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ABSTRACT

Title: Estimation of the Parameters of a Mixture of a Poisson and a
- Binomial Distribution

Author:William Allen Holtslag

After introducing the concept of mixtures of distributions, practical
uses, definitions, methods of estimation in general and the method of
moments in particular, the mixture of a Poisson and a-Binomial distribution
is studied,

Fisher-Consistent moment estimators are determined for the cases

when one parameter at a time is assumed known:
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Thevvariances of the moment estimators were then determined,

In order to make an empirical study of the efficiencies of the moment
estimafors, we found the Cramér-Rao lower bound for the variances, and
determined ARE and JARE for the three éases. In general ARE - 0 and JARE - O
as n > %, |

For the case of three unknown parameters, simplifying assumptions
were made to solve for the moment estimators. The procedure for comparing
the efficiencies was then outlined, but no study was ﬁade of empirical data.

A flow chart and program for the empirical study are presented and
some tables of results are given; It is proposéd that in further study,
one could look for modifications of the moment estimators, which would

yield unbiased estimators.
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CHAPTER I

1.1 Introdﬁction

In the last decade interest has been steadily growing in the
area of mixtures of distributions, both in mathematical énd in practical
aspects, Mathematically, mixtures pose interesting problems such as
in solving moment estimating equations for consistent estimators of the
parameters involved in the mixture, Of particular interest would be a
solution for the three parameter case of a mixture of a Poisson and a
Binomial distribution, We will take a brief look at this problem in a
later chapter. Also, mathematically, mixtures of normal distributions
ére encountered in the course of determining limit distributions of sums
of interchangeable random variables, There are many practical aspects
of mixtures which are recei?ing much attention., Mixtures occur in the
theory and applications of probability and statistics, One is interested
in the distribution of a random variable X, but knows only the conditional
distribution of X given the values of some auxiliary random variable Y,
Foliowing from this then, the desired distribution of X is simply a mix-
ture of the known conditional distributions, Applications for continuous
or discrete distribution mixtures are very widespread including such
areas of study as Biology; Chemistry, Marketing, Life and Acceptance
testing, and mixtures of distributions are a fundamental aspect of the
Bayesian approach to statistical inference,

In the Biologigal sciences there are many areas in which conditional
arguments become directly involved. For example, in studying conservation,
ecology, taxonomy, the investigation of natural populations is in effect

a study of mixtures of distributions where often the unobservable variate
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is age or species,Chapman (1961) discussed thoroughly fish biology. In
genetics and plant and animal breeding, inheritance and genotype studies
are done through the study of mixtures, Genetic statistical analyses of
populations involve both conditional distributions and the unconditional
distribution of genotypes. |

In other areas, Anscombe (1961) gave an application for mixtures
in a marketing problem, Blischke (1962) described an ICBM weapons
system and Edwards and €urland (1961) reported an application of a mix-
ture of bivariate Poisson distributions to an inﬁestigation of accident
proneness, In Chenmistry, Medgyessy (1961) used finite mixtures of
normal distributions in the investigation of absorption sprectra and of
electrophoretic separation éf proteins, Life testing experiments were
conducted by Kao (1959) on electron tubes subject to sudden and delayed
failure, Acceptance testing procedures vere developed by Barnard (1954)
and Vagholkar (1959) for the case when the true proportion of defectives
varies from batch to batch, Hald (1960) constructed sampling inspection
procedures based on prior distributions, His analyses involve both the
compound hypergeometric and compound binomial distributions, In the
Bayesian approach to statistical.inferencg the mixing distribution is
called an a priori distribution,

The mixture we consider in this thesis, mixture of a Poisson and
a Binomial, could be encountered in many of the above areas, Investigation
of reaction rates in Chemistry or Life testing of machinery might involve
this particular mixture,

Before going into a review of the literature, a definiﬁioﬂ of a
mixture and one of identifiability will be stated, . Some syﬁonyms for a

mixture are also given,



Definition 1.1
The definition of a mixture as stated by Teicher (1960) for the

discrete case is: Let P = { P,3xeA} be a family of discrete probability

distributions, each member of P being indexed by a finite dimensional

- parameter ) = (A(l),..., A(S)) belonging éo some measurable subset A of
RS, Suppose that for each P(o3 1) = P, P the set of points to which PA
assigns positive probability is independent of X(l),...,k(s). Let

£ ={ G(A(l),...,l(s))} be a class of s-dimensional distribution functions
for which fAdG(A) = 1 for each GeG., Then for each Gel

P(x) = P, (x) =/, PG3A) dG(A)  wemeee (1)
is again a discrete probability distribution; in fact, PG assigns positive

probability to the union of points of positive probability under each A,
The distribution PG defined in equation (1) is called a mixture, or a
uG—mixture of distributions in P, under the condition that QG does not
assign probability one to any single PA in P, Following Teicher, the
family‘/{=/H(P) of mixtures P, resulting as G ranges over éll of G will
be called the class of mixtures of P,
Definition 1,2

The analysis of mixtures of distributions and the unique characteri-
zation of mixtures depends on the identifiability of mixtures: A mixture

P= PG is said to be identifiable if the relationship

P = P(x;1)dG(A) = s P(x;1) dG=()) e (2)
implies G* = G for all G* in,GUﬁ, where & is the family of distribution

functions whose corresponding Lesbeque-Stieltjes measure assigns measure



one to a single point of RS. The clasi}% is itself called identifiable
if every member of it is identifiable,
Questions of estimation or hypothesis testing cannot bé studied
before the identifiability of the mixture being studied has been established,
Suitable restrictions, on P or,G'or both éan always result in identifiable
families for which estimation and hypothesis testing are meaningful,
Identifiability for mixtures of Poisson distributions was shown by
Feller (1943), The identifiability of mixtures of binomials follows exactly,
However, if the family being mixed is P ={ P(x;n,p): pe (0,1)} where n
is fixed, the resulting class of mixtures is not necessarily identifiable,

It is sufficient that . give positive measure to not more than r < n+l/2

distinct points, Since tﬁig condition is also necessary for identifiability,
the estimation problem when r is unknown is quite difficult,

A listing of synonyms for mixtures of distribution.would include:
Compound distribution, Composite distribution, sum of distributions,
Probability mixture, and superposition, Convolution is a special case of
a mixture of distributions. Gurland(1957) presented a study of generalized
distributions and their relational concepts, |
1.2 Literature Review

The first significant work én the estimation of the parameters in a
mixture of probability distributions was presented by Pearson (1894). He
studied the mixtures of‘two normal distributions, Using the first five
moments of the mixture of two normal distributions, Pearson extracted the
roots of a ninth degree equation, A suitably chosen root of the nonic was

used to solve the moment estimators for the five parameters: Mys Hos cl,og, ay



of the density

4 2 % 1 x-ug,2
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where the ai are positive numbers summing to unity, Pearson also laid

the ground work in the estimation problems of mixtures of discrete distri-
butions, For a mixture of two binomials, known n and unknown Pi’ ays
that is in the distribution

n-x

2 x
PG) = @) i1, %3Py (L) x = 0,1,.040,n

Pearson (1951) constructed the moment estimators. He also studied the
moment estimators for a mixture of two Poissons and generalized the moment
equations for a mixture of r distributions, r known for both cases,
Schilling (1947) coﬁsidered a frequency distribution represented as
the sum of two Polsson distributions, the mean of neither being assumed
known, A method for the dichotomy and subsequent summation is described
and twenty-nine distributions to which the Poisson was supposedly a good
fit are analyzed, In the following year Rbbbins published a paper on
mixtures of distributions and the problems of estimation, Robbins (1950)
gave a generalization to the method of maximum likelihood fqr estimating
a mixing distribution., Meanwhile, Shenton (1949, 50, 62) worked on the
efficiency of the method of moments, maximum likelihood and the efficiency
of the method of moments and the asympototic biases of the moment estima-
tors with an application to the negative binomial distribution., In general
the proéerties of the moment estimators are expected to be similar to
those based on the first few moments (means, covariances) when r is’small

and similar to the maximum likelihood estimates when r is large,



Teicher (1960, 61, 63) was the first to seriously consider the
- problem of identifiability of mixtures, If a mixture is not uniquely
determined, one certainly cannot hope to be able to estimate parameters
‘and thereby 'identify' the mixture nor make a choice among possible
indistinguishable hypotheses, Teicher fif;tly concerned himself with
the mixtures of distributions, He defined a weighted éverage of cumulative
distribution functions as a mixture, That is, if ¥ = {F} is afa mily of
distriﬁution functions and p is a measure on a Borel Field of subsets of
with u (¥) = 1, then f F(.)du(F) is again a distribution function which is
called a p-mixture of ¥; He then considered: convergence questions when
either F or My (or both) tend to limits where ¥ is indexed by a finite
number of parameters, mixtures of additively closed families which are shown
to be closed under convolution, and he gave necessary and sufficient con-
ditions for a yp-mixture of normal distributions to be normal. Generation
of mixtures is discussed and the concluding remarks link the problem of
mixtures of Poisson distributions to a moment problem, His subsequent
papers were in connection with the problem of identifiability of mixtures
(1961) and the refinement of the case of finite mixtures (1963), Theorems
on identifiability of all finite mixtures of Gamma (or qf normal) distri-
butions are established, Thus the estimation of the mixing distribution
on the basis of observatiqns from the mixture is feasible in these cases,
~ Conditions for the identifiability of binomial mixtures are also presented,
~ Boes (1963) gave necessary and sufficient conditions for finite mixtures
to be identifiable, '

