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ABSTRACT

Dielectric breakdown due to impressed electric fields upon dielectrics is a
naturally occurring phenomenon within air gaps and within solid dielectrics. The resultant
random discharge patterns (or trees) cannot be modeled and simulated using standard
analytical methods. Instead, stochastic fractal models which require the solution of
Laplace's equation of the potential field must be employed to simulate and to "grow"
similar discharge tree structures.

This thesis presents the implementation and results of research undertaken a) to
increase the speed of convergence of iterative methods employed to solve the finite
difference approximation to Laplace's equation, b) to improve the accuracy of the
solution, and c¢) to measure and to characterize the multifractality of the resultant
Laplacian fractals.

Previous methods used only point Jacobi or point Gauss-Seidel iterative
techniques to solve the finite difference approximation to Laplace's equation. This thesis
extends the research to include accelerated point iterative methods, line iterative methods,
block iterative methods. Due to the moving boundary problem caused by the growing
discharge, the eigenvalues and the spectral radius of the equivalent iteration matrix
change at each growth step, complicating the estimation of the optimal acceleration
factor. A new method of estimating the optimal acceleration factor based on segmentation
of the discrete mesh into singular-free regions, is presented. It reduces the average
residual error of the mesh potentials to 25% of the level achieved by classical residual
norm-based estimates of the acceleration factor.

The multifractality of the generated fractal discharge trees was measured and
analysed using the generalized Rényi dimensions and the singularity spectrum, also
known as the Mandelbrot dimension. The self-similarity multifractality is drastically
impacted by the colour of random generator used to model the stochastic nature of the
discharge. These measures are relatively unaffected by the selection of accelerated or non-
accelerated iterative method used to solve for the potential, for which the self-similarity

dimension lies in the interval of 1.636 to 1.68.
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CHAPTER 1

INTRODUCTION

1.1 Problem Definition

Electrical discharges in dielectrics exhibit a stochastic behaviour in that no
discharge is exactly like another. Even identical initial conditions can lead to similar but -
different discharge patterns. Modelling the growth of such phenomena requires the use of
a stochastic model which cannot be implemented by traditional methods. The resultant
discharges are generally referred to as Laplacian fractals or Laplacian multifractals since
their growth process is governed by the solution of Laplace's equation for the potential
field, and their structure exhibits global scaling properties best described or characterized
by fractal and multifractal measures.

A common method for solving Laplace's equation for non-trivial configurations in
two dimensions is to employ a finite-difference representation on a two-dimensional
NxM grid (or lattice, or mesh). This leads to (NxM) linear equations, one for each grid
point, which can be arranged in standard Au = b matrix form where A is square matrix of
size (NxM). Direct solution methods are intractable for even reasonable (NxM) such as
100x100 or even 25x25, so iterative techniques are employed.

For stationary Laplacian field problems in which the boundaries for the given
system are fixed, the determination of the spectral radius of the iteration matrix, and
hence the optimal acceleration factor, is a trivial matter for square or rectangular meshes,
but more involved for circular meshes and other shapes [Lewi71, LIMc68]. The optimal

acceleration factor is computed once prior to any iterations, and an approximation of the



solution is then obtained by successive iterations until any predetermined convergence
criterion is satisfied, and the problem is considered to be solved. The rate of convergence
1s governed by the maximum eigenvalue, also known as the spectral radius, of the
associated iteration matrix.

When we endeavour to model dielectric discharges, we have the problem of non-
stationary (moving) Dirichlet boundaries in the interior of the mesh as the corona grows
in discrete steps. At each new growth step, the corona advances to occupy another point
on the mesh. Since the corona is set to 0 potential, the new growth site has now become
another Dirichlet boundary in the interior of the mesh. This is equivalent to removing
(deleting) the associated row and column in the equivalent iteration matrix, changing (in
fact decreasing) the associated spectral radius. Analytically determining the new spectral
radius of the reduced matrix is tantamount to directly solving the finite difference matrix;
both are computationally intractable. We must therefore estimate the new spectral radius
from some norms, and use that estimate to compute the instantaneous acceleration factor
Wopt. Since the potential field has been drastically disturbed in the locality of the new
growth site, and somewhat disturbed globally, the potential field must be recalculated
everywhere.

In juxtaposition to the previously mentioned stationary Laplacian field problem,
modelling of dielectric discharges requires the recalculation of the field after each growth
step. In order to achieve high resolution and reduce any discretization and edge effects,
we must employ as large a mesh as possible. In addition, the accuracy of the field solution

is dependant on the number of iterations. It should be obvious that the goals of achieving



the maximum accuracy on as large a grid as possible in the shortest time possible are
mutually exclusive.

All of the published literature encountered to date concerning the fractality of
dielectric discharges have applied one or more different dimension measures to Laplacian
fractals, with each dimension measure providing a single value for the dimension, usually
slightly different for each measure used. Since the fractal dimension of pure fractals is
invariant of the fractal measure used, it can only be concluded that the Laplacian fractals
are indeed multifractals! To properly characterize the multifractality of any multifractal
object, multifractal dimension measures must be employed. It is interesting to note that
there is an absence of published literature on the multifractality of Laplacian discharge
fractals and one can only assume that the multifractality has not been studied. This thesis
attempts to rectify that condition by applying the generalized Rényi dimension and the
singularity spectrum (Mandelbrot dimension) measures to the discharge fractals generated
during the course of the author's research. At present, the multifractal behaviour and
characteristics of discharge fractals are not known, nor their sensitivity to computational

and modelling methods.

1.2 Objectives

There are several objectives of this thesis. The first major objective is to improve
the computational methods used, with the emphasis on improving £he rate of convergence
of solving the Laplacian field problem by using accelerated iterative methods and also
improving the accuracy of the solution. These parameters are not mutually exclusive. To

this end, non-accelerated and accelerated point, line, and block iterative methods will be



implemented and their performance assessed. Due to the moving boundary problem, the
optimal acceleration factor oy is not easily determinable, and an estimate must be
derived from residual norms. The information extractable about the computation and
growth processes will be increased to provide a better understanding of the numerical
behaviour and convergence of the iterative methods.

The second major objective of this thesis is to extend the concepts and measures
of multifractality to the dielectric discharge fractals to study and characterize their
multifractality with the hopes of comparison, classification, and grouping of discharges
occurring under different conditions. It is also desired to assess the sensitivity and impact
of modelling and computational methods on the multifractality of the resultant
discharges. The Laplacian fractals will be grown in the same homogeneous dielectric
configurations as in previous research [Stace95, Aren94] for comparison purposes, with

the addition of multiple treeing inside the parallel plates configuration.

1.3 Structure of Thesis

This thesis has a structure designed to match the generation and analysis of
dielectric discharges. Chapter 2 contains the background necessary to appreciate the
research and results of this thesis. Firstly, the dielectric breakdown model is presented.
The evolution of the model and the published implementation details are examined and
compared. As mentioned above, the implementation requires the solution of Laplace's
equation for the potential field after each discrete stage of growth. This necessitates the
discussion of direct and iterative methods, the handling of moving boundaries, and the

acceleration of convergence of iterative methods. The non-accelerated and accelerated



point, line and block iterative methods employed to solve the finite difference
approximation to Laplace's equation and are presented in detail. Since it is known that
Laplacian fractals are multifractals, the concepts of generalized (Rényi) fractal
dimensions and multifractality (Mandelbrot dimension) are presented and emphasized.
The well-known box counting dimension, which is embedded in the Rényi spectrum,
receives special consideration as a single-dimension measure for comparison with
published results.

Chapter 3 discusses the software programs and object classes developed to
simulate dielectric discharges, extract information about the growth process and
convergence behaviour, and measure their multifractality.

The results of experiments are discussed in Chapter 4. The experiments were
designed to assess the sensitivity of the resultant fractal discharges to parameter
variations, to compare the discharges with those from previous research, and to validate
and calibrate the fractal and multifractal dimension measures. The limitations of the
implementation methodology are included here as well.

This is followed by conclusions and recommendations for further research in

Chapter 5.



CHAPTER 2

BACKGROUND

2.1. Introduction

This chapter presents the material that is required to understand and appreciate the
research for this thesis. It begins with a discussion of the physical processes involved in
the breakdown of dielectrics which leads to the occurance of discharges. Although the
process is generally understood, it is impossible to mathematically model and solve using
standard analytical methods. Instead, a generalized, stochastic dielectric breakdown
model must be used. This model and its limitations are then discussed. This is followed
by an in-depth discussion of practical numerical methods available to solve Laplace's
equation for the potential field. Different iterative methods and the determination of
convergence of such iterative techniques are discussed. Finally, fractals, multifractality,

and the measures of the multifractality are introduced and presented.

2.2. The Dielectric Breakdown Process

Dielectric breakdown discharges are a complex yet common-place phenomenon.
The most familiar, (audibly and) visibly-impressive example identifiable by nearly
everyone is the phenomenon of lightning. On a microscopic scale, the failure of
semiconductors due to "invisible, silent" static electricity is another example. Other
examples include surface discharges known as Lichtenberg figures, the treeing in

polymers, and the breakdown of capacitor and cable dielectrics.



Dielectric breakdown is caused by the presence of a high intensity electric field
impressed upon some dielectric material which causes some molecules of the dielectric to
become ionized and conduct current. In the case of gaseous dielectrics, dielectric
breakdown results in an ionized conduction channel that grows from one electrode to
another. This channel may be continuous or self-extinguishing leading to repetitive
discharges. The damage to the dielectric may or may not be permanent. In the case of
solid dielectrics the discharge permanently damages the dielectric material, leaving
behind trees (or tracks) in the material, and compromising the insulating properties of the
material. Dielectric breakdown discharges can cause catastrophic component failures
evidenced by physical cracking of components, as has been observed in the failure of
high-voltage wall bushings at the Dorsey Converter station operated by Manitoba Hydro.

Wiesmann and Pietronero separate the breakdown process into two phases: a non-
conducting or dielectric/insulating phase Py, and a conducting phase P, [WiPi86]. Kinsner
classifies the breakdown process into four phases: a non-conducting phase P, (same as
Pq), a growth transition phase P, ( same as P.), a growth steady-state phase Ps, and a
possible punch-through phase P, [KiSt94].

On a microscopic level, each bond within the dielectric material will initially
experience a non-conducting phase, and possibly the conducting phase, depending on the
activity of the corona-dielectric interface. If an electric field E, exceeding a critical value
is impressed upon the dielectric, the corona discharge will grow by "breaking" a bond
along the interface, this involving the creation of charge, transportation of charge across
the bond to the new site molecule, and annihilating the previously existing site charge.

This sequence of events occurs within the conducting phase, and upon the completion of



the charge activity and transportation, the site and the connecting bond, now part of the
corona discharge, returns to a non-conducting phase. Thus the breakdown process, which
consists of a non-conducting and conducting phase, is repeated each time a bond is
broken. The method by which certain bonds are selected for breakdown is discussed later.
The discharge as a whole will eventually reach either the punch-through or steady-state

phase.

2.2.1 Conducting Phase

In the conducting phase, the relationship between the charge density p, total
charge Q, dielectric permittivity € and electrostatic potential ¢ is governed by the

following equations [WiPi86]

Vi = — (Poisson’s equation) 2.1
o

oo

Q=3 con(o) 2.2)
where
ni(o0) designates the non-linear density of the charge carriers with charge (eo),
e is the electron charge,
o is an infinitesimal volume, and
k classifies different categories of carriers.
For the dielectric material, when the current to the new discharge site is
extinquished, then

n, (6)=0 (2.3)

The transport equation for the creation, transportation, and annihilation of charge



due to field and diffusion currents during the conducting phase is

d n,
ot

=D,(0)n,(0) (2.4)

where Dy(0) is a non-linear, loéal operator such that
D, (o) = f (E,n,(0)) (2.5)

The electrostatic field E, excluding photoionization, is related to the electrostatic

potential by

Vo =—E (2.6)

2.2.2 Steady State and Punch-Through Phases

The growth steady-state phase occurs when a steady-state equilibrium is achieved,
and the expansion of the interface is essentially stalled or arrested. Punch-through occurs
when the corona discharge completely traverses the dielectric and reaches the other
conductor. This is analogous to a destructive short-circuit spark between two conductors.

Both phases are still governed by Egs. 2.1 through 2.5.

2.2.3 Non-Conducting Phase

Since the charge density in the non-conducting phase is zero, Eq. 2.1 becomes
eV2$=0 @7
which for homogeneous dielectrics (¢ is constant) reduces to the Laplace equation
V=0 2.8)
and the electric field at any site can be determined from

Vo=-E (2.6)



It should be noted here, that none of the above equations contain a term which describes

the stochastic nature of the dielectric breakdown process.

2.3. The Generalized Dielectric Breakdown Model

Although the phenomenon of dielectric breakdown is generally understood, it is
difficult if not impossible, to mathematically model and solve using analytical methods.
This is due to the non-linear coupled system of the Poisson/Laplace equation (Eq. 2.1)
governing the field distribution and the transport equation (Eq. 2.4) governing the charge
activity which must be solved for the 2 or 3 dimensional object of interest. In addition,
dielectric breakdown is an example of a stochastic growth process, and its randomness
cannot be described by any equation.

It appears that development of Laplacian fractals derived from the study of
diffusion-limited aggregates or DLA's [WiSa81] and attempts to refine the DLA model
[PeJS92, p. 479]. The first major attempt to model dielectric discharges came from
Sawada et al [SOYHS82]. In their model, a neighbouring site adjacent to the existing
corona discharge was randomly chosen. The directional growth of corona was controlled

by an apriori tip (growth) priority factor R (R = 1 to 200) where

R= p tip growth (29)

p newbranch growth

This was intended to favour treeing; instead the resultant pattern resembled the space
filling eden (or cancer) models. This is not surprising since the model attempted to
control a stochastic character by a deterministic element, and secondly, their model totally

ignored any concept of, and linkage to, electric field intensity effects.

10



2.3.1 The Standard Model

The accepted standard reference model for modelling dielectric discharges was
developed and introduced by Pietronero, Wiesmann and Niemeyer [NiPW84, PIEWS6,
WiPi86] and has become the basis for further research [Satp86, FuSa87, Ever90, Aren94,
KiSt94, Stac95, to name a few]. Since the breakdown process is complex, assumptions
must be made and some effects are ignored in order to have a useable generalized
dielectric breakdown model (DBM).

The model requires a discrete lattice (or mesh) - based representation to
approximate the continuous dielectric material and electrode configuration, and the
continuous potential field. The model assumes some arrangement of a high potential
electrode separated from a zero potential electrode by a homogeneous dielectric material.
This thesis studied only the parallel plate capacitor-type dielectric model. To simplify the
ideal model, the corona is assumed to be perfectly conducting and having a potential of
zero, and the conduction phase described by Eq.v 2.4 i1s assumed to be perfectly
conducting [WIPi86], and all electrostatic and magnetostatic effects due to the flowing
charges are ignored. Additionally, we assume the charges to have reached equilibrium
prior to the non-conducting phase. Having made these gross assumptions and neglecting
any enclosed charge, we can employ Laplace’s equation to approximate the potential at
any point in the dielectric.

The interface between the corona and the dielectric consists of all possible growth
sites which are the nearest-neighbour sites to the corona. Each of these possible growth
sites (or candidate sites) is connected to the corona by at least one unbroken bond, these

bonds being referred to as candidate bonds.
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The analysis of the physics that determines where the discharge begins is very
complex, so for this thesis, we assume a random, arbitrary starting point for the corona to
begin. For simplicity, we select a dielectric point adjacent to the centre of the bottom
(grounded) electrode plate. The discharge starts from somewhere on the zero potential
object, and grows by breaking down, one at a time, a nearest-neighbour candidate bond
along the interface. At any stage k in the growth we have a set of candidate bonds B in
which any bond B;,k connects a candidate dielectric site th with potential ¢, to a corona
site C,,,k which has a potential ¢, = 0. DF is the set of all candidate dielectric sites at stage

k, and C* is the set of all corona sites at stage k. Expressed in mathematical terms we have
B*={(m,h)|jm—h=1,m e C*,h e D"} (2.10)

The probability of breakdown of bond (m,k) is proportional to some function f of the

electric field across the bonds such that

f(q)m _¢h)
P(m,h)= @2.11)
) > F (0 —04)
(m.h)eB

where the summation is performed over all candidate bonds (m,h) € B . Niemeyer et al
[NiPW84] suggest a function which enhances the electric field by some exponent 7.

Since ¢, = 0, Eq. 2.11 reduces to

(0 _¢’h)n ¢ "
P(m h)= _ & (2.12)
(m ) Z(O“‘bh)n (z):q)”n
(m,h)eB mh)eB

Therefore the growth probability of a site h is the sum of the probabilities of any one of
that site's candidate bonds breaking down. Fukai and Sano [FuSa87] defined the

probability P(i,k) of growth at site (i, k) as

12



n
ik for all candidate sites G, J). (2.13)

P(i,k):zq)_ .

The philosophical differences and the effects of using bond breakdown probabilities or
site growth probabilities have been addressed elsewhere [Aren94, Stac95].

The exponent 7 defines the growth complexity. Although there is no physical
interpretation of 7, its value has a high impact on the resulting patterns and their fractal
dimension. The density and self-similarity dimension of the discharge structures increase
as 1) decreases. For 17 = 0, the growth probability is independent of the electric field and is
equal for all growth sites, resulting in the space filling eden (cancer) model with a high
degree of ramification. For 7 = 1, the DLA model is recovered. As 77 increases, the
ramifications decrease, and the fractal dimension decreases. This effect of 1 has been
discussed in previous literature [NiPW84, WiPi86, Satp86, and Ever90]. The dielectric
breakdown model implemented by this thesis will adhere to the NiPW84 model.

The selection of the next breakdown site involves the generation of a random
number R normalized to the sum of all growth probabilities, then re-summing all the bond
growth probabilities and selecting the first bond which causes the sum to exceed R.
Alternatively, the random number R can be normalized to the largest growth probability,
and then selecting the first bond whose growth probability exceeds R. Pietronero,
Wiesmann and Niemeyer have not detailed their selection process, while other
researchers have [FuSa87, Aren94, Stac95]. The breakdow_n selection process is a
fundamental issue (beyond the scope of this thesis) and caution is urged when

implementing new methods.
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For this research, pseudo-random number generators and chaotic generators were
used to generate the sequence of random numbers. Appendix B contains a brief study of
the properties and characteristics of nine pseudo-random generators and seven chaotic
generators which were selected for implementation. Experimental work shows that the
selection of the random generator to be used in conjunction with the dielectric breakdown
model has a significant impact on the appearance, structure, and multifractality of the
resultant Laplacian fractals.

When a bond breaks, the potential and electric fields are perturbed drastically in
the immediate locality of the breakdown, and perturbed globally but to a lesser degree.
Point iterative Jacobi and Gauss-Seidel methods are used to iteratively solve the finite
difference form of Laplace's equation for the potential [KiSt94, Aren94]. Several
researchers [FuSa87, KiSt94, Aren94] have increased the convergence rate by performing
many local iterations within a small square local region enclosing the locality of the
breakdown, followed by a few global iterations.

The process of growth followed by the solution of the disturbed field continues
until the steady state equilibrium phase or the punch-through phase has been reached. The
resultant structures or patterns are called Laplacian fractals because they have fractal
properties and their dynamic growth probability is governed by the solution of Laplace's

equation for the potential [WiPi86 p.154, KiSt94].

2.3.2 Model Limitations

It is known that electrical discharges are dominated by birth processes which lead
to rapid corona growth. Death processes such as the decay and extinction of current and

dynamic branch "wandering" or shifting occur in reality, but are not yet fully understood
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and appear to have only minor impact and are therefore ignored in all the DBMs. A
comprehensive understanding of these phenomenon may be unlocked by very high speed
photography of actual discharges.

Stacey [Stac95] considered the simulation to be in the steady state phase when the
sum of gradients exceeded the maximum potential. This seemed to stop the simulations a
few steps prior to complete punch-through to the high potential electrode. This is an
artificial criterion since there is no corresponding physical process or interpretation to the
comparison of a sum of electric fields to a potential! All the current model
implementations assume that punch-through occurs; there have not been any proposals to
date on how to determine if the steady-state equilibrium phase has been attained.

The extension of the DBM to include inhomogeneous and non-linear dielectrics
has not been addressed. No models to date address the property possessed by most
materials in that breakdown only occurs if the electric field exceeds some critical value.

When perusing the available published literature on dielectric breakdown, it was
quickly realized that not all authors presented all the details of their dielectric breakdown
models. This has made it difficult to verify their results. For example, the choice of a
random or chaotic generator will influence the resultant patterns, and possibly their fractal
dimension. The details of the model implemented during the course of the research for
this thesis will be presented later in Chapter 4 with the complete code listings appearing

in Appendix H [Aren96].
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2.4. Computational Methods For Laplace's Equation

Simple problems requiring the solution of Laplace's equation for some shapes can

be solved using well-known analytical techniques such as

d*U
_O,

® direct integration applicable only to one-dimensional problems such as —=
dx

¢ the product solution written in terms of infinite power series, exponentials, hyperbolic
or sin/cos functions [Hayt81, p. 211], or
® possibly other techniques.

Analytical techniques are intractable, however, if the shape of the system is complex or
when we introduce arbitrary non-stationary, or even stationary, boundaries into the
interior of the physical system that we are trying to solve. Fortunately we can resort to a
numerical technique such as finite-differencing to obtain a good approximation to the

exact continuous solution.

2.4.1 The Finite Difference Form of Laplace's Equation

The continuous form of Laplace's equation for two dimensions is given by

2 2 _
V.3V 2.14)

2 —
\Y U(x,y)— o2 T3y

where U is the potential at any point (x,y). A discrete representation of the continuous 2-d
physical system is created by employing a finite-difference representation on a two-
dimensional NxM grid, lattice, or mesh, whose points are separated by Ax horizontal and
Ay vertical distances (Fig. 2.1). The continuous electrodes and dielectric material are
modelled by discrete representations consisting of groups of mesh points to which are

associated the appropriate potentials, dielectric constants, and other properties. Next,
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Laplace's equation which governs the field for all non-electrode mesh points must be

discretized.
N Haxle
T®000000®
@ ®O000000®
N ®000000 @Aiy
T ®00000O0 8%
01234 58 7M

® - points with imposed
Dirichlet boundaries
O - updated interior points

Fig. 2.1: Typical discrete mesh.

Approximating both second derivatives by centred second differences at an

arbitrary point P(i,j), we obtain:

2 U, .-2U..+U._, .

g l2] i‘j= i+1,j - 1,21 i-1.j +O(Ax2) (2.15)
X X
2 U.. =-2U0..+U..

S o) 219

Substituting Eq. 2.15 and Eq. 2.16 into Eq. 2.14, the discrete form of Laplace's equation
can be written as

vu,.-20 . .+U_ . U. ., —-2U. .+U.,
VzU i'j': i+l,j < '; i-1,j + ij+l - 1.2_1 ij-t +O(Ax2)+O(Ay2) (2.17)
X y

If we have a discrete uniform mesh, Ax = Ay = h, and Eq. 2.17 simplifies to

Ui+ UL, + Ui + Uiy - 40 +0(k?)=0 (2.18)

2
VU, 2
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where O(#?) is the asymptotic notation for the truncation error of the higher-order terms
of the approximation. The numerical form of the discrete approximation to Laplace's

equation can be written as

ViU e Ui+l.j + Ui—l.j + UII;JZ'H + Ui,j-l N 4Ui,j -0 (2.19)
Re-arranging terms we obtain
Uiy = Uiy + Ui + Ui + U, )1 4 (2.20)

which is generally referred to as the 5-point operator or 5-point star. Its finite-difference
equation can be represented pictorially by a 5-point computational molecule or stencil. It
should be noted that Eq. 2.14 is exact everywhere, Eq. 2.18 is exact for all defined mesh
points, and Eq. 2.19 is the numerical approximation, numerical form or computational
form of Laplace’s equation. Equation 2.20 implies that the second-order finite-difference
approximation to the solution of Laplace's equation at any point P(i,j) is merely the
average of its 4 nearest neighbours.

Other, higher order finite difference approximations and stencils [Bick4$,
Waso55, BiGu74, Coll60] such as the 9-point star with O(h4) truncation, or HODIE
[LyRi78] with O(%°) exist but are beyond the scope of this thesis. Most higher order
approximations involve points more than a distance 4 from a reference point causing
problems along boundaries, and are more complex computationally, sacrificing speed for
accuracy.

Thus, by replacing the Laplace partial differential equation by a system of finite-
difference equations based on a discrete mesh with boundary values, numerical methods

have reduced the continuous system to a linear system, which has the advantages that
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e it can be applied to complex shapes,
e it can be applied to systems with non-homogeneous dielectrics, and

e itis easily implemented and solved by computers.

2.4.2 Boundary Considerations

Before proceeding to the solution of the linear system, the issue of boundaries
must be discussed. In the problem that we are addressing, we consider 3 types of
boundaries: Neumann and Dirichlet boundaries along the sides of the mesh, and Dirichlet

boundaries, also known as singularities, in the interior of the mesh.

2.4.2.1 Dirichlet Boundaries

Points which have an assigned, invariant potential are known as Dirichlet
boundary points. Since their potentials are known and constant, they are not influenced by
the solution for neighbouring points, nor do they need to be solved for. Dirichlet

boundaries will, however, influence the solution for neighbouring points.

2.4.2.2 Interior Singularities

For our problem, the corona is assumed to be perfectly conducting, having a
potential of 0, and all death processes are ignored. Once an interface point becomes part
of the corona, its potential is set to 0 and remains invariant. Therefore all points which
become part of the corona, in fact become interior Dirichlet boundaries. One fundamental
difference between Dirichlet boundary points along the edge of the mesh and those in the
interior of the mesh is that the iteration method knows apriori about the former, but must

dynamically discover and avoid solving for the latter. The analytical methods devised by
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Motz [Motz47] and others [BeCr73] to handle singularities are too complex to be

considered for our model problem.

2.4.2.3 Neumann Boundaries

Neumann boundaries, also known as normal derivative boundaries, pose a bit
more difficulty. Neumann boundaries do not possess an invariant potential, rather their
potential is permitted to float, or change with the condition that the normal derivative
across the boundary is zero. This allows us to model finite sections of otherwise infinitely
large shapes without incurring edge-effects penalties. In general, Neumann boundaries
must satisfy

9U _, 2.21)

on

where 7 is the normal to the boundary. For Neumann boundaries along a side of the mesh,
excluding corners, Eq. 2.21 becomes

oU _ o U _, 2.22)
0 x

Referring to Fig. 2.2, we want to compute the 5-point approximation to Laplace's
equation at point 0. Point 4 is a virtual exterior point. Using centred differences, the

finite-difference form of Eq. 2.22 becomes

oU
0 x

LYoV, (2.23)

°" 2h

which implies Uy = U,. Substituting Eq. 2.23 into Eq. 2.19, we obtain

zUl+2U2+U3_4U0:O (2'24)

VZU 0 h2
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which simplifies to

U, =(U, +2U, +U,)/ 4 (2.25)

O
O ® O O

o O O

Fig. 2.2: Example of a Neumann boundary along a side.
For Neumann boundaries at a corner, Eq. 2.21 implies

9aU _, and 27 _ (2.26)

0 x oy

Referring to Fig. 2.3, we want to compute the 5-point approximation to Laplace's
equation at point 0. Points 3 and 4 is are virtual exterior points. Using the previous
method, we determine that Uy = U, and Us = U;, which substituting into Eq. 2.20
simplifies to

Uy =(U,+U,)/ 2 (2.27)
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Fig. 2.3: Example of a Neumann boundary at a corner.

2.4.3 Direct Methods

The transformation from a continuous representation to a discrete representation
on an NxM mesh leads to NxM linear equations, one for each grid point, which can be
arranged in the standard Au = b matrix form. Here u contains all the unknown potentials
of U arranged in column vector fashion, A is a square matrix with width ~ (NxM)
containing the coefficients for all the linear equations of unknowns u, and b contains the

Dirichlet boundaries. Thus the problem of solving

0°U 9%U
VZU(X,)’):—a—;z_'*'_a;T:O (2.14)

has been reduced to solving
Au=b (2.28)
Recalling from Sec. 1.1, an objective of this thesis is to simulate the dielectric
breakdown on as large a mesh as possible. The mesh dimensions considered range from
500x500 to 1000x1000 or more. It should be obvious that direct solution methods are
intractable for the corresponding 250,000 and 1x10° square matricies A. This is true even

for "reasonable' lattice sizes of 100x100 or 25x25. Therefore, iterative techniques must
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be employed to solve for u.

2.4.4 Iterative Methods

2.4.4.1 Introduction ,

Iterative methods consist of the repeated application of a simple algorithm, but
generally yield the exact solution, which would be obtained by direct methods, only as a
limit of a sequence [FoWa67]. Part of the research focused on the evaluation of different
iterative methods, and due to finite-time constraints, not all available methods at our
disposal were evaluated. Point, line and block iterative techniques were selected since
they are simple, fast, and do not require extra storage except for the point Jacobi and SER
methods.

The general linear iterative solution of Au =b (Eq. 2.28) can be described by

v =Gu +v (2.29)
where G is the iteration matrix, u® is the estimate of u at iteration step k, and v is a
column vector related somehow to b by

v=Mb (2.30)
G, M, and therefore v, depend on the iteration method. If u is the exact solution that we
are after, where u = A™'b, then the error vector e* can be expressed as

ef=u-u (2.31)
Now u is unknown, however

u” =limu* =u (2.32)

k—yeo
so Eq. 2.31 can be re-written as

e =ut-u” (2.33)
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If we let k—oo, then in the limit Eq. 2.29 becomes
" =Gu” +v (2.34)
which if we now subtract from Eq. 2.29, we obtain an expression for the error operator,
e = Ge*' (2.35)
For any iteration method to converge, the iterative process must reduce the error so that

lime* =0 (2.36)

Koo
for any arbitrary initial vector u® which has a corresponding error of
e=u’-u (2.37)
If we now assume that G has n linearly independent eigenvectors v; associated

with distinct eigenvalues A;, then we can express e’ as

e =) a,v, (2.38)

i=!

and by using the powers of a matrix property, e* can be expressed as
e = 20‘;7&}"; (2.39)
i=]

If we arrange the eigenvalues in descending order so that A, is the largest eigenvalue,

Amax, then
A ) A Y
e = w;m{alvl +a2(x—2—J v, +a3(x—3—j vil and (2.40)
k k
}_im(;L L ) =0, A, #X,, (2.41)
and finally,
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lime* =A% av, (2.42)

ko max
The dominant (largest) eigenvalue of G is Amax, also known as the spectral radius of G.

In order for convergence to occur, the spectral radius of the iteration process must be

less than 1.0 and real.

