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ABSTq.A_CT

AnalyÈie expressions are obtained for

two-bod.y forward and back'¡rard scat'beriag amplítuåes:

hy three differenÌ; methcds " The fcr"a,alis¡a 1s exiended'

to seatteriag from i¡ bound. siate assumi-ng the particles

to be disj;in$¡ishable " l}e give criteria f or splitting

the seatieríng amplitudes into forivard. and. backtvard,

parts " Tlre two-body inFact paraneier a^rnplitudes and

ËeåtÈering +¡rplit¡¡d.es are ea].cu-tated. at i-nter:med'iate

energies by a phase-shift aaalysis and i;]re results

exteaded to higher energies. \.i'e eo¡el"r¿de that the

baclrwa¡d. a^uplitude for proton-de:¡¡eron scatÌ;ering is

sonewhat larger than pred,itted by other authors " Tbe

applications of tlre theory are lirsited by our present

Lack of detailed ínformation of the high energy scattering

ampli1,rrdes,
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CHAPTER I

IlJTRODUCTION

In this work v¡e consider the description
of high energy scattering of particles. we are interested.

in high energy scattering because at these energ'ies the

\^/ave lengths of incident particles are very small and the

particles therefore act as sensitive probes of the

structure of the target particles and of the mechanism

of short-range sirong interactions. However, by high

energy we mean that the potential is still a valid
represen'tation of the interaction between two systems.

The validity of schrödinger equation is assumed at such

high energies"

At low energies experimental observations

are reasonably well understood in terms of the partial
v/ave expansion of the scattering amplitude" At high

energ,ies however this description is not very useful_

sincer âs the energy increases, large numbers of partial
waves must be included, making a reliable analysis

difficult. Also, large-angle cross-sections are very

small compared vrith those in the forward direction,
which implies that strong cancellation between various
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partial 'rve'ues oecurse and. hence -ihe partiai weÌtrê

analysi s beeo:nes very seÐ.si-bive to approxirna-oi_ons.

ïn receni years two deseripticns of hi.gh

energy scaÈtori.ng ha-rre evolved., lhe first is a high
energy snall a:rgle approxi-rnation of i;he scattering
amp]-itude ca]-led the eikonal approri-nation, It vyas first
proposed by mcriÞrel) and subsequently d,e'reloped by many

^ 
t\

auihorsz¡J) " It descri"oes a hlgh energy particle
passing through a scattering regi.on ín a semi-elassieal
sense at an impact parameter b on a straight line
trajectory (see Fig" l) " The wave*ft¡:rction of the
particle rrndergoes a phase-change whieh can be ealeu]_ated

fron the conpler potentialu and fron this phase-change

the scattering a*plitude ean be oÌ:tained. The second

high energy d.escription is due to Branrrenbeeler and
n\

Gol dbergera-¡ ani!. contains onry a high energy approxi:aation
pnd has no angular restrietion, Howeveru to dai;eo most

attention has been focussed or1 sea'i;tering in the forward
direction, The angular dístributions at high energies
are characterised by a large forward. pealc and ia some

inste.nces al-so by a prominent backward peak" The

nuJ.tipì.e scattering theory of Glauber, whieh is
d.eveloped. 1n the eikonar approximation, is very su.ccess*

flrl in explaining the obserøed, data in the forward
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direci;ioit" The backryard. peak hes no-c, however"

been expS-ainecL as s'¿ceessfull-y 15e5r7) ye-b backward

seatteriag io irepo:''tant since the Coul onb in'teraction
is negligibJ-e and the inherent large nomentum i;ransfey

means thet irackward scattering contains far m.ore

short rÐ¡rge infos'aation about -bhe targeii than does

forward. scattering at the sg.me en.ergy" The purpose

of this lvork is u thereflrre, to forqu1ate a Gl-auber-

tyBe eikonal mod.el for backward as ',ve11 as forward

seattering from a eoa.posite particle" It i-s a

relatively sinple task io obtain f,orward, and. baek-

rvard sca-i¡ering amplitudes for a -two-body systen- since
-tlre crlteria for spii'bting -bhe scattering amplitude are

well defined, lhe problem of splitting the scaiteríng
amFlitr:.de in -i;he three-bod.y s¡istem 1s not as sinpl-e8) u

and the effect is further compoirnded ia nul-ti-bodied

systems, The problem of splittieg fs eorrnected lvith the

pro'bl-em of definite sígnature" Signatures for scattering
of a two-bod,y systeu are v¡ell d.efined u but lye obtain

mixed signatures for seatterlng in a general three-
body system" Fie wiJ-l therefore restrict our discussion

of -bhe three-body system to the problem of scatterlng
from a bou¡.d state, This allows us to split the

scattering amplltude in a physically reasonable vlay?
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and to const¡'uct ihree-body seat-bering anplitudes
from two-body ampl_itudes, ïye ehoose to apply our
results specifically'bo protoil.*deu,6eron scaite:,ing
eince 'chis has aloused much. interest ín recent yei¿raè

Previous analyses of backward ,scat,çeriog5 r6r7 ) indi*ate
that a simple rrucleon exehange cìJ-agram gives a.Ír.

insufficient d.ifferenti"al rro$$*$êctiori in the back:
ward. directlon in the Bor¡r approxinati.on" several
caleulations7) h*o" beea performed, using esoteric
components of the rva-rÍe fu¡.etion of -i;h_e d.euteror¿ ,J¿hieh

su.lrposedly help i;o -noost back'øarcl scat-beriqgu at l_eaet

qual.itati-r¡e1y" I{owe"veru to our knowl.edge no urlitarized-
calculations for backsvard scattering. have been Þer*.
for¡aed ar,' higlr energies 

"

.x- 'Á )Ê -x. ;Å.

Cb.apter II is d.evoted to two*body seat*
-berÍng" Tn seetion rr"1 we present th-e lrasia forrrraris¡r
u.sed in the derivation of the scatterlng a.mFl-i_tud.eso and

in seetion ïr,2 we present eri'i;eria for splitti.rrg
the seat'bering a;nplitude into Í^r;s fos..v¡ard and, 'i-raekward"

parts, In Section II"3 we de:::i..r¡e general off*energy*
shell forward and back¡vard seattering anplitud"es
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co?ïespond.ing 'bc i;hcse oì:-üained. in ',;he forward. d.irecÌ;ion

by G'lauber a¡rd by Blanicenbeeler a¡-d. Golrlberger'

Il Seetion II"4 wo glve an alteraabive

rnethod. of deriving these scatteriag a-nplitudesu and

discuss why we nay not exËend. -i;he nethod. cli¡'ectIy
-bo three-body scattering, In Section II"5 lre d.erive

the sca.ttering empliiud.es ¿5!ng arl operator r+ethod

which we may extend to the three-body system" Finally

in Section TI.6 we deduce tl:e f orro of the unitariiy
re] ations r'v3:.ich these anplitud,es satisfy in the high-

energy limiÈ"
In Chapr5er III lve consider seattering from

a bound state " Yie derive the f orward and baclçward.

amplitud.es and. give criteria fo¡ spr i'i;ting the ampliiud^es

1n Section III"1" ì'/e then show hoiv we may

approximate the a¡nplitudes obtaiaed j-n order to make

-bheir application to physieal- problems easier in Seetion

LiÍ_ "2 "

thapter Til ís d.er¡oted. to applying the

two-body scattering analysis to proton-proton aad.

proton-neuiron. scattering and usi-ag these tlvo-body

ampS-iì;ud.es to construct proton-deuieron dífferential
cross-seCtions" lVe haVe to nako- Some assrrmptions abOut
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''}he ra-bio of real to :-naginary parts of the tivo-bcldy

scattering am.plitudesr âs these a.Te ao-b aon'p] sf,sfy

d.e'oernined. by 'r;he d.ifferen-¡,'ial- cross-se';'bions " iT'¿

cal culate the seqitering ampl itudes a.nd p:'cfi-]e fu¡.ctiolrs

a-i; in-bersediate enez'gies u.si-ng a parii aJ- warre anal¡rsis u

and use the conclusions we d.raw from these resu]-ts as

a basi s for our essluûptions at high energyo Vie then

evaluate the protcn-deutero¡r forwarrl and backward, dif=
ferential eross:-seetíons "

\Ye end r,'his r,vorl< wi-bh a d.iscussion of

the resul-ts,
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C;ïÀ.PT¡R ÏÏ

TIiTO-BONY SCATTERI}IG

II "L Ba.qic Apgo.qSS

Our approach is based. oa the fadi that

the on-shelI saattering amplitude for elastic scat-

tering of two spinJ-ess particles nay be ltl.ritten in
tesas of a Fourier*Bessel 'cïansfors4'9 ).

\ri^ r^ \ {'ï tt --- /L r--\\r1 l.- t--r
úfÌrE-) : ¡*xiLJ" þc\h;'J c[Þ¡v -tr J \ L¡; o)

'¡,rhere k (= yË) aad O are ms¡neniun and scatteri-ng

angJ-e in the eeatre of mass sysiem a¡ec1 we have assuned

m=h=l , the variable t is the negative of the is.omentu:a

traasfer and. is given by

i r \rl--. .i C_¡ = -{-\L 'i-ut1 ,-
L

and J ^ i.s the %erota order Bessel funsiicn. The para¡ileter- -o

b is identified çriih the elassi cal- impact Ðarâ,rnetÊr

in the forward direetionu but is otherovise quite general"

Thís equation i s eraa-Ë and valid for al-l physical

valr¡es of energy and ang1e, Al-so, since -bhe invaríant

momen*r¡n -bransfer occu:'s natrually tviÌ;h the i-npaet

pare¡teter as a varlable in the argrrment of the Bessel

fi;-ncËlonu this equation may be read.iJ-y extended. to



ô

"ìnelilde relaiivistie effects. lhe inpact pan'nlneter
..4

anplitucle u or profile f-erncticn '\'( s nb) , is z'elated.

Ìe the par-tial !?ave nnI:litude blo

,l\/.. r '\. -'t É' rr 1¡ , ¡\ f. r..-r --i- ll t "r

"i'(s, b) : ,rL L | ìL+ I ) j. Lls) '-j zut' r-.kb )

L-'c .l -_-T-
Þ

qrl-r ov.a

Thls suggests tha-b i;he 5-npact parameier as.:¡litude

ma¡r be îepresented by -bhe forn

' )1[:', !:)
{' (s,\r) =- a- - \

Éinee çsing the rel-a'i;ioa

4, , .a . ,r'-Í- / ¡l\-l
,:"_ _):, i l-L't \ ) Jr, *r l. lÐJ \

þC 
\ / -ù:r-\r \i / I

ß,
\"

one obtains

iñ-Csrs) ùc - }.Lcruls)
r_ _ l^ lJ-Lt\)e-

L:Cì

a- ¿tt'\J-:r¡KÐ¡-
b
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I:e -tlle e:_konal- appt"olçLaa-bion, -L-Ìre .phas e :[,r;¡.c,i;ion
'-'è J ,

.,\'lse¡) is gi-vea b;r '{;i:e Gi-,aube;, expressicyr

'À i .,lt) -- -+ i"'t JI / tiz r- ! z)/ U,* r) , 
,_j * 

=Ð

wher"e rn- ís -,,"he ver-ocity of i;}.re prcjec-hir-e in the
diz'ec¡ìcn g = ;g/.ìi and rr is the i.nrleraetion ;:r¡,cential"

îhj"s suggesis that Ðu.e can analagously
r,vz'ite doriyzr ,6he Glauber*tJ"pe ïepïesentaiion for .i,_he

forward. anrl backr¡a,rd rlireetions in the Þre'e,,c,è of
dii'ect and spare exehange poaential_so lio¡1elO)
'rvaË -bherefore able to d,erive e:*actl;y sclvable eoupleci
in'L-eg:eal equa';icns fo¡ ihe for-rvard. and backwasd

scattering e.inp'l itu.cles in -bhe eikonal appi,*xi-¡¡atíon,
Ilowever his ¿lr¿l ysis i,s far fron eoaplete " The

anplÍ'-i;url.es deri'¡ecl ere onl-;ii .rlor or1-eneï'gy-sheì 1

scatte:¡'ing anrl no c] ear-cuì; cri-be¡'ia for sp)-ittins
the a;nplÍj;u.de a'e give¡:." there is lr,CI inberp:,eiaticn
o.f the direetion of linearj.za-bt-on of i;he G:reenûs funetion
{see /lppendix E), and. he iloes nct d.eal_ rvith t}re dif*
fier¿l-tres invo]Lved in extending his me,çhod to n*bocly
systens* li'r'i' shpJr d-ear syste'aticarly wiih these probleins.



{J_. _2 S Fl_ :.i;_-c årå_i&e S ca.ii erín$_:}:apl-itude_

0rl¡' startíng ir*in-b Ís -bhe lrppnanc.-
r¡ \

Sch",vínget¿¿/ e,trua-í;ion" This is an iirhcito{ger1oüs

Íntegral eqìla-bion d.escribing sr:atteringu vrhich may

be derin¡ed, froin -bhe -hi¡ae-independ.en't Sehroedinger

eqr*aiion" Tt is satisfied by the stationary scetter-
i.ng' matrl-x i; and nay be vreittea j:r ¡lou.entus. spece as

]-lþ. \2.,,ê\ r/l\. \-.\ ì' { '¡'t'¡:-¿ ì::,'\i-itti t.,t,.t,al\--\---ç).:1.¡r!/-VLli\'Bt) "fÃ1,.\ d'\< rJ [ßt>ls ) bL'SIr!t-iß-I' tÌr),l -û- /---ar__ì;S:LIE J';L iv t\- -Y 
-./ Z rJ-

tahere v/e have assqaed m ='h - Lo TIere, Er and þ.

are final and iiri-bia]. nonen'ba in the cen'bz'e of mass;

sys't;*n" If the scattering is on -ühe eÐ.ergJ¡ sirelL
l- r l- I

f r{f f = l,Fril "'' kr ]¡ut o-bherwj-se Èhese rreecl noi be equal"

'Ihe pa.r'ticJ-e ini;eraction ilotential ís represented. by V"

I'iorrnally, 'bhe poienti-al is assu¡¿ed, iÐ be a loeal,
spherieall-y s¡¡ir,r.etrícu direct potentíal" It nay how-

errer al-so con-ba:in a -bei:ln r¡hich exchaages the eoordiaates

of the pariisles (ece Fig, 2)" If we eollsicler this
erichange potentíal also tc be loeal ancl spÌrerically sJm-

metricr w€ Bay expresË the potential operator as

\../__ \i(\ o \ii:tprY\\\i
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where Pr is the spaee ex*hange

space uhis becoi¡.es

VLB¡ Br) - Vù (tßi-Bi'\)

x i r¡ J 
I i L.ç- r:' t ) t''\ (\'-q'-rs,-\)

L', v"(l ßç-Er)v*(tl{"Ei\)

t \*r< ( \Kç'.\st-\l

where the superscrlpts deno,"-e direct and exehange

poieni;{-aIs i'espeetivel-y. If we now subs-bitute 'übis

potential. into the liB¡¡nann-,Schw'inger equation (eq."2 "1)
the scatiering amplitud.e can be split into two parts"

This becomes c] earer if lve iterate the equation and

:çríÈe doi¡¡m the first few fernsc

r f ì-.¡ Þ,, i-¡--\ .,,.t¿iv' -io.\\ -r-V.-xf \\- '\--''\\ i

c(ßç,l-trR:/ .= v-t(\ßt-\'tt/ -. " L'st'\'>r-t/-l
,+ -I-- i",-t¡h' I r I í h'= \¿L '"r' r-ì
' /.- -\,¡ r -\ ,L l-.'il-t f(_-- \(*-tLr-/l 

^\¿\\ I- J

operat.or n In momentì:'rû.

t V*'[txt"*

Ì;erms 1n some d.etai]-"

¿@¿

2 "4a

r{\

-Þ\

. -._iiiL r^r r- .'-. \ I r

ta - T\ irè ).1
r{
- 

|

'-l3iF-t\/ .J

let us

Tvo of Èhe second

consider these

order tesms a"re

dri¡' vd trrsc -E I ) v'\ t\ \-<'- ß.i ) [y.t

,i't\ ysi+ Lil\) z . :

) r'd( t r:¿ - Eri) 
I 
t

r V{\ß¡+B!\
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J-,.=- [ .\= ru Vt't\Bt*'ç' t ) V**t \E'+]*i.i)'ir''-¡"'t- - ¡L.=rt$] 
\

