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ABSTRÀCT

The fuIly developed turbuLent flow and heat transfer charac-

teristics in rectangular ducts has been investigated numeri-

cally.Thepredictionemp}oyedthek-etwo_equationmode]

and the general elliptic finite difference procedure of Gos-

man et aI(1 969) - For the vorticity source term' five dif-

ferent algebraic models have been used' They are:

1

that

ca1

2

the

duc t

3. NR

that the

gradi ent s

ties.

model by

Reynolds

of both

& Rodi(1982).

v2-w2

This model

determi ned

sec onda rY

asSumes

by the

veloc i-

.LYmodetbyLaunder&Ying(1972).Thismodelassumes

the Reynolds strerr îr-rr, can be determined by the Io-

gradients in the mean axial velocity distribution'

. Seale,s model by Seale(1982). This model claims that

vorticity source term can be determined mainly by the

geometrY.

Naot

st ress might be

and thethe main flow

4. k model bY the Present

that the ReYnolds stress î'-w'

the gradients of the turbulent

author. This model assumes

can be determined in terms of

kinetic energY k.
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5. € model bY

that the ReYnolds

the gradients of the energY dissiPation rate €'

The results obtained by using each of the five models

were found to compare fairJ-y welÌ with the available experi-

mental data. Overallrthe present work compares the results

of five different vorticity source models for the prediction

ofsecondaryflowinductshavingmorethanonecellofsec_

ondary flow in each symmetric part'

The comparison suggests that whereas all five modelS per-

formed reasonally well, oñ an over_al]. basis, Seale.s modef

is slightly prefered over the others in predicting the flow

characteristics in duct of complicated cross-section'

the present author. This model

stress v?-*" can be determined in

assumes

terms of

1V
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I

INTRODUCTÏ ÔN

The design and development of compact heat exchangers, 1n-

cluding those in nuclear reactor cores' depends as much on

knowledge of the local mean flow characteristicS as on the

overall flow and heat transfer. There is an urgent need

for detailed predictions of turbulent flow and heat transfer

in straight passages of non-circular cross-Section. Such

predictions would enable designs of compact heat exchangers

and the many other non-circular passages to be made directly

on the basis of the fluid flow and thermal performence re-

quired, and thus enabling optimum use of the available

space.

over the past 1 5 years a number of turbulence models and

numerical procedures have been developed. The most widely

used procedure has been based on the k-e turbulence model

for the effective viscosity, together with a general elIip-

tic finite difference scheme by Gosman et al[ 1 ]. By this

method, the vorticity source modelling becomes a key ingre-

dient in a successful and versatile computation.

yadava [ 2 ]

dicted the

using three

applied the k-e model to a square duct and pre-

fulIy developed turbulent flow characteristics

different vorticity source models' His study

1



was purposely confined to a

only one flow cell in each

showed that the LY, Seale' s

suitable for the Prediction

square duct. Overall, the

Iess equalIY well.

2

simple geometrY consisting of

symmetric Part. The results

and k correlation models are aII

of. flow characteristics in a

three models Performed more or

In the present work, the applicability of the various

vorticity source models to predict.the flow characteristics

in ducts of more complicated cross-section is explored' The

study shows that LY and seale'S models are suitable for the

prediction in rectangular ducts. However, the k correlation

modet failed to achieve a converged solution and had to be

abandoned. The NR model was also tested to predict the rec-

tangular flow and satisfactory results were obtained' In

addition to the existing vorticity source models, the pres-

ent author noticed the similarity of the distributions of

u,k and e and developed another two vorticity source models

in terms of the k and e distributions respectively' The

five vorticity source models were used successfully to pre-

dict the flow and heat transfer characteristics in rectangu-

lar ducts with aspect ratios of 121 ' 2:1 ' 2'5¿1 ' 3z 1 and

421.



II

LITERATURE REVIEW

GENERÀL

FuIly developed turbulent flow in straight non-circular pas-

sages is considerably more complex than in circular tubes

due to the presence of turbulence-driven secondary flow in

the passage cross-plane. These fIOwS cause the main flow to

spiral through the passage and although they are relatively

weak compared with the main flow, they have a significant

influence on the local mean-flow distributions of interest'

chiefly the waIl shear stress and axial velocity.

passages of non-circular cross-section are often encoun-

tered in engineering practice. Examples are flows in heat

exchangers, ventilation and air-conditioning systems, nucle-

ar reactorsrturbomachinery, open channels' canals and riv-

ers. The flow in such ducts is accompanied by secondary mo-

tions in the plane perpendicular to the streamwise

direction. By transporting high-momentum fluid towards the

corners, it causes a bulging of the velocity contours to-

wards the corners. In open channel flows, this secondary

motion moves fluid with relatively Iow streamwise momentum

towards the centre portion of the channel and causes the ob-

served depression of the velocity maximum below the surface'

3
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Furthermore, the secondary motion produces an increase of

the wall shear stress towards corners' an effect which is of

great importance for sediment-transport and erosion prob-

lems. SimilarIy, the heat transfer at duct walls is influ-

enced significantty by the secondary motions'

For these reasons it is important to understand and be

able to accurately predict secondary-fIow phenomena and any

attempt to deal with the turbulent flows in ducts or passag-

es of non-circular cross-section must pay special attention

to the simulation of this secondary flow motion.

EXPERIMENTS

In his experimental work of turbulent flow in straight ducts

of sguare cross-SectionT Nikuradse[3] found that the con-

tours of axial mean velocity(isovels) bulged outwards near

the corners. This is quite different from pipe flow'

prandtlt4l suggested that these were the result of secondary

flows toward the corners which to satisfy continuity re-

quired a return flow at the mid-point of the walls. This

secondary flow $¡as termed as Prandtl's second kind of secon-

dary motion.

Quantification of these secondary flows was not

until Hoagland[5] devised a hot-wire technigue,

subseguently employed, with improved accuracy' by

& Baines[6], GessnerlTl, Gessner & 'lones[8] and

ving[9J. PrincipaIly, Hoagland studied the flows

repor ted

which was

Brundrett

Launder &

in rectan-
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gular ducts with aspect ratios of 1:1 ' 221 ' 3:1 ' He used

the hot-wire anemometer and pitot tube instrumentation to

measure the mean primary(axial) velocities. The secondary

velocities were det,ermined from observation of flow direc-

tion using a very sensitive hot wire system developed by

himself. In the experiment, he noticed that the secondary

flows were found to behave in the manner originally suggest-

edbyPrandt}.Theywereaboutthesamemagnitudeinall
three ducts. Maximum secondary velocities of approximately

ltol.5percentoftheaxialcenterlinevelocityvJerefound
to occur near the wall in the corner region where large wall

shearstressgradientswereobserved.Thesecondaryf}ows'
by convecting axial momentum, were seen to have a signifi-

cant effect on the primary frow distribution, particurarry

bycausingthewallshearstresstobenearlyuniformaround
the duct periphery except for the corner region'

Leutheusser[10] reported the turbulent mean flow distri-

butions in smooth rectangular ducts of aspect ratios of 1:1

and 3:1 over a range of Reynolds number between 104 and 105'

Heconcludedfromtheexperimentthatthedistributionof
the axiar mean verocity rendered nondimensionar by division

with the velocity at the center of the cross-sec-

tion,exhibibedadistincttrendtowardgreateruniformity
withincreasingReynoldsnumber.Thedistributionofthe
wal]stress'normalizedwiththeaveragewallshearstress'

alsotendedtowardgreateruniformitywithincreasingRey_
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nolds number. contrary to conditions prevailing in circular

pipes and two-dimensional channels, static pressures in the

interior of the conduits v¡ere found to be higher than those

at the periphery. Friction coefficients for rectangular

conduits appeared to be smaller than thosë for circular

pipes.

Àlthough Prandtl[11] gave some explanation of the origrns

of the secondary motion, it vras not until the work of Brun-

drett & naines[6] that a fair]y comp]ete description was

provided. They showed that it was gradients in Reynolds

stresses in the plane of the cross-section that give rise to

a source of streamwise vorticity. Their work included hot-

wire measurements of all six components of the Reynolds

stress. From these data they deduced that, in rectangular-

sectioned ducts, it vlas predominantly the normal-stress 9ra-

dients which generated the velocities in the plane of the

cross-section. They showed that the basic pattern of secon-

dary flow is independent of Reynolds number, but that with

increasing values of Reynolds number the flows penetrate

further into the corners and approach closer to the walls.

Gessner & Jones[8] used an X-array hot-wire probe which

enabled the Reynolds stresses to be measured more accurate-

}y. They derived a momentum equation for the velocity com-

ponent along a secondary-f1ow streamline and measured the

terms in this equation at points l-ocated on this streamline

as well as the normal gradients by moving the hot-wire nor-
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mal to the streamline at each point. This wâY, the individ-

ual terms in the momentum equation coutd be measuned quite

accurately. Brundrett and Baines, Iike HoagIand, estab-

lished that at any point in the duct the Reynolds number

does not affect the ratio of primary to secondary velocity'

Gessner & JOneS' meaSurements indicated, however, tha! the

secondary motion diminished substantially relative Lo the

axial velocity as the Reynolds number was increased' They

found that the greatest skewness of Iocal wall shear-stress

vectors occurs in the immediate vicinity of corners' For

the rectangular channels the skewness on the longer wall is

greater than the skewness on the shorter waIl at points

equidistant from the corner. They concluded that in planes

normal to the axial-flow direction, opposing forces are ex-

erted by (1) the Reynolds stresses and (21 staLic-pressure

gradients. small differences in magnitude of these forces

cause secondarY fIow.

Launder & Ying[9] used two square ducts(one duct smooth

and the other rough) for their experiment. They found that

the secondary velocities normalized with average friction

velocity is sensibly independent of whether the duct is

rough or smooth. They have argued that the effect of Rey-

nolds number on the secondary motion can be reduced if not

eliminated by normatizing the secondary velocities with the

friction velocity rather than with the bulk velocity.



I

In additiOn to square and rectangular ducts, experimental

work has been done in ducts with many other cross-section

shapes. such measurements have been reported by LyalLt12l

in two-sguare interconnected sub-channels, Kacner[13] in a

circular duct containing two small rods, nowe[141 in ducts

containing rods arranged in a square array ' K jellstrom['15 ]

and Trupp n o"u¿[16J in triangular-array rod bundles, cara-

jilescov & Todreas[17] in a duct simulating an interior sub-

channel of a triangular array, Rehme[1BJ in a single row of

rods between two flat wa11s, AIy, Trupp & Gerrardl19] in an

equilateral triangular duct, seale[20] in a simulated rod

bundle, and Hooper & nehme[21] in closely-spaced rod arrays'

otherthanthefullydevelopedturbu]'entflow,severa].
experimental results have been reported on the developing

flowsinsguareandrectangularducts.Experimentersin_
cluded Ahmed & BrundretLl22l, pq[23J, MeIIing & whitelaw[24]

and Lundt25l. Most of these experiments were conducted in

ducts of square cross-section'

PREDI ETT ON

closed form analytical solutions of turbulent flow are stiIl

notpossibleduetotheclosureproblems.However,various
attempts have been made by several investigators in order to

predict the flow numerically and achieve reasonable agree-

ment with the available experimental data'
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For the numerical prediction of turbulent flow in non-

circular ducts, two guestions always arised: (1) what kind

of turbulence model should be used, (2) what kind of numeri-

caL scheme should be choosen.

Turbulence Models

In order to obtain closure of the ReynoJ-ds eguation, many

kinds of turbulence models have been developed in the last

half century. Depending upon the number of turbulence pa-

rameters used as the dependent variables in the differential-

transport equations, Reynolas[26] classified turbulence mod-

e1s as follows:

1. Zero-equation models---model-s using only the pde for the

mean velocity field, and no turbulence pde's'

2. One-equation models---models involving

relating to the turbulence velocity scale'

3. Two-equation

pde related to a

an additional Pde

models---models incorporating an additional

turbulence length scale.

