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Abstract

The dispersion and mixing of passive scalars released from two concentrated sources

into open-channel and homogeneous isotropic turbulent flows are studied using di-

rect numerical simulation (DNS). The simulations are conducted using two fully-

parallelized in-house codes developed using the FORTRAN 90/95 programming lan-

guage. A comparative study has been conducted to investigate the effects of the

source separation distance, Reynolds number, relative length scales of the plume and

turbulent flow, and source elevation on the dispersion and mixing of two plumes.

For both flow configurations, four distinct stages in the downwind development of

the cross correlation between the fluctuating concentration fields have been identified

which feature zero, destructive and constructive interferences and a complete mix-

ing state. Differences between the exceedance probability of concentrations for the

single and total plumes are highlighted and analyzed, and the effects of destructive

and constructive interference on the exceedance probabilities for the total plume are

used to explain these differences. It is found that the relationship between the third-

and fourth-order concentration moments and the second-order concentration moment

can be well predicted using a clipped-gamma model. This leads to an interesting

conclusion that all the higher-order (third-order and above) moments of the total

concentration can be inferred from a knowledge of only the first- and second-order

concentration moments of each single plume and of the cross correlation coefficient.

From a spectral analysis, it is observed that there exists a range of ‘leading scales’

at which the rate of turbulent mixing of the two plumes becomes the most efficient

and the coherency spectrum of the plumes approaches the asymptotic value of unity

quicker than at any other scales.
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total RMS concentration ĉT (dashed line) at source height correspond-

ing to case 3 (near ground-level sources separated by d/δ = 0.279) at

four downwind fetches of (a) x/δ = 1, (b) 2, (c) 4, and (d) 6 from

the two sources. Vertical solid lines indicate the locations of inflection

points in the lateral profiles of the total mean concentration for case 3. 64

4.12 Lateral profiles of the total mean concentration CT (solid line) and
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Chapter 1

Introduction

1.1 Motivation

In engineering and natural sciences, it is frequent to observe physical phenomena that

involve transport and mixing of various scalars from multiple sources in a turbulent

flow. For example, in studies of combustion, it is important to understand how the

rates of competitive-consecutive reactions depend on the rate of turbulent mixing of

different scalars released from various sources within a turbulent flow. In nature,

the ability to determine precisely the locations of multiple food sources using the

olfactory system is critical to the survival of many animals such as dogs, cats and

wild hogs. Also, in natural and urban environments, pollutants are often seen to

be released from multiple sources that are close to each other in the atmospheric

boundary layer. Imagine leakages in tanker cars of a train carrying non-toxic chemical

materials. Although individual release of these materials into the atmosphere is not

hazardous, but the mixing of them may lead to a chemical reaction which might

produces toxic materials. The dosage of the produced toxic materials highly depends

on the reaction rate which itself is a function of the rate of turbulent mixing of the

reactants. To study these types of phenomena, it is important to develop a thorough

physical understanding of the interference associated with the mixing of scalar fields
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released from the various sources.

Although the mean total concentration (first-order moment) from multiple sources

can be determined using the principle of linear superposition based on the mean con-

centration of single plumes, this is not the case for the higher-order moments of the

scalar (e.g., concentration variance, skewness and kurtosis). The study of the disper-

sion and mixing of multiple plumes is complicated by the discrepancy between the

characteristic length scales associated with the velocity and scalar fields. The relative

ratio between the scalar and velocity scales results in different physical mechanisms

for the stirring and mixing of the scalar in a plume and for the interaction between

plumes. In the following context, a brief review of relevant studies of dispersion

phenomenology for single and multiple plumes is provided.

1.2 Previous Work

In this section, a concise literature review of the dispersion of a plume released from

a single source is provided, followed by a detailed literature survey of the dispersion

and mixing of plumes released from multiple sources in different types of turbulent

flows.

1.2.1 Single plume dispersion

Since the pioneering work of Taylor (1935) on the mixing of a scalar in a turbulent

flow, there have been many theoretical, experimental, and numerical studies related to

the dispersion of a single passive scalar. Warhaft (1984) and Stapountzis et al. (1986)

investigated the turbulent dispersion of heat from line sources in grid turbulence. In

the study of Stapountzis et al. (1986), the Lagrangian stochastic model developed by

Sawford and Hunt (1986) was used to interpret the results of the scalar dispersion

experiments. Anand and Pope (1985) developed an analytical solution for the mean

plume spread using a single particle model for dispersion in decaying homogeneous
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turbulence. They identified three distinct regimes in the streamwise development

of a dispersing plume: namely, the molecular diffusive, turbulent convective, and

turbulent diffusive regimes.

Turbulent dispersion of a scalar in a shear flow is of significant practical value

in engineering applications, as most of the flows encountered in practice involve wall

shear or free shear stresses (e.g., boundary layers, wakes, and jets). Fackrell and

Robins (1982) conducted wind-tunnel experiments to investigate the concentration

fluctuations and fluxes for passive scalar releases from both elevated and ground-level

point sources in a turbulent boundary layer. Their comprehensive study of concen-

tration fluctuations from point sources included the measurement of statistics such as

concentration variance, intermittency and concentration probability density function

(PDF). They also examined the relative magnitudes of terms in the concentration

variance transport equation in order to elucidate the nature of the sources/sinks re-

sponsible for the streamwise evolution of concentration fluctuations. Based on their

extensive study, Fackrell and Robins (1982) further quantified the influence of source

size on the maximum attainable level of concentration fluctuations. Lavertu and

Mydlarski (2005) investigated the effect of shear on scalar dispersion by conducting

an experimental study of a plume released from an elevated line sources in a fully

developed high-aspect-ratio turbulent channel. In contrast to studies of dispersion

conducted in homogeneous flows, their experimental results of dispersion in a turbu-

lent channel flow did not show a power-law growth rate for the mean plume width

or the reappearance of the off-axis peaks in the concentration variance profiles at

locations far downstream of the release.

Sykes and Henn (1992) used large-eddy simulation (LES) to investigate the statis-

tics of the fluctuating concentration field arising from the release of a passive scalar

from both elevated and ground-level continuous point sources into a neutrally strati-

fied boundary-layer flow. They found that the concentration statistics near the wall

surface for both sources obtained from LES were not in good agreement with the
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experimental observations of Fackrell and Robins (1982). They attributed the dis-

crepancies to the fact that in the vicinity of the wall boundary, most of the turbulence

energy in the flow is modeled rather than explicitly resolved in a LES approach. Dis-

crepancies between LES and experimental results for the concentration statistics near

the wall surface have also been observed by Xie et al. (2004) and Boppana et al. (2012).

Boppana et al. (2012) related these discrepancies to the lack of near-wall data, wall-

probe interference effects, experimental scatter, and the lack of a wall temperature

measurement.

On the other hand, direct numerical simulation (DNS) has been proven to be a

powerful tool for studying the dispersion of a passive plume in shear flows (Bernard

and Rovelstad, 1994; Brethouwer et al., 1999; Orlandi and Leonardi, 2004). In DNS,

all scales of flow motions ranging from the smallest Kolmogorov scales to the largest

integral scales need to be resolved. Therefore, it produces the most accurate results

for the velocity and scalar statistics compared to LES studies. Bernard and Rovel-

stad (1994) performed DNS of scalar fields released from uniform line sources in a low

Reynolds number channel flow, and used the DNS data to further evaluate the predic-

tive accuracy of different turbulence closure models for the scalar transport equation.

Brethouwer et al. (1999) investigated the dispersion of a passive plume released from

a point source in a fully-developed turbulent pipe flow using DNS. They analyzed

results of the mean concentration, scalar fluxes, concentration fluctuations, concen-

tration PDF and higher-order concentration moments. Orlandi and Leonardi (2004)

conducted DNS of a passive scalar in a turbulent channel flow. They assigned a nor-

mal velocity disturbance on the lower wall in order to reproduce the complex physics

of turbulent rough-wall flows without having to deal with the geometric complexity.

1.2.2 Multiple plume dispersion and mixing

In the current literature, studies of passive dispersion in turbulent flows are primarily

limited to single plume dispersion problems. There are a few studies on dual plume
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dispersion in boundary layer flows and homogeneous isotropic turbulence based on

experimental and numerical approaches. Warhaft (1981) measured the temperature

covariance and cross correlation in decaying grid turbulence between two thermal

wakes produced by two parallel ‘mandolines’ (fine heated wires) in a wind tunnel.

In this experiment, it was observed that the sum of the thermal variances produced

by each mandoline operating separately was significantly less than the total variance

produced by the two mandolines operating simultaneously. This deficit was attributed

to the temperature covariance term.

Warhaft (1984) used the term ‘interference’ to describe the interaction of the two

thermal plumes in direct analogy to the constructive and destructive interferences

observed in the famous Young’s double slit experiment in the field of classical physics

of light. In Young’s double slit experiment, interferences occur when light waves from

two coherent sources superimpose to produce a resultant wave. Constructive and

destructive interferences resulting from the linear superposition of two light waves

are analogous to the positive and negative values for the cross correlation coefficient

between the concentration fluctuations from the two sources, respectively. In contrast

to the Young’s double slit experiment, in which the frequency of the two light waves

is identical and unique, the mixing of two plumes in turbulence involves a cascade

of turbulent eddies of different temporal and spatial frequencies (or wavenumbers),

which impose significant challenges to the study of plume interference and make the

physical phenomenon less understood. Warhaft (1984) further demonstrated that

the nature of the interference in the total temperature variance field depends on the

distance between the two line sources, source position from the grid, and downstream

location where the measurements were taken.

Sawford et al. (1985) conducted atmospheric tracer dispersion experiments to

study the variance, probability distribution, and spectrum of the concentration statis-

tics downwind of a pair of partly overlapping plumes. The two tracers used in their

study were phosphorus and sulfur hexafluoride. A key result of their study was that
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the probability for the instantaneous concentration to exceed the mean concentra-

tion level for two sources was generally less than that for a single source, owing to

a negative cross correlation between the two plumes. This resulted in a lower inten-

sity of fluctuations and a more nearly Gaussian probability distribution for the total

concentration. Stapountzis (1988) conducted a series of wind-tunnel experiments to

investigate the mixing of two passive thermal plumes generated from two line sources

immersed in grid turbulence and separated in either the spanwise or streamwise direc-

tions. He found that there was a strong negative correlation between the temperature

fluctuations within the meandering regime of plume development released from two

transversely separated line sources, and that the correlation coefficient became pos-

itively valued when the two line sources were aligned in the streamwise direction.

Tong and Warhaft (1995) investigated the dispersion and mixing of passive scalars

produced by two heated fine rings placed axisymmetrically in a turbulent jet. Their

results on the coherency spectrum of concentration fluctuations of the two plumes

showed that the small scales lag behind the large scales in the mixing of two plumes.

Davis et al. (2000) studied the interaction of plumes released from two point sources

into the atmospheric boundary layer. Their measurement results on two laterally sep-

arated sources showed that the correlation between the concentration fluctuations of

the two plumes change from negative to positive as the downwind distance increases

for a fixed source separation distance, or as the source separation distance decreases

for a fixed downwind location. Costa-Patry and Mydlarski (2008) conducted a wind-

tunnel experiment to quantify the interaction of two scalar fields generated by two line

sources (separated in the wall-normal direction) in a fully-developed high-aspect-ratio

turbulent channel flow. Their results on the co-spectrum and the coherency spectrum

revealed that the large scales (occurring at low frequencies) of plume mixing evolve

more rapidly than the small scales (occurring at high frequencies).

Besides the experimental efforts reviewed above, there have been a couple of im-

portant numerical studies. Kaplan and Dinar (1989) investigated the interference of
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two scalars diffusing in homogeneous isotropic turbulence using a three-dimensional

model based on a Lagrangian statistics approach. Using this model, they calculated

the cross correlation coefficient between the concentration fluctuations of the two

plumes. They found that the cross correlation coefficient depends on not only the

source separation distance scaled by the Eulerian length scale, but also on the geom-

etry and size of the sources. Vrieling and Nieuwstadt (2003) performed DNS to study

the interference of two line sources in a plane-channel flow. They placed the sources

near the center of the plane channel, where turbulence conditions are close to being

homogeneous.

In literature, there are also two theoretical investigations of dual plume interfer-

ence. Vrieling and Nieuwstadt (2003) obtained an analytical equation for calculating

the variance of the total concentration fluctuations using a generalization of the mean-

dering plume model of Gifford (1959). This model allowed them to predict the nature

of the interference in the plume concentration statistics in the regime of plume de-

velopment where the meandering effect is dominant. However, at a sufficiently large

downstream distance from the sources where the in-plume mixing (internal fluctu-

ations) are dominant, the model for the cross covariance of the concentration from

the two sources is (not surprisingly) in poor conformance with the DNS data for this

quantity. Yee et al. (2003) used a meandering plume model incorporating internal

fluctuations to provide explicit analytical expressions for various higher-order joint

concentration statistics for plume fluctuations arising from a two-point source release

in homogeneous isotropic turbulence. Their results for the second-order correlation

function (cross correlation) between the concentration fluctuations of scalars released

from two sources were in good agreement with some experimental data for a two-point

source release in grid turbulence generated in a water-channel simulation.

In spite of these experimental and numerical investigations, high-quality data sets

of concentration statistics arising from the interference of scalar fields produced by

two or more concentrated sources are still rather limited. In this research, DNS is used
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to study the interference effects on the first-, second- and higher-order concentration

moments generated by the release of passive scalars from two concentrated sources

into two different types of turbulent flows (i.e., a neutrally-stratified wall-bounded

shear flow and homogeneous isotropic turbulent flow).

1.3 Objectives

The general objective of this research is to improve the current state of knowledge of

plumes dispersion and mixing. More specifically, the studies of the wall shear effects

on the dispersion and mixing of plumes are limited in the literature. In this research,

these effects will be systematically studied by comparing ground-level and elevated

source release scenarios. The relevant scales in the mixing of plumes are only studied

in a turbulent jet by Tong and Warhaft (1995) and in a high-aspect-ratio turbulent

channel flow by Costa-Patry and Mydlarski (2008). In this research, the scales of

the mixing of plumes will be studied using the advanced physical analysis of the con-

centration co-spectrum and coherency spectrum. The current understanding of the

effects of plume interference on the probability of occurrence of high concentration

levels is rather limited to the study of Sawford et al. (1985). In order to provide a

deeper understanding of this phenomena, the effect of the cross correlation coefficient

on the concentration exceedance distribution function (EDF) will be investigated in

this research. Furthermore, the relationships between the various higher-order nor-

malized concentration moments, which have been observed by Yee and Chan (1997)

for a single plume, will be further examined for the total plume. Also, the clipped-

gamma model of Yee and Chan (1997), which is used for the prediction of higher-order

concentration moments of a single plume, will be extended to the total plume.

To achieve the general objective of this research, following detailed objectives need

to be fulfilled.

• Develop, test, validate and optimize two computer codes for DNS of dispersion
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and mixing of plumes released from single and multiple concentrated sources into an

open-channel flow or a homogeneous isotropic turbulent flow.

• Conduct simulations to investigate the influence of various relevant physical pa-

rameters on the physical processes of dispersion and mixing of plumes. This includes a

systematic examination of the effects of source separations, Reynolds number, source

elevation, mean shear, and background turbulent velocity field on the dispersion and

mixing of plumes.

• Produce high-quality data sets of concentration statistics arising from the single

and dual-source releases into open-channel and homogeneous isotropic turbulent flows.

Because DNS provides the most accurate results for scalar statistics, these data sets

can be used for the validation of various analytical and numerical models on plume

mixing.

• Analyze the results of a single plume dispersion to achieve a deep insight into

plume dispersion characteristics in the turbulent convective and turbulent diffusive

regimes of a plume development.

• Perform a systematic comparative study of the dual-plume interference in both

physical and spectral spaces. This includes detailed analysis of the basic quantities

such as the mean and variance of the concentration field, and advanced quantities such

as the cross correlation coefficients of the dual plume, the concentration co-spectra,

coherency spectra, concentration EDF, and higher-order concentration moments.

• Extend the clipped-gamma model of Yee and Chan (1997) for a single plume

to predict higher-order concentration moments of the total plume. The unknown

parameters in the clipped-gamma model should be first calculated for the total plume

case, and then the prediction of the model will be compared to the available DNS

data to verify the accuracy of the clipped-gamma model for the total plume.
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1.4 Outline

The remainder of this thesis is organized as follows:

In chapter 2, the governing equations, solution algorithm and the discretization

scheme are described.

In chapter 3, the dispersion and mixing of passive scalars released from two near-

ground point sources into an open-channel flow at two Reynolds numbers are studied.

In chapter 4, the dispersion and mixing of passive scalars released from two ground-

level and elevated point sources into an open-channel flow are studied.

In chapter 5, the dispersion and mixing of passive scalars released from two line

sources into homogeneous isotropic turbulent flow are investigated.

In chapter 6, major conclusions of this research are summarized followed by com-

ments on future studies.
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Chapter 2

Numerical Method

2.1 Governing Equations

In DNS, the velocity field is governed by the continuity and momentum transport

equations and the passive scalar field is governed by the advection-diffusion equation.

In the context of an incompressible flow, these equations assume the following forms:

∂ui
∂xi

= 0 , (2.1)

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

+ Fi , (2.2)

∂c

∂t
+ uj

∂c

∂xj
= α

∂2c

∂xj∂xj
+ S . (2.3)

Here, ui is the instantaneous velocity in the xi-direction (with i = 1, 2 or 3, represent-

ing the streamwise (x), vertical (y), or spanwise (z) direction respectively), c is the

instantaneous concentration, p is the pressure, ρ is the density of the fluid, ν is the

kinematic viscosity, α is the molecular diffusivity of the scalar, S is the concentration

source strength, and the body force Fi represents an artificial forcing for sustaining

the homogeneous isotropic turbulence level (this term is deactivated in the context of

an open-channel flow). In this research, the Schmidt number Sc = ν/α is set to 1.0.
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2.2 Solution Algorithm and Discretization Scheme

The DNS for the two types of flow (open-channel and homogeneous isotropic turbulent

flows) studied in this research, was conducted using two different in-house codes

developed using the FORTRAN 90/95 programming language and fully-parallelized

using the message passing interface (MPI) library. In the following, a summary of

the algorithms used for the open-channel flow code and the homogeneous isotropic

turbulent flow code are presented. A detailed description of the discretization schemes

used in these two codes is delivered in appendices A and B.

2.2.1 Open-channel Flow

The open-channel flow code is an extended version of a computer code developed by

LePoudre (2003). In this code, the continuity equation and the momentum transport

equations were discretized using the fully conservative second-order finite difference

scheme of Ham et al. (2002). The fully implicit fractional step method of Choi and

Moin (1994) was used for the solution of the momentum equations, in conjunction

with a multi-grid solver for the Poisson equation for the pressure which was used to

enforce the continuity equation.

The advection-diffusion equation that governs the transport of the passive scalar c

was solved after the solution of the momentum equations at each time step. A Crank-

Nicolson scheme and a central-differencing scheme were used for the time advancement

and spatial discretization of the diffusion term in the advection-diffusion equation,

respectively.

In the original LePoudre (2003)’s code, a second-order central differencing scheme

was used for the discretization of the convective term in the advection-diffusion equa-

tion. However, it is well known that if a second-order central-differencing scheme is

used for the discretization of the convective term in the advection-diffusion equation,

non-physical oscillations may occur in the solution for c which can result in unphysical
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negative concentrations. This problem was solved by using a total variation diminish-

ing (TVD) scheme with the Sharp and Monotonic Algorithm for Realistic Transport

(SMART) limiter function of Gaskell and Lau (1988) for the discretization of the

convective term.

2.2.2 Homogeneous Isotropic Turbulent Flow

The algorithm used in homogeneous isotropic turbulent flow code is based on a

pseudo-spectral method described by Orszag and Patterson (1972) and Eswaran and

Pope (1988). In this method, the velocity and pressure fluctuations are expanded

into Fourier series in all three coordinate directions. The convection terms in the

momentum transport equation are calculated in physical space, and the aliasing error

is removed using the 3/2 rule. In order to generate a mean advection of the passive

scalar, a constant mean streamwise velocity of U = 5û is superimposed on the velocity

fluctuations obtained from the solution of the continuity and momentum equations.

Here, û is the fluctuating velocity scale that is derived from the turbulence kinetic

energy (TKE) ku as û2 = 2ku/3.

A similar finite difference scheme described for the open-channel flow code is used

to discretize the advection-diffusion equation. However in homogeneous isotropic

turbulent flow code, the time advancement for both the velocity and scalar fields is

achieved using the explicit fourth-order Runge-Kutta scheme.

2.3 High-Performance Computing

Numerical simulations were conducted on the Western Canada Research Grid (West-

Grid), which encompasses 15 partner institutions and is one of four consortia that

provides high-performance computational resources across Canada. The simulations

were executed until statistically stationary conditions were attained for both the veloc-

ity and scalar fields, after which various time-averaged statistics of the instantaneous
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velocity field, instantaneous individual scalar fields and of the instantaneous total

scalar field from the multiple sources were obtained by averaging over a temporal

interval of 50Tc in open-channel flow where Tc = δ/uτ , and 500Th in homogeneous

isotropic turbulent flow, where Th = 2π/û. The total computing time spent on solving

the flow and scalar fields and on collecting the statistics is over 160,000 and 50,000

CPU hours for open-channel and homogeneous isotropic turbulent flows, respectively.
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Chapter 3

Dispersion and Mixing of

Ground-Level Plumes

3.1 Introduction

In many dispersion and mixing of plumes applications, the sources are often located

at ground level, where the flow is inhomogeneous and anisotropic. This further im-

poses challenges to the study of the temporal and spatial development and mutual

interaction of passive scalar plumes, since most of the current theoretical models

available for predicting turbulent dispersion and mixing of two or more scalars have

been primarily limited to homogeneous and isotropic turbulent flows.

In this chapter, DNS is used to study the dispersion and mixing of passive scalars

released from two near-ground point sources in the context of a neutrally-stratified

wall-bounded shear flow at two Reynolds numbers. The first- and second-order con-

centration statistics of the single and total plumes are analyzed, the dynamic inter-

action of the two plumes in a turbulent wall shear layer and the correlations between

their concentration fluctuations are investigated. Furthermore, in order to develop

a deeper understanding of the mixing of two plumes at different length scales, a de-

tailed analysis based on the co-spectrum and coherency spectrum of the plumes is
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also performed.

3.2 Problem Description

In this chapter, the release of two plumes from two point sources in an open-channel

flow at two Reynolds numbers for Reτ = uτδ/ν = 180 and 395 is considered. Here

δ = 0.04 m is the height of the open channel and uτ is the friction velocity. Figure 3.1

shows a schematic of the computational domain, which extends 4πδ × δ × 4/3πδ for

Reτ = 180 and 2πδ × δ × πδ for Reτ = 395 in the streamwise (x), vertical (y) and

spanwise (z) directions, respectively.

For the velocity field, periodic boundary conditions were applied in the stream-

wise and spanwise directions, and a no-slip and a free-slip boundary conditions were

employed respectively on the bottom and top surfaces of the computational domain.

For the concentration field, a zero Dirichlet condition was applied at the inlet bound-

ary, and zero Neumann conditions were applied at the other boundaries (viz., the

gradients of the concentration in the direction normal to the boundary are assumed

to vanish identically).

The two point sources labeled ‘A’ and ‘B’ in figure 3.1 are positioned symmetrically

in the spanwise (z) direction with respect to the centerline of the open channel. The

two sources are of equal strength and are positioned vertically at y+
s = ysuτ/ν = 5

above the lower wall. As such, both point sources are within the viscous sublayer,

corresponding to a near-ground release condition. The effects of source separation d on

the interference of plumes can be significantly influenced by the Reynolds number. In

order to investigate this coupled mechanism, eight different test cases are considered.

Table 3.1 summarizes the Reynolds numbers and source separation distances tested.

Related to the grid resolution for DNS, the source sizes σ0 used for the two different

Reynolds numbers are also given in the table.
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Figure 3.1: Schematic of the computational domain of the open-channel flow. Two
point sources A and B are separated in the spanwise direction by a distance d and
are each positioned at a distance ys above the lower (solid) channel wall.

Table 3.1: Summary of test cases.

Case Reτ Source separation (d/δ) Source size (σ0/δ)

1 180 0.066 0.014
2 180 0.131 0.014
3 180 0.295 0.014
4 180 0.558 0.014
5 395 0.049 0.007
6 395 0.115 0.007
7 395 0.279 0.007
8 395 0.541 0.007

3.3 Result Analysis

In this section, the DNS results of the eight test cases are analyzed, which include

the velocity statistics of the first and second moments, the mean and variance of the

concentration field of the single and total plumes, cross correlation coefficient of the

two plumes, and co-spectrum and coherency spectrum of the two concentration fields.