The rate of convergence R of Eq. 2.29 [Ames77, p. 115] for a given iteration

method is related to Anax by
R=-log(\..) (2.43)

Therefore,

a. if Amax > 1.0, then R < 0.0, and we have divergence,

b. if Amax = 1.0, then R = 0.0, and we have no convergence,

C. if Amax = 0.0, then R = +0 and we have unrealistic instantaneous convergence!,

d. if Amax is complex, then we have oscillations, and finally

e.if 0 < Amax < 1, then R > 0.0, and we have convergence.
Since we desire as great a rate of convergence as possible, we need to minimize Aqpay. All
iteration methods attempt to either reduce the number of iterations by reducing the Amax
associated with G, or to reduce the computation time required to achieve convergence, or
both.

It should be noted that due to the non-stationary boundary problem, the system of
linear equations that is to be solved is reduced by one equation each time the corona
advances to a new mesh point, in effect, shrinking matrix A by the corresponding row and

column, which of course affects G, reduces Amax, and increases R.
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The following discussion examines point, line and finally block iterative methods.
The derivations, proofs and formulae associated with the selected iterative techniques are
well established and appear elsewhere as noted throughout the discussion, therefore, we
will not attempt to derive nor show the derivations of these methods. The discussion of
each method will contain, where applicable and as required
® a brief description, including the handling of boundaries,
® a pictorial representation,
® an iteration formula,
® aformula for the spectral radius Apmax, and
¢ 2 formula for the optimal acceleration factor Wep,
for the model problem in which we have a square with width normalized to 7 (unless
noted otherwise), having uniform mesh spacing s, Dirichlet boundaries assumed on all
four sides, and no singular points (ie. Dirichlet boundaries due to the corona) on the
interior of the mesh. Since we are growing corona on the mesh, and we may have
Neumann boundaries, the actual spectral radius and oy will in fact different than the
values obtained from the standard formulas. For the given square, we have n = wh mesh

squares along any side, and a set of (n-1)? interior mesh points defined for
x=ih, y=jh, i,j=12,...,n—1, with nh=m. (2.44)
For the formulas that follow below, i,j are the coordinates of an arbitrary point P on the

mesh, Ui ; is the potential at point P(i,j), and UK is the set of all mesh potentials at

iteration step k.
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2.4.4.2 Point Iterative Methods

Point iterative methods iterate all the points on the mesh, one point at a time. The
general scanning convention is left to right, and top to bottom. If any singularities are

encountered, they are skipped by the point methods.

24.4.2.1 Point Jacobi

The point Jacobi (relaxation) iterative technique is generally considered to be the
reference point for performance comparisons of other iterative methods. The Jacobi
method has the slowest convergence rate of all iterative methods, but it also happens to be
the most stable numerical method, and can be used as a fallback method when other
methods fail to converge for our model problem. The Jacobi method iterates the mesh
points, point-by-point, simultaneously solving for all points on the mesh, using only the

previous potentials (see Fig. 2.4). U*! is invariant of the order of scanning the mesh.

Uk Uk+1
O OO0 O OO
O ® O O OO
..t—/ oO® O
O e O G OO
O OO O OO
® - nearest neighbours
- updated mesh point

Fig. 2.4: Jacobi iteration process.
The point Jacobi iteration formula is given by
U = [ U+ Ul b U + UN 1/ 4 (2.45)

The spectral radius for the Jacobi method applied to a square is given by
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2

h
Ay = cos (k) =1 -5 ash—0 (2.46)

The spectral radius for the Jacobi method applied to a rectangular grid divided into NxM
mesh squares, each being Axh in size (uniform mesh spacing %) and surrounded by

Dirichlet boundaries is given by [PTVF92]

7T T
NERWE
A = ash— 0 (2.47)

Determining the spectral radius for other shapes is more complicated [Rand67, Lewi71],
possibly requiring the analysis of an analogous membrane [LIMc68], or Amax may be

determinable only from some iteration norm [Reid66].

2.4.4.2.2 Point Gauss-Seidel

In Gauss-Seidel point iteration [Ames92, p. 200], all points are successively
relaxed, using the improved values for adjacent points, as shown in Fig. 2.5. U"*! is not

scanning order invariant.

® - nearest neighbours
- updated point

Fig. 2.5: Gauss-Seidel iteration process.
The point Gauss-Seidel iteration formula is given by

UM =1 UM+ U+ U + Uk+li-1,j 1/4 (2.48)
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The spectral radius is given by

M =C08* (h)=1=h* ash—0 (2.49)

2.4.4.2.3 Point SOR

In successive over-relaxation (SOR) iteration, all points are over-relaxed using the
improved values from the previously solved adjacent row. SOR involves an acceleration
factor o [Young54, Young71] to over-correct the potential at each point, hence the over-
relaxation terminology.

The point SOR iteration formula is given by
UMy = U+ avd [ UMY+ Uy UNja + UM - 4UK ) (2.50)

The spectral radius for a square at w=0op is given by

2

1 - 1 - }\'maxmcom 1- i h
A = — ( )2 = S?ngh;zl-zh, as i — 0 251)

1+ Jl - ()\'maxmcom ) e
The acceleration factor mop is given by

2 2
('Oopl :1+}\’max = 2 = 1 . (h) ’ aSh'—)O (2’52)
1+ Jl - (}\'max.mcom ) e

Some variations of the basic SOR method include red-black, conformal, and
alternating direction ordering of the mesh scanning, and ad hoc [Ehrl81] and Chebychev

[PTVF92] accelerations.

2.44.2.4 Successive Extrapolated Relaxation
Successive Extrapolated Relaxation (SER) [DeKi73a, DeKi73b] is a technique

based on the extrapolated sum of a geometric series useful for extrapolating many,
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possibly thousands, of iterations into the future. This method is currently not
implemented due to deadline constraints, although it is intended to be added in the very
near future.

The basis of this method is to store the complete mesh potential obtained for 3
successive global iterations performed at steps k, k+1, k+2. The previous 2 eigenvalue
estimates for each mesh point can be computed. From this, a geometric series for the
eigenvalues of each point is determined. Finally, the potentials at every mesh point can be
extrapolated by extrapolating the sum of its geometric series and multiplying it by the
point’s potential. Several global iterations are then performed. The complete process is
then repeated until some measure of convergence is attained.

An implementation based on extrapolated 2".order curve fitting was attempted
prior to obtaining the references above, and it was found that extrapolation beyond a few
iterations yielded negative values for the potentials for most mesh points. This was not
surprising since the monotonically decreasing potentials at each point where fitted with a
parabolic function whose potential would inevitably cross the 0 potential and become
negative as the iteration number increased. This led to the conclusion that the attempted

implementation was wrong.

2.4.4.2.5 Other Point Iterative Methods

Other point iterative techniques exist, such as symmetric successive over-
relaxation (SSOR) [DSMi63], which requires twice the effort of SOR for only half the
convergence rate, and the extrapolated Aitken’s method [Evan63, Evan64a). Neither was

implemented due to the availability of higher performance methods such as SOR.
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2.4.4.3 Line Iterative Methods

Line methods iterate the mesh points, line-by-line, simultaneously solving for all
points on a given line, while considering all adjacent points as frozen, analogous to point
methods. In effect, all points along a line (row or column) are modified in a single step.
The resulting set of equations for all points on the line of interest result in a tridiagonal
matrix which is easily inverted [PTVF92]. If any singularities exist in the row being
iterated, the row must be segmented into singularity-free segments which are then solved
by line methods. Line iterative methods are sometimes referred to as block methods

[Ames92].

2.4.4.3.1 Jacobi Line Over-relaxation

In Jacobi line over-relaxation JLOR) [Ames77, p. 199], all points on successive
lines are solved simultaneously without using the newly obtained values from the
previously solved adjacent row (see Fig. 2.6), similar in essence to the point Jacobi

method. This method is also known as the Jacobi row iterative method.

Uk Uk+ 1

OCOO0O0C0OO0O0 OCO0OO00O00O0
O I N B N 6] CO0OO0OO0O0O0O0

(0 O OO Oe C@ 6 & 68 &0
Cee® 0000 CO0OO0CO0O0O0
OO0O0000O0 OO0OO0OO00OO0O0

® - nearest neighbors
- updated points

Fig. 2.6: JLOR performed on a single mesh line.

The iteration formula for the Jacobi row iteration method is

US = 14 (UM + UMY+ U + UN ) (2.53)
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and the spectral radius is given by

cos(h)

=——"<=1-h", h—0 (2.54)
mx 2 —cos(h) ash=

A

This method was not implemented due to the extra storage requirements of this
non-in-place method, and due to the consideration of the easily obtainable 22" increase

in convergence available in SLOR.

2.4.4.3.2 Gauss-Seidel Row Iteration

In Gauss-Seidel row iteration [Ames92, p. 200], all points on successive lines are
solved simultaneously using the newly obtained values from the previously solved

adjacent row, similar in essence to the point Gauss-Seidel, as shown in Fig. 2.7.

O000O0O0
Uk+1
NN XX Xe
®OOOOO G
O®®® e e Ok
OO0CO0O0OO0OO0O0

® - nearest neighbours
- updated points

Fig. 2.7: Gauss-Seidel row iteration process.
The iteration formula for the Gauss-Seidel row iteration method is
U= 174 (U + UM+ U + UMY ) (2.55)
and the spectral radius is given by
Mo =1-2k%, ash—0 (2.56)

This method was implemented for comparison with SLOR.

2.4.4.3.3 Successive Line Over-Relaxation

In successive line over-relaxation (SLOR) iteration [Ames77, p. 199, Evan62], all

points on successive lines are over-relaxed simultaneously using the newly obtained
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values from the previously solved adjacent row, and involving an acceleration factor ,
similar in essence to the point SOR.
The iteration formula for the SLOR method is

US 5= Uy + o4 (UM + UM+ UN o+ UMY - 40K (2.57)

The optimal acceleration factor wep; and spectral radius Amax are given by

MaX (5 08 = wopl —-1=1- 2'\/511, ash—0 (258)
2
1- V 1- (}\'max,,_OR )
@, =14 = ~2-22h, ash—0 (2.592)
1+ \/1 - (}\'ma"JLOR )

An alternative formula for o, for a square of area A which is dependent on the mesh size
h as h approaches 0, is derived by Evans [Evan62] as

_ 4 (2.59b)

(1) =
o 2.405
3(1 + ﬁ h

3JA

where

2.405\/’%' <A,

is a lower bound of the corresponding Jacobi spectral radius Aj,c [FoWa67, p. 265].

2.4.4.3.4 Successive 2-Line Over-Relaxation

Successive 2-line over-relaxation (S2LOR) is similar to SLOR with the exception
that 2 adjacent rows are solved simultaneously. The resulting equations produce a matrix

which is no longer tridiagonal, but block-tridiagonal, requiring more time and effort to
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solve. SZLOR converges faster than SLOR by a factor of 2’/2‘for "nice", singular-free
problems [Ames77, p. 201].

The main prohibition against applying S2LOR to our problem is the severe
segmentation caused by non-aligned, scattered singularities which may occur throughout
the 2 lines to be solved. The algorithm would need to segment the 2 lines into smaller,

1. singularity-free 2-line segments to be solved by SLOR and possibly altering the
required acceleration factor, and

2. 2-line segments containing at least 1 singularity in each column, to be solved by SOR.

Figure 2.8 shows the required segmentation for 4 lines of a typical 14x14 mesh

containing a corona discharge.

00000080000 e
ooooo_g‘o__.o__.__o.__gooo
@0 0 0 0j0ie0 0lo[e|o ole
A X E X X Ro ok Yook

@ — Dirichlet boundary
®

__ singularity
71— SLOR relaxation
"y point SOR relaxation

Fig. 2.8: S2LOR segmentation example.
This segmentation would slow down the algorithm to the point of possibly losing the

. A . .
ideal 2" increase in the convergence rate.

2.4.4.3.5 Alternating Direction, Successive Line Over-Relaxation

Alternating direction, successive line over-relaxation (ADSLOR) [Evan64b] is a
two-pass method in which SLOR is performed first on all the rows, and then on all the

columns of the mesh.
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The iteration formula for the row-wise solution is

Ux<+1/:zi,j _ Uki’j + w4 (Uk+1/2i+l’j + Uk+1/2i_1’j + Uki’jH + Uk+1/2i’j~1 ) 4Uki,j) (2.60)
The iteration formula for the column-wise solution is

Uk+1i’j _ U1<+1/:zi,j + w4 (Uk+1/2i+1,j + Uk+1i_1d_ + Uk+li,j+1 + Uk+li,j-l ) 4Uk+1/2i,j) 2.61)
A formula for woy for a unit square of area A which is dependent on the mesh spacing &
as h approaches 0 is [Evan64b]

_ 1 J as h— 0 (262)

()]
ot 3[1 2405

NN

2.4.4.3.6 Alternating Direction Implicit

Many alternating direction implicit (ADI) methods have been developed, the
foremost of which are the Peaceman-Rachford ADI or PRADI (1955), Douglas-Rachford
(1956) ADI or DRADI, the Douglas (1962) implementations [Hadj68], and others
[FaMi66]. ADI is essentially a two-pass method; in the first pass all the rows are
sequentially solved, followed by a second pass in which all the columns are sequentially
solved. These methods speed up convergence by the use of a precalculated sequence of
acceleration factors, or by the use of multiple optimal parameters which may depend on
the iteration step! The calculation of the parameters or acceleration factors is very
involved [Ames77, p. 149]. ADI iterative techniques have also been extended to non-
rectangular [Lewi71] and to 3-dimensional problems [Hadj68, Hadj71].

Due to the shrinking of A (Sec. 2.4.4.1), there is no guarantee that sequence of

acceleration factors or the optimal parameters are invariant. Since there are
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computationally faster and simpler techniques available, ADI was not implemented nor

evaluated.

2.4.4.4 Block Iterative Methods

Block iterative techniques iterate the mesh points, block-by-block, simultaneously
solving for all points within a given block, while considering all adjacent points as
constant. In effect, all points within a block are modified in a single step [ShWe38]. The
resulting set of equations for all points within the block result in a full matrix which is not
easily inverted.

Blocks cannot be segmented in order to handle enclosed singularities, therefore to
be considered as viable solution techniques, block iterative methods must be capable of

handling any number of singularities enclosed within any given block.

2.4.4.4.1 Successive Block Over-Relaxation

In successive block over-relaxation (SBOR) iteration [Evan84], all points in an
mxm block are over-relaxed simultaneously using the newly obtained values from the
previously solved adjacent blocks (see Fig. 2.9) and involving an acceleration factor ,

similar in essence to the point and line SOR.

000000
coeeool
Ceooleo
00O O eo.
OCO®®0O0

® - nearest neighbours
- updated points

Fig. 2.9: Example of 2x2 SBOR.
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An estimate of the spectral radius of kxk SBOR on a unit square [MaTe61], and

independent of k (apparently, unless they used k=2) is given as

Moy =1—2+27h, ash—0 (2.63)
which transformed for the reference xm square is

M =1=2v2h, ash—0 (2.64)

Another formula, which depends on k and is derived from [Part81] is proposed as

k
A =1— Zﬁ\/;h, ash— 0 (2.65)

A problem arises when we extend the method to handle:

1. different boundary situations: all Dirichlet boundaries, or Neumann boundaries on the
left or right columns of the 2x2 block, and

2. any combination (2* = 16 unique combinations) of singularities enclosed by the block.

Assuming that we are using pre-calculated, non-rotatable stencils to speed up

computations, the above yields a total of 3x16 = 48 permutations of possible boundaries,

each of which requires its own unique stencil. The complete derivation of the

permutations of the 2x2 block stencil appears in Appendix C.

For 3x3 blocks, we again have 3 different boundary situations, but we have 2°
combinations of enclosed singularities, for a total of 3x2° = 1536 permutations, each
requiring a unique stencil. Clearly, the inclusion of singularities has undesirable effects in
the implementation of 3x3 (and larger) block methods. The author is aware of SBOR
being employed with only 2x2 and 3x3 blocks [Evan84, ShWe38]. A more detailed

discussion and derivation appears in Appendix C.
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2.4.4.4.2 Alternating Direction, Successive Block Over-Relaxation

Alternating direction, successive block over-relaxation (ADSBOR) is the author’s
extension of SBOR, and as such, there are no known formula’s for the spectral radius or
optimal acceleration factor. ADSBOR is a two-pass method in which SBOR is performed

first row-wise, and then column-wise on the mesh points, similar to ADSLOR.

2.4.4.5 K-Line and KxK Block Methods

K-line methods, also referred to as block methods by some [CuVa59, Fabe81],
simultaneously operate on k-lines of the matrix A. This corresponds to k mesh points, not
necessarily one complete mesh row, and possibly split into two segments by a mesh edge.
KXK block methods attempt to simultaneously operate on a kxk block of the matrix A
[CuVa59, Fabe81], or they attempt to simultaneously solve a block of kxk mesh points by
block relaxation [Part81].

Since our model problem uses a large mesh and direct methods have been ruled
out, there is no explicit matrix, so neither k-line nor kxk block (Fabe81 definition)
iteration methods are explicitly implemented. It should be noted, however, that whenever
the implemented line methods encounter singularities and segmentation is performed to

obtain singularity-free segments, we are in effect reverting to k-line methods.
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2.4.4.6 Convergence Rates

Table 2.1: Convergence Rates for Iterative Methods (5-Point Stencil).

| Relevant Section
point Jacobi _hi m2h? 2.44.2.1
2 2
point Gauss-Seidel W nih? 2.4.42.2
point SOR 2h 27th 2.4.42.3
Jacobi line relaxation W nh? 2.4.4.3.1
777777 Gauss-Seidel line relaxation 2h? 212K 2.4.43.2
SLOR 242k 2+21h 2.4.4.3.3
S2LLOR 4h 4ATth 24434
ADSLOR > 2J2h > 22 mh 2.443.6
SBOR (2x2) K T2 h? 2.4.4.4.1
SBOR (3x3) A% 2.4.4.4.1
ADSBOR (2x2) > p? 2.4.4.4.2
ADSBOR (3x3) > J%hz 2.4.4.4.2

2.4.4.7 Convergence

An important issue that all iteration schemes must address is assurance of
convergence, and the stopping criteria employed to halt the iterations. What is required is
a measure of the impact of the iteration on the convergence process, and a method of

relating it to some convergence criteria.

2.4.4.7.1 Assurance of Convergence

The question that might be posed is whether the selected iterative method will

cause u* to converge to the exact solution u. Young [Young54, YoGr73] defined the
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conditions and characteristics of a certain class of matricies possessing what he defined as

Property (A). The conditions for a matrix to possess Property (A), by rearrangement if

necessary, are:

® all coefficients are real [Ames77, p. 112],

® positive diagonal (a;; > 0) and , a;; < 0 for i # j [Ames77, p. 101],

® diagonal dominance [Ames77, p. 101],

® symmetric, so that A = AT, which also implies A is tridiagonal or block tridiagonal,

For any system Au = b derived from the 5-point operator, matrix A possesses

property (A), therefore:

® its eigenvalues are linearly independent and positive [Ames77, p 107] since A is
symmetric,

® (o is independent of scanning order, and dependent only on Ay [FOWa67, p. 261],

® the point Jacobi and Gauss-Seidel methods always converge, and the SOR method
always converges for 0 < » < 2. [Ames77, p. 113].

In fact, since A is positive definite, then any point, line, or block iterative method which

reduces the residual r* to 0 by modifying U sufficiently often will lead to convergence

[MaTe61]. It is known that the 9-point difference schemes yield matrices which are block

tridiagonal but which do not possess Property (A) [Evan64b]. This does, however, not

preclude their convergence.

2.4.4.7.2 Residuals

In our model problem, we are trying to solve Au = b by some iterative technique

such that
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u*' = GuF +v (2.66)
where G is the iteration matrix, dependent on the iteration method. If u is the exact
solution that we are after, where u = A'lb, then the absolute error vector € can be
expressed as

e = lu" - ul=u*- A bl | (2.67)
and we can declare convergence when e =0. Since, however, u is unknown and A'bis
intractable, we must resort to other methods.

One approach is to use residuals [MaTe61, FoWa67, Ames77, Smit85], in which
the residual vector r at iteration step k is defined as

r*=Au*-b (2.68)
The residual at any non-singular mesh point P(i,j) is the amount by which the finite
difference equation Eq. 2.19 differs from zero. The calculation of r* must be done after
all points have been updated at any iteration step k, requiring that the entire mesh be
rescanned, regardless of the iteration method used. Caution must be exercised since the
absolute error (Eq. 2.67) may be large [Smit65, p. 158], even though the residuals are
small.

The pseudo-residual [YoKi81] or displacement vector 8§, [Smit65, p. 78] is the
amount by which u has been changed in one iteration, and is defined as

& =uk-u! (2.69)
8" is easily calculated during the iteration sweep for all point methods, however, this
method is not easily extendible to non-Jacobi line and block methods as they
simultaneously update multiple mesh points in-place for any iteration step k, over-writing

the previous values without preserving them. The overhead penalty for line methods to
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preserve in a buffer, N values at a time, for each of the M rows, for each iteration sweep
would be considerable.

Rewriting for comparison the previous two equations for any point P(i,j) on our
mesh, the residual is defined as

= [ UM + Ut UN o + UYy - 4U%,)) (2.70)
and the displacement vector for point SOR can be written as

5ki,j = Uki,j UM = w4 Uki,j-] + Uk-li+l,j+ Uk-li,j+1 + Uki-l,j - 4Uk'li,j] (2.71)

2.4.4.7.3 Norms

For a vector V of size n, with i=0,1,...,n-1, the first (-power) norm is defined as

[FoWa67, p. 370]

vl, = Z!V| 2.72)

the second, or Euclidean norm [FoWa67, p. 205] is defined as

vl.=[v ] @7

and the infinite, maximum, or Chebychev norm [FoWa67, p. 321] is defined as
V1, = max (v,)) (2.74)

The second norm is the most difficult norm to compute, suffering the greatest loss of
accuracy, the maximum norm is the easiest to compute and suffers no loss of accuracy,
and the first norm lies somewhere between [FoWa67, p 258].

As a direct consequence result of the properties and the equivalent eigenvector

composition of the iteration matrix G, we can estimate the spectral radius of the iteration
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methods from the ratios of successive residual or displacement norms. Expressed in

mathematical terms, the estimate of Apay iS

Fl, -
“rk"” = Amax, fOr p=1,2,00 .
p

which for any norm p of the residual vector [FoWa67, p. 257] converges to Ama,

k
limM-p— =A

&y
p

for p=1,2,c0 (2.76)

max *

and similarly, for any norm p of the displacement vector [FoWa67, p. 369]

&,
limjy—3 =A

oo [ = forp=1,2, (2.77)
P

max ?

This yields 6 different approaches to estimating Amay, but as of yet, we do not know which
approach will converge to An.x the fastest or the smoothest. The method best suited for

our problem remains unknown at this point.

2.44.7.4 Convergence Criteria

There appears to be a great lack of information regarding the stopping procedures
used in published experiments. Some [Aren94] halt the iterations when the worst case
error (implies residual method), is less than some threshold & so that

k

J<g (2.78)

Kl —
” r |L = max( L

Others [Evan63] halt when a norm has been reduced by some factor, such as

[ (2.79)

0
<l
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or when the maximum displacement is less than a threshold [FaMi66] such that

o1 < 250

2.4.4.7.5 Acceleration of Convergence

For accelerated iterative methods, acceleration factor o and the spectral radius
Amax are inter-related. At some optimal value for w called Wopt, Amax 1S minimized,
maximizing the convergence rate R. For problems with simple, generally symmetrical
shaped, singular-free problems, oy can be determined prior to any iterations. For
problems with complex shapes, or containing singularities, determination of ey is
intractable or impossible. For these situations, which include our model problem, the
spectral radius of G must be éstimated by the methods described in Sec. 2.4.4.7.3, in

order to compute an estimate of the optimum acceleration parameter oy [Carr6l,

Reid66, FoWa67, Erhl81]. An estimate (:)op, of Wop is far better than using w=1 since

R(o,,)z R((:)op,] >> R(1.0) (2.81)

2.5. Fractal Dimensions

2.5.1 Introduction

After modelling and generating dielectric breakdown discharges using proper
modelling and appropriate computational methods, it is desirable to qualitatively compare
the different structures obtained from a set of simulations in which certain parameters are
varied. From an observer’s view, the resultant structures will have similar characteristics
and will appear to be similar even though the shapes will be different, and it is our desire

to compare these structures. From previous research, it is known that these structures
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possess fractal and multifractal properties [HaMP86, PIEW86, WiPi86, Ever90, Vics92,
KiSt94, Aren94]. These structures are therefore called Laplacian multifractals, or
Laplacian fractals [WiPi86] for short, since their growth process is governed by the
solution of Laplace’s equation for the potential field, and their structure exhibits global
scaling properties best described by fractal and multifractal measures.
There are several defining characteristics associated with fractal objects. Fractal
objects generally:
® are the resultant structures from some process [PeJS92, p. viii], often a chaotic one,
® have self-similar properties whose measurement exhibit global scaling properties, for
which the fractal dimension may be (simply) defined as the critical exponent which
makes that measure constant over all scales,
® are often non-differentiable, or even nowhere differentiable, such as the Takagi curve
[Kins94f , p. IV-37], and

® are continuous, discontinuous, or discontinuous everywhere such as the Cantor dust.

2.5.2 Definition of Fractal Dimensions

Mandelbrot defined a fractal object [Kins94e] as

“a fractal is the set for which the Hausdorff-Besicovitch dimension

strictly exceeds the topological (Euclidean) dimension.”
The Hausdorff-Besicovitch dimension provides the basis for all morphological
dimensions, and provides a fundamental role in the concepts of fractals. If we consider an

n-dimensional Euclidean space R", where F (the fractal of interest) is a subset of R”, s

and & are positive real numbers, § > 0, and V; is a d-cover of F, then the Hausdorff s-
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dimensional measure of F is defined as [Kins94e, Stac95], then

b,

2

HS = inf{i v} e F} (2.82)

Vj are vels (volume elements) of radius

o), <5 @8
2
which are used to completely cover the fractal F so that
F=0V, (2.84)
j=1

The interpretation of this is that the covering sets V; form the minimal 3-cover of F with a
maximum volume element (vel) size not exceeding & [Kins94e, p. 4]. As § approaches 0,
the Hausdorff measure increases. The Hausdorff measure becomes infinite if s is too
small, or vanishes if s is too large. At some critical value Dyg of s, called the Hausdorff-

Besicovitch dimension, the measure of F becomes constant, and is described by
D,y = inf{s| Hy o(F)=0} = sup{s| H; ,(F) = oo} (2.85)
The significance of Dy is illustrated in Fig. 2.10. In practice, the Hausdorff
measure is impractical because it is very difficult or impossible to compute. The mesh (or

box) counting dimension is one of several practical implementations which estimates the

Hausdorff dimension [PeJS92, p. 218].
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+ constant

Fig. 2.10: Hausdorff-Besicovitch measure for some fractal F.

2.5.3 Classifications of Fractal Dimensions

The taxonomy of fractal measures includes several classifications of fractal
measures [Kins94f, p. II-124] (or dimensions), based on the properties that they measure.
Morphological-based dimensions measure the scaling properties of the geometrical
complexity or coverage of the structure, but ignore all time-dependent behaviour of the
object, and the distribution of the measure over the fractal. Entropy-based dimensions
take into account the distribution of the measure being employed. They can measure the
amount of information needed to specify the state of a fractal to an accuracy r, and as
such can be used to measure the compressibility for data storage. They can also be used to
measure the density distribution of spatial fractals to some resolution r. Spectral
dimensions measure the scaling properties of the power spectrum, such as the persistence,
generally of some temporal signal or image, and permit batch processing only. Variance-
based dimensions permit a temporal or spatial signal to be analysed directly in real-time

[Kins94d] by measuring the scaling properties of the signal’s variance (o).
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2.5.4 Hausdorff Mesh Counting Dimension

Perhaps the best known of all dimension measures is the morphological-based box
or (Hausdorff) mesh counting dimension Dpy, also referred by some as the capacity
measure of the fractal [Grass83a]. Simply put, it relates the number of non-overlapping
square vels N, of width r needed to completely cover the fractal (normalized to a unit
square) when it is being measured at a scale of 1/r. The relationship can be expressed by

the power law

1\Pum
N :(_j (2.86)

log(N,) (2.87)

In practice, however, r is not infinitesimally small and #,;, >> 0 (Fmin = 0.002 for a
500x500 grid) so we must estimate Dy by the slope of the line that best fits the log(NV,)
and log(1/r) data obtained for a succession of vels with different sizes r, [Kins94c, p. 3],
an approach which is generally used for all fractal dimensions. Therefore, for the k™ stage
of computation, N; vels of size r; are intersected by the fractal F and Eq. 2.87 can be

expressed as

log(n,) (2.88)

Figure 2.11 illustrates the mesh counting dimension computed on the results for two
scales. The number of mesh squares required to cover the fractal at each scale are counted

and tabulated. Finally the fractal dimension of the object is the slope of the line that best
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fits the log(N) and log (1/s) data. In actual implementations, the fractal is measured at

more than just 2 scales.

s=1/4

Numerical Results 2 | ]
scale precision |#boxes .-
s 1/s N P i
log(N) -7 l1485
1;4 4 10 1 ".r"—]——‘l -
1/8 8 28
05 | I
" 04 06 03 1
log (1/s)

log-log plot of data

Fig. 2.11: Tllustration of the mesh counting dimension.
The Hausdorff dimension is used to calculate the similarity dimension Ds of non-self-
similar fractals such as our Laplacian fractals [Grass83a, Kins94f, p. II-38]. The
Hausdorff mesh counting dimension Dy, will at worst over-estimate Dyp [Kins94f, p. -
119]. It should be noted that the mesh counting dimension suffers from slow
convergence, and brute force implementations require large amounts of memory

[Grass83a].

2.5.5 Information Dimensibn

An improvement on the mesh counting dimension is the information dimension

D, which measures how the entropy (distribution or disorder of probabilities) scales with
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varying spatial resolution 1/r [AtSV88]. Unlike the mesh counting dimension, D; takes
into account that certain regions (mesh squares) intersect the fractal F more often than
other regions. If we cover a fractal consisting of N points with vels of size (scale) 1/r, the
probability p; that the trajectory of the fractal intersects the j* vel, or that points of the

fractal are found in the j* vel, is given by

" (2.89)

pjzﬁ

where n; is the number of points found in that vel. The entropy H, of the fractal is

N
Hr = —ij 1og pj (290)

=1
H, can be interpreted as the minimum information required to specify a point on the
fractal with accuracy r [GrPr83a] or the amount of information needed to specify the state
of the fractal to an accuracy of r [Kins94f]. If we assume a power-law relationship
between H, and r, then the information dimension can be described by

Ny
. > p;logp,
D, = lim— " =lim = (2.91)

. log( % j ko logr,

2.5.6 Generalized Entropy Dimensions

Rényi developed the concept of generalized entropy from which we can construct
a continuous spectrum of an infinite number of dimensions. It can be used to extract
dimensionalized features from objects being measured [FeKi95], and it is the basis for the

construction of the Mandelbrot dimension (Sec. 2.5.8).
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2.5.6.1 Derivation

The generalized entropy, raised to any exponent g is expressed as [GrPr83b,

HePr83, Kins94f, Chen95]
1 N
Hq=————q_llog;p;?, —0<g< 4o (2.92)

and the generalized entropy (or Rényi) dimension is

Nr
log ), p!
1 p

D, =lim (2.93)
" 0 g—1 log(r)
or, for the k™ stage of computation
Ny
log Y p
D, =lim = (2.94)

q

ke g —1 log(rk )
For computational reasons, we can eliminate the division required by p; (Eq. 2.89), if we

express Eq. 2.94 as

Ny

log(z nj’] —qlogN,
D, =lim 1

J=1

(2.95)

q

ko g —1 1og(rk)

The dimension estimate can only approach the real value because N and r are finite. In
the Laplacian fractals that we desire to measure, N is only of the order of 16,000 to
25,000, whereas if we would desire to measure a strange attractor, 10° points could easily
be generated and analysed. Therefore, as in the previous dimensions, the dimension D, is

the slope of the best fitting line for the calculated H; and r; values.
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2.5.6.2 Relation To Morphological Dimensions

Of the infinite fractal spectrum Dy, only Dy, D, and D, can be related to the
morphology of the fractal F.

