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A Group-Theoretic Isomorphism Program for 3-Regular Graphs

Abstract

This thesis describes a group-theoretic algorithm for finding the automorphism group of
a 3-regular graph, and the actual computer implementation of the algorithm in Pascal.

Chapter 1 contains the basic terminology and ideas from group theory and graph theory
that are necessary to develop the algorithm.

Chapter 2 describes Schreier's algorithm, which takes a set of generators for a group G
and expands G as a tower of point stabilizers. A non-redundant set of generators for each
group and a set of transversal elements for the cosets of the next subgroup down in the
tower are found.

Chapter 3 describes how finding the automorphism group acting on a graph X reduces
to finding a subgroup Aut.(X) of the automorphism group fixing an edge e. To find
Autg(X), we partition the vertices of X into Vg + V{ + ... + V},, where V; contains all
vertices at distance i from an imaginary point vy on the chosen edge e. Subgraphs X0 X1,
X9, ..., Xy 1 are defined, where X has vertex set Vo +Vy +... + Vy and edges X[Vp
+Vy + ... + Vi] except for the edges connecting vertices in Vy. Starting with group Go =
{e}, we find Gy = Aut(Xy) for each subgraph Xy, until Gy, +1 = Autg(x) is found.

Chapter 4 shows how to find a set-wise stabilizer of set M in a p-group G which is
known to set-wize stabilize a set X containing the set M. If G is intransitive on the set X,
we use the orbits of G in X to reduce the problem to a set of smaller problems. If G is
transitive on the set X, we use the fact that p-groups have systems of imprimitivity to
reduce the problem to a set of smaller problems. The basic properties of p-groups are also
included.

Chapter 5 analyzes the complexity of the algorithm to find Autg(X). The total

complexity is O(n7log n), although this is a very worst-case estimate.

Chapter 6 describes the implementation in Pascal. It also contains a listing of the main
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routines of the program and a sample run.




A Group-Theoretic Isomorphism Program for 3-Regular Graphs

Table of Contents
L. INtrodUCHON....ccciruirerrenrnrernrecerreenreneesresaensessnensens 1
2. Schreter's Algorithim. ... mussmmsmissmmsismsrmsemenss 8
3. Isomorphism Testing in 3-Regular Graphs............... 22
4. Set-Wise StabiliSers......c.cevveereereerrenrerrrensenrrensessvensennes 34
5. The Complexity of the Algorithm...........cccveerveennnnne. 53
6. The ProBraim: e smersesssramsmresensmsassassssarensammosss 60
7. Bibliography......ccccceeverueruenrerruenresruenenruesreneessenseenses 67




A Group-Theoretic Isomorphism Program for 3-Regular Graphs 1

1. Introduction

The purpose of this thesis is to study the graph isomorphism problem. The problem
consists of determining whether two graphs are essentially the same graph; only the names
of the vertices and edges may differ. In other words, the problem is to determine if there is
an isomorphism mapping the vertices of one graph to the vertices of the other which
preserves the edge set.

In particular, this thesis examines the graph isomorphism problem from a
group-theoretic point of view. From this point of view, the graph isomorphism problem
becomes the problem of finding the automorphism group acting on a graph. If we restrict
ourselves to 3-regular graphs, we find that t’he groups we work with all have a special
property which simplifies the problem: the groups are 2-groups. This thesis follows the
approach taken by Furst, Hopcroft and Luks[3] to find the subgroup of the automorphism
group which fixes an edge of a 3-regular graph, X. The subgroup is denoted Aut(X).
This gives us a polynomial algorithm for the graph isomorphism problem restricted to
3-regular graphs.

Although this method allows us to study the graph isomorphism problem restricted to
3-regular graphs, it does have some drawbacks. One of the drawbacks of this approach
can be seen by aftempting to extend the algorithm to handle graphs of higher degree. For a
graph X of higher degree, Aut,(X) is no longer necessarily a p-group. Thus, we would be
forced to work with the Sylow p-subgroups of Aut.(X), and the algorithm would quickly
become very complicated.

Also, in our method, we read in two graphs and determine if they are isomorphic. If we
had n graphs to test for isomorphism, we would have to call our algorithm once for each

pair of graphs. For large values of n, this is too expensive.

Another approach would be to read in one graph X and produce a certificate, cert(X),
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for X. Cert(X) is an object such that graph X is isomorphic to graph Y if and only if
cert(X) is equal to cert(Y). To test n graphs for isomorphism we would only need to find
their certificates and sort them. However, the polynomial algorithms known for this

approach are limited to a very few classes of graphs.

1.1 Background Material
Since the topic of this thesis is a group-theoretic graph isomorphism program, some

knowledge of graph theory and group theory is required. This chapter provides some

s background material for the following chapters. The coverage of graph theory is slight.
\ The graph-theoretic notation used is generally that of Bondy and Murty [2], and that text
| may be referred to by the reader for more information. The group-theoretic background
provided is more complete and is covered in more detail in Hall [4].
A graph G consists of a non-empty set V(G) of vertices, another disjoint set E(G) of
edges, and an incidence function W that associates every edge of G with an unordered
pair of vertices of G.
A walk W in a graph G is a sequence of the form v ey vy ey vy ... e, v, where v e
- V(@G)fori=0,1,2,...,n,and Vi-1 and vj are the vertices associated with edge &
Ifeq, €y, ..., €, of walk W are distinct, then W
is a trail. |
If vg, V1, V9, ... , vy of walk W are also distinct, then W is a path.
If v =V and vq, v{, Vo, ..., V1 are distinct, then W is a cycle.
' A tree is a connected graph containing no cycles.

A spanning tree T of graph G=(V(G),E(G)) is a subgraph of G which is a tree and such
that V(T) = V(G).

Lemma. In a tree, any two vertices are connected by a unique path. [2]

Let H be a graph with spanning tree T. Each ee E(H) — E(T) is a chord of H with
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respect to T. For each chord e of H with respect to T, T+e contains a unique cycle C,, the
fundamental cycle of e with respect to T.

Let G be a group of permutations which permute the points in set X. Permutations are
multiplied from left to right, so that if a, b, c € G and x € X, then the action of the product
abc on x is (x)abc = ((x)a)b)c.

Let ke X. The point-wi ilizer of k in G, Stab(k), is the subgroup of G which
fixes k: i.e. Stabk)={ ge G| (k)g =k }.

Let M be a subset of X. Then the set-wise stabilizer of M in G,
Stab(M) = {ge G | Vke M: (k)geM }.

For permutations ay, ay, ..., a, permuting a set X, the permutation diagram is a
directed graph. The vertices of the graph are the elements of the set X. For each of the
permutations aj, there is a directed edge from each ke X joined to (k)a;, labelled a;. For
example:

X={1,2,3,4,5}

a=(12)(345)
b=(13254)

Let K be a subgroup of G, written K<G. Choose a complete set of coset

representatives, { aq, ay, ..., a, }, for the cosets of K in G, i.e. a transversal for K in G.
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Consider coset Ka;g, where ge G. This is coset Kaj for some j. g defines a permutation,

g*, of the cosets of K in G. The right representation of G by cosets of K is the permutation
group G mod K = { g* | ge G }.

The right regular representation of G is G mod {e}. Since {e}g = {e}h if and only if g
=h, Gmod {e} is a group of degree |G| and |G mod {e}| = |G|.

Let G be a group generated by the permutations by, by, ..., bg, written G =

<by, by oo bs>° The Schreier coset diagram for group G with respect to K<G is the
permutation diagram of bl*, bz*, 4543 bs* in the right representation of G by cosets of

K. This is also denoted G mod K.

LetG=<by, by, ..., b >. The connected components of the permutation diagram of
the permutations by, by, ..., bg are the orbits of G.

G is transitive on X if G has only one orbit. Otherwise, G is intransitive on X.

Let G=<by, by, ...,bs>and K < G. A word in the generators of G is a
sequence of the symbols by, by, ..., by, bl'l, b2'1, aig bs'l, e.g. b1b2b2b1'1b2'1.
A word can be thought of as defining a walk in the Schreier coset diagram, G mod K.
Choose a coset, Kaj, as a starting point. Follow the edges in the Schreier coset diagram as
indicated by the symbols in the word, in the order that they appear in the word. For
example, if the word w = b 1b2b1'1, then we could think of w as the walk in G mod K
starting at Ka;, fbllowing the edge labelled bl* to (Kai)bl>l< = Ka;b1, then following the
edge labelled by™ to (Kajby)by ™ = Kajbyby, and finally, proceeding backwards along the
edge labelled bl*, which ends at Ka;b; by, to end the walk at Ka;b 1b2b1'1 = Kaj for
some j. Similarly, a walk P from Ka; to Kaj in G mod K defines a word, denoted w(P),
in the generators of G. Note that w(P'l) = (w(P))‘l, where P~1 indicates the opposite
traversal of P (from Ka; to Ka;).

J
The conjugate of subset H of group Gby ge Gis H& =g~ ng.

A subgroup K of group G for which K2 = K for all a € G is a normal subgroup of G,
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written Ko G.

Let K¢G. Let {Kaj, Ka,, ... ,Ka .} be a complete set of cosets of K in G. The factor
group G/K consists of the cosets of K together with the multiplication rule Kai-Kaj =
Kaiaj.

A homomorphism is a mapping 6 from a group G to a group H such that, V g{, gy €
G, (g1°82)9 = (g1)6-(g9)0. The kernel of 6, Ker(0), is the set of all elements of G which
are mapped by 0 onto the identity of H. The image of 6, Im(0), is the set of all elements of
H which are the images under 0 of at least one element of G.

An isomorphism is a homomorphism 6 : G — H that is both 1:1 and onto. In this case,
G is said to be isomorphic to H, written G = H.

Consider the factor group G/{e} = {{e}g|ge G}. Let t:ge G —> {elg
€ G/{e}. Clearly = is an isomorphism. Therefore, G = G/{e}.

Theorem. Let G and H be groups and let ® : G — H be a homomorphism. Then
Im(0) < H, Ker(0) ¢ G, and G/Ker(0) = Im(0).

Lemma. Let G and H be groups permuting a set X. Let K < H. Let ®t : G — H be an
onto homomorphism. Then G contains a subgroup M such that M/Ker(r) = K.

Proof. We héve G/Ker(rn) = Im(nt) = H since 7 is an onto homomorphism.

Let ¥ be an isomorphism from H to G/Ker(r).

The set of all cosets of Ker(rw) in G/Ker(rw) which are images under ¥ of elements in K
form a subgroup of G/Ker(w) isomorphic to K. The union of these cosets form a

subgroup M of G such that M/Ker(w) = K. *

Let G be a a group acting on a set X. Then the set of orbits produced by the action of G
on X is denoted Orbits(G).

—
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Lemma.Let K <G, a e G. Then K& < G, and the orbits of K2 are the translates of the
orbits of K, i.e. Orbits(K?) = (Orbits(K))a.

Proof.

Let B be an orbit of K. Then (B)a is an orbit of K; for (B)a(a'lKa) = (B)Ka = (B)a.

Let D be an orbit of K&, Then (D)a'1 is an orbit of K; for (D)a" Ig - (D)a‘lKaa‘1 =
(D)a"lKa)al = Dya L.

. Orbits(K?) = Orbits(K)a.

Note that if K& = K then Orbits(K) = Orbits(K?) = (Orbits(K))a, i.e. if K& = K then a
permutes the orbits of K.

Let K& = K and g € Ka. Then g = ka where k € K. K8 = g"1Kg = (ka) 1K (ka) =
a-lk-1Kka =a-lKa=K2 =K. Therefore, every element in coset Ka permutes the orbits of
K.

If 6 : G — H is any homomorphism, then Im(0) is said to be a representation of G. A
representation is faithful if the homomorphism is 1:1, i.e. G = Im(0).

LetK <G andlet 6 : G — G mod K be the homomorphism mapping g € G to g* eG
mod K.

Im(0) = {g*e GmodK|ge G} =G modK.

Ker(0) = {g e G| VKa;: (Kai)g* = Ka;g = Ka;}.

Let H be the largest subgroup of K which is normal in G, i.e. HEK <G and H¢G.

Lemma. G mod K = G/H.

Proof. We know that G/Ker(0) = Im(0) = G mod K, and Ker(0) ¢ G.

Claim: Ker(0) < K.

Proof: Let b € Ker(0). Then, for any coset Ka; of K in G, (Kai)b* = Ka;b = Ka;. In
particular, (K)b* =Kb=K.Butee K,soeb=be K.

—
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Claim: H < Ker(0).

Proof: Let h € H and let Ka; be a coset of K in G. (Kai)h* = Ka;h. But HeG and a; €
G, so a;H = Ha;. Hence a;h = h"a;, where h” € H. (Kai)h* =Kh"a;. H<K so Kh’" =K.

-~ (Kaph™ = Ka; and h e Ker(8). »

H is the largest subgroup of K such that He G. .. H = Ker(0), G/Ker(0) = G/H and
G/H=G mod K. *

Lemma. If K¢ G then |G mod K| = [G:K].

Proof. Let K¢ G. Let g* € G mod K. g>|< permutes the cosets of K in G, Ka; + Kay
+.... (Kapg" = Kagg.

G/K = {Ka;} together with the rule Kai-Kaj = Kaiaj. What is the identity in G/K? It is
the coset Kaj such that Kai~Kaj = Kaj-Kai = Ka; for every Ka; in G/K. We know that
Ke-Ka; = Ka; and Ka;"Ke = Ka;. Thus the identity in G/K is Ke = K.

Consider G/K mod {K}, the right regular representation of G/K. Kai* € G/K mod
{K} permutes the cosets of {K} in G/K. ({K}Kaj)Kai* = {K}Kaj-Kai = {K}Kajai =
{Kajai}.

Thus g>l< € G mod K maps Ka; to Ka;g, while Kg’I< € G/K mod {K} maps {K}Ka; =
{Ka;} to {Ka;g}.

! Therefore, |G mod K| = |G/K mod {K}| = |G/K| = [G:K]. *

Lemma. Let K¢ G, and let K <H £ G. Then K¢ H and H/K < G/K.
Proof. Let h € H. Since H < G, h € G. Therefore, Kh - K. Hence, K¢ H.
Consider Ka;, where a; € H. This is a coset of K in H. Since H< G, a; € G and coset

Ka; is a coset of K in G. Thus H/K < G/K. »
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2. SCHREIER'S ALGORITHM

2.1 The Algorithm

Schreier's algorithm, also known as Sims's algorithm [7], is an important part of the
isomorphism program. By removing redundant generators from a set of generators for a
group, it is used to reduce the number of generators needed to describe a group. It is also
used to stabilize sets containing only one element since the complexity of Schreier's
algorithm is smaller than that of the set-wise stabilizing routines. The description of
Schreier's algorithm here is similar to [6].

At the heart of the algorithm is the idea of a point stabilizer. Let H be a group whose
elements permute the set of points, X. Let ke X. The orbit of k in H is used to represent
the cosets of Stab(k) in H. A coset, Stab(k)h, where he H, is represented by (k)h, a point
in the orbit of k in H. If ge Stab(k)h, then it can be written in the form bh, where
be Stab(k), and (k)bh = (k)h. So every permutation in coset Stab(k)h maps point k to
(k)h. If ge H maps point k to point (k)h, then (k)gh'1 = (k)hh'1 = k. Therefore,
gh'le Stab(k) and ge Stab(k)h. Thus, all permutations mapping point k to point (k)h are
in coset Stab(k)h.

Schreier's algorithm represents a group as a tower of point stabilizers. The top group
in the representafion of H is the group H, itself. The next group down in the tower is the
stabilizer of a point ke X. k is referred to as the distinguished point of group H. It can
be chosen arbitrarily, so long as it is moved by some generator of H. Several possible
strategies for choosing kq exist. We could find the orbits of H and choose k{ from the
smallest or largest orbit (this may affect the depth of the tower); or we could simply take
the first point found which is moved. In general, we use the latter technique. The group
beneath Stab(k;) in the tower is Stab(ky, ky), the stabilizer of ky in Stab(k{). kj is the

distinguished point of Stab(k;) . Thus, the tower has the form:

_—
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H 2 Stab(kq) 2 Stab(ky, kp) = ... = Stab(ky, ky, ... , k) = {e}.

A base for H is a sequence kq, k9, ..., ky, of distinct points of X such that

H 2 Stab(k) = Stab(kq, ky) 2 ... = Stab(k{, ko, ... , k) = {e}.

The structure used to represent a group in the tower contains the following information:

1. alist of generators for the group.

2. the distingiushed point, k, for the group.

3. the orbit of k in the group.

4. a transversal element for each coset of Stab(k) in the group. The transversal element

is associated with the point in the orbit of k which represents the particular coset.

5. apointer to the next group down in the tower, Stab(k).

The list of generators, the orbit of k and the transversal list will only be complete after
the algorithm has finished. During the algorithm, we will have a partial list of generators, a
partial set of cosets of Stab(k) (i.e. a partial orbit of k in the group) and a partial transversal
for Stab(k).

A generator is added to a group in the tower only if it is not redundant. The redundancy
& check is done by the function GroupElement which returns a boolean result indicating
whether permutation g is an element of the group H. Pascal-like pseudocode for this

function follows:

FUNCTION GroupElement ( g: permutation; H: group ): boolean;
BEGIN
IF g = identity permutation THEN BEGIN

| { The identity is in every group }
1 GroupElement := true;
END
g ELSE BEGIN
| Let k be the distinguished point in group H;

x = (k)g;

IF x ¢ the orbit of k in group H THEN BEGIN

GroupElement := false

—l_—_l
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END

ELSE BEGIN
Let a, be the transversal element associated with the point x;
{ If g € the group H then ge Stab(k)a,, or gax'1 e Stab(k) }
GroupElement := GroupElement( gax'l, Stab(k) );
END

END

END { GroupElement }

When a permutation is added to the list of generators of a group in the tower, it is
applied to each of the points in the partial orbit of the distinguished point, k, to see if the
orbit and the transversal of Stab(k) in the group can be extended. This is done by the

following procedure, AddGen, which basically does a breadth-first search of the coset
diagram:
PROCEDURE AddGen ( g: permutation; H: group );
{ Add generator g to group H }
BEGIN
Add g to the list of generators of group H;
Let k be the distinguished point in group H;
FOR each point y in the orbit of k in H DO BEGIN
Let ay be the transversal element associated with point y;
x:=(y)g;
IF x¢ Orbit(k) in group H THEN BEGIN
{ ' We can extend the orbit of k }
Add x to the orbit of k;
Product ayg is the transversal element associated with the new point x,
since (k)ayg = (y)g = X;
END
ELSE BEGIN
Letay be the transversal element associated with the point x;
Then (Kaygay ! = (y)g ax™! = (x) a1 =k;
IF NOT GroupElement( aygax'l, Stab(k) ) THEN BEGIN
AddGen( aygax'l, Stab(k) );
END

-
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END
END { FOR }

{ Now apply each generator of H to the new points added to the orbit of k by g
in the preceding FOR loop and to any new points which are found in the
following FOR loop }
FOR each new point y in the orbit of k DO BEGIN
Let ay be the transversal element associated with point y;
FOR every generator r of H DO BEGIN
X = (y)r;
IF x ¢ the orbit of k in H THEN BEGIN
Add x to the orbit of k in H;
Product ayr is the transversal element associated with the new point x;
END
ELSE BEGIN
Let ay be the transversal element associated with x;
Then (k)ayrax‘1 = (y)r ax'1 = %) ax'1 = K
IF NOT GroupeElement( ayr ay ™!, Stab(k) ) THEN BEGIN
AddGen( ayr ax'l, Stab(k) );
END
END
END { FOR }
END { FOR }
END { AddGen }

With routines GroupElement and AddGen, the code to expand a group H as a tower of

stabilizers given a list of generators is:
FUNCTION Schreier( GenList: list of generators):group;
BEGIN
H := identity group;
FOR each g € GenList DO BEGIN
IF NOT GroupElement( g, H) THEN BEGIN

AddGen( g, H);
END;

%—
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END;
Schreier := H;
END; { Schreier }

2.2 A Proof of Schreier's Algorithm

Given a list of generators for a group H, the entire orbit of the distinguished point k can
be found by a breadth-first search, starting at k, of the permutation diagram. Since the
points in the orbit of k are the representatives of the complete set of cosets of Stab(k) in H,
Schreier's algorithm will find a complete transversal for Stab(k) in H.

The main part of Schreier's algorithm involves finding a set of generators for Stab(k).
Does Schreier's algorithm find a complete list of generators for Stab(k), given a list of
generators for H? This can be answered by examining the chords in the Schreier coset

diagram, H mod Stab(k), defined by choosing a spanning tree, T.

Lemma. Let H be a group and K<H. Let T be any spanning tree of the coset diagram,
Hmod K. Then T defines a right transversal for K in H.

Proof. Choose coset representative e (the identity permutation) for coset K. For each
vertex Ka; of Hmod K, T contains a unique path P connecting Ke to Ka;. Then the
word, w(P), in the generators of H that P represents is a coset representative for Ka;, since

Kw(P) = Ka;. *

As Schreier's algorithm computes the orbit of k in H, a spanning tree for
H mod Stab(k) is being chosen. At the start, the tree is the single vertex, Stab(k). A new
edge is added to the tree when a generator maps a previously-found point in the orbit of k
to a new point. Thus, the new edge does not add any cycles. Since the entire orbit of k is
found by the breadth-first search, the tree will be a spanning tree at the end of the algorithm

(i.e. a breadth-first spanning tree).

D
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A generator for Stab(k) is created for each chord found in H mod Stab(k). If a chord

from coset Stab(k)ay to coset Stab(k)ay is found while adding generator g to group H,

-1
y

Stab(k):  ( Stab(k) )axgay‘l = ( Stab(k)a, )gay'l = ( Stab(k)ay )ay-l = Stab(k).

then axgay'1 is created as a generator of Stab(k). a,ga is, at least, an element of

Any element, q, of Stab(k) can be written in at least one way as a product of the
generators of H: q =b;bybs...b,,, where b; is either a generator of H or the inverse of a
generator of H. bybybs...b, defines a walk in H mod Stab(k), starting at Stab(k), going
to Stab(k)by, to Stab(k)bqby, ..., and finishing at Stab(k)bbyb3...b, = Stab(k). So q
can be represented as a closed walk in H mod Stab(k), starting and ending at Stab(k),
with a chosen direction of traversal.

Let Cq be a cycle in a connected graph X. If x is any vertex of X, let P be a path from
x to Cq meeting C; in only one vertex, as illustrated in the diagram below. In this way,
every cycle of X defines a special closed walk containing exactly one cycle. The following
lemma shows that every closed walk in X can be decomposed into such special closed

walks based on single cycles.

Lemma. Every closed walk in a connected graph X can be written in terms of cycles.
Proof. Let W be a closed walk in X. Let x be any vertex on W. Beginning at x,

follow W until the first repeated vertex, uy, is reached. This defines a cycle Cy and an

xuq-path P{, so that W begins as P;-Cy-... . At this point, follow Pl'l back to x.
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Discard the edges P C; P 1'1 from W, and begin a new walk by travelling first from x
to uy along Py. Continue following W until we come to a repeated vertex uy. Let Py be
the xup-path so defined, and C, the corresponding cycle. So W begins as
(PI-C l-Pl'l)-(Pz-Cz-PZ'l)-... . Repeat until all edges of W are used up (which must

occur since W is a closed walk). ¢

The phrase "written in terms of cycles" used in the above lemma refers to the pieces
P, C; P71,

Let e = uv be a chord of H mod K with respect to spanning tree T corresponding to
generator a of H. Define a, = wu-a-wv'l, where wy, and wy, are the coset representatives
for u and v, respectively. Then

Wy N Wy, is a unique path P in T from K to some point x,
w,, — P is a unique path in T from x to u,

wy, — P is a unique path in T from x to v.

edge of T

edgeof Hmod K - T
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So (wy —P)e(wy - P)‘l is a cycle containing one edge, e, not in T; i.e., it is C,,
the fundamental cycle of e with respect to T. Thus, generators for K produced by
Schreier's algorithm are of the form w(P)-w(Cg)-w(P™ 1),

The following theorem shows that each piece, (Pi'Ci-Pi'l), of our closed walk (i.e. of
an element of Stab(k)) can be written as a series of walks of the form P-Ce-P‘1 (i.e.as a

product of generators for Stab(k) produced by Schreier's algorithm).

Theorem. Let X be a graph with spanning tree T. Choose a reference point x in X,
Let C be any cycle in X with a direction of traversal chosen. Let C contain edges e,
€9, ..., €, Of E(X)—E(T), in that order, and suppose that edge e; = u;vj, in the
direction of traversal. Let Pu(i) and Pv(i) be the unique xu;-path and xv;-path in T,
respectively. Then Pu(l)'el'Pv(l)-l'Pu(2)'62'Pv(2)-1' 'Pu(n)'en'PV(n)_l defines a
closed walk in X of the form Pu-C-Pu'l, where u is on C and C is traversed starting at u.

Proof. Consider the cycle C. It contains €15 €95 »+55 €ipa in that order, and some
edges of T. The edges €y, €9, ..., €, divide C up into segments Sy, Sy, ..., S,

which are paths (possibly of length 0) belonging to T, so that €1-Sq'€p'Sy- ... '€, S, is

a traversal of C, beginning at uy.
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Notice that Pu(i) intersects segment S;_; at vertex u;, and Pv(i) intersects segment S; at
v;. Now Pu(i) N S;_1 is a subset of E(T), and so contains no cycle. Therefore Pu(i)
intersects S;_1 in a path which ends at vertex u;. Similarly Pv(i)'lmSi is a path beginning
at v;. Clearly Pv(i)_l'Pu(i +1) is a path in T from v; to u;, . S; is also a path from v; to
u;, 1. It must be that S; = Pv(i)-l'Pu(i +1) since a tree T contains a unique path between
any two points. Therefore Pu(l)'el'Pv(l)—l'Pu(2)'°2°Pv(2)-1' 'Pu(n)'en'Pv(n)-l =
Pu(l)'el's 1€2°Sy" ... 'Sn-l'en'Pv(n)_l‘

But Pv(n)~ 1 -Pu( 1) = S,, since C is a cycle, so the above expression is
Pyc1ye1-SyexSy - 'en'sn'Pu(l)_l = Pu(l)'C'Pu(l)_l’ where C is traversed from
vertex uy. The same argument holds for any of the u; as starting vertex. If Pu(i) first
intersects C in segment Sy, then by beginning the traversal at vertex uy, 1, the above
expression will reduce to Pu-C-Pu'l, where u is the first vertex at which P, meets C, and
C is traversed from vertex u. ¢

So any q € Stab(k) can be represented as a closed walk in H mod Stab(k). A closed
walk in H mod Stab(k) can be written in the form (P; C;P;1)-(Py Cy Py™1)- ... . Each of
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the pieces P; C; Pi'l of the closed walk can be written as a series of walks of the form P
Ce plp Ce Plisa generator for Stab(k) produced by Schreier's algorithm. Thus, a;ly
element of Stab(k) can be written in terms of the generators for Stab(k) produced by
Schreier's algorithm; i.e. Schreier's algorithm produces a complete set of generators for
Stab(k).

2.3 Complexity of Schreier's Algorithm.

Let H be a group permuting a set X. If a, b € H then |X] steps are required to compute

the product ab.

2.3.1 The Complexity of the Function GroupElement

GroupElement checks to see if permutation g is in group H. Point k is the distinguished
point for H.

In the worst case, a call to GroupElement will require a check to see if g is the identity
permutation, a check to see if (k)g is in the orbit of k, the calculation of the product gax‘l,
and a recursive call to GroupElement. The check to see if g is the identity permutation
requires |X| steps. Assume that the orbit of k is represented by a data structure of the form

VAR OrbitK: ARRAY[1..]X|] OF @TransElt;

where if x ¢ orbit of k, OrbitK[x] is a NIL pointer. Otherwise, OrbitK[x] points at a
structure represeﬁting the transversal element associated with x. In this case a check to see
if x € orbit of k takes a constant amount of time.

finding the product gax'1 requires |X] steps, assuming that the structure representing a,
contains ax’l. Thus we have 2|X]| steps at each level of recursion.

At worst, there can be [X| — 1 stabilizers in the tower, or |X]| groups altogether in the

tower. Hence, GroupElement can call itself at most |X| times. Thus, a call to

GroupElement will require 2|X|2 steps in the worst case.
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2.3.2 The Complexity of Function Schreier

Each time a generator is added to the list of generators for group H, we go from K <H
to K’ <H, and K < K/, since we only add a generator if it is not redundant. The smallest
[K”:K] can be is 2. Thus, the largest number of non-redundant generators we will have is
logy [H|. H < Sym(|X]), so [H| < 1X!.

H mod Stab(ky) is a graph with [H:Stab(k{)] vertices, each with out-degree at most
logy [H]. The number of directed edges in the graph is (out-degree of vertices)- (number of
vertices), or at most (logy [H|)[H:Stab(ky)]. The number of edges in a spanning tree of H
mod Stab(kj) is [H:Stab(ky)]-1. So, the number of chords in the Schreier coset
diagram H mod Stab(k) is no more than (logy [H| [H:Stab(kq)]) — ([H:Stabk)] - 1) =
(logy [H| — 1) [H:Stab(kq)] + 1.

For each edge found in the spanning tree, the transversal element is found in [X] steps.

For each chord found with respect to the spanning tree T, an element of Stab(ky) is
found in 2|X] steps. Then there is a call to GroupElement, requiring at most 2|X|2 steps,
and possibly a recursive call to AddGen. Therefore, the more chords there are, the more
work is required in a call to AddGen.

The largest [H:Stab(k)] can be is |X]; i.e. if H is transitive on X. The largest that
[Stab(ky):Stab(ky, ko)] can be is [X| - 1..., etc.

Therefore, in thelworst case, the tower would have the form

H > Stab(kq) = Stab(ky) = ... ZStab(k|X| —1) = {e}, where

[H:Stab(k)] = X,

[Stab(k;):Stab(k;, 1)1 = [X| -1,

H has logy [H| < logy (IX|!) generators, and Stab(k;) has < In ((IX]| - i)!)
generators.

Suppose we were given a list of n generators completely describing H. How much

work would be done by Schreier's algorithm to expand H as a tower of stabilizers?
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For each of the n generators, Schreier's algorithm would call GroupElement, requiting
at most 2|X|23teps. Schreier's algorithm would make the call AddGen(g, H) at most In [H]
times. How much time would those calls require?

At the top level in the tower, i.e. at H, [H:Stab(k)] = |X] transversal elements would be
found. There would be [H:Stab(K{)]-(In [H| - 1) + 1= |X|-(In [H| = 1) + 1 chords, each
giving an element of Stab(k) in 2[X] steps, and causing a call to GroupElement requiring
at most 2|X|2steps.

At the level of Stab(k;) in the tower, there would be [Stab(k;):Stab(k;, )] = IX] - i
transversal elements and [Stab(k;):Stab(k; L0 ((X]=1i)!) - 1) + 1 chords.

