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Abstract

This thesis explores the left orderings of finitely generated torsion-free abelian groups and
finitely generated torsion-free nilpotent groups through the lens of computational complexity
theory. We demonstrate that both types of groups admit regular left orderings. In chapters
and [3] the preliminaries of orderable groups and formal languages are introduced. In Chapter
[l we establish that the set of regular left orderings of (Z",+) is dense within the space of
left orderings, LO(Z™). This result is achieved by approaching the problem from a geometric
perspective and applying techniques from lattice theory. In Chapter [f], we extend this finding
to finitely generated torsion-free nilpotent groups to obtain an analogous result, that is, we
show that the set of regular left orderings of a finitely generated torsion-free nilpotent group

is also dense within its space of orderings.
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Introduction

A group G is left orderable if there exists a strict total ordering on its elements that is
invariant under left multiplication. Each left ordering corresponds to a unique positive cone,
that is, if < is a left ordering of G, then P = {g € G|g > 1} is the corresponding positive
cone. A standard tool used when studying the orderings of a group G is the space of left
orderings of G, denoted by LO(G). The space of left orderings is constructed by taking all
the positive cones of G and endowing the set with a topology. This naturally allows us to

take what was initially a purely algebraic structure and view it as a topological structure.

A recent approach in the field of orderable groups has been to describe the positive
cones of a group using tools from computational complexity theory. The central goal of
our study will be to categorise the complexity of certain left orderings by associating their
corresponding positive cones with formal languages and seeing where those languages fit
within the Chomsky hierarchy. Regular languages are the “simplest” and sit at the bottom
of the hierarchy. Therefore, it is of particular desire to find a left ordering of a group G that
can be described by a positive cone language which is regular. In this case, we will say that

G admits regular left orderings.

More precisely, the focus of this thesis will be to examine the regular left orderings



of finitely generated torsion-free abelian groups and finitely generated torsion-free nilpotent
groups. We not only show that regular orderings of such groups exist, but we also show that
these orderings are dense in their respective spaces of orderings. This is summarised in the
following two theorems, both of which are original results.

Theorem 1.0.1. (Corollary . Forn = 1, the set of reqular left orderings is dense in
LO(Z™).

Theorem 1.0.2. (C’orollm‘y If G is a finitely generated left orderable group, then the

set of reqular left orderings of G is dense in LO(G).

When studying the space of left orderings of G, one of the first questions that is

typically asked is what is its homeomorphism type? The space LO(G) is either
1. finite;
2. uncountable and contains no isolated points;
3. uncountable and contains isolated points.

It is a basic fact that if LO(G) is finite, then all the positive cones in LO(G) are isolated
points. Furthermore, if a positive cone P is finitely generated as a semigroup, then it is an
isolated point in LO(G) (Proposition . In fact, most known examples of isolated points
in the literature are finitely generated semigroups. For an example of a group that admits

isolated orderings, see Example [3.3.5]

There is an intimate connection between the space of orderings of a group G and
the complexity of the orderings that G admits. In some special cases, a classification of
the complexity of the positive cones admitted by G can lead directly to a conclusion about
the homeomorphism type of LO(G). We give some concrete examples below. To avoid
giving the reader false impressions, we note that the purpose of our investigation is not to

determine the homeomorphism types of the spaces of orderings of the aforementioned groups



of interest, as these results are already known in the literaturdﬂ. However, we would still like
to emphasize the relevance of these new tools, i.e., formal language and automata theory, to

the longstanding questions and approaches of the field.

In the case when all positive cones of a left orderable group G are regular, then we
can conclude that LO(G) is finite. This is due to the following result by Antolin, Rivas, and
Su:

Theorem 1.0.3. [1, Theorem 4.9] A group only admits regqular left ordering if and only if it

is Tararin poly-Z.

It is a well known result that if G is a Tararin group, then LO(G) is finite and consists
entirely of isolated points. An example of such a group is the fundamental group of the Klein

bottle, which is discussed extensively throughout this thesis.

Alternatively, if we can show that a group G does not admit any regular orderings,
then this would imply that G’ does not admit any positive cones which are finitely generated
as semigroups. This follows from the fact that a positive cone which is finitely generated as
a semigroup is regular. While this would not definitively tell us that LO(G) does not contain
isolated points, it is an incremental step towards determining the homeomorphism type of
LO(G), since this would allow us to eliminate the existence of isolated points of the most
common kind. From this perspective, an investigation into the existence of regular orderings
can offer a refinement for distinguishing between different spaces of left orderings when the

homeomorphism type fails to do so.

Consider the following result, due to Hermiller and Suni¢, on the complexity of the
orderings of free products:
Theorem 1.0.4. (12, p. 3] Let A and B be two nontrivial, finitely generated, left orderable

groups. There exists no left ordering on G = A = B such that its positive cone is represented

f G is a finitely generated torsion-free abelian group, then LO(G) is either finite or uncountable without
isolated points (see Sikora’s Theorem (4.4.1). The same is true if G is a finitely generated torsion-free
nilpotent group (see [20, Theorem 1.1]).



by a reqular language.

By the reasoning above, this result alone should lead us to believe that the space of orderings
of A * B does not contain isolated points. This turns out to be true, due to the following
theorem by Rivas:

Theorem 1.0.5. [19, Theorem A] Let A and B be two left orderable groups. Then the free

product A = B has no isolated left orderings.

In contrast, the space of orderings of (Z", +) is of the same homeomorphism type as LO(AxB)
(Theorem [4.4.1]), however Z" not only admits regular orderings but does so in abundance. In
this case, the existence of regular positive cones (or lack thereof) allows us to discern between

two homeomorphic spaces.



Orderable Groups

2.1 Left Orderable Groups

Definition 2.1.1. A group G = (G;-,7',1) is left orderable if there exists a strict total
ordering < on the elements of G that is invariant under left multiplication, that is, for all

f,9,h € G, if f < h then gf < gh. The ordering < is called a left ordering of G.

One could equivalently define a right ordering. Fix a group GG and a left ordering <. Define
a new ordering < on G by declaring h=! < f~! whenever f < h. Since < is left invariant,
gf < gh = h7'g7! < f~lg7!, which means < is invariant under right multiplication.
Thus, any left ordering induces a right ordering and vice versa.

Remark 2.1.2. In general, and especially when the group operation is unspecified, we will
use multiplicative notation in the context of groups. When working with abelian groups, we
will occasionally switch to additive notation.

Remark 2.1.3. A group equipped with an ordering < will be called an ordered group, and
any element ¢ such that 1 < ¢ will be called a positive element of G with respect to <.
Similarly, an element g < 1 will be called a negative element. The product of two positive

(negative) elements is positive (negative).



Example 2.1.4. The groups (R, +),(Q, +), and (Z,+) are left ordered groups with their

usual orderings.

A necessary condition for left orderability of a group G is that G must be torsion-free. As a
result, one can immediately disregard all finite groups in the study of left orderable groups.
Proposition 2.1.5. [7, Proposition 1.3] Let (G, <) be a left ordered group, then G is torsion-

free.

Proof. Suppose towards a contradiction that GG is not torsion-free, that is, there exists an
element g € G such that ¢" = 1 for some n € Z. Without loss of generality, suppose that
1 < g, then

l<g<g®<---<g"=1,
which is a contradiction. O

“Torsion-free” is not a sufficient condition for left orderability.

Example 2.1.6. [10, p. 42] The fundamental group of the Weeks manifold

(W) = {a,b|babab = ab™*a, ababa = ba">b)

is torsion-free and not left orderable.

The group 71 (W) is torsion-free because W' is the fundamental group of a hyperbolic manifold
[2]. To see that it is not left orderable, suppose towards a contradiction that < is a left

ordering on 7 (WW'). Observe that from the two relators we obtain:

b~'ab %a = (ab)® = ba *ba" (2.1.1)

a 'ba"?b = (ba)* = ab 2ab™ . (2.1.2)

Suppose that 1 < a. There are three subcases that need to be considered:



e Case 1: Suppose b < 1, then 1 < b~! and 1 < b~tab 2a, since the product of positive

1

elements remains positive. Similarly, ™! < 1, so ba"2ba"! < 1, but from equation

(1.1.1), 1 < b 'ab~2a = ba~2ba™' < 1, which is a contradiction.

o Case 2: Suppose 1 < a < b, then b™'a < 1 and b~ tab2a = (b~ta)(b71)(b71a) < 1,
since the product of negative elements is negative. Similarly, 1 < (ab)?. However, from

equation (1.1.1), it follows that 1 < (ab)? = b~'ab~2a < 1, which is a contradiction.

« Case 3: Suppose 1 < b < a, then a™'b < 1 and a 'ba™2b = (a™'b)(a ) (a"'0) < 1.
Also, 1 < (ba)?. From equation (1.1.2), it follows that 1 < (ba)? = a='ba=2b < 1, again

a contradiction.

There are three remaining cases to check, which are symmetric to the first three cases. Their
arguments follow similarly. Therefore, the group 1 (W) is not left orderable.

Proposition 2.1.7. [7, Problem 1.8/ Let G be a group with normal subgroup N. If N
and G/N admit left orderings <y and <, respectively, then a left ordering on G can be

constructed from <k and <g.

Proof. Consider the short exact sequence

1-N<SGSG/N -1,

where ¢ is the inclusion map and ¢ is the quotient map. Suppose that <x and <q are left
orderings on the kernel and quotient, respectively. Define an ordering < on G as follows: if
q(g1) <@ q(g2), then declare g1 < go. Similarly, if ¢(g1) >¢ q(g2), then set g3 > go. Otherwise
q(91) =@ q(g2), 80 g1, 92 € N. In this case, set g1 < g2 if g1 <k g2. The new ordering < on G
is a strict total ordering, as a result of the fact that the cosets of G/N partition G and since
<k and < are strict total orderings. Finally, left invariance of < is inherited from < and

<Q. O

Remark 2.1.8. The ordering defined in Proposition [2.1.7]is a type of lexicographic ordering.



Orderings obtained via short exact sequences will be of central importance in later chapters.

For more on such orderings, see Examples [2.1.10[ and [5.1.3]

2.1.1 Bi-orderings and Archimedean Orderings

Definition 2.1.9. A group G is bi-orderable if there exists a strict total ordering < on the

elements of GG that is simultaneously invariant under left and right multiplication.

It is easy to see that any left orderable abelian group is also bi-orderable. Not all left orderable
groups are bi-orderable. The fundamental group of the Klein bottle is a standard example
of such a group.

Example 2.1.10. The fundamental group of the Klein bottle is given by the presentation

m(K) =z, y|aya™" =y ).

The subgroup N = (y) is isomorphic to Z because y has infinite order. The fact that x and y
both have infinite order becomes apparent by recognising 7 (/) as an amalgamated product
via the Seifert-Van Kampen Theorem. From this, it also follows that 7 (K)/(y) = (e N) = Z,

so m (K) fits into the short exact sequence:

1= (y) = m(K) - m(K)/y) — 1.

Thus, by Proposition m(K) is left orderable. In fact, all left orderings of 7 (K) are
obtained from this short exact sequence [7, Example 9.2]. Since each of the kernel and
quotient in this short exact sequence admits only two left orderings, it follows that 7 (K)
admits exactly four left orderings (for an explicit description of these orderings see Example

3.3.5).

Now, suppose that it is also bi-orderable, so there exists a bi-ordering < on 7 (K). Suppose



further that 1 < y, then

x <y by left multiplication

1

1 <axyx™ by right multiplication

-1

1<y substituting by the relator,

which is a contradiction since y and y~!

cannot both be positive. The argument follows
similarly if we begin with the assumption that 1 < y~!. Therefore, 7, (K) is not bi-orderable.
Lemma 2.1.11. [7, Lemma 2.5] If G is a group admitting a bi-ordering <, and G does not

have a least positive element with respect to <, then for any positive p there exists a positive

q such that 1 < ¢ < p.

Proof. Suppose 1 < p. Since G does not have a least positive element with respect to <,

there exist elements s, € G such that

l<s<r<np.

From this inequality, it follows that 1 < rs™!. If (rs™')* < r, then take ¢ = rs~!. Alterna-

tively, if 7 < (rs™1)?, then

1 1

r<rs rs 1 1

= 1<s rs = 32<T<p.

O

Definition 2.1.12. Let (G, <) be a left ordered group. The ordering < is Archimedean if

for all positive g, h € G there exists an integer n > 0 such that h < g".

One of the characteristic features of Archimedean left orderings is that they are all bi-
orderings. Our aim is to establish this fact in the next few lemmas. We then use this

property to show that if GG is a group admitting an Archimedean ordering, then G must be



abelian (see Lemma [2.1.16)).
Lemma 2.1.13. [7, Problem 1.26] Let (G, <) be a left ordered group. The ordering < is

also a bi-ordering if and only if for any p > 1 and any g€ G, 1 < gpg™*.

Proof. For the forward direction, suppose that G admits a bi-ordering <. Let p > 1 and
g€ G. Then

l<p = g<gp by left invariance

1

99" < gpg” by right invariance

1< gpg_l.

For the other direction, suppose that for all p > 1 and ge G, 1 < gpg~'. Let f,h € G and

without loss of generality, suppose that f < h. We want to show that < is right invariant,

i.e., f <h = fg < hg. Consider

f<h = 1< fh

1<g'fthg by assumption
fg<fgg ' f'hg by left invariance
fg < hg.

Lemma 2.1.14. |7, Lemma 2.2] FEvery Archimedean left ordering is a bi-ordering.

Proof. Let G be a group equipped with an Archimedean left ordering <. By Lemma [2.1.13]
to see that < is also a bi-ordering, it suffices to show that for any p > 1 and any g € G,

1< gflpg.

Case 1. Suppose 1 < g. Since < is Archimedean, there exists n > 0 such that g < p", which

10



implies 1 < ¢~ !p". Since the product of two positive elements is positive, it follows that

1 <g'p"g = (g7'pg)". So, g~ pg must also be positive.

Case 2. Suppose g < 1 and suppose, in hopes of a contradiction, that ¢ !pg < 1. Then
1< (g7 'pg)~t = g7 1p~tg. Since g~ is positive, by case 1, it follows that 1 < g(¢g~'p~1g)g~! =

p~ !, which is a contradiction since we assumed that p is positive. O

Lemma 2.1.15. (7, Problem 2.3] Let G be a group admitting an Archimedean ordering
<. For every positive element g and every element h € G, there exists k € 7Z such that

Proof. Case 1. Suppose h is positive. Then, by definition of Archimedean, there exists an
n > 0 such that h < ¢". By assumption, ¢ is positive, so either 1 <h <gor 1l < g < h. If
1 < h < g, then ¢° < h < ¢!, so take k = 0. On the other hand, if 1 < g < h < ¢", then

clearly there exists some k such that 1 < k <n and ¢* < h < ¢g"*%.

