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ABSTRACT

Títle: Estimatl-on of the Parameters of a }fixture of a poÍsson and a

Bfnomial Distribution

Author:Williana Allen Holtslag

After introducLng the concept of mLxtures of dÍstrlbutions, pracÈLcal

usesr definltions, methods of estímatlon in general and Ëhe nethod of

moments fn partfcular, the nrixture of a PoÍsson and a Binomial disÈribution

fs studied.

Fisher-ConsfstenÈ moment estlmators are determined for the cases

when one parameter at a tfme is assumed knol.m:
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The variances of the moment estimators \,tere then determined.

In order to make an enrpirical study of the efficiencLes of Ëhe moment

esÈimaËors, we found the Cramár-Rao lorver bound for the variances, and

deternined ARE and JARE for the three cases. In general ARE + 0 and JARE -) 0

8sn+æ.

For the case of three unknovm parameters, sfmpllfying assumptions

qrere made Èo solve for the moment estimators. The procedure for comparlng

the efficfencies was then outlfned, but no säudy was made of enrplrical d.ata.

. A flow chart and program for the empirical study are presented and

sone tables of results are given. It, 1s proposed that in further study,

one could Look for rnodlfications of the moment estimators, whfch would

yfeld unbiased estlmators.
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CHAPTER I

1.1 Introduction

rn the last decade Lnterest has been steadi!.y grovring fn the

area of mlxtures of distributions, boÈh in mathematÍcal and Ln practlcal

aspects. Mathemat,fcally, mfxÈures pose lnterestlng problens such as

fn solvLng mof,lent estfmatfng equatfons for consfstenË estlmators of the

parameters Ínvolved fn the mixture" Of partlcular interest would be a

solutlon for the three Parameter case of a mlxture of. a Polsson and a

Bfnonl.al dfstributfon. We l¡111 take a brfef Look at this probler¿ fn a

later chapter. Also, nathematLcallyo mlxtures of nornal dfstributfons

are encountered Ln the course of deternfning llnft dlstributions of sums

of fnterchangeable random varfableso There are many practf.cal aspects

of mixtures ç¡hich are recefving much attention. lflxÈures occur in the

theory and applfcaËions of probabillty and statfstics. One is fntereseed

1n the dlstribution of a random varfable X, but'knor,rs only the condl.tional

dfstrfbuÈfon of X gfven the values of some auxfllary random variable y.

Followfng from this then, Èhe desired distrfbution of X fs sfmply a nfx-
ture of the knovm condftfonal distributlons. Applicatfons for continuous

or discrete dlstrfbution mfxtures are very wfdespread lncluding such

areas of study as Bfology, che'nf.stry, Marketing, Ltfe and Acceptance

testfng, and mixtures of dfétributions are a fundamental aspect of the

Bayesfan approach to statlsÈical fnference.

In the Bíologlcal sclences there are many areas in ¡,rhfch conditl-onal

argument's become dlrectly involved. For exanple, ln studylng con6ervatJ.on,

ecologyn taxononyo the fnvestigatfon of natural populations fs fn effect

a study of ¡rlxÈures of dfstributions where often the unobservable variaÈe
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Ís age or specf.esochapman (1961) discussed Ëhoroughly ffsh blology. rn

genetLcs and plant and animal breedfngo fnherLÈance and genotype studfes

are done through the study of mlxtures. Genetfc statLsÈLcal analyses of

populatfons fnvolve both condftional dfstributions and the uncondftional

dfstrÍbutfon of genot)lpes.

In other areasr Anscombe (196L) gave an applfcatfon for mixtures

fn a marketfng problem. Bllsehke (1962) descrfbed an rcBl,f ¡,¡eapons

system and Edr'¡ards and Gurland (1961) reported an applfcatfon of a mix-

ture of bfvarlate Pofsson distrfbutlons to an lnvestlgaÈfon of accident

proneness. rn chemlstry, Medgyessy (1961) used fÍnfte mfxtures of

normal dfstrfbutfons in the fnvestigatf.on of absorptfon sprectra and of

electrophoretfc separation of proteins. Life testfng experlments ç¡ere

conducÈed by Kao (1959) on el-ectron tubes subJect to sudden and delayed

failure. Acceptance testing procedures ruere devel-oped by Barnard (1954)

and Vagholkar (1959) for Èhe case ¡vhen the true proportfon of defectives

varies frorn batch to batch. Hald (1960) construct,ed samplÍng fnspectfoa

procedures based on prLor dfstribuÈLons. Efs analyses involve both the

compound hypergeometrfc and compound binornial distributions, In the

Bayeslan approach to statistíca1 inference the mfxing dlstributlon is
called an a prforf distributLon.

The mixture ele consider in Ëhis thesis, mixture of a Pofsson and

a Blnornial, could be encountered ln many of the above areas. Investigatfon

of reactLon rates in ChemLstry or Life testing of machfnery might Ínvolve

thfs partfcular mixture.

Before going Ínto a review of the literature, a deflnftLon of a

mfxture and one of identiffablllty r¿111 be stated. Some synonyms for a

ulxture are also given"
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Defínltfon 1.1

The deffnitÍon of a mLxture as stated by Teicher (1960) for the
df'screte case fs: Let p = t p^;l,er\) be a fanily of dfscrete probabrlfty

dlstrlbutions, each member of p berng fndexed by a finite dfmensronal

paraneter ¡ = ç1(1)r..., ¡(s)¡ berongrng to some measurable subset Â of
R8. Suppose that for each p(.;À) =-pÀèp the set of pofnts to whlch p^

assfgns posltive probabflity fs fndependent of À(1)r...rÀ(s). Let

'G 
={ G(r(t)r...rÀ(s)) } be a class of sdfÍensional distrlburfon functions

for whlch /Âdc(À) = l for each Gf. Then for each Gef

P( x) = Pa(x) -/^ p(x¡À) dc(À) ------ (1)

fs agafn a discrete probabiltty dfstrÍbution; fn fact, pa assfgns posftfve

probabtltty to the unfon of points of poslÈive probabflfty under each À.

The dfstributlon pa def fnecl f.n equatfon (1) fs called a mfxture, or a

uc-nfxture of dfstributlons in p, under the coaclftfon that þ" does not
assign probabllity one to any slngle p^ fn p. Followfng Teicher, Èhe

famfly /1'=/+(P) of mixtures Pa resulting as G ranges over all of p rvtll
be called the class of nfxtures of p.

Deffnftfon L,2

The analysfs of mixtures of distrlbutions and the unique characterf-
zatLon of nlxtures depends on the ldentifiabfi.fty of mfxturesS A mÍxture
t = ta is saJ.d to be fdentrffable ff the relationshfp

P =.f P(x;À)dc(À) = .f p(x;r) dc,,(À) _____ (2)

fmplles Ç:t = Ç for all G* fn,ÊUl, v¡here c,t t" thu farnfl_y of dístribution
functÍons ¡¡hose corresPondfng Lesbeque*stieltjes measure assf.gns measure
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ff

to a single point of Rs. The classr{ is itself called idenrtfiabLe

every member of it is fdentffiable.

Q.restfons of estfmatf.on or hypoËhesfs testfng cannot be studied

before the fdentifiabtlity of the mixture befng studied has been established.

Suitable restrictions, on P or Ê or both can ah,rays result in identifiable
fa¡nllies for v¡hich estlmation and hypothesis testJ.ng are meaningful.

Identlfiabil-tty for mixtures of Poisson distributLons t¡as shovm by

Feller (1943). The fdentffiability of mlxtures of binomfals follorvs exactly.

Eov¡ever, f.f the famlty befng mixed fs p ={ p(*;nrp): pe (0r1)} r¡here n

fs fixed, the resulting class of mfxtures .fs not necessarf.ly ldentiflable.
It fs suf f fcLent that lrç Bfve positive measure to not more thaa r < n-l{2

dfstfnct points. Since this condftlon fs also necessary for identiflability,
the estimatf.on problem when r fs unknor¡n is quíte difflcult.

A listing of synonyms for mixtures of distrLbutfon-would lncludej'

cor,pound distrlbution, composite dfstribution, sum of distributÍons,

Probabllity urlxture, and superposf.tion. Convolution is a speclal case of

a mlxture of distrlbutions. GrirJ-and(1957) presented a study of generalfzed

distrlbutlons and thefr relatfonal concepts.