Altogether, how many transversal elements are there?
1X]-2
2. (X]-i) = (X] - DIX| = (IX] = 2)(X| - 3)/2
i=0
= X2 - [X] - (X[2 - 5/X| + 612
= (X2 + 3[X| - 6)/2
Altogether, how many chords are there?

X2
2. (X] - i)(logy (X - )~ 1) + 1
i=0
X|
=X =1+ 2 j logy(Y)
j=2
X|
=X|-1+@n2)1 Y jm
j=2

Using Stirling's approximation, j! = (2mj)?3 ji e, s0In () = jInj-j+ 051n]
+ 0.5 In 2.
Thus, the number of chords will be
IX]

~IX|-1+ 21 D jGInj—j+051nj+0.5In2m)
j=2
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X
=X -1+ 21 2 - [XI(X) - DEX| - 1)] /6 + 1 +
j=2
X
0.5 2jInj+0.5In2x[ [XI(X] + 1)2—1] )
j=2
Using
b b+1
> i <] mjdj
1=4 a
b+1
=33 mj-19 |
a
and
b b+1
Yimj <] jje
j=a a
b+1

= 02522 nj-1) |
a

the formula becomes
X =1+ 2y ([ X+ 1)3@ I (X +1)=1)/9-83In2 —1)/9]
2P+ 3XP2 + X176+ 1
+0.5[ 0.25(X] + )22 In(X] + 1) = 1) = 0.25:42 In 2~ 1) ]
+05m2n [ (X2+[X/2-1])

=(X|+ DIn (X +1/GIn2)+ (X + D2 In (X + 1)/ (41n 2)
~41X13/(9 In 2) — (23 - 6 In 2m)[X[2 / (24 In 2)
+@In2-3+In2m)|X|/(4In2)—-14/3
+(155/72-0.51n2m)/In 2

~ 0.48(X| + 1)3 In (X] + 1) + 0.36(X] + 1)2 In (IX] + 1) — 0.64X]3
~0.72/X]2 + 0.58|X| - 2.89.
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Therefore, the number of steps required for all calls to AddGen is less than
(X2 +3[X| - 6) / 2 - [X] + [0.48(X] + 1)3 In (X| + 1) + 0.36(X| + 1)% In (X + 1)
- 0.64/X|3 - 0.72|X[2 + 0.58/X| - 2.89] (2IX]| + 2|X[2)
= 0.96[X12(1X| + 1)3 In (IX] + 1) + 0.96[X|(X] + 1)3 In (X]| + 1)
+0.72[X12(X] + 12 In (X] + 1) + 0.72X|(X| + 1)2 In (X] + 1)
~ 1.28X5 - 2.721X1* + 0.221X3 - 3.11|X|2 - 8.77|X].

Thus the complexity of Schreier's algorithm is O(IXI5 In|X]). Notice that the constants
involved are small.

These calculations used the pessimistic assumption that the orbit sizes and the height of
the tower are as large as possible. For most groups, the number of steps will be much
smaller, since only symmetric groups and alternating groups have such long towers and
high transitivity.
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3. Isomorphism Testing in 3-Regular Graphs

Let X = (V(X), E(X)) and Y = (V(Y), E(Y)) be graphs. An isomorphism from X to Y
is a bijection 6 : V(X) — V(Y) such that (E(X))0 = E(Y).

For example,

X Y

EX)={12,23,34,41}
E(Y) ={ ab, ac,bd, cd }

Define 6 by (1)0 = a, (2)0 =c, (3)0 =d, and (4)0 = b. It can easily be seen that
(BE(X))6 = E(Y).

The graph isomorphism problem is to determine if X =Y, given any two graphs X and
Y.

We will develop an algorithm which will accept two 3-regular graphs X and Y as input
and will produce either "yes" or "no" as output according to whether X = Y or not.

A group theoretic approach to the isomorphism problem centers around the
automorphism group. An automorphism of a graph X is a permutation 0 of V(X) such
that (E(X))0 = E(X). The automorphism group, Aut(X), of graph X is the set of all such
automorphisms.

Note that if 6e Aut(X) of some graph X, and x,y € V(X) such that xy ¢ E(X) then
(xy)0 ¢ E(X). Thus, Aut(XC) = Aut(X), where XC is the complement of graph X.
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Lemma. If we can find Aut(X) of any graph X, then we can solve the isomorphism
problem.

Proof. Assume we can find Aut(X) of any graph X.

Let X and Y be two graphs. To determine if X and Y are isomorphic, do the following:

If X is connected and Y is not, or vice versa, then the two graphs are not isomorphic.
Otherwise, if X and Y are not connected, replace them with their complements, which will
be connected.

Create graph Z, consisting of the disjoint union of graphs X and Y. find Aut(Z). If the
orbit in Aut(Z) of any x € V(X) contains a y € V(Y), then, since X and Y are
connected, Aut(Z) contains an isomorphism mapping graph X wholly onto graph Y. If

this is the case, then X and Y are isomorphic. ¢

Let X be a graph and e € E(X). Aut.(X) is the subgroup of Aut(X) fixing edge e.

Thus, any element of Aut.(X) either fixes the endpoints of edge e or interchanges them.

Lemma. If we can find Aut,(X) of any graph X, we can find Aut(X).
Proof. Let Y be an identical copy of X. In X, pick any edge € € E(X) and subdivide it

with a new vertex x. Perform the following algorithm:

FOR each ¢’ € E(Y) DO BEGIN
subdivide e’ with a new vertex y;
create a new graph Z by adding an edge xy;
find Autxy (Z);
IF Orbit(x) in Autxy(Z) contains y THEN BEGIN
the isomorphism of X with Y mapping e to e” defines an automorphism
8’ of X mapping e to the edge of X corresponding to €’;

0’ is a coset representative for a coset of Aute(X) in Aut(X);
END

remove edge xy and vertex y;

END
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We now have a complete transversal of Autg(X) in Aut(X). If we also find Aut,(X), we

have completely defined Aut(X).

If we want to test if two graphs X and Y are isomorphic, then use Y in place of the
identical copy of X in the algorithm above, and the same algorithm will determine if X is

isomorphic to Y.

3.1 Finding Auty(X)

The following technique to find Aut,(X) was presented by Furst, Hopcroft and Luks .
The treatment here is similar to Hoffman [5].

Let e = uv. Add a new vertex, v(), on €. Partition V(X) into V(g + Vq + ... +Vy, where
V; is the set of vertices at distance i from vertex vq. Let [V}, Vj] denote the edges in X
with one end in V; and one in Vj. Let Xy denote the subgraph of X with edge set
E(X[Vp + V1 + ... +Vi 1D + [Vk-1» V], for k=1. Let Gy be the subgroup of
Aut(Xy) which fixes vq, and let Gy be the identity group acting on v. Then Gy, 1 =
Auto(X). The algorithm of Furst, Hopcroft and Luks starts at G and works up from level
to level to Gy, 1-

The differenqe between Xy, 1 and Xy is that X, 1 contains edges [Vy, Vil and
[Vi Vi1], which Xy does not contain. Any element of Gy, | induces an automorphism
of X fixing vy, i.e. an element of Gy. Thus, there is a homomorphism 7y Gy, 1—> Gy
for eachk =0, 1, ... , h. Ker(my) is the set of all automorphisms of Xy, 1 which fix
point-wise the sets Vo, Vs wes s Vi

Lemma. Gy 1/Ker(ny) is isomorphic to the subgroup of Gy consisting of all
automorphisms of X; which can be extended to automorphisms of X\ 1-

Proof. We have my: Gy, 1— Gy and Gy 1/Ker(my) = Im(my). Every 0 € Im(my) is
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an automorphism of X, so every such 0 can be extended to an automorphism of Xy, 1. ¢

Algorithm. (Furst, Hopcroft and Luks)

BEGIN

partition V(X) into V(g + V1 + ... +Vy;

initialize G to the identity group;

FOR k := 0 to h DO BEGIN
{ at this point, we know Gy. }
find Ker(my), the set of automorphisms of Xy, 1 which fix Vg + Vi+ ... +V

point-wise;

find Gy, 1/Ker(my), automorphisms of Xy , | extended from those of Xj;

together, generators for Ker(my) and Gy, 1/Ker(ny) define generators for Gy, 1;
END

{ at this point Gy, 1 = Aute(X). }
END

3.1.1 finding Ker(my)

Ker(my) is the set of all automorphisms in Gy, 1 which fix Vg + V¢ + ... + Vy. Thus,
an element of Ker(m ) permutes the vertices Vi, 1 and the edges [Vy, Vi, 1]; everything
else is fixed. Each vertex of Vy is joined to at most two vertices of Vi, ;. Each vertex of
Vi, 1 is joined to one, two or three vertices of V. If x is mapped to y by an element of
Ker(my) then x aﬁd y must be in Vi, ; and must be joined to the same set U of vertices in
V.. Each vertex in U must be joined only to x and y. So y must be mapped to x, and x to
y. Ker(m) is generated by the set of such transpositions. They can be found by sorting the
vertices of V}, 1 according to which vertices of Vy they are joined to, and then matching

equivalent vertices.

; 3.1.2 finding Gy,.1/Ker(my)

i To find Gy /Ker(ny), we first find Im(my), the set of automorphisms of Gy which
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can be extended to Gy ;. Then the automorphisms in Im(wy) are extended to give
Gyt 1/Ker(nk).

Gy, does not stabilize the edges of X within Vi, i.e. [V}, Vi ]. Let Hy be the action of
Gy acting on Vy. Then Hy induces a permutation group Hk(z) acting on the set Vk(z) of
unordered pairs of vertices in V.. If we could stabilize sets then we could stabilize the set
of edges [V}, Vil in Vi (2).

The edges [V, Vi, 1] must also be included. This could be accomplished in the
following fashion. As noted before, each vertex in Vi 41 can be connected to one, two or
three points in V.. So each vertex in V., 1 can be represented as a point in Vy, a pair of
points in Vy, or a triple in V. Furthermore, two vertices in Vi, | may be connected to
exactly the same set of vertices in Vy.. So a point, edge or triple in Vi may represent two
vertices in Vi, 1. Such points, edges or triples are denoted as double points, edges or
triples. If only one vertex in Vy_ 1 is represented then the point, edge or triple is referred to
as a single point, edge or triple. Notice that we now have two different sets of edges: one
set represents the edges [Vy, Vi ] and the other represents vertices in Vi 1 joined to only
two vertices in Vy.. Color the edges in the first set brown and the second set green to

differentiate between the two. Here are the types of sets we wish to stabilize:

(Vi€ Vo V58 V)
singIe points double points
"1 Y1 ¥
brown edges
o—a
v v v v

1 1 2 1
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single green edges double green edges
v1 vl vz
v { v 2 v 1 v 2
single triples double triples
1 1 Y2
Y1 Y2 Y3 "1 3 Y3

An edge may be both a single green edge and a brown edge. These edges could be put

in a separate set:
green-brown edges

¥

Lemma. If 0 € Gy, then 0 stabilizes the above sets.

Proof. Since 0 stabilizes Vy, and since it is an automorphism, it must map an edge in

[V, Vil to an edge in [V}, Vi]. Thus, 0 stabilizes the set of brown edges. If 6 maps x
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€ Vip1 oY € Vi then, for 6 to be an automorphism, the vertices in V. to which x is
connected must be mapped to the vertices in Vi to which y is connected. Also, the number
of vertices in Vi to which x is connected is equal to the number of vertices in Vi to which
y is connected. So O maps triples to triples, points to points and green edges to green
edges. If w € Vi, 1 is connected to exactly the same vertices in Vy as x, then w must be
mapped to z € Vi, 1, z#Yy, where zis joined to exactly the same vertices in Vi as y. So,

double points, edges or triples are mapped to double points, edges or triples, and singles

are mapped to singles. Thus 0 stabilizes the above sets.

Lemma. If 0 Gk stabilizes the above sets then © can be extended to an element of

C‘k+ 1
Proof. 0 stabilizes edges of [Vy,, Vi ] since it stabilizes the set of brown edges and the

set of green-brown edges. Extend 0 to 6" using the following algorithm:
BEGIN
mark each x € V., 1 as unprocessed;
FOR each x € Vi, 1 as yet unprocessed DO BEGIN
mark x as processed;
find the set S, of all vertices in V. adjacent to x;
see if there is ay € Vi, 1 which is also adjacent to Sy in Vy;
Sy will be a point, a green edge, a green-brown edge, or a triple (either double or
single, depending on whether y exists);
0 will map S, to S, a set of the same type;
S, represents a vertex u € Vi 1. (If y exists then Syand S, are doubles so
S, would also represent w € Vi, 1.);
map x to u;
IF y exists THEN BEGIN
mark y as used;
map y to w;
END
END
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END

Claim. 6" € Gy, 1.

Proof. 6 stabilizes edges [V}, V] since 0 does. Let xu € [Vy, 1, Vi] where x €
Vi s LE V. Let (xu)0’ = yw, where y € Vi, 1, w € Vy. The vertex u is an element
of the set Sy of all vertices in V) adjacent to x. By the above algorithm, S, is mapped by 6
and by 0" to a set S; of the same type and x is mapped by 6" to a point y adjacent to only
the vertices in S;. Thus w € S; and yw € [V, Vi 1]. ¢

Hence, 6 can be extended to an element of Gy, 1.

Suppose we are testing to see if two graphs X and Y are isomorphic, and |V(X)| =
[V(Y)| = 200. Then graph Z, the graph created from X and Y in the algorithm to find
Auty(X), will have 402 vertices. If every vertex in V; is adjacent to 2 vertices in V; 1 and
no two of these vertices in V;, 1 are the same (i.e., there is maximum fan-out from V; to
Vi, 1)» then [Vo7| = 255. So, [V7(2)] = 32,835, and [V5(3)| = 2,731,135.

These figures are far too large for V7(2) or V7(3) to be handled by a computer program
all at once. To break down the problem, we could examine the orbits of the vertices in V.
If an edge e, for instance, has one endpoint in orbit O; and the other endpoint in orbit Oj,
then e can only be mapped to another edge with one endpoint in orbit O; and the other in
Oj. We could break up the sets of points/edges/triples to be stabilized further according to

which orbits the vertices are in. We would then have 16 types of sets to be stabilized.

(wi€ Vi1 Vi€ Vo orbits Oy, Oy, and O3)
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single points brown ledges double points
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green-brown 1 edges green-brown 2 edges

| |

31
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single 3 triples double 3 triples
W

The following algorithm finds Ker(m; ) and the sets which must be stabilized to find

Im(TCk).
BEGIN
mark all vertices in Vj as unused;
FOR each vertex x in Vi DO BEGIN
mark x as used;
FOR each vertex y adjacent to x in graph Xy, 1 DO BEGIN
IFy € Vi AND y has not been marked as used THEN BEGIN
{ xy is a brown edge or a green-brown edge that we have not seen
before. }

find out which orbits in Vy contain x and y;

IF 3 q e Vi1 adjacent to exactly x and y in Vi THEN
Xy is a green-brown edge;

ELSE

© Xy is a brown edge;

add edge xy to a set of edges of the same type, in the same orbits in Vy as
yx (or create a new set);

END; {IFye Vi ... }

ELSE

IFy € Vi, 1 THEN BEGIN
find the set Sy of all vertices in V. adjacent to y; { Note: x € Sy}
IF no vertices in Sy have been marked as used THEN BEGIN

{ we have not processed Sy before.}
IF3qe Vi,1,q#Y, adjacent exactly to the vertices in Sy in Vi
THEN BEGIN
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the point, edge or triple, Sy, represents both q and y in Vi 1, so
it is a double point, edge or triple;
add (g, y) to Ker(my);
END
ELSE
Sy is a single point, edge or triple;
find out in which orbits in Vy contain the vertices in Sy;
IF |Sy| =2 AND Sy is single THEN BEGIN
{Sy may be a green or a green-brown edge. }
let Sy = {x, w} where w € V|;
IF x is adjacent to w in graph Xy, 1 THEN
Sy is a green-brown edge;

ELSE
Sy is a brown edge;
END { IF lSyl =2 s}

add Sy to a set of points/edges/triples of the same type and using the
same orbits in Vy as Sy (or create a new set);
END { IF no vertices in Sy have been marked }
END{IFye Vi, 11}
END { FOR each vertex y }

END { FOR each vertex x }

END
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4. Set-Wise Stabilizers

Let G be a permutation group acting on a set X, and let M be a subset of X. We want to

find Stab(M), the set-wise stabilizer of M. The method used is the "divide and conquer"

approach.

4.1 Intransitive Groups

If group G is intransitive on the set X then G breaks X up into several orbits By, B,
... » Bp. Let M = B; " M. Stab(M) must set-wise stabilize each of the M separately.

G is transitive on B. If we restrict G to By by simply ignoring the other orbits, we get
a group G, a fransitive constituent of G. 7 : G — Gy is the resulting homomorphism.

If we have an algorithm which finds set-wise stabilizers in transitive groups, then we
could find K, the set-wise stabilizer of My in By, a subgroup of Gy.

Stab(M7) < G is the subgroup of G such that Stab(M{)/Ker(r) = K{. The generators
of Stab(M)/Ker(;), together with generators of Ker(r¢), give us Stab(My).

Ker(ny) = {ge G|V xeBy, (x)g = x}. We could use Schreier's algorithm to find a
set of generators for Ker(r]) by expanding G as a tower of stabilizers. If we use the points
in By as the distinguished points for the top groups in the tower, Ker(m;) will be one of
the groups in the tower.

Let the top paﬁ of the base consisting of elements of B that were used in the above
expansion of G be (by, by, ..., by).

Once we have found generators for K, we would like to expand the generators (which
are of degree |B|) into elements of Stab(M1)/Ker(m{) (which are of degree |X]). Let
ke K1 and let he Stab(M)/Ker(r{) such that h restricted to B; is k. Then (by)h = (by)k
and h is in coset Stab(by)a; in H corresponding to the point (bq)h. Hence, hal'1 €
Stab(bj). Then (by) ha;"! = (bp)ka; ! and ha;~1 is in coset Stab(by)ay in Stab(by)

1

corresponding to point (b2)ha1'1. Therefore, ha;~ a2'1 € Stab(by). Continue this process
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until we have ha1'1a2‘1...an'1 € Stab(by, by, ..., by) = Ker(ny), or h €
Ker(m1)ayay.1.--a1. Any element of Ker(nj)ayay_1...a1 can be used in place of h. In
particular, aja,_1...a1 would do. So, to find an element g which is equal to k € Kwhen

restricted to B we can use the following algorithm:

BEGIN
g:=¢;
H:=G;
FOR i := 1 to n DO BEGIN
b; is the distinguished point in H;

y = (bpk;
let a; be the coset representative associated with point y;
g =g
k" :=ka; 1 :
H := Stab(b;);
END
END

Once Stab(My) is found, we need to find the stabilizer of M-M in Stab(My). We find
the orbits of X-B in Stab(M). We choose an orbit B’; and set M"{ := B"’1n(M-My).
find Stab(M"{) in Stab(M) in the same way that we found Stab(M) in G. We continue
this process until all of M is used up. This will give us Stab(M).

Notice that we could avoid having to expand elements of K; to elements of
Stab(Ml)/Ker(nD if we simply do all calculations within the group G.

Our algorithm to find Stab(M) in an intransitive group G acting on set X becomes:
FUNCTION SetStab( G:group; X:set; M:subset):group;

BEGIN
H:=G;
X =X
M :=M;

WHILE M is not empty DO BEGIN
pick a point x € X” and find its orbit By with a breadth-first search;
Mp:=B1n M’;
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IF M| = [B{| THEN
{ H already stabilizes B, so H already stabilizes M }
StabMy) :=H

ELSE IF [M;| = 0 THEN ({ there is nothing to stabilize. }
Stab(M1) :=H;

ELSE IF [M;| = 1 THEN BEGIN

let My = {x};
use Schreier's algorithm to find Stab(M ) = Stab(x);
END

ELSE

{ use an algorithm for finding the set-wise stabilizer in a transitive group.}
Stab(M) := TransSetStab(H, B{, My);
H := Stab(My);
X :=X"-By;
M :=M"-M;y;
END {WHILE}
SetStab := H;
END {SetStab};

4.2 Transitive groups

If group G is transitive on set X then we can not break the problem down using orbits
in X. Fortunately, since the graphs we are testing for isomorphism are 3-regular graphs,
the groups we are working with have a special property. This property allows us to
develop a technique to find set-wise stabilizers in transitive graphs.

Let p be a prime number. A p-group is any group whose order is a power of p.

Tutte's Lemma. Let X be a connected 3-regular graph, and let e € E(X). Then
Auty(X) is a 2-group.

Proof. Let e = uv. Insert a new vertex, v, On edge e. Let V; be the subset of V(X)

containing the vertices at distance i from vertex vg. So, Vg = {vg}, V1 = {u, v}, ....
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Each V; must be set-wise stabilized by Aut.(X). Order the vertices v < vy < ... <V 80

that for all i, if vj € V;and vy € Vj 1, then Vi< Vi Then each vertex v is joined to some

vertex vj, where v; < V- Let T = Autg(X) and T; = Stab(vg, V1, ..., v;) (that is, each

point is point-wise stabilized). Then T2 Ty 2... 2T 1 = {e}.

Consider [Ty:Ty, 11. Vertex vy, 1 is joined to some vertex v; < vy, 1. Vertex vj is fixed

in both Ty and Ty, 1. The orbit of vi, 1 in Ty is the set of all vertices in the same partition,

\%

p 3 Vi 1 that are also joined to v;, since Ty < Auty(X).

Vk+1

< fixed
<
v]_ Vi< vk+1

< fixed

Since x is 3-regular, the orbit of vy 1 in Ty can contain at most 2 vertices, S0

[T Tyl S 2. |Aute(X)| = |T0| = [TO:Tl]-[TI:TZ]-...-[Tn_Z:Tn_l] is a power of 2. ¢

By much the same argument, we can show that Gy = Aut.(Xy) is also a 2-group.

4.2.1 Some Properties of p-Groups
Let G be a group. Let g € G. Then, Vhe G, h8 = g'lhg € G. By conjugating the

=h8 forevery he G.Let G’ = {g" | g € G}, the permutation representation of G in which

each g € G acts by conjugation on G.

-_ elements of G with g, we have created a permutation, g”, of the elements of G. Here, (h)g”
Lemma. Define & : G = G*, where Vg € G, (g)n = g". Then & is a homomorphism.
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Proof. Let g,h € G. (gh)w = (gh)" € G". (g)n-(h)T = g™h".
Letk € G. (k)(gh)’ = k8h = (gh)'lk(gh) - (h'lg'l)k(gh) - h'l(g'lkg)h _ (kg)h _
(()gHh" = K)(@)m-(h)r.

Since (g)n-(h)n = (gh)x, ® is a homomorphism.

The center of G is Z(G), the set of all elements of G which commute with all of G. Let
g e G. Z(G) = g'12(G)g = Z(G)g g = Z(G). Therefore, Z(G)+G.
For the homomorphism ©: G — G, wherewn: ge G— g" € G,

Ker(n) ={ge G|Vhe G:h&=h}

—{ge G|Vhe G:g'lhg=h}
={ge G|Vhe G:hg =gh}
= Z(G).
Im(n) = {g" | g e G} = G". Since G/Ker(rn) = Im(r), we know that G/Z(G) = G".
Therefore, G = G” if and only if Z(G) = {e}.
\ Leta e G. The conjugacy class of a is {a8 | g € G}, the set of all elements of G which
can be obtained from a by conjugation. The centralizer of a is C(a), the set of all elements
of G which commute with a.
Consider the stabilizer of ain G”".
Stab(a) = {g"€ G’ | @)g" = a8 =g lag = a}
={g’e G"|ge C@)}
= (C(a))r.
The orbit of ain G is {(a)g” | g" € G'}. = {a8 | g € G}., the conjugacy class of a. The
size of the conjugacy class of a is [G":Stab(a)].
Consider G written in terms of cosets of C(a): G = C(a)gq + C(a)gy + ... . Leth e
C(a)g. Then h = cg where ¢ € C(a). ah = h-lah = (cg)'la(cg) = g‘lc'lacg = g'lac'lcg =
g’lag. Therefore, C(a)g ={he G| all = a8}. Hence, [G:C(a)] is the size of the conjugacy

- ]
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class of a.

Let K € G. The normalizer of K is N(K) = {g € G | K& = K}. Obviously K ¢N(K) and
N(K) is the largest subgroup of G in which K is normal.

Consider the action of G” on K: (K)g” = K8. The set-wise stabilizer of K in G’ is
Stab(K) = {g"€ G| K)g" = K8 = K} = (N(K))x. Thus, the number of conjugates of K
is {K& | g € G} = [GN(K)].

The formula |Orbit(x)| - |Stab(x)| = |G| now tells us that the number of conjugates of an

element a or a subgroup K divides |G|.

4.2.2 Block Systems .

Let group G be transitive on set X.

Consider G(Z), the group induced by G acting on X(2), the set of unordered pairs of
elements of X. Let E be an orbit of G(2) on X(2), E defines a graph X[E] with vertices X
and edge set E.

Example.

X={1,2,3,4,5, 6}
G=<«(1,2,3,4,5,6)>
G is transitive on X.
An orbit E of G acting on X@ is E = {{1,3}, {24}, {3,5}, {46}, {15},
{2,6}}.
X[E] is
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A
XA
\Y

4

Notice that G £ Aut(X[E]). X[E] may have more than one component, as can be seen
from the example. Since G is transitive on X, there exists a g in G which maps a vertex in
one component, X;, to a vertex in another component, Xj. Since G £ Aut(X[E]), g must
map component X; wholly onto component Xj. Thus G induces a permutation of the
components of X[E].

Let B; be the vertex set of the component X; of X[E]. The Bj's form a non-trivial
partition of the set X such that each g € G maps each B; wholly onto some Bj. The B; are

blocks of G, forming a block system for G.

Lemma. Let G be a transitive group acting on the set X. Let {By, By, ... ,B } bea
block system for G.. Let K be the subgroup of G fixing each block set-wise. Then K¢ G.

Proof. Let g € G. Let B; be one of the blocks in the above block system for G. Then
(Bi)g'1 = Bj, another block in the block system for G. Let k € K. Then (Bjk = B;, for
every B;, and k8 e K&, (B)k® = (Bi)g'lkg = (Bj)kg = (Bj)g =Bj. - k& € K.

Let kq, k9 € K, such thatk; # k9. Suppose g'lklg = g'lkzg. Then g(g'lklg)g'1 =

g(g’lkzg)g'l, or ky =k, a contradiction. So [K| = IK8|. But K 2 K&. .. K& =K and
KeG. -

Lemma. Let G be a transitive group acting on set X. G has a block system if and only i

& l
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if G(2) has a disconnected orbit E on X(2),

Proof. We have already seen that if G(2) has a disconnected orbit E then the vertex
sets of the components of X[E] form a block system for G.

Let G have a block system {B, By, ..., B;;}. Consider the graph X[E] created by the
orbit E of {x,y} € B1(2). Since each g € G maps B wholly onto another block B;, no
g(2) e G can map {x, y} onto {u, v} where u € B; and v € B;# B,. Thus X[E] has

J
no connections between the vertices in B, and the vertices in Bj. ~. E is a disconnected

orbit of G(z). .

A permutation group G is primitive if every orbit of G2 on X(2) is connected.
Otherwise it is imprimitive. If G is imprimitive then a block system for G is also called a
system of imprimitivity.

4.2.3 p-Groups and Block Systems

Let G be a transitive group acting on a set X, with a block system {By, By, ..., Byl

Let B be any block and x € B.

Lemma. Stab(x) < Stab(B) < G.
Proof. Since each g € G maps B wholly onto another block and each h € Stab(x)

maps x onto x, each h € Stab(x) maps B onto B, i.e. h € Stab(B).

Lemma. The size of each block is [Stab(B):Stab(x)].
Proof. Since G is transitive, all blocks have the same size.
Stab(B) = Stab(x)a; + Stab(x)ap + ... + Stab(x)ay.
Stab(x)a; consists of all permutations of G mapping to (x)a; € B. Thus {(x)a; |i=

1,2,...,k} must be all of B. .. |B| = [Stab(B):Stab(x)]. ¢
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Lemma. The number of blocks is [G:Stab(B)].
Proof. G = Stab(B)by + Stab(B)by + ... + Stab(B)b,. Stab(B)b; consists of all
permutations in G mapping block B to block (B)b;. Again, since G is transitive on X,

{(B)b; | i =1...m} must be all the blocks. .*. the number of blocks is [G:Stab(B)]. «

Theorem. Let G be transitive on X. Let x € X. If G contains a subgroup H between
Stab(x) and G, then G is imprimitive and the orbit of x in H is a block for G.

Proof. Let Stab(x) < H < G and let B be the orbit of x in H. Since Stab(x) # H, B
contains more than x. G = Hby + Hby + ... + Hby. Hb; consists of all permutations
mapping B to (B)b;.

Let g € G. Then g € Hb; and g = hb; where h € H. ((B)bj)g = (B)bjhbi. But bjhbi €
G, so bjhbi € Hbg. Every permutation in Hbg maps B to (B)by. .. ((B)bj)g = (B)bg. .
{(B)by, (B)by, ..., (B)by} is a block system for G. e

Corollary. A transitive group G is imprimitive if and only if there is some subgroup

between G and a vertex stabilizer.,

Theorem. Let K be an intransitive normal subgroup of the transitive permutation
group G. If K # {é}, then the orbits of K form a block system for G.

Proof. If K is intransitive, let By, By, ..., B be the orbits of K. G permutes the
orbits of a normal subgroup. Since G is transitive, all B; have the same size, and they form

a block system for G. ¢

Lemma. The center of a p-group has order pk, for some k = 1.
Proof. Z(G) < G, so |Z(G)| divides |G| = pT. .. |Z(G)| = pk for k = 0. Recall G*
acting on G: g€ G maps he G to (h)g” = h8 = g‘lhg. The orbits of G are the

]
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conjugacy classes of G. The size of each orbit must divide |G|. {e}, where e is the identity
of G, is an orbit of size one. Let O(pi) be the set of all orbits of size pi. Then

IG| = p* = 1-|O(1)| + plOP)| + ... + p*|O®")I.

Now, p divides p¥, and p divides (p/O(P)| + ... + plOED]). - p divides |O(1)|. But
{g} is an orbit only if g € Z(G). .. |Z(G)| is divisible by p and Z(G) = 1. Hence, |Z(G)| =

pk for somek = 1.

Lemma. Let G be a p-group, and let P be a subgroup of index p. Then P¢ G.

Proof. Consider G mod P, a transitive permutation group of degree p acting on the
cosets of P. G mod P is a subgroup of the symmetric group of degree p, which has order
pl.

