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Abstract
Let G = GL(2,Fq) denote the group of invertible 2 × 2 matrices over the finite field Fq, where q

is the power of a prime number. This thesis investigates the complex irreducible representations

of G. First, we give an overview of the general theory of finite-dimensional representations of a

finite group over the complex numbers. Then we discuss the different types of conjugacy classes

in G. It will turn out that there are four types, which altogether give q2 − 1 conjugacy classes.

By general representation theory, the number of distinct irreducible representations of G is also

equal to q2−1. We proceed to construct these representations explicitly. Some of them are derived

from the permutation representation of G on the projective line P1(Fq), while the rest are induced

from smaller subgroups of G. In the concluding chapter, we compute the irreducible decomposi-

tions of pairwise tensor products of these representations by analysing the inner products of their

characters. These computations are an original contribution of this thesis.
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Chapter 1

Introduction

1.1 Group Representations

Representation theory is an important branch of mathematics. The beauty of the theory is that

it relates two different algebraic structures, namely groups and vector spaces. The purpose of

representation theory is to understand how a group can act on vector spaces. This thesis is con-

cerned with finite-dimensional complex representations of a finite group, and specifically the group

GL(2,Fq) of nonsingular 2× 2 matrices over the finite field Fq.

Let G be a finite group. A representation of G is a complex vector space V together with a

homomorphism

ρ : G −→ GL(V ).

In other words, for every g ∈ G we have an invertible linear transformation ρg : V −→ V such

that

• ρg h = ρg ◦ ρh for any g, h ∈ G, and

• ρg−1 = ρ−1g for any g ∈ G.

A subspace W ⊆ V is called a subrepresentation if, for any g ∈ G, the map ρg takes W to W . The
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zero space {0} and the whole space V are always subrepresentations of V . A subrepresentation

W ⊆ V is called non-trivial if W 6= {0}, V .

If V has a non-trivial subrepresentation then it is called reducible, otherwise it is called irre-

ducible. For a finite group G, there are only finitely many irreducible representations up to iso-

morphism. They are the basic building blocks for all other representations in the sense that any

finite-dimensional representation is a direct sum of irreducibles.

1.2 Outline of the Thesis

Let G = GL(2,Fq) denote the group of invertible 2× 2 matrices over the finite field Fq, where q is

the power of a prime number. This thesis investigates the finite-dimensional irreducible represen-

tations of G over the field of complex numbers.

1.2.1

Chapter 2 is devoted to the basics of representation theory. The topics include irreducible represen-

tations, tensor product of representations, character theory and the notion of an induced representa-

tion. We have explained these concepts by including several examples such as the Dihedral group

D8 and the Symmetric groups S3, S4. We have included some essential results such as Maschke’s

theorem as well as orthogonality of characters.

1.2.2

Chapter 3 describes the conjugacy classes in G. It turns out that there are altogether q2 − 1 conju-

gacy classes, which divide into four types. Given a 2×2 matrixA ∈ GL(2,Fq), its eigenvalues may

lie in Fq or a quadratic extension of Fq. In the former case, there may be two distinct eigenvalues

or a single eigenvalue of multiplicity two. If the multiplicity is two, then A is either diagonalizable
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or has a non-trivial Jordan canonical form. These divisions lead to the four types.

1.2.3

Chapter 4 describes all the irreducible representations of G. By general theory, we know that the

number of irreducible representations is equal to the number of conjugacy classes. Hence G must

have q2 − 1 mutually non-isomorphic irreducible representations.

• First, we start with the permutation representation of G on the projective line P1(Fq). By its

decomposition into irreducibles we get a q-dimensional irreducible representation V . Each

character α : F∗q −→ C∗ determines a one-dimensional (irreducible) representation Uα of G.

Then the tensor product of V and Uα gives us another q-dimensional irreducible representa-

tion Vα.

• Let B ⊆ G be the Borel subgroup of upper triangular matrices, and let N ⊆ B be the

subgroup of unipotent upper triangular matrices. Then we have an isomorphism

B/N ∼= F∗q × F∗q.

Given two distinct characters α, β of F∗q , the composite map

B → B/N
∼−→ F∗q × F∗q

α×β−→ C∗ × C∗ mult−→ C∗

gives a character B −→ C∗. Let Wα,β denote the corresponding induced representation of

G. It turns out to be irreducible. The distinct unordered pairs {α, β} give mutually non-

isomorphic representations.

• Finally, we have a subgroup K ⊆ GL(2,Fq) which is isomorphic to the multiplicative group

F∗q2 . Consider a character φ : (K ') F∗q2 −→ C∗ such that φ 6= φq, and let Yφ be the
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induced representation of G. It turns out that Yφ is reducible, but it gives rise to a new type

of irreducible subrepresentation Xφ. We have Xφ
∼= Xφq , but two characters φ and ψ of F∗q2

such that φ 6= ψ, ψq give rise to non-isomorphic representations Xφ and Xψ.

In summary, we get four types of irreducible representations of G, namely Uα, Vα,Wα,β and Xφ.

We also calculate a comprehensive character table for all of these representations.

1.2.4

If E1 and E2 are any two such irreducible representations, then their tensor product E1 ⊗ E2 will

in general decompose into a direct sum of irreducibles. These are usually called Clebsch-Gordan

decompositions, since in the 19th century Clebsch and Gordan studied them in the context of

representations of the group GL(2,C) (see [9, Ch. 4]). In Chapter 5, we calculate the pairwise

tensor product decompositions of these irreducible representations by using the character table.

Altogether we carry out six different computations, namely the irreducible decompositions in the

following cases:

V ⊗ V, V ⊗Wα,1, V ⊗Xφ, Wα,1 ⊗Xφ, Xφ ⊗Xψ, Wα,1 ⊗Wβ,1.

These computations are an original contribution of this thesis in the sense that we haven’t found

them in the existing literature. Given arbitrary irreducible representations E1 and E2, the decom-

position of E1 ⊗ E2 can be inferred from these computations.

For the theory described in Chapters 2 through 4, we have broadly followed the treatment in the

text ‘Representation Theory, A First Course’ by Fulton and Harris [4]. For basic representation

theory, we have also referred to the texts by Alperin and Bell [1] as well as James and Liebeck [7].

We use the text by Gallian [5] as a standard reference for abstract algebra, and in particular the

theory of finite fields.

–
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Chapter 2

Representation Theory of Finite Groups

In this chapter we will recall the basic representation theory of finite groups over the field C of

complex numbers. Throughout this chapter, let G denote a finite group. All the vector spaces

will be finite-dimensional and defined over C. If V is such a vector space, then GL(V ) denotes

the group of invertible C-linear maps V → V . A good expository account of basic representation

theory can be found in the paper [10] by Teleman. All the necessary preliminaries for linear algebra

may be found in [6].

2.1 Representations

Definition 2.1. A representation of a group G on a vector space V is a homomorphism

ρ : G→ GL(V ).

In other words, defining a representation of G on V translates into assigning for each g ∈ G an

invertible linear map ρ(g) : V → V such that

ρ(e) = 1V , ρ(gh) = ρ(g)ρ(h) and ρ(g−1) = ρ(g)−1. (2.1)
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We will denote this representation by (ρ, V ), or just by V if ρ is understood from the context.

We enclose a few examples of representations.

Example 2.2. Let V be a one-dimensional vector space. We can define ρ(g) = 1V for every g ∈ G,

where 1V denotes the identity map V → V . This is called the trivial representation.

Example 2.3. Let G = C4 = {e, g, g2, g3} denote the cyclic group of order 4. Let V = C2 be the

2-dimensional vector space over C, so that GL(V ) can be identified with the group GL(2,C) of

invertible 2× 2 matrices. Now define ρ : G→ GL(2,C) as follows:

ρ(e) =

1 0

0 1

 , ρ(g) =

0 −1

1 0

 , ρ(g2) =

−1 0

0 −1

 , ρ(g3) =

 0 1

−1 0

 .

We can easily see that ρ satisfies the equations (2.1). So, we have defined a representation of the

group C4.

Two representations (ρ, V ) and (ψ,W ) are said to be isomorphic, if there is a vector space isomor-

phism f : V → W such that we have

f ◦ ρ(g) = ψ(g) ◦ f

for all g ∈ G.

2.1.1 Representations of D8

Let D8 denote the dihedral group with 8 elements, generated by the elements r, s subject to the

relations

r4 = s2 = e, s r = r3 s.

Thus

D8 = {e, r, r2, r3, s, r s, r2 s, r3 s}.
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We will determine all one-dimensional representations up to isomorphism. Let ρ : D8 → GL(C) '

C∗ be any one-dimensional representation.

We know that ρ(r)4 = ρ(r4) = ρ(e) = 1. Since ρ is a homomorphism, we must have ρ(r) =

±1,±i. Similarly ρ(s)2 = ρ(s2) = ρ(e) = 1, which gives ρ(s) = ±1. Moreover, ρ(rs) =

ρ(sr−1) =⇒ ρ(r)ρ(s) = ρ(s)ρ(r)−1 =⇒ ρ(r)2 = 1. Hence ρ(r) = ±1. Thus we get the

following four possibilities:

(ρ(r), ρ(s)) = (1, 1), (1,−1), (−1, 1), (−1,−1).

Any of them defines the representation completely.

Finally we will give an example of a two-dimensional representation φ : D8 → GL(2,C). Define

φ(r) =

i 0

0 −i

 , and φ(s) =

0 1

1 0

 .

We can easily verify that φ satisfies the equations in 2.1, and hence (φ,C2) is a representation.

2.1.2 The symmetric group S3

Consider the symmetric group S3 on the set {1, 2, 3}. Let g = (123), where the length 3-cycle

(123) is a permutation sending 1 to 2, 2 to 3 and 3 to 1. Let r = (23). We can easily compute

g3 = (123)(123)(123) = (123)(132) = e,

r2 = (23)(23) = e,

grg = (123)(23)(123) = (123)(13) = (23) = r.

(2.2)
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Hence we have a presentation

S3 = {e, (12), (13), (23), (123), (132)} ' 〈g, r|g3 = r2 = e, gr = rg−1〉.

2.1.3

Now we will define some representations of S3.

The trivial representation σ : S3 → GL(C) ' C∗ is defined by letting (σ(g), σ(r)) = (1, 1).

The sign representation (or alternating representation) σ : S3 → GL(C) ' C∗ is defined by

σ(a) =


1 if a is an even permutation

−1 if a is an odd permutation

for a ∈ S3.

We proceed to define the so-called ‘standard’ representation. Let e1, e2, e3 be the standard basis of

C3, and let E ⊆ C3 the one-dimensional subspace generated by the vector e1 + e2 + e3. Define W

to be the 2-dimensional quotient vector space C3/E. Now the standard representation

σ : S3 → GL(W ),

is defined by the recipe that σ(g) will send ei + E to eg(i) + E for all g ∈ S3.

For instance, let g = (12) ∈ S3. Then σ(12)(e1 + E) = e2 + E and σ(12)(e2 + E) = e1 + E. If we

use {e1 + E, e2 + E} as a basis of W , then σ(12) is given by the matrix

0 1

1 0

.

Now take g = (132) ∈ S3. Then σ(132)(e1 + E) = e3 + E = −e1 − e2 + E and σ(132)(e2 + E) =

e1 + E. Therefore, σ(132) is given by the matrix

−1 1

−1 0

.

The representation theory of the groups D8 and S3 is also discussed in [2].
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2.2 Subrepresentations

Let ρ : G→ GL(V ) be a representation.

Definition 2.4. A subrepresentation of V is a subspace W ⊆ V with the property that we have

ρ(g)(w) ∈ W for all w ∈ W and g ∈ G. Then W itself becomes a representation of G. We also

say that W ⊆ V is a G-invariant subspace.

We will see some examples of subrepresentations.

Example 2.5. There are two trivial cases; namely the zero subspaceW = {0} and the whole space

W = V are always subrepresentations.

Example 2.6. Let G = Z, where Z is a group under addition. Consider the two-dimensional

representation φ : Z→ GL(2,C) given by

φ(n) =

1 n

0 1

 , for n ∈ Z.

Let e1 =

1

0

, and V1 = span{e1} ⊂ C2. We will show V1 is G-invariant. If v ∈ V1, then

there exists a ∈ C such that v = ae1. Now, φ(n)(v) =

1 n

0 1


a

0

 =

a
0

 ∈ V1. So, V1 is

G-invariant.

Now let V2 = span{

0

1

} ⊂ C2. Since φ(1)(e2) /∈ V2, the subspace V2 is not G-invariant.
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2.3 G-equivariant Morphisms

Definition 2.7. Let (ρ1, V1) and (ρ2, V2) be two representations of a group G. A map φ : V1 → V2

is said to be morphism of representations if it is G-equivariant; that is to say, we have

ρ2(g)(φ(v)) = φ(ρ1(g)(v)),

for all v ∈ V1 and g ∈ G. In other words, the following diagram commutes:

V1 V2

V1 V2

φ

ρ1(g)

φ

ρ2(g)

In particular, we say that the representations are isomorphic if there exists a vector space isomor-

phism φ : V1 −→ V2 which is G-equivariant.

Proposition 2.8. Let φ be a morphism of representations as above. Then

(i) Ker(φ) is a subrepresentation of V1.

(ii) Im(φ) is a subrepresentation of V2.

PROOF. (i) Let v ∈ Ker(φ). Then φ(v) = 0. Since

φ(ρ1(g)(v)) = ρ2(g)(φ(v)) = 0,

it follows that ρ1(g)(v) ∈ Ker(φ). Hence, Ker(φ) is a subrepresentation of V1.

(ii) Let v ∈ Im (φ). Then there exist v′ ∈ V1 such that φ(v′) = v. Now,

φ(ρ1(g)(v′)) = ρ2(g)(φ(v′)) = ρ2(g)(v).
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Therefore, ρ2(g)(v) ∈ Im(φ). Hence Im(φ) is a subrepresentation of V2.

2.4 Irreducible Representations

Definition 2.9. A representation (ρ, V ) of G is called irreducible if it contains no non-trivial sub-

representations. That is to say, if W ⊂ V is a subrepresentation, then either W = {0} or W = V .

Notice that all one-dimensional representations are irreducible.

Example 2.10. Recall the two-dimensional representation φ : D8 → GL(2,C) from Section 2.1.1.

We will prove that φ is irreducible.

Suppose that φ is reducible. Then there must exist a one-dimensional subrepresentation W ⊂ C2.

Assume that W have a basis vector

a
b

. Now φ(r)

a
b

 =

i 0

0 −i


a
b

 =

 ai

−bi

 must

be a scalar multiple of

a
b

, which is only possible if either a = 0 or b = 0.

Assume a = 0, and hence b 6= 0. But then φ(s)

0

b

 =

0 1

1 0


0

b

 =

b
0

 /∈ W , which

contradicts the property of G-invariance. We get a similar contraction if b = 0. Hence φ must be

irreducible.

Example 2.11. By the same approach as in the previous example, we will prove that the standard

representation σ : S3 → GL(W ) from Section 2.1.2 is irreducible.

Suppose that σ is reducible, and assume that U ⊂ W is a one-dimensional subrepresentation.

Since σ(12) takes U to U , it is easy to see that q = e1 + e2 + E is a basis vector for U . But then

σ(123)(q) = −e1 + E is not a scalar multiple of q, which is a contradiction. Hence σ must be

irreducible.

Lemma 2.12 (Schur’s lemma). Let (ρ, V ) be an irreducible representation of G. Every morphism

of representations φ : V → V is a multiplication by scalar.
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PROOF. Let λ ∈ C be an eigenvalue of φ. Consider the eigenspace Eλ = {v ∈ V |φ(v) = λv}.

First we will prove Eλ ⊂ V is a subrepresentation of V . That is, we will show Eλ is G-invariant.

Let v ∈ Eλ. We claim that ρ(g)(v) ∈ Eλ. Consider,

φ(ρ(g)(v)) =ρ(g)φ(v) (Since φ is G-equivariant)

=ρ(g)(λv) = λρ(g)(v).

Therefore, ρ(g)(v) ∈ Eλ. This implies that Eλ is a subrepresentation of V . Since V is irreducible,

we must have Eλ = V , i.e., φ(v) = λ v for all v ∈ V .

The following theorem shows that irreducible representations form ‘building blocks’ of all repre-

sentations.

Theorem 2.13. (Maschke’s Theorem) For any representation V of a finite group G, there is a

decomposition

V = V ⊕a11 ⊕ V ⊕a22 ⊕ ...⊕ V ⊕akk ,

where the Vi are pairwise non-isomorphic irreducible representations. The decomposition of V

into a direct sum of the k factors is unique, as are the Vi that occur and their multiplicities ai.

PROOF. The proof may be found in the standard text [4, Ch. 1].

2.5 Irreducible Representations and Conjugacy Classes

It is the case that a finite group G admits only finitely many irreducible representations up to

isomorphism. Moreover, it is a very useful fact that the number of such mutually non-isomorphic

irreducible representations is equal to the number of conjugacy classes in G.

Definition 2.14. [Conjugacy Class] Two elements a and b in a group G are said to be conjugate if

there exists an element g ∈ G such that a = g b g−1. For a ∈ G, its conjugacy class is defined to
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the set

C(a) = {g a g−1 | g ∈ G}.

These classes form a set partition of G.

Example 2.15. D8 = {e, r, r2, r3, s, rs, r2s, r3s}.

We will determine the conjugacy classes in D8. We have

s−1rs =s−1sr−1 [By using rs = sr−1]

=r−1 = r3 [By using r4 = e] =⇒ r3 ∈ C(r).

(2.3)

r−1sr =r3sr [By using r4 = e]

=r2rsr = r2sr3 [By using rs = sr−1] = r2s =⇒ r2s ∈ C(s).

(2.4)

s−1rss =s−1sr3s [By using rs = sr−1 = sr3]

=r3s =⇒ r3s ∈ C(rs).

(2.5)

It is easy to check that there are no further conjugate pairs, and therefore D8 has five conjugacy

classes as follows: {e}, {r, r3}, {s, r2s}, {r2}, {rs, r3s}.

Theorem 2.16. Let G be a finite group. Then the number of irreducible representations of G is

equal to the number of the conjugacy classes of G.

The proof may be found in the standard text [4, Ch. 2].

We have already seen five irreducible representations of D8 in Section 2.1.1. The theorem tells us

that any irreducible representation of D8 is isomorphic to exactly one of the five.

Example 2.17. Consider the symmetric group

S3 = {e, (12), (13), (23), (123), (132)}.
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We proceed to compute the conjugacy classes of S3.

(12)(23)(12) = (12)(132) = (13) =⇒ (13) ∈ C((12)),

(13)(12)(13) = (13)(132) = (23) =⇒ (23) ∈ C((12)),

(12)123)(12) = (12)(13) = (132) =⇒ (132) ∈ C((123)).

Therefore, S3 has the following three conjugacy classes:

{e}, {(12), (13), (23)}, {(123), (132)}.

In Section 2.1.2, we have described three irreducible representations of S3. As before, the theorem

implies that any irreducible representation of S3 must be isomorphic to exactly one of the three.

Proposition 2.18. LetG be a finite group. Let V1, V2, ..., Vm be the all the pairwise non-isomorphic

irreducible representations of G up to isomorphism. Then

|G| =
m∑
i=1

(dimVi)
2.

The proof may be found in [4, Ch. 2].

2.6 Character Theory for Finite Groups

In this section, we will discuss character theory for finite groups. This is an important tool in

determining the irreducible representations of a group. A comprehensive discussion of character

theory may be found in [7, 8].
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2.6.1 Characters

Let (ρ, V ) be a representation of G. Then for each g ∈ G, we have a linear map ρ(g) : V → V

whose trace is well-defined.

Definition 2.19. The character of (ρ, V ) is defined as the complex valued function

χV : G→ C, χV (g) = trace(ρ(g)).

Example 2.20. We will calculate the characters of the standard representation (σ,W ) from Sec-

tion 2.1.2. We have

χW ((12)) = trace(σ((12))) = trace

0 1

1 0

 = 0.

χW ((132)) = trace(σ((132))) = trace

−1 1

−1 0

 = −1.

The following proposition collects together some basic results about characters. The proofs may

be found in [4, Ch. 2].

Proposition 2.21. Let (ρ, V ) and (σ,W ) be representations of G. Then

(i) χV (hgh−1) = χV (g),

(ii) χV (1G) = dimV ,

(iii) χV (g−1) = χV (g),

(iv) χV⊕W (g) = χV (g) + χW (g).
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2.6.2 The inner product of characters

Let (ρ, V ) and (σ,W ) be representations of G. Their inner product is defined to be

〈χV , χW 〉 =
1

|G|
∑
g∈G

χV (g) χW (g).

We will mention several properties of characters which will be useful in the sequel. The proofs of

all of these can be found in [4, Ch. 2]. In the next section, we will illustrate these properties using

the examples of groups D8 and S3.

Proposition 2.22. Let (ρ, V ) and (σ,W ) be representations of G.

(i) If V is irreducible then 〈χV , χV 〉 = 1 that is, ‖χV ‖2 = 1.

(ii) If V and W are irreducible and non-isomorphic, then 〈χV , χW 〉 = 0.

(iii) Two irreducible representations V and W are isomorphic, if and only if we have χV (g) =

χW (g) for all g ∈ G.

Proposition 2.23. Let W be a possibly reducible representation of G. Suppose we have an iso-

morphism of representations

W '
r⊕
i=1

Vi
ni ,

where Vi is irreducible with multiplicity ni and V1, . . . , Vr are pairwise non-isomorphic. Then

ni = 〈χVi , χW 〉.

2.7 The Character Table

Let G be a finite group. Let C1, C2, . . . , Cm be the conjugacy classes in G so that we have a set

partition

G = C1 ∪ C2 ∪ · · · ∪ Cm.
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Let V1, V2, . . . , Vm denote all the irreducible representations ofG up to isomorphism. The character

table of G is an array in which rows are labelled by irreducible representations and columns are

labelled by the conjugacy classes. The entry in row i and column j is χVi(Cj).

2.7.1 Orthogonality relations

As mentioned earlier, if χi, χj are two distinct irreducible characters, then

〈χi, χj〉 = 0.

Now ci, cj denote two columns of the table, considered as vectors in Cm. Then we have

〈ci, cj〉 =


0 if i 6= j,

|G|
|Ci| if i = j.

Example 2.24. Recall Section 2.1.1. The dihedral group

D8 = {e, r, r2, r3, s, rs, r2s, r3s},

has five conjugacy classes:

{e}, {r, r3}, {s, r2s}, {r2}, {rs, r3s}.

Recall that there are four one-dimensional representations ρ : D8 → C∗ corresponding to the

choices

(ρ(r), ρ(s)) = (1, 1), (1,−1), (−1, 1), (−1,−1).

Let V1, V2, V3, V4 denote these representations respectively. Let V5 be the two-dimensional repre-
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sentation space corresponding to (φ(r), φ(s)) =


i 0

0 −i

 ,

0 1

1 0


.

We can easily compute that

χV5(e) = 2, χV5(r) = 0, χV5(s) = 0, χV5(r
2) = −2, and χV5(rs) = 0.

Therefore, the character table of D8 is as follows:

{e} {r, r3} {s, r2s} {r2} {rs, r3s}

χV1 1 1 1 1 1

χV2 1 1 −1 1 −1

χV3 1 −1 1 1 −1

χV4 1 −1 −1 1 1

χV5 2 0 0 −2 0

The reader should also see [7, Ch. II, §9] for a discussion of the representation theory of D8. Now

we can verify the orthogonality relations from Section 2.7.1. For instance, we have

〈χV1 , χV5〉 =
1

8
[1(1.2) + 2(1.0) + 2(1.0) + 1(1.(−2)) + 2(1.0)] = 0.

Similarly, we can check that 〈χVi , χVj〉 = 0 for all i, j ∈ {1, 2, 3, 4, 5} where i 6= j. On the other

hand,

||χV5||2 =
1

|G|
∑
g∈G

χV5(g)χV5(g) =
1

8
[1(2.2) + 2(0.0) + 2(0.0) + 1((−2).(−2)) + 2(0.0)] = 1.
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Similarly, we can check that ||χVi ||2 = 〈χVi , χVi〉 = 1 for all i ∈ {1, 2, 3, 4, 5}. Notice that

|D8| = 8 = (dimV1)
2 + (dimV2)

2 + (dimV3)
2 + (dimV4)

2 + (dimV5)
2 = 1 + 1 + 1 + 1 + 4.

Let c1, . . . , c5 denote the columns of the character table. Then it is easy to see that the inner product

of any two distinct columns is zero. On the other hand, for instance

||c3||2 = 12 + 12 + 12 + 12 = 4 =
|G|
|C3|

=
8

2
.

Example 2.25. Recall Example 2.1.2, where we have described the irreducible representations of

the symmetric group

S3 ' 〈g, r|g3 = r2 = e, gr = rg−1〉.

of order 6. Its conjugacy classes are

{e}, {(12), (13), (23)}, {(123), (132)}.

Let V1, V2, V3 denote the representation spaces for the trivial, sign and standard representation

respectively. Thus dimV1 = dimV2 = 1 and dimV3 = 2. From the corresponding matrix

descriptions it is easy to compute that

χV2(e) = 1, χV2(12) = −1, χV2(123) = 1, χV3(e) = 2, χV3(12) = 0, χV3(123) = −1.
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Therefore, the character table of S3 is

{e} {(12), (13), (23)} {(123), (132)}

χV1 1 1 1

χV2 1 −1 1

χV3 2 0 −1

Let us verify some properties from Section 2.6.2 on this example. We have

〈χV1 , χV2〉 =
1

|G|
∑
g∈G

χV1(g)χV2(g) =
1

6
[1(1.1) + 3(1.(−1)) + 2(1.1)] = 0,

and similarly

〈χV1 , χV3〉 = 〈χV2 , χV3〉 = 0.

The self inner products are

||χV1||2 = 〈χV1(g), χV1(g)〉 =
1

|G|
∑
g∈G

χV1(g)χV1(g) =
1

6
[1(1.1) + 3(1.1) + 2(1.1)] = 1,

and similarly

||χV2||2 = ||χV3||2 = 1.

Moreover,

|S3| = 6 = (dimV1)
2 + (dimV2)

2 + (dimV3)
2 = 12 + 12 + 22.

2.7.2 The symmetric group S4

Consider the symmetric group S4 of order 24. In this section we will determine the character table

for S4 using the properties in Section 2.6.2.

Let V1 be the trivial representation of S4, and V2 the sign representation defined as in Section 2.1.2
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on page 12. Let e1, . . . , e4 be the standard basis of C4, and E ⊆ C4 the subspace generated by the

vector e1 + · · ·+ e4. Let V3 = C4/E with the standard representation σ : S4 → GL(V3) defined as

in Section 2.1.2.

By the general theory of symmetric groups (see [3, Ch. 1]), we know that two permutations in

S4 are conjugate if and only if they have the same cycle type. Therefore, each cycle type of S4

corresponds to a conjugacy class. Following are the five conjugacy classes:

{e}, {(12), (13), (14), (23), (24), (34)},

{(123), (132), (142), (124), (234), (243), (134), (143)},

{(1234), (1432), (1342), (1423), (1324), (1243)}, {(12)(34), (13)(24), (14)(23)}.

We will calculate the character values χV3(g) for one g in each conjugacy class. It is clear that ρe

corresponds to the matrix ρe =


1 0 0

0 1 0

0 0 1

, and therefore χV3(e) = 3.

For g = (12), we have

ρg(e1 + E) = e2 + E, ρg(e2 + E) = e1 + E, ρg(e3 + E) = e3 + E,

which gives ρ(12) =


0 1 0

1 0 0

0 0 1

. Hence χV3(12) = 1.

For g = (123), we have

ρg(e1 + E) = e2 + E, ρg(e2 + E) = e3 + E, ρg(e3 + E) = e1 + E,
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which gives ρ(123) =


0 0 1

1 0 0

0 1 0

 and hence χV3((123) = 0.

For g = (1234), we have

ρg(e1 + E) = e2 + E, ρg(e2 + E) = e3 + E, ρg(e3 + E) = e4 + E = −e1 − e2 − e3 + E.

This gives ρ(1234) =


0 0 −1

1 0 −1

0 1 −1

, and hence χV3(1234) = −1.

For g = (12)(34), we have

ρg(e1 + E) = e2 + E, ρg(e2 + E) = e1 + E, ρg(e3 + E) = e4 + E = −e1 − e2 − e3 + E.

This gives ρ((12)(34)) =


0 1 −1

1 0 −1

0 0 −1

, and therefore χV3((12)(34)) = −1. It is easy to check

that ||χV3||2 = 1, and hence V3 is irreducible.

2.7.3

We know that the number of irreducible representations is equal to the number of conjugacy

classes. Therefore S4 must have two other irreducible representations. Let V4 and V5 denote

the other two irreducible representations of S4. By Proposition 2.18, we have |G| =
∑
i

(dimVi)
2.

Therefore,

24 = |S4| = 1 + 1 + 9 + (dimV4)
2 + (dimV5)

2,
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which implies that (dimV4)
2 + (dimV5)

2 = 13. Hence we may assume that

dimV4 = 3, and dimV5 = 2.

Our next step is to determine the character values of V4 and V5. At this point, we can write the

character table is as follows :

{e} {(12)} {(123)} {(1234)} {(12)(34)}

χV1 1 1 1 1 1

χV2 1 −1 1 −1 1

χV3 3 1 0 −1 −1

χV4 3 a b c d

χV5 2 u v w x

Here a, b, c, d, u, v, w, x stand for the unknown values which we will try to determine.

2.7.4

Let C1, . . . , C5 denote the conjugacy classes. They have 1, 6, 8, 6, 3 elements respectively. We will

use the orthogonality relations from Section 2.7.1. Taking the inner product of columns c1 and c2,

we get 1− 1 + 3 + 3a+ 2u = 0, i.e.,

3a+ 2u = −3.

Using the fact that ||c2||2 = |G|
|C2| = 24

6
= 4, we get

a2 + u2 = 1.
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These equations have the following two possible solutions:

(a, u) = (−1, 0) or (−5/13,−12/13).

Similarly, using columns c1 and c5, we get the equations

d2 + x2 = 5, 3d+ 2x = 1.

These have possible solutions

(d, x) = (−1, 2), or (19/13,−22/13).

But now, using c2 and c5 we have ad+ ux = 1, and hence the only possibility is

(a, u) = (−1, 0), and (d, x) = (−1, 2).

Using similar calculations of columns c1, c2, c3 we get (b, v) = (0,−1), and using c1, c2, c4 we get

(c, w) = (1, 0). Hence, the character table of S4 is fully determined as follows:

{e} {(12)} {(123)} {(1234)} {(12)(34)}

χV1 1 1 1 1 1

χV2 1 −1 1 −1 1

χV3 3 1 0 −1 −1

χV4 3 −1 0 1 −1

χV5 2 0 −1 0 2

The general theory of irreducible representations for the symmetric group Sn may be found in

[4, Ch. 4]. In particular, the representation spaces Vi can be concretely described in terms of
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Young tableaux corresponding to the partitions of n.

2.8 Tensor Product of Representations

In this section, we will discuss the tensor product of two representations of a group G. For the

definition of the tensor product of two vector spaces, see [3, Section 11.5] and [2, Ch. II, §12].

Definition 2.26. Let (ρ, V ) and (σ,W ) be representations of G. Their tensor product representa-

tion (ρ⊗ σ, V ⊗W ) is defined on pure tensors by

(ρ⊗ σ)(g)(v ⊗ w) = ρ(g)(v)⊗ σ(g)(w),

for g ∈ G, and then extended by linearity. It is easy to see that this construction preserves equa-

tions (2.1) on page 10.

The following examples will clarify this definition.

Example 2.27. In Example 2.3, we have defined a representation ρ : C4 → GL(V ) via the matrix

ρ(g) =

0 −1

1 0

, where g is a cyclic generator of C4. Recall that V = C2 is two-dimensional

vector space with standard basis {e1, e2}. Therefore, V ⊗ V has basis

{e1 ⊗ e1, e1 ⊗ e2, e2 ⊗ e1, e2 ⊗ e2}.

Notice that ρ(g) sends e1, e2 respectively to e2,−e1. Now we have

(ρ⊗ ρ)(g)(e1 ⊗ e1) = ρ(g)(e1)⊗ ρ(g)(e1) = e2 ⊗ e2,

(ρ⊗ ρ)(g)(e1 ⊗ e2) = ρ(g)(e1)⊗ ρ(g)(e2) = e2 ⊗ (−e1) = −(e2 ⊗ e1).
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Similarly, (ρ⊗ ρ)(g)(e2 ⊗ e2) = e1 ⊗ e1 and (ρ⊗ ρ)(g)(e2 ⊗ e1) = −(e1 ⊗ e2).

Therefore, (ρ⊗ ρ, V ⊗ V ) is defined via the matrix



0 0 0 1

0 0 −1 0

0 −1 0 0

1 0 0 0


which specifies the action

of (ρ⊗ ρ)(g).

Definition 2.28. Let A = [aij] and B = [bkl] be two matrices of size m×n and r× s, respectively.

The Kronecker product ofA andB is defined asA⊗B =



a11B a12B · · · a1nB

a21B a22B · · · a2nB

...
...

...
...

am1B am2B · · · amnB


= [aijB].

Notice that the size of the new matrix is mr × ns. Also, trace(A⊗B) = trace(A) trace(B).

If the matrices for ρ(g) and σ(g) are given, then the matrix for (ρ⊗σ)(g) is given by the Kronecker

product of the two matrices. This implies the formula

χV⊗W (g) = χV (g)χW (g)

for any g ∈ G.

2.8.1 The Dual Representation

Let V be a G-representation, corresponding to the map ρ : G −→ GL(V ). Then the dual vector

space V ∨ = Hom(V,C) is also G-representation in a natural way (see [4, Ch. 1]). The correspond-

ing map

ρ∨ : G −→ GL(V ∨),
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takes the functional ϕ ∈ V ∨ to the functional

V −→ C, v −→ ϕ(ρg−1(v)).

If ρg is given by the matrix A with respect to a basis of V , then ρ∨g is given by (A−1)T with respect

to the dual basis. Hence we have

χV ∨(g) = trace(ρ∨g ) = χV (g−1) = χV (g).

2.9 Induced Representations

Let G be a finite group. Let H be a subgroup of G. In this section we will discuss an important

construction called ‘induced representation’. Given a representation of (ρ,W ) of H , it gives a

representation (ψ, V ) of the whole group G. We use the following steps:

• For every h ∈ H , we have a linear map

ρh : W −→ W.

• Let G/H be the set of left cosets of H in G. For every coset σ ∈ G/H , choose a represen-

tative gσ ∈ σ. Then σ = gσH . We have a set partition

G =
⋃

σ∈G/H

gσH.

• Given an element z ∈ G, the element z.gσ ∈ G belongs to a unique left coset σz. Then we

have a unique element hz ∈ H such that

z.gσ = gσz .hz.
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• Take a copy W σ of W for each left coset σ ∈ G/H . For w ∈ W , let gσw denote the element

of W σ corresponding to w ∈ W . Define the vector space

V =
⊕

σ∈G/H

W σ,

so that every element of V has a unique expression v =
∑
gσwσ for some elementswσ ∈ W .

• For z ∈ G, define a map

ψz : V −→ V

by the formula

ψz(
∑

gσ wσ) =
∑

gσz ρhz(wσ).

This makes V into a representation ofG. The pair (ψ, V ) is called the representation induced

from (ρ,W ). Sometimes we write V = IndGHW if ρ is understood.

Let n = [G : H] be the index of H in G. Then

dim(V ) = n. dim(W ).

Example 2.29. Consider the symmetric group

G = S3 = {e, (12), (13), (23), (123), (132)}.

Consider the subgroup H = {e, (12)}. Then [G : H] = 3. It is easy to see that we have a coset

decomposition

G = H ∪ (13)H ∪ (23)H.

Let σ1, σ2, σ3 denote these cosets respectively. Let W = 〈w〉 be a one-dimensional vector space,
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and consider the representation

ρ : H → GL(W ) ' C∗

such that ρ(e) = 1 and ρ((12)) = −1. In other words, ρe(w) = w and ρ(12)(w) = −w.

By the definition of the induced representation,

V = W σ1 ⊕W σ2 ⊕W σ3 .

Hence {w, (13)w, (23)w} is a basis of V .

First, we will see an example of how (12) acts on V . We have (12)(13) = (132) = (23)(12), hence

ψ(12)((13)w) = (23)ρ(12)(w) = −(23)w.

Using similar calculations, we see that with respect to the given basis of V , the action of (12) is

represented by the matrix


−1 0 0

0 0 −1

0 −1 0

. Similarly, we can see that the action of (123)

is represented by the matrix


0 0 −1

−1 0 0

0 1 0

. Taking the traces of these matrices we get the

following character table of V :

e {(12), (13), (23)} {(123), (132)}

χV 3 −1 0

Then, ‖χV ‖2 =
1

6
(32 + 3(−1)(−1)) = 2. Hence V is reducible. Comparing with the table in

Example 2.25, we see that V ' V2 ⊕ V3.
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2.9.1 The Character of an Induced Representation

As before, let W be a representation of H , and V the induced representation of G. In this section,

we will give a formula which gives the character of V in terms of the character of W .

For g ∈ G, let CG(g) and CH(g) denote its conjugacy classes in G,H respectively. In general,

CG(g) ∩H will be a disjoint union of H-conjugacy classes

CG(g) ∩H =
m⋃
i=1

CH(xi),

where xi ∈ H are the representatives of distinct H-conjugacy class. If CG(g) ∩H = ∅, then m is

understood to be zero. Recall that, for g ∈ G we have the stabilizer subgroup

Gg = {s ∈ G : s−1 g s = g}.

Proposition 2.30. If m = 0, then χV (g) = 0. Otherwise,

χV (g) = |Gg|
m∑
i=1

χW (xi)

|Hxi |
.

A proof of this formula may be found in [1, Chapter 6].

Example 2.31. Let G = S4 be the symmetric group and let

H = 〈(1234)〉 = {e, (1234), (13)(24), (1432)}.

Since H is abelian, every conjugacy class in H is singleton.

Consider the group homomorphism H −→ C∗ which sends (1234) to ι. This gives a one-

dimensional representation W of H . Then the induced representation V of G has dimension

[S4 : H] = 6.

We already know that χV (e) = 6. If g = (12) or (123), then CG(g)∩H = ∅, and then χV (g) = 0.
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If g = (13)(24), then CG(g) ∩H = {(13)(24)}. In that case,

χV (g) = |Gg|
χW (g)

|Hg|
=

24

3
· −1

4
= −2.

If g = (1234), then CG(g) ∩ H = {(1234)} ∪ {(1432)} is the decomposition into H-conjugacy

classes. Hence

χV (g) =
24

6

( ι
4
− ι

4

)
= 0.

We can easily check that ||χV ||2 = 2 6= 1, and hence V is a reducible representation of S4. Thus,

it may happen that although W is irreducible, the induced representation V is reducible.
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Chapter 3

Conjugacy Classes in GL(2,Fq)

In the previous chapter, we have seen that the number of conjugacy classes in a group equals the

number of its irreducible representations. In this chapter, we will describe the conjugacy classes in

G = GL(2,Fq). Its irreducible representations will be described in the next chapter. Recall that

G = GL(2,Fq) =

A =

a b

c d

 | a, b, c, d ∈ Fq and ad− bc 6= 0

 .

3.1 The Order of G

Let A ∈ G denote a typical element. There are q2 − 1 ways to select the pair (a, b), since a, b are

elements from Fq but they cannot be both zero at the same time. Given (a, b), there are q2 − q

ways of selecting the pair (c, d) since c, d are elements in Fq but the vector 〈c, d〉 cannot be a scalar

multiple of 〈a, b〉. (If it were, we would have det(A) = 0.) Therefore,

|G| = (q2 − 1) (q2 − q) = q (q + 1) (q − 1)2.
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3.1.1

For a ∈ G, let

C(a) =
{
h−1 a h |h ∈ G

}
denote its conjugacy class. Recall that the stabilizer subgroup of a is defined to be

Ga =
{
h ∈ G : h−1 a h = a

}
.

Then we have the basic equation

|C(a)| = |G|
|Ga|

.

In other words, the size of the conjugacy class C(a) is equal to the index of the stabilizer Ga.

The following theorem gives complete information about the conjugacy classes in G. Once and

for all, we choose an element ε ∈ Fq such that t2− ε ∈ Fq[t] is an irreducible polynomial. In other

words, ε is not the square of any element in Fq.

Theorem 3.1. There are four types of conjugacy classes in G.

• Type I classes: Let x ∈ Fq be a nonzero element, and ax =

x 0

0 x

. Then we have the

singleton conjugacy class C(ax) = {ax}. There are q − 1 such classes.

• Type II classes: Let x ∈ Fq be a nonzero element, and bx =

x 1

0 x

. Then we have the

conjugacy class C(bx) with q2 − 1 elements. There are q − 1 such classes.

• Type III classes: Let x, y ∈ Fq be distinct nonzero elements, and cx,y =

x 0

0 y

. Then we

have the conjugacy class C(cx,y) with q2 + q elements. Moreover, C(cx,y) = C(cy,x), and

hence there are
(
q−1
2

)
such classes corresponding to unordered pairs {x, y}.
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• Type IV classes: Let x, y be (not necessarily distinct) elements in Fq such that y 6= 0.

Let dx,y =

x ε y

y x

. Then we have the conjugacy class C(dx,y) with q2 − q elements.

Moreover, C(dx,y) = C(dx,−y), and hence there are q (q−1)
2

such classes.

The total number of conjugacy classes is

(q − 1) + (q − 1) + (q − 1) (q − 2)/2 + q (q − 1)/2 = q2 − 1.

The theorem will be proved in several steps below.

3.2 Eigenvalues

Let A =

a b

c d

 be an element in G. Let λ1, λ2 be the eigenvalues of A in the algebraic closure

of Fq. There are the following possibilities:

• We have λ1 = λ2. Since this common value = 1
2

trace(A), it must lie in Fq.

(I) If A is diagonalizable, then we say that A is of type I.

(II) If A is not diagonalizable, then we say that A is of type II.

• The other possibility is that λ1, λ2 are distinct. In that case, they are both in Fq or both

outside it.

(III) If both λi are in Fq, then we say that A is of type III.

(IV) If both λi are outside Fq, then we say that A is of type IV.

We can deduce the following information about A ∈ G from its type.
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• Suppose λ1 = λ2 = x. If A is of type I, then it is conjugate to the diagonal matrix ax. If it is

of type II, then it is conjugate to its Jordan canonical form, which is bx. Since x 6= 0, there

are q − 1 matrices ax or bx.

• Suppose λ1 6= λ2. If A is of type III, then it is diagonalizable in Fq and hence conjugate to

the matrix cλ1,λ2 . Moreover, there are
(
q−1
2

)
such matrices up to interchanging λ1, λ2.

• IfA is of type IV, then it will follow from Lemma 3.5 below that it is conjugate to an element

of the form dx,y.

3.3 Stabilizers of Group Elements

Now we will find the stabilizers of elements

ax, bx, cx,y, dx,y.

Proposition 3.2. Let A =

a 0

0 b

 ∈ G, where a, b ∈ Fq. If a = b, then the stabilizer of A is

G. If a 6= b, then the stabilizer of A is the set of all diagonal matrices in G.

PROOF. Let A =

a 0

0 b

 ∈ G. If a = b, then A = a I . Then for any matrix P ∈ G we have

P−1AP = P−1a I P = a I . Hence the stabilizer of A is all of G.

Now assume a 6= b, and let P =

c r

s t

 ∈ G. Then

P−1AP =

 t
ct−rs

−r
ct−rs

−s
ct−rs

c
ct−rs


a 0

0 b


c r

s t

 =

 act−brs
ct−rs

atr−brt
ct−rs

−asc+bcs
ct−rs

−asr+bct
ct−rs


︸ ︷︷ ︸

Q

.
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If P is diagonal, then r = s = 0. In that case c, t 6= 0. Then it is easy to see that Q = A and hence

P ∈ GA.

Now assume P ∈ GA, and hence Q = A. The off-diagonal entries in Q are zero. Since a 6= b, this

gives equations

• r = 0 or t = 0, and

• s = 0 or c = 0.

If r = 0, then ct 6= 0 and hence s = 0. Similarly if s = 0, then ct 6= 0 and hence r = 0. Thus r, s

are both zero or both nonzero. If they are both zero, then P is diagonal. If they are both nonzero,

then c = t = 0. Comparing the (1, 1) entry of Q with A, we get −brs−rs = a =⇒ a = b, which is a

contradiction. This proves the proposition.

The sizes of the stabilizers and conjugacy classes are easy to determine. If a = b, then |GA| = |G|.

In that case, the conjugacy class C(A) is a singleton set. If a 6= b, then |GA| = (q − 1)2. In that

case,

|C(A)| = q (q + 1) (q − 1)2

(q − 1)2
= q2 + q.

Proposition 3.3. Let A =

d 1

0 d

 ∈ G, where d ∈ Fq and d 6= 0. Then the stabilizer of A

consists of all upper-triangular nonsingular matrices with equal diagonal entries. In other words,

GA =


a1 b1

0 a1

 | a1 6= 0

 .
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PROOF. Let P =

a1 b1

b2 a2

 ∈ G. Then

P−1AP =

 a2
a1a2−b1b2

−b1
a1a2−b1b2

−b2
a1a2−b1b2

a1
a1a2−b1b2


d 1

0 d


a1 b1

b2 a2


=

a1a2d+a2b2−b1b2d
a1a2−b1b2

a22
a1a2−b1b2

−b22
a1a2−b1b2

−b1b2d−a2b2+a1a2d
a1a2−b1b2


︸ ︷︷ ︸

Q

.

If a1 = a2 and b2 = 0, then it is easy to see that Q = A and hence P ∈ GA.

Conversely assume P ∈ GA, i.e., Q = A. Then b2 = 0. Now the (1, 2) entry of Q is = 1, which

implies a22
a1 a2

= 1 =⇒ a1 = a2. This proves the proposition.

In this case, |GA| = q (q − 1), because a1, b1 are arbitrary with a1 6= 0. Hence

|C(A)| = q (q + 1)(q − 1)2

q (q − 1)
= q2 − 1.

Hence, the total number of elements of types I, II or III is

(q − 1) + (q2 − 1) (q − 1) + (q2 + q) (q − 1)(q − 2)/2 =
1

2
q (q + 2) (q − 1)2︸ ︷︷ ︸

(?)

.

Let F ⊆ G be the set of type IV elements. Then

|F | = |G| − (?) =
1

2
q2 (q − 1)2.
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3.3.1

Recall that we have fixed a non-square element ε ∈ Fq. Identify the field Fq2 with Fq[t]/(t2 − ε).

When no confusion is likely, we will write
√
ε for the element t ∈ Fq2 . Let

dx,y =

x ε y

y x

 ,

where x, y ∈ Fq and y 6= 0. Thus there are q (q − 1) such matrices.

The characteristic polynomial of dx,y is

p(z) = det(dx,y − z I2) = det

x− z ε y

y x− z

 = z2 − 2x z + x2 − ε y2.

Its roots are

x± y
√
ε ∈ Fq2 \ Fq,

and hence dx,y is of type IV. We will find its stabilizer in the next proposition.

Proposition 3.4. (i) Let A =

x εy

y x

 be as above. Then the stabilizer GA consists of all

matrices of the form

d c ε

c d

 ∈ G, where c, d ∈ Fq are arbitrary elements which are not

both zero.

(ii) The elements dx,y and dx′,y′ are conjugate, if and only if x = x′ and y′ = ±y.

PROOF. First we prove (i). Let P =

a b

c d

 ∈ G. Now A = x I2 + y T , where T =

0 ε

1 0


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and I2 is the 2× 2 identity matrix. Hence

P−1AP = x I2 + y P−1 T P.

Since y 6= 0, it follows that P−1AP = A exactly when P−1 T P = T . Now

P−1 T P =

 d
ad−bc

−b
ad−bc

−c
ad−bc

a
ad−bc


0 ε

1 0


a b

c d

 =

−ab+εcdad−bc
−b2+εd2
ad−bc

a2−εc2
ad−bc

ab−εcd
ad−bc


︸ ︷︷ ︸

Q

.

First, if a = d, b = c ε, then it is easy to see that Q = T . Conversely, assume Q = T . Then the

following three equations hold:

ab = ε c d, −b2 + εd2 = a2 ε− ε2 c2, a2 − εc2 = ad− bc.

If d = 0, then ab = 0. However, b 6= 0, since det(P ) 6= 0. Hence we must have a = 0. Since

c 6= 0, we must have b = ε c. Assume d 6= 0. Then we have ad ε − bc ε = −b2 + εd2. After

substituting c = ab/ε d and rearranging terms, we get

a (ε d2 − b2) = d (ε d2 − b2).

But ε d2 6= b2, since ε is a non-square element of Fq. Hence we must have a = d, and then b = ε c.

Thus, in either case P must have the form given above. This proves (i).
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Now we prove (ii). Let P =

a −εc

c −a

 ∈ G. Then

P−1 dx,y P =

 −a
εc2−a2

εc
εc2−a2

−c
εc2−a2

a
εc2−a2


x εy

y x


a −εc

c −a

 =

−ax+εcyεc2−a2
εcx−εay
εc2−a2

−cx+ay
εc2−a2

ax−εcy
εc2−a2


a −εc

c −a


=

 x −εy

−y x

 = dx,−y.

Hence dx,y, dx,−y are conjugate. Conversely, suppose that dx,y and dx′,y′ are conjugate. Then

they must have the same trace and determinant. Hence 2x = 2x′ =⇒ x = x′. Moreover,

x2 − εy2 = x2 − εy′2 =⇒ y′ = ±y. The proposition is proved.

Since the stabilizer of dx,y has size q2 − 1, it follows that C(dx,y) = q (q+1) (q−1)2
q2−1 = q2 − q.

Moreover, there are q (q − 1)/2 such conjugacy classes. Let T ⊆ G be the subset of elements

which are conjugate to some dx,y. Then

|T | = (q2 − q)q (q − 1)

2
=
q2 (q − 1)2

2
.

Lemma 3.5. Each type IV element is conjugate to dx,y for some x, y.

PROOF. We have T ⊆ F , since each dx,y is of type IV. However, |T | = |F | and hence these two

sets are equal. This proves the lemma.

At this point, Theorem 3.1 is completely proved. The following table summarizes the information

about these four different types of conjugacy classes.
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Class representative Class size Number of Classes

ax 1 q − 1

bx q2 − 1 q − 1

cx,y q2 + q (q − 1)(q − 2)/2

dx,y q2 − q q(q − 1)/2

The total number of conjugacy classes is

(q − 1) + (q − 1) +
(q − 1)(q − 2)

2
+
q (q − 1)

2
= q2 − 1.

Hence GL(2,Fq) has the same number of mutually non-isomorphic irreducible representations.

We will construct them explicitly in the next chapter.

–
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Chapter 4

The Irreducible Representations of

GL(2,Fq)

In the previous chapter we have discussed the conjugacy classes in G = GL(2,Fq). It turns out

that there are altogether q2 − 1 classes. According to Theorem 2.16, we have the same number

of irreducible representations of G up to isomorphism. In this chapter, we will construct these

irreducible representations.

In summary, it will turn out that there are four kinds of irreducible representations:

• For every group homomorphism α : F∗q −→ C∗, we have a one-dimensional representation

Uα and a q-dimensional representation Vα.

• For a pair of such homomorphisms α, β (such that α 6= β) we have a (q + 1)-dimensional

representation Wα,β . These are usually called principal series representations.

• Let E ⊇ Fq be a quadratic extension of Fq. For every group homomorphism φ : E∗ −→ C∗

such that φ 6= φq, we have a (q−1)-dimensional representation Xφ. These are usually called

discrete series representations.
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4.1 The Permutation Representation

4.1.1 Projective Line Over a Field

Definition 4.1. (Homogeneous Coordinates)

Let F be a field. Consider the column matrix

x
y

, where x, y ∈ F and x, y are not both zero.

We write

x
y

 ≡
λx
λy

, for any λ ∈ F ∗. This is an equivalence relation on column vectors. The

projective line over F is the set of all such equivalence classes. It is denoted by P1(F ).

Note that the equivalence classes in P1(Fq) are represented by points

1

x

 for x ∈ Fq, together

with

0

1

. The point

0

1

 is usually called the point at infinity. Hence we can say that P1(Fq)

has q + 1 distinct points.

4.1.2 Permutation Representation

Let

r1 =

1

0

 , r2 =

1

1

 , . . . , rq =

 1

q − 1

 , r∞ =

0

1

 .

Let [ri] denote the equivalence class of ri. Let M be a vector space over Fq with basis

{[r1], [r2], ... , [rq] , [r∞]}.

Each element v ∈ M has a unique representation v =
∑
ci[ri]. Let g ∈ G be a 2 × 2 matrix, and

consider the matrix multiplication g.ri. Then we have [g.ri] = [rj] for some j.
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Define ρg : M −→M by the formula

ρg(v) =
∑

ci [g.ri].

It is easy to see that this converts M into a representation of G. This is called the permutation

representation of G on P1(Fq). Now we will calculate the character values of this representation.

Then we will check whether M is an irreducible representation.

4.1.3 Character Values of the Permutation Representation

Recall the four types of conjugacy classes of G that we have discussed in the previous chapter.

cx,y =

x 0

0 y

 , ax =

x 0

0 x

 , bx =

x 1

0 x

 , dx,y =

x ε y

y x

 .

For any of these elements g ∈ G, we will see how ρg acts on M . The character of the permutation

representation is computed by the formula

χM(g) = number of points fixed by ρg.

4.2 Character Values of Permutation Representation

Let r ∈ Fq. Then ρcx,y(

1

r

) =

x 0

0 y


1

r

 =

 x

yr

 . In order to calculate the character

value, we will see when the element

1

r

 is fixed by ρcx,y , that is,

 x

yr

 = λ

1

r

. This implies,

x = λ and yr = λr =⇒ yr = xr =⇒ (x − y)r = 0, since x 6= y =⇒ r = 0. Also
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ρcx,y(

0

1

) =

x 0

0 y


0

1

 =

0

y

 = y

0

1

 =

0

1

 .

Therefore, the elements

1

0

 ,

0

1

 of M are fixed by ρcx,y . Hence, χM(cx,y) = 2.

Now ρax(

1

r

) =

x 0

0 x


1

r

 =

 x

xr

 = x

1

r

 =

1

r

 .

Also, ρax(

0

1

) =

x 0

0 x


0

1

 =

0

x

 = x

0

1

 =

0

1

 .

Therefore, all the elements of M are fixed by ρax . Hence, χM(ax) = q + 1. Now ρbx(

1

r

) =

x 1

0 x


1

r

 =

x+ r

xr

 .

In order to calculate the character value, we will see when the element

1

r

 is fixed by ρbx , that

is,

x+ r

xr

 = λ

1

r

 . This implies that, (x + r) = λ and xr = λr =⇒ xr = (x + r)r =⇒

xr = xr + r2 =⇒ r2 = 0 =⇒ r = 0.

Also, ρbx(

0

1

) =

x 1

0 x


0

1

 =

1

x

 6=
0

1

 .

Therefore, only one element of M is fixed by ρbx . Hence, χM(bx) = 1.

Now ρdx,y(

1

r

) =

x εy

y x


1

r

 =

x+ εyr

xr + y

.

In order to calculate the character value, we will see when the element

1

r

 is fixed by ρdx,y ,
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that is,

x+ εyr

xr + y

 = λ

1

r

 . This implies, x + εyr = λ and xr + y = λr =⇒ xr +

y = (x + εyr)r =⇒ xr + y = xr + εyr2 =⇒ y = εyr2 =⇒ y(1 − εr2) = 0 since

y 6= 0 =⇒ 1− εr2 = 0 =⇒ r =

√
1

ε
/∈ Fq.

Also, ρdx,y(

0

1

) =

x εy

y x


0

1

 =

εy
x


In order to calculate the character value, we will see when the element

0

1

 is fixed by ρdx,yε y
x

 = λ

0

1

 =⇒ ε y = 0, which is not possible because y, ε 6= 0. Therefore, no element of

M is fixed by ρdx,y . Hence, χM(dx,y) = 0.

The following table gives the character values of M at different conjugacy classes.

ax bx cx,y dx,y

Number of elements

in the conjugacy class q − 1 (q − 1)2(q + 1)
q(q − 1)(q − 2)(q + 1)

2

q2(q − 1)2

2

χM q + 1 1 2 0

Note that the character values are in fact independent of x, y. To check irreducibility of M , we use
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Theorem 2.22 (i). We have

‖χM‖2 = 〈χM , χM〉

=
1

|G|

[
(q − 1)2(q + 1) + (q − 1)(q + 1)2 +

(
q(q − 1)(q − 2)(q + 1)

2

)
2.2

]
=

1

q(q − 1)2(q + 1)

[
(q − 1)2(q + 1) + (q − 1)(q + 1)2 + 2q(q − 1)(q − 2)(q + 1)

]
=

1

q(q − 1)2(q + 1)
(q − 1)(q + 1)

[
(q − 1) + (q + 1) + (2q2 − 4q)

]
=

1

q(q − 1)

[
(2q2 − 2q)

]
= 2 6= 1.

Hence M is not irreducible.

4.3 Complementary q-Dimensional Representation

We will denote the trivial representation by T. First we will find how many copies of trivial

representation are in the permutation representation. By Proposition 2.23,

〈χM , χT〉

=
1

|G|

[
(q − 1)2(q + 1)1.1 + (q − 1)(q + 1).1 +

(
q(q − 1)(q − 2)(q + 1)

2

)
2.1 +

(
q2(q − 1)2

2

)
0.1

]
=

1

q(q − 1)2(q + 1)

[
(q − 1)2(q + 1) + (q − 1)(q + 1) + q(q − 1)(q − 2)(q + 1)

]
=

1

q(q − 1)2(q + 1)
(q − 1)(q + 1)

[
(q − 1) + 1 + (q2 − 2q)

]
=

1

q(q − 1)
(q2 − q) = 1.

Therefore, there is only one copy of trivial representation in the permutation representation. Ex-

plicitly, we can say that

T = span{[r1] + [r2] + · · ·+ [rq] + [r∞]}.
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Therefore,M = T
⊕

V , where V is the complementary q-dimensional representation. We already

know the character values of M and T, hence we can compute the character values of V using

Proposition 2.21 (iv). They are as follows:

ax bx cx,y dx,y

χV q 0 1 −1

Then

‖χV ‖2

=
1

|G|

[
(q − 1)2(q + 1).0 + (q − 1)q2 +

(
q(q − 1)(q − 2)(q + 1)

2

)
1.1 +

(
q2(q − 1)2

2

)
(−1)(−1)

]
=

1

q(q − 1)2(q + 1)

[
(q − 1)q2 +

(
q(q − 1)(q − 2)(q + 1)

2

)
+

(
q2(q − 1)2

2

)]
=

1

q(q − 1)2(q + 1)
q(q − 1)

[
2q + q2 − q − 2 + q2 − q

2

]
=

1

(q2 − 1)

[
(q2 − 1)

]
= 1

Hence V is an irreducible representation.

4.4 One-dimensional Representations

In this section we will define some one-dimensional representations of G = GL(2,Fq). It will turn

out later that these are all of its one-dimensional representations up to isomorphism.

Define a map

δ : G→ F∗q, δ(g) = det(g).

Since

det(g1 g2) = det(g1) det(g2), and det(g−1) = det(g)−1,
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it follows that δ is a group homomorphism.

If F is a field, then a homomorphism of multiplicative groups F ∗ −→ C∗ is called a character of

F ∗. In our context, we will usually have F = Fq or Fq2 .

4.4.1 Characters of F∗q

We will find all the group homomorphisms

α : F∗q → C∗.

Recall that F∗q is a cyclic group of order q−1 (see [3, Section 14.3]). Let r be one of its generators.

Then 1 = α(1) = α(rq−1) = α(r)q−1, and hence α(r) must be a (q − 1)-th root of unity. Let

z = exp

(
2kπι

q − 1

)
,

be a (q − 1)-th root of unity for some k in the range 0 6 k 6 q − 2. Then the formula α(ri) = zi

defines a group homomorphism F∗q
α−→ C∗, and all possible α are obtained this way.

Since α(x) is a root of unity for any x ∈ F∗q , we have α−1(x) = α(x).

4.4.2

Now consider the composite map

G
δ−→ F∗q

α−→ C∗.

It defines a one-dimensional (and hence irreducible) representation of G. Let Uα ' C denote the

underlying vector space. Thus we have defined q − 1 such representations for all possible values

of k.

Since the composite map sends

x1 x2

x3 x4

 ∈ G to α(x1x4− x2 x3), the character table of Uα is as
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follows:

ax bx cx,y dx,y

χUα α(x2) α(x2) α(x y) α(x2 − εy2)

4.4.3

Now, we will define another representation of G using V and Uα. Let

Vα = V ⊗ Uα.

Since χVα = χV χUα , the character table for Vα is as follows:

ax bx cx,y dx,y

Vα q α(x)2 0 α(x)α(y) −α(x2 − ε y2)

If we take k = 0, then z = 1. In that case Uα is the trivial representation and Vα ' V . For q − 1

possibilities of α, we get (q − 1) possibilities for Vα. Henceforth, we denote the one-dimension

trivial representation by UT.

Lemma 4.2. The representation Vα is irreducible.

PROOF. A non-trivial decomposition Vα ∼= E ⊕E ′ would correspond to a non-trivial decomposi-

tion

V ∼= Vα ⊗ Uα−1
∼= (E ⊗ Uα−1)⊕ (E ′ ⊗ Uα−1).

But this is impossible, since V is known to be irreducible.
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4.5 The Representations Wα,β

Consider the Borel subgroup

B =
{a b

0 d

 : a, d ∈ F∗q and b ∈ Fq
}

in G. Its order is (q − 1)2 q, and hence [G : B] = q + 1.

Also, consider the group of upper triangular unipotent matrices N =
{1 b

0 1

 : b ∈ Fq
}

.

Clearly, N ⊂ B ⊂ G.

Lemma 4.3. With notation as above, N is a normal subgroup of B.

PROOF. Let

a b

0 d

 ∈ B and let

1 c

0 1

 ∈ N . Consider

a b

0 d


1 c

0 1


a b

0 d


−1

=

a ac+ b

0 d


a−1 −b(ad)−1

0 d−1

 =

1 acd−1

0 1

 ,

which is in N . Hence N is normal in B.

Let B/N denote the quotient group consisting of left-cosets of N in B. Define f : B → F∗q × F∗q

by the formula f

(a b

0 d

) = (a, d).

Lemma 4.4. The morphism f is surjective with kernelN . Hence we have an isomorphismB/N '

F∗q × F∗q .

PROOF. It is immediate that f is surjective. Moreover, g =

a b

0 d

 is in the kernel of f , if and

only if (a, d) = (1, 1) which happens exactly when g ∈ N . This completes the proof.
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4.5.1

Let α, β : F∗q −→ C∗ be two homomorphisms. This gives a homomorphism B −→ C∗ which

takes

a b

0 d

 to α(a) β(d). Thus we get a one-dimensional representation of B. Let Wα,β be

the representation induced from B to G. We know that

dimWα,β = [G : B] = q + 1.

We will find the character of Wα,β using Proposition 2.30. The statements below about conjugacy

classes and stabilizers follow from Propositions 3.2 and 3.3 in Chapter 3. We have

CG(cx,y)
⋂

B = CB(cx,y)
⋃

CB(cy,x),

where cx,y =

x 0

0 y

 and cy,x =

y 0

0 x

. Moreover,

|Gcx,y | = |Bcx,y | = |Bcy,x | = (q − 1)2.

Hence

χWα,β
(cx,y) = χIndGB

(cx,y) = |Gcx,y |

(
α(x)β(y)

|Bcx,y |
+
α(y)β(x)

|Bcy,x|

)

= (q − 1)2

(
α(x)β(y)

(q − 1)2
+
α(y)β(x)

(q − 1)2

)
= α(x)β(y) + α(y)β(x).

We have CG(ax)
⋂
B = CB(ax), and

|Gax| = |G| = q(q − 1)2(q + 1), |Bax| = |B| = q(q − 1)2.
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Thus

χWα,β
(ax) = χIndGB

(ax) = |Gbx|

(
α(x)β(x)

|Bax |

)

= q(q − 1)2(q + 1)

(
α(x)β(x)

q(q − 1)2

)
= (q + 1)α(x)β(x).

Also, CG(bx)
⋂
B = CB(bx) and |Gbx| = |Bbx| = q(q − 1). Thus

χWα,β
(bx) = χIndGB

(bx) = |Gbx|

(
α(x)β(x)

|Bbx|

)

= q(q − 1)

(
α(x)β(x)

q(q − 1)

)
= α(x)β(x).

Lastly, C(dx,y)
⋂
B = ∅, and thus

χWα,β
(dx,y) = χIndGB

(dx,y) = 0.

In conclusion, the character table of Wα,β is as follows:

ax bx cx,y dx,y

χWα,β
(q + 1)α(x)β(x) α(x)β(x) α(x)β(y) + α(y)β(x) 0

From the table, we observe that χWα,β
= χWβ,α

. We know that two representations are isomorphic

if they have the same character values, hence Wα,β
∼= Wβ,α. Also, by comparing the character

values of Uα, Vα and Wα,α, we observe that Wα,α
∼= Uα ⊕ Vα.

Now, we will prove that Wα,β is irreducible for α 6= β using the following lemma. Choose a

generator r for the multiplicative group F∗q . Let α : F∗q → C∗ be a character. Then α(r) = z, where

z is a complex (q − 1)-th root of unity.
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Lemma 4.5. With notation as above,

∑
x∈F∗q

α(x) =


q − 1 if α is trivial,

0 if α is non-trivial.

PROOF. For α is trivial, α(x) = 1 for all x ∈ F∗q , hence the sum is q − 1. If α is non-trivial, then

the sum is 1 + z + z2 + · · ·+ zq−2 = zq−1−1
z−1 = 0.

The same argument can be used to prove the following result. It will prove useful in Section 4.6.

Lemma 4.6. If β : F∗q2 −→ C∗ is a character, then

∑
w∈F∗

q2

β(w) =


q2 − 1 if β is trivial,

0 if β is non-trivial.

4.5.2

Now let α, β : F∗q −→ C∗ be two distinct characters. Then

F∗q → C∗, x→ α(x) β(x),
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is a non-trivial character to which Lemma 4.5 applies. Hence

∥∥χWα,β

∥∥2
=

1

|G|

[(q2 + q

2

) ∑
x, y∈F∗q , x 6=y

(α(x)β(y) + α(y)β(x))(α(x)β(y) + α(y)β(x))

+ (q2 − 1)
∑
x∈F∗q

α(x)α(x) +
∑
x∈F∗q

(q + 1)2α(x)α(x)
]

=
1

q(q − 1)2(q + 1)

[q2 + q

2

( ∑
x, y∈F∗q , x 6=y

[α(x)β(y)α(x)β(y) + α(x)β(y)α(y)β(x)

+ α(y)β(x)α(x)β(y) + α(y)β(x)α(y)β(x) ]
)

+ (q2 − 1)
∑
x∈F∗q

1 + (q + 1)2
∑
x∈F∗q

1
]

=
1

q(q − 1)2(q + 1)

[q2 + q

2

( ∑
x, y∈F∗q , x 6=y

[1 + α(x)α(y) β(x)β(y) + α(x)α(y)β(x)β(y) + 1 ]
)

+ (q2 − 1)(q − 1) + (q + 1)2(q − 1)
]

=
1

q(q − 1)2(q + 1)

[q2 + q

2

( ∑
x, y∈F∗q , x 6=y

2 +
∑

x, y∈F∗q , x 6=y

α(x)α(y) β(x)β(y)

+
∑
x∈F∗q

α(x)α(x) β(x)β(x) +
∑

x, y∈F∗q , x 6=y

α(x)α(y)β(x)β(y) +
∑
x∈F∗q

α(x)α(x)β(x)β(x)
)

− (q2 + q)
∑
x∈F∗q

α(x)α(x)β(x)β(x) + (q − 1)(q − 1)(q + 1) + (q + 1)2(q − 1)
]

=
1

q(q − 1)2(q + 1)

[
(q2 + q)(q − 1)(q − 2) + (q2 + q)

(∑
x∈F∗q

α(x)β(x)
)(∑

x∈F∗q

α(x)β(x)
)

− (q2 + q)(q − 1) + (q − 1)2(q + 1) + (q + 1)2(q − 1)
]
.

After applying the lemma, this reduces to

(q − 1)(q + 1)

q(q − 1)2(q + 1)

[
q2 − 2q − q + q − 1 + q + 1

]
=

1

q(q − 1)
(q2 − q) = 1.

This shows that Wα,β is irreducible. We conclude that GL(2,Fq) has
(q − 1)(q − 2)

2
mutually

non-isomorphic irreducible representations of the form Wα,β .
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4.6 The Representation Xφ

Let φ : F∗q2 −→ C∗ be a character, such that φ 6= φq. The goal of this section is to construct a new

irreducible representation Xφ associated to φ. For two such characters φ and ψ, we have Xφ
∼= Xψ

exactly when

φ = ψ, or φ = ψq or φq = ψ.

Thus we get (q2−1)−(q−1)
2

= 1
2
(q2 − q) number of representations of this type. This will complete

the list of irreducible G-representations. The construction of Xφ is somewhat indirect.

4.6.1

Recall that in the previous chapter we have fixed a non-square element ε ∈ Fq. We identify the

field Fq2 with Fq[t]/(t2 − ε). We have defined the element

dx,y =

x ε y

y x


in G = GL(2,Fq). Let

K = {dx,y : x, y ∈ Fq such that x, y are not both zero} .

Lemma 4.7. The set K ⊆ G is a subgroup.

PROOF. By direct calculation, we can check the equality dx1,y1 dx2,y2 = dx3,y3 , where

x3 = x1 x2 + ε y1 y2, y3 = x1 y2 + x2 y1.
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Moreover, d−1x,y = dx′,y′ where

x′ =
x

x2 − ε y2
, y′ =

−y
x2 − ε y2

.

This proves the lemma.

Now consider the map

K
f−→ F∗q2 , f(dx,y) = x+ t y.

Lemma 4.8. The map f is an isomorphism.

PROOF. It is straightforward to check that

f(dx1,y1)f(dx2,y2) = f(dx3,y3),

with x3, y3 as above, hence f is a group homomorphism. Moreover, it is injective and surjective

by construction.

Henceforth we identify K with F∗q2 via f . Let

φ : F∗q2(∼= K) → C∗,

be a character and let Yφ be the corresponding induced representation of GL(2,Fq). We have

|K| = q2 − 1, and hence

dimYφ = [G : K] =
q (q + 1) (q − 1)2

q2 − 1
= q (q − 1).
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4.6.2

Let α = φ|F∗q be the restriction of φ. This is a character of F∗q . When Xφ is constructed, it will be

the case that

V ⊗Wα,1
∼= Wα,1 ⊕ Yφ ⊕Xφ. (4.1)

Let E1, . . . , Em be all the mutually non-isomorphic irreducible representations of G. We may

assume E1 = Wα,1. Then we have isomorphisms

V ⊗Wα,1
∼=

m⊕
i=1

Eai
i , Yφ ∼=

m⊕
i=1

Ebi
i , (4.2)

for some nonnegative integers ai, bi. Using inner products of characters, we will prove the follow-

ing proposition.

Proposition 4.9. With notation as above, we have equalities

1.
m∑
i=1

a2i = q + 3.

2.
m∑
i=1

b2i = q − 1.

3. a1 = 2.

4. b1 = 1.

5.
m∑
i=1

aibi = q.

Let us tentatively assume the proposition. Then

m∑
i=2

(ai − bi)2 =
m∑
i=2

a2i +
m∑
i=2

b2i − 2
m∑
i=2

ai bi

= (q + 3− 4) + (q − 2)− 2 (q − 2) = 1.
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Hence, after renumbering E2, . . . , Em if necessary, we can assume that ai = bi for 2 6 i 6 m− 1

and am − bm = ±1. Using (4.2), we have

dim(V ⊗Wα,1)− dimYφ − dimE1︸ ︷︷ ︸
(])

= (am − bm) dimEm.

Since

(]) = q (q + 1)− q (q − 1)− (q + 1) = q − 1 > 0,

we deduce that am − bm = 1 and dimEm = q − 1. Then we set Xφ = Em. This also establishes

the isomorphism (4.1).

The rest of this section is devoted to proving Proposition 4.9.

4.6.3 The character of Yφ

We will use Proposition 2.30 to find the character values of Yφ. The statements below about

conjugacy classes and stabilizers follow from Propositions 3.2 and 3.3.

We have CG(cx,y)
⋂
K = ∅, hence χYφ(cx,y) = 0.

Also, CG(ax)
⋂
K = CK(ax). By Proposition 3.2 (i), we get

|Gax| = |G| = q(q − 1)2(q + 1), and |Kax| = |K| = q2 − 1.

Hence

χYφ(ax) = |Gax|

(
φ(x)

|Kax|

)
= q(q − 1)2(q + 1)

(
φ(x)

q2 − 1

)
= q(q − 1)φ(x).

Now CG(bx)
⋂
K = ∅, hence χYφ(bx) = 0. Finally, CG(dx,y)

⋂
K = CK(dx,y)

⋃
CK(dx,−y).

Let w = x+ y t = x+ y
√
ε. We will write w̃ = x− y t = x− y

√
ε. By Proposition 3.4 (i),

|Gdx,y | = |Kdx,y | = |Kdx,−y | = (q − 1)(q + 1).
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Therefore,

χYφ(dx,y) = (q − 1)(q + 1)

(
φ(w)

(q − 1)(q + 1)
+

φ(w̃)

(q − 1)(q + 1)

)
= φ(w) + φ(w̃).

In conclusion, the character table of Yφ is as follows:

ax bx cx,y dx,y

χYφ q(q − 1)φ(x) 0 0 φ(w) + φ(w̃)

We will compare this with the character corresponding to φq. First, note that φq|F∗q = αq = α,

since α is a character of the group F∗q of order q − 1.

Moreover, note that w̃ = wq is the conjugate of w over the Fq. Then

φq(w) + φq(w̃) = φq(w) + φq(wq) = φ(w̃) + φq
2

(w) = φ(w̃) + φ(w),

and hence the character of Yφq is the same as that of Yφ. This implies Xφ
∼= Xφq .
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We have
∥∥χYφ∥∥2 =

m∑
i=1

b2i . Using the table above,

∥∥χYφ∥∥2
=

1

|G|

[∑
x∈F∗q

(q(q − 1)φ(x))(q(q − 1)φ(x)) +

(
q(q − 1)

2

) ∑
w∈F∗

q2
\F∗q

(φ(w) + φ(wq)) (φ(w) + φ(wq))
]

=
1

q(q − 1)2(q + 1)

[
(q − 1)2q2

∑
x∈F∗q

1 +

(
q(q − 1)

2

) ∑
w∈F∗

q2
\F∗q

(
1 + φ(w)φ(wq) + φ(wq)φ(w) + 1

)]
=

1

q(q − 1)2(q + 1)

[
(q − 1)2q2(q − 1) +

(
q(q − 1)

2

)
.
( ∑
w∈F∗

q2
\F∗q

φ(w)φq(w) +
∑
x∈F∗q

φ(x)φq(x)

+
∑

w∈F∗
q2
\F∗q

2 +
∑

w∈F∗
q2
\F∗q

φq(w)φ(w) +
∑
x∈F∗q

φq(x)φ(x)
)
− q(q − 1)

2

∑
x∈F∗q

φq(x)φ(x)

− q(q − 1)

2

∑
x∈F∗q

φ(x)φq(x)
]

=
1

q(q − 1)2(q + 1)

[
(q − 1)2q2(q − 1) +

(
q(q − 1)

2

)
.
( ∑
w∈F∗

q2

φ(w)φq(w)

+ 2q(q − 1) +
∑
w∈F∗

q2

φq(w)φ(w)
)
− q(q − 1)

2

∑
x∈F∗q

φ(x)φ(x)− q(q − 1)

2

∑
x∈F∗q

φ(x)φ(x)
]

=
1

q(q − 1)2(q + 1)

[
(q − 1)3q2 + q2(q − 1)2 − q(q − 1)

2
(q − 1)− q(q − 1)

2
(q − 1)

]
=

1

q(q − 1)2(q + 1)

[
(q − 1)3q2 + q2(q − 1)2 − q(q − 1)2

]
=

q(q − 1)2

q(q − 1)2(q + 1)

[
q2 − q + q − 1

]
= q − 1.

Here we have used the fact that, since φq 6= φ, we have
∑

w∈F∗
q2

φq(w)φ(w) = 0 by Lemma 4.6. This

proves part (2) of Proposition 4.9.
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4.6.4

The character table of V ⊗Wα,1 is as follows.

ax bx cx,y dx,y

χV⊗Wα,1 q(q + 1)α(x) 0 α(x) + α(y) 0

We have

〈χV⊗Wα,1 , χV⊗Wα,1〉 =
m∑
i=1

a2i .

Using the table,

∥∥χV⊗Wα,1

∥∥2
=

1

|G|

∑
x∈F∗q

(q2(q + 1)2α(x)α(x) +

(
q2 + q

2

) ∑
x, y∈F∗q , x 6=y

(α(x) + α(y))(α(x) + α(y))


=

1

q(q − 1)2(q + 1)

[∑
x∈F∗q

q2(q + 1)2.1 +
q2 + q

2

( ∑
x, y∈F∗q , x 6=y

[α(x)α(x) + α(x)α(y)

+α(y)α(x) + α(y)α(y)]
)]

=
1

q(q − 1)2(q + 1)

[
q2(q + 1)2(q − 1) +

q2 + q

2

(
2(q − 1)(q − 2) +

∑
x, y∈F∗q , x 6=y

α(x)α(y)

+
∑
x∈F∗q

α(x)α(x) +
∑

x, y∈F∗q , x 6=y

α(y)α(x) +
∑
x∈F∗q

α(x)α(x)− 2
∑
x∈F∗q

α(x)α(x)
)]

=
1

q(q − 1)2(q + 1)

[
q2(q + 1)2(q − 1) + q(q − 1)(q − 2)(q + 1)+

q2 + q

2

(∑
x∈F∗q

α(x)
)(∑

y∈F∗q

α(y)
)

+
q2 + q

2

(∑
y∈F∗q

α(y)
)(∑

x∈F∗q

α(x)
)
− q(q − 1)(q + 1)

]
=
q(q − 1)(q + 1)

q(q − 1)2(q + 1)

[
(q2 + q) + (q − 2)− 1

]
=

1

(q − 1)
(q + 3)(q − 1) = q + 3.

Here we have used the fact that
∑
x∈F∗q

α(x) = 0, since α 6= 1. This proves part (1) of Proposition 4.9.
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4.6.5

Next we calculate

〈χV⊗Wα,1 , χWα,1〉 = a1.

We have

〈χV⊗Wα,1 , χWα,1〉

=
1

|G|

∑
ax

(q(q + 1)2α(x)α(x) +

(
q2 + q

2

)∑
cx,y

(α(x) + α(y))(α(x) + α(y))


=

1

q(q − 1)2(q + 1)

[∑
x∈F∗q

q(q + 1)2.1 +
q2 + q

2

( ∑
x, y∈F∗q , x 6=y

[α(x)α(x) + α(x)α(y)

+α(y)α(x) + α(y)α(y)]
)]

=
1

q(q − 1)2(q + 1)

[
q2(q + 1)2(q − 1) +

q2 + q

2

(
(2q − 2)(q − 2) +

∑
x,y∈F∗q
x 6=y

α(x)α(y)

+
∑
x∈F∗q

α(x)α(x) +
∑
x,y∈F∗q
x6=y

α(y)α(x) +
∑
x∈F∗q

α(x)α(x)− 2
∑
x∈F∗q

α(x)α(x)
)]

=
1

q(q − 1)2(q + 1)

[
q(q + 1)2(q − 1) + q(q − 1)(q − 2)(q + 1)

+
q2 + q

2

(∑
x∈F∗q

α(x)
)(∑

y∈F∗q

α(y)
)

+
q2 + q

2

(∑
y∈F∗q

α(y)
)(∑

x∈F∗q

α(x)
)
− q(q − 1)(q + 1)

]
=
q(q − 1)(q + 1)

q(q − 1)2(q + 1)

[
(q + 1) + (q − 2)− 1

]
=

1

(q − 1)
2(q − 1) = 2.

This proves part (3) of Proposition 4.9.

Next we calculate

b1 = 〈χYφ , χWα,1〉 =
1

|G|
(q − 1) q (q + 1)

∑
x∈F∗q

φ(x)α(x) = 1,
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which proves part (4) of Proposition 4.9.

4.6.6

Finally, we have

m∑
i=1

ai bi = 〈χV⊗Wα,1 , χYφ〉 =
1

|G|
q2 (q − 1)(q + 1)

∑
x∈F∗q

φ(x)α(x) = q,

which proves part (5) of Proposition 4.9. This completes the proof of the proposition, and hence

the construction of Xφ. We have seen that Xφ
∼= Xφq . Using inner product of characters as above,

we can show that if ψ is another character such that ψ 6= φ, φq, then 〈χXφ , χXψ〉 = 0 implying that

Xφ 6∼= Xψ. We omit this calculation for brevity.

Since

χXφ = χV⊗Wα,1 − χWα,1 − χYφ ,

we get the following character table:

ax bx cx,y dx,y

χXφ (q − 1)φ(x) −φ(x) 0 − (φ(w) + φ(wq))

Note that there are q2 − 1 characters φ : F∗q2 −→ C∗, out of which q − 1 satisfy the condition

φq = φ. Moreover, φ and φq lead to the same representation. Hence there are (q2−1)−(q−1)
2

=

1
2
(q2−q) mutually non-isomorphic representations of typeXφ. The total number of representations

Uα, Vα,Wα,β, Xφ constructed so far is

(q − 1) + (q − 1) +
(q − 1) (q − 2)

2
+
q2 − q

2
= q2 − 1,

which is the same as the number of conjugacy classes in GL(2,Fq). Hence we have a complete list
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of irreducible representations.

4.7 The Character Table of GL(2,Fq)

We have constructed four types of mutually non-isomorphic irreducible representations of G,

which give a total q2 − 1 irreducible representations. In summary,

• There are q − 1 representations Uα each of dimension 1.

• There are q − 1 representations Vα each of dimension q.

• There are (q−1)(q−2)
2

representations Wα,β each of dimension q + 1.

• There are q2−q
2

representations Xφ each of dimension q − 1.

4.7.1

Recall that by Proposition 2.18, if E1, . . . , Em are all the pairwise non-isomorphic irreducible

representations of a group G, then

|G| =
m∑
i=1

(dimEi)
2.

Using the data above, we check that

(q−1) ·12+(q−1)q2+
(q − 1) (q − 2)

2
(q+1)2+

q2 − q
2

(q−1)2 = q(q+1)(q−1)2 = |GL(2,Fq)|.
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The entire character table of GL(2,Fq) is as follows:

ax bx cx,y dx,y

class size 1 q2 − 1 q2 + q q2 − q

χUα α(x2) α(x2) α(x y) α(wq+1)

χVα q α(x2) 0 α(x y) −α(wq+1)

χWα,β
(q + 1)α(x)β(x) α(x)β(x) α(x)β(y) + α(y)β(x) 0

χXφ (q − 1)φ(x) −φ(x) 0 −(φ(w) + φ(wq))

This table will be useful for calculating the Clebsch-Gordan decompositions in the next chapter.

4.7.2 Dual representations

From the character table, it is straightforward to identify the dual of each irreducible representation

(see Section 2.8.1). We have isomorphisms

(Uα)∨ ∼= Uα−1 , (Vα)∨ ∼= Vα−1 , (Wα,β)∨ ∼= Wα−1,β−1 , (Xφ)∨ ∼= Xφ−1 .

It follows that if E is an irreducible G-representation, then E∨ is also irreducible of the same type

as E.

–
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Chapter 5

Clebsch-Gordan Decompositions

In the previous chapter, we have constructed a total of q2 − 1 irreducible representations of

GL(2,Fq). It turned out that there are four types of representations:

• For each character α : F∗q −→ C∗, we have the representations Uα and Vα = V ⊗ Uα.

• For each unordered pair of distinct characters α, β : F∗q −→ C, we have the representation

Wα,β .

• For each character φ : F∗q2 −→ C∗ such that φ 6= φq, we have the representation Xφ.

Moreover, Xφ
∼= Xφq .

If E1 and E2 are any two irreducible representations, then their tensor product E1 ⊗ E2 will in

general decompose into a direct sum of irreducibles. These are usually called Clebsch-Gordan

decompositions, since in the 19th century Clebsch and Gordan studied them in the context of

representations of the group GL(2,C) (see [9, Ch. 4]).

The theme of this chapter is to compute the decompositions of the following six tensor products:

V ⊗ V, V ⊗Wα,1, V ⊗Xφ, Wα,1 ⊗Xφ, Xφ ⊗Xψ, Wα,1 ⊗Wβ,1, (†)
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where α, β denote characters of F∗q , and φ, ψ denote characters of F∗q2 . Moreover, ifE is an arbitrary

irreducible representation, then we give precise formulae for the representation E ⊗ Uα which is

also irreducible.

All the general Clebsch-Gordan decompositions follow from these computations. For example, we

can rewrite Vα ⊗ Vβ as (V ⊗ V )⊗ Uαβ and then decompose it using the results above.

We mention some preliminary results in the next section. In section 5.2, we discuss all representa-

tions of the type E ⊗ Uα, where E is an arbitrary irreducible representation. The six calculations

listed in (†) are given in Sections 5.3 through 5.8. They are an original contribution of this thesis

in the sense that we haven’t found them in the existing literature.

5.1 Preliminary Results

Recall that we have fixed an element ε ∈ Fq, such that t2 − ε is an irreducible polynomial in Fq[t].

In other words, ε is not the square of any element in Fq. We have identified the field Fq2 with

Fq[t]/(t2− ε), and t with the symbol
√
ε. Each element in Fq2 can be written as x+y

√
ε for unique

elements x, y ∈ Fq.

The conjugate of w = x+ y
√
ε over Fq is wq = x− y

√
ε. Then

wq+1 = wwq = x2 − ε y2 ∈ Fq.

Define the norm map

ν : F∗q2 −→ F∗q, ν(w) = wq+1.

Lemma 5.1. The map ν is a surjective group homomorphism.

PROOF. It is clear from the definition that ν is a homomorphism. We have ker(ν) = {w ∈ Fq :
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wq+1 = 1}, and hence | ker(ν)| = q + 1. This implies that

|Im(ν)| = q2 − 1

q + 1
= q − 1 = |F∗q|.

Hence ν is surjective.

Let α : F∗q −→ C∗ be a character. Then α̃ = α ◦ ν is a character F∗q2 −→ C∗. Since ν is surjective,

we know that if α is non-trivial, then so is α̃.

5.1.1

We have an inclusion of cyclic groups F∗q ⊆ F∗q2 . We fix a cyclic generator s for F∗q2 , i.e., F∗q2 = 〈s〉.

Then F∗q = 〈r〉, where r = sq+1.

A character φ : F∗q2 −→ C∗ is completely given by an integer k (determined modulo q2 − 1) such

that

φ(s) = exp
(

2πιk

q2 − 1

)
.

Then φq 6= φ translates into the condition that k is not divisible by q + 1. Similarly, a character

α : F∗q −→ C∗ is specified by an integer k (determined modulo q − 1) such that

α(r) = exp
(

2πιk

q − 1

)
.

5.1.2

If E is an irreducible G-representation and E ′ is any representation, we write m(E,E ′) for the

multiplicity of E in the irreducible decomposition of E ′. By Proposition 2.23, we have

m(E,E ′) = 〈χE, χE′〉.
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As usual, let UT denote the one-dimensional trivial representation. We will repeatedly use the

following lemma in our calculations.

Lemma 5.2. Let E1, E2, E3 be irreducible representations. Then we have

m(E∨1 , E2 ⊗ E3) = m(E∨2 , E1 ⊗ E3) = m(E∨3 , E1 ⊗ E2).

PROOF. This follows because each number is equal to

m(UT, E1 ⊗ E2 ⊗ E3) =
1

|G|
∑
g∈G

χE1(g)χE2(g)χE3(g).

The advantage of the lemma is that it reduces the number of calculations. For example, suppose

that we know the number of copies of Xφ in Vα ⊗ Vβ , for any characters α, β of F∗q and φ of

F∗q2 . Then the lemma allows us to switch between representations of types V and X . Using the

isomorphisms in Section 4.7.2, we can then deduce the number of copies of Vβ′ in Xφ′ ⊗ Vα′ for

arbitrary α′, β′, φ′.

5.2 Tensor Products with Uα

In this section, we will discuss the tensor products of all irreducible representations with the one-

dimensional representation Uα. We will use the character table given in the previous chapter.

Recall that we have elements

ax =

x 0

0 x

 , bx =

x 1

0 x

 , cx,y =

x 0

0 y

 , dx,y =

x ε y

y x


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which represent conjugacy classes in G = GL(2,Fq). Let w = x+ y
√
ε ∈ Fq2 denote the element

corresponding to dx,y.

Let α, β and γ denote characters of F∗q . We have the following character table:

ax bx cx,y dx,y

Uα α(x2) α(x2) α(xy) α(wq+1)

Vα q α(x2) 0 α(xy) −α(wq+1)

Wα,β (q + 1)α(x)β(x) α(x)β(x) α(x)β(y) + α(y)β(x) 0

Xφ (q − 1)φ(x) −φ(x) 0 −(φ(w) + φ(wq))

Uα ⊗ Uβ α(x2)β(x2) α(x2)β(x2) α(xy)β(xy) α(wq+1)β(wq+1)

Vα ⊗ Uβ q α(x2)β(x2) 0 α(xy)β(xy) −α(wq+1)β(wq+1)

Wα, β ⊗ Uγ (q + 1)[α(x)γ(x) α(x)γ(x)+ α(x)γ(x)β(y)γ(y)+ 0

β(x)γ(x)] β(x)γ(x) α(y)γ(y)β(x)γ(x)

Xφ ⊗ Uα (q − 1)φ(x)α(ν(x)) −φ(x)α(ν(x)) 0 −(φ(w) + φ(wq)) α̃(w)

We know that two representations are isomorphic, if and only if they have same character values

on each conjugacy class. This gives the following isomorphisms:

Uα ⊗ Uβ ∼= Uαβ, Vα ⊗ Uβ ∼= Vαβ,

Wα, β ⊗ Uγ ∼= Wαγ, βγ, Xφ ⊗ Uα ∼= Xφ α̃.

It follows that if E is any irreducible representation of G, then E ⊗ Uα is also irreducible of the

same type. Hence we deduce the following statement:

Lemma 5.3. If E1, E2 are of different types, then Uα is not a summand in the decomposition of

E1 ⊗ E2.

PROOF. By Lemma 5.2, if Uα is a summand then E∨1 would be a summand in E2 ⊗ Uα, which is

impossible.
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For example, Uα cannot be a summand in Vβ ⊗Xφ.

5.3 The Decomposition of V ⊗ V

Recall the definition of the irreducible representation V from Section 4.3. For each type of irre-

ducible representationE of GL(2,Fq), we will find the number of copies ofE in the decomposition

of V ⊗ V . The final result will be summarized in Proposition 5.4 below. Consider the following

character table:

ax bx cx,y dx,y

χV q 0 1 −1

χV⊗V q2 0 1 1

Recall that the number of copies of E in V ⊗ V is given by the inner product 〈χV⊗V , χE〉.

5.3.1

First, we will find copies of Uα in V ⊗ V , where α is an arbitrary character of F∗q . We have

S = 〈χV⊗V , χUα〉

=
1

|G|

∑
x∈F∗q

q2α(x2).1 + 0 +
1

2

∑
x,y∈F∗q
x 6=y

α(x)α(y)(q2 + q) +
1

2

∑
x,y∈Fq
y 6=0

α(x2 − εy2)(q2 − q)

 ,
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where the factor 1
2

appears because cx,y and cy,x are in the same conjugacy class, and similarly for

dx,y and dx,−y. This expression equals

1

q(q − 1)2(q + 1)

∑
x∈F∗q

(
1

2
(q2 + q) +

1

2
(q2 − q)

)
α(x2).1

+
1

2

∑
x,y∈F∗q , x 6=y

α(x)α(y)(q2 + q) +
1

2

∑
x,y∈Fq , y 6=0

α(x2 − εy2)(q2 − q)

=
1

|G|

1

2
(q2 + q)

(∑
x∈F∗q

α(x2) +
∑

x,y∈F∗q , x 6=y

α(x)α(y)

)

+
1

2
(q2 − q)

(∑
x∈F∗q

α(x2) +
∑

x,y∈Fq , y 6=0

α(x2 − εy2)
)

=
1

q(q − 1)2(q + 1))

1

2
(q2 + q)

(∑
x∈F∗q

α(x)

)(∑
y∈F∗q

α(y)

)

+
1

2
(q2 − q)

( ∑
w∈F∗

q2

α(ν(w))

) .
We use Lemma 4.5 to simplify the sums. If α is non-trivial, then S = 0. If α is trivial, then

S =
1

q(q − 1)2(q + 1))

[
1

2
(q2 + q)(q − 1)(q − 1) +

1

2
(q2 − q))(q2 − 1)

]
= 1.

Hence, there is one copy of the trivial representation UT inside V ⊗ V , and no copies of Uα if α is

non-trivial.
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5.3.2

Now, we will find the copies of Vα in V ⊗ V . We have

S = 〈χV⊗V , χVα〉

=
1

|G|

∑
x∈Fq∗

q3α(x2).1 + 0 +
1

2

∑
x,y∈F∗q , x 6=y

α(x)α(y)(q2 + q)− 1

2

∑
x,y∈Fq , y 6=0

α(x2 − εy2)(q2 − q)


=

1

q(q − 1)2(q + 1)

∑
x∈Fq∗

q3α(x2) +
1

2
(q2 + q)

∑
x,y∈F∗q , x 6=y

α(x)α(y) +
1

2
(q2 + q)

∑
x∈Fq∗

α(x2)

− 1

2
(q2 + q)

∑
x∈Fq∗

α(x2)− 1

2
(q2 − q)

∑
x,y∈Fq , y 6=0

α(x2 − εy2) +
1

2
(q2 − q)

∑
x∈Fq∗

α(x2)

− 1

2
(q2 − q)

∑
x∈Fq∗

α(x2)

=
1

|G|

1

2
(q2 + q)

( ∑
x∈Fq∗

α(x2) +
∑

x,y∈F∗q , x 6=y

α(x)α(y)

)

− 1

2
(q2 − q)

( ∑
x∈Fq∗

α(x2) +
∑

x,y∈Fq , y 6=0

α(x2 − εy2)
)

+
2q3 − q2 − q + q2 − q

2

∑
x∈Fq∗

α(x2)

 ,
which equals

1

q(q − 1)2(q + 1))

1

2
(q2 + q)

(∑
x∈F∗q

α(x)

)(∑
y∈F∗q

α(y)

)
− 1

2
(q2 − q)

∑
w∈F∗

q2

α(ν(w))

+q(q2 − 1)
∑
x∈F∗q

α2(x)

 .
If α is trivial, then α2 is trivial. Then S reduces to

1

q(q − 1)2(q + 1))

[
1

2
(q2 + q)(q − 1)(q − 1)− 1

2
(q2 − q))(q2 − 1) + q(q2 − 1)(q − 1)

]
= 1.
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When α is non-trivial, we have two sub-cases.

(i) When α2 is non-trivial, we have S = 0.

(ii) When α2 is trivial then α(x) = α(x) for all x ∈ F∗q , which implies α(r) = −1. This case

divides into two sub-cases depending on the parity of q.

◦ Assume q to be even. Since q − 1 is odd, (−1)q−1 6= 1. Hence this case cannot occur.

◦ If q is odd, then we get S = 1.

5.3.3

Next, we will find copies of Wα,β in V ⊗ V , where α, β are distinct characters of F∗q .

S = 〈χV⊗V , χWα,β
〉

=
1

|G|

∑
x∈F∗q

q2(q + 1)α(x)β(x).1 + 0 +
1

2

∑
x,y∈F∗q , x 6=y

(α(x)β(y) + β(x)α(y))(q2 + q) + 0


=

1

q(q − 1)2(q + 1)

[∑
x∈F∗q

q2(q + 1)α(x)β(x) +
1

2
(q2 + q)

( ∑
x,y∈F∗q , x 6=y

α(x)β(y) +
∑
x∈F∗q

α(x)β(x)

)

+
1

2
(q2 + q)

( ∑
x,y∈F∗q , x 6=y

β(x)α(y) +
∑
x∈F∗q

α(x)β(x)

)
− (q2 + q)

∑
x∈F∗q

α(x)β(x)

]

=
1

q(q − 1)2(q + 1)

[
1

2
(q2 + q)

(∑
x∈F∗q

α(x)

)(∑
y∈F∗q

β(y)

)
+

1

2
(q2 + q)

(∑
x∈F∗q

α(x)

)(∑
y∈F∗q

β(y)

)

+ q(q2 − 1)
∑
x∈F∗q

α(x)β(x)

]

=
1

(q − 1)2

[(∑
x∈F∗q

α(x)

)(∑
y∈F∗q

β(y)

)
+ (q − 1)

∑
x∈F∗q

α(x)β(x)

]
.
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The sum is zero if either α or β is non-trivial, and αβ is non-trivial. Since α, β cannot both be

trivial (since they are unequal), we assume that α and β are both non-trivial but αβ is trivial. Then

S =
1

(q − 1)2
[
0 + (q − 1)(q − 1)

]
= 1.

Now, consider the relation α(x).β(x) = 1 for all x, which is true if and only if β(x) = α(x) for all

x. In particular, β is determined by α. As before, this subdivides into cases according to the parity

of q.

• If q is even, then q− 1 is odd. Since α is non-trivial, there are q− 2 possibilities for α. Since

Wα,β
∼= Wβ,α, the number of distinct irreducible representations of the form Wα,β is

q − 2

2
.

• If q is odd, then q − 1 is even. We cannot have α(r) = ±1, since that would lead to α = β.

Hence there are q − 3 possibilities for α(r), and
q − 3

2
possibilities for Wα,β .

5.3.4

Finally, we will detect copies of Xφ in V ⊗ V , where we may assume φ 6= φq. In particular, φ is a

non-trivial character. Moreover, φq is also non-trivial, since q does not divide q2 − 1. We will use

Lemmas 4.5 and 4.6 to simplify the expressions below. We have

S = 〈χV⊗V , χXφ〉

=
1

|G|

∑
x∈F∗q

q2(q − 1)φ(x).1 + 0 + 0− 1

2

∑
x, y∈F∗q , y 6=0

(φ(x+ y
√
ε) + φ((x+ y

√
ε)q)(q2 − q)


=

q(q − 1)

q(q − 1)2(q + 1)

q∑
x∈F∗q

φ(x)− 1

2

∑
w∈F∗

q2
\F∗q

(φ(w))− 1

2

∑
w∈F∗

q2
\F∗q

(φq(w))


=

1

q2 − 1

q∑
x∈F∗q

φ(x)− 1

2

∑
w∈F∗

q2

(φ(w)) +
1

2

∑
x∈F∗q

φ(x)− 1

2

∑
w∈F∗

q2

(φq(w)) +
1

2

∑
x∈F∗q

φq(x)

 .
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Now
∑

w∈F∗
q2

(φ(w)) =
∑

w∈F∗
q2

(φq(w)) = 0. For S to be non-zero, the restriction φ̂ = φ|F∗q must be

trivial. In that case,

S =
1

q2 − 1

[
q(q − 1)− 0 +

1

2
(q − 1)− 0 +

1

2
(q − 1)

]
=

(q − 1)(q + 1)

q2 − 1
= 1.

Let s be as in Section 5.1.1, and let δ = φ(s). By assumption, δq+1 = φ(sq+1) = 1, and hence δ

must be a (q + 1)-th root of unity except 1.

• Assume q to be even, so that q + 1 is odd. Then there are q possibilities for δ. Since

Xφ
∼= Xφq , this gives

q

2
copies of Xφ.

• Assume q to be odd, so that q + 1 is even. Excluding the case δ = −1 (since otherwise

φ = φq), there are q − 1 possibilities for δ and hence
q − 1

2
copies of Xφ.

We summarize these calculations in the following proposition.

Proposition 5.4. If q is odd, then we have a decomposition

V ⊗ V ∼= UT ⊕ V ⊕ Vα0 ⊕
( ⊕
α∈Q1

Wα, α

)
⊕
(⊕
φ∈Q2

Xφ

)
, (5.1)

where we use the following conventions:

• α0 : F∗q −→ C∗ is the unique character of order two.

• Q1 is the set of characters α : F∗q −→ C∗ such that α(r) 6= ±1. We make the convention that

Wα,α and Wα,α represent the same summand.

• Q2 is the set of non-trivial characters φ : F∗q2 −→ C∗ such that φ̂ is trivial and ord(φ) 6= 2.

We make the convention that Xφ and Xφq represent the same summand.
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If q is even, then we have a decomposition

V ⊗ V ∼= UT ⊕ V ⊕
( ⊕
α∈Q1

Wα, α

)
⊕
(⊕
φ∈Q2

Xφ

)
, (5.2)

where Q1, Q2 have the same meaning as above with the following provisos: in the definition of

Q1, the restriction α(r) 6= −1 is unnecessary, and in the definition of Q2 the restriction ord(φ) 6= 2

is unnecessary.

We will tally that the dimensions of the two sides in equation (5.1) coincide. The dimension of the

left-hand side is q2, whereas that of the right-hand side is also

1 + q + q +
q − 3

2
(q + 1) +

q − 1

2
(q − 1) = q2.

Similarly, the right-hand side of (5.2) has dimension 1 + q+ q−2
2

(q+ 1) + q
2
(q− 1) = q2. We have

performed similar dimension checks for all the decompositions below. Since these calculations are

very similar to the present case, the details are omitted.

Example 5.5. We will make this decomposition explicit for q = 5. We take ε = 2 (which is a

non-square in F5), and make the identification

F25 =
F5[t]

(t2 − 2)
.

It is easy to check that s = t+ 3 is a cyclic generator of F∗25, and then r = (t+ 3)6 = 2 is a cyclic

generator of F∗5.

Each character α : F∗5 −→ C∗ is completely specified by α(r) ∈ {1,−1, i,−i}. The unique

non-trivial order 2 character is the one such that α0(r) = −1. Moreover, Q1 consists of the two

characters

α1(r) = i, α2(r) = −i,
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which are inverses of each other. Each non-trivial character F∗25 −→ C∗ is of the form

φk(s) = exp
(

2πik

24

)
,

for some k such that 1 6 k 6 23. Then

φk(r) = φk(s
6) = exp

(
πik

2

)
.

Then φ̂k = φk|F∗5 is trivial exactly when 4 divides k, i.e., k = 4, 8, 12, 16 or 20. But ord(φk) 6= 2

implies that k 6= 12. Moreover, φ5
4 = φ20 and φ5

8 = φ16. This gives the following decomposition:

V ⊗ V ∼= UT ⊕ V ⊕ Vα0 ⊕Wα1,α2 ⊕Xφ4 ⊕Xφ8 .

Remark 5.6. If α, β are arbitrary characters F∗q −→ C, then

Vα ⊗ Vβ ∼= (V ⊗ Uα)⊗ (V ⊗ Uβ) ∼= (V ⊗ V )⊗ Uαβ,

which can be decomposed into irreducibles using the proposition above.

5.4 The Decomposition of V ⊗Wα,1

Now we will find the irreducible decomposition of V ⊗ Wα,1 using the same technique. The

character table is as follows:

ax bx cx,y dx,y

χV⊗Wα, 1 q (q + 1)α(x) 0 α(x) + α(y) 0

84



5.4.1

By Lemma 5.3, there are no copies of Uβ in V ⊗Wα,1.

Let β be an arbitrary character of F∗q . By Lemma 5.2, we have equalities

m(Vβ, V ⊗Wα,1) = m(Wα−1,1, V ⊗ Vβ−1) = m(Wα−1β,β, V ⊗ V ).

The last number is given by Proposition 5.4. We deduce that for each character β of F∗q such that

α−1β = β−1 (i.e., β2 = α), we get one copy of Vβ in the decomposition.

5.4.2

Now we will find copies of Wβ,γ , where β, γ are distinct characters of F∗q . We have

S = 〈χV⊗Wα,1 , χWβ,γ
〉

=
1

|G|

∑
ax

(q(q + 1)2αβ γ (x) +

(
q2 + q

2

)∑
cx,y

(α(x) + α(y))(β(x)γ(y) + β(y)γ(x))


=

1

q(q − 1)2(q + 1)

[∑
x∈F∗q

q(q + 1)2α.β.γ(x) +
q2 + q

2

( ∑
x, y∈F∗q , x 6=y

α(x)β(x)γ(y)

+
∑

x, y∈F∗q , x 6=y

α(x)β(y)γ(x) +
∑

x, y∈F∗q , x 6=y

α(y)β(x)γ(y) +
∑

x, y∈F∗q , x 6=y

α(y)β(y)γ(x)
)]

=
1

q(q − 1)2(q + 1)

[
(q(q + 1)2 − 2(q2 + q))

∑
x∈F∗q

α.β.γ(x)

+ (q2 + q)(
∑
x∈F∗q

α.β(x))(
∑
y∈F∗q

γ(y)) + (q2 + q)(
∑
y∈F∗q

α.γ(y))(
∑
x∈F∗q

β(x))
]

=
1

(q − 1)2

[
(q − 1)

∑
x∈F∗q

α.β.γ(x)

︸ ︷︷ ︸
(1)

+ (
∑
x∈F∗q

α.β(x))(
∑
y∈F∗q

γ(y))

︸ ︷︷ ︸
(2)

+ (
∑
y∈F∗q

α.γ(y))(
∑
x∈F∗q

β(x))

︸ ︷︷ ︸
(3)

]
.

For S to be non-zero, at least one of the terms from (1), (2), (3) must be non-zero.
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• The term (2) is non-zero exactly when γ is trivial and α = β.

• The term (3) is non-zero exactly when β is trivial and α = γ.

• The term (1) is non-zero exactly when α = β γ.

Since β 6= γ, either (2) or (3) must be zero. We have the following cases:

• If (2) is non-zero, then (1) is also non-zero and then S = 2.

• If (3) is non-zero, then (1) is also non-zero and then S = 2. But this is the same as the

previous case, since Wβ,γ
∼= Wγ,β .

• Assume (2), (3) are both zero, but (1) is non-zero. This case is further divided into two

sub-cases:

◦ Assume that α is not a square, so that q is necessarily odd. Then there are
(q − 3)

2

possibilities for the unordered pair {β, γ} = {β, α β−1}. For each such pair, there is

one copy of Wβ,γ in the tensor product.

◦ Assume that α is a square. Then we must exclude those β such that β = αβ−1. Hence,

if q is even, there are
q − 4

2
possibilities for the pair {β, α β−1}. When q is odd, there

are
q − 5

2
possibilities. For each such pair, there is one copy of Wβ,γ in the tensor

product.

This gives a precise description of the summands Wβ,γ in V ⊗Wα,1.
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5.4.3

Finally, we find copies of Xφ, where φ : F∗q2 −→ C is a character such that φ 6= φq. We have

S =〈χV⊗Wα,1 , χXφ〉 =
1

|G|

[∑
ax

(q(q + 1)(q − 1)α(x)φ(x)
]

=
1

q(q − 1)2(q + 1)

[
q (q + 1) (q − 1)

∑
x∈F∗q

α(x)φ(x)
]
.

Then S = 1 when φ̂ = φ|F∗q = α and S = 0 otherwise. Thus, for each character φ satisfying the

condition φ̂ = α, we have one copy of Xφ in V ⊗Wα,1.

These calculations are summarized in the following proposition.

Proposition 5.7. When α is a non-square, we have a decomposition

V ⊗Wα,1
∼= (Wα,1)

⊕2 ⊕
(⊕
β∈Q1

Wβ,α β−1

)
⊕
(⊕
φ∈Q2

Xφ

)
, (5.3)

where we use the following conventions:

• Q1 is the set of characters {β : β 6= α, 1} of F∗q . Moreover, it is understood that Wβ,α β−1 and

Wαβ−1,β represent the same summand.

• Q2 is the set of characters φ of F∗q2 such that φ 6= φq and φ|F∗q = α. Moreover, it is understood

that Xφ and Xφq represent the same summand.

When α is a square, we have a decomposition

V ⊗Wα,1
∼= (Wα,1)

⊕2 ⊕
(⊕
β∈Q1

Wβ,α β−1

)
⊕
(⊕
φ∈Q2

Xφ

)
⊕
(⊕
β2=α

Vβ
)
,

where Q1, Q2 have the same meaning as before.
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As mentioned earlier, we have carried out a dimension check as in the previous section but omitted

the details.

Remark 5.8. If α, β, γ : F∗q −→ C are arbitrary characters (such that β 6= γ), then

Vα ⊗Wβ,γ
∼= (V ⊗ Uα)⊗ (Wβγ−1,1 ⊗ Uγ) ∼= (V ⊗Wβγ−1,1)⊗ Uαγ,

which can be decomposed using the calculation above.

Example 5.9. We will continue Example 5.5 from the previous section. Let α0 be the non-trivial

character of order 2, and consider V ⊗Wα0,1. Then β = α1, α2 are the characters such that β2 = α.

However, the set Q1 is empty.

The condition φ̂k = α0 implies that exp
(
π i k
2

)
= −1, i.e., k = 2, 6, 10, 14, 18 or 22. But φ5 6= φ

implies that k 6= 6, 18. Since Xφ2 = Xφ10 and Xφ14 = Xφ22 , we get the decomposition

V ⊗Wα0,1
∼= W⊕2

α0,1
⊕Xφ2 ⊕Xφ14 ⊕ Vα1 ⊕ Vα2 .

It is a general feature of our calculations that, given specific irreducible representations E1 and E2,

finding the summands in E1⊗E2 reduces to solving a simple set of congruence equations modulo

q − 1 or q2 − 1.

Henceforth we will increasingly make use of Lemma 5.2 to reduce the number of computations.

We will confine ourselves to identifying the representations of each type in the decomposition

instead of stating the corresponding propositions explicitly.

5.5 The Decomposition of V ⊗Xφ

Now we consider the decomposition of V ⊗Xφ, where φ is a character of F∗q2 . The character table

is as follows:
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ax bx cx,y dx,y

χV⊗Xφ q (q − 1)φ(x) 0 0 (φ(w) + φ(wq))

Using Lemmas 5.2 and 5.3, we deduce the following statements:

• There are no copies of Uα in V ⊗Xφ.

• We have

m(Vα, V ⊗Xφ) = m(Xφ−1 ⊗ Uα, V ⊗ V ) = m(Xφ−1α̃, V ⊗ V ).

The last number is known from the calculations in Section 5.3. By Proposition 5.4, the

condition φ−1α̃ ∈ Q2 implies that (φ−1α̃)|F∗q = 1. Thus we get φ−1(x) α̃(x) = 1 for all

x ∈ F∗q , i.e., φ̂ = α2. Hence we get one copy of Vα when φ̂ = α2 and ord(φ−1α̃) 6= 2.

• We have

m(Wα,β, V ⊗Xφ) = m(Xφ−1 , V ⊗Wα−1,β−1) = m(Xφ−1β̃, V ⊗Wα−1β,1).

The last number is known from the calculations in Section 5.4. By Proposition 5.7, the con-

dition φ−1β̃ ∈ Q2 implies that (φ−1β̃)|F∗q = α−1β. Thus we get φ−1(x)β̃(x) = α−1(x)β(x)

for all x ∈ F∗q , i.e., φ̂−1β2 = α−1β for all x ∈ F∗q . Hence there will be one copy of Wα,β

exactly when φ̂ = αβ.

89



5.5.1

Now we detect copies of Xψ, where ψ is a character of F∗q2 . As usual, assume ψ 6= ψq. Recall that

φ̂ = φ|F∗q and ψ̂ = ψ|F∗q . Then

S = 〈χV⊗Xφ , χXψ〉

=
1

|G|

[∑
x∈F∗q

q(q − 1)φ(x))((q − 1)ψ(x))−
(
q(q − 1)

2

)
.
∑

w∈F∗
q2
\F∗q

(φ(w) + φ(wq)) (ψ(w) + ψ(wq))
]

=
1

q(q − 1)2(q + 1)

[
(q − 1)2q

∑
x∈F∗q

φ.ψ(x)

−
(
q(q − 1)

2

) ∑
w∈F∗

q2
\F∗q

(
φ.ψ(w) + φ(w)ψ(wq) + φ(wq)ψ(w) + φ.ψ(wq)

)]
=

1

q(q − 1)2(q + 1)

[
(q − 1)2q

∑
x∈F∗q

φ.ψ(x)−
(
q(q − 1)

2

)
.
( ∑
w∈F∗

q2

φψ(w) +
∑
w∈F∗

q2

φ(w)ψq(w)

+
∑
w∈F∗

q2

φq(w)ψ(w) +
∑
w∈F∗

q2

(φψ)q(w)
)

+
q(q − 1)

2

∑
x∈F∗q

φq(x)ψ(x) +
q(q − 1)

2

∑
x∈F∗q

φ(x)(ψ)q(x)

+ q(q − 1)
∑
x∈F∗q

φ.ψ(x)
]
.

Since φ̂q = φ̂ and ψ̂q = ψ̂, this simplifies to

q + 1

q2 − 1

∑
x∈F∗q

φψ(x)

︸ ︷︷ ︸
S0

− 1

2(q2 − 1)


∑
w∈F∗

q2

φψ(w)

︸ ︷︷ ︸
S1

+
∑
w∈F∗

q2

φψ
q
(w)

︸ ︷︷ ︸
S2

+
∑
w∈F∗

q2

φq ψ(w)

︸ ︷︷ ︸
S3

+
∑
w∈F∗

q2

φq ψ
q
(w)

︸ ︷︷ ︸
S4

 .

We have five sums labelled S0, . . . S4. Now consider the following five conditions on φ and ψ.

C0. φ̂ = ψ̂, C1. φ = ψ, C2. φ = ψq, C3. φq = ψ, C4. φq = ψq.

By Lemma 4.5 we know that S0 = q − 1 if condition C0 is satisfied, and S0 = 0 otherwise. For

90



1 6 i 6 4, by Lemma 4.6 we know that Si = q2 − 1 if Ci is satisfied, and Si = 0 otherwise.

Moreover, C1 ⇐⇒ C4 and C2 ⇐⇒ C3. (This follows because φq2 = φ and ψq2 = ψ.) If any

of the conditions C1, . . . , C4 holds, then C0 also holds. Moreover, at most one of the conditions

from C1, C2 can hold, since otherwise ψ = ψq.

Thus we have the following possibilities:

• If none of the conditions C0, . . . , C4 holds, then S = 0.

• If any of the conditions C1, . . . , C4 holds, then two of them hold and C0 also holds. Then

S =
q + 1

q2 − 1
(q − 1)− 2(q2 − 1)

2(q2 − 1)
= 0.

• If only C0 holds and none of C1, . . . , C4 holds, then S = q+1
q2−1(q − 1) = 1.

Hence Xψ appears in the decomposition of V ⊗Xφ, if and only if φ̂ = ψ̂ but ψ 6= φ, φq. Moreover,

then it appears with multiplicity one. This completes the calculation for the case V ⊗Xφ.

We summarize the result in the following proposition.

Proposition 5.10. When φ̂ is a non-square, we have a decomposition

V ⊗Xφ
∼=

(⊕
α

Wα,φ̂ α−1

)
⊕

(⊕
ψ∈Q

Xψ

)
,

whereQ is the set of characters ψ of F∗q2 such that ψ̂ = φ̂ but ψ 6= φ, φq. Moreover, it is understood

that Xψ and Xψq stand for the same summand.

When φ̂ is a square, we have a decomposition

V ⊗Xφ
∼=

(⊕
α

Wα,φ̂ α−1

)
⊕

(⊕
ψ∈Q

Xψ

)
⊕

(⊕
η

Vη

)
,
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where Q has the same meaning as above, and in the first summand those α for which α2 = φ̂ are

disallowed. The last sum is over characters η of F∗q such that η2 = φ̂.

Remark 5.11. For any character α of F∗q , we have an isomorphism

Vα ⊗Xφ
∼= (V ⊗Xφ)⊗ Uα,

which can decomposed using the calculation above.

5.6 The Decomposition of Wα,1 ⊗Xφ

Let α : F∗q −→ C∗ and φ : F∗q2 −→ C∗ be characters. We proceed to decompose the tensor product

Wα,1 ⊗Xφ. As usual, assume φ 6= φq. The character table is as follows:

ax bx cx,y dx,y

χWα,1⊗Xφ (q2 − 1)α(x)φ(x) −α(x)φ(x) 0 0

Using Lemmas 5.2 and 5.3, we deduce the following statements:

• There are no copies of Uβ in the decomposition.

• We have

m(Vβ,Wα,1 ⊗Xφ) = m(Xφ−1 , Vβ−1 ⊗Wα,1) = m(Xφ−1β̃, V ⊗Wα,1).

The last number is known by the calculations in Section 5.4. By Proposition 5.7, the con-

dition φ−1β̃ ∈ Q2 implies that (φ−1β̃)|F∗q = α. Thus we get φ−1(x) β̃(x) = α(x) for all

x ∈ F∗q . Hence, φ−1(x)β2(x) = α(x) for all x ∈ F∗q . Thus there will be one copy of Vβ when

α φ̂ = β2.
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Now we will find copies of Wβ,γ , where β and γ are distinct characters of F∗q . We have

S = 〈χWα,1⊗Xφ , χWβ,γ
〉

=
1

|G|

[∑
ax

(q2 − 1)(q + 1)α(x)φ(x)β(x)γ(x) −
∑
bx

α(x)φ(x)β(x)γ(x)(q2 − 1).
]

=
q(q2 − 1)

q(q − 1)2(q + 1)

∑
x∈F∗q

α(x)φ(x)β(x)γ(x).

