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Abstract

The applications of quaternion polynomial matrices appear in many fields like
applied mathematics, engineering and statistics. In this thesis, we discuss some
well-known normal forms of quaternion polynomial matrices.

In the first chapter, we outline some of the basic mathematical definitions and
results relevant to quaternions. In the second chapter, we introduce some prop-
erties of polynomial matrices. In the third chapter, we discuss some properties of
quaternion polynomial matrices. Firstly, the definitions and algorithms of great-
est common right divisors (GCRDs) and least common left multiples (LCLMs)
of the quaternion polynomials are given. Secondly, we discuss the algorithms for
computing several normal forms including the Hermite form, the Smith form and
the Popov form. The Maple codes for constructing examples are presented in the

fourth chapter.
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Notation and Terminology

Here are a list of special symbols to be used in Chapters 1 to 3.
R Real field
H  Quaternion field
R(x)  The real part of =

$(x)  The vector part of x

x*  The conjugate quaternion of x
|z|  The norm of
x~1  The inverse of

X The cross product

Top  The linear transformation

Hy @ Spang{xo}  Denoting the 2-dimensional plane in H, orthogonal to x
Sim () The relations of similarity

Con(-)  The relations of congruence

(-,-)  The inner product of two quaternions
vzb Subspace and denoting Span {z,y,}
v,,  Subspace and denoting Span {z_,y_}
o;  The singular values

Ker  Denoting the nuclear space

Cen(a)  Denoting the centralizer of a
[paﬁ]i 5—1 3 x 3 real orthogonal matrix

¢  Denoting the an endomorphism or an antiendomorphism map

dimg(M)  The dimension of a subspace M of H"
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A*  The adjoint matrix of matrix A

Ran(A)  The range of quaternion matrix A

rank(A)  The rank of quaternion matrix A

Xnn  The isomorphism of the real algebra H"*" into the real subalgebra
WEH(A)  The numerical range of quaternion field

*

WE(A)  The numerical range of complex field

*

WZE(A)  The F-joint numerical range

*

¢ The quaternion-valued ¢-inner product

(u, v)
Z*%  The ¢-orthogonal companion
Inv(-)  Denoting inverse

diag  Denoting diagonal matrix
deg  Denoting polynomial times

det  Denoting determinant of polynomial matrix

adj(A)  Denoting adjoint matrix of A



Introduction

Linear system

We know that the mathematical basis of the complex frequency domain theory
of linear system theory is mainly the polynomial matrices and the rational func-
tion matrices. Delphine Boucher and Felix Ulmer[3] presented a sufficient and
necessary condition for the stability of a polynomial matrix. Dazhong Zheng[49]
made a summary and analysis of the complex frequency domain theory for linear
systems, the matrix fraction description of polynomial matrix theory and transfer
function was defined in detail. O.M.Grasselli and A.Tornambe[14] put forward a
way of computing a state-space realization of a linear dynamical system through
the polynomial matrix description of the system. As the same time, they gave
the algorithm of obtaining its dynamic matrix through unimodular transforma-
tions, where it is important intermediate step to find the realization algorithm of
a square diagonal polynomial matrix.

In [29], J.L.Ramos has used the block observability to develop a method for
finding the block partial fraction expansion of an irreducible right or left matrix
fraction description with distinct and/or repeated solvents of the denominator
matrix polynomials. In Wei-Dong Zhang and Xiao-Ming Xu[50], the problem
of minimal-order stabilization in the case where the plant is minimum phase
was studied. A low bound on the order of stabilizers was derived and a set of
minimal-order stabilizers were characterized. The low bound is related to the

number and location of the plants unstable and lightly damped poles and the
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number of zeros. How to construct a minimal-order or low-order stabilizer for
a general case was also discussed and the algorithm was provided. S.Bingulac
and N.F.Al-Muthairi[I] found a one-to-one relation between the matrix fraction
description and a pseudo-observable form of a multiple input multiple output

system. Hence one form can be given as long as one of the two is given.

Quaternion Polynomial Matrices

W.R.Hamilton[I5] proposed the concept of quaternion as the super complex
contains four components and does not satisfy the multiplication commutative
law. At that time, Hamilton was trying to extend two-dimensional complex
numbers to possibly three-dimensions, but that was not possible. However, he
succeeded in extending the complex numbers to quaternions, a four-dimension
algebra. With the development of computer, control theory and quantum me-
chanics, especially the rapid development of computer technology, theoretical re-
search and application of quaternion are valued by the people. The quaternions
have been widely used in computer graphics, robotics and aerospace technology.
The quaternion theory has penetrated into all branches of mathematics. In the
paper of K.Viswanath [43], simple modifications of standard complex methods
were used to obtain a spectral theorem, a functional calculus and a multiplicity
theory for normal operators on quaternion Hilbert spaces. A.Torgasev[4l] [42]
presented the reflexivity of a quaternion Normed spaces and presented dual space
of a quaternion Hilbert spaces. L.Salamon[35] presented differential geometry of
quaternion manifolds.

In recent years, A.Sudbery[39] was the first comprehensive exposition paper on
quaternions. Piwen Yang[46, 47, 48] studied the Holder continuity and Riemann-
Hilbert boundary value problems of the T f operator in the quaternion analysis.
The generalizations of this to higher dimensions were studied by F. Brackx,R.

Delanghe and F. Sommen[4], J. Snygg[38] and J. Ryan[34].



Chapter 1

Quaternions

This chapter outlines some of the basic mathematical definitions and results
relevant to the thesis. Many theorems and conclusions of this chapter are well-

known and can be found, for example, [30].

1.1 The algebra of quaternions

In this section we introduce some properties of quaternions including multi-
plication, norm and automorphisms, etc. We give the various real linear maps

for quaternion algebra using matrices.

1.1.1 Basic Definitions and Properties

For an ordered array (1,4, j, k) in a 4-dimensional real vector space H, we may
take H = R*, the vector space consisting of four real components, and give the

definition of multiplication in H by following formulas:
2

P=2=k2=-1,2=1,ij = —ji =k, jk = —kj =i, ki = —ik = j,

and give the definition the distributive law of multiplication of H with addition

multiplication:

r(y+z) =xy+zz,(y+ 2)r = yxr + yz,x(A\y) = (A\x)y = Azy
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for all z,y,2 € H and all A € R.

Definition 1.1. If elements of H’s four components are real numbers and with

the multiplication introduced as above are called the (real) quaternions.

It is well-known that H is a unital associative algebra with the unity 1, that
is,
z(yz) = (zy)z, 1-x=z-1=nux,

for all z,y,z € R.

Definition 1.2. For a quaternion x = xo-+ x1i+ x2J + x3k, where xqy, x1, 29, T3 €
R, we define R(x) = xg, the real part of x, and I(x) = z1i + xoj + x3k, the
vector part(or imaginary part) of x. The conjugate quaternion of x is defined

by © — xg — 211 — x2j — x3k = R(x) — () and denoted x*. The norm of x is

|z| = Vare = /22 + 22 + 23 + 22 € R. We say that x € H is unit quaternion if
lz] = 1.

Here we give some basic properties of the algebra of quaternions.

Proposition 1.1. Let x,y € H. Then

2. Ja| = [a*];

3. || is indeed a norm on H; in more detail, for all x,y € H we have:

|z| > 0 with equality if and only if x = 0;

|z +yl < Jal + |yl eyl = lyz] =[] - Jy]

4. jcj* = kck* =¢ for every c € C;

*

5. (vy) =y,

6. x =21z if and only if x € R;
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7. if a € H, then ax = xa for every x € H if and only if a € R;

1

8. every x € H\{0} has an inverse z=* = x*/|z|* € H; in more detail,

- (2 |2f") = (2*/[2]*) -2 = 1;

9. |z = |z|™" for every x € H\{0};

10. x € H and z* are solutions of the following quadratic equation with real

coefficients: t2 — 2R ()t + |z|> = 0;
11. Cauchy-Schwarz-type inequality: max {|R(xy)|,|S(zy)|} < |z|- |yl;
12. R(zy) = R(yx) for all x,y € H;
13. if R(x) =0, then 2> = —|z|°.

For the quaternions x, y with zero parts, if x = x1i+x9j + 23k, y = Y10+ 127 +

ysk € H, we define:

vy = —pypy + { i jok } (P X py) (1.1)
where the x denotes the cross product,

T T
3x1
pzz{xl Ty 333}7]92!:{91 Yo 93} € R*

Then we give the form of cross product:

T T
{ Ty T2 T3 } X { Y Y2 Y3 ] = (223 — T3Y2, —(T1Y3 — T3Y1), T1Y2 — $291)T-
(1.2)

More generally, we consider the quaternions z,y with nonzero parts, we define

Dz, Dy @s the same as above and let

T =T+ 211+ 2] + a3k, Yy =yo+y1i+y2) +ysk € H
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Then we can get the form of product:

R(zy) = zoyo — papy, S(ay) = 20SW) + woS(@) +[i j k(e xpy).  (1.3)

1.1.2 Real linear transformations and equations

In this section, we mainly introduce the linear transformations by the matrix
forms. For a,b € H, the map x — axb is obviously a real linear transformation

on H.

Theorem 1.1. Given
a = ag+ a1t + asg + azk,b = by + byi + byj + b3k € H
where a;,b; € R for j =0,1,2,3. Let
Topr = axb reH (1.4)
be a real linear transformation. Then we give Ty, by the following matrices con-

sisting of the order real array {i, j, k,1} in H:

aobo — &1b1 — a2b2 — a3b3 —aobl — albo + Clgbg — agbg

apby + arby + asbs — asbs apby — a1by + asbe + asby

aoby — a1bs3 + asby + azby —agbs — a1by — asby + asb;
I aobs + a1 by — asby + asbo aoby — a1bs — asbg — asby
—agby — a1bs — asby + asby —agbs + a1by — asby — asby ]
aopbs — a1by — asb; — asby —agby — a1b3 + asbg — azhy
apbo + a1by — asby + agbs agby — arby — azbs — asby
—agby + a1bg — asbs — asbs apby + a1bg + asby — asbs |

According to the Theorem1.1, we give the real linear transformations 7' 3,75 1,754,140
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by the following matrix, respectively.

by —by —by —bs ay —ai —az —ag
b1 b() bg —bg aq Qo —das (05}
)
bg —bg bo b1 [25) as ao —Q
bg b2 —bl bo a3 —as aq Qo
2 2 2 2
ag + ay +a; + ag 0 0 0
0 a?+a? —a2—a2 —2apas+2 2 2
0 1 2 3 0a3 a1a2 Qoo + 2a1a3
0 2apaz + 2a,a a2 —a?+a—a2 —apaq + 2as0a
043 102 0 1 2 3 0t1 203
I 0 —2apay + 2a1as 2apa1 + 2aza3  ai —a? —ai + a3 |

and (a2 4 a2 4 a2 + a2) ' X, where X is the matrix T}, ,.
Let a = ap + a1t + asj + ask € H,a; € R,7 = 1,2,3,4. It is easy to see that
the real linear transformation 77, — 7,1 gives maps « € H to za — ax by the

following skewsymmetric matrix

0 0 0 0

0 0 2&3 —2(1,2

o

—2CL3 0 2@1

0 2ay —2a4 0

at the ordered real basis {i, j, k, 1}.
For a given quaternion a = ag + a1i + asj + ask € H\ {0}, we construct a

matrix real matrix:

ai+a? —a3—a3 —2apaz + 2a;as 2a9az + 2a1a3
1
U= _|a|2 2apa3 + 2a1ay @i —a? + a3 —ai  —2apa; + 2asaz
o 2 2 2 2 2 2 2
QoG + 2a1a3 apgaq + 2aqas ap —ay —ay +as

We easily verify that U is an orthogonal matrix, that is, UTU = I, detU = 1.

Actually, the set of all nonzero quaternions is connected, and det U = 1 is a real
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continuous function of the element of a.

Corollary 1.1. [30] Let a € H\ {0}, and assume T, ,~1 # I. Then T, ,—1 maps
Hy into itself. In addition, there is a unique nonzero quaternions xo € Hy such
that T, .—1x¢ = x9, and Hy & Spang{xo} denotes the 2-dimensional plane in H,
orthogonal to xy, and we have that T, ., 1 fixzed angle rotation u,0 < u < 2w, in
Hy & Spang{xo}.

Definition 1.3. The two quaternions .,y are similar if and only if ava™" =y

for some a € H\{0} and congruent and axa* =y for some a € H\{0}. Explicitly,

the relations of similarity and congruence are equivalence relations. Denote
Sim(z) = {y € H : y similar to x}

and

Con(x) = {y € H: y congruent to x}

the similarity orbit and the congruence orbit of x € H, respectively.

According to the above definition, we can get:

Con(z) = | J {\Sim(x)}.

A>0

Theorem 1.2. Fiz v = xo+x1i+x9j+x3k € H\ {0}, with z; € R. The following

statements are equivalent for y = yo +y11 + 25 +ysk € H, y; € R
1. y € Sim(x);

2. y = axa® for some unit quaternion a;

T 1 0 T
3.[3/0 Y1 Y2 yg} = [:co T, Ty x3] for some 3 x 3 real
0 @
orthogonal matriz Q); )
T 1 0 | T
TR I N | P A

10
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5. Ry) = R(x) and [3(y)] = |S()].

According to the Theorem1.2, we can get the similarity orbits of quaternions:

Sim(z) = R(z) + |S(x)| S

where

S:={qeH:R(q)=0,|¢g|=1}={¢geH: ¢’ =-1}.

1.1.3 The Sylvester equation

The Sylvester equation takes the form AX — X B = (', where A, B and C' are
given coefficient matrices and X is only one unknown variable matrix that has to
be solved. Earliest, the basic theorem of the stability of the equation was proved
by Sylvester[40]. A large number of scholars have conducted various studies on it.
The first may have been M. G. Krein, who apparently lectured on the theorem in
the late 1940s. Dalecki[5] found the theorem independently, as did Rosenblum[31].
Rosenblum’s paper made the operator case widely known, and presented an ex-
plicit solution mong operator theorists it is known as Rosenblum’s Theorem, and
matrix theorists call the equation Sylvester’s Equation. Multiplying out the ma-
trices and equating corresponding entries give four operator equations, of which
only one is not automatically satisfied. That equation is AX +Y = X B and the
Sylvester-Rosenblum Theorem therefore gives the some results. This was first
observed by Roth[33], who went on to prove a much deeper result in the finite-
dimensional case. A nice proof about Roth’s theorem was given by Flanders and
Wimmer[I2]. Roth’s Theorem does not extend to infinite-dimensional cases: a
counterexample was given by Rosenblum|[32], who also showed that it does hold
in the special case when A and B are self-adjoint operators on a Hilbert space.
Schweinsberg[36] extended this affirmative result to the case where A and B are

normal.

11
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In this section, we will consider the Sylvester equation:

ar —xb =y, where x,y,a,b € H

and the corresponding real linear transformation:

Sap(x) = ax — bx, where x,a,b € H (1.5)

Here we recall the definition of real-valued inner product of two quaternions:

(o + @11 + 2] + 23k, Yo + y1i + yoj + ysk) := ToYo + T1y1 + Toy2 + T3Y3

Note that (x,z) = |x]2 for every x € H. Also, for x,y € H with zero parts, we
have (z, xy) = (y, ry) = 0.

Below we give definitions for quaternions {z,,y,,z_,y_}.

Definition 1.4. 1. If X(a) and J(b) are linearly dependent over R, then we
set
£[S(@)][3(0)] = S(a)3(b) [S(@)[ () £ [3(0)[ 3(a)

Ty = L Yr = (1.6)
n4 ny

where

ne = v/ 2[S(@)]1SO)] (13(a) [S0)] £ (S(a), I()))-

2. Suppose (a) and I(b) are linearly dependent over R. Then there ezists
q € H with R(q) = 0,|q| = 1,3(a) = |S(a)| ¢ and I(b) = |Sb|q or S(b) =
—|3(b)| q. Let ¢ € H be such that ®(¢) = 0, |G| = 1 and {(q,q) = 0. If

I(b) = |3(b)| q, then we define

vy =1Ly, =qr_=qy-=qq

12



1.1. THE ALGEBRA OF QUATERNIONS

If (b)) = — |S(D)] q, then we define
Ty =q,Yyy =q¢2- =1y =q
3. We define the subspace

“Zb = Span{ry,ys}, vy, = Span{z_,y_}

Moreover, we have
+ - - _ .t
Ua,b - Ua,b"7 Ua,b =

a,b*

The following properties are well-known:

a. The vector x,,y,,x_,y_ form an orthonormal basis(with respect to (-, -))

of H.

b. The equalities

and
[Tl,b(m) Tip(y+) Tiplz-) Tip(y-) } = [M Y+ T y—}
(Q(R(D), [S(0)]) & (Q(R(D), [S(b)]))
hold true.

c. The subspace v:b and v, are both T, ;-invariant and 77 -invariant.

d. The equality

Sa,b(x-i-) Sa,b(y+) Sa,b(x—) Sa,b(y—)]: {x-i- Y+ - Y-

H(Q(R(a) = R(b), [S(a)| = [S(b)]) @ (Q(R(a) — R(b), [S(a)] +[I(b)]))
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holds true.
Theorem 1.3. Let a,b € H, and S, ;.

1. The four singular values of S, are

01 = 7 = [ (R(a) — R(B)* + (13(a)] + [SO)))?

03 = 00 = 1/ (R(a) — RO)* + (13(a)] — [S())°

Moreover, |Sap(x)| = oy |x| for x € v}y, and |Sqy(x)| = o |z| for z € vy,

2. Sap is singular if and only if R(a) = R(b) and |I(a)| = |I(b)]. If these

conditions hold and a,b ¢ R, then

Ker Squp = U:;b = Uppe = Ran Sqp+, Ran Sy = Vyp = v;fb* = Ker Sy

3. Sap has a real eigenvalue(R(a) — R(b)) if and only if |I(a)] = |I(b)| and

the corresponding eigenspace s v, .

4. The centralizer of a € H 1is
Cen(a) :={x €e H|ar = za} = Ker Sy,

we have

H if a e R
Cen(a) :=

vf, = Spang{1,a} otherwise

Theorem 1.4. [30] {[2]Pagel6} Assume that a,b € H\R are similar so that
b=z"taz,z € H\{0}. Then

a. Ran S,y = Ker Syp-. Namely, the equation ax — xb =y has a solution x

if and only if ay = yb*;
b. Ker S,p = Cen(a)z = Spang{z,az}.

14
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Proposition 1.2. [30] {/2/Page16} The following statements are equivalent:
(1) fi(a,b) = 0;

(2) fala,b) = 0;

(3) a and b are similar;

(4) R(a) = R(b) and |a| = [b].
Here is the general form:

Theorem 1.5. [30] If S, is nonsingular, then the equation S,u(x) = y has

unique solution and satisfies

Tr = a*y(fl(av b))_l - y(fl(a7 b))_lb = a(f2(a’ b))_ly - (fQ(a’a b))_lb*

The proof can get from the follows equalities

Sap(a*z —2b) = z2fi1(a,b), Sap(az — 2b") = fao(a,b)z

for all z € H, which can be verified without difficulty.

1.1.4 Automorphisms and involutions

We give the definitions and some properties of endomorphisms and anti-

endomorphisms as follows.

Definition 1.5. For a maps ¢ : H — H, if ¢ (zy) = ¢(x)o(y), resp.,¢ (xy) =
¢(y)d(x) for all z,y € H, and ¢ (zy) = ¢(y) + ¢(z) for all z,y € H, the map is
an endomorphism of H, resp. an antiendomorphism. An antiendomorphism ¢ is

called an involution if ¢ (¢(x)) = x for every x € H.

Theorem 1.6. Let ¢ be an endomorphism or an antiendomorphism in H. As-
sume that ¢ does not map H into zero, then ¢ is one-to-one and into H. Thus, ¢
is in fact an automorphism or an antiautomorphism. Moreover, ¢ is real linear,
and representing ¢ as a 4 X 4 real matriz with respect to the basis {1,1,j,k}, we

have:

15



1.2. VECTOR SPACES AND MATRICES: BASIC THEORY

a. ¢ is an automorphism if and only if

where T' is a 3 x 3 real orthogonal matriz and the determinant is 1;

b. ¢ is an antiautomorphism if and only if ¢ has the above form, where T is

an a 3 X 3 real orthogonal matriz and the determinant is -1;

c. If ¢ is an involution, then

0
¢ =
0T
where either T' = —1I5 or T is a 3 X 3 real orthogonal symmetric matrix with

1,1,-1.

Definition 1.6. If the case of (c) is true, then ¢ is the standard conjugation, and

we called that ¢ is standard. By contrariesand we called that ¢ is nonstandard.

1.2 Vector spaces and matrices: Basic theory

In this section, we introduce the basic structures about the quaternion space
and quaternion matrix algebras, including various type of matrix decompositions

and factorizations.

16
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1.2.1 Finite dimensional quaternion vector spaces

U1

For v = : e H™!, v; € H, and « € H, define

Un

(Yo%
v = : e H™<L.

Vp Qv

We denote dim(M) or dimg (M) if the quaternion nature is to be emphasized,
the dimension of a subspace M of H". The subspace spanned by vy, vs, -+ ,v, €

H™*! is denoted
SpcmH{ Vi, . LU } ={via1 + - +v0p a1, ..., q, € H}.
Let vy,--- ,vs be a linearly independent subset of
Spany{vy, -+ ,v,}, where vy, -+ v, € H"™!

There exist s elements v;,, -+ ,v;,,1 < 43 < 99 < -+ < iy < 7, such that
upon replacing v;,,---,v;, with w;,,---,u;,, we can obtain a spanning set for

Spang{vy, -, v}

U1
For v = : € H"*!, v; € H, we define the adjoint as the n-component row
Un
* = * * *
v vy vy - U,

The vector space H™*! is provided with the quaternion-valued inner product

17



1.2. VECTOR SPACES AND MATRICES: BASIC THEORY

(u,v) = v*u,u,v € H"!. Consider the following properties of (-, -):

(ury + uga, v) = (ug, v) ag + (U9, v) o, uy, Uz, v € H™ oy, ap € Hi
(u, viaq + Vo) = o (u,v1) + 3 (u, V), up, Uz, v € H™ ay, iy € H -

(u,v) = (v,u)*,u,v € H"**

{(u,u) >0 for all u € H™!, with equality only if u = 0.
The u,v € H™! are orthogonal if (u,v) = 0. A p-tuple {vy, - ,v,}, where
vy, v, € H™ s called orthogonal if (v;,v;) = 0,4 # j, and orthonormal if it

is orthogonal and (v;,v;) =1 fori=1,2,--- ,p.

1.2.2 Matrix algebra

In this section, we will consider the matrix algebra over quaternion H.

n,m

Define the adjoint matrix: A* = [OL?k }

« . n,m
i L € H™ " for A = [ai’j} =

i=1,j= i=1,j=1

H™"  where a;; € H. Then the following properties hold:
a) (¢A+ BB)" = A*a* + B*(3*, for all o, 3 € H, A, B € H"*!.
b) (Aa + BB)" = a*A* + 3*B*, for all a, 8 € H, A, B € H™!.

(
(
(¢) (AB)* = B*A*, for all A € H™*" B € H"*P.
(d) (A*)* = A, for all A € H™ ™.

(

e) if A € H™" is invertible, then (A*)™! = (A1),

Definition 1.7. A matrix A € H"™" s hermitian, positive definite, positive
semidefinite, skewhermitian, invertible, unitary, or normal if A = A*, x*Ax is
real and positive for all x € H™ and A = —A*, there exists A~ € H™" such that

ATTA = AA~Y =1, A is invertible and A=Y = A*, or AA* = A* A, respectively.

The range of A € H™*" is defined by:
Ran(A) = {Az : x € H™}

The following properties are easy to be proved. Some of them are well-known.

See, for example, [14] [30].
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Proposition 1.3. Let A € H™*". Then:

1. A= XAy, where X € H™™ is invertible and Ay € H™*" is a row reduced

echelon form; Aq is unique, i.e., uniquely determined by A;

2. A= A)Y, where Y € H"™" is invertible and Ay € H™*" is a column reduced

echelon form; Aj is unique;

3. if m =mn, then A = RU, where R is unitary and R is upper triangular with

nonnegative diagonal elements; if A is invertible, then () and R are unique;

4. if m =mn, then A = QR, where R is positive semidefinite and U is unitary;

if A is invertible, then R and U are unique;

5. if rank(A) = k # 0, then A = BC, where B € H™* C' € H**";also,

| I 0|
A=B C

0 0

where B € H™ ™ C € H™" are invertible;
6. if A # 0, then there exist unitary U € H™™ V € H"", and real positive

numbers ay; > as >+ -+ > ay, where k = rank(A), such that

diag(ay,--- ,ag) 0O
4| Yagl ) 1%

0 0

moreover, the a; are unique.
7. 4f S € H™ ", T € H™™ are invertible, the rank(SAT) = rank(A);
8. rank(A*) = rank(A);
9. if ¢ is a nonstandard involution, then rank(Ag) = rank(A).

The a; of above proposition(6) are said to be the singular values of A; In

general, the singular value of the zero matrix is zero.
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1.2.3 Real matrix representation of quaternions

In this part, the real matrix representation of quaternion is given.

Consider the map y : H — R***, where

Gy —ap asz —az
. . ai g —Qg —as

X(ap + ayi + agj + azk) =
—asz Qg ay —aq

a2 as a1 Qo

ag, aq,as,as € R and its matrix extension
X H™ — RAm>AR an([xw];n];) = [X<xw)]7321

where z; ; € H. This mapping has the following nice properties:

Proposition 1.4. 1. x,,, ts an isomorphism of the real algebra H"™" into the

real subalgebra
[2ig]i 1=y 215 € {Ma+ S X ER,S has the form}

of H™ 4" and xpn(I) =1 .
2. If X e H™™ Y € H™P, then Xmp(XY) = X (X)xnp(Y).

3. If XY e H™™ and s,t € R, then

X (SX + 1Y) = sxmn(X) + txmna(Y).

4o If X X*) = (X (X)), for all X € H™™,

5. There exist positive constants cp, ,,Ch,.n such that

CmnXnm (X g < 1X 5 < Connlixnm (X -
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for every X € H™™,

The following proposition provides the corresponding properties between a

quaternion matrix and its real representation.

Proposition 1.5. A matrix A € H™*" is hermitian, positive definite, positive
semidefinite, skewhermitian, unitary, or normal if and only if x(A) is symmetric,
positive definite, positive semidefinite, skewsymmetric, orthogonal, or mormal,

respectively.

Let ¢ be an automorphism,resp. antiautomorphism, of H, and let ¢(A) be
the matrix obtained from A € H™ " resp. AT € H™*", by applying ¢ entrywise.

Then there exist real orthogonal matrix Uy, € R**4" such that
X(6(A)) = U], (x(A))Upn, VA € H™"

resp.

X(¢(A)) = UL, (x(A)Ugm, YA € H™ ™.

Proposition 1.6. Let uy, - ,u, € H"™'. Then uy,...,u, are linearly inde-
pendent if and only if the columns of xnp([u1, ..., up]) are linearly independent.
Moreover, ui,...,u, is an orthonormal, resp. orthogonal if and only if the

columns of Xnp([t1,...,up]) form an orthonormal, resp. orthogonal.

1.2.4 Numerical ranges with respect to conjugation

In this section we will work with the standard involution.

Proposition 1.7. Let A € H,,«,,. Then

(1) 2*Ax =0 for all x € H,»; if and only if A =0;

(2) x*Ax = R for all x € H,,«1 if and only if A = A*;

(3) R(x*Ax) =0 for all x € H, x1 if and only if A = —A*.

The set
WH(A) = {2*Az : 2"z =1, 2 e H""} CH
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is know as the numerical range of A € H"*" with respect to the conjugation.
From above definition, for A € H"™ " we have W (A) = {0}, resp. WH(A) C
R or R(WH(A)) = {0}, if and only if A =0, resp. A = A* or A = —A*.

Proposition 1.8. For A € H"*", unitary U € H"*", and real a, we have
WHUAU) = WH(A), WH(A+al) = a+ WH(A), WH(aA) = aWH(A)
For the classical convexity property of numerical ranges of complex matrices
WE(B) :={2*Bx:a*z =1,z € C"™'} CC

where B € C™*", the quaternion numerical ranges are generally nonconvex.

For F € {R, C,H} and for a p-tuple of hermitian matrices Ay, --- , 4, € F**™,

the F-joint numerical range is defined by
WJIF(Ay,-- Ay) = {(" Az, % Apx) ERP 1’z =12 € F™'} CRP

Here z* = 27 if F = R.

Theorem 1.7. Let F be one of R,C or H, and n # 2 in the case F = R. Then

the set WJE (A, B) is convex for every pair of hermitian matrices A, B € F™*™,

1.2.5 Matrix decompositions: Nonstandard involutions

In this part, we will study a nonstandard involution ¢. By analogy with
conjugation, for A € H™*", we give the Ay the n X m matrix by using ¢ entry

wise to the transposed matrix AT,

Proposition 1.9. (a) ¢(i) = —i, ¢(j) = j, d(k) = k;

(b) (0 A+ BB)y = Agd(a) + Byd(B),a, B € H, A, B € H™"
(c) (Aa + BB)y = ¢(a)Ag + ¢(B)By, o, 3 € H, A, B € H™ "
(d) (AB)y = ByA,, A € H™" B € H™?
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(e) (Ag)y = A, A € H™™
(f) If A € H™" is invertible, then (Ay)~" = (A™1),4.

A € H™" is called ¢-hermitian, ¢-skewhermitian, ¢-unitary, or ¢-normal if
A=A, A=—A, Aisinvertible and A" = Ay, or AA, = Ay A, respectively.
By analogy with the standard inner product (-,-) in H" ! we introduce the

¢

quaternion-valued ¢-inner product (u,v)? := vyu, for u,v € H™*!.

For a set Z C H™*!, we define the ¢-orthogonal companion
z ={z e H"™" : (z,u) =0 for all u€ Z} .

Proposition 1.10. Let Z C H™!'. Then:
1. Z+% is a subspace in H"¥!;
2. if Z is a subspace in H™ !, then dim Z + dim Z+? = n;
3. ((Z79))™® 2 Spany{Z}, and if Z is a subspace, then ((Z1))*® = Z;

4. if Z is subspace, then Z+? is a direct complement of Z in H™ ' if and only

if Z does not contain a nonzero vector which is ¢-orthogonal to Z.
Next we list the main decomposition theorem as following:

Theorem 1.8.  a. A nonzero matriv A = [a;;]7,_, € H"" a;; € H, is ¢-
hermitian if and only if it admits a factorization A = BygB for some B €

H**" . Here k is the rank of A.
b. If the principal submatrices A = [ai7j]?j:1 ;8 = 1,2,--+ rank(A) ,are in-
vertible, then B can be take upper triangular in A = B, B, and if the princi-

n

ijen_s: S =1.2,--+ rank(A), are invertible, then

pal submatrices A = [a; ;]

B can taken lower triangular.
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1.3 The Smith form and Kronecker canonical
form

Henry John Stephen Smith (1826-1883) was the Savilian Professor of Geome-
try at Oxford, and was regarded as one of the best number theorists of his time.
His specialties were pure number theory, elliptic functions, and certain aspects
of geometry. He shared a prize with H. Minkowski for a paper which ultimately
led to the celebrated Hasse-Minkowski theorem on representations of integers by
quadratic forms, and much of his research was concerned with quadratic forms
in general. He also compiled his now famous Report on the Theory of Num-
bers, which predated L. E. Dicksons History of the Theory of Numbers by three-
quarters of a century, and includes much of his own original work. The only
paper on the Smith normal form (also known as the Smith canonical form) that
he wrote[37], the paper was prompted by his interest in finding the general so-
lution of diophantine systems of linear equations or congruences. On the other
hand, it has a lot of applications by the Smith form[19, 20| 23] 24] 27]. For exam-
ple, Murotal26, 25] investigates the Smith normal form of a polynomial matrix
D(s) = Q(s)+T(s) which is structured in the following sense: (i) the coefficients
of Q(s) belong to a field K, (ii) the nonzero coefficients of T'(s) are algebraically
independent over K, and (iii) every minor of Q(s) is monomial in s. The Smith
normal form also has many applications in computational number theory and
group theory[II] as well as computations in homology theory.

The Kronecker canonical form was also important form of polynomial ma-
trices. Just as the Jordan canonical form describes the invariant subspaces and
eigenvalues of a square matrix in full detail, G. N. Kronecker considered that a
Kronecker canonical form which describes the generalized eigenvalues and gen-
eralized eigenspaces of a pencil in full detail. In addition to Jordan blocks for
finite and infinite eigenvalues, the Kronecker form contains singular blocks corre-

sponding to minimal indices of a singular pencil[d]. Since then, many algorithms
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for solving Kronecker canonical form were proposed. Wilkinson[44] examined the
behavior of the QZ algorithm which is to be expected when A — AB is close to
a singular pencil. Dooren[I0] gave an O(m?n) algorithm for computing the Kro-
necker structure of an arbitrary m x n pencil A\AE — A. Bo[2] presented an effective
method to compute the Kronecker canonical form of regular A — AB-pencils.

In this part, we will consider the Smith form and Kronecker canonical form

for quaternion polynomial matrices.

1.3.1 Matrix polynomials with quaternion coefficients

Let H(x) be the noncommutative ring of polynomials with quaternion coefhi-
cients and the real variable x.

A quaternion polynomial ¢(z) is called a divisor of a quaternion polynomial
p(z) if and only if p(x) = ¢(x)s(x) and p(z) = r(z)g(x) for some s(x),r(x) €

1 is divisor of

H(z). A ¢ is called a total divisor of p if and only if ag(z)a™
p(x) for every o € H\{0} or, equivalently, if ¢(z) is a divisor of Bp(x)3~! for all
3 € H\{0}.

A quaternion polynomial matrix A(x) € H(x)™" is called elementary if and
only if it can be represented as a product of n x n quaternion polynomials with
is on the diagonal and a sole nonzero off diagonal entry and of diagonal n x n
quaternion polynomials with constant nonzero quaternion on the diagonal.

A quaternion polynomial matrix A(z) € H(xz)™*™ is called unimodular if and

only if

for some matrix polynomial B(x) € H(z)"*".
Similar to the usual polynomial matrices, we have the following fundamental

theorem:

Theorem 1.9. Let A(z) € H(z)"*™. There exist elementary quaternion polyno-

mial matrices D(z) € H(x)™*", E(z) € H(x)™", and monic scalar polynomials

25



1.3. THE SMITH FORM AND KRONECKER CANONICAL FORM

ar(x),as(x),...,a,(x) € H(z),0 < r < min{m,n}, such that

D(x)A(z)E(x) = diag(ay(z), az(x), ..., a.(z),0,...,0)

where a;(x) is total divisor of aj11(x), for j=1,2,...,r — 1.

Definition 1.8. The right-hand side of above form will be said to be the Smith
form of A(x). If a1(x),as(x), -+ ,a.(x) € F(x), 0 < r < min{m,n}, the right-

hand side of above form will be said to be the F-Smith form of A(x)

Recall that or F' € {R,C, H}, the matrix polynomials A(x), B(z) € F(z)™*"
are called F-equivalent or simply equivalent if and only if F = H, if A(x) =
D(x)B(x)E(x) for some elementary matrix polynomials D(x) € F(z)™ ™, E(z) €

]F(I>n><n‘
Theorem 1.10. Let Ayx + Ay, Bix + By € H(z)"*™ and assume that Ay and By

are invertible. Then Aix + Ay and Bix + By are equivalent if

P(Alilj' + Ao)Q = Bll' + BO

for some constant invertible matrices P, () € H(z)"*".

1.3.2 Nonuniqueness of the Smith form

Due to the non-commutative properties, the Smith form for a given quaternion
polynomial matrix is not unique. The two scalar polynomials a(x), b(z) € H(x)!*!
are called H-similar if and only if there exist o € H\{0} such that a 'a(z)a =

b(x) for all real x.

Theorem 1.11. If A(x) € H(x)™ " exist Smith forms

diag(ai(x),as(z), -+ ,a.(x),0,---,0)
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and

diag(by(x),bs(x), -+ ,b.(x),0,---,0)

and the a;(x) and b;(x) are polynomial with real coefficients, then a;(x) = b;(z)

forg=1,2,---r.

Theorem 1.12. Two real matrix polynomial are R-equivalent if and only if they

are H-equivalent.

1.3.3 Statement of the Kronecker form

In this part, the definitions and properties of the Kronecker form of a pair of
quaternion matrices are given.
The matrix pencils A; + xB;, j = 1,2 are said to be strictly equivalent if and
only if
A; = PAsQ, By = PByQ

for some invertible quaternion matrices P € H™*™ and ) € H"*".

Theorem 1.13. If every pencil A + B € H(xz)™*" is strictly equivalent to a

matriz pencil, the block diagonal form as following:

T T
Ousxc @ Leyx(er 1) @+ © Leyx(er+1) @ L71p><(71p+1) @ L71q><(71q+1>
© (L, + 2J1,(0)) © (L, + 2J, (0))

D (IL’[ll + Jl1 (al)) D---D (.1'[[5 + Jls (Oés))

where 1 < - < gpim < -0 <y ky < --- <k, are positive integers, and

a1, a, € H.

The integers ¢; < --- < ¢, and 7, < --- < 1, are said to be the left indices
and the right indices, respectively of A+ xB. The integers k; < --- < k, are said
to be the indices, or partial multiplicities, at infinity of A+ xB. The quaternions

—aq, -+, —ag are said to be the eigenvalues of A + xzB.
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The part

Ouxv B L51><(z-:1+1) S D Lspx(sp+1) D LT D LT

np X (np—+1) ng X (ng+1)

is termed the singular part, and

([kl + $Jk1 (O)) S5 ([kr + kar<O)) ©® (x[ll + Jl1 (Oél)) ©---D (l'[ls + Jls(OéS))

is the regular part.

For a fixed eigenvalue a of A + xB, let iy < --- < i, be all the subspace
such that oy, -, «a;, are said to be the indices, or partial multiplicities, of the
eigenvalue o of A+ xB. There exist several indices at infinity that are equal to a
fixed positive interger; the same comment applies to the indices of fixed eigenvalue

A+ zB, to the right indices of A + 2B, and to the left indices of A + zB.
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Chapter 2

Polynomial matrices

The theory of polynomial matriices is the main base of the complex frequency
domain theory of linear systems. This chapter introduces some properties which
will be used in Chapter 3. Many theorems and results of this chapter are well-

known and can be found in, for example, come from the book[49].

2.1 Some properties of polynomial matrices

A polynomial matrix is a matrix and each entry of this matrix is a polynomial.
Let ¢;j(x) € R(z),i=1,2,--- ,m, j=1,2,--- ,n, the polynomial matrices with
element ¢; ;(x) is:

qu(z) - qu(z)
Qz) = : : : (2.1)
Gm1 () - Gon()
For a square matrix Q(z), it is called singular if det(Q(z)) = 0. Otherwise, it

is nonsingular.

Example 2.1. Two polynomial matrices are given as following:
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and

It is clear that,
det Q(z) = (x+1)(z —1) = (2> = 1) =0

detQy(z) = (z+1)(z—-1)—z=2"-2—1
So, the Q1(x) is singular and Q2(x) is nonsingular.
The definitions of linear dependence and linear independence are given.

Definition 2.1. The polynomial vector group {q(x), (), ..., qnm(x)} is linear

dependence if and only if there exists a set of polynomials that are not all zeros

{a1(x), (), ..., am(x)} satisfied:
a1 (2)q1(z) + 2(z)ga(r) + - -+ + A () gm(z) = 0 (2.2)

The polynomial vector group {qi(z), (), ..., qn(x)} is linear independence

if and only if there is not a set of incomplete zeros of polynomials
{Oél(l’), 052(‘7")7 s ,Oém(l’)}

that satisfies equation .

Example 2.2. A given line 2-d polynomial vector :

¢(x) = [:1:—1—1 .’L'—2:|7 CI2($): [12—1—31’—1—2 2 —4
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The polynomial is selected oy (z) = x + 2, as(x) = —1, so

a1(z)qi(z) + ax(z)ga(z)
= | 2 +x+2 x2—4}—{x2+3x+2 x2—4}:{0 0]

According to the definition, q1(x) and go(x) are linear dependent.

Rank is the most fundamental property of matrices and the definition of poly-

nomial matrices rank is given below. For the polynomial matrix:

qu(x) - qu(z)

Gm1(x) -+ Gmn(T)

Definition 2.2. The rank of the polynomial matriz Q(x) is the r (rank(Q(x)) =
r). If there is at least one minor order r X r that is not identical to zero, and all

manors that are equal to or greater than the order r X r are identical to zero.

Example 2.3. A given line 2 X 2 polynomial matriz:

r+1 T
Qz) =

-1 2> -z

It is obvious that all the elements of Q(x) of the 1 x 1 order sub type are not equal

to zero, but Q(z) of the 2 x 2 order sub type is

r+1 T

Il
e

Q(z) = det
-1 22—z

Thus the rank of Q(x) is 1, that is, rank(Q(z)) = 1.

Proposition 2.1. The following properties can be easily verified:
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. For any nonzero m x n polynomial matriz Q(x):

1 <rank(Q(z)) < min(m,n)

. For any nonzero m x n polynomial matriz Q(z):

Q(z) full rank < rank(Q(x)) = min(m,n)

For any m-d polynomial vector qi(x), qz(x), -+ , qn(x),n < m:

@1(x),q2(x), -+ ,qn(x) linear dependence

(

< rank[q(x), g2(z), - ,qn(x)] =n

(), q2(x), -+ ,qu(x) linear independence
)

& ranklq (), ¢2(x), -+, gn(x)] <n

For any nonzero n X n polynomial matriz Q(x):

Q(z) is nonsingular < rank(Q(x)) =n

Q(z) is singular & rank(Q(x)) <n

For any nonzero m x n polynomial matriz Q(x), any nonsingular m x m

matriz P(x) and n x n matriz R(z),
rank(Q(z)) = rankP(z)Q(z) = rankQ(z)R(z).

Rank of polynomial product: Suppose any non zero polynomial matriz Q(x)

and R(zx),

rank@Q(z)R(x) < min (rank(Q(z)), rank(R(zx))) .

The unimodular matrix is a class of important polynomial matrices. The nxn
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polynomial matrix Q(z) is unimodular matrix if and only if det(Q(x)) = ¢, where

¢ 1s non zero constant.

Example 2.4. For 2 x 2 polynomial matriz:

T+ 2 1
Q(x) =
r?+5 -2
It is obvious that det Q(x) = (z 4+ 2)(x — 2) — 2® + 5 = 1. Then the Q(z) is a

unimodular matrix. Furthermore

Proposition 2.2. The n x n polynomial matriz Q(x) is unimodular matriz, if

and only if Q™' (z) is unimodular matriz.

Proof: (1) Necessity. (z) is known as an unimodular matrices, which proves
that Q~'(x) is a polynomial matrices.
According to the definition of unimodular matrices, because the matrix Q(z)

is an unimodular matrices, we have det Q(z) = ¢ # 0. So,

1, adjiQ(x) 1
Q  (z) = qotQz) Eady@(a:)

where adjoint matrix adj(Q(z)) is polynomial matrices. The matrix Q~!(z) is
the polynomial matrices.
(2) Sufficiency. Q'(z) is known as a polynomial matrices, which proves that
Q(x) is an unimodular matrices.

Because the matrix Q' (x) and Q(x) are polynomial matrices, suppose det Q(z) =
a(z), det Q7 *(x) = b(x), where a(z) and b(x) are the polynomial matrices. Be-
cause Q1(7)Q(z) = I,

det Q(z) det Q' (x) = a(x)b(z) = I (2.4)

The equation above is true if and only if a(x) and b(x) is non zero constant.

Therefore, det Q(z) = a # 0, that is to say Q(x) is an unimodular matrices. El-
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ementary transformation plays an important role in matrices over number fields,
and the elementary transformation has three forms. Similarly, the elementary
transformation of the polynomial matrices has three forms. This section is a
brief discussion of the elementary transformation of the polynomial matrices.
The type function, realization and attribute of elementary transformation are

mainly introduced.

The first elementary transformation is the two row or two column of the
exchange polynomial matrices Q(z). Also, the row exchange is the first row ele-
mentary transformation, and the column exchange is the first column elementary
transformation.

For the first elementary transformation of m X n polynomial matrix, it is
necessary to introduce the corresponding elementary matrices m x m Ej, and

n xn Ej., and

Exchange Q(z) two rows Qy,(z) = F1,Q(z)
Exchange Q(z) two columns Qy.(z) = E.Q(7)

The generation of elementary matrices should follow the rules:

m X m row elementary matrices Ey, = If the matrix () is exchanged with
row ¢ and j, the Fy, is the constant matrix for the [,,, exchange column 7 and j;
n x n column elementary matrices Ey. = If the matrix Q(x) is exchanged with

column 7 and j, the Fj. is the constant matrix for the I,, exchange row ¢ and j.
Clearly, the following properties of elementary matrices hold:

Corollory 2.1. (i) For the elementary matriz Ey, the inverse of Ey must exists
and (E1>71 =F.

(ii) The elementary matriz Ey is an unimodular matriz.
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Example 2.5. For 4 x 3 polynomial matriz Q(x):

x+1 r—5 2+ 1 2?4+ x+3
Qr)=| 22—2+1 2+2 22+3x+2 x—4

2>+5 146 x 2 +2c+3

The matriz Q(x) is exchanged with row 2 and 3, so

1 00 1 00
E,=1010|C«<Cs|l0 0 1
00 1 010

Therefore,

er(ﬂf) = ElrQ(il?)

100 x+1 x—5 22 +1 22 +zx+3
=00 1 2—r+1 z2+2 22+3x+2 x—4

01 0 245 T+ 6 T 2 +2x+3

z+1 T —5H 2 +1 2 +r+3
= 2 +5 46 x 2+ 2x+3

2?—x+1 242 22+4+3x+2 r—4

The matriz Q(x) is exchanged with column 2 and 3, so

1000 1 0 00

01 00 0 010
By = Ry < R

0010 01 00

0 0 01 0 0 01

Therefore,
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_ . 1 000
r+1 r—5 2+ 1 >4+ x+3
0010
=|a2?—2z+1 2+2 22+3x+2 x—4
0100
2?>+5 x+6 x 2 +2x+3
- - 0 001
z+1 241 r—5 x> 4+2x+3
= | 22—z+1 2243x+2 z+2 x—4
22 +5 T r+6 22+2x+3

The function of the second elementary transformation is to multiply the Q(x)
of a row or a column with a nonzero constant ¢, and ¢ multiplied by the row is
called second kinds of elementary row transformation, and ¢ multiplied by the

column is called second kinds of elementary column transformation.

For the second elementary transformation of m x n polynomial matrices, it is
necessary to introduce corresponding elementary matrices m X m Fs,. and n X n

Es., and

The row of Q(x) multiplied by the ¢ Qo,(2) = Fa.Q(x)
The column of Q(x) multiplied by the ¢ Qa.(7) = Es.Q(z)

The generation of elementary matrices should follow the rules:
m X m row elementary matrices Fy, = If the row ¢ of matrix ((x) is multiplied by
the ¢, the Fs, is the column ¢ of constant matrix I, is multiplied by the ¢; m xm
column elementary matrices Fo. = If the row i of matrix Q(x) is multiplied by
the ¢, the Fs. is the row ¢ of constant matrix [,, is multiplied by the c¢. In order

to keep the inverse, the constant ¢ can not be changed to a non-zero polynomial.

Corollory 2.2. (i) For the elementary matriz Es, the inverse of Ey must exists

and (E5)~' = Ey with the £ replace to the c.
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(ii) The elementary matriz Fy is an unimodular matrices.

Example 2.6. For 4 x 3 polynomial matriz Q(x):

x+1 x—5 2+ 1 ?2+rx+3
Q)= 22—2+1 2+2 22+32+2 T —4

2?4+5 x+46 x 2 +2c+3

The matriz Q(x) is multiplied by 2 for row 2, so

1 00 1 00
Ey=1010|C<2010 2 0
0 01 0 01

Therefore,

er(ﬂ3) = Q(m)Em«

1 0 0 x+1 r—5 2+ 1 2?2+ x+3
=10 20 > —x+1 24+2 22 +3v+2 x—4

001 2>4+5 x+4+6 x 22 4+2c+3

x+1 r—5 241 2?4+ x+3
= | 222 —-22x+2 2x+4 222 +6x+4 2r — 8

2 +5 x+6 x 2+ 2x+3

The matriz Q(z) is multiplied by 2 for column 2, so

1 000 1 0 00

01 00 02 00
EQC = RQ — 2R2

0010 0010

0 001 0 0 01
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Therefore,

ch(ilf) = Q(ZU)EQC

- 1 0 0O
r+1 T —5 2241 224+ r+3
0 2 00
=|22—z+4+1 242 224+3x+2 x—4
0010
22+5 46 x 22 +2x+3
B 0 0 01

z+1 2z — 10 2 +1 2> +x+3

=|22—z+1 20+4 2243x+2 x—4

2 +5 2¢ + 12 T 24+ 2x+3

The function of the third elementary transformation is to multiply the Q(z) of
a row or a column with a nonzero polynomial d(z) and add it to row or a column,
where corresponding row transformation is called the third kinds of elementary
row transformation, and the corresponding column transformation is called the
third kinds of elementary column transformation.

For the third elementary transformation of m x n polynomial matrices, it is
necessary to introduce corresponding elementary matrices m x m Ej3. and n X n

Es., and

The polynomial matrix Q(x) on row operation Qs,(z) = F3,.Q(z)

The polynomial matrix Q(x) on column operation Qs.(z) = E3.Q(x)

(c). Generation of elementary matrix Es, and Es..

The generation of elementary matrices has the following rules:
m X m row elementary matrix Fs3, = If the matrix Q(z) row ¢ is multiplied by
the d(x) and then added to the row j, the Es, is the d(z) into the matrix 1,,(j,7);
n X n row elementary matrix Fs. = If the matrix Q(x) column ¢ is multiplied

by the d(z) and then added to the column j, the Ej. is the d(x) into the matrix

I (i, 7);
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Corollory 2.3. (i) For the elementary matriz Es, the inverse of E5 must exists
and (E3)™' = B3 with the —d(x) replace the d(z).

(ii) The elementary matriz Es is an unimodular matriz.

Example 2.7. For 4 x 3 polynomial matriz Q(x):

x+1 z—05 2 +1 224+ +3
Q(x): 2—x+1 242 22+43x+2 z—4

22+5 x+6 x 22 +2x+3

The matriz Q(x) is multiplied by x for row 1 and add row 2, so

1 00 100
Es, =101 0|Ci—=2Ci+R| 2 1 0

0 01 0 01

Therefore,

Q3T<I> = Q(x)Esr

1 00 r+1 r—2>5 2 +1 2?2 +x+3
=1lx 10 2—x+1 242 22+43x+2 r—4

0 0 1 2?2+5 x+6 x 22+ 2x+3

x+1 Tr—05 2 +1 2+r+3
= | 202 4+1 22 —do+2 2> +22+4x+2 2> +22+4x—4

22 +5 z+6 x 2+ 2x+3

The matriz Q(z) is multiplied by x for column 1 and add column 3 , so

1 0 0 0 1 0 =z 0

01 00 01 00
Es. = Ry — xRy + Cj

0010 0010

00 01 00 01
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Therefore,

Qsc(ﬂf) = Q(ﬂf)E:ac

r 7 1 0z O
z+1 T —5 2?2 +1 2> +r+3
01 0O
= | 22—z+1 z+4+2 224+32+2 x—4
0010
x> +5 z+6 T 2 +2x+3
- - 10 0 01

z+1 r—5 222 4+x+1 2°+x+3

= | 22—z+1 242 22+4x+2 x—4

2 +5 z+6 3 4 62 >4+ 2rx+3

2.2 Canonical forms of polynomial matrices

In 1851, Hermite firstly put forward a canonical form of polynomial matrices
n [I7] that is called Hermite forms now. Since then, One of the successes of
computer algebra over the past three decades has been the development of fast
algorithms for computing Hermite canonical forms. Havas[l16] considered some
algorithms that various different strategies have been proposed for computing
the Hermite normal form of integer matrices. Domich[§] described a new class
of Hermite normal form solution procedures which perform modulo determinant
arithmetic throughout the computation. Micciancio and Warinschi22] proposed
a linear space algorithm for computing the Hermite normal form.

The Popov form also is a important canonical form of polynomial matrices.
In particular, Popov form has a wide range of applications for Ore polynomial

matrices[13] [7].

2.2.1 The Hermite forms and related results

The Hermite forms is a canonical form of the polynomial matrices. The Her-

mite forms can be divided into rows and columns Hermitian forms. The function
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2.2. CANONICAL FORMS OF POLYNOMIAL MATRICES

of the canonical form of a polynomial matrix is a prominent feature of the matrix.
Any polynomial matrices can be transformed into the Hermite forms through
a series of elementary transformations and unimodular transformations. Here,

the row Hermite forms and column Hermite forms are given.

Definition 2.3. Considering an m x n polynomial matriz Q(x), rank(Q(x)) =

r < min{m,n}, its row Hermite form is defined as:

0 --- 0 al,kl(x) Ay, (z) --- a1 ks (z) --- a1k, (z)
A2,k () - a2,k (55) Tt Ao, (l")
azpy () -0 azg, ()
HHT(JI) =
0O --- 0 Ay, ()
0 0 0
- 0 ) ’ 0 -

i. The front r rows of Hy,(x) are non zero rows, after (m —r) rows are zero

rows.

. In every non zero rows, located in the leftmost nonzero element a;y, is a

monic polynomaial.
it. The most left non-zero element of the Hy,.(x) is presented as a ladder type.

iv. The number of polynomials of most left non-zero element a; , of the Hy, ()

15 greatest, compared with other elements in the same column.

Definition 2.4. Considering an m x n polynomial matriz Q(x), rank(Q(z)) =

r < min{m,n}, the column Hermite forms is Hy.(x) = H} ().

Given an m x n polynomial matrix Q(x), the row Hermite forms Qp,(x)
for Hermitian forms can be achieved by an appropriate m x m unimodular ma-

trix V(z) left-multiplicated Q(z); the row Hermite forms Qp,(z) for Hermitian
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2.2. CANONICAL FORMS OF POLYNOMIAL MATRICES

forms can be achieved by an appropriate n x n unimodular matrix U(x) right-

multiplicated Q(x), that is,

Qur(x) =V (2)Q(x)
Qnuc(z) = Q(z)U(z)

Here, the algorithm of computing row Hermite forms is given:

Algorithm: Computing Hermite Form

For the m x n polynomial matrix Q(z), rank(Q(x)) =r.

Step 1: For a given Q(x), the first column to the (k—1) column is supposed

to be zero column, and the k column is the first non zero column.
Step 2: Suppose ¢ = 1.

Step 3: Through row transformation of the elementary transformation, @)z,
is changed into the lowest times of elements in k; column, and multiplied

by a corresponding constant to make it a monic polynomial. It is called

Step 4: According to the polynomial division, the other elements in Ay

column are expressed

item of Gk, (x) + remainder of G, (x)

Step 5: According to the row elementary transformation, for all elements
in k; column, and minus the factor part. Repeat the process above until

the following elements of Q; x,(z) are 0.

Step 6: In the i row, search from the k; column to the right, and suppose

ki+1,k;+2,--- as the same change, and the first different change is called

Kiy-

42
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e Step 7: Suppose i + 1 = 1.
e Step 8: If i = r, go into the next Step. Otherwise, go into Step 3.

e Step 9: According to the elementary transformation, suppose (m — r) row

to be zero-row.
e Step 10: The result is Hermite forms.

Example 2.8. Given the following polynomial matriz: is given:

T 0
Qz) = 0 T
1 T+ 3

where rank(Q(x)) = 2. Here the row Hermite form and the corresponding uni-

modular transformation matriz V (z) are calculated:

T 0 1 r+3
Qx) = 0 T ol 0 T
£y
1 r+ 3 T 0
1 z+3 1 243
o Ra—1 R3+R3+(z+3)R2
Al N 0 z s Rt (@rd) 0 x = Qur(x)
EQ E3
0 —xz(z+3) 0 0
1 0 0 1 00 0 0 1
V(e)=FEsEEh =0 1 0 0 10 010
0 z+3 1 —x 0 1 1 00
0 0 1
=10 1 0
1l z+3 —x
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2.2. CANONICAL FORMS OF POLYNOMIAL MATRICES

Hence
0 0 1 T 0 1 z+3
Qur(z) =V(@)Qx)=| 0 1 0 0 T =10 =z
1 »4+3 —=x 1 r+3 0 0

Next we consider some properties of Hermite forms.

Proposition 2.3. Suppose Q(z) is nxn nonsingular polynomial matrices, D(x) =
D(z)R(z), where R(x) is any n X n unimodular matriz, then polynomial matrices

D(x) and D(x) have the same column Hermite forms.

Proof: Suppose Dy, and Dy, are the column Hermite forms of polynomial
matrices D(z) and D(z). Then n x n unimodular matrices U(x) and U(z) exist

and satisfy:

Dy(z) = D(2)U(x), Dy(z) = D(2)U(x) (2.5)

Based on it, according to the equation D(x) = D(z)R(z),
Dy(x) = D(2)R(2)U(z) = Dye(2)U(2)U(2)U(x). (2.6)

Suppose W (x) = U~ (x)R(x)U(x). Then the W (x) is an unimodular matrices.

Hence

Dye(x) = Duc(x)W (z) (2.7)

According to the equation(2.7), W—(z) = D, (2)Dpg.(z). Because Dy.(z) and

Dy.(x) are lower triangular matrix, the W (z) is a lower triangular matrix:

1

wor(x) e

Wn1 (-1') e wn,nfl Cp,

Dye(z) = Dy(x)W (x) has been proved. If Dy.(r) = Dy.(z) is to be proved,
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2.2. CANONICAL FORMS OF POLYNOMIAL MATRICES

W (x) must be proved as a unit matrix . According to the Dy.(r) = Dy W (),

CZH (l’)
ng (I) CZ22 (Q?)

I dp1 () Ay () |
[ du(x) 17 C1 ]
_ d21 (fﬂ) dgg(]?) W21 (%) Co
I dnl(l’) dnn(x) 1L wnl(ﬁ) . wn,nfl(x) Cn |
So,
dii(7) = dig(x)ciyi = 1,2, n (2.9)

and the d;;(z) and d;;(z) are monic polynomial. Thus the following equation
should be proved:

¢ =1i=1,2..n (2.10)

So, wi(x) = 0,4 # k should be proved. According the equation(2.11) and column

Hermite forms, by

da1 () = war (x)doa(2) + doy ()

) ’ (2.11)
deg doy (ZE) < deg dQQ(ZE) = deg dQQ(.T)
we can get wy; = 0. By
0731 (.CE) = wgl(S)dgg(.fE) + d31 (l‘) (212)

deg da; () < deg ds3(x) = deg da3(x)

we can get ws; = 0. Thus
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Therefore W (z) = I, that is, Dy (x) = Dy(x).

Similarly, we have the following column case:

Proposition 2.4. Suppose A(x) is a nxn nonsingular polynomial matriz, A(x) =
T(x)A(x), T(z) is any n X n unimodular matriz. Then polynomial matrices A(x)

and A(x) have the same column Hermite forms.

2.2.2 The Smith forms and related results

Smith forms is an important canonical form of polynomial matrices. Any
polynomial matrices can be transformed into the Smith forms through elementary
row operations. In this section, the Smith forms are briefly introduced.

For the ¢ x p polynomial matrix Q(z), we have rank(Q(z)) = r,0 < r <

min(q, p). There exist a unimodular matrix pair U(x),V(x) such that

A1 () 0
U(2)Q(x)V (z) = ' (2.13)
Ar(x) 0
0 0 0
where {\;(x),i =1,2,--- r} is the nonzero polynomials and satisfy:

)\l(w) ’)\Hrl(x) 7i = 1727"' N 1

We list one algorithm to compute the Smith forms:
Algorithm: Computing the Smith forms:
For ¢ x p polynomial matrix Q(z), rank(Q(z)) = r,0 < r < min(q,p), the

purpose is to construct the Smith forms A(x).

e Step 1: If Q(z) = 0, the Smith forms A(z) = 0, go into Step 17. Otherwise,

go into the next step.

e Step 2: If Q(z) is equation (2.13)), go into Step 12. Otherwise, suppose i=1,
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go into the next step.

e Step 3: For the non diagonalization of parts, change the lowest time element

to position (4,17), suppose it g;(z).
e Step 4: For the non diagonalization of parts, division by ¢;(z),
4ii (%) = qii(x)pi;(z) + fij ()
@i (7) = qii(2)pri(x) + fri()
where j =i+ 1,--- ;pk=i+1,--- q.

e Step 5: If f;;(z) =0 and fi;(z) = 0, go into Step 8. Otherwise, go into the

next step.

e Step 6: Find the lowest time element at non zero residue, and call it as

fai(z) and row a-row i Xpg(x).

e Step 7: If fi;(x) = 0 and fi;(x) = 0, go into the next step. Otherwise, go

into Step 3.

e Step 8:

row k—row iXp(r),k=i+1,---q

column  j—column i X pjj(x),j=14i+1,---,p

where py; and p;; are the ith column and the ith row corresponding elemen-

tary, and we can get following polynomial matrix:

[ Xi()

i ()

Qz‘+1($) i
e Step 9: Suppose i + 1 = 1.
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Step 10: If i # r + 1, go into Step 3. If i = r 4+ 1, go into the next step.

Step 11: According to the row and column elementary for polynomial matrix

Qr+1($),

Al()
A5 (x) 0
(2.14)

Step 12: If {\f(z),i =1,2,--- ,r} are monic polynomial, go into Step 14.

Otherwise, go into the next step.

Step 13: For non monic polynomial, divise the row by the coefficient of first

element.

Step 14: If {\f(x),i =1,2,--- ,r} satisfies divisible properties:

A\ (2)i

7

AN(z),i=1,2,--- r—1

Step 15: Take the elementary transformation for equation(2.14]), and make

it satisfied with divisible properties, go into Step 17.
Step 16: Suppose \;(z) = Af(z),i =1,2,--- ,7.

Step 17: Stop.

Example 2.9. For the 2 x 3 polynomial matriz Q(x), rank(Q(x)) = 2, now we
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can transformed into Smith shape by elementary row and column transformation.

2241 T 1
Qx) =
2 r+1 x+2
1 r  xt41
Cl<—>03

1 0 2241
CQ — CQ + (—I)Cl

r+2 —(z+2)(z+1) 2

1 0 0
Co — Cs+ (=22 —1)C4

r+2 —(z+2)(z+1) 2— (2 +1)(z+2)

03 — 03 + (—l’)CQ

0 —(z+2)(x+1) 2°+=x

1 0 0
O3 +— C3+ ()

0 —(z+2)(x+1) —2z—2

1 0 0
CQ<—>C3

e

0 —20-2 —(z+2)(z+1)

1 0 0
03<—C —%(1'4—2)02
0 2x—-2 0
0 O

CQ — —%Cz

10 z4+1 0
The Smith forms have very nice properties. Here we start from invariant
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polynomials.

Proposition 2.5. For the ¢ x p polynomial matriz Q(x), rank(z) = r,0 < r <
min(q,p), the A\ (), Aa(z), ..., \-(z) of the Smith forms are invariant polynomi-
als, that is, let

Aj(z) =ged{ixi sub type polynomial of Q(z)},i=1,2,---,r.

Then
Ao(z) =
o) - 242
Ma(z) = 522

Proposition 2.6. For the gXp polynomial matriz Q(x), its Smith form is unique.
But the unimodular transform matrices {U(x),V(z)} of its Smith form is not

unique.

The ¢ x p polynomial matrix @Q;(x) and Q2(z) are called Smith equivalent if
only and if @1(x) and @Q2(x) have the same Smith forms, denoted by Q(z) ~
Q2().

And Smith equivalence has the following characteristics:

Reflexive character: Q1(x) ~ Q2(z) < Q2(z) ~ Q1(x).
Reflexivity: Q1(x) ~ Q1(z).
Transitive: Q1(z) ~ Qa(z), Q2(x) ~ Q3(z) = Q1(z) ~ Q3(z).

Theorem 2.1. The q X p polynomial matriz Q1(x) and Qa(x) are Smith equiva-
lence if and only if ¢ X q and p X p unimodular matrices P(x) and Q(x) exist and
satisfy:

Q2(z) = P(z)Q1(x)T'(x).
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Proof: According to the definition of Smith equivalence, we can get:
A(z) = Ur(2)Q1(2)Vi(z) = Uz(2)Q2(x)Va(x) (2.15)

where the U;(x) and Vi(x) ¢ = 1,2 are unimodular matrices. Multiple equa-

tion({2.15)) left by U~!(z) and right by V~!(x), we can get:
Q2(2) = Uy (2) U1 (2)Qu (2) Vi (2) Vg ' ().

Set

P(z) = Uy (2)Ui(2), T(x) = Vi(z)Vy *(2).

It is obvious that P(z) and T'(z) are unimodular matrices.

2.2.3 The Popov forms and related results

The Popov forms is also called the polynomial-echelon form, which is a canon-

ical form of polynomial matrices.

Definition 2.5. The p X p polynomial matrix

din(z) - dip(x)

15 a Popov form if
1. Dg(x) is column-reduce, and ke < keg < -+ < kep.

2. For jth column j =1,2,--- ,p , the principal index m; € [1,2,--- ,p| exists,
and the principal element d_;(x) satisfies the following condition.:
J
a. deg [dmg(:v)} = ke;.
J

b. d_;(x) is a monic polynomial.
J
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c. deg[dij(z)] < kej, Vi > m;.
d. For ith column and jth column , if i < j and ke = kej, so m; < m;.

e. deg [dm;z(a;)] < kej,Vq # 5.

Example 2.10. For 3 x 3 polynomial matriz

b+ 1 4z +6
D(x)=| 3v+4 20 +1
3 5

The following judgement D(x) is Popov form:

1. According to the k. = 1, koo = 2,kes = 3 and degdet(D(x)) = 6, and it

satisfies the condition 1.

2. The principal elements are
A1 =T+ 7, dpmyo :x2+3x+2,dm33 =22+ 2?42
Thus the principal indexes are

m1:3,m2:1,m3:2

a. deg(ds1(x)) =1 = ko, deg(dia(x)) = 2 = ke, deg(das(z)) = 3 = kes.
b. dsi(x),dia(z), das(x) are monic polynomials.
C. deg [dl](flf)] < kcj,VZ' > my.

d. key =1# ko =2# keg =3, ki # kej,t < j does not exist.

@

. It satisfies with the condition that deg [dqu(s)} < kej, Vg # 7.

Hence the polynomial matriz D(x) is Popov form.

Theoretically, the Popov form Dg(z) of any polynomial D(z) can be achieved

though right multiplicative appropriate dimension unimodular matrices.

52



2.2. CANONICAL FORMS OF POLYNOMIAL MATRICES

Theorem 2.2. For p x p polynomial matriz D(x), there exist the Popov forms

Dg(z) and unimodular matriz U(z) such that D(z)U(x) = Dg(z).

Here is one algorithm for computing Popov forms:
Algorithm: Computing Popov forms

For a given polynomial matrix D(z),

e Step 1: Judge the column-reduce and the number of non reducing column.
If it is column-reduce and the number of non reducing column, go into Step

3. Otherwise, go into Step 2.

e Step 2: Translate D(z) into column-reduce and the number of non reduc-
ing column. Introduce the p x p unimodular matrix V(x), make D(z) =

D(x)V(x) a column-reduce and the number of non reducing column.

e Step 3: Calculate the number of column D(x), ky,i = 1,2,--- |p, L =
max {kcla kc2> e akcp}’

B(z) = [ D(z) --- acLD(x) —I, - —xLIp }
find the first correlation column at [ I, - _ L I, ], let

bﬁl(x)u bﬂz(x)a T 7bﬂp<x>'

e Step 4: Introduce linear combination equation with constant coefficients p

first correlation column:

anbi(x) + agba(x) + - - + @2(L+1)p,1bz(L+1)p,1($) =0

apbr () + agpba(z) + -+ - + a2(L+1)p,pb2(L+1)p,p<5U> =0
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e Step 5: According to the equation,

11 e alp

Q2(L+1)p1 " Q2(L+1)pp

block it by introducing the p X p matrix:

A= an7 Ez S %pxp‘

Step 6:

U(z) =Upat + -+ Ux + Uy

E(I):ELZL'L++E1ZL'+EO

Step 7: If E(z) is Popov forms, suppose E(x) = Dg(z) and U(z) = U(z),

go into Step 9. If E(x) is quasi Popov forms, go into Step 8.

Step 8: According to characteristic of Popov forms, we can get Dg(z) and

Ul(x).

Step 9: If D(z) is the column-reduce and the number of non reducing

column, then U(z) = U(x). Otherwise, U(z) = V (z)U(x).

Step 10: Stop.

2.2.4 The Kronecker forms and related results

Matrix pencil is a special kind of polynomial matrices. The matrix E and

A are m x n real regular matrices, x € R. Then matrix pencil is defined as
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2 (zE — A).

The m x n matrix pencil (zE — A) is regular if and only if it satisfies:
m=n and det(zE —A)#0

If the matrix pencil is singular if and only if it is not regular.
For any m x n matrix pencil (£ — A), Kronecker forms can be get by means
of some suitable non singular transformation matrices U,,x.,, and V,,«p,.

The format of Kronecker forms is as following:

K(z)=U(zE - A)V =

3
zJ —1

xl — F

where the set {F, J ALy}, {INLU]}} is unique, and

(i) F'is in Jordan form, for example,
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(ii) J is in zero eigenvalue Jordan form, for example,

z -1

Proposition 2.7. (Right singularity)

Kronecker forms K(z), {Ly,,i = 1,2,...,a} corresponds to the right singularity
of the reflection matriz pencil (xE — A), and {uy,us, ..., uy} is called the right

Kronecker index.
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Proof: For u; x (u; + 1) matrix L,,,i = 1,2,...,a, we can get:
r —1 1
r —1 x
= O7
z —1 Tt
T
where [ 1 ¢ --. gw } is minimum number of polynomial vectors for above

equation. Then n x 1 polynomial vector f;(z) are constructed as follows:

filzx) =V ' group i, 1=1,2,..., .

Uj
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According to the K (z) = U(xFE — A)V, we can get:

(@B = A)fi(z) =UT' K@)V (V| |)=0, i=12,...,«

Us

is minimum number of polynomial vectors for equation above. This indicates

that the right singularity of (sE — A) can be reflected by {L,,,i =1,2,--- ,a}.
Similarly, we have left singularity. Kronecker forms K (s), {f/vj j=12...,6}

corresponds to the right singularity of the reflection matrix pencil (sE — A), and

{v1,v9,...,0,} is called the left Kronecker index.
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Chapter 3

Quaternion Polynomial Matrices

In this chapter, we consider some normal forms for quaternion polynomial ma-
trices. The definitions and algorithms of greatest common right divisors (GCRDs)
and least common left multiples (LCLMs) for quaternion polynomials are ex-
plored in section 1. Using these one sided GCRDs and LCLMs, we define a
special row/column transformation in section 2. From section 3 to 5 we dis-
cuss some algorithms for computing canonical forms of quaternion polynomial

matrices including the Hermite form, the Smith form and the Popov form.

3.1 GCRDs and LCLMs

In this section, the definitions of greatest common right divisor(GCRD) and
least common left multiple(LCLM) at the quaternion polynomial. Some results
can be found in, for example, [6].

Recall that let f, g be quaternion polynomials. The greatest common right
divisor s, written as GCRD(f, g), is defines as:

(a) f = fis and g = g5 for some quaternion polynomial f; and g¢;.

(b) If t is a common right divisor of f and g, then ¢ is a right divisor of s.

Let f, g be quaternion polynomials. The least common left multiple s, written

as LCLM(f,g), is defined as
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(i) there exist k; and [y satisfying kig =1 f.
(i) GOLD(ky, 1) = 1.

We first introduce Euclidean algorithm for one side case.

Lemma 3.1. Let F(z) be a quaternion polynomial and let o« € H. Then there

exists a Q € H[z] such that F(z) = (v — a) * Q(x) + F(a).

Lemma 3.2. Let F and G be nonzero quaternion polynomials. Then there exist

A, B € H[z] such that GCLD(F,G) = F x A+ G x B.

Next we introduce two matrix operations for quaternion polynomial matrices.
One is to transform the column of the matrix by GCRDs and another is to
transform the column of the matrix by LCLMs. Specific examples are given as

following;:

Example 3.1. Let’s talk about 2 x 2 quaternion polynomial matrices. Take

ai (l’) ai2 (ZE)

QQI(I) CLQQ(JI)

We can compute g1 = GCRD(a11(x), as1(x)), and then find quaternion poly-

nomaials t1 and s; such that:

slall(x) + tlazl(l') =Ji.

Furthermore, we can compute quaternion polynomials ki and l; such that

krayi(x) = lyag (x) = LCLM (a11(z), a(x)) .

Then we set

S1 t1
Ey

kv —h
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3.1. GCRDS AND LCLMS

Therefore

BiA — s1 an(z) a2(z) _ | o s1a12(x) + t1aga(x)

kl —ll a21(x) CLQQ(ZE) 0 k’lalg(I)—llagg(CL’)

In such way, we could convert the elements of the first column of the matrix

A to all 0s.

Similarly, we can construct a column operation. Set

bll (ZL‘) b12 ($)
bgl(l’) b22 (.7))

A=

Compute go = GCRD(by1(x),b12(x)), and calculate quaternion polynomials ts

and so such that:

bu([L’)SQ + bu((l])tg = Q2.

Moreover, find quaternion polynomials ke and ly such that

bll(x)kg = b12($)l2 =LCLM (bll(l’), blg(l')) .

Next, let

Fy

Then
S9o kg bn(l’) blg(z)

g2 0
bQ]_([E)SQ + bQQ(ZL’)tQ bgl(l’)kg — bQQ([L’)lQ

That is, we convert the elements of the first row of the matrixz A to 0.

Next we give algorithms for computing GCRDs and LCLMs.
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Theorem 3.1. (GCRD) Let F,G be nonzero quaternion polynomials. Then the

following list of instructions returns their greatest common right divisor in a finite

number of steps:
Input: F,G € H[z] \ {0}
Output: GCRD(F,G)
Initialization: a .= F,b =G

while b # 0 Do

t:=b

b := mod(a,b)

a:=1
Return a.

Theorem 3.2. (LCLM) Let F,G be nonzero quaternion polynomials. Then the

following list of instructions returns their greatest common right divisor in a finite

number of steps:
Input: F,G € H[z| \ {0}
Output: LCLM (F,G)
Initialization: a .= F.b:= G

while b # 0 Do

t:=0b
b := mod;(a,b)
a:=t

Return a x b * c.

Example 3.2. Consider F(x) = x* (x —i) x (v — j) = 2° — (i + j)2® + kz and
G(zr) =z (x — k) = 2% — kx. In order to find mod,(F,G) we need to perform
right division of F' by G. This gives:

F=Gx(x—i—j+k)+(k+j—1i—1)x.
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Since the first remainder

is non-zero, we need to perform yet another division. We use the remainder to

divide G and have that

G=(k+j—i—1)" %Ry *(x—k),

which end the iteration since the new remainder is zero. Keeping the common

divisor monic, we have

r=GCRD(F,.G)=(k+j—i—1)"'* Ry

=k+j—i—1)"'"*F—(k+j—i—1)"'xGx*x(x—i—j+k)

Then

F=xx@*—(Gi+jz+k)
G=uzx(x—k).

Hence

LCLM(F,G) = x* (2* — (i + j)x + k) * (x — k).

Example 3.3. Consider quaternion polynomial matriz

2% — kx ir? — jx
A—
23— (i +j)? +kr ka?—ix

Next, we will change the matriz element A(2,2) into 0 by applying elementary

transformations. Compute

GCRD(2* — kx,2* — (i + j) 2* + kx) = x,
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LCLM (2% — kx,2® — (i + )2 + kx) =2 * (2> — (i + j)o + k) * (x — k),

and
LCLM (A(1,1),A(2,1)) = S (2° — kx) = S, (2° — (i + j) 2° + ka)
where S1 = (x? — (i+j)x +k)),S2 = (x — k). Then

2% — kx ir? — jx
A — SQRQ_SlRI =
0 —ixt+ (-1 +2-k—-2))*+(j—i)x

3.2 Elementary Transformations

In quaternion polynomial matrices, we will use the following four elementary

row and column operations:
1. Interchange of any two rows (or columns);

2. Addition to any row (or column) of a quaternion polynomial left (or right)

multiple of any other row (or column);
3. Scaling any row (or column)by any nonzero quaternion.

4. Convert an element to 0 by GCRDs and LCLMs.

Example 3.4. The quaternion polynomial matriz Q(z):

1+iz—j2? 1—jx
Qr) =
14+ 2

1. Interchange the first row and the second row.

14z 2
Qi(z) =
1+ix —ja? 1—jx
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2. Add to the first row of i left multiple of the second row.

1+i+(i— 1z —jz* 1+2i—jx
Qa(7) =

1+ x 2

3. The second row to right multiply 7.

1+ix —ja* 1—jx 1+ iz — ja?
Jt+ujx 2j Jj+kx 27

1—jx

Consider a quaternion polynomial Q(x), the d(x) is called the right (or left)

total divisor of Q(x) if it exists a quaternion polynomial I(z) (or r(z)) satisfied

Given two quaternion polynomial matrices Q(z) and P(x), the r(x) is called

an mod (or remainder) of (Q(x), P(x)) if it exists a ¢(z) satisfied

where the deg(r(x)) < deg(P(x)).

3.3 Hermite forms

The Hermite forms is a canonical form of the quaternion polynomial matrices.
The Hermite forms can be divided into rows and columns Hermitian forms. The
function of the canonical form of a quaternion polynomial matrix is a prominent

feature of the matrix.

Any quaternion polynomial matrices can be transformed into the Hermite
forms through a series of four elementary transformations and unimodular trans-

formations we discussed above. Here, the row Hermite forms and column Hermite

65



3.3. HERMITE FORMS

forms are given.

Note that the ranks of quaternion polynomial matrices can not be defined

by using determinants or minors. The rank of a quaternion polynomial matrix

A is defined as the maximum number of columns of A which are right linearly

independent.

Definition 3.1. Considering an m x n quaternion polynomial matriz Q(z),

rank(Q(z)) = r < min{m,n}, the row Hermite form:

.

0 -+ 0 arg,(z) -+ arp(x) -+ arp(x) -+ apg(x)
gy () o+ o) - Gz (T)
gy () -+ agp, ()
0 0
0 --- 0 ar g, ()
0 0 0
0 S 0

The front r rows of Hy,(x) are non zero rows, and (m — r) rows after are

ZETO TOWS.

In every non zero rows, located in the leftmost nonzero element a;, is a

monic quaternion polynomaial.
The most left non-zero element of the Hy,.(x) is presented as a ladder type.

The number of quaternion polynomials of most left non-zero element a; ,
of the Hy,.(x) is the greatest, compared with other elements at the same

column.

Consider m x n quaternion polynomial matrix Q(z), rank(Q(x)) = r <

min{m,n}, the column Hermite forms is Hy.(z) = H};,(z).

Given an m X n quaternion polynomial matrix ((z), the row Hermite forms

Qg+ (x) for Hermitian forms can be achieved by an appropriate m x m unimodular
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3.3. HERMITE FORMS

matrix V(z) left-multiplicated Q(z); the row Hermite forms Q g,.(x) for Hermitian
forms can be achieved by an appropriate n X n unimodular matrix U(x) right-

multiplicated @Q(x), that is,
Qur(z) = V(2)Q(x)

Que(x) = Q(z)U(x)

Here one of algorithms for computing row Hermite forms is provided.

Algorithm: Computing Hermite Forms

Input: A Quaternion polynomial matrix Q(z), where Q(z) € H,,xn[X], rank(Q(z)) =

r.
Output: The Hermitian form of Q(x).

Step 1: For a given Q(x), the first column to the (k — 1) column is supposed to be

zero column, and the first £ column is the first non zero column.
Step 2: i = 1.

Step 3: while ¢ # r do
Qir; < the lowest times in kjth column, call it g, x, (2);
At this step, the algorithms of LCLM and GCRD are used to compute the

remainder of §; x, ().

item of i, (x) +remainder of G, (x)

1 — 14 1;

Step 4: end while

Step 5: (m — ) row — zero-row.
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Example 3.5. Let

1+ ix + ja? 0
Qx) = 0 1+ iz + ja?
1 4 +ix + ja?

It is easy to check that rank(Q(x)) = 2. Next the row Hermite form and the

corresponding unimodular transformation matriz V(x) are calculated:

1+ iz + ja? 0
Qx) = 0 14 iz + ja?
1 4+ jx + ja?
1 4+ iz + ja?
RlHRS . )
E—1> 0 1+ + g2
1+ iz + ja? 0
1 4 +ix + ja?
Rz« R3—(1+iz+jz?)R
B =51 0 1+ iz + ja?
Es
0 —(1+ix+ jz*)(4+ iz + ja?)
1 4+ ix + ja?
R+ R3+(4+iz+jz2)R
e o T2 0 14ir 4 ga? | = Quelx)
0 0
1 0 0 1 0 0 0 0 1
V(r) = EsExEy = | 0 1 0 0 1 0 01 0
0 4+iz+ja* 1 —4+ir+jz> 0 1 100
0 0 1
=10 1 0

1 4+iv+ 2% —(1+iz+ jo?)
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Then
0 0 1

Qur(x) =V(@)Qx)=| 0 1 0

1 4+iz+j2%2 —(1+iz + jz?)

1+ iz + jz? 0
0 1+ iz + jx?
1 4 +ix + ja?
1 44ix+ j2

=0 1+iz+jz?
0 0

Next we discuss some properties of Hermite forms.

Proposition 3.1. Suppose Q(x) is a n X n nonsingular quaternion polynomial
matrir, D(z) = D(z)R(x), R(z) is any n X n unimodular matriz. Then quater-

nion polynomial matriz D(x) and D(z) possess the same column Hermite forms.

Proof: Suppose Dy, and Dy, are the column Hermite forms of quaternion
polynomial matrices D(x) and D(x). Then n x n unimodular matricesw U(x)

and U(x) exist:
Dy.(z) = D(2)U(x), Dye(x) = D(z)U(z). (3.1)
Based on it, according to the equation D(z) = D(z)R(x), we have

Dy(x) = D(2)R(x)U(z) = Dye(2)U(2)U(2)U(x). (3.2)

Suppose W (x) = U~ (x)R(z)U(z), and the matrix is a unimodular matrix. We

obtain that the W (z) is a unimodular matrix. Hence
Dy(x) = Dy(x)W (x). (3.3)

According to the equation(3.3)), W~(z) = D, (2)Dy.(z). Because Dy.(z) and

Dy.(x) are lower triangular matrices, the W (z) is also a lower triangular matrix:
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8]

W1 (I) Co

wnl(x) wn,n—l Cp,

Dyo(x) = Dy.(x)W (x) has been proved. If Dy () = Dy (z) is to be proved, it

must be proved that W (x) is a unit matrix. From Dy.(z) = Dy W (z), we have

I dp1 () dpn () |
[ du(x) 1 C1 |
_ d21 (IE) de([L’) W21 (IE) Co
I dnl(w) dnn(x) 1L wnl(ﬁ) R wn,nq(%) Cn |
Then
dii(7) = dy(v)eii =1,2,...,n (3.5)

and the d;;(z) and d;;(z) are quaternion monic polynomials, and thus the fol-

lowing equation should be proved:

c=11=12...n. (3.6)

So, wix(z) = 0,i # k should be proved. According to the equation(3.4) and

column Hermite forms, by

do1 () = wa () das () + doy ()
deg dyy (x) < degdy(x) = deg dys()

(3.7)
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we can get wy; = 0. From

ds1 () = wsy (7)dsz(x) + ds1 ()
deg da; () < deg ds3(x) = deg da3(x)

(3.8)

we get ws3; = 0. Hence

Therefore, W (x) = I, that is, Dy (x) = Dy(z).

There is a similar result for column Hermite form. Suppose A(x) is n x n
nonsingular quaternion polynomial matrix, A(z) = T(x)A(x), T(x) is any n x
n unimodular matrices. Then quaternion polynomial matrices A(z) and A(x)

possess the same column Hermite forms.

3.4 Smith forms

Smith forms is an important canonical form of quaternion polynomial ma-
trices similar to Jordan forms for matrices over number fields. Any quaternion
polynomials can be transformed into Smith forms by elementary row operations.

For a given p X ¢ quaternion polynomial matrices Q(z) with rank(Q(x)) = r.
The following diagonal quaternion polynomial matrix can be achieved by using

four elementary transformations:

() 0
U()Q(x)V(2) = AMz) = (3.9)
Ar(z) 0
0 0 0
where {\;(z),7=1,2,...,r} are the nonzero quaternion polynomials and \;(z)

is total divisor of ;i1 (z).

Algorithm: Computing Smith Forms
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Input: Quaternion polynomial matrix Q(z), where Q(z) € H,x,[z], rank(Q(x)) =

r, 0#r#min{q,p}.
Output: Smith form A(z) of Q(x).
If Q(z)==0,A(z)=0

else If Q(x) # equation (3.9)
1 — 1
while 7 # r do
find the lowest times element and Q(i,7) — it
At this step, the algorithms of LCLM and GCRD are used to compute the
least common multiple of any two element of Q(x).
Qli,i+1:7r)—0;
QG+1:rd) — 0;
else
If {\(x),i=1,2,---  r} # monic

Ai(z) — monic;

end If
end If

end If

Example 3.6. For a given 2x3 quaternion polynomial matriz Q(x) with rank(Q(z)) =
2 as follows. Now we show that it can be transformed into Smith forms by four

elementary row and column transformations.
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—?—2t+1 x4+ k2? 1
Qz) =
2 iv+ka?+1 iz + ka? +2
CrsCs 1 i+ ka? —a?—at 41
= ir+ka?+2 ix+ka?+1 2
Ca—Co—(iz+kz2)Cy 1 0 —z? -zt 41
P2 i+ ka* +2 —(ix + ka* + 2)(ixz + ka* + 1) 2
1 0 0
03H03+(x2+50471)01
—(ix + ka? + 2 2 — (=22 —2*+1
B3 ir+ kx? + 2 ( ) ( )
(iz + kz? + 1) (iz + kz* + 2)
simplify 1 0 0
—_
E4 0 —(iz + ka? +2)(iz + ka® + 1) —iz + ka?(iz + ka® +1)°

RQ*)R2*(7:$+IC$2+2)R1 1 0 0
s 0 —(iz+ ka? +2)(ix + ka* + 1) —2? — 2* + iz + ka?
C3_’03_02 ]_ 0 0
—
P 0 —(iz + ko +2)(ix + ka® + 1) —2(iz + ka?) — 2
1 0 0

C3Co2
b 0 —2(iz + kx?) —2 —(iz + k2 + 2)(ix + ka® + 1)

C5—C5—0.5(ic+ka?+2)C, | 1 0 0
b 0 —2(iz+ka?)—2 0
Ro——0.5R2 1 O 0
_—
P 0 iz+ka®+1 0
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Let f(z),g(x) € Hlz]. f(z) and g(x) are called “similar” if there exist

p(x),q(x) € H[z] such that

Clearly, two polynomials over number fields are always similar. But in quater-

nion polynomial case, it is not always true.

Proposition 3.2. For a given q X p quaternion polynomial matriz Q(x), the

Smiath form is unique up to the similarity of entries on the main diagnoal.

Proposition 3.3. The g X p quaternion polynomial matriz Q1(x) and Qq(z) are
Smith equivalent if only and if Q1(x) and Q2(x) have the “same Smith forms” up

to the similarity of entries on the main diagonal, denoted by

Q1(z) ~ Q2(x). (3.10)

Note that the Smith equivalence has the following characteristics:
Reflexive character: Q1(x) ~ Q2(z) < Q2(z) ~ Q1(x).
Reflexivity: Q1(z) ~ Q1(x).
Transitive: Q1(x) ~ Q2(x), Q2(x) ~ Qs(x) = Q1(z) ~ Qs3(z).

Moreover, we have

Theorem 3.3. Two q X p quaternion polynomial matriz Q1(x) and Qq(z) are

Smith equivalent if and only if there exist two q X q and p X p unimodular matrices

P(z) and Q(x) such that

Qa(x) = P(2)Q1(2)T (2).

Proof: By the definition of Smith equivalence,

Ur(2)Q1(x)Vi(z) = Uz(2)Qa(z) V() (3.11)
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for some unimoduar matices U;(z) and Vj(z) i = 1,2. Multiply left by U~!(z)

and right by V~1(z), we can get
Qa(x) = Uy (@) U1 (2)Qu () Vi () Vy ().
Set
P(x) = Uy '(2)U (), T(x) = Vi(2)Vy ' (2).

It is obvious that P(x) and T'(x) are unimodular matrices.

3.5 Popov forms

In this section, we discuss the Popov forms for quaternion polynomial matri-

ces.

Definition 3.2. The q X p quaternion polynomial matriz

din(z) - diy(x)

dp(z) -+ dgp(T)

s in Popov form if

(1) Dg(x) is column-reduce, and ke < ko < -+ < kep.

(i1) For jth column j =1,2,--- ,p , principal index m; € [1,2,--- ,p| ezists, and
the principal element dm;(x) satisfies the following conditions:

a. deg [dmg@)} = kej.

b. dm; (x) is a monic quaternion polynomial.

c. degld;j(x)] < kej, Vi > m;.

d. For ith column and jth column , if i < j and ke; = kej, s0 m; < m;.

e. deg [dmg (x)] < kej, Vg # 7.

Example 3.7. Given a 3 X 3 quaternion polynomial matrix
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Biz + 5ja2 + 1 \2+3¢x+(3j—1)x2—x4\ iz + 452 + 6

D(x) = | 3ix+3j2z%+4 2ix + xjr? + 1 ’2717272':037(i+j+1)z4—jx6
iz + ja +7 3 5

The following judgement to show that D(z) is not in Popov form:

(i) According to the kg = 2, ke = 4, k.3 = 6 , it satisfies the condition (i).

(ii) The principal elements are

Ayt = 1+ G224+ 7, dpyo = 24 3iz+ (35— 1) 22 =2, dyys = 2—2? —ia® — (i+j+1) 2t —jab.

Then the principal indexes are

m1:3,m2:1,m3:2

- deg(dsi(z)) = 2 = ko, deg(diz(2)) = 4 = k2, deg(das(x)) = 6 = kes.

o

b. d31(z),di2(x), das(x) are monic quaternion polynomials.
c. deg[d;j(x)] < kej, Vi > m;.
d. kg =2 # koo =4 %# kes =6, ke # kej,t < j do not exist.
e. It satisfies that deg [dn,q(7)] < kej, Vg # J.
Hence the quaternion polynomial D(z) is not in Popov form.
For a given p X p quaternion polynomial matrix D(z), we can use four ele-
mentary transforms to find the Popov form Dg(x) and unimodular matrix U(z)

such that D(z)U(x) = Dg(z).

Algorithm: Computing Popov Forms

Input: A Quaternion polynomial matrix D(z), where where D(x) € H,x,[]
Output: Popov forms Dg(x) and unimodular matrix U(z)

Step 1: If D(z) — column-reduced
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Calculate column number of D(z) ke,i=1,2,--- ,p
L =max ke, ke, -+, kep, constitute:
Blx) = [ D(x) --- 2'D(z) -1, --- —2llI,
px2(L+1)p
At | — I, —2lr, } , find p related columns, suppose they are
bﬁ1<x)> bﬂz (.27), T 7b/6p(x)'
else

D(x) — column-reduced
D(z) = D(z)V (x)
end If

Step 2:
aibi(x) + agba(x) + - - + a2(L+1)p,1b2(L+1)p($) =0
a1pb1 () + agpba(z) + - + aari1)p,gb2(r41)p(x) =0
Step 3:
ai e aij
A=
Ao(L4+1)p,1 *°°  A2(L4+1)p,q
Uo
UL
A= .U, E; € RPx4
Ey
Eyp
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Step 4:

U(z) =Upat + -+ Ur + Uy

E(r) = Epzt + - -+ Eyz + Ey

Step 5: If E(x) — Popov forms
E() — Dy(x)
U(z) — U(x)
If D(x) is column-reduced
U(x) — Ulx)
else
U(z) — V(z)U(x)
end If
else
At this step, the algorithms of LCLM and GCRD are used to compute the
ladder type of U(z).
A — a ladder type
end If

Example 3.8. For 2 x 2 polynomial matriz D(x)

—3r x+2j
D(z) =

—r+] j

(1) Judge column-reduced and column number.

ka = 1, ko =1,L = max{ke, ke} =1
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(i1) Give two related columns

—X
—x+ —1 0

bi(z) + jbs(z) — 3b7 ()

(i1i) Calculate A. Firstly, get linear combination equation with constant coeffi-
cients

ba(z) + 2jbs(x) + jbs(z) + br(z) =0

—by(x) — jbg(x) + 3b7(x) + bg(x) =0
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That is,

[0 -1

1 0

0 0

B(x)A = [bi(x), ba(), bs(x), ba(), b5 (@), bs (@), br (), bs ()] oY
2j 0

Jo =i

1 3

[0 1

s0,

0 -1
1 0
0 0 Uo
0 0 Uy
A: =
27 0 Ey
J ) i Ey ]
1 3
(iv) Get E(x).
13 2j 0 t4+2j 3z
E(z)=Exz+ Ey = T+ =
0 1 Jo=J Joor=]

(v) Get Popov forms.
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| 0 1002 j 1o
1000 0 —j 31

0 1 00 25 4 10 e
= — |0, 0%, B BT
-1 -3 00 —65j —4j 0 1

. . xz 0 25 —6j
DE(CC) = Ell' + EO = +
0 =z j —4y
r+27 —6j
J o or—4

. . 0 0 0 —1 0 -1

Ulx) =Ux+ Uy = + =
0 0 1 =3 1 -3

3.6 Applications and future works
In this section, we outline some possible applications and future works.

e System Stability: the normal forms of quaternion polynomial matrices can
be used for studying the stability of linear dynamical systems with quater-
nionic coefficients. Pereira and Rocha[28] gave the definitions of the polyno-
mial determinant Pdet for quaternionic polynomial matrices and extended

to some results on system stability.

For quaternionic state-space system:
T = Ax (3.12)
where A € H"*". The solutions are

z(t) = e (3.13)
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where the exponential is defined as usual. Consider now a quaternionic

system described by a higher-order matrix differential equation

d

R(— =0 3.14
() (3.14)
where R(z) = Rpa™ + -+ + Rix + Ry € H"" [z]. This enabled a char-
acterization of the stability of linear systems with quaternionic coefficients,
R (4) w = 0in terms of the zeros of Pdet(R(s)), that generalizes the results

obtained for the real and complex cases.

e Rotation algorithm: Quaternion polynomial matrices have been found many
applications in the field of digital signal processing, communications and
other areas where they are used to describe the transfer function for multiple-
input multiple-output systems. Menanno and Bihanhave[21] introduced a
quaternion version of the SBR2 algorithm which is based on eigenvalue de-
composition of quaternion para-Hermitian polynomial matrices. They used

it to perform polarized source separation in convolutive mixture models.

e j-conjugate product: Wu et al[45] proposed the concept of j-conjugate prod-
uct over quaternion polynomial matrices. They introduced two new opera-
tions, right j -conjugate product and left j-conjugate product, for quaternion
polynomial matrices. Their basic properties are derived. As an applica-
tion, the consimilarity of quaternion matrices is investigated by means of
j-conjugate product. It has been revealed that two quaternion matrices
A and B are consimilar if and only if sI — A and s/ — B right (or, left)
conequivalent and this coincidence with the cases of real and complex ma-

trices.
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Chapter 4

Maple Codes

In this thesis, we use Maple to produce some examples. Some of quaternion

codes are picked from [I8]. Here are a part of Maple codes:

1 Qdef := proc (a, b, ¢, d)

> #the definition of quaternion
3 atlsbt+cxJ+dxK

1+ end proc;

5 Qreal := proc (a)

¢ #the real part of quaternion
7 subs(I =0, J =0, K=20, a)
s end proc;

9 Qimag := proc (a)

10 #the imag part of quaternion
n a—Qreal(a)

12 end proc;

13 Qnorm := proc (a)

u (Qreal(a)"24coeff(a, 1)"2+

15 coeff(a, J)"24coeff(a, K)"2)"(1/2)
16 end proc;

17 sortcollect := proc (A, a)
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18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

43

44

45

return sort (collect (A, a), a)
end proc;

Qinv :=
sortcollect (Qreal (a)—Qimag(a), x)

proc (a)

/sortcollect (Qreal(a) 2+

coeff(a, I)"2+coeff(a, J) 24coeff(a, K) 2, x)
end proc;

M := proc(a,b)

#M is the multiplication operator for

#quaternions and quaternion polynomials.

local al := Qreal(a),

bl := coeff(a, 1),

cl := coeff(a, J),

dl := coeff(a, K),

a2 := Qreal(b),

b2 := coeff(b, I),

c2 := coeff(b, J),

d2 := coeff(b, K);

return sortcollect (alxa2 — blxb2 — cl*xc2 — dlxd2

+ (alxb2 4+ blxa2
+ (al*c2 — blxd2

+ (alxd2 4 blxc2

+ cl%xd2 — dlxc2)x1
+ cl*xa2 + d1xb2)x*J

— cl1xb2 + dlxa2)*K, x);

end proc;
QMatrixMultiply := proc(A:: Matrix, B:: Matrix)
#procedure for quaternion matrix multiplication .

local nrowsA := LinearAlgebra:—RowDimension (A),

ncolsA := LinearAlgebra:—ColumnDimension(A),
ncolsB := LinearAlgebra:—ColumnDimension (B),
AB := Matrix (1..nrowsA, 1..ncolsB), i, j;
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47

49

50

51

52

53

54

55

56

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

for i from 1 to nrowsA do
for j from 1 to ncolsB do
AB(i, j) := simplify (add(M(A(i, k), B(k, j)),
k =1 .. ncolsA));
end do;
end do;
end proc
QMultiplyScalar := proc(A:: Matrix, B)
#Local procedure to multiply a
#quaternion matrix by a quaternion scalar.
local nrowsA := LinearAlgebra:—RowDimension (A),
ncolsA := LinearAlgebra:—ColumnDimension(A),
AB := Matrix (1..nrowsA, 1..ncolsA),
i, s
for i from 1 to nrowsA do
for j from 1 to ncolsA do
AB(i, j) := simplify M(A(i, j), B));
end do;
end do;
end proc;
GCRD:=proc (F,G)
a:=F;
b:=G;
while b<>0 do
t:=b;
b:=mod(a,b);
a=:t;
od

return a;
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76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

end proc;
LCLM:=proc (F,G)
a:=F;

b:=G;

while b<>0 do

t:=b;
b:=mod(a,b);
a=:t; od

return axbxt ;
end proc;

Hernﬂteﬁzproc(Q)

r=rand (Q);
[m,n]=size (Q);
a:=find (Q):
x:=findx (Q);
y:=findy (Q);
Q=cort (Q,a,x,y);
ii=1;

)

while i<>r do

for j form 2 to n do

q:=findleast (Q(i,:));

p:=rem(q);
Q(:,]):=0;
ir=141;

end do

end do

return row(Q);
end proc

Smith:=proc (Q)
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s Ti=rand (Q);

s [myn]=size (Q);

w7 a:=find (Q);

s x:=findx (Q);

w9 y:=findy (Q);

o Qi=cort (Q,a,x,y);

mw 1:=1;

1z while i<>r do

us for j form 2 to m do
na b:=LCIM(Q(1,1),Q(1,])));
ns o ¢:=GCRD(Q(1,1),Q(i,]));
s ¢1:=Qrem (Q(i,1));
nr e2:=Qrem(Q(i,j));
we Q1L =Q(j )+ e2-Q(i 1) x el
e end do

w0 QUi 1)i=0;

121 end do

122 return Q;

122 end proc

124 Popov:=proc(Q)

s ri=rank (Q);

126 Ql=:reduce (Q);

27 B(1,:):=Q1;

128 for 1 form 2 to r do

129 B(i,:):=%Ql;

1o end do

i B(r+1,:):=—ones(r,r);

;2 for 1 form r+42 to 2xr do

3 B(i,:):=—s"((i—1))*ones(r,r);
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13¢ end do

135 Ro:=RowOperation (IdentityMatrix (m),[n,p]);

136 U::RO.U;
137 VZ:RO.V;
138 for 1 from n+1 to m do

139 RO::ROWOp(U,H, 1 );

10 U:=Ro .U;
1 V:=Ro .V;
12 od X

us for i to m do

us for j to n do

s U[i,j]:= expand (U[i,j]);
s end do;

17 end do;

us A=VxU;

o return A;

10 end proc

> Qde =procia b ¢ d)
a+bI+cJ+dk
end proc

Qdef :=proc(a, b ¢ d) a+ I*b+ ckJ+ dkK end proc

» a= Qdef(1, 2, 3, 4)
a:=14+2I4+3J+4K
» Qreal = proc(a)
#Calculates the real part of a quaternion
subs(I=0, J=0, K=0, a);
end proc:

> Qreal(a)

» Qnorm = proc(a)
#Calculates the 2 norm of a quaternion.
(Qreal(a) "2 + coeff(a, I)2 + coeff(a J) 2 + coeff(a K)2)7(1/2);
end proc:

» Qnorm|a)

J30

> b= Qdef(4, 3, 2, 1)
bi=4+3T+2J+FK

> Qimag = proc(a)
#Calculates the imaginary part of a quaternion.
a - Qreal(a);
end proc:

> Qimag{b)

3I+2J+K
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> a+b
5+5I+5J+5K

> ab
(14+2I4+3J+4K) (4+3I14+2TJ+K)
> sortcollect = proc (4, a)
#Returns A as a pelynomial in standard form of variable a.
return sort(collect(4, a), a)
end proc;
sortcollect ;= proc(4, a) return sort(collect(4, a), a) end proc

> N = proc(a b)
#M is the multiplication operator for quaternions and quaternion polynemials.
local al == Qreal(a), bl = coeff(a I),
cl = coeff(a, J), dl = coeff(a K),
a2 = Qreal(b), b2 = coeff(b, I,
c2 = coeff(h J), d2 = coeff(b K);
F:= al*aZ2 - bl*bZ2 - cl*c2 - di*dZ
+ (al*b2 + bl*aZ + cl*d2 - di®cZ)*I
+ (al*c2 - bl*d2 + cl*a2 + di*b2)*]J
+ [(al#*d2 + bl#c2 - cl*b2 + di*aZ)*K;
return sort(collect(F, x), x)
end proc;

> H(a b)
—12+461+24 J+12 K

> Qinv = proc(a)
#Calculates the inverse of a quaternion or a quaternion polynemial.

sortcollect(Qreal(z) - Qimag(a), x)/sortcollect((Qreal(a)’2 + coeff(a, I) 2 + coeff(a J) 2 + coeff(a, K) 2),

%)

end proc:

M

(8

(@

(10)

> Qirvla)
1 1 1 2
30 15 3 10 J 15 &
> QMatrixMultiply = proc(A:.: Natrix, B: Matrix)
#Local procedure for quaternion matrix multiplication
local rrowsd = Lineardlgebra:—RowDimension(4),
neolsd = Lineardlgebra:—ColumnDimension(4),
ncolsB = Lineardlgebra:—ColumnDimension(B),
AB = Matrix(l..nrowsd, 1..ncolsB), i, j;
for i from 1 to nrows4d do
for j from 1 to ncelsE do
AB(i, j) = simplify(add(¥(A(i, k), Blk j)), k=1 .. ncolsd));
end do;
end do;
end proc
>A=[{14+2I+3J+4K 2431}, {3+4K 5+4I+6K}]
A=[{2+3L 1+2I+3J+4K}, {3+4K5+4I1+6K}]
> B=[{a b}, {b a}]
Bi=[{l+21+3J+4K 4+31+2J+K)L {1+2I+3T+4K 4+3I1+2J+K}]

>t=2 4+ (I+N&+Ekx
ti=2+(I+]) & +kx
> 5= +EKx
S:=J2+K_X
>tl=x
tl:=x
>si=(F— (I+)F+Ekg) (x—EK)
s1:=(F—(I+7]) #+EKx) (x—K)
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> LCLH(1, )

X

(f—(1+]) £+Fx) (x—F)

>H = [{1+ Ix+ 78 o}, {0 1+ Ix+ 72}, {1 4+ Ix+ J2)]

> Hernite(H1)

H1:=[{o, 72 + 1x+1}, {0, 7@ + Ix+1), {1, 72 + Ix+ 4}

[{1, 72+ 1x+ 4}, {0, 72 + 1x+ 1}, {0}]

Sste=[{-2— 41 Ix+k2 1), {2 Ix+ K2+ 1, Ix+ K2 + 2}

>

> Snith(s1)

si:={1, B+ Ix, - =2 +1), {2 B+ Ix+1, K7 + Ix+ 2}

[0, 1}, {0 K&+ Ix+1}]

> pre=[{-3 -3 2+ Ish, {1 Ix— 72, 1]

>

> Popov{F1)

pr:=[{2+4Ix -3 77 -3 Iz}, {1, -7 — Ix+1}]

[{-6 1@+ 1x+2), (1. P+ 1x—4}]
[{-1 0} {-3 1}]
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