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ABSTRACT

Some of the more recent stability'cfiteria for single-loop,
continuous time, feedback systems which contain a single nonlinearity
.are considered in this thesis. Emphasis is placed on Popov's criterion.
It is shown that the criterion can be applied to Systems contaiﬁing
a certain class of hysteretic nonlinearities. It is also shown that
. theAcriterion may be used to predict zero steady~sfate error operation
of certaih systems. |

Graphical and analytical applicatioﬁs of Popov's criterion
are considered. Several systems for which Popov's criterion verifies
Aizerman's conjecture are given. To complete the investigation,
criteria which are more restrictive on the nonlinearity than Popov's
criterion but less restrictive on the linear subsystem are presented

andbdiscussed.



TABLE OF CONTENTS

. Thé V.M. Popov Theorem . . . . . . . e e e e s o e
II.  TWO EXTENSIONS OF THE V.M. POPOV CRITERION . . . . . .

Extension to Hysteretic Nonlinearities . . . . . . .
General Considerations . . . . v . + v ¢« & « o .«

Theorem 1 . . . . . . .. e e e e e e e e e

EXample . v . v o4 e e e e .. e e e e e e

Corollary 1 . . . . C e e e e e e PR
Proof of4Corbllary 1......4. IR < e
Example . . . .. ... .. .. e ,b. .

Graphical Technique for the Direct Application
of Popov's Criterion to G(jw) when the Non-

" linearity Lies in Sector kg, Kol v

Example . . . .+ . . . . . D e e coe .

12




Analytical Application-of PopoV's Criterion .. ..o27

Aizerman's Conjecture. . . . . . .. ... v .. . 28

IV.  STABILITY CRITERIA WHICH ARISE WHEN THE NONLINEARTTY

IS RESTRICTED FURTHER . .. . ... ... e e .. 32
Stability Criteria Presented in [11] . . . . . . . . 32
Stability Criteria Presénted in [107 . . . . . . ; . 34
BXAMDIE o v v v e e e e e . P L%
Discussion « « « « « « v . . ; ........... 36

V. = CONCLUDING REMARKS AND SUGGESTIONS FOR FURTHER

RESEARCH . v v v v v v v e e e e e e e e e e 40
BIBLIOGRAPHY . v v v v v v v v v v . . e e e e e 22

APPENDICES '+ ¢ v v e v o o v e e e et e e e e e e e e 44

Appendix A - Necessary and Sufficient Conditions for G to

be Stable - in - the - Limit .. . . ....... c e 85
Appendix B - Refinements of Inequality (1f) . . . . . . . .. 47

Appendix C - Proof of Lemma . . . . . . . . . v .« . . voee . 49
Appendix D - Verification of Aizerman's Conjecture |
for the Varlous Systems e e e e e e e e e . ; .. 54

Appendix E - Application of Crlterlon (4£) to

G(s) = s’ +as + b ;..;.;...;..- ....... 57
(s2 +1)(s +©) - - ’



W W N O

10

11
12 .
13
14
15

16

LIST OF FIGURES

Graphical Interpretation of the .Circle Criterion . . .

- Linear Systém Used to Prove Stability - in - the -
LIMit ve v v v e e e e . e e e e e |
_ Graphiéal Interpretation of the Popov Criterion

Allowable Hysteretic Nonlinearity . . . . . . . « . .

System S1 .. ;,' e e e e e e e e DEEEE R
Linear Companion Feedback System, SL e e e e e
Equivalent System.Derivéd by Transformihg System Sl'

Equivalent System Derived by Transforming System S . .
Allowsble Input for Corollary 1° . . . . o v v « o . .
Sysfem Skl, ........... f; ..... _... . ..

W=-CircleS + v v v v v v e v . . e e e e e e e e

Example of Graphical Technique . . . . . . . . c e e

| Graphiéal Interpretation of the Parabola Test

Admissible Pole Locations éf G(s) = 1/s(s +‘1)

(SZ+ as + b) for Aizerﬁén?s Conjeéture to be
 Verified . .. ... ... e L.
Root Locus Interpretation of Stébility - in - the -

Lin]j-t ...... : - - L . - . L - . .' . * . . .‘ L] * L L]

PAGE

11
12
16

17

18

21

22
25
25
27




CHAPTER I

- INTRODUCTION

General Considerations

The mathematical model of many phy51ca1 systems can be |

represented.by the block dlagram of Flgure 1.

ORI TN | IR | 7N ¢ lemalx),

Figure 1 - System S

The block ¢ [0 (t)] represents a predominant nonlinearity in
the system. G is a linear, time-invariant, causal operator whose
Laplace transform is given by G(s).

A 1umped.parameter system can be described by the follow1ng

‘ set of state-space equations.

- ey®. s
y(©) =0 (1. N
o(t) = 71(t) - b? x(t), 1 for all t 2 O.A ’ ' (1c)

1Here and throughout a (.) denotesdlfferentlatlon with respect to
tlme ' ,



In the above equations; x the state of the system is a real

“n—dimensional'vector; A is a real constant n x n stable matrix; y(t}

the input to the 1inear‘system, c(t) the output and r(t) the forcing

function are real scalar time functions. The input transformation b
and the output transformation h are real constant n-dimensional vectors.
-An alternate and more general deScription which includes dis-

tributed parameter systems is the functional equation,
t ,

o(t) = T(t) - 2(t) - jh(t -y e (1d)

: 0
In (1d),'z(t) is the zero-input response of G and h(t) is the impulse

~ response of G.

One of the first conSiderafions in the analysis or design of
a system is its stability. An unstable system will not only have un-
suitable eperating characteristics but may present a hazérd to the
operator. Stability theory ofisystems is fherefore of prime importance.
Also as etated in [7 ]Zj "The current‘convenfional design techniques
in controlktheory are all directly or indirectly derived‘from stability
criteria'. |

Thevproblem of stability for linear, time-invariant systems

is resolved by the necessary and sufficient‘conditions given by the

familiar Routh-Hurwitz or Nyquist criteria. For nonlinear systems

such as shown in Figure 1, the stability problem has been more intrac-

table. The first general explicit stability criterion was due to

Lyapunov [14] . This criterion known as the dlrect method of Lyapunov
states that if for the autonomous, flnlte system of Flgure 1 there

exists a real scalar function, V(x), of the state vector X such that:

[ ] denotes bibliographical references wherever 1t appears throughout '
this study v :



- (1) V(x) is positive definite over the whole n—dkimensviona’l

'space and”V(gj =0,
(2) V(g)'is‘continuous with continuous first partial
dérivatives, , _ .
(3) V(x) tends to infinity as ||§JT tends to infinity,
(4) The set of points for which V(x) <dis béunded. Here
d is an arbitrarily lérge number, |
;(5) dV(z)/dg;is é negative semidefinite function over the
whole n-dimensional space, |
(6) The solutibn of dV(x)/dx = 0 does not corfespond to ény
trajectory of thevsystém S except the trivial one, x = 0.
Then the origin of system S is globally, ésymptoticaliy stables.
_ Thé criterion is only sufficienﬁ and successful application
" of it depends on the choice of the V(§) or as it is commonly called,'v
Lyapunov function. Numerous Lyapunov functions have been proposed.

Oné of these is the '"'quadratic plus iﬁtegrai" form of A.I. Lure [14] .

This function is

g : .
Ve = K Ax 8 fcpco) do. (le)
A | | | |

A is a real, symmetric, positive definite matrix and B is a fixed,
‘real number. |

| Engineering applications of Lyapunov's‘direct method have
‘been limited. The proper choice of.a Lyapunov function usually re-
quireé‘a great deal of ingenuity and considerable insight into the

problem. For engineering purposes criteria which are simple to apply

3For all initial states of S, x tends to zero as t tends to infinity.



‘and to interpret are required. Recently techniques based on the

frequency response of G have been-developéd. These techniques are
yeadily acceptable for engineering purposes since:

(1D 'Experimental methods to determine the frequency response
of physical systems are'Well—anwn. A.syéfem may thus be specified
experimentaily rather than analytically.