Case 2. If h < 1, then h™! is positive, so by case 1 there exists some k € Z such that
g < h™!' < ¢g¢¥*'. By Lemma [2.1.14] since < is also a bi-ordering, ¢* < h™! < ¢! —

Lemma 2.1.16. [7, Lemma 2.4] If G admits an Archimedean left ordering, then G is abelian.

Proof. Suppose < is an Archimedean ordering on G.

Case 1. Suppose there exists a least positive element p with respect to <. We claim that
G = (p). If G # (p), then there exists a positive element g € G\(p). By Lemma [2.1.15| there
exists some k € Z such that

pk <g<pk:+17

which implies that 1 < p~*¢g < p. This contradicts the assumption that p is the least positive

element. Thus, G must be cyclic and therefore abelian.

Case 2. Suppose that G does not a contain a least positive element with respect to <. Suppose

11



that G is not abelian, then there exist elements g, h € G such that ¢ and A do not commute.
This means that their commutator ghg=*h™ # 1. Without loss of generality, suppose that
1 < ghg~'h~'. By Lemma 2.1.11] there exists an element = such that 1 < 2% < ghg™'h™",
and by Lemma there exist n,m € Z such that 2™ < g < 2™ and 2" < h < 2%

This implies that ¢g7' < 27™ and h~! < 27". Therefore,

ghg—lh—l < Im+1l,n+1x—mx—n _ I2,

which is a contradiction. Therefore, G must be abelian. O

2.1.2 Conradian Orderings

A Conradian ordering is a special kind of left ordering, which will be of interest in Chapter
bl Before giving the definition of a Conradian ordering, it is necessary to establish a notion
of convex subgroups.

Definition 2.1.17. Let (G, <) be a left ordered group and let C' be a subgroup of G. Suppose
g,h € C and f € G. The subgroup C is a convex subgroup of G relative to < if whenever
g<f<h,then feC.

Example 2.1.18. Recall the Klein bottle group m (K ) = (x,y | zyz~' = y~'). The subgroup
(y) is convex relative to every left ordering of the group. To see this, begin by fixing a left
ordering < of m;(K). Note that the elements of 71 (K) have normal form y"z™, m,n € Z,

due to the defining relator of the group. Suppose that y"x™ is an element that satisfies

ya <ynl,m <yb.

To see that (y) is convex, we need to show that y"z™ € (y). Let ke Z,1 > 0.

l

Case 1. Suppose x > 1. If 1 < 2! < y*, then 1 < x < %", which implies that 1 < z~!¢/*,

i.e., x 'y is a positive element. Therefore, the product z~'y* -  must be positive, but

12



v~ yFr = y=F < 1, which is a contradiction. So, it must be that 1 < y* < ! (%), or similarly
x7l < 7% <1 (xx). Now, suppose that y? < y"z™ < ¢°, then y»™" < 2™ < ¢ If m > 0,
then 2™ < y*" contradicts (). Alternatively, if m < 0, then y*™™ < 2™ contradicts (x*).

l k

Case 2. If z < 1, then by a similar argument we obtain 2! < y™* < 1 < y* < 27!, which

contradictions y* " < 2™ < yb~".

Hence, the inequality y* < y"2™ < y® holds only if m = 0, in which case y"2™ = y" € {(y).

Therefore, (y) is convex with respect to every left ordering <.

Convex subgroups are ordered by set inclusion.
Proposition 2.1.19. /7, Problem 2.9] Let (G,<) be a left ordered group. Suppose C' and

D are distinct convex subgroups relative to <, then either C' < D or D < C.

Proof. Suppose C' and D are nontrivial convex subgroups relative to <. In hopes of a
contradiction, suppose that C'¢ D and D ¢ C. Since C' ¢ D, there exists an element ¢ € C
such that ¢ ¢ D. Assume 1 < ¢. Choose an element d € D such that 1 < d. If ¢ < d, then
¢ € D by convexity, which is a contradiction. So, it must be that 1 < d < ¢, for all positive
elements d € D, from which it follows that D < C—also a contradiction. A similar argument

follows if we suppose ¢ < 1. O

The next piece needed to define a Conradian ordering is the definition of a convex jump.
Definition 2.1.20. If C' and D are convex subgroups of G relative to the ordering <, then
(C, D) is called a convex jump if for any other convex subgroup C” such that C' < C" < D,
it follows that either C' = C or C' = D.

Definition 2.1.21. Let (G, <) be a left ordered group. Then (C, D) is a Conradian jump

with respect to < if
1. (C, D) is a convex jump,

2. C'is normal in D, and

13



3. the natural ordering on D/C' is Archimedean.

To clarify the last point of Definition , the natural ordering on a quotient G/N of a
left ordered group (G, <) is the ordering inherited via the quotient map. More precisely, for
g 'h¢ N, gN < hN in G/N if and only if g < h in G.

Definition 2.1.22. A left ordering < on G is a Conradian left ordering if all the convex
jumps in GG with respect to < are Conradian jumps.

Example 2.1.23. The Klein bottle group 7 (K) admits Conradian left orderings. From
Example 2.1.18] we saw that the subgroup {y) < mi(K) is convex with respect to any left
ordering < of m1 (K). Next, we show that {1}, (y), i (K) are the only convex subgroups (with

respect to <) in my (K).

Suppose there exists another convex subgroup H < m(K). By Proposition [2.1.19] since

convex subgroups are ordered by inclusion, either H < (y) or (y) < H.

If H < {y), then H = (y*) for some k. We can assume k > 0, and if £ > 1, then 1 <y < ¢*

and y € H by convexity. Therefore, (yy € H and H = (y).

Alternatively, suppose (y) < H. Then, by |7, Problem 2.14|, H/{y) is convex in m(K)/{y).
From Example[2.1.10, m (K)/{y) ~ Z. By the previous argument, the only convex subgroups
contained in Z are the trivial subgroup and Z. If H/(y) = {1}, then H = {y). If H/{y) ~ Z,

then H = m(K). Therefore, {1}, {y), m(K) are the only convex subgroups.

Finally, the only convex jumps in 7 (K) (with respect to <) are therefore ({1},{y)) and
((y),m(K)). By definition, both of these jumps are Conradian. So, all left orderings on

m (K) are Conradian orderings.

The following characterization of Conradian orderings will be paramount to proving Propo-
sition [5.2.2]
Theorem 2.1.24. [7, Theorem 9.5] A group G admits a Conradian left ordering < if and

only if for every pair of positive elements g,h € G there exists an integer n > 0 such that

14



g < hg".

2.2 Positive Cones

Any left ordering of a group GG can be encoded by a positive cone. Given a group and a left
ordering (G, <), the corresponding positive cone P is the set consisting of all strictly positive
elements in G under the ordering <, i.e., P = {g € G|g > 1}. It is desirable to represent a
left ordering in terms of its positive cone as this will simplify the presentation of the space
of left orderings of a given group, which will be introduced in the next section.

Definition 2.2.1. A positive cone P of a group G is a subset P — G such that
1. P is closed under the group operation, i.e., P- P < P, and
2. P partitions G, that is, G = P~ u {1} u P.

Consider a group G with the left ordering < and let P be its corresponding positive cone.

Suppose that for some g, h € G, g < h, then

g<h < 1l<g¢g'h «< g 'heP,

which shows that no information is lost by representing an ordering via its positive cone.

In the next example, we give a geometric method for constructing positive cones of the group
(Z?,+). In this example, we use the word “lattice”, which comes up again in Chapter .
When we refer to a lattice in this thesis, we always mean a discrete additive subgroup of R™
and not an ordered structure.

Definition 2.2.2. Let B = {by,...,b,} be a set of linearly independent elements in Z". A
lattice L is the set of integer linear combinations of elements in B. We say that B is a basis
of L.

Example 2.2.3. Consider the group G = (Z?, +). Each element of the group can be viewed

as an integer lattice point in R?. Let ¢; be a line passing through the origin having normal

15



vector v;. If ¢; has irrational slope, then the line ¢; does not intersect any integer lattice

points, and so a positive cone P of (G is determined by taking the dot product with o7, namely
P={7eZ?|7 v, > 0}.

On the other hand, if ¢; has rational slope, then taking the dot product with ¢} is not
sufficient, since for any integer lattice point Z that lies on ¢;, - v; = 0. In the case that ¢;
has rational slope, a second line /5 is introduced. In particular, choose ¢, with normal vector
Uy such that o - U5 = 0, i.e., {1 and ¢y are perpendicular. In this case, the positive cone is

given by

P={zeZ*|[Z-v,>0]or [z -v5 =0and Z- v, > 0]}.

One can check Definition to confirm that in either case, whether ¢; has rational slope
or not, P is indeed a positive cone of Z?. A positive cone for the case when ¢; has rational
slope is pictured in Figure[2.1] First, all of the black integer lattice points are ordered by v,
then the blue lattice points are ordered by vs.

Proposition 2.2.4. If P, and P, are positive cones of a left orderable group G and P, < P,
then P, = Ps.

Proof. Suppose P, — P, then P[' < Py!. For the sake of contradiction, suppose that
P, & P;. Then there exists an element g € P, such that g ¢ P,. Since P; partitions G, it
must be that g € P;'. Therefore, g € P! = P; ', however this contradicts the assumption

thatgePg. ]

2.3 Spaces of Orderings

A standard approach to studying the left orderings admitted by a group G is to take the

collection of all positive cones of G and endow it with a topology.
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Figure 2.1: Geometric representation of a positive cone of (Z?, +).

Definition 2.3.1. Let G be a left orderable group. We represent the left orderings of G by

their positive cones, and denote the set of left orderings of G by
LO(G) = {P| P is a positive cone of G}.

Definition 2.3.2. Let X be a set and P(X) be the power set of X. The Tychonoff topology

7 on P(X) is defined by declaring the sets
U={AcX|zeAland Ul = {Ac X |z ¢ A}

to be open, i.e., they form a subbasis for 7.

We topologize LO(G) by imposing the Tychonoff topology on P(G\{1}) and endow LO(G)
with the subspace topology. When LO(G) is endowed with a topology, we call it the space
of left orderings of G.

Remark 2.3.3. A basic open set of LO(G) is a finite intersection of the form

(ﬁ Uy, N ﬁ Uij) N LO(G),
i=1 j=1

but since chj N LO(G) = U,,;-1 n LO(G) we can throw away the complements. That is, sets
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of the form (), U,;, n LO(G) = {P € LO(G) |z1, ..., 2, € P} are sufficient to describe any

basic open set in the subspace topology.

If G is a countable group, then G can be topologized by defining the following metric.

Definition 2.3.4. Let G be a countable left orderable group and fix an enumeration of
G\{1} = {g1,92,93,...}. Define the metric d on LO(G) as follows: if P, P’ € LO(G), then
d(P, P") = 27" if the first element that P and P’ differ on is g,, and d(P, P') =0 if P = P'.
Proposition 2.3.5. [7, Problem 1.41] Let G be a countable group. Then the subspace topology

on LO(G) is equivalent to the topology induced by the metric defined in Definition |2.5.4)

Proof. Let By and Bg denote bases for the topology induced by the metric and the subspace
topology, respectively. To see that the two topologies are equivalent, we show that any basic
open set B € By, is open in the subspace topology and that any basic open set B € Bg is

open in the topology induced by the metric.

A basic open set in the topology induced by the metric is an open ball of the form
B(P,27")

where P is an element of LO(G) and n € N.

Similarly, by Remark[2.3.3] a basic open set in the subspace topology consists of all orderings

in which some finite collection of elements x4, ...,z are declared to be positive.

Fix an enumeration {gi, g2, g3, . . .} of G\{1}. Suppose B € By, then B = B(P,27") for some
positive cone P and n € N. For any positive cone () € B, P and () agree on the first n — 1
elements, i.e., PN {g1,...,gn-1} = Q@ n {91, ...,9n_1}. Without loss of generality, suppose
that gx,,.... 96, € P {1, . gn—1} and giyrrs o Gy € P 0 {g1,..., gn-1}, which means
that g,;il, ey gk’nl_1 € P. Therefore, B(P,27") is precisely the set containing all orderings in
which the finite collection of elements {gx,, . .., gk, gk_iil, . ,gk_nl_l} are positive, so B(P,27")

is open in the subspace topology.
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The other direction follows similarly. ]

Corollary 2.3.6. Let G be a countable group and D be a subset of LO(G), then the following

are equivalent:
1. the set D is dense in LO(G);

2. for any positive cone P € LO(G) and any finite subset F < P, there exists a distinct

positive cone ) € D such that F < Q;

3. for any positive cone P € LO(G), there ezists a positive cone Q € D arbitrarily close to
P.
Definition 2.3.7. An ordering P of G is isolated in LO(G) if the singleton set {P} is open
in LO(G). That is, P is an isolated ordering if it is the only ordering of G in which some
finite collection of elements g, ..., g, is positive.
Proposition 2.3.8. |9, Proposition 2.2.41] Let G be a left orderable group with positive

cone P. If P is finitely generated as a semigroup, then P is an isolated ordering in LO(G).

Proof. Suppose P = (x1,...,x;)" and it is not an isolated point in LO(G). Then for any
finite collection of elements C' in P, there exists a positive cone P’ € LO(G) such that
C' < P and P # P'. Take C to be the generating set {z1,...,z;} and suppose C' = P'.
By the closure property of positive cones, any word over {z1,..., 2.} is contained in P’, or
equivalently P < P’. By Proposition [2.2.4] this means that P = P’, which is a contradiction.

Therefore, P is an isolated point. [

If LO(G) is finite, then all positive cones P € LO(G) are isolated points. The Klein bottle
group is an example of a group whose positive cones are all isolated points in the space of
left orderings (see Example 3.3.5)). In general, LO(G) is either finite or uncountable.
Theorem 2.3.9. [16] If G is a left orderable group, then LO(G) is either finite or uncount-
able.