Gr\) |
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2"4b

sÈace the integration is perfo=ra.ed over all spaee,r/ye

ma¡r ehenge the sigil of the vari abie wi ti:out aLtering
the value of the iategrai, Hence,if we ehange the
i:rtegration variable ia the seeond, of these terns dve

obtain

\ \- \3 'ni\/c.\(\ ßç-ß l)V.^t\8,-'L<.\) [-rr- (\<'-t<-i-.t.-) ] I
,.. :ii\tt-S-v \\Lt ot,/ u \r:--- '--r¡/L-'"-\'- I /-3 

Z,Ie¡;*n)'-i

-which has the saae form as e:rpression 2"4a"

The renaining seeond. q¡rd,er terms are

Þ,,.ic\tir V¿(l\it -ß t)\ro"1\[+13.: / l_,t( ìi -'errr¿)]' 2"5a
ILl1ìJ.rl

end

rf we now ehange bcth the sig¿ of the in-begrai;ion

i i.iri: i \/*[l <ç* E-\) vd tls-err )t--'L(e'-É'*te)l 
I

|çla\.t'ÑV-tlSç-t\il\ 
L\È t:L'/r-¡r-\'\ '- /- 2"5b

variabie and the sign of $_r ín these expressions rre

obtain



-t-.= | .\=R V 
¿x ( i g L tllr\) V'\[ \ ìi' ¡ ì*( c l) li Li3--¡-'-t'-) -j 

-'

{rn)' j 2,5e

- i1

"shich has the sa.ìne foz'¡r as expressions 2"4a and. 2,4b"

this sia.il arity i:: terms may be observed. io al]. orCers

in the potentials. ïle may use the fact ühat lrye have

'60 cirange the sign of Ei in so:ne of iire terns -bo obtaia

s 1nj-larity to split the series " It s,g'l its into two

suìrserles u one containing an even nus.ller of factors -'f€x

and one containing an odd nirmbe:: of such f¡¿cto:'s, CoÈ-

sequentlyu follo-¡ting Blankenbecler e'b *112) t* r'Lay split
the oæpl iialde inio even ancl od.d parts

\ i !', \-,,\ - \- - ( \<. t-.\ -uL- {v,. l-'\
LLLrt ¡ 1!'-) * f, ¿ \ ì-'[ li---ti -'ç rc' tBrrris'- ) 2"6

wnere the subscripÌ;s deqote even ancl oC,1 a;nplitudes"

lhese a"nplitud.es then satisfy ihe equations

knßç.,8.) = V'\[ß,r,e.-) *L-1ri o'É[r'i-'Ê dlrr-t)]-r¡

( .-t.,
x{\or'[(¡ß' )t¿[ß" ßL) + \t,"'.( ß¡ris) t. (L" n') 

\ 
2"7a

L

and.
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itotßç, \3. ) = i¡€-di \<, ,R 
'\ +-L-- ( c\rn'L'iric - \<-''* it)]-'"\ r:k) ,_\i, ,ffi\l] " ._ L 

2"7b

G ,.t, , , ,r L | ø\ þ.\ -i V¿{[l_<ç,\<,) L¿-L ß1, 13¿) It'ì V''(E(,13' ) to LE / bli -ì- \r L'ìt": '' v<- \ '-- '' 'J! ' 
J

'l'ie may thea represenÈ Ì;b ,even and odd ainplitud.es by
r^)

Fredholm seriesy',¡*rieh are unifonnly con'¡ergent in the

upper haLf k-plane, The splittiry of the scaitering
a.nplitud.e in -i;Ìris way is closely connected. lr:th -çhe

Ídea of definite sl gnatured a,inplitudes ',:¡hich are re-
qui-red. for an anal¡rbic continr.¡.ation into the complex

ang"r:.lar nonen'hum plane. Thus, since we mrrst nake the

angrrlar s.omeatr.r.in co:¡tirruous '60 obtaíir the írnpact

para^meter allplitudeo it is natr¡ral to divide tlre eqÌå-

aii-on in this lvay"

r!" 3Jeri.vari oa of Tlvg€odv s ceråerinå_4gpLltpqgq.

ÌVe now develop iategral equations for
the scatter'Íng amplitudes with a fixed. impact parameter

j-n terras of the matrix elements of the potentials 
"

lYe are essentially performing a Fourier*Bessel tra^ns-

forø. of eeo 2"7, trTe prefer to work with these trens-
forms as the equations are anrtsmatieally exact at all



physica-L val-ues of energy and, angle as wå.s CiscussecL

in Seciion II,1" 1o this end. \,ve introd.'¡¡.ce i;ire Fourier-
3esseI tra¡asforns

LuLRç,Er)- -1-¡\j:o.\b-¡o(lg r- ß.\rb)I\¿t\,'o ,Ei) 2*Ba

f 
"lsç,g.) 

= +*.ilb.\io.li " [i 
ßçt ts.l.'b) $" tR'\''E^-) 2"Bb

VJ(Kç, e,) = -l+"ff*dk lo (\ ,-k*-'erl,-t )E oLleç, b , 'ß.-) a,Be

V"*[K¡,ß,-) =-'*fËc\bT"[te* tsil.-b) h L L"f, b, \3 t) 
z"Bd

- 16

where J" is the zeroth ord.er Bessel function" The

choice of argr:meats of the BesseL fi:nctions fs guid.ed

by our previous diseussioÌl" Then by su,bstituting
oe" 2"8 iirto êe" 2,7 we find
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r¡/ì

jJ*'05" [\ Et-'Ëi'b)ll\c- ( ßç,b, B¿) -Bn_L E ç, \,, *,) t:

rt
J.l'".iu'*

" 
(lþ{*þ='l,-U) Íi \4.-ä",ïfu'

rc\É

-1-
P'vr

-3¿

\^
lt-

òTIl-

f" tt B¡t e \.U)J;[iH -'ß"\,U')l

=**,-[il'c\C [þJ': k.aúa]-'f¡"\É jË" "ir'-'^
2 "9a

C I ec-H i'få)Gttßi-Birru,)+

and.

oo

.f ir"trrf"(\eç* er\'Ðl{r.tK6vr, Bù - B. tßç,u, eJ (-

*[s"tuç,\i 2u) H¿[þ ,u! Ð]t Ì*,{

rB. t k,\J,H)l\.1 g,ts! e,{a q



*L7

Tf lve now d.efiae ou.T ccord'inate system by

',ä.-: [c,c,t)

Èt= [ stoÇccs { sLi'ugs.,o{, ccsuq)

'È\ - [ s urt [5 
r-csa{ ¡ sur ß :suä o-, cos $)

Ìre flad

\ Kç- k-d 1.. = '-tÏ<ç stn I

\ Bt+ ßì+: Zqcosq

where

q-ûs 5 : fu, àt = S-nPst-nÞ .o (d--^\ t ccs t crsl?,

Y/e now w1sh to perforn the ang',rJ-ar integrations of

eQ., 2"9, Tbere are four integral.s involved

*...Jrteftti+u=Ln@)1.(lJ<' 
vj<i"%) 

Z.roa



h iut,.' [(,lÞç o' ccs q-) fl" (2 t{ \;itcc:¡i- ¡ 2,i'b

- l_u

2 "l-Oe

J= f"t¡ir*lL[r&U * q).-r.(ZH U's.^ BÐ z"rûd
LLIÍJ t-- >

buf these falJ. into onì.y tlvo categories. Since

t-í]s ( 1\+\ = t'un { S.1r {-Wg-\ = CcS xt a) 7\'-f-iL

Êe* 2,].0b may be redueed to €e, 2,10a* and €eu 2.10d

to ee" 2,10e" If we d,eaote 2,1Oa.by I and 2"10e by Iu
we aay eiral.uate these as (see Á"ppendix A)

_co
<Í' 1,r I

T.(L.ç, ß* ) '- JJdtre. 
(b¡ ,V,ð., b") b) J.l2.Rçbs.^e{ 2.r'a

sÕ.f'[aç,ts')=fþ¿uc.(gç,d, \ot, t'tib) [ (¿\çb cos %)
2 "llb



*'t q

where

1r '1(
,jier,ii',\j, H', u) = Âiq'j'rtí1u'gc"s}I¡zrq\:si^[) *

2 "l.,Za

r T, t4ß tÞ,ÉD
Þl?, d)

a¡rd

nl ( b. þ¡ il r{ r,\ - ,t€ Ï¿øf{"*..,,=? f.GRçbc':sV)-\5 L >trÞ ) ,') Ð ) ") - -Ë- l.i-.J o -2 2_l\ ./\,' \J v 2"!2h

t@
ø (r )'/)

He¡'e

p fFrø)= kç=b'* F't Tj'' - "Z)<çH 
U U' crsl.cosø

and,

n'tl F-, I ) : ItÊ o -y t\ Ij'--- / \r< n
iù \. )'í- J

Thus, by substitsf,ing eeo 2,11 in equ 2,9 lve find

'ltcLeç, b, 13ù) - Eu,L ßç,b, eù *äl \{äd L þ' 1- L< ts ¿tl1
ffr,,lY), ,,lt (-.^ tt^ \r

'F¿ uJ"Ú a lJ 
{S-tl+,\j , lE ) -fl n-L K',!,"r þ¿) t 2 .r.3a

+ Bo[Eþu, d)u"[drii,BÙ¿\G(ts¡,d,u, uj b)
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a.nd

I r' i 1-,
2t I l?'- i:'
\- l-r\ .- l\L

t\
i'<r' l-Ì-

fï oL 8 ç, b,iiù-\ 
: R"( ieç, \o-,8 ;-) + äf¡i lt,

-J'; a trj \j'cì \: '{ 3.t [ ç , Þ'r 13 ) 'il, o LIs', fr",

+ õ't kþb', ì<' )'u.{-'4"i'r's ùlG

'r '*f -\,il_ \_ <-__l Å

(Kt,þtt !'', !'"

2 "I3b

,.tD)
)

These are exacì; eclua'l;ions for ihe seat-bering a;nplitudes

H* and. Ho " Unf ortrrna¿er y it does no-b seeü possible

to anatybícally iategrate €g* 2"12 and r¡e ÐEe forced.

io inake a high eneigy approxia*tiool5) " This sinp-

Lifies ê0*o 2,1L as

ì

-T-_ll f ' ,^\,{rrxê\-Í-(-t\:i rir .n\'*r-l1i-iI '¡-... -.,.,'\-.'-J- - tÀJ -l L-''t Lt-- >ul -l c,[{ tl' \:"stir lsi) Jc; tIRt\:' SLir V aoiJrln
2 "L4a

* i. t¿\k\C svr1ß4c.sef
k i o. ïi+*

-T(,? \'u's-,^?¿) lí j!: 5(!
,J.Rçr'o'
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It' = yrf l"i(rcse) I, l¡R'J's *ßÀ f"(l [ç'urc,--: t/2e"-*Ê, 
^

__i-1

----à
kço. a'l-¿ 2"3-4b

¡; (2liç\1 ":r,.,Ç,s-1,' ç,

ù<l

U .[B¡, b, Ei) - B.{ 'ßç,\orÞ i) +f f .tl.'¡id1- k..1ùof-l
t\ | n,{ \-¡

2 "L6a
-{.B.iKç, \-,H)il.tH, 

Þrb, 
E.)

+ E"Lbçþ, t-{) fìo( g, 
Þ 

\,, bù 
1

l"[.],<çbrst,", V) Jtb"- %\t
f,K+ \{ u

So in the high energy linit tbe propagat or fu:ectioas

become

Gt q,g )b')brrjr,) Ar û2çR U bf$(\''-b') J(br'-Br d ) z 'r5a

#Lßç, rd ;u ,d';r,) ry (lnd{ U'D)-\ð["-u ) ð-tb'-EË \j) 2 "15b

In coþ.sequenceuÊe" 2,!3 sinplifies to
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I i | | i t' î i I
(Ì<,, tD,þ, jJ+cr,f .' tl'''t'' '

,Á

i.ti4,r, , In;)

-l

it

tt.R )

expressì on

LÈ!t ¡,.1- ¿:

+ ß,, ikYlo
1 t)e

Æ
I ttl
ì ctR

(J

V:,te.,) u Lu
and 

i-1, t it, 'a) -- ß, (li ,

H

t

f;

\
J

h. i k', lr+bti.,, i. )

'AJ * -L
lz þ,s -+Ë,f,L\z-¡71-zt.l 

-ß(þr,t',1) 
H il'k'), 'n')

\ ^ is),t iß, ß,\ ,,"''"
) , þ'' L 

^: 
) and {r = ( ;, 8. ) ,u^ ,tzf.,^"'l

of the variables as given in (2 -L7) .

iven by

/Å ( lt t, fr,) r i 1"7 h, 1,, þ,) '2'ìt
/'' - 7t 11=¡ Í'

= fo ik¡,

,, t il¿H-- { ¡,
\ t-l¿,

,4ananãanca

(2"17) is s

.i t | ì

LF,t. b, l?, ) =
t2

ß(Í,,M,,I bg¿]L _: o 12,,, 42,=*], ) |L (f 
"þ,t-i¿) 

- ör7;-lç-ztl ''r

l¿,r) ' I ( ir,-,, kry'l, 
,, 2,, ) |- 

- 
--- (Lçt+ î;; l

¡- ^ Ll
- i Ø(\er,, '* 4,,, ,
L (î;,+,r-k )

J'Ì6b

çtltrt )

The eq " (2 "L6)

the purpose of iteration,

a matrix notation

f-i t þy, b, þ-;)

v¡here matrices
-*-ith appropriate

The soluti-on of

could, be solved
!æ'

rÀ7â r^Ìri +ô" " d'- *'-

lu-i
by iteration" For

the eq" (2"16) in

/ â/ J ¿-, | >.--t1.-2t
\L¿r,L

8Uç, b,il I0,,4ri,,
n+ Ltf term. is

t'kn,i,,þ;)= Gi'j ['f" .^) )
17,'- R:-z (: ) -

of lvriting th€

v¡here

1l
It
n

There are 71+ 
/l equivalent vrays

(2.].9) i"e"

,n'il Þr, [), !e, ) -- t"ij [,r2,

/a( f,,,kt n4, u:-)

Í^L- knt- , ,
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1'l r¡

- ¿3

i"e. there are y' a"=*= in the first bracket ancl h-{'I in

the second bracket" If no apprcxim.ations are made, then, of

course n the value of this expression ivill not depend. upon ho-\,f

this decomposition is aor,". ('l can vary 'From ô to n). lefining
_7*l¿=+
Ç = h-/"-þ i,= k,-lì z'-t,2,'-'(
¿¿ - ry /'¡ /.7 [" T

¡nÄ 
-î,= F,*[*/, - */i,= R,*'Fr' i=!+r'(+L-n 'clrru ,J I 'lrT,

make 'eikonal approximation' (see Appendix B) to the propagators

..,--: ri *-wlrLrIJY ì t -î 
= )" 

?r'-kÍ-''' = *9ÅrE^-ok'-z'É 'z'=i'z'-'(

î.2-lrt-i* ='t-âþ'Fí-¿" ¡--!+t't1r2"?1,J l^

where AxL-- È,'- kz
^l 

¿/

and lq ís the projection of P^ in the

first,rj--^^r-{^- 'î Then next step is to assume that in theu!!sv urvl¡ 
R,

.1

./ rung= of the ladcler representa.tion (wote that n+lth

order term can be represented by i't+1 ladders in the Feynrnann
Ct'2¿

cì.ia-gram) essentially on the energy shell" Then an of f*energy-
^ 

C¿L¿IZ
shel-1 'kicl<';à;à aga.in for the remaì nin g n - { rungs., the scattering

is on the energy shell; but the energy is now different from the

initiat energy, Thus at high energiss\þr,þ,-n but þ+/? |, ,Í t,z

and .L5 = ,lþ',J ,¡z

,¡ and.

l¡; )

lre have I t:¿ll,L
L¿ ",f and Í,t,x f¿,I

, ,.'
and. clA -- -c{þ(7 I zz

Also for first (' tn.rg" , ß(L', þr?,,.,1;r) -, Ê(þ,/,

for the LasL it-( run9s r3(1t, 4ú/Zr,lur,) -â F, {k.,

fúe get .-.2J t¡ )t^ ": h

,, /?Í

\b/o,

.lþ,
oq

.,(

f 8tlr,,, L,þ, )J

l,*"i'k, b,þ;)*iiel 't rfu,,o lo,t-,
Y1

. 6[R+ b þ?;) f--r3ie,,, 
l"b/h,' P')7

)k,f 'u+ 
t t

" 
þ(l¿,,4b/¡o', 

þ-; )

,.¡l.flonce we made the eikonal approxirnation, the val-ue of H th

term depends on the value of { " (t" the language of Feynmann



cliagrams, this choice corresponds to the choice of vertex at
whictr over ali mo¡nen'tum conservation is imposeir_, one can be
more sophisticated by assuming not lontyi"rrã--ti.tl ¡..rt a series

.'¿¡ir:rS ti.¿of kicks r.rith off-energy-she1{ " e"t,'final result for on_
,\

energ'y-shel1 v¡i11 be independent of the procedure) . To

overcome thisn Levy and such.16 r"praced it by average ouu" /
lâ ulrr- | i l¡tt+llr - ni-t ã tt

since the product of B's is invariant und.er separate permutations
of P'é vre can sum over al'r such permutations in the integrand
and divide by their total no. .{t (n-t)l . Thus r,ve get

l'-'-- Å*, â, i-rú¡,n >,, f* i ofur,* T, ( ,t,_, _#:=,^fßu¡,t,i,,tJ(
+,Å) ''ttl ' '1l 

J'J=('i --)kri]rtte I '

, .-a-where 'llt and nt
result proven by

J
Tf z,l /16*x+¿'¿

'= -Zx

I lc a ññVU¿Á¿Y

- /?I
r-Ptlt1

4.¿
¿

,' -¡tßk+þ- t

"Lb (i-e-^-'' ''* )
l¿2, =

=;Çþ_.*

are

!ç vJ
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and suchur-I6

I cl /-,

U

.- 'xl ,t

{ olq

| ¡ .aþ, '1, -i e

n-{l
" hÜ), b,þ,) [ Btn., lyb/¡*,,þ,)J ßik,.,/çtp^, þ*)
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nlu
L/J'4 

-e ' .rll
¿--Í

And

where A.t = Cl, +Q,n - + Qi Lu-e

.Y 2 -l -
11""' (11 ,b,lr;) = * h(4 ' b' k;) /nQ i it -!; !