LetO0:ge G— g* € G mod P, and |G| = p*. Ker(0) < G. .. Ker(0) = pi for some O
<i<r. G/Ker(0) = Im(0) = G mod P. So |G mod P| = pk where k > 0. But |G mod P|
divides p! and the only power of p greater than 1 dividing p! is p. So |G mod P| = p. Since
G mod P = G/H, where H is the largest subgroup in P which is normal in G, and [G:P] =
|G/H]| = p, it follows that P = H, and P¢G.

Theorem. Let G be a group of order p'. If K is a subgroup of G of order pk where k
<r, then K is confained in a subgroup P < G of order pk+1.

Proof. By induction on r.

Ifr = 1, then |G| = p, K = {e} and the result is clearly true.

Consider r > 1. Assume the hypothesis is true for |G| = pS, where s <r. If k =1 -1,
then P = G is the subgroup of order pk+1. So consider k < r — 1. If K¢ G, then |G/K]| =
IG mod K| = p™~¥ < p’. By the induction hypothesis, the identity subgroup of G/K is
contained in a subgroup P/K of order p. Then P<Gand|P|= pk+1.

If K is not normal, allow G” to act on K. Let X = {Ky, K>, ..., K} be the set of all
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conjugates of K. Then t # 1, since K is not normal. Since the size of the orbit must divide
|G’| = IG/Z(G)|, a power of p, t is a power of p.
Consider K”, the subgroup of G” corresponding to K, and the action of K" on X. K" is

a p-group, so the size of each orbit of X in K" is either one or a power of p. K’ fixes K, so

that K is an orbit of size one.

There must be several orbits of size one. Suppose that K; is also an orbit of size one.
Then K” < Stab(Kj), so that K < N(K;), the normalizer of K;. Since K # K; < N(K;),
IN(K;)| > [K|. But N(K;) # G, since K is not normal in G. So, [N(K;)| = p9, where q <.
Then by the induction hypothesis, K is contained in a subgroup P of N(K;) of order pk+1,
% so that K <P < N(K;) < G as required.

Given a p-group G, we can start at the identity subgroup {e} and, by repeatedly
applying the above theorem, we can build a tower of subgroups {e} = P,eP. ¢ ...

¢P ePy = G, where [P;:P;, 1] =p.

Theorem. A transitive permutation group G of order p* is primitive if r = 1 and
imprimitive if r > 1.

Proof. Let G act on X and let x € X. Since G is transitive, |X| = pk, for some k = 1.

If k =1, then since G <Sym(X), the order of G is p and |Stab(x)| = 1. There can be no
subgroup between Stab(x) and G.

If k > 1, then |Stab(x)| = pr'k. By the previous theorem, Stab(x) is contained in a
subgroup P of order pr'l, so G is imprimitive. The number of blocks in the corresponding

block system is [G:P] = p and the size of each block is pk’l. .

Our technique for finding a set-wise stabilizer of subset M in a transitive p-group Gis

to find an intransitive subgroup P+ G fixing the blocks in a block system for G with p

. ]
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blocks. In this case [G:P] = p. We will then find the set-wise stabilizer of M in P, which is
intransitive, and then search the cosets of P. (Notice that there are as few cosets as

possible.)

4.2.4 finding a Block System in a Transitive p-Group

Suppose we want to find a block system for the transitive p-group G acting on set X.

What we do is to use a merge-find data-structure[1] to find the orbits of G2 acting on
X(2), For each orbit of G(z), we then use another merge-find data structure to see if the
orbit is disconnected.

If the disconnected orbit we find has more than p blocks and we wanted exactly p
blocks, we could iterate the above procedure. Let the set of blocks found be Y = {B, By,
..., Bg}, where s = pi andi > 1. Then G induces a permutation group Gy acting on the
block system Y. If g € G, let 8y be the corresponding permutation in Gy. We could use a
merge-find data structure to find the orbits of Gy(z) acting on Y(2) and then use another
merge-find data structure to find a disconnected orbit.

Since G is a p-group, it has a block system with p blocks. If block system Y has more
than p blocks then, since Gy is a transitive p-group, Gy has a block system and so Gy(z)
has a disconnected orbit.

Suppose we itérate and find that Y() has a disconnected orbit, i.e. the orbit of {B;,B j}

is disconnected.

Claim.Letx € Bjandu e Bj. The orbit of {x, u} in X(2) is equivalent to the orbit of
{B;, Bj} in Y(2).

Proof. Let {B,y, By} be in the orbit of {B;, B;}. 3 8,2 € Gy(?) mapping {B;, B;}
to {By,, Bp}. WLOG, assume 8y maps B, to B, and Bj to B,,. Then g € G maps x € B;

to some x” € By, andue Bj to some u” € B,.

-
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Ifhe Gmapsx € Bjtox"e Byandue Bj tou” € B, then {x’, u} is in the orbit

of {x, u} and hy S Gy maps B; to B, and Bj to B, so {B,, B} is in the orbit of {B;,

B;} in Y2,

Thus, once we have found the orbits in X(Z), we have found the orbits in Y(Z), where
Y is any block system we choose from the disconnected orbits of x(2),

Our algorithm, using p=2, becomes:
BEGIN
queue Q := empty;
use the merge-find algorithm to find the orbits of x2);
E := first orbit of X(z);
g WHILE (the no. of components # 2) AND (E # NIL) DO BEGIN
| ’ set up the merge-find data structure A used to find the blocks so that each x € X
| ! is in its own block;
| use the merge-find algorithm to find the components of X[E];
IF the no. of components # 2 THEN BEGIN
IF there are more than 2 component and less than |X| components THEN
put E on queue Q;
E := next orbit of X(Z);
END
END { WHILE }
E .= first orbit in Q;
WHILE there are more than 2 components DO BEGIN
choose any {x,y} € E;
IF x and y are not in the same component THEN BEGIN
create a merge-find structure B to find blocks of the current blocks;
use the merge-find algorithm with E to find the blocks of blocks;
IF there are fewer blocks than there were, but still more than 1 THEN
apply E to the merge-find structure A;
END {IFxandy... }
E := next orbit in Q;
END {WHILE }

| ;
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{ merge-find data structure A now contains 2 blocks. }
END

Once we have found a block system containing p blocks, we want to find P = Stab(B),
where B is one of the blocks. We can do this using Schreier's algorithm and the
merge-find data structure, which maps each point in X to the block containing the point.
We will create a tower G 2 Stab(B) = Stab(x1) 2 ... 2 Stab(x,), where x; € X. Each coset
of Stab(B) in G is represented by a block in the block system, so the group G can not be
represented by the group data structure in chapter 1. To expand the transversal of Stab(B)
in G, we apply each of the generators to any point in B and then check which block
contains the resulting point using the merge-find data structure. All other groups in the

tower can be created using the algorithms in chapter 1.

4.2.5 An Algorithm for finding Set-Wise Stabilizers in Transitive p-Groups.

Let G be a transitive p-group acting on the set X. Let {Bq, By, ..., Bp} be a block
system for G, and let PG be the subgroup of index p fixing the sets B;. Write G =P +
Pa+Pa+ .. + Pap"l, where a € G. Let M be a subset of X. Let Py denote the set-wise
stabilizer of M in P.

Py ={he P|(M)h=M}

={he P|he StabM) <G}
=P m Stab(M), a subgroup of Stab(M).

G/P has order |G|/|P| = p. So G/P is a cyclic group of order p. Pick any be G-P. G/P is
generated by Pb. In particular, if some coset Pa # P in G contains a b fixing M, then Pb
generates G/P.

Thus, for be G-P such that (M)b = M:

G =P +Pb+PbZ + ... PbPL.

Stab(M) = (P + Pb + Pb2 + ... PbP-1) A Stab(M)

B
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=P N Stab(M) + Pb N Stab(M) + Pb2 N Stab(M) + ... + PbP-1 A Stab(M).
Now, Pbl A Stab(M) is a coset of Pyjin G and bl isin that coset, so we get

Stab(M) = Py + Ppgb + Pppb? + ... PP L.

Claim. Py ¢ Stab(M).
B Proof. V g e Stab(M), P48 is a subset of P& = P. P8 fixes M since g fixes M. Py
= Stab(M) N P. Therefore, P8 = Ppf.

This gives us

Theorem. Let G be a transitive p-group with a block system {B{, Bo, ..., Bp}. Let
P+ G be the subgoup of index p fixing the block B set-wise. Let Py g = P n Stab(M). Then
either Stab(M) = Py or else Pa, where a ¢ P, contains an element b fixing M and Stab(M)

= Ppp + Pppb + Ppypb2 + ... PP L.

Thus our algorithm for finding a set-wise stabilizer in G becomes:

FUNCTION TranSetStab(G:group; X:set; M:subset):group;
{G is a transitive p-group acting on X. We want Stab(M).} \
BEGIN

find an intransitive subgroup P, of index p;

{If |G| = p, set P = identity subgroup and let each point of X be a "block" to
allow the recursion to work. Otherwise P fixes a block system. }

P)p := SetStab(P, X, M); 1

{Either Py is all of Stab(M), or Stab(M) = Ppg + Ppqb + PMb2 + .o+ PMbp'l, 1
for some b € Pa, where (M)b = M}

choose a permutation a ¢ P to represent coset Pa;

h := CosetStab(P, X, M, (M)a'l);

{search P for h mapping M to (M)a'l. (M)ha = (M)a'la =M, so ha € Pais the
permutation b that we wanted.}

E
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IF h = NIL THEN
Py = <Py, ha>;

TransSetStab := Pyy;

END; {TranSetStab}

4.2.6 The Function CosetStab

We would like to find a g € P mapping M to N where P is an intransitive p-group
acting on set X and M and N are subsets of X. The orbits of P are the blocks {B{, B, ...,
Bp} of G.

Consider block B;. Let M; = M N B; and N; = N N B;. If P contains a g mapping M to
N, then g maps M; to Nj. Thus we employ a divide-and-conquer technique much like the
one we used to find a set-wise stabilizer in an intransitive group G.

We first find a g1 mapping M to N;. The set of all such g is the coset Stab(M)g1 in
P. We now want a g € Stab(M) mapping M to (N)gl'l. Stab(M ) creates orbits in X —
B{. We choose an orbit By and let My = By N M. Now we search Stab(M) for g,
mapping My to Ny = By N (N)gl'l. If there is such a gy then (M{)gyg1 = M1)g1 =Ny,
and (Mp)gpg1 = (By N (N)gy 1)gy = (Bygg NN.

We continue this process until all of M is used up, or until, at stage i, we find that no
such g; exists. In the latter case, we know that there is no g € P mapping M to N so we

return a nil pointer. Otherwise, we eventually have g = gy gy._1...82&1 mapping M to N, so

we return g.
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FUNCTION CosetStab( P:group; X:set; M,N:subsets):permutation;
{Search P for an element g mapping M to N. P is intransitive on X.
If g exists, return g; otherwise return nil. }
BEGIN
H:=F;
X =X
M =M
g:=¢€
WHILE (g # nil) AND (M| > 0) DO BEGIN
find an orbit B; of H on X”;
M; =M"NB;;
N;:= Mgl By
{ we want g; mapping M; to N;. }
IF [M;| # [N;] THEN
{no such g; exists. return NIL.}
g:=NIL;
ELSE
IF [Mj| = 1 THEN BEGIN
use a breadth-first search to search the coset diagram for g; mapping M;

to Nj (if there is such a g;.);
IF g; # NIL THEN BEGIN
{the set of all such g; is a coset of Stab(M;), the point-wise stabilizer
of M; = {x}.}
H := Stab(M;);
8i=gi's
X =X - B;;
M :=M"-M;;
END {IF g; # NIL }
ELSE
g :=NIL;
END
ELSE BEGIN { M;| 22 }
{ His transitive on B;. See if H restricted to B; contains a g; mapping
M; to N;.}
g; := TranCosetStab(H, B;, Mj, N;);
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IF g; # NIL THEN BEGIN
{The set of such g;j is a coset of Stab(M;) in H.}
H := TranSetStab( H, B;, M; );
g:=8i'8;
X :=X"-Bj;
M :=M"-M;;
END { IF g; # NIL }
ELSE
g :=NIL;
& END
END { WHILE }
l' CosetStab := g;
END {CosetStab}

4.2.7 Function TranCosetStab

We wish to find an element g in the transitive p-group G acting on X, such that g maps
M to N, where M and N are subsets of X.

Let P G be an intransitive p-group of index p. G=P + Pc + Pc2 ... + PcP'l, where
ce Gandc ¢ P. Let Ppg = Stab(M) N P. Then P = Ppga; + Pypjap + Ppyjag + ... + Pypag.
We know that Stab(M) in G is either Ppg or Py + Pppb + PMb2 +ooo t+ PMbP‘l, for some
be P.

Suppose Stab(M) = Ppp + Ppb + PMb2 £ e PMbP'l, where b ¢ P. Furthermore,
suppose coset Pcl contains some g= hci, where h is an element of P, mapping M to N.
Then (M)Pyqblg = (M)g = N. Consider Pcl = Pci-i+i = (Peii)ct = (cI1P)cl = cli(pel) =
oIi(Pg) = (Pl Dyg.

If Pc-l contains something fixing M then Pcl contains something mapping MtoN. b
G, so b e Pctor b = dct where d € P. Consider PbX = P(dct)X = PctX. For what x do we
have tx =j — i (mod p)? Since p is a prime and 0 < t < p, ged(t, p) = 1 and there is a

solution y to the above congruence.

L |
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Therefore Py bY is a subset of ch'i, so Pcl contains something mapping M to N.

Thus, if Stab(M) = Py + Ppb + PMb2 + .+ PMbp‘1 and any coset Pcl contains a g
mapping M to N, then every coset PcJ contains something mapping M to N. In this case,
we need only examine P itself to find such a g, if there is one.

If Stab(M) = Ppsand g € G maps M to N then (M)Ppjg = M)g = N. P is a subset

of some coset Pcl. We must search each of the cosets Pcl for such a g.

FUNCTION TranCosetStab( G:group; X:set; M,N:subsets):permutation;
{G is a p-group transitive on the set X. Look for a permutation g € G such that g
maps M to N. If there is such a g, return it. Otherwise, return NIL. }
BEGIN
find an intransitive subgroup P ¢ G of index p;
{If |G| = p, we can take P = identity group. Otherwise, P will fix a block
system. }
g := CosetStab( P, X, M, N);
IF g = NIL THEN BEGIN
{Either Stab(M) = Pps and some other coset of P may contain the g we want,
or Stab(M) =Ppp+Ppb + ... PMbP‘1 and no other coset of P contains

p
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such a g (since P doesn't). }
choose a permutation ¢ € G such thatc ¢ P.
b := CosetStab(P, X, M, M)c™1y;
IF b = NIL THEN BEGIN
{Stab(M) = P and some coset Pcl may contain the g we want. }
k:=1;
WHILE (k <p - 1) AND (g = NIL) DO
g = CosetStab(P, X, M, (N)c™X);
END { IFb=NIL }
END { IF g=NIL }
TranCosetStab := g;
END {TranCosetStab}
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5. The Complexity of the Algorithm

5. The Complexity of Finding Aut,(X).
Given a 3-regular graph X with n vertices, and e € E(X), how many steps are required
to find Aut,(X)? To answer this, we find the complexity of the algorithm at the end of
section 3.1.
What is the order of G;? G; < Sym(n) and G; is a 2-group. Therefore |G;| is at most the
largest power of 2 that divides n!. What is the largest power of 2 dividing n! = 1-2-3-....n?
Every second number in n! is divisible by 2, giving us In/2] powers of 2. Every fourth
number is divisible by a second 2, giving Ln/ 4] more powers of 2. Every eighth number
is divisible by a third 2, giving us Ln /8] more powers of 2. Continue this process until we

reach the ollogy nlh number, which provides one last power of 2. Thus we have in total

Liogy n] L1ogy nl
Z ln/2l] < z n/2i
i=1 i=1

L1ogy nl

n -21 /21
i=1

= n[2-1/llogynl-1y;
< 2n-4
Thus, |G;| < 220 -4 If we use Schreier's algorithm to restrict the number of generators
used to represent G;, we will need at most 2n — 4 generators.
Let n; be the number of vertices at distance i from the vertex v(y (which is added on edge
e), i.e. the number of vertices in the set V.
Each vertex x in V; can be adjacent to at most 2 other vertices in Vj, since x is adjacent

to at least one vertex in V;_. Thus, [[V;, Vil < n;.

-
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Each vertex in V; can be adjacent to at most 2 vertices in V;, 1, and each vertex in V¢
is adjacent to at most 3 vertices in V;. Thus |[V}, V;, 1] < min( 2n;, 3n;, ¢).

Assuming we have a data structure representing V; which allows us to check if x € V;
in constant time, we can partition the vertices into V(g + V1 + Vo + ... V}, in 3n steps.

To find the orbits of vertices in Vy, we use a tree implementation of the merge-find
algorithm which merges smaller trees into larger trees and performs path compression.
Using this implementation, merges require constant time and ny finds require O(ny-ou(ny))
time, where ou(ny) is a function which is not constant but grows more slowly than log ny
[1]. Thus we will apply each generator g of Gy to each vertex x inVy, finding the roots of
the merge-find trees representing the orbits of x and (x)g, and (possibly) merging the two
trees. Thus, we will perform at most 2(2n — 4)-ny finds, requiring O(n-'ny -0u(ny)) steps.

The algorithm which finds Ker(my) and the sets which must be stabilized to find Im(ry)
is given at the end of section 3.1.2.

The first step, to "mark all vertices in V) as unused", requires ny steps.

The outermost FOR loop, "FOR each vertex x in V). DO BEGIN", loops nj times.
Inside the loop, we examine each vertex y adjacent to x, or at most 3 vertices.

If y € Vi, we find the roots of the merge-find trees representing the orbits of x and y.
We also search the three vertices adjacent to y to find a q in Vi, 1 adjacent to exactly x and
y in V}, which réquires 3-3 steps. We then look for a set containing edges of the same
type as xy using the same orbits as x and y. This can require at most 2-ny*(ny — 1) / 2
comparisons (if each edge is in its own set). Thus if y € Vy, we require 2 finds and 9 +
2ny+(ng — 1) / 2 steps.

If y € Vi, 1, we find the set Sy of all vertices in V. adjacent to y in 3 steps. We then
search for another vertex q € Vi, 1, adjacent to exactly the vertices in Sy in Vi, in 33
steps. Adding (q, y) to Ker(my) requires n steps. Then we find the roots of the merge-find

trees of the elements in Sy, requiring at most 3 finds. To check if x is adjacent to w, if Sy

-
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= {x, w}, requires 3 steps. To add Sy to a set of n-tuples of the same type as Sy and using
the same orbits requires at most 3-ny(ny — 1) steps (if all n-tuples are triples, each in a
different set). Thus, if y € Vi, 1, we require 3 finds and 3y (. — D —2) /6 +3 +
27 + n + 3 steps, or 3 finds and 3'ny(np — 1)(ny —2) / 6 + 33 + n steps. So, the
algorithm in section 3.1.2 needs at most m + ny-3:(3 + 3ny~(ny — 1)(ny —2) /6 + 33 +
n) steps. 9ny finds would require O(ny-0u(ny)) steps. Thus, the complexity of the
algorithm in section 3.1.2 is O(nk4 +1ny).

For the moment, let us ignore the next step, which is to stabilize all the sets of n-tuples
to find Im(y).
We next extend generators of Im(m; ) to generators of Gy, 1/Ker(my) using the first
E algorithm in section 3.1.2. my, 1 steps are required to mark each vertex in Vi 1 as
processed. The FOR loop repeats ny, 1 times. Within the FOR loop, 3 steps are required
to find Sy, 33 steps are required to find ay € Vi 1 also adjacent to Sy, 3 steps are
required to map S, and 33 steps are required to find u and w. Thus, extending each
generator of Im(m; ) to a generator of Gy, 1/Ker(my) requires ny, 1 + 600y, 1 = 61y, ¢
steps. If the number of generators used to represent Im(my ) is 2n — 4, then this step
requires O(n'ny 1) time.
The total time required for the algorithm at the end of section 3.1 is

h

3n + z [O(m'ny-auny)) + O(nk4 +nny) + Oy, )]
i=0

h
= 3n +2 O(n-myc-a(my) + nk4 + n'ny)
i=0

plus the time required to stabilize all the sets of n-tuples at each level. We know that

L ]
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h
an=n3

i=0
and that

o(ny) < log ny < log n.
Thus,

h h
2 nproung) < 2 m log n =nlog n.
i=0 1=0

Also,

h h
DI (an)4=“4

- i=0 i=0

and

h
2 n-nk = n2.
i=0
Therefore, the total time required is at most O(n4 +n2 log n), plus the time required to

stabilize the sets of n-tuples.

5.2 The Complexity of Finding a Block System.

Suppose G is a p-group transitive on a set X, where |G| = pk and |X| = x. What is the
complexity of finding a block system for G on X?

The complexity will depend on the size of the generating set used to represent G. If we
use Schreier's algorithm to reduce the number of generators, we will start with the idenity

group and add a generator only if it is not redundant (i.e. only if it allows us to expand the
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current subgroup of G to a larger subgroup) until we have all of G. Since G is a p-group,
adding a generator must expand the subgroup by at least a factor of p. Thus, we will add at
most logp pk = k generators.

To find a block system we use a merge-find algorithm. The implementation used is a
tree implementation with path compression, which merges the smaller tree into the larger.
A merge requires constant time. If we are working with a set of size n, n finds require
O(n-0i(n)) time, where ai(n) is a function that is not constant but grows very slowly [1].
A single find can require no more than log n steps.

To find a block system, we first merge-find the orbits of pairs of points in X. For each
pair {a, b} in X(2) and each generator g of G, we find the roots of the merge-find trees for
{a, b} and for ({a, b})g and (possibly) merge the two trees together. This will require
2-k-O(Cx’2-oc(Cx,2)) steps, where Cn,r denotes "n choose r'".

The next step, in the worst case, requires us to find the components of each orbit of
X(2), For each element {a, b} of an orbit, we find the roots of the merge-find trees
associated with a and b. The number of finds for each orbit is twice the size of the orbit.
Thus the total number of finds is Z'Cx,2’ requiring 2'Cx,2-0(log X) time.

If we are forced to iterate the previous step, we will, at worst, apply each orbit of pairs
to blocks of blocks and then again to the merge-find trees representing the components (if
the orbit did n§t reduce down to one block). Thus, the total procedure requires
2k O(Cy 2-0(Cx 2)) + 3-2-Cx’2-0(log X)

= O(k'cx,2'°‘(cx,2) - Cx’z-log X)

=O(x210g x + kex2 oc(xz)) steps.

5.3 The Complexity of Set-wise Stabilisation.
In the set-wise stabilisation algorithm of Chapter 4, G is a p-group acting on X. We

wish to find Stab(M). If G is intransitive, the problem breaks down into at most [X]

1
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subproblems, so we consider the transitive case. Here we find a subgroup P of index p,
stabilising a block system of G. We first find the set-wise stabiliser Py within P, which is
intransitive. Then either Stab(M)=Py or else a coset Pa contains b fixing M, and
Stab(M)=PM+PMb+PMb2+...+PMbP‘1. Searching Pa for such a b is equivalent to
searching P for an element mapping M to N=(M)a'1. The algorithm uses a recursive call
to find P and then chooses one coset Pa and examines P for b mapping M to N (when
p=2 there is no saving over seaching all p cosets, but when p>2, this will be faster). So
we want the complexity of searching P for b mapping M to N. The set-wise stabilisation
problem reduces to this in general, if we consider the case M=N.

Consider now the general problem of searching a group G for an element mapping M to
N. If G is intransitive, we first restrict M and N to the first orbit, getting My and Ny, and
look for an element mapping M; to N;. The set of all such elements is a coset of
Stab(M1). Having found such an element, we now work within Stab(M ), and consider
the second orbit, etc. If G is transitive, we find P of index p fixing a block system as
before, and examine the p cosets of P in G until we find the element b desired. P is
intransitive. Examining any coset of P requires examining the constituents of P acting on
the p blocks of G. So searching G requires searching p2 similar groups, each a factor of p
or more smaller.

The recursion .will break G down into a block system and cosets of P, which will in
turn be broken down similarly until in the worst case we are working with a subgroup of
order 1. So it would seem that we may have to examine every element of G in the worst
case. But since the block systems successively partition X finer and finer, the maximum
depth of the recursion is logp|X|, at which point the block partition of X is discrete and M
and N are also partitioned discretely. At this point there are only p elements to check to
find the b desired. So at most p1°g|X|=|X| elements of G must be examined in the worst

case to find generators for Stab(M). The number of block systems which must be
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constructed is at most 1+p+p2+...+p10g|X|'1 = (X]-1)/(p-1) = |X|/p. Each requires
O(leog Xx) steps, giving O(x3log x) steps in total for constructing block systems and
searching G for generators of Stab(M).

The set-wise stabilisation procedures are called for several different colours of edges,
but the number of colours is a constant. In the actual implementation used, the sets to be
stabilised are broken down as much as possible (see Chapter 6), but presumably, this
requires less work than calling the procedures exactly once for each colour, without
breaking down the sets. So the number of calls is O(h), where h is the number of levels in
the graph. Since h<n, the number of vertices of G, this adds one power of n to the
complexity. Finally, the stabilisation is acting on pairs and triples of vertices, so that in the
worst case |X|=O(n3), although this must be very rare, if it occurs at all. This gives a

complexity of O(n7log n) for the entire algorithm.
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6. The Program

This chapter contains a description of the data structures used in the program and a
discussion of how the algorithm was implemented.

Since the program uses arrays whose dimensions are calculated at execution time, we
would like to be able to allocate an array of any size we choose during the execution of the
program. Standard Pascal does not provide execution-time dimensioning. Using the PVS
compiler, this facility can be provided in a relatively simple fashion. Storage for variables
in a Pascal program is allocated by calling an assembly-language routine ampxnew.
Ampxnew is passed the number of bytes to be allocated and returns a pointer to an area of
the given size. This routine can be called to allocate a structure at execution time as long as
the number of bytes required for the structure is known and ampxnew is declared in the
following fashion: FUNCTION ampxnew( size: integer ): pointer; EXTERNAL;

PVS provides a type pointer which is a generic pointer, i.e. it can point at any type of
structure. Thus, if ampxnew returns a generic pointer, the routine can be used to allocate
any type of structure.

Example: The following code allocates an array B of integers which contains a number
of elements given by the variable BSize:

CONST

HugeSize = 1000; { The max. # of elements an array can contain. }

TYPE

PtrIntArray = @IntArray;
IntArray = array[ 1..HugeSize ] of integer;
VAR
BSize: integér;
B:  PulntArray; { A pointer to the array to be allocated. }

FUNCTION ampxnew( size: integer ): pointer; EXTERNAL;

BEGIN
... { Calculate the number of elements we would like the array to contain. }
B := ampxnew( BSize * 4 );
{ B now points at an array of BSize integers. }
{ To access element i of the array: }

B@[i]:=5;

®» ]
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END;

Unfortunately, the Pascal debugging routine which checks indices at execution time will
not be very helpful for arrays which were allocated at execution time. As far as the index
checking routine is concerned, B points at an array of size HugeSize. Thus, the statement
B@[ HugeSize ] := 5; will not be flagged as an error by the index checking routine if an
array of size less than HugeSize has been allocated. The programmer must take extra care
to ensure that he does not attempt to access elements for which no storage was allocated.

Since each vertex of the graph Z for which we are finding Aut.(Z) is adjacent to only

three other vertices, the data structure representing the graph Z contains an adjacency list

for each vertex. The data structure type Graph is actually a pointer to an array. The array
— is allocated at execution time. Each element of the array points at a structure representing a
vertex which contains the adjacency list for that vertex.

The partition V; consists of all vertices at distance i from the vertex vq. Vjis
represented by exchanging pointers in the array Z so that |Vl contiguous elements of the
array point at the records representing the vertices in V. Thus, we need to store the
indices in array Z of the first and last vertices in Vj. Since the record representing vertex i
will not necessarily be pointed at by element i in array Z, we will also need array IndexMap
which is a mapping from vertices to their indices in array Z. Thus, Z@[ IndexMap@[i]]
points at the record representing vertex i.

The type permuation is actually a pointer to an array which contains the permutation.
The array is allocated at execution time.

The data structure representing a group is much as described in chapter 2. The records
representing the transversal elements are linked together so that the orbit of the
distinguished point can be processed without examining the points which are not in the

orbit. The following are the type declarations for the group structure:

L————_
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GenName ="'A'. . 'Z}
pt = 1..HugeSize;
permutation = @permtype;

PtrGenElt = @GenElt;
GenElt = record { generator structure }
Gen: permutation;
GenlInverse: permutation;
GenSymbol: GenName; { used for printing purposes }
NextGenElt: PtrGenElt  { next generator structure in list }
end;
PtrTransElt = @ TransElt;
OrbitArray = @OrbitArrayType;
OrbitArrayType = array[ pt ] of PtrTransElt;
TransElt = record { coset representative (transversal element) }
a: permutation;
alnverse: permutation;
NextTransElt: integer
end;
TransRec = record { indices of the 1st and last transversal elements in a
linked list of transversal elements }
TransStart: integer;
TransEnd: integer
end;
Group = @GroupType;

GroupType = record { Structure representing a group }
Degree: pt,
Order: integer;
Gens: PtrGenElt; { a pointer to a linked list of generators }
Point: pt; » { the distinguished point of the group }

Orbit: OrbitArray; { the orbit of point }
Trans: TransRec; { linked list of transversal elements }
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Stab: Group { a pointer to a structure representing
Stab(Point) }
end;

The merge-find algorithm is used in various places in the program. The smaller
merge-find tree is always merged into the larger and path compression is used to speed up
5 the program [1]. The merge-find data structures consist of a mapping from the objects to
be merged to their merge-find pointers (an array of pointers allocated at execution time).
The structure containing the merge-find pointer is a variant record. It contains the pointer
to its parent in the merge-find tree if it is not the root of the tree. If it is the root of the tree,
it contains the number of elements in the tree. If we want to access all elements in a
particular tree then the root of each tree also contains a pointer to a circularly linked list of
elements in the tree, which is updated every time the tree is merged with another.