Rider (1961) obtaiﬁed the moment estimators for the parameters of

mixtures of two Poissons, two Binomials and two Weibull distributions,



Blischke (1962) extended Rider's work on moment estimators for mixtures

of two binomial distributions, and then generalized the results (19645

for a mixture of r Binomials, His papers include studies of the properties
‘of the monent estimatﬁrs. A further look at Blischke's work will follow,

| Katti and Gurland (1962) presented results on some methods of estima-
tion for the Poisson binomial distribution and on the efficiency of certain
methods of estimation for the Negative Binomial and Neyman type A distri-
butjon, Cohen (1963) was the next to give some estimation procedures in
mixtures of discrete distributions, He considered the estimation of the
parameters of a mixture of two Poissons and arrived at some simplification
of Rider's work by the use of factorial momenﬁs rather than making use of
the ordinary moments to form the estimating equations., He also studied
estimators based on the first two sample moments and the zero sample frequency,
and the mixed truncated Poisson distributions w;th nmissing zero classes,

The major part of our thesis is to consider Cohen's work on the mixture
of a Poisson and a Binomial distribution along the lines of work done by
Blischke on mixtures of Binomials., We will discuss some asymptotic proper-
ties and the efficiency of the estimators in different situations.

In his paper on the mixture of two Binomial distributions, Blischke
(1962) discussed the method of moments for estimation of the parameters of
the mixture, After deriving the estimating equations for the moment
estimators, a study is made of the asymptotic behavior of these estimators,
Tables are presented for tﬁe asymptotic relative efficiency (ARE) and joint
asymptotic relative efficiency (JARE) of the estimators both in the general

case and for the special case when the mixing proportion is known,



An extensive feview of literature in the field of mixtures of
distributions was done by Blischke (1963), After defining the concepfs
of mixﬁures and identifiability, he discussed various aspects of estimation
‘and' of testing of hypotheses in this connection., Perhaps, the most salient
feature of the paper is the wide range of the bibliography appended to the
article, Blischke (1964) generalized the moment estimation method for
mixtures of r Binomial distributions. He also discussed several other
methods of estimation of the pérameters: Best asymptotically normal (BAN)
estimators based on the moment estimators é as suggested by the work of
Le Cam (1956), the construction of BAN estimators by Neyman's linearization
technique., ARE and JARE are computed for several cases., Estimators con-
structed for the case when the mixing proportion is known have ARE unity
for large n (and are maximum likelihood for n = 2).

The following chapter presents some methods of estimation for the
parameters of a mixture, in particular the’method of moments, which will

be used for the Binomial and Poisson mixture,



CHAPTER I1I
2.1 Methods of Estimation.

The difficulty generally in dealing with parametric estimation for
-finite miﬁtures is that the standard asymptotically efficient estimation
techniques like Maximum likelihood, Minimum Xz, yield quite intractable

equations. Maximum likelihood equations often take the form of an

infinite series in the unknown pai*ameteré° Katti and Gurland (1962a,b)

discussed several aspects of the methods of estimation as modifications

to those proposed by others such as Sprott (1958) and Gurland~Shumway (1960),
Sp;ott described a procedure for fitting the Poisson binomial

distribution by the method of maximum likelihbod. The Poisson binomial

probability density function is:

; T a t -
BCx) = & T GO Pt 1 = 0,1,2,..,

where n is known, and the pzrameters to be estimated are a and p. This
distribution has mean apn and variance apn [l+(n-l)p 1. The moment estima-

tors as derived by McGuire (1957) et al, for a and p are:

% = Sﬂ;ﬁlgi.

R

p* = (s2-%)
(n~1)X
where fi and S2 are sample means and variance respectively, Sprott described
a procedure for fitting the Poisson binémial distribution by the method
of maximum likelihood and considered the efficiencies of the method of
moments and the method of sample zero frequency. The maximum likelihood

equations given by Sprott are:
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za Llp_ﬁ_g@ = _N+ za _.—2- =O
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where a, is the observed frequency of x and N is the total number of

observations, and

® a nt nt-

50) = o §r () 0™ Q=)™
® ta  /nt \nt-
Sz(x) 2-; = .tz=o _ia- (2 ) * (l’P) *

Thé maximum likelihood equations can be written in the form:
nddh = x
L(D)
where

F(x)

Zaxf(x) - N =0

(x+1)P(x+1)
nad P(x

P(x1) = Py 25 (a2 P (1p)" L g p(s)

and

where

The method of moments may provide quite misleading estimates for the para-
meter p when this parameter is small, while the method of sample zero
frequency remains reasonably efficient for considerably large values of p.
Likewise, Gurland and Shumway have looked at the method of moments
and the method of sample frequencies with the conclusion that they give
simple equations for obtaining estimates, but that the fit they pfovide

is unsatisfactory. The paraméters should therefore be estimated by an
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efficient method, maximum likelihood whenever possible. They then
presented a simplification of the maximum likelihood estimation pro-
cedure. It involves rewriting the maximum likelihood and recurrence
relations in terms of ratios of Poisson factorial moments and tabulating
ﬁhese ratios for values of the parameters when n = 2. The simplifying
iterative procedure is to estimate a value of @i by some relatively simple
method such as sample moments or frequency. By using this value in a
recurrsive formula, a value for pi+1 is found and sﬁbstituted into the

likelihood equations to obtain L(ﬁi+l) and L'(B. .) where

i+l
AN 1 . -~
L(p) = oag Ty P(x) =N =0 4,84 MLE

and differentiation yields

L(6) = 5 (n-1)s 2, P() - BBl 1, gy
q .

n"&p

where
a(x) = p(x) (P(x+1) - P(x))

by

2 is given then by the recurrsive formula. TIteration will be discon—~
tinued when no substantial change is produced in the estimates.

Katti and Gurland (1962a) first look at Sprott's approach of using
the first tﬁo moments or the first moment and the first frequency. Then
they discussed a minimum x2 method using the first two factorial cumulants
and the logarithm of the zero frequency in place of the moments and the
first frequency since thié leads to relatively simple equations to solve.
This procedure appears to be a reasonable substitute for the highly com-

. plex asymptotically efficient methods in most practical cases,

In a further study XKatti and Gurland (1962) considered the asymptotic

efficiency of methods of Fisher (1941), Anscombe (1950), Evans (1953)
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(alternate to maximum likelihood estimatién) which have been found to be
very useful in the problem of fitting. The method of momehts as modified
by the latter fhree authors, namely, the first moment and the first
frequency, or thé first moment and the ratio of the first two frequencies,
involve only two statistics and are highly efficient in very restricted
regions. Katti and Gurland have introduced methods which have high effi-
ciency over larg; regions in the parameter spacing using the results of
Barankin and Gurland (1951) and Fergusson (1958).

For m statistics (s geeey S ) = Sy Barankin and Gurland minimized
1 m
the quadratic form:

Q

L}

(s0) o1 (s-6)"
where

E[(s-E [s])(s-E[s]) ']

-~
is the covariance matrix of s and @ a nonsingular matrix is a consistent

Q

L]

estimator of . The quantity Q is referred to as a X2 for s and the
estimates so obtained, are referred to as the minimu.mx2 estimators. The
high increase in efficiency due to the inclusion of the aﬁditional
statistics may well justify the additional work involwved.

From Cramér (1946) minimu.mx2 estimators are constructed by grouping
the data, computing (as a function of the unknowm parameters) an expected
frequency for each group, forming a.x2 based on expected and observed
group frequencies in the usual way, and minimizing this quantity with
respect to the unknown parameters. This method generally yields asympto-
tically efficient estimators.

A couple of lesser known methods are those of Cassie (1954) who

used a graphicél method on probit paper with a 'partitioning method' which
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was inefficient even with respect to the method of moments, and
Medgyessy (1953.54.61) who proposed a ‘variance reduction method!'
consiéting of anentirely analytic construction.

Blischke (1964) discussed estimation procedures for n 3 2r-1
and derived efficient estimators as functions of the moment estimators
by (1) expansion of x2 about the moment estimators yielding BAN estima-
tors, (2) Neyman's linearization technique, (3) using Fisher's 'information'

to compute a correction factor for the moment estimators.

2.2 Method of Moments
The method of moments can be used to estimate the population para-

n
meters from a large sample, Rao(1952). Consider {Yi}l independently

identically distributed random variables from a distribution with unknown
parameters 61,..., eq, let the first q raw moments of the distribution
exist as explicit functions o _(0.,444,0 ) r = 1,40, qg. Ifa =1 yr/n

rt 1 gl ree T i

denotes the moment functions, then the method of moments consists of
equating the realized values 2., in a sample and the hypothetical moments:

ar(el’...,eq)=aro r=1,ooo’ q-

and solving for 61,...,6q.

Since a, is the mean of n random variables and if E[yi], the rth
raw moment, exists, then by the law of large numbers: a, > ar(el""’eq)
with probability 1, so that a, is a consistent (besides being unbiased)

estimator of ar.

