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Abstract

Spectral methods are used to solve partial differential equations numerically. When
the solution is analytic, the rate of convergence of the numerical solution is expo-
nential; that is, the error decays exponentially. In time-dependent PDEs; low order
finite difference schemes and spectral schemes are traditionally being used for the
time and spatial derivatives, respectively. However, applying spectral schemes in
both space and time has been thought of recently. These methods have spectral
convergence in both spatial and temporal domains. In this thesis, both Chebyshev
and Legendre spectral collocation methods are implemented for the Navier—Stokes
and Magnetohydrodynamics equations. Numerical solutions for both equations con-
verge exponentially when the solutions are analytic. Moreover, Navier-Stokes and
Magnetohydrodynamic equations are implemented for high Reynolds numbers using
nonlinear preconditioning methods, ASPIN and RASPEN, which are defined using

spectral domain decomposition.
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Introduction

1.1 Motivation

The study and modeling of fluids have paved the way for engineering miracles that
are inseparable from the human way of life. Ranging from airplanes to hydropower
generation to sports cars, fluid dynamics play an imperative role in the daily life
of human beings. While fluid flows are highly complex and unpredictable, a set of
partial differential equations have been derived to model them, namely, the Navier-
Stokes equations. Although the Navier-Stokes equations are widely used in fluid flow
modeling, fundamental questions such as the existence, uniqueness, and regularity
of a solution in three dimensions are open. Consequently, they are studied widely

by many researchers.

Magnetohydrodynamics (or MHD) is also a study in the realm of fluid dynamics
that has gained increased traction in the recent past. MHD is the study of interac-
tions between conductive fluids moving in magnetic fields. At the very core of MHD
are two prominent sets of equations, the Navier-Stokes and Maxwell’s equations. The

study of magnetism in conducting fluids did not attract attention among physicists



until the 20th century. Realization of the fact that plasma and magnetic fields are
frequently present throughout the universe made studying MHD seem much more
enticing thereafter. As a result of this, the concepts of MHD have been developed,
and they have helped us understand a variety of natural phenomena such as plasmas

in the earth and solar astrophysics.

The significance of the two-dimensional Navier-Stokes and MHD equations has en-
couraged the study of them in different formulations, namely, the stream function
formulation. While finite difference methods have been frequently implemented to
solve those equations numerically, not many studies are present for implementing
space-time spectral methods to solve them. Therefore, in this study, space-time
Chebyshev and Legendre collocation methods for stream function formulation of the
above nonlinear PDEs are proposed and analyzed. In addition to the above two
PDEs, we also study stream function formulation of Stokes equation (which is a sim-
plified version of the Navier-Stokes equations) through space-time spectral methods
thereof. The Stokes equations are a system of linear PDEs that model fluid with

very small Reynolds numbers.

Further, using space-time collocation methods to solve the above two nonlinear
PDEs become increasingly difficult as the Reynolds numbers increase. Due to the
strong nonlinearities of Navier-Stokes and MHD equations, we implement them for
high Reynolds numbers using two nonlinear preconditioning methods, ASPIN and
RASPEN, that were theorized in the 21st century. They are improved precondition-
ers for Newton’s method that utilize spectral domain decomposition to solve the two

PDEs.



1.2 Outline of Thesis

In this thesis, space-time spectral collocation methods for the Navier-Stokes equa-

tions and MHD equations are discussed. The thesis consists of six chapters.

Chapter 1 summarizes the concepts that are required to understand this thesis
properly. In Chapter 2, we introduce the notations used in this thesis and discuss
the space-time Chebyshev spectral collocation method for the 1D heat equation.
In Chapter 3, space-time spectral collocation method for the Stokes problem and
Navier-Stokes equations are introduced. In Chapter 4, some fundamentals concepts
of MHD are explained. A space-time spectral collocation method for the MHD equa-
tions is established. In Chapter 5, overlapping and non-overlapping spectral domain
decomposition methods are discussed for linear and nonlinear PDEs. In Chapter 6,
numerical experiments done in MATLAB are shown to demonstrate the accuracy
and efficiency of space-time spectral methods for Stokes, Navier-Stokes and MHD

equations.



Space-Time Spectral Collocation

Method

2.1 Introduction

Spectral methods are among the most important and dominant methods that are
used to solve ODEs and PDEs relating to various physical phenomena. They apply
global smooth functions to approximate solutions of ODEs and PDEs. The main
advantage is that, for elliptic differential equations which have an analytic solution,
the rate of convergence of the numerical solution is an exponential function of the
number of basis functions that are used. While Legendre or Chebyshev polynomi-
als (which are eigenfunctions of singular Sturm-Liouville problems) could be used
as basis functions for non-periodic boundary conditions, it is more practical to use
trigonometric functions where boundary conditions are periodic. In spectral collo-
cation, an interpolating polynomial is used to approximate a given ODE or PDE at
a set of interior collocation points, called Gauss-Lobatto points.

The typical approach when solving time-dependent PDEs is to use a low order scheme

such as a finite difference method for the time derivative and a spectral scheme for



the spatial derivative. However, when a low order and high order scheme are im-
plemented together, the error of time discretization is substantially higher than the
error of spatial discretization. Two of the very early studies on space-time spectral
methods are [37] and [36]. These works explain how to apply space-time spectral
methods for PDEs with periodic boundary conditions. Other references include [35],
[23], [42], [43] and the references therein. These works use Gauss-Lobatto quadrature
and Gaussian quadrature based collocations for space and time, respectively.
Space-time spectral methods employ spectral discretization in both space and time.
See [38], [24], [27] and [2§]. When the solution is analytic, exponential decay of
the numerical error can be observed as number of spectral modes increase. One
major drawback of space-time spectral methods is that time stepping cannot be
implemented. PDEs have to be solved for all times simultaneously.

Instead, the equations have to be solved for all times simultaneously. Conse-
quently, solving PDEs with three spatial dimensions become increasingly difficult
and this is particularly true for PDEs that are non-linear. However, in contrast to
traditional methods, fewer unknowns are required to obtain equal tolerance as low
order schemes. This is due to the exponential convergence of the solution.

There have been many works that attempted to overcome the inability of time step-
ping. See [I1], [18], [22] and references therein for such attempts thereof. See [16] to
obtain an overview of four different time parallel methods. Moreover, references [4],
[5], [20] and [21] are some excellent works that review theory and practice of spectral

methods.



2.2 Basic notation and preliminaries

Let us briefly summarize the matrix notations that frequently appear in space-time
spectral methods. The n x n identity matrix is denoted by I,,. Consider a square
matrix M of size n x n. Another matrix [M] of size (n — 1) x (n — 1) is obtained by
removing the last row and column of M. Similarly, [[M]] of size (n — 2) x (n —2) is
obtained by removing the first and last rows and columns of M. The transpose and
complex conjugate transpose of M is denoted by M7T and M* respectively. Also, let @
denote the complex conjugate for any complex number a and, R(a) and (a) denotes
real and imaginary parts of the complex number a thereof. Two vector/matrix norms,
namely, the 2-norm and the co-norm, are denoted by |-| and |-|_ respectively. Let
diag(v) denote a diagonal matrix whose diagonal entries comprise of elements from

vector v. Let M denote R or C.

Definition 2.1. The Kronecker (tensor) product of the matrix A € MP*? with the

matrix B € M"*? is defined as

CLHB cee aqu
A9 B=| : : : e MPxes,

amB - apB

Two theorems that will be instrumental for this study are given below.

Theorem 2.2. Let A € M"™*™ and B € M"*". Furthermore, let A € A(A) with
corresponding eigenvector x, and p € A(B) with corresponding eigenvector y. Then
A is an eigenvalue of A ® B with corresponding eigenvector x ® y. Any eigenvalue

of A® B arises as such a product of eigenvalues of A and B.

It follows directly that if A € M"™*™ and B € M"™*" are positive (semi) definite

matrices, then A ® B is also positive (semi) definite.
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Theorem 2.3. Let A € M™™ and B € M™*". Furthermore, let A\ € A(A) with
corresponding eigenvector x, and u € A(B) with corresponding eigenvector y. Then
A+ p is an eigenvalue of (I, ® A) + (B ® I,,,) with corresponding eigenvector y ® x.
Any eigenvalue of (I, ® A) + (B ® I,,) arises as such a sum of eigenvalues of A and

B.

Definition 2.4. For any matrix A € M"*" define

/UGC(A) = (ally"' 7am1’a12’... 7am2’... 7a1n’... 7amn)T‘

That is, columns of matrix A are ordered one below the other to construct a
vector of length mn. The Kronecker product can be utilized to transform a linear
matrix equation to an equation which is a combination of matrices and vectors. For

example,

AX+YB=C & (I®Awec(X)+ (BT @ vec(Y) = vec(C).

Further, (X ®Y)z = vec(Y ZXT) for matrices X € M™" Y € M™*™ and 2z € M™".
Here vec(Z) = z, is the vector representation of Z.

Let N be some positive integer and Py denote the space of polynomials of degree
at most N in x for a fixed ¢ and degree at most N in ¢ for a fixed x. Let Ty
denote the Nth degree Chebyshev polynomial and z; be the zeros of the polynomial
(1 — 2®)Ty(z). We shall take 29 = 1, 2y = —1 and 2,...,2x_1 as the descending
zeros of the function thereof. The set zg,...,xy is defined as Chebyshev Gauss-

Lobatto nodes in space. Similarly, the Chebyshev Gauss-Lobatto nodes along the ¢



axis are denoted by {tx}. Let

T to
Tp = : th =

TN-1 tn—1

Note that x;, excludes both boundary points xy and xy, while ¢;, excludes only the
initial point txy = —1. For 0 < j < N, let ¢; be the Lagrange polynomial interpolant
in z; and degree N so that ¢;(x)) = ;. It will be worth remembering that D, the
Chebyshev pseudospectral derivative matrix is defined as,

_ dli(xy)

D.
ik de

0<j,k<N.

Further, let d;, denote the first N entries of the last column of D. That is, d;, =
D(0: N —1,N). For any continuous u in x, the Chebyshev interpolation operator

is defined as,

N

Lyu=">Y u(x;)l;. (2.1)

j=0

Let us also briefly remember a property of the Chebyshev quadrature. Consider any

polynomial of degree less than or equal to 2N — 1. We may write,

1
V1— 22’

-1

/1 v(x)w(x)dr = Z v(zg)pk,  wlz) =

where p is the set of weights pertaining to Chebyshev Gauss-Lobatto quadrature.
The (N + 1) x (N + 1) diagonal matrix W), has {px} as its diagonal entries. A

continuous function v on € := (=1, 1)? will have the weighted L?-norm of

o] = ( /Q ]v(:c,t)\zw(x)w(t)dxdt)l/Q.



The discrete norm corresponding to v is,

N 1/2
vl = (Z ﬂjﬂk!v(ﬂﬂj,tkw) :

Jk=0
For all such polynomials v of degree at most N, it is observed that discrete and
weighted L2-norms are equivalent:

[oll < lvlly < 2{[o]l. (2.2)

If v is a single variable function, the L?-norm is also denoted by

o= ([ Put)

2.3 Space-time collocation method

Let us discuss a space-time spectral collocation to one of the simplest PDEs, the
one-dimensional heat equation. The spatial and temporal domains are taken as
(—1,1). While (—1,1) may seem unorthodox for a temporal domain, there is no
loss of generalization and it is evident that a simple transformation would suffice to

accomplish this. Now consider the 1D heat equation
Up = Uyy + f(2,1) on (—1,1)2, (2.3)

with boundary conditions u(+1,¢) = 0 and initial condition u(z, —1) = wuy(z). We
will calculate a numerical solution © € Py at t = 1.

The spectral equations are

(In41 @ D)up, = (D* @ Inp1)up + fa,



where uy, and f;, are the vectors of u and f, respectively, evaluated at the collocation
points. We obtain two vectors 4y and fh by removing the corresponding boundary
and initial points from wy, and fj,, respectively. The linear equation can now be

written as
Aptin, = fr = (uon @ dy),  Ap = (In-1 @ [D]) = ([D*]] @ In). (2.4)

Let Uy, and Fj, be N x (N — 1) matrices and, vec(Uy,) = 1, and vec(F},) = fh — (uon ®
dp). Then we can see that equation (2.5) is equivalent to the Sylvester equation
[D]U;, — Up[[D?)]* = F;, which can be solved by the algorithm of Bartels and Stew-
art in O(N?3) operations. Observe that all unknowns over all times must be solved

simultaneously.

Next, the spectral condition number estimate and spectral convergence of the heat

equation will be briefly discussed. The spectral condition number is defined by,

s(M) = MA@ Al
minyean| Al

where A(M) is the spectrum of matrix M.
A few important lemmas (see [2§]) relating to the condition number are mentioned

below.

Lemma 2.5. Let N > 1. Then the real part of every eigenvalue of [D] is larger than

some positive constant independent of V.
Lemma 2.6. Let N > 1 and )\ be an eigenvalue of [D]. Then || < cNZ.
The next lemma is well known; see [41].

Lemma 2.7. Let N > 2. Then the eigenvalue of —[[D?]] are real, bounded below

by ¢ and above by CN*, where ¢ and C' are positive and independent of N.

10



The following theorem gives an estimation of spectral condition number of the

discrete spectral differentiation operator A;,. The proof relies on the above Lemmas.

Theorem 2.8. [27] Let N > 2. Let Aj, be the Chebyshev spectral collocation matrix

defined by (2.4) and X be an eigenvalue of Aj,. Then
¢ <A < ONY

Consequently,

H(Ah) S ON4

Further, below theorem shows the spectral convergence of the heat equation.

Theorem 2.9. [27] For any integer N > 2, let u be the solution of the heat equation
(2.3). Assume that u(x,t) is separately analytic in each variable. Define the error

vector E}, as the difference of u evaluated at the collocation points and #y. Then
‘Wl/QEh‘2 < cN3B5e—CN.

Spectral convergence and condition number estimates for other linear PDEs are

shown in [27], [28].

11



Navier-Stokes Equations

Fluid flows occurring in reality can be modeled by the Navier-Stokes equations and
therefore are of major importance. There are seven millennium problems listed by
the Clay Mathematics Institute and, determining the existence, uniqueness and reg-
ularity of solutions of the Navier-Stokes equations is one of them. Since an analytical
solution to the Navier-Stokes equation is rarely available, it is evident that obtaining
a numerical solution would be the next best option for solving the PDE. Disparate
numerical solvers for the Navier-Stokes have been introduced over the years. Finite
difference, finite elements, finite volume methods and discontinuous Galerkin meth-
ods are such popular solvers. Navier-Stokes equations are being used to model a
number of engineering concepts that are indispensable to human life and therefore,
the numerical solution must be both accurate and efficient when computed. The
numerical simulation of these equations is used in weather forecast, aircraft design,
water supply and drainage, among other domains. The Navier-Stokes equations are
so versatile that they can be used to model many a fluid flow with subtle adapta-
tions. For instance, in aircraft design, the fluid away from the aircraft body (which
is actually air in this case) is considered to be compressible in contrast to a tidal

wave model where the fluid (which is water) is considered incompressible. In this

12



chapter, we undertake the numerical investigation of the space-time spectral methods
for the steady and unsteady Stokes and Navier-Stokes equations. MATLAB codes
are developed and used to simulation both these equations. The incompressible
two-dimensional fluid flow in a square container where the top lid is moving, better
known as the lid-driven cavity, is tested as a benchmark problem. The Navier-Stokes

equations are nonlinear. We first discuss a linear version.

3.1 Stokes Problem

The Stokes equations are a simplified version of the Navier-Stokes equations. The
Stokes equations are a system of linear PDEs that model fluid with very small
Reynolds numbers, i.e., Re < 1. In this scenario where a minuscule length of
fluid flow is considered, or the fluid velocities are very small, or the fluid is greatly
viscous, is known as Stokes flow. The name takes after Sir George Gabriel Stokes.
The equations which model Stokes flow are referred to as the Stokes equations. In
this study, we consider the Stokes equations in both steady and unsteady states along
with Dirichlet boundary conditions.

Let © be a bounded domain in R? with a Lipschitz boundary. The velocity field, de-
noted by u, is a vector quantity. We consider u € V := (Hj(Q))* = H}(Q) x H}(Q).

The pressure, denoted by p, is a scalar quantity. We consider p € LZ(Q2), where

13 = {ae @] [ ¢ =0}.

The norm of p is given as,

ol = | [ ] 1)

13



and the inner product on the space L3(€2) is defined to be the same as that for L*(Q),

which is given by
(u,v)o := / wv, Yu,v € L*().
Q
The following two bilinear forms are defined for u,v € V and ¢ € L3(Q),

2
a(u,v) : = /QVU -Vu = Z/QVu, -V, (3.2)
i=1

blg,0) : = — /Q (V- 0). (3.3)

The bilinear form a(u,v), for all u = (u,us),v = (vy,v2) € V, is an inner product
on the space V. The norm on the space V' is denoted by ||-|| and it is defined for all

u = (u1,uz) € V as,

2

1/
] = \/a(u, u) = UQ Vuil? + [Vao2| (3.4)

Definition 3.1 (Inverse Laplacian). The inverse Laplacian is denoted by A™! :

(H1(Q)* > V. Let wue (H1(Q)? wesay A lu=v eV if

Av=u in £,

v=0 on OS.