4. Stress-equation models---models involving pde's for all

components of the turbulent stress tensor'

5. Large-eddy simulations---computations of

sional- time-dependent large-eddy structure

model for the smaIl-scaIe turbulence'

the

and

three-dimen-

a low-Ievel
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The first recognisable turbulence modeI, the mixing-

Iength model proposed by PrandtIl2Tl, is a zero-equation

model. Its central presumptions vrere: that time-averaged

shear stresses and time-averaged verocity gradients are re-

IatedbyformulaeoftheSametypeasprevail.forlaminar
fluids; that the "effective viscosity" entering these formu-

]-ae is proportional to the product of local density, a local

turbulence-Iength scale, and a local velocity of random mo-

tion;andthatthisrandomvelocityisproportionaltothe
length scale multiplied by a local gradient of velocity'

FolIowing Prandtl'S mOdeI, several other models appeared,

including the Von 6.r¡¿¡[28J mixing length model and the Van

Drie s¿129J modified mixing length theory'

Theone-equationmodelwasinitiatedbytheworkofKol-
mogorov[30] and Prandtl[31]. Kolmogorov proposed that the

random velocity might be taken as the square root of the Io-

caI kinetic energy k of the fluctuating motion, and that

Iength scale might be equal to this velocity divided by a

characteristic frequency S' For both k and !' he proposed

differential equations, purporting to describe how the vari-

ations of these quantities were infruenced by generation,

dissipation, convection and diffusion'

Prandtl made an independent suggestion' a fev¡ years lat-

€rr which contained part of the Kolmogorov hypothesis' He

used the same differential equation for determining the k



variation; but he retained his assumption that the

scale could be taken as proportional to the distance

waII.

11

length

from a

During the last twenty years' a number of works have

sought to provide models of wider applicability by supplying

a transport equation from which the length scale may be de-

termined. Here may be mentioned, for examnle' the work of

Harlow & Nakayama l32l , Rodi & Spalding[ 33 ] , Ng & Spald-

ing[34], Spatding[35J, and Jones & Launder[36]. Each of

these models provides an equation for the turbulent kinetic

energy in addition to a scale-determining equation. closure

is thus accomplished through the Prandtl-Kolmogorov formula

for the effective turbulent viscosity v '

Yt =kã I

where k denotes the turbulent kinetic energy and I a length

scale proportional to that of the energy-containing motions'

since an equation for the turbulence energy is solved, it is

clearly not essential for the dependent variable of the sec-

ond transport equation to be the length scale itself; any

variable of the form k" it would be suitable. Thus Ng &

spalding and Rodi & spatding have used an equation for the

energy_length-scaleproductwhileHarlow&Nakayamaand
Jones & Launder have preferred the energy dissipation rate'

which at high turbulence Reynolds numbers may be interpreted

(2.1)

k+ /L.AS
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RecentJ-y, the k-e two-equation model has been favored by

many investigators including Launder & Spalding[32], Gosman

& Rapleyt3Ell3gl , Seale[40], Nakayama,Chow & 5¡¿¡¡¡¿[41ì and

Demuren & nodi 142). Satisfactory prediction results have

been obtained for various kinds of secondary flow problems'

Numerical Scheme

Generally, the ways of applying finite difference method of

discretizing the transport equations fatl into tlro groups:

the vorticity-based method and the primitive method'

The vorticity-based method has an advanLage which is that

there is no pressure term appearing in the transport equa-

tion. This method is made easily accessible through the

book by Gosman, Pun, Runchal, Spalding and Wolfshtein[1 ] '

This method has been applied to solve various two-dimension-

aI problems. The elimination of pressure from the two mo-

mentum equations by cross differentiation leads to a vortic-

ity transport equation. This, when combined with the

definition of a stream function for steady two-dimensional

situations, is the uasis of the vorticity-based method' The

differential equations from the conservation laws are gener-

alized by one standard eIIipt'ic partial differential equa-

tion. using an upwind finite difference method, this dif-

ferential equation is replaced by the simultaneous algebraic

equations which are solved by the iterative method'
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By using the k-e model and the vorticity-based method, a

means must be found to express the Reynolds stresses appear-

ing in the source term of the vorticity transport equation'

The problem of vorticity source modelling thus arises.

VorticitY Source ModeIs

The first vorticity source model stas developed by Launder &

yingt43l. These authors recognized that a model using an

i sotropic eddy v i scos i ty for calculat ing the turbufent

stresses in the streamwise vorticity equation does not

produce any secondary motion at all and that more refined

modelling of these stresses is required. Accordingly they

derived a model for the stresses v2-w2 and vw by simplifying

the transport equations for these stresses as given in a

model form by Hanjalic 6. LaunderIaa]. From these differen-

tial equations, algebraic expressions for the above stresSes

vrere obtained by neglecting the convection and diffusion

terms(assumption of locaI equilibrium) and by further neg-

Iecting aIl secondary velocity gradients. The primary shear

sLresses uv and un were calculated from a standard eddy-vis-

cosity modeÌ. Àt that time, they were still using the k-I

one-eguation model. The turbulent kinetic energy k appear-

ing in the stress relations was obtained by solving a trans-

port equation for k, and the distribution of the length-

scale I was determined from the algebraic geometrical

formula of Buleevt45l. This algebraic stress model denoted

LY has been used over a fairly wide range of straight duct



flows including the square duct by Launder & YÍng'

Iateral triangular duct by Àly,Trupp & Gerrara[19]

angular array rod bundle by Trupp & Aly[46]'
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the equi-

and tri-

Based on the work of ALshamaní1471t481, Seale[40J tackled

complex geometries and came up vrith an algebraic vorticity

source modeI, which is calculated directly and without iter-

ation. He illustrated that the model could reproduce secon-

dary veloc it ies in sguare and tr iangular cross-sect ion

ducts, and in a duct consisting of two interconnected sub-

channels. This model- is hereafter called the Sea1e's model'

Yadava[2] introduced another modeI, k correlation model'

in which the vorticity source term is calculated based upon

the relationships between turbulent intensities as proposed

by ÀIshamanit48l. Together with LY model and seale's model,

three models were tested in the sguare duct. DetaiI compar-

ison of the characteristics of these three models has been

given in his thesis-

Primitive Method

The primitive method has been developed successfully by the

work of patankar & Spalding[49] [50], PatankarISt 1 ' SpaId-

inglSZ]. One of the advantages of the primitive method is

that it can be used for three-dimensional problems.

using the complete six Reynolds stress model proposed by

Gessner & Emery[53] and the curvilinear mesh system, Gosman



& Rap1ey t 38 I t 39 I obtained a number of results

flow in ducts of different geometries including

triangular duct, square duct' rectangular duct,

duct and different tube assemblies.
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of secondary

equilateral-

elliptical

Nakayama et aI[41 ] employed the extended LY model(the

complete six Reynolds stress model from Gessner & Emery[53])

to predict the secondary flow in sguare' rectangular and

trapezoidal ducts. Detailed locaI structures of turbulence

were discussed.

Naot & Rodi[54] and Demuren & Rodí1421 noticed the impor-

tance of the secondary velocity gradients in the Reynolds

equation and proposed a new a)-gebraic stress model which

might be called the NR model. For this model, satisfactory

results were obtained in the square duct and in a partially

rough rectangular channel.

It seems at the present time, that the k-e equation and

Ly model have been used successfully accompanied by both the

primitive method and the vorticity-based method. From the

viewpoint of the mathematic treatment, fulIy developed tur-

bulent flovr is a two-dimensional problem in nature. For

this reason, the k-e two-eguation model and Gosman et af[1]

vorticity-based method have been used by the present author

to predict the secondary fl-ow in rectangular duct with five

different vorticity source models.



III

GOVERNING EOUÀTIONS

In this chapter, the governing equations for the fully de-

veloped turbulent flow in a rectangular duct are presented'

Due to the duct configuration, the Cartesian coordinate sys-

tem is employed. The symmetrical property of the duct re-

quires only one fourth part of the cross-section of the duct

to be considered. The governing equations include the Rey-

nolds equations, vorticity and stream function equations, k

& e eguations and the temperature equation. These equa-

tions describe the fuIIy devel-oped, steady and incompressi-

ble turbul-ent flow of a constant property fluid with ne91i-

gible body force

CONTINUTTY ÀND REYNOLDS EOUÀTIONS

The conservation-of-mass principle states that'

flow process, the net rate of flow of mass into

volume is zero. The continuity equation reads:

öv ðF

-+-=0ðY óz

and

õu ðv ðw

--0ðx ðY óz

in a steady-

any control

(3.1)
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(3.1-À)



The eguations

derived from the
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of motion for the turbulent flows can be

Navier-stokes equations.

Using the tensor notation, the Navier-stokes equation is:

OrilDu' ð_'= _(pr.i ) (pu¡ u¡ ) pF.i ( 3.2 )
ö

+ +p
DT

while the

Duj

Dt

õr öxt

Reynolds equation is:

öÞ ð õu;_ + _(¡. " _ ou¡r,
ð*j ðx; ðx;

+ pFj (3.3)

(3.s)

(3.6)

the over-bar designates time-

(3.5) and (3.6) are differentiated

is easy to show that the magnitude of

the cross-section of the flow.

ðxi

p

For our case, the Reynolds equations for the three direc-

t ions are:

õü ðû öÞ tíO úU öuv õv'u
p(Vl*w-¡=--*r,t:J-.) -p(-+-) (3'4)

õy 6z öx fv tl ðY 6z

ðV ðV ðÞ uV dv õ!F õvw
o (V-aç-) =- -+ tt( -+-) -p (- + 

- 
)

ðy 6z öY óY2 öz' õY 6z

ðw õw ðÞ u'w rw ðvw ðF
p(V-+w-)=--+p(-* -) -P(-+- )

õy óz óz ót' 6* öY 6z

In the above expressrons'

averaged quantities.

rf equations (3.4),

with respect to x, it

tY/tx is constant over



The roles of the various terms ln

equation (3.4) are more easily understood

rearranged in the following form:

r ðÞ ðñ õr.¡u dO dr;- -ðÛ 
ðÜ

p õx õy óz 6Y2 óz' ðY 6z

(Source) (Diffusion) (convection)

the
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axial momentum

the eguation isif

(3.7)

The convectiOn terms indicate the change in the axial mo-

mentum of a fluid particle due to the convection by secon-

dary velocities. These terms are absent in a flow through

circular conduit. The diffusion terms represent the change

in the axial momentum due to viscous effects and Reynolds

shear stresses. The source terms' represents the change in

the axíaI momentum due to the axial pressure gradient '

AXIALvoRTIcITYÀNDSTREÀMFUNCTIoNEoUÀTIoNS

The following definition for the stream function (¡I,) and ax-

ial vorticity (ar) forms the basis for the calculation proce-

dure:

pv=t*/62 (3.8)

pñ=-6'{./óy (3.e)

a=ów/óy-tv/tz (3.10)
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The pressure gradients in eguations (3.5) and (3.6) may

be eliminated by the cross-differentiation. By making use

of the continuity equation(3.1) as well as the definition of

(,), the transport equation f or the axial vorticity may be

written as:

ðc.¡ 6a ö2 d,r* d"" 8' {'.
V-+w- t|r-"t)-( --)+u(-* -) (3.11)
öy óz 6y6z öYt 622 ót' öz'

(1) (2) (3) (+)

This equatlon

only velocities

obviously exists

vice versa.

the exPression for Q include

in the y and z directions and

secondarY velocities exist and

as well as

and gradients

only if the

The terms (1) represent the convection of the streamvrlse

vorticity by the mean motion. The terms (2) and (3) express

the influence of the turbulent stresses on the production or

destruction of streamwise vorticity, and (4) the damping by

viscosity.

Substitution of

sults in the stream

(3.8) and (3.9) into'(3'10)

equation:

(3.12)

equations

function

0

re-

õð+ðð*
-(-) 

+-(-) + p0)

ðy õy óz óz
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THE K-E EOUÀTI oNs

For the axial momentum equation(3.7), it can be seen that

the quantities üv and u-w have to be specif ied. These shear

stress components Iie in planes parallel to the direction of

the primary velocity and therefore, the conventional turbu-

Ient-viscosity concept serves weIl enough for their simula-

tion. These shear stress components are approximated as:

1ðU
uv F¡- (3.13)

p õy

ðû
t¡U = Ft- (3.14)

p6z

where p is the isotropic turbulent (eddy) viscosity and

1

is given

lt =

by the Prandtl-Kolmogorov formula:

Cy okz/" (3.1s)

wherekand€are
port equations which

õk ðk ö ttt
p[V- +w-]--[ (¡¡+-

õy öz ðy oK

þte ðUz
_c 1-[ (-)

kðv

determined

read:

ðk ð ttt
)-l--[ (¡r+- )
ðy 6z o¡,

by the corresponding trans-

õk

-l6z

õUe ðUt
-r¡r[(-) + (-) J +p"

ðy 6z

ðe õe ö ut õe õ ttt õe
o[V-aç-]--t (¡¡+-)-l---[ (¡¡+-) 

-]ðy óz ðy oE ðY öz oe óz

e2
+ CzP-= 0

k

(3.16)0

ðUz
+(-) l

óz
(3.17)
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Theequationsaboverepresentthehigh-Reynoldsnumber
k-e turbulence model which are used in the present pre-

diction. The various model constants are determined by ref-

erence to the experimental data. The effects of the various

terms in equations (3.16) and (3.17) on k and € are parallel

to those terms in equation(3.7) on axial velocity' The con-

vection terms in equations (3.4),(3.11),(3.16) and (3'17)

may be expressed in terms of stream functions(*) in the fol-

lowing forms:

ð õ+ ö ð'I ð õu õ .ðu ðP

-(ú-)--(ú--)-t-( 
¡r*¡a):J-t-( ¡¡+y1)-7 + .- = 0 (3-18)

õy 6z óz õY ðY õY 6z 6z õx

õð+öðq'ððõõj- (, 
-) --(o,-) - -t- 

( pr.r) J --t- ( ¡r<,-r ) J

õy öz 6z õY õY ðY 6z öz

ð õ+ ð ö+ ð !¡6e- -ð tt+,

_ ( e _) _ _( € _) _ [_( s+_)--J - L--( ¡¡+-)
ðy 6z óz õY ðY ot óY óz oe

ð2(æ-w'z) õ2vw ö2vw
-p +P 

-
óy2 ózz6yöz

õ ö{, õ ð* ð r¡¿ðk_ _ö ,/rðk.