It is easy to see that if the correspondence between Ol""’eq and
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al,...,aq is one-to-one and inverse functions
.ei=fi(a1,-oc,aq) i=1’o-',q

are continuous in Gpreces aq' then

G ( ) i=1
ei = fi alo’...’ aqo 1= ’oon’q

are solution of
ar(@l, o e ,@q) = aro

and fi(al,...,aq) is a consistent estimator of Oi, 1= 1,000yQ0

The estimators thained by this method are not generally efficient.
For some numerical computations of the loss of efficiency we may refer to
Fisher (1922).

Before deriving the ﬁoment estimators, one must define the factorial
moments. Blischke (1962) defines sample factorial moments for the mixture
of Binomials as

m oy (y-1) eee (3-kel)
iZ1 n(n-1) ... (n-k+l)

1
Fk = m

while Cohen (1963) defined the sample factorial moments for the mixiure

of a Poisson and a Binomial as

R
1
where my is the sample cell frequency of y and
R
Z' m = I
y=0 ¥

Blischke (1962) shows that the expected value of the sample factorial
moment is the population factorial moment.
Moment estimators for the (2r-1) parameters of a mixture of r

binomials may be constructed as:
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Choose any set of (2r-1) distinct population factorial moments
and consider‘these:as équaiions in the parameters. Solve these (2r-1)
equations for the parameters. Finally substitute the sample factorial
moments for the population factorial moments in this solution to specify

the moment estimators. So in general for finite mixtures
T

, i .
P(y) = I, @;P(r5 2y)
where Ai are distinct and of s—dimension and.ai sum to unity. Here there

are N = r(s+l1)-1 parameters aﬁd the method of moments involves writing
any N population moments (usually the first N are used) as equations in
the N unknown parameters as functions of the moments and finally defining
estimators by substituting sample moments for populationbmoments in this
solution. |

For the special case of one or more parameters being knoﬁn, unless

the ai are equal, simply knowing the @ numerically is not sufficient for
estimating the parameter P It must be known in addition that @5 is

specifically the proportion in the mixture of the population having the
ith smallest p. This situation prevails regardless of the estimation

procedure employed. If it is unknown whi-chcxi goes with which Py the

estimators may not be consistent, Rider (1961). The procedure in this
case for finding the moment estimators is analogous to that given for the

general case above.

2.3 .Asymptotic Properties of Moment Estimators
As already mentioned, moment estimators are consistent. In addition

it can be shown that they are also asymptotically normal with meansé_ and



16

covariance matrix ¥ where

2r-1 2r-1 .
o...‘ = T . ( )
oA =y W858t 5 Een v (FFR) 8585

ity
where

u2 (Fj) is the variance of the jth factorial moment

L (Fij ) is the covariance,
and
6 1 = 9 Hy i=lyeee,r
ij = {a Fj f} j=1,ooo,r

where the Hi are the moment estimating equations.

The variance matrix shall be derived for.the special cases of one known
parameter in the following chapter.

The asymptotic relative efficiency (ARE) of a consistent asymptoti-
cally normally distributed estimator 0 of a parameter © relative to the

maximum likelihood estimate 0% is computed as

2
-~ ce*

ARE(®) = 5

76

where 06*2 is the Cramér-Rao lower bound and oéz/m is the variance in
the limiting distribution of 9. The joint asymptotic relative efficiency
is given by ‘
2 det(r”
JARE(®) = det%:—y)-
where we denote the Cramér~Rao lower bound for the estimator of @ by r~

where the inverse of the Cramér-Rao lower bound is given by

2 P
ZO% = {E[%El—‘lg-—mbi—]} -

iBGJ
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With these definitions of & and ;3* we can compare the performance

of the moment estimators with the maximum likelihood estimators as n

becomes large.



CHAPTER III
3.1 Definition and Notation
"He will now consider a mixed distfibution function consisting of
a mixing of the Binomial and the Poisson distributions. The probability
density function of the Binomial Poisson mixture is

Py = P(y) = aP)(y) + (1 )P(y) fory=0,1,...

J
where
- -\ Y
e A
Pl(y)= y! y=0,1...
and
P2(Y) = (?) P‘y (1"P)n—y ¥ =0y1lye0eyn

The parameters of the mixture to be estimated are the mixing pro-
portion a, the Poisson parémeter A and the Binomial parameter p, while
n is assumed to be known. The mixture will be identifiable for a sample
size greater than or equal to three for the case when no paraméters are
knovn. When one parameter is known,.identifiability requires a sample
size of two or more. To estimate the parameters, we will use the method
of moments. For the three parameter case, the maximum likelihood estimators
for a sample of size three can be obtained by solving the first three
factorial moments for o, Ay, Ps The sample factorial momenfs shall be defined,
as Cohen (1963) defined them.

The kjh factorial moment of a probability distribution defined in

the discrete case as

syt - sP e

where the symbol y[k] denotes the factorial : -
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y[k]v= T(y-1)eea(y-k+l) k = 1,2,..
is obtained from the factorial moment generating function by differentia-
ting it k times with respect to t and then evéluating the result when
t=1.
Thus for

P(y) = aPy(y) + (1 = 0)Py(y) 7 = 0,1,...

we have

1= D9 PG = e Oy (1) [1pigt
Now

3-@56“31- ooy = [0 (1-4) 4 (1 —a)mp [1-p+pt ],

and therefore

£1= ad+ (1 &) np.

In general

Also,

E[y[k]] = Ey[k]P(y)

and it can be shown that
By] - 1,
Similarly
myt?)] - o,
and
i5°) = 5P e ] - 1) 4 1,

It follows likewise that
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E[y3] £y + 3, + £

E[y4] £, 0+ 6f3 + T, + )

i

E[y5] f5 + 10f4 + 25f3 + 15f, + £

E[yé]

1

Af6 + 15f_. + 65Ff, + 9Of3 + 31f2 + f

5 4 1
These expected values are to be used in the next section to find the

moments of the sample factorial moments.

3.2 Sample Factorial Moments
In this section we derive the moments of the sample factorial moments
as these will be used later on for determining the wariances of the moment

estimators. The kD sample factorial moment is defined by Cohen (1963)

asse
R m
F, = o y(y-1)eee (y=k+1) —%
where my is the sample frequency of y and
? m_ = M. )
=0 y

Before we derive the first two moments of Fk(k = 1,2,3), let us

consider the sample cell frequency my and its moments.

E[my] = mP(y)
Var(my) = mP(y)(1-P(y))
and

Cov(my,mx) = -mP(y)P(x).
These results are obtained directly by recalling that my is a multinomial

- random variable. Hence
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R m
BF, ] = B Lz, 7(-1)e0. (y=ke1) -

R

yEo ¥(3-1) e« (yx+1)P(y)

and therefore

E[Fk] ='fk k=1,2,000

Since the variances and covariances of the Fk can not be obtained
as a simple function of the population values, we will present details

of the derivation for the cases k = 1,2,3,

1 2 '
Var(Fl) = m2 {1y~ var (my) + § % § ¥y x cov(m‘y:9 mx)}

and from the expressions for the variance and covariance of sample cell

frequencies, we have
1 2 ’
Var(F) = = { Iy" P y(2 - P(y)) = 221y x P(y)P(x)}

A simple algebraic manipulation yields the final form as

Var (F,) = % {y® B(y) - ( EyR(y)?)
2
Similarly it follows that
1 2
Var(F2) == {2f, + 4y + £, - £, }
1 ‘ 2
Var(F3) == { fo+ 9f5 + 18f4 + 6f3 - 5 }
Now :
Cov(Fl,F2) = i§ {Zyz(y—l) var(my) + §¢§ v x(x-1) cov(my, mx)}

~ from which it follows

1

Cov(Fl,Fz) == {Ey2(y—l) P(y)(l"P(y)) - §#§ v x(x-1) P(y) P(x)?
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and .finally
1 N
COV(Fl,FZ) == {f3 +2f, - £.£}
Also,
: 1
Cov(Fl,Fs) =5 (£, +3fy - £,fy
Cov(Fz,F3 =5 {fs+ 6f4 + 6f3 - £,f3)

3.3 Moment Estimators in the Two Parameter Cases

There are three caées to be considered in this section. These
cases in the order that we shall discuss them are: (1) when the mixing
proportion a is known, the parameters to be estimated are the Poisson
parameter A and the Binomial parameter p, (2) when X is known, the para-
meters to be estimated are o and p, and (3) when p is known, the parameters
¢ and A will be estimated. Identifiability follows in these cases for a

sample size greater than or equal to two.

3.3.1 Mixing Proportion a known: Estimators and Variances
The maximum likelihood estimators for a sample of size two will be
obtained by solving the first two population factorial moments for A, p.