If g = 0, then Eq. 2.94 becomes

Nk Nk
| log z p; log ZI log(¥, )
D, =lim o o lim —— = lim ———*% (2.96)

which shows that Dy is equivalent to the Hausdorff mesh counting dimension Dy, and is

therefore also equivalent to the similarity dimension Ds. This can be expressed as
Dy, =Ds; =D, ‘ (2.97)
If g = 1, then Eq. 2.94 will be singular, so if we change the form of pj [GrPr83b,

Kins94f], use natural logarithms in Eq. 2.94 and use the series expansion for e, then
P;{ _ PjP?—l = p, ROILITS p,~(1+(q -—l)h‘l pj) (2.98)

Substituting Eq. 2.98 into Eq. 2.94 we have

(2.99)

N, Ny
lnEpj(l+(q—1)lnpj) ln[l"‘(q_l)zpjlnpjj
. 1 Jj=1 . J=1
D, = lim = lim

k—o g —1 ln(rk ) k—eo g —1 ln(rk )

Using the series expansion for In(1 + x), then reverting to base 10 logarithms, we arrive at

Ny Ny
(q—l)zpjlnpj (Q"l)zpjlogl’j
D, = lim = = lim — = = lim — 2k (2.100)
' ke g -1 ln(rk) k—e g —1 log(rk) k—se0 log(l / rk)

Comparing Egs. 2.91 and 2.100, we observe that D, is equivalent to the information

dimension Dy.
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If g = 2, then Eq. 2.94 becomes

Nk Nk
log 2 P log Z p;
D, =lim = =l

= lim—Z— (2.101)
ke ) —] log(rk) }1_{2 log(rk)

which shows that D, is equivalent to the pair-correlation dimension D¢, derived

elsewhere [Kins94f]. For ¢ > 2, D, can be interpreted as the g-tuple correlation

dimensions of the fractal F.

2.5.6.3 Extrema of Dq

Since D, is a spectrum of an infinite number of dimensions, it is intractable to
calculate them all. In fact, for our Laplacian fractals, we find sufficient detail extracted for
the range -60 < q < 60. We are however, also interested in the extrema of Dy, namely D_.,

and D...

For D... , if we multiply the summation inside the log in Eq. 2.94 by (Dpin®/Pmin’),

Nk p q
log p,‘,ﬁinz( : ]
=1 \' Pmin

where pin is the minimum probability, we obtain

log| 3| Zm. s
1 ° Jj=1 pnl'lin ’

D..=lim ql—ler—nw g-1 log(r, ) " ‘}l’r‘r}" q-1 log(r,)
1 log(p,) g log(p,,) _ 1_08(_1’@@) (2.102)

P T ) R T logln) R gl

For Di. , if we multiply the summation inside the log() in Eq. 2.94 by

(Pmax’/Pmax’), Where ppay is the maximum probability, we obtain
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N/\' p(I Nk p 4
log| > | £ pe log p,’{mXE( : J
. . Jj=1 Pmax . . Jj=1 Pmax
D, =limlim = lim lim

k-0 g—ro0 q- 1 log(rk ) k=00 g—300 q- 1 log(rk )

108 Pma ) _ 1 iom 9 108(Puss) _ 1o 108(Poa) (2103
k—roo g—re0 q- 1 log(rk ) k—oo g—reo q- 1 log(rk) k—eo 1og(rk)

Thus we can see the sifting property associated with g in that it can suppress or

emphasize the probabilities p;.

2.5.6.4 Other Properties of Dy

If the fractal F has a homogeneous probability distribution such that p; = 1/Nj,

then

Nk 1 q
6T
D, =lim ! = \Ns .1 log(Nka") log(Nk )

\ = lim =lim———=<  (2.104)
ke g — 1 log(rk) k—o g —1 log(rk) koo log(%)

from which we conclude that D, = Dy = Dy (from Section 5.4) for all g, implying that F

is self-similar. Generally, most fractals are not self-similar, and the difference between

D,’s for different ¢’s measures the degree of inhomogeneity of the fractal in the sense of

the probabilities associated with its subsets (mesh squares) [AtSV88], or alternatively, the

degree of the multifractality of the fractal F.

In Eq. 2.93 and Eq. 2.94, D, only has a physical meaning when g is an integer,
however g can be any real number [HePr83]. Varying g scans through all degrees of point
density existing in the fréctal F since at different g, different subsets associated with
different scaling indices become dominant in the determination of D, [HIKPSS6,

AtSV8E].
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Another property of D, is that it is a monotonically decreasing function of g, so

that

D,2D,, for a<b (2.105)

a

This is obvious if we consider that for any j, p;< 1.0, and then for g > 0,

N, Ny
2 pizd pi (2.107)

N Nl\’
log[z p;’] > log(z pjf“J (2.108)
=l =1

From the ratios of Dy, and D, for any g,

Ny
10 ({+1
: 2]

gl _ (1 ___1_]______
Dq q

Ny
log(z pj’]
j=1

= (sum<1)ratio<1)<1, ¢=0 (2.109)

There are ample proofs in the literature for Dyy < D; < D¢ [GrPr83a, GrPr83c, HePr83,
Kins94f]. For D, < Dy, for g 2 0, two sources provided a proof [Grass83a, HePr83], at
least one stated the property without any proof [PeJS92], and several [Kins94f, FeKi95]
provided a generalization based on D.., = D.... The author is not aware of any proof
extending the monotonicity property for g < 0. In Eq. 2.109, (1 - 1/g) > 1 for negative ¢,
which means that the ratio of the logs must satisfy ratio < 1/sum instead of ratio < 1, and
it is not obvious from Eq. 2.109 whether this is true. The following informal proof is

provided by the author to extend monotonicity to D, for g < 0.
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For ¢ <0, then

1,1 _ld+ (2.110)

11
g g

min

If we multiply inside the brackets of the numerator log() by ( pil | pitt ), then

N, +1 N, g+l

. k p‘l_ " . " k pl "

lim 3\ 5 g = lim pli3, = pi! @.111)
J=1

—= . . — . .
4= min g j=1 min

Substituting Eq. 2.111 into Eq. 2.110 and performing a similar operation inside the

denominator log(), we conclude our proof with

i Dan Z(f61|+1]10g(p,‘$§) _ |ql+1(q+ljz |q7|+1[|q|—1jzl__17 2.112)
= D, ld )log(ps)  ld \ q lal  lq q

This monotonicity property can be and should be employed to verify programs which

compute Dy, or only Dy (Dy), Dy (D)), or D¢ (D).

2.5.7 Generalized Correlation Dimensions

2.5.7.1 Derivation

The 2™-order generalized entropy function D, defined by

N, Ny
logpr longf.
D, = lim—~— = lim —£&* (2.113)
2= log(r) s log(r, )

can be interpreted as the correlation between neighbouring points on the fractal F, and

can be approximated by the use of a pair correlation function Cy [GrPr83a] such that

D, =lim log(G;) 2.114)
ke IOg(rk)

56



where C is the total number of pairs of points P, and P,, such that d,,, < ry.
Cy can be implemented as:
1. the sum of the number of point pairs (r) in each non-overlapping vel, Ny being the

total number of points covered by N vels [Kins94c] so that

C, = lim — S (n2-n,) S @115)

2. the sum of the number of point pairs P; and P; in overlapping vels of radius 7, centred

at P;, for each point P; of the fractal F so that

C, = lim — {%{Nln 29(4‘”3‘ PJ.“Z)J} 2.116)

Ny N |53

where 6() is the Heaviside step function defined by

1 if z20
1= (2.117)
8(2) {O otherwise

Equation 2.16 is the expression commonly used in literature [GrPr83b, MiPG84,
AtSV88]. Kinsner has shown that both Egs. 2.115 and 2.116 approach D¢ in the limit
[Kins94c] and has developed fast computational techniques for their calculation.

Figure 2.12 illustrates the procedure for computing the correlation dimension. In
the example, we have a line of 9 points, labelled as shown in Fig. 2.12a. Then using vels
radius of r=1, one vel centred at each of the 9 points (Fig. 2.12b), we count the number
of points in each vel and record them in a table (Fig. 2.12d). This is then repeated for vels
of radius r=4 (Fig. 2.12c). After all vels and all the vel sizes (here we use only 2 sizes for
illustration) have been processed, the correlation function Cy is computed (Fig. 2.12d) for

each scale (vel size). Finally, the correlation dimension is the slope of line which best fits
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the log(Cy) versus log(r) data (Fig. 2.12¢). Due to the small sample size, end effects cause

the dimension of the line segment to be underestimated.

* * * * +* + * * +

abcdf ghijk d. Numerical Results

a. point labelling Pointi | # Points j where
YYVYVVVYYVY dj=r
Y r=1 r=2
C08005900) TS
b.r=1 b 2 3
c 2 4
d 2 4
e 2 4
f 2 4
g 2 4
h 2 4
_ ] 2 3
02 1 | I k 1 2
. Cy 16/81 | 30/81
041 P
log (Ck) [
sl /’1 0.907
i ' ' L
0 0.1 02 03 04
log (r)

¢. log-log plot of data

Fig. 2.12: Tllustration of the correlation dimension.

The generalized correlation function (Eq. 2.116) has been extended by Pawelzik
and Schuster [PaSc87] to the definition of generalized correlation dimensions, similar to
the generalized entropy dimensions. The form for the g-order, generalized correlation

function C, is given by
vrk

1Y Yig-D)

1 Y| 1 "m "
C,, =limi— E{F—Z@(&"“”f'l’f”z)}

(2.118)

58



which can be used to calculate the Rényi dimensions as

log(C . )
D =lim—"%/

(2.119)
* =0 log(r)

2.5.7.2 Properties of D,

The generalized correlation dimensions measure the scaling properties of the
density of points on the fractal F. Since the generalized correlation dimensions use
overlapping vels, their computed dimensions D, will be slightly greater than those
calculated using the generalized entropy dimensions which use non-overlapping vels
[Kins94c, p. 8]. Correlation-based dimensions require significantly less memory and are
easier to calculate than entropy-based dimensions, especially for objects having D > 2
[GrPr83a], and have been shown to execute much faster [AtSV88]. Additionally,
generalized correlation methods seem to converge to D, much faster while using fewer
points than box counting methods [GrPr83a, p. 348]. Correlation methods are also well
suited for the analysis of temporal signals [GrPr83b, MiPG84].
2.5.7.3 Accuracy

Stacey measured the accuracy of the correlation dimension on Koch curves for
which the dimension is calculable from the self-similarity of the curves, and found the
error to be at least 1.6% [Stac95]. Since this has been done previously, it was not done as

part of this thesis.
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2.5.8 Mandelbrot Dimension

The basic concept of fractal dimensions is that some measure such as length, area,
or density of the fractal exhibits scaling properties. The Mandelbrot dimension, also
known as the multifractal spectrum or the spectrum of singularities, can be used to
characterize the global scaling properties of the fractal F [AtVS88] for which the

distribution of the measure itself satisfies a multi-valued power law such that

pi(r)er (2.120)

J
where p; is the probability for the fh vel of size r, and ¢; is the strength of the local

singularity of the measure [Kins94f, p. II-95]. In other words, the Mandelbrot dimension

probes the probability distribution right inside the vels we use to obtain D,.

2.5.8.1 Derivation of Dyan

The Mandelbrot dimension Dyay [Kins94f], , is expressed in terms of
e @, which describes the strengths of the singularities of the scaling properties, also
referred as [PeJS92] the local Holder exponent, singularity index, and singularity
strength.
¢ ) which describes the density distribution of the singularities [HIKPS86].
o, and fla) are obtained from D, by a straightforward Legendre transformation [PaSc87].
The exact derivations of @, and fla) are presented elsewhere [HIKPS86, Chen95,

ChKi95], the results of which yield

d
a, =E[(q—1)Dq] (2.121)

fla)=qga, ~(g-1)D, (2.122)
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If we substitute Eq. 2.94 into Eq. 2.121 and solve, then

Nk nj
n?log| —

RV

a, = 7

1og(rk )Z nf

J=1

(2.123)

Substituting Eqs. 2.94 and 2.123 into Eq. 2.122 yields an expression more complex than
Eq. 2.122, so we let Eq. 2.122 describe the simplest calculation of f{c). D, can be

expressed in terms of ¢, and flar) [HIKPS86] as

b=, - 1(e, )] @124

2.5.8.2 Special Values of Dyan
It can be shown from Eqgs. 2.94, and 2.121 through 2.123, that [PeJS92, Kins94f]

D_=a_=f_, g=~ow (2.125)
D_.=a, =f. g=+o (2.126)
Dy=f, = max(f(ao)), g=0 (seeFig.2.13) (2.127)
o, =f, g=1 (2.128)

2.5.8.3 Properties of Dyan

Each singularity strength, or Holder exponent, a has its own dimension fla)
[HIKPS86]. «, also called the crowding index [Kins94f], provides a measure of the
density for different subsets of the fractal F: small values of « characterize the dense
subsets of F, and large values of « characterize the rarefied subsets, and Oq-Qmin can be

used as a measure of the inhomogeneity of the fractal [AtSV88]. For pure fractals, (ie.
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homogeneous, or non-multifractals), (ue= Omin, and the Mandelbrot dimension curve
reduces to a single point (see. Fig. 2.13).

The function f{«) has the property [PeJS92]

@) _ (2.129)
do

which combined with Eq. 2.128 yields the property that at a; f{a) contacts the bisector
defined as fla) = a (see Fig. 2.13).
Figure 2.13 contrasts the Mandelbrot dimensions of a homogeneous (fractal)

object and a non-homogeneous (multifractal) object.

1 | | T x
17 . -
----------- R Rt S T->
.................. +
165 _
Jo
16~ . .
155 - -
s | | ! | |
‘ 155 16 T 165 17 175 T 12
— J, multifractal object (2 B9 2_co
% Do
“+ DI

*  pure fractal: Ds = 1.60
~ 45 degree bisector

Fig. 2.13: Mandelbrot dimensions of 2 objects.

2.5.9 Variance Dimension

Kinsner [Kins94b, GrKi95] has developed a variance-based dimension measure
D, which is ideally suited to analyse temporal signals in real-time, and from which the

spectral dimension Dg can be derived in a trivial manner. The variance dimension
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measures the temporal scaling properties of the variability or variance of the signal
amplitude of some signal x(¢). The values D, assumes with sampling time &t is known as

the trajectory of D, .

2.5.9.1 Derivation

The variance, 02, of the amplitude increments of signal x(t) over a discrete

sampling time increment Az conforms to the power law
0 [x(t1.0, )= %(1,)]= o* (Ax(ar)) ~ A" (2.130)

where H is the Hurst exponent associated with fractional Brownian motion, and can be

determined from

1 = fim 1 08(07 ((2) 2.131)
i==2  log(At)

The variance dimension D, [Kins94b] can be obtained from
D =2-H (2.132)
and the spectral dimension can be determined [Kins94b] in real time from

B=2H +1 (2.133)

2.5.9.2 Properties

The variance dimension is écutely sensitive to low-level noise contaminating the
signal of interest, x(¢). It has been used in speech processing to establish phonemic
boundaries based on the trajectory of D, and to characterize the bounded phonemes. The
behaviour of the variance dimension is controlled by several factors [Kins94b]

1. the sampling window size which controls the sensitivity of Dy to Ax(t),
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2. the overlap between successive sampling windows which has the effect of low-pass
filtering the trajectory of D, and
3. the probing interval [GrKi95]:
) unit increments {18t, 28t, 33t,...} which provide high separation of signal
and noise, and
o dyadic increments {23t, 43t, 83t,...} which provide high amplification of
the dimension trajectory at the expense of high signal and noise separation.
It should be stated here that the variance dimension fails for signals of constant
value such as x(t) = k, where k is some constant, since the variance is 0.0, and

10g(0.0) =~ | (2-134)

2.6. Summary

This chapter has covered an enormous swath of material: from the modelling of
Laplacian fractals, to the numerical techniques available to efficiently and quickly solve
Laplace’s equation for the potential field paying attention to the moving boundaries in the
mesh’s interior, and finally concluding with multifractal measures at our disposal to
qualitatively measure, analyse,.and compare the Laplacian fractals. The following chapter
describes the software which was designed and implemented, based on the theory
presented in this chapter, to model, grow, and measure Laplacian fractals while allowing

control over as many parameters as possible.
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CHAPTER 3

SYSTEM IMPLEMENTATION

3.1. Introduction

To test, validate, refine and implement concepts and algorithms discovered and
developed during the course of the research for this thesis, several major programs were
written, debugged, and rigorously tested.

In order to:

* capitalize on the advantages of an object-orientated programming language,

e capitalize on the encapsulation and abstraction provided by Borland’s Object
Windows Library (OWL®),

e capitalize on acquired software tools and previous Windows programming
experience,

* allow transparent manipulation of data structures exceeding 64 Kb without any
modifiers such as huge, and the use of 32-bit array indexes,

e allow pasting of contents of informational windows into Windows-based word
processors, and

e allow seamless software development at different locations: at the university, place of
employment, and at home,

the main programs were written in C++ and targeted for the Microsoft Windows

environment for personal computers, specifically the Win32 implementation of Windows.

Simple auxiliary programs to test some hypotheses were coded for execution in a DOS
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environment for cases where data was saved to disk files or a graphical display of data
was not needed. These validated concepts were then integrated into the main programs.
The three main programs are Random.exe, Methods.exe and Corona32.exe.
Random.exe was written to evaluate the pseudo-random and chaotic generators. It allows
the user to individually analyze any one of 16 different generators. Methods.exe was
written to test, debug, validate, and evaluate the various point, line, and block iterative
algorithms. Corona32 was written to:
® recreate some of the fractals generated by G. Stacey [Stac95],
s test the effects of random generators on Laplacian fractals,
o test the effects of the iterative algorithms on Laplacian fractals,
¢ allow a user to create and save simulation cases, having full control over
0 the electrode topology and parameters,
0 some of the parameters of the dielectric breakdown model,
¢ the random generator used,
0 the iterative solution methods for grid initialization, and local and global
updates,
¢ the convergence criteria, and
0 the format of the informational windows.
o allow the user to setup batches of cases to run unattended, saving the results after each
simulation run is completed,
* present as much useful information about the simulation dynamics as possible during

the run,
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* measure the fractality and multifractality of generated Laplacian fractals, and
e validate the routines used to measure the multifractality.

The software was constructed in an object class-orientated style wherever possible
to “group” related operations and data structures into portable and re-useable functional
classes. This separation of the code into classes aided immensely in the testing and
debugging of code, the implementation of new features, maintainability and
understandability of existing code, and the incorporation of code validated in other
programs. Corona32.exe incorporates the validated random and generator classes from
Random.exe and the validated iterative solution classes from Methods.exe.

Appendix F [Aren96] contains the source code unique to Random.exe, Appendix
G [Aren96] contains the source code unique to Methods.exe, and Appendix H [Aren96]
contains the source code for Corona32.exe, some of which is common to Random.exe and

Methods.exe.

3.2. Taxonomy of Classes

3.2.1 Introduction

It may be helpful to consider the taxonomy of object classes coded and utilized by
the programs developed during the course of this research. Not all programs utilize all
these types of classes. The basic taxonomy shown in Fig. 3.1 and described below is
related to the relationships between classes, such as parent, child, and sibling classes and

the utilization of classes, not the inkeritance associated with classes.
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Top-level classes

Composite classes Hybrid classes
T
extended pure pure
input computational display
classes classes classes
dialog
classes

Fig. 3.1: Taxonomy of classes.

3.2.2 Dialog Classes

Dialog classes are the simplest of all classes. They essentially consist of the dialog
constructor function which instantiates the dialog controls in the dialog box. The Borland
C++ Object Windows Library (OWL) classes handle the transfer of initialization data to,

and the user entered/selected data from, the dialog controls.

3.2.3 Extended Input Classes

Extended input classes utilize one or more input dialog classes, but additionally
provide error checking on the extracted, returned data and may possibly force the user to

enter correct data or choose default data before proceeding.

3.2.4 Pure Computational Classes

Pure computational classes perform specific computational functions on supplied
data objects or on global data objects. These classes do not call any display classes or

display functions. Some classes and functions just modify global objects. Others return
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computed results to the caller upon completion, or store the results for later recall. Pure
computational classes can utilize other computational classes without falling into the

composite class category.

3.2.5 Pure Display Classes

Pure display classes just format and display global or received data objects or
structures, most commonly in graph or scrolling chart styles. No mathematical

computations other than scaling and offsetting are performed.

3.2.6 Hybrid Classes

Hybrid classes process and display received or global data objects. Computed

results may be returned to the caller or stored for later recall.

3.2.7 Composite Classes

Composite classes route incoming, received data to one or more computational
classes, extract the computed results, and route the results to one or more display classes.

These classes use computational and display classes as their basic building blocks.

3.3. Study of Random and Chaotic Generators

3.3.1 Purpose

Random.exe was written to evaluate the pseudo-random and chaotic generators. It
allows the user to individually analyze any one of 16 different generators. Each generator
is implemented as a distinct object class with constructor and destructor functions,

Randomize(), Rand (), and Rand (MaxValue, MinValue) functions. The last function
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allows the generators output to be scaled to any interval. The implementation of random
generators as classes allows multiple, non-interfering instances of the same generator, and
allows the data members for each generator to be kept separate from those of other
generator classes. When a generator is selected, its class object is instantiated, and the
first 100,000 numbers in its sequence are obtained and stored in an array as x(t). The
chaotic generators use at least 2 independent variables, so their ¥(t) sequence is also
obtained and saved. The range of these numbers is divided into 1000 equal-sized
intervals, and the distributions of x(¢) and x(z)-x(z-1) are computed and saved to a file, and
where applicable, the same is done for y(¢) and Y(t)-y(t-1). Some statistics of x(z), x(t)-)é(t-
1), y(t), and y(t-1) such as the minimum, maximum, mean, standard deviation and the
variance of the original sequences are computed and saved in a file. This is then repeated
for x(t) and y(t) normalized to reside in the interval of

0.0 <x(1), y(1) £1.00 (3.1)
The user is then prompted
¢ if the sequence of x(#) and y(z) should be saved to a file, and
e if the variance dimension should be performed on x(z), and

* if x(z) and y(z) should be analyzed for duplicate values and sequences.
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3.3.2 Class Structure

TRandomEval

TSysRand
TRand | ———
TRand0 & ¢———
TRand2 | «——
TRand2 81 «—— |
TRand3 | «—— TLorenz
TRandql: +——— : TRossler
TRandq? «— | TGaussia

Fig. 3.2: Relationships of classes in Random.exe.

3.3.3 Class Descriptions

All the classes employed by Random.exe are pure computational classes.
TRandomEval

TRandomEval instantiates the TSysRand and TVariance computation classes and
manages them while executing the selected menu commands. All menu commands are
processed by this class. The obtained results are saved to files or presented in message
boxes.
TVariance

TVariance is used by TRandomEval to compute the variance dimension of the x(7)

sequence.
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TSysRand

TSysRand is a container, encompassing, or wrapping class. It manages 16 random
and chaotic generators, hiding their implementation details from the caller. TSysRand
manages the selection, creation and deletion of instances of generators, and presents a
single unified interface to the caller via the standard Randomize(), unscaled Rand(), and
scaled Rand(MaxValue, MinValue) functions through which the parent of TSysRand can

indirectly access the selected generator.

3.3.4 Validation

The output files produced by analyzing a generator called RANDX are:
® RANDX .dat - statistical measures of x(?), x(t)-x(¢-1), y(t), and y(t)-y(t-1),
® RANDX.pm - distributions x(z), x(t)-x(¢-1), y(t), and y(t)-y(t-1),

* RANDXd.pmn - sequence of x(z) and y(z),
¢ RANDXds.prn - variance dimension of x(?).

The RANDXd.prn files were loaded into Mathcad®, and the proper generation of
the chaotic attractor coordinates were verified by plotting x(z) versus y(t). To validate the
statistical measures, the built-in mean, maximum, minimum, standard deviation, and
variance functions were applied to the x(z) and y(t) sequences and the results compared

with those in the corresponding RANDX .dat file.
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3.4. Study of Iterative Methods

3.4.1 Purpose

Methods.exe was written to test, debug, validate, and evaluate the point, line, and
block iterative algorithms. It allows the user to:
1. measure the time required for each method to complete 100 global sweeps on meshes
of size
e 125x125,
e 250x250, and
e 500x500
for a parallel plate capacitor, and having
® no singularities, and
¢ singularities at approximately 10% of all mesh points [to emulate corona],
and,
thus determining the average solution time for each implemented method
2. to abort the timing measurements as they can take several hours to complete,
3. to test the “injection” or introduction of singularities at approximately 10% of all
mesh points for the 3 mesh sizes, and
4. to verify the method of lines for short and long segments with various boundary
conditions.
5. to verify the stencils for accelerated and non-accelerated block methods with various
boundary conditions along the mesh edges and all possible combinations of enclosed

singularities within the blocks.
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6. to measure the optimal acceleration factor ey for various square and rectangular

shaped meshes.

3.4.2 Class Structure

TMethods
§T5Point TLine TBlock

Fig. 3.3: Relationship of classes in Methods.exe.

3.4.3 Class Descriptions

All the classes employed by Methods.exe are pure computational classes.
TMethods

TMethods instantiates the iterative computation classes and manages them while
executing the selected menu commands. The obtained results are saved to files or
presented in message boxes.
T5Point

T5Point implements the 5-point operator-based point iterative methods. Non-
accelerated Gauss-Seidel type and accelerated SOR, normal row-wise scanning and
alternating direction (row-wise followed by column-wise) scanning techniques are
implemented. Any combination of enclosed singularities and Neumann boundaries at the
left and right side endpoints (row segments) or along the left or right columns (column

segments) are supported.
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TLine

TLine implements the line iterative methods. Non-accelerated (Gauss-Seidel type)
and accelerated, normal row-wise scanning and alternating direction (row-wise followed
by column-wise) scanning techniques are implemented. Any combination of enclosed
singularities and Neumann boundaries at the left and right side endpoints (row segments)
or along the left or right columns (column segments) are supported.
TBlock

TBlock implements the block iterative methods using 2x2 blocks of points. Non-
accelerated (Gauss-Seidel) and accelerated, normal row-wise scanning and alternating
direction (row-wise followed by column-wise) scanning techniques are implemented.
Any combination of enclosed singularities and Neumann boundaries along the left and

right side are supported.

3.4.4 Validations

The proper segmentation of lines to exclude singularities was manually verified
for various locations of singularities along a test line of 10 points. Particular attention was
paid to the segmentation for singularities located 1 and 2 points away from Neumann and
Dirichlet boundaries at the endpoints. A routine to test the segmentation and solution of
short row and column segments of 1, 2, 3, and 4 points existing within 10-point rows and
columns for all possible boundary conditions was written and the results were saved to a
file. These results were verified by using Mathcad to generate the proper matrix inverses
for short line segments as well as for unsegmented 10-point line segments, for the

identical boundary conditions. Assurance of correct line and block computational
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methods was considered essential and crucial to the acceptance of the results of the

multifractal analysis of the fractals generated by these methods.

3.5. Laplacian Fractal Simulation Program

3.5.1 Classes

3.5.1.1 Display classes

TChart

The TChart class permits the graphing of data in a left-scrolling, chart recorder-
like window utilizing the following styles:
e vertical bars (as in bar charts)
® connected lines (effective linear interpolation between data points), or
¢ points indicated by “x’s,
using selectable red, blue, or magenta colours. The chart scrolls to the left by about 25%
of the chart window width whenever plotted data touchés the right side of the chart.
Scrolling occurs at discrete steps, and not continuously, so as to reduce the time spent
redrawing the objects displayed in the window. A TChart instance only supports one
style, so effectively, it can only be used to display a single function. Data to be plotted is
passed to a TChart instance, one piece at a time, additionally specifying its desired colour.
TLGraph

TLGraph permits the graphing of data utilizing the following styles:

¢ connected lines (effective linear interpolation between data points), or
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¢ points indicated by “x™’s,
* points indicated by “X”’s and connected by lines.
Data to be plotted is stored in a new’ed (dynamically allocated) block of memory by the
calling function, with one curve per memory block. The address of this block, the number
of data points it contains, and the desired curve style are passed to TLGraph. The calling
function relinquishes all rights to the block. The TLGraph destructor function is
responsible for delete’ing (free’ing) éll collected blocks. If the block of data actually
specifies just a single point, then a single “x” is plotted. TLGraph can be used to plot
multiple functions on one graph.
TField

TField provides a window which contains a gray-shaded picture of the potential
field. The maximum potential is divided into 10 intervals, each represented by a black-to-
white band.

If the original mesh is less than 512x512, then for display purposes, TEnlarge is
used
* to increase the mesh resolution by some integer magnification factor, and then
® touse Laplacian interpolation followed by point Gauss-Seidel iteration for all the new

mesh points.

The class organization within TField is shown within Fig. 3.4.
TCoronaView

TCoronaView displays a black-on-white-background image of the Laplacian

discharge fractal (i.e. corona discharge).
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TFieldView

TFieldView is a composite, pure display class. It creates a window which contains
a black-on-white image of the Laplacian fractal using TCoronaView, and a gray-shaded
picture of the potential field using TField. The pictures appearing in Appendix E are
saved screen captures of TFieldView windows. The class structure of TFieldView is
shown in Fig. 3.4. TCorona can be selectively updated, and is usually done so after every
10™ new corona cell. TField is generally updated only after the Laplacian fractal is
complete, yielding the final field. Intermediate updates of the field image are too costly

time-wise, and are generally avoided. The TField View window contents can be saved to a

*.bmp file.
'I'Fiel(liVieW
B ——
TFifld .| TCoronaView |
g.'I'Enlarge |
Fig. 3.4: Relationships of classes in TFieldView.
TGrowth

TGrowth provides more information than TCoronaView. The corona cells,
neighbouring candidate cells, and zero-potential cells are all colour-coded. This class was
developed to test the extraction of the candidate cells and their maintenance in a

candidate list.
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TErrorContour
TErrorContour displays the mesh residuals in a colour-coded scheme. It is useful
for monitoring the wavefront-like propagation of corrections for the various iterative

methods, and for observing the location and trajectory of the maximum residual.