When we are examining edges [V, V;] and [V}, Vj, 1] to find the sets of n-tuples
which must be stabilized, we create linked lists of structures representing sets of n-tuples:
one list for points, one for brown-one edges, one for brown-two edges, and so on. Each
structure representing a set of n-tuples contains a pointer to a linked list of the n-tuples in
the set, the type of n-tuples, the size of the n-tuples, the number of n-tuples in the set,
whether the n-tuples are single or double, and how many n-tuples are possible of that
particular type usiﬁg the same orbits as the n-tuples in the set. After all sets of n-tuples are
found, the sets are reorganized to reflect the amount of work each would take to set-wise
stabilize. In some cases we can use Schreier's algorithm to find the set-wise stabilizer. If
a set contains one n-tuple and the points in the n-tuple are each in a different orbit, then the
set-wise stabilizer of the set is the subgroup which point-wise stabilizes each of the points
in the n-tuple. Thus, if we use Schreier's algorithm with the points of the n-tuple as the
first points in the base used, we can pick the required subgroup out of the tower of

stabilizers produced. If a set contains one n-tuple of size three where two of the points are

L——__—
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in the same orbit and the third is in a different orbit, then the set-wise stabilizer of the set
must point-wise stabilize the third point and set-wise stabilize the first two points. Thus,
to find the set-wise stabilizer in this case, we first call Schreier's algorithm to find the
point-wise stabilizer of the third point. The group we want is a subgroup of the point-wise
stabilizer. The point-wise stabilizer may have different orbits than the original group. In
particular, the first two points may now be in different orbits so that Schreier's algorithm
can be used again to find the set-wise stabilizer of the first two points. If the first two
points are still in the same orbit then the routine TranSetStab must be used to find the
set-wise stabilizer of the two points. For sets which must be stabilized using the SetStab
routines, if the total number of n-tuples possible of the same type using the same orbits as
the n-tuples in set A is m and the total number of n-tuples possible of the same type using
the same orbits as the n-tuples in set B is more than m, then it would probably require
more work to stabilize set B than set A. So we order such sets in ascending order
according to the total number of such n-tuples possible.

We always try to choose the set of n-tuples that would require the least amount of work
to stabilize. Once we have stabilized a set of n-tuples, the orbits of the points may be
broken into smaller orbits and some of the sets of n-tuples may be broken into smaller sets.
These changes may cause the ordering of the sets to be changed. However, rather than
going through all the sets and reordering them, an approximation scheme is used to find
the next set which would require a lesser amount of work to stabilize. The set which was
the second best choice when we chose the previous set will probably still be close to the
head of the list if we reorganized all sets. If we reorganized that set and chose the subset
requiring the least amount of work to stabilize, we would probably have a good
approximation to the best choice and will have saved ourselves a great deal of work.

If we choose a set M that must be stabilized using the SetStab routines, we must pass

both M and a set X of n-tuples that contains M and is already set-wise stabilized (we use
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the set of all possible n-tuples of the same type as the n-tuples in M and using the same
orbits). Within the SetStab routines the sets of n-tuples are stored as arrays of n-tuples.
Each n-tuple is sorted so that if the n-tuple is stored as (aq, ay, ..., ap) thenaj <ay <...<
a,. The n-tuples within the array are sorted so that if (af, ay, ..., a;) comes before
(b1, by, ..os b;,) then aj=by, a9=by, ..., a;<b; for some 1<i<n. Thus, when we want to
find the intersection of two sets in SetStab or CosetStab (for example, to find (N )g'lm B;)
we can search one set for elements of the other more quickly.

To find a group P ¢ G that fixes a block system for G, we use the method described in
section 4.2.4. We produce a tower of stabilizers with G at the top and P under G. For
group G, the distinguished 'point’ is one of the two blocks in the block system. The orbit
contains only the two blocks. The transversal element associated with the distinguished
block is the identity. Thus, we can dispense with using the usual structure used to
represent an orbit and store only the transversal element for the second block. This orbit of
two blocks is processed using a special version of Schreier's algorithm which manipulates
blocks and n-tuples instead of points. Group P, the next group down in the tower, and all
groups beneath it in the tower are created using the regular Schreier's algorithm which
manipulates points. Thus, P is represented as a normal tower of stabilizers. This
representation is very useful in routines TranSetStab and TranCosetStab when we try to
find be G such thét be P. All we need do in this case is to test each generator of G for
membership in P using the routine GroupElement. One of the generators will not be a
member of P since P<G.

In routine CosetStab, we try to find g in group G mapping set M; onto set Nj. If M;
and N; each contain only one n-tuple, say Mj={m} and Nj={n}, then we search the coset

diagram of G mod Stab(m) to find g mapping m to n. M; is contained in the orbit B; of

n-tuples. We allocate an array of pointers to transversal elements to represent the orbit B;,

set the transversal element of m to be the identity permutation, and then perform a
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breadth-first search to find the transversal element associated with n. We then find
Stab(M;) which is Stab(m). Stab(m) can be found using Schreier's algorithm. The
distinguished 'point' associated with group G, the top group in the tower, is not a point,
but is an n-tuple m, and the orbit of m is an orbit of n-tuples. Stab(m), the next group
down from G, and all stabilizers beneath it in the tower can be created using the standard
Schreier's algorithm working with points, but a special routine must be written to work
with group G at the top of the tower since n-tuples are manipulated instead of points.

We include a listing of the main procedures used, omitting input and output procedures,
procedures which dispose of structures which are no longer useful, and other such
procedures in order to save space. Because the algorithm to test if X =Y joins them by an
edge, which is then stabilized as Auto(Z), where Z = X + Y, our program is a program to
compute edge-stabilizers. The listing of the program follows the bibliography.

We also include a listing of some sample output with the program. The graph in
question is the Heawood graph [2] with one edge fixed. The execution time for this graph
was 1.72 seconds on an Amdahl 5850 computer. A similar calculation for this graph using
the graph isomorphism program of [8] required 0.07 seconds. This program also
produces a graph certificate.

In conclusion, it seems that the group-theoretic algorithms for graph isomorphism are
primarily of a théoretical interest. The present algorithm is restricted to graphs with
maximum degree 3. Although this is a polynomial algorithm, the combinatorial algorithm
of [8] seems to perform better. Although there are a number of places where the program

could have been made more efficient, it would still be only for graphs with maximum

degree 3. The generalization to larger, fixed degree complicates the problem enormously.
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5
3
orbit of 3:
3 e
(

11 311 )( 4 10 )( 8 12 )( 9 13 )
Stabiliser of 3:
The order of the group: 4
generators:
B: (48)(59)(6 14)(713)
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orbit of 4:
4 e
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Stabiliser of 4:
The order of the group: 2
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orbit of 5:
5 e
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****‘,***ww****

MAINLINE PROGRAM
This program reads in two 3-regular graphs X and Y. One edge
n each graph has been chosen. The program tests to see if
trore is an isomorphism from X to Y mapping the chosen edge e in
the h X to the chosen edge e' in graph Y.
gfaghe check is done by creating a new graph Z from the graphs
and Y in the following manner:
% ~'a new vertex v0 is added to graph X on edge e (this vertex
pecomes vertex 1 in graph z).
a new vertex v0' is added to graph Y on edge e' (this vertex
pecomes vertex 2 in graph ),
- a new edge e" is added from v0 to vO'
The subgroup of the automorphism group of the ?rqph Zz that fixes
edge e (i.e. either fixes or swaps v0 and v0') is found. 1If
the subgroup contains an automorphism mapping vO0 to v0' then
there is an isomorphism from X to Y, mapping edge e to edge e'.

Representation of the graph Z:
Type Graph: : . ;
_ an array of pointers to adjacency lists (one list for
each vertex in the graph).
~ allocated at execution time.
Type GraphElt: .
_ a structure representing one vertex in the graph
_ contains the vertex, and list of the vertices adjacent to
this vertex (there will be 3 adjacent vertices since all
graphs tested are 3-regular).

Representation of subgroup:

The subgroup found is represented as a tower of point
stabilizers. Each group in the tower is represented by the
data structure Group. While the subgroup is being found,
intermediate groups are often represented as just a list of
generators (i.e. just a linked list of GenElt structures).

permutation - permutations are in vector form
- the type permutation is a pointer to an
execution-time dimensioned array

Group - a structure representing a group as a stabiliser of
a point that the permutations act upon and a
transversal for that stabiliser

- Degree - the number of points being permuted
- Order - the order of the group
- Gens - the generators of the group
- a pointer to a linked list of generators
(GenElt's)
- Point - the point for which the stabiliser is found
(and the Orbit) within the group
- Orbit - the Orbit of Point within the group

*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*

* kv
PROG.

CONS!
h

TYPE
{
G
G
G

G

{

- a pointer to an execution-time dimensioned
array of pointers to transversal elements
(TransElt's). If Orbit@[i) is nil then point

i is not in Orb(Point) otherwise Orbit@[i])

points at the coset representative
corresponding to point i
- Trans - a structure used to link elements in the

orbit together in a gueue

- TransStart - index of the first point in the

orbit
- TransBEnd - index to the last point in the gueue
of orbit elements
- Stab - the stabiliser of Point
- pointer to another group structure

* % * Ok

GenElt - a structure representing a generator
- Gen - a pointer to the generator
- Genlnverse — a pointer to the inverse of the
generator
- GenSymbol - the letter name given to the generator
- NextGenElt — pointer to the next GenElt structure in
the list

TransElt - a Structure represénting a transversal element
- a, alnverse - pointers to the transversal element
and its inverse
NextTransElt - the index of the next transversal
element in the gueue

e ok ke ek ok ke ok ok ok ok ok ok ok e ok ok ok ok ok ok ok ok ok ok ok ko ok ok ok ok 3k ok ok ok ok ok 3k ok ok ok ok ok 3k ok ok ok ok ok ok ok ok o ke ke ok ok ok
RAM main;

T

ugesize = 10000;

GRAPH}

raph = @GraphType;
raphEltPtr = @GraphElt;
raphType = arrayl 1..hugesize ] of GraphEltPtr;
1 record/vertex in graph }
raphElt = RECORD { contains info about a vertex
in the graph 2
vertex: integer;
adjvertex: arrayl 1..3 ] of integer
{ the vertices to which this
vertex is adjacent
END;

G R OUP (ORBITS ARE POINTS ONLY) }

O I I I JE 2R I I

P




[ UL A { generator symbol representation }

;

genNan® L, gesize;

pt fion = @permtype;
EEntye © erzsyl B of o
14

nElt = @GenElt;

ptrGeN=_" cord { generator structure }
GenEBlt Gen: permutation;
Genlnverse: permutation; { generator inverse }
GenSymbol: GenName; { name of generator
NextGenElt: PtrGenElt
end;
Elt = @TransElt;
pt;?::?fay = @OrbitArrayType;
orbitArrayType = arrayl pt ) of PtrTransElt;
or hsElt = record { coset representative 1}
e a: permutation;
alnverse: permutation;
NextTransElt : integer
end;
rTransRec = record

TransStart: integer;
TransEnd: integer
end;

Group = @GroupType;

GroupType = record
Degree: pt;
Order: integer;
Gens: PtrGenElt;
Point: pt;
Orbit: OrbitArray;
Trans: TransRec;
Stab: Group
end;

VAR
G: Group;

DEF
z; Graph;
zSize: integer;

FUNCTION ampxnew( size: integer ): pointer; EXTERNAL;

{ THE MAIN PROGRAM HAS NOT BEEN INCLUDED HERE SINCE IT CONSISTS
MOSTLY OF INPUT AND OUTPUT, PLUS A CALL TO THE ROUTINE AUTE
WHICH FINDS THE SUBGROUP OF THE AUTOMORPHISM GROUP OF GRAPH Z
STABILIZING THE EDGE FROM VERTEX 1 TO VERTEX 2

****i****************************i***********************ii*******
Segment Sims

Schreier's algorithm. A group is expanded as a tower of
vertex stabilizers.

* *
* *
* *
* This segment contains the routines which perform *
* *
* *
* *
***********ii*ﬁ*********************i*ﬁ*********i*****************}
{**************ti***ﬁt***********************i**i****«***ik*****l**

FUNCTION MultPerms

*

*

*

This function returns a pointer to the permutation product *

of two permutations pointed at by h and g. *
*
*
*
}

NOTE: parameter n is the number of points being permuted.

P

****ﬁ***********ﬁ***************i*****t*****tﬂt*********t***t*****
FUNCTION MultPerms ( h: permutation; g: permutation;
n: pt ): permutation;

VAR
a: permutation;
i: pt;

REF
ZSize: integer;

BEGIN
a := ampxnew( 2zSize*4 );
FOR i 3= 1 TO n DO

a@[ i ) := g@[ hel i 1 J;
MultPerms := a
END; { MultPerms }

{*************t***********t**************i*ﬁ*t*********************
FUNCTION 1Group

*
*
*
This function returns the identity group which is *
represented by a based GROUP structure which has *
-~ no generators (nil GENS pointer) *

- stores Orbit of parameter p = < p > *
and the coset representative of p is e *

*

*

*

}

NOTE: parameter n is the number of points being permuted.

PRI T
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FUNCTION IGroup ( p: pt; n: pt ): Group;




R rp: Groupi
:rgﬁé: ptrTransBElt;
P

 RPF gige: integer;

GIN R
BEC e (grp) 56
wiTH grp¢
BEGIN
pegree % n;
order i
s n i N
g:git i= amﬁ§new( ZSize*xd );
w( ptrans );
n:rang@.a := ampxnew( ZSize*4 );
ptrans@.alnverse := ampxnew( ZSize*4 );
FOR i := 1 TO n DO
BEGIN

ptrans@.a@l i ] i;
ptrans@.alnversed i ] 1= i;
orbit@[ i ] := nil;
END; { FOR 1}
point = Pj
= 0;

ptrans@.NextTransElt :
Trans.TransStart := p;
rrans.TransEnd := p;
orbit@[ p 1 := ptrans;
stab 3= nil;
END; { WITH }

IGroup = grp

END; { 1Group 1}

{***iﬁ*************tk********t****i**t********ik*******i***i*******

PROCEDURE AddToGenerators

*
*
*
This function adds the generator G (a permutation) *
*
is found. *
*

}

*
*
*
*
* to the generator list GENS. The inverse of the generator
*
*
*

e s s e ok e ok ok o ok ok ok ok ok ok ok oKk ok ke ke ok ke ok ok sk ok ok ok ok ok ok ok ke ok ok ok ok ok ok ok ko ok ok ok ok ok ok ok ok ke sk ok ok ok ok ok ke

PROCEDURE AddToGenerators ( g: permutation;
VAR Gens: PtrGenElt;
n: pt);

VAR
newgen: PtrGenElt;
it pty

REF
ZSize: integer;

BEGIN
new ( newgen );
newgen@,Gen := ampxnew( ZSizex4 );
newgen@.Genlnverse := ampxnew( ZSizex4 );
FOR i := 1 TO n DO
BEGIN
newgen@.Gen@[ i ] :=
- newgen@,Genlnverse@[ g@[ i
4 END; { FOR
IF Gens = nil THEN
newgen@,GenSymbol := ‘A’
ELSE
4 IF Gens@.GenSymbol = 'I' THEN
B E newgen@.GenSymbol := 'J'
ELSE
IF Gens@.GenSymbol = 'R' THEN
newgen@.GenSymbol :=

i
3 § ELSE
1 newgen@.GenSymbol succ (Gens@.GenSymbol) ;
3 newgen@.NextGenElt := Gens;
Gens := newgen
i END; { AddToGenerators }
J {*******R****t**********i************kt********i*********ﬁ******k**
* *
: i FUNCTION InvertPerm *:
i * *
.3 % This function returns the inverse of the given *
£l W permutation, g. The other parameter, n, is the number of *
‘l al points being permuted. o
* *
‘] **********t***i***ﬁi***********************i*****************t****}
2

FUNCTION 1nvertPerm( g: permutation; n: pt ): permutation;

VAR J
gp: permutation;
pt;

REF
ZSize: integer;

BEGIN
gp := ampxnew( zSize*4 );
FOR i 3= 1 TO n DO
gp@l g@[ i ) 1 = i;
InvertPerm := gp
END; { InvertPerm }
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FUNCTION 1dentity *
; ;s function returns true if the permutation passed to it *
i ZE; jdentity permutation, otherwise it returns false. *
is *
N n s
3 r n is the number of points bein ermuted. *
: NOTE: paramete b g p b
* ****tﬁ*ki**********t*****i*i**#it***********t*i****ti******}
*‘,*w«*
CT10N 1dentity ( p: permutation; n: pt ): boolean;
FUN
VAR 3 r:
3 nteger;
iée;tityperm: boolean;
BEGIN neityperm := ( pel 11 =1 );
5 1= 27 s
WHILE igentityperm and ( i <= n ) DO
BEGIN < :
jdentityperm := (p@l i1 =1 );
3 i+ 1
éND; { WHILE }
1dentity 3= idgntxtyperm
END; { Identity

********«i****************t*******************t******t********w**

{* *

: PROCEDURE CalculateOrder -
*

X :

% This procedure calculates the order of each group in the *

i tower of stabilisers for G. *
*

:'*******************ii****tt**i******ii*************i************}

PROCEDURE calculateOrder ( VAR G: Group );

VAR . .
transize: integer;

t: integer;

BEGIN X
IF G@.Gens <> nil THEN

BEGIN

{ find transversal size }

t := G@.,Trans.TransStart;

transize := 0;

WHILE t <> 0 DO BEGIN
transize := transize + 1;
t 1= G@.Orbit@[ t )J@.NextTransElt;

END; { WHILE }

IF G@.Stab = nil THEN
G@.Order := transize

ELSE

BEGIN
CalculateOrder( GE@.Stab );
G@,0rder := transize * G@.Stab@.Order;
END { ELSE }
END { aF
END; { CalculateOrder 1}

**kiit****iti*****************************************************
PROCEDURE AddOrbit

{

* *
* *
* *
* This procedure adds the point X to Orbit and the coset *
* representative of X to the transversal. The coset represen- *
* tative is the permutation H multiplied by the permutation G. *
* *
* *
* *
L }

NOTE: parameter n is the number of points being permuted.

e ok e ok e ok ok ok ke ok ok ok ok ok ok ok ok ke ok ok ok ok e ko ke ke ok ok ok ok ok ke ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok

PROCEDURE AddOrbit (x: pt;
VAR Orbit: OrbitArray;
VAR Trans: TransRec;
h: permutation;
g: permutation;
n: pt );

VAR
newTransElt: PtrTransElt;

BEGIN
new(newTransElt);
Orbit@[ x ] := newTransElt;
newTransElt@.a := MultPerms( h, g, n );
newTransElt@.alnverse := InvertPerm( newTransElt@.a, n Yok
newTransElt@.NextTransElt := 0;
Orbit@[ Trans.TransEnd ]@.NextTransElt := Xx;
Trans.TransEnd x;
END; { Addorbit 1}

h: permutationj
ginGRP, done: boolean;

{******************************ﬁ******************i****i***********
* *
i ] FUNCTION GroupElement *
* *
* This function returns true if perm G is an element of *
* group GRP, otherwise it returns false. *
* *
» ALGORI THM bod
* *
* VAR *
& H: group; s
* *
* *
* *
* *

BEGIN




*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*k

ginGRp’ done := false;

h := 97
:= GRP;

WHILE NOT done DO
BEGIN

iF h = identity THEN BEGIN
ginGRP := true; < the identity is in all groups >
done := true
END < IF >
ELSE BEGIN
WITH H DO BEGIN
:= Point;
(k)h;
IF x is not in Orb(k) THEN done := true
ELSE BEGIN

a := coset rep corresponding to x;
-1

h = h a ;

H := Stab(k

END < ELSE >
END < WITH >
END < ELSE >
END < WHILE >
RETURN ( ginGRP )
END; < GroupElement >
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FUNCTION GroupElement ( g: permutation;

VAR

grp: Group): boolean;

hgrp: Group; .

h,hp: permutation;
gingrp, done: boolean;
x: Pt;

B
zSize: integer;

gingrp := false;
done := false;
h := ampxnew( ZSize*4 );
FOR x := 1 to 2ZSize DO
h@lx] := g@lx];
hgrp := grp;
WHILE not done DO
BEGIN
1F I1dentity( h, hgrp@.Degree ) THEN
BEGIN { identity is in all groups }
gingrp := true;
done := true;
END { 1F 1}

PRI I I I I R I L

ELSE { h is not the identity }
IF hgrp <> nil THEN
IF hgrp@.Gens = nil THEN

done := true
ELSE

WITH hgrp@ DO
BEGIN
x := h@[ Point J;
IF Orbit@[ x ] = nil THEN

done := true { x is not in Orb(Point) }

ELSE

BEGIN {x is in Orb(Point) }
hp := MultPerms( h, Orbit@[ x J@.alInverse,
hgrp@.Degree );
dispose( h );
h := hp;
hgrp := hgrp@.Stab;
END { BELSE }
END { WITH }

done := true
END; { WHILE }
dispose( h );
GroupElement := gingrp
END; { GroupElement }

3 % e e ok ok ok ok ok ke ok ok ok ok ok ok e ok ok R ok ok ok ok ok ok ke ke ok ke ke ke ok ok ok ok ok ok ok Ok ok ok ok ok ok ok ok ok ok ok ke ke ok ke kR ok ok
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PROCEDURE AddGen

This procedure expands the group GRP by adding a new
generator, G. Each new chord the new generator creates in
the Schreier coset diagram for STAB(POINT) (same as the
Orbit of POINT) with the tree given by the coset represen-
tatives creates another generator for STAB(POINT) (and is
added to STAB(POINT) by a recursive call to ADDGEN as long
as it is not a redundant generator).

The Orbit of POINT is expanded by applying the new
generator to each element already in the Orbit. If the
new generator merely takes a point in the Orbit to another
point in the Orbit then a new chord has been found.

VARIABLE DICTIONARY

g - parameter - a generator in permutation form
grp - parameter - the group to which g should be added

gp - a generator for the stabiliser of group grp found while
expanding the Orbit in grp using grp's new generator g
- in permutation form
a - pointer to group structure used to apply each generator
of grp to new Orbit elements

ALGORI THM
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addeen (93 permutation; G: group);

< adds generator g to group G >

BEGIN 4 G DO BEGIN
add g to Gens, the generators of G;
FOR each k in Orbit DO BEGIN
x 3= (k)g;
IF x is not in Orbit THEN BEGIN
add x to Orbit;
construct coset representative for x
END < IF >
ELSE BEGIN
compute g', a new generator for Stab(Point)
IF NOT GroupElement(g', Stab) THEN
AddGen(g', Stab)
END < ELSE >
END; < FOR >
IF generator g has extended Orbit THEN
FOR each new point k in Orbit DO
FOR each a in Gens DO BEGIN
x := (K)a;
IF x is not in Orbit THEN BEGIN
add x to Orbit;
construct coset representative for x
END < IF >
ELSE BEGIN
compute g', a new generator for Stab(Point)
IF NOT GroupElement(g', Stab) THEN
AddGen(g', Stab)
END < ELSE >
END < FOR >
END < WITH >
END; < AddGen >
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PROCEDURE AddGen( g: permutation;
VAR grp: Group;
base: BaseArray;
VAR Baselndex: integer);

VAR
x: pt;
g: integer;
4 gp: permutation;
- b: PtrGenElt;
gstart: integer;
p: permutation;

REF
zSize: integer;

Output: text;

BEGIN
IF grp = nil THEN BEGIN
grp := 1Group( base@[ Baselndex ], ZSize );
BaseIndex := Baselndex +
| END; { IF }
3 gstart := 0;
1 WITH grp@ DO
1 BEGIN
AddToGenerators(g, Gens, grp@.Degree );
g := Trans.TransStart;
WHILE g <> gstart DO

x 1= g@[ 1;
IF Orbit@[ x ] = nil THEN { x is not in Orbit }
GIN

Addorbit( x, Orbit, Trans, Orbit@[ g l@.a, g,
grp@.Degree );
IF gstart = 0 THEN
gstart x
END { 1F } .
ELSE { got a chord in Orbit from g to x
where the tree is defined by the coset
reps corresponding to each element in
orbit. }
BEGIN
p := MultPerms( g, Orbit@[ x l@.alnverse,
grp@.Degree );
gp := MultPerms( Orbit@[ g J@.a, p, grp@.Degree );
dispose( p );
IF Stab = nil THEN BEGIN
Stab := IGroup( base@[ Baselndex ],
grp@.Degree );
Baselndex := Baselndex +
END; { IF
IF not GroupElement( gp, Stab ) THEN
AddGen( gp, Stab, base, Baselndex );
dispose( gp ?;
END; { ELSE }
g := Orbit@[ g l@.NextTransElt
END; { WHILE
WHILE gstart <> 0 DO
BEGIN
b := Gens;
WHILE b <> nil DO
BEGIN
x := b@.Gen@[ gstart 1;
IF Orbit@[ x ] = nil THEN { x is not in Orbit 1}
BEGIN
Addorbit( x, Orbit, Trans, Orbit@[ gstart )@.a, b@.Gen,
gip@.Degree )i

END { 1F
ELSE




EGIN .
g MultPerms( b@.Gen, orbit@[ x J@.alnverse,

B e grp@.Degree

dispose( p )i
iF Stab = nil THEN BEGIN
Stab := 1Group( base@[ Baselndex 1,
grp@.Degree );
paselndex := Baselndex + 1
END; 1F }
IF not GroupElement ( gp, Stab ) 'THEN
AddGen ( qg, stab, base, Baselndex );
dispose( gp )i
END; { ELSE }
p := b@.NextGenElt
END; { WHILE }
gstart i< orbit@[ gstart J@.NextTransElt;
END; { W?ILE 3
snDp | WITH
END?N { AddGen }

********i****************k***i***a****kw*it******t**

**‘***.**a****

FUNCTION GroupGen

*

*

i This function is passed a list of (possible) generators *
’ for a group- some of the generators may be redundant. *
i This function returns the group generated by the generators *
g put with no redundant generators. . *
4 The algorithm used is Schreier's algorithm, which builds *
: the group generator by generator, as a tower of *
4 stabilisers. X . *

This function 1s also passed a base which tells the

algorithm which stabilisers are to be used in the tower and

what order they should be put into the tower.

NOTE: parameter n is the number of points being permuted.

*

*

*

*

*

*

*

* ALGORITHM p .
N grp := identity group;

* FOR each g in GenList DO

* IF g is not in grp THEN

% < add the generator to grp >
* AddGen(g, grp)

*

*

*************************************i***ﬁi****ﬁ****t*******t****

FUNCTION GroupGen( GenList: PtrGenElt; n: pt; base: BaseArray )i
Group;

VAR

grp: Group;

g: PtrGenElt;
Baselndex: integer;

i
;= MultPerms( orbit@[ gstart l@.a, p, grp@.Degree ):

REF
zSize: integer;
Output: text;

BEGIN
grp := IGroup( base@[ 1 1, n )
Baselndex := 2;
g := GenList;
WHILE g <> nil DO
BEGIN
IF not GroupElement( g@.Gen, grp ) THEN
AddGen( g@.Gen, grp, base, BaseIndex )j
g := g@.NextGenElt
END; { WHILE }
CalculateOrder( grp );
GroupGen := grp
END; { GroupGen 1}

FUNCTION Aute

*

*

* .

b This function is passed a graph Z and the number of vertices
i in graph z (parameter 2Size). This function finds the subgroup
i of the automorphism group of 2 which fixes the edge e between

k vertices 1 and 2, and returns the group as a tower of point

iof stabilizers.

x The vertices are partitioned according to the distance from
x an imaginary vertex vO on the edge joining vertices 1 and 2.

i Vi represents all vertices at distance i from vO.

) A "tower" of subgraphs of Z is created as follows:

X Xk is the subgraph of Z with vertex set v1+V2+...+Vk and edge

*  set E[Z[V14V2+...+Vk-1]1] and all edges in z from Vk-1 to Vk,

i written [Vk-1, Vk].

r The identity subgroup is expanded to be Aute of X1, then

o expanded again to be Aute of X2, ..., until Aute of z is found.
" Let Gk be the subgroup of the automorphism group of XKk fixing
*  edge e. Let Fk: Gk+1 -> Gk be the homomorphism restricting

o elements of Gk+1 (automorphisms of graph Xk+1) to graph Xk.

% The expansion of group Gk to group Gk+1 is done by finding the
: kernel of the homomorphism Fk and by finding the image of Fk

% (wvhich is expanded to elements of Gk+1/Ker (Fk)) .

. Ker (Fk) is generated by transpositions consisting of two

% vertices in Vk+1 which are connected to exactly the same |

S vertices in Vk. Im(Fk) is the su?g§oup of G?a?hiCh set-wise

: stabilizes various sets in Vk, Vk , and Vk .

% The sets represent the edges in graph Xk+1 which are not a part
« of graph Xk. Thus, the set of all edges between two vertices 1in
% (2)

*

*

Vk in Xk+1 must be stabilized in Vk . The set of all vertices
X in Vk which are joined to vertices y in vk+1 where y is joined
only to x in Vk must be stabilized in Vk. The set of all pairs
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rtices (x,y) in Vk which are both joined to a vertex u in
Ve here u is joined only to x and y in Vk must be stabilized.

of
t of all triples of vertices ( x, y, 2z ) in Vk which are

vk+1 ¥

The 5€
ected to 2 vertex u in Vk+1 must be stabilized in Vk %

conn sets can be broken down still more by considering the

The?:s of vertices in Vk caused by Gk. For instance, an edge in

ofb: which joins vertices x and y, where x and y are both in

#k*) 8 x is in orbit Oi and y is in orbit Oj, can only be mapped

vk another edge e=uv where u is in Oi and v is in 0j.

2 gnce all the sets are stabiiized, Im(Fk) has been found and

can be extended to Gk+1/Ker (Fk). Gk+1/Ker (Fk) and Ker(Fk)

give us Gk+1.

iable dictionary:
3?”35: represent partitions Vi and Vi+1
! The records in Z representing the vertices in Vi are
moved so that they are contiguous. Thus, a partition
is represented by the indices in Z of the first and
last vertices in the paritition.
1ndexMap: @ mapping from a vertex to its index in graph Z.
vertexMap: A mapping from a vertex in V1 to its merge-find
pointer in the structure representing the orbits of
Gk in V1,
Ker: a linked list of generators for 5er(Fk). .
sets: used to organize the sets of points/edges/triples
according to type and orbits as the sets are being formed.
schType , schStabType, StabType: used to reorganize the sets
according to the amount of work required to stabilize each
set .

ALGORITHM:

=< (1, 2) >; ( group G1 )
FOR each graph Xk DO BEGIN
_ find Ker(Fk) and the sets which must be stabilized
to find Im(Fk)
- reorganize the sets according to the amount of work to
stabilize each one.
- choose the set requiring the least amount of work
WHILE there is a set to be stabilized DO BEGIN
G := the subgroup of G stabilizing the chosen set
find the next best set
find the orbits in Vk of the new group G
reorganize the best set according to the new orbits (this
will probably split the set into smaller sets, take
the best subset?
END; ( WHILE
expand the elements of G to map the vertices of Vk+1
G := <G, Ker(Fk)>
END; ( FOR ) * *
* *i***i*****i****i******vk*w***************ti*********************w*****}

P T
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FUNCTION AutE( 2: graph; 2ZSize: integer ): Group;

CONST
HugeSize = 10000;

TYPE

{ PARTITIONING THE VERTICES ACCORDING TO DISTANCE FROM THE

CHOSEN EDGE }
VTypePtr = @VType;
VType = RECORD { info about 1 such vertex
partition
vstart,vend: integer { index in graph array of

ist + last vertex in this
partition
END;

{ ORBITS OF VERTICES WITHIN A PARTITON }

OrbitTypePtr = Q@OrbitType;

MFOrbitPtr = @MFOrbitType;

; OrbitEltPtr = @OrbitEltType; .