L.2 LiteraËure Revf.ew

The ffrst signiffcant rvork ón the estiaation of the paramet,ers fn a

mixture of probabflity distrfbuËfons rvas presented by pearson (1894). He

studied the rnlxtures of trvo normal dlstrlbutionso using Ëhe first f ive

momenÈs of the rnlxture of trvo normal distributions, pearson extracted the

roots of a nLnth degree equatfon. A suftably chosen root of the nonic was

used to solve the nomenË estimators for the ffvr3 parametersi ul¡ u2c olrol, o,
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of the densiry

f (x) = çzù+ ,;,
where the ai are posJ.tive numbers

P(x) = ç) $, o, nr* (r-pi)'

ai
o.

t-
exP

2{-t qp }

sunimfng to unfty¡ Pearson also Lafd

the ground r¡ork in the estlnatfon problems of mfxtures of dfscrete dLstrl-

butfons. For a mixture of trso bfnomials, knorrn n and unknoçrn pi, ol,
that fs in the dlstributlon

X = 0r1¡...¡r1

Pearson (1951) constructed the monent estlmators. He also studied the

!0oment estf;nators for a mlxture of Ewo Poissons and generaLlzed the moment

equatfons for a ¡nlxture of r dlstributfons, r known for both câsês¡

Schíllfng (L947) considered a freouency distributlon represented as

the sum of Èç¡o Poisson dfstribuEions, the mean of neither being assumed

loown' A nethod for the dlchotomy and subsequent su¡nmation ls described

and twenty-nine dfstributions Ëo r"¡hich the Pofsson \^ras supposedly a good

fit s¡s analyzed. rn the follovring year RobbÍns pubrished a paper on

mfxtures of dlstrÍbutions and the problens of estlmatfonn Robblns (1950)

gave a generallzation to the method of maxlmun likelíhood for esËlmaeing

a mixl.ng dfstrfbutl.on. Meanwhlle, shenron (1949, 500 62) worked on the

efffcfency of the rnethod of moments, maxl.mum l-ikelfhood and the efffcÍency

of the nethod of nror¿enÈs and the asynpoËotfc bl.ases of the moment estfma-

Èors wfth an applicatÍon to the negatÍve binomial distribution. rn general

the properËies of the moment estÍinaÈors are expected to be sinrllar to

those based on the first fer¡ momeuts (means, covarÍances) when r Ls small

and sfmiler to the naxlr'rum lfkelihood estimates vhen r fs large.
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Tef.cher (1960, 6L, 63) was the ffrst to seriously consf.der the

problern of fdentlflabfllty of mlxtureso If a mlxture fs not uniquely

determfned, one certaLnly cannoË hope Eo be able to estlmat,e parameters

and thereby rfdentífyt the nlxture nor make a chofce among possible

fndfstingulshabl-e hypotheses. leicher f frstly concerned hlnrself r,¡fth

the rnfxtures of dfstrfbutfons. Ee deflned a welghted average of cumulatÍve

dLsËrlbutlon functfons as a mfxture. That isn If. I = {f } fs afamfly of

dlstribution fuirctions and u fs a measure on a Borel FÍeld of subsets of

v¡1th u (T') = 1, then .f F(.)du(F) is agafn a distrfbutfon functÍon s¡hich Ls

called a p'+oJ.xture of F. He then consldered: convergence guestions l¡hen

either Fo or u¡ (or both) tend to lùnits where T ts fnderred by a finiËe

number of parametersD ml>:tures of additively closed families trhich are shoçm

to be closed under convolution, and he gave necessary and sufficLent con-

dltions for a p-nfxture of norioal dlsÈributlons to be normal. Generatfon

of mfxtures f.s discussed and the concluding rørarks Link the problør of

mfxtures of Poisson dfstrfbutlons to a moment probløir. Hls subsequent

Papers lrere fn connectfon wlth the problem of ldenËiffabiltty of mfxtures

(1961) and the refinement of the case of, finite mfxrures (r-963). Theorems

on identfftabtlity of all ffnite mlxÈures of Gamma (or of normal) dlstrf-

butfons are established. Tkus the estimation of the mlxing distributfon

on the basfs of observatíons fro¡¡r the mfxture ls feaslble 1n these casesl

Condl-tions for the Ldentifiabllfty of binomfal ¡nlxtures are also presented.

Boes (l-963) gave necessary and sufffcienË conditfons for finite rnlxtures

to be i¡lentlf fable.

Rfder (1961) obtafned the monent estl$ators for the parameters of

mJ-xtures of Ëwo Poissons, tr¿o BfnoroLals and tv¡o I,IeLbuU dfstributfons.



7

Blischke (L962) exte-nded Riderts work on nonent estl¡raËors for mlxtures

of two bfnomfal dfstributions, and then generalized the results (1964)

for a mfxture of r BLnomfals' His papers fnclude studies of the properties

of the monent estimators. A further look at Blfschkers r.¡ork will follow.
KatÈt and Gurland (L962) presented results on some mêthods of estfma-

tfon for the Poisson binonLal distrÍbution and on Ëhe efficíency of certaÍn
methods of estfnratlon for the ltregative Bfnonial and Neyman type A distri-
butfon. Cohen (1963) was the ncxt to give some esti¡rätton procedures Ln

nlxtures of dÍscrete distrfbuËions. He consldered the estír¡ratÍon of the

parameters of a mlxture of two Poissons and arrived aÈ some simpllfÍcatfon
of Riderrs ç¡ork by the use of factorial moment,s rather than making use of

the ordl'nary moments to form the estfnrating equatfons. He also studled

estfnaËors based on the fÍrst two saruple rnonents and the zero sample freqtrency,

and the ¡nlxed truncated Pofsson dfstrfbuÈions with nnissJ.ng zero classes"

The nraJor part of our thesfs fs to cons{der Cohents v¡ork on the mLxture

of a Poisson and a Binoinfal dfstrfbutfon along the llnes of r,¡ork done by

Blfschke on mfxtures of Bfnomials. þIe r¡fl1 dfscuss sone asymptotfc proper-

tfes and the efffcfency of the esËimators 1n differenË situations.

In his PaPer on the mjxture of tv¡o efnomtal distributfonso Blischke

(L962) discussed the nethod of moments for estimatlon of the parameters of

the mlxtureo After derlving the estimatfng eiluatfons for the moment

estfmators, a study is nade of the aslmptotfc behavior of these es¡irnators.

Tables ere Presented for the asyrrrpÈoËf.c relatfve efflcfency (ARE) and JofnË

asymPtotlc relatÍve efficfency (;anr) of the estimators boËh in the general

case and for the special case r¿hen the nlxlng proportion is known.
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An extensive revfeç¡ of llterature in the field of nfxtures of

distributions was done by Blischke (1963). After definlng the concepÈs

of mlxtures and identifiabllftyo he discussed varLous aspects of estlmation

and of testing of hypotheses Ín this connectLon. Perhaps, the most salÍent

fe¿ture of the paper fs the wÍde range of the biblfography appended ro the

artl-cle, Bllschke (1964) general.ized the moment estfmatfon urethod for

mlxtures of r BínomLal dlstributlons. He also díscussed several other

meÈhods of estfmaÈfon of the pararneËers: Best asyurptotlcally normal (naH¡

estlmators based on the moment estímator" ô 
"" suggested by Èhe work of

Le Can (1956), the constructfon of B,{Ì{ estlnrators by Neymants linearlzatÍon

technique. ARE and JARE are computed for several câsês¡ Bstfinators cori-

structed for the case when the mlxfng propcrtfon is knorøt have ARE unity

for large n (and are maxÍmum Lfkelihood for n = 2).

The follorvfng chapter presents some methods of estlmation for the

Paraneters of a mfxture, ln partfcular the method of moments, rvhieh wfll

be used for the Bfnonl.al and Pofsson mlxture.



CHÄPTER II
2.I Methods of EstfmaLion

The difficulty generally in deall.ng with parametric estiúaËion for
ffnfte mixÈures is that the standard asympËotically efficlent estfnation

techniques llke lfaxÍmum Likelihood, llinfmur X2, yield quite intractable
equatfons. Ìlaximum likelfhood equaÈions often take the form of an

fnfinlte series fn the unknom parameters" Katti and Gurland (1962arb)

dfscussed several aspects of the methods of estimatfon as modífications

to those proposed by others such as sprott (1958) and Gurland-shrrm¡vay (1960).

Sprott descrfbed a procedure for fittfng t,he poLsson bfnomfal

distrlbution by the method of naxímum likelihood. The pofsson bÍnomfal

probability denslty function is:

P(x) = ê-a ë, å; {}tl n*(l-n¡nt-x x = 0¡ L¡2¡;,,

where n fs known, and the parameters to be.estimated

distribution has mean apn and varÍance apn If-¡(n_f)p
tors as derfved by McGuire (1957) et al. for a and p

are a and p. This

]. The moment estlma-

are:

"o = (t-1Ë1
n(s¿-l)

(n-1)i

where ñ and s2 are sample nteans and varÍance respectively. Sprott described

a procedure for fÍttlng the PoÍsson binonfal distrfbution by the ¡rethod

of maxfmun lÍkelihood and consfclered the efficiencles of the method of

momenËs a¡td Ëhe r,rethod of sanple zero frequency. The maximum lfkelihood
equations given by Sprott are:



F^ a roel(x)o-x a a

f,t* -r tså-EG)

sr(x) = ¿O

S.
sr(*) ={

S^
¿

-N + f,a_Ë-
^tr

-cox 4"1=t{a-

The maximum

nap-x

t(þ) =

where a is the observed frequency of x and. N is the total number of
x

observations, and.

10

=0

=OAP

* rT) p* (r-p)nt-x

. t-l
= å. *ï" 

-(Tt) 
p* (r-p)'t-*

likelihood. equations can be written in the form:

r a*f(x) -N=0
where

F(x) =g#$4)
and' 

x 
¡[x-tJ ,x-t (r-p)t-**t-l tr p(t)P(x+r) = ffitr *r=o(i)("-r)

where

fxl n!n- - = G=Ð;!