3.3.1 Velocity Statistics

The focus of this research is on the interference of two instantaneous passive plumes.

However, because the dispersion of passive plumes is dominated by flow convection, it

is important to examine the quality of the predicted velocity field prior to the analysis
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of the concentration field. Figure 3.2 validates the present DNS predictions for the

first- and second-order velocity statistics against some available DNS data published

in the literature. The present DNS results for an open-channel flow at Reτ = 180 are

compared against the open-channel DNS data of Handler et al. (1999). However, due

to a lack of numerical and experimental data for an open-channel flow at Reτ = 395,

the DNS results of Moser et al. (1999) for a plane-channel flow (of the same Reynolds

number) are used in the comparative study. For the purpose of comparison, it should

be noted that the upper boundary of the open channel coincides with the central

plane (at the half-channel height) of the plane channel. All velocity statistics shown

in figure 3.2 have been non-dimensionalized using the wall friction velocity uτ .

Figures 3.2(a) and (b) show the vertical profiles of the non-dimensionalized mean

streamwise velocity U+ = U/uτ for Reτ = 180 and 395, respectively. In addition to

the DNS data of Handler et al. (1999) and Moser et al. (1999), the current DNS re-

sults for the mean streamwise velocity profiles are also compared against the classical

law of the wall based on von Kármán’s two-layer turbulent boundary-layer model.

As shown in figures 3.2(a) and (b), the current DNS results are in very good confor-

mance with reported data, exhibiting the expected mean streamwise velocity profile

characteristics for a wall shear flow.

Figures 3.2(c) and (d) show the vertical profiles of the three components of the non-

dimensionalized root-mean-square (RMS) velocities (i.e., û/uτ , v̂/uτ , and ŵ/uτ ) for

the two Reynolds numbers tested. For the lower Reynolds number case (Reτ = 180),

the RMS velocities predicted by the current simulation are in excellent agreement

with the DNS results of Handler et al. (1999). As shown in figure 3.2(c), for the

case of Reτ = 395, the current simulation has well predicted the three RMS velocity

components in the near-wall region and throughout most of the channel below the

free surface (upper boundary) in comparison with the reported DNS results of Moser

et al. (1999) on a plane-channel flow. However, close to the upper boundary, there

are some discrepancies between the current and reported DNS results, especially as
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Figure 3.2: Comparison of present DNS predictions of the velocity statistics of an
open-channel flow against reported DNS data of Handler et al. (1999) for an open-
channel flow and those of Moser et al. (1999) for a plane-channel flow. All flow
statistics are non-dimensionalized using the wall friction velocity uτ .
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it pertains to the prediction of the wall-normal component v̂/uτ . The value of v̂/uτ

for the current open channel approaches zero at the upper boundary, while that of

the plane channel reaches a nonzero value. These discrepancies are expected, as

they reflect the differences between the current open-channel flow case and the plane-

channel flow case of Moser et al. (1999). In an open channel, the flow boundary

condition is prescribed as being free-slip (and therefore, non-penetrative in the wall-

normal direction) along the free surface; however, this restriction does not hold along

the central plane (at the half-channel height) in a plane-channel flow.

Figures 3.2(e) and (f) compare the predicted non-dimensionalized vertical profiles

of Reynolds shear stress −u′v′/u2
τ with the reported DNS data for Reτ = 180 and

395, respectively. As is clearly shown in both these figures, the agreement between

the current and previously reported DNS data sets is excellent, and the effects of wall

anisotropy on the Reynolds shear stress profile is evident at both Reynolds numbers.

3.3.2 Mean Concentration

With reference to the streamwise development of a single plume, three regimes can

be identified using the relative width (size) of the instantaneous plume; namely, (1)

the molecular diffusive range where the width of the instantaneous plume is smaller

than the Kolmogorov microscale, (2) the turbulent convective range where the width

of the instantaneous plume is smaller than the size of the most energetic turbulent

eddies, and (3) the turbulent diffusive range where the instantaneous plume width

is of the same order or larger than the size of the most energetic turbulent eddies.

Figure 3.3 shows a schematic of these three regimes of plume development. In the

molecular diffusive range, the molecular diffusion is the dominant mechanism in the

plume dispersion. Because the grid resolution for the current DNS is of same order as

the Kolmogorov microscale, it is not possible to simulate computationally the molec-

ular diffusive regime of plume development (which requires a study of the detailed

physics of the flow and dispersion at scales finer than the Kolmogorov microscale).
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Figure 3.3: The relative width of the instantaneous plume at different regimes of
plume development.

In the turbulent convective range, the width of the instantaneous plume is relatively

small in comparison with the size of the most energetic turbulent eddies. Eddies that

are smaller in size than the instantaneous plume contribute to internal development

of the plume, associated with relative dispersion and internal fluctuations. In con-

trast, eddies with sizes that are greater than the instantaneous width of the plume

contribute to the bulk meandering of the plume, associated with external fluctuations

of the passive scalar. In the turbulent convective regime of plume development, the

bulk meandering of the instantaneous plume provides the primary contribution to

scalar fluctuations. However, its effect decreases as the downstream distance from

the source increases. This is because as the downwind fetch from the concentrated

(point) source increases, the instantaneous plume width increases relative to the size

of the most energetic turbulent eddies. In the far downstream region of the source,

the instantaneous plume width becomes comparable to and eventually larger than the

size of the most energetic turbulent eddies. The development of the instantaneous

plume then transitions into the turbulent diffusive regime where the major contribu-

tion to the scalar fluctuations arises from the internal fluctuations (in-plume mixing

processes) and the effects of plume meander is minimal or zero.

The turbulent diffusive range of the plume development in the region far down-

stream of the source can be precisely identified using spectra of the velocity field. The

spectrum of the spanwise velocity fluctuations is defined as

Ew′w′(kz) =
1

2π

∫ ∞
−∞

e−ikzτRw′w′(τ)dτ , (3.1)
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where i =
√
−1 is the imaginary unit, kz is the wavenumber and Rw′w′(τ) is the

autocorrelation function of the spanwise velocity fluctuations at spatial lag τ , and

Rw′w′(τ) is given by

Rw′w′(τ) =
w′(z)w′(z + τ)

ŵ2
. (3.2)

Figure 3.4(a) shows the velocity spectra Ew′w′(kz) plotted against the wavenumber

kz for the two Reynolds number flows. The velocity fluctuations used for the com-

putation of these spectra were obtained at the source height y+
s = 5. In order to

clearly show the size of the most energetic eddies, it is more convenient to display the

velocity spectra pre-multiplied by the wavenumber (i.e., kzEw′w′(kz)) plotted against

the normalized spanwise wavelength Λz/δ = 2π
/

(kzδ), as it is shown in figure 3.4(b).

The wavelength corresponding to the spectral peak in this figure is associated with

the size of the most energetic turbulent eddies (i.e., Λz,m) of the flow, and its value

is Λz,m/δ = 0.597 and 0.283 for Reτ = 180 and 395, respectively. The turbulent dif-

fusive range can be identified (approximately or better) using the criterion that the

turbulent diffusive range corresponds to that range of downwind fetches where the

width of the instantaneous plume exceeds the ‘size’ of the most energetic turbulent

eddies1 (viz., where 2Σr ≥ Λz,m). Here, Σr is the half width of the instantaneous

plume in the spanwise direction and is defined as the plume spread over which the

instantaneous concentration decreases to about 1% of its maximum value. To un-

derstand these concepts better, the example of a Gaussian distribution can be used.

If the averaged instantaneous plume profile in the relative frame is Gaussian2, then

2Σr = 2 × 3σr = 6σr ≥ Λz,m. For the two Reynolds numbers tested, the wave-

lengths correspond to σr/δ ≥ 0.1 and 0.047 (equivalently, σz/δ ≥ 0.111 and 0.052)

for Reτ = 180 and 395, respectively. Here, σz and σr represent the mean and relative

plume dispersion, respectively.

The mean plume dispersion σz(x) (of a single plume) in the lateral direction at

1The beginning of the turbulent diffusive range occurs when the instantaneous plume width is
comparable to the size of the most energetic eddies in the flow.

2This is reasonable assumption at downstream locations close to the source (Warhaft, 1984).
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Figure 3.4: Spanwise velocity fluctuations spectra and pre-multiplied spanwise veloc-
ity fluctuations spectra at y+

s = 5.

source height ys is defined as

σ2
z(x) =

∫
(z − ξ)2C(x, ys, z)dz∫

C(x, ys, z)dz
, (3.3)

where C is the mean concentration, and ξ is the spanwise location of the centroid

of the plume within the plane (parallel to the bottom plate) at the source height,

defined as

ξ(x, ys) =

∫
zC(x, ys, z)dz∫
C(x, ys, z)dz

. (3.4)

The relative dispersion with respect to the centroid of the instantaneous plume (that

is associated with internal fluctuations within the plume), and the dispersion of the

centroid of instantaneous plume itself (that is associated with the bulk meandering

of the plume) are the two physical mechanisms that are responsible for the growth

of the mean plume. The mean plume dispersion σz, the relative plume dispersion σr

and the dispersion of the center of instantaneous plume σc are related by

σ2
z = σ2

r + σ2
c . (3.5)

Figure 3.5 shows a schematic of mean and relative dispersion for a single plume

release case. In this figure, cr(t, z) and Cr(z) represent the instantaneous and mean
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concentration in the relative frame and zc(t) is the centroid of the instantaneous

plume. The value of σc can be calculated using a given time series of zc(t). Once

the values of σz and σc are available, σr can be evaluated using equation 3.5. The

streamwise variation of the non-dimensionalized lateral mean plume dispersion (σz/δ)

and the meandering ratio (defined as M = σ2
c/σ

2
r) at source height is shown in fig-

ures 3.6(a) and (b), respectively. Figure 3.6(a) shows that the mean plume dispersion

for Reτ = 180 is larger than that for Reτ = 395 at a given downstream location.

This is because the streamwise convection is stronger at a higher Reynolds number,

and therefore, the plume has less time to spread over the same downstream distance.

Figure 3.6(b) shows the Reynolds number effect on the meandering ratio. As the

Reynolds number increases from 180 to 395, the value of M decreases at a given

location downstream of the point source. This indicates that the effect of meandering

decreases and that of the relative dispersion increases as the mean streamwise veloc-

ity increases. Furthermore, as shown in figure 3.6(b), the value of the meandering

ratio decreases rapidly as the downstream distance increases. This is because the

plume size near the source is much smaller than the size of the energetic eddies in the

near-source region, and in this regime of plume development, the bulk flapping of the

plume provides the dominant contribution to the plume concentration fluctuations.

As the downstream distance from the source increases, the plume grows in size, the

meandering effect reduces and the mechanism of relative dispersion becomes more

and more prominent.

In figures 3.6(a) and (b), the downstream positions where the width of the instan-

taneous plume reaches the size of the most energetic turbulent eddies are indicated

using a dash and dash-dot-dotted lines for Re = 180 and 395, respectively. Down-

stream of these positions, the plume is in the turbulent diffusive range, whereas,

upstream of these positions, the plume is either in the turbulent convective range

or in transition to the turbulent diffusive range. Apparently, both ranges of plume

diffusion have been well captured by the simulation at the two Reynolds numbers.
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Figure 3.5: Schematic of the plume scales.

As shown in the figure, the beginning of the turbulent diffusive regimes occur at

x/δ = 1.5 and 0.6 for Reτ = 180 and 395, respectively.

As can be seen in figure 3.6, the instantaneous plume width for the lower Reynolds

number flow reaches the size of the most energetic eddies in the flow at a greater

downwind distance from the source than that for the higher Reynolds number flow.

As shown previously in figure 3.4, this is due to the fact that the size of the most

energetic eddies is larger for Reτ = 180 than that for Reτ = 395. This also causes the

meandering ratio M for Reτ = 180 to be larger than that for Reτ = 395 as is shown

in figure 3.6(b). Figure 3.6(b) also shows that when the width of the instantaneous

plume reaches the size of the most energetic turbulent eddies, the meandering ratio is

approximately equal to 0.25 for both Reynolds numbers (i.e. M = 0.25, as indicated

using a horizontal solid line).

The scalar transport equation represented by equation 2.3 is linear with respect

to the instantaneous concentration c field. Therefore, the mean concentration fields

generated by the two point sources are linearly superposable and the total mean

concentration can be simply determined as CT = CA + CB. The mean concentration
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Figure 3.6: Streamwise variation of the non-dimensionalized lateral mean plume dis-
persion (σz/δ) and meandering ratio (M = σ2

c/σ
2
r) at source height. The dashed and

dash-dot-dotted vertical lines show the locations where the width of the instantaneous
plume first reaches the size of the most energetic turbulent eddies for Reτ = 180 and
395, respectively.

profiles of the single and total plumes for cases 3 and 7 are shown in figure 3.7 at

three downstream locations corresponding to x/δ = 1, 3 and 6. In this figure, the

mean concentration has been non-dimensionalized using the concentration level at

the source Cs. As shown in figures 3.7(a) and (b), close to the source, the total mean

concentration profiles exhibit a dual-peak pattern, and the lateral positions of the

dual-peaks coincide with the lateral positions of the two sources located at z/δ = 1.95

and 2.25 for Reτ = 180 and at z/δ = 1.43 and 1.71 for Reτ = 395, respectively.

However, as the downwind distance from the sources increases, the distinct dual-

peak pattern in the total mean concentration evident at the near-source locations

disappears. As is clear in figures 3.7(c)-(f), the lateral profile of the total plume

(as the linear superposition of the mean concentration from the two single plumes)

transitions to a single-peak pattern. This transition is due to the fact that in the far

downstream regions at x/δ = 3 and 6, the two single plumes spread significantly in

the lateral direction, such that the peak value of each single plume begins to merge
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with each other. Due to the equal strength of the two sources, the profile of the total

concentration always shows a perfect symmetry in the lateral direction. By comparing

figures 3.7(c) with 3.7(d) and 3.7(e) with 3.7(f), it is clear that the transition from

the dual-peak to single-peak pattern in the total mean concentration profile occurs

earlier in case 3 than in case 7. This physical feature is expected, and is consistent

with the previous analysis of the single plume in figure 3.6(a) which indicates that

the single plume width is wider in the lateral direction at the lower Reynolds number

(case 3) than at the higher Reynolds number (case 7). As such, the peak value of the

single plume is smaller at the lower Reynolds number, which facilitates the transition

from the dual-peak to the single-peak pattern in the total mean plume.

Figure 3.8 shows the mean concentration profiles of the total plume for cases 3

and 7 at x/δ = 6 for six values of y+. In general, the profiles of the mean total plume

exhibit Gaussian patterns at these six elevated positions relatively far downstream

of the sources. It is seen that as the vertical distance above the source increases,

the mean concentration level decreases monotonically. By comparing figures 3.8(a)

and (b), it is clear that for a fixed y+ value, the mean concentration level of case 3

(Reτ = 180) is higher than that of case 7 (Reτ = 395). This feature is expected. As

the Reynolds number increases, the streamwise convection becomes stronger and the

total plume is less spread in the vertical direction.

3.3.3 Variance of Concentration Fluctuations

In the previous subsection, it has been demonstrated that first-order concentration

statistics of two plumes are linearly superposable. However, the second-order concen-

tration statistics of two plumes are not linearly superposable. Specifically, it is known

that c
′2
T 6= c

′2
A + c

′2
B holds generally, which arises from the nonlinear characteristics (in

terms of second- and higher-order concentration statistics) of dual-plume interfer-

ence. Figures 3.9(a) and (b) show the lateral profiles of the sum of the variances of

concentration fluctuations of each single plume (i.e., c
′2
A + c

′2
B) and the variance of
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concentration fluctuations of the total plume (i.e., c
′2
T ) at x/δ = 4 for cases 3 and

7, respectively. The ordinate of this figure is non-dimensionalized by the maximum

variance of the concentration fluctuations for the total plume (c
′2
T,m). As is evident

from the figure, the sum of the variances is not equal to the variance of the total

plume in general. For cases 3 and 7, within the central lateral region between the

two sources, the sum of the variances is larger than the variance of the total plume;

whereas, in the immediate lateral region of the two sources, the sum of the variances

is smaller than the variance of the total plume. Furthermore, only in the far lateral

regions of the sources does the sum of the variances equal the variance of the total

plume.

The above observations can be precisely explained using the following identity

c
′2
T = (c′A + c′B)2 = c

′2
A + c

′2
B + 2c′Ac

′
B , (3.6)

where c′A and c′B are the fluctuating components of the instantaneous concentration

for the plumes released from sources A and B, respectively, and c′Ac
′
B is the covari-

ance of the concentration fluctuations of the two plumes. Equation 3.6 indicates that

the variance of concentration fluctuations of the total plume produced by the two
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Figure 3.9: Lateral profiles of the variance of concentration fluctuations at x/δ = 4.

point sources is not linearly superposable, because an additional term relating to the

covariance of two single plumes needs also to be included. In the far lateral region,

because the covariance between the two plumes decreases significantly (c′Ac
′
B → 0),

the variances of concentration fluctuations of two plumes become approximately su-

perposable. In the remainder of this chapter, the relationship between the mean

(CT ) and the variance (c
′2
T ) of the total plume is examined, and the property of the

covariance of the concentration fluctuations of two instantaneous plumes will be fur-

ther examined using the cross correlation coefficient, concentration co-spectrum and

coherency spectrum.

Through the previous analysis, it has been shown that the turbulent diffusive range

in the streamwise plume development starts at x/δ = 1.5 and 0.6 for Reτ = 180 and

395, respectively. Within the turbulent diffusive range, the external plume fluctua-

tions (e.g., meandering effect) is small in comparison with that of the internal plume

fluctuations (e.g., relative dispersion and in-plume mixing). The production term in

the transport equation for the variance of concentration fluctuations is proportional

to the mean concentration gradient, i.e. Pr = −2u′ic
′ · ∂C

∂xi
∝ ∂C

∂xi
(see, e.g. Wang

et al. (2009)). Therefore, as a necessary condition, locations where the mean concen-
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Figure 3.10: Lateral profiles of the total mean concentration CT (�) and the variance

of concentration fluctuations of the total plume c
′2
T (©). Straight vertical dashed

and dash-dot-dotted lines indicate the locations of the local maxima of the absolute
total mean concentration gradient and the locations of the local extrema of the mean
concentration profile, respectively. Symbol φ represents either CT or c

′2
T .
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tration gradient is zero (corresponding to local extrema of the mean concentration

profile) can be also potentially the locations for local minima of the variance (since

these locations correspond to locations of minimum variance production rate). On

the other hand, because the production term functions as a source for the concentra-

tion variance, a large absolute value in the local mean concentration gradient tends

to increase the local production rate, which in turn leads to an increase in the value

of concentration variance. As such, locations where the absolute mean concentration

gradient is maximum can be also potentially the locations for local maxima of the

concentration variance. Figure 3.10 compares the lateral profiles of the mean (CT )

and variance (c
′2
T ) of the total plume at the source height (y+

s = 5) for cases 3 and 7 at

three downstream locations. All profiles have been non-dimensionalized using their

maximum values. As expected, at all downstream locations, the extrema locations in

the CT profile coincide with the locations associated with the local minima in c
′2
T , and

the locations of maximum absolute gradient of CT coincide with the locations of the

local maxima in c
′2
T . Similar behavior is also observed for the other test cases at source

height. This relationship between the mean and the variance of the concentration is

also observed and investigated by Karnik and Tavoularis (1989) for a single plume dis-

persion in a uniformly sheared, nearly homogeneous turbulent flow. They found that

at locations far downstream of the source, where the ratio of the streamwise velocity

lengthscale to the half-width of the mean plume (which measures the strength of the

plume meandering) is small, local conditions prevail and the concentration variance

is nearly proportional to the local value of the mean concentration gradient. This is

consistent with the above discussion and the results shown in figure 3.10 for the total

plume.

The phenomenon of the appearance, disappearance and subsequent reappearance

of the off-axis peaks in the concentration variance profiles with respect to the down-

stream location from the source is well established in the literature for single-source

(Stapountzis et al., 1986; Karnik and Tavoularis, 1989) and dual-source dispersion
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(Warhaft, 1984; Costa-Patry and Mydlarski, 2008) problems. In order to provide a

better insight into this phenomenon, the effect of the wall distance on the concentra-

tion variance profile is studied in the remainder of this section. Figure 3.11 shows the

spanwise profiles of the non-dimensionalized variance of concentration fluctuations

of the total plume for cases 3 and 7 at x/δ = 6 for different values of y+. As is

clear from figure 3.11(a), the spanwise profile of c
′2
T /c

′2
T,m exhibits a distinct dual-peak

pattern at lower elevations for 5 ≤ y+ ≤ 15. As the vertical distance from the wall

increases, the dual-peak pattern vanishes around y+ = 50 but reappears as the value

of y+ continues to increase (for y+ ≥ 80). By comparing figures 3.11(a) and (b), it

is clear that this interesting dual-single-dual-peak pattern transitions with increasing

elevation is common to both case 3 (for Reτ = 180) and case 7 (for Reτ = 395), albeit

these pattern transitions occur at higher y+ values in case 7 than in case 3.

Interestingly, the current observation of the dual-single-dual-peak transitions in

the concentration variance profiles with increasing wall-normal distance from the

bottom boundary at a fixed downstream distance is analogous to that described

by Stapountzis et al. (1986) and Karnik and Tavoularis (1989) with respect to the

downstream distance from the source at a fixed wall-normal distance. A similar inter-

pretation can be used to explain the dual-single-dual-peak transitions with increasing

height above the bottom wall at a fixed downstream location. Stapountzis et al.

(1986) and Karnik and Tavoularis (1989) attributed the phenomenon of dual-single-

dual-peak pattern transitions in the evolution of concentration variance profiles with

increasing downstream distance from the source to the degree of meandering motions

in the plume. These researchers further indicated that the dual-single-peak transition

near the source is caused by the enhanced meandering as the downstream distance

from the source increases, and meandering is a major source of concentration fluctu-

ations in the region near the source. As the plume grows further in width (relative

to the integral scales of turbulence), the effects of the meandering diminish and the

single-dual-peak transition in the concentration variance profiles occurs at further
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Figure 3.11: Lateral profiles of the variance of concentration fluctuations for different
y+ values at x/δ = 6. Recall again that the source is located at y+ = 5. The arrow
points to the increasing direction of y+.

downstream distances from the source.

For a given downstream location from the source, as the vertical distance from

the wall increases, the size of the most energetic eddies of turbulence increases, and

consequently, the meandering effect enhances and becomes the dominant source of

concentration fluctuations. Then, the concentration fluctuations can be transported

to locations of maximum absolute mean concentration gradients by turbulent eddies

from the regions with zero or small mean concentration gradients, or vice versa.

This mechanism “smears out” the local maxima and minima of the variance, leading

to a single-peak pattern in the concentration variance profile. This explains the

first transition from a dual- to a single-peak pattern profile, occurring within range

30 < y+ ≤ 50 for Reτ = 180 (case 3) and within range 50 < y+ ≤ 80 for Reτ = 395

(case 7). The second transition from a single- to a dual-peak pattern profile takes

place at a higher elevation close to the free surface (located at y+ = 180 and 395 for

cases 3 and 7, respectively) of the open channel. As the free surface is approached,

the upward-downwind distance from the point sources increases significantly, and
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both concentration and concentration variance levels drop significantly. These factors

further lead to reduction in meandering effects and reemergence of the dual-peak

pattern in the lateral profiles of the total concentration variance.

3.3.4 Cross Correlation Coefficient

The non-dimensionalized form of the scalar covariance c′Ac
′
B represents a cross corre-

lation of the two plumes, defined as

ρ[1|1] =
c′Ac
′
B

(c′2A c
′2
B)1/2

=
c′2T − c′2A − c′2B
2(c′2A c

′2
B)1/2

. (3.7)

Equivalently, ρ[1|1] can be expressed as

ρ[1|1] =
cAcB − CACB

(c′2A c
′2
B)1/2

. (3.8)

According to Costa-Patry and Mydlarski (2008), the cross correlation ρ[1|1] reflects

the quality of mixing while the scalar covariance reflects the total amount of mixing.