(2) Many of the techﬁiqués of analyzing linear systems‘are
based on frequency response methods. TherefOréifhe wéll-developed,
"powerful tools of linear analysis can be applied to the nonlinear
- system. | |

“As a prelude to the stability criteria investigéted in this

thesiS'the following criterion is presented. angidér(system S and'
assume that it satisfies the following assumptions.

(1) The input r(t) is bounded, in Lz(O, co)4 and tends to
zero as t tends to infinity. |

(2) ¢(o, t) is an arbitrary, single-valued nonlinearity
which satisfies | - |

-® <« g gﬁgi—zl-s B < for all o # 0, for all t > 0.

$(0, t) is zerd for all t > 0. | a
That is ¢(o, t) is a time—varying.noniineafity which alwayé lies in
sector [=, 81° and passes through the origin. |

| - (3) The impulse respoﬁse of G can be expfessed as y + h(t)
for t = 0, the zero input response as z_ + z(t) where v, z_ are
N function, f(t), is said to be in Lp(d; ) ifi‘S |£(t)|P dt < =,
. 5 ) :

5Here' and throughout square brackets indicéte the closed interval
while open brackets indicate the open interval.




. E

constants » 0 and h(t), z(t) are bounded andlmembers of Li(O, @), and

z(t) tends to zero as t tends to infinity.
When G isva lumped parameter system its transfer function G(s)
_kis a ratio of two polynomials. ASsumption (3) can then be stated as:
G is eompletely controllable and-observable, the degree of the numerdtor
polynomial is less than that of the denominator and all the poles of

6

G(s) lie in the open left-hand s-plane”. If G(s) has poles on the

jw-axis then'G(s) is required to be stable - in - the - limit7.
If S satisfies the above three conditions then for S to be
sz - stable it is suf£1c1ent that its frequency response locus G(jw)
B satisfy the following conditions for all w > 0:

Case (a) =« > 0: The locus of_G(jw) lies strictly outside
the‘circle C of radius l/2 [1/ - 1/81 centered’oh the real axis of
the s-plane at [ (1/2)(1/°C + 1/8), O] and does not encircle the circle.

Case (b). « = 0: Real part [G(Jw)] + 1/8 > 0.

Case (c) = < 0: The locus of G(jw) lies strictly inside the
circle.Cvof radius 1/2 [1[8 - 1/«<]centered on the reel axis of the
;'complex plane at T- (1/9(1/= + 1/8), 01 .
| The above criterion is known as the circle criterion and was
- originally presented in this‘fbrm by Sahdberg [201 . The criterion is
illustrated graphically in.Figure 2. Cases (b) and (c) epply only to

the principal case while Case (a) may be applied to particular cases

- "G(s) is called a pr1nc1pél case if all its poles lie in the open
-left-hand s-plane. When some of the poles of G(s) lie on the jw-axis
it'is called a particular case.

'thg SOncept of stability - in - the - limit is eXplaihed on Pages 8
an . . . ” . ‘




as well., A System is called L, - stable if for any finite state;

(1) o(t) is bounded, in LZ(O, =) and tends to zero as t tends to
infinity, (ii) for the autonomoﬁs case the null solution is globally,

asymptotically stable.

Satisfactiqh'of the éircle'criterion by system S also implies
fhat S is stable in the bounded input—bounded output sense., James [15]
.shows that even if systém S has a multi-valued nonlinearity the circle |
criterion can be'applied to it to prove'bounded'input—boumded output

stability. In [4 1, Bergen and Iwens show that the circle criterion

4 may be used to predict zero steady;state bperation of the system S.

The circle criterion imposes a minimum of restrictions on the
nonlinearity. Greater restriction on the nonlinearity should,providé
greater fféedom in the linear operator G. Restriction of the nohlinear-
ity to be time-invariant results in the V.M. Popov theorem [2’].

This thesis is concerned primarily with the V.M. Popov stabi-
lity criterion. The theorem is étated-iﬁ the next<sectipn;‘ Chapter
II extends the theorem in two directions. The application of the
- theorem to several systemg.is considered in Chapter III. Stability

" criteria which arise when the nonlinearity is restricted further are

Jpresented in Chapter IV which is followed by_thé concluding remarks

of Chapter V.»

-

The V.M. Popov Theorem

The theorem as originally proven by V.M. Popov applied to

‘autonomous, 1umped.parametér systems. Since then the theorem has been

extended to nonautonomous and distributed systems [9, 21,;6 1. The

following présentétion_takes these extensions into acgount'and‘folloWs



Im G(Gw)

A -

]
| b

| /_\ " Re G(jw)

Im G(jw)

Re G(ijw)

W=

Case (c): « < 0

Figure 2 - Graphical Interpretation of the Circle Criterion



~ closely that of reference [6] .

~Consider syétem S which is characterized as follows:
(1) The input r(t) and its derivative r(t) are bounded for
all t » 0%, | "
- {2) - The nonlinearity is singlefvéluéd, pieceWise'COhtinuoﬁs
and time—invariént with ¢(0) - 0. |
(3); The-lineaf operator G satisfies the following conditions;

2=t 120¢) dt <

(i) The impulse response satisfies T e
A < w,bﬁhere A is some posifive number and « > 0 -
is a sufficiently small number. |

(ii) The zero-input response z(t) and its derivatiﬁe

2(t) are bounded for all t > 0 by decaying exponentials,
(iii) G(s)

‘f h(t) e St 4t is analytic in the domain
) : A .

Re s

v

o Assumption (3) describes.the linear operatbr by its impulse
and zero-input responses. Thus distributed systems are included. As
in the case of the circle criterion assumptionv(S) for lumped parameter
systems, provided that G is completely controllable and observable,

‘may be stated as: G(s) is a ratio of two polynomials with all of its
poles in the closed 1eft;hénd s-plane and with the degree of the
_numerator'pdlynomial less than the degree of the denominator polynomial.

- Particular cases of G are_féquired.to be stable - in - the -
limit. A particular case is stable - in - the - limit if system S is

~asymptotically stable for a lineaf gain, ¢(o) =ec, where e > 0 is

'-8When G is a lumped parameter system, this assumption may be replaced
by the requirement that r(t) and d¢/do be bounded [22 ]. Baker and
Bergen [3] show that these .assumptions are both necessary and suf-
ficient to prove stability in the bounded input-bounded output sense.



afbitrérily small.’ When G is a lumped, parameter system stability -

in - the - limit reqﬁires that all the jw-éxis poles move_into the
1eft-hénd s—plaﬁevwhen the linear gain is increased from zero. Neces-
- sary and sufficient sonditions for lumped parameter systems to be
stable - in —.the-f limit are stated in Appendix A. When G is a dis-
tributed'systsm it will be stable - in - the - limit if the linear

‘system of Figure 3 satisfies assumption (3).

y(t) -+

t
P G(s) CF )

©

Figuré 3 - Linear System Used to Prove Stability - in - the - Limit

When ths system satisfies the above three assumbtions,then

the V.M. Popov fheorem states that if there exists'a;real q and a
positive § such that for all w > 0 the foliowihg inequality is satisfied

| “Re [(1+ jwq) GGW)1 *+ 1/k > 6 > 0 o ap
then fbr nonlinearities contained in the sector [0, k1] for the prin-
cipal case and in the sector [e, k] for the parficulafxcésés the system
S is: |

(1) Absolutely stable in the sense tﬁst-fbr any finite initial
state the output will be bounded for all time > O.
- (2) If'r(t) is identically equal to zéro (autonomous case)

then S is glbbally'asymptotiCally stable.