The first two population factorial moments are

.fl =ar + (l-a)np — (1)
£, = ar’ + (1w)n(n-1)5” — (2)
. 1) fl - (1 —a)np .
reon () 52 . 11 ~(1-a)n(n-1)p°
om A =

Therefore
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(£; = (-e)n0)? = @ (£, ~(1-a)n(n-1)p%)

~and it follows that

pzn(n—a)(lna)-prln(l—a) + fi - of, = 0

Solving this equation for p, we get the moment estimator

F | 1
1 + 1
4

= n-q - N—q {n(]ﬁ_‘_a) [FQ(n“O‘) - (n—l) Fi]} = — (3)

Now from (1)

fl-ak
p= Zl—aSn

Substituting p into equation (2)

5 '(f1~ aA)z
f,= aA” + (n-1) (e

we have

°n (n~a) ~2xf a(n-1) + (n—1)f§ - n(1~a) 7, = O,

Solving this equation for A, we get the moment estimator

s Fl(n—l)

X - s A meed - w0y @

n-—-o -

b

Our problem now is to determine unique estimators %,a from the above
equations. The criterion to be used will be that of Fisher-Consistency

which is defined as follows (Rao(l952)):
Consider samples from a finite multinomial distribution with cell
probabilities ﬂl(g),...,lnk(g) depending on a vector parameter 0; n is

the total sample size, n, is the observed frequency in the ith cell,

Py o= ni/h is the observed proportion in the ith cell and g(p) is the

parametric function to be estimated.



24
An estimator T is said to be Fisher-Consistent (F-C) for g(o)
if and only if i) T is a continuous function over the set of vectors

' (yl,...,yk) such that y; ? 0 and Yy toeee vy = 1 with the value of T

at ¥y; =0 i=1,.00y k as the estimate of gqg) based on the sample,

ii) the value of T at ¥ = ni@) i=1ye0e, k is g(@) for all admissible

values of ©, that is
T[Wl@.),ouo, Trk(g)] :—; g(_@_)n
In effect the definition demands that the estimator should be an

explicit function of the observed proportions only, which may be written

as T(pl""’pk)’ and that it should have the true value of g(@) when

the observed proportions héppen to coincide with the true proportions.
Expanding Fl and F2 in terms of their population parameter values:

F

1 oA + (1—&) np

]

F, ar? 4 (1-a) n(n—l)p2

Substituting for Fl and F2 in equations (3) and (4) the results are

5‘» = ;zﬁézg-[{ nad  + n2 (1=)p} + { nox =~ n(n-1)ap}l] — (5)
and
iii = H%E [(n-1) {or + (1-a) np} + n(1-a) {} = (n-1)p}] ~— (6)

Considering in turn the positive and negative signs, it is easily
seen that the F-C moment estimators are given by
F 1

~ 1 1 «n 2. %
Y ) 11 I:FZ(n-u%(nﬂl)Fl]} — (7)

and
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- (n;ilFl + nia { (1;(1> n [Fg(n-"q) - (n—l)Fi]} —(8)

LV

ERY

- Now we shall determine expressions for the variances of the moment

estimators b, Y. Pirst set

¢ ~.
A

Hl(Fl,FZ)

By expanding in a Taylor's series at the parametric factorial moments,

ignoring terms of order higher than two, we have

- BHl 9H,

A = Hl(Fl,Fz) = Hl(fl,fz) + [(F1~fl) 3F, + (F 2) 3@;
3H oH

P = Hy(FpaFy) = Hy(f],5,) + [(F-£,) gﬁf + (F, - £,) 55%

Now
By (F0Fp) - By (£y,£)) = (F-£)) 81 + (Fpmfp) 8,

By(FpaFp) = By(£1,5p) = (F=1)) 81, + (F-1,) 6,

and it readily follows that

Var(Hl) = Var(Fl) §,, +Var (F2) Giz +28776, Cov(Fl,Fz)

var(H2) = Var(Fl) 525 + Var (Fz) 622 + 24 21 22 Cov(Fl,F )
and

Cov(Hl,Hz) = Var(Fl) 81085, ¢ Var(F ) 8.5 8,5, + Cov (Fl,FQ)

(813 850 * 851 915]

We now are required to find the matrix

({t=e)n [Fg(n-O‘)-(n-l)Fi]}?]f
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2ol L (e (0 =)y B ()

n~o n-0
_ —=(=-D)p
a(r =(n-1)p)
oH > -1 -
| e P00 e n(loa)(; a)]
_ 1
~2a(d -(n-1)p) :
3H F. +
2 8 3 1 1 no 2
oF, f" 3F; | ¢ - 3F; [naa " n(n-a) { 1-o [Fz(n"a? - (n“l)Flj} ]f
1 [(1—<:a)(X =(n-1)3) + (n-1)(e) +(1—a)np)]
N~ n(l-e¢) (A -(n-1)p)
- A
" n(l-a) (A - (n-1)p)
22l i tna (= (ae1)p)) 7
BF2 £ . l-a
1
~ 2n(l-a) (3 -(n-1)p)
Thus
3H, 1 =(n-1)p "~ 1_
tosf =1 'é‘ﬁ;lf} IR CE N I S
- n{l-q) 2(1-a)n
The variance matrix of Hl’ H2 can now be written as
By = {5ij} {u(F)} {513}

of which the general term is expressed as

2

8. . R S N
H (F ) 13 * i1 Cig o4y ll(FJ FJ‘)

J i

Q
N
it

ii £1

It follows then .
2 2

o2 _

A= (P sy Fup(F) sy + 20 (W) 65 6y,
Ga2 _ 2

BT = wy(Fy) 857 +u,(F,) 62 + g, (F,F,) 8, 85,
[o Zaliad

Mapo= up(F) 848,) +up(Fy) 815 8pp +ugg (FLF8) 8,5+ 65 6,5]
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where

'#Z(Fi) z Var(Fi)
(F.F, )= Cov(F. F.
| A1 d» J‘) ( Jy J‘)
3.3.2 Poisson Parameter A known: Estimators and Variances

Here we are looking for moment estimators for p and @ as functions

of the first two factorial MOments.

Now
fl = ax + (1-a)np —(1)
£, = aA? + (1-o)n(n-1)p° ——(2)
From (1) |
fl—np '
o = N —np ‘-'—(3)
A"fl
_1—0. = A—np

Substituting for o in equation (2) we have:

1 2 A-fy 2
£, = {X~np }AS o+ { E:;E} n(n-1)p
Thus
fz(l - np) = Xz(fl—np) + n(n-1)(A - fl)p2
and |
2 2 _ 2
P n(n—l)(k - fl) -np ( X - f2) + (X fl - le ) = 0.

Solving this equation for p, we get the moment estimator
(32 -F,)x B
b= D)

—(4)

From equation (3)
Fl- nd

a=l"‘nﬁ
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That is 1 9
2F1(1-;)(A —Fl) -( A —FZ) +B
« = T 5 - ===(3)
2(1-2) a(a -F) = (A°-F,) £ B
1
where B = {( X2—F2)2 - 4( lel—Fz l)(l—%)(l —Fl)} =

Our problem as before is to determine those estimators which will
be Fisher-Consistent. To find the F-C moment estimators for p and o from

equation (4) and (5) expand F) and F, in terms of the population parameters

Fl ax  + (1 -o)np

F ar2 4 (1—a)n(n-1)p2

2

Substituting for F; and F, in equations (4) and (5) the results are

(=)0 °-(1- 2?] 2 (9[- EnP- 200- Bur +32]

p* 2(n-1)(1-a)(x - u) (6)
Sk o A+ (1—a)nP ~ np* — (1)
A - np*¥

Considering in turn positive and negative signs, it is easily seen
that the consistent moment estimators are given by

A (A2 - F2) - B
P20 - ) _ —(8)

2(1~ $)F,(\ -F)) - (2% -F,) + B 5
) 2(1- %) Ax - Fy) = ( A= F,) +B ” 4

R

Now we shall determine expressions for the variances of the moment

estimators ﬁ, a. First set

p =H(F,F,)

~
o

H2(F1,F2)
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and expanding in a Taylor's series at the parametric factorial moment s
as in the case of thg mixing proportion being known (3.3.1) the expressions
for tﬁe variances of H, and H, and the covariance are determined: |

1 2

, 2 2
Var(Hl) = Var(Fl) 8,1 + Va.r(Fz) S, +28,, 8., Cov(Fl,F2)

2 2
Var(Fl) 8, + Var(FQ) §,p + 2

Va.r(Hz) 8 COV(Fl,Fz)

621 22

and

Cov(Hl,Hg) = Var(Fl) 611 621 + Var(Fz) 512 622 + Cov(Fl,Fz)

8 8
[ 817 855 + %51 815]

We now are required to find the matrix

3H,
{aij} { 57 f}
It follows as
H. . 2_p _-B
e =_a_£l _.3 [" 2 ]
8F.|p ~ OF; |, oF; 2(n-1)(x —Fl) f

Asf 2 2 u+ A(1 - %) u2 + u3(1 - %) 52(1‘—'%)uzk +u Az]
(1-o) (- W)@ - 3= 200- Hur +2?)

=;11.[

where u = np

A2 -(l-;l;)u‘?