Here, A is the vector laplacian as v € V' is a vector having two components. Now,

we define V' as the dual of the space V, thus, V' := (H~1(Q))2. The norm on V" is

denoted as ||-|. For any f € V', the norm is defined as
! <f7 U> !
I £]]" == sup =0 (3.5)
e ol
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or equivalently

1A = [ V(=2)7F)- V(=2)f). (3.6)

Definition 3.2 (Stokes problem). On a bounded domain € with a Lipschitz bound-

ary and for (u,p) € V x L2(Q), f € V' the Stokes problem is given as,

—Au+Vp=f in Q, (3.7)
Vou=0 in Q, (3.8)
u=0 on 0N. (3.9)

The weak formulation of the Stokes problem for all v € V and ¢ € L%(Q) is

a(u,v) +b(p,v) = f(v),

b(q,u) =

We now convert equations (3.7)-(3.9) into stream function form. Here, we treat u
and f as a vectors with two components: u = [uy,us]? and f = [f1, fo]7. Now we

define a stream function ¢ such that u; = %’5, Uy = —g—f.

When considering a sufficiently smooth scalar function f, one may write

V x Vf =V X [fa:afyafz] = [fzy - fyzafxz - fzxafy:c - f:r;y] = 0.

This speaks to the fact that the curl annihilates the gradient. Thus, a model absent

of the pressure term can be obtained by taking the curl of (3.7).

V x (=Au+Vp) =V x f.

The other advantage of the stream function formulation is that the number of un-
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knowns reduces to one from three (uq,us,p). This is a fourth-order PDE and so

more difficult to solve than second order ones. Now, our new model is

A*p = fon = f1y in (3.10)
Y= ?;ﬁ =0 on 0Q. (3.11)

Here f5, = % and fi, = %—J;l. Similarly to the above calculation, it can be shown
that a stream function model can be obtained for the unsteady Stokes equation as

well.

uy—Au+Vp=f in €
V-u=0 i
u=0 on 0f),

U(%,y,—l)IUO(IE,y) in Q.

(We take the initial time at ¢t = —1).

Now, by taking the curl and using u = ‘3—151 — %i’ we have

—Atpy + A = for — fry in €, (3.12)
P = glf =0 on 09, (3.13)
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3.2 Space-time spectral methods for Stokes prob-
lem

In this section, we discuss a space-time spectral method for the stream function
form of the unsteady Stokes equations (3.12). Here, we will consider the simplest
case where the spatial and temporal domains are both (—1,1).

Consider the stream function formulation for the 1D unsteady Stokes equation

(wt)xx = wmcx:c + f’

with initial condition ¢ (x,—1) = 1y(x) and homogeneous Dirichlet boundary con-
ditions. Based on concepts discussed in the previous section, a space-time spectral

collocation scheme for the 1D unsteady Stokes equation can be written as

(D* ® D)y, = (D* @ Ins1)Un + fo,

where 1, and f, are the vectors of ¢ and f respectively, evaluated at the collocation
points. A spectral approximation of the second derivative can be derived by consid-
ering the corresponding boundary conditions.

Let 1) = () be a polynomial so that )(£1) = v’ (1) = 0. Let Z vanish at +1 so
that ¢(x) = (1—2?)Z(x). That is, 1 automatically satisfies the boundary conditions

if Z vanishes at the boundary. By differentiating 1 twice, we obtain the following.

"

V(x) = (1 -2 (x) —4aZ (x) — 2Z(x). (3.15)

Let M be a (N — 1) x (N — 1) diagonal matrix with diagonal entries 1 — z?. Also,
take X to be a diagonal matrix of the same size but with diagonal entries ;. Here

1 < j5 < N — 1. Therefore, the spectral approximation of the second derivative

17



(denoted by Bs) satisfying the four boundary conditions can be written as,
By := (M[[D?)] — 4X[[D]] — 2I)M . (3.16)

Similarly, the spectral approximation of the fourth derivative can be defined as:

" mn "

W(x) =1 —a)Z" (2) — 822" (x) — 122 (x). (3.17)

Then, the spectral approximation of the fourth derivative satisfying the four bound-

ary conditions is

By = (M[[D")] - 8X[[D*)] - 12[[D*) M. (3.18)

The resulting spectral equation for the Stokes equation is

(By ® (D)), — (By ® In)on = fr. — (on ® dp),

where gy, is 1y evaluated at the (interior spatial) collocation points. The two vectors
@ZA)h and fh are obtained by removing the corresponding boundary and initial points

from 1, and f,, respectively. The linear equation now can be written as

A = f — (Won @ dy),

where

Ap = (B2 ® [D]) = (B4 ® Iy). (3.19)
Now, consider the stream function formulation for the 2D unsteady Stokes equation

(wt)m + (wt)yy = Yugzz + ¢yyyy + 2¢myy + f,

18



with initial condition ¥ (z,y, —1) = (2, y) and homogeneous Dirichlet boundary

conditions. The space-time spectral scheme is

(D& ((D*® Iy1) + (Ins1 ® D?) ton = {Ins1 ® (D' ® In11) + (Iny1 ® D)

+2(D* ® D))} + i,

where ¢, and f;, are the vectors of 1 and f, respectively, evaluated at the collocation
points. Let By be the spectral second derivative (3.16) and By be the spectral fourth

derivative (3.18) defined for the 1D Stokes problem. Finally, we may write

{[D] ® ((BZ @ In-1) + (In-1® B2)> —IN1® ((34 ® In_1) + (In-1 ® By)

+2(B; ® Bz))}@h = fh — (dp, ® Yon),

where gy, is 1 evaluated at the interior collocation points. Here, the known bound-
ary and initial values have been removed. Thus, the linear equation to be solved

becomes

At = i — (dn @ ton),

where

Ap=[D]@ (B2 ® In-1) + (In-1® Ba)) = In-1 @ ((Ba ® 1)

+(In-1 ® B1) +2(B2 ® By)), (3.20)

is the space-time Stokes operator. Further, eigenvalues of B, are found to be real
numerically. Although the result can be obtained numerically, it is yet to be theoret-
ically proven. By using this result and Lemmas 2.5, 2.6 and 2.7, it may be possible
to prove a condition number estimate of A;. It is still an open problem at this point.
However, we have numerically shown a condition number estimate of the space-time

Stokes operator k(A,) < CN®.
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Moreover, Bartels-Stewart or Hessenberg-Schur algorithm can be used to solve the
linear system arising from the space-time spectral scheme for the Stokes equations in
two space dimensions. Bartels—Stewart algorithm is a popular and efficient method
used to solve the matrix equation AX + XB = C; A € R™™ and B € R™".
The algorithm transforms the equation into a triangular system by applying Schur

decomposition:
R=UTAU, S=vTBTy. (3.21)

The matrices R and S are upper quasi-triangular matrices with diagonal blocks of
size 1 x 1 or 2 x 2 and U, V are orthogonal. Forward or backward substitution can

now be used to solve the simplified system.
RY +YST =F (F=U"cv, Y=U"XV).
Assuming Sy 1 is zero, then it follows that

(R+ SweD)yr = fr — > Skjyjs
ekl

where y, is the kth column of Y. Now the solution can be found using X = UYV7T,

Time taken by a computer to run an algorithm is known as the time complexity,
which is the total number of elementary operations performed by the algorithm.
Therefore, the time complexity of the Bartels-Stewart algorithm can be summarized
as follows. Firstly, we shall assume that 10m3 and 10n® operations are required for

the Schur decompositions mentioned in (3.21).

e Reduce A and BT to upper triangular matrices by orthogonal matrices

R=UTAU 10ms3.

20



S=vTBTV 10n3.

o Update the right hand side
F=UTCV m?n + mn?.

o Back substitute for Y

RY +YST=F %m% + %an.

¢ Obtain solution

X=UYyvT m2n + mn?.

Therefore, the overall time complexity for the Bartels-Stewart algorithm is given by
10m® + 10n® + 2.5(m*n + mn?).

Consider the system (3.20). Take A; = (By ® In_1) + (In_1 ® Bs) and Ay =
~((Ba® In-1) + (In-1 ® By) +2(B2 ® By)). Now we have

(INA ® A AT + (D] ® INfl)?ﬁh =(Un® Afl)(fh — (dn @ Yon)).

Then the system is equivalent to the Sylvester equation AgAflzﬂh + zﬂh[D]T = [},
where vec(Fy) = (In @ ATY(fn — (dp ® ¥on)). Thus, the time complexity of solving
the above system using Bartels-Stewart algorithm is O(10N°®), where N = n and
m = O(N?). By taking advantage of the structure of the system, it is possible to
improve the complexity of the method.

As mentioned previously, the Hessenberg-Schur algorithm can also be used to solve
the matrix equation AX + XB = C. Decompositions for the Hessenberg-Schur

algorithm are defined as,

H=U"AU S=VIBTV. (3.22)
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Here, the first Schur decomposition of Bartels-Stewart is replaced by H = UT AU,
where H is an upper-Hessenberg matrix. This leads to a system that has the form
HY +YST = F, which can be solved in a similar manner to the Bartels-Stewart
algorithm. Therefore, the time complexity of the Hessenberg-Schur algorithm can

be summarized as below.

e Reduce A to upper Hessenberg and BT to upper triangular matrices

H=UTAU 3

5
gm .
S=VT'BTy 10n3.
o Update the right hand side
F=UTCV m2n + mn?2.
« Back substitute for Y
HY +YST =F 3m®n + ymn?.
¢ Obtain solution
X=U0YyvT m?n + mn?.

Thus, overall time complexity for the Hessenberg-Schur algorithm is given by
5 5
§m3 +10n® + 5m*n + §mn2.

Hence, we can conclude that the Hessenberg-Schur algorithm is considerably faster
than the Bartels-Stewart algorithm since H = UTAU can be found using House-
holder reflections at a cost of gm?’. Thus, the time complexity of solving the Stokes
equation using the Hessenberg-Schur algorithm is O(%N %), where m = O(N?). Again

this complexity can be lowered by taking into account of the structure of the system.

We derive some properties of the eigenvalues of Bs. Firstly, we consider the Cheby-

shev case.
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We begin with a couple of important lemmas which will be needed to estimate the

condition number.

Lemma 3.3. [4] Let v € Hj,,(—1,1). Then

Loy s 20 109
/vw < —|lv %
-1 3

Lemma 3.4. For all u,v € Hj,,(—1,1) (see Lemma 5.31 in [26]),

1 / / ’ / 1 / ! 1 ’
[ ) de <20, [ o ) de = L))
1 1

Lemma 3.5 (Trace Inequality). For all v € Py, |v(£1)]* < 2|jv||?, where [v||* =

It v?w.

us

55> We obtain

Proof. Using inequality (2.2) and the fact that py = py =
pov?(+1) + pyv*(—1) = g (03 (+1) + 03 (1)) < g v*(wy)p; < 21 v*w.

Therefore, [v(£1)]* < 2X|jv]|. O
Proposition 3.6. Let N > 2. Let By be the Chebyshev spectral collocation matrix
defined by (3.16) and A be an eigenvalue of —B,. Then

c <A < CONY,

where ¢ and C' are positive and independent of N.

Proof. Let u;, be an eigenvector of — B, corresponding to A\. Let v € Py so that
v(£1) = 0 and v(zy) = M ~'uy,, where M is diagonal with entries of the form 1 — 7.

Define u(z) = (1 — z*)v(x) € Pyyo. Note that u(xy) = Mv(zy) = up. Now

/

() = Aup, = —Bouy, = —(M[[D?)] — 4X[[D]] — 2In_1)M to(xy) = —u’ (x)
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by (3.15). Note that u(#1) = 0 = u'(#1). Therefore,

N-1

A

Jj=1

Ju(z;)|”

(1-— xJQ)

I = u(z;)
Pj=— ]Z:; u (%)WM-

Since u” (z) = —2v(z) — 4av () + (1 — 220" (z),

A Z:l v(z;)Pp; = > (2v(x) + 4o’ () — (1 = 2" (;)) (11)(_%%‘

<

N-1

N=1 (0 \oy N=1_ i Ny )
9 U(fﬂiv(%)pj 14 Z T;v (%)U(%)

B R R i e i P

AD Il oy = 23 P a3 DI S it

= (1—xj) i (=7 =0
v(zo)v(zo) v(zy)v(zy)
_2< (—a) ™" -2 pN)

We know that zo = 1,2y = —1 and py = py = 55-
Therefore, in the first and third sum on the right hand side of the last equality,
terms j = 0 and j = N are zero. Also, in the second sum of the last equality, terms

j =0 and 7 = N are taken by considering their limits as the denominator is zero.

Therefore,

Ago|v<xj>|2pj:2go“ v ))pg+4zwij S (ool T,

=0 (1 a:]) =0

- < (WP =1 OP).

Next we move to boundary term estimation. Let v(z) = (1 —2%)&(x) with € € Py_s.

It follows that v'(1) = —2£(1) and v'(—1) = 26(—1).
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By Lemma 3.3 and Lemma 3.5,

D = )P < oV - D = eV -2) [ 5

Nllv ||
w75 S ONIY|

Further, by the inverse estimate, we know that |[v'|| < ¢N?||v||. Thus

Sl (P < OV ol

Finally, the magnitude of the eigenvalue can be estimated as follows, using the fact
that quadrature is exact for polynomials of degree at most 2N — 1 and Lemmas 3.3

and 3.4,

VW TV TW L,
wz\ o(z;) pjgzv e ‘/11—332 ‘/_11)1}10’—1—0]\74“1}”2

LPw \Y? : L P )Y SN
<ol ([ ) e ([ g gl o] o

< Clloll o'l + CN?Jfoll [[']| + 20|l [[7')] + CN*lo]|* < CN*[Jol®.

Since discrete and weighted L?—norms are equivalent, |\| < CN*.
Now we can estimate the lower bound of || as follows. Let u € Py N H3(—1,1) so

that, u, = u(xy) is an eigenvector of — By with corresponding eigenvalue A.

—u"(z) = Mu(z) + ]/\\T(AOxOTJIV(x) + Ayt Ty (2)). (3.23)

for some Ay, A; € C. Note that ©” € Py_y and the last term on the right-hand side
forces the degree of the polynomial on the right-hand side to be at most N — 2.

Evaluate (3.23) at the collocation points z;,0 < j < N to get

—u (z;) = Au(z;) + j)\\[(AO:E?TJ/V(xj) + Alx;T;\,(xj)). (3.24)
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Multiply both sides of (3.24) by u(z;)p; and take the sum over 0 < j < N to get

_Z%u”(xj)u(xj)pj =AY ulzj)ulz;)p; + Z AUx TN(:E]) + Ay TN(%))(TJ')PJ"

7=0 ] =0

(3.25)

Then multiply the complex conjugate of (3.24) by u(z;)p; and then sum over 0 <

7 < N to get

— > (xy)ul)p; = A ula;)ulz;)p; + ]/\\, Z%(Aoﬂ??Tzlv(fcj) + M@l Ty (x))ul@;) pj-

Jj=0 J=0

(3.26)

It can be observed that, for any 0 < j < N, both Ty(x;)u(z;) and its complex

conjugate vanish. By (3.25) and (3.26) we get

=3 (" (@)ule;) + u(wp)ulz;)) py = 2ReX S ulz;)2p;

7=0 Jj=0

—Re (Z u' (z)u(z;)p ) Re, (3.27)

Jj=0

where 1 = Z;V:O lu(z;)p; is assumed to be the discrete norm of the eigenvector uy,.

Again, recalling that discrete and weighted L?—norms are equivalent, we may write

N
Z u(z;)|*p; < Collul*. (3.28)

Define

f(z) = Re(u(x)u(x)).
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Let f(x) = X222 by Th(w) € Pyy_o. Thus

IRE

)

Therefore, by (3.27)

—Re (/_11 u' (x)u(x)w(x)dx> Re (/1 ' (z) (u(x)w (a:))/da:)
> 4/ ' (x x)dx (By Lemma 3.4)
> Cy /_1 lu(z)Pw(z)dr (weighted Poincaré inequality)

— Gyl (3.20)
By (3.27), (3.28) and (3.29) we get,

Cy
Rel > — =
“=C

2

Thus, now we have
c < |\ < CN*

]

Therefore, above properties implies that — B, has nonzero eigenvalues. Hence,
By is invertible. Further, numerically every eigenvlaue A of —B, found to be real

and positive. Secondly, we consider the Legendre case.

Proposition 3.7. Let N > 2. Let B be the Legendre spectral collocation matrix
and A be an eigenvalue of B, = —B;. The eigenvalues of B), are real and positive,

bounded above by CN* and bounded away from zero.
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Proof. By Lemma (2.7), we know that eigenvalues of A, = —[[D]]? are real, bounded
below by ¢ and above by CN*, where ¢ and C are positive and independent of
N. We also know that (see [26]) Aj is non-symmetric and Ay, can be symmetrized
through left-multiplication by a diagonal matrix ([W]) with diagonal entries weights.
[W]Aj, = S}, is symmetric. Define inner product (z,y) = 27 [W]y. Then it is easy to
see that Ay is self-adjoint in this inner product. By the variational characterization

of A\in, the smallest eigenvalue of Ay,

. (v, Apv) , vT' S,
Amin = inf ——— = inf ——— >
veRN -1 (v,v) veRN-1 v W ¢

Given v € R¥~!. Suppose u is a polynomial of degree N which vanishes at the
boundary and u(z;) = v, where z;, denotes all interior collocation points. Let Py

be all polynomials of degree N such that u(£1) = 0. Therefore,

T T
Amin = inf wwn) Suulzn) < inf u(rp) Shu(xh).
u€PNo U l'h)TWu(SL'h uE€Ppn o U(iCh)TWu(xh)

u (£1)=0

Thus, we can say that the characterization of the minimum eigenvalue of B, and Ay,
are the same with the one exception of B, having an additional constraint u'(+1) = 0.
That is, the constraint set of By, is a superset of the constraint set of A;,. Hence
we can conclude that eigenvalues of Bj, are real and the minimum eigenvalue of B),
is always greater than or equal to the minimum eigenvalue of A,. In particular,
the smallest eigenvalue of Bj, is positive and bounded away from zero and Bj is

invertible. Also the maximum eigenvalue of Bj is no greater than that of Aj,. m
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3.3 Navier-Stokes Equations

The Navier—Stokes Equations attracted the limelight with the 1822 paper of C.L..M.H.
Navier (Ann. Chim. Phys. 19, 234-245), where he derived equations for homoge-
neous and incompressible fluids by considering the exerted forces on a fluid particle.
The continuum derivation of the Navier-Stokes equations is due to J.C. Saint-Venant
(1843) and G.G. Stokes (Trans. Cambridge Philos. Soc. 1845, 8, 287-319). The
Navier-Stokes equations are the widely accepted basis for studying fluid dynam-
ics, irrespective of the complexity and the unpredictability of the fluid flow. These
equations are at the heart of many branches of engineering and science such as
aerodynamics, atmospheric physics, geology and geophysics, oceanography, civil and
hydro-engineering, and biology and medicine. The Navier-Stokes equations for an
incompressible, homogeneous Newtonian fluid over a bounded domain with a Lip-
shitz boundary are described by a set of two equations. These involve very basic
physics concepts of momentum and mass conservation where equations (3.30) and

(3.31) describe the former and latter, respectively;

p(ut + (u - V)u) =-Vp+pAu+f in Q, (3.30)
Vou=0 in Q, (3.31)

u=0 on 01, (3.32)

u(z,y, —1) = uo(z,y) in Q. (3.33)

In the equations above, u represents the velocity vector, p is the pressure, and both
are functions of space and time. In practical applications, p and p are assumed to
be positive constants, which represent the viscosity and density of the fluid, respec-
tively. These equations are formulated by considering fluid as a continuum. They
are used to model weather, airflow around a wing and the study of the flow of blood

in a body, etc. Although they are very significant, fundamental issues such as the
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existence, uniqueness and regularity of a solution in three dimensions are still open.

Consequently, they are studied widely by many researchers.

Now let us consider the non-dimensionalization of the Navier-Stokes equations. As
the name suggests, we derive a dimensionless version of the Navier-Stokes equations.
Characteristic length L, characteristic velocity U, fluid density p and viscosity v = %

are used to construct dimensionless quantities. Using these references, we define

u=u/U, p=p/pU? T=x/L, 1=tU/L, and f=Lf/U?

where a bar above each symbol denotes the non-dimensional character corresponding
to each of the quantities. Then the momentum equation (3.30) can now be written
as,

1

ut—l—(u-V)u—I—Vp—Re

Au = f. (3.34)

Here, we have adopted the dimensional symbols to conveniently denote corresponding
non-dimensional variables.

The non-dimensional quantity % is known as the Reynolds number and is denoted by
the symbol Re. This non-dimensional number plays a pivotal role in fluid dynamics.
The magnitude of Re is an indication to how significant inertial forces are compared
to viscous forces. For Re < 1, it is possible to neglect the non-linearity (inertial
effects) and the Navier-Stokes equations reduce to the Stokes equations. Fluid flow
can be identified under two categories. At low Re, the flow is considered to be
laminar, which means sheetlike flow. In this case, fluid particles flow in an orderly,
predictable manner. However, as Re increases, the flow tends to be more complex.
In many flows of interest, Re is substantially large. For example, river flows and

tidal waves have Reynolds numbers as high as Re ~ 107. When Re > 1, the flow
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typically becomes turbulent.

Similarly to the Stokes problem, it can be shown that a stream function model can
be obtained for the Navier-Stokes equations as well in the 2D case. By taking the

curl and using u = g—f@' — g—f J, we can obtain the stream function form;

A+ O e+ Vet + Vathes — Uty = o — fry i Q, (335)

_ W _
2/1—5—0 on 01, (3.36)

U(x,y,—1) =o(z,y) in Q. (3.37)

3.4 Space-time spectral methods for Navier-Stokes
Equations

In this section, we discuss space-time spectral method for the stream function form

of the Navier-stokes equation. First consider the steady Navier-Stokes equation:

1
EAQw _ wyw:ﬁm + wzwyyy -+ wxwy:px - wywxyy = f7

with homogeneous Dirichlet boundary conditions. A spectral scheme is

1
Re
— diag((Iy+1 ® D)n) (D @ Iys1)in + diag (D @ Iys1)vn) (1 ® D)y

+ diag((D & Iy1)n) (D* ® D)y, — diag((Ins1 ® D)n) (D ® D)y, = fi,

<(D4 ® Int1) + (Iny1 @ DY) +2(D* @ DZ))¢h

where ¢, and f} are the vectors of 1 and f, respectively, evaluated at the collocation
points. Let By be the spectral second derivative (3.16) and By be the spectral fourth

derivative (3.18) defined for the 1D Stokes problem.
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Similarly, we can derive a spectral approximation for the third derivative with zero
Dirichlet boundary conditions. Let Z be a polynomial vanishing at the boundary

and ¢ (z) = (1 — 2*)Z(x). Then

1"

V()= (1—-22Z" (x) — 622" (x) — 6Z (x). (3.38)

Then, the spectral approximation of the third derivative satisfying the four boundary

conditions is

By := (M[[D’]] - 6X[[D?] - 6[[D]]) M. (3.39)

The final scheme can be written as

R1€<(B4 ®@In_1)+ (Un-1 @ By) +2(By; ® BZ))@Eh

- diag((fzv—l ® [[D]])lﬁh)(33 ® In_1)tn + diag(([[D]] ® fN—lWh)(fN—l ® Bs)n
+ diag(([[DH ® fN—l)l/Sh)(B2 ® (D)) — diag((fN—l ® [[D]])Qﬁh) ([[D]] ® Byt

= fn,

where known boundary values have been removed. This nonlinear system can be
solved using an iterative algorithm, where each iteration requires the solution of a

linear equation as suggested below. Below k& > 0 is the iteration number:

];((34 ® In—1) + (In—1 ® By) +2(B2 ® Bg)) AZH
- dmg((lN?l @ HD]])%’?) (Bs @ [Nfl)qﬁiliﬂ + diaEJ(([[DH & [N71>$Z) (In-1 ® Bs) A;’fﬂ
+ diag(([[D)) © Iv-1)08) (Bs @ D) — diag((Ix—1 ® [DI)GE) (D] @ Ba)dk™

= fi. (3.40)
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Now, consider the stream function form of the unsteady Navier-Stokes equation:

1
_Awt + EA% - %%m + ¢xwyyy + %wym - wywxyy = f>

with initial condition ¥ (z,y, —1) = ¥y(z,y) and homogeneous Dirichlet boundary

conditions. A spectral scheme based on the space-time collocation method is

—{D& ((D*® Ins1) + (Iyv1 ® D?)) Jn + Rle{INH ® (D' ® Iny1) + (Inya ® DY)
+2(D*® D))}, — diag(Iny1 ® (Ing1 ® D)) (Ins1 ® (D° @ Iy 41))hn
+diag(Iy1 @ (D ® Inpa)vn) (In @ (Inga ® D)),

+ diag (IN+1 ®(D® IN+1)¢h) (Ins1® (D* @ D))y,

— d@'ag(IN+1 ® (Iny1 ® D)l/ih) (Iny1 ® (D @ D*))iby, = fa,

where ¢y, and fj are the vectors of 1 and f, respectively, evaluated at the collocation
points. Let By be the spectral second derivative (3.16), B3 be the spectral third

derivative (3.35) and By be the spectral fourth derivative (3.18) defined above.

Finally we may write

—{[D)® ((By @ In-1) + (In-1 @ Ba)) pibn + };{IN @ ((Bi® Iy-1) + (Iv-1 ® By)
+2(By @ By) ) bn — diag(Iy @ (In—1 @ [[D]])thn) (In @ (B3 @ In 1))
+diag(Ix @ ([[D)) ® In-1)tn) (In ® (In-1 ® Bs))i
+diag(Ix & ([[D)) ® Iy-1)tn) (In ® (B ® [[D]]))
o)

—dzag(IN@)(IN 1 @ [[D])dn) (In @ ([[D]] ® Bo))tn = fu — (di ® Yon)-

Here, the known boundary and initial values have been removed. This nonlinear

system can be linearized by replacing one variable by an old iterate in nonlinear
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terms. Then a simple fixed point iteration (k > 0) can be used to solve it.
Akw]]i+l = fh?
where f, = fi — (dn ® ¥on) and

A =—[D]® ((B2® In-1) + (Iy-1 ® Bo)) + ];IN ® ((Bs® In-1) + (In-1 ® By)
+2(By® By)) — diag(In @ (In-1 @ [DI)F) (In ® (Bs ® Iy-1))
+ diag(Ix @ ([[D)] @ In1)0f ) (In @ (Iy1 @ By))
+ diag(Iy ® ([[D]] @ Iy-1)d};) (I © (B2 ® [[D]]))

— diag(Ix ® (Iy-1 @ [D)6}) (Iy ® ([[D] @ Ba)).

This iterative formula can be solved using a relaxation method. The concept be-
hind relaxation is to use a relaxation parameter v in order to reduce the number of

iterations required. The iteration process for the model problem u = F'(u) is

ﬂk+1 — F(uk)

W = g 4 (1 — )Rt

For the Navier-Stokes equations, a relaxation method is

n =+ (L= )AL fue
We tested our program for the 0 < v < 0.5 and observed faster convergence when
v is small. However, the improvement is not significant. Furthermore, the iteration
is divergent when the Re is large. In chapter 5, we shall discuss nonlinear precon-
ditioning techniques that are able to simulate the Navier-Stokes equations at high

Reynolds numbers.
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Magnetohydrodynamics Equations

Magnetohydrodynamics (MHD) equations describe the motion of an electrically con-
ducting fluid. Navier-Stokes equations, the equations for fluids, were described in the
last chapter. In the first section of this chapter, we discuss the Maxwell’s equations,
the governing equations for electromagnetism. This will be followed by an exposition

of MHD. In section 4.3, we examine a space-time spectral method for MHD.

4.1 Electromagnetism

Electromagnetism primarily deals with electromagnetic forces that occur between
electrically charged particles. Electromagnetism, as the name suggests, describes
the coexistence of electricity and magnetism. As Michael Faraday discovered, elec-
tricity is generated when a change of magnetic flux occurs in the presence of an
electrical conductor. After some time, it was found that the inverse of this is also
true, i.e., the flow of electricity through a conductor creates a magnetic field around
it. The right-hand rule can be used to find the direction of the magnetic field. The
electromagnetic force is a highly significant, commonly occurring, fundamental force
of nature. It plays, for lack of a better word, an indispensable role in the universe.

Matter only exists because of the electromagnetic forces that exist at the atomic

35



level. These electromagnetic forces act between charged particles and are a com-
bination of both electrical and magnetic forces. Similar to electric and magnetic
forces, electromagnetic forces can be attractive or repulsive. In the 1860s, James
Clerk Maxwell published a series of papers that introduced the four Maxwell’s equa-
tions, which describe how electromagnetism works.

In the next section, we will give a quick introduction to Maxwell’s equations.

4.1.1 Maxwell’s equations

Maxwell’s equations are a set of four PDEs that describe how electromagnetism
behaves. The equations are named after the renowned physicist James Clerk Maxwell
(1831-1878). Maxwell’s equations govern how electric and magnetic fields interact.
The four equations thereof consist of Gauss’s Electric Field Law, Gauss’s Magnetic
Field Law, Faraday’s Law and the Ampere Maxwell Law. Maxwell was one of the
first people to realize that light is actually an electromagnetic wave. Maxwell’s
equations were later simplified by Oliver Heaviside and Josiah Willard Gibbs and

the simplified version of Maxwell’s equations is shown below.

V.- E= L Gauss's Electric Field Law
€0

V-B=0 Gauss's Magnetic Field Law

E
V X B = pyg <J+ 608> Ampere — Maxwell Law

ot
0B
VXxE= B Maxwell — Faraday Law

where the vector functions E and B are usually called electric field (volt/meter) and
magnetic induction (tesla), respectively.
The universal constants €; and pg are the permittivity of free space and the perme-

ability of free space respectively. These electromagnetic fields are generated by two
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sources related to the continuity equation

0
V-J+ a—f — 0,

where
J: electric current density (ampere/meter?),
p: electric charge density (coulomb/meter?).
[ will now very briefly explain what each of those equations means. Gauss’s Electric
Field Law defines the relation between charge and electric field. This basically states
that the net outflow of an electric field through some closed surface will be propor-
tional to the charge enclosed by the surface. The next equation, which is Gauss’s
Magnetic Law, defines the relationship between magnetic poles and the magnetic
field. This equation simply states that the magnetic flux through any Gaussian
surface is zero. Consequently, this explains that unlike electrical positive or nega-
tive electrical charges that can exist alone, magnetic mono-poles do not exist. The
third equation, which is the Ampere-Maxwell Law, describes the magnetic fields pro-
duced by varying electric currents. The equation explains that magnetic fields can
be generated by either electrical current or by changing an electrical field. The last
equation, Maxwell-Faraday Law, states that a time-varying magnetic field induces a

time-varying electric field and vice versa.

4.2 Magnetohydrodynamics

4.2.1 Brief history of MHD

The study of magnetism and fluids have been around since the 19th century. How-
ever, the study of magnetism in conducting fluids did not attract much attention

until the 20th century as there was little to no incentive for engineers and scientists
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to study it. Magnetohydrodynamics, popularly known by its abbreviation MHD,
did attract some attention from researchers such as Michael Faraday during the
19th century, but there simply were not enough practical applications at the time
for the subject. After all, electricity and electromagnetism were capturing most of
the attention at the time. After Michael Faraday had introduced magnetic induced
electricity, geophysicists had started to suspect that the magnetic field of the earth
was created within the liquid metal core due to a dynamo-like action. At the early
stages of the 19th century, an engineer named J. Hartman, who was studying MHD
at the time, developed the electromagnetic pump in 1918. He also carried out nu-
merous experiments regarding the flow of mercury through magnetic fields. Today
Hartman is widely considered to be the father of liquid-metal MHD. Things how-
ever started to change and by the 1940s, physicists realized that magnetic fields and
plasma were omnipresent throughout the universe. The discovery of the Alfven wave
in 1942 made MHD a field of much more interest among physicists and engineer-
ing applications started developing step by step. During the 1950s, physicists who
study plasma showed an interest in the stability (or lack thereof) of plasma confined
by magnetic fields. Half a century later, magnetic fields are widely used to induce
various movements in liquid metals in various branches of engineering and the MHD

concepts are at the heart of them.

4.2.2 What is MHD?

The term Magnetohydrodynamics is derived from combining three words, magneto-
hydro-dynamics. Here, "magneto" means magnetic fields, "hydro" means water or
fluids and "dynamics" means movement. Hence, it is evident that magnetohydro-
dynamics or MHD is the study of interactions between conductive fluids moving in
magnetic fields. The interaction between a magnetic field B, and a velocity field u,

arises as a combined result of Faraday and Ampere laws and, Lorentz force applied
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to a current-carrying body.

At the heart of MHD studies are two of the most ingenious sets of equations,
Maxwell’s equations and Navier-Stokes equations. In 1942, Hannes Alfven proposed
an uncanny idea that a mathematical theory could be obtained by coupling Maxwell’s
and Navier-Stokes equations together. Though unorthodox at first, this new mathe-
matical theory was able to successfully explain the macroscopic behavior of plasmas
in a variety of laboratory experiments. MHD theory has been able to help us un-
derstand a variety of natural phenomena such as plasmas in the earth and solar
astrophysics.

The MHD equations are not onefold. The coupling between the electric field, Ohms
law and current density will vary according to the underlying assumptions. There-
fore, different formulations of the MHD equations exist. Three very popular formu-
lations are ideal MHD, resistive MHD and Hall MHD.

Ideal MHD assumes the fluid in question to have negligible resistivity and therefore
is considered to have perfect conductance. This is the simplest form of the MHD
equations. Ideal MHD equations are obtained by making Reynolds number Re and

magnetic Reynolds number Re,, approach infinity. The ideal MHD equations are,

ou+ (u-V)u—(B-V)B+Vp=0, (4.1)
9B+ (u-V)B — (B-V)u=0, (4.2)
V-u=V-B=0. (4.3)

Three conservation laws are present in the ideal MHD. These laws give us a sense of
the solution class we are working with. The total energy and cross helicity can be

obtained by directly comparing the MHD equations with the Euler equation. For
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smooth solutions of ideal MHD, the total energy

o) = 5 [ Jule, O + Bz, 0)ds.

gives the only known conserved quantity, where T? is the two dimensional periodic
box. The ideal MHD equations (4.1-4.3) can be re-written using Elsasser variables

to obtain that £(¢) is a constant function of time. Let
2y =u+B and z_ =u— B. (4.4)

Therefore, the system of equations (4.1-4.3) becomes,

BZ
Orze + (24 - V)ze + Vg =0, q:p+|2|,

div z4 = 0.

Assume that both z, and z_ are incompressible. Then by integrating over T?, we

obtain that if u, B € C}C} (and thus zy € C}C}), then

d d
— % = 7/ _ 2 = 0. .
dt T2 |Z+(l’, )| dt T2 |Z (ZL‘, >| 0 (4 5)

Further, from (4.4) we get that
1
() = 5 [, 12l O + 12 (2, 0)
T2

We can show that ¢ is conserved for smooth solutions by combining the above equality
with (4.5).

In addition to the total energy, the MHD equations have another Elsaasser invariant,
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the cross helicity

Mo p(t) = /

’]I‘2

where w = V X wu is the vorticity.
Again, (4.5) shows that H,, g is conserved for smooth solutions. Finally, conservation
of the magnetic helicity is defined as

My p(t) = / A1) - B(-, 1), (4.7)

’]I‘Z

where A is a zero mean periodic vector potential field for B, such that curlA = B.
Since B is incompressible and T? is a simply connected domain, magnetic helicity
(Hp.p(t)) is independent of the gradient part of A. Therefore, A can be chosen so
that A = V x (—=A)™'B when div A = 0. For smooth solutions (u, B) of system

(4.1-4.3) we have
d
%”HB,B = 0. (4.8)

Since div u = 0 = div B and the Biot-Savart operator B —— A is self-adjoint we can

rewrite B-Vu —u-VB =V X (ux B) = 0;B. Using integration by parts,

d _ -1
M= 2/@(v x (—A)'B) - 0,8

=2 (Vx(=A)"'B)-(V x (ux B))

TQ

=2 T2V><(V><(—A)_IB)-(u><B):2 (VxA)-(uxB)

TQ

:2/TZB-(u><B):0.
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Now consider the resistive MHD, which is a system of nonlinear PDEs that de-
scribes three basic concepts of mass, momentum and energy conservation coupled
with Faraday’s Law of Induction. In this resistive MHD model, a single velocity and
pressure field is used to describe both electrons and ions. This model does not have
the finite Larmor radius effect when applying to a magnetized plasma. In compari-
son to macroscopic length scales, the plasma particle collision length is considered to
be small. This chapter develops space-time spectral methods for the resistive MHD
equations. When the magnetic Reynolds number increases, the hyperbolic terms
in the resistive MHD tend to overwhelm other terms. This hyperbolic portion of
the resistive MHD produces three different MHD wave modes, namely, Alfven wave,
Slow MHD wave and Fast MHD wave.

Lastly, let us very briefly discuss Hall MHD, which is applicable for studying plasma
dynamics with length scales greater than the electron inertial length and less than
the ion inertial scale length. On these scales, ions move relative to the magnetic field
but electrons do not. Hall MHD is very useful to model and comprehend numerous
space and laboratory plasma phenomena such as sub-Alfven plasma expansions and

magnetic reconnection.

For the purpose of this study, we consider the resistive MHD equations henceforth.
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4.2.3 Governing equations for MHD

The governing equations for MHD are derived by coupling electromagnetism and
fluid dynamics. As we mentioned above, we will consider only resistive MHD. The

resultant PDEs, so-called resistive MHD equations, are

ut+(u-V)u+Vp:];eAu—l—(VxB)xBH—f in €, (4.9)
V-u=0 in Q, (4.10)
Bt+RimV><(V><B):V><(u><B)+g in €, (4.11)
V-B=0 in Q. (4.12)

Here, the unknowns are fluid velocity u, fluid pressure p and magnetic field B, and
f and g are given. The usual Reynolds number Re and the magnetic Reynolds num-
ber Re,, are dimensionless parameters. The magnetic Reynolds number is defined
as Re,, = %, where g is the free space magnetic permeability, 7 is the magnetic
resistivity, and U and L are characteristic velocity and length scales, respectively.
First boundary condition is w = 0. Second boundary condition is v - B = 0 and
v x (V x B) for a perfectly conducting boundary.

Similar to the Stokes problem, it can be shown that a stream function formulation
can be obtained for the resistive MHD equations as well. Here, we treat u, B, f and
g as a vectors with two components: u = [uy,us)]”, B = [By, Bo]", f = [f1, f2]"

and g = [g1,92]7. Then we define a fluid stream function ¢ : R? — R such

that u; = ‘3—15, Uy = —% and magnetic stream function ¢ : R?> — R such that
B, = g—z’, By = —%. The boundary conditions for 1) become ¢ = g—f = 0 while

those for ¢ are ¢ = A¢ = 0.
Now, by taking the curl and using stream functions ¢ and ¢ we can obtain the stream
function model without a pressure term for the non-dimensionalization resistive

MHD. Further, the number of unknown functions reduces from five (u;, us, p, B, Bg)
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to two (1, ¢). The full system is

_Awt + }%BA%?Z) - wywwxx + ¢x¢yyy + ¢z¢ymw - ¢y¢$yy - ¢ymx¢1’ + ¢yyy¢x

_¢mmz¢y - (bzyy(by + f2x - fly m Q:

(4.13)

_9v _
Y = = 0 on 09,
(4.14)

w('raz%_l):w()(xuy) mn Q7

(4.15)

1
_A¢t + ?A2¢ = ¢xxy¢x - wx¢zxy + qusyyx - wyyx¢y + qusxa:x - wmqsyyy + wyyy(bx
_¢xazx¢y + way¢a:x - 2¢xz¢zy + 2¢yy¢yaz - wax¢yy + 920 — gly in Q>

(4.16)
p=Ap=0 on 0,

(4.17)

o(z,y,—1) = ¢o(x,y) in Q.
(4.18)
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4.3 Space-time spectral methods for MHD

In this section, we discuss space-time spectral method for the stream function form

of the resistive MHD equation. First consider the steady case:

};A%Z) - ¢y¢$zz + ¢w¢yyy + %%m - ¢y¢wyy = ¢y:c:c¢z + ¢yyy¢w

_¢xxx¢y - ¢xyy¢y + f>
1
R?AQ(b = ¢:my¢x - %d)my + wy¢yym - wyyz¢y + %%m - wx¢yyy + wyyy¢x

—%m% + 2¢xy¢;m: - 2%;;;%;/ + zwyy(byx - wax(byy + g,

with the set of boundary conditions (4.14) and (4.17). Since the boundary conditions
for ¢ are ¢ = A¢ = 0, we introduce a new variable ® = —A¢. Therefore, above

stream function formulation can be re-written as follows.

1
EA%/} - %%m + Qﬂaﬂbyyy + wm¢yxm - wywmyy = (I)y(A_l(I)>m - (I)z(A_l(I))y + f7
1

Re Ad = Y@y — Py Py — (¢my + ¢yyy)(A_1(I)>x + (@byyx + %mx)(A_l(D)y + 2903, ®

_4¢xy(A_1(I))m: + 2(1/]901* - wyy)(A_l(I))xy +g.

A spectral scheme is
= (D' Inar) + (s ® DY) + 2D © D))oy
— diag((In11 ® D)) (D® ® Ins1)ton + diag((D @ Iy s1)dn) (Ins1 ® D)y,
+diag((D ® In1)¥n)(D?* @ D)y, — diag((In1 ® D)) (D @ D),
= ((Iys1® D)8, )(D ® Iya) ((D* @ Insa) + (Ivas © DY) B,

— (D ® Iys1)®1) (Iyar ® D) ((D? ® Insa) + (Ins1 ® D)) @ + i,
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® Iny1) + (In41 ® DQ))(I)h = dz’ag((D ® IN+1)@/Jh)(IN+1 ® D)®y,

(@
- dzag( Ing1 ® D)) (D @ Inia)
— diag((D* ® D)y + (In41 ® D*) ) (D ® Inia) ((D* ® Iyan) + (Inss ®© D)) @,
+diag((D ® Dy + (D* @ I 1)) (I © D)((D* @ ) + (Iva © D)) @,
+ 2diag((D ® D)y )y, - 4diag((D ® DY) (D ® Iy+1) ((D* @ Iysr) + (Inas ® D?)) @,

+ 2dia9<([N+1 ® D*)py, — (D* @ fN+1)¢h)(D ® D)((D2 ® Ing1) + (N1 ® D2)>_1¢h + 9n,

where 1y, @, fn and g, are the vectors of ¥, @, f, and g respectively, evaluated at
the collocation points. Let By be the spectral second derivative (3.16), Bs be the
spectral third derivative (3.39) and B, be the spectral fourth derivative (3.18).

Finally we may write

1
Re

- dwg((fzv—l ® HD]])%)(B?) ® In_1)thn + diag(([[D]] ® ]N—l)qu}h)(IN—l ® Ba)iy,
+ dmg(([[DH ® fN—l)@/;h)(B2 ® [[D]))¥n — diag((fN—l ® HDH)%) ([[D]] ® Byt

= ((IN_1 ® HDH)&)h)(HD” ® fN—l)(([[DQH ® In1) + (In-1 ® HDQ]])) @y,

— (DN ® In-1)®1) (In-r @ (D) (D] © In-1) + Uy @ (D7) b1 + fi

((34 Q@ In-1) + (In-1 ® By) +2(B2 ® Bz))¢h
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ag
- dmg(<32 @ [[DI)dn + (Iv-1 & By} ) (1D]] @ Iy-)(([[D*)] @ Iyv-1) + (Iy—1 & (D)) &
+ diag(([[D]] ® Ba)dn + (Bs @ In-1)t) (In-1 ® [[D]) (D)) @ Iy-1) + (I ® [[D2]))) s
+ 2diag(([[D]] @ [[D]})dbn) &

— 4diag(([[D]] ® (D)) (D)) © In—1) (D] ® In-1) + (In—1 ® (D)) s

+ 2diag((In—1 ® Ba)ibn — (B> ® Ins1)tn ) (D)) @ [DI) ([0 © In1) + (Iv1 @ [[D7))) s

+ Gn-

Here, the known boundary values have been removed. This nonlinear system can
be linearized by replacing one variable by an old iterate in nonlinear terms. Then a

simple fixed point iteration (k > 0) can be used to solve it.

1
e ((34 RIn_1)+ (In1® By)+2(By® B2)> Pl

- dmé](([Nq ® HD]])%’?)(B:s & [Nfl)%]iﬂ + dz’ag( ] ® In-a ¢ ) (In-1 ® Bs) k“
+ diag(([[D)) @ In-1)0F ) (B2 @ [[D)ikH! = diag((In-1 @ [[D])VF)([[D]] @ Ba)dy ™!
= ((In—1 @ [DN®}) (D] ® In-1) (([D*)] © Iy-1) + (In-1 @ (DY) &

— (DN ® In-1)8%) (Inr ® (D) (DX @ In-1) + Iy © (D)) & + .
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- R—%(qw?n ® Ino1) + (Ino1 @ [[D2) )&+ = diag(([D)] ® In-1)f ) (In-y @ [D])) &}
— diag((In-1 @ [[DI)E3) ([P @ Iy-1) @5

— diag((B:  [| ’““)([[D]] ®IN_1>(<HD2H ® Iyo1) + Iy @ (D7) @1

— diag((In-1 ® Bs) k‘“) @ In-) (D7) © Iy—1) + Iy © (D7) &+

+ diag(([[D F) (Iv—1 @ [[D) (([DY) @ In—1) + (Iv—1 @ [[DY))) Lkt
+dmg(Bg®IN1 ) (Iyor @ (D) (DX @ In-1) + Iy © (D7) &

+ 2diag w’““)fbk“

(o

ag (1D DEEUDH @ In-1) (([DY] © In-1) + (In—1 ® [[D7]))) &)+
+ 2dzag( IN 1 ® 32 k+1)(HDH ® HDH)((HDQH ® INfl) I (INfl 2 HDQH))flqA)ZJrl

ag

(B2 ® Iys) 3 (D) @ (DI (D] @ Iy-1) + (I @ (D7) 85

Now, consider the stream function form for the unsteady resistive MHD equations:

_Awt + }%GAZ@Z) - ¢yw$zz + 1/}$77Dyyy + ¢z¢y$$ - ¢ywzyy - ¢y:c:r¢z + ¢yyy¢x

_¢xxz¢y - ¢xyy¢y + fa

1
_A¢t + R?AQ(ﬁ = ¢xwy¢x - %%xy + wy¢yym - wyy;r¢y + %%m - wx¢yyy + wyyyﬁbx

—%m% + 2¢xy¢:m - me%y + 2wyy¢y:t - Zwyx(byy + g.

with the set of boundary conditions (4.14) and (4.17). We can re-write the above
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stream function formulations in terms of ® as follows.

1
_Awt + %AQ@D - ¢y¢xzx + ¢xwyyy + %%m - wywxyy = q)y(A_lq)) (I) ( ) + f

1
(I)t B R?A(I) - %‘I’y - Q/J?JCI)I - <¢zmy + 7vbyyy)(A_ch))ﬂs + (¢yym + wzmx)(A_lq))y + 277b93y(1)

_41/’my(A_1q))zz + 2<¢zz - 1/Jyy)(A_1q))xy +y9

A space-time spectral scheme is

—{D & ((D*® In1) + (Iv1 ® D?)) b + };G{INH @ (D' ® Ing1) + (Inga ® DY)
+2(D*® D2)>}¢h - diag(IN+1 ® (Iys1 ® D)%)(INH ® (D° @ Iny1))¢n

+ diag(In+1 @ (D ® In1)tn) (41 © (In1 ® D*))ih,

+ diag(In1 ® (D @ Iys1)tn) (In1 ® (D @ D))y

— diag(In+1 ® (Ins1 ® D)ty (Inaa @ (D ® D))y,

= (IN+1 ® (Ing1 ® D)Cbh) (IN+1 ®(D® IN+1)) ([N—H ® (D* @ Ins1 + Iny1 @ Dz))_l‘bh

—1
- (IN—H ®(D® [N+1)<Dh) ([N-i-l ® Iy ® D)) (IN—H ® (D*® Ins1+ Iny1 ® D2)> Py + fh,
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1
{D Q@ (Iny1 ® ]N+1)}(I)h - ﬁ(b\fﬂ @ (D* @ Int1 + Ing1 ® DQ))(I)h

= diag(fN+1 ®(D® ]N+1)¢h> (]N+1 ® Int1 ® D)>®h
— diag(In1 ® (In+1 ® D)) (In+1 ® (D @ L) ) B

- dzag([]v+1 @ (D*® DY) (Ina1 ® (D ® Insr)) (Ivs ® (D @ Ini1 + Inga @ D?)) @
ag
ag
(

1
+ diag(In11 @ (D @ fN+1)¢h) (INJrl ® (Int1 ® D)) (IN+1 ® (D* @ Ing1 4 Iny1 ® DQ)) Py,

—1
Inyi ® (Iny1 ® D )wh) (IN+1 ®(D® IN+1)) ([N+1 @ (D* @ Iny1 + Iny1 ® Dz)) ),

Ina ® (D@ DQ)wh) (Iver ® Uner @ D)) (Inor © (D* ® Iy + I @ D)) @

+ Zdiag(INH ® (D ® D)wh) D,

_ 4diag(fN+1 ® (D ® D)wh) (INH ® (D*® IN+1)) (IN+1 ®(D? @ Iy + Iny1 @ D2))71(I)h
+ 2diag(Ins1 ® (Invsr ® D)) (Inss ® (D @ D)) (Inss ® (D* ® Iy + Insi © D?)) @,
_ Qdmg(]NH ®(D*® ]N+1)1/1h) ([N+1 ®(D® D)) (IN+1 ® (D* @ Iny1+ In1 ® D2))71<I>h

+ 9h,

where 1y, @, fr and g are the vectors of ¥, @, f, and g respectively, evaluated at
the collocation points. Let Bs be the spectral second derivative (3.16), Bz be the

spectral third derivative (3.39) and B, be the spectral fourth derivative (3.18).

Finally we may write
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— {[D] ® ((BQ @In_1) + (Uno1 ® BQ)) }@Eh + ];{[N ® ((34 ® In-1) + (In-1 ® By)

+2(By @ BQ)) }1/3h — diag(Iy ® (In-1 @ [[D]]))dn) (Iy @ (Bs ® In-1))dn

+diag(Iy @ ([[D)) @ In-1)0n) (In @ (Iy—1 ® Bs)) ¥
+ diag(Ix ® ([[D)) ® Iy-1)i) (I @ (By ® [[D]]))
- dzag(fN @ (I ® [[D)dn) Iy ® ([[D]) ® Ba))ibn
= (Ix® (v @ (D)) (I @ (D]} @ Iy-1)) (In @ (D] @ L1 + Iy @ [[D*])))

— (Iv® (D) ® In-1)&4) (In ® (In-1 ® [D])) (Iv ® ([D*]] © In—1 + Iy-1 ® (D)) &4

+ fo — (dn @ Yon),

{1D)® (1v-1 @ 1)} = - (I © (D) © T + Iy  [D7])

= diag(In ® (D @ Iy-1)vn) (In @ (In-1 @ [[D]])) ®n

— diag(Iy ® (Iy1 ® [[D]])wh) (IN @ ([[D)) ® Iy1)) s

— diag(Iy ® (B2 @ [[D)))dn) (In @ ( ®1N_1))(IN @ (([D*) ® In-1 + In-1 @ [[D*]])) s

— diag(Iy & (Iv-1 ® Ba)tn) (In ® (D)) @ In-1)) (I @ (D] @ L1 + Iy © [[D))) "

+diag(In ® (D)) @ Ba)n) (In © (In-2 ® [[D])) (Iv © ([D?] @ Ivo1 + Inoa @ [D7]))) s

+ diag(Iy ® (By @ In- 1¢h) (1N® (I @ [D]) (In @ ([D?]) @ Iys + Ina @ [[D%])))
(

(Ine (DY) @ IN_1>) (IN @ ([P’ @ In-1 + Ina @ [[D]])) D,
+2diag(In ® (In-1 ® Ba)in) (I @ (D)) @ [[D])) (In ® (D)) @ In-1 + In-1 ® [[D2]]))_1<i>h
—2diag(Iy ® (By ® Iy-1)0n) (In ® ([[D]] @ [[D]))) (I @ ([[D*]] ® In-1 + Iy @ [[D*])))

+ gn — (dn, @ o).
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Here, the known boundary and initial values have been removed. This nonlinear
system can be linearized as before. Then a simple fixed point iteration (k > 0) can

be used to solve it.

~{ID)e ((By® In) + (1 © Ba)) W™ + = {In © ((By@ Iy 1) + (Iy1 ® By)

+2(By ® 32))} p dw9<1N ® (In-1®[[D ]])@/)h)(IN ® (B3 @ Iy_1)) Ut

+ dmg(zN @ ([D)) @ In-1)0F) Iy @ (In-1 @ Bs)) gyt
+diag(In ® ([D)) ® Iy-1)d5 ) (In ® (Ba @ [[D]]) !
- dzag(fN @ (In-1 ® [[DI)E}) (In ® ([[D]] ® Ba))u*!
= (In ® (Iy-1 ® [D)®}) (Iy © (D)) @ Iy-1)) (In ® ([D*) @ Iy-1 + Iy @ [D)) &

—1 A~

— (Iv® (D)) ® In-1)®f ) (In ® (Iy-1 ® [[D])) (Iy @ (D] ® In-1 + Ino1 @ [[D?))) &

+ fh — (dn ® 1on),

{ID1@ (Iner @ I B = (1 @ (D) © Iyos + Tes @ D)) 5

= diag(Iy ® (D ® In_1)0*") (Iy ® (Iy- @ [[D]]) ) @5
= diag(Iy @ (Iy-1 (D) (Iv @ (D)) @ L-1)) B}
— diag(In ® (By ® || ’““) (IN ® ([[D] ® IN—l))
(In ® (D} ® In-1 + In-1 ® [D*))) Lyt
— diag(In ® (In-1 ® B30 ) (In @ ([D)) @ In-1)

(Iv e (D) @ Iy-1 + Iy @ [[D]))) 4™

(Iv @ (DY @ Iy + v @ [[D]])) 87!

(
[
(
[
+ dzag(IN ® ([[D]] @ B2) Hl) (IN ® (In-1® HDH)>
[
+ dzag(IN ® (B3 ® In-1) 1) (IN ® (In-1 ® HDH))
[

(Iv & (DY @ In1 + Iv1 @ (D)) 87!
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+ 2diag(Iy ® ([[D]) @ (D)5 )85 — ddiag(Iy @ ([[D]] @ [[D])dH)

(Iv ® ([D*] @ In-)) (In © ([D*] @ In-a + Ina @ (D)) @4
+2diag(In ® (Iv-1 ® Bo)0™) (Iv @ (([D]] @ [[D])

(Iv ® (D)) © Iy + Iy @ [[D7]])) &5

— 2diag(Iy ® (Bx ® Iy-1)0f™) (In ® ([D]] ® [[D]]))

(In ® (D) ® In1 + Iy-1 @ (D7) B4

+ gn — (dr, ® ¢op).

Similar to how relaxation was implemented for the Navier-Stokes equations, relax-
ation can be implemented for MHD equations as well. However, the iteration is
divergent when the Re and Re,, are large. In the next chapter, we shall discuss
nonlinear preconditioning techniques that are able to simulate the MHD equations

at high Re and Re,,.
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Spectral Domain Decomposition

5.1 Introduction

Domain decomposition methods (DD for short) are widely used to solve large alge-
braic systems involving industrial applications. The idea of domain decomposition
is to partition the domain into several subdomains and then solve the PDE in all
subdomains in parallel. Here, a set of sub-problems smaller in size will replace the
original problem. Iterative methods defined on Krylov spaces typically use DD meth-
ods as preconditioners. GMRES and conjugate gradient method are such examples.
DD methods can be divided in to two categories based on how spatial decomposi-
tion is done. They are overlapping (Schwarz methods) and non-overlapping (Schur
complement methods). Schwarz methods calculate iterates that are subdomain so-
lutions of the PDE. The connection between adjacent subdomains is maintained
using boundary conditions. Schur complement methods solve for the unknown func-
tion along the artificial interface. While there are many advantages in using DD
methods, there are a couple that stand out. DD methods are able to create parallel
algorithms effectively. Further, when used as preconditioners, DD methods can solve

large ill-conditioned problems in an efficient and accurate way.
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5.2 Linear Preconditioning

5.2.1 Overlapping Domain Decomposition
5.2.1.1 Additive Schwarz Method

Overlapping subdomains occur when a part of one subdomain intersects with an-
other and this is the basis for overlapping domain decomposition. The "Schwarz
Alternating" and "Additive Schwarz" methods are the two main methods of over-
lapping domain decomposition. In this section, we focus on the Additive Schwarz
method for the Poisson equation and biharmonic equation (3.20).

For ease of explaining, we consider the Poisson equation —Au = f on  with
f € L*Q). We seek the solution u € H(f2). Let the inner product on H}(Q)
be

[w,v]:/ﬂVw-Vv, v,w € Hy(Q),

and ||v|| = [v,v]'/? be the associated norm. Also let (-,-) := (-,-)o.o be the L?(Q)
inner product. For simplicity, we consider {2 to consist of two open overlapping

subdomains €2;,7 = 1,2 where Q; Ny # (). An example is shown in figure 5.1 below.

2y

Figure 5.1: Two rectangle domains with an overlap.
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Overlapping is defined as below.

H&(Q) = Hg(Ql) + Hg(Qz)

Let P; be the orthogonal projection from Hj(Q2) onto Hy(Q;),i = 1,2. A function
in Hj(£;) can be extended by zero to be a function in H}(€). With an initial
guess u® € H(Q), parallel Schwarz method (both subdomain PDEs are solved

simultaneously) constructs the following sequence:

uh ="t w(uitt = ")+ w(ustt —ut), (5-1)

where w is a positive constant and

—Aut = f on O

u™ =0 on 9O\I

ntl _ n
uf"™ =u" on I,

and

—Auytt=f on Q

upytt =0 on 9Q\I'y

uhd™ =u" on Ty,

Further, for the parallel Schwarz sequence, the error e” = u™ — u satisfies

"t = (I —w(P + P))e", (5.2)
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and He(”)H — 0if 0 <w < 1. Here P, + P, is a sum of two orthogonal projections
which are self-adjoint positive semi-definite operators.

Let us now discuss an algebraic discrete version of the parallel Schawarz method.
Take R; to be the matrix which restricts all unknowns in global domain €2 to un-
knowns in subdomains €2;,i = 1,2. Since R; is a restriction matrix, R? will act as
an extension matrix that will extend a vector (of unknowns) in €;,7 = 1,2 by zeros,
to a vector in the global domain. Let the global problem in 2 be Au = f. There-
fore, discrete differential operators for the local domains €2;,7 = 1,2 can be written
as A; = R;ART and corresponding f; = R;f. Take ul as the local iterates of the

parallel Schwarz method. Define
Aij = (RRA— AR)RT, 1<i#j<2.
It can be shown that
Attt = fy — Apul, Ayl = f, — Ajyul

Recall the parallel Schwarz method defined in (5.1). This can be used as a precon-
ditioner. From the error equation (5.2), when w = 1, the iteration matrix becomes
G =1— (P, + P,). We know that, the parallel Schwarz method defined in (5.1) can
be used as a preconditioner. Let M be any non-singular operator. Then the given

linear system —Au = f can be written as, Mu+ (=A — M)u = f or,
u=(I—MY=A))u+M'f
Therefore, an iterative method can be defined as

w = Gut + ML,
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where G = I — M~'(—A) is the iteration operator. Hence M~1(—=A) = P, + P, is

the preconditioned operator. Now the preconditoned system can be written as

(P + P)u=g, (5.3)

where g = M~!f. When M defined above is taken as the preconditioner, the additive
Schwarz methods gives an algorithm that solves the Poisson equation thereof by using
GMRES. Since we use spectral methods, in general we cannot use PCG because
the matrix is non-symmetric. In certain situations, such as in [2], it is possible to
implement PCG for spectral methods. Similarly, one can formulate a preconditioned
system for the biharmonic equation which can be solved using Additive Schwarz

method.
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5.2.1.2 Legendre Interpolation

The Legendre pseudospectral derivative matrix D used in spectral methods is defined
using Legengre Gauss-Lobatto nodes in the domain [—1, 1]. When spectral methods
are applied for domain decomposition problems, we need to rescale the subdomains
[—1,a] and [b,1] to [—1,1], where b < a. This scaling is required because Gauss-
Lobatto nodes are not equally spaced unlike in finite difference methods where nodes
are usually equally spaced. Therefore, global and local subdomain Gauss-Lobatto
nodes do not coincide. Thus, interpolation is required to convert function values at
the subdomain nodes to function values at the global points. This interpolation can
be done using Lagrange polynomials defined on the Legendre Gauss-Lobatto nodes
{zo,...,xn}

Define the Lagrange polynomials for zq,...,z, by

1 (1 —2?)L,(x)

li(x) = — ) =0,...,n.
() nn+1)L,(z;) x—x; S Eeen

We claim that [;(z}) = d;. Since x are the roots of (1 — x%)L, (z), it is immediate

that [;(z;) = 0 if j # k. Now

i (1))
= — im
n(n+ 1)L, (x;) ==z; T — x,

_ 1 n(n+ 1)L, (x;) _1

Define

plx) =Y fla;)l(x),

J=0

where p(x) is a polynomial that interpolates f(x) at the nodes and is called 1D-

Legendre polynomial interpolant.
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Similaly, the 2D-Legendre interpolant can be described as follows. It is derived by
considering 1D-Legendre interpolation for two orthogonal directions and combining

them. Define the 2D Lagrange polynomial

lij(x>y) = ll(x)lj(y)a 0<i<n, 0<j<m.

_ 1 (1 —a?)L,(x)
li(z) = n(n+10)Ly(z) x-—z;
1 (1 - y*)Lin(y)

W e D) v-w

where {yo, ..., yn} are the Legendre Lobatto nodes. So we have

1, ifi=nrj=s;

lij<xr7 ys> =
0, otherwise.
It follows that
pla,y) =23 o y)li(z,y),
i=0 =0

is a polynomial that interpolates f(z,y) at the nodes and is called 2D-Legendre poly-

nomial interpolant. Similarly, one can define a Chebyshev polynomial interpolant.
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5.2.2 Non-overlapping Domain Decomposition
5.2.2.1 Introduction

Subdomains intersecting only at their interface are known as non-overlapping subdo-
mains and are the basis for non-overlapping domain decomposition methods. These
also go by the name iterative substructuring methods [13]. We will solve the Pois-
son equation (with homogeneous Dirichlet boundary conditions) using this domain
decomposition. For simplicity, we consider the global domain €2 to consist of two non-
overlapping subdomains, that is, Q = Q; UQy with Q; N Qy = 0 and I’ = 9O N 9Ns.

See Figure 5.2 for an example of non-overlapping subdomains.

| |

Q2 Q,

Figure 5.2: Two rectangular subdomains without overlap.

We solve the subproblems

—Auy=f on
up =0 on OH\I'

uy =g on I,

61



and

—Aus =f on
ug =0 on O\

up, =g on I,

where ¢ is an unknown function defined on I' to be determined by

8u1 8u2
— 4+ — = I. 4
o, + v, 0 on (5.4)

The equation (5.4) is called the transmission condition and v and v, are outward
pointing normals to the first and second subdomains, respectively.

Let us examine this transmission condition further. For i = 1,2, let u; = u§ + u?,
where u) = —A;7'f € H}(;) and uf is the harmonic extension of g into €; and
denoted by H,;g.

For any v € H'(€;) vanishing on 9Q; N 99, the following relation can be identified:

0Hig

r Oy

U:/ VHig - Vv.
Q;

The equation (5.4) is now equivalent to the equation Sg = G on I', where

-1 -1
— 67'[19 + 87‘[29’ G — 8A1 f 4 0A2 f

Sg 61/1 8V2 ' (%1 8y2

(5.5)

This operator, S : Héf(l“) — H~Y2(T") is known as the Steklov-Poincaré operator.

The Hilbert space

H(%Z(F) = {U‘DU € H&(Q)}v
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is equipped with the inner product
2 1/2
(9. P) iy = ;/Q VHig-VHip, g,p € Hy (I).

Here, H~'/2(T") is the dual space of H%Q(F). Let S =S + S5, where

OH,;

Sig =

Therefore, S; can be identified as the operator which takes the harmonic extension

of g (to ;) onto the normal derivative along T

5.2.2.2 Poincaré-Steklov Operator for the Laplace Opeartor

This section will discuss the spectral version of the discrete Steklov—Poincaré oper-
ator for the Poisson problem [13].

Poincaré —Steklov operator was named after Henri Poincaré and Vladimir Steklov.
This operator takes the value of the solution along I' and maps it to the normal
derivative along I'. After solving the Steklov—Poincaré operator for the interface,
those interface values can be used to reduce the global problem to independent
boundary value problems for the subdomains. These new subdomain problems can
be solved in parallel.

When a partial differential equation is discretized by a finite element or finite differ-
ence scheme, the discretized Poincaré-Steklov operator is equal to the Schur com-
plement obtained by eliminating all degrees of freedom inside the domain. First of
all, let us briefly examine the Poincaré—Steklov operator in a finite element context
for the Poisson problem. Let the unknowns be partitioned as [u1, us, us]” , where
uyp and uy are the unknowns on §2; and €2y, respectively, and ug are the unknowns

along T'. Take f to have also been partitioned similarly as [fi, fo, f3]7. Then the set
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of discrete equations can be written as

An 0 Al |uw fi
0 Asy Agg| |uz| = | fo| (5-6)
A1T3 A2T3 Asz| |us f3

where A1y and Ay, are discrete approximations for —A; : HY () — H1(),i = 1,2
respectively, and Ass is a discrete approximation to —A along I'. Take all A;; to be

symmetric positive definite. By solving the first two equations, we obtain
up = A(fL — Azus)  and  up = Ay (fy — Assus).
Substitution of u; and us into the third equation gives
Shuz = f, (5.7)
where
Sp = Ass — A{3A1_11A13 - A2T3A2_21A23 and J% =fs— A1T3A1_11f1 - A2T3A2_21f2-

This matrix S, is symmetric positive definite and named as the Schur complement
of the block matrix in (5.6). In a finite element context, it can be shown that S, in

fact, is a discrete approximation of the Steklov—Poincaré operator. Further,
Spp = A% — AT AT Ay, (5.8)

where A:%) denotes the contribution to the stiffness matrix for nodes along I' rising
from integration in ;. Similarly S, = Aé? — AL A Ays and we can see that

Sy = Sin + So. Here Spp and Sy, are the matrix representations of S; and Ss,
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respectively.

It can be shown that the action of Sy or its inverse on a vector can be found by
solving the Poisson equation with a Dirichlet or Neumann boundary condition on a
subdomain. Therefore, there is no need to form Sy, or Sy & explicitly and this allows
for a more efficient computation of the action of S; 5 and Si ,11 on an arbitrary vector.

Now let us consider the calculation of S; g when ¢ is given. From (5.8),
S1hg = (A:(«;? - A{3AI11A13)9 =G.

Therefore, calculating the action of S, on a given vector g requires solving the
Dirichlet problem —Awv; = 0 on the subdomain §2; with the boundary conditions
v1 =g on ' and v; = 0 on OQ\I'. Hence, the discrete problem can be written as,
A A |u _ 0 ' (5.9)
Afs A%) g G
It is evident that evaluating G is a two step calculation. First, calculate v; from the
Dirichlet boundary value problem. Then compute G = AT,v; + A%) g. This shows
that there is no need to form S j explicitly. A similar calculation can be carried out
to find the action of S on a vector G. In this case, (5.9) is solved for v; and g and
it is a discrete Neumann problem.
Now, let us consider the spectral version of the discrete Steklov—Poincaré operator
for the Poisson problem. It is known that finite-difference or finite element operators
are local and there is no communication between adjacent subdomains. However,
in spectral methods, all operators are global and calculation of the derivative at
any point requires all the nodes in the domain. Therefore, the spectral version
(although having the same definitions as in finite-difference/finite element methods)

is implemented differently because zero blocks do not exist anymore as in the system
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(5.6). For ease of explanation, let us consider the 1D Poisson problem with the

boundary conditions v = g on I' and v = 0 on OQ\T.

Figure 5.3: 1D Non-Overlapping subdomains.

For spectral methods, Legendre pseudospectral derivative matrix D is used and is
defined using Gauss-Lobatto nodes from —1 to +1. To use D for subdomains, a
re-scaling is needed. Further, to implement a non-homogeneous Neumann boundary
condition at the interface, the spectral Tau method is adopted. Now, consider the

first subdomain €2;. The discrete equations for the {2; can be formulated as below.

/ \ ~ ~ b . S
A1 Axz A v(ll) =0 f-(l'lj
(10 = (1)
Azq Az, Azs i fint
ASI Aaz ASB 9 G

\— | =t — )

Figure 5.4: Subdomain 1.

(1)

Here, G = aa—;’l, v, represents the first subdomain left boundary value and e

nt

represents the interior values of the first subdomain. Now we have

Agovit) + Agsg = f1,

A32Uz'(r1n)€ + Azz9 = G.
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From the first equation we obtain

Vbt = A3 (find — Azg). (5.10)
Sustituting into the second equation yields

Sl hg = G — AgQA (511)

znt )

where Sl,h = A33 — A32A;21A23.
Now, consider the second subdomain 25. The discrete equations for the €2, can be

formulated as below.

/= ~ R —
Aqy Agz Az g9 G
Azq Az Azs Eii - fi:)t

(2)
Azq Az As3 vﬁl =0 N+1
\ —/ L 2

Figure 5.5: Subdomain 2.

Here, G = — g?y” , v](\,ll represents the right boundary value of the second subdomain

and v t represents the interior values of the second subdomain. Now we have

Ang + Amvmt =G,

Ang + Apvin) = fi).
From the second equation we obtain

v = A2 — Agg). (5.12)
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Substituting into the first equation yields

wnt

Song = G — A A7 1) (5.13)

where Sy, = Ay — A5 A5 Ay Similarly, the calculation thereof can be extended

to the 2D case by using Kronecker products.

5.2.2.3 Dirichlet-Neumann Preconditioner

This section will focus on an optimal preconditioner to solve the transmission problem
Shg = G on T, the artificial interface. Here we consider Dirichlet-Neumann method,
which is a domain decomposition preconditioner. It involves solving a Dirichlet
boundary value problem on one subdomain and a Neumann boundary value prob-
lem on an adjacent subdomain. Once all unknowns are calculated for one subdomain,
that data can be used to find the Neumann boundary condition (that is, the deriva-
tive) on the interface for the adjacent subdomain.

Recall that Sj, = S1 5+ 52,1, where S; j, is the term in Sj, related to subdomain €2;, that
is, the discrete form of S;. Then, S, , (where ¢ is either 1 or 2) is a preconditioner
for the system S,g = G. For clarity, we will take i = 1. Then the preconditioned

system is
(I + Sy Sep)us = Si;G. (5.14)

Here, applying S5 to us involves solving a PDE with Dirichlet boundary condition
along the interface I'. Further, applying of S i to some vector involves solving a PDE
with Neumann boundary condition along the interface I'. Therefore, this is called a
Dirichlet—Neumann preconditioner. The ratio of the largest eigenvalue to the small-
est eigenvalue, known as the condition number, can be proven to be bounded above

by a constant independent of A for finite difference/element discretization.
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5.2.2.4 Poincaré - Steklov Operator for the Biharmonic Opeartor

Let © be a domain with a smooth boundary which is bounded in R™. Suppose Q is
divided in to two non-overlapping subdomains, that is, Q = Q; U, with Q;NQy = .
Assume that the artificial boundary I' = €; N €, is nontrivial.

Now consider the biharmonic equation with homogeneous Dirichlet boundary con-

ditions:

A’u=f on Q, u:():gu on 0.
v

Here, f € H %(Q) and u € HZ(2) and A denotes the Laplacian.
While Laplace equation requires only one boundary condition, in contrast, bihar-

monic equation requires two boundary conditions. Define the trace spaces
1/2 3/2
Hyp* (1) = {vlr,v € Hy(Q)}, Hog (1) = {vlr,v € H3(Q)},

with duals H—Y/2(I") and H~%/2(T"), respectively.
Now we shall derive the Poincaré - Steklov operator for the biharmonic operator [17],
[25].

Let p € HS’({Q(F) and ¢q € Hééz(l“). For i = 1,2, define v; € H*(Q;) as the solution of

A%v; =0 on Q,
vi=p on I,
Ov;
8: =q on I,
Ov;
v; = 8; =0 on O\T,
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where v; is the unit outward normal with respect to €;,2 =1, 2.

Similarly, for r € H30/2(F) and s € HoléQ(F), define w; € H*(€;) as the solution of

A%w; =0 on Q,

w; =71 on I,

gzl:l =s on I,
w; = 215: =0 on IQ\I.

Here, all functions are assumed to be smooth. Then the PDE for v; is multiplied by

w; and then integrated by parts to obtain

/F (Avis - aﬁfr) = /Qz Av; Aw;.

Thus, the biharmonic Poincaré - Steklov operator S; : Hay” () x Hy}*(T) — H~3/2(T") x

H=Y2(T) is defined by

0Av;
p -
Si — 81/1
q Av; -

More generally, with (-, -) a duality pairing,

< ' . S; b >:/QiAU,-Awi.

S q
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5.3 Nonlinear Preconditioning

5.3.1 An Overview of Nonlinear Solvers

Many real-world situations are governed by nonlinear partial differential equations.
Discretization techniques such as finite difference, finite element and spectral meth-
ods are used to solve nonlinear PDEs and require the formulation of large-scale
algebraic systems. Such PDE solvers can be classified into several important cate-

gories.

o Newton-type methods: These methods always start with linearizing a global
problem by using Newton’s method or one of its inexact variants. A linear
solver such as Krylov subspace methods can be used to solve the resulting
nonlinear system. Matrix-free implementation techniques of these methods
exist. Therefore, explicit formulation of the matrix of the linear system is
not necessary. For instance, Jacobian-free Newton-Krylov methods can be
used to formulate Jacobian-vector product. The inherent problem of Newton-
type methods is, the convergence depends on the initial guess. If the initial
guess is far from the exact solution, there is no guarantee that the method
will converge. To overcome this problem, globalization techniques have to be
introduced to the solver. Trust-region and line search methods are examples

of such globalization techniques.

o Nonlinear Krylov methods: Namely, nonlinear conjugate gradients (NCG),
nonlinear Richardson, nonlinear GMRES (NGMRES) and Anderson mixing
methods are such nonlinear Krylov methods. The nonlinear Richardson is an
extension of the linear Richardson iteration. Similarly, NCG is an extension of
the linear conjugate gradient (CG) method. All nonlinear methods determine

the step length using line search techniques. The Anderson mixing method and
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NGMRES combine several former iterations and formulate a residual problem

that is to be minimized.

e Decomposition methods: These methods regularly serve as nonlinear precondi-
tioners or accelerators because there is no guarantee that the iterative method
will converge. Here we consider the nonlinear additive Schwarz methods, which
involve parallel solving of local subdomain problems and the summation of re-

sulting corrections to determine a global search direction.

5.3.2 Background of Nonlinear Preconditioning

Discretization of PDEs often result in large algebraic systems and Newton meth-
ods are a popular choice for solving them. As an example, Newton-Krylov-Schwarz
methods are successfully implemented in many PDEs. However, for systems with
unbalanced nonlinearities, poor choice of an initial guess leads to frequent “nonlin-
ear stiffness”. This is the main problem of these methods. For such nonlinearly
stiff problems, Newton’s method could waste significant computational resources
due to a high number of futile iterations, or the method may diverge. Globalization
techniques such as line search and trust-region are employed to ensure convergence.

However, convergence may be extremely slow for difficult problems.

Nonlinear elimination and nonlinear preconditioning are two well-known approaches
used to handle strong nonlinearities. In the nonlinear elimination, before applying
a global Newton iteration, local high nonlinearities are eliminated by removing the
variables that cause the nonlinearities. In nonlinear preconditioning, nonlinearities
are reduced by solving a preconditioned system instead of the original system. In
this chapter, we focus on the nonlinear preconditioning techniques for overlapping

domain decomposition.
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Nonlinear Schwarz algorithms are very popular iterative methods that can be used to
solve nonlinear systems. However, numerical results show that they are usually not
very strong in handling nonlinearities, except for monotone systems. Fortunately,
the nonlinear Schwarz works well as a nonlinear preconditioner. In order to overcome
unbalanced nonlinearities and improve global convergence properties, two methods
have been developed; namely, the Additive Schwarz Preconditioned Inexact New-
ton (ASPIN) algorithm and the Restricted Additive Schwarz Preconditioned Exact
Newton (RASPEN) algorithm. The ASPIN algorithm was first introduced by Cai
and Keyes [8] in 2002. The main idea of ASPIN is, instead of solving the origi-
nal system, solve a corresponding nonlinearly preconditioned system which has the
same solution as the original system. Here, an inexact Jacobian is used because di-
rectly calculating the exact Jacobian is computationally expensive and inconvenient.
ASPIN algorithm has been implemented for some formidable problems successfully
such as Navier-Stokes flows at high Reynolds numbers. The RASPEN method was
introduced by five mathematicians in 2016 [14] and it is identified as a superior
preconditioner for Newton’s method. While RASPEN is quite similar to ASPIN,
all components of RASPEN are directly defined by the iterative method. There-
fore, RASPEN converges when used as an iterative solver whereas ASPIN may not.
Further, various improvements have been proposed and analyzed for both methods,
such as two-level ASPIN and two-level RASPEN, which employ a coarse grid for
global communication, achieving a convergence rate independent of the number of

subdomains.
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5.3.3 Inexact Newton with Backtracking

This section describes the classical Inexact Newton method with Backtracking (INB),
which plays an essential role in nonlinear preconditioning. INB method is a nonlinear
solver that can be used to solve a transformed global system.

Suppose, there is a discrete nonlinear function F' : R® — R”. We want to find a

vector z* € R” such that

where F' = [}, Fy, ..., F,|T and © = |21, 29, ..., 2,]7. Newton’s method for solving

k)

F(x) = 0 with respect to the current approximation z*), is given below in Algorithm

L.

Algorithm I: Newton’s method

0)

2 is an initial guess which is given.

for £k =0,1,2,... until convergence do

Solve F' (z)d®) = F(x®).

Set z*b+D) = zk) — gk,
end
If the number of unknowns is large, it is generally very expensive to solve Newton
equations at each step because we have two functions to evaluate with each iteration
F(z®) and F'(z®)). The latter is especially computationally expensive when n is
large. Further, it is not guaranteed that Newton’s method will converge if the exact
solution z* is too far from the given initial guess 2°. Hence, using iterative methods
to solve Newton equations approximately for an inexact Newton direction is more
practical. This is known as the Inexact Newton (IN) method and is described below

in Algorithm II.
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Algorithm IT: IN (Inexact Newton method)
2 is an initial guess which is given.
for £ =0,1,2,... until convergence do
Choose ny € [0, 1).
Find d® which satisfies
) P < 1)
Set z*k+D) = gk _ q(k),

end

Here n; is known as a “forcing term” and it is evident that Algorithm II reduces
to the Newton’s method when 7, = 0. GMRES is a well known Krylov subspace
method that can be used to solve the Jacobian linear system and 7 is used to de-
termine the accuracy.

Unfortunately, it is possible that the Inexact Newton method also may not converge
given that 20 is too far away from x*. Hence, a globalization strategy such as line
search, needs to be incorporated to the Inexact Newton method to ensure conver-
gence.

The line search algorithm tries to find a **) using the function f(z) =1 | F ()|
This is done by reducing the step length by some factor in the descent direction
d® until a "good enough" z**1 is found. First, the full Newton step is tried by
taking A\®) = 1. If (-1 = 20 — @) is not acceptable according to f(x), then the
step length A® is reduced until a A is found such that z®*+D = z®) — \*)q*) ig

acceptable. Backtracking line search method is described below in Algorithm III.

Algorithm III: Backtracking line search
Input: z*) and d®.
Definef(z) = 2 HF(;E)H2 Take o € (0,1) and 0 < Oiny < Opar < 1.

2
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Let A®) = 1.

while f(z®) — A®I®)) > F(2®) — QABV f(z0)T4H) do
choose some 0 € [0,min, Omaz)-
AE) = g\&)

end

Recall that, Inexact Newton method can be combined with backtracking line search
to ensure convergence. Therefore, a new method is formulated by combining Algo-
rithms 2 and 3. This new method, named as Inexact Newton backtracking (INB), is
described in Algorithm IV.

Algorithm IV: INB (Inexact Newton backtracking algorithm)
2 is an initial guess which is given.
for £k =0,1,2,... until convergence do

Choose 7 € [0, 1).

Find d® such that

) - 30 < (a0

Determine \*) using Algorithm III.

Qet pk+1D) = 4(k) _ \(K)qk)
end
Unfortunately, Algorithm 4 may not be effective for difficult problems, for instance,
Navier-Stokes and MHD equations at high Reynolds numbers. The next section will
introduce nonlinear preconditioning which is a state-of-the-art technique that is able

to handle such difficult problems.
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5.3.4 Additive Schwarz Preconditioned Inexact Newton (AS-

PIN)

In the first part of this chapter (spectral domain decomposition), we discussed the
concept of linear preconditioning. However, linear preconditioning is not suitable
for nonlinear systems with strong nonlinearities such as Navier-Stokes and MHD
equations. This section will discuss nonlinear preconditioning techniques for such
nonlinear systems. Consider a given nonlinear function F': R® — R". Starting from

an initial guess u(” € R”, find a vector u* € R™ such that

F(u*) =0.

Here FF = (Fy,...,F,)1F, = F(u1,...,u,), and u = (uy,...,u,)T. The above
nonlinear system can be solved using Inexact Newton algorithms. However, Inexact
Newton algorithms often stagnate even with the application of global strategies such
as linesearch. This is especially the case for problems with unbalanced nonlinearities.
The reason for this stagnation is that Inexact Newton is not equipped to properly
handle such nonlinearities. To find the same solution u* € R"”, instead of trying to
solve the system F(u*) = 0, we can solve an equivalent nonlinearly preconditioned
system F(u*) = 0 which has more balanced nonlinearities.

While F and F' must have the same solution, it is very possible that they have
different forms. In general, F is a function of both F' and u. However, it is not
necessary to explicitly know how F depends on F' or u. For instance, the form of F

could be a composite function
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Here, G is known as a nonlinear preconditioner. Listed below are some important

properties of the preconditioner G : R™ — R"™ thereof:
1. If G(x) =0, then z = 0.
2. G is close to F'~! in some sense.
3. G(F(w)) is easily computable for given w € R™.

4. If a Newton—Krylov-type method is used for solving F(z) = 0, then the matrix-

vector product (G(F(w)))v should also be easily computable for w,v € R™.

It is not required to explicitly form the nonlinear preconditioner G - it is defined
implicitly.

Next, we will describe a nonlinear preconditioner based on the additive Schwarz
method; specifically, the Additive Schwarz Preconditioned Inexact Newton (ASPIN)
method, which was proposed by Cai and Keyes [§]. While methods such as Inexact
Newton do not converge for flows with high Reynolds numbers, numerical results
show that the ASPIN method works well in such cases.

The formulation of the ASPIN algorithm will now be explained in detail. Let us

consider a nonlinear system

F(u) = 0. (5.15)

Take

0=, (5.16)
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to be a global domain which has been subdivided into N subdomains that overlap

one another. The corresponding nonlinearly preconditioned system

Flu) =0 (5.17)

can be formulated in the following manner. First of all, using the subdomains of
2, the subspace of R" is introduced as well as the corresponding restriction and
prolongation (extension) matrices. Then an n X n restriction matrix R; is defined as
follows. If k£ € €);, then the kth column of R; is the kth column of the n x n identity
matrix I,,x,; and if k ¢ Q;, the kth column of R; is zero. Subsequently, R! is taken
as the prolongation operator P; and it is assumed that R; and P; satisfy the relation
R, P; = Ig,, the identity on €.

The subdomain nonlinear function can be defined as

Fo, = RiF,

by applying the restriction operator R; to F. Next, let G; denote nonlinear sub-
domain solution operator such that, u? = G;(u"'). Therefore, the local inverse

G, : Q — Q, is defined as the solution of

Further, we define subdomain correction C;(u) € €; such that
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Then, the preconditioned function is defined as
Flu) =Y PCi(u). (5.20)

This is known as the ASPIN. A Newton algorithm with an inexact Jacobian is used

to solve the preconditioned system (5.17). Using the definition (5.19), we can write
Fo,(u+ P,Ci(u)) = Fo,(P,(Ru+ Ci(u)) +u — P,Ru) = 0.

Assume that unique solutions to the local problems exist. Therefore, with compari-

son to (5.18), it can be deduced that
Therefore, ASPIN can be written in the form
N N N
Flu) =Y PCi(u) => PG;(u) — > PRu. (5.22)
i=1 i=1 i=1

Now let us see how to compute the Jacobian matrix of ASPIN. For simplicity, take

!

u® = P,Gi(u) + (I — PR)u and J(u) = F (u). (5.23)
By differentiation of (5.18), we obtain
G (u) = —(R;J (u)P) ' R;.J (u®) + R;. (5.24)
Now, we can obtain the Jacobian of ASPIN in (5.22)
/ N / N
J(u) = F (u) =) PGi(u) = > PR (5.25)



Using (5.24),

J(u) = — % Py(R;J (u®)P) " Ry J (u®). (5.26)

=1

Direct calculation of this exact Jacobian is both expensive and inconvenient. Hence,

the inexact Jacobian j is introduced to replace the exact Jacobian.
. N
T () == JgH(u)J(u), (5.27)
i=1

where Jg ' (u) = P,(R;J(u)P;) ' R;. When F is affine, J turns out to be the additive
Schwarz preconditioned matrix.

The ASPIN algorithm can be summarized as below [§].

Algorithm : ASPIN

Recall algorithms 3 and 4 in section 5.3.3.

Let a € (0,1) and 0 < 0,5, < Omas < 1 be given.

Suppose u? is a given initial guess. Let k be the current iteration and u¥) be the
current approximate solution. Then, a new approximate solution u*+1) at iteration

k + 1 can be computed as follows.
1. Follow the steps below to compute the nonlinear residual ¢¥ = F (u(k)).

(a) Starting from g(k) = 0, find gi(k) = PCi(u®), i = 1,...,N, by solving

)

the subdomain nonlinear systems
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(b) Form the global residual

(¢) Check the stopping conditions on g*).

2. Find the inexact Newton direction d*) by approximately solving the Jacobian

system,
N
Z Jgiljd(k) — g(k),
i=1

such that

< [

I

N
Hg(k) _ Z Jsiljd(k)
i=1

where 7, € [0, 1) is a forcing term.

3. Compute the approximate solution

uF D) R ) g)

where the step length A*®) is determined by the backtracking line search algo-

rithm.
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5.3.5 Restricted Additive Schwarz Preconditioned Exact New-

ton (RASPEN)

In this section, we shall discuss a significantly better preconditioner for Newton’s
method, specifically, the RASPEN (Restricted Additive Schwarz Preconditioned Ex-
act Newton) method. While it is similar to ASPIN, all components of RASPEN are
directly defined by the iterative method. It is known that ASPIN, when used as
iterative solver, does not converge in the overlap without relaxation. However, in

contrast, RASPEN can be effectively be used as an iterative solver.

Consider a 1D nonlinear function Lu (for example, —0,((1 4+ u*)9d,u)) as described
in [14].
Lu=f in Q:=]0,L],

u(0) = 0, (5.28)

The classical parallel Schwarz method for the two overlapping subdomains §2; :=

[0, 5] and Q9 == [o, L], oo < [ is

Lluf) = f in = [0, 8],

uy (0) =0,

uy(B) = uy(B), (5.20)
L(uy) = f in Qy:=[a, L],

A sequence of approximate solutions relating to each subdomain can be calculated
using the method thereof. Those subdomain solutions can be combined together to

form a global approximate solution which is more convenient to use. The simplest
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way to form this global solution is to imagine a non-overlapping partition and select

data from each subdomain as shown below.
u"(z) = B (5.30)

Therefore, extension operators P, need to be used to form a global solution,
u" = Pt + Pyub.

As opposed to ASPIN, we take P, as the "restricted" prolongation operator and
assume that R; and 151 satisfy Zf\il IBZ-RZ- = Iq, the identity on ). For ease of under-

standing, we depict the difference between prolongation operator P; and restricted

prolongation operator B, for the 1D case. Condiser the global domain © = [—1,1]
and two overlapping subdomains ©; = [—1,a] and Q9 = [b, 1] where b < a.
J i

[ T >

:1 b Ia 1:1

« ! J

P I
(i)

. 1 By X

I | »

1 |:| a:b a .;1

(i)

Figure 5.6: Prolongation operators.

The prolongation operator P; in (i) of Figure 5.6 extends a function defined on first

subdomain [—1, a] to global domain 2 by zero. Similarly, one can define prolongation
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operator for the second subdomain. In the restricted prolongation operators in (ii)

of Figure 5.6, instead of extending the function from €2; to €2, we select data from

[—1, %) for the first subdomain and [%2, 1] for the second subdomain and choose

ﬁl, ﬁg such that f)lRl + f)QRQ = ]Q

Now, Newton’s method can be used to accelerate the nonlinear fixed point itera-

tion (5.29). Let the local solutions in the nonlinear subdomains be
ul = Gi(u"), uy = Go(u™t), (5.31)

where G; and G4 are solution operators. Therefore, the classical parallel Schwarz

method (5.29) can be written for N subdomains as,
N ~
u => BGu") =G, i=1,...,N. (5.32)
i=1
Consider the nonlinear equation
N ~
Flu) :=Gu) —u=> PGi(u) —u=0. (5.33)
i=1

The fixed point iteration (5.32) can be used as a preconditioner when solving (5.33)
using Newton’s method. This method is named as RASPEN.
Similar to the ASPIN, RASPEN method can be formulated in correction form. Recall

that G; : QQ — €, are solutions of
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Then, using Newton’s method, RASPEN solves the nonlinear problem
N ~
F(u)=> PGi(u) —u=0. (5.35)
i=1

The corresponding fixed point iteration to the preconditioned nonlinear function

(5.35) is
u" = i PG;(u"™Y). (5.36)

Further, the correction form of RASPEN for equation (5.35) can be written as

Flu)y=> Py(Gi(u) — Ryu) =: Z: P,Cy(u), (5.37)

=1

where C;(u) := G;(u) — R;u is the correction. Now, equation (5.34) can be written
in terms of C;(u) as R;F(u + P,C;(u)) = 0.
Further, the Jacobian of RASPEN can be deduced from (5.35).

Py(R;J(u)P) ' R J (u?), (5.38)

s

J(u) = F (u) = ;éc;(u) Iy

i=1

since the identity cancels.
In the next chapter, we will present some numerical experiments for the stream

function formulation of the unsteady Navier-Stokes and MHD equations using both

ASPIN and RASPEN methods.
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Numerical Experiments

We implemented, using MATLAB, space-time Legendre and Chebyshev collocation
methods for all PDEs discussed in this thesis. Results pertaining to Legendre col-
location are presented in this section. We observed almost identical results for the

Chebyshev case but they are not given.

6.1 Space-time Legendre collocation method for
the 1D and 2D unsteady Stokes equations.

Consider the stream function formulation of the 1D unsteady Stokes equation

(wt)z:c — 1/133171::5 + f;

with homogeneous Dirichlet boundary conditions and initial condition ¥ (z, —1) =
Yo(z). Take f when the exact solution is ¥ (z,t) = e*™ sin(nt/2) sin?(rz). Spectral
convergence is clearly illustrated in the left figure of Figure 1. The error is the largest
error of the numerical solution at the Legendre nodes at the final time t = 1. Note
that the error is O(107) at N = 20.

Now consider Legendre collocation method for the stream function formulation of
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the 2D unsteady Stokes equation

<wt)xx + (wt)yy = ¢xzxz + wyyyy + 2¢xxyy + fa

with homogeneous Dirichlet boundary conditions and initial condition ¢ (x,y, —1) =
Yo(x,y). Take f when the exact solution is ¢(z,y,t) = 7e® T2+ gin?(rx) sin?(7ry).
Spectral convergence is clearly illustrated in the right figure of Figure 6.1. Both 1D

and 2D unsteady Stokes equations are solved by the Hessenberg-Schur algorithm.

Errar

Figure 6.1: Convergence of Legendre Collocation method for the 1D (left) and 2D
(right) unsteady Stokes equations.

The spectrum of the 1D and 2D spectral Legendre operators and plots of the spectral
condition numbers as functions of N are shown in Figures 6.2 and 6.3. Also, Figure

6.4 shows the streamline patterns at ¢ = 1 for the 2D unsteady Stokes equations.
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Figure 6.2: Spectrum (left) and spectral condition number (right) for the 1D un-
steady Stokes equation.
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Figure 6.3: Spectrum (left) and spectral condition number (right) for the 2D un-
steady Stokes equation.

Figure 6.4: Streamline patterns for the 2D unsteady Stokes equations at ¢ = 1.

Further, if there are non-homogeneous boundary conditions for 1D Stokes equa-
tion Yeee = f such that, ¥(—1) = 0 =1’ (—1) and ¢(1) = a, v’ (1) = b, spectral Tau
method is used to implement this non-homogeneous Neumann boundary condition.
As a result, Neumann boundary condition adds an extra equation to the system
which becomes rectangular. While both pseudoinverse and QR factorization can be
used to solve this rectangular system, QR factorization is more accurate and also
cheaper than using pseudoinverse. Therefore, in this thesis we used QR factorization

to solve all non-homogeneous boundary value problems.
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Next, we present numerical results for nonlinear PDEs. For all nonlinear PDEs,
we take zero function as the initial guess and use the iteration defined for each non-
linear PDE. The iteration procedure is terminated whenever the infinity norm of the

difference of two consecutive iterates is less than e = 10713,

6.2 Space-time Legendre collocation method for
the unsteady Navier-Stokes equation.

Consider first the stream function formulation of the unsteady Navier-Stokes equa-

tion
1
_Awt + §A2w - %%m + wxwyyy + %%m - wy¢xyy = f:

with homogeneous Dirichlet boundary conditions and initial condition ¢ (x,y, —1) =

Yo(z,y). Take f when the exact solution is ¢(z,y,t) = Le'zsin?(rz)sin?(ry). See

the Figure 6.5 for the spectral convergence.
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Figure 6.5: Convergence of Legendre Collocation method for the unsteady Navier-
Stokes equation for Re = 100.
In Table 6.1 we consider the case when N = 20 is fixed and Re is varying. It can be

seen that the number of fixed-point iterations is increasing as Re increases.
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Pe No (?f ﬁxgd—point
iterations
0.01 4
1 10
10 20
100 37
500 85

Table 6.1: No of fixed-point iterations for the unsteady Navier-Stokes equation for
different Reynolds numbers when N = 20.

Additionally, the Navier-Stokes equations were implemented for the well-known reg-
ularized driven cavity flow where the upper wall is moving to the right at speed of
(22 —1)? while the other three boundaries are kept stationary. In the classical driven
cavity flow, the upper wall moves at a constant speed of one. However, this yields a
singularity at both upper corners. The regularized driven cavity removes these sin-
gularities. The streamline patterns of v for the unsteady regularized driven cavity
flow for Re = 100 and Re = 500 are shown in Figure 6.6. When we compare our
results with the literature results of Jie Shen [33], we can see that secondary vortices
appeared when Re > 2000 in his study. Also, his calculations were based on a 65 x 65
uniform grid, while our results are based on a 20 x 20 grid. In Jie Shen’s method, he
used a second-order projection scheme proposed by Kim and Moin for the temporal
discretization in conjunction with a Chebyshev-Tau space discretization. However,

our solver is unable to compute the solution when Re exceeds much above 500.
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Figure 6.6: Streamline patterns for ¢ for Re = 100 (left) and Re = 500 (right) for
the unsteady regularized driven cavity Navier-Stokes equation.
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Further, we have implemented Navier-Stokes for the two-sided regularized driven
cavity flow. Here, we consider two cases, namely, parallel and anti-parallel wall mo-
tions. In the parallel motion, both the upper and lower walls move from left to right
in the x-direction with the same velocity (z? — 1)2. In the anti-parallel wall motion,
the upper and lower walls move in opposite directions along the x-axis with the same
velocity (22 — 1)2. Figure 6.7 shows the streamline patterns for 1) when Re = 500
for the parallel wall motions. For the parallel wall motion, the streamlines are found

to be symmetrical with respect to the horizontal centerline.
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Figure 6.7: Streamline patterns for ¢ for Re = 500 for parallel wall motions for the
two-sided regularized driven cavity flow.

Figure 6.8 shows streamline patterns of ¢ for the unsteady, two-sided, regularized
driven cavity flow when Re = 100 and Re = 500 for the anti-parallel wall motions
on a 20 x 20 grid. It can be observed that, two secondary vortices appear near the
top left and the bottom right corners of the cavity for Re = 500. When compar-
ing our results with the literature results of [30], secondary vortices appear when
Re > 1000. Also, their results were based on the Lattice Boltzmann Method (LBM)

and a 513 x 513 lattice structure was used.
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Figure 6.8: Streamline patterns for ¢ for Re = 100 (left) and Re = 500 (right) for
anti-parallel wall motions for the two-sided regularized driven cavity flow.

Fewer number of iterations are required for regularized driven cavity flow with com-

pared to two-sided regularized driven cavity flows to achieve the convergence.

6.3 Space-time Legendre collocation method for
the unsteady MHD equations.

Consider the stream function formulation of the unsteady MHD equations with the

set of boundary conditions (4.14), (4.17) and initial conditions i (x,y, —1) = ¥y(z, y)

and ¢<£C,y, _1) = (ﬁo(l’,@j)

1
_Awt + EAQw - wywx:px + wzwyyy + w:pwyzx - wywaﬁyy = ¢yxm¢x + ¢yyy¢x
_¢xxx¢y - gb:vyygby + f7

1
_A¢t + ?A%b = ¢xxy¢x - ¢x¢azmy + ¢y¢yy:c - wyymgby + ¢y¢x:m - @Z)xgbyyy + wyyygbx
—@Z)a;quby + 2¢xy¢a:ac - 2¢$$¢xy + 2¢yy¢ym - 2¢yw¢yy + g.
Take f and g when the exact solutions are ¢ (z,y,t) = fe'zsin®(mz) sin?(7y) and

¢(x,y,t) = 1e'(3x — 1) (5y® — 3y°) sin(mz) sin(7y) respectively. See the Figure 6.9

for the spectral convergence of ¢ and ¢.
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Figure 6.9: Convergence of Legendre collocation method for the unsteady MHD
equations for Re = Re,, = 10.

In Table 6.2 we consider the case when N = 20 is fixed and Re, Re,, are varying.

It can be seen that the number of fixed-point iterations is increasing as Re, Re,,

increase.

Re

Re,,

No of fixed-point

iterations
0.01 | 0.01 4
1 1 11
10 10 24
100 10 64
500 10 105

Table 6.2: No of fixed-point iterations for the unsteady MHD equations for different
Reynolds numbers when N = 20.

Further, we implemented unsteady MHD equations for the regularized driven cavity

flow where the upper wall is moving to the right at speed of (22 — 1)%. Figures 6.10,

6.11 show streamlines patterns for both ¢ and ¢ at ¢ = 1 for the regularized driven

cavity flow when Reynolds numbers are varying.
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Figure 6.10: Streamline patterns of ¢ (left) and ¢ (right) when Re = 500 and
Re,, = 10 for the unsteady regularized driven cavity MHD equations.
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Figure 6.11: Streamline patterns of ¢ (left) and ¢ (right) when Re = 1000 and
Re,, = 15 for the unsteady regularized driven cavity MHD equations.

Also, we implemented unsteady MHD equations using spectral methods for peri-
odic boundary conditions. Here we used Fourier spectral methods for space variables
and the Legendre collocation method for time variable. We considered the simplest
case where the spatial domain is (0, 27) and the temporal domain is (—1,1).

Let x; be evenly spaced points in [0,27), j=0,..., N —1, where N is odd and Dy,
be the N x N matrix, called the Fourier pseudospectral derivative matrix, which is

given by

e
2sin((k — j)m/n)’

(D) =0, (Dp)wj j#k.

Consider the well-known Orszag-Tang vortex problem for MHD equations. The
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computational domain is a periodic, two-dimensional square Q = (0,27)%. The

initial conditions at t = 0 are given by

u = (—sin(y),sin(z)), B = (—sin(y),sin(2x)),

where periodic boundary conditions exist for ¢, ¢ and their normal derivatives.
The streamlines of 1) and ¢ at t = 1 for the two-dimensional MHD flow is illustrated

in the Figure 6.12.

Figure 6.12: Streamlines of 1) and ¢ at t = 1 for the two-dimensional MHD flow for
Re =10 and Re,, = 10.

Next we present numerical results corresponding to the spectral domain decomposi-

tion.
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6.4 Non-overlapping spectral domain decomposi-
tion.

Now we consider the non-overlapping domain decomposition. All of the non-overlapping
domain decomposition results are based on the global domain 2 = (—1,1) x (=1,1)
and two non overlapping subdomains €, = (—1,0)x(—1,1) and Q5 = (0,1) x(—1,1).
Here we used the Poincaré-Steklov operator defined for the Biharmonic operator as

explained in the section 5.2.2.4.

6.4.1 Dirichlet-Neumann method for the 2D unsteady Stokes

equation.

Consider the stream function formulation of the 2D unsteady Stokes equation

1
<¢t>:px + (wt>yy = E(d}w:ﬁxm + wyyyy + 2¢x:pyy) + f7 (61)

with homogeneous Dirichlet boundary conditions for the global domain €2 and initial
condition (z,y,—1) = ¥o(z,y). Take f when the exact solution is ¢(z,y,t) =
e (1 — 2%)%(1 — y?)?(z — e' ") (z + e1*¥)). Note that e = 107" is the tolerance
of the GMRES method. Spectral convergence is shown in the Figure 6.13. Further,
some numerical results of non-overlapping spectral domain decomposition method
for the 2D Stokes equation are presented in Table 6.3. In Table 6.3, we present
number of GMRES iterations for Dirichlet-Neumann method and condition number
for the Dirichlet-Neumann preconditioner (x(S;'Ss)) for the 2D Stokes equation
for varying Reynolds numbers and N. It can be seen that the number of GMRES
iterations is insensitive to variations in Re, and increase linearly with N. On the

other hand, x(S;'S,) appears to be bounded above by a constant independent of N.
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Figure 6.13: Convergence of non-overlapping spectral domain decomposition method
for the 2D unsteady Stokes equation for Re = 1000.

Re = 100 Re = 1000 Re = 10000
No of GMRES _ No of GMRES _ No of GMRES _
N iterations k(S 152) iterations k(S 152) iterations k(S 152)
10 13 61.175 14 96.266 14 56.065
12 14 57.974 14 49.145 14 49.102
14 18 69.079 16 55.974 17 55.313
16 20 56.235 20 45.268 20 45.064
18 22 52.94 21 40.159 22 39.411
20 25 53.792 23 42.656 23 42.442

Table 6.3: Number of GMRES iterations and condition number of the Dirichlet-
Neumann preconditioner for the 2D Stokes equation for varying Re and N.

6.5 Overlapping spectral domain decomposition.

Now we present numerical results corresponding to overlapping domain decomposi-
tion. All of the overlapping domain decomposition results are based on the global
domain 2 = (—1,1) x(—1,1) and two overlapping subdomains ; = (—1,a) x(—1,1)
and Q = (b,1) x (—1,1) where b < a. All of the error convergence results are shown
below based on a small overlap where a = 0.1 and b = —0.1. We divided overlapping
domain decomoposition results into two parts, linear and nonlinear problems. For
the linear problems, we implemented our programs using Additive Schwarz method
and for the nonlinear equations we used nonlinear preconditioning methods, ASPIN
and RASPEN. First of all we present the error convergence results for the linear

case.
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6.5.1 Additive Schwarz method for the 2D unsteady Stokes

equation.

Consider the stream function formulation of the 2D unsteady Stokes equation (6.1)
with homogeneous Dirichlet boundary conditions for the global domain €2 and initial
condition ¥ (x,y,—1) = ¥o(z,y). Take f when the exact solution is (z,y,t) =

relmg(1 — 2%)?sin®(my). See the Figure 6.14 for the spectral convergence.

102
104

108 g,

Error

108F e

10'10 L

1012 T

10
6

Figure 6.14: Convergence of Additive Schwarz method for the 2D unsteady Stokes
equations for Re = 1000.

Some numerical results of Additive Schwarz method for the 2D unsteady Stokes
equations are presented in Table 6.4, Figure 6.15 and Table 6.5. In Table 6.5, we
show the number of GMRES iterations, error and condition number of the Additive
Schwarz preconditioned operator for fixed overlap (a = 0.1 and b = —0.1), varying
Re and N. It can be seen that the number of GMRES iterations is insensitive to
variations in Re. Also, number of GMRES iterations are independent of N as shown
in Table 6.5. That is, it remains constant when N is varying. Further, according to
table 6.4 and Figure 6.15, we can conclude that the number of GMRES iterations

decrease as overlap widens.
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Re = 1000 Re = 10000
Ove?lap . No .Of Error . N.O of Error
region lterations Iterations
a=0.1, b=-0.1 10 2.1777 x 10713 10 2.4976 x 10713
a=0.25, b= -0.25 9 6.1299 x 10~ 9 6.195 x 10~
a=0.4, b= -0.4 8 5.7905 x 10~ 8 4.9176 x 10714

Table 6.4: No of GMRES iterations and error for the unsteady 2D Stokes equation
for fixed N = 20 and varying Re and overlap.
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Figure 6.15: Number of GMRES iterations vs overlap for fixed N = 20 and Re =

1000.
Re = 1000 Re = 10000

N No of Error Condition No of Error Condition

iterations Number | iterations Number
8 9 3.2046 x 107° 2.1951 9 3.0345 x 107° 2.1956
12 9 5.6732 x 1078 2.4876 9 5.0193 x 108 2.4888
16 10 4.0982 x 10~ 2.8229 9 3.4573 x 10~1! 2.8256
20 10 2.177 x 10713 3.1788 10 2.4976 x 10~ 3.1834

Table 6.5: Number of GMRES iterations, error and condition number of the Additive
Schwarz preconditioner for fixed overlap, varying Re and N.

Moreover, using graphs, we present some time comparisons of Additive Schwarz

method for the 2D unsteady Stokes equation. In the left figure of Figure 6.14, we

show how execution time changes with N for fixed overlap (¢ = 0.1 and b = —0.1)

and Re = 1000. Also, the execution times for different overlaps when N = 20 and

Re = 1000 are illustrated on the right of Figure 6.16. It can be seen that execution

time increases as overlap widens. Further, it increases like N°, where s = 5.5169 is
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the slope of the loglog plot .
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Figure 6.16: Time comparisons of Additive Schwarz method for the 2D unsteady
Stokes equation.

The run times (seconds) for different Reynolds numbers when there is a fixed overlap
(a =0.1 and b = —0.1) and N = 20 are shown in Figure 6.17. It is seen that the

execution time is essentially independent of Re.
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Figure 6.17: Execution times for different Reynolds numbers when overlap is fixed
and N = 20.
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6.5.2 Nonlinear preconditioning methods.

Let us now move onto nonlinear PDEs. For all nonlinear PDEs, we take the initial
guess as zero function and use both ASPIN and RASPEN methods to solve each
nonlinear PDE. These one-level nonlinear preconditioners are based on the solution of
the nonlinear equations defined on the overlapping subdomains with proper boundary
conditions. We only present the error convergence results using the RASPEN method
because it converges faster than ASPIN. Finally, a comparison between these two
methods will be given. The stopping criteria for global preconditioned nonlinear

iteration is

“I(Uk) H S eglobalfnonlinear‘ ’F(U(O))H

Also, take €giopal—nontinear = 1071, Find the Newton direction by solving the Jacobian

system using GMRES. The stopping criteria for global linear iteration is

N
||F(Uk) — Z Jﬁll Jd(k) || S 6global—linear| |~7:(u(k)) ||7

=1

We select m, = €giobai—tinear = 10~* for all the tests. The stopping criteria for local

nonlinear iteration on each subdomain is

| |~FQZ (gﬁl) | | S €local—nonlinear | |]:Ql (gﬁ0> | |7
We select €pcai—tinear = 1071 for all the tests.

6.5.2.1 RASPEN method for the unsteady Navier-Stokes equation.

Consider the stream function formulation of the unsteady Navier-Stokes equation

1
_Awt + @A%/) - ¢y¢zxw + 77Z196wyyy + ¢x¢ywz - ¢y¢xyy - f7

102



with homogeneous Dirichlet boundary conditions for the global domain 2 and ini-
tial condition ¢ (x,y, —1) = to(x,y). Take f when the exact solution is ¢(x,y,t) =

Lelt (1 — 22)?sin®(my). See the Figure 6.18 for the spectral convergence.

Figure 6.18: Convergence of RASPEN method for the unsteady Navier-Stokes equa-
tion for Re = 10000.

As the Reynolds number increases, the nonlinear system becomes increasingly dif-
ficult to solve. In Figure 6.4, we showed the error convergence of the Legendre
collocation method for the unsteady Navier-Stokes equation for Re = 100 without
domain decomposition. In that case, it fails to converge once the Reynolds number
passes Re = 500. However, both ASPIN and RASPEN methods converge for a much
larger range of Reynolds numbers, plus it takes only a small number of iterations
compared to the former method. Some numerical results of RASPEN method are
presented in Table 6.6, for fixed N = 20 and varying overlap. It can be seen that the
number of outer iterations is insensitive to variations in Re. Also, number of outer

iterations and error decrease as overlap widens.

Re = 1000 Re = 10000
Ove?lap . No .Of Error . N.O of Error
region 1terations lterations
a=0.1, b=-0.1 10 3.518923 x 10~ 10 1.031628 x 10~
a=0.25, b= -0.25 9 1.63248 x 10~ 9 9.984157 x 10~12
a=0.4, b=-0.4 7 9.65492 x 10712 7 3.169521 x 10~12

Table 6.6: No of global iterations and error for the unsteady Navier-Stokes equation
for different Reynolds numbers and overlapping sizes when N = 20.
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Table 6.7 shows a numerical comparison between ASPIN and RASPEN methods
for the unsteady Navier-Stokes equation for fixed overlap (¢ = 0.1 and b = —0.1),
varying Re and N. According to table 6.7 and Figure 6.19, we can see that number
of outer iterations is independent of N for both ASPIN and RASPEN. That is, it

remains constant when N is varying.

| | Re = 1000 | Re = 10000 |
itei?tioofns Error iteraljioor?sf Error
| N_g | ASPIN | 15 | 6340079 x10°* | 15 | 5.4853x 107" |
| | RASPEN | 10 | 6.340079 x 10™* | 10 | 54853 x107* |
N—1g| ASPIN | 13 [ 5166221 x10° | 13 | 3.134856 x 10°° |
| | RASPEN | 10 | 5.166169 x 107® | 10 | 3.133932x 107% |
N ool ASPIN [ 13 | 3529161071 | 13 [1.08512x 107" |
| | | |

RASPEN | 10 | 3.518923 x 107" 10 |1.031628 x 107

Table 6.7: Comparison of ASPIN and RASPEN for the unsteady Navier-Stokes
equation for fixed overlap and Re, N are varying.

In Figure 6.19, we show a numerical comparison of number of outer iterations be-
tween ASPIN and RASPEN methods for the unsteady Navier-Stokes equation for

fixed overlap (a = 0.1 and b = —0.1), Re = 1000 and varying N.

16 T T T T T

—&—RASPEN
15 —&— ASPIN

Figure 6.19: Number of outer iterations for ASPIN and RASPEN for the unsteady
Navier-Stokes equation for fixed overlap, Re = 1000 and varying N.

Moreover, using graphs, we present some time comparisons of RASPEN method
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for the unsteady Navier-Stokes equation. In the left figure of Figure 6.20, we show
how execution time changes with N for fixed overlap (a = 0.4 and b = —0.4) and
Re = 1000. Also, the execution times for different overlaps when N = 20 and
Re = 1000 are illustrated in the right figure of Figure 6.20. It can be seen that
execution time increases as overlap widens. Further, it increases like N®, where

s = 8.6734 is the slope of the loglog plot .
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Figure 6.20: Time comparisons of RASPEN method for the unsteady Navier-Stokes
equation.

Additionally, Navier-Stokes equation was implemented for the well-known regular-
ized driven cavity flow using RASPEN method for high Reynolds numbers. The
streamline patterns of i for the unsteady regularized driven cavity flow for high
Reynolds numbers at ¢ = 1 are shown in Figure 6.21.

Figure 6.22 shows streamline patterns of ¢ for the unsteady, two-sided, regularized
driven cavity flow for Re = 15000 for the parallel (left) and anti-parallel (right) wall
motions using RASPEN method.
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Figure 6.21: Streamline patterns for ¢ for high Reynolds numbers for the unsteady

(c) Re = 15000 (d) Re = 25000

regularized driven cavity Navier-Stokes equation using RASPEN.
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Figure 6.22: Streamline patterns of ¢ for Re = 15000 for parallel (left) and anti-
parallel (right) wall motions for the unsteady two-sided regularized driven cavity

l
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Navier-Stokes equation using RASPEN.
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6.5.2.2 RASPEN method for the unsteady MHD equations.

Now, consider the stream function formulation of the unsteady MHD equations with

the set of boundary conditions (4.14), (4.17) and initial conditions ¥ (x,y,—1) =

Yo(z,y) and d(z,y, —1) = do(, y).

1
_Awt + ﬁAQw - wy¢xxx + wxwyyy + wazwyx:r: - wy¢xyy = ¢yxx¢:0 + ¢yyy¢x
—%mﬁby - ¢$yy¢y + f’

LA%ZS = ¢xwy¢z - 77Z}as¢xxy + 77Z}y¢yyac - wyy;rgby + ¢y¢mzz - 77Z)ac¢yyy + ¢yyy¢ax

—A
O + Re..

_¢$£B1’¢y + 2¢a:y¢wz - 2¢zz¢xy + 2¢yy¢yw - 2¢yw¢yy + g.

Take f and g when the exact solutions are ¢(z,y, t) = el (1 —2?)2z sin?(ry) and
o(x,y,t) = +e'(3x — 2%)(5y® — 3y°) sin(mz) sin(7y) respectively. See the Figure 6.23
for the spectral convergence of ¢ and ¢.

In the previous case, in Figure 6.9, we showed the error convergence of the Legendre
collocation method for the unsteady MHD equations for Re = Re,, = 10 without
using domain decomposition. In that case, it fails to converge once the Reynolds
numbers exceed Re = Re,, = 10 due to substantial nonlinearities of the MHD
equations. However, unsteady MHD equations converge for a much larger range of

Reynolds numbers when implemented using ASPIN or RASPEN methods.

Figure 6.23: Convergence of RASPEN method for the unsteady MHD equation for
Re = Re,,, = 10000.
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Below presented are some numerical results of the RASPEN method for the unsteady
MHD equations. In Table 6.8 we consider the case when N = 20 is fixed and
overlap is varying. It can be seen that the number of outer iterations is insensitive
to variations in Re. Also, number of outer iterations and error decrease as overlap

widens.

| | Re = Re,, = 1000 |
‘ Overlap ‘ No of ‘ Error ‘
|

region ‘ iterations ‘ b ‘ & ‘
| a=0.1,b=-01 | 11 | 1.25138 x 107" | 9.89162 x 10~? |
| a=0.25,b=-0.25 | 11 | 9.34865 x 10'? | 8.51243 x 10~ |
| a=04,b=-04 | 10 | 832489 x 10'% | 7.38526 x 10~ |

Re = Re,,, = 10000 |

| |

‘ Overlap ‘ No of ‘ Error ‘
‘ region ‘ iterations ‘ » ‘ & ‘
| a=0.1,b=-01 | 11 | 9.65718 x 107'? | 8.81729 x 10~? |

| a=0.25,b=-0.25 | 11 | 8.79265 x 10~'? | 7.43851 x 10~ |
| a=0.4,b=-04 | 10 | 6.28345 x 107'% | 4.98632 x 107" |

Table 6.8: Number of global iterations for the unsteady MHD equations for fixed
N = 20, varying Reynolds numbers and overlapping sizes.

Now, in Table 6.9, we consider a fixed overlap (¢« = 0.1 and b = —0.1) but N and
Reynolds numbers are varying. According to table 6.9 and Figure 6.24, we can see
that number of outer iterations is independent of N for both ASPIN and RASPEN.

That is, it remains constant when N is varying.
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Re = Re,, = 1000
N No of Error
iterations Y )
8 11 3.47953 x 10~* | 2.75312 x 10~
16 11 1.19805 x 10~% | 1.14013 x 10~
20 11 1.25138 x 10~ | 9.89162 x 10712
Re = Re,, = 10000
N No of Error
iterations P o)
8 11 3.39227 x 10~* | 1.54028 x 10~
16 11 1.03562 x 10~® | 9.86451 x 10~
20 11 9.65718 x 10~1? | 8.81729 x 10~ 12

Table 6.9: Number of global iterations and error of RASPEN method for the un-
steady MHD equations for fixed overlap but different Reynolds numbers and N.

Moreover, Figure 6.24 shows a numerical comparison of number of outer iterations
between ASPIN and RASPEN methods for the unsteady MHD equations for fixed
overlap (e = 0.1 and b = —0.1), Re = Re,, = 1000 and varying N.

18 T T T T T
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Figure 6.24: Number of outer iterations for ASPIN and RASPEN for the MHD
equations for fixed overlap, Re = Re,, = 1000 and varying N.

Therefore, we can conclude that RASPEN needs substantially fewer iterations than

ASPIN to obtain convergence for both Navier-Stokes and MHD equations.
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Conclusions

The primary goal of this work is to solve two well-known nonlinear PDEs, namely,
Navier-Stokes and Magnetohydrodynamic equations using space-time spectral meth-
ods. The stream function formulation of the two equations were used to implement
space-time spectral collocation. The main distinction of this work is that spectral
methods are used for both space and time. We have shown that when the solution
is analytic, the rate of convergence of the numerical solution is exponential; that is,
the error decays exponentially.

Further, we implemented Bartels-Stewart and Hessenberg-Schur algorithms to solve
the linearized version of Navier-Stokes equation; the Stokes problem. To solve Stokes
equation using above algorithms, we proved that the matrix By defined in (3.16) is
invertible for both Chebyshev and Legendre cases. Also, we implemented the bihar-
monic equation using overlapping and non-overlapping linear preconditioning; Addi-
tive Schwarz and Dirichlet-Neumann methods respectively. For Dirichlet-Neumann
method, we introduced the spectral version of discrete Steklov—Poincaré operators
for Laplace and Biharmonic operators [25]. All of the above methods resulted in
spectral convergence.

As Reynolds numbers increased, using space-time collocation methods to solve the
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above two nonlinear PDEs became increasingly difficult. Due to the strong nonlinear-
ities of Navier-Stokes and MHD equations, we implemented them for high Reynolds
numbers using two nonlinear preconditioning methods, ASPIN and RASPEN. Both
ASPIN and RASPEN methods resulted in spectral convergence of Navier-Stokes and
MHD even for high Reynolds numbers. According to numerical results, we can con-
clude that RASPEN is a substantially better preconditioner than ASPIN.
Eventually, we implemented Navier-Stokes equation for the well known regularized
driven cavity flow using space-time spectral collocation methods. Secondary vor-
tices were observed for both regularized driven cavity flow and two-sided regularized
driven cavity flow with anti-parallel wall motions for Re = 500. Further, we im-
plemented regularized driven cavity flow using RASPEN method for high Reynolds
numbers and secondary vortices were observed for all three driven cavity flows.

For our future works, we hope to observe secondary vortices for the MHD equations
for high Reynolds numbers using RASPEN method and also Hopf-bifurcation for
both Navier-Stokes and MHD at high Reynolds numbers. Further, we will extend
all of our domain decomposition results to more subdomains and we will implement
both Navier-Stokes and MHD equations using two-level RASPEN methods to obtain
convergence rate independent of the number of subdomains. We would also like to

compare a non-overlapping nonlinear preconditioner with the RASPEN method.
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