(3) If r(t) and r(t) are in L (O «) -and tend to Zero as t

tends to 1nfin1ty, as well as. belng bounded then S is Lz— stable
| Particular cases require that the nonlinearity lie in the
Sectorv[s, k]J. }The sectof‘[e, k] is smaller than sector (0, k]. qu
example, nonlinearities which have a zero slope at o = 0 will always
1ievoutsidc the sector [e, K] but could lie inside the sector tO,'k].
- Howevér, since the nonlineafity is;never’specifiéd.that exactly at the
origin the difference between the two scctofs has 1ittle practical
significance. | |
| For thc case where thé blocks.N and G ére interchanged then‘
“as shown by Sandberg [21] the assumptlons on the derivative of the
input are not required. This is due to the smoothing properties of G.
Thus, in contrast with linear systems, the placement Qf the nonlinear
block plays an'imbortant role in the stability of the system.
Inequality (lf) is basically Popov's criterion; When S 1is
autonomoﬁs‘the ipequality may be relaxed slightly to obtain more
general results for global asymptotic stability of S. These results
are- summarized in Appendix B. |
' Thcugh the criterion is only sufficient it is quite powerful.
In particulér, Yakubovitch [23] has shown fhat for the,autonomoﬁs,
lumped parameter syStem the Popov criterion subsumes all results
that can bexproven by the Lyapunov method using a '"quadratic plus
'intégrélh Lyapunov. function. Since the criterion has a simple
_ geometrlcal 1nterpretat10n it 1is muCh easier to apply than Lyapunov
.methcds. The geometrical 1nterpretat10n of the criterion is accomp-

1iéhed.by plottlng ‘the modified frequency response of G.




The modified frequency response, G*(jw), is relatedb'jco

G(jw) by; | <
Re G*(jw) = Re G(jw) = X
Im G*(jw) = w Im G(jw) = Y

Inequality (1f) ‘may therefore be written as | ,
X Q‘q Y+ 1/k268>0. < e (1g)
The equation X - q'Y + 1/k = 0 represents the locus of a

- straight line with slope 1/q and intercept - 1/k. For inequality (1g)

| to be satisfied the 16cus of G*(jw) must lie strictly to the right of

this line. This is illustrated in Figure 4.

G*(jw) Plane

w Im G(jw) .

/G*(jw) locus

Re G(jw)

W=e

XW)-qYW)*%=0

~Figure 4 - Graphical Interpretation of the Popov Criterion



CHAPTER II

TWO EXTENSIONS OF THE V.M. POPOV CRITERION

I. 'EXTENSION TO HYSTERETIC NONLINEARITIES

5 General Considerations

Let system S satisfy assumptions (1) and (3) of the V.M.fPopov
criterion. Assumption (Z)lis now relaxed so that lhe honlinearity may
‘be hysteretic. The nonlinearity is assumed to have the following.
| qualitative features.
| (1) ¢ [o(t), éd] is,defined for all ¢ and %0 in (-», «) and
lies in the sector [0, k] for principal cases and [e, k] for particular
'Cases. 9 indiCateS the memory df the nonlinearity. |
(2) ¢ [O ¢0] is zero. |
o (T)
(3) The integral -f ¢ lo

, 70
arbitrary. In graphical terms this requirement restricts the hysteretic

R ¢O] do is'> 0 where T > 0 is

" loops to be traversed in a clockwise direction. A suitable ¢ [o, N

is shown in Figure 5. |
For a nonllnearlty satisfying these three assumptlons Theorem

1 shows that the V M. Popov crlterlon is still applicable to system S.

¢[0: ¢O
k

Figure 5 - Allowable Hysteretic Nonlinearity



Theorem 1
For the preceding hysfefetic nonlinéarity syStém S willvbe; _
(é) Absolutely stable iﬁ the bounded input;Bounded-output
sense, _ vk ' - |
©(®) 1, - stable if r(t) and £(t) are in 1,00, =),
if there exists a finite number q 2 O and a positive number § such
that for all w = 0 the V.M. Popov criterion Re [(1 + jwq) G(jw)]
- +1/k 28>0 is.sétisfied. o
| - The proof of Theorem 1 is based on the following lemma and
foilows that given in [6] for the single-valued nonlinearity.

“Lemma

When system S is a principal case and satisfies all the
conditions of Theorem 1 then the following inequality holds for a

sufficiently small « > 0,

Tt A t ~

J e.zofT yz(r)dr < l/c‘i2 j eZ‘IT [r(1) - z(1) + q {T(7)
o a(0) P |
S0 171 2 e+ 2q/8 J 6 [0, og] do|  for all t 2 0. (2a)

‘This lemma is identical to the Main Lemma in [6] but is
extended to include the hysteretic nonlinearities of Theorem 1. Its

~proof is given in Appendix C.

Proof of Theorem

_The system is described by the equation;
o(t) = r(t) - z(t) - f h(t - 1) y(x) dr, , (2b)
- 0 | R



or o(t) = £(t) - z(t) / (t_T_)rh(»t‘- ) e‘“(t_‘T) y(r)"dr.' (20)

By the triangle 1nequa11ty and Schwarz S 1nequa11Ly (Zc) becomes

- 1/2

lvc(t)l's [r(t) - z(t)] +kf S hz(xj ax| et | -
- ' . 0 :
-t ' > > .
. / eZOCT }’ZCT) dr . . ’ - - (2d) -
i | ' - T

Use of the Lemma in (2d) yields

. o . i . o
[o(®)]| = [r(t) - z(t)} + [ JRADS h.2 (x) dx| - l:l/GZ f e-Za(t-T)
. o S (U e 0 =
- [r(x) - z(x) + q {£(7) - 2(1-‘)}]'2 dr + zq/af s[o, ¢O] dof . (2¢)
A , o y |

The linear system G is a principal case and therefore its

1mpulse response satisfies the inequality:
. -kt
[h(t) l <k e 2" where k;, k, are positive constants.

Thus « can be found, 0 < = <k

_fbezmxhz(x) dx s A < =,

The second integral in (2e) is bounded since it is a convolu-

95 SO that the following holds,

tion of the impulse responSe of a strictly stable linear system with |
a'bdunded input. Therefore the rlght -hand side of inequality (Ze) is

bounded for all t z 20, i.e.,

; Ic(t)] sB <« forall tz0. - Q.E.D.



Example

Let'G(s) be giveﬁ by l/s(s + a) with a > 0. The V.M. Popov
crlterlon is (- 1+ qa) / Cw + a ) + l/k 28> 0 for all w > 0.
The criterion is satisfied for q > 1/a. Thus for this G(s) system S
is L, - stable and bouﬁded input-bounded output.stable for all '
hysterefie nonlinearities lying in the sector [a,’mj provided that
the hysteresis loops. are traversed clockwise. |
- Remarks
| Theorem 1 was proven only for the principal case. However,
as shown in [2] for the autonomous case, particular cases can be
transformed into prineipallcases;— Exactly the same arguments apply
to‘the nonautonomous case. |
Similar results_fof the autonomous system have been estab-
lished by Ghelig [13]. The qualitati?e description of the nonline-
arity was in fact euggééted by [13]. The origiﬁality of Theorem 1
-is- the proof that the theorem establlshed by Bergen Iwens and Rault
[6], is st1]1 valld for this nonllnearlty
The class of hysteretlc nonllnearltles covered by Theorem 1
‘s rather 11m1ted Practical hysteretlc nonllnearltles are usually
'such that the hystefetic-loeps-are traversed counterclockwise.

Theorem 1 therefore has limited practical value.

“II. PREDICTION OF ZERO STEADY-STATE ERROR OPERATICN'
© BY MEANS OF POPOV'S CRITERION
In the Introduction it was stated that when system é satisfies
Popov s criterion then with su1tab1e restrictions on the input and its

derlvatlve L2 - stability of the system is implied. It was also



pointed out that when the nonlinear and linear blocks are interchanged _
the restrictions on the derivative may be removed. Theorem 2 shows
that for this system, Sl’ (Figure 6) it is possible to predictvzerb

steady-state error operation by means of Popov's criterion.

R

: r(t)+ o(t) N G , (t) B oIy (t)] c(t) >

~Figure 6 - System S1

“Theorem 2
If the linear companion feedback system, SL’ (Figure 7)

- follows an input with zero steady-state error then system S1 will

follow the same inpﬁt with zero steady-state error provided that;
(1) . The nonliﬁearity lies in the sector [e, k] for both
- the principél and particular cases of G where ¢ is a small positive

number,

(2)’ Popov's critefionAié sa;isfied by system Sl’

(3) The linear operator G satisfies assumption (3) of the

V.M. Popov theorem.



c(t) o

e b G

- Figure 7 - Linear Companion Feedback System, SL

Proof of Theorem 2

Transform system S1 by means of the transformation

17

50) =0() - ey o o (2e)

Transformation (2e) results in the equivalent system, Seq’ of F_iguré 8.

The nonlinearity ¢( ) lies in the sector [0, k - e].

Popov's criterion for system Seq is,

. 'Re[(1+3wq)l+G8(J‘é’)(jw) +k_€~,>_6>0_fora11 w > 0.

Inequality (2f) may be rewritten as

L [Re{(1 + juq) GG} + | + X -
|1+ ¢ GGw) | : o 1+ e GGW) |
28>0 forall w2 0.

But it is assuned that Re[(1 + jqw) G(jw)] + 1/k 2 6, > 0

for all w 2 0. Since 8, 8; are arbitrarily small numbers

(28

ek 6Gw) + 1k[2

(2g)



theniinequality.(Zg) holds foribéth principal and particular cases =
of«G. For particﬁlar cases of G, the limit of the left-hand side of

(Zgj as w approaches a‘ﬁole of G is k/ Ie(k . )l . Thﬁs an € can
-always be chosen such‘that k/ [ek - €)] 2 6. |

: eG
P 1 + eG
o i
™ . 1+ . . | ty .
r(t 1 T o (t) - le(ty, %%ii}gjja
B = O R RN RS ¢ly(t)] TFeG(5) g
o I
y l I
"I |
I il
B [
- __)

ZiiiifZQuivalent System,‘Seq, to which Popov's Criterion

is applied.

Figure 8 - Equivalent System Derived by Transforming System S1




The input to system S eq is related to the iﬁput of system S1

by RGs) = (1/[1+ ¢ G()IFR(S). (2h)
But (Zh) is the same as the expression for the error of the linear
compahion feedback-system. Since the hypothesis of Theorem 2 states
that %ig cLﬁj is zero then the %iz r(t) is zero and system-S eq is

therefore Lz—stable by hypothesis.

)
- Thus 1lim o(t) is zero for both systems S -and S, and there-
| £ CUoe
. fore for system Sl

lim c(t) = lim r(t). . Q.E.D.

oo T
Example
= Let G(s) be given by 1/[s(s + a)l. If the input to system
S1 is a step fumction the error of the linear cbmpanion‘system is
G + a)/{s(s + a) + e}. The final value of the error is given by
“lim s(s + a)/{s(s + a) + €} and is equal to zero. Systém Sl satisfies
gggov 's criterion for nonllnearltles lying in the sector [e ®) .,
Therefore Theorem 2 implies that for thls partlcular G(s), system S1
will follow the‘Step function with zero steady-state error for non-
1inearities‘in the sector [e, =).
. Remarks
Thg preceding example points out that zero steady—stéte erfor
operation of sYstem S1 is possible even when the input is not in
L CO ). Since the input R(s)'is.related to R(s) by 1/{1 + ¢ G(s)}
any input whose jw-axis poles are cancelled by the poles of G(s) will
result in zero steady-state error. | |
Theorem 2 is similar to the Theorem 2 proven by Bergen and
Iwéns,,[4]; in both its statement and'proof. ‘Bergen and Iwens however
considered‘the éircle criterion whereas the Popov criterion is con-

sidered here.



Transfbrmatibn‘(Ze) may also be used to predict zero steady-
state error operation of system S when the nonlinearity lies in the
sector e, k] . This is shown by Corollary 1.

A Cordllary 1

If the input to system S is continuous‘aﬁﬂ.bounded and if

the linear companion feedback system follows this input with zero

i

steady-state error then system S will follow the same input with

- zero steady-state error.

Proof of Corollary 1

~ The transformation (2e) results in the system of Figure 9.
‘From the final and initial value theorems of Laplace transform theory

the following Values‘for r(t) and é(t) are established;

lim  D(s) - .1

ii$+vi(t) T sew D(s) * € N(5) siz %R(S) % 0, | Y
%igvf(t) =v;ig D(s)Dfsl N(s) . iig sR(s) = %iz o () = 0, (Zj).
| 11m+ i) = o et s B 2 R(s) = Finite quantity, (210
50 f g )

11;32 :(t) = if(l)l -D(S)SE(E)N(;) -. ii’f)‘ sR(é) ='0., | : | : (20

© Limits (21)- and tZk) follow from the restriction on r(t) to be continu-

ous while.(Zj)‘and (28) follow from the hypothesis that syétém:SL

_follows r(t)'with zero steady-state error. Thus'f(t) and r(t) are in

‘LZ(O,w) and therefore %im o(t) is zero. | Tk
-»00 .
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AE{Eqﬁi§alent System, Se , to which Popov's
Criterion is applied:

Figure 9 - Equivalent System Derived by Transforming System S

(r(t)

Figure 10 - Allowable Input for CQrolléry 1

.- Example .
Consider.thé_input of Figﬁre 10 applied to system S with

' G(s) = 1/[3(5 + a)]. The input r(t) is continuous with the Laplace
transform R(s) = (1 - e_as)/sz. The transform Qf the error of syst@ﬁ

8, for this input isf{(s +a)(l - e;as)}/{sz(s + a) + es} and its

final value is zero. Therefore by Cofollary 1 system S follows this
input with zero steady-state error for nonlinearities in the sector

. [8, °°)- ’




CHAPTER III |

APPLICATION OF POPOV'S CRITERION

I. GRAPHICAL APPLICATION OF POPOV;S CRITERION
" The application of Popov's criterion-assqmeg that the non;
.lihearity-is_constrained to iie in the sector [0, k]vfor principal
cases and [e, k] for particular cases. For these qa;és the criterion
ié easilyltestéd.by fhe graphical technique presented in the infro;
dﬁction. However, when ﬁhe nonlinearity lies in the general sectof
’fkl, k2] y - @ <\k1 < k2 < », the technique can oniy be used after
‘the transformation, | |
5() = 4(0) - kyo Y
is applied to system S. |
The system reSulting from transformation (3a) is shown in
Figure 11, where the nonlinearity $(0) lies in the sector [0, k2 - kl]
and the linear subsfstem G is strictly stable. To apply the graphical
- technique of the Introduction to syétem Skl the modified fréduency
response - locus of G(jw) has to be plotted. To.avoid this the follow-
 ing develops a graphical techniqué for the application of Pépov's/

criterion'directly to the linear sﬁbsystem.G.

Figure 11 - System Skl



Graphical Technique for the Direct Application of Popov's Criterion

' to G(Jw) when the Nonlinearity Lies in Sector [k ]
Popov s .criterion for system Skl
Re [(1 + qu) G(iw)/ [1 + k G(JW)] +1/k 26 >0

Cfor sws oo, - ‘ S v _ e - (3a)
where k is identical to (kz - kl) . | | |
| In t;mns of the real and imaginary parts of G(jw), X(w) and
‘ YCW) i“espeétively, criterion, (3a) may be rewritten as

XG0 + k, P60 + Y w)]

o1+ 2k X(w) + ki [XZ(W) + YZ(W) ]A

qw Y(w)
L+ 2k X@) + K D)+ Y]

+1/k 28>0

for 0 s w < =, ' - . (3b)

29

If G(s) is a particular case then when w » W, where jw, is
a pole of G(s) inequality (3a) becomes _1/k1 +1/k > § > 0 and a § can
always be found such that this is true.

,,When § is set to zero in (3b), then (Sb) may be rewritten as
1+ 2ky/k | 2

XG) + |+ YW - — T
20y + K2 /k 1 20k + g/

(qw) - for 0 sw < °°.. | o (3c)
4k (1 + kl/k) » .

If eq’uality is allowed in (3c) thén the resulting equation .

" will be a circle in the X(w), Y(w) plane with centre at



1+ 2k1/k

Y(w) = — I

X(w) =
2(kl + kl/k)

_' 2 "
20k, + k3/K)

A(qW)Z +V1

and radine 2 o |
and radius 1 = > —
47 1 +'k1/k]

The intersections of this circle with the X(w) axis occur ét
-1/(k1'+ k),- l/k1 and are independént of w.

- Define qw to be w and to a convenient scale draw circles

for the various w as in Figﬁre 12. The frequenéy response of G(jw)

"is plotted on a separate sheet of transparent paper to the same scale 
aS'Figureilz. ‘The locus of G(jw) is graduated in terms of w. The
transparent sheet of paper is then laid over Figure 12 and inequality
(3c) is téstéqlby éeeing if each w on the G(jw) locus falls striétly
outside the é;iresponding'ﬁ circle. Theiparameter q is used to
adjust the w positions on the G(jw) locus. |
Example | o ,

Consider system S with G(s) = 100/s(s + 1)(32'+ 0.8s + 16).

-The frequency response locus of G(jw) as well as several w circles

- are shown in Figure 13. The 1inear system is stable in the sector
(0, 0.7 while the Popov criterion.shows thatAthe»nonlinear‘sectqr

is [e, 0.26]v1. -For q = 0.1 the precéding gfaphical technique shows

- that Popov's criterion is satisfied in the sector (0.139, 0.555).

pewey & Jury, (111, p. 60.

~



Iﬁ G(jw)

\ ! 1 | Re G(jw)
" - ) Im G(jw) .
w=0.43 W10 w=1.73
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*0.44. |
/ Re G(jw)

J 0.51
1

L eque0.1
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Figure 13 - Example of Graphical Technique



Remarks

The example illustrates that it is possiblé'to obtain a better
upper bound on the nonlineérity at the eipensé of the iowey'bound.’The
graphical technique is iaborioﬁs and'most-Suited"to aﬁaiyéis problems
‘where the seétbr fkl, ké] is given. Ifs chief a&yéntage'would.Be that
it deals directly with the frequency response locus,Of G(jw). This
| would simplify the problem of adjusting‘séctor'[kl, ké] by compensation.

A graphical technique whichvis Somewhat simpler.to applyvand
interpret is presented in Reference [51. ‘This techniqu§ is called
the Parabola test and deals with the modified frequency response locus |
G* (jw) . |
' 2

Parabola Test
. The fest states that if tﬁe‘inequality‘
-k + 2k SR g
2. 1. kq Y (w) 1
0 gy Y0 cpurl R R 0 GO

is_safisfied-for all 0 < w < =, then sYstem S sétisfies Popov's
criterion for noﬁlineafities in the sector fkl, ké].. X*CW)-and Y* (w)
aré‘thelfeal and imaginary parts of G*(jw) .

| -When~équality ié allo&ed in (3d) the result is an equation
whose locus is a.parébola in the X*(w), Y*(w) plane. Tﬂe intersections
with_the X* (w) axis occur at - 1/k, - 1/(k1 + k) and the slope of'the
tangenté at these points_is 1/q and - 1/q respectively. The construc-

tion and application of the parabola is shown in Figure 14.

ZREférence [5] proVes the test for the autonomous case. However, the
'same considerations as in the graphical technique presented in this
chapter show that it is applicable to the nonautonomous case.



w Im G(jw)

‘ 6w

Figure 14 - Graphical Interpretation of the Parabola Test

IT. ANALYTICAL APPLICATION OF POPOV'S CRITERION

’; When the linear subsystem G is spec1f1ed numerically the
graphical 1nterpretat10n of Popov' s'crlterlon can be applied readlly.

However, if G is specified in‘genefal form then the Popov criterion

must be applied énalytiéally. The»application involves the qualita-
tive féatures of the modified frequency response locus. Generally

~.the algebra involved becomes prohibitive but the criterion'maybbe

~ applied analytically with a fair amount of success to 10w'order systems.
The criterion is particularily useful in singling out systems which

satisfy Aizerman's conjecture.




Aizerman's Conjecture

. This conjecture first stated by M. A Alzerman in 1947 postu-

; lates that the sector for global asymptotlc stab111ty of system S
coincides with the Hurwitz sector. The conjecture was first dlsproveav

by PlfsS'[See 16].. Fittsv[}Z] and Ackerman [ll_recently preseﬁted

:experimental evideece that the conjecture is false. Thus it only
remains nowlto identify the class of systems fof which the conjecture

" is true.‘ Application of Popov's cfiterion shows that the following

.systems satisfy the conjecture. The proofs are given in Appendix D.

1/ [s(s + a)] a>0

() 6(s) =

(2) G(s) = 1/ [s(s® + as + b)] ab >0

(3 .6(s) = [s+al /Iss+bs+ )] a,b,c>0
(4) G(s) = 1/ [s(s> + as® + bs + ¢)] a,b, c>0,

ab - ¢ >0, a3

- 2(ab - c) >0
() G(s) = [s+as+bl /[(s°+1) (s+3] a,b,c>0,

b - ac -1>0, bc+ta-c>0

‘: Systems (1) te (5) are ail particﬁlarvcases; When G(s) is
a principal case the Hurwitz sector willnbe [;kl, kz]f, kl’ kz >0
Popov's critefion can be applied only after transformation (3a) has
been‘appliedvto the system. The Hurwitz secter for'the transformed

system»(Figure 11) will be fO, k., + k2 1. Popov's criterion is now

1
applied to this system.

The effect of the transformation is to shift the polessbof

3The transformation is in effect the pole sh1ft1ng technique’ presented
by Rekasius and Gibson, [19 1. v -



G(s) until some of its poles are on the‘jw—axis.. The principal case

is thus transfonnea into a particular case. Therefore only particular
cases need to.be con31dered.wh1ch 51mp11fles the algebra considerably.
'It can .also be said then that Aizerman's conjecture is verlfled for

the following more general systems

©) 1/ [s2 + as + bjﬁ a, b > 0

(7 v/ [53 + as? + bs + ¢l a, b; c>0

® 1 16+ 5+ as?

a>c - 2c(ab - ¢) >0

+ bs +c)] a, b, c,d>0,
ab -c>0,

Systems (4) and (5) satisfy Aizerman's cbnjecture only when
restrictions on the pole locatioﬁs in the s~p1ane are placed. For
system (4) this restriction is, a3 - 2(ab - ) > 0. This restriction
may be interpreted in the s-plane by writing G(s) in the following

equivalent form4_

- G(s) = — e
s(s + 1)(s“ + as + b)

~The reStriction,as - 2(ab - ¢) > 0 becomes

LGErnEi e

@+ -2+ -286>0 or

. - 2a
The poles of G(s) lie at ’
Sq = 0 Sy = - 1
o » - 2 ” _ 2
Sz 4 = - a/2 + 1/2 Va" - b = - a/2 + 1/23 b - a

4T6»obtain G(s) from G(s) first use the time transformationvr = ait,
where a, is the pole of G(s) on the negative real axis, and then
normalize the resulting transfer function with respect to 1[a%.



3,4 to

" The restriction on b limits the magnitude of Imag s

l/g3+'éz+é+l
2 . ; '

a
A plot of the permissiblé pole location is shown in Figure 15.-
When Aizerman's.conjggture is not safisfied by syétem S
thén the nonlinear sector can be increased when greater information
~about the noﬁlinearity is available. Some of the frequency domain -
stability critefia that arise when the nonlinearity is restricted

further are presented in the next chapter.



s-Plane

1

_ s(s+1) (52+5s+5)
for Aizerman's Conjecture to be Verified

Figure 15 - Admissible Pole Locations of G(s) =



CHAPTER IV

* STABILITY CRITERTA WHICH ARTSE WHEN THE NONLINEARITY IS
RESTRICTED FURTHER |

.The previouskCHapter has shown that Popov's criterion fails
"-‘ to guéraﬁteé stability in the entire Hurwitz sector as postulatedvby
Aizerman's conjecture. In anhéffort to ihcréase‘the sector, other
~ restrictions are placed‘on the nonlinearity. |
| The next-logical'restriction on the nonlinearity is its slope.
Several papers [8, 10, 11, 15, 17, 18] have been published in which
stability criteria are presented‘when the slqpe.of ¢(c) is restricted.
The stability criteria of only two papers [10, 11j will be presented
- here. These papers were chosen because; -
(1)' The criteria are applicablé to distributéd parameter
sygtems.
2 Cértain classes of inputs are allqwed.
(3) The criteria are expressed in terms of the frequency

response of the linear subsystem G.

,;Stability,Criferia-Presented in [11]
;Referénce [11] states thaf if system S satisfies the follow-
ing‘assumptions;» | |
(1) The zero'input responsé of G, z(t), is bounded and V 
'-uniforhly continuous'fbr 0t <« and z(t), z(t), Z(tj;
‘are elements of LZ(O, »). The impulse résponse of

G, h(t), and'its‘derivative are elements of Ll(O, ®).
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'(2) The input, r(t), satisfies the same conditions as z(t).
(3).‘, ‘¢(o) is a single-valued, time-ihvariant nonlinearity
A which lies Iin the seétor [0, k] for k < =, ¢(0) is ZeTo

and the slope of ¢(0) is restricted so that

-k Sv(_%.gl)_ skz forkl,kzio

N

1

then sufficient conditions for Lz—stability of S are that» there exist
" a finite number q and a finite number u > 0 suth that for all w 2 0

the following inequality
Re [(1+ juq) S(GW)1 + F+ w’ [1+ (k - kp) Re G(Gw) - kK,

.12 -
GG %1 > 0 . | | G

is satis fied and 'also

lo]»e

o ; o
lim q f (o) do - _0.__.___¢§°) = e . . (4b)
; o

i)

- When the slope restriction on ¢(¢) is otherwise specified

i inequality (42) becomes;

: . de - _ )
(@) For -k < -

Re [(1 + jwq) GG + £+ we [Re GGw) - ky [6GW)[%1 > 0 (4c)
o
(2) For 1<2 2 T

Re [(1+ jwa) G + - wi’ [Re G(W) + &, [6GW %1 >0 (4d)



d¢
| (3) For 0 s af' 2

Re [(1 + jwq) G(jw)] + i_+ w2 [Re G(jw) +'i<1' 150 . (de)
2

: s
(4) ~For 0 < &

Re [(1+jwq + w?) GGWI +L>0 4
dé |
(5) For 0 < & < k
Re [ 1+ —1—-— G(jw) + i-‘s 0 T (49
1+ uw .

"Due to the-]G[jw)lz term, inequalities (4a), (4c) and (4d)
‘apply fovthé principal case and simplest particular case1 of G.
Inequalities,(4e), (4f), and (4g) apply to éll particular cases.
Particular céses must be Stablé - in - the - limit and the nonlinearity
must'lie in the sector [e, k].

The crlterla.have two adjustable parameters g and u and are
therefore dlfflcult_to_lnterpret graphically.. Slmllar crlterla in
wﬁich only one parameter is present are the'following:

~Stability Criteria Presented in 1107

-If the syétem S satisfies the following conditions;
(1) Zero input response, z(t), is bounded and in L1(O, ®).
Its derivative is bounded, uniformly continuous on

(0, =) and in L (0, =).

1G is called the simplest partlcular case when the’ only jw-axis poles

it has is a 51ngle pole at the origin.
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(Z)v The input, r(t), satisfiés the same conditions that
| z(t) does. | 7 |
'(é) »¢(oj ié a single-valued, time-invariant nonlinearity
which'iies in the sector [0, k] for principal cases and
[e, k] for particular cases. ¢(0)‘is zero and the slope

of ¢(o) is restricted so that

dlo) .

- k1 <L 2. for kl’ k2 > 0.

¢ (o) is}boundéd‘from above for principal cases and for particular

cases, ¢(o) - eo,-is bounded from above. This bound always exists

for a practical system. Then for S to be L.,-stable it is sufficient _

2

that there exists a finite mumber q such that for all w 2 0 the

iheQuality .

“

Re [jwq G(Gw)1 + w” [1 +(k, - ky) Re 6(Gw) - kK, [6Gw) [*1 2 0 (4h)

is satisfied and also

are;

W F -, GO -F. o )

‘When the slope is otherwise specified the resulting criteria

A

'(1) For - kl <.g§'

“Re [jwq 6()] + w’ [Re G(jw) - Ky [GG) |2 > 0 45
V(Z) For kZ >'%§-
Re [juq 6(01 - v [Re G(W) + k, [6GWI%120 (4



(3) For 0 < égggl_ <k,
Re [juq G()] + w2 [Re G(Gw) + £ 12 0 . (40)
2

d¢
()] For» 0 < &

Re [(jwq + wz) G(jw)l1 >0 ' o " e (4m) '

Again due to the |G(jw)[2 term inequalities (4h), (4j) and
(4k) can only be satisfied by the principal and simplest particular :

cases of G. As usual particular cases are required to be stable -

- in - the - limit. -
Exgggle

As an example of the above criteria consider the system S

where
: 2, o . . o -
> a5 a, b, c>0 b -ac-1<0.

2+ D+ o)

G(sj =.

InAChgpter'iII it was shown that this system safisfied Popov's ;riterion
only if'thé additional'restriction'(bc +a-c¢)>0 is placed on G(s).
Appéndix E shows that when the-nonlinearity is monotone and satisfies

- restriction (4b) then criterion (4f) establishes Lz-stability with
ﬁhe restriétion (bc +a-c¢c) > 0 removed. . |
Discussion ‘
| Though the stability criteria (4a) - (4m) are more 1ibera1

: wifh-G(é) than.Popov’s criterion, they do not establish stability in
fhe boundéd input—bdunded output sense. The ériteria ére also mainly

useful for analeis purposes where kl, k2’ and k are given.



Restriction (4b) can always be satisfied in a practical

51tuat10n since the nonllnearlty is specified over a finlte 1nterva1
of ¢ only, say [ - 9.5 oL]. Beyond th1$‘1nterva1 the nonlinearity can

be extended arbitrarily. Restriction (4b) may therefore be written as

o} . :
1im q ‘/’ ¢(0)do + //, ¢(c)do - 99%91_ =t

Jo|=e P
L

. The first integral is some finite, positive quantity, C, and if after

op the nonlinearity is defined by

9(0) =k (0 - o) + ¢(op), Ky < k,

restriction (4b) becomes

2 2
kLa kLGL _ N . N
lim q C+ 2 - 7 + (¢ (0" ) ' kLUL) o - (¢ (UL) - kLoL).

o[>

2
kLc- -
op - 7~ (o) - o) 7

1
+
8

(4n)
The 1imit of the left-hand side of (4n) is that of
q lin [y - ko) §1 =4

[of inad

This can élways be satisfied by the proper choice of

¢(GL) - kLOL_'



Inequality (4h) is similar to inequality (4a) when u is set

equal to 1. Since (4h) has one parameter while (4a) has two it would
be suspected that satisfaction of (4h) would imply that (4a) is also
satisfied. Here it is shown that if (4hj -Satisfies the stronger
inequality » , _ ' |
" Re [jwq GGW)] + w® [1 + (k, - k.) Re G(jw) K.k
7R S
Necan 121 5
IGGWY |1 26 >0

3

where § > 0 is a sufficiently small number then (4a) is satisfied

‘als_o.

The fwo inéqualities cén be writtén as

qu(w) +HW) > 6 > 0 for all w 2 0 (40)
and o k

qZ(v})v + pH(w) + M(w) > 0 for allw ,>_ 0 - o ) | ‘(4p)
where } ‘ |

Z(w) = Re [jw G(jw)]

HG) = w’ [1+ (k, - k) Re GGw) - ok, 160w |2

M(W) = Re G(jw) + & ;

For the priné.ipal case and the simplest particular case, M(w) is
always finite. Let the minimum value of M(w) be C and let q/ﬁ be

identical to q,;. Inequality (4p) can therefore be written as
] 9 q P :

ulqqZ() + Hw) + C/ul > 0 for allwz0 (4a)

Z'I'he‘ parameter q in inequality C4h) is re-defined to be q,. This is
permitted because the parameters in the two criteria are not related.
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The minimum value of qlsz) + Hijvis G-and.Whén'this-is éubstituted
iﬁfo (4q) if'becomes \
uls b/u] > 0.
A >0 caﬁ always§be-found sg;h that
$ ; C/u >0.

. Therefore inequality (40) implies inequaiity (4p).

Whén’fhe nonlinearity lies in the sector [e, k] then as in
Chapter 'II the conditions on r(t) can be relaxed. Agaih transforma-
tion (2e) results in the equivalent system of Figure 9. If system S
satisfies ahy of stability criteria presented in this chapter then |
e doeé the equivalent systems. |

Thejinput T(t) is now required to satisfy all the conditions
previously imposed on r(t). Thérefore the stability criteria ﬁay be |

applicable even if r(t) does not satisfy all the conditions.

For stability criteria (4a)-(4g) see [111, p. 57. For stability
criteria (4h)-(4m) see [101, p. 487.

3



CHAPTER V

' CONCLUDING REMARKS AND SUGGESTIONS FOR FURTHER RESEARCH

" This thesis has presented some'of-the latest results in the
stability theory of nonlinear feedback systems, The study'was limited
vto 51ng1e loop, contlnuous time systems contalnlng a 51ng1e nonllnearlty
~and to stab111ty criteria wh1ch in the opinion of the 1nvest1gator have
. direct engineering applications. For multi-loop and sampled data non-
linear systems counterparts of most of the stability criteria investi-
gated can be found in the literature. )

The emphasis of the thesis wae on -Popov's criterion. This
criterion is very liberal in its restrictions on the nonlinearity,
‘easy to apply and as illustrated by the examples quite powerful. The
criterion was extended to a certain class of hysteretic nonlinearities
and it was shown that the criterion could be-used.to predict ZeTo
eteady-étate errer operation of certain systems.

Several systems which verify Aizerman's‘conjecture were
singled out by means of Popov's. criterion. Systeﬁs for which the
Criterion‘does not verify the conjecture were also presented. It was
:then ppinted'our that the nonlinear sector could be enlarged by placing
greater restrictions on the nonlinearity. The stability criteria which
arise out of these restrictions were stated and discussed.:

. The investigation.has suggested eeveral topics for further
research. A fundamental problem is whether the stability criteria
investigated-are necesSéry as well as sufficient. This problem is

one Wthh would require considerable research An attempt to disprove



the necessity of Popov's criterion by means of a counter-example

_pfoved unsuccessful. |
Other problems which should be 1es$ di fficult ar‘e-: '
) (1) The establishment c;f simpie critefia for .st.abil'ity—
| _in-the-limit when G is a distributea parameter syétem.
> The case where G contains a simple d‘elayl would 'meriﬁ
. special cons'iderétion. - |
(2) The 'extensi'on of the stability criteria of Chapter v
"to prove bounded input-bounded output stability..
(3) A comparisdn between the rigorous .stab_i.l.ity criteria of
| this investigation and the approximate stability criteria

~ of the describing function method.
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" APPENDIX A

NECESSARY AND SUFFICIENT CONDITIONS FOR G TO BE
STABLE - IN - THE - LIMIT

When G is a lumped parameter systém then for G to be stable -
~in - the - limit it is necesséry and sufficient that the multiplicity,
A of the jw-axis pbles be not greater than two and that the follow-

~ ing conditions holdl, (wo denotes a jw-axis pole):

(D ,?or w, = 0, vV, = 1:

lim Im G(jw) = -
+
w0

.-8

(2) | FOrwo = O, v, = 2

8

- 1im Re G(jw) = - « and lim Im G(jw) < O.
+ +

w0 _ w0

(3) For w #0, v =1
| when w .trave_rse;s -the point LA goi'ng‘ from w' <w, to
w > W the'ﬁfrequency r'espohse "G(jw)_ goes to a point at
infinity in such a way that points on the negative réai

axis with abscissas of arbitrarily large magnitude re-

' ~ main to the left of G(jw).

1Aizerman and Gahtmachei', [2], pp. 67-79.



~

(4). For W #0, v‘0 = 2:

1
1
8

~ 1im Re G(jw) = 1lim Re G(jw)
W W
o] , o

: >0 for W -n<w < W
and Im G(jw) [ ' I - (0 > 0 small).
o < 0 forw_ <w<w_+n ,
: R o o
System G may also be proven to be stable - in - the - limit
by means of its root locus. G will be stable - in - the - limit if

its root locus stays éntifely in the left-hand s-plane as the linear

- 'gain is increased from zero. This is shown in Figure 16.

s-Plane
jw
N - ‘(X—Root Locus of jwj
_ Wy '
R : . : : << )s(- (¢]

-/*. S

Figure 16 - Root Locus Interpretatiori of Stability - in - the - Limit'




APPENDIX B

REFINEMENTS OF INEQUALITY (1f)

In fhe special case where system S is autonomous and
G(s) is a lumped parameter system then inequality (lfj may be relaxed
slightly Sufficient conditions for the global asymptotlc stab111ty
| of S may now be stated asi: | '
(1) For the principal case of G(s) the satisfaction of
B the inequalityk | | '
Re_[(l + jwg) G(jw)l + 1/k >'O for all 0 s W < = (P)
. “where the nonlinearity lies in the sector [0, k] and k may be finite
or infinite. This is known as the basic Popov condition.
(2) - When G(s) has a singlé pole at the origin and no other
jw-axis poles the inequality (P) above must be satisfied. G(s) must
be stable.— in - the - 1imit and the nonlinearity must lie in the
sector (0, k] where k may be finite or infinite. |
(3) For ‘all particular cases of G(s) the inequality
"Re [(1 + qu) G(jw)] +1/k 2 0 for all 0 s w < » ' @)
where the nonllnearlty lies in the sector [e, k] with k a flnlte nunber
:and G(jw) # - - 1/k. This is called the weakened Popov condition and
allows the Popov line to have points in common with‘the G*(jw) locus.
(4) For all particular cases with a zero root the inequality
Re [(1 +-jwq) G(W)] + 1/k >0 for all 0 s w s = . (P;r)
Thislis called the strengthened Popov condition; The‘nonlinearity

must lie in the sector (0, k] where k may be infinite. When G(s) has

lAizefman and Gantmacher, [2]; pp. 141-143.



a double pole at the origin the additional restriction,

+ o

J ¢(o)do = =

is required..




~ APPENDIX C
PROOF OF LEMMA

The functional equafion describing system S is

t ' : S
o(t) = r(t) - z(t) - /// h(t —.t) y(t) dr. (C1)

_ 5 . B E I
When (C1) is differentiated the resulting equation is -

6(t) = 1(t) - 2(t) -/// A(t-- 1) y(r) dr - h(0) y(t). (C2)
. | § . .

. The time variables r(t), z(t) ©(t), z(t) and.y(t) are truncated at
T and denoted by (1), z(t), fp(t), 2p(t), and yp(t). The functions

cT(t) and dT(t) are then defined by the following two equations,

op(®) = xp(® - 2p(® - [ hE-D @& (€3
e ; |

6p(8) = 17(0) - 208 - / Bt - 1) yp(e) dr - h(0) yp(0).
| P |

A (C4)
For t > T, GT(t) and 6T(t) satisfy the inequalities

k.t kot

lop@®] sk 2, fop0] s ke 2

~ whete k4 and k3 are positivé constants and k2 is defined in

okt
Jh(t)] < ke .



When equation (C4) is multiplied by q and adde& to (C3) the result

after-mulfiplying through by a négative s'i’gn is

- B - : ‘ - ) ) ‘ . t .

- op(t) - qdq(t) = - [rp(t) - 2p(8) + q(ip(t) - 2(8))] +f h(t - O
o 0 - '

it - 17 yp() dr o+ qh(0) yp(t) o (cs)
© Add {1/k -y1* yT(t) to both sides of (C5) and multiply .through by

eat whefe 0 <a < k2‘ The result 1is

I og(t) - aig(®) + Q/k - )y 1% = - (0 - 20 +
q(t(®) - 21+ [ D e -+ ance - o))
: 0 . ’
&% yp(r) dr + qh(0) e y (0 + [/k - v1 % yT(ﬁ). o ©o)
Define |
£ = [+ og(®) - aig(®) + (U/k - v) yp(®) ]
£ = - Bp(0) - 2(8) + Qlty (D) - 2 (0)1e™

Equation (C6) is then rewritten as

5 = 5 + [ 7D he -0 qice - 01 )
0 . .
dr + qh(0) €% y (1) + (/K - ) &%F yo(8). o

All .the terms in (C7) belong to L2 (0, =) and thefefofe thé Fourier

transfom of (C7) is . .

