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Abstract

Over the past few decades, amenable and contractible Banach algebras have been widely researched,
and it has been discovered that these notions are often quite strong. This eventually lead to the
development of more generalized notions of amenability and contractibility. Since amenability (resp.
contractibility) of a Banach algebra 2l is traditionally defined by the property of all continuous
derivations from 2 to duals of Banach 2-bimodules (resp. all Banach 2-bimodules) being inner,
one could require only these continuous derivations to be approximately inner in the sense of there
existing a net of inner derivations which approximate a derivation, to get the notions of approximate
amenability and approximate contractibility. We could then require that these inner derivations be
bounded in the operator norm to get the notions of bounded approximate amenability and bounded
approximate contractibility. To obtain more generalized notions of amenability and contractibility,
we could alternatively look at the fact that for a Banach algebra, amenability and the existence
of a bounded approximate diagonal are equivalent as well as contractibility and the existence of a
diagonal are equivalent. We then define a Banach algebra to be pseudo-amenable if it possesses
a (not necessarily bounded) approximate diagonal, and pseudo-contractible if it possesses a (not
necessarily bounded) central approximate diagonal. These generalizations have been studied recently
in the literature.

In this thesis we will study the notions of bounded pseudo-amenability and bounded pseudo-
contractibility for a Banach algebra, where we require the existence of the approximate diagonals
and central approximate diagonals to be multiplier bounded. We will investigate various properties
of these types of Banach algebras, including: [? direct sums, relationships to unitizations, hereditary
properties on ideal and quotient subalgebras, connections to other generalized notions of amenability,
and projective tensor products of these Banach algebras. We will also provide some examples of

boundedly pseudo-amenable and boundedly pseudo-contractible Banach algebras.
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1 Background Material

Recall that a Banach space (X, || - ||) is a complete normed vector space, i.e., every Cauchy sequence
in X converges in X. By equipping a Banach space with a product operation for pairs of vectors,

we obtain what is called a Banach algebra. The precise definition is given below.

Definition 1.0.1. A Banach algebra over the field F (where F is either R or C) is a Banach space
2 over F equipped with an additional operation * : 2 x 2 — 2 called the multiplication on 2 or
product on 2 which satisfies the following properties for all a,b,c € A and for all a € F:

(1) ax(bxc)=(axb)xc.

(2) ax(b+c)=(axb)+ (ax*c).

(3) (aa) xb=a(a*b) =ax(ab).

(@) lla* ] < alllp].

A Banach algebra is said to be commutative if in addition, it satisfies a xb = bx* a for all a,b € 2.

We will often write “ab” in place of “a * b”.

Sometimes a Banach algebra 2l has a vector e such that ea = a and ae = a for all a € 2. Such
an element is called an identity or unit for 2, and a Banach algebra is unital if it has an identity
e such that ||e]| = 1.

When a Banach algebra 21 does not have an identity, it is often useful to append 2l with an

identity.

Definition 1.0.2. The unitization of a Banach algebra 2l is the Banach algebra

W:={a+a:aecUacC}

equipped with the operations of addition, scalar multiplication, and product respectively defined for
all a + o, b+ B € A and A € C by:

1) (a+a)+ (b+B) :=(a+b)+ (a+f).

(2) Ma+ a) == (Aa) + (Aa).

(3) (a+a)(b+ ) := (ab+ ab+ Ba) + (af).




Observe that the unitization of a Banach algebra 2 always has an identity, namely 0 + 1 where
0 denotes the zero vector in 2 and 1 € C.
Sometimes a Banach algebra 2l possesses an approximate identity or bounded approximate iden-

tity that can play the role of an identity.

Definition 1.0.3. Let 2l be a Banach algebra. A left approximate identity for 2( is a net

(ey) C A with the property that for all a € 2:

lime,a = a.
v

If additionally there exists a constant K > 0 such that for all v, ||e,|| < K then (e,) is said to be a
bounded left approximate identity for 2. Similarly, a right approximate identity for 2l is a

net (e,) C 2 with the property that for all a € 2:

lim ae, = a.
v

If additionally there exists a constant K > 0 such that for all v, |le,|| < K then (e,) is said to be
a bounded right approximate identity. A net (e,) C 2 that is both a left and right (resp.
bounded left and bounded right) approximate identity is simply called an approximate identity
or two-sided approximate identity (resp. bounded approximate identity or two-sided
bounded approximate identity) for 2. Furthermore, if (e,) is an approximate identity (resp.
bounded approximate identity) such that for all a € 2 and for all v, ae, = e,a then (e,) is called a

central approximate identity (resp. central bounded approximate identity).

It is often useful to determine when two Banach algebras 21 and B have the same algebra

structure.

Definition 1.0.4. Let 2l and 8 be Banach algebras. A continuous algebra homomorphism

from 2 to B is a continous linear mapping ¢ : 2 — B with the property that for all a;,as € 2A:

plaraz) = p(ar)p(az).

A continuous algebra epimorphism is a surjective continuous algebra homomorphism.




The simplest example of a Banach algebra is the following. Let X be a compact topological space
and let C'(X) be the Banach space of all continuous real or complex-valued functions on X with
uniform norm || f|| := sup | f(x)| for all f € C(X). Then C'(X) becomes a unital commutative Banach
algebra by equippingzé’)((X ) with the pointwise multiplication product defined for all f,¢g € C(X)

and for all z € X by:

(f *g)(x) == f(x)g(x).

Let X be a Banach space and let B(X) := B(X, X) be the Banach space of all bounded linear
operators from X to X with the operator norm ||T||op := inf{M : [|T(x)|| < M||z| forallz € X}.
Then B(X) becomes a unital Banach algebra by equipping B(X) with operator composition o as its
product, defined for all S, T € B(X) and for all x € X by:

(SoT)(x):=S(T(x)).

Two other major classical Banach algebras are the group algebra on a locally compact group G,

and the discrete group algebra on a group G.

Definition 1.0.5. The group algebra of a locally compact group G is the Banach algebra:

1o ={1:6 ¢ ] [ @)l duta) < oo}

(where p is the left-Haar measure for G) with the pointwise addition and pointwise scalar multipli-

cation operations, and the convolution product defined for all f,g € L'(G), a € C, and = € G by:

(f*9)(x) = /G F(Hg(t 1) du(t),

and with the Ly norm given by || f||1 := / |f(x)| du(x) for all f e LY(G).
G

Another very important class of Banach algebras that we will encounter later on in this thesis

are the weighted semigroup algebras.

Definition 1.0.6. A weight on a semigroup S is a function w : S — (0, 00) with the property that




for all z,y € S:

w(zy) < w(z)w(y).

Definition 1.0.7. The discrete semigroup algebra with weight w of a semigroup S is the

Banach algebra:

S,w) = {f:S—)(C

D1 )le(s) < OO},

zeS
with the pointwise addition and pointwise scalar multiplication operations, and the semigroup con-

volution product defined for all f, g € ¢1(S,w), a € C, and = € S by:

(fxg)@) = f(s)g(t),

r=st
with the convention that (f * g)(z) = 0 whenever the equation & = st has no solutions. The norm
of £*(S,w) is given by || f||1 := Z |f(2)|w(z) for all f e 1(S,w).
z€S

The discrete semigroup algebra with weight w = 1 of a semigroup S is just called the discrete

semigroup algebra of S and is denoted by ¢1(S).

Ideals and modules of a Banach algebra will frequently be mentioned later, so we will define

them now.

Definition 1.0.8. Let 2 be a Banach algebra and let J C 2 be a subspace of 2. Then J is said to
be a left ideal of 2 if AJ = J, and similarly, J is said to be a right ideal of 2 if JA = J. J is
said to be a two-sided ideal of 2 (or simply an ideal of ) if .J is both a left and right ideal of .
Here, we define the sets AJ by AJ = {aj : a € A, j € J}. A similar definition is given for the set
JA.

Definition 1.0.9. Let 2 be a Banach algebra. A Banach space X equipped with left and right
module multiplications from A x X to X written (a,z) — a-x and (a,z) — z - a, is a Banach
2-bimodule if the following properties are satisfied:

(1) For each fixed a € 2, the operators from X to X defined forallz € X by z — a-zand z — x-a

are linear.




(2) For each fixed = € X, the operators from 2 to X defined for alla € A by a a-x and a — z-a
are linear.

(3) Foralla,bc A and forallx € X;a- (b-x) = (ab) -z and (z-a)-b=x- (ab).

(4) Foralla,be A and forallz € X;a-(x-b) = (a-x)-b.

(5) There exists a constant K > 0 such that for all ¢ € 2 and for all z € X; ||a-z| < K||al|||z|| and

[z - all < Klla]/||=]

For example, a Banach algebra 2, when given its product as the bimodule multiplication, is a
Banach 2-bimodule.
Given a Banach 2-bimodule X, the dual space X* can also naturally be made into a Banach

2-bimodule.

Definition 1.0.10. Let 2 be a Banach algebra and let X be a Banach 2-bimodule. For each a € 2,
feX* and x € X:

<a~f,x>:=<f,x-a) and <f-a,x>:=(f,a-x>.

define both a left and right module multiplication on X*, and X* equipped with this bimodule

multiplication is called the dual Banach 2(-bimodule corresponding to the 2{-bimodule X.

Another very prominent type of Banach 2-bimodule we will look at involves tensor products of

Banach algebras. We first define what the tensor product of two Banach algebras is.

Definition 1.0.11. Let 2 and B be Banach spaces. The projective tensor norm on 2 ® 8

(where 2l ® B is the algebraic tensor product of 2 and %) is the norm defined for all u € A ® B by:

[[ul| := inf {Z lalllbill : w =" ai ® bz} :
i=1 i=1

The projective tensor product of 2 and B is denoted by ARB and is the completion of A @ B
under this norm . If A and 9B are Banach algebras, then A®B becomes a Banach algebra with the

product defined for all elementary tensors a @ b, ¢ ® d € ARV by:

(a®b)(c® d) = (ac) ® (bd).




If 2 is a Banach algebra, then we can consider the projective tensor product of 2 with itself -
AR2. Naturally, A®2 becomes a Banach A-bimodule with the left and right module multiplications

specified for all @ € 2 and for all elementary tensors b ® ¢ € AR by:

a-(b®c):=(ab)®c and (b®c) -a:=b& (ca).

If 2 is a Banach algebra and X is a Banach 2-bimodule, then we can make similar definitions

for what it means for X to have an approximate identity (or bounded approximate identity) in 2I.

Definition 1.0.12. Let 2 be a Banach algebra and let X be a Banach 2-Bimodule. A left ap-

proximate identity in 2 for X is a net (e,) C 2 with the property that for all z € X:

lime, -x = x.
v

If additionally there exists a constant K > 0 such that for all v, |le,|| < K, then (e,) is called a
bounded left approximate identity in 2 for X. Similarly, a right approximate identity in

2 for X is a net (e,) C A with the property that for all z € X:

limx - e, = .
v

If additionally there exists a constant K > 0 such that for all v, |le,|] < K, then (e,) is called
a bounded right approximate identity in 2 for X. A net (e,) C 2 that is both a left and
right (resp. bounded left and bounded right) approximate identity in 2 for X is simply called an

approximate identity in 2 for X (resp. bounded approximate identity in 2 for X).

Definition 1.0.13. Let 2 be a Banach algebra. A Banach 2-bimodule X is said to be neo-unital

if X =92-X -2, that is, for every x € X there exists a,b € A and y € X such that t =a-y-b.

The notion of a Banach 2-bimodule being neo-unital arises in part from a very famous theorem
known as Cohen’s factorization theorem. We will only need a weak version of Cohen’s factorization
theorem in this thesis which we state below, but the stronger version can be found in

[1, Theorem 11.10].




Theorem 1.0.1. (Cohen’s Factorization Theorem) Let 2l be a Banach algebra. If 2 has a
bounded approximate identity in 2 for X then for every = € X there exists a,b € 2 and y € X such

that z =a-y-b.
Two Banach 2(-bimodules may be structurally similar. We define this this situation below.