The method. of moments may provide quite mislead-ing estimaies for the para-

netæ p when this parameter is smalI, v¡hile the method. of sample zero

freguency remains reasonäbly efficient for consid.erably large values of p.

Likewise, Gurland. and. Shum',+ay have looked. at the method. of mornents

and. the method. of sample frequencies r¡ith the conclusion that they give

simple equations for obtaining estimates, but that the fit they provid.e

is unsatisfactory. The parameters should. therefÖre be esiimated. by an
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efficient method., maximum likelihood. r¡henever possibre. They then

presented- a simplification of the maximum likelihood. estimation pro-

ced.ure. It involves rewriting the maximum likelihood. an¿ recumence

relations in terms of ratios of Poisson factorial moments and. tabutating
these ratios for varues of the parameters when n = z. The simptifying

iterative proced.ure is to estimate a value o¡ Þt'by some relatively simple

method. such as sample moments or frequency. By using this value in a

recurrsive formula, a value for Þi*r is found. and. substituted. into the

likelihood equations to obtain t(Þi+l) and L'(Êi+I) where

t(Ê)= #ra*p(x)-N=o
and differentiation yields

â,q t4LE

t'(ô) = *-[(,,-r)r a*p(x) - ,"Ë'Ulf r a* u(x) Jn apq

where

q(*) = p(*) (p(x+r) - p("))

Ê:.*Z i" given then by the recurrsive formula. Iteration will be d.iscon-

tinued. when no substantiar change is prod.uced. in the estimates"

Katti and Gurrand, (r96za) first rook at sprottrs approach of using

the first two moments or the first moment and. the first frequency. Then

they d.iscussed- a minimum X2 method. using the first tv¡o factorial cumulants

and. the logarithm of the zero freguency in place of the moments an¿ the

first frequency since this lead.s to relatÍvely simple equations to solve.

This proced.ure appears to be a reasonable substitute for the highly com-

prex as¡rmptotically efficient method.s in most practical cases.

fn a further study Katti and Gur1anð, (ir962) considered the asymptotic

efficiency of methods of Fisher (r9¿r), Anscombe (1950), Evans (rgr¡)
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(alternate to maximum likelihood. estimation) which have been found. to be )

very useful in the problem of fitting. The method. of moments as mod.ified.

by the latter three authors, namely, the first moment a¡d. the first

freguencyr or the first moment and. the ratio of the first two frequencies,

involve only two statistics and. are highly efficient in very restricted.

regions. Katti and. Gur1and. have introd.uced. method.s which have high effi-

ciency over large regions in the parameter spacing using the results of

Barankin and. Gurlan¿ (fglf) and. Fergusson (t958).

For m statistics (srr..., 
"r) = s, Bara.nkin a¡rd- Gurla¡rcl minimized.

the quadratic form:

q = (s-€) ;-1 ("-e),

where

o = E[(s-n ["])(s-n[s])'l
is the covariance matrix of s and. ñ a nonsingular matrix Ís a consistent

estimator of Q. The quantity Q is refemed. to as a ¡2 fo" s and. the

estimates so obtained., are refemed. to as the minimum X 
2 estimators" The

high increase in efficiency d.ue to the inclusion of the add.itional

statistics may well justify the add.itional work involved..

From Cram6r (tg+6) minimumX2 estimators are constructed by grouping

the d.ata, computing (as a function of the unla:ovm parameters) an expected.

frequency for each groupr forming r ¡ 2 b"="d. on expected. and. observed.

group frequencies in the usual- vray, and. minimizing this quantity with

respect to the unlarovnn parameters. This method, generally yield.s asympto-

tically efficient estimators.

A couple of lesser hrown method.s are those of Cassie (f954) wiro

used. a graphical method. on probit paper with a rpartitioning method-r which
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was inefficient even with respect to the method. of moments, and.

Med.ryessy (t953.54.61) who proposed. a tvariance reduction method.'

consisting of an en'birely analyf ic construction.

Slischke (t96Ð discussed- estimation proced.ures for n >n 2r-!
a¡rd. d.erived. efficient estimators as functions of the moment estimators

Uy (f) expansion of x2 about the moment estimators yÍeId.íng BAN estima-

tors, (Z) Ueyrnanrs linearization technique, (¡) using Fisherrs tinformationl

to compute a correction factor for the moment estimaiors.

2.2 Method- of MomentÈ

The method. of moments ca¡r be used. to estimate the population para-
n

meters from a large sample¡ Rao(t952). consider {yi}r ind.epend.ently

id-entical-Iy d.istributed. rand.om variables from a d.istribution with unlcror,m

parameters 01r...r Onr let the first q raw moments of the d.istribution

exist as explicit functions o"(rt¡... ¡On)

d.enotes the moment functions, then the method. of moments consists of

equating the realized. value" .ro in a sample and. the \ypothetical moments:

o"(tlr...roq) = tro T = 1r..., q 
-

and. solving for 01r... rOq.

since a" is the mean of n rand-om variables and if Etyl], the rth

raw momentr exists, then by the law of 1arge numbers, r, * or(tlr...roq)

with probability 1, so that ar is a consistent (besid.es being unbiased.)

estimator of c .

ft is easy to see that' if the comespond.ence betr¡een o1r ... r on and.
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0r1r...,sq is one-to-one and. inverse functions

Oi = rr(41r. '. rqq) i = 1¡... ¡e

are continuous in arr...r clnr thêrr

ô. =r.(a. - \-1 -i.-lot"" tno) i = 1l"r¡Q

are solution of

or(t1r... rog) = t"o

and. fr(ttr...,aq) is a consistent estimator of o. r i = 1¡... ¡e.

' The estimators obtained. by thj-s method. are not generally efficient.
For some numerical computations of the loss of efficiency l¡e may refer to

Fisher (tgzz).

Before d.eriving the moment estimators, one must d.efine the factorial

moments. Blischke (tgeZ) d.efines sample factorial moments for the mirbure

of Binomials as

ñ I 3 ri(rr-r) "' (rt-rt+r)
ok= * i'=l ffi

¡.¡hile Cohen (tg63) aefined. the sample factorial moments for the mirbure

of a Poisson and. a Binomial as
.RIrt = å y[=o yi(rr-r) ... (rr-t+r)*"

where m-- is the sample cell frequency of y and.v
R
I m =IllrÍ=o y

Slischke (t962) shows that the expected value of the sample factorial

moment is the population factorial moment.

Moment estimators for the (2r-1) parameters of a mirture of r

binomials may be constructed. asa .-
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Choose arqr set of (Zr-t) d.istinct population factorial mornents

a¡rd consid.er these as equations in the parameters. Solve these (Zr-f)

equations for the parameters. Finally substitute the sample factorial

moments for the population factorial moments in this solution to specify

the noment estimators. So in general for finite mixtures
r

P(v) = i.t=r 
oiP(v; Àr)

r.¡here À. are d.istinct and. ofI s-d.imension and. a . sum to unityu Here there

are N = r(s+1)-1 parameters a,nd. the method. of moments involves writing

any N population moments (usually the first N are used.) as equations in

the N unlarotm parameters as functions of the moments and. finally d-efining

estimators by substituting sample moments for population moments in this

solution.

For the special case of one or more parameters being lceo,rm, unless

the o i ate equalr simply lcrowing the c . numerically is not sufficient for

estimating the parameter pr. ft niust be lcrorrn in add.ition that o, is

specifically the proportÍon in the mirture of the population having the

ith smallest p. This situatio; prevails regard.less of the estimation

proced.ure employed.. rf it is unlcrom wtr:.àn e i goes r¡ith which p., the

estimators may not be consistent, Rid.er (fgef ). The proced.ure in this

case for find-ing the moment estimators is analogous to that given for the

general case above.

2.3 As¡rmptotic Properties of Moment Estimators

As alrea{y mentioned., moment estimators are consistent. In ad.d.ition

it can be shor.¡n that they are also asymptotically normal with means ô and.
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covariance metrix I where

2r-L Zr-Loii' = .lr !2(Fj)si¡ 6i, j + j,i,=r urr (FjFj, ) 6:.j åi, j.J=r ¿'J'lJ 
jlj,

t¡here

uZ ("j) is ttr" varianrce of the ¡th f"ctorj-al moment

,f, ("j"j') i" the covariance,

a¡rd' 
e H. r

{ö_..i: {#l.r l=ï:::::;rJ ¿ , J-4t...t¿

v¡here the H. are the moment estimating equations.1

The varia¡rce matrix shall be derived. for the special cases of one larown

parameter in the follorving chapter.

