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Abstract

The grid-forming (GFM) concept is an inverter control method that deploys the inverter’s

power modulations to regulate the system voltage and frequency. A variety of GFM con-

troller topologies can be found in the literature. Mainly a GFM controller consists of a layer

that mimics synchronous machine characteristics and a current-limiting loop. Depending

on the controller topology and parameters, a GFM inverter’s dynamics can spread over a

wide bandwidth leading to a wide range of interactions. The full disclosure of the root

causes of interactions that can be excited by a GFM inverter is still lacking in the literature.

Therefore, in this research small-signal, model-based eigenvalue analysis is conducted on

commonly-used GFM controller topologies with different ac- and dc-side system configura-

tions to reveal the full causes of interactions that can happen in a GFM inverter system.

The virtual electromechanical interaction between GFM inverters and other GFM inverters

and synchronous machines, high-frequency network interactions, and interactions between

the dc-side circuitry and GFM controller, LC filter components, and the governor-turbine

of synchronous machines are revealed and verified by PSCAD/EMTDC simulations. This

comprehensive analysis unfolds the main driving factors behind the critical interactions in

GFM inverter systems and proposes effective mitigation methods.
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Chapter 1

Introduction

1.1 Background

Technological advances in power electronics and control methods have led to the large-

scale adoption of grid-tied inverters to connect renewable generation resources and energy

storage devices. Replacing conventional synchronous generation units with inverter-based

resources deteriorates the inertia and the strength of the grid that would, otherwise, have

been provided by synchronous machines.

System inertia is a measure of system’s resiliency to frequency changes. Synchronous ma-

chines consist of heavy rotating elements that provide inherent resistance to rapid changes

in machine’s speed following mismatches of power supply and demand. The rotors of syn-

chronous machines gradually release or absorb the energy imbalance as kinetic energy and

help to avoid large frequency excursions. The ability to maintain the system stability during

and following disturbances is determined by the system strength. The impedance of the grid

plays a major role in determining the strength of the gird at an interconnection point [1].

A strong system has a low source-impedance, which indicates that electrically the ability of

the system to impede fast changes of bus voltage and frequency.

Conventionally a grid-tied inverter is controlled as a grid-following inverter, which injects
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the power generated from the primary energy source while following the grid’s voltage [2].

Furthermore, grid-following inverters require a phase-locked-loop (PLL) whose proper oper-

ation demands a strong ac network.

With inevitable weak grid conditions in modern power systems, the active participation of

grid-tied inverters to assist in, or even take charge of, maintaining the system’s frequency and

voltage through power modulations without relying on a PLL has attracted much attention,

and has led to the concept of grid-forming (GFM) controls. There are many GFM control

concepts suggested in the literature [2–4]; they can be broadly categorized as droop-based

and other types.

The droop-based controller is the simplest and the most widespread GFM controller

topology, which enables parallel operation between the units under droop control, even

in the absence of a communication system [2–4]. The active power-frequency (P-f ) and

reactive power-voltage (Q-v) droop relationships used in the governor and the automatic

voltage regulation of conventional synchronous machines, respectively, are viewed under

this category. The coupling between these two relationships is minimized in inductance-

dominant networks. With significant resistive characteristics seen in low-voltage networks,

either a modified droop relationship or virtual inductance as in [5] has to be introduced.

In [6] integral and derivative control actions are introduced to conventional droop scheme

to improve the transient response.

While P-f droop emulates the primary frequency response of a synchronous machine,

to explicitly emulate the inertial characteristics, the swing equation is commonly embedded

with the P-f droop relationship. This GFM control topology is identified as the virtual

synchronous machine (VSM) [2].

The other GFM control topologies that do not explicitly emulate the synchronous ma-

chine’s dynamics are of different forms. Virtual Oscillator Control (VOC) in [7] is a non-

linear controller based on the Van der Pol oscillator. The inductance and capacitance of the

oscillator are selected to achieve the resonant frequency at the nominal frequency. In [8], a
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phase-locked loop (PLL) has been used as a part of the power controller of the GFM scheme.

The phase detector of the PLL generates a signal proportional to the active power generated

from a voltage source, which is then processed to obtain the current reference for the inner

current controlling layer. The matching control concept is based on the duality between the

rotational kinetic energy stored in the rotor of a synchronous machine and the electrostatic

energy stored in the dc link capacitor and the other energy sources on the dc-side. This

method explicitly looks at the physical realization of inertial and damping characteristics

through physical quantities of the inverter [9].

A widely-used GFM control topology for grid-tied inverters is the VSM. Thus it is impor-

tant to do an in-depth study and understand VSM. VSM controls the converter as a voltage

source. However, due to the limited over-loading capability of power electronic switches,

an explicit current-limiting method is required. An overview of existing current-limiting

methods are discussed in Chapter 4 in detail.

Depending on the controller topology and its parameters, GFM inverters’ bandwidths

may lie over a broad frequency range, which evokes a much wider range of interactions than

those in systems comprising conventional synchronous machines.

Poorly selected controller parameters and network conditions may easily lead to sustained

or growing oscillations. Frequency-domain models have been developed for single GFM

inverters for parameter selection [10]; however, extending their conclusions is impractical

for parallel-connected GFM inverters as such systems are prone to interactions. In a few

references, active power oscillations have been observed in parallel-connected GFM inverters

[11–13]. These oscillations have been reduced by introducing more damping to the system

via controller modifications without clear explanations of the root causes of the interactions.

There have been other attempts, e.g., by neglecting the dynamics of current-limiting

loops [11–14] and use of constant-admittance network models [11], to simplify stability anal-

ysis of GFM inverter systems. These simplifications, however, have detrimental impacts on

the discovery of critical interactions that may occur with high-bandwidth controllers [15]
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and also overlook high-frequency interactions that can only be captured with proper repre-

sentation of the network’s dynamics [16]. Furthermore, most of the GFM inverter stability

assessments have considered an ideal dc-side. However, ac-side dynamics are coupled with

dc-side dynamics via the dc-bus voltage controller and dc-link capacitor dynamics. A de-

tailed review of considering dc-side dynamics in the GFM inverter system’s stability analysis

is given in Chapter 5.

To analyze the stability of inverter-tied systems, impedance-based [17] and eigenvalue-

based [13] methods are commonly used. Impedance-based analysis provides design-oriented

insight into the effects of the controllers on the converter terminal quantities [18]. However,

compared to impedance-based analyses, eigenvalue-based methods have the superior capa-

bility to identify the key parameters that significantly participate in oscillatory mode(s) [19],

allowing the discovery of the root causes of interactions. An overview of the small-signal sta-

bility assessment is given in Appendix A. Furthermore, small-signal modeling and eigenvalue-

based analysis have been heavily used in stability assessment [20] and controller design [21]

of GFM inverter-based systems, and are used in this study as well.

1.2 Research Objectives

The main objective of the research is to reveal the full causes of interactions that can happen

in GFM inverter systems. To achieve this main objective the following tasks are identified.

• Develop EMT models in PSCAD/EMTDC with different GFM controller topologies

and test system configurations, considering both ac and dc sides.

• Develop small-signal models of different GFM inverter systems and validate against

detailed models in PSCAD/EMTDC. Include full dynamics of the GFM controller, ac

and dc network components.

• Conduct eigenvalue analysis on the developed small signal models to identify critical

interactions under different GFM controller topologies and test system configurations.
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Identify the root causes of those interactions and develop mitigation methods for such

interactions.

1.3 Research Contributions

A summary of key contributions are listed below.

• Development and validation of small-signal models that include the full dynamics in-

troduce by the GFM controller, ac network, and dc-side circuitry of the GFM inverter.

• Identification of the wide range of interactions that can be excited by different GFM

controllers.

• Revealing the root causes of critical interactions that can be observed in GFM inverter

systems.

1.4 Thesis Outline

This thesis consists of six chapters, as described below:

Chapter 1: Includes background information of the research and the research objectives.

Chapter 2: Identifies the interactions that can happen in a parallel-connected GFM

inverter system in islanded mode.

Chapter 3: Analyzes the interactions that can happen between a GFM inverter and a

synchronous machine.

Chapter 4: Includes an analysis of the effect of current-limiting algorithms in causing

interactions in GFM inverter systems and a comparative analysis of the fault-ride-through

capability of the selected current-limiting methods.

Chapter 5: Analyzes the effect of GFM inverter’s dc-side dynamic on the interactions

in GFM inverter systems.
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Chapter 6: Presents the conclusions drawn from the studies conducted, contributions

made, and suggestions for future research work.
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Chapter 2

Modeling and Analysis of Interactions

between Parallel-Connected

Grid-Forming Inverters

This chapter presents small-signal modeling and eigenvalue-based analysis to identify the

root causes of interactions that may happen in a system with multiple grid-forming inverters.

For this purpose, an exemplar two-inverter system is considered. This basic test system

replicates aggregate models of GFM-controlled inverter systems in islanded operation and

provides detailed insight about the key parameters affecting critical oscillatory modes in such

systems. Network dynamics are included through dynamic phasor modeling of its elements,

and controller dynamics are fully included. The dc-side dynamics are excluded by adopting

an ideal dc-side. In Chapter 5, this model is extended by including dc-side dynamics.

Section 2.1 discusses the study system and the adopted GFM controller. The small-signal

model development is discussed in section 2.2 followed by eigenvalue analysis in section 2.3.

A summary of the chapter and its key contributions are given in section 2.4.
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2.1 Test System

In the test system considered, two-level voltage source converters with GFM control loops are

connected to a common point-of-interconnection (POI) via LC filters, step-up-transformers,

and short transmission lines as shown in Fig. 2.1. The parameters of the test system are

given in Table 2.1. Although nominally-identical GFM inverters are considered, sensitivity

studies are conducted to identify the effect of non-identical GFM inverter systems on critical

oscillatory modes of the systems. The adopted GFM controller topology and its parameters

are given in section 2.1.1.

Constant 
Impedance 

Load

POI

Step-up 
TransformerLC filter

Π model of the 
line

VLV : VHV

GFM 
Inverter-1

VLV : VHV

GFM 
Inverter-2

GFM Controller

Lf

Cf

Rf

icv it

vf

RL LL

LtxRtx

vpi

vL

iL

itx

vcv Cpi

Vdclink

GFM Controller

Lf

Cf

Rf

LtxRtx

Cpi

Vdclink

Reference Frame: GFM Inverter - 1

Reference Frame: GFM Inverter - 2

Fig. 2.1: Test system to study interactions between parallel connected GFM inverters.

Table 2.1: Parameters of the Test System Consisting of Paralleled GFM Inverters

Source rating: Switching frequency: Load: dc-link:
25 MVA 4 kHz RL = 55.3 Ω, LL = 0.3 H Vdclink = 26 kV

LC filter:Lf = 2.0 mH, Cf = 34.8 µF, Rf = 1.8 Ω
Transformer: VLV:VHV = 13.8: 44 kV, Ltf = 0.1 pu, Rtf = 0.01 pu

π-section: Line length = 10 km, Ltx = 10.74 mH, Rtx = 1.03 Ω, Cpi = 5.46 µF
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2.1.1 Grid-forming controller

The high-level block diagram of the GFM controller is given in Fig. 2.2. The GFM controller

consists of an active power-frequency (P-f ) controller, a reactive power-voltage (Q-v) con-

troller, and a current controller based upon a virtual impedance (VI). Each of these control

blocks is described next.

abc

qd0it

itq

itd
abc

qd0vf

vfq

vfd abc

qd0icv

icvq

icvd

P-f Controller

Q-v Controller

θ 
vcvd

*
 = 0

vcvq
*

vcvd

VI based 
Controller vcvq

s
s+2πfhp

 

icvqhp

s
s+2πfhp

 

icvdhp

Fig. 2.2: Block diagram representation of the GFM controller.

In the P-f controller (Fig. 2.3(a)), the P-f droop relationship generates a power com-

mand that passes through a block that emulates the swing equation of a synchronous machine

to obtain the virtual rotational speed of the GFM inverter. The damping coefficient corre-

sponding to mechanical friction and windage losses of a conventional synchronous machine

is not included in the GFM controller. The reactive power-voltage regulation is carried out

through the Q-v droop relationship as shown in Fig. 2.3(b). The GFM inverter terminal’s

reference voltage (v∗cvq) is generated by the Q-v controller. The P-f and Q-v controllers

emulate a low-order synchronous machine model, and hence the controller scheme is termed

a virtual synchronous machine (VSM).
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ɷgfmref

Dp

1

Pgfmref

1
1+TPs

 

Pt

2Hgfms

1 ɷgfm

s
θ 

Pf

1
1+Tqs

Qt Qf

Qref
Dq

Eref

1
1+Tvs

Et Ef

1
Tis

KP+ -1
vcvq

*

(a)

(b)

ɷb

Fig. 2.3: Block diagrams of (a) P-f and (b) Q-v controllers.

The output commands of the P-f and Q-v controllers operate the GFM inverter as a

voltage source. However, during overloads and faults, an explicit current-limiting method

is required to prevent over-current conditions for the converter’s sensitive semiconductor

devices. Fig. 2.4 shows the VI-based current controller adopted from [22]. The VI-based

controller consists of a current-dependent virtual impedance path and a transient virtual

impedance path.

ithreshold 0.0

∞ 

KpRVI

KpLVI

Rvi

Lvi

icvd

ωgfmLvi 

Rvi 

icvq

icvdhp

ωgfmLvi0 

Rvi0 

icvqhp

vvid vviq

(a) (b) (c)

icvpk

icvq

ωgfmLvi 

Rvi 

icvd

icvqhp

ωgfmLvi0 

Rvi0 

icvdhp

ithreshold 0.0

∞ 

KpRVI

KpLVI

Rvi

Lvi

icvd

ωgfmLvi 

Rvi 

icvq

icvdhp

ωgfmLvi0 

Rvi0 

icvqhp

vvid vviq

(a)

(b) (c)

icvpk

icvq

ωgfmLvi 

Rvi 

icvd

icvqhp

ωgfmLvi0 

Rvi0 

icvdhp

Fig. 2.4: VI-based controller block diagram: (a) current-dependent virtual resistance and
inductance calculation, (b) d-axis virtual voltage drop calculation, and (c) q-axis virtual
voltage drop calculation.

Fig. 2.4(a) shows the current-dependent virtual impedance calculation. If the con-
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verter current’s peak value, icvpk = (icvd
2 + icvq

2)1/2, exceeds the specified current threshold,

ithreshold, the difference between the two is multiplied by the gains KpRVI and KpLVI to obtain

the magnitudes of virtual resistance (Rvi) and virtual inductance (Lvi), respectively. As

shown in Figs. 2.4(b) and 2.4(c) the virtual voltage drop between the converter terminal

and the filter inductance (Lf) is calculated by multiplying Rvi and Lvi by the correspond-

ing dq components of the converter current. This virtual voltage drop is subtracted from

the voltage reference generated from the Q-v controller (Fig. 2.2) to reduce the terminal

voltage during over-currents, leading to a lower current injection from the converter. In

the transient VI path, the constant virtual resistance value (Rvi0) and the constant virtual

inductance value (Lvi0) are multiplied by the high-frequency components of the converter

current’s dq components (Figs. 2.4(b) and 2.4(c)). This path also emulates a voltage drop

between the converter terminal and the filter inductance. Those high-frequency current

components will appear following the transients in the converter current and, therefore, this

path acts as an active damping path on the converter currents. The parameters of GFM

controller are given in Table 2.2. Development of the test system’s small-signal model is

discussed in detail in the next section.

Table 2.2: Parameters of the GFM Controller

P-f controller parameters
ωgfmref = 1.0 pu, Pgfmref = 0.7 pu, Hgfm = 2 s, Dpgfm = 0.03 pu, Tp = 0.01 s, ωb = 377 rad/s

Q-v controller parameters
Qref = 0.35 pu, Eref = 1.05 pu, Dq = 0.03 pu, Tq = Tv = 0.01 s, Kp= 0.1, Ti = 0.25 s

VI-based current controller parameters
ithreshold = 1.1 pu, KpRVI = 5, KpLVI = 0.0, Rvi0 = 0.25, Lvi0 = 0.0, fhp = 0.5 Hz

2.2 Small-Signal Model Development

Firstly, the regions to be modeled in each source’s reference frame are assigned as depicted

in Fig. 2.1. The selection of the reference frame for the passive network components is

arbitrary. Regions included in the GFM inverter-1’s reference frame are denoted within a
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set of solid lines, whereas those in the other GFM inverter’s reference frame are denoted

within a dashed box.

The boundary state variables (i.e., bus voltages and line currents) that interconnect the

two reference frames require transformation from one frame to another. In [16] a common

reference frame is used; however, this requires all the individual dynamic devices to have

a boundary with a single machine, identified to be the common reference frame generator.

This is generalized in this work with the aim of enhancing the flexibility in selecting the

regions to be modeled even if the number of reference frames (i.e., regions corresponding to

dynamic devices) is more than two. Transformation of variables from reference frame i to

reference frame j (rotating with speeds of ωi and ωj, respectively) as shown in Fig. 2.5 may

be done as follows.

[xdj xqj]
T = Tij [xdi xqi]

T (2.1)

The transformation matrix, Tij , is given in (2.2).

Tij =

 cos(δij) − sin(δij)

sin(δij) cos(δij)

 (2.2)

where

δ̇ij = ωi − ωj (2.3)

δij dj

qj

ωj

di

qi

ωi

Fig. 2.5: Rotating reference frames.
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The component connection method [18] is used to develop the small-signal model. In

this method, the power system is decomposed into its sub-components (e.g., grid-forming

and grid-following inverters, synchronous machines, filters, π-sections, etc.) and each sub-

component is linearized locally to obtain its linear, time-invariant model. These models

are then interconnected using linear algebraic relationships defined by their input-output

variables. Compared with a generic state-space model [18], this method greatly reduces the

computational effort of constructing a small-signal model and preserves modularity.

The small-signal model of each sub-component is described next, where all measurements

and system parameters are considered in per-unit. The base rotational speed for all reference

frames is denoted as ωb.

2.2.1 Reference frame transformation

The state equation of the angle for reference frame transformation between GFM inverter-1

and GFM Inverter-2 is given by (2.4).

δ̇ = ωb(ωgfm2 − ωgfm1) (2.4)

The linearized version of (2.4) is given by (2.5).

∆̇δ = ωb(∆ωgfm2 −∆ωgfm1) (2.5)

Alternatively, (2.5) may be written in the form shown in (2.6).

∆̇δ = Aδ∆δ +Aδgfm1∆Xgfm1 +Aδgfm2∆Xgfm2 (2.6)

The expanded form of the matrices in (2.6) are given in Appendix B.1. The components of

∆Xgfmi are explained in subsequent sections.
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2.2.2 Power controller

The power controller consists of P-f and Q-v paths. The inverter’s output active power,

Pt, and reactive power, Qt, are calculated at the terminals of the LC filter of the inverter.

The dynamics of the proportional-integral (PI) controller in the Q-v control loop is modeled

by the state variable x1. The resulting set of non-linear equations that describes the power

controller is given by (2.7)-(2.11).

dωgfm/dt = (1/2Hgfm) (Pgfmref − Pf + (ωgfmref − ωgfm)/Dpgfm) (2.7)

dPf/dt = − (1/Tp) (Pf − Pt) (2.8)

dQf/dt = − (1/Tq) (Qf −Qt) (2.9)

dEf/dt = − (1/Tv) (Ef − Et) (2.10)

dx1/dt = Dq (Qref −Qf) + Eref − Ef (2.11)

where

Pt = (vfd + (icvd − itd)Rf)itd + (vfq + (icvq − itq)Rf)itq

Qt = (vfq + (icvq − itq)Rf)itd − (vfd + (icvd − itd)Rf)itq

Et = ((vfd + (icvd − itd)Rf)
2 + (vfq + (icvq − itq)Rf)

2)1/2

After linearizing (2.7)-(2.11) the following equation is obtained.

∆ẊP = AP∆XP +APLCL∆XLCL +APN∆XN +APL∆XL +BP∆Ugfm (2.12)

The Q-v controller’s output, v∗cvq, is given by (2.13) and is linearized as in (2.14).

vcvq
∗ = −Kp(Dq(Qref −Qf) + Eref − Ef)− x1/Ti (2.13)
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∆vcvq
∗ = CE∆XP +DE∆Ugfm (2.14)

where

∆XP =

[
∆ωgfm ∆Pf ∆Qf ∆Ef ∆x1

]T

∆XLCL =

[
∆icvd ∆icvq ∆vfd ∆vfq ∆itd ∆itq ∆icvdhp ∆icvqhp

]T

∆XN =

[
∆vpid ∆vpiq ∆itxd ∆itxq

]T
∆XL =

[
∆vLd ∆vLq ∆iLd ∆iLq

]T

∆Ugfm =

[
∆ωgfmref ∆Pgfmref ∆Qref ∆Eref

]T
The expanded forms of the matrices in (2.12) and (2.14) are given in Appendix B.2.

2.2.3 LC filter and transformer

The dynamics of the LC filter and the transformer are included as explained in this section.

High-frequency converter current components, which are introduced by the transient VI-

based current controller, are included in this section for convenience. In this study the

converter is operated below ithreshold; therefore, the dynamics of the current-dependent VI

path are excluded. The dq domain non-linear equations that govern the dynamics of the

considered subgroup are given in (2.15) - (2.22).

dicvd/dt = (ωb/Lf) (Rf(itd − icvd) + ωgfmLficvq + vcvd − vfd) (2.15)

dicvq/dt = (ωb/Lf) (Rf(itq − icvq)− ωgfmLficvd + vcvq − vfq) (2.16)

dvfd/dt = (ωb/Cf) ( ωgfmCfvfq − itd + icvd) (2.17)

dvfq/dt = (ωb/Cf) (−ωgfmCfvfd − itq + icvq) (2.18)
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ditd/dt = (ωb/Lt) (−(Rf +Rt)itd +Rficvd + ωgfmLtitq + vfd − vpid) (2.19)

ditq/dt = (ωb/Lt) (−(Rf +Rt)itq +Rficvq − ωgfmLtitd + vfq − vpiq) (2.20)

dicvdhp/dt = (−1/Thp)icvdhp + dicvd/dt (2.21)

dicvqhp/dt = (−1/Thp)icvqhp + dicvq/dt (2.22)

where Thp = 1/2πfhp (Refer to Fig. 2.2). Linearization of (2.15) - (2.22) results in (2.23).