The streamwise variation of the cross correlation at the midpoint between the two

plumes at the source height for cases 1–8 is shown using linear and semi-logarithmic

scales in figures 3.12(a) and (b), respectively. The Reynolds number effects on the

value of ρ[1|1] can be ascertained if cases with a similar source separation distance are

compared (but different Reynolds numbers). By comparing cases 1 with 5, 2 with

6, 3 with 7, and 4 with 8, it becomes clear that the effect of Reynolds number on

the streamwise variation of ρ[1|1] is insignificant (at least over the limited Reynolds

number range in this research). Meanwhile, it is evident that the source separation

distance has a significant impact on the streamwise distribution of ρ[1|1]. Following

the lead of Warhaft (1984) and Costa-Patry and Mydlarski (2008), the streamwise

evolution of ρ[1|1] at the midspan between the two plumes can be generally categorized

into the following four stages of development:
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• First stage (zero interference, ρ[1|1] ≈ 0)

Very close to the source, there is no interaction between the two plumes. In other

words, the width of the mean plume 2Σz and the width of the instantaneous plume

2Σr are smaller than the source separation distance d (i.e., 2Σz < d and 2Σr < d)

and the location at the midpoint between the two plumes is never exposed to both

plumes simultaneously with the consequence that cAcB = 0 and CACB = 0. As a

result, ρ[1|1] is identically zero in the region immediately downstream of the source.

As shown in figure 3.12(b), this conclusion holds strictly for cases 4 and 8, whose

source separation distances are the largest among all the test cases. The downstream

extent of this stage reduces as the source separation distance d decreases. As such, for

cases with smaller source separation distances (i.e., for cases 1, 2, 5 and 7), this stage

(with ρ[1|1] ≈ 0) cannot be observed as the mean plumes overlap almost immediately

after the scalar is released from the two sources.

• Second stage (destructive interference, ρ[1|1] < 0)

As the downstream distance from the sources increases, the widths of the mean and

instantaneous single plume exceed3 the source separation distance d. In this stage,

cAcB < CACB and therefore, ρ[1|1] is negatively valued (cf. equation 3.8). The physical

mechanism can be explained as follows. In the second stage and for small meandering

motions, a relatively large eddy can transport a concentration “patch” from one plume

to the other, causing the concentration to decrease in one plume while simultaneously

increasing it in the other. However for strong meandering motions, Warhaft (1984)

and Costa-Patry and Mydlarski (2008) attributed the negative cross correlation to the

physical mechanism whereby a large eddy can move one plume off the measurement

location while simultaneously moving the other plume onto the location. In both

scenarios, the cross correlation value ρ[1|1] is negative at the measurement location.

From figure 3.12, it is observed that ρ[1|1] reaches its minimum value (a negatively

3The width of the mean plume exceeds the source separation distance at an earlier downstream
position than does the instantaneous plume, because the mean plume width is always larger than
or equal to the instantaneous plume width.
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Figure 3.12: Streamwise variation of the cross correlation ρ[1|1] in the midplane along
the spanwise direction between the plumes at source height. Cases 1 (�), 2 (©), 3
(4), 4 (♦), 5 (�), 6 ( ), 7 (N), and 8 (�).

valued trough) during this stage, and then increases towards a positive value with

increasing distance from the source. Furthermore, it is clear that the smaller the

source separation distance is, the shorter is the streamwise extent of this stage and

the larger (in absolute magnitude) is the negative cross correlation between the two

plumes. Indeed, as shown in figure 3.12, for cases 1 and 5 (for which the source

separation is the smallest), the negatively valued trough of ρ[1|1] is the sharpest and

the largest (in absolute magnitude), resulting in the shortest destructive interference

range among all the test cases.

• Third stage (constructive interference, ρ[1|1] ≥ 0)

It is well-known (see, e.g. Costa-Patry and Mydlarski (2008)) that meandering

of the plume and internal turbulent mixing are the two mechanisms which causes

cAcB ≥ CACB (or equivalently, ρ[1|1] ≥ 0). However, from the previous analysis, it has

been demonstrated that plume meandering effects are negligible over the downstream

region for x/δ > 1.5 and 0.6 at Reτ = 180 and 395, respectively. The third stage in

the development of the cross correlation of all test cases occurs in this downstream
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region of the source. Therefore, the cross correlation in this stage of development

mainly arises from the internal turbulent mixing of the two plumes which depends

on a complicated physical process involving the stretching and folding of contami-

nant elements along with turbulent motions. When a blob of tracer is injected into

a turbulent flow, it quickly deforms into thin folded strands and sheets. Turbulent

fluid motions that repeatedly stretch and fold the contaminant elements serve also

to increase the contact area for inter-diffusion and, hence, to enhance the molecular

mixing, and to homogenize the plume concentration as the large spatial concentra-

tion gradients that are generated by the turbulent stirring are rapidly smeared out

by molecular diffusion (Yee et al., 2003). This micromixing of the scalars from the

two plumes makes a dominant contribution to the constructive interference of the

two plumes in this stage. Specifically, cAcB ≥ CACB holds, and therefore, according

to equation 3.8, the cross correlation is positive (i.e., ρ[1|1] ≥ 0). Furthermore, as

the source separation distance decreases, the correlation between the two instanta-

neous plumes (cAcB) in this stage of development increases drastically, leading to a

fast growth in the value of ρ[1|1] with increasing downwind distance. As shown in

figure 3.12, this trend in the streamwise development of ρ[1|1] is the most strongly

expressed for cases 1 and 5 (the source separation distances are the smallest among

all test cases, see table 3.1). However, for cases with larger source separation dis-

tances (such as cases 3, 4, 7 and 8), the increase in ρ[1|1] towards unity cannot be fully

captured owing to the limited downwind extent in the current simulations.

• Fourth stage (complete mixing, ρ[1|1] ≈ 1)

In this final stage of development, the source separation distance is negligible in

comparison with the long downstream distance from the sources. As such, the two

plumes are completely mixed (i.e., ρ[1|1] → 1) and the total plume behaves as if it

comes from a single source. A comparison of the profiles exhibited in figure 3.12

indicates that the cases with a smaller source separation distance tend to reach this

complete mixing state earlier than the cases with a larger source separation distance.
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Such an asymptotic behavior is captured in cases 1 and 5, and partially captured in

cases 2 and 6. However, in order to reproduce this complete mixing stage in cases 3,

4, 7 and 8, a much longer downwind fetch would be required in the simulations.

It is seen that ρ[1|1] at source height is only a function of source separation distance

d and the measurement locations. This is similar to the observation of Warhaft (1984)

in grid turbulence. Generally, ρ[1|1] reaches the complete mixing state faster in this

study than in the case of grid turbulence of Warhaft (1984). This can be attributed to

the highly-sheared region near the wall (associated as such with hairpin structures and

streak structures, etc.) where small-scale eddies are generated to increase the internal

mixing in the plume. In addition to this, Costa-Patry and Mydlarski (2008) noted

that by limiting both the growth and meandering of the plume while simultaneously

increasing the turbulence kinetic energy, the presence of the wall will lead necessarily

to an increased internal plume mixing.

Figures 3.13(a)-(c) compare the lateral profiles of ρ[1|1] for the eight different cases

at the source height for three different downwind distances. The Reynolds number

effects on the lateral profile of ρ[1|1] are also directly compared in this figure. Owing to

the relatively long streamwise domain size used in cases 1–4 (for Reτ = 180), the influ-

ence of the source separation d on the profile of ρ[1|1] is singled out in the fully turbulent

diffusive range (for x/δ = 12), and the results are displayed in figure 3.13(d). To fur-

ther facilitate the comparative study, the lateral coordinate has been shifted to the

midpoint location between the two plumes (zmid) and then non-dimensionalized using

the mean plume dispersion. Consistent with the previous analysis of the streamwise

profiles of ρ[1|1] given in figure 3.12, figure 3.13 also shows clearly that the dominant

factor that determines the shape of the lateral profile of ρ[1|1] is the source separation

distance d. By comparing cases 1 with 5, 2 with 6, 3 with 7, and 4 with 8, the effect

of Reynolds number on the lateral profiles of ρ[1|1] can be observed, which appears to

be much smaller than that of the source separation distance d.

The streamwise variation in the shape of the lateral profiles of ρ[1|1] also illustrates
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Figure 3.13: Lateral profiles of the cross correlation ρ[1|1] at source height. Cases 1
(�), 2 (©), 3 (4), 4 (♦), 5 (�), 6 ( ), 7 (N), and 8 (�).

the four stages in its evolution. In the first stage, the shape of the profile is flat

with a zero value, because there is no interaction between the two plumes. In the

second stage, a M-shape profile, with a negative minimum value, begins to form.

The M-shape profile has the minimum value of ρ[1|1] located midway between the

two plumes and the maximum values are found at the edges of the plumes. As

discussed earlier, the minimum value at the midpoint between the two plumes is due
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to the fact that a large eddy (relative to the plume width) at this location can cause

the concentration contributed by one plume to increase and that contributed by the

other plume to decrease. For sources that are close enough together, the maximum

values in ρ[1|1] on both sides of the centerline (where the plume intermittency is large)

arise from the fact that at these locations a large eddy can occasionally transport both

plumes (in case of strong meandering) or bring together a patch of concentration from

each of the plumes (in case of weak meandering), causing the two concentrations to

either increase or decrease simultaneously. A similar M-shaped profile of ρ[1|1] was

also observed by Warhaft (1984) in grid turbulence, Tong and Warhaft (1995) in a

turbulent jet and Costa-Patry and Mydlarski (2008) in a turbulent plane-channel flow.

Due to the noise sensitivity of their measurements, these investigators were unable

to demonstrate conclusively that the value of ρ[1|1] approaches zero at the extreme

lateral fringes of the plume. However, this is clearly demonstrated in figure 3.13. At

the third stage in the development, the minimum of the M-shaped profile becomes

positive and the profile begins to approach a constant value of unity (approximately

or better), owing to the internal turbulent mixing of the two plumes. Finally at the

fourth stage of development, a flat profile with a value of unity forms signaling that

the scalars in the two overlapping plumes are perfectly well mixed.

3.3.5 Concentration Co-spectrum and Coherency Spectrum

The quantities studied so far contain no information about the scales of mixing of

the two plumes. However, mixing of the two plumes is a multi-scale phenomenon, as

the turbulent motions responsible for stirring act primarily on large and intermediate

scales, with the molecular diffusion smearing out and completing the mixing at the

smallest scales. Therefore, in order to improve the understanding of the physics of

mixing of two plumes, the scales of the concentration fields that contribute to the

turbulent stirring and molecular mixing need to be investigated. The information

about the scales of mixing can be quantified using the so-called co-spectrum and
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coherency spectrum of the two plumes. Following the approach of Tong and Warhaft

(1995) and Costa-Patry and Mydlarski (2008), the co-spectrum is defined as

Coc′Ac′B(fs) =
(
Ec′T c′T (fs)− Ec′Ac′A(fs)− Ec′Bc′B(fs)

)
/2 , (3.9)

where Ec′Ac′A(fs), Ec′Bc′B(fs) and Ec′T c′T (fs) are the concentration power spectra for

plume A, plume B, and total plume, respectively. The integral of co-spectrum

(Coc′Ac′B(fs)/(c′2A c
′2
B)1/2) is the cross correlation coefficient ρ[1|1], i.e.

ρ[1|1] =

∫ ∞
−∞

Coc′Ac′B(fs)/(c′2A c
′2
B)1/2dfs . (3.10)

The coherency spectrum ρ
[1|1]
f is defined as

ρ
[1|1]
f =

Coc′Ac′B(fs)(
Ec′Ac′A(fs)Ec′Bc′B(fs)

)1/2
, (3.11)

which describes the cross correlation coefficient in the frequency space. The pre-

multiplied co-spectrum and the coherency spectrum obtained at the midpoint between

the two plumes at source height for cases 1 and 5 are shown in figures 3.14 and 3.15,

respectively. In order to investigate the streamwise evolutions of the pre-multiplied co-

spectrum and coherency spectrum, several downstream locations (with different x/δ

values) are considered in the comparative study. The frequency fs in these figures has

been non-dimensionalized using uτ and δ, which leads to the Strouhal number defined

as f ∗ = fsδ/uτ . In order to facilitate the discussion, the frequency corresponding to

the Kolmogorov scale of the velocity field is shown using a straight vertical dashed

line in figure 3.15. Furthermore, in order to identify the most energetic eddy scale

and compare the local plume scale with it, the pre-multiplied energy spectrum of the

spanwise velocity fluctuations (i.e., f ∗Ew′w′(f
∗)) is plotted using a long dashed curve

in figure 3.15.

By definition, the co-spectrum Coc′Ac′B and coherency spectrum ρ
[1|1]
f studied here

are closely related to the cross correlation coefficient ρ[1|1], with a difference that

Coc′Ac′B and ρ
[1|1]
f provide explicit information on the interference of the two plumes in
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Figure 3.14: The pre-multiplied co-spectrum of two plumes for cases 1 and 5 obtained
at the midpoint between the two plumes and at source height, for x/δ = 0.5 (solid
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the frequency space, whereas ρ[1|1] provides similar information in physical space. As

such, it is useful to connect the physical features shown in figures 3.14 and 3.15 (in

the frequency space) to those shown in figures 3.12 and 3.13 (in the physical space).

Here, only Coc′Ac′B and ρ
[1|1]
f for cases 1 and 5 are presented, because these two cases

(as shown previously in figure 3.12) cover the widest range of values for ρ[1|1] among

all test cases. Also, except for the first stage, all other three stages in the development

of the cross correlation are well captured by these two cases. The values for Coc′Ac′B

and ρ
[1|1]
f in the first stage can be determined as Coc′Ac′B = 0 and ρ

[1|1]
f = 0, simply

because there is no interference between the two plumes.

As shown previously in figures 3.12 and 3.13, the streamwise variation of the

cross correlation is less sensitive to the Reynolds number than the source separation

distance. A similar conclusion can be made for the streamwise variation of the pre-

multiplied co-spectrum and the coherency spectrum by comparing figures 3.14(a) with

3.14(b) and 3.15(a) with 3.15(b). Furthermore, the streamwise evolution of the pre-

multiplied co-spectrum and the coherency spectrum follows the streamwise evolution
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Figure 3.15: The coherency spectrum ρ
[1|1]
f of two plumes for cases 1 and 5 obtained

at the midpoint between the two plumes and at source height, for x/δ = 0.5 (thin
solid line), 1 (dashed line), 3 (dash-dotted line), 6 (dotted line) and 12 (thick dashed
line). The straight vertical dashed line shows the frequency corresponding to the
Kolmogorov scale. The long dashed curve shows the pre-multiplied energy spectrum
f ∗Ew′w′ of velocity fluctuations in the spanwise direction. The pre-multiplied energy
spectrum f ∗Ew′w′ is used here for identifying the frequency corresponding to the most
energetic eddies (through its peak location), and its magnitude has been re-scaled
arbitrarily in order to fit in the figure panel.

of the cross correlation and the aforementioned four stages in the development for

the cross correlation can also be observed from the pre-multiplied co-spectrum and

coherency spectrum.

In the first stage, because the measurement location is exposed to clean fluid

most of the time, it is expected that the pre-multiplied co-spectrum exhibit values

near zero at all scales. This is the case for a large source separation distance and for

downstream locations close to the source. In the second stage of development, the

two plumes meander in opposite directions as the result of the large-scale turbulent

stirring. As is explained in subsection 3.3.4, this produces a negative spectral peak

for the pre-multiplied co-spectrum at large scales (low frequencies). The frequency

of this peak can be interpreted as the frequency of the most energetic scales of the
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mixing of the two plumes. The value of the cross correlation is mainly determined

by these scales. Because the size of the plumes increases as the downstream distance

from the sources increases, the frequency of the peak reduces. Indeed, as shown in

figures 3.14(a) and (b), the peak frequency for x/δ = 1 is lower than that for x/d = 0.5

in both cases 1 and 5.

In the third stage, the internal turbulent stirring and molecular mixing of the

two plumes is expected to give rise to a positive spectral peak in the pre-multiplied

co-spectrum. As the downstream distance from the sources increases, the value of

this spectral peak increases and its frequency drops (indicating the scales of mixing

become larger). This physical feature is evident for x/δ ≥ 3 in figures 3.14(a) and (b).

In the fourth stage where the cross correlation reaches its maximum value of unity, it

can be anticipated that the pre-multiplied co-spectrum reaches its asymptotic form

and does not change further with increasing downstream distance from the source.

Indeed, as shown in figure 3.14(a), as the downstream distance x/δ increases from 6

to 12, the profile of the pre-multiplied co-spectrum hardly changes.

From the above analysis, it is seen that the most energetic scales of the mixing

of the two plumes, which mainly determine the cross correlation value, are gener-

ally associated with low frequencies (or, large scales). This is consistent with the

observations of Tong and Warhaft (1995) and Costa-Patry and Mydlarski (2008). A

physical explanation to this phenomenon is that large-scale eddies contain most of

the turbulence energy, and consequently, the co-spectrum and cross correlation values

are mainly determined by these large-scale eddy motions.

Figure 3.15 shows the streamwise variation of the coherency spectrum ρ
[1|1]
f , which

is closely related to the cross correlation displayed in figure 3.12. However, it can

be seen that at some small scales the coherency spectrum develops faster than at

other scales. These small scales are two to ten times the Kolmogorov scale (shown

using vertical dashed line in the figure) and they are called the “leading scales”,

because the value of ρ
[1|1]
f is the largest at these scales. As shown in the figure,
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that the leading scales can reach the asymptotic value of unity faster than any other

scales. A careful perusal of the figure indicates that the frequency of the leading

scales is either higher than (or close to) the frequency of the most energetic eddies

of turbulence (indicated by peak frequency of the pre-multiplied energy spectrum

f ∗Ew′w′(f
∗) in the figure). This means that the rate of turbulent mixing of the two

plumes becomes more efficient (faster) for those scales that are several times larger

than the Kolmogorov scale and extending up to the scale of the most energetic eddies

of the turbulent flow. In contrast, Tong and Warhaft (1995) and Costa-Patry and

Mydlarski (2008) inferred from their analysis that the rate of mixing is fastest at

the largest scales. Costa-Patry and Mydlarski (2008) attributed this to the fact that

turbulence production is essentially a large-scale phenomenon, such that its effects

occur first at the largest scales and these effects will be influenced by smaller scales

only after a sufficient time has passed for the mixing effects to cascade down from

larger to smaller scales. The reason the rate of mixing is the fastest at the largest

scales in Tong and Warhaft (1995) and Costa-Patry and Mydlarski (2008) is that the

plume meandering effect is dominant in these studies, which first takes place at the

largest scales and subsequently is transferred down to the smaller scales. However,

for the ground-level sources studied here, the plume meandering effect is negligible.

Instead, the internal turbulent mixing is dominant, which first occurs at the smaller

leading scales with their effects transferred subsequently to the other scales.

3.4 Chapter Summary

The interference of the plumes released from two near-ground point sources into an

open-channel flow at two Reynolds numbers is studied using DNS. The first- and

second-order statistics of the velocity and concentration fields have been analyzed. In

order to investigate the effects of Reynolds number and source separation distance on

the mixing of two plumes, the cross correlation function, co-spectra and coherency
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spectra of the two concentration fields are examined. Because the transport equation

for the instantaneous concentration field is linear, the mean concentration (first-order

concentration moment) of the total plume can be obtained as a sum of the mean

concentration of each plume. However, other concentration moments (e.g., second-

order and higher) are not linearly superposable and the interference of the two plumes

should be taken into account for calculations of higher-order concentration moments

of the total plume.

The streamwise variation of the cross correlation function (ρ[1|1]) at the midpoint

between the two plumes reveals that there are four stages in the mixing process, in-

cluding (1) the zero interference stage where ρ[1|1] = 0, (2) destructive interference

stage where ρ[1|1] < 0, (3) constructive interference stage where ρ[1|1] ≥ 0, and (4)

complete mixing state where ρ[1|1] → 1. At the source height, the streamwise evo-

lution of the cross correlation ρ[1|1] is insensitive to the Reynolds number but highly

sensitive to the source separation distance d. For a small source separation case, as

the downstream distance from the sources increases, the cross correlation first de-

creases and then it increases towards the asymptotic value of unity. However, for a

large source separation case, the streamwise evolution of the cross correlation takes a

much longer downwind fetch.

The results of the pre-multiplied co-spectrum (f ∗Coc′Ac′B) and the coherency spec-

trum (ρ
[1|1]
f ) obtained at the midpoint between the two plumes at source height for

different downstream locations can provide deeper insights into plume mixing at dif-

ferent scales. In the first stage (zero interference stage), because the midpoint be-

tween the two plumes is exposed to clean fluid most of the time, the pre-multiplied

co-spectrum is zero at all scales. In the second stage (destructive interference stage),

due to large-scale turbulent motions, patches of concentration are transported from

one plume to the other, resulting in a negatively valued peak in the pre-multiplied

co-spectrum at low frequencies (corresponding to large scales). In the third stage

(constructive interference stage), the internal turbulent stirring and molecular mix-
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ing of the two plumes give rise to a positive spectral peak in the pre-multiplied

co-spectrum. As the downstream distance increases, the magnitude of this spectral

peak increases monotonically as its frequency decreases (correspondingly, the scale of

mixing becomes larger). In the fourth stage (complete mixing state), the cross corre-

lation ρ[1|1] reaches its maximum value of unity, and subsequently, the pre-multiplied

co-spectrum reaches its asymptotic form.

It is observed that there is a range of ‘leading scales’ which correspond to the

largest values of ρ
[1|1]
f in the coherency spectrum. These scales are typically two to

ten times larger than the Kolmogorov scale but are smaller than or comparable to the

scale of the most energetic eddies of turbulence. Within the range of leading scales,

the mixing of two plumes is the fastest and ρ
[1|1]
f approaches the asymptotic value of

unity quicker than at any other scales.

In comparison to the studies of Warhaft (1984) in grid turbulence, Costa-Patry

and Mydlarski (2008) in a turbulent plane-channel flow, and Tong and Warhaft (1995)

in a turbulent jet, the following differences are identified.

• Large scale eddy motions provide the primarily contribution to plumes mixing in

the studies of Warhaft (1984) and Costa-Patry and Mydlarski (2008). In contrast,

the small scale internal turbulent mixing is dominant in plumes mixing of this study.

• ρ[1|1] reaches the asymptotic value of unity, faster in this study than in the case of

grid turbulence of Warhaft (1984). This is attribute to the fact that the sources in

this study are located at the highly-sheared region near the wall.

• Due to the limitations in the measurements, Warhaft (1984), Tong and Warhaft

(1995), and Costa-Patry and Mydlarski (2008) were unable to observe that ρ[1|1]

approaches zero at fringes of the plume, which is detected in this study.

• Because of large meandering motions, the rate of mixing is the fastest at the largest

scales in the studies of Tong and Warhaft (1995) and Costa-Patry and Mydlarski

(2008). However, for the ground-level sources studied here, the internal turbulent

mixing is dominant and therefore, the mixing is the fastest at the smallest scales.
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Chapter 4

Effect of Source Elevation on the

Dispersion and Mixing of Plumes

4.1 Introduction

In chapter 3, the dispersion and mixing of two plumes released from two ground-

level point sources in a turbulent open-channel flow have been studied. However,

the dispersion and mixing of plumes released from elevated sources also represent an

important topic in atmospheric sciences and environmental engineering. The atmo-

spheric boundary layer is the lowest part of the atmosphere that is in contact with,

and directly influenced by, the surface of the Earth. Its thickness is approximately 100

to 3000 meters and varies in both space and time. In a typical urban environment,

the materials are released from a stack located at 10-50 meters above the ground into

the atmospheric boundary layer. The source height in these types of application is

approximately 0.3-50% of the boundary layer thickness. The lower and higher limits

of this range corresponds to the release of materials into the atmospheric boundary

layer from sources at the ground and elevated levels, respectively. In view of this, it

is important to develop a deep understanding of the dispersion and mixing of plumes

released from elevated sources in addition to ground-level sources.
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Table 4.1: Summary of test cases. The near ground-level source (GLS) is located at
y+
s = 5 and the elevated source (ES) is located at y+

s = 40.

Case Source type Source separation (d/δ) Source size (σ0/δ)

1 GLS 0.049 0.007
2 GLS 0.115 0.007
3 GLS 0.279 0.007
4 GLS 0.541 0.007
5 ES 0.049 0.008
6 ES 0.115 0.008
7 ES 0.279 0.008
8 ES 0.541 0.008

In this chapter, the effect of source elevation on the dispersion and mixing of

two plumes released from two point sources in a turbulent open-channel flow is stud-

ied. The interference process of the two elevated plumes is compared with that of

the ground-level plumes. Specifically, the concentration statistics, which include the

mean and RMS concentrations, the cross correlation coefficient, the concentration co-

spectrum and coherency spectrum, the concentration PDF, the concentration EDF

and various higher-order concentration moments are examined.