19



We will later see that if all left orderings of a group are regular, then the space of orderings

must consist entirely of isolated points.
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Formal Languages and Automata

Formal languages and automata are central tools in the study of computational complexity
theory. A decision problem can be recognised as a formal language, which can then be
categorised into one of four classes: reqular, context-free, context-sensitive, or recursively
enumerable. These classes form the Chomsky hierarchy (see Figure . Regular languages
are at the bottom of the hierarchy making them the “simplest” languages, and as we move up
the hierarchy, we encounter languages that are more “complex”. In our context, the decision

problem we are working with is left ordering a given group.

recursively enumerable

context sensitive

context free

Figure 3.1: The Chomsky hierarchy.

The complexity of a language is measured by the sophistication of the automaton, or machine,
required to recognise that language. The word “automaton” is of Latin origin and refers to

a “self operating mechanism” |22, Automaton|. Simply put, an automaton is a machine that
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takes in as input words over some alphabet, which it can either accept or reject. Certain
automata are equipped with additional capabilities that make them more powerful. Given
a formal language, we are interested in finding the least complex automaton required to

recognise that language.

A classic example of an automaton is a Turing machine, although we will not work with
such machines in our study. Finite state automata (FSA), the machines we are primarily
concerned with, are far simpler than Turing machines. This means that there exist languages
(or equivalently decision problems) that can be parsed by a Turing machine but not by an
FSA. Much of this chapter will be devoted to defining and proving certain properties of
finite state automata. This is done with the purpose of eventually defining and working with
regular languages.

Definition 3.0.1. An alphabet ¥ is a set of symbols. A word w over X is a finite sequence
of symbols z1x5 - x,, where each z; € . A subword of w is a word u over ¥ such that

w = w'uw”, where w" and w” are also words over ¥ that may be empty.

Let ¥* denote the set of all finite words over . The empty word, which is denoted by e, is
also an element of ¥*. The length of a word w will be denoted by |w].

Definition 3.0.2. A language L over X is a subset of 3*.

Example 3.0.3. If ¥ = {0, 1} is an alphabet, then X* is the set of all finite binary strings.

The language £; = {0"1™ |n € N, m > 0} is a subset of 3*.

3.1 Finite State Automata

As a visual aid, one should imagine a finite state automata (FSA) to be a simple machine
that contains a reader head and an infinite tape. The tape is divided into squares, and each
square contains a single symbol from some finite alphabet >. The tape moves from right to
left, and as it moves, the reader head reads one square at a time. With each symbol that it

reads, the machine can transition from one state to another or stay in the same state. Unlike
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a Turing machine, an FSA does not have the ability to write on the tape. In other words, it
cannot produce output in the form of words over ¥, rather it can only produce “output” in

the form of an accept or reject state.

In Figure [3.2] the machine M began reading the tape at the far left on the first square that
reads a “1” and stopped reading the tape on the last square that reads a “1”. As the tape
moves one square to the left, the machine M changes states. If M enters an accept state
when reading the last letter on the tape, then M accepts the word w = 101011. Otherwise,

M rejects w.

Figure 3.2: A machine M reading a tape containing the word 101011.
Definition 3.1.1. A finite state automaton (FSA) is a quintuple M = (Q, F, %, T, qy), where
1. @ is a finite set of states,
2. F is a subset of @ (called the accept or final states),
3. X is a finite alphabet,
4. 7 < Q x X x Q (called the set of transitions), and
5. qo € Q is the initial state.

A transition, or a triple (¢;,x,q;) € @ x X x @, corresponds to the machine M being in state
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gi, reading the symbol x on the tape, and then transitioning to the state g;.
Definition 3.1.2. A generalised FSA is an FSA M where 7 < @ x (X U {€}) x Q. In other
words, in addition to the conditions given in Definition we allow for transitions of the

type (i, €, qj). These are called e—transitions.

An e—transition (g;, €, q;) corresponds to the machine M being in state g;, reading a blank
square, and then transitioning to the state g;.
Definition 3.1.3. An FSA M = (Q, F, X, 7,qo) is deterministic if for all ¢ € Q) and = € X

there is exactly one ¢’ € @) such that the triple (¢, x,¢’) € 7 is a transition of M.

The machine M is deterministic if whenever M is in state ¢ reading the symbol x, there is

exactly one and only one state ¢’ that M can enter.

It turns out that FSAs, generalised FSAs, and deterministic FSAs are equivalent (see ap-
pendix, Theorem [A.0.5)). For the most part, we will work with deterministic FSAs, however
generalised FSAs will be useful for proving certain closure properties of regular languages in
Section 3.2

Definition 3.1.4. A computation C' of M is a sequence qq, 1, q1, %2, G2, . .., Ty, q,, Where
n=0and (¢_1,7;,¢) € Q x X x @ for all 1 <i < n. The word or label corresponding to C

IS X1ZTo - - - Xy

It is always assumed that a computation begins at the same initial state ¢q.

Definition 3.1.5. A computation C' = qq, x1, q1, T2, qo, - - - , Tp, ¢ is successful if ¢, € F.
Definition 3.1.6. A word w = z1 - - - x,, is accepted by M if there is a successful computation
with label z; - - - ,,. Additionally, the language £(M) denotes the set of all words w that are
accepted by M.

Definition 3.1.7. The language £ over X is said to be accepted or recognised by M if
L=L(M).

Definition 3.1.8. A language £ over X is regular if there exists a finite state automaton

M = (Q, F, %, T,qo) that accepts L.
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Figure 3.3: An FSA accepting the language £, = {0"1™ |n € N,m > 0}.

3.1.1 Transition Diagrams

Finite state automata are perhaps easier to understand and work with when they are rep-
resented by their corresponding transition diagrams. These are finite digraphs that model
the computations a particular FSA can preform. As such, examples of FSAs and regular
languages are best deferred until a notion of transition diagrams has been established.

Definition 3.1.9. Let M = (Q, F, X, 7,qo) be a FSA. A transition diagram T representing
M is a finite digraph whose vertices are labelled by elements of () and edges are labeled by

clements ¥ such that there is a directed labeled edge x leaving ¢; and entering ¢; if and only
if (¢;,x,q;) €.
Additionally, we adopt the following conventions when working with transition diagrams:

1. the initial state ¢y is indicated by an arrow starting from nowhere, and

2. accept states are indicated by a double circle.

If T is a transition diagram as given in Definition [3.1.9 and z; - - - z,,, x; € X, is a path in T'
beginning at the initial state vertex ¢y, then M accepts the word z - - - x,, if and only if the
path terminates at an accept state vertex.

Example 3.1.10. Recall the language £, = {0"1™ |n € N,m > 0} introduced earlier. This
language is regular since there exists a FSA that recognises it. To see this, consider the

transition diagram 7' given in Figure [3.3]

Let £(M) denote the language accepted by M. To see that M accepts L1, we need to show
that £, = L(M).

First, to see that £; < £(M) we begin with an arbitrary word w € £; and show that there
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exists a path in T', beginning at ¢y and ending in an accept state, whose edge labels spell out

the word w.

e Case 1: w = 0™

The path in T" whose edge labels correspond to w is obtained by
starting at the initial vertex, following the 0 edge, and walking around the 0 loop n — 1
times. Such a path always ends in state ¢, which is an accept state, so all words of

this form are accepted by M.

e Case 2: w = 0"1", for m > 0. To obtain the corresponding path in 7" begin with the
path given in case 1 and continue by following the 1 edge leaving ¢; and entering gs.
Walk around the 1 loop m — 1 many times. Since at the end of this path we arrive at

vertex ¢z, an accept state, w is accepted by M.

To see that £L(M) < Ly, we show that the word w corresponding to the edge labels of any

path that begins at ¢y and ends in an accept state is contained in L.

o (Case 1: Suppose the path p ends at vertex ¢q;. The only way to arrive at ¢; from ¢ is
to follow the 0 edge and walk around the 0 loop. A word w corresponding to such a

path p is of the form p = 0", n € N.

o Case 2: Suppose the path p ends at vertex g. The only way to arrive at ¢o, starting
from qq, is to walk through ¢; (this is known is a bottleneck in the graph). It is easy

to see that any word w corresponding to p is of the form w = 0"1™, n,m € N.

There are no other accept state vertices in T', so there are no other paths or cases to consider.

Thus, £, is precisely the language accepted by M.

The proof given in Example is the standard approach to showing that a language L is
accepted by an FSA M, or that L is regular. As such proofs are just a matter of exhaustively
checking cases, they are typically omitted, however it is worth seeing at least once to better
understand how to read transition diagrams. In the future, we will consider it sufficient to

construct a transition diagram for a language £ to show that it is regular.
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Example 3.1.11. Any finite language £ is regular. This is true because it is always possible
to construct a transition diagram 7' that accepts £ by creating a distinct path in 7" for each
word in £. While this may not be an optimal solution, in the sense that it will not produce
a graph with the minimal number of vertices and edges, it will produce a finite digraph that

accepts the language L.

There exist languages that are not regular. In fact, regular languages are only a small class
of languages contained in the class of computable languages, as suggested by the Chomsky
hierarchy . Consider, as a non-example, the language £; given in Example with
a slight modification.

Example 3.1.12. Let £, = {0"1™ |n € N}. This language is very similar to £;, and in fact
Lo < L1. However, the same transition diagram 7" as given for £; will not work for L, since
T accepts words that are not contained in L£5. To see that L, is not regular, we will need
some stronger machinery.

Lemma 3.1.13. /0, Lemma 1.8] (Pumping Lemma). Let L be a regqular language. There
exists some k € N such that any word w € L with |w| = k can be expressed as w = uwvz, where

|| >0, |uv| < k, and wv'z € L for all i = 0.

Proof. Let L be a regular language and suppose the FSA M = (Q, F, X, 7,qy) accepts L.
Take k to be |@Q|. Consider a word w = z125 - - - z,,, with n > k. Since M accepts w, there is

a successful computation C represented by the sequence

4o, 1,41y -+ -y Tpn—1,9n—1, Tn, Gn,

i.e., the computation C' has label w. Since this sequence contains at least k + 1 states and
|Q| = k, the path in the transition diagram corresponding to C' passes through some vertex

q at least twice.

Next, take uv to be the shortest prefix of w whose corresponding path in the graph passes
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through ¢ twice. (Let z represent the suffix of w such that w = uwvz.) Suppose that u is the

prefix corresponding to the subpath from ¢y to ¢ and v is the loop going from ¢ to q.

O O R RO O SN O O B0

By construction, |v| > 0 and |uv| < k (at most, uv covers every vertex in the graph).
Therefore, any word of the form uv®z corresponds to a path going from ¢ to ¢, then looping i
many times around ¢, and finally walking the path corresponding to z. Since, by assumption,
such a path will always end at the vertex ¢, (an accept state), the word uv'z will be accepted

by M. H

Example 3.1.14. Recall the language £o = {0"1" | n € N}. Suppose for the sake of contra-
diction that it is regular. By the Pumping Lemma, there exists some k € N satisfying the
hypothesis of the lemma statement. Consider the word w = 0¥1¥. There exists a decom-
position w = wvz, where |v| > 0 and |uv| < k. Thus, the subword v must be composed of
only 0’s, in fact, it must contain at least one 0. Finally, according to the Pumping Lemma,
the word uv?z will also be contained in L£,, however this is a contradiction since uv?z will

contain more 0’s than 1’s. Therefore, £o cannot be regular.

3.2 Closure Properties of Regular Languages

The class of regular languages is closed under certain operations such as taking unions,
intersections, complements, and word concatenation (see |6] for complete proofs). These
properties will be integral to proving later results.

Proposition 3.2.1. [6, Lemma 1.5] Regular languages are closed under taking unions and

word concatenation.
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Figure 3.4: A generalised FSA constructed to accept the union of two regular languages.

Proof. Suppose £ and L, are regular languages over an alphabet Y. Additionally, suppose
that Ml = (Ql;Flaz)Tlaql> and M2 = (QQ,FQ,E,TQ,QQ} are FSAs accepting Ll and [,2,

respectively.

1. Closure under unions. Construct a generalised FSA M = (Q, F, %, 7, q), where QQ =
Q1 U Qo F=F) U Fy, and

T=T1UYUT2V {(q0a 67Q1)7 (QO7 57(12)}-

By construction, the machine M accepts the language £, U Ly (see Figure for a

visual of this construction).

2. Closure under concatenation. Construct a generalised FSA M = (Q, F, X, 7, ¢1), where

Q=0Q1vQq, FF=F, and

T=71UTU{(¢€q)|qeFi}.

By construction, M accepts the language £, - Lo.

Therefore, by Theorem [A.0.5, £, U Ly and L, - £y are regular languages. O
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As indicated by Examples [3.1.10| and [3.1.12] we can already see that regular languages are
not closed under taking subsets since Lo < L1, but Ly is not regular.
Proposition 3.2.2. [15, Proposition 2.5.14] The class of reqular languages is closed under

inverse homomorphisms.

Proof. Let A and B be finite alphabets and let £ be a regular language over B. Suppose
we are given a monoid homomorphism ¢ : A* — B*. Since L is regular, by Theorem
, there exists a deterministic FSA M = (Q, F, B, T, qy) that accepts L. Define a new
FSA M’ = (Q,F, A, 7', q0), where 7" = {(q,a,¢)]|(q,é(a),q) € T7}. By construction, M’

recognises the language ¢~ 1(L£) < A*. Therefore, p~1(L) is regular. O

3.3 Positive Cone Languages

In this section, we formalize the notion of associating a positive cone to a formal language

and offer some preliminary examples of regular positive cones.

The set >* along with the binary operation - of word concatenation forms the free monoid
over Y. The identity element of (X*,-) is the empty word e.

Definition 3.3.1. |12, p. 2] Let G be a left ordered group with positive cone P. Let X be
a finite alphabet and ¢ : ¥* — G be a surjective homomorphism from the free monoid ¥*

onto the group G. A positive cone language is a language £ < ¥* such that ¢(L£) = P.

A positive cone P is reqular if there exists a regular positive cone language £ such that

(L) = P. In this case, we say that P can be expressed by L or that £ evaluates to P under

0.
Example 3.3.2. [12] As a first example, consider the group (Z?, +) ordered lexicographically

with respect to the standard generating elements x = (1,0) and y = (0,1). More precisely,
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the corresponding positive cone is given by

P={z"y"|n=1land meZ}u{y™|m=1}.

