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1.

ABSTts.ACT

An extended trlple system is a palr (S, lü) where S is a

flnfte set and Iù ls a col-LectLon of unordered triples from S , where

each trlple may have repeaËed eLemenËs, such Ëhat every pair of el-ements

of S , not necessarll-y distinct, beLongs Ëo exacËly one ËriPl-e of I,I

Algeb:ralcalLy, an extended tripLe system on an n-set S is equival-ent

Ëo a quaslgroup on S saËisfylng the Laws x(:çy) = y and (y*)* = ! .

If al-L el-ements of the quasLgroup are iderryotenË, Lhen Ëhe system is

eqÞlvalent to a Stel-ner trlpLe sysÈem. We define [o; bJ to be Ehe

cLass of aLl exËended trlpl-e systems on n elenents wíËh b idempotent

eLements" If [tr; b] f" non+npty, we shall- say [t; bJ exists. It is

knor^rn that necessary condlÈfons for the exisËence of [tt; "J , 0 I a 3 r:-,

are:

(1) if n = 0(mod 3) , then a = O(uod 3) t

(2) Lf " * O(t-¿ g) , then a = L(nod 3) ;

(3) if n ls even, then " = T t

(4) 1f a on-l , then rt=2

Thls thesls Ls concerned inainLy with the sufficiency of the

knovm necessary condltfons for Lhe existence of ["; aJ . A direct

rnethod of consËrucËion is used to show thaË if Ëhe necessary conditions

are satÍsfled, then [o; "J exÍsts" In addiËfon, we shaLL give

recursive methods of construction lncludlng the use of the direct and

eingul"ar dfrect product of quasigroups. It is shown ËhaË, with a fer^I

obvlous exceptLons, there exist at leasË Ër"o non-ísomorphic systems in

each class [n; a]
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CTIAPTER ]-

Introductlon

A Stelner trfpLe system, briefLy STS, is a pair (S, T)

where S ts a flnlte set and T a collecËíon of 3-subseËs of S,

calLed tripLes, such that every pair of distinct elements of S is

contafned in exactLy one tripLe of T . Ttre number lS I is called

the order of (S, T) It is known (see, e.E.r t5l) that there is an

STS of order n, brfefly STS(n), if and onLy 1f n = 1 or 3(mod 6) .

Algebrafcally the seÈ of alL Stelner trfple sysËems may be

Looked upon as a variety of quaslgroups saËisfyfng the three ídentities

(f) *2 =* (idernpotent)

(fi) x(:ry) =y ì
(iir) (yx)x = y "j 

(tota[v syrnmetric)

Qsaslgroups saËlsfyl.ng (i), (if) r (tii) are caLl-ed SËeíner qgasígroups.

Quaslgroups satisfying (if) and (iii) are comnxltative, and are

call-ed totally svnmegllc quaslgroups.

An extendgd tl-iple syltem is a paír (S, !ü) where S ís a

finlte set and W ís a collection of non-ordered triples from S, where

each triple may have repeated eLements, such Ëhat every pair of elements

of S, not necessarflv disËÍnct, belongs to exacËLy one triPle of IÀI

The class of aL1 exËended Ërípl-e systems is co-extensive wíth

the varfety of quasigroups saËisfyfng only the totally synrnetric identiËies

x(xy) 'y and (yx)x-y

QuasigroupB saËisfying the totaLly syrumetric idenËities are not

necessarll-y fdernpoËenË. !'Ie shal-l denote by [tr; bJ the c]-ass of all
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extended trfple systems on n eLements which have b idernpoÈenËs.

CLearly, fr; .J 1s the cLass of. aLL STS(n) and thís class is non-

empty 1f and only ff n = 1 or 3(mod 6).

I{e say [n; "J exÍsts ff there exisË systems with parameters

n and a . If (S, Vü) belongs Ëo [tt; "] , we sirnpLy wríte W € [n; rJ .

Johnson and Mendelsohn [8] gave the followfng conditions which

are necessary for the exisËence of [tt; a] , O 3 a s n :

(1) lf n = O(mod 3), then a = 0(mod 3) i
(2) if n { olmoa 3), then a = l(mod 3) ;

(3) if n is even, then " = T t

(4) íf a=n-1 ,then tt=2

It was also conjectured fn [8] that the necessary conditions for the

exÍstence of [n; tJ gfven above were sufficlent,

Let (s, I{) and (s*, t{tt) be two exËended Èr1ple systems.
:Ìc *If SçS and IdçW ,weshaLLsaythat (SrW) isasubsysËemof

****tc(SrW) andthat (SrlI) contalns (SrVü) If I{nW =@rthen

we say that (S, W) and (So, Wo) are disioint. If there is a .,,-.',,,:
':.:ir: jj 

:

bfjection d 2 S -* S* such that (f,I)o = I,I* , then we say Ëhat (S, I{) 
,,.,.,1:1..

- tc *- . '-::ìa:;:'::r:and (S , W ) are Lsomorphic (or equívalent).

There are essentíall-y Ëhro inequivalenË systems based on Ëhe

set S = [], 2, g] . f'Ie shall denote Ëhese by
1:_ :.: :::i:::ì

to = [(1, 1 , 2), (2, z, 3), (3, 3, 1) J e [g; oJ , ).''.':,¡,.'',

5¡ = [(1, 1, 1), (2, 2, z), (3, 3, 3), (L, 2, 3)J e [s; g]

There are È\^ro lnequlval-ent systems on S = [Lr 21 31 4]. [.Ie denote these

by
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Hq = [(r, t, 1) , (2, 2, L), (3, 3, 1) , (4, 4, t), (2, 3, 4)J e [a; ri,

*on = [(r, r, 1), (2r 2, !), (3r 3 r 2), (4r 4, z), (1r 3 r 4)\ € [a; 11.

Algebraically H+ ls associated wíth Ëhe rffour-group". Up to isomorphism,

there Ís only one sysËem on S = [1 , 2, 3, 4, 5l . InIe denoËe this sysËem by

ìrs = [(11111) , (21213), (313r4), (4r4rs), (s15rz), (r12r4), (1r3r5)] e [s; rJ.

A sysÈem !I € [n; aJ which contains Ëhe maximrm possible

number l+l nnrtually disjoint copies of t" Ís called a consistent
LJI - J

system. ([x] denotes the l-argest lnËeger noË exceeding x .)

For conveníence and conpl-eËeness r¡te state

Tþeorein 1 .L (Johnson and l"lendeLsohn t8l ) . Suppose [t ; rJ exisËs wiËh

0laSn. lhen

(1) tf n = O(mod 3), then a = O(mod 3) ;

(2) tf. n { O(moa 3), then a = L(mod 3) ;

(3) if n l-s even, then " = T ;

(4) 1f a=n-1-,then n=2

Chapter 2 of thís thesis deals maínl-y with some of the

eseentfal properties of [tt; aJ . Some basic consËructions are gÍven, and

exarpLes of conslsËent systems, for smaLl vaLues of n , are included at

the end. These exanples provide enough initfal cases for recursive

constructions whlch foLLow. In Ghapter 3 we use direct construction

meËhods to show that the necessatl¡ conditions for the existence of

[t; tJ given fn Theorem ]..1 are aLso sufficíent. Smal-L embeddings of

extended Ëripl-e systems are considered in Chaptet 4, arrd a recursive

method of construction is deveLoped. An a1-gebraíc approach is taken in
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Chapter 5. In Ëhfs chapter vfe construcË consistent sysËems usíng

Dlrect ProducËs and Singul-ar Direct Products. In ChapËer 6 we comment

on the exl-stence of non-lsomorphic exËended triple sysËems, and some

exarnples of non-isornort'hLc sysÈems aiìe glven. Apart from a few

exceptlonsr lt ls shown that there exíst at leasË two non-isomorphic

systems ln each cLass [t; a]

l:.:..:.-.
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CIIAPTER 2

Properties of [rr; "J and some basic constructÍons

1 . Prgtimtnaflgs._

A parË|g-l- Steiner tripLg sLsten is a pair (P, T) wher:e P

1s a flnite set and T a collection of 3-subsets of P, cal-1-ed triples,

euch that eveq/ pair of distinct elements of P is contained in aÈ mosË

one trlple of T Unllke SteÍner tripLe systems, there is no cardínalíty

restfiction on P The number lp I ís caLled Ëhe order of the pärtial-

Stefner trlple system (P, T) A partiaL Steiner Ërlple system (P, T)

ls caLled maximal ff lt'I
(P, T') It ls known 17, Lgl that a maxímal- partial Steiner Ëríple

system of order n exists for every posítive integer n . In particular,

Íf n = 1 or 3(mod 6), íx is clear that a maximal partial Steíner

Ëripl-e sysËem of order n is indeed an 
.STS(n) 

. In Ëhe foLlowing

sectlon we shalL be concerned mafnLy with maxiunl- partíal- SËeiner Ëriple

systems.

2. Somg uggEgl coggecÈ1ons.

It is aLready cLear thaË [n; nJ exists if and only if there

exists an STS(n) . the purpose of this section is to establish further

connecÈions betr,treen a certain class of extended ËripLe systems and

maximal PartlaL steiner triple sysËems. I,Ie shaLl utíl-Lze some properËies

of [tt; "] determÍned fn [8] .
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If there 1s a systeni I,I € [n; "J , the trip]-es of W are

eseentLally of three types: (1) (1, i, í), (2) (j, j, k),

(3) (f, j , k), where L, j, k are pafrwise dístínct. Johnson and

Mendelsohn [8] proved the followÍng

Leguna 2.1. Suppose there is a system I^f € [n; "]
(f) If n is even, Èhen amongst the type (2) triples (j, j, k)

each idempotent appears an odd number of times as the síngl-e element k ,

and each non-ldempotent appears an even number of tímes.

(1f) I-f, n ts odd¡ then amongsÈ the type (2) Ëriples (it j, k)

each non-idempotent nn¡st appear aE least once as the element k . In

partlculax, Lf, the non-lderupotents are t, 2, 3, "', b, Ëhen ín the

trlples (1, 1, oL) , (2, 2, ar), (3, 3, or)

elements o!, o,t ... t db are a permutation of L, 2, '.', b wiÈh

d. I t
1

(tff) The number of type (3) trlples (i, j, k) is

n(n-1-) _ (n-a)-------r'
J. Schönheim [19] proved ín essence

LWø_2_r2_, Let (P, T) be a maximal- partial Steiner triPle system of

order n . Then
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Irl

Ofr?

Ot2

oa?

øx2

Ot2

øa2

Lf.

ff

ff

if

if

if

-zk
+k

+2k

+5k+1
+6k+1_

+9k+2

n-6k,

n = 6k 4 1:

n = 6k * 2,

n = 6k + 3,

n = 6k 14t

n=6k*5

Ì'Ie are now 1n a posltlon to prove the fol-lowing theorems.

Tþeorem 2.3. There Ís a sysËem I^I €

STS(n + 1) .

íf and only if there ís an

Proof. Let (S, T) be an STS(n+1) where S = flr 2r..., ntl1

!,le shall elimlnate from T the co1LecËion of al-l Ëriples contaíning a

partlcuLar eLement¡ say n*l- . Let ,(n+1) be the coLlection of all

tfiPles of I cont,aining the elemenË n*1 and assume, withouË loss of

generality, t(t+l) = [(rr+I, L, z), (n+L r 31 4)t ..., (n*1¡ n-1rn)1.
ú

LeË T = l(1 , L, 2), (2, 2, 2), (3, 3, 4), (4, 4, 4), ...t (n-1, n- lrn),

(n, n, n) ]

pur vt - (T-T(t+l)¡u r* . inren !ü € [n; i ] , based on s-{n+lì

Assume there f.s a system W e [n; 7 ] based on Ëhe seË

5* - [1, 2, ..., nJ Introduce a new element co and put S =s* U [-l
I{e now derive from I'I an STS(n + 1-)

$y Theorem l.L t î 7 0 or 2(mod 6). So, by Leruna 2.1, we find

Èhat amongst the type (2) triples ( j, j, k) ín trt , the element k rmrsÊ

be idempotenË. So, up to permutíng Ëhe eLements of So, W rnusË contain

rhe rripLes J = [(L, l, z), ('2r 21 2)r;13r 31 4¡, (4r 4,4),
..., (n-1.rn-1rn), (r, n, n).1

nr
2s
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Ler r_ = [(1 t 2t -), (3, 4, -)
Then ft Ís easily seen that (S, T) is an STS(n*!) I whích conpleËes

the proof.

Rer.nark-l.. Ln our const¡:uction of TiÙ € [n; i 1 there are several

poesfbflttles for the colLection T* , be"ause in each of the i
dfsJoint palrs (L, 2), (3, 4), (n-1, n) any one of the tv/o 

:,:,,,,,
'.:.'-:.. i;'

elements may be ideupotenË in lÍ This is a crucÍaL poinÈ, since our .:""i 'l

* 
^o.r ,rar.r r¡o11 áal-amino rl¡o inl-arnal cfrrrnfrrfê ,', ¡.t.t.. '."¡chofce of T-- may very weLl- determine Ëhe internal sËrucËure of Ëhe 

j,_:..::::...:.

system I,f . :

For exarple, Let (S, T) be uhe STS(7) where
ì

s - [1 ,2, 31 4, 51 61 7j, anð, 
i

T - [(L,21 4), (1, 3r 7), (1, 5r 6)r(2r3r5)r(2r617)r(3r4r6)r(4r517)1. 
:

T(7) = [(1 , 3, 7), (2, 6, 7), (4, 5, 7)]

LeE W1 and WZ be the following ûdo systems derived from (S, T) by 
i

deLetlng 1(7) from the coLLecËion T :

wt - [(1, 1, L), (3, 3, L), (2, 2, 2), (6, 6, 2), (5, 5, 5), (4, 4, 5) 
'

(L, 2, 4), (L, 5, 6), (2, 3, 5), (3, 4, 6)l e [0; gJ

:::¡:.:l

wz - I (1, 1, !), (3, 3, !), (2, 2, 2), (6, 6, 2), (4, 4, 4), (5, 5, 4), :.:,'

(Lr 21 4), (1, 5 , 6), (2r 31 5), (3r 4, 6)J e [O; gJ ''

It fs easy to check that Wt conËaíns no copy of 5rr while WZ conËains

a copy of t¡ on the set ft, Z, +l This remark is not resËrícted Ëo 
i,,,,.,...,

the constructlon given in Theorem 2.3. It is worËh noting that the l"'' '

collectfon [(f, f, L), (j, j, i)l may always be repl-aced with the

coLlectfon [(i, f , j), $, j, j)l wlËhin any system. ThÍs procedure ::
is treaËed more generaLLy in the next sectÍon.
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Theorem 2.4" There is a system W € [6n+4; 3nt1J if and only if

there fs a maxÍmal parËiaL SËeíner triple system of order 6r.*4

Proof. LeË (P, T) be a maximaL partiaL SLeiner trípLe sysËem where

P = lL, 2, ..., 6n*41 It foLl-o'v,rs from Lern¡na 2.2 that

It I - 6n2 +6n * 1 and so Ëhe tripLes of T give rise to a Ëotal of

L8¡2+18n*3 unordered pairs. As a result, Ëhere are

(*iO) -(18n2+n+3) = 3n*3 patrs of el-ements from P noË conËained

ln any trlple of T . The number of pal-rs contafnÍng a partlcular

element 1n (P, T) ís an even nurnber, and each eLemenË Ís contaíned ín

an odd number 6nt3 pairs, countÍng alL pairs from P . Consequentl-y,

one particular ele¡nenË must appear Ln 3 of these 3n*3 excluded pairs,

whiLe all other elernents appear in one pair. Up to perrruËing the

elements of P , hre may assume that the pairs (L, 2), (L, 3), (L, 4),

(5, 6) , (7, 8), (6n+ 3, 6n+4) do not appear Ín any tripLe of T ,

but every other palr appears Ín exacËLy one triple of T

*Let T = [(1, 1, 1) , (2, 2, L), (3, 3, 1) , (4, 4, L), (5, 5, 5) , (6, 6, 5),

(7, 7, 7), (8, 8, 7), ..., (6n *3, 6n*3, 6n+3)r

(6r.*4, 6n*4r 6n+3)]
*Put lJ = T (J T" It ls easily veriffed that I^I € [6n+4;3n+Lì based

on P . Conversely, let us assume that Ëhere ís a system I^I € [6n+4; 3n+11

based on some set P = lLr 2r...r 6n+4] . Let T be the coLl-ection of

all rype (3) tripLes (1, j, k) in I{ By Lernma 2.L,

Itl = 
(6n+Í)!6n+3) - (n+ L) = 6n2 *6n*1 . rt is clear thaË (p, T) is

o

lndeed a maximal partial Steiner trípLe system of order 6n*4 This

conpLetes Ëhe proof of Ëhe Ëheorem.
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lheolem 2.Þ. There fs a system W € [6n+S; 6n*]-l ff and only if there

fs a maxlrnaL partlaL Steiner trlpLe sysËem of order 6n*5

Proof= Let (P, T) bê a rnaxfmal partial- Steiner triple sysËem, where

p = lL, z, ..., 6n+5J By Lemra 2.2, Itl = 6n2 + 9n*2 . Thus rhe

tripl-es of T give rÍse Ëo L8n2+ 27n*6 unordered paírs. Ttrere rmrsÈ

be (*;') - tttr,z +z7n+6¡ = 4 pairs of etemenËs of p nor conrained

ln any trlple of I Each eLemenË ís contained 1n an even number

6n*4 paírs, countfng a1-L palrs from P . In (P, T) the number of

pafre sontafning a partfcul-ar eLement ís aLways even. So we may assume,

wlthout loss of general"fty, thaË the pairs (L, 2), (2, 3), (3, 4),

(4, L) do not appear ln any trlple of T , but Ëhat every other pair

appears in exacËly one trlpLe of T

tçLet T - [(1 , Lr 2), (2r 21 3), (3r 31 4), (4r 4, L), (5r 5, 5), (61616),

(6n + 5, 6n * 5, 6n + 5) I
¿put lü = T U T.' Clearly I,I € [6n+5; 6n*1J based on the seË p

Conversel-y, let us assume that W € [6n+5; 6n*1J based on

some set P = lLr 2r...r 6n+5] . Let T be the colLectíon of aLl-

type (3) Êriples (1, j, k) of fü. then íË is easily verified that

Itl - 6nZ +9¡*2 and (P, 1) is a maxlmal partial SËeíner Èrípl-e system

of order 6n*5 . this cornpLetes the proof.

Theorem 2.6. There is a

*
1s a sysrem I,I" € [6n+5;

system W € [6n+4; 3n*LJ if and only if Ëhere

6n +1J

Proo!. Suppose Ëhere ís a system tI € [6n+4;3n*11 based on Ëhe seË

S = lL, Z, ..., 6n*4ì . Then by Leuuna 2.L, eact- of the 3nf 1
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ldempotenËs mrst appear an odd number of t,ímes as the el-ement k in

Eype (2) tripLes (j, j, k) Up ro a perrmraríon on S , ir is clear

that I{ must contaln one of the Ëwo collectíons of triples:

A - [(r , L, L), (2, 2, L), (3, 3, 1) , (4, 4, L), (5', 5, 6), (6, 6, 6),

(7r7r8), (8r8r8)

or

g - [(1, 1, 1) , (2, z, L), (3, 3, 2), (4, 4, z), (5, 5, 6), (6, 6, 6),

(7, 7 rB), (8, 8, 8) ¡ ... t (6n+ 3, 6r-*3, 6n+4) t (6n+4, 6n*4r6n+4) J .

Letus Lntroduceanel^relement æ, andpuË S*=SU [-J. Wesha].l
* .- ^ *consËruct W" € [6n+S;6n*].1 based on S^ as follows.

If I,I contalns the colLection A, we let
rtA - [(1r L, 2), (2, 2, -), (-, -, 3) , (3, 3, 1) , (I, 4, *), (4, 4, 4),

(5r 5,5), (6n*4r 6r'*4r 6nI4), (5r 6r-) t (7 r8, -¡, ... t
(6n + 3, 6n+4, o) J

**
Then put I^f - (W - A) U e . Ir is easily verífied that
*.tr

W-- ( [6n+5; 6n*11, based on S"

If I{ contaLns Ëhe coLlectÍon B , we l_et
*B - t(lr 1, -) , (-, -, 3) , (3, 3, 2), (2, Z, L), (2, 4, -), (4, 4, 4),

(5,5r5), (6r-*4r6n+4r 6n+4), (5r6r.) t (7 ¡ gr -) , ... t
(6n +3, 6n+4, æ) I
?t.**Put Í,{ - (W - B) U s . Then t{-- € [6n+S; 6n+1J Converselyr we

asgume there ls a system I{o € [Orr+5;6n+1'l based on the set
*

S-- - [0r L, 2, ..., 6n+4] . Again by Lerma 2.L, we find that, up Ëo a

perrmrtat,lon on s , wo must contaÍn the colLection of Ërip1-es
*T -t(0r 0, L), (L, Lr 2), (2r 21 3)rQr 3, O), (4r 4,4), (5r 51 5),

l

(6n+4, 6n*4, 6n +4) J

f]: T:,ì Ìç_::ì!ì



:::,'
.a.l

L2.

l{e ehal.l construct W € fen+4; 3n+1ì by elimínating some triples from
*l{ , but rüe must be careful whfch trí,pl-es we delete. If we delete alL

trlples containing one of the elements 0, lr 21 3, Ëhis procedure wil-l

alwaye guarantee us thè desired resul-Ë. Other$ríse, we may be forced

fnto a sftuatl.on where the end resuLt is not aLways a system in

løn++; 3n+11 ïo thfs. end we Ler ,Oo be thei collecrion of all
*

trfpLes ln lif eontalnlng Ëhe element 0 and assume, wÍËhout any loss

of generalLty,
*1o -[(0, 0, 1), (3r 3, 0), (0r 21 4), (0r 5,6), (0r 7r 8']r...,

(0, 6n*3,6n+4)J

Ler
*

A - f.(2, z, z) , (!, L, 2) ,

(7 ,7 ,8), (8, 8, g), . ..
***pur r{-(tü -(T UT'))U

lv € [6n +4; 3n *lJ based on

theorem.

(3, 3, 2), (4, 4, 2), (5, 5, 6), (6, 6, 6),

, (6n * 3, 6n* 3, 6n+ 4), (6n +4, 6n* 4, 6n +4)1

A It can be checked that

S - L0 j This cornpletes the proof of the

theorem 2.7. there ls a system t.I € [On+a; 3n*11 contaíning a copy of

w* € [On+S; 6n*LJ contaíning alU ff and only if Ëhere is a system

coov of ù-)

Proof. Assume there fs a sysÈem W e [6n+4; 3n*1J based on Ëhe set

S = [1, 2, ..., 6n*41 and conËaining a copy of H+ based on the seË

I,t, Zr 31 4] . We may assume without loss of generaLity that I^I contaíns

the coLLection

e=[(1 , L, t), (2, 2, t), (3r 3, 1) , (4r4rL), (2r314), (5r5,.6), (6,6,6),

(7, 7 r8), (8, 8, 8), ..., (6n*3, 6n*3, 6n#), (6r.*4, 6ni4, 6n+4)J .
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Jç

Introduce a new eLement æ and put S" = S U [-J

Let

A - [(1., L, 2), (2, 2, *), (-, -, 3) , (3, 3, 1), (2, 3, 4), (1, 4, -),:::
:: ...:. ..
:":: :':i:'ì (4r414), (5r 51 5) r..., (6n *4r6n*4r 6n+4) t (5, 6 t-), (7 r 8, -) t ... t

(6n+3r 6n+4rø)]
****Put I.I-' - (VJ - A) U n-' . Then W-- € [6n+5; 6nf lJ and ]I contaíns a

,,',,t,tti,ti.t,'. .:. : copy of ùS based on the set lt,2,3,4, -l . Conversel-y, assume
. .'.: t.-.::;

*t

,: :ì::.:: there 1s a system l,I'- € [6n+5; 6n*11 based on Ëhe seË

:-:::"':::''i 
so - [0, L, z, ..., 6n*4] and conËainíng a copy of ìJ. based on the

5
¿

two colLectlons of trlpl.es:
rkT =t(Or 0, 1) , (L, l, 2), (2, 2, 3), (3, 3, 0), (0, 2, 4), (1, 3, 4),

(4r4r4), (5r 5,5), "', (6n*4r6n*4,6n+4)], and

trTo - i(0, 0, 1) t (3, 3, 0) , (o, 2, 4), (0, 5, 6), (o, 7, 8) t -.. t
(0, 6n *3, 6n+4) J

Let

A* -t(zt 21 2), (L, Lr z), (3r 3r z), (4r 4r 2), (Lr 31 4), (5r 51 6),
,t,' , 

t 
,', ,., '-

.:.: :,: : j.: : i: .: (616r6)r(717r8)r(8r8rB), ..'t (6n+3r 6n*3r 6n+4)t
.:,.,: I .: _.:

:.:,:,:.:.:,, (Gn+4, 6nt4r 6n+4)]
****Put Tl-(f{ -(T"UTO"))Un". Then W€[6n+4;3n*1J and üI

contaÍns a copy of l(,,, based on the set lt, 2, 3, 4J4

3. the replacenenË proÞertv.

So far we have seen how extended Ëriple systems may be derived

from Steiner and sirnfLar trlple systems. Perhaps more irnporËanË ís the

fact Ëhat exËended trlpLe sysËems rnay be derived from each other. !ùe

-.:::t 1: i:!
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outlfne here a technlque that wllL prove very effecËive ín most of our

constn¡ctlone that appear Ln subsequenË chapters.

t,S@g-2.9. Suppose there is a sysËem W e [n; aJ contalníng asubsystem
t'c

Q e [q; rj . Suppose there fs another system A'- e [q; s] . Then there
Cr Cç

Ls a sysËem l{" e fn; a-r*s'l conËainíng a copy of a'

*
Proof . lfe may assume, without l-oss of generalíty, thac Ëhe system q- i:.,1,,i;,,:ì:

ls based on the same seË of elemenËs as Q ; for oËher¡rrise we can relabel ' '''
. t,:,.,r_,,,-.,,,,

the eLemenÈs to achieve this. tle put W* = (tr{ - O U q* It is readily ¡'::';":":;;::

verified that w* € [rr; a-r*sJ

RemaIF 2. The fact that, lre can remove subsysËems, and appropriaLely

replace them, w111 prove quite cruclal- in mosË of our constructions. It

Is !,torth notfng that even 1f a and a. are Lsomorphlc fn Lermna 2.8,
*then I,f end I^I need not be fsomorphie. For exarnple, in lU r¡te may

repLace rhe sybsysrem Q = [(1, 1, L), (2, 2, 1)] with
&^*

Q-- - [(1, 1, 2), (2, 2, 2)1 rhus obËaínÍng a copy of N4-'

.,,' ',.,.,.,lt, 
,,

Theorgm 2.9. Suppose Ëhere is a sysËem W e [n; a1 contaíning Ë ::. :1:¡':,::,:r

jj: ..r-r-.;:-i.::

nn-rtuaLLy dlsjofnË copies of tg . then there is a system ,.,,,;,,',;,.,',;,,

WU € [n; a-3k] conÈainLng at leasË k ruuËual"Ly dísjoinË copíes of

5O and E-k rurtual-Ly disjoint copies of 5, r where k = Lr?r..., Ë.

Proof . the proof follows dLrectly by applying Lenma 2.8. trIe obËain Wt

from I^I by removing one of Ëhe Ë disjoínË eopies of Sg and

repLaclng 1t wfth the appropriate copy of tO . For k=1, 2t "', t-L ,

we obtaln Wt*l from Wt by the same procedure.



then Ehere exists a consf st,enË sysËem WU € [n; a - 3kl

^fe.lk-1,2, 
LtJ

L5.

Corollarv 2.L0. If there exists a consistent sysËem W e [n; a] ,

where

Eåan¡ole 2.11. LeË w e [g; gJ be given by

(1, L, L), (2, 2, 2), (3, 3 , 3), (L, 2, 3),

(4, 4, 4>, (5, 5, 5), (6, 6, 6), (4, 5, 6),

(7, 7, 7), (8, 8, 8), (9, 9, 9), (7, 8, 9),

(L, 4, 7), (1, 5, 8), (t, 6, 9), (2, 4, 8), (2, 5, 9), (2, 6, 7),

(3, 4, 9), (3, 5, 7), (3, 6, 8).

t^te obratn I^I1 € [9; 6J :

(L, L, L), (2, 2, 2), (3, 3, 3), (L, 2, 3),

(4r 4,4), (5r 5,5>, (6,61 6), (4,51 6>,

(7,7r g), (9, gr g), (gr gr 7), (L,41 7), (1r5rg), (1r6rg), (2r4r8),

(2, 5, 9), (2, 6, 7), (3, 4, 9), Ír, t, 7), (3, 6, 8).

!,r2e19;3J: i ,

(1, 1, L), (2, 2, 2), (3, 3, 3), (L, 2, 3),

(4r 4r 5), (5, 5, 6), (6, 61 4), (7,7,8), (gr8r9)r(gr9r7), (rr4r7),

(L, 5, 8), (1, 6, g), (2, 4, 8), (2, 5, 9), (2r617) r(3r429), (3,5,7),

(3, 6, 8) .

For an appl-icaËíon of Lernma 2.8, Let us consider Ëhe fol-l-owing

theorem and exaryle. :

!{3 € [9; oJ :

(1, 1r 2), (2r 21 3), (3,3, L), (4r 41 5), (5r516)r(61614)r(717r8),

(8, 8, 9), (9, g, 7), (L, 4, 7), (L, È, g), (1,6,9), (2,4,8), (2r5,9),

(2r 61 7), (3r 4r g), (3r 5,7), (3r 6, g).



fþe.ore*.å.12._ Let n = i or 4(ruod 6), n > 4 . Ttren Ëhere exisËs a

sysÈem W e [n; ].'l whích contains at l-east one copy of X+

Proof . Let (S, T) be any STS(n-L) . !,Ie add to S a new eLemenË ,,1,,, ,,
i::.:::- t:::-l:::

ærandput S*=SU[-]. LeË to=[(xrx¡@) l*es*l and

-tct(l{=TUT". Ttren VI€[n;1ìrbasedon S". Since n>4rT

contatns at least one triple (a¡ b¡ c). Hence, Í{ contains the ''.''::r : -.

.:.: .:.'-:i :j

coLlectfon K = [(-, -, -), (a, a¡ -) ¡ (b, b, ø), (c, c¡ æ) r (a, b, c) ] , ,:r: i¡,':,: 
::

':
whfch 1s a copy of H+ . '..:.:..,,,.t,,

,1:_ '

Remark 1. The sysËem ÍI constructed in Ëhe proof of Theorem 2.L2 ís

associated aLgebraical-Ly rsiËh a toËally symmeËric loop (see for exaruple

1,21) . It ls cLear that l¡I does not contain a copy of HOo , but contaíns

as many copies of N+ as there are triples ín T . The copies of Nrr

pafnviee fntersecË in (æ, æ, æ)

CorolLarv2.13. LeË n=2 or 4(mod6),r-è4. Thenthereexistsa
'*-i.*system $1.. € [r,; 1] containlng a uníque copy of t{4,, 

. .,:.,.:.,,..¡

Proof . Let I{ € [n; 1] be as consËr:trcted ln the proof of Theorem 2.!2. , ,..,
,_-: 

':.:,1.:.;.:.ì

Let a be a copy of H+ 1n Tt . LeË qI be a copy of )lO*, ba".d or, .'"',':'.;'.'

the same set as a . puË I,{* = (I{ - Ð U Q* . A sËraightfonuard

of *on 
::.:.: ..
.;::,::-::::'

Exarmk: 2-Ll. Thls exarupLe ilLusËrates Theorem 2.L2 and CorolLary 2.L3 ::r'r"ri '

for the cases n - 8, 10

L6.
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(1)

r{ € [8;

(æ, co, o), (L,-1 . -),

(4, 4, -), (5, 5, æ),

(2, 6, 7), (3, 4, 6),

tr
tÀr" e [B;

1-, -, -)*, (1, 1, r)*

(4, 4, ø7, (5, 5, o),

(2, 6, 7), (3, 4, 6),

(f1)

*
(o, æ, o)

(42 4, -),
(L, 5, 9) ,

(3, 6, 9),

T,r € [10;

(l-r 1' o),

(5, 5¡ -) r

(L, 6, 8) ,

(4, 5, 6),

w* e [ro;

, (L, 1, -)*
(5,

(1,

(4'

co) r

8),

6)'

L7.