The asymptotic relative efficiency (AfX) of a consÍstent asymptoti-

cally normally d.istributed. estimator ô of a parameter O relative to the

maximum likelihood- estimate 0* is computed. as

AaE(ô ) = 
o9ä'
oo¿

where oo*2 is the Cramár-Rao lor¡er bound and. oô2¡^ i. the variance in

the limiting d.istribution of ô. The joint asymptotic relative effíciency

is given by

JARE(ô ) =
det(r')
det (¡ )

where we d.enote the Cramér-Rao lor.¡er bound. for the estimator of O by I,
where the inverse of the Cra¡r6r-Rao lower bound. is given by

Eo* = 1B¡fls--1"-11- â0i aoj -
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With these d-efinitions of f, and. ho "" car compare the performance

of the moment estimators t¡ith the maximum likelihood. estimators as n

becomes Iarge.
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CHAPIER III

3.1 Definition a¡rd. Notation

Ue v¡ilI nor¡ conÈid.er a mixed. d.istrÍbution function consisting of

a mixing of the Binomial- and. the Poisson d.istributions. The probability

d.ensity function of the Sinomial Poisson mirture is

Py = P(y) = oer(r) + (r --o)er(v) for y = O¡t¡..o

where

er(r)=# ï=ort¡...

rr(r) = ($) nr (1-n¡n-r y = o¡r¡ore ¡r1

The parameters of the mirture to be estimated. are the miiing pro-

portion c r the Poisson parameter À a¡rd. the Binomial parameter p, v¡hi1e

n is assumed. to be ]sxotm. The mirture will be id.entifiable for a sample

size greater than or egual to three for the case when no parameters are

lssortn. !Ùhen one parameter is lceom, id.entifiabÍlity requÍres a sample

size of two or ilorêo To estimate the parameters, we will use the method.

of moments. For the three parameter case, the maximum likelihood. estimators

for a sample of size three can be obtained. by solving the first three

factorial moments for cr Àr pr The sample factorial- moments shall be d.efined.,

as Cohen (tg6l) aefinea them.

The tth factorial moment of a probability d.istribution d.efined. in

the d.iscrete case as

Ety[k]l - kl p(v)

d.enotes the factorial

,"[

"Ir.J
where the symbol
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y[k] = y(v-r)...(y-k+I) t = rt2r.o

is obtained- from the factorial moment generating function by d.ifferentia-

ting it k times with respect to t and. then evaluating the result when

t=1.
Thus for

P(y) = oer(r) + (r - o)er(r) x = ort¡.o.

¡¡e have

n[tr1 = I tv p(y) = ou-^ (r-t) + (r-a) [r-p*pt]nv

Now

and. therefore

fl = af + (1 -o) np.

In general

fn = oÀ 
k * (r -c) n(n-l)...(n-t+l)pk

AIso,

aJht¿l-l *=, = faÀs-À 
(r-t) + (r -a)np [r-p+ptJ'-1J1=1

E[y[k]l - 
"i "[o]r(")

and. it can be shol.¡n that

e[y] = r,

Similarly

n[y[2]l = re

n[y2] = a¡"[eJ1 + n[y] = r, + r,
and.

ït follows likev¡ise that
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_t_ELy-J=f3*3fr+f,

s[y4] = 14* 6r, + 7rr+ r,

Et/l = f5 * lofo + 25rr+ r5f, + f,

r[y6] = f6 * L5f, + 65f4 9of3 + 3rf, + f,

These expected. values are to be used. in the nert section to find. the

moments of the sample factorial moments.

3.2 Sample Factorial l,foments

In this section we d.erive the monents of the sample factorial moments

as these will be used. l-ater on for d.etermining the uariances of the moment

estimators. nne tth sample f,actorial moment is defined. by cohen (rg63)

as:
Rm

Fk = yx=o 
y(y-r)...(y-k+t) *

r¡here m-- ís the sample frequency of y arrd
v
Rr m =m.

Y'=o Y

Before we derive the first two moments of nn(t = lrár3), ret us

consid.er the sample ceIl frequency m" and..its noments.

E[*--l = mP(y)-v-
var(m.-) = mP(y)(r-p(y))

J

and.

cov(m"r**) = -mP(y)p(x).

These results are obtained. directly by recalling that m" is a rnrltinomial

rand.om variable. Hence
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Rn

E[Fk] = E {yåo y(y-r)...(y-k+t) *l
R
ç v(y-r)... (y-k+I)P(y)

I=o

and. therefore

EIFOJ=fO k=Ir27.n.

Since the variances and. covariances of the Fn can noi be obtained.

as a simple fu¡ction of the population values, we will present ¿etails

of the d.erivation for the cases k = lr2r3.

. var(rr) = þ {ry2 var (m") + i I It x cov(m", m*)}
m

end. from the expressions for the vaiia¡ree and. covariance of sample ce11

frequencies, we have

var(r'r) =fi t xy2 p(y)(r-e1"¡) - illyxp(y)p(¡¡))
A simple algebraic manipulation yield.s the fÍna1 form as

var (rr) = * {ry2 P(y) - ( rye(y)2}

=* {rr+rr-rr'}
Similarly it follows that

var(nr) = * { ztr* 4f3 + to - tr2}

var(nr) = * { ru + 9r5 rero + 6r, - rr2}

Now

cov(Fr,ur) = þ {ry2(y-1) var(m") - l!*y x(x-t) cov(*", m*)}
m v vt __

from which it follows

cov(FrrFr) = * {ry2(y-1) r(")(r-e1"¡) - Ilf,, x(x-l) r(r) r(*)}
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and .finally

cov(rrrrr) = * i f3 * 2rz - frfy'

Also,

cov(rrrnr) = * { fo + 3r¡ - frr3}

cov(F2,F3 = * {f5 * 6rO+ 6t3 - fef¡}

3.3 Moment Estimators in the Two Parameter Cases

There are three cases to be consid.ered. in this section. These

cases in the ord-er that we shalt d.iscuss them are: (1) r¡hen the mixing

proportion a is lorov¡nr the parameters to be estimated. are the Poisson

parameter À a¡rd. the Binomial parameter p, (2) when I is knov¡n, the para-

meters to be estimated. are q and. p¡ *d (¡) when p is lcrovm, the pararneters

c and. À t¡i1l be estimated.. Id.entifiability fo]Iols in these cases for a

sample size greater than or equal to tr¡o.

3.3.1 Mixing Proportion c Ìcaovrn: Estimators and. Variances

The maxirm¡m lÍkelihood. estimators for a sample of size two will be

obtained. by solving the first two population factorial moments for À, p.

The first two population factorial moments are

f, = al + (r-c )nn -- (r)

f2=o\2 +(1o)r,(n-r)p2 
-(z)fr - (+ -o)'p

rrom(1) 
^ =*-

-'@
F"rom (2) À' = - s

Therefore
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(fr - (r-o)r,p)2 = o (r2-(r-a)n(n-r)p2)

^and. it follows that

n2r,(o-o)(r-s)-eprrn(r-a) * tî - or, = o

sorving this equation for pr we get the moment estimator

--- (¡)

Now from (1)

fr-eÀ
n = (Jlõ)ä_

Substituting p into equation (Z)

D - (rr_or)2fz= eÀ'+ ("-r) (T_":tr-

¡¡e have

r2n(n-o) -2Àrrc(n-t) + (n-r)t| - n(r-c) r, = 0.

solving this equation for l, we get the moment estimator

^ Fr("-f) , /r ,\ åî = #F + * ,.*d [rr(n-d - (,.-r)F|]]ã -- (+)

Our problem nol{ is to d.etermine unique estimator" iri from the above

equations. The criterion to be used. will be that of Fisher-Consistency

rihich is defined. as follorvs (Rao(tgSZ))z

Consid'er samples from a finite multinomial d.istribution with ce11

probabirities nr(g)r..., no(g) depending on a vector parameter o; n is

the totat sample size, n. is the observed. frequency in the ith cerr,

n, = nr/n is the observed proportion in the ith cerl æ¿ g(g) is the

parametric function to be estimated..
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An estimator T is said. to be Fisher-Consistent (f'-C) for gþ)

if and- only if i) t is a continuous function over the set of vectors

(Jr1r...rlk) such that y. > 0 and. Xl * .o. * ¡rn = l with the value of T

,ât yi = pi i = l¡..n¡ k as the estimate of ge) based. on the sample,

ii) t¡e value of T at y. = nr@)

values of 0, that is

r[nt@.),..., n*@)J = sQ.).

i = 1,...r k is gQ) ror all admissible

In effect the d.efinition d.emand.s that the estimator should. be an

explicit function of the observed. proportions only, which may be written

as T(prr...,pn)r md that it should. have the true value of gþ) when

the observed. proportions happen to coincid.e rsith the true proportions.

Expancling F, and. F, in terms of their population parameter values:

FI = eÀ + (t,c) np

,.,î2 = cr' + (r-") n(n-t)p'

Substituting for F, and" F, in equations (3) ana (+) tire results are

ôn =;dry t, naÀ * o2 1t-o)pi t { naÀ - n(n-l)o p} I 
- 

(¡)

Îo = * [(r'-r) {or + (r-c) npi tn(r-o) {À - (n-r)p}] 
- 

(6)

and

consid-ering in turn the positive and. negative signs, it is easily

seen that the F-C moment estimators are given by

^ Fl r -qn , 2- Èp =#-ffi- {ff [r'r(n-")-(n-r)r'rJl -(z)
and.