˙∆XLCL = ALCLd∆XLCL+BLCLd1∆ωgfm+BLCLd2

∆vcvd
∆vcvq

+BLCLd3

∆vpid
∆vpiq

 (2.23)

After accounting for the output of the Q-v controller and the transient VI path the relation-

ships given in (2.24) - (2.25) are obtained for the expected dq components of the converter

terminal voltage. Note that the transformer’s winding configuration introduces a 30° phase

shift, which is considered in these equations to refer all the low-voltage side quantities to

the high-voltage side.

vcvd = (vcvq
∗) sin(−30°)−Rvi0icvdhp + ωgfmLvi0icvqhp (2.24)

vcvq = (vcvq
∗) cos(−30°)−Rvi0icvqhp − ωgfmLvi0icvdhp (2.25)

Linearizing (2.24) - (2.25) yields the following.

∆vcvd
∆vcvq

 = AvcdqP∆XP +AvcvdqLCL∆XLCL +Bvcvdq∆Ugfm (2.26)
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Substituting (2.26) in (2.23) yields (2.27).

˙∆XLCL = ALCLP∆XP +ALCL∆XLCL +ALCLN∆XN +ALCLL∆XL +BLCL∆Ugfm

(2.27)

The expanded forms of the matrices in (2.23), (2.26) and (2.27) are shown in Appendix B.3.

2.2.4 Network

The inverter-side capacitor and the inductance of the π-section are considered in developing

the dynamic equations in (2.28) - (2.31).

dvpid/dt = (ωb/Cpi)(ωgfmCpivpiq + (itd − itxd)) (2.28)

dvpiq/dt = (ωb/Cpi)(−ωgfmCpivpid + (itq − itxq)) (2.29)

ditxd/dt = (ωb/Ltx)( ωgfmLtxitxq −Rtxitxd + vpid − vLd) (2.30)

ditxq/dt = (ωb/Ltx)(−ωgfmLtxitxd −Rtxitxq + vpiq − vLq) (2.31)

The expression in (2.32) are obtained after linearizing (2.28) - (2.31).

˙∆XN = ANd∆XN+BNd1∆ωgfm+BNd2

∆itd
∆itq

+BNd3(BNd4∆δ+BNd5

∆vLd
∆vLq

) (2.32)

Since the load is modeled in the GFM inverter-1’s reference frame, the network component

in GFM inverter-1’s reference frame will have BNd3BNd4∆δ = 0 4×1 and BNd5 = I2×2. The

equation (2.32) can be represented as in (2.33).

˙∆XN = ANδ∆δ +ANP∆XP +ANLCL∆XLCL +AN∆XN +ANL∆XL +BN∆Ugfm

(2.33)
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The expanded forms of the matrices in (2.32) - (2.33) are shown in Appendix B.4.

The above state equations are developed in individual inverter reference frames. There-

fore, the overall state equations for the ith inverter are obtained as follows.

˙∆Xgfmi = Agfmδi∆δ +Agfmi∆Xgfmi +AgfmLoadi∆XL +Bgfmi∆Ugfmi (2.34)

where,

∆Xgfmi =

[
∆XP ∆XLCL ∆XN

]T

Agfmδi =

[
05×1 08×1 ANδ

]T

Agfmi =


AP APLCL APN

ALCLP ALCL ALCLN

ANP ANLCL AN



AgfmLoadi =

[
APL ALCLL ANL

]T
Bgfmi =

[
BP BLCL BN

]T

2.2.5 Load

The dynamics of the load-side capacitances of each transmission line and the load inductance

are modeled in GFM inverter-1’s reference frame. The non-linear dynamic equations of this

sub-group are given in (2.35)-(2.38). CL is the total shunt capacitance and N is the number

of parallel active devices that inject current to the load via π-section components. Current

flows in the transmission lines are the inputs to this section. The current flow in the line

that connects the GFM inverter-2 must be transformed to GFM inverter-1’s reference frame

using the transformation matrix given in (2.2).

dvLd/dt = (ωb/CL)( ωgfm1CLvLq − vLd/RL − iLd +
N∑
i=1

itxdi) (2.35)
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dvLq/dt = (ωb/CL)(−ωgfm1CLvLd − vLq/RL − iLq +
N∑
i=1

itxqi) (2.36)

diLd/dt = (ωb/LL)( ωgfm1LLiLq + vLd) (2.37)

diLq/dt = (ωb/LL)(−ωgfm1LLiLd + vLq) (2.38)

After linearization of (2.35) - (2.38) the state equation given in (2.39) is obtained. The

expanded form of matrices in (2.39) are given in Appendix B.5.

˙∆XL = ALd∆XL +BLd1∆ωgfm1 +BLd2∆RL +BLd3

N∑
i=1

(BLd4i
∆δ +BLd5i

∆itxdi
∆itxqi

)
(2.39)

Since load is modeled in GFM inverter-1’s reference frame BLd3BLd41∆δ = 0 4×1 and

BLd51 = I2×2. Eq. (2.39) can be rearranged as shown in (2.40). The expanded form

of matrices is given in Appendix B.5.

˙∆XL = ALoadδ∆δ +
N∑
i=1

(ALoadgfmi
∆Xgfmi) +ALoad∆XL +BLoad∆UL (2.40)

2.2.6 Overall system

The small-signal model of the entire system can be obtained by combining the linearized

equations of the sub-components as shown in (2.41).

˙∆X = A∆X +B∆U (2.41)

where

∆X =

[
∆δ ∆Xgfm1

∆Xgfm2
∆XL

]T

∆U =

[
∆Ugfm1

∆Ugfm2
∆RL

]T
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A =



Aδ Aδgfm1 Aδgfm2 0 1×4

Agfmδ1 Agfm1 0 17×17 AgfmLoad1

Agfmδ2 0 17×17 Agfm2 AgfmLoad2

ALoadδ ALoadgfm1 ALoadgfm2 ALoad


B =



0 1×4 0 1×4 0 1×1

Bgfm1 0 17×4 0 1×1

0 17×4 Bgfm2 0 1×1

0 4×4 0 4×4 BLoad


2.2.7 Small-signal model validation

The developed small-signal model is validated against a detailed electromagnetic transient

(EMT) model in PSCAD/EMTDC. The time-domain responses obtained from the linearized

model and the detailed EMT model to a 10% decrement of load resistance at t = 5 s and

a 2.5% increment of load resistance at t = 7.5 s, a 1% increment of voltage reference of

GFM inverter-1 at t = 5 s and 1% increment of GFM inverter-1’s active power reference at

t = 5 s are given in Figs. 2.6(a), 2.6(b), and 2.6(c), respectively. These tests and others

(not shown for brevity) verify the developed small-signal model’s ability to track the EMT

model’s low-frequency content for adequately small disturbances around an operating point.
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Fig. 2.6: Small-signal vs EMT response for (a) ∆RL = −10% at t = 5 s and ∆RL = 2.5%
at t = 7.5 s, (b) ∆Eref1 = 1% at t = 5 s and (c) ∆Pgfmref1 = 1% at t = 5 s.
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2.3 Eigenvalue Analysis

The eigenvalues of A in (2.41) reveal a critical mode in the system as described in Table 2.3.

The virtual electromechanical parameters significantly participate in this mode. Therefore,

this mode is identified as a virtual electromechanical mode. Multi-synchronous machine

systems show inter-machine oscillations around the same oscillation frequency range [19]

when low damping is present. Since the considered GFM controller emulates a low-order

model of the synchronous machine, a similar inter-machine oscillation appears. The ability

of the GFM inverter to introduce a wide range of interactions depending on the controller

and circuit topologies will be revealed in the next chapters.

Table 2.3: Major Participants in the Critical Mode

Mode Freq. (Hz) ζ (%) Major participants

1 2.2 3.7
δ[100%], ωgfm1

[43%], ωgfm2
[43%], icvd1 [36%],

icvd2 [36%], icvdhp1 [35%], icvdhp2 [35%]

According to participation factor analysis, the dominant states are chiefly associated with

the P-f controller and the transient VI paths. The inertia time constant (Hgfm) and droop co-

efficient (Dpgfm) mainly govern the dynamics of the P-f controller, while the dynamics of the

transient VI are determined by the gains (Rvi0, Lvi0) and the cut-off frequency (fhp). Other

than the controller states, converter currents’ d-components have significant participation.

Therefore, the LC filter’s inductance is changed to evaluate its impact. The list of control

and network parameters that are selected to identify their effect on the critical mode is given

below.

• The parameters related to virtual electromechanical characteristics (Hgfm, Dpgfm).

• The control parameters of transient virtual impedance path (Rvi0, Lvi0, fhp).

• The LC filter inductance (Lf).

The results obtained for the above parameter changes are presented in the following sections.
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2.3.1 The effect of virtual electromechanical characteristics

The virtual electromechanical characteristics are chiefly governed by the virtual inertia time

constant (Hgfm) and the virtual P-f droop co-efficient (Dpgfm). Therefore, this section ana-

lyzes the effect of those parameters.

Effect of Hgfm

To analyze the effect of Hgfm, its value is changed from 0.1 s to 5 s in one of the GFM

inverters (e.g. GFM-inverter-1) and equally in both the GFM inverters. The movement of

eigenvalue corresponding to these changes is depicted in Fig. 2.7a. This shows that either

one of the GFM inverters or both the GFM inverters with large inertia time constants tend

to interact more. The GFM inverters that emulate large inertia time constants prone to

disturbances with low-frequency excursions and oscillatory frequencies. However, due to

the sluggish controller action with a high inertia time constant, the oscillations will take

a longer time to decay. With low-inertia time constants, the GFM controller can fast act

to changes. Though relatively a high-frequency oscillation is observed than GFM inverters

that emulate large inertia time constants, those oscillations can decay faster.This explains

the reason behind the effect on the virtual electromechanical mode from the virtual inertia

time constant.

-30 -25 -20 -15 -10 -5 0
-30

-20

-10

0

10

20

30

Im
ag

in
ar

y 
(r

ad
/s

)

-5 -4 -3 -2 -1 0 1
-20

-10

0

10

20

Im
ag

in
ar

y 
(r

ad
/s

)

b

a

c

Fig. 2.7: Locus of eigenvalue for changes in (a) Hgfm of one of the GFM inverters and both
the GFM inverters (b) Dpgfm and Hgfm of both the GFM inverters.
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For some large inertia time constant values, the system can even reach instability. The

stability of parallel connected GFM inverters with large inertia time constants can be im-

proved by introducing more damping. The blocks of P-f controller (in Fig. 2.3a) that

generate ωgfm can be represented from (2.42).

2Hgfmd∆ωgfm/dt = Pgfmref − Pf − (1/Dpgfm)∆ωgfm (2.42)

As shown in (2.42), (1/Dpgfm)∆ωgfm introduces a damping power. Therefore, by reducing

Dpgfm, more damping can be introduced. To test this, as shown in Fig. 2.7b, Hgfm of both

the GFM inverters are changed between 2 s and 5 s, with Dpgfm of 0.01 pu, 0.02 pu and

0.03 pu in both the GFM inverters. The arrow by each graph shows the direction of the

eigenvalue movement with increments of Hgfm. This shows that GFM inverters with large

inertia time constants can achieve improved stability by decreasing P-f droop co-efficient.

To validate the results of the eigenvalue analysis, PSCAD/EMTDC responses are ob-

tained for the operating points marked using red circles in Fig.2.7 by applying a 5% Pgfmref1

impulse a t = 5 s for 0.1 s. The improper selection of the disturbance can not excite

the mode as explained in [23]. Therefore, following the controllability matrix analysis the

aforementioned disturbance is selected for this study. As shown in Fig.2.8 the low-inertia

time constant of GFM inverters gives improved damping for inter GFM inverter interac-

tions at electromechanical oscillation range. Further, negatively damped interaction among

GFM inverters with large inertia time constants (Fig.2.8b) can be improved by introducing

additional damping via P-f droop co-efficient (Fig.2.8c).

Effect of Dpgfm

The effect of Dpgfm on the critical mode is analyzed by changing its value from 0.01 pu to

0.05 pu in one of the GFM inverters and equally in both the GFM inverters. Fig.2.9 depicts

the movement of eigenvalue with these changes. Large Dpgfm values of either one of the GFM
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Fig. 2.8: The rotational speed variation for a 5% Pgfmref1 impulse at t = 5 s for 0.1 s with
(a) Hgfm = 0.5 s with Dpgfm =0.03 pu (b) Hgfm = 5 s with Dpgfm =0.03 pu and (c) Hgfm =
5 s with Dpgfm =0.01 pu.

inverters or both the GFM inverters reduce the stability of the system, as the increment of

P-f droop co-efficient reduces the amount of power exchange for a given frequency deviation.

To validate this argument, PSCAD/EMTDC responses for a 5% Pgfmref1 impulse at t= 5 s

for 0.1 s with Dpgfm of both the machines at 0.01 pu and 0.04 pu (marked in red circles in

Fig.2.9) are obtained and given in Fig.2.10. As shown in Fig.2.10a, Dpgfm = 0.01 pu value

has given an improved damping to the system, while Dpgfm = 0.04 pu has brought the system

to instability (Fig.2.10b). This verifies the results obtained from the eigenvalue analysis.
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Fig. 2.9: Locus of eigenvalue for changes in Dpgfm of one of the GFM inverters and both the
GFM inverters.
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Fig. 2.10: The rotational speed variation for a 5% Pgfmref1 impulse at t = 5 s for 0.1 s with
(a) Dpgfm = 0.01 pu and (b)Dpgfm = 0.04 pu.

As mentioned under the effect of Hgfm and Dpgfm, the effect of changing either one of the

GFM inverter’s parameters or both the GFM inverter’s parameters preserves the same trend

in impacting the critical mode. However, the mode is significantly sensitive to the change

in both the GFM inverters. Therefore, the rest of the sensitivity studies are conducted by

changing the corresponding parameters in both the GFM inverters.

2.3.2 Effect of transient VI path

The effect of the transient VI path is mainly analyzed by changing Rvi0, Lvi0 and fhp, while

some extended studies are conducted to analyze the effect of X/R ratio and the magnitude of

the transient VI (Zvi0). The traces of eigenvalue corresponding to these changes are depicted

in Fig.2.11. The arrows by each curve show the direction of eigenvalue movement with the

increment of the corresponding parameter.

The traces in Fig.2.11a are obtained with fhp = 0.5 Hz. To analyze the effect of Rvi0

its value is changed from 0 to 1 pu while keeping Lvi0 = 0. Similarly, the effect of Lvi0 is

analyzed. As shown in Fig.2.11a, the increment of transient virtual resistance value reduces

the damping of the mode, while the increment of transient virtual inductance improves the

damping of the mode. To analyze the effect of the X/R ratio of the virtual impedance on
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the critical mode, its value is changed from 0.1 to 5, while keeping the magnitude of the

transient virtual impedance at 1.0 pu. Fig.2.11a shows that a largeX/R ratio gives improved

damping. This is because of the improved decoupling offered by the increased X/R ratio for

P-f and Q-v droop paths. Further, the effect of the transient virtual impedance’s magnitude,

Zvi0, is analyzed by changing its value from 0 to 1.0 pu, while keeping the X/R ratio at 2

(as this shows improved damping). Fig.2.11a shows that large Zvi0 values give improved

damping.

(a)

(b)
(c)

Fig. 2.11: Locus of eigenvalue for changes in (a) Rvi0, Lvi0, X/R ratio and Zvi0 and (b) fhp
with two Zvi0 values.

The effect of the high-pass filter cut-off frequency, fhp, is analyzed by changing its value

from 0.1 Hz to 20 Hz. As shown in Fig.2.11b the selection of the cut-off frequency to

pass the critical mode’s oscillatory frequency has improved the damping of the mode. The

sensitivity of the mode to fhp is significant with large Zvi0 values as it increases the contri-

bution of the transient VI path in the GFM controller. To validate the eigenvalue analysis,

PSCAD/EMTDC responses for a 5% Pgfmref1 impulse at t = 5 s for 0.1 s are obtained for

the operating conditions marked in red circles in Fig.2.11a. As shown in Fig.2.12a without

transient VI path, the system experiences a low-damped oscillatory mode as predicted by

the eigenvalue analysis. This can be worsened with a high Rvi0 value and improved with a

high X/R ratio as shown in Figs.2.12b and 2.12c, respectively. Therefore, careful selection

of transient VI path parameters can improve the damping of this critical mode.
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Fig. 2.12: The rotational speed variation for a 5% Pgfmref1 impulse at t = 5 s for 0.1 s with
(a) Rvi0=Lvi0=0, (b) Rvi0=1 and Lvi0=0 and (c) Rvi0=0.44 pu and Lvi0=0.88 pu.

2.3.3 Effect of filter inductance

Due to the substantial participation of d-components of the converter current in the critical

mode, the LC filter inductance of both the GFM inverters is changed from 0.03 pu to 0.30

pu. This will change the tuned frequency of the filter and it is recommended to change

the filter capacitor value along with it. However, due to the low-frequency interaction of

interest, this change will not affect the following results. The tendency to reach instability

with low filter inductance values is shown in Fig.2.13. The decrement of the X/R ratio of

the network and the reduction of the electrical distance between two GFM inverters have

evoked the tendency to interact between these two inverters. The benefit of having an

inductance dominant system is observed with the transient VI path in section 2.3.2 as well.

However, the selection of the upper limit of the filter inductance value is subjected to the

voltage drop across it. PSCAD/EMTDC responses for a 5% Pgfmref1 impulse at t = 8 s for

0.1 s are obtained for the operating points marked in red circles in Fig.2.13. As shown in

Fig.2.14, low values of filter inductance can lead to system instability and properly sized

filter inductances provide damping to interactions between GFM inverters. This validates

the results obtained from eigenvalue analysis.
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Fig. 2.14: The rotational speed variation for a 5% Pgfmref1 impulse at t = 8 s for 0.1 s with
(a) Lf = 0.03 pu and (b) Lf = 0.15 pu.

2.4 Summary

This chapter analyzed the interactions that may occur in a parallel-connected GFM inverter

system in the islanded mode. The key contributions of the chapter are:

• Development and validation of a small-signal mode for the exemplar system of parallel-

connected GFM inverters in the islanded mode by including the full dynamics of the

VSM layer, transient virtual impedance path, and network.

• Identification of root causes for the virtual electromechanical interaction between par-

alleled GFM inverters as high virtual inertia time constant, high ∆f/∆P coefficient,
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i.e., Dp, and low X/R ratio in the impedance (i.e., both virtual and actual).
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Chapter 3

Modeling and Analysis of Interactions

between Grid-Forming Inverters and

Synchronous Machines

3.1 Introduction

The interaction analysis of a multi-GFM inverter system in the islanded mode was discussed

in Chapter 2. This chapter extends the analysis by identifying the interactions that can hap-

pen in the grid-connected mode of the GFM inverters. To represent a more general scenario

a local load is added to the point of interconnection. A system consisting of a GFM inverter

in parallel with a synchronous machine that utilizes an exciter and a governor-turbine sys-

tem is studied. This represents a common configuration in modern applications, where the

synchronous machine and the GFM inverter represent aggregate models of synchronous ma-

chines and GFM inverters in the system, respectively. Furthermore, utilizing a synchronous

machine for external ac system representation allows capturing system dynamics that would

otherwise have been overlooked by an ideal Thevenin equivalent.

The test system and its parameters are discussed in section 3.2. The small-signal model
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development of the GFM inverter and the network components are similar to Chapter 2.

Therefore, the small-signal model development is limited to the synchronous machine as

shown in section 3.3. The eigenvalue analysis in section 3.4 is followed by the chapter

summary and its key contributions in section 3.5.

3.2 Test System

Fig. 3.1 gives the considered test system for interaction analysis in the grid-connected mode

of the GFM inverter. The GFM controller topology, the parameters of the controller and

the network are the same as in Chapter 2. A round rotor synchronous machine model is

considered in the study.

Constant 
Impedance 

Load

POI

Step-up 
TransformerLC filter

Π model of the 
line

VLV : VHV

GFM 
Inverter

VLV : VHV
Synchronous 

Machine

GFM Controller

Lf

Cf

Rf

icv it

vf

RL LL

LtxRtx

vpi

vL

iL

itx

vcv Cpi

Vdclink

LtxRtx

Cpi

Reference Frame: GFM Inverter 

Reference Frame: Synchronous 
Machine

Fig. 3.1: Test system to study interactions between a GFM inverter and a synchronous
machine.

The governor-turbine models that are applicable for load-frequency studies are adopted

from [19] and depicted in Fig.3.2(a). The AC4A exciter model is used whose block diagram

is given in Fig.3.2(b). The parameters of the synchronous machine, governor-turbine, and

exciter are given in Table 3.1.
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Fig. 3.2: Block diagram representation of (a) governor and turbine model, and (b) AC4A
exciter model.