(3._3. -) , (1", 2, 3),

(7, 7 t -) t (1, 4r7) t (L, 5, 6)' (2'4t 5) t

1J

(2Æ,

(6, 6, o) ¡

(3, 5, 7) .

1l

, (2, 2, l)
(6, 6, ø),

(3, 5, 7).

o, (3, 3,

(7r 7, -)r

**1) r(2t 3r.) '
(l r 4 r 7), (L, 5, 6), (2 r 4, 5),

(-, -, -),

(42 4t -),

(L, 5, 9),

(3, 6, 9),

11

(2.2.:,), (3, 3' .),
(61 6, o), (7r 7, -),

(2, 4, gr, (2, 5, 8),

(7 , 8, 9).

1l

, (2r 2, L)o, (3r 3,

(6, 6, ø), (7 , 7, ,),

(2, 4, g), (2, 5, 8),

(7r 8r 9).

(1. 2. 3),

(8r 8r.)r (9 r9, -), (Lr417),

(2, 6, 7), (3, 4, 8), (3, 5, 7),

**1) , (2t 3., -) ,

(8r 8, -)¡ (9 t9t-), (Lr4r7),

(2,6,7) , (3, 4, g) , (3, 5, 7)

5,

6,

5,

Remark 4. In (f) and (i1) of Exanple 2.L4 the sysËems W and I^I*

are cLearly non-fsomorphlc. AlgebrafcalLy the sysËem I,t € [8; lJ is a

group, but ttre aystem I,f € [10; lJ cannot be associaËed with any group.
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Before we Proceed to llet some examplee of eysEems whfch are conslstent,

we glve eome elruple exampLes to lllustraÈe that there are systerns which

atre not consistenË.

'%Ineachcasethesyst'em!,Igivenbe].owíseasí1ychecked
Eo be lnconsl.stent:

(1) r^r € [7; 7J

(1, 1, L), (2, 2, 2), (3, 3, 3), (4, 4, 4), (5, 5, 5),

(6, 6, 6), (7, 7, 7), (L, 2, 4), (1, 3, 7), (L, 5, 6),

(2,3,5), (2,6,7), (3r 4,6), (4r 5,7).

(11) we[rr;zJ
(1, 1, L), (2, Z, 2), (3, 3, 3), (4, 4, 4), (5, 5, 5), (6, 6, 6),

(7r 7r 7), (g, g r g), (gr g, 10), (10, 1o, 11), (11-, tl, g),

(L, 2, 3), (L, 4, g), (L, 51 11)r.(L, 6, 10) , (L, 7, g), (2, 4, 10),

(2, 5, g), (2, 6, 11), (2, 7, g), (3, 4, 5), (3, 6, 7), (3, S rr}),
(3, grLL),(4,6, g), (4, TrLL),(5,6, g), (5,7,10).



L9.

Reggrkl. There are exanples of coneJ-stent eystems ln [ff; l1 and

l.tz;61 , but Êhere can be no congístenr $r € [7; 7J sfnce rhe copies

oÍ to fn such a I,I pafr:vrise lnlersect.
J

4 . !!!r¡str¡!-LVe -Exanelsg: ConsistenË gyltgIrg-.
. ' '.'..'- ':

' :.:t :..:ì.
',,,,,,,,, Theorem 2.9 wiLL be one of our most effectíve tools used in

..:,-:r,:.-: ,,: future constructLons. VJe list here some exarnples, fot smal-l values of
.. .i: j.'.:.

n , of systems I,f to rvhf ch the theorem applles. The techníques ouÈlíned

fn the previous sectlons have been util-fzed in constn¡ctÍng these
ì

i examples. the parameËers n, a, t are as ín the sËatement of Theorem 2.9.

: The examples provlde a source for fuËure reference.

t{ € [8; 4J n o I, 4 o 4, t = '!.

(1, 1, L), (2, 2, 2), (3, 3, 3), (1, 2, 3),

(7, 7, 7), (6, 6, L), (5, 5, 2), (4, 4, 3), (8, 8, 7),

(L, 4, 7), (L, 5, 8), (2, 4, 8), (2, 6, 7), (3, 5, 7),

(3, 6, g), (4, 5, 6),

Observe I{ € [9; 9] and W € [8;4J are derived from the same sTS(g)
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r^r € [10; 4] n - 10, a - 4, E - L ,

(a) (1, L, 1), (2, 2, 2), (3, 3, 3), (Lt 2' 3),

(6, 6, 6), (7, 7, 6), (5, 5, L), (4, 4, 2), (L0, 10, 3),

(8, Br 10), (9, 91 1o), (L,41 9), (r, 61 1o), (Lr 7r 8),

(2r 5110), (2,61 8), (2r 7r 9), (3r 4r 8), (3,5,7),

(3, 6, g) t (4, 5, 6), (4, 7, 1o), (5, 8, 9).

(b) (1, 1, t), (2, 2, 2), (3, 3, 3), (L, 2, 3),

(4, 4, 4), (8, 8, 4), (5, 5, 1), (6, 6, 2), (7, 7, 3),

(9, 9, L), (10, 1011), (1 , 4, 6), (L, 7, 8), (2, 4, 5),

(2,7r g), (2, Br 10), (3,41 9), (3, 5, 8), (3, 61 10),

(4, 7, 10), (5, 6, 7), (5, 9, 1o), (6, 8, 9)

(c) (1, 1, L), (2, 2, 2), (3, 3, 3), (L, 2, 3),

(4, 4, 4), (8, 8, 4), (5, 5, 1), (6, 6, 2), (7, 7, 3),

(g, 9, 5), (10, L015), (1 , 4, 6), (L, 7, 8), (rr 9,l-0),

(2, 4, 5), (2, 7, 9), (2, 8, 10), (3, 4, g), (3, 5 , 8),

(3, 6, 1o), (4, 7, 1o), (5, 6, 7), (6, 8, 9) . 
: :.:..

f{e obeerve the foLLovllng propertles concernfng the three systems (a) , :1:r::: rr:::'.

: 
t' ttì , 

'-' :.

(b), (c). ,.,.¡.'r,,,,,:
:

(f) (a) contaLns no copy of H+ or *Oo

(1f) (b) contal-ns a copy of M+ orr lt, 5, 9, lOJ .

(1ff) (c) conËafns a copy of *Oo on [t, 5, 9, 10], and ,,.,,,.,,.'.
' :"'

(c) ls derived from (b) by an appl-icaËion of Lemna 2.8.

(fv) (a) ls derived from $I € [11; 7'l which follows.
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iir:..ì.',1.:.1.1r:l

w e [rr; zJ n-11 tâ=7tt=à
(1, 1, L), (2, 2, 2', (3, 3, 3), (L, 2, 3),

(4, 4, 4), (5, 5, 5), (6, 6, 6), (4, 51 6), 
.;:.:.::

(7 , 7 , 7) , (8, 8, 10), (g, g, 11), (l_0, L0, g), (11, 11r 8), ::-: :.

(L, 4, 9), (1, 5, 11), (L, 6, L0) , (L, 7, 8), (2, 4, LL),

(2,5rt0),(2,6, g), (2,7, g), (3,4,8), (3,5,7),

(3, 6, g), (3, 1-0 rL!), (4, 7, 10), (5, g, g), (6, 7, 11) . ,,r,,,1,,,

r^r € [12; 6'l n o L2, â = 6, t = 2 .

(3, 3, 3>, (6, 6, 6), (11, L1_ rLL), (3, 6rLt),

(4r 4,4), (7,7r 7), (L2rt2rL2), (4r 7r:'.2),

(10, 10r3), (8, 8, 6), (9r 9rLt)r(2, 21 4), (1, 1r 7),

(5, 5rL2), (L, 2, 3), (4, 5, 6), (7, g, g), (1O, 11- rt?),
(L, 41 11), (1, 5, L0) , (!, 6, 9), (1, 8 rLZ), (2, 5, g),

(2, 6rL2), (2, T rIL), (2, g, 10), (3, 4, 8), (3, 5, 7),

(3, 9 r 12), (4, g, 1o), (5, g, 11), (6, 7, 1o).

I,t€t13;13J n=L3ra=l-3rt=4. ,;.:.
(1, I , L)t (zt z, z), (3, 3, 3) , (L, z, 3), ''.'1.1.','.tf'

l:',,:.,..:'i'-,,
(4, 4, 4)t (5, 5, 5) , (6, 6, 6), (4, 5, 6), t'.'::',;l:j:'::

(7, 7 r 7)r (8r 9, g) , (9, g, 9), (7 r 8, g) ,

(10, Lor l0), (11, 11r 11) , (LZrLzrL2) r (10 ,Lt,!2),
(13, L3, L3), (L, 4,1L), (1, 5, 10) , (L, 6, g), (L, 7, 13),

(1, 8 rL2), (2, 4rL3), (2, 5, g), (2, 6rL2), (2, 7, 11),

(2r 8r10), (3,4, g), (3,5,7), (3r 6rLL)r(3r 9,L2),

(3,10r13), (4, 7,L2)r(4, g,10), (5, 8,LL), (5r\2,13),

(6, 7, 10), (6, I, 13), (9, t1, 13)
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Note Id € [13; 13J and W € [12; 6'] come from the same STS(13)

r^r € [14; 7l n = L4, a = 7, t = 2 .

(1, 1 , L) , (5, 5, 5), (9, g, g), (1, 5 , 9),

(2,2,2), (7,7r 7), (L4rL4rL4), (2,7rL4),

(8, 8, L) t (L1_1 11r 5), (Lzrr2r9), (LOrL0r2), (4, 4, 7), (13, 13,14),

(3,31 3), (6,61 3), (1,21 3), (Lr 4rL4)r(Lr 6rL2)r(Lr 7r10),

(1, 11 ,L3), (2, 4rL2), (2, 5rL3), (2, 6, g), (2r g, L1) , (3, 4, trl),
(3, 5, 7), (3, g rL3), (3, g, 10), (3rL2rL4), (4, 5, 6), (4, g, 10),

(4, grL3), (5, g rL2), (5, 10 rt4), (6, T rLL), (6, grL4), (6, 1_0 rL3),

(7, 8, 9), (7 rLzrL3), (8, 1L,L4), (L0, lt_,L2).

t4I € [15; 15J n-15¡ a=L5, Ë=5

(1, lr L), (2,21 2), (3r 3r 3), (L,21 3),

(4r 4,4), (5,5,5), (6,61 6), (4,51 6),

(7, 7 r'7), (8, g, g), (9r.9, g), (7, 8, g),

(10, l-0r 10), (11r 11r 11), (L2rL2rL2), (LO,11 ,L2),
(13, 13, t3), (L4,L4,14), (15, L5,L5), (L3,L4,L5),

(L, 4rL4), (L, 5, g), (t, 6rLzr, (L, 7 r,10), (1, gr 15), (1, 11r 13),

(2, 4, 1.2), (2, 5, L3), (2, 6, 8>, (2, 7 : L4), (2, g,Lt), (2, rOrLS),

(3, 4,11), (3, 5, 7), (3, 6, 15), (3, g rL3), (3, 9, 10), (3rt2rL4),

(4, 8, 10), (4, grL3), (4, 7 r\5), (5, LL rL5), (5, 8 ,L2), (5, 10 rL4),

(6, 7, 11), (6, grL4), (6rt}rLg), (7,tzrL3), (8,1L, L4) , (9rL2rt5).

Ì^I € [15; 15J and I{ € [14; 7] are derlved from Ëhe same STs(15)
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e[f0;21 n=16ra=7rt=2.
(1, 1, L), (6, 6, 6), (8, g, g), (L, 6, g),

(2, 2, 2) , (4, 4, 4) ,' (L2, L2rt2) , (2, 4, L2) ,

(L5, 1_5, 1_5), (13, 13 rL5), (L4rL4rL5), (L6,L6rL5), (7, 7, L), (3r3r6),

(5,51 8), (LLrLtr2), (L0,10r4), (9, grL2)r(Lr 21 3), (Lr 4rL3),

(L, 5, 9), (1, 10 rL4), (1, 11 ,L5), (LrL2rL6), (2, 5rL3), (2, 6r14),

(2, 7 r 15), (2, gr16), (2rgrL}), (3, 4, t_L), (3, 5rt4), (3, 7,L6),

(3, 8, 10), (3, g, 15), (3rL2rL3), (4, 5, 6), (4, 7 rL4), (4, 8rL5),

(4, 9, L6), (5, 7, L2) r.(5, 10 rLS), (5, 11 ,L6), (6, 7, LL) , (6, g, L3),

(6, 10 rL6) r(6rr2rL5) r(7, 8, g), (7,L0rr3), (8rL2rL4), (8, 13 rL6),

(9, LL, L4), (1_0, 1L, L2), (L3, L4, L6) .

Cltl;131 rL=L7râ=I3rt=4
(1, 1, t), (2, 2, 2), (3, 3, 3), (t, 2, 3),

(4,41 4), (5,5,5), (61 61 6), (4r 51 6),

(7,7r 7), (8, 8r g), (gr gr g), (7,8r g),

(10, 10, L0), (11_, Llr 11r), (L2rL2rL2), (10 rLLrL2),
(L3, 13,13), (L4, L4rL5), (15, 15,L6), (L6, 16rL7), (L7 r L7, 14),

(L, 4,13), (1 , 5, g), (L, 6, 8) : (t, 7 rL7), (1, t0 rL4), (1r 11 ,L5),
(L, LZ.L6), (2, 4, L2), (2, 5, L3), (2, 6, Lt+), (2, 7, 15), (2, 8, 16),

(2, 9, 10), (2rLlrL7), (3, 41 11)r.:(3, 5r14), (3, 6rL7), (3, 7,L6),

(3, 8r 10), (3, g, 15), (3rL2, 13), (4, 7rL4), (4, g, 15), (4, grt6),

(4rtorL7)r(5r 7rL2), (5r grL7), (5rl_0r15), (5, 1_1 ,L6), (6r 7, 11),

(6, g,L3), (6,10rL6), (6rL2rL5), (7,LO,L3), (8,L2rL4), (8,13rL6),

(9, 11 ,14), (grLzrL7), (L3rt4rL6), (13, 15 rL7).

w
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Concerning the systems I^f € [16; 77, W € [17; 13:l noËe the following:

(i) W € [16; 7] ls derived from I^I € {17; 13.l by deletÍng all

trfples conËaíning the number 17 from the system I^I € [17; 13:l

(ff) I{ € t16; 71 conËains a copy of tq on ltS, t¿+, L5, L61

(fff) ft € [17; 13] contains a copy of ùS on ltS, t+, L5, L6, L71

...-'
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CTIAPTER 3

Dfrect constructign of extended trlple_svsgems
'_.. 

...:..

,:rt-,,,-,.,1. Iltroduction.

The main purpose of this chapter is to show that the necessary

conditions for the existence of [rr; al given in Theorem ]-.1- are also
:::: :::-':

sufficlenÈ. This resuLt is proved in Section 2, using direct construc- l, ,',,,,,
: :':-:t::

tl-on meËhods and applying the techniques of the previous chapter. In ::::.:.

,i,- ,:
Section 3 a graphical meËhod ls used to construcË a sysËem ín

[On+S; 6nf lJ which contains a copy of ÙS for every integer n Þ 0

Simttarly, a system fn [On+4; 3n*1'l containing a copy of Hq ís

obtalned. These sysËems are inequivalent Ëo Ëhose constructed in

Sectlon 2. Flnallyr it ís shown Ëhat there exists a consistent system

ln [tt; a] for every n l7 and every appropríate value of ar 0 (asn.
l

2. Existence Theorems. l

The result of our first theorem is contained ín [8]. For

compLeteness r¡/e shall- give the consËrucËion and esËablish the exisËence

of [r,; OJ , n = O(mod 3), using Lemma 2.8.

Theorem3.1. If n=O(mod3)rthen [r;3] and [n;0'l exist. If

" + O(mod 3), then [rr; 1'] exists.

Proof= Let S = lL, 2, . .., nl

Let W - [(*, y, z) I *, y, z € S ; x+y*z =0(mod n)l

If n = O(mod 3), then it is easily checked thaË W € [n; 3l , where the
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fdempocents of I,ü are î , ? , " C1-early, I{ contains a copy of 53,

based on ti, ?, "l By Lemma 2.8, there al-so exists a system

W, € [n; O.l conÈafnfng a co'py of tO

If " + O(mod 3), then W e [n; 11 , where the idempotenË of I^I is the

number n

fteorem 3.2. For every non-negatlve integer n , there exisËs a consisËent

sysrem w € [6n +3; 6n +3'l

Prgof. It is clear that the theorem is Ërue for n = 0 , L, 2, in víew of

examples already given. More generall-y, we have the foll-owíng

cons truction .

Ler s = [0, L, 2

sets 40, 41, A2 where

eo = [o r Lr Z

A, = [2n*Lr 2n*2r...r 4n*L1 ,

A, = l4r-*2, 4nt3, ..., 6n*2f

In what foll-ows subscripts are taken modulo 3.

LeE B and C be the foLlor,Ting col1-ecÈfon of triples:

B = [(x, x*2n*1, x*4n*2) l" €AOl ,

C = [(x, y, z) I *, y € A1r, € Ai_+l, Í =Or1rr2; x lyt
x *y = 2z(mod 2n + 1) I

Let T = B tJ C . Ttren (S, T) is an STS(6n+3).
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This constructlon is essentíally due to R.C. Bose [1], and was

reproduced by Th. Skolem í211 .

Now Let J = [(x, x, x) | x € S']

FtnallyrpuË I^I=TUJ. Then W€[6n+3;6nf3J and W conËaíns ,..':,',,,"'..,

2n*L palrwlse dtsjoint copies of t, based on the sets

nu - [k, k*2n+]., k *4n*21 , k = 0, L, 2, ..., 2n . consequently, !,I

is conslstent. ì.'j ', i:'
r,,,' ¡r,;,,,,t.:

Corollary 3.1. Let a =O(mod 3), 0 <a < 6n*3, where n is anon- :,,,,,,,,.,,.,
: t:.: .j.:.. 

..:

negaËive inEeger. Then there exists a consístenË system I^I € [6n+3; a'l .

Proof . The resul-t follows from Theorems 2.9 and 3.2.

Therofem 3ú. There exf.sts a consisËent sysËem W € [6n+t; 6nt1] if

and only if n I L

P5gof. Ler S-[0rLr2

For I -0, Lr 2r puË 1,, = [x*2nl l* = O, Lr Z.r..., n-L] ,

R, - [x*n i-ZnL I * = O, L, 2, ..,, n-111 ' | ' 
,..,.,.,.

[.le have the following: ':',.:',:'-':'

'',;,t 
,;;,',:

TDU0 RO .:.: ,::,::.:.,:.::

0rL, ..rr-1 i nrn*lr....r2n-L

Lr I *r'
; i .'',,.,,ri,,,.,,.

2nr2n*1, ...r 3n-1 i 3nr 3n*1, ..., 4n-L :

L., I o,t:z

4nr 4n* 1, "', 5n- f i 5n, 5n *L, ... , 6n-!
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In what folLows al-l- subscripËs are reduced modulo 3.

Let B, C, D be the foLlowing col_lectíon of triples:

g = [(x, x *2n, x*4n) | * = 0, 1, ...r r-lJ ,

[G* n, x* Zn, 6n)
I

c - '{ (xt3n, x*4n, 6n) : x = 0, 1 , î-L 
7

I

[1x+5n, x, 6n)\

D = [(*, y, ,) I *, y € L. tJ R. ; if x+y ís even, rhen z €'Lf *L
and satÍsfíes x+y = Zz(mod 2n); íf x+y ís odd, rhen

z € *, *, and satisfies xf y = 2ztL(mod 2n) ; x I V]

Put T=BUCUD. Then (SrT) isan STS(6n+1). Thisconstruction

ls due to SkoLem [zLj.

NowLet J=[(xrxrx) lx€Sl andpuË Íl=TUJ. Clearly,

W € [6n+f; 6n+1J Ìrle nor¡ prove thaË !ü is consistenË, if n I L t
by conslderlng four cases. It is sufficíent Ëo show thaË the collection

T contains 2n paírwise disjoÍnt Ëriples in each case.

Case. 1. n = 0(mod 4) .

coLl-ectlon of trlples.

('t n ++t', n

I4., = { (ln *4k, 3n
-t

[{s" 
++t, s"

(< n*L +4k,
I

Èz = \(3n+L+4k,
I

[sn 
+ L +4k,

It, can be checked that T contains the following

2r.+I +4k)

4n*L +4k) k = o, 1, n-4

1+4k)

2n*2 +4k)

4n *2 +4k)

2 +4k)

4kt

4k,

4k,

+2 +4k,

+2 +4k,

+2 +4k,

n*3*
3nf3*

5n*3*

k = o, 1, n-4



I <l * 4k, zn + 3 +4k, 4n * 3 +4k)
Ao =1
' \(¿ +4k, zn+4+4k, 4n+4 +4k)

29.

: k=o¡l tt;8t4

A4 - [(0, 2n, 4n), (n-1, 3n-L, 5n-1)J íf. n Þ 4 . 
.,,,,,,.

A4=A!=AZ=L3=ô if n=0

Set A = A- tJ AZ U Ag U A+ . Then iL is easily verifíed that A conËainsLi

2n rmrtually disjoint trÍples. As an exanple, \¡re may consider the case ,,.,,,,i,,,

n = 4 t", 
", 

t';"t'

¡t1"' :'t:

I e 10 11 i tr 13 L4 ls
:

16L718L9:202L222324

Disjoint triples ín A :

( 4, 6, 9) ( 5, 7, LO) (0, 8, 16)

(L2, t4, 17) (1_3, l_5, 18) (3, LL, 19)

(2O,22, 1) (zLr 23, 2)

Case2. n=L(mod4)rnlL. T contains

l? "* L+4k, n*3*4k, 2nr-2+4k)
I

o, =.{(3n+l+4kr 3n*3 +4kr 4n*2+4k) : k = 0,L, ...,+,

f (s"+L+4k,5n*3 +4k, z+4k)
\
I

f 
t " * z +4k, n*4 t4k, z'-t3 +4k)

o, =1(3n+ z+4k, 3n*4+4k, 4nr3 +4k) : k = orL, .. -, i=ot,

f 1r" * z +4k, 5, ,.4 +4k, 3 +4k)t



( <O * 4k, 2n + 4 +4k, 4n *4 +4k)
A" ={
' 

L,t 
+4k, 2ni5+4k, 4n*5+4k)

eo = [(0,1,3n), (Znr 2n*1,5n), (4n,4n*1,n), (n-1,3n-1,5n-1)J.

Set O = A1 U A2 lJ Ag U A4 . Then it is easily checked thaË A contaíns

2n mutually dísjoint triples. As an example, let n = 5

S:01-234:56789

10 11 L2 t-3 L4 i rS L6 L7 1B Ls
:

20 2L 22 23 24 i 25 26 27 28 29 30

Disjolnttriplesin A . (618rL2) (7r9rL3) (0, 1115) (4rL4r24)

(L6 ,L8 ,22) (L7 ,L9 ,23) (10 ,11 ,25)

(26 r28, 2) (27 ,29 , 3) (2O rzL, 5)

Case.3= n = 2(mod 4). T contains

(
l( "+L+4k, d*3*4k, 2n+2+41rc)

I _ n_6Af =1(3n+L+4k,3n*3+4kr4n+2+4k) : k=0, 1 ,-T
I

t(s"+L+4k, 5n*3 +4k, 2+4k)\
/'
[ 
( n + 2 +4k, n*4 *4k, 2n+3 +4k)

. l-^ ^¡,r - n-6A" -1(3n+2+4kr3r.*4+4k,4n+3+4k) : k=0r 1,|""-,'4'
| (5n+2+4k, 5r'*4+4k, 3 +4k)t
/
l( 4k , 2nt4k , 4n*4k )

A"=.,l. i k=0, 1r...-tt:6
' ì(r+4krZntl+4kr 4n+r+4k) -' "' ' 4 '

L
A4 = [(n-1, n, 4n-L), (3n-1 ,3n, 6n-L), (5n-1 , 5nr Zn.-!)t (n-2, 3n-2, 5n-2) ì .

seË o = A1 tJ A2 tJ A3 U A4 Then A contains 2n nnrtually disjoint
Eriples. As an exarnpLe, let n = 6
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3l- .

0L

L2 13

24 25

Dlsjofnt triples ln

6 7 8 910 11_

L8 19 20 21 22 23

30 31 32 33 34 35 36

2345

L4 15 L6 L7

26 27 28 29

4).

4k,

4kt

4kt

( 7 , 9,L4)

(t9 ,2t,26)

(3r r33, 2)

contains

n*L *4k, 2n+4k)

3n * 1 +4k, 4n +4k)

5n * L +4k, 4ki

n*214k, 2n+L +4k)

3n*2+4k, 4n*L +4k)

5n *2 +4k, L + 4k)

2n*2+4k,4n+2+4k)

2¡*3+4kr 4r.+3 +4k)

Then

7

contaíns 2n

k = 0, 1, "',

( Br10r15)

(2O r22,27)

(32,34, 3)

( o rl2 r24)

( I,L3,25)

( 4,L6,28)

( 5, 6 r23)

(l_7r18r35)

(29 ,30,Lt)

Gase4. n=3(mod

(i "-, *
IA. ={(3n-1*,ì

[(sn-r+
(( n+ak,
I

Az = 1(3n 
*4k,

I

[5n +4kr

' 
(" +4k'

l\"=\
' 

[<: 
+4k,

Set A-Al_UA2tJ

As an example, let

S:0
L4

z8

Dlsj oint

( 6,

(20,

(34 
'

T2

15 16

29 30

triples

8, 14)

22, 28)

36, 0)

in A:
(7,9,t5)

(2I, 23, 2g)

(35, 37 , L)

(10, L2, L8)

(24, 26, 32)

(38, 40, 4)

(1L, 13, 19)

(25, 27, 33)

(39r 4L, 5)

n-3

(2, L6,

(3, 7,

k = o, 1,

k = 0, 1, ..., ni'

rmrËuaL1-y disjoinÈ tríples .Ag

fl.=

7 8 9 L0 11 t2 13

2t 22 23 24 25 26 27

3s 36 37 38 39 40 4L 42

3456

L7 18 L9 20

3L 32 33 34

30)

31)
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Comblnlng these results, we have shown that the system W€ [6n+1; 6n+11

fs consisLent, provfded n I L By Remark 5, the proof of the theorem

fs complete.

t..:.tl ¡,t',t,t.'

CgIollarv 3.5. Let a = l(mod 3), L 3 a 3 6n*1-, where n I L . Then

there exisËs a conslstenË system W € [6n+1; a']

Proof . The corollary foll-ows from Ëhe proofs of Theorems 2.9 and 3.4. ,."',,',.','

Exar¡ple 3.6. There can be no consisËent sysËem l,I € [7; 77 , since

W e [Z; ZJ ls equivalent to the projective pl-ane of order 2 However,

1f there exlsts a W € [7; 7], then I,I necessaríly contains a copy of

t, . So both ll;71 and ll; +'Ì exisr. By Theorem 3.1, ll;lJ exists.

I,Ie list chree sysÈems on {L, 2, ..., 7J

(i) ll; 71 : (11L rL) r(21212) r(31313>,(41414) r(51515),(61616),

(7 ,7 ,7) ,(L ,2 ,4) ,(L ,3 r7) ,(L 15 ,6) ,(2 13 ,5) ,(2 16 r7) , 
"

Ì(3,4,6) ,(4 r5,7) :

(ri) [l; +J : (1r1 ,L) r(2,212),(31313) r(6,616),(41415) r(515,7),(7 17 14),
i. .. ' ,t ,.,'.,

(L1214),(L1317) r(L1516) r(21315),(216r7),(31416) ,',;i,',',¡.,
I _ ...

. .._..::::l:(1r1) [l; 1] : (1r1 ,L),(2r2r3)r(3 ,314),(4r4r5),(51516),(61617), .,, :r.j,,',','-r: .'4.:::.:;.:

. (7 r7 12) r(Lr215) r(L1316),(Lr417),(21416),(31517)

Theorem 3.7. For every positive integer n , Ëhere exists a consisËent

sysüem tü € [6n; 3n]

Proof. Let (Sr T) be the STS(6n+1) consËructed in the proof of

Theorem 3.4. Then T conËains the tr¿o col-Lections:
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rwê

f t3'

and

B = [(x, x *2n, x44n) | * = O, L, 2, ..., r-1J , and

It* * n, x*Zn, 6n)
I

C = {(x*3n, x* n, 6n) : x = 0r l, Z, ...r n-l
I

l(x+Snr x ,6n)

To construct !,I € [6n; 3n.l on rhe elements lO, Lr Zr..., 6n-l

ehaLl eliminate the coLlectfon C from T

Let
ftx, x, x¡
Itr=1(x*2nr x*Zn, x*2n) : x=0r 1

| 1* +4n, x*4n, x *4n)\
(i"*5n, x*5n, x )
IJZ=l(x*n, x*nr xiZn) : x = 0r 1

I

((x +3n, x *3n, x *4n)

PuË W=(T-c)UJlUJ2

Then Vf € [6n; 3"] and I,I contaÍns n pairwise disjoint copies

based on Ehe sets nU - {k, k*2n, k*4'-J , k = 0, 1 t n-L t

consequentLy I,I is consistent.
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corollarv 3.8. Let a = 0(mod 3), 0 < a < 3n, where n is any positíve

lnteger. Then there exÍsts a consistent system W € [6n; a]

Proof . The proof fo1Lonrs dÍrectLy from Theorems 2.9 and 3.7.

Theorem 3.9. For every non-negative integer n , there exisÈs a consistent

system !I € [6n+2; 3n+lJ



Case L. n = o(mod 2) . T(o) can t

/
l(0, zn * L, 4n +2) t

T(o) - lçor r*, x*2n*1)
I

[0, Zx *4n*L, 6n*4 -

where 2x fs talcen moduLo Zn*L

34.

Proof. Let (s, T) be the srs(6n+3) consrrucËed in rhe proof of

Theorem 3.2. LeE T(0) be the collecÈion of all rriples of T

contafnlng the eLement 0 . trIe shall elfminate T(0) from T in order

to construct w € [6n+z;3n*].1 ¡ l.le shal-L consider Ërilo cases, and ín

each case a representatfon of T(0) is given ín a form that wíll
facfLltate verfficaËfon of the resuLt,s.

as follows :

x = L, 2, ..-, 2n,

x = Lr 2, ..., n ;

x=Lr2r...r2n,

x=lr2r..lrD ;

x = Lr 2, ..., 2n I

x = L, 2, ."¡ [ ;

where 2x is taken modulo 2n*,].

Put I{ = (T - T(0)) U Jl U J2 . rr is easily seen rhat ï^I € [6n+2; 3n+11

on the set lLr 2, ...r 6n121 . !,Ie novr show ËhaË !ü is consístent.

Flrst we observe that T - T(o) contains the following collection D

of n nnrËually dlsjolnt trlpLes :

2x)

be

-2"

Let (<rn *L, zn *L, zn +L) t
I

Jl_ - {(*+2n*Lr x*Zn*Ll x*2n+L)
I

[(2x +4n *L, Zx*4n+L, k +4n+1)

ß4n*2, 
4n*2, 2n*L) 

1

J2 = .( tZ*, 2x, x+2n+L)
I

\.{On 
+ 4 - 2x, 6n *4 - 2x, 2x *4n * 1)

represented



It follo\^rs that the col-lection D U Jl provides n pairwíse dísjoint

coples of 5, 1n I^I . So I'I is conslstent.

Cgsg 2. n = l(mod 2). T(0) may be represented as folLows :

35.

[ {2"+ L*Zxr 2n*2*2xr 5n*3 +2x) : x = 0r 1
D=l

\1:"+2*2xr 3n*3*2x, /+n*3*2x) : x=0, 1 ,+.