^ (n-r)r, r /r \ ' 
^ 

1

i =#.*, +),, [Fe('-o) - 1o-i¡nl1l =

Now we shalI d.etermine expressions for the variances of the moment

estimators Þ, Î. First set
(^ À = ur(rr,Fr)

Þ = ur(rr,Fr)

By expand-ing in a laylorrs series at the parametric factorial moments,

ignoring terms of ord.er higher than two, rve ha,ve
âH.' AH,À = Rr(rrrFr) = Hr(rr,fe) + [(rr-rr) q + (Fz - tr) d]

i = Er(Frrrr) = H2(rr,rr) + [(Fl-rr) fr . (Fz - rr) äf
Now

ur(rr,rr) - Ht(rr,t2) = (rr-rr) 6lr * (rr-rr) o*

B2(Fr,"r) - ttr(fr,12) = (rr-fr) or., + (vr-rr) a*

and. it read.ily follows that 
z

var(ur) = var(rr) or, + var (rr) o L2 + 2 6tt6 r, cov(rr,nr)

vur(nr) = var(rr) orl + var (rr) o zZ * z 6zr 6r, cov(rr,Fr)

cov(ttrrnr) = var(n:.) 6rr ô21 * var(Fr) or, 6zz * cov (rr,Fr)

[ou o 
?2 

* 6zr ôre]

!{e now are required. to find. the matrix
âH. I

{ôij } = ,Tir,
It follor.¡s as

r+ l, = h i, = ,h t(i=l) ,r *;5' {tL*)l [rr(n-cr)-1"-'¡ull1,

25

_(B)
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'=

aïI, III

-t 
-

^ 
âF2 lf

n-l 1 r-

"* 
+;;; tntr-a)(r -('-r)p)) -1 g-(r-'.) i-(n-r)nr)

-T II-I 
' 

L'

-\#+-r-
a(l -(n-r/p

* l+ {o2(t-o)2(À -(n-r)p) Ì -1 l(-r-')qr,_"¡1

1=ãîmn{E;

Ë1,= -,$ll,= ùrþ -#Ð{frrr,(n-o)

= r .(r-o)tr t("+IZl +. ("=r,Ior +(r-o)"p)-,
n-û, L n(l-cr) (r -(n-l)p)

t=m
aH^ t I c--
+lr= -åt"o(À - (n-r)p))- Ëo

I=-m)
Thus

âHil 
1{ôiji =t¡fl.}=[:1;ï5.-

1"-r)r'll i

u rr(Fj,"j- )

_1-
2

lf

[ -r"-t=)r I I
le2cl

Lil-'+ tËtrtj
now be written asThe variance matrix of Hrr H,

xH = {ôij} tu(r)} io

of which the general term is
2

oii' = ¡!r r'r(rr¡6ij6

can

..]
1J

expressed. as

z
.t. ] .t - 6. 6.r,,IJ JrJ-=r lJ ¡¡

. t.
JÉJ

It follows then

oì2 = ur(rr) ori . pz(Fz) or; * 2u*(Fr,rr) orr ôre

oÞ2 = ur(r'r) or|t * uz(Fe) 6r3* 4rr(Fr,Fz) 6 ,t6zz
oi,; = ur(rr) 6rrôzr + uz(Fz) or., 6zz *urr(rr,rr)[6rr ô22* ô zt 6zz)
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where

lr(nr) = var(Fr)

lrr(r .,"j, ) = cov(F .," j, )

3.3.2 Poisson Parameter I Ìororyn: Estimators and. Variances

Here l¡e are looking for moment estimators for p and a as functions

of the first two factorial moments.

Nov¡

. ft = cl * (r-a)np 
-(r)

12 = ox? + (l-a)n(n-l)p 
-(z)

¡"rom (1)
fr-tn

o = å 
--lrlÀ -np \¿t

t-f,
-l-I-O = À-np

Substituting for c in equation (Z) we have:

f ', -nP o À-frz= tffil r2 * t ffir n(r'-r)p2

Thus

f2(r - np) = rz(rr-np) + n(n-1)1r - rr)n2

and.

p2n(n-t)(l - rr) - nn ( 
^' - rr) + ( À2f1 f2À ) = 0.

Solving this equation for.pr we get the moment estimator
t2( ¡- _rr)t n

Ê = 4;1"¡ffi) --(+)

From equation (¡)
F-- nôâl^r

c = :-:^ 
-À _np
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That

where B

1S

q=
2r1(r-*)(r -Fr) -( r2-nr) + B

zqr-|) r(r -rr)

{( r2-nr)2 - +(

-(r2-n^)+B¿

r2rr-r, r ¡qr-|)1r -rr) I å

Our problem as before is to d.eterrnine those estimators which wilt

be Fisher-Consistent. To find- the F-C moment estimators for p and. a from

equation (4) an¿ (5) expand F, and F, in terms of the population parameters

Fl= aÀ + (r -o)nn

. F2 = sl2 + (r-c)n(n-r)p2

Substituting for F, and. F, in equations (4) and (5) the results

À)o^ + r2ln'

--- (5)

are

-- (6)

- (z)

(r-c)¡r'-(r- *1"'l I (r-o)[(r- ])o2- zlr-
Þ*=

âo=

2(n-l t-a)(l - u

aÀ+(r-s)np-tp*
l-np*

Consid.ering in turn positive and. negative

that tbe consistent moment estimators are given

(r2-rr)-l
= ãGÐFF;)

z(r- $)rr(r -rr) - ( r2 -rr) + r

signs, it is easily seen

by

--(8)

-( 
g)

variances of the moment

c

Now

est imators

z(r- *) r(r - rr) -
we shall d.etermine

i, å. First set

( 12- Fr) +B

expressions for the

ô = nr(nr,rr)

A = nr(rr,rr)
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and. expand.ing in a Taylorfs series at the parametric factorial- moments

as in the case of the mixing proportion being lsrown (3.3.f) tfre expressions

for the varianrces of II, and. H, and. the covaria¡ce are d.etermined.:

22
var(ur) = var(rr) ôu * var(Fr) or, + 2 ôtt ôtz cov(nr,Fr)

22
var(Hr) = vr"(Ft) ô2r * var(Fr) 6zz * z 6zt ôr, cov(Fr,Fe)

and.

Cov(Hr,tr) = var(Fr) ôtt ôr, + var(F2) ô tz 6zz + cov(rr,Fr)

I or.,.622* orr. o:.r]

We nov¡ are required. to find. the matrix

eH.t6ij) ={ ñil,i
JI

It follows as

dl,=u4 l,=ùilä=3Ërr,
13- zÀ2 o + À(1 - *l "' * o31r - |l -atr - ])o2r *o 

^21n' (r - o) (r - o)(..r2(r - ål- z(l- *)"r + r2)n'n

where u = np
\2 -(r-*)",

n(r --c)("2(t - *)- zlr- f) uÀ + r,2)

-o2*''rr -(r-u)râHr 
I

-.t
F.lo -Fz lr - n(r-a)(o2(r- *l- ,rt- *) uÀ + ),2)(À - o)

l--



-z 1r- ]) "
..t(r- f) - z¡ "1r-

o2-2Àu+t2aHzl

41, = (r - o)2(..,2(r- ]l- ,tt- *) ru + À2)

o'(t- *l - r ru(r- f) * ^2

Thus fz,- r.2 I
l^ -i'- ill "_z_L I.âHit I |-IF;I- fri--¡¡t6ii]=,%lrt=ffi1_r,_*," r l

The varia¡rce matrix of H1r E, can now be written as

EH = {ôi j} {u(r)} {6. .}'

from which it follows that

oô2 = ..rr(nr) orl * ur(rr) or? * zurr(errFr) orr. or-,

oãz 
= oe(Fr) orl * o2 tr) orf,+ eurr(Fr,Fz) 6zr ôez

oi,â = or(rr) ðrr 6er + ur(r'r) 6tz6zz* úr1tr'rr)(ôtr6zz * ðer6rz)

where

ur(rr) = var(Fr)

rrr (Fj,"j , ) - cov(Fr r"j, )

30

|)* r'

3.3.3 BinomiaL Parameter p }movm: Estimators and. Variances

.Îte r¡iIl solve for the moment estimators for À and. c as functions

of the first two factorial moments.

Now

ft

fz

= aÀ + (t-c)np

= út2+ (r-o ).,(n-r)p2
-(r)
-(z)
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Setting

trP=a

n(n-t)p2 = ¡

and using equation (t) we have

f -2-1
e = :_ _(¡)À -a

À-f,
1-:

^-a
Substituting for c in eq'uation (Z) we have

f. -a o I -f,r = fJ--¡.x?+t!--I ]b' L2-'À-. 
À-a

Now

fr(r - a) = 
^2{rr- 

a) + (r - rl)b

and.