-( x--_) --( k-) - t- ( p+-) 
-l - L- ( p+- ) -lðY 6z óz õY ðY o* 6Y óz aröz

ðÚ ðÚ
-ptl(-)2+(--)21 + pe = 0

ðY óz

ðe

0 (3.1e)

( 3.20 )

(3 .21)

l
6z

ltte ðUz
_c 1-[ (.-)

kðv
õU:

+(-)
óz

e2

)+C z p-
k

0
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TEMPE TURE EOUÀTION

The temperature equation can be derived from the energy con-

servation equation and is expressed as:

ð

ðy

Prt is

value

value

örI ð ð+ ð tt trt ðT õ P r¡, õT ðT
(F-) - -tr-l - t-(- *i) 

-l - t- (- +-) -l 
+p[- =0

óz 6z ðY ðY Pr Pr1 õY óz Pr P4 6z ðx
(3.22)

its usual

given the

BOUNDARY CONDITIONS

The domain and the coordinate are shown in Fig.1. The

aspect ratio À is defined as

)¡=H1/H2
(3 .22-1)

where H1 and H2 are the half width and height respective-

1y.

(1) Stream Function(*)

with reference to Fig.1, since no net mass is transfered

across the four boundaries(i.e. two solid wall and two sym-

metrical Iines), the stream function is constant along these

boundaries. This constant v¡as conveniently set to be zero'

(Ð Àxia1 vorticity(cu)

the turbulent Prandtl number and is assigned

of 0.09. The laminar Prandtl number Pr is

of 0.7(for air).

The

can be

vorticity boundary condition at the symmetric Iines

derived from its definition.
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Àt y=o in Fig.1, from the symmetric property we know that

ðF/ðy=g. Àlong y=0, v is zero which results in 6V/öz=0.

Since o=tW/óy-öV/ó2, thus r,r=0 at y=0. The same conclusion

can be obtained at z=0. Therefore, the vorticity is zero at

the two symmetry ]ine boundaries. Near the waII, it was as-

sumed that the vorticity varies Iinearly with the normal

distance from the waII.

(3) ú,k,e and T

of

Àlong the symmetry Iines'

U, k, e and T to be zero.

the symmetrY demands gradients

MathematicallY, it is given

dJ ¡

For y=0, 0-<z(H2:

ðú ðk ðe ðT
0 ( 3.23 )

ðy ðy ðy õy

For z=0, OrcY(H1 :

ðU ðk õe ðT
0 (3.24)

6z óz óz óz

It is assumed that the universal law of the waII holds good

in secondary flow problems and can be used to represent ac-

curaLely the velocity profile in the region close to the

wall. Therefore. a bOUndary condition $¡as imposed on the

nodes next to the wall. However care was taken in designing

the grid such that these first string of nodes are located



beyond

volved.

the viscous

The boundarY

sublayer for the Reynolds number

expressed as:

24

1n-

the

in

condition is

ú=u* [ ern (

pu* | zn -zrl
)+sl (3.2s)

u

where u* represents the local friction velocity and A and B

are constants. The suffix p denotes the wall node whereas n

and m stands for the node next to the wall and the node

twice removed from the wa]I respectively, in the direction

normal to the waIl.

The local wall- friction velocity u* is given by:

u*="ffi (3.261

where the loca1 wall

turbulence field data

the f luid as f ol-Iows:

shear stress r

at the second

is calculated from

string of nodes (m)

,= oc'í k/:v, /lÀ1n (
pu* 

| 
z* -2, 

I )+sl (3.271
u

By reference to the properties of the "constant-stress" waII

region, the boundary conditions for the turbulent kinetic

energy (k) and its dissipation rate (e) v¡ere prescribed'

They were also imposed at the first string of nodes(n), ad-

jacent to the waII and given by the conventional form:

kn =u* '/cl; ( 3.28 )

(3.29')€n=u*3/(xz,)



where K

di stance

is the

norma I

universal Von-Karman

to the waII.
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constant and zî is the

( 3.30 )

(3.31)

For the temperature equation, it is assumed that the av-

erage circumferential surface flux is uniform along the duct

and, at any station, the circumferential waII temperature is

constant. The boundary condition on T is again the appro-

priate'universal' semi-Iogarithmic law:

q"Û
T" =T* [- +P* ]

pc, u* u*

where the P-function has the form:

Pr
P*=9 .241(-

Prt

t
)a -11



For the axial vorticity equation, its complete closure re-

quires the specification of gradients of the difference in

Reynolds normal stresses "'-"' as well as Reynolds shear

stress vw in the axial vorticity source term'

A number of invéstigators have shown that the shear

stress terms are negligibly small compared with the normal

stress terms, €.9. the measurements of Brundrett and

Saines[6] in a square duct, and those of AIy et aI[19] in a

triangular duct. Trupp and Aly[46] found that the normal

stress vorticity production predominated everywhere in the

subchannels of triangular array rod bundle. Vorticity pro-

duction, therefore, v¡as considered to be solely due to the

inbalance in the normal stresses, i'e' "'-7'

In the

dete rmi ne

VORT CI TY

present work,

the vorticitY

IV

SOURCE MODELLING

five models have been prescribed to

production.

26



THE LY MODEL

Launder and Ying [43] proposed the first vorticity

model as:

köûðú
1,rz_[z¡=ç' 1

-[ uv- (4.1)
ðy 6z

27

source

e

r.'hich

ax iaI

relates the vorticity-generating Reynol-ds Stresses to

gradients of the mean velocitY.

Substituting equation (3.13) and (3.14) into equation

(4.1) gives:

kðÚöt
(æ-", ) =Cf u*-t (-) 2-(-) 2 l

pe óz ðy
(4.2)

This model, with extended form by Gessner & Emery[53], has

been widely used to predict sucessfulty the secondary flow

in ducts of various kinds of cross-section. However' the

constant Ci has a wide range of values among different in-

vestigators, ê.g. Launder & yingIa3] used Ci=0.0185, Gess-

ner C po[55] used Ci=0.101 and ÀIy, Trupp & Gerrard[19] useC

Cì=0.01 1. In the present case, different values of Ci were

chosen for each of the different aspect ratio for the rec-

tangular ducts. DetaiI will be discussed in chapter 6.
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THE SEÀLE'S MODEL

Àlshamani[48] examined the axiaI, normaL and tangential tur-

bulence intensity measurements carried out by several inves-

tigators and observed a similarity in the distribution of

these turbulence intensities. He concluded that any two

components of turbulence intensity are very nearly linearly

related. Based on the data of Sandborn[56], Laufer[57] [58] '

Lawn[59]i601, CIarkt6l I t62l and Comte-BeIlot[63], Àlshamani

proposed correlations among turbulent shear stressr'turbu-

l-ent kinetic energy and axial turbulence intensity. Àccord-

ing to these correlations, Yadava[2] introduced an expres-

sion for Reynolds normal stress in terms of turbulent

kinetic energy as follows:
(7-v¡2 ) =u* 2 (o.zl o8-0 .1245k* -0.0286k* 2 )

Using this Turbulent Properties Correlations

predicted successfully the secondary flow in

where one octant contains onJ-y one f low ceII '

(4.3)

ModeI, Yadava

a sguare duct

However, when this model was applied by the present au-

thor to rectangular ducts which involves multiple flow cells

in each quadrant, there was no convergent solution for any

aspect ratio. When using this model to generate secondary

flows in his SRB duct, SeaIe[40J experienced results that

were not Satisfactory, the secondary velocities were about

three times larger than those measured and produced distor-

tions to the predicted contours of axial velocity and turbu-

lence kinetic energy which did not agree with those observed
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in the measurements. He noted that the vorticity source is

extraordinarily sensitive to the exact distribution of k';

the predicted distribution did not have the necessary accu-

racy to allow correct secondary velocities to be generated.

Hence this model- was abandoned.

SeaIe [40 ] used Àlshamani's correlations and

modi f ications on the di f ferentiation of Reynolds

and proposed another vorticity source model:

made some

st res ses

(4.4)
ðyöz

whe re

óz

ye =1-îrlÎrn"*, Y", =1-2.4Yr2, Y, =l-y
y* =[ 2+y,, +(4-Y- )v.-2 J-t ( t-v.z ) (¿-y^ ) ]
k,,,. =1, m=2.4
v: normal distance from
1, normal distance from^
lmax: maximum value of I

/înax

wal-1
wall to surface of no-shear

(4.s)

line of corner bi-

model, it h'as also

on the aspect ra-

Y, is a normalized distance from the waII and varies from 1

at the wall to Yrat the surface of no shear. The surface of

no shear is assumed to be coincident with the position of

the maximum axial velocity on the normal from the walJ.

One

it does

and is

The

of the speciaJ- characteristics of this model is that

not need the precise calculation of Reynolds stress

calculated directly and without iteraLion.

î line is defined as the straight

sector as shown in Fig.35. Like the LY

found necessary to vary c; depending

tio.Further details are provided later.
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THE NR MODEL

Launder, Reece & Rodi[64] proposed a Reynolds-stress-equa-

tion model which accounts for near-wall effects on the tur-

bulent fluctuations by a special waII-proximity correction

to the pressure-strain modeI. Naot 6. Rodi[54] simplified

this model to an algebraic-stress model, which is called NR

model, and apptied it to calculate the secondary motion in

developed duct and open-channel flows. It was also used by

Demuren & Rod í142] to calculate the secondary flow in a

square duct and a partially rough rectangular channel' sim-

ilar to LY, NR neglected the convection and diffusion terms

in the Reynolds stress equation(assumption of local equilib-

rium) and calculated the primary stresses with the standard

eddy-viscosity modeI. However, the terms involving secon-

dary velocity gradients in the modelled transport equation

for ;2,r2 and üÇ were not neglected but approximated by

products of an isotropic eddy viscosity and the correspond-

ing secondary velocity gradients. The NR model is expressed

ctÞ.

2ke
-t-( 

a+p+c-1 )+püA
ce 3

õU ðV ðF ðV

õy óz ðY õY
'2v= (4.6)

2k ðv
1+-('1-ø-p')-

Cr e õy
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wt= 2k ðw
1 +-( 1 -a- þ)-

Cle óz

where

kðvöwðvöv
-tvw 

l(1-a)--P -Ì+rk-l=u. -ce óz öY ðY õY

k ðF öV öW ðI^I

- 
ivvr { ( 1 -¿ )-- p-} +7k 

-l =ut-
c€ ðY 6z óz óz

The a,9 and c are given bY

a=0 .7 636-0 .06f.
0=0. 1 091 +0.06f
c=1 .5-0.5f. , t/a /2,.
i=;i;y;, -"i tt' 1/<yr=o .s f" aO/s , L=i;'k" / ( rce)

The NR model is expressed as:

2k e õV ðV

- t-(a+p+c -11-pu* (-) 2l-2\-
c€g ðy ðY

12-æ=cs { 2k ðv
1+- (1-a-þ)-

ce ðY

2ke ðw ðw

2k e ðÚ ðW õV õw
It-t a+þ+c-1 ) +PwT¡--i'w [ ( 1-a) --P- ]-zk-l
ce3 6z ðY óz óz

- 
I-( a+ p+c- 1 ) - p\ (-) 2 J-2u,

_ce 
3 óz ó2,

(4.7 )

(4.8)

(4.s)

(4.10)

(4.11)
2k ðw

1 +- (1-a-þ)-
ce óz



THE K MODEL

This model, as well as the following

by the present author according to the

e model,

numer ical

32

is proposed

exper ience .