-.'J
a,

^t!U-L\d f
I
I

V

xi zrt
^.¡ t í r (-

f:) 
(ft¡, l:,lL') t z^ . ¡>1 ¡1¡ t

-l 
, i

* g -(kr, 4b7¡t lzt)

-rv\

-¡
)er

f 3( k+, b,þ+) 1 
I ¡ ø',n',t':þ"! )]

L -;tç 't L a Í¿n

È( At, b, lt; ) [ ø4pl-'t*F"]
- dtg

ßLþ,, hh., /Ð l2'Jc¡

4-?I

þ&;,1*7p,,h')

Flence we get
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al form of off-energy-

ov¡, restrict ourselves

ion eq " (2 "20) takes

l1êr
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1 I e"?r'
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In that sit

r I \7
Ib(futb,Rt) II --+-- l þ (År, tú,lq )

The eq" (2"20) , then,

act parameter amPlitud

rcrr¡-shol I amnlitude "-YJ*..'r.

mpler form, i"e"
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.l4t;-+b,þ.)=lJ" î-, (nu)¡.
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Tlafinincr .V | 1..'i'- +'tUiU) - þi

rr7ê rroF qlr'aql-ì J-rrii ¡a:*'
expression

t-
= F ii' ( i':-;, b,l¡¡ )

(2"8) the final-

Xt- t))

.'..., ¡ i---.
. ì ' 

'.' (- L'-t+'l
\.i>-l r._'|\.'
\!r iì r.-\ ri:- \_.r )

j iv

I
r,r-j. ù;, !iìì = 3- ¡¡"1- \c-"

.J (J

, .1 i\. i->
'¡r \ :\3 i' l-

ì ( / ./ \-à

ct-L-rLi.

ç\)
-[ir.r{ I'À\;a)*-0 +-Bilt'i

,, -;'( i-')

J':51- >t''.)
tol.-sçisi) = 2 "23b

br.ck;'iaïi. c1:-='ec;ì on. a.r,J. JO( l"ï=¡ :- ]i¡, ìr) :ì-s r.:ini¡eu:r.

i:: -hile Í'c=';-rarâ üi;ecîio¡ ir.nC rL¿i-çiru:¡ in -bhe i:a';klia=d

Â-i-.^an-!j,r-¿ -:- r.:^::l -i; .J.Cnj-nsrçe in -ihe _îo¡rye.rd. =rcL bacz.y¿r,ù¡_!;: v ! .rr_ v.-- I ,'g .. 
û

,l:-¡:ecïj-o,:.s 
"u=r=c-5ìvei-y" î,q , 2 o2-la :re-:tl-acee¡ 'L]le

s-r"anûa¡11 Gla'u-oe:¡' resuj--i fo;: fr:i'E'¡e.:r_j. sca-i'ic:i'ì-4t, 'lnes?

e:(pïcss'i cns c.i:e ì;rl:ì-if âr -;;Ð -bilos: ceri:,¡eci Li;r !i¡-,31*1O)

for tr.¡o-bari;i eias-bi+ s'*atier'.i i€,

Tie ¡rolv Ce:cive a-n ¿ì.]--Eeirle-õÍYe fcr:r c-f'

ec-o 2,23 vi'bicb. rs er1 e:,-,¡easr-on oi -i;hai cbba;::eC by

3l,=.¡l,ei:.cecl er a¡.d L:oldbergef', ì'le p:oceeå Ì1.-¡ i-nlegraiing
rI\t.--_æ¡-lÊü, 2, 16., I:r the high energjr l-init P[ .,-2 ,.il | i s

4^ ñ \."'f "'! J

r¡ rì;¡-ì i -'-ì 'bl e nOn¡a¡ed ',Vlth ; .- {^¡t.fl -tr¿ 
t, .: o 'í'o;. rl i r -n:ial-.Liv5r!:5-uru r,\ -ii9t.,' --f,,rv -'-vi rÀr?åivls

e].enen'bs iYe ob-bain
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tfi 
[ fr- 

(\grb, [) isn.Ll¿,1'
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r.'r \. r
11- J 

'-l-

and

f-l-t8, b, -L) = B o['i ¡ b; E)+

.+ L (i r r"' 'rrb) B"(b\"Ð
ãR ¿ï\Q-LÈ/i

These er{pressions girre us

¡\r Is r I :._Rn_i +:*iQ-=iloL ,-.i,. ..r .4ß_

and

,'É) t \io l-t:1, \r.B)à( 'trt",, g)ï

i I I in \ t- \'> / l.-, , ,-\ì 2"2+b
'r r\ a L!:,Lr; E) ÞLI3rb,13) |l

i 'i>:-r- i

r-l-.-., -Da \' fhj{.- - 2,252

2 ,24a

u:rl[Li - ¡n9"]'

\îEI=
=- fR"t' " ïLe¡ -ì-iilR*-BfL

\ *l

-i--r-.--. Îd-l t

4F: -z 
"z¡k)

tl-Lt _| \ir

Equation 2"25a red,uces io 'cþe f¿niLíar forrr obtained.

bJ' Slankenbeeler and Gol clbei'ger if rve negleet terms

containing' B^" By su'Ì¡stitu-i;ing 2"25a aa:d- 2"25'o iato
o

2"8a a.nd, 2*Bb we ol¡tain the evea and. odd scaffering

a;aplitudes:

I ¡r . '\ IFti.1-+- ft)¡r.o-\- 1, li il'ì /ll,-. t-.i L\C*-trf,r3-") = -q{Jþ:lb'J o Llry-ßrL'r/ x

I i._
Ll

i-- i, ."./ r> \ , L'.t -Þ-= J
- lß- ( I * )/zq-:é.o) 't- äLb .' I
ì- lS/ú\' - , - ; =i- / i - û/- ,- B¿)' = )/r-ÌtlB; JL \ t '-fl-

2 "?6a
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x l_ B. tl- '4*8") r ¿.á'u n"sJ
| [i * V^y<Bo,)'+ Y+\-:gJ]

2,26b

Clearly, the forçsard and. baekward. profile
fu¡rctions in eq, 2,23 are not the sane as those i:r
Êe, 2,26, siaee'she BÌarrkenbecLer-Gol-dberger-t¡qpe

a.rnplitudes are deråved in a high-energy aSlproxi-mati oilg

whil-e the GLauber-type nr"nplitud.es aro deríved in a smal.J.

arigle high-energy f.i-Bit " IIo'åever a simple expansion

of these a"raplitud.es in powers of t/ts reveals that i;o

second order they are the same, It is inieresting
to note that although the Glauber amplitude is derived.

for small e.ngles it appears to be valid. at all angles

ia the high-enerty linit" This is due to the fact
that the first ord,er teru is equivalent to the Bor'n

approxinaij-on v'¡hich has no such angular restrictio:r.

TI " 4  l-terng[ive _]erivgiion_.À
i,Te now deri.ve €e, 2 "23 by a different

nethod. in lvhich one calr more readily see the physical
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ïeasoils for splitting the ainpliiud.e into ii;s forward.

e.!'ld backwa::d. paz'ts" T]:is clenva-bion is clone in colt-

fig,ration space ra-th.ez' i;han rnoineatr.¡m space " theref oîe .,

we.Èahe' the poteniral a^s

,1 ¿l\i i r-\ : \/c\ í-\.-f í r-r-¡\+ \/qÉI, ' r¡ 'ri \
\Ll v rLl y L\/\-,L+-:--), v Lr/ i,tL!*!',}

2 "27
and, we choose to work with the integral fo¡m of

Schroed.inger! s equationu girren by

* f Vd Lt) g 
r< Lt') r- V *Ct') 

Q nt [-s') {t)
If rve ïlolv sìr.ppose that \lru{") ean be spli-b iuto forward

and backward Ë/aves

2 "28

Y*Lt) = n-Ùg'?* Lr) + ..-!-'"t é- LÐ 2"2s

ryhere Øu(r) aad Ø-(") are sJ-owly varying fuuctions

v¡ith the bound.ary conditions
t'\|I

Ø+ (: co] :, 
L

ë-L*\-_c l
eq 2-28 beeos.es



- t r[0.¡ *i'.\i 
-c'I vit ¡ ) I ;'='t|(r,)t ¿:e'eit,;]

+ri-r*i 1r*rlì T 
z.3o

:30

'),t fis , ,Úld!-ir I ,, l¿)¿/'.-r\ q'-i--{'t', ¡.-ir , .LB'r/ ' ']- ,++,\c\Sr' q- V' L\ / J 
*- ç*r.il {-c-. 

* 
,a'-åti iQrr+f'J 1,-_di L t 

J
l* - 

|

Hence, ch.anging varlabieså€q" 2"3O ean be spì.i-b into

tr'¡o equatlons: cne coi:taining fcrward. tra'¡elling
lvar/es, and the o-bher containíng backi,vard -braveiiiag

'vYâ-feS aS

9'ìl¡



and

d - ¿-t) = * +.--. ,f .\= ."
+'ff(r":i

u f v'\ b -c" \ d,- [r-r"i ri s - )
t

lt

rv fl

¡i\ r/ ¿K/ r _rriì
)-)- \ L- > t

\i i{

slLt-
U

'\, -itLl(-r\
J/A

d*(s':-c¡ 1 2"3].b

If we now integrate these expressj-ons by partsrwe

obtain

d*{r) : \ = ?¡: [i,.ä."cd ¡ìedr(i;'ù(i¡dL.-d')ö4n- [.-r")1/ni'4i l-,-l¿i" L

+ V¿{c-s,,) ú- (ils){l.,ï' 2'32a

r )- ;i î i itrJi[t-,t'\ 
)¡t-=-'

* +.1+ , { r"ät. ctp-¿ .L 5 irc\¡rtt}cJ'* G-s'J) -t'
tþiûüqJ ùl¿r,' c\.,u' L ,, .. I

-* \l*(s-t') Ç-t r"*s) \

and.

d,-tt) :-4rl- [."ä'"
Å+rttrJ

- ¿Rilr(ltuù r ya.-1d-_s) d"Cd'-_ô t'\Ø_---:- I
t" L\R-r" L

" r' t" ) ;- (r-r")\ ïl:",*J 
)Lt=-t

òç

.,g;-J,.. -år"' * #o*#{t 
*:*'r) d+ Lr'Ls) -

" 
*VJt(r_d,i /_¿r_c,) ]
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Sinee, b:l assr-rr,rptioa, Ø*(r) an,i f,-(r)
ar* slcwl-y varying f-,rlcti ons of :' lvi'çhin the 1v3.¡s1 engih

of a pariicie 1rl¡? yre essune t]na'c \.!Ø also "¡aries

sl-orvl y" Hence-ihere v,¡iJ.l l¡e a negligably s:nal-l

cor¡z'1bi:.tion -bo the integrals in eq" 2,32 fro¡l the

regì-on in lvhich the expolr.ential -berrr oscilla-bes rapid.l-y"

The la-rgest cont¡'il¡uti ons to the integraS-s cone from

values of å" lyi¡:S close to the directÍon of E sinee

there ì;]re exponentiai i-5 nearly stationarir" Tt fact,
the -be¡'m eoniaining the derivative sf ìIØ can be sho''v¡r

expliei'rJ-y 'to be of higher order Ln l/k 'ulran -bhe rest
a-7\

çf the exp::essiofJ/ Henee, in the ecluations for the
ylaate inodul ations we Crop both -hhe l-ast ter-ns a;ed also

oË.e of the terms obiained. vvhen taking the -Linit of

the þ integraiioa" This Bi ves us the expressions

t/\i

þ*{P)= |

r¡r paral-lei to k

*:-(*fr. JV'"b-r') i*Lr-rrr ) +v ¿o-[s-l') r{6'-dle 
" 33a

trrJ¡- ) r

cl* t"-o 
{

and

l-['l
,,F

=;! \cL
lîÐil cr

r l, t I

r" f \ ¡ [r-c') d_[ r- d, ) -ts 1¡ex[r-r'( )
L

2"33b

r?r aati-paral lel to k
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If ive new take

-r-il \rj-ì-',il : r¡ L

aird. assurÉe -bhat v is in -bhe z-directicar:,ve obtaÍn

by differenti ation

* =::- ^þ( uo d* - v<'x ú-) 2 '3+a

","1 \ i tr-LtK-l , rfcì I ìoJ: = -L- (. ti *^F+ + v -'F-J 
2"3+b<)& L¡ \

since lye h.ave assuned, that the potentials a;ye spheri-
eell g s¡rnmetrie "

If we no-ry clefine

/- -'-E

,îr _ _t/ ( " \ict / fr-T\.,\*/V- /n L¿. \j L\ P 'r'¿ J \-\ ¿-

v*r\J

and

Ã r ^-¿Ë(\')(P r - Ø^Q--r- z\

F/e sbtaiir

I -1-r\ zlr ', \/¿F ñut ')?+ 
= --::- \ \i,-

,-- ¡r {

r\7 v

X='Ìr-

?"352-
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Tf we eli;nina'i;e Þ i'Te ha"/e

=B .\ifl' - *, dv'oyr-,*. Ët fÐ* 3 ã;

whieh may i:e s.ri-tien ae

ì -l-

C.Ç*
--f-

CTÉ

Ã .- '.-.-ì- Y+ - t.,'

2 "35b

1" iÐ

,/-\r
4-i Ë í.r&l=++il =cc\a\Úã*'\ {ll *"t

Ilenee if lve define

Àit) =*t/,_ (* V"n(,"/F-=il) c\¿
r* J -'7Ç

and. use ihe bor:,nd,az'y condition -bhat Zf',C) =C rvre

obtaia the solu'üioi:s

/ ,,\ ^ 
ù.Y.Lb) . -.._ \/\l 2"3gaþrLv: = c* Lc:r À¿Ð

ø- tt) : , ¿Lcò =L\'r Àtb) 2.38b

Hence \ïe 1xay express the forward. a.að. baek"vard. seattering

amplituC.es es
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a^nd.

These expressions are the Gå:ne as êe" 2"23" Thj-s

result may not be easily extended to the three-bod;r

system using the rlethods outlined. aboves âs ',ye encou:rte:'

several di-fficul'cies" 'Ihe splii;i;irrg of 'çhe sca'bterint

anplitude intq :j-ts forward and baclclvard. parts is aolL-
ô\ñttríviaL-/ for the three-body sysiem and. therefore the

direction of linearization of the GreenBs fu:rction
in each terrr is not clear, (as in êe" 2"2A), Al-so

the manipuJ-ation of the excha^nge potentials is cunber-

sone as rhere are dìffereni exchaqge operators arising



¿ f.r

:í:roa ser¡eral dif:flereni pairs of parti-cies " ÏlencÊ,

al'bhor¡gh v¿e nay clerive -bhree-body diffez'ea'iial equaricas

ecrespor:diag'i'o eg" 2"34 iheir solution is not easllr¡

orb'Laiaed u lïe rvll-l tr-he:'ef ore gi:re a ihirC me*Ìrod of

deriving 9e, 2"39 wirich ean be reaclily extended. to the
-í;hree-bod.y sysfem,

Ii " 5_ ,L1i;ernat_i:le Derivation 2

To avcld sone of 'bhe difficulties meationed.

in -bire previous section lve exploif the fact tha-b

Gl airber -bheor¡¡ may be reprêsented in opêrar,*or förin"

For this reascä r'/e prefei' to treaÈ the impact para.neier
JI

a.er*cl-itrrde tl '(*rb) as an operator coatainin¿5 "rarious
permr:.tatioa operators" The erpeci;ation vaLr-le of the

fmpaci pararneter ampl-itu,3e then gives u.s the reguired

sca'çtering ampritude" the space exchango opera'cor

for the nucleo:r-¡rucl-eon system is rel-ated -bo the prodact

of spin a.:ad isospin exchangê operators by

.-i-r f .i¡ tl .D y
Y', = l-:r \ ùr.L{ :] :J

vvhere the superserì-pts. d.enote the space in which

the coordinaÌ;es are exchanged.r and the subseripts

denote the particles s¡hich are perauted" Hence,

although in our d.erivatiorr Ìve ignore explicíf spin

2 "4o
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a.nd isosl-ia depeaclec.cÊe tl:.e r¿etirÐd. ü.aJr s¿sfly be

e:rbenCed to include ti:j-s d.apenderrce"

In thís case the poi;ential o:rerator is
given by

",d -.ec.^?V=V+V-l

and^ the inpact parame'ber =mpli'bud.e is given by

/ ^lLl

'f\[s,b ) -=
-".,- | 

*.lz 
ti (p-*. r=) ,

<-W .j._oo - I 2"+2

,i,ltho'"rgh çhe expo¡sn,,-ial in eq, 2,+2 eontaj-ns the

,spaee eschange opei'aÈor Pr, the profile :function carl

1Ðe reduced io a f'r::reti.on ]-inear in the exeha-age operator

by expa.ndlng i;ire Ê":Íporzantial in a power iseries " S j-nce

PrPZ'=I 2-+3

vrhere I is the identity operator we mãy recou.bine

the teræ.s into two eez'ies invoS-ving even and, odd

nu:tbers of the sxçþsnge operator" Thís gives

* L4oL=,b)P'
2,4+

where

'f Ls, b) =$ fs,\:)

.'fl Ê¿ s, \r)
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a]3c.

./,i.ri- \'\ t-ECsr'o) . \ ¡ i \'\ L5,Lrri -- ¿ ;;U,'\ ,,'ilS, l-r,l

and i;he phase fr:nctions are defiaerS by

a¡.d.

rie assum'e that the ini'bia1 and. final s-ba-bes nay ?re

-baken a.s pla:re lvaves, a.ad bj' tekieg the expeeäa-,5i on

val-ue of the operator {t=r¡) wÍth respect -bo these

sta.tes we get 'bhe scaitering a"nplitude;

?t( <, ï,) = -- 7 [* c\z V '{ uiç;l ) ', A E^1t-L>j'J/- /*J-o.o--' L!i/\? t 2"46a

h[*,Ð - *)/Þ1î"1= V'*L^iætr)
2"46b

2.45b

2 "+7
{[Br,Ei): ¿A'.,Ft-bf* 

t[e¡e.) 'n,(É(s,b) t

Defiaing the d.ì-reet momentu¡o transfer by
t

A * b* * .ko and the exehange momentun transfer by

* ¿; (Rç-t ß-)''" 
{o(=_,r)j
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1í = k.. + k" we dleJr re-¡¡x'.ìte Êe, 2"+7 a's

-t L KÇ,ï3ú) = .:ttaç,Ei) -r b\' ( \3;i,Bt)

wh-ere

2"43

-LiL Çb.) : tr{-1{ t-5ia'.s.L\¡il:Ë¡{+ts' b) 
z"4eta

an{:1

t-\:i ' i.' ) = -J.in *['*lr"\\r l.(bi --u. ) 4i b[srb)
'Ç fSÇ¡Lri '...'-.jSf.ic\\).'.C,Lkr¡'l-\-L / t r¿ir-t1 Z"4gh

whe:'e r,/e hare úefined s = k2, -b = -(Er -.;fr)t

= *2s{l"-eoso) , 11 * *(Ef*Er.)' = *2s(l-+cos,9)

and 4s + t + u = 0" ll:is ís -bhe så.ü.È;result e.s \à¡e ob'caÍned

before "

Before -tve prtgress oats scaÈtering from

a Ìround state i-ç is ivorth",t¡hile investigating the

forr. of the r:.niiarity rela¡ions for t?re forward aad

baskwerd scattering amplitud.es, as â.ny epprcxi-matj-ons

in ihese a^mp1-iir:des are restrieted. by uniiarity"

11 " b ua-r-_îarL'tg

rr'ie rnay obtain the profile funeti ons in
terns of the for¡;sard and backwsrd scattering a^mplÍtudes
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by j;aki-q i;he F*rr:'ier-Eessel- ira"nsfor'B.s of eg" 2"49"

'/\ J-l \ \,l'T LtrÐ): -2 
_t7n-V> tt ¡\-

,. ,'A Il'i- L¿-\¿ IJ
Ì rl-l\ t) ru
\ \-)\ ¡4 (.-'

\
.l

..Ç¡ \
l-' (-s, e; 2,54a,

2 "50b"

These ca^n be shov¡r to satisfy a. very si-:aple forr:r of

the uniiar!.iy reLation in the high*enerty 'lisit* trt

has been consjd.ered 'ühai; the priÐ.eipeJ. d.isad,varlbage of

the impact para.neter forlnalísm as eoüpared. to the

partial vî/ave expansr-oÌl is its çoI4'plicated u¡:.it¡ri'Ly
r C)\

relationtt/. -rlorveser there is no essential difference

between -bhe theoretieal ealeula-bions of partíal \¡/a't/e

and irapact parameter anpl-itudes if iaelastic chaanels

are eonsid.eredlg) " The only differenee j-s that a Ð,oIL*

zero i:eaglnary part of tbe phase f¡.mction does not

imply the opening of a reaction channel, whereas a

Ðor-z€ïo imaginary part of the parÈíal wa-Te phase shift

does" This is so because even. in the case of elastic

scatterinSr the inpact paran'reter of the ouigoj-ng

nariiele is not the serle as that of the in.coming particlo 
"

{b(-=,u) == -}' ('¿o
K.S-K- J

t b(s, t.r)
.lf.'Þ

Q--



'Ihe turi-r,-a:'ity

comnl ete oltr set of 'J}æaai

teri¡t amlliiude" This re

-^a' | ¡ !-- r^ \ \,- ft ,I , I I r!) . V) : I 
- 

.*- 1i.' I I--l-ÏvLl, LL-f) Li-/ - :* \(;i/i:r\'ì
LÞtr\ J J

If ''rve spl-it the scatteriiLg

backivard parte the relatio

ia terrns of -bhe tso-hod,y profile funetions ¿s

l* [ - ¿ [ 

oi. 
.\ \i5c, t\, 

^] 
- Lìf ) { ( *,'") " fi¿lb1-. 

tb i :LLù)'f bts, U{=
L-b

: - 1îl.t'* \Fau -!'{' Ê.l*ru)l"t*, u' )E+l\"í*:E[, !J' ni:Ç)+
.lu Je L

{*t . LSrtt,¡) ';. {.,çÈL=>L\i3) ':

4r

contii-¡ion a.jLoln¡s iÀs to

cal e,qiratåoas fo:r -bhe sca'b-

quirement s-lates tha-b

¡i .l_oi .p I t<,-\ i. í r{ þr \iL'C (Ll :_-'f J \.L:>)E.l 2,5L

r¿atrix into its forlvard. and

n beeones

é o21

: -.**jl,tt'ls,ã,) * r"I-s, ,)l ltis,cc+LlÊ,"r''ri

where

*. j = *zstr*{ tâ, I ili i, i=l ,2 u 
j

^¡,.ij = *zs(r*år'Ër)

The unitarity relation may be equir;alently +]ípresÊ



-t J1Ë'*[srrr']í'o t*, r," ) l{-tb Lt'",.i:il, \I"*LC,Lì) -

- {l' 
b r Ls,\j ) f Ê(*, i 

"" )'a-¡ç [ b' ni:,-q;, L; 
^,1- 

Ç) +
2 "53

+'fb* (s,U) 'lb(., 'i') lU,,[U tt[Ë ,ii'"t-Ç=1]
.J

where

f"og [lr' n, b" n') : .Qi. , , Ë!-U -.J o C'ot l\)-J o (!," fi')
+ L¿") "J

àtãa = f ub

a =.rÆÇ , NrÇ
ri'=61 ' t{$

These integral.s may be evaluatecl as before rrsíng

-A.ppeadix A"

lhe unitarity relation then becomes

-4 . (' ,t ¡t{- i- r \) ¡"X' 'x "'' íl

1''u ï - i 
''i 'r l.ç þ) j -= 

J " 
Ud'¡ 

J.. 
\jbtu ,x

2.54

- {ff-ts,U),fq 
s, U' ) -r { *(r, "" 

){ b(*,U') 
le tU, d, b'js)

L

a¡.d
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\"^ 
!'¡:t,n)] =1i'.tt'$".lu,u ^

l*. S, -- i'f ¡ Ls ., 
o ) 

1 
: k'[' 

f ^G',\'X r(s, b) 1' 
rft, t') 

''b 
(s't') ?¡

f.".!.fl t L*, r) J'=,"h\ { 
e(t,r¿{'\Ts,u)'îiT GÐl Ê( t, q, 

" 
j jb

* -f1f "¿r, u )i"b(t, d')*{' t?tr',JX'G B) ì t-'' 
(v,ó, d!r) 2 "5 +b

t)
where G and G' are defined. by eq" Z"LZ" Taking the
lrj-gh. eaergy linit for G and G, as ia e_q, Z,Lj -bhe un1*

i;arii;y :'eLation fl-nal-lJr beco.u.es

2,55a

These unitarity relations are consistent
wi-bh those d.eruaed by Bla.:rkenbecler and Gord.berg*"1)

If the scatteri_ng =nrFlitudes are analytie in energ"f
-bhen the d.eterninatloa of the profiLe furetions is a

one-cut mapping probl em involr¡iag only physiaal val-ues

of energy" Á,lihough we maJr sef, iutegrate ana]¡-tically
G and G*, the fact that there e:lists Eln exact unitarity
si:ateneni (eq"Z,54) shows -bha-b the Fou:rier*Bessel
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represeni;atio:r of -bh.e fo:";vas'd. and. baclcward sea-br,-ering

anplì -budes can f orru. a ço,'ïplete d.¡m¡nics u at least in
en\nrineiole-"/ "
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CIL{PTEF- lII

Qg?.ftei"in€ f:'gn a Bg.':ncl SÌ;a-be

III "l- Deri.¡aiíg?. .of Ampli-bu,ålrs

Tn -this sec.'uion the scattering: of an

incj-d.ent particle from a tr'¡o-botly bouna staie is
siudied." ,i{e assusne thai partiele 1 is the projeetileo

a¡rd that particJ-es 2 a;oð. 3 fors. a cornposi're systen, The

particles are ail assuned to interect via ioeal potentials

aird. we assulie ihat the bou¡.ci.-staie particl es Ð.re

ins-bantaneo.,:s1y t'fz'ûzenrf at the uomeni of ispae¿2l) "

i'[i-bhout this assr:s.ptionu 'ühe nethods used ín the ;Ðre-

vicus sectioa may noÌ; be extended to this system,

However, by finally taking uhe expeetation val-aes af. -'çhe

coorCinates of the particles using -bhe bound siate \,rare

fu-irction, r?e a.re effectively taking 'rheir nction into
ae:eorrnt o

The initial and final- sta-bes of the systern

are then given by
,ir 

" 
*^i"l)

Vi tÍ.,P ) = {u(ç) ¿"'¿v t- 3'1a¡

aad :,ì i , LLç.17
\L,'. l- .\ rh /cl p '¡
tf L! ,P) = Í-j6 \--l L-' 3.1b

.)/\
',"ûrere ø=,(g) is the iround. state lyave funetion, The

ceÍ.'rre of mass variables r. and dz represent the separation



be-btveen parti-cl-es ?- and. 31, anri betr,'ie-årÌ parti c] e i and tþe

eenire of inass Ð-í 2 and. 3 ;:esÌlecti¡¡el;v (see FiE. 3). l'/e

âssi:-,ae -i;ha-i aJL the partieles are d'isiingtrishable ' 
bat

OÍ' er¿ual naSS* lieilce pariìc1e 'l r:nCergçes scaÌ;-be¡i'rg

from two fixed. scaitering centres l-ocaied' a-b *åË

r,vith -bhe interactioa givea 1n operstor for:n by
I I 'i i, i-r\ ' -\ ^ *ì \ 3,2a,-V'i=. tiî,_[lp* y e\) -+ Vrl( \ p -'lr-El )

and

Vex= V ?j t\p -? y'fl) ?'; t t'=î (\ ¿*'¡,'f ) P*\ 3 "2b

ivhere the d.ireet and. exchange potentials a:'e d.enoied

by supet'seripÈs, and. the su.bscripi ind,ica'bes the 1nÈer-

aci;i;rg ;oarticles" Thea !,ie inay ccnsider -bhe tjrree-

body profile fr-rncticn -bo be an opera'üorl

(= '¿:.p1 i 
'/-rr,ls,r2-+7't') '-ri Àr ,-(-.r¿t- r+r) PI.

??

-, t{'zr(r, F-r*',,on ) -¡ ,1 )3r ( s, p:-'r-i) e-i 2j r oJ

:,'¡here the phase functions are given by

'L,ìI Lr,,pr*',-r') = -#.jþ,,u t tg.-e v,¡Err firÈ r1n)

tu\
\, 1S Ð, -,- ì/ \ìl= -J- tÅp,,V1j:(p-':'-'Lrr-, ß,r t1r,)
Au¡ \':; {.5--' '/>}-)-) - 

nrl-i *\_l*" 
L,.J { ,
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This na;y be l'¡siiten in terms of ihe i;"vo-bod.y pr.ofi l.e

f.¿nctio:rs as

,1\ - f 4,? .\ / .zrF ,\ )- .' ? \-4 \" ¿{t"f) t
I LrtL-r\)tfàl t\/ -TLIi¡\iLLt!1 '<\'/ t

3"4

where

.,i K(s, Ð

LËósr't )<- c,s\(srb) -\ 3 "5a

g,uru \ iS, b) 3"5b

The terrns appearing in eq" 3o4 have a simple diagra.:a*

neÈie representation ç¡hien rcay be used to spl-it the

equatio:r into its f,orward, and. baekward. parts' The siagle

sea-btering terns involve only oae factor 4i¡ a¡rd. ere

îepresented. by Fj-g" 4a,, The co.lposite particJ-e is

clenoted, by a dourole line, and the square vertex represeats

the on-Ênergy-shel} two particle seatteríng empl.itude

in tb.e forward a.nd backward di-rection. The d"ot¿b1e

scattering terms løhieh contain two fac-bors z[, a'Te

analogously represented by Fig" 4b" Clearl.y we obtain

contributions to scattering in fhe forward, d.j-reetion

not only from particles which scatter forwards off bo-L:h



4'3

parbj-clesr bu.-b aiso Í'ron.,-]rose v¡nieh scatr,'er backivarJs

fvoin 1¡o-bir particles . Sj-m'i larlye dot.:.bl-e scafter:-ng

con'çribrriions in the baclewar"cr direction occrff lt'j:..rn

the i-ncid.e¡.r,' partir:ie scatters bae-Kr¡ards ofi' Õne particl e

Ín -bhe bound state s-vsten aild forwa¡'ds off the cther"

Sånee i:he i-inpact parame-;er anpLi tud.es

represen-ü sca'Lterlng i:r a sraal-l cone paraile1 or anti-
para.Lle-r to ihe íncidenÈ direetion, ìrre nay use these

clia¿ra^ras to split €9" 3.4 into i¡s forrvard. a:rci backrvard

eoiaponents " 'Ihen

,1 -* {\ É _* {'b

3 *5a

and.

The physical cri-berion for splitting the a.:nplitud.e

is eguivalent to splitting ai according to 'ivhether

each term eontains an e--¡elr or odd n'¿mber of factors PT*

We nay no-w caleulate the forward and

backwe.rct scaÌ;teriat ampli.t¡:d.es by takrng the expectatioa

val-ures of the profiS-e fi:¡et'i.ons with respect to -bhe finaJ-

and iniiial stai;es given by eq" 3 "1" lTe wíIi wcrlc

,(b=rP;;r',I -rîJ pJ, "filr,lr;[ *n,t'f,itI 
3.6b
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the ncre familiar f (5-r5¡ ) r,vhere
I
¡.F

= !!li and in ihe two-bod.y system
ct 'i-r(Er,.Ei) = -L/4¡ -t(Ee ,Ei)

in terers of

\ r{E*Er)\ t

and

,.,\ìútL, ,^ ,- .\ *t LßF,B¿) =

. f,)[t r.{rh É
, -L

K kf[- r) .flY,

The three-body sear,*tering amplitude is iherefore gi.rea

bv

ttþae¿) = è [.\r.l;f L', Ð{ Lllr tsæ), ÂrruJ

: R, (.t'¿1"þ) ¿'3?tr t ,þ(ts;9*P 3"?
;lirl,)

rvhere the integratj.on is over all space u and. hence the

fo¡'ward and back'çvaro. arnpliiud.es are given by

J:t"cl Ka\.¿) = k {"1j,' ,\=e { i Øet') I" e--¿P' &ç-B'-)
T L--f¡';ur ftlJ'' ' -' ! L 'l r-)* v X

*f 4',,f * ff -+ 11.t +.F.1 + ,pã ¿ pr y¡E) e:vç'|/^P*7.'ù'{L'¡ l>-r '3Ì *T r\).- t }t_t --\ ¿"6 L t' 'r-- ' '' 
3"Ba

_, 4 \r,,¡þ ,^u i \ LYt¿, t-t'tp 43/wt) ¿N 't'ii_'l si Pg ( i2_) l; ) Z ; 'v - / \

k- [6p¡ c\]c I d ä Fpo'Lt)<L'B 
FLW"'Iù

an.l ' L

s(') n:trïP + dätt) ¿uK ê* 
3"Bb

#rr( p*rt.s) e.f 
Bi'(- Y'e * 7" t)J
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\ïe choose tc exp:ress ihe pr"cfile fune-bíons

rn -bezns of the -br,vc-bcdy sca-bterlr"g a:npl i-bud.es r_rsind

ê8" 2"5A sinee -bhese are æ.oz'e readily obtained experi.-

menfail;r. If rve now define 'Èhe bor.urd. siate foz.m factor
by

Q.i
*) = [ ct,1c <-' +' 5 

t /. 
"Lt)ì 

=
. '\U

Fre rqey er¡aluate e:rpressions 3"Ba and 3"8b,

Sinee all the te:rns are evaluated. in a

simi1ar aar¿¡.er ';T/e r,vil-l shov¡ expl !çitl.y i;he evalaation

cf one oÌ- tl:em aa,J. ¡lien gi-'ve the resui-b for the rest"
Consider

/^, .'i... \ '-"lo' :'1 \^ ,i^ .zi'r ; 
"l:"-->I rt'v r/,<tr-) ,-tIt"f p l/4\ \'*.rn \:'i'1F\ ,"¡: ,,.\ .. L'St'.'l

lCt t þsL\lc ' ' \ iz[lizr1 i- i¡'ij !1,ß(t) {.- !

'.J

Operating ihrough i;he expression ',vith t¡e pernrrtation

opera-bo" PiZ gi-rres

J'"\r d _f i_ e*y,t) us+"0,7-++;u', L*,ï Le*ä o)r-

*rßb I n, t,r-\44(l^ rr¡ !\ / ' iþút"::
, I i>\(/a-öl-j \3i\Ê-/2,)(øoE)n /-

!

If we now substituie €e" Ê"50 in êe" 3,11 and use

d*6=j.t=? diP's ésÇ)

3"9

3 "l-o

3 "il
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[hen, performing

f r'r I lx/ f,l t\d'cl .tås t-i \
.) r

,'{ ¡/^ }rr-+ l+¿ ),¡:"L ¡,¿ *r , :_ " t l-_.
L-V
\, I'

-t {-,}t1) -rf.ài ¿icii '(,2)/-s) {,j"ft)f=?t4)l 
3'}2

sorre of the in-begraiions lve ol¡tain

l;e,')óuF+'. q;E_) f 3't'¡r-r)t
--!-

;/,u(+t r, É.) jr lîti-s) f frtç{ )
3 "13

ï/e may evaluate the o-bher terms simil arly giving -bhe

final r'esult

fr"'-[ B (,tsc)=- StÐiþ'i4r) "
.;?*5 .tL s(ti) S"i + * Aá)

+ r-, tå34: ?"i d,ffC p'- v^!) 6øF p4:t\r=Pl)x 3"14a

ft( K { L}ii)o

^ 1,î'Ff{--+ +þo Yo# ) ç?''*tB r-,UBÇ-&*-'¡'¡'')

i-- c,*o'r- bp \L I t ;j+íì[-q álqr,Jrr
í\#

Øt\

f-,r
S(- a/-) ç lì ( Þ)-
rS. i ,,,- Az\ r
\3\ L î ,-/L)



{'"'[ !r{, e.)= þj^tul ,r,ð(+¡irr 4ç) 1e[q-, v,\e ':)n

n-[5"G s-l) + d'ðk- v.]Bt) døk¡-v' Er) tÏÏt".+)J

" tro &f.{.t'#"i'ldf(+'¿' 
Et) dÐ(t'" l,-eJ^

^ åHï -r-úr) Ë..t q--"1) * 
3 "14b

+ d f ( ç+-/rs cl C' (+'- ¡,-8 .) çff. L r- +' ) i;,i" 1+-A l1
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f.II . 2 .Aiæteå_j-naËi on c-r_TB:ee-Bo,1y' .grpijt:!:;.Êes

These expresslons are exact within the

eilccnai approxinatioa" Ilowever, lve nolv eÏroose to
appro:',inate them so that !7e ltay ol¡taÍn ti:e¡r corn.oletely

in te:r'ns of the bound.-state forr. factor ra-bher tiran

the v¡ar¡e-fi:.n-ctions, since this is r,rore reed.ily obtain-

able experimentally" It also al l-ows u.s to express the

equations in a more elegant form" The apprcximation we

make, is consisient with tirose ak'eady mad,e a"nd agrees

in substanee with tbat cf tsertocchi- a¡.d Capeila5) "

Sinee most of the scattering at the energies we are

corssidering takes place within a smalJ- cone para3-1el

or amtil:aral}el to ihe incident direetj-Ðnrv/e assume

tirat if the eomponent of any n^oruentrm paralJ.el- to i;he



incident direc.,'ica is sÉal-lr -bhen 1is 'bransvei'se

componen-b :-s al so srBal-l coaÐared lvitb. the nonelfum

of the incident pariicle (see Àp.oeadix C), This

approrËiEa-u1on gives us

r1c.t ì,, i,, \ . f^-'' 
'' t o i ^'\¡.'Ílt^l Alt

{t"'( sç,'É=r) a, 5 ¡è/t{Ë'[ à) r- s(- ?-1¡t, \ - / I

+!_ (,\i.st1) 1 Ëf't+ .r,DÐ tl"ïs - y, à) -r
A\ryrJ , \' 

¿ I'- \-[ '>L / \ù'| \--[ 'r-'4) 3"15a

+ çli'( tsc.. !,18,. * v,-ï) ii" b; -6tsç-),+)i

and

Ê\Fc¡'î,. \-, \^ c-[bt\¡\f't/ ,,r\ , qf f 
.' t'H-c-ir\

T LÞþbc.,¡è1(È/r) ç,; L.-lsJ" >r"-/L)\tt L},r-t

\>o<-r' ,\ ltt c- /( -' /'-ir-\, C..\rz, s( E - y- à) {ä' /,i ) t*t"-!- f¡- L .;r-) \'" 1 - -1 ('L--) -\í\ Lf ''r¡ | r r ¡ 3"15b.x t\ \- \/

++T frî'¿rl [d'.i 9ti- Y=è) tlï[çi)J.nii\"' J 'l

The a.pproxi-nation has ì;he effeet of

slightS-y inereasing tb.e scattering amplitude, since

the functions under the integral síga fal--l off ¡Tore

slowly than bef ore,
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ÜTLÀPTEE ÏV

AP?IICÀTIONS

TJ ".Llïucl-gotr---nucle o? I cati;jeri4g,

As an application of the i;iso-body fo=m.-

alism \ye have deve'l oped in previous chapÈers !Íe consid.er

nueleon-nu.eleon scatiering; in particular proton-proton
.F

ard proton-neutroa forward e.nd bac}r¿ard. scattering,

The analysis d.oes not contain explici-b spin-dependence

but this dependence is taken iato â.cc:oüilt indirectly

in the input parameter,e a

\Ye sha"It firsi ealcuLate the scattering

a"npliiud.es ai intei:neðiate ene:'gies from partial ivaves

and. Ì;hen i¿se the resu]-ts as a basis for tlle assuraptions

ive ¡nust make about iiie higb-energy seaËterinS' amplitudes

rvhieh are to a large extent irnh.cv¡n, Qnee we decide

the for.n of i;hese araplitud.es 'trie tnay e-¡aluate tire profile
ì+"V/e refer to proton-neutron differential eross-sections

although the experimental- data used is from neutroa-

prcton experiments,

Clearly r,ve carulot use data extracted, from

proton-deuteron scattering da-i;ar which is the usual

nethod of obtaini-ng protoiL*r?eîÅtsðn daia
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functions ai h:-gh energles and eonpa:i.e -bÌrem ,,viÌ;h iaose
!-ve obÍ;aLn at j.atez"nediate ene;,,c"i os f-ca a þhase_shift
grr.leì rrqi csrv e

Bet-ore contj.auing howe.,¡erp we give a
short discussion of the nucleon-arrcreo¡. ex3lerinental
si'buatioa whieh wÍr-I prÐvide some of the input Þâr-ams¡sr*
in ourbj:ree-body ealeulations" proton_proton differential
eross-sections are reasonably '¿¡e11 kno-iv:a over a wide
rÐnge of energie*22) * The lnformation about protoa-
neutron di.ffereniial cross-sections is some,shat sparce"
F/e c'estri ct our di-scussion of ti:e behavior of nucleon_
nuelecn d.iffereniial eï.oss-sections to narroly cones
about -bhe forwaid. and, bach¡rard directi-ons" sj-nee the
p-p eLastic d.ifferential eross-seciion is s¡rnmetrie about
90 dug. (because of identity of partieles)n co¡nmelrts
about ihe fsrrrard p-p peak apply equa113r well to the
bach,vard p-p peak" Also the forwar,i p-n diffraction
peak Ís similar to that found. in p-p erastie scatteringc
and hence tye aay discr.rss these simurtaneously* rn the
forward region the d.ifferen-bial eross-section d.eereases
approxi-mateì-y exponelLr,-ialIy Ín t (= _et2(f cosg))u and,

thi-s region extends tc higher vaLues of a,omentu.n transfer
as the energy i.r:,ereases " The d^iffraction pea,k shz_ínks
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rapid,ly at first ano i;iren moiîe sio'nJ-y as tb.e ¡aomentu:l

of the iacideat pa^r'ticie inc:'easesu The da'ba is weil-

fitted by the evlpr'Êssio:r
I cLgq!- = c\s\ a-cLt cuú i e--c

r.¡here d d s'emains approxjmately constant u a¡'d a
ãT I t=o

j¡.creases wi-th energY.

Back-ward proton-neutrc3l scattering is o

howevero complieated. by the preselLce of charge-exchanga

seattering, the backward peÐk fal-ls off '¡ery rapidly

as the exchange momentrrn traasfe:' increases and is

fitÌ;ed by a eulr(Íe of ihe forng

4"1

¿*ø4

C\D- =&,
i r cuLLqs \ a-,
riw/',t-=c

The parameter dq i is energy d,epend.ent and. is
ãü i u.=0

proportional 'bo 'bhe iaverse sqìr.are c'f the íneid.ent beam

mOmeatun, rorhereas A passes t.hror"r.gh a maxinun arrd the¡r
2l\deereases'J/ " This maxj-mum oceu,-rs near the one-pion

threshold.u but the mecha;risa. of such a reaction is not

rro * ¡r'ì .¡ q l-
Jv s v¿v.4å o

Ihese a,rralybie expressiÐns for the two-

body differeatial eross-sections are used in or¡r eal-
2D\

er¿1ati ons with the parana.eters given in Table 1:* / "
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Ir/ "2 _ r¡.teryredi:t-lj: E-..:rengy_s:gb_L ?r'inil. iUgpl.r'hud es_

l/e may cal.cu-l-a-fe both 'i;he scattering
anpli-iudes and. the i:n'pact paramets¡ arrìplÍtud.es a.t

interaediaie energías'Àdm partial- wave analysis since
^-bhe aecassary inforinatio:r is available ì¡etwee.:r 400 aad

,¡ \
?50 lrleV--t o Then, as q¡ui fo¡"¡rali.sm for the two-body

system hold.s aÈ j.ater¡nediaÈe energles as weJ-'l as hrgh

energies lye u.se our ealeulations as a basls for assi:¡rptions

we ¡oake a.bouÈ hlgh energy scattering arnplit'¿d.es 
"

U'nfortu;ra-ueJ.y we ea¡not d.irectly calcul.ar,'e ihe scat-
tez'ing amplii;udes Ín the 1 GeV eu.ergy region sínce the

inf or":natioa i-s not avai]-able "

rrTe raay ealeal-a¡e th.e scattering a¡rpl-itude

fron the partial *rou#S.slng Append^ix Du and for
simplicíty we restriei our calcuLations -bo the spin

independent part a(erO) of the generatr- scaitering
matrix" The phase-shifts used in the caleulations

DÃ\are taken from l,tlacgregor e¡ aJ^t t . The results of the

caleulation are shown in FÍ8, 5, The ¡ralues of the

real. and. iuaginary parts of nucleon-itltcJ-eon scatiering
do aot show atery ¡rarked dapend,ence on the

eÐ.ergy ', at Oo a¡.d 1800" The 'r--oru¡ardl and baekrvard

reat and i.aginary parts of the proton*Ðrotùn scattering



a.rnpLitr:des e.re noi equai r âs migh.,' be expec-b=ù cf a¡.

ideatieal- partic] e systemu since

c.i-t) *'n-[v) : - 1 
c,-l"f''.-g) t r.,\ tn-S) ]

an¿ rve plot cnly a(e), a^nd. not the spia-depend-ent

coefficient n(O) " Henee it is yeasonaþle 'üo sssu.ae

at ihese ene'rgies and. ai theso angles that ihe z'eal

anù Íma8inary parts of the seatterlng anplitudes vary

Ðnl5i slowl-y "vj-th 
energyÉ r' 'r'

It is possible to perfols, these ealcuJ-ations

g-i äay eslergy gp to ?50 lvlev, b4t we choose ÛnLy a few

in the inte:medlate ene?gy region Èo illustrai;e the

results "

We nay sì-so calcula-te -bhe real- and i-magin-

ary ps.rts; of the isovenior (I=t) and åssscal-ar (f=O¡

parts of profon-neutron spin ind.epend.ent ampj-itud.es"

fhis gives us & clear inåice-bÍo11 of tbe eharge-exchartge

behavior since ihis is ealcula'üed from the d.ifference

l¡etwees the lsoveeÈor a¡.d isoscalar parts of -bhe scat-
-bering amplitud,es" The results are shoum. i-n Fig"6'

Clearlyu the dlffereaee betrveen the two cu1l¡es shows
( ¿i1or5c ¿'¡cfao'5t )

that the real peri of therlséattering a-aplitud'e is

dominani Over much of the energy regionn lVe use fhis

behavåor laier to argue that ai; high energies the
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charge-er(change aiiplitude nay be -taken to be rea}."