3.5.1.2 Computational classes

TKoch

This class is used to generate a test fractal having a known self-similarity
dimension of Dg = 1.5. This fractal was chosen for 2 reasons:
* ithasa “nice” value for its dimension (4/3 = 1.333... is not nice), and
* its points can be described by integer coordinates, allowing the dimension algorithms

designed for mesh-based Laplacian fractals to be empléyed for this fractal as well.

The fractal is produced by recursively applying a generating algorithm to an initiator. In
this case, the initiator is a square, and at each stage, the generator replaces each original
segment of length r by an 8-segment curve (Fig. 3.5) whose segments are each of length

r/4. The first and second iterations of this Koch curve are shown in Figs. 3.6 and 3.7.

Fig. 3.5: Koch initiator (left) and generator (right).
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Fig. 3.6: 1* stage of Koch curve Fig. 3.7: 2" stage of Koch curve.

The relation between the reduction factor s and the number of pieces N into which

a self-similar structure can be subdivided is described as [PeJS92, p. 205]

=L . (3.2)

and the self-similarity dimension Dy is defined as

D, = loga 3.3)

log %

Since each scale reduction of s = 1/4 yields 8 new segments, the self-similarity dimension
of this Koch curve is

_ log8
 log4

D =150 (3.4)

TEnlarge

Allows the enlargement of small meshes using dyadic magnification scales so that
the fine field details can be magnified without suffering from pixelation. TEnlarge
magnifies the mesh resolution as follows:
1. atemporary mesh of the desired size is created,

2. the potential values of the existing mesh are transferred to the new, large mesh, being
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properly spread out (decimated).

3. Original Dirichlet boundaries are properly propagated on all new mesh cells inserted
between existing cells with Dirichlet boundary conditions. All the transferred values
are known, so from this point on considered they are treated as Dirichlet boundaries
and are not updated. The object from this point on is to compute the potentials of all
the new, added mesh points.

4. For each effective, successive doubling of the mesh resolution, Laplacian
interpolation is performed at all new mesh points at that scale, followed by 10 global
passes of point Gauss-Seidel (for new points only). Since the actual size of the new
mesh is fixed, this is accomplished by varying the arms and the rotation of the 5-point
operator stencil. The process of mesh resolution doubling, interpolation, iteration is
continued until the desired magnification has been attained.

TStability

TStability measures the divergence and stability of some variable x(z), usually the
infinite norm. In iterative processes of the type used in this research, the trajectory of the
maximum norm may actually stall. In other words, it may stop decreasing and remain
constant, preventing convergence due to that criterion, and experiments show that any
further iterations will not decrease the value of any norm. TStability can be utilized to
detect this situation prior to performing the maximum number of iterations. x(t) is
considered to be stable if the difference of the n™ value of x(#) from the running average is

within k% of the average for m consecutive iterations, such that
Ix(n) - ave(x(t)j < k x ave(x(t)) (3.5)

x(t) is considered to be diverging if at any time the difference of the n value of x(t) from
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the running average exceeds d% of the average, such that

!x(n) - ave(x(t)j > d x ave(x(t)) (3.6)
In practice d must be much greater than k. If we assume that the maximum eigenvalue
Amax 1S dominant and that the effects of other eigenvalues have decayed sufficiently, then
at any time n, the previous n values of the infinite norm can be represented by the power
series

a(l - )

max

A 4. +al! _,
+a +...4+ak n(l—lmax)

max max ?

a+ah whose averageis ave =

max

and the most recent value by A",.. Then it can be shown that the maximum spread
y P

between x(n) and the average is

[ avzgxe((tj()t;)xn ] < 100% — [1 ) nxz(,,;x _(;m k,),, )] < 100% (3.7)

If Amax = 0.99 and n = 10 the spread is 5.4%, and for n = 100 the spread is 42.3%. Thus
for this example, a suitable value of & to detect a stalled infinite norm would be & < 1.0%.
TLinear

TLinear calculates the slope of the best fitting line of a list of n data points or 2
vectors containing the x and y coordinates of » data points using linear regression.
TQuadratic

TQuadratic calculates the coefficients a, b, and ¢ for the equations

y(x)=ax’+bx+c, or x(y)=ay’+by+c (3.8)

based on 3 supplied points. The slope at any point (x,y) can then be calculated using
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d 1 1
— y(x)=2ax+b, or d (y)z p (3.9)

dx @ :i;x(y)z 2ay +b
TEgns
TEqns solves
Ax=b (3.10)

for case of A being a 4x4 or an Nx4 matrix. If A is square, the solution for x is given by

x=A"b (3.11)
If N > 4, then A is not square and is considered to be over-determined, and the least

squares approximation solution for x is given by

x=(ATA) " (4"D) (3.12)
TCubic

TCubic calculates the maximum slope of the best fitting cubic polynomial using

least squares approximations and given 2 vectors containing the x and y coordinates of n

data points. TCubic attempts to determine the optimal coefficients a, b, c, and d for
x(y)=ay3+by2+cy+d (3.13)

by constructing the matrices A, z, and & such that

Yo Yo ¥ 1 . X,
»w ooy ooy 1 ) X,
A=|y, ¥ w1 z=|| k=|x (3.14)
C
d
y13v—1 yN—zl Yn-1 1 Xy_1
so that
Az=k (3.15)
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TEqns is utilized to compute the inverse of A required to obtain the values for the
coefficients a, b, ¢, and d. The maximum slope occurs when the second derivative of x(y)
1s O at some point y=y_isicas, then

-b

x”<y6fi1ical) = 6aycri1ical +2b=0 - ycriu‘cal = -3—- ’ (316)
a
and the maximum slope is found by
L= _— - (3.17)
dx X' (Yiiear) 3a(j_bj + 2b(:éj te 3ac~b
3a 3a

When computing the box counting dimension Dpy,, the resultant plot of log(Ny)
versus log(//ry) plot is generally a monotonically increasing, “s”-shaped curve and the
slope of interest is the maximum slope. TCubic was initially used to fit a single-valued
cubic curve to the above plot, and then to extract the maximum slope using Eq. 3.17.
Since the maximum slope usually occurs at only one point, the computed dimension is
essentially determined by only one of the many scales measured. TLinear is preferred
over TCubic to compute the slope since TLinear involves measurements of Ny from most,
if not all scales.

T5Point, TLine, TBlock

These classes have been described previously in Sec. 3.4.3.
T'Solve

TSolve (Fig. 3.8) is a computational class which wraps T5Point, TLine, and
TBlock into a single iterative solution class, managing the creation and deletion of
required instances. TSolve presents a unified interface for local and global iterative

updates of the mesh potentials. The caller of a TSolve class is responsible to determine
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and control the acceleration factor for accelerated iterative methods and to evaluate the

state of convergence.

TSolve
gTSPoint TLine TBlock

Fig. 3.8: Relationship of classes in TSolve.

TAccelSolver

This class (Fig. 3.9) supports near-optimal, dynamic acceleration of the SOR,
SLOR, and SBOR accelerated iterative techniques and their derivatives. For local
updates, TAccelSolver uses a local update region (LUR) of 51x51 points, centred on the
most recently added corona point, and performs a fixed number of iterations without any
convergence tests since convergence will not be attained within the allotted 50 local
iteration sweeps anyway. Four singular-free regions, one anchored at each of the LUR
corners (see Fig. 3.10), are used to estimate the spectral radius of the entire LUR (see Sec.
4.8.3) prior to any iterations. Since the position and characteristic of the LUR change with

each new corona point, this simple segmentation technique is deemed sufficient.
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TAccelSolver

Fig. 3.9: Relationships of classes in TAccelSolver.

Fig. 3.10: Singularity-free regions used by local updates.

For global updates, 8 contracting singular-free regions are maintained: 4 which are
anchored to the corners of the mesh (Fig. 3.11a), and 4 which are anchored to the sides of
the mesh (Fig. 3.11b & c, note: region anchored to bottom side has vanished). After each
new additional corona point, the extents of these regions are adjusted (effectively
reduced) as needed to exclude all singular points. The directions in which the singular-
free regions contract are indicated by arrows. The maximum spectral radius and the
optimal acceleration factor are estimated from these regions, dependent on the selected

iteration method. Optionally, the caller can specify a fixed acceleration factor.
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Fig. 3.11: Typical singularity-free regions used by global updates.

The specified global passes can be executed
¢ uninterrupted, or
* 1 passata time followed by convergence tests or the collection of the residual norms.
The tests for global convergence involve tests for

e complete convergence: =0,
r

¢ near convergence: “ r ” < allowable error »
* instability due to over-acceleration, any U, ; 2 1.5 x max. electrode potential »

e stalled convergence, utilizing TStability.

For analytical solutions of Laplace’s equation, the potentials of all points are
confined to the range of the boundary potentials. An artifact of using iterative methods to
solve Laplace’s equation is the continuous propagation of the effects of all the
boundaries, leading to potentials which at some points are negative, or exceed the
maximum boundary potential MaxV. Observations showed that the maximum mesh
potential was less than 1.3xMaxV, hence mesh potentials exceeding 1.5xMaxV were
considered indicative of an oscillatory or diverging trend. When instability due to over-

acceleration occurs, the potentials of all non-boundary mesh points tend to increase
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rapidly toward +eo. To avoid the time-consuming task of checking all the mesh points for
this condition, only the mesh points described by (16i, 16j) are checked for meshes
greater than 100x100. Thus for a 512x512 mesh which has 262,144 points, only 1024
points are checked. For informational and comparative purposes, the 1% and infinite
residual norms, the estimated spectral radius Anax, and estimated acceleration factor Wey;
can be returned to the calling function. TAccelSolver utilizes a TSolve class to achieve a

unified interface to the large number of implemented iterative methods.

TRand, TRand0, TRandl, TRand2, TRand2 81, TRand3, TRandgl, TRandq2,
THenon, TLozi, TGingerbread, Tlkeda, TJulia, TLorenz, TRossler, TGaussian

Each generator is implemented as a distinct object class with constructor and
destructor functions, and Randomize(), Rand (), and Rand (MaxValue, MinValue)
functions, similar to the standard C language rand() and randomize() functions. The last
Rand(...) function allows the generators’ output to be scaled and offset. The
implementation of random generators as classes allows multiple, non-interfering
instances of the same generator, and allows the data members for each generator to be
kept separate from those of other generator classes.

TSysRand

TSysRand is a container, encompassing, or wrapping class. It manages the 16
random and chaotic generators, hiding their implementation details from the caller.
TSysRand manages the selection, creation and deletion of instances of generators, and
presents a single unified interface to the calling functions via the standard Randomize(),
Rand(), Rand(MaxValue, MinValue) functions through which the parent of TSysRand can

indirectly access the selected generator.
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TVariance

TVariance computes the variance dimension D, given a long sequence of values.
The window size, and window shift size are specified when the constructor is called. The
probing increments are automatically determined. Unit increments are utilized where
possible so as to attain a high separation between the signal and any contaminating noise
(see Sec. 2.4.9.2).
TBoxCount

TBoxCount computes the log(Ny) and log(1/ry) values for the Hausdorff mesh
counting dimension Dy (see Sec. 2.4.4). The caller of TBoxCount must supply either
e the range of scales to probe, and
e an array of points, or
e the name of a *.cdf or *.pnt file containing points
which lie on the fractal F being measured. TBoxCount (Fig. 3.12) computes the best

fitting slope using linear regression and the maximum slope of the best fitting cubic

curve.
TBoxCount
Fig. 3.12: Classes used by TBoxCount.
TRenyi0
TRenyi0O computes the Rényi and Mandelbrot dimensions for a single scale from
a supplied
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e array of points, or
¢ the name of a *.cdf or *.pnt file containing points
which lie on the fractal F being measured. The computed values are saved in files and not
retained. Integer-only values for the Rényi exponents g are used to avoid the use of the
pow() function and to speed up the computations. The values associated with g = +0 and
g = -o0 are always determined for completeness.
TRenyi

TRenyi is a slightly enhanced version of TRenyi0. The computed Mandelbrot and
Rényi dimension values are saved in arrays for later recall by the calling function, and the
probing scales 1/r; can be changed between successive computations. This allows one
instance of TRenyi to process corona discharge fractals grown on differently-sized
meshes. Additionally, the minimum and maximum scales can be specified so as to
eliminate outliers at the scale extremes.
TDman

TDman computes the Rényi and Mandelbrot dimensions using generalized
entropy or generalized correlation methods for multiple scales of resolution from a
supplied
e array of points, or
e the name of a *.cdf or *.pnt file containing points,
which lie on the fractal F being measured. Non-integer values of ¢ are used in order to
obtain smooth D, and Dyay curves between g=-2 and g=+2. Linear regression is used to
obtain the values for D, from measurements on multiple scales. In order to compute the

derivative of (g-1)D, required by ¢, TCubic, TQuadratic, and TLinear classes are used to
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fit cubic, parabolic, or linear curves to each point on the (g-1)D, function and to compute

the derivatives of these curves at each point.

3.5.1.3 Hybrid classes

TGDllInfo

This class extracts basic information about the display driver settings and
capabilities and prints them to a window. This is useful for troubleshooting any graphics-
related problems encountered when running Corona32.exe on different computers. This
class is a pure display class, but it generates its own data for display.
TMakeMovie

The TMakeMovie class was originally used to capture windows created by
TErrorContour after every n global updates and save them to a sequence of files which
could at some later time be played back in a rapid fashion by TPlayMovie in order that
the propagation of corrections could be studied in detail. The frames could also be
examined individually using the Windows Paintbrush® program. For a typical 510x510
mesh, each captured frame of a TErrorContour or a TField window has excessive
memory (~256kb) and drawing time (~ 2 minutes) requirements. Therefore, this class is
not generally used for simulations on realistic, large sized meshes.
TWatchEigenvals

This class graphs the 3 estimates of the spectral radius A,y the 1% norm estimate
L;, the 2™ norm estimate L,, and the infinite norm éstimate L., (or L¢) on a single bitmap-
based graph. It was an initial attempt at graphing data prior to TLGraph and TChart, and

as such is not recommended for use.
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TErrorWdw

This class is used to compute and display the error energy of the 3 estimates of the
spectral radius; the 1¥ norm estimate L;, the 2™ norm estimate L,, and the infinite norm
estimate Lc (c for Chebychev), with 1 TErrorWdw assigned to each estimate. The energy

E(t) of a time series x(t) is computed as
E@)= fowxz(t)dt (3.18)

The energy of the error between x(#) and the computed backward average Xa.(t) of the

previous n samples of x(?) is given by
Err(t) = '[:|x(t) = X, (1) dt (3.19)

Err(t) can be used to measure rapid departures of x(z) from the average, indicative
of numerical noise and oscillations in x(z). If the calling function specified a threshold in
TErrorWdw’s constructor, then all values of Err(t) below the threshold are drawn in blue,
and all values above are drawn in red. The corresponding eigenvalue is drawn in magenta.
TErrorDist

This class computes and displays the distribution of residuals R (see Sec.
2.3.4.1.2) by counting the frequency of residuals which fall in 100 equally-spaced
intervals in the interval of 0 < R < R, The standard deviation o of the distribution is
calculated, as well as the percentage of residuals which are within 1 standard deviation of
the maximum residual R, such that 0 < R < R,.-0. This provides an indication of the
global relaxation activity. If most mesh points have relatively the same residual, then the
majority of the residuals will be within 1 standard deviation of the maximum. This

translates into active correction or relaxation of potentials occurring on a large scale, and
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even if the maximum residual is less than some criterion, the majority of mesh potentials
have not settled sufficiently to declare convergence. If most residuals are nearly 0, then
the distribution will be skewed to the left with a few points near the maximum residual.
This leads to a very small percentage of residuals within 1 standard deviation of the
maximum residual. The interpretation of this is that the potentials of the majority of mesh
points have settled very close to their final values. This provides a statistically-based,

self-adjusting measure of convergence.

3.5.1.4 Dialog classes

Dialog classes are used to request filenames and parameters. As there are
numerous dialog classes used by the three main programs, they will not be discussed here.
Their purpose and nature should be self-evident from the calling context, from the

supplied in-line documentation, and from their simple coding.

3.5.1.5 Extended options manipulation classes
TConfig
TConfig is used to manage the configuration parameters for
¢ the simulation topology,
» specific dielectric breakdown model parameters,
¢ the random generator to be used,
e the local and global solution algorithms, and

e the convergence criteria.
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TConfig is responsible for

e sequencing the dialog boxes to capture and check the user preferences when creating
a new simulation file,

e storing these parameters to a file, and

e checking these parameters when reading them from a file.

3.5.1.6 Composite classes

TConvergence

TConvergence is used to determine the convergence of the iterative solution
method. Many criteria are involved, and the convergence criteria are specified by the user
via TConfig when the simulation is first created. TConvergence has more convergence

criteria than TAccelSolver. The class structure is shown in Fig. 3.13.

TConvergence

— 'I'ErrorWdng

— 'I’Errordei

Fig. 3.13: Relationship of classes in TConvergence.

The calling class must initialize TConvergence prior to any iterations passes to set the
iteration method, the maximum iterations (or bailout level), the initial acceleration factor
if applicable, and the pen colour, used by some display classes. After a specified number
of global iterations, the IsDone member function is called to determine the state of
convergence. If needed, it first computes the 1%, 2™, and infinite norms (Sec. 2.3.4.7.3) of

the mesh residuals (Sec. 2.3.4.7.2). The general sequence of events is shown in Fig. 3.14.
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Initialize convergence parameters (method max iterations

estimate of W opt )]

perform n iteration passes

IsDone

false

exit

Fig. 3.14: Role of TConvergence in an iterative method.
The convergence tests are described below. The complete C++ code listings can
be found in Appendix H [Aren96].

1. Test for end of iterations

Iteration Count > Maximum Count (3.20)

This test is done first. If we have reached the maximum number of iterations
passes allowable, then obviously convergence has not been attained on previous
pass, so exit at this point without checking any other criteria. The inclusion of a
Maximum_Count allows the iteration process to bail out of infinite loops caused by
unattainable or unrealistic convergence criteria.

2. Tests on norms

|| =0 (3.21)

If the infinite norm is 0, then all the residuals have vanished, and convergence has
been attained. This condition also implies that the 1% and 2™ norms have also

vanished. If this condition is true, the other norm tests are irrelevant.
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|| r ||°o > Maximum Potential (3.22)

If the maximum residual is greater than the maximum potential, then major
oscillations of mesh potentials are occurring. The current iterations should be
halted, and the acceleration factor should be corrected. This condition can only

occur for accelerated iterative methods.

| 7| < acceptable worst case residual error (3.23)
Convergence can be declared if the worst case residual error, which happens to be
the infinite or maximum norm of the residual, is less than the maximum acceptable
residual

]ﬁ@(rj ~ (.- o))

N

< specified percentage (3.24)

This test measures the percentage of the residuals which are within 1 standard
deviation of the maximum residual (see TErrorDist in Sec. 3.5.1.3), measuring the
relaxation activity still occurring. This test is optional.

3. Compute spectral radius estimates

Eq. 2.76 is used to estimate the spectral radius Amq. A is the estimate of Auay
derived from the 1% norm (Eq. 2.72), A, is the estimate derived from the 2" Horm
(Eq. 2.73), and Ac is the estimate derived from the infinite norm (Eq. 2.74) of the

residuals.
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4. Tests on spectral radius estimates

A, 210,21, 210,110 (3.25)
If any estimated spectral radius exceeds 1.0, then some of the eigenvalues
associated with the equivalent iteration matrix are complex, and at least some
mesh potentials will oscillate. If the spectral radius estimate which is used to
estimate the acceleration factor is exactly 1.0, then the estimated acceleration
factor for SOR and SLOR will be @,y = 2.0 resulting in divergence instead of
convergence. For some simulations, a point is reached where one or more norms
no longer change, indicating that the global relaxation process has been arrested,
causing the associated spectral radius estimate(s) to equal 1.0. Each test is
individually enabled.

Ay =X + k%, x=12,0 (3.26)

Xaverage
This test measures the stability of the spectral radius estimates. If the spectral
radius estimate(s) are sufficiently stable for a specified number of iterations I,
where I is large and kg is small, then the initial transients can be considered to be
extinguished. This condition does not imply convergence, but that the process is
converging. The test for each estimate is individually enabled.

Ay > A + ke %o, x=12,00 (3.27)

Xaverage
This test terminates the iteration process if the estimates of the spectral radius
suddenly increase by a specified amount k;ycg above the running average, usually
indicative of some oscillations of mesh potentials. In order for both Eqns. 3.26 and

3.27 to be used, kjncr > ks. The test for each estimate is individually enabled.
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Err(kx ) > threshold,, x=12,0 (3.28)
This test was designed to detect accumulated error in the spectral radius estimates.
D (hy)<20, x=12,00 (3.29)

This test attempted to apply the variance dimension to the spectral radius estimates
to detect the catastrophic introduction of numerical noise due to truncation and
rounding. Further study of the application of this method is recommended in order
to properly set the window size, window shift, and probing increment parameters.

5. Compute acceleration

The estimate of the spectral radius is used to estimate the optimal acceleration
factor.

6. Tests on estimate of optimal acceleration factor

> (3.30)

O, opt
This test checks if the estimated acceleration factor exceeds the optimal
acceleration factor for the mesh in the absence of all singularities. Since the norms
are estimates, it is possible to over-estimate the acceleration factor even if the
spectral radius is less than 1.0. This test just corrects @y, it does not make any
statement about the state of convergence.

Experiments show that the accuracy of estimate of the spectral radius improves with the
number of iterations (Eq. 2.77). For simulations which employ a few global iterations
(such as 8 global passes in TStacey),

e the estimates of the spectral radius will not be very accurate, therefore any

convergence criterion based on the analysis of the spectral radius estimates must be
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used with extreme care and caution, and,
e tests based on Eqns. 3.21 through 3.23 should not be utilized due to the initial
instability of the norms.

One improvement that could be made to TConverge is the use of only pure
computational classes to determine the state of convergence, with the parent of
TConverge responsible for managing the display classes. This would permit the use of
TConverge with non-graphical versions of the software running on non-Windows
operating systems.

TVarWdw

TVarWdw is used to display the variance dimension D, of the 3 estimates of the
spectral radius A, the 1% norm estimate L, the 2" norm estimate L;, and the infinite
norm estimate Lc. The calling function passes the estimates to TVarWdw which routes
each estimate to its own TVariance class. The computed dimensions are then routed to
separate TChart classes for display. This allows the estimates to be visually monitored
and for the computed dimensions to be used by the TConvergence class. The classes

employed by TVarWdw are shown in Fig. 3.15.

| '.I’Varde'v
| Dartance ;|| TVartance || TVariance
.............................. That

Fig. 3.15: Relationship of classes in TVarWdw.
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TConvergencelnfo

This class utilizes 2 TChart classes to display information about the convergence
of global updates: one to display the convergence codes, and the other to display the
number of iterations before convergence was determined or the maximum number of
passes were completed.
TBoxCountDim

This class computes and displays the Hausdorff mesh counting dimension,
utilizing (see Fig. 3.16)
¢ aTBoxCount class to compute the log(Ny) and log(1/r;) data,
¢ a TChart class to plot the trajectory of

0 the linear regression slope from TLinear using blue “x*’s, and

0 the maximum slope of a fitted cubic polynomial using magenta “x”’s, and
* a TLGraph to plot the log(Ny) and log(1/ry) data for the Hausdorff mesh-counting

dimension Dy over time.

TBoxCountDim

Fig. 3.16: Relationship of classes in TBoxCountDim.

The calling function can specify linear or dyadic intervals useful for showing the
effects of the growth of the Laplacian fractal on the dynamics of the dimension

computations. The window can be saved to the clipboard.
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T'Spectrum

This class computes and displays the Rényi and Mandelbrot dimensions, utilizing
e a TRenyi class to compute the Rényi and Mandelbrot dimensions
e a TLGraph class to plot the Rényi dimension curve][s], and

e a TLGraph class to plot the Mandelbrot dimension curve[s].

TSpectrum
|

TRenyi | TLGraph | TLGraph |

Fig. 3.17: Relationship of classes in TSpectrum.

The calling function can specify the sampling interval size, interval type {linear or
dyadic} the range of generalized integer exponents g, and the basic method: generalized
entropy or generalized correlation. TSpectrum can be used to show the effect of growth
on the dimensions, or to compare the dimensions of different Laplacian fractals. The

TSpectrum window can be saved to the clipboard.

3.5.2 Functions

The functions provided by Corona32.exe can be categorized into 3 main
categories: functions which allow the effects of modelling and solution methods of the
original implementation [Stac95] to be observed, functions which implement a general
purpose simulation engine, and functions which permit the multifractal analysis of the

resultant discharges.
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3.5.2.1 Study of Effects of Modelling and Solution Methods

Several menu options permit the study of the effect of:

e the selection of a random number generator, or

e the selection of the iterative method on the resultant Laplacian fractals,

o the effect of the estimation of the optimal acceleration factor ,; based on the
estimate of the spectral radius A4

¢ computed by classical methods from the 1% norm of the residuals, and
0 computed from the largest eigenvalue of the singularity-free regions,

» the effect of dynamic global and/or local acceleration based on either of the above
methods for estimating A4 on the first and infinite residual norms for point, line and
block SOR methods.

The functionality for these options are provided by the TStacey, TNewWest, and

TAccTrees classes which are extensions of the implementation developed by Stacey

[Stac95] and Arendt [Aren94], with the provisions to experiment with slightly different

parameters.

3.5.2.2 Generalized Simulation Engine

A generalized simulation engine allows simulation topologies, solution and
convergence parameters to be defined and stored in corona definition format (*.cdf) files
via a TCreate class. Topologies other than parallel plates, such as coaxial and square
outer electrodes are supported. Creation of batch files via TBatch allows multiple
simulations to be run sequentially, unattended. Each simulation is controlled by a TCase

class which creates windows to monitor:
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e the spatial distribution of the residuals (TErrorContour),

o the statistical distribution of the residual (TErrorDist),

e the potential field (TFieldView),

e the location of all candidate growth sites and all mesh sites at 0 potential (TGrowth),

¢ the Hausdorff mesh counting dimension trajectory versus a dyadic growth stage
(TBoxCountDim),

e the trajectories of the generalized entropy and correlation implementations of the
Rényi and Mandelbrot dimensions (TSpectrum),

¢ the trajectories of the variance dimension (D) of each of the residual norms,

e the error energy of the spectral radius estimates based on the 3 norms (TEnergy), and

e the cause of global convergence for each growth stage (TConvergencelnfo).

3.5.2.3 Measurement of Fractality and Multifractality

Several options allow the fractality and multifractality of the generated Laplacian
fractals as exhibited by
e the D, vrs. g and f, vrs. @, curves of the Rényi and Mandelbrot dimensions based on
0  the generalized entropy, and
0 the generalized correlation methods,
¢ the Hausdorff mesh counting dimension (Dpy) implementation of the self-similarity
measure,
to be computed for any number of discharges based on fneasurements from a single or
multiple scales, showing just the final dimension characteristics or the trajectory of the

dimension as the discharge grows.
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CHAPTER 4

EXPERIMENTAL RESULTS AND DISCUSSION

4.1. Introduction

Several experiments were designed to evaluate the suitability, performance, and
impact of various dielectric breakdown model parameters and iterative methods of
solving for the mesh potentials. For each experiment, where applicable,

e the purpose,

e the implementation,

e the results, and

e the analysis and impact

of the experiment are described.

4.2. Experiment 1: Effects of Model Parameter Variations

The dielectric breakdown model employed by Stacey [Stac95] was used as the
reference model to evaluate the effects of mesh potential representation, random
generator, and iterative methods, and other parameters. It should be restated here that
mesh points having potentials of 0 (the minimum electrode and the corona potential) or
MaxV (the maximum electrode potential) are treated as Dirichlet boundaries, and are not
updated by any iterative methods. The discussion here applies only to parallel plate

topologies.
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4.2.1 Correction of Mesh Initialization

Assuming a mesh having szy=5 rows of points, an electrode along the top row
having a maximum potential of MaxV = 400, an electrode of 0 potential along the bottom

row, then Stacey’s initialization formula of

szy—1—row

j =80(4-row), row=0,1,2,3,4 4.1)
s§Zy

q)I'OW = Maxv(

yields row potentials of ¢, = {320, 240, 160, 80, 0}. After noticing that the actual
potential of top row was not MaxV, the following corrected initialization formula was

used

szy—1—row

j =100(4-row), row=0,1,2,3,4 (4.2)
szy—1

¢I’()W = Maxv(

which yields the correct row potentials of drow = {400, 300, 200, 100, 0}. Raising the
mesh potentials has the effect of increasing the growth potentials, affecting the growth of
the discharge, so the discharges generated “exactly” as per Stacey’s model were not exact

replicas, but closely resembled his published results [Stac95].

4.2.2 Effect of Iteration Mesh Scanning

Standard mesh scanning direction for the updating of the mesh potentials is from
left to right (point and block methods), and from top to bottom (all methods). This
convention is determined from the fact that the equivalent iteration matrices require an
ordered, non-random, updating of the unknown mesh potentials. Altering the scanning
order can change the eigenvalues, and hence the spectral radius, affecting the convergence

rate and possibly resulting in non-convergence.
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If an NxN mesh experiences a disturbance at a point e, and assuming conventional
mesh scanning, then the pattern of “downwind” points which are affected as a result on

the next global rescan is shown (Fig. 4.1) for point, line and block iterative methods.

a. point methods b. line methods ¢. block methods

Fig. 4.1: Effect of normal scanning on propagation of disturbance at e.

In Stacey’s parallel plate model, the corona grows from the bottom plate upwards,
drastically altering the field at the latest growth site. However, the mesh rows are updated
in the standard top to bottom fashion. This means that the effect of the corona growth
related disturbance on row r will always be propagated to the bottom plate each global
iteration pass, but will only reach the top plate after

r—1

8

4.3)

Z‘r=0 =

global iterations. So for a 510x510 mesh experiencing a disturbance on row 508, it takes
507 global iteration sweeps, equivalent to 64 more corona growth epochs having 8 global
sweeps per growth epoch for the effects of the original disturbance to reach the topmost
mesh row. If the mesh scanning direction was reversed, then the effects of the disturbance
would always be propagated in the general direction of the corona growth, but depriving
~ the lower rows from experiencing the immediate effects. To assess the impact of the
iteration scanning direction, two simulations (Trirn and Trfrn) employing the normal

and reverse row-order scanning direction were run (Sec. 4.2.6, App. E).
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4.2.3 Effect of Tag Array Scanning

Since the potentials of points close to the actual corona discharge can be reduced
to 0 due to screening effects when using integer representation, Stacey employed a tag
array to record the actual corona points so that the discharge fractal could be extracted
from the midst of all the 0 potential points. When computing the growth probabilities, his
implementation scanned the tag array, left to right, top to bottom, searching for candidate
growth points. To assess the impact of this scanning direction, runs were performed in

which the tag array was scanned left to right, but bottom to top (Sec, 4.2.6, App. E).