From the viewpoint of governing eguation'

tion and the distribution of k and U, they

to each other. LY modeL links the Reynolds

gradients of the axial velocity, as follows:

boundary condi-

are very similar

stresses to the

kðÚðu
v 2-w 2=C', pr- t (-) 2- (-) 2 ]

pe óz ðy

Similarly, the ReYnoIds stresses

the gradients of k. Paralle1 to the

was proposed as:

might be determined bY

LY model, the k model

rec -

3

ex-

(4.12)

u. ök õk
7-"r=col[ (-) 2-(-) 2] ( 4.13)

pe óz õy

This model nas used to predict the secondary flows in

tangular ducts of aspect ratios of 121, 221, 2'521,

421, and it achieved reasonable results compared to the

perimental data. Details wiII be provided later'

1

This model is proposed based on the numerical experience.

Presently, there is no theoretical background or explicit

experimental evidence. However, in order to rationaÌize this

model, a proposal is made in the following paragraph'

Às is well known in laminar flow, the shear stress is de-

termined by the gradient of velocity as:
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I l¿

ðû
=u-

ðy

ðU
=Ft-

öy

with

=ç, Pk2 / e

the k-e two-equation modeI.

(4.16)

the shear stress could be determined

a proposal is made as:

(4.17)

(4.14)

(4.1s)

(4.18)

where u is the fluid viscositY-

In turbulent flow, a simiLar equation is:

t
T,J'

but

ttr

for

À1I these equations state that the shear sLress is deter-

mined by the gradient of axiaL velocity. In turbulent flow'

we have another variable to describe the characteristic of

turbulence. It is the turbulent kinetic energy k.

I f vre consider that

by the gradient of k,

1ðk

'u" =C' P*
/Eøv

where u, is the same as (4.16). c' is a constant'

From LY model:

köÙöÜ
v 2-w 2=Cr,- [UV--wU -]€ðyóz

Substituting (3.13) and (3-14) into (¿.tA):

kp
v2_w2=C,_ [_Wz+çI2 ]

eUt

(4.1e)



From (¿.tz) we see:

u. õk
üî=Cr--

rttv
u, ðk

w-u=c r- -futz
Substituting (4.20) and (4.21) into (a.19) :

u, ðk õk
}-*r=cilt (-) 2- (-) 2l

pe 6z öy

a proposal and needs

background. I t is
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(4.20)/

(4 .21)

(4.22)

exper imental

the work for

which is the same as (4.13).

Now sre see that if we accept the proposal(4.17), based on

the LY model, w€ can easily get the k model. we need only

one proposal to get this model and there is no conflict to

the existing theory about the definition of Pf C; is deter-

mined based on the results to suit the best overall agree-

ment between predicted and experimental results'

Equation (q.ll ) is onIY

evidence and a theoretical

further research.



35

THE E MODEL

This model is based on the idea that the Reynolds stresses

could be determined by the gradient of energy dissipation

rate e and is very similar to the k model. The correspond-

ing proposal is

Tr =Ç
5¡

where p

energy

Uõe
ttg*--

eõy

, it the same as(4.16),

dissipation rate and C

( 4 .23')

U the axial velocitY, e is the

is the constant.

(4.24)

(4.25)

(4.26)

(4.27 )

obtained bY this

aspect ratios of

n

From LY model

kp
'vr_lr=C: [-W z+wi]2 l

e ltt

From (4.23)

u1 Uöe
'ui=C rr 

- -eõy

u. Uöe
tl=cil 

- -eôz

Substituting (4.25) and (4.26) into (4'24) z

U2tr.k ðe õe
7-lr=ci-- , t (-) 2- (-) 2l

pe3 óz õy

which is the e model.

Successful prediction results have been

e model for the secondary flow in different

rectangular ducts.
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Now we have five vorticity source models. Generally

speaking, the LY, k, e models are more fundamental. The

Seale's modef need the definition of the f fine which varys

with the different duct geometries. The NR model also needs

some definition of L,etc. Detailed results and comparisons

are given in chaPter 6.

SUMMARY OF EOUÀT] ONS

TransDorL Equations

(1) Àxia1 velocitY Equation:

ðð*ðð+õöÚõõÛ
- (û - ) - - (ü -) - t-( ¡r+¡/+) -l - [ - 

( p+p*) 
-]ðy óz óz ðy ðY ðY 6z 6z

ðF

õx

(2) ÀxiaI VorticitY Equation:

ðö¡Fðõ+ðððõ
- 

(.¡-) -- (ar 
-) --t - 

( pc¿) l-- ¡- (,rú']) J

ðy óz óz õy õY ðY 6z 6z

õ2(7-w'z)
-p 0

öyöz

(3) Stream Function Equation:

0 ( 4.28)

(4.2e)

(4.30)õð+ðð+
_(_) + 

-(-) 
+ p0)

öy ðy óz óz
0

(4) Turbulent Kinetic Energy Equation:

ð ð+ ð ö* ð Aök ð ¡4ðk

- ( x - ) --( k -) - [ -( ¡¡+ -) -] - t-( s+-) -lðy óz öz ðy ðY o* õY óz o,óz

ðÚ õÚ
-ptl(-)z+(-)21 + pe = 0

õy öz
(4.31)



ö ð* õ ð+ õ u¡6e- -õ rrr.õ",

-( 
. -) - -( e -) - [-(,r+-) -J 

- L-( ¡¡+ -)- J

ðy öz 6z ðY ðY o' óY óz o' 6z

u-e õú, ðÜr ez

-6,'--¡(-)- +(--) )+Czp- = 0

köYózk

(6) TemPerature Equatron:

õ ð+ ð ö+ õ tt !+ ðT õ u ¡'*.ðT- -ðTj-tf--l- (fl-l-t (1 *--)-l-t-(-+-) -l+pu-=O6y 6z 6z õY õY Pr Prt õY 6z Pr Pt+ óz öx

(5) Turbulent Energy Dissipation Rate Equatron:

AIqe ra 1c Equat i ons

(1) VorticitY Source ModeIIing

( 1 .1 ) LY Model

KõUðU

, y" =1-y/îmax
) (4-Y^ ) l
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(4.32)

(4.33)

(4.34)

(4.3s)

(7-;7 ) =C i ¡¡t-t (-) 2- ( 
-) 

2 l
pe óz öY

(1 .2 ) Seale's Model

t<2

pu (7-;? )=8cip,r*'k.,, /l (Î*.*)mY" Y, Yu

óy6z

where

Ye = 1 -î /î^"*, Y.- 
=1 

-? . nu,1
y- = [ 2+y^ + ( 4-Y^ ) Y.2 ] - [ ( 1-Y.z

õY

óz
l

k.,, =1, m=2"4

"i normat distance from walI
l;;;;;;i áiit.n.u from^warl ro surface of no-shear
Îm-x: maximum value of Y

(4.3s-A)
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( 1 .3 ) NR Model

2k e ðv ðv

-t- 
(o"+ þ+c-1 ) -pu+ ( -) 

2 l-2r, -c€3 õY ðY

"'-l'=cå { 2k ðv
1+-(1-a-p)-

c€ õy

2k e öW ðW

- t- (a+ß+c-1')-ßur ( 
-)21-2ut -ce3 óz 6z

2k ðw
1+-( 1-a- p) 

-ce 6z

(1 .4) r l¡ode1

ttt ðk ök
æ-;-r=ci-[ (-) 2- (-) 2 ]

pe öz öy

(1.5) e model

Û2rr.k õe ðe
v2-*-=C's t (-) 2-(-)21

pe3 óz ðY

(2) Turbulent viscositY

tr, =Cl, pk2 / "
(3) Source Term for Axial Velocity Equation

ðP

-=-L¡ /D¡
õx

(4) Source Term for Temperature Equation

õÍ å'
-= 

(wetted perimeter ) .

(4.36)

(4.37')

(4.38)

(4.39)

(4.40)

(4.41)
õx

(5) Friction Factor

f.=yv/(pt:)

ñce

(4.42)
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Q) warrs

*=0

Zn -Z-

pu* | z" -2, I

Un =u*[efn(

kn =u* 2 /cF

€n =u*3/(rc2,)

where u*=ffi

where

Pr¡
P*=9 .241(-i" -l I

Prt

Z, _ZN

@p =en + (c.rn -cr, )

Boundarv Condi t ions

(1) Symmetry Iines

*=c¿=0

ðÜ õk öe ðT
--=-=Q

ðy 6y ðy õy
f or y=0, 0-<z-<H2

for 0-<y-<H1

+sl

z=0,

(4.43)

(4.44)

( 4.4s )

(4.46)

(4.47)

(4.48)

(4 .49)

(4.s0)

(4.51)

(4.52)

(4.s3)

u

å'û
Tn =î* + 

-[- 

+P't ]' 
Pceu* u*

AII the governing equations are summerized in table 2



ö6*õð*õóoðõo
a.. [-(d-)--(o-) ]-t-(bo, -)*-(b*, -)l 

+ s+ = 0 (5'1)
* õy öz óz ðy õy ''óy 6z óz

The representative symbols in this equation are identified

for each equation from (4.28) to (+.gg) in table 2.

V
NUMERICAL SCHEME

I ION

As stated earIy, ôD upwind finite difference scheme of Gos-

man et al (1969) has been used for the prediction' This

procedure starts with a standard elliptic partial differen-

tial equaLion as follows:

FINTTE DIFFERENCE EOUATION

For the purpose of the derivation of the finite difference

equation, a Cartesian coordinate grid network has been em-

ployed over the field of interest. Fig.2 displays a part of

such a grid; there is shown a typical node P, and the four

surrounding nodes N, S, E and W. The finite difference

equation wilI eventually be expressed primarily in terms of

the values of the variables at these nodes, and to a less

extent in terms of the values on the nodes labelled Nn, NW,

SE and SW.

40
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The integration of the differential equation wiIl be per-

formed over the area encrosed by the smarr rectangre, shown

bythedottedlines,whichenclosesthepointP.Thesides
ofthisrectangJ-earesupposedtoliemidwaybetweenthe
neighbouring grid Iines.

The double

yields:

integration over the domain shown in Fig'2

õõ{,ðð*
ur !.^, i,* t-(O-)--(O-) ldYdz

õy 6z óz õY (Convection terms r.)
öó

-) 
ldydz

óz

The integrals for each

are evaluated individuallY

(oiftusion terms I¿)
(5.2)

(5.3)

term appearing in equation (5'2)

in the following subsections'

=- !''" !'''s* dYdz (Source terms I")

Equation (5.2) can also be written as:

I. -I¡ 4I. = 0

Convection Terms

From (5.2)

^õ*ð+.ð.l,ð'[r. =âô {J" [0. (-L -O* (])* ld=-[-[0. (-)^ -d, (--), ]aviL r -z,s 
6z- óz' J,* ðy ðy

(s.4)
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which can be expressed as:

I. =I., +I., *I.¡ *I.¿ (s.s)

where

ð+
d* (-L d=

6z
(5.6)

and so on.

If é and * are well--behaved functions, then there exists

an average value of which we denote by such that:

=â+I., I

I,n, (6*/özL d" aç (*^"-*r" )

where the subscriPts ne and se

of the rectangle shown in Fig.

write equation ( 5.6 ) as:

ô. (t*/rz )" dz r.,

The value of the stream

the rectangle is equal

four neighbouring nodes.

(s.7)

to the relevant corners

follows that s¡e may re-

I2.s
o.

refer
2. It

rc, =âe d" (q" -*0.)

Our next task is to express in

variables at the nodes of the grid;

three assumptions.

( 1 ) The function A is uniform

has the value of node P.

within each rectangle and

function at a particular cor-

of the values

terms of values

and to do this,

(s.8)

of the

we make

(2)

ner of

on the

to the average
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(3) The average value of the function Ô takes the value

possessed by the fluid upstream of the specific face under

consideEation, i.e. the "Up*ind Technique" '

Àpplying the upwind difference technique, I.,can be writ-

ten as:

(*^" -*,. I - l+". -t- I
( +nu-*s* ) + *.. -** I lÌl*d" I (s.e)I., =a* [0,' I

2 2

whereas assumption (2) can be mathematically expressed as:

*n*= [ *,.r*\ +*,, +*. )/4 (5.10)

and

t,u = [ *,, +*s ++, +*, f /4 (5.11)

Àssembling and rearrangment of various terms produces the

following expresslon:

Ic =Ae ( óp -OE ) +Aru (0,,-O* ) +eu ( d, -du ) +es ( O? -Ôs ) (s.12)

where the coefficients A are:

The other terms of equation (5.5)' i'e

a similar treatment for each of them'

Àe =[[*s.+*, -\.-*n 1* 14,+,Í, -.Ín.-,Ínl ]ar/A

À*=[ [\-u*** -*r*,-*, 1+ l***+** -**-*= | ]a¡ /a

A* ={ [q.r*u -\*-** ]+ l+u.+*. -+n"-**l lar /8

Àu = [ [{1,,,t** -t, -*. ] +'l*.,"++,, -.I,.,, -*. | ]aa /a

can be obtained bY

(s.13)
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Diff s 10n Terms

Similar to the convection terms, the integration of diffu-

sion terms of equation (5.2) yields:

r¿ =l,o [(u*,, ')" (6ô/óy)u -(b*,, )* ( 6o/6v). Jdz

* I;,* [ ( b.t , ) 
^ 

(tô/tz)^ - (b0,,. )- (tþ/tz)s ]dv

which can be exPressed as:

Ia =Id, +Iar +I,lt+Id¿

where

(s.14)

(5.15)

(s.18)

Àssem-

I¿, = !r,s t ( u, , )" (to/óv )" I dz (s.16)

and so on.