Since r'/e have cal-euLa-bed the real a¡d

i-naginary parts of the sea-ciering a,tp]itudes i-ü is

rel a¡ivel;y easy to calcu.l-ate the raiio

x[9,É)= \ lQa- t Lg,Ê) I

l'l g¡O, Ê)

this may also be obtaj-:red. from tire íaterference of the

Corúomb and. nuclear j-nteractioas in the forward clirection,
a:ed the energy dependence of tiris ratio at O = Oo is
given in Fig, 7 " Cl-earl.yp âs the eilergy increases the

( ¡¿ ci.A¡: cÉ'i1ct-t4;i¿)

rat'ios for p-p a;ad p-n,isiatteri.g osei1-laie 'to r-eTas

suggesting that at high energies the irnaginary part of

the forv¡ard, scatteríng aapLi.Ì;ude is domina¡.t. iVe ma;r

also cal cu]-afe from phase-shift analyses Ì;his ratio
at angles othez' than 0o a¡:.d the t;heore-tical- angular

d.epeadence of 'bhe ratic j-s sho'¡m. in Fig" B at two

energi,es, 5?0 ÞIeV and ?50 MeY, This shows,'that ihe

ratio d, is virtnally independ.eat of a,ngle in this
eslergy region i-a the forward and, backward ctrirections e

and hence we nay use tire sem? val-ue of ( in our

calculaiions at oífferent ¿n€les" Thls suggests that
j-t is cluite plausible io assu.me that the safie angr:lar

behavior holds at high e¡ergies 
"

4"3



OU

The resuJ-is of the phase-shift analysiszS)

are noi; to be iaken ai:solr:.telÍ, alÌ;hougir tì:e ¿¿¿-lysis

is the best to d.ate, There is still nuch woik io be

done j31 thLs d.irection sinceu for exa.rnpl-e, tlte inelas't,d.-

- eity para:aeier is incorrectly i:reluded, and the autho:'s

themselves 1¡ia3'31 abou'b the aceuracy of the results abor¡e

450 l{eY ð

Due to the lack of experinrental- infor¡ûafj-on

about high-energy scatteriag a¡''p1i'bud'es s wÐ make assÌ¡¡np-

tions aboui them, based in pari on the resu-l-ts of the

pre"riogs secticn, br:.t also on general theoretical

argrrments " \Ye rvåll ecnside:' first the forward p-p and

p-û scattering amplitudes" If iire ni¡.eleon-nucleon

total oross-seetion remains consiaat with inereasÍn€i

en-ergyr or lncreases, âS reeeilt experiinents sLrggest f cr

the proton-proion total cross-se*tioo26), then, by the

opti_cai theorem, the j:na8inary part of the forward

scatteriag a.mplitrrd.e i¡rcreases at least lineerl-y ín k"

so F/e may expect that at sr¡fficiently high energiøe'

fro -b(O) greatly exeeeds lRu t(0)ì in tne elastie dif-

frac-bion peak for bo-bh p-p eJld. p-n scatteriag' It seens

i;hat I Re t(O)l is negligeole at the energies "vith 
which

Xners:¡ Scatterl
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we are concernÐd, Since -bhe proton*pro-bcn sys-bem ås

s.1:nneiríe about 90 deg., e ìve i"lay nake the s:arr.e assu:nptions

about -ihe backward p-p scatterj-ng amFlitude as we do

about tbe f orward a^¡a-plit'¿de "

f/e base ou-i assunpiions about the back-

lvard. p-t1 scat'tering amplitude on the for:u of the forward. p-:r

aharge-exchaixge amp1.ir,*ud.e, since these sysiems are

equivalent * 'Ihe forward, excha:rge a^apliiude is rel-ated

by general isoiopie-spia argu:nentr?T) to ,yr* difference
between ihe to'cal- cr-BSs-sêciicns for p-p and p-n

scatiering.

-T' j- Pn I ^\ - -\" / ir- i i..-., ' \\
-'rvL -e,*cvr*ûcr¿\-J - , F-rt ( trtL[\') - ÙT L?i\l j

,J Wt\j 4"4

r¡here rl ís total eross-section" This toi;al- crûss-

seetion differenee is very smal1 at interuediate energi-es

a;rd. v-qnishes at hi-gh energi-es " ITence, ãr- high eaergies

the inaginar;¡ pari of the scattering anplitude is
negligible ccmpared. wítb the real- pari" This eoq-

e:lusion is general end d,oes noi; d.epend on any particular
eharge esehange nod.eÌ" Consequenilye vte take the

baeþsatd p-¡r scaitericg ampli-bude to be real"
These assu:nptj-ons aborrt -the seattering

anplii;ude are fairly reasonable at high energies"
2R\Sei'ber*-r ì¿ses e eompl.eteLy inaginary optical potential
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to fii; high eilerglr el astie p-p data with good results "

The assump-bion tha-f; fb-e baekward p-lr ampl itr*¿* is real

ie coï.lsistent with -4,¡'usha¡.o,r29) w¡ro assì.rnes this and

finds goo,l qualitative agreenent wii;h the measured.

differential cross-sections ín the fu].I a4gu].ar raÐgeû

Ile also extend ouz' fiadings fron the

intemrediate eìlergy results to assune that at high

energy the raÈio of real. to i-uagiaary parts i-s lndepend-

ent of Ðng1ee

IV " 4 EgaLus,t i o+_ gf" Iega,aì; _Pgrg+et eå_.Ary}ituÈgg

tr'/e are u.orv in a position to be able to
find a funetional forn fcr "che profil-e furnctio::s "

Undey r!h.e assumptions made in the las*u three sections

we may çvrite the p-p and p-n scattering amplítudes as

.L , A -c*ÁlLdeià) = Lttq-

L--"-Ñ
Lð; tÈ) = ùce-

. !rr \ rn¿;:-0-Ñ?
e¡þ tn) =- u Ir-<'

4 "5a.

4"5b

4"5e

-"\rtz
Lp"., [n ) = Ð -r¿-

4 "5d
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v¡he¡'e ÄrCuluarcud. a.te assrined to be reai eonstanås*

Et1, 2"5O gives the profiie func-bions

in terns of the scattering a^iapl-iiudes and. h.ence takrng
a For:.:'ier-Bessel transforîa o-f the sea'btering nm.olitudes

we obtain

,rpå= niÇ'").-o=xrnLb)-i = å;1Va'
,r,\b ùl¿ppr't -*/**
Ii, = s],/LÀppcb) ; -YYro)'= 

;þr.o-*
4" 6b

frl = L^Lgn(t).-r= 
x1r,^Lu - \

fK tRc- 
4 *6c

4 "6a

and

( i n = Q--tTP^L\")rr"r1 )r gnti"') qg \"7tt'I

' *-t** 4"6d

Froa. elrr assurtrptions about -bhe scattering amFlitud.es we

lrnow that i-n the Boru approxi.natlon both Lpp(¡) and

¡\pp(U) are imaginary and, negative, and therefore
eqs" 4"6a and 4"610 give the eoastraint that

Lv , t\r) : ,\ç e t\' )
4" I

This i s eni.¡rentl-y reasonable as lve expect the interactions
which give rise to forward and backward. scattering to
be equivaleat " Hence the profile fu¡.etions f or elastie
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given ?r rrp-p scattering are

X¡p tu) = L r,1, 
Lb)

Ê/,-yc_ -l

l
profj.l-e funetions

rlA-1. v-/

6n Ra-

the two

. r, c [ ,. ^^vac- , \z j p'.¿t&átl f-;\-¡'Ltiïfr. -'J Lkpk'c\') 4.eb

For p-n seattering rve obtain

from €gs. 4,6c ancl 4"6d' as

4.8

4 "9a

nnd

'T? nt'o) =

obviously T*otul I \*(o) as the d'ifferential

cïoss-Êêctions are not s;ruametrie about 90 deg" and^ since

one potential is real and {f,ne imaginary" the Gaussia¡a

forn of tbe differential eross-section (eq" 4"1) is

obtaineil in the Born approximaiion from a Gau'ssia^n'

potential, Eqs" 4,8 a^nd 4"9 therefore suggest that

the aucleon-nueleon interaction is similar to a Ganrssia¡l

interaction" Clearly both fl-(b) a,nd \(b) deerease

as b increases u which i-s to be e,-(pected u since nucl'ear

potentials are in general short ¡angê potentials.

The 'impaet para.meter a"mplit-ud'es between

400and?50}rleVmaya]-sobecalculatedfronphase-
shift analyses (see Appendix Ð) " The ûependence of

the real and. ima€inary parts of ihe nlcleon-nucleon
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profile firnctions on the imp¿ct paranaeter i.s show:r

in tr'ig" 9a, Cleerl.ye i;he nagaitud.ee of the real a¡.d,

imagip¿ry parts are ¿lmost equal for given bo and

their rnagni'bud.es iacrease with increasing eaergy" As

the impact pareneter increases ihe real and i-magina^ry

parts tend to zero, This j-s reasonableu since -bbe

potential fro¡n wbich they are original.J.y constructed t
in practiceracts onJ-y over a smal.J. disiance,

Our analysis is no-ü cornpletely spin-

indepenrLents âs vre .u.entioned eai'lierr å5 the nuclecn-

rrucleon anplítud,es are constrr:.cf,ed from con'oributi ons

from singlet and triplet states (see Appeadix D) 
"

Å.gain v/e rnay cal-eulate tire contribution of each siate

using a stand.ard. partial lvave analysis r and ihe resuLts

a;ya sìro',¡v:r in Fig " 9b, lhe real and ímaginary par-bs

ere a'lmcsi egual in magnitude and tend to zera as the

i.rrpacÌ; para.raeter increases since the iirteraction region

is finite in size, Their d,ependenee on energy is
ind.icateil ia Fig" 10, and again the magnitude of tb.e

real and i-ø.aginary parts lncreases wlth ' tt"""¿gin€

energy o

These results are consistent wir,-h the

behavi or of our proposed impaet parameter amplitudes
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given i-n eqs, 4"8 anC. 4"9"

ItI, 5 Prot?n-deuf er-on Þ.caËteriËl
We are now in a position to be abl-e to

construet high energy proton-d.euieron differential
cross-sections from the two-bod,y scattering a.nplitudes *

However we are constrained. in this by the 1ack of detaiLed

infor"natioir about i;he two-body scattering a:nplitudes aad,

our results ear¡. be on1y as good. as the assunptj-ons we

make and u.od.els H.re ehoose,

Ii/_" 5 "1 JÞ-e Ð_eutergn Fofp tr'agt_or

fn ord.er to evaluate the proton-d.euteron

d.ifferentia-l cross-sections using êe" 3,15 we need ¡o

hrow the forrn factor of the deuteron" Since, howe./er,

neither the deuteron ground stste wave function nor the

for"rn factor ¿1'9 ]rao",ïn. very accuratellc particuJ-arly for
small neutrcn-proton separations, ìve prefer to ebcose

a reasonable theoretical mod.el" th.e non-relativisi;ic
d.euteroÌl !?ave functions that are used. in the prediction of

form factors, originate frorn solutions of the Sehroedinger

equation for the two-nueleon problem using varíorrs

rrueleon interacüioa pctentiale, The success of the

v/ave functions ltay be measured b)' thei.r ability 'ro pre,ii-et
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the eiastic electron-deuierolL scattering cross-section

a-b large ì!.Ðment:.¡lr transf ers "
Several- reasonably realistic deuteron

waxre functions exist for low a¡.d. intermed.iai;e energies"

they eontain various D-state adnixËu.res and. hard and soft

cores " lhe more sÌrccessfuf. examples a;re tirose due to

Hamada and Johnso*3o), Bressel'1), Feshbach and l,otorr32),
?)\

a¡od HuJ.the-nrJi , fhese mod.els give reasonable values

f or smaLl momentum traa.sfers, but the situation at large

momeatr¡n tra.nsfers, ie scattering in the backwa¡'d d.iree-bioa,

is far from clear, A recenÈ comparisot$Àf the Breri; and

Hulthèn Ìvave firnetions at low enerty sìrgges-bs tha't the

IïuLthèn warre firnction gives better agreemen'l; with

experinent at a scattering angle of 180 deg, u although

at a]l o-bher angles the cla$a seen to support a hard,

cor€ hypothesis. However at -bhe energies with which

t*/e Are concerlLed. the forrns Of -bhe delrteron. wave function

and forn factor are unresoived"

An analysis of several simpl.y plausibJ.e

high-energy cleuteron wave functioas wj-th a nan'ageable

analybic for^m has bee¡r perforned by Fra¡rco arrd Gl-au-ber35)"

fhey obtain a reasonable fit to erperi-:arental- d.ata in the

high-energy region using the Gaussian ìi/ave fu¡.etÍon
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*t Ccì(:\r-
¿,'

4 "10
fhe values of the soasf,n.nts are those for¡:rd. by VerdeS6)

¿l'si".tg a variationaL technique,

Y/e may integrate ee, +,L0 ì ¡"amediatel-y 'bo

give the deuteron form factor

Ø^ = (o,\1Â¿ \"/'r"r) 
¡\r'r/

.- . ç- \ :- €7+¿*¿
\l^ll.-/-.rlY-/ - <.r

4"11

Sj.nce the deirteron !va-.¡e funeiion is d.erived from tbe

rruel eon*nucleon interaetion and rive h.row that e irå the

Born approximaã'ion, \,'/e may obtai-n the fors. of the two-

body anpl itudes gjvea b3r eqs" 4"1 a;rd +"2 fz'om a

GaussiaJr potenr-iai, it is consístent to rrse such a

#aussiarl v/a1¡e functionu and. i'b also facilitates the

evaluation of several integrals" å.lso ii; is no't rvorth-

whíLe 'ûo use a sophistieated deuteron F/ave function
eontainlng a herd eore or D-stafe adnixture since we

have already had. to nake maily assu:nptions about the

nucleon-nuel-eon scattering ami:litrrdes, and such a

lyave fi:¡ctioa wouJ-d. not significantly increase the

aeeuracy of ou-r results "
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It/, 5, .2 FrgFc:r-Deuleron Differenii'?l Cross*.s.e cti_cns

ì:ie now apply the ì;hree-body forrnal-isa,

v¡hich lvas developed in Section IIï e to the eal-cuJ-aiion

of proton-deuteron differential cross-sections at arl

incid,ent pz'otoa energy of l GeVu 1"3 GeVu and 1"5 GaV"

lVe cÐmÐare the theoretical resul-ts with the experinental

data of Bennett et uJ37 ) *o¿ co]-enaa et u.138), The

two-bod.y parå,ületers used as in]:ut infor"snation are giveo

in Tahle I, lie attempt on3.y to fit the first forward.

p-d peatrc since our arralysis is good caúy for small vah¿es

of mcmentum i;ransfer" The results are sho'¡vn- in Figs" 1l
a¡rd aZ,

In the forward. d.irection the calcular,-ed

cur.res at I GeV (¡'iS. 1l-a) r¡ary slightl;r from tne

experÍmen'tal resul-bs, alihough they agree at tire optieai
point" Thi-s shifteng Epjlears to be due 'co the assumption

that tire real- part of the scattering anplitude in the

forward. direetion is negLigible" This may be seen if
vr¡e ad,opt the para;neters for ziucleon-nucLeon scattering

?o\by Bassel and trYil-kia-'/ v¿ho include a real part of the

scattering ampli-tude ( *pp = {pr, = "325) " These

parameters give a good fit to the d.ata, Their analysis

is h.owever perforaed. at only one energy'"
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The theoretical- baclcward- p-C. differentiai
cross-secti on at 1 GeV (¡iS " lza) appears to be i-n good

agreement r,vith experinreai" The eurve however fal-l-s below

the e:<perinental -Oolnts if we use i;he paraneters cf
Bassel- and Viifk'lnp and also if we add a smal-l real parb

to the forward scatiering a.npl-itud.e ( r( = "3, ,5)

and a smail inaginary part to the backward p-n scattering

amplitude (rid, = L/ "3 rl/ .5) " at all three energies ihe

inclusion of a snall real- and. i-.,:naginary part ia the

respective a,npliì;udes l-owers the theoret-iea'1. predictions

of th.e back''¡ra:'d. different j-al- cÌ'oss-sections " This

arbitrary shifting of tbe pred.icted differeni;ial cross*

sections i-s due to our lack of preeise knowledge of

higÌr-energy scattering ampli-budes 
"