D=ö if n=0

Let
(e"*L, 2n*!, 2n+1)r
IJl = {("*2nl-L, x*2r.*L, x*2n*1)
I
[{z*++n *2, 2x*4n*2, 2x+4n+z)

( (4n+2, 4n*2, zn+1),
I

Jz - \ {e", 2x, x+2n+1)

\1u"* 3-2x,6n*3 -Zx, Zx+hn+z)

({0, zrr*L, 4n+2) t

,(o) = lp, r*, xr-2n*1)
I

[{0, z**4n*2, 6n+3-2x)

where 2x is taken modul-o 2n*L

x = Ir 2, ...r 2n ,

x = L, 2, ..., Ir ;

x = L, 2, ..', 2n ,

x=Lr2, n i

' :r': ::

x = L, 2, ..., 2n , ..;,,,,i.,t,

.- . :,.,.

x = Lr 2r "'r î ; '::::..:'.,'

where 2x fs taken modulo 2n*'l
/^\

set I^I = (T - T(0)) u.r, tl .r, . rt is eapy ro check rhat

W € [6n+z; 3n*1J on the ser {Lr 2r...r 6n*21 . trIe shall now show i,::,,'

that T - T(0) contal.ns a collection D of n pairwise dÍsjoint ËripLes , 
t"'''

each element of a tripLe being ldenpotenE 1n l,I
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/
{(2"*L*Zxr 2nt2t2xr 5nf 3f 2x) : x = 0, 1, ..., +,Let o -{ -) ' ¿

){f"* 3*2x, 3n*4*2x, 4n*4+2x) : x = 0, 1 . ç3 .t' ' --- -' '' t 2

It 1s a routine matËer to check that D contains n pairwíse dísjoinË

ÈrlPles, and that D lJ Jl provides n ruutuall-y dísjoínt copies of t¡
1n l,I Thls conpletes the proof of the theorem.

CoroLlarv_3.1-0. Let a = L(mod 3), t < a I 3n *L, where n is a

non{legaLíve lnteger. Then there exísts a consistent system

I{ € i6n+2; aJ

PEoof. The proof is a consequence of Theorems 2.9 and 3.9.

Remark-6. In the proofs of Theorems 3.7 anð.3.9 our construction of J1

and J., determined the consfstency of Êhe system üI . There are many¿

other possibilltles for Jt and Jz in general, but some may give rise

to lnconslstent systems.

Exan¡pIe 3.11. Thfs example illusËrates Ëhe construcËion ín Theorem 3.9

for Èhe case n - 2. (s, T), ,(0), JL, Jz and D are as in Ëhe proof ,.,.,',,,.,',1.,..

of the theorem. The system I,f € [14; 7'l is easíly seen Ëo be consis¡ent. '.,''',,",', rt,

tc * 
::r:-':".i::

Jt and JZ are modlfications of Jt and JZ respectiveLy.

rE can be checked wlËhout much difficul-ty that the system w* e [r+; 71

Ls not conslstent. ,... ,l,
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(0,

(1,

(2'

8)

e)

B)

(3 rLz,t4)

(5, 9 ,L2)

(0, 2, 6)

(L, 3, 7)

(2, 7 ,L2)

(4, g ,L4)

(6, 7 ,L4)

(0, 3, 9)

(r, 4, 5)

(2,LO,L4)

(4,LO,L3)

(6, I ,r2)

(S, T)

(0, 4,7)

(1, 6r11_)

(2,LL rL3)

(4 rLL,L2)

(6, g r10)

(0r 5r10)

( 1 ,10 ,12)

(3, 4, 6)

(5,6r1_3)

(7r 8r10)

(0 ,rL rL4)

(L rL3,t4)

(3, 8r13)

(5, 7r11)

(7 , 9 rL3)

(0 ,r2 rL3)

(2, 3, 5)

(3rl_0r11)

(5, tì r14)

(8, 9r11)

L,

2

4,

lü € [14; 71

r - r(0) ,t

( 5, 5, 5)

( 6, 6, 6)

(7r717)

( 8, 8, 8)

( 9,9, 9)

(11 r11 r11)

(1_3,l_3 r1_3)

Jz

(L0 rt_0 r 5)

( 2, 2, 6)

( 4, 4, 7)

( 1, L, 8)

( 3, 3, g)

(t4,L4,LL)

(L2 rLz rL3)

(1,, 2, 9) (2, 4, 8)

(L, 3, 7) (2, 7 ,L2)

(L, 4, 5) (2 rLO rL4)

(1r 6r11) (2rLLrL3)

(1_r10r12) (3, 4, 6)

(1r13r14) (3r 8r13)

(2, 3, 5) (3110r11)

(3,L2,t4) (5,

(4, 9 ,L4) (6,

(4,ro ,L3) (6,

(4,LL rLz) (6,

(5, 6r13) (7 ,

(5, T rLL) (7 ,

(5, 8,L4) (8,

9,L2)

7 ,t4)

8 rLz)

9 r10)

8 ,10)

9 rL3)

9 r1l_)

D - [(5, 6, 13) , (8, 9, L1):l

.r_.-..-____

' (1,, 2, 9> (3, 4, 8) (3,L2,L4)

(L, 3, 7) (2 r 7 ,r2) (4, g ,L4)

(L, 4, 5) (z,to rL4) (4r10r13)

(1, 6111) (2 rLL,L3) (4,LL rLz)

(1r10r12) (3, 4, 6) (5, 6r13)

(L ,L3 ,r4) (3, I ,13) (5 , 7 ,LL>

(2, 3, 5) (3r10r11) (5, 8rt4)

r - r(0)

w* e [r+; 71

(5 rg ,t2)
(6,7 ,t4)
(6,g rLz)

(6,g,to)

(7 r8 r10)

(7 ,9,L3)

(8,9, t 1)

¿
Jt

( 1, 1, 1)

( 2, 2, 2)

( 3, 3, 3)

( 4, 4, 4)

( 10 ,10 ,10)

(11 r11 r11)

(L2,L2,t2)

¿
Jz

( 8, 8, 1)

( 6, 6, 2)

( 9, g, 3)

(7r714)

( 5, 5110)

(L4 rLí rLL)

(r3,L3 ,L2)
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i. -'.'-._ I

In [7], A.J.W. Hll-ton gave a dlrect method for constructíng maximal

partlal Stefner Ëriple systems. HílËonrs final- note ís essenÈially Ehe

foLLowfng baslc lernna.

Lemr¡a 3.12. l,et S = [1 , 2, 3 , 6n+3] and l-eË [*, yJ be

numbers of S such that x - y * gn+l, 3n*2, O(mod 6n+3).

Ler n, - [(k, k+3f +]., k+6i+3) lt e s ; i = 0, 1, ...r n-l ;

each nuruber taken rnodul-o 6n + 3'l

Then [*, yJ f" contained Ln exactly one of the Ëfíp1es of A

Proof. Let B be the following set of numbers:

= flr+]-r,3i +2, 6í+3 I i = o, L, ..., n-lJ
Tht¡n for every pair [", y] satisfyíng Ëhe lernrna one of the differences

of, [*, yJ i" equal to an element of B . So every pair t¡., yJ

satisfylng the Ler¡una is contaÍned in at Least one trlple of A . There

are aË most 3n(6n+3) distincË unordered pairs arisíng from the Ëriples

ln A , and Ëhere are (*i3) - {Or,*r) = 3n(6n*3) pairs sarÍsfying

the Lern¡na. So every pair satfsfying the lenma is contaíned in exactly

one Erfple of A , as requlred.

One irrnediate consequence of Lenrna 3.L2 is the fol_Lowing

theorem.

Theorgn 3.1L Let n = 3(rnod 6). There exists a sysrem W e [n; 0J

whlch does not contaln any proper subsystem. If I,I is based on the set

S = lL, 2, .-., nJ , then up to a perrmrËaËion on S , W contains the

col-l-ectlon

[(r, r, 2), (2, z, 3), (3, g, 4), ..,, (n-l¡n-1rn)r (nrn, l)J.
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Progf , Let n = 6m*3 , where m is a non+regaËive ínteger. LeÈ

S = [1, 2, ..., 6m+3]

Ler e= [(k, k+3i+1, k+6í+3) lr. e s; i=0, 1, ...rm-l; each

...1 _,:..::::nurnber taken moduLo 6n+3J 
.,,,,...,,,'..,,:,,,,

LeE B = [(k, k, k+3m+1) | t e S; each number taken modulo 6m+3'l .

Set Vü=AUB. Itfollorøsfromleruna3.L2th.at We [n;0J and !ü

satisfies the conditfons of the theorem. ,: 
:,,.,:.::

'::::l: .-'.rl
1:;- l:..t: : r:::::

Exarnple 3.14. (í) Let n = 9 in Theorem 3.13, then we have .,,:,,..,:.::

,, t:a; -:,-r:-: ,-: :;a

ll€[e;0J:
(1r1r5), (5r5rg), (grg14), (4r4rg), (grg13), (3r3r7),

(7 r7 12), (21216), (6r6rL), (Lr2r4), (2r3r5), (31416),

(4r5r7), (51618), (617 rg), (7,8rL), (grgr2), (grlr3).

(fí) Let n = 9 in Theorem 3.1-, then we have
:

]üh € [e; oJ

'(3 ,3 ,6) , (6 ,6 ,g) , (9 ,g ,3) , (L,t 17) , (7 ,7 ,4) , (4 r|,L) , (2 r2,5) ,

(5r5r8) , (8rg12), (]-r216), (1_r3r5) , (Lrgrg), (21314), (2r7,g),

(3 r7 ,g) , (4,5,g) , (4 16 rg) , (5 16 17) ' .' 
":,.,.,,",'':,:¡::,:', :,: :ì

,,.. ;,1.: :, r': :

thls example shows that there are aË l-easË two ínequlvaLent ,,,,,, 
,',,.

systems in [g; OJ . Observe that Ëhe system in (ií) contains three

nnrtual-1-y dfsjolnt copies of UO on the sers ltr+rt\, l2r5r8] and

ll ,o rol , ..,.::.,::.::,'"':r:'r:l::':: :: i l
Ì.-...-'- : ::

Theorem 3.15. For every non-Íregative integer n , there exists a

consf.stent system !ü € [6n +4; 3n + lJ . :
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Þroof . Let p - lLr Z, ...r 6n+4J

Let I - [(krk+3i+i.rk+6L+3) lkoLrzr...r6n*3; l=0, Lr...¡n-1i

each number taken moduLo 6n+3J

Let g - [(6n+ 4; k, k+3n+2) I t = L, 2, ..', 3n*1-1

Set T - A tJ B Applying Lenmas 2.2 a¡d 3.L2, ít can be verifled that

(P, T) ís a maxlmal partlal Steiner trfple system of order 6n*4

(cf . t7l).
Now the 3n*3 pairs f (Str+ 2r6n+4)JU [(k, k*3n+L) : k=1, Z, ... r3r-*21

do not appear in any tripLe of I , while every oËher pair from P is

contalned fn exactly one tríple of T . To obtaín W € [6n+4; 3n+1J

based on Èhe set P , we shaLL consider three cases as foLLows:

Case 1. n = 0(mod 3) .

If nÞ3rítiseasflyverlfiedrputËfng L=+ in ArT contains

Ëhe fol-Lowing coI1-ectLon D of n pairwise disjoinË triplesi

o - [(6n*4, n*1, 4n+3)] u t(]nr2n+L+kr4n*3+k) lk=2r 3, ..., nJ

Now l-et .
lt(r,r,r)'t ir n=0,

t =l"1 ì.,-" [{0" *4, 6n*4, 6n+4) t (n+1r n*1, n*L) ,

(4n+31 4n*3r 4n*3)r (n+3, n*3, n*3)J U [(k, k, k) ,

(2n+1- +k, 2n*Lr-k, 2n+1+k), (4n+3+k, 4n*3*k, 4n+3+k) |

k=213r...rnl Lf nÞ3
Let

(1r., ,r,t) , (3 ,3 ,z) , (4 ,4,z) J ir n = o ,Jz=1,.-- 
tt(1r1r3n*2), (3n+2, 3n12, 6n+4) t (6n+3, 6n*3, 3n*2) t

(n+2r n*2, 4n+3)¡ (4n+2r 4n*2, n+1)r

(4n+4r 4n*4, n+3):l U [(gn+1+k, 3n*1+k, k),
(5n+2+kr.5n*2+k, 2n*L+k)r (n+2*k, n +Z+k, 4n+3+k) |

k=213r...rn] if nÞ3
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Set tf - T l.J Jl f l JZ . A stratghtfon^rard vertf icatlon shows

W € [6n +4; 3n * ]. ] , and I,I contatns n paf rwlse dls jolnr copf es of

Í¡ arising from D ll Jl tf', n > 3 

,t,,,''.,';, ,;;-.Case2. n=l(mod3). "":'

Let D be the following n painuise dísjoÍnt rrfpLes obtaÍned by

puttingrctîl1nA: ..,,
D ' [1krn *k, zn+L+k) I t = L, z,..., nJ "" ,:::

Let Jt - [ (Zn+Lr 2n*Lr 2n+1)j u [(k, k, k), (n*k, n*k, n+k) , :,,.,';,,.:,,,i

(2n+1 +k, Z¡*L*kr 2n+L+k) I t = Lr 2r..., n'l , and

Jz - [(5n+ z, 5n*2, zn*l)r (6n+ 3, 6n*3, 3n +z) t

(6n*4, 6n*4, 3n+Z)J tJ [(3n+1+k, 3n*1+k, k) , 
,

(4n+1+k, 4n*L*k, n*k)., (5n+2+k, 5n*2*k, Zn+1+k) 
|

k z It 2t "., nJ

Put w = T tJ Jl lJ J2 rr can be checked rhar vJ € [6n+4; 3n*1J and

I.I contains n ruutually disJoint copfes of ts provided by D tJ Jl :

Cage 3. n = 2(mod 3)
..:,,,.,,,¡t1.,';,,1,¡

T contaLns n palrwf se dÍsjoint tripLes in the col_Lection f,. , 
'

o-[(k,2n*k,4n+1+k) It - lr2r...,nl ,purring t-[?] ,.''',t.,,..,..,,,

lnA

Ler t, = [(3n+1r 3n*1r 3n+1)J U [(k, k, k), (Z'-*kr Zn*kr 2n+k)r
:.... ::..: :.(4n+1+k, 4r-*L*k, 4n+1+k) I t = L, 2, "', nJ ¡ and 
i,,,.,,,',,.;',,.;',1;,;';,':;,

Jz = [(on+ 2, 6n*!., 3n*t)r (6n+ 3r. 6n*3, 3n *2),
(6n+4, 6n*4r 3n+2)] U [(gn+1+k, 3n*1+k, k),
(5n+1+k, 5n*1*kr 2n*k)r (n*k, n*kr 4n+1+k) t

k o L, 2, ..., n]



I+2.

Set If -TUJl lJJ2. Then f^I€

n palrnrlse dfsjoint copies of 5g

[on++; 3n*t] and

1n vf

of Theorem 3.15.

D U Jl provídes

This conpletes the proof

Corgll¿rr[ 3.L6. Let a=-L(mod3)rL3a<3n*1 ,where n isa

non-flegative integer. Then there exisËs a consisËent system

f,r € [6n +4; al

Proof_. The result follor"le from Theorems 2.9 and 3.15.

Example_3J7. We glve an exarnple illustratíng the construction of ÍI

fn Theorem 3.15 for the case n = 2. By modifying Jt and JZ vte

also exhiblt a system l^t* whf ch is not consistent. A, B, JL, JZ and

are as in the proof of Theorem 3.L5.
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r{ € [16; 7\

BJt Jz
)t

----_------rI ( tr 2,4) ( 1, 5110)\ (1, 9.,16) ( t, 1, 1) (t4rL4r 7)

( 2, 3, 5) ( 2, 6 rLL) (2110116) ( 5, 5, 5) (l-5r15, 8)

( 3, 4, 6) ( 3, 7 ,L2) (3111116) (t_0rl_0r10) (L6rL6, 8)

( 41 51 7) ( 4, gr13) (4rL2rL6) ( 2,21 2) ( 8, 8, 1)

( 5, 6, 8) ( 5,9,L4) (5rL3rL6) ( 6, 6, 6) ( 91 9,2)

( 6, 7, 9) ( 6r10rL5) (6,14,L6) (1.1_rl"L11L) ( 3, 3rl_0)

( 7, 8rt0) ( 7,LL, L) (7 rL5rr6) ( 7, 7, 7) ( 4, 4,LL)

A

( 8, 9 rLL) ( 8 ,L2, 2)

( 9 ,LO rlz) ( 9 rL3, 3)

(10r11r13) (LOrL4,4)

(LLrLzrt4) (11r15r 5)

(L2,L3,L5) (L2, L, 6)

(13114, 1) (t3, 2, 7)

(L4,L5, 2) (L4, 3, 8)

(15, L, 3) (L5, 4, 9)

(L2 rLz, 5)

(13r13r 6)

.1..: i:

o - [(1, 5r1o), qzr 6rLL)]
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w* e [ro; 7]

AB"*"o
.-._/.-..--.-..--....-.--._-- \t ( L, 2, 4) ( L, 5110) ) (L, g,L6> (i.rtrl) ( g, 8r1)

(2,3,5) (216rLt) (2rl_0116) (2r2r2) (9,912)

( 3, 4, 6) ( 3, 7,L2) (3111116) (3r3r3) (10r1_0r3)

( 4 , 5 , 7) ( 4, I ,13) (4 ,L2 ,t6) (4 ,4 ,4) (Lt ,Lr ,4)

(51618) (5r9,L4) (5113116) (5r5r5) (L2rr2,5)

( 6, 7, 9) ( 6110115) (6,L4,L6) (6,6,6) (1311316)

( 7, 8110) ( 7,Lt, L) (7,t5rL6) (7 17,7) (L4,L4,7)

( 8, 9111_) ( B,t2, 2)

( 9 rL} rLz) ( 9113, 3)

(10r11r13) (tO,L4, 4)

(LI ,L2 ,L4) (11_ , t_5, 5)

(L2,t3,L5) (L2, r, 6)

(L3,L4, t) (L3, 2, 7)

(L4,L5, 2) (L4, 3, 8)

(L5, l-, 3) (L5, 4, 9)

(15 r1_5 rg)

(16,16,9)
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theorem3.18. Let a=L(mod3)rL3 a<6n*1 ,where n Ísa
non-negaËlve integer. Then there exisEs a system W € [6n+5; a]

proof . By lheorem 3.1, [r; 1l exists for all " + o(mod 3) . 
,..,.,,.,,,.,

rn partlcular, [on+s; 1ì exists for all n Þ 0 . To compleËe the :

proof we shaLl show there ís a system W* € [6r,+5; 6n*11 conËaining

a mfnimum of 2n-L nnrtuaLLy disjoint copies of tg for all n > 1

Let P = lL, z, . . ., 6n +5] ,il,.i'-',..,

Ler ¡. = [(k, k+3i+1, k+6f +3) lt = Lr 2r...r6nf3; i=0, Ir...rn-1; ,:,r.:..-

each number taken moduLo 6n+3i 
:

a
f(on+4rkrk+3n+1)I - ' ¿ -'

Let B =1 : k = Lr 2, ..., 3nfL
{ (6n+5, k, k+3n+2)\

PutT=AtJB.Then(P,T)iseasi1yverifiedtobeamaxima].parËia1

SËefner triple system, by applying Lenmas 2.2 and 3.L2 (cf.. til)
Now Ëhe four palrs (3n*2, 6n+3), (6n+3, 6n+4), (6n+4, 6n*5),
(3n+2r 6n*5) are not contained in any tríple of T, whíle every

other pair from P is contafned in exactLy one tripre of r . trüe

4

constn¡ct w^ € [6n + 5; 6n * lJ or, p as f o].lows: ,.,:,,,1,,,,,..,,

LeË ¡= [3n*2r6n*3r 6n*4r6nt51 , and p* =p -F. :,r,:'',,:,.,..',t,,

Let Jt- [(k, k, k) I r. e poì , "rrd 
:;:'':1':i':i :'i':

Jz= [(3n+2, ln*Z, 6n*3)., (6n+3, 6n *3, 6n+4),

(6n+4, 6n*4, 6n*5), (6n+5, 6n*5, 3n+2)J
- * rr r mL--^ :t it'.,,t,...':
set I{ = T u J- u Jz. Then ít is easy to see ËhaË w" € [6n+5; 6n+1J ..:::... ,;,, 'LZ

r!
f{e show f.l conÇafns at least 2n-L nutuaL1y disjoinË copies of Jg

Consfder three cases:
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Ceee 1. n = 0(mod 3), n Þ 3

Puttlng 'l' - + fn A , we find rhar T conÈains the following

eollectlon D of 2n-L dlsjoinr rrfples:

D - [(Zn+k, 4n+1+k, k) I r = k < 2n, k I n+2.1

rt fs easll-y checked that D U Jl provídes 2n-L paínríse dísjoint
copfes of tg

Cae¡g 2. n = l(mod 3), i, ¿ 1
_ 

"1.'" 
r ''

T-f' n o 1 , wn contains two disjoint copies of tg based on Ëhe seËs 
i,.,,1,,.';,,,,,

lf¡r|\, flr+røJ If n>4,Ëhen T conrainsrhefollowing 
:r: :'

collectlon D of Zn-L patrwise dísjoinr rriples (i = 0, 
L+] 

t" A) :

¡ = [(6n- Lr6nr 6n+2) JU t(k, Zn-L.rkr 4n- 1+k) I f =f. s2n-Lrkfn+3J .

rt can be verified that D U Jl conËains 2n- L pairwise disjoínt
copfes of t, l

Case3. n=Z(mod3)rnè2.

rf n = 2 , then ï{* contalns four rm¡tually disjoínt copies of ug

baeed on rhe seÈs 14 ,s 171 , 19 ,to ,tzl , ftsrt4rt ], lz 16 rttl (see

Example 3.L9) .

rf nÞ5rthenweobserverwiÈh i=[+] in ArËhar T conËaíns

the collecËion D of 2n-L disjoint tripl_es:

u = [(k, zn*k, hn+].+k) I r = k < 2n, k ln+z]
A stralghtforward verificatlon shows Ëhat D U Jl contains 2n-L
pafrruise disJoint copfes of tg

Combinlng ühese cases together, we have proved Ëhat the sysËem
ìtúr € [6n+5; 6n*11 contafns a minírnrm of zn-L ruuËuaLLy disjoint

copfes of Í, for all- n > L By Theorem z.g, ttre proof of Theorem 3.Lg

::_:- ll -:-:
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ls complete.

Exgruple 3.19. Let n o 2 fn the constrrrctfon of Inltt in the precedlng

theorem. I{e show Ëhe system W* e [fZ; 13] is consisËenr. Ler A, B,

JLT JZ be as 1n the proof of Theorem 3.L8. ExplicíËly, we gíve Ëhe

fo1-1-ov,ring constructfon of Wo e [fZ; 13J

Jw < ltt; 13J

BJt Jz

' ( 1, 2, 4) ( L, 5110) ( l_, g116) ( L, 1, 1) ( B, 8115)

( 2,3, 5) ( 2, 6111)* ( 2, grt6) ( 21 2,2) (1-5115116)

( 3, 4, 6) ( 3, 7,L2) ( 3110116) ( 3, 3, 3) (L6rL6,L7)

( 4, 5, 7)* ( 4, g,L3) ( 4,tr rL6) ( 4, 4, 4) (L7 rt7 , B)

( 5, 6, 8) ( 5, 9rL4) ( 5,L2rL6) ( 5, 5, 5)

( 6, 7, 9) ( 6rt0rL5) ( 6rt3rL6) ( 6, 6, 6)

( 7, 8110) ( 711_1, 1) ( 7,L4rL6) ( 7 t 7, 7)

( 8, 9111) ( 8rt2r 2) ( 8rL5rL6) ( 9r 9,9)
tr( 9 rLo rLz) ( 9 rL3, 3) ( 9, L|LT) (l_0r10r10)

(10r11r13) (10 rL4, 4) (L0, 2rL7) (11r11r11")

(LL rlz rL4) (11r15r 5) (LL, 3 rL7) (L2 rLz rLz)

(L2rL3rL5) (12, 11 6) (Lzr 4rL7) (13113113)

(L3 rL4, r)* (rg , 2, 7) (L3, 5 rL7) (L4,L4,L4)

(t4rL5, 2) (14, 3, 8) (L4, 6.r.t7)

(L5, L, 3) (L5, 4, 9) (L5, 7,L7)

the tripLes marked with an asËerisk determine four disjoint copíes

of tg in w* e [rz; 13J . So I^I* is consistenr.

r.: : .1
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t:.;4.)aa,*í.r: )Ï
| 1,1.:-:l ::.::ì.:ì

For future reference r^re add the fol-lowing theorem:

Lheqrem 3.?0. LeE n be a positive lnteger.

(i) There exists a consistent sysLem W € t6n+4; 3n*lJ such

Ehat fü does not contain a copy of N+ or X,;

(ii) There exísts a system W e [6n+5; 6n+1J such thaË lù

contalns aÈ Least Zn-L muÈualLy dísjoint copÍes of 5, r and no copy

of US

Pg.É:- (í) Let I^I € [6n+4; 3n+1J be as consËructed in the proof of :,'t,'t,¡'¡,:'.,i'-.

Theorem 3.1-5. Then each ldempoËent of ll appears exactly once as the

element k fn tripLes of the type (j, j, k) . So the possíbÍLity of

W containing a copy of t+ Ls ruled out. On the other hand, a

¡:
straighÈfor:tnzard veriflcation shows Ëhat any copy of Hr.o in It nust ì

4

essentfally be based on the set [t, lt *2,6n+3,6n+4]. However,

thepafr(1,6n+4)isconËainedinthetriP].e(6n+4'L,3n*3)

So !t cannot contain a copy of t,.o W was shornm to be consístent in .

4

lheorem3'l5' 
':::ij_:... - :, r:. 

-.

(ír) Let w* € [On+S; 6n*1J ¡" as constructed in the proof ',',': 
','.'...',

l,t ,.:.,',.,ì',,.l
of Theorem 3.1-8. I{* contains at least Zn-L ruuËually disjoinË copies ::1: 1':':: Ì :

.L

of t¡ . By consËtilct1on, any copy of ÙS in I^I- mrst conËaín the

col-lectlon of Erfples [(Sn+2, 3n*2, 6n*3) t (6n+3, 6n *3, 6n+4) t

(6n+4, 6n*4r 6n+5), (6n*5, 6n*5, 3n +2).1 . so any copy of ùs ín 
1,,t,,,,r.,.::,,.:,,,,,

t'r ":: l

!ü must be based on some set of five el-ements which conËaíns 3n*2, ' :

6n*3, 6nt4, 6n*5 . Now the paír (3n+2, 6n*4) is contained in the

triple (1, 3n *2, 6n+4) t while the pair (6n+3, 6nf 5) is contained
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ln rhe tripLe (3n+ !, 6n*3, 6n+5) Obvíously tf cannoË conËain a

copy of ù¡

Thís cornpletes the proof of the theorem.

fte are now Ín a posiËlon to state Ëhe rnain theorem of Ëhís

sectfon.

theorem 9.21. Let n be a positive ínteger. LeË a be an integer

such that 0 I a 3 n . Then necessary and sufficíent conditions for the

exfstence of t"; aJ are i

(1) íf n = O(rnod 3)r. Ëhen a = O(mod 3) ;

(2) ír. " + O(mod 3), Ëhen a = l(mod 3) ;

(3) tf n is even, then " 
* T t

(4) íf a=n-L, Ëhen n=2

Præf.. The necesstËy foll"ows from Theorem L.1. The sufficiency follpws

from Theorem 3.18, CorolLäríes 3.3, 3.5, 3.8r 3.L01 3.16, and Exary|e 3.6 .

3. Constnrction of a system in {6n*5; 6nf LJ containing Ù,

In this section we consËruct, for a1-1 integers n > 0 t a

system in [On+S; 6n*11 which contafns a copy of ÙS . EquivalenËly,

we obtain a system fn løn+4; 3n*L'Ì v¡rictr contains a copy of H+

A consisËent system in [6n+S; 6n*t 1 for all n Þ 0 ís a].so

constructed. We sha1L use standard graph notatíon and definitions, as

found in [6].

Let G be a graph. lte denoËe by V(G) the seË of verËices

lr'.: ,-:..

of G , and by E(G) the set of edges of G A facËor of G is a
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:

spanning subgraph of G . A fact,orizagí.:n of G is a set of edge-

disjoínt factors whose uníon ís G . A one-factor of G ís a factor

whlch 1s regular of degree 1. A one -factorization of G is a

f.actotLzaÈlon whose factors are aL1 one-factors. G Ís saíd to be

one-factorable tf 1t admits a one-f.actotízatíon. For undefíned graph-

theoretic notlons which appear 1n this thesis, see [6].

Constructíon 3.22.

Let (S, 1) be the STS(6n+3) constructed in Ëhe proof of

Ttreorem 3.2.

g = AOtJAlUA2t where

Ao- fort ,zn],

A1 = [zn+lr zn*2, ...r 4n+1J ,

AZ = [4n+21 4ni3, ..., 6n*21

And T r BtJCrwhere

B = [(*, * *2niL, xt4nt2) | * = 0, 1, ..., 2nl , and

c = l(*ryrr) l"+y =22(mod 2n+1) i x:y €Ai, z €a..*t,

i = 0, I, 2i x +y , all subscripËs reduced modulo 31.

Let T(0) be the collection of all triples in T containing the element

0 LeL Tt''=T-(BtJt(0))and p=s-tol . Then (prTo) is
clearly a parËial Stelner ËripLe system of order 6n*2

Now let G be the graph wíth V(G) = p and

E(G) = [[x, yJ I (", y) is nor conËained in any rríple of T"l
ExplfclÈlyr E(G) consisrs of Ëhe following 9n*L edges.
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There are 6n edges [[*, * *2n*Ll , [*, x +4n+2] ,

[xf 2n*1, x +4n+2] I * = L, 2, ..., 2nl arisíng from Ëriples in B,

and the following 3n*1 edges arísíng from triples in T(0) :

where 2x ís reduced modulo 2n*-L when necessarJ 
'"''."r¡,',':'t''lLet A= fi,, 2r..., 2rJ and c* =c - (2n+1) - (4n+Z), rhe graph 
: .1

obtafned from G by removing Èhe vertices 2n*L and 4n*2 . G* is ,'',','',"',"¡,.'

eagfly seen to be a regui.ar graph of degree 3

rf we denote by c* Ëhe component of d conËaining the

vertex x , then tt follows that C* = C,rr*l_x for each x € A
*_*clearly, G r u c-- trrle iLlustrat,e the graph G" for the cases

x€A x

n = 2 (Figure 1) and n = 3 (Figure 2). rn general, Ëhe component c*

Ls essentially one of thro t5æes:

1) as 1L1usËrated ín Figure 1, when 2k*= - x(mod 2n+1) for
some k ; or, notfng that 2mx= x(mod 2n+L) for some m , '...._--.:.-

.::..:. 
:.-. : . .._

. . 
. . . 

. 
: . ; 

, 

:..: 
... : : 

- 
.. : 

.

2) as 1ll-ustrated fn Figure 2, oËherr,rlse. . '",", ,,,

Type (1) and type (2) graphs are one-factorable, since it is ""'1"''" "

always possible to find a hamlLtonían cycle in each case. In Figures 1

and 2 Ehe edges of such a cycLe are marked alternarely wirh I ana I I ,
.,.:.-: : .:: . :. .

and Èhe remaining edges are marked with lll so ËhaË the ser of all edges :..ì,.,',,..,,:it,l

markedwíthanyoneof l, ll or lll fsaone-facror. consequenrly,
:k

Ehe graph G is one-factorabLe.



Figure 1.

Figure 2.
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Let (PrT*¡ be as defined prevlously. ïntroduce three new elements
*-L r-Z r*3 and put S-' o P tJ [-1 ,-2, -g J . trIe sha]-l- construct

trons..a3ysËemw.€[6n+5;6n*L.}containlngacopyofÙs

ae foLLof,ts. ,. . ,., ,., ._

?tLer P up-[Zn+Lr4n+21

Let t" = [tl , rl , r] 1 be a one -factotLzarion of d
:t*-,:ÈLet f"=[(-rrxry) lt*ry]€tl , f =1r213l ,and ,,¡,,,,,r,,,,,, ,,,

1,:.: 
:': ': ,:,-:,

J = [(x, xr x) l* e r*'l
': : .:lì:: 

:: :Ì :.:

Let V be any copy of ùS based on the elements -L r-Z r-3 r2n*L, ,1r,".',,',,','.r.',1

4n *2

Put [t=T*tJT*tkuJtJV

It fs easll-y checked thar I{ € [6n+5;6n+j_'l :

Hence, we have proved the folLowíng theorem.