If the quantities vary linearly then the following as-

sumptions can be made in the domain under consideration:

(ba,s ). =[ (b+,s ), + (b+,t)? ]/2
(to/tv). =(d. -ón ) /(v,-v, ¡ (5'17)

zn-zs=(2ru-zt)/2

with these assumptions, equation (5.16) can be integrated to

glve:

rd, =[ (b+,u )E *(09, ),, J (0, -Ó, ) (z*-zt)/l+tYu -Yo ) ]

The other terms can be evaluated in a similar way.

bLing and rearranging gives:

Id =8. (+ -qJ+B*( ô*-ôe)+nu (óu -óp )+s, (d. -óp )

where

B. =[ (b+,s )n +(b+,g )¡ J(zn -2")/lqtY, -Yr' ) ]

(s.1e)
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( s.20 )
8,"=[(bn,! ),, *(b+,1 )¡ J(zn -zr)/14(yr-y,u) j

Bn=[ (bn., )n +(b+z )., J (y. -y,r) /14(z* -zp ) J

Bs =[(b+, ), +(b+,, )p ] (yr -yw)/lq(zr-25)l

Source Term

For the source term

ne
L=l f S,dvdz-Þ - z.'¡ 'J.u;

We assume that S is uniform

and takes on the value at Point

tion of equation (5.21) finaIIY

I. =S+,. (yn -y* ) (2" -2. )

Sincey andz are

sumption, equation

(s.21)

over the area of integration

P. Therefore, the integra-

gives:

(5.22)

the space-average value as given in as-

(S.zZ) takes the form:

15 =S*, rVp
( s.23 )

where

vp= (y. -y, ) (z* -zr) /+ (s.24)

The Complete Finite Difference Equation

Àssembling and rearranging convection, diffusion and source

terms gives:

a, (dp -d, )+Aw( Qe-ó*)+À"(dr-d* )+as ( ó¡, -Qt \

-[s, ( ô, -Qy )+g* (d,u -dp )+s* (ón -ó¡ )+su ( ô,.-Ôt' ) ]+s",rvp=g (5'25)
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which uttimately yields the successive-substitution formula

ClÐ ¡

Cr, =Cn de +C* Ó* +C* Óu +C. ds +Q ( 5 ' 26 )

lrhe re

Co=(Àr=+Bsl/LXe

c*=(À,a,+86,)/¿xg

c,., = ( Àr.,, +Bn ) /zxe (s .27 )

Cs = (Às +Bs ) /zxs
Q=-S+, rvp/Eln

EÀB=AE+Àw+À¡r +As +Br +Bw+B.{ +8.

The À are identified by equations (5.13) and (5.20).

STABILITY ÀNALYSIS

The stability conditions for the convergence of an iterative

solution to equation (5.26) have been stipulated in said's

work([69], pp.69-72\. The convergence of an iterative solu-

tion to equation(5.26) may be achieved if the following sta-

bility conditions are satisfied: (1) the sum of the moduli

of the c's must be less than or equal to unity at every node

of the grid,ì (2) this sum must be less than unity on at

least one grid node; and (3) the C's and d must not vary too



great Iy

fied k,

from one cycle

e and T source

of i terat ion to another .

term for stability is given
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The modi-

as:

( s.28 )

( s.2e )

( 5.30 )

kr=

vp ðú öü
Co k-. +C* ku, *C* kn +C:, k, +¡¡t.o- t (-) 2+ (-) 2 ]

IÀB ðy 6z

1 p€o VP

-t 
EÀB+ l

ÐÀB kp

ðû öú Vp €p

Cs e. +Ç* e**C* €u +Ç, e,; +Ctlt+,? t(--)2+(-)21[--
ðy 6z EAB kl

1 "._t¿ÀB+Czp(-)vpl
TÀB KP

=
I Ees+ pu 

r vp ( uTrlox ) /fp) /zxn

?

T

ITERÀTIVE TE T OTIE

The iterative technigue includes the Gauss-Seidel iteration

with provision for under-relaxation for 0), +, k and €. Be-

cause we use the point iteration method, i.e. the grid is

systematicalty scanned node by node and row by row, there is

a problem of the scanning direction. For the rectangular

duct, there are two walls and two symmetrical lines. It has

been found advantageous that the Stream function be scanned

from the wal}s to the symmetrical tines while the other

variables be scanned from the symmetrical Iines to the

waIls.



CONVERGENCE CRITERION

The convergence criterion was chosen such that the

fractional change of any parameter @ in the field

cycle of iteration to the next should not exceed

scribed value. This was of the form:

-<t
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max ].mum

from one

a pre-

(s.31), rr_:: ',

ô.'.

where { was as 0.001 for all the d variables'

INITIÀL CONDITIONS

The initial values of a.r and * were assumed to be zeto every-

where. u, k and € were initially assumed to have the dis-

tributions with secondary flow suppressed. This means that

the program vras run f or k, e and Ú f irst in order to obtain

the distributions for these three variables, and then these

field values were used as the initial conditions for k, e

and U.

GRID SPÀCING

À non-uniform grid system has been employed. The one-fourth

part of the field close to the wall is spaced non-uniformly

in which the grid size increase gradually moving avray from

the waII. The increasing factor is 1 '3' The remaining

field is spaced uniformlly. The versatile program is de-

signed that it is very easy to change the increasing factor,

aspect ratios of rectangular duct and the grid numbers. For

I

t
Xma

aken
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most calculations, 13 nodes were used for the short side of

the rectangular duct according to the numerical experience'

By this wayr the grid is 13 x 13 for the sguare duct, 13 x

21 f or 221 duct, 13 X 25 f or 2.5:1 duct, 13 1l 29 f or 3: 1

duct and 13 X 37 for 421 duct. Other finer grid numbers has

been used and there is not much difference for these differ-

ent grid systems.



VI

RESULTS ÀND DISCU SIONS

GENERAL

The five coupled, non-linear elliptic equations

(4.28)-(+.33), together with the auxiliary algebraic equa-

tions (4.34)-(+.Sg) provide a closed set for calcuLating

turbulent flow in straight ducts. The equations have been

solved in a quadrant of the channel by means of the general

elliptic finite-difference procedure of Gosman et aI[1]'

The corresponding computer program was written and is pro-

vided in Àppendix À. Five vorticity source models vrere em-

ployed to predict the flow characteristics in rectangular

ducts with aspect ratios of 121, 2:1 , 2.5¿1, 3:1 and 421.

The Reynolds number was confined to the practical range of

34,000 to 215,000 and converged solutions were obtained for

all five models with some underrelaxing on the or' *, k and

€. Detailed calculation cases are explained by Tables 3-7.

The results have been compared with the available experimen-

tal data of Hoagland[5J, Leutheusser[10], Brundrett 6'

gaines[6], Gessner & Jones[8] and Launder & Ying[9]. They

are in fairly good agreement in general. In addition, the

temperature equation h'as Solved for the case where the aver-

age circumferential surface flux is uniform along the duct

50



and the circumferential wall temperature

sults include the overall Nusselt number

flux along the wall. Detailed results

f ollowing subsect ions.

is constant.

and the local

are discussed in

51

Re-

hea t

the

Secondarv VeIoeitv

The stream function Iines normalized by hydraulic diameter D¡

and the center-Iine axial velocity U. for rectangular ducts

of 5 different aspect ratios,each with 5 different vorticity

source models, are shown in Fig.3-Fig.11 where they are com-

pared with the experimentaL results of HoagJ.and[ 5 J and Gess-

ner ç ;ones[8].

For the square duct, Fig.3 shows that the two flow cells

in each quadrant,as predicted by each of the five models,

are symmetric with the diagonal which verifies the symmetric

property of the secondary velocity field

The predicted resulLs for the square duct are compared

wi th the exper imental data of Gessner 6' .lones I I ] and Hoag-

Iand[5] in Fig.4 and Fig.5 respectiveJ"y' The agreement is

seen to be fairly good. overall, the result from seale's

model is closest to the experimental data. For aII the oth-

er f our results, the center point of each f l-ow celI is

shifted towards the duct core region and the secondary flow

spreads throughout the whole region of the duct. Further-

more, the experimental data indicates that the secondary

flow is more concentrated near the corner. Howeverrthe nor-
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malized rp values do agree welL with the two experimental re-

sufbs. Àmong the five models, Seale's result is the best

one. The resufts from the NR and e models are over-estimat-

ed near the duct center line. The results by NR, k and €

modeLs are all under-estimated near the corner' OnIy the LY

model result penetrates adequately' into the corner region'

The flow cells for the other aspect ratios of rectangular

duct were shown in Fig.6-Fig.11. For 2:1 and 3:1, the plots

were compared with the experimental data from Hoagland'

There are no data available so far for the 2.521 and 4:1

rectangular ducts.

AS shown in Fig.6, the five results are similar to each

other. The * values are under-predicted and the center

point of each flow ceII is av¡ay from the duct corner. The

secondary flow spreads throughout the whole region. The

same phenomenon was observed for the 3:1 duct as shown in

Fiq.7-8.

For the flow cells of the 2.521 and 4¿1 rectangular ducts

(rig.9-Fig.11 inclusive), the peak point of the big cell is

situated centrally between the long wa11 and the symmetric

line but is cfoser to the other symmetric line than to the

short waII. However, based on the experimental data for

other aspect ratios, it is very likely that the peak point

should be much closer to the corner. Otherwise,the present

predictions show again the phenomenon that the secondary mo-

tion spreads throughout duct.
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The secondary velocity contours for the square duct are

compared with the experimentaL data of Hoagland[ 5] in

Fig.12-Fig.16 at Re=75,000. The present results are in rea-

sonable agreement with the experimental data. The result

from Seale's model is closer to the data than the other mod-

els. For all- the Other four models, the predictions are

over-estimated in the core region which was also observed by

Yadava[2].

The secondary velocity profiles (normalized by the aver-

age friction velocity) for the square duct are also shown in

Fig.17 for a high Reynolds number (215,000). Here the pre-

dictions are compared with the measurements of Launder &

ying[9]. Àrnong the five models, the agreement between pre-

diction and experimental data by seale's model is better

than the other four models. Near the corner' the results

from Seale's, NR, k and e models are slightly under-estimat-

ed. However, the result by LY model is over-estimated which

is consistent with the fact that the flow ceII penetrates

more into t,he corner. Fig. 17 shows that the results by NR' k

and e are close to each other'

For the 2¿1 rectangular duct, the Secondary velocity pro-

files normafized by the duct centre line axiaL velocity are

compared with the experimental data from Gessner & JonesIB]'

Fig.18 shows that the predictions are under-estimated near

the corner and over-estimated near the core region. This

again reflects the fact that the peak point of the large

flow ceII is shifted towards the core region'
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ÀxiaI Velocitv

I sovels ft/t, ) in a sguare duct are shown in Fig. 19 where

the predicted velocity levels are compared with the experi-

mental data of Leutheus56¡[10]' The results from five vor-

ticity source models display the distortion of the contours

towards the corner as a result of secondary motion which

moves high momentum fluid near the center outwards along the

diagonals. In Fig.19, the COntOurs are also shown for the

case with secondary velocity suppressed" rn this case' âs

expected, the bulges in the contours are absent'

The results by the k and e models are very similar to

each other. For the predictions by LY, seale's and NR mod-

e]s, it seems that the velocities are somewhat under-esti-

mated near the corner. The same phenomena have been ob-

served by several investigators inctuding Nakayama[41J and

Yadava[2].

The axial velocity distributions' normalized by bulk ve-

locity,are shown in Fig.2o and are seen to be in reasonable

agreement with the measurements of Launder & Ying[9]' Among

the five results, the LY prediction is better than the oth-

ers.

Isovels (normalized by the centerline velocity) for

3:1 rectangular duct are shown in Fíg.21 for Re=56,000

compared with Leutheusserr s experimental data. The

diction shows good agreement with the experimental data

the

and

pre-

near
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the horizontal watl bisector. The discrepancies in other

parts reflect significantly on the secondary flow pattern'

Às mentioned earlier, the predicted secondary stream flows

almost parallel to the long wall and makes Iess distortion

of the isovels toward the corner.