4.2.4 Effect of Potential Representation

In the DBM employed by Stacey [Stac95], non-accelerated Jacobi and Gauss-
Seidel methods were employed, and 32-bit integers were used to represent the mesh
potentials. Since accelerated methods utilize non-integer acceleration factors such that

10fw<20 (4.4)
floating-point numbers are used to represent the mesh potentials so as to avoid the
overhead required to convert integers to floating-point for computation of the updated
potentials and then to convert back to integer format for storage. Runs were performed to

assess the effect of mesh potential representation (Sec. 4.2.6).

4.2.5 Undershoots and Overshoots

When using accelerated methods, undershoots (potentials less than 0) and
overshoots (potentials greater than MaxV), both which are artifacts of the iterative
solution approach, can occur. Undershoots are clipped to 0.0, otherwise negative or

complex growth probabilities could result from Eq. 2.12, as illustrated by these examples.
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Example 4.1: ¢, =-1, m=10, then P(x,y): ZCI)" <0
ik e

1]5
Example 4.2; e = “']., nN= 1'59 then | X,y
p X,y

~ —i
Yon > on
ik ik

—1"°  0.454-i0.89
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Undershoots tend to be small since they occur near the screened regions. Clipping
them to 0, which introduces a fixed boundary at those points, has not resulted in side
effects, except for possibly the accelerated SBOR run. Overshoots tend to be reduced to

below MaxV on the next iteration pass, so they are not clipped to MaxV nor adjusted.

4.2.6 Discussion

Table 4.1 summarizes the dimensions of various runs performed with changes in a
single parameter. The corresponding Mandelbrot multifractal curves appear in Sec. 4.9.
Examining the computed morphological dimensions, it can be seen that the multifractality
of Laplacian fractals is relatively insensitive to these varied parameters. If we want to
split hairs, then we can observe that using floats instead of integers for mesh potentials
generally results in minutely higher dimensions. This is most likely due to the fact that
integer potentials in the screened regions will be truncated to 0, whereas floating point
potentials become fractional (0.0 < potential < 1.0), retaining a growth probability

however small, and thereby resulting in a slightly denser fractal object.
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For the runs in Table 4.1, the ranges for the morphological dimensions are:

e Dy =1.6750£0.67 %

e D; =1.6680+0.64 %

e D;=1.663010.69 %

Thus, dimensions are affected by less than 1% by the described parameter variations. The
above range of D, intersects the range of D, computed by Stacey [Stac95] which was

1.6764 £ 0.90 %.

Table 4.1: Effect of model implementation on dimensions

Pararf;éﬁers" - ’, e L ' Dimensions
e o iteration tag array e Lo
file name potentials _ Dy Dy D
L : _scanning scanning - i o

trinn integer normal normal 1.6741 1.6690 1.6654
trfnn4 floats normal normal 1.6845 1.6773 1.6722
trinr integer normal reverse 1.6639 1.6574 1.6515
trfnr4 floats normal reverse 1.6651 1.6573 1.6519
trirn integer reverse normal 1.6798 1.6727 1.6679
trfrn4 floats reverse normal 1.6828 1.6746 1.6691

4.3. Experiment 2: Timing of Execution of Methods

The second evaluation of the iterative methods consisted of an experiment to

determine the required execution times ¢ for each method, so that they could be ranked
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according to speed. Additionally, the power law relationship between ¢ and the mesh
width N could be checked. This experiment was performed using a 486DX-33 based

computer.

4.3.1 Mesh with no Interior Singularities

To perform the experiment, 125x125, 250x250 and 500x500 meshes with
Dirichlet boundaries along the mesh edges were employed (see Fig. 4.2). The interior
points were initialized to a constant value. The times required (to the nearest 0.01 sec.) by
each method to perform 100 global sweeps were recorded and afe shown in Figs. 4.4. A

graph of 7 versus N for all methods appears in Fig. 4.5.

MaxV /2 W—MaxV

Fig. 4.2: Mesh initialization for experiment 2.

4.3.2 Mesh with 9.83% Interior Singularities

From Stacey’s results and from preliminary experiments, it was estimated that the
ratio of corona points to interior mesh points had an upper bound of about 10%. To
ascertain if the introduction of singularities into the mesh interior due to the corona had
any effect on the solution times, experiment 2 was also performed with a random seeding
of 0 potential singularities at about 9.83% of the interior mesh points. Figure 4.3 shows

the timing difference due to the introduction of singularities.
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4.3.3 Discussion

From Fig. 4.4, it can be seen that non-accelerated methods execute faster than
their accelerated counterparts and derivatives. This arises from the additional complexity
required by the accelerated methods, such as the multiplication of the residual by ® and
the addition of the U;i(1-w) term (App. C and D). It should be obvious that while
accelerated methods accelerate the convergence rate, the execution time is not. However,
considering only accelerated methods which are our primary interest, the ranking of

methods from fastest to slowest appears in Table 4.2.

Table 4.2: Relative Execution Speed Ranking.

Iterative Method | Execution Ranking
SOR fastest
SBOR T
SORBW

SBORBW

SLOR execution speed
SLORBW

ADSOR

ADSBOR

ADSLOR l
ADSLORBW slowest

For any method m applied to a square mesh of width w, the execution time |-

scales with the square of the ratio a of the widths w, and w;, such that

tm W
a=22, M2 _ 33,2 Ghere 10237<k <1045 (4.5)
W

nt, H'l

which is within 5% of the ideal of 4=1.00. The introduction of singularities at 9.83% of
the interior points caused a maximum reduction of the execution time reduction of 11.8%

for SOR and a minimum of 6.77% for SBOR, neither of which will have a significant
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impact on the overall simulation time. SBOR has significant overhead to determine and

access the proper stencil, hence its lower reduction.

6
st
44
sec. 34 E0% singularities
2 B 9.83% singularities
14
0
Fig. 4.3: Effect of singularities on solution times.
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a. Execution times for point methods

Fig. 4.4: Execution times for Point, Line, and Block Methods.
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c. Execution times for block methods

Fig. 4.4: : Execution times for Point, Line, and Block Methods (cont’d).
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Fig. 4.5: Comparison of Execution Times For All Methods.
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4.4. Experiment 3: Iterations Until Convergence

The second evaluation of the iterative methods consisted of an experiment to
determine the optimal acceleration factor ,p and the corresponding optimal number of

iterations N, for various square meshes and other rectangular meshes.

4.4.1 Experimental Setup

The test configurations consisted of 8x8, 16x16, 32x32, 64x64, and 128x128
mesh sizes with Dirichlet boundaries as shown in Fig. 4.6. The potentials of the interior
points were set to 1.0.

The number of iterations N, upto a maximum of 2000, corresponding to 21 fixed
values of  in the range of 1.0 < @ < 1.99999 were determined and saved in a list sorted
according to . The convergence criterion was a maximum residual error of less than 100,
equivalent to 0.01% of MaxV. The range of ® was upper bounded by the first o for which
numerical oscillations were detected, an indication of over-acceleration (© > Wopy). The
software then attempted to home in on @,y by scanning the list for the minimum value of
N and repeating the simulation using the values of ® (w. and wg in Fig. 4.7) midway
between W(Ny,) and the 2 adjacent values of . The new (w, N) and (wg, N) pairs were
inserted into the list, and the homing process was terminated after 16 points were added
to the list in this fashion. This experiment was performed using a Pentium-150 based

computer to reduce the run time.
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Fig. 4.6: Mesh initialization for experiment 3.
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Fig. 4.7: Homing in on ®p.

4.4.2 Experimental Results

Figure 4.8 shows the N versus ® curves for SOR, SLOR, and SBOR iterative
methods as a function of square mesh size. Figures 4.9 to 4.11 show the N versus ®

curves for point line and block iterative methods for a square mesh of width w=64.
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Fig. 4.8: N vrs o for various mesh sizes.
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Fig. 4.8: N vrs o for various mesh sizes (cont’d).
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Fig. 4.9: N vrs o for various point methods.

118



# iterations, N

1 1.05 1.1 LIS 1.2 1.25 13 1.35 1.4 1.45 1.5
acceleration factor, w

== GLOR

< ADGLOR

=+ SLOR

~&- SLORBW

— ADSLOR

“®  ADSLORBW

Fig. 4.10: N vrs o for various line methods.

1000 T T T T T T
800 -
\\\
\\
\\\\
> 600 [~ S —
P .
= \
Q
2 e
o
= S \\\\\\
400 +— S, —
\~\,\ \\\
~—
~——
T
T,
200 [~ . = .
&\\
e
T— e " \
\\
0 1 | | | | {
1 1.05 1.1 1.15 1.2 1.25 1.3 1.35
acceleration factor, w
-~ GBOR
-¢ SBOR
— SBORBW
~8- ADSBOR

Fig. 4.11: N vrs o for various block methods.
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4.4.2.1 Comparison with Theoretical Values

Upon examining the output data file containing the N and ® data, it was noticed
that in most cases, the minimum value of N was not characterized by a sharp dip at a
single value of w, but by a flat region. In these cases, a region containing the unknown
exact value of (Nop, Wop) Was bounded by the first values of N>N,,, on either side as
shown in Fig. 4.12. In general, the greater the mesh size, the smaller the bounding interval

and the better the resolution of the determined .

Nopt ............................... \+++

€

i“%pt‘*i

range
Fig. 4.12: Bounding the range of wp from experimental results.

Figures 4.13, 4.14 and 4.15 contrast the experimental ranges and the exact
theoretical values of Wy for 8x8, 16x16, 32x32, 64x64, and 128x128 mesh sizes for the
SOR, SLOR and ADSLOR methods respectively. The experimental oy for SOR is
within 3% of the predicted values. As the mesh size increases, the formulas tend to
overestimate the experimental (o for SOR and SLOR, and slightly underestimate the
experimental W,y for ADSLOR. Figure 4.14 indicates that classical formula published by
Ames, Young, and others is grossly incorrect, and that Evans’ formula for SLOR is much

more accurate.
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Fig. 4.14: 0oy for SLOR vrs square mesh width.
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Fig. 4.15: 0op for ADSLOR vrs square mesh width.

4.4.2.2 Implications for SBOR

No published formulas for Ap., or Wope for SBOR were uncovered during the
literature search for this thesis, however, by examining the experimental results in Fig.

4.16, it can be seen that for square meshes containing nxn points,

®,, (SBOR)2 »,,(SLOR) = 4 =

) ’ -1
3(1 L2 4035& hj n

and since
Oy =1+ A s
then we can say that

Mme (SBOR)2 X, (SLOR) at w=0,,.

max
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Fig. 4.16: Experimental o range for SBOR vrs theoretical Wop: for SLOR.

In fact, Ayax for SBOR is just slightly larger than Amax for SLOR. It should be
noted that the experimental values of W,y for SBOR are much closer to the theoretical
values predicted for SLOR than are the experimental values of W,y for SLOR! Since no
published formula for gy for SBOR is available, it was decided to slightly under-
estimate it using the formula for SLOR due to the close match. Thus we can also
conclude that convergence rate of A* for SBOR in Table 2.1 is wrong: it actually follows
the 2+/2A rate for SLOR. Since SBOR using 3x3 blocks was not implemented, we cannot

estimate its true convergence rate.

4.4.2.3 Convergence Times

For an iteration method m, having experimentally determined the Wopt and Ny, for

a 128x128 mesh and the execution time #,,;25 for a 125x125 mesh, it is possible to
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determine the convergence time #,, ;5 required to achieve convergence for a 128x128
mesh. Assuming k=1 in Eq. 4.5, we can estimate the execution time for each global

sweep on the larger mesh by using

128\’
Loz = (1_2—5) Lonos (4.6)

The convergence time Imwopt 1S then computed as

oot = Tmizs X N(00,,) (4.7)
Figure 4.17 shows the computed convergence times for all the iterative methods for
64x64 and 128x128 meshes. It surprisingly indicates that a/l the accelerated block
methods out-perform the accelerated point methods. This also indicates that additional
computational effort required by SBOR is more than offset by its faster convergence rate
compared to that of point SOR. In selecting an iterative method for solving the potential
field for the dielectric breakdown model:

1. if the maximum convergence rate within a fixed number of iterations is required,
Table 2.1 should be consulted for the maximum convergence rates,

2. if a variable number of iterations is allowed and the fastest convergence in the
shortest time is paramount, Fig. 4.17 should be consulted for the shortest convergence
times,

3. alternatively, if the fastest convergence rate within the least amount of time is

required, Table 2.1 and Fig. 4.17 should be both consulted.
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Fig. 4.17: Convergence times for iterative methods.
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4.5. Experiment 4: Effect of Initialization on Experimental Wopt

Experiment 4 was performed to determine if Wop for a given square mesh was
independent of the initialization of the interior mesh points. The same experimental setup
(Fig. 4.6) and methodology (Sec. 4.4) for experiment 3 was used for a 128x128 mesh,
with the only exception being that all the interior mesh points (x,y) were initialized to a
random potential Vy, using the Rand2 generator such that

0.05x MaxV <V,  <0.95x MaxV (4.8)

4.5.1 Results

Figures 4.18 to 4.20 show the N versus ® curves for SOR, SLOR and SBOR.
Using random initialization appears to affect the Wopt Of most of the accelerated iterative
methods examined in this thesis. The affects can be summarized as
¢ all accelerated point methods have a minimum number of iterations Nop: at ® =
1.80000, which is significantly less than that for a constant initialization.
o the wop of SLOR and ADSLOR appears to be unaffected,
e SLORBW has an e at 1.3000, ADSLORBW has an Wopt = 1.25000,
e all accelerated block methods have an Nopr at w = 1.3000, an N slightly less that
obtained for a constant initialization.
Why a random initialization would cause all accelerated points to have an identical
optimal acceleration factor, or likewise for all accelerated block methods, or require
significantly fewer iterations N for o << Wop: i @ mystery. It should be noted that these

minima appear to be transients in the N vrs  curves, hinting this is anomalous behaviour.
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Fig. 4.18: Effect of random initialization on N vrs @ for SOR.
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] [} ] 1 I i
) 1 1 1 {
1 1.05 1.1 1.15 1.2 1.25 L3 1.35

constant initialization

-

random initialization

Fig. 4.20: Effect of random initialization on N vrs Wopt for SBOR.
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4.6. Experiment 5: Effect of Rectangularity on Amax and wop

Experiment 5 was performed to examine the behaviour of Wop: for rectangular
meshes as most published formulas for SLOR and ADSLOR assume a square mesh. The
same experimental setup (Fig. 4.6) and methodology (Sec. 4.4) for experiment 3 was
used for additional mesh sizes. Tables 4.3 and 4.4 contain the numbering of the mesh
sizes. The results for square meshes from experiment 3 were used for comparison. Fig.

4.21 shows a zoomed in view of the wy regions for the 6 test configurations for SOR.

Table 4.3. Numbering of rectangular shapes to test SOR, ADSLOR, and SBOR.

Test Shape | Width (w) Height (h)

1 8 8

2 16 16
3 32 32
4 32 128
5 128 32
6 64 64
7 64 128
8 128 128

Table 4.4. Numbering of shapes used to test SLOR.

Test Shape | Width (w) Height (h)
1 8 8
2 8 16
3 16 8
4 16 16
5 32 8
6 8 32
7 32 32
8 32 128
9 128 32
10 64 64
11 64 128
12 128 128
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4.6.1 Impact on wep: for SOR

Figure 4.21 shows a zoomed in view of N vrs Wopt for SOR. Figure 4.22 contrasts
the experimental ranges of woy with the theoretical values predicted by Eq. 4.9 for a

rectangular mesh of size wxh.

NESNNES
- z 2
wol L A S (4.9)

A eops = =
Jacobi ? opt 2
2 1+ Vl - }\‘Jac()bi

Eqn. 4.9 actually over-estimates the experimental wop by 2.77% for shapes 4 and 5, and
by 1.43% for shape 6. Since over-acceleration of SOR can lead to complex eigenvalues
resulting in oscillations, the estimated o is multiplied by 0.98 which slightly under-
estimates the actual wqp for the larger mesh sizes. Figure 4.22 shows how the adjusted

Wopt compares with the ideal and experimental values.

# iterations, N
[ e
3
1

01.74 1.76 1.78 1.8 1.82 1.84 1.86 1.88 1.9 1.92 1.94 1.96
acceleration factor, w

T 128x128

~%  64x128

T 64x64

“X% 128x32

“B 32x128

T 32x32

Fig. 4.21: Effect of rectangle dimensions on Wopt for SOR.
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Fig. 4.22: 1deal, adjusted, and experimental (p for SOR.

4.6.2 Impact on wop: for SLOR

Eqn. 4.10 is the formula for w,p developed by Evans [Evan62] for SLOR. The
formula has a term A which is the area of the discrete mesh. By convention, formulas for
Amax, Wopt, and A (the uniform mesh point spacing) are related to 7xm or unit (1x1) mesh

squares consisting of nxn points.

- 4 (4.10)

Dopt 2.405
3(1 4252 /Eh]
3 VA

Suppose we wish to apply SLOR to rectangular regions consisting of mxn mesh

points. This poses the problem that if we retain A normalized to 1.0, then an anisotropic

mesh spacing is required such that
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w=dx =——or hzdyz—l—, w#h (4.11)
m—1 n-—1

for which Evans has not made any provisions for in Eq. 4.10. A first attempt at modifying
Eq. 4.10 involved replacing  with the geometric mean of 4 and w and normalizing A to

the maximum of the width m or the height n of the mesh so that

X
A=—L20 <10, W=ofwh= (4.12)
max(m, n) m— 1 n-1
resulting in
W = 4 (4.13)

opt

2. 405J_ [1
—ln—l
max m,n)’
As evident from Fig. 4.23, Eq. 4.13 over-estimates Wopt-
A further examination of Eq. 4.10 resulted in the realization that A need not be
normalized to 1, m or n. If we define a uniform mesh spacing of
w=h=1, then A=wmn 4.14)

resulting in a better estimate of Wopt described by

=— 4 (4.15)

(")opl
3( NS )

3vmn

The 2.405 in Eq. 4.13 is replaced by 4 which tunes Eq. 4.15 to just slightly under-estimate

Wopt at the larger mesh sizes, resulting in a much better fit (see Fig. 4.23).
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Fig. 4.23. Estimated and experimental values of tp for SLOR.

4.6.3 Impact on wop: for ADSLOR

Eqn. 4.16 is the formula for w, developed by Evans [Evan62] for ADSLOR

which as Eq. 4.10 makes no provision for rectangular meshes.

0, = 4 (4.16)
314 2.405 Eh
372 VA

By the same reasoning of Sec. 4.6.2, the first estimate of (o, for ADSLOR was

@, = 4 (4.17)
a1 2.40547 / 11 11
3-\/5 mn . m-1n—
max(m, n)
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and similarly, an improved estimate of w,y for ADSLOR which defines =1, and which

requires no “tuning” can be described by

W, = 4 (4.18)

opt 4VG€
3(“ 3«/5«/m—nJ

Both methods generally under-estimate wop preventing numerical oscillations. As
evident from Fig. 4.24, Eq. 4.18 provides an estimate closer to the experimental values.

Due to time constraints, however, only Eq. 4.17 was implemented.
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Fig. 4.24. Estimated and experimental values of g for ADSLOR.
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4.6.4 Impact on wep: for SBOR

Since the experimental o, of SBOR is very close to the experimental and
theoretical values (from Eq. 4.10) of .y for SLOR for square meshes, the same formula
used to compute the acceleration factor wep for SLOR for rectangular mesh shapes (Eq.
4.13) was also used for SBOR. Figure 4.25 shows that Eq. 4.13 under-estimates Wopt for
SBOR for the region sizes tested. A corona simulation run for a parallel plate topology
employing SBOR and accelerated according to Eq. 4.13 resulted in the potential of the
mesh points along and near the Neumann boundaries going to 0.0 volts. This anomalous
behaviour found to be due to the incomplete, and hence incorrect, coding for stencils
having Neumann boundary conditions.

Figure 4.25 also shows that the improved but unimplemented formula for SLOR
(Eq. 4.15) has a poorer fit of the experimental values of wop. If Eq. 4.13 does in fact lead

to complex eigenvalues and oscillations, then Eq. 4.15 might be the formula to use.
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Fig. 4.25: Estimated and experimental values of Wopt for SBOR.

4.6.5 Conclusions

Compared to experimental results, all the initial formulas for @y for rectangular
regions tended to over-estimate Wopt Which could have resulted in numerical oscillations
in the mesh potentials due to complex eigenvalues. The simulations employing SLOR,
ADSLOR and SBOR were performed using Eqns. 4.13, 4.17, and 4.13 respectively, and
not the adjusted, improved formulas (Eqns. 4.15 and 4.18). It appears that the simulations
employing SLOR and ADSLOR were unaffected by this, but the simulation employing
SBOR definitely experienced some numerical problems. Slightly modifying the
applicable formulas allowed us to better match the experimental results and to slightly
under-estimate Wy, thereby increasing the confidence in the accuracy and behavior of the
estimates of Wypt.

It should be stated emphatically here that the adjusted formulas for SOR, SLOR,
ADSLOR, and SBOR are valid only for singularity-free rectangular regions. The presence

of a single corona or a single electrode mesh point (i.e. a singularity) within the

rectangular (or square) region of interest will affect the eigenvalues of the iterative

process for that region to the degree that the adjusted equations will generate grossly

wrong acceleration factors.

4.7. Experiment 6: Evaluation of Norm-based Estimates of A

Experiment 6 was performed to evaluate the performance of the classical
approach to estimating the spectral radius Amax Of the iteration process from the 1%, 2™ or

infinite residual norms (Eqns. 2.76) such that
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=]
p

lim—k'i—— =A
o[
p

for any norm p =1,2, (4.19)

max ?

To distinguish between the 3 estimates of Anax, the following notation will be adhered to:
e X\ (LI,orL,)is the 1* residual norm-based estimate of Ay,
e X (L2,o0rL,)isthe 2" residual norm-based estimate of Amax, and

e A (Loo, or L.) is the infinite residual norm-based estimate of Aqax.

4.7.1 Setup

The experimental setup consisted of a parallel plate electrode topology modeled
on a 256x256 mesh (Fig. 4.26). A corona discharge was allowed to grow upwards from
the bottom plate until it reached the top plate (Sec. 2.3.1). After each growth stage, 50
local Gauss-Seidel passes were performed within a 51x51 local region centered at the
most recent growth site. This was followed by 100 global point Gauss-Seidel passes on
the entire mesh. The 3 residual norms were computed after each global pass and saved to
a (huge) file. The standard mesh scanning order (Sec. 4.2.2) was used for all iteration
passes. The tag array was scanned in a reserve row-order fashion (Sec. 4.2.3). Figure 4.27
shows the 3 residual norms for the 100 global sweeps associated with the 1%, 2™ and 3™

growth stages.

MaxV /2

f
0.0

Fig. 4.26: Mesh initialization for experiment 6.
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Fig. 4.27: A1, A2, and A, estimates of Amax for first 3 growth stages.

Discussion

Assuming a worst case situation of pure vertical corona growth, after the 3™

growth stage, there would remain a singularity-free, interior rectangular region of at least

250x250 points which has a minimum spectral radius Amax = 0.999842 for Gauss-Seidel.

From Fig. 4.27, it can be seen that A is the closest estimate to this value.

Due to the many wavefronts of numerical correction simultaneously “washing”

over the mesh and reflecting back from the Dirichlet and Neumann boundaries, the

infinite norm is not necessarily monotonically decreasing. This results in the “rough”,

non-monotonically increasing curve for A., which turns out to be the worst possible

137



estimate of Ama. Since this is also characteristic of accelerated methods, any estimate of
the optimal acceleration factor wep based on the A, estimate will therefore be the worst
possible estimate of w,p, leading to the conclusion that the infinite norm-based estimate
of Amax should never be used to compute the acceleration factor.

The A, estimate lies between the A; and A, estimates, but is still grossly wrong
compared to A;. It is roughly estimated that
¢ at least 300 global iterations would be required for the A, estimate to approach the

same order of accuracy attained by the A, after only 100 global iteration passes, and
* at least 1000 global iterations would be required for the A; estimate to approach
0.999842 within 1%.

Due to the close spacing of the eigenvalues associated with all the iteration
methods evaluated, all the eigenvalues initially contribute to the reduction of the error in
the mesh potentials, so that the error reduction is greater that what would be due to the
maximum eigenvalue (Amax) alone. This is advantageous from a convergence viewpoint,
however it reduces the estimate of A, negatively impacting the estimate of (. As the
number of global iterations increases, the effects of the sub-dominant eigenvalues die out,
and the error reduction rate approaches A, from below.

The characteristics observed in the first 3 growth stages are also consistent
throughout the entire growth process for this experiment, which does not exceed 6000
growth stages (each growth stage adds one mesh point to the discharge). Displaying the
graphed results for 600,000 global iterations is impractical due to clarity and reproduction

concerms.
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4.8. Improving the Estimation of Ama.x and wopt

Given the poor norm-based estimation (Sec. 4.7) of Amax and hence also of Wopt, 1t
was decided to re-examine the estimates of A, based on the adjusted classical formulas
(Eqns. 4.9, 4.15, 4.18) and based on the classical ratios of successive norms (Eq. 4.20).
This re-evaluation lead to the development, implementation and evaluation of an
improved method of estimating Amax OF @qp at each growth stage apriori to any global

iterations.

4.8.1 Classical Formula-based Estimates

4.8.1.1 Advantages
The classical formulas for Ama and Wope for point, line and block iterative

methods operating on singularity-free square meshes have the advantage that they are
easily calculable apriori of any global iteration sweeps so that wp is immediately known.
Furthermore, these oy estimates remain constant, unlike the norm-based estimates
which ramp up towards the unknown exact value of Wop.
4.8.1.2 Disadvantages
When it comes to estimating (o in our situation in which the interior mesh points

are infected with singularities due to the growing corona discharge, we find there are
many disadvantages and shortcomings to employing the classical formulas. These are
listed below.
e (lassical formulas for A, and Wop have been derived only for very simple mesh

shapes. Formulas for SOR address rectangular shapes, and formulas for SLOR,

ADSLOR and SBOR address only square mesh shapes, but they have been modified
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to also include rectangular shapes (Sec. 4.6) as part of this thesis. Estimating Amax for
circular shapes analytically is difficult: it can be estimated from an equivalent
rectangle of equal area [Rand67], by a membrane analogy [LIMc68], and by the
smallest enclosing square [Lewi71], to name a few methods. Estimates of A, for
complex shapes are generally unknown or intractable.

Estimates of Apa and gy from classical formulas are seriously affected by the
introduction of even a single singularity in the mesh interior, and the corona
discharges simulated on 512x512 meshes can inject up to 25,000 singularities. The
numerical methods developed by Motz [Motz47] and others [BeCr73] to handle
enclosed singularities are not practical in our case considering the large number and
random locations of the corona points.

Classical formulas for Ama.x and Wopt assume NxN or NxM mesh sizes consisting of
(N-2)X(N-2) or (N-2)xX(M-2) interior mesh points surrounded on all 4 sides by
Dirichlet boundaries. The introduction of Neumann boundaries along the vertical
sides in the parallel plate topology increases the spectral radius and optimal
acceleration factor for all point, line and block iterative methods. Figure 4.28 shows
how the introduction of Neumann boundaries along the vertical mesh sides increases
the spectral radius for the point Jacobi and SOR methods. As the mesh size increases,
Amax for Neumann boundaries approaches the Amay for pure Dirichlet boundaries from
above. Thus, any formula which exactly predicts Ayax for pure Dirichlet boundaries

will slightly under-estimate Amax for the parallel plate topology.
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Fig. 4.28: Effect of Neumann boundaries on An,x for various square mesh sizes.
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Fig. 4.29: Inflation of spectral radius due to Neumann boundaries.
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4.8.2 Classical Norm-based Estimates

4.8.2.1 Advantages
The main advantage offered by the classical norm-based estimates of Amax and

Wopt 18 that they take into account the global configuration and characteristics of the mesh
and the global impact of the iterative process. Thus, they are well suited, and in many
cases the only method available (until now), to estimate Ay, When:
e the mesh is a complex shape,
¢ there are any number of singularities in the mesh interior, or
e the mesh has any number of Neumann boundaries along mesh edges.
4.8.2.2 Disadvantages

As seen in Fig. 4.27, norm-based estimates of Apay require a considerable number
of global iterations to converge t0 Amax. If  is the number of global iteration passes, the
estimates are exact only at t—o, and a large ¢ is required for even reasonably close
estimates of Anay. Following previously developed dielectric breakdown models [Aren94,
Stac95], only 8 global iteration passes are performed after each growth stage, thus any
norm-based estimate of Apma will grossly under-estimate Amax resulting in an under-
estimated o and a reduced convergence rate. The end result is that the global potential
field will be much more accurate than if point Gauss-Seidel were used, but not as

accurate as it could be had the optimal acceleration factor Wopt been used.

4.8.3 The Improved Estimation Method

To address the concerns raised about the suitability of classical methods of

estimating Amax and gy for iterative methods under the special conditions posed by the
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DBM, an improved estimation was developed. The required theory is presented first.

4.8.3.1 Theory

Prior to presenting the theorems under-pinning the improved estimation methods,
several observations need to be stated.
Observation 1:

The spectral radius for any singularity-free rectangular region A is immediately
known and calculable using the classical or improved formulas.
Observation 2:

Adding a complete row or a complete column to a singularity-free rectangular
region A can only increase spectral radius. This is self-evident from the classical and
improved formulas.

Observation 3:

Adding single points or clusters of connected points to the perimeter of an
existing singularity-free rectangular region A will always increase the spectral radius of
the enlarged region A. This characteristic is evident from experimentation.

Based on the above observations, the following two theorems are proposed.
Theorem 4.1:

Given any irregular-shaped mesh M surrounded by any combination of Dirichlet
and Neumann boundaries, if any points on the periphery of M are removed so that what is
left is a singularity-free rectangular region A, then the exact spectral radius of that

rectangular region A will be less than the exact spectral radius of the original mesh M.
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Figure 4.30 illustrates Theorem 4.1. The relationship between the spectral radius
Amaxy Of the irregular mesh shape M and the spectral radius Amax(a) an enclosed,

singularity-free rectangular region A is such that Amax(#) > Amax(a)-

Fig. 4.30: Illustration of Theorem 4.1.

Theorem 4.2:
Given any mesh M which has a rectangular-shaped interior which
e is surrounded by any combination of Dirichlet and Neumann boundaries, and
¢ isinfected with singularities (in the interior of the mesh),
then a good estimate A4 of the spectral radius Amaxarn Of the mesh M can be obtained by:
1. segmenting the interior of the mesh M in to n, possibly overlapping, singularity-free
rectangular regions labeled as R;, R,,...R,, and
2. computing according to the selected iteration method, the spectral radius of each
rectangular region such that
A=A (R ) k=12,...n 4.21)
3. and extracting the largest computed spectral radius A4 such that

Ay=max(r,) k=12,...,n (4.22)
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Convention:

As a matter of convention, the region which satisfies 4.22 is called region A.
Theorem 4.3:

Within the constraints of the employed dielectric breakdown model, the largest
value Aa of the computed spectral radii of the n singularity-free rectangular regions will

always be closer to the exact value A, than any classical norm-based estimates.