Theorem 3.23. For every 1nËeger n Þ 0 , Ëhere exists a sysËem

W € [6n+5; 6n*1] such thar üI conraíns a copy of ùS

QoroLLary 3.24. For every integer n > 0 , Ëhere exists a system

tI € [6n+4; 3n*1'l such that I,rI contains a copy of H+

Proof . This foLl-ows from Theorems 2.7 and 3.23.

Theorem 3.25. For every non{tegaËive integer n , Ëhere exists a
¿

consLstenË system I,f" € [6n + 5; 6n + 1'l ; ; ::
i-- -::.::l
,i-:: _-:. 

-: .,:

Proof. trIe shall consÍder Èhree cases ln what follows.

Case l. n = O(mod 3)
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Let I^I* be as W e [6n + 5; 6n 4 ]- ] in consrruct ron 3 .22.
t'rrf n > 3 , T contains the followíng corlection D of 2n disjoint

trlples:

D = [(k, k +2, k*2n*2), (k+zn+1, k *zn*3, k*4n+3) t

(k+4n+2, k*4n*4, k+L) I t = L,4,7, ...,2n-2\
)tso I^r contaíns 2n rmrtually dfsjoint copíes of u¡ in D u J

Cgse 2. n = 2(mod 3)

Ler tf be as U € [6n + 5; 6n * ]- ] in ConsËnrcr íon 3 .22,

where the ídempotenL of V is -l_ .

Sínce one of l2n, 4n+11., [2n, 6n+2), lhn+L, 6n+Z! nnrst

beLong to Ëhe one'factor FI, T'to must contain one of Ëhe Ëriples

(-rr 2nr 4n+L), (-1 ,2,-, 6n+2), (-l ,4ni1, 6n*Z) . In addíríon, t"
contalns Lhe following 2n-'!, dfsjoÍnË rripLes D=[(kr:K+2rk42n+2),
(k + 2n + L, k* 2n * 3 t k +4n + 3), (k * 4n + 2, k * hrt* 4, k +1) I k = L t 4 t 7 2 .,..., 2n - 3J.

* t'É:t
So ln T U t we can find Zn pairnríse dfsjoinË triples such that no

trfple contains any of Ëhe elements -2 r-3 rzn*r, 4n*2 . consequently,

'bÍ{ contains 2n nnrtuaLly disjofnË copies of tg

Case 3= n = L(mod 3)

IrIe first of all- make the observation thaË in Construction 3.22

the sysËem Iü € [6n+5; 6n*1'] conËaÍns a subsysrem Q e [ff; Z] based

on the seË

t = [-1 ,*z r-g rZn*L, 4n*r, +, ry ,'ry ,

4n!2 - 10nt5 16n*8 .,

313t3.(



55.

Thls aríses from the facË that ín thís case (s, T) conËaíns an srs(g)

based on the elemenrs O, Zn*L, 4n*r, + , Un+ , % ,

conslstent.

Let f,
((n, u*þ+!, k*ry)

o ={(r.*rr,+1, k+g%-L, k*1É+g) :

(n *0" +2, k*'ry, n *b+¿ )
Ttren D consisËs of 2n-2 painvíse dísjoint

element of a trlple in D is idempotenË ín I,¡*

D contains an: element from E . So lrtr* conËa

(2n-2) *2 = 2n mutually disjoint co'pies of t

proof of Theorem 3.25.

4\+2. 10n t 5 16n *8 õLr ^3r3t3rtrrÞ
Now ler VI" = (W - Q)

consl.stenË system based on E

*Clearly W ( i6n+5;

ís easy to verlfy and deEalLs are omitted.
lt ?k

U Q , where a" e [ff; Zl is a

6n+1J I,Ie now show that ï^I* ís

k = !, 2, "., 'n=r'

*triples from T , and each

. Moreover, no triple of

ins a total of

This coluoletes the

< 6ntl , where n is a

consistent system

2.9 .

wíËh results from the

theorem:

CoroLlary 3.26. Let a = L(mod 3) , L S

non{regative inËeger. Then there exisËs

l'I € [6n+5; a']

Proof. The proof follows from Theorems 3.25 and

Combining the result of CoroLLary 3.26

prevlous section, üre can nornr state the following

a

a

Theorem 3.27. Let

a consistent system

nl7
!J€

be a given positÍve integer. Then Ëhere exisËs

[rr; a] for all values of a satisfying rhe
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necessary conditlons for the exístence of [t; a]

PIoof . the statement follorus from coroi-laríes 3.3, 3.5, 3.g, 3.10,

3,L6, 3.26.

Reggrk 7. one can direcrly consrrucr a sysrem w e [6n+4; 3n*l] vía

theone-factori: -?l '* * *-zaË1on U = tF1, Ft, F;l in Construcríon 3.22 as folLows:
*trIret P, P , T be as in Construction 3.22. Suppose

tT= t[xry] l* e x, y €YJ rwhere P* =Xttly. Theninrroduce rwo

new eLements -L r -2, and puË S* = p tJ {-t , -ZJ

Ler T*t'= [(-r, xt y) I I*, v] € FT , i - 1,21 ,

J = [(x, x, x), (y, ]r x) I * € X, y €y2 [x, y] € fi:l
LeE K be a copy of Hrr on f-L r*r r2nlL, 4n*21 puË

tc JctçÌ{ = T tJ T tJ J tJ K Then it is readily verífíed Èhar I^I €[6n +4;3n+1J,
,c

based on s Apart from the fact that I^I contaÍns a copy of Hq , it is
qulte difffcult to assess Ëhe ínternal structure of the system in generaL.

Thfs results fromnot knowíng precisel-y what the idempotenËs and non-

ldempotents of the system are (see Remark 1).
t -:. :i. .-: - :-: _

Exa¡¡rpLe 3.28. Thf s example ill-ustrates ConsËruction 3 .22 f.ot the case ,),,,,i,,.,,,'11,,,t

n = 2. trIe construct a system I^I € [16; 71 which contains lt, and ís""4 erfs trù

consistent. The conslstent system W* e [fZ; 131 containine ùS is
obta1nedasouË1ínedintheproofofTheorem3.25

¡,1,t,.' ', ,:. r'
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(S, T)

(0, 5,10) (1, 6111) (2, 7,r2) (3, 8rL3) (4, g rLl+)

(0, 1, B) (O, 2, 6) (0, 3, 9) (O, 4, 7) (0r11r14)

(o rL2,1,3) (r, 2, 9) (t, 3, 7) (L, 4, 5) (L,LO,L?)

(t ,L3 ,L4) (2, 3 , 5) (Z, 4, 8) (z,LO ,L4) (2 rLL ,t3)
(3, 4, 6) (3r10r11) (3,L2,L4) (4110r13) (4rLL,L2)

(5, 6 rL3) (5, 7 ,LL) (5, 8 rL4) (5, g ,L2) (6, 7 ,L4)

(6, 8,r2) (6, 9110) (7, 8110) (7, grt3) (8, 911-1)

(P, r*)

(L,2,9) (L,3,7) (Lr 4,5) (1r10r12) (t,L3rL4)

(2,3,5) (2,418) (?|LO,Lâ) (zrrlrL3) (3,416)

(3r10rt-1) (3,t2,L4) (4r10r1-3) (4,LL,t2)

(5 ) 7 ,ïr) (5, 8 rL4) (5, 9 rLz) (6, 7 rLî,)

(6, 9110) (7, 8110) (7 , 9,L3) (8, 9111)

JcLer ri = [[11111 , T2r 6lr l.3r 9l , Í4rt4],l7rL21, [ 8113]J , .:"::
, t,,lt,',t,t,
/c ; _ .:: :

Fz= l[1r 8] r l2,L2l, [3113]r,L4r7l , [ 6111] r l.9r14lJ, and .',
titr',t,',ì,

r'c - .':'::1
F3 - [[L, 6], f2' 77 ' [3' 8] ' 1.4' 97 ' [11r14J, [12113] J

Let X = [1 , 2, 3, 4, I',!., I21, and

Y = [6, 7, B, g, L3, L4]
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w e .[ro; t]
*(P, T )

(L, 3, 7> (4rLIrLZ) (-rr2, 6) ( 2, Z, Z) ( 7, t, Z) (-rr-r, 5)

(Lr 4,5) (5r 6113) (-rr3r 9) ( 31 31 3) ( Br Br 3) (-rr*rr 5)

(1r10r12) (5,TrLL) (-L,4,L4) (4,4,4) (g,g,4) (j_0r10,5)

(r'13'L4) (5' BrL4) (-rJ rr2) (11r11r1r.) (L4rL4rrL) (-t r-2J0)
(2, 3, 5) (5, g rLZ) (-rr8r13) (LZTIZ,LZ) (13,13rj.2)

(2, 4, 8) (6, 7 rL4) (-rr1, 8)

(2,LO,L4) (6, B,Lz) (-rfl JZ)
(2,LL,L3) (6, 9 ,LO) (-rr3 rL3)

(3t 4,6) (7r 8r1O) (-rr4r 7)

(3r10r11) (7 , 9,I3) (-r$)L)
(3 ,L2 rL4) (8, 9 r11) (-rr9 ,L4)

w e [f 6; 17ì contains rwo disjoinr copÍes of tU on lZrgrSl, f+rttrLZ] .

**
T KJ
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wo e [rz; 13]

)k(P, I )

(L, 3, 7) (4rLLrLz) (-rlt 6) (*rr 21 7) ( 2, 2, 2) (-2r*2r*3) j-:: :'r'r'. '

(L,4,5) (5,6rL3) (-rr3r 9) (-rr 3, B) ( 3,3, 3) (-rr-rr 5)

(IrLOrLz) (5, 7,LL) (-rr4rL4) (-r, 4, 9) ( 4, 4, 4) ( 5, 5r1O)
:-:. :.... :

(L rL3 rL4) (5, 8114) (ørJ J2) (orr1-1r14) ( 6, 6, 6) (10r1-0rcor) :,, 
,-,, '.,. ,,

(2, 3, 5) (5, 9rL2) (-rr8r13) (-rÃ2rJ.3) ( 7, 7, 7) (-r, 5r-r) 
,.,,,,,r.

(2, 4, 8) (6, 7 rL4) (-rr!, 8) ( 8, B, 8) (-rr10r-r) ":: :

(2 rLO rL4) (6, 8 rLz) (-r.2 Ã2) ( g r g r g)

(2 rLL rL3) (6, 9110) (-r¡3 tL3) (11r11rtt_)

(3r 41 6) (7r 8110) (*rr4r 7) (LZTLZTLZ)
''

(3,1011-1-) (7 , 9 ,t3) (-126 )L) (13113113)

(3,12,L4) (8r 9rL1) (-rr9}4) (L4rL4rL4)

By Theorem 3.25, wo e lfZ; 13ì contains 4 pairvrise dlsjoínÈ copies 
',

of tg based on rhe sers f-rl í41, fL p r71, fzrttrta'] and

[ø ra ¡zJ ,:, : , :, ,,-:

VJT
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CHAPTER 4

Embeddings_ of extended_EripLe svstems

L. IntrodueËlon.

If there exfsts a system W € [n; a'l based on S and a

****
system l[" € [m; bi based on S" such that S c S" and I^I s tr{^ ,

:k JÉ

we shall say Ëhat I{ is enbedded in I,[ If I^I is embedded in It ,

then elementary conslderatíons show that m > 2n and b > a . In

particulat, Lt n is even, then according to Lemma 2.1 m ruust be even.

Lemma 2.8 suggesËs Ëhat in order to embed a sysËem W in some

*
sysËem I,I we need noË pay any atËention Ëo the tripLes of the system

!t . However, iË may be necessaqy to írnpose condítions on W if the

embeddlng system I,Io is to possess certain properties. I,Ie shall show

LhaË under certaln condiEfons Ëhe embeddfng system ís eíther conslgtent

or contalns a specfffed miniunrm number of mutualLy dísjoinË copies of

5o . The embeddlngs also provide examples of systems which are not- - -f ---

consistenË. Final-Ly, rde give a recursive method for constructing

extended trtple systems.

2. PrS:liminaries.

f,Ie shall- denote by Kzr, the corylete graph on 2n vertices.

rf v(Kzn) = ll-r 2, '..r ZnJ, rhen Ír is welL-known t6l ËhaË

crzn = [cr, c,

Gr = iltzn, ilJ u fti- j, r+j] I j = \, 2, ..., n-111 , í, í-i and

1+j being taken modulo Zn-L in the range lt, 2

tlal-lfs [23] has shovrn that Ëhere are at LeasË Ëwo non-ísomorphic
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one-factorizaËíons of Kzr, for every integer n Þ 4

The following two definíËions appear ín [L4r15]:

Definltfon 4.1. An (4, k)-sysËem is a ser of k disjoínt paÍrs

(ur, gr) covering the elements {t, 2 , 2k} exactly once and such

that gr-p, o r for r = lr 2, ..., k

Definttlon 4.2. A (8, k)-sysËem ís a set of k dísjoint pairs

(nr, er) covering the elements lL, 2, ..., zk-i-, 2k+1.l exactly once

and such that gr-p. = r for t = !, 2, ..., k

rt ls known t7 ,L6,20,2Lj that an (A, k) -system exists Íf and

only ff k = 0 or l(mod 4), anð. a (8, k) -system exists Íf and only if
k = 2 or 3(mod 4)

3. Embeddfng Theorems

In what fol-lor^rs we shall consider the embedding of a system

We [n;al inasystem W*e [*;¡l ,where 2ntm<2n*g and

a<b<m.

Theorem-4.3-. If there exisËs a system I{ € [n; aJ , then úI can be

embedded 1n a system W" € [2o; al . The system I,l* is consistent if
and only if I,I fs consistenË.

proof . Let IÁI be based on the seË 51 = [o]., e.r..., *rJ and let 
,,;,,,-,,.sr=[Þrrþzr...rÞrr] suchrhar stfltz=ø. ser s*=srUsr. on 't,-'¡

tç*
S we consEn¡ct I,I'- € [2n; a1 as fo].Lows:



Case 1.

Let Wt

Wz
*Put $I

n odd.

= [(Pi, 9r, c1) I

= [(Êir Þ1r crr) I

= I,l lJ I¡I1 tJ I'I2

62.

i*j = 2k(mod n)r1<k<n'Ìn'ílj;

",n].

1<

i=

i, i <

L, 2,

Case 2. n even, n = 2m .

Let wr-[(grrgj,%) lr=i, j<zrl,rl-l j; if Í+j iseven,

Ëhen f*¡=2k(mod2rn) and 1<k<m;if i+j isodd,
rhen I * j = 2k+L(ruod 2m) and ru*L <k <Zml 2

w, = [(Êr, Ê1r cvi), (Ê*41, 9m+i, o') I i = Lr z, ..., mJ

*Put !{ = !ü lJ t^Il tJ W2

rn each case iÈ is easily verifled that w* € [zrr; a'l , and also
*!ù is consistent if and only if Iù is consisËent.

Thçorem 4.4. Ler

w € [n; aJ . Then

n

w

be an odd integer. Suppose there exisËs a system

can be embedded Ín a system W* € [Zr,+t; a+n+ll .

Proof . Let t^I be based on S, = [cyr, dZ, ..., drl and let
s, - [9r, þ2, 9n+L] such rhar sl n s2 = ø . ser s* = s, tJ s2

l,le shall consrrucr wo g [Zrr*L¡ a*n*l] on S*

Let S - tFl, F2, ..., trJ be any one-factorization of Krr+l where

v(Krr+t) = sz

Let wt = [(cr* x, T) I t", v] € F¿: í = L, z,..., n]

wz = [(9rr 91, Ê1) li = Lr 2r..., n*lì
*Put l^I = üt lJ I^r1 tJ I{2 . A straightforward veríficatíon shows

w* € fzn+t; afn*lJ
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TheoreF 4.5. Let n be an odd Lnteger. suppose there exists a sysÈem

W e [n; aJ wf th 0 I a . q! . 'Then tü cannor be enbedded in any

consfstent system W* € [Zn+t; a*n*lJ

Proof . Let I{ € [n; a] be based on S, = [o, , eZ, ..., or]

Let s2 - [Ê1 , 92, ..., Frral] where sl n s2 = ø
tç*Let S = S, tJ S, and assume there is a system vJ--€ [2n+t; a*n*lJ

?t**on S such that I^I qIü . Since f'I contains a*n*1- iderupotents,
J.

1t foLlows that each element of sz mrsË be idernpotent ín I,ü^ we

shall show Ëhat I^I* fs not conslstent. Ftrst of ar.l, tr{* cannoË

contaLn a copy of u, based on three el-ements from the set sz

For suppose there 1s a copy of tg on [Êr, Ê2, Þ3] Since g1 is

ldempoÈent, each of the n pairs (on, tsr) , k = L, Z, ...r D , is

contalned in some trfple of Ehe form (qU, g1, y) where

Y € [Þ4 , 95, ..., Êrr11.] . Consequenrly, some paír (Êr, V) appears

in more than one tripLe of I^I* which is irnpossíbl-e.

There are only two possiblLities for a copy of t, in Inl^ :

A copy of tg in Id* is based on (1) a three-element set of the type

[ot, oj, *t l t ot (2) a three-elemenr set of the rype [or, Êr, g¡1

There can be at most + disjolnt copies of Ug of the rype (Z)

rt is clear that the number of disjoínt copfes of üg in tr.I* cannot,

exceed a , when aLL the posslbiLities are considered. On the other hand,
J

the number of dfsjoint copíes of tS requÍred for It^ Ëo be consisËenË

1s o¡ = [(a*n +L)13] . I'Ie consÍder three cases and show u¡ ) a

Observe 0 < a a+ and Theorern 1.i- is appLied in each case.

t..:' 
"'.:
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Casel. If n-6k*L, then a=3m*1 ,m aníntegersuchthat

0<¡n(k So ü)=m+2k+1 )3m*1 =a.

Q?se_Z. 'I-f. n o 6k*3 , then a = 3m, m an integer such Ëhat,

0 < m 3 k So o) = m+Z]rc+L > 3m*1 ) a

Case3. If n=6k*5rËhen a=3mf1 ,m aninËegersuchthat

0 < m 3 k . So ü) = m+2k+2 > 3mt} 2 a

Thls compleËes the proof of the theorem. ...:
,,1, ,,t:'at.'

cqroll-arv f .6. Let n be an odd integer. rf there exisÈs a system

w € [n; aJ with 0 < a a "I1, rhen Ëhere exísËs a sysrem
2

lctü € [2n + 1; a * n i 11 which cannot be consistenË .

Proof. The resul-t 1s an írnnediate consequence of Theorems 4.4 and 4.5.

I
Exarple 4.7. (f) By Corollary 3.3, rhere ís a sysrem W € [6n+g; a]

for a = 0, 3, 6, "', 3n By coroL1-ary 4.6, there is an inconsistent
^^sysËem W € [12n+7; a+6n+4J for a = 0 r 31 6, .".r 3n 

::,., :j

(fl) According Eo coroll-ary 3.5, there is a .'.,,',,':,:',':.

W € [6n+1; a] for a = 1- ,41 7 ,3n-2 . By Coroll- ary 4.6, there is '..,r...,.,'.,.

'...an inconsistent W* € [tZrr+3; a*6n*21 for a = 1r 41 7 ,3n*2 .

(id.i) Theorem 3.18 guarantees the exisÈence of a

I{ € [6n+5; a] for a = Lr 4r 7, 3n*L . consequenrly, by coroLLary, : :'.:::

4.6, there is an inconsistent W* € [tZr, + tt; a + 6n + 6'l for

a = 11 41 7
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Theorem 4.8. Let n Þ 5 be an odd ínteger. A sysËem vü € [n; aJ

can be ernbedded fn a conslstent system wo € [zrr+t; a*n *lJ íf and

only ff + < a < n and I^I conrains ar leasr l(Za-n-L)/6j
..;:::: . :r 'nnrtuaLLy dfsjolnt copies of 5¡ i,':,:,;:,:

Pgoof. Followlng the argument ín the proof of Theorem 4.6, the conditíon
gå! I a I n ís obvÍously necessary. Furthermore, there are aË most

+ dfsjotnt copies of tg not contained in Il , and sínce

[(a+n+1)/3] dfsjolnt copies of 5g are required for dk ro be

consf stent,, tr{ Ír¡st contain at leasË [ (a +n +l) /g1- (gJ!\ = lQa -n -L) /61

dfsjoint coples of Ug

ConverseLy, leË us assume there is a system W € [n; a1 with

5! I a I n and I¡I conraÍns aË leasË ï(2a-n-l)/61 disjoinr copies

of t¡ Let I{ be based on the set, S, = [ø,, dZ, ..., orJ , and let
r be Ëhe set of ldeupotents of úI . vlithout any loss of generalityr we

shaLl make the foLLowing assumptions:

(i) tf n = 4m*1 , Ehen I contaÍns Èhe seË 
.r.

t = lozi I r = L, 2, .--, 2^J (J [or-*., J , :;,;.,,].i,:,,;,,'

ìÌ:;i.,':'lì,i 
i ,':(iÍ) ff n = 4m*3 , then I conËains the set ,"-1.':1¡..:..

J = [a, I f = 21 3, ...t frt m*2r 2m*L, 3m*31 3m*4, ...r 4^+3J,'1

(1rl) f{ contains lea - n - L) / 6l dis joinË copies of % on elemenÈs

'ì,i:; ., 
..,t,:,-i- .:^,from I -J ín cases (i) and (if) above. :::Ì:::::::::.:

observe tn (i) and (ii) l¡l = +. Ler J* = [(x, x, x) | x € .iì
Now ler s, = [Êr, 92,
:t&¿s" = 51 U 52 . I,Ie construct I^I* on sik as folLows.

::j' : .:;.-l; .:'



íns Ëhe

of tg

Case 1. n = 4m*1 . It is readily verífied thaË lü1 U $I2 conËa

follor,rlng collection D of 2m*L =+ dÍsjoínË ËripLes:

1..

{(Ê2m+1' Ê4** z, dz^+L) '
1D - j(Ê21 -1, lzt, oz^+z): i = Lr 2r "'.r E r
I

[,Ur* +zL,92ro* zi+L, dzi) : i = Lr 2, ..o, rn .

So + mutual-ly dfsjolnt copies of tg can be found in

I,t U I,I2 U W3 U J* . Consequently, I,ü* contains a Ëotal of

IQa -n - 1) /61 + (q!) = [ (a +n + ].)/31 ruutualLy dÍsjoint copies
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Let I,I1 = [(9ir 9¡, o¡) lr = í, i <n, i I i; Í+j =2k(mod n), 1<k<n'] ,

}I2 = [(Pr, Ên+1, oí) I r = i < nl ¡

wt = [(Êrr Ê1, Ê1) I r . i < n+1]
tcPut I{ = I,l [J vü1 U I'I2 tJ ['I3

rt is easlly checked thar w* € [zn+t; afn*l'l . trrle shal-r show üI* is
consfstent. Consider tl,to cases:

case 2. n = 4m*3 . rt is readíly checked that wt U wz contains the

foLlowing coLLecÈfon D of 2m*2 =+ disjoínr rriples:

so I^I1 tJ f,I2 u I,I3 u Jib contains + rmrrualLy disjoínË copies of J3 ,
*and I'I contains a ËotaL of [ (a +n + 1)/3] rnutually dis joínt copies of

5S as ln Ëhe previous case. ,

ßrr^*r, 93*+4, d^+z), (92* +L, azm+L' 9+^*+) ,
I

- {tpr_, lz^+i+t_, d3* +z+) : i = r, 2, ..., m*l ,
I

[,U** L+t' 93*+4+í, dt+i) , i = L, 2, ...r m-l
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In each caee I,I* is conslstent, and the proof of

Theorem 4.8 fe cofiplete.

Remark 8. A system W saËisfylng the condftíons irryosed fn Theorern 4.8

need not be consisÈent. For exanple, a system I^I € [7; 7] wí1l satísfy
Ehe necessary conditíons in the theorem. Hence I^I can be embedded in a

*consfstent I4I" € [fS; 15] . Consequent,ly, a consisËent system may

conËaln an inconsÍstent subsystem.

Theorem 4.9. Let n be

system W e [n; r] wfrh

there exists a system tlt''

conslstent.

an odd integer, n Þ 5 Suppose Ëhere exísts a

0 < r a+. Then for each k € [0 , L, ..., rì ,

el2n*1; rtnfL-3k] which cannor be

Proof . By Theorems 4.5 and 2.9, Lt ls suffÍcient to show Ëhat Ëhe sysËem

['I € [n; rJ can be embedded in some W* € [Zrr*1; r*n*lJ conraining

r dtsjoinË copies of t¡ This is easily achieved by extending úI as

we dld in the proof of Theorem 4.8, assumlng the iderryotents of lt are

all- contalned in the set J . cr.early, the embedding sysËem Irtr* so

obtalned contalns r patrwíse dísjoint copies of ïg in

Wl tJ WZ tJ I,l3 (J J*

ExanrPle 4.10. Theorem 4.9 can be used to improve Ëhe resulËs we have in
Example 4.7 as foLlows:



(r) t{ € [6n+L; 3n-2] +

(rr) we [6n+3;3nl

(r11) w e [6n+5; 3n+i.J +

W € [n; aJ with 0

consistent system ül
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lk
fnconsf stent I^I' e [f Zn * 3; 9n - 3k i,

k = 0, Lr 2 t 3n-2 .

*fnconsistent W" ç. ltZn+l; 9n* 4 - 3kl,

k = 0, Lr 2, ...r 3,
&

ínconsístenË I^I" € []-2n + L1; 9n*7 - 3kJ,

k = 0, L, 2 , 3n*L .

Suppose Ëhere exísts a system

cannot be embedded in any

Theorem 4.1L. Let n be an even Ínteger. If there exists a system

W g [n; al , then l,I can be embedded in a sysËem W* € [Zrr+Z; "++1

Proof . Let w e [n; a] be based on s, = [cur, dZ, ..., orJ , and ler

s, = [Êr., 92, "', þn+/] such that sl n s2 = ø . Let

* - [Ft, FZ, ..., Frr+l] be any one-factorization of K_-, where

V(Kn+ Z) - SZ

Assume Fn + L = [tPil , g'zl, [91r, Urot ,

where IL, tz

Let 
"t 

- [(or, x, v) I t*, y] € Fl, L = Lr z, ".., nl ,

wz - [,uan, urn, urn, I t = Lr 31 5, "'r r+1.1 ,

wg = [,uru, trn, tru_r, I k = 2, 4, 6, ..., n*21

lcPut I,,f = I,I U I,ü1 U I,[2 U Iü3 . ltren it 1s easily seen that

wr' e fzn+z; a++ 1 , based on sl u s2

Theorem 4.12. Let n be an even inÈeger.

l: i,:::.::í,
1 ': '.- ,..] ]

(a(F-41 . rhen r^r

o e fzn+z; "*ff I .
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Proof. an argument sfmflar to that given in the proof of Theorem 4.5

ehowe that 1f the sysrem w € [n; a]t a. [#] , is ernbedded ín some

-_tr - ._ nt2l{ ê. l2n+2; "+'T J , then rhe number of drsjofnr coples of sg ín
?Tür cannot exceed a . on the other hand, the number required for InI*

to be consfstent fs 0J = [ (2a*n+2)/61 . fire conslder the residues of
n moduLo LZ Ln the cases whfch foLLow and show that o > a . NoËe we

af,e assuming 0 r a. 
F+¿] , and Theorem 1.L fs appl-ied in each case.

CFseL. If n=L2krthen a=3mrm aninËegersuchËhat 0<m<k,
and trl = m+2l-> 3m = a

case 2, rf n = L2k+2 , Ëhen a = 3m*r, m an inËeger such that
0 <m(k r and ¡¡ a m+2k+L )3m*L = a

caee 3' rf n - L2k+4, then a = 3m*1-, m an integer such Ëhat

0 (m(k, and trt = m+Zk+L)3m*L = a

caee 4. rf n = 12kt6 , then a = 3m, m an rnteger such that
0 Im <k, and ü) rm+Zk+L > 3m*L )a .

cgse5. rf n=L2k*Srthen a=3m*1 ,m anintegersuchthat
0 Sm 3 k r and ü, s m+2k+2 Þ 3mi2) a

case 6. rf n = 12k*r-0, then a = 3m*r-, m an integer such Ëhat

0 I m lk ¡ and oJ = m+Zk+2 Þ 3m*Z) a .

This proves thaË t{ cannot be embedded in any consistent

eystem w* Q. lzn+z; "++ ] .
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Proof. Suppose there exísts a W € [n; aJ and a system

w* € [zr,+z; "++ 1 such that w s I{*

Theorem 4.13. Let n

W e [n; aJ Then I'I

w* ç. lzn+z; "*+

Corollarv L.L5. Let n = 8(mod

W € [n; al Then there exfsts

cannot be consistent.

Proof . The resuLt foLlor.rs from

= 8(rnod 1-2) Suppose there exists a system

cannot be enbedded in any consistent system

l.

be consisËent. In what

there exists a

exisËs a system

and 4.12.

o<a.ffi,'"
have aLready shown fn Theore m 4.L2 I^I* c

.rf
annof

foLLovrs we assume l#l < ^ 
<| . üIhen all possibil-ities are considered,L4 J z 

*the maxinnrm number of muËually disjolnË copies of Ug whidr l,I can

conrarn ls f, r h*] . [i" - [.+a]yr] . However, rhe number or

disJoint copfes of Sg required for I^I* to be consístent ís

o - [(2a*n+2)/6] . By Theorem 1.1, if n = L2kf8, then a = 3m*L ,

k (m < 2k+1 So À = 3k+2+(n-k-1) o mtzk+I( o = m*2k*2
Itf

Consequently, t{ cannot be consistenÈ.

Corollary 4.14. Let n be an even inËeger. Suppose

system vt € [n; al wfth 0 < a . F+1 . rhen Ëhere

w* e fzn+zi ^*+ J which 
"rrrrroi 

be consfsrenr.

Proof . The proof follows dlrectl-y from Theorems 4.1-l-

LZ) . Suppose there exists a sysËem

a sysËem w* € [zn+z; "*+ J which

Theorems 4.l-l- and 4.L3.



fzn+zi '+L*å Ì

ß"-ffi>A

Proof . Suppose W e [n; a'l ls embedded in some consfstent

wn € fzo+z; "*ffI . By rheorem4.LZ., rhe condirio;r t"f-l < " <l
fs clearly necessary. ALso rhere can be at mosr 

fa 
disjoínË copíes

of % not contained ín !,I , each such copy fnvolving an iderupotent of
*

Vü . For I{ to be consistent, it is easy to check Ëhat I{ rnust contaÍn

ar leasr [' - lfl)q disjoinr copies or ug

Converselyt we assume there ls a system If € [n; aJ with

Ff, < ^ . I and vr conraÍns ar leasr 
[C' - t"ä-1yr] disjoinÈ

coples of Íg . Let ül be based on S, = [ør, dZ, ..., or] , and leË I
be the set of idenrpotents of I'I .

tr'Ie shalL assume, wíthout Loss of generalíty,

(i) ff n o 4m , I contaíns the set

.¡ = [d2t_1 lr = Lr 2r..., mJ;

7L.

. A eyetemTþeoLeE4.1"6. Let n be an even fnreget, n * B(mo¿ fZ)

W € [n; a] can be embedded fn a consfstenÈ sysrem w* €

lf andonlyff 
F+{ 

<a<\ and w bonrafnsarteasr

dtsJolnt copiee of tg

(11) tf n = 4m*2 , T contaÍns the set

.l = [d2t_l I r = Lr 2r..., m+1J ;

(rir) r^r conrarns 
[G - [+1lt¡ disjornr

from I - J in rhe cases (i) and (if

NoEe Ehat l.ll - l+¿l - T,er- J* = [(x, x, x)'L4 
J ' LËL

Let s, = [9r, 92, Ên+2J such that tt fl
**Set S = S, tJ S, . IrIe shaLl consËruct I,I" on

copies of t¡ on elements

) above.

lx €;l
s2= ó

s
S as follows.