Hence S = 1 when β γ = α φ̂, and S = 0 otherwise.

Finally, we will find copies of Xψ, where ψ is a character of F∗q2 . We have

S = 〈χWα,1⊗Xφ , χXψ〉

=
1

|G|

[∑
ax

(q2 − 1)(q − 1)α(x)φ(x)ψ(x) +
∑
bx

α(x)φ(x)ψ(x)(q2 − 1).
]

=
q(q2 − 1)

q(q − 1)2(q + 1)

∑
x∈F∗q

α(x)φ(x)ψ(x).

Hence S = 1 when ψ̂ = α φ̂, and S = 0 otherwise. This completes the calculation.

We summarize the result in the following proposition.

Proposition 5.12. When α φ̂ is a non-square, we have a decomposition

Wα,1 ⊗Xφ
∼=

(⊕
β

Wβ,α φ̂ β−1

)
⊕

(⊕
ψ∈Q

Xψ

)
,

where Q is the set of characters ψ of F∗q2 such that ψ̂ = α φ̂.

When α φ̂ is a square, then we have a decomposition

Wα,1 ⊗Xφ
∼=

(⊕
β

Wβ,α φ̂ β−1

)
⊕

(⊕
ψ∈Q

Xψ

)
⊕

(⊕
η

Vη

)
,
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where Q has the same meaning as before, and in the first summand those β such that β2 = α φ̂ are

disallowed. The last summand is over those η such that η2 = α φ̂.

As a consequence, we can decompose any representation of the form

Wα,β ⊗Xφ
∼= (Wαβ−1,1 ⊗Xφ)⊗ Uβ.

5.7 The Decomposition of Xφ ⊗Xψ

In this section, we will find the irreducible decomposition ofXφ⊗Xψ, where φ and ψ are characters

of F∗q2 . As usual, assume φ 6= φq and ψ 6= ψq. We have the following character table:

ax bx cx,y dx,y

χXφ⊗Xψ (q − 1)2φ(x)ψ(x) φ(x)ψ(x) 0 (φ(w) + φ(wq))(ψ(w) + ψ(wq))

Recall that for dx,y =

 x ε y

y x

, we have the notation w = x+ y t = x+ y
√
ε.

5.7.1

Using Lemma 5.2 and 5.3, we deduce the following statements:

• We have

m(Uα, Xφ ⊗Xψ) = m(Xφ−1α̃, Xψ).

This number can be non-zero only if both X-type representations are in fact isomorphic, and

in that case it is = 1. Consider the following four conditions:

(a) φψ = α̃, (b) φψq = α̃, (c) φq ψ = α̃, (d) φq ψq = α̃.
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Recall that α̃q = α̃. Hence (a), (d) are equivalent (i.e., they are both simultaneously true or

false), and (b), (c) are equivalent. Moreover, if (a), (d) are true then (b), (c) must be false and

conversely, since otherwise we would get ψq = ψ. Now Xφ−1α̃
∼= Xψ if and only if, either

the pair (a), (d) is true or the pair (b), (c) is true. We have a single copy of Uα in each case.

By restricting the conditions to F∗q , we deduce that φ̂ ψ̂ = α2.

• As to Vα, we have

m(Vα, Xφ ⊗Xψ) = m(Xψ−1 , Vα−1 ⊗Xφ) = m(Xψ−1α̃, V ⊗Xφ).

The last number is known by the calculations in Section 5.5. By Proposition 5.10, the condi-

tion ψ−1α̃ ∈ Q2 implies that (ψ−1α̃)|F∗q = φ|F∗q . We get ψ−1(x)α̃(x) = φ(x) for all x ∈ F∗q ,

and thus there will be one copy of Vα when φ̂ ψ̂ = α2 and ψ−1α̃ 6= φ, φq.

• We have

m(Wα,β, Xφ ⊗Xψ) = m(Xψ−1 ,Wα−1,β−1 ⊗Xφ) = m(Xψ−1β̃,Wα−1β,1 ⊗Xφ).

The last number is known from the calculations in Section 5.6. By Proposition 5.12, the

condition ψ−1β̃ ∈ Q2 implies that (ψ−1β̃)|F∗q = (α−1β).φ|F∗q . Hence we get ψ−1(x)β̃(x) =

α−1(x)β(x)φ(x) for all x ∈ F∗q , i.e., ψ−1(x)β2(x) = α−1(x) β(x)φ(x) for all x ∈ F∗q . Thus

there will be one copy of Wα,β when φ̂ ψ̂ = αβ.
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5.7.2

Finally, we find copies of Xθ, where as usual we assume θq 6= θ. We have

S = 〈χXφ⊗Xψ , χXθ〉

=
1

|G|

[∑
ax

(q − 1)3φ(x)ψ(x)(θ(x))−
∑
bx

φ(x)ψ(x)(θ(x))(q2 − 1)

−
(
q(q − 1)

2

)
.
∑

w∈F∗
q2
\F∗q

(φ(w) + φ(wq)) (ψ(w) + ψ(wq))(θ(w) + θ(wq))
]

=
1

q(q − 1)2(q + 1)

[
q(q − 1)(q − 3)

∑
x∈F∗q

φ.ψ.θ(x)−
(
q(q − 1)

2

) ∑
w∈F∗

q2
\F∗q

(
φ(w)ψ(w)θ(w)

+ φ(w)ψ(wq)θ(w) + φ(w)ψ(w)θ(wq) + φ(w)ψ(wq)θ(wq) + φ(wq)ψ(wq)θ(w)

+ φ(wq)ψ(w)θ(w) + φ(wq)ψ(w)θ(wq) + φ(wq)ψ(wq)θ(wq)
)]

=
1

q(q − 1)2(q + 1)

[
q(q − 1)(q − 3)

∑
x∈F∗q

φ.ψ.θ(x)−
(
q(q − 1)

2

)(( ∑
w∈F∗

q2

φ(w)ψ(w)θ(w)
)

+
( ∑
w∈F∗

q2

φ(w)ψ(wq)θ(w)
)

+
( ∑
w∈F∗

q2

φ(w)ψ(w)θ(wq)
)

+
( ∑
w∈F∗

q2

φ(w)ψ(wq)θ(wq)
)

+
( ∑
w∈F∗

q2

φ(wq)ψ(wq)θ(w)
)

+
( ∑
w∈F∗

q2

φ(wq)ψ(w)θ(w)
)

+
( ∑
w∈F∗

q2

φ(wq)ψ(w)θ(wq)
)

+
( ∑
w∈F∗

q2

φ(wq)ψ(wq)θ(wq)
))

+ 4q(q − 1)
∑
x∈F∗q

φ.ψ.θ(x)
]
.
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This reduces to the expression

1

q − 1

∑
x∈F∗q

φ.ψ.θ(x)− 1

2(q2 − 1)

( ∑
w∈F∗

q2

φ(w)ψ(w)θ(w)

+
∑
w∈F∗

q2

φ(w)ψq(w)θ(w) +
∑
w∈F∗

q2

φ(w)ψ(w)θq(w) +
∑
w∈F∗

q2

φ(w)ψq(w)θq(w)

+
∑
w∈F∗

q2

φq(w)ψq(w)θ(w) +
∑
w∈F∗

q2

φq(w)ψ(w)θ(w) +
∑
w∈F∗

q2

φq(w)ψ(w)θq(w)

+
∑
w∈F∗

q2

φq(w)ψq(w)θq(w)

)
.

We need a compact notation to analyse this sum. For three integers a, b, c ∈ {1, q}, we write

Γ[a,b,c] =
∑
w∈F∗

q2

φa(w)ψb(w) θc(w).

Now consider the condition

φaψb = θc,

which we denote by C[a, b, c]. By Lemma 4.6, we know that

Γ[a,b,c] =


q2 − 1, if C[a, b, c] holds,

0 otherwise.

Thus we have eight conditions C[a, b, c] for all possible values of a, b, c. However, we have the

following pattern of equivalences:

C1. C[1, 1, 1] ⇐⇒ C[q, q, q],

C2. C[1, 1, q] ⇐⇒ C[q, q, 1],

C3. C[1, q, 1] ⇐⇒ C[q, 1, q],
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C4. C[q, 1, 1] ⇐⇒ C[1, q, q].

This can be seen as follows. For example, suppose C[1, 1, q] holds, i.e., φψ = θq. Then raising

this equation to the q-th power gives C[q, q, 1], since θq2 = θ. Similarly, starting from C[q, q, 1] we

can deduce C[1, 1, q]. All other cases are similar. Henceforth we will say that C1 holds if both the

corresponding equivalent conditions hold, and similarly for C2, C3, C4.

Notice also that at most one of the conditions C1, . . . , C4 can hold. For example, suppose C2, C3

both hold. Then

φq ψq = θ and φψq = θ =⇒ φ = φq,

which is disallowed. Now consider the additional condition

C0. φ̂ ψ̂ = θ̂.

If any of the conditions C1, . . . , C4 holds, then C0 also holds. For example, assume φq ψq = θ.

Then restricting this equality to F∗q gives φ̂q ψ̂q = θ̂. Since every character α of F∗q satisfies αq = α,

we get C0. The other cases are similar.

Now observe that

S =
1

q − 1

∑
x∈F∗q

φ(x)ψ(x) θ(x)− 1

2(q2 − 1)

∑
[a,b,c]

Γ[a,b,c],

where the second summation is over all the eight choices of [a, b, c].

• If none of the conditions C0, . . . , C4 holds, then S = 0.

• If any of the conditions C1, . . . , C4 holds, then we get

S =
q − 1

q − 1
− 2(q2 − 1)

2(q2 − 1)
= 0.
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• If C0 holds and none of the conditions C1, . . . , C4 holds, then S = 1. These are precisely

the characters θ which give one copy of Xθ in the decomposition.

This completes the calculation for the case Xφ ⊗ Xψ. We summarize the results in the following

proposition.

Proposition 5.13. When φ̂ ψ̂ is a non-square, then we have a decomposition

Xφ ⊗Xψ
∼=

(⊕
α

Wα,φ̂ ψ̂ α−1

)
⊕

(⊕
θ∈Q

Xθ

)
,

where Q is the set of characters θ of F∗q2 such that φ̂ ψ̂ = θ̂, but

φψ 6= θ, θq, φ ψq 6= θ, θq.

As usual, we make the convention that Xθ and Xθq represent the same summand.

When φ̂ ψ̂ is a square, then we have a decomposition

Xφ ⊗Xψ
∼=

(⊕
α

Wα,φ̂ ψ̂ α−1

)
⊕

(⊕
θ∈Q

Xθ

)
⊕

(⊕
η

Vη

)
⊕

(⊕
α∈Q′

Uα

)
,

where Q has the same meaning as above, and in the first summand those α such that α2 = φ̂ ψ̂ are

disallowed. The third summand is over all characters η of F∗q such that η2 = φ̂ ψ̂. Moreover, Q′ is

the set of characters α of F∗q such that α̃ = φψ or φψq.

We will not state such a proposition explicitly for the last calculation, since the statements tend

to become unwieldy. However, the summands in the tensor product are explicitly described via

Lemmas 5.2 and 5.3.
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5.8 The Decomposition of Wα,1 ⊗Wβ,1

In this case, α and β are non-trivial (not necessarily distinct) characters of F∗q . The character table

is as follows:

ax bx cx,y dx,y

χWα,1⊗Wβ,1
(q + 1)2α(x) β(x) α(x) β(x) (α(x) + α(y)) (β(x) + β(y)) 0

Using Lemmas 5.2 and 5.3 we deduce the following statements:

• Let γ be a character of F∗q . We have

m(Uγ,Wα,1 ⊗Wβ,1) = m(Wα−1,1,Wβ γ−1,γ−1).

This number is non-zero exactly when the two W -type representations on the right are iso-

morphic, and then it is = 1. They are isomorphic in either of the following cases:

◦ α−1 = β γ−1 and 1 = γ−1, i.e., γ = 1 and α−1 = β.

◦ α−1 = γ−1 and β γ−1 = 1, i.e., α = β = γ.

• We have

m(Vγ,Wα,1 ⊗Wβ,1) = m(Wβ−1 γ,γ, V ⊗Wα,1).

The last number is known by the calculations in Section 5.4.

• We have

m(Xφ,Wα,1 ⊗Wβ,1) = m(Wβ−1,1,Wα,1 ⊗Xφ−1).

The last number is known by the calculations in Section 5.6.
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5.8.1

Now we complete the last remaining calculation, i.e., the number of copies ofWγ,δ inWα,1⊗Wβ,1,

where γ 6= δ. We have

S = 〈χWα,1⊗Wβ,1
, χWγ,δ

〉

=
1

|G|

[∑
ax

(q + 1)3α(x)β(x)γ(x)δ(x) +
∑
bx

α(x)β(x)γ(x)δ(x)(q2 − 1)

+
1

2

∑
cx,y

(α(x) + α(y))(β(x) + β(y))(γ(x)δ(y) + δ(x)γ(y).(q2 + q)
]

=
1

|G|

[
(q + 1)(q2 + 3q)

∑
x∈F∗q

α(x)β(x)γ(x)δ(x) +
(q2 + q)

2

(∑
cx,y

α(x)β(x)γ(x)δ(y)

+ α(y)β(y)γ(x)δ(y) + α(x)β(y)γ(x)δ(y) + α(y)β(x)γ(x)δ(y) + α(x)β(x)γ(y)δ(x)

+ α(y)β(y)γ(y)δ(x) + α(x)β(y)γ(y)δ(x) + α(y)β(x)γ(y)δ(x)
)]
.

This expression reduces to

S =
1

(q − 1)

∑
x∈F∗q

αβ γ δ (x)

︸ ︷︷ ︸
S0

+
1

(q − 1)2

[ (∑
x∈F∗q

αβ γ (x)
)(∑

y∈F∗q

δ(y)
)

︸ ︷︷ ︸
S1

+
(∑
x∈F∗q

αβ δ (x)
)(∑

y∈F∗q

γ (y)
)

︸ ︷︷ ︸
S2

+
(∑
x∈F∗q

α γ (x)
)(∑

y∈F∗q

β δ (y)
)

︸ ︷︷ ︸
S3

+
(∑
x∈F∗q

β γ (x)
)(∑

y∈F∗q

α δ (y)
)

︸ ︷︷ ︸
S4

]
.

We need to find out when the expressions Si are non-zero. Consider the following conditions:

C0. αβ = γ δ,

C1. αβ = γ and δ = 1,
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C2. αβ = δ and γ = 1,

C3. α = γ and β = δ,

C4. β = γ and α = δ.

By Lemma 4.5, we know that S0 = q−1 if C0 is satisfied, and S0 = 0 otherwise. For i = 1, 2, 3, 4,

we have Si = (q − 1)2 if Ci is satisfied and Si = 0 otherwise.

Notice that at most one of the conditions from C1, C2, C3, C4 can hold simultaneously. For

example, if C1 and C4 were both true, then we would have α = 1 which is impossible. The other

cases are similar. Moreover, any of the conditions from C1, C2, C3, C4 implies C0. Thus we get

the following possibilities:

• If none of the conditions from C0, . . . , C4 holds, then S = 0.

• If C1 holds, then S = 2 and {γ, δ} = {αβ, 1}. The same conclusion follows if C2 holds.

This case is impossible if αβ = 1, i.e., α = β−1.

• If C3 holds, then S = 2 and {γ, δ} = {α, β}. The same conclusion follows if C4 holds. This

case is impossible if α = β.

• If C0 alone holds, then S = 1 and {γ, δ} = {γ, αβγ−1} for some γ 6= 1, α, β, α β. Moreover,

if αβ is a square, then those γ such that αβ γ−1 = γ (i.e., γ2 = αβ) are also disallowed.

Now consider the following conditions:

D1. α = β−1,

D2. α = β,

D3. αβ is a square, say αβ = µ2 for some character µ.
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If either D1 or D2 holds, then D3 also holds.

From this analysis, we conclude that the W -type summands in Wα,1 ⊗Wβ,1 are as follows:

• If D1, D2 both hold, then we get one copy each of Wγ,γ−1 for γ 6= 1, α.

• If D1 (but not D2) holds, then we have two copies of Wα,α−1 and one copy each of Wγ,γ−1

for γ 6= 1, α, α−1.

• If D2 (but not D1) holds, then we have two copies of Wα2,1 and one copy each of Wγ,α2γ−1

for γ 6= 1, α, α2.

• If D3 (but not D1, D2) holds, then we have two copies each of Wα,β and Wαβ,1, and one

copy each of Wγ,αβγ−1 for γ 6= 1, α, β, µ, α β.

• If none of the Di holds, then we have two copies each of Wα,β and Wαβ,1, and one copy each

of Wγ,αβγ−1 for γ 6= 1, α, β, α β.

This calculation allows us to decompose any representation of the form

Wα1,α2 ⊗Wβ1,β2
∼=
(
Wα1α

−1
2 ,1 ⊗Wβ1β

−1
2 ,1

)
⊗ Uα2 β2 .

At this point, we have completed the analysis of all Clebsch-Gordan decompositions for the group

GL(2,Fq).

–
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