Definition 1.0.14. Let 2f be a Banach algebra and let X and Y be Banach 2-bimodules. A
continuous 2-bimodule morphism from X to Y is a continuous linear mapping ¢ : X — Y with

the property that for all a € % and for all x € X:

pla-z)=a-px) and @l a)=p()-a.

Definition 1.0.15. Let 2 be a Banach algebra and let X and Y be Banach 2-bimodules. An
approximate A-bimodule morphism from X to Y is a net (¢,) C B(X,Y) with the property

that for all a € 2 and for all x € X:

lim[a - po(x) —pala-2z)] =0 and limf[p,(z)-a— @a(z-a)] =0.
Another very important result that we will use later on is [1, Theorem 42.6] which is stated
below.

Theorem 1.0.2. Let X, Y, and Z be normed spaces. Then for every bilinear mapping ¢ : X xY —

Z there exists a unique linear mapping 0 : X ® Y — Z such that for all z € X and for all y € Y:

o(z®@y) = 9(z,y).

If 2 is a Banach algebra, then the product on 2 is a bilinear mapping, and thus, there exists a
unique linear mapping on A ® A such that a ® b — ab. The continuous extension of this linear map

to AR will be important later.

Definition 1.0.16. Let 2 be a Banach algebra. The corresponding product map is the continuous

map 7 : ARA — A specified for all elementary tensors a ® b € ARA by:

7(a ® b) := ab.

10



1.1 Amenability, Contractibility, and Weak Amenability

In 1972, Barry Johnson in [15] first introduced the concept of an amenable Banach algebra and
paved the pathway for the study of these types of Banach algebras. In this section, we will survey
the notions of amenable, contractible, and weakly amenable Banach algebras. We will state

some of his paramount work, alongside major results developed after his original publication.

Definition 1.1.1. Let 2 be a Banach algebra and let X be a Banach 2[-bimodule. A continuous
derivation from 2l to X is a continuous linear operator D : 2l — X with the property that for all

a,beA:

D(ab) =a- D(b) + D(a) - b.

For each x € X, it is easy to verify that the operator ad, : A — X defined by:

adgy(a) :=a-z—z-a

for all ¢ € A is a continuous derivation. We call it the continuous inner derivation at z.

It is natural to wonder exactly when a continuous derivation is inner. This leads to the following

notions.

Definition 1.1.2. A Banach algebra 2l is said to be amenable if for every Banach 2-bimodule X,
every continuous derivation from 2 to the corresponding dual Banach 2A-bimodule X* is an inner

derivation.

Definition 1.1.3. A Banach algebra 2! is said to be contractible if for every Banach 2(-bimodule

X, every continuous derivation from 2 to X is an inner derivation.

Definition 1.1.4. A Banach algebra 2l is said to be weakly amenable if every continuous deriva-

tion from A to 2A* is an inner derivation.

From the definitions above, we see that every contractible Banach algebra is an amenable Banach
algebra and every amenable Banach algebra is weakly amenable.
The following properties of amenable and contractible Banach algebras were proven in Johnson’s

work in [15].

11



Theorem 1.1.1. If 2 is an amenable Banach algebra then 2 has a bounded approximate identity.
Theorem 1.1.2. If A is a contractible Banach algebra then 2 has an identity.

There are other useful characterizations of amenability in terms of nets in the projective tensor

product ARA and through the existence of a special type of element in the second dual (Q(@Ql)**

Definition 1.1.5. Let 2 be a Banach algebra. A diagonal for 2 is an element m € A®A such

that:

a-m=m-a and w(m)a=a,

for all a € 2. An approximate diagonal for 2 is a net (m,) C ARA such that:

lim{a - my — Mg -a] =0 and lim7w(my)a = a,

for all @ € 2(. A multiplier bounded approximate diagonal is an approximate diagonal (my) C
A®2A with the property that there exists a K > 0 such that |la - ma — mg - al| < Kllal| and
[|m(me)al| < K|la] for all @ € 2 and for all . A bounded approximate diagonal is an
approximate diagonal (m,) C A®2 with the property that there exists a K > 0 such that ||mg| < K

for all «.

Note that every diagonal gives rise to a bounded approximate diagonal and every bounded
approximate diagonal is a multiplier bounded approximate diagonal.

Recall that if 2 is a Banach algebra then the corresponding product map 7 : ARA — A is
a continuous A-bimodule homomorphism, i.e., for all @ € A and for all m € ARA we have that
m(a-m) = an(m) and w(m - a) = w(m)a.

If m € AR is a diagonal for A, then ar(m) = 7(a-m) = 7(m - a) = 7(m)a = a for all a € A
and so m(m) is an identity for 2.

In a similar fashion, if (m,) C ASA is an approximate diagonal for 2 then (7(m,)) is an

approximate identity for 2.

Definition 1.1.6. A virtual diagonal for a Banach algebra 2l is an element M € (A®2)** with

the property that:

12



a-M=M-a and (#**(M))-a=a,
for all a € 2.

The following result given in [1, Lemma 43.8 and Theorem 43.9] gives us the following equivalence.

Theorem 1.1.3. Let 2 be a Banach algebra. The following statements are equivalent:
(1) 2 is amenable.
(2) 2 has a bounded approximate diagonal.

(3) 2 has a virtual diagonal.
For contractibility, we have a similar result, noted in [19, Chapter 4].

Theorem 1.1.4. Let 2 be a Banach algebra. The following statements are equivalent:
(1) A is contractible.

(2) A has a diagonal.

If 2 and B are both Banach algebras and if ¢ : 2 — 9 is a continuous algebra homomor-
phism then the following result from [15, Proposition 5.3] shows us when the codomain B8 inherits

amenability from 2.

Theorem 1.1.5. Let 2 and B be Banach algebras. If ¢ : %l — 95 is continuous algebra homomor-

phism with Range(y) dense in B and 2 is amenable, then B is amenable.

Let 2 be a Banach algebra and J C 2 be an ideal of 2. The result from [15, Proposition 5.1]
tells us exactly when J inherits amenability from 2, and as a consequence of the previous theorem,

2A/J always inherits amenability from 2.

Theorem 1.1.6. Let 2 be an amenable Banach algebra and let J C 2 be a closed ideal of 2. Then:
(1) J is amenable if and only if J has a bounded approximate identity.
(2) A/J is amenable.

The notion of amenability was first defined in terms of groups. A locally compact group G is
said to be amenable if there exists a (left) invariant mean on G, that is, a positive linear functional

won L°°(G) such that p(1) =1 and:

13



w(Th(m)) = p(m),

for all m € L*°(G) and for all h € G, where T}, : L°(G) — L*°(G) is the left translation operator
defined for all m € L*°(G) and for all g € G by [Th(m)](g) = m(h~tg). Every finite group is
amenable, and as proven in [1, Proposition 43.5], so is every abelian group. Also, every compact

group is amenable. In [15], Johnson proved the following famous theorem.

Theorem 1.1.7. (Johnson) Let G be a locally compact group. Then the group algebra L'(G) is

amenable if and only if G is an amenable group.

Over the years, significant effort has been put towards classifying other Banach algebras, and
an account of results classifying the amenability and weak amenability of Banach algebras can be
found in [4]. For example, it is known that (L!(G))** is amenable if and only if G is a finite group,
and the measurable algebra M (G) is amenable if and only if G is a discrete amenable group.

Let E be a compact Hausdorff topological space and let C(FE) denote the space of all continuous
real-valued or complex-valued functions on E. As proven in [1, Proposition 43.12], C'(E) is always
an amenable Banach algebra. It is also known that a C*-algebra is amenable if and only if it is
nuclear.

For weak amenability, again, let G be a locally compact group. Then L!(G) is always weakly
amenable, and moreover, M (G) is weakly amenable if and only if G is a discrete group.

Furthermore, it was proven in [7, Theorem 4.1] that for 1 < p < oo, the sequence algebra ¢ is
weakly amenable.

For contractibility, we have similar results. It is well known that L'(G) is contractible if and
only if G is a finite group. It is also known that a C*-algebra is contractible if and only if it is finite-
dimensional, and that a commutative contractible Banach algebra is always finite-dimensional, as
noted in [19, Corollary 4.1.3]. It is even conjectured that every contractible Banach algebra is

finite-dimensional.

14



1.2 Approximate Amenability, Approximate Contractibility, and Weak*
Approximate Amenability

A strictly weaker notion of amenability and contractibility called approximate amenability and

approximate contractibility were introduced in [8]. These terms are defined below.

Definition 1.2.1. Let 2 be a Banach algebra and let X be a Banach 2-bimodule. A continuous

derivation D : 2 — X is said to be approximately inner if there exists a net (z,) C X such that:
D(a) =limad,, (a) = lim[a - z, — 2, - a],
v v

for all @ € 2. A continuous derivation D : 2l — X* is said to be weak* approximately inner if

there exists a net (f,) C X* such that:

D(a) = wk™ limady, (a) = wk* lim[a - f, — f, - a],
v v
for all a € 2.

Definition 1.2.2. A Banach algebra 2l is said to be approximately amenable if for every Banach

2-bimodule X, every continuous derivation D : %l — X is approximately inner.

Definition 1.2.3. A Banach algebra 2l is said to be approximately contractible if for every

Banach 2(-bimodule X, every continuous derivation D : 2 — X is approximately inner.

Definition 1.2.4. A Banach algebra 2 is said to be weak* approximately amenable if for every

Banach 2(-bimodule X, every continuous derivation D : 2l — X* is weak™ approximately inner.

Fascinatingly enough, it was proven in [10, Theorem 2.1] that the three notions above are in fact

equivalent.

Theorem 1.2.1. Let 2 be a Banach algebra. The following statements are equivalent:
(1) 2 is approximately amenable.
(2) 2 is approximately contractible.

(3) 2 is weak™ approximately amenable.

15



Recall from the previous section that an amenable Banach algebra always has a bounded ap-

proximate identity. From [8, Lemma 2.2] we at least have the following.

Theorem 1.2.2. If 2 is approximately amenable then 2l has both a left approximate identity and

a right approximate identity.

Note that the existence of a bounded left approximate identity and a bounded right approximate
identity always guarantees the existence of a bounded (two-sided) approximate identity [1, Propo-
sition 11.6]. However, the existence of an unbounded left approximate identity and an unbounded
right approximate identity does not guarantee the existence of a two-sided approximate identity.

Recall from the previous section that a Banach algebra is amenable if and only if it has a bounded
approximate diagonal. The following result combines [8, Theorem 2.1] and [8, Proposition 2.6] to
give alternative ways for characterizing approximate amenability in terms of nets in (A*@f)** and

ALRAL.

Theorem 1.2.3. Let 2 be a Banach algebra. The following statements are equivalent:
(1) 21 is approximately amenable.

(2) There exists a net (M,) C (A*@2A)** such that for all a € A*:

limfa- M, —M,-a] =0 and lim7™*(M,)=ce¢.

v

(3) There exists a net (M) C (A*@A)** such that for all a € AL:

lima- M) — M} -a]=0 andforallv =**(M,)=e¢.
v

(4) There exists a net (M,) C A*@2* such that for all a € AF:

limfa- M, — M, -a] =0 and limm(M,) =e.

(5) There exists a net (M) C A*&2A* such that for all a € AF:

lima- M) — M -a] =0, andforallv w(M))=e.

16



For images of Banach algebras under algebra homomorphisms, [8, Proposition 2.2] ensures us

the following.

Theorem 1.2.4. Let 2 and 9 be Banach algebras. If ¢ : 2l — B is a continuous algebra epimor-

phism and %[ is approximately amenable, then B is approximately amenable.

For two-sided ideal of 2, from [10, Corollary 2.1] and as a consequence of the previous theorem,

we have the following partial results.

Theorem 1.2.5. Let 2 be a Banach algebra and let J C 2 be a closed ideal of 2. Then:
(1) If J is amenable and 2[/.J is approximately amenable then 2l is approximately amenable.

(2) If A is approximately amenable then 20/.J is approximately amenable.

Many Banach algebras have already been determined as approximately amenable. For example,
[8, Theorem 3.2] shows that for a locally compact group G, L!(G) is approximately amenable if and
only if G is an amenable group. Furthermore, M (G) is approximately amenable if and only G is a
discrete amenable group, and (L'(G))** is approximately amenable if and only if G is a finite group.
For 1 < p < oo, the Banach sequence algebras (P are not approximately amenable as proven in (7,

Theorem 4.1], and moreover, if S is any infinite set, then ¢?(.S) is also not approximately amenable.

17



1.3 Bounded Approximate Amenability and Bounded Approximate Con-

tractibility

The notions of bounded approximate amenability and bounded approximate contractibility
were investigated in [10] and [3]. These two notions are stronger than approximate amenability and

approximate contractibility respectively

Definition 1.3.1. Let 2 be a Banach algebra and let X be a Banach 2-bimodule. A continuous
derivation D : 2 — X is said to be boundedly approximately inner if there exists a constant

K >0 and a net (z,) C X such that:

D(a) =limad,, (a) =lim[a - x, — x, - al,

for all a € A, and, ||ad,, (a)|| < K||a|| for all a € 2 and for all v.

Definition 1.3.2. A Banach algebra 2l is said to be boundedly approximately amenable if for
every Banach 2-bimodule X, every continuous derivation D : 2 — X* is boundedly approximately

inner.

Definition 1.3.3. A Banach algebra 2l is said to be boundedly approximately contractible if
for every Banach 2(-bimodule X, every continuous derivation D : I — X is boundedly approximately

inner.

In general, the notions of bounded approximate amenability and bounded approximate con-
tractibility are distinct. In [14] an approximately amenable Banach algebra that is not boundedly

approximately amenable was constructed, and so we have the following.

Theorem 1.3.1. There exists an approximately amenable Banach algebra that is not boundedly

approximately amenable.

In general, a boundedly approximately amenable Banach algebra need not have a bounded ap-
proximate identity as the example constructed in [11] shows. However, a boundedly approximately
amenable Banach algebra will always have a bounded approximate identity if it has both a multiplier

bounded left approximate identity and a multiplier bounded right approximate identity (i.e., if there
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exists nets (ey), (fw) C A and constants K,.J > 0 such that (e,) is a left approximate identity for
A, (fw) is a right approximate identity for 2, and such that for all a € 2, for all v, and for all w,

lleval] < Klla|| and |lafy| < J|la||), as shown in [3, Theorem 3.3].

Theorem 1.3.2. Let 2 be a Banach algebra. If 2 is boundedly approximately amenable and has
both a multiplier bounded left approximate identity and a multiplier bounded right approximate

identity, then 2 has a bounded approximate identity.

Consequentially from the previous result and from the definition of bounded approximate con-

tractibility, [3, Corollary 3.4] shows the following.

Theorem 1.3.3. Let 2 be a Banach algebra. If 2 is boundedly approximately contractible then 2{

has a bounded approximate identity.

In the previous section we mentioned that approximate amenability and approximate contractibil-
ity are equivalent notions (alongside weak™* approximate amenability). Unfortunately, it was recently
discovered in [11, Corollary 3.4] that this does not hold true for the bounded variants of approximate
amenability and approximate contractibility. This was proven using the previous theorem by con-
structing a Banach algebra that is boundedly approximately amenable but does not have a bounded

approximate identity.

Theorem 1.3.4. There exists a boundedly approximately amenable Banach algebra that is not

boundedly approximately contractible.

The particular example of a boundedly approximately amenable Banach algebra lacking a bounded
approximate identity is actually quite interesting. It is constructed by first considering the Banach
algebra (K (€'), || - [|op) of all compact linear operators from the sequence algebra ¢! to ¢'. For each
N € N, K(¢') can be renormed with a norm | - |(V) equivalent to the operator norm on K (¢')
such that the algebra (K (£),] - [|(™)) has a bounded left approximate identity constant of 1, and a
bounded right approximate identity constant of N +1, i.e., the infimum of all bounds of all bounded
left approximate identities for (K (£1), - ||™)) is no less than 1, and the infimum of all bounds of all
bounded right approximate identities for (K (£'),] - [|¥)) is no less than N + 1. Then the co-direct

sum:
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o0

co— @K, |- ™),

N=1
has a bounded left approximate identity, but cannot have a bounded right approximate identity, for
(oo}

if such a bounded right approximate identity (e,) C ¢o — @(K(ﬁl), |- |™)) existed with K > 0
such that ||e,|| < K, then for any N € Nwith N > K —1, t}ZIVe:;)I‘OjeCtiOIl of (e,) onto (K (1), ||| ™))
is a bounded right approximate identity for (K (¢'),| - [|)) bounded by K, however, any bounded
right approximate identity for (K (¢'), ||-||"’)) must be bounded by a constant no smaller than N +1,
but N +1 > K which is a contradiction.

Hence, ¢p — é (K, - ") has no bounded right approximate identity and thus no bounded
approximate idévn:tilty. Since every boundedly approximately contractible Banach algebra has a
bounded approximate identity, we conclude that ¢y — é (K (M), ]| - 1™ is not boundedly approx-

N=1
oo

imately contractible. It is then proven that ¢y — @ (K(Y), ] - ™) is indeed boundedly approxi-
N=1
mately amenable.
Lastly, from [3, Theorem 5.4| we also have the following characterization of bounded approximate

amenability in terms of nets in (A*@AL)**.

Theorem 1.3.5. Let 2 be a Banach algebra. If 2 is boundedly approximately amenable then there

exists a net (M,) C (A*@2A*)** and a constant K > 0 such that:

limla- M, —M,-a] =0 and lma*(M,)=e,

v

for all @ € 2* and |la- M, — M, - a|| < K||a| for all a € 2* and for all v. Conversely, if the latter
property holds and if the net (7**(M,)) C 2A** is bounded, then 2 is boundedly approximately-

amenable
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1.4 Pseudo-Amenability and Pseudo-Contractibility

Recall that a Banach algebra is amenable if and only if it has a bounded approximate diagonal, i.e.,
a bounded net (m,) C ARA such that for every a € A, a - my — My -a — 0 and 7(my)a — a.
By removing the requirement that the net (m,) be bounded, we then can define the notions of

pseudo-amenability and pseudo-contractibility.

Definition 1.4.1. A Banach algebra 2l is said to be pseudo-amenable if it has a (not necessarily

bounded) approximate diagonal, that is, if there exists a net (m,) C AR2A such that:

limfa - mq — Mg -a] =0 and lim7w(my)a = a,

for all a € .

Definition 1.4.2. A Banach algebra 2 is said to be pseudo-contractible if it has a (not necessarily

bounded) central approximate diagonal, that is, if there exists a net (m) C A®2 such that:

a-my =meg-a and liénﬁ(ma)a =a,

for all a € 2.

We note that since 7 : A®A — A is a continuous A-bimodule homomorphism, we also have that
if (mq) is an approximate diagonal (or central approximate diagonal) for 2 then lién am(mg) = a for
all a € 2 too.

The following partial result from [12, Theorem 3.2] tells us that whenever a Banach algebra 2
has a bounded approximate identity, then the approximate amenability of 2 implies the pseudo-

amenability of 2.

Theorem 1.4.1. Let 2 be a Banach algebra. Then (1) = (2) = (3) in the following:
(1) 21 is approximately amenable and has a bounded approximate identity.
(2) A has an approximate diagonal (mq) C ARA for which (7(mg)) is a bounded net.

(3) 2 is pseudo-amenable and has a bounded approximate identity.

If 20 is a Banach algebra with a central approximate identity (not necessarily bounded), then the
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approximate amenability of 2 still implies the pseudo-amenability of 2 as proven in [12, Proposition

3.3].

Theorem 1.4.2. Let 2 be a Banach algebra with a central approximate identity. If 2l is approxi-

mately amenable then 2l is pseudo-amenable.

For a Banach algebra 2, it is still an open question as to whether the pseudo-amenability im-
plies approximate amenability under the assumptions that 2 has a bounded approximate identity
or a central approximate identity. Originally [12, Theorem 3.2] claimed the equivalence of approx-
imate amenability with pseudo-amenability under the assumption of the existence of a bounded
approximate identity, however, there is a small gap in that direction of the proof.

That said, there are still known (and relatively simple) examples of Banach algebras that are

pseudo-amenable but not approximately amenable. For 1 < p < oo let:

P = {(an) Ta, € (C,Z lan|P < oo},

n=1

oo 1/p
with norm ||(a,)|p = Z |an|P , and let £°° = {(ay,) : a,, € C, (ay) bounded} with norm

[[(an)|loo = sup |an|, and Z(:ﬁlip all of these spaces with pointwise multiplication to make them Banach
algebras. 'I:LITSn, for 1 < p < oo, ¢P is pseudo-amenable (and more precisely, boundedly pseudo-
contractible which we will define and show later), but in [7, Theorem 4.1] it was proven that these
algebras are not approximately amenable.

We now briefly state a relationship that pseudo-contractibility has with the notion of contractibil-

ity define earlier. As the following result from [12, Theorem 2.4] shows, if a Banach algebra has an

identity then these two notions are in fact equivalent.

Theorem 1.4.3. Let U be a Banach algebra. The following statements are equivalent:
(1) A is pseudo-contractible and has an identity.
(2) 2* is pseudo-contractible.

(3) 2 is contractible.

There are also nice characterizations of pseudo-contractibility and pseudo-amenability in terms

of a concept called approximate biprojectivity. There are a few different definitions of approximate
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biprojectivity in the literature. The two most common ones are given below.

Definition 1.4.3. A Banach algebra 2l is said to be GZ-approximately biprojective if there

exists a net (T,,) C B(2A, ARA) of continuous A-bimodule homomorphisms such that:

lim 7 (T, (a)) = a,

for all a € 2.
An alternative equally reasonable definition introduced in [17] is the following.

Definition 1.4.4. A Banach algebra 2l is said to be P-approximately biprojective if there exists

a net (T,) C B(2A,ARA) which is an approximate 2A-bimodule homomorphism, and such that:

li;n m(To(a)) = a,

for all a € 2.

When a Banach algebra 2 has a central approximate identity, from [12, Proposition 3.8] and [17,
Corollary 3.6] pseudo-contractibility and pseudo-amenability respectively become equivalent to the

notions of GZ-approximate biprojectivity and P-approximate biprojectivity.

Theorem 1.4.4. Let 2 be a Banach algebra. Then the following statements are equivalent:
(1) 2 is pseudo-contractible.

(2) A is GZ-approximately biprojective and has a central approximate identity.

Theorem 1.4.5. Let 2 be a Banach algebra. Then the following statements are equivalent:
(1) A is pseudo-amenable.

(2) 2 is P-approximately biprojective and has a central approximate identity.

With regards to approximate identities, observe that if 2 is pseudo-amenable (resp. pseudo-
contractible) and if (m,) C ASA is an approximate diagonal (resp. central approximate diagonal)
for A then (m(mg)) C 2 is an approximate identity (resp. central approximate identity) for 2L.

As per the previous sections, it is always nice to know when pseudo-amenability and pseudo-
contractibility can be inherited. The following result from [12, Proposition 2.2] shows us that

continuous algebra epimorphisms preserve both pseudo-amenability and pseudo-contractibility.
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Theorem 1.4.6. Let 2 and B be Banach algebras. If ¢ : 2l — B is continuous algebra epimorphism
and 2 is pseudo-amenable (resp. pseudo-contractible) then 9B is pseudo-amenable (resp. pseudo-

contractible).
Regarding ideals, we have the following result from [12, Proposition 2.6].

Theorem 1.4.7. Let 2 be a Banach algebra and let J C 2 be a closed ideal of 2. If 2 is pseudo-
amenable and J has an approximate identity (¢;) with the additional property that the operators
L;,R; : 24 — J defined for each i and for all @ € 2 by L;(a) = t;a and R;(a) = at; are uniformly

bounded, then J is pseudo-amenable.

As a consequence of the previous two theorem, from [12, Corollary 2.7] we see that if 2l is pseudo-
amenable then J is pseudo-amenable whenever it has a bounded approximate identity. Furthermore,
since the quotient map ¢ : 2 — 2/J is a continuous algebra epimorphism, we see that 2/J always

inherits pseudo-amenability from 2[. These results are summarized below.

Theorem 1.4.8. Let 2 be a Banach algebra and let J C 2l be a closed ideal of 2.
(1) If 2 is pseudo-amenable and J has a bounded approximate identity then J is pseudo-amenable.

(2) If A is pseudo-amenable then 2(/.J is pseudo-amenable.

In section 4 of [12] it is shown that for a locally compact group G, L'(G) is pseudo-amenable
if and only if G is an amenable group and that (L!(G))** is pseudo-amenable if and only if G is a
finite group. It is also shown that M (G) is pseudo-amenable if and only if G is a discrete amenable
group.

On the other hand, it was also proven in [12] that the Segal algebra on a compact group is always

pseudo-contractible.
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1.5 Bounded Pseudo-Amenability and Bounded Pseudo-Contractibility

In this section we define two new notions of amenability and contractibility called bounded pseudo-
amenability and bounded pseudo-contractibility. These two notions are quite natural, but have
not yet been studied extensively. The main results of this thesis in Chapter 2 will investigate these

two notions and how they relate to other generalized notions of amenability and contractibility.

Definition 1.5.1. A Banach algebra 2 is said to be boundedly pseudo-amenable if it has
a multiplier bounded approximate diagonal, that is, if there exists a constant K > 0 and a net
(M) C ARA such that ||a - me — me - al| < Klla|| and ||7(mq)al| < K|la| for all a € 2 and for all

a, and:

limfa - mq — Mg -a] =0 and lim7w(mg)a = a,

for all a € .

Definition 1.5.2. A Banach algebra 2l is said to be boundedly pseudo-amenable if it has a
multiplier bounded central approximate diagonal, that is, if there exists a constant K > 0 and a net

(M) C ABA such that |7 (me)al| < K|a| for all a € 2 and for all «, and:

a- Mg =mg-a and liénﬁ(ma)a = a,

for all a € 2.

If 2 is boundedly pseudo-amenable (resp. boundedly pseudo-contractible) with (mg) C ARA as
a multiplier bounded approximate diagonal (resp. multiplier bounded central approximate diagonal)
then (mw(mg)) C A is a multiplier bounded approximate identity (resp. multiplier bounded central
approximate identity) for 2I.

The following result was obtained in [3, Proposition 2.2].

Theorem 1.5.1. Let 2 be a Banach algebra. Then 2* is boundedly pseudo-amenable if and only

if 2 is boundedly approximately contractible.

And [3, Proposition 3.2] gives a criterion for when the unitization 2* can inherit bounded pseudo-

amenability from 2.
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Theorem 1.5.2. Let 2 be a Banach algebra with a central bounded approximate identity. If 2 is

boundedly pseudo-amenable then 2! is boundedly pseudo-amenable.

In the next chapter, we will develop new results on bounded pseudo-amenability and bounded

pseudo-contractibility.
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2 New Results on the Notions of Bounded Pseudo-Amenability

and Bounded Pseudo-Contractibility

In this chapter we investigate bounded pseudo-amenability and bounded pseudo-contractibility in

detail, and present the main results of this thesis.

In Section 2.1 we study the [P direct sums of collections of boundedly pseudo-amenable and bound-

edly pseudo-contractible Banach algebras.

In Section 2.2 we prove that if 2 has a (not necessarily central) bounded approximate identity
then the bounded pseudo-amenability of A* implies the bounded pseudo-amenability of 2. We also
show that 2* is boundedly pseudo-contractible if and only if 2 is boundedly pseudo-contractible and

possesses and identity.

In Section 2.3 we study the inheritability properties of bounded pseudo-amenability and bounded

pseudo-contractibility.

In Section 2.4 we find relationships of bounded pseudo-amenability (and bounded pseudo-contractibility)

with other generalized notions of amenability.

In Section 2.5 we investigate the bounded pseudo-amenability and bounded pseudo-contractibility

of tensor products of Banach algebra.
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2.1 [P Direct Sums of Boundedly Pseudo-Amenable and Boundedly Pseudo-

Contractible Banach Algebras

In [12, Proposition 2.1] it was shown that if {2(; : i € I} is a collection of pseudo-amenable (resp.
pseudo-contractible) Banach algebras indexed by some indexing set I, then for 1 < p < oo, the [P
direct sum algebras EPBQli are also pseudo-amenable (resp. pseudo-contractible). In this section,
we derive a similar Ifgslult for collections of boundedly pseudo-amenable and boundedly pseudo-

contractible Banach algebras.

Definition 2.1.1. Let {2; : ¢ € I} be a collection of Banach algebras. For 1 < p < oo, the [P

Direct Sum of {2; : i € I'} is defined to be the Banach algebra:

P = {a e[ llati)|P < oo} :

i€l icl icl

equipped with coordinatewise operations, and with norm:

1/p
lall, := (Z ||a<i>|ﬂ> .

el

P P
If {A; : i € I} is a collection of Banach algebras and if J C I then let Py : @‘211 — @Qll be
iel ieJ
P
the associated projection, where Pj(a)(j) := a(j) for all a € @2{1 and for all j € J. The algebra
i€l
P P © P
@ 2A; can be identified with the subalgebra of @ 2A; consisting of all a € @ 2A; with the property
ieJ il iel
P
that a(i) = 0 for all ¢ ¢ J. With this identification, we also have that for all a € @2(7 and for all

iel
J C I that [[Ps(a)ll, < lallp-

P
In particular, for each singleton set {i}, 2; can be identified with the subalgebra of @le
iel
consisting of elements that are zero everywhere except possibly at i.
Theorem 2.1.1. Let {2; : i € I} be a collection of boundedly pseudo-amenable (resp. boundedly
1 1
pseudo-contractible) Banach algebras. If 1 < p < oo, and ¢ is such that — + — =1, and if for
p q

each 7 € I there exists a multiplier bounded approximate diagonal for 2; with multiplier bound
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K; such that (K;); € €9(I), then é% is boundedly pseudo-amenable (resp. boundedly pseudo-
contractible). !
Proof. We will only prove the case when {2l; : i € I} is a collection of boundedly pseudo-amenable
Banach algebras. The case when {; : i € I'} is a collection of boundedly pseudo-contractible Banach
algebras is proven similarly.

Let A := é ;. For each i € I let (ugf )) C A;®2; be a multiplier bounded approximate diagonal
for 2A; with Hilelftiphel" bound K;, such that (K;); € £9(I), and let K := ||(K;):ll4-

It suffices to show that for each ¢ > 0 and for each finite F' C 2, there exists an element

U= U, F) € AR such that:

la-u—u-al <e and |7(u)a—al| <e,

for all a € F, and:

la-u—wu-al| < Klal, and |w(u)all, < Kllallp,

for all @ € A. Then (ue,r)er C A2 will be a multiplier bounded approximate diagonal for 2 with
multiplier bound K so that 2 is boundedly pseudo-amenable.

Let € > 0 and let ' C A be a finite set. Then there exists a finite J C I such that for all ¢ € F":

€
1Ps(a) = all, < 5.

p p
where as noted earlier, P;y(a) € @Q(i and @Qll is identified as a subalgebra of 2.

icd icJ
Since each 2; is pseudo-amenable, we can choose u; € (ug ))a C A;®2; such that for all a € F:

€

S IP@) i~ Pla)| < e and S [[n(u) Pila) — Pi(a)ly < .

i€J icJ
where P;j(a) := Pp;y(a) € 2; and 2I; is identified as a subalgebra of 2; and furthermore, since 2;

is complemented in 2, we can embed 2;@2; in AXA and thus regard each element u; above as an
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element in ARA. Let u := Ue,F 1= Zui. Then:
=

la-w—u-al =

> [Pi(a) - u; — u; - Pi(a)]

i€J

< Pia) - u; — u; - Pia)|| <e,
iey

and:

<Y lIm(w)Pi(a) = Pi(a)|lp + || Ps(a) — all, < Stc=e

icJ

for all @ € F. On the other hand, by Holder’s inequality we have that:

p

la-u—w-al <Y |Pia) ui—ui-Pia)] <Y Ki|Pi(a)l =Y Killa(i)]| < Klal,,

icJ icJ icJ
and:
Iw(wall, <Y llw(ui) Pi(a)ll, < Y Kill Pi(a)l| = Y Killa@)| < Kllall,,
ieJ icJ icJ
for all a € 2 and so the proof is complete. |

Definition 2.1.2. A collection {2; : ¢ € I} of boundedly pseudo-amenable Banach algebras is said
to be uniformly boundedly pseudo-amenable if there exists a constant K > 0 such that each
2A; has a multiplier bounded approximate diagonal (u(al ))a C A;®@2A; with multiplier bound K, so
that for all i € I, for all a) € 2;, and for all o, we have that [|a® - ul) — u{” - a®| < K]ja®|],
I(ue))a® < Ka].

Similarly, a collection {2; : i € I} of boundedly pseudo-contractible Banach algebras is said to be
uniformly boundedly pseudo-contractible if there exists a constant K > 0 such that each 2;
has a multiplier bound central approximate diagonal (u((lz ))a C A;®2; with multiplier bound K, so

that for all i € I, for all a® € 2;, and for all a we have that ||7T(ugf))a(i)|\ < K|la® .

As a quick consequence of Theorem 2.1.1 we have the following.
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Corollary 2.1.1. If {2, : i € I'} is uniformly boundedly pseudo-amenable (resp. uniformly bounded
1
pseudo-contractible) then the [ direct sum EDQQ is boundedly pseudo-amenable (resp. boundedly
i€l
pseudo-contractible).
Proof. It {; : i € I} is uniformly boundedly pseudo-amenable (or uniformly boundedly pseudo-

contractible) with a uniform multiplier bound K > 0 then for each ¢ € I, set K; := K. Then

(K;); € £>°(I) and apply the previous theorem. |
And as a special case of the previous corollary we have the following.

Corollary 2.1.2. Let 2 be a Banach algebra. If 2 is boundedly pseudo-amenable (resp. bound-
edly pseudo-contractible) then ¢!(2() is boundedly pseudo-amenable (resp. boundedly pseudo-

contractible).
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2.2 Relationship Between the Bounded Pseudo-Amenability and Bounded

Pseudo-Contractibility of 2 and 2

Recall that Proposition 1.5.2 states that if 2 has a central bounded approximate identity and if 2 is
boundedly pseudo-amenable then 2* is boundedly pseudo-amenable. By modifying Theorem 1.4.1

we can obtain a stronger converse to this result.

Theorem 2.2.1. Let 2 be a Banach algebra with a bounded approximate identity. Then (1) = (2)
< (3) in the following:

(1) 2 is boundedly pseudo-amenable.

(2) 2 has a multiplier bounded approximate diagonal (m,,) C 2A&2 such that (m(m,,)) is bounded.

(3) A is boundedly pseudo-amenable.

Proof. Let (e,) C 2 be a bounded approximate identity for 2 and let N > 0 be such that |le, || < N

for all a.

(1) = (3): Suppose that 2A* is boundedly pseudo-amenable. Let (M,), C @A be a multi-
plier bounded approximate diagonal for Af with multiplier bound K > 0, and let £ € 2* denote the
identity in AF.

We may assume that w(M,) = E for all y, otherwise, we can take (M), in place of (M),

where for each u:

M, =M, —n(M,)® E+ E®E.

The net (M},), is also an approximate diagonal for 2AF and satisfies 7(M, ,) = E for all p. It is

multiplier bounded with multiplier bound 3K + 2 since:

|A- M, — M, - Al| < [|A- My, — M, - Al + | Az (M) [ + (|7 (M) [ All + 2] Al < 3K + 2)[| A,

and ||7(M},)A| = ||Al| for all A € A* and for all p.
Since ARA = (ASA) @ (AR{E}) @ {EI®A) @ (C{E} @ {E}), for each u we can write:
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M,=u,+F, @ E+EQG,+c,EQF,
where u, € AR, F,,G, € 2, and ¢, € C. Since 7(M,) = E for all u and since (M), is an
approximate diagonal for 2, it is easy to see that ¢, = 1 for all i, and that:
a-uy, —u,-a—F,®a+a®G, %0 and ak), A _a and Guaﬂ>—a,

for all a € A, and:

m(up) + Fu+ G =0,

for all pu.

Now, for each u and for each « let:

Myo =Uy +F,®eq+ea @G, +eq® eq.

We will show that (m,,q)u,q) satisfies the multiplier boundedness property and that there exists a
subnet of (M, «)(u,q) that is an approximate diagonal for 2. First, we claim that (F),), and (G,),
are bounded. Let P; be the projection of A*&@2A* onto AR{E} and let P, be the projection of A*@AF
onto {E}®2A. Then:

laFull < llaFy, + all + [lall = [laF, @ E+a @ E| + [la]| = [[Pr(a - M, = My, - a)[| + |la]
<|\Pilllla- My = M, - al| + o]

<[Pl + D,

for all @ € 2. So (F),), C 2 is a right multiplier bounded net with multiplier bound || P [|(K + 1).

Since (eq)q is a bounded approximate identity for 2 bounded by N, we have that:

£l = tim flea Fyul| < ([P (B + )N,
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for all i, and so (F},), is bounded. A similar argument shows that (G,), C 2 is also bounded.

So, for each i and for each a we can write:

Mya=M,+F,@(a—E)+(ea—E)G, —E®FE+e,Qeq.

Since (M,,), is a multiplier bounded approximate diagonal, and (F}),, (G.)u, and (eq)q are all
bounded nets, we have that there exists a L > 0 such that |[a - m, o — My - al| < Lial| and
|7 (my,q)al < Ljla|| for all u, for all o, and for all a € 2.

Furthermore,

la - Mpa —mpa-all <la-uy —uu-a—F,®eqa+aeq @G

+ [(aFy + aea) @ eall + llea ® (Gua + eaa)

and:

17(mpp.a)a = all = [[(7(u,) + Fuea + eaGy + €3)a—al|

for all @ € A. So the iterated limits limlim ||a - m, o — My« - a|| and lim lim ||7(m,, )a — a|| both
nooo noo«

equal 0 for each a € 2, and so there exists a subnet (m;); of (m.,0) (4.a) Such that [|a-m; —m;-a| = 0

and ||w(m;)a—all 0 for all a € 2. So (my); C ARA is a multiplier bounded approximate diagonal

for 2 and thus 2 is boundedly pseudo-amenable.
(2) = (3): Trivial.
(3) = (2): Let A be boundedly pseudo-amenable and let (m,,), C A2 be any multiplier bounded

approximate diagonal for 2 with multiplier bound K > 0. Then (w(m,)), C 2 is a multiplier

bounded approximate identity for 2. So:
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Im(my)eall < Klleall < KN,

for all 4 and for all a. Thus:

I(m,)| = lim [fw(m,Jeal] < KN,
for all 1 and so (w(my,)), is bounded. |

Combining the aforementioned Theorem 1.5.2 with Theorem 2.2.1 and we get the following

corollary:

Corollary 2.2.1. Let 2 be a Banach algebra with a central bounded approximate identity. Then

2 is boundedly pseudo-amenable if and only if 2 is boundedly pseudo-amenable.

We will now shift our attention to the bounded pseudo-contractibility of A*. Recall from Theorem
1.4.3 that if 2 is a Banach algebra then 2* being pseudo-contractible is equivalent to 2 being pseudo-
contractible and possessing an identity, which is equivalent to 2 being contractible. We can easily
obtain a similar relationship for the bounded pseudo-amenability of 2* as a consequence of this

theorem.

Proposition 2.2.1. Let 2 be a Banach algebra. Then 2* is boundedly pseudo-contractible if and

only if 2 is boundedly pseudo-contractible and has an identity.

Proof. Suppose that 2! is boundedly pseudo-contractible. Then A is trivially pseudo-contractible,
which by Theorem 1.4.3 implies that 2 is contractible. But every contractible Banach algebra is
boundedly pseudo-contractible and every contractible Banach algebra also possesses an identity.

Conversely, suppose that 2 is boundedly pseudo-contractible with an identity. Then 2 is pseudo-
contractible with an identity. By Theorem 1.4.3 we have that 2 is contractible. So 2* is contractible.

Thus 2! is boundedly pseudo-contractible. |
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2.3 Ideals of Bounded Pseudo-Amenable and Bounded Pseudo-Contractible

Banach Algebras

Recall from Theorem 1.4.6 that if there exists a continuous epimorphism between a pseudo-amenable
(resp. pseudo-contractible) Banach algebra 2 and a Banach algebra 9 then B is necessarily pseudo-
amenable (resp. pseudo-contractible). The same is true for the bounded variations of pseudo-
amenability and pseudo-contractibility. The only care we need to take is to verify that the contin-
uous epimorphism transfers the multiplier boundedness of the approximate diagonal from 2{ to the

approximate diagonal for B.

Proposition 2.3.1. Let 2 and 9B be Banach algebras. If T : 2 — B is a continuous algebra
epimorphism and if 2 is boundedly pseudo-amenable (resp. boundedly pseudo-contractible) then B

is boundedly pseudo-amenable (resp. boundedly pseudo-contractible).

Proof. Again, we will only prove the case when 2l is boundedly pseudo-amenable since the case when
2 is boundedly pseudo-contractible is similar.

Let 2 be boundedly pseudo-amenable and let (u4)o C A®2A be a multiplier bounded approximate
diagonal for 2 with multiplier bound K > 0. Let (T ® T) : ARA — BB be specified for each

elementary tensor a1 ® as € ARA by:

(TeT)(a1 ®az) :=T(a1) @ T(as).

We claim that ((T'® T')(uq))e C B is an approximate diagonal for 8. For each b € B take any
a € A such that b = T'(a). Then:

16 (T @ T)(ua) = (T OT)(ua) - bll = [T(a) - (T @ T)(ua) = (T @ T)(ua) - T(a)||
= (T ®T)(a- ta = ua-a)l

< |TIPlla - ua = ua - al| =0,

and:
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[7((T' ® T)(ua))b = bl| = [[7((T' @ T)(ua))T(a) = T(a)||
= 1T (x(ua)a = a)l

< ITlIm(wa)a — af =0,

for all b € *B.
Furthermore, we claim that ((T' ® T)(uq))e is multiplier bounded. To prove this, we will first

show that there exists an r > 0 such that for each b € 9B, an a € 2 can be chosen such that b = T'(a)

and ||a]| < IIbH

Let By = {a €A: |lal| <1} and let By = {b € B : ||b|| < 1}. Since T : A — B is a continuous
epimorphism between Banach algebras, T' is an open map by the Open Mapping Theorem, and so
T(Bgy) is an open neighbourhood of 0g. So, there exists an r > 0 such that rByg C T(Bgy) where

rBy :={be€ B :||b|| <r}. Foreach b € B\ {0x}, € rBsy, and so, there exists an a’ € By such

IIbH

that T'(a') = or equivalently:

Hbll

T (”bla’) =b.
T

b
So let a := 1ol a’. Then a is such that b = T'(a) and:
r

b
ol

_ ol
lall = ns

all <

Thus, for each b € B, we can choose a € 2 as above such that:

TP ||2K

I+ (T @ T)(ua) = (T @ T)(ua) - 0 < |T|?]la ta — ua - al] < |T|*K]|a]| < o1l

and:
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[EAIES
.,

[l ()bl < 1Tl (ua) | < [T K|all < 11]-

Hence ((T' ® T)(uq))e is a multiplier bounded approximate diagonal for %8 with multiplier bound

TIPK ||T||K
max {” I , L I } Hence ‘B is boundedly pseudo-amenable. |
r r

As a consequence of Proposition 2.3.1, we immediately have the following.

Corollary 2.3.1. Let 2 be a Banach algebra and let J C 2 be a closed ideal of 2. If 2[ is boundedly
pseudo-amenable (resp. boundedly pseudo-contractible) then 2(/J is boundedly pseudo-amenable

(resp. boundedly pseudo-contractible).

By requiring that the ideal J has a central approximate identity, we can obtain a corresponding

result to Theorem 1.4.7 for bounded pseudo-amenability.

Proposition 2.3.2. Let 2 be a boundedly pseudo-amenable (resp. boundedly pseudo-contractible)
Banach algebra and let J be a closed two-sided ideal of 2(. If J has a central approximate identity
(t;) € J such that the operators L;, R; : 2 — J defined for each a € 2 by L;(a) = t;a and
R;(a) = at; are uniformly bounded, then J is boundedly pseudo-amenable (resp. boundedly pseudo-

contractible).

Proof. Let 2 be boundedly pseudo-amenable. The case when 2l is boundedly pseudo-contractible is
proven similarly.

Let (¢;); € J be a multiplier bounded central approximate identity for J and let M > 0 be
such that |lat;]| < Mla|| and ||t;a| < M|a| for all @ € 2 and for all i. Let (mq)a C ASA be a
multiplier bounded approximate diagonal for 20 with multiplier bound N > 0. We claim that the
net (t; - Mg - i) (i,0) C J is a multiplier bounded approximate diagonal for .J.

First observe that for each m := Z an ® b, € AR we have that:

n=1

[eS)
Z tian & bntz
n=1

and so ||t; -m - t;|| < M?||m|| for each i. Therefore, by the centrality of (¢;); and the aforementioned

[ti - m - ti]| =

o) %)
<Y tsanllbats] < M2 Jlan|[1ball,
n=1 n=1

inequality, we have that:
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17t mati) — (tima - t) 5] = It - (G- ma — ma - §) - till < M2|j - ma —ma - §|| =0,

and:

[ (ti - ma - t:)j = jll = [[tim(ma)ts = jl| < [ti(w(ma) = Dtall + [tigti = J

< MP||m(mq) — jl| + |[tajts — | =5 0,

for all j € J and so (t; - Ma - ti)(5,a) is an approximate diagonal for J. Moreover, it is multiplier

bounded since:

15+ (ti - ma - t;) — (t - ma ) - 3l = [t - (- Ma — ma - 5) - ]| < M?|j-ma —ma - j|| < MEN|j|,

and:

7 (ts - ma - ta)d]| = [[tam (ma)tigll < Mm(ma)tijl < MN|[tij]| < M2N|]l,
for each j € J, for each i, and for each a. So (t; - M4 - ti)(5,0) C J&J is a multiplier bounded
approximate diagonal for J with multiplier bound M?2N, so J is boundedly pseudo-amenable. W
We immediately obtain the following corollary.

Corollary 2.3.2. Let 2 be a boundedly pseudo-amenable (resp. boundedly pseudo-contractible)
Banach algebra and let J be a closed two-sided ideal of 2(. If J has a central bounded approximate

identity then J is boundedly pseudo-amenable (resp. boundedly pseudo-contractible).
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2.4 Relations to Other Generalized Notions of Amenability and Con-

tractibility

We begin this section by investigating some relationships between bounded pseudo-amenability
and bounded approximate contractibility. Many of the results below follow from the results in [3]
alongside Theorem 2.2.1. We begin by showing that bounded approximate contractibility always

implies bounded pseudo-amenability.

Proposition 2.4.1. Let 2 be a Banach algebra. If 2l is boundedly approximately contractible then

2l is boundedly pseudo-amenable.

Proof. Suppose that 2 is boundedly approximately contractible. By Theorem 1.5.1, the bounded
approximate contractibility of 2 implies the bounded pseudo-amenability of Af. But also by Theo-
rem 1.3.3, the bounded approximate contractibility of 2l implies that 2 has a bounded approximate
identity. So by Theorem 2.2.1, since ! is boundedly pseudo-amenable and 2 has a bounded ap-

proximate identity, 2 is boundedly pseudo-amenable. |

There certainly seems to be a very large connection between the notions of bounded approximate
contractibility and bounded pseudo-amenability. It is unknown whether these two notions are equiv-
alent even while assuming the existence of a bounded approximate identity, however, these notions

are equivalent when a Banach algebra has a central bounded approximate identity.

Proposition 2.4.2. Let 2 be a Banach algebra with a central bounded approximate identity. Then
the following statements are equivalent:

(1) A is boundedly pseudo-amenable.

(2) 2 is boundedly pseudo-amenable.

(3) 2 is boundedly approximately contractible.

(4) 2% is boundedly approximately contractible.

Proof. (1) = (2) is [3, Proposition 3.2]. Note that this is the only part of the proof that requires a
central bounded approximate identity.

(2) = (1) is Theorem 2.2.1.

(2) & (3) is Theorem 1.5.1.
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(3) = (1) is Proposition 2.4.1.
(3) & (4) is [3, Proposition 2.4]. |

We now turn our attention to notions of approximate biprojectivity and how they relate to notions
of amenability and contractibility. Recall that for a Banach algebra 2| with a central approximate
identity, the notion of 2l being pseudo-contractible is equivalent to 2 being GZ - approximately
biprojective and the notion of 2 being pseudo-amenable is equivalent to 2 being P - approximately
biprojective. To obtain similar equivalences for bounded approximate contractibility and bounded

approximate amenability we need to slightly modify these two definitions.

Definition 2.4.1. A Banach algebra 2 is multiplier boundedly GZ-approximately biprojec-
tive if there exists a net (T,)o C B(2, ARA) of continuous A-bimodule homomorphisms such that

(7m0 Ty)e is bounded and with the property that:

lim7(Ty(a)) = a,
«
for all a € 2.

We can now present a modified version of Theorem 1.4.4

Proposition 2.4.3. Let 2 be a Banach algebra. Then 2[ is boundedly pseudo-contractible if and
only if 2 is multiplier boundedly GZ-approximately biprojective and has a multiplier bounded central

approximate identity.

Proof. Suppose that 2 is boundedly pseudo-contractible. Let (uq)a C AR be a multiplier bounded
central approximate diagonal for 21 with multiplier bound K > 0.

For each a, let T,, : A — AR be defined for all a € A by:

To(a) :==a- ug,.

Then each T, is a continuous 2-bimodule homomorphism, and furthermore:

7 (Taa)ll = [I7(a - ua)|l = llam(ua)|| < Kllall,
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for all a € 2 and for all @. So (70T, )4 is bounded. Also, since (uq)q is an approximate diagonal
for 2 we have that lién 7(To(a)) = a for all a € A. So (Th)a C B(A,AR) is a net of continuous
2-bimodule homomorphisms for which (7 o T,,), is bounded, and so 2 is multiplier boundedly GZ-
approximately biprojective. Furthermore, (7(uy))s is a multiplier bounded central approximate
identity for 2.

For the converse, let (T,), C B(A,AR2) be a net of continuous 2A-bimodule homomorphisms
and let M > 0 be such that |7 o T,| < M for all a. Let (e;); C ASA be a multiplier bounded
central approximate identity for 2 and let K > 0 be such that |jae;|| = ||e;al] < K||al| for all a € A
and for all i. We claim that a subnet of (T (e;))(q,i) is a central multiplier bounded approximate
diagonal for 2.

Observe that:

a-To(e) = Tolae;) = To(eja) = To(e;) - a,

for all a € A, for all «, and for all 7. Furthermore, since:

limlim |7 (T (e;))a — af| = lim||e;a — al| =0,

for all a € A, there exists a subnet (T, (€;))(a,;) that is a central approximate diagonal for 1. It is

also necessarily multiplier bounded since:

[ (Ta(ei))all = |7 (Tale) - a)|| = [I7(Ta(eia)) | < Mleiall < MK||al],
for all a € 2, for all a, and for all 4. So 2 is boundedly pseudo-contractible. |
We now introduce two additional notions of bounded approximate biprojectivity.

Definition 2.4.2. A Banach algebra 2l is multiplier boundedly P-approximately biprojective
if there exists a net (Tl,)o C B(2L, ARA) which is an approximate 2-bimodule homomorphism such

that (o T,) is bounded and with the property that:
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lim 7(T,(a)) = a,

for all a € 2.

Whenever 2 is boundedly approximately contractible or boundedly pseudo-amenable we are

guaranteed that 2 is multiplier boundedly P-approximately biprojective.

Theorem 2.4.1. Let 2 be a Banach algebra.
(1) If A is boundedly approximately contractible then 2l is multiplier boundedly P-approximately
biprojective.

(2) If A is boundedly pseudo-amenable then 2 is multiplier boundedly P-approximately biprojective.

Proof. (1): Suppose that 2 is boundedly approximately contractible. By [3, Theorem 2.5] there

exists nets (My)q C AR, (Fa)a, (Ga)a C 2, and a constant C' > 0 with the following properties:

(a) m(M,) = F, + G, for all «, and in particular, 7(M,)a — Fha = Gaa for all « and for all
ac 2.

(b) aF, — a for all a € A and ||aF,| < C|la| for all @ € A and for all « (that is, (Fy,) is a right
multiplier bounded right approximate identity for 21).

(c) Gaa — a for all a € A and ||Gpa| < C|la|| for all @ € A and for all « (that is, (G,) is a left
multiplier bounded left approximate identity for ().

(d)a-My—My-a—a®Go+Fy®a — 0forall a € A with ||a-My—My-a—a®@Go+ Fy®al| < Clal]

for all @ € A and for all .

For each « let T,, : A — ARA be be the continuous linear operator defined for all a € A by:

Then, from properties (a) and (¢) we have that:

[m(Ta(a)ll = [7(Ma - @ = Fo @ a)|| = [7(Ma)a = Faal| = [[Gaall < Cla],
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s0 (m 0 Ty)s is bounded by C. From property (d) we have that:

licryn[a -To(b) — Ty (ab)] = ligl[(a My -b—aF, ®b) — (M, - (ab) — Fy, ® (ab))]
= —a-limfb- Mo — Mo b= b® Ga + Fa ®1)
+ lién[(ab) - My — M,y - (ab) — (ab) @ G, + Fi, @ (ab)]

:O,

for all a,b € A, and also trivially, T, (a) - b — Ty (ab) = 0 for all a,b € A, so (T,), is an approximate
2-bimodule homomorphism. Lastly, from properties (a) and (c) we have that:

lim(7 o T,,)(a) = lim[r(M,)a — Fya] =lim G,a = a,

(e (63

for all a € A. Hence 2 is multiplier boundedly P-approximately biprojective.

(2): Now suppose that 2 is boundedly pseudo-amenable. Let (mg)e C A®A be a multiplier
bounded approximate diagonal for 2, and let K > 0 such that ||7(mq)a|| < K|a| for all a € A and
for all a.

For each a let T, : A — A®A be the continuous linear operator defined for all a € A by:

T (a) == a-mg.

Then ||(m o Ty)(a)|| = [|7(a-mq)|| = |la - 7(ma)|| < Kla| for all a € A and for all «, so (7m0 Ty)q is
bounded.

We trivially have a - T, (b) — Ti,(ab) = 0 for all a,b € 2, and since (mq)q is an approximate
diagonal for 2( we also have that:

lIm[Ty(a) - b — Ty (adb)] =lim[(a - my) - b — (ab) - my] = 1i(£na- [Me -b—b-my] =0,

[0 [e3

for all a,b € A. So (T, ). is an approximate 2A-bimodule homomorphism. Lastly, we have that:
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lim7 o Ty(a) =limm(a-my) =lima - m(m,) = a,

for all a € 2. Hence 2 is multiplier boundedly P-approximately biprojective. ]

We now turn our attention to continuous derivations defined on boundedly pseudo-amenable

Banach algebras. By modifying [12, Proposition 3.5] we obtain the following result.

Proposition 2.4.4. Let 2 be a Banach algebra and let X be a Banach 2A-bimodule. If 2l is
boundedly pseudo-amenable and such that every multiplier bounded approximate identity in 2( for
2l is also a left or right multiplier bounded approximate identity in 2 for X then:

(1) Every continuous derivation D : 2l — X is boundedly approximately inner.

(2) Every continuous derivation D : 2l — X* is boundedly weak* approximately inner.

Proof. Let 2 be boundedly pseudo-amenable and let (uq ) C A®A be a multiplier bounded approx-
imate diagonal for 20 with multiplier bound K > 0. Then (7(uq))s C 2 is a multiplier bounded

approximate identity for 2 with multiplier bound K. Let X be a Banach 2A-bimodule.

(1): Assume that (7m(uq))e is a multiplier bounded right approximate identity in 2 for X. The
proof for when (7(uq))q is a multiplier bounded left approximate identity in 2 for X is similar.
Then, there exists K* > 0 be such that ||z - 7(uy )| < K*||z|| for all z € X and for all .

Let D : %A — X be a continuous derivation and let 7 : A®A — X be the continuous operator
specified for each elementary tensor a ® b € ARA by:

T(a®b):= —D(a) - b.

It is easy to see that | T|| < || DJ|, and:

Ta-(b®c)=T((ab)®@c)=—D(ab)-c=—[a-Db)+ D(a)-b]-c=a-T(b&c)— D(a) - (be),

and T(b®c)-a)=T(b®c) - a for all a,b,c € A. Therefore:
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a-Th®ce)—TO®c)-a=T(a-(b®c)— (b®c)-a)+ D(a) - (be),

for all a,b,c € 2, and consequently:

a-Tu)—T) -a=T(a-u—u-a)+ D(a) - 7(u),

for all @ € 2 and for all u € AR.
For each « let &, := T'(uy). Then:

1i£n[a bo —&a-a—Dl(a) m(ug)] =0, (%)

for each a € 2. Since D(a) € X and since (7(uq))q is a right approximate identity in 2 for X we
have that lim[D(a) - m(us)] = D(a). Therefore:

D(a) = lim[a'ga _fa -a],

for all @ € 2 and so D is approximately inner. Moreover:

la-€a =&a - all = [la-T(ua) = T(ua) - all = IT(a - va = ua - a) + D(a)(ua)|
<|ITllla - va = uo - all + [ D(@) 7 (ua) |

< [K+ K| Dllflall,

for all a € 2 and for all a. So D is boundedly approximately inner.

(2): Assume that (m(uq))e is a multiplier bounded left approximate identity in 2 for X (again,
the proof for when (7 (uq))q is a multiplier bounded right approximate identity in 2 for X is sim-
ilar). Then (7(uq))q is a multiplier bounded right weak* approximate identity in 2 for X*. By
replacing X with X* in the previous argument, and noting that the convergence in (%) holds in the

weak* topology on X*, the conclusion follows immediately. |
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2.5 Tensor Products of Boundedly Pseudo-Amenable and Boundedly Pseudo-

Contractible Banach Algebras

It is currently unknown whether the projective tensor product of two pseudo-amenable Banach
algebras is still pseudo-amenable. The first result below shows that the projective tensor product
of a boundedly pseudo-amenable and a boundedly pseudo-contractible Banach algebra is at least

pseudo-amenable.

Theorem 2.5.1. If 2 is boundedly pseudo-amenable and 95 is boundedly pseudo-contractible then

A®PB is pseudo-amenable.

Proof. Tt is sufficient to show that for all € > 0 and for all finite 7 C ARB, there exists a u =

Ue 7 € (ARB)R(A®VB) such that:

If-u—u-fll<e and |7(u)f - [l <€ (*)

for all f € F. Then (uc )7 C (ADB)D(A@B) will be an approximate diagonal for ADB.

Let € > 0 and let F C A®B be a finite set. Let (Uy); € A@A be a multiplier bounded approximate
diagonal for 2 with multiplier bound C' > 0 and let (V}); C BB be a multiplier bounded central
approximate diagonal for 8 with multiplier bound D > 0.

Let T : (ARA)R(BRB) — (AXB)(ARB) be the continuous linear isometry specified for all

elementary tensors a; ® ag € ARA and by @ by € BRIV by:

T((a1 X CLQ) X (bl X bQ)) = (al X bl) & (CLQ & bg)

From the continuity of 7', choose § > 0 be such that if z € (ARA)D(BEB) and ||z|| < § then
IT(2)]| < e

We will choose U € (U;); and V € (V;); appropriately, and set u := T(U ® V'), so that the
inequalities at () are satisfied for all f € F.

First, for each f € F, write:

fi=3 ) @),
n=1
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where o) € % and b € B with ||b£Lf)|| =1 for each n € N.
Let K > 0 be such that Z aP)) = Z alP |16 || < K for all f € F. Then choose N € N

n=1 n=1

such that:

() { € }
Z lay’ ]| < min 1D’ 10D

n=N+1
Since (V}), is a central approximate diagonal for B, there exists a V' € (V;); such that b-V =V b
for all b € B and:

N
f _bf)
3 (Vb I < 4%

for all f € F. Then choose M € N such that:

> 5
> CllaPvii< 3.

n=M+1
for all f e F.

Since (U;); is an approximate diagonal for 2, there exists a U € (U;); such that:

M N
4]
D .yg_y.q\H) hal ( f)
D leff U -v-aP V<5 and 3@l - allll < g5

for all f € F.
Write U = ZAS ® Al and write V = ZBt ® B; where Ag, AL € 2 and By, B, € 9B for all

s=1 t=1

s,t € N. Let:
=T(U V)= (A.® B;) ® (A, ® B]) € (ADB)D(ADDB).
s=1t=1
Observe that:
(a) @ b)) Z > (@PA, @b B) @ (A, @B) =T - Uab] -V)=Ta UV b)),

and:
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u- (@ @) =" (A, @ By) @ (ALal]) @ Bp)) =T(U - o) @ V- b)),

s=1t=1

for all f € F and for all n € N. Therefore:

(@) & V) - u—u- (@) @ b))

M8

fru—u-f= lZa%f)Q@b;f)

n=1

n=1

3
I
—

T U-U-aPyo v,

M

3
Il
-

for all f € F.
We are now ready to show that ||f-u —u- f|| < e and ||w(u)f — f|| < € for all f € F. First, we

have that:

N yg—y-aH V.l
n=1

M
<Y o - U—U-aP (V]
n=1

+ Y N U—=U-aPIVIIb)

n=M+1
M 00
<D - U=U-aPNVII+ DY Cla IV
n=1 n=M+1
6 0
< 5 + 5
<4,

for all f € F, and so by the continuity of T' we have that ||f-u—wu- f|| < e for all f € F.
On the other hand:
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oo o0

[m(u)f = fll = [W(U)®7T(V)]Za(f b — Z () @ bl

n=1 n=1

oo oo

= | SO @ V) - 3 o) @ o

n=1

=1
Z U)o — o] @ [r(V)b)]

IN

Z (f) ® [r b(f) _ bglf)]

p'%g

Jai —afP || llx (V)| + Z laf1llw (Vo5 — o)

N 0o
Z D)ai) —aPN=(WV)ll+ D lIn(@)alf) - aff |llx (V)]
n=1 n=N+1
)
+lea5f)|\ll7T(V)b5f)—b%f)||+ D laIw(v)p) — b
= n=N-+1
<DZ||7F Jal) —aP|| +CD Z la$l
n=N+1
+Z||a%f)|\ll7f(V)b%f) —bDN+D > |
n=1 n=N+1

for all f € F.
Hence (ue, )7 C (ARB)D(AXB) is an approximate diagonal for ARV, and so ARV is

pseudo-amenable. |

By strengthening the assumption so that B is contracitble in the previous theorem, we can at

least guarantee the projective tensor product AR is boundedly pseudo-amenable.

Theorem 2.5.2. Let 2 and 8 be Banach algebras. If 2 is boundedly pseudo-amenable and 5 is

contractible, then ARV is boundedly pseudo-amenable.

Proof. As per the previous proof, let (U;); C @2 be a multiplier bounded approximate diagonal
for 2 with multiplier bound C' > 0. Since 9B is contractible, it has a diagonal. Let V € BB be

such that:
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b-V=V-b and 7(V)b=b=0bn(V),

for all b € B. Take any directed set J and set V; := V for all j € J so that (V); := (V;); trivially
becomes a multiplier bounded central approximate diagonal for B.

Construct the approximate diagonal (u.r) C (ARB)B(ARDB) as in the previous proof from
(U;); and (V);. All that remains to show is that this approximate diagonal is multiplier bounded.

Observe that:

lm(Ui)all < [lw(Ui)a = al| + [lal| < (C + Da],

for each ¢ and for each a € 2.

For each f € A®DB write f = Z ap ® by. Then:

n=1

hE

|f-ter —uer fll=

T((an : Ue,]: - Ue,]: : an) & (V ' bn))H
1

3
I

IT((an - Ue.r = Uer - an) @ (V- bn))||

M

3
Il
A

<D llan - Uer = Uer - anlllV - ball < CIVIY llanllllball,

1 n=1

NE

n

for all f € ARV, and so, ||f - uc.r — uer - f|| < C|V|[|f] for all f € ARB. We also have that:

[l (ue,7) fII =

7(Ue, 7) Z an Q by,
n=1

T(Ue,r)@m(V) Z ap, @ by,
n=1

Z T(Ue,7)an @ 7(V)by,
n=1

oo

< Z HTr(UE,J:)an” [16n |
n=1

<(C+1) Y llan]l[ball,
n=1

for all f € ASB, and so, ||7(ucx)f|| < (C + 1) f|| for all f € ARB.
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Hence (ue, 7)(e,7) is a multiplier bounded approximate diagonal for AR with multiplier bound

max{C||V||,C + 1}, and so AV is boundedly pseudo-amenable. |

As a consequence of the previous theorems and well known results, we have the following result

regarding the pseudo-amenability of tensor products of various types of Banach algebras.

Corollary 2.5.1. Let 2 and B be Banach algebras. Then:

(1) If 2A* is boundedly pseudo-amenable and B is boundedly pseudo-contractible then ARB is
pseudo-amenable.

(2) If A is boundedly approximately contractible and %5 is boundedly pseudo-contractible then A®B
is pseudo-amenable.

(3) If A* is boundedly pseudo-amenable and 9 is contractible then A®%B is boundedly pseudo-
amenable.

(4) If A is boundedly approximately contractible and 9B is contractible then ARB is boundedly

pseudo-amenable.

We will now look at how bounded pseudo-amenability and bounded pseudo-contractibility of
ARB affect A and B. We begin by assuming that one of A or B has an identity, while the other

has at least a central bounded approximate identity.

Proposition 2.5.1. Let 2 and B be Banach algebras. If A®B is boundedly pseudo-amenable and
one of 2 or B has an identity, while the other has a central bounded approximate identity, then

both 2 and B are boundedly pseudo-amenable.

Proof. Without loss of generality, suppose that 2 has an identity e € 2 and B has a central bounded
approximate identity (fz)s C B. Then (e® fs)s C A is a central bounded approximate identity
for ARB.

Since ARB is boundedly pseudo-amenable and has a central bounded approximate identity, we
have by Theorem 1.5.1 that A& is boundedly approximately contractible. By [9, Theorem 4.4], we
have that both 2 and ‘B are boundedly approximately contractible. But since 2 and B both have
central bounded approximate identities, by Theorem 2.2.1, the bounded approximate contractibility

of 2 and 9B implies the boundedly pseudo-amenability of 2{ and B. |
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As a consequence of the previous proposition, we get the following:

Corollary 2.5.2. Let 2 and B be Banach algebras. If A®% is boundedly pseudo-amenable and

both 2 and B have an identity, then 2 and ‘B are both boundedly pseudo-amenable.

Definition 2.5.1. Let 2 be a Banach algebra. A character or nonzero multiplicative linear
functional on 2 is a linear functional y : A — C that is not identically the zero functional on 2

and such that y(ab) = x(a)x(b) for all a,b € 2.

If 2 is any Banach algebra then the unitization 2A* always has a character. In fact, y : A* — C
defined for all a + A € A by:

X(A) = X(a + )‘) = A,
is a multiplicative linear functional on 2¥.

Proposition 2.5.2. Let 2 and B8 be Banach algebras. If A!@%B? is boundedly pseudo-contractible

then 2 and B are both boundedly pseudo-contractible.

Proof. Suppose that A!@%B! is boundedly pseudo-contractible. Let y : 2 — C be a character on

AL Let @ : A'QBE — B! be specified for all elementary tensors a @ b € AL QB by:

®(a®b) = x(a)b.

Then it is readily checked that ® is a continuous algebra epimorphism.

Since A* @B is boundedly pseudo-amenable, we have by the Theorem 2.3.1 that B is boundedly
pseudo-contractible. A similar argument shows that 2 is also boundedly pseudo-contractible.

But by Theorem 2.2.1, bounded pseudo-contractibility of Af and B respectively imply the

bounded pseudo-contractibility of 21 and ‘B. |

We now remove the assumption of having an identity or an approximate identity on 2 or % and
just assume that at least one of 2 or B is a commutative Banach algebra. We will use the well

known fact that every unital commutative Banach algebra has a character.
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Proposition 2.5.3. Let 2 and 9B be Banach algebras. If A®% is boundedly pseudo-amenable
(resp. boundedly pseudo-contractible) and 2 (resp. B) is unital and commutative, then B (resp.

20) is boundedly pseudo-amenable (resp. boundedly pseudo-contractible).

Proof. If 2 is unital and commutative, let x : 2 — C be a character on 2 and let ® : A®B — B be

specified for all elementary tensors a @ b € ARB by:

®(a ®b) := x(a)b.

Then @ is a continuous algebra epimorphism of ARV onto B and since ARV is boundedly pseudo-
amenable, by Theorem 2.3.1, so is B. |

In [22, Theorem 3.7] it was proven that if 2 and B are both boundedly pseudo-contractible then
so it ARB. As a consequence of the previous proposition, we have that the converse is true when 2

and B are also commutative.

Corollary 2.5.3. Let 2 and B be Banach algebras. If 21 and B are unital and commutative,
then AP is boundedly pseudo-contractible if and only if both 2 and B are boundedly pseudo-

contractible

We now turn our attention to how the bounded pseudo-amenability or bounded pseudo-contractibility

of AR affect that of A. We begin with the following result.

Proposition 2.5.4. Let 2 be a Banach algebra. If A®2 is boundedly pseudo-amenable (resp.
boundedly pseudo-contractible), 2 is commutative, and 2 has a bounded approximate identity then

2 is boundedly pseudo-amenable (resp. boundedly pseudo-contractible).

Proof. Trivially regard 2 itself as a Banach 2(-bimodule with the action of 2 on 2l being just the
multiplication defined on 2. Since 2 has a bounded approximate identity, by Theorem 1.0.1, for all
a € A there exists b, ¢ € A such that be = a. In particular, 7 : ARA — 2 is a continuous A-bimodule
epimorphism. Since 2| is commutative, 7 is also a continuous algebra epimorphism. So by Theorem

2.3.1, 2 is boundedly pseudo-amenable (resp. boundedly pseudo-contractible). |

When 2 has a bounded approximate identity, Cohen’s Factorization Theorem guarantees that

for a € A there exists b,¢,d € 2 such that a = bed = b(cd), i.e., every a € 2 can be written as
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a product of two elements in 2, and such algebras are called factorable. When 2l is commutative,
7 ARA — A is guaranteed to be an algebra morphism, and when 2 has a bounded approximate
identity, 7 is guaranteed to be surjective.

The notions of a Banach algebra being factorable is a strictly weaker notion that the existence
of a bounded approximate identity. The simplest example of a factorable Banach algebra without a
bounded approximate identity is the sequence Banach algebra ¢! over R, which has only a central
(unbounded) approximate identity. To see its factorability, let (z,,) C ¢! be a sequence of real

1 1
numbers. Take any conjugate pair p and ¢ with 1 < p,q < co and — + — = 1. For each n € N let:
p q

x}/p ifo, >0 x}/q ifx, >0
Yn 1= and z, :=

—(=z,)YP ifx, <0 (=) ifx, <0
Then (y,) € €7 C £* and (z,) € €1 C £* with [[(ya)ll, = [|(@a)lly’” and [[(za)llg = lI()]1"", and
also (z,,) = (yn)(2n). So £* over R is factorable, but again, does not have a bounded approximate
identity.
In [21] a few other notions, all which guarantee the map 7 : ARA — A is surjective, are intro-

duced, and we use these notions to refine Theorem 2.5.4

Definition 2.5.2. Let 2 be a Banach algebra.
(1) A is said to Factor if A = Al that is, for every a € 2 there exists a;,b; € 2 such that
a=ab;.
(2) A is said to Factor Weakly if 2 = A2, that is, for every a € 2 there exists finitely many
1,09, ey Ay, b1, bo, ..., by, € A such that a = ianbn.

n=1

(3) 2 is said to Factor Projectively if 7 is surjective, that is, for every a € 2 there exists sequences

(an), (by) C A such that a = Z anby.

n=1

The notion of a Banach algebra being weakly factorable is a strictly weaker notion than being
factorable. There exists a separable Banach function algebra 2 that is not factorable (so that there
exists an element of 2 that cannot be factored), but such that every a € 2 can be written in the

form a = a1by + azbs with ay, az,b1,bs € A. An example can be found in [21, Example 7].

Definition 2.5.3. Let 2 be a Banach algebra.
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We say that Null Sequences in 2 (Left) Factor if for every sequence (a,) C 2 with nh_)rr;o lan] =0
there exists a u € 2 and a sequence (b,) C 2 with nh_)rrgo lbn]] = 0 such that a,, = b,u for all n € N.
We say that Null Sequences in 2l Weakly (Left) Factor if for every sequence (a,) C 2 with
nh_)rr;O |lan|| = O there exist a J € N, elements wuy, us, ...,uy € 2, and sequences

(bg)), (bgf)), e (b%”) C A with nl;rrgo 168)]| = 0 for each j € {1,2,...,J} and such that

ap = ibg)u(j) for all n € N.

Analojgzotts definitions can be defined for the notion of “Null Sequences in 2L (Right) Factor” and “Null

Sequences in A Weakly (Right) Factor”.

If null sequences in 2 factor, then 2 trivially factors, since every a € 2 can be associated with
the null sequence (a,0,0,...). Similarly, if null sequences in 2 weakly factor, then 2 trivially weakly
factors.

The existence of a bounded left or bounded right approximate identity in 21 implies each of the
five definitions above. Also, each of the five definitions above imply that 2l projectively factors as
proven in [21]. But note that a Banach algebra being projectively factorable is equivalent to the

map 7 : ARA — A being surjective, and so we obtain the following result.

Proposition 2.5.5. Let 2 be a commutative Banach algebra. If 2A®2 is boundedly pseudo-
amenable (resp. boundedly pseudo-contractible) then 2 is boundedly pseudo-amenable (resp. bound-
edly pseudo-contractible) if 2 has any of the following properties:

(1) 2 has a bounded left approximate identity or a bounded right approximate identity.

(2) Null sequences in 2 left factor or right factor.

(3) Null sequences in 2 weakly left factor or weakly right factor.

(4) A is factorable.

(5) A is weakly factorable.

(6) 2 is projectively factorable.

Proof. Each of the six properties listed above implies 2l is projectively factorable or equivalently that
7 ARA — A is surjective, in which case 7 is a continuous algebra epimorphism from the boundedly
pseudo-amenable (resp. boundedly pseudo-contractible) 2A®2A onto 2A. Then apply Proposition
2.3.1. |
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3 Examples

In this chapter we provide examples of boundedly pseudo-amenable and boundedly pseudo-contractible
Banach algebras to show that these notions are distinct.
Consider the semigroup N equipped with the associative binary operation max : N x N — N. We

can then consider the discrete semigroup algebra ¢! (Ny.y) (see Section 1.1 for the definition).

Proposition 3.0.1. ¢}(N,.x) is a unital boundedly pseudo-amenable Banach algebra that is not

boundedly pseudo-contractible.

Proof. Let N be the semigroup with product mn := max{m,n} as defined earlier. Then ¢! (Ny,.y) is
a unital sequentially approximately contractible Banach algebra as shown in [10, Example 4.6] and is
thus boundedly approximately contractible by the Uniform Boundedness principle. So (£ (Nyax))*
is boundedly pseudo-amenable by Theorem 1.5.1. Since #!(Ny,.y) is unital, it trivially has a central
bounded approximate identity. So ¢!(Ny,.y) is boundedly pseudo-amenable by Theorem 2.2.1.

If £*(Nyay) were also boundedly pseudo-contractible, then by Proposition 2.2.1, since £*(Npax)
is unital we would have that (¢'(Np.x))* is boundedly pseudo-contractible too, and so trivially,
(£*(Npax))? is pseudo-contractible. By Theorem 1.4.3, this implies that ¢'(Np,.y) is contractible.
But this is a contradiction since ¢!(Ny,ay) is not even amenable as noted in [3, Appendix A.1].

So £ (Nyayx) is boundedly pseudo-amenable but not boundedly pseudo-contractible. ]

It is still an open question as to whether or not £!(Npay )®¢* (Nyax ) is boundedly pseudo-amenable

or not. We observe the following.
Proposition 3.0.2. ¢! (Nmax)®€1 (Njax) is not boundedly pseudo-contractible.

Proof. The algebra £*(Np,.,) has an identity, namely the function e : N — C defined by:

1 ifn=1
e(n) = .
0 ifn>1

Thus it trivially has a bounded approximate identity. If ¢! (Nmax)®€1 (Npax) were boundedly

pseudo-contractible, then by Proposition 2.5.4 we would have that ¢!(N,,.y) is necessarily bounded
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pseudo-contractible, which is a contradiction from Proposition 3.0.1. Thus ¢! (Nmax)@)ﬁl(Nmax) is

not boundedly pseudo-contractible. |

It should be remarked that the result above can also be obtained with about the same amount
of effort, by already known results about pseudo-contractibility and amenability. Note that since
¢ (Npax) has the identity e, the tensor product ¢! (Nmax)<§>€1 (Npax) has the identity e ® e. Thus,
if £1(Npax) @€' (Npay ) were boundedly pseudo-contractible (or event just pseudo-contractible) then
Theorem 1.4.3 implies that ¢*(Nyay)®¢' (Nppay) is contractible and thus amenable. By [9, Theorem
4.9], this implies that ¢!(Ny,.,) is amenable, which is a contradiction as noted in [3, Appendix A.1].

Now consider the semigroup Ny,;, whose underlying set is just N and whose associative binary
operation is the minimum function, min. Observe that any function w : Ny, — [1,00) is a weight
function as clearly w(min{m,n}) = w(m) < w(m)w(n) for all m,n € N, m < n. So £(Nyi,,w) is a
weighted semigroup algebra for each function w : Ny, — [1, 00).

The Banach algebra ¢! (N, w) has been studied extensively in [6]. It is commutative, spanned by
its idempotents, always has an approximate identity, and has a bounded approximate identity if and
only if hgg io%f w(n) < oo. Furthermore, £* (N, w) is always weakly amenable and is always pointwise
approximately amenable. Under the additional condition that hnrr_l> iorolf w(n) < oo, M1 (Npyin,w) is also
boundedly approximately contractible, and thus, from [6, Corollary 3.6.2] and Proposition 2.4.2 we

have the following.

Proposition 3.0.3. Let w : Ny, — [1,00). If liminfw(n) < co then ¢!(Npyi,,w) is boundedly

n—oo

pseudo-amenable.

Definition 3.0.1. Let 2 be a Banach algebra and let n € N. The n x n matrix algebra of 2 is
the Banach algebra M, () of all n x n matrices with entries in 2 equipped with the matrix algebra

operations.

In [5, Theorem 2.7] it was proven that a Banach algebra 2l is amenable if and only if M, (2) is
amenable. In [6, Proposition 1.6.7], it was shown that 2 is approximately amenable if and only if
M, () is approximately amenable.

We can obtain similar partial results for bounded pseudo-amenability and bounded pseudo-

contractibility through the identification of M,, () with M, &2.
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Proposition 3.0.4. Let 2 be a Banach algebra. If 2 is boundedly pseudo-amenable (resp. bound-
edly pseudo-contractible) then M, (2() is boundedly pseudo-amenable (resp. boundedly pseudo-

contractible).

Proof. First suppose that 2 is boundedly pseudo-amenable. Since M, is finite-dimensional and
semisimple, it is contractible. So by Theorem 2.5.2 we have that M, () = M, @2 is boundedly

pseudo-amenable.

Now suppose that 2 is boundedly pseudo-contractible. Since M, is contractible it is trivially
boundedly pseudo-contractible too. But by [22, Theorem 3.7] the tensor product of two boundedly
pseudo-contractible Banach algebras is still boundedly pseudo-contractible, so M, (2) M, @ is

boundedly pseudo-contractible. |

Corollary 3.0.1. Let 2 be a Banach algebra with a central bounded approximate identity. Then

2 is boundedly pseudo-amenable if and only if M,,(2() is boundedly pseudo-amenable.

Proof. If A is boundedly pseudo-amenable then M, (2() is too by Proposition 3.0.4. Conversely, if
M, () = M, @2 is boundedly pseudo-amenable, then since 2 has a central bounded approximate
identity and M,, has an identity, we have that this implies the bounded pseudo-amenability of 2 by

Proposition 2.5.1. [}

We now turn our attention to the sequence algebras ¢? where 1 < p < co.
Proposition 3.0.5. For each 1 < p < oo, the sequence algebra ¢? is boundedly pseudo-contractible.

Proof. For each n € Nlet E,, = Z;:l em ® ey, where ey, € /P is the sequence whose terms are all

zero except the m™ term. Then (E,) C (P@¢P. Tt is easily checked that a- E, = F,, -a for all a € ¢*

and for all n € N. Also, given a = (a1, as, ...) € ¢? and given € > 0 there exists an N € N such that

o0

Z |an|P < €P. Soif n > N then:
n=N+1

la —7(En)al, =

n
a— E ema
m=1

m=n+1 m=N-+1

00 1/p 00 1/p
= ( Z amp> < ( Z |am|p> < €.
p

So (E,) C ¢ ®0P is a central approximate diagonal for ¢7. It is furthermore multiplier bounded since

for all a = (a1,as,...) € £ and for all n € N:
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n n l/p 00 l/p
Im(En)all, = || Y emal| = (Z Iaml”) < <Z Iaml”> = llallp,
m=1 P m=1 m=1
and hence ¢P is boundedly pseudo-contractible. |

Corollary 3.0.2. For each 1 < p < 0o, the unitization (¢7)! is not boundedly pseudo-amenable.

Proof. Suppose that (¢2)* is boundedly pseudo-amenable. Then (¢7)* is pseudo-amenable. But by
[12, Proposition 3.1] this implies that ¢? is approximately amenable. But by [7, Theorem 4.1], for

1 < p < oo, P is never approximately amenable. |
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