2(1 - )(u?(1 - i—)- 2(1- i]i) w o+ 22)

_a_fi! _ —w? s - (L-ul
F = 2 1 1 2
2l n(l-o)(u(1- -5)- 2(1- H) o+ A2 - w)
- u -~ 23
u(1-a)(¥(1- 3) - 2(1- 3) w + 2?)
1 , |
SH . 2(1- n)Fl(x - Fl) - ( A= F2)+ B \
2 _ oo - 9 [ ] .
Fle A e 37 To(- Hr - F) - (25 )+ Bt |
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-2 (1~ %) u
-2 1 1 2
u (1= 2) - 23 u(i- D)+ )
fEI_Z_ _ w2 - 23w +22
Pole (0 - (2= 3)- 2(1- ) au 4127
~ 1
=1 1 2
u (1~ n) - 2xu(1- n) + A
Thus : 2 1, 2
A’_(lf n)u u-22
6 {3Hi : 1 n(l - a) n(l-o)
i3 W, ¢ u2(1—%)— 2 X u(l- %)+ 22| 2(1- %)u 1

The variance matrix of Hl' H2 can now be written as

z

g 60 GE} s

from which it follows that

a2 _ 2 5
7 = uy(Fy) 817 + uy(Fy) 85 + 2, (FhF,) 6,4 6,

oy 2 2
of = uy(Fy) 85 + uy(Fy) 8,5 + 20, (F,F,) 6, 6,

95,0 = w (Fy) 60 6,0 + u (Fo)6,,60, 4 o (FryFo) (6ni6on + 6.6
] 24717 %11 Pa1 * MalFp)81285) + uyy (FraFp) (819805 + 891815

where

uQ(Fi) = Var(Fj)

F.F. ) = Cov(F. F.
upy( iy J‘) ov( 3y 54

3.3.3 Binomial Parameter p known: Esfimators and Variances

.We will solve fb} the moment estimators for A and o as functions
of the first two factorial moments. |
~ Now

ax + (l-o)np (1)

)
i

H
H

ar 2t (l-—a)n(n—-l)p2 ‘ » —(2)
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Settihg
np = a
‘n(n-l)pz =D

and using equation (l) we have

f, - a ’
1
a=_)\—a —(3)
1 el h
I

Substituting for a in equation (2) we have

f. - a a =T

1 2 1
f2- {AA__a}A +{x_a_}b
Now
2
fz(x -a)= 2 (fl— a) + (A - fl)b
and

Az(fl -a) - x(f2 - D) + (af2 - bfl) =0

Solving this equation for A, we get the moment estimator

. (Fb) e
e D) —(@)
From equation (3)
P~ a
A 71
¢=N - =
That is 2
“ 2(Fl - a)
*TF,~b-2a(F -a)xC —(5)
where
1
C = {(FZ- b)2 - 4(F1— a)(an— bFl)}2

Our problem once again is to determine those estimators which will

be Fisher-consistent. To find the F-C moment estimators for A and o from



32
equations (4) and (5), expand F, and F, in terms of the population

parameters

Fl ok + (1-&) np

F2 =vak2 + (l—a)n(n—l)p2
Set
a = np
b = n(n—l)p2

Substituting for Fl and F2 in equations (4) and (5) the results are

sy .o 0%0) £ o éu(%i-ﬁ)is4x UESICEE ——(6)

2 a2\ ~a)?

i = —
a(r® ~b) - 2aa (A -a) + a(xz- 2al + b)

—(7)

Considering in turn positive and negative signs, it is easily seen that

the consistent moment estimators are given by

" F2—b+c -

Y 2 e - - —()

. 2(F, - a)?

¢ =t —(9)
- F2 - b—2a(Fl-a)+C -

¥We will now determine the expressions for the variances of the
-~ »

moment estimators A, o. First set

A

Hl(Fl,Fz)

1

a H2(F1,F2)

and expanding in a Taylor's series at the parametric factorial moments

as in the case of the mixing proportion being known (3.3.1) the expressions

, .

for the variances of H1 and H2 and the covariance are determined:
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Var(H,)
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1l

2 2
Var(Fl) §17 * Va.r(Fz) 15+ 268,16 Cov(Fl,Fz)

Var(H, ) 11 %12

[}

2 2
8
Var(Fl) 8,0 + Var(FZ) 8,5 + 2 621 05 Cov(Fl,F2)

Cov(Hl,Hz) = Var(Fl) 814 65y Var(Fz) 612 622 + Cov(Fl,Fz)

(871 a0 + 851 8351

‘We are now required to find the matrix

It follows as

OH,
{6. .} = {
ij aFJ- £
3H, ___9_1__., _ [FZ'—b-rC]
oF, £ 3Fl £ BFl 2(Fl—a) f
= 23 + 2% + b)+ ab
o 2222 A4b)(A -a)
_(x-2®
o ( \22a A + b)
aH1 _ A2 - 2a) + )\2 + 2a2 - _2a) “
oF

2'f  2q (A -a)( Az -~ 2a A+b)

A - a
o 3222\ +b)

2
aH2 _ 2 I oA 2(Pl—a) :
aFl ¢ 8 F | 5 3F Fz—b-Qa(Fl—a) + C f

C2( 32222 4+ 22 )
(X - a)2
= 2
Ly e 222 >‘+b)+ c,( ) 242a2-22 A=b)]
0F, 1 g 2 o2( 2=a)® (2%= 221 + 1)
-1

L]

o A2—2a A+ b)



Thus - b - 12 | —a
(6, = (| 1= —5= ¢ o

J i'f A-2an.+ b 2y (A“~2a\ +b) - =

. a) 2, : N

H, can now be written as

The variance matrix of H, H,

Iy = {aij} {u(F)} {613}

from which it follows that

2 2
GA
A= (R ruy(Fy) 8y + 2y (FFL)- 60365,
on 2 2
o =u,y(F) 8, +uy(F) 6,y + 2u (FLF,) 6,5 6,y
G‘A .
o= uy(Fy) 83y 8,p + uy(FR)s 1, 65 + uy  (FraF,) (60 6,55 + 657 870)

where

uz(Fi) = Var(Fi)

ull(Fj,ij) = Cov(Fj,Fj')

3.4 Asymptotic Relative Efficiency

In order to compare the efficiencies of estimators, we must first
derive the elements of the Cramér—Rao lower bound matrix. We will denote
the inverse of the Cramér-Rao lower bound matrix by

where
"= (2"y pha?)
In view of symmetry; only the elements of the upper right triangle
of the matrix need be determined. They are
rd ”» L4 - - -
%11, %12, 922, 913, %23, 933° Now

2
o L _E[il_gagl—gix-)]

11
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That is
© af(_y) 2
“n’ = gk By 1 70)

and it follows that

© -A y—l ' .
. 2 C ) 2 1

o = — L
11 o ygo [ y! (y }\)] sz) H
Simplifying, we get

| 2
ol - g; : [Pl(y)éy— A )]
A2 ¥=o (¥)

Similarly, we have

. W(1e o) w P )P, (y) (y-np)]
%12 7 —~%%T:§% yio[ : P(y§

R tPZ(y)(y—np)]Q

%22 = p2(1_p)2 ¥=0 P(y)
- _a e P13 =0y (7)) - P, (3))4
°13 T ) y%o P(y)
- _1-a % P, (y) (y-np) (P, ()~ Py(y))]
23 - P(1-p) y=0 P(y)
. e BG)- P, (y)7°
s) =
33 T y=o P(y)
It is to be noted that oli, 013: 033’ are summed to infinity, while

>

. . : I . .
12, 22, 0,3 are summed to n, since the contribution by the Binomial

becomes zero for y greater than n.
Letting 16*  denote ZO;l y the Cramér-Rao lower bound matrix, the

. . . * * * % * *
- elements of the upper right trlgngle will be 9117 012' 013, 022, 523’ 033.



3e4.1. Asymptotic Relative Efficiency for o known

*
A 11
ARE()) = =5
A
" 622*
ARE(p) = =5
.
] 1ol
A A det [z0¥
JARE($,B) = 55 5 |
where % *
o [s)
0% = [ 11 12*]
sn e 0'22
and .
N 0A2 oAp
10 = oizj

ARE@ )

det]zo*
dettzé

p— -y

1 g _ ¥ g %
waere 22 23

Le*

JARE(Pp ) =

n
Q
%k

and

-

e =l ga2
o

3¢4.3 Asymptotic Relative Efficiency for p known
* .
911

ARE(})

it
>

ARE(a)

aii

36
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o A det] 50"

JARE(X ya) = detl zo |
where 8 ‘l
o ¥ o ¥

11 13
zo* = s

L LN ) 033
and I 1

ga2 .

R A e

o = '

o~2

oo o

3.5 Three Parameter Case
The maximum likelihood estimates for a sample of size three can be

obtained by solving the first three factorial moments for a,\, and p.

