58.12 43.77 3L.47 2L.03 :.z.sg s.gg

c = .01

r.6.8L 9.2r
34.81 23.2L L3.28

29.t4 16. 81

66.2L 50.89 37 .s7 26.22 16.81 g.2L

3 3.84
6 9.48

10 15. sr
3 5.99

6 15.51 7.81
10 26.30 L4.07
3 11. 07

6 3L.41 2\.03
10 55.76 4r.34
3 L6.92

6 51r 00 36.42

10 92.81 7 4.47

3 6.63

6 a3.28

10 20.09

3 9.2L
6 20.og 1l-. 34

10 32.00 18.48
3 15. 09

6 37.57 26.22
10 63.69 48.28

3 2L.67

6 58.62 42.98
10 102.82 83.51

10

The values in this table were obtained from tables of the X2 distributionas reproduced in pearson and Hartley (fg72).



Tabl-e D

Theoretical crftical values for Harrisr (1976) variation
on Royrs test

RooÈ

5

o = .01

10

5 .650
10 .368
50 .080
5 .535

l-0 .295
50 .062
5 .460

10 .245
50 .052
s .734

L0 .435
50 .093
5 .590

r_0 .348
50 .070
5 .501

L0 .27 5
50 .059
5 .904

10 .57 5
50 .133
5 .725

L0 .420
50 .093
5 .606

10 .342
50 .072
5 .994

10 .7 25
50 .180
5 .845

10 .5L5
50 .L20
5 .707

L0 .41-0
50 .091

9.07
7.64
6. 81
4.18
3.64
3,42
2.99
2.68
2.s3
6,93
5 .49
4.76
.511 4.64.
.268 4.].4.
.048 3.9L.
.455 3.L2,
.242 2.83
.049 2.66

6.06
3.90
3 .16
.673 .608
.373 .31_8
.085 .069
.s66 .520
.308 .274
.065 .056

10.16
3.46
2.53
.81_3 .775
.478 .431
,105 .090
.679 .646
.383 .354
.083 .07 5

.519 5.49

.252 5. 0L

.o52 4.72

.465 .398 3.79

.236 .194 3.s8

.047 .038 3.41

.72r 3.71

.37 5 3 .L7

.075 2 .88

.609 .56s

.322 .288

.066 .058

.447 .366 s.L4

.2r0.163 4.83

.040 .030 4.62

10

'6

10

.512

.257

.049



c, = .05

10

5 .520
10 .277
50 .0s7
s .440

10 .235
50 .048
5 .390

10 .205
50 .042
5 .6L9

10 .340
50 .070
5 . s07

10 .27].
50 .055
5 .438

10 .235
50 .o49
5 .824

10 .485
50 .106
s ,655

10 .365
s0 .078
5 .549

10 .300
50 .062
5 .981-

10 .640
50 .150
5 .795

10 .465
50 . i.05
s .657

10 .370
s0 .080

4.67
4 .20
3. 91
2.7 6
2.50
2.4t
2.17
2.04
1.98
3. 89
3. 3s
3.05
.478 2.98
.21"2 2.77
.035 2.66
.389 2.24
.203 2.LL
.039 2.03

3,48
2.62
2.27.
.595 .519
.315 .258
.069 .055
. s05 .455
.267 ,233
.055 .o47

4.77
, ao

L .94
.v54 .706
.421 .377
.090 ,075
.625 .589
.342 ,3L2
.o72 .064

10

l0

.4L7 3.35

.192 3.1-6

.039 3.04

.396 .325 2.58

.L95 .154 2.47,

.038 .O29 2.?g

.637 2.53

. 311 2 .27

.060 2.L5

.547 .498 .440 .371

.280 .246 - .208 .168

.056 .048 .040 .032

.285

.r23

.022

3 .21
3 .Ll
3 .ci3

The varues in thÍs table, other than the ïÍght-mosË in each ïo\¡/, lrere obtaineirfrom Pi-llairs (L960, 1965) results foï the greatesÈ characteristi.c rootdlstribution as reproduced. in pearson and Hãrtley (J-g7Z). tt. iigfrt_r."tentry in each ror¡ is a critical value obtaine. fion the tr'-distrib;tion arsoas reproduced in Pearson ând Hartl-ey (Lg72). The reason for this change ofstatistics is discussed in Ëhe texË.
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Table E