¡2(rr - a) - r(re - b) + (ar, - brr) = o

Solving this equation for À, we get the moment estimator

^ (pz-b) t c

-(+)
r = ãF;-)

From equat:.on (¡)
Tì-^a '1 *

s =F;
That is

e(n, - a)2

-(¡ 
)F2- b - za (nf rálj c

where

c = t(Fe- b)2 - +(Fr- .)(de- bFt)]å

Our problem once again is to d.etermine those estimators which wi1l

be Fisher-consistent. To find. the F-C moment estimators for À and. o from

c=



equations ({)

parameters

Fr=aÀ
)F, = o^-

Set

a=llp

b = n(n-I)p2

Substitutins for F,
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an¿ (5), expand. F, and F, in terms of the population

+ (l-Ct) np

+ (r-a)n(r,-I)p2

and. F, in equations (4) and (5) the results are

îo = " (r2-t) r " !-(ti-p)1j+¡-(r --')t"r --t)Ì

o(r2 -t) - 2a.o. (r -r) t o(r2- zaÀ + b)
â*= z o2 (x -ù2

--(6)

-(z 
)

easily seen thatConsid-ering in turn positive and. negative signb, it is

tb.e consistent moment estimators are given by

^ Fr-b+C
= ãGì -ã

^ 2(F; _ ù2o =F2-b$f{:Fs'

ÏIe will now d.etermine the expressions for the variances

moment estÍmators i, ;. First set

i = ur(rr,Fe)

â = ur(rr,Fr)

and. expa^nd.ing in a Taylorts series at the parametric factorial moments

as in the case of the mixing proportion being lcrown (3.3.f) tfre expressions

for the variances of H, and. H, and. the covariamce are d.etermineci:

-_( 8)

-( 
g)

of the



and.

ft follor.¡s as
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var(nr) = vr"(pr) ori * var(nr) or3 + 2 ôrr 6re cov(r'Fr)

var(nr) = v""(Fl) or.2- * var(Fr) ar7 + 2 ô ,ro* cov(r,r,Fr)

cov(trrrnr) = var(r'r) or., ôr, var(Fa) or, 622 * cov(r'r,Fr)

[ôu 6re * oer ôrz]

hle are now required. to find. the matrix
äH.tôij) =, dlr,

âHt

âFt

aHt

âFe

aII2q

^î I r -îZ- b + C-_!À-t _ _q_

,=ãÇlr=ã{ tzç¡-r¡
-L3*a)nL+bÀ+ab
o( x'-za r+r)(r -a)

- (r-¡21
a ( x2-2^ À + b)

x2 - 2u^ * 
^2 

+ z^2 - zax

_ r -_e__
c( r2-err +r)

= ùl --a.-,- '(.ot.'ì'r aFrt r rq tffiir
- e( r3-2"-r2 + r2r t

(^ - ')2
= 2)\

- -¡ qf-¡1¿q ÀrÐt-olÀ 2*-zu2-2" 
r:þ)-r

f ', o'( r-r)? ( r2- z. r + b) J

-1= 

-=--
o.( \'-za r+ b)

,"?
âFe



Thus
âH. ri6ij) =,r\lJ= I

À -2aÀ.

The variance matrix of H1r H, can

r" = {0..} {u(r)} i6ij}'

from which it follows that

fo-^'l-
l r^ (12-z'r *¡)
l_

be written as

34

L=l
_or I

oJ+b

now

o:2À=

o^2
C=

oîÀ̂C=

o,(rr)ou

or(rr) 621

or(rr) o*

22
+ ur(r'r) u*

6 zz * ur(nr)o *

+ ur(rr) or, + zurr(Fr,nr)"o116rz

+ zurr(Fr,rr) o zt 6zz

6 22 * orr(Fr,Fe) (o,, 6 22 * o, orr)

where

oe(F:.) = var(Fr)

orr(Fjr"j, ) - cov(Fj,tj')

3.4 Asymptotic Relative Efficiency

fn ord-er to compare the efficiencies of estimators, we must first

d.erive the elements of the Cra¡rár-Rao lower bound- matrix. l.Je will d.enote

the inverse of the Cramér-Rao loler bound.'matrix by

E^'= {oi. }o rJ

where

afraa0 = (l r P rq/
In view of symmetry, only the elements of the upper right triangle

of the matrix need. be d.etermined.. They are

o rr, o Lr', o 2z', o r3', o z:i o r;' Now

t
orr' = t t¿t#í
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That is

o1r' =
co P(y). 2

"i" !h iJ e(r)

Simplifying, we get

2
n- =g_- i"rl - ,2 råoÀ

Similarly, we have

and it follorvs that

o]:2 =

aoz2 =

2õt3 =

¡-rr(r)(y- i)12
P(v)

orî = o'"io r+ (v-À)12 F(v)

n 
rer(r) (y-r )pe (y) (v-"p) l

x=o P(y)

p2(r-p)2 r=o

: trr(r)(v-r)(rr(r) - rr(r))i
yéo -

î !l'o-:-i'(nl'

g
À

o33 = I=o P(y)

ft is to be noted that ori, o13, o' a^re summed. to

orí, orí, oZ5 are summed to n, since the contribution by

becomes zero for y greater than n.

Letting [0* d-enote ¡o?1 , the Cramér-Rao lower bound.

elements of the upper right triangte will be orf, orri "rri

infinity, while

the Binomial

matrix, the
lÉ*t(

o 22, o 23, o 
33'
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3.4. 1. As¡rmptotic Relative

aoJ(
aRE(i ) = :-lLoi2

'*
ARE(Î,) = %oi2

rARE(i,ô) = tr+l#l

Efficiency for c lsror¡n

Efficiency for À lceown

f,¡here

and.

3.4.2

r¡here

a¡rd.

*JÉ

¡s* = ¡o11 ]ta"l'... O 
22

oî2 oip
rô = t.:. "i¡:

As¡rmptotic Relative

o ^^*ARE(î,) = fr
J.

o ri
ARE(a ) = ffi

c

rARE(ô,ä) = fft#ì-
Ë ìê o .,.-11,, ,r_l

Ed =L" "" l
[-"¡, "ü I

¡ô =L "' "t' 
-i

Asyrnptot ic Re1at ive Efficiency

¿nn(i) = +þ
rn¡(â) = Þ

3.4.3 for p ]aeown
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rAnq(i ,â) =
a"tl ro.l
-Ê+ærd.et I [0 I

where 
[" * o;lI 11 131

Eo*=l *Ísv -L... 
"rrl

and 
["it "i; I¡ô =l o^2 IL"' c J

3.5 Three Parameter Case

The maximum likelihood.

obtained by solving the firs

Now

tl =o^ + (r-a)nP

,2 = o^2 *(r-o)rr(rr-r)p2

f, = oÀ 3 +( r-o)rr(rr-r) (.-e )p3J

If we make the following simplifying assumptions for large n:

hP=u
/ -\ 2 2n(n-r/p * rL

n(n-r)(r,-z)p3 * o3

and d.ivide equatio" (2) by equation (f) we get
^2f2 -.- X2 _ 12:F: =- =^ ÎÎi.1 - * À - u

Dividing equation (¡) ¡y equation (1) ue get

^3rrf3-o- 13_o3 -2 2'-=--=À +Àu+ufl-o À -u

Now, from eguation (4)

estimates for a sample of size three can be

t three factorial moments for c, ¡À ¡ and. p.

--(r)
--(z)

--(¡)

--(+)

-_(¡)
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f2= Lft-Àu+uf,

and.

. fZ - ofl
À = 

-- -(6)
*1

From equat:.on (5)

f3 = 
^3(t, 

- o) + ru (r, - o) * o2r,

and,

^ 2^13-otl 
2

=l-" 
= l +lu

Substituting for I we obtain

')
r, - u¿r, = 

ttil=ït )' * {rr- urr)u

and.

-(z 
)

o = o2(r1' - tr) * o (f¡ frf2) * rr'- frr3

Solving for u we obtain

(rrrr_r.) + R

--(B)u=
-\-1 -2

where

R = t (rrr, -,r)' - 4GÍ - rz)Gzz -rrr3) )å

Resolving equation ({) we get

3-F
^2 - À'1u=* ---(g)fr-À

and rewriting equation (5) we have
+ -^2",3 - À ,l z.- = ü- * üÀ -_(ro)

Substituting for u we obtain



^ (f^ -l r, )2rr-À'rr= ffi *(tz-rrr)l
39

a¡¡d.

o = À2 (tr'- fr) + r(f¡ - f2fr) * rr' - frf3

Solving for À we get

^ = r --(rr)

' No" v¡ith u = np and by assuming n(n-1) n'* o' (for large n) we

have îr ana i as the roots of the equation

rl-F -f'+R, -r-2 '3-
-¡rffi- --(re)-\^1 '2'

and.
r- -ù

^I4
a ¡l

I -u

I,Ie are nor¿ faced. with the problem of a proper choice of sign of

the rad.ical to obtain the estimators. The simplest approach is to assume
AA

u > À (or vice versa) and. take the appropriate sign. However, there is

no concrete reasoning behind. this, and. since the equations r.rere d.erived.

under simplifying assumptions, these estimators need. not necessarily be

Fisher-Consi stent

. If tùe were to continue the study of the three parameter case from

this point, we wou1d. qtudy the asymptotic properties of the moment estima-

tors. The matrix

âH. I

t6. .] =1 -3' | 1'-ij' aF. I f',

would. be d.etermined. firstly, as in the previous cases where one parameter

is l¡ro¡m. For the three parameter case we have a 3x3 matrix of d_ifferentials.



40

The covariance matrix of the moment estimators can be expressed. as

f,H = {ôij} tu(r')l {ôij}.
' where u(f) is the 3x3 covariance matrix of the sample factorial moments.

The as¡rmptotic efficienci.es ca¡r now be computed- fol-lo¡¡ing the method. of

the previous caseso



CHAPTER IV

4.I Flow Chart and prograrn

Flow chart of prograrn for an empirÍcal study of the three cases

when one parameter is knorvn follows a listing of symbols and their cod-e.