4.2 Problem Description

The flow configuration in this chapter is identical to that used in chapter 3, and its

geometry has been illustrated in figure 3.1. The dual plumes are released from two

point sources into an open-channel flow with the Reynolds number set to Reτ = 395.

The two sources are of equal strength and are located at a vertical distance of ei-

ther y+
s = 5 (in the viscous sublayer) or y+

s = 40 (in the log-law region) from the

lower (solid) wall, corresponding to a pair of near ground-level or elevated sources,

respectively. The choice of these two elevations is related to the fact that the indus-

trial sources (e.g., exhaust from vehicles and chimneys) are located either near the
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ground surface or in the lower portion of the atmospheric boundary layer (viz., sur-

face layer). These two configurations allow us to study the effects of the wall on the

interference of the concentration fields from the two point sources (each of size σ0) in

a neutrally-stratified wall-shear flow as a function of the source separation distance

d in the spanwise direction. For each case of the ground-level and elevated releases,

four different spanwise source separation distances d are investigated. The source

separation and source size for the various test cases are summarized in table 4.1.

4.3 Results and Discussion

4.3.1 Mean Concentration Field

In this subsection, the mean concentration field for a single and the total plumes are

presented and discussed.

4.3.1.1 Mean concentration of a single plume

The mean concentration in a dispersing passive plume released from a point source

in grid turbulence assumes a Gaussian form in the spanwise direction (Uberoi and

Corrsin, 1953; Townsend, 1954). Similarly, it is expected that spanwise profiles of the

mean concentration of a plume released from either a ground-level or an elevated point

source in a turbulent boundary layer also exhibit a Gaussian form. The horizontal

mean concentration profile of a single plume at source height ys can be fitted using a

Gaussian distribution of the form:

C(x, ys, z) = C0(x, ys)exp

(
−1

2
(z − zs)2/σ2

z

)
, (4.1)

where C0(x, ys) is the plume centerline mean concentration at source height, zs is the

location of the source in the spanwise direction, and σz is the lateral mean plume

dispersion. The lateral mean plume dispersion is the distance in the spanwise di-

rection over which the mean concentration in the plume decreases to about 61% of
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its maximum value. The half width of the mean plume in the spanwise direction

will be denoted by Σz, defined as the distance over which the mean concentration

decreases to about 1% of its maximum value. For a Gaussian mean concentration

profile, Σz ≈ 3σz as is shown in figure 3.5.

Figure 4.1 compares the streamwise development of the mean (absolute) and rel-

ative dispersion scales of a single plume released from near ground-level and elevated

sources. The streamwise variation of the non-dimensionalized lateral mean plume

dispersion σz/δ and the ratio of the lateral relative plume dispersion to the lateral

absolute plume dispersion (viz., σr/σz) at source height are shown in figures 4.1(a)

and (b), respectively. As is evident in figure 4.1(b), there are two stages in the

streamwise evolution of the plume dispersion for the elevated source; namely, the

turbulent convective regime where the meandering of the instantaneous plume pro-

vides the dominant contribution to the concentration fluctuations, and the turbulent

diffusive regime where the internal mixing through eddy motions within the plume

begin to dominate the concentration fluctuations. The turbulent convective regime

can be defined as the downwind range where the meander ratio M = σ2
c/σ

2
r ≥ 1

(or equivalently, σr/σz ≤ (1/2)1/2 ≈ 0.7071). Consequently, the turbulent diffu-

sive regime can be defined as the downwind fetches where M < 1 (or equivalently,

σr/σz > (1/2)1/2 ≈ 0.7071).

For the elevated source, it is seen that the turbulent convective regime extends in

the streamwise direction to about 2.2 times the boundary-layer height (i.e., x/δ = 2.2,

location marked using vertical dash-dot line in figure 4.1(b)), and the plume tran-

sitions to the turbulent diffusive regime beyond this location. Unlike the elevated-

source release, the plume from the ground-source release only exhibits a turbulent

diffusive regime of development as is shown in figure 4.1(b). This indicates that

internal fluctuations are the dominant mechanism responsible for generating concen-

tration fluctuations in the dispersing plume for the ground-level source release at all

downwind fetches.
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Figure 4.1: Streamwise development of a single plume. (a) The lateral mean (or
absolute) plume dispersion σz scaled by the boundary-layer height δ and (b) the ratio
of the lateral relative plume dispersion σr to the mean plume dispersion σz (for the
ground-level and elevated sources) as a function of the non-dimensional downstream
distance x/δ. The beginning of the turbulent diffusive range for the elevated source
is demarcated using the vertical dot-dash line.

As it is discussed in chapter 3, in the turbulent convective regime for the plume

from the elevated source, the width of the instantaneous plume is relatively small

compared to the size of the most energetic turbulent eddies in the bulk flow. When

the instantaneous plume width is comparable in size to that of the most energetic

turbulent eddies, the development of the instantaneous plume transitions into the

turbulent diffusive regime where the major contribution to the scalar fluctuations

arises from the internal fluctuations (in-plume mixing processes) and the effects of

plume meander become less and less important with increasing downwind fetch in

this regime.

The above discussion for the plume growth of the elevated source can be further

supported by comparing the size of the most energetic turbulent eddies in the flow

with the width of the instantaneous plume at the beginning of the turbulent diffu-

sive range. Figure 4.2(a) shows the velocity spectrum Ew′w′(kz) plotted against the

wavenumber kz. The velocity fluctuations used for the computation of this spectrum
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Figure 4.2: (a) Spanwise velocity spectrum plotted against the spanwise wavenumber
and (b) pre-multiplied spanwise velocity spectrum plotted against the spanwise wave-
length at y+ = 40 (height of the elevated source). The full width of the instantaneous
plume (2Σr) at the beginning of the turbulent diffusive range for the elevated source
is indicated by the dashed vertical line.

were obtained at the elevated source height y+ = 40. In order to clearly show the size

of the most energetic eddies, it is more convenient to display the velocity spectrum

pre-multiplied by the wavenumber (i.e., kzEw′w′(kz)) plotted against the normalized

spanwise wavelength Λz/δ = 2π
/

(kzδ). The wavelength corresponding to the spectral

peak in this figure is associated with the size of the most energetic turbulent eddies in

the flow. Also in this figure, the full width of the instantaneous plume at the begin-

ning of the turbulent diffusive range for the elevated source (taken to be 2Σr = 6σr

as defined in figure 3.5) is indicated using the dashed vertical line. As is evident from

this figure, the width of the instantaneous plume at the beginning of the turbulent

diffusive regime for the elevated source is comparable (approximately or better) to

the size of the most energetic eddies in the flow.

The vertical mean concentration profile along the mean plume centerline in the

horizontal direction (z = zs) for a single ground-level source can be fitted using the

following functional form (Fackrell and Robins, 1982):

C(x, y, zs) = C0(x, zs)exp

(
−1

2
(y/σy)

s

)
, (4.2)

where C0(x, zs) is the maximum mean concentration along the centerline of the mean
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plume at ground level (y = 0), σy is the vertical mean plume dispersion and s is the

power-law exponent. A least-squares fitting of the functional form of equation 4.2

to the DNS data for the vertical mean concentration profiles yielded a value for s of

1.5. In contrast, for a single elevated source (located at the lateral position z = zs),

a reflected Gaussian form (Fackrell and Robins, 1982) can be used to determine the

vertical plume dispersion σy, viz.

C(x, y, zs) ∼ exp

(
−1

2
(y − ys)2/σ2

y

)
+ exp

(
−1

2
(y + ys)

2/σ2
y

)
. (4.3)

Figure 4.3 shows the streamwise variation of the vertical mean plume spread σy for

both the ground-level and elevated sources. It can be seen that for the ground-level

source, the vertical mean plume spread is linear (viz., σy ∝ x) over the range of

downwind fetches studied. For the elevated source, the vertical spread in the mean

plume is linear (approximately or better) up to a downwind distance from the source

of about x/δ ≈ 1. After this range, there is a gradual transition1 of the elevated

plume form to a ground-level plume form. Indeed, as this transition occurs, the rate

of the vertical mean plume spread for the elevated plume slows down (relative to that

of the initial phase of development) and approaches a growth rate that is comparable

to that observed for the ground-level plume.

Figure 4.4 shows the downstream development of the vertical profile of the mean

concentration along the plume centerline for a ground-level and an elevated source.

The vertical distance y has been non-dimensionalized by the corresponding vertical

mean plume dispersion σy at the given downstream location. The figure shows that for

the near ground-level source, the vertical mean concentration profiles at all downwind

locations approach a self-preserving form. The transition of the elevated plume form

to the ground-level plume form can be clearly seen in figure 4.4(b). It is evident that

the vertical mean concentration profiles of the elevated source start to collapse on

1Transition of an elevated plume to a ground-level plume takes place when the bottom boundary
of the plume begins to touch the lower (solid) wall. Eventually, at sufficient distances downwind of
the elevated source, the vertical mean concentration profile in the plume approaches a self-preserving
form similar to that observed for a ground-level plume.
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Figure 4.4: The vertical profiles of the mean concentration along the plume centerline
for (a) a ground-level and (b) an elevated source at non-dimensionalized downwind
fetches of x/δ = 1 (solid line), 2 (dashed line), 4 (dotted line) and 6 (dash-dot line).

each other as the downwind distance from the source increases to x/δ = 4 and 6.

A further comparison of the vertical concentration profiles at these two downwind

locations with those for the ground-level source shown in figure 4.4(a) confirms that

the shape of these profiles for the elevated source is very similar to the corresponding

self-preserving profiles for the ground-level source. This indicates that in a region far

downstream of the source, the effect of source elevation on the mean plume dispersion

becomes much reduced.
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4.3.1.2 Mean concentration of the total plume

The streamwise development of the lateral (spanwise) profiles of the total mean con-

centration CT for cases 1–4 corresponding to the ground-level sources is shown in

figure 4.5. Similarly, figure 4.6 displays the streamwise evolution of CT for cases 5–8

corresponding to the elevated sources. In all these cases, the total mean concentration

has been non-dimensionalized using the corresponding maximum mean concentration

CT,m at a given downstream location. Recall again that the mean concentration from

the two individual sources are additive, and therefore, the total mean concentration

CT for the two sources is simply a linear superposition of the two individual mean

concentrations.

For the ground source release case, it is apparent from figures 4.5(a)-(d) that the

dual peak pattern in the lateral profile of the total mean concentration (arising from

the dual sources) varies with both the source separation distance d and the downwind

distance x/δ from the sources. The dual peak pattern is the most strongly expressed in

case 4 (which has the largest source separation). As the downwind distance increases,

the dual peak pattern becomes less apparent. In contrast to the streamwise evolution

of the total mean plumes of cases 3 and 4, the total plume in cases 1 and 2 exhibits

only one single peak at the midpoint between the two sources at the four downwind

locations examined. This is because the source separation is the smallest in cases 1

and 2 and the two plumes have already overlapped significantly for these cases at the

four downwind locations shown in figure 4.5.

The streamwise development of the total mean concentration in the four elevated

source release cases are compared in figures 4.6(a)-(d). Similar to the ground source

release case, a dual peak pattern in the total mean plume appears at the near-source

downwind locations for those test cases with large source separation. A comparison

between figures 4.5 and 4.6 reveals that for all four source separation distances

tested in the ground and elevated source release scenarios, the dual peak pattern

vanishes entirely for x/d > 15 and 12, respectively. The difference in behavior here
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Figure 4.5: The lateral profiles of the total mean concentration for cases 1 (solid
line); 2 (dashed line); 3 (dotted line); and, 4 (dash-dot line) at normalized downwind
fetches of (a) x/δ = 1, (b) 2, (c) 4, and (d) 6 for the ground-level sources. These
profiles are obtained at the source height y+ = 5.

arises from the fact that for the elevated plume, the absolute magnitude of the lateral

plume spread exceeds that for the (near) ground-level source in the turbulent diffusive

regime (x/δ > 2.2). As a consequence, the disappearance (or, merging) of the two

concentration peaks from the individual sources in the lateral profile of the total mean

concentration occurs at a smaller downwind distance for the elevated source than for

the ground-level source.

4.3.2 Concentration Fluctuations

In this subsection, the interaction of the dual plumes as manifested through the

behavior of the second-order concentration moment is investigated. The RMS con-

centration profiles of a single plume are first studied in order to provide a point of

reference for comparison with the results of the dual plumes.
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Figure 4.6: The lateral profiles of the total mean concentration for cases 5 (solid
line); 6 (dashed line); 7 (dotted line); and, 8 (dash-dot line) at normalized downwind
fetches of (a) x/δ = 1, (b) 2, (c) 4, and (d) 6 for the elevated sources. These profiles
are obtained at the source height y+ = 40.

4.3.2.1 Single plume fluctuations

Figure 4.7 compares the lateral profiles of the RMS concentration ĉ at source height

for a single ground-level and a single elevated source release. The RMS concentration

has been non-dimensionalized using its maximum value ĉm at a given downstream

position. The RMS concentration profiles for the ground-level source exhibit off-

axis peaks at all the downstream locations shown in figure 4.7. In contrast, the RMS

concentration profiles for the elevated source have a single central peak at downstream

locations close to the source (for x/δ = 1 and 2) with the emergence of off-axis peaks

at locations further downstream of the source (for x/δ = 4 and 6). These differences

exhibited in the RMS concentration profiles for the ground-level and elevated sources

can be explained as follows.

From figure 4.7, it is seen that for the ground-level source, the off-axis peaks

in the lateral profile of ĉ occur approximately at zp = zs ± σz. Owing to the fact

that the lateral profiles of C are Gaussian, these off-axis peak locations coincide with

the inflection points of the mean concentration profile, where the production rate
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Figure 4.7: Comparison of the lateral profiles of ĉ for a single ground-level (solid line)
and a single elevated (dashed line) plume at source height and at four downwind
fetches of (a) x/δ = 1, (b) 2, (c) 4, and (d) 6 from the source. The vertical solid and
dashed lines demarcate the spanwise positions located at ±σz from the mean plume
centerline for the ground-level and elevated source, respectively.

of the concentration variance (−u′ic′∂C
/
∂xi) is the largest due to the large mean

concentration gradients. Similarly, the location of the local minimum in the lateral

profile of ĉ for the ground-level source occurs at a location with zero production rate of

the concentration variance (i.e., −u′ic′∂C
/
∂xi = 0), where the mean concentration is

maximum (and associated with the location where the spanwise mean concentration

gradient vanishes).

In contrast to the ground-level source, it is seen from figure 4.1 that for the el-

evated source, the plume is in the turbulent convective regime of development for

x < 2.2δ, where meandering motions are dominant. This distinct physical feature,

where plume meander provides the major contribution to the concentration fluctua-

tions, is absent for the ground-level source. Based on the study of a fluctuating plume

model, Yee and Wilson (2000) indicated that strong meandering motions can lead to

the obliteration of the off-centerline peaks in the lateral profiles of ĉ. However, as

shown in figures 4.7(c) and (d), at locations further downstream of the elevated source
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when the plume has transitioned to the turbulent diffusive regime of development,

the emergence of off-centerline peaks in the lateral profile of ĉ is observed. Again,

the location of these off-axis peaks in the profiles of ĉ corresponds to the inflection

points in the profile of the mean concentration C, which has a Gaussian distribution

in the lateral direction. Note that for both the ground-level and elevated sources, off-

axis peaks of ĉ are observed in the turbulent diffusive regime of plume development

where the meandering motions no longer provide the dominant contribution to the

concentration fluctuations.

4.3.2.2 Total plume fluctuations

Figures 4.8 and 4.9 compare the lateral profiles of the RMS concentration of the

total plume (ĉT ) for the ground-level and elevated source releases at their respective

source heights. In these lateral profiles, ĉT has been normalized by the maximum

value ĉT,m, such that the highest value is unity. At all downstream locations shown in

figure 4.8, the profiles of ĉT for cases 1 and 2 (near ground-level sources) exhibit two

off-axis peaks with a local minimum along the centerline (between the two sources)

at all the downstream fetches considered. In contrast, profiles of ĉT for cases 3 and

4 (near ground-level sources) exhibit four off-axis peaks at x/δ = 1, 2 and 4, with

the ratio of these peak values to the centerline value of ĉT decreasing with increasing

downstream distance from the sources. Lateral profiles of ĉT for cases 5–8 (elevated

sources) appear to be generally simpler in pattern than those for cases 1–4 (near

ground-level sources). In particular, only case 8 at the further downwind fetches of

x/δ = 4 and 6 exhibit four off-axis peaks in the lateral profiles of ĉT (albeit very

weakly at x/δ = 4). Based on the discussion for the downstream evolution of the

spanwise profiles of the total mean concentration CT and the RMS concentration ĉ

for a single plume in the previous section, the downstream evolution of the spanwise

profiles of ĉT for the ground-level and elevated sources can be explained as follows.

As is shown earlier for a single ground-level source, the meandering effect on
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Figure 4.8: Lateral profiles of RMS concentration ĉT of the total plume at source
height corresponding to cases 1 (solid line), 2 (dashed line), 3 (dotted line) and 4
(dash-dot line) at four downwind fetches of (a) x/δ = 1, (b) 2, (c) 4, and (d) 6 for
two near ground-level sources.
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Figure 4.9: Lateral profiles of RMS concentration ĉT of the total plume at source
height corresponding to cases 5 (solid line), 6 (dashed line), 7 (dotted line) and 8
(dash-dot line) at four downwind fetches of (a) x/δ = 1, (b) 2, (c) 4, and (d) 6 for
two elevated sources.
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concentration fluctuations is small. Therefore, the local minima of ĉT for the ground-

level source (cases 1–4) coincide with the extremal locations in the corresponding

total mean concentration profile, and the locations of local maxima of ĉT coincide

with the locations of maximum absolute gradient of total mean concentration profile

(∂CT/∂xi). This conclusion can be confirmed by comparing figure 4.8 with figure 4.5

for the ground-level source cases. To further investigate this phenomenon, in fig-

ures 4.10 and 4.11, the profiles of the mean concentration CT and RMS concentration

ĉT of the total plume are directly compared at four downstream locations for cases 1

and 3, respectively. In both figures, the values of CT and ĉT have been normalized

using the corresponding local maxima of the profiles and labeled generically using

φ/φm. At all downstream fetches shown, the locations of the local minima in the ĉT

profile coincide with the locations of the local extrema in the associated CT profile

(viz., locations where the derivative of CT with respect to z becomes vanishingly

small). Similarly, the local maxima in the ĉT profile coincide with the locations of

the inflection points in the corresponding CT profile (viz., locations corresponding to

curvature changes in the profile associated with points where the second derivative of

CT with respect to z becomes vanishingly small). Similar behavior is also observed

in cases 2 and 4 for the two near ground-level sources.

In section 4.3.1.1, it is shown that plume meandering for a single elevated source

is significant at x/δ = 1 and 2. However, at x/δ = 4 and 6, the meandering effect is

significantly attenuated with the result that the ĉT profiles for the elevated sources re-

semble those for the ground-level sources. To investigate the dual plume interference,

the lateral profiles of CT and ĉT for cases 5 and 7 (two elevated sources) are superim-

posed in figures 4.12 and 4.13, respectively, at 4 different downwind fetches from the

sources. As shown in figures 4.12(a) and (b) and 4.13(a) and (b), close to the sources

at x/δ = 1 and 2, the RMS concentration from each single source is unimodal (with

the mode at the respective plume centerline shown by downward pointing arrows) and

these individual peaks are resolved in the total RMS concentration profile. This is
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Figure 4.10: Lateral profiles of the total mean concentration CT (solid line) and the
total RMS concentration ĉT (dashed line) at source height corresponding to case 1
(near ground-level sources separated by d/δ = 0.049) at four downwind fetches of (a)
x/δ = 1, (b) 2, (c) 4, and (d) 6 from the two sources. Vertical solid lines indicate the
locations of inflection points in the lateral profiles of the total mean concentration for
case 1.

1.2 1.4 1.6 1.8 2
0

0.4

0.8

1.2

z/δ

φ
/
φ
m

1 1.2 1.4 1.6 1.8 2 2.2
0

0.4

0.8

1.2

z/δ

φ
/
φ
m

0.8 1.2 1.6 2 2.4
0

0.4

0.8

1.2

z/δ

φ
/
φ
m

0.8 1.2 1.6 2 2.4
0

0.4

0.8

1.2

z/δ

φ
/
φ
m

(a) (b)

(c) (d)

Figure 4.11: Lateral profiles of the total mean concentration CT (solid line) and the
total RMS concentration ĉT (dashed line) at source height corresponding to case 3
(near ground-level sources separated by d/δ = 0.279) at four downwind fetches of (a)
x/δ = 1, (b) 2, (c) 4, and (d) 6 from the two sources. Vertical solid lines indicate the
locations of inflection points in the lateral profiles of the total mean concentration for
case 3.
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because at downwind fetches near the sources, the meandering effect is strong in each

elevated plume, which tends to obliterate the off-axis peaks in the RMS concentration

profile of each plume. As a result, the peaks in the total RMS concentration only

occur at the mean centerline (axis) of the two plumes. By comparing figures 4.12(a)

and (b) with 4.13(a) and (b), respectively, it is obvious that this physical feature (as a

result of meandering effects) is more distinctively expressed as the source separation

distance increases. Further downwind of the sources at x/δ = 4 and 6, the meandering

is either weak or negligible, and the dual plume interference is dominated by internal

fluctuations. In consequence, as shown in figures 4.12(c) and (d) and figures 4.13(c)

and (d), the total mean concentration CT exhibits a single peak, and the locations of

the local maxima in the ĉT profile (off-axis peaks) coincide with the locations of the

inflection points in the CT profile. Similar behavior is observed in cases 6 and 8 for

the two elevated sources with larger source separations.

4.3.3 Correlation Functions

The streamwise variation of the second-order correlation functions (or, cross correla-

tion) at the midpoint in the spanwise direction between the two plumes at the source

height is shown in figure 4.14. Similar to the observation in section 3.3.4, four distinct

stages in the streamwise evolution of ρ[1|1] can be identified from figure 4.14, which are

analyzed as follows. To facilitate the discussion, the streamwise developments of the

mean plume width (2Σz) and the relative plume width (2Σr) for single ground-level

and elevated sources are shown in figures 4.15 and 4.16, respectively.

• Stage I: Zero Interference (ρ[1|1] ≈ 0)

As is evident in figure 4.14, the zero interference pattern are the most strongly ex-

pressed for cases 3, 4, 7 and 8, which feature large source separation distances. How-

ever, if the source separation distance d is small (as in cases 1 and 5), this stage

is not observed owing to the size of the sources σ0 in relation to the source separa-
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Figure 4.12: Lateral profiles of the total mean concentration CT (solid line) and the
total RMS concentration ĉT (dashed line) at source height corresponding to case 5
(elevated sources separated by d/δ = 0.049) at four downwind fetches of (a) x/δ = 1,
(b) 2, (c) 4, and (d) 6 from the two sources. Vertical solid lines indicate the locations
of inflection points in the lateral profiles of the total mean concentration for case 5.
The downward pointing arrows delineate the spanwise locations of the two sources.
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Figure 4.13: Lateral profiles of the total mean concentration CT (solid line) and the
total RMS concentration ĉT (dashed line) at source height corresponding to case 7
(elevated sources separated by d/δ = 0.279) at four downwind fetches of (a) x/δ = 1,
(b) 2, (c) 4, and (d) 6 from the two sources. Vertical solid lines indicate the locations
of inflection points in the lateral profiles of the total mean concentration for case 7.
The downward pointing arrows delineate the spanwise locations of the two sources.
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Figure 4.14: Streamwise variation of ρ[1|1] at the midpoint in the spanwise direction
between the two plumes at source height. Cases 1 ( ), 2 (�), 3 (H), 4 (�), 5 (©), 6
(�), 7 (5), and 8 (♦).

tion distance d. As shown in figures 4.15 and 4.16 (for cases 1 and 5, respectively),

at downwind fetches very close to the sources, the mean plume width (shown by

solid symbols) of each source is comparable to or larger than the source separation

d, resulting in a non-zero correlation between the two plumes. Figure 4.14 reveals

that this stage of development extends to a shorter downwind distance for elevated

source cases compared to ground-level source cases. This is because, as shown in fig-

ure 4.1(a), an elevated mean plume disperses faster compared to a ground-level mean

plume, and consequently two elevated mean plumes overlap at a shorter downwind

location compared to two ground-level mean plumes.