The isovels for 221,2.521 and 421 ducts by LY model are

shown in Fig.21-À. The isovel distributions for the other

four models were similar. The three cases shown in

Fig.21-A, together with Fig.19 and Fíq.21, illustrate the

changing flow pattern in the progression from a square duct

towards two infinite parallel plates.

The ratio of the duct center axial velocity to the bulk

axial velocity as predicted by the LY model is shov¡n in

Fig.21-8. For a given duct, as a function of Reynolds num-

ber, the ratio decreases slightly with increasing Reynolds

number (as in pipe flow), whereas for a fixed Reynolds num-

ber , the ratio decreases with increasing À'

Turbulent Kinetic Enersy

Contours of turbulent kinetic energy k normalized by average

friction velocity are compared with the experimental data of

Brundrett & naines[6] in Fíg.22 for the square duct' The

results show that the contours are distorted by the Secon-

dary velocity. Compared with the experimental data, the

bulging by the secondary flow is not strong enough. This

might be attributable to the weak secondary velocity along

the diagonal.
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The normalized k contours for the 2:1, 2-521, 321 and 4¡1

ducts as predicted by the LY model are shown in Fig.22-A'

Again, the results shown (r,y) are f airly typical of the re-

sults from the other four models. The contours near the

horizontal wa11 bisector become flatter with increasing À'

In general, the plots show the distortions of the contours

by the secondary flow from the duct center to the wall cor-

ner.

WaIl Shear Stress

The effects of the secondary motions on the wall shear

stress are shown in Figs.23 and 24. For the sguare

duct(nig.23), the calculated soJutions are in close agree-

menL with the measurements, displaying substantially the

same variation as LeutheusSer's measurem"¡¡5 [ 1 0 J with the

peak shear stress actually occuring about midway between the

corner and the wall bisector. The distributions confirm the

tendency of secondary flow to equalize the wall shear stress

along the waII.

The predictions of wall shear stress by the five models

for the 3:1 rectangular duct are compared with the experi-

mental data of Leutheusser[10] in Fig'24' ÀIthough the five

predictions are close to each other, they show no dip near

the middle of the long half-walL as indicated by the experi-

ment. This is attributable to the secondary flow distribu-

tion. Experimental resufts show that the secondary flow
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turns in from the wa]l near the middle of the half-Iength to

cause l-ower axial momentum there. However' the predictions

show that the secondary flow futly fills the whole duct and

the large flow cell peak point is closer to the core region'

The secondary stream runs almost paralIeI along the walI'

Às shown in Fig.24, this does not allow a dip of the wall

shear stress distribution-

The average waI1 Shear stress ratios for the various

ducts are shown in Fig.24-A where the wall average has been

normalized by the overall duct average. of course' the ra-

tio is unity for À=1 because of the symmetry of the square

duct. Fo.r tr>1, as shown in Fig.24-A, the average wall shear

stress on the long wall is always greater than that on the

short walI, and the difference increases gradually with À.

Fr ic t ion Fac tor

Figs.25 and 26 contain measurements and predictions of the

friction factor versus Reynolds number characteristics from

the five models for the sguare duct and the 3:1 rectangular

duct. Às shown in Fig"25, in the lower range of Re, the

prediction from the LY model is slightly below the data and

the empirical correlation of Blasius;the maximum discrepancy

being less than 5eo. compared to Leutheusserrs data for the

sguare duct, the results from LY are closest tO the measure-

ments and all the other four models are slightly under-esti-

mated.
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For the 3:'1 rectangular duct(nig.26), the predictions by

the five models are similar to each other. compared with

Leutheusser's experimental data, they are a1I s1ightly un-

der-estimated in the lower range of Re and over-estimated at

the higher Re.

The friction factor predicted by Seale's model for the

ducts of five aspect ratios are shown in Fig.26-A. For a

given Re, the friction factor, ês expec¡sfl[70J, increases

slightly with an increase in I.

Local Wall Heat FIux and Nus elt

The distribution of local waII heat flux

Number

in a square duct is

ress and is shown in

ett & Burroughs[65].

agreement and show

urs about midwaY be-

very similar to the

Eíg.27 compared with

The prediction and

Iocal waII shear st

the data of Brundr

the data are in good

that the maximum heat transfer rate occ

tween the corner and t'he waII bisector'

Àccording to the work by Patankar & Àcharya[66], the Nus-

seLt number values do not change appreciably with the kind

of boundary conditions used. It is, therefore, sufficient

to compare the present prediction with the available meas-

urements of Novotny et all67 I and Sparrow et al[68]. The

predictions and the experimental data shown in Figs.28 to 32

inclusive again compare favorably for each of the five mod-

els.
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EFFECTS OF SOME FÀC

Revn olds N ers

The programs were run over a wide range of Reynolds numbers

for different aspect ratios and different vorticity source

models. The results show that Reynolds number has no sig-

nificant influence on the normalized axial velocity distri-

butions, shear stress and turbulent kinetic energy distri-

buions. The secondary velocity magnitudes, normalized by

average friction velocity, decrease only slightly with in-

creasing Reynolds number. Another aspect is that beyond

Re=1 00,000, the program, in many cases, needs more iterations

to reach the converged solution'

Under ReIax ation

U and T behave very well in the iteration procedure and need

nO under-relaxatiOn. However, the k, e I a'r and * need SOme

under-relaxation and the factors were chosen as 0.5 in most

cases, Àccording to the numerical experiences, the relax-

ation factors for vorticity and stream function were chosen

as 0.75 for the NR model and 0.3 for the e model in order to

increase the convergence sPeed.

Grid SYstem

The Ly model was used to predict the secondary flow in a

square duct using both the uniform grid and the non-uniform

grid. Results show that for the same number of nodes the

non-uniform grid converges faster than the uniform grid.



À11 the other calculations

as described in chaPter 5.
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adopted the non-uniform grid

lnitial Condition

Àccording to the present author's experiences, the initial

condition has an important effect on convergence. For each

aspect ratio, the initiat conditions for Ú, k and € $¡ere

chosen as the distributions with secondary motion sup-

pressed. The vorticity and stream function were initiated

by zero.

Scanninq Direction

Numerical experience shows that it is advantageous in regard

to convergence,if the scanning direction of the stream func-

tion is from the waII boundary to the duct centre. This

might be attributable to the Gauss-seidel- iteration method'

For each particular point in the region, there are four

neighbour points joining the iteration procedure. At each

step, two of these four points have the old values and the

other two have the new values. The stream function is the

convection coefficient for each variable in the numerical

scheme. Scanning from walI to the centre means transfering

the wall boundary information to the duct centre as soon as

poss i b1e .
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COMPÀRISON OF FIVE MODELS

From the above results, certain judgements can be made on

the five vorticity source models as follows:

(a) For the sguare duct, the Seale's result is more accu-

rate than the others compared with the available experimen-

tal data. Table 3 to Table 7 show that the seale's model

converges faster than the other models'

(b)

butions

The LY'k and

ofÜ,k&e

e models are

and therefore

based on the local distri-

are more fundamental.

(c) The NR model uses the gradients of both axial and

secondary velocities. Because of the difficulty in calcu-

Iating the wal1 damping function, the accuracy and conver-

gence speed are not as good as the other models'

(d) The choice of. vorticity source models revolves around

the issue as to how to express the Reynolds Stress' The LY

modef uses the local gradient in mean axial velocity distri-

bution. The k and e models use the k and e distributions

respectively. The NR modet adopts both the axial and secon-

dary velocity gradients. The seale's model emphasizes the

importance of the duct geometry. Each is somewhat different

from the others. However, the predictions show that most of

the results are similar to each other, although seale's re-

sult is a little superior than the other four models' Àc-

cordingl-y, it seems that the vorticity source model is realy

not so important. To show this viewpoint, another numerical
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experiment was carried out. For vorticity source, only two

nodes near the corner were valued by some constants with the

same magnitude and the opposite sign, leaving all the other

nodes to be zero. À converged solution with two flow ceIl

was obtained and was acceptable as a sorution of secondary

flow in a rectangular duct when compared with the several

experimental data.

SPECTÀL TOPICS

Constants of vorticitv Source ModeIs

ÀIthough the LY model has been used successfully in straight

ducts of different cross-section shapes, the constant Ci ap-

pears with different values among the different investiga-

tors as mentioned earIy. The present predictions show that

cl varies with the aspect ratio for rectangular ducts' The

same phenomenon has been observed for the other four vortic-

ity source models which together is shown in rig.33.

principally, the ci vras determined to suit the best over-

all agreement between predicted and experimental results'

Fig.33 shows that the curves decrease as the aspect ratio À

increaSes.Sincethemagnitudeofcideterminesthe
strength of the secondary flow, the overall trend is as ex-

pected, i.e. Ci-O as À+æ '
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Comments onLY,k&eModels

The Ly, k & e models assume that the Reynolds stress rl -7

can be determined by the gradients of local Ú, k & € re-

spectively. Detailed inspection of the vorticity source

distributions by these three models reveals that they aII

have a maximum value close to the wall and diminish quickly

away from the waII. The prediction shows that the vorticity

production is concentrated near the walI. Àlthough these

three models use different variables, they have some thing

in common. The distributions of u, k & € are very flat in

the region close to the duct centre and have a sharp slope

close to the wall. Hence the gradients of these three vari-

ables are all high near the waII and almost zero in the re-

gion close to the duct centre. This characteristic actually

represents the vorticity production property.

Deffic enc I es of the Predictions

The present numerical predictions have provided overall in-

formation about the secondary flow in rectangular ducts of

different aspect ratio. The results also illustrate the ap-

plicability of five vorticity source models for the pre-

diction of secondary flow in ducts having more than one flow

cell in each symmetric part. However' the results are not

perfect. The shifting of the large flow cell peak point

results in certain discrepancies between the predicted and

exper imental data; notable espec ially in the wall shear

stress distribution of the 3:1 rectangular duct. In order
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to improve the result, different and finer grid systems,

non-homogeneous c: distributions and anisotropic eddy vis-

cosity have been tried. There vtas not much change. Àlso, by

using the wall shear stress distribution oÍ' Leutheusser as a

boundary condition, the solution was still not satisfactory'

Àfter removing the constant r boundary condition, the result

returned to the original solution. ÀIt these numerical ex-

periments illustrated indirectly the uniqueness of the pres-

ent solutions.

Lyall's duct SOIU tion

The preceding numerical results have illustrated the appli-

cabitity of the five vorticity source models to predict the

secondary flow in a rectangular duct which consists of two

flow cells in each quadrant. In addition to the rectangular

duct, the secondary flow in a duct consisting of Lwo inter-

connected sguare duct sub-channel vtas predicted by Seale's

model. The predicted results are compared with Lyall's ex-

perimental data as shown in Fig.3a. the î line is defined

in Fig.35. The secondary velocity profiles are in good

agreement with the experimental data. À peak secondary flow

value of about 3.Oeo was obtained. The isovels are under-es-

timated in the sma1l square duct part. This might be at-

tributable to the weak secondary flow from the duct core re-

gion to the corner of the small square duct. OveraII ' the

results show the capability of Seale's model to tackle the

secondary flow in ducts of complicated cross-section.
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CONCLUSIONS AND RECOMMENDAT]ONS

Five vorticity source models have been used to predict the

turbulent flow characteristics in rectangular ducts with

aspect rat ios of 1 z1 , 221 , 2.5t,1 , 3: 1 and 4¿1 . OveraII, the

predictions were in fairly good agreement with the available

experimental data. The results illustrated the capability

of these vorticity source models to predict the secondary

ftow in ducts of complicated cross-section'

According to the present work, the following conclusions

were drawn:

(1) The empirical constants

ty source models vary with the

Iar duct.

for each of the

aspect ratio of.

five vortici-

the rectangu-

(2) For the square duct, the predictions are in good

agreement with the available experimental data. For the

other rectangular ducts, the peak point of the flow cell is

shifted to the duct core region and the predictions are not

as good as for the square duct. The predictions show that

the secondary flow spreads throughout the duct. However, the

predicted heat transfer characteristics including the loca1

wal-l heat flux and Nusselt number are in good agreement with

the experimental data

6s-



(3) The five vorticitY source

through their individual performances

ondary flow in rectangular ducts. The

sults suggest that each may be capable

dict the secondarY flow in ducts

geometries.
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models were inspected

in predicting the sec-

present numerical re-

of being used to Pre-

of more complicated

(4) The Seale's model converges faster than all the other

models and is recommended as the first option to tackle the

secondary flow problems in duct of more complicted geome-

tries.