Theoretical Critíca1 values for Marriottrs (1952)
chi-square procedure

Root

PQr2345678s

ct = .05

2 3 8.67 3.84
6 L4.43 9.49

10 2r.o3 15.51
3 3 LO.7 5 5.99

6 16.92 12.65 7.8L
10 23.9r 19.44 L4.076 3 16.16 1l_. 07
6 23.27 19.l-6 15.01 10.76 5.99l-0 3t.22 27.08 22.94 l-8.75 L4.44 g.4g

10 3 22.57 16.92
6 30.71 26.50 22.23 L7.82 L2.5g10 39.68 35.57 3L.47 27.37 23.26 l-9.16 15.01 r0.76 5.gg

s = .0L

2 3 12.33 6.63
6 18.89 13.28

10 26.22 20.09
3 3 L4.72 9.2L

6 2t.67 16.88 11.34
10 29.39 24.47 18.486 3 20.82 15.09
6 28.68 24.L5 19.53 14.73 g.2r

10 37.36 32.86 28.32 23.70 18.90 13.2810 3 27.92 2a-67
6 36.8L 32.23 27.s4 22.67 16.8110 46.50 42.07 37.62 33.17 28.68 24.15 Lg-52 L4.73 s-zr

The values in this tabl_e erere obtained froÐ tables of the ¡2 ilisÈributionas reproduced in ?earson and HarÈ1ey (:rg7?).



ÀPPENDIX 2

Table f' presents the noncenÈrality roots (the

eigenvalues of H*) used to achieve the desired degrees

and paËterns of rnul-tivariate noncentraLity.
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Table I

Values of the roors of H* (h., j=l,r) for
combÍnations of r, tr {H't) and

patËern of noncentrality

Tr(H*) PatËern Roots of H*

h3 h, hs

r-0.00
40.00
90.00

5. 00
6.67

20, 00
26 .67
45. 00
60.00

3. 33
5. 00
5.7r

L3. 33
20. 00
22.86
30. 00
45.00
5L.43

2. O0
3. 33
5. 16
8. 00

13. 33
20.65
L8. 00
30.00
46.45

hz

10
40
90

r=1

concenÈrated
concentrated
concentrated

r=2
10 equal

linear,/geometric
40 equal

Linear geometric
90 equal

linear/geonetric

r=3

10 equal
l- inear
geomettic

40 equaL' l"inear
gêometríc

90 equal
linear
geomeËric

. r=5

10 equal
LÍnear
geomeËric

40 equal
linear
geolûetr¿c

90 equaL
linear
geoúetric

5. 00
3. 33

20.00
13. 33
45. 00
30.00

3. 33
3. 33
2.86

13. 33
13. 33
11. 43
30.00
30.00
25.7r

2, 00
2.67
2.58
8. 00

LO .67
L0.32
r-8. 00
24, O0
23 .23

3. 33
1.67
1.43

13. 33
6.67
5.7L

30.00
15. 00
L2.86

2. 00
2. 00
r.29
8. 00
8, 00
5. 16

18. 00
18. 00
11. 61

2. OO

1: 33
.6s

8. 00
5. 33
2. 58

t-8. 00
L2.00

5. 81

2. OO

.67
-5¿

8. 00
2.67
1.29

18. 00
6. 00
2.90



AP?ENDTX 3

OVERATI MANOVA TEST RESULTS

Tabl-e G presents rates of rejection of the overall

I4ANOVA nu1l hypothesis by BartletÈ's V and Royrs largest

root criterion for comblnations of p, q and n at a

levels of .05 and .0I. All data in thfs table were

obtained Ín the course of conductfng study I and there_

fore represent esÈÍmâtes of type I error rate. These

daËa r¡ere compiled for, and are presented as checks on

the data generation procedure.