Let

Put
,für€

wr = [(Pi, Êj, %) I r = i, J <n*L,

1<k<n],
wz = {(ar, Êr, Þn¡2) I r = Í < rJ,
wr=t(Êr, þt, Êr) lr=T*r,l*r,
wo = [(Êr, þi, Ên+r -r) I i = L, 2,

,çW = trI tJ I,I1 tJ I^fZ U W3 U I,f4 . IË is a

fzn+z; "*# ] . we show r,t* is

t#l .ß.:lvf'>tl
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í I j, i*j = 2k(mod n*1),

'.., n+11 ,

routine maËter to check

consistenË. Let

lz

Case 1. n

", = [+1
= 4m . Then úI, contains the foLlowing colLection D of

T

disjoínt trlpLes:

conËains Ff,
contalns at least

*SoJ

t.+1
disjoinË

nnrtua1ly dísjoint copies

À disjolnË copíes of

of.

sg

t,

Case 2. n =

m*l - F+l

4mt2 . Then Wt conËains the foLl-owíng coLLecrion D of

dfsjolnË trfples:

U Wl tJ Ì^I3 conËafns

contalns at Least I

rnutually dÍsjoint

copies of tg as

m+1'Ì

copies of t, ,

in the previous

Now the number of disjoint copies of 5g reguired for

be consisÈenr is tll = [(2a*n +Z)16l

In what follows we consfder five cases and show tr = tu .

Noting that F+1 = ^ =l and applying rtreorem 1.1, we have:

(1) 1f n - l-2k, then a = 3m', k s m' < Zk, ^' an integer, and

À = 3k. [fn] =,o,+zt = þ{:-euil = ., ;

*Wto

U V'fl tJ I^I3

*Thus I^I

o = [(Êr** zt, ïzm+zL+L, dzr_L) I i = L, 2,

Hence J
t(and Vl

caae.



Q) Lr,

and

(3) Lf

and

(4) rr
and
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n = 12k +2, then a = 3m'+L, k< *' < 2k , m' anínteger,

À = 3k +L+t+{ =,'+ zk+L = F**€*{ = o ;

n = L2k+4, Ëhen a = 3m'+1, k < ro' < 2k, m' an integer,

l. = 3k*t*F*f{ = ^' +zk+L= F*"#.{ = o ;

n = L2k*6, then a = 3m', k*l- < m/ < Zk+L, ^t an inËeger,

':.'.:

(5) Lf n=L2k*10rËhen a=3m'*1 ,k+l<m'<Zk*l ,

and À = 3k*, * Fd=åkï ='' + zk+z = [-y1
Thls cornpletes the proof of our theorem.

rllgstra$.ve exampl-e: Any system w e [+; rJ rrivially sarisfíes Ëhe

conditLons l-n Theorem 4.16. suppose I'I is based on s, = [ø, , c'2, a3r o 4]
and assum" o1 ls ldempotent in I,I Let S, = [Ê, , g2, g3, g4, g5, gO]

Followfng Ëhe construction in Theorem 4.116, we obtain

wL = [(dr, Fz, g5), @r, gr, g4), (*r, Ê1, 03), (d2, g4, p5),

(cv3, 91, Ê5), (d3, þ2, 94), (a4, Ê1, gz), (d4, 83, gr)1;

w, - [(cvr, 91, 9ù, @r, 92, gl , (o3, g3, Ê6), (a4, g4, Þu)];

w, = [(Fr, 93, g3)' (94' 94'gì' (ps' Ês, g5)l;

wo = f(Êr, Ê1, gù, (F2, gz, g3), (Ê6, þ6, ps)1.

ikthen Ìl = trf U Wl U WZ U Wg U t[4 € [fO; +'l contains S, on [or, g3, Ê¿] .

an even integer. Suppose there exisËs a system
l-" + il
[fJ . rhen for each k € [0, ]_, ..., rl ,

€ [Zn *2; r *+ - 3k] which cannoË be

m

=0)

an integer,

Theorem f.17. Let n

tt € [n; rJ with O <

there exl-sts a system

consisÈenE.

be

r<
*

I{
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Proof . Following the constructfon ln Theorem 4.16, r¡Íe rû¿ly embed I^I ln

w* ç fzn+z; ,*ry ] rn such a way Èhat InI* contains r rnuruaLly

dlsJofnt coples of t, t'Ie siryly assume that all the iderupotents of

W are conËafned 1n the set J so that eventual.ly l* tJ W, tJ W,

conÈains r dtsJoínt copies of Sg . The result then fot-lows from

Theorems 4.12 ancl 2.9 .

Theorem 4.18. Let n = 8(mod 12). suppose there exists a system

I,r € [n; a'l wfth t"*1 < ^ =1. rhen rhere exisrs a sysËem

w* Ç. fzn+Z; " ++t conËainíng )r disjoinr copies of 5, r where

| = þ#] . 
L(" 

- [=1)/4 ' provided r,r conraíns ar leasr

ßt - H)Ä disjoint copies or t¡ Further*or", !,t* cannoË be

consistent.

Proof .. [.Ie embed Ehe system I,[ in a system W* € [Zn+Z; ^ +* Iz'
exactly as we dld 1n the proof of Theorem 4.16. The system I^I'b contains

Àd1sjointcopiesoftgandÀ-t¡-1,where0=[(2a*n+2)/61
:t-:::t:: :::;.:;:

.. ;.::.;':;: ¡::.1:'

Exalple 4.19. Corollary 3.L0 guarantees the exíst,ence of a consistenÈ :..::::::.,
: -.: 

.,, :..:.:j

system W € [12n+8; 6n+4] . By Theorem 4.18, rhere exisrs an

lnconsistent system W* € [Z4rr+1-8; 12n+91 whÍch contains ì. = 4n*2

nnrtual-ly disjoint coples of tg . consequentl-y, there exists an 
,.i, ,.-i;.:

l.nconsistentsystemin[z+n+ra;L2n*9-3k]foreachk=0,L,...,4n*2.

Theoren 4.?0. Let n be an odd ínteger. suppose there exists a system

I^I € [n; aJ Then I,I can be embedded in a system w* € [zn+g; a1

trI,tI is consistenË if and only lf T{ fs consísËent.



Proof.. Let W be

Ler s, - f.Frt Ê2,

Ler 3 -[FtrFz,
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baeed on the eet S, - for, dZ, ..., orJ

Ên+3J such thac s, fì S, = Ø

"'t Fn+21 be any one-factotLzatíon of. Kn+3 where

9f , þ¡ , "'t Pi r where
-0 -L -k
= 0, 1 , k-1]

v(Kn 
+ 3)= Sz

LeÈ G = Fn+1, [J Frr+Z Then G conslsts of disjoínt cycles of even

length k > 4

Correspondfng to each cycle C of G given

fk = io , Ier Jc = [,Ur., Ur., Ur.*r,

Set W..o U Jc(' ctrG

Let 
"t 

= [(e., *, y) I t", v] € Fi, í = Ir 2r..., nJ
rtPut It = W U !ù1 tJ lt.

It 1s readiLy verlfied that W* 6 [Zn+l; al , and that I,trtk is consistenË

f f and only lf I,I 1s consisËent.

Remark 9. !'I.D. ÏJallis [23] proved Ëhat íf Gi and at are any tr^ro

one -facËors ln Qrn , Ëhen a, U at consists of a cycLe of length

rik f 1 and ä(dik - 1) cycLes ofIlength Zuik , where drt is rhe

greatest common divfsor of t -k and 2¡-L , and rik = (2n-l)/arO

Clearly Íf B , fn Ëhe proof of Theorem 4.2O, is isomorphíc to

Çn+3 , TiIe can always choose Fn+l and Fn+Z so thaË Fn+l U Frr+2

ls a cycle of length n*3 . 0n Ëhe other hand, if n*2 is not a prime,

I^re can also choose Fn+l_ and Fn+2 so Ëhat Fn+l U Fo+2 is not a

cycle of length n*3 . Consequently, the embedding system
*I^I € l2n+3; al need not be the same for every choice of Fn*l and

Fn+2

by

Ir
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Analogoue to a Epeclal case of Rosars Theoren 2 lLTl on

Stefner Ërfple systems, we have the foLlowíng:

fheorem 1.2L. Let n = 3(nod 6) . Suppose there exists a sysËem

Vt € [n; aJ . Then lI can be ernbedded in a system W* € [Zrr+g; a+n+3J
:t

Furthermore, !ü" contalns i*t disjoint copies of t, r each disjoínt

from W . ConsequenËLy, I{th is conslstent if I,I is consistent.

Prgof. The method of consËruction used fs the same as that for Lhe

STS(Zn +3) (see IL71) .

Let I^I be based on the seË S, = [cv, , dZ, ..., orJ

Let sz = [91r 92 , 9rri, s3 = f.^lr, lr, y3] so thaË sl, s2, s3 are

paírwise disjoÍnË. Let Wt be a copy of tg o" Sg . Let

= += 3t+1 and leË C¿ = f(er, Cr) I qr-p. = r, t=LrZr..., ml

be an (A¡ m) -system or (Br m) -sysËem accordfng Ëo wheËher m = 0 or

L(mod 4) ot m = 2 or 3(mod 4) .

LeL c¿t'= o - [{er. +L, gzt+l)J
JcLet tr" = SZ - V, where U = [Þi I t = p, or g, i (nr, gr) € OoJ

¡ Cc. *Clearly lsr"l=f . LeE SZ"=[Êj. lr=trzr31
set wz=l(Yr, o¡, Êjr*t-r) li = Lr21 3; ¡= Lr2r..., n.l ,

w3 = [(Êu, Êt*2.+1r Êk +4t+z) I t = Lr 2, -..r zt+lJ ,

"4 
= [(ou, Êor+k-l, Pgr+k-l) I t = Lr 2t "'t tL) (n., q) € CI'*J ,

I^I5 = f (Êk, Fk, Êr.) I t = !, 2, ..., n] ,

where subscripts are reduced moduLo n as necessary.

Flnally, put Il* = !{ tJ I,ü1 u I,ü2 u !I3 u tr.I4 u I^I5 rr can be readíly verífied
that w* € [zr, +g; a *n +3] . stnce wg conrains î paírwíse dis joinr

r 
",:-. 

:



Èrlpl-es ft

copfes of

1s

ta

cLear that I,I1 tJ I{3 U If5 conrafns

, and our theorem has been proved.
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dísjoínt

there exfsts a sysËem

*in a sysËem I^I-- € [Zn+S; a*3r1 ¡

n
t +1

CoroLLatv 4.22. I'f. n = 3(mod 6) and

W e [n; aJ , then I{ can be enbedded

where t = 0¡ L, Z, ..., |+f .

Proof . The result follows direcËLy from Theorems 4.2L and. 2.9.

Bxanple 4.23. Let n

existence of ["; O]

exf stcnce of [n; 0']

[Zn + l; r'] for ail.

= 3(mod 6) . Then Theorem 3.1 guaranËees the

. Also ["; r] exisËs. By Corollary 4.22, t1rre

and [tt; "J togeËher will irnpty Ehe exisrence of

t = 0, 3, 6, ..., 2n*3

rn [17], A. Rosa showed how an sTS(n) can be embedded in an

sTS(2n +7), provlded n Þ 7 . rn our next theorem we give Ëhe analogue

for extended triple systems. lrle foLlow Ëhe construcËíon for Steiner

triple systems whtch can be found Ln [L4, 15].

Theorem 4t24. Let n Þ 7 be an odd fnteger. suppose there exists a

system I'I € [n; aJ Then l[ can be embedded fn a sysËem

w* e fzn+l; a+n+7J which conrains a subsysrem I,Il € [7; 7J disjoinr
from I^I

Proof . Let I^I be based on Ëhe set 51 = [o]- , dZ, .., orl
Ler s2 = fpt, F2,

pairwise disJolnr. Ler W, e [Z; Z] be based on Sg

Let *=fa"a o=[(errg.) ln.-pr=r, t=Ltzr"'rmJ bean
(4, m) -system or (Br m) -sysËem according to whether m = 0 or 1_(mod 4)

or m=2 or 3(mod4).
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J.

Let SZ = SZ-V where U=[9i li-p, or grrr=415r...¡mi

(n", er) € CI]

Then fsr*l -2. Ler rr*={po li=L,2,,..,1}Ji
Let wz - [(yr, øn, 9jr*n-r) I i = L, 2, ..., 7 ; k = L, 2, ..., nJ,

wg - {aon, 9nr+k-1, 90"*t-r) lt = Lr 2r "'r n i

r =4, 5t ... tmi (nr, Cr) €Oì

w4 = [{9r, gr*r, Ê1a3) li = Lr 2r..., nJ, and

. ws = [{Êr, 9i, Ê1) I r = L,2,...r,nJ, where aLl subscripËs are

reduced moduLo n ín the range |.Lr 2r..., nJ
*Flnally, put !ü = Il tJ !I1 U I^I2 U I'I3 tJ f'I4 U Vf5

A straightfon¿ard verlflcatlon shows that W* € [Zrr *7,, a*n*7']
It fs clear that Wt is dlsjolnt from lI

Theorem 4.25, Let n Þ 7 be an odd integer. suppose there exísËs a

system W € [n; aJ Then I^f can be ernbedded ín a system

w* € [Zrr+Z; a*n* 7 -3tJ , where r = 0, 1,

Progf . IrIe extend the system I,I to the sysËem Wo € fZn+l; af n*71

constructed ln the proof of rheoren 4.24. Then we observe that I^I*

contains a copy of ur in wt and til disþinr copies of ug based

î ,,[pr*on, 
gz*4t", ts+*+rJ rko o,-r,'..., [l] -t so r.r* conrains

L äJ -t mutual-ly dlsjolnt coples of 5, r which are disjoinr from úI

The resul-t folLows lnrnediaËely.

Exan¡ple 4.26. (f) By Theorem 4.25, the existence of any w € [6n-3; 0]

tm¡rlfes the exLstence of a system W* € [tZrr+t; 6n*4-3t] , where

t = 0, 1, ...t 
f"--1 *L , provided n ¿ 2. Simitarl-y we have for
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n > 2, ÍÍ € [On-a; 6n -3] * Iü* € [tzn+t;'t¡n*l -3t'], where
fa- - e'lË = o, 1, l=f1*'

simllar resuLts are obtained when n = 1 or 5(mod 6) fn Theorem 4.25.

IË fs worÈh noting thaE no assumption regarding the system I^I is made .',",

so far.

(ii) If ¡ = I in the constructíon of üIik in

Theorem 4.24, tt'en w3 - é rf we choose I^I € [7 t 77 , it ís easíly ',,,;,,,,'"t'

checked Ëhat rhe embedding system w* e fzr ; 2L.1 contaíns 7 pair:wise 
,;;;.:;;;;,;

disJolnt copf es of U, r and is thus consistent. ::":' ''

Remark L0. In what folLows we shaL1 not restrict our attentÍon to any

particular (Ar m) -system or (B¡ n) -system. For convenience, in our

next, theorem riTe shall irnpose condiËÍons on the sysÈem W e [n; ¿'l

slmflar to those required fn Theorem 4.8. These conditfons are not,

absolutely necessary to obtaln the end result fn every case.

Theorem 4.27. Let n be an odd Ínteger, n Þ 9 suppose there exists

a sysËem W e [n; aJ with " = 
L*, and I^f contains at least ..,t,1:,.t,1,,

[(2a-n-L)/61 disjolnt copies of ug . Then !,I can be embedded in a i"",':

tç - * :::::":
sys tem I,I e {Zn +l ; a *n * 7 I such that I{^ conËains at least :::;::.1:':

[ (a +n +L) /31 dfsjolnr copies of Ug

lroof . Let I,¡ be based on Ehe set s, = [ø, , dz, ..., orJ . Let r be :: :.]:.
,,t,:,,,:,l,

Ëhe set of ldempotents of I{ . Let us assume, wíthout loss of generality,

I contalns the set t - fol, d.r..., or] where * = \l!-, and 
:

w contafns tßa-n-l) /61 dlsjoint copies of ug on eLements from
*I_J Ler J---f(xrxrx) lx€;l
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Let Wt , L n L, 2, 3, irr 5, be as in the proof of Theorem 4.24,
tr

and put I.f - W U I{1 tJ I{2 l.J If3 U I,I4 tJ t{5
*then W e l2n+7; a4n*71

Now w, < ill lJ contafns at Least one copy of tg ,,....i..:....:

For any (4, m) -system or (B¡ m) -system, ÌrI, contains the following

collecrton D of * = 5f disjoinr rripLes:

o = [a*r gn,o+k-l, Þnr+k-l) lt = rr 2r "', nl ,:,,t,;,:,.;,:;.',',

t'c 
¡ll rn 

n -'r 
' i'' '.

So .l* tJ W, tJ I{5 contains * = * rmrtualLy disjoint copies of U, 
;,r,,,, 

,,.,,,

consequently, l,I* conËains ar leasË lea-n-1) /6!+# *, = [(a+n+l)/3] 
':':;':::

nmtually disjofnt coples of t, , as required.

l

rttsoreL -t -28.- Let n be an odd integer, n Þ 9 . suppose there exists a

sysÉem I'I € [n; a1 with . " 
Ltt , ancl $r conraíns ar ].easË

t(2a-n.I)/6]d1sjoíntcorpiesofts.ThenËhereexistsasystem

w" e [zr, *7; a*n*lJ such thar tr{* contarns at Least [(a+n -z) /3] '

dísjoint copies of 5g

Proo.f . rf we choose w, e [z; r] in rhe proof of Theorem 4.27, rhe

result, follows inruedlately.

cororlarv 4.22- Let n be an.odd integer, n Þ 9 . suppose there exists

a sysËem I,I € [n; aJ wfth " = 
E+!, and !ü contaíns at least

l(2a-n-L)/61 dfsjoint copies of ug . Then rhere exists a sysrem
?tÍ{ Ç. L2n+7; a*n*7-3tl , where r = 0, 1, [(a+n+4)/3]

Prgof . The resulË follows directly from Theorems 4 .25, 4.zg and z.g



81.

Theorenj.39. Let n be an odd integer, n Þ 7 . Suppose there exfsts

a system W e [n; al then li[ can be embedded in a system

w* € [zr, + 6; a + 31 such thar I^Ith conrafns a subsysrem I{1 € [6; 3']

dfsjolnË from I{

Proof . Let Id be based on the set S, = [o, , d2, ..., orJ

Let s, = [Brr 92, '.., Êr,J , sg = ftt, \2, ..., y6] , where sL, s2, s3

are pairr,rise disjoint.

Let W, e [6; 3l be based on tg
n-1Let *=-ï and o = [(pr, qr) I nr-p, = t t t = lr 2, ..., mJ be

an (4, m) -system or (8, m) -system according to wheËher m = 0 or

l(mod 4) or m = 2 or 3(mod 4)
)kSer SZ = SZ-V where U=[Êi li=p, or grrr=41Sr...rmi

cLearly lVl *r,-Z and lsr*l =z 
(nt'et€oJ

Let ,rt' = [p, I r = L, 2, ..., 71' Jr

8et wz = [(Yr, ou, Pjr*n-r) li = lr 2r...¡ 6; t1 = Lr 2r..., nJ,

w¡ = [(a, Þnr+k-l, 9er+t -t) I t = Lr 2, "', n ; t = 41 Sr...rmi
(nr, ç) € oJ ,

wo = [(0r, Êr*r, Êia3) lr = Lr 2r..., nJ ¡ md

ws = [(Pir*n-r, Êjr*o-1, %) lt = Lr zr..., nJ, where rhe

subscripts are reduced modulo n ln the range ttr2r..., nl
*Put Iù = nu u wt u wz t-J Iü3 u w4 u ws rr is readily verffied rhar

W* € [Zrr+O; a+3] , and our Ëheorem is proved.
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CoEgLLarv 4.31. Let n be an odd integer, n è 7 If there exísts

a gysËem tI € [n; al , then I{ can be enbedded in a system

w* € [Zn+6; aJ whlch conrains a subsysËem I,I1 € [6; OJ disjoinr

from Iü

The c:orollary folLor¡s from the proof of Theorem 4.30 and

Lenrna 2.8 .

Remark 11. The subsysËem I^Il € [6; 3l in Theorem 4.30 is obviously

unigue. trle exhibited Ër,rro sysËems in [0; 3ì, one containing a copy of

t¡ and the other not conËafning a copy of Sg (see Remark 1 following

Theorem 2.3). As a resulÈ, the embedding system w* 6 [zn+o; a+31 ís

noË uníque. Further, tl* is consistenË only íf wl conÈains a copy of

Jg

Theorem 4.32r Let n be an even integer, n Þ 6 . Suppose there exist,s

a sysËem W € [n; aj . Then úI can be embedded in a system

I/' ç [zr,+8; a+l+al such rhaË I^I* conËains a subsysrem w, e [z; z'l

disjolnË from I{

Proof . Let I'I be based on S, = [ør, dZ, ..., or] .

LeÈ s2 = [Pl , F2, grr+rJ , s3 = [vr, v, , \77 i sl, s2, s3

painarise disjoinË. Let Wl € [7; 7J be based on S¡

Let *=| and O=[(nrrgr) lnr-pr=r tt=LrZr...rnJ bean

(4, m) -system or (8, m) -sysËem according to wheËher m = 0 or L(nod 4)

or m=2 or 3(mod4)
lkSet 52 =SZ-V where u=[gf li=p" or grrr=415r....rmi



rhen lsrol = z

ser w, = [(vr,

w, = [(crn,

= 1 t ...Lt',

2t "'t 7'

k=Lr2,
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n.ì ,

"'.r m i

. Ler sro = [gr. I i
,rn, Þjr+k-r.) | i = t,

9D +k-l-, Êq +k-t) |'r 'r

,7j
;k =1Lt

n;

, ... t

t =4, 5,

w4

I^I -5

wo

Lr 2,."', n+lJ ,

= !, 2, ..., 71 , and

Po +,,) lt=4t 5rr"rm;

(nr, er) € CIl ,

Lemma 4.33. Let n = L

!t € fn; nJ conËalning aL

n > 7 . There exisËs a sysËem

disjoínË copies of Sg

or 3(mod 6) ,

Leasr hg

(nr, 9.) € 0l ,

[{Êr, Êr+1, gi*s) I r =

{(9ii +r,, 9ii 
"r-or 

Y1) | i

where subscripts are reduced modulo n*L in Ëhe range

fLr z, ..., n*Lì
,kFinalLy, put Ì{ = W [J I,I1 U f{2 U W3 tJ tJ4 U W5 U I,16

then w* € [Z.r+S; a+l++] . lhe verificaÈlon is dfrect.

4. RecursLve constnrctlon of gxtended tfiple sysËems.

For a glven positive inËeger n the inËegers a which saEÍsfy

the necessary conditions for the existence of [r,; "J will be caLled

admfsslble.

!üe shaLL apply the results of the previous section to show that,

for every positive integer n , [t; rj exfsts for a1]- admíssible val-ues

of a. Our method of proof w11L be lnducËive., æd we refer to Section 4

of Chaptet 2 f.ot alL the initial cases requfred for induction. I,Ie also

assume the existence of [o; OJ for n = 0(nnod 3) , and [tt; L'l for
;

n { O(mod 3) , establíshed Ln Theorem 3.1.
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Pfoof. The staËement fs obviousLy true for f = 7r g, L3, L5, and hence,

by Exarup le 4 .26 and Theorems 4.8 and 4 .27 , tor n = zL, 25 , 27 .

Let n Þ 3L and assume the statement is true for all m ( n ;

mì:9rñã1or 3(mod6)

If n=1 or 9(mod12)rrhen m=ä(n-7)=1 or 3(rnod6)

sfnce 12 < m < n , there exists a system in fr; rJ containing at reasË
L-¿1
Lïl dlsjoint copfes of u, . so by Theorem 4.2r, Ëhere exisrs a

"r"r"* W € [2m+Z; Zm*7 J = [r; ,rJ conrafning at leas. [,*+{ = t5{
dteJoint copies of tg

ïf n=3 or 7(modL2)rrhen m=ä(n-t)=l- or 3(nod6)

slnce L5 < m ( n , there exists a system in [r; rJ containíng aË leasË
É_ãl
l_ 3;J dfsjofnt coples of ug . By Theorem 4.8, rhere exísrs a sysrem

w € {2m+r; 2m*1J = [,,; ,,] conËaining tt+{ = [e] , F;q dlsjoinr
coples of tg This proves our lernma.

LeFrna 4.34. LeÈ n = 5(mod 6) r n è 11 . There exÍsts a system

I{ € [n; n-4J conraining ar leasr F+l dÍsjoinr co'pies of ug and

a copy of ùS

Proof. lhe statement is true for n = Ll, L7 (see ÍLlustratfve exaryles

of Chaptet 2) t and hence for n = 23, by Theorem 4.g.

Let n > 29 and assume the sËatement rs true for arl m < n ;

m>11 rDE5(mod6)

Let n = 5(mod t-2) . Then m = ä(n -7) = 5(mod 6)

slnce 11 < m < n , there exÍsËs a sysüem in [m; m-4] contaíning at

least 
tçt] 

dlsjoinr co,píes of ts and a copy of ùs . By Theorem 4.27 ,

Ehere exists a sysrem w € l2n+7; 2m+3J = fn; rL-41 such rhar W

j-:
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contains ar teasr F] - FE dlsJoinr copÍes of U, and a

copy of ùS

Let n = lL(mod 12). Then m - ä(n-l) = 5(mod 6)

sfnce l-4 < m ( n , there exlsts a system i.n [m; n-4] conËainíng aË

least trt] disjoinr copíes of tg and a "on, o, ùs . By Theorem4.g,

there exisrs a sysrem tf € [2m+f; Zm--j.Ì = [rr; n-41 such rhaË úI

contains [%{ = t59 t F#{ disjoinr copies or rg and a copy or

ùS This corupLetes the proof of Ëhe Lema.

Corol"larv 4.35.

lr € [n; ] - tl
Let n = 4(mod 6), n Þ 10 . There exísts a system

containing a copy of Mrr

or 3(nod6) rmÞ7. By

nJ conËaíning at Least,

Proof . The result follo¡¡s

RemaTk 12. Corollary 4.35

theorems 4.1L and 4.32.

from the proof of Theorem 2.7 and Leruua 4 .34.

can be proved by recursively applyíng

thgorem 4.36. Let n Þ 1 be an odd Ínteger; Then [rr; al exists for
all- admissibLe values of a

.Proof. The statement is certafnry true for ar.l odd n ., I < n < 17 ,
and n = 21 (see chapter 2 and Exarnple 4.26). By Theorem 3.1,

[.t; 0J and [r; 3'l exfsr for n = 0(mod 3), and [r; 11 exisrs for
n { o(moa r) For the remalnder of the proof we consíder Èhe following
ca$es i

Case 1. n = 3 or 7(mod 12) ¡ D

Then n=2m*L,where

Lernrna 4.33, Ëhere exlsËs a system

Þ15

m=1

l{€[m;
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futl disJoint copies. of tg . By Thebrem 4.8, w can be extended to
L5J
a conefstent system w* e [rr; r] So [o; .l exf.sts for all admissible

values of a ., by Ttreorem 2.9.

Cgjæ_2-: n=L or 9(modt-2),n>25

Then n=Zm*T rwherem=L or 3(nod6)rmÞ9. By

Lem¡a 4.33, there exists a sysËem W e [ro; mJ cont,ainÍng at leasË

df sJoinÈ copfes of tg By Corollary O.], , _there exists a system
tç

I^I" € [rr; n-3t1 , where t - o, 1, F+]
Gase ?. n = l-l(nod 12), n Þ 23

Then n=Zm*L, where m=5(mod 6) rmÞ1-1 , Bytermra4.34,

there ext-sts a w € [m; m-4J containíns at ].east 
[*#n] 

disjoint

coples of tg . So by Theorem 4.8, there exists a consÍstent system

W* € [n; n-4ì . Hence [rr; a'l exists for all admissibLe values of a

t':i ì: '.':' t:ì 1r:)i'

Case 4. n = 5(mod 1,2), n > 29

then r.oZm*T rwhere m=5(mod6),

Èhere exlsts a W € [m; m-4J containing at Least

copies of tg . By CorolLary 4.29, there exists a

where Ë o 0, L, "', t$t] . rhis comptetes the

CorollarL4.37. Let n Þ 2 be an even Ínteger.

aLl admisslble vaLues of a

m Þ l-1 By Leruua 4.35 ¡

fu-lg-l disÍoínrL5 J
w* € [n; n-4-3tJ ,

proof of Theorem 4.36.

Then [.t; a] exists for

Proof. The statemenË is true for alL even n t 2 < n < 16 (see exarnples in

Chapter 2). In whaË foll-ows we shaLl apply Theorems 4.3r 4.30 and

Corollary 4.3L, using the results of Theorem 4.36. It is cLear thaË
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[t,;i ] exlstsfor n=0 or 2(mod6)rand [r,; ]-11 exísÈs

for n=4(mod6)

By Theorems 4.36 and 4.3, we have

1) w € [ 6k+ 1; a], k > 1; a = !, 4, -.., 6ki1,
. t{* € [rzt+ 2; al, k > L; a = L, 4, ..., 6k+1 ,

2) ÍI € [ 0t+ 3; aJ, k Þ 0; a =O, 3, ..., 6k*3,
tç+ [^I € [12k+ 6; aJ, k È o; a - 0, 3, ..., Çk+3 ;

3) vü e I Ot+ 5; ¿1, k Þ 0; a = lr 4, ...r 6k*L,
* I^I'þ e [rzt+ro; ¿'1, k Þ 0; a - L, 4, ..., 6k+1 .

By Theorems 4.36, 4.3O and CorolLary 4.31_, we have

4) t{ € [ 6k- 3; aJ, k > 2; a = 0, 3, ..., 6k-3,

=å w* € [rzt; b.l, k Þ 2; b = o, 3, ..., 6k ;

5) I{ e IOt+ L;^1, kÞ1;a=Lr4r...r6k*L,
*:å I^I € [12k+ g; bJ, k Þ 1; b = L, 4, ..., 6k+4 i

6) I{ € [ 6k- t-; a], k ¿ 2i a = 12 4,¡ ..., 6k-5,
=l tl* € [rzt+ 4; b], k > 2; b = r, 4, ..., 6k-z

Thls corpLetes the proof of CorolLaty 4.37.
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CIIAPTER 5

1. InËroduction.

A ís a quasígroup saËisfyÍng the

ldentfties x(xy) = t and (yx)x = y

A stglner quasigroup 1s a¡r iderqpotent quasigroup saËisfying

the toÊa1Ly synmetrfc idenËities. rt is knor,m (see [g]; cf . also [2])
thaË an extended trtple system is algebraicall-y a ËoEally syrnmeËríc

quasfgroup, and a steiner triple sysËem is aLgebraícaLLy a steiner
quaslgroup. r{e shall say that an extended trípte system (s, w) is
assocfated wlth a Ëotally syûuetric quasigroup (s, o) provided that
(arbrc) €I{ 1f and onlyff aob=c. rnasimil-armannerrÌve
assocfaËe a steiner tripLe system (s, T) with a steiner quasigrbup

(S¡ o)

In thls chapter we shalL construct consistent systems, usíng

Ëhe direct product and sÍngular dfrecË product of quasigroups. The

consËructions gfven are recursÍve and requÍre the use of a smal_Ler

system on whLch we fmpose very Little or no resËrictíons. trüe refer to
the exarryLes gfven in Chaptet 2 f,or aLl initÍaL cases of ÍnducËíon. trte

conclude with a rernark on the use of trícovers. It will subsequenËly be

ehown that the constructlons ín this chapter provide exarryles of sysËems

which are lnequivalent to some previousLy gíven.
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2. Dlrect Products.

Let (Q, *) and (V, o) be totally syrunetrfc quasígroups of

orders n and mrrespectfvely. Let I'I=QXV anddefl.neon I{ a

binary operatlon I as folLows:

(p, v) E (q, w) = (p * er v ow)r p., 9 € Q; v, w € V

Then 1t l-s readll-y verified that (W, 8) is a ËoËaLly symnetric

quasigroup of order mn, caLled the direcË product of (Q, *) and

(V, o)

Let q be an iderupotent of (Q, *) and v be an idernpotent

of (V, o) . Ttren tt is easily checked that

(1) (q, v) ls an iderrpotenË of (W, A) l
(2) 1q x [vJ¡ S) fs a subsystem of (I{, 8) fsomorphic ro (Q, *) ;

(3) ([qJ x v, 8) 1s a subsysËem of (I{, 8) isomorahic to (v, o)

êombfnatorfaLly ne can state the followtnj theorem (cf. [8, Iheoretn 2]).

Theorem 5.L. Suppose Ëhere exists a system Q* € [rr; r'l based on a .