Now

£, = ok + (~g)np —(1)
£, = e ? +(1-a)a(n-1)p° —(2)
£y = 3 +(1-0)n(n-1) (n-2)p” | —(3)

If we make the following simplifying assumptions for large n:

np = u

n(n—l)p2a¢ u2

n(n—l)(n~2)p3¢y w3

and divide equation (2) by equation (1) we get

2
fo-1u 2 2
2 A =u
fl “u Ty -uw o At+u —(4)

Dividing equation (3) by equation (1) we get

3
f,-u 3 3
3 L oW 3% e —(5)

fl -u A -u

Now, from equation (4)



f2 = Afl - % u + ufl
and
| f2 - ufl
A= f.-u
1

From equation (5)

f, = 13(f1 - u) + Au (fl - u) + u2f

3 1

and
2
f, -—uf
—_32_.-._._.__.1. = A2+)\u

fl -u

Substituting for A we obtain

2
2 (£, - uf))
f3-uf1= “z:i-—:T +(f2-ufl)u
and
2,.2 2
0=nu (f1 - f2) +u (f3 - flfe) 0 - £y

Solving for u we obtain
i (flf2—f3) +R

P4
2(f,%= £,)

where

1
2

R

2 2 2
{(f1f2 - f3) - 4(f1 - fg)(fz - flfa) }

Resolving equation (4) we get

Lo 2TAh
and rewriting equation (5) we have
fo - Azf
3 1
T cu o
1

Substituting for u we obtain

38

—-(6)

—(7)

-—(8)

---(9)

~—(10)
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2 .
2 (£, =1 £,)
£y - AT = o + (£, = A £1)2
and
2 ;.2 2
0= 2" (£, - £,) + A(f3 - £,0) + £,° - £115
Solving for )\ we get
(£.£, - £,) + R
o 12”73 | —(11)

2
2(£," - £,)

Now with p = np and by assuming n(n—l)pzaa u2 (for large n) we

have & and A as the roots of the equation

F1F2 - F3 + R

2(1;'12 - FZ) "‘""'(12)

and

We are now faced with the problem of a proper choice of sign of
the radical to obtain the estimators. Thé simplest approach is to assume
& > i (or vice versa) and take the appropriate sign. However, there is
no concrete réasoning behind this, and since the equations were derived
under simplifying assumptions, these estimators need not necessarily be
Fisher~Consistent.

If we were to continue the study of the three parameter case from
this point, we would study the asymptotic properties of the moment estima-
tors. The matrix

):
6, =l 57| ¢
J
would be determined firstly, as in the previous cases where one parameter

is known. For the three parameter case we have a 3x3 matrix of differentials.
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The covariance matrix of the moment estimators can be expressed as
Ig = {8551 (u(F)) {655}
where u(F) is the 3x3 covariance matrix of the sample factorial moments.,

The asymptotic efficiencies can now be computed following the method of

the previous cases.



CHAPTER IV ' : )

4.1 Flow Chart and Program
Flow chart of program for an empirical study of the three cases
when one parameter is known follows a listing of symbols and their code.

4.1.1 Listing of symbols and coding used:

- Symbol Code Definition

n , B Binomial n

o A Mixing Proportion

A PM Poisson Parameter

P P Binomial Parameter

F1 Fl l1st Population factorial moment
7”

F2 F2 2nd

F3 3 3rd "

F F th "

f 4 4% |
uy(Fp) VARF1 ' Variance of 1st pop" fact'l moment
u,(F,) VARF2 L 2nd "
uIl(Fl,FZ) Cov12 Covariance
3H1/8F1]f D111C11094 2X2 Matrices of differentials

resp'ly for a known
aHl/Blef D151C1519y, resp'ly

3H2/3F1|f D511C0148y, A known
3H2/3F2[f D551C0019, np known
Var(i) VARPM  ~ Variance of moment estimators ¢ known

Var(p) VARNP "



Symbol
Cov(i,i)
p(x,D)
Var(p)
Var(a)
Cov(;,;)
p(pra)
Var(i)
Vaf(a)
Cov(;,;)

P(iy;)

Symbol
a'known
det(ZAp)

det (™I xp*)
CRLB(X)
CRLB(p)
ARE(R)
ARE(p)

JARE(AD)

det

CRLB =

ARE =

JARE =

Code
VARPMP
CORA

VNP

VANP
CORNP

VAPM

VAAPM

CORNP

Code Symbol

A known
det(Z30)

det(z—lp*d*)

VETA
DETA
CRL11 CRLB(p)
CRL22 CRLB(a)
AREA11 ARE(D)
AREA22 ARE(a)

CAREA JARE(pa)

determinant

Definition

Variance of moment estimators & known

Correlation

Variance of moment estimators » known .

Correlation

Variance of moment estimators np known

1

Correlation

Code

" VETPM

DETPM

CRLPM1

CRLPM2

AREM11

AREM22

CAREM

-~
Cramer-Rao Lower Bound

Asymptotic relative efficiency

Symbol

np known
det(zZha)
det(Z 1 % *)
CRLB( )
CRLB(a )
AREQY)
ARE(a)

JARE(ha)

Joint asymptotic relative efficiency

42

Code

VETNP
DETNP
CRLNP1
CRLNP2
AREP11
AREP22

CAREP
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4,1.2 Flow Chart

Integer B

1  (Read A, PM, P, X|

<0 10 1 =3,i0>
b

it
[2a]

RERAY

hnowu

VARF1
VARF2
covio

mowon

c(1) = 1./(PM-(B-1)*P)
DIl =
D12
D21
22
¥
VARPM
VARNP
VARNP
" | VARPMP
VARPMP
CORA

non

Loed
o
]
vainY
5>

LT T T 1 |
)
< 8
~~
> >0 >
P TR O TN

Q
o]
=
H
~~

v
—

F
(1)
cl1
c12
co1
c22
i}

wwonon ouon

VNP
VNP
VA
VANP
VANP
CORNP

|

N

Y R
Lot AN T ]

[ IS I 1}
<}
©
H
NN AN
[o, RN, 3
R S~

]
Q
[}
]
-

~—~d
R




H(T)
Q11
Q12
Q21
Qo2

1./(PM*PM-Z . ¥E¥PM+G)

[ O | | R O 1

VAPM
VAA
VAAPM
CORNP

| I B I 1}
<3
[}
=
D >

CR11
CR12
CR22
CR13
CR23
CR33
PY

o onon oo

[
[}
V

_<<;Do 11 J

{a1
A2
PO1S
BIN
TPY(J)

mmwnnu

CR1(J)
CR11 = CR11 + CR1(J)
CR2(J)
CR12 = CR12 + CR2(J)
CR3(J)
CR13 = CR13 + CR3(J)
CR4(J)
CR22 = CR22 + CR4(J)
CR5(J)
CR23 = CR23 + CRS(J)
CR6(J)
CR33 = CR33

CR6(J)

+




12

10

cc =
CR11 = CR11%*CC
(o1) R

CR12 = CR12*CD
CE =

CR22 = CR22*CE
CF =

CR13 = CRI3*CF
cG =

CR23 = CR23*CGC

<D0 1? K=0N, 10>
A1l
APO1S

CR11
CR13

wn w4

| SN

AREA22
CAREBA(I)

Q
=+ ]
[
n
N
ot n w0 u

VETPM
DETPM
CRLPM1
CRLPM2
AREM11
AREM22
CAREM(TI) )
!
VETNP
DETNP
CRLNP1
CRLNP2
AREP11
AREP22
CAREP(I)

oo ononou

L T

CALL EXIT|
END
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4,1.3 Frogram

DIMENSTION CR1{100),CR2{100),CR3(100),CR4{100),CR5(100),CR6{100),
1TPY(100),C{10),D(10),+{10), CAREA(10},CAREM(10}s CAREP(10},
2AREALL{10) yAREA2Z2{1C); AREMLILI(LO)sAREM22(10),AREPLLIL1C)AREP22(10)

INTEGER B8

READ IN PARAMETERS A,PHM,P
L =20
1 READIS5,100) A.PMsP4X
100 FURMAT {4F5.1)
L =1L +1
WRITE(64102) LoA,PM,P
102 FORMAT{'1710{/)415Xs" 4.2.711,43X,"'TABLE OF ASYMPTOTIC RELATIVE EFF
1ICIERCY FOR A = fF3.1y' PM = 'F3.1,' P = 'F3.1//34X,! A KNOWN
2 P KNOWN P KNOWN'/' N c ' D
3 HY/7)
DO 10 1 = 2,10
B =1
FACTORIAL MOMENTS AND THEIR VARIANCE

F1 = AXPM + {l.-A)%B%pP

F2 = AXPM2PM + [l.—A)%B%{B—1.)%P%pP

F3 = AXPMXPMAPM + (1l.—A)*B*(B-1.)%({B~2.)%P%p*xp

F4 = ASPHEPMAPMYPM + (l.—A)XB%{B-1.)%(B-2.)%{B=3,) %P %Pxp*xp
VARFl = Fl1 + F2 - FL*F1

VARF2 = 2.%F2 + 4.%F3 + F4 —F2%F2

COV12 = F3 + 2.%F2 —F1%F2

MIXING PROPORTION KNOWN

MATRIX OF DIFFCRENTIALS  MIXING PROPUORTION KNOWN
CUI) = 1./(PH-{B-1.)%P)

D11 = =C(I)*(B-1.)*P/A
D12 = C(I) /{2.%A)

D21 = C{I}*PM/(1l.—-A)
D22 = =C({I)/(2.%{1.-A})

VARIANCE OF MOMENT ESTIMATORS, MIXING PROPORTION KNOWN

VARPM = VARF1#D11%D11 + VARF2 *D12%D12 + 2.*%C0OV12*%D11%D12
VARNP = VARF1%D21%D21 + VARF2%D22%D22 + 2.%*C0V12%D21%D22
VARNP = VARNP/(B*B) .