4.8.3.2 Implementation for Global Update Regions

The improved estimation method is implemented in a straightforward manner.
Initially, prior to any corona growth, the mesh interior is singularity-free. The mesh is
segmented into multiple, possibly over-lapping, contracting, singularity-free, rectangular
regions (SFRRs): 4 which are anchored to the corners of the mesh (Fig. 4.31, and 4 which
are anchored to the sides of the mesh (Fig. 4.31 b & c, note: the region anchored to the
bottom side has vanished). Initially each region covers the entire mesh. Figure 4.31 shows
the contracting SFRRs for a parallel topology and the contraction directions (indicated by

arrows).

Fig. 4.31: Typical singularity-free rectangular regions used by global updates.

The use of multiple SFRRs, each contracting differently during the growth
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process, increases the likelihood of obtaining the best possible maximum value for A,.
Using values for point SOR, Table 4.5 shows that the spectral radius of a rectangular
region does not scale with its area.

Table 4.5: SOR spectral radii of sample rectangular regions.

~ mesh dimensions (mesh points)

width |  height | area Amax
510 10 5100 0.666263988
15 15 225 0.673513678

After each corona growth event, each SFRR is analyzed and possibly contracted to
exclude the new corona point. During the entire growth process, the area of some SFRRs
may collapse totally. In effect, the SFRRs behave similar to opening (contracting) camera
shutters so as to continually bound the growing and expanding discharge.

Since the SFRRs will generally be rectangular and not square, the adjusted
formulas (Egs. 4.15, 4.18) should be used so as not to over-estimate Wop. Evans’ formulas
for SLOR and ADSLOR compute only gy, however, we can derive Amax if required
using

Ape =0, —1 (4.23)

Following the computation of Wopt, the 8 global iteration passes can be performed.

4.8.3.3 Implementation for Local Update Regions

After each stage of growth, the mesh potentials are perturbed: drastically in the

immediate locality of the most recent growth site P(x,y), and to a lesser degree globally.
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To increase the rate of convergence, 50 iterations are performed within a 51x51 local
update region (LUR) centered on P, prior to the 8 global iterations. Since the position and
characteristics of the LUR change after each new growth stage, the singular-free
rectangular regions must be determined anew, so a simpler segmentation scheme than
Fig. 4.31 is used. Four SFRRs, each anchored at a different corner of the LUR (Fig. 4.32),

are employed to estimate its spectral radius.

Fig. 4.32: Typical singularity-free rectangular regions used by local updates.

4.8.3.4 Advantages
The new estimation method offers the following attractive advantages over

traditional norm-based estimates, in that the estimates of Amax and Wopt

* can be computed apriori to any global iterations, eliminating the expensive mesh
rescanning (Fig. 4.33) to compute the norms after each global iteration pass.

* are constant for the 8 global iterations which follow each corona growth stage. There
is no ramping of estimates similar to norm-based estimates.

® are more accurate (than norm-based estimates).
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The algorithmic differences between the classical and improved method is shown

in Fig. 4.33. Like norm-based methods, the new method can be utilized by all the iterative

methods evaluated.

start

+
| initialize potentiﬁl

estimate ®opt

»

v

start

Linitialize potentia]s}

N

estimate ®opt

)

l iterate to solve for potentials]

,Erate to solve for potentia@

compute norms
estimate A oo

estimate ®opt
£3

%vergenc e/done@

compute field
advance corona

punch through?

done

Classical norm-based estimates

—%onvergence/dor@

compute field

advance corona

punch through?

done

Improved estimation method

Fig. 4.33: Algorithms for classical and improved estimation methods.

4.8.3.5 Caveats

No claims are made with regards to the new estimation method:

* concerning its performance for topologies which have circular or annular-shaped

interior mesh regions.
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e for iterative methods other than SOR, SLOR, ADSLOR, or SBOR as these are the
only methods which have been evaluated with the new estimation method.
* concerning its suitability to other field problems.
e for suitability to 3-D problems as they were beyond the scope of this thesis.
4.8.4 Experiment 7: Comparison of Estimation Methods
Experiment 7 was performed to assess the performance and impact of the
improved estimation method on the iteration process and to compare them with the

classical norm-based methods.

4.8.4.1 Experimental Setup

To perform the experiment, the same 510x510 mesh size and experimental
configuration as experiment 6 was employed. The parameter variations for the 4

simulations appear in Table 4.6.

Table 4.6: Simulations to test impact of estimation methods.

‘run name L B i,tkerative‘téchhique . estimation :fnethod

,[‘fi_lename‘]k | local updates | gldbal 'updates for Amax, Wopt
app220 Gauss-Seidel GS n/a
app231 Gauss-Seidel SOR norm-based
app230 Gauss-Seidel SOR improved
app330 SOR SOR improved

The first run (app220) was done for reference purposes. A run (app231)
accelerated using traditional norm-based estimates of Amax and Wopt, and a run (app230)

accelerated using the improved estimation method were performed to compare the
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performance of the methods. The first 3 runs used Gauss-Seidel to iterate the local update
regions. A fourth run (app330) was performed to determine the impact of accelerated
local updates on the error reduction.

The selected measures of performance are:
e the maximum residual error, equal to the infinite residual norm, and

e the average residual error e, after the k™ growth stage derived from the 1* residual
norm as

v 1* residual norm 3 ”f k”,
“¢ " #non — singular interior mesh points (n—2)(m—-2)~k

(4.24)

where r is the residual vector (Eq. 2.68), the mesh size is nxm, and k is the growth
stage, which is also the number of corona points, or singularities in the mesh. The 1* and

infinite residual norms are computed and saved after each global iteration pass.

4.8.4.2 Results

The following several pages show the performance improvements obtained when
moving from non-accelerated local and global Gauss-Seidel updates to norm-based
accelerated global SOR updates, to improved global SOR acceleration, to improved

acceleration of SOR for local and global update regions.
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Fig. 4.34: Comparison of estimates of A,y for app230.
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Fig. 4.35: Bounds of convergence gain due to improved estimation method.
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Fig. 4.37: Effect of methods on the maximum residual error.
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4.8.4.3 Discussion

The data for Figs. 4.34 and 4.35 are computed from data from the app230
simulation. Except for the first computation epoch, the exact spectral radius p is
unknown. During each epoch, the estimate of the Jacobi spectral radius A is computed
from the first residual norms using Eq. 2.76. The optimal acceleration factor is then
estimated using Eq. 2.52. Eq. 4.25 can be used to determine the exact operating point on a
Amax VIS. @ curve (Fig. 4.8) if the exact Jacobi spectral radius p and A or the estimated

acceleration factor @ are available.

wu+\/cozu2 —4(03—1)}2 4.25)

A’max( SOR) = [ 2

_ “’+Vu2_)\‘2est 2
REEN =G

The exact spectral radius is not known, but it will lie between the spectral radii py.x for a
508x508 singularity-free mesh and pyi, corresponding to the 144x508 singularity-free
block to the right of the final fractal. These two extrema of L are used to compute the
bounds of the SOR spectral radius shown in Fig. 4.34. Notice that the improved
estimation method yields a much lower estimate. The convergence gain bounds is then
the ratio of the convergence rates computed using Eq. 2.43 and shown in Fig. 4.35. The
convergence rate of the new improved method is between 25 and 400 times better than
that offered by the classical method of estimating the spectral radius.

The preceding graphs show a continual improvement in the reduction of the
average residual errors as better iteration and estimation methods are used. Table 4.7
shows the reduction ranges of the errors relative to the errors determined for the non-

accelerated Gauss-Seidel local and global iteration method.
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As for the maximum residual errors, the SOR run accelerated by norm-based
estimates is very similar to the non-accelerated Gauss-Seidel simulation. The best
performance occurred when improved acceleration was used for both local and global
iterations. The worst performance award goes to the run having local Gauss-Seidel
iterations and global SOR iterations accelerated by the improved estimation method,
which was characterized by transient values at least 4 times greater than values for the
other methods. Figure 4.35 shows that the improved estimate method generally has higher
estimates of the spectral radius which are closer to the unknown Am., resulting in an

acceleration factor which is much closer to Wopt, leading to better error reduction.

Table 4.7: Error reduction performance improvement due to methodology.

iterative technique estimation of  relative error
local updatesy‘ | global updat‘eys  Amaxs Wopt | maximum error average error
Gauss-Seidel Gauss-Seidel n/a 1.0 1.0000
Gauss-Seidel SOR norm-based ~1.0 0.5462
Gauss-Seidel SOR improved 1.0t0 5.0 0.0433
SOR SOR improved 0.2t00.8 0.0305

The question that needs to be addressed is this: does the poor maximum error
performance necessitate that the improved estimation method be discarded? The answer
is a resounding no, since the average error, which is a global measure of the impact of
the iterative process is reduced to 1/17 of the error for the classical norm-based
acceleration. For the Gauss-Seidel/improved-SOR simulation, global performance
improvement exacts a local penalty. The best reduction of the average and maximum

residual errors occurs when improved acceleration is used for all iterations.
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The 4 simulations performed did not result in identical discharges. This is due to
the differences in the methods employed, resulting in slightly different computed
potential fields, in different distributions of growth probabilities, and finally, in non-
identical discharges having different numbers of corona points. This should be taken into
account when comparing the side-by-side curves of error reduction data from simulation

runs having differing number of points.

4.9. Multifractal Measurements of Laplacian Fractals

Unless noted otherwise, the test configuration employed to generate the following
fractals consisted of:
¢ a510x510 discrete mesh used to model a parallel plate topology (Fig. 4.26),

* normal mesh and tag array scanning (Secs. 4.2.2, 4.2.3)
* Gauss-Seidel used for local (50 passes on a 51x51 region) and global updates, and
e the rand2 (81) generator (App. B) used to select the growth site.

Since more information can be obtained from the Mandelbrot dimension than just
from the Rényi dimensions themselves, the Rényi dimension curves are not presented
here. The Mandelbrot dimensions were computed in order to fingerprint the Laplacian
discharges. This allows us to compare the complexity and structure of the different, yet
similar, discharges. Without the multifractal fingerprints or signatures, we would just
have a library of pretty pictures. Since all the corona points are connected, unlike the
isolated dust characteristic of strange attractors, there is a high degree of correlation
between the corona points, so the Mandelbrot dimensions are computed using generalized

correlation. A detailed analysis of the Mandelbrot dimension curves is beyond the scope
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of this thesis and is left for further study. Pictures of the final potential field and the

Laplacian fractals can be found in Appendix E.

4.9.1 Experiment 1: Effect of Model Parameter Variations

Figure 4.38 shows the Mandelbrot dimension Ja versus @, curves (labelled as fa
and aq) for the simulations performed to determine the effect of parameter variations
(Sec. 4.2, Table 4.1). Except for the curve for trinr4, all the Mandelbrot dimension
curves are tightly grouped together. If we compare Fig. 4.38 with Fig. 4.40, then even the
trinr4 curve could be considered to be positioned close to the other 5 curves. Figure 4.38
shows that the multifractality of the resultant Laplacian fractals is relatively unaffected by

the variation of the parameters listed in Table 4.1.

fa
tn
]

trfr4

1.6 1.62 1.64 1.66 1.68 1.7 1.72 1.74 1.76 1.78
aq

Fig. 4.38: Effect of parameters on the Mandelbrot dimension.
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4.9.2 Experiment 8: Effect of Random and Chaotic Generators

The purpose of this experiment was to assess the impact of the random or chaotic
generator on the resultant structure and multifractality of the Laplacian fractals. Only the
generator was varied between runs. The Mandelbrot dimensions are shown for 8 pseudo-
random generators (Fig. 4.39) and 8 chaotic generators (Fig. 4.40). The generated
Laplacian fractals and the final field patterns appear in Appendix E. The values for the

morphological dimensions appear in Table 4.8, in ascending order according to Dy (Ds).
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Table 4.8: Morphological dimensions for different random and chaotic generators.

Generator |  Filename | Dy, Ds | D, Dy D,, Dc
Rossler trfnnl4 1.136 1.131 1.127
Julia trfnnl2 1.480 1.472 1.464
Lorenz trfnn13 1.560 1.558 1.555
Hénon trfnn8 1.642 1.638 1.635
rand0 trfnnl 1.664 1.658 1.654
rand3 trfnnS 1.667 1.663 1.659
randq1 trfnn6 1.672 1.665 1.659
rand trfnn0 1.675 1.669 1.665
Gingerbreadman trfnn10 1.677 1.665 1.656
randq2 trfnn7 1.678 1.675 1.673
rand2(81) trfnn4 1.684 1.677 1.672
rand] trfnn2 1.687 1.678 1.672
rand2 trfnn3 1.690 1.682 1.677
Gaussian trfnnl5 1.721 1.716 1.712
Ikeda trfnnl 1 1.752 1.746 1.742
Lozi trfnn9 1.759 1.756 1.753
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Fig. 4.39: Effect of random generators on Mandelbrot dimension.
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Fig. 4.40: Effect of chaotic generators on Mandelbrot dimension.

There are several conclusions that can be made concerning these results
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¢ The nature of the underlying process which causes the random growth process,
whether it is due to dielectric material imperfections or other factors, here represented
by the selected chaotic or pseudo-random generator, has a severe impact on the
multifractality of the resultant structures. Generators which have similar properties
will facilitate the growth of similar discharge structures. The Mandelbrot dimension
curves of the 8 simulations which employed pseudo-random generators exhibited a
very tight grouping, while the Mandelbrot dimension curves of the 8 simulations
which employed chaotic (or the Gaussian) generator exhibited a high degree of
separation from each other. Only the simulation using the Gingerbreadman generator
occupied the same dimension space as the pseudo-random generators. It should be
noted that the chaotic generators normalize the probability density function of the
growth probabilities differently than the uniform (pseudo-random) generators.

» For chaotic generators which exhibit a high persistence, as measured by the variance
dimension, and categorized as either brown or black noise [App. B], the resultant
structure depends highly on the tag array scanning order. Notice that the simulation
using the Rdssler chaotic generator, which has the same variance dimension as black
noise, the discharge heads into the oncoming left-to-right column scanning.

e There appear to be some systematic errors in the computation of the generalized
correlation dimensions which are not monotonically decreasing as predicted by theory
(Sec. 2.5.6). This phenomena (Fig. 4.41) has been reported elsewhere [FeKi95], and is
beyond the scope of this thesis. It does, however, cause the Mandelbrot dimension

curves to become multi-valued curves (Fig. 4.42). To rectify this, the range of g for
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each Mandelbrot dimension curve is restricted to those q for which it becomes a

single-valued function.

L74 T T I T T T T

1.66 [~ -

2.2 T T T T T T

Fig. 4.42: Effect of non-monotonic Rényi dimensions on Mandelbrot dimension.

4.9.3 Experiment 9: Effect of Iteration Methods

The purpose of this experiment was to assess the impact of the iteration method

on the resultant structure and multifractality of the Laplacian fractals. The Mandelbrot
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dimensions are shown for several methods. Prior to the implementation of dynamic
acceleration, simulations were performed to test the 16 iterative methods, however,
accelerated methods used an acceleration factor of w=1.0. In effect, the accelerated
methods were equivalent to their Gauss-Seidel counterparts. For multifractal comparative
purposes, only the simulation results of Gauss-Seidel based methods and the dynamically
accelerated methods (SOR, SLOR, ADSLOR, and SBOR) are presented here. The
generated Laplacian fractals and the final field patterns appear in Appendix E. The values

for the morphological dimensions appear in Table 4.9.

Table 4.9: Morphological dimensions for iteration methods.

“Filename | global updates Jlocal updates Do, Dg | b.p D,, D¢
app220 GS GS 1.681 1.674 1.669
app231 SOR GS 1.671 1.665 1.661
app230 SOR GS 1.672 1.668 1.661
app330 SOR SOR 1.667 1.660 1.655
treem06 GLOR GS 1.677 1.669 1.664
treem07 ADGLOR GS 1.670 1.660 1.654
app280 SLOR GS 1.670 1.662 1.656
treem12 GBOR GS 1.676 1.667 1.661
app2d0 SBOR GS 1.636 1.625 1.617

From Table 4.9 and Fig. 4.43, it can be seen that the selection of an iterative
method to solve the potential field has very little effect on the computed morphological
dimensions and the multifractal dimension, resulting in a tight grouping of the

Mandelbrot dimensions.
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Fig. 4.43: Effect of iterative methods on Mandelbrot dimension.

The only exception to this is the simulation employing the accelerated SBOR
iterative method. It was stated previously (Sec. 4.6.4) that this simulation yielded an
incorrect potential field along the Neumann boundaries, due to incorrect coding. It is
interesting to note that this problem separates the resulting Mandelbrot dimension, or
fingerprint, from the other fingerprints. Thus, it may be possible to use multifractal
measures to indicate which simulations are incorrect or are experiencing some sort of

numerical problems.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1. Ilterative Methods

The evaluation of the various iterative methods, focusing on their computational
performance and their suitability for utilization to iteratively solve the mesh potentials as
required by the dielectric breakdown model, has revealed many challenges and
limitations.

The classical formulas tend to address only singularity-free, square mesh regions.
While evaluating the initial results of the analysis of convergence, it was discovered that
the theoretical values of Wopt predicted by the classical formulas for SBOR and SLOR
differed grossly from the experimental results, however estimates for Wopt predicted by
formulas published by Evans [Evan62, Evan64b] were within 2% of the experimental
results.

The classical formulas methods for SLOR and ADSLOR were adapted to handle
rectangular regions. Evaluation of experimental and predicted values of the optimal
acceleration factor indicated that further tuning was required to avoid over-accelerating
the iterative process into instability.

With regards to the convergence time, accelerated 2x2 block (SBOR) methods
appear to have a slight convergence time advantage over accelerated point methods,
however, SBOR would be less suitable than SOR to the extension of non-homogeneous

and non-linear dielectrics. Line methods require the longest time for convergence due to
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the computational workload of the tridiagonal inverse required for each line. Simulations
using line methods took about 6 times longer than simulations using point methods. Line
methods are not recommended for further evaluation.

Due to the improved convergence offered by accelerated methods for even poor
estimates of the spectral radius Ay, of the iterative process, non-accelerated methods
based on Gauss-Seidel (successive displacements) and especially Jacobi (simultaneous
displacements) iterative methods are no longer recommended.

When employing accelerated methods to solve for the potential field, the final
acceleration factor does not differ dramatically from the initial acceleration factor which
suggests that even a somewhat sloppy fixed underestimate of Wopt could be employed,
obviating the need to use norm-based dynamic estimates of Wopr and the associated mesh
re-scanning time. Alternatively, a better, near-optimal estimate of Wopr based on the
maximum spectral radius of a collection of singularity-free rectangular mesh regions, and

superior to norm-based methods was developed and used, improving the error reduction.

5.2. Multifractality
Previous research by [Aren94, Stac9s, KiSt94] indicated that the Laplacian

fractals generated by the discharge model were in fact multifractals. Analysis of the
generated fractals using the Mandelbrot dimension showed that these objects were indeed
multifractals. Due to a phenomenon which is not understood, and which is beyond the
scope of this thesis, the Rényi dimension curves have a bump near g = -4, and are
monotonically decreasing only in the range of -4 < q < +co. Utilization of f, ands o,

information corresponding to -0 < q < -4 results in a nonsensical, double-valued function
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for the Mandelbrot dimension. This effect has also been noted elsewhere [FeKi95,
Chen95] and is believed to be a systematic error. The negative impact of this is that the
right side of most Mandelbrot dimension curves are much sorter than the left side,
resulting in the loss of valuable information.

In measuring the multifractality of the resultant Laplacian fractals, it was found
that the selection of the random generator had the greatest impact on the multifractality,
causing the self-similarity dimension, D, to vary from 1.127 to 1.753. The impact of
changing scanning directions, potential representation, and the iteration method and
acceleration methods, is surprisingly minimal. If only 2 significant digits are considered,
then Ds = Dy = D¢ = 1.6! If 3 significant digits are considered, then
e 1.636<Ds=D;<1.68,

e 1.625<D;=D;<1.68,
o 1.617<Dc=D,<1.67.
Even for simulations employing acceleration, the morphological dimensions

suffered no major side effects.

5.3. Summary

The major contributions of this thesis are:
» the extension of line and block iterative methods to operate in the presence of
singularities in the interior of a discrete mesh,
e the development of a new and improved method of estimating An.x and Wopt in the

event of non-stationary boundaries (singularities) in the mesh interior, and

167



® the characterization of the multifractality of Laplacian discharges using the Rényi and
Mandelbrot dimensions,
* the evaluation of the impact of:

0 the representation (floating point or integer) of the mesh potentials,

¢ the selected iterative method selected to solve for the potentials, and

0 the random generator employed

on the multifractality of the resultant Laplacian fractals.

Since this thesis was completed within the constraints of finite available time,
further research in particular areas is recommended. It is recommended that the effects of
accelerated iterative methods on topologies other than parallel plates, such as coaxial
topologies, be evaluated. Additionally, the extension and suitability of estimating Amax
and hence the estimation of Wopt from singularity-free regions should be examined due to
the reduced singularity-free region sizes caused by the curvature of the outer electrode
intruding into the mesh interior, which will result in poorer estimates of Wopt- The effect
of including a breakdown voltage threshold (dielectric withstand voltage) in the dielectric
breakdown model remains to be determined.

Finally, the extension of the dielectric breakdown model and the associated
iterative methods to handle non-homogeneous and non-linear dielectrics is required
before this technology can be applied towards the improved analysis and synthesis of
realistic dielectric discharges and towards the improved design of dielectrics to prevent

the occurrence of destructive dielectric discharges.
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APPENDIX A

TIMING OF SIMULATION RUNS

A.1. Introduction

This appendix contains the simulation times for several simulation runs performed
for this thesis. As all the simulations involve intensive computations with very little
overhead required by the screen updates, these run times are indicative of the numerical

effort required to simulate the dielectric breakdown phenomenon.

A.2. Hardware Utilized for Experiments

The timing information is compiled from runs performed on one of two personal
computers configured as shown in Table A.1. To obtain the timing data for evaluating the
iterative methods, the 486 machine was used as its slower execution speed, and hence
longer execution times, allowed more precise time measurements than the fast Pentium
permitted. The simulations of the Laplacign fractals were performed exclusively on the
Pentium machine, as were the computations of the generalized correlation dimensions.

All times are approximate, and not all simulations were timed.

Table A.1: Experimental Hardware.

486DX-33 33 MHz 8 MB Windows 3.1
Pentium-150 150 MHz 32 MB Windows 95

A-1




A.3. Simulation Times

Table A.2: Simulation times.

1 effects of model variations Pentium-150 5.0 t0 6.4 hrs.
2 timing of execution of methods 486DX-33 5.3 hrs.
3,4,5 iterations until convergence Pentium-150 > 9.5 hrs.
6 eval. of norm-based estimates 486DX-33 92.5 s/pnt/pass
6 eval. of norm-based estimates Pentium-150 12.85 s/pnt/pass
7.8 effects of various conditions Pentium-150 7.0 to 13.5 hrs.
9 point methods Pentium-150 6.5to 11.0 hrs.
9 line methods Pentium-150 35.0 to 48.0 hrs.
9 block methods Pentium-150 6.5 to 11.0 hrs.
N/A comp. of correlation dimension Pentium-150 25 m.

The data for experiments 3,4, and 5 were obtained from a single simulation run. Based on
timing results of experiment 6, a simple calculation shows that the Pentium is 7.194

times faster than the 486 for our application.
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APPENDIX B

RANDOM AND CHAOTIC GENERATORS

B.1. Introduction

In order to implement the stochastic nature of the dielectric breakdown model, a
method of randomly selecting a growth site is required. This requires the use of some
random variable R(z). Since the growth probability of a given site should ideally only be
related to the enhanced electric field (Eq. 2-12), uniform deviates should be used.
Uniform deviates are a set R of Ng random numbers, lying within some specified range,
with each random number R; having the same probability p; of selection such that Dj=
1/Ng.

It is impossible to generate ideal uniform deviates, so the focus of this section is
the analysis and characterization of a selection of pseudo-random and chaotic generators.
The suitability of these generators for purposes other than the dielectric breakdown model

is beyond the scope of this thesis.

B.2. Pseudo-Random Number Generators

Pseudo-random generators (PRNGs) will by definition generate a repeating, finite-
length sequence of random numbers. The sequence, however long it may be, will
eventually repeat itself, and the generator should be selected so that its minimal sequence
is much longer than number of random points actually required. Most PRNGs are based

on the linear congruential method [PTVF92]. Pseudo-random generators are generally
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fast, easy to calculate, and have standard portable implementations. Quite often, however,
pseudo-random number generators are not free from sequential correlation, may suffer
from period exhaustion, and may have a limited range of values (16-bit generators).

The reader is asked to refer to the 1988 and 1992 [PTVF92] editions of Numerical
Recipes in C for additional information on the different pseudo-random generators

described below.

B.2.1 rand()

This is the standard rand function provided by all C and C++ compilers. It is
characterized by a small dynamic range of values, sequential correlation, and period

exhaustion. It is included here for comparative purposes.

B.2.2 Rando0

This generator is considered to be the minimal standard. The period of Rand0 is

about 2x10°. It suffers from a limited resolution and serial correlations [PTVF92].

B.2.3 Rand1

Randl implements a Bays-Durham shuffle on the generated values to reduce the

low-order serial correlations present in Rand0. It has a period of about 108,

B.2.4 Rand2

Rand?2 uses multiple linear congruential generators with output-shuffling to yield

a period near 2x10'®, and to reduce the low-order serial correlations in Rand0.
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B.2.5 Rand2 81

Rand2_81 is the Rand2 algorithm found in the 1981 edition of Numerical Recipes
in C. It was utilized by Stacey in his research and is included here so that results can be

duplicated and compared.

B.2.6 Rand3

Rand3 is a portable routine based on a subtractive method.

B.2.7 Randq1 and Randq2

These two fast generators are referred to as “quick and dirty generators” used to
somewhat randomize a given system. They are computationally fast, with Randg2 being
machine and platform-dependent [PTVF92], and is therefore not recommended for

general use in programs.

B.2.8 Gaussian Generator
A random variable G having a normal Gaussian distribution with a mean p=0 and

a variance 6° = 1, is generated by iterating

G, =2R, +S,+T,)-3 (B-1)
where R, S, and T are uniform random variables, each with a mean u and variance o of

n=05 o*=Y,, for 0<R,S,T<10 (B-2)
Therefore the variance of G is

06 = Ooprsarys = 40p,5,r = 40% + 0% +062) =10 (B-3)

and the mean of G is
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MG = Wo(resir)s = ZHpyser —3= 2(3)(05)~3=00 (B-4)

as expected for a normal distribution. Alternatively, if n uniform random variables are

used, then

12
G, =+/—D R —3n (B-5)
n i

If n=3, then we recover Eq. B-1, and avoid the calculation of square roots.

B.3. Chaotic Generators

The patterns or structures that arise from dissipative dynamical systems, or from
iterating linear transformations as the iteration index » tends to infinity, are called strange
attractors [PeJS92, p. 655]. Iterations of very simple formulae can yield very beautiful
and complex attractors having fractal, and possibly multifractal, properties.

One implied property of strange attractors is that they are self-avoiding, therefore
all points on the attractor are unique (as are each set of point coordinates), regardless of
how closely the points may be clustered. [The exceptions are the stable points of the
attractor, which are not attained unless the iterations start at a stable point, in which case
they will also remain there indefinitely.] This suggests the use of the coordinates of the
attractor points as a source for an infinitely long sequence of unique numbers, in other
words, the attractor is used as a chaotic generator.

The first difficulty lies in the dilemma that 2 numbers, x; and y; are used to
describe each attractor point P;: should the x; and yi values be used sequentially or
combined in some fashion into one single number? For some attractors such as the

Hénon, Lozi, and Gingerbread Man attractors, the y coordinate is linearly related to the x
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coordinate, and the dilemma vanishes. Secondly, the uniqueness of each set of point
coordinates (x;,y;) does not guarantee the uniqueness of all values of x; or of all values of
yi- Alternatively, the uniqueness property is not guaranteed for projections of the fractal
attractor, which in our case is onto the x or y axis.

Several well known attractors were selected for use as chaotic generators, with the
x coordinate used as the random variable R(r). Tests were performed to check for the
occurrence and frequency of duplicate values and duplicate sequences within the first
100,000 values for the x and y coordinates. This ascertained if the function R(t), consists
of a unique sequence with unique values for 0 < ¢ < 100,000.

Furthermore, it is desired to normalize R( t) to a range of 0 < R(#) < 1.0 so it can be
scaled in Eqgs. 2-12 and 2-13. The extents of the attractors as n—s are unknown and
intractable. For simulations with 510x510 grids, less than 30,000 random values are
required, so the extents of the first 100,000 values are used.

The Hénon, Lozi and Gingerbread Man attractors are obtained by simple, related
iterative formulas in 2-dimensional real space, the Julia and Ikeda attractors are obtained
by iterations in the complex plane, and the Lorenz and Réssler attractors are obtained by
iterations in 3-dimensional space. With the exception of the Ikeda attractor, the chaotic
generators were just as simple if not simpler to implement than the shuffle-enhanced

PRNG:s. Plots of the strange attractors can be found in Sec. B.6.

B.3.1 Hénon Attractor

The Hénon attractor, Fig. B-1, [PeJS92] is generated by iterating
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—_ 2 =
X, =—ax,+1+y, n=0,12,... (B-6)

Yo = bX,
for a=1.4 and 5=0.3. It should be noted that some points on the attractor appear to lie very
close together, and are indistinguishable using 32-bit floats for the x and y coordinates.
These points are distinguishable when using 64-bit double [precision] variables for the x

and y coordinates.

B.3.2 Lozi Attractor
The Lozi attractor, Fig. B-2, [PeJS92] is generated by iterating

X, =—ax,|+1+y, n=0,12,...

(B-7)
yn+l = bxn

for a=1.7 and »=0.5.

B.3.3 Gingerbread Man Attractor

The Gingerbread Man attractor, Fig. B-3, [PeSa88] is generated by iterating

X +1-y, n=01,.2,...

ntl xn

yn+l = xn

(B-8)

B.3.4 lkeda Attractor

Another chaotic generator considered was the Ikeda attractor, Fig. B-4, generated
by the plane-wave model of a bistable optical ring cavity proposed by Ikeda [HaJM85].