79
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Table G

Rej ection rates foÌ BarËleËtrs V and Royrs largest rooË (R)
overall MANoVA tests for conbinâtÍons of p, q and n

u = .05 a = .01-

2LO

_3 l_0

610

10 10

V

.059

.062

. 0s4

.o49

.048
,050
. 050
. 053
. 0s0
.os4
.050
.052
.055
.056
.051
.056
. 0s0
.054
.07 4
.06L
.059
.050
.047
.043
. 05i.
. 051
. 041
. 069
.062
.049
.048
.050
.049
.059
.062
.044

R

.057

.059

. 051

.o52

.043

.049

.o52

. 051

.046

. 061

. 050

.058

.o47

.055

.os7
,050
.044
.045
.067
.0s6
.060
.048
.044
,051
.o49
,048
.054
. 050
.o57
.o44
.049
.044
.047
. 053
.osz
.053

v

. 0L3

. 013

.009

. 010

.008

. 009

.or2

.OLl-

. 010

. 01_1

. 010

.oLl-

.010

.oL2

. 010

. 0l-3

. 014

. 009

.018

. or2

.o12

. 011

. 009

. 009
-otz
. or2
.007
. 019
.013
.008
. 011
. 0l-0
.007
.0r-4
.008
.006

R

.010

. 011

.009

.007

.007
,009
. 018
.012
.006
.011
.009
.oLz
.008
.or2
. Ol_t-

.009

. 010

.009

.0r2

. oLz

. 013

. oLz

.008

.006

. 009

.008

.013

.009

.008

.008
,010
.009
.006
. 010
. 010
. 011

Pq

23
n

5
t0
50

5
10
50

5
i-0
50

5
10
50

5
l-0
50

5
10
50

5
10
50

5
10
50

5
10
50

5
10
50

5
10
50

5
10
50

10

10

*

* EstiÐate based on 1000 rather than 5000 replÍcaËions,



APPENDIX 4

COMPUTAT IONAI, DETAILS

The pseudorandom unÍt norfnal devÍates rThich compïj-sed the

elements of T1 and T, were generated by the proce<lure due Ëo Marsaglia,

Macl,aren and Bray G964). ln this method, pairs of índependenÈ pseudo_

random numbers (U, , UZ) ín the range of zero to one are generated from

a uniform distribution and are then transformed inLo pairs of pseudo_

random unit nor¡nal variaÈes (2, , zr) by xìne folLowing relations due to

Box and Mu11er (L958):

"L = GZ tn ur)l/2 cos (2 rT Ur)

"2 = ç-z tn ur)Ilz sÍn (2 II Ur)

seed values for the generator for each conditi.on run_weïe obtained fïom
preceding runs ín order to ensure independence of the samples. calcula-
tion of E and H was accomplÍshed Ín double precision usíng subrouLÍne

VMULIP in the International MathemaËi.ca1 and Statístical Library (IMSL)

package. subsequentr-y, E nâs inverted usíng rMsL subroutine LrNV2r,

r.'rhÍch utilizes the Gaussi.an eliminaËion method. E-1 and H r,¡ere then

TnultiplÍed Èogether and the eigenvalues of E-1H hrere obtaÍned usíng
IMSL subroutine EIGRF in r-¿hich U-lH is fírst reduced to upper Hessenberg

form, and Lhe roots are solved for using the QR nethod (I4ri1kinson, 1965).

The sinulation program wâs writÈen Ín FORTRAN for execution òn the
IBM 370/169 computêr at Èhe University of Manitobâ



APPENDIX 5

AN II,LUSTRATIVE EXAMPLE

In an effort to conpletely describe Ëhe procedures investígated

in the present sLudy, they were applied to a real data set, narnely the

much-analyzed rrEgyptian skuLLs" data reported by Barnard (1935). BrÍefly,
the daÈa set comprises 398 observations <lÍvidecl into four groups datíng

fron different hÍsÈorical periods as follo¡¿s:

1) predynasric (n, = 9L)

2) dynastLes 6 to 12 (n, = 162)

3) dynasties 12 and l_3 (n, = 70)

4) ptoLernaic dynasries (nO = 75)

The dependent variables r.7ere measurements of four characteristics of
skuLl sÍze, nameLy:

drl : maxímum breadth (the r,rrÍdth of the sku1l across the

tenples)

du. : basL-aLveolar heÍght (the dÍ.sÈance from the base of
the sku11 to bet!Íeen the upper front teeth)

dr3 : nasal height (the vertical distance beËween Ëhe Èop

and base of the nasal aper.ture)

dr4 : basi-bregnatíc height (the distance betrneen Èhe base

and the top of the skulJ.)