VARPMP = VARF1#D11%D21 + VARF2%D12%D22 + COV12*(D11%D22 +D21%D12)
VARPMP = VARPHMP/B
CORA = VARPMP/SQRT (VARPNM*VARNP)
POISSON MEAN KNOWN
MATRIX OF DIFFERENTIALS POISSON MEAN KNOWN
F = (l.—-1./8) )
D{I) = Lo/ {PHBHRPRBXF-2, XFHPM%EBXP + PMFPM)

Cll = D(I)*{PM*PM-FxBxBxP*P}/{1l.—A)
Cl2 = D{I)x[B*P=-2.%PM)}/(Ll.—A)
C21 = —-D(1)%2.%F%*P*B
€22 = D(I) :
VARIANCE OF MOMENT ESTIMATCRS, POISSON MEAN KNOWN
VNP = VARFIXCLI®CLl1 + VARF2%C12%C12 + 2.*C0OV12*C11%*C12
VNP = VNP/{B*B) '
VA = VARF1 %C21%C21 + VARF2 %(C22%C22 + 2.%C0OV12%C21%C22

VANP = VARFI%C11%C21 + VARF2%C12%C22 + COV12%{(C11%C22 +C21%C12)
VANP = VANP/B
CORPM = VANP/SQRT{VNP*VA)
SINOMIAL MEAN KNOWN
MATRIX OF DIFFERENTIALS  BINGMIAL MEAN KNOWN
E = 8P
G = BX{B-l.)%Pxp
H{I) = 1./{PHEPM=2 XEXPM + G)

46



Q11 = H{D)*={G-PM=PM)I/A
Q12 = HII)={PH-E)}/A
Q21 = 2.%PHM

Q22 = -H{I)/A

C VARIANCE GF MOMENT ESTIMATORS, BINOMIAL MEAN KNOWN
VAPM = VARFI*QL1%*QLl1l + VARFZ*Q12%Q12 + 2.%C0V12%211%Q12
VAA = VARF1*Q21%Q21 + VARF2%Q22%Q22 + 2.%*COV12%0Q21%C22
VAAPM = VARF1%Q11%Q21 + VARF2%Q12%Q22 + COV12#=(Q11%Q22+Q21%Q12)
CCRNP = VAAPM/SQRT{VAPMXVAA) '

C ELEMENTS OF INVERSE OF CRLB MATRIX

CR11 = [=PMXEXP{-PM)I%42/{A¥EXP{—=PM) + {l.—-A)%(1l.~P)%%8)

CR12 = PM*BHP*(1.=P)*¥BHEXP{~PMA)/{AREXP[-PM)+{1le=A)%{1.-P)%%*B)
CR22 = {(1e=P)wuBH{-Bx%P) ) %%x2/{A%EXP{-PM)+{1.=A)*{1.-P)**B)
CR13 = {[-PHMIX¥EXP{=-PN)*(EXP(-PMI={1.-P)xxB)/{AREXP(-PK)+{1.-A)%

1{1.-P)%%B) -
CR23 = (Le=P)aaB¥(—BxP)*{EXP{-PM)}={1.~P)¥%B)/{AXEXP{—-PN)+{1.~A)%
1{1.~P)=xB)
CR33 = {EXPL=PM)—{1.—P)=x3)%%2/{AFEXP(-PM)+{1.~A)*{1l.—-P)*%B)
PY = A®EXP{—-PM} + (1.,-A}*{1.-P)*%xB
D0 11 U = 1,B
Al {J-PM)
A2 {J-B*pP)
POIS = EXP{—-PMY%=PM*KJ/FACT (J)
BIN = COMB{BJ)*Padkda{]l.—P)%x%k{B=J)
TPY(J) = A=*POIS + (1l.—-A)*BIN
PY = PY + TPY(J)
CR1(J) = (POIS*AL)=%2/TPY1J)
CR11 = CR11l + CR1(J)
CR2(J) = {(POIS*BIN®AL*AZ)/TPY(J) .
CR12 = CRl12 + CR2(J)
CR3(J} = POIS*AL*={PCGIS-BIN)/TPY(J)
CR13 = CR13 + CR3{J) ’
CR4{J) {BIN®AZ2)*%2/TPY(J)
CR22 = CR22 + CR&4lU)
CR5{J) = BIN®A2%(POIS—BIN}/TPY(J)
CR23 = CR23 + CR5{(J)
CR6{J) = {(POIS-BIN)I*%2/TPY{J)
11 CR33 = CR33 + CR6{J)
CC= AXA/{PMXPM)
CR11 = CR11%CC
CD= Ax(1.-A)/{PMXP*x{1.-P))
CR12 = CR12 #*CD -
CE= {1.—-A)*(la—~A)/{P*P*x{1.~P)*x{1,-P))
CK22 = CR22%*CE
Ck= A/PM
CR13 = CRI13%CF
CG= {1.-A)/IP*{1.—-P))
CR23 = CR23*CG

1]

PYT = PY
N=28+1
DC 12 K = Ny10O
All = K-PH
APOIS = EXP(-PM)*PMx#K/FACTI(K)
PYT = PYT + A*APUIS
CR11 = CR11 + CC*APOIS*Al1%*All/A
CR13 = CR1I3 + APUIS*ALL*CF/A
12 CR33 = CR33 + APUIS/A

C WE NOW HAVE THE INVERSE OF CRLB MATRIX
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FIND THE INVERSES OF THE INVERSE OF 2X2 CLLB MATRICES AND COMPARE
WITH APPROPRIATE VARIANCE OF THE ESTIMATURS FUR THE ARE.
FIND DETERMINANTS OF THE COVARIANCE MATRIX OF THE ESTIMATORS AND
COMPARE WITH DET. OF THE INVERSE OF THE CRLB MATRIX FOR JARE,

VETA VARPMAVARNP—VARPMP*VARPMP

DETA CRLIL1*CR22-CR12*CR12

CRL11 = CR22/DETA

CRL22 = CRLLI/DETA

AREALLI(T) CRL11/VARPH

AREA22{1) CRL22/VARNP

CAREA(I}) = 1./{VETA*DETA)

VETPM VNP*=VA-VANP*VANP

DETPM CR22%*CR33-CR23%CR23

CRLPML = CR33/DETPM

CRLPMZ2 = CR22/DETPH

AREML1(T) = CRLPML/VNP

AREM22{T) = CRLPM2/VA

CAREM(I) = 1./(VETPM*DETPM)

ot

VETNP = VAPHMEVAA-VAAPM®VAAPM
DETNP = CR11%*CR33—-CR13%(CR13
CRLNP1 = CR33/DETNP

CRLNPZ2 = CRL11/DETNP
AREPLLI(I) = CRLNPL/VAPM

I

AREP22(1) CRLNP2/VAA

CAREP(I) = 1./{VETNP*DETNP) .
10 WRITE(64103) I,C(I1)4D(I),H{I);AREALL{I) AREA22(I)+CAREA(I),

LAREMIL (I, AREM22({I),CAREM{I),AREPLL(I)AREP22(1),CAREP(I)
103 FORMATI(I343(1XsF8e4)49(2XyF5.4)/)

IF (X.EQ.0.} GO TO 1

"CALL EXIT

END

FUNCTION FACT(K)

FACT = 1.

DO 1 I = 1,K
1 FACT = FACT*I

RETURN

END

FUNCTION COMBlJ,K)

I = J-K

COMB = FACT(J)/IFACTIK)*FACT(I))
RETURN

END
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10

- 0.8333
l.1111
"1.6667
3.3333
3 X¢ o o ¥ 3k ek
-3.3333
-1.6667
-1l.1111

-0.8333

*%%% TFor the

40251

0.6536

1.0101

1.5873

2.2222

22222

1.5873

1,0101

0.6536

Oobblets

TABLE OF ASYMPTOTIC RELATIVE

1.5873
11.1110
~3.7037
-2.2222
—2.2222
~3.7037
11.1116

1.5873

0.7407

A

KNOWN

G (D)

«9149

«9285

. 8558

« 4764
.0000
o 4425
« 7700
« 8605

.8758

<7956
<9023
.8491
4782
.0000
<4575
7962
. 8944

09246

a,8)
e 1771
. 8891
8316

«4581

.0000

" +4308

« 1554

«8460

+8596

EFFICIENCY FOR A =

PM
($)
« 0477
-« 0395

.0202

.0106

-0205
- 0496

. 0986

1688

«2600

KNOWN

&)
« 6294

0 1861

ot
A

«8980 °

« 9634
.9585
29748
«9723
« 9744

« 9725

(5,%)

Hexe e e e

o kRl

. 0808

.0189
-.0118
« 0166
.0332
« 0698

s L&4l2

choice of parametric region, results unexpectedly large.

0.4 PM

(3
. 7890

. 05626

77049_

29623
« 8269
<4117
.03838
c44B2

«5641

P KNOWN

&
-0753
. 0056
;0290
0304
.0233
.0122

.0014

.0238

«0483

(5,4

.0236
.0000
<0048
<1477
.0707
.0016 -
.0000-
.0026

«0140
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10

0.8333
1.1111
1.6667
3.3333
3 30 3 e e e A
~3.3333
~1.6667
—1.1111

~0.,8333

- 4he262

0.6536
1.0101
1.5873
2.2222
2.2222
1.5873
1.0101
0.6536

004444

TABLE OF ASYMPTOTIC RELATIVE

1.5873
11.1110
~3.7037
~2.2222
-2.2222
-3,7037
11.1116

1.5873

0.7407

R)

28968

29249

+ 8952

« 5306
- 0000
24661
- 8234
«9281

29510

A KNOWN

(b)

« 71076

<8689 -

«8712
5081

.0000

24544

28185

+9318

29613

(.p)
.6992
.8641
. 8664
.5014
.0000
+4423
07994
29126

29381

EFFICIENCY FOR A = 0.6 PM

- 0342

. 0292
- 0157
- 0094
«0200
20494
+ 0979
« 1617

22364

PM

KNOWN

ORRONGY

+5853

7392

]

8643

»9401
9649
<9721
9799
« 9751

+9601

¥ e e we e

el % 3 B¢

<0775

»0181

20111

«0161

.0331

» 0698

-1401

*%%% For the choice of parametrie region, results unexpectedly large.