• Stage II: Destructive Interference (ρ[1|1] < 0)

From figure 4.14, the destructive pattern exists in all 8 test cases. Furthermore, it is

evident from an examination of figures 4.15 and 4.16 that in this stage, the lateral

spreading of the mean plume (shown by solid symbols) is initially much larger than

that of the relative plume (shown by hollow symbols) and ρ[1|1] becomes increasingly

negative initially (owing to the fact that the correlation between the mean plumes

CACB is stronger than that of the instantaneous plumes cAcB). Eventually, the plume

meandering decreases and the lateral spreading of the relative plume approaches
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Figure 4.15: The streamwise evolution of the mean plume width 2Σz (solid symbols)
and the relative plume width 2Σr (hollow symbols) for a single ground-level source
non-dimensionalized by the source separation distance (d) for cases 1 ( and ©),
2 (� and �), 3 (H and 5) and 4 (� and ♦). The horizontal dotted lines used for
dividing the four stages of dual plume interference are conceptual.

to that of the mean plume, leading to the condition that cAcB grows faster than

CACB. As a direct consequence, the value of ρ[1|1] starts to increase (towards less

negative values) after reaching its absolute minimum. Figure 4.14 shows that in the

second stage, the ground-level source cases have stronger negative cross correlation

(a negatively valued trough) compared to the elevated source cases. This is because,

as shown in figure 4.1(b), for a ground-level source release the lateral spreading of

the relative plume approaches to that of the mean plume (σr → σz) at a slower rate

compared to that for an elevated source release.

• Stage III: Constructive Interference (ρ[1|1] ≥ 0)

This stage of development is observed for cases 1, 2, 5 and 6. A careful investigation

of figure 4.14 in conjunction with figures 4.15 and 4.16 shows that the third stage

of development begins roughly at downwind locations from the sources where the

value of the ratio of the relative plume width to the source separation distance (i.e.,

2Σr/d) exceeds 8 and 5, respectively, for the ground-level and elevated sources. From

68



x / δ

2Σ
z
/d

,
2Σ

r
/d

10-1 100

10-1

100

101
Constructive interference

Zero interference

Destructive
interference

Figure 4.16: The streamwise evolution of the mean plume width 2Σz (solid symbols)
and the relative plume width 2Σr (hollow symbols) for a single elevated source non-
dimensionalized by the source separation distance (d) for cases 5 ( and ©), 6 (�
and �), 7 (H and 5) and 8 (� and ♦). The horizontal dotted lines used for dividing
the four stages of dual plume interference are conceptual.

figure 4.14, the cross correlation value is larger for the elevated source cases compared

to the ground-level source cases at a given downwind location, although the rate

of change of the cross correlation with downwind distance for the ground-level and

elevated source cases is approximately equal (for the same source separation). This is

because, as shown in figure 4.1 at far downwind locations from the sources, the rate

of plume dispersion (absolute and relative) of an elevated plume approaches to that

of a ground-level plume.

• Stage IV: Complete mixing (ρ[1|1] ≈ 1)

A comparison of the profiles exhibited in figure 4.14 indicates that the cases with a

smaller source separation tend to reach this complete mixing state earlier than the

cases with a larger source separation. Such an asymptotic behavior is captured in

cases 1 and 5. However, in order to reproduce this complete mixing stage in the other

six test cases, a much longer downwind fetch would be required in the simulations.

Figure 4.17 exhibits the lateral profiles of ρ[1|1] for all eight cases (see table 4.1)
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Figure 4.17: Lateral profiles of ρ[1|1] at source height at four downwind fetches of (a)
x/δ = 1, (b) 2, (c) 4, and (d) 6 from the two sources. Ground-level source releases
are cases 1 ( ), 2 (�), 3 (H), 4 (�). Elevated source releases are cases 5 (©), 6 (�),
7 (5), and 8 (♦).

at the source height at four different downwind distances from the dual sources. The

streamwise variation in the lateral profiles of ρ[1|1] also reflects the four stages in

the mixing of the two plumes. In the first stage of the downwind development of

ρ[1|1], the shape of the lateral profile is flat with a zero value, because there is no

interaction between the two plumes (viz., a vanishingly small probability for the two

instantaneous plumes to overlap). This first stage of development is more evident for

those cases associated with a large source separation distance d and at downstream

locations close to the sources (e.g., cases 4 and 8 at x/δ = 1 in figure 4.17(a) ).

The second stage of development is associated with characteristic rounded M-shaped

lateral profiles. These M-shaped lateral profiles exhibit a negative-valued minimum

in ρ[1|1] midway between the two plumes and broad positive-value maxima are found

on either side of the midpoint location. Typical examples of the second stage of

development exhibited in figure 4.17 include case 2 for x/δ < 6, cases 3 and 7 at all

available downwind fetches and case 6 for x/δ < 4.

As discussed earlier, the negative-valued minimum at the midpoint between the
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two plumes is due to the fact that a large eddy (relative to the plume width) at this

location causes the concentration contributed by one plume to increase and that con-

tributed by the other plume to decrease. For sources that are close enough together,

the positive maximum values in ρ[1|1] away from the centerline arise from the fact

that at these locations, the two plumes meander together frequently, causing the two

concentrations to either increase or decrease simultaneously. During the third stage,

the minimum of the M-shaped lateral profile becomes positively valued, and the pro-

file itself begins to flatten out as the two plumes overlap each other to a greater and

greater extent. Typical examples of the third stage of development can be observed

in figures 4.17(a), (b) and (c) for cases 1 and 5, and figure 4.17(d) for cases 2 and

6. Finally, during the fourth stage of development, a uniform flat profile of ρ[1|1]

with an asymptotic value of unity forms indicating that the concentrations in the two

overlapping plumes are completely mixed. As shown in figure 4.17(d), this limiting

behavior is seen by cases 1 and 5 at a large downwind distance (e.g., x/δ = 6) from

the sources.

4.3.4 Concentration Co-spectrum and Coherency Spectrum

Similar to the analysis given in section 3.3.5, the information about the scales of

the mixing of the two elevated plumes can be quantified using the co-spectrum and

coherency spectrum. The pre-multiplied co-spectrum and the coherency spectrum

obtained at the midpoint between the two plumes at source height for case 5 are

shown in figures 4.18(a) and (b), respectively. In order to investigate the stream-

wise evolutions of the pre-multiplied co-spectrum and coherency spectrum, several

downstream locations (with different x/δ values) are considered in the comparative

study. Here, the co-spectrum Coc′Ac′B and the coherency spectrum ρ
[1|1]
f for the ele-

vated source are presented, as the results of the ground-level source are previously

presented and discussed in section 3.3.5.

The streamwise evolution of Coc′Ac′B and ρ
[1|1]
f follows the streamwise evolution of
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Figure 4.18: The pre-multiplied co-spectrum and coherency spectrum of dual plumes
for case 5 obtained at the midpoint between the two plumes and at source height,
for x/δ = 0.5 (solid line), 1 (thin dashed line), 3 (dash-dotted line), 6 (dotted line)
and 12 (thick dashed line). The straight vertical dashed line shows the frequency
corresponding to the Kolmogorov scale. Ranges 1 and 2 indicate the leading scales
in the turbulent convective and the turbulent diffusive regimes, respectively.

the cross correlation. The four stages in the development of the cross correlation can

also be observed from the pre-multiplied co-spectrum and coherency spectrum for

case 5, which is similar to those for the ground-level sources (see figure 3.14(b) and

figure 3.15(b)). The leading scales in the mixing of the two plumes are identified and

labeled in figure 4.18(b) (i.e., ranges 1 and 2). It is seen that in the turbulent convec-

tive regime (i.e., x/δ < 2.2), the leading scales (range 1) are located at low frequencies.

However, in the turbulent diffusive regime (i.e., x/δ > 2.2), the leading scales (range

2) are located at higher frequencies. This indicates that the rate of mixing of two

plumes is faster at large scales in the turbulent convective regime. This is because

plume meandering is a large-scale phenomenon, and it is the dominant mechanism

in the mixing of the two plumes in the turbulent convective regime. The effect of

meandering reduces significantly in the turbulent diffusive regime where the internal

turbulent mixing provides the primary contribution to the mixing process. Therefore,

the rate of mixing of two plumes is faster at small scales when the plume is in the
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turbulent diffusive regime. These observation for the elevated sources are consistent

with those for the ground-level sources demonstrated previously in figure 3.15(b).

4.3.5 Concentration PDF and EDF

In this subsection, the concentration PDF of a single plume is first studied, followed

by a detailed discussion of the effects of plume interference on the concentration EDF

of the total plume.

4.3.5.1 Concentration PDF of a single plume

The concentration PDF at point x = (x, y, z) is defined as

f(χ; x)dχ = Pr{χ ≤ c(x) < χ+ dχ} , (4.4)

where Pr{·} denotes the probability and χ is the value that can be assumed by the

(random) instantaneous concentration c(x). Figure 4.19 compares the nondimension-

alized concentration PDF at source height along the mean plume centerline for a

single ground-level or elevated source at four downwind distances from the source.

This figure shows that the concentration PDF at the plume centerline for the ground-

level source exhibits a Gaussian-like form (with the mode located at χ/C = 1) at all

downstream locations from the source.

In contrast to the concentration PDF for the ground-level source, the concentra-

tion PDF along the plume centerline of the elevated source exhibits an exponential

form at downwind locations close to the source and approaches a Gaussian-like form

as the distance from the source increases. As shown in figures 4.19(a) and (b), for the

elevated source case, the concentration PDF assumes an exponential-like form (with

the PDF having a prominent peak at χ/C = 0) over immediate downwind fetches

from about x/δ = 0.5 to 1. The peak at zero concentration for the PDF in the near-

source region is due to the large dominant meandering motions that cause plume to

move off the receptor location to give long periods of zero concentration. However,
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Figure 4.19: Concentration PDF at source height along the mean plume centerline
for a single ground-level (�) or elevated (©) source at four downwind fetches of (a)
x/δ = 0.5, (b) 1, (c) 3, and (d) 6 from the source. The dashed line shows the best
Gaussian fit to the concentration PDF for the ground-level source.

as shown in figures 4.19(c) and (d), as the downstream distance increases beyond

x/δ = 1, the mode at zero concentration decreases significantly. Furthermore, as is

evident in figure 4.19(d), in the region far downstream of the source, the concentration

PDF for the elevated source tends to approach a Gaussian-like form (or, at least, a

less skewed and more symmetrical) with the mode centered increasingly at χ/C ≈ 1.

In this far downstream region, the instantaneous plume width has grown to fill the

mean-plume width, the meandering effect becomes weaker and the mixing inside the

instantaneous plume boundaries begins to dominate the concentration fluctuations.

Figure 4.20 compares the concentration PDF of the ground-level and elevated

sources at four different crosswind locations off the mean plume centerline. The pro-

files in this figure are obtained at source height and at the downwind fetch of x/δ = 1.

As is evident in figures 4.20(a)-(d), as the crosswind distance from the plume center-

line increases, the concentration PDF approaches an exponential-like form. Fackrell
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Figure 4.20: Concentration PDF at source height for a single ground-level (�) or
elevated (©) source at the downwind fetch of x/δ = 1 at crosswind locations from
the mean-plume centerline of (a) (z − zs)/σz = 0, (b) 0.8, (c) 1.9 and (d) 3.7.

and Robins (1982) obtained similar results in their experimental study of a tracer

release from a single point source into a turbulent boundary layer. Naturally, as the

plume fringes are approached, the concentration becomes ever more intermittent (viz.,

includes ever longer intervals of zero concentration), which results in a PDF with an

increasingly narrow sharp peak at or near zero concentration and a form that becomes

more and more skewed to the right. This trend holds for both the ground-level and

elevated source cases, however, it is more strongly expressed for the elevated source

releases.

4.3.5.2 Interference effect on concentration EDF of the total plume

One of the key interests in practical applications (such as industrial pollution moni-

toring and control in urban environments) is the knowledge of the probability of the

occurrence of the largest concentration value (which corresponds to the most toxic

or harmful condition to people). This can be quantified by the concentration EDF
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defined as

EDF(χ; x) = 1− Pr{c(x) ≤ χ} = 1−
∫ χ

0−
f(χ′; x)dχ′ . (4.5)

Figure 4.21 compares the non-dimensionalized concentration EDF of the single and

total plumes at four downwind distances from the source. The EDFs are obtained at

source height at the midpoint between the two ground-level sources for case 1. The

EDFs of the single plume are obtained at the same spatial location when only one of

the ground-level sources is turned on. The concentration EDFs in this figure clearly

reveal that the probability of finding a concentration above the level of the mean

concentration (indicated by the vertical line) for the total plume is smaller than that

for the single plume. More specifically, the distributions for the total concentration

from the two sources exhibit shorter upper tails than those for the single source. This

implies that in comparison with the single source release, the probability of observing

very high concentrations is reduced for the two source release. Furthermore, as is

clearly shown in figures 4.21(a)-(d), this effect of the shortening of the upper tail

of the total plume EDF becomes less and less apparent as the downwind distance

from the sources increases. Indeed, at x/δ = 6, the elongation of the distribution

in the upper tail becomes comparable for the single and two source releases. This

observation is consistent with two source atmospheric tracer dispersion experiments

of Sawford et al. (1985) and in the wind-tunnel tracer dispersion experiments of

Stapountzis (1988).

In order to demonstrate in a more precise manner the reduction in the concentra-

tion EDF(χ/C > 1) for the total plume in comparison with that for the single plume,

a reduction factor RF is defined as follows:

RF(χ/C) =
EDF(χ/C)S
EDF(χ/C)T

, (4.6)

which is the ratio of the concentration EDF for a single plume (S) to that for the total

plume (T ). Figure 4.22 compares RF values for cases 1 and 2 (ground-level releases)
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Figure 4.21: Concentration EDF of the total plume (solid line) and a single plume
(dashed line) for case 1 in the midspan between the plumes at source height at four
downwind fetches of (a) x/δ = 0.5, (b) 1, (c) 3, and (d) 6 from the source(s).

and for cases 5 and 6 (elevated releases). This figure shows that for a concentration

level below the mean concentration, RF(χ/C < 1) < 1. On the other hand, for a

concentration level above the mean concentration, RF(χ/C > 1) > 1 for all cases and

at all downstream locations shown in the figure. This indicates that occurrence of

instantaneous concentration values less than the corresponding mean concentration is

more frequent (is more probable) in the total plume than in the single plume. How-

ever, the reverse is true with respect to the frequency (or, probability) of occurrence

of instantaneous concentrations greater than the corresponding mean concentration.

Another interesting observation from figure 4.22 is that at a given downstream lo-

cation, RF increases monotonically as the concentration level (χ/C) increases for

χ/C > 1. This implies that the difference between the probability of observing a

high concentration in the single and total plume increases as the concentration level

increases.

By comparing figures 4.14 with 4.22, there appears to be a negative correlation
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Figure 4.22: RF for cases 1 (©), 2 (�), 5 (5) and 6 (♦) as a function of concentration
level at the midpoint between the two plumes at source height and at four downwind
fetches of (a) x/δ = 0.5, (b) 1, (c) 3, and (d) 6 from the sources.

between RF(χ/C > 1) and ρ[1|1] in the sense that an increase in RF(χ/C > 1) is

associated with a decrease in ρ[1|1] and vice-versa at a given location. This observation

is supported as follows. Figure 4.22 shows that RF for cases 1 and 5 decreases as

the downstream distance increases from x/δ = 0.5 to 6 for a given concentration

level above the mean. In contrast, RF for cases 2 and 6 increases as the downstream

distance increases from x/δ = 0.5 to 1 for a given concentration level above the

mean. However, RF(χ/C > 1) for cases 2 and 6 is seen to decrease with increasing

downstream distance in the range from x/δ = 1 to 6. From figure 4.14, it is seen that

ρ[1|1] increases with increasing downwind distances over the range 0.5 ≤ x/δ ≤ 6 for

cases 1 and 5. Furthermore, a perusal of figure 4.14 shows that ρ[1|1] first decreases

over the range of downwind fetches from x/δ = 0.5 to 1 and then increases over the

range of downwind fetches from x/δ = 1 to 6 for cases 2 and 6.

In order to investigate the relationship between RF(χ/C > 1) and ρ[1|1], figure 4.23

exhibits scatterplots of RF against ρ[1|1] for four concentration levels above the mean
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Figure 4.23: Scatterplots of RF against ρ[1|1] obtained at various downwind locations
at the midpoint between the two plumes at source height.

concentration. The results in this figure are selected from cases in which the receptor

location (zm, midway in the spanwise direction between the two sources) lies within

one mean plume dispersion σz of the plume centerline (zs) for the single source, so that

|zm− zs| < σz. This choice of the receptor location is to ensure that the plume inter-

mittency has a minor role in the determination of the statistical correlation between

RF(χ/C > 1) and ρ[1|1]. A perusal of figure 4.23 shows that destructive interfer-

ence (corresponding to ρ[1|1] < 0) is associated with values of RF(χ/C > 1) that are

significantly larger than unity, whereas constructive interference (corresponding to

ρ[1|1] > 0) is characterized by values of RF(χ/C > 1) that are comparable to unity.

As shown in figure 4.23(d), this trend is the most strongly expressed for high concen-

tration exceedances (associated with large χ/C values). This relationship between

RF and ρ[1|1] can be explained as follows.

For the case of destructive interference (leading to ρ[1|1] < 0) at a receptor location,

the concentrations contributed by the two sources are out of phase in the sense that
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the two concentrations are simultaneously nonzero at the receptor location only rarely.

The upshot of this is that the exceedance probability of a concentration level above

the mean concentration is smaller for the total plume in comparison to that for a single

plume. In contrast, for constructive interference at a receptor location (associated

with ρ[1|1] > 0), there is significant overlap between the two plumes which meander

together (in phase) over the receptor location. In this stage of development, the initial

source separation is forgotten and the concentration fluctuations from the two plumes

behave as if they came from a coincident source. In consequence, the exceedance

probabilities over various concentration levels for the total and single plume become

more and more similar to each other with the result that RF(χ/C) becomes more

and more comparable to unity (and, indeed, it is expected that RF(χ/C)→ 1 as the

two plumes overlap to such an extent that they become well mixed with ρ[1|1] → 1).

4.3.6 Higher-Order Concentration Moments

Figures 4.24(a) and (b) show the normalized concentration moment scatterplots of

c3/C3 and c4/C4 plotted against c2/C2 on a double logarithmic scale for a large

number of points in the total plume. The concentration moments have been calculated

for the total concentration of both the ground-level and elevated source releases.

Remarkably, each of these scatterplots is seen to collapse onto a curve which implies

that the third- and fourth-order concentration moments are determined effectively by

a knowledge of the mean concentration and the second-order concentration moment.

The collapse of the normalized third- and fourth-order concentration moments

against the normalized second-order concentration moment onto a curve has been

reported by Yee and Chan (1997) for a single source release in a level open-terrain

environment and by Yee (2009) in his follow-up study of a single source release in

a built-up (urban) environment. From figures 4.24(a) and (b), it is interesting to

note that this physical characteristic of the plume concentration field for a single

source release reported by Yee and Chan (1997) also holds for the total concentration
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field resulting from a two source release for both the near ground-level and elevated

sources. Yee and Chan (1997) proposed a left-shifted clipped-gamma distribution for

the concentration PDF for a single plume dispersing in an open-terrain environment,

viz.

f(χ; x) =

(
χ+ ζ

s

)κ−1
exp (−(χ+ ζ)/s)

sΓ(κ)
+ (1− γ)δ(χ) . (4.7)

There are four unknown parameters in this model: namely, κ = κ(x) > 0, s = s(x) >

0, ζ = ζ(x) ≥ 0 and γ = γ(x) ∈ [0, 1]. Here, Γ(κ) is the gamma function, δ(χ)

is the Dirac delta function and χ is restricted to 0 ≤ χ < ∞. Using the modeled

concentration PDF, the nth-order concentration moment can be calculated as

cm(x) =

∫ ∞
0−

χmf(χ; x)dχ . (4.8)

The number of unknown parameters can be reduced to three independent param-

eters by recognizing that the intermittency factor γ can be determined as the area

remaining under the clipped-gamma PDF curve for c > 0 so

γ(x) = Pr{c(x) > 0} =
Γ(κ; ζ/s)

Γ(κ)
, (4.9)

where Γ(κ; ζ/s) denotes the complementary incomplete gamma function. Using a

comprehensive data set obtained from the CONFLUX project on a single plume

dispersion (Yee et al. (1993b,a);Yee et al. (1994a,b)), Yee and Chan (1997) formulated

a relationship between the normalized mean-square concentration (c/C)2 and the

plume intermittency factor, viz.

γ = min

(
1,

3

(c/C)2

)
. (4.10)

With the two constraints given by equations 4.9 and 4.10, the four unknown parame-

ters (κ, s, ζ and γ) can be uniquely determined by solving a system consisting of two

transcendental equations (see Yee and Chan (1997) for more details). In the above

procedure, only a knowledge of the mean concentration and the mean-square con-

centration is required to uniquely determine the four unknown parameters from this
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system of equations. Once these four parameters are determined, the concentration

PDF in equation 4.7 is uniquely specified, and any higher-order concentration mo-

ments can be calculated using equation 4.8. Using this model, Yee and Chan (1997)

and Yee (2009) were able to show that the higher-order concentration moments can

be well predicted using only a knowledge of the mean and mean-square concentrations

for the dispersion of a single plume in an open terrain or a built-up environment.

The solid line in figures 4.24(a) and (b) shows the normalized third- and fourth-

order concentration moments for the total plume predicted using the clipped-gamma

distribution model. Interestingly, it is seen that the clipped-gamma distribution pro-

vides very good predictions for the higher-order concentration moments of the total

plume once the first- and second-order concentration moments of the total plume are

known.

The collapse of the higher-order concentration moments on the two lowest-order

concentration moments has important implications for the modeling of concentration

fluctuations. Firstly, the collapse of the third and fourth-order concentration mo-

ments on the second-order concentration moment indicates that the concentration

PDF can be described adequately by at most two parameters. Secondly, this two-

parameter concentration PDF appears to be universal in the sense that it applies

to the concentration from a single source or from two sources (generalization of this

conclusion to more than two sources yet needs to be investigated). Thirdly, a knowl-

edge of the first and second-order concentration moments of each single plume and

of the second-order correlation function (required for the prediction of the second-

order concentration moment of the total plume) is sufficient for the prediction of

all higher-order concentration moments of the total plume. This is simply because

the first-order concentration moment of the total plume is linearly superposable and

the second-order concentration moment of the total plume can be obtained from

c2
T = c2

A + c2
B + 2(ρ[1|1](c2

A − C2
A)1/2(c2

B − C2
B)1/2 + CACB) which is an extension of

equation 3.7.
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Figure 4.24: Scatterplots of the non-dimensionalized (a) third-order concentra-
tion moment and (b) fourth-order concentration moment, plotted against the non-
dimensionalized second-order concentration moment for a large number of locations
in the total plume. The prediction of the relationship between these moments pro-
vided by the clipped-gamma distribution model (solid line) is superimposed on the
scatterplots.

4.4 Chapter Summary

DNS has been performed to study the effect of source separation distance on the

interaction of two plumes released from two ground-level or elevated point sources

in an open-channel flow. The dual plume interference has been investigated based
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on the mean and RMS values of the total concentration, the second-order correla-

tion coefficients between the concentrations from the two sources, EDF for the total

concentration, and the relationship between the third-order and fourth-order concen-

tration moments and the second-order concentration moment for the total plume.

For both the ground-level and elevated releases, four distinct stages in the down-

wind development of the second-order correlation coefficient ρ[1|1] have been identified

with respect to its distribution along the centerline between the two sources. These

four stages of development include: (1) the zero interference stage where ρ[1|1] = 0, (2)

the destructive interference stage where ρ[1|1] < 0, (3) the constructive interference

stage where ρ[1|1] ≥ 0, and (4) the complete mixing state where ρ[1|1] → 1. Along

the centerline between the two sources, the particular stage of development depends

on the separation distance between the sources, the absolute and relative plume dis-

persion of the individual plumes, and the elevation of the sources in the wall-shear

flow. It is observed that the downwind evolution of the second-order correlation

coefficient over the four stages becomes faster as the source separation distance is

reduced. Furthermore, the second-order correlation coefficient for a fixed source sep-

aration is generally larger for the elevated sources than for the ground-level sources

at all downwind fetches.