4.1.1 Listing of symbols and coding used:

.Symbol Code Definition
n B Binomial n

Mixing Proportion

Poisson Parameter

P Binomial para¡net er

Ft Fl Ist population factorial moment

PM

Fz

\
çr'4

F2

F3

F4

2nd. rr

3rd. rt

4t}¡ rr

ue(Fr) v¿nFr Varj.ance of lst popn fact,l moment

u2(F2) vARF2 ,, 2n¿ ,l

u1, (F, , r', ) covt2 covariance

aHI/âFllf D11,C11,Q11 2X2 Matrices of diffet'entiats

aHr/aF2lf Dy2,cy2,ey2 resprly for c known

aH2/aFLlr D2y,c21,e21 À knorun

np known

Varia¡ce of moment estimators a known

ll

àHz/arzlr D22,c22,e22

var( Î)
var(i)

VARPM

VARNP
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Symbol Code Definit ion

co"(Î,i) VARPMP Variance of moment estimators a known

p(î,p) coRA cometation

var(ñ) VNP Variance of moment estimators r known

Var(a) VA

^^cov(p,c) varp ',

'p(Pr e) CORNP Comelation

1 moment u"ti*"to"s np known

Var(c) vAA ,

co.,( i, i¡ vAApM ,,

p( À, o) CORNP Comelation

Symbol Code Symbol Code Symbol Code

c known À known np known

aet ( lÎi¡ vEra aet (rS ) vnrpru aet (rîâ ) ueure

aet(r-lrxnx) nerA det(r-lpxox¡ DETpùr det(r-1rr*) DETNp

cRi,B(Î ) cnr,rr cruB(i) cRi,pr,n cRrB(î ) cRLNpl

cRrB(;) cpJ,zz cRrB(; ) cRlplrz cRLB(A ) cRr,Np2

ARE(Î ) tREAtl ARE(i) aRm,rll aRE(î ) annprl

ARE(î,) AREA22 ARE(; ) anexr22 AREG ) tREp22

JARE(Îi) cAREA rARE(pü) c¿n¡n JARE(î;) canne

det = determinant

CRLB = Cram6r-Rao Lower Bound

ARE = Asymptotic relative efficiency

JARE = Joint as¡rmptotic relative efficiency



Read A. Pl4. P. X
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4,I.2 Flow Chart

B=I
Fl =
F2=
r'l=

VA
VAR.F2 =

c(r) = t./(rm-(r-r)*p)
DIl =
D12 =
D2L =

VARPM
VARNP
VARNP
VARPI,IP
VARPi'fP
CORA

F
¡(r )
c11
cr2
c2r
c

=
= 1O/(px¡xpxB*F -

=

=

VANP = Con(þ,6 )

2. ìÉFxpiqr(B*p+pl,f*pl4)

CoRNP = corr(þ,&)



M

E
G

n(i)
Q]1
QI2
Q2I

VAPM
VAA
VA¡.PM
CORNP

cRl1
cRl2
cR22
cR]3
cR2l
cR33
PY

D0 11

A1
A2
POlS
BIN
TPY

cnr(.1
CRIl +

t . /( rlt,ueu-z . xExPM+G)

var(î
Var(s
Cov(À
Corr(

)
)
,d
1.

)
û,

11

CRll =
cR2(r)
CR12 =
cR3(J)
cR13 =
cR4(r)
QR22 =
cR5(r)
cR23 =
cn6(.r)
CRJS =

õor¡

cR22

cR23

cR33

cRl(r)

cR2( r)

cR3(r)

cR4(J)

cRS(r)

cn6(.r)
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cc
cRl1
CD

cR]2
CE

cR22
CF
cRl3
CG

cR2

All
APOlS
cRl1
cR13
cR3l

VETA
DETA
cRtll
CRL22
AREAll
AREA22
CAREA

VETNP
DET}IP
CRLNPl
CRLNP2
AREPl1
AREP22

cRllr(CC

cRl2*CD

cR22r(CE

cRl3rÊCF

CR23XCG

10

D0 12 K=N,10

VETPM
ÐETPM
CRLPMl
CRLPM2
ARET.Í 11
.A,RE&I22

CAREP



4.I.3 Program

DIi"icl'isIrlN CR,l IIOO)rCli2(1ùC)'CR.3(l0J)rCR4{100)rCP'5(100)rCiìó(I00)r
Ìf PY( IOO) 'C{ I0) 

'D( 
IO) 

'l-i{ 
lC) r CAREA( 10) TCAREiJl(10} ' CAREP{ l0} r

2AtìEAII{t0)rAREA22ilC)rAäE:411(tO}'AIì.E't¡22lLO}rAiìEPll{lC)'Äiì.EP22{I0l
I I'ìT EG ER B

C R.EÁD IN PAR.A;'{ETERS A'Pi"1?P
L-0

I READ{5r100) ArPi'lrPrX
100 F{-}Rl'lAT (4F 5. I )

l-=L+ I
ç¡F.ITE ( ór I02 ) Lr Àr P;\:tP

102 FOiìi,4Ar{rl.l0{/) rl5Xr' 4.2. f Ilr3Xr'TABLE OF ASYT"lPIOTIC RELATIVE EFF
IICIENCy F0R. A - !F3.lrr Pi4 = 'F3.lrr P - rF3.l//34Xt. ,A KN0HN

Pl'; KNOþ¡N p KNtdN|./r t\¡ C D

3 Åt//)
DO10l=2tLO
ñ-fD-I

C FATTIJRiAL i',IOMENTS AÎ'JD THEIR VARfANCE
FI = A;:PM + (1.-A)*:ts*i
FZ = A'l.Pi,i*Pl'i + (I.-A)¡!B':.(B-1.)'FP*P
F3 = Al.Pí'1,l.Pl.i'l.PM + ( l.-A)'kB*( B-1. J*(B-2.) :FP*P*P

F4 = [*:pi{:¡PI4àkPM>FP¡'l + (1.-A)'i.B'';(B-1.)*(B-2.1ì'{ts-3.);kpl<pitpitp
VARFI = FI + FZ Fl*Fl.
VARFZ = 2.tfF2 + 4.trF3 + F4 -FZ:IF2
ccvl2 = F3 + 2.'rF2 -Flì'F2

C Fl I X I NG PRi]PCRT I ON KI'IONN
C TlATRIX OF DIFFIREI\,ITIALS I-lIXING PROPÜRTIDN KNOI'JN

C( i) = I./fPlq-(B-1.)-j'P)
Dll = -C( I )'k(U-l')*P/A
DLz = C(I) /{2"rtAl
DzL = C( I) j¡Pl'l/{1.-Al
ú22 - -C{r) / 12.*{1.-À}l

C VAR IAI'lCE ûF MCi'iENT EST I MATÜR.S r i'1I X It'lG PRtPÛRT IOI'l KNOHN

vARpl.l = vARFI{.D11*DI1 + VARF2 *Dl2trJL2 + 2.*COVl2'kDll*D12
VARNP = VARF l*DzI*U2I + VARF 2t.DZZ*Dzz + 2.'i'COV l2'i'D2l a'D22

VAR,NP = VARN?/ l?'*'Bl
vARpMp = vARFI{.Dll*DZl + vARF2*Dl2trD22 + COV12f.( DIlrtDZ2 +DZI*D121
VARPMP = VÀRPiqP/B
COR.A = VAR P;\iPl5QRT (VARPI'i'FVARNIP I

C POt SS0N i4EAN KNO'rJN

ç. MATRIX OF DTFFERENTIALS POISSOi't MEAN KNÛh'N
F - (1.-L./gl
D{ I ¡ .= .L./ lP*B{<Pd:Bì.F-2.*F x.P14*B*P + Pl\i*PMl
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Cll = D( t
CLZ = D(I
CZL = -D(
C22 = D(I

C VAR IANCE OF I'lO14ENT ESIIi4ÀTCRS I PIJI SSON i-4ÊAN KNO!.JN

vNp = vARFI*CItàrCll + vARFZ¿.CL2*CL2 + 2.*COV12*Cl1*Cl2
VNP = VNP/(ß*8)
VA = VARF L 4,CZl,!C2l 't VÀRF2 *C22*C22 + 2. *COV t2 *CZL*Cz.z
VANp = VARFT*CIl*C21 + VAtìF2*C L2,YC22 + CUVt2*(CLL,rC22 +C2l*Cl2)
VANP = VANP/B
CORPl"i = VAilP/SQRT{ VNP*VA¡

C ,B I NOI'1t AL I'lEAN KNÛWN

C I4ATRIX OF DIFFERENTIALS BTNOMIAL 14EAN KNOHN

E_B*P
G = B'Ff B-1.)l.PitP
H(I¡ = L./1P14*Pì4-2.{,8*PH + G)

,1. ( Pi"i*P I'i-F *B r.B*P*P) / ( l. -A I
*. I B*P-2.1,Pí'1 ) / ( l.-A)
) *2. *F+P>FB
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QIt = H(I)*(G-Pl,f i,Pl41/A
012 = H( I),xtP"i'-Er/A
QZt = 2"+Pl.{,\11 '1ll'l/^uL¿ - -ntl¿tfl