The underlying alphabet is ¥ = {z,y, X, Y} and the homomorphism ¢ : 3* — Z? is defined
by

RS SR S S S

The language

L={z"y"|n=1Tandm =0} u{z"Y"|n>=1and m =0} v {y"|m > 1}

over X evaluates to P, i.e., ¢(L) = P. Therefore, the positive cone P is regular since there

exist a FSA that recognises its positive cone language £ (see Figure 3.5)).

Figure 3.5: FSA accepting the positive cone language L.

In this example, we used capital letters to identify inverse elements. This is done to emphasize

the fact that a monoid need not have inverse elements. We could have instead identified the
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1 1 1

group element =" with a monoid element 7', as long as we treat x=' as just another
symbol and not allow for cancellations to happen. In this case, the homomorphism ¢ could
just be defined by the canonical map. In the future, when showing that a positive cone P is
regular, we will avoid explicitly defining the corresponding positive cone language with the
understanding that there is an underlying canonical homomorphism and that cancellations
are not permitted.

Remark 3.3.3. The lexicographic ordering on Z? corresponds to the geometric ordering
defined in Example 2.2.3] In particular, the lexicographic ordering with the standard gener-

ating set corresponds to taking normal vectors ¥, = (1,0) and @, = (0,1) in the geometric

ordering. Example [3.3.2) will be of central importance in Chapter [4]

If the group G fits into a short exact sequence where both the kernel and quotient admit
regular positive cones, then G also admits a regular positive cone. The following result will
be useful in Chapter 3]

Lemma 3.3.4. [I, Proposition 3.3] Let G,Q, and K be finitely generated groups such that

G is an extension of Q) by K, that is, the groups K, G, and Q) fit into the short exact sequence

1 >K—>G—Q—l.

Let f : G — Q be a surjective homomorphism. Suppose that Pk and Py are regqular positive

cones of K and Q, respectively, then P = f~*(Pg) u Pk is a regular positive cone of G.

Proof. First, we need to check that P = f~'(Pg) u Py is indeed a positive cone of G, which

has already been done in Proposition [2.1.7]

Next, we need to show that for some finite alphabet ¥ there exists a regular positive cone
language £ < ¥* and a surjective monoid homomorphism ¢ : ¥* — G such that ¢(L) = P.
By assumption, Px and Py are regular, so there exist regular positive cone languages Lx

and Lg of Px and Py, respectively. Suppose the underlying alphabet of Lx and Ly are X
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and Y, respectively. Finally, there exist surjective monoid homomorphisms ¢x : X* — K

and ¢g : Y* — @ such that ¢x(Lk) = Pk and ¢g(Lg) = Po.

Let ¥ be the disjoint union of X and Y. Define a homomorphism ¢ : ¥* — G by ¢(x) =
dx(x), for all z € X, and for each y € Y choose an element z € f~!(y) and define ¢(y) = .
Next, define 7 : ¥* — Y™ by the rule m(z) = € for all z € X and 7(y) = y for all y € Y. Let

Lo be the preimage of Lg under 7. Next, we show that ¢(Lg) = f~(Pp):

o First, observe that f(¢(Lg)) = Pg, by construction. So, f~'(f(¢(Lg))) = [ (Pg)
implies that ¢(Lg) < f~1(Lg).

o To see that f~!'(Pgy) < ¢(Lg), consider an arbitrary element g € f~!'(Pg). Then
f(g) € Py, which means that there exists a word w € Y* such that ¢g(w) = f(g) or
f(d(w)) = f(g), which implies ¢(w) = g. By construction, w is also a word in L, so

g = ¢(w) € ¢(Lg). So, the desired set equality holds.

From the above argument, it follows that

¢(TQ uLlg) = ¢(TQ) U ¢(Lk)

= [ (Pg) U Px.

The language Lo is regular, since regular languages are closed under inverse homomorphisms
(by Proposition 3.2.2), and Lo u L is regular since regular languages are closed under taking
unions (by Proposition [3.2.1]). Therefore, we have found a regular positive cone language that

evaluates to P = f~1(Pg) u Pk, so the claim holds. O

We have already seen in Example 2.1.10] that the Klein bottle group fits into a short exact
sequence with a copy of Z in both the kernel and quotient. Combining this fact with Lemma
3.3.4] yields that all left orderings of m;(K) are regular. In the following example, we show

that all of these left ordering have finitely generated positive cones.
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!'= ¢y~ admits regular posi-

Example 3.3.5. The Klein bottle group m (K) = {x,y | xyx~
tive cones. We claim that P = {(z,y)" is a positive cone of 7w (K). To see this, we check that

P is closed and that it partitions the group.

1. Suppose wi,wy € P and consider their product wywsy. Since w; and wy are words over
{z,y} with strictly positive exponents, their product will also have strictly positive

exponents, so wiws, € P.

2. Consider an arbitrary element w € G. We show that P partitions G by checking that
w is contained in only one of: P, P71 or {1}. First, if w = 1, then w ¢ P (or P7!)
since semigroups do not contain identity elements. Suppose that w is nontrivial. We

show that it is contained in either P or P~! by examining its spelling.

Clearly, if w is a word over {z, y} with strictly positive (negative) exponents, then w € P
(we P7'). An arbitrary word w over {z,y} can always be expressed by a spelling with
strictly positive (negative) exponents by inducting on the length of w (see Appendix,
Lemma for proof of this claim).

Figure 3.6: An FSA accepting the language P = (z,y)*.

In Figure [3.6] we give an FSA that recognizes the positive cone language of P. By a similar
argument, we can show that (z,y )" (z7!,y)", and (x7!,y~ )" are also regular positive
cones of 1 (K). From previous discussion, we know that 71 (K') admits only four left orderings,
so we have found all of them. Furthermore, since all four orderings are regular, we conclude

that m (K) admits only regular orderings.
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Proposition 3.3.6. /1, p. 23] Suppose G is a left orderable group such that all left orderings
of G are regular, then LO(G) is finite.

Proof. Suppose that all left orderings of GG are regular. Since there exist only countably many

FSAs, LO(G) is at most countable. By Theorem [2.3.9, LO(G) must be finite. O

Recall that if LO(G) is finite, then all left orderings of G are isolated points. While LO(G)
being finite is a necessary condition for all positive cones of G to be regular, it is not sufficient.

For more on regular positive cones, see [1].
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Regular Orderings on Z"

In this chapter, we show that the set of regular left orderings on a finitely generated torsion-
free abelian group G is dense in LO(G). We have already seen that left orderings of (Z2, +)
can be realised geometrically (see Example , and that at least one of these orderings is
regular (see Example . The question we then asked was which other orderings of 72,
if any, are reqular? In the 2—dimensional case, it turns out the left orderings determined
by lines with rational slope are regular. Such orderings will be called rational orderings.

Rational orderings form a dense set in LO(Z?), so we obtain that regular left orderings are

dense in LO(Z?).

In generalising this result to higher dimensions, it will be necessary to first generalise the
definition of a rational ordering. For n > 2, left orderings can no longer be realised by lines,
instead they are determined by hyperplanes containing the origin. We are interested in a
special subset of such orderings, which we will call rational flag orderings. We will first show
that rational orderings are regular in the 2—dimensional case by providing a procedure for
finding an explicit positive cone language using a tool from lattice theory. For the general
case, we only show that regular positive cone languages exist for rational flag orderings

without giving a procedure for explicitly computing them. In the last section of this chapter,
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we prove that regular left orderings are dense in LO(Z") for all n > 1.
Notation 4.0.1. In the following section, the components of a vector v; will be denoted by
J

(v},...,vl, ... ), that is, the 7™ component of the vector ; is vf

4.1 Regularity in the 2—Dimensional Case

Strictly speaking, solving the 2—dimensional case separately is redundant in light of Theorem
[4.3.13] However, the existence proof given in falls short of providing the reader with
the geometric intuition that is natural to this problem.

Definition 4.1.1. Let @ = (v',v?) be a vector such that Z—f € R\Q. An irrational left ordering

of (Z*, +) is an ordering with positive cone
P={z7eZ?|7-7> 0

Definition 4.1.2. Let 9] and 5 be perpendicular vectors with rational slopes. A rational

left ordering of (Z*,+) is an ordering with positive cone

Pz{EEZQHZ171>O]0r[5’17120and5172>0]}

Rational and irrational orderings correspond precisely to the geometric constructions given
in Example 2.2.3] Tt is easy to check that rational and irrational orderings as defined above
satisfy the definition of a positive cone (see Definition . As already noted in Remark
[3.3.3] the rational ordering determined by vectors #; = (1,0) and @ = (0,1) has positive
cone

P={x"y"|n=1and meZ}u {y™|m =1},

where x = (1,0) and y = (0, 1). This positive cone has positive cone language L, as given in

Example |3.3.2, The language £ (and therefore the positive cone P) is regular regardless of
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the choice of elements x and y. We will show that any rational positive cone of Z? can be
expressed by this language for some choice of x and y.
Definition 4.1.3. The elements x,y € Z? form a reqular basis for the rational positive cone

Pif P={a"y"|n>1and meZ}u {y™|m = 1}.

Observe that for the standard lexicographic ordering, the regular basis elements are normal
vectors U7, U that determine the ordering. Or, more precisely, since normal vectors are unique
up to scalar multiplication, the regular basis elements correspond to the first positive integer
lattice points lying on the lines ¢; and /5 whose normal vectors are v; and vy, respectively.
Question 4.1.4. Given a rational ordering determined by ¢; and v, can a regular basis
always be obtained by taking the first positive integer lattice points lying on lines ¢; and /5
whose respective normal vectors are v; and 57

Remark 4.1.5. In the work that follows, we alternate between multiplicative notation, e.g.,
2™y™, and additive notation, e.g., nx +my. In the context of (Z2, +) the two are equivalent,
however multiplicative notation is more natural when treating elements of Z? as words in a
language, hence we do not want to abandon it entirely.

Example 4.1.6. Consider the rational ordering P determined by normal vectors v} = (1, —2)

and U5 = (2,1). Setting z = (1, —2) and y = (2, 1) does not yield a regular basis for P.

oA

Figure 4.1: Vectors 4, U5 and points z,y in the plane.

Consider the element g = (2,0) € Z?. Since g -0, = (2,0) - (1,-2) > 0, g € P. So, if =
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and y are to form a regular basis of P, then g needs to be expressed as an integer linear

combination of z and y:

g=2z"y" =nx+my=n(l,-2)+m(2,1) = (2,0),

where n € Z*,m € Z. From this, we obtain m = 2n and (5n,0) = (2,0), which implies that
n = % ¢ Z. This example shows that the approach to finding a regular basis suggested by
Question will not work in general.

The reason the choice of x = (1,—2) and y = (2,1) in the preceding example fail to form a
regular basis is due to the following theorem.

Theorem 4.1.7. [11, p. 4] Let B = {by,...,b,} be a set of vectors in Z"". Let B be the n xn
matriz formed by setting b; to be the i row of B for all 1 <i < n. The set B forms a basis

for the integer lattice Z7 if and only if the matriz B is unimodular, i.e., det(B) = +1.

In other words, x = (1,—2) and y = (2,1) fail to form a regular basis of P because they do

not even form a basis for the integer lattice Z2, since

Observation 4.1.8. The choice of x and y must meet the following two conditions to form

a regular basis for a rational ordering determined by v; and 5.
1. The elements x,y need to form a basis for the integer lattice Z2.

2. The element y must be the smallest positive integer lattice point lying on the line
ly: v+t =0,teR. The element x must lie in the positive half plane determined by

gl, z'.e., X - ’171 > 0.

The second restriction is due to the form of the image of the positive cone language {z"y™ |n >

lLand m € Z} U {y™|m > 1}. If x and y are vectors in R?, then the first set in the union,
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{z"y™|n = 1 and m € Z}, determines a collection of points lying in a single open half plane.
Similarly, the second set in the union, {y™ |m > 1}, determines a collection of points lying

on a half line. Therefore, the choice of y is fixed while the choice of x is not.
We give a procedure for finding an explicit regular basis:

1. Begin with any rational ordering of Z? by fixing two perpendicular vectors ¥, ¥, hav-
ing rational slopes. Let ¢; and ¢y denote the lines with normal vectors v; and vy,

respectively.

2. Set y = (a,b), where (a,b) is the integer lattice point on ¢; having minimal distance to

the origin such that (a,b) - U2 > 0.

3. Since (a,b) is a lattice point on ¢; with minimal distance to the origin, it must be
that ged(a,b) = 1. Therefore, by Bézout’s identity, the equation azy + bzy = 1 has a
solution. In fact, if (¢,d) is a solution, then z1 = ¢ — kb and 25 = d + ka, for k € Z,
form an infinite family of solutions. This gives the freedom to choose a solution lying in
the appropriate half plane. Without loss of generality, suppose that the initial solution
(¢,d) is such that (c,d) - v; > 0. Then

a b
= ad — bc = +1.

c d

So, conditions 1 and 2 of Observation [4.1.8| are satisfied.
Proposition 4.1.9. The elements x,y obtained from the procedure above form a regqular basis

of the positive cone

P={zeZ*|[Z-# >0] or [z -9, =0 and Z- T, > 0]}.

Proof. Let X = {z"y™|n = land m € Z} v {y™|m > 1} be a language. We show that

X is a positive cone language that evaluates to P. To see this, suppose ¢ is the underlying
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canonical homomorphism and ¢(X) = X. We show that X = P.

First, we show that X < P. Let 2"y™ with n € Z* and m € Z be an arbitrary element of X,

then

xnym Uy = [n(c, d) + m(a7 b)] -7
=n(c,d) - vy + m(a,b) - 0y
=n(c,d) -0y since (a,b) - U3 =0

>0 since n = 1 and (¢,d) - %) > 0 by choice.

Similarly, if we start with an arbitrary element of X of the form y™, m > 1, then y™ - 7} =

m(a,b) -0y = 0 and y™ - ¥, = m(a,b) - U5 > 0, by construction. So, X = P.

For the other direction, start with an arbitrary element g € P. Since z,y form a basis for the
integer lattice Z2, it must be that ¢ = nx + my for some n,m € Z. If n < 0, then g -7, < 0,
which contradicts the assumption that g € P. Similarly, if n = 0 and m < 1, then g ¢ P.
So, by a process of elimination, it must be that (n > 1 and m € Z) or (n = 0 and m > 1).

Therefore, P = X and the claim holds. O

It is possible to generalise this construction for rational flag orderings of Z?* using Hermite
normal forms. For dimension n > 3, finding an explicit regular basis remains unsolved.

Hence, we proceed with an existence proof.

4.2 Rational Orderings in Higher Dimensions

For n > 2, left orderings of (Z", +) can be obtained by extending the geometric construction
given for the 2—dimensional case (see Example [2.2.3)). In the 2—dimensional case, the integer
lattice was ordered by cutting the plane using lines passing through the origin. In higher

dimensions, lines will not suffice to cut the space R™. Thus, in generalising this construction,
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we replace lines with hyperplanes and slopes with normal vectors.
Definition 4.2.1. Let ¢ be a nontrivial vector in R” and b € R. A hyperplane w in R" is the

set of vectors m = {¥ e R" |7 - & = b}.

In R? and R3 hyperplanes are lines and planes, respectively. For the remainder of this
section, we only consider hyperplanes containing the origin. Therefore, any hyperplane can
be described by providing its normal vector.

Definition 4.2.2. A hyperplane 7 in R” is said to be irrational if 7 0 Z" = {0} and rational
if 72" ~ 7"t

Observation 4.2.3. For n > 2, there exist hyperplanes in R" that are neither rational
nor irrational. Consider the hyperplane 7 in R® with normal vector @ = (1,4/2,4/2). Then
7nZ={0,k ~k)|keZ} ~ 7.

Definition 4.2.4. Let 7 be an irrational hyperplane in R™ with normal vector ¢. Then

P={zeZ"|v-7> 0}

is a positive cone determined by w. A left ordering of Z"™ corresponding to such a positive
cone P is called an irrational ordering.

Definition 4.2.5. Let m; and 75 be hyperplanes in R”. We say that m; and ms are orthogonal
hyperplanes if m and my have normal vectors v} and v, respectively, such that v - v = 0.
Definition 4.2.6. Let F = {m,,m,_1,...,m} be a family of mutually orthogonal rational

hyperplanes in R™ with respective normal vectors v,,, ¥,_1,...,v;. Then

P={z7eZ"|Z-tv,>0o0r [3j=1st. Z-0; =0for j <i<nand?0; >0]}

is a positive cone determined by F. A left ordering of Z" corresponding to such a positive
cone P is called a rational flag ordering.

Remark 4.2.7. The definitions for irrational and rational orderings of Z? coincide with

Definitions 4.2.4] and |4.2.6 as expected.
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Example 4.2.8. There are left orderings of Z", for n > 2, that are neither irrational nor ra-
tional flag orderings. Consider the left ordering of Z3 determined by vectors vy = (1,4/2,v/2)
and 7 = (v/2,—1,0), that is,

P={ZeZ?|th-Z>0o0r [th-Z=0and & - 7> 0]}.

One can check that P is indeed a positive cone of Z* and that it does not satisfy Definition

14.2.4{nor 4.2.6| (see Observation 4.2.3]). This type of ordering falls somewhere “in between” the

irrational and rational flag orderings. We will not be working with these kinds of orderings.
Definition 4.2.9. Let m be a hyperplane in R having normal vector v. A closed half space
determined by 7 is the set of points H = {¥ € R" |7 -7 > 0}.

Definition 4.2.10. A flag in R” is a sequence of closed half spaces H; ¢ Hy, < --- < H,,

where the dimension of H; is ¢ for all 1 <7 < n.

Let F = {m,,...,m} be a family of mutually orthogonal rational hyperplanes with normal
vectors U, ...,v;. In addition to inducing a rational flag ordering of Z", the family F also

induces a flag in R" as follows:
o set H, ={FeR"|v, ¥ > 0}; and
o for 1 <k <mn,set Hp={ZeR"|0;-Z=0for k <i<nand 9 Z =0}

This flag construction will be useful in the proof of Theorem [4.3.13|
Lemma 4.2.11. Let 7 be a hyperplane containing the origin in R™. If m has normal vector

U such that all the components of U are rational, then 7 is a rational hyperplane.

Proof. Suppose 7 is a hyperplane containing the origin with normal vector ¢ = (v,... v")
such that v’ € Q. Since normal vectors are unique up to scalar multiplication, we can assume

that all of the components v* are integers. Consider the set of vectors

(v?, —v',0,...,0)
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This is a set of n — 1 linearly independent vectors in 7w, which are all integer lattice points.

Therefore, the dimension of Z"™ n 7 is n — 1, and 7 is a rational hyperplane. O

4.3 Rational Flag Orderings are Regular

We claim that a rational flag ordering of Z™ can be expressed by a positive cone language of

the form
%=X
i=1
where X, = {2§' |ky € Z*} and X; = {2f -2l |k e Z" and k;_y,... ki € Z} for 1 <i < n.
We will call the symbols x4, ..., z, the generators of X,,. Recall that any element of the form

x; ' in this language is simply another element of the monoid and not an inverse element.

Remark 4.3.1. Suppose ¥ = {:L‘lil, .,z Y and ¢ @ ¥* — Z" is the canonical homomor-
phism. Throughout this section, we use X,, to denote the image of X,, under the homomor-
phism ¢, i.e., ¢(X,) = X,. Similarly, the notation Z; will be used to indicate the image of
an element x; under ¢, i.e., ¢(z;) = T;.

Definition 4.3.2. Let P be a positive cone of a rational flag ordering of Z". The generators
x1,...,x, of X, are called a reqular basis of P if X,, = P.

Remark 4.3.3. When n = 2, X, = {z%' |k € Z+} U {a522% |k, € Z* and ky € Z}, which
corresponds to the positive cone language for a rational ordering of Z? as seen in Example

0.0.2)
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Lemma 4.3.4. For all integers n = 2, the language X,, = | J;_, X; is regqular.

Proof. We prove the claim inductively.

Base case. Forn =2, Xy = X, U Xy = {x’fl |k e Zt} U {:1‘:’5%'{1 | ke € Z" and ky € Z}. The

FSA given in Figure [3.5 accepts Xo, therefore X, is regular.

Inductive step. Fix an integer n > 2 and assume that X, is regular. We can construct a
generalised FSA that that accepts the language X1 (see Figure [4.2)). By Theorem [A.0.5
X,+1 is a regular language. By Proposition Xni1 = Xuy1 U X, is regular. O

L Tp—1 Tp—2 ) T

Figure 4.2: A generalised FSA accepting the language X,,,1.

Definition 4.3.5. Let £ be a lattice. The lattice £’ is a sublattice of L if L < L.
Lemma 4.3.6. Let A ~ Z™ be a sublattice of Z. If T1,...,T, € A form a basis for A, then

X = Ui~ Xi generated by x4, ...,z is a positive cone of Z™.

Proof. Suppose that T,,...,T,, form a basis for A =~ Z™. To see that X,, is a positive cone,

we show that
1. X,, - X,, < X,,, i.e., the set is closed under the group operation,

2. for any g € A, g is contained in exactly one of X,,, (X,,)7, or {0}.

_ _ky kg .k
Suppose that wy = 7' ---7;" and Wy = T,

: _k; : o
i ... 7™ are arbitrary elements in X,,,. To see

1 Jm

that the product @, - W, is contained in X,,, one only needs to show that there exists a word
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k

w € X, such that ¢(w) = w; -wW,. The preimage of W, is a word of the form w; = a:fll . -xi;l

up to a rearrangement of indices, since Z™ is abelian. Without loss of generality, suppose that

’?]’1”

J1

. . . kil kil kjl .
the preimages of w; and w, under ¢ are wy = x;;' -+ ;" and wy = x -z, respectively,
and that the indices i1, ..., j1, ..., appear in descending order. Then the word w; - ws is

precisely the w that we are looking for. Thus, (1) holds.

To show that X,, partitions A, first observe that Z0---7% = 0 is not contained in X, nor
(X,,)"!. Next, consider an arbitrary element g € A. Since 7y, ...,7,, forms a basis for A,
g = Thm.. -flfl, where k; € Z. Without loss of generality, suppose that the indices of the
letters in the spelling of g (m, ..., 1) appear in descending order. Suppose that k;, for some
m > 1 > 1, is the first non-zero exponent (reading from left to right). If k; < 0, then

g€ (X,,)7!, otherwise g € X,,,. O

Given a rational flag ordering P, we prove that it is regular by showing that a regular basis for
P exists. We do this by inducting on the dimension of the positive cone. First, we introduce
some new terminology and notation.

Proposition 4.3.7. (5, Corollary 3, p. 14] Let M < Z" be a lattice and let ay, ..., an
(m < n) be linearly independent vectors in M. The set ay, ..., a,, can be extended to a basis
of M if and only if any element x € M that can be expressed as a linear combination of

ai, ..., G, must be an integer linear combination, i.e., if
T =MNay+ -+ A,

then \; € Z for 1 <1< m.
Lemma 4.3.8. Let F = {n,,...,m} be a family of rational mutually orthogonal hyperplanes
i R™ with respective normal vectors v, ...,v1. The intersection Ay = Z"™ N Ty, O -+ O Tyt

forms a subgroup of Z™ of rank k for all1 <k <n —1.

Proof. By backward induction on k.
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Base Case. Consider A, 1 = Z" n 7m,. Since m, is a rational hyperplane, by definition,

A,_1 ~7Z"1. So, the base case holds.

Inductive Step. Suppose Ay, = Z" "7, N - N\ Tpye1 ~ ZF. Denote B = Ay, N1y, then B ~ Z"
for some h. We want to show that h = k — 1. Assume h = k — 2 and {by,...,bx_»} is a
basis for B. The set {by,...,b;_2} can be extended to a basis of A;. Consider Proposition
and an element Z € A, that can be expressed as a linear combination of the b;’s, i.e.,
Z=MNby + -+ Apobpo. If Z€ B < Ay, then \; € Z, since by assumption {by,...,bx_o} is

a basis of B. Alternatively, suppose Z'€ A;\B, then ) - Z # 0 since Z' ¢ 7, and

0#1, 2=1- ()\1b1 R )\k—Qbk—2>
= A (Tg - b1) 4+ -+ Npo(Uk - bp_2)

which is a contradiction. Therefore, any element in A, that can be expressed as a linear
combination of the b;’s can be expressed as an integral linear combination. So, there exists
an extension of the basis {b,...,b;_o} to a basis of Ax. Suppose this extension is obtained

by adding the basis elements aj, as € Ax\B.

Similarly, there also exists an extension of {b;,...,bx_2} to a basis of Z" N m;. Once again,
consider an element 2’ € Z" N m;, that can be expressed as 2= \by + -+ Ap_obp_o. If 7€ B,
then \; € Z for 1 < i < k—2. On the other hand, if Z'€ (Z" n m;)\B, then Z'-7; # 0 for some

k+1<j<n. That is,

0#0;-2=10;-(Mby + -+ + Ap—2br_2)
= M (Tj - b1) + -+ No—2(T; - bp—2)
= 07

which is a contradiction. Therefore, there exists an extension of {by,...,bx_o} to a basis of
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Z" n . Suppose the extension is obtained by adding the basis elements {c1, ..., ¢, _k+1}, SO

{bi,...,bg_9,C1,...,Coky1} is a basis for Z" N my.

Observe that no a; can be expressed as a linear combination of the elements {c1, ..., ¢, g1}
Similarly, no ¢; can be expressed as a linear combination of the a;’s. To see this, suppose
that a; = Z;:f +17jcj, where ; € Z. Then a; € m, but this contradicts the fact that
a; € Ax\B. A similar contradiction follows if we suppose ¢; = Aja; + A2az. Therefore, the
set {by,...,bg_2,a1,as,¢1,...,Cy_gs1} is linearly independent in Z". In other words, we have

found a set of (k —2) +2+ (n —k + 1) = n+ 1 linearly independent vectors in Z". This is a

contradiction.

We obtain a similar contradiction if we assume h < k — 2. Additionally, if we suppose h = k,
then this contradicts the assumption that the hyperplanes 7; € F are mutually orthogonal.

Therefore, B ~ ZF1. ]

Lemma 4.3.9. If Ay be a subgroup as defined in Lemma [4.53.8, then Ay is closed under

taking roots. That is, if g" € Ay, for some g € Z" and h € Z, then g € Ay,.

Proof. Suppose that ¢g" € Ay, for some g € Z" and h € Z\{0}. Then g¢" - ¥; = 0, for
k+ 1 <17 < n. More precisely,

g" T =N(gv;) =0

implies that g - v; = 0 for all £k + 1 < ¢ < n. Therefore, g € A and Ay, is closed under taking

roots. ]

Definition 4.3.10. An element g € Z" is primitive if it has no nontrivial roots, that is g
cannot be expressed as k¥ for some h € Z" and k > 1.

Observation 4.3.11. Let F = {m,,...,m} be a family of mutually orthogonal rational
hyperplanes in R™ with respective normal vectors v,,...,v;. The family F induces the

rational flag ordering P of Z". There is a “copy” of a rational flag ordering of ZF, for
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1 < k < n, inside of P. Let Ay be as given in Lemma [£.3.8] It is easy to verify that

Po,=PnA,={7€A;|Fjl<j<k+1st v;-Z2>0and ;- 27=0Vj <i<n}

is a positive cone of Aj ~ ZF.

Definition 4.3.12. Let P and P, be as defined in Observation [£.3.11, We call P, the
restricted rational flag ordering of dimension k in P.

Theorem 4.3.13. Fix a family of mutually orthogonal rational hyperplanes F = {m,, ..., m1}
in R™. Suppose P is the rational flag ordering and H,, ..., Hy is the flag induced by F. There
exists a reqular basis x1,...,xy of the restricted rational flag ordering Py, for all 1 < k < n,

such that x1 € Hy and x; € H\(H;—1 n---n Hy) for 1 <i<k.

Proof. We induct on k. Let F = {m,,...,m} be a given family of mutually orthogonal
rational hyperplanes in R™ with respective normal vectors @, ...,0;. Let S(k) denote the
statement that the restricted rational flag ordering P, admits a regular basis 1, ..., x; such

that T € H1 and ZT; € HZ\(Hlfl OEERNA Hl) for1 <i < k.

Base case. Set k = 1. We are looking for a regular basis x1 such that X; = {2 |k, € Z+} =
Py. The subset A1 =Z" nm, n---Nnmy ~ 7Z is a set of integer lattice points lying on a line
¢. So, the restricted positive cone P, = P n Ay = {Z€ A;|Z- ¥, > 0} is precisely the set of
non-zero integer lattice points lying on one half of the line /. Take x; to be the integer lattice
point on the positive half of ¢ (z; - ¥5 > 0) having minimal distance to the origin. Then z;
is a basis for the integer lattice A; ~ 7Z, and by Lemma X, is a positive cone of Z.
Clearly, X,  P;, so by Lemma , it follows that X, = P,. Additionally, z; € H, so the

base case holds.