The results of the concentration EDF showed that the probability of finding a

concentration above the level of the mean concentration for the total plume is smaller

than that for a single plume. The reduction in the exceedance probability of a high

concentration level (above the mean concentration) in the total plume compared to

that in a single plume can be precisely revealed through the so-called reduction fac-

tor (RF). It is observed that there is an anti-correlation between the RF and the

second-order correlation function ρ[1|1]. For destructive interference (ρ[1|1] < 0), the

RF values are significantly larger than unity, implying that exceedance probability for

concentration levels above the mean concentration is significantly reduced for the to-

tal plume relative to that for a single plume. In contrast, for constructive interference
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(ρ[1|1] > 0), values for the RF approach unity, implying that the exceedance probabil-

ities for concentration levels above the mean concentration for the total plume and

a single plume are comparable. Indeed, for strong constructive interference where

ρ[1|1] → 1, it is expected that RF → 1 as the total plume approaches to a single

plume.

It is interesting to observe that the scatterplots of the normalized third and fourth-

order concentration moments against normalized second-order concentration moment

for the total plume collapse onto a single (universal) curve. The clipped-gamma model

of Yee and Chan (1997) for a single plume was found to provide a good prediction

of the higher-order concentration moments given knowledge of the only first and

second-order concentration moments for the dual source release. This implies that a

knowledge of the first and second-order concentration moments for the single plume

in conjunction with a knowledge of the second-order correlation between the concen-

trations from the two sources would allow all the higher-order concentration moments

(viz., higher than second order) for the total plume to be determined.
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Chapter 5

Dispersion and Mixing of Plumes

in Isotropic Turbulence

5.1 Introduction

In chapters 3 and 4, the dispersion and mixing of passive scalars in a wall-bounded

shear flow have been studied. The physical processes associated with the interaction

between two plumes are sensitive to many factors such as the source sizes, source

separation, background turbulence level, Reynolds number, Schmidt number, turbu-

lent eddy sizes (or spectra of eddy motions), and mean shear. In order to develop

deeper physical insights into the interaction of two plumes, it is useful to study the

problem in more idealized flows such as homogeneous isotropic turbulence which is

characterized by the absence of mean shear.

Anand and Pope (1985) developed an analytical solution for the development of

the mean plume spread in decaying homogeneous isotropic turbulence, using a marked

particle (or, Lagrangian stochastic) model. In so doing, three distinct regimes of

plume development have been identified: namely, the molecular diffusive, the turbu-

lent convective and the turbulent diffusive regimes. According to Anand and Pope

(1985), of the three regimes for plume dispersion, the turbulent convective regime

86



is perhaps the most challenging to understand and to model. Currently, very few

studies have focused on the elucidation and understanding of the characteristics of

dispersion and mixing of plumes in the turbulent convective regime in the context

of homogeneous isotropic turbulence. In view of this, the objective of this chapter

is to investigate the phenomenon of dual plume interference in the turbulent con-

vective regime associated with the release of passive scalars from two line sources in

homogeneous isotropic turbulence.

5.2 Problem Description

In this chapter, DNS is performed to study the release of plumes from two line sources

into homogeneous isotropic turbulence at a Reynolds number of Reλ = 150. In

order to generate a mean advection of the passive scalar in homogeneous isotropic

turbulence, a constant mean streamwise velocity of U = 5û is superimposed on the

velocity fluctuations obtained from the solution of the continuity and momentum

equations. Here, û is the fluctuating velocity scale that is derived from the turbulence

kinetic energy (TKE) ku as û2 = 2ku/3. Figure 5.1(a) shows a schematic of the

computational domain, which is a cubic box with a side length of L = 2π. For

the concentration field, a zero Dirichlet condition was applied at the inlet boundary

(y-z plane located at x = 0), a zero Neumann condition was imposed at the outlet

boundary (y-z plane located at x = 2π), and periodic boundary conditions were used

at the other boundaries of the computational domain.

The two line sources labeled ‘A’ and ‘B’ in figure 5.1(a) are oriented along the

spanwise direction and positioned symmetrically in the vertical direction with a sep-

aration distance d. The size (diameter) of the two line sources is equal to 0.021l.

Figure 5.1(b) exhibits a snapshot of the instantaneous concentration field in a verti-

cal x-y plane when both line sources are active. In order to investigate the effect of

source separation distance d on the mixing of the two plumes, five different test cases
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Table 5.1: Summary of test cases.

Case 1 2 3 4 5
d/l 0.02 0.06 0.08 0.15 0.23

x
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Figure 5.1: (a) Schematic of the computational domain and (b) a snapshot of the
instantaneous concentration field when both sources are active for case 4 at z = π.
The two horizontal line sources positioned at A and B are separated in the y direction
by a distance d.

are considered. Table 5.1 summarizes the non-dimensionalized source separation dis-

tances d/l used in these cases. For all these cases, the (molecular) Schmidt number

(Sc) of the scalar is set to 1.0.

5.3 Result Analysis

In this section, the results of the five test cases are analyzed. These results include

the velocity statistics, the mean and variance of the concentration field of the single

and total plumes, the cross correlation coefficient of the two plumes, the co-spectrum

and coherency spectrum of the two concentration fields, the concentration PDF, the

concentration EDF and the higher-order concentration moments.
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Figure 5.2: Velocity energy spectra from DNS.

5.3.1 Velocity Statistics

Because the dispersion and mixing of passive plumes are influenced by the fluid flow,

it is necessary to verify the predicted velocity field prior to the analysis of the con-

centration field. Figure 5.2 compares the energy spectrum obtained from the present

DNS with that obtained by Yeung and Zhou (1997). As shown in figure 5.2, the

energy spectrum is in very good conformance with that obtained by Yeung and Zhou

(1997). Furthermore, the well-known Kolmogorov −5/3 law for the form of the energy

spectrum in the inertial subrange is shown as the dashed line in figure 5.2. Note that

the wavenumber range corresponding to the inertial subrange for the energy spectrum

is very limited (less than about 1/3 of a decade centered around kη ≈ 0.1) owing to

the low Reλ value of the flow.

5.3.2 Mean Concentration

In this section, the results of the mean concentration plume(s) released from a single

and from two sources are analyzed and compared.
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5.3.2.1 Single Source

In homogeneous isotropic turbulence, the profile of the mean concentration C is ex-

pected to be Gaussian at any location downwind of a localized source (Uberoi and

Corrsin, 1953; Townsend, 1954; Warhaft, 1984; Stapountzis et al., 1986). For exam-

ple, the mean concentration profile in the y-direction at a fixed downwind location x

from the source is expected to have the following functional form:

C(x, y) = Cm(x)exp

(
−1

2
(y − ys)2/σ2

a(x)

)
. (5.1)

Here, Cm(x) is the maximum mean concentration at a given downwind location x, ys

is the elevation of the source, and σa(x) is the mean (absolute) plume dispersion. The

absolute dispersion σa(x) can be determined from a least-squares fit of the Gaussian

form of Eq. (5.1) to the mean concentration profiles obtained at various downwind

distances x from the source.

Using Taylors’s diffusion equation (1921) which recognizes turbulent diffusion as

a continuous mixing process, the absolute dispersion σa in homogeneous isotropic

turbulence is given by

σ2
a = 2û2

L[ttL − t2L(1− e−t/tL)] , (5.2)

where t = x/U is the travel time, tL is the Lagrangian time scale and ûL is the

Lagrangian velocity standard deviation. In order to use this formula, one needs an

estimate for tL and ûL. In stationary homogeneous turbulence, the Lagrangian and

Eulerian single-point velocity moments are equivalent (Lumley (1962)), implying that

ûL = û. The Lagrangian time scale is assumed proportional to the Eulerian length

scale of turbulence so

tL = βλ/ûL , (5.3)

with β ≈ 0.35− 0.8 (Pasquill and Smith (1983)). Using the lower limit of β = 0.35,

the Lagrangian time scale can be evaluated as tL = 1.88. In figure 5.3, the mean

plume dispersion obtained from our DNS results and that predicted using Taylor’s

90



x / l

φ
/l M

10-2 10-1 100 101
10-4

10-3

10-2

10-1

100

0

1

2

3

4

5

6
σaTaylor model
σa

σc

σr

M

Figure 5.3: Streamwise development of the mean plume dispersion σa, the dispersion
of the center of instantaneous plume σc, the relative plume dispersion σr and the
meander ratio (M = σ2

c/σ
2
r). Here, φ represent σa, σr or σc.

diffusion equation (equation 5.2) are shown by the solid line and (�) symbols, respec-

tively. The agreement between these two results for the absolute dispersion is very

good. The streamwise development of the relative plume dispersion σr, the disper-

sion of the instantaneous plume centroid σc and the meander ratio (M = σ2
c/σ

2
r) are

also shown in figure 5.3. It is evident from this figure that the bulk meandering of

the instantaneous plume is the dominant mechanism for the mean plume dispersion

(σc > σr, or equivalently, M > 1) over the downwind fetches available in the DNS

data provided x/l > 0.22. This range of downwind distances is associated with the

turbulent convective regime of plume development.

5.3.2.2 Two Sources

The streamwise development of the profiles of the total mean concentration CT for

cases 1–5 is shown in figure 5.4. In this figure, the total mean concentration has

been non-dimensionalized by the corresponding maximum mean concentration CT,m

at a given downwind location. The total mean concentration CT for the two sources
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is simply the linear superposition of the two individual mean concentrations. As

shown in figure 5.4(a), for large source separations (e.g., cases 3-5), the total mean

concentration profiles exhibit a dual-peak pattern at downstream locations close to

the source (for x/l = 0.5). Furthermore, the y positions of the two peaks in these

profiles coincide with the locations of the two sources at y/l = ±d/(2l). However, as

the downwind distance increases, the dual-peak pattern transitions to a single-peak

pattern. This transition is due to the fact that at far downstream locations from the

sources, the spread of the two plumes is significant enough that their individual peaks

begin to merge.

5.3.3 Variance of Concentration Fluctuations

In this section, the results of the variance of concentration fluctuations of the plumes

released from two sources are compared against those from the single source release.

5.3.3.1 Single Source

Figure 5.5 shows profiles of the concentration variance c′2(x, y) at four downstream

locations for a single source. The concentration variance is non-dimensionalized by the

centerline value c′2c at the given downstream location x. At all downstream locations,

the concentration variance profiles exhibit a single peak at the plume centerline. As

shown and discussed previously in chapters 3 and 4, strong meandering motions of

a plume can lead to the obliteration of the off-centerline peaks in the profiles of

c′2. At all downstream locations shown in figure 5.5, the plume is in the turbulent

convective regime of its development (meander dominant regime). The dominant

bulk meandering of the plume in the turbulent convective regime smears the off-axis

maxima in the concentration variance profile. In consequence, the maximum in the

concentration variance profile occurs at the mean-plume centerline as is evident in

figure 5.5.
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Figure 5.4: Profiles of the total mean concentration at four different downwind lo-
cations. Cases 1 (�), 2 (�), 3 ( ), 4 (©), and 5 (N). The arrow points towards
increasing values of d.

5.3.3.2 Two Sources

In subsection 5.3.3.1, it is shown that the strong meandering of a single plume oblit-

erates (to a greater or lesser extent depending on the strength of the meandering) the

off-axis peaks in the concentration variance profiles, resulting in a single peak along

the centerline of each plume. Similarly, in the context of dual plume dispersion,

the strong meandering effects “smears out” the off-axis peaks in the total concentra-
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tion variance profile, leading to a single peak located at the midpoint between the

two sources. This smearing (by meandering) is the most strongly expressed if the

source separation is small and the downwind distance from the sources is large. This

hypothesis has been shown previously, in chapters 3 and 4, to be valid for the dis-

persion and mixing of ground-level and elevated plumes in wall-bounded shear flow.

In order to further examine this hypothesis in homogeneous isotropic turbulence, fig-

ure 5.6 exhibits the profiles of the total concentration variance (c
′2
T ) for cases 1 and

5 (which correspond, respectively, to the smallest and largest separation between the

sources) at four downwind locations. The total concentration variance has been non-

dimensionalized by the maximum value (c
′2
T,m) at a given downwind location. As is

evident in figure 5.6, for case 1 (which is associated with the smallest source sepa-

ration) all the concentration variance profiles exhibit a single peak at the midpoint

between the two sources (viz., at y/l = 0). In contrast, in case 5 (which is associated

with the largest source separation) the total concentration variance profiles at down-

wind fetches closer to the two sources (e.g., at x/l = 0.5 and 1) exhibit a dual peak

pattern. Obviously, owing to the large source separation of case 5, the individual

peak of each single plume is preserved in the profile of c
′2
T along each mean-plume

centreline in the near-source region. However, further downwind of the sources (at

x/l = 3 and 5), the individual peaks associated with the two plumes merge together

as the width of each plume increases to such an extent that the two plumes begin to

overlap significantly.

In the following subsections, the characteristics of the covariance of the concen-

tration fluctuations of two instantaneous plumes will be examined using the cross

correlation coefficient, the concentration co-spectrum and coherency spectrum. The

effect of the non-dimensionalized covariance (cross correlation coefficient) on the EDF

of the total plume concentration will be also investigated.
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Figure 5.6: Profiles of the concentration variance at four downstream locations for the
two source configuration. The arrow points in the direction of increasing downwind
location x/l.

5.3.4 Cross Correlation Coefficient

Figure 5.7 exhibits the streamwise development of the (concentration) cross correla-

tion along the midpoint (y = 0) between the two sources for cases 1-5. Similar to
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the observation in chapters 3 and 4 in the context of a wall-bounded turbulent shear

flow, the streamwise evolution of the cross correlation in this chapter (homogeneous

isotropic turbulent flow) at the midpoint between the two plumes can be categorized

into the four stages of (1) the zero interference stage where ρ[1|1] = 0, (2) the destruc-

tive interference stage where ρ[1|1] < 0, (3) the constructive interference stage where

ρ[1|1] ≥ 0, and (4) the complete mixing state where ρ[1|1] → 1.

Figure 5.8 compares profiles of ρ[1|1] in the y-direction for cases 1-5 at four down-

wind locations. It is clearly seen that for all cases and at all downstream locations, the

local minimum value of ρ[1|1] occurs midway between the two plumes (at y = 0), and

the local maximum values occur at the plume fringes where the plume intermittency

is large. The cross correlation decreases towards zero at the extreme outer edges of

the two plumes. A perusal of figures 5.8(a)-(d) shows that ρ[1|1] → 1 approaches

the asymptotic value of unity faster at the fringes (edges) of the total plume than

at a point midway between the two plumes. At the midpoint between the sources,

a large eddy tends to transport the plume from one source over this location while

simultaneously moving the plume from the other source off this location (resulting
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Figure 5.8: Profiles of the cross correlation in the y-direction. Cases 1 (�), 2 (�), 3
( ), 4 (©), and 5 (N). The arrow points in the direction of increasing values of d.

in out-of-phase fluctuations). However, at the plume fringes, a large eddy can occa-

sionally transport both plumes to or from these locations simultaneously (resulting

in in-phase fluctuations). The out-of-phase fluctuations reduces the value of ρ[1|1] at

a location midway between the two plumes compared to the in phase fluctuations at

the plume fringes.

97



5.3.5 Concentration Co-spectrum and Coherency Spectrum

Following the approach used in sections 3.3.5 and 4.3.4, in order to develop deeper

insights into the dispersion and mixing of two plumes, it is beneficial to study the

relevant scales of mixing using the co-spectrum Coc′Ac′B(kz) and coherency spectrum

ρ
[1|1]
kz

. The streamwise evolution of the pre-multiplied co-spectrum and the coherency

spectrum obtained at the midpoint between the two sources for cases 1 and 5 are

shown in figures 5.9 and 5.10, respectively. Here, only Coc′Ac′B(kz) and ρ
[1|1]
kz

for cases 1

and 5 are presented, because these two cases correspond to the smallest and largest

source separations, respectively, and together they cover the widest range of values

for ρ[1|1] (as shown in figure 5.7).

A comparison between the streamwise evolution of the pre-multiplied co-spectrum

in the context of homogeneous isotropic turbulence (figure 5.7) with that of a wall-

bounded turbulent shear flow (figures 3.14 and 4.18(a)) reveals that they share some

common features. The aforementioned four distinct stages in the streamwise devel-

opment of the cross correlation can be also observed in the streamwise evolution of

the pre-multiplied co-spectrum and the coherency spectrum.

In the first (zero interference) stage, because a sensor at the measurement location

is not exposed to the instantaneous concentrations from both plumes simultaneously

(viz., the instantaneous plumes do not overlap), the pre-multiplied co-spectrum van-

ishes at all scales. This is clearly seen in figure 5.9(b) for case 5 at x/l = 0.15. In

the second (destructive interference) stage, the bulk meandering of the two plumes

in the same direction gives rise to a negative spectral peak for the pre-multiplied

co-spectrum at large scales (small wavenumber). The value of the cross correlation

(which is the integral of the co-spectrum over all wavenumbers) is primarily deter-

mined by these scales. Therefore, these scales represent the most energetic scales in

the interference of the two plumes. The existence of the second stage of development

is evidenced by case 5 for x/l = 0.5 and 2 in figure 5.9(b). Furthermore, as indi-

cated by the peaks of the pre-multiplied co-spectra in figure 5.9, the most energetic
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Figure 5.9: The pre-multiplied co-spectrum of the concentration of the two plumes for
(a) case 1 and (b) case 5 obtained at the midpoint location between the two sources
(y = 0), for x/l = 0.15 (solid line), 0.5 (dashed line), 2 (dash-dotted line), 4 (dotted
line) and 5 (dash-dot-dotted line).

scales in the interference of the two plumes occur within the range of wavenumbers

for 2 < kzl < 4 at all downwind distances examined.

In the third (constructive interference) stage, the meandering of the two plumes in

opposite directions leads to a positive spectral peak in the pre-multiplied co-spectrum.

The wavenumber of this peak is expected to be small because the bulk meandering

is a large-scale phenomenon. The characteristics of the third stage are evident in

figure 5.9(a) at x/l = 0.15 and 0.5. In the fourth (complete mixing) stage where the

cross correlation reaches its maximum value of unity, the pre-multiplied co-spectrum

reaches its final form and is expected to be invariant with increasing downwind dis-

tance. The characteristics of this stage are evident in figure 5.9(a) for case 1 (associ-

ated with the smallest source separation). Note that the co-spectrum for this case is

invariant (approximately or better) for x/l increasing from 2 to 5.

Following the method of analysis in sections 3.3.5 and 4.3.4, the leading scales in

the mixing of the two plumes are identified and labeled in figure 5.10. The leading

scales are referred to those scales in which the coherency spectrum develops faster

than at other scales. The coherency spectrum ρ
[1|1]
kz

at the leading scales can reach its
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Figure 5.10: The coherency spectrum ρ
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of the concentration of the two plumes
for (a) case 1 and (b) case 5 obtained at the midpoint between the two sources, for
x/l = 0.15 (solid line), 0.5 (dashed line), 2 (dash-dotted line), 4 (dotted line) and 5
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asymptotic value of unity faster than any other scales. As shown in the figure, the

leading scales of the test cases considered in this chapter are located at large scales

(small wavenumbers). This further confirms that the rate of mixing of two plumes

leads at large and small scales in the turbulent convective and turbulent diffusive

regimes, respectively. The reason that the mixing of the two plumes leads at large

scales in the turbulent convective regime can be attributed to the plume meandering

which is a large scale phenomenon. In contrast, the mixing of the two plumes leads at

small scales in the turbulent diffusive regime. This is because the internal turbulent

mixing, which is a small-scale phenomenon, provides the primary contribution to the

dual plume mixing process.

5.3.6 Concentration PDF and EDF

In this subsection, a brief discussion on the concentration PDF of the single plume is

presented, followed by a detailed analysis of the effects of plume interference on the

concentration EDF of the total plume.
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5.3.6.1 Concentration PDF of the single plume

Figure 5.11 compares the concentration PDF (i.e., f(χ/C)) along the mean plume

centerline at five downwind distances from the source. This figure shows that the

concentration PDF is almost an exponential-like form at all downstream locations

shown. It is also seen that the mode of zero concentration along the plume centerline

is predominant, indicating that the measurement location is exposed to the clean fluid

for most of the time. In order to understand the streamwise development of the PDF,

the mode of zero concentration f(0) is singled out and plotted using a sub-panel in

figure 5.11. As is clear from this sub-panel figure, the value of f(0) first increases as

x/l increases from 0.5 to 2, and then decreases in the downwind distance from the

sources. This trend in the streamwise evolution of zero concentration is similar to that

of the meandering ratio M shown in figure 5.3. When the thin instantaneous plume

passes over the measurement location, the concentration level increases drastically for

a short period of time, and then the measurement location is exposed to the clean fluid

until the instantaneous plume passes over this location again. For a large meandering

ratio, the time in which the measurement location is exposed to the clean fluid is

long, which increases the probability of zero concentration along the mean plume

centerline.

Figure 5.12 compares the distributions of the concentration PDF at four vertical

positions at the same downwind location for x/l = 1. As is evident form the figure,

as vertical distance from the mean plume centerline increases from y/l = 0 to 0.14,

the mode of zero concentration increases dramatically. In order to highlight this

physical feature, the vertical distribution of the mode of zero concentration f(0) is

displayed using sub-pannel. This is similar to the results shown in figure 4.20 for the

ground-level and elevated plumes.
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Figure 5.11: Concentration PDF along the mean plume centerline at the normalized
downwind fetches from the source for x/l = 0.5 (�), 1 (�), 2 ( ), 3 (©) and 5 (N).

5.3.6.2 Cross correlation effect on concentration EDF of the total plume

Figure 5.13 shows the concentration EDF at various streamwise locations at the

midpoint (y = 0) between the two sources for case 5. In order to understand the

effects of dual plume interference, the concentration EDF for a single source is also

displayed in figure 5.13 for the purpose of comparison. The concentration EDFs in

this figure clearly reveal that the probability of exceeding a high concentration level

(above twice the mean concentration χ/C > 2) for two sources is smaller than that for

a single source. In other words, the upper tail of the EDF for the total concentration

from the two sources is shorter than that for a single source. Similar results are also

observed for cases 1–4.

This observation is consistent with the results obtained in the wall-bounded shear

flow presented in section 4.3.5.2. However, in the context of the wall-bounded shear

flow, it is observed that the cross-over point in the concentration EDF for the dual

and single sources occurs at χ/C > 1, rather than at χ/C > 2 as observed in the

context of homogeneous isotropic turbulence. This difference can be attributed to
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the absence of the mean shear in the homogeneous isotropic turbulence. The effect of

mean shear on the concentration field is to increase the mixing and the rate of decay

of scalar fluctuations, which results in a shorter upper tail in the concentration EDF

for dispersion in a sheared flow compared to that in a shearless flow.

In order to quantify the reduction in the exceedance probability across high con-

centration levels (e.g., for χ/C > 2) for the two source release in comparison to the

single source release, the reduction factor (RF) is calculated for cases 1-5. Figure 5.14

shows the RF plotted against the concentration level (χ/C) for cases 1-5. This figure

reveals that for a concentration level above twice the mean value, RF is larger than

one (i.e., RF(χ/C > 2) > 1), and for a concentration level below twice the mean value,

RF is smaller than one (i.e., RF(χ/C < 2) < 1) for all cases and at all downstream

locations tested. This implies that the probability for exceeding a concentration level

that is more than twice the mean concentration is larger for the single source release

than for the release from two sources. From figures 5.13 and 5.14, it is clear that

the opposite condition holds for concentration levels less than twice the mean con-
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Figure 5.13: Concentration EDF of the total plume (solid line) and a single plume
(dashed line) for case 5 at the midpoint (y = 0) between the two sources at various
downwind distances.

centration. Another interesting physical feature observed from figure 5.14 is that RF

increases monotonically with the concentration level for χ/C > 2. This indicates that

the difference between the probability of observing a high concentration in the dual

and single source increases as the concentration level increases.

A careful comparison of figure 5.7 with figure 5.14 reveals that there seems to be

a negative correlation between RF(χ/C > 2) and ρ[1|1]. In another words, increases

in RF(χ/C > 2) are associated with decreases in ρ[1|1] and vice-versa. In order to
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(d) x/l = 5.0

Figure 5.14: RF for cases 1 (�), 2 (�), 3 ( ), 4 (©), and 5 (N) as a function of the
non-dimensionalized concentration level χ/C. These results were obtained at y = 0
(which for the two source release corresponds to the midpoint between these sources).

examine the possible correlation between RF(χ/C > 2) and ρ[1|1], figure 5.15 displays

scatterplots of RF against ρ[1|1] for four different concentration levels above twice the

mean concentration. This figure clearly shows that ρ[1|1] < 0 (corresponding to de-

structive interference) is associated with values of RF(χ/C > 2) that are significantly

larger than unity, whereas ρ[1|1] > 0 (corresponding to constructive interference) is

associated with values of RF(χ/C > 2) that are comparable to unity. The negative
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Figure 5.15: Scatterplots of RF against ρ[1|1] obtained at various downstream locations
at the midpoint between the two sources.

correlation between RF and ρ[1|1] in the context of a wall-bounded shear flow is also

observed and explained in section 4.3.5.2.