Marriott (1974) reports that these data arê believed to conform

reasonably r¿ell to the assumptions of classi.cal multivariate anâlysÍs
procedures, and are compl-ete. TabLe H presents group means on the four
dependent variables. As shown in this tab1e, the meâns across time

82
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Íncrease on dv, , decrease on dv, and vary nonmonotonical-ly on <tv, and

dv, .

TabLe H

Group means on the four dependenË variables
(from Barnard, L935 )

grouP

1234
l" 133.58 134.27 r.34.38 135.31

d.epend.enr 2 98.3L 96.46 95.86 95.04
variable 3 50.84 51.15 5o.t o sz.og

L33.00 134.88 :-.33.64 13:-..47

Table I presents the variances and int ercorrelations (r,Íthin
groups) of the four dependent variables. rnspection of this tabLe r^riIl
reveal the variables to be for the most part Bodeïately posiÈively cor_
relaLed lrith the exception of variables one and fi^ro (r12 = .04S).

Table I
Matrix -of rrithin-group sample correJ-ations (of f diagonal)and sampie varianees (on the principal jiããoo.r)

for the four dependent variables -

dependent variabl-e
L234

L 24.520

.>

d.ependent ¿ '048 23.030
variable r .183 .208 i.o.000

4 .n4 .253 .2I7 22.IgO
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The Test Procedures

Calculation of the sauple ei"genvalues for these daÈa revealed

the following values: t,L = .I23, p"Z= .063, and !, = .019. Values of
the statistics for the partiËioneil-U procedure, Harrisr (1976) varia_
tfon of Royrs test, Harrisr (1976) nixed procedure, and Marríottrs
(1952) chi-square procedure, as weLl as the appropriate overal-l MANOVA

tests r,7ere calculaÈed as shor¡n below, rÀ7ith the results inclicated. To

recaP the numerical values used in these computatfons: p=4, q=4, N=39g,

LL= .123, 9.2 = .063, and 1,, = .019. All tests were perforned ar rhe
.0L level of signÍficance.

1) The pårtÍtioned.-U procedure. The fírst step would. be Èo test the
overaLl MANOVA null- hypothesis vía Baïtlettrs V as

v= N-r-(p+q)/zl
r
E ln(L+c. )

i=1 L

as a chi--square with p(q-1) d.egrees of freedom. rn the pïesent case

v = 898-1-(4+4)l2l (rn(r.123) + 1n(1.063) + Ln(1.019)

= 393 x .l-96

= 77.03

which is compared to a critical value of X2çrr¡ = 26.22 resuJ-ting in
a rejectfon of the overall MANOVA null hypothesis. The next step is
then to test the null hypothesis Ho : À1 + O , À2 ... À" = O by

eval-uating the first residuaL V as a chi-square çith (p-1) (S-2) degrees

of freedon. llence,
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v, = 393 x (1n(1.063) + rn(1.019))

= 393 x .08

= 3L.44

whÍch, lrhen compared to critical value X2(6) = 16.gI l-eads Èo rej ection
of the nu11 hypoÈhesis. The second resÍdual is then tested âs

Vr= 393 x ln(l_.019)

= 393 x .019

= 7.47

¡¡hÍch is evaluated against a criÈical X, e) = 9.2j. and found not to be

signlfÍcant. To su¡marize the results of Ëhe partitioned._U procedure,

l, and À, are concluded Èo be nonzero while l, = 0.

2) Harris I varLation of Royrs test. The test of the first root (and

simultaneously of the overaLl null hypothesis) Ís accornpllshect by

calculating Rl as

9",

R,-'L23=.L1o
- 1+91 r.L23

This value 1s compared to the greatest chaïacterisËic rooÈ distribution
critical value (with degrees of freedon s=3, m=0, n=l-95) of .050, with
the resul-Ë that the null hypothesÍs Ho : I, = 0 is rejected.

NexÈ, the significance of the second root is tested as

9,^

R, - '063 = .059- L+ 9,2 1.063
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ry comparing it to a critical value of.037 (degrees of freedom:

sr=2, m=0, n=l-95, note the re¿luction in s). This finding leads to a

Tej ecÈion of Ho : À, = 0 and testing continues.