Inductive step. Fix some m < n and suppose that S(m — 1) holds, that is, the restricted
rational flag ordering P,,_; admits a regular basis z1,...,x,,_1 such that z; € H,; and z; €

H\(H;—1n---nHy) for 1 <i<m-—1. To show that S(m) holds, we show that there exists
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an element z,, € H,,\(H,,—1 n -+ n Hy) such that xy, ..., 2,1, 2, forms a regular basis of

P,,. That is, we show that X,, generated by x1,...,%,_1, %, is precisely the positive cone

P,.

To see that there exists an element z,, € H,, < A,,, consider the short exact sequence

0— Am—l (_Z) Am i) Am/Am—l - 07

where ¢ is the inclusion map and ¢ is the quotient map.
First, we show that A,,/A,, 1 is isomorphic to Z:
o First, observe that A,,/A,, 1 is abelian since quotients of abelian groups are abelian.

o Next, A,,/A,,—1 is torsion-free. To see this, suppose not, i.e., there exists an element
gA,_1 € Ap/Apm_1 such that g € A,\A,,_1 and (gA,,_1)F = A,,_1, for some k € Z.
Then, (gA,_1)* = (gAm_1)(gAn_1) - (gAm_1) = g*Ap_1 = A,,_1, which implies that
g e A,,_1. However, g ¢ A,,_1 by assumption, which contradicts the fact that A,,_; is

closed under taking roots (by Lemma |4.3.9)).

o The quotient A,,/A,,_1 is finitely generated because A,, is finitely generated. More
explicitly, if g1, . . . , g, are generators of A,,, then some subset of {g14,,_1, ..., gmAm_1}

will generate A,,/A.;,_1.

Thus, A,,/A,,—1 is a torsion-free, finitely generated, abelian group. By the fundamental
theorem of finitely generated abelian groups, this means that A,,/A,,_1 = Z* for some k € N.

It remains to show that k = 1.

Since A,,_; = Z™!, there exists a choice of elements by,...,b,_; € A,,_; that are linearly
independent over Z. Similarly, since A,,/A,,—1 has dimension k, there exists a choice of
elements ¢y, ..., ¢y € Ay /An_1 that are linearly independent over Z. For each ¢;, there is a

choice of a; € A,, such that ¢(a;) = ¢;.

20



Now, we want to show that ay,...,ax, b1,...,b,_1 are linearly independent over Z in A,,.

So, suppose Aja; + -+ A\pag + 71by + - + Ym_1bm_1 = 0. Then

0=gq(Mar+ -+ Mpag +71b1 + - + Yi—1bim—1)

= Mig(ar) + -+ Meglax) +71q(b1) + -+ + Ym—1q(bmn) since ¢ is a homomorphism

= \ic1 + -+ A since q(b) = 0 for any be A,,_1,
which implies that A\ = --- = Ay = 0, since the ¢;’s are linearly independent. From this, we
obtain

0=Aar+ -+ Mag +71b1 + -+ Ym-1bm—1

= b+ 4+ Ym—1bm—1,

but since the b;’s are also linearly independent, v; = --- = 7,1 = 0. Therefore, we have
found (m — 1 4+ k)—many linearly independent vectors in A,,. If £ > 1, then m — 1+ k > m,
but the dimension of A,, is m, so we have a contradiction. Thus, it must be that £ = 1 and

Am/Am—l ~ 7.

Let gA,,—1 be a generator of A,,/A,,_1 such that ¢ is a primitive element of A,,. Then
g € Ay\A,,_1, therefore g - v, # 0. If g - ¥, > 0, then set x,, = g (otherwise, set z,, =
—g). This guarantees that x,, € H,\(Hpu-1 N -+ n Hy). Taking zy,..., 2,1, 2, as the
generators for X, vields the containment X,, < P,,. To see this, consider an arbitrary

element k,, ., + km_1Tm_1 + - - - + k121 € X,,, and take its dot product with ¥,

(Z ]’CZI’Z) . Um = (kml'm) . gm + (km—lxm—l + -+ k?lflfl) . Um
i=1

= (kmTm) - Un since Tpy—1,...,21 € A1

>0 since k,, € Z* and by the choice of z,,.
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Since this dot product is positive, X,,, © P,,. Now, by the inductive hypothesis, X; for all

1 < j < m is contained in P;, and since P; © P,,, it follows that X; < P,,. Thus, X,, < P,,.

Finally, to see that X,, = P, it remains to verify that X,, is a positive cone of Z™. By
Lemma [4.3.6] it suffices to show that 1, ..., z,, is a basis for the lattice A;. By the inductive
hypothesis, x1,..., 2, 1 is a basis of A,,_;. Since z,, is a primitive element of A,,/A,, 1,
T1y. .., Tm_1, Ty i a basis of A,,. Finally, by the inductive hypothesis, z; € H;\(H;—1 n--- 0

Hy), for 1 <i < m — 1, so the theorem holds. O

4.4 Density of Rational Flag Orderings

Before proceeding to show that regular orderings are dense in LO(Z"), it is worth noting
that, for n > 2, this result is not trivial. That is, the set of all regular orderings does not
make up the entire space LO(Z™). This is due to Sikora’s theorem.

Theorem 4.4.1 (Sikora). [21] For n =2, LO(Z"™) is uncountable.

If all P € LO(Z") are regular, then by Proposition [3.3.6] this means that the space of
orderings is finite, which contradicts Sikora’s theorem. Therefore, asking if the set of regular
orderings is dense in LO(Z") is a nontrivial question. Note that in the case when n = 1, the
result is trivial since Z admits only two orderings, both of which are regular.

Lemma 4.4.2. [14, Lemma 2.2] Let ¥ = {vy,..., v} < Z", where k is finite and k = n+ 1.

If ¥ is not contained in a single closed half space, then the semigroup generated by 3 contains

0.

Proof. If n = 1, then the claim is trivial. So, suppose n > 2. Suppose vy, ..., Uy, Uyy1 € 2 such
that vy,...,v,,v,,1 are not all contained in any closed half space. The vectors vy, ..., v,41
are necessarily linearly dependent, so there exist aq, ..., a,+1 € Z such that

aivy + -+ Ap+1Uns1 = 0.
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Let S denote the semigroup generated by . Suppose, for the sake of contradiction, that
0 ¢ S. This means that there exists some a; with 1 < i < n + 1, such that a; < 0, otherwise

“ _— .
vyt -, 7 = 0€e S, Similarly, since

—(a1v1 + -+ An1Vng1) = (—a1)v1 + -+ (—Gpg1)Vng1 = 0,

we conclude (—a;) < 0 or a; > 0 for some 1 < j < n+ 1. Without loss of generality, suppose
that a; > 0 and as < 0. Now, consider the subspace 7 spanned by {vs,...,v,.1} and let N

be any vector in m+. Then

—

(—ag)(Ug . ﬁ) = —QagV2 - N
= (@101 + agvz + -+ + Apg1Vni1) - N
= av; - N + (agvg + -+ + Qpi1Uns1) - N

—

=alvl-N.

Finally, —asvs - N =av N implies that vy - N and vy - N have the same sign, therefore
vy and vy both lie in the same half space. In particular, all the vectors vy,...,v,,v,,1 are
either contained on 7 or on one side of 7, i.e., vy,...,v,, v, are all contained in a single
closed half space H = {t'e Z" | ¥ - N > 0}. This contradicts the original assumption, hence

0esS. O]

The following corollary is given as proposition 2.3 in [14]. We give a different proof below.
Corollary 4.4.3. Let P be a positive cone of Z" and gi,...,g. be a finite collection of

elements in P. Then g1, ..., gr are contained in a closed half space.

Proof. 1t is a basic fact from linear algebra that n distinct points in R™ uniquely determine
a hyperplane. Therefore, if k < n, there exists a hyperplane H in R™ containing g1, ..., g.

So, g1, .., gk are contained in a closed half space (in the case where k& < n, the hyperplane
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H is not unique). On the other hand, if k& > n, then suppose for the sake of contradiction
that g1,...,gx are not contained in a closed half space. Then, by Lemma [4.4.2] it follows

that 0 € P, which is a contradiction. O

Proposition 4.4.4. [8, Lemma 3.3] All orderings of Z" are determined geometrically, that
is, for any positive cone P of Z" there exists a collection of orthogonal vectors vy, ..., 1],

where | < n, such that

P={ZeZ"|Z-ty>00r[3j=1st 2Z-0; =0 for j<i<land Z-v0; > 0]}.

Recall the metric on LO(G) introduced in Definition [2.3.4] Fix an enumeration {g, go, ...}
of Z". If P and P’ are two distinct positive cones in LO(Z"™) and the first index on which P

and P’ differ is k, i.e., g, € P and g, ¢ P’, then we define the distance between P and P’ by
d(P,P) =27"

We use this metric to show that rational flag orderings are dense in LO(Z").

Theorem 4.4.5. [14] Rational flag orderings of Z™ are dense in LO(Z").

Proof. Choose an arbitrary positive cone P € LO(Z™). We show that for every k > 0 there
exists a regular positive cone P’ € LO(Z") such that d(P, P') < 27*. By Corollary this
is equivalent to choosing finitely many distinguished elements g¢y,...,gr € P and showing

that ¢1,...,g9r € P'.

By Corollary [£.4.3] the elements g1, . . ., g, are contained in a single closed half space. Suppose
this half space is determined by the hyperplane H : N %= 0, i.e., N - gi = 0. We claim
that there exists a vector @ € R"™ such that @w-g; > 0 forall 1 <i < k. If g1,..., gy are all
contained in an open half space, then N - gi > 0 forall 1 <7<k, sotake w = N. On the

other hand, if any of the g;’s are contained in H, then we construct such a vector .
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In the latter case, the positive cone P must be determined by some collection of orthogonal
vectors i, . . ., U, by Proposition[1.4.4] For each g;, 1 < i < k, there exists somem € {1,...,1}
such that g; - v; =0 for 1 < j <m —1and g; - U,, > 0. Let S,, denote the set of all g;’s for

which g; - v; =0for 1 <j<m—1and g -9, > 0.

We construct a vector @ such that g; -4 > 0 for all 1 < < k. We do this using the following

iterative process:
e Step 1. Set wy = vy, then wy - g > 0 for all g € 5).

« Step 2. For each g € S;_y, choose 7, € R such that r4(g - v;—1) + (¢ - v;) > 0. Set
r_1 = MaXges, ,{ry} and set Wy = r;_1Uj_1 + ¥;. By construction, @, - g > 0 for all

g€ Sl ) Sl—l-

o Repeat step 2 with vectors #;_s,...,7;. At each iteration, we obtain a vector w; =
r_iUi—; + -+~ + r_1U;_1 + ;. The last vector obtained by this process will be w;_; =

rivy + -+ 1101 + U). Set W = w;_;. By construction, - g; > 0 for all 1 <17 < k.

For each g;, define a function f; : R" — R by f;(Z) = & ¢;. Since f; is continuous, each
set of the form U; = f71((0,0)), for 1 < i < k, is an open set in R™. Next, define the set
U=U nU;n---nUg. Since U is a finite intersection of open sets, U is an open set in R".

Furthermore, w € U;, for all 1 < i < k, so w € U. Therefore, U is nonempty.

Since Q" is dense in R”, and U is a nonempty open subset of R", it follows that U n Q" is
nonempty. So, there exists some vector / € U with all rational components. Furthermore,

v-g; >0forall l <i<k ByLemma{.2 since 7 has all rational components, it deter-

mines a rational hyperplane. Therefore, any sequence of normal vectors I/, 1, 1, ..., 1 that
determines a rational flag will also determine a rational flag ordering in which all gy, ..., g
are positive. Thus, we have found the desired positive cone P’. O

Corollary 4.4.6. For n = 1, the set of reqular left orderings is dense in LO(Z").

Proof. By Theorem the set of rational flag orderings is dense in LO(Z"). By Theorem
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4.3.13] all rational flag orderings of Z" are regular. Therefore, the set of regular orderings is
dense in LO(Z"). O
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Regular Left Orderings of Nilpotent

Groups

A left orderable finitely generated nilpotent group G admits regular orderings which form a
dense set in LO(G). This fact is an extension of the central result from Chapter {4l All left
orderings of a nilpotent group are Conradian (see Proposition, and Conradian orderings
of a finitely generated group are derived from short exact sequences (see Proposition .
As a result, any positive cone of a finitely generated nilpotent group can be decomposed into
a union of preimages of positive cones of torsion-free abelian groups (see Theorem .
This will be the key to proving that regular orderings of finitely generated nilpotent groups

are dense in the space of orderings in the proof of Corollary [5.4.4]

5.1 Preliminaries

In this section, we state the definition of a nilpotent group and give a preliminary example
to demonstrate how left orderings of a nilpotent group can be built from the group’s central

series.
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Definition 5.1.1. The upper central series of a group G is the series of normal subgroups

=292, <922, 4

such that Z; is the center of G and, for n > 1, Z,,/Z,_; is the center of G/Z,_;.
Definition 5.1.2. A group G is nilpotent if its upper central series terminates with Z,, = G
for finite n. In this case, G is said to be of nilpotency class n.

Example 5.1.3. The Heisenberg group over the integers

1 a b
H=H(Z) = 01 c¢| :abcelZ
001

is nilpotent of class 2. This can be shown by calculating the group’s upper central series.

Taking the elements X,Y, Z to be generators of H, where

110 1 00 101
X=1010|,Y=|011|.Z2=10 1 0],
001 00 1 00 1

yields the presentation H = (X,Y, Z|Z = XYX 'YL XZ =ZX Y7 = ZY).

First, to compute the center Z; of H, consider an arbitrary element C' € Z;. This is a matrix

of the form
1 a f
C=10 1 v
0 0 1
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that commutes with all elements A € H, i.e., AC = C'A. Taking

and the requirement that AC' = C'A yields

B+ay+b=b+ac+f = ay=ac = ay—ac=0.

