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Abstract

This thesis describes a group-theoretic algorithm for finding the automorphism group of

a 3-regular graph, and the actual computer implemenøtion of the algorithm in Pascal.

Chapter 1 contains the basic terminology and ideas from group theory and graph theory

that are necessary to develop the algorithm.

Chapter 2 describes Schreier's algorithm, which takes a set of generators for a group G

and expands G as a tower of point stabilizers. A non-redundant set of generators for each

group and a set of transversal elements for the cosets of the next subgroup down in the

tower are found.

Chapter 3 describes how finding the automorphism group acting on a graph X reduces

to finding a subgroup Aut"(X) of the automorphism group fixing an edge e. To find

Autr(X), we partition the vertices of X into Vg + V1 + ... + V¡, where Vi contains all

vertices at distance i from an imaginary point vg on the chosen edge e. Subgraphs Xg, X1,

XZ, ..., Xh+l are defined, where X¡ has vertex set Vg + V1 + ... + Vk and edges XIVO

+ V1 + ... + V¡l except for the edges connecting vertices in V¡. Starting with group G6 =

{e}, we find G¡ = Autr(Xk) for each subgraph X¡, until Gh*l = Aute(x) is found.

Chapter 4 shows how to find a set-wise stabilizer of set M in a p-group G which is

known to set-wize stabilize a set X containing the set M. If G is intransitive on the set X,

we use the orbits of G in X to reduce the problem to a set of smaller problems. If G is

transitive on the set X, we use the fact that p-groups have systems of imprimitivity to

reduce the problem to a set of smaller problems. The basic properties of p-groups are also

included.

Chapter 5 analyzes the complexity of the algorithm to find Aut"(X). The total

complexity is O(n7log n), although this is a very worst-case estimat€.

Chapter 6 describes the implementation in Pascal. It also contains a listing of the main
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routines of the program and a sample run.
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1 . lntroduction

The purpose of this thesis is to study the graph isomorphism problem. The problem

consists of determining whether two graphs are essentially the same graph; only the names

of the vertices and edges may differ. In other words, the problem is to determine if there is

an isomorphism mapping the vertices of one graph to the vertices of the other which

preserves the edge set.

In particular, this thesis examines the graph isomorphism problem from a

group-theoretic point of view. From this point of view, the graph isomorphism problem

becomes the problem of finding the automorphism group acting on a graph. If we restrict

ourselves to 3-regular graphs, we find that the groups we work with all have a special

property which simplifies the problem: the groups are 2-groups. This thesis follows the

approach taken by Furst, Hopcroft and Luks[3] to find the subgroup of the automorphism

group which fixes an edge of a 3-regular graph, X. The subgroup is denoted Aut.(X).

This gives us a polynomial algorithm for the graph isomorphism problem restricted to

3-regular graphs.

Although this method allows us to study the graph isomorphism problem restricted to

3-regular graphs, it does have some drawbacks. One of the drawbacks of this approach

can be seen by attempting to extend the algorithm to handle graphs of higher degree. For a

graph X of higher degree, Aut (X) is no longer necessarily a p-group. Thus, we would be

forced to work with the Sylow p-subgroups of Aut (X), and the algorithm would quickly

become very complicated.

Also, in our method, we read in two graphs and determine if they are isomoqphic.If we

had n graphs to test for isomorphism, we would have to call our algorithm once for each

pair of graphs. For large values of n, this is too expensive.

Another approach would be to read in one graph X and produce a certificate, cert(X),
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for X. Cert(X) is an object such that graph X is isomorphic to graph Y if and only if

cert(X) is equal to cert(Y). To test n graphs for isomorphism we would only need to find

their certificates and sort them. However, the polynomial algorithms known for this

approach are limited to a very few classes of graphs.

1.1 Background Material

Since the topic of this thesis is a group-theoretic graph isomorphism program, some

knowledge of graph theory and group theory is required. This chapter provides some

background material for the following chapters. The coverage of graph theory is slight.

The graph-theoretic notation used is generally that of Bondy and Murty l2f, and that text

may be referred to by the reader for more information. The group-theoretic background

provided is more complete and is covered in more detail in Hall [4].

A graph G consists of a non-empty set V(G) of vertices, another disjoint set E(G) of

edges, and an incidence function Y6 that associates every edge of G with an unordered

pair of vertices of G.

A walk W in a graph G is a sequence of the form vg e1 v 1 e2v2 ... en vn where v e

V(G) for i = 0, l, 2, ... , n, and v¡_1 and v¡ are the vertices associated with edge e¡.

lf ep e2,... , on of walk W are distinct, then W

is a trrdl.

If v6, v 1t 
ylt ... , vn of walk 'W are also distinct, then rù/ is a paih.

If vg = vn illd v0, vl, YZ, ..., vn-l are distinct, then W ís a c]rcle.

A tree is a connected graph containing no cycles.

A spanning tree T of graph G=(V(G),E(G)) is a subgraph of G which is a tree and such

that V(T) = V(G).

Lemma. In a tree, any two vertices are connected by a unique path. [2]

Let H be a graph'with spanning tree T. Each ee E(H) - E(T) is a chord of H with
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respect to T. For each chord e of H with respect to T, T+e contains a unique cycle C' the

fundamental cycle of e with respectto T.

Let G be a group of permutations which permute the points in set X. Permutations are

multþlied from left to right, so that if a, b, c e G and x e X, then the action of the product

abc on x is (x)abc : ((x)a)b)c.

Let ke X. The point-wise stabilizer of k in G, Stab(k), is the subgroup of G which

fixes k: i.e. Stab(k)={ geGl(k)g=k}.

Let M be a subset of X. Then the set-wise stabilizer of M in G,

Stab(M) = {ge G I Vke M: (k)ge M }.

Forpermutationsã1,41,...,&.permutingasetX,the@isaL L' L' ', lt r

directed graph. The vertices of the graph are the elements of the set X. For each of the

permutations q, there is a directed edge from each keX joined to (k)q, labelled q. For

example:

X= {1,2,3,4,5}

a=(12)(345)
b=(13254)

5b2

t

Let K be a subgroup of G, written K<G. Choose a complete set of coset

representatives, { ãy, ã), ..., a¡y }, for the cosets of K in G, i.e. a transversal for K in G.

b

t4
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Consider coset Kaig, where ge G. This is coset Ka¡ for some j. g defines a permutation,

g*, of the cosets of K in G. The right representation of G by cosets of K is the permutation

group GmodK={g*lgeG}.

The right regular representation of G is G mod {e}. Since {e}g = {e}h if and only if g

= h, G mod {e} is a group of degree lGl and lG mod {e}l : lGl.

Let G be a group generated by the permutations b1 ,b2,..., bs, written G =

<b7,b2,..., bst.The Schreier coset diagram for group G with respect to K<G is the

permutation diagram of b1*, bZ*, ..., br* in the right representation of G by cosets of

K. This is also denoted G mod K.

Let G = ( b1, bZ, ..., bs t. The connected components of the permutation diagram of

the permutations byb2,... , b. are the orbits of G.

G is transitive on X if G has only one orbit. Otherwise, G is intransitive on X.

Let G: < b1,b2,..., bs > and K < G. A word in the generators of G is a

sequence of the symbols bpb2,..., bs,b1-1,b2-1,..., br-1,e.g. b1b2b2br-l6r-L.

A word can be thought of as defining a walk in the Schreier coset diagram, G mod K.

Choose a coset, Kai, âs a starting point. Follow the edges in the Schreier coset diagram as

indicated by the symbols in the word, in the order that they appear in the word. For

example, if the word w = b1b2bl-1, then we could think of w as the walk in G mod K

starting atKai,following the edge labelled b1* to (Kai)b1* : Kaib1, then following the

edge labelledb2* to (Kaib1)b Z* :Kaiblb2, andfinally, proceeding backwards along the

edge labelled b1*, which ends at Kaib1b2, to end the walk at Kqb1b2b1-1 : Ka¡ for

some j. Similarly, a walk P from Kq to Ka¡ in G mod K defines a word, denoted w(P),

in the generators of G. Note that w(P- I ) = (w(P))- 1 , where P- 1 indicates the opposite

ffaversal of P (from Ka3 to KaN.

The conjugate of subset H of group G by g e G is ¡¡8 : g-lHg.

A subgroup K of group G for which Kâ: K forall a e G is anormal subgroup of G,
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written KrG.

Let KlG. Let {Ka1, Ka2, ... ,Kq} be a complete set of cosets of K in G. The factor

group G/K consists of the cosets of K together with the multiplication rule Kai.KaS =

Kqa¡.

Ahomomorphismis amapping 0 fromagroupG to agroupH such that, V gyg2e

G, (gt'gZ)0 = (gt)0'(gZ)0. The kernel of 0, Ker(0), is the set of all elements of G which

are mapped by 0 onto the identity of H. The image of 0, Im(O), is the set of all elements of

H which are the images under 0 of at least one element of G.

An isomorphism is a homomorphism 0 : G + H that is both 1:1 and onto. In this case,

G is said to be isomorphic to H, written G = H.

Consider the factor group G/{e} = {{e}glge G}.Letn:ge G+ {e}g

e G/{e}. Clearly æ is an isomorphism. Therefore, G = G/{e}.

Theorem. Let G and H be groups and let 0 : G + H be a homomorphism. Then

Im(O) < H, Ker(0)rG, and G/Ker(0) = Im(O).

Lemma. Let G and H be groups permuting a set X. Let K < H. Let n : G -r H be an

onto homomorphism. Then G contains a subgroup M such that MÆ(er(æ) = K.

Proof.'We have G/Ker(æ) = Im(æ) = H since æ is an onto homomorphism.

LetY be an isomorphism fromH to G/Ker(æ).

The set of all cosets of Ker(n) in GlKer(æ) which are images under Y of elements in K

form a subgroup of G/Ker(n) isomorphic to K. The union of these cosets form a

subgroup M of G such that NOKer(æ) 
= 

K. .

I-et G be a a group acting on a set X. Then the set of orbits produced by the action of G

on X is denoted Orbits(G).
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Lemma.Let K < G, a e G. Then Ka ( G, and the orbits of Ka are the translates of the

orbits of K, i.e. Orbits(Ka) = (Orbits(K))a.

Proof.

Let B be an orbit of K. Then (B)a is an orbit of Ka; for (B)a(a- lKu¡ = (B)Ka = (B)a.

Let D be an orbit of Ka. Then (D)a-l is an orbit of K; for (D)a-lI< : (D)a-lK aa-I =

((D)a lKa)a-l = (D)a-l.

.'. Orbits(Ka) = Otbits(K)a. .

Note that if Ka = K then Orbits(K) = Orbits(Ka) = (Orbits(K))a, i.e. if Ke = K rhen a

permutes the orbits of K.

LetKa=Kandge Ka. Theng =kawhereke K. Kg =g-lKg = 1ka)-lK(ka) =

u-1k-lKka = a-1Ka = Kâ = K. Therefore, every element in coset Ka permutes the orbits of

K.

If 0 : G + H is any homomorphism, then Im(O) is said to be a representation of G. A

representation is faithful if the homomorphism is 1:1, i.e. G = Im(0).

LetK <G andlet0: G + G modKbe thehomomorphismmapping g e Gtog* e G

mod K.

Im(0) = {g* e G modK I g e G} : G modK.

Ker(O) = {g € G I VKa¡ : (Kq)g* = Kaig = Kai}.

Let H be the largest subgroup of K which is normal in G, i.e. H < K < G and HrG.

Lemma.GmodK=GlH.

Proof. V/e know that G/Ker(0) = Im(O) : G mod K, and Ker(O)rG.

Claim: Ker(O) < K.

Proof: Let b e Ker(0). Then, for any coset Ka¡ of K in G, (Kai)b* = Kaib = Kai. In

particular, (K)b* : Kb = K. Bute e K, soeb =b e K. .
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Çlaim: H < Ker(O).

P¡qef: Let h e H and let Kq be a coset of K in G. (KaNh* = Kaih. But HrG and ai e

G, so aiH = Hai. Hence qh = h'{, where h'e H. (Kq)h* = Kh'ai.H < K so Kh'= K.

.'. ltcai)h* - Kui and h e Ker(O). .

H is the largest subgroup of K such that HoG. .'. H - Ker(O), G/Ker(O) = GÆI and

G[H= G mod K. .

Lemma.If KtG then lG mod Kl = [G:K].

Proof. Let KoG. Let g* e G mod K. g* permutes the cosets of K in G, Ka1 +Ka2

+ ... . lfai)g* = Kaig.

G/K = {Kai} together with the rule Kq'Kai = Kalai. What is the identity in G/K? It is

the coset Ka¡ such that Kq'Kaj = Kaj'Ka¡ = Kai for every Kai in G/K. We know that

Ke.Kq - Kq and Kq.Ke - Kui.Thus the identity in G/K is Ke: K.

Consider G/K mod {K}, the right regular representation of G/K. Kui* = G/K mod

{K} permutes the cosets of {K} in G/K. ({K}Ka.¡)Kui* = {K}Ka¡.Kai : {K}Ka¡ai =

{Ka¡t}.

Thus g* e G mod K maps Kai to Kaig, while Kg* = G/K mod {K} maps {K}Kq =

{Kai} to {Kqs}.

Therefore, lG mod Kl = lG/K mod {K}l = lG/Kl = [G:K]. .

Lemma. Let KaG, and let K < H < G. Then KrH and II/K < G/K.

Proof.Lethe H. SinceH<G,h e G. Therefore, Kh: K. Hence, KoH.

Consider Kai, where ale H. This is acosetof K inH. SinceH <G, ai € G andcoset

Kq is a coset of K in G. Thus FVK < G/K. .
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2. SCHREIER'S ALGORITHM

2.1 The Algorithm

Schreier's algorithm, also known as Sims's algorithm [7], is an important part of the

isomorphism program. By removing redundant generators from a set of generators for a

group, it is used to reduce the number of generators needed to describe a group. It is also

used to stabilize sets containing only one element since the complexity of Schreier's

algorithm is smaller than that of the set-wise stabilizing routines. The description of

Schreier's algorithm here is similar to [6].

At the heart of the algorithm is the idea of a point stabilizer. Let H be a group whose

elements permute the set of points, X. Let ke X. The orbit of k in H is used to represent

the cosets of Stab(k) in H. A coset, Stab(k)h, where he H, is represented by (k)h, a point

in the orbit of k in H. If ge Stab(k)h, then it can be written in the form bh, where

be Stab(k), and (k)bh = (k)h. So every permutation in coset Stab(k)h maps point k to

(k)h. If geH maps point k to point (k)h, then (k)gh-l = (k)hh-l =k. Therefore,

gh-le Stab(k) and ge Stab(k)h. Thus, all permutations mapping point k to point 1k)h are

in coser srab(k)h.

Schreier's algorithm represents a group as a tower of point stabilizers. The top group

in the representation of H is the group H, itself. The next group down in the tower is the

stabilizer of a point k1e X. k1 is referred to as the distinguished point of group H. It can

be chosen arbitrarily, so long as it is moved by some generator of H. Several possible

strategies for choosing k1 exist. ìVe could find the orbits of H and choose k1 from the

smallest or largest orbit (this may affect the depth of the tower); or we could simply take

the first point found which is moved. In general, we use the latter technique. The group

beneath Stab(k1) in the tower is Stab(k1, k2), the stabilizer of k2 in Stab(kt). k2 is rhe

distinguished point of Stab(k1) . Thus, the tower has the form:
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H > Stab(k1) > Stab(kþk2) > ... >

A base for H is a sequence k1, k2, ..., k- of distinct points of X such that

H > Stab(k1) > Stab(tþk2) > ... >

The structure used to represent a group in the tower contains the following information:

1. a list of generators for the group.

2. the distingiushed point, k, for the group.

3. the orbit of k in the group.

4. a tansversal element for each coset of Stab(k) in the group. The tansversal element

is associated with the point in the orbit of k which represents the particular coset.

5. a pointer to the next group down in the tower, Stab(k).

The list of generators, the orbit of k and the transversal list will only be complete after

the algorithm has finished. During the algorithm, we will have a partial list of generators, a

partial set of cosets of Stab(<) (i.e. a partial orbit of k in the group) and a partial ffansversal

for Stab(k).

A generator is added to a group in the tower only if it is not redundant. The redundancy

check is done by the function GroupElement which returns a boolean result indicating

whether pennutation g is an element of the group H. Pascal-like pseudocode for this

function follows:

FUNCTION GroupElement ( g: permutation; H: group ): boolean;

BEGIN

IF g = identity permutation TFIEN BEGIN

{ The identity is in every group }
GroupElement != tflroi

END

ELSE BEGIN

Let k be the distinguished point in group H;

x:= (k)g;

IF x É the orbit of k in group H THEN BEGIN

GroupElement:= false
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END

ELSE BEGIN

[æt a* be the transversal element associated with the point x;

{ If g e the group H then ge Srab(k)a*, o, gu*-l e Stab(k) }
GroupElement := GroupElement( gâ*- 1, Stab(k) );
END

END

END { GroupElement }
When a permutation is added to the list of generators of a group in the tower, it is

applied to each of the points in the partial orbit of the distinguished point, k, to see if the

orbit and the transversal of Stab(k) in the group can be extended. This is done by the

following procedure, AddGen, which basically does a breadth-first search of the coset

diagram:

PROCEDURE AddGen ( g: permutation; H: group );

{ Add generator g to group H }
BEGIN

Add g to the list of generators of group H;
I,et k be the distinguished point in group H;

FOR each pointy in the orbit of k in H DO BEGIN

I-eta, be the tansversal element associated with point y;

x:= (y)g;

IF xÉOrbit(k) in group H TIIEN BEGIN

{ We can extend the orbitof k }
Add x to the orbit of k;

Product ayg is the transversal element associated with the new point x,

since (k)ayg = (y)g = x;

END

ELSE BEGIN

[æt a* be the transversal element associated with ttre point x;

Then (k)aygax-l = (y)g u*-1 =(x) a*-1 = ¡;
IF NOT GioupEtement( arga*-l, Stublk¡ ) TIIEN BEGIN

AddGen( aygax-l, Stab(k) );
END

i---
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END

END { FOR }

{ Now apply each generator of H to the new points added to the orbit of k by g

in the preceding FOR loop and to any new points which are found in the

following FOR loop Ì
FOR each new point y in the orbit of k DO BEGIN

I*t a, be the ffansversal element associaæd with point y;
FOR every generator r of H DO BEGIN

x:= (y)r;

IF x É the orbit of k in H TIIEN BEGIN

Add x to the orbit of k in H;

Product arr is the ffansversal element associated with the new point x;

END

ELSE BEGIN

I-et a* be the transversal element associated with x;

Then (k)arra*-l : (y)r u*-1 = (x) ax-1 = ki
IF NOT GroupeElemenr( avr ax-1, Stab(k) ) TfmN BEGIN

AddGen( arr a*-l,staüG) );
END

END

END { FOR }
END { FOR }

END { AddGen }
With routines GroupElement and AddGen, the code to expand a group H as a tower of

st¿bilizers given a list of generators is:

FUNCTION Schreier( Genlist list of generators):group;

BEGIN

H:= identify group;

FOR each g e Genlist DO BEGIN

IF NOT GroupElement( g, H) TIIEN BEGIN

AddGen( g, H);

END;
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END;

Schreier:= H;

END; { Schreier }

2.2 A Proof of Schreier's Algorithm

Given a list of generators for a group H, the entire orbit of the distinguished point k can

be found by a breadth-first search, starting at k, of the permutation diagram. Since the

points in the orbit of k are the representatives of the complete set of cosets of Stab(k) in H,

Schreier's algorithm willfind a complete transversal for Stab(k) in H.

The main part of Schreier's algorithm involves finding a set of generators for Stab(k).

Does Schreier's algorithm find a complete list of generators for Stab(k), given a list of

generators for H? This can be answered by examining the chords in the Schreier coset

diagram, H mod Stab(k), defined by choosing a spanning tree, T.

Lemma. Let H be a group and KSI. Let T be any spanning tree of the coset diagram,

H mod K. Then T defines a right transversal for K in H.

Proof. Choose coset representative e (the identity permutation) for coset K. For each

vertex Kq of H mod K, T contains a unique path P connecting Ke to Kai. Then the

word, w(P), in the generators of H that P represents is a coset representative for Kai, since

Kw(P) : Kui. .

As Schreier's algorithm computes the orbit of k in H, a spanning tree for

H mod Stab(k) is being chosen. At the start, the tree is the single vertex, Stab(k). A new

edge is added to the tree when a generator maps a previously-found point in the orbit of k

to a new point. Thus, the new edge does not add any cycles. Since the entire orbit of k is

found by the breadth-first search, the ffee will be a spanning tee at the end of the algorithm

(i.e. a breadth-first spanning tree).
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A generator for Stab(k) is created for each chord found in H mod Stab(k). If a chord

from coset Stab(k)a* to coset Stab(k)5 is found while adding generator g to group H,

then axgay-l is created as a generator of Stab(k). axgay-l is, at least, an element of

Stab(k): ( Stab(k) )a*gar-1 = 1 Stab(k)a* )Bay-1 = l Stablk)a, )ar-1 = Stab(k).

Any elemeflt, e, of Stab(k) can be written in at least one way as a product of the

generators of H: q = b1b2b3...bn, where bi is either a generator of H or the inverse of a

generator of H. b1b2b3...bn defines a walk in H mod Stab(k), starting at Stabft), going

to Stab(k)bl, to Stab(k)b1b2, ..., and finishing at Stab(k)b þZby..bn = Stab(k). So q

can be represented as a closed walk in H mod Stab(k), starting and ending at Stab(k),

with a chosen direction of ûaversal.

Let C1 be a cycle in a connected graph X. If x is any vertex of X, let P1 be a path from

x to C1 meeting C1 in only one vefiex, as illustrated in the diagram below. In this way,

every cycle of X defines a special closed walk containing exactly one cycle. The following

lemma shows that every closed walk in X can be decomposed into such special closed

walks based on single cycles.

Lemma. Every closed walk in a connected graph X can be writæn in terms of cycles.

Proof. Let W be a closed walk in X. Let x be any vertex on W. Beginning at x,

follow W until the first repeated vertex, u1, is reached. This defines a cycle C1 and an

xu1-path P1, so that W begins as P1'C1'... . At this point, follow P1-1 back to x.

u
P I

1

x
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Discard the edges Pt Ct P1-1 from W, and begin a new walk by travelling first from x

to u1 along P1. Continue following W until we come to a repeated vertex u2. I-etP2be

the xu2-path so defined, and C2 the corresponding cycle. So W begins as

(Pt.Ct'f t-l¡'1et'C2'Yr-l¡'... . Repeat until all edges of W are used up (which must

occur since W is a closed walk). .

The phrase "written in terms of cycles" used in the above lemma refers to the pieces

Pi Ci P¡-1.

Lete: uv be a chord of H mod K with respect to spanning tree T corresponding to

generator a of H. Define âe = wu'â'wy-1, where wo and wv are the coset representatives

for u and v, respectively. Then

wu ô w' is a unique path P in T from K to some point x,

wu - P is a unique path in T from x to u,

wv - P is a unique path in T from x to v.

K

P

v x ì¡
u v

edge of T

e v

\-

u

edgeofHmodK-T
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So (wu - P)'e'(wu - P)-1 is a cycle containing one edge, e, not in T; i.e., it is C",

the fundamental cycle of e with respect to T. Thus, generators for K produced by

Schreier's algorithm are of the form w(P)'w(Cr)'w(f-1¡.

The following theorem shows that each piece, (Pi'Ci'Pi-1), of our closed walk (i.e. of

an element of Stab(k)) can be written as a series of walks of the form P'C"'P-l 1i.e. as a

product of generators for Stab(<) produced by Schreier's algorithm).

Theorem. l,et X be a graph with spanning tree T. Choose a reference point x in X.

Let C be any cycle in X with a direction of traversal chosen. Let C contain edges e1,

a2,..., e' of E(X)-E(T), in that order, and suppose that edge e1 : üivf, in the

direction of traversal. Let Poli¡ and Pu11¡ be the unique xui-path and xvi-path in T,

respectively. Then Po11)'e1'Pv(1)-t'rr(r)'"r'Pv(2)-1' ... 'Pu(n)'en'Pu(r)-1 defines a

closed walk in X of the form Po'C'Pu-1, where u is on C and C is traversed starting at u.

Proof. Consider the cycle C. It contains e1,c),..., €n, in that order, and some

edges of T. The edges e¡,e2,..., on divide C up into segments 51, 52, ..., Sn,

which are paths (possibly of length 0) belonging to T, so that e1'S 1'e2'S2' ... 'en'Sn is

a traversal of C, beginning at u1.
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c

r6

t1 s
I

S, e
2

S,

e
5

e
34

sg,4

Notice that Poq¡ intersects segment S¡-1 at vertex ui, ând Pul¡ intersects segment Si at

vi. Now Po(i) ô Si-1 is a subset of E(T), and so contains no cycle. Therefore Poq¡

intersects Si-1 in a path which ends at vertex ui. Similarly Puq¡-lnSi is a path beginning

at vi. Clearly Pu(Ð-l'Pu(i+t¡ is a path in T from vi to u1*1. Si is also a path from vi to

ui*1. It must be that S1= Pv(Ð-l'Pu(i+l), since a tree T contains a unique path between

anytwopoints. ThereforePull¡'e1'Pv{t¡-1'eu,r)'e2'Pv(2)-t'...'to(rr¡'err'Prolrr¡-1 :

Po11¡'e1'S t'e2'52'...'Sn-1'en'Pu(n)-1.

But Pulrr)-1'Pu(1¡: Sn, since C is a cycle, so the above expression is

Pu(t)'et'S1'e2'52' ... 'en'Sn'Pu(1)-1 = Pu(1)'c'Pu(l)-1, where C is traversed from

vertex u1. The same argument holds for any of the ui as starting vertex. If Pu11¡ first

intersects C in segment S¡, then by beginning the traversal at vertex uk+l, the above

expression will reduce to Po'C'Po-1, where u is the first vertex at which Po meets C, and

C is traversed from vefiex u. .

So any q e Stab(k) can be represented as a closed walk in H mod Stab(k). A closed

walk in H mod Stab(k) can be written in the form @1 C1Pl-1)'G rC2V2-I)' ... . Each of

v
1u

t

u
u

5

u
4

v
2

4
v

oz

os

o3
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the pieces P¡ Cl Pil of the closed walk can be written as a series of walks of the form P

C. p-1. P Ce P-l is a generator for Stab(k) produced by Schreier's algorithm. Thus, any

element of Stab(k) can be written in terms of the generators for Stab(k) produced by

Schreier's algorithm; i.e. Schreier's algorithm produces a complete set of generators for

Stab(k).

2.3 Complexity of Schreier's Algorithm.

Let H be a group permuting a set X. If a, b e H then lXl sæps are required to compute

the product ab.

2.3.1 The Complexity of the Function GroupElement

GroupElement checks to see if permutation g is in group H. Point k is the distinguished

point for H.

In the worst case, a call to GroupElement will require a check to see if g is the identity

permutation, a check to see if (k)g is in the orbit of k, the calculation of the product gax-l,

and a recursive call to GroupElement. The check to see if g is the identity permutation

requires lXl steps. Assume that the orbit of k is represented by adata structure of the form

vAR OrbirK: ARRAY[1..|X|] OF @TransElt;

where if x É orbit of k, OrbitK[x] is a NIL pointer. Otherwise, OrbitK[x] points at a

structure representing the transversal element associated with x. In this case a check to see

if x e orbit of k takes a constant amount of time.

finding the product ga*-1 requires lXl steps, assuming that the structure representing a*

contains u*-1. Thu, we have 2lXl steps ateachlevel of recursion.

At worst, there can be lxl - 1 stabilizers in the tower, or lXl groups altogether in the

tower. Hence, GroupElement can call itself at most lXl times. Thus, a call to

GroupElement will require2lxlz steps in the worst case.
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2.3.2 The Complexity of Function Schreier

Each time a generator is added to the list of generators for group H, we go from K < H

to K, ( H, and K < K', since we only add a generator if it is not redundant. The smallest

[K,:K] can be is 2. Thus, the largest number of non-redundant generators we will have is

1og2 lHl. H < Sym(lXl), so lHl < lxl!.

H mod Stab(k1) is a graph with [H:Stab(kt)] vertices, each with out-degree at most

1og2 lHl. The number of directed edges in the graph is (out-degree of vertices)' (number of

vertices), or at most (logZ lHl)tH:Stab(k1)1. The number of edges in a spanning ffee of H

mod Stab(k1) is [H:Stab(k1)] - 1. So, the number of chords in the Schreier coset

diagram H mod Stab(k1) is no more than (1og2 lHl [H:Stab(k1)J) - ([H:Stab(k1)l - 1) =

(rogz lHl - 1) [H:stab(k1)] + 1.

For each edge found in the spanning tree, the ffansversal element is found in lXl steps.

For each chord found with respect to the spanning tree T, an element of Stab(k1) is

found in 2lxl steps. Then there is a call to GroupElement, requiring at most 2lXl2 steps,

and possibly a recursive call to AddGen. Therefore, the more chords there are, the more

work is required in a call to AddGen.

The largest [H:Stab(k1)l can be is lXl; i.e. if H is transitive on X. The largest that

[Stab(k1):Stab(k1, k2)J can be is lXl - 1... , etc.

Therefore, in the worst case, the tower would have the form

H > Stab(k1) > Stab(tù> ... >Stab(k¡¡l- 1) : {e}, where

[FI:Stab(k1)] = lXl,

[StabQ<N:Stab(ki*1)l = lxl- i,

H has 1og2 lHl <

generators.

Suppose we were given a list of n generators completely describing H. How much

work would be done by Schreier's algorithm to expand H as a tower of stabilizers?
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For each of the n generators, Schreier's algorithm would call GroupElement, requiring

at most 2lXl2steps. Schreier's algorithm would make the call AddGen(g, Ð at most ln lHl

times. How much time would those calls require?

At the top level in the tower, i.e. at H, [I:Stab(kt)] = lXl transversal elements would be

found. There would be [H:Stab(Kt)]'(ln lHl - 1) + 1= lXl'(ln lHl - 1) + 1 chords, each

giving an element of Stab(k1) in 2lxl steps, and causing a call to GroupElement requiring

at most 2lXl2steps.

At the level of Stab(ki) in the tower, there would be [Stab(\):Stab(ki+1)] = lxl - i
transversal elements and [Stab(<¡):Stab6t*t)].(1n ((lxl - i)!) - 1) + 1 chords.

Altogether, how many tansversal elements are there?

lxl-z
I cxl - i) = (xl - l)lxl- (xl - 2xlxl -3)/z
i=0

:lx?-K-ffi12- Slxl+6)/2

- (Xl2 + 3lxl -6)/2
Altogether, how many chords are there?

lxl-2

I fXl - i)(tog2 ((Xl- i)!) - l) + 1

i=0

lxl
,lxl-r*Ijlog2(!)

: _n
J-L

txt
: lxl- I + (tn Ð-r .>j h (!)

j=2
UsingStirling'sapproximation, j! = (2n10.5 jj 

"-j,soln(!) = jlnj-j+ 0.5tnj
+ 0.51n2n.

Thus, the number of chords will be

txt
, lxl- 1 + (ln2)-1 >jû hj-j + 0.5 tnj +0.5 tn}n)

j=2
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lxt

= lXl - 1 + (n z¡-t(\¡zhj - t lxl6l - lx2lxl - t)l /6 + 1 +
i=2
txt

0.s f,; hj +0.5 tn2nflxllxl + t)tt- rl )j=2

Usmg

b b+1

=J ¡2r: ¿:I ¡2rn¡
J=a a

b+

I

a

1

=j3(3lnj-1y9

and

b

Ij r":
j=a

b+1

=J
jlnjdj

a

b+1

=0.25 j2(ztn j-D I

a

the formula becomes

lxl- 1 + (ln2f1( [ ffil + 1)3(3 h (xl + 1)- 1)/e-8(3 rî2 -1) /e]
-[AX3+3X12+lxl] t6+L
+ 0.5[ 0.2s(xl + t¡z1zrn(xl + 1) - r) -0.2s.4(2rn2- 1) ]
+ 0.5 ln 2nÍ (lxl2 + lxl) t2-Il)

= (lXl + 1) ln (lxl + 1)/(3ln 2) + (lxl+ 1¡2 tn (lxl+ t) t (41n2)

- 4K3/(9 rn2) - (23 -6tn2n)lxl2 t (24rn2)
+ (4ln 2 -3 +lnZn)lx!Øtn2) - t4 t 3
+ (155 172- 0.5 ln 2n) lln2

=0.48(xl+ 1)3h(xl+ 1)+0.36(xl +Dzh(xl + 1)-0.64X13

-o.72VP + 0.58lxl -2.8s.

i

L
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Therefore, the number of steps required for all calls to AddGen is less than

(xl2+3lxl- 6)t2.lxl + to.a8(Xl+ 1)3ln(lxl + 1)+0.36(lxl +D2 h(Xl+ 1)

- 0.641x13 -o.72WP + 0.58lxl -2.8s1(2lxl + 2WP)

= 0.961x2(xl + 1)3ln (lxl + 1) + 0.96lxl(lxl + 1)3ln (lxl + 1)

+0.721x12(lxl + 1)2ln (lxl + 1) + o.72lxl(lxl + D2 h (lxl + 1)

- 1.281X5 - 2.72V( + 0.221x13 - 3.111x12 - 8.771x1.

Thus the complexity of Schreier's algorithm is O(lxls lnlxl). Notice that the constants

involved are small.

These calculations used the pessimistic assumption that the orbit sizes and the height of

the tower are as large as possible. For most groups, the number of steps will be much

smaller, since only symmefic groups and alternating groups have such long towers and

high tansitivity.
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3. lsomorphism Testing in 3-Regular Graphs

Let X = (V(X), E(X)) and Y = (V(Y), E(Y)) be graphs. An isomorphism from X to Y

is a bijection 0 : V(X) + V(Y) such tJrat (E(X))O = E(Y).

For example,

LZab

4 3 d c

X Y

E(X)= {12,23,34,4t}

E(Y): { ab, ac, bd, cd }

Define 0 by (1)0 = a, (2)0 = c, (3)0 = d, and (4)0 : b. It can easily be seen that

(E(Ð)e = E(Y).

The graph isomorphism problem is to determine if X = Y, given any two graphs X and

Y.

We will develop an algorithm which will accept two 3-regular graphs X and Y as input

and will produce either "yes" or "no" as ouþut according to whether X = Y or not.

A group theoretic approach to the isomorphism problem centers around the

automorphism group. An automorphism of a graph X is a permutation 0 of V(X) such

that (E(X))O : E(X). The automorphism group, Aut(X), of graph X is the set of all such

automoqphisms.

Note that if 0e Aut(X) of some graph X, and x,y e V(X) such that xy ø E(X) then

(xy)0 É E(X). Thus, Aut(XC) = Aut(X), where XC is the complement of graph X.
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Lemma. If we can find Aut(X) of any graph X, then we can solve the isomorphism

problem.

Proof. Assume we can find Aut(X) of any graph X.

I-etX and Y be two graphs. To determine if X and Y are isomo¡phic, do the following:

If X is connected and Y is not, or více versa, then the two graphs are not isomorphic.

Otherwise, if X and Y are not connected, replace them with their complements, which will

be connected.

Create graph Z, consisting of the disjoint union of graphs X and Y. find Aut(Z). If the

orbit in Aut(Z) of any xe V(X) contains a y e V(Y), then, since X and Y are

connected, Aut(Z) contains an isomorphism mapping graph X wholly onto graph Y. If

ttris is the case, then X and Y are isomorphic. .

Let X be a graph and e e E(X). Aut"(X) is the subgroup of Aut(X) fixing edge e.

Thus, any element of Aut"(X) either fixes the endpoints of edge e or interchanges them.

Lemma. If we can find Aut (X) of any graph X, we can find Aut(X).

Proof. Let Y be an identical copy of X. In X, pick any edge e e E(X) and subdivide it

with a new vertex x. Perform the following algorithm:

FOR each e'e E(Y) DO BEGIN

subdivide e'with a new vertex y;

create a new graph Zby addng an edge xy;

find Aut*'(Z);
IF Orbit(x) in AuÇr(Z) contains y TFIEN BEGIN

the isomorphism of X with Y mapping etoe'defines an automorphism

0e, of X mapping e to the edge of X corresponding to e';

0e, is a coset representative for a coset of Auþ(X) in Aut(X);

END

remove edge xy and vertex y;

END

L
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We now have a complete transversal of Aut (X) in Aut(X).If we also frnd Aut"(X), we

have comPletelY defined Aut(X). '

If we want to test if two graphs X and Y are isomorphic, then use Y in place of the

identical copy of X in the algorithm above, and the same algorithm will determine if X is

isomorphic to Y.

3.1 Finding Aut.(X)

The following technique to find Aut"(X) was presented by Furst, Hopcroft and Luks .

The treatment here is similar to Hoffman [5].

Let e = uv. Add a new vertex, v0, on e. Partition V(X) into V0 + Vl + ... +V¡, where

Vi is the set of vertices at distance i from vertex v0. Let [V1, Vil denote the edges in X

with one end in Vi and one in V¡. Let X¡ denote the subgraph of X with edge set

E(XIV' + V1 +... +Vk-11) + tV¡-1, V¡1, for k2l. Let G¡ be the subgroup of

Aut(X¡) which fixes vg, and let Gg be the identity group acting on vg. Then G¡*1 =

Autr(X). The algorithm of Furst, Hopcroft and Luks starts at G6 and works up from level

to level to G6*1.

The difference between X¡*1 and X¡ is that Xk*l contains edges [V¡, V¡] and

[Vk, Vk+1], which X¡ does not contain. Any element of G¡*1 induces an automorphism

of X¡ fixing v6, i.e. an element of G¡. Thus, there is a homomorphism æ¡: G¡*1-r G¡

for each k = 0, I, ... , h. Ker(n¡) is the set of all automorphisms of X¡*1 which fix

point-wise the sets V6, V1, ..., Vk.

Lemma. G¡*1/Ker(n¡) is isomorphic to the subgroup of G¡ consisting of all

automorphisms of X¡ which can be extended to automorphisms of X¡*1.

Proof. We have fi¡: G¡*1+ G¡ and G¡*1/Ker(rc¡) = 
Im(nk).Every 0 e Im(r¡) is

24
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an automorphism of X¡, so every such 0 can be extended to an automorphism of X¡*1. .

Algorithm. (Furst, Hopcroft and Luks)

BEGIN

partition V(X) into Vg + V1 + ... +V¡;

initialize Gg to the identþ group;

FOR K := O tO h DO BEGIN

{ at this point, we know Gt. }
find Ker(æ¡), the set of automorphisms of X¡*1 which fi* VO + V1+ ... +Vk

point-wise;

find G¡*1/Ker(æ¡), automorphisms of X¡+l extended from those of X¡l
together, generators for Ker(æ¡) and G¡*1/Ker(æt) define generators for G¡..11

END

{ at this point G¡*1 = Aute(X). }
END

3.1.1 finding Ker(æ¡)

Ker(fik) is the set of all automorphisms in G¡*1 which fu VO + V1 + ... + Vk. Thus,

an element of Ker(n¡) permutes the vertices Vk*l and the edges [Vk, Vk+l]; everything

else is fixed. Each vertex of V¡ is joined to at most two vertices of V¡*1. Each vertex of

Vk*l is joined to one, two or three vertices of V¡. If x is mapped to y by an element of

Ker(æ¡) then x and y must be in V¡*1 and must be joined to the same set U of vertices in

V¡. Each vertex in U must be joined only to x and y. So y must be mapped to x, and x to

y. Ker(n¡) is generated by the set of such transpositions. They can be found by sorting the

vertices of V¡*1 according to which vertices of V¡ they are joined to, and then matching

equivalent vertices.

3. 1.2 finding G¡*1/Ker(n¡)

To find G¡*1/Ker(æk), we first find Im(æ¡), the set of automorphisms of G¡ which
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canbe extended to G¡*1. Then the automorphisms in Im(æt) are extended to give

G¡*1/Ker(n¡).

G¡ does not stabilize the edges of X within V¡, i.e. [V¡, V¡J. Let H¡ be the action of

G¡ acting on V¡. Then H¡ induces a permutation group Hk(2) acdng on the set V¡(2) e¡

unordered pairs of vertices in V¡. If we could stabilize sets then we could stabilize the set

of edges [V¡, V¡l in V¡(2).

The edges [Vk, Vk+1] must also be included. This could be accomplished in the

following fashion. As noted before, each vertex in V¡*1 can be connected to one, two or

three points in V¡. So each vertex in V¡*1 can be represented as a point in V¡, a pair of

points in V¡, or a triple in V¡. Furthermore, two vertices in V¡*1 may be connected to

exactþ the same set of vertices in V¡. So a point, edge or triple in V¡ ma] represent two

vertices in V¡*1. Such points, edges or triples are denoted as double points, edges or

tiples. If only one vertex in V¡*1 is represenæd then the point, edge or triple is referred to

as a single point, edge or triple. Notice that we now have two different sets of edges: one

set represents the edges [V¡, V¡l and the other represents vertices in V¡*1 joined to only

two vertices in V¡. Color the edges in the first set brown and the second set green to

differentiaæ between the two. Here are the types of sets we wish to stabilize:
(*i = Yk*l 'oi = u*)

sirgle poina double points

tl *r *z

v

b¡own edges

Hor 'z v
1I
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shgle gnen eilges

*l
double grcen edges

*l *z

v
I

oz v
I

,?

si¡gte tiples
tl

double triples

*l *z

v
I

,2 o3 V
I

oz o3

An edge may be both a single green edge and a brown edge. These edges could be put

in a separate set:

gæen-brown edges

*1

v
1

,2

Lemma. If 0 e Gk*l then 0 stabilizes the above sets.

Proof. Since 0 stabilizes V¡, and since it is an automorphism, it must map an edge in

[V¡, V¡l to an edge in [V¡, V¡J. Thus, 0 stabilizes the set of brown edges. If 0 maps x
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e Vk+l to y e Vk*l then, for 0 to be an automorphism, the vertices in V¡ to which x is

connected must be mapped to the vertices h Vt to which y is connected. Also, the number

of vertices in V¡ to which x is connected is equal to the number of vertices ir Vt to which

y is connected. So 0 maps triples to triples, points to points and green edges to green

edges. If w e Vk*l is connected to exactly the same vertices in V¡ as x, then w must be

mapped to z e Vk*l, z*y, where z is joined to exactly the same vertices in V¡ as y. So,

double points, edges or triples are mapped to double points, edges or triples, and singles

are mapped to singles. Thus 0 stabilizes the above sets. .

Lemma. If 0 e Gk stabilizes the above sets then 0 can be extended to an element of

Gk*1'

Proof. 0 stabilizes edges of [V¡, V¡) since it stabilizes the set of brown edges and the

set of green-brown edges. Extend 0 to 0'using the following algorithm:

BEGIN

mark each x e V¡*1 as unprocessed;

FOR each x e V¡*1 as yet unprocessed DO BEGIN

mark x as processed;

find the set S* of all vertices in V¡ adjacent to x;

see if there is a y e Vk*l which is also adjacent to S* in V¡;
S* will be a point, a green edge, a green-brown edge, or a triple (either double or

single, depending on whether y exists);

0 will map S* to Su, a set of the same type;

So represents a vertex u e V¡*1. flf y exists then S*and So are doubles so

So would also represent w e V¡*1.);
map x to u;

IF y exisrs TI{EN BEGIN

mark y as used;

map y to w;

END

END
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END

Claim. 0'e G¡*1.

Proof. 0'stabilizes edges [V¡, V¡l since 0 does. Let xu e [V¡*1, Vk] where x e

Vk*1,ue V¡. Let (xu)O'=YW, wherey e V¡a1,we V¡. Thevertexuis anelement

of the set S* of all vertices in V¡ adjacent to x. By the above algorithm, S* is mapped by 0

and by 0'to a set 51 of the same type and x is mapped by 0'to a point y adjacent to only

the vertices in S1. Thus w e S¡ and yw e [V¡, Vk*l]. .

Hence, 0 can be extended to an element of G¡*1. .

Suppose we are testing to see if two graphs X and Y are isomorphic, and lV(X)l =

lV(Y)l = 200. Then graph Z, the graph created from X and Y in the algorithm to find

Aut"(X), will have 402verttces.If every vertex in Vi is adjacent to 2 vertices in Vi*1 and

no two of these vertices in Vi*1 are the same (i.e., there is maximum fan-out from Vi to

Vi*l), then lVTl = 255.So, lv7(2)¡ = 32,835,and [7(3) I = 2,73I,135.

These figures are far too large forVT(2) or V7(3) to be handled by a computer program

all at once. To break down the problem, we could examine the orbits of the vertices h VZ.

If an edge e, for instance, has one endpoint in orbit Oi and the other endpoint in orbit O¡,

then e can only be mapped to another edge with one endpoint in orbit Oi and the other in

Oi. We could break up the sets of points/edges/triples to be stabilized further according to

which orbits the vertices are in. We would then have 16 types of sets to be stabilized.

(wi e V¡*1, vi € V¡, orbits Oyo,2, and 03)
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sirgle poina

*1
brown l edges <louble poina

tr *z

o
I

brovn 2 eð,ges

v 10 o
v

I

sirgle or double grcen 1 edges

tr tl *z

o o
I I

siryte or double gÞen 2 edges

tl *1 *z

o o o o
I I

,2

v
1

,2

oz ,2
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green-brovn l eilges

*l
gnen-brown 2eð,ges

tl

o.
I

o
I

o

si¡gle l triples

*1
ðouble I tiples

*1 *z

sit1gle Zttples
tl

ilouble ZÎrrples
*l *z

.':

ìÌ

v
I

,2 oz

v
I

,2 o3 v
I

,2 o3

o3
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si¡gle 3 tiples
*l

double 3 tiples
tl

The following algorithm finds Ker(æ¡) and the sets which must be stabilized to find

Im(lrk).

BEGIN

mark all vertices it Vt as unused;

FOR each vertex x in V¡ DO BEGIN

mark x as used;

FOR each vertex y adjacent to x in graph Xk*lDO BEGIN

IF y e V¡ AND y has not been marked as used TI{EN BEGIN

{ xy is a brown edge or a green-brown edge that we have not seen

before.)

find out which orbits in V¡ contain x and y;

IF 3 q € Vk+l adjacent to exactly x and y in Vt TIIEN

xy is a green-brown edge;

ELSE

xy is a brown edge;

add edge xy to a set of edges of the same type, in the same orbits in V¡ as

yx (or create a new set);

END;{IFyeV¡...}
EI*SE

IF y e Vk*l TIIEN BEGIN

find the set Sy of all vertices in V¡ adjacent to y; { Note: x e Sy}

IF no vertices in S, have been marked as used TTIEN BEGIN

{ we have not processed S, before.}

IF 3 q e V¡".1, 9,*Y, adjacent exactly to the vertices in St in V¡
TTIEN BEGIN

*z

o3 ,2 o3
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the point, edge or triple, S' represents both q and y in V¡*1, so

it is a double point, edge or triple;

add (q, y) to Ker(n¡);

END

ELSE

S, is a single Point, edge or triPle;

find ôut in which orbits in V¡ contain the vertices in Sr;

IF lsyl = 2 AND S, is single TI{EN BEGIN

{S, may be a green or a green-brown edge.}

let S, = {x, w} where w e V¡i
IF x is adjacent to w in graph Xk*l TmN

S, is a green-brown edge;

EI.SE

S, is a brown edge;

END { rF lsyl =2 ...}
add S, to a set of points/edges/triples of the same type and using the

same orbits in V¡ as S, (or create a new set);

END { IF no vertices in S, have been marked }
END{IFyeVt*t}

END { FOR each vertex y }
END { FOR each vertex x }

END
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4. Set-Wise Stabilizers
I-etG be a permutation group acting on a set X, and let M be a subset of X. We want to

find Stab(M¡, the set-wise stabilizer of M. The method used is the "divide and conquer"

approach.

4.1 Intransitive Groups

If group G is intransitive on the set X then G breaks X up into several orbits ByB2,

... , Br. Iæt Mi = Bi ñ M. Stab(M) must set-wise stabilize each of the M¡ separately.

G is transitive on B t. tr we restrict G to B 1 by simply ignoring the other orbits, we get

a group G1, a transitive constituent of G. n1 : G -+ G1 is the resulting homomorphism.

If we have an algorithm which finds set-wise stabilizers in transitive groups, then we

could find K1, the set-wise stabilizer of M1 in 81, a subgroup of G1.

Stab(M1) < G is the subgroup of G such that Stab(M1)/Ker(æ1) 
= 

Kl. The generators

of Stab(M1)lKer(7r1), together with generators of Ker(rcl), give us Stab(M1).

fer(æ1) = {g € G lV x eB1, (x)g = x}. We could use Schreier's algorithm to find a

set of generators for Ker(n1) by expanding G as a tower of stabilizers. If we use the points

in B1 as the distinguished points for the top groups in the tower, Ker(ru1) will be one of

the groups in the tower.

Let the top part of the base consisting of elements of B1 that were used in the above

expansion of G be (byb2,..., bn).

Once we have found generators forK1, we would like to expand the generators (which

are of degree lBtl) into elements of Stab(M1)/Ker(æ1) (which are of degree lxl). Let

ke K1 and let he Stab(M1)/Ker(æ1) such that h restricted to B1 is k. Then (b1)h = (b1)k

and h is in coset Stab(b1)a1 in H corresponding to the point (bl)h. Hence, har-l .
Stab(b1). Then (b2) ha1-1 = @2)ka1-1 and har-l is in coset Stab(b2)a2 in Srab(b1)

conesponding to point (b2)ha1-1. Therefore, har-lur-L e Stab(b2). Continue this process
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until we have ha1-la¡ t...un-1 . Stab(b1 ,b2, ..., bn) = Ker(¡u1), or h e

Ker(æ1)anan-t...a1. Any element of Ker(n1)anan-f ...â1 can be used in place of h. In

particular, anan_t...a1 would do. So, to find an element g which is equal to k e Kwhen

restricted to B1 we can use the following algorithm:

BEGIN

$:=a"
H:= G;

FOR i := 1 to n DO BEGIN

bl is the distinguished point in H;

y := (bi)k;

let q be the coset representative associated with point y;

g:= \gi
k,:=kai-l.
H:= Srab(bi);

END

END

Once Stab(M1) is found, we need to find the stabilizer of M-M1 in Stab(M1). We find

the orbits of X-81 in Stab(M1). tWe choose an orbit B'1 and set M'1 := B'1ô(M-Mt).

find Stab(M'l) in Stab(M1) in the same way that we found Stab(Mt) in G. We continue

this process until all of M is used up. This will give us Stab(M).

Notice that we could avoid having to expand elements of K1 to elements of

Stab(M1)/Ker(æ1) if we simply do all calculations within the group G.

Our algorithm to find Stab(M) in an intransitive group G acting on set X becomes:

FUNCTION SetS tab ( G : group; X : set; M: subset) : group ;

BEGIN

H:= G;

X' := X;

M':=M;
TWHILE M'is not empty DO BEGIN

pick a point x e X' and find its orbit B1 with a breadth-first search;

M1 :=81 ñM';



A Group-Theoretic Isomorphism hogram for 3-Regular Graphs 36

IF lMrl = lBllTmN
{ H already stabilizes 81, so H already stabilizes M1}

Stab(M1) := H

ELSE IF lMll = 0 THEN { there is nothing to stabilize. }
Stab(M1) := H;

ELSE IF lMrl = 1 TFIEN BEGIN

letM1 = {xh
use Schreier's algorithm to find Stab(M1) = Stab(x);

END

ELSE

{ use an algorithm for finding the set-wise stabilizer in a tansitive group.}

Stab(M1) := TransSetstab(H, 8 1, M1)l

H:= Stab(Ml);

X' := X'- B1i

M':=M'-M1i
END {rWHrLE}

SetStab := H;

END {SetSt¿bh

4.2 Transitive groups

If group G is transitive on set X then we can not break the problem down using orbits

in X. Fortunately, since the graphs we are testing for isomorphism are 3-regular graphs,

the groups we are working with have a special property. This property allows us to

develop a æchnþe to find set-wise stabilizers in transitive graphs.

Let p be a prime number. A pgfOup is any group whose order is a power of p.

Tutte's Lemma. Let X be a connected 3-regular graph, and let e e E(X). Then

Aut (X) is a 2-group.

Proof. Let e = uv. Insert a new vertex, v0, on edge e. Let Vi be the subset of V(X)

containing the vertices at distance i from vertex vg. So, Vg = {vg}, Vl = {u, v}, ....
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Each Vi must be set-wise stabilized by Aut"(X). Order the vertices vl < vZ< ... < vn so

that for alli, if v¡ e Vi and v¡ e Via1, then v¡ < v¡. Then each vertex v¡ is joined to some

vertex vi, where vi < vj.Let Tg = Aute(X) and T¡ = Stab(v0, vl, ..., vi) (that is, each

point is point-wise stabilized). Then Tg à T1 > . .. à Tn- 1 = {e}.

Consider [T¡:T¡*1J. Vertex v¡*1 is joined to some vertex vi < vk+l. Vertex v1 is fixed

in both T¡ and Tk*l. The orbit of v¡*1 in T¡ is the set of all vertices in the same partition,

VO, as v¡*1 that are also joined to v1, since T¡ < Aut"(X).

v
k+1

v <- fixed

k+1

v ê fixed

Since x is 3-regular, the orbit of vk+ 1 in T¡ can contain at most 2 vertices, so

[T¡:T¡a1l S 2. lAutr(X)l = lTgl = [T6:T1I'[T1:T2]'...'[Tn-2:Tn-11 is a power of 2-'

By much the same argument, we can show that Gk = Aut (X¡) is also a 2-group.

4.2.1 Some Properties of p-Groups

LetG be agroup. Letg e G. Then, Vhe G, hg =g-lhg e G. By conjugating the

elements of G with g¡ wo have created a permutatiof,, g', of the elements of G. Here, (h)g'

= hg for every h e G. LntG'= {g' l g € G}, the permutation representation of G in which

each g e G acts by conjugation on G.

Lemma.Definer¡: G + G',whereVge G, (g)n =g'. Thenn is ahomomorphism.

I

vV j I

I

,ì
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Proof. Let g,h e G. (gh)r = (gh)' € G'. (S)fi'(h)tt = E"h'.

Lerke c. (kxeh)'=¡gh = (gh)-lt(Bh) = th-1g-1¡t18h) = tr-l(g-ltg)h = (kg)h =

((k)g')h' = (kXg)æ'(h)æ.

Since (g)æ'(h)æ: (gh)n, æ is a homomorphism. '

The center of G is Z(G),the set of all elements of G which commute with all of G. Iæt

g € G. Z(G) = B-lZ(G)g.=Z(G)g-Lg=Z(G).Therefore, Z(G)rG.

For the homomorphism n : G + G', where T, | 8 e G + g' E G',

Ker(n) ={ge GlVhe G:h8=h}

={g€ GlVhe G:g-lhg=h1

={ge GlVhe G:hg=gh}

= z(G).

Im(æ) = {g'l g e G} = G'. Since G/Ker(m) = Im(n), we know that GIZ(G) = G'.

Therefore, G 
= 

G' if and only if Z(G) = {e}.

L,et a e G. The conjugacy class of a is {aB I g € G}, the set of all elements of G which

can be obtained from a by conjugation. The centralizer of a is C(a), the set of all elements

of G which commute with a.

Consider the stabilizer of a in G'.

Stab(a) = {g' ê G' I (a)g'- 48 = g-lag = a}

= {g'€ G'l g e C(a)}

= (C(a))æ.

The orbit of ain G' is {(a)g' I g' e G'}. = {aB I g € G}., the conjugacy class of a. The

size of the conjugacy class of a is [G':Stab(a)].

Consider G written in terms of cosets of C(a): G = C(a)g 1 + C(a)g2+ ... . Iæt h e

C(a)g.Thenh = cgwherec e C(a). uh = h-lah = (cg)-la(cg) = g-l.-lacg = ,-laç-lsg=

g-lag.Therefore, C(a)g = {h e G I ah = a8}.Hence, tG:C(a)l is the size of the conjugacy
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chss of a'

LetKl G. The normalizerof K is N(K) = {g. G I Kg = K}. Obviously KIN(K) and

N(K) is the largest subgroup of G in which K is normal.

Consider the action of G' on K: (K)g' = K8' The set-wise stabilizer of K in G' is

Stab(K) = {g'€ G' | (K)g' = Kg = K} = (N(K))n. Thus, the number of conjugates of K

is l{KB lg e G}l = [G:N(K)].

The formula lOrbit(x)l . lstab(x)l = lGl now tells us that the number of conjugates of an

element a or a subgroup K divides lGl.

4.2.2 Block Systems

Let group G be transitive on set X.

Consider g(2),the group induced by G acting on X(2), the set of unordered pairs of

elements of X. Let E be an orbit of 6(2) en XQ). V defines a graph X[E] with vertices X

and edge set E.

Example.

X = {1, 2,3, 4,5,6}

G = <(1, 2,3, 4,5, 6)>

G is transitive on X.

An orbit g 6¡ 6(2) acting en ¡(2) is E = {{1,3}, {2,4}, {3,5}, {4,6}, {1,5},

{2,6}}.

XlEl is

I

ii

Ìr
lr
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I

6 2

5 3

4

Notice that G S Aut(X[E]). XtEl may have more than one component, as can be seen

from the example. Since G is transitive on X, there exists a g in G which maps a vertex in

one component, Xi, to a vertex in another component, X¡. Since G < Aut(X[E])' g must

map component Xi wholly onto component X3. Thus G induces a peflnutation of the

components of X[E].

Let Bi be the vertex set of the component Xi of X[E]. The Bi's form a non-trivial

partition of the set X such that each g € G maps each Bi wholly onto some B¡. The Bi are

blocks of G, forming a block system for G.

Lemma. Let G be a transitive group acting on the set X. Let {81, BZ, ...,Brr} be a

block system for G. Let K be the subgroup of G fixing each block set-wise. Then K o G.

Proof. Let g e G. Iæt Bi be one of the blocks in the above block system for G. Then

1Bi)B-l = Bj, another block in the block system for G. Let k e K. Then (Bi)k = Bi, for

every Bi, and kB e K8. (Btkg = 1n¡g-1kg = (B¡)kB = 1Bi)B - Bi. kB e K.

Let k1, k2 e K, such that k1*k2.Suppose g-lktg : g-lk2g.Then g(g-1k18)g-1 =

,6-1t2S)S-1, or k1=k2, a contradiction. So lKl = lKgl. But K 
= 

Kg. .'. fB = K and

KlG..

Lemma. Irt G be a transitive group acting on set X. G has a block system if and only
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¡ 6Q) has a disconnected orbit E ott ¡(2).

Proof. 'We have already seen that i¡ 6(2) has a disconnected orbit E then the vertex

sets of the components of X[E] form a block system for G.

Let G have a block system {B1, 82, ..., Bn}. Consider the graph X[E] created by the

orbit E of {x, y} e n1(2). Sin"e each g e G maps 81 wholly onto another block Bi, no

g(2) e 6(2) ça¡¡map {x, y} onto {u, v} where u e Bi and v e B3 t B¡. Thus X[E] has

no connections between the vertices in Bi and the vertices in B¡. .'. E is a disconnected

orbit of 6(2). .

A permutation group G is primitive if every orbit of 6(2) en ¡(2) is connecred.

Otherwise it is imprimitive. If G is imprimitive then a block system for G is also called a

svstem of imorimitivitv.

4.2.3 p-Groups and Block Systems

Let G be a fansitive group acting on a set X, with a block system {81, 82, ..., Bn}.

Iæt B be any block and x e B.

Lemma. Stab(x) < Stab(B) < G.

Proof. Since each g e G maps B wholly onto another block and each h e Stab(x)

maps x onto x, each h e Stab(x) maps B onto B, i.e. h e Stab(B). .

Lemma. The size of each block is [Stab(B):Stab(x)].

Proof. Since G is transitive, all blocks have the same size.

Stab(B) = Stab(x)al + Stab(x)a2 + ... + Stab(x)a¡.

Stab(x)ai consists of all permutations of G mapping to (x)a¡ e B. Thus {(x)ai I i =

1,2,...,kI must be all of B. .'. lBl = [Stab(B):Stab(x)]. .
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Lemma. The number of blocks is [G:Stab(B)].

Proof. G = Stab(B)b1 + Stab(B)b2 + ... + Stab(B)b-. Stab(B)bi consists of all

peflnutations in G mapping block B to block (B)bi. Again, since G is transitive on X,

{(B)bi I i = 1...m} must be all the blocks. .'. the number of blocks is [G:Stab(B)]. .

Theorem. Let G be transitive on X. Let x e X. If G contains a subgroup H between

Stab(x) and G, then G is imprimitive and the orbit of x in H is a block for G.

Proof. Let Stab(x) < H < G and let B be the orbit of x in H. Since Stab(x) r H, B

contains more than x. G = Hb1 + Hb2 + ... + Hb¡. Hbi consists of all permutations

mapping B to (B)bi.

Letg e G. Theng e Hbi andg = hbiwhereh e H. 1çn¡bi)S = (B)bjhbi. Burbihbi e

G, so b¡hbi e Hb*. Every permutation in Hb, maps B ro (B)bs. .'. 118)b¡)s = (B)br. ...

{(B)bt, (B)bZ, ..., (B)b¡} is a block system for G. .

Corollary. A transitive group G is imprimitive if and only if there is some subgroup

between G and a vertex stabilizer.

Theorem. Let K be an intransitive normal subgroup of the transitive permutation

group G. If K * {e}, then the orbits of K form a block system for G.

Proof. If K is intransitive, let B1 ,82, ..., Bk be the orbits of K. G permutes the

orbits of a normal subgroup. Since G is transitive, all Bi have the same size, and they form

a block system for G. .

Lemma. The center of a p-group has order pk, for some k ) 1.

Proof. Z(G)< G, so lz(G)ldivides lGl =pr..'. lZ(G)l =pkfork> 0. Recall G'

acting on G: g' e G'maps h e G to (h)g' = hg = g-lhg. ttte orbits of G' are the
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conjugacy classes of G. The size of each orbit must divide lGl. {e}, where e is the identity

of G, is an orbit of size one. Let O(pl) be the set of all orbits of size pi. Th.tt

lGl =d = 1'lo(1)l + p'lo(p)l + ... + d'lo(pll.

Now, p divides pr, and p divides (p'lo(p)l + ... + p'lO(pr)l). .'. p divides lO(1)1. But

{g} is an orbit only if g e Z(G). .'. lZ(G)l is divisible by p and Z(G)> 1. Hence, lZ(G)l =

pk fot some k à 1. '

Lemma. Let G be a p-group, and let P be a subgroup of index p. Then PrG.

Proof. Consider G mod P, a transitive permutation group of degree p acting on the

cosets of P. G mod P is a subgroup of the symmetric group of degree p, which has order

p!.

Let 0 : g e G + g* e G modP, and lGl = pr. Ker(0) < G. .'. Ker(O) = pi forsome 0

< i < r. G/Ker(O) = Im(O) = G mod P. So lG modPl = pk where k > 0. But lG mod Pl

divides p! and the only power of p greater than 1 dividing p! is p. So lG mod Pl = p. Since

G mod P = GlH, where H is the largest subgroup in P which is normal in G, and [G:P] :

lGml = p, it follows that P = H, and PlG. .

Theorem. Let G be a group of order pr. If K is a subgroup of G of order pk where k

< r, then K is cont¿ined in a subgroup P < G of order nk+1.

Proof. By induction on r.

If r = 1, then lGl = p, K = {e} and the result is clearly tue.

Considerr > L. Assume the hypothesis is true for lGl = ps, where s <r. If k=f - 1,

then P = G is the subgroup of order nk+l. So consider k < r - 1. If KlG, then lG/Kl =

lG mod Kl = nr-k < pr. By the induction hypothesis, the identity subgroup of G/K is

contained in a subgroup P/K of order p. Then P < G and lPl = pk+l.

If K is not normal, allow G' to act on K. Let ¡ = {K1, KZ, ..., Kt} be the set of all
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conjugates of K. Then t * 1, since K is not normal. Since the size of the orbit must divide

lG'l = lGlZ(G)|, a power of p, t is a power of p.

Consider K', the subgroup of G' corresponding to K, and the action of K' on X- K' is

a p-group, so the size of each orbit of X in K' is either one or a power of p. K' fixes K, so

ttrat K is an orbit of size one.

There must be several orbits of size one. Suppose that Ki is also an orbit of size one.

Then K' < Stab(Ki), so that K < N(Ki), the normalizer of Ki. Since K + Ki S N(Ki)'

lN(Ktl > lKl. But N(KN + G, since K is not normal in G. So, lN(KÐl = pQ, where q < r.

Then by the induction hypothesis, K is contained in a subgroup P of N(KN of order Ok+l,

so that K < P < N(K, < G as required.'

Given a p-group G, we can start at the identity subgroup {e} and, by repeatedly

applying the above theorem, we can build a tower of subgroups {e} = PrtPr-lt ...

rPl rPg = G, where [Pi:Pia1l : P.

Theorem. A transitive permutation group G of order pr is primitive if r = 1 and

imprimitive if r> 1.

Proof.LetG actonX andletxe X. SinceGistransitive, lXl =pk, forsomek2l.

If k = 1., then since G <Sym(X), the order of G is p and lstab(x)l = L. There can be no

subgroup between Stab(x) and G.

If k > 1, then lstab(x)l = pr-k. By the previous theorem, Stab(x) is contained in a

subgroup P of order pt-1, .o G is imprimitive. The number of blocks in the corresponding

block system is [G:P] = p and the size of each block is pk-1. '

Our technique for finding a set-wise stabilizer of subset M in a transitive p-group G is

to find an intransitive subgroup PtG fixing the blocks in a block system for G with p

44
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blocks.In this case [G:P] = p. Vy'e will then find the set-wise st¿bilizer of M in P, which is

inffansitive, and then search the cosets of P. (Notice that there are as few cosets as

possible.)

4.2.4 frnding a Block System in a Transitive p-Group

Suppose we want to find a block system for the transitive p-group G acting on set X.

What we do is to use a merge-find data-structure[1] to find the orbits of C(2) acdng on

y(2). For each orbit of ç(2), we then use another merge-find data structure to see if the

orbit is disconnected.

If the disconnected orbit we find has more than p blocks and we wanted exactþ p

blocks, we could iærate the above procedure. Let the set of blocks found be Y = {B1,82,

..., BsÌ, where , : pi and i > 1. Then G induces a pennutation group G, acting on the

block system Y. If g e G, let gy be the corresponding permutation h Gy. 'We could use a

merge-find data structure to find the orbits of Gr(2) acdng 6n y(2) and then use another

merge-find data structure to find a disconnecæd orbit.

Since G is a p-group, it has a block system with p blocks. If block system Y has more

than p blocks then, since G, is a transitive p-group, G, has a block system and so Gy(2)

has a disconnected orbit.

Suppose we iterate and find 11¿¡ y(2) has a disconnected orbit, i.e. the orbit of {81, Bi}

is disconnected.

Claim.Let x e B1 and u . Bj.The orbit of {x, u} in X(2) is equivalent to the orbit of

{B¡ 83} ¡n Y(2).

Proof. Iæt {Bm, Brr} be in the orbit of {Bi, B3}. 3 gr?) e Cr(2) mapping {B¡ B¡}

to {B-, Bn}. WLOG, assume gy maps B¡ to B- and B¡ to Bn. Then g e G maps x e Bi

to some x'e B- and u e B¡ to some u'€ Bn.
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If he Gmapsxe Bitox'€ B,,'andue B¡tou'€ Bn,then{x',u'}isintheorbit

of {x, u} and h, e G, maps B¡ to B* and B¡ to Bn, so {86, Bn} is in the orbit of {Bi,

BiÌ in Y(2). '

Thus, once we have found the orbits in x(2), we have found the orbits in y(2), where

Y is any block system we choose from the disconnected orbits e¡¡(2).

Our algorithm, using p=2, becomes:

BEGIN
queue Q:= emptyi

use the merge-find algorithm to find the orbis s¡¡(2);
E := first orbit of YQ)'

WHILE (the no. of components + 2) AND (E * NIL) DO BEGIN

set up the merge-find data structure A used to find the blocks so that each x e X

is in its own block;

use the merge-find algorithm to find the components of X[E];

IF the no. of components # 2 THEN BEGIN

IF there are more than2 component and less than lXlcomponents TFIEN

putE on queue Q;

E := next orbit of X(2);

END

END { TWHILE }
E := first orbit in Q;

WHILE there are more than 2 components DO BEGIN

choose any {x, y} e E;

IF x and y are not in the same component TI{EN BEGIN

create a merge-find structure B to find blocks of the current blocks;

use the merge-find algorithm with E to find the blocks of blocks;

IF there are fewer blocks than there were, but still more than 1 TTIEN

apply E to the merge-find structure A;

END { IF x andy... }
E := next orbit in Q;

END {WHILE }
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{ merge-find data structure A now contains 2 blocks.}

END

Once we have found a block system containing p blocks, we want to find P = Stab(B),

where B is one of the blocks. 'We can do this using Schreier's algorithm and the

merge-find data structure, which maps each point in X to the block containing the point.

Wewill create atowerG > Stab(B) >Stab(x1) >...> Stab(xn), wherexie X. Eachcoset

of Stab(B) in G is represented by a block in the block system, so the group G can not be

represented by the group data structure in chapter 1. To expand the transversal of Stab(B)

in G, we apply each of the generators to any point in B and then check which block

contains the resulting point using the merge-find data structure. All other groups in the

tower can be created using the algorithms in chapter 1.

4.2.5 An Algorithm for finding Set-Wise Stabilizers in Transitive p-Groups.

Let G be a transitive p-group acting on the set X. Let {B y 82, . .., Bp} be a block

system for G, and let PrG be the subgroup of index p fixing the sets Bi. \ü/rite G = P +

Pa + PaZ + ... + PaP-1, where a e G. Let M be a subset of X. Let P¡4 denote the set-wise

stabilizer of M in P.

PM ={hePl(M)h:M}

={he Plhe Stab@)<G}

= P n Stab(M), a subgroup of Stab(M).

G/P has order lcl/lPl = p. So G/P is a cyclic group of order p. Pick any be G-P. G/P is

generated by Pb. In particular, if some coset Pa * P in G contains a b fixing M, then Pb

generates GlP.

Thus, for be G-P such that (M)b = M:

G: P + Pb + Pb2 +... PbP-l.

Srab(M) = (P + Pb + Pb2 + ... PbP-1) n StabM)



A Group-Theoretic Isomorphism Program for 3-Regular Graphs 48

= P rì Stab(M) + Pb n Shb(M) + Pb2 n StabM) + ... + Pbp-l n Stab(M).

Now, Pbi n Stab(M) is a coset of P¡4 in G and bi is in that coset, so we get

Stab(M) = PM + P¡4b + P¡4b2 + ... P¡4bP-1.

Claim. PM0Stab(M).

Proof. V g e Stab(M), P¡48 is a subsetof PB =P. PMB fixes M sinceg fixes M. P¡4

= Stab(M) n P. Therefore, P¡48 = PM. .

This gives us

Theorem. Let G be a transitive p-group with a block system {81,82, ..., Bn}. Let

PtG be the subgoup of index p fixing the block B set-wise. IætP¡4 = P rì StabM). Then

either Stab(M) = PM or else Pa, where a e P,contains an element b fixing M and Søb(M)

= PM + P¡4b + P¡4b2 + ... P¡4bP-1.

Thus our algorithm for finding a set-wise stabilizer in G becomes:

FUNCTION TranS etS tab (G : group ; X : set; M:s ub set) : group ;

{G is a transitive p-group acting on X. We want Stab(M).}

BEGIN

find an intransitive subgroup P, of index p;

{If lcl - p, set P = identity subgroup and let each point of X be a "block" to

allow the recursion to work. Otherwise P fixes a block system. )
P¡4 := Setstab(P, X,M);

{Either P¡4 is all of Stab(M), or Stab(M) = PM + P¡4b + P¡4b2 + . .. + P¡4bP- 1,

for some b e Pa, where (M)b = MÌ
choose a permutation a É P to represent coset Pa;

h := cosetStab@, X, M, (M)a-l);

{search P for h mapping M to (M)a-l. (Vt)ttu = çM)a-la = M, so ha e Pa is the

permutation b ttrat we wanûed.]
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IFh*NILTTIEN
P¡4 i= <P¡4, hæ;

TransSetStab := PMt

END; {TranSetStab}

4.2.6 TheFunction CosetStab

We would like to find a g € P mapping M to N where P is an intransitive p-group

actingonsetXandMandNaresubsetsof X.Theorbitsof Paretheblocks {81,82,...,

BnÌ of G.

Consider block Bi. Læt \4 = M n Bi and Ni = N 
^ 

Bi. If P contains a g mapping M to

N, then g maps Ml to Ni. Thus we employ a divide-and-conquer technique much like the

one we used to find a set-wise stabilizer in an intransitive group G.

We first find a g1 mapping M1 to N1. The set of all such 91 is the coset Stab(Mt)gt in

P. We now want a g e Stab@l) maruing M to (N)g1-1. Stab$4l) creates orbits in X -
B 1. We choose an orbit 82 and let M2 = B2 ñ M. Now we search Stab(M1) for 92

mapping M2 to N2 = B2 n (l'[)gt-l. If there is such a g2then (Mt)gZgt = Mt)gt = Nl,

and (M2)g zgt = (BZ 
^ 

(N)g1-1)g1 = @2)g1 n N.

We continue this process until all of M is used up, or until, at stage i, we find that no

such gi exists. In the latter case, we know that there is no g e P mapping M to N so we

return a nil pointer. Otherwise, we eventually have g = gkgk- 
1 . ..EZE¡ mapping M to N, so

we return g.
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FUNCION CosetS tab ( P: group; X: set; M,N : sub sets) :permutation ;

{Search P for an element g mapping M to N. P is intransitive on X.

If g exists, return g; otherwise return nil.)

BEGIN

H:=P;
X' := X;

M':=M
$i=€i
WHILE (g * nil) AND ( lM] > 0 ) DO BEGIN

find an orbit Bi of H on X';
Mi,=M'nBi;
Ni := (N)g-l n B1;

{ we want g1 mapping Mi to Ni. }
IF lMil* INiITIIEN

{no such gi exists. return NIL.}
g := NILi

EI-SE

IF lMil = 1 TIIEN BEGIN

use a breadth-first search to search the coset diagram for gi mapping Mi

to Ni (if there is such a gi.);

IF gi * NIL THEN BEGIN

{the set of all such gi is a coset of Stab(Mi), the point-wise stabilizer

of Mi = {x}.}
H:: StabMi);

g := gi'gi

X"= X'- Bii
M':=M'-Mi;
END {IF Bi * NIL I

EI.-SE

g := NILi
END

ELSEBEGIN{lMil>2}
{ H is fiansitive on Bi. See if H restricted to B1 contains a gi mapping

Mi ro Ni.l
gi := TranCosetStab(tl, Bi, Mi, Ni);
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F gi # NIL TTIEN BEGIN

{The set of such B1 is a coset of Stab(Mt in H.}

H := TranSetstab( H, Bi, Mi );
g := gi'g;

X' := X'- Bii
M':=M'-I\q;
END{Fgi+Ntr-}

EI,SE

g := NILi
END

END { WHILE }
CosetStab := g;

END {Cosetstab}

4.2.7 Function TranCosetStab

\Me wish to find an element g in the transitive p-group G acting on X, such that g maps

M to N, where M and N are subsets of X.

Let PrG be an intransitive p-group of index p. G = P + Pc +Pc2 +... + PcP-1, where

c e G and c e P.LetPM = Stab(M) n P. Then P = PMal + P¡4a2 + P¡4a3 + ... + PMak.

We know that Stab(M) in G is eittrerP¡4 orPM + P¡4b + PVtb2 +... + P¡4bP-1, for some

bÉ P.

SupposeStab(M) =PM+P¡4b +P¡4b2+... +P¡4bP-1, whereb e P. Furthermore,

suppose coset Pci contains some g = hci, where h is an element of P, mapping M to N.

Then (M)P¡4blg = (M)g = N. Consider PcJ = pj-i+i = (Pi-i)ci = 1cj-if¡si = j-kpsi¡ =

.^l-i(pg) = (pol-i)g.

If Pi-i contains something fixing M then PcJ contains something mapping M to N. b €

G, so b e Pctorb =dctwherede P. ConsiderPbx =p(¿ct)x =Pctx. Forwhatxdowe

have tx = j - i (mod p)? Since p is a prime and 0 ( t < P, gcd(t, P) = 1 and there is a

solution y to the above congruence.
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Therefore PMby is a subset of PcJ-i, so pcJ contains something mapping M to N.

Thus, if StabM) = PM + P¡4b + P¡4b2 + ... + P¡oUn-l and any coset Pci contains a g

mapping M to N, then every coset PcJ contains something mapping M to N. In this case,

we need only examine P itself to find such a g, if there is one.

If stab(M) = PMandg e Gmaps MtoNthen (M)P¡4g = M)g =N. PMg is a subset

of some coset Pci. We must search each of the cosets Pci for such a g.

FLTNCTION TranCosetStab( G:group; X:set; M,N:subsets) :permutation;

{G is a p-group transitive on the set X. Look for a permutation g c G such that g

maps M to N. If there is such a g, return it. Otherwise, feturn Ntr-.Ì

BEGIN

find an intransitive subgroup Po G of index p;

tlf lcl - pr w€ can take P = identity group.Otherwise, P will fix a block

sYstem.)

g := cosetStab( P, X, M, N);

IF g = NIL THEN BEGIN

{Either Stab(M) = PM and some other coset of P may contain the g we want,

or Stab(M) = PM + P¡4b + ... P¡4bP-1 and no other coset of P contains

such a g (since P doesn't).]

choose apermutation c e G such that c É P.

b := cosetstab(P, X, M, M)c-l);
IF b = NIL THEN BEGIN

tstab(M) = PM and some coset Pci may contain the g we want.)

k:= 1;

WHILE (k <P - 1) AND (g = Nn) oO

g := cosetstab(P, X, M, (N)c-k);

END{IFb=Ntr-}
END{IFg=Ntr-}

TranCosetStab:= gi

END {TranCosetStab}
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5. The Complexity of the Algorithm

5.1 The Complexity of Finding Aut.(X).

Given a 3-regular graph X with n vertices, and e e E(X), how many steps are required

to find Aut (X)? To answer this, we find the complexity of the algorithm at the end of

section 3.1.

What is the order of Gi? G1 < Sym(n) and Gi is a 2-group. Therefore lGil is at most the

largest power of 2 that divides n!. \Mhat is the largest power of 2 dividing n! = 1'2'3' ...'¡?

Every second number in n! is divisible by 2, giving us Ltt / 2J powers of 2. Every fourth

number is divisible by a second 2, giving Ln t a)more powers of 2. Every eighth number

is divisible by a third 2, giving us Ln / 8l more powers of 2. Continue this process until we

reach ¡¡" 2ltog2nJth ,ro-6"r, which provides one last power of 2. Thus we have in total

Ltog2 trJ Ltog2 nJ

ILnrziJ <

i=l i=1

Ltog2 nJ

n'Zt tzi
i=1

pLrozznJ - t¡ 1

Thus, lcil < 22n- 4. If *e use Schreier's algorithm to restrict the number of generators

used to represent Gi, we will need at most 2n- 4 generators.

Iæt ni be the number of vertices at distance i from the vertex vg (which is added on edge

e), i.e. the number of vertices in the set Vi.

Each vertex x in Vi can be adjacent to at most 2 other vertices in V1, since x is adjacent

to at least one vertex in Vi-1. Thus, l[V1, Vi]l < ni.
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Each vertex in Vi can be adjacent to at most 2 vertices in Vi*1, and each vertex in Vi*1

is adjacent to at most 3 vertices in Vi. Thus l[V1, VialJl S min( 2ni, 3n1*1).

Assuming we have a data structure representing Vi which allows us to check if x e Vi

in constant time, we can partition the vertices into V6 + V1 + Y2+ ... Vtt it 3n steps.

To find the orbits of vertices in V¡, we use a tree implementation of the merge-find

algorithm which merges smaller trees into larger trees and performs path compression.

Using this implementation, merges require constant time and n¡ finds require O(n¡'u(n¡))

time, where c[(nk) is a function which is not constant but grows more slowly than log n¡

[1]. Thus we will apply each generator g of G¡ to each vertex x inV¡, finding the roots of

the merge-find trees representing the orbits of x and (x)g, and (possibly) merging the two

trees. Thus, we will perform at most 2(2n- 4)'n¡ finds, requiring O(n'n¡'a(nt)) steps.

The algorithm which finds Ker(æ¡) and the sets which must be stabilized to ûnd Im(æt)

is given at the end of section 3.1.2.

The first step, to "mark all vertices in V¡ as unused", requires nk steps.

The outermost FOR loop, "FOR each vertex x in V¡ DO BEGIN", loops n¡ times.

Inside the loop, we examine each vertex y adjacent to x, or at most 3 vertices.

If y e V¡, we find the roots of the merge-find trees representing the orbits of x and y.

We also search the three vertices adjacent to y to find a q in V¡*1 adjacent to exactly x and

y in V¡, which requires 3'3 steps. We then look for a set containing edges of the same

type as xy using the same orbits as x and y. This can require at most 2'n¡'(n¡ - L) I 2

comparisons (if each edge is in its own set). Thus if y e V¡, we require 2 finds and 9 +

2'n¡'(n¡ -l) l2 steps.

If y e Vk*l, we find the set S, of all vertices in V¡ adjacent to y in 3 steps. 'We then

search for another vertex q e V¡a1, adjacent to exactly the vertices in S, in V¡, in 33

steps. Adding (q, y) to Ker(æ¡) requires n steps. Then we find the roots of the merge-find

trees of the elements in S' requiring at most 3 finds. To check if x is adjacent to w, if S,
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= {x, w}, requires 3 steps. To add S, to a set of n-tuples of the same type as S, and using

the same orbits requires at most 3'n¡'(n¡ - 1) steps (if all n-tuples are triples, each in a

different set). Thus, if y e Vk*l,we require 3 finds and 3'n¡'(nt- lXnt -2) l6 + 3 +

27 + n+ 3 steps, or 3 finds and 3'n¡'(n¡ - 1)(n¡ -2) | 6 + 33 + n steps. So, the

algorithm in section 3.1.2 needs at most n¡ + n¡'3'(3 + 3'n¡'(nt - lXnt -2) l6 + 33 +

n) steps. 9n¡ finds would require O(n¡'cr(n¡)) steps. Thus, the complexity of the

algorithm in section 3.1.2 is O(nt4 + n'n¡).

For the moment, let us ignore the next step, which is to stabilize all the sets of n-tuples

to find Im(æ¡).

'We next extend generators of Im(ru¡) to generators of G¡*1/Ker(n¡) using the first

algorithm in section 3.1.2. nk+l steps are required to mark each vertex in V¡*1 as

processed. The FOR loop repeats n¡*1 times. \ryithin the FOR loop, 3 steps are required

to find S*,33 steps are required to find ay e Vk*l also adjacent to S*, 3 steps are

required to map S* and 33 steps are required to find u and w. Thus, extending each

generator of Im(r¡) to a generator of G¡*1/Ker(ru¡) requires nk+1 + 60n¡*1 = 61n¡*1

steps. If the number of generators used to represent Im(¡ct) is 2n - 4, then this step

requires O(n'n¡* 
1 ) time.

The total time required for the algorithm at the end of section 3.1 is

h

3n + ), ¡o1n.n¡.a(n¡) + oln¡a + n'n¡) + o(n'n¡*1)J

i=0

h

= 3n +I o(n'n¡'a(n¡) + n¡4 + n'n¡)

i=0

plus the time required to stabilize all the sets of n-tuples at each level. We know that
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h

Inu=t,
i=0

and that

a(n¡) l log n¡ S log n.

Thus,

hh
) n¡'crln¡) < > n¡ log û = n log n.

i=0 i=0

Also,

hh
I"oo= ( >r,r)4=n4
i=0 i=0

and

h

I ,r'n¡ = n2

i=0

Therefore, the total time required is at most O(n4 + n2logn), plus the time required to

stabilize the sets of n-tuPles.

i,
Ì
{l
:?

i\

5.2 The Complexity of Finding a Block System.

Suppose G is a p-group transitive on a set X, where lGl = pk and lXl = x. What is the

complexity of finding a block system for G on X?

The complexity will depend on the size of the generating set used to represent G. If we

use Schreier's algorithm to reduce the number of generators, we will start with the idenity

group and add a generator only if it is not redundant (i.e. only if it allows us to expand the
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curent subgroup of G to a larger subgroup) until we have all of G. Since G is a p-group,

adding a generator must expand the subgroup by at least a factor of p. Thus, we will add at

most logn Pk = k generators.

To find a block system we use a merge-find algorithm. The implementation used is a

tree implementation with path compression, which merges the smaller tree into the larger.

A merge requires constant time. If we are working with a set of size n, n finds require

O(n.a(n)) time, where a(n) is a function that is not constant but grows very slowly tll.

A single find can require no more than log n steps.

To find a block system, we first merge-find the orbits of pairs of points in X. For each

pair {a, b} in X(2) and each generator g of G, we find the roots of the merge-find trees for

{a, b} and for ({a, b})g and (possibly) merge the two trees together. This will require

2'k'O(C*,2'ø(C*,/) steps, where Cn,,. denotes "n choose r".

The next step, in the worst case, requires us to find the components of each orbit of

¡(2). For each element {a, b} of an orbit, we find the roots of the merge-find trees

associated with a and b. The number of finds for each orbit is twice the size of the orbit.

Thus the total number of finds is 2'C*,2, requiring 2'C*,2'O(log x) time.

If we are forced to iterate the previous step, we will, at worst, apply each orbit of pairs

to blocks of blocks and then again to the merge-find trees representing the components (if

the orbit did not reduce down to one block). Thus, the total procedure requires

2'k'O (C *,2'cr(C*,2)) + 3'2'C *,2'O(1og x)

= O(k'Cx,2'a(C*,2) + C*,2'1og x)

=o(x2log x + k'x2' cr(x2)) sæps.

5.3 The Complexity of Set'wise Stabilisation.

In the set-wise stabilisation algorithm of Chapter 4, G is a p-group acting on X. 'We

wish to find Stab(M). If G is intransitive, the problem breaks down into at most lXl
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subproblems, so we consider the transitive case. Here we find a subgroup P of index p,

stabilising a block system of G. We first find the set-wise stabiliserP¡4 within P, which is

intransitive. Then either StablM¡=Pt ot else a coset Pa contains b fixing M, and

Stab(M)=P¡4+P¡4b+P¡4b2+...+P¡4Uf-1. Searching Pa for such a b is equivalent to

searching P for an element mapping M to N=(M¡a-l. the algorithm uses a recursive call

to find P¡4 and then chooses one coset Pa and examines P for b mapping M to N (when

p=2 there is no saving over seaching all p cosets, but when p>2, this will be faster). So

we want the complexity of searching P for b mapping M to N. The set-wise stabilisation

problem reduces to this in general, if we consider the case M=N.

Considernow the general problem of searching a group G for an element mapping M to

N. If G is intransitive, we first restrict M and N to the first orbit, getting M1 and N1, and

look for an element mapping M1 to N1. The set of all such elements is a coset of

Stab(M1). Having found such an element, we now work within Stab(M1), and consider

the second orbit, etc. If G is transitive, we find P of index p fixing a block system as

before, and examine the p cosets of P in G until we find the element b desired. P is

intransitive. Examining any coset of P requires examining the constituents of P acting on

the p blocks of G. So searching G requires searching p2 similar groups, each a factor of p

or more smaller.

The recursion will break G down into a block system and cosets of P, which will in

turn be broken down similarly until in the worst case we are working with a subgroup of

order 1. So it would seem that we may have to examine every element of G in the worst

case. But since the block systems successively partition X finer and finer, the maximum

depth of the recursion is log'lXl, at which point the block partition of X is discrete and M

and N are also partitioned discretely. At this point there are only p elements to check to

find the b desired. So at most nloglXl=¡¡l elements of G must be examined in the worst

case to find generators for Stab(M). The number of block systems which must be
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consrrucred is ar mosr 1+p+p2*...*ploglxl-1 = (xl-1)/(p-1) = lxl/p. Each requires

O(x2log x) steps, giving O(x3log x) steps in total for constructing block systems and

searching G for generators of Stab(M).

The set-wise stabilisation procedures are called for several different colours of edges,

but the number of colours is a constant. In the actual implementation used, the sets to be

stabilised are broken down as much as possible (see Chapter 6), but presumably, this

requires less work than calling the procedures exactþ once for each colour, without

breaking down the sets. So the number of calls is O(h), where h is the number of levels in

the graph. Since hcn, the number of vertices of G, this adds one power of n to the

complexity. Finally, the stabilisation is acting on pairs and tiples of vertices, so that in the

worst case lXl=e1n3¡, although this must be very rare, if it occurs at all. This gives a

complexity of Oflog n) for the entire algorithm'
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6. The Program

This chapter contains a description of the data structures used in the program and a

drscussion of how the algorithm \ryas implemented.

Since the program uses ¿urays whose dimensions are calculated at execution time, we

would like to be able to allocate an ¿uray of any size we choose during the execution of the

program. Standard Pascal does not provide execution-time dimensioning. Using the PVS

compiler, this facitty can be provided in a relatively simple fashion. Storage for variables

in a Pascal program is allocated by calling an assembly-language routine ampxnew.

Ampxnew is passed the number of bytes to be allocated and returns a pointer to an area of

the given size. This routine can be called to allocate a structure at execution time as long as

the number of bytes required for the structure is known and ampxnew is declared in the

following fashion: FUNCTION ampxnew( size: integer): poinær; EXTERNAL;

PVS provides a type pointer which is a generic pointer, i.e. it can point at any type of

structure. Thus, if ampxnew returns a generic pointer, the routine can be used to allocate

any type of structure.

Example: The following code allocates an Íuray B of integers which contains anumber

of elements given by the variable BSize:

CONST

HugeSize = 1000; { The max. # of elements an ¿uray can contain. }
TYPE

PtlntArray = @IntArray;

IntArray = arrayl l..HugeSize ] of integer;

VAR

BSize: integer;

B: PdntAnay; { A poinær to the array to be allocated. }

FUNCTION ampxnew( size: inæger ): pointer; EXTERNAL;

BEGIN

{ Calculate the number of elements we would like the array to contain. }
B := ampxnew( BSize * 4 );

{ B now points at aî affay of BSize inægers. }
{ To access element i of the array: }
B@til:=5;
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END;

Unfortunately, the Pascal debugging routine which checks indices at execution time will

not be very helpful for arrays which were allocated at execution time. As far as the index

checking routine is concerned, B points at an array of size HugeSize. Thus, the st¿tement

B@[ Hugesize ] := 5; will not be flagged as an effor by the index checking routine if an

array of size less than HugeSize has been allocated. The programmer must take extra care

to ensure that he does not attempt to access elements for which no storage was allocated.

Since each vertex of the graph Z for which we are finding Aut"(Z) is adjacent to only

three other vertices, the data structure representing the graph Z contains an adjacency list

for each vertex. The data structure type Graph is actually a pointer to an array. The aray

is allocated at execution time. Each element of the array points at a structure representing a

vefrex which contains the adjacency list for that vertex.

The partition Vi consists of all vertices at distance i from the vertex v6. Vi is

represented by exchanging pointers in the alr:ay Z so that lVll contiguous elements of the

array point at the records representing the vertices in Vi. Thus, we need to store the

indices in array Z of the first and last vertices in Vi. Since the record representing veræx i

will not necessarily be pointed at by element i in array Z,we will also need array IndexMap

which is a mapping fromvertices to their indices in array Z. Thus, Z@[ IndexMap@l i ] l

points at the record representing vertex i.

The type permuation is actually a pointer to an array which contains the permutation.

The array is allocaæd at execution time.

The data structure representing a group is much as described in chapter 2. The records

representing the transversal elements are linked together so that the orbit of the

distinguished point can be processed without examining the points which are not in the

orbit. The following are the type declarations for the group structure:
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GenName ='A' , .'Z';
pt = l..HugeSize;

permutation = @permtYPei

ptcenElt: @GenElt;

GenElt = record { generator structure }
Gen: permutation;

Genlnverse: Permutation ;

GenSymbol: GenName; { used for printing purposes }
NextGenElc PtGenElt { next generator structure in list }
end;

PtrTransElt = @ TransElt;

OrbitArray = @OrbitArayType;

OrbitArrayType = arraYl pt ] of PdTransElt;

TransElt = rêCofd { coset representative (fiansversal element) }
a: pennutation;

alnverse: Permutation;

NextTransElt: integer

end;

TransRec = record { indices of the lst and last ffansversal elements in a

linked list of transversal elements )
TransStart: integer;

TransEnd: integer

end;

Group = @GroupType;

GroupType = fecofd { Structure representing a group }
Degree: pt;

Order: inæger;

Gens: PtcenElt; { a pointer to a linked list of generators }
Point: pt; { the distinguished point of the group }
Orbiu OrbitAnay; { the orbit of point }
Trans: TransRec; { linked list of transversal elements }
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Stab: Group { a pointer to a structure representing

Stab(PoinÐ ]
end;

The merge-find algorithm is used in various places in the program. The smaller

merge-find tree is always merged into the larger and path compression is used to speed up

the program [1]. The merge-find data structures consist of a mapping from the objects to

be merged to their merge-find pointers (an array of pointers allocated at execution time).

The structure containing the merge-ûnd pointer is a variant record. It contains the pointer

to its parent in the merge-find free if it is not the root of the tree. If it is the root of the tree,

it contains the number of elements in the tree. If we want to access all elements in a

particular tree then the root of each tree also contains a pointer to a circularly linked list of

elements in the tee, which is updated every time the tree is merged with another.

When we are examining edges [Vi, Viì and [V1, Vi*t] to find the sets of n-tuples

which must be stabilized, we create linked lists of structures representing sets of n-tuples:

one list for points, one for brown-one edges, one for brown-two edges, and so on. Each

structure representing a set of n-tuples contains a pointer to a linked list of the n-tuples in

the set, the type of n-tuples, the size of the n-tuples, the number of n-tuples in the set,

whether the n-tuples are single or double, and how many n-tuples are possible of that

particular type using the same orbits as the n-tuples in the set. After all sets of n-tuples are

found, the sets are reorganized to reflect the amount of work each would take to set-wise

stabilize. In some cases we can use Schreier's algorithm to find the set-wise stabilizer. If

a set contains one n-tuple and the points in the n-tuple are each in a different orbit, then the

set-wise stabilizer of the set is the subgroup which point-wise stabilizes each of the points

in the n-tuple. Thus, if we use Schreier's algorithm with the points of the n-tuple as the

first points in the base used, we can pick the required subgroup out of the tower of

stabilizers produced. If a set contains one n-tuple of size three where two of the points are
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in the same orbit and the third is in a different orbit, then the set-wise stabilizer of the set

must point-wise stabilize the third point and set-wise stabilize the first two points. Thus,

to find the set-wise stabilizer in this case, we first call Schreier's algorithm to ûnd the

point-wise stabiüzer of the third point. The group we want is a subgroup of the point-wise

stabilizer. The point-wise stabilizer may have different orbits than the original group. In

particular, the first two points may now be in different orbits so that Schreier's algorithm

can be used again to find the set-wise stabilizer of the first two points. If the first two

points are still in the same orbit then the routine TranSetStab must be used to find the

set-wise stabilizer of the two points. For sets which must be stabilized using the SetStab

routines, if the total number of n-tuples possible of the same type using the same orbits as

the n-tuples in set A is m and the total number of n-tuples possible of the same type using

the same orbits as the n-tuples in set B is more than m, then it would probably require

more work to stabilize set B than set A. So we order such sets in ascending order

according to the total number of such n-tuples possible.

rWe always üy to choose the set of n-tuples that would require the least amount of work

to stabilize. Once we have stabilized a set of n-tuples, the orbits of the points may be

broken into smaller orbits and some of the sets of n-tuples may be broken into smaller sets.

These changes may cause the ordering of the sets to be changed. However, rather than

going through all the sets and reordering them, an approximation scheme is used to find

the next set which would require a lesser amount of work to stabilize. The set which was

the second best choice when we chose the previous set will probably still be close to the

head of the list if we reorganized all sets. If we reorga¡ized that set and chose the subset

requiring the least amount of work to stabilize, we would probably have a good

approximation to the best choice and will have saved ourselves a great deal of work.

If we choose a set M that must be stabilized using the SetStab routines, we must pass

both M and a set X of n-tuples that contains M and is already set-wise stabilized (we use
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the set of all possible n-tuples of the same type as the n-tuples in M and using the same

orbits). rüithin the Setstab routines the sets of n-tuples are stored as Íurays of n-tuples.

Each n-tuple is sorted so that if the n-tuple is stored as (a1, ã)t ...t an) then al < aZ < ... <

an. The n-tuples within the array are sorted so that if (a1, ã2,..., an) comes before

(b1,b2,..., bn) then a1=b1,a2=b2,..., aicbi for some Lci<n. Thus, when we want to

find the intersection of two sets in SetStab or Cosetstab (for example, to find (N)g-ln BÐ

we can search one set for elements of the other more quickly.

To find a group PrG that fixes a block system for G, we use the method described in

section 4.2.4. We produce a tower of stabilizers with G at the top and P under G. For

group G, the distinguished 'point' is one of the two blocks in the block system. The orbit

contains only the two blocks. The tansversal element associated with the distinguished

block is the identity. Thus, we can dispense with using the usual structure used to

represent an orbit and store only the ftansversal element for the second block. This orbit of

trvo blocks is processed using a special version of Schreier's algorithm which manipulates

blocks and n-tuples instead of points. Group P, the next group down in the tower, and all

groups beneath it in the tower are created using the regular Schreier's algorithm which

manipulates points. Thus, P is represented as a normal tower of stabilizers. This

representation is very useful in routines TranSetstab and TranCosetStab when we try to

find be G such that be P. All we need do in this case is to test each generator of G for

membership in P using the routine GroupElement. One of the generators will not be a

member of P since PcG.

In routine CosetStab, we ûry to find g in group G mapping set Mi onto set Ni. If M1

and Nl each contain only one n-tuple, say Mi=tm) and Ni={n}, then we search the coset

diagram of G mod Stab(m) to find g mapping m to n. Mi is contained in the orbit Bi of

n-tuples. We allocate an ¿uïay of pointers to transversal elements to represent the orbit Bi,

set the transversal element of m to be the identity permutation, and then perform a
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breadth-first search to find the transversal element associated with n. We then find

Stab(Mi) which is Stab(m). Stab(m) can be found using Schreier's algorithm. The

distinguished 'point' associated with group G, the top group in the tower, is not a point,

but is an n-tuple m, and the orbit of m is an orbit of n-tuples. Stab(m), the next group

down from G, and all stabilizers beneath it in the tower can be created using the standard

Schreier's algorithm working with points, but a special routine must be written to work

with group G at the top of the tower since n-tuples are manipulated instead of points.

We include a listing of the main procedures used, omitting input and output procedures,

procedures which dispose of structures which are no longer useful, and other such

procedures in order to save space. Because the algorithm to test if X = Y joins them by an

edge, which is then stabilized as Aut.(Z), where Z =X + Y, our program is a program to

compute edge-stabilizers. The listing of the program follows the bibliography.

We also include a listing of some sample output with the program. The graph in

question is the Heawood graph [2] with one edge fixed. The execution time for this graph

was 1.72 seconds on an Amdahl5850 computer. A similar calculation for this graph using

the graph isomorphism program of [8] required 0.07 seconds. This program also

produces a graph certificate.

In conclusion, it seems that the group-theoretic algorithms for graph isomorphism are

primarily of a theoretical interest. The present algorithm is restricted to graphs with

maximum degree 3. Although this is a polynomial algorithm, the combinatorial algorithm

of t8l seems to perform better. Although there are a number of places where the program

could have been made more efficient, it would still be only for graphs with maximum

degree 3. The generalizanon to larger, fixed degree complicates the problem enormously.
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* * *, * * * * * * * t * * * * * * *a * ** t * * * * * * * * * * t * * * * * ** * * * * ** * * t t i* t * t * * * * * t * * *

MA¡NLtNE 
PnOGnÀM

-L:é broqran reads in tuo 3-regular gråphs x and Y. one edge

¡,:i-år:ñ":tlgl,!:;n?:;",:!fl"i';. Tni"Ëå?3å'in!'3iã,åi 3åË.'å,,
tn!1i i-to the chosen edge e' in graph v'
graHil-"-Ã.ct is done by creåting a new graph z froh the graphs

'Ï---r. ihê followinq nanner3
,{ :": ;.;-vårrex v0_is ádded- to.graph x on edge e (this verte¡- ï--å-"s vertex 1 in graph z).

- i'iã*-".tt.x v0' i5 åddàd Èo gràph Y oh edge e' (this vertex
- i--Ãr"s vertex 2 in graph z)'

l'ãi" edoe e" is added fron v0 to v0'
-"] å"Ëãi""p-of the automorphiam group af-the-9raph-z that fixes'l\7^-l;'ti.L. either fixes or Bwaps v0 and v0') ís found. tf
9Ï!".i'¡"toup sontains an autonorphism napplng v0 to v0' then
lijãrã-t; an'isomorphish from x to Y. napping edge e to edge e"

Representètion of the graph z¡
Tvpe Grapn:
"'- ^n 

ãrray of pointers to adjðcency lists (one list for
each vertex in the graph).

- àllocated at execubion tine.
---. GraphElt;
"-l i siructure representing one vertex in the graph

-;ôntains the vertex, and tist of the verticeE adjacent to
ihis rerte" (there HiIl be 3 adjôqent vertices since all
gråphs tested are 3-regular).

Reoresentation of subgrouP:"-'ittã sr¡group found i5 iepresented as a toser of point
.r"úiii"e.ã. Èach group in the tower is represented by the
ãiIã structure Grouþ. r'lhile the subgroup is being found. -iiiårneaiate graups are often represented as just ð list of
å"nJiuior" (ile. lust a Iinked list of GenEIt structures) '
permutation - permutations ôre ih vector form

- lhe type permutation is a poínter to an
exedutiah-tlme dinensioned array

crouD - ô structure representinq a group as a stabiliser of' a point that the permutêtions act upon and a
trãnEversal far that stabiliser

- Degree - the number gf points being pernuted
- order - the order of the group
- Gens - the generators of the group

- a pointer to a linked list oI generators
(GenElt's)

- Point - the point for which the stabiliser is found
(and the Orbit) tithin the group

- Orbit - the orbit of Point within the group

- a pointer to an execution-time dinensioned
ariay of pointers to transversal elehents
('rrañsElt-'s). rf Orbit@[i] is niI then point
i is not in orb(Point) other{ise orbit@[i]
points at the coset representative
correspondlng to Paint i

- Trans - a structure used to link elements in the
orbit together in a gueue

- Transstara - inder of the first point in the
orbit

- 'fransDnd - index tg the last pgint in the queue
of orbit elements

- stab - the stablliser of Point
- pointer to another group Structure

GenElt - ê structure representing a Eenerôtor
- Gen - a pointer to the generatar
- cenrnverse - a pointer !o the inverse of the

- Gensymbo
- NextcenE

l-
lt-

qeûerator
the letter nahe given to the generatgr
þointer to the next GenElt structure in
the list

TransElt - a Etructure represénting a transversal elehent
- a, a¡nverse - polnters to the transversal element

and its inverse
Next'¡rênsElt - the lndex of the next transversal

element in the queue

***i*******r***********tt**************************a***************a*J

PROGRÀM naini

CONST
hugesize = 10000t

IYPE

{GRAPH}

Graph = @GraphTypet
GraÞhEItPtr = @GraphElti
craph.fype = êrray[ .t..huges

GraÞhElt = RECOnD

ize I of GråDhEltPtr i
I 1 'tecotd/vêrlex ih graPh ì
{ contalns info about a vertex

in the graph z

3 I of inteqer
{ the vertiées to which this

vertex is adjacent l

vêrlèt ¡

adjvert
int,eger i

ex: array[ 1

ENDi

{ c R o u P (oRBtrs ÀRE Po¡NTs oNLY) i

-69-



¡i

o"'I'T" .;';:;; i.T
!i;[v6:':"';':í?
PtrcenEltrÉcGGenE
Geîþ'" cen ¡

{ generator symbol representation }

rntype ipt I of pt.t

1t;
permutat

generator Structute )
oni

{ generator
nåne of qenerat,or

inverse ÌGenl nverae 3

cenSYmbol ¡

NextGenElt ¡
end;

permutôt
GenName ;

ton

PtrcenElt

;l!i!ãîi;r;i':;i::iii:i":i"i"::,"::;,::3'È';, ".
aI nverSe ! perhutâtioni
NextTransElt: ihteger
end i

lransRec = tecord
lranEStart
TranSEnd,
end i

int
nteg

eger i
er

croup s @GrouPTYPe;
õrouþrvpe =råET3Ii o.,

Order: integer i
Gens¡ PtrGenEIti
Point 3

Orbit I
TranS ¡

S!ab ¡

end i

ptt
OrbirÀrrêyt
'rransRec i

Group

VAR
G¡ Groupi

DEF
zi Graphi
zsizei integeri

FUNCT¡ON amp¡ne*( sizel integer )r pointeri EXTÞRNÀL;

{ THE MÀIN PROGRÀM HÀS NO'T BEEN INCLUDED HENE SINCE IT CONS¡STS
' úõsriv oF rNpur ÀND ourPUT, PLUS À cÀLL To rHE RourrNE Àurp

i.iúiõi riNns rHE suncRouP oF THE ÀuroMoRPHrsM GRoUP or GRÀPH z
ôrÁii¡rzrnc rHE EDGE r.RoM vERTE¡( 1 '¡o vERTEx 2

******l******t**********t**************************'a******tt*****

FUNCTION MuItPeTNg

This function returns ê pointer to the pernutation pr9duct
of, two permutations pointed at by h and g'

NOTE¿ parameter n is the number of paints being pernuted'
*t**t****t*****tt**************************t************t********* l
FUNCTTON MultPerms ( h¡ pèrnutationi g: pernutationi

n¡ I)t )¡ Pernutationi
vÀR

a¡ pernutationi
i I pt;

REF
zSize: integer i

BEGI N
a ¡= ami¡xnes( ZSize*4 )t
FOR i r= 1

a@[ i I ¡
MultPerms;=
END' { MuL

TOn
-g@

a

DO
t h@t i J It

tPerms ]

{ I * ** r * ¡ i * * * * * * ** * * t * ** * * t * * * * * t * * * * I * * * * * } * ** * * * * * * * I * * * *** * * I * * * *
r*
i FuNcTtoN tcroupt*
* This function returns the identity group which i5 t
* reoresãntãd ¡v t based GnoUP structuie çhish has *
* ---:-ñõ se"eiátòts (nil cENs pointer)
* -sioíãl-oiuitofparanete!p=<pì *
t and the coset rebresentative of þ is e *

r NorE¡ parameter n is the number of points being pernuted' i
*i*****************t****************a***t*******************t***** Ì

FUNCTTON rcroup ( p! pti nr pt )i Graupi
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øt7i GtoÚPì
'toito"i;' 

P¿ rTra n 5E r t ;

zgizer inLeger ì

'Ecåi;[ei?]å *
ßEGI N

Deqtee r=,ni
order :- j;

3Í3ïr'i.'å*å.new( zsize*4 ) ;
nee( Ptrans /;
Siii.io'" i= ampxnew( zsize*4 ) t
Íit"ns@.a¡n"erse ¡= ampxnee( ZSize*4 ) i
tõnit=lTOnDo

BEGI N
.trans@.a@[ i ] := i;
ãiiãnso'a¡nverEeoI i ]:= i;
õrbit@f i I r= nil;
END; { FOR ,

Point r= Pi
oirans@,nextfransElt ¡= 0i
irans,Transstôrt != Pi
Tråns.TransEnd ¡= P;
orbit@[P] ¡=Ptransi
stab r= nil;
END' { 9trrH ,

rGroup i= 9rp
END; { ¡GT9UP J

******1***********i***********************************************

PROCEDURE ÀddToGenerå tors *
This function adds the generator G (a perñutêtion) *

to the generator list GENS' The inverge of the generator *
iå tou.á.

****************t*t*******t****************t********************* ]

pRocEDUnE ÀddÎnocenerato"", liooå:i:1.åi?åå"u.r,
nt pt);

vÀR
newgen¡ PtrGenEl'tt
i: pti

RET
zsize¡ integeri

BEGI N
new ( newgen );
newgen@.Gèn i= ampxneu( zsize*4 )i
newõen@.Genrnversè ¡= ampxneú( zsize*4 )ì
FOR i ¡= 1 TO n DO

BEGI N
neugen@,cenGI i ] := 9@[ i l;-
neÞéen0.cenrnverseGf 9@t i I I ¡= i;
END; I FOR J

IF Gens = nil THEN
hewgeno.GenSYhboI !='À'

ELSE
rF Gens@,Gensymbol . 't' ÎHEN

' newgen@.Gensynbgl¡='.7'
ELSE

IF Gens@'GensymboL = 'R' THEN
neHgen@.GensymboI i='s'

ELSE
nergenG.Gcnsynbol l= succ(Gen5@.Gensymbol) t

nesgen@.NextcenElt i= Gensi
GenS ¡E neygên
END; { Àdd'focenerators }

{************************************l**t*t*t*t******t*************
* FUNCTION lnvert.Perñ
* This functian returns the inverse of the given
* pernutêtion, 9. The ottrer paraneter' n, 15 the nunber of
* points being permuted.
** t * ç * * * * * * * * * * * * * t * * * * * * t * * * * * * * * * * * * * ** * *** * * * t t * * * I * * * * * * * * * * i *

FUNCT¡ON tnvertPerm( gr pernutêtioni n¡ pt )l pernutation;

vÀR
9pr perñutåtion;
i: pti

REF
zSize¡ integeri

BEGI N

9p i= ampxnew( zsize*4 )t
FORi;=lTonDO

gP@[g@[i]l:=i;
InvertPerm 3È gl)
END; { InverCPerm }

{ * *** * * ** * * * * * * * t * * * * * * * * t* ** * ** t*t * * * * * * * ** * * I *** * * * * * l* t * * * ***** *
tr
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ruNc'rl ON dent ty

func t o re urn tr ue if the
gtherwi

pe muta t ion pa ssed to t
fhi ty pernuta on EE t etur ns få16ê
the de nt

s p0! be ed
pa ra neÈer 5 hê n unbe o nt n9 permut

NOfE

**11**i****
den t ty p pe rmutô t 0 n pt boo ean

ON

boglean;

ÉEGl!"n¡i¿ypern := ( P@[ 1 ] = 1 );
j,*iiu'io.ntl.vperm and ( i <= n ) Do

BEGT N

iããåiitYPu" ¡= ( P@[ i ] = i );
i-.::'iixr¡,a]

,^"iiíiy ¡= identitYPern
åip; { IdentrtY }

{ta****t**r*****************t*************t¡**t*l*************t****

I 
"oo""ouou 

cârcurateorder *

| +¡i. nrocedure calcul'êtes the order of each group in the *

I t",åi'ãr-liÁbitisers ror c' :
la****"*******************ttr*********t***l*********************** Ì

pnocEDURE calculateorder ( VAR G¡ Group )i

vÀR transize: ¡nteger;
t ¡ integer i

"uoll oa'o"n" <> nir 
'HENBEGf N

{ iind tta.stç¡5El 5ize }
t i= G@.Trans.TransStarti
transize ¡= oi
WHTT.E t <> O DO BEG¡N

END
IT

transize ¡E transize + 1;
t:= G@.orbit@[ t ]@.NextTransEIti
r f HHILE I
G@.stab = nil THEN
GC.Order ¡o transize

ELSE

BEGI N
CalculateOrder (

G@.order !. tra
END { EI.SE }

END {IF}

c@. Stab ) i
nsize { G0.Stab@.Ordert

{

ENDi { Calculateo¡der }

*****l*****************************i*****a************************

PROCEDURE ÀddoTbit

This Þrocedure addE the point x to Orbit ênd the coset
¡eoreseniative of x to the transversal. The coset represen-
l;ii;;-i;-;h. p;rmutation H nultiplied bv the pernutation G'

NOTE¡ pâraneter n is the nunber of points belng pe¡nuted'

********t**t*************t**l*****************************l**** ]

PROCEDURE Àddorbit (x¡ pti
vÀR Orbit! OrbitÀrrayt
vÀR Trôns! Transneci
hi Pernuta¡ion.;
9¡ Pernutationi
n! pt )t

vÀR
new,rransElt ¡ PtrTransElti

BEGI N
neç(nerTransDlt)i
orbit@[ x ] := newTransElt;
newTransElt@,4 ¡= MultPerms( h, 9' n )t
nãriranãpftO,arnverBc i= rnvertPãrn( netTransElt@'4, n ) i
newTransElt@.NextTransEIt ¡= 0i
Orbit@['¡rans.TransEnd ]@.NextTran3Elt ¡= xi
Trans,TransEnd l= xi
END; { Àddorbit i

{ * * * *rt ** * ** * * * * ** * * * * ¡ * * * * * * * * ** * * * ** * * *t * * * * ** * * t * * * * * ** * * * * * * * *

FUNCTION GroupElement
r¡his function teturns true if pern G

group GRPr otherHige it returns fal9e'

ÀLGORI THM

vÀR
H¡ groupi
h: Dermutationi
qinGnP, done¡ booleani

BEGI N

is an element gf
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dinGnP, dgne 3= falgei
í.t=9i
Ú != GRP'
ii¡rir,B xor done Do

EEGIN
tF h - identity THEN aEGIN

gincnP :' truei < the idcntity is in all groups
done t= true
END<IF>

ET,SE BEGIN
WIlrH H DO EEG¡N

k ¡= Point;
x a- (k)h;
rF x ie not in orb(k) THEN done l= t¡ue
ELSE BEGIN

a ¡= coset rep corresponding to xi
-l

h r= h a ì
H !- ståb(k)
END < ELSE >

END < }I¡TH >
END < ET,SE >

END < }¡HIÊE >

nETUnN( ginGnP )
END; < GroupElenent >

:*t** **, *** ** ** * * * * l* ** t * *** * * * * * * f * * * * * I t* * * * * i * ** *l * * * * * * * 1* * * t *

FuNcrroN croupErenenr, B;"?"¿i:lËil"l¿or.".,
vÀn

hgrP! GrouPi
h,hp¡ Pernutatroni
gingrP, donei booreani
x¡ Pti

REF
zsizer integer;

BÞGI N
gingrp r= fôl3c
done ¡= taIsei
h r= anpxnew( Z
FORx¡=1toz

nalr1 3= 9@l
hgrp r= grpt
w¡¡lÈE not done

BEGI N

si
si
xl
Þo

( h, hgrpG,Degree ) THEN
{ identity i6 in aIl groups

ze*4 );
ze DO

lF ¡dentity
BEGI N
glngrp
done i=

¡ = truei
END {

true;
tF Ì

ÞLSE { h is not the identity }
IF hgrp <> nil ÎHEN

rF hgrp@.Gen6 - nil THEN
done 3= true

ET.SE
}¡ITH hgrp@ DO

BEG¡N
x ¡- b@[ Point ]t
IForbit@lx]-nilTHEN

done i= true { x is not ln orb(Point) }
Ef,SE

BEcrN {x is in Orb(Point) I
hp .* uultPerns( h, orbit@[ x. ]@.arnver3e,

diEpose( h ), 
hgrpG'Dcaree );

h ¡= hp,
. hgrp !- hgrp@.Stabt' EÑD { EI.SE I

END { ¡{rrH }
ELSE

done !È ¿rue
END r { wHt f"E }

dlspose( h );
GroupElement 8È gingrp
END; { croupElenent }

* I * * * * * ** tr *** t * * * * * ** t * * * * * l* *t * ** * * * * * * * * * *** * *** * * * * ** * * * ** **t *{

PROCEDUNE ÀddGen

This procedure expand6 the group GRP by adding a ncw
gcneratoi, G, Eåch ncw chord the nes generator creåtes in
ihe Schreier coBet diagran for S'¡ÀB(Po¡NT) (same as the
Orblt of POINT) {ith the tree given by the coset repreBen-
tativcE creates another generator for sTÀB(POTNT) (and i5
added to STÀB(POINT) by a rêcurElve call to ÀDDGEN as l.ong
as it is not E rèdundañt generator).

The orbit of POINT is expanded by applying the ner
generator to each clenent alreådy in the Orbit' tf the
ñew generator merely takes a polnt in the orbit to another
polnt in the orblt then a neH chord ha6 been found.

VÀRIÀBT,E DICT¡ONÀRY

g - pôranetcr - å generator in pernutation forn
trp - pâ¡aneter - the group to vhich g shouLd be added

Ep - a generator fo! thê ttablliBer of group grp found uhile
exÞanding the orblt in grp using glp's net generator 9

- in pernutation forn
a - polnter to group structure u3ed to åpply eåch generåtor

of grp to new Orbit elenenta

ÀLGORI TH¡t{
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Addcen(9¡ 
pernutationi G3 group)i

< adds generstor 9 to group G >

SEGI'N'! c Do I¡EGIN
"""¿ã q èo Gens, the generator6 of G;

ñon ãac¡ k in Orbit Do BEG¡N
r ;= (k)s;
rF , is not in Orbit THEN DEG¡N

add x to Orbitt
construct coset representative for x
END<IF>

E¡,SE BEGI N
conpute 9', a new generator for stab(Point)
tF NOT GroupElenent(9', Stab) THEN

Àddcen (g' 
' stab)

END < ELSE >

END' < FOR >

¡F generator I has exlended orbit THEN
FoR each new point k in orbit Do

FOR eaÇh a in Gens DO DEGIN
x ¡= (k)a;

bit THEN DEGIN
add x to
construct coset repreSentative fo! x
END<IF>

ELSE BEGIN
compute g', å ne{ 9e
¡F NÒT GroupEl.ement(

Àddcen(9" Stab)
END < ELSE >

END < FON >
END < I{I fH >

DND; < Addcen >

nerator for Stab(Point)
g" stab) THEN

iaa*************************************************************** ]

PROCEDUnE Àddcen( g¡ pernutationi
VÀR grp¡ Groupi
bage: DaseÀrray;
vÀR Ba3elndexr integer) ;

vÀnx¡ ptt
q: integeri
õp¡ pernutation;
b! PtrcenElti
qEtart I integer;
p¡ pernutation;

RDF
zsize¡ integeri

outputi te¡ti

AEGI N
IF grp è nil

grp r= IGr
BaFeI ndex
END' { ¡

qstart ¡= 0i
WITH grp@ DO

BEGI N

THEN
oup (

BEG¡ N
base@ [ Bas etndex l, zsize rì

1

F}

ÀddToceneratgrs( g' Gen5,
q ¡= Trans.lrðnsstart;
WHILE q <> gstart DO

DEGIN

grp@.Degree ) i

x ¡= s@[ q ];
rForbit@[x]=niITHEN

BEGI N
Àddo¡bit( x, Orbit,'¡r

grp@,Deqree
rFqstart=0THEN

an5
);

{ r is not in orbit l

, orbit@[ q ]@.ô,9,

dStart ¡= x
ENÞ- { IF }

ELSE { got a chord in O;bit from q to x
chere the lree ls defined by the caset
reps corresponding Èo each element ih
orbit. Ì

BEGIN
p ¡= MuItPerms( g, Orbit@[ x. ]@.alnverse'

qrP@ 'Degree ) i
gp ¡È MultPerms( ór-bit@[-q lG.a, p. grp@.Degree
dispose( p );
IF StAb = NiI THEN BEGIN

Stab 3= rcroup( base@[ Baselndex ],
grp@.Degree ) i

Base¡ndex ¡= Baselndex + 1

END' { ¡F }
IF not GroupÞlement( 9p, Stab ) '!HEN

Àddcen( 9P, sÈab, base' Baserndex )i
di spose ( 9p ) ;
END; { ELSE }

q ;= orbitGI q ]@.NextTransElt
END; { WHILE }

WH¡r,E qstart <> 0 DO
BEGI N
b != censi
ltHrLE b <> nil DO

BEGI N
î ¡= b@,Gen@[
IF Orbit@[ x

BEGI N

qstart I i
I - nil THEN { x is not in orbit }

s, orbit@[ qstôrt ]@'4, b@.GenÀddorbit( x, Orbit' Tr
grpG . Degree

END {IF}

¡

ELSE

an',ì
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DND

1"91" 
"trr""tns( 

b@.Gen, orbit@[ r ]@'a¡nverse'

I"',- ilit;3:fll?'olit..r qstart Jo'a. p, s:p@'Deeree )t

Ít"gi:¡'t:"iå"IïBi ii:lËr Baselndex r,.
grp@.Degree )i

Dasetndex := DaEeIndex + 1

END' { IF I

'o ãoI'ctouPelenent( gP, stðb i ÎHEN
-- Àddcen( qP, srâb, baee' Baaerndex /;
riispose( 9P ) i
n¡¡oi { ELSE t

!..:: oti^illfÊ"Ï"
--.;i;' ¡= òrbit@l qstart lo.NextrransElti
;ñ; { wHrLE t

{ }?rTH ,
f Àddcen Ì

rUNCTION Groupcen

-':- r,rnction is passed a Iist of (possible) generators

rr]: lã::rii,' Í!m,;:-tn: B::i;";:i:'iiluoi,'î1.'"3åî! i.,o, 
"

füä'"iir' n"."f,i"3::å ?Ê"3åî13i3;,s arsorithm, which buirds

"" il: ;;;;;';;;";;ió' bv senerator' a' a toser ôr

'::!iiilÎlft l:f, '.lio?ìîl.lå"::: î.oi:"":!å"Ì":là".å13""u
;ii;'å;ä;' lhev shourd be put into the tower'

NOÍE¡ parameter n is the nunber of points being pernuted'

Àr'Gon:TTl: ident i tv groupt
Ëóñ each q in Genlist Do

rF q iå not in grp THEN
i add the generôtor to grp >

Àddcen(9,grp)

t I t ** t * i * t * *a * * * * * * * * * * * * * * * * * * * * ** * * * * t* * * * * * ****t***********

**t*****t*********a******a*************t****t******t************ 
I

ON Groupcen( GenËist: PtrcenElt; n¡ pt" bå5er
cr oup i

BaseÀrray ) t

qrp¡ Grgup;
o¡ PtrcenElti
Éaselndexr integer;

zsize¡ inte
OutÞut 3 tex

9er iti
BEGI N---s;p r= rcroup( base@[ 1 ¡, n );

BåselndeÌ ¡= 2i
g ¡= GenList;
fÌHltE 9 <> nil DO

BEGI N
iñ-"át c.otpnlement( g€.Gen, 9Jp )-THEN .

Àddcen( à@.Cen.9rp, base, Baeerndex 
'i9:= g@,NextGenEIt

END 
' 

{ }THI LE }
calculateorder( grp );
Groupcen ¡= 9rp
END; f Groupcen I

{ t** * * * * * ** { * * * * * * * * * ** ** * I ** * * * * ** * * * * * * **i *¡ * * ** * * * ** t * ** * * * * * ** * * * *

REF

FUNCTION ÀUtE

This funstion ls påsBed ? sra¡t¡ z-and the nunbe¡ of vertiÇes
¡t åiiãn-ã"iËÃi"ttt.i zõlá"j ' 

- rl¡is function. rinds the subsroup
;i ;É;-;";";;ipiiut g.oúp ãi z urricn fixes the-edge e between

"e"iiå"å-i aîd'2, .tá tãitiÃ" the group as a tower of point
Etabi!.izer3,

The vert.ices are partitioned accorqing to the distance from
.n i.ã"inÃi"-tãrte^ ïo õn-ir'ã-eagt joiniñg.vertices 1 and 2'
-" vT';";;:å."iÃ-ãit veitices at-diátance i rron v0'

;-";;;;;;-;;-súué.apns of z is created ð5.fallowsi
xl Ïs ãñå-iuuérapn-õr !'-iiir' ""ilt" set-v'l+v2+'"+vk and edee
Ë.t-ËriÏúriüãi'liivL-llJ'Ã"ã ari-eages in z rram vk-1 ta vk'
vritten Ivk-1, vk].--'ir'ã"iååütriy túbg.oun is exPanded to be.Àute of x1' then
exÞanded again t'a ¡. ¡uiu-ãt-iã, "', untir Àute of z i5 found'

Let ck be the subgroüË;; ïñå;";áttrphism group of xk fixing
u¿sã"å,-'rãi ;i; õi;í -i-ci uã the hononõrphisñ restrictine
;iå;";;. ãi-cL*l {autonorlni-ms af graph.xk+1) to groph.xk'
tr'õ ã*Ëã"iio" of group õ-¡--iå-gi""p õ¡*ì ¡s done bv finding.the
lernår'ðt-tne r¡omónorþ¡tIãn-nlt'and'by fi,ndin9. !he image of Fk
(;iri;; i; åxpanded to- erãnents of Gk+1/Ker (Fk ) ) ''-"i!'JrËil"iã-äËiã"ãã"ã-ui-iiãnspoeitions consiEtine or two

"u"ïiåà""i"-ülii"*rt-ióit aiä conteèted to exactfi' the same
;;;;i;:; i; nii. iüiËür-i! ;;;";úË;i""; ði ct'.i'nicr' 3et-wiee

stabillzeE va¡ious sets in vk, vk ' ônd.vk- 'õñ;*;;;;-;";;ãååñi tn" "ãó"" 
í" erapú xk*1 shich are not a part

;l-e;;;; ii:--rh";, t¡'e-Iãi-oi"aÍi-ãeT'" betweèn two vertices in

vk in xh+1 must bc atabillzed in vk ' The 6ct of all vertices
x in vk which arc:"ineå-iã'i"ilitã" v'in vi+1 where y i¡ joined
;.i; i; ."ii"vI-^uåi uó-aiã¡iii"ãii in'vL' The set or all pairs
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i[:ï"!iåi:";lî'îåtil:Ë-:lÌi"i:,i.:l?'T, 
iî,s!'ili:"*":iii¡;li:"

vertex u in Vk+1 must be stabilized in vk
connecEes-u-â- úã ui"¡en down still more by considering the
fhege Þç"-.,-- iães in vk caused by Gk' For instance, an edge ln
ãrbits--or*'"^-"É-".iii.." x and yl where x ônd y are both in
|¡+1 unr-cr-r".''ã"iii-ói-ã.¿ u i"'ín orbit oi, cän onlv be napped

;;,:li::¡ii;l!å 
tttä-;ii:::î¡ri : 

:¿t?ì in:lti -i::':'ii" T Fiiu "'u

vêriå.b1e-dictl!Î1tåå.rtrton6 vi and vi+1
v1' v¿r iiã-iã.ãiai in z representing the verticês in vi are

"'-.;;¿å Jo that tttãy ate coñtiguous' Thus' a partition
is represented by-the indiceã in z of the first and
Last vertices in the Paritition'

i:?i:ïfi:å, 
t|.çlri1t:tr;:':,;:i:rl?l"li"i:lii;,r;iå:iÏ¡ít" 

.,
-^., a linkeå Iist of generators for Ker(F.k) '
ä31å''";;; ;;,;t?:'lí;"':;u'3lB,iå 3:' i¡:/::?:"1::' B:îin r ormed,

"*'oãì-é-3e:i"il"ti"'$:IlB"å,"i3?o'3"åi?13å"i3'"1!;' ïîi: ..'n6et '
Àf,GORI THM T

a.= < ( 1,2 ) >i ( groupGl )

Fon-u".È siaPh xk'Do BEG¡N
'-"--lind-nei(Fk) and the sets {hich nust be stabilized *

iå'li"ã r.tnxl
- iãoiõà"ir" the sets according to the anount of çork to *

uiãuíriru each one '
- ãttãós" the set requiring the least amount of eork *
r.lr¡iin-iftut. iE a seÈ to bé stabilized Do BEGIN"'--õ rl the subgroup of G sbabitizing the chosen set

iiåa i¡e nexi belt set
iina tn" orbils in vk of the nee Eroup G *
iåðis";ri.å i¡å ¡est set according-Èo ihe ne{ orbits (this *
---;í1t piobabry split the set iñto snôller sets' take *

the bãst su¡ået)
END' ( WHILE )
ãxãånd the elements of G to hap ttte vertices of vk+1
¿'';; .c, Ker (Fk ) >-END' ( FoR )

***r*********t******a*rf**************************t*********l********* ì

FuNCTTON ÀutE( z! graphi zSizer integer )¡ Group;

CONST
Hugesize = 10000t

{ pÀRTITIONING THE VERTICES ACCORDTNG TO DISTÀNCE FROM THE

TYPE

CHOSEN EDGE
VTypePL¡ = GvTypet
vType = RECORD

]

{ info about I such vertex
partition

{ index in graph arraY of
1st + laEt vertex in this
partition

vstart,vend¡ integer

END'

{ oRErrs oF vER'¡rcEs l¡rrHrN À PÀRT¡ToN }

OrbitTypePtr = @Orbit'¡YPe;
MFOrbitPtr = €MFOrbitTypet
OrbitEItPÈr = @OrbitEltType;
orbit.rype = êrray[ 1,.huse5ize, .t,"13!åtllt;åp 

vertex to rhe
merge-f ind elt representrng
it

ÈtFOrbitType = RECORD
CÀSE Topvertex; boolean OF
iatse;'(Parentvertex¡ MFOrbitPtr) t
true¡ (orbitsize¡ integeri

orbitList¡ orbitEltPtr)
{ Ptr to a circular doubLy

iinked list of, vertices
in thê orbit ì

END;
OrbitEltType = RECORD

Overtexi integeri
oFLink.oBLink ¡ orbitEltPtr

ENDi
OÀrràvTvÞePtr È @OÀrraYTYPe ;
o¡rraíriþe = ¿rrafI l "hugesize ] of integer;

{ BÀsE 'ro PÀss ro scHREr ER ' s Àt coRr rHM To rEr''L r r }¡Hr cH
srÀBrL¡sERs ro CREÀTE rN wHrcH oRDER ]

BaseÀrrav = @Bô3eÀrraYTYI]9i
I¡a5eÀrrai'fype = array[ 1..hu9esize ] of inte9eri

{ sETs oF porNrs/EDGEs/rRrPr,Es (NTuPLES) 1o BE srÀB¡r'rzED }

ntuple E array[ 1..3 I of integeri
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ntupleType = ( Pinkf

Brown 1 
'

Brown2,

GreenBroún-1,

{ a point at di6tance i fron
the qhoSen edge connected to
only one poina at distance i+1 Ì¡ an edge between tso points at
distañce i (oriEinal edge) in
{hich the tuo points are in the
sène orbit ì

{ sinilar to Brown.l except thèt
the tço point.s åre in tuo
differenl orbit5 Ì

{ sinilar to ltrownl except that
the tço points are connected
to a vertex at distânÇe i+1
and that. vertex is cgnnected
only to the tto points åt
dislance i Ì

{ sinilar to DroÍn2 except thatGreenBrown2,
the t{g points are also
connected to a Point at distance
i+-1 which is connected to no

Grêen1

otber points at distance i
other than the two given
tro points at distance i from
tbe fi¡ed edge rhich are both
connected to a point at
diståncê i+1 (and it is connected
to no Þoints at distance i
other ihan t.he two given).
The tuo points are in the sane
orbi ¿.

Grcen2,

Red1,

{ sinilar to creenl exc
the two points are in
orbits

ept tbat
di f f erent

three point6 at distance i from
the fixed edge connected to a
Þoint at distanqe i+1 (and i5
äonnected to no points at
distônce i other than the
given points). The 3 poi
are ô11 in the sane orbit

3
nt5

Red2 '
similar to Redl except that
2 of the points åre in 1 orbit
and the 3rd is in a different
orbi t
siniler to Redl except each of
the 3 points is in a different
orbit than the other 2

Red3 ) t

ntuplesetPtr = @ntupleset;
SetEItPtr = @SeLEltTypei
ntuÞIeset = RECORD

single ¡ booleani
a set of ntuples to stabitize l
BT
a
is

oen edgeÞ are aleays single
Pink, Green, or Red ntuple
doubLe tf all points in the

ntuple are connected to the

iîT",iir"rl[å: 3i"f':lå?"' i
sethind¡ ntupleTypei
setsize¡ intè9er;- { hov many ntuples to stabilize? }
tYPetotål¡ integer;- f how nany ntuples of thåt

particuler tYPe? ]
3etli5t3 seteltÞtri- { ptr to a linhêd Iist of ntuples }
ntuple6ize ¡ integer i- { how many poinÈs in the nLuples }
nextset: ntupleSetPÈr

END 
'

SctEltType = RECORD { one ntuple in the aet }
SetElt ! ntuPIe i
Nex¡SetElt ¡ setELtPtr

END t

SetTvÞePtr o @SetTvpet
setrlbe - arrayI ll.uugeSize ) of ntuple

{. set of n
the set

tuples to be passed to
stabilizinq routines

¡nirset = arrayI nruprerype t ?f,3ååpt3"3l!åii,
they are being created

I'tFtuple = array[ 1,,3 ] of MFOrbltPtr i
{ Pointers to the toPs of nerge

find Èreês of the vertices in
an ntuple

{ À MÀppINc oF vERTrcEs ro rl.lE ¡ND¡cEs oF THErR REcoRDs ¡N
THE GRÀPH STRUCTURE Z

rndexMapPtr . GrndexMapTypei
rndexMabType = arrayI l..Hugesize I of integer;

{ Brr ÀRRÀy usED r{r{EN EXTENDTNG GENERÀToRS oF. rM(Fk) To
GENERATORS OF Gk+1/KER(Fk) ì

MaÞTvÞe = arravI l,,huqesize ] of boolean;
uaþr!þeetr * @itapType;- { usED To KNow wH¡cH PorNTs rHE

PERMUTÀTIONS IN G HAVE ÀT,READY
BEEN EXTENDED TO MÀP Ì

vÀR
F, G: PtrcenEl,ti
H¡ Groupip¡ pernu¿ationi
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DEF
VertexMap¡ Orbit'IYPePtr i

lndexMåp¡ IndexMaPPtri
V1, V2t VlypePtri

ååååi,iå¡:rii!:i.' '

sets¡ ¡nitseti

schType, SchStab¡rYPe, StabTYPe;

s ¡ P¡rcenElt i

a, alndex, aMap, aMaplndex! ntuplei
åSize¡ integeri
q! PtrcenElti
MFa i MFtuplei
sei SetEl-tPtri

T: ntuplesetPtri
Mapped¡ MaPTYPeI'tri

a bage to påss to Schreier's À19
current posn in base
the kernel of the môpping frgn
the group shich is ÀutE of the
grâph x consisting of

i+1
vertices of graph z
at distanee i+'l or less from the
fixed edge and all induced edges
gf z êxcept the ones bet{een
vertiqes at distance i+-1
to the Eroup which is ÀutE of the
graph x.

I
organize the sets as they're
being forned, partitioning tben
on the ntuple type t
ntupleSetPtr i
after the sets håve all been
creôted, organize then accarding
to the amount gf vork reguired to
stabilize thenl
1) sets consisting of one ntuple

of type Pink, Brown2, Green2,
Red3, or GleenBrown2
can be stabilized by a call to
Schreier's aIg,

2) scts consisting of onê ntuple
of type Red2 requires one Çall
to Scbreier'5 alg and one call
to the set Elabilizing routine'

3) all other 3ets require calls to
the Eet stsbilizing routine,

{ map a vertex to its MF ptr
used to find rhich orbit it's in

{ map vertex to index in z }

{ SOMD OF THE PROCEDURES ÀND FUNCTIONS CÀLLED BY FUNCTION ÀUTE
HÀVE NOT BEEN TNCLUDED¡

ROUT¡NES IìHICH ORDER THE SETS OF NTUPLES ÀCCORDING TO THE
ÀMOUNT OF Í¡ORK REOU¡NED TO STÀBIT,IZE THE SE'I]S.

ordersetsi'rhi5 procedure is passed the nesly found sets
of ntuples sorted aceording tg ntuple type and the nunber
of orblts used (påraneter sets). It sorts the sets
êccording to the anount of work required to Stabilize
each set (i.e. sets up the li3ts of sets schTyper SchstabType¡
and stabType ) .

ReorderBestsêi¡ This proqedure choo5es the best 5et (one requiring
the least anount oi work to stabilize) and reorganizes it
accordinq to the new orbits cantaining the vertices of the
ntuples,

ROUTTNES ¡{HICH ÀNE PÀSSED À SET WHICH ]S TO BE STÀBILIZED ÀND
SET UP THE PÀRÀMETERS FON À CÀLL TO THE ÀPPROPRIÀTE STÀBIL¡ZING
ROUTINE (SCHRÞIEN'S ÀLGOR]THM ON THE SETT.¡ISE STÀB¡LTZING ROUTINES)'

stabsqh¡ eets up the cêl1s for sets uhich qan be stabilized using
schreier's algorithm.

stabschst¡ sets úp the calls for sets rhich contain one triple
ùhose points aie contained in tHo orbits (requires one calÌ to
Schreiãr's algorithn and another to the setStab routines)'

StabPinkl sets up the calls to the Setstab routines for sets
of nore than one 1-tuples.

StabEl3 sets up the ca115 for sets cgntaining 2-tuples whose
vertices arà contained in only one orbit'

StabE2¡ sets up the calls to the Setstab routines for sets
containing 2-tuples whose vertices are in two orbits.

stabRedl, stáuneaz, stabRed3¡ eet up the calls to the setstab
rout.ines f,or sets containing triples {hose vertices ôre
contained in 1 | 2 or 3 orbits, respectively. (rn the case
of StâbRed2, the set contains note than ane triple. tf the
set contains only ohe triple¡ it is handled by routine
Stabschst, )

ROUTINES WHTCH DISPOSE OF STRUCTURES 9¡HICH ÀRE NO TJONGEN NEEDED

Dispset¡ diSpose of å structure replesenting a set (TYPE
ntuÞÌesetPLr),

ÞisposàMForbits: dispose of the merge,/find slructure used to
iind the orbits oi the vertices in partitian v1.

DiEposeTorer¡ dispgse of a group in the forn of a tower of
ooint stabilizers,

Dis¡GenList¡ dispose of a group given a5 a linked list of
äenerators. ]

{ * * ** *t a * * * * * * * * * * * * * * * * * * * t * * * * ** * * * * t * *t* * * * * *l* * * * * *l* * ** * * * * * * * * t *

MÀINLINE OF AUTE
i*****t****titt***********t*****************l*****i*t**************t* I

7A-



rÉGt N-' 
, an"OnE THE MÀPPING FROM À VERTEX 'I'O ¡TS ¡NDEX IN THE GRÀPH Z

tndexuap i=r:'täi::(tåsize*4 
) ;

rol(ri6!¡y¿pof i I !=i;

{ CnEAfE lHE F¡RST PÀRTITIoN v1 CoNTAIN¡NG VERT¡CES 1 AND 2 
}

ffä:":l"l¿
v10 'VEnd ¡ = 2i

{ CREÀTE GnOUP G I'¡HICH IS ÀUTE OF THE GRÀPH x1 CÔNSTSTING OF

THE VERT¡CES 1 ÀND 2.

G0.
Go.
non

ÉND
c0.
G@.

{ c );
cen ¡= ampxnew( zsize*4 )t
ãånlnverse ¡= ampxnew( zSize*4

i r= 3 to Zsize DO DEGIN
cc,cenoI i I :; i;-
GO.GenInverseut I J:= li
I {FORJ
óen@[ 1 I ¡=2i
Genlnverse@l 1 I t-2¡
cen@[2]t=1¡
cenlnverse@[ 2 ] ¡= 1¡
NextGenElt := nili

);

GO
G@
G@

{ CREATE À BÀSE I'IHICH CÀN BE USED DY SCHREIENIS
ÀLGORITHM WHEN REDUCING THE NUMBÞR OF GENERÀTORS
nÈQUrnBo'¡o REPRESENT GROUP Gk+1 I

baEe != anpxnew( zSize*4 );
BåSeIndex i= l;
FoR i ¡= 1 to zsize DO

base@[i]:=i;

{ CREATE À BIT ANRÀY WHICH ÍIILL TELL US WHICH VERTICES
WIl HÀVE ÀTJREÀDY MÀPPED WHEN EXTEND¡NG GENERÀTORS OF
rM(Fk) ,r,o GENEnÀTORS OF Gk+1/KEn(Fk)

Mapped != ampxnew( zsize ); -Foiì-i != 2 tó zsize Do Mapped@l
uaoped@[ 1 ] ¡=true;
uabþedo[2) !=true;

i I ¡= false;

{ RONK WITH EACH PÀNTIT¡ON IN TURN, FINDING AUTE OF EÀCH GRÀPH
X ¡N ÎURN UNTIL ÀUTE OF THE ENTIRD GRAPH Z ¡S FOUND

il

H}TILE V1G,VEnd <> zSize DO BEGIN

{ FrND THE oRBrrs oF THE vEnrrcEs rN v1 }

CreatevertexMap( v1, vertexMap ) t
FOrbits( v1¿ vertexMap, G );

{ FIND THE NEXT PÀRTIIION, V2, ÀND ÀT THE SÀME T¡ME FIND
THE KERNEL OF THE MAPPING FROM THE NEXT GROUP UP TO
CURRENT GNOUP, ÀND THE SE'TS TO BE STÀBILIZED TO FIND

THE
G/KER }

F'iDdNe¡tPartition( v1r v2¡ vertexMap, Ker¡ Sets);

{ REoRDER TI{E NÞwr,y FoUND SETS SO THE SET I.¡HICH
À LESSER ÀMOUNT OF' PROCESSING TO STÀBILIZE CÀN

REQU¡ RES
BE FOUND }

schType:= nil;
SchstabType:= nili
StabType ¡= nil¡
orderSàts( sets. sch'rype' schstabType. stabType )t

{ srÀBrLrzE EÀcH oF '¡HE sETs }

WH rLE ( (schType <> nil) or' (SqhstabType <> ni
(stabTypc <> nil) ) and (G <> nil) Do BEGrN
¡F scbÎype <> nil THÞN BEGIN

Stabssh ( SchType, G) t
T != SqhTypei
SchType ¡= SchType@,NextSeti

EñD ELSD IF SchstabType <> ni1 THEN BEGIN
Stabschst( SchstôbType, vertexMap, v1,
T r= SchstôbTypet
SchstabType : = SchstôbType@.NextSet

END ELSE BEGIN
CÀSE StabType@.setKind OF
Pinkr StabPink( StabType, vertexMap, v1
BroHnl,GreenBraunl,Greenl i

StàbEl ( stðbType, vertexMap, v1, G) t
ÐroÞn2, GreenBrotn2.Green2 ¡

StabE2( stab'rype, vertexMap, v1, G);
Redlr StabRedl( StabType, vertexMâp, v'1
Red2r StabRed2( StabType' vertexMap, V1
Red3r Stabned3( StabType, vertexMôp, v1
END' { CÀSE i
T r- StabTypei
StabType ¡= StåbType@.Nextset

END' { ¡F }
Dispset( T )t

{ FIND THE NEw ORBTTS }

ReorderMFOrbits( vertexMap, v1 )t
FOrbits( vl, verterMapr G )i

1) or

c )t

, G)t

G)
G)
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{ REOnGÀNIZE THE NEXT SET NOI'¡ THÀÎ THE ORBTTS HÀvE CHÀNGED }

<> nil) or (Schsfab'¡'ype <> nil) or

'" i:¿iååii:";3.li'à.i*il"iliåh.il'"*' srabrvpe, sers,

orderse!s( sets, sårtivlã, siitstáurvp", stabrfvpe );
nNDr { rF I

3H¡; ':"iiå:l:i "" 
Do BEGrN

å.;;t;; t:- sch'rype@ 'Nextset;
Dispset( ¡ /

åX?íu.""n".uo:üü":; nil Do BEGIN

ä.iitãuiip" . :;- schstabrvpe@ ' Ncxtset ;

Dispset( T 
'

*X?åu.tt"ottoiol? "tt Do BEG¡N

åtåurYP. ¡-=- s¿abrype0 'nextset;
DisPSet( T ),

3i3¡"""'1"3iåil"i'"'."*"up, v1 )'

{ EXTEND EACH PERMUTÀTTON ¡N G ,IO MÀP V2 }

tF G <> NiI THEN" ;oo i i't'í3;X3åäi'"3i Y'Î¿Y53?'3Î I rHEN BEGrN
" ËiãaÁãii i, a, asize, v1 )i

ron i i= '1 to asize Do BEGrry
aindexI j ] != rndexMôP@L a[ ] J ';END;

i"il ninar'r"t"n,;ó,'l'13iú.:;:í.i,"t' v1@'vEnd'

uaoped@[ z@[ i ]0.verte¡ I != truei
rn'ì .t O THEN BEGIN

úaPPed@ljl¡=truet
END; { IF }

o ¡= G;
rig¡ ¡,n q <> n i 1 DO BEGI N

FOR-k ¡= f to asize DO BEGIN
aMaPI k ] := 9@'Gen@[ at k^J 

'-;.ãuàþi"a"i.t'¡ J-¡=-iÃåexr'tap@l at'tapI k ) );
END; '{ FON }
r, ì! r'i.ar¡"i.út 

8"î1, 
aMaplndex' asize' V1 ' v'1@'vEnd'

qe.Geh@t z@til@'vertex I ;=.k;
d@'Gen¡nverse@[ k ] :' z@[i]@'vertexi
tF j .> o THEN EEG¡N-- í '= ni"ãr¡"tõr'i îiåfç"iäîoi"1ex' 

asize' v1'

END i

GenoIi]¡=1;
cenrnvér5eoIt]¡=j;{ rr }

q0
qG

o@,NextcenElt;
{ -WHILE 

}
Fl

q
END

END t

{ ÀDD GENERÀTORS OF KÞR(FK) TO GENERÀTORS OF
' ci+t/nen(r'k) To GET GENERÀToRS FoR Gk+r ¡

båselndex != 2i
ñ-i:-ici""i,t uåse@[ 1 ]. zsize )t
I{H¡LE G <> NiI DO BEG¡N

F r= G@.NextGenEIti
ir"""i-cið"pÈienent( GG.Gen,. H )-THEN BEGIN

Àddcen ( õ@ ' Gen , H, base , baser ndex ) i
END; { IF }
Di spoae ( G@ 'Gen ) t
ãiãioset c@.cenrhverse ) i
Dispose( G );

ENDI { WH¡LE }
pxrin xer <> nil Do BEGIN^"'iñ ;;; c"ouóñrltent ( Ker@ iGen,. H ) . 

THEN .
Àddcen( ker@'Gen, H, ba5e, baseindeÌ 

' 
i

s := Ker@,NextGenElti
Dispose( Ker@.Geh ) t
;i;ñ;¿i Ker@.cenrnveree ) i
Di spose ( Ker ) i
Ker ¡= I

END, { wHrLE }
G := H@'Gens
H@.Gens ;= n
Di spose'f o{er (

dispose( v1 ) t
vl i- v2

END; { WHILE }
IF G <> Ni} THEN BEGIN

{ STÀBILIZE SETS OF EDGES THOSE ENDPOTNTS ÀRE BOTH IN THE

FINAL PÀRT¡TTON }

H

Ct evertexMap( v1
Pink I ¡= nlI
Brornl I ¡= n
Brô{n2 I l= n
GreenBrownl l
GreenBro{¡2 l

¡ vertexMap ) i

1;
1;

Set s
Sets
Seis
Sets
Set s
SetE
Set 5
Sets
Se!9
Sets
MFa I

creenl l:=
Green2 I ¡=
Redl I r= n
Red2 I ¡= n
Red3 I r- n

3 I := nilt

n
n

i1
i1
i1

il
i1
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?ôrþits( yl¿ YËiiÎî't3',$',À:'u"u - 1) Do BEcrN
å;ä-i :=-"ì"::-iã"uiii i-v1@.vstart+1' vertexMap )t'- 

Ëå""'i,:f i,::":"ä? lä1'T,.'ou¡.,ertexr j I ri
f-'7','lJ-vto"vstart) and (k > i) THEN BEGINto rlrËrÍ-r'i'i=-Ëóiuitt k-v1@.vstart+1. ver!exMap )i

neu( se )i-'jla-s"taftt 1 I r= z0f i l@.verlext
lIãlõãietti z l r= z0l k l0'vertext
i;";!F;i 1 .l = MFa[ 2 ] rHEN,. ÏåáioSeis( ee, MFar Brownl, true, 2, Sets,

u"rl-------- 
veitetr'rap, v1, rndexMôp )

---Ãddros.tu( se, MFa. Erown2, true.2, sets,

åîiil;i;::çi,,,u*,*,",: 
:ö**¡,.,''

wñ¡us <> nil) Do BEGIN
,o ÀãnrYP. <> nir IHEN BEGIN
" ËiäËóãr,r schrype, c );

T r= schTYPe;
å"frrvp. ¡;- SchTYPeO.Nextseti

u*tr F"Si""oËlåÏ. ' t"t* "u = Drown r 
'HEN.- éiàuoii stôbTvpe, vertexMap' v1' G )

Ef.SE---ãt.uBz( stabrype, vertexMap, vl' G )t
s := stabTypei
âtàurYP. ¡ =- stabryPeG'Nextseti

END; f ELSE ,

R:å:ã::'l.ä'¿itE( vertexMôp' v1 )i
ËðiËIi"t v1, vertexHåo' G )i
ìX"ílåcntvpe <> niI) òr (stôbType <> nil) ) and.- Ta <> nil) THEN BEGIN

Àio.a"iããsts"t( schrvpe, schstabrvpe, stabTvpe,
Sets, V1¡ VertexMaP )i

orderset6( sets, schiype, schstabrype, stêbrype )t
END; { IF If WHILE I

ãiìiíP rà"nrvPq <> nir-) Do BEG¡N
"'--r,= SchTYPeo.NextSet;

Dispset( SchrYPe );
Sch.rYPe 3= T

END ¡
õiìlíe stabrvpe <> nil Do DEGrN

î :É StabTYPei
3tåUrvp. ¡'- Stabtype@'NexLSet ;

Di spset ( 'r ) t

************************tl***************a*¡***********************

Segment fnp (Find Next Partition)

END;
ãiãåose¡lnorbits( vertexuåp' v1 )t

END: -f IF }
ii]i,å,='cl'."óGeñ( G, zsize' base )t

END; { ÀutE }

.fhis Eegment cgntalns the routines which find the next *

""riïii"ñ'(üã) 
of vertiães which are at distance i+1 from the *

l,--+-- -n The sets ot ntuples which nust be sÈabilized are
;i:;-?.;;å "Ãã-t¡'å 

kernel oÌ the honomorphism Fk' :
t*t***************ti**i****¡*****t******************************* ì

SEGMENT fnpi

{t*******************************t************************************

REF

BEGI N

FUNCTTON FindMatch

a is an ntuple ot peints in partition Y] (" = aSize)' p is a

r".i"i-"ã.nectäd only'to the ntupte a in v1 ' Find ând return
;;:;;:t';;;;;*-q tÌ'ai iå arso coänected ontv to the ntuple a in
ii';iiã'"i;;-;t.É tr'"t the index of q in z is sreater than
Ëi¿iüå"i''-¡i-it'ere is no such q then return 0'

******t*****************i*****t't**t******************************** l

nuncrroN FindMêtch( êi ntuplei arndex¡ ntuplei aSize¡ integeri
vl t 

-ürípõött; endrndexì integer¡ pr integer ):
integer i

vÀR
qr integert

ili¿Iå,'!:::;i'1..3 r or boolean;
{ used to make sure that q is

connected to each of the vertices
in ntuple a Ì

{ used tô mahe sure that q is not
connected to any other ve¡tiqes
in partition v1- ]

Otherve¡tex: booleani

q
b

lndex i inte
,brndex! in

get ì
teger;

z ¡ Graph;
ZSize: inteqer;
IndexMap: ¡ ndexMapPtr i
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-.- FÀ.g VENTEX ÀDJÀCENT TO THE 1ST VER'TEX IN NTUPLE À
t filt!Êa"iË"Ir rs rHE nEQUTRED Q Ì

s ,= o^i

I ?=-'i^ = o) ånd (i <= 3) DO BEGIN
dÉlLþ.'12r-[ arndex[ 1 ] 10:adjvertexl i l;

!,1¡-* := lndèxMôp@[ q li
9å"iãi"a"" > Endlñdex) and (q <> p) THEN nEG¡N,. nón I i= 1 to asize Do-- iáãtcÌtaI j ] r= fôIse;

Olhervertex ¡= false¡
i r= 1ì
Éuirp i i <= 3) and (not otherverte¡) Do BEG¡N
""-U r= i@[ qrhder ]@.ÀdjvertexI j ] t

brndex i= rndexMôPoI b ]i
in iu¡nae' >= v1o:vstart) and (brndexriu*"13èYf"u)

k r= 1i
Othervertex 3= true;
wHrr,E (k <= asize) ahd othervertex Do

IFa[k]=bTHENDEGIN
Otherverter l= ialse;
Matcha[kJFtrue
END {rr}

ELSE

END
IF

k !- k + 1

ENDi { rF l
j r= j + 1

' 
{ WH¡LE 

'Ot.hervertex THEN BEGIN
q r= 0i
i r= i + 1

END EI,SE
FOR j

¡F
:. .1 to asize DO BEGIN
not MatchaI j ] 'I'HEN BEGrN

= 0,

END
END {

END ELSE AEGIN

r= i + 1

{ rF l
Fon l

{ ELSE l

q

I
I

END
END i { r.¡Hr LE }
FindMatch i= q

END; { FindMâtch }

{****r********ir**************t****************************************
* PROCEDURE ÀddToSEts

* Find a set of ntuples of the sane type as ntuple a and using *

* the Eame orbits as ntuple a (pointed at by MFa) or create a neu
t gne, Then add ntuple ô to it.

*i****t*********t**********t***************************************** Ì

PROCEDURE Àdd'tosets( a! SetEltPtr; MFôl l'{Ftuplei asetType! ntupleTypei
asingle¡ booleani aSize¡ integeri 

-

vÀR Sets¡ lnitset; vertexMapi Orbit'fypePtrt
V1! VTypePtri tndexMap: IndexMapPtr )t

vAn
CorrectSet ¡ ntupleSetPtr i
found¡ booleani
Matchorbitr array[ 1..3 1

i,j,k¡ integeri
neeMF¡ MFOrbitPtri
OtherOrbit ! booleåni

of boolean i

REF

BDG¡ N

z¡ craphi
zSize ¡ integer;

{sEE rF À sÞT oF fHE sÀME TYPE Àr.,REÀDv Exrsrs }

Correctset ¡= SetsI aSetTYPe ];
found ¡= false;
wHrLE (not found) and (Correctset <> nil) Do BEGrN

IF (correctset@.sin91e and asingte) or
( inot correctsetõ.sin9le) aná (not aSingle) ) 'rHEN BEGrN
found :- truei
FoR i r= I to ôSize DO

MátchorbitI i ] ¡= false;

{ MÀKE SURÞ THÀT THE ORBITS OF THE SET DEING EXAMINED MÀTCH
THOSE OF THE G¡VEN NTUPLE A

j r= 1;
wHrLE (l <= aSize) and found Do BEGIN

nerMF 3= Fo¡bit(''- 
inaétrqapoi ¿orrectset@.setLi5l@'setEttt j I I,

- V1@,VStart + 1, VertexMap )i
k ¡= 1t
Otherorbit 3= true;
wHrLE (k <= asize) and Otherorbit DO BEGIN

rF (not MåtchórbitI k ]) and (MFaI k ] = nerur)
THEN BEGIN

OtherorbiÈ ¡= falsei
Matchorbitlkl ¡-true

END ELSE
k ¡= k + 1

END' { WHILE }
IF OThCTOTbit THEN EEGIN
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I
t
I

I

{ ÀT LEÀST ON OF THE ONB¡TS ON THE CUNRENT SET DID NOl
MATCH THE ONBITS OF NTUPLE À

found 3= false
CorrectSet ¡=

END ELSE
CorrectSetG,NextSet

i := i + 1

END i wxrín l
dNn ELSE-"-CorrectSet != CorrectSet@'NextSet

END' { wHrLE 
'

r .nEÀrfE À NÞw SET ELEMENT FOn THE NTUpLE À ì

i ii¡¡x ¡¡r To À sET ,

tF not found THEN BEGIN

f CNEÀI'E À NEW SET FOR NTUPÌ,E À }

nêw( CorrectSet );
¡ôrrectSetO.single ¡= asingle;
correctSet0'SetKind ¡= aSetTYPe;
¿orrec¿setO'Setsize i= 1;
õorrectsetG.ntupleSize ¡= aSize;
correctse!O.SetList ¡= nil;
ðorrectSet@.tlextset ¡= SetsI aSet'¡ype ];
setsI asetTYPe ] i= Correctset;
CASE aset'rype OF
óink¡ corréltset@.Type'ratal r= l4Fâ[ .1 ]G'orbitsize;
Broçnl,GreenBro{n1'Greenl !

correctSet@.TypeTotal ¡- NChoose2( MFa[1]@'Orbitsize )i
Br o{n 2 r G reen Br own 2 

' 
G reen 2 i

Cor;ectsetO.Typà¡¡otal i = MF.a [ 1 ] @'Orbi tSi ze*MFa [ 2 J G'Orbi tsi ze t
Redl I Cor!ectSetO,'¡'ypeToÈal ¡= Nchoo6e3( MFa[1]@.orbitSize )t
nãd3r cor¡ectset@,"rtpeTotal ¡= MFatll@.orbitSize

* MFa[2]G.Oibitsize * MFa[3]@,orbitsizet
Red2! BEGIN

rF MFa[1] = MFa[2] lrHEN BEGÌN.
i ¡= .1 

;j r= 3
END ELSE IF MFa[1] = UNa[3] THEN BEGIN

i ¡= 1;
j t= 2

END ELSE EEGIN
I z= 2¡
I !È r

END;
CorrectSet

* uFa [j
END

END { CASE }
END ELSE

CorrectsetG.SetSize

s@,NextsetElt ¡= Correctset@.SetListt
Correctset@.SetList 3= at

END; { Àddrosets l

@,TypeTotal r= Nchoose2( MFâ[i]O,orbitSize
l@.orbiLsize

i= CorrectSet@,SetSize + 1;

pârtition V2 (uhich is che
distance fron the fixed edge

ån of the vertex q in the

t********t*t************t*******************************r************]

PROCEDURE ÀddTov2( q¡ integeri v2¡ V'rypeptr );

vÀR
q¡ndex; integeri
tPtr¡ GråphEltPtr;

RÞF
Z ¡ Graphi
zSlaer integeri
¡ndexMaps IndexMapPtri

BEGI N
v2@.vEnd :È v2@,VEnd + 1i
qrndex ¡= rndexMap@[ q ];
lprr := z0[ v2@,vEnd ] t
z@[ v2@.vEnd ] r= z@[ qrndex ]i
z@[ qlnde¡ ] r= tPtri
¡ndexMapoI q ] != v2@.vEndt
¡ndexMab@[ tptr@.vertex ] ¡È qrndext

END' { ÀddTov2 J

{ * * * * * ** * *} * * * * * * * * * * * * * * * * * * * ** * * * t * * * * * * ** * t ** * * * t * * * * * * * t * * * * * * * **

PROCEDURE AddTOV2

This proqedure adds vertex q to
6et of v¿rtices at the next higher
thân the vertices af partition v1)

This involves noving the positi
graph z ( i,e. changing its index).

PROCEDURE rindÀdj

Find all vertices in partition v1 ehich are adjacent to
vertex p (çhiqh i5 ðt index ptndex in.graph Z). Return then in
ntuple ã and the nunber of then in ôgize'

* * * * ** * * * * * i * ** * * * * * * * * ** * * * * * * ** I * * ** *t* * * * * * * t * * * * * * * * * * * * * * * * * * * * *

PROCEDURE FindÀdJ( pr
v1

ndex ¡ inte
¡ VTypePtr

nl!t toa a¡ ntuplei vÀR asiaer integeri

vÀR

REF

i i integeri
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., Grôphi

iåå:;;.¡?'î:å:iuapp, r ;

otoå!1"? :l 9'," 3 Do BEGrNFt"-?.isir.*r I != z@[ prndex
iå irndexr4aP@[ aI aSize+1'- (rnderMapoI aI asize+1

asize ¡= asize + 1

"noîno' 
, oÍ'å1å¡tt

I @.Àdjvertex I i l;
t) and

THEN
l1ll

>= Vl Gl.VSta
<= v1@,vEnd

PROCEDURE ÀddToKer :
À oair of vertices p and q have been found in partition v2

-r,l ãi. connected to àxactly the sane vertices in partition
.iri]- i¡t" transposition (p q) is a generator of the kernêl of the *
å^åpins from the next grôuþ to the curreht group. (The current
ôiäirp is ÀutE of the subgrèph r1. of z' x. is crealed bv taRrng

ii
all vertices of partitions UO * t, * t, * ... * Ur' X. includes *

+hê edqes of z induced by these vertices except for those
Ëei"".ñ two vertlces of v.. The next group is ÀutE of the

subqråph x of z'l- i+1 :
vo=v V2=v

i i+1

********o*********************t******t****t**************************

PnOCEDURE ÀddToKer( p¡q¡ integeri vÀR Ker3 PtrcenElt )i

ì

vÀn en¡ PtrcenElt;
nteger i

neÍ9
i: i

REF
23 Grapht
zsize i integer i
t ndexMap; I ndexMaPPtr i

BEGI N
new( newgen )i
ne*gen@.õen ¡= anpxnes( zSize*4 )i
newéen@.GenInversô :- anpxneo( zsize*4 rì
FOR i := 1 to zsize DO BEGIN

newgen@,cenclil:=i;

new gen G , Ge n r nve r se@ [
END' { FOR }
neHqen@.Genrnverse@[ p ]
newõen@.Gen¡nverse@[ q ]
newéen@,Gen@[pl:=q;
newgen@.Gen@[9]:-p'
nergene.NextcenElt ¡= Ke
Ker :È neugeni

END; { ÀddToKer }

i I := i

{ ***************************************************************{***t*

PROCEDURE Fi ndNextPart i t ion

This procedure is passed the current parti tion v1 consisting-
of atl vãrtices at di¡tance i fron the fixed edge. rt finds all
re"tices èt distance i+1 fron tbe fixed edge (i'e. partition v2)
bv examinino vertices adiacent to vertices in v1 ''Át ttr. sãne tine, it ¡inds genêrators for Ker (see the
dosumenlation for Àdd'fgKer) ané also the Sets of veltices,
duples of vertiqeá or tliples of vertices to be stabilized to
fi;d c,/Ker. sets of the Ëame type are linked together and the
top of'the list is pointed at bt an elenent of Sets (indered by
ntuple type ) ,

** * * * * * * * * * * * * * * * ** * * ** * * t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

PROCEDURE FindNextPartition( v1 i vTypePtri
vÀn v2¡ vTypePtr;
vertexMôp: OrbitTYPePtr;
VÀR Ker¡ PtrcenDltt
vÀR setB¡ ¡nitset );

VAR
an ntuple {hich is part of a set
of ntuples which should be
stabili"ed
indices in z of vertÍces ín a
the type of the ntuple
is there one (=> sinqle) vertex
in v2 adjôcent to the vertice6
in ntuÞlã a (and no others in v1 )

or åre there t{o such vertices?
Þtrs to the orbit representatives
itops of nerge-find trees) of the
vertices in a
the number of vertices in a
vertices in v2 ådjacent to a

a ¡ ntuplei

alndexi
aSetType
asingle!

ntuple i
¡ ntupleType;
boalean i

MFa3 MFtupIe;

aSize¡ lntegeri
p,q¡ integeri
plndex, glndex¡ integeri
i,j.kr integert
NeHElt¡ SetEltPtr;

z¡ Graphi
REF
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îiå:il,å?'i3å:i'"o",,,

rer .- nil;

t åilîitl;3B åÈ"T"T"åYFil'"å['"u'" 
ro NrL (No sErs ro BE

Sets
Sets
Setg
sets
Set 5
Set9
Sets
Set s
Set 5
Set I

Pink l
Broln l
Br o{n 2
GreenBr

nedl l
nedZ l
Red3 l

GreenBr
creenl
Green2

¡= nil¡
I ¡= nilt
I ¡= nili
ownl I ¡= n
oçn2 I ¡= n
I ¡= nilt
I ;= nil;
l= nili
¡= nili
¡= niI;

{ CREATE À NEW RECOnD TO REPRESENT PÀRTrrroN v2 }

rtHl"Xl']i != vr@.v'nd + 'r'
üãõ.ve"¿ := v1@.vDnd;

{ EXÀM¡NE EÀcH vERTEx rN v1 ¡N TURN }

plndex ¡= I
IF (plndex

FOn i ¡= Vl0,vstart-
alndexl 1 I ¡= ¡;
a[ 1 ] ¡= z@t i I

to v1@.VEnd DO DEGIN

@,vertexi

FOn j := .1

p l= Z@
t9ti

3 DO DEGIN
lG,ÀdlverrexI j ];
ndexMôp@[ p ]t
> i) a;d (þrndex <= v1o.vEnd) THEN BEG¡N

{ EXAM¡NE EACH VERTEX ÀDJÀCENT TO THE VERTDX AT INDEX ¡ ¡N Z }

{ THE EDGE Go¡NG FRoM À[1] To P rs ÀN EDGE l'¡lrHrN
PÀRTTTION V1 ÀND HÀSN.T BEEN EXÀM¡NED BEFORE
iigrs rs À DRowN EDGE -- ÀN 'oRrcrNÀI,' EDGD) )

s[ 2 ] ¡È
a¡ ndex [ 2
MFaI I I
Mrô[ 2 ]
a[ 3 ] :=
a¡ndex [ 3
unal 3 ]
aSingle ¡
àsi ze ¡ *

I' != þIndext
ro"Èlti aindexlll-v10.VStart+1, VertexMap ) i
nórbit ( a¡ndex [2] -v1@,vSta!t+1 | verterMap ) i

I ¡=
;= ni1
Ê true

0t

{ SEE IF I'¡"S ÀLSO À GREEIN EDGE (T'E. GREENBROI{N) -

:

À[1] ÀND ÀT2] .]OINED TO Q ¡N V2 ÀND Q TS NO.r ÀD\]ÀCENT
ió ÅHv orHen-vpnTrcEs rN vr l

q ¡È FindMatch( ê, atndex' 2. v1 | v1G'vEnd, 0 );
IFq=0THENBEG¡N

{ BROT.'N EDGE NOT GREENBRO9¡N }

rFMFa[1]-MFa[2]THEN
asetTypê ¡E Drosnl

ELSE
âSetTYPe ¡= Bro0n2;

new( NewElt )t
NewEltG,SetElt i= ô;
;dàiãaãi;a NeeElt, i'tpa, asetrvpe, asin9le, asize, sets,

vertêxMåÞ, Vf, ¡nde*Map )t
END EL;; 

-'"Ï-õñepNÁnówÑ-eocË (ü¡v ¡r,np¡ov HÀvE aEEN SEEN ]
BEGI N
IF INdEXMåÞ@I q ] > V2@'VENd THEN BEGIN

rF MFå['1 ] -= MFa[ 2 ] THEN
aSetTYPe ¡= GreenBrownl

Ef,SE
ôSetTYPe i= GreenBrorn2i

ÀddTov2( q' v2 )ì
new( NewÞlt )t
NerEIt@,SetElt i= ai
¡ãårõéèiã(¡¡""Þ1r. Mi¡a, asetrvpe, asingle' asize'sets'

vertexMap, v1, rndexMap )

END {IF}
END { ELSE }

END ELSE IF plndex > v2G.vEnd THEN BEGIN

{ P ¡S À VERTEX WHTCH SHOUI"D BE ÀDDED TO V2
IT MÀY BE ÀD.]ACENT ONLY TO À[1] IN V1 -> PINK
On TO TWO VÞRTICES tN v1 => GnEEN EDGE
OR TO THREE VERTICES IN V1 -> RED TRIPLE'
iuene u¡v BE ÀNorHEn vERTEx Q ÀDJÀCENT To ExÀcrLY
.¡HÞ SÀME VERTICES TN V1 ÀS P.

ÀddTov2( p, v2 ,ì -Dtndex i=- rndexMap@[ p ];
ñina¡Oi ( p¡ndex, ã, a3ize, v1 ) t
FOR k :- 1 to aSize Do BEGIN-- 

aindexI k ] != rndexMap@t qI k ] It
ur'"1 I I !! Forbit( arndexIk]-v1@.vstart+1.

vertexMap )
END; { FoR }
ã"il riÀailãï"ú( a, arndex, eslze, V1' v2@.vEnd'.p)t
in q <> o THEN BEcrN

asinqle i- falsei
ÀdalTov2 ( q, v2 , ì
ÀddToKer ( -p, q, Ker ) ;

EÑD ELSE
êsingle :3 truei
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cÀSE asize OF
1 ! aSetTYPe ¡ = Pi nk i
2¡ BEGIN 

ur.a[ 1 ] = MFa[ 2 ] T¡IEN
aSetTYPe :È Greenl

ET.SE
åSetTYPe ¡= Greèn2i

IF aSiñqle THEN
FON [ ¡- 1 tO 3 DO BEG¡N---'¡i 

¿@t 
"inaã"i 

1 I l@.ÀdjvertexI k ]
= a[ 2 I THEN
¡FMFAI1]'MFAI2]THEN

aSetTYPe 3- GreenBrornl
ET,SE

âSet'rYPe io GreenBrown2
ENDi { FOR }

ENDr {cÀsE2}
o*¡Ëiñisr in'Ïúñotlí = MFa[2]) and (MPa[1] = MFa[3])'¡HEN

aSetTYPe r= Redl
nrse-ii-1úiai1l--:; Mrat21 ) and (MFa[1] <> una[3] )

and (MFa[2] <> MFa[3]) THEN
aSetTYPe l= Red3

ELSE
aSetTYPe r= Red2

END; { CÀSE STMT }
nèui NewElt );
NeuElto,SetElt :È ai
¡ãårõiåt¡t NcHElt' MFa, asetrvpe¡ asingle' asize' sets'

vertexMap, V'1, IndexMap )

END f ELSE I
{Fonì{roRl

FindNextPartition ]
END

END 
'END' {

**l* * i t* * * *** t * * i * * * * ** * * * * t ** * * * i* * * * * * 
'l 

** * * * ** * ** * * * **** * * ** ** * * * *

Segnènt MFOrblt

This segnent contains the routlnes which perform a.nerge/find

"råljiítñi'îð"Ër"ã'iñå 
õt¡iãu oi the vertlces in partition v1'

* *t * I *** * * * * ** * * ** * ** * * * * * t * * * * * * ** * * * * * * * * t * * * ** * * * ** * * t * * * * * * * *

*t* ** t *l* l* * a * * t t * * t * * * * * * **t * * * *J * I * * * * t t * * ** 
' 

* ** * * * * * * * * * ** * I * * * * * *
*

]

{

FUNCTTON Forbit

ctvên the index of a the pointer to a vertex'5 merge-find-
.t"ìåiï"ri"i";i;;;';; IiÃã-uñã iãiu" a pointer to the top or
EË!"'ñIi"årtiiå-i-iäã-ót-iüã ãrÈtt t¡at thè vertex iB in'

Eåch nerqe-find element gn the path fron the given
.""ãI:ii'"ã-åierãni iã tñe top or the ¿¡ee. is ôltered
ii i¡re top of the tree Êo that future Forb¡ts requrre

vertex i E
to point
Iess

t tine' :
1*!**************r************rtl***l**************iar*******tt**a*** ]

FUNCTIoNForbit(i¡integeri{indexlnvertexMapofthepointerto a vertex's merge-find elenent t

vertexMap¡ OrbitfypeP¡r ) ¡ MFOrbitPtri

vÀR

NEÞ

s,t.u¡ MFOrbltPtri

tndcxMap¡ IndexMåPPtr i
z¡ Graphi
ZSize ! inteqer i

{ FrND THE ToP oF THE MERGE-F¡ND rREE }

E ¡= vertexMap@[i];
t ¡= 6i
WHILE not 3@,Topvertex DO

3 ¡= S@.Pårentvertexi

{ pÀTH coMPREsstoN To REDUCE FIND flME }

lFt<>5ÍHEN
wnr¡.e t@'parentvertex <> E DO BEG¡N

u ¡= t@.Parentvertex
t0.Parentvertex l= E
t ¡= u

END' { WHILE }
Forbit ¡= 5

END' { Forbit i

BEGI N

* * * I ** ** ** a * * * * ** *t * * * * * * t * ** t l* ** *** t * * t* * * * * * * * * * l* * * * *t * t * ** ** * t * *

PROCEDURE MerEeorbit

civen pointerB to the topB of 2 nergc-find trees representing
z "i6iii,-'i'"tse 

then bv mãiiñ9 the top-of the rarger-trèe the
;";;;;-;i the-snaller irec aná nergin! the circular doubrv-
il"iãã iist" of vertlceõ in the orbits'
*** t *llt* **i* * * * * * * **¡ * * I I * *t * t¡ *** * ** * * ** *ll * * ** * *** *¡ ** * I I * * * l*

PROCEDURE Mergeorbit( MF1, MF2¡ MFOrbitPtr )t

vÀR
tenÞ3 MFOrblèPtri
oE1;oE23 orbitEltPtrt

REF
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,-äexMaP¡ rndcxMaPPtrÌ
I ï- craph t

ü,iàe t integer i

BÉGI N

'- 
, no*U SUnE MFI POINTS ÀT Tt{E ROOT OF THE LÀRGER TREE }

,F MFl@.orbitsize < MF20'orbitsize THEN BEGIN.^ 
iFîo,:="1!1,
MFz ¡ = Te,lp

ÉND; { IF 
'

{ MERGE MF2 (THE SMÀLLER ORBrr) rNTO MF1 }

^-. .= MFlO.OrbitList@.ODLink;
YI) i= Mçza.orbitListo.oBLink;
Yãin-oruitr,ist0.oBLink t= oE2;

äþlt :ålllll' ;i.Tå33;Îioi !"åËÌ ;

iji?t:g:;ill':" YI'$¡?ä?ållì;!i'" - MF2@.orbirsize;
MF2G,'topverte¡ i= !ðrsei
iii'ão.Pai"ntverte¡ - := MFI

END'i { Mergeorbit 
'

{lt*****i****r********t**********lt*********t******1**t******i********
I 

"nocuouou 
Forbits :

I rin¿ì the orbits of the vertices in partition v1 (vertices at
I aiui""ãu-i-tiot itte fixed edge), This is done using a nerge- 1
I iiiå-äiéo'l*'.' :
I uoo ÞÀcH vertex v in partition v1 Do 

-^ 
*

. nOn EÀCH generåtor q-of the group G Do
: '-" l-;='i ; is'
* tF x and t-'åtu.oa in the same nerge-find tree THEN :
, nerge thè two trees

i*****************************************'*******************r****** I

pnOCEDURE Forbits( v1 ¡ vTypePtri-vertexMapr OrbitTypePtrt
G¡ PtrcenElt ) t

VAR
i: inteqer;
uFl, v¡'ã¡ MFOrbitPtrt
q: PtrcenElt
vMSize: inte
oE¡ OrbitEIt
xr pti

9er
Ptr

REF
¡ndexMapi ¡ndexMaPPtri
z¡ Graphi
zSize ¡ integet i

BEGIN
FOR i s= v1@.vstart to v1@.vEnd Do BEGIN

q := G;
WHILE O <> Nil DO BEGIN

i :l o0,qen@l z@l i lG.vertex I i
MF1 !i Fórbit( i-V10,vStart+1, vertexMap ) i
MF2 != FOrbit( IndexMap@[x]-vlG.VStart+1, vertexMap )t
I F Ì.tF 1 <> MF2 THEN

Mergeorbit( MF1' MFz )t
q r= q0.NextGenEIt

END { WHILE 
'END { roR }

ENDr { Forbits i

{ t * * * * * * * * * * * * * t * * * 1* * * * * * * ** * * * * * * ** * * * * * * * * * ** * * * * ** * * * * * * * * t * * * * * **

* PROCEDURE CreatevèrtexMap :
ti**********i********t ìt * * ** ** * * * * * * * * * * * * * * j ** tt * * * ** *** * ** * t t * 

'** 
* * *

pRocEDuRE CreatevertexMap( v1! v'¡ypePtri VÀR VertexMap! orbitTypePtr )¡

vÀR
vMSize I integer i
i ¡ integer;
MF1 ¡ MFOrbi tPtr i
OE¡ OrbitEltPtrt

REF
tndexMap! rndexMapPtr i
zr Grapht
zsize¡ integeri

BEGI N

{ cnp¡rs rHE MÀPPTNG FRoM vERTEx ro MERGE-FrND ELEMENT l

vMsize i= v.lO.vEnal - v1@.vstart.+ 1i
vertexMap ¡= 6¡pxnsw( rr'MSize*4 )t
FOR i r= 1 to vMsize DO BEGIN

ner( MF'1 );
vertexMâp@[ i ] !*MF1t
MF1@,'foPvertex 3= true;
MF1@.OrbitSize ¡= 1 i
new( oP );
öËi¿.ovãriå" r= z@[ i + v1@.vstart - .1 ]@'vertexi
oE@,oFLink r- oEi
oE@.oBLink ¡- oEt
MF1@.Orbltf.i5t :'oE
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FOR
!ÑDt createve ÈexMêp

PNOCEDURE
Reorde rMFOr b t

to mà ke eache
5O

ne
ha

9è-
he

nd !ucture
orbits beße5et

orbt t t neu ca n ound
h verte n o

oln

neorde rMFO bi ts te xMap Or bi tTypePt r VTypePtv1

å:i; ållÎ?Êíi""

lndexMaPí IndexMaPPtri
ot GtaÞni
ili¡¿7 ínre$et i

N
FOR

.= 1 to V'1@'VEnd-v'l0.vStart+1 DO
J'-..-"uaoo t i I 0.Topvertex THDN BEGIN
ii'iiifãir.lap@[i]@-'orbitsize <> 1 THEN BEGrN
" ;-;= verì:ex¡lap@[i]@.orbitList;

ão,on¡,i^r@'onLink != nir;
wHrLE s <> nil. Do BEGrN

t r= s@.OFLink
ì != IndexMaPo
úertexMap@ [ jl C

vertexMapcljlO
vertexMaÞ@[j]O
sG.OFl,ink l= s

F

s@,overtex I - v1@'vstart + 1i
Toovertex i= truei
orLitsize r= 1;
orbitList != si

s@.OBLink 3= 5
s ¡= t

ENDi

END { I,IHI LE
END { ¡r. }

{ rF l
ReOrderOrbits

{**t*****t******t*****************************************************

END
{

I segre.t ¡lksys (Btock system)

i r¡lu eeqnent contains the loutines which find a block systeh
I """täiñliõ'f,ó-urqcLã-iór-iñe 

z-9roup G ?"q the suberoup P in-G
; ;;ï;;-;t;ås-the broci Ãiãtå.. p ís nòrmar in G and has index 2

r in G,

*********************r**t********t*************l*******t************* l

SEGMENT BlkSYst

coNs.n
hugesize =.10000i

TYPE

{ ueroe/find ÞoinLers used to find the orbits of pairs of ntuples-r¡'iå 
iu useä to find an orbit {hich, Hhen treated a5 ô 9raph'

hâs exactlv tuo components. TL¡e two 9et5 0f vertices of the
;;p;;;;;;'tsàis-õf-ñtupres) are a brock svstem ror the group'

SetPairsTypePtr = GSetPairsTypet
MFPåirPtr = @MFPairt
PairPtr = @PairElti
sãióãiiurvp"-- arråyI l..hugesize ] of MFPairPtr;- { MÀPS PÀIRS OF NTUPLES TO THEIN' i.i6ñcB,zpr¡¡o PoTNT ER i
MFPair . RECORD

CASE ToPPair! boalean OF
i"i""¡ iP.tenl¡ MFPairPtr) i
true¡ (Size: integeri

Pairr"ist¡ PairPtrt
FSet,BSet! MFPâirPtr)

END;
PairEl,t = RECORD

N1 , N2l integeri
FPair, BPaire PairPtr

END,

{ MERGE,/FrND PoTNTERS usED To FIND THE col4PoNENTs oF ÀN ,
ORBIT OF PÀIRS OF NTUPLES. I

Setconponent'lYPePtr = @SCTYPe;
MFBlockPtr = @MFBlockt
Cðrip" =-a""tyI l..hugesize ] of Mrslockptr;
MFBIock = RECORD

CÀSE 'roÞBlock¡ boolean OF
iãtse; lPate.t! MFBlockPtr ) i
true¡ ( size¡ integeri

blocknun¡ integer )

END 
'

SOME ROUTINES WERE NOT INCLUDED TN THIS LIS.T¡NG!

DispsP3 dispose of the nerge/find structure uscd to find orbits
öf pairs of ntuples'

oiuËsci-åiupose of'the nerqe,/find etrucLure used to find the
---ããrpo".n't" of the grafh-ãiÀõJi"iea Þith an orbit of paiEs

of ntuples 'oiuõår"åiãpõãe of the netge/Íina structure ueed to find brochs of
blocks.

SortNtupler sorùs an ntuple' t
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{t*r**ti****rrt******t*t*****l*û*t***t*************i******ti*******i**

i ounatton Findcomponent :
¡.'-^+iôñ fo].lows the nerqe/find poiñters froñ the node, -I i3;:r:;;;:!,t;i,:!ù:lt,îl,i:É"î"',i:'?3"?':;"if,."ål?üril'iål :I ;i'!:.,F:,;i::"iã:;ã;;i5i":::g:::"1"'åuå!3 3i?f,".i3'Hi3':: i

: ilrÏå"ô1"";.ill;;u: Á-pãinter to the root or Lhe tree is :
I tttutt"o '

l**"***************************È******i*****************t************ 
ì

FuNcTroN Findcomponent (,#"i::;ff 
:i 

setconponents¡ setconponent'¡vpePtr )

vÀn"pu, unb, MFc: MFDlockPtri

BoGl.N- .- setcomponents@t i l;
l.iiri¡.Ë nót MFô-G.TopBrock Do MFô

i;';ñr":, setconpänents0[ i ]
" ilËb t= setconÞonents@[ i 1;

iH¡¡n uFb@.parent <> MFa Do
MFc ¡= MFb@.Parenti
unbG.Pêrent ;= MFa;

THEN BEG¡N

BEGI N

MFb ¡= MFC
END;

END; f rF l
Findconponent ¡= MFai

END; { Findconponent J

{ ** * * * * * t * * * * t * * * * * * * * * * * * * ** * * * * * * *

* FUNCTION SEATChON

I tni" proqedure seôrches ôn ordered array of ntuples (oN) for
. " o"rii"ülar ntuple tpj'-i¡ the ntuple is àot found' then 0 i5
i ;"ñ;;;ã;-õi¡ãi*ise, i,h. i.de' of p in oN is returned'

*a*****************t*********t**t************************************

FltNcTIoN searchoN( vÀR p¡ ntuple; oN¡ setTypePtr' oNsize: integeri
ntupleSize¡ integer )¡ ¡nteger¡

VAR
top, bot, nid¡ integeri
done¡ boolean;
i ¡ intege! i
lound: bOelean;

EEGI N
Sortn
top ;
bot ¡
faund
WH¡ LE

mi
I

FUNCT¡ON StôbBlock

This function returns the stabilizer of the block containing
r¡'.'ïii.i-ni"pie (in orde¡) ' The stabilizer i5 returned aõ a

;;;.;';;"Ëi;ã-åtàuiriiãi" created bv schreier's aleorithn'.
;i;;; ;ñ";;-;ie-ó"iy two blocks, the-size of the orbit af the
fírst block is at nest 2'

VÀRIÀBLE D¡CTIONARY

G¡ ô IiSt of generators gf the group {e lant to find the b}ock
stabilizer in

setcomponent6¡ nðp6 an ntuple to-its merge/finÇ Pointer used to
- find which block (component) it's ¡n

oNr an orbit of ntuples thåt G is tranaitive on
i"å"iãt.ii ihe nunbär of ntuples in the arbit oN
nii¡pleSize¡ the nunber of vcrtices in the nlupre
üå;í;;;;i;: i"i"ïilãi-tã-túã-iiã'ã"èisÁ1 erenãnt ror the znd

block
H! the stabilizet of the flrst block
äåt-ï;.-i;ã;;-in oÑ o¡ ir'ã-tãó'e"."rative ntuple of block 2

uràl,-úr'szt pointers t"-itte iãpi of the-merge/find trees for' -blocks one and tHo' respectivery
-89-

**********************l***********

tuple( p, ntuplesi2e )i
= ONSizei

: - false i
toÞ >= bof DO BEGIN

d r-= (top + bot) div 2t

done
I.¡HI tD

IF

sÍåror"si"e) 
and (not done) Do

I <>-oN@[ níd, i ] THEN
: o true

ELSE
i ¡= r + ìi

IF i > ntuplesize THEN BEG¡N
5o¡ ¡= ¿ep + 1;
found 3= true;

END EtSE
¡F pt i I > oN@f nid, i I THEN

bot ¡È nid + 1

ELSE
top r= mid - 1

END' { WHILE }
rF found THEN

SearehoN ¡= mid
Ef,SE

SearchoN ¡= 0
END' { searchoN }

{ * * * * * * * * * * * a * * * * * * * *t ** * * * * * * * * * * * * * * * * I * * * * * * * * * * * * * I * * * *** * * * I * * * * *

l= faI
( i <=
pt i
done



:*r**O*o********t*t***¡************É************¡'******r*****t******Ì

ru'fc''roN 
stabBlock( 3'i''å:i;iËl¡i'?'ff;:E:i:T:"i.1:å::io""nt'rvpePtr;

ntupleSize! integer )¡ Group¡

VÀßo2,1'run"Elt t PtrTransEIt i
ù. Group;'i"se¡ base¡rraY;

:;"ål'3ïïå.iÊÌÎ?" '
;ápB¡ nruple;

3Êåt :';F3;:'tFMapB¡ MFBlockPt'
¡ i -k: inteqer;
iåó'ira"ssrt ¡ boolean i
qp'gp¡ pernutôt¡on;

REF
zSize I integer;

uucå" 
, = c,

;2TransEIt;= nil;
;e{TransEìt r= faIge;
úÃ"" t. anpxnew( zsize*4 )i -
Fõñ-l t= 1'to zSize DO base@[ i ] :- i;
baselndex:= 2i
H-!= IGroup( 1, ZSize );
MFBl ¡= FindConpgnent( l, SetConponents )i

APPLY EÀCH OF THE GENERÀTONS OF G IN TURN TO THE
ORBTT OF BLOCK 1

wHTI,E Q <> nil DO BEG¡N
FOR i l= 1 to ntuplesize DO

MaÞBI i ] ;= Oô.cen@[ oN@[ r, i ] l;
¡ ;= õeãrcrtòH( 14ãp¡, oN, TypeTotal, ntuplesize )i
i,fFMâDD != FindConÞonent( i, SetComponents );
in (ilnuapn <> MFDI ) and (n2rransElt = niI) THEN BEGIN

{ GENERÀToR Q MÀPPED BLocK 1 To BLocK 2 ' Br,ocK 2

IS NOT CURRENTLY tN THE ORBIT OF BLOCK 1, SO ÀDD
¡T (¡.8' CREÀTE tT.S TRÀNSVERSÀL ELEMENT AND
ãõ¡Ñi.SZTianSEIT ÀT THE TRÀNSVERSAL ELEMENT).

new'IransElt ¡È truei
nz t= i¡
MFB2 r= MFMapBi
neu( DzTransElt )i
BzTransElt@.å := ampxnew( zsize*4 ) i

B2TrånsElt@,arnverse ¡= anpxnew( zSize*4 );
FOn ì != 1 to Zsize DO BEGIN

DáTransElr@.a@t j I ,= OG,cen@[ j ]t
D2TransElt@.a¡nvãr!e@[ j 1 := Qe'Cenrnverse@[ j l;

END 
'END ELSE

¡F MFMAPB È MFBI THEN BEGIN

{ GENERÀToR Q MÀPPED BLocK 1 To BLocK l,.wHrcH
GIVES US À NEW ELEMENT OF SîÀB(BLOCK 1) }

rF not GroupElement( Q@'Gen¡ H ) THEN
Àddcen( öG.ce., H' base' Baeetndex );

END ELSE BEGIN

{ GENERÀTON Q MÀPPED BLOCK l rO BLOCK 2' BLOCK 2 TS
ÀLREÀDY IN THE ORBIT OF BLOCK 1, SO ¡'IE CÀN ÀDD À

NEW ET,ÞMENT TO STÀB(BLOCK 1).

qD ¡= MultPerns( OG.Gen. B2Tran3EIt@.aInverse, ZSize ) ¡
I-i¡ not croupElenent( 9p, H ) THEN

Àddcen( qP, H. base' Bôselndex ,i
di spose ( gp ) ;

END; { ELSE ì

{ ¡F BLOCK 2 ¡S IN THE ORBIT OF DLOCK 1, ÀPPÊY GENERÀTOR
Q TO B¡,OCK 2,

Ir¡ BzTransElt <> nil THEN BEGIN
FOR i i= 1 to ntuplesize DO- MapDI i ] != Qô'Gen@[ oN@t B2' i I lì
i ¡=-õãircrróN( r'lãps, oN, '¡ypeTotal, ntupresize );
únu.pg ,. Findconponent( j, Setconponents )i
IF MFMapB = MFBI THEN BEGIN

{ O MAPPED B¡,OCK 2 TO BÍ,OCK '1 
' SO À NEII ELEMENT OF

STÀD(BLOCK 1) HAS BEEN FOUND.

gp ;= MultPerns( B2TransEl'tG'a, 9@'Gen' zgize,,
t-È not GrouPElement( 9P, H ) THEN

Àddcen( õP, H, baee, Baserndex );
di spose ( 9p ) ;

END ELSÞ BEGIN

{ Q MÀPPED ELOCK 2 TO BI,OCK 2' WHICH GIVES US À

Ñpw nr,pup¡¡r oF srÀB ( aLocK '1 ) .

oÞ != MultPerns( B2TransElt@,a' Q@.Gen, ZSize ) t
;ã ;= ilül;i';;;;a s¡, sziransnti@.a¡nverse, zsize );
dispose( qp );
rn irot Grõüpnlenent( gP, H ) THEN

Àddce¡( 9P, H, ba5e, Base¡nclex ,i
dispose( 9p-);

END; { ELSE J
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1F BLOCK 2 HÀS JUST BEEN ADDED 'rO THE ORBIT-OF BLOCK 1

lll,"ii"ii,"-"äËi¡óÚõiv Þnocpssco GENERÀloRs oF G ro
Bf,ocK 2.

rF nêtlrransElt ÎHEN BEGIN_ 
nesTransEl't != faIse;
R != G;
WHTLE R <> Q DO BEGIN""-Fon i io 1 to ntuplesize DO -^""uåpit i j ;= nò'cen@l oN@[ B2'-i I l;,

i !È seårchoNt rquóii-öÑ, rlõårotár' ntupresize );
itoù""Ë=il-Ëiiàcäñãõå"'t i j',' setcomponents ) ;
iN Mi'UAPA = MFDI THEN BEGIN

{ GENERÀTOR R ¡{ÀPPED BLOCK 1 1'O BLOCK 2 ]

ôñ := MultPerbs( D2TrônsEtt@.a, R@'Gen' zSize
íF not ctotPnlement( 9P' H ) THEN

Àddcen( aP, H, base' Baserndex )i
dispo6e( 9P )t

END ELSE BEG¡N

{ GENERÀTOR R MÀPPED BI-OCK 2 TO DLOCK 2 J

qp ¡= MultPerns( D2TransEltG'a' n0'Gen' zsize );
qp t= ;üi;;;;üãi ãp'-sãõttnsElio'arnverse' zsize ) i
åi sPose ( qP ) ;
rr not cróirPalement( gP' H ) THEN- AddG;;(-õp, u, uasõ' Baserndex ) i
disPose( 9P );

END; -f ELSE }
R 3= R@.NextcenElti

ENDI { WHILE }
END; { rF }

END; i ¡T }
O:= Q(l.NextcenElt;

END; { WHILE 
'disÞgse( base );

Ei;ä;;ì õãñ"t^åerto'. ) i dispose( BzTransplt@'årnverse ) i
disbose( B2TransErt ) i
stabBlock != H

END; { StabDlock ,

{****************t**'********************l****************************
r PROCEDURE CreåtesetPairs *

* Create the nerge,/find datô structure used to find orbitF of
r Þâirs of ntupres' r¡å"Ë¿iiði"iã ii ttt tp so that each pair of :
i ñtuóres is i-n its oun orbit' *
* ' ¿**a**********r***********{**t*}*****************tl********i*************t*****

),

PnOCEDURE CreatesetPairs( ONSize: integeri 'rotal: integer;
vln SetPairs¡ SetPairs.¡YPePtr t
VÀR FirstSet! MFPairPtr ) t

vÀR

MFp
pPa rElt ¡

k,
MFPa

I r integer i
irPtr;
Pai rPtr;

.l

I

BEGIN--'â"tpaits 3= 6¡P¡nsw( Total*4 );
Fi rstset ¡ = ni 1;
k ¡- 0t
Ëoir i i= 1 to (ONsize - l) Do DEGIN-- r'õn j i= í+1 to oNsize DO BEGTN

new( vPP );
k r= k +
SetPa i r3@ ¡= MFp;

= truei

i retSet i
il

n I fHEN
¡Ê MFpt

MFpG
MFp@
MFp@
MF.p@

. TopPâ

.size

. FSet

. BSet

I

1

F
n

k
t

rF Firstse
Fi rstSet@ . BSet

Firstset rÈ MFPi
new ( PPai rElt ) ;
MFD@.PairList i=
oPàirEltO.N!:= i
i:eairnlt@.1't2 l= j
àPairEltG.nPair I
àp"irErt@.sPait ¡

ENDì [ FOR }
END' { FoR }

END; '{ CieateSetPairs }

pPairElti

oPai rElt;
þPairEltt

{ * * * * i * * t * * ** * * * * * * * * * * ** ** * * * ** * * * t * t * * i * * * *** * * * t * * * * *** * I t ** * *t* * *

* FUNC'r¡ON FSEtPTs

I tnru function is passed an index into the napping 
"f Æ,!:i'

* ot nfuõreo to the paíiiã .e"ge,/find pointer' The nerqe'/rrno
; ;;"1;";i-;ñ"-p"ii-i-u-i'aieiãå'ã-'u"tir ïhe 'oot 

is round' rhe path
* rraversed is then 

""ñiiåãããã-"ð 
i!t!-?:::I node on the path

* Þoints at the root of the tree' À pointer to the root af the
* iree (which repres";;"'i;t-;;Éit ót-pairs of ntuples) is
* returned '
I * * * *** * ** * a * a * * *a t * * * * * *ii * * **** * * t * * * * * * * *** * ** t * * * i * * *** * * ** ** * t * *

FUNCTTON FSetPra( ai integer; SetPairs¡ SetPairsfypePtr )l
ufPairPtr t

VAR
MFa, MFb' MF'C¡ MFPAiTPtTi
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uuollu ,= serPairs@[ ê ] t
wl¡¡r-B not MFa@.TopPôir Ðo

MFå:= MFaG.Parent;
rF no¿ SetPôÍr5@[ a ]G'loPPå'- MFb r= setPåirsGI a ]t

¡{HILE MFb@.Parent <> MFa
MFÇ i= MFbG.PATCNti
MFb@.Parent 3= MFa;
Mnb ¡= MFc

END i I I.'HI LE }
ENDi { tF ]
ag"¡p¡5 ¡= MFa

END' { FSetPrs }

ir ÍHEN BDGIN

DO BEG¡N

{*******t**************l*******t************t*********t***************

PROCEDURE MergesetPa i rs

This procedure i5 passed tbe
merqe,/find trees which are used
paiis of ntuples, 'rhe tso orbi
lists of elements the two trees
the smaller tree at the root of

po
to

in
f

ar

ters to the tops of two
ind the orbits (sets) of
e merged by nerging the
then pointing the root of
Iarger tree.

]

and
the

pRocEDURE MergesetPairs( Mnê. MFb¡ MFPairPtri FirstSet! MFPairPtr );

vÀR
¡'tFc¡ MFPairPtri
ãE'êir, bPairi PairPtr;

BEGl N
MFb@.sizè THEN BEG¡N

MFc ¡o MFai
MFa != MFbi
MFb != MFc

END 
'rF Firstset = MFb THEN Firstset := MFb@.Fset;

MFêO,Size t= MFaO,Size + MFb@.Sizei
¡F MFb@,FSet <> nil THEN

MFb@,FSet@.ESet != MFbo.BSett
rF MFb@.BSet <> nil ÎHAN

MFb@.BSet@.FSet != MFbG'FSeti
aPair r= MFa@,PairList@.BPairi
bPair != MFb@.PairList@.l]Pairi
MFa0.PairList@.EPair != bPairi
bPairO.FPåir i= MFa@.PairList;
MFbO.Pairlist@.BPair ¡= aPair ;
êPair@,FPair r= MFb@,PairLieti
MFbo.TopPair ¡= falsei
Mr|b@.Parent ¡= MFai

END; { uergesetPairs }

{ ********r*i************t*********************************************

PROCEDURE CreateSetConponents

This Drocedure creates the nerge,/find dâtô structure used
find the'components of the graph uhich is created by an orbit
ot pairs of ñtuples, The s¿ructure is set up so that each
ntuple is in its gwn component'

to

Ì*************i******t***********************************************

pRocEDURE createsetcomponenrB ( yiå";:t:iT"il:l;:; îir""'oonenrrypeprr 
;

vÀR
i r integer t
MF1 ¡ MFBlockPtr t

BEGI N
Setcompgnents ;= ¡¡pxnqw( TypeTotal
FOR i ¡- 1 tO TYPETOIAI DO BEGIN

neú( MF1 );
MF'l@.'ropBlock ¡= truei
MF1@.Size ¡= 1t
MF1@,BlockNun ¡= O;
setcomponents@[ i ] ¡=MF1t

END' { FOR }
DNDt { CreatesetconPonents }

*4 ) t

PROCEDURE l'lergeComponent s

Merqe two merge/find t¡ees which represent a set gf ntuples
which áre the vertices in components of a graph'

I****************l**t***l*t***********a***t************t**t*******t***

PROCEDURE Mergecomponents( MF1, MF2: MFBIockPtr )t

vÀR
MF3¡ MFBlockPtri

BEGI N
IF }TF1@.SiZE < MF2@,SiZE THEN BEGIN

l,lF3 3= MF.1 t
MF1 i= MF2t
MF2 r= MF3

END t
MF1@.Size r- MF1@,Size + MF2@.Sizei
I'ttf2@.TopBlock ¡= false;
MF2@.Pårent .- MF1;
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ÉNDt { l'lergeConpanents }

{*t*..****ai**t**Èt*t*t**i**t*lr*t******t**********ât****t********i***
I 

""Oauouo" 
freordersetcomponcnts :

1 neset the nerge/find pointers back to the initial state {here *
i .""iv-nt"ple is in its oi'n component so thôt the me¡ge/find *

I ioinlers côn be reused' :
l"********o*******r**t***********¡*********t*****r***,***************l

pnocEDunE neordersetconponents( i;¡:ilB:i:': s ¡ SetconponentTypePtr i
nteger ) i

vÀR i: integeri

otcååo i ¡= 1 to TypeTotat Do BEG'N
setconponents@[ i l0'ToPBlock ;=
setconponentsOI i ]0.size l= 1i
SetComÞonents@l i J@.DlockNun l=

END; { FoR }

DNDt { ReOrderSetComponents }

true i
0t

{ t}****t****t**t****t****t****t***********************l**************

¡ PROCEDURE lterate

* À set of 2**k btacks have been found {here k>1 . }te want 2
* blocks. ¡ihat ue do is to find blocks of blocks. This is done
r by apÞtying a different orbit of pairs of ntup¡es than the one
* uied-io-fi;d this block syst.en. Keep applying other orbits of
* pairs of ntuples that don't cause ALL the blocks to merge but do
* èauge che nunber of blgqks to 90 down until we have found a
* syeten of 2 blocks.

r************lt**************t************************t****t*********

PROCEDURE lterate( Setcomponentsi SetcomponentTypePtrt
vAR nuncomponentsi integer; ON¡ SetTypePtri TypeTotôli integer;
SetPairsH¡ MFPairPtri ntupleSize! integer) i

TYPE

{ MERGE/FTND DÀTÀ STRUCTURE USED TO FIND BLOCKS OF BLOCKS }

PTypePtr = @PTypet
MFPP¡T = @MFP,
PType = arrayI l..hugesize ] of MFPPtri
MFP = RECORD

CÀSE TopP¡ boolean On

l

false i
truê | (

parent ¡
size ¡ int
BloqkNun!

MFPPtT ) i
eger i

integer )
ÞNDt

VAR
Q: MFE'airPtr;
HP¡ PairPtri
Xr PTypePtr i
numBlacksr integeri
t1, i2¡ integer;
l4FBl ' 

MFB2 ¡ MFBlockPtr i
MFP1, MFPz¡ MFPPtTi
Count i int.eger i

{ ** * * * * * * * I * * ** * * * ** * * * * * * * * ** * ** * I * t ** * ** * a * * t * * ** * * * * * * * * * * ** * * * * * * ***
* PnOCEDURE MergeP**
* Thís prgcedure is passed tso pointers to the raotF of two
* merge/find trees used to find blocks of blocks' The 5ñaller
r trea is nerged into the larger tree.**
t*********t*************¡*********************t*****t**l*****t***t*a*Ì
pRocEDURE MergeP( MF]. MF2r ¡¡nppt¡ )i

vÀn
MF3I MFPPtTi

DEC¡ N
tF MF1@.Size < MF2G.Size ÎnHEN EEGIN

MF3 ¡= UFlt
MF1 ¡= titF2t
MF2 ¡= MF3t

END'
MF1@,Size ¡- MF1@.Size + MF2@.Sizei
MF2@,TopP ¡= falsei
MF2@, Parent i = MFl i

END' { vergee }

{ * * * * * * * * * * ***** ** * ** ** * * * ** * * t * * * * * * * * * ** * * * * * * ** * * * * * * I ** I * * * * * * * t t ***
* PROCEDURE Createx**
* This procedure initiallzes the data 3tructure x {hich.maps i* blocks tö their nerge/find pointers' Each block i5 initially *
* ln its orn nerge/find tree.**
*******************t********tt****************t*****************r**** ]

PROCEDURE Createx( nunconponentBr integeri vÀR x¡ pTypePtr )i
vÀR
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¡ ' integeri
iipr I uFeetr;

9EC.I,N.= ¡mpxnew( nuncomponen¿s*4 ) ;

ËOi.i t'="f 
nto)numconponents 

Do BEGIN

MFPl@.'roPP ¡= truei
MFPl0.Size r= 1t
x@[i] !È MFPI;

snp?No'{ .l"l1l*"
{a*aal****t*****t**t****************************t*******tt***********

TUNCTTON rindP

I

This function follo*s parent pointers to fiDd the root of
-..'råiqã,/find tree containing block i. once the root is fouhd
lül "ãlÉ-'tt"t 

the merqe/find þointer for block i to the root is
åäipíéii"a so that atÍ nergelÏind pointers alohg the path point
directly at the root.

:***********"**********t*tt**********************************t*******

r'UNCT¡oN FindP( i; integer; x¡ PTypePtr )¡ MFPPtT;

u^oano",, MFP2, MFP3¡ MFPPtrt

EEGT N
MFPI ¡= X(jt i
WHIf,E not MFPI

I
@

i
,TopP DO

Mt¡P1 ¡= MFPl@.Parenti
IF MFP] <> X@[ i ] THEN BEG¡N

MFP2 r= x@[ i ]t
wHrLE MFP2G.Parent <> !rFP1 DO BEG¡N

MFP3 r= MFP2@.Parent i
MFP2@.Parent r= MFPI i
MFP2 T= MFP3

END' { S'HT LE
END; { rF }
FindP ¡. MFP1'

ENDi { FindP I

lrEG¡N { rterare }
Q i= SetPôirsHi

Count i= 0i

{ ÀPPLY EÀCH ORBT'¡ Q OF PÀIRS OF NTUPLES UNTIL ¡'¡E HÀVE 2 BLOCKS }

I.¡HrÈE (Q <> nil) ånd (nuncomponents <> 2) DO aEGrN
Hp 3= Q@.PairListi
{ FIRST ÀPPLY THE ORBIT OF PAIRS OF NTUPLES TO THE BLOCKS OF

BLOCKS MERGE/FIND DÀTÀ STRUCTURE TO SEE IF IT REDUCES 'rHE
NUMBEN OF BL,OCKS WTTHOUT MERGING THEM ÀLL INTO ONE BLOCK }

createx( numcomponents, x )i
numBloqks i= nuncomp9nentsi
REPEÀT

l'{F¡l ¡= Findcomponent( HP@'N1. SetComponents )i
IF MFBI@'BIOCKNUN = O THEN BEGIN

count t= count + 1;
MFB1@.BlockNum ¡= Count;

END i
ur'¡ä ¡- Findcomponent( HPo'N2. Setconponents );
IF MFB2@.BlÖckNun ' 0 THEN BEG¡N

count. ¡È Count + 1i
!tFB2@,ElockNum != Count;

END' { TF }
uFPi ¡= FindP( MFBl@,BlockNun¿ x )i
MFP2 3È FindP( MFE2@.BlockNun' x )i
I F MFP"I <> I'IFP2 THEN BEGI N

MergeP( MFP1' MFP2 )t
nunBloqks l= numBlocks - 1

END' { ¡r }
HP !- HP@..FPairi

UNT¡L (Hp = O@,pairlist)i

Ir THE NUMBER OF ELOCKS ¡'¡ÀS REDUCED (BU'I' NOT ¡NTO ']UST ONE
BLOCK) THÞN ÀPPLY THE ORB¡T OF PÀIRS OF NTUPLES TO THE
MERGE/FIND DÀTÀ STRUCTURE WH¡CH FINDS BI,OCKS OF NTUPLES

rF' (nunBloqks > 1) and (numBlocks < Nunconponents) THEN BEG¡N
HP:E Q@,PairListt
num8lockg ro nunconponentsi
REPÊAT

MFBI 3= Findconponent( HP@.N1, Setconponents
MFB2 ;= Findconponent( HP@.N2' Setconponent6
tF MFB'I <> Mt'Bz THEN BEGIN

Mergecomponents(MFB1 . M"B2 )'
nunõompoñents ;= nuncomponents - 1i

END 
'HP ¡= HP@,FPair;

UNTTL ( Hp = Q@,paírt,ist )t
FÕR i1 ¡= 1 to Tvpeîotal DO

rF setcomponeñLsGt ít l@.TopBlock THEN
setconÞonents@[ i1 l@.ElockNun != 0i

Count lo 0;
END' { IT }
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IT

Di
EñDi ¡

9¡¿Dì

nuncomponents <> 2 THEN
Õ:- O@,FSeti

eãp( x, nunBlocks );- { HH¡LE J

r t¿rate Ì

**t****t******************i***************************t***i* *
{

:*******************ltt************t*************************{l******

FuNc'¡ oN Br ksv s ( 3,1,.3:îii3l¡¿.i.8fi åi:::" i "i3å:?ii' o.."o,

uonr.t"ur'u, setPairsrvpePtri t iåo'i:?,tå:i":7liìu'å"Î:i:l:"
used to find orbits of Pairs
of n t.uples I

Firstsets MFpairprri tB?tl:ï-:"':r'"lill:: Ti::..ï"".."
the'roots of the nerge/find
trees representing the scts t

r: PtrcenElt i
pMap,-.qYaf,: 

^::YPle 
t

åú¿å;å";;";ilpåo"n, i't"e";
x,y,x1i integeri
xMf, YMF¡ MFPAiTPITi
setóonponents! setcomponenttto?oåååot"n 

f Eom ntuple to_its
neige/iind Pointer used to
t inã troc¡<s- Ì

nunconPonentg: int'eger;
SetPairsH: MFPairPtr;

FUNCTIoN BlkSYs

G is transitive on Lhe arbit of ntuples of the current type'

cl':]':;;!i::":i:";li,:":"ååî:"å;'ïî"åïlg':"8'3.i'"ilî3i 3"" o

iivii:;.;'Ír:'lì'?n:"9'3åi::" iil: liSl*"313i33 ï"'?":lå ;;'*
iiiii::"i:-::"?i:à3¿"i'"?ååi3 liu"til3'3ã;."' 5'åni"îliol?'.tlË'."
:i;i;;"";-";Ëii,-iñ.-""'ípLñents are the blocks' À sraph sith
iiå"åãtb""""ts iP found üsing merge,/find pointers'

Dtr to the root of a nerqe,/find
iree of Þairs of ntuples'
used to âpPtY each orbit of
pairs of ntuples to the
nerqe./f ind structure Setcomponênts
rhi;h is used to find ô block
systeh, )

]

HPâir¡ PairPtri
MF1. MF2! MFBLoqkPtrt

H¡ Groupi
GSet3 MFPairPtri a linked list of o¡bits of

pairs of ntuPles shich sere
ãisconnected but hâd more than
two conponent.s. Ì

PQr MFPairPtr;

REF
zSize ¡ integer i

BEGI N
¡FONSize=2THEN

H r= tGroup( 1, zsize )
ELSE BEGIN

{ F¡ ND ,t'I{E ORB¡'TS ( SEÎS ) OF PÀ¡ RS OF NTUPLES SO THÀT WE CÀN

FIND À BLocK sYsrEM I

x1 3= NChooBe2( ONSize );
ôi.åt.'Cãt-ãÃliãi óÑs1"", i1, setpairs, FirFtset ) i
x i= 0i
ron i i= 1 to (ONSize - 1) DO aEGrN

FoR i ¡= 1¡ + 'l) to ONSize DO BEGIN
¡_¡= ¡ + l;
r ¡= Gi
WHILE T <> NiI DO BEGIN

{ MÀP THE PÀTR ON NTUPLES ÀT POSITIONS I ÀND .]
¡H ongir oF NTUPLES oN l

r.on k != 1 to ntuplesize DO BEGIN---ol-rapt L l-¡= iõ.cen@[ oN@l i, k ¡ . l
ãtã;i k i := r@.ceneI oN@l j, k ] It

ÞND t
pMapPosn r= seårchoN( puap, 9!!, glli?"' llYP+::i:: ì:
ä¡laÞposn 3= SearchoN( qMap' ON' ONSize' ntuplesrze /i
ir iraaPnosn < PMaPPosn.THEN

y t- il"- (ÑCLõose2(oNsize- qMapPosn) + oNSize -
PMaPPo 5n )

EI,SE
y := x1 - (Nchoose2(ONSize-pMapPosn) + ONSize -

dMaÞPosn ) i
xMF ;= FietÞrs(x, setPairs );
YMF !s FSetPrs( Y, SetPairs ) t
IF XMF <> YMF THEN

uergeseiÞàirs( xMf, yMF, Firstset ) t
r r= rG'NextcenEltt

END; 1 wHrrn Ì
ENDi { FOR }

END; { FOR }

{ '¡:o F¡ND À Br,ocK sYsrEM }¡rrH 2 BLocKs¡---
- .¡REÀT r¡¡e Nrupii!-ÃC veñircus AND THE PArRs oF NTUPÈES

!,¡ITHIN ÀN ONBIT OF PÀÍRS ÀS EDGES
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I

- SEE tF fI{E RESULT¡NG GRÀPH HÀS 2 COMPONENTS

createsetcomponents( sctcomponents, oNsize ) t
cset ¡E nrli
ñumconponents !È ONS¡zei
ca+ÞâiraH 3= FirstSet;
ËiiiË-iñ"rc".ponents i> 2) and (setPairsH <> nil) Do EEGIN
'' HPair r= satPairEH@'PairListi

REPEAT"--l¡iii r. Findconponent( HPair@'N1, setcomponents )i
i'irz i- rinaconþonent( HPair(9.N2, setconponen!5 )t
IF MF1 <> MF2 THEN BEGIN

Mergecomponents( Mn1' Mr2 )ì
nunéon!¡onents ¡= nuncompgnents - 1i

END' { TF }
HPair 3= HPalr0'FPairt

UNfrL (HPair = SetPairsH@.pðirList) i
¡F nunconponents <> 2 THEN BEC¡N

PQ != SetPðirsHO.FSeti
IF numcomponents > 2 THEN BEG¡N

of pairs of ntuples to a list
to find a block syslem bY
lockE of blocks if ue
block systen uith 2 blocks 

ì

add this orbit
thåt nay help
iterôtin9 on b
do not f ind a
thiE way

tF PQ <> nil fHEN
POo.¡rset ¡= SetPairsH@.BSett

IF SEtPAiTSH@'BSEt.<> NiI THEN BEGIN
SetPairsH@.BSet@.FSet ¡= POi
SetPairsHG.ESet ¡= nili

END' { ¡F ]
SetPairsH@.FSet !- GSeti
IT GSet <> nil THEN

GSet@'BSet ¡- SetPairsHi
GSet ¡= SetPairsHi

END' { ¡r }
SetPâirsH ¡= PQ;
ReOrderSetConponents ( setComponentg
numcomponents r= ONSizet

END; f IF }
END; f WH¡LE Ì

{ IF WE D¡DNIT GET TWO COMPONENTSI WE NEED TO FIND BLOCKS
OF BËOCKS, I.E. ¡TERÀTE THD ÀBOVE STEP.

lF (numconDonents <> 2) and (Gset <> nil) THEN-- ¡iérãtei setcomponents' numconponents' oN, oNsize,
GSet, ntuplesize )t

{ STÀBILIZE À ALOCK TO FIND ÀN INTRÀNS¡T¡VE GROUP OF ORDER 2

¡N GNOUP G

ONSize ) t

H ¡* StabBlock( c, Set
DispSP( setPôirs, ONSi
Dtspsc( setcomponent6,

END; { ELSE ]
Blksys ¡= H

ENDr { BIkSys I

::rT;"urtr, 
oN, oNsizc, ntuplesize )i

ONSize ) t

{ ** * ** * * * * * * t * ** * * * t * * * * * ** * **a * * * * * * * * * * * É* * * * * * * * ** * * * * * * * * * * * t * * *

Segnent ststbaeg (Setstab segnent)

This Eegnent contêins the routines which find the set-wiee
staUirizei-ór a 8et of ntuples M ln 2-group G where G i5 known
i;-;;t:;i;"-;tiuiitze the Èet of ntupleo oÑ ônd oN containE M'

***l ** ** * * ** * * * t i * * * * *** * * * t * * * * * * * * * * * * * * * * * ** * * t * * * * * * * * ** t ** * * ** * *

SEGMENT ststbeegi

CONS,r
hugesize.10000t

TYPE

f MERGE/FIND Po¡NTÞRs usED To FIND THE oRBrrs oF THE NTUPLES
STORED ¡N THE ÀRRÀY ON }

NOrbitTypèPtr = oNOrbit'¡YPet
MFNOTbiLÞtr = @MFNOrbitrype;
NOrbitEltPtsr = @NorbitEltType;
Norbitr¡ype = arrayI l..hugesize ] of MFNOrbitPtrt
MFNOrbitType ' RECOnD

CASE ToPNTUPIe¡ booleên OF
false¡ (Parént! MFNOrbitPtr ) t
truel (Size3 integeri

NTuplet"ist; NorbitEltPtr )
END'

NOrbltÞItTypê - RECORD
Nrndexs inteqeri
NFLinh, NBLink¡ NorbltELtPtrt

END t
DltPtr - @BlLÀrrayi
BltArrsy - array[-1..hugesize 1 of boolean¡

t nou¡rnes wH¡cH HÀvE Nor BEEN TNCLUEED rN THrs LrsrrNc¡

Copyc¡ create å copy of a tist of gcneråtors for a group'
oiãi¡l¡n¡¡i ãiipoie oi-the nerge/find-data 6tructure ueed te

orbitB of ntuplcs.
{ ** ***** **r* r ¡i * r* ****** * * * * i*a * * * * t * * * ¡ * ** i * * * * ** * ** * *¡ l** * *l**t * * ** a**

]

f ind
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* pnOCEDuRE FlndMatnverse :
* rhie procedure ig pa¡sed a pernutation a and a 3et of ntuplcs *

i 
". 

'ii-.ãi"i"s-ihe lel ói ntupies M times a inversê in sorted *

I äia'i-ti-àiiÀv uainverse. :
l*"***a*******í***r*****¡*t*r*È****r**r********r**rl**********t**t*** 

ì

pnocEDURE FindMâtnverse( iii i:l3i::?'i"?:;:It""t"
â¡ PtrcenElti M¡ SetTYPePtrt
MSizer intcgeri ntuplesize¡ integer ) i

'r'vPE
r '-INKED LIST OF NTUPTES USED TO SONT THE NTUPÍJES EÀSILY 1IIII¡"
' ii-pilrixc pERMUTATToN a ro sET M' THE SoRTED Lrsr rs rHEN

TNÀNSFERRED TO ARRAY MAINVCTBE.

NEltPtr -
NElttYPe '

0NEltType i
RECORD

N ¡ ntup¡.e;
FLink ¡ NEltPtr i

END'

uoor, ,.t"nut,
lMaps ntuPlei
i¡ inteqeri
ÑEltËlËt, NElt.¡ NEltPtri

***** * * * * * ** * * * * ** * * ** ** * **** * t* * * *t* t * * ** * i È * ** *a** * * * * * * * * I * ** * * * * *

PROCEDURE FindElsc¡nsert l
This Þrocedure either finds ntuple p in the linked ll6t of *

"trår"ã ÑËiiii;i; õ¡ lt is added iñ itâ correct posltion so that *
ÑËlãiiãt iã-sortåa in aecending order. :

* ** ** * *¡ * * * * * * ** *l * * t* ** t * * * * * * it t I ** ç* t * * * * ** * * ** t * r**r****t******** ]

PR..EDURE F i nd'r 5ct nsêr' ( 
$i"":TBl; I "xî- t $ål!l ?'å'iËi:ãl;å, i nteser ) i

VARprev, cur¡ NEltPtrt
i 3 intcaer;
diffcr¡ boolean;
found¡ booleani

BEGI Ñ
prev:' ni1;
cur r- NEltl,iatt
found:- fâl3ei

WHI 
',8

(cur <> nll) and (not found) DO BEGIN
r= 1i

di t fer
WHI LE

IF
¡= false;(i <- ntuôIesize) and (not differ) Do

ptil=cür@,NltlTHEN
i 3: i + .1

EI,SE
differ 3- truei

IF differ THEN
rF Þ[i] > CUTê.N[1] THEN BEG¡N

Þrev ¡r cur;
àur ¡= cur@'FLink;

END ELSE
cur ¡- nil

E¡"SE
found 3- t¡uei

END i { wHt r,E i
¡F NOt 

'OUNd 
THEN BEGIN

ner( cur );
Llstsize != ¡,istsize + 1i
cur@.N i- pi
IF Þrèv = nil THEN BEGTN

àur@.f Link 3- NE1tl,i5t¡
NEltLi6t 3È curi

END E'JSE IEGIN
cur@.flink t= Þrev@.flinki
prev@.f1inh ?= cur;

END i
ENDt

ENDt { FlndElselnsert

BEcrN { FlndMarnverEe }

UarSlze r- 0i
NElt[,iEt ¡- nil;
FOR i 3= 1 to Msize DO aEGIN

FôR .i !È 1 to ntuplesize DO--"rú"åt i i-¡=-aõ'cãn¡nverseot M@t i, i I It
sortNtü;f;( iMaÞ, ntuplesize )i
;i;üi;ãi;à.;ïi-iuap'^ ¡¡nrtList; Marslze' ntupresize ) ¡

END; { TOR }
vàiå"e"å" ¡= anpxnew( Ms¡size*12 ) t
FOR i 3= 1 to Malsize DO BEGIN

MatnversG@[ i ] 3- NElt¡.istG'Nt
NElt :- NEltt,istt
NEItf,iBt ¡= NEltList@' f llnk;
disÞoae( NErt );

END; -{ FOR }
END' '{ FindMalnverse }

{ ***l *** * t * ***** ** * *** * * * * *¡ ***** t ** * I * *** * i** ** * ** t* 
'* 

* *ll* * * * * *** ** t
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ffhis function finds and returns a list of generôtors for
rhe stabitizer of ntuple p in the group generated by the list
;f qenerôtors G, G is trônsiirive ôn the orbit of ntuples oN

"¡'ið¡ contains Lhê ntuple p' The function finds Stab( p )

irsinq Schreier's algori thm. The top group in the tower of
itabllizers is G and the discihguished point for that group
is not a point, but the ntuple p. The orbit for the top grgup
is therefore an orbit of ntùples. For all groups under G

in ttte to*er, including Stab( p ), the distinguished pôint is
a coint and the orbit is an orbit of points, Thus the top
qròup is not stored using a Group structure¡ but all groups
Éeneath it are stored using a Group structure'

VÀNIÀBLE D¡CTIONÀRY

Stabp! a poiÞter to the tower of groups under gtoup G (i.e'
from Stab( p ) do*n to the identity 9roup.

- built using the regulðr schreier'5 algorithm routines.
oOrbit¡ ah array of pointers to tranSversal elenents

corresponding to the ntuples in the orbit of p
- the orbit associated with group G

- if porbit@[ i ] is nil then the ntuple at index i in
orbit ON has not been added to the (partial) orbit of
p yet

- if porbit@[ i ] is not niI, then it points to the
transversal elemènt associated with the ntupLe ôt index
i in orbit ON,

pTranstôrt, pTranEnd: pointers to the start and end of a- queuà (linked list) of transversêl elements associated
with the (partial) orbit of ntuple p

baser the base uàed to create the tower of stabilizers
poiñted at by stàbp (which is created by the reqular
schreier routines)

qr used to step througt¡ the generators in C one by one
expanding the tower of stabilizers pointed at by Stabp

r¡ u9ed to step through tbe generators in G added before
q and apply theh to nee ntuples added to tbe orbit of
PbYs

bi used to step through the elenents in the queue of
transversal elements associated with the orbit of p, or
to step through the newly added transversal elements'

bMap: the ntuple that the ntuple associated with transversal.
elenent b is napped to

bposn¡ the indêx of ntuple buap in orbit oN'

************* ********************t********************** ì

FUNCTION Stabntuple( G¡ PtrGenElt; p: ntuple; ntupleSize¡ integer;
ON¡ SetTypePtr; ONSize¡ integer ) ¡ PtrcenEl'ti

TYPE

{ array of pointers to transversal elenents ulìich ate asSgciated
rith the ntuples in the orbit of P

leorbit = @NtupleorbitType;
t = @NoEltTypei
leorbitType = arrêyI l,.huqesize ] of NOEIti
trype = RECOnD

NOposn¡ integeri
NOTran ¡ NOT¡anlnverse¡ permutatiohi
NextNOElt. NOEIt

END 
'

PROCDDURE Àddporbit

This Þrocedure adds a neu transversal element to the
transverial for Stab( p ) ih G, The ntuple associated tith
the neç transversal element is at index qposn in orbit ON.
The transversal element of the ntuple i5 given by the product
of permutations h and g. The neç transversal structure is
also linked on tg the end of the transversal queue'

PROCEDURE Àddporbit( porbit! Ntupleorbiti qposn: integeri
h, 9r permutationi vÀR pTranEnd: NOEIT );

vÀR
qNOElt¡ NOEIt;

DEGI N
new( qNOElt )t
qNOElt@.Noposn :E qposni
gNOElt@.NextNOEIt l= nili
pTranEndO.NextNOElt ¡- qNOElt;
pTranEnd r= gNOEltt
Qnontto,Horrán != multperms( n, 9, zsize )
qNOnltG,NOfraDInverse != Invertpern( qNOEI
porbitGI qposn ] i= gNoElt;

Ntup
NOEI
Nt up
NOEI

vÀn
Stabp¡ Groupi
porbit¡ Nt.upleorbiti
b: NOELti
q, r¡ PtrGenEIti
base 3 BaseÀrray;
baserndex: integer;
pTranStart, pTranEnd, holdend: NOEIt;
bMap¡ ntuplei
bposn¡ integer;
i: integeri
h-1, h2r pernutation;

REF
zS i ze I i nteger i

************************t******¡*************************************

*ì

tG.NOTran, zSize ) i
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END' { Àddporbit }

BEcrN-{-srôbnåi31,å, tr , zsíze , ì
iå?Ëí.'¡= anpx'ew( oNsize*4 );
ãÃn i := 1 to oNsize Do
'* Þorbit0[ i ] ¡= niI;
¡asã ¡= amPxnew( zsize*4 )t

{ creåte transversal elemeñt asaociated {ith ntuple p }

new( b );
ijõ.ÑOp"ui ¡= SearchoN( p, oN, ONSize, ntupLeSize )t
h6-NexINOEIt ¡= nil;
õõ.nor.t" ¡= ¿¡P¡nçw( zSizê*4 ) i
Ëó.¡¡orranrnverse != ampxneP( zsize*4 );
ñon I := 1 to zsize Do BEGIN

¡ase€[i]¡=i;
b@.Norran@[i]¡=i;
bô.NO'Iran¡nverse@[ i ] ¡= i;

END i
baselndex := 2;
¡òrbit@[ bG.Noposn ] := b;
;'franstart:= bt
bTranEnd ¡= b;

{ ÀPPLY EÀCH GENERÀI'OR IN G TO EVERY NTUPLE IN 'THE ORBIT OF P

q i=
WHT fJE

ho

G'
q <> nil DO BEG¡N

tdend r- pTranEndi
b ¡= pTranStarti
T.THILE b <> hOIdCNdG.NEXtNOÉII DO BEGIN

{ ÀppLy GENERÀToR q To NTUPTE ÀssocrATED wrrH b }

FOR i ¡= 1 to ntuplesize DO
buapI i ] ;= q-0.cen@[ oN@[ b@.Noposn, i I ì;

bposn i= SearchoÑ( bMap. ON, ONSize, ntupleSize )i
ri" porbit@l bposn I = nil rHEN IIEGTN

{ found ô new ntuple in the orbit of ntuple p l

Àddporbit( pOrbit, bposn, b@.NOTran. qO'Gen, F,TranDnd )i
END ELSE BDGIN

{ found chord betreen ntuples b and bnap }

hl := nultÞerns( BG,NOTran, q@.Gen, zSize );
h2 := nultberns( h'1, porbitGI bposn ]G'No'¡ranrnverse,

zsize I i
dispose( h1 ) t
rF;at GroupElemen¡( h2, Stabp ) THEN BEGTN

Àddcen( h2, Stabp' base, basetndex )i

END; { IIr }
di spose ( h2 ) ;

END; { ELSE }
b ¡= b@.NextNoEltt

END i { r.¡Hr LE }

{ ÀPPtY ALL OTHEN GENERÀTORS
ÀDDED BY GENERÀTOR q

b ¡= holdend@,NertNOElt;
WHILE b <> Ni], DO BEGIN

r ¡= G¡
f¡HILE r <> q@.NextGenEIt DO BEGIN

FOn i ¡= 1 to ntuplesize DO
bt':apI i ] ;= rtl .centSf oNGI b@'Noposn' i I J;

boosr ì= SearchoN( bMap, ON, ONSize, ntupleSize )¡
ti" porbit@[ bposn ) = nil THEN BEGrN

{ FOUND À NEW NTUPLE IN THE ORETT OF P ]

Àddporbit( porbiL, bPosn, b@'NOTran, r@'Gen,
pTranEnd ) i

END ETJSE BEGTN

{ FOUND À CHORD BETWDEN NTUPI,ES b AND bMAP }

r TO THE NÞW NTUPLES

( bG.NOTran, rO.Gen, zSize )t( h.1, porbit@[ bposn ]@.Norranrnverse,
zSize );

h
h

multperns
multpermg

di spose ( h1 ) t
rF irot groupelement( h2, stabp ) THEN BEGrN

Àddcen ( h2, stabp, base ' base¡ ndex ) ;
END' { IF }
di spose ( h2 ) ;

END; { ELSE ]
r 3= r@,NertcenElti

ENDi { WHILE }
b r- b0,NextNoEIti

END; { ¡{HI T,E ]
q := qG,NextcenElt i

END 
' 

{ ¡{HI LE }

{ DISPOSE OF THE CREÀTED STRUCTURES

dispose( base );
F.OR i ¡= 1 to ONSize DO BEGIN

disoose( corbit@f i lG'No'!'ran );
¡lisàose( borbit@[ i ]@,NoTrantnverse ) i
dtsþose( þoruit0l i I )i

ENDi { FOR J

disÞoBe( Þorbit );
staËntuplä ;= Stabp@.Gènsi
stabpG,Gens ¡= niI;
dis¡roecToHer( StabP ) ì
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ÉNDi { stabntuple }

{ * * * 
* * * * * ** * * * * * * * * * * * * * * * * * * * Ê * * * * * È t * ** * * * * ** t * *

PROCEDURD CreateNTuPleMaP

CreaÈe the napping fron th-e index of ên ntupLe ih the orbit
^r iluptes, oN, lô i¿s nerge/find pointer. Ttre group has
Itrunsab sg oN is no longer an orbit of,-ntuptes, so the nee orb
;ithin ON are found using these nerge/frnd pointers.

its*

:*a**.****************r******r**************r************************ ì

pRocEDuRE c¡eateNrupleM"o' åi!r)äiol;T:E:.n1;otttvpePtrt
VAR

MFN! MFNOrbitPtr;
NEr NOrbitEltPtri
ii integer;

AEGI N-'-Ñrupteuap ¡= anpxnet( ONsize*4 )t
FOn i r= 1 to ONSize DO BEGIN

new(MFN) i
NTupleMap@[ i ] 3=MFN;
MFN@,TopNtuple := true;
MFN@,Size ¡= l;
new( xn );
MFN@.NtupleList ¡= NEi
NEO,N¡ndex := it
NEG.NFLink r= NEi
NEO.NBLinK T= NE'

END' { FOR ]
END; { CreateNTuPIeMaP }

******t**************************************t*********t*¡***********

Ì

FUNCTION FNOrbit

This function returns a pointer to the root of the merge/find
tree which contains tbe merae/find element at indel i in the
årrav NTupleMap' ¡t aLso có^þresses the path fron NTupIeMapIi]
io tÍre roòt by'pointing alt elements on the path ôt the root'

******t****************************t*******************************

HHILE not Mrji€,ToPNTuPle DO
MFi := MFi@,Parent;

IF MFi <> N'¡UPIEMAP@[ i ] THEN BEGIN
MFj r= NruÞreuaþ@t i J;
wHiLE MFj@.Parent <> MFi Do BEGIN

MFk ¡= I'lFjG.Parenti

FUNCT¡ON FNOrbit( i: integer; N'IupIeMap: Norbit'¡ypePtr )r MFNOrbitPtri

vÀn
MFi, MFJ, MFK¡ MFNOTbitPtTi

ßEGI N
MFi i- Ntupleuap@[ i l;

MF'
MF

ENDi
END; {
FNOrbi t

END; { FNOTbit

*¡****t*****.*******************************t**********************t*

@,Parent r= MFii
r= MFk
{ wHILE }

IF ]
- MFi

PROCEDURE MergeNorbit

This procedure is passed pointers to the rggts of Ì.uo ñerge/
find treàs used to fiñd the orbits of ntuples i¡ the array oN'
The Drocedure merqe6 the tto trees by pgintinE the root of the
..Ãri"r iiie at tñe root of the rargàr tree and by ônargamating
the t{o circutarly linked lists of elements in the trees.

***t********'*********.*************************************t******* ì

{

MFk ¡= MFi;
MFi ¡= MFi¡
MFj r= ¡.{Fki

END 
'NEi := MFi@,NtupleList@.NBL

NEj :È MFj@.NtuPleList@.NBL
MFi@,NTupleList@'NBLink i=
NEj@.NFLink ¡= MFi@.NruPIeL
MFì@.NtuÞteList@,NBLink ¡=
NEí@.NFL'ink r- MFj@.Ntupler.
MFi@.Size ¡r MFi@.Size + MF
MFj@.TopNTupIe ¡= falsei
MFj@,Parent !È MFii

ENDi { MergeNorbit ,

PROCEDURE MergeNorbit( MFi¡ l'lFjr uFNOrbitPtr )i

vÀR
MFK ¡
NEi,

MFNOrbi tPtr i
NDj ¡ NOrbitEItPtr;

BEGT N
IF MFi@,Size < MFjG'Size THEN BEGIN

inkt
inki
NEJ;
istt
NEi 

'isti
j@,sizet

PROCEDURE FNOrbits *
This procedure uses a merge/find algorithm to find the orbitF *

o¡ iftã-uñuse¿ ntuples in the-a;ray oN' rf the ntuple at index i *
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r- ôN is unused. then ONUsedOI i ] çill be fa15e and the nerge/ *

i i'i.ã"póitter for the ntupte will be at indea i in NtupleMap' :
:**r***t*******t*****¡*******t**tt**i*t*******t*ç**********i*t**a**** 

l

-^^ñnilnE FNOrbiCs( NTupleMap¡ NOrbit'¡ypePtri ON: SetTypePtrt
Pt<vw---' oNsize¡ integer; oNused: ¡itPtr;

H; PtrcenEIt; ntupleSize¡ integer ) i

vARr ¡ PtrGenElt i
i-i.kr rnteger;
uóí , tqr'¡ ¡ MFNOrbi tPtr t
iMaP: ntuPlei

oto rsi"., integeri

BEG¡ N
FOn

¡
i r= 1 to oNsize Do
F not ONUsed@[ i ] 'THEN BEGIN

r ¡= H
WHI LE

FOn
r <> nil DO
k := 1 to

iMapl k ] ¡

= SearchoN(
| = FNOrbit
:= FNorbit

BEGI N
ntupleSize DO
= ro,cenof oN@[ i

iMap, ON, ONSize
( i, NTupleMap );
( j, NTupIeMap ) ;
THEN BEGIN

k I It
ntuplesize ) ij

MF
MF
IF MF i<>MF

MergeNOrb
END t
r:= r@.NeatGenEIt;

END' { WHILE }

END 
'

END' { IF }
I FNOrbirs ]

r( MFi, MFj )t

* PnOCEDURE CreaLeONi

* NEONi points at a circularly linked tist containing the
* indiqes o-f ntuples in the array ON. This procedure creates ê
* ;¿; array, oNi; and puts the ntuples in oNi in sorted order'
* I heapsoii of the indices is used to sort the ntuples'

*********r*tt******t**a**********************t*********************** I

pRoCEDURE creêteONi ( vÀn oNi¡ SetTypePtr; ONisize¡ integer;
NEONi r NOrbitettptr; ntupleSize: integeri
ON! SetTypePtri ONUsed! BitPtr )i

vÀn
i,j! integer;
NE¡ NorbitEltPtr;

------:------
tenp¡ integeri

*******r**********l*************a*******l****************************

PROCEDüRE HeåPUPONi :
oNi contains indiqes of ntuples in array ON in the first

o".ilion in rows 1 to heapênd.- Rows 1 to heapênd-1 form ô heap' *

ihe ne* element in positiòn heapend nust be "bubbled" up to ¡ts
coirect position, i-.e. until it is 5nôlter than iEs parent ' :

i*****a***********rr**rt******************************************** ì

PROCEDURE HeapUpONi( ONi¡ SetTypePtri heapend¡ integer )i

vÀR
integer ine{e

!emP
¡¡ I

It, parent i
¡ i n¿eger i
nte9er i

BEG¡ N
ne*elt := heapend;
Þarent ¡E neHelt div 2i
ienp := ONi@[ neselt, 1];
wHtLE parent <> 0 DO

rF öNiGI parent, 1 ] >= tenp THEN
Parent ¡= 0

ELSE BEGIN
ONiGI newelt, 1 ] l= oNi@Ì Parent, 1 J;
ONi@[ Parent, 1 ] l= tempi
newelt to Parenti
oårent iÈ neeelt div 2i

END.' { ELSE }
ENDi { ireapupONi l

{ ****t******r****i********************************************l*****

PROCEDUnE HeapDosnONi

This prccedure i5 passed array oNi which contains a heap.in
o".ifiã"-i 

-ói-io"s 1 i.o heapend, except that the first roe is
ã"i-åi-ór""ã. it nust be "'bubbled" ¡lown to the corrêct posit
i.". *frãre it is smaLIer than it5 parent but larger than its
children (if it has any)'

************t*t****1****************t*******i*l*****************f *t** ì

PROCEDUnE HeâpDownoNl( ONi; SetTypePtri heapend! integer )i

VAR
ne{elt, chitdl , child2l integeri
temp: integeri
Iarge6t ¡ integer i
i,jr integert
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BEGINneselt i= ì;
renp ?= oNi@[ 1, 1 ]i
wsILE neselt <> o Do BEGrN

chitdl ;= newelt*2;
chiIdZ := childl + 1;
largest := 0i
rr child2 <= heapend THEN BEGIN

iR t.rp < oNiò[ childl, 1 ] THEN -- -^rF õNi@t chirdl' 1l > oNiGI chitd2'
largest ¡= childl

ELSE
Iargest ¡= chiId2

ELSE
rF tenp < ONi@[ child2, 1 ] THEN

lårgest l= chiId2
END ELSD

rF chiIdl = heôPend'I'HEN
IF tENP ' ONi@I ChiIdl, 1 J THEN

lsrgest := childl;
IFlêrgest=0THEN

newelt ¡= 0

-1 ] THEN

ELSD BEGIN
oNiOI newett, 1 ]
ONiGI I'ar9est, 1

newelt := 1ðrge5t
END; { ELSE }

END: { HHILE i
ENDr { HeapDownoNi l

{ MÀINL¡NE OF CTEAIEONi }

¡= ONiOI largesL, 1 l;
:= tenp;

BEG¡ N
oNi := Ampxneu( oNisize*1
Nn:= NEoNiO.NFLinkl
ONiO[ 1, 1 ] ¡= NEONi0'NI
oNUsedOI NeONiG.N¡ndex ]
FOR i ¡= 2 to ONiSize DO

ONiOI i, 1 ] r= NEo.NI
oNused@[ NE().Nrndex ]
HeapupoNi( oNi, i );

2 >t

ndex;
: = true;
BEGIN
ndex i
¡= truei

Ne
END 

'FOn i

i= Ne@
I Fon

NFLink;
Ì

r= oNiSi ze
ot
l
l
(

DOWNTO 2 DO BEGIN
i, 1 l;

:= ONiol 1, 1 l;
!= tempi
oNi, i-'1 );

temP != ONi
oNic'I i, 1

oNi0t 1. 1

HêâpDownON i
END; { FoR }
FORi¡=1to

tenp := ONi
FORj:=1

oNi@[ i,

ONlSize DO BEG]N
@l i, 1 l;
t.o ntuplesize DO

j I := oNOI temP, j 1;

ENDi { FOn }
END; { CreateoNi

{ *ri*r*******************i*t*****************************l***********

PROCEDUnE CreateMi

ThÍs procedure is passed an orbit.of,ntupfes in array ÔNi'
tt r"tt.it" the intersãðiion of tt¡e ntuptes in oNi with the

"iupiås 
in ar¡ay M in a new array Mi'

¡****************************************************************** *Ì

PRoCEDUnE createMi( vÀn Mi¡ setrypePtri vÀn MiSize! integer;
uut"âi'nitpti; M¡ setrypePtri Msize¡ integeri
vÀR MLeft: integeri ONil SetTypePtr;
ONiSize: integer; ntupleSize: inte9er ¡ i

vÀR
i,j: integer;
iposn¡ inteqeri
ùiËiiil !ïl-úinít, no'bitnttPt' ;
iconsideredi inteqeri

REF
output ¡ text i

BEG¡ N
MiEltList r= nil;
Misize r= 0;
¡F MLeft <= ONiSize THEN BEGrN

iconsi
9IHI LE

]F

dered r= 0t
iconsidered < MLeft DO BEGrN
not MUsed@[ i ] THEN BEGIN
iconsidered i= iqonsidered + 1;
i;:;;';:';;";"hõñi';@Ì-i-1, o¡rí, oNisize, ntupresize )t
Ii. iÞo5n <> O THEN BEGIN

u'igi"" := MiSize + 1i
nee( MiErt );
MiElt@.Nrndex ¡= i;
IF MiEIIList = Nil THEN BEGIN

MiElt@.NFLink ¡= MiElti
MiElt@'NDLink ¡= MiEltt
MiEltList := MiElt

END ELSE BEGIN-- -uieiie'nñlink != MiElrListi
i,iiniio'Nar,in¡ ¡= MiEltList@'NBLinkt
i.ìiËiiiisto.¡lsLinkG.NFLink ¡ = MiElt ;
MiEltr,istG.NBLink := MiEltt

END ;
END;

ENDi { rr
i := i + 1i

I
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END
END; { WH¡LE ]
DLSE BEGIN

Fon i ¡= 1 to oNisize Do BEGrN
iposn := SearchON(oNi@[ i l, M,
¡F iposn <> 0 THEN BEGIN

MiSize ¡= MiSize + '1 i
new( MiElt );
MiElt@.Nlndex i= iPosn;
IN MiEItList = NiI THEN BNGIN

MiEltO,NFLink r= MiElti
MiEItO.NBLihk r= MiElt;
MiEltList t= MiEltt

DND ELSE BEGIN
MiEtt0.NFLink ¡= MiEltList
MiElto.NBLink ¡ = MiEltList
MiEltListO. NnLink0'NFLink
MiEltListO.NBLink ¡= MiEIt

Msize, ntuplesize ) t

o NBLiNK;
¡= MiElt;

END;
END; { TF }

ÉND; { FOn l
END; { ELSE }
õIãåt"oÑit-¡ri, Misize, MiEltList, ntuplesize, M' Mused )t
MLeft := MLeft - Misize;
MiElttiFtO,NBLinkO.NFLink := niL;
WHIIJE MiEltList <> Ni1 DO BEGIN

MiEIt r= MiEltList0'NFLinki
dispose( MiErtList );
MiEl.tList := MiEìt;

END i
END; { CreateMi ì

{******r***********************************t*****r********************
* PROCEDURE REOTdETMFN

* This orocedure reorders the merge/find pointers of the ntuples*
i i' å'iãu-õÑi-thua ¡ã"" n"i been usõd vet. Each i5 set to be in
- ilr-;;;- oibit of ntuples cohtaining onry itself, so that the
* ;;; ãtuiis can be foi¡nd.

********************************************************************* Ì

PnOCEDURE ReorderMFN( NTupIeMap: NOrbitTypePtri NSizer integeri
oNused! BitPtr ) t

VÀN
i: integeri
NE 1 , NE2: NOrbi tEltPtr t

BEGI N
FOR i

IF (n
rr¡

I to Nsize DO
ot oNUsed@[i] ) and
N'ruÞleMaP0[il@.siz
NE1- != NTupleMâpo I

(NTupleMapc I i ] O.TopNTuple ) THEN
e>lTHENBEGIN

i l0.NtupteListt

NElO,NBLinkG.NrLink ¡= nili
I.¡HILE NE1 <> nil DO BEG¡N

NE2 r= NE1@.NFLink;
NE1@.NFLinK ¡= NE
NEl0.NBLink ¡= NE

1

1

N
N
N

I ndex
I ndex
r ndex

G,TgpNTuple ¡- truei
G.size r= 1;
@.NTupleList != NEI i

END i

NTupIeMapr! [ NE1 G

NTuþIeMaÞ@[ NElG
NTubreMaÞG I NE1@
NE1 := NE2

EI¡D; { WH¡ LE }

END; { IF J

neorderMFN Ì

{

FUNCTION Setstab

'¡his function is passed a 2-group C, a set of ntuples ON.,
which é setwise stabilize5, and ê subset 14 of oN' 'rhe functlon
iïnãi tnã-i.twisé sta¡ilizer of M ih G u5in9 a divide-and-
;;;;;.; ie"hriqt.t G is intransitive on the set oN, so oN can
ËiãËJr aõ"" iÃËã orbits oNi' Let Mi be the intersection of
õÑi and v. 'Ihèn G must setwise stabilize Mi' G i5 transitive
ãr-oÑi-uõ'fi;d st;b(Mi) in G bv callins Transets¡ab'.Repeat.the
;;";;å";; õ."étã¡i¡ri ) using an- orbit oÑi' ar ståb(Mi ) and Mi' ,

ihe intersection of ONi' and M'

t*{**************************t*************************************

FUNCTION Setstab( Gi PtrcenElt; ntupleSlze¡ integeri
oN: setTvpePtri oNsize¡ rntegeri
M¡ SetTyb;Ptri MSize¡ integer) ¡ PtrcenElti EXTERNALi

vÀR ONUsedGIil = true => ON@[i] has
ueåi aui"tea l
MUsedOIi] = true => M@fil has
been deleted ]
the intersection of M and oNi l
* ot ntuptes left undeleted in M I
1st ntuple in M that has not been
used so far Ì

ONUsed¡ BitPtri

MUsedr BitPtri

Mi ¡ SetrypePtri
MLefti intege!i
Munused¡ integer;

Misize! integeri
HP, H¡ PtTGENEIti
ONi i SetTYPePtr;

ONiSizer integeri
NTupleMap¡ NOrbit'¡YPePtr ;

MFONi ¡ MFNOrbitPtr i
i r integer i
NE r NorbitEltPtr i

{ an orbit of nt uples of G çhich 
Ì

{ maps ntuples in ON to their merge/
f ind pointers
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NEF' zSizei I nte9er;

oucåIuu"¿ ¡= ampxnew( oNsize );
ncn i ,= 1 to ONSize DO

ôNUseddlil := false;
Mused i= ônpxnee( MSize );
FoR i := 1 to Msize DO

MUsedGlil ¡= falsei
MLeft ¡= Msizei
Munused != 1i
H r= Copyc( c )t
HP i= H;
är"å¿.Ñítpf"¡¡ap( NTupIeMap, oNsize ) t

{ CONfINUE FINDING ORBITS ONi ÀND SUBSETS Mi
IS SET-'¡ISE STÀBILIZED.

WHILE (MLEft > O) ÀND (H <> NiI) DO DEGTN

UNTTL THE ENT¡RE SET M

{ I¡¡ND THE ORDITS OF THE NTUPLES IN SET ON WHICH HÀVE NOT VET
DEEN USED.

FNorbits( NLupleMap, ONr ONsize, ONUsed, H, ntupleSize );
í¡iìiin ¡ause¿of'¡¡unuàed 'Ì Do Munused ¡= Munused + 1i
üiOÑi t=-nnoibit( SearchoN( M0lMunused] ' ON, ONsize, Ntupresrze' 'NtuPteMaP );
oNiSize ¡= MFONi@'sizet
ðìåãiãð¡¡it õÑi, õÑisi"ä, r¡nonio.NrupleList' ntuplesize, oN'

ONUsed ) t
creêreMi( Mi,-Mi¡izå, MUsed, ì4, Msize, MLeft, oNi, oNisize'

ntuplesize );

{ IT Mi ÀND ONi ARE THE SÀME SIZE THEN Mi IS ALREÀDY SET-WISE
STÀBILTZED SO f.IE DO NOT HÀVE TO DO ÀNYTHTNG'
in ui cor¡r¡¡xs oNE NTUPLE THEN wE cÀN FrND THE snT-llrsn
STÀBILIZEN OF Mi USING SCHNEIEN.S ÀLGORITHM'
orHERr,rrsE wE MUsr c¡ii riãtsãlstab To FrND srÀB(Mi) ' Ì

rF Misize <> oNisize THEN
IF MiSize <> 1 THEN IIEG

HP ¡= TransetStab( H

DispcenList( H );

BEGIN
IN

)i, ntuplesize,ONi rONiSize,Mi,MiSize

H ¡= HP;
END ELSE BEGIN

HP := Stabnt
Di spcenL i st (

ENDi { ELSE }

upte( H, Mi0t 1 l, ntuplesize, oNi, oNisize );
H );

END' { IF ]
di spose ( oNi ) ;
di sÞose ( Mi ) ;
ñåõiaãirlnNt Hi.upreuap, oNsize, oNused );

END; { T.¡H¡ LE ]
DispMFN( NTUPIeMaP'
disþose( oNused ) t
di spose ( MUsed ) i
setstab r= H;

END' { Setstðb }

ONSize ) t

{ **************a***at*************************************************-:
* FUNCTIONTrancosetStab
* G is a 2-group acting trânsitively-on the orbit of ntuples- 1
* ON. ¡.1-"1¿ Ñ åi"'U"tn-i"Ésets of oN' -This function seðrches the *
* éroup G for a permutation Q which maps the set of ntuples M to :
* ËÀã-ã"t of ntuples H'
* - -niist a subþroup È of c is found' P is-a nornal subgroup of Ì
. c fi;i;õ ã uioél svsl"t tó. G containing 2 blocks' Tbus' P has *
* inåex 2-in G. i
* nirst, the group P is searched for a permutation Q napping *
i u tã-Ñl-'¡i--ir'áiå-is such a Q, then retuin it'
. -if P did not coniain such-ô Q' then if Stab(M) in G is *
* ttre-iutqi"up È of ó, che" cosei pc courd qontain such ô Q' *
*M
* r¡r", we should first check if Stab(M) - P, and then' if it :
*M
r is. check coset Pc for such ô O. Since there are only two cosets*
; å?'p'i;"ö,-iã'ilip l¡l .r'e"r ii stab(M) = P and just search :
*M
* P and Fc for the required Q.

**************å************************************************t***** )

FUNCTTON Trancosetstab( c: PtrcenElt¡ N¡ setTypePtri NSi2e¡ integeri
ntuplesize¡ integer;
ôN: SetTvÞePtr; ONSize¡ integer;
tl: Setryþäntr; Msizei integer): PtrcenEIt;
EXTERNÀL ;

vÀn { ln subgroup
systen of 2

af G fixing aPi Groupi

Q¡ PtrcenElti
C¡ PtrcenElt t
tempi pernutation¡
i,j¡ integeri
Ni: SetTYPePtr;
NiSizer integer;

bloc ke

{ a pernutation in G in P]

{ (N)c**-1 ì

REF
zsize¡ integer;
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BEG¡ N

{ FIND ÀN ]NTRÀNSTTIVE NORMAL SUIGNOUP P OF G OF INDEX 2' G IS
IMPRIMITIvE. P f',¡lLL FIx A DLOCK SYSTnM.

p t= ßlksys( G, ntuplesize. ON, oNsize )t

{ P MÀY CONTÀIN THE DESIRED PERMI,'ÍÀTION Q }

O;= Cosetstab( P@.cens, N. NSize, ntuplesize, ON, ONSize,- M, Msize ) t

{ IF P DOES CON'I'À¡N SUCH À O, RETURN IT' OTHER¡'¡¡SE, SOUE COSET
OF P IN G MÀY CONTÀIN THE DESIRED Q

IF Q = ni} THEN BEGIN

{ rIND A PEnMUTÀTTON C NOT IN P TO REPRESENT COSET P C }

WHI LD
c

G'
croupElement( cG.Gen' P ) Ðo

¡= CG.NextGenElt;

{ CHECK COSET P C FOR Q MÀPPING M TO N I

FindMarnverse( Ni, Nisize, c, N, Nsize, ntuplesize ) t
Q i= Cosetstab( P0.Gens, Ni, NiSize, ntuplesize,

oN, oNsize, M, Msize )t
dispose( Ni ) i
TF Q <> Nil THEN BEGIN

tenp := MultPerns( OG.Gen, cO'Gen, zg;ze I ì
dispose( Q@.Gen ) i
O@.Gen ¡= tênp;
dispose( 9@.Genrnveree ) i
QO.öenlnverse ¡= InvertPern( Q@.Gen, zSize );

END;
DND' { IT }
DiEpoeeTo{er( P )i
Trancosetstab l= Qi

END; { Trancasetstab }

PRÔCEDURE FindNi

This Þrocedure i5 pôssed two sets of ntuples, N and oNi, åhd
a pernutãtion Q, Thi; procedure finds the intersection of ONi
anà (N nultiptied by Q**-1) and returns this in set Ni' The set
Ni must be oidered;o that it can be searched easily' Since oNi
is already ordered, the ordering of Ni i5 done by lookíng at
the index of each ntuple in ONi.

********t******************************t*******t*********************

PROCEDURE FindNi ( vÀn Ni ! SetTYPe
Nr SetTYPePtr¡
ON¡ SetTYPèPtr;
O¡ PtrcenElt; n

TYPE
NEltPt¡ = @NEItTYPei
NEltType = RECORD

N¡ ndex ¡ integer i
NFLiNKI NEItPtT;

END 
'

VÀR
iMap¡ ntuplei
iposn: integer i
i,j¡ integeti
NEltList, NElt¡ NEItPtr;

{ ***************i****************************************************

* PROCEDURE FindElselnsert

* This procedure finds the ntuple at position iposn in the
* set of niuptes oNi in the Iiriked list of NEltType nodes pointed
* at by NEItList' or it inserts iposn into the tist in its correct
* position in ascending order.

***********t*********************************************************

PROCEDURE Fi¡dELsetnsert( vÀR NEltList¡ NEltPtr;
iposn¡ integer; vAR NSizei integer ) i

vÀR
prev, cur i NEltPtr t
found¡ boolean;

BEGIN
prev ¡= nili
cur ¡= NElt¡,istt
found i= false;
¡.tHrLE (cur'<> niL) and (not f ound) Do

IF iposn = cur@.NIndex THEN
found ¡= true,

ELSE
IF iposn > cur@.N¡ndex THEN BEGIN

prev i= curi
cur ¡= cur@'NFlinki

END ELSE
cur ¡= niI;

IF not fouñd THEN BEGIN
neç( cur );
cur@.NIndex ¡= iPosn;
Nsize t= Nsize + 1i
rF prev - nil THEN BEGrN
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curO.NFtink l= NEltList;
NEltList i= curi

END ELSE DEGIN
curO'NFLin¡ ;= Prev0.nflinki
Drev(ì.NFLink:= cur;

END; { ELSE ì
END; { IF }

END; 
'{ FindElsernsert ì

BEcrN { FindNi l
NiSize i= ui
NEltList:= nili
FOR i i= 1 to Nsize DO BEGIN

FOR i := 1 ta ntuplesize DO
iuaol i I := O0'GenInverseot NUI

ipoi"-i= éeàrchoÑ( iMaP, oN, oNsize'
lF iDosn <: 0 THEN- FindElsel nsert ( NEltLi st , iPosn,

END ¡

Ñï i= t.o"."*( Nisize*12 );
FOn i := 1 to Nisize DO BEGIN

NElt := NEltListC'NFlinkt
NiCì[ i ] ¡= ONoI NEltList0.Nlndex l;
di spose ( NEItLi sL ) ;
NEìLLi5t I= NEