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Abstract

This thesis concerns a novel approach to addressing the issue of class imbalance in machine
learning, in particular by modifying the sampling technique itself. Through the use of
convex optimization, statistical learning theory, and numerical simulation, the technique
of Nomination Sampling is applied to the Logistic regression and Support Vector Machine
classifiers to obtain a better training set. Further, this sampling technique is based off of
expert opinion, which until now has received only minimal attention in the machine learning

community.

Efficient algorithms for solving the proposed learning problems are given, and numerical

studies are performed to validate the efficacy of the methods presented.
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Chapter 1

Introduction

In this chapter, we will motivate the work behind this thesis. We will intro-
duce in simple terms the preliminary theory needed to approach the topics of
this thesis, including Logistic regression, Support Vector Machines, threshold
modelling, nomination sampling, and statistical learning theory. These topics will

be expanded upon as they are needed.

1.1 Motivation

Broadly speaking, classification in statistics refers to the techniques by which we attempt
to model and predict the class to which a datapoint belongs based on one or more input
variables, known as features. Classifiers use an available dataset with known features and class
labels, called a training set, and from this dataset build a classifier that may predict the class
of a future observation using only its features. Classification techniques are used to address
an ever-expanding range of real-world problems, from speech recognition to the identification
of breast cancer from mammograms. An array of methods has been developed to address the
goals of classification. These methods range from early approaches such as Fisher’s Linear
Discriminant Analysis (LDA) to more modern techniques such as the Perceptron algorithm

[1], Logistic regression, and the Support Vector Machine (SVM), the latter two of which will
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be the primary focus of this research.

Logistic regression, in its standard formulation, aims to fit a sigmoid function between a
linear combination of the features € R? and a binary response y € {0,1}. In particular,
the goal is to fit a function of the form

1
It exp(—(w'x 4+ b))

o(x)

between the features and the response. See Figure 1.1 for an illustration when the dimension
of the feature space is d = 1. The benefit of this technique is that the fitted values will
be between 0 and 1 due to the nature of the sigmoid function. These values may then be
interpreted as a modelling of the conditional class probabilities of the response Y given a
value of X. Le.,

o) =PY =1|X ==x).

Observations of sampling unites with values of @ such that o(ax) > 0.5 will be classified as

Y =1, and those with o(x) < 0.5 will be classified as Y = 0.

Logistic regression is a popular technique in classification due to its ease of interpretation,
and it is widely available across many common statistical software packages (e.g., SAS,
STATISTICA, R, among others). Logistic regression finds modern applications within fields
such as medicine [2, 3, 4, 5], finance [6, 7, 8], the social sciences [9, 10], and nutrition [11],
among others. The application of Logistic regression may be extended through the use of
kernels [12], and regularization techniques may be applied to Logistic regression to perform
variable selection [13]. However, it it known [14] that Logistic regression will display bias
in the case of data tmbalance. That is, if there is a discrepancy between the proportions
of 1’s and 0’s in the response variable, the Logistic model will display bias towards the
majority class. This is a property which is shared with a more sophisticated statistical

learning technique, the SVM.
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Visualization of the Sigmoid Function
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Figure 1.1: Shown here is the sigmoid function, with a linear rescaling in . One can see that the
function is a smooth and monotone mapping from R to [0, 1], making it a candidate for modelling
conditional probabilities.

The SVM, originally proposed by Boser et al. [15], achieves classification by determining a
decision boundary in the feature space; data points that lie on one side the decision boundary
are assigned to one class, and data points that lie on the other side of the decision boundary
are assigned to another class. In particular, a decision boundary is determined that seeks to
maximize the distance between the two classes of the dataset. Two examples of the SVM,

one linear and one non-linear are given in Figure 1.2.

In recent years, SVMs have seen an explosion of interest within the machine learning
community due to their strong mathematical foundation, but even more importantly their
ability to solve a wide range of classification problems, even in high-dimensional and non-linear
settings. Applications include facial recognition [16], text recognition [17, 18], bio-medicine
[19], cancer recognition [20], and numerous engineering applications [21]. Further, the

SVM has been shown to be robust against (though not immune to) the so-called curse of
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Figure 1.2: Two examples of the SVM classifier. In the left panel, we see a linear classifier between
the two classes, with class represented by colour. The distance from the decision boundary to the
closest data point is the margin of the classifier: the SVM seeks to maximize the margin of the
classifier. The highlighted points are the so-called support vectors of the classifier. On the right
panel, we see an example of a non-linear classifier. By casting the dataset into a higher dimensional
feature space, the SVM is able to calculate a linear classifier in the modified space, and then project
this classifier back down into the original feature space. These techniques will be discussed in detail
in Chapter 4.

dimensionality [22], i.e., the tendency for statistical learning procedures to break down in
high-dimensional settings. Finally, since only a subset of the datapoints contribute to the

classifier, the SVM tends to be memory efficient.

However, SVMs are also subject to drawbacks, such as sensitivity to noise in the data
(both in the features and the labels) [23], reliance on the use of tuning parameters [24],
and computational inefficiency within large datasets [25]. Several modifications to the SVM
algorithm have been proposed to address these deficiencies, such as [23, 24, 25, 26, 27, 28].
The shortcoming with which this research is concerned is that of class imbalance, as with
Logistic regression. It has been observed in [29] and in subsequent research that when there
is class imbalance in the SVM training dataset, the decision boundary found by the SVM
algorithm will skew towards the minority dataset, and performance of the model with respect

to the minority class will be degraded. This is an especially undesirable property, as a minority
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class is often the class that we are most interested in detecting (such as in identification of
defective products in quality control, or identification of diseases or risk factors in medical

imaging).

An overview of the techniques which have thus far been applied to the issues stemming from
class imbalance in SVMs may be broadly categorized into two approaches: data pre-processing
methods, and algorithmic modifications. Data pre-processing methods consist primarily of
re-sampling techniques, as seen in [30, 31]. These techniques have the advantage of being able
to implement pre-existing SVM algorithms without a need to redesign the learning program.
Another pre-processing method involves building classifiers from multiple subsets of the
training data, and then collecting these smaller classifiers into an ensemble from which a final
decision is made, e.g. in [32]. Algorithmic modifications, on the other hand, modify the SVM
program itself. The most common strategy used is to assign class-specific costs to training
examples, as seen in [29]. In particular, misclassification of members from the minority class
is subject to a greater penalty than to misclassification of members from the majority class,
and in this way, with correct tuning, a more desirable classifier may be obtained. Other
modifications to the SVM algorithm have been developed, as seen in [33, 34, 31]. For a more

complete and focused overview of these techniques, see [35].

Techniques have also been proposed to assuage the imbalance problem in Logistic regression
models. In particular, a rare events correction is proposed in [36], while a cost-sensitive
approach is utilized in [37]. Further, the resampling techniques discussed above (i.e. [30])

have also been applied to Logistic regression [38].

This research introduces a technique for addressing class imbalance issues in both Logistic
regression and the SVM that lies in between re-sampling and algorithmic modification. In this
thesis, we will apply an alternative sampling (not re-sampling) technique to the population
in order to obtain a training dataset that is more biased towards the minority class, and then

introduce a modified algorithm that deals with this biased training set. In particular, we
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will apply the technique of nomination sampling to obtain a sample that has greater balance
than what might normally occur when taking a simple random sample from the underlying

population.

1.2 Nomination Sampling

Nomination sampling, introduced by Willemain [39] is explained below. Suppose that we
have access to a population U = {u; : i =1,... N} of size N, where N is assumed to be very
large, if not infinite in size. Rather than draw a single sample of size n from U, we draw n
random subsamples of size k. Within each sample, we nominate for further consideration a
nominee. We are left with a total of n nominees, forming our final sample. Formally, we set a
function W : {x1,..., 2} — 2™, called a nominator that allows us to uniquely select a single
element u™* from the sub-sample {uy,...,u;}. This nominee will often take the form of the
element with the highest or lowest value of z;, where z is some auxiliary variable associated
with = that is easy to observe and can be used for an accurate ranking of sampling units
with respect to a variable of interest that is hard to observe. The sub-sample {xy, ...z} is

known as a set and k is called the set size. We outline the above procedure in the algorithm

below:
1. Fix a set size k, and a nominator ¥ : {uy,...,us} — u™.
2. Obtain a random sample {uy,...,ux} of size k from the population U.
3. From this random sample, retain the element u* = W(uy, ..., up).

4. Repeat steps 2 — 3 until n elements are obtained, called nominated samples.

For example, we may wish to study disease in some population where the occurrence of the

disease is rare, say occurring in 2% of the population. Suppose that the measurements required
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for this study are expensive (examples might include a bone mineral density measurement),
so that we can only afford to measure 200 elements of the population. If we were to take a
simple random sample of 200 members from this population, we would expect to only retain
four members of the population who have this disease. Instead, if we take 200 sub-samples
of size k = 5, and nominate from each sample the member who has the highest “likelihood”
(according to an expert opinion, or some accessible concomitant) of having this disease, the
probability of a nominee having this disease increases from 0.02 to 1 — (1 — 0.02)° = 0.096
(assuming that our ranking is perfect), so our expected number of sample members having
this disease increases from 4 to 19.2. This is all with only the additional cost of obtaining

the sets and performing the nomination, which we assume to be cheap compared to the cost

of the final measurements.

Returning to Logistic regression and SVMs, if we may obtain a training set through a
nomination process that allows us to focus on members of the minority population (as in
the example above), then we will in turn arrive at a more balanced sample. However, this

sample will now have significant bias, which we also propose a method to account for.

We will take a detour here to briefly discuss threshold modelling here, which will be the

primary way through which we model our “expert opinions”.

1.3 Threshold Modelling

In this thesis, a binary variable Y will said to be from a threshold model if, for some variable

Z and some constant m, Y can be represented as

v — 1, if Z>m,
0, if Z <m.

The constant m will be referred to as the threshold of the model. Note that while this model

assumes that Y follows a 1/0 coding, we may easily incorporate models with a +1 coding
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(such as the SVM) with the mapping Y — 2Y — 1.

Many variables in practice do follow this model: for example, one description of obesity will
classify an individual as obese if his/her BMI (Body Mass Index) is above 30 [40]; as another
example, an individual will be classified as having osteoporosis if his/her BMD (Bone Mineral

Density) is 2.5 or more standard deviations beyond the mean for the patient’s reference group

[41].

In this research we will assume that our response variables are coming from a threshold
model, and we will use the variable Z to rank our sampling units. Although in practice it is
rare to have access to Z, we will make the assumption here that our expert opinion is capable
of achieving the same ranking as would be achieved if we ranked by Z. Thus, the developed
models will contain an incorporation of the expert opinion. Indeed, the incorporation of
expert opinion into a statistical model for the purpose of classification is no easy task, and

we consider this to be a significant aspect of this work.

However, as previously mentioned, the use of Z to nominate sample members will result
in a sample that is unrepresentative of the population, as we are intentionally trying to
re-balance the training set. As our models require sample data that are representative of
the population, using this nominated data directly in the algorithms will result in faulty

predictions. Thus, we must make some modifications to the algorithms as they exist.

Before we modify the Logistic regression and SVM algorithms, we will need to understand
their components from a statistical perspective. Thus, before we continue, a brief discussion

on the basic concepts of Statistical Learning Theory will be appropriate.
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1.4 Loss and Statistical Learning Theory

Consider the general situation of supervised learning: we have two sets, a feature space X

and a class space ), and we wish to find some dependency between X and ), written as
Y =f(X)+e

We call f a decision function and e the irreducible error. The function f will take a (often
vector-valued) input @; and return a model f(x;) of y;. We wish to find the best such map f.
However, a question immediately arises: what exactly do we mean by “best”, and how do we
measure/quantify this notion? We will do so by a function L : Y x f[X] — R, called a loss

function.

The map L will receive pairs (y, f(x)), and it will return value that, in a sense, evaluates
“how wrong” our prediction is. Loss functions play a central role in decision theory in general,
and find many uses outside of statistics. In other fields, they are sometimes called “cost
functions”, or occasionally “regret” functions. In other words, we use the map f to decide
how to predict y; given @x;, and L will quantify how much we should regret this decision.

Common choices for regression include

L(y, f(x)) =

(y — f(w))2, the squared error loss, and
ly — f(x)|, the absolute error loss,

while some common choices for binary classification (with y = £1) include

I(y # sign{f(x)}), the 0 - 1 loss,
L(y, f(x)) = < max(1 —yf(x)),  the the hinge loss, and

In(1+ e ¥ @), the the logistic loss.

The choice of loss function will play a central role in the decision function found by the

statistical learning method.
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Figure 1.3: Shown here are multiple loss functions used in classification. In black is the 0 — 1 Loss
Function, an ideal loss function from an intuitive perspective but often too algorithmically difficult
to work with. The Squared Loss function is shown in blue, and is used in ordinary least-squares
regression. The Logistic Loss (orange) is used in Logistic regression, and the Hinge Loss (purple)
is used by SVMs. We will take special notice here of the asymptotic similarities of the Hinge and
Logistic loss functions.

In a binary classification problem, with y; € {—1,1}, we can often represent the loss

function L(y, f(x)) as a univariate function of yf(x). For example, with a y = £1 coding,

we may represent the squared loss function as

(y—f(@)* = (1 —yf(e)).

This representation also provides a convenient interpretation: when the sign of f(a) matches
that of y, the product y f(x) will be positive. Incorrect predictions will correspond to negative
values of y f(x). In Figure 1.3, some of the loss functions commonly used in statistical learning

are compared.

Suppose that we have used a training set 7 = {(x;,v:)};—; € X x Y to build f. The

training error is defined to be

S Ll S @),
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and evaluates the average loss, or empirical risk associated with the chosen decision function

f over the training set 7. We are, however, more interested in the test error, defined to be

E[L(Y, f(X))[T],

where X and Y are drawn randomly from their populations, X and ), respectively. The test
error, also known as the generalization error of the decision function f evaluates how well
our decision function performs over the entire population, according to the loss function of

choice.

Our final goal in statistical learning theory is to determine a decision function that will
minimize the test error over all possible decision functions. In this research we will dedicate
considerable time to developing a loss function appropriate for our purposes. We develop
our theoretical results over a specific form of nomination sampling, Maxima Nominated
Sampling (MaxNS), which has recently been studied extensively in the literature and has
shown promising results in quantile regression analysis [42] and quality control [43]. However,
the results of this work can easily be extended to Minima Nominated Sampling (MinNS)

using a simple modifications.

1.5 Organization of the Thesis

The thesis will be organized as follows. In Chapter 2 we will explore the connection between
the conditional class probabilities for SRS data to NS data, and highlight an error in the
existing literature on the matter. In Chapter 3 we will take advantage of this connection to
develop a modified Logistic regression algorithm that properly handles NS data. In Chapter 4,
we will develop a modified SVM algorithm using this connection. In Chapter 5 we will perform
simulation studies to illustrate the performance of our modified method to the standard
methods. Finally, in Chapter 6 we will summarize the thesis and provide a discussion on the

future of this line of research.
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Chapter 2

Conditional Class Probabilities

In this chapter, using numerical and theoretical examples, we show that the
relationship between MaxNS and SRS unconditional class probabilities does not
carry into the conditional setting. Hence, we will derive a relationship between
the conditional class probabilities for MaxNS data and those for SRS data. This
relationship will be used to derive a rank-based surrogate loss function which
then will be used to derive a appropriate models for Logistic regression and SVMs
built upon MaxNS Data. We examine the robustness of our proposed relationship

with respect to the distributional assumptions made on the model.

2.1 Introduction

Often researchers have access to primary assessments of area-specific experts, results of
earlier surveys, or inexpensive measurements related to the problem of interest. These can
be used to assign ranks or degrees of importance to already observed data, or identify more
representative samples from the underlying population for further study. Rank-based sampling
(RBS) designs provide a variety of data collection techniques for such situations with the
help of expert knowledge and rank information. RBS designs, such as ranked set sampling

(MclIntyre), randomized nomination sampling (Jafari Jozani and Johnson) and judgement

13
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post-stratification (MacEachern et al.), have been applied in many areas of application,
including medical research, environmental studies and image processing. The ultimate goal is
to actively embed the rank information into the learning process in order to either increase
the efficiency or reduce the cost of study. However, most of the methods developed using
RBS data are only applicable for situations in which both the training and test data are of
the same nature. In practice, one might be able to obtain RBS data and train an efficient
classification model, but if using the model for unseen data requires ranking the observation,
most likely the developed method will have no practical use. This is simply because in many
applications, test data forms a simple random sample (SRS). So, it is essential to develop
efficient predictive or classification models using RBS training data that can be applied on
SRS test data. A number of studies are done in the literature that tackle this problem. For
example, Jafari Jozani et al (2018) in a quantile regression context used minima nominated
samples to study the lower tail of the underlying population. Using an innovative approach,
they built a new rank-based check function py ,(€) to incorporate the rank information of

such samples into their study:

_ T—1e _
P () = (T _ 1)5 + %|g| _ - 1)1n{ }]I(s <0),

2 1—171

where € is an instant learning error when estimating the 7-th quantile of the population,
and k is the set size. They developed an M-estimation algorithm for model fitting and
used their proposed methodology to estimate the prevalence of osteoporosis, which is a
growing international concern with aging populations. Developing predictive algorithms for
osteoporotic fracture risk is pivotal in avoiding morbidity, mortality and economic burden
from preventable fractures. One can use clinical risk factors such as body mass index (BMI),
fracture risk assessment scores, smoking status and family history to identify (through a
random process) more representative patients for the study and then take the more expensive
bone mineral density (BMD) measurements from dual x-ray absorptiometry (DXA) images

of this cohort for model building. They first biased the training sample towards patients
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who have the lowest BMD values among a small number of randomly selected set of patients
(of size k) from the study cohort and then adjusted for the selection bias using their new
check function. They showed that their method is highly efficient and requires a significantly
smaller number of training samples (about one tenth) to produce results that are comparable

with commonly used methods in the literature.

Despite the vast literature on rank-based statistical methodologies, very little effort has
been devoted to studying predictive models and developing classification techniques for
rank-based data. The most pressing problem is how to incorporate the rank information into

the analysis.

An important shortfall in the literature pertinent to RBS designs concerns rank-based pre-
dictive models for discrete response variables, in particular binary responses for classification.
Consider a threshold model

Z =h(X)+E€,

where Z is a continuous response and £ is a continuous “error” term with a symmetric
distribution (e.g., Normal, Laplace) with expectation E[£] = 0 and variance V(£) = 0. We
will assume that £ and X are statistically independent. Suppose that the goal is to classify
the binary response Y = I(Z > n), where € R is a fixed constant, called a threshold. In

particular, we wish to use X to classify future observations of Y.

It is a well-documented phenomenon [44, 45] that if the distribution of interest is imbalanced,
ie.,if P(Y =0) >> P(Y = 1), then the classification algorithm will bias towards the majority
clags. Further, in a case of extreme imbalance, a simple random sample will likely contain
very few observations from the minority class. We aim to assuage this problem through the

incorporation of expert opinions.

In particular we will assume that while we do not have access to Z, the pre-threshold

response, we do have access to an expert opinion that can rank a small set of data according to
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Z. E.g., perhaps we do not access to a patient’s bone mineral density (BMD) measurements,
and thus cannot classify a given patient as having osteoporosis outright. However, we may
have access to an expert who, given the available data, could rank sets of 3 or 4 patients each
and choose the one who is the “most likely” to have osteoporosis. Mathematically we will

assume that this is equivalent to selecting the patient with the highest Z value.

By selecting our sample according to this technique, we will be able to reduce the imbalance
in the data. For example, if our response variable Y takes the class Y = 1 with a probability
of 0.13, we might expect a sample of size 50 to contain only only 6 or 7 observations where
Y = 1. However, if we can nominate 50 sets of size 4 and select from each set the member

who has the highest Z value, then we can expect the proportion of sample members with

Y =1 to beequal to1— (1 — 0.13)5 ~ 0.5015, thus leading to a balanced sample.

However, we are no longer taking a simple random sample of data. While a model build
based upon this data will be well-posed to classify future observations taken according to this
scheme (i.e., MaxNS test data), predictions will suffer for future observations taken randomly
from the population — i.e., SRS test data. As the goal of the model is to predict the Y of a
randomly selected population member, and not simply a MaxNS population member, this is

problematic.

For ease of notation, we will let Y};) and X(; denote our MaxN§S sampling units. Further, we
will simply write P(Y}) = 1|«) and P(Y = 1|«) for the conditional class probabilities from
the MaxNS and SRS schemes, respectively, and assume that it clear that we are conditioning

on Xy, and X, respectively. Finally, we will sometimes use mj(«) and 7(x) to stand in
for P(Yjy = 1| @) and P(Y = 1| @) respectively, to emphasize that these probabilities are, in

fact, functions of x.

We wish to find a relationship between the MaxNS probabilities 7(2) and the SRS
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probabilities 7w(a). In particular, one might find a function g such that
i (@) ~ g(7 (@),

and after finding @) (), simply use g~' (7jj(x)) as an estimate of 7(z) given by

For example, in [42], the function ¢ that is used is g(t) = 1 — (1 — t)*. Le., the proposed

link between 7 and 7 is

() =1 — (1 —m(z))". (2.1)

The rationale for (2.1) is as follows: if one ignores the conditioning variable, then one will
quickly obtain that
P(Yjy = 1) =1 = P(Yjy = 0)

=1-P(Y;=0,Y,=0,...,Y,=0)

Now, if one assumes that the relationship in the conditional case is similar, then it follows
that

P(Yiy =1lz) ~ 1 - (1-P(Y =1z))".

while this approach led to positive results in [42], we will show in Section 2 through both

theoretical and numerical results that this is a relationship that does not hold in general.

In light of this, we aim to discover the true nature of the relationship between mpy(x) and
m(x), so as to obtain a more accurate procedure. This, however, is a very challenging problem.
Hence, following some insightful theoretical derivations, we propose a new relationship

between 7 () and m(x) and investigate its robustness.
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2.2 Developing the MaxNS and SRS Link

Let X ~ Fx, and € ~ F¢ be independent continuous random variables. Set Z = h(X) + &,

and define the variable Y as

v — 1, if Z>m,
-1, if Z <m,

where m is some real number. That is, we assume that (X,Y") follows a threshold model
with parameter m. Now, assume that a MaxNS sample (X [K]i> Y[k]i)?:l of sample size n and

set size k is obtained, with Z as the ranking variable and X,Y, £ as concomitants.

Here we will explore the various marginal, joint, and conditional distributions of the
variables h(X )[k], Exys Yr), and Z). Our final goal is to obtain the conditional class
probabilities

(@) = P(Ypy = 1| z)
associated with a MaxNS sample. In particular, we wish to explore the relationship between

7 () and the conditional class probabilities 7(x) = P(Y = 1|x) associated with a simple

random sample.

To obtain our results, we will make the simplifying assumption that d = 1 and that
h(t) = t. Le., we assume for now that Z = X + £. Note however that all instances of

X can simply be replaced by h(X). As Z only depends on X through h, we have that
P(Yjy =1| Xy ==) = P(Yjy = 1| h(xp) = h(z)), which means that our results for the

simplified model generalize immediately to the general case.

First, we will obtain the probability density function (PDF) of X, the feature variable

under the MaxNS sampling procedure.

Result 1. Let My_, denote the maximum of k — 1 i.i.d. copies of Z. Then the distribution
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of Xy 1s given by

‘fX[k] (:E) = kin(J:)]P)(Mk—l - gz‘ S :E)

= k(k — 1)fxi(x)/ f2.(8)[Fz, (8))**[1 = Fe,(t — x))d,
where & and My_1 are independent.

Proof. Let W = argmax Z;. By continuity of Z, this value is unique w.p. 1. Note that W

has a discrete uniform distribution on {1,2,...,k}. Applying Bayes’ theorem,

PW =i| X; = z)fx,(z)

P(W =) = kfx,(2)P(W =i| X; = x).

fX[k](x) = fxgw(z|i) =

Then

PW =i|X,=2) = P(argmin(Zl, T &tk Dy Th) = z)
= P(gz +x Z maX(Zl, .. -7Zi—17Zi+1) .. .,Zk)>
= P(Mk_l - 5, S ZE)

Note that by the independence of the sample, & and max(Z1,...,Z; 1, Ziv1, .-, Zr) = My_1

are independent.

By the independent convolution formula for linear combinations,

P(My_,—& <z)= /_“;o Sy —e (w)dw
[ ] el wydeao
-1 [ [ sa0[Pa)] sl - wyieao

~ -1 [ [ 2 0[Pa)] " felt - widua
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— (k—1) / 120 | Fz, (1) / fe,(t — w)dwdt
00 k—2
—(b=1) [ fa@[Fa)] 1= Fat - )]
Combining this equation with the first equation of the proof brings us to the result. O

When an analytic solution to the given integral is not available, it may be easier to simply

solve P(My_; — &; < x) through numerical techniques.

Through a similar technique, we obtain the distribution of £, the error term under a

MaxNS sample.

Result 2. Under the same conditions of Result 1, the distribution of &y is given by

fg[k](l‘) = kfgi(x)P(Mk—l - Xi S {B)

=k(k—1)fe, (;c)/ Fz(O[Fz, (D) 71 = Fx,(t — )ldt,
where X; and M;_, are independent.

The joint distribution of X and &) has a simple form, which will prove useful when

obtaining conditional probabilities.

Result 3. The joint distribution of Xy and ey is given by
Fxppn (@€) = kfx, (@) fe, () [Fa (@ + )]

Proof. Let W = argmax Z;. By continuity of Z, this value is unique w.p. 1. Applying Bayes’

theorem,
fX[k]vg[k] (:L‘, 5) = in,&' | W<m7 € | Z)

. thgi(l’,é)P(W =1 | Xz = .Z‘,gi = 8)
B P(W =)
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Now,

P(W =i|X; =x,& =¢) =Plargmax(Zy, ..., Zi 1, v+, Ziv1, ..., Zy)
=P(max(Z1,...,Zi-1,Zit1,-.., Zk) < T +¢€)
=P(My_1 <z+e).
=Fy,_(z+¢)
= [Fz(z + )" .

Thus,

fX[k],g[k](xvg) = ksz<x)f&<5>[FZz<x + 5>]k_17

which results in the joint distribution of X and &p).

The conditional distribution of | X = = may be obtained quickly.

Result 4. The conditional distribution of ey | Xy = @ is given by

fei () [z (w + o)
]P)(Mk,1 — EZ S iL‘)

ff[k] | X[k (5 | :U) =

= fgi(g)[FZi(:L':—;g)]k—l
(k= 1) [, F2 0[] |1~ Pt — )] ar

Y

where My_1 and &; are independent.

Similarly, the conditional distribution of Zy) | X = x follows.

Result 5. The conditional distribution of Zy | Xy = x is given by

fe.(z = )[Fz,(2)]"
P(My_1— & < )

fZ(k) [ X1x) (Z | ‘T) =
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fei(z — x)[FZ];(j)]k_l
(k—=1) [2 fz(t) [in(t)} : [1 — Fg,(t — 90)] dt

Y

where My_1 and &; are independent.
Proof. First,
fZ(k) | Xix) (z]z) = fﬁm | X(x) (z—z|x).

Now, we simply apply the previous result. O

Finally, we obtain the conditional distribution of Y | Xy = @ from the above result.

Result 6. The conditional distribution of Yy | Xy = @ is given by

P(Yjy=1|Xp=2)=PE>m—x|E> M, —x) (2.2)

_ 2 feulz = )Py ()] e

(=1 [ Fa ) [Fn0)] 1= B o - o)

where My_1 and &; are independent.

Proof. From Result 5,

P(Yiy = 1| Xy = z) =P(Zw) 2 m| Xy = 2)

_ L5 fe (2 — 2)[Fy, ()] 'dz
P(Mkfl - 81 < x) ’

Now, we observe that the numerator is equal to
| g olFa) e = [ fal@)Fa o)

=E[Fu, (€ +2)I(E >m —z)]

=E[Fy, ,(E+2)|E>m—z]P(€ >m—x)
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Hence,

=P(My_1 <E+z|E>m—x)P(E>m—x)

=P(My_1 <E+42xz, E>m—ux).

Oofi _ Fz k—ld
P = 11y ) = oot TR

P(My 1 <E+z,E>m—1)
]P)(Mk,1 — Sz S .Z')

=P(Zp) > m| Xy = z).

Note that Result 6 allows us to express the conditional class probability IP’(YW = 1| Xy = x)

in terms of the distributions of £ and Z = X + £. While this form is unfriendly, and for most

distributions the resulting conditional class probability will not have a closed form, we may

still employ numerical techniques to obtain the desired probabilities.

2.3 An Analytic Example

In this section we will use Result 6 to find the conditional class probabilities in a simplified

case. In particular, we will assume that X ~ U(0,1), € ~ U(0,1), k = 2, and m = 2.

First, note that Z = X + £ has a triangular distribution. In particular, Z has the PDF

z, ifo<z<1,
fZ(Z)I{

2—z, ifl1<z2<2,
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and fz(z) = 0 otherwise, and a cumulative density function (CDF) of

0, if z <0,

1.2 i <
Fylz) = 527, if0<z2<1,

—222 4221, f1<z2<2,

1, if 2> 2,

We will determine the denominator D(z) in (2.3) next, as it is simpler to find than the

numerator.

D(z) = (k- 1) / Z 126)[F2)] [1 = Fo(t - )] at
::/ifﬂ@b—i&@—xﬂﬁ

—/OxtdtJr/:t(l—(t—:c))dtJr/le(Q—t)(l—(t—:v))dt

_2:1:3—3352—33:—1
6

Next, we will find the numerator A/ (z) of (2.3. To this end, we will split this into the cases

0<m<1and 1< m <2, respectively. First, for the case 0 < m <1,

N(z) = /m h felz — ) Fy(2)dz
:[:ﬁu—ngmphAZKZ—@(—é£+2x—de

1 1 $+1 1
/ —22d2+/ <—§z2+2z—l>dz, Ho<z<m
x 1

2
11 z+1 1
/522dz+/ <—§z2+22—1)dz, ifm<ax<1
m 1

:{:

(m3 423 =322 -3z —1), f0<x<m

[

(223 — 322 — 3z — 1), if m<a<l.
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Alternatively, for the case 1 < m < 2,

N@ﬁ:/wﬁ@—xﬁﬂdw

2 1
- / fe(z — ) (—522 + 2z — 1) dz

)0 fo0<oe<m-—1,
N f£+1(—%22+22—1)dz, tm-1<x<1
)0 ifo<xr<m-—1,
B —5(@* =322 =3z +1—mP+6m*>—6m), ifm—-1<z<1.

Thus, we obtain that the conditional class probability formula. In particular, for 0 < m <1,

after some simplification we obtain that

ot —m’

1— + if0<m<1
ST P ol et ST
P(Yj =1lz) =¢ 2° = 32" =3z +1-—m”46m” —6m (2.4)
fl<m< 1<2
203 — 312 — 31— 1 y Hlem<z+liss
0 otherwise,

where [t], = max(t,0), the positive part of t.

+

We may easily obtain that the SRS class probabilities are given by

PY=1X=2)=P(Z>m|X =x)

=P(X + &> m|X =2)

=P(E+2z>m)
=P(E>m—ux)
0, ifx <m—1,

=q¢1l—(m—2a), ifm—-1<z<m,
1, if v > m.
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Using the link (2.1), one would obtain the approximation

0, ifx <m—1,
PY=1X=x)~{1—(m—z)? ifm—1<z<m, (2.5)
1, if x > m.

We compare the graphs of (2.4) and (2.5) for m = 0.7,1.0, 1.3 in Figure 2.1. The true form is

shown as a solid line, while the approximation based off of (2.1) is a dotted line.

Comparison of P(Y} = 1|z) and P(Y = 1|z)

S
Eﬂ
—
I =
& o
AR S T
R
— O
PN —
Sl =
& o | — :
< \ \ \ \ \ \
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 2.1: Compared here is the true form of the class conditional probability function for the
problem established in Section 2.3 versus the approximation based on link (2.1). In particular,
the function (2.4), representing the true form is compared to the function (2.5) representing the
approximation based off of (2.1).

We can see that the two functions, in general, disagree. Thus, we obtain that the link (2.1)
is not exact. In light of this, we will seek to discover a more accurate link. We will do so in

the following section.
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2.4 MaxNS Probabilities under Normality

In the previous section we worked out an explicit form for the class conditional probabilities
within a MaxNS sample when X and £ are both standard Uniform variables. However, this
case is not applicable to real data scenarios. In this section we will assume instead that X
and &£ are both Normally distributed. This is a much more realistic scenario: for example,

the case of a linear model with a Normally-distributed predictor fits into this model.

In particular, let X ~ N(ux,0%), & ~ N(0,0?), k =2, and let m € R be the value such
that ]P’(Y[k] = 1) = % For the remainder of this section, we will assume for simplicity that

pux = 0 and 0% = 1, though these same results will hold for any value of ux and oy, after an

appropriate rescaling (see Result 8). Note that

0.5=P(Yjy=1) =P(Zp >m) =1-{1-PY =1)}'
— P(Y =1)=1—(0.5)"*

— P(Z <m)=(0.5)"*

which, in turn, implies that m = /1 + o2®~! ((0.5)1/k).

First, we obtain that

g

f(x):IP’(5>m—:L'):1—<I>(m_x).

We can obtain 7, numerically, using the integrate function in the statistical software R. In
Figure 2.2 we provide graphs of 7 () for o = 0.33,0.48, and 0.88. These values correspond

to a p = Corr(X, Z) values of 0.50, 0.75, and 0.90, respectively.

We wish to investigate if we can find some function g such that

i (x) = g(m(x)) Vo e Sx.



28 CHAPTER 2. CONDITIONAL CLASS PROBABILITIES

Comparison of P(Yy = 1|x) for various p
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Figure 2.2: Comparison of n(x) = P(Yjy = 1|z) for several values of p = Corr(X, Z).

To this end, we produce Figure 2.3. In this figure, the horizontal axis represents f(x), while

the vertical axis represents ().

We can see that the function g seems to have the approximate form g(s) = s*°, where

0 <wy <1 le. we find that

) (z) = m(x)*°, for some 0 < wy < 1.

We run a simple loop to find the value wy that minimizes

[(w) = /00 [7(2)” — T (x)]zdx.

o0

In Table 2.1 we give the resulting values of wy.

To show how well this approximates the true function, in Figure 2.3 we again plot 7y (z)

wo

for the three values of p, as solid lines, with the approximation 7(z)*° overlaid as dotted
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fe(x) = P(Yy = 1| x) plotted against f(z) = P(Y =1|x)

fr(z)
0.0 0.2 04 0.6 0.8 1.0

[enN) )

1.0

Figure 2.8: Shown here is the function my(x) = P(Yjy = 1|x) plotted against f(x) = P(Y = 1|x),
for various values of p = Corr(X,Z). A visual inspection reveals that there appears to be the
approximate relationship mp(z) = 7(x)*° for 0 < wo < 1.

Wo
P k=2 k=3 k=4 k=5 k=9 k=16
0.50 | 0.612 0.489 0.426 0.386 0.309 0.258
0.75 | 0.693 0.584 0.524 0.485 0.404 0.347
0.90 | 0.791 0.708 0.660 0.627 0.555 0.500
0.95 | 0.848 0.784 0.746 0.720 0.661 0.614
0.99 | 0.929 0.897 0.878 0.864 0.833 0.807

Table 2.1: This table gives the optimal value wy for several combinations of p and k.

lines.

In summary, we can see that 7y (x) = 7(x)* is a very good approximation, which depends

only on o, the standard deviation of &£.

In Figure 2.5 we repeat this analysis for k = 3,4,5,9, and 16; we see that the m (z) ~ 7(x)*°

approximation continues to hold.
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Comparison of P(Yy = 1|x) for various p
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Figure 2.4: Shown here is the function my(x) = P(Yj =1|z) plotted against m(z)* =
P(Y =1|x)*°, for various values of p = Corr(X,Z). The functions mp(x) are given as solid
coloured lines, while w(z)*° is a dotted white line.

We summarize this finding below.

Result 7 (Conjecture). Let X ~ N(0,1), &€ ~ N(0,0?), k> 2, and m =1 — ®(2=2). Then

[

there exists some 0 < wy < 1 such that, for any v € R,

P(Yj =1| Xy =2) = {P(Y =1|X =z)}*".

We were unable to find an analytical justification for this approximation. We will rely on

the numerical results given earlier in this section as our justification moving forward.

However, it is easy to show that Result 7 extends to any Normally distributed X variable,

not only the Standard Normal.

Result 8. Let X, £, k and m be as in Result 7, and let wy be the constant that optimizes

this approximation. Now, set X' = pu+ox X, =ox&, Z/=X"+&, m' = pu+ oxm, and
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Testing the Strength of Result 7
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— T Approximation Ve
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O
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o - s e = - es an ==

x, measured from the 0.1th percentile to the 99.9th percentile of X

31

Figure 2.5: Shown here is the function ) (z) = P(Y[k] = 1|x) compared to the function 7(z)“° =
P(Y =1|x)*°, for various values of p = 0.50,0.75,0.90, and k = 2,3,4,5,9,16. The functions
) () are given as solid coloured lines, while m(x)“* are given as dotted lines.

Y'=1(Z" >m'). Then, for any x € R,

Proof. First, note that 2/ = u+oxZ, and M, _, = u+ oxMy_1. Now, from Result 5,
k—1

_ Jel =) [Fp ()

/ /
fokJ|kal(Z ) = P(Mllgq —& < x')

1 felz = 2)[Fy(2)]"

1

ox ]P(Mk_l - g S .’17)
1

= afz[k] [ X1 (z]z)

Thus, we may integrate to obtain that

IP’(Y[;} =1[Xjy = 7') = P(ng) >m' | Xjy = ')
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[oe)

= ! / /

= [ 120
o0

J— /
/ fzy1x;, ([ 2")dt
ptoxm

— /moo fz[’k] X1, (u+oxz|x')dz substitute z = tU_XM
— [ otz a)a:
=P (Y = 1] Xy = 2)
By Result 7, there exists some wy € (0, 1) such that
P(Yy=1|Xp=2) =~ {PY =1|X =)} forallzeR.
Since IP’(Y[;C] =1 ka:] = x’) = ]P)(Y[k} =1|Xp = ;1:), the proof is complete. n

Note that, though we make the assumption that X € R!, i.e., that we have access to only

a single explanatory variable, this model expands easily to a multivariate case. In particular,
assume that we have access to the vector of predictors X = (X1, X, ..., Xy) € R%. Then,
the results of this section require only that there exists a transformation A : R — R such that
h(X) is Normally distributed and Z = h(X)+&. Then we may simply switch all instances of

X in this section with h(X) and the results copy over with no further modifications necessary.

Thus, it is important to remember that the form of X is not directly relevant in Result
7; we need only for there to exist a transformation h such that Z = h(X) + &, where h(X)
and &£ are Normal. The variable £ is simply the difference between h(X) and Z, and p is a

measurement of how “close” h(X) and Z are.

As one example, a linear model has the form Z = X '3 + &£, with the frequent additional

assumption that & is Normally distributed. If we assume further that h(X) = X '3 is
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itself Normally distributed, then a threshold model in this circumstance will satisfy the

requirements of Result 7.

In the following section, we will test how robust Result 7 is against the Normality assumption,

both in the distribution of A(X) and £.

2.5 Robustness against Model Assumptions

Results 1 — 7 in the previous section have made the assumption that, in the model Z = X 4 &,
the variable X (or h(X)) has a Normal distribution. While this is often the case in real data
scenarios, it is also often the case that the variable X will have a skewed distribution. In this

section, we will test the strength of the approximation in Result 7 when X is non-Normal.

In particular, we will suppose instead that X follows a Weibull distribution. The Weibull
distribution is a continuous probability distribution characterized by two positive parameters:
the scale parameter, and the shape parameter. The Weibull distribution is a popular choice
used when modelling a variable as it may take a wide array of (unimodal) shapes. We will fix
the scale constant to 1 as this model is largely scale-invariant (given p) ( Result 8). With a
shape parameter of approximately 3.6, the distribution has a skewness of 0; shape parameters
under 3.6 lead to a right-skewed distribution, while shape parameters above 3.6 lead to a

left-skewed distribution.

We will consider the shape parameters of 2, 4, and 10. We display the resultant distributions

of Z for the parameters p = 0.5,0.75,0.90 in Figure 2.6

From Figure 2.6, we can see that the approximation weakens as X moves further from
Normality, as well as weakening as k£ grows. However, even in the worst-case shown, the
error does not become appreciable. implying that this model displays some robustness in the

Normality assumption on X.
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Testing X for Robustness against Normality
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Figure 2.6: Shown here is the function ) (z) = P(YM = 1|x) compared to the function 7(z)“° =
P(Y = 1|x)*°, for various values of p = 0.50,0.75,0.90, and k = 2,5, in the case Z = X + &, where
X ~ Weibull(v,0). The functions mp(z) are given as solid lines (primary colours), while ()"
are given as dotted lines (complementary secondary colours).

We will also test here the robustness of the assumption of Normality in £. In particular,
we will now investigate the setting Z = X + £, where X ~ N(0,1) and £ is drawn from the

Generalized Error Distribution.

The Generalized Error Distribution is a generalization of the Normal Distribution, parametrized
by three parameters: a location parameter u, a positive scale parameter a;, and a positive

shape parameter 8. This distribution has a PDF of

. _ s o — p\”
f(z; avﬁ)—mexp{—<7> }, xr e R.

This distribution contains the Normal distribution as a special case at § = 2 (which results
in a variance of a?/2), and the Laplace distribution at 3 = 1. It converges to a uniform

distribution on (u — o, it + @) as f — oo.
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We will test here the case & ~ GED(0, «, 5), with § = 1,2,5, with « set to attain the

desired values of p = Corr(X, Z2).

Testing £ for Robustness against Normality
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x, measured from the 0.1th percentile to the 99.9th percentile of X

Figure 2.7: Shown here is the function myy(x) = P(Y},) = 1|2) compared to the function m(x)*° =
P(Y = 1|z)*°, for various values of p = 0.50,0.75,0.90, and k = 2,5, in the case Z = X + &, where
& ~ GED(0, a, B). The functions mp;(x) are given as solid lines (primary colours), while (x)*° are
given as dotted lines (complementary secondary colours).

We can see that the violation of Normality in £ leads to greater error in the approximation
than violations of Normality in X. Again, the error increases with k. We notice in particular
that leptokurtic distributions in £ lead to a greater error than platykurtic £ distributions.
Further, this error is greater for small values of x than for large values of x. Further, we can

see that as the correlation p between X and Z shrinks, the error in the approximation grows.

Finally, note that in the model Z = X + £, while it may be helpful to think of £ as an
error term, this is not stipulated in the model in any way. Thus, we will test a situation
where X and &£ are both non-Normal. In particular, we will let X and £ each come from a

Gamma distribution, with shape parameter o and scale parameter 6.
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As the relationship between 7, () and 7(x) is largely invariant of scale, we will keep the

scale parameter fixed at § = 1. We will try shape parameters a = 2, 4, and 9.

Testing X and £ for Robustness against Normality
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Figure 2.8: Shown here is the function myy(x) = P (Y, = 1|2) compared to the function m(x)*° =
P(Y = 1|x)*°, for various values of p = 0.50,0.75,0.90, and k = 2,5, in the case Z = X + &, where
X ~ Gamma(a, B), € ~ (ag, Be). The functions my,(x) are given as solid lines (primary colours),
while m(x)“° are given as dotted lines (complementary secondary colours).

We can see here again that the approximation grows weaker with &k, while growing stronger

with p. Once more, the accuracy is high for high values of x, and low for small values of x.

Overall, this battery of tests demonstrates that this model does display some sensitivity
to violations of the Normality assumptions. In particular, while being moderately robust to
violations in the Normality of X, the model seems sensitive to violations in the normality of
E. This sensitivity, in general, grows with k£ and shrinks with p, and mostly impacts small

values of z.



Chapter 3
Logistic Regression with MaxNS Data

In this chapter, we develop a modified technique for constructing a Logistic
regression model built upon a MaxNS training set, which we call the MNSLR
problem. We then present a numerical technique for solving this MNSLR, problem,
as well as provide a proof that the algorithm given will in fact converge to a
result. We also briefly discuss regularization and demonstrate how it applies to

the MNSLR problem.

3.1 Introduction

Suppose that we have been presented with a vector of feature variables X € X C R? and a
binary response variable Y € ) = {0, 1}. For example, within a sample of mammograms,
perhaps X is the radius of a cell nucleus, while Y marks whether this tumour is benign
(Y = 0) or malignant (Y = 1). Suppose further that our goal is to model Y based on X,

using a (labelled) training set (x,y);_, C X x V.

One approach is to construct a simple linear regression model. That is, fit a curve of the
form Y = w' X + b, to the data, according to some optimization metric (e.g., minimizing

the sum of the squared residuals, Z?:l('wTX +b— yZ)Q) Then, we could classify ¥ =1

37
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for all X = @ such that y > 0.5, and classify Y = 0 otherwise. This technique is known as
the Linear probability model [46]. We visualize this technique in Figure 3.1, using a random
sample of n = 50 observations from the Wisconsin Breast Cancer Dataset, available on the

UCT Machine Learning Repository [47].

Tumor Status vs Radius: Linear Regression
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Figure 3.1: Shown here is the result of the linear regression classification technique on a random
sample of n = 50 observations from the Wisconsin Breast Cancer Dataset. We restrict our feature
space to a single variable X : the radius of the cell cluster. For all observations x; such that g; > 0.5,
we classify Y = 1, and we classify Y = 0 for all other observations.

However, this can lead Y, our “model” of Y, to take values below 0 and above 1. This
model may be seen as it presents a description of Y that is difficult to interpret. Further, if
we recall that the goal of regression analysis is to fit E[Y | X = ], the mean of Y at X = «,

and note that as ) = {0, 1}, this is equivalent to fitting P(Y = 1| X = ), it seems that we

should seek to force our Y to remain in the range [0, 1].

We can achieve this by wrapping the linear function w '@ + b in the sigmoid function o(t),
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defined as

1 et
1+et 1+ et

o(t)

We choose this function as it is a monotone-increasing mapping from R to [0, 1]. Thus, we

arrive at a new curve to be fit; the logistic curve f, defined as

1 ewTw—l—b

fx) =

| 4o (wiarh) 1 ewlath
That is, we make the model assumption that

1

PY=1|X=2)~ ———
Y =1X =) s

(3.1)

and we wish to find the constants w and b that optimize this approximation.

The technique used to fit the model parameters w,b can be viewed through the lens
of Mazimum Likelihood Estimation (MLE). In the MLE procedure, introduced by Fisher
between 1912 and 1922 [48], one considers the likelihood of observing the sample data at
hand under all possible parameter values of the joint distribution of the sample data, and
picks the parameter values that gives the maximum possible likelihood (supposing that such
a value exists and is unique). In particular, if we have a sample (y;);_, from a density p(y; 0)
with a vector of parameters @ € ©, then we wish to find the vector 8 such that the likelihood

function L, defined as

n

L(O) =[] rw:;6), 6co, (3.2)

i=1
is maximized as a function of 6. However, working with (3.2) is often challenging. To simplify

the problem, we will often instead consider the equivalent problem of minimizing the negative

log-likelihood function,

((0; y) = —In (H ply;; 9)> = — Z In(p(y;; 0)). (3.3)

=1
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The problem (3.3) is simpler as it is generally easier to work with general sums than products.
Further, we will prefer phrasing our problem in terms of minimization as this is the standard

optimization framework. Note that we will refer to the summands —In(p(y;; 0)) by ¢;(0; y).

To the end of applying the MLE procedure to fitting w and b to find the optimal logistic

curve for the observed data, define the density function for Y as below:

According to the MLE procedure, our task now is to minimize

((w,b; z,y) = — > In(pyija, (i w,b)). (34)

i=1

First, recall that y; can only take the values 0 and 1. Hence, (3.4) can be represented as

— Z[yiln(pmmi(l; w, b)) +(1- yi)ln(l — Pyile; (1w, b))} (3.5)

i=1

Now, applying model assumption (3.1), we have that (3.5) takes the form

B 2:; {%ln(l + exp(_(lemi + b))) = yi)1n<1 1+ eXp(—(luiji n b»” . (36)

Finally, after some algebra, the log-likelihood function simplifies to

n

lw,b; x,y) = Z [yi (wT:ci + b) — ln<1 + e_(mei’Lb))} )

=1

Minimizing this function over w and b is the Logistic regression problem, which we present

below:

n

minimize Z [ln(l + e*(wTw"H’)) — Y ('wTa:Z- + b)} . (3.7)

w,b -
=1
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This problem may be solved through numerical techniques, such as the Newton-Raphson
algorithm [49] — also known as the Iteratively Reweighted Least Square (IRLS) approach —
or gradient descent [50]. A full exploration of such techniques falls outside of the scope of

this research, but a thorough comparison may be found within [51].

The statistical software package R has several libraries which contain functions for per-
forming Logistic regression. One of which is the glm function within the stats package. In
Figure 3.2 we repeat the earlier analysis on the Wisconsin Breast Cancer Dataset, except

now we will use Logistic regression instead of linear regression. Again, we will classify Y =1

if Y > 0.5 and Y = 0 otherwise, but the difference now being that we have an interpretable

model for Y.

Tumor Status vs Radius: Logistic Regression
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Figure 3.2: We repeat the analysis from Figure 3.1 here, but now using Logistic regression. We can
see visually that the curve is monotonically increasing but still bounded between 0 and 1, allowing
us to interpret the value of the curve at any point as the likelihood of the tumour being malignant.
Further, we can see that the decision point has moved to the left
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Note that if we instead allow Y to follow a +1 coding, then the Logistic regression problem

takes the simpler form

n

minimize Z ln(l + e_yi<wTw"+b)>. (3.8)

w,b -
=1

3.2 Logistic Regression with MaxNS Data

We will modify our task here. We still make the assumptions that, for some w, b,

1

PY=1|X=2¢)=———,
Y =11X =w) =

and our goal is still to find w and b. However, assume now that we have been provided with

MaxNS data (CU[k}ia y[k‘]i) ?:1

Following Result 7 in Chapter 2, we may say that

1 o
P(Ypy = 1| Xy =) ~ {W} !
(&

for some 0 < wy < 1. We will repeat the technique of minimizing the negative log-likelihood

to find w and b. We now have that

]P) {—1} 0 l.f
= “+e w ' x+b I y =

- 1—-d—1 0 if y = —
1+e—(sz+b) ) Ly =

Thus, the summands of the negative log-likelihood are now

woln(l + e_(u’T“”er)), if y; = 1.
gz(w7b7 mvy) = (1 1 «wo if — 1 (39>
(- {er ) ) fw=t

Therefore, the program is

g o E () - 8wl () ) o

1y =1 ty;=—1
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We will refer to this as the MaxNS Logistic Regression (MNSLR) problem. In particular, we

note here that (3.9) is the MNSLR Loss Function.

3.3 Solving the MNSLR Problem

In this section we will provide a numerical technique for solving the MNSLR problem. In

particular, we will develop a gradient descent algorithm for solving (3.10).

Gradient descent, first proposed by Curry in 1944 [52], is a popular optimization technique
that has been applied to a wide array of problems [53]. The technique is intuitive: Suppose

that we have a function f : R? — R to be minimized. Starting from a certain point x,, we

take iterative steps, always in the direction opposite of the gradient of f. lL.e., the update
step is @(41) < T — OV f (:c(t)), where 0 is our step size. We conclude the procedure when

some stopping condition is met. A common stopping condition is of the form ||V f(x)||, < C,

where ( is a small positive value and ||z||, == y/23 + ... 23 is the (L) norm of .

In Figure 3.3 we provide a visual example of the path taken by the gradient descent

algorithm for a simple function.

For the purposes of this derivation, define 8 = (b, w), and =* = (1,z). For brevity, set

z; = BTx. Then, our goal is to minimize the function

FB)=wo Y m(l+e)— 1n<1 — {1 +1€Zi }MO). (3.11)

iy =1 1y;=—1

First, note that f(8) = >, ¢:(8; ], y;), where {; is as defined in (3.9). The gradient of ¢;
can be shown to be

Wo

i) lfylzla

Vi, (IBa mja.%‘) = 1+ e Wo * .
. . \Wo wi 3 lf Yy, = —1.
(1+e5)[(14e7%)™ —1]
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Gradient Descent: Example

Figure 3.3: We demonstrate the Gradient Descent procedure here, for the objective function
f(@,y) = (2> +y?) + 1[(x = 3)* + (y + 3)"] — 0.5(zx —5)(y +3). The black lines represent the
contours of f at selected levels, while the blue, magenta, and red paths represent the paths taken by
the algorithm for three different starting points. We can see that the algorithm quickly reaches the
objective function in each case.

Hence, the gradient of (3.11) is

VIB) =D VLB x},y)
=1

1, 1 .
:_“’O(Z e 2 (1—1—621')[(1—!—621')‘”0—1]%)'

Y= iy =—1

Hence, we arrive at the following algorithm for solving the MNSLR problem:

Algorithm 1. 7o solve the MNSLR problem, given a MaxNS training set (m{k]i, y[k]i)?:p a

step size 0 > 0, and a tolerance { > 0.

1. Pick a starting point (b, w()) € R x R?
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2. Fort=20,1,2,...

(a) Calculate the directional updates for w and b:

1 1
Vil (wi, by) = ( 2 i X (1 + e)[(1+ e =)™ = 1])’

By =1 iy, =—1

wa(w(t)7b(t)) = —Wo < Z 1 fiezi - ' Z (1 + ezi)Kl f—ie_zi)wo — 1])

iy =1 By =—1

(b) Check HVf(,B(t))H2 < (. If so, stop. If not, continue.

(c¢) Update w and b:
W41y = W) — Ve f (wiry, bir))

biey1) < by — OV (w@y, by

3.4 Convergence Analysis

While there are several conditions under which one may prove convergence of the gradient
descent algorithm, the standard conditions insist that the objective function f is (1) convex
and (2) has a Lipschitz continuous gradient. We will establish here that the function f in

the MNSLR problem satisfies both conditions.

First, a very short discussion of convex optimization is relevant. For a full exploration, see

[54).

A function f is said to be conver on the set A C R? if, for any =, x> € S and for all
t €[0,1],
[ty + (1= t)ms) < tf (@) + (1 — 1) f(22).
Intuitively, this means that, for any two points within .S, the straight line connecting these
two points falls on or above the graph of the function along this line. If this inequality is

strict on ¢t € (0,1), then we say that f is strictly convezr. Examples are given in Figure 3.4.
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Non-Convex Function Convex Function
S
S—
i i

Figure 3.4: Here we give two functions. The function on the left is visibly non-convex, as the blue
line falls above the curve of the function. The function on the right is strictly convex, and we can
see that both lines are falling above the graph.

Some useful properties of convex functions are enumerated in the theorem below:

Theorem 1. 1. A twice-differentiable function f of one variable is (strictly) convex on
S C dom(f) if and only if its second derivative is (strictly) positive on S. This is known

as the second-order condition.

2. Let f be a real function of one wvariable. If f is (strictly) convez, then g(x) =
f(wTaz+b) is (strictly) convex for any w € R and any b € R. This is known

as an affine composition.

3. Let f(z) = In(1+¢€®). Then f is strictly convex. This is known as a log-sum-exp

function.

4. Let f be a (strictly) convex function. Then af is (strictly) convex for any a > 0.
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5. Let f1, fo be convex functions. Then f1 + fo is convex. Further, if at least one of f1, fo

are strictly convex, then fi + fo is strictly convex.

See [54] for more details.

An optimization problem is a problem of the form
mil;igglize f(x)
subject to  gi(x) <0, go(x) <0, ..., gn(x) <O.
The function f : S — R in the above formulation is referred to as the objective function
of the optimization problem, while the g; are the constraint functions. Any point € S
that satisfies the constraints ¢1(x) < 0,...,gm(x) < 0 is called a feasible point, and any
feasible point &* that minimizes f on S is referred to as an optimal solution. If the functions

f,91,92,...,9m are all convex on S, then it is referred to as a convex optimization problem.

We have the following result concerning strictly convex optimization problems, again taken

from [54].
Theorem 2. Consider a convexr optimization problem
mininize f(x)
If f is strictly convex, then the optimal solution (when it exists) is unique.

We will use the properties of convex functions listed above to prove that the objective

function of the MNSLR problem is strictly convex.

Result 9. Let f be defined as in (3.11). Then f is strictly convex for any 0 < wy < 1.

Proof. First, the function g(z) = woln(1 + €*) is strictly convex from (3) and (4). Next, we

wish to show that the function A, defined as

h(z) = —ln(l - [1 ;ﬁro)
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is convex for any 0 < wg < 1. Differentiating this function twice gives us the result

wo(1+e %) fwo + e [(1 4+ 7)™ —1]] _

h”([L’) _ ; — 5
[(1+e) [(14e ) —1]]

To show positivity of A", it will be sufficient to show that
wo+e|(14e7) ™ =1 >0 forallzeR.
After some algebraic manipulations, we find that the above condition is equivalent to
(14+e™) ™ >1—wpe ™ forall z € R.

Which is nothing more than Bernoulli’s Inequality, and hence it is true. Thus, h” is strictly

positive, which implies that h is strictly convex by the second-order condition.

Next, recall that affine compositions with strictly convex functions preserve strict convexity.

Le., g/ (8) = g(—B"x}) and 1 (B) = h(—B x}) are strictly convex. Finally, since

B =Y gB+ > riB)

By =—1 iy =—1

i.e., since f is a sum of strictly convex functions, f is itself strictly convex. O

Hence, we have as a result that (3.10) has a unique solution, when it is feasible.

Result 10. Suppose that a solution exists to the MNSLR problem, for a particular dataset

n
1=

(i, yi);_y. Then, this solution must be unique.

To show that Algorithm 1 converges to a solution, we must also show that the gradient of

f is Lipschitz continuous, where Lipschitz continuity refers to a particular strong form of

uniform continuity. That is, a vector-valued function f : R% — RY is said to be Lipschitz

continuous with constant L > 0 if,

for all @1, @, € dom(f), || (@) — F(@2)l, < Lllz: — a2



3.4. CONVERGENCE ANALYSIS 49

Below are some important properties of Lipchitz functions, taken from [55]

Theorem 3. 1. If f is a differentiable function of a single variable, and the derivative
of f is bounded, then f is Lipschitz continuous. Further, the Lipschitz constant is

L = max|f'(x)|.

2. If f and g are both Lipschitz continuous functions of a single variable, with Lipschitz

constants Ly and L, respectively, then f 4 g is Lipschitz continuous with constant

L = max(Ly, L,).

3. If f and g are both Lipschitz continuous functions of a single variable, with Lipschitz
constants Ly and L, respectively, then f o g is Lipschitz continuous with constant

L=L¢L,.

We will use these properties to show that the gradient of the objective function in the

MNSLR problem is Lipschitz continuous.

Result 11. Let f be defined as in (3.11). Then f has a Lipschitz-continuous gradient.

Proof. This proof will require some preliminary results.

Let g and h be as in the proof of Result 9. We will first show that ¢’ and h’ are Lipschitz

continuous.
To show that ¢’ is Lipschitz continuous, note that its second derivative is given by

x —x

" woe wope "
xTr) = = = —XI).
g ( ) (1 +€—I)2 (1 +€x)2 g ( )

That is, g” is symmetric about 0, and is equal to %* at 0. Since g is strictly convex, that

makes % an upper bound. Since g” vanishes at positive and negative infinity, it is bounded

below by 0. Thus, ¢’ is Lipschitz continuous with constant Ly, = “2.
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Next, to show that A’ is Lipschitz continuous, note that its derivative is given by

woeac(l + ea:)—(2+w0) [(1 + ea:)—wo + wpe® — 1]
1-(1+ e”f)_wo}2 '

h”(.’L‘) —

It can be shown through elementary techniques that lim,_, ., h"(x) = lim,_,,, A" (z) = 0.
Further, by inspection, we see that A” is continuous. Thus, it must be bounded by some

upper value Ly/(wp). This upper bound must be found through numerical techniques (see

Figure 3.5).

We can now continue with the proof. Recall that we seek to bound A == ||V f(B1) — Vf(B2)|].

For brevity, let z; = 3] = and let 2z, = 3, . From Algorithm 1,

1 1 %
—Ww — -,
O{iyzﬂ(l"{'ezi 1"‘621)

1 1 *
+Zylz_1< L+ e#)[(1+e#)—1] - (1+6z;)[(1+6—z;) _1}>wi }H

Now, using the triangle inequality,

Agw()(Z

1y; =1

A:‘

1
14 e

*
=]

1 1
It+e)(d+e=) =1 (1+eD)[(1+e) 1]

p>

IS ylf—l

Jet1).
Using the results above,

AsWo(Z e - gl + Y L(wo>\\w:‘\\2||ﬂ1—@||)

iy;=1 y;=—1

. (ZLZ.H;C;W) 181 — Bell.
=1



3.4. CONVERGENCE ANALYSIS 51

e., Vf is Lipschitz continuous with constant

Lman 3 IR+ 3 sl

= -

Lipschitz Constant for 4 in Result 11

L(wo)
0.22 0.24
| |

0.20
\

0.18
\

0.0 0.2 0.4 0.6 0.8 1.0
Wo
Figure 3.5: Here we present the Lipschitz constant L(wg) from the proof of Result 11. We see that
this function is bounded above by %, and in fact converges to % as wg tends to 1. This is to be

expected: the Lipschitz constant for the associated Logistic regression problem is %, and at wq, the
MNSLR problem reduces to the standard Logistic regression problem.

The following theorem is taken from [56]:

Theorem 4. Suppose f : R? — R is convex and differentiable, and that its gradient is

Lipschitz continuous with constant L > 0. Then, if we run gradient descent for I iterations

with a fived step size § = 1/L, it will yield a solution f) which satisfies

[ — 2]

fla) - fla) - =
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where f(x*) is the optimal value. Ie., this means that gradient descent is quaranteed to

converge and that it does so with rate O(1/1).

Hence, Results 9 and 11 together with Theorem 1 serve as a proof of the following result:

Result 12. For a sufficiently small step size §, Algorithm 1 for solving the MNSLR problem

is guaranteed to converge with rate O(1/1).

3.5 Regularization

One issue of concern in classification methods based upon regression models is that of
multicollinearity [57], i.e., the phenomenon wherein one or more explanatory variable in a
multiple regression model can be linearly predicted from the the other explanatory variables
with a considerable degree of accuracy. It is well-documented [58] that in the presence of

multicollinearity, the coefficient estimates of the model will display extreme variance.

One popular solution to the concern of multicollinearity is the technique known as Ridge
regression, first introduced to the linear regression context in 1970 [59], and later applied to

logistic regression [60]. The Logistic ridge regression model is given below:
minimize iln(l + e*yi(wT“fﬁ”)) PIEATTITE (3.12)
w,b — 2 2

where A > 0 is a tuning parameter of the model. This model is quite similar in nature to
(3.8), with the addition of the new %H'w||2 term, sometimes referred to as a penalty. By

encouraging the norm of w to be small, we control the variability of the coefficient estimates

w;. However, this is not free, as it does result in some estimator bias [59].

In fact, this new penalty term does not just encourage the norm of w to be small: it forces
w within a ball of radius ¢, centred at the origin. This is demonstrated in the theorem below,

again taken from [54].
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Theorem 5. Let L) denote a conver optimization problem of the form

mz’m’rgize flx) 4+ Ag(x),
xe

with f, g convex and X\ > 0, and let p5 denote a solution to L(N). Let C; denote a convex

optimization problem of the form

minimize  f(x) subject to g(x) <t,
zeSs

and let di represent the optimal value of this problem. Then, for any A > 0, there exists a

t > 0 such that the problems Ly and C, are equivalent in the sense that p5 = d;.

We may use Theorem 5 to help us visualize the Ridge regression problem. In particular, as
the set {w : ||w| 2 < t*} corresponds to the d-dimensional ball of radius ¢, we may visualize

the Ridge Regression problem as in Figure 3.6.

We may similarly apply the Ridge penalty to the MNSLR model, resulting in the model

below:

1 “0 A

y;=1 ny;=—1
(3.13)

We will refer to this model as the MaxNS Logistic Ridge Regression (MNSLRR) problem.

We may easily extend Algorithm 1 for solving the MNSLR problem to this new problem.

n

Algorithm 2. To solve the MNSLRR problem, given a MaxNS training set (m[k}i, y[k]i)i:w a

step size 0 > 0, a tuning parameter A > 0, and a tolerance ¢ > 0.

1. Pick a starting point (b, w()) € R x R?

2. Fort=20,1,2,...
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Logistic Ridge Regression

150

100

50

Figure 3.6: Above is a visualization of our gradient descent procedure applied to the Logistic Ridge
regression problem, with A = 7. While the loss function is minimized at w = (1.38,—1.79), the
penalty term restricts 3 to a circle centred on the origin. The magenta line shows the gradient
descent path.

(a) Calculate the directional updates for w and b:

1 1
Vi (wi, b)) = ( 2 Tre T 2 (1+e=)[(1+e =)™ - 1])’

By =1 ty;=—1

x; ZT;
VoS (Wi, bo) = Ao — e ( 2 Tre " 2 Treis e 1])‘

2y =1 2y =—1

(b) Check ||Vf('w(t),b(t))‘|2 < (. If so, stop. If not, continue.

(¢) Update w and b:

Wity < By — IV f (W), byy)

ber1y < by — OV f (i), bry)-
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Note here that since we have only added the term %||’w| |§ to the objective, which is smooth

and has a Lipschitz continuous gradient, Results 9 and 11 extend immediately to (3.13).

Thus, we have that Algorithm 2 is also convergent. We state this as a separate result below.

Result 13. For a sufficiently small step size 6, Algorithm 2 for solving the MNSLRR problem

is guaranteed to converge with rate O(1/1).

3.6 Loss

Returning to the form of the Logistic Ridge regression problem, recall that it may be

formulated as below (when Y follows a 41 coding):

o - A 2
minimize 21 Lyire (yi, w ' @; + ) + §||w||za

where Ligr(y, f(x)) = ln(l + e‘yf(m)) is the associated loss function of the problem.

This is a general form of problem studied in Statistical Learning Theory, known as the
Loss + Penalty form. This general form is instructive, as one may begin to examine the

effects modifying either the Loss Function, or the Penalty. For example, by changing the
penalty from an Ly-norm [|w||, = /> w? to an Ly-norm ||w||, := >_|w;l|, one arrives at the

popular LASSO problem, introduced by Tibshrani in 1996 [61].

On the other hand, one may alter the loss function. As one example, the MNSLRR problem

introduced in this chapter is

n

. . . A
minimize Z Lystrr (Y, w' @i + b) + §||'w||§,

w,b
=1

where

woln(l—l—e_f(m)), ify=1,
Lyinsirr(Ys f()) = 1 “0 iy —
—ln(l—{m} )7 ify=-1
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is the associated MNSLRR loss function.

In the next chapter, we will examine the similarity between Logistic Ridge regression and
the SVM in terms of their associated loss functions. We will then take advantage of this

relationship to modify the SVM to properly incorporate MaxNS training data.



Chapter 4

The Support Vector Machine

In this chapter, we develop in detail the Support Vector Machine (SVM), first
introduced in Chapter 1. We then demonstrate the link between the SVM and
Logistic regression. Using this link, we extend the MaxNS technique to the SVM,

following off of the work done in Chapter 3.

4.1 The Hard-Margin Support Vector Classifier

Consider the (binary) classification problem presented in Figure 4.1. We have n training
observations (z1,1), ..., (Tn, yn), with ; € R? d = 2, and y; = £1. Shown with the data
are multiple straight lines that divide the data. These lines separate the data and induce a
classification rule: if a test observation a; falls on one side of the line, we classify y; = 1, and

if x; falls on the other side of the line, we make the classification y; = —1.

We can see, though, that there are multiple possible lines that separate the data, all of
which perform equally well on the training data. The question arises: which of the lines
does the best job, and how do we find it? While all of the lines above will define a classifier
with no error on the training set, what we want is the separating line that will minimize our

test error. Thus, we will seek the line creates the greatest level of distance between the two

57
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Figure 4.1: Shown here is a simple classification problem. Observations of one class are shown in
blue, while observations of another class are shown in red. Three different lines are shown which
separate the data. The Support Vector Classifier seeks to find the best such separating line.

classes.

Consider “thickening” the central black line in Figure 4.1, until contact is made with a
data point. The perpendicular distance from the central black line to the outer boundary of
the shaded area is called the margin of the line. We wish to find the separating line that has

the largest corresponding margin. We visualize this technique in Figure 4.2.

In general, we allow the predictors x; to be from R?, and we seek the hyperplane (for two
dimensions, this is a line; for three dimensions this is a plane, and so forth) that has the

largest corresponding margin. This hyperplane is called the optimal separating hyperplane.

Let f(x) = fws(x) = w'x + b. Recall from linear algebra that f(xo)/||w|| gives the
signed distance from x to the hyperplane H = {a: eERY: f(x) = 0}; hence, our prediction
rule will be

G(x) := sign{ f(x)}.

We will have a correct prediction when the true sign of y; agrees with the predicted sign of y;.

In a more succinct form, we will have correct predictions when y; f(x;) > 0.
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Figure 4.2: Another two-class classification problem with class denoted by colour, as in Figure 4.1.
Here we consider one possible separating line, and imagine thickening it on their side until it reaches
an observation. This is known as the margin of the separating line.

Let M(w,b) be the margin of H, defined precisely as

Our test observation will fall outside (and to the correct side of) the margin exactly when

yif (i) /[|w]|] = M(w,b).

Note that M will also depend on the training set {(z;, v;)},—,, but we will consider this a

fixed parameter of the model and will not include it in our notation.

Summarizing the above, we are seeking the w and b that give rise to the hyperplane

H = {a: eERY: f(x) = O} with the largest margin M (w, b), subject to the condition y; f(x;) >
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M(w,b)||wl|], for each i < n. We state this optimization problem in the below form:

maxirbnize M(w,b) (4.1)
subject to  y; f(x;) > M(w,b)||w|| foralli=1,... n. (4.2)

However, the form of this optimization problem is problematic from a computation perspec-
tive. Primarily, the objective (4.1) is not convex. However, we may take note of the fact that
M is scale-invariant. That is, M (w,b) = M (kw, kb) for any x € R. Thus, for any particular
(w,b), we can choose x = [||w||M(w,b)] ™", and thereby ensure that ||w|| = 1/M(w,b)
without affecting the optimal value of M. Hence, condition (4.2) becomes y; f(x;) > 1, and
the maximization of M becomes equivalent to the minimization of ||w||. Thus, we have the

equivalent problem below:

1
minimize = ||w]||* (4.3)
w,b 2
subject to  y;f(x;) > 1 foralli=1,... n. (4.4)

This is precisely the hard-margin support vector classifier (SVC) introduced in [62]. While it
serves as an interesting and intuitive classification technique, the assumption of a hyperplane
that perfectly separates the two classes is extremely strong. In the following sections, we will
describe how to relax this assumption to allow not only for class overlap, but for nonlinear

separations through the so-called kernel trick.

4.2 The Soft-Margin Support Vector Classifier

Let us suppose now that our dataset cannot be perfectly separated into two classes. We will
allow for some points to lie on the “wrong” side of the margin, but we still wish to control the

total degree of misclassification. To this end, define some variables &1, ...,&, > 0, called slack
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variables. Re-examining our original optimization problem, condition (4.2) now becomes

yif(x;) > (1 =&§)M(w,b) foralli=1,...n.

We also add a new condition to control the total error:

i=1

where K > 0 is some tuning parameter. We may follow the same steps as before to transform

this into a more friendly optimization program
o1 2
minimize —||w]|
w,b,€ 2

subject to  y;f(x;)) >1—-¢& foralli=1,...,n,

& >0 foralle=1,...,n,

=1

which we transform one more final time into the equivalent problem below:

T I
mininize §Hw\| +C;£i

subject to  y;f(x;)) >1—-¢& foralli=1,...,n,

& >0 foralle=1,...,n.

(4.5)

(4.6)

(4.7)

(4.9)

(4.10)

(4.11)

The solution to the problem above will yield the soft-margin support vector classifier.

Before we proceed with the development of the SVM, we will instead pause to discuss

Lagrangian duality, which provides a simple way to obtain a support vector classifier and

will set the stage for further development of the SVM.
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4.3 Duality and Computation of the SVC

The optimization program (4.9) — (4.11) is convex, and thus may be solved through various
known convex optimization techniques [63, 64]. However, we will introduce here a technique
which allows us to transform (4.9) — (4.11) into a quadratic problem, a class of optimization
programs that is known to be easy to solve (for a full discussion, see [65]). Further, this

transformation will set the stage for the application of the so-called kernel trick, which will

allow for non-linear decisions boundaries to be found.

Consider a convex optimization problem of the form

mininize f(x) (4.12)
subject to  g;(x) <0, foralli=1,...m, (4.13)
where f,q1,...,gn are convex functions with a shared domain S. One obvious (but naive)

solution to (4.12) - (4.13) would be to minimize the following function

(4.14)

J(fl)): {f(a:)a 1fgz($)§0 for aHZ:L,m7
00, else.

This function gives infinite penalty when a constraint is dissatisfied. This method will work,
but the function J is both non-differentiable and discontinuous, and hence optimization of it

is very difficult. Hence, we replace it with something nicer:
L@ A) = fx)+ > Ngi(=), (4.15)
i=1

with A; > 0. This is known as the Langrangian of (4.12) - (4.13). The constants \; will
act as penalizers on the functions g;, depending on the degree to which they fail to satisfy
condition 4.13. Thus, if g;(x) < 0, we set A\; = 0. The Lagrangian is merely a refinement of

the more rudimentary function J, as we will show here.
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Theorem 6. Let £ and J be defined as in (4.14) and (4.15). If we take the maximum of

Z(x,N) with respect to A, we recover J.

Proof. If (4.13) is satisfied, then " N\;g:(x) < 0, since \; > 0 for each i. Thus,
su Ngi(x) = 0.
Ap; gi()

Hence,

Otherwise, we obtain that
sup 2(x, A) = f(@) +sup > Nigi(®) = fo(@) + 00 = 00 = J(x).
A A=

Hence, sup, Z(x,A) = J(x). O

Thus, the problem (4.12) — (4.13) is equivalent to

minmgxf(:c,)\). (4.16)
xr
Under sufficient regularity conditions (discussed below), we may reverse maximum and the

minimum in (4.16), Le.,

min max .2 (x, A) = maxmin .Z(x, A) = m}e‘xxg()\). (4.17)

x A A T

The map g(A) == min, Z(x, A) is known as the Langrange dual function, or the Lagrangian
of (4.12) — (4.13), and maximizing g subject to A > 0 is known as the Lagrange dual problem,

in contrast to the original so-called primal problem.
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4.3.1 The KKT Conditions

With Lagrange duality comes a set of necessary conditions for optimality of a solution, called
the Karush-Kuhn-Tucker (KKT) conditions [65]. They are a central tool in the derivation of

Lagrangian dual forms, and we will introduce them here.

Consider the problem (4.12) — (4.13), with Lagrangian
Z(xA) = f(@)+ Y Ngi(x). (4.18)
i=1

Suppose further that the functions f, g1, ... g, are convex and differentiable. Then the KKT

conditions are as below:

KKT 1: gi(x) <0 foralli=1,...,m, (Primal Feasibility)

KKT 2: Vw{f(zc) + Z Aigi(w)} =0, (Stationarity)
i=1

KKT3: X\ >0 foralli=1,...,m, (Dual Feasibility)

KKT 4: Ngi(x) =0 foralli=1,...m, (Complementary Slackness)

KKT 1, Primal Feasibility, is inherited from the primal problem. KKT 2, the Stationarity
condition, is nothing more than Fermat’s Interior Extremum Theorem, which will be found
in any multivariate calculus textbook. KKT 3, Dual Feasibility, is inherited from the dual
problem. Finally, KKT 4 is the Complementary Slackness condition and will help us to
simplify our dual problem forms. As demonstrated in [54], these conditions are necessary for
a solution of a dual problem to be the optimal, and under mild regularity conditions (such as

convexity in f and continuous differentiability in g¢;) are sufficient as well.
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4.3.2 Applying Lagrange Duality to the Soft-Margin SVC

Here we will apply the theory of Lagrange duality to obtain an equivalent form of (4.9) —

(4.11) that is easy to solve.

Recall that we are trying to solve the problem (4.9) — (4.11). The corresponding Lagrangian

to this problem is

g(w,b,ﬁ,a,’f]):%HWHZ‘FOZ&—ZO@@Z]C(QZZ 1_§z angz
i=1 =1

First, we will satisfy the stationarity condition. We will differentiate with respect to w, b,

and &, 1 =1,...,n and set the result to zero.
VuZ(w, b€, a,n) =0 — w= Zaiyia:i, (4.19)
=1
ViZ(w,b, €, a,m) =0 — Z a;y; = 0, (4.20)
Ve, (w,0,§,a,m) =0 = o=C-—n,. (4.21)

Substituting (4.19) — (4.20) into .Z, we arrive at the objective function of the Lagrange dual

problem:
=1 =1 j=1
We may combine (4.21) with dual feasibility to obtain that 0 < o; < C foralli =1, ... n.

Thus, the Lagrange dual problem for the soft-margin SVC is

maxeiﬂrgglize Z o — — Z Z ozzoz]yzyjm x; (4.23)

11]1

subject to 0<a; <C foralli=1,...n (4.24)

D aiy; =0 (4.25)
=1



66 CHAPTER 4. THE SUPPORT VECTOR MACHINE

In particular, if we let 1 = (1,1,..., 1)T, a vector of length n, and if we let G denote the

n X n matrix with entries G;; = y;y @, x;, then we may write (4.23) as

1
1" — EaTGa.

Further, the conditions (4.24) — (4.25) are linear in c. Thus, the problem (4.23) — (4.25) is a
quadratic programming problem, for which there exists a wide range of numerical solution
techniques. As mentioned earlier, a full discussion of such problems may be found in [65],

including proofs of existence and uniqueness of solutions. In particular, uniqueness of the

solution to (4.23) — (4.25) may be found in [66].

Allow & € R” to represent the solution to (4.23) — (4.25). Then, by (4.19), we obtain the

solution for w, given below:
i=1

Note that by the nature of this equality, only observations @; with corresponding dual
variables «; > 0 will contribute to the solution of the primal problem. These vectors are
known as the support vectors of the optimization program, from which the Support Vector

Classifier takes its namesake. L.e., if we define V' by
V={i<n:& >0}, (4.27)

then we can write

w = Zn: QY Ty = Z QY. (4'28>
i=1

i€V
The set V is referred to as the support set of the problem.

Invoking the complementary slackness KKT condition, we obtain the following:
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and

(C—a;)¢=0 foralli=1,...,n. (4.30)
From (4.29), we determine that

In particular, this means that the support vectors are precisely the elements x; that lie on,

within, or on the wrong side of the margin. Further, we derive from (4.30) that
a<C = &=0. (4.32)
Combining (4.31) and (4.32), we obtain that
0<a;<C = yf(z) =y (wTa:i + b) =1. (4.33)

After obtaining w, we may choose any element 4 such that 0 < «; < C and solve (4.33) to

obtain b. For stability, we will typically use an average of all such solutions. We will call this

solution b.

Now that we have obtained w and l;, we obtain a separating hyperplane
fle)=w"z+b (4.34)

and a decision function

G(z) = sign{ f(m)} (4.35)

In this section we have derived the dual problem to the soft-margin SVC. Note however

that we are still restricted to the class of linear decision boundaries. In the next section we

will complete the development of the classical SVM by allowing it to generate non-linear

decision boundaries.
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Figure 4.3: A binary classification problem: Class 1 corresponds to the blue points, while Class
2 corresponds to the red points. Though on visual inspection we can see that each class roughly
corresponds to a unique connected region, no line wixy + waxe + b = 0 would achieve a proper
separation of the two classes.

4.4 Nonlinear Classification via the Kernel Trick

Consider the classification problem in Figure 4.3. Even with softened margins, there is no
meaningful or accurate way to separate these classes linearly. However, suppose we cast each

datapoint (z1, ) into R? via the mapping (x1,z2) — (21, Zo, ¥2 + 23), as in Figure 4.4.

This transformed dataset, which may trivially be projected back into the space of the
original dataset, may be linearly separated at by the plane z = 2. This plane may then be
projected back into the original feature space, to obtain a circular decision boundary on the

original dataset.

This technique of casting a dataset into a transformed feature space and doing classification
with the transformed dataset is known as the kernel trick and is central to the flexibility of

the SVM. We will provide an overview of the theory for this technique in this section and
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Figure 4.4: The two-dimensional data in Figure 4.3 has been now cast into an expanded space R3,

by way of the mapping (z1,z2) (371, T3, x% + x%) In this enlarged space, the hyperplane defined
by z = 2 will separate the two classes. Projecting this down into R? will result in a circular decision
boundary.

apply it to the soft-margin SVC to obtain the general SVM.

Let X C R? be the feature space of the classification problem at hand. Allow h: X — H
be some mapping on X where H is an inner product space with inner product (-, -). The space
‘H may rather complicated (often infinite-dimensional) with a corresponding inner product

that is not efficient to calculate. We will discover, however, that we may take advantage of

the properties of the enlarged feature space without getting bogged down in its complexities.

In the space H, the analog of a separating hyperplane will be some elements w € H, b € R
such that

(w,h(x;)) +b>0 forall (x;,y;) such that y =1,

(w,h(x;)) +b<0 forall (x;,y;) such that y = —1,

69
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Let f(x) = (w,x) + b. Then, our new optimization program is to solve

N -
minimize §||'w| 3, +C Z_; & (4.36)
subject to  y;f(x;) >1—-¢& foralli=1,...n (4.37)
& >0 foralli=1,...n (4.38)

Observe that we are now searching H, a potentially infinite-dimensional space. However, if

we take the dual of this problem (see [1] for details), we obtain the dual problem

n

. ' n 1 n
maximize Zl =3 Zl Zl a0y K (2, ;) (4.39)
1= 1= J]=

subject to 0<q; <C forali=1,...n (4.40)
Z a;y; = 0, (4.41)
i=1

where K (x;, ;) = (h(x;), h(x;)) is the so-called kernel of the function (defined further on).
Let & denote the solution to this problem, and let V again denote the support set, as in

(4.27). Then, as in (4.28), we have the following solution for w:
i=1 ieV

For elements 0 < o; < C,
yif(x;) = y;((w, h(z;)) + b)

=i (Z qiyi K (@i, ;) + b)
=

=1,

which may be used to solve for b. Hence, we arrive at a decision boundary function

f(a:) = Z Qi K (i, @) + b (4.43)
icv
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and a classification function

G(z) = Sign{ f(m)}. (4.44)

Observe a remarkable fact about the dual formulation (4.39) — (4.41) and the decision
boundary (4.43): all entries h(x) in the enlarged feature space H are accessed through the
kernel function K. This means that we may utilize the kernel function K without ever

needing to explicitly define the mapping h or doing any manipulations in the space H.
Formally, a kernel K is a mapping K : X x X — R such that
K(aﬁi, ZBJ‘) = <h(331)7 h(mj» for all L, L S X, (445)

for some function h, where h[X] = H is a Hilbert space, and the inner product (-, -) is inherited

from this space. For a full treatment of Hilbert spaces, see [67].

The explicit forms of A and H are not needed to confirm that K is a valid kernel either.

The Moore-Aronszajn Theorem [67] guarantees that, so long as K is symmetric and positive-

definite, i.e.,
Z Z CiCjK(CUi, wj) 2 0
i=1 j=1
for all finite sequences (of any length) (x1,...,®,) in X and all scalar sequences (c1, ..., ¢,)

from R, then K can be uniquely associated with a map h and a space H that satisfy condition

(4.45).

Popular kernels within the SVM literature are given below:

K(z;,x;) = a:ZT

x; (Linear),
K(zi, x;) = (1 + w?azj)d (dth Degree polynomial),

K(z;,z;) = eXp(—7||33i - $J||§) (Radial basis).
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The linear kernel is the kernel used in the soft-margin SVC formulation. The dth degree
polynomial kernel, d € Z>, will cast the data into an enlarged, but finite space. Finally, the
radial basis kernel, a.k.a. the RBF kernel will cast the data into an infinite dimensional space,
and is the most widely-used kernel in practice [68]. The tuning parameter v > 0 will control
the flexibility of the decision boundary: lower values of v will lead to a more rigid classifier
and higher values of v will lead to a more flexible classifier, though overfitting will become a

risk.

Our discussion of the SVM so far has been especially mathematical and algorithmic to
this point. In the next section we will provide a view of the SVM that is more statistical in

nature.

4.5 The SVM and Loss Functions

It is not difficult to show [1] that the SVM may also be formulated in the Loss + Penalty

form, as below:

. A 2
miigize 510" + 3 w3 (22 (4.46)

where Lpinge(y, f(x)) = max(0,1 — yf(x)) denotes the Hinge loss function.

Analysis of the Hinge loss reveals that it is rather appropriate for binary classification. Its
linearity adds an element of robustness to the optimization procedure, and the assignment of
zero loss correct classifications is desirable. Further, we may consider how the loss function
is behaving at a population level. In particular, we wish to minimize E[L(Y, f(X))], the
expected loss (i.e., the risk) associated with the learning function f according to the loss L.
It may be shown that the minimizing function f of the risk associated with the hinge loss

function is the map

Fz) = sign{IF’(Y — X —a)— %}
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This is precisely the Bayes learner, which is the decision function that minimizes the likelihood
of a misclassification. Thus, techniques that seek to minimize the hinge loss function will

bring us closer to the minimume-error classifier.

Many variations on the SVM algorithm have been proposed that consider modified loss
functions. Vapnik’s e-insensitive loss and the ¢g-norm loss have been applied to increase
sparsity [69], the £*loss and the LINEX-loss have been applied in [70] and [71] to increase
solution efficiency, Chapelle has applied Huber’s loss to ease solvability in the primal as well
as achieve some robustness [64], and an asymmetric “pinball” loss has been proposed in [72]

to achieve noise insensitivity:.

We note here the similarity in form between (3.13) and (4.46). We will investigate further
here the similarities between the two, and ultimately propose our own modified loss function

for training a SVM on MaxNS data.

Let z = y('wTa: + b), and let t = yf(x) represent the margin of the classification problem.
Thenlrg, the Logistic Ridge regression loss function, may be written in the marginal form
t — In(1 + e "), while Lgyy, the hinge-loss for the SVM, corresponds to the marginal form
t — max(0,1 —¢). These two functions are highly similar. By taking advantage of the
approximation

In(e® + €’) ~ max(a, b),
we observe that

In(1+e") =In(e”+e™") ~ max(0, —t).

In particular, the two loss functions are asymptotically identical in the positive half of the
t-plane, and asymptotically identical up to an additive constant in the negative half of the

t-plane.

We will take this to be a fundamental similarity between regularized logistic regression

and the hinge-SVM: The hinge-SVM can be viewed as a “sharpening” of a reqularized logistic
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regression program, up to an additive constant.

4.6 The MaxNS SVM

Derivation of the Loss Function

We will combine here the various observations made thus far, to obtain an SVM program that
is appropriate for MaxNS data. To this end, we will seek to obtain a “sharpening” of the
MaxNS regularized logistic regression program. In particular, we wish to find some hinge-like

approximation of the MNSLR Loss Function (3.9).
In the y = 1 case, the approximation we seek is nothing more than
woln(1 + e™*) & wp max(0, —z).

The y = —1 case is less straightforward. We shall investigate the function

o ufi- ()

to find a hinge-like approximation. First, we observe that the function ¢ is monotone and

1 wo
lim ln(l — { } ) =
2——00 1+e*

So the function ¢ vanishes on the left. Finally, we will show that ¢ is asymptotically equal to

positive. Next,

—Inwy + 2z on the positive part of the plane. To this end, note that

sl ) e fef )

Now, let # = 1+ e~*. Then, by L’Hospital’s Rule

) 1 o ) 1—0wo
lim e*|1 — = — lim ————
2—00 1+e2 -1+ 1—20
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Thus,

wo
lim {—ln(l — { L } ) — z] = —Inwy.
Z—00 1 + e %

1 0
_ln<1 — { T o= } ) ~ max (0, —lnwy + 2).

This is a hinge-like approximation of the ¢(z), as desired. What is left is to add an additive

In summary,

constant. Let this constant be 7 for y = 1 and 7q; for y = —1.
Hence, the loss function for the MaxNS SVM is

wo max (0, 71 — 2), ify =1,

L yZ2) =
MNssvM (Y5 2) { max(0, 7y — Inwy + 2), if y = —1.

The Optimization Program

Suppose that we have been provided with MaxNS data (w[k]i, y[k]i) The optimization

n
i=1"

program for the MaxNS SVM is
N | -
minimize §|]w|\; +C Z Lyvinssvm (y[k}ia wTCU[k}z‘ + b)7 (4.47)
' i=1
or, equivalently,

U -
minimize §Hw\|2+C;§Z
& >0, for all 7 < n,
subject to & > wo (7‘1 — ('wTacW + b)), for all 4 : ypy; = 1,
& >t — Inwy + (wTaz[k]i + b), for all 4 : ypy; = —1.
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We will solve this by duality.

For brevity, set [ = {z <nc:yp = 1}, I = {z <n:iyp = —1}. First, we obtain the
Lagrangian . = £ (w,b,&,0,7n):

2= i+ 06 -6
=1 =1

- Z ni[& — wo{m — (w @y +0) ]

il

- Zm (& — {m1 — Inwo + (w &y, +b) }]

iell

1 n
= §||w||§ + Z(C — 0 — 1;)&i + woTi Zm + (711 — Inw) Zni
i=1

el ell

— Wo Z i (wTw[k]i + b) + Z i ('wTw[k]i + b)-

el iell
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To achieve stationarity, we set the derivatives of .Z with respect to w, b, and &; to 0. To this

end,
L =W — wy Z NiT (k)i + Z Ni% )i = 0 (4.48)
iel ielT
— w* = wo Z N[k — Z i [k)i,
iel ielT
iel iell
= £ is optimized w.r.t. b at any point('w, b E.6, 77) s.t. wo Zni = Zm,
iel iell

— % is optimized w.r.t. § at any point('w7 bE*6, 77) st. 0; =C — ;.

Now, set

L WoTi, if Ylkli = 17
o; = . .
i if ypy = —1.

Under this notation, the Lagrangian simplifies to

j* = g(w*ab*7€*767n)

1 n n
=T Z ; + (111 — Inwp) Z U Z Z Oéiajy[k]iy[k}jfnﬂi;]im[k]j-

i€l iell =1 j=1

We can further simplify the Lagrangian to

n 1 n n
Z Vit — 5 Z Z aiajy[k]iy[k]jwpl;]iw[k]ja (4.51)
i=1

i=1 j=1

where

_ {TI, if ypp = 1,
i =

I — IDWQ, if y[k]z = —1.
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It is of particular importance to note that (4.51) is a quadratic function of c.

We also have the KKT conditions

9; >0, forall i <mn, (4.52)

n; >0, forall i <n, (4.53)

0;&; =0, forall i <n,. (4.54)

ni[& —wo{m — (wlayy +0)}] =0, forall i€l (4.55)

mi[& — {m — Inwo + (w 2y +b)}] =0, forall i€ IL (4.56)

Combining (4.49), (4.50), (4.52) and (4.53), we obtain that 0 < n; < C for all ¢ < n. Written

with «;, we say that

<a; < ifi el
{O_Ozz_C’wo, ife el (4.57)

0<a; <C, it s € IL.

We can also rewrite (4.49) in terms of ;. In particular,

Z Yrgici = 0. (4.58)
i=1

If we combine (4.51), (4.57), and (4.58), we arrive at the completed dual problem:

o n 1 non
minimize Z Vil — 5 Z Z azajy[k]zy[kbw[w,;hm[k]]
i=1

acR?
i=1 j=1
0<a; <Cuwpy Iifiel,

subject to 0<a; <C, if v € 11,
2 e Y = 0.

This is a quadratic optimization problem.

A solution to this problem will yield a vector a™ € R"™. To obtain w from this equation,
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we rewrite (4.48) in terms of «; as below:

w* = Z Oé;ky[k]iw[k}i-
=1

We may simplify this further by considering the set V = {i <n:a; > 0}, known as the

support set. We find that w™ may be represented in terms of elements of V' alone:

w* = Z o Y ()i - (4.59)
i€V
To obtain b € R, consider the set
Vo={i<n:0< o <Cuwg foriel, 0<aq; <C foriell}, (4.60)

the interior of V. This is the set of all indices ¢ such that 0 < 7; < C. Note that for ¢ € V°,

(4.50), (4.54), (4.55), and (4.56) give

£ —0= Wo (7'1 — ('wT:c[k]i + b)), for all 7 €1,
Y | = Inwg + (w'ep; +b), forall i ell

We may further rearrange this to obtain that, for any ¢ € V°,
(w @ + ) = Y- (4.61)

We may obtain b* by solving (4.61) with respect to b, for any i € V°.

We summarize this entire discussion in the following subsection.

The Optimization Program: Summarized

Suppose that, given feature observations € R?, we wish to classify observations y € {—1, 1
g y Yy

with a support vector machine. Our training set is a MaxNS sample (w[k]i, y[k]ﬁi):;l of size
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n. The parameter wy € R is determined based off of set size and correlation between X and
7, the ranking variable; 77, 71 are class-based bias terms; and C' is a cost parameter. The
optimization program for this task is

N I .
minimize §Hw||2—|—C'ZZl£Z

& =0, for all ¢ <mn,
subject to  § & > wo(m — (w @y + b)), for all 4 : ypy; = 1,
& > T — Inwy + (wTw[k]i + b), for all i : ypy, = —1,

and the dual problem is

n

L - IRt T
mlélé%}}ze z; Vil — B z; z; QG Y k)i Y[k (k)i L K]
1= 1= 1=

0 <a; < Cuwy, itiel,
subject to 0<a; <C, if 1 € 11,
> et Yjici = 0,

where

I, if yp =1,
Vi = .
i1 — Inwg, if ypy = —1.

The dual is a convex optimization program, which may be solved through standard software.

Once a minimizer & has been obtained, we calculate w with the equation

w* = Z a;ky[k}iw[k]i

i€V
and b by solving the equation
(w 'y +0) = ypivi
for any 4 such that

0<of <Cuwp, ifypu=1,
0<af<C,  ifyp;=—1.
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Applying the Kernel Trick

Finally, we may wish to apply the Kernel trick to this program, in order to obtain a non-linear
classifier. By mirroring the discussion in Section 4.4, we arrive at the kernelized MaxNS SVC,
which we will call the MNSSVM. We will jump directly into the dual problem, as it is the

standard form for solving a SVM. We will assume again that we have been provided with
MaxNS training data (w[k}i, y[k],i)?zl and that our goal is to build a SVM to classify future

observations. The optimization program for this task is

n 1 n n
minimize Z Vi — B Z Z aiajy[k}iy[k]jK(m[k]i7 m[k]j)
=1

acR”
i=1 j=1

0 < a; < Cuwy, itiel,
subject to 0<a; <C, if + € 11,
> et Ywic = 0,

where

I, if yp = 1,
Vi = .
i1 — Inwg, if ypy = —1.

The dual is a convex optimization program, which may be solved through standard software.

Once a minimizer & has been obtained, obtain the set V° as defined in (4.60). For any j € V°,

Yj (Z dyi K (@i, ;) + b) =1,

1S

which may be used to solve for b. Thus, we arrive at a decision boundary function

fla) = Z by (i, ) + b

1Y

and a classification function

G(x) = sign{f(a:)}.
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We will note here that simulation studies lead us to believe that 7 = 71 = 1 are good
choices. However, we have no analytic justification of this property, and thus we leave them

in the model and push a deeper investigation of them to future research.

4.7 Summary

In this chapter, we introduced in detail the Support Vector Machine. An analysis of this
problem through the lens of statistical learning theory revealed a deep connection with
Logistic Ridge regression. Hence, we were able to exploit this link to extend our MNSLRR
technique to the SVM, resulting in the MNSSVM model.

In the following section, we will conduct both simulated data analysis studies to test the

efficacy of the methods developed in this Chapter and in Chapter 3.



Chapter 5
Simulated Data Analysis

In this chapter, we will perform a series of simulations to determine the efficacy
of the models proposed in Chapters 3 and 4. We will make use of ROC and AUC
analysis to show that the MNSLR model is superior to the standard Logistic
regression model in terms of both sensitivity and specificity. By examining
the error rates for the MNSSVM model, we will also see that in most cases it

outperforms the standard SVM.

5.1 Simulation: Logistic Regression

We will first consider the MNSLR model proposed in Chapter 3. For the purposes of these
simulations, we will assume the following parametric forms on our data: First, we will assume

that our feature variables X are drawn from a Multivariate Normal distribution with mean

vector p and covariance matrix ». Second, we will assume that our ranking variable 7 is
defined as Z = h(X) + &, where h(X) = ¢" X for some d-dimensional vector of constants
c € RY and € ~ N(0,02) is an independent and Normally distributed “error term”. In
summary, we will assume a linear model on Z with Multivariate Normal feature variables.
In particular, o. > 0 will be defined to achieve a particular correlation p = Corr(h(X), Z)

between h(X) and Z. Third, we will assume that Y = 1if Z > m and Y = —1 otherwise,

83
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for some constant m € R. That is, we will assume that Y follows a threshold model with
threshold m. Finally, we will set m = m(k, p) such that the resultant MaxNS sample with

set size k is expected to be balanced.

For our first battery of tests, we will assess the MNSLR technique to the standard SRS

technique through so-called ROC' (Receiver Operating Characteristic) analysis.

For a classification model, the ROC curve [73] is created by plotting the proportion of true
negatives that are misclassified (also known as the false positive rate, which is equal to 1
minus the specificity of the model) against the proportion of true positives that are correctly
classified (also known as the true positive rate, which is equal to the sensitivity of the model).
In particular, all possible thresholds are considered for the decision boundary (which is, by
default, 0.5 for a Logistic regression model), and for each possible threshold, the sensitivity

and specificity of the model are determined.

By setting the decision boundary to its lowest possible value, all data points will be
classified as “positive”, and by setting the decision boundary to its highest possible value,
all data points will be classified as “negative”. As a result, the ROC curve will always pass
through (0,0) and (1,1). Further, since increasing sensitivity can only decrease (or keep
constant) the specificity, and vice versa, the ROC curve will always be non-decreasing. An
optimal classifier will have an ROC curve that hugs the top-left of the graph, while a random

classifier will have the curve y = x. We give an illustration of an ROC curve in Figure 5.1.

Associated with an ROC curve is a measure called AUC, or Area Under the Curve. The
AUC of an ROC curve is nothing more than its integral. A curve that hugs the top-left
will have a higher AUC and an inferior model will lead to a lower AUC. AUC analysis is

important as it is a numerical technique, while the ROC is strictly graphical.

With ROC and AUC under our belt, we may now proceed to a simulation study on the

MNSLR technique. In particular, we will follow the below steps:
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Example ROC Curve
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Figure 5.1: Shown here is an example of ROC analysis. The magenta curve shows a superior model,
as it is closer to the top-left at all points. The dotted black line shows a reference model that would
be obtained by randomly guessing at every point.

1. Establish a set size k € Z, a correlation p € (0,1) and a feature space dimension d € Z.

Determine a mean vector u € R? and a covariance matrix ¥ for the multivariate normal

feature space, and set a vector of coefficients ¢ € R%.

2. Generate a population U of size N € 7Z. Specifically, draw N observations X from

a d-dimensional multivariate normal distribution with mean vector g and covariance
matrix X. Set ¢ > 0 so that the desired correlation p = (Corr(cTX , Z) is attained,
and generate £ ~ N(0,02) as well as Z = ¢" X + £. Set the threshold m € R so that

P(vig=1)= 1

3. Determine the Logistic regression model based on the population model. This is the
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“true model” in the following simulations.

4. Determine a sample size n € Z and a number of iterations [ € Z. For i1 =1,2,...,1,
take MaxNS and SRS samples of size n from the population U. On each MaxNS
sample generate a MNSLR model, and on each SRS sample generate a standard Logistic

regression model.

5. For each MNSLR and Logistic regression model, determine the ROC curve and the
AUC.

We will follow the procedure above with I = 200 to compare the MNSLR and LR techniques
for k =2,5; p=0.75,0.95; d = 2,10; and n = 15,40. The results of these simulations are

given in Figures 5.2 and 5.3

In general, we can see that the MaxNS method offers significant improvement across many
parameter combinations, and in no case is it worse than the standard SRS method. We make

a number of observations here and propose intuitive explanations for the results observed.

First, it appears that the improvement increases with set size k. This is expected, as the
higher set sizes are used for populations with greater class imbalance. As the population
displays greater class imbalance, there will be more bias within small simple random samples.

Thus, the technique has more room to improve, so to speak.

Second, it appears that the improvement increases with correlation p. This is not surprising;
a high correlation between h(X) and Z means that the expert opinion contains a lot of

information, and hence the usage of this information leads to a model improvement.

Next, we can see that the improvement seems to increase with the size of the feature space
d. We believe this is due to the inherent complexity in higher-dimensional models. As the
model is complicated, there is more error expected within a small sample size. Hence, like

the relationship seen with k, there is more room for the model to improve.
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ROC Analysis, n =15
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Figure 5.2: Shown here is the ROC analysis for the MNSLR model, compared to the standard SRS
model, with a sample of size n = 15. One can see that across all tested parameter combinations,
the MaxNS model is either better or no worse than the SRS model. In general, the improvement
conferred seems to increase with k and p.

Finally, it seems like that improvement decreases with the sample size n. Again, this is
not surprising. For larger sample sizes n, there is less bias within the SRS model, and hence

there is less room to improve the model.

In Table (5.1) we give the AUC measurements associated with the ROC curves in Figures

5.2 and 5.3.



88 CHAPTER 5. SIMULATED DATA ANALYSIS

ROC Analysis, n = 40
k=2,p=075,d=2 k=2p=095,d=2 k=5p=075,d=2 k=5, p=095d=2
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Figure 5.3: The analysis within Figure 5.2 is repeated here for a sample of size n = 40. The
improvements conferred by the MaxNS method are lesser here, though the general patterns observed
seem to persist.

n=15d=2 n=15d=10 n=40,d=2 n=40,d=10
MaxNS SRS MaxNS SRS MaxNS SRS MaxNS SRS
k=2 p=075] 0796 0.777 0.642 0597 0.845 0842 0.744 0.719
k=2 p=095| 0920 0.866 0.806 0.672 0.948 0.939 0.853 0.806
k=5 p=075| 0804 0724 0.633 0572 0.854 0829 0.755 0.637
k=5 p=095| 0922 0795 0.767 0612 0.956 0.903 0.867 0.762

Table 5.1: This table gives the simulated AUC values for the parameter combinations considered in
Figures 5.2 and 5.3.

5.2 Simulation: SVM

We will now turn our attention to the MNSSVM, developed in Chapter 4. We will first note

that ROC analysis does not have a natural interpretation for the SVM as it does for Logistic
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regression. Whereas the Logistic regression threshold is set somewhat arbitrarily at 0.5 and
may be moved freely between 0 and 1 with a clear probabilistic interpretation, attempting to

mirror this for the SVM is problematic.

The simplest way in which one may construct an ROC curve for a SVM is to retain the
decision function f(x) for each point. We traditionally use the sign of f(x) as our classifier:
hence, 0 is our natural thresholding point. This is the threshold that may be varied to
construct an ROC curve. However, there is no simple interpretation of what any other
threshold is, and in practice there is no clear way to choose any other threshold point. Thus,
we do not emphasize an ROC analysis. However, for completion, a brief set of ROC curves

for n = 20 is presented in Figure 5.4.

ROC Analysis, n = 20
k=2,p=075,d=2 k=2p=095,d=2 k=5 p=075,d=2 k=5, p=0095 d=2
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Figure 5.4: An ROC analysis comparing the MNSSVM to the standard SVM, for a sample of size
n = 20. The MaxNS improvements conferred here are less prevalent than in the MNSLR model.
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As can be seen, the improvements in the SVM in terms of ROC are much less substantial
than the improvements seen for Logistic Regression. However, in general the MNSSVM
does not seem to perform worse in general than the traditional SVM, and in some cases

(particularly where k and p are high), there is some improvement.

The lack of the substantial improvement seen in Logistic regression is disappointing, but
not unexpected. One primary reason that we fail to see a substantial gain is that the SVM is
sparse; only a handful of points are required to construct the classifier, and the rest of the

points end up playing no role whatsoever.

Thus, we will instead turn our attention to a more straightforward examination of the error
rate (when classifying with a threshold of 0). In Figures 5.5 and 5.6 we compare the error
rate of the MNSSVM to the traditional SVM. In particular, we examine both the overall
error rate, and the error rate on the minority class. The procedure employed is highly similar
to that employed when analysing the MNSLR model, except now classification errors are

calculated instead of ROC curves / AUC.

As per [31], the primary point of concern when training with an imbalanced dataset is
that, for small sample sizes, the classifier will bias towards the majority class. That is, the
performance on the minority class suffers. This is especially unfortunate as the minority class

is generally the class of interest (e.g., the “positives” in a medical study).

However, as can be seen in Figures 5.5 and 5.6, the MNSSVM provides an improved
classifier without sacrificing performance on the minority class (in fact, in most cases, the

performance on the minority class is improved).

One element not shown in these simulations is the frequency with which the algorithms
fail to converge for SRS data. In particular, at least one observation is needed from each
class to calculate a classifier, and of course even more than that are desired. With an

imbalanced dataset, the likelihood of obtaining a sample with new or no observations from
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Error Rate: Overall and Type I (d = 2)
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Figure 5.5: Shown here is the classification error rate for the MaxNS and standard SVM models,
with the dimension of the feature space fixed at d = 2. The first row contains the overall classification
error rates, while the second row contains the error rates on the Type I class. Once can see that in
all cases, the error rate is lower both overall and on the minority class in the MNSSVM model than
the standard SVM model. Note that each graph has been scaled to include all three lines, and thus
the y-axes of each graph may in fact have different scales.

the minority class when taking a small sample is substantial. Thus, even in cases where the
MaxNS techniques do not offer an improvement on average when compared to the standard

techniques, they are still much more likely to converge.
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Error Rate: Overall and Type I (d = 5)
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Figure 5.6: Repeated here is the analysis from Figure 5.5, with the dimension of the feature space
now fixed at d = 5. The patterns observed in Figure 5.5 seem to persist here.



Chapter 6
Summary and Future Research

In this chapter, we provide a summary of the findings of this thesis. We then
discuss the shortcomings of the work, and what work is to be done in the future

to expand upon these findings.

6.1 Summary

We will summarize here the main findings of this thesis. First, in Chapter 2, we explored the
relationship between the conditional class probabilities obtained within a MaxNS sampling
scheme and those obtained in a SRS sampling scheme. We expressed the MaxNS conditional
class probabilities in terms of the distributions of the population variables. Using this form,
we derived analytically the explicit relationship between the MaxNS and SRS conditional
class probabilities and compared this exact form to an approximation that exists in the

literature, demonstrating an existing inconsistency in the literature.

However, the general form determined was somewhat intractable. Thus, we performed a

small numerical study and made the observation that there is an approximate relationship of
the form P(Yjy = 1) ~ P(Y = 1|z)*°, for some 0 < wy < 1. We then performed a series

of more in-depth numerical studies to show that, under certain distributional assumptions,
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this approximation is strong. Finally, we conducted robustness studies to see how the
approximation performs under violations of the model assumptions: we found that while it is
robust to violations of the assumptions of the feature space, the assumption of normality

within the error term cannot be violated without seeing poor approximation performance.

In Chapter 3, we discussed the Logistic regression technique. By examining the probabilistic
properties of this technique, we were able to insert the approximation determined in Chapter
2 to develop a new model that appropriately incorporates MaxNS data. We then provided
an algorithm to solve this problem numerically, and proved that the algorithm performs well.
Finally, we introduced the notion of regularization through the Ridge regression technique.

The Ridge Logistic regression model forms our link to SVMs.

In Chapter 4, we introduced the SVM. By examining the SVM through the lens of statistical
learning theory, we obtained that the SVM and Logistic Ridge regression are in fact closely

linked. By exploiting this link, we were able to extend our MaxNS Logistic Ridge regression
model to the SVM to develop a MaxNS SVM model.

Finally, in Chapter 5, we performed a series of simulation studies to demonstrate the efficacy
of the models developed in this thesis. We found that the MNSLR technique is notably
superior to the standard Logistic regression technique when the model assumptions are met.
We also found that the MNSSVM model is in many cases superior to the standard SVM

model, though the gains seen for the SVM were less than that seen for Logistic regression.

6.2 Future Research

One of the main elements of this research that is lacking is a proper understanding of Result
7. This link was discovered through simulation, numerical study, and inspection. Though a
significant effort was expended, we were unable to find any sort of analytic rationale for this

relationship. As one result, the coefficient wy in the model is something we obtain through a
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purely numerical technique. We hope that obtaining an analytical justification for Result 7
will not only yield a better understanding of the bounds for this approximation, but it will

allow us to derive wy directly from the model.

Another shortcoming of this research is the restriction to a threshold model, with an
approximately Normal transformed feature space A(X'). While many real data scenarios will
fit this model, many do not. In particular, a competing model is that the population at hand
is in fact a mixture model, where observations such that Y; = 1 form one class within the
mixture and observations Y; = —1 form another class. In terms of thresholding, it is more
appropriate in this circumstance to consider a bimodal threshold variable Z. In fact, this is
the more or less the model behind the standard SVM. We hope that further research can be

done into this model.

In general, the models derived in this research are dependant on somewhat strong distri-
butional assumptions. We hope that more work can be done to generalize these findings to

incorporate a larger class of real data scenarios.

In the SVM model, we introduced the term 71 and 7q;. Simulation studies lead us to believe
that the optimal choice is to set both of these tuning parameters to 1. However, we have no
strong justification for this. Future research will need to investigate these parameters further

and determine if they have value as tuning parameters.

One large difficulty in this research is the assumption that our training data and our
test data are of different forms. This prevents the use of popular tuning techniques such
as cross-validation, as such techniques seek to minimize an estimate of the test error. As
we cannot use our training data as surrogate test data, tuning parameters becomes difficult.
One expansion to this technique would be to develop a model that is build on a mixture of
MaxNS and SRS data. The SRS data could then also be used to tune the model parameters,

as well as build the model itself.

Further, it is worth noting that this thesis does not contain a real data analysis, which
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was cut from the project due to time constraints. Though we believe the model assumptions
given are not too restrictive to be applicable in practice, it will be important to perform a

real data analysis to demonstrate the value and applicability of these models.

Finally, though we decided to approach the SVM problem as a sharpening of a Logistic
Ridge regression problem, this is by no means the standard approach for developing an SVM
model. We believe that future research can be done that applies the MaxNS technique to the

SVM model through a more direct approach.
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