FLGW) = FpG) + { [1+ qGw - o)1 GGw - &) + 1/K - v} Yy(Giw - o).
| . o (c8)



"by

The lemma concernlng the frequency domain analysis in the

V. M Popov theorem states that if three real functions f (1), f (t)y,
3(t) ‘belong to L2 (0, =) and if their Fourier transforms are related
S B GW) = HGW) Fy(GW) + B, (W)

" where Re H(jw) 2 p > 0 for all w > 0 then

- / £1(t) £5(t) dt < 13-/ £, (017 dt.
0. 0 ’
D

« ’(Cé) satisfies the conditions of this lemma if B=238-vyand

Re {[1+q(jw - )] G(jw - &)} +1/k -y 268 -y >0. (C9)
The inequality Re [(1 + jwq) G(jw)] + 1/k > s > 0 implies that (C9) is
true. Therefore the lemma yields |

[>2]

/ £(8) yp(8) dtsﬁ / [£,()1% dt.  (C10)
o s (.

When the defining equatlons for f (t) and f (t) are substltuted into

-‘(C10) the result is

| f ©© -y©/m y'(t) tarrq [ ey &% ar
0 , . 0
+Y,/ 2et Z(t)dt<—(———j / r(t) - oz(o)

0

4 q(r(e) - z(t)4)12 dt. - | (c11y



Denote the rlght-hand 51de of (Cll) by CCT), integrate Of o(t) y(t)
Zat

dt by parts and add q IG(O) ¢ (o, ¢O) do to both 51des The result 1s
V g(T)

v 'lT ' (0: ¢) N 2at - 20T ’ -
JRLE olos 4g) " dt +a PTS 4o, g ao
4 | |t

’ ~ o (t) " . T '
- ZC[OL . Zoztlj ¢lo s, ¢0] do] dt + vy / ZOLt Yz(t) dt
_ 0(0) S '
‘<qu/ 605, 4) do. @
, / | | |

Lef.¢(0, ¢0) be restricfed further éo that it lies in the sector
[e, k - €], > 0 is arbitrarily'small. Then the following inequaiities
hold:
o) -
(1 ¢(o, ¢g) do < k/2 0% (t)
5 _

| 8o, )7 |
ME%fsE;~T%%&%L

Inequallty (C12) is then strengthened by using (1) and (2) and delet-

_ing the p051t1ve quantity ) A
o (T)

qe®F IR

from the left-hand éidé. This is where theviﬁtegral constraint on
'thevhYsterétiC'nonlinéarity'takes effect. If y is set equal to 6/2‘
inequality (C12) becoﬁes
7 . ' T
2/8 / 29t [ 2/ - kqa] o2(t) dt + / 20t 2(t) dt < 1/6
0 . 0



B o O |
. ) o f »eZ-(xt [r(t) - z(t) + qu(t) - z(t))]z dt + 2q/6 / ¢ (o, ¢0) do
S 0 | | _ o -0 o -
(3
Define Ii to be ' |
f e”t [c%/k - kqo] oP(t) at
0

~ and note that for o > 0, I1 is > 0. Thus Il-may be dropped from the
left-hand side of (C13). The Conditibn ez/k - kqo. 2 0 is satisfied-

since for any e > 0,-q'< o, k <o an & such that 0 < o < ez/(qkz)

 can always be found.

Inequality (C13) becomes

T Ty T
/ 2t y2(e) at| < | 174 / 2t [r(t) - 2(t) + q(E(t)
. SR I R | |

" a(0) . 5

S 2e)1? dt zq/s_/ 4(0, o)) do|  for all T > 0.
/ |




APPENDIX D

* VERIFICATION OF AIZERMAN'S CONJECTURE FOR
THE VARIOUS SYSTEMS |

1 1

A - Syétems ' s —— and
= s(s + a) s(s_z + as + b)
3 21 have been verified in the'iite,rature
s(s” + as™ + bs + ¢) o . .

[8, pp. 256-2571.
' s+a.
s(s® + bs + ¢)

a, b, c > 0.

B - System

The tilﬁe transformation T = at transforms the system into
the equivalent one (s + 1_)/[,?123 (s2 *ags + bl)], a) = b/a, b1=c/a2.
Normalize the transfer fiﬁ’iction with respect‘ to 1/a2. The st'ability
§e¢tof5' for the normalized system are:

(1) 0 <k <o a’i > 1.

a.b
(i1) 0 <k < e a, < L.
| 1

- The modified fréquehcy response locus is

- b, - a, - W .b'+w2(ai - 1)
G (i) = e DL T T
J T 22, 2.2 J 2. 2. 2"
: (bl—w) tajw Cbl—w,) tajw

If a; > 1 then Im G*(jw) is never zero and therefore the locus
of G*(jw) always remains below the Re G*(jw) axis. Popov_"s ériterion

is then -satisfied for the sector [e, «). ,
- If a; <1 then Im G*(jw) becomes zero at Wl = T -1a . The

slope of G*(j’w)‘ at this frequency is .



1
2.

bl(l - al)(l + b1 - a

77 2
by(1-a)”+b]+ (1-a)

Form the expression XCw).- qY(w), differentiate with respect to w and

set the derivative to zero.k The result is

4 , 2. NI
Wil +q( - a))] +wo[ 2(by a;) Zblq]_
2 2 3 2 -2 2. .
+ [b1 - bla1 +aj - Zbla1 + qpl + qbla1 - qblal] = 0.

Fof real, positive w the fUhction'XCw) - qY(w) has at most
two critical po&nts, a ﬁaximum'and a minimum. If l/q is set equal ‘to
'vthe slope of G*(jw) at W’ = (bl)/(l - a;) and these values of q and w
are substituted into the derivative the resulting expression is zero.
Therefore X(w) - qY(w) has a relative minimum at this frequency of
(- a))/(aby)
If X(0) - qY¥(0) + (1 - a,)/(a;b;) is greater than zero then

this will be an absolute minimum as well. With the q chosen

X(0) - qY(0) + (1 - a)/(aby) is

‘by-a, b (l-a)+bP+(@-a)t 1-a -
171 1Y T P1 v, 1 Thi b
) : 7 ; b 1s Can e
b1 bl(l - al)(l + b1 - al) 171

- rewritten as I

alb1 | .
1- a1

.
7
by + by - 2y)

al(l - al) + bl(l + bl) +

which is always greater than zero. Therefore Popov's criterion is

satisfied for the sector



S8y
€, —"_'——1 ~ al € -

s+as+b

C - System —; a,b,c>0 b-a-1<0.
(s +1)(s;l-;c) _

" The linear system is stable in the sector b(jO, ©). G*(jw) is |

~c( - WZ) + aw’ N wz(ac -b - wz)‘

A - W) + w) @ - W) +wd)

Dﬁe’ to the (1 - Wz) term in the denominator of G*(jw) q is
constrained to be (bc - ¢ + a)/(ac - b + 1) in order that the numerator.

- of X(w) - qY(w) can be divisible by (1 - wz). X(w) - qY(w) becomes
V 2fbc + a - c ' '
w (ac —17 1)+ bec

. .cz + w?

and is greater than zero if (bc + a - ¢) is greater than zero. There-

for Popov's criterion is satisfied for the sector, [e, «).



" APPENDIX E

APPLICATION OF CRITERION (4f)“TO

G(s) = EET Ry
(s + 1)(s + ©)

~In temms of G(jw) criterion (4f) is

c(b - Wz) +’aw2 qwz(ac -b - wz)

A-wAEE D A whA - WD E D)

> 0 for all:

w2 0. Ifthe tem (1 - wz) is to be divided out‘then q must be

(cb- c+a)(1+u)
: ac:- b +1

For this value of q the criterion becomes

[Ec -.a -*bc) +ou( - ac? + a° C - d;1+-bc

ac - b+ 1

>0 for all
(1 + W ) (C + W )

w20. If (c-a- bc) + (- ac2 + azc - ab) is less than zero then

the criterion is satisfied for the sector [e, =). Consider only the

. case (a + bc - ¢) < 0 since Popov's criterion applies when (a + bc - c)
g.is~greater'than zero. But (a + bc - c) < 0 implies that (ac - c2 -b)
s iess thén zero. Therefore a p > 0 can be chosen that (c -a- bc)

"~ + nalac e b) < 0.

N