It is interesting that, at L,5 GeV (see Fig"

12e) e-ren r,vith 'bhe inel-usion of s¡raLI ::ea1 and imaginary

pari;s, the theo¡'e-bieal curve stil l rises above the

experimental ð.a.l;a, since previous anal¡rses5 u6u?) ha,ve

always produced differential cross-sectj-ons ',vhich are too

J-ow" Sj-nce the Gaussian foru' factor fal1s off quiie

faste the s1ngle scattering tez'ms are negllgib1e irr the

backward direction and the d.ifferential cross-section

is caused. entirely by the inierfererrce 'rerns " However

our aÐÞroxÍmatíon of the deuteron rvar/e function in the
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interfeu'e3lce terns (see Appendi;c t) has the effect cf
ine:'easing' 'che magnrtude of the sca-btering anpl-ituden

so the baeklyaz'ds differential cross-sections dene¡.d

sensitively ont

i) the bound-state rvave function ai:-

pro:<ì-nation (see A.ppendix C)

ii) the assumptions about the two*bod.y

s eattering anplitud.es

iij-) ihe cholce of bound-state form factcr
Ilenceu the tireory of backward scattei'ing

d.eveloped in this work can not be critically tes-bed

until we l<now &ore about the proton-protoì1. and. proton*

nerrtrons catt ering a.npl itud.es,



,a taT/

ÜI{APTER V

ÐTSCII]SSION

\le have rigorously deríved expressions

for two-body off-energy*shell forwaz'd, and backv¡ard. scat-

teriag amplitudes a¡.d used three different methods to

derive the corresponding on-energy-shell a¡hplitudes"

\Ye have extended. our formalism io obtain forward. and

backward scattering a.mplitud.es for scattering from a

composite systemu in partlcular from a two-body stateu

but by a raethod,'shich is easilyextended to n-body compcsite

systems" Our expressions contain oaly single and double

scatterjng tez'ms sjmilar to Gl-auber -bheory2) ' Our

a.nplitudes may also be derived from the muJ.tiple scat-

tering seríes of Faådeev equ-tion"40) by linearizlng

the Green0s funetion as in Appenèix B, Our resultsu

howevere are significantly different from those obtaineô
6\by Bhasin"/. Since we assu:ne the partieles to be

distinguishabLe we have no term eorrespond,ing to mass

exehange scaiterings in whieh the incident part1"c1e

replaees one of the target partieles as

5"r
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Tn o1¡r fornalisno the input is clearl;i
the forward. and. backward two particle scatteriag amplitud.es,

giving a clear inåicati on as to which of the terns eontribute

io the forward direction and which i;o.the bacicward direction
scattering, Bhasin0s analysis isu however, based, or1

a second. ord.er approxi-rnation obtained. from the tr'ad,deev

equati-ons4o) 
"

UjßÈ= fs-uo)L\-dìp) -rZ bYG"ü6*

r+þ
The a.nplitude for the piek-up proeess is given by

Ur-, " The multiple seattering seri es f or this process is
JI

obtained by iteratiag ee. 5"2"

L\=r = ts.-R") ¡. bst + '

5,3

The zeroth order term (s - Ho) in such a rearrangement

series correspoad,s to the Born approximation for the

pick-up process (eq.5"1) and. it is rvell kloro40) tirtt this
yie]-ds a peak in the baclcward. d.irection" Bhasin how-

ever assumes that the first order terrn *3r- eontribrrtes

onl S, to backward. seattering, ancl henee the backr,va,rd

amplitud.e is given entj-rely by U ê{ ( p# rr ) when it
is approximated t'o second. order" this implicitly
ignores the contribution of the elastic seatte:rir-rg

amplitud.e Uo¡r¿ which also contains some of the sârûe first

5"2
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crder ierms as U5^ s ând impr1*" that the baci<war'd'

scatte:r'ing peak is negJ.rgibl-e fo¡ cìistinS':ishgje]-e

particles" Sush arr assillll.p-bion, however is in clear

d'i sagreenent wiih experi-nent, since such a backward

scaitering ireak has already been obserwed i:r i¡ -e
/l \scatteriag--z,

The shadow effect hasu in our fornalismt

contributions from both for',vard and baek'nvard elenental'y

pariicle scaì;tering, as is cl-ear from eq' 3"15* Hence

we expecì; our predicted eross-sectionsio be higher than

those pz"ed.icted "oy BertÐechi and Capeila5) u and thi-s

is borne out by our ::esults. There is elearly a need for

üore nueleon-n¿cleon and proton'Ceuteroþ sç¿¿¿s¡ing in

the 200-8OO ivieV ex.ergir region" For examÞler al'bhough

ti:ere is a reasonable a,¡ror:nt of backlard p-d scatterlng

in ihe range 200-600 L[eVu i;here is onJ-y on¿forwerd

scattering experimeni; in this energy range, a.t 5BO I''Iei/"

Proton-neutron eharge exchange lnfornation 1s a]:so

needed. at nany inore energies than is presentlJr avaiLable,

Ia conclusionn we have eonstructed a

eomplete high energy d.yaa.nics for forward. a¡.d. bac!¡vard.

meatterj.n€ of elenentary partieles o but we are limited.

in íts application by our present lack of detailed

experi rnental- inf ormati on,



Table 1

T,Tuc].eon-ilue1eon parâneters useil to calcul"ate proÈon-

d.euteron dj.fferential cross*sêetions " Eo is the

energy of tbe j¡.cidenï proton in the protoo-¿"oteron

systen, the para$etsrs given are obtained. in a least
Ðol

souares fít" / i;o the d,ata as s

dtr ^r-
ãf -- = Aeo'u

pp

dü- = ceetz=u t' þrl
,l+g'g = Ðe*'

Gìl --ps
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Table 1

Ep ( Gev)

1"0 56"38

1, 3 r47 .5!
1"5 151,40

,97

6,27

6,31

53 -BB

73,61

80 "l"o

7 "53
10.54

10,95

r27 "4
--9+,O>

41,41

5'l ,63

3B "64

33"20



Fis:*5.e +

Eíkonal deseripiion of high energy scattering" [þe

incrden-b partiele passes through a seatterÍng region

at irnpact pareJner,-er bu a;rd is scattered ti:rough an

angl-e of êu
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Eikonql descripTion of high
energy sccTîering
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Feynmonn

irrterqcTion
inlerscfion

d icg rom showi ng G d i re cT
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tlCInd G spcce excnGnge
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Geometry for fixed seatterirg cen'bre pro-blem" ?he

incom.ing particle I is scatiere¡f from fj,xed partieles

2 a^nd. 3 aÌ; åg ana *.fu z"espeetiveì-y" The origie is at,

tbe aeirtre of mass of the systenrt', ,{"Or-,1 3'
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Geornefry fer fixed scGliering
cÐnire Ðr0blern

FIG 3



Eiaråe 4

síng] e (a) and ðouble (b) scatterinå ter"ms 1n the

fcrward aird. bacjcward scatterlng asrplitud,es for scai-

tering fron a bor¿nd sia-be " The j-ncident particle

is labeLleô 1, and pa.rtieles 2 and 3 form a boirnd state

denc-bed. by a d.ouble l-ine " The square vertex represents

two-bod,y scattering anplitudes'
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FiflrsÊ_2

ResI and j-raaginary parte of -bhe spin in'3.apend.ent part

o-f proton-::roton anrl pro'bcn-neutron å.!apl i"61¿cles, fhe;¡

are cal-eulated in i}:e forward and. baekr¡rard clireetio¡rs

ie a.i a scaiteríng Ð,ngls of 0o e'nC 1800"
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Ss¡re-é.
Real ancl j3agieaz'y parts ef the isovecÈor anci isc-

s ca.l-a:. pa'rs or lhe /V uc/egrr * A/uc kun
spin ind.ependent a*inpl5-tudes,



* ol

?
:

UJ

û
:)
[-
-J
o-
ã

0.4

o.2

0 .l

óc0 700
E roo t^ne V )

lsovector on d isoscolcr porls
of N-P spin independenl
cmplitu des

Recl pcrt

- 
Ïrn. por t

8= 0"

8=0"
J:l

g='180"

l=o

-__ 
_ __ 

_ _* __ j!:,:._\\\\\\ B= oo ¿.

¿¿¿¿u'¿'

J =\ B =lB0o---

FIG. ó

0=0o-f =\

-¿¿¿¿¿¿¿

g= l8

500 800



Tl"i ær¡a n
.L JFAE V 8æ

Eaergy dependen*e of the ratio of real to imaginary

parÌ;s of the nlr.rleÐn-llu.clegn scattes'il3g a^npli-tudes in

the fort¡asd. d.irectLon (Ð = Oo).
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Figure B

AnguLar depend,enee of the ratio of real and. imaglnary

parts of the nuel-eon-nucleon scattering a^mplitudes at

57Ð tAeV and 750MeV in the f orward and backwa.rd. clirectiorrs n
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Real and j-naginary parts of the ìmpaet parameter

tudes for the aucleon-nì¡cleoa system at 75O l¡TeV

the f orward and. backward d'irections, arrd' (b) for

and triplei states "

:mn'l ì -

(a) in
singlet
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FigqrP 1O

Real a.nd iiaaginary pari;s of the inpact par¡meter

amplitudes for a) proton-proton scatiering b) proton-

neutroa forward scatiering and c) proton-neuiron

backward seatterir:g at 4BO t¡eVs 57O Þie-f , and ?50 Melf "
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Fig:rr"e _11

Forward. proion-d.euteron d,ifferelrtial cross-sections at (a)

Ep = l GetI, (b) Ep = 1"3 GeV, and (c) Ep = 1-l Gelf'

The solid li.ne is the theoretical prediction for proton-

deuteroa forçrard, scatterint and. the dashed lines show

the contri-butions of the single seai;tering ter¡os Sïry')*Ðn,
,,^ 2/^ .r "\ti-\anil bl-V"ì äw)pn, the experimental poiats at I GeiI are

those of Bennett et 4137) u and the par---¿eters used to

fii the experimental points are given hy Bassel and
ro\lYil-kin"r "



Ðil'sli
Hþ'

z, \a/ d\aill + -

,\ I I \l I

\-, \

\tt \'
\Jt- t

\\ 
.\

\\h\\ \

\\\

\ 
\ooo* 

\,
\o¿ 

-"-\

\""

'\**=*

¡' ¡o

(.$xa{ êos} Lû!tÎ!!ÊT¡\ pr.¡D

[êssÐE j.o srÐåêt¡"¡m¡nd ñulsn å!J (þ]
r: -d wrr$ uo!{nqå"¡+uos ßusia+.$tos e¡ñutS (Ë )

d-d t¡.roij r.for+nq!.Á¿uoÐ ñu¡.¡Ð+åÐos a¡ñulS ( ¿)
uo!å3ês-ss0"¡3 [D!$t8ê.åêj"$lfi ( ¡ ]

lc!+LrÐiæj.3 !P ucrÐ+nÐP -uc4o:d PioÂerÕ{

trìr

ÂÐÐ L

=r
\*

c
fi

C

-I
JI

I

-I
-l
--f 

t ¡(



t000

¡oo

Forward proion- deuferon oifferenlicl
cross-seclion aT Ep= I 3 GeV

{l} Dif f e¡"enîisl crCIss-seeîion

(2-'t Single scoiTering f rom P-P
( 3) Single scsttering fronr P-n

-90

.?

Momerrturn

çu

C)

q)

C9

E

bl.,-'r]lE

t0

?A
.g o !

tronsfer l-f
Þl

.aJ
.Ð

l(GeV/ tb^

FlG. llb



roüû .JL

r I ' I | -.i-crwcrd proron- ccu icì'on

cross-secTio:'l ci ËP. ì 5
dif farenr ial

GeV

el

c)
{5
y
à

¡n
o l"-
iO l -îf

¡

| \.J

( I ) DifferenÌiol crÐss-seclion
(2) Single scotterinç fromP-P
(3) Single scstiering frornP-n

.2 .3 .4 .5
tulomentum lrensfen l-ll Eçstl/r.l7

F IG.l lc



Ita^"n
¡ L' \.J L/ -92-

Bcci<wcr*C prclon - dei.,¡îeron ciif fereniicl
cr*ss-secTìon cî Ep = I GeV

D¡fferenti al cross - seef ions
cslcuNoled wlth

.".T<Í=CI
e(=.3
(=,5

---T. Pcrome'lers
Bcssel snd

\-

FlG. 12s

.4 .5
-u (Gev/c)z

¡0t
(u

iÐ
f ô-ì

-(f,*åq
lLl-vl-

-Ü l"o

¡nI\J

. ,t'.

given by

Wi lk in

Ð

@R\\\

@

.a



3ûO 93

ß cckwcrd proion- d euieron d i f {ereni¡a I

fi-oss-secî'ion c'i Fp= i.3 GeV

Dif f erentiol cross- sec'lion cclcu!cled with

"'""":"'""" tr = .5
d= .3
ß=.0

00
\¡

q--,

qu
{t1

-.LI

_l

I,l=
IrlÐ
¡

io

_ç¡ea-

\*¡
l*'t**. 

Ytà"ùùoì

Ð=*-*.\\

?4.v

f¡'snsfer l-ul

I .2

i\"4omentum

ñ

(G etj/c)

F¡G. I2b



root

r00

94

Ba c'k,*¡crC pi"olon- cleulei"cn d i f fer en tìcl
cross-seciron cf Euc= 1.5 GeV

Di ferentisl c¡'oss-secïion w ith

'- Ç(= 0
àÉ-EE cd= "3
". """-.."" /.ìf - Ê.li_ .Li

rnl

(.)

c.)
rrì

{
_a
-J

llÐl:3
-., lo

to

\\\\\\qu

*+\\\\\
oo,

toao

\
*oo.o. 'âÞcô4¡

=\\\\\\* 
çÔaàèôàÞc{ùÒaròû.où

'\\
@ 

-t**=

@ 
\\\\\o

,t)

h

rt t

.t .?

M o m en'lum

:E&
.V

trcnsf er l-u I ci*{Ge

FlG. l2e



RET'ERE}TCES

(1) G" Ìüol-Iière, Zu Naturforseh"2g (r-94?) r33.

{2) RuJ, GLauberu trectures in lheoretical Physies

edited by !Y"G" Brittinr B,TT. Downs and J" Dowrs

(WiLey, lTew Yorku 1962) vol-, l, p"315"

(3) R"f," Su.ga¡c a-nd R, Bla,:rkenbeclerr Phys, Rev,

183. (1969) 1387"

(4) Ru B1a¡kenbecler and. J/i"I" GoldbergêPp ?hysu Rev"

L26 (L962) 776"

( 5) l, Bertocehi and A, Capella, Nuo, Cim, åä (L967 ) 369"

( 6) v "S, Bhasinu Phys, Bev " W (19?3 ) 2066 "

(?) J"S, Shasu.ap V"S" Bhasin and, A.N, Iilitrao Nuel, ?h¡rs"

835 (1971) 4669 N.S. Craigie and co lTi].kín, Nuel"

Phys " glå (1969) 477 î A,K' Ke¡pan and. l"S, Kisslinger,

Phys, Rev" (1969) 1483"

(B) r,T" Drummond u Phys" Rev" 149 G965) Bl-368"

(9) I/I,M. Is].anÌe lectures in lheoretical Physies editeð

by À.O" Barut and V/"8. Srittin (Gord.on arrd Brea.cb., ITew

Yorke 1968) vol, !s, p"97i T" Adachi and T* Kotanl,

Prog" Theor" Phys, (,l968) +¡Og



A"N" Ke;aaln lett,

(10) J"V" Ìiobre, Phys,

(11) Bo lippmann and J"

(12) R. Bl¡nkenbecler,

S.B, Triemene Ann"

(13)

(14) G"ll" !?atson, A Treatise on

l\rnetions ( Caubr:_¿ge Univ,

^9'o*

al, Nuo " Cim, J Qglz) 5zg "

letter 4oB (t972) jz5 
"

Sehwinger phys" Revo TZ (1950) 469"

IA,l" Gold.bergêrr i\T"N, Ã?uri and.

Phys. (rr"T") 19 (1960) 62,

l"S" Rod,berg and, R.LI, Thaler, Tntrodu-ction to the

ûtrantun Theory of scattering (é.eadernie press ) 1967 
"

(l-5) Iñ" Razavyu Car:., iournal of phys"

(16) JrI, levy and J. Suehere phys" Rev,

A,N Kgrnal and. L"K, Chavdae phys,

the Theory of Bessel.

Press o Cambridge, Lg6Z),

€ (1971) 1885"

Ire (1969) t656;

Rev " p,2 Qgl z) 994 "

(L7) R.J" &Toore z phys, Rev, ÐZ (19?o) ¡f : i A, Baker,
?hys, Rev" ng (1972) , 3462o

(18) 'fl,N" Cottínghan and R"F" peierJ.su ?hys, Rern l3J
(].965) 3147; T" Adachi a,nd T. Kotanie prog. fheoru
Phys, Suppl. Extra Number (1965) 3t6"

(19) I"Ad.achi and. T" Kota,:xie prog" Theor" phys" Suppl,

37 ana :g Q966) 297 ,



97

(20) IÍ. Baker a:rd R. Bia;rl¡enbeclere Phys" Rev" ]€g (1959) +L5"

(21) ToÀo Osborrr, Änn" phys, 53 (19?0) 477¡'.8" KujawskÍ-,

Phys , Rev" C " ü (1973) 18 g w" Tobocman and. ÞT" ?auli,
Physo Rêv, n. pZ (1973) ZoBB,

(22) Oo Benary a.rrd. l"B. Price p r-il e¡.d n-ti' Interaetions
(above 0"5 CeV/C) -A ComFj-Iationu (?artiel-e Data

Groupu lawrenee Radiation laboratory, Unlversity
of CaLifornÍa, Serkeley) Aug¡rst L97O 

"

(23) R"Eu }¡Iishkee P"F" Shepard a;rd f uY. Devern, Phys, Relr,

letters 23 (1962) 542"

(2+) ûT.tr" Gold.berger and. K,j\,I, 'vYatson, CollisÍon Theory

(,fon¡. ÏYi-ley and Sons Ins,) lt¿+.

(25) L{,I[, fiIaccregor, R"A, Arndt, R"],{. ï/right,
Phys " Rev, ff_!, (1968) ; Phys " Rev" 17J. (1968 ) LZ72 

"

(26) U, Amaldiu Ro Bia¡lcasteJ.liu C" Bosio, G, l,{atthÍae*

J"V" .&11aby, !Y" Sartele M,M, 31ock, G. Coceoniu

A"I{. Diddens; R.!y" }obinson, J, fitt, .4".M. ileth.erelI,
Phys* tett, B, 843 (1973) e3t,



(27) R" ty1.rson, Ànir" phys" (N"T,) Ja (1965) tg3;
¡T" Byers and. C"il" yang, phys" Rerr" \_+? (1966) 9769

R,J"N" Phillips, Phys, tett, l,_O (L964) 344;

v" Flores-Ì¡Ia1donad.o, phys" Rev" lett" ¿Z (1966) 113;

H" Eðgaasen a-nd A. Friskc phys. I,ett " ZZ (1966) gO.

(28) R" Serber, ?hys, Rev. Èett, æ (1963) 35Tl

Rev" I{od. phys" Jg (1964) 649,

(29) G"G. Àrr¡shanovs J"E,T.p" g (1969) 746"

(:o¡ l" Hamada and ï,D" Johnstonp Nucl, phys" J"å (1962) 382,

(:r1 c.N. Bressel, Ph"D, -bhesiso Ï/Iassachusetts rnstitute
of Tech¡o1ogy, (L96j) (unpublished),

(:Z¡ H" Feshbach aad E, lomono Rev" Ï,toä" phys" 39 (196?) 611"

(33) I,o HuLthen and l/1, Sugawarau in l{andbueh der ?hysik,
edited by S, Fliígge (Springer-r/er1_ag, Berlin, L9j7)
voJ." Æ p"l,

(34) D, Ga:miehotu 3n Grossetete and D"B" Isabel_1e,

I "4'. I " ABril 1971 e L25O 
"

(35) V.I*raneo and R"J" Gl_auberu phys" Rev " l 4Z (J-g66) ttgr"

(:e 1 I;I, "Verd,e, Helir.. phys" Acta, Z? (1949) 339.



( 3T) G. \'.¡,

G"J"

-99-

Bennette J"l"Friedes, H" Palevsky, R"J" Srlr,'te:',

Igo, W"D, Simpsonu G"C, Phillips, R"I,, Stearnsu

R"tvl" Heinz, 0.8" tverseth and D"E" ?e11ett,

lett" Iq (rge6) ?6t"

arrd C" lvilkin, ?hysn Rev, Iett, 18 (f96'l)

D"lI" Corley, Phys, Rev" lett" f.9, (1967) 387"

(:A¡ I, Col ema.:rr

Phys o Rev.

( 3e) R"EI, Basse1

871;

rf, Franco and E. Colenanu Phys, Rev, lett, yl (1966) 827,

(+o¡ I"H" sloanu Phys" Rev" 18,5_ (1969) 1361;

I.,oD. Fadd.eev, Sovlet Physics J"E"T"P, 12 (1961) l-O14"

(+f¡ l.S* Sehroederu D"A" Crahb, R" Kel-lere J"R" OtFal.len,

I,J" Richards, R,J" Oh, ¿I. Trisehuku and. J" Va0rrra,

Phys " Rev " Lett " 4_ ( 1971) 1813 "



Ji.l

APPENÐI.Ï A

Ei/èITJ:\TION OLINTEGE-AIS I A}TD J[,

l¡Ve evaiuate th.e integrals
F,-¿¡\-y i l\n -\-/.t-t '--\1-,/-nr-i ríl- '/l¡\I= i-=_ \ ri.r{-.L- Jot<\tls_-r,\,s¿') .J (]L¿F- b sxvt tTr,

¿îrr \ /

aJr.d. 

{

-l , i', ¡ -'¡-/ '¡;\i ..,-'\^((lþl i-',¡L','"4..\
a' =l- -1c\ -.iL¿' JcL'^íç'' (xsçÏu I J ù \"¿ P u\l-t\fi 

,r!-/+lt|._'*-F -*-- \ '"-r
-\J

lvhere cÐs6j = sin(Ð)siupcos(tj -x) + cosoeosp

Using ihe reiaiicn
,-.íi- - <--/ \.--Í-,¿--7\l'-{\ 1-I l- - t''.tt-), i -.-i-i --\,, \ i ?-'- =- - ,:<ztt-aSØ)'i, (.{ É =--'{{ '\o t-Li Jo( L/
ì "..)\" * -i , 

) 
t

vo L

v¡,¡e can evaiuaie tire integra]-
.-¿t\

| {(,>ir.iÍ..,. .,^, r t. . _{ (^,le ^14,-,,; {.)CùS,ßi ìX\,"JcL¿lYÞ3-i^r'9' )dA - "1if '-l )t'>{r(tllsj,^''') ,/z-/
üÛt1

Jtr- o J*

A.lb

.A* rz

Substi-trtting À"3 into A"la we obtain

l(Bç,il )'= a!]a C*= P, )Gt ; hi U'-*ú''È/)l12Yiç \''s" ^nÊ*1)'

xi.t'z&U srr,-- Ù"*"/) ,A.*3

,Él"¿þ
h ¡; Llþf u sr; ri7- cL's È/.)



*42

i¡¡hich may be srrltten as

-{ti". El = )_\t:\É.íçêJ_\i>t, , ,t J._ . p
'"vhere 3r' = olo u2 * É2b,,2 - tkfk'oûb,,coss/2,easfJ

Now if -'ve define

':?f Ko Yt ,\J,\olb) =4Bf t*¿¿ läe s,rt¡rctxe¡;-FJa 'Jo

Filkqbsr.ÅÐî?

ôq

A"6

a,8

4"9

sA
fr\'Ll

I lrct6. [¿çb sr'.s¡)îf(åleçvr st.np. ¡ )Jc'- -'l¡s 
- 5(st"Êlt--s*iÊt/zl 

Ã"7

ihen usJ-nt

r:{e obtain hkÉ s'-,- e1z

.fÕ

f(h+.,H)= [UttrrCtÇ,e', t^J,YJirt ) i"t¿ç\, s*'-s¿J,J
c

Si.niJ-arly the lntegration of flE*rd) fol.I-osvs arrd

we obtain

, ,.èS

I' ( ç, H )=\ b o\bd (Fi,(-,b', u', b)il (l\<çu *V'-)
' ,J0

vyhere



- A"3

dlet,e' ',ioí,t"'!t ): Fjþ* Ë*.r'þrcu 
svf"lençbcn]r)x

a¡d, H' = ol o u 2 -, á2b,,2 zrrKb ' b ,,s :rn(&/z) eosþ
I

J\ *J-U
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ÀP?E}TTIÏ 3

lì/e consi_der the scattering of iwo hj-gh*
energy partieles" let us denote by E ihe rel_aiíve
tlo-bod.y eentre of mass rnomentum of the system before
the collì-sionu a:ed by þ the reduced nass_" The non-
inr,'eraeting two-parti cLe Herûilt onian 19

(^ :.ho= l-*,.f' 
B *1

¡¡¡here p is the n.omeÉ.'çim operabor in the ceatre of ¡rsss
fraø.e " This nay be rewriiten as

r- D': \-(p--\i).(F*)g) ri-82kro=f Y : ;- tiz '-,/ -l .),,,1', ' t¡" iL' B *z
Tf u¡e eonsid.er scattering in the forr,vard. d,irection
the ineomiag partiele passes largely'and.eviated thror,rgh
the target so that all the iaportant contrihuting
interrnediate states ]rave monentum val-ues glear F so
that p, + k .v 2E" Hence vre aay approxinate the
Ha.miltoniaa by one whieh is lånear in ¡;

f' l- | ^ i-\ . i .1hc= & 'tP-B) + .J- lt'- --.-7 I 2ri B"J,/LL 7t,' ,/
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If we l-et V represent the operator i'rvhich

desc:'tbes the interaction betlveeo the target and. the

incoming; particle F/e nay '¡rriie the tota] oikonal

Ha¡ri]--bonia¡. as

h=h.o+V 8"4

and the resol.¡eË.t for h is given by

s(ø) = *+- 8"5

rvhere B is a eÐmple= -¡rumber lviiir Im z / A, and ln the

línrit Imløl -$ O, S(z) beeornes the total Greea0s

fu:rction with energY Re lzþ

Hence, if we define R = E + g where

g is small u then

s = Ë;6-}_I¿ 
8"6

Simil-arl¡¡ the ecluírralent bacUtraË¿ linearized Green'S

function is given by

* = 5{* 
8"7
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APPENÐTX C

a?pRoxrDLA,TrON 0F Try- ÞorryîD-sTalE i¡/¡.YE_r'ÜNCTI"Ori{"

I,et u.s consider first the single scattering

terms in the forward, a¡.d. backivard three-body a,nplitud.es

(eq, 3"14), Both of the single seatiering terms aye

exaet irr the forward directionu so lve shall. deal first

v¿ith the si.ngle scattering ter-os ía the bachrard seatteriag

anplitude" Consider the tertn fron eq, 3"12

.J.F.dþJ.?d'f 
Jup' ,litp) ds Ql -*?l;p. ce+çr)+i p"rlx

xan?{t ;g'(/,bÊ*Bi) * t-3/+Q; c + ¿+. "-y,¡)|frö c.l

ff we replaee L by å + åtr+ erpression C'1 becomes

.,TJ=, 
ip .\= p d'y'"ï a'v#È i p*L 4\ du(#) FP,:'(ç)x

x e,xP ÇrtP.L?-* BF* Rl)+:tt?r *?':7'tsf +

-r ¿+"(gr+ y,ÐJ
?erfor'¡r.ing soae of the integrations lve otrtain

5*rår?' ñ f p*bPr) óu(p') ti;*Fs*e') '.

- 5[p,,tir;).t( g,f tkç¡+ lPt Jetf-í - l-,- !-B ¿)

C12

c"3
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An approËr-metion is now n.s.de of -fbe argu.Til.ents r¡f 'che

del ta functions, We asstlne

ft' = -Jlir q, c

?,( = -k-{ i,-2r8.,, x lr}-*
õAvs'+

Sxpression C"3 tb.en beeomes

Êrr. Jvt 1ì -\ / / .nh<¡c-i .r

J 
d'firØðtprþÒ év(4'+y#'ù Ê,3"*þ ru) c"5

rn¡hieh becoa.esn using the Convolution theoremg

s ( è/) C:"* &t) c"6
\_ l-, \ i2

Simílarly the other single baeh,¡¿ard scattering term

nay be er¡aluated.,

Now let us consid.er the double scattering

teræe Consider the tera takea from eq"3"12

Ja".\3rd'p
x €,xp | -'*
¡rr.rÅ ?T . ßi'

"\r?, 
à,IJ'| ø{ (y\úuLp) {T'Cç>ç* E,l"

, ëp+lrt) ,[{'i --i +. (Y,P*t*t)!o 
,",

e r ¿?- L1ro,/,-r,-) + if.l /F¡ U'*)3

If rve replace p, by ptåk" ena perforra some of the inte*
grations Èhis becomes



*c3

iÅ'f átp'd'1.|-qi ø ä (f-= i}à ó"Lil ) *

, {,?-'q) ff 'tq') ð [ ?*'..'1)6 t3,J" kçr' + çritt) x

x ð'(çr*rri* T++) ò'( ?'- ? * LÉ *+) c*B

Thea nakiag the approxime.tion from the delta firactions

1,, =-'-Ñr dc
c"9

and. performing sone of tb.e integrations v're obtain

+P'e.ùj.\þdþ; d#tf.r,'4ù ./ u çl * bqi çf I pi- r-)

which finally hecomes

+Y:' F")$'x 3 (e b/)tf'(E.;

[he other seconcl order terms iuay be simil.arl.y approximated "
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ÄPi,E}{DTX Ð

PARTI:\], I'/AYE tu\ÀI,YSIS

Tìre ¡nosi general fo:m o'Î the nueieca-

nucleoa a^nplitude is gi.ren bY

l.''\ =- cL-\- L tgt* È') ,ff ,ç {.-'- t rlt, â\ tg].ä)-
+ilÞ,. Þl t va ê) t {.d, k) [P"kt \*
* hT ( f P) (f,', êl - ttr' ' fr)t tl 'ù\J

'1 ,
where *F 

+ a:r.d. ;f' are Pauli spin nairiees for particles 1-

antl 2"*-Ti:e u:ri'i; vect.r=* à, â, È *"u ctefinec. in -the

cen-fre of s.ass sysiem by initial a-rrû. ilinal- nomenta

ir q:rÂ !¿ trãls-

Þ = Ë"'- I-l(
\ Lit Eç\

h - ßix f c

lK;¡' \iç\

D,L

\ l'<r-Rl\ D*2--\

a{u oo) i s

D"3

span

( s d.enoåes

ft = ß+-si

the spia ind.ependent pâ.t'i; of the a'in;olitude

gi*ren 'by

¿¡*.=-ì l'-tl¿ , ' r I \
= 

U Lati rr t Hnoa Ì-[ss )

\foere -bhe subscripts d.enote the two partie'ì e

prcjectj-oas in i;he initiaL and final states

sJ-ngJ.et s.taÈe),

f'or proton-proion sca-btering
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ñt\ I ll

lu¡here
r ! L r -\ l-.1-\
l'\1 = {Lt})É;

f-\u o - ---
t-

,.1
\ )'r{i . ! \ ,\ ,L-\-tLL--f lc<l ?

À :L \-\i ?,
3 Ê L cc":t

L
L¿U

itÈ-r
| ì'>':;

:ì
'--1

Lat'-

+ fe'_t

Þ\k" P,
dct

lyhere

¡.-i Ll tcc

a.nd,

' -llnL-¡.! | i1.-î- r- \J L-

I"4

't)
!.,L-

Ø¿t

'{ L/

<--7

LU

L L-ï \) ,3ï'

f\si;

wirez'e

l-\* -- (li-tt)

fbe expressioÌls fo=' proi;on-neutron scattering are similasu
'--Õ

except -bhat 2 L is rePlaced b;r .¿-:
oå¿l,a_*Jan u L-=o

HOFô

i+\þ F{Þ.) =,'"i.r\J-{\/ /,-

f ú+\'l,y -Ç{.*Þ=) s.'. 2'.I
\ 5/ ?
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/-i

;l
!'\

| 'J-t t

obtained by reÞiaciag
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