C VAF.IÁNCÉ GF I.iDi.lEi.JT ESTIi"IATt]RS, ðIi\iOIrIÀL I.iEÁN KN3ì{N
VÂPl/r = VAP.Fl*'Qllj;QL1 + VAÊ.F2*elZt.eL2 + Z.':.CilVt2+*ì11*QIz
VAA = VARFI*Q2l'kQ21 + V/ri{F2'y822*822 + 2.r.CûVIz'F112l*e2z
VA,API'1 =vAR.Fl,:Qll,:.Q2I+VARF2'i.812,NQ22+CûV12*(Qllx,Qz2+e2l*Qlz)
CCRNP = VA.ÂPM./ SQRT ( VAPI'1*VAA)

C ELEi.IENTS OF I¡IVERSE OF CFILB þlATRIX
CRII = (-Pl'î':EXP(-P14) )+,:,2/ I A4,EXP{-Pi4) +
CP, I2 = Pi'1*B+P* ( I .-P I'1.ì,BfEXP ( -P t'4], / I Â;i.¡tO
CF 22 = { ( I "-p )'i.,i.By¡ (_Brkp) ) \,+Z/ (,1*EXp t_pi,4

1.-A )'k ( 1.-P) *':.3¡
-PMl + ( l. -A l* { 1.-P) **Bl
+{1.-A)+(1.-P)**ts1

CRl3 = f -Pt'1){'EXP(-Pi':)¡\(EXP(-Pr'l}-lI.-P)xr.8l/lA*ExP(-?v,)+{1.-A}*
lfl.-P)**Bl
CR23 = (1.-P)t(>:.8*<(-B+p)':.(EXp(-pi4)-(1.-p)>!>Fgl/tA*EXpt-pM)+{1.-Ât*

l(I._p),i.i:B)
CR 33 = ( ËXP f -Pt'1)- ( 1.-P ) *,i<3 ) :;i,2/ { Aj.EXP (-Pi4 } + ( t.-A ) j, { I .-P I +*B }py = A*Exp{-pM) + (1._¡\)*{1._pl**B
Dt lI J = lrB
Al = {J-Pi'l}
A2 = f J-B'FP}
PCiS = EXP (-Pi'l)xP14*:i(J/FACT (J )
BIi.l = cûl4B(B?J)'Fp'k*J'i,f l.-p)'t *{B-J,
TPy(J) = A{.pûIS + (1.-A)*BIN
PY=PY+TPY{J}
CFit (J) = { P0IS*.All'¡*2/TPY{ J)
CR.lI = CRII + CR.l(J)
CR2 ( J) = ( PCIS':.ùIN*Alr,A2) /TPyf Jl
CR12 = ClìI2 + CR2f J)
CR3f J) = POI Sl.Al':.{ PûIS-BIN l/fPY( Jt
Cfì13 .= CRI3 + CR3(J)
ûF.4(J) = {BIN4,A2rtr*z/TPYf J}
CÈ,22 = CR22 + CR4{JI
CR5(J ) = B INr¡42':.( P0IS-BIN) /Tpy ( J)
CR23=CA23+CR5lJl
CRó{J ) = { POIS-BIl.l)*':.2/TPY{Jt

tl CR33 = CR33 + CR6{J,
CC= A¿kA/ { Pi"l*P11l
CF,l1 = CRI I'l.CC
CD= A*. ( I "-Al /{ Pl,l{.P*{ l.-P) )
CRI2 = CRt2 ':.CD
CE= I l.-A) -*( I.-Al /(P*P*{ l.-Pl*{1.-Pl I
CR22 = CRzz*CE
CF= A/ P14

CR I3 ,= CRI3*CF
CG= {1.-At/lP*f t.-Pll
CR23 = CR2 3r.CG
PYT = PY
N_B+T
DOL2K_NIIO
AII = K-Pl"l
ApO I S = EXp (_pl,t ) *p14*.::,K./FACTf K,
PYT=PYT+A;IAPÛIS
CRll = CRtl + CCi.APOIS*Al1*ALL/A
CP.13 = CRl3 + APTJIS'i,ALL*CF/A

L2 CR33 = CR33 + APOIS/A
ç ¡lE NU'v\¡ HAVE THE I NVFRSE OF CRLB iUAIR tX
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C F INt) TTi[ INVTP.SËS OF THE INVERSE I)F ¿X2 CLLB MATRICES AND COI'IPARE
C HII'tI APPf{T)PIìI ATE VAß.IANCE OF THL TSIT14ATOiìS f-T)R TIIE ARE.
C f:IND DETÊI{14INANTS OF TlIL CTJVARIANCE 14AIRTX DF THE ESIIf.IATORS AND
C COMPAfì[ I'IIT}{ DET. I.IF THÊ tf.iVEIìST OF THE CRL$ I'IATITIX FOR JARË"

Vt TA = VAR PM{.VARNl)-V¿\tìPl,iPr,VAi{P¡1P
DtTA = CRI l*CR22-CF.l2¿.CRl2
CFiLLI = C¡<22/DETA
CRL22 = Crìll/DETA
AREAf L( I )'= CIlLII/VARPt4
AP.EA22( I) = Cí{L22/VARNP
CARËA( I) -- L,/ IVETA{,DETA)
VI TPl.l = Vl',¡ P x'VA-VAtrlP-"¡VANP
DtTPl4 = CR22*CR33-CR234,CR23
CtiLPl'!l = CR33/DEIPM
CRLPl"l2 = CR22lDETP,'{
¡\REMll(l) = CRLPMT/VNP
AR EM2 2l I I = CRLPI'12 /VA
cAr{Et4 ( = l. / lVEf PM,kDETPT\4 )

VE TNP = VAPf'l'i,V¡\A-VAA PM*y¡¡p¡'1
DË TNP = CP.l I irCR33-CR L3t,CR I3
CRLNPI = CR33/DETNP
CRLNP2 = CRIt/DETNP
AREPIT(I) = CRLNPl/VAPM

, AREP22II) = CRLNP2/VAA
CAREP( I) = L./ IVETNP*DETNP)

tO l^TRITE (ó' I03) I rC f I ) rD( I ) rH ( I )' AREAtI ( I ) rAREAZ2 ( I ) TCAREA( t I r
TAREMI t ( I J, AR 8t422( I ), CARÊ14 ( I ) rAREp t r ( I ), AREpzlt I ), CÀnrp t I I

103 FORM/IT ( I3r3( lXrFB"4) r9(2XrF5.4l / I
IF (X.EQ.O.I GO TO I
CALL EXIT
END

FUNCTION FACT{K)
FACT = l.
DO i I = lrK

L FACT = FACTr.I
RE TURf,l
END

FUNCTION CO¡\lU{J'K)
[=J-K
CtJf'|8 = FACT{J} /IF^CT(K)tFACT(I } )

R.EIURN
END
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patt ern:

JARE(î , i) , .rmn(î,,å ) ' .lena(î ,A ¡ .

For our particular choices of parametric values, the JARE(|,â) fo. certain

cases of n = 2r3, or { was unexpectedly large. This could. possibly be

due to the bias in the estimators.

Since the methods of moments is at best a crude, but vridely used.,

method of estimation, the only condition that r,¡e can hope to have satisfied

is that of consistency. In the method. studied here the estimator= ,0"."

chosen to be Fisher-Consistent. Also with the method of moments', it is

4.3 Discussion of Results

A computer oriented- empirical stud.y vras completed. for a chosen

set of combinations of the parameters orl and. p. rn particular, r¡re

looked. at the following twenty-four cases

fo=0.41 ft=0.51 /p=0.31
l" = o.uJ {^ = r.o I In = o.ul

L^ = ,.r.| ln = o.rltt
{o = o.8l

for.binomial parameter n equal ,";" to tir,. I,Ie shall discuss some of

the results and. suggest areas requiring further study.

From the results Ít was seen that in general there wa.s a pattern

in the comparison of the ARE. Generally ARE and. JARE approach zero for

large values of n. llhen a is assumed known, it rvas seen that tfre anf(î)

and ARE(i) are almost equa1. llhen À is assumed knovrn, ARE(i) is much

less than ARE(;), and for the case p knovrn, ARE(&) is much less than

ARE(î). From the tabl-es given, the JARE for the three cases foll-ov¡ the
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not possible to know whether the estimators are unbiased.. l{e therefore

propose that in pursuing the problem further, one may look for modifica-

tions of the estimators which would. yield- unbiased. estimators for the

parameters. Several suggestions for such stud.y are: a;n examination of

the radical in the estimating equation in order that an approximation

might be found. so that the estimator is unbiased., a study of the

parametric region and. the cause and effect of the terms

c = t/(x -("-r)p)

. ) = t/(n2p2(t-t/n) - z(t-t/n)r,p À * 12)

E = t/(À' - rnn^ + n(n-r)p2)

on the variance of the estimators. ft was shown in the empirical study

thatr for most combinations of I and. p, crD and. H tend.ed. to stabilize

tov¡ard. zero for values of n greater than or equal to five. Comparisons

of the variances of the moment estimators r,¡ith the Cramár-Rao 1ol¡er bound.

would be more meaningful if the moment estimators (or their mod.ifications)

are unbiased. In the presence of bias mean squared- error might be a more

suitable criterion for comparison.
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