Table 3.1: List of Parameters of the Synchronous Machine

Ratings: VLN,rms = 7.97 kV, Irms = 1.046 kA Mechanical parameters: Hsm = 3 s
Steady-state parameters: Transient-state parameters:
Ra = 0.0014 pu, xl = 0.134 pu, x

′

d = 0.232 pu, x
′
q = 0.715 pu,

xd = 1.25 pu, xq = 1.25 pu T
′

do = 4.75 s, T
′
qo = 1.5 s

Sub-transient-state parameters: Governor-turbine parameters and inputs
x

′′

d = 0.15 pu, x
′′
q = 0.15 pu, Psmref = 0.7 pu, ωsmref = 1.0 pu,

T
′′

do = 0.059 s, T
′′
qo = 0.21 s Dpsm = 0.03 pu, TG = 0.2 s, TCH = 0.3 s

AC4A exciter parameters and inputs
Vsmref = 1.05 pu, KA = 200.0, TA = 0.015 s,TB = 10.0 s, TC = 1.0 s, Tr = 0.02 s

3.3 Small-Signal Model Development

This section explicitly discusses the small-signal model development of the synchronous

machine as GFM inverter’s and network components’ small-signal model development have

been discussed in Chapter 2.

3.3.1 Reference frame transformation

The reference angle required for the transformation of boundary state variables between the

synchronous machine’s reference frame and the GFM inverter’s reference frame is obtained

from (3.1). The linearized representation of (3.1) can be obtained as shown in (3.2) whose

expanded form of matrices given in Appendix C.4.1.

dδ/dt = ωb(ωsm − ωgfm) (3.1)

∆̇δ = Aδ∆δ +Aδgfm∆Xgfm +Aδsm∆Xsm (3.2)
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3.3.2 Synchronous machine modeling

Synchronous machine modeling is based on the guidelines in [19]. The mechanical dynamics

of the synchronous machine is modeled using the swing equation in (3.3), where Tm and Te

are the input mechanical torque and the output electrical torque of the synchronous machine

in per unit, respectively.

dωsm/dt = (1/2Hsm) (Tm − Te −KD(ωsm − ωsmref)) (3.3)

The electrical dynamics of the synchronous machine are modeled by the stator and rotor

fluxes as detailed in [19]. Since network dynamics are modeled using dynamic phasors, the

synchronous machine’s stator winding dynamics need to be considered. To derive a linearized

model of the synchronous machine that provides a seamless integration with the rest of the

linearized components of the system, the synchronous machine’s connecting transformer

impedance is assumed in series with the stator winding. The steps in the derivation process

are given in Appedices C.1-C.3 and the resultant set of dynamic equations that govern the

electrical dynamics of the synchronous machine is given in (3.4)-(3.9).

did/dt = (ωb/Lt) (−Rtid − vpid + ed + Ltωsmiq) (3.4)

dψfd/dt = k1ψfd + k2ψ1d + k3id + k4Efd (3.5)

dψ1d/dt = k5ψfd + k6ψ1d + k7id (3.6)

diq/dt = (ωb/Lt) (−Rtiq − vpiq + eq − Ltωsmid) (3.7)

dψ1q/dt = k8ψ1q + k9ψ2q + k10iq (3.8)

dψ2q/dt = k11ψ1q + k12ψ2q + k13iq (3.9)

The constants k1−k13 depend on the synchronous machine parameters and mentioned in
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Appendix C.1. Linearization of (3.3)-(3.9) results in (3.10) whose expanded form of matrices

are given in Apppendix. C.4.2.

˙∆Xm = Am∆Xm+AmGT∆XGT+AmE∆XE+AmN∆XN+AmL∆XL+Bm∆Usm

(3.10)

where,

∆Xm =

[
∆ωsm id ψfd ψ1d iq ψ1q ψ2q

]T

∆XGT =

[
∆x2 ∆Tm

]T
∆XE =

[
∆vsmf ∆x3 ∆Efd

]T
∆Usm =

[
∆Psmref ∆vsmref

]T

3.3.3 Governor-turbine system

The dynamic equations that describe the considered turbine and governor models are given

by (3.11)-(3.12).

dx2/dt = (1/TG) (−x2 + Psmref + (1/Dpsm) (ωsmref − ωsm)) (3.11)

dTm/dt = (1/TCH) (−Tm + x2) (3.12)

The linearized form of (3.11)-(3.12) is given in (3.13) and the corresponding expanded form

of matrices are given in Appendix. C.4.3

˙∆XGT = AGTm∆Xm +AGT∆XGT +AGTE∆XE +AGTN∆XN +AGTL∆XL+

BGT∆Usm (3.13)
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3.3.4 Exciter system

The dynamics of the AC4A exciter model are represented using (3.14)-(3.16).

dvsmf/dt = (1/Tr) (−vsmf + (e2d + e2q)
1
2 ) (3.14)

dx3/dt = (1/TB) (−x3 + vsmref − vsmf) (3.15)

dEfd/dt = (1/TATB)(−TBEfd +KA((TB − TC)x3 + TC(vsmref − vsmf))) (3.16)

Linearization of (3.14)-(3.16) results in (3.17) of which the expanded form of matrices is

given in Appendix C.4.4.

˙∆XE = AEm∆Xm +AEGT∆XGT +AE∆XE +AEN∆XN +AEL∆XL +BE∆Usm

(3.17)

3.3.5 Network

The dynamics equations set (2.28)-(2.31) in section 2.2.4 are linearized in synchronous ma-

chine’s reference frame and given in (3.18).

˙∆XN = ANd∆XN+BNd1∆ωsm+BNd2

∆id
∆iq

+BNd3(BNd4∆δ+BNd5

∆vLd
∆vLq

) (3.18)

The expanded forms of the matrices in (3.18) are shown in Appendix B.4. Eq.(3.18) can be

rearranged as shown in (3.19).

˙∆XN = ANδ∆δ +ANm∆Xm +ANGT∆XGT +ANE∆XE +AN∆XN +ANL∆XL+

BN∆Usm (3.19)
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The expanded forms of most of the matrices in (3.19) are shown in Appendix B.4 while

newly introduced state matrices by the synchronous machine are shown in Appendix C.4.5.

The above state equations are developed in synchronous machine’s reference frames.

Therefore, the overall state equation for the components in the synchronous machine refer-

ence frame is obtained as follows.

˙∆Xsm = Asmδ∆δ +Asm∆Xsm +AsmLoad∆XL +Bsm∆Usm (3.20)

Here,

∆Xsm =

[
∆Xm ∆XGT ∆XE ∆XN

]T

Asmδ =

[
07×1 02×1 03×1 ANδ

]T
Asm =



Am AmGT AmE APN

AGTm AGT AGTE AGTN

AEm AEGT AE AEN

ANm ANGT ANE AN


AsmLoad =

[
AmL AGTL AEL ANL

]T
Bsm =

[
Bm BGT BE BN

]T

3.3.6 Load

The dynamic equations set in (2.35)-(2.38) and their linearised representation in (2.39) are

valid for the load model in this test system as well. Eq.(2.39) is rearranged for GFM inverter

parallel with synchronous machine test configuration as shown in (3.21).

˙∆XL = ALoadδ∆δ+ALoadgfm∆Xgfm+ALoadsm∆Xsm+ALoad∆XL+BLoad∆UL (3.21)

ExceptALoadsm, the expanded form of other state matrices are given in Appendix B.5. Since

load is modeled in GFM inverter’s reference frame ALoadgfm is equivalent to ALoadgfm1 in

Appendix B.5. The expanded form of ALoadsm is given in Appendix C.4.6.
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3.3.7 Overall system

The small signal model for the entire system can be obtained by combining the linearized

equations of the sub-components above as shown in (3.22).

˙∆X = A∆X +B∆U (3.22)

Here

∆X =

[
∆δ ∆Xgfm ∆Xsm ∆XL

]T
∆U =

[
∆Ugfm ∆Usm ∆RL

]T

A =



Aδ Aδgfm Aδsm 0 1×4

Agfmδ Agfm 0 17×16 AgfmLoad

Asmδ 0 16×17 Asm AsmLoad

ALoadδ ALoadgfm ALoadsm ALoad


B =



0 1×4 0 1×2 0 1×1

Bgfm 0 17×2 0 1×1

0 16×4 Bsm 0 1×1

0 4×4 0 4×2 BLoad



3.3.8 Small-signal model validation

To validate the developed small-signal model against a detailed electromagnetic transient

(EMT) model in PSCAD/EMTDC, the time-domain responses are obtained from the lin-

earized model and the detailed EMT model to a 10% decrement of load resistance at t = 15 s

and 2.5% increment of increment of load resistance at t = 20 s, 1% impulse of voltage ref-

erence of exciter for 0.1 s at t = 15 s and 5% increment of GFM inverter’s active power

reference at t = 15 s and given in Figs. 3.3(a), 3.3(b), and 3.3(c), respectively. These

tests and others (not shown for brevity) verify the developed small-signal model’s ability to

track the EMT model’s low-frequency content for adequately small disturbances around an

operating point.
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(a)

(b)

(c)
time (s)

Fig. 3.3: Small-signal vs EMT response for (a) ∆RL = −10% at t = 15 s and ∆RL = 2.5%
at t = 20 s, (b) ∆vsmref1 = 1% at t = 15 s for 0.1 s and (c) ∆Pgfmref = 5% at t = 15 s.

3.4 Eigenvalue Analysis

Eigenvalue analysis of the linearized (small signal) model reveals critical modes at 2.2 Hz

and 0.4 Hz. Table 3.2 summarizes the characteristics of these critical modes as well as the

state variables that significantly participate in them.

Table 3.2: Major Participants in the Critical Modes

Mode Freq (Hz) ζ (%) Major participants
1 2.2 7.7 δ[100%], ωsm[59%], ωgfm[40%], icvd [23%], icvdhp [22%]

2 0.4 51.9
Tm [100%], x2 [74%], ωgfm [53%], ωsm [48%], x1 [37%],

icvq [32%], icvqhp [32%]

Mode 1 has significant participation from states that govern the electromechanical char-

acteristics of the synchronous machine and the emulated electromechanical characteristics

of the GFM inverter. Therefore, mode 1 is identified as a virtual electromechanical mode.

Governor and turbine state variables significantly contribute to mode 2. Therefore, mode 2
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is identified as a governor mode. Filter inductor current and its high-frequency components

have considerable effect on both modes. The dynamics of the Q-v controller has a significant

effect on mode 2. Figs. 3.4a and 3.4b give the mode shape diagrams for the critical modes

1 and 2, respectively. Figs. 3.4a shows the interaction between the GFM inverter’s and

the synchronous machine’s rotational speeds. Fig. 3.4b reveals the prominent interaction

between the governor-turbine system and the synchronous machine.
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-0.5
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Fig. 3.4: Mode shapes of major participants from GFM inverter (solid line), synchronous
machine (dashed line) and both (dotted line) for (a) mode 1 and (b) mode 2.

Following the participation factor analysis the below-listed control and network param-

eters are selected to identify their effect on the critical modes. The effect of GFM inverter

penetration level is also studied. The results obtained from eigenvalue analysis are verified

using PSCAD/EMTDC results.

• Electromechanical characteristics governing parameters(Inertia time constant and droop-

coefficient of each machine).

• Parameters of governor-turbine system (TG, TCH).

• Parameters of the Q-v controller (Ti)

• Effect of transient VI path (Rvi0, Lvi0).

• GFM inverter penetration level.
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3.4.1 Effect of electromechanical characteristics governing param-

eters

The emulated electromechanical characteristics of the GFM inverter are mainly governed by

the virtual inertia time constant (Hgfm) and the virtual droop co-efficient (Dpgfm) in the P-f

controller. Similarly, the inertia time constant (Hsm) and P-f droop coefficient (Dpsm) dictate

the electromechanical characteristics of the synchronous machine. Additionally, the turbine-

governor dynamics of the synchronous machine affect the electromechanical characteristics

of the synchronous machine.

Effect of inertia time constant

To analyze the effect of the virtual inertia time constant, its value is changed from 0.5 s

to 8 s while keeping the inertia time constant of the synchronous machine constant at 3 s.

Next, the inertia time constant of the synchronous machine is changed from 0.5 s to 8 s while

keeping the GFM inverter’s inertia time constant at 3 s. The synchronous machine’s inertia

time constant is not variable in real systems. However, this analysis considers scenarios with

different synchronous machines of different inertial levels connected to the test system.

The movement of the eigenvalue corresponding to mode 1 with changes in inertia time-

constants of each machine is given in Fig.3.5. Although both modes have significant par-

ticipation from the rotational speed of their respective machine, the effect of inertia time-

constants of each machine on mode 2 is less due to its higher damping than mode 1. There-

fore, the locus of eigenvalue corresponding to mode 2 is not shown for brevity. As shown

in Fig.3.5, the inertia time-constants of each machine affect contrary to mode 1. i.e., high

virtual inertia time-constants of the GFM inverter reduce the damping of mode 1 while high

inertia time-constants of synchronous machine improve the damping of mode 1.

This opposite behavior can be explained as follows. The synchronous machine has a slow-

acting capability due to its sluggish governor-turbine model. In contrast, the GFM inverter

is capable of fast action with the instantaneous governor-turbine model adopted in the GFM
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Fig. 3.5: Locus of eigenvalue corresponding to mode 1 for changes of inertia time constants
in GFM inverter and synchronous machine.

controller (i.e., explicit, governor-turbine models are not included in the GFM controller).

The increment of the virtual inertia time constant slows down the GFM inverter and brings

its bandwidth close to that of the synchronous machine. This increases the tendency to

interact between these two sources. On the other hand, a large inertia time constant in the

synchronous machine makes it slower, leading to a narrower bandwidth compared to the

fast-acting GFM inverter. This bandwidth separation discourages interactions.

The participation factor analysis for Hgfm= 0.5 s and Hgfm= 8 s scenarios (marked with

red circles in Fig.3.5) reveals that the participation of ωgfm has reduced from 60% to 21% and

the participation of ωsm has increased from 26% to 80% in mode 1 with the increment of the

GFM inverter’s inertia time-constant. This shows that with large inertia time constants of

the GFM inverter, the synchronous machine dynamics govern the system responses. Fig.3.6

gives the time-domain responses obtained from PSCAD/EMTDC for a 5% Pgfmref impulse

for 0.1 s at t = 15 s. The GFM inverter with a low inertia time constant (Fig.3.6(a)) has

well-damped oscillations compared to the GFM inverter with a high inertia time constant

(Fig.3.6(b)). This verifies the results obtained from the eigenvalue analysis.
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Fig. 3.6: The rotational speed variation for a 5% Pgfmref1 impulse at t = 15 s for 0.1 s with
Hsm = 3 s and (a) Hgfm = 0.5 s and (b) Hgfm = 8 s.

Effect of P-f droop co-efficient

The P-f droop coefficient of one of the machines is changed from 0.01 pu to 0.08 pu while

keeping the P-f droop coefficient of the other machine at 0.03 pu. Fig. 3.7(a), and Fig.

3.7(b) give the movement of eigenvalue corresponding to modes 1 and 2, respectively, with

changes in P-f droop coefficients of each machine. As shown in Fig.3.7, the P-f droop

coefficients of each machine type affect both mode 1 and mode 2 conversely; i.e., large P-

f droop coefficient values of the GFM inverter reduce the stability greatly, while large P-f

droop coefficient values of synchronous machines slightly improve the stability of the system.

Furthermore, a minimal effect on the oscillatory frequency can be observed.

This behavior can be explained similarly to section 3.4.1. The increment of Dpgfm in-

creases the time-constant of the P-f controller, which is given by 2HgfmDpgfm. Therefore,

the bandwidth of the GFM inverter will be close to the bandwidth of the synchronous ma-

chine. This increases the machines’ tendency to oscillate against each other. On the other

hand, the sluggish synchronous machine will be further slowed down with higher P-f droop

coefficient values (Dpsm). Therefore, the tendency to interact between the slow-acting syn-

chronous machine and the fast-acting GFM inverter will be reduced, leading to well-damped

oscillations. Another perspective for this phenomenon is that a large P −f droop coefficient
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Fig. 3.7: Locus of eigenvalue corresponds to (a) mode 1, and (b) mode 2, for changes in P-f
droop co-efficient of the GFM inverter and synchronous machine.

of the synchronous machine reduces its contribution allowing the fast-acting GFM inverter

to dictate system dynamics and vice versa. This shift of power contribution for a given fre-

quency deviation between the fast-acting and slow-acting machine increases and decreases

the damping of the inter-machine interaction, respectively.

Further, the sensitivity of modes to Dpsm is lower compared to Dpgfm. The feedback of

the speed deviation is instantly applied in the GFM controller, compared to the prolonged

feedback coming via the governor-turbine model of the synchronous machine. This is the

reason for the lower sensitivity to Dpsm compared to the Dpgfm.

3.4.2 Effect of governor-turbine system

Though the swing equation and the P-f droop characteristic are implemented in both

sources, the ultimate effect from these two loops is altered due to the presence of the slow-

acting governor and turbine system in the synchronous machine. To validate this argument

the following study is conducted.

The inherent delay introduced through a turbine system cannot be changed in real sys-

tems. However, this analysis intends to highlight the effect of governor-turbine delays.

Therefore, the time constants of the governor and turbine models are changed from 0.001 s
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Fig. 3.8: The locus of eigenvalue corresponds to mode 1 with changes in Hsm with different
governor-turbine dynamics.

to 0.4 s. At each TG (=TCH) value, the value of the synchronous machine’s inertia time con-

stant is changed from 0.5 s to 8 s. The movement of the eigenvalue corresponding to mode 1 is

plotted in Fig.3.8. The arrow by each graph shows the direction of the eigenvalue movement

with the increment of the synchronous machine’s inertia time constant. A governor-turbine

system with fast-acting capability moves the eigenvalue corresponding to critical mode, sim-

ilar to the GFM inverter. This verifies that the slow-acting governor-turbine system alters

the response of the synchronous machine and that a fast-acting governor-turbine system

can bring the synchronous machine’s operating characteristics closer to the fast-acting GFM

inverter.

3.4.3 Effect of Q-v controller

Due to the significant participation of x1 in mode 2, the integrator time constant of PI

controller in the Q-v controller is changed over [0.025, 0.625] s to identify its effect on the

critical modes. The effect on eigenvalues corresponding to modes 1 and 2 are shown in

Fig.3.9. The impact of the Q-v controller dynamics on these two critical modes is minimal.

However, a significant sensitivity to Q-v controller dynamics is observed with a non-ideal

dc-side and detailed discussions are given in Chapter 5.
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Fig. 3.9: The locus of eigenvalue corresponds to modes 1 and 2 with changes in Ti.

3.4.4 Effect of transient VI path

To analyze the effect of the transient virtual impedance path, values of Rvi0, Lvi0, X/R

ratio, and Zvi0 are changed as mentioned in section 2.3.2. The eigenvalue analysis reveals

that mode 1 is susceptible to the transient VI path’s changes compared to mode 2. The locus

of eigenvalue corresponds to mode 1 with changes of transient VI path parameters shown

in Fig. 3.10. The arrow by each curve shows the direction of the eigenvalue movement with

the increment of the relevant parameter.
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Fig. 3.10: The locus of eigenvalue corresponds to modes 1 with changes in Rvi0, Lvi0, X/R
ratio and Zvi0.

As shown in Fig 3.10, introducing neither the transient virtual resistance nor the tran-

sient virtual inductance improves the damping of the virtual electromechanical mode. This
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behavior contradicts the improved damping observed in the virtual electromechanical mode

of the parallel connected GFM inverters in section 2.3.2 with increased transient virtual

inductance. This can be due to the prominence of the sluggish GFM inverter’s tendency to

interact with the slow-acting synchronous machine over the positive impact provided by the

improved decoupling between P-f and Q-v controller paths with increased transient virtual

inductance.

3.4.5 GFM inverter penetration level

The eigenvalue analysis is extended to study the effect of the GFM inverter penetration

level. The sizes of each machine, connecting transformers, and the filter elements are set as

shown in Table 3.3.

Table 3.3: Network Parameters for Different GFM Inverter Penetration Levels

Parameter Value
SGFM (MVA) 5 10 15 20 25 30 35 40 45
SSM (MVA) 45 40 35 30 25 20 15 10 5
Lf (mH) 10.12 5.06 3.37 2.53 2.02 1.69 1.45 1.26 1.12
Cf (µF) 6.96 13.93 20.89 27.86 34.82 41.78 48.75 55.71 62.68
Rf (Ω) 8.98 4.49 2.99 2.24 1.79 1.50 1.28 1.12 0.99

The traces of eigenvalue correspond to mode 1 and mode 2 with different GFM inverter

penetration levels are given in Fig.3.11. The large penetration of fast-acting GFM inverter

has damped both the critical modes.

The detailed time domain rotational speed variations obtained from PSCAD/EMTDC

for a 5% impulse given to Pgfmref for 0.1 s at t = 15 s are given in Fig. 3.12. Responses

for the GFM inverter penetration levels of 10% and 90% (marked in red circles in Fig.3.11)

are given in Figs. 3.12a and 3.12b, respectively. Time domain responses verify the ability

of the GFM inverter dominant systems to damp inter-machine interactions as predicted by

the eigenvalue analysis.
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Fig. 3.11: The locus of eigenvalue corresponds to modes 1 and 2 with changes in GFM
inverter penetration level.
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Fig. 3.12: The rotational speed variation for a 5% Pgfmref1 impulse at t = 15 s for 0.1 s with
(a) SGFM:SSM=10% (b) SGFM:SSM=90%.

3.5 Summary

This chapter analyzed the interactions that may occur between a GFM inverter and a syn-

chronous machine. Eigenvalue analysis revealed a similar inter-machine interaction identified

with parallel connected GFM inverters in Chapter 2. Additionally, a well-damped governor

mode was identified. The key contributions of the chapter are:

• Development and validation of a small-signal model for the exemplar system of parallel-

connected GFM inverter and a synchronous machine by including the full dynamics

of the VSM layer, transient virtual impedance path, network, synchronous machine,

47



governor-turbine system, and exciter.

• Identification of a contrary behavior between the GFM inverter and synchronous ma-

chine in affecting the critical modes in the system. The effect of the synchronous

machine’s governor-turbine system in evoking the contrary behavior was revealed.