: OrbitType = arrayl 1..hugesize ] of MFOrbitPtr;

{ used to map vertex to the
merge-find elt representing )
it

MFOrbitType = RECORD
CASE TopVertex: boolean OF
false: (ParentVertex: MFOrbitPtr);
true: (OrbitSize: integer;
OrbitList: OrbitEltPtr)
ptr to a circular doubly
linked list of vertices
in the orbit
END;
OrbitEltType = RECORD
OVertex: integer;
OFLink,OBLink: OrbitEltPtr
END;
OArrayTypePtr = @OArrayType;
OArrayType = arrayl 1..hugesize ] of integer;

{ BASE TO PASS TO SCHREIER'S ALGORITHM TO TELL IT WHICH
STABILISERS TO CREATE IN WHICH ORDER

BaseArray = @BaseArrayType;
BaseArrayType = arrayl 1..hugesize ] of integer;

{ SETS OF POINTS/EDGES/TRIPLES (NTUPLES) TO BE STABILIZED }

ntuple = arrayl 1..3 ] of integer;




= ( Pink, { a point at distance i from

ntupleTyPe the chosen edge connected to
only one point at distance i+1
an edge between two points at
distance i (original edge) in
which the two points are in the
same orbit
Brown2, { similar to Brownl except that

the two points are in two

different orbits }
GreenBrownt, { similar to Brownl except that

the two points are connected

to a vertex at distance i+1

and that vertex is connected

only to the two points at

distance i }
GreenBrown2, { similar to Brown2 except that

the two points are also

Brownl,

connected to a point at distance

i+1 which is connected to no
other points at distance i
other than the two given
Greenl, { two points at distance i from
the fixed edge which are both
connected to a point at

distance i+1 (and it is connected

to no points at distance i
other than the two given).

The two points are in the same
orbit.

similar to Greenl except that
the two points are in different
orbits

three points at distance i from
the fixed edge connected to a
point at distance i+1 (and is
connected to no points at
distance i other than the 3
given points). The 3 points
are all in the same orbit
similar to Redl except that

2 of the points are in 1 orbit
and the 3rd is in a different
orbit

similar to Redl except each of
the 3 points is in a different
orbit than the other 2

Green2,

Red1,

Red2,

Red3);

ntupleSetPtr = @ntupleSet;

}

VAR

SetEltPtr = @SetEltType;
ntupleSet = RECORD { a set of ntuples to stabilize }
single: boolean; { Brown edges are always single
a Pink, Green, or Red ntuple
is double if all points in the
ntuple are connected to the
same TWO points at distance
i+1 rather than just one. X
setkind: ntupleType;
setsize: integer; { how many ntuples to stabilize? }
typetotal: integer;
how many ntuples of that
particular type?
setlist: seteltptr;
{ ptr to a linked list of ntuples }
ntuplesize: integer;
how many points in the ntuples }
nextset: ntupleSetPtr
END;
SetEltType = RECORD { one ntuple in the set }

SetElt: ntuple;
NextSetElt: SetEltPtr
END;

SetTypePtr = @SetType;

SetType = arrayl 1..HugeSize ] of ntuple;
set of ntuples to be passed to
the set stabilizing routines

InitSet = arrayl ntupleType ] of ntupleSetPtr;
used to organize the sets as
they are being created

MFtuple = arrayl 1..3 ] of MFOrbitPtr;
pointers to the tops of merge-
find trees of the vertices in
an ntuple

{ A MAPPING OF VERTICES TO THE INDICES OF THEIR RECORDS IN
THE GRAPH STRUCTURE 2

IndexMapPtr = @IndexMapType;
IndexMapType = arrayl[ 1..HugeSize ] of integer;

{ BIT ARRAY USED WHEN EXTENDING GENERATORS OF IM(Fk) TO
GENERATORS OF Gk+1/KER(FKk)

MapType = arrayl 1..hugeSize ] of boolean;

MapTypePtr = @MapType; { USED TO KNOW WHICH POINTS THE
PERMUTATIONS IN G HAVE ALREADY
BEEN EXTENDED TO MAP }

F, G: PtrGenElt;
H: Group;
p: permutation;

}




i k,1l3 integer;

"]é. BaseArray; { a base to pass to Schreier's Alg }
baseindex: integer; { current posn in base }
pase ptrGenElt; { the kernel of the mapping from
Ker: the group which is AutE of the
graph X consisting of
i+

vertices of graph 2
at distance i+1 or less from the
fixed edge and all induced edges
of Z except the ones between
vertices at distance i+1
to the group which is AutE of the
graph X

i

-~

organize the sets as they're
being formed, partitioning them
on the ntuple type

schType, SchStabType, StabType: ntupleSetPtr;

{ after the sets have all been
created, organize them according
to the amount of work reguired to
stabilize them:

1) sets consisting of one ntuple

of type Pink, Brown2, Green2,
Red3, or GreenBrown2

can be stabilized by a call to
Schreier's alg.

2) sets consisting of one ntuple
of type Red2 reguires one call
to Schreier's alg and one call
to the set stabilizing routine.
all other sets reguire calls to
the set stabilizing routine.

sets: 1nitSet;

3

s: PtrGenElt;

a, alndex, aMap, aMaplndex: ntuple;
aSize: integer;

g: PtrGenElt;

MFa: MFtuple;

se: SetEltPtr;

T: ntupleSetPtr;
Mapped: MapTypePtr;

DEF
VertexMap: OrbitTypePtr; { map a vertex to its MF ptr
used to find which orbit it's in }
indexMap: IndexMapPtr; { map vertex to index in 2z

v1, V2: VTypePtr;

{ SOME OF THE PROCEDURES AND FUNCTIONS CALLED BY FUNCTION AUTE
HAVE NOT BEEN INCLUDED:

ROUTINES WHICH ORDER THE SETS OF NTUPLES ACCORDING TO THE
AMOUNT OF WORK REQUIRED TO STABILIZE THE SETS.

OorderSets: This procedure is passed the newly found sets
of ntuples sorted according to ntuple type and the number
of orbits used (parameter Sets). It sorts the sets
according to the amount of work required to stabilize
each set (i.e. sets up the lists of sets SchType, SchStabType,
and StabType).

ReOrderBestSet: This procedure chooses the best set (one requiring
the least amount of work to stabilize) and reorganizes it
according to the new orbits containing the vertices of the
ntuples.

ROUTINES WHICH ARE PASSED A SET WHICH 1S TO BE STABILIZED AND
SET UP THE PARAMETERS FOR A CALL TO THE APPROPRIATE STABILIZING
ROUTINE (SCHREIER'S ALGORITHM OR THE SETWISE STABILIZING ROUTINES).

StabSch: sets up the calls for sets which can be stabilized using
Schreier's algorithm.

StabSchSt: sets up the calls for sets which contain one triple
whose points are contained in two orbits (requires one call to
Schreier's algorithm and another to the SetStab routines).

StabPink: sets up the calls to the SetStab routines for sets
of more than one 1-tuples.

StabE1: sets up the calls for sets containing 2-tuples whose
vertices are contained in only one orbit.

StabE2: sets up the calls to the SetStab routines for sets
containing 2-tuples whose vertices are in two orbits.

StabRed1, StabRed2, StabRed3: set up the calls to the SetStab
routines for sets containing triples whose vertices are
contained in 1, 2 or 3 orbits, respectively. (In the case
of StabRed2, the set contains more than one triple. I1f the
set contains only one triple, it is handled by routine
StabSchsSt.)

ROUTINES WHICH DISPOSE OF STRUCTURES WHICH ARE NO LONGER NEEDED

DispSet: dispose of a structure representing a set (TYPE
ntupleSetPtr).

DisposeMFOrbits: dispose of the merge/find structure used to
find the orbits of the vertices in partition V1.

DisposeTower: dispose of a group in the form of a tower of
point stabilizers.

DispGenList: dispose of a group given as a linked list of
generators. }
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BEGIN
{ CREATE THE

MAPPING FROM A VERTEX TO ITS INDEX IN THE GRAPH Z }

;= ampxnew( ZSizex4 );
i to zSize DO
1ndexMap@[ i 1 = i;

{ CREATE THE FIRST PARTITION V CONTAINING VERTICES 1 AND 2
1

1ndexMap
IoR i i=

w( vl );
31@.v5tart 13
y1@,VEnd = 27§
{ CREATE GROUP G WHICH IS AUTE OF THE GRAPH X CONSISTING OF
1
THE VERTICES 1 AND 2, }
(G ); .
gg?cen :; ampxnew( ZSize*4 );
G@.Genlnverse := ampxnew( ZSizex*4 );
FOR i = 3 to zsize.DO BEGIN
G@.Gen@[ i ) = i;
G@.Genlnvegse@[ i) o= i
END; { FOR .
G@.éen@[ 11 = 2;
G@.Genlnverse@[ 1] 1= 2;
Ga.Gen@l = A
G@.GenInverse@[ 2 ] := 1;
G@.NextGenElt := nil;

{ CREATE A BASE WHICH CAN BE USED BY SCHREIER'S
ALGORITHM WHEN REDUCING THE NUMBER OF GENERATORS
REQUIRED TO REPRESENT GROUP Gk+1

base := ampxnew( zSizex4 );
paselndex := 1;
FOR i := 1 to ZSize DO

base@[ 1 1 := i;

{ CREATE A BIT ARRAY WHICH WILL TELL US WHICH VERTICES
WE HAVE ALREADY MAPPED WHEN EXTENDING GENERATORS OF
IM(Fk) TO GENERATORS OF Gk+1/KER(Fk)

Mapped := ampxnew( ZSize );

FOR i i= 2 to ZSize DO Mapped@[ i ] := false;
Mapped@[ 1 ] := true;

Mapped@[ 2 ] := true;

{ WORK WITH EACH PARTITION IN TURN, FINDING AUTE OF EACH GRAPH
X IN TURN UNTIL AUTE OF THE ENTIRE GRAPH Z 1S FOUND
i }

WHILE V1@.,VEnd <> ZSize DO BEGIN
{ FIND THE ORBITS OF THE VERTICES IN V1 }

CreateVertexMap( V1, VertexMap );
FOrbits( V1, VertexMap, G );

{ FIND THE NEXT PARTITION, V2, AND AT THE SAME TIME FIND
THE KERNEL OF THE MAPPING FROM THE NEXT GROUP UP TO THE
CURRENT GROUP, AND THE SETS TO BE STABILIZED TO FIND G/KER }

FindNextPartition( V1, V2, VertexMap, Ker, Sets);

{ REORDER THE NEWLY FOUND SETS SO THE SET WHICH REQUIRES
A LESSER AMOUNT OF PROCESSING TO STABILIZE CAN BE FOUND }

SchType := nil;

SchStabType := nilj;

StabType := nil;

OrderSets( Sets, SchType, SchStabType, StabType );

{ STABILIZE EACH OF THE SETS }

WHILE ((SchType <> nil) or' (SchStabType <> nil) or
(StabType <> nil)) and (G <> nil) DO BEGIN
IF SchType <> nil THEN BEGIN
StabSch( SchType, G);
T := SchType;
SchType := SchType@.NextSet;
END ELSE IF SchStabType <> nil THEN BEGIN
StabSchSt( SchStabType, VertexMap, V1, G );
T := SchStabType;
SchStabType := SchStabType@.NextSet
END ELSE BEGIN
CASE StabType@.SetKind OF
Pink: StabPink( StabType, VertexMap, V1, G);
Brownl,GreenBrownl,Greenl:
StabE1( StabType, VertexMap, V1, G);
Brown2,GreenBrown2,Green2:
StabE2( StabType, VertexMap, V1, G);

Red1: StabRedl1( StabType, VertexMap, V1, G);
Red StabRed2( StabType, VertexMap, V1, G);
Red3: StabRed3( StabType, VertexMap, V1, G);

END; { CASE }

T := StabType;

StabType := StabType@.NextSet
END; { 1F }
DispSet( T );

{ FIND THE NEW ORBITS }

ReOrderMFOrbits( VertexMap, V1 );
FOrbits( V1, VertexMap, G );




{ REORGANIZE THE NEXT SET NOW THAT THE ORBITS HAVE CHANGED }

(schType <~ nil) or (SchStabType <> nil) or
(stabType <> nil) THEN BEGIN
ReorderBestSet( SchType, SchStabType, StabType, Sets,
V1, VertexMap );
OrderSetSS sets, SchType, SchStabType, StabType );
r

ir

pnp; LI

END; { WHILE } |

WHILE schType <> nil DO BEGIN
T := SchType;
schType = SchType@.NextSet;
pispsSet

END; .

WHILE SchStabType <> nil DO BEGIN
T = schStabType;
schStabType &= SchStabType@.NextSet;
DispSet( T

END;

WHILE StabType <> nil DO BEGIN
T := StabType;
StabType = StabType@.NextSet;
pispset( T

END; { WHILE }

DisposeMFOrbits( VertexMap, V1 )j

{ EXTEND EACH PERMUTATION IN G TO MAP v2 }

1F G <> nil THEN
FOR i 3= V2@.VStart to Vv2@.VEnd DO
IF not Mapped@[ z@[ i )@.vertex ] THEN BEGIN
Findadj( i, a, aSize, V1 )i
FOR j = 1 to aSize DO BEGIN
aindex[ j ) := IndexMap@l[ al j 1 1;
END;
j o= FindMatch(a, aIndex, aSize, V1, v1i@.VEnd,
z@[ i J@.vertex );
Mapped@[ z@[ i ]l@.Vertex ] := true;
IF j <> 0 THEN BEGIN
Mapped@[ j 1 := true;
END; { a1pr g
q = G;
WHILE g <> nil DO BEGIN
FOR k := 1 to aSize DO BEGIN
aMapl k ] := g@.Gen@[ al k ] s
aMaplndex[ k ? := IndexMap@[ aMapl k 1 J;
END; { FOR }
k := FindMatch( aM?p, aMaplndex, aSize, vi, vi@.VEnd,
0 )i

;
g@.Gen@[ z@[i)@.vertex )} := Kk;
g@.Geninverse@[ k 1 := z@[il@.vertex;
IF j <> 0 THEN BEGIN
i := FindMatch( aMap, aMaplndex, aSize, vi,
v1@.VEnd, k );

g@.Gen@[ j 1 :
g@.GenInverse@l[
END; { 1F
q := g@.NextGenElt;
END; { WHILE }
END; { 1F }

{ ADD GENERATORS OF KER(Fk) TO GENERATORS OF
Gk+1/KER(Fk) TO GET GENERATORS FOR Gk+1

baselndex 3= 2;

H := 1Group( base@[ 1 ], zSize g

WHILE G <> nil DO BEGIN
F := G@.NextGenElt;
IF not GroupElement( G@.Gen, H ) THEN BEGIN

AddGen( G@.Gen, H, base, baselndex b

END; { IF
Dispose( G@.Gen );
dispose( G@.Genlnverse )
Dispose( G );
G = F

END; { WHILE }

WHILE Ker <> nil DO BEGIN
IF not GroupElement( Ker@.Gen, H ) THEN

AddGen( Ker@.Gen, H, base, baseindex Yig

s := Ker@.NextGenEltj;
Dispose( Ker@.Gen )j
Dispose( Ker@.Genlnverse )i
Dispose( Ker );
Ker := 5

END; { WHILE }

G := HQ.Gens;

H@.Gens := nil;

DisposeTower ( H )j

dispose( V1 );

v1 = V2

END; { WHILE }
IF G <> nil THEN BEGIN

{ STABILIZE SETS OF EDGES WHOSE ENDPOINTS ARE BOTH IN THE
FINAL PARTITION

CreateVertexMap( V
sets[ Pink ] i= ni
sets[ Brownl ]
sets[ Brown2 ]
Sets|[ GreenBrow
sets|[ GreenBrow
sets|[ Greenl ]
sets[ Green2 ]
sets[ Redl ]
sets[ Red2 ]
sets[ Red3 ] :
MFal 3 ] := nil;

VertexMap );

H
3
H
i
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% v1, VertexMap, G )
porbits{ V14 ystart to (V1@.VEnd - 1) DO BEGIN
FOR 3 % 1= Forbit( i-v1@.vStart+1, VertexMap );
o § :=_ 1 to 3 DO BEGIN
F K i= 1ndexMap@l z@[ i j@.Adjvertex j 1 );
ir (k >= vie.vstart) and (k > i) THEN BEGIN
Mral 2 ) := FOrbit( k-V1@.VStart+1, VertexMap );

1) z@[ i J@.vertex;

21 := 2@[ k J@.Vertex;

= MFal 2 ] THEN

s( se, MFa, Brownl, true, 2, Sets,
vertexMap, V1, IndexMap

[
se@.SetElt[
ir MFal 1)

AddToSet

ELSE
AddToSets( se, MFa, Brown2, true, 2, Sets,
vertexMap, V1, IndexMap );

pnp;  { 1r}
END; { FOR 1}
pwp; 1 FOR.J .
gchType = nil; SchStabType := nil; StabType := nil;
( sets, SchType, SchStabType, StabType );
and

ets

orderS((sahType <> nil) or (StabType <> nil)

(¢ <> nil) DO BEGIN

gchType <> nil THEN BEGIN

stabSch( SchType, G )3

T := SchType;

schType = SchType@.NextSet;

END ELSE BEGIN

1F StabType@.SetKind = Brownl THEN
StabE1( StabType, VertexMap, V1, G )

IF

ELSE

stabE2( StabType, VertexMap, V1, G ):

T := StabType;

StabType = StabType@.NextSet;
END; { ELSE
pispset( T );
ReOrderMFOrbits( vVertexMap, v1 o );
FOrbits( V1, VertexMap, G );
Ir ((SchType <> nil) or (StabType <> nil)) and

(G <> nil) THEN BEGIN

ReOrderBestSet ( SchType, SchStabType, StabType,

sets, V1, VertexMap )j

ordersets( Sets, SchType, SchStabType, StabType );

END; { IF

END; { WHILE }

WHILE (SchType <> nil ) DO BEGIN
T := SchType@.NextSet;

pispSet ( SchType );
schType := T
END;
WHILE StabType <> nil DO BEGIN
T := StabType;
StabType = StabType@.NextSet;

pispset( T );

END;

DisposeMFOrbits( VertexMap, v1 );
END; { IF
AutE := GroupGen( G, ZSize, base );
END; { AutE 1}

{******it******k**********ﬁ******i*****************k******************

* *
X segment fnp (Find Next Partition) *
K *
X This segment contains the routines which find the next *
* partition {v2) of vertices which are at distance i+1 from the *
* *
* *
* *
. }

vertex v0. The sets of ntuples which must be stabilized are
also found and the kernel of the homomorphism Fk.

*tt*******«****************vk***********t*****«*****************k****

SEGMENT fnp;

{‘*******t********************t**ﬁ****************************\k*******

*
FUNCTION FindMatch

*
ol *
% % *
* a is an ntuple of points in partition v1 (n = aSize). p is a *
* vertex connected only to the ntuple a in Vi, Find and return *
. another vertex g that is also connected only to the ntuple a in *
*

* .
* *
* }

v1 and also such that the index of @ in Z is greater than
Endindex. 1If there is no such g then return 0.

***i**k*****k******i************t****************k******************

FUNCTION FindMatch( a: ntuple; alndex: ntuple; aSize: integer;
v1: VvTypePtr; Endindex: integer; p: integer):
integer;

VAR

g: integer;

i,j,k: integer;

Matcha: arrayl 1..3 ) of boolean;
used to make sure that g is
connected to each of the vertices
in ntuple a

A R A S S L Lo AR

Othervertex: boolean; { used to make sure that g is not
gonnectgd to any other vertices
in partition V1 }

glndex: integer;
b,bindex: integer;

REF
Z: Graphj;
ZSize: integer;y
indexMap: 1ndexMapPtr;

BEGIN




UL i R e

EACH VERTEX ADJACENT TO THE 1ST VERTEX IN NTUPLE A

{ ggﬁggm IF IT 1S THE REQUIRED Q

0;
1iq - 0) and (i <= 3) DO BEGIN
;= z@l aindex[ 1 1 J@.adjvertexl i 1;
glndex = 1ndexMap@[ g 1;
iF (gindex > Endindex) and (g <> p) THEN BEGIN
FOR j := 1 to_aSize DO

Matchal j 1 := false;
othervVertex := false;

= 15
%HILE ( j <= 3) and (not OtherVertex) DO BEGIN
b := zQ@[ gIndex l@.Adjvertex[ j 1;
bindex := IndexMap@[ b ];
ir (bIndex >= V1@.VStart) and (bIndex <= V1@.VEnd)
THEN BEGIN
k 3= 1;
OtherVertex = :
WHILE (k <= aSi and OtherVertex DO
= EN BEGIN
> = false;
= true

ir al k]

- e

J

END; { WHILE }
IF OtherVertex THEN BEGIN

g = 05

o= i+ 1
END ELSE

FOR j := 1 to aSize DO BEGIN

IF not Matchal j ] THEN BEGIN

-Q

END
END { FOR }
END ELSE BEGIN
q 0
i 5 i+ 1
END { ELSE }
END; { WHILE }

FindMatch := g
END; { FindMatch }

H

{****a********i**************uﬁ*****i**k******k***********************
*

*

* PROCEDURE AddToSets *
* *
* Find a set of ntuples of the same type as ntuple a and using *
* the same orbits as ntuple a (pointed at by MFa) or create a new *
* one. Then add ntuple a to it. *
* *
*ﬁ***k***************\k***k****t***************i***************\k****** ]

PROCEDURE AddToSets( a: SetEltPtr; MFa: MFtuple; aSetType: ntupleType;
asingle: boolean; aSize: integer;
VAR Sets: InitSet; VertexMap: OrbitTypePtr;
V1: VTypePtr; IndexMap: IndexMapPtr );

VAR
CorrectSet: ntupleSetPtr;
found: boolean;
MatchOrbit: arrayl 1..3 ] of boolean;
i,j,k: integer;
newMF: MFOrbitPtr;
OtherOrbit: booleanj;

REF
Z: Graph;
ZSize: integer;

BEGIN
{SEE IF A SET OF THE SAME TYPE ALREADY EXISTS }

CorrectSet := Sets[ aSetType };
found := false;
WHILE (not found) and (CorrectSet <> nil) DO BEGIN
IF (CorrectSet@.single and aSingle) or
((not CorrectSet@.Single) and (not aSingle)) THEN BEGIN
found := true;
FOR j := 1 to aSize DO

MatchOrbitl j 1 := false;

{ MAKE SURE THAT THE ORBITS OF THE SET BEING EXAMINED MATCH
THOSE OF THE GIVEN NTUPLE A

joi= 13
WHILE (j <= aSize) and found DO BEGIN
newMF := FOrbit(
IndexMap@[ CorrectSet@.SetList@.SetEltl j ] ]
- vi@.vStart + 1, VertexMap );
k = 1;
OtherOrbit := true;
WHILE (k <= aSize) and OtherOrbit DO BEGIN
IF (not MatchOrbitl k )) and (MFal k ] = newMF)
THEN BEGIN

OtherOrbit := false;
MatchOrbit[ k ] := true
END ELSE
k t= k + 1
END; { WHILE }

IF OtherOrbit THEN BEGIN




{ AT LEAST ON OF THE ORBITS OF THE CURRENT SET DID NOT
MATCH THE ORBITS OF NTUPLE A

found := false;
CorrectSet := CorrectSet@.NextSet
END ELSE

j o= 3 + 1

END { WwHILE }

END ELSE
correctSet := CorrectSet@.NextSet
END; { WHILE }

( CREATE A NEW SET ELEMENT FOR THE NTUPLE A }
{ LINK IN TO A SET

IF not found THEN BEGIN
{ CREATE A NEW SET FOR NTUPLE A }

new( CorrectSet );

CorrectSet@.single := asingle;
CorrectSet@.SetKind aSetType;
CorrectSet@.SetSize A

CorrectSet@.SetList nil;

CorrectSet@.ntupleSize ;= aSize;
CorrectSet@.NextSet := Sets[ aSetType ];

sets| aSetType ] := CorrectSet;
CASE aSetType OF
pink: CorrectSet@.TypeTotal := MFal 1 ]@.OrbitSize;

Brownl,GreenBrownl!,Greenl:
CorrectSet@,TypeTotal
Brown2,GreenBrown2,Green

NChoose2( MFal1)@.OrbitSize );

CorrectSet@.TypeTotal := MFal1]@.OrbitSize*MFal2)@.OrbitSize;
Red1: CorrectSet@.TypeTotal := NChoose3( MFal[1)@.OrbitSize );
Red3: CorrectSet@.TypeTotal := MFa[1)@.OrbitSize

* MFal[2)@.OrbitSize * MFal[3)@.OrbitSize;
Red2: BEGIN

IF MFal1] = Mral2] THEN BEGIN
i o= 1;
j = 3
END ELSE IF MFal[1) = MFal[3] THEN BEGIN
ioi= 1;
j o= 2
END ELSE BEGIN
i 1= 23
j o= 1
END;

CorrectSet@.TypeTotal := NChoose2( MFalil@.OrbitSize )
* MFaljl@.OrbitSize
END
END { CASE }
END ELSE
CorrectSet@.SetSize := CorrectSet@.SetSize + 1;

a@.NextSetElt := CorrectSet@.SetList;
CorrectSet@.SetList := aj;
END; { AddToSets 1}

{ 3¢ e e o e ok o ek ok ok ok o ok ok ke ok ke ok ok ok ok ok ok ook ok ok ok ok ok ke ok ok ok ke ke ok o ok ke ok ok ke ok ok ok ok ok ok ke ok ok ok ok ke ok ek ok ke ek ke sk ke ok
PROCEDURE AddToV2

* *
* *
* *
* This procedure adds vertex g to partition V2 (which is the *
* set of vertices at the next higher distance from the fixed edge *
* than the vertices of partition Vv1). *
* This involves moving the position of the vertex g in the *
: graph 2z (i.e. changing its index). *

*
* }
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PROCEDURE AddToV2( g: integer; V2: VTypePtr );

VAR
glindex: integer;
tPtr: GraphEltPtr;

REF
Z: Graph;
ZSize: integer;
IndexMap: IndexMapPtr;

BEGIN
V2@.VEnd := V2@.VEnd + 1;
gindex := IndexMap@l g ];
tPtr := zQ@[ V2Q@.VEnd 1;
Z@[ V2@.VEnd ] := z@[ glIndex ];
z@[ gIndex ] := tPtr;
IndexMap@[ g ] := V2@.VEnd;

IndexMap@[ tPtr@.Vertex ] := gIndex;
END; { AddTov2

o e v ke ke e o ok e ok ok ok ok ok ok e ok ok ok ok ok ok ok ok ok ok ok ok o ok ok ok ok ok ok sk ok ok ok sk ok ok ok ok ke ok ok ok ke ok ok ok ok ok ok ok sk ok ke ok ok ok ok

* *
* PROCEDURE Findadj *
* *
* Find all vertices in partition V1 which are adjacent to . *
* vertex p (which is at index piIndex in graph Z). Return them in *
* ntuple a and the number of them in aSize. *
* *
*****i*****t***********t*********i***«*********t***************i*****)

PROCEDURE FindAdj( plndex: integer; VAR a: ntuple; VAR aSize: integer;
V1: VTypePtr );

VAR
i3 integer;

REF




z: Graphi
zsizes integer;
1ndexMap? IndexMapPtr;

pEGIN, 0;
ast’S i= 1 to 3 DO BEGIN
al

asize+1 ) := z@[ pIndex )l@.adjvertex[ i ];
iFr (1ndexMap@[ al aSize+1 ] ] >= Vvi@.vStart) and
(indexMap@[ al asize+1 ] ] <= V1€.VEnd) THEN
aSize := aSize =+
D; { FOR
ENDEN "{ rinardj }

l***'****k**************i**k**********i*******i**t****i**i*********i**

PROCEDURE AddToKer

A pair of vertices p and g have been found in partition V2
that are connected to exactly the same vertices in partition
vi. The transposition (p Q) is a generator of the kernel of the
mapping from the next group to the current group. (The current
group is AutE of the subgraph X of Z. X is created by taking
1 1

all vertices of partitions V. + V + V + ... + V. X includes
0 1 2 i i

the edges of Z induced by these vertices except for those

between two vertfces of V . The next group is AutE of the

1
subgraph X of Z.)
i+

Vo = Vv V2 = Vv
i i+

O T I TN I N

R R R R R K R K K K K K K K K K R X X A

***«**i************t**k**i***ﬁ**i*********i~ki**i****t**t************
PROCEDURE AddToKer( p,g: integer; VAR Ker: PtrGenElt )i

VAR
newgen: PtrGenElt;
i: integer;

REF
2: Graphj;
zSize: integer;
IndexMap: IndexMapPtr;

BEGIN

new( newgen );

newgen@.Gen := ampxnew( ZSizex4 );

newgen@.Genlnverse := ampxnew( ZSize*4 );

FOR i := 1 to ZSize DO BEGIN
newgen@,Gen@[ i ] := ij;
newgen@.GenInverse@[ i ] := i

END; FOR }

newgen@.Genlnverse@[ p ]
newgen@,Genlnverse@[ g )
newgen@.Gen@[ p
newgen@.Gen@[ g )
newgen@.NextGenElt
Ker := newgen;
END; { AddToKer }

q
P

me e
o
]

(***********i*i********i***********t*****************ﬁ******vk***t*k*t*
PROCEDURE FindNextPartition

This procedure is passed the current partition V1 consisting
of all vertices at distance i from the fixed edge. 1t finds all
vertices at distance i+1 from the fixed edge (i.e. partition V2)
by examining vertices adjacent to vertices in V1,

At the same time, it finds generators for Ker (see the
documentation for AddToKer) and also the sets of vertices,
duples of vertices or triples of vertices to be stabilized to
find G/Ker. Sets of the same type are linked together and the
top of the list is pointed at by an element of Sets (indexed by
ntuple type).