(%)

«86703

-1078

. 6849

« 9862
+ 8964
04637
<0451
«5452

« 7047

P

1.5 P
KNOQ
(&)
-« 1857
-0121
« 0498
.0588
.0510
- 0290
-0038

20750

21930

= 0.3

G2
.1073.
.0001
.0093
«3357
.1338
0036
«0000
.0093

«0933
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N c

2 2+.5000
3 33333
4 5.,0000
5 10.0000

6 wdcddkok ok

7 -10.0000
8 =5.0000
9 =3.3333
10 ~2.5000

40203

5.8823
9.0909
14,2857
19,9999
19.9999
14,2857
9.0909
5.8824

40,0000

TABLE OF ASYMPTOTIC RELATIVE

14.2857

G9.9994

—-33.3333

-20.0000
-20;0001
=-33.3336
100.0019

14.2858

6.6667

)
9345
29832
29376
« 6907

-0000

’07144

28947

«9201

«9148

A

KNOWN

&)

.9164

«9822

« 9381

<6928

»0000

- 7178

<8996

« 9280

«9285

G,p)

« 9097

9807

e9347
+ 6880
+» 0000
s 7131
«8932
«9182

29120

EFFICIENCY FOR A = 0.4 PM = 2 & p =

5)
-0918
« 0645
« 0255
- 0068
« 0336
1256
« 2967
«5523

« 8794

PM

(&)

+8137

29446

'

«9851'

.?910
oé994
« 9873
9789
09749

29710

KNOWN

G,%)
3% e e R sfe

3eOROR K

«0910

«0201,

.0123

-0172

» 0340

.0708

«1432

**%%% For the choice of parametric region, results unexpectedly large.

&)

29560

«2398

L9113

29947

«9361

« 71345

1334

« 7137

« 1736

P

KNOWN
&)
1037

«0245

L0844

-0821
<0715
- 0536
. 0097
.053i

. 0603

Oo‘l

6.9
.0150
.0001
.0076
01576
-1383
.0036
<0000
.0027

-0072
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4.2.4 TABLE OF ASYMPTOTIC RELATIVE EFFICIENCY FOR A = 0u4 PM = 1.0 P = 0.1
A KNOWN PM  KNOWN P KNOWN |
® ® 6» ® @Y O ©® 6
1.1111 142195  1.6129 .8817 .7153 .6965 .0622 .5895 L.8147 .9450 .1070 .1695
1.2500 1.5152 2.1739 <9069 8323 .8173 .0706° .6873 ikkx ,9731 .1016 .0697
1.4286  1.9231 °© 3.1250 .9385 .9109 .90l16 .0703 ,7524 wpkckk ,9737  .0925 .0297
1.6667  2.5000 5.0000 .9673 .9596 .9553 .06l6 .8735 .8627 .9384 .0802 .Oll4
2.0000  3.3333  9.9999 .9843 .9829 .98l1 .0470 .9389 .1719 .8112 .0619 .0029
2.5000  4.5454 49.9977 .9802 .9800 .9782 .0303 .9763 .0491 .2120 .0l44 .0000
3.3333  6.2500 ~25.0001 9424 9429 .9396 0155 L9881 L0164 .7252 .0443 .0006
5.0000 843333 —=12.5000 .8387 .840L .8357 .0055 .9891 0065 .9821 .0545 .0122

10,0000 9,9998 =10.0000 .5386 .5401 .5367 ,0020 9954 .0034 .9946 .0509 .1583

*%%% For the choice of parametric region, results unexpectedly large.




10

2.5000
3.3333
5.0000
16»0000
e o 3 e ek ok
-10.0000
~5.0000
-3.3333

=2.5000

442.5

5.8823

9.0909

14,2857

19,9999

19,9999

14,2857

9.0909

5.8824

44,0000

TABLE OF ASYMPTOTIC RELATIVE

14,2857

99.9994

~-33.3333

~-20.0000

-20.0001
-=33.3336
100.0019

14.2858

6.6667

(A)
29117

« 9740

'« 9749

- 71638

.0000

27211

«9182

« 9546

~9592

A

KNOWN
(3)
.8711

« 9687

" «9733

+7613
<0000
. 7203
9182
- 9554

«9614

(%8)

+ 8681

« 9680

»9728
« 1598
el ook %
7180
+9153
« 9517

29556

EFFICIENCY FOR A =

PM

KNOWN

Os&6 PM

@ @ G, (3

+ 0786

« 0550

<0063
.0336
.1262
2962
5352

+8l44

R

»0222

. 7788
«9079
« 9762
29945
29945
»9883
«9899
29927

+9935

e s s #e

Ao oA A e

. 0902

« 0202
.0122
20172
20343
n0721

1464

*%%% For the choice of parametric regiom, results unexpectedly large.

«9837
«2829
«8740
;9980
9634
« 7510
»1387
« 71632

-8373

« 1649
« 1249
. 0230
012§8

0 1492

3082
.0081
.0001
.0066

.0185
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& W~

10

1.1111

1.2500

1.4286

1.6667
20,0000
2.5000
.3.3333
5.0000

10.0000

TABLE OF ASYMPTOTIC RELATIVE

40206
D

1.2195 1.6129
1.5152 201739
1.9231° 3.1250
205000 5.0000
3.3333 9.9999
45454 49,9977

602500 =25.0001
8.3333 =12.5000

9.9998 —=10.0000

(X)

- 8609

- +8793

29078
29405

29705

29882

09769

. 8952

«5882

KNOWN

®
6376
« 7505
8425
<9132
<9622
9864
<9753
8926

+5860

)
« 6286

07428

.8371

«9102

«9610

29860

« 9748

- 8914

«5850

EFFICIENCY FOR A = 0.6 PM

®
«0525

- 0574

20568

20505

« 0395

20263

.0138
<0050

«0019

PM

®
<5635

6446

5}

27321

L8177

»8927

° 9487

29806

29929

<9974

KNOWN

G\
7196
X Je3ie e e

Hexe A Aok

e 1914

« 1624

<0477

«0163

« 0065

- 0034

*¥%%% For the choice of parametric region, results unexpectedly large.

G
«9124
29551
»981l4
«9808
+ 8969
2521
26842
» 9661

29979

KNOWN

(&)

- +2301

«2109

» 1900

« 1676

s 1367

20347

+0862

»1134

«1113

(g)"(

«8484%
«2368
0854
0303
.0075
0001

,0019

.0264

+3583
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4.3 Discussioﬁ of Results

YA computer oriented empirical study was completed fof a chosen
set of combinations of the parameters a,A and p. In particuiar, we
looked at the following twenty—four cases

0.4- A = O.5 p 003

a = =
.{a = 0.6 A = 1.0 p = 0.6
A= 1.5 p = 0.1
p = 0.8

for}binomial parameter h equal to two to ten. We shall discuss some of
the results and suggest areas requiring further study.

From the results it was seen that in general there was a pattern
in the comparison of the ARE, Generally ARE and JARE approach zero for
large values of n. When @ is assumed known, it was seen that the ARE(X)
and ARE(%) are almost equal. When A is assumed known, ARE(;) is much
less than ARE(&), and for the case p known, ARE(8&) is much less than
ARE(X). From the tables given, the JARE for the three cases follow the
pattern:

JARE(X,p) > JARE(p,a) > JARE(R,&).

For our particular choices of parametric values, the JARE(%,&) for certain
cases of n = 2,3, or 4 was unexpectedly large. This could possibly be
due to the bias in the estimators.

Since the methods of moments is at best a crude, but widely used,

method of estimation, the only condition that we can hope to have satisfied

is that of consistency. In the method studied here the estimators were

chosen to be Fisher-Consistent. Also with the method of moménts} it is

N ]
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not possible to know whether the estimators are unbiased. We therefore
propose that in pursuing the problem further, ohe may look for modifica~
tions bf the estimators which would yield unbiased estimators for the
parameters. Several suggestions for such study are: an examination of
the radical in“the estimating equation in.order that an approximation
might be found so that the estimator is unbiased, a study of the

parametric region and the cause and effect of the terms

¢ =1/(x -(n-1)p)
D= 1/(n2p2(1—1/n) - 2(1-1/n)np * + A2)
H=1/(a% - 2np\ + n(n-1)p°)

on the variance of the estimators. It was shown in the empirical study
that, for most combinations of X and p, C,D and H tended to stabilize
toward zero for values of n greater than or equal to five. Comparisons
of the variances of the moment estimators with the Cramér—Rao lower bound
would be more meaningful if the moment estimators (or their modifications)
are unbiased. In the presence of bias meaﬁ squared error might be a more

suitable criterion for comparison.
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