• Demonstration of the ability of a GFM controller with a low bandwidth to dominate

the power system.
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Chapter 4

Effect of Grid-Forming Inverter’s

Current-Limiting Methods

A GFM inverter must have an explicit current-limiting algorithm to avoid thermal overload-

ing of power electronic switches. Current-limiting methods for GFM inverters are discussed

in [2, 22, 24] under different categorizations. The most common categories are the no-loop

and multiple-loop current-limiting algorithms. The no-loop category limits the converter’s

terminal voltage to limit the current output from the converter. This is commonly carried

out using a current-dependent virtual impedance [15] or a predefined voltage-current droop

relationship [25]. The multi-loop control structure utilizes inner control layers that consist

of either only a current-limiting loop [26] or both voltage- and current-limiting loops [27,28].

The multi-loop control structures shift the inverter’s operation to a current source dur-

ing over-currents, while no-loop controllers preserve the voltage source characteristics. This

behavior of the multi-loop control structure minimizes the overlap between the pre-fault

and during the fault power angle curves, leading to a challenging fault recovery [29]. The

reduction of voltage reference generated by Q − v controller via current-dependent vir-

tual impedance [22], decrease in set values of active power and reactive power according

to the voltage at the point of common coupling [24], and reduction of current references
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proportional to over-current levels [30] have been implemented to retain the voltage source

characteristics of the inverter in the multi-loop control structure. Though the majority of

controllers focus on balanced faults, there are controllers in the natural reference frame

(i.e., abc domain) [30], stationary reference frame (i.e. αβ domain) [31], and synchronous

reference frame (i.e., dq domain) [32] that can handle unbalanced faults.

The eigenvalue analysis of the current-dependent virtual impedance-based no-loop con-

trol strategy was discussed in Chapter 3 with the parallel connected GFM inverter and

synchronous machine-based test system. Using the same test system, eigenvalue analyses

are conducted on two of the multi-loop control structures. The virtual admittance-based in-

ner current controller consists of the inner current controller for which the current references

are obtained by a virtual admittance [26]. The other multi-loop control structure consists

of inner voltage and current controllers, which is referred to as cascaded voltage-current

controllers [28].

Section 4.1 discusses the two multi-loop current-limiting methods. The small-signal

model developed in Chapter 3 is modified according to the considered current-limiting

method, and the steps are included in section 4.2. Eigenvalue analysis for the virtual

admittance-based inner current controller and the cascaded voltage-current controller are

included in section 4.3. The possibilities of causing interactions due to the current-limiting

method are also investigated. Proper current controller parameters are selected following the

eigenvalue analysis. Section 4.4 includes detailed PSCAD/EMTDC results to demonstrate

the Fault-Ride-Through (FRT) capability of the considered current-limiting methods. The

chapter summary is included in section 4.5.

4.1 Current-Limiting Methods

Chapter 3 discussed the virtual-impedance-based current controller. Therefore, this chapter

discusses the virtual admittance-based inner current controller method and the cascaded
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voltage-current controller.

4.1.1 Virtual admittance-based inner current controller

The high-level representation of the GFM controller with the virtual admittance-based inner

current controller is shown in the block diagram given in Fig. 4.1. The P-f andQ-v controller

loops are the same as the controller loops used in Chapter 2. The virtual admittance block

and the decoupled current controller are elaborated in Figs. 4.2 and 4.3, respectively. The

control parameters in Table 4.1 are used, while keeping the other control and the network

parameters at the values given in Chapter 3.

abc

qd0it

itq

itd
abc

qd0vf

vfq

vfd abc

qd0icv

icvd

icvq

P-f Controller

Q-v Controller

θ 

vcvd
*

 = 0

vcvq
*

Virtual 
Admittance 

Block

Decoupled 
Current 

Controller

vcvq

vcvd

icvq
*

icvd
*

Fig. 4.1: Block diagram representation of GFM controller with virtual admittance based
inner current controller.
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Fig. 4.2: Converter current reference calculation from virtual admittance block for (a) d -
axis (b) q - axis.

The converter terminal’s expected voltage (vcvq
∗, vcvd

∗ = 0) generated by the Q-v con-

troller is taken as the input to the virtual admittance block. The virtual admittance block
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assumes a series connected virtual resistance and reactance (Rvirt + jXvirt) between the

converter terminal and the point of common coupling (terminal of LC filter). Zvrit is

the magnitude of the series virtual impedance. The expected converter terminal current

components (icvdref , icvqref) are limited according to iq prioritization logic. Using q-axis

current limits given in Table 4.1 d-axis maximum and minimum values are calculated as

icvdref
max = (icvqref

max2 − icvqref
2)1/2 and icvdref

min = −icvdrefmax.

icvq

icvq
*

vpccq

vcvq

Kpi 

dx5

dt

ωgfmLf 
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icvd

icvd
*
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Kpi dx4

dt
vcvd

1
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1
Tiis
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icvq
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vpccd

Kpi 

Kai 

dx4

dt vcvd

vcv
max

vcv
min1

Tiis

1
Tiis

Fig. 4.3: Block diagram representation of decoupled current controller.

As shown in Fig. 4.3, the limited converter terminal current references (icvd
∗, icvq

∗) are

compared with the instantaneous converter terminal current components (icvd, icvq) and

the error signals are passed through the conventional decoupled current controller. The

decoupled current controller issues the converter terminal voltage commands (vcvd and vcvq).

Table 4.1: Control Parameters for Virtual Admittance based Inner Current Controller

Virtual admittance block Decoupled current controller
Xvirt = 1, Rvirt = 0

Kpi = 0.1, Tii = 0.05 s
icvqref

max = 1.1 pu, icvqref
min = -1.1 pu
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4.1.2 Cascaded voltage-current controller

Figure 4.4 gives the high-level representation of the GFM controller with the cascaded

voltage-current controller. The P-f and Q-v controller loops are identical to the corre-

sponding controller loops used in Chapter 2. The decoupled current controller is the same

as in Fig. 4.3. Compared to the previously mentioned current-limiting methods, the output

of the Q-v controller is the expected voltage at the filter capacitor instead of the converter

terminal voltage. This voltage reference is then passed through a voltage controller that is

developed based on the voltage drop across the filter capacitor. The block diagram of the

decoupled voltage controller is given in Fig. 4.5. The control parameters shown in Table 4.2

are used together with the other relevant control and network parameters given in Chapter 3.

These control parameter values are selected through a genetic algorithm-based optimizer in

PSCAD/EMTDC.
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*
 = 0

vfq
*

Decoupled 
Voltage 

Controller

Decoupled 
Current 

Controller

vcvq

vcvd

icvq
*

icvd
*

Fig. 4.4: Block diagram representation of GFM controller with cascaded voltage - current
controller.

Table 4.2: Control Parameters for Cascaded Voltage-Current Controller

Q-v controller Decoupled voltage controller Decoupled current controller
Kp = 0.998, Kpv = 0.969 , Kav = 2 Kpi = 0.430,
Ti = 0.284 s Tiv = 0.374 s Tii = 0.241 s

The decoupled voltage controller outputs the converter terminal current commands

(icvdref , icvqref). Those current commands are limited according to the iq prioritization logic

explained in section 4.1.1
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Fig. 4.5: Block diagram representation of decoupled voltage controller.

4.2 Small-Signal Model Development

The details related to the small-signal model derivation of P-f controller, Q-v controller,

network, and synchronous machine have already been discussed in Chapters 2 and 3. The

high-frequency converter current components (icvdhp, icvqhp ) exclusively belonging to the

transient virtual impedance path will not apply to the virtual admittance-based inner current

controller and the cascaded voltage-current controller. Therefore, the linearized model of

the LC filter and the transformer will be represented using the states given in (4.1).

∆XLCL =

[
∆icvd ∆icvq ∆vfd ∆vfq ∆itd ∆itq

]T
(4.1)

New states will be added according to the current controlling strategy. The virtual admittance-

based inner current controller introduces two states represented by∆XCC =

[
∆x4 ∆x5

]T
.

On top of these two states the cascaded voltage-current controller introduces two additional

states represented by ∆XVC =

[
∆x6 ∆x7

]T
. Those relevant modifications will be dis-

cussed for the virtual admittance-based inner current controller and cascaded voltage and

current controller in sections 4.2.1 and 4.2.2, respectively.
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4.2.1 Virtual admittance-based inner current controller

Power controller

The small-signal model derivation of this component is similar to section 2.2.2. The lin-

earized representation of the power controller corresponding to the virtual admittance-based

inner current controller embedded GFM controller is given in (4.2).

˙∆XP = AP∆XP+APCC∆XCC+APLCL∆XLCL+APN∆XN+APL∆XL+BP∆Ugfm

(4.2)

The expanded form of matrices in (4.2) are similar to expanded matrices given in Ap-

pendix B.2, except, APCC and APLCL that are shown in Appendix D.1.

Virtual admittance block

In developing the small-signal model, it is assumed that the dq components of the converter

current are below the limits. Therefore, the virtual admittance block output can be repre-

sented as in (4.3)-(4.4). Here, vtd and vtq are the the output of the Q-v controller concerning

the high voltage side of the connecting transformer

icvd
∗ =

Rvirt

Rvirt
2 +Xvirt

2 (vtd − vpccd) +
Xvirt

Rvirt
2 +Xvirt

2 (vtq − vpccq) (4.3)

icvq
∗ = − Xvirt

Rvirt
2 +Xvirt

2 (vtd − vpccd) +
Rvirt

Rvirt
2 +Xvirt

2 (vtq − vpccq) (4.4)

The linearized representation of (4.3)-(4.4) is given in (4.5). The expanded form of the

relevant matrices is given in Appendix D.2.

[
∆icvd

∗ ∆icvq
∗

]T
= AicvdqrefP∆XP +AicvdqrefLCL∆XLCL +Bicvdqref∆Ugfm (4.5)
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Decoupled current controller

The set of non-linear equations that govern the dynamics of the decoupled current controller

is given in (4.6)-(4.7).

dx4/dt = icvd
∗ − icvd (4.6)

dx5/dt = icvq
∗ − icvq (4.7)

Linearizing (4.6)-(4.7) and substitution of (4.5) yields (4.8). The expanded form of the

relevant matrices is given in Appendix D.3.

˙∆XCC = ACCP∆XP +ACC∆XCC +ACCLCL∆XLCL +ACCN∆XN +ACCL∆XL+

BCC∆Ugfm (4.8)

LC filter and transformer

The dq-domain non-linear equations that govern the dynamics of the LC filter and the

transformer are similar to the equations in (2.15)-(2.20). The linearized representation of

this component in the virtual admittance-based inner current controller embedded scenario

is given in (4.9). The expanded form of the relevant matrices is given in Appendix D.4.

˙∆XLCL = ALCLP∆XP+ALCLCC∆XCC+ALCL∆XLCL+ALCLN∆XN+ALCLL∆XL+

BLCL∆Ugfm (4.9)

Network

The small-signal model derivation of this component is similar to Section 2.2.4. The corre-

sponding linearized representation with the virtual admittance-based inner current controller
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is given in (4.10).

˙∆XN = ANP∆XP+ANCC∆XCC+ANLCL∆XLCL+AN∆XN+ANL∆XL+BN∆Ugfm

(4.10)

The expanded form of matrices in (4.10) are similar to expanded matrices given in Ap-

pendix B.4, except, ANCC and ANLCL that are shown in Appendix D.5.

The overall state equation for the components above in the GFM inverter’s reference

frame can be represented as shown in (4.11).

˙∆Xgfm = Agfm∆Xgfm +Agfmsm∆Xsm +AgfmLoad∆XL +Bgfm∆Ugfm (4.11)

Here,

∆Xgfm =

[
∆XP ∆XCC ∆XLCL ∆XN

]T

Agfm =



AP APCC APLCL APN

ACCP ACC ACCLCL ACCN

ALCLP ALCLCC ALCL ALCLN

ANP ANCC ANLCL AN


AgfmLoad =

[
APL ACCL ALCLL ANL

]T

Bgfm =

[
BP BCC BLCL BN

]T
Agfmsm = 0 17×16

The linearization of the synchronous machine and the load components in section 3.3 will be

intact in the presence of the virtual admittance-based inner current controller. Therefore,

the overall system’s state matrix can be obtained similarly to section 3.3.7.
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4.2.2 Cascaded voltage-current controller

Power controller

The small-signal model derivation of this component is similar to section 2.2.2. The lin-

earized representation of the power controller corresponding to the cascaded voltage-current

controller embedded GFM controller is given in (4.12).

˙∆XP = AP∆XP +APVC∆XVC +APCC∆XCC +APLCL∆XLCL +APN∆XN

+APL∆XL +BP∆Ugfm (4.12)

The expanded form of matrices in (4.12) are similar to expanded matrices given in Ap-

pendix B.2 and Appendix D.1. Here, APVC = 0 5×2.

Decoupled voltage controller

The input to the decoupled voltage controller block is the output of the Q-v controller

referred to the high voltage side of the transformer, which is given in (4.13)- (4.14).

vfd
∗ = sin(−30°)(−Kp(Dq(Qref −Qf) + Eref − Ef)− x1/Ti) (4.13)

vfq
∗ = cos(−30°)(−Kp(Dq(Qref −Qf) + Eref − Ef)− x1/Ti) (4.14)

The linearization of (4.13)-(4.14) results in (4.15).

∆vfd∗
∆vfq

∗

 =

sin(−30°)

cos(−30°)

CE∆XP +

sin(−30°)

cos(−30°)

DE∆Ugfm (4.15)

The expanded form of matrices in (4.15) are similar to the matrices given in Appendix B.2.

The set of non-linear equations that govern the dynamics of the decoupled voltage controller
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is given in (4.16)-(4.17).

dx6/dt = vfd
∗ − vfd (4.16)

dx7/dt = vfq
∗ − vfq (4.17)

Linearizing (4.16)-(4.17) and substituting (4.15) yeilds (4.18).

˙∆XVC = AVCP∆XP+AVC∆XVC+AVCCC∆XCC+AVCLCL∆XLCL+AVCN∆XN+

AVCL∆XL +BVC∆Ugfm (4.18)

The expanded form of matrices is in Appendix E.1.

Decoupled current controller

The input to the decoupled current controller is the output from the decoupled voltage

controller given in (4.19)-(4.20).

icvd
∗ = Kpv(vfd

∗ − vfd) + (1/Tiv)x6 + itd − ωCfvfq (4.19)

icvq
∗ = Kpv(vfq

∗ − vfq) + (1/Tiv)x7 + itq + ωCfvfd (4.20)

The linearization of (4.19)-(4.20) and substitution of (4.15) results in (4.21).

∆icvd∗
∆icvq

∗

 = AicvdqrefP∆XP+AicvdqrefVC∆XVC+AicvdqrefLCL∆XLCL+Bicvdqref∆Ugfm

(4.21)

The dynamics of the decoupled current controller can be represented similarly to (4.6)-(4.7).

The lineaization of (4.6)-(4.7) and substitution of (4.21) results in (4.22). The expanded
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form of the matrices is given in Appendix E.2.

˙∆XCC = ACCP∆XP+ACCVC∆XVC+ACC∆XCC+ACCLCL∆XLCL+ACCN∆XN+

ACCL∆XL +BCC∆Ugfm (4.22)

LC filter and transformer

The small-signal model derivation of this component is similar to section 4.2.1. The lin-

earized representation of this component in the cascaded voltage-current controller embed-

ded scenario is given in (4.23). The expanded form of the relevant matrices is shown in

Appendix E.3.

˙∆XLCL = ALCLP∆XP +ALCLVC∆XVC +ALCLCC∆XCC +ALCL∆XLCL

+ALCLN∆XN +ALCLL∆XL +BLCL∆Ugfm (4.23)

Network

The small-signal model derivation of this component is similar to Section 2.2.4. The cor-

responding linearized representation with the cascaded voltage-current controller is given

in (4.24).

˙∆XN = ANP∆XP +ANVC∆XVC +ANCC∆XCC +ANLCL∆XLCL +AN∆XN

+ANL∆XL +BN∆Ugfm (4.24)

The expanded form of matrices in (4.24) are similar to expanded matrices given in Ap-

pendix B.4, except, ANVC, ANCC and ANLCL that are shown in Appendix E.4.

The overall state equation for the components mentioned above in the GFM inverter’s

60



reference frame can be represented as shown in (4.25).

˙∆Xgfm = Agfm∆Xgfm +Agfmsm∆Xsm +AgfmLoad∆XL +Bgfm∆Ugfm (4.25)

Here,

∆Xgfm =

[
∆XP ∆XVC ∆XCC ∆XLCL ∆XN

]T

Agfm =



AP APVC APCC APLCL APN

AVCP AVC AVCCC AVCLCL AVCN

ACCP ACCVC ACC ACCLCL ACCN

ALCLP ALCLVC ALCLCC ALCL ALCLN

ANP ANVC ANCC ANLCL AN


AgfmLoad =

[
APL AVCL ACCL ALCLL ANL

]T

Bgfm =

[
BP BVC BCC BLCL BN

]T
Agfmsm = 0 19×16

The linearization of the synchronous machine and the load components in section 3.3 will

be intact in the presence of the cascaded voltage-current controller. Therefore, the overall

system’s state matrix can be obtained similarly to section 3.3.7.

4.2.3 Small-signal model validation

This section validates the small-signal models developed for the aforementioned current

controllers against corresponding detailed EMT models in PSCAD/EMTDC. Figs. 4.6 and

4.7 give the time-domain responses obtained from the linearized model and the detailed

EMT model of virtual admittance-based inner current controller embedded GFM inverter

and cascaded voltage-current controller embedded GFM inverter systems, respectively. The
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following disturbances are applied to obtain the subplot of each graph: (a) ∆ωgfmref = 1%

at t = 15 s for 0.1 s, (b) ∆RL = −10% at t = 15 s and ∆RL = 2.5% at t = 20 s and (c)

∆Eref = 1% at t = 15 s. These tests and others (not shown for brevity) confirm that the

developed small-signal models can track the low-frequency oscillation of the EMT model for

adequately small disturbances around an operating point.

(a)

(b)

(c)
time (s)

Fig. 4.6: Small-signal vs. EMT response for virtual admittance based inner current controller
embedded GFM inverter system.

4.3 Eigenvalue Analysis

This section discusses the results obtained from eigenvalue analysis for the above-mentioned

current controllers’ embedded scenarios.
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(a)

(b)

(c)
time (s)

Fig. 4.7: Small-signal vs. EMT response for cascaded voltage-current controller embedded
GFM inverter system.

4.3.1 Virtual admittance-based inner current controller

Besides the two critical modes identified with the virtual impedance-based current controller

embedded scenario (Chapter 3), the virtual admittance-based inner current controller intro-

duces two additional modes. Table 4.3 summarizes those critical modes’ characteristics and

significantly participating state variables.

Table 4.3: Major Participants in the Critical Modes with virtual Admittance based Inner
Current Controller

Mode Freq (Hz) ζ (%) Major participants
1 1.8 13.4 δ[100%], ωsm[56%], ωgfm[45%]

2 0.4 63.3
Tm [100%], x2 [73%], ωgfm [67%], ψfd [46%], ωsm [33%],

x1 [24%], δ [23%]

3 48.3 60.8
icvd [100%], icvq [95%], x4 [66%], x5 [62%], iq [41%],

id [40%]

4 333.8 7.5
vfd [100%], vfq [100%], icvd [66%], icvq [66%], itd [52%],

itq [52%], itxd [27%], itxq [27%]
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Modes 1 and 2, respectively, correspond to virtual electromechanical mode and governor

mode identified in Chapter 3. Therefore, mode shape diagrams are given only for modes 3

and 4 in Figs.4.8a and 4.8b, respectively. As shown in mode shape diagrams, modes 3 and

4 are network modes excited by the virtual admittance-based inner current controller.

(a) (b)

Fig. 4.8: Mode shapes of major participants from GFM inverter (solid line) and synchronous
machine (dashed line) for (a) mode 3 and (b) mode 4.

This eigenvalue analysis reveals that high-bandwidth inner controller loops lead to high-

frequency network interactions. Therefore, depending on the GFM controller topology, GFM

inverters can excite interactions in a wide frequency range.

A separation of significantly participating state variables in the low-frequency modes

(i.e., modes 1-2) and high-frequency modes (i.e., modes 3-4) can be observed in Table 4.3.

Further, the effect on low-frequency modes from their significantly participating control

and network parameters have already been discussed in Chapters 2 and 3. Therefore, the

sensitivity analyses are limited to the following list.

• Effect of virtual admittance

• Effect of the inner decoupled current controller

• GFM inverter penetration level.
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Effect of virtual admittance block

The effect of the virtual admittance block is analyzed by changing Rvirt, Xvirt, X/R ratio,

and Zvirt. Xvirt is changed between 0.1 pu - 1.2 pu while keeping Rvirt = 0. Similarly,

the effect of Rvirt is analyzed. To analyze the effect of the X/R ratio, its value is changed

between 0.1 and 5 while keeping Zvirt at 0.5 pu. Zvirt is changed between 0.01 pu and 1 pu

with a X/R ratio of 2 to analyze the effect of Zvirt. Except for mode 2, all the other modes

are significantly affected by the changes in the virtual admittance parameters. Figs. 4.9a,

4.9b and 4.9c give the locus of eigenvalues correspond to modes 4, 3 and 1, respectively.

The arrow by each curve shows the movement of the eigenvalue with the increment of the

corresponding parameter.

As shown in Figs. 4.9a and 4.9b, the increment of the virtual impedance (i.e., either

Xvirt, Rvirt or both) has improved the damping of these two network modes. The increment

of the virtual impedance reduces the sensitivity to voltage changes between the converter

terminal and PCC, leading to a slower GFM controller. Such slow controllers discourage

network interactions. Oppositely, the increment of virtual impedance (i.e., either Xvirt,

Rvirt or both) has reduced the damping of the virtual electromechanical mode as shown in

Fig. 4.9c. This is because the sluggish GFM inverter encourages the interactions between

the GFM inverter and the synchronous machine. In particular, the increment of Rvirt has

worsened the damping of mode 1 due to the increased coupling effect between P − f and

Q− v droop paths.

The operating conditions marked from red circles in Fig. 4.9 correspond to (a): Xvirt =

0.35 pu, Rvirt = 0 and (b):Xvirt = 0 pu, Rvirt = 0.8 pu. Filter capacitor voltage’s q-axis com-

ponent variation following a ∆RL = -0.1 pu at t = 10 s is obtained from PSCAD/EMTDC

and given in Fig. 4.10a. Negatively damped oscillations at the frequency of mode 4 can be

observed in vfq. Fig. 4.10b gives the ωsm variation following a 0.1 pu ωgfmref impulse at t =

10 s. This shows the highly under damped oscillations correspond to mode 1. These verify

the results obtained from eigenvalue analysis.
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Fig. 4.9: Locus of eigenvalue for changes in Rvirt, Xvirt, X/R ratio and Zvirt in (a) mode 4,
(b) mode 3 and (c) mode 1.

9.5 10 10.5 11 11.5 12 12.5
-0.3

-0.2

-0.1

0

9.5 10 10.5 11 11.5 12 12.5
-0.01

-0.005

0

0.005

0.01

0.015

10 10.01 10.02 10.03

-0.08
-0.06
-0.04
-0.02

0
0.02

Fig. 4.10: PSCAD/EMTDC responses for (a) Xvirt = 0.35 pu, Rvirt = 0 and (b) Xvirt = 0
pu, Rvirt = 0.8 pu.
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Effect of inner decoupled current controller

The inner decoupled current controller effect on the critical modes is first analyzed by chang-

ing the PI controller’s integral time constant (Tii) in the range of 0.005 s - 0.1 s while keeping

proportional gain (Kpi) of the PI controller at 0.1. Then Kpi is changed from 0 to 1 while

keeping Tii = 0.05 s. The movement of the eigenvalue corresponding to each critical mode

reveals that the effect of the inner controller dynamics on the low-frequency interactions,

i.e., modes 1 and 2, are negligible. However, the impact on the network modes, i.e., modes

3 and 4 are significant. Figs. 4.11a and 4.11b give the locus of eigenvalue corresponds to

mode 4 and 3, respectively.
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Fig. 4.11: Locus of eigenvalue corresponds to (a) mode 4 and (b) mode 3 for changes in
inner decoupled controller dynamics.

As shown in Fig. 4.11, the increment of Tii has increased the damping of both the network

modes. This is because of the sluggish GFM controller’s reluctance to excite high-frequency

network modes. However, large values of Kpi reduce the damping of mode 4 while increasing

the damping of mode 3. Therefore, there is a limited region for Kpi, which makes this GFM

inverter system stable. The operating points marked from red circles in Fig. 4.11 corresponds

to (a) Tii = 0.02 s, Kpi = 0.1 and (b) Tii = 0.05 s, Kpi = 0.01. PSCAD/EMTDC responses

for -20% and -10% step changes in load resistance, respectively, for operating conditions

(a) and (b) are given in Figs. 4.12a and 4.12b, respectively. Under damped oscillations
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corresponding to mode 4 can be observed in 4.12a. The negatively damped oscillations

corresponding to mode 3 are observable in 4.12b. These verify the results obtained from

eigenvalue analysis.
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Fig. 4.12: PSCAD/EMTDC responses for (a) Tii = 0.02 s, Kpi = 0.1 and (b) Tii = 0.05 s,
Kpi = 0.01.

GFM inverter penetration level

To analyze the effect of virtual admittance-based inner current controller embedded GFM

inverter penetration level on the system stability, the network parameters are changed as

mentioned in Table 3.3. The eigenvalue analysis reveals that compared to mode 4, all the

other modes are negligibly sensitive to the inverter penetration level. Fig 4.13 shows the

impact of GFM inverter penetration level on mode 4. As shown in Fig 4.13 the virtual

admittance-based inner current controller embedded GFM inverter’s dominance has pushed

the system to instability. On the contrary, the virtual impedance-based current controller

embedded GFM inverter penetration level improves the system stability in section 3.4.5.

This is because the virtual impedance-based current controller does not have high-bandwidth

inner control layers that will excite network modes. Therefore, this clearly shows the high-

bandwidth inner control layers in the GFM controller topology restrain the possibility of

reaching high GFM inverter penetration.
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Fig. 4.13: The locus of eigenvalue corresponds to mode 4 with changes in GFM inverter
penetration level.

4.3.2 Cascaded voltage-current controller

The eigenvalue analysis for cascaded voltage-current controller embedded GFM inverter

system reveals three critical modes as shown in Table 4.4. Modes 1 and 2, respectively, cor-

respond to the virtual electromechanical mode and the governor mode identified in Chapter

3. Mode 3 corresponds to the 48.3 Hz network mode identified in the virtual admittance-

based inner current controller embedded GFM inverter system in section 4.3.1. However, the

mode 3 of the cascaded voltage-current controller embedded scenario shows a significantly

lower damping compared to the virtual admittance-based inner current controller embedded

scenario.

Table 4.4: Major Participants in the Critical Modes with Cascaded Voltage-Current Con-
troller

Mode Freq (Hz) ζ (%) Major participants
1 2.6 14.6 δ[100%], ωsm[50%], ωgfm[50%]
2 0.5 57.9 Tm [100%], x2 [77%], ωgfm [67%], ωsm [45%],

3 39.1 6.4
icvq [100%], icvd [76%], id [67%], iq [67%], itq [41%],

itd [39%], Ef [26%], itxq [22%], itxd [20%]

Though the effect on those modes has been discussed with different GFM controllers, this

section analyzes the impact of cascaded control structure on system stability. It also analyzes

the effect of cascaded voltage-current controller embedded GFM inverter penetration.
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Effect of cascaded voltage-current controller bandwidth

To analyze the effect of the cascaded nature of the controller on the system stability, firstly,

the most inner current controller’s bandwidth is changed by changing the integral time con-

stant of the PI controllers in that layer from 0.01 s to 0.45 s. Then, the voltage controller’s

bandwidth and current controller’s bandwidth are changed. For this exercise, the integral

time constants of the voltage control layer are set between 0.025 s and 0.5 s. Further, to

extend the analysis, the Q − v controller’s bandwidth is changed along with the aforemen-

tioned time constants for the inner control layers. To accomplish this, the integral time

constant in the Q− v controller path is changed from 0.05 s to 0.55 s.

The eigenvalue analysis shows that the changes in the cascaded controller bandwidth do

not significantly affect the virtual electromechanical and governor modes. The movement of

eigenvalues of mode 3 to the changes in the bandwidths of current controller, both voltage

and current controllers and all three control layers, i.e., Q−v, voltage and current controllers

are shown in Fig. 4.14.

As shown in Fig 4.14, mode 3 is majorly sensitive to inner current controller dynamics.

i.e., the faster the inner current controller, the higher the possibility of reaching instability.

The fast-acting capability of both the inner control layers (i.e., voltage and current) reduces

the stability further. However, the sensitivity to outer Q−v controller dynamics is minimal.

It is worth noting that even the inner control layers of the cascaded voltage-current controller

have comparative bandwidths to the current controller in the virtual admittance-based inner

current controller, the high-frequency interaction in the LC filter components (i.e., mode 4

in section 4.3) is not excited. This demonstrates the cascaded voltage-current controller’s

ability to dampen the LC filter interactions.

GFM inverter penetration level

The impact of cascaded voltage-current controller embedded GFM inverter penetration is an-

alyzed by setting the network parameters as mentioned in Table 3.3. According to eigenvalue
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Fig. 4.14: The locus of eigenvalue corresponds to mode 3 with changes in cascaded voltage-
current controller bandwidth.

analysis, modes 1 and 2 are negligibly affected by the cascaded voltage-current controller

embedded GFM inverter penetration level compared to mode 3. The movement of eigenvalue

corresponds to mode 3 is shown in Fig. 4.15.
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Fig. 4.15: The locus of eigenvalue corresponds to mode 3 with changes in GFM inverter
penetration level.

Significant penetrations of cascaded voltage-current controller embedded GFM inverter

reduce the stability slightly, however system remains in the stability region. The possibility

of extending the GFM inverter penetration level is promising in the cascaded voltage-current

controller utilized GFM inverter scenario compared to the virtual admittance-based inner

current controller utilized GFM inverter scenario.
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4.4 Fault-Ride-Through Capability

Following the eigenvalue analysis for the GFM inverter systems consisting of a virtual

impedance-based current controller, virtual admittance-based inner current controller, and

cascaded voltage-current controller, the parameters in Table 4.5 are selected. The current

dependent virtual impedance path’s parameters (i.e., KpRVI, KpLVI and ithreshold) of the vir-

tual impedance-based current controller are selected following detailed PSCAD/EMTDC

simulations as mentioned in [33].

Table 4.5: The Selected Control Parameters for each Current Limiting Method

Virtual impedance based current controller
KpRvi = 5, ithreshold = 1.1, Rvi0 = Lvi0 = KpLvi = 0

Virtual admittance based inner current controller
Xvirt = 0.49, Rvirt = 0.098, Kpi = 0.05, Tii = 0.07 s

Cascaded voltage-current controller
Ti = 0.284 s, Tiv = 0.374 s, Tii = 0.241 s

To compare the robustness of the current limiting methods, the GFM inverter is con-

trolled using each of those above current limiting algorithms. At each current controller-

embedded scenario, a three-phase-to-ground fault is applied to the LC filter terminal for

0.1 s. The obtained results from each current limiting algorithm are shown in Fig. 4.16.

Here, VICC: virtual impedance-based current controller, VAICC: virtual admittance-based

inner current controller, and CVCC: cascaded voltage-current controller. The detailed time

domain results verify the ability of each current limiting algorithm to limit the converter

current well below 2.0 pu and successfully fault-ride-through with the synchronous machine.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 4.16: The fault responses corresponding to phase-a current of (a) converter, (b) syn-
chronous machine, phase-a terminal voltage of (c) converter, (d) synchronous machine, active
power output of (e) converter, (f) synchronous machine, and reactive power output of (g)
converter, (h) synchronous machine from the test system consisting of parallel connected
GFM inverter and synchronous machine.

The study is extended by analyzing the ability of the above current-limiting algorithms

to fault-ride through with a single GFM inverter in the islanded mode. The same fault

condition as mentioned above is applied. The detailed time domain responses obtained from

PSCAD/EMTDC are shown in Fig.4.17. This shows the ability of each of the considered

current limiting algorithms embedded GFM inverters in islanded mode to feed and recover
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from a three-phase-to-ground fault at the converter terminal.

(a) (b)

(c) (d)

Fig. 4.17: The fault responses corresponding to converter’s (a) phase-a current, (b) phase-
a terminal voltage, (c) active power output, and (d) reactive power output from the test
system consisting of a GFM inverter in the islanded mode.

The ability of the parallel-connected GFM inverter system (in Chapter 2) to fault-ride

through with a three-phase-to-ground fault applied at one of the GFM inverter’s LC filter

terminal is also studied. The detailed PSCAD/EMTDC results are shown in Fig. 4.18.

This indicates that although all three current limiting algorithms can successfully limit the

fault current, the cascaded voltage-current controller can not recover from the fault. Both

GFM inverters act as current sources, leading to challenging fault recovery in multi-loop

structures. However, the virtual admittance-based inner current controller recovers from the

fault due to its fast-acting capability compared to the sluggish response from the cascaded

voltage-current controller.
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(a) (b)

(c) (d)

(e) (f)
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Fig. 4.18: The fault responses corresponding to phase-a current of (a) converter-1, (b)
converter-2, phase-a terminal voltage of (c) converter-1, (d) converter-2, active power out-
put of (e) converter-1, (f) converter-2, and reactive power output of (g) converter-1, (h)
converter-2 from the test system consisting of parallel connected GFM inverters in the is-
landed mode.

The FRT test results from different system configurations reveal the ability of the no-

loop current controller to ride through faults with all the tested system configurations.

However, the current limiting is less tight in no-loop (i.e., when only the current dependent

virtual impedance is used) compared to multi-loop controllers. The cascaded voltage-current

controller fails to ride through faults when only parallel GFM inverters are present. This is

because its operation as a sluggish current source during the fault. The multi-loop controller

with only an inner decoupled current controller allows successful fault-ride-through under
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all the tested conditions and provides a tighter current control with compared to other

considered current-limiting methods.

4.5 Summary

This chapter analyzed the effect of no-loop (virtual impedance-based current controller) and

multi-loop current controllers (virtual admittacne-based inner current controller, cascaded

voltage-current controller) in causing interactions in GFM inverter systems. A compara-

tive analysis of the FRT capability of each considered current limiting method was also

conducted. The key contributions of this chapter are:

• Demonstration of the ability of multi-loop control structures to excite high-frequency

network modes compared to the no-loop current controller, which challenges the multi-

loop controllers embedded in GFM inverters to dominate the power system.

• Identification of the ability of fast-acting inner controllers to reduce the damping of

the network modes while having a negligible impact on virtual electromechanical and

governor modes.

• Revealing of the opposite effect of virtual impedance (i.e., used for current reference

calculation in the virtual admittance-based inner current controller) in the network

modes and the virtual electromechanical mode.

• Illustration of the capability of the cascaded voltage-current controller structure to

damp filter interactions compared to the virtual admittance-based inner current con-

troller, which consists of only an inner current controller.

• Demonstration of the ability of the considered current limiting methods to limit the

fault current well below 2.0 pu in the systems consisting of only GFM inverters and

GFM inverters in parallel with synchronous machines.
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• Demonstration of the inability of the slow-acting multi-loop cascaded voltage-current

control structure to recover from fault, especially when there are no other voltage

sources in the system.

77



Chapter 5

Effect of the DC-Side Dynamics

The power modulations carried out by a GFM inverter are profoundly affected by the ca-

pability of the inverter’s dc-side circuit to support such modulations. Virtual synchronous

machine-based power management controllers have been introduced to dc microgrids through

extensive consideration of different dc-side dynamic devices, including renewable energy

sources, energy storage devices, dc loads, etc., [34–36]. However, these studies do not in-

clude an analysis of interactions or ac-side dynamics. An example of stability analysis of a

dual-droop-controlled dc microgrid without considering the ac-side dynamics can be found

in [37].

The effects of dc-side dynamics on GFL inverters have been extensively studied for multi-

terminal HVDC [38], solar PV [39], and wind plant applications [40]. However, most studies

of GFM inverters assume an ideal dc side [11–13] that can meet the ac-side power mod-

ulation requirements. Interactions are, however, influenced by the dc-side circuitry and

controller(s), and ignoring them leads to incorrect and incomplete conclusions. These dc-

side limitations can lead to power imbalances, interactions, and degradation of the dc-link

voltage, jeopardizing the overall performance of the GFM inverter. The survey of contempo-

rary literature clearly shows a gap in knowledge for analyzing the root causes of interactions

in GFM inverter systems considering both dc and ac dynamics.
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This chapter presents an in-depth study of the interactions in grid-forming inverter sys-

tems, considering the critical dynamics contributed by the inverter’s dc-side and ac-side.

The test system with the parallel connected GFM inverter and the synchronous machine is

selected for the study with the virtual admittance-based inner current controller in Chapter

4. A dc-source connection via a bi-directional dc-dc converter is considered for the dc-side

of the GFM inverter, as this test system represents several practical applications.

The discussion on dc-side circuitry and controller is given in section 5.1, and the dis-

cussions on the GFM controller and the ac network components can be found in Chapters

2 to 4. Section 5.2 includes the modification to small-signal modeling from section 4.2.1.

The eigenvalue analysis is included in section 5.3. The results of the eigenvalue analysis are

compared with section 4.3.1 that considered the ideal dc-side. A chapter summary and a

list of contributions are given in section 5.4.

5.1 Test System

The test system considered for the study is depicted in Fig.5.1. The ac network parameters

are similar to Chapter 3. The topology and parameters of the virtual admittance-based

inner current controller embedded GFM controller are given in Chapters 2 and 4. The ideal

dc-side and the dc source connected via a bi-directional dc-dc converter are identified as

configuration A and configuration B, respectively, in Fig.5.1.

Configuration B consists of a smoothing inductor (Lbat), dc-link voltage filter capacitor

(Cdc), and a bi-directional dc-dc converter with its controller. The dc-dc converter controller

consists of an outer dc-link voltage loop and an inner source-current loop (see Fig. 5.2). The

duty cycle (d) generated by the dc-side controller is compared against a high-frequency saw-

tooth waveform to generate the switching commands for the bi-directional dc-dc converter.

Since the current flowing out of the battery is considered positive, S2 is treated as the

main switch and S1 receives a complementary switching command. The dc-side circuitry
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Fig. 5.1: Test system to study dc-side effect on GFM inverter interactions.

Table 5.1: Control and Network Parameters of the DC Side

DC-circuitry parameters
Vdclink = 26 kV, Vbat = 13 kV, Lbat = 25 mH, Cdc = 7.5 mF

DC-voltage loop parameters
Vdcref = 26 kV, Tivdc = 0.1 s, Kpvdc = 0.5, Tvdc = 0.01 s

DC-current loop parameters
Tiibat = 0.05 s, Kpibat = 0.5, Tibat = 0.01 s, Tidc = 0.01 s

parameters and the dc-side controller parameters are given in Table 5.1.

1
1+Tvdcs

vdc vdcf

Vdcref 1
Tivdcs

Kpvdc+

1
1+Tidcs

idc idcf

dx8
dt

dx9
dt

1
1+Tibats

ibat ibatf

1
Tiibats

Kpibat+
d

Fig. 5.2: Control block diagram of the dc-dc converter.
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5.2 Small-Signal Model Development

5.2.1 DC-side circuitry and controller

The integration of dc-side configuration A with the rest of the model has already been

discussed in previous chapters. To include configuration B in the model, the output of the

Q-v controller is assumed to be the modulation index, m, for the PWM modulator of the

GFM inverter. In per-unit, the relationship between the dc-side voltage, vdc, and the peak

voltage of the ac side voltage of the converter terminal, vpk, is given in (5.1).

vpk = mvdc (5.1)

The expected converter terminal voltage’s dq components generated by the Q-v controller

to the high-voltage side of the transformer are identified as vtd and vtq and calculated as per

(5.2). The 30° phase shift is due to the ∆− Y transformer.

vtd = mvdc sin(−30°) vtq = mvdc cos(−30°) (5.2)

Assuming a lossless converter, the power balance between dc and ac sides is as shown in

(5.3), where idc is the dc line current. The d and q components of the converter current are

given by icvd and icvq, respectively.

vdcidc = vtdicvd + vtqicvq (5.3)

By substituting (5.2) in (5.3), (5.4) can be obtained.

idc = sin(−30°)micvd + cos(−30°)micvq (5.4)
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The non-linear equations that describe the dynamics of the dc-side circuitry and the dc-side

controller are given in (5.5)-(5.11).

dibat/dt = (ωb/Lbat) (Vbat − vdc(1− d)) (5.5)

dvdc/dt = (ωb/Cdc) (−idc + ibat(1− d)) (5.6)

dvdcf/dt = (1/Tvdc) (vdc − vdcf) (5.7)

didcf/dt = (1/Tidc) (idc − idcf) (5.8)

dibatf/dt = (1/Tibat) (ibat − ibatf) (5.9)

dx8/dt = Vdcref − vdcf (5.10)

dx9/dt = Kpvdc(Vdcref − vdcf) + (1/Tivdc)x8 + idcf − ibatf (5.11)

The output of the dc-side controller, which is the dc-dc conventer’s duty cycle (d), is given

by (5.12).

d = (1/Tiibat)x9 +Kpibat(Kpvdc(Vdcref − vdcf) + (1/Tivdc)x8 + idcf − ibatf) (5.12)

Readily the linearized versions of (5.5)-(5.11) can be obtained as shown in (5.13).

˙∆XDC = ADC∆XDC+ADCP∆XP+ADCCC∆XCC+ADCLCL∆XLCL+ADCN∆XN+

ADCL∆XL +BDCgfm∆Ugfm +BDC∆UDC (5.13)

Here, ∆XP,∆XCC,∆XLCL,∆XN,∆XL, and ∆Ugfm are similar to section 4.2.1. ∆XDC

and ∆UDC are defined as follows;

∆XDC =

[
∆ibat ∆vdc ∆vdcf ∆idcf ∆ibatf ∆x8 ∆x9

]T
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∆UDC =

[
∆Vdcref

]
The expanded forms of the matrices in (5.13) are in Appendix F.1.

5.2.2 Power controller

The small-signal model derivation of this component is similar to section 4.2.1. The lin-

earized representation of the power controller with dc-side configuration B is given in (5.14).

˙∆XP = APDC∆XDC +AP∆XP +APCC∆XCC +APLCL∆XLCL +APN∆XN

+APL∆XL +BP∆Ugfm +BPDC∆UDC (5.14)

The expanded form of matrices in (5.14) are similar to expanded matrices given in Ap-

pendix B.2 and Appendix D.1, except, APDC = 0 5×7 and BPDC = 0 5×1.

5.2.3 Virtual admittance block

The dynamics of virtual admittance can be represented by (4.3)-(4.4) as mentioned in section

4.2.1. The linearized representation of (4.3)-(4.4) with dc-side configuration B is given by

(5.15).

 ∆icvd
∗

∆icvq
∗

 = AicvdqrefDC∆XDC+AicvdqrefP∆XP+AicvdqrefLCL∆XLCL+Bicvdqref∆Ugfm

(5.15)

The expanded form of AicvdqrefLCL is the same as in Appendix D.2. The expanded form of

AicvdqrefP and Bicvdqref are vdc0 times the corresponding matrices in Appendix D.2. Here,

vdc0 is the per unitized dc-link voltage from configuration B at the considered operating

point. Appendix F.2 gives AicvdqrefDC.
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5.2.4 Decoupled current controller

The dynamics of the decoupled current controller can represented using (4.6)-(4.7) in section

4.2.1. The linearized representation with the dc-side configuration B is shown in (5.16).

˙∆XCC = ACCDC∆XDC+ACCP∆XP+ACC∆XCC+ACCLCL∆XLCL+ACCN∆XN+

ACCL∆XL +BCC∆Ugfm +BCCDC∆UDC (5.16)

By considering the expanded forms of matrices in (5.15), the expanded forms of matrices

in (5.16) can be obtained similar to Appendix D.3, except, ACCDC = AicvdqrefDC and

BCCDC = 0 2×1.

5.2.5 LC filter and transformer

Similar to section 4.2.1, the linearized representation of this component can be obtained as

shown in (5.17) for the dc-side configuration B embedded scenario.

˙∆XLCL = ALCLDC∆XDC +ALCLP∆XP +ALCLCC∆XCC +ALCL∆XLCL

+ALCLN∆XN +ALCLL∆XL +BLCL∆Ugfm +BLCLDC∆UDC (5.17)

The expanded forms of matrices in (5.17) can be obtained as shown in Appendix D.4

while incorporating the changes introduced by (5.15). The expanded forms of ALCLDC and

BLCLDC are given in Appendix F.3.

5.2.6 Network

The linearized model of this component can be obtained as mentioned in section 4.2.1. The

small-signal model for the dc-side configuration B embedded scenario can be represented as
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(5.18).

˙∆XN = ANDC∆XDC +ANP∆XP +ANCC∆XCC +ANLCL∆XLCL +AN∆XN

+ANL∆XL +BN∆Ugfm +BNDC∆UDC (5.18)

The expanded forms of matrices can be found in Appendix B.4 and Appendix D.5, except,

ANDC = 0 4×7 and BNDC = 0 4×1.

The overall state equation for the components above in the GFM inverter’s reference

frame can be represented as shown in (5.19).

˙∆Xgfm = Agfm∆Xgfm +Agfmsm∆Xsm +AgfmLoad∆XL +Bgfm∆Ugfm +BgfmDC∆UDC

(5.19)

Here,

∆Xgfm =

[
∆XDC ∆XP ∆XCC ∆XLCL ∆XN

]T

Agfm =



ADC ADCP ADCCC ADCLCL ADCN

APDC AP APCC APLCL APN

ACCDC ACCP ACC ACCLCL ACCN

ALCLDC ALCLP ALCLCC ALCL ALCLN

ANDC ANP ANCC ANLCL AN


AgfmLoad =

[
ADCL APL ACCL ALCLL ANL

]T

Bgfm =

[
BDCgfm BP BCC BLCL BN

]T

BgfmDC =

[
BDC BPDC BCCDC BLCLDC BNDC

]T
Agfmsm = 0 24×16

The linearization of the synchronous machine and the load components in section 3.3 will be
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intact in the presence of the virtual admittance-based inner current controller and the dc-

side configuration B. Therefore, the overall system’s state matrix can be obtained similarly

to section 3.3.7.
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Fig. 5.3: Small-signal model vs EMT responses for (a) ∆RL = -10% at t = 15 s and ∆RL =
2.5% at t = 20 s, (b) ∆RL = -10% at t = 15 s and ∆RL = 10% at t = 20 s (c) ∆vdcref=10%
at t = 15 s for 0.1 s and (d) ∆Pgfmref = 0.1 pu of GFM inverter at t = 20 s.

5.2.7 Small-signal model validation

The small-signal model with the dc-side configuration B is validated against the detailed

EMT model in PSCAD/EMTDC. The responses obtained from the linearized and detailed
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EMT models at the operating point specified in section 5.1, with SCR = 2, when the GFM

inverter is 90% loaded, and when the GFM inverter is in charging mode are given in Figs.

5.3(a), 5.3(b), 5.3(c), and 5.3(d), respectively. These tests and others (not shown for brevity)

confirm that the developed small-signal model can track the low-frequency oscillation of the

EMT model for adequately small disturbances around an operating point.

5.3 Eigenvalue Analysis

A comparative eigenvalue analysis is carried out considering the two dc-side configurations.

Four critical modes are identified for dc-side configuration A in section 4.3.1. An additional

two oscillatory modes (modes 5 and 6) are introduced by the dc-side configuration B. Fig.

5.4 depicts the locus of identified critical modes using white and black markers for dc-side

configuration A and B, respectively, and Table 5.2 lists major participants in the six critical

modes identified for dc-side configuration B. The mode-shapes for the identified six critical

modes with the dc-side configuration B are given in Fig. 5.5.

Real(1/s)

Im
ag

in
ar

y 
(r

ad
/s

)

Real(1/s)

Im
ag

in
ar

y 
(r

ad
/s

)

Fig. 5.4: Locus of eigenvalues corresponding to the critical modes with dc-side configuration
A (white markers) and dc-side configuration B (black markers).
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Table 5.2: Major Participants in the Critical Modes of Configuration B

Mode
Freq ζ

Major Participants
(Hz) (%)

1 1.80 14.2 δ[100%], ωsm[61%], ωgfm[46%]
2 0.40 29.0 x8[100%], Tm[62%], x2[47%], x1[39%], vdc[39%], ωsm[38%]
3 49.0 60 icvd[100%], icvq[99%], x4[65%], x5[64%], id[42%], iq[42%]
4 333.7 7.5 vfq[100%], vfd[100%], icvq[66%], icvd[66%], itq[52%], itd[52%]

5 0.70 60.0
vdc[100%], x8[79%], ωgfm[60%], ψfd[39%], ωsm[37%],

Tm[34%], x2[31%]
6 36.2 12.5 ibat[100%], ibatf [94%]

(a) (b) (c)

(d) (e) (f)

Fig. 5.5: Mode shapes of major participants in dc-side config. B from GFM inverter (solid),
synchronous machine (dashed), both GFM inverter and synchronous machine (doted) and
dc side (dash-dot) for (a) mode 1, (b) mode 2, (c) mode 3,(d) mode 4, (e) mode 5 and (f)
mode 6.

As shown in Fig. 5.4, modes 1-4 are common between the two dc-side configurations.

Participation factor analysis for modes 1,3, and 4 of both dc-side configurations shows a

similar set of major participants as reflected in Table 5.2. This reveals that for the tested

conditions, the dc-side dynamics do not interact with these relatively high-frequency modes.

The mode shape diagram for mode 1 in Fig. 5.5a shows the virtual electromechanical
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interaction identified in section 4.3.1. Fig. 5.5c and 5.5d show the two network modes

corresponding to modes 3 and 4 in section 4.3.1.

DC-side configuration B introduces major participants from dc-side circuitry and its

controller to mode 2 compared to dc-side configuration A as shown in Fig. 5.6. This

discloses possible interactions between the dc-side circuitry and its associated controller

with the synchronous machine and its governor-turbine system. This clearly shows that

proper modeling of the dc-side circuitry and controller is vital in capturing all the root

causes of interactions in a GFM inverter system. The mode shape diagram for mode 2 in

Fig. 5.5b confirms possible interaction between the dc-side circuitry and the synchronous

machine. Both modes 2 and 5 have a similar set of significantly participating state variables

while mode 5 is well damped compared to mode 2. The mode shape diagram for mode 5 in

Fig. 5.5e shows possible interactions between the dc-side controller and the governor-turbine

system of the synchronous machine. Therefore, modes 2 and 5 are identified as controller

modes. Mode 6 is a controller mode that has major participants from the dc-side circuitry

and its controller. Eigenvalue analysis identifies mode 6 as a critical mode due to its low

damping.
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Fig. 5.6: Comparison of major participants in mode 2 with dc-side configurations A and B.

The following sections analyze the sensitivity of the identified critical modes to dc-side

and GFM controller parameters. According to participation factor analysis, the electrome-
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chanical characteristics of the synchronous machine, LC filter parameters, and control pa-

rameters of the virtual admittance block and the decoupled current controller also affect the

six critical modes. However, as this study’s main focus is to demonstrate the effect of the

dc-side dynamics in GFM inverter systems, the presented sensitivity analysis is limited to

the following list.

• Effect of dc-side parameters.

• Effect of GFM controller parameters.

• Effect of both dc-side and GFM controller parameters.

5.3.1 Effect of dc-side parameters

The dc-side circuitry and controller parameters are varied to identify their effect. The

integral time constants of the dc-link voltage loop and the dc-source current loop controllers

were changed over [0.02, 0.8] s and [0.01, 0.4] s, respectively, to obtain both fast- and slow-

acting dc-side controllers. Similarly, Lbat and Cdc were changed from over [0.005, 0.2] H and

[0.0015, 0.06] F, respectively, to create high to low bandwidths.
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Fig. 5.7: Locus of critical eigenvalues corresponding to modes 5 and 6 for changes in dc-side
dynamics.

The locus of the eigenvalues corresponding to the six critical modes reveals that for the

given GFM controller, the effects of the dc-side dynamics on modes 1 to 4 are negligible
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(not shown for brevity). However, modes 5 and 6 reach instability with fast-acting dc-

side circuitry as shown in Fig. 5.7. Participation factor analysis at the unstable operating

points reveals that these instabilities are indeed due to the dc-side controller and circuitry

interactions. For the operating point marked with red circles in Fig. 5.7, PSCAD/EMTDC

simulation results are shown in Fig. 5.8 for a 0.1 pu Vdcref pulse of 0.1 s. The traces verify

the negatively damped, aggressive battery current oscillation and its interactions with the

dc-link voltage.

time (s)

(p
u)

Fig. 5.8: PSCAD/EMTDC simulation results for the considered example case to demonstrate
dc-side circuitry interactions.

5.3.2 Effect of GFM controller parameters

GFM controller dynamics are mainly governed by its virtual inertia time constant (Hgfm) and

the integral time constant (Ti) of the Q-v controller path. Therefore, to obtain fast-acting

to slow-acting GFM inverters, Hgfm and Ti are varied over [0.3, 7.5] s and [0.025, 0.625] s,

respectively.

The eigenvalues’ movement of six critical modes shows that modes 3, 4, and 6 are least

affected by GFM controller dynamics. This is due to the absence of GFM controller states’

participation in these three critical modes. However, modes 1, 2, and 5 are significantly

affected by the dynamics of the GFM controller, and the corresponding traces are given in

Fig. 5.9. The arrow in each graph shows the direction of the corresponding parameter’s
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increment.
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Fig. 5.9: Locus of critical eigenvalues corresponding to modes (a) 1, (b) 2, and (c) 5 for
changes in GFM controller dynamics.

As shown in Fig. 5.9(a), mode 1 is highly sensitive to the virtual inertia time constant

(Hgfm). The increment of the virtual inertia time constant has reduced the damping of

mode 1. This behavior is also observed with dc-side configuration A (section 3.4.1). Large

virtual inertia time constants bring the dynamics of the GFM inverter close to the sluggish

governor-turbine-equipped synchronous machine’s dynamics. Therefore the tendency to in-

teract between these two sources increases. This is the reason for the compromised damping
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of mode 1 for high virtual inertia time constant values.

As shown in Figs. 5.9(b) and 5.9(c), modes 2 and 5 are highly sensitive to Q-v controller

dynamics. Fast-acting GFM controllers bring the system to instability. The participation

factor and mode shape analysis (not shown for brevity) at the unstable operating points

reveal that mainly the interaction between Q-v controller and dc-link voltage has led to

system instability. The instability of mode 2 with a fast-acting GFM controller was not

observed with dc-side configuration A (section 3.4.3), whereas mode 5 is not modeled in

configuration A. Therefore, this analysis clearly shows the importance of considering dc-

side dynamics in selecting GFM controller parameters for a given dc-side configuration.

Considering the operating point marked with red circles in Fig. 5.9, PSCAD/EMTDC

responses are obtained for a 0.1 pu pulse applied to ωgfmref at t = 15 s for 0.1 s. The un-

damped response of Q-v controller state, x1 in Fig. 5.10 verifies the predictions of eigenvalue

analysis.

15 16 17 18 19 20

time (s)

-2

-1.5

-1

-0.5

0

0.5

Fig. 5.10: PSCAD/EMTDC simulation results for the considered example case to demon-
strate system instability.

Generally, dc-side dynamics are to be aligned with the GFM controller’s dynamics to

achieve the desired power balance between the dc and ac sides. Therefore, these sensitivity

analyses are extended by incorporating matching GFM controller’s bandwidths with each
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dc-side’s bandwidth considered.

5.3.3 Effect of both dc-side and GFM controller parameters

The overall performance of the GFM inverter depends on the dynamics of its dc-side and the

associated GFM controller’s dynamics. Therefore, the changes in sections 5.3.1 and 5.3.2 are

carried out simultaneously to obtain fast-acting to slow-acting GFM inverters. The control

and network parameters used in each of the test scenarios are given in Table 5.3. Figs.

5.11a and 5.11b show the locus of eigenvalues corresponding to modes 1-3 and modes 4-6

with the changes in GFM inverter (both dc and ac sides) dynamics. They clearly show that

fast-acting GFM controllers accompanied by fast-acting dc-sides can easily bring the system

towards instability.

Table 5.3: The Network and Control Parameters at each Test Scenario

Parameter
Values at Test Scenarios

1 2 3 4 5 6 7
Lbat (mH) 5 7.5 10 25 50 100 200
Cdc (mF) 1.5 2.5 3 7.5 15 30 60
Tivdc (s) 0.02 0.03 0.04 0.1 0.2 0.4 0.8
Tiibat (s) 0.01 0.015 0.02 0.05 0.1 0.2 0.4
Hgfm (s) 0.3 0.6 1.2 3 4.5 6 7.5
Ti (s) 0.025 0.05 0.1 0.25 0.375 0.5 0.625

Participation factor and mode shape analysis at unstable operating points reveal that a

fast-acting dc-side can easily interact with the GFM controller, synchronous machine, and

LC filter. The exemplar operating point that is marked with red circles in Figs. 5.11(a)

and 5.11(b) corresponds to test scenario 1. The mode shape diagrams for the unstable modes

(i.e., modes 2, 4, and 5) at this operating condition are given in Fig. 5.12.

As shown in Fig. 5.12a, mode 2 has reached instability with the interaction between the

governor-turbine system and the dc-side controller. Fig 5.12b shows that the interaction

between the dc-side and the LC filter components has made mode 4 unstable. The mode

shape diagram for mode 5 in Fig. 5.12c shows that the dc-side’s interactions with the
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Fig. 5.11: Locus of critical eigenvalues corresponding to (a) mode 1-3, (b) mode 4-6 for
changes in GFM inverter dynamics.

GFM controller push the system to instability. This clearly shows the ample possibilities

of interactions between the dc-side and the rest of the network and control blocks. For the

same exemplar operating point, the responses obtained from PSCAD/EMTDC for a 0.1 pu

Vdcref pulse of 0.1 s at t = 15 s is given in Fig. 5.13. This verifies the existence of adverse

interaction between the dc-side circuitry and the LC filter components.

Participation factor analysis is conducted for all six critical modes in each test scenario.

Then the percentage of participation from dc-side states in each oscillatory mode at each
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(b)(a) (c)

Fig. 5.12: Mode shapes of major participants for the considered example case from GFM
inverter (solid), synchronous machine (dashed), GFM inverter and synchronous machine
(dotted) and dc side (dash-dot) for (a) mode 2, (b) mode 4, and (c) mode 5.

time (s)
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u)

Fig. 5.13: PSCAD/EMTDC simulation results for the considered example case to demon-
strate the dc-side circuitry and the LC filter components interactions.

tested condition is calculated and presented in Fig.5.14. As shown the dc-side significantly

participates in all modes in fast-acting GFM inverters. However, with slow-acting GFM

inverters (Test Scenarios 6-7) the dc-side participation is greatly reduced in modes 1 to 4 and

is limited to appear in modes 5 and 6. Modes 1 to 4 appeared even in dc-side configuration A

(i.e., with an ideal dc source). Modes 5 to 6 were introduced by dc-side configuration B (i.e.,

with bi-directional dc-dc converter and dc-side controller). Therefore, under such sluggish

GFM inverter conditions, the GFM inverter can be modeled without paying attention to dc-

side dynamics. However, the control and network parameters corresponding to test scenarios
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Fig. 5.14: The participation of dc-side state variables in each critical mode for each test
scenario.

6 and 7 give the GFM inverter an extremely sluggish action. This jeopardizes the fast-acting

capability of power-electronic inverters. Therefore, for the practical operating range of GFM

inverters, the dc-side dynamics are required to be modeled in order to capture the full range

of interactions that can happen in a GFM inverter system.

To analyze the validity of the results, the same sensitivity study is conducted with

different short circuit ratios, different loading levels of GFM inverter, and different charging

levels of GFM Inverter. The tested operating conditions and the system’s stability are

summarized in Table 5.4.
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Table 5.4: Effect of GFM Inverter Parameters under Different Operating Conditions

Operating Condition Operating Condition-Specific Parameters
Stability at Test Scenarios

1 2 3 4- 7

SCR = 7 tx line length = 5 km
Unstable Unstable Unstable

Stable
Modes: 5,6 Modes: 5,6 Modes: 5,6

SCR = 5 tx line length = 10 km
Unstable Unstable Unstable

Stable
Modes: 2,4,5 Modes: 5,6 Modes: 5,6

SCR = 2 tx line length = 40 km
Unstable Unstable Unstable

Stable
Modes: 2,4,5 Modes: 4,5,6 Modes: 5,6

GFM Inv. 50% Loaded Pgfmref = 0.5 pu, Psmref = 0.9 pu
Unstable Unstable Unstable

Stable
Modes: 2,5,6 Modes: 2,5,6 Modes: 5,6

GFM Inv. 70% Loaded Pgfmref = 0.7 pu, Psmref = 0.7 pu
Unstable Unstable Unstable

Stable
Modes: 2,4,5 Modes: 5,6 Modes: 5,6

GFM Inv. 90% Loaded Pgfmref = 0.9 pu,Psmref = 0.5 pu
Unstable Unstable Unstable

Stable
Modes: 5,6 Modes: 5,6 Modes: 5,6

Charging Level 10%
Pgfmref = -0.1 pu, Psmref = 0.8 pu Unstable Unstable Unstable

Stable
RL = 110.62 Ω, LL = 0.58 H Modes: 5,6 Modes: 5,6 Modes: 1,5,6

Charging Level 20%
Pgfmref = -0.2 pu, Psmref = 0.9 pu Unstable Unstable Unstable

Stable
RL = 110.62 Ω, LL = 0.58 H Modes: 5,6 Modes: 5,6 Modes: 1,5,6
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As shown, the extensive studies on different operating conditions verify that fast-acting

GFM inverters have limited stability. Participation factor and mode shape analyses (not

shown for brevity) at these unstable modes show possible interactions between dc-side con-

troller and dc-side circuitry, dc-side and GFM controller, dc-side and governor-turbine sys-

tem and dc-side and LC filter components. This verifies the robustness of the study results

even under different operating conditions.

5.4 Summary

This chapter analyzed the effects of GFM inverter’s dc-side dynamics on interactions. The

dc-side dynamics were introduced by a dc-source connected via a bidirectional dc-dc con-

verter and the dc-side controller. Eigenvalue analysis revealed the significant presence of

dc-side dynamics in a wide range of inverter and grid operating conditions. Therefore, the

inclusion of dc-side dynamics during the controller design stage and the system studies stage

is necessary. The list of contributions of this chapter is mentioned below.

• Development and validation of a small-signal model for an exemplar system of a GFM

inverter paralleled with a synchronous machine by including the full dynamics of the

dc-side circuitry, VSM layer, current limiter, network, and synchronous machine.

• Computation and comparison of the system eigenvalues with and without the dc-side

dynamics to highlight the importance of modeling the dc-side dynamics.

• Identification of possible dc-side interactions with the GFM controller, ac network

components, and synchronous machine.

• Detailed analysis of the role of operating conditions on the dc-side’s impact on system

stability.
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Chapter 6

Conclusions, Contributions and

Future Work

GFM controller is a promising converter-control method, which provides controllability over

the converter terminal’s voltage and frequency through power modulations. There are nu-

merous GFM controller topologies in the literature. However, there existed a research gap

in identifying the root causes of interactions that can be excited by a GFM controller.

Therefore, in this research, a small-signal model-based eigenvalue analysis was conducted

on commonly used GFM controller topologies with different ac and dc side system configu-

rations to reveal the full causes of interactions that can happen in a GFM inverter system.

The overall conclusions drawn from the study are mentioned in section 6.1. The key contri-

butions made by the study are given in section 6.2. Recommendations for future work are

given in section 6.3.

6.1 Conclusions

A summary of major conclusions are given below.

• The GFM controller’s topology, GFM controller parameters, ac network configuration,
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dc-side circuitry, and dc-side controller lead to interactions that spread over a wide

frequency range. Inter-machine interactions (virtual electromechanical interactions),

controller interactions and network interactions were identified during the study.

• A GFM controller with low bandwidth outer power controller that emulates inertial

and primary frequency responses of a synchronous machine can lead to virtual elec-

tromechanical interactions between GFM inverters with similar outer control layers or

synchronous machines. The small virtual inertia time constants and small ∆f/∆P

co-efficient values improve the damping of those inter-machine interactions.

• The utilization of decoupled current controller in the GFM controller can lead to high

frequency network interactions. However, with the help of a virtual impedance with

large X/R ratio, the damping of the network mode can be improved. This concludes

the necessity to consider network dynamics and full dynamics of the GFM controller

in stability analysis studies of GFM inverter systems.

• Even if an arbitrary selection of GFM controller parameters is granted, the dc-side

dynamics dictate the range of values that can be used.

• The fast-acting GFM controller accompanied by the fast-acting dc-side can reduce

the stability due to interactions between dc-side and GFM controller, dc-side and

LC filter components, and dc-side and governor-turbine system. Therefore, though a

generic dc-side representation was considered in the study, it showed the importance

of considering dc-side dynamics, especially during the controller design and system

studies stages.

This study broadened the interaction analysis of GFM inverter systems by including

dynamics of GFM controller, ac-side, and dc-side of the GFM inverter system. The key

driving factors behind the critical interactions in the GFM inverter system were revealed

using eigenvalue analysis and verified by PSCAD/EMTDC simulation results. Therefore,

the extensive information derived from this study can be logically applied to large networks.
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6.2 Contributions

The key contributions of the study are as follows.

• Development and validation of small-signal models for the following scenarios to ac-

commodate the step-by-step expansion of the dynamics to be considered in the study.

Parallel connected two GFM inverters in the islanded mode: Consider dynamics of

the VSM layer and transient virtual impedance (no-loop current controller) and net-

work. GFM inverter in parallel with a synchronous machine: Consider dynamics of

the VSM layer, the no-loop and two of the multi-loop current controllers, synchronous

machine (including exciter and governor-turbine systems), network, dc-side circuitry,

and dc-side controller.

• Identification of root causes for the virtual electromechanical interactions that can be

excited by the low-bandwidth layer of the GFM controller (i.e., VSM layer) as high

virtual inertia time constant and high ∆f/∆P co-efficient.

• Revealing the reason for the contrary effect from inertia time constant and P-f droop

co-efficient of GFM inverter and synchronous machine as the explicit sluggish governor-

turbine system in the synchronous machine model.

• Demonstration of the ability of high-bandwidth inner control layers to excite the net-

work modes while having a negligible impact on the virtual electromechanical and

governor modes.

• Revealing and verification of the effect of virtual impedance on the network and virtual

electromechanical modes.

• Showing the ability of the considered current-limiting methods to limit the fault current

well below 2.0 pu in systems consisting of only GFM inverters and a GFM inverter in

parallel with a synchronous machine.
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• Comparative eigenvalue analysis with and without dc-side dynamics to demonstrate

the importance of considering dc-side dynamics in GFM inverter systems during the

controller designing and system studies stage.

• Revealing possible interactions between dc-side circuitry and dc-side controller, dc-side

and GFM controller and dc-side and network.

These contributions have led to the following publications;

1. T. Thilekha, S. Filizadeh, U. Annakkage, C. Karawita, and D. Muthumuni, “Effect of

DC-Side Dynamics on Interactions in Grid-Forming Inverter Systems”, IEEE Trans.

Energy Convers., to appear.

2. T. Thilekha, S. Filizadeh, U. Annakkage, C. Karawita, and D. Muthumuni, “Grid-

Forming Inverter Interaction Studies Using Small-Signal Stability Assessment,” in

Proc. CIGRE Canada Conf. Expo, (Manitoba, Canada), Oct. 2024.

3. T. Thilekha, S. Filizadeh, U. Annakkage, C. Karawita, and D. Muthumuni, “Analysis

of interactions among parallel grid forming inverters,” Electric Power Syst. Res., vol.

223, p. 109652, Oct. 2023.

4. T. Thilekha, S. Filizadeh, U. Annakkage, D. Muthumuni, and C. Karawita, “Parallel

operation of grid-forming inverters with synchronous machines,” in Proc. CIGRE

Canada Conf. Expo, (Calgary, Canada), Oct. 2022.

6.3 Recommendations for Future work

This study has widened the horizon of interaction analysis in GFM inverter systems by

including the dynamics of both the dc and ac sides of the GFM inverter and the full dynamics

of the GFM controller. The following directions are suggested for future pursuit.
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• The three commonly used current-limiting algorithms that were explicitly designed

to handle balanced faults were incorporated into the study to analyze their effect on

causing interactions. However, the most common types of faults in power system are

unbalanced faults. Therefore, the development of linearized models of controllers that

can handle unbalanced faults and analysis of their impact on critical interaction is an

important research direction.

• The dc-side dynamics were considered through a generic representation. However,

different dc-side configurations will provide case-specific information regarding the

system stability. For example, widening the study for wind turbines with machine-side

converters and rectifiers behind dc transmission lines in HVDC systems can provide

more insight into the interactions in such GFM inverter systems.

• Modular multi-level converter (MMC) applications in the HVDC transmission are

prominent. MMCs introduce converter dynamics due to sub-module capacitors and

arm inductors. Therefore, extending the stability analysis with an MMC-based GFM

inverter system would suitably extend the interaction analysis in GFM inverter sys-

tems.

• The realization of a synchronous machine by utilizing the electrostatic energy stored

in the dc-link capacitor and other energy storage devices on dc-side is another GFM

controller realization method that is becoming increasingly attractive. Therefore, in-

teraction analysis with such a GFM controller can be a potential research direction.

104



Appendix A

An overview of the small-signal stability assessment is given in this section and a detailed

description can be found in [19]. Small-signal stability is the power system’s ability to

maintain synchronism when subjected to small disturbances [19]. A disturbance is small

enough when the equations describing the system’s resulting response can be linearized for

the analysis.

A.1 State-Space Representation

States are the minimum set of linearly independent system variables that along with the

system inputs provide a complete description of the system [19]. The behavior of a dynamic

system can be represented by a set of first order non-linear differential equations that ex-

plains the behavior of the states as shown in (A.1). Here x and u represent the matrices

corresponding to states and inputs, respectively.

ẋ = f(x,u) (A.1)

The output variables which can be observed in the system may be expressed in terms of

states and input variables as shown in (A.2).

y = g(x,u) (A.2)
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A.2 System Stability

The stability of a non-linear system is governed by the type and magnitude of the input,

and the initial state. The small-signal stability (i.e., the stability under small disturbances)

of non-linear systems can be carried out by linearizing the non-linear equations around an

equilibrium point.

A.2.1 Linearization

Equations (A.1)-(A.2) can be linearized around an equilibrium point by assuming pertur-

bations are small enough so that second and higher order terms of ∆x and ∆u can be

neglected in the Taylor series expansion. This assumption will result in (A.3)-(A.4).

∆̇x = A∆x+B∆u (A.3)

∆̇y = C∆x+D∆u (A.4)

The Laplace transformation of (A.3) results in (A.5).

∆x(s) =
adj(sI−A)

det(I−A)
(∆x(0) +B∆u(s)) (A.5)

The poles of (A.5) are given by the roots of (A.6).

det(sI− A) = 0 (A.6)

s values which satisfy (A.6) are identified the eigenvalues of matrix A.

A.2.2 Stability analysis

According to Lyapunov’s first method, the small signal stability of a non-linear system is

given by eigenvalues of A as follows:
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• When the real part of the eigenvalues are negative, the original system is asymptotically

stable.

• When at least one eigenvalue has a positive real part, the original system is unstable.

• When the eigenvalues have zero real parts, the first approximation is insufficient to

comment about the stability.

A.3 Eigenvectors and Modal Matrices

A.3.1 Right eigenvector

For any n column vector ϕi which satisfies (A.7), is called the right eigenvector of A asso-

ciated with the eigenvalue λi. Here i = 1, 2, ...,n

Aϕi = λiϕi (A.7)

A.3.2 Left eigenvector

For any n row vector Ψi which satisfies (A.8), is called the left eigenvector of A associated

with the eigenvalue λi. Here i = 1, 2, ...,n

ΨiA = λiΨi (A.8)

A.3.3 Modal matrices

To express eigenproperties of A, it is convenient to define the following modal matrices.

ϕ = [ϕ1,ϕ2, ..,ϕn] (A.9)

Ψ = [Ψ1
T ,Ψ2

T , ..,Ψn
T ]T (A.10)
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Λ = diagonal matrix, with the eigenvakues λ1, λ2, ..., λn as diagonal elements

(A.11)

A.4 Free Motion of a Dynamic System

The (A.3) can be represented as (A.12) for the free motion (i.e. with zero input) study.

∆̇x = A∆x (A.12)

As shown in (A.12), the rate of change of each state variable is a linear combination of all

the state variables. This cross-coupling of state variables challenges the discovery of factors

which significantly affect the oscillations. To eliminate this cross coupling the following

transformation is introduced.

∆x = ϕz (A.13)

By substituting (A.13) in (A.12), the following relationship can be obtained.

ż = Λz (A.14)

Equation (A.14) gives n decoupled first order differential equations as shown in (A.15). Here

i = 1, 2, ...,n

żi = λizi (A.15)

The time domain response of each mode is given by (A.16).

zi(t) = zi(0)e
λit (A.16)

Therefore, it can be concluded that the time dependent characteristics of a mode is dependent

on an eigenvalue as follows:
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• A real eigenvalue corresponds to a non-oscillatory mode.

• Complex eigenvalue (occurs in complex conjugate pairs) corresponds to an oscillatory

mode.

For a complex conjugate pair of eigenvalues;

λ = σ ± jω (A.17)

Frequency of oscillation in Hz is given by;

f = ω/2π (A.18)

The damping ratio is given by;

ζ = −σ/
√
σ2 + ω2 (A.19)

A.5 Mode Shapes and Participation Factor

A.5.1 Mode shape

According to (A.13), the magnitude of the elements of ϕi gives the extent of the activities of

the n state variables in the ith mode. The angle of the elements of ϕi gives phase displacement

of the state variables with regard to the mode. If the mode shape of any of the state variables

are close by (i.e., around 0° phase displacement) these states are identified to be oscillating

together when the ith mode is excited. The states are identified to be oscillating against

each other when the phase displacement is around 180°. Out of significantly participating

state variables, the state variables that can lead to adverse interactions can be found out by

the mode shape analysis.
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A.5.2 Participation factor

The participation factor for the ith state variable is calculated as follows;

Pi =

[
ϕ1iΨi1 ϕ2iΨi2 . . . ϕniΨin

]T
(A.20)

Here; ϕki = kth entry of the right eigenvector ϕi Ψik = kth entry of the left eigenvector Ψi

pki = ϕkiΨik is the relative participation of the kth state variable in the ith mode. Sum of

participation factors associated with any mode (
∑n

k=1 pki = 1) or with any state (
∑n

i=1 pki =

1) is equal to 1. Therefore, in this study the participation factors of all the states in a

particular mode are divided by the maximum participation factor of that mode to normalize

the participation factors.

A.6 Controllability and Observability

Equations (A.3)-(A.4) can be represented using modes as shown in (A.21)-(A.22).

ż = Λz+B
′
∆u (A.21)

∆y = C
′
z+D∆u (A.22)

Here, B
′
= ϕ−1B and C

′
= Cϕ. The ith mode is uncontrollable if the ith row of B

′
is equal

to zero. The ith mode is unobservable if the ith column of C
′
is equal to zero.
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Appendix B

Appendix A includes the expanded form of the matrices relevant to the small-signal repre-

sentation of each sub-component of the GFM inverter.

B.1 Reference frame transformation

The expanded form of relevant matrices in section 2.2.1 is mentioned under this section.

Aδ = 0 Aδgfm1 =

[
−ωb 01×16

]
Aδgfm2 =

[
ωb 01×16

]

B.2 Power controller

The expanded form of relevant matrices in section 2.2.2 is mentioned under this section.

AP =



−1
2HDp

−1
2H

0 0 0

0 −1
Tp

0 0 0

0 0 −1
Tq

0 0

0 0 0 −1
Tv

0

0 0 −Dq −1 0


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APLCL =



0 0 0 0 0 0 0 0

Rf itd0
Tp

Rf itq0
Tp

itd0
Tp

itq0
Tp

d
Tp

e
Tp

0 0

Rf itq0
−Tq

−Rf itd0
−Tq

itq0
−Tq

−itd0
−Tq

f
−Tq

g
−Tq 0 0

aRf

c
bRf

c
a
c

b
c

−aRf

c
−bRf

c
0 0

0 0 0 0 0 0 0 0


Here;

a = vfd0 + (icvd0 − itd0)Rf , b = vfq0 + (icvq0 − itq0)Rf , c = Tv
√
a2 + b2

d = vfd0+Rficvd0−2Rfitd0, e = vfq0+Rficvq0−2Rfitq0, f = −(vfq0+Rficvq0), g = vfd0+Rficvd0

APN = APL = 0 5×4

BP =



1
2HDp

1
2H

0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 Dq 1



CE =

[
0 0 KpDq Kp − 1

Ti

]
DE =

[
0 0 −KpDq −Kp

]
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B.3 LC filter and transformer

The expanded form of relevant matrices in section 2.2.3 are mentioned under this section.

ALCLd = ωb



−Rf

Lf
ωgfm0

−1
Lf

0 Rf

Lf
0 0 0

−ωgfm0
−Rf

Lf
0 −1

Lf
0 Rf

Lf
0 0

1
Cf

0 0 ωgfm0
−1
Cf

0 0 0

0 1
Cf

−ωgfm0 0 0 −1
Cf

0 0

Rf

Lt
0 1

Lt
0 −(Rf+Rt)

Lt
ωgfm0 0 0

0 Rf

Lt
0 1

Lt
−ωgfm0

−(Rf+Rt)
Lt

0 0

−Rf

Lf
ωgfm0

−1
Lf

0 Rf

Lf
0 −1

Thpωb
0

−ωgfm0
−Rf

Lf
0 −1

Lf
0 Rf

Lf
0 −1

Thpωb



BLCLd1 = ωb

[
icvq0 −icvd0 vfq0 −vfd0 itq0 −itd0 icvq0 −icvd0

]T

BLCLd2 = ωb

 1
Lf

0 0 0 0 0 1
Lf

0

0 1
Lf

0 0 0 0 0 1
Lf


T

BLCLd3 = ωb

 0 0 0 0 −1
Lt

0 0 0

0 0 0 0 0 −1
Lt

0 0


T

AvcdqP =

sin(−30°)

cos(−30°)

CE + Lvi0

 icvqhp0

−icvdhp0

[ 1 0 0 0 0

]

AvcdqLCL =

 0 0 0 0 0 0 −Rvi0 ωgfm0Lvi0

0 0 0 0 0 0 −ωgfm0Lvi0 −Rvi0



Bvcdq =

sin(−30°)

cos(−30°)

DE
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ALCLP = BLCLd1

[
1 0 0 0 0

]
+BLCLd2AvcdqP

ALCL = ALCLd +BLCLd2AvcdqLCL ALCLN = BLCLd3

1 0 0 0

0 1 0 0


ALCLL = 0 8×4 BLCL = BLCLd2Bvcdq

B.4 Network

The expanded form of relevant matrices in section 2.2.4 is shown in this section.

ANd = ωb



0 ωgfm0
−1
Cpi

0

−ωgfm0 0 0 −1
Cpi

1
Ltx

0 −Rtx

Ltx
ωgfm0

0 1
Ltx

−ωgfm0
−Rtx

Ltx


BNd1 = ωb

[
vpiq0 −vpid0 itxq0 −itxd0

]T

BNd2 = ωb

 1
Cpi

0 0 0

0 1
Cpi

0 0


T

BNd3 = ωb

 0 0 −1
Ltx

0

0 0 0 −1
Ltx


T

BNd4 =

 − sin(δ0) cos(δ0)

− cos(δ0) − sin(δ0)


vLd0
vLq0

 BNd5 =

 cos(δ0) sin(δ0)

− sin(δ0) cos(δ0)


ANδ = BNd3BNd4 ANP = BNd1

[
1 0 0 0 0

]

ANLCL = BNd2

 0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

 AN = ANd

ANL = BNd3BNd5

 1 0 0 0

0 1 0 0

 BN = 0 4×4
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B.5 Load

The expanded form of matrices in (2.39) are given below.

ALd = ωb



−1
CLRL0

ωgfm10
−1
CL

0

−ωgfm10
−1

CLRL0
0 −1

CL

1
LL

0 0 ωgfm10

0 1
LL

−ωgfm10 0


BLd1 = ωb

[
vLq0 −vLd0 iLq0 −iLd0

]T

BLd2 = ωb

[
vLd0

CLR
2
L0

vLq0

CLR
2
L0

0 0

]T
BLd3 = ωb

 1
CL

0 0 0

0 1
CL

0 0


T

BLd42 =

 − sin(δ0) − cos(δ0)

cos(δ0) − sin(δ0)


itxd0
itxq0

 BLd52 =

 cos(δ0) − sin(δ0)

sin(δ0) cos(δ0)


The expanded form of matrices in (2.40) are given below.

ALoadδ = BLd3BLd42

ALoadgfm1
=

BLd1

[
1 0 0 0 0

]
0 4×8 BLd3BLd51

 0 0 1 0

0 0 0 1




ALoadgfm2
=

0 4×5 0 4×8 BLd3BLd52

 0 0 1 0

0 0 0 1




ALoad = ALd BLoad = BLd2 ∆UL = ∆RL
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Appendix C

The set of differential equations from [19] are used to model the dynamics of the synchronous

machine.

dωsm/dt = (1/2H)(Tm − (ψdiq − ψqid)−KDωsm) (C.1)

dψd/dt = ωb(ed + ωsmψq +Raid) (C.2)

dψfd/dt = ωb(efd −Rfdifd) (C.3)

dψ1d/dt = ωb(−R1di1d) (C.4)

dψq/dt = ωb(eq − ωsmψd +Raiq) (C.5)

dψ1q/dt = ωb(−R1qi1q) (C.6)

dψ2q/dt = ωb(−R2qi2q) (C.7)

The first step to modify the above mentioned differential equations is to replace the rotor

current components using the rotor’s flux components and stator current’s dq components.

C.1 Representation of rotor current components

The equivalent circuits for the d and q axis of the synchronous machine which show flux

linkage and current relationship of each path are given in Figure C.1.
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L1dLfd
Lad

Ll

i1difd

ψad

ψfd ψ1d

id

ψd

L1dLfd
Lad

Ll

i1difd

ψad

ψfd ψ1d

id

ψd

(a)

L2qL1q
Laq

Ll

i2qi1q

ψaq

ψ1q ψ2q

iq

ψq

L2qL1q
Laq

Ll

i2qi1q

ψaq

ψ1q ψ2q

iq

ψq

(b)

Fig. C.1: Synchronous machine’s equivalent circuit for (a) d-axis and (b) q-axis

From the d-axis equivalent circuit:

ψad = Lad(−id + ifd + i1d) (C.8)

ifd = (ψfd − ψad)/Lfd (C.9)

i1d = (ψ1d − ψad)/L1d (C.10)

By substituting (C.9) and (C.10) in (C.8), .

ψad = L
′′

ad(−id + ψfd/Lfd + ψ1d/L1d) (C.11)

Here

L
′′

ad =
1

1
Lad

+ 1
Lfd

+ 1
L1d

Similarly for the q-axis

i1q = (ψ1q − ψaq)/L1q (C.12)

i2q = (ψ2q − ψaq)/L2q (C.13)

ψaq = L
′′

aq(−iq + ψ1q/L1q + ψ2q/L2q) (C.14)

Here

L
′′

aq =
1

1
Laq

+ 1
L1q

+ 1
L2q
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Therefore rotor current components can be represented using rotor flux components and

stator current’s dq components.

ifd = ψfd/Lfd − (L
′′

ad/Lfd)(−id + ψfd/Lfd + ψ1d/L1d) (C.15)

i1d = ψ1d/L1d − (L
′′

ad/L1d)(−id + ψfd/Lfd + ψ1d/L1d) (C.16)

i1q = ψ1q/L1q − (L
′′

aq/L1q)(−iq + ψ1q/L1q + ψ2q/L2q) (C.17)

i2q = ψ2q/L2q − (L
′′

aq/L2q)(−iq + ψ1q/L1q + ψ2q/L2q) (C.18)

According to [19],

efd = (Rfd/Lad)Efd (C.19)

By substituting (C.15)-(C.19) in (C.3)-(C.7), the following equation set can be obtained to

model the dynamics of the rotor flux linkages.

dψfd/dt = k1ψfd + k2ψ1d + k3id + k4Efd (C.20)

dψ1d/dt = k5ψfd + k6ψ1d + k7id (C.21)

dψ1q/dt = k8ψ1q + k9ψ2q + k10iq (C.22)

dψ2q/dt = k11ψ1q + k12ψ2q + k13iq (C.23)
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Here,

k1 =
ωbRfd

Lfd

(
−1 +

L
′′

ad

Lfd

)
k2 =

ωbRfdL
′′

ad

LfdL1d

k3 =
−ωbRfdL

′′

ad

Lfd

k4 =
ωbRfd

Lad

k5 =
ωbR1dL

′′

ad

LfdL1d

k6 =
ωbR1d

L1d

(
−1 +

L
′′

ad

L1d

)
k7 =

−ωbR1dL
′′

ad

L1d

k8 =
ωbR1q

L1q

(
−1 +

L
′′
aq

L1q

)
k9 =

ωbR1qL
′′
aq

L1qL2q

k10 =
−ωbR1qL

′′
aq

L1q

k11 =
ωbR2qL

′′
aq

L1qL2q

k12 =
ωbR2q

L2q

(
−1 +

L
′′
aq

L2q

)

k13 =
−ωbR2qL

′′
aq

L2q

C.2 Representation of stator flux components

This section shows the steps for replacing the dq components of the stator flux linkage with

the dq components of the stator current and the rotor flux linkages. From Fig.C.1a:

id = (ψad − ψd)/Ll (C.24)

iq = (ψaq − ψq)/Ll (C.25)

By substituting (C.24) in (C.11), (C.26) can be obtained.

ψad = Lppd(ψd/Ll + ψfd/Lfd + ψ1d/L1d) (C.26)

Here

Lppd =
1

1
Ll

+ 1
Lad

+ 1
Lfd

+ 1
L1d

Similarly, by substituting (C.25) in (C.14), (C.27) can be obatained.

ψaq = Lppq(ψq/Ll + ψ1q/L1q + ψ2q/L2q) (C.27)
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Here

Lppq =
1

1
Ll

+ 1
Laq

+ 1
L1q

+ 1
L2q

By substituting (C.26) in (C.24), (C.28) can be obtained.

id = m1ψd +m2ψfd +m3ψ1d (C.28)

Here

m1 = −Lppd/LlL
′′

ad m2 = Lppd/LlLfd m3 = Lppd/LlL1d

Similarly, by substituting (C.27) in (C.25), (C.29) can be obtained.

iq = m4ψq +m5ψ1q +m6ψ2q (C.29)

Here

m4 = −Lppq/LlL
′′

aq m5 = Lppq/LlL1q m6 = Lppq/LlL2q

By re-arranging (C.28) and (C.29), (C.30) and (C.31) can be obtained, respectively.

dψd/dt = (1/m1)(did/dt) + (−m2/m1)(dψfd/dt) + (−m3/m1)(dψ1d/dt) (C.30)

dψq/dt = (1/m4)(diq/dt) + (−m5/m4)(dψ1q/dt) + (−m6/m4)(dψ2q/dt) (C.31)
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By equating (C.30) and (C.2), (C.32) can be obtained.

did/dt = (m2k3 +m3k7 +m1ωbRa)id + (m2k1 +m3k5)ψfd + (m2k2 +m3k6)ψ1d+

((m1ωbωsm)/m4)iq + ((−m1m5ωbωsm)/m4)ψ1q + ((−m1m6ωbωsm)/m4)ψ2q

+ (m1ωb)ed + (m2k4)Efd (C.32)

Similarly by equating (C.31) and (C.5), (C.33) can be obtained.

diq/dt = ((−m4ωbωsm)/m1)id+((m4m2ωbωsm)/m1)ψfd+((m4m3ωbωsm)/m1)ψ1d+(m4ωb)eq

(m5k10 +m6k13 +m4ωbRa)iq + (m5k8 +m6k11)ψ1q + (m5k9 +m6k12)ψ2q (C.33)

ed and eq in (C.32) and (C.33), respectively, have to be replaced with the other state vari-

ables. For this, the connecting transformer impedance is assumed in series with the stator

winding and the detailed derivation is discussed in section C.3.

C.3 Representation of stator terminal voltage compo-

nents

Synchronous 
Machine

Step-up 
Transformer

vpi

Lt

Cpi

Rt it
et

Fig. C.2: Synchronous machine and step-up transformer configuration in the test system

Figure C.2 focuses on the network configuration of the synchronous machine and the

step-up transformer in the test system. The dynamic equation which governs the dynamics
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of the transformer inductor current is given in (C.34).

dit/dt = (−Rt/Lt)it + (−1/Lt)vpi + (1/Lt)et (C.34)

From (C.34), the dq components of the stator current can be obtained as shown in (C.35)-

(C.36).

ditd/dt = (ωb/Lt)(−Rtitd − vpid + ed + Ltωsmitq) (C.35)

ditq/dt = (ωb/Lt)(−Rtitq − vpiq + eq − Ltωsmitd) (C.36)

By equating (C.32) and (C.35), (C.37) can be obtained.

ed = bed1id + bed2ψfd + bed3ψ1d + bed4iq + bed5ψ1q + bed6ψ2q ++bed7vpid + bed8Efd (C.37)

Here,

bed1 =
m2k3 +m3k7 +m1ωbRa +Rtωb/Lt

ωb(1/Lt −m1)
bed2 =

m2k1 +m3k5
ωb(1/Lt −m1)

bed3 =
m2k2 +m3k6
ωb(1/Lt −m1)

bed4 =
ωbωsm(m1/m4 − 1)

ωb(1/Lt −m1)

bed5 =
ωbωsm(−m1m5/m4)

ωb(1/Lt −m1)
bed6 =

ωbωsm(−m1m6/m4)

ωb(1/Lt −m1)

bed7 =
ωb/Lt

ωb(1/Lt −m1)
bed8 =

m2k4
ωb(1/Lt −m1)

Similarly, by equating (C.33) and (C.36), (C.38) can be obtained.

eq = beq1id + beq2ψfd + beq3ψ1d + beq4iq + beq5ψ1q + beq6ψ2q ++beq7vpid + beq8Efd (C.38)
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Here,

beq1 =
ωbωsm(1−m4/m1)

ωb(1/Lt −m4)
beq2 =

ωbωsm(m2m4/m1)

ωb(1/Lt −m4)

beq3 =
ωbωsm(m3m4/m1)

ωb(1/Lt −m4)
beq4 =

m5k10 +m6k13 +m4ωbRa +Rtωb/Lt

ωb(1/Lt −m4)

beq5 =
m5k8 +m6k11
ωb(1/Lt −m4)

beq6 =
m5k9 +m6k12
ωb(1/Lt −m4)

beq7 =
ωb/Lt

ωb(1/Lt −m4)
beq8 = 0

C.4 Linearization of components in the synchronous

machine’s reference frame

C.4.1 Reference frame transformation

The expanded form of matrices in section 3.3.1 are given in this section.

Aδ = 0 Aδgfm =

[
−ωb 01×16

]
Aδsm =

[
ωb 01×15

]

C.4.2 Synchronous machine

The expanded form of matrices in section 3.3.2 are given with the intermediate steps of

deriving them. The linearization of (3.3)-(3.9) can be firstly represented as (C.39).

˙∆Xm = Amd∆Xm +Bmd1

∆ψd

∆ψq

+Bmd2

∆ed
∆eq

+Bmd3

∆vpid
∆vpiq

+Bmd4∆Tm+

Bmd5∆Efd (C.39)
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Here;

Amd =



−KD

2H

ψq0

2H
0 0 −ψd0

2H
0 0

iq0ωb
−ωbRt

Lt
0 0 ωsm0ωb 0 0

0 k3 k1 k2 0 0 0

0 k7 k5 k6 0 0 0

−id0ωb −ωsm0ωb 0 0 −ωbRt

Lt
0 0

0 0 0 0 k10 k8 k9

0 0 0 0 k13 k11 k12



Bmd1 =

 −iq0
2H

0 0 0 0 0 0

id0
2H

0 0 0 0 0 0


T

Bmd2 =

 0 ωb

Lt
0 0 0 0 0

0 0 0 0 ωb

Lt
0 0


T

Bmd3 =

 0 −ωb

Lt
0 0 0 0 0

0 0 0 0 −ωb

Lt
0 0


T

Bmd4 =

[
1
2H

0 0 0 0 0 0

]T

Bmd5 =

[
0 0 k4 0 0 0 0

]T

By rearranging and linearizing (C.28)-(C.29), (C.40) can be obtained.

∆ψd

∆ψq

 = Msidq∆Xm (C.40)

Here

Msidq =

 0 1
m1

−m2

m1

−m3

m1
0 0 0

0 0 0 0 1
m4

−m5

m4

−m6

m4


By linearizing (C.37) and (C.38), (C.41) can be obtained.

∆ed
∆eq

 = Me1∆Xm +Me2

∆vpid
∆vpiq

+Me3∆Efd (C.41)
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Here

Me1 = bed4
ωsm

iq0 +
bed5
ωsm

ψ1q0 +
bed6
ωsm

ψ2q0 bed1 bed2 bed3
bed4
ωsm

ωsm0
bed5
ωsm

ωsm0
bed6
ωsm

ωsm0

beq1
ωsm

id0 +
beq2
ωsm

ψfd0 +
beq3
ωsm

ψ1d0
beq1
ωsm

ωsm0
beq2
ωsm

ωsm0
beq3
ωsm

ωsm0 beq4 beq5 beq6



Me2 =

 bed7 0

0 beq7

 Me3 =

 bed8

beq8



By substituting (C.40) and (C.41) in (C.39), (3.10) can be obtained. The expended form

of matrices in (3.10) are given below.

Am = Amd +Bmd1Msidq +Bmd2Me1 AmGT = Bmd4

[
0 1

]

AmE = (Bmd2Me3 +Bmd5)

[
0 0 1

]
AmN = (Bmd2Me2 +Bmd3)

 1 0 0 0

0 1 0 0


AmL = 0 7×4 Bm = 0 7×2

C.4.3 Governor and turbine

The expanded form of matrices in section 3.3.3 are given with the intermediate steps of

deriving them. The linearization of (3.11)-(3.12) can be firstly represented as (C.42).

˙∆XGT = AGTd∆XGT +BGTd1∆ωsm +BGTd2∆Psmref (C.42)
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Here;

AGTd =

 − 1
TG

0

1
TCH

− 1
TCH

 BGTd1 =

 − 1
TGDpsm

0

 BGTd2 =

 1
TG

0



(C.42) can be rearranged as shown in (3.13). The expanded form of matrices in (3.13)

are given below.

AGTm = BGTd1

[
1 0 0 0 0 0 0

]
AGT = AGTd

AGTE = 0 2×3 AGTN = 0 2×4

AGTL = 0 2×4 BGT = BGTd2

[
1 0

]

C.4.4 Exciter

The expanded form of matrices in section 3.3.4 are given with the intermediate steps of

deriving them. The linearization of (3.14)-(3.16) can be firstly represented as (C.43).

˙∆XE = AEd∆XE +BEd1∆vsmref +BEd2

∆ed
∆eq

 (C.43)

Here

AEd =


− 1
Tr

0 0

− 1
TB

− 1
TB

0

−KATC
TATB

KA

TA

(
1− TC

TB

)
− 1
TA

 BEd1 =


0

1
T B

KATC
TATB



BEd2 =


ed0

Tr
√
e2d0+e

2
q0

eq0

Tr
√
e2d0+e

2
q0

0 0

0 0


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(C.43) can be rearranged as shown in (3.17). The expanded form of matrices in (3.17)

are given below.

AEm = BEd2Me1 AEGT = 0 3×2

AE = AEd +BEd2Me3

[
0 0 1

]
AEN = BEd2Me2

 1 0 0 0

0 1 0 0


AEL = 0 3×4 BE = BEd1

[
0 1

]

C.4.5 Network

The expanded form of matrices in (3.19) are given in this section.

ANm = BNd1

[
1 0 0 0 0 0 0

]
+BNd2

 0 1 0 0 0 0 0

0 0 0 0 1 0 0



ANGT = 0 4×2 ANE = 0 4×3

C.4.6 Load

The expanded form of ALoadsm in (3.21) is given here.

ALoadsm =

0 4×7 0 4×2 0 4×3 BLd3BLd5

 0 0 1 0

0 0 0 1



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Appendix D

Appendix C includes the expanded form of the matrices relevant to the small-signal model

of each sub-component in the GFM inverter with the virtual admittance-based inner current

controller (section 4.2.1).

D.1 Power controller

The expanded form of matrices relevant to section 4.2.1 is mentioned in this section. APLCL

in section B.2 will be modified as shown below.

APCC = 0 5×2 APLCL =



0 0 0 0 0 0

Rf itd0
Tp

Rf itq0
Tp

itd0
Tp

itq0
Tp

d
Tp

e
Tp

Rf itq0
−Tq

−Rf itd0
−Tq

itq0
−Tq

−itd0
−Tq

f
−Tq

g
−Tq

aRf

c
bRf

c
a
c

b
c

−aRf

c
−bRf

c

0 0 0 0 0 0



D.2 Virtual Admittance Block

The expanded forms of matrices relevant to section 4.2.1 are mentioned in this section.
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The linearizarion of (4.3)-(4.4) can be firstly represented as in (D.1).

∆icvd∗
∆icvq

∗

 =

 avi bvi

−bvi avi


∆vtd
∆vtq

+

 −avi −bvi

bvi −avi


∆vpccd
∆vpccq

 (D.1)

Here

avi =
Rvirt

Rvirt
2 +Xvirt

2 bvi =
Xvirt

Rvirt
2 +Xvirt

2

For the convenience of representation, the output of the Q-v controller concerning the

high voltage side of the connecting transformer is represented as in (D.2).

vtd = (vcvq
∗) sin(−30°) vtq = (vcvq

∗) cos(−30°) (D.2)

Linearizing (D.2) yields (D.3).

∆vtd
∆vtq

 =

sin(−30°)

cos(−30°)

CE∆Xp +

sin(−30°)

cos(−30°)

DE∆Ugfm (D.3)

The corresponding matrices for CE and DE are given in Appendix B.2. The d and q

axis voltage components at the PCC (the terminal of the LC filter) are given by (D.4).

vpccd = vfd + (icvd − itd)Rf vpccq = vfq + (icvq − itq)Rf (D.4)

Linearizing (D.4) yields (D.5).

∆vpccd
∆vpccq

 =

 Rf 0 1 0 −Rf 0

0 Rf 0 1 0 −Rf

∆XLCL (D.5)

By substituting (D.3) and (D.5) in (D.1), (4.5) can be obtained whose expanded forms
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of the relevant matrices are given below.

AicvdqrefP =

 avi bvi

−bvi avi


sin(−30°)

cos(−30°)

CE

AicvdqrefLCL =

 −avi −bvi

bvi −avi


 Rf 0 1 0 −Rf 0

0 Rf 0 1 0 −Rf



Bicvdqref =

 avi bvi

−bvi avi


sin(−30°)

cos(−30°)

DE

D.3 Decoupled Current Controller

The expanded form of matrices relevant to section 4.2.1 is mentioned in this section.

ACCP = AicvdqrefP ACC = 0 2×2 ACCN = ACCL = 0 2×4 BCC = Bicvdqref

ACCLCL = AicvdqrefLCL +

 −1 0 0 0 0 0

0 −1 0 0 0 0



D.4 LC filter and transformer

The expanded form of relevant matrices in section 4.2.1 are mentioned under this section.

The output of the decoupled current controller can be represented by (D.6)-(D.7).

vcvd = Kpi(icvd
∗ − icvd) + (1/Tii)x4 + vpccd − ωLficvq (D.6)

vcvq = Kpi(icvq
∗ − icvq) + (1/Tii)x5 + vpccq + ωLficvd (D.7)
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The linearizing of (D.6)-(D.7) results in (D.8).

∆vcvd

∆vcvq

 = AvcvdqP∆XP + AvcvdqCC∆XCC + AvcvdqLCL∆XLCL + Bvcvdq∆Ugfm

(D.8)

Here

AvcvdqP = KpiAicvdqrefP + Lf

[
−icvq0 icvd0

]T [
1 0 0 0 0

]

AvcvdqCC =

 1/Tii 0

0 1/Tii



AvcvdqLCL = KpiAicvdqrefLCL +

 Rf 0 1 0 −Rf 0

0 Rf 0 1 0 −Rf


+

 −Kpi −ωgfm0Lf

ωgfm0Lf −Kpi


 1 0 0 0 0 0

0 1 0 0 0 0


Bvcvdq = KpiBicvdqref

Due to the absence of high-frequency current components in the virtual admittance-based

inner current controller, the state matrices (i.e., ALCLd, BLCLd1 −BLCLd3) in section B.3

will be modified by removing elements corresponding to ∆icvdhp and ∆icvqhp. The expanded
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form of matrices in (4.9) are given below.

ALCLP = BLCLd1

[
1 0 0 0 0

]
+BLCLd2AvcvdqP ALCLCC = BLCLd2AvcvdqCC

ALCL = ALCLd +BLCLd2AvcvdqLCL ALCLL = 0 6×4

ALCLN = BLCLd3

 1 0 0 0

0 1 0 0

 BLCL = BLCLd2Bvcvdq

D.5 Network

The expanded form of matrices relevant to section 4.2.1 is mentioned in this section.

ANCC = 0 4×2 ANLCL = BNd2

 0 0 0 0 1 0

0 0 0 0 0 1


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Appendix E

Appendix D includes the expanded form of the matrices relevant to the small-signal model

of each sub-component in the GFM inverter with the cascaded voltage-current controller.

E.1 Decoupled Voltage controller

The expanded form of matrices in Section 4.2.2 is given in this section.

AVCP =

[
sin(−30°) cos(−30°)

]T
CE AVC = AVCCC = 0 2×2

AVCLCL =

 0 0 −1 0 0 0

0 0 0 −1 0 0

 AVCN = AVCL = 0 2×4

BVCC =

[
sin(−30°) cos(−30°)

]T
DE

E.2 Decoupled Current controller

The expanded form of matrices in Section 4.2.2 is given in this section.

AicvdqrefP = Kpv

[
sin(−30°) cos(−30°)

]T
CE + Cf

[
−vfq0 vfd0

]T [
1 0 0 0 0

]
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AicvdqrefVC =

 1/Tiv 0

0 1/Tiv

 AicvdqrefLCL =

 0 0 −Kpv −ω0Cf 1 0

0 0 ω0Cf −Kpv 0 1



Bicvdqref = Kpv

[
sin(−30°) cos(−30°)

]T
DE

ACCP = AicvdqrefP ACCVC = AicvdqrefVC ACC = 0 2×2

ACCLCL = AicvdqrefLCL +

 −1 0 0 0 0 0

0 −1 0 0 0 0



ACCN = ACCL = 0 2×4 BCC = Bicvdqref

E.3 LC filter and transformer

The expanded form of matrices in Section 4.2.2 is given in this section. The outputs of

the decoupled current controller in (D.6)-(D.7) are a set of input for this component. The

linearized representation of (D.6)-(D.7) in cascaded voltage-current controller embedded

scenario is given in (E.1)

∆vcvd

∆vcvq

 = AvcvdqP∆XP +AvcvdqVC∆XVC +AvcvdqCC∆XCC +AvcvdqLCL∆XLCL

+Bvcvdq∆Ugfm (E.1)

Here,

AvcvdqP = KpiAicvdqrefP + Lf

[
−icvq0 icvd0

]T [
1 0 0 0 0

]
AvcvdqVC = KpiAicvdqrefVC
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AvcvdqCC =

 1/Tii 0

0 1/Tii



AvcvdqLCL = KpiAicvdqrefLCL +

 Rf −Kpi −ω0Lf 1 0 −Rf 0

ω0Lf Rf −Kpi 0 1 0 −Rf


Bvcvdq = KpiBicvdqref

Due to the absence of high-frequency current components in the virtual admittance-based

inner current controller, the state matrices (i.e., ALCLd, BLCLd1 −BLCLd3) in section B.3

will be modified by removing elements corresponding to ∆icvdhp and ∆icvqhp.The expanded

forms of matrices in (4.23) are given below.

ALCLP = BLCLd1

[
1 0 0 0 0

]
+BLCLd2AvcvdqP

ALCLVC = BLCLd2AvcvdqVC ALCLCC = BLCLd2AvcvdqCC

ALCL = ALCLd +BLCLd2AvcvdqLCL ALCLN = BLCLd3

 1 0 0 0

0 1 0 0


ALCLL = 0 6×4 BLCL = BLCLd2Bvcvdq

E.4 Network

The expanded form of matrices relevant to section 4.2.2 is mentioned in this section.

ANVC = ANCC = 0 4×2 ANLCL = BNd2

 0 0 0 0 1 0

0 0 0 0 0 1



135



Appendix F

The expanded forms of matrices relevant to Chapter 5 are given here.

F.1 DC-side Circuitry and Controller

The expanded forms of matrices in the section 5.2.1 are mentioned in this section along with

the intermediate steps. The modulation index m is calculated from (F.1).

m = −Kp(Dq(Qref −Qf) + Eref − Ef)− x1/Ti (F.1)

The linearized form of (F.1) is given by (F.2), whose expanded forms of matrices are given

in Appendix B.2.

∆m = CE∆XP +DE∆Ugfm (F.2)

The linearization of (5.4) is given by (F.3).

∆idc = AidcP∆XP +AidcLCL∆XLCL +Bidc∆Ugfm (F.3)

Here;

AidcP = (icvd0 sin(−30°) + icvq0 cos(−30°))CE

AidcLCL =

[
m0 sin(−30°) m0 cos(−30°) 0 0 0 0

]
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Bidc = (icvd0 sin(−30°) + icvq0 cos(−30°))DE

Linearization of (5.12) is given by (F.4).

∆d = AdDC∆XDC +BdDC∆UDC (F.4)

Here;

AdDC =

[
0 0 −KpibatKpvdc Kpibat −Kpibat Kpibat/Tivdc 1/Tiibat

]

BdDC =

[
KpibatKpvdc

]
The expanded forms of matrices in (5.13) are given below.

ADC =



−(ωb(1− d0)/Lbat)

[
0 1 0 0 0 0 0

]
+ (ωbvdc0/Lbat)AdDC

(ωb(1− d0)/Cdc)

[
1 0 0 0 0 0 0

]
− (ωbibat0/Cdc)AdDC[

0 1/Tvdc −1/Tvdc 0 0 0 0

]
[
0 0 0 −1/Tidc 0 0 0

]
[
1/Tibat 0 0 0 −1/Tibat 0 0

]
[
0 0 −1 0 0 0 0

]
[
0 0 −Kpvdc 1 −1 1/Tivdc 0

]



ADCP =

[
0 1×5 (−ωb/Cdc)AidcP 0 1×5 AidcP/Tidc 0 1×5 0 1×5 0 1×5

]T

ADCLCL =

[
0 1×6 (−ωb/Cdc)AidcLCL 0 1×6 AidcLCL/Tidc 0 1×6 0 1×6 0 1×6

]T
ADCCC = 0 7×2

ADCN = ADCL = 0 7×4
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BDCgfm =

[
0 1×4 (−ωb/Cdc)Bidc 0 1×4 Bidc/Tidc 0 1×4 0 1×4 0 1×4

]T

BDC =

[
(ωbvdc0/Lbat)BdDC (−ωbibat0/Cdc)BdDC 0 0 0 1 Kpvdc

]T

F.2 Virtual Admittance Block

The expanded form of AicvdqrefDC in (5.15) is given in this section. m is given in (F.1).

AicvdqrefDC = m0

 avi bvi

−bvi avi


sin(−30°)

cos(−30°)

[ 0 1 0 0 0 0 0

]

F.3 LC filter and transformer

The expanded forms of ALCLDC and BLCLDC in section 5.2.5 are given in this section.

ALCLDC = ALCL +BLCLd2AvcvdqDC BLCLDC = 0 6×1
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