The attractor is generated by iterating in the complex plane

—§£—7 - (B-9)

1+ gn—l

g, =085+ 090exp| i| 0.40 —

2
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B.3.5 Julia Attractor

Julia sets are obtained by iterating in the complex plane

=2, +c¢, n=0,12,... (B-10)

The structure of Julia sets are dependent on the value of ¢, and can be classified
[McGu91, p. 76] into:
e Cantor-like dust,
e separated clusters of points,
e “connected” points with no interior, or
e “connected” points with a solid interior.
Projections of Julia sets in these categories onto the x-axis result in disconnected points,
disconnected line segments, or a connected line. Julia sets with solid interiors generally
are thicker in the middle and tapering to a point at either horizontal extremes, yielding a
bell-shaped distribution for discretized intervals of x(z), and structures with separated
clusters of points are characterized by isolated regions of bell-shaped probabilities. Since
the objective is to use x(z) as a random variable having a uniform distribution, a structure
with “connected” points and without an interior, Fig. B-5, [c = -0.83+0.16i, PeJS92, p.
863] was selected, the idea being that if the connected points were not clustered, a fairly
uniform distribution could be obtained. It turned out that they are instead characterized by
a probability distribution function containing spikes many times higher than the average
probability. This property can actually be utilized to model localized defects in the
dielectric material and thereby enhance the randomness of the dielectric breakdown

model. The iteration algorithm was implemented as per PeJS92.
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B.3.6 Lorenz and Réssler Attractors

The Lorenz (Fig. B-6) and Rossler (Fig. B-7) attractors are based on continuous
dynamical systems [Stev90, PeJS92]. Plots of the x or y coordinates of either attractor
yield “slowly-changing”, smooth, differentiable-almost-everywhere curves unlike the
scattered dust for the x(f) and y(z) values for the Hénon, Lozi, and Gingerbread Man
attractors. As a result, these two attractors were deemed unsuitable for use as chaotic

generators in our system.

B.4. Characteristics

In comparing random and chaotic generators, essentially three properties are

measured:

e the complexity of their generator or generating function,

* their probability distribution, which determines the likelihood of a value R; being
selected, and

¢ the randomness of their ordering, or sequencing of the values.

All measures of the random and chaotic generators are based on a sample space
encompassing the first 100,000 points. The reader is asked to refer to the C++ code
listings for the random and chaotic generators in the srand.cpp, srand.h and sysrand.h
files in Appendix H. All the data for the graphs and tables that follow can be generated by

running the random.exe program, the code for which appears in Appendix F.
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B.4.1 Properties of an Ideal Uniform Distribution

If we consider an ideal uniform discrete random variable R which can equally
assume N possible values on the unit interval 0<j< 1, such that pj=1/N, then it can be

shown that its mean 1 and variance ¢ are defined as

N—ll
_EN 1 1 B-11
w(R) = v ~2(1 Nj (B-11)
, 1 1
o (R)=—(1+——) (B-12)
207N

The x(z) and y(t) of the selected attractors are not constrained to the unit interval,
so for comparative and scaling purposes, all x(7) are normalized to exist on the unit

interval such that 0 < x(¢) < 1. The normalized function, x,(¢) is defined as

xn(t)zi(i)_;x_nﬂn_ (B-13)
X — X

max min

and has a mean p, and variance 0,2 defined in terms of x(1), W x(t)) and 0'2(x( t)) as

. (xn (t)) - %i‘(j(l‘) :imi.n ) _ Mix(f)z;x.min (B-14)
4 0) = 3o ) (B-15

B.4.2 Complexity of Chaotic Generators

The complexity of chaotic generators can be estimated from the topological
dimension since their attractors are embedded in the x-y plane. It can be shown that the
topological dimension of any projection of the attractor cannot exceed the dimension of

the original attractor. The pseudo-random number generators produce a temporal signal
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based on a single state variable, and how many are actually involved is unknown. The
embedding and fractal dimensions of the pseudo-random generators are unknown but can
be determined by Taken’s method [AMSMPSS, YaHu93], which was beyond the scope
of this thesis.

The Hausdorff mesh counting dimension Dpyy was used to measure the
topological dimension of the strange attractors of each chaotic generator. For each
attractor, a 100,000 points were generated. The horizontal and vertical extents of the
attractor were used to create a bounding rectangle which was then subdivided into
512x512 equal-sized rectangular vels. The number of vels, N, intersected by the
attractor at 1/512 scale were counted, then blocks of 2x2 block of vels were merged into
larger vels, and counted as before but at 1/256 scale. This process was done for
k=log,(512) stages after which the attractor was covered by a single vel. The slope of the
best fitting line of the log(V;) vrs log(1/r) data is the value of Dgy,.

The dimension plots for the attractors appear at the end of this appendix. The
values for the dimensions appear in Tables B-2 and B-3. It should be noted the above
procedure measures the fractal dimensions of the 2-dimensional projections of the 3-

dimensional Lorenz and Réssler attractors.

B.4.3 Measures of x(t) and y(t)

The measures of x(z) are concerned with the probability distribution of x(t) and

how closely it matches the ideal uniform distribution.



B.4.3.1 Distribution Function

The probability distributions based on the first 100,000 values of each generator
were obtained by determining the extents of the actual intervals of x(#) and ¥(t), dividing
the intervals into 1000 equally-sized intervals (bins), and then counting the frequency of x

(or y) in those bins.

B.4.3.2 Mean and Variance

The mean p and variance o® were computed for x(#) and y(z) normalized to a unit

interval, and appear in Tables B-2 and B-3.

B.4.3.3 Uniqueness of Values and Sequence

The output of each generator was checked for the existence of duplicate points: if
all values are unique, the sequence does not repeat within the first 100,000 points. Since
uniqueness is not guaranteed for projections of fractals, some values may be repeated
within x(z) (or y(z)) even though there are no repeated sequences, therefore, if any
duplicates are found, their adjacent values are compared as well to determine if multiple
sequences exist with the given interval. The tests for uniqueness involve ~5x10°
compares and require about 20 minutes for each generator on a 150 MHz Pentium
computer.

For the Hénon attractor, some points lie so close to each other that they are
indistinguishable when using 32-bit floats for x(z) or ¥(t), however, using 64-bit doubles

allows all members of x(z) and y(t) to be uniquely resolved.



B.4.3.4 Computation Times

The average computation time on 486DX-33 computer for each generator is included
in Tables B-2 and B-3 for completeness. The computation time is not a critical parameter

in this thesis, but may be for other applications.

B.4.4 Measures of the Increments of x(t) and y(t)

The measures of the increments lx(?) - x(t-1)l of x(t) are measures of the
randomness of the order or sequencing of values in x(z). From this the persistence of x(z)
can be determined and compared to white, pink, brown and black noise. Why is this
important if we know that x(z) is characterized by a uniform distribution? Consider a
“random” variable R which has the following sequence:

R(1)=0,1,2,3,0,1,2,3,0,1,2,3,... (B-16)
Each of the 4 possible values (0,1,2,3) have a uniform probability p, = 0.25 of appearing,
but the output is definitely not random! Therefore, the degree of randomness of a

generator is important in addition to its probability distribution.

B.4.4.1 Distribution of Increments

In a manner similar to that described in Sec. B.4.3.1, the distribution of the
increments between any two random numbers R(t) and R(t-1) for 0 < t < 100,000, was
obtained for each generator considered. The distribution is indicative of the persistence of
R(1): if the distribution is skewed toward small increments then R(t) has a high persistence
similar to brown or black noise, if the distribution is skewed toward large increments then

R(t) has a low persistence, similar to pink or white noise [Kins94f].



Table B - 1 shows the relationships between the classifications of noise “colours”,
the Hurst exponent H for fractional Brownian motion, the power spectra exponent [3, and

the variance dimension D,,.

Table B - 1: Relationships of signal measures.

classification | o ‘ ,
white 0 -0.5 2.5
pink 1 0.0 2.0
brown 2 +0.5 1.5
. black 3 +1.0 1.0
black 4 +1.5 0.5

B.4.4.2 Variance Dimension of Increments

The variance dimension D (Sec. 2.5.9) can be employed to relate the randomness
of the output R(#) obtained from any generator to the classifications commonly associated
with random signals in Tables B-2 and B-3. The fundamental property measured is the
randomness of R(#) and the variance dimension can be considered to be a figure of merit

of the generator.

B.4.5 Other Measures

There are other measures, such as the chi-squared test, which can be used to
measure the goodness of the randomness of pseudo-random generators, but these tests are

beyond the scope of this thesis.



B.5. Evaluation

B.5.1 Complexity of Generator

The complexity of underlying process, or attractor, of the pseudo-random
generators can only be measured by the application of Taken’s method, which was
beyond the scope of this thesis. As for the chaotic generators, if we ignore the 2-
projections of the Lorenz and Réssler attractors, then there is a strong correlation between
the topological dimension Dyy, of the attractor in the x-y plane, and the measure of the
randomness of the sequence of x(t) by means of the variance dimension Dy . The
Gingerbread Man and the Ikeda attractors ranked the highest topological dimensions for
the attractors embedded in 2 dimensions. The 2-dimensional projection of the Lorenz
attractor had the overall highest topological dimension, however, it miserably fails other

tests (Sec. B.5.4).

B.5.2 Distribution and Statistical Measures

All the pseudo-random generators have relatively uniform distributions of x(z),
and their normalized values of the mean and variance are within 0.292% and 0.475%
respectively of the ideal values. As for the chaotic generators, the normalized means are
within 20.7% of the ideal value of 0.5000 (excluding the Lorenz and Rossler attractors),
and the variances are not even close to the ideal. The variances are very small, reflecting
the pseudo-bell-shaped likeness of the x() and ¥(t) distributions. Perhaps this should not
be surprising as the attractors are not symmetrical horizontally or vertically, resulting in

clusters or varying densities of points for projections onto either axis. The Julia attractor,
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although it appears to the eye to have a uniform horizontal density of points, is actually
characterized by huge spikes in the probability distribution function, some attaining
heights 90 times higher than average. This property could be used to account for random

defects in the dielectric modelled by the dielectric breakdown model.

B.5.3 Uniqueness Measures

If we use floats then all the pseudo-random generators except for Rand2 (81) have
some duplicate values. The standard rand() function has ar least 1 duplicate sequence in
the first 100,000 points which is not surprising as it only has 32,768 unique values. None

of the chaotic generators had any duplicate values within the first 100,000 values.

B.5.4 Variance Dimension

Based on the results of the variance dimension which measures the randomness of
a sequence, Rand2, Rand2(81), and Rand3 are the best pseudo-random generators, but
just by a very small margin. Their slightly higher dimension is due to the additional
complexity introduced by the use of shuffling or multiple generators.

As for the chaotic generators, the x(z) output of the Lorenz and Réssler generators
ranks with black noise, and these generators are therefore to be avoided in our
application; they just are not sufficiently random. The randomness of the x(t) output of
the Julia, Hénon, Ikeda, and Lozi attractors correlates closely with the randomness of pink
noise. The randomness of the x(z) output of the Gingerbread Man attractor approaches
that of white noise, meaning that it generates the most random sequence of all the strange

attractors considered. These results lead to one important realization: that the proper use



of strange attractors allows the controlled generation of specific “colours” of noise.

Pseudo-random generators generally produce only pink noise.

B.6. Results

The following pages contain plots of the strange attractors evaluated, and plots of
the distributions and variance fractal dimensions of the pseudo-random and chaotic

generators evaluated.

Table B - 2: Characteristics of selected random generators.

O

generator mean variadc¢ dui:)licaté " duplicatg' : Va:,‘dim. | -execution
[N i 0;,2,, : :.valus:s sequenées Do . time (ls)

rand 0.49947 | 0.082957 68756 Yes | 2.00636 3
RandO 0.50028 | 0.083196 0 No | 2.00407 7
Rand1 0.50028 | 0.083187 0 No | 2.00164 12
Rand?2 0.50084 | 0.083018 212 No | 2.00656 17
Rand2(81) | 0.50068 | 0.083321 0 No | 2.01050 12
Rand3 0.50072 | 0.083392 196 No | 2.00914 3
Randq1 0.50146 | 0.082963 /a No | 2.00364 3
Randq2 0.49909 | 0.082938 n/a No | 2.00357 3
Gaussian -.001475 | 0.996267 59 No | 2.00896 ~84
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Table B - 3: Characteristics of selected chaotic generators.

_generator

Hénon

Lozi
Gingerbread Man
Julia

Ikeda

Lorenz

Rossler

topi dim.
Dym
1.290
1.427
1.759
1.223
1.709
1.797

1.550

_mean
S
0.60310
0.55942
0.43479
0.50078
0.50027
0.50403

0.44799

X(t)

variance

0,2

0.079321
0.053776
0.054992
0.107336
0.049811
0.045712

0.049829

duplicate

values

dupliéate

sequences

0

0

var, dim.

D,
2.04055
2.12349
2.34334
2.00630
2.09430
0.99516

0.69946

mean
Hq
0.60311
0.55942
0.43479
0.49981
0.57737
0.50976

0.54136

0

variance

o,’

0.079320
0.053775
0.054992
0.065965
0.060152
0.030037

0.055065

duplicate

values

duplicate

sequences

0

0

cxecution
time (js)

6

7

6

21

56

56

50
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APPENDIX C

STENCILS FOR 2x2 BLOCK METHODS

C.1. Introduction

This appendix details the implementation of nxn block methods for the iterative
solution of Laplace’s equation on a discrete mesh, emphasizing the methodology for 2x2
blocks which can be extended to larger blocks. Blocks larger than 2x2 are not practical
nor recommended for the solution of systems which allow “randomly-located”

singularities in the interior of the mesh for reasons discussed in Sec. C-3.

C.1.1 Typical nxn Block of Points

If we consider the section of 5x6 points shown in Fig. C-1, which are part of a
much larger mesh, then the application of block iterative methods allows groups or
blocks of points to be simultaneously modified, whereas the application of point methods
sequentially modifies individual points. Blocks are generally updated row-wise as in
Successive Block Over-Relaxation (SBOR). Row-wise updates may be followed by
column-wise updates as in Alternating Direction Successive Block Over-Relaxation
(ADSBOR). Use of an acceleration factor increases the convergence rate of the method.

The blocks can be overlapping or non-overlapping.
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Fig. C - 1: Typical 2x2 block operation on a mesh.

C.1.2 Limitations on Boundaries

For the purposes of this thesis, the scope of the research has been restricted to the
modelling of Laplacian fractals within the following configurations:
e parallel plates,
® coaxial with point or disc centre electrode,

* rectangular with disc centre electrode.

This leads to the issues of boundaries [Sec. 2.4.2]. During the solution for a given
nxn block, all the adjacent points to it are considered to be momentarily fixed, thus being
treated as temporary Dirichlet boundaries. In any configuration, all non-Dirichlet
boundary points must be iterated. In the coaxial and rectangular configurations, the
dielectric is completely enclosed by Dirichlet boundaries, therefore, the nxn blocks are
restricted to the interior points, although some of the adjacent points may lie on the
Dirichlet boundaries. For the parallel plates configuration, Neumann boundaries are
defined along both vertical sides, and it should be clear that all nxn blocks along the
either vertical side will be missing  adjacent points, forcing the outermost column of n
points to have Neumann boundaries imposed on them. Additionally, for the

configurations considered, blocks can not experience Neumann boundaries along more
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than one side at a time. Figure C-2.a shows parallel plates with the solution of three 2x2
blocks: the leftmost block experiences Neumann boundaries on its leftmost 2 points, the
other 2x2 blocks are solved with temporary or permanent Dirichlet boundaries assumed
on all their adjacent points. Figure C-2.b shows the solution of two 2x2 blocks, both of
which have temporary or permanent Dirichlet boundaries assumed on all their adjacent

points.

® ..... ® ..... ® .... ® ..... ® ..... ® ..... ® ..... ® ..... ® .... ® ® ..... ® ..... ® ..... ®® ..... ® ..... ® ..... ® ..... ®®
oleNeNeN N NeloNeNe ®00000000®
€000 C00®000 9®8000000®
OO® OO0 8000 0050000008
OO0 00e0®eO0 000000080
0600000 OO e ©ee00000BOC
C0O0000Oe S8 e 00000000
B QR R QD B R - R & R Ry D R T W)
a. parallel plates . b. rectangular system

@ - nearest neighbors

- updated points

® - Dirichlet boundaries (permanent)

Fig. C - 2: Examples of Neumann and Dirichlet Boundaries.

C.1.3 Conventions

Consider the 2x2 block solution for points with unknown potentials represented
by D, E, H, and J in Fig. C-3, and having adjacent points with potentials of A, B, C, F,
G.K, L, and M at the k™ stage of iteration. It is desired to find the solutions D’,F’,H’, and
J’ at iteration stage k+1. Figure C-3 will be the basis for all the equations for 2x2 block
methods. The letters A through M are used for clarity and brevity instead of the longer

Ui,jk notation, and the letters D, E’, H’, and J’ are used instead of the Ui,jk+1 notation.
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Fig. C - 3: An example 2x2 block with potentials of adjacent points.

C.1.4 Typical Solution of 2x2 Blocks

C.1.4.1 Non-accelerated Solution with Dirichlet Boundaries

If we write the equations for the 5-point approximations of solutions D’, E’, H’,
and J” for the k+1 stage of iteration, we obtain

4D'=A+C+E'+H’
4E'=B+F +D'+J’

(€D
4H'=G+L +D'+J’
4J)'=K+M+E'+H'
Rearranging, we can write
4D'-E'-H'=A+C
4E'-D'-J'=B+F (C-2)
4H'-D'-J'=G+L
4)'-E'-H'=K+M
Employing the following simplifications,
d=A+C
e=B+F (C-3)
h=G+C
j=K+ M,
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Egs. C-2 can be also expressed in matrix form as

4 -1 -1 o|D’| |4
“1 4 0 —1E]| |e
-1 0 4 —1H| |n
0 -1 -1 4]J'| |

(C-4

The implicit solutions of D’, E’, H’, and J’ in terms of points adjacent to the block can

then be expressed as

D'=Y,(7d +2¢e+2h+ j)
)
H'=Y,(2d+ e+7h+2))
J’=%4( d+2e+2h+7j)

E'=V (2d+7e+ h+2i
Yl / ©5)

Equations C-5 can be represented by the following, rotatable computational stencil for

any point X shown in Fig. C-4.

—

12 24
L1 L
12 24
7 1
+— X +—
24 12

P

24 12

Fig. C - 4: Rotatable, non-accelerated, 2x2 stencil.

C.1.4.2 Accelerated Solution with Dirichlet Boundaries

If it is desired to accelerate the convergence of the iterative process, then the 5-

point SOR equations for the 4 unknown potentials at stage k+1 are
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(V)
D’ :D+Z(A+C +E’+ H’—4D)

)]
E' =E +(B+F +D'+J’ -4E)

(C-6)
® ,
H’:H+Z(G+L +D’+J’ —4H)
®
J' =J +Z(K+M+E’+H’—4J)
Rearranging the terms, Eqs. C-6 can be expressed in matrix form as
4 -0 -0 0|D'| |o(A+C)+4D(1-w)
—0 4 0 -oE| |o(B+F)+4E(1-0) 7

—0 0 4 -olH| |0(G+L)+4H(1-0)
0 -0 -0 47| |[oK+M)+4/(1-0)

The implicit solutions of D’, E’, H’, and J’ in terms of points adjacent to the block can
then be expressed as

1

D’ = g(4__0)_2)[(8 ~?)d +20e + 20k +u)2j]
E/zm[zmm(s—mz)emzhﬂwj] s
H' = W_l—wz—)[mod +w’e+(8-w0)h+ 203]]
J’ = 8_(4—1%032)[0)2‘1 +200¢ + 200k + (8 —wz)j]

where
d=0(A+C) +4D(1-w)
e—o(B +F) +45(1-0) ©9)

h=0(G+L) +4H(1-)
j=o(K+M)+4J(1-0)

The implementation of accelerated block methods results in more complicated

expressions to evaluate, and hence require more effort than non-accelerated block
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methods. Equations C-9 must be evaluated prior to Egs. C-8 to eliminate repeated

calculations of d, e, h, and j.

C.1.5 Complications Due to Enclosed Singularities

Interior mesh points which have fixed potential values are known as singular
points, or singularities, and their fixed values as singular values. In our case, singular
points are those having a potential of either 0 or the maximum electrode potential. If a
2x2 block under consideration encloses any number of singularities, that is points with
known potentials for our application, then the equations must be modified accordingly.
Referring to Fig. C-3, if D is a singular value, we cannot use just the remaining three
equations for £”, H' and J’ from Eqs. C-5 or Egs. C-8. If any singularities are enclosed
within the block, then as permanent Dirichlet boundaries, they must be used instead of
their adjacent points which normally are treated as temporary Dirichlet boundaries. This
modifies the equations for the remaining non-singular points in the block.

This is perhaps best served by the example shown in Fig. C-5. Suppose that D is a
singularity represented by e, then the remaining three non-singular potentials {E’, H’, J’}

in the block must be described not in terms of A and C, but in terms of D.

b

C F
G K

e
R~ M w

Fig. C - 5: Example of 2x2 block enclosing a singularity at D.

Derivations of non-rotatable stencils for all possible permutations of enclosed

singularities appear in Sec. C - 2.1.



C.1.6 Complications Due to Imposed Neumann Boundaries

If a 2x2 block under consideration lies along an edge so that Neumann boundaries
are imposed upon any of the points within the block, similar to the leftmost block in Fig.

C-2.a, then the 5-point operator equations must be modified accordingly (Sec. 2.4.2.3).

C.1.7 Solution Approaches

C.1.7.1 Generalized Inverse Matrix

The first attempt to develop a unified approach to automatically handle enclosed
singularities, handle imposed Neumann boundaries, and implement an acceleration factor
was to derive a generalized inverse matrix. In reality, an nxn block encloses r> points of
which we assume m points to be singularities, which reduces the original n*xn? resultant
matrix an (nz-m)x(nQ-m) matrix. The generalized matrix inverse is always of size n2><n2,
so four Kronecker-delta type variables @, B, ¥, and & are used to enable or remove by
multiplication of 1 or 0, the rows and columns in the inverse matrix corresponding to
some singularity x and the contributions of x to the inverse terms for the other variables.
If the x-related terms are zeroed in the original matrix prior to its inverse, then that matrix
becomes singular and its inverse is undefined.

Consider a generalized inverse matrix M of coefficients of Eqgs. C-2 with the

inclusion of the delta variables for the non-accelerated, Dirichlet-only case,



—(x(—16 +3(B+ x)) -408 ~4ay —ad(B+7y)
—40f B(-16+x(0+8))  —By(o+8) —4B5
—4ary —By (o +8) x(~16 +B(a + 3)) —4y8
; ~ad(B+7) —4B5 —dyS 3(-16+a(B+7)),
M= Det(M)

Der(M)=-16+(a.+8)B +%)-

(C-10)

The inverse matrix has simple terms if Neumann boundaries and acceleration is ignored.

There are several problems with this approach. First, the complexity of the generalized

inverse matrix capable of handling Neumann boundaries on either side and any number of

enclosed singularities plus acceleration is prohibitive from a computational and

performance perspective. Secondly, the majority of blocks are “uncontaminated” by

singularities, so the extra work such as the multiplication of the delta variables imposed

by the generalization exacts a significant time penalty.

C.1.7.2 Implicit Methods

In our situation, we have 3 possible configurations of boundaries surrounding or

imposed on the points of a 2x2 block:

e Neumann boundaries imposed on the leftmost points of the block, Dirichlet

boundaries adjacent to the other 3 sides, (Fig. C-6.a),

¢ Dirichlet boundaries around all 4 sides of the block (Fig. C-6.b), and

* Neumann boundaries imposed on the rightmost points of the block, Dirichlet

boundaries adjacent to the other 3 sides (Fig.

C-9
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DO ® SO0 ®SD0
DS e ®eS O e ®OD
L o0 e

a left Neumann  b. pure Dirichlet ¢ right Neumann
boundary boundaries boundary

@® - adjacent Dirichlet boundaries
@ - imposed Neumann boundaries
- updated points

Fig. C - 6: Boundaries experienced by a 2x2 block.

Additionally, the 2x2 block can enclose any one of 2* combinations of singularities.

Altogether, there are 3x2* = 48 combinations of possible scenarios.

C.1.7.2.1 Rotatable and Non-rotatable Stencils

To compute all possible combinations of singularities, a minimum of 6 rotatable
stencils are required, for a total of 18 stencils required to account for the 3 boundary
configurations.

® O o0

® S

® o ®®
© @ L

O @

® - enclosed singularities
- updated points

Fig. C - 7: Minimum required set of rotatable stencils.

Prior to using any stencil for a given block, a 6-bit stencil index is computed based
on the number and position of enclosed singularities and based on the left and right

boundary conditions of that block. This index is used to select the proper rotatable stencil.
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The stencil index is computed as shown in Fig. C-8, where the appropriate bit is logic 1 if

the corresponding condition is true.

msb Isb
LIRja|Bl|E|d

L - left Neumann boundary

R - right Neumann boundary
o - D is a non-singular value
$ - £ is a non-singular value
X - H is a non-singular value
$ - J is a non-singular value

Fig. C - 8: Composition of 6-bit stencil index.

It should be noted that extra effort is required by rotatable stencils to implement
the proper rotation of the stencil. To eliminate this step from the solution process for
each block, 48 unique, non-rotatable stencils are used, one for each possible scenario.
This decreases the execution time at the acceptable expense of increased code.

The methodology presented allows easy expansion of the stencil library to allow

Neumann boundaries to be imposed on the upper or lower row of points of the block.

C.2. Derivation of Computational Stencils

This section provides for each of the 48 possible scenarios,
* the stencil index in 6-bit binary and decimal formats,
* adiagram of the 2x2 block and surrounding points,
* the 5-point operator equations, in matrix form where necessary, and

* the implicit equations for the unknowns within the block
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in the format shown in Fig. C-9. The stencils are arranged in order of increasing number
of enclosed singularities denoted by the e symbol. For comparative purposes, the
equations for the non-accelerated Gauss-Seidel and the successive block over-relaxation
(SBOR) methods are provided for the pure Dirichlet boundaries. For reasons of brevity,
the solutions involving right or left Neumann boundaries are presented for the Gauss-
Seidel block method only: the equations for the SBOR implementation can be obtained

from the sor2x2.cpp file listed in Appendix F or they can be re-derived by the reader.

stencil index

dia. of 2x2 P _ .
block . intermediate equations

Gauss-Seidel

block equations Block SOR equations

Fig. C - 9: Layout of stencil diagrams and equations.

C.2.1 Pure Dirichlet Boundaries

stencil index: 001111 =15

A B
C D E F
G H J K
L M
d=A+C ®=4(1-0)D +w(A+C)
e=B+F A=41-w)E +0(B+F)
h=G+L ¥=41-w)H+o(G+L)
J=K+M O=41-0)J +o(K+M)
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4 -1 -1 oD
1 4 0 -1|E
1 0 4 -1|m|”
0 -1 -1 4] J

D’ = $,(7d +2e +2h +1j)
E'=Y4Q2d +Te+1h+2j)
H' = Y%,(2d +1e+Th+2j)
J’ =%4(ld+2e+2h+7j)

stencil index: 001110 =14
B
E

F
e K
M

Q
N o

d=A+C
e=B+F+J
h=G+L+J

4 -1
-1 4
-1 0

~11| D’ d
OE |[=]|e
4 || H’ h

D’ = Y%4(16d + 4e + 4h)
E’ = Yis(4d +15¢ +1h)
H' = Yis(4d +1e+15h)

4 —-w -w O
-0 4 0 —-©

M:
-0 0 4 -
0 -0 -0 4
(8- w?)® +20A + 20 + 0’0
D=
8(4-w?)
o 202+ (8-0%)A+0"W +200
- 8(4-w?)
, 200 +0%A +(8- 0¥ +200
- 8(4-w?)
, 0D +20A + 207 +(8-0°)0
- 8(4-w?)

®=4(1-w)D+w(A+C)
A=41-0)E+o(B+F+J)
¥=4(1-0)H+0(G+L+J)

4 -o -oD7 [®
—-o 4 0 |E|=|A
o 0 4 |H| |w

, 16D+ 40A + 40
D =
8(8-w’)
400 +(16- 07 )A + 0’ W
B 8(8-w?)
400+’ A+ (16 -0 U
- 8(8 - )

14

7
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stencil index: 001101 = 13

Q 0O
e U o
R~ W

N

d=A+C+H
e=B+F
j=K+M+H

4 -1 oD [d
1 4 -10E'|=|e
0 -1 47| |j

D’ = %(15d + 4e +1j)
E’ = Yo ( 4d +16¢ + 4j)
J'=Yss( 1d + 4e+157)

stencil index: 001011 =11

B

F
K

Q
I O S

J
M
d=A+C+E
h=G+L

J=K+M+E

4 -1 0 |D

0 -1 4|7

d
-1 4 -1|H"|=|h
J

O=4(1-0)D+0(A+C+H)
A=4(1-0)E+w(B+F)
¥Y=41-0)]+o(K+M+H)

4 -0 O0]|D o
-0 4 -~o|E|=|A
0 -0 4 |J ¥

 (16-w? )0 + 40A + 0@
B 8(8 - )

400D +16A + 40W
T 8(-0?)
, 0@ +40A +(16 - 02 )W
- 8(8-w?)

D

’

®=4(1-0)D+w(A+C+E)
A=4(1-0)H+o(G+L)
VY=41-w)+u(K+M+E)

4 - O0|D O
-0 4 -o|H |=|A
0 -0 4| v
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D' = %(15d + 4R +1))
H' = Yis(4d +16h + 4))
J’ = Vs (1d + 4h +15)

stencil index: 000111 =7

eSS

Q O
N~
DN oW

X

e=B+F+D
h=G+L+D
jJ=K+M

4 0 =1TET Te
0 4 -1|H|=|h
-1 -1 4|0 |j

E’ = Yis(15¢ +1h + 47)
H’ = Y (le +15h + 45)
T’ = Vs (4e + 4h +16)

stencil index: 001100 = 12

A B
¢C D E F
' o K
M

Q
It~

16 —w’ J0 + dwA +0*W
3(8-w’)
, 40D +16A + 40
H =
8(8-w?)
, 0@ +40A+(16 -0 )W
- 3(8-w’)

ool

D = 4(1- ®)E + (B +F + D)
A=41-w)H+0(G+L+D)
V=4(1-w)+o(K+M)

4 0 -ol|E (6]
0 4 —wi|H |=iA
-0 -0 4 |J 'Y

(16 — W) + 0*A + 40W
8(8 - w?)
0’ + (16— w? A + 40W
H'=
8(8—w?)
40D + 4oA +16W
C 8(8-w?)