For the future work, the following points might be con-

s idered:

( 1 ) As an extension of the present work and that of Yada-

val2f, it is suggested that various vorticity source models

be tested for their abilityto predict the secondary flow in

duct with each symmetric part containing more than two flow

cells. The present work has demonstrated that the Seale's

model is capable of predicting the LyaII's duct.

(2) The present work shows that the empirical constants

for each of the five vorticity source models vary with the

different aspect ratios. Efforts should continue in devel-

oping a nevl vorticity source model in which the constant is

truly a universal constant.



(3) In view of the difference of the

from that of Nakayama( t41 I better wall

diction) it is suggested that the same

by the primitive variables method.
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present predictions

shear stress Pre-

problem be reviewed

(4) The k and e models demonstrated the potential of the

capability to predict the secondary ftow in ducts of arbi-

trary cross-section. However, it iS necessary to find a

solid background for these two models both theoretically and

experimentally. It is expected that more and more work will

be carried out by using these two models in various fields

including the secondary flow problems'



REFERENCES

Gosman, À.D. , Pun, W.M. , Runchal, A.K' , Spalding '
& WoIf shtein, M. "@!. and Mass Transf qf in
Recirculatinq FlowsF Àcademic Press, 1969'

Yadava, S.K. "A Comparison of Turbulent
Predictions for Sguare Ðucts Çsinq.Threç
@¡as. Thesis, universitY of
Manitoba, Canada, 1983.

D.B
1

2

4

3.

5

8.

o

Nikuradse, J. "Untersuchunsen uber die
êèiãi'*inaí X" i t s"@u=rUurg,!,!e! Strgmunqçn "

gTA. Àl-so VDI Forschungshef t
281, BerIin, 1926.

Prandtl, L. "þg- Second
." 1926, p.7 1 et sgq.

-ãslated as NÀCÀ TM-435)

Hoag1and, L. C. "&]tr Developed TurþU1ent. Flol in
Sttãiont'Rectanqular DucFslsecgndgrv +9]{, . its Causes

FIow" Ph.D. Thesis, MIT,
1 960.

Brundrett, E. & Baines, W.D. "!hg Productign and-
Dif f usion of Vorticity in Duct þ" J. Fluid Ì'fech.,
VoI. 1 9, pp.375-94, 1964.

Gessner , F . B. "ruEÞ@g and Mean-f low
Characteristics ø. e"¡-i¡¿ Developei Flolv in
ffi Thesis, Purdue university,

Int. Conqr.
Zurich, 1927 .

F low
Vort icitv
Man i toba ,

of Apolied
(also

6

7
Recta orrla r
1964.

1 0. Leutheusser,
Ducts" ASCE'

H. J. "Turbulent

Gessner, F.B. 6. Jones, J.B. "1¡ Some Àsogcts çf..FUIIv
óå"efopea Turbulent rlow i! EeÈtangglar @-e-1s'" J'
FiuIã Mectr., vof.Zg' pp.689-713, 1965'

Launder, B.E. & Ying, W.M. "Seçondary Flow9 !R Ducts
of Square Cross-secIion" J. Fluid Mech', VoI'54,
pp.289-95 , 1972.

J.HydrauIics Divis
Flow in Rectanqular
ion, Vol.89, No.HY3,

pp. 1-19, 1963.

11. Prandtl, L. ttEssen of Ftuid Mechanics" Hafner,
New York, 1 953.

t- ials

68



12. LyaIJ-, H.G. ttMeasu ement of FIow Distribution and
Seco darv Flow in Ducts Composed of Two Sguare
I nterconnec ted SEÞgne-f-g" Sympos i um on Internal

Paper No.33,Flows, UniversitY of SaIford, England,
pp.E16-823, 1971 .

Kacker, S.C. "Some ÀsPects of
Turbulent FIow in Non:çircular
vof. SZ, pP.583-602, 1973.

Rowe, Ð.S. "Measurements of Turbulgnt
Intensitv and Scale in BgE BUndIe FIow
Rep.1 ?36, UC-gO,BatteIIe, l 973.

14.

15. KjeIIstrom, B Studi es of Turtt

16.

17.

69

Developed
" J. F1uid Mech.,

Veloc i tv
Chan neIs" BNhIL

Flow Parallel to a
Àtomenergi ReP. AE-

of Turbulent
Iear
47-84, 1975.

13.

22.

FuI 1v
Ducts

lent
Rod Bundle of Trianguler ÀrraY" ÀB

RV-196,Sweden ,197 1 .

18. Rehme, K.
Turbu enten
Stabbundles

19 . ÀIy, À.M.M.

20.

Trupp, À.C. & Àzad, R-S. "Þ S!5ucÏufe
rlo-w. in Trianqular Àrrav Bed Pundles" Nuc
enginõr ing and Design , YoL.32 , No ' 1 , PP'

Carajilescov, P. & Todreas, N.E. "ExperimçntaI 4¡l
Ànåfíti""f Súudv of Axial Turbulent Flgl¡s in an
Ïîtãior S..rU-.ftanr*f-of g Pa!g nod Pgldle" Transac.
ÀSME, J. H""t Transfer, VoI.99, pp'262-8, 1976'

"Exper imentelle UntersUchungen . der
SLromunq ln einem Wandkanal 9in9!--

"Tã;6;ãchungszent rum, KFK 2441, 1 97 7'

, Trupp, A.C. Gerrard, A.D. "Measurements
and Prediction of Ful1v Developed Turbulent Flow 1n an
Eoui I teral Tr angular Duct" J. F Iuid Mech., VoI .85 '
pp. 57-83 '
Sea1e, W.

1978.

J. "Measurements and Predict ions of FuIlv
Deve ooed Turbulent FIow in a Simulated Rod Bundle" J
FIuid Mech. , VoI.1 23 '

pp. 3 99-423, 1982.

21 . Hooper, J.D. & Rehme, K. "!.e-rse Sca1e St ruc tura 1

Eff t-s in Developed Turbulent Flow Throuoh Clos elv-
spaced Rod Àrravs" J. Fluid Mech., vo I. 145, pp.305-337 ,

23. Po, J.K. "DeveIoÞinq Tur lent FIow in the Entrance
is, University of

1 984.

Ahmed, S. & Brundrett'
circular Ducts. Part 1"
vot.1 a, pp.365-75, 1971

Reqion of a Sguare Ð-uc.!."
Washington, 1975.

E. "&-rbu!en.! Fl-ow in Non-
Int. J. Heat Mass Transfer,

MS Thes



25. Lund, E.G. "Mean Flow
the Near Corner Reqion
Dept.Mech.Engng., Univ

24. MeIling, A.
Recta oula r
1976.

30. Kolmogorov, A.N
I ncompr essible
Ser Phys. VI No

31.

32.

))
JJ ¡

34.

1969.

and Turbulent CharacterisÇics
of a Square Duct" MS Thesis,

ersity of Washington , 1977 -

& whitelaw, J.H. "Turþ.!enl! Fl-ow in a
Duct" J. FIuid Mech., VoI.78, pp.289-315'

70

1n

26"
76.

27 . PrandtI, L. ttBer i cht uber Untersuchinqen zur
ausgeb ildeten Turbulenz" ZÀMM voI. 5, PP. 1 36, 1925 -

28. Von Karman, Th. "Mechanische ehnlichkeit und
Tur lenz" Proc. 3rd Int. Cong. appl. Mech., Stockholm,
Pt.1, pp.851 1930.

29. Van Ðriest, E.R. "ø Turbulence FIow Near â W4f " J
Aero. Sci., VoI.23, PP.1007,1956

ReynoIds, W.C. "ComPutation gf
Rev. FIuid Mech. B: 183-208' 19

. "Equations of Turbulent Motions of an
Turbulent Eþ!d" Izv. Àkad. Nauk SSSR
.1-2, pp.56 , 1942.

rbulen Fl-ows " Ànn .

Model of
" warmeund

Prandtl, L. "@g ein neues Formelsvstem fur die
ausoebildete Tlur¡ufenz" Nachrichten von der Àkad. der
wissenschaft in Gottinggen, 1945.

Harlow, F.H. & Nakayama, P.I. "jlranÞpq! 9f TufbuleDce
Enerqy Decav @e" Los ÀIamos Sci. Lab. University of
Cafifornia ReP. LÀ 3854' 1968.

Rodi, W. & Spalding, D.B. "! Two-parameter
Turbulence and its AppIiçat!9n t9-Eree Jets
StottuUertragung, 3, pp-85-95, 1970.

N9, K.H. & Spalding, D.B. "&me Àpplications of-g
uõaef of Turtulence foç Bound?rv @-Near waIIs
Me c h . E n s n s . p" ñF r tnpõî.f-c o r I e s e . Re p . B'.7Ñ Ãre

il

35. Spaldi
Steadv
Imperi

Turb lent
aI College

36. Jones, W.P. & Launder'
Laminarization with a
Int.J.Heat.Mass Transf

D9, D.B. "The Prediction
FIows" Mech.

,-nvftw/ehe ,

of Two-dimensional
Engng. DePt. ReP.
1970.

B.E. "& Prediction of

37 . Launder, B.E. & SPaIding' D.B.

ModeI of Turbulence
1, 1972.

"&g Numer ical
Computer Methods in
g, VoI.3, pp.269-89 ,

2-Eou at-ion
êEr 15, 30

Computation of Turbulent Flows"
Appúed Mechanics and Engineerin
1974.



38.

41 .

42. Demuren, À.O. &

Dr i ven Secondary
Mech. VoI. 1 40 '

46.

Nakayama, A, Chow, W.L. & Sharma' D

FuIlv Developed Turbulent Flows iD
Cross-section" J. FIuid Mech., Vol.
1983.

128, pp.1 99-217 ,

. "Predict ion of Flow

71

Flow in
or&
thods in

. "Cafculation of
Ducts of Arbitrarv

and
Proc .

Gosman, A.D. & Raptey, C.W. "À Prediction l4çthod for
Fullv ùeveloped Turbulent FIow Thr?uqh Non-cirçular
passaqãF Nunreriãal Methods in Laminar and turbulent
FlÑs1e-d. C.Taylor et al), Pentech, 1978.

?o

40. Seale, W.J. "&Èf@g Generated Secondarv Flows in
" J. Mech. Eng.

Gosman, A.D. & Rapley, C.W- "þ!þ Developed
Passaqes of Àrbitrarv Cross-secÇion" in.C.TayI
K.Morgan(easF, Recent Àdvances in Numerical Me

r'luidã, Pineridge Press, Swansea, UK, 1980.

Ducts of Non-circular Cross-sectig!
Scl; Vol- .24 , No . 3 , PP .1 19-27 , 1982

Rodi, W "bf.cuþ-Ëon of turbulence-
Motion @ Ec.Ee" J. Fruid

pp.1 89-222, 1984.

43. Launder' B.E. & Ying, W.M
Heat Transfer in Ducts of
Instn. Mech. Engrs., VoI.

Souare cross-section"
187, pp.455-61, 1973.

44.

45. BuIeev, N.I. "Theoretical ModeI
Exchanqe in Fluid Elg"

of the Mechanism of
ÀERE Translation 957,Tur lent

1963.

Trupp, A.C. & A1y, À.M.M. "P-regicted. Second?fv
in iiianqular ariav Rod Bundles" ASME J. Fluid
Vo1.1 01 , pp.354-63, 1979.

47. Alshamani, K.M.M. "Correlations Amonq Turb ent Shear

Hanjalic, K. & Launder, B.E. "À Revnolds SÈress Yodel
of óurbuience and Its ¡ee1iqE!ig!¡ tq^I!j_û Shear Flows"
.:. r'f uila uech., VoI.52, pp.609-38 , 1972.

FIows
Eng. '

Stress, Turbulent Kinetic Enerqy an9_èxiaI Turbulence
lntensitvt' ÀrAÀ J., vol.16, No.8, 1978-

M. "Relationships between Turbulent
Turbulent Pipe and Channel F1ows"_q. -.cat soêlãtÍ' London, voI.83, pp. 1 59-61 ,

48. Àlshamani, K.M.
I nten ities 1n
RoyaI Aeronauti
1979.

Patankar, S.V. & Spalding, D.B. "þ! and Mass
Transfer in goundaiv LqE" Intertext Books, London,
1970.

49.



50. Patankar,
Proc ure
Para ol ic
178:7-1806,

51. Patankar, S.V. "Mgica! Heat Transfer and Lluid
FIow" McGraw-HiIl, 1 980.

S.V. & Spalding, D.B. "À Calculation.
f or Heat, t'tass-and Momentum Trqnsf qf in 3-D
FGwfl-nt. ¡ - Heat Mass Transf er 1 5,

1972.

72

"Eryg: A General Computer Prosram for
Parabol:Lq Phenomena" Pergamon Press'

" A Reynolds Stress Mode1 for

52. SpaIding, D.B.
Two-di ns i onal
1977 .

53. Gessner' F.B.
for Turbulent
Ug_&f " J. FIur

54. Naot, D.
Seco nda rv
ÀscE 1 08 (

56.