P
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PROCEDURE FindNextPartition( V1: VTypePtr;
VAR V2: VTypePtr;
VertexMap: OrbitTypePtr;
VAR Ker: PtrGenElt;
VAR Sets: InitSet );

VAR
a: ntuple; { an ntuple which is part of a set
of ntuples which should be
stabilized }
alndex: ntuple; { indices in Z of vertices in a }
aSetType: ntupleType; } the type of the ntuple }

is there one (=> single) vertex

in V2 adjacent to the vertices

in ntuple a (and no others in V1)

or are there two such vertices? 1}
MFa: MFtuple; { ptrs to the orbit representatives

(tops of merge-find trees) of the

vertices in a

the number of vertices in a 3
vertices in V2 adjacent to a }

aSingle: boolean;

aSize: integer;

p,g: integer;

plndex, gIndex: integer;
i,j,k: integer;

NewElt: SetEltPtr;

o~

REF
Z: Graphj;




. ge: integer;
fﬁéﬁ:nap= 1ndexMapPtr;

BEGIY. = il
INJTIALIZE EACH ELEMENT IN SETS TO NIL (NO SETS TO BE
{ STADILIZED OF ANY TYPE YET)

¢s[ pink 1 =
g:ts[ prownl ] 3
Setsl Brown2 5
set5[ GreenBrown
n

[ GreenBrow
Z::z[ Greenl ]
gets| Green2 ]
gets| Redl ]
gets| Red2 ]
cets| Red3 ] :=

[ el adiad

~ewe gl v e
33
[y
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{ CREATE A NEW RECORD TO REPRESENT PARTITION V2 }

new( V2 )3
y2@.vStart := v1@.VEnd + 1;
y2@.VEnd := V1€@.VEnd;

{ EXAMINE EACH VERTEX IN V1 IN TURN }
FOR i := V1@.VStart to v1@.VEnd DO BEGIN
aindex[ 1 ] :=1i
al 11 3= 2@l i

{ EXAMINE EACH VERTEX ADJACENT TO THE VERTEX AT INDEX I IN Z }

H
lJ@.vertex;

FOR j 3= 1 to 3 DO BEGIN

p :+= z@[ i le@.adjvertex[ j );
pindex := IndexMap@l p 1;
IF (pIndex > i) and (plndex <= V1@,VEnd) THEN BEGIN

{ THE EDGE GOING FROM A[1] TO P IS AN EDGE WITHIN
PARTITION V1 AND HASN'T BEEN EXAMINED BEFORE

(THIS 1S A BROWN EDGE -- AN 'ORIGINAL' EDGE) }
al 2]
alndexl| dex;
MFal[ 1 ( alndex[1)-v1@.VStart+1, VertexMap );
MTa[ % ( alndex[2)-vi1@.vStart+1, VertexMap );
al 3
alndex|
MFal 3 ]
aSingle

aSize := 2;

{ SEE IF IT'S ALSO A GREEN EDGE (I.E. GREENBROWN) -

A[1] AND A[2) JOINED TO Q IN V2 AND Q IS NOT ADJACENT
TO ANY OTHER VERTICES IN V1 }

g := FindMatch( a, alndex, 2, V1, v1@.VEnd, 0 );
IF g = 0 THEN BEGIN

{ BROWN EDGE NOT GREENBROWN }

1F Mral 1]
aSetType
ELSE
aSetType := Brown2;
new( NewElt );
NewElt@,SetElt := aj
AddToSets( NewElt, MFa, aSetType, aSingle, aSize, Sets,
VertexMap, V1, IndexMap );
END ELSE { GREENBROWN EDGE (MAY ALREADY HAVE BEEN SEEN }
BEGIN
IF IndexMap@[ g )] > V2@.VEnd THEN BEGIN
1F MFal 1 ] = MFal 2 ] THEN
aSetType := GreenBrownl
ELSE
aSetType := GreenBrown2;
AddTov2( g, V2 );
new( NewElt );
NewElt@.SetElt := aj
AddToSets (NewElt, MFa, aSetType, aSingle, aSize,Sets,
VertexMap, V1, IndexMap )
END { 1F }
END { ELSE }
END ELSE IF plndex > V2@.VEnd THEN BEGIN

MFal 2 ) THEN
= Brownl

{ P IS A VERTEX WHICH SHOULD BE ADDED TO v2
IT MAY BE ADJACENT ONLY TO A[1]) IN V1 => PINK
OR TO TWO VERTICES IN V1 => GREEN EDGE
OR TO THREE VERTICES IN V1 => RED TRIPLE.
THERE MAY BE ANOTHER VERTEX Q ADJACENT TO EXACTLY
THE SAME VERTICES IN V1 AS P.

addTov2( p, V2 );
pindex := IndexMap@l p 1;
FindAdj( pindex, a, aSize, VI )s
FOR k := 1 to aSize DO BEGIN
aIndex[ k ) := IndexMap@l al k 1 1;
MFal k ] := FOrbit( alndex[k]-vi@.vsStart+1,
VertexMap )
END; { FOR
g := FindMatch( a, alIndex, aSize, V1, V2@.VEnd, p);
IF g <> 0 THEN BEGIN
aSingle := false;
AddTov2( g, V2 );
AddToKer ( p, g, Ker );
END ELSE
aSingle := true;
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CASE aSize OF
1: aSetType := Pink;
2: BEGIN
1F MFal 1 ] = MFal 2 ] THEN
aSetType := Greenl
ELSE
aSetType := Green2;
IF aSingle THEN
FOR k := 1 to 3 DO BEGIN
1F 2@[ alndex[ 1 ) l@.Adjvertex[ k ]
= al 2 ) THEN
ir MFal 1 ] = MFal 2 ] THEN
aSetType GreenBrown
ELSE
aSetType := GreenBrown2
END; { FOR }
END ; { CASE 2 }
OTHERWISE 1F (MFal1l = MFal2)) and (Mral1] = MFa[3)) THEN
aSetType := Redl

ELSE IF (MFa[1] <> MFal2]) and (MFal1] <> MFal3])
and (MFal[2] <> MFal3]) THEN
aSetType := Red3
ELSE
aSetType := Red2
END; { CASE STMT }
new( NewElt );
NewElt@.SetElt := aj
AddToSets( NewElt, MFa, aSetType, asingle, aSize, Sets,
VertexMap, V1, IndexMap )
END { ELSE }

END { FOR }
END; { FOR }
END; { FindNextPartition }

**ﬁ*kii**********************ﬁ******i***i*l*********i****************

segment MFOrbit

{
*
*
*
*
* algorithm to find the orbits of the vertices in partition V1.
*

*

*

*

*

This segment contains the routines which perform a merge/find *
*

*

}

*****iw*w*t**k**********************t******************************i

{***k***************ﬁ*t****************k***********t****t*************

* *
* FUNCTION FOrbit *
* ™
* Given the index of a the pointer to a vertex's merge-find *
* element in VertexMap, find and return a pointer to the top of *
* the merge-find tree of the orbit that the vertex is in. *
* *
* Bach merge-find element on the path from the given vertex's *
* merge-find element to the top of the tree is altered to point *
* at the top of the tree so that future FOrbits reguire less *
* time. *
* *

**i*i***********t**i******i************i*************t***************}

FUNCTION FOrbit( i: integer; { index in VertexMap of the pointer
to a vertex's merge-find element }
VertexMap: OrbitTypePtr ): MFOrbitPtr;

VAR
s,t,u: MFOrbitPtr;

REF
IndexMap: IndexMapPtr;
Z: Graph;
ZSize: integer;

BEGIN

{ FIND THE TOP OF THE MERGE-FIND TREE }

s :1= VertexMap@[il;

t 3 83

WHILE not s@.TopVertex DO
s := s@.,ParentVertex;

{ PATH COMPRESSION TO REDUCE FIND TIME }
IF t <> s THEN

WHILE t@.ParentVertex <> s DO BEGIN
u = t@,ParentVertex;

t@.ParentVertex := sj
t i=u
END; { WHILE }
FOrbit := s

END; { FOrbit }

{**********************i***************i*******i*k**t*******t***k*****
*

*
* PROCEDURE MergeOrbit *
* *
* Given pointers to the tops of 2 merge-find trees representing *
* 2 orbits, merge them by making the top of the larger tree the *
¥ parent of the smaller tree and merging the circular doubly- *
* linked lists of vertices in the orbits. *
* *
* }

*******ti*******************ii***************************i**i*******
PROCEDURE MergeOrbit( MF1, MF2: MFOrbitPtr ¥
VAR
temp: MFOrbitPtr;
OE1,0E2: OrbitEltPtr;

REF »

j
r




pEGIN

KE SURE MF1 POINTS AT THE ROOT OF THE LARGER TREE }

{ MA

ir MF1@.0OrbitSize < MF2Q@.0rbitSize THEN BEGIN
Temp = MF1;
Mr1 MF2;
MF2 Temp

END; ir 3

{ MERGE MF2 (THE SMALLER ORBIT) INTO MF1 1}

OE1 i= MF1@.0rbitList@,OBLink;

OE2 MF2@.0rbitList@.0BLink;
MF1@.0rbitList@.OBLink := OE2;

om1@.0FLink := MF2@.OrbitList;
MF2@.0rbitList@.OBLink := OE1;

omz@.OFLink := MF1@.0OrbitList;

MF1@.OrbitSize := MF1@.0rbitSize + MF2@.OrbitSize;
MF2@,TopVertex := false;

MF2@.,ParentVertex := MF 1

END; { MergeOrbit
{*.**i*t**t*******************************t*************t*******i*****
*
* PROCEDURE FOrbits *
*
*
* Find the orbits of the vertices in partition V1 (vertices at *
* distance i from the fixed edge). This is done using a merge- *
* find algorithm: *
* *
* FOR EACH vertex v in partition V1 DO *
* FOR EACH generator g of the group G DO *
* x 1= (v )ag; *
* IF x and v are not in the same merge-find tree THEN *
* merge the two trees *
* *
i*k********i***********************tt*ti**i*************i****k*******}

PROCEDURE FOrbits( V1: VTypePtr; VertexMap: OrbitTypePtr;
G: PtrGenElt );

VAR
i: integer;
MF1, MF2: MFOrbitPtr;
g: PtrGenElt;
VUMSize: integer;
OE: OrbitEltPtr;
x: pt;

REF
IndexMap: IndexMapPtr;
Z: Graphj;
zZSize: integer;

BEGIN
FOR i := V1@.VStart to V1@.,VEnd DO BEGIN

q i
WHILE g <> nil DO BEGIN
x := g@.gen@[ z@[ i J@.vertex J;
MF 1 FOrbit( i-v1@.vStart+1, VertexMap );
MF2 := FOrbit( IndexMap@[x]-vi@.vStart+1, VertexMap );
IF MF1 <> MF2 THEN
MergeOrbit( MF1, MF2 );
q := g@.NextGenElt
END { WHILE }
END { FOR }
END; { Forbits 1}

{*********************i******************************k*******i********
* *
* PROCEDURE CreateVertexMap x
* *
********************i**k*i*************tk******t*********************}

PROCEDURE CreateVertexMap( V1: VTypePtr; VAR VertexMap: OrbitTypePtr Vi

VAR
VMSize: integer;
i: integer;
MF1: MFOrbitPtr;
OE: OrbitEltPtr;

REF
IndexMap: IndexMapPtr;
Z: Graphj;
ZSize: integer;

BEGIN
{ CREATE THE MAPPING FROM VERTEX TO MERGE-FIND ELEMENT 3
UMSize := V1@.VEnd - V1@.VStart + 1;
VertexMap := ampxnew( VMSizex*4 )i

FOR i := 1 to VMSize DO BEGIN
new( MF1 );

VertexMap@[ i 1 = MF1;
MF1@,TopVertex := truej
MF1@.0OrbitSize := 1;

new( OE );

OE@.OVertex := Z
OE@,OFLink := OE
OE@.OBLink := OE

@[ i + vi@.vStart - 1 )l@.Vertex;
i
MF1@.0rbitList :=
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END;

FOR }
ENDi CieateverteXMBp }
i
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*******t*i************i***i*****ﬂ*******i****k*i**i*******ti
"k

PnocEDURE ReOrderMFOrbits

the merge
t so that

****t**ﬂi*************ﬁ******i****i**i***i**t*****wi*******

*

*

*
&t _find structures to make each vertex into its *
ReBS the new orbits can be found. *
own orbil *
}

s S el
URE neOrderMFOrbits( VertexMap: OrbitTypePtr; V1: VTypePtr );

CED!

integer;
OrbitE1tPtr;

1ndexMapi 1ndexMapPtr;

z: Graphi
zsize: integer;

.= 1 to V1@,VEnd-V1@.vStart+1 DO

xMap@[i)@.TopVertex THEN BEGIN

IF VertexMap@[i)@.OrbitSize <> 1 THEN BEGIN
s := VertexMap@[il@.OrbitList;
5@,0BLink@.OFLink := nil;
WHILE s <> nil DO BEGIN

t := s@.OFLink;

j := IndexMap@[ s@.Overtex

VertexMap@[j)@.TopVertex

vertexMap@[jl@.OrbitSize

vertexMap@[jl@.OrbitList

s@,0FLink

s@,0BLink

FOR i
I Verte

- v1@,vStart + 1;

5 1=t
END { WHILE }
END { 1F }
END { I1IF }
{ ReOrderOrbits }

****t*i*i****i*********************i*******************ki**********

segment BlkSys (Block System)

he routines which find a block system
the 2-group G and the subgroup P in G
P is normal in G and has index 2

This segment contains t
containing two blocks for
which fixes the block system.
in G.

*
*
*
*
*
*
*
*
********k************ﬁ***t********ﬁ**********ﬁ**i*****i*********i*}

CON

SEGMENT B1lkSys;

ST
hugesize

10000;

TYPE

{ Merge/find pointers used to find the orbits of pairs of ntuples.
This is used to find an orbit which, when treated as a graph,

has exactly two components. The two sets of vertices of the
}

components (sets of ntuples) are a block system for the group.
SetPairsTypePtr = @SetPairsType;
MFPairPtr = @MFPair;
PairPtr = @PairElt;

e ] of MFPairPtr;
MAPS PAIRS OF NTUPLES TO THEIR
MERGE/FIND POINTER

SetPairsType = arrayl 1..huges%z

MFPair = RECORD
CASE TopPair: boolean OF
false: (Parent: MFPairPtr);
true: (Size: integer;
PairList: PairPtr;
FSet ,BSet: MFPairPtr)
END;
PairElt = RECORD
N1, N2: integer;
FPair, BPair: PairPtr
END;

{ MERGE/FIND POINTERS USED TO FIND THE COMPONENTS OF AN
ORBIT OF PAIRS OF NTUPLES.

SetComponentTypePtr @SCType;
MFBlockPtr @MFBlock;
SCType arrayl 1..hugesize ) of MFBlockPtr;
MFBlock = RECORD
CASE TopBlock:

boolean OF

false: (parent: MFBlockPtr );
true: ( size: integer;

blocknum: integer )
END;

SOME ROUTINES WERE NOT INCLUDED IN THIS LISTING:
DispSP: dispose of the merge/find structure used to find orbits
of pairs of ntuples.
DispSC: dispose of the merge/find structure used to find the
components of the graph associated with an orbit of pairs
of ntuples.
DispP: dispose ©
blocks.
SortNtuple:

f the merge/find structure used to find blocks of

}

sorts an ntuple.
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*****«t************t******u*************w**t«***t***ki******«*k

‘*‘*i*i
FUNCTION FindComponent

*
*
*
This function follows the mgrge/f?nq pointers from the node *
tepresenting the ntuple at index i in an ordered array of_all *
of the current type of ntuples to the root of the megge/fxnd *
trees The tree represents a component of the graph induced by *
an orbit of pairs of ntuples treated as edges with the ptuples *
being the vertices. A pointer to the root of iLhe tree 1s *

*

*

}

returned.

P

*********w************k'k*************i**it**************************

*

UNCTION FindComponent ( i: integer; SetComponents: SetComponentTypePtr)
P :MFBlockPtr;

VARMpa, MFb, MFc: MFBlockPtr;

EGIN
BEGMFa ;= SetComponents@[ i 1;

WHILE not MFa@.TopBlock DO MFa := MFaC.Parent;
IF MFa <> SetComponents@[ i ] THEN BEGIN

MFb := SetComponents@[ i ];

WHILE MFb@.Parent <> MFa DO BEGIN

MFc := MFb@.Parent;
MFb@.Parent := MFaj;
MFb MFc

END;
END; { 1F }
rindComponent := MFaj;
END; { FindComponent }

(*******ii******i**i***i**********\kti*******t****i***i*k**i******i*&**
FUNCTION SearchON

*
* *
* *
* This procedure searches an ordered array of ntuples (ON) for *
* a particular ntuple (p). If the ntuple is not found, then 0 is *
* returned. Otherwise, the index of p in ON is returned. *
* *
* }

1*****************ﬁ**i*************i******************k***t******ﬁ**

FUNCTION SearchON( VAR p: ntuple; ON: SetTypePtr; ONSize: integer;
ntupleSize: integer ): integerj

VAR
top, bot, mid: integer;
done: boolean;
i: integer;
found: boolean;

BEGIN
Sortntuple( p, ntupleSize );
= ONSize;
1;
:= false;

WHILE top >= bot DO BEGIN
mid := (top + bot) div 2;
i = H
done := false;
WHILE (i <= ntupleSize) and (not done) DO
1iF pl i )} <> oN@[ mid, i ] THEN
done := true
ELSE
i =1+ 1;
IF i > ntupleSize THEN BEGIN

bot := top + 1;
found := true;
END ELSE

1F pl i 1 > ON@[ mid, i ] THEN
bot := mid +

ELSE
top := mid - 1

END; { WHILE }
IF found THEN

SearchON := mid
ELSE

SearchON := 0

END; { SearchON }
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FUNCTION StabBlock

This function returns the stabilizer of the block containing
the first ntuple (in order). The stabilizer is returned as a
tower of point stabilizers created by Schreier's algorithm,
Since there are only two blocks, the size of the orbit of the
first block is at most 2.

VARIABLE DICTIONARY

G: a list of generators of the group we want to find the block
stabilizer in
SetComponents: maps an ntuple to its merge/find pointer used to
find which block (component) it's in

ON: an orbit of ntuples that G is transitive on

TypeTotal: the number of ntuples in the orbit ON

ntupleSize: the number of vertices in the ntuple

B2TransElt: a pointer to the transversal element for the 2nd
block

H: the stabilizer of the first block

B2: the index in ON of the representative ntuple of block 2

MFB1, MFB2: pointers to the tops of the merge/find trees for
blocks one and two, respectively

P I T 2 2k 2 I O R
Bk R Ok K K R R K F R R K K F K E EE R KX XX
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*

rrwrE
ON StabB :

yNCTT ON: SetTypePtr; TypeTotal: integer;

F!
ntupleSize: integer ): Group;

VAanTransElt: PtrTransElt;

H: Groupi

pase: baseArray;

baselndex: integer;

, Ri PtrGenElt;

MapB: ntuple;
p2: integer;
MFB1, MFB2, MFMapB: MFBlockPtr;
i,30ks integer;
newTransElt: boplean;
gp, 9P permutation;

EF .
stize: integer;

BEGIN
0 = Gj
p2TransElt := nil;
newTransElt := false;
pase := ampxnew( zSize*4 );
FOR i i= 1 to ZSize DO base@[ i ] := i;
baselndex :i= 2;
H := 1Group( 1, ZSize )

H
MFB1 := FindComponent( 1, SetComponents );

{ APPLY EACH OF THE GENERATORS OF G IN TURN TO THE
ORBIT OF BLOCK

WHILE Q <> nil DO BEGIN
FOR i := 1 to ntupleSize DO
MapB[ i ] := Q@.Gen@[ ONG[ 1, i ] ];
:= SearchON( MapB, ON, TypeTotal, ntupleSize );
MFMapB := FindComponent( j, SetComponents )i
IF (MFMapB <> MFB1) and (B2TransElt = nil) THEN BEGIN

{ GENERATOR Q MAPPED BLOCK 1 TO BLOCK 2. BLOCK 2
IS NOT CURRENTLY IN THE ORBIT OF BLOCK 1, SO ADD
IT (1.E. CREATE IT'S TRANSVERSAL ELEMENT AND
POINT B2TransElt AT THE TRANSVERSAL ELEMENT). }

newTransElt := true;

B2 := j;

MFB2 := MFMapB;

new( B2TransElt );

B2TransElt@.a := ampxnew( 2ZSizex*4 );

B2TransElt@.alnverse := ampxnew( ZSizex4 );
FOR j := 1 to zSize DO BEGIN
B2TransE1t@.a@[ j ] := Q@.Gen@l j J;
B2TransElt@.alnverse@[ j ] := Q@.GenInverse@l j 1;
END;
END ELSE

IF MFMapB = MFB1 THEN BEGIN

{ GENERATOR Q MAPPED BLOCK 1 TO BLOCK 1, WHICH
GIVES US A NEW ELEMENT OF STAB(BLOCK 1)

IF not GroupElement( Q@.Gen, H ) THEN
AddGen( Q@.Gen, H, base, Baselndex );
END ELSE BEGIN

{ GENERATOR Q MAPPED BLOCK 1 TO BLOCK 2. BLOCK 2 IS
ALREADY IN THE ORBIT OF BLOCK 1, SO WE CAN ADD A
NEW ELEMENT TO STAB(BLOCK 1).

gp := MultPerms( Q@.Gen, B2TransElt@.alnverse, zZSize
IF not GroupElement( gp, H ) THEN
AddGen( gp, H, base, Baselndex );
dispose( gp ); .
END; { ELSE }

{ IF BLOCK 2 IS IN THE ORBIT OF BLOCK 1, APPLY GENERATOR
QO TO BLOCK 2,

IF B2TransElt <> nil THEN BEGIN
FOR i := 1 to ntupleSize DO

MapB[ i ] := Q@.Gen@[ oON@[ B2, i ] 1;
j := SearchON( MapB, ON, TypeTotal, ntupleSize );
MFMapB := FindComponent( j, SetComponents )i

IF MFMapB = MFB1 THEN BEGIN

{ © MAPPED BLOCK 2 TO BLOCK 1, SO A NEW ELEMENT OF
STAB(BLOCK 1) HAS BEEN FOUND.

gp := MultPerms( B2TransElt@.a, Q@.Gen, zSize );
IF not GroupElement( gp, H ) THEN
AddGen( gp, H, base, Baselndex )j
dispose( gp );
END ELSE BEGIN

{ © MAPPED BLOCK 2 TO BLOCK 2, WHICH GIVES Uus A
NEW ELEMENT OF STAB(BLOCK 1).

gp := MultPerms( B2TransElt@.a, Q@.Gen, zZSize );
gp := MultPerms( gp, B2TransElt@.alnverse, zSize );
disposel( gp );
IF not GroupElement( gp, H ) THEN
AddGen ( g§, H, base, BaseIndex );
dispose( gp );
END; { ELSE }

************t**i*****i*********aﬁ*w*******ti*************a****&*]

lock( G: PtrGenElt; SetComponents: SetComponentTypePtr;




{ 1F BLOCK 2 HAS JUST BEEN ADDED TO THE ORDBIT OF BLOCK 1
APPLY ALL PREVIOUSLY PROCESSED GENERATORS OF G TO

BLOCK 2. }
IF newTransElt THEN BEGIN

newTransElt := false;

rR = Gj

WHILE R <> Q DO BEGIN
FOR i := 1 to ntupleSize DO
MapBl[ i ] := R@.Gen@l oNn@l[ B2, i ) 1;
;= SearchON( MapB, ON, TypeTotal, ntupleSize );
MFMapB := FindComponent( j, SetComponents );
1F MFMapB = MFB1 THEN BEGIN

{ GENERATOR R MAPPED BLOCK 1 TO BLOCK 2 1}

gp := MultPerms( B2TransEltC.a, R@.Gen, ZSize );
iF not GroupElement( gp, H ) THEN
AddGen( gp, H, base, Baselndex )j
dispose( gp ?;
END ELSE BEGIN

{ GENERATOR R MAPPED BLOCK 2 TO BLOCK 2

gp := MultPerms( B2TransElt@.a, R@.Gen, ZSize )i
gp := MultPerms( gp, B2TransElt@.alnverse, zSize );
dispose( gp );
IF not GroupElement( gp, H ) THEN
AddGen( gp, H, base, Baselndex TR
dispose( gp );

END; { ELSE }
R := R@.NextGenElt;
END; { WHILE }
END; { 1F }

END; { IF }
Q := Q@ .NextGenElt;
END; { WHILE
dispose( base );
dispose( B2TransElt@.a ); dispose( B2TransElt@.alnverse )i
dispose( B2TransElt )i
stabBlock := H
END; { stabBlock }

t**************ﬁt********i***************************k**t**kk*********

*
* PROCEDURE CreateSetPairs *
* *
* Create the merge/find data structure used to find orbits of *
* pairs of ntuples. The structure is set up so that each pair of *
* ntuples is in its own orbit. *
* *
* }

*k***t**********tt**************k**k****k***********i***************

PROCEDURE CreateSetPairs( ONSize: integer; Total: integer;
VAR SetPairs: SetPairsTypePtr;
VAR FirstSet: MFPairPtr )j

VAR
i, j, k, 1: integer;
MFp: MFPairPtr;
pPairElt: PairPtr;

BEGIN
SetPairs ampxnew ( Totalx4 )
iirstSet nilj;
i= 05
FOR i := o (ONSize - 1) DO BEGIN
FOR j i+1 to ONSize DO BEGIN
ne Fp );
k k + 1;
SetPairs@[ k ] := MFp;
MFp@.TopPair := truej
MFp@.Size : 13
MFp@.FSet FirstSet;
MFp@.BSet 3 nil; .
IF FirstSet <> nil THEN
FirstSet@.BSet := MFp;
FirstSet := MFp;
new( pPairElt )j;
MFp@.PairList PairELlt;
pPairElt@.N1
pPairElt@.N2
pPairE1t@.FPair pPairElt;
pPairElt@.BPair pPairElt;
END; { FOR
END; { FOR
END; { CreateSetPairs }
{*******ﬁ**k*************i********k**t**************i***i***t*********
| *
3 * FUNCTION FSetPrs *
| * *
| * This function is passed an index into the mapping of a pair *
| * of ntuples to the pair's merge/find pointer. The merge/find *
| * tree of the pair is traversed until the root is found. The path *
* traversed is then compressed so that every node on the path *
* points at the root of the tree. A pointer to the root of the *
* tree (which represents the orbit of pairs of ntuples) is *
| * returned. .
* *
| *****i*****iﬁ****************k*****k************i********************}

FUNCTION FSetPrs( a: integer; SetPairs: SetPairsTypePtr b
MFPairPtr;

VAR
MFa, MFb, MFc: MFPairPtr;




EGIN
BDGMFa ;= SetPairs@[ a J;

WHILE not MFa@,TopPair 900
MFa := MFa@.Parent;
1F not SetPairs@[ a )1@.TopPair THEN BEGIN

MFb := SetPairs@[ a ];

WHILE MFb@.Parent <> MFa DO BEGIN
MFc := MFb@,Parent;
MFb@.Parent := MFaj
MFb := MFc

END; { WHILE }

END; { IF
FSetPrs :i= MFa
END; { FsetPrs }

*****k*i************i**‘\*************t*w*****&**k****************k*k*
PROCEDURE MergeSetPairs

{

*

* *
* *
* This procedure is passed the pointers to the tops of two *
* merge/find trees which are used to find the orbits (sets) of *
* pairs of ntuples. The two orbits are merged by merging the *
* lists of elements the two trees and then pointing the root of *
* the smaller tree at the root of the larger tree. *
* *
* }

*i*********i***************i********k*ik****************************
PROCEDURE MergeSetPairs( MFa, MFb: MFPairPtr; FirstSet: MFPairPtr );

VAR
MFc: MFPairPtr;
aPair, bPair: PairPtr;

BEGIN
IF MFa@.Size < MFb@.Size THEN BEGIN
MFc := MFaj;
MFa MFb;
MFb := MFc
END;
IF FirstSet = MFb THEN FirstSet
MFa@,Size := MFa@.Size + MFb@.Size;
IF MFb@.FSet <> nil THEN
MFb@.FSet@.BSet := MFb@,BSet;
IF MFb@.BSet <> nil THEN
MFb@.BSet@.FSet := MFb@@.FSet;
aPair := MFa@.PairList@.BPair;
bPair := MFb@.PairList@.BPair;
MFa@.PairList@.BPair := bPair;
bPair@.FPair := MFa@.PairList;
MFb@,PairList@.BPair := aPair;
aPair@.FPair MFb@.PairList;
MFb@.TopPair false;
MFb@.Parent := MFaj;

MFb@.FSet;

END; { MergeSetPairs }

*k*****it***'k*****k*******************************i******************
PROCEDURE CreateSetComponents

{
* *
* *
* *
* This procedure creates the merge/find data structure used to *
* find the components of the graph which is created by an orbit *
* of pairs of ntuples. The structure is set up so that each *
* ntuple is in its own component. *
* *
* }
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PROCEDURE CreateSetComponents( VAR SetComponents: SetComponentTypePtr;
TypeTotal: integer );

VAR
i: integer;
MF1: MFBlockPtr;

BEGIN
SetComponents := ampxnew( TypeTotalx4 );
FOR i := 1 to TypeTotal DO BEGIN
new( MF1 ); )
MF1@,TopBlock
MF1Q@.Size :=
MF1@.BlockNum y
SetComponents@[ i ] := MF1;
END; { FOR
END; { CreateSetComponents }

true;

{***********tt****t***********i********************k***********t******
*
PROCEDURE MergeComponents

*
*
*
* which are the vertices in components of a graph.
*
*

*
*
*
Merge two merge/find trees which represent a set of ntuples *
%
*
*******i**ii******i*********\kt**********k********t**i**it***k**k**** }

PROCEDURE MergeComponents( MF1, MF2: MFBlockPtr )i

VAR
MF3: MFBlockPtr;
BEGIN
IF MF1@.Size < MF2@.Size THEN BEGIN
MF3 MF1;
MF1 MF2;
MF2 MF3
END;

MF1@.Size := MF1@.Size + MF2@.Size;
MF2@.TopBlock := false;
MF2@.Parent := MF1;




{ MergeComponents }

ENDF
***ﬁ*ﬁ**********ﬁ'*ﬁ****ﬁ*ﬁ"**ﬁ**********ﬁ**********‘*****ﬁ******ﬁ***

{ﬁ
PROCEDURE ReOrderSetComponents
Reset the merge/find pointers back to the initial state where

*
& *
4 *
: every ntuple is in its own component so that the merge/find *
* pointers can be reused. :
:*ﬁ*********‘*************************************ﬂﬂ*l***************}

pROCEDURE ReOrderSetComponents( SetComponents: SetComponentTypePtr;
TypeTotal: integer );

VAR
i: integer;
BEGIN
FOR i := 1 to TypeTotal DO BEGIN
setComponents@[ i )@.TopBlock
setComponents@[ i J@.Size :=
SetComponents@[ i ]@.BlockNum
END; { FOR
END; { ReOrderSetComponents }

****i***********t*******i****t*k*******i************i*******i********
PROCEDURE Iterate

{

* *
* *
* *
* A set of 2*xk blocks have been found where k>1. We want 2 *
* blocks. What we do is to find blocks of blocks. This is done *
* by applying a different orbit of pairs of ntuples than the one *
* used to find this block system. Keep applying other orbits of *
* pairs of ntuples that don't cause ALL the blocks to merge but do *
* cause the number of blocks to go down until we have found a *
* system of 2 blocks. *
* *
* }
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PROCEDURE Iterate( SetComponents: SetComponentTypePtr;
VAR numComponents: integer; ON: SetTypePtr; TypeTotal: integer;
SetPairsH: MFPairPtr; ntupleSize: integer);

TYPE
{ MERGE/FIND DATA STRUCTURE USED TO FIND BLOCKS OF BLOCKS }

PTypePtr = @PType;
MFPPtr = @MFP;
PType = arrayl 1..hugeSize ] of MFPPtr; %
MFP = RECORD
CASE TopP: boolean OF

false: ( parent: MFPPtr );
true: ( size: integer;
BlockNum: integer )
END;

VAR
Q: MFPairPtr;
HP: PairPtr;
X: PTypePtr;
numBlocks: integer;
i1, i12: integer;
MFB1, MFB2: MFBlockPtr;
MFP1, MFP2: MFPPtr;
Count: integer;
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* *
* PROCEDURE MergeP *
* *
* This procedure is passed two pointers to the roots of two *
* merge/find trees used to find blocks of blocks. The smaller *
* tree is merged into the larger tree. *
* *
i }
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PROCEDURE MergeP( MF1, MF2: MFPPtr );

VAR
MF3: MFPPtr;

BEGIN
IF MF1@.Size < MF2@.Size THEN BEGIN
MF3 MF1;
MF 1 MF2;
MF2 := MF3;
END;
MF1@.Size MF1@.Size + MF2@.Size;
MF2@ ., TopP false;
MF2@,Parent := MF1;
END; { MergeP }
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PROCEDURE CreateX

{
*
*
*
* This procedure initializes the data structure X which maps
*
* in its own merge/find tree.