Suppose Ëhere exists a system V" e [n; s J based on V . Then there
! * * :.

exfCt,sasystem f,I €[mnirs] basedon I{=QXV suchthat ![ :.:,.:,r.,,,

contafne r disjoínt copies of V* and s disJoint copies of d t. 
'.,''.'..

.:t:.::..;.:,

3. ÇfnÊulaT D-lrect Products.

In [18], A. Sade gave a construcËion for quasÍgroups whÍch he

caLl-s the singular directJroduct. l'lore recently, C.C. Lindner :, 
,',":,ji,j.:ar

[9r 10 , LLr L2] has gfven some genetahlzatkons of this construction. Most

of the consËrucËlons in this chapËer wfLl- be based on a special case of the

fo1-Lowing generaLized singular dlrect producË of quasigroups. 41L
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quaslgroups consfdered wfll be fintte, and we use the notatlon of

Llndner. The reeults of thfs sectlon may also be compared with

[8, Sectfon 4], where the singular direct product was ueed to construct
l':jjt-': ::

examples of extended trlple systems' 
,;^ -r-- 

.":' ""
Let (Q, 8) be any quasígroup and on the set a define six

bfnary operatlong A(1 ,213), 8(1 ,312) , Ø(2r1r 3) , Ø(2r3r!) ,

8(3, LrZ) , Ø(3rzrit) as foLLows: 
""".',',,::r : i' :r':

a 8b = c 1f and onLy if
,ll,,ii',,. :.,,,i

a A(1r213)b=e,

a 8(1 ,312) c=b r

b Ø(2rLr 3) a=c ,

bØ(2r3, 1)c=â,

c 8(3rLr2)a=b , :

c &(3r 22l)b-a

The slx (not neeessarily dfstfnct) quasigroups (Q, 8(i, j, k)) are

caLled the coniusaËes of (Q, 8) 1,221

Denote by (T, *) the Steíner quasigroup of order 3 where

t = [1,2131 . tet (V, o) be any Steíner quaslgroup and (V, t) the

assocfated stel-ner tripLe sysËem. Let tL, t2, ..., t, be the triples

of t . Then each (trr o) Ls a subquasigroup of (V, o) and is

lsomorphic to (f, *) . Let oi be a flxed fsonorphism of {tr, O)

onto (T, *) . Let a be a seË and for each v in V Let o(v) be

a blnary operat,fon on a so that (Q, o(v)) Ís a toËalLy syumetríc

quasl'group. Fr¡rther suppose that, P ç Q and p o(v) q = p o(hr) q for

aLl prg€P andall vrw€V andthat (Pro(v)) isasubquaslgroup

:1::ìtr-l
i:: r ":r.
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of (Q, o(v)) Let (P'= Q - p, a) be any quasigroup. rf p., 9 € p'

and v I w € V, by p 8(vrw, vow)g ís meanr the el-ement

p 8(v dLr, dL, u cr, * war){ where (v, w, v Ow) = tÍ On Ëhe ser

P u (P ' ¡ v) deffne the binary operation @ by means of the followíng

generallzed elngular dfrect product:

(1) p@q-p o(v) q -p o(r,r) t, Lf pr 9 €p,

(2) pO(q,v)=(po(v)q,v),if p€p., I€p,,v €V;

(3) (q, v) @p - (q o(v) p, v), ff p € pr 9 € p,, y € V ;

(4) (pr t) @ (q¡ v) = p o(v) q, if p o(v) q € p, and

= (p o(v) q, v), íf p o(v) I € p/ ;

(5) (p, v) 0 (q, w) = p B(vrwr rrOw)9 r vOw)r v I w

Llndner denotes the quasfgroup constructed by v(o) xQ(o(v), p, p' g(.r¡ v¡ w)) .

Remark 13. (i) The operatlons o(v) are not necessarily rel-ated other

than agreeing on P , unlfke fn [l8J where o(v) = s1"¡ forall v, w € V.

(f i) (V, O) and (Q, o(v)) are both torally symmerric, buË ,.,,, ,,,:

the quaslgroup (P', 8) fs not necessarily totaLly symmetric. .',, 
',,

,',t.t 
t 

" 
t..tt

(iii) The singl-e operaror a *r ; replaced by a ser of
operators 8rr i = L, 2, ... t tt associated r¿ÍËh each tripLe t. € t
Further, 8l , 82, "., 8" are noË necessariLy reLaËed (see [1_2]) 

r,,,,.,,,:,r:.,

the resulËs of Lindner [9, 10, lL, L2l enabLe us to sËate the 
:': :'::":i::

followlng le¡mna (see also t13l) :
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Legna 5 .2 . The slnguLar direct product

(tr{ =P u (P'xv), o) =v(o) x Q(o(v) rprp'8(,rrv¡vü)) defined

prevlousl.y fs a totaLl-y syrmetríc quasigroup which contaíns at least

o'ne lsomorphic copy of each of Ëhe guasigroups (Q, o(v)) and at

leaet as many dlsJolnt copies of (v, o) as there are elements ín p'

whfch are lderupotent under A and under every o(v) If (Q, o(v))

1s a Steiner quasLgroup, then (I{, @) is a Steiner quasigroup. In
generalrwehave lwl =v(q-p)+p rwhere lul =.r, lql =q and

lpl = p

Combinatorially T/re can sËate the foLlowing theorem

(cf. [8, Theoren 7])

Theorem 5.3. Suppose there exists a system

Suppose there exlsts a system Qo e [q; rJ
*a subsystem P" € [p; È] based on p . If

quaefgroup havfng L idernpotenEs in comnon

*a system I{ € tv(q -p) +p; (r - r)v + rl on
tf&VJ contains at leasË v coples of a^ and

*v € [v; vl based on v

based on a and conËaining

(P'= Q-Pr 8) is any

*with A , then Ëhere exists

trrl = P U (e' x y¡ such ËhaË

L disjoínt copíes of t¡ .

Remark L4. rt ls worth notÍng that the hypoËhesís of Theorem 5.3 is
more general than that glven in [8, Theorem 7], where the quasigroup

(P', e) is assumed to be total-ly syrunetric. FurËhermore, Theorem 5.3

ftself can be generalized (see,ar.so [8, Theorem g]) rf in place of

Q* e [q; rJ rùe assume the exfstence of Qro e [e; ,r] , i = 1,2,...t yt
Cc -tr -lc *such that Ql , QZ t "t, Q' have a corrnon suþsystem P- e [p; tJ,

then ln thls case vre are guaranteed the existence of a sysËem
ìt-V

I^I" e [v(q -p) +pi . + -Ëft, - r) J such rhar I^I* conrains r dísjoinr
1rI
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***?t
copfes of V and a copy of each of Ql , Q2 , ..., Qr, . However,

1n most of what folLov¡s we shd.L1 need onLy á sirqple applícatfon of

Theorem 5.3, fnvarfabl-y choosíng V* e [g; g]

4. Conatructlon of conslsËenË svstems.

In Chaptet 2, we have given some exarupLes of consístent

systems in ["; aì for v¿lues of n < L7 " rn what folrows we shal]-

apply Theorems 5.1 and 5.3 recurslveLy to construct consistent sysËems

1n frr; rll for n > 18

Theoreml.4. Let n be a poslËive lnteger. suppose there exísts a

*system a € [n; r1 . Then there exists a consístent sysËem

-tf ., r * *W € t3n; 3rJ such thaË I^I' contains 3 disjoínË copies of a"

.:.:: ::..-.

- ìk -r a , *Proof.. Let a" € [n; rJ be based on Q ¡ and choose v- e [S;:]
based on v in Theorem 5.1. By -lfh"or"* 5.L, there exists a system

W* € [grr; 3rJ based on I,I = Q XV such that I^I* contains r dísjoinË
**

copies of v and 3 disjoint copies of q rhis coryletes the proof

of the theorem. .: . . .

l,li 't',.t,'t,ì
..,. .....,.,t,,

Exar¡ple 5.5, Let n be a positive integer. Then, by Theorern 5.4 , '_t 
,, ,:,..:,,., ,,r

tc ,-l fç 

" :: :::

(r) a € [6n; 3r,J + consisËenr üI" € [18n; gnJ conraíninc

3 dísjoint copíes of Qo ;
)t .'. i. :.. ,.: :,'(il) Q" € [6n+1; 6n+1'l + consísËenË InI* € ffgn+g; lgn*3] conraining ;..,¡,,r.,'j;l

3 disjoint copíes of Q* ; i

(ifi) Qo € [or,+z; 3n+]-J + consisren,t wo € [larr+6; 9n*3'l conËaining

3 disjoinË copies of Qo ;
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-t'É^*(fv) a € [6n+3; 6n*31 =+ conslstent trr" e [r8n*9; 18n*91conraining

3 dfsjofnr copies of d' l

¡k^tc(v) A €. l6n +4i 3n + 1J + consisÈent I,,I" € [tsn + tz; 9n * 3l conrainíng
..4..: .. i_.:

3 dísjoínt copies of Qtt ; ""-''".'.''""

lc*(vf) a €[6n+5;6n+1'l + consistent IÄr e [f8n+fS;18nf3ìconraining
3 dtsjoint copfes of a¡'

.: :: :,::
',t-,,',, t.,.'.

Theorem 5.6. Let n be a positive integer. If there exists a system ,

. :..: ....: .:

. - l :-:.i:.].ia € [6n +4; 3n * ]- J containing a copy of ]lo , then there exists a '"':":;'';:1':

consf sËent sysrem t¡* € [tAr, + tZ; 9n * 6J conËaÍning a subsysrem
tctclD € [12; 61

J

Proof . Let a € [6n+4; 3n*LJ ¡" based on Ëhe ser Q=[1 ,2r..., 6n+4J

such Ëhat L, 5, 6, ..., 3n*4 are the idernpotents of A¡ . Let
p* e [4; lJ be based on p = [1 , z, 3, 41 so rhar p* s qI . Let

V e [3; 3l be based on V = [1, 2, 3] Ler (Q, *) and (V, o) be

Ehe quasigroups associated wlth a. and v* , respectively, and consider

Ehe direct producE (I,f = Q XV, 8) . Let I^I* be the Êriple sysÈem r..,,.J,.,...,,,,

:.' _':.-. .'. t -_

associated wfth (vtr 8) . Then íË ís cLear Ëhar W* € [tgrr+tZ; 9n*3] :,:,.:,1,,, ,

- )rc -:; -:1, -l: -::.il
and I^I contal-ns 3n dfsjoinË copies of tf on sets : :

s, - [G+4, i) I j = L, 21 3], Í = L, 2, ..., 3n. Furrher, w* conËains
úJ-

a subsyotem tI'-" € [fZ; 3'l based on rhe ser S = {(Í, j) li =1, 2131 4; j =1, 2137
t'cJr - r-t . ,,,,,,,,11,t,Let ìx € [L2; 6l be a consisËenË system based on S Final1-y, we ,,,',,,,,'.','¡=:ì,

. t'c * tc*. ?lrìlr . * *pur ì^r, =(tr.I -!ü )Ub.. Then t¡'€[fgn+fZ;9n*6] and lD conrains

3n*2 disjoint copies of tU r whÍch cornpLetes Ëhe proof of the Ëheorem.
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be a poefËfve lnteger. If Ëhere exlsts a system

contafrifng a copy of U, , then Ehere exlsts a

e ffen+tS; 18n+15] conrainlng a subsysËem

Q* e [er, + s; 6n 41'l

cons{stent ËyËtem

t¡** € [rs; 15J

Proof. the proof 1s veqy sfniLar Ëo that of Theorern 5.6. I,Ie Let
&

v" € f¡; 3l be based on v = [t,21 37 . Ler Qo e {or,+s; 6n*1J ¡"
based on Q - [1, 2, ..., 6n+5'] . tt"r, via the dlrecË producr

(Q x v, Ø) we obtafn a w* e [tan + 15; 18n + 3l such rhaË I^I* conrains

6n disjotnE corples of tg which are mutually dlsjoinË from a subsystem
dú* , ^ tf?tW € [L5; 3] . By removlng I^I'-- and repLacing it with a consistent

l¡*n e fts; 15:ì , we obrafn [¡* = (I{* -w*o) tJ b** such rhaË
,?b
lD € [L8n + ]"5; 18n + 15J conËains 6n * 5 mutual-Ly dis joinË copies of

5, r which provee the theorem.

fheorem 5.9. Let n be a posLtive integer. Suppose Ëhere exist,s a

tÉ
system A € [t; aJ with a > ]. . Then Ëhere exisËs a consistenË

¡t ?tsyetem Vü € [3n'2; 3a-21 containfng at ]-east 3 copíes of a" If

n fs even, then W* conEafns a copy of H+

*Proof. Let V €[S;3'] . Ler Qo€[rr;aJ bebasedon a. Since
tr*aè1rQ containsa p e[1;11 on p=[iJ forsone i€Q

Let (P' = Q-P, A) be any idernpotent quaslgroup. Clearly (p', 8)

contafns a-L fdempotenËs in cournon with AI . By Theorem 5.3,

there exÍsËs a system W* € {lrr-Z; 3a-21 such that I^Iti contains a-L

dfsJofnt copies of vik and at least 3 copies of d . So l,tr* is

consfstent. If n 1s even, we furÈher observe that q¡ contains a

*
u,
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tr*
subsystem Q-* € {z; 1] whlch contaÍns p* , and the resul-t follows

from the construction of SI*

Ex?rrple 5.9. Let n be a positive Ínteger. Ttren, by Ttreoren 5.g, 
,,...,,

(f ) Q* € [orr; 3rJ + consísrenr I^I* e frsn - z; gn - 2'l conrainíng

3 coples of aI and a copy of Nrr t

(fi) Qt'€{6r,+r;6n+1]=+ consisËent ï^I*€[ten+r;18n*1lconrainÍng ..,'t ..-.-

3 copf es of Qo ; ' 'r'.

:t,., 
.,(irf) Q" € [6r,+z; 3n*1J '+ consistent I^Iik e frgn *4; 9n*1l conraining i:'1:.]

3 copies of a¡ and a copy of t+ )

(fv) Q'o € [6rr+3; 6n+3'] + consisrenr l.I* e frsn+z; lgn*TJconraining

3 copies of Qo ;

*(v) Q" € [6n+4; 3n+].J + consÍstent I^I* € [tgn+to; 9n*l] containing

3 copies of qI and a copy of Nq ;
Itr ¿(vl) Q* € [6rr+s; 6n+lJ =+ consistenÉ Inlrb e frgn+tg; l8n*lJ conraining

3 coPles of aI

,., r. ., .
: :1 :i'i:

Lernnra 5.10. rf n = 4(mod 6) , there exísts an idempotent quasigroup of . ::

order n contafnfng a subquasigroup of order 4 '",",''¡,

Proof . rn what foll-ov¡s Let (Q4, .) and (Q4, *) be the quasígroups

glven by the accompanying tables ' 
,,.,:.,-'].,
:-.-_.- Iì .
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.lr z 3 4 * lr z 3 4

(Q4, ') (Q4, *) 
,r,,,;,,,,r,.,:,
't..1:.. ::::: :-Let n = 6k*4 Ler S be rhe ser f}r.Lr 2, ..., 6k+3J LeË 
1; :ri::

(S0, T) be an STS(6k+3) where SO = S - tOl and T contains , i.','.'-'r.1'-.',

colLectfon a of zlrc+L pairwíse. disjoint tríples covering 
%

(see for example rhe proof of Theoren3.Z). Ler f* = [(x, *, O) lx€SJ
andput w-TUT* Then w€[6k+4t r'l basedon s sínceeach

triple of a gfves rise ro a copy of t+ in w , !f contains zk+r
copfesoftqpalnriseintersectíngin(0,o,0).Let(S,o)be

the quaslgroup associated wf th lü Then (s, o) contains 2k+r

coples of (Q4, ') parrwlse intersecÈing in the idempoËent 0 Let
(S, A) be the resul.t of removing the 

'*+L 
copies of (Q4, .) and 

.: ..,:,,:,;.,:
'-j J'.'-.':.replacfng Ehem with zk+L copies of (Q4, *) paírmf se íntersecËing in ',i'it..,,,-¡,,:
: :.,-.;.: :.,_.: -:.I,":Ëhe ldempotent 0 Then iË is cl-ear that (s, @) is an idernpoEent .j,;,,;.r¡ ,.,, .,

Çuaslgroup of order n = 6kt4, and (s, a) contafns a subquasigroup of
order 4

Remark-L5. The quasigroup (s, A) constructed in the proof of Lemma 5.10 ;.,lt:.,.:,..1

saEfgfles x2 o >r, x(yx) o y

As an example, l-et n=10. g=[0, t, 2rgr415r617rBr9l . Let
(so, T) be an sTS(g) where r = [(Lr213), (4rsr6), (7r}rg),

1" 1 2 3 4

2 2 1 4 3

3 3 4 1 2

4 4 3 2 1

1 1 3 4 2

2 4 2 1 3

3 2 4 3 1

4 3 I 2 4
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(Lr4r7), (Lr5r9), (1r618), (2r4rg), (2r5rg), (2r617), (3r4r8),

(3r5r7), (3r6rg)1, ¡ = [(Lr213), (4r5r6), (7rgrg)1

(S, Ø) ls glven by the

table at rlght.

Theorerm 5.11. Let n be a posltive fnteger. rf Èhere exists a system
tr

a € [6n+5; 6n*1ì containing a copy of l-r, r then Ëhere exísrs a

consf stent system lf:* e [ter, + tl; 18n + 131 containing a subsysrem

.:: . : ::j;ì¡** e ftg; 13J
' '.tt,.' :

* . ::::::i::
Proof . Let Q" e [6n+s; 6n*LJ ¡. based on the set Q = [1 ,2r...r 6nt5'] :,,'.",,,'."

Jc*
so Ehat a contains Pt e [5; lJ based on r, = [1 r2r3r4r5], where

Èhe eLement I fs idernpoËent. Then Lr617r...r6n*5 are ídempot,ents
tttr*of a andso a contafnsasubsysrem p"€[f;f'] basedon p=[fJ 

.,;t:,r,
LeE vn e [g; 3:l be based on v = [1 ,2137 Ler (p'= Q-p, a) be an

fdempotent quaslgroup of order 6n*4 containing a subquasígroup of order

4 baeed on the set 1,2, 3, 4, 5J

a 0 2 3 4 5 61 7 8 9

0 0 3 L 2 6 4 5 I 7 8

1 2 1 3 0 7 9 I 4 6 5

2 3 0 2 1 9 I 7 6 5 4

3 1 2 0 3 I 7 9 5 4 6

4 5 7 9 I 4 6 0 I 3 2

5 6 9 I 7 0 5 4 3 2 1

6 4 8 7 9 5 0 6 2 t 3

7 I 4 6 5 I 3 2 7 9 0

I 9 6 5 4 3 2 1 0 I 7

9 7 5 4 6 2 1 3 8 0 9
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Let (V, O), (Q, o(v)), (P, o(v)) be the quasigroups

assoclated with Vo, Qo , P* , respectively, and consíder Ëhe singular

dfrect product

(w, @) - V(o) x Q(o(v) , P, P ' 8(rrr v¡ w)) 
,,,,,,,.,,,

,tLet W be the extended ÈrtpLe system associaËed with (W, O) then
*¡***

I^I" e lfgn+tg; 18n*11 , and I,{'- contaírrs a subsysrem I^I"^ € [13i 1l ,

baeed on the ser S = f(Í, j) li = 2131415i j =1r213ltJ [1], and ,.1.¡.:,,,,.
'-::::_:

6n dlsJofnt co'pfes of J, , based on sets Si = [(i +5, j) I j = L, 2, 3\ , '',"':,.''

I = L , 2, 3, ..., 6n . Let l,D*n be a consistent system in [fg; 13] i,,,,.:.i,

based on s Flnally, put t¡n = (wo -l^Io'*) l.J ì¡** . Then

Itr* € [tAr, + ta; 18n + 13 J conrafns 6n t 4 rnurually dis joinr copíes of

5, r and this conrpletes the proof of the theorem.

Theorem 5.L2. Let n be a positfve lnteger. Suppose there exists a

* ^ ¡ llt: 1n * 1 'l ¡nnl's{nino q nnnrr nf V T}ransystem a € [6n+4; 3n*1J containing a copy of Mrr . Then

(t) there exlsts a consistent system *ro a [tgr,+tO; 9n+4J contaínÍng

a copy of t+ and a subsystem *roo a {ro; 4l ;

t.,..-: 
.t.,,, 

t,

(lt) there exf sts a consistent system *r* a [tAn + tt; 18n f 7l conËaining 
,',,',,;,:,:],,'

a subsysrem lt 
o* 

e [rt; 7l . 
',¡r;.:,,,;,¡,

'.tt 
t', 

,t

Proof. (1) Let Q* e [Or,+4;3n*]-J b" based on the set

Q - l.L, 2, "', 6n*41 so that qI contal-ns a copy ,ro of trr on

P, = lL, 2, 3, 4] . Assume Ëhe idenpotents of qI are Lr516, ...t3n*4 t,,:,,:,,,,,

It ls clear that tr å p* e ftr t'l ôn p = fr1 T.er 
':::.

,r" contalns a P* e [f; fJ on p = [r] Ler
ltV" € [:; 3] on v = [1 , 2, 3.\ Ler (p' = Q-p, A) be a Sreíner

quasfgroup contaÍning a subquasigroup of order 3 on lZ, S, 41
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Let (V, O), (Q, o(v)) , (p , o(v)) be quasigroups assocíared wírh
,( rl :tV , Q , P , respectívely. ConsÍder the síngular direct product

(tl, @) = V(o) x Q(o(v) , p, p ' g(,rrv, w))
t(Let l^I be the Ërlple system assoclared wíËh (W, O) Then

*
w- € [t8n+10;9n+1] Í,I* contalns a subsysrem woo € [to; 1] based

on s = fllU [(L, Ð lr = Zr314; j =tr21 3] , and 3n ruurual_ly

dlsJolnt copfes of tg on sers ti = [G+4, j> I j =r r213], í=Lr2r...r3n
_ . tr?t t t: - *JrLet Dt € [10; +'l be based on s such that *1-" contains a copy of

H+ and a copy of t, . pur *ro = (w* -w*o) ,, [u1*n Then ir is readily
verlfled rhar *ro a [rsa+10; gn+4'l conrains a copy of H4 and 3n*L
rmrtualLy dlsJolnr copies of t, r corupletíng the proof of (i)

(ff) The sysrem ,ro a ftan+to; 9nr4J consrrucred in parr (i)
1s based on rhe ser w - [l.l U [(f, :) I i = 21 3, ...r 6n*4; J=LrZr3].
Nov¡ l-eC W2 - W tJ [-J , where ð is a new e].ement. Let

?t
wz" € [ran+tt; 18n*7'l , based on w, t be derrved from *r" usíng rhe

construction given ln the proof of Theorem 2,7. Then [,lrtt contains a subsysËem

"r*'or[rr; 
z'l based on rhe çer s*-[1ræJtJ[(i, j) li= zr314i s=Lr213].

*tr
WZ"" contains LS and ls thus not consistenË. Let *r* be a consistenË

system in [rr; 71 based qn s* and pur *ro = (weo -wz 
*) 

U lrr*
)kthen w, € ftan+tt; 18n*7J , based on wz, conrains 2 disjoinr copies

of t, in *ro* fn additlon to 6n ru'ruall-y disjoinË copies of ug on
trthesets si =[(r++, j)Ij=t,Z,31 ,í=L,2,...,6n

tcThus wz fs consLstent, and the proof of the theorem ís cornplete.



Theorern 5.13. Let n

?t
system a €[6n;3nJ

?tlD e irSn-t; 18n-51

. : 101'

be a positive integer. Suppose there exísËs a

. Then Ëhere exists a consÍsËenË system

containing a copy of ìJ.)

Proof . Í,Ie shaLl first construcË a consistent system w* € [tsr, -2; 9n-21

contalnfng a copy of H+ as follows. Ler Q* e [orr; 3r,J be based on

Q - [1, 2, ..., 6rJ . Assume Ëhe idempotents of A¡ are Lr3r4r...r3nfL
lr úúand a'- conrains a subsystem Q^^ € [Z; lJ on the ser [t, ZJ Clearl_y,

a" conÈalns " lo € fr; rJ on p = frl Ler v* e [l; 11 be based on

V = [1 , 2, 3J Let (p'= Q-p, e) be any iderupotent quasigroup. Let

(V, O), (Q, o(v)) , (P , o(v)) be Èhe quasigroups associated wirh Vo, Q*,
JrP , respectively. Conslder the singuLar direct product

(úr, o) - v(o) x Q(o(v), p, p'8(,rr vrw)) . Ler IoIt'' be rhe Eriple sysrem

assocfated wlth (W, O) . Then a straÍghtfor¡,trard verificatÍon shows

d'€ [l8n -2;9n-2J conrains a copy of H+ on rhe ser

s = [1l U t(i, i) l r = 2., i = lr 21 3\ . rn additíonr ï{* conrains 3n-1
rmrËual-ly dtsjofnt coples of t, on sers S. = f (i *2, j) I j = lrZr 31 ,

l'Lr 2,'.., 3n-1 so I^I* is aLso consisËent. Now let us add a neï^I

eLemenc ö ro I^I=[ljU[(i, j) li=zr3r...r6n;j=1rzr3J
Put 1¡/ = [oJ t] !r . LeË tl* € [rarr-r; 1gn-5J , based on Inr' , be rhe

system derfved from l{th vla the consËruction given in Theore m 2.7. Then ìüob

contafns a copy of lr, on the ser St'= [1r -']tJ [(i, j l l i =zi j =Lr 21 3l
Also lD* contains 6n-z rnrEual-Ly disjoÍnt copies of J¡ on sets

*si -[(r+2, j) lj-!r213Jrr=Lrzr...r6n-2. Hence ì¡* is
consisEent and our theorem is proved.
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rheoreq 5.14. Let n be a posftive lnteger. suppose there exfsEs a
)t

sysEem a € t6n+2; 3n+1J rhen Ëhere exÍsts a consistenË system
.rrtt, € [18n+5; 18n+1J conËaining a copy of ùS

;,,...,'¡.,'1' 
. '

Progf. The proof of this theorem is identical to that given in

Theorem 5.1-3 and the detail-s are omitted.

, ,i1 , t:,, :t :,:

TheoEem 5J5. Let n be a posiËíve lnteger. Suppose there exist,s a ..,:i:;:::::j:r:

,ç 
:t j

sy'tem a € [6n+5; 6n*1J containing a copy of ùs Then there 
.,ri,,.'.,,,,..r
r. ".'.::exiets a conslstent system W* € ft8rr+S; lgn+1J containing 3 copíes

Jrofa

*.¡.ú
Proof . Ler p" e [S; lJ and assume p* r Qo e [6n+s; 6n+1J .

-o 

- î^ a,' .Let V e [3; 3] be based on V , and assume a" and p" are based
;,

on a and P , respecË1vely. Let (p' = Q-p, e) be any ídempotent ,

quasigroup. Then (P', 8) has 6n idernpoËents in common with d
By Theorem 5.3, there exisÊs a system w* € ftarr+s; lgn+ j.J containing

at l"easË 3 coptes of aI and 6n disjoint copies of V*, which corupLetes 
...:.._.-:

the proof of the theorem. ,,',-tr,',',.',',,,

SlmlLarly, one can prove

Theorem 5.16, Let n be a posltive ínteger. suppose Ëhere exists a
lcsystem a € [6n+4; 3n+1J conËainlng a copy of, Hrr . Then there exisËs

a conslsËent sysËem W* € [ten+4; 9n+1J containing 3 copies of aI

Theorem 5.1-7. Let n Þ 2 be an even ínteger. rf there exists a system

Qo e [rr; a] with a Þ L , Ëhen there exists a consisËent system
lc

üI" e [3n-4; 3a-2J conrainfng 3 coples of d



Ì:. rj.r,i.j-.ì

103.

Proof. Slnce n 1s even and a Þ 1 , Qo € [r,; aJ contains a
$ú

subsystem P" € [2; ].J Let a" and P be based on a and P ,

respectlveLy. Let (P' = Q-P, A) be arly idernpotent quasígroup. LeË
... :._;'

.t¡ ., ... .. ,'

V" € [3; 3J be based on V . By Theorenr 5.3, there exísts a system

tr**
I^I' e [3n -4; 3a-21 such that Iü-- contalns at ]-east 3 copies of a'.

and a - L dtsjolnt copfes of V* , which proves the theorem.
t,.,:ar.'

Exefirple.5.L8. Let n be any posftive integer. Then, by Theorem 5.1-7, 
:"""

?'c * :. .:.:.(f) Q'- € {6n; 3ttJ Ë+ consisËenË f'I'= ë ffgn -A; 9n-2ì conËaíníng '. ,ì'

3 copies of d ;

.**(fl) A" € [6n+z; 3n+1] + consistent I{" € lran+ 2,, 9nt1l contaíning

3 coples of d t

s
(fff) a € t6n +4; in+lJ + consistent I'I* € [f8n*8; 9n*1] containing

3 copfes of d

Thegrem 5.19. Let n be a positive integer. Suppose there exists a

sysËem Q* e [On+4; 3n*1J conËaining a copy of H+. Then there exisËs

a consf sËent sysËem tu* e ffarr*8; 9n +4'l containíng a subsysËem

r¡ot' € [e; +'l .

ú
Proof . Let Q^ € [6n+4; 3n*1J U" based on the set Q= [f r2, ...r 6n*4J

Jr**
and assume Pl" ç Q" where Pl" is a copy of H+ on f,=[1,2r3r41.

Let the idempotents of qI be L, 5, 6, -.., 3n*4 . CLearLy, Q* contains .,. . ',.

a subsystem p* e [z; 1l on p = itr 2l . Let v* e [g; r] be based on

v = [1 , 2, 3] Ler (v, o), (Q, o(v)), (p, o(v)) be rhe quasigroups

associat,ed wtth Vo, Q* and P* , r""pectívely. Let (P'= Q-P, A) be
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Ëhe quaslgroup assoclated wtËh an extended triple sysEem

W' e Í6n+Z;3n*1'l based on p' ín which 4, 5,6, ...r 3n*4 are

ldempotents and the triple (3r3r4) is conËafned in I,Ir . Then 
;,.:.,,(P', 8) has 3n lderryotents 1n common with (Q, o(v)) . consider the ,',:'.'':-

slngular dlrect product (f,Ir@) = V(o) x Q(o(v), p, p, g(,rrv¡w)) . LeË
tçW be the trfple system associated with (W, @) . Ttren

--Jc - . . -1 - * ** - ;, '..,,..,.'w € [l8n +8; 9n +].J . Furthet r rñ contaíns a subsystem vil-- € [g; l'l .,,,,,,,,

on S-[1 ,21 U f(f, j) lr=314;j=11213ì and 3n nnrÉually i:,;
dfsJofnt copfes of tg on rhe ser,s Sf = [ (L+4, j) I j =Lr 21 3j , 

::':1"':r::';

!- = Lr 2r..., 3n Let ì¡on € [g; ¿:l be based on S so rhar ltoo

contalns a copy of 5g

PuË t¡o = (w* -w*o) U b** . Then iË is readíly verífied rhar
?tl¡ € LLBn + 8; 9n * 4J contalns 3n * L ruutually dis joint copies of t3 ,

and so the proof of the Ëheorem ís cornpLete.

Surmherizfng some of the resuLts of this secËion we have proved

fnductívely

Theorem-5.20-. Let n Þ lB be an integer. Then 
',,--., r

¡':'.''t ' 
t'

(1) Lf n = L or 3(mod 6) , then there exLsts a consístent system

1n [n;nì conËainfngasubsystemon m eLements,where 3(m<n;

(z) Lf, n = 0 or 2(mod 6) , Ëhen there exÍsËs a consisËent system 
..,r,,.,.'._fn t";îl containingasubsystemon m elernentsrwhere 3(m<n; 
i':"'::'

(3) if n = 4(mod 6) , then there exists a consisËent, system in

f"; ï -r] containing a copy of H+ ,
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(4) lf. n = 5 or L7(mod LB) , then Ëhere exfsts a consÍstent sysrem

in [n; n-4'l contalnÍng a copy of US ;

(5) t-f n = l-l(rnod 18) , then there exísËs a consistent sysËem in

[n; n-4J containing a subsysËem in {ff; 7J

By Theorem 2.9, the resul-t of Theorem 5.20 is sufficienË to

guarantee Èhe exlstence of a consistent sysËem ín [o; aJ for every

lnteger n > LB and every admlssibl"e val_ue of a

5. the use of Tricovers.