Since a, ¢ are arbitrary elements in Z, it must be that v = a = 0. This means that the matrix

C' has the form

108
01 0
00 1

So, it is easy to see that the center of H is generated by the matrix z and Z; = (Z). The
next subgroup in the series, Z, is a subgroup such that Z,/Z; is the center of H/Z;. It H/Z;
is abelian, then the center of H/Z; is the entire group, i.e., Zs/Z; = H/Z;, which implies

that Z, = H. Therefore, it remains to show that H/Z; is abelian.

The quotient group H/Z; is abelian if and only if for all hy, hy € H the commutator [hq, hs] =
h;lh; Yhihy € Z4. Taking two arbitrary matrices hy,hy € H and computing the product
hi'hyhihy yields an element in Z; (see Computation [A.0.7). Therefore, H/Z; is indeed

abelian, and we obtain that H has the upper central series
1=72y<17,47,=H.

Thus, H is of nilpotency class 2. From this calculation, we obtain that H fits into the

29



following short exact sequence:
l1- 2, —>H—>H/Z — 1.

It is easy to see, from the presentation of H and from the fact that H/Z; is abelian, that
H/Z, ~ 7Z?. Therefore, both Z; ~ Z and H/Z, ~ 7Z? are left orderable, and by Proposition
[2.1.7) this means that H is left orderable. More specifically, left orderings of H can be
obtained lexicographically from the kernel and quotient of such a short exact sequence. Such a
short exact sequence, with H in the middle and an abelian kernel and quotient, is not unique.
Nonetheless, in the following sections, we will see that all left orderings of H are determined

lexicographically via some short exact sequence (see Proposition and Theorem |5.2.9)).

5.2 Nilpotent Groups and Conradian Orderings

Recall the definition of a Conradian left ordering from Section (Definition 2.1.22)). The
goal of this section is to show that if G is a finitely generated left orderable nilpotent group,
then all left orderings on G are Conradian.

Proposition 5.2.1. [7, Proposition 9.19] Let G be a finitely generated group that admits a
Conradian left order, and let P be a positive cone corresponding to such an ordering. There

there exists a torsion-free abelian group A and a short exact sequence
1-K5G% A1

such that P =i(Q) u ¢ '(S), where Q and S are positive cones of K and A, respectively.

Proof. Suppose G is generated by g, ..., g,. Fix a Conradian left ordering < on G. Without
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loss of generality, suppose 1 < g; < --- < g,,. Define

c= |J m

H convex
gn¢

Since convex subgroups are closed under unions (see section 2.2 of [7] for proof of this fact),
C' is a convex subgroups of G. By definition, G is also a convex subgroup, so (C,G) is a
convex jump in G (since any convex subgroup of G strictly greater than C' contains all the
generating elements gy, ..., ¢,). Furthermore, since < is Conradian, (C,G) is a Conradian
jump, so C'is normal in G and G/C" admits an Archimedean ordering. The quotient G/C' is

torsion-free abelian by Lemma [2.1.16] From this, we derive the short exact sequence
1-C5%G%G/I0—1.

Next, P n C'is a positive cone of C, so set P n C = Q. Similarly, ¢(P) is a positive cone of
A. Set S = q(P). Then P =1i(Q) u ¢ *(9). O

Proposition 5.2.2. (18] If G is a group that admits a non-Conradian ordering, then G

contains a subsemigroup that is free on two letters.

Proof. By Theorem , since (G, <) does not admit a Conradian ordering, there exist
positive elements a,b € G such that ba” < a for all n € N. Let S be the subsemigroup
generated by a,b. We want to show that any arbitrary words wy,ws € S with distinct
spellings are not equal. Without loss of generality, suppose w; = aw; and wy = by, where
Wy, W € S (since if wq, wy start with the same letter, we can cancel on the left until w; = aw,

and wy = bis).

Case 1. Wy = b™a", for some m,n > 0. Then

ba" < a by assumption
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ba™ < ba by left multiplication

ba" < ba <a by assumption.

Repeating the above argument yields b™a"™ < a. Since w; € S, it is positive, and so 1 <

W, = a < aw; = wy. Therefore, wy < a < wy and wy # ws.
Case 2. Wy = w'b™a™, where m,n =0, w' € S.

From case 1, b™a™ < a implies wy = w'b™a™ < w'a. We want to show that w'a < a by

inducting on the total exponent sum of a in w’.

Base case. Suppose the exponent sum of @ in w’ is zero. Then w' = b' for some [ € N, and

w'a = bla < a, as shown in case 1.

Inductive step. Suppose that for any word w’ with exponent sum of a equal to k the inequality

w’a < a holds. Next, suppose w” is a word with exponent sum of a equal to k + 1. Then

where the exponent sum of a in w’ is k and [ > 0.

If w” = blaw’, then

wa < a by the inductive hypothesis

blaw'a < bla® left multiplication.

However, by case 1, bla? < a, from which it follows that w”a = blaw’a < a. Since Wy is
positive, 1 < Wy < w'a < a = b < by = wy < bw'a < ba. Repeating the argument from
the conclusion of case 1 yields a < wy, and by assumption, ba < a. Therefore, by combining

these inequalities, we obtain wy < w;.

In either case, wy # wsq, and so the subsemigroup generated by a, b is free. O
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Next, we use a tool from geometric group theory to conclude that all left orderings of finitely
generated nilpotent groups are Conradian. In particular, we come to this conclusion by
examining the growth rate of a left orderable finitely generated nilpotent group. To define
the growth rate of a group, we first need to establish the notion of a Cayley graph. For a
more detailed exposition on group growth, see [17, Chapter 6.

Definition 5.2.3. Let GG be a group with generating set S. The Cayley graph of G with

respect to S, denoted by Cayg¢(G), is the directed graph I' = (V, E') where
1. the vertex set V is the set of elements of GG, and

2. each edge in F is labelled by an element in S. There is a directed edge labelled by

g € S leaving the vertex w; and entering the vertex ws if wy - g = ws.

Since the generating set of a group G is not unique, likewise a Cayley graph of G is not
unique. However, distinct Cayley graphs for the same group G are quasi-isometric, i.e., they
are equivalent as metric spaces under the equivalence relation of quasi-isometry.
Definition 5.2.4. Let GG be a finitely generated group with generating set S. The growth
function of G (with respect to S) is defined by f : N — N such that f : 7 +— |B(1, )|, where
B(1,r) is the closed ball of radius r centered at the origin in Cay¢(G).

Definition 5.2.5. A group G is said to have polynomial growth (exponential growth) if the

growth function exhibits polynomial growth (exponential growth).

Group growth rate is a quasi-isometric invariant, that is, if G and H are quasi-isometric then
G and H must have the same growth rate. Therefore, the reader can rest assured knowing
that the definition of group growth is well-defined.

Theorem 5.2.6. (17, Theorem 6.3.1] Finitely generated nilpotent groups have polynomial
growth.

Theorem 5.2.7. [17, Example 6.4.2] Let F be a free group on 2 or more generators, then
F' has exponential growth.

Remark 5.2.8. If G contains a free subsemigroup on 2 or more generators, then it can be
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shown that G has exponential growth by mimicking the proof of Theorem [5.2.7]
Theorem 5.2.9. (5] If G is a finitely generated left orderable nilpotent group, then any left

ordering of G is Conradian.

Proof. Suppose that G is a left orderable nilpotent group. Suppose that < is a left order of
G that is not Conradian. By Proposition [5.2.2] G contains a subsemigroup S that is free on
two letters. Therefore, G has exponential growth, which contradicts theorem |5.2.6, Thus,

there does not exist a left order < on GG that is not Conradian. O

5.3 Hirsch Rank

In the proof of Theorem [5.4.2] we show that the positive cone of a finitely generated nilpotent
group G can be decomposed into a union of preimages of positive cones of torsion-free abelian
groups. This is done by inducting on the Hirsch rank of G, which is introduced in this section.
The Hirsch rank of a group G comes from a subnormal series of G.

Definition 5.3.1. A subnormal series of a group G is a series of subgroups
(1} = GG 9+ 4G, = G,

where G;_1 is normal in G; for all 0 < i < n. Quotients of the form G;/G;_; are called the
factors of the series.
Definition 5.3.2. Let G be a finitely generated nilpotent group and {1} = Go <IG; <--- <

G, = G be a subnormal series of G. The Hirsch rank of G, denoted H(G), is defined by

H(G) :i'f’i,

where G;/Gi 1 = 27 X Ly, % -+ X Zy, forall 1 <i<n.

Since a subnormal series of G need not be unique, we need to show that the Hirsch rank of G
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is invariant under the choice of subnormal series. We establish the next few definitions and
theorems with this goal in mind.

Definition 5.3.3. Let m < n be natural numbers and {A;};2, and {B;}}_, be two subnormal
series of a group G. The series {B;} is called a refinement of {A;} if for all ¢ € {1,...,m},
A; = B; for some j e {l,...,n}.

Definition 5.3.4. Two subnormal series {H;}*, and {K,}?_, of a group G are isomorphic
if there is a bijection between their corresponding sets of factor groups.

Theorem 5.3.5 (Schreier Refinement Theorem). (4] Any two subnormal series of a group
G have isomorphic refinements.

Proposition 5.3.6. (15, Lemma 1.2] Let G be a finitely generated nilpotent group. If H is
a subgroup of G, then H 1is also finitely generated nilpotent.

Observation 5.3.7. If GG is a finitely generated nilpotent group then for any subnormal series
of G there exists a refinement GG <- - - <IG, of the series such that the factors G;/G;_ are
finitely generated abelian groups. Such a refinement exists due to the Schreier Refinement
Theorem. The fact that the factors are abelian is due to the definition of a nilpotent group,
and they are finitely generated as a result of Proposition [5.3.6] By the fundamental theorem

of finitely generated abelian groups, this means that there exist r;, k1, ..., k; € N such that

Gi/Gi—l ~ 7" x Zlﬁ X oo X Zkl-

We use a rank-nullity argument to show that the Hirsch rank is invariant under the choice
of subnormal series. The next definition and proposition is given with this purpose.
Definition 5.3.8. The rank of a torsion-free abelian group G is the cardinality of a maximal
linearly independent set in G.

Proposition 5.3.9. Let A, B,C be finitely generated abelian groups and

65



be a short exact sequence. Then rank(B) = rank(A) + rank(C).

Proof. Suppose A and C have rank n and m, respectively. Choose a maximal linearly inde-
pendent set aq,...,a, € A and a maximal linearly independent set ¢, ..., ¢, € C. For each

¢;, there exists an element b; € B such that g(b;) = ¢;.

Consider the following linear combination in B:

m

DINif (@) + D b = 0,
i1

=1
where \;,y; € Z for all .. We want to show that \; = v; = 0 for all 4.

Observe that

0=g <i i f (a;) + i%@')

=1

= Z Aig(f(ai)) + Z ViCi

m
=0+ Z YiCi because q; is in the kernel.
i=1

In particular, since the ¢;’s are linearly independent, > ", vic; = 0 implies v; = 0 for all 7.

From this, we obtain
0= il)\if(ai) + i%‘bi = i Aif(ai),

i= i= i=1
and it remains to show that \; = 0 for all 7.
Consider:

0= Zn:)\if(ai) =f <znl)\iai> )

i=1 i=1

It follows that >, A\;a; = 0, since f is injective, and since the a;’s are linearly independent,

Ai = 0 for all i. Therefore, {f(a1),..., f(an),b1,...,by,} is a linearly independent set in B
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and

rank(B) = n +m = rank(A) + rank(C).

Next, we show that rank(B) < m +n. Let X = {f(a1),..., f(an),b1,...,bn}. Suppose that
X is not a maximal linearly independent set and thus can be extended to one — denote this

maximal set by X'.

By assumption, there exists some element x € X\ X. Since the ¢;’s are a maximal linearly

independent set, g(z) can be expressed as

g(:v) = Z AiCi,
i=1

for some choice of A;’s.

Then

0= i Aici — g(z)
i=1
i=1

implies that >" | \;b; — x is in the kernel of g, which is equal to the image of f. So, there

exists an elements a’ € A such that

i=1

However, o’ = Y | y;a; for some choice of ~;’s. So,
fla') = Z Aibi — & = Z vif (a;)

i=1 i=1

implies © = >, A\ibi — > vif(a;). In other words,  can be expressed as a linear combina-

tion of the elements in X. This contradicts the assumption that X’ is a non-trivial maximal
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extension of X. Thus, rank(B) < m + n. O

Proposition 5.3.10. (25, p. 18] Let G be a finitely generated nilpotent group. The Hirsch

rank of G is invariant under the choice of subnormal series.

Proof. Suppose that {H,} and {K;} are two subnormal series of G, where H;/H; | = Z" x

Ly, % -+ % L, and K;/K; | = 7% x L, X -+ % Ly, . Also, let a = dyriand b= >"" s,

i1 j=1

We want to show that a = b. If {H;} and {K;} are equivalent, then there is nothing to show.

So, suppose the two series are not isomorphic.

First, we show that the Hirsch rank obtained via {H;} and any refinement of {H;} are
equivalent. Consider the subnormal series {H;} and the refinement

Hy< H,<---<H,

i dHAH; <-4 H,

of {H;}, i.e., the new series contains only one additional subgroup, namely H. By the third

isomorphism theorem,
H;/H;
H/H;

~ i
H )
so we can construct the short exact sequence:
1— H/Hj_l i Hj/Hj—l i H]/ﬁ — 1.

Suppose rank(H/H; 1) = n and rank(H,;/H) = m. By Proposition m, it follows that

rank(H;/H;_1) = r; = m + n. This means that

n

n 7—1 n j—1
CLZZTZ‘:ZTZ‘—FT]‘—FZrz‘zzri"‘(m‘f'n)"’_zria
=1 =1 1=1

i=j+1 i=j+1

(note that the RHS is the Hirsch rank of the refinement). Therefore, the Hirsch rank obtained
from the original series {H;} and its refinement are the same. We can show that any other

(finite) refinement of {H;} yields the same Hirsch rank through an iterative application of
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the previous argument.

Finally, by the Schreier refinement theorem, there exist refinements {H;} and {K’} of {H;}
and {K}, respectively, which are isomorphic. Therefore the Hirsch rank associated to {H;}
is a and the Hirsch rank associated to {Kj} is b, but since the series {H]} and {K}} are

equivalent, it must be that a = b. O

We are now ready to prove the main result of this chapter.