*

*

*

*

*

*

blocks to their merge/find pointers. Each block is initially *
*

*

}
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PROCEDURE CreateX( numComponents: integer; VAR X: PTypePtr );

VAR




;: integer;
MFP1: MFPPLI;

BEC;N:g ampxnew ( numComponents*4 );
FOR i = 1 to numComponents DO BEGIN
new( MFP1 );
MFP1@.TopP
MFP1@.Size :
x@[i) := MFP1;
END; { FOR }
END; { CreateX }

***ﬁﬁ************k*******************k****i***t******t**************

*
FUNCTION FindpP

{ *
¥ *
4 *
b This function follows parent pointers to find the root of *
e the merge/find tree containing block i. Once the root is found *
by the path from the merge/find pointer for block i to the root is %
* compressed so that all merge/find pointers along the path point *
% directly at the root. *
*
*
* }

*'**ktﬂ**********i******kﬂ**i’*************************************k*
FUNCTION FindP( i: integer; X: PTypePtr ): MFPPtr;

VAR
MFP1, MFP2, MFP3: MFPPtr;

EGIN
P MFP1 1= X@[ i J;
WHILE not MFP1@.TopP DO
MFP1 := MFP1@,Parent;
1IF MFP1 <> X@[ i ] THEN BEGIN
MFP2 := X@[ i J;
WHILE MFP2@.Parent <> MFP1 DO BEGIN
MFP3 MFP2@.Parent;
MFP2@.Parent := MFP1;
MFP2 := MFP3;
END; { WHILE }
IF }

{************k***i***k**************************t******t**************

* *
* MAINLTINE OoOF 1 TERATE *
* *

*****************&***************'k***********************************}
BEGIN { Iterate }
Q := SetPairsH;

Count := 0;
{ APPLY EACH ORBIT Q OF PAIRS OF NTUPLES UNTIL WE HAVE 2 BLOCKS }

WHILE (Q <> nil) and (numComponents <> 2) DO BEGIN
HP := Q@.PairList;
{ FIRST APPLY THE ORBIT OF PAIRS OF NTUPLES TO THE BLOCKS OF
BLOCKS MERGE/FIND DATA STRUCTURE TO SEE IF IT REDUCES THE
NUMBER OF BLOCKS WITHOUT MERGING THEM ALL INTO ONE BLOCK }

CreateX( numComponents, X )j

numBlocks := numComponents;
REPEAT
MFB1 := FindComponent( HP@.,N1, SetComponents );
IF MFB1@.BlockNum = THEN BEGIN
Count := Count + 1;
MFB1@.BlockNum := Count;

END;
MFB2 := FindComponent( HP@.N2, SetComponents );
IF MFB2@.BlockNum = 0 THEN BEGIN
Count := Count + 1;
MFB2@,.BlockNum Count;
END; {1r } ’
MFP1 := FindP( MFB1@,BlockNum, X );
MFP2 := FindP( MFB2@.BlockNum, X );
IF MFP1 <> MFP2 THEN BEGIN
MergeP( MFP1, MFP2 );
numBlocks := numBlocks - 1
END; { 1r 1}
HP := HP@.FPair;
UNTIL (HP = Q@.PairList);

{ IF THE NUMBER OF BLOCKS WAS REDUCED (BUT NOT INTO JUST ONE
BLOCK) THEN APPLY THE ORBIT OF PAIRS OF NTUPLES TO THE

MERGE/FIND DATA STRUCTURE WHICH FINDS BLOCKS OF NTUPLES }
IF (numBlocks > 1) and (numBlocks < NumComponents) THEN BEGIN
HP := Q@.PairList;
numBlocks numComponents;
REPEAT
MFB1 FindComponent ( HP@.N1, SetComponents );
MFB2 FindComponent ( HP@.N2, SetComponents );

IF MFB1 <> MFB2 THEN BEGIN
MergeComponents(MFB1, MFB2 );
numComponents := numComponents - 1;

END;

HP := HPQ.FPair;

UNTIL ( HP = Q@.PairList );
FOR i1 := 1 to TypeTotal DO

IF SetComponents@[ i1 )@.TopBlock THEN

SetComponents@[ i1 ]J@.BlockNum := 0;
Count := 0j;
END; { 1F }




iF numComponents <> 2 THEN
Q := QE.FSet;
pispP( X, numBlocks );

p{ WHILE }

END;{ 1teérate

END7
{,*«tt*

FUNCTION D1kSys

¢*«tk********i*********************i***************************

*
*
*
G is transitive on the orbit of ntuples of the current type. *
This function returns an intransitive subgroup H of index 2 in G *
(G is a z—gropp?. This is done by finding a block system of *
ntuples containing two blocks and then setting H to the stab- *
jlizer of one of the blocks. The block system is found by *
looking at G2 acting on pairs of ntuples. 1f the ntuples are *
treated as vertices of graphs and the edges are pairs of ntuples *
within an orbit, the components are the blocks. A graph with *
two components is found using merge/find pointers. *
*

}

e

********ﬁ*******************k***i****************************i**k***

FUNCTION BlkSys( G: PtrGenElt; ntupleSize: integer;
ON: SetTypePtr; ONSize: integer): Group;

VAnsetpairs: SetPairsTypePtr; { mapping from pairs of ntuples
to their merge/find pointers
used to find orbits of pairs
of ntuples }
FirstSet: MFPairPtr; { pointer to a linked list of sets
of pairs of ntuples (i.e. to
the roots of the merge/find
trees representing the sets }
r: PtrGenElt;
pMap, QMap: ntuple;
i,j,k: integer;
gMapPosn, pMapPosn: integer;
x,y.x1: integer;
xMf, yMF: MFPairPtr;
setComponents: SetComponentTypePtr;
mapping from ntuple to its
merge/find pointer used to
find blocks
numComponents: integer;
SetPairsH: MFPairPtr; { ptr to the root of a merge/find
tree of pairs of ntuples.
used to apply each orbit of
pairs of ntuples to the
merge/find structure SetComponents
which is used to find a block
system. }
HPair: PairPtr;
MF1, MF2: MFBlockPtr;

H: Group;

GSet: MFPairPtrj { a linked list of orbits of
pairs of ntuples which were
disconnected but had more than
two components. }

PQ: MFPairPtr;

REF
zZSize: integer;

BEGIN
IF ONSize = 2 THEN
H := 1Group( 1, zSize )
ELSE BEGIN

{ FIND THE ORBITS (SETS) OF PAIRS OF NTUPLES SO THAT WE CAN
FIND A BLOCK SYSTEM

x1 := NChoose2( ONSize );
CreateSetPairs( ONSize, x1, SetPairs, FirstSet )i

to (ONSize - 1) DO BEGIN
(i + 1) to ONSize DO BEGIN

r G;

WHILE r <> nil DO BEGIN

{ MAP THE PAIR OF NTUPLES AT POSITIONS 1 AND J
IN ORBIT OF NTUPLES ON

FOR k := 1 to ntupleSize DO BEGIN
pMapl k ] r@.Gen@[ ONG[ i, k ] ];
gMapl k ] r@.Gen@[ oN@[ j, k 1 ]
END;

pMapPosn := SearchON( pMap, ON, ONSize, ntupleSize )
gMapPosn := SearchON( gMap, ON, ONSize, ntupleSize )
IF gMapPosn < pMapPosn THEN

y := x1 - (NChoose2(ONSize- gMapPosn) + ONSize -
pMapPosn)
ELSE
y = x1 - (NChoose2 (ONSize-pMapPosn) + ONSize -

gMapPosn) ;
XMF ;= FSetPrs(x, SetPairs );
yMF := FSetPrs( y, SetPairs );
IF xMF <> yMFF THEN
MergeSetPairs( xMf, yMF, FirstSet )i
r := r@.NextGenElt;
; { WHILE }

EN
END; { FOR }
{ TO FIND A BLOCK SYSTEM WITH 2 BLOCKS;:
_ TREAT THE NTUPLES AS VERTICES AND THE PAIRS OF NTUPLES
WITHIN AN ORBIT OF PAIRS AS EDGES
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- SEE IF THE RESULTING GRAPH HAS 2 COMPONENTS }

createSetComponents( SetComponents, ONSize );
Gset = nil;
numComponents := ONSizej
setPairsH := FirstSet;
WHILE (numComponents <> 2) and (SetPairsH <> nil) DO BEGIN
HPair := SetPairsH@.PairList;
REPEAT
MF1 := FindComponent( HPair@.N1, SetComponents );
MF2 := FindComponent( HPair@.N2, SetComponents )3
1F MF1 <> MF2 THEN BEGIN
MergeComponents( MF1, MF2 );
numComponents := numComponents ~ 1;
END; { 1r }
HPair := HPair@,FPair;
UNTIL (HPair = SetPairsH@.PairList);
1F numComponents <> 2 THEN BEGIN
PQ := SetPairsH@.FSet;
1F numComponents > 2 THEN BEGIN

{ add this orbit of pairs of ntuples to a list
that may help to find a block system by
iterating on blocks of blocks if we

f do not find a block system with 2 blocks

y § this way

3 IF PQ <> nil THEN
4 PQ@.BSet := SetPairsHE.BSet;
- IF SetPairsH@,BSet.<> nil THEN BEGIN
SetPairsH@.BSet@.FSet := PQ;
SetPairsH@.BSet := nilj;
3 END; { 1F }
" 4 SetPairsH@.FSet := GSet;
3 0 IF GSet <> nil THEN
GSet@.BSet := SetPairsH;
GSet := SetPairsH;
END; { 1r
SetPairsH := PQ;
ReOrderSetComponents( SetComponents, ONSize ); »
g numComponents := ONSize;
3 END; { 1F }
END; { WHILE }

{ 1IF WE DIDN'T GET TWO COMPONENTS, WE NEED TO FIND BLOCKS
OF BLOCKS, I1.,E. ITERATE THE ABOVE STEP. }

IF (numComponents <> 2) and (GSet <> nil) THEN
Iterate( SetComponents, numComponents, ON, ONSize,
GSet, ntupleSize );

{ STABILIZE A BLOCK TO FIND AN INTRANSITIVE GROUP OF ORDER 2
IN GROUP G }

H := StabBlock( G, SetComponents, ON, ONSize, ntupleSize );
DispSP( SetPairs, ONSize );
DispSC( SetComponents, ONSize );

END; { ELSE }
BlkSys := H
END; { BlkSys }
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Segment ststbseg (SetStab segment)

stabilizer of a set of ntuples M in 2-group G where G is known
to set-wise stabilize the set of ntuples ON and ON contains M.

P e

*
*
*
This segment contains the routines which find the set-wise *
*
*
*
**‘ki***vk******i***********t***'k***k*************ﬁ******i***********t}

SEGMENT ststbseg;

L CONST
bR hugesize = 10000;

TYPE

{ MERGE/FIND POINTERS USED TO FIND THE ORBITS OF THE NTUPLES
STORED IN THE ARRAY ON

o | NOrbitTypePtr = @NOrbitType;
4 1 MFNOrbitPtr = @MFNOrbitType;
48 NOrbitEltPtr = @NOrbitEltType;
NOrbitType = arrayl 1..hugesize ] of MFNOrbitPtr;
MFNOrbitType = RECORD
CASE TopNTuple: boolean OF
false: (Parent: MFNOrbitPtr );
true: (Size: integer;
NTupleList: NOrbitEltPtr )
END;
NOrbitEltType = RECORD
NIndex: integer;
NFLink, NBLink: NOrbitEltPtr;
END;
BitPtr = @BitArray;
BitArray = arrayl 1..hugesize ] of boolean;

{ ROUTINES WHIdH HAVE NOT BEEN INCLUDED IN THIS LISTING:
. CopyG: create a copy of a list of generators for a group.
DispMFN: dispose of the merge/find data structure used to find
orbits of ntuples. }
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PROCEDURE FindMalnverse

This procedure is passed a permutation a and a set of ntuples

*
*
*
M. 1t returns the set of ntuples M times a inverse in sorted *
order in array Malnverse., *

*

}

ﬁ*******i*i**********************i*t*********k*******i**ﬁ***********
pROCEDURE FindMalnverse( VAR Malnverse: SetTypePtr;
VAR MalSize: integer;
a: PtrGenElt; M: SetTypePtr;
MSize: integer; ntupleSize: integer );

TYPE

{ LINKED LIST OF NTUPLES USED TO SORT THE NTUPLES EASILY WHIL
APPLYING PERMUTATION a TO SET M. THE SORTED LIST IS THEN
TRANSFERRED TO ARRAY Malnverse. }

NEltPtr = G@NEltType;
NE1tType = RECORD
N: ntuple;
FLink: NE1ltPtr;
END;

VAR
i: integer;
iMap: ntuple;
j: integer;
NEltList, NElt: NEltPtr;

*i**********************ﬁ******************t*t*i*i*******************

PROCEDURE FindElselnsert

ntuples NEltList, or it is added in its correct position so that

{
* *
* *
* *
* This procedure either finds ntuple p in the linked list of *
* *
* NEltList is sorted in ascending order. *
* *
* }
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PROCEDURE FindElselnsert( p: ntuple; VAR NEltList: NEltPtr;
VAR ListSize: integer; ntupleSize: integer);

VAR
prev, cur: NEltPtr;
i: integer;
differ: boolean;
found: boolean;

BEGIN
prev := nilj;
cur := NEltList;

found := false;

WHILE (cur <> nil) and (not found) DO BEGIN

i:= 13

differ := false;
WHILE (i <= ntupleSize) and (not differ) DO
1F pli ] = cur@.N[i] THEN
ios= 1o+ 1
ELSE

differ := true;
IF differ THEN
1F plil > cur@.N[i] THEN BEGIN
cur
cur@,.FLink;

ELSE
found true;
END; { WHILE }
IF not found THEN BEGIN
new( cur );
ListSize := ListSize + 1;
cur@,N Pi
IF prev nil THEN BEGIN
cur@.flink := NEltList;
NEltList := curj;
END ELSE BEGIN
cur@,flink : Prev@.flink;
prev@.flink := cur;
END;

"

END;
END; { FindElselnsert }
BEGIN { FindMalnverse }

MalSize := 0;
NEltList := nil;
FOR i := 1 to MSize DO BEGIN
FOR j := 1 to ntupleSize DO
iMapl j ] := a@.GenInverse@[ Me@[ i, j 1 J;
SortNtuple( iMap, ntupleSize );
FindElseInsert( iMap, NEltList, MalSize, ntupleSize i
END; { FOR
Malnverse := ampxnew( MalSizex12 );
FOR i := 1 to MalSize DO BEGIN
Malnverse@[ i ] := NEltList@.N;
NElt := NEltList;
NEltList := NEltList@.flink;
dispose( NElt )j;
END; { FOR

END; { FindMalnverse 1}

(****k*******i*********k***************k*********i********t***********
* *
* FUNCTION Stabntuple *
* - *




This function finds and returns a list of generators for
the stabilizer of ntuple p in the group generated by the list
of generators G. G is transitive on the orbit of ntuples ON
which contains the ntuple p. The function finds Stab( p )
using Schreier's algorithm. The top group in the tower of
stabilizers is G and the distinguished point for that group
is not a point, but the ntuple p. The orbit for the top group
is therefore an orbit of ntuples. For all groups under G
in the tower, including Stab( p ), the distinguished point is
a point and the orbit is an orbit of points. Thus the top
group is not stored using a Group structure, but all groups
beneath it are stored using a Group structure.

* kR b Rk K Ok R X R R R

VARIABLE DICTIONARY

stabp: a pointer to the tower of groups under group G (i.e.
from Stab( p ) down to the identity group.
- built using the regular Schreier's algorithm routines.
pOrbit: an array of pointers to transversal elements
corresponding to the ntuples in the orbit of p
- the orbit associated with group G
- if pOrbit@[ i ] is nil then the ntuple at index i in
orbit ON has not been added to the (partial) orbit of
yet
- if pOrbit@[ i ] is not nil, then it points to the
transversal element associated with the ntuple at index
i in orbit ON.
pTranStart, pTranEnd: pointers to the start and end of a
gueue (linked list) of transversal elements associated
with the (partial) orbit of ntuple p
base: the base used to create the tower of stabilizers
pointed at by Stabp (which is created by the regular
Schreier routines)

q: used to step through the generators in G one by one
expanding the tower of stabilizers pointed at by Stabp

r: used to step through the generators in G added before
g and apply them to new ntuples added to the orbit of
p by g

bs used to step through the elements in the gueue of

transversal elements associated with the orbit of p, or
to step through the newly added transversal elements.
bMap: the ntuple that the ntuple associated with transversal,
element b is mapped to
bposn: the index of ntuple bMap in orbit ON.
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FUNCTION Stabntuple( G: PtrGenElt; p: ntuple; ntupleSize: integer;
ON: SetTypePtr; ONSize: integer ): PtrGenElt;

TYPE

{ array of pointers to transversal elements which are associated
with the ntuples in the orbit of p

NtupleOrbit = @NtupleOrbitType;
NOElt = @NOEltType;
NtupleOrbitType = arrayl 1..hugeSize ] of NOElt;
NOE1tType = RECORD
NOposn: integer;
NOTran, NOTranlnverse: permutation;
NextNOElt: NOElt
END;

VAR
Stabp: Group;
pOrbit: NtupleOrbit;
b: NOElt;
g, r: PtrGenElt;
base: BaseArray;
baselndex: integer;
pTranStart, pTranEnd, holdend: NOElt;
bMap: ntuple;
bposn: integer;
i: integer;
h1, h2: permutation;

REF
zSize: integer;
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PROCEDURE AddpOrbit

{

* *
* *
* *
* This procedure adds a new transversal element to the *
* transversal for Stab( p ) in G. The ntuple associated with *
* the new transversal element is at index gposn in orbit ON. *
* The transversal element of the ntuple is given by the product *
* of permutations h and g. The new transversal structure is *
* also linked on to the end of the transversal gueue. *
* *
* }
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PROCEDURE AddpOrbit( pOrbit: NtupleOrbit; gposn: integer;
h, g: permutation; VAR pTranEnd: NOElt );

VAR
gNOElt: NOElt;

BEGIN
new( gNOElt );
gNOE1t@.NOposn := gposn;
gNOE1t@.NextNOElt := nil;
pTranEnd@.NextNOElt := QgNOElt;
pTranEnd := gNOElt;
gNOE1t@.NOTran := multperms( h, g, ZSize );
gNOE1t@,NOTranInverse := Invertperm( gNOElt@.NOTran, ZSize );
pOorbit@[ gposn ] := gNOElt;
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END
BEG

; { AddpOrbit 1}
in { Stabntuple }
stabp = 1Group( 1, ZSize );

porbit ampxnew( ONSizexd );

OR 1 3 1 to ONSize DO
porbit@[ i ] == nil;

pase := ampxnew( ZSize*4 );

{ create transversal element associated with ntuple p }

new( b );

b@.NOposn := SearchON( p, ON, ONSize, ntupleSize );
b@.NextNOElt := nil;

b@.NOTran := ampxnew( ZSize*4 );

b@.NOTranInverse := ampxnew( ZSize*4 );

FOR i := 1 to ZSize DO BEGIN
base@[ i ] = ij;
b@.NOTran@[ i ) := i;
p@.NOTranlnverse@[ i ] := ij;

END;

baselndex = 2;

porbit@[ b@.NOposn ] := b;

pTranStart := b;

pTranEnd := b;

{ APPLY EACH GENERATOR IN G TO EVERY NTUPLE IN THE ORBIT OF P }

g = G;
WHILE g <> nil DO BEGIN
holdend := pTranEnd;
b := pTranStart;
WHILE b <> holdend@.NextNOElt DO BEGIN

{ APPLY GENERATOR g TO NTUPLE ASSOCIATED WITH b }

FOR i := 1 to ntupleSize DO
bMapl i 1 := g@.Gen@[ ON@[ b@.NOposn, i ] 1;
bposn := SearchON( bMap, ON, ONSize, ntupleSize );

P
IF pOrbit@[ bposn ] = nil THEN BEGIN
{ found a new ntuple in the orbit of ntuple p }

AddpOrbit( pOrbit, bposn, b@,NOTran, g@.Gen, pTranEnd )i
END ELSE BEGIN

{ found chord between ntuples b and bmap !}

= multperms( B@.NOTran, g@.Gen, ZSize );
= multperms( h1, pOrbit@[ bposn ]@.NOTranlnverse,
zZSize );
dispose( h1 );
IF not GroupElement( h2, Stabp ) THEN BEGIN
AddGen( h2, Stabp, base, baselndex );

END; { 1F }
dispose( h2 );

END; { ELSE }
b := b@.NextNOElt;
END; { WHILE

{ APPLY ALL OTHER GENERATORS r TO THE NEW NTUPLES
ADDED BY GENERATOR g

b := holdend@.NextNOElt;
WHILE b <> nil DO BEGIN
r = Gj;
WHILE r <> g@.NextGenElt DO BEGIN
FOR i := 1 to ntupleSize DO

bMapl i ) := r@.Gen@[ ON@[ b@.NOposn, i ] 1;
bposn := SearchON( bMap, ON, ONSize, ntupleSize );
IF pOrbit@[ bposn ] = nil THEN BEGIN

{ FOUND A NEW NTUPLE IN THE ORBIT OF p }

AddpOrbit( pOrbit, bposn, b@.NOTran, r@.Gen,
pTranEnd );
END ELSE BEGIN :

{ FOUND A CHORD BETWEEN NTUPLES b AND bMap }

= multperms( b@.NOTran, r@.Gen, 2ZSize );
= multperms( h1, pOrbit@[ bposn ]@.NOTranlnverse,
ZSize );
dispose( h1 );
IF not groupelement( h2, Stabp ) THEN BEGIN
AddGen( h2, Stabp, base, baselndex );
END; { 1IF
dispose( h2 );
; { ELSE }
= r@.,NextGenElt;
END; { WHILE }
b := b@.NextNOElt;
END; { WHILE }
Qg := g@.NextGenElt;
END; { WHILE

Luc}

END

"~

{ DISPOSE OF THE CREATED STRUCTURES 1}

dispose( base );

FOR i := 1 to ONSize DO BEGIN
dispose( pOrbit@[ i )@.NOTran );
dispose( pOrbit@[ i )@.NOTranlnverse );
dispose( pOrbit@[ i ] );

END; { FOR

dispose( pOrbit );

Stabntuple := Stabp@.Gens;

Stabp@.Gens := nil;

disposeTower( Stabp );




{ Stabntuple }

END;
(*****t*****i************ti********kw*****i****i*k**i*#k**************

PROCEDURE CreateNTupleMap

*
*
: *
* Create the mapping from the index of an ntuple in the orbit *
% of ntuples, ON, to its merge/find pointer. The group has *
* changed so ON is no longer an orbit of ntuples, so the new orbits*
* *
*

*

within ON are found using these merge/find pointers.
*

***************k***w*t**************************«*********k*ﬂ*k*****}

PROCEDURE CreateNTupleMap( VAR NTupleMap: NOrbitTypePtr;
ONSize: integer );

VAR

MFN: MFNOrbitPtr;
NE: NOrbitEltPtr;
i: integer;

BEGIN
NTupleMap := ampxnew( ONSizexd );
FOR i := 1 to ONSize DO BEGIN
new (MFN) ;
NTupleMap@[ i ]
MFN@.,TopNtuple
MFN@,Size := 1;
new( NE );
MFN@.NtupleList := NE;
NEQ@.NIndex := i
NE@.NFLink
NE@,NBLink :=
END; { FOR }
END; { CreateNTupleMap }

{****************ﬂ********i********i*******************iﬂ*k***********
* *
* FUNCTION FNOrbit *
* *
* This function returns a pointer to the root of the merge/find *
* tree which contains the merge/find element at index i in the *
* array NTupleMap. It also compresses the path from NTupleMaplil *
* to the root by pointing all elements on the path at the root. *
* *
***i****************************************************************i}

FUNCTION FNOrbit( i: integer; NTupleMap: NOrbitTypePtr ): MFNOrbitPtr;

VAR
MFi, MFj, MFk: MFNOrbitPtr;

BEGIN
MFi := NtupleMap@[ i ];

WHILE not MFi@.,TopNTuple DO

MFi := MFi@,Parent;

IF MFi <> NTupleMap@[ i ] THEN BEGIN

MFj := NtupleMap@[ i ];

WHILE MFj@.Parent <> MFi DO BEGIN
MFk := MFj@.Parent;
MFj@.Parent := MFij;

MFj := MFk

END; { WHILE }

END; { 1r }
FNOrbit := MFij;
END; { FNOrbit }
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*
PROCEDURE MergeNOrbit

*
* *
* *
* This procedure is passed pointers to the roots of two merge/ *
* find trees used to find the orbits of ntuples in the array ON. *
* The procedure merges the two trees by pointing the root of the *
* smaller tree at the root of the larger tree and by amalgamating *
* the two circularly linked lists of elements in the trees. *
* *
* }

t****k******t******ﬁ****ii*****;***************************ii*ﬁ*****
PROCEDURE MergeNOrbit( MFi, MFj: MFNOrbitPtr );
VAR

MFk: MFNOrbitPtr;
NEi, NEj: NOrbitEltPtr;

BEGIN
IF MFi@,Size < MFj@,Size THEN BEGIN
MFk MFi;
MF i MF§;
MF j MFk ;
END;

NEi := MFi@.NtupleList@.NBLink;
NEj := MFj@.NtupleList@.NBLink;
MFi@.NTupleList@.NBLink := NEj;
NEj@.NFLink := MFi@.NtupleList;
MFj@.NtupleList@.NBLink 3= NEi;
NEi@.NFLink := MFj@.NtupleList;
MFi@.Size := MFi@.Size + MFj@.Size;
MFj@.TopNTuple := false;
MFj@,Parent := MFij;

END; { MergeNOrbit }

{**i***ﬁ**************i******k******ii********t*****i****ti********t*k
* *
PROCEDURE FNOrbits

This procedure uses a merge/find algorithm to find the orbits
of the unused ntuples in the array ON. If the ntuple at index i

* % Ok %
* K % *
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ijn ON is unused, then ONUsed@[ i ] will be false and the merge/
find pointer for the ntuple will be at index i in NtupleMap.

*
K *
% *
:****ﬁ*i*k***ﬁ************w*ﬁ****i***#*ﬁﬁk*****iﬁ*****t******ﬁ******i)
pRoCEDURE FNOrbits( NTupleMap: NOrbitTypePtr; ON: SetTypePtr;

ONSize: integer; ONUsed: BitPtr;

H: PtrGenElt; ntupleSize: integer );

r: PtrGenElt;
i,j.k: integer;
MFi, MFj: MFNOrbitPtr;
iMap: ntuple;
REF

z6ize: integer;

BEGIN . )
FOR i := 1 to ONSize DO
IF not ONUsed@[ i ] THEN BEGIN
r i= H;
WHILE r <> nil DO BEGIN
FOR k := 1 to ntupleSize DO
iMapl k 1 := r@.Gen@[ oNn@[ i, k 1 ];
j := SearchON( iMap, ON, ONSize, ntupleSize );
MFi := FNOrbit( i, NTupleMap );
MFj := FNOrbit( j, NTupleMap );
IF MFi <> MFj THEN BEGIN
MergeNOrbit( MFi, MFj );

END;
r := r@.NextGenElt;
END; { WHILE }
END; { 1F }

END; { FNOrbits 1}

{***********************t*************t*****i***************k********i
*
PROCEDURE CreateONi

*
4
%
NEONi points at a circularly linked list containing the *
indices of ntuples in the array ON. This procedure creates a *
*

*

*

}

*
*
*
*
* new array, ONi, and puts the ntuples in ONi in sorted order.
* A heapsort of the indices is used to sort the ntuples.

*

.
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PROCEDURE CreateONi ( VAR ONi: SetTypePtr; ONiSize: integer;
NEONi: NOrbitEltPtr; ntupleSize: integer;
ON: SetTypePtr; ONUsed: BitPtr );

VAR
i,j: integer;
NE: NOrbitEltPtr;

temp: integer;
{**‘k***i********i**********ﬁ******k******************************i****
* *
* PROCEDURE HeapUpONi *
* *
* ONi contains indices of ntuples in array ON in the first *
* position in rows 1 to heapend. Rows 1 to heapend-1 form a heap. *
* The new element in position heapend must be "bubbled" up to its %
* correct position, i.e. until it is smaller than its parent. *
* ]
* }

******************‘l***i****************‘k*******k*****i**‘(***********
PROCEDURE HeapUpONi( ONi: SetTypePtr; heapend: integer )

VAR
newelt, parent: integer;
temp: integer;
i: integer;

BEGIN
newelt heapend;
parent newelt div 2;

temp := ONi@[ newelt, 1];
WHILE parent <> 0 DO
IF ONiQ[ parent, 1 ] >= temp THEN
parent := 0
ELSE BEGIN
ONi@[ newelt, 1]
ONi@[ parent, 1]
newelt := parent;
parent := newelt div 2;
END; { ELSE }
END; { HeapUpONi }

ONi@[ parent, 1 );
temp;

{**********************ﬁ***i***k*****ﬁk*****i*i**********i************
*

PROCEDURE HeapDownONi

*

*

* This procedure is passed array ONi which contains a heap in

* position 1 of rows 1 to heapend, except that the first row is

* out of place. It must be " bubbled" down to the correct position*
*

*

*

*

* Ok Rk *

i.e. where it is smaller than its parent but larger than its *
children (if it has any). *

*
*******************i******************k************k**t*************}

PROCEDURE HeapDownONi( ONi: SetTypePtr; heapend: integer ¥

VAR
newelt, childl, child2: integer;
temp: integer;
largest: integer;
i,js integer;
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BEGIN
newelt :=
temp &= ONIO[ 1, 1 L
WHILE newelt <> 0 DO BEGIN

! childl newelt*2;
child2 childl + 1;
largest 0;

IF child2 <= heapend THEN BEGIN
IF temp < ONi@[ childl, 1 ] THEN
1F ONi@[ child1, 1) > ONi@[ child2
largest := chxld1
:= child2
ELSE
IF temp < ONiQ[ childz,
largest := child2

1 1 THEN
END ELSE
IF childl heapend THEN
IF temp < ONi@[ childtl,
largest := childl;
IF largest 0 THEN
newelt := 0
ELSE BEGIN
ONi@[ newelt, 1 1]
OoNi@[ largest, 1
newelt := largest
END; { ELSE }
END; { WHILE }
END; { HeapDownONi

1 ] THEN

ONi@[ largest, 1
temp;

1

}

{ { MAINLINE OF CreateONi }
| BEGIN
ONi := ampxnew( ONiSize*12 );
NE := NEONi@.NFLink;
oNi@[ 1, 1] NEONi@.NIndex;
ONUsed@[ NeONi@.NIndex ] := true;
FOR i 2 to ONiSize DO BEGIN
ONi@[ i, 1 ] := NEQ@.NIndex;
ONUsed@[ NE@.NIndex ] := true;
HeapUpONi ( ONi, i )j
| Ne := Ne@.NFLink;
END; { FOR }
FOR i := 0N1$1ze DOWNTO 2 DO BEGIN
temp oNi@[ i, 1 1;
oni@[ i, ONi@[
oNi@[ 1, temp;
HeapDownONi ( ONi, i-1
END; { FOR
FOR i := 1 to ONiSize DO
temp := ONi@[ i, 1 1;
FOR j 1 to ntupleSize DO
oNial i, j 1 := ONQ[ temp,

BEGIN

il

, 1 1 THEN

1;

END;
END;

{ FOR }

{ CreateONi }

*********************************k'k**i*******
PROCEDURE CreateMi

This procedure is passed an orbit of nt
1t returns the lntersectlon o

ntuples in array M in a new array Mi.
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PROCEDURE CreateMi( VAR Mi: SetTypePtr; VAR Mi
MUsed: BitPtr; M:
VAR MLeft: integer; ONi:
ONiSize: integer; ntupleSi

VAR
i,j: integer;
iposn: integer;
MiEltList, MiElt:
iconsidered:

NOrbitELtPtr;
integer;

REF
output: text;
BEGIN

MiEltList :
MiSize := 0
IF MLeft <=

ios= 1;

| iconsidered 0;
WHILE )cohs;dered < MLeft DO BEGIN
IF not MUsed@[ i ] THEN BEGIN

iconsidered := iconsidered + 1;

iposn := SearchON( M@[ i 1, 0N1,
IF iposn <> 0 THEN BEGIN
MiSize MiSize + 1;

new( MiElt );
MiElt@.NIndex :
IF MiEltList
MiElt@.NFLink
MiElt@.NBLink

MiEltList :=

END ELSE BEGIN
MiElt@.NFLink
MiEl1t@,NBLink

= nilj;
i

ONiSize THEN BEGIN

= ij;

il THEN BEGIN
MiElt;
MiElt;
MiElt

MiEltList;
MiEltList@.

MiEltList@.NBLink@.NFLink :=

MiEltList@.NBLink := MiElt;

f the ntuples in ONi with the

SetTypePtr;
SetTypePtr;

ONiSize,

e ¢ ek ek ok e ok ok ok ok k3 K ok ok ok ok ok ok

*
*
*
uples in array ONi. *
*
*
*
}

e e e o ok ok ok ok ok ok ok e K ok ook ok ok ok ok ok ok

Size: integer;

MSize: integer;

ze: integer );

ntupleSize );

NBLink;
MiElt;
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END; { WHILE }
END ELSE BEGIN
FOR i := 1 to ONiSize DO BEGIN
iposn SearchON(ONi@[ i ], M, MSize, ntupleSize );
IF iposn <> 0 THEN BEGIN
MiSize := MiSize + 1;
new( MiElt );
MiEltQ@.NIndex := iposn;
IF MiEltList = nil THEN BEGIN
MiE1t@.NFLink := MiElt;
MiElt@.NBLink := MiElt;
MiEltList : MiElt;
END ELSE BEGIN
MiE1t@.NFLink := MiEltList;
MiElt@ ,NBLink := MiEltList@,NBLinkj;
MiEltList@.NBLink@,NFLink := MiElt;
MiEltList@.NBLink := MiElt

END;
END; {1r }

END; { FOR }
END; { BELSE }
CreateONi( Mi, MiSize, MiEltList, ntupleSize, M, MUsed );
MLeft := MLeft - MiSize;
MiEltList@.NBLink@.NFLink := nil;
WHILE MiEltList <> nil DO BEGIN

MiElt := MiEltList@.NFLink;

dispose( MiEltList );

MiEltList := MiElt;

END;

END; { CreateMi 1}
{i****************k****i*******************k***************k*******k*i(
* *
* PROCEDURE ReOrderMFN *
* *
* This procedure reorders the merge/find pointers of the ntuples*
* in array ONi that have not been used yet. Each is set to be in %
* its own orbit of ntuples containing only itself, so that the *
* new orbits can be found. il
* *
*****1*t********************Vk********i*******ii*************ﬁ********}

PROCEDURE ReOrderMFN( NTupleMap: NOrbitTypePtr; NSize: integer;
ONUsed: BitPtr );

VAR
i: integer;
NE1, NE2: NOrbitEltPtr;

BEGIN
FOR i := 1 to NSize DO
IF (not ONUsed@[i]) and (NTupleMap@[i)@.TopNTuple) THEN
IF NTupleMap@[i)@.Size > 1 THEN BEGIN
NE1 := NTupleMap@[ i )J@.NtupleList;

NE1@,NBLink@.NFLink := nil;

WHILE NE1 <> nil DO BEGIN
NE2 := NE1@.NFLink;
NE1@.NFLink := NE
NE1@.NBLink := NE1;
NTupleMap@[ NE1@.NIndex )@.TopNTuple
NTupleMap@[ NE1@.NIndex ]@.Size := 1;
NTupleMap@[ NE1@.NIndex ]}@.NTupleList := NET;
NE1 := NE2

true;

END; { WHILE }
END; { 1F }
END; { ReOrderMFN }
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FUNCTION SetStab

{

*

*

*

* This function is passed a 2-group G, a set of ntuples ON

* which G setwise stabilizes, and a subset M of ON. The function
* finds the setwise stabilizer of M in G using a divide-and-

* conguer technigue: G is intransitive on the set ON, so ON can
* broken down into orbits ONi. . Let Mi be the intersection of

* ONi and M. Then G must setwise stabilize Mi. G is transitive
* on ONi so find Stab(Mi) in G by calling TranSetStab. Repeat the
* procedure on Stab(Mi) using an orbit ONi' of Stab(Mi) and Mi',
* the intersection of ONi' and M.

*

*

O
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FUNCTION SetStab( G: PtrGenElt; ntupleSize: integer;
ON: SetTypePtr; ONSize: integer;
M: SetTypePtr; MSize: integer): PtrGenElt; EXTERNAL;

VAR
ONUsed: BitPtr; { ONUsed@[i) = true => ONE@[i] has
been deleted
MUsed@[i] = true => M@[i] has
been deleted
the intersection of M and ONi }
# of ntuples left undeleted in M }
1st ntuple in M that has not been
used so far

MUsed: BitPtr;

Mi: SetTypePtr;
MLeft: integer;
MuUnused: integer;

JUIRUING

MiSize: integer;

HP, H: PtrGenElt;

ONi: SetTypePtr; { an orbit of ntuples of G which
is a subset of ON

ONiSize: integer;

NTupleMap: NOrbitTypePtr; { maps ntuples in ON to their merge/
find pointers }

MFONi: MFNOrbitPtr;

i: integer;

NE: NOrbitEltPtr;
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REF . 3
zsize: integer;

BEGIN .
ONUsed ampxnew( ONSize );
FOR i 3 1 to ONSize DO

ONUsed@[i] := false;
MUsed := ampxnew( MSize );
FOR i := 1 to MSize DO

MUsed@[i) := false;
MLeft := MSize;

MUnused := 1;
H := CopyG( G );

HP H;

CreateNTupleMap( NTupleMap, ONSize );

{ CONTINUE FINDING ORBITS ONi AND SUBSETS Mi UNTIL THE ENTIRE SET M
}

1S SET-WISE STABILIZED.

WHILE (MLeft > 0) AND (H <> nil) DO BEGIN

{ FIND THE ORBITS OF THE NTUPLES IN SET ON WHICH HAVE NOT YET

BEEN USED.

FNOrbits( NtupleMap, ON, ONSize, ONUsed, H, ntupleSize );

WHILE MUsed@[ MUnused ) DO MUnused :=

MFONi := FNOrbit( SearchON( M@[MUnused], ON, ONSize,

NtupleMap );
ONiSize := MFONi@.Size;

MUnused + 1;

CreateONi( ONi, ONiSize, MFONi@.NTupleList, ntupleSize, ON,

ONUsed ) ;

CreateMi( Mi, MiSize, MuUsed, M, MSize, MLeft, ONi, ONiSize,

ntupleSize );

{ IF Mi AND ONi ARE THE SAME SIZE THEN Mi IS ALREADY SET-WISE
STABILIZED SO WE DO NOT HAVE TO DO ANYTHING.
IF Mi CONTAINS ONE NTUPLE THEN WE CAN FIND THE SET-WISE
STABILIZER OF Mi USING SCHREIER'S ALGORITHM.
OTHERWISE WE MUST CALL TranSetStab TO FIND STAB(Mi) .

IF MiSize <> ONiSize THEN BEGIN
IF MiSize <> 1 THEN BEGIN
HP := TranSetStab( H,ntupleSize
DispGenList( H );
H := HP;
END ELSE BEGIN
HP := Stabntuple( H, MiG[ 1 1,
DispGenList( H );
END; { ELSE }
END; { 1F }
dispose( ONi );
dispose( Mi );

,ONi ,ONiSize,Mi,MiSize );

ntupleSize, ONi, ONiSize )

ReOrderMFN ( NtupleMap, ONSize, ONUsed );

NtupleSize),

i

END; { WHILE }
DispMFN( NTupleMap, ONSize );
dispose( ONUsed );
dispose( MUsed );
SetStab := Hj;
END; { setstab }

{k********t********i**************************t**********************

FUNCTION TranCosetStab

G is a 2-group acting transitively
group G for a permutation Q which maps
the set of ntuples N.

First a subgroup P of G is found. P

index 2 in G.

1f P did not contain such a Q, then

Thus, we should first check if Stab(M)

of P in G, we skip the check if Stab(M)

P and Pc for the reguired Q.

F Ok K R K K R R R R E R R R R K R K X R E X K KX

on the orbit of ntuples

ON. M and N are both subsets of ON. This function searches the

the set of ntuples M to

is a normal subgroup of

G fixing a block system for G containing 2 blocks. Thus, P has

First, the group P is searched for a permutation Q mapping
M to N. 1f there is such a Q, then return it.

if Stab(M) in G is

the subgroup P of P, then coset Pc could contain such a Q.
M

= P , and then, if it
M

is, check coset Pc for such a Q. Since there are only two cosets

= P and just search
M
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FUNCTION TranCosetStab( G: PtrGenElt; N: SetTypePtr; NSize: integer;
ntupleSize: integer;
ON: SetTypePtr; ONSize: integer;
M: SetTypePtr; MSize: integer): PtrGenElt;

EXTERNAL;

VAR

P: Group; { An subgroup of G fixing a block
system of 2 blocks for G

Q: PtrGenElt;

C: PtrGenElt; { a permutation in G that is not in P}

temp: permutation;

i,j: integer;

Ni: SetTypePtr; { (N)C**=1
NiSize: integer;

REF
zSize: integer;

}
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{ FIND AN INTRANSITIVE NORMAL SUBGROUP P OF G OF INDEX 2. G IS
IMPRIMITIVE. P WILL FIX A BLOCK SYSTEM.

p := BlkSys( G, ntupleSize, ON, ONSize );
{ P MAY CONTAIN THE DESIRED PERMUTATION Q }

© := CosetStab( P@.Gens, N, NSize, ntupleSize, ON, ONSize,
M, MSize );

{ IF P DOES CONTAIN SUCH A Q, RETURN IT. OTHERWISE, SOME COSET
OF P IN G MAY CONTAIN THE DESIRED Q

IF Q = nil THEN BEGIN

{ FIND A PERMUTATION C NOT IN P TO REPRESENT COSET P C }

(o]

=G
WHILE
C

i
GroupElement ( C@.Gen, P ) DO
:= CQ@.NextGenElt;

{ CHECK COSET P C FOR Q MAPPING M TO N }

FindMalnverse( Ni, NiSize, C, N, NSize, ntupleSize );
Q := CosetStab( PG@.Gens, Ni, NiSize, ntupleSize,
ON, ONSize, M, MSize );
dispose( Ni );
IF Q <> nil THEN BEGIN
temp := MultPerms( QE@.Gen, C@.Gen, ZSize );
dispose( Q@,Gen );

Q@.Gen := temp;
! dispose( Q@.Genlnverse );
| Q@.Genlnverse := InvertPerm( Q@.Gen, ZSize );
END;
END; { 1F }

DisposeTower( P );
TranCosetStab := Q;
END; { TranCosetStab }

{***********i*********************************************************
*

PROCEDURE FindNi *
*

This procedure is passed two sets of ntuples, N and ONi, and *

a permutation Q. This procedure finds the intersection of ONi *
and (N multiplied by Q**-1) and returns this in set Ni. The set *
*

*

*

*

}

is already ordered, the ordering of Ni is done by looking at

*
*
*
*
*
* Ni must be ordered so that it can be searched easily. Since ONi
*
* the index of each ntuple in ONi.

*

*
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PROCEDURE FindNi( VAR Ni: SetTypePtr; VAR NiSize: integer;
N: SetTypePtr; NSize: integer;
ON: SetTypePtr; ONSize: integer;
Q: PtrGenElt; ntupleSize: integer );

TYPE
NEltPtr = @NEltType;
NEltType = RECORD
Nindex: integer;
NFLink: NEltPtr;
END;

VAR
iMap: ntuple;
iposn: integer;
i,j: integer;
NEltList, NElt: NEltPtr;
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PROCEDURE FindElselnsert

at by NEltList, or it inserts iposn into the list in its correct

{
*
*
*
* This procedure finds the ntuple at position iposn in the
*
| *
| * position in ascending order.

*

*

*

*

*

*

set of ntuples ONi in the linked list of NEltType nodes pointed *
*

*

*

}
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PROCEDURE FindElselnsert( VAR NEltList: NEltPtr;
iposn: integer; VAR NSize: integer );

VAR
prev, cur: NEltPtr;
found: boolean;

BEGIN
prev nilj;
cur NEltList;
found false;

WHILE (cur-<> nil) and (not found) DO
IF iposn = cur@.NIndex THEN

found := true,
ELSE
IF iposn > cur@.NIndex THEN BEGIN
prev := cur;
cur := cur@.NFlink;
END ELSE
cur := nil

i
IF not found THEN BEGIN
new( cur );
cur@.Nindex := iposn;
NSize := NSize + 1;
IF prev = nil THEN BEGIN
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cur@,NFlink := NEltList;
NEltList := cur;
END ELSE BEGIN
cur@,.NFLink := prev@.nflink;
prev@.NFLink 3= cur;

END; { ELSE }
END; { 1F }
END; { FindElseInsert }

BEGIN { FindNi }
NiSize ;
NEltList

= nil;
FOR i t= 1 to NSize DO BEGIN
FOR j := 1 to ntupleSize DO
iMapl j ] := Q@.Genlnverse@l Nel[ i, 31 13
iposn := SearchON( iMap, ON, ONSize, ntupleSize );
IF iposn <> 0 THEN
FindElseInsert( NEltList, iposn, NiSize )

END;

Ni := ampxnew( NiSizex12 Y

FOR i := 1 to NiSize DO BEGIN
NElt := NEltList@.,NFlink;

Ni@[ i ) := ON@[ NEltList@.Nlndex J;
dispose( NEltList );
NEltList := NElt;

END; { FOR

END; { FindNi }

(************************t************************ﬁ****i************k*
* *
* FUNCTION SearchCosetDiag *
* *
* M and n are ntuples., They are both in the orbit of ntuples *
* ONi. This function searches the coset diagram of Stab( m ) in *
* H to find a permutation which maps m to n. 1f there is no such *
* permutation, nil is returned. *
* *
******************************k**ik************i****************t****}

FUNCTION SearchCosetDiag( m,n: ntuple; ONi: SetTypePtr;
ONiSize: integer; ntupleSize: integer;
H: PtrGenElt : PtrGenElt;

TYPE
{ A STRUCTURE REPRESENTING THE ORBIT OF NTUPLE m }

mPtr = @MType;

mOEltPtr = @mOElt;

MType = arrayl 1..hugesize ] of MOEltPtr;

mOElt = RECORD =
posn: integer;
perm: permutation;

NextmOElt: mOEltPtr;
END;
VAR
mOrbit: mPtr;
TranStart, TranEnd: mOEltPtr;
T1, T2: mMOEltPtr;
i,j: integer;
nposn: integer;
TiMap: ntuple;
01, Q2: PtrGenElt;
HoldEnd: mOEltPtr;

REF
zZSize: integer;

BEGIN

{ CREATE THE STRUCTURE mOrbit REPRESENTING THE ORBIT OF m,
AND INITIALIZE IT TO CONTAIN ONLY m (WITH TRANSVERSAL

ELEMENT EQUAL TO THE IDENTITY) . }
new(T1);
T1@.posn SearchON( m, ONi, ONiSize, ntupleSize );

T1@.perm := ampxnew( zSize*d );

FOR i := 1 to ZSize DO
T1@.perm@[ i ) := ij;

T1@.NextmOElt := nilj;

mOrbit ampxnew( ONiSizex4 )

FOR i 1 to ONiSize DO
morbit@[ i ) := nil;

mOrbit@[ T1@.posn 1 := T1;

TranStart i= T1;

TranEnd T1;

nposn SearchON( n, ONi, ONiSize, ntupleSize );

Q1 = H;

{ APPLY THE GENERATORS OF GROUP H TO THE ELEMENTS IN THE ORBIT
OF m UNTIL WE HAVE FOUND THE TRANSVERSAL ELEMENT MAPPING )
m TO n.

WHILE ( Q1 <> nil) and ( mOrbit@[ nposn ] = nil) DO BEGIN

{ APPLY GENERATOR Q1 TO EVERYTHING IN THE ORBIT OF NTUPLE
M SO FAR

T1 ;= TranStart;
HoldEnd := TranEnd;
WHILE ( T1 <> HoldEnd@.NextmOElt) and (morbit@[ nposn ] = nil) DO
BEGIN
FOR i := 1 to ntupleSize DO BEGIN
TiMapl i ] := Q1@.Gen@[ oNi@[ T1@.posn, i ] 1;
END;
j .= SearchON( Ti1Map, ONi, ONiSize, ntupleSize );
iF morbit@[ j ] = nil THEN BEGIN
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{ GENERATOR Q1 MAPPED NTUPLE T1 TO AN NTUPLE WHICH
1S NOT CURRENTLY IN THE ORBIT OF m, SO ADD THE
NEW NTUPLE (AND ITS TRANSVERSAL ELEMENT) TO THE

ORBIT. }
new( T2 );
morbit@l j ) := T2;
T2@.posn = j;
T2@.perm := MultPerms( T1@.perm, Q1@.Gen, zSize );

T2@ . NextmOElt := nilj;
TranEnd@.NextmOElt := T2;
TranEnd T2:
END; { 1r }
T1 := T1@.,NextmOElt;
END; { WHILE }
HoldEnd := HoldEnd@.NextmOElt;

{ APPLY ALL GENERATORS WHICH HAVE BEEN PROCESSED TO THE
NEWLY ADDED NTUPLES IN THE ORBIT OF m.

WHILE (HoldEnd <> nil) and (mOrbit@[ nposn ] = nil) DO BEGIN

= H;
WHILE (Q2 <> Q1@.NextGenElt) and (mOrbit@[nposn] = nil)
DO BEGIN
FOR i := 1 to ntupleSize DO
TiMapl i ] := Q2@.Gen@[ ONi@[ HoldEnd@.posn, il 1;
j := SearchON(_ T1Map, ONi, ONiSize, ntupleSize );
iF mOrbit@[ j ] = nil THEN BEGIN

{ GENERATOR Q2 MAPPED NTUPLE T1 TO AN NTUPLE
WHICH IS NOT CURRENTLY IN THE ORBIT, SO ADD IT. }

new( T2 );
morbit@l j 1 := T2;
T2@.posn : j

T2@.perm 3
T2@.NextmOElt := nilj;
TranEnd@.NextmOElt := T2;
TranEnd T2;
END; { 1F }
Q2 := Q2Q@.NextGenElt;
END; { WHILE
HoldEnd := HoldEnd@.NextmOElt;
END; { WHILE }
01 := Q1@.NextGenElt;
END; { WHILE
IF mOrbit@[ nposn ] <> nil THEN BEGIN
new( Q1 );

;

01@.Gen := mOrbit@[ nposn ]J@.perm;
01@.Genlnverse := InvertPerm( Q1@.Gen, zZSize );
01@.NextGenElt := nil;

mOrbit@[ nposn ]@.perm :

= nil;
dispose( mOrbit@[ nposn 1 );

i
Mﬁltperms( HoldEnd@.perm, Q2@.Gen, ZSize

END ELSE
1 := nil;
FOR i := 1 to ONiSize DO
IF mOrbit@[ i ) <> nil THEN BEGIN
dispose( mOrbit@[ i )@.perm );
dispose( mOrbit@[ i 1 );
END;
dispose( mOrbit );
SearchCosetDiag := Q1;
END; { SearchCosetDiag }

{****t*******************************t*********************k***i******

FUNCTION CosetStab

P is an intransitive 2-group acting on the orbit of ntuples
ON. We search for an element Q which maps the set of ntuples
M to the set of ntuples N, where Q is in group P. (M and N are
subsets of the set ON.)

is returned.

The procedure used here is a divide-and-conguer technigue
similar to that used in FUNCTION SetStab. We find the orbits
of ntuples within ON. Let ONi be an orbit of ntuples within

for Qi mapping Mi to Ni. Now we must find a Q mapping the
rest of M to the rest of N, i.e. mapping M-Mi to N-Ni. We no

same technigue that we used to find Qi.

such Qi mapping Mi to Ni then we know that there is no such Q
mapping M to N. In this case, we stop and return nil. Thus,

*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
*
* Mi is not the same size as Ni, we can stop and return nil.
*

*

FUNCTION CosetStab( P: PtrGenElt; N: SetTypePtr; NSize: integer;
ntupleSize: integer;
ON: SetTypePtr; ONSize: integer;
M: SetTypePtr; MSize: integer ): PtrGenElt;

EXTERNAL ;
VAR

HP, H: PtrGenElt;

ONUsed: BitPtr; { tells us what parts of ON have
already been processed.

MUsed: BitPtr; { tells us what parts of M have
already been used.

Mi: SetTypePtr; { M intersected with orbit ONi }

MiSize: integer;
MLeft: integer;
MUnused: integer;

# of ntuples left unused in M }
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1f, at any point in the procedure, we find that there is no

1f such a Q exists, it is returned. Otherwise, a nil pointer

ON. Find Mi and Ni, the intersections of M and N with ONi. 1If
there is a Q mapping M to N, it must map Mi to Ni., So we search

search Stab(Mi) for a Q mapping M-Mi to (N-Ni)Qi**-1, using the

if
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1st ntuple in M which is unused }

*
*
*
*
*
*
*

*
*
*
*
*
*
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*
*
*
}




ONi: SetTypePtr;
ONiSize: integer;

an orbit of ntuples in ON }

NtupleMap: NOrbitTypePtr; { mapping from the index of an ntuple
in ON to its merge/find pointer;
. Used to find orbiis of ntuples }
MFONi: MFNOrbitPtr; { pointer to the root of the merge/

find tree representing orbit ONi }
Q: PtrGenElt;
i: integer;
Ni: SetTypePtr; { ONi intersected with (N)Q**-1 }
NiSize: integer;
Qi: PtrGenElt;
temp: NOrbitEltPtr;

REF

7ZSize: integer;

BEGIN

OnUsed ampxnew( ONSize );

FOR 1 1 to ONSize DO

ONUsed@[ i ) := false;

MUsed := ampxnew( MSize );

FOR i := 1 to MSize DO
Mused@[ i ]} := false;

MLeft := MSize;

MUnused := 1;

H := CopyG( P );

new( Q );

Q@.NextGenElt := nilj;

QW@.Gen := ampxnew( ZSize*4 );

Q@.Genlnverse := ampxnew( ZSizex4 );

FOR i := 1 to ZSize DO BEGIN
Q@.Gen@[ i 1 := ij;
0@.Genlnverse@[ i ] := i;

END; { FOR

CreateNtupleMap( ntupleMap, ONSize )i

{ CONTINUE THE DIVIDE-AND-CONQUER TECHNIQUE UNTIL
EITHER WE KNOW THAT NO SUCH Q EXISTS OR UNTIL ALL
OF M 1S USED UP

WHILE ( MLeft > 0 ) and ( H <> nil ) DO BEGIN

{ FIND THE ORBITS OF THE NTUPLES IN ON WHICH HAVE NOT BEEN
PREVIOUSLY USED. }

FNOrbits( NTupleMap, ON, ONSize, ONUsed, H, NtupleSize );

{ CHOOSE AN ORBIT WHICH CONTAINS AN UNUSED ELEMENT OF M }

WHILE MUsed@[ Munused ] DO MUnused := MUnused + 15

MFONi := FNOrbit( SearchON( M@[MUnused], ON, ONSize, ntupleSize),

ntupleMap );
ONiSize := MFONi@.Size;

CreateONi( ONi, ONiSize, MFONi@.ntupleList, ntupleSize,
ON, ONUsed );

CreateMi( Mi, MiSize, MUsed, M, MSize, MLeft, ONi, ONiSize,
ntupleSize );

FindNi( Ni, NiSize, N, NSize, ONi, ONiSize, Q, ntupleSize );

{ WE WANT Qi IN COSET H Q THAT MAPS Mi TO Ni }

IF NiSize <> MiSize THEN BEGIN
DispGenList( H );
dispose( QQ@.Gen );
dispose( Q@.Genlnverse );
dispose( Q );
Q := nil
END ELSE IF MiSize <> ONiSize THEN BEGIN

{ IF Mi = Ni = ONi THEN Q ALREADY MAPS Mi TO Ni
AND H ALREADY SET-WISE STABILIZES Mi. }

IF MiSize = 1 THEN BEGIN
0i := SearchCosetDiag( Mi@[ 1 ], Ni@[1], ONi, ONiSize,
ntupleSize, H
END ELSE BEGIN )
Qi := TranCosetStab( H, Ni, NiSize, ntupleSize,
ONi, ONiSize, Mi, MiSize );
END; { ELSE }
IF Qi = nil THEN BEGIN
DispGenList( H );
dispose( Q@.Gen );
dispose( Q@.GenInverse );
dispose( Q );
Q := nil
END ELSE BEGIN

{ Qi MAPS Mi TO Ni. THE SET OF ALL SUCH ELEMENTS IS A
COSET OF THE SETWISE STABILIZER OF Mi IN H

IF Mleft > 0 THEN BEGIN
IF MiSize <> 1 THEN BEGIN
HP := TranSetStab( H, ntupleSize, ONi, ONiSize, Mi,
MiSize );
END ELSE BEGIN
HP := Stabntuple( H, Mi@[ 1 ], ntupleSize,
ONi, ONiSize );
END; { ELSE }
DispGenList( H );
H := HP;
END; { 1F 1}
new( HP );
HP@.Gen := MultPerms( Qi@.Gen, Q@.Gen, ZSize );
dispose( Q@.Gen );
Q@,Gen := HPE.Genj
dispose( HP );
dispose( Q@.GenInverse );
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Q@.Genlnverse := InvertPerm( Q@.Gen, ZSize );
dispose( Qi@.Gen );
dispose( Qi@.Genlnverse );
dispose( Qi );
END; { ELSE }
END; { ELSE }
dispose( ONi
dispose( Mi )
dispose( Ni )
ReOrderMFN( N
END; { WHILE }
DispMFN( NtupleMap, ONSize );
dispose( ONUsed );
dispose( MUsed );
IF H <> nil THEN
DispGenList( H );
CosetStab := Q;
END; { CosetStab }

)i
P
i
tupleMap, ONSize, ONUsed );

(i*********************i************id(********************************
* *
* FUNCTION TranSetStab *
* *
* We want to find the set-wise stabilizer of the set of ntuples *
* M in group G. G is transitive on the orbit of ntuples ON

* which contains the set of ntuples M. Stab(M) is found by f1nd1ng*
* an intransitive group P of index 2 in G (using a block system). *
* Then PM, the set-wise stab:llzer of M in P, is found by a *
* recursive call to SetStab. PM is either all of Stab(M) in G *
* or some coset Pt in G contains a permutation b which fixes M *
* and Stab(M) = < PM, b >, so search Pt for a b mapping M to M by *
* calling CosetStab. *
* *
* }
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FUNCTION TranSetStab( G: PtrGenElt; ntupleSize: integer;
ON: SetTypePtr; ONSize: integer;
M: SetTypePtr; MSize: integer ): PtrGenElt;
EXTERNAL;

VAR
P: Group;
t: PtrGenElt;
PM: PtrGenElt;
PGens: PtrGenElt;
b: PtrGenElt;
i: integer;
N: SetTypePtr;
NSize: integer;

REF
ZSize: integer;

BEGIN
P := BlkSys( G, ntupleSize, ON, ONSize );

{ CHOOSE A PERMUTATION t TO REPRESENT COSET Pt WHERE t IS
NOT IN THE INTRANSITIVE SUBGROUP P ¥

t = G;
WHILE GroupBlement( t@.Gen, P ) DO
;= t@.NextGenElt;
PGens i= P@.Gens;
P@.Gens := nil;
DisposeTower( P );
PM := SetStab( PGens, ntupleSize, ON, ONSize, M, MSize );

{ EITHER PM IS ALL OF STAB( M ) OR ELSE
STAB( M ) = PM + PMb FOR SOME b IN COSET Pt,
WHERE ( M )b = M

FindMalnverse( N, NSize, t, M, MSize, ntupleSize );
b := CosetStab( PGens, N, NSize, ntupleSize, ON, ONSize, M,
MSize );
dispose( N );
IF b <> nil THEN BEGIN
b@.NextGenElt := PM; .
FOR i := 1 to 2Size DO BEGIN
b@.GenInverse@[ i ] := t@.Gen@[ b@.Gen@[ i ] J;
END; { FOR
dispose( b@.Gen );
b@.Gen := b@.GenlInverse;
b@.Genlnverse := InvertPerm( b@.Gen, ZSize );
PM := b;
END; { 1F }
DispGenList( PGens );
TranSetStab := PM;
END; { TranSetStab }
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