The foLLos¡ing notfon of Ëricover may be found in [4]

Let ÃL, AZ, L3 be three mutual-J.y disjoint noneûpty seËs, each

containlng the same number n of el_ements.

LeË T be a set of subsets of A1 U A2 U A3 such that

(f) each eLement of T is a trí.ple of the form (ari a2, a3) where

rt € At , i o L, Z, 3 ;

(1r) alL paire of elemente of Al tJ A2 U A3 nor belonging ro rhe same

At belong to exactly one eLement of T

Then T ls cal-led a trfcover for the system (Ãr, lr, A¡)

A trfcover exisËs for every sysËem (41, 42, A3) . For let
Ar = [j, I j - Lr 2, ..., n] , í = L,2, 3 . Then iË is readily checked

that

1=[(1f , J2rkg) | L sLrjrk 3n ; i+j+k = O(mod n)] is a

trlcover for (LLr AZ, O3)
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The object of thfs sectfon fs to ilLustrate how trícovers can

be ueed fn the constructlon of extended trlple systems. The role whlch

the ttfcover plays ie elmfLar to that of the euasigroup (p'r g) in the

efngular dlrect product defined in the third sectÍon. IrIe shall conflne ,'::,¡¡,,,,,.,.,,

oureelvee to only one fllustrative example, buË it Ís worËh noting that

most of the results in the previous section can be obtaíned usíng

trfcovers. :. . .:
: l_:-:::' ::'.:

'¡'' ,;.-.:',: ;,

Exarnplg 5.2L. In Theorern 5.13 we have shor¡,m thaË the existence of :: :. :.::..: .:..:

[orr; 3ti lmpLfes the extstence of a consisrent system in [rsr,- L; lgn-5J 
;r:1"::':::.':

conEaining ÙS In thls exampl-e we shalI assume the existence of a system

Q* € fOrr+r; 6n*lJ and estabLÍsh the existence of a consístenË system
:w* € [t8.r-t; i.8n-5] conËaining LS

Let Qo e [Or,+t; 6nr].J ¡" based on Ëhe ser

Q - [-l , -2, lr 2r..-, 6n-1] so that (-r, -r, L) bel-ongs to d .

Ler o, ¡ fkrlt-Lrzr...r6n-1]; i=Lr213.
*Let Ai o Af U [-t , -ZJ and W, € [6n+f ; 6n*1J ¡" based on Oro so

that apart from subscripts each IrIt, Í = L, 2, 3 ,ls the idenËical copy i,,,,.,,¡¡.,,..

- * 
'-:''t":"::::of a rn partícularr note that (-!r -2, rr)bel.ongs tovr.rio1rzr3.,,,,.,...

Let T = [(1r, i2tk3) I r = i' J' k < 6n-1; í+j = 2k(mod 6n-1)] ,'''.',.'',"."

be a trlcover for (Ar, lr, A3)
lkLet v - [(-1r æ1r @1)r (-2, *2, -z), (1t, 11, 11), (Lz, Lz, Lz), (13r 13r13) ,

..i.-r'..'..':-(-1, -2, lt), (-L t -2r !2) t (-L, *2, 13), (lt, 12, 13)] i.,'.:,.,',.;,,,
ìkClearl-y V 1s conrained in !{1 U It2 U I^I3

Let v = f(-tr -1: -1)r (-2, -2, 1t), (lt, L1, r2), (rz, Lz, ll), (1: tLgt-2),
(-r, 1r, 1g), (-1, -2t L2)1 . Then v is a copy of ùs

**Put lÍ - ((wt u!'Iz u*g)-v") u vu T . rt is readily verified that,-r,,,,,,,,
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w* € [tgrr-t; 18n-5J and I,I* c'ntains 6n-2 ruuÈually disjoint
coples of tg on rhe sers St = [(k+l)i | í = Lr 2, 3],
k = L, 2, "', 6n-2 . consequently, trü* ís consistent and contains ù5 .
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CHAPTER 6

Non-Lsomorohic svstemg ln fnl a'l

1. InÈroductfon.

Let (S, !ü) and (s", wo) be two extended Ëriple systems.

An ls3gggg[lg from (s, w) onËo (so, wo) is a bíjectíon d i s * s*

such that (trI)o - W* If (S, tr{) and (so, w*) are ísomorphic, then

they necessarlly be1-ong Ëo the same cLass [n; aJ and we sírup1-y say Ëhe

systems I,I and I,l* are fsomorphic in [rr; aJ

The maín purpose of thfs chapÈer fs Ëo show thaË, with a few

excepÈlons Ëo be foulrd in Sectlon 3, there exfsË at leasË t\^Io non-

lsomorphlc systems in [tt; a1 for a gíven n and a for whích [tt; al

exlsts. Sectíon 3 ls devoLed to examples of non-isomorphic systems in

[t; a'l for values of n < ]-L . The main resuLË ís obËained in Section 4

and fs based almost entírely on the consËructlons given ín the prevl-ous

chapLers. In SecElon 5 we glve a sfrnpLe appl-lcatlon of the singul-ar

dfrect product. Finally., in Section 6 the thesis is concluded wlth sor¡e

remarks and problems.

2. Prelipínaries.

Suppose I^I and W* are t\^Io non-isomorphíc sysËems in [rr; a]

each conLalning at leasË t mutuaLly disjoínt copies of t, FurLher

suppose I'I and 
"" 

do noL contain a copy of 5O . Let Wt and 
"Uo

be, respectlvely, the systems derlved from I'I and I^I* by removíng k

of the t rmrtually disjoint, copies of tg and appropriately replacíng
*

them wlth k rmrtually dlsjoínt copies of UO Then I{U and Wt
&

belong to [tr; a-3k1 We may also c].aím that Wt and üIk^ are norÌ-
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feomorphlc Bystems. For suppose Ëhere exísËs an isomorphfsm from wt
?tonto Wk . Then such an lsomorphism rrust map the k rmrËually dísjoínt

coples of Ío 1n wt onto rhe k mrüua1Ly dfsjofnt copies of % ín
tcwt Thls lmmedlately gives rise to an ísomorphÍsm from I/t onto wn ,

contrary to what we have assumed. VIe noqr state the followfng basic

lermna thaE \,rril-l be applied in most of the constructions gÍven in this
chapter.

Lemma 6.L. rf there exist tÌ,vo non-isomorphíc systems Ín frr; aJ each

contafning st least t nnrtualLy disjoinË copies of tg and no copy of

5O , then, for every k e lL,2, ..., tl , there exlst at l_east two

non-lsonprphic eystems in ftt; a -3kJ each contalnlng t -k mutually

dfsJofnt coples of tg and k rnrtualLy disjoinË copfes of õo

3.

For each cl.ass [t; al r where ]_ < n < l_1 , we shall list a

representative. rn cases ruhere there are non-isomorphic systems Ín

["i a] we give at LeasË Ewo exanpLes. rt is instantly seen that [r; lJ,
[z; lJ, [g; 0J, f¡; 3ì have a unÍque represenrarion. Aparr from

lsomorphfsm, there rs onLy one srs(n) for n = 7 or g . so ll; 71

and [g; 91 are unLguely represented. using Lern¡na 2.L and a bit of
manlpulatlon, iÈ is noË unduly difficulr ro show rhar [s; lJ, [o; o],
tl; lJ, Û; q], [e; +J and [g; 6'l are also uniquely represenred. AparË

from Ehese exceptlons, there exfst at, least t¡yo non-ísonorphic systems

ln [rr; a] for n < r-1 and ar.l var.ues of a f.or whích [rr; a'r exisrs.

I t:::.::,t:ji



l¿t-;-.....1.:::j)::

l-1.0 ,

Class Example

[r;11 (]-, 1,t).

tzi 1'l (rrL,L), (2,zrL).

[g; o] (r,L,z), (zrzr3), (3r3,i.).

[g;31 (LrtrL), (zr2rz), (3r313), (L,2,3).

l+; rl wlr (i-,1, t), (z,z,L), (3r 31 1), (4,4rL), (2,3,4).

to; 01

(t_rt_r1), (2r2r3), (3r3r4), (4r4r5), (5r5r2), (tr2r4),
(1, 3, 5).

[s; t]

(LrLr2), (2r213), (3r3rL), (4r4rL), (5r512), (6r6r3),

(L,5,6), (2,41 6), (3,4,5).

[0; 3l w]., (1, 1, 1), (zr zrz), (3,3r3), (4r 4rL), (5r 5rz),

(6r6r3), (Lr2r3), (1 ,5r6), (2r4r6), (3r4r5).

(1r1rL), (2r213), (3r314), (4r415), (5r5r6), (61617),

(7r7r2), (Lr2r5), (Lr3,6), (Lr4r7), (2r416), (3r5r7).

WZ, (LrIrL), (2r2rl>, (3r3rZ), (4r4rZ), (Lr314).

,:,::,: 
: t:': i:

WZt (Lr1-rt), (Zr2r2), (6r6r6>, (4r4rL), (5r5r2>, 
,,,,,,,,,,ì,,,.

(3r3r6), (L,2r3), (L,5r6), (2r4r6), (3r4r5). :::'':''':'"::

Wt cont,ains a copy of U, r whilu WZ does not contafn a

copy of t3 .

Í,1;4J tr, 111), (zr212), (3r3r3), (4r4,4), (s,5r6), (6,6,7),
(7r7r5), (Lr215), (Lr3r6), (Lr4r7), (2r3r7), (2r416),

(3,4,5).

[t;1]



[g; rl wlt (grgrg), (LrLrB), (zrzrg), (3r3rg), (Lr2r3),
(4r4rg), (5r5rg), (6r6rg), (7r7rg), (Lr417),

(Lr516), (2r415), (2r617), (3r4r6), (3r517).

11L.

Clee e Exe¡np Le

tl;71 (1r1rL), (zrz,z), (3r313), (4r4r4), (5r515), (6,6,6),
(7r717), (Lr214), (Lr3,7), (Lr516), (2r3,5), (2r617),

(3r416), (4,5,7).

wzt (8r8rB), (7-rLrB), (zrzrL), (3r3rL), (zr3rB),

(4,419), (5r 518), (6,6,8), (7r7r8), (L,417),

(Lr5r6>, (2r4r5), (2r6r7), (gr416), (3r5r7).

w3t (8r 8r8), (LrLrz), (zrzri), (3r3rL), (7 r7,B),
(5, 5r'!.), (4, 412), (6, 613), (L, 417), (t, 618),

(2r5rg), (2r617), (3r4rB), (3r5r7), (4r5r6).
Wt contains a copy of N4 t but does not contain a copy of *Oo .

WZ contaÍns a copy of *On . l,I, and WZ do not conËaín SO .

Wg contaLns a copy of tO r but does not, conËain a copy of

H+
*or lL4

[g; o] wt, (LrLrzr, (zrz,3), (3r3r4), (hr415), (5r5r6),
(6,617), (7 r7 rg), (9, gr g), (grgrt), (Lr3r7),

(L,4r6), (1,5,g), (2,418), (2,5r7), (2,6rg),

(3, 5rg), (3, 6rg), (4, 7 rg).

[e; +l (l_, 1, 1), (2r 2r2), (3,3r3), (4,4r4), (5, 5, t), (6,6r2),
(7r7r3), (8rgr4), (lr213), (rr4r7), (Lr6rg), (2r415),

(2r7 rg), (3, 4, 6), (3, 5, g), (5, 6r7).



Ltz ,

CLasg ExanrpLg

[g; oJ wz, (LrL,z), (zrz,3), (3,3rL), (4,4,5), (5,5,6),

(61617), (7r7rg), (gr8rg), (grg14), (Lr4r7),

(Lr519), (1r 6rg), (2r4r8), (2r517), (2r6r9),

(3, 4 r 6) , (3, 51 8), (3,7 ,9) .

W3t (LrLr2), (2r213), (3r3rL), (4r4r5), (5r5r6),

(61614), (7r7rg), (8rg19), (grgr7), (tr4r7),

(1, 51 8), (Lr 6rg), (2,4rg) , (2,5rg), (2,617) ,

(3, 4rg), (3, 5r7), (3, 6, 8).

Wt does not contain a copy of tO

WZ contains preciseLy one copy of tO

Wg contains 3 mutually dísjoint copies of tO

WZ, (1rLrl), (2r2rZ), (3r3r3), (4r415), (5r5r6),

(6r6r7), (7r7rg), (grgrg), (grgr4), (Lr213),

(Lr4r7), (Lr5rg), (Lr6rg), (2r4rg), (2r5r7),

(2,619) , (3,4,6), (3, 5, g) .

W3, (l-r111), (2r2rZ), (3r3r3), (4r415), (5r5r6),

(6, 6r4), (7 r7 rB), (9." g, g), (grg17), (L, 2r3),

(Lr4r7), (1r 5rg), (Lr6rg), (2r4rg), (2r5rg),

(2, 617), (3, 4rg), (3, 5,7), (3, 618).

[g; 3J w1t (]., trl), (zrzrz), (3,3r3), (4r4r5), (s,5r6),

(61617), (7r7rg), (grgrg), (gr9r4), (Lr2r8),

(Lr3r6), (L2417), (Lr5rg), (2r3r4), (2r5r7),

(2r'6rg), (3r 5rg), (3r7,g), (4r 6rg).



11"3 .

9leg.g- ExarnpLe.

[q; g] wt does nor conraln a copy of üo or tg

WZ contalns a copy of U, , but does not contaln a copy of g0 .

Wg contaÍns a copy of tg and two dlsjoint copíes of UO .

[ro; lJ wl, (10, t0 ,LO), (1, lr to), (2, zrLo), (3, 3, 10), (L,213r,
(4'4'Lo),(5,5,10),(6'6,Lo)'(7'7'Lo),(8,8,1o),
(9, 9 rL0), (L, 4r7), (L, 5rg), (L, 6rg), (2, 4rg),
(2t5t8), (2t617). (3r4r8), (3r5r7), (3r6rg), .,,.,.,,.,..t,:,..

(4r5r6), (7rgrg).

Wz:(10,10,10),(L,1,1.0),(2,2,L),(3,3,1),(2,3,10),

(4r4rL0), (5, 51 10), (61 6rLO), (7,7 rrO), (8r gr 10),
(9r9, 10), (Lr417), (Lr5rg), (Lr6rB), (2r4rg), 

,.:,,.,,,,,:::
(2r5rg), (2r6r7), (3r4rg), (3r5r7), (gr6rg), 

:-:'.i::''::':ì:'::i

(4r5r6), (7rgr9).

Ig; o]

f g; g'l

(LrLrL), (2,212), (3r 31 3), (4r414), (5,515), (61 616),

(7r7r8), (8rgrg), (grgr7), (Lr213), (Lr4r7), (1r 5rg),
(Lr6rg), (2r418), (2r5rg), (2r617), (3r4rg), (3r5r7),
(3,6rg), (4,5r 6) .

(1, t_r1), (2r2r2), (3r3r3), (4r4r4), (5r5r5), (6r6r6),
(7r7r7), (gr8rg), (grgrg), (Lr213), (Lr417), (1r518),
(Lr 6rg), (2r4rg), (2r 5rg), (2,6r7), (3r4rg), (3,5r7),
(3, 6rB), (4, 5, 6), (7, grg) .



ç:;:.i!:at:':l:

LLâ 
"

Cl*ss Exarmle

[ro;lJ w3t (I-0,i.or10), (LrL,z), (2,2,3), (3r3rL), (4,4,5),

(5'5tL)t (6t6'2)' (7'7tLo)t (8,8r3), (gtgt5), 
,,,,.,,.,,,,.:,

(Lr4r6), (Lr7r8), (Lrgrlo), (Zr4r7), (Zr5rLO), ',:':,':,..

(2,8rg), (3, 4rg), (3, 517), (3, 6rLO), (4r8, L0),

(5r6rg), (617rg).

¡.i,',:t:.'.;:'W4,ll,;,i;,'l;,uu,,,,,u,,,,,li,i;n,,,,,,,oj,oi,,,,,,n,,,],,;u,,'

i.: l..,.::,,., ,1

(Lr217), (Lr3r6>, (Lr4r5), (1, g, 10), (2r3r5),
(2,SrLO), (3r7 rLO), (3, Irg), (4, 6, 10), (4r7 rg),
(5,6rg), (5,7,g).

WtcontafnsacopyofNotbutdoésnoËcontainacopyof

Ho*, 5o or ùs

Wzcontalnsacopyofl%and*oo,butdoesnotconËaina

copy of tO or kS

wg contains a copy of to but does noË contain a copy of

..'. :;-.:..:.*0, *f or ùs 

.r,¡,-r.;::;,,;

W4 contains a copy of ùS on tZr 41 6r B, 10J , buË does ,:,'.,.,,:,,:,
: 

. : 

' 

: .lt : 
. ,. 

, : 

I 

; 

, 
: 

; ,

not contafn a corpy of lo, t4 or *oo ;::,:::':,::'

0bserve that both wt and wz contain several copies of

H+ and WZ contafns a unique copy of *On on
ir:. :' -. . :.
i.:.-:.. : 

:.:: :. 
:..._ : :l.Lr zr 3, lo'Ì r:::::,:-::,:.i

[ro; +J wlt (1r111), (zrzrz), (3r3r3), (4r414), (5r5,r),
(6, 6,2), (7 r7 r3), (8r8r4), (g rg rt), (10, 10, L),

(tr213), (tr416), (Lr7rg), (2r415), (2r7rg),
(2, 8, 10), (3, 4rg), (g, 5rg), (3, 6rLO), (4, 7, LO),

(5,6r7), (5, g, to), (6, Irg).



1L5 .

Clas s Exaruo 1e

lrc; ql wz: (1 ,r,L), (2r2,2), (3r 31 3), (4r4,4), (5r 5, 1),

(6r612), (7r7r3), (grgr4), (9r9r5), (10, 10r5),

(1 ,21 3) , (Lr 41 6) , (L,7 ,g) , (1, g, 10), (2,4,5) ,

(2r7,9), (2rgrLO), (3r4r9), (3r 51 8), (3r 6, l-0),

(4, 7, LO), (5, 6, 7), (6, 8 r9) .

W3, (l-, 1, 1), (2r212), (3r3r3), (6r6r6), (4r4rZ),

(5r5rL), (7r7r6), (grgr10), (grgrto), (10, 10r3), ,,r,,,.,.,

(L, 2, 3), (L, 4rg>, (L, 6, 10), (L, 7 rg), (2, 5rLO),

(2r6rg), (2r7r g), (3r4rg), (3r5r7), (3r619),

(4, 5, 6), (4, T rLO), (5, grg).

W4, (1, 11 1), (2r2rZ), (7,7 r7), (l_0, 10r 10), (3r 3r t0),
(4r412), (5, 5, 1), (6, 617), (8, 8, 10), (grgrLO),

(L, 213), (Lr4rg), (1, 6, 10), (Lr7 r8), (2, 5rLO),

(2r6rB), (2r7rg), (3r4rg), (3r517), (3r6rg),

(4, 5, 6), (42 7 rt}), (5, grg) .

Wt conËains a copy of tg and a copy of Mrr

WZ contains a copy of tg and a copy of *Oo .

"3 
contaíns a copy of tg but does not contaín a copy of

H+ or *on

W4 does not contain A3, N4 or *Oo

[rr; 1'l wl, (1i., 11, lt), (L, L,2) , (2r 2,3), (3, 3, 1), (4r 4,5) ,
(5, 5r6), (6, 614), (7, 7 rg), (8, g, 9), (grgrto),
(LO, rOrT), (Lr 4, Lo), (1 ,5r7), (1, 6rg), (1r g, 11),
(2r4r7), (2r 5r9), (2r 6r8), (2, 10, 11) , (3r4r 8), (3, 5, 11),
(3r6r 10), (3r 7r9), (4r9rLL), (5r 8r 10), (6rt,LL).



Class

Irr;11

Irr; 4J

wz'

116.

Exampl.e

(11, 11r11), (LrLr2), (.2r2r3), (3r3r4), (4r4r5),

(5, 5r6), (6, 6r7), (7 r7 r8), (8, 8, 9), (9r9 rL0),

(10, 10r1), (1r3jr6), (Lr4r7), (Lr5r8), (1 ,9rLL),
(2, 4r8), (2, 5r1-L), (2, 6rLO), (2, 7 r9), (3, 5r9),

(3r7,tL), (3r 8r 10), (4r6rg), (4rLOrLt), (5r7 r1]),

(618rlt).

Wt contains t$ro disjoint copies of

WZ does not contain a copy of 5O

5o

wr.t (1, lrl-), (2r212), (3r313), (4r4r4), (5r5r6),

(6,6r7), (7,7 r8), (gr8rg), (9r 9, t0), (t-0, 10 ,LL),
(11, 11, 5), (r,2r3), (t,4r8), (Lr 5r9) t (1, 6, 10),

(LrTrLr), (2,4,6), (2r 5,8), (2r7rLO)r. (2,grLL),

(3r4rLL), (3r5r7), (3r6rg), (3r8rLO), (4r 5, 10),

(4,7 ,9) , (6, 8, l_1_) .

(rrLrL>, (2r212), (3r313), (4r414), (5r5r6),

(6r6r7), (7,7r5), (8r8r10), (L0, 1_0r9), (9r9rrL),

(11, 1l_r8), (Lr2r3), (Lr4r8), (1r5, 11), (1r6, 10),

(Lr7 r9), (2, 4r9), (2, 5rLO), (2, 6r8), (2r7 rLl),
(3r415), (3r619), (3r7r8), (3, 10r11), (4r6rLL),

(4r7,LO), (5rg,g).

wzt



LL7 ,

Çlasg ExarnpLe

Ítt; +] wg: (1 ,L,L), (z,z,z), (gr3,3), (4,4,4), (5,5,6),

(61617), (7r7r5), (grgr10), (10r10r9), (grgrLr),.r,,,;,.,..;,

(LL, 1"1r8), (Lr2r5), (1r 3rLL), (Lr4rg), (lr6rLO),

(Lr7 rg), (2, 3, 10), (2, 4rg), (2, 6rg), (2, T rLr),
(3r415), (3r619), (3r7rg), (4r6rLL), (4r7rLO), .,.: 

:

(5r8r9), (5, 10, 11). ,''¡:''1:.'''

Wt contains a copy of 53 r but does noË contain a copy of 5O . 
',';,1;,¡

H Z contal_ns a copy of 5, and 5r, r and

tg contalns a copy of 5O but does not cont,ain a copy of 53 "

l

[rr;71W1,(L,L,L),(2,2,2),(3,3,3),(4'4'4)'(5,5'5),

(6'6'6)'(7,7,7),(8,8,10),(].o,1-0,9),(g'g'LL),
ì

(t_lr11r8), (Lr2r3), (Lr4rg), (1r5, 1L), (Lr6rLO),

(Lr7r8), (?r4rLL), (ZrSrLO), (216rg), (2r7rg), 
,

(3,4r8), (3,5r7), (3r 6rg), (3, 1_0r 11), (4,5r6),

(4, 7, LO), (5, g rg), (6, T rLL) .

W2, (1r1rl), (2r212), (3r3r3), (4r4r4), (5r515),

(6r 6r 6), (7 r7 r7), (8r gr 9), (g rg rL0), (10, 10, 1_L),

(11, 11r8), (L, 2r3), (L, 4rg), (1, 5, t_1), (1, 6, t_0),

(r, 7 r?), (2r4rLA>, (2, 519), (2, 6rLL), (2r7 rg),
(3r4r5), (3, 617), (3, 8, l_0), (3, g, 11), (4r6rg),

(4, T rLL), (5, 6rg), (5, T r1o) .

Wt contaLns Ëwo dlsjolnt copies of 5, on ttrZr 3]r 14r 51 6] .

i:-.:;::.r:
t1.:.' '..: 1: :
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Class ExanpLg

fff ; 7] WZ conratns a copy of ùS on [¡, g , g, LO, llJ and

cannot co,ntaín thTo disjoint copies of Jg , observe

that !d, does noË contai.n a copy of ù. IÈ ís easyI -- -- --Er -5

to verffy that a system ín fff; 71 which conËains a

copy of US cannot be consístent. Note Ëhat WZ

contains copies of 5g on tt, Z, 37, {3, 4, 51,

fz, o, l1

4. Ivlaln resulËs.

I. Non-Lsomorphic consistent systems in [6n+t; aJ , n Þ Z

Exarqple 6.2. There are essentiaL1y two non-isomorphic sTs(13)

and these are glven tn [5, p. 2371. l{e give here Ehe two non-isomorphic

extended tripLe sysrems which are assoclated wirh Ëhese sTs(13)

The systems vt and I,¡'b in [rs; 13] differ only in rhe four rriples
marked with an asterLsk, and each system contains 4 mutual_Ly dÍsjoint
copies of tg on rhe seÈs lLr 6rl], fZr 9 rtZ1, [+, fO, fS] and

f S, a, f f 'l . Hence lt and I^f* are consf stent syst,ems

Ìj.tj::.:; l



LLg.

w € [r3; 13J :

( L, L, 1) (1, 2, 3)

( 2, 2, 2) (L, 4, 5)

( 3, 3, 3) (1, 6, 7)

( 4, 4, 4) (1, 8, 9)

( 5, 5, 5) (L,10, L1)

( 6, 6, 6) (LrLzrL3)

( 7, 7, 7) (2, 4, 6)

( 8, 8, g) (2, 5, 7)

( 9, g, 9) (2, 8rt_o)

(L0, 10, 10) (2, 9,t2)
(L1, 11r 11) (2, il_, t3)

(LzrL2,L2) (3, 4, 8)

(1 3, 13, 13) (3, 5, L2)

t'ç
ÍT e [rg; 131 :

( L, L, 1) (L, 2, 3) (3,

( 2, 2, 2) (L, 4, 5) (3,

( 3, 3, 3) (1, 6, 7) (3,

( 4, 4, 4) (L, 8, 9) (4,

( 5, 5, 5) (1,10, L1) (4,

( 6, 6, 6) (Lrr2rL3) (4,

( 7, 7, 7> (2, 41 6) (5,

( 8, g, 8) (2, 5, 7) (5,

( 9, 9, 9) (2, 8r 10) (5,

(10, L0,10) (2, g,L2) (6,

(11, L1, 11) (2 , LL , L3) (6 ,

(L2rL2rL2) (3, 4, 8) (7,

(13, 13, 13) (3, 5, L2) (7 ,

(3, 6, 13)*

(3, 7,LL)

(3, g , 10)'þ

(4, 7, 9)

(4, L0, L3)

(4, Lt, L2)

(5, 6, L0)*

(5, g, L1)

(5, gr 13)*

(6, IrL2)

(6, g,LL)

(7, g, L3)

(7rL0rL2)

¿
6, 10)

T rLr)
*

9, L3)

7' 9)

10, l_3)

LL, 12)
*

6, 13)

8, 11_)

¿
9, L0)

8, 12)

9, l_1)

8r 13)

r0, L2)

Theorem 6 For every ínËeger 17 > 2 , Ëhere exist at least two

non-f.somorphic consistent systems in [0n + f ; 6n + l_J

PSoof . For n = 2 , the result f.s establ-ished in Exampl e 6.2. I,Ie now

consider the case n > 3 J. Doyen [3] has shovm Ëhat the srs(6n+1_)

constructed ln the Proof of lteorem 3.4 contains no subsystems other

than Èhose of order 1, 3 and 6n*1 . Thus, by Theorem 3.4, Ëhe

exEended EripLe sysrem w € [6n +t; 6n *11 associared wíLh rhis
STs(6n + 1) Ls consistent and contaÍns no subsystems other than those

on Lt 3 and 6n*1 el-enents. on the other hand, Exaruple 5.9 and

Theorem 5.11 guarantee the exísËence of a consisËent system



L20,

ìlW € [6n+1; 6n41] whfch contafns a subsystem on m elenents ,

where 3 ( m ( 6n*1 ït ls clear that If and tf are non-f somorphfc

systems and our theorem is proved.
t 

t t: 

'l 
tt t'; 

t 
-tt.,t,

Corollarv 6.3. For every fnteger ¡ 2 2 , there exísË at, leasÈ two

non-lsomorphic consistenË systems in fen+f; a'Ì , where 1S a t 6nt]-

and a=1"(mod3)
;,,1,,.rii ",:,:..,,
- :r'll . r::: l'

proof . The resuLt is a conseguence of Theo/em 6.2. and Lemna 6.1. 
,.,:.,,,::,,::,.:r
':.: :_1 1. J

IL Non-lsomorphlc consistent sysÈems in [0n+S; aJ , n > 2

Elanple 6.4. rn Remark 8 foLLowlng Theorem 4.8 we pointed ouË that it 
:

1s possibLe Lo consËruct a consLstent system W* e [tS; 15] containing

a subsystem fn ll; 7l Explicítly, we gLve the construction here.

It fs easil-y checked that the system W* e {fS; 15J conraíns a

subsysËem Ln ll; 7j on lt, Z, ..., 7] and 5 muËuaL1-y dÍsjoinË copies

of tg on rhe seËs lLrzr4l, f3r9rtzl, [5r gr L3ì, [0, ro, llJ aod

ll , t4, ts1 . i.1.,,.,,,,.,¡,,,.,



LzL ,

wo e [rs; r5J :

(L, L,1) (11r11r11) (L,LOrL4) (3, g,L2) (5,LL,L4)
( 2, 2, 2) (L2, L2, L2) (L r t2 r t3) (3, L0, 15) (5 r L2 r L5)
( 3, 3, 3) (13, L3, 1_3) (2, 3, 5) (3, 11r 13) (6, 8,L2)
( 4, 4, 4) (L4,L4rt4) (2, 6, 7) (4, 5, 7) (6, g,L4)
( 5, 5, 5) (L5,15,15) (2, 8,1L) (4, 8, 9) (6,10,11)
(61 61 6) (Lr 21 4) (2, grLs) (4, 1_0, 13) (6,L3rL5)
(7, 7, 7) ( 1, 3, 7) (zrLOrLz) (4rL1.rL5) (7, 8r10)
( 8, 8, 8) ( 1, 5, 6) (2rL3rL4) (4,t2rt4) (7, g,L3)
(9, 9, 9) ( 1, 8r15) (3, 4, 6) (5, B,13) (7rLtrLz)
(L0,10,10) ( 1, 91lt) (3, 8rL4) (5r 9,L0) (7rt4rL5)

Theorem 6.5.. For every integer n è Z , there exisË aË LeasË two

non-lsomorphf c consistent systems fn [On +l; 6n +3J

PIoof . Let c - [l , ^, "2, 
..., 

"ZnJ be a multlpl_ícative cyclic group ] l

'''of order Zn*1 and leÇ us consider the cartesÍan producË s = G X fo, r, zJ .
For every i € [0, L, 2] , the eLement (x, i) of Ëhe subseË G x [t] .,,,.i,,,,,-,

wit'l be denotêd by (*)r or, where Ëhere Ís no danger of confusion, ,,,.',,.,, i
l;-.:::__:r._: :,; :-:.

sinpLy by x. Let q be tfie permutation on fL, ^, ^2, 
..., 

"ZnJ 
::,:::::'

t-

defined as foLlows:

cp(tj) I ,i+l if o< j l-n-Z,
g{tt-l) = ! , l,';';'t',,- 

..',''r';

;,:.il:.:r:,-.:.¡1 
1

,p("j) = aj if n< j<2n



Let e = [(*0, *]., *z) | x € cJ,

n - [(x6, 16, .L) | *r t, z €G ;

* [(xtt Yyt 22) I *r t, z QG ;

u - [lxr, vrr ro) I *, y, z e.G ;

CorolLarv 6.6. For every integer

non -Lsomorphic consf s t,ent systems

and a=Q(mod3)

t22

¿ 2 t there exist aÈ least two

[0n+l; al, where 0 < a < 6n*3

Put T =AUB tJ C UD . Then ft can be verffiedwiÈhout much difffcul-ty

that (S, T) ls an STS(6n+3) Thts constructfon Ís essenËially due

to Doyen [3], who has shor,trn that Ëhe STS(6n+3) described here cont,ains

no subsystems other than those of order 1 , 3 and 6n*3 Now l_et

¡=[(xrxrx) lx€S1 ,andser t{=TUJ. Then I,f €[6n+3;6n+3'l
and vü contafns 2n*L rutrtual-Ly disjoínt copíes of tg on the sets

[*0, *t, *27 .r x € G . Conseguently, Ít 
,is 

a consistent system which

does not contain any subsystems other than those on L ,3 and 6n*3

eLeüients. llor¡ever, according to Exarnples 5.5 and 6.4 anð Theorem 5.7,

vÍe can construct a consistent sysËem w* € [6n+g; 6n*3'l such thar Id*

contains a subsysËem on m eLemenËs, where 3 ( n < 6n*3 clearly,

the systems I,I and I{* are non-isomorphic and the proof is cornpletê.

n

in

Proof . The proof fol-l-ows from Theorem 6.5 and Leruna 6.L.



III. Non-ísomorphfc systems 1n [On; al ¡ n > 2

Theorem 9-.2. Let n be a posf t,lve lnteger. Then

lnconslstent system W* € [err; 3rrl such that I^I*

rmrtual-ly dlsjofnt copies of tS

Proof. Let (S, T) be the STS (6n + L) described

Theorem 3.4, As 1n the proof of Theorem 3.7 2 we sh

*I^I € t6n; 3nJ by deLetíng from T Ehe collecrion

contafnl-ng the nunber 6n

r
f(xfn, x*2nr 6n)
t
I: Ç = 1(x+3nrx*4nr6n) : x=OrJ.r2,
I

f 1x+5n, x ,6n)t

I^le consíder thro cases as follows.

Case 1. n even -

1,23 ,

there exísts an

contaíns n - l-

in the proof of

al-l construct

C of all triples

"'r n-1

Let

tr
Jt

ìt
Jz

(rt^,5n, 5n) ,

J{*, *, *) : x = L,2,
= 

l1**r,, x*n, x*n) :

I

U"*3n, x*3n, x*3n)

(ro, o, 5n) ,

1t"*5n, xt5n, x) : x

ì,** 2n, xi2r., x*n)
I

[("+4n, x*4n, x*3n)

(r-c) , rro u rro

"', n-1 t

x = 0, 1-, ...: n-l ,

: x = 0, 1, ...r n-1

= L, 2

: x = 0, 1,

: x = 0, 1,

r n-l r

"'¡ n-1 ,

"', n-1

PUE
tr

!ü=
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Case 2.

Let

*
J-I

,r
J

¿̂

*Put üf r

n odd.

ft0"-L,6n-1, 
6n-1-)

¿ J("r"r"):xão,L,
'11**r,, x*n, x*n) :

I

[x+3nr 
x*3n, xf 3n)

(<"-tr î - 1, 6n - L) ,
I

J("+5n, x*5n, x) : x

ì C"* 2n, x*2n, x*n)
I

["*4n, x *4n, x*3n)

(r - c) u ,rn tJ J2ik

t"', 

n-2 t

x = 0, 1, ...¡ n-l ,

: x = Or L, ...., n-1

In each of the two cases it is cLear Èhat Wo e [Oo; 3rrl . From Ëhe

descriptlon of (s, T) it is not dlffÍcult Ëo show thaË I^Itb ís

lnconsistent. rf cv and Ê are integers such that 0 < a < zn-L
and 3n < Ê < 4n-L , then neither (a, Ê, 5n) nor (s, p, 6n-1) is
a tríple of T - C , and when aLl the possibilltles are consLdered I^¡*

contalns at most n - 1 mutually disjoínt copíes of tg rf n is
even, then T-c contains the folLowlng coLlection of n-1 disjoínt
trfples:

If n>3 T-C contaíns n-1 disjoint Ëriplesl

(@, x+r,
- I

[(x 
+n * 1,

is odd, Ëhen

({x, *+t,
Dr(

f{**r,*r,t
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It fs then readily verffied thar tt* € [Oo; grrl conËaÍns n - 1

mrËually dísjoínË copies of u, r and our theorem is proved.

corollary 6.8. For every lnteger n. ¿ 2, there exists an inconsistent :::.
*system t{"€[6n;a1 ,wtrere 3<a<3n and a=O(r¡od3) 

'ij']""'l'"''"'

Proof. The reeuLt foLLov¡s from Theorems 6 .7 a¡d, 2,9.

r . '.-,,'., 
-t:

Thegrgm 6.9-. For every lnteger n è 2, there exfsË at leasË two t,'r'',1',,1

non-lsonprahfcsystemsin [6n;aJrwhere 0<a<3n and a=o(mod3) ,,,;.,,,..,,,;,:¡

i.:r_-:':i:. ; '

Prgrof . trüe shalL consider tr¡ro cases as folLows.

CgsgL, nè2 ¡8o0
Let I^I- [(xryrz) lf =xtVtz36n3 x*y*z =0(rood6n)J .

By Theorem 3.1, trl € [6n; 3J and I{ cor-rraLns a eopy of tg on

lf,Zn, 4n, 6n] . frle further cLalm thaË I{ does noË conËaLn a copy of to

Suppose I{ conrafns a colLecËion t - [(i, i, j) , (j, j, k) , (k, k, f)J
Then we have 2t +i =- ZJ*k = Zk+i = o(rnod 6n) , and eLernentary consLdera 

r,, ,.itfoneshow i=i-k. so I{ doesnoËcontainacopyof to. Let i,,.,,.:.,,.,,

w* € [on; o'l be the system derfved fron vI by removing Ëhe copy of tg 
,,,,..,,i.:,,,,,,.:
'. :-;"::.1;l

and replacfng 1t with a copy of % . Ttren I,I* contains a slngLe copy of
tO . However, Theore¡ns 2'9 and 3.7 guarantee the existence of a sysËem

!{ € [6n; o1 v¡trfch contaf.ne n rurtualLy dfsjolnË copfes of to . since
i.-.:t¡;;:: ::::

n > 2 , the systems I{ and ül* are cLearLy non-rsornorahÍco ''.''-:"""'l'l

Casg 2. n ¿2, 3 <a < 3n, & zQ(mod 3)

Ler t[ € [6n; a] be as fn CorolLalT 3.g and w* € [6n; aJ

be as 1n coroLLary 6.8. Ttren I,I and I^I* are non-lsomrphÍc.
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Thfe con'gleËes the proof of Theorem 6.9.

Relnark 19, rt is known [3] Ëhar rhe srs(6n+L) consrrucËed ín rhe

proof of Theorern 3.4 contains no subsystems oËher than Ëhose of order 1, .:..:. .

,, ),',,:',,,

3 and 6n * L " rt foLlows directLy that the consisËenË system

w e [6n; 3n1 of Theorem 3.7, which is derived from this srs(6n+L) ,
contaLns no subsystems other than those on !, 2,3 and 6n elements.

'. 
rt 

't 
rj, , ,t,

However, for n Þ 3 lheorem 5.20 guarantees the existence of a :,;::

consfstent sysËem ¡¿* ç [On; 3n1 such thaË I,I* conËains a subsysËem ',.,'',
'.:::.:.4

on m elementsrwhere 3(m16n. ConsequentLyrfor n>3 Ëhere

exíst at least two non-lsonorphLc consistent systems fn [6n; a1 ,
where 0<a<3n and a=O(r¡od3)

IV" Non-isomorphlc systems Ln [On+22 a] , n è 2 .

In what follows K2r, denoËes the corylete graph on Zn

vertices. A one -f.actotLzaËf.on * = [Ft, FZ, ...r tzo_lJ of K2r, Ís

safd to copËaln a one-factorizaËion q = [Gf, GZ, ".., G2r_1J of K2,

t-f' v(K2m) s v(K2n) and, for each L e fL, 2, ...r 2rî-1J , there exisËs ,.,,,,,.,

a i ç. [L, 2, "', 2n -1] such that E(ci) ç E(Fj) . Ler (s, T) be 
,r.,,,¡:i.r-

any STS(n) , where S = [], 2, ..", nJ and (L, Z, g) € T . Ler 
'.'-.'ì'i:

s* = [0, L, z, ..", nJ . Let * = [Ft I r = L, z, ...r nJ, where

Ft - [[0, 1].1 U t[x, yJ I (r, xt y) € TJ . Then iË Ís readÍty verífied
. 
t.,.t.,.'..t1,.

thaË Iy 1s a one-factorizatlon of Kn+L wiÉh V(Kr,+t) = S* .

Furtherrnore, 5 contalns a orie-facËorlzaËion of Rh orl [0, 1, 2, 3] ,

sfnce [lo, r] , fz,3JJ c Fl, [to, z] , tl.r 3l j s Fz and

[[0, g], lLr 2l] sF3. ConsequenËLy, for n]1 rhere is aLways a

one-factorl.zatfon of K6rr+, wtrích conËains a one-factorízation of K4. 
'.r..,t,,,,i
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I{e shaL1 use this fact in our next Ëheorem.

theorem 6.10. Lét n be a pobitfve fnËeger. Then Ëhere

lnconeistenË eystem w* € [tzn+z; 6rt*LJ such rhat I,I*

2n-! nutual-Ly dfsJoini copies of Í¡

exisËs an

contaLns

such that û

Prgof. Let (S, T) be an STS(6n+1) , wtrere , = [ol , d.t..., o6rr+1J
and T conËains a set of 2n-1 urËuaLr.y disjoínË Ërípr.es

o - [(orr d6t o7), (og, dg, o]-0), ..., (o6n-L, d6n, oor,*r)J . The

existence of such an sTS(6n+L) is guaranteed by Ëhe proof of
Ítreorem 3.4. Let s* = {1, zt ""r 6n+2r . LeË * = [Fi l i =1r zr.."r6n+LJ
be a one -factorizatfon of K6rr+, witb. v(Korr+z) = s
contains a one-factorfzatfon of R4 on fL, 2, 3, 4] " Assur¡e, without
Loss of general.iÇy2 that ft, 6n+27 € Ff , I o Lr 2r..., 6n41 . SeË

ìtFt - Ft - i[1, 6n +zl] . Ler

Ccr" - [(arr xr ï) I I*, y] a tr* ; i = Lr Z, n.., 6n+1J ,
JL = [(dr, s1r cv1) I r = 5, 6r...r 6n+1.1 u [(i, rrÍ) li=1, 2r3rhl ,
J2 = [(1, t, ar) I r - 5, 6, .".r 6n+1J u [(et, curr Í) lt =t, zr3r4] .

Put tI* = T U r* U Jl U J2 . Then iË is readily checked that
wtt € [12r,+z; 6n*]-J and ïrI* contafns Zn-L rmrËuatty dÍsjoinË copies
of tg on the seËs 1o5, o6, glrlarragrdLoJr.". rlo6, _L, d6n, o6rr*t].
rË fs also easiLy verifled that I^I* contains no more than zn-L rnrtually
disJotnt copfes of t, r since there can¡rot be Ëwo disjoint eopies of t¡
onsetsof thetype [arrsrtJrvñere 5<rs6n*L and 1(s<t<4.
conseguently, !{* Ls lnconsfetenË and the proof of Ëhe theorem is corylete.
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Ttreorggr 6.11* Let n be a positlve lntâger. Then thêre exists an

fnconsieËenË sysËem w* € ftzn +B; 6n+h] such tfiat l^I* conralns zn

nnrtual,Ly dfsJoint copfes of 3'o

Ptgof. f{e consLder two caseso

Case1, n*1

Let w € [z; zJ . Then accordfng to Ëhe constrruction given

Ln the proof of Ttreorem 4.30, TÂre can erubed IrI in an inconsistent
tçsystem Iü € [20; 10J vrfrtch conËaÍns a pair of dísjoint copíes of sg

(see Rernark 1L)

Case2. n>2

By Theorem 3"4, there exists a consÍstent system

I^I € [6n+1; 6n+1'l . By Theorem 4.30 and Renark tL, I,I can be ernbedded

l"n an fnconsfstent system W* € [tZn+e; 6n+4] such Ëhat I^I* conËaÍns

precfse1ythe2nrurEua!.l.ydlsjointcopiesoftginI,ü.Thiscolry1.etes

Ëhe proof of Ëhe theorem.
' i:.;:.....:

i::.: ::.-::-
E^- ^------ ,,r 

::-::r_l::
Coroll-arv 6.L2- For every lnteger n Þ 2 , Ëhere exÍsts an inconsísËent ,,,,...:.-:

system d'€¡6r,+z¡a1 ,wtrere 4<a<3n*1 and a=l(rnod3) 
:"':'";':

Prgof . The resuLt is a consequence of Theorems z"g, 6.L0, and 6.1i..

Theorem 6.1-3. For every integer n Þ 2 , there exist at leasË two

non-lsornorphfc systems fn [0n+2i al , wtrere 1 < a < 3n*1 and

a = l(nod 3) ¡

Proof . f'le shaLl" consider hrro cases.
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Casel. n¿Lraol

Let tf € [6n +\ IJ U. as con'rrucËed fn Ëhe proof of
theorem 2.L2 and. IV* € [Or, +2, I J t. as ln CoroLLary 2.L3. Then Iü

and ï{if are clearLy non'rsomrphic. rn addÍtion, Theorem 3.9

guarantees the exfsËence of a systen W# € [On + 4 LJ wtrÍch contaíns

nutuaL!.y dfsJofnË copies of tO . It ís easlLy checked ËhaË neLther

!'I nor I^I* conÊains a copy of to r and so for n > 1 there are at
leasË three non-fsomorphic sysËems in [en+ Zi L] .

Case 2. n > 2, 4 <a S3n*! ra = l(rnod 3)

Ler W € [6n +?i a] be as in Corollaly 3.10 and
*I^I e [6n +2¡ aJ be as in corollary 6.LZ'. obviôus!.y, tr{ and I,I* are

non-fsomorphic systems, and thfs corryl-etes the proof of the theorem.

RgmarF-l7. rf n > 4 , the' there are ínconsisËent systems in
[6n; 3nJ and [on+ zi 3n+L] rohlch conËar.n fewer rhan n-1 u.rËua11y

dfsJofnt copfes of tg rn fact, ff n Ís any odd ÍnËeger, Ëhere is
a system fn [6n; 3nl vúrfch does not contafn a copy of ts and, if n

Ls even, Ehere is a system fn [On+2; 3n+L'l wtrich does noË contain a
copy of t¡ . the folLowlng eraryles are desl-gned Ëo iLLustrate Ëhis

pofnt (cf . also Rernark 6).

ExanpLe 6.L4. Let (s, T) be Ëhe sTS(6n+1) constructed in Ëhe proof
of Theorem 3"4. Then T conÈafns

r
f (x +n, x *2r-, 6o)
IC r {(*+3n, x 14n, 6n) : x ! O, L, ..., ït_l .
I

l(x*5n, .x, 6n)
\



L30 .

LeE I
f 1x, x, x)

rclJt E f (x*U x1n, x*n) :

I

[(x+4nr x14n, x+4n)

ftx+5n, x*5n, x)
rclJ2 a \(*+2n, x*2n, x*n) :

I

[x+3nr x*3n, xf4n)

Pur It* - (T - C) U 
"r* ' 

,ro . Ttren

of (S, 1) , Lt Ls readlLy seen that

nuËuaL1y dfsJolnt co,pfes of Ug c

x o 0, L, e oo, Il-L

x = 0, 1,, .oo, n-L

*
}J

IÙ

€ [6n; 3nJ and, by

contains at, mosË

constrtrcËion

[r]

Eëgnple_6.L5. LeË (S, T) be rhe SfS(6n+3)

of Theorem 3.2. Then T conËal.ns

reduced npduLo 2n*L

LeË

Jt

Jz

where

*Put !ü

constnrcted ln Ëhe proof

..lr.2Tl , '

..., o ¡ where 2x fs

lr 2, "', D i

...,2Tr ,

lt 2t ..., tt !

(to, z"+L, 4r.l-z) ,
T(o) - {{or r*, x+2n*t) : N s L, zt

I

[(0r x *4n12, 6n+3 -x) : x = !, 2,

(<+rr+2, 4n*2, 4n+Z) t

- | là,, 2x, ?:<) : x r L, 2, ".,
l

[ (x +4n *2, x*4¡*2, x*4n*2)

((2"*!, zn*L, 4n+z) t
IB { (x+2n11, x*2n +L, 2x.) : x E

I

[(6n+3 -*, 6n*3 -xr x +4n+Z)

fs reduced rooduLo Zn*L .i

(T -T(o)) u ,rn u ,ro . Then w* €

2n,

:x=

L, 2,

:x=

,c

2x

E [0n+23 3n+1J , and ir Ís



eêsÍly seen from the constnrcËion

[p¿r] *.Ê..-r 1--
IJ:J mrËualLY disjoinË corpíes

Exarple 6,L6. Let n =
STS(n) rwhereS-'før,

frLet S - [Ê1r þ2, .".,

Ler W, - ftgr, gr, an)

w, = f(Êr, 91, g1),
trPut I{ =TUl,flUItz

and it is cLear Ëhat I,I*

T) thaË t.ll*

1- or 3(¡nod 6) . LeË (S, T)

dZ, "", OrJ .

Êr,J suchËhaË Sns*=ó.

lr=LrJrk<n; tlJ; i+j=
(ar, crrr gr),1 L = Lr 2, ooe¡ n

A dlrect verlfication sholrrs I^Ic'

does not conËain a copy of tg

L31 .

contains at mosË

be any

2k(rnod n) ] ,

J.
( [2n; nl ,

of (S.,

of t3"

Remark 18, Ìtfth regards to Rernark L7 and ExaryLe 6.L6, it should be

polnted out ËhaË, for n = 0 or 4(mod 6), any system W* € [Zn; n1

rust coriËafn a copy of t3 . For if W* € [Zn; nl Ís based on

tay a2, "', dnt Êj-, 92, "', 9rr3 so that I^I* conËaÍns the col-!.ection

[(orr olr o1), (Ê1r 91r o1) lr = lr 2r..., nJ, rhen a strnpl-e

nu¡nerical arguÍEnt shows thaË Ëhere can be at, rcsË ry tripLes of the

type (ot, oJ, Þ¡), vúrere t, 3, k are pair:nise disËinct. ConseguentLy,

there are ar leasr -fäÐ -"$l?I = | e"r"s (cu1r cvj), wÍrh L I j ,
not contained ln trfples of the Ë¡¡pe @i, oi, q¿., ont"r" L, J, k are

pafrr,rlse disËfncr, and T,'I* conËafns ar teast l-äl coptes of t3 ,

where Ël denoËes Ëhe smallest integer r¿trich Ís not Less than x .

V. Non-lsormrphlc consl.gtent systems f¡r [øn+4 a] , n > t

In Theorem 3.20 we

8y8rem w € [6n +4; 3n + 1J

estabLfshed Ëhe exfstence of

¡strfch does not contain a copy

a consisËent
*of l{, or Y,,44



" 
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The fllustrative exanpl-es glven fn Sectfon 4 ot G*rapËer 2 and the results

of, chapÉer 5, sumatLzed fn theorem 5.20, guatranËee Ëhe exfstence of a

conslstent system w* € [or, +4i 3n+llwhtch conËaJ.ns a copy of t+. A

stnpte appLicatlon of Lerma 2.1 shows th,et I^I* ca,nnoË contafn a copy

of ffo* . However, Ëhe exl.stence of I{* irryLies Éhe exlsËence of a

consfetent system I,ü** € fon++; 3n*LJ v¡nrcn conËafns a copy

IË ls Lumedlately cLear thaË Ëhe Ëhree sysËems W, Wo,

lsonorphfc, and so ïñre cari state the folLol,rfng Ëheorem:

of *no .

#
fü Afe non-

Thçotem 6.1L. For every lnteger n è I , Ëhere exist at LeasË two

non-lsomorphtc consistent systens ln [On+a; 3n*11 .

cgroLLan¡_6"18. For every integer nãlr there exLst at LeasË two non-

fsornorphfcconsfstent systems fn [6n++; a'l ,wtrere LSas3n*].and a=1(nod3)

Ptoof . Ttre proof 1s an fmnediaËe consequence of Theorem 6.LT and Lerma 6.1.

VI. Non-isomorphlc r)¡stems ln [On+5; a'l , n Þ 1 ,

Theoregr 6.L9.. For every fnËeger n Þ

non-f somorphfc sysËems in [0n+5¡ aJ

a = L(¡rpd 3) .

, there exfst at least Ëwo

where 1la<6n*1 and

Proof,a trIe consfder tr¡ro cases.

Case L. n > 1 , a o I- .

Ler W- [(xryrz) lf =xtytz36n*5; x*y*z =O(rmd 6n+5)J

By Theorern 3.1, w € [6n+5; 1] I{e claim !ù does not contaín a copy of
tO . If Íù conral.ns a collecríon t - f(i, i, j), (j, j, k), (k, k, i)J,
then we Íust have 2L+ j = 2j +k = zk+f = o(rnod 6n+5) , and it is

r:.ì :: i:,; _,:
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readiLy veriffed thaË i = j = k = 6n*5 is our only solutíon. So

our clafm ls justifled. On the other hand, according to Theorem 3.25

thereexfsteaconsfstentsysteml.n[on+5;6n+1]foreverypos1tlve

lnteger n. Ttrls frylfes the exisËence of a sysËem W* € [Orr+5¡ 1] 
'-"-"" '

wtrfch contains 2n mrËually disjoint copies of to . consequenËly, üI

and I,Ith are t^!vo non-isomorphic sysËems Ín [On+5; lJ
:::' :t t': ':::" : :i :j:

Case2r nÞL r4<a<6n*L,a=L(mod3). :;'1",;'' :'
:.::¡

By Theorem 3.20, there exists a sysËem t{ € [6n+5; 6n+11 r,:,,,,:,ì,],''',

which contaÍns at Least, Zr.-L rurtualLy disjoinË copies of 3g and no

copy of Ù5 . In the proof of Theorem 3.25 we consídered three cases ín

conetructl-ng a coneisËent system fn [6n+s; 6n*1'l . For Ëhe cases 
i

n e O(npd 3) and n = 2(rnod 3) , üre consËrucËed a coneistent system
,rlt.€ [6n+5; 6n*1J conÊainfng a copy of ùs . For rhe case n=L(nod3) r

Tdeconstructedaconel.stentsystemw*e[on+5;6n+1.lsuchthatI^I*

contains 2n. 2 nnrtually dfsjofnË copÍes of SS lúrfch do noË inËersect
*a subs¡rstem Q" € [ff; ZJ . Observing rhere is a sysËem in [ff; Z'l

- .... -:.::whlch conËains a copy of ùS and a copy of t3 , we have essentially .,t.:.,:::''l'.

shonm, for every lnteger n > L , there exfsts a sysËem w* € [orr+5¡ 6n+L] 
.'i,-1,,t

whfch contafns a copy of ùs and at Least Zt-L urËua!.Ly disjoínt
copfee of tg . obvf.ously, Ëhe systems I^r and w^ are norì.-isomorphÍc

and by appLylng Lerm¿ 6.L we corryleËe the proof of the Ëheorem" ::..:::
',-., - 1',,. 

t¡.::

Gatherfng together the resulËs of Ëhls sectÍon we have proved

Ëhe main theorem:

Theolem 6.20. For every glven integer n Þ 10 and evexT admtssible value
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of a, there exlst aË least t\üo rion-isomorphic systems in [o; "J o

5. An-appllcatlog-of the. slnnrlar dfrect Ê-roduåt.

For Large values of n fË fs o<pected that the number of

nondsomorphic systems in ["; "J wllL be very large indeed.

C.C. Lfndner [12] has shown that Ëhe slngular dLrecË product defined

fn Sectfon 3 of Chapter 5 can be used to constrîucË l-arge nuubers of

non-leonorphfc Èota1-Ly symneËrfc quasfgroups, if Ëhe sÍngLe operator e
le replaced by a set of: qreraËors 8i , I - Lt 2t o..2 t = (u2 -v)16.
As a specfaL case of, [L2, Ttreorem 3], we can sËate

TE:orgm 6.21. LeË (Q, o) be any ËoËally syætric quasÍgroup conËafn-

lng the subquasfgroup (p¡ o) . Then Ëhere are at LeasË

((q -p)t (q-p- t) I .. " zttt¡(v-'u) 16 /@(q-p) +p)l non-isomorphic

Ëotally syÍmetrfc quasfgroups of order v(q -p) *p , where lq I = q ,
lPl -prand vEl or 3(rnod6)

usfng Lfndnerrs argument in the proof of Ttreorem 6.2L, we

obtaln the followfng cornbfnatorfal analogue:

Tþgorem 6..22, suppose there l-s a system v e [v; vJ . suppose there is
a system Q € [q; r1 conratnlng a subsy"a.*, p € [p; tJ . Then rhere

are at leasr ((q-p)t (q-p-1) | ...2t lt¡(v- 'v)16lg(q-p) +p)t

non-LsoÍrorahlc sysrems in [v(q-p) +p ¡ (r-r)v+tl

The foLl-owlng exaryLe may be cornpared wÍËh that given ín [L2]

for quasigroups satisffing x(yx) = y . Ttre exaryles given ín section 3

of thls chapËer pernit us Ëo nake the appropriaËe choices of v, Q and

P 1n ltreorem 6.22.
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E?raftrle6.23.. (f) Take v€[7i77,Q€t1o;4'l ,and p€[3;3J
Ttren there are at Least 109 non-lso¡norphfc sysËems in lSZi 10]

(rr) rake v€t7t7J, Q€ [11;77, and p €t3; ¡J 
;::::::,

Then there are aË Leaet LO29 non-isomorphtc systems in [sg; gf ì 
:':::''::;;;';:'

(rri) rake v € [7; ZJ, Q e [ro; 4], and p € [1; lJ

TtrenthereareaËl-east1059nofr-fsomorph1csystemsinlø+;22}
1.'.:;:,, ì,.;.ì
1..::-.:.
r':) : : '

l'."'t''6. Concludfng remarks aE9 problems, ,",j,'.:'
l1:;-::.::t';1 _:

In concluslon the author wouLd Like to uake so¡ne remarks and

nentfon a few problens.

In thfs theefs we have shovrn Ëhat, for every posiËive 1nËeger 
l

n / 7 and every adnlesfble vaLue of a , there exísËs a consisËent l

i

system in [.t; "J . In addftfon, exaryles of inconsisËent sysËems in 
i

[,.;"Jhavebeencon8Ëructedformostva1uesofn'anda.ouËstanding

cases of lnteresË to the authot stlll Ëo be considered are:
I(f) n=L or 3(nod6)rtrÞ15;aEn.
:

(1f) n=5(mod6)rûÞL7ia=n-4 j..:,r1:,-r,,,.

-' :.: : .':,- ..'

In Ëhfs connectlon we rnay ask: 
. 

::'::.:: :-.:
:att,,r'-a:-,.:..

(a) For what values of n does there exÍsË an inconsístent system

e [n; "J ln cases (f) and (11) ?

*(b) Is the sysËem I{-- € [6n+5; 6n+1] constructed f.n the proof of 
,,.:,,,;,,,:.,,. .:._.._-..:....

Theorem 3.18 consistent for every Lnteger n Þ L ?

(c) Are Ëhe conditlons on W e [n; aJ in Ttreorea 4"27 sufficient for

to be embedded in a conslstent system W* € lZn+7; a*n*71 for

everyoddinteger oÞ7? 
r:r,,:,,,r,:...,,:-
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Ttre arisüer to both (b) and (c) appears Ëo be yes, but very Little can

be eaÍd about (a)

Let n be an odd lnteger and suppose there exfsts a sysËem 
,.,,, .

I{€ fr,; "J basedonthe,eet S-[1r 2r..., n] rwhere 0 3a(n.
Flrrther suppose that J - fl-r zr,"., r] is Ëhe seË of non-ídernpotents

of [,I . then l¡l -rEn- ã. ByLerma z.LrW necessarílycontains 
],,,,,:,,,

a colLectfon J* = [1t, t, ar) I i = !, 2,..., rJ, vrhere oL, oz,.n.tdt,,.,,
are a pernnrËatfon of L, 2, "', t, with a, f r. Now corresponding to l:,.,,,,:,

''; .

[rI , we Let G be the graph dhere V(G) = ¡ and

E(c) - f¡rr orl l t - rr 2r ...r r i (ir fr cvi) € Jol . rË folLows rhaË

G consLstsof dtsJofntcyctesof length kr3<k<n-a. rf G

consfsts of a srngr.e cycle of Length î-'- t we shar.l say w e [n; a] rs
unlgvclfc. Accordfng Ëo the resuLts conËained in Ëhis thesis, for every

:..odd nl7 and every admf.sslble value of a tO sa(n, there exÍsts a

system I'I € [n; a'] v¡trose corresponding graph G consisËs of :
(r) T disJofnË cycr.es of leagrh 3 , if n = 1 or 3(nod 6) ,

(1i) TlufsjointcycLes of !.ength 3 and one c5rcle of tength 4, ,,,,,,,,,.
:

. : .;:...'ff n = S(nOd 6) 
:,,.,,,,,,,,

For n Þ a*6 fn (f) or n Þ a*7 in (ir) , ü.t,shotrrd be noted that
such a system fÙ € [n; al Ís never unLcyclic. cLearlyt arry system Ín
[n; n-3J or [n; n-4'] nrst be unlcycl_ic for odd n Þ 3 . For special 

;,,;,,,..,
vaLues of n and a , the author has been able to consËn¡cË unicyclic i':':' ::

systems fn f"; "J (see for exaryle Tteorem 3.13, l,heorem 4.20 conbíned

wfth Rerrark 9, and Ëhe exanples gfven fn sectfon 3 of Ëhfs chapËer).

However, the probLem of coneÊr'ctrng a unfcyclic sysËem in [rr; "] for
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every odd n and every aduisslblê â t 0 < a (n, has not been

solved. Iüe rnay ask: For r,trtrat values of n and a does there exisË

a unfryclfc syetem W € [n; a'l ?

Tr¿o sËelner Ërlple systems (s, Tl) and (s, T2) are saíd

to be dfsfoing 1f lT1 n rrl - 0 , and are saÍd Éo be alnogË disjoinr
Lf' lT1 n ,rl' 1 (see tr5l) . The exr.srence of a paÍr of disjofnr
STS(n) has been sho!ün for every n Þ 7 , and the existence of a pair
of alnpeE dfsjolnt srs(n) has been shown for every n Þ 3 , wtrere ít
ls understood that n = I or 3(nod 6)

concerning extended trfpl-e systems, we gíve the foLlowing

sinflar definftlone: TTro exËended tripþ svsËems (s, I,Il) and (s, I,I2)

fn [tt; tJ "ru said to be dlsiofng if I,{1 n I{2 = ö t and are said ro be

+Lnnst-dlsjglnt 1f I{1 n [üz = f (x, x, x).1 for some x € s Nore rhar

lf (S, Itl) and (S, I{2) are disJoÍnr, ther¡ rhe LaËin squares

correspondlng to thelr assocfated quaslgroups do not agree ín any cell,
wtrfLe lf (s, vül) and (s, f{2) are almosr disJoinË, Ëhen the Latfn

squares corresponding to thelr assocfated quasigroups agree in exactl-y

one ceLL. I'le ask the followi.ng: For what values of n and a can a

palr of dlsJoint (al-nosr dtsjolnr) sysreus (s, I,Il), (s, tI2) e [rr; ,J be

constructed? The auËhor has obtained partial solutions to thls problem,

but several- cages re¡naLn to be lnvestLgated.

For n o 3, 7, 9 there is one srs(n) , apart ftrom isonorphísn.

There are easentially tlvo non-Ísoroo¡phlc STS(13) and 80 non-Ísouorahic

srs(L5) rt fs also known (see for exaryle tl4]) rhar rhe number of
non-l.sonorphlc srs(n) goes to infinity with n . rn nost cases, we
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have shovrn ho!,r extended Ërlple systems can be derlvêd from sEeiner

trfple systems. IË 1s aLso r¡orth nentfoning ËhaÈ the enbeddlng Ëheorems

of Ctrapter 4 can be used to obtaln lnforur,atfon regardlng the number of 
,.;,,,,,;,..

non-lsomorphfc systems fn [t; rJ , at least for some values of n and

a (cf. t14l) . concernlng the resulËs of Ëhrs flnar. chapËer, it seems

reaeonable Ëo exPect that the nuuber of non-Ísonorphic sysËems ín [o; rJ .:
,,,.,,,,,,,

wlLL go to inffnity wfth n , for eveqy adnfsslbte value of a . ;::: ::,'

;i,.:.::'ì i,
,.a'::,,,.l,
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