5.4 Density of Regular Orderings

In this section, we show that finitely generated left orderable nilpotent groups admit regular
left orderings and that this set of regular orderings is dense in the space of orderings.
Definition 5.4.1. Let G be a finitely generated left orderable nilpotent group with positive
cone P. Let {1} = GG, < --<4G,, = G be a subnormal series of G and let ¢; : G; — G;/G;_4
be the quotient map. If P = |J_, ¢; '(Q;), where Q; € LO(G;/Gi_1), then we say that P is
induced by the subnormal series Go <G < --- 1 G,,.

Theorem 5.4.2. Suppose G is a finitely generated left orderable nilpotent group, and P is a

positive cone in LO(G). Then there exists a subnormal series

{1} =Gy <G, <--- 4G, =G,
where each factor group G;/G;_y is torsion-free abelian such that P = | J_, ¢ 1 (Q;), where
¢ : G; = G;/G;_1 is the quotient map and @Q; € LO(G;/G;_1).

Proof. We induct on the Hirsch rank of G.

Base case. Suppose that the Hirsch rank of G is 1, then it is easy to see that G =~ Z. Let P

be a positive cone of G, then the subnormal series {1} = Gy < G; = G induces P vacuously.

Inductive step. Let A be a finitely generated left orderable nilpotent group of Hirsch rank at
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most k£ and R a positive cone in LO(A). Suppose that for all such A and all such R, there

exists a subnormal series of A that induces R.

Next, consider a finitely generated left orderable nilpotent group G of Hirsch rank £+ 1, and

let P be a positive cone in LO(G).

By Proposition [5.2.9, the left ordering corresponding to P is Conradian. Therefore, there
exists a short exact sequence

1 >K5G05%H 1

such that H is torsion-free abelian and P = ¢~ }(Q) u (P n K), where Q is a positive cone of
H.

First, observe that K must have Hirsch rank at most k. To see this, suppose KoK <--- <K
is a subnormal series of K. It is easy to see that such a series can be extended to a subnormal

series of G

Since G has Hirsch rank k + 1 and H ~ G/K is a non-trivial finitely generated torsion-free
abelian group, it must be that G/K =~ Z", where n > 1. Therefore, if the Hirsch rank of K

is k + 1 or greater, this would contradict G having Hirsch rank & + 1.

By the inductive hypothesis, there exists a subnormal series of K that induces P n K. That
is

!
PnK = Uq{l(Ri),

=1

where ¢; : K; — K;/K,;_; are quotient maps and R; € LO(K;/K;_1). Therefore,

P=q'@QulJa(R),

which proves the theorem. O
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The following lemma is the converse of Theorem [5.4.2| with the added fact that a positive
cone obtained for a subnormal series with abelian factors is also regular.

Proposition 5.4.3. Suppose G is a finitely generated left orderable nilpotent group and that
GodG 4--- 4G,

is a subnormal series of G, where each factor group G;/G;_1 is torsion-free abelian. For each
factor G;/G;_1, there exists a regular positive cone Q; of G;/Gi—1. If P = ", ¢ " (Qs),

where ¢; - G; — G;/G,i_1 is the quotient map, then P is a reqular positive cone of G.

Proof. First, we check that P satisfies the definition of a positive cone. We show that P is
closed under taking products. Suppose gi,go € P such that g; € ¢;*(P;) and ¢, € qj_l(P])
for some 7,5 € {1,...,n}. Clearly, if i = 7, then ¢;(¢1) - ¢:(92) = qi(g192) € Q:, and so

9192 € ¢; 1 (Q;) < P.

Alternatively, if ¢ # j, suppose without loss of generality that ¢ < j. Then ¢; € ker(g;), and

SO

Qj(glgz) = %(91) : C_Ij(gz) = %(92) € Qj>
therefore g1gs € ¢;'(Q;) < P.

Next, we show that P partitions G. Choose an arbitrary element g € G. Since G =

U, ¢ (Gi/Gi_1), g € ;1 (Gi/Gyi_y) for some i, s0 g = q; (xGi_1) for some 2G;_, € G;/Gi_y.

-1

Since @Q; is a positive cone of G;/G;_1, then either zG;_; is contained in @Q;, @; ", or

2Gi1 = G,

If 2G;_1 € Q;, then g = ¢; (2Gi_1) € ¢ *(Q;), so g € P. Similarly, if 2G;_; € Q;!, then
g € P71, On the other hand, if #G;_; = G;_y, then g € G;_; and so g € ¢, (Gi_1/Gi_2).
If g e ¢4(Qi1) or g € ¢ 4(Q:Y), then we are done. Otherwise, repeating the above
argument, eventually we will find that either g € qj_l(Qj) or g€ qj_l(Qj_l) for some j < i, or

gelGy = g=1.
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To see that P is regular, we induct on the subnormal series. In particular, let S(k) denote

the statement that Ule Q; is a regular positive cone of Gj,.

Base case. There exists a regular positive cone of G; ~ G1/G), call it 1, since by assumption,

(71 is finitely generated torsion-free abelian.
Inductive step. Fix k —1 < n. Suppose Uf;ll Q; is a regular positive cone of Gj_;.

Consider the sequence

Gro1 — G 5 G/Gyo.

By the inductive hypothesis, Uf;ll Q; is a regular positive cone of Gy_;. By assumption,
since Gy/G_1 is torsion-free abelian, there exists a regular positive cone Qy of Gy/Gj_1.

Finally, by Lemma , FHQr) u (Uf:ll Q) is a regular positive cone of Gy. ]

Corollary 5.4.4. If G is a finitely generated left orderable nilpotent group, then the set of

reqular left orderings of G is dense in LO(G).

Proof. Let G be a finitely generated left orderable nilpotent group and let P be a positive
cone in LO(G). We will show that there exists a regular positive cone P’ € LO(G) that is
arbitrarily close to P. Since G is countable, by Corollary [2.3.6], this is equivalent to choosing
finitely many distinguished elements g1, ..., g,, € P and constructing a regular positive cone

P’ such that ¢q,...,g, € P'.

By Theorem [5.4.2] there exists a subnormal series
GodG1 <--- 4G,
of G, where G;/G;,1 is torsion-free abelian and

P=Ja (@),



where @); is a positive cone of G;/G;_;. We construct a regular positive cone P’ such that

P =", ¢71(Qs), where Q; € LO(G;/G;_1).

i=1 i
Without loss of generality, suppose that g;,..., g% € ¢; Y(Q;). Since G;/G;_; is torsion-free
abelian, there exists a regular positive cone Q; of G;/G,_; such that 4i(g5)s - ai(gr) € Q;. For
eachi e {1,...,n} such that {gi,...,gm} N g 1 (Q:) # &, set Q; to be such a regular positive
cone of G;/Gi_y. I {g1, ..., gm} N ¢ H(Q;) = &, then set Q; to be any regular positive cone
of G;/G;_1. Then, by Lemma m,

P =Ja (@)
=1

is a regular positive cone of G and, by construction, P’ contains the elements g1, ..., gn.

Therefore, we have found the desired positive cone P’ O
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5.5 Directions for Future Work

In Chapter [ we determined that the rational flag orderings of Z" form dense sets in their
respective space of orderings LO(Z"). In Section , we also saw that not all orderings of
7" can be regular. Some questions of interest that remain unanswered include the following:
Question 5.5.1. For the case of n = 2, we found that the orderings in LO(Z?) could be
partitioned into rational and irrational orderings. All rational orderings were shown to be
regular, therefore at least some subset of the irrational orderings cannot be regular. Is it
possible that some irrational orderings admit regular positive cones? What is the least level
of language complexity required to recognise a positive cone language of an irrational ordering
of Z*? Do all irrational positive cone languages of Z? fall into the same complexity class?

Question 5.5.2. For n > 2, we saw that the orderings of Z™ could no longer be categorised
into two classes as with the n = 2 case. As a result, we found that Z"™ admits rational flag
orderings, irrational orderings, and what we called the “in-between” orderings. What is the

complexity upper bound for the irrational and the “in-between” orderings?

Finally, in this chapter, we saw how the results from Chapter {4] could be generalised to show
that positive cones of finitely generated nilpotent groups can be built by taking preimages of
positive cones of torsion-free abelian groups. As a result, finitely generated nilpotent groups
also admit dense sets of regular orderings in their respective space of orderings.

Question 5.5.3. Using a similar argument, can we find an analogous result that generalises

to solvable groups?
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Appendix

Definition A.0.4. Let M be a generalised FSA and let T" be a transition diagram repre-
senting M. A path P in T is called an e—path if it is empty or if all the edges on P are
labelled by e.

Theorem A.0.5. [0, Proposition 1.3] Let L be a language over the alphabet 3. The following

are equivalent:
1. L is recognised by a deterministic FSA;
2. L is recognised by a FSA;

3. L 1is recognised by a generalised FSA.

Proof. Since we have the containment

Deterministic Generalised
] FSA , C
FSA FSA

it is clear that (1) = (2) = (3). We show that (3) = (1).

Suppose L is recognised by the generalised FSA M = (Q, F,3,7,q). For any subset of

states X < (), define the closure
X ={S5,€Q|S,€X,S,...,58,.1 € Q such that (s;,¢,8,,1) €7 for 1 <i <n}.

In English, this means that X is the set of states reachable from X via e—paths.
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Claim: X = X.

Proof of claim: The fact that X < X is vacuously true. To see that X < X, suppose B € X.
Then, there exists a state A € X such that there exists an e—path P, starting at A and
ending at B. By the definition of X, this means that there exists some z € X and an e—path
Py starting at = and ending at A. The concatenation of P, and P, is an e—path starting at

z and ending at B. Therefore, Be X and X = X.

Next, we are going to construct a deterministic FSA that will recognise the language L.

Denote this machine by M’ = (@', F', X, 7', q;). Define @)’ to be

Q' = {X < @ such that X = X}.

Define the set

d(X, a) = {states incident to edges labelled by a which are incident to a vertex in X},

and set 7 = {(X,a,0(X,a))|X € @Q,a € ¥}. Finally, set ¢) = {go} and F' = {q €

Q' such that ¢ n F' # ¢f}. Then M’ is deterministic due to the property X = X.

It remains to show that £ = L(M’). Suppose w € L(M), then there exists some
Qs qn € Qand aq,...,a, € ¥ U {€}

such that w = ayas - - - a, and (¢;_1,a;,¢;) € T forall 1 <i < nand ¢, € F. Choose a sequence
of b;’s from X such that w = by ---b, and b; # € for 1 < ¢ < k, that is, we want to spell w

without any instances of e.

Since M’ is deterministic, there is a unique sequence of states ¢, ¢, ...,q. € @ such that
0(qi1,bi) = a (%)

Suppose that the first non-¢ letter in w = a; - - - a,, is a;, then a; = by and a; = --- = a;_1 = €.
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This means that there is an e—path from ¢q to ¢;_1 in M. So, by construction, ¢;_1 € {go} =
g, which implies that ¢; € 6(go,b1) = ¢} (by () and since ¢;_1 —> ¢; is a transition in M).
Continuing in this manner inductively on the subwords a; - - -a, and b, - - - by, we eventually
conclude that ¢, € q;.. Since g, € F, this means that ¢, n F' # ¢J, hence q), € F’. Therefore,
M’ accepts w and L(M) < L(M).

To see that L(M') < L(M), begin by supposing that w = a; ---a, € L(M’). Then there
exists a computation

/ / /
q07a17Q17 cee 7a’n7qn

of M’ which is successful (i.e., ¢/, € F'). Then, by construction, there exists a computation

qola"'7q0k07a17q117"'7q1k17a27"'7anaQ7117"'7Q7Lk7

where ¢;; € g; forall 0 < i < n, 1< j < k;, and g,, € F. Thus, L(M) accepts w and

LM < LM). O

Lemma A.0.6. An arbitrary element w of the Klein bottle group

m(K) ={z,ylayz =y ")

can be spelled with strictly positive (negative) exponents.

Proof. We prove by inducting on the length of the word w.

Base case. Suppose w is a nontrivial word of length 2 which does not already have all positive
(negative) exponents in its spelling. There are four cases to consider, each of which can be

rewritten as follows due to the defining relator of the group:

o Yyt =yz,

« ylr=uay,

7



e xT'y=y 'z, and

Inductive step. Fix k > 2 and suppose that any word of length at most k£ can be spelled
with strictly positive (negative) exponents. Consider a word w of length k& + 1. Let w = uw,
where u is a subword of length k. By the inductive hypothesis, there exists a spelling of u

with strictly positive (negative) exponents.

o Case 1. Suppose u is spelled with strictly positive exponents. If v = x or v = y, then

we are done.

Case 1, a. Suppose v = y~ 1. Let u = @i/, where @ is a subword of length k — 1. Then

w = au'y L.
— If v’ =y, then w = Gyy~! = @. Apply the inductive hypothesis to w.

— If w' = @, then w = Gwy™' = Gyx, i.e., we have found a spelling of w with all

positive exponents.

Case 1, b. Now, suppose v = x~!. Similarly, let u = @', then w = au'z " .

1

— If ' = x, then w = azz™" = 4. Apply the inductive hypothesis.

— If ' = g, then w = ayx~'. Applying the last rewriting rule from the base case

1

yields w = @z ~'y~!. By the inductive hypothesis, 4z~ = w, where w is a word

with strictly positive (negative) exponents. If w has all negative exponents, then

we are done. If w has all positive exponents, then apply case 1, a.

o Case 2. Suppose that u is spelled with strictly negative exponents. A similar case

analysis follows as in case 1. O]

Computation A.0.7. Recall the Heisenberg group

H=(X,Y,Z|Z=XYX 'Y N XZ=2IXYZ=2Y).
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We show that the quotient H/Z; is abelian, where Z; = (Z) is the center of H. The quotient
H/Z, is abelian if and only if for all hy, hy € H the commutator [hy, ho] = hy'hy  hihy € Z;.

Let hy and hy be two arbitrary elements in H, then

1 a b 1 d e
hi=10 1 ¢ and  hy=10 1 f],
0 01 0 0

—_

where a, b, c,d, e, f € Z. Consider the product:

1 —a ac—0b| |1 —d df —e| |1 a b| |1 d e
hithy'hiha =10 1 —c [0 1 —f |]o0

—
o
]
—_

~~

0 0 1 0 O 1 00 1110 0 1

1 —a ac—b| |1 —d df—e| |1l a+d e+af+b
=10 1 —c 0 1 —f 0 1 c+f
0 0 1 0 0 1

=10 1 —c 0 1 c
0 O 1 0 0 1
1 0 af —dc
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