Since s=3 for this data set, the thíral root must be tesÈed as

an F-statísÈic as no tabl-es of the greatest châïacteristic root exist
for s' = 3-2 = f (two prÍor roots tesËed). This is accomplíshed by

converËing .Q,3 to Íts squared canonical correl-ation form as

,32 = 
u' 

- '019 = .or-87
L + r,3 1.0L9

and convertj-ng Èhis squared mr¡LÈiple correl-ati-on (since sr=l) Èo an

F-statistic as

,"2 / k
F= ----l-- = .0187/2 = 3.761-..- / N-k-L 1-.0187 I gg}-z-t

where k ís the absolute vaLue of the difference between p and tlfn plus

one. This value is referred to the I distribution r¡ith k anil N_k_L

(here 2, 395) degrees of freedon. Since the crítlcal ¡ is approxÍuaÈely

. 4.65, the ËhÍrd discrimlnant funcLíon is deened nonsígnÍficant. In
suÍmary, use of this procedure would lead one to conclude that Ëhe

firsÈ Èwo populati-on roots lrere nonzero while À¡ = 0 .

3) Harrisr mixed proeedure. This procedure Ínvolves combinLng the
results of the preceding tîro tests with the following consLusÍons:

a) V overall r,¡as found significant as v¡as Rl . Hence 1.,

is concluded to be nonzero.
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b) V, was found to be significantly nonzeïo rn¡ith the

result that testing continued.

c) R2 ra'as evaluateil and found to be significant !¡Íth the
resulÈ that L, was concluded to be nonzero.

d) V2 was tested and found to be nonsignÍficant. Testing
sËoPS.

Hence use of Lhis procedure would aLso Lead to the conclusíon Èhât onLy

the first Ër{ro functions are sÍgnificant.

4) Marriottts chi-square procedure. Use of this test would fol-lor¿ a
rej ection of the overall nu11 hypothesis by V as described in (1).
Assuming a signi.fícant V (as in the pïesent data) the significance of
the largest sampLe rooÈ would proceed as

Ml = - [N-]"- (p+q) / 2! rn L,

= - I398-i--41 Ln .r23

= 45.59

r.rhich ís evaluated as a chi-square wiÈh

p+q - z+Llz t(p-l) (q-2)12/3 = t.65

degrees of freedom. Since M, exceeds the critÍcal val-ue of X, e.OS)
= L9.52, tr, is concluded to be nonzero.

, Testing proeeeds rrrith an evaluation of g., as

Mz = - [N-r- (p_L+q_I) / 2] lt e.,

= - [398-1-3] 1n .06

= 24.03
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r¿hich Ls evaluated as a chí-squaïe r,Jíth

p - 1 + q - 3 + Llz l(p-z)(q-3)12/3 = tr.e

degrees of freedom. SLnce M, exceeds X, GÐ = L4.73, ),2 is concluded to
be nonzero.

In the same uranner À, is tesËed I,riÈh p ân¿l q again reduceil by

one yieJ-dÍng the folloning values: M, = 7.51, X2 ç¡ = 9.2t. Hence À,

ís concl-uded to equal zero. Use of this proeedure, as ¡¿ith the others,
leads to Èhe concl_usion that fhe first ü¡o d.iscrimÍnant functions are
significant, r¿hi1e the third Ìeflects only sampling error.

Interpretation of the results

Havíng deterxtrined that Èhere exist two reliable dÍscriminant
functíons, or I dimensions of d.ifferencer present in these data, the nexÈ

task beco¡nes that of interpreting the meanlng of tha air"rr"Íons in terms
of the origÍnal variabLes. This is aecomplíshed by exaninÍng the dis_
crlminanÈ functÍon coeffÍcients (presented in both raw and standarilized
form in table J) and using these vreights to calculate group means on

the composites (presentêd. in table K). As a further aid to Ínterpreta_
Ëion unÍvariate A'ovas !¡ere performed on the original depen¿lent varÍables

Table J

Dfscrfninant functíon coeff icients

variable raw
1) skul1 breadrh -.07f32) skuIl depth .O7Oz3) nasal heÍghr -.l-9004) skulL heighr .L67L

function 1

standardized
_. 3531

.3369
-.600L
.787r

function 2

Iaw standardized
.024r .Lr92

-.1870 -.8963.0415 .r3r2.1419 .668s
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grouP

1
2
3
4

Table K

Group means on Ëhe composiÈes (raw scores)

function 1

9.909
9.985
9.929
9.064

funcËion 2

s .847
6.485
6. 380
6.334

with the folJ-owing resulËs: the group effect was significant at the
.005 Level for variables 2, 3 and.4 (skull depth, nasal height and skuL1

height, respectively) and nor signifícanL for skull breadth (p > .16).
As shornm ín table J, functÍon 1 weights variables 3 and 4

heaviJ-y relative Lo va¡iables L and 2, wÍth skul-l height positively
üreÍghted r,¡hile nasal height is negatively weighted. Inspection of
tabLe K reveals that funcÈion 1 Ls ilÍfferentiat ing group 4 fron the
other three groups. Taken along r,¡ith Ëhe patËern of group means pre_

senÈed in Ëable H, these values suggest thaË dinension l- is one of
tnoseynessr, that is of nasal helght relative to skul-l height r/Íth gxoup

4 having the greatesÈ nâsaL height and the Least skulr height. rn con_

trast, funcËfon 2 differentiates group 1 from the other groups on vari_
ables 2 and 4 (skul1- deprh and skulL heighr, respecÈively) reflecrÍng rhe
greater overal-l sÍze (except for breaclth) of the group 1 skull-s relative
to the oÈher groups.



APPENDIX 6

RAI.I DATA

The rar¿ data from ÈhÍs investigation are presented in table ],

as frequencies wÍth Ìrhich the criÈical values rsere exceeded Ín each

condiËion. As noted in the texL, these frequencies T"rere obtaineil fron
5000 repLications in aI1 null- cases except those j.n whiehn=50, for p

at least 6, or with p=ìq= n= 10. .In these câses, as we1l as all of the

noncentral cases, 1000 replications hreïe simuLâted.

The first six coLurnns of tâb1e L specify the Levels of Ëhe

factors in the study as follows:

factor levels

p, the nunber of variates 2, 3, 6, LOq, Èhe number of groups 3, 6: 1ón, the group size 5, 10, 50r, the number of nonzero population !, 2, 3, 5
roots

tr(H*), the noncentïality paraneter 0, 10, 40, 90
(0 for the nu11 cases)

Pattern of roots 1= concentrated
2 = equal
3 = l-inear
4 = geometrÍc

Hence, the nul1 cases are those ín r,¡hích r=0, tr(H*)=o and pattern=o.

CoLunn seven Ín tabl-e L.specifies the test criterion referred to
in the remaining col-umns for that Line of the table, lirith l- indibating
the partiLÍoned-U procedure; 2, Harrisr Dixed proced.ure; 3, Harris I

variaLion of Royrs Èest; and, 4, Marriottrs procedure. The next seven

colunns contai-n the frequency of exceedance of Èhe crÍti.caL val-ues for tests
of Toots one through seven (limíteil by s) for a nomínaL significance J"evel

of '05' The finar- seven corun¡rs pïesent the same information for a nominar-

signÍfícance leve1 of . 01.

column

i.
2
3
4

5

6

90
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APPENÐIX 7

¡,NAIYSIS OF VARIANCE

Table M gives the results of the analysj-s of variånce r¡hich
vas used Ín the text (page 17) to obtain an estim.aÈe of the variabil_
ity inherent j.n the raw dâta. The ilata anaLyzed. were the percentâge
exceedances for the Èests of the first rooÈ in the nu1l case at a
nominaL significance 1eve1 of ,05.



TabLe M

Analysis of variance

Source

Maín effecLs

Number of variates (p)
Number of groups (q)

.Group size (n)
Test ( t)

Two-way interactions

pxq
pxn
px t
qxn
qx t
nx t

Three-way lnteractÍons

Pxqxn
pxqx r
pxnx t
qxnx t

Four-way interaction

pxqxnxt

cc

2.s6

40. si
4.38

103. 63

6. 89

4.04

6.67

3.13

7 .45

2. 57

.'

2

2

3

MS

0.85

20 .23

2.19

34. s4

1. l-5

0.67

0.7 4

0.78

t.24
0.43

6

6

I
4

6

6

5. 01

4 .55

2.86

r. 07

4.6L

T2

L8

18

T2

JO

0.42

o.25

0.16

0. 09

0.I28