5.3.7 Higher-Order Concentration Moments

Figure 5.16 shows the normalized concentration moment scatterplots of c3/C3 and

c4/C4 plotted against c2/C2 on a double logarithmic scale for a large number of points

in the total plume of cases 1-5. Similar to the observation in section 4.3.6, these
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(b) fourth-order concentration moments

Figure 5.16: Scatterplots of the normalized third- and fourth-order concentration mo-
ments plotted against the normalized second-order concentration moment for a large
number of locations in the plume. The prediction of the relationship between these
moments provided by the clipped-gamma distribution model (solid line) is superim-
posed on the scatterplot.

scatterplots collapse onto a curve implying that the normalized third- and fourth-

order concentration moments are determined effectively by a knowledge of the first-

and the second-order concentration moments.

Following the method of analysis used in section 4.3.6, the clipped-gamma dis-

tribution model of Yee and Chan (1997) (originally developed for a single plume)

is implemented here to predict the normalized third- and fourth-order concentration

moments for the total plume. The results are demonstrated in figure 5.16 using solid

lines. From the figure, it is seen that the clipped-gamma distribution provides very

good predictions for the higher-order concentration moments of the total plume in the

context of homogeneous isotropic turbulence. This further confirms the universality

of the clipped-gamma distribution model of Yee and Chan (1997), which works well

for both single and dual plume releases.
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5.4 Chapter Summary

The dispersion and mixing of plumes released from two line sources into homogeneous

isotropic turbulent flow are studied using DNS. Specifically, the research focuses on

the characteristics of the dispersion and mixing in the turbulent convective regime

where the meandering of the instantaneous plumes provides the primary contribution

to the mean plume dispersion and concentration fluctuations. Five test cases with

various source separation distances are considered. In order to provide a deeper insight

into the physics of the interaction of two plumes, the concentration cross correlation

coefficient, the concentration co-spectrum and coherency spectrum, the concentration

PDF and EDF and the higher-order concentration moments have been studied.

Similar to the observation in chapters 3 and 4 in the context of a neutrally-

stratified wall-bounded shear flow, the streamwise evolution of the cross correlation

(ρ[1|1]) of the concentration from the two sources exhibited four stages of development:

(1) the zero interference stage where ρ[1|1] = 0, (2) the destructive interference stage

where ρ[1|1] < 0, (3) the constructive interference stage where ρ[1|1] ≥ 0, and (4) the

complete mixing state where ρ[1|1] → 1. A smaller source separation is associated

with a more rapid streamwise evolution of the cross correlation coefficient (viz., with

a more rapid transition of ρ[1|1] through the four stages of development).

The four stages in the evolution of the cross correlation are also observed in

the streamwise development of the pre-multiplied co-spectrum and the coherency

spectrum. The peak of the pre-multiplied co-spectrum is located at low wavenumbers

(corresponding to large scales), indicating that the large-scale turbulent eddies play a

major contribution in the interaction of the two plumes. Furthermore, the coherency

spectrum is found to evolve faster over a range of low wavenumbers that are associated

with the ‘leading scales’ (the interaction of the two plume occurs first for these scales).

Results of the pre-multiplied co-spectrum and the coherency spectrum suggest that

the interaction between the two plumes is strongest and fastest at the large scales for
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the turbulent convective regime of development.

A comparison between the concentration EDF for two sources and a single source

showed that the probability of exceeding a high concentration level is smaller for two

sources than for a single source. In order to quantify the reduction in the exceedance

probability of a high concentration level in the total plume compared to that in the

single plume, a reduction factor (RF) is defined. Scatterplots of RF against ρ[1|1]

clearly revealed that a negative value for the cross correlation (destructive interfer-

ence) is associated with large values for RF. In contrast, as the cross correlation

coefficient becomes increasingly positively valued (constructive interference), the RF

is reduced in value towards unity (approaching unity exactly as ρ[1|1] → 1). This im-

plies that the occurrence of high concentration level for the total plume is as frequent

as that for a single plume.

Similar to the observation for the plume dispersion in a wall-bounded shear flow

in chapter 4, the scatterplots of the normalized third- and fourth-order concentration

moments against the normalized second-order concentration moment for the total

plume, collapse onto a single curve. Furthermore, it is observed that the relationships

between the various higher-order normalized concentration moments for the total

plume can be adequately modeled using a clipped-gamma distribution. This implies

that a knowledge of the first- and second-order concentration moments for each plume

along with the cross correlation is sufficient for the prediction of all the higher-order

moments of the total concentration.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this section, the major conclusions of this research are summarized, which include

development of two computer codes, summary of the testing parameters and numer-

ical simulations, characteristics of a single plume dispersion and major findings of

dual plume dispersion and mixing.

6.1.1 Computer Codes

Two different in-house codes implemented in FORTRAN 90/95 programming lan-

guage and fully-parallelized using the message passing interface library have been

modified, validated and optimized for this research.

In the first code, a fully conservative and fully implicit finite difference discretiza-

tion scheme that utilizes a staggered grid arrangement is used for DNS of plumes

dispersion and mixing in the turbulent open-channel flow. In this code, which is an

extended version of a computer code developed by LePoudre (2003), the second-order

energy-conserving finite difference scheme of Ham et al. (2002) is employed for dis-

cretizing the continuity and momentum transport equations. The four-step fractional
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step method of Choi and Moin (1994) coupled with the second-order Crank-Nicolson

scheme is used to advance the velocity field over a single time step. A Crank-Nicolson

scheme and a central-differencing scheme are used for the time advancement and spa-

tial discretization of the diffusion term in the advection-diffusion equation, respec-

tively.

During this research, it is found that the instantaneous concentration field is

sensitive to the discretization scheme of the convective term, and negatively-valued

concentration may occur if a second-order central differencing scheme is used for

the discretization of the convective term in the advection-diffusion equation. In or-

der to avoid non-physical oscillations in the solution of the concentration field, the

original code of LePoudre (2003) is updated to incorporate a total variation diminish-

ing (TVD) scheme with the Sharp and Monotonic Algorithm for Realistic Transport

(SMART) limiter function of Gaskell and Lau (1988) for the discretization of the

convective term.

Prior to the simulation of the passive scalar dispersion problem, it is important to

ensure that the velocity field has been correctly predicted. It has been demonstrated

that there is a good agreement between the flow statistics (mean velocity, RMS ve-

locities and Reynolds shear stress) obtained from the open-channel code and those

reported in the literature.

In the second code, a pseudo-spectral method described by Orszag and Patter-

son (1972) and Eswaran and Pope (1988) is used for DNS of plumes dispersion and

mixing in homogeneous isotropic turbulent flow. In this code, the velocity and pres-

sure fluctuations are expanded into Fourier series in all three coordinate directions.

The convection terms in the momentum transport equation are calculated in physical

space, and the aliasing error has been removed using the 3/2 rule. In order to gen-

erate a mean advection of the passive scalar, a constant mean streamwise velocity is

superimposed on the velocity fluctuations obtained from the solution of the continuity

and momentum equations. A similar algorithm to that used in the open-channel code
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is employed for the solution of advection-diffusion equation with a difference that the

time advancement for both the velocity and scalar fields in homogeneous isotropic tur-

bulence code has been achieved using the explicit fourth-order Runge-Kutta scheme.

Through the validations, it has been confirmed that isotropic turbulence field can be

well reproduced by this computer code, as the predicted energy spectrum is in good

agreement with that reported in the literature.

6.1.2 Testing Parameters and Numerical Simulations

For the open-channel flow configuration, the source separation distance is varied from

5% to 50% of the channel height. Two Reynolds numbers of 180 and 395 based on

the friction velocity are considered. In order to study the effect of wall shear on the

dispersion and mixing of plumes, the sources are located at two different elevations.

They are either located in the viscous sublayer or in the log-law region from the solid

wall, corresponding to a pair of near ground-level or elevated sources, respectively.

For the homogeneous isotropic turbulence, five test cases with different source

separation distance are considered, which are varied from 2% to 20% of the integral

length scale of the flow. The Reynolds number based on the Taylor microscale of the

flow is set to 150.

All numerical simulations have been conducted using the WestGrid high perfor-

mance computing facilities. The simulations are executed until statistically station-

ary conditions are attained for both the velocity and scalar fields, after which various

statistics of the instantaneous velocity and scalar fields are computed. This includes

the calculations of the mean concentration, the concentration variance, the concen-

tration co-spectrum and coherency spectrum, the concentration probability density

function (PDF) and exceedance distribution function (EDF) and the higher-order

concentration moments. The total computing time spent on solving the flow and

scalar fields and on collecting the statistics is over 160,000 and 50,000 CPU hours for

open-channel and homogeneous isotropic turbulent flows, respectively.
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6.1.3 Single Plume Dispersion Characteristics

As one of the objectives of this research, the results for a single plume release are

analyzed. It is found that for a plume released from a ground-level point source into

an open-channel flow, the plume is in the turbulent diffusive regime of its development

at all downwind locations. This is because for a ground-level source the width of the

instantaneous plume is larger than the size of the most energetic turbulent eddies and

the dispersion of the plume in this regime of development resembles the Brownian

movements of diffusing particles.

In contrast to the ground-level single source release case, a plume released from

an elevated point source, is in the turbulent convective regime at downwind locations

close to the source. This is because at far vertical locations from the solid wall,

the size of the most energetic eddies of the flow are initially larger than that of the

instantaneous plume. However, at far downwind locations from the source, the size

of the instantaneous plume reaches to that of the most energetic turbulent eddies and

the development of the instantaneous plume transitions into the turbulent diffusive

regime. Recalling that in the turbulent diffusive regime, the internal concentration

fluctuations (in-plume mixing processes) provide the major contribution to the scalar

fluctuations. However, in the turbulent convective regime, the bulk meandering of

the instantaneous plume provides the primary contribution to scalar fluctuations.

For the release of material from a line source into homogeneous isotropic turbu-

lence flow, it is seen that the plume is in the turbulent convective regime over the

downwind fetches available in DNS data. The turbulent diffusive regime would have

been observed for this case, if the simulations were performed either over a much

larger isotropic box or with a much smaller source size.

In the following paragraph, some of the most interesting single plume dispersion

characteristics are summarized. These characteristics are common in both turbulent

flows. This indicates that the single plume dispersion characteristics only depend

on the plume development regime, rather than on the type of the turbulent flow
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(turbulent open-channel flow or homogeneous isotropic turbulence flow).

It is found that in the turbulent convective regime, the concentration variance

profiles are single peaked, because the strong meandering motion in this regime oblit-

eration the off-centerline peaks in the concentration variance profiles. However, in

the turbulent diffusive regime, where the meandering motions are small, the concen-

tration variance profiles show the off-centerline peaks. The peaks locations coincide

with the locations of the maximum mean concentration gradient. Furthermore, the

strong meandering motions in the turbulent convective regime cause the concentration

PDF along the plume centerline to exhibit an exponential-like form with a prominent

peak at zero concentration. As the meandering reduces and the plume enters into

the turbulent diffusive regime, the profile of the concentration PDF along the plume

centerline approaches a Gaussian-like form.

6.1.4 Dual Plume Dispersion and Mixing

In the following, the major conclusions of the dual plume dispersion and mixing,

which are common in both turbulent open-channel flow and homogeneous isotropic

turbulent flow, are summarized.

In order to determine the nonlinear relationship between the variance of concen-

tration fluctuations of the total plume and those produced by each of the two plumes,

the covariance of the two concentration fields is studied in both physical and spectral

spaces. The results show that at the source height, the streamwise evolution of the

cross correlation between the fluctuating components of the two concentration fields

can be classified into four stages.

In the first stage ρ[1|1] = 0, because there is little or no interaction between the

two plumes. The downwind location corresponding to this stage increases as source

separation distance increases. In the second stage, which is also known as destructive

interference stage, ρ[1|1] < 0. During this stage, the instantaneous concentrations from

the two sources are anti-correlated (viz., ‘out of phase’) in the following sense: while
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the concentration from one plume decreases as it meanders off the receptor location,

that from the other plume increases as it meanders onto the receptor location. The

downwind location corresponding to the absolute minimum in ρ[1|1] increases as the

source separation d increases. This is simply because the larger the source separation,

the greater the downwind fetch at which the pair of plumes start to overlap and

interact with each other. In the third stage, which is also known as constructive

interference stage, ρ[1|1] ≥ 0. In this stage, the instantaneous plumes from the two

sources overlap to a greater and greater extent as the downwind distance increases. As

a result, the two plumes tend to meander together over the receptor location midway

between the two sources. This results in a positive correlation, which increases in the

downwind direction owing to the increasing internal mixing within the region where

the pair of plumes have overlapped. As the source separation distance decreases, the

interaction between the two instantaneous plumes occurs closer to the two sources

(viz., at a smaller downwind fetch), causing ρ[1|1] to increase faster for smaller d. In

the fourth stage ρ[1|1] → 1 and the two plumes appear to be completely mixed. In

this stage, the total plume behaves as if it is emitted from a single source. Cases with

a smaller source separation tend to reach this complete mixing state earlier than the

cases with a larger source separation.

The characteristics of these four stages of plume mixing are further confirmed

through an analysis of the pre-multiplied co-spectra and coherency spectra. From

the coherency spectrum, it is observed that there exists a range of ‘leading scales’

in which the mixing of two plumes is the fastest and the coherency spectrum can

quickly approach its asymptotic value of unity. It is shown that for a plume in

the turbulent convective regime (meander dominant regime), the size of the leading

scales are typically large, due to the fact that the meandering motion is a large

scale phenomena. However, for a plume in the turbulent diffusive regime (internal

fluctuations dominant regime), the size of the leading scales are relatively small which

is due to the fact that the internal turbulent mixing is a small scale phenomena.
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A comparison between the concentration EDF for two sources and a single source

shows that the probability of finding a high concentration level for the total plume is

smaller than that for a single plume in both turbulent flow configurations. In order

to quantify this reduction in the probability of high concentration level, a reduction

factor (RF) is defined. It is found that there is a relationship between RF and the cross

correlation coefficient (ρ[1|1]). Scatterplots of RF against the cross correlation clearly

revealed that a negative value for the cross correlation (destructive interference) is

associated with large values for RF. However, for a positively valued cross correlation

(constructive interference) RF assigns values that are comparable to unity.

The only major difference observed between the mixing of plumes in the turbulent

open-channel flow and homogeneous isotropic turbulent flow is the rate of the mixing

of plumes. The comparison between the concentration EDF in both flow configu-

rations reveals that for a given regime of a plume development, the mixing rate of

plumes in the turbulent open-channel flow is faster and more efficient than that in

homogeneous isotropic turbulent flow. This is attributed to the presence of the mean

shear stresses in the turbulent open-channel flow.

Finally, a remarkably robust feature for all test cases considered in this research

is the observed collapse of the normalized third- and fourth-order concentration mo-

ments on the normalized second-order concentration moment. This observation im-

plies that the higher-order concentration statistics for the total plume can be predicted

either by the first- and second-order concentration statistics for the total plume or

the first- and second-order concentration statistics for each single plumes and of the

cross correlation. This observation further confirms that the clipped-gamma distri-

bution provides very good predictions for the higher-order concentration moments of

the total plume obtained from the dual source release.
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6.2 Future Work

In this research, the dispersion and mixing of passive plumes released from a single

and dual concentrated sources into turbulent open-channel and homogeneous isotropic

turbulent flows are studied using DNS. To continue the current research, the following

research topics are suggested.

• The current research is based on an Eulerian approach. The rich physics of dual

plume interference can also be studied using a Lagrangian approach in the future.

The results of the present research can be used to validate and improve the available

theoretical models described in both Eulerian and Lagrangian approaches. Since

the results of this research are obtained from DNS, they provide the most accurate

benchmark to evaluate the predictive accuracy of different turbulence closure models

for the scalar transport equation.

• A major limitation of this study is the simplicity of the domain geometry (open

channel or isotropic box). In future studies, the dispersion and mixing of multiple

plumes in a more complex domain can be considered. For instance, as a start, an array

of wall-mounted obstacles can be used for emulating an idealized urban environment.

Further extension of the research to the numerical simulation of pollutant plume

interference in the atmospheric boundary layer represents a challenging and practical

subject.

• In the present research, the dispersion and mixing of plumes are studied in the

context of fully-developed turbulent flows (either in an open channel or in a cubic

box). Further investigation of the problem may include use of developing turbulent

flows, e.g. the release of material inside a developing turbulent jet. In this case,

the scales of turbulent flows are developing as well as plume scales. The physics of

dispersion and mixing become much more complicated due to the fact that in the

interference of two jets, even the first-order moments of the flow field are not linearly

superposable.
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• In the current study, the Schmidt number is set to 1 in all test cases. The

conclusions of this research is directly applicable to problems involving dispersion

and mixing of passive thermal plumes and gases (e.g., CO2, CH4, SO2, methanol,

etc.) in the air, in which cases the Schmidt number is approximately equal to 1.

However, in some engineering applications, the dispersion and mixing of heavy gases

is of a primary interest. In view of this, it is important to examine the Schmidt

number effects in future studies.

• The focus of this study is on passive plumes. It would be interesting to extend the

current research findings to reactive and buoyant plumes, which have vast applications

in combustion, chemical engineering, and natural environments.
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Appendix A

Discretization Scheme used in

Open-Channel Code

In this appendix, the discretization schemes for the momentum, continuity and advection-

diffusion equations used in the open-channel code are summarized.

A.1 Continuity and Momentum Equations

For the open-channel flow code, the continuity and momentum transport equations

are discretized using the fully conservative second-order finite difference scheme of

Ham et al. (2002) with the fully implicit fractional step method of Choi and Moin

(1994) for the solution of the continuity and momentum equations. The fully implicit

fractional step method has the following steps

u∗i − uni
∆t

+
1

4

∂(unj + u∗j)(u
n
i + u∗i )

∂xj
= −1

ρ

∂pn

∂xi
+
ν

2

∂2(uni + u∗i )

∂xj∂xj
, (A.1)

(u∗∗i − u∗i )
∆t

=
1

2ρ

∂pn

∂xi
, (A.2)
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∂2pn+1

∂xi∂xi
=

2ρ

∆t

∂u∗∗i
∂xi

, (A.3)

(un+1
i − u∗∗i )

∆t
=
−1

2ρ

∂pn+1

∂xi
. (A.4)

Here, uni and un+1
i are the velocities at the previous and current time steps, respec-

tively, u∗i and u∗∗i are two intermediate velocity components, and pn and pn+1 are the

old and new pressures, respectively. In the first step, an intermediate velocity based

on the pressure of the previous time step is calculated using an alternative directional

implicit (ADI) solver; and then in the second step, it is further modified to a second

intermediate velocity by removing half of the old pressure gradient. In the third step,

the Poisson equation is solved using a multigrid solver to obtain the new pressure

field. Finally, half of the new pressure gradient is used to update the velocity field.

Figure A.1(a) shows the schematic of a 3-D computational node and its neighbors

for a Cartesian coordinate system. In this figure the computational node is repre-

sented by P (point), and the neighboring nodes are denoted by W (west), E (east), S

(south), N (north), B (bottom) ans T (top). Lower case letters w, e, s, n, b and t are

used for the faces of the computational in same directions. In order to demonstrate

the spacing and indices of the computational cell more clearly, figure A.1(b) shows

the computational nodes, cell, faces and their indices in a 2-D configuration. In the

following, the discretization of the continuity and momentum equations in a compact

and the expanded form which are respectively described by LePoudre (2003) and

Saeedi (2014) will be presented.

A.1.1 Compact Form

The compact discretized form of the continuity and momentum equations can be

written as
δ1ui
δ1xi

= 0 , (A.5)
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Figure A.1: Schematic of a typical computational cell, its node, faces, indices and
neighbors in 2-D and 3-D configurations for the base grid. Note that in a staggered
grid arrangement, the grids for storing velocity components (u, v and w) are half-cell
shifted in x, y and z directions, respectively.

δ1ui
δ1t

+
δ1uj

1t
1x̌i
ui

1t
1xj

δ1xj
= −1

ρ

δ1p
1t

δ1xi
+ ν

δ1

δ1xj

(
δ1ui

1t

δ1xj

)
. (A.6)

Note that the superscript xi does not follow the summation convention. Here the one-

delta (δ1) is the second-order central-difference operator which is spatially defined in

the x direction as
δ1ψ

δ1x

∣∣∣∣∣
i,j,k

=
ψi+ 1

2
,j,k − ψi− 1

2
,j,k

xi+ 1
2
,j,k − xi− 1

2
,j,k

, (A.7)

where ψ is a generic variable stored at cell faces, i, j, k represents the nodal location

and i+1/2 and i−1/2 are the corresponding east and west faces, respectively. Similar

definition can be presented for the one-delta (δ1) operator in time. The simple average

operator in the time ψ
1t

represents a Crank-Nicolson temporal discretization. The

simple averaging is defined as

ψ
1x

∣∣∣∣∣
i,j,k,n

=
ψn
i+ 1

2
,j,k

+ ψn
i− 1

2
,j,k

2
, (A.8)
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in which superscript 1x represents one delta operator in the x direction. The volume

averaging is defined as

ψ
1x̌

∣∣∣∣∣
i,j,k,n

=
(xi+ 1

2
− xi)ψni+ 1

2
,j,k

+ (xi − xi− 1
2
)ψn

i− 1
2
,j,k

xi+ 1
2
− xi− 1

2

. (A.9)

A.1.2 Expanded Form

In order to have a better understanding of the discretization of the governing equa-

tions, in the following the expanded version of equations A.5 and A.6 will be presented

for the x-component (corresponding to i = 1 in equation A.6).