55. Gessner' F.B. & Po, J.K
Turbulent Corner FIoh'?'
iheorv and ExPeriment"
pp.269-277, 1976.

Part 2: ComParison
J. Fluids Engng., Vo

& Emery, A.F. "À Rey-no-I-ds Stress Mogel.
Corner Flows, Part 1 : -Pevglgeme!! -of the
ãs Engng. ' vot .99, PP .261-268 , 197 6.

& Rodi, W. "WiÉ! Simulations of
Currents in õhannel Flow" J. Hydraul' Div'

HY8), 948-68, 1982.

bet $teen
1.98,

57. Laufe
Dimen

r I J.

Sandborn, V.A. "E¡P,erimenta-L
Terms in Turbulent PiPe gþ"

Evaluation of Momentum
NACÀ TN 3266, 1954.

"InvesËg-ation. of Turbulg!! Flow in a Two

Channel" NÀCA TN 2123, 1950.ional

58. Laufer ' J.
Devel ooed

59.

A,B,C, 1970.

60.

61.

62. CIark, J.A. "À
BoundarY Layers

"T& Structure of
Pipe Eþ" NÀCA TN

Turbu Ience in FuIlv
2934, 1 953.

Mech.,

comDr essible Turb lent
FIows t' J. Basic Engineer

Lawn, C.J. "&,p-!-i-cation of the Turbulent Enerqy..
no.,'iion to nñIv Oevefõpea.flow in_Si'ple Ducts"
C e n r r a 1 E I e c t rTãl t i c e n e r a t i n g B o a r aþ-aÃ F7 I n S,

Lawn, C.J. "TE Determination of the. RaFe.9f
oissip.tion t"-t"tU"t"¡q Þip. M" J' Fluid
vof. ¿e, pp .477-505, 1971 .

CIark, J.À. "58ü. of Incompregsible Tulbulent-..
Boundarv f,a*'erãE-a-!ffg. OimçnsipDat *iqq -Tunnel" Ph.D.
Thes-is ,-Ou.enG tln i veFs i ty of BeI f ast , 1966 '

ing,
No.90, pp.455-68, 1 968.

comte-Bellot, G. "Turþ.f,@ Flow Between two.gqlalIeI
}IaI1s" Ph.D. Thesi s Jlni"ersity of Grenoble , 1963.
G.nstut"a into English by P. Bradshaw in Aeronautical
Reseach council ARC 31 609-, F.M. 4102, 1969).

63.



73

the
J.64.

65. Brundrett, E- 6. Burroughs' P'R' "The TemÞerature Inner
Tur lent Air Flow rn a

Launder, B.E. ' Reece, G.J. & Rodi, W' "Proqf çss in..
Development oi a Revnoldg_9tlgss ++ulence @"
Fluîd Mech:, vol.68, PP.537-66, 1975'

Law and Heat Transfef for
Úertical Sguare Duct" Int . J. Heat Mass Transfer,
pp.1 1 33, 1967 .

66. Patankar, S.V. 6, ÀchaÍYâ, S. "Development of a.

Turbu lence Model for Recta noular Pass aqes" Transaction
of the CSME, Vo1-8, No. 3, 1984.

67.

68. Sparrow, E.M . t Lloyd, J.R.
on Turb lent Heat Tran sfer
Recta oular @!" J. Heat

1981.

10,

Novotny, J.L. , McComas, S.T. , Sparrov¡' -E'M' & Eckert'
È.n.G. "@! Transf er f or Turbulent -FJ-ow 

in
RectanqulãT5uffiith ry H.q!q9 and Two Unheated
walls'' Àichn-. , 10, PP-466, 1964.

& Hixon' C.w. "ExÞeriments
in an Àsvmmetricallv Eg?!.d

fransfer, 88, PP.170' 1966.

69. Said, M.N.À.4. " Predi tions
Developed Turb lent Flow in

Thesis,Finned &8" Ph.D
Manitoba, Canada,

70. Hartnett,J.P., Koh,J.C.Y. & McComas'S'T' ttÀ ComÞa rlson
of Predicted and Meas trred Fr ic t-ion Fac tor s for
Tur lent Flow Throuqh Rec tangula r Duc t stt

1962,
Tran sac t i on s

of the ÀSME, J. Heat Transfer Feb. pp.82.



RE

Appendix A

COMPUTER PROGRÀM

À computer program vras developed to predict the secondary

flow in rectangular duct. The program was designed as capa-

b1e of predicting the secondary flow in rectangular duct of

various kinds of aspect ratios. Five different vorticity

source models were included separately. The following is a

representation of the input constant values:

Fortran Symbo1 RePresentation

Reynolds number

ROW Density of Fluid

CMU cp

cE1 Cr

cE2 Cz

SI GMK ok

CÀPÀ

À ,E Law of the wall constants

SI GMU ol

Under-relaxation factor for <,r

K

ALFÀW
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ÀLFÀEP

ALFÀK

ALFÀE

ALFÀU

IMAX

I PRI NT

I RPRNT

ÀLMD

ÀLMDW

ÀMU

CPRIME

SI GME

s2 ,M2, N, X1

Under-relaxation factor for +

Under-relaxation factor for k

Under-relaxation factor for €

Under-relaxation factor for Ú

Maximum number of iteration

Number of iterations between printout of

data

Number of iterations between printout of

residuals

Convergence criterion for Ú,+rkr"

Convergence criterion for cr

Dynamic viscositY of fluid

cì

ot

Numerical grid Parameters
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FLOW CHART OF THE COI.IPUTIR PROGRAM

START

I NPUT

CONSTANT VALUES

GRI D

SPECIFICATION

INITIALIZATION

INPUT ASSUMED

INITIAL VALUES

CALCULATE B'S

INITIALIZATION

OF RESIDUALS

CALCULATION OF A'S

AND EDDY VISCOSITY

CALCULATE VORTICITY

SOURCI TERM

VORTICITY SUBCYCLT ONE CYCLE OF ITERATION

MAX. RESIDUAL STORED

APPLY VORTICITY

BOUNDARY CONDITION

(ù
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ONE CYCLE OF ITERATION

MAX. RESIDUAL STORTD

STREAM FUNCTION

SUBCYCLT

APPLY STREAM FUNCTION

BOUNDARY VALUES

ONE CYCLE OF ITTRATION

MAX. RESIDUAL STOREDi'l Y SUBCYCLE

TIJRBULINT KINETIC

ONE CYCLT OF ITTRATION

MAX. RESIDUAL STORED

TURBULENT ENERGY

DISSIPATIO;'I RATE

SUBCYCLT

ONE CYCLT OF ITERATIONAXIAL VELOCITY

BCYCLE

CALCULATE FRICTION

VELOCITY AND WALL

STRESS

APPLY K, E AND U

BOUNDARY VALUES

CALCULATE AVERAGE

BULK VTLOCITY

CALCULATE RESIDUALS

STORED MAX. RESIDUAL

CORRECT Ü TVENVWHERE TO

INUITY UATIONSAT I SFY

@
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@

YES

NO

0F ITERATI0t'lS=

no. of iterations
ri scri oed?

YES

PRIf'¡T SPECIFIED

VALUES

NO

eoro @

N0.

max.
NO

6)

PRINT OUT

RTQUI RED?

MAX. RTSIDUAL<9 ?

CALCULATE SECONDARY

VTLOCITY AND

FRICTION FACTOR

PRINT AND/OR STORED THE

VARIABLES IN DATASITS AS

SPTCiFiED

LCULATE TEMPERATURI

I¡,IITIAL VALUTS

TEMPTRATURE SUBCYCLE ONE CYCLT OF ITERATION

MAX. RESIDUAL STORED

CALCULATE l,lALL HEAT FLUX AI'ID

PPLY TTMPERATURE BOUNDARY VALUTS

@
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T Nnx. RESIDUAL-'!ì

YES

PRII¡T SPICIFITD

VAR I ABL ES
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NO

NO

YES

YE

I

60T0 @

NO

PRINT OUT REQUIRTD

MAX. NO OF

ITERATIOI'I?

CALCULATI NUSSELT NUMBER

PRINT SPECIFIED PARAMETERS

STOP
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Cons Èan t

C1

Cz

c

1.44

1.92

0.09

L.167

u

TABLE I

SUMMARY OF THE CONSTANTS

Basis of Choice

CompuÈer optiroizacion

By reference to decay of turbu-
lence behind a grid

reference Èo the properties of
ttconstant-stresstt wall region

By
che

O6

o¡.

By reference
wal I reg ion ;
(Cz - Cr)

t'Constant-Stress"
= (r, I ñr'¡ ¡

to
O6

K

A

1.0

0.41

2.44

5.0

0.90

Computer optimization

Von-Kar¡nan Cons tant

I.lell-esÈablished const.anc of 'Laç¡
of che wallr

trlell-established conscant of 'Law
of Ehe walIr.

Accepted turbulent Prandtl number based
on experíments

B

Pr t

Value
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TABLE 2
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TABLE 3. CALCULATION CÀSES BY LY MODEL

REYNOLDS NO" ITERÀTION NO.c

1 : 1 0.0044

221 0.00045

2.5:1 0 " 00010

3: 1 0.000075

34,000
000
000
000
000
000

75
83

100
1s0
215

262
321
371
494
sB3
732

1070
1 486
207 0
2193

1075
1161
1 836

877
901
979

1 080

911
942

1 194

34
50

100
150

34
50

100

000
000
000
000

,000
,000
,000

34,000
56
60

100

,000
,000
,000

421 0.00005

UNDER-RELÀX FÀCTOR: û) :0.5, +:0-5, k:0.5,

34,000
50,000

1 00,000

€ :0. 5, ú:1.0
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TÀBLE 4. CALCULATION CÀSES BY SEÀLE.S MODEL

REYNOLDS NO. ITERÀTION NO.c;

1:1 0.006

221 0.0020

0.0012

3: 1 0.00065

4¿1 0.00025

UNDER-RELÀX FÀCTOR: ())

34
75
83

100
1s0
215

000
000
000
000
000
000

000
000
000
000

,000
,000
,000

34,000
56,000
60,000

100,000

000
000
000

219
211
208
209
350
305

317
377
403
432

36s
388
390

401
443
465
497

532
543
576

34,
8B'

100,
150,

34
50

100

2.5 z1

34,
50,

100,

:0.5, + :0.5, K:0.5, E :0 - 5, Ü: 1 .0
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TÀBLE 5. CÀLCULÀTION CASES BY NR MODEL

REYNOLDS NO. ITERÀTION NO.cl

1:1 0.01

221 0.0025

2.5¿1 0.0012

3: 1 0.0009

34
75
B3

100
150
215

000
000
000
000
000
000

I

I

f

I

I

,

250
249
243
315
602

1 427

914
1369
.1558

17 03

800
839
902

1401
954
892

1 438

899
966

1 441

34
50

100
150

,000
,000
,000
,000

34
50

100

,000
,000
,000

34
56
60

100

000
000
000
000

421 0.00075

UNDER-RELAX FÀCTOR: cD 20.75, f :0.75, k:1.0, €:1.0, Ú:1'0

34
50

100

,000
,000
,000
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TABLE 6. CALCULÀTION CÀSES BY K MODEL

REYNOLDS NO. ITERATION NO.c;

1 :1 0.030

221 0.0085

2.521 0.0055

34
75
B3

100
150
215

34,0
BB,0

100,0
150,0

34,0
50,0

100,0

,000
000
000
000
000
000

286
258
262
260
397
437

962
127 3
1 380
1 644

1001
837

1 486

1 041
813
886
984

1286
969
998

1209

00
00
00
00

00
00
00

3: 1 0.004

4¿1 0.0015

34
s6
60

000
000
000
000100

34,000
50,000

100,000
1 50,000

UNDER-RELÀX FACTOR: a) :0.5, + :0.5, k:0.5, É :0.5, Ú:1 '0
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TÀBLE 7. CÀLCULÀTION CASES BY É MODEL

REYNOLDS NO. ITERÀTION NO.c I
5

1 :'1 0.00004

221 0.00001

2.521 0.0000075

3: 1 0.000005

34
B8

100
150

34,000
75,000
83,000

1 00,000
150,000
215,000

000
000
000
000

34,000
5o,0oo

1 00,000

000
000
000
000

34,000
50,000

1 00,000

428
273
252
363
327
529

1016
1 629
2012
2402

1139
1182
1 428

121 4
1239
1245
1262

1007
1 054
1 087

34
56
60

100

421 0.0000045

UNDER-RELAX FÀCTOR: UJ :0.3, + :0.3, K:0.5, Ê i0.5, U 01
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