E'=

’

C-15



d=A+C+H
e=B+F+]

4 -1TD"] [d
N
D’ = ¥s(4d +1e)

E’ = Ys(1d + 4e)

stencil index; 000011 =3

A B

C o o F
G H J K
L M
h=G+L+D
j=K+M+E

e
H'=Ys(4h+ j)
J' = Ys(h+4))

stencil index: 001010 = 10

B
LI
e K
M

Q
T VI W R N

d=A+C+E
h=G+L+J

AR

O=w(A+C+H)+4(1-w)D
A=wB+F+J)+41-0)E

4 —-w| D ()
-0 4 |E'| |A
, 4D +0A , 0D +4A
D= ——, S
16—w 16 —w

©=0(G+L +D)+4(1-w)H
A=0(K+M+E)+4(1-w)J

4 -w]|H 3 ()
-0 4 |J | |A
, 4D +wA . oD +4A
H=—— J=—
16 —w 16 —w

©=0(A+C+E)+4(1-w)D
A=o0(G+L+J)+4(1-w)H

o lmH
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D’ =)s(4d +h) poAPtor L o®+4A
H' = Ys(d + 4h) 16 —w? ’ 16 — w?

stencil index: 000101 =5

A B
C o E F
G e J K

L M
e=B+F+D ©®=w(B +F +D)+4(1-w)E
J=K+M+H A=0(K+M+H)+4(1-0)]
4 -1TET e 4 -olE] [@
1 47| ~0 4 |J] A
E’=Ys(4e +j) g iPtoA | @®+4A
J' = Ys(e+45) 16-w* ’ 16 —w?

stencil index: 001001 = 9

A B
C D o F
J K
L M

w
D' = Vi(A+C+E+H) D’=—Z(A+C+E+H)+(l——w)D

=1 w
J'=Vi(K+M+E+H) I=2(K+M+E+H)+(1-0)

stencil index; 000110 =6

Q 0
N e
R e I W

ey
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,_0

E 4(B+F+D+J)+(l—-w)E

E'=Y,(B+F+D+J)

’ oy
H'=J(G+L+D+J) H’:—‘;l(G+L+D+J)+(1—w)H

stencil index: 001000 = 8

w
D'=Vi(A+C+E+H) D’=—4—(A+C+E+H)+(l—a))D

stencil index: 000100 = 4

A B
C o FE F
G o o K

L M

)
E'=Y(B+F+D+J) E’:—Z(B+F+D+J)+(l—w)E

stencil index: 000010 =2

A B
C o o F
G H o K

L M

' w
H =Y%(G+L+D+/J) H’=Z(G+L+D+J)+(l—a))H
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stencil index: 000001 = 1

A B
C o o F
K

Q
°

J
L M
J'=Yi(K+M+E+H) JE€3K+M+E+HHn—wM
stencil index: 000000 = 0
C o o F

. o K
L M

Q

no computations required as all values of block are known

C.2.2 Neumann Boundaries Along the Right Side

stencil index: 011111 =31

A B d=A+C
C D E ¢e=B
G H J h=G+L
L M j=M

4 -1 -1 o D7 [d] D'=Hal52d+15e+17h+ 8,)
-2 4 0 -1|E| |e E’ = }{61(30d +52¢ +16h +17 )
“10 4 SN R g = G (17d + Se+ 528415 ))
0 -1 -2 4| |j

J* = Yo (16d +17¢ +30h +52 )

C-19



stencil index: 011110 =30

A B
C D E
G H o

L M
d=A+C 4 -1 —1\D"| |d| D’ =Ya(16d+4e+4h)
e=B+J -2 4 0| E'|=|le| E =%(8d+15¢+2h)
h=G+L+J -1 0 4| H'| |h| H =Y(4d+le+14h)

stencil index; 011101 =29

A B
C D E
G o J

L M
d=A+C+H 4 -1 op] [d] D'=r(15d+4e+1j)
e=B -2 4 -1lE'|=le| E'=Y(8d+16e+4))
j=M+2H O =1 47 Lil v =4(2d+4e+14))

stencil index: 011011 =27

A B
C D o
G H J

L M
d=A+C+E 4 -1 0]p [d] D' =k14d+4n+1j)
h=G+L -1 4 —1|H'|=|h| H'=)Ya(4d+16h+4))
j=M+E 0 =2 4] 7] Lil 7 =k(2d+8h+15))

C-20



stencil index: 010111 =23

C
G

A

H
L

R~ W

e=B+2D

h=G+L+D
j=M

stencil index: 011100 = 28

A

B

¢C D E

d=A+C+H

e=B+J

stencil index: 010011 = 19

C
G

h=G+L+D

A

H
L

B

J
M

j=M+E

stencil index: 011010 = 26

Q
N U o

B

4 0 -1|E
0 4 -1|\H
-1 =2 4 J

4 -1
-2 4

-2 4

[

I

D/
E/

H/
Jl

C-21

|

d

e

J

E’ = fo(l4e+2h+4j)
H' = fo(le+15h+4j)
J" = Vo (4e +8h+16)

D’ = Y,(4d +1e)
E' = %4(2d +4€)

H' = Y, (4h+1j)
T’ = Y(2h+4j)



d=A+C+E 4 -1§D’
h=G+L+J -1 4| H

stencil index; 010101 =21

H D’ = Ys(4d + h)
h H' = }{s(d + 4h)

A B
C o E
G o J

L M
e=B+2D 4 —1TET [e E’ = fs(de+ j)
R WO S

stencil index: 011001 = 25

D'=V(A+C+E+H)
J'=%(M+E+2H)
stencil index: 010110 =22
A B
C o FE
G H o
L M

E'=Y%(B+2D+J)
H =) (G+L+D+J)
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stencil index: 011000 =24

D’=%(A+C+E+H)
stencil index: 010100 = 20

A B
C o E
[ ] [

L

Q
<

E':%(B+2D+J)
stencil index: 010010 =18

A B

C o °
G H o
L M
H =% (G+L+D+J)

stencil index: 010001 = 17

J' =% (M+E+2H)
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stencil index: 010000 = 16

C o 'Y
G o °
L M

no computations required as all values of block are known

C.2.3 Neumann Boundaries Along the Left Side

stencil index; 101111 =47

A B d=A

D E F e=B+F

H J K h=L

L M j=K+M

4 -2 -1 O | D d

-1 4 0 -1|E e

-1 0 4 -—1lH'| |h

0O -1 -2 4 \|J’ j
stencil index: 101110 = 46

A B

D E F

H ¢ K

L M

d=A 4 -2

e=B+F+J -1 4

h=L+2J -1 0

D’ = Y (52d +30e +17h +16 )
E’=Yfa(15d +52¢+ 8h+17))
H' =} (17d +16e +52h +30 )
J" = Yo 8d+17¢+15n+52

~1{D’| |d| D’'=)(16d +8e+4h)
0| E'|=|e| E'=)(4d+15e+1h)
4 |H"| |h| H’'=Y%(4d+2e+14h)
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stencil index: 101101 = 45

A
D
.

L

DN MW
T

d=A+H
e=B+F
j=K+M+H

stencil index: 101011 = 43

B

F
K

ISV & BN

J
M
d=A+2F

h=L
J=K+M+E

stencil index: 100111 = 39

A

B
e F F
H J K
L M
e=B+F+D

h=L+D
j=K+M

4

0

4
-1
0

4
0
-1

-2
4
-1

-1
4
-1

0
4
-1

0 || D’
s
4 1 J’

0| D’
-2 H’
4 11 J’

-1 E’
-2 H’
4 || J’

C-25

d

e

J

~.

D’ = Y% (15d +8e+2)
E’= Yo (4d +16e + 4 )
J'= Yo (ld +4e +147)

D’ = % (14d + 4h +2))
H'=},(4d +16n+8 )
J' = fo(ld + 41 +15))

E' = )Yy(14e +1h+4))
H' =} (2e+15h+8))
J' = Yoo (4e+4h+16)



stencil index: 101100 = 44

A B
D E F
e o K
L M

d=A+H
e=B+F+J

stencil index; 100011 = 35

A B
™ ° F
H J K
L M
h=L+D

j=K+M+E

stencil index: 101010 = 42

B
o F
e K
M

N OIS

d=A+2E
h=L+2J

stencil index: 100101 =37

A

[ ]
R~ W
e

|

K

K

4

4

4

-2
4

-1
4

il

[2]

|

H/
Jl

Dl
Hl
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|

|

|

d

e

h

d
h

J

D’ = Y,(4d + 2¢)
E’ = Y,(1d + 4e)

H'= Y (4h+2j)
J" = Yu(1h + 4j)

D’ = 4s(4d + h)
H' = Ys(d + 4h)



e=B+F+D 4 1 E’

j=K+M+H -1 4 |J|
stencil index: 101001 = 41

A B

D e F

e J K

L M

D'=Yi(A+2E+H)
J'=ViK+M+E+H)

stencil index: 100110 = 38

E'=Vi(B+F+D+J)
H =) (L+D+2J)

stencil index: 101000 = 40
A B
D e F
° o K
L M

D' =){(A+2E+H)
stencil index: 100100 = 36
A B
e F F
. e K
L M
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e

E’' = Ys(4e+ j)
J'=Ys(e+4j)



E'=)i(B+F+D+1J)

stencil index: 100010 = 34

A B
° o F
H o K
L M

H =Y (L+D+2J)

stencil index: 100001 = 33

A B
° ° F
e J K
L M

J'=Ji(K+M+E+H)

stencil index; 100000 = 32

A B
° o F
° o K
L M

no computations required as all values of block are known

C.3. Extensions to Larger Blocks
The next largest block size after 2x2 blocks is 3x3 blocks. If left and right
Neumann boundaries and enclosed singularities are to be considered, then for every 3x3

block that is evaluated,

* 9 mesh points contribute to the stencil index instead of 4,
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¢ 9 coefficients must be pre-calculated instead of 4 d, e, h,j),
* upto 9 terms instead of 4 must be summed together to update a given potential, and
e the denominators are much more complicated, involving more computations.

The ultimate prohibiting factor is that a total of 1536 different scenarios must be
handled. Stencil rotation is too involved, a generalized inverse matrix with Kroniker
delta-type multipliers should not even be considered, and coding 1536 unique non-
rotatable stencil is too error prone and requires massive amounts of code that would need
to be debugged and compiled.

If larger stencils are used, it is recommended that they only be used on singular-
free mesh regions. If Neumann boundaries are supported, then only 3 stencils would be

required for any block size, nxn.
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APPENDIX D

ITERATIVE LINE METHODS

D.1. Introduction

This appendix deals with the implementation of line methods for the iterative
solution of Laplace’s equation on a discrete mesh. Line iterative methods iterate the mesh
points, line-by-line, simultaneously solving for all points on a given line. The lines of

points to be solved may be horizontal rows or vertical columns of points.

D.1.1 Restrictions on Boundaries

For the purposes of this thesis, the scope of the research has been restricted to the
modeling of Laplacian fractals within the following configurations:
e paralle] plates,

e coaxial with centre point or disc electrode,
¢ rectangular with centre disc electrode.

As a direct result of our restricted set of configurations, the topmost and
bottommost mesh rows are always Dirichlet boundaries. Additionally, the leftmost and
rightmost columns are always Dirichlet boundaries, except for the parallel plates
configuration in which they both become Neumann boundaries. Refer to Chapter 2 (Sec.

2.4.2) for a discussion of singularities and Dirichlet and Neumann boundaries.
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D.1.2 Complications Due to Enclosed Singularities

The existence of singularities in a line of points necessitates the segmentation of
that line into singularity-free line segments, each segment terminated by Dirichlet or
Neumann boundaries. This must be done since the solution of that line cannot modify the
Vélues of the singular points.

Writing out the 5-point operator equations for all points along a line segment or a
singularity-free line results in a tridiagonal matrix of coefficients which can be easily
inverted. The potentials for points on short line segments are quickly solved using
precalculated matrix inverses, the potentials for points on longer line segments are solved
using tridiagonal algorithms.

In contrast, point iterative methods deal with singularities by “skipping” over
them, block iterative methods handle enclosed singularities by using a library of unique
stencils, and line iterative methods handle enclosed singularities by segmentation of the
line into singularity-free line segments.

The implementation of the simultaneous solution of 2 adjacent lines of points,
Successive 2-Line Over-Relaxation (S2LOR), is not recommended due to the severe non-
aligned segmentation caused by non-aligned, scattered singularities which may occur

throughout the 2 lines to be solved.

D.1.3 Conventions for Short Line Segments
Figure D-1 shows the labeling convention used hereafter for short row segments
consisting of 1, 2, 3, and 4 mesh points at the k" stage of iteration, with unknown

potentials represented by F, G, H, and J, (dependent on the segment size), and having



adjacent points with potentials of A, B, C, D, L, M, N, and P. It is desired to find the
solution A’, B’, C’, and D’ at the iteration stage k+1. The letters A through M are used for
clarity and brevity instead of the longer double-scripted Ui,jk notation, and the letters A’,

B’, C’, and D’ are used instead of the Ui,jk“ notation in Chapter 2.

A A B

E F K E F G K
L L M

a. segment with 1 point (F) b. segment with 2 points (F,G)
A B C A B C D
E F G H K E F G H J K
L M N L M N P
¢. segment with 3 points (F,G,H) d. segment with 4 points (F,G,H.J)

Fig. D - 1: Examples of short segments.

This row segment labeling scheme can be rotated 90° clockwise and applied to column
segments.

The remainder of this appendix is dedicated to formulas required to solve for rows
and columns of points using line iterative methods. For each of the 4 possible segment
boundary conditions, the generalized matrix of 5-point operator coefficients is provided,
and for small segments of less than 5 points, provided are:

° alabeled diagram of the line segment and surrounding points,

* the 5-point operator equations, in matrix form where warranted, and

e the implicit equations for the unknown potentials of points constituting the segment.
Singularities at segment endpoints are represented by eg and ek, and points with imposed

Neumann boundaries are indicated by surrounding [ ] brackets, such as [A]. For
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comparative purposes, the equations for the non-accelerated Gauss-Seidel method
(GLOR or GSLOR) appear in the left half of the pages, and the equations for the
accelerated successive line over-relaxation (SLOR) methods appear on the right half of

the pages

D.2. Horizontal Lines

The solution of horizontal lines, or rows, of points is the orientation most

commonly associated with line methods.

D.2.1 Typical Rows of Points

Parallel plate capacitors are modeled as having Dirichlet boundaries along the
plates, and Neumann boundaries along the leftmost and rightmost columns. Figure D-2
shows several horizontal rows of points from a discrete, mesh-based representation of a
parallel plate capacitor. The upper highlighted row is singularity-free and has Neumann
boundaries imposed upon both its endpoints. The second highlighted row contains 2
enclosed singularities due to the corona branches “cutting” or crossing that row. The
properly segmented row consists of 3 line segments, such that:

e the left segment contains the left Neumann boundary, and a right Dirichlet boundary
due to the leftmost singularity,

e the middle segment has Dirichlet boundaries due to the singularities at its endpoints,
and

* the right segment contains the right Neumann boundary, and a left Dirichlet boundary

due to the rightmost singularity.
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Thus, for rows of points, we have 4 possible combinations of boundaries imposed upon
the segment endpoints. During the solution of any given row, both adjacent rows are

treated as temporary Dirichlet boundaries.

Q000000000
IEEEEEEEEX )
O0OO@®0000O0O0
OCO®ee00Oe®®O
DO o eoooeloo
OOCOCeeeee®0 O
® ..... ® ..... ® ..... ® ..... ® ..... . ..... ® ..... ® ..... ® ..... ®

@® - singularities due to corona
® - imposed Neumann boundaries
- updated points

Fig. D - 2: Typical rows of mesh points.

D.2.2 Solution Approaches

Writing out the 5-point operator equations for all points along a line segment or
singular-free line results in a tridiagonal matrix which can be easily inverted. The
potentials for points on long line segments, consisting of at least 5 points, are solved
using tridiagonal algorithms. The potentials for points on short line segments, consisting
of less than 5 points, are quickly solved using precalculated matrix inverses. In areas of
dense fractal growth, many very short line segments exist, and a fast solution method is
essential for computation speed.

The following sections detail the general solution for long row segments and the

direct solutions for short row segments for the four different boundary conditions.
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D.2.3 Pure Dirichlet Boundaries

D.2.3.1 General Matrix Form

It can be shown that the generalized matrix M of coefficients of the 5-point

operator equations has the form

4 -1 0 0 0
-1 4 . 0 0
M={0 "= "=, -1 0]{- (D-1)

0 0 0 -1 4

D.2.3.2 Direct Solution of Short Segments

1-point row segments:

F'=Yi(A+L+e,+e,) F'=%(A+L+-E+-K)+(1—w)F

2-point row segments:

A B
o, F G o

L M

f=A+L+e, 0=41-0)F+o(A+L +e,)

g=B+M+e, Y=41-0)G+0(B+M+e,)

R AR R
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F'=Ys(4f +g)
G"=)s(f +4g)

3-point row segments:

A B C
o, F G H o
L M N
f=A+L+e,
g=B+M
h=C+N+e,
4 -1 O }F f
-1 4 -1|G'|=|g
0 -1 4 |H h

F'= Y (15f + 4g +1h)
G’ = Vs (4 +16g + 4h)
H’ = Yis (1f + 4g +15h)

4-point row segments:

D-7

F,___4¢+w2(
16—

G = 03¢+42’
16-w

0=4(1-0)F+0(A+L+e,)
Y=4(1-0)G+w(B+M)
N=41-0)H+0(C+N+s,)

4 -0 0 |F [0}
-0 4 -G |=|¥y
0 - 4 |H n

o (16 - )p+ 4oy + 0’

8(8-w?)
G’ = 400 + 167 + 40m
8(8-w’)
¢+ 4wy +(16 -0’ )
H =
3(8-w?)

0=4(1-0)F+0(A+L+e,)
Y=4(1-0)G+w(B+ M)
N=41-w)H+o(C+N)
A=4(1-0) +0(D+P+e,)



4 -1 0 OYF] [f 4 -0 0 OTF
-1 4 -1 oG |g o 4 -w 0|c
By
J

B 0 -0 4 -olH

0 -1 4 -1|H
0 0 -1 4]|J 0 0 - 4|J

™ 3 <] &

F'= Yoo (56 f +15g + 4h+1j)
G’ = Voo (15f +60g +16h + 47)
H'= Yoo (4f +16g+60h+15j)
J'=Yoo( 1f + 4g+ 15h+56))

[see D.4.]

D.2.4 Left Side Neumann Boundaries

D.2.4.1 General Matrix Form

It can be shown that the generalized matrix M of coefficients of the S-point

operator equations has the form

M=|0 " - -1 0] (D-2)

0 0 0 -1 4

D.2.4.2 Direct Solution of Short Segments

1-point row segments:

A

[F] o
L

F'=Vi(A+L+2e,) F’=(1—(o)F+%):(A+L+2-K)
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2-point row segments:

A B
[F] G o
L M

f=A+L
g=B+M+e,

F'=Y.(4f +2g)
G' =4 f+4g)

3-point row segments:

A B C
[Fl G H
L M N

f=A+L
g=B+M
h=C+N-+e,

4 -2 OTF
-1 4 -1|¢'|=
0 -1 4|H

~

S 0o

F'=Y%(15f+8g+2h)
G’ = Vo (4f +16g + 4h)
H' =Y (1f +4g +14h)

D-9

¢0=4(1-0)F+w(A+L)
Y=41-0)G+0(B+M+e,)

o Vel

,_ 40+ 20y
Fle—
16 -2
G = w¢+43;
16-2w
¢0=41-0)F+w(A+L)

Y=4(1-0)G+w(B+M)
N=41-0)H+0(C+N+e,)

4 20 0 |F’ [0}
-0 4 -G |=|Y
0 -0 4 |H n

(16— Jo + 8wy + 20077
F'=
4(16 - 30%)
_ 40 +16y + 4o
~ 4(16-30%)
_0’¢+4wy+(16- 20
- 416 - 30?)

’

H/




4-point row segments:

A B C D

[F1 G H J o,

L M N P
f=A+L ¢0=41-0)F +o(A+L)
g§=B+M Y=41-0)G+w(B+M)
h=C+N N=41-w)H +w(C+N)
J=D+P+e, A=41-w)] +0(D+P+e,)

4 2 0 OfF f 4 20 0 OF o
-1 4 -1 0 |G g -0 4 -0 0 |G Y
h n
J A

0 -1 4 -—-1|H'
0 0 -1 41}J

~

F' = Yos(56f +30g + 8h+27)
G’ = Yos (151 +60g + 161 + 4j)
H' = Yoo 4f +16g +56h +14j)
J'=Yos( 1f + 4g+ 14h+52))

[see D.4.]

D.2.5 Right Side Neumann Boundaries

D.2.5.1 General Matrix Form
It can be shown that the generalized matrix M of coefficients of the S-point

operator equations has the form

[4 -1 0 0 0
-1 4 . 0 0
M={0 ", . -1 0] (D-3)
0 0 -1 4 -1
0 0 0 -2 4




D.2.5.2 Direct Solution of Short Segments

1-point row segments:

A
o [F]
L

F'=Yi(A+L+2e,) F’=(1—-03)F+%:—(A+L+205)

2-point row segments:

A B
., F [G]
L M
f=A+L+e, 0=4(1-0)F+w(A+L+e,)
g=B+M Y =4(1-0)G+0(B+ M)
4 -1TF7 [f 4 —oTF7 [¢
2 46| |g 20 4G |y
Fro A0toy
F'=}(4f +8) T 16-20°
G’ =Ys(2f +4g) G = 209+ 4y
16 - 20°
3-point row segments:
A B C
. F G [H]
L M N
f=A+L+e, O0=4(1-0)F +w(A+L+e,)
g=B+M Y=41-0)G+w(B+M)
h=C+N N=41-0)H +o(C+N)
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4 -1 OTF7 [f
-1 4 -1)G'|=|¢g
0 2 4|H| |&

F’ =) (14f + 4g +1h)
G’ =V (4f +16g + 4h)
H' =% (2f+8g+15h)

4-point row segments:

B C D
G H [J]
M N P
S=A+L+e,
g=B+M
h=C+N
J=D+P

4 -1 0 OTFT [f
-1 4 -1 0|G'| |g
0 -1 4 -—1|H| |h

J

0 0 -2 4|

F'=You(52f +14g + 4h+1j)
G’ = You (141 +56g + 16k + 47)

H' = You(4f +16g +60h+155)
J'=Yos( 2f + 8g+ 30h+56/)

D-12

4 - OF 0
-0 4 -0|G|=|y
0 20 4 |H n

(16 - 2002 )0 + 4y + 0’1
416 -30?)
400 + 16y + 4o
T 416-307)

e 2070 + 8wy + (16— )

’

416 -30?)

=4(1-0)F+0(A+L+e,)
4l-0)G+u(B+M)
4(1-w)H +o(C+ N)
41-w)J +o(D+P)

¢
Y
i\
A

N
]
e
o
(o]

F’
-0 0 |G
- || H’
=20 4 | J’

[see D.4.]
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D.2.6 Pure Neumann Boundaries

The situation of Neumann boundaries imposed on both endpoints of a line
segment can only occur when the line segment is an entire inner row of a parallel plate
model. Since there are many points on a line, generally more than 100 points,
precalculated inverses are not utilized in practice and are therefore not provided.

It can be shown that the generalized matrix M of coefficients of the 5-point

operator equations has the form

4 2 0 0 O
-1 4 . 0 0
M={0 " " -1 0/ (D-4)
0 0 -1 4 -1
0 0 0 -2 4]

which can be easily inverted by tridiagonal algorithms [PTFV92].

D.3. Vertical Lines

The solution of vertical lines, or columns, of points is generally performed before

or after the solution of all rows of points to enhance the convergence rate.

D.3.1 Typical Columns of Points

Parallel plate capacitors are modeled as having Dirichlet boundaries along the
plates, and Neumann boundaries along the leftmost and rightmost columns. Figure D-3
shows several vertical lines of points from a discrete, mesh-based representation of a
parallel plate capacitor. The leftmost highlighted column has Dirichlet boundaries at it
endpoints and Neumann boundary conditions imposed on all its points due to the left side

Neumann boundary of the capacitor. The rightmost highlighted column has Dirichlet
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boundaries at it endpoints and Neumann boundary conditions imposed on all its points

due to the right side Neumann boundary of the capacitor. The middle highlighted column

contains 2 enclosed singularities due to the corona branches “cutting” or crossing that

column. The properly segmented column consists of 3 line segments, such that:

e the top segment contains a Dirichlet boundary due to the known upper plate potential,
and a Dirichlet boundary due to the uppermost singularity,

e the middle segment has just Dirichlet boundaries due to the singularities at its
endpoints, and

e the bottom segment contains a Dirichlet boundary due to the known lower plate
potential, and a Dirichlet boundary due to the lower singularity.

Thus, for columns of points, we have 3 possible combinations of boundaries imposed

upon any segment. During the solution of any given column, both adjacent columns are

treated as temporary Dirichlet boundaries.

®0 0 olole 0 0 Olw
BlOOO®®e®O0 0
B0 O @ O® OO0 O®
POC®®e®0 00D
®O O O6® 0 O®
®/O O O|®|® O O Ol®
6@ ..... ® ..... ® ..... ® ..... ® ..... ® ..... ® ..... ®w§d

® - singularities due to corona
® - updated points with

imposed Neumnann boundaries
- updated points

Fig. D - 3: Typical columns of points.

It can be shown that the generalized matrix M of coefficients of the 5-point

operator equations for any vertical (column) segment has the form



D.3.2 Pure Dirichlet Boundaries

4 -1
-1 4
M=o -~
0 0
0 0

0
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D.3.2.1 Direct Solution of Short Segments

1-point column segments:
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2-point column segments:
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=
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3-point column segments:
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g=B+M
h=C+N +e,

4 -1 OF7 [f
-1 4 -1{G"|=|¢
0 -1 4|H| |h

F' =Y (15f + 4g + 1h)
G’ = Vs (4f +16g + 4h)
H' =Y (1f + 4g +15h)

4-point column segments:

L ]
™

V2RO~
S~ QMY
O O w x>

®
>

0=4(1-0)F+0(A+L+e,)
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0 -0 4 |H mn

o (16 -0 )p+ 400y + 0™
3(8-w’)

G = 40 + 167 + 4om
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g OO+ 40y +(16 -0
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f=A+L+e, 0= 4(
g=B+M v =4(
h=C+N N=4(1-w)H +o(C + N)
j=D+P+e, A= 4(

4 -1 0 OTF] [f 4 -0 0 OTF

-1 4 -1 0|G'| |g -0 4 -0 0 |G
|

J

0 -1 4 —1|H'|" 0 -0 4 -ol|#
0 0 -1 47 0 0 - 4|y
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F’ =Yoo (56f +15g + 4h+15)

G’ = Yoo (151 +60g + 16k + 4j)
H' =Yoo ( 4f +16g +60h +15j)
J =Yoo 1f + 4g+ 15h+56)

[see D.4.]

D.3.3 Left Neumann Boundaries

All points on column segments from the leftmost column of mesh points will
experience Neumann boundary conditions. This situation occurs when solving the
potentials along the leftmost column of the mesh used for modelling a parallel plate

capacitor.

D.3.3.1 Direct Solution of Short Segments

1-point column segments:

®c

[F] A

®x

F'=Y(24+e, +e,) F'=(1—03)F+%)(2A+'E+°K)



2-point column segments:

®:

[F] A
[G] B

®x

f=24A+e,
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F'=Ys(4f +g)
G’ = As(f +4g)

3-point column segments:
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o (16— @) + 4wy + w’n

F’ =Y (15f + 4g + 1h) 8(8-w’)
G’ = Vs (41 +16g + 4h) G,=4(J~)¢+16'Y'§2—4(0n
H' = Yio(1f +4g +15h) 3(8-0?)
H,=C°2¢+4wy+(16—w2)n
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4-point column segments:
‘E
[F] A
[G] B
[H] C
V1 D
.K
f=28%e, 0= 4(1-0)F + (24 +e,)
§=25 Y =4(1-0)G+w(2B)
h=2c M= 4(1-0)H +n(2C)
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[see D.4.]

D.3.4 Right Neumann Boundaries

All points on column segments from the rightmost column of mesh points will

experience Neumann boundary conditions. This situation occurs when solving the
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potentials along the rightmost column of the mesh used for modelling a parallel plate

capacitor.

D.3.4.1 Direct Solution of Short Segments

1-point column segments:

°c

L [F]

*x

PonaL g ) =) + 2L e, o)

2-point column segments:

*:

L [F]
M [G]
f=2L+e, 0=4(1-0)F +0(2L +e,)
g=2M+e, Y=4(1-0)G+w(2M+e,)
4 -1TF7 [f 4 -oTF7 _[o
e o L))
Fro A0ty
F'=Ys(4f +g) 16 —w”
G’ = Ys(f +4g) =0ty
16 -’
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3-point column segments:
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4-point column segments:
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f=2L+e, =4(1-w)F+w(2L +e,)
g=2M =4(1-0)G+w(2M)
h=2N N=4(1-w)H +®(2N)
j=2P+e, A=4(1-0) +o2P+e,)

4 -1 0 OTF] [f 4 —0 0 OTF] o
-1 4 -1 0|G g -0 4 -0 0 |G Y
0 -1 4 —1|H||h 0 - 4 -o|H]| |n
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G’ = Yoo (151 +60g + 16k + 4)
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[see D.4.]

D.3.5 Pure Neumann Boundaries

Inherent to the model configurations examined in this thesis, no column segment
can experience Neumann boundary conditions along its right and left sides
simultaneously, for that would imply a non-sensical situation of a single column of points

with open boundaries along either side.

D.4. Implementation

The tridiagonal inversion algorithm which is employed is simplified by having
“1”s along the upper diagonal U and the lower diagonal L (see listings for sline.cpp). For
non-accelerated methods, the diagonal D consists of -4’s. For accelerated methods, U and
L remained unchanged while elements of D consists of -4/w. Introduction of Neumann
boundaries affects only the 1% element of U or the last element of L. For accelerated

(SLOR) solution for segments containing more than 3 points, the tridiagonal inverse
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algorithm is used instead of direct methods utilizing precalculated inverses. This is due to
the added computational complexity when an acceleration factor is introduced.

The methods.exe program [see listings in Appendix G] was written in part to
rigorously test and verify the code for the solution of Laplace’s equation by the method of
lines. The solutions for all possible short segments as well as some longer segments, for

all possible boundary conditions, were tested and then verified using Mathcad®.

D.5. Summary

For our selected set of electrode configurations,

* row segments experience Dirichlet boundary conditions along adjacent rows and
Neumann or Dirichlet boundary conditions at their endpoints, and

¢ column segments experience Dirichlet boundary conditions at their endpoints and
Neumann or Dirichlet boundary conditions along their adjacent columns.

Experiments show that the introduction of

* Neumann boundaries does not increase the computational time since all cases are
solved identically (from a methodology viewpoint), and

* singularities decreases the computational time due to the utilization of direct methods

for solving short segments.
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APPENDIX E

SIMULATED DIELECTRIC DISCHARGES

E.1. Introduction

Integral to the research for this thesis were simulations of dielectric discharges for
varying parameters and methods. This appendix contains the resultant Laplacian fractals
and their associated field distributions. The gray scale shaded field distributions were
computed to verify that the iterative solution methods were “behaving” properly and that
nothing was going awry in the global sense of the entire process. The parameters and
conditions under which the Laplacian fractals were grown are discussed in Chapter 4.

The software for the initial simulations failed to capture the lower and right sides
of the frames containing the field patterns and the Laplacian fractals; I offer my sincere -

apologies for this initial programming mistake.
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iterations

rand2 (81)

Note: used a 50x50 local update region. Compare with app220.
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n/a

Note: Discharge grew vertically so rapidly, the computed field contours lag far behind.
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trfnn13 GS GS n/a Lorenz

Note: some vertical noise in fractal (right side window). Most likely to a faulty screen capture or accidental over-writing.
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Note: black noise generator.

Discharges heads into oncoming left-to-right tag scan.
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Note: used a 51x51 local update region. Compare with trfnnd.
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Comments: note the numerical problem in the field alongside the left and right Neumann boundaries due to coding error.
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