The Poisson equation (equation A.3), which also represent the continuity equation,

is expanded to

∂2pn+1

∂x∂x
+
∂2pn+1

∂x∂x
+
∂2pn+1

∂x∂x
=

2ρ

∆t

(
∂u∗∗

∂x
+
∂v∗∗

∂y
+
∂w∗∗

∂z

)
. (A.10)

Applying the discretization for the first and second derivatives, a final algebraic

equation of the following form will be obtained

App
n+1
p = AEp

n+1
E +AWp

n+1
W +ANp

n+1
N +ASp

n+1
S +ATp

n+1
T +ABp

n+1
B +Bp , (A.11)

where the neighbor coefficients are

AE =
1

(dxi + dxi+1)(dxi + dxi)
,

AW =
1

(dxi−1 + dxi)(dxi + dxi)
,

AN =
1

(dyj + dyj+1)(dyj + dyj)
,

AS =
1

(dyj−1 + dyj)(dyj + dyj)
,

AT =
1

(dzk + dzk+1)(dzk + dzk)
,

AB =
1

(dzk−1 + dzk)(dzk + dzk)
, (A.12)
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and the central coefficient is

AP =
1

(dxi + dxi+1)(dxi + dxi)

+
1

(dxi−1 + dxi)(dxi + dxi)

+
1

(dyj + dyj+1)(dyj + dyj)

+
1

(dyj−1 + dyj)(dyj + dyj)

+
1

(dzk + dzk+1)(dzk + dzk)

+
1

(dzk−1 + dzk)(dzk + dzk)
, (A.13)

and the source term takes the following form

Bp =
−2ρ

∆t

[
u∗∗i,j,k − u∗∗i−1,j,k

(dxi + dxi)
+
u∗∗i,j,k − u∗∗i,j−1,k

(dyj + dyj)
+
u∗∗i,j,k − u∗∗i,j,k−1

(dzk + dzk)

]
. (A.14)

For the momentum transport equation, the convective terms are discretized as

1

4

[
∂(un + u∗)(un + u∗)

∂x

]
p

=

ufe

uni,j,k + u∗i,j,k
2

+
uni+1,j,k + u∗i+1,j,k

2
2

− ufw

uni,j,k + u∗i,j,k
2

+
uni−1,j,k + u∗i−1,j,k

2
2

dxi + dxi+1

,

(A.15)

1

4

[
∂(vn + v∗)(un + u∗)

∂y

]
p

=

vfn

uni,j,k + u∗i,j,k
2

+
uni,j+1,k + u∗i,j+1,k

2
2

− vfs

uni,j,k + u∗i,j,k
2

+
uni,j−1,k + u∗i,j−1,k

2
2

dyj + dyj
,

(A.16)
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1

4

[
∂(wn + w∗)(un + u∗)

∂z

]
p

=

wft

uni,j,k + u∗i,j,k
2

+
uni,j,k+1 + u∗i,j,k+1

2
2

− wfb

uni,j,k + u∗i,j,k
2

+
uni,j,k−1 + u∗i,j,k−1

2
2

dzk + dzk
,

(A.17)

in which

ufe =
dxi+1

uni+1,j,k + u∗i+1,j,k

2
+ dxi+1

uni,j,k + u∗i,j,k
2

dxi+1 + dxi+1

, (A.18)

ufw =
dxi

uni,j,k + u∗i,j,k
2

+ dxi
uni−1,j,k + u∗i−1,j,k

2
dxi + dxi

, (A.19)

vfn =
dxi+1

vni+1,j+1,k + v∗i+1,j+1,k

2
+ dxi

vni,j+1,k + v∗i,j+1,k

2
dxi + dxi+1

, (A.20)

vfs =
dxi+1

vni+1,j−1,k + v∗i+1,j−1,k

2
+ dxi

vni,j−1,k + v∗i,j−1,k

2
dxi + dxi+1

, (A.21)

wft =
dxi+1

wni+1,j,k+1 + w∗i+1,j,k+1

2
+ dxi

wni,j,k+1 + w∗i,j,k+1

2
dxi + dxi+1

, (A.22)

wfb =
dxi+1

wni+1,j,k−1 + w∗i+1,j,k−1

2
+ dxi

wni,j,k−1 + w∗i,j,k−1

2
dxi + dxi+1

. (A.23)

The discretization of diffusion terms will be

ν

2

∂2(un + u∗)

∂x∂x
= ν

(du
dx

)e − (du
dx

)w

dxi + dxi+1

, (A.24)

ν

2

∂2(un + u∗)

∂y∂y
= ν

(du
dy

)n − (du
dy

)s

dyj + dyj
, (A.25)
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ν

2

∂2(un + u∗)

∂z∂z
= ν

(du
dz

)t − (du
dz

)b

dzk + dzk
, (A.26)

in which

(
du

dx

)
e

=

uni+1,j,k + u∗i+1,j,k

2
−
uni,j,k + u∗i,j,k

2
dxi+1 + dxi+1

, (A.27)

(
du

dx

)
w

=

uni,j,k + u∗i,j,k
2

−
uni−1,j,k + u∗i−1,j,k

2
dxi + dxi

, (A.28)

(
du

dy

)
n

=

uni,j+1,k + u∗i,j+1,k

2
−
uni,j,k + u∗i,j,k

2
dyj+1 + dyj

, (A.29)

(
du

dy

)
s

=

uni,j,k + u∗i,j,k
2

−
uni,j−1,k + u∗i,j−1,k

2
dyj + dyj−1

, (A.30)

(
du

dz

)
t

=

uni,j,k+1 + u∗i,j,k+1

2
−
uni,j,k + u∗i,j,k

2
dzk+1 + dzk

, (A.31)

(
du

dz

)
b

=

uni,j,k + u∗i,j,k
2

−
uni,j,k−1 + u∗i,j,k−1

2
dzk + dzk−1

, (A.32)

and the source term is discretized as

−1

ρ

∂pn

∂x
= −

pni+1,j,k + p∗i+1,j,k

2
−
pni,j,k + p∗i,j,k

2
dxi + dxi+1

. (A.33)

The final algebraic form of the u-momentum equation takes the following form

Apu
∗
p = AEu

∗
E + AWu

∗
W + ANu

∗
N + ASu

∗
S + ATu

∗
T + ABu

∗
B +Bp , (A.34)

in which the neighbor coefficients are
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AE = −
dxi+1

uni+1,j,k + u∗i+1,j,k

2
+ dxi+1

uni,j,k + u∗i,j,k
2

4(dxi + dxi+1)(dxi+1 + dxi+1)

+
ν

4dxi+1(dxi + dxi+1)
,

AW = +
dxi

uni,j,k + u∗i,j,k
2

+ dxi
uni−1,j,k + u∗i−1,j,k

2
4(dxi + dxi+1)(dxi + dxi)

+
ν

4dxi(dxi + dxi+1)
,

AN = −
dxi+1

vni+1,j+1,k + v∗i+1,j+1,k

2
+ dxi

vni,j+1,k + v∗i,j+1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj(dyj+1 + dyj)
,

AS = +
dxi+1

vni+1,j−1,k + v∗i+1,j−1,k

2
+ dxi

vni,j−1,k + v∗i,j−1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj(dyj + dyj−1)
,

AT = −
dxi+1

wni+1,j,k+1 + w∗i+1,j,k+1

2
+ dxi

wni,j,k+1 + w∗i,j,k+1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk(dzk+1 + dzk)
,

AB = +
dxi+1

wni+1,j,k−1 + w∗i+1,j,k−1

2
+ dxi

uni,j,k−1 + u∗i,j,k−1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk(dzk + dzk−1)
, (A.35)
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and the central coefficient is

AP =
1

∆t

+
dxi+1

uni+1,j,k + u∗i+1,j,k

2
+ dxi+1

uni,j,k + u∗i,j,k
2

4(dxi + dxi+1)(dxi+1 + dxi+1)
+

ν

4dxi+1(dxi + dxi+1)

−
dxi

uni,j,k + u∗i,j,k
2

+ dxi
uni−1,j,k + u∗i−1,j,k

2
4(dxi + dxi+1)(dxi + dxi)

+
ν

4dxi (dxi + dxi+1)

+
dxi+1

vni+1,j+1,k + v∗i+1,j+1,k

2
+ dxi

vni,j+1,k + v∗i,j+1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj (dyj+1 + dyj)

−
dxi+1

vni+1,j−1,k + v∗i+1,j−1,k

2
+ dxi

vni,j−1,k + v∗i,j−1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj (dyj + dyj−1)

+
dxi+1

wni+1,j,k+1 + w∗i+1,j,k+1

2
+ dxi

wni,j,k+1 + w∗i,j,k+1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk (dzk+1 + dzk)

−
dxi+1

wni+1,j,k−1 + w∗i+1,j,k−1

2
+ dxi

uni,j,k−1 + u∗i,j,k−1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk (dzk + dzk−1)
,

(A.36)

and the source term coefficient takes the following form

Bp =
2unP
∆t

+ AEu
n
E + AWu

n
W + ANu

n
N + ASu

n
S + ATu

n
T + ABu

n
B

−

pni+1,j,k + p∗i+1,j,k

2
−
pni,j,k + p∗i,j,k

2
dxi + dxi+1

. (A.37)

A.1.3 Advection-Diffusion Equation

For the time advancement of the advection-diffusion equation, a Crank-Nicolson

scheme was used. For the spatial discretization of the diffusion term, a central-

differencing scheme was employed. Owing to the presence of high gradients in the
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concentration fields, it is critically important to use a proper numerical scheme for the

discretization of the convective term in the advection-diffusion equation of the scalar.

To this purpose, it is known that if a second-order central differencing or higher-order

scheme is used for the discretization of the convective term, non-physical oscillations

may occur in the solution for c which can result in unphysical negative concentrations.

On the other hand, the use of an upwind scheme for the discretization of the convective

term has the tendency to “smear out” the plume concentration field owing to the false

diffusion inherent in this scheme. These problems have been identified and discussed

previously by Brethouwer et al. (1999), Livescu et al. (2000), Vrieling and Nieuwstadt

(2003), Xie et al. (2004) and Boppana et al. (2012). Based on the previous experience

of these investigators, a total variation diminishing (TVD) scheme is used for the dis-

cretization of the convective term in the advection-diffusion equation. TVD schemes

are monotonicity preserving and, as a consequence, do not result in non-physical os-

cillations for the concentration field. In particular, the instantaneous concentration

obtained as a solution of the advection-diffusion equation is non-negative and never

exceeds the source concentration (maximum realizable concentration). To this pur-

pose and based on a comparative study of Waterson and Deconinck (2007), the Sharp

and Monotonic Algorithm for Realistic Transport (SMART) developed by Gaskell

and Lau (1988) is used to discretize the convective term in the advection-diffusion

equation for the scalar. The SMART scheme has the following limiter function:

ϕ(r) = max

[
0,min

(
2r,

3r + 1

4
, 4

)]
, (A.38)

where ϕ(r) is the limiter function and r is the local ratio of the upstream gradient

to downstream gradient in the concentration field. The SMART scheme is essentially

third-order accurate, but it reduces to a first-order accurate upwind and a central-

differencing scheme for ϕ(r) = 0 and 1, respectively.

In the following the discretization of the advection-diffusion equation in a compact

and the expanded form will be presented.
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A.1.4 Compact Form

The compact discretized form of the advection-diffusion equation can be written as

δ1c

δ1t
+ uj

∆1c
1t

∆1xj
= α

δ1

δ1xj
(
δ1c

1t

δ1xj
) . (A.39)

Equation A.39 is a linear algebraic equations which is solved by an ADI solver. Here

the one-Delta (∆1) is the TVD operator which is spatially defined in the x direction

for a flow in the positive x-direction as

∆1ψ

∆1x

∣∣∣∣∣
i,j,k

=
ψi,j,k − ψi−1,j,k + 1

2
ϕ(re)(ψi+1,j,k − ψi,j,k)− 1

2
ϕ(rw)(ψi,j,k − ψi−1,j,k)

xi+ 1
2
,j,k − xi− 1

2
,j,k

,

(A.40)

where re =
ψi,j,k−ψi−1,j,k

ψi+1,j,k−ψi,j,k
and rw =

ψi−1,j,k−ψi−2,j,k

ψi,j,k−ψi−1,j,k
.

A.1.5 Expanded Form

The convective terms are discretized as

∂uc

∂x
= fe

cne + cn+1
e

2
− fw

cnw + cn+1
w

2
, (A.41)

∂vc

∂x
= fn

cnn + cn+1
n

2
− fs

cns + cn+1
s

2
, (A.42)

∂wc

∂x
= ft

cnt + cn+1
t

2
− fb

cnb + cn+1
b

2
. (A.43)

The convective fluxes are

fe =

uni,j,k+un+1
i,j,k

2

2dxi
, fw =

uni−1,j,k+un+1
i−1,j,k

2

2dxi
, (A.44)

fn =

vni,j,k+vn+1
i,j,k

2

2dyj
, fs =

vni,j−1,k+vn+1
i,j−1,k

2

2dyj
, (A.45)

ft =

wn
i,j,k+wn+1

i,j,k

2

2dzk
, fb =

wn
i,j,k−1+wn+1

i,j,k−1

2

2dzk
, (A.46)
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Table A.1: Values of the α coefficients for different flow directions

αe = 1 for fe > 0 and αe = 0 for fe < 0
αw = 1 for fw > 0 and αw = 0 for fw < 0
αn = 1 for fn > 0 and αn = 0 for fn < 0
αs = 1 for fs > 0 and αs = 0 for fs < 0
αt = 1 for ft > 0 and αt = 0 for ft < 0
αb = 1 for fb > 0 and αb = 0 for fb < 0

and the value of the scalar field at cell faces are evaluated as

ce = αe

[
cP +

1

2
ϕ(r+

e )(cE − cP )

]
+ (1− αe)

[
cE +

1

2
ϕ(r−e )(cP − cE)

]
, (A.47)

cw = αw

[
cW +

1

2
ϕ(r+

w)(cP − cW )

]
+ (1− αw)

[
cP +

1

2
ϕ(r−w)(cW − cP )

]
, (A.48)

cn = αn

[
cP +

1

2
ϕ(r+

n )(cN − cP )

]
+ (1− αn)

[
cN +

1

2
ϕ(r−n )(cP − cN)

]
, (A.49)

cs = αs

[
cS +

1

2
ϕ(r+

s )(cP − cS)

]
+ (1− αs)

[
cP +

1

2
ϕ(r−s )(cS − cP )

]
, (A.50)

ct = αt

[
cP +

1

2
ϕ(r+

t )(cT − cP )

]
+ (1− αn)

[
cT +

1

2
ϕ(r−t )(cP − cT )

]
, (A.51)

cb = αb

[
cB +

1

2
ϕ(r+

b )(cP − cB)

]
+ (1− αb)

[
cP +

1

2
ϕ(r−b )(cB − cP )

]
, (A.52)

in which αe,w,... shows the flow directions, r is the ratio of the upstream to downstream

gradients and ϕ is the flux limiter function. The values of α coefficients and the

relationships for gradient ratios have been specified in tables A.1 and A.2, respectively.

The diffusion terms are discretized as

α
∂2c

∂x∂x
= α

(
dc
dx

)
e
−
(
dc
dx

)
w

2dxi
= α

cnE+cn+1
E

2
−

cnP+cn+1
P

2

dxi+dxi+1
−

cnP+cn+1
P

2
− cnW+cn+1

w
2

dxi+dxi−1

2dxi
, (A.53)
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Table A.2: The ratio of gradients for different flow directions and cell faces

x direction r+
e = cP−cW

cE−cP
r−e = cEE−cE

cE−cP
r+
w = cW−cWW

cP−cW
r−w = cE−cP

cP−cW

y direction r+
n = cP−cS

cN−cP
r−n = cNN−cN

cN−cP
r+
s = cS−cSS

cP−cS
r−s = cN−cP

cP−cS

z direction r+
t = cP−cB

cT−cP
r−t = cTT−cT

cT−cP
r+
b = cB−cBB

cP−cB
r−b = cT−cP

cP−cB

α
∂2c

∂y∂y
= α

(
dc
dy

)
n
−
(
dc
dy

)
s

2dyj
= α

cnN+cn+1
N

2
−

cnP+cn+1
P

2

dyj+dyj+1
−

cnP+cn+1
P

2
−

cnS+cn+1
S

2

dyj+dyj−1

2dyj
, (A.54)

α
∂2c

∂z∂z
= α

(
dc
dz

)
t
−
(
dc
dz

)
b

2dzk
= α

cnT+cn+1
T

2
−

cnP+cn+1
P

2

dzk+dzk+1
−

cnP+cn+1
P

2
−

cnB+cn+1
B

2

dzk+dzk−1

2dzk
. (A.55)

Applying the above discretization to the scalar transport equation, the following

algebraic equation will be obtained

Apc
n+1
p = AEc

n+1
E +AW c

n+1
W +ANc

n+1
N +ASc

n+1
S +AT c

n+1
T +ABc

n+1
B +Bp , (A.56)

in which the neighbor coefficients are

AE = max(−fe, 0) +
α

4dxi(dxi + dxi+1)
,

AW = max( fw, 0) +
α

4dxi(dxi−1 + dxi)
,

AN = max(−fn, 0) +
α

4dyj(dyj + dyj+1)
,

AS = max( fs, 0) +
α

4dyj(dyj−1 + dyj)
,

AT = max(−ft, 0) +
α

4dzk(dzk + dzk+1)
,

AB = max( fb, 0) +
α

4dzk(dzk−1 + dzk)
, (A.57)
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and the central coefficient is

AP =
1

∆t

+ AE + AW + AN + AS + AT + AB

+ (fe − fw) + (fn − fs) + (ft − fb) , (A.58)

and the source term is

BP = (
2

∆t
− AP )cnP

+ AEc
n
E + AW c

n
W + ANc

n
N + ASc

n
S + AT c

n
T + ABc

n
B

+
1

2
fe
[
(1− αe)ϕ(r−e )− αeϕ(r+

e )
]

(cnE − cnP )

+
1

2
fw
[
αwϕ(r+

w)− (1− αw)ϕ(r−w)
]

(cnP − cnW )

+
1

2
fn
[
(1− αn)ϕ(r−n )− αnϕ(r+

n )
]

(cnN − cnP )

+
1

2
fs
[
αsϕ(r+

s )− (1− αs)ϕ(r−s )
]

(cnP − cnS)

+
1

2
ft
[
(1− αt)ϕ(r−t )− αtϕ(r+

t )
]

(cnT − cnP )

+
1

2
fb
[
αbϕ(r+

b )− (1− αb)ϕ(r−b )
]

(cnP − cnB) . (A.59)

A.2 Grid Resolution

The number of grid nodes and the spatial resolution (based on wall units) used for

performing DNS are summarized in table A.3. The grid is uniform in the streamwise

and spanwise directions. However, in order to resolve the wall shear layer, the grid

spacing is gently stretched in the wall-normal direction using a hyperbolic tangent

function. As shown in the table, the minimum and maximum grid resolutions in

the wall-normal direction are ∆y+
min = 0.03 and ∆y+

max = 4.6 for Reτ = 180, and

∆y+
min = 0.03 and ∆y+

max = 2.4 for Reτ = 395. In general, the grid resolutions which

are used here for conducting DNS at the two Reynolds numbers are much finer than

those used in the DNS studies of Handler et al. (1999) and Moser et al. (1999) at
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Table A.3: Summary of grid resolutions. Nx, Ny and Nz represent the number of
grid nodes in the x-, y-, and z-directions, respectively. ∆y+

min and ∆y+
max are the

minimum and maximum grid resolutions in the wall-normal direction.

Reτ Nx×Ny ×Nz ∆x+ ∆z+ ∆y+
min ∆y+

max

180 256× 128× 192 8.8 3.9 0.03 4.6
395 512× 256× 384 4.8 3.2 0.03 2.4

comparable Reynolds numbers. In their study, they used a spectral method which

requires much coarser grids to resolve the turbulent scales as compared to the finite

volume or finite difference methods used herein.
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Appendix B

Discretization Scheme Used in

Isotropic Turbulence Code

In this appendix, the discretization schemes for the momentum, continuity and advection-

diffusion equations used in the homogeneous isotropic turbulence code are summa-

rized.

B.1 Continuity and Momentum Equations

The algorithm for the homogeneous isotropic turbulent flow code is based on a pseudo-

spectral method described by Orszag and Patterson (1972) and Eswaran and Pope

(1988). In order to use the pseudo-spectral method, as described by Yang and Wang

(2016) a variable ψ(x, t) in physical space needs to be expanded into discrete Fourier

series

ψ̆(k, t) =
1

N3

∑
l1

∑
l2

∑
l3

e−ik·xψ(x, t) , (B.1)

where the summation is over all grid points, i =
√
−1 is the imaginary unit, variable

ψ̆ represents the spectral coefficients of ψ, and k = [k1, k2, k3]T = [m1k0,m2k0,m3k0]T

is the wavenumber vector, with m1, m2 and m3 all being integers between −N/2 and
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N/2 − 1, inclusive. Here, k0 = 2π/L represents the lowest positive wavenumber.

Inversely, the physical variable can be obtained as

ψ(x, t) =
∑
m1

∑
m2

∑
m3

eik·xψ̆(k, t) , (B.2)

where the summation is over all wavenumbers in spectral space. All the Fourier and

inversed Fourier transforms are conducted using FFTW1 library. The mean velocity

for the solution of the continuity and momentum equations is fixed to zero, from which

it follows that ŭi(0, t) ≡ 0. However, in order to generate a mean advection of the

passive scalar, a constant mean velocity is superimposed on the velocity fluctuations

obtained from the solution of the continuity and momentum equations. Then the

superimposed velocity field is implemented for the solution of the advection-diffusion

equation.

Once the velocity and pressure fields are expanded into Fourier series, equations 2.1

and 2.2 can be written in spectral space as

kiŭi = 0 , (B.3)

and
∂ŭi
∂t

= Ği −
ikip̆

ρ
− νk2ŭi , (B.4)

respectively. Here, k = (k2
1 +k2

2 +k2
3)0.5 represents the norm of the wavenumber vector

k, and Ği represents the spectral coefficients of the combined convection and body

force terms, i.e.

−uj
∂ui
∂xj

+ Fi =
∑
m1

∑
m2

∑
m3

eik·xĞi(k, t) . (B.5)

The convection term in the above equation are computed in physical space and the 3/2

rule is applied to eliminate aliasing errors. Multiplying ki on both sides of equation B.4

and absorbing equation B.3 into the resultant equation yields the formulation of the

spectral coefficient of the pressure, viz.

p̆

ρ
= − ikiĞi

k2
. (B.6)

1www.fftw.org
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On substituting equation B.6 into equation B.4, the momentum equation finally be-

comes
∂ŭi
∂t

= PijĞj − νk2ŭi , (B.7)

where

Pij = δij −
kikj
k2

, (B.8)

is the projection tensor. Equation B.7 is then integrated to march the velocity field

in time.

In order to sustain the turbulent kinetic energy (TKE) at a statistically stationary

level, the artificial body force Fi proposed by Carati et al. (1995) is included in

equation 2.2, which reads

F̆ (k, t) =
εF
NF

ŭ(k, t)

ŭ(k, t) · ŭ?(k, t)
for k0 ≤ k ≤ kF . (B.9)

Here, (·)? represents the conjugate of a complex number. The forcing is enforced

inside the shell for k0 ≤ k ≤ kF . As indicated by Eswaran and Pope (1988), because

Fi is an artificial force, it introduces non-physical information into the flow field. In

order to keep the −5/3 power-law of the energy spectrum unaltered by this artificial

force, the shell radius kF must be kept significantly smaller than the wavenumbers

that characterize the inertial subrange. Following Eswaran and Pope (1988), we use

kF/k0 =
√

2 in the present simulations. Integer NF in equation B.9 represents the

number of modes inside the shell, which is determined automatically by the shell

radius kF . Based on the specified shell radius kF/k0 =
√

2, the value of NF is 18 in

current simulations. The forcing intensity is controlled by the energy injection rate

εF , which is set to a constant value 4.706 × 10−5 to balance the overall dissipation

rate.
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B.2 Advection-Diffusion Equation

The DNS data for the scalar field is obtained using the similar method described

for the open-channel flow with a difference that the time advancement for both the

velocity and scalar fields is achieved using the following explicit fourth-order Runge-

Kutta scheme, i.e.,

cn+1 = cn +
1

6
(K1 + 2K2 + 2K3 +K4) . (B.10)

Here, K1, K2, K3 and K4 are defined as

K1 = ∆t

[
−uj

∆1c
n

∆1xj
+ α

δ1

δ1xj
(
δ1c

n

δ1xj
)

]
, (B.11)

K2 = ∆t

[
−uj

∆1(cn + 1
2
K1)

∆1xj
+ α

δ1

δ1xj
(
δ1(cn + 1

2
K1)

δ1xj
)

]
, (B.12)

K3 = ∆t

[
−uj

∆1(cn + 1
2
K2)

∆1xj
+ α

δ1

δ1xj
(
δ1(cn + 1

2
K2)

δ1xj
)

]
, (B.13)

K4 = ∆t

[
−uj

∆1(cn +K3)

∆1xj
+ α

δ1

δ1xj
(
δ1(cn +K3)

δ1xj
)

]
. (B.14)

B.3 Grid Resolution

Table B.1 summarizes input parameters for controlling DNS and important output

quantities. As indicated by Eswaran and Pope (1988), the flow is essentially controlled

by three non-dimensional parameters: N , ReF = ε
1/3
F k

−4/3
0 /ν and kF/k0. Here, ReF is

the forcing Reynolds number, whose value is 372.9. As shown in the table, the number

of grid nodes used for the DNS is 2563. The grid is uniform in all three coordinate

directions. Based on this grid resolution, kmaxη = 1.42 where kmax =
√

2Nk0/3 is the

maximum significant wavenumber resolved by the grid system, η is the Kolmogorov

length scale defined as η = (ν3/ε)1/4 and ε is the mean rate of energy dissipation
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Table B.1: Key input parameters and output quantities from DNS of homogeneous
isotropic turbulence.

Input parameters Output quantities

N3 105ν 105εF ReF kF/k0 Reλ k0η kmaxη l û

2563 9.682 4.706 372.9
√

2 150 1.178× 10−2 1.42 1.2 0.052

per unit mass. This value of kmaxη well satisfies the criterion suggested by Eswaran

and Pope (1988) for the grid resolution required for conducting a ‘good’ DNS (viz.,

kmaxη > 1).

As an output parameter of DNS, the Taylor-microscale Reynolds number is an

important characteristic of homogeneous isotropic turbulence. It is defined as

Reλ = ûλ/ν , (B.15)

where λ = (15νû2/ε)1/2 represents the Taylor microscale and the fluctuating velocity

scale û is determined from the TKE ku as û2 = 2ku/3. The Reynolds number cal-

culated by DNS is Reλ = 150. In table B.1, l is the integral length scale of the flow

field defined as

l =
π

2û2

∫ kmax

0

E(k)

k
dk . (B.16)

Following the conventional approach for simulating homogeneous isotropic turbulence

the units of the parameters shown in this table are not explicitly specified, with the

implicit understanding that they are consistent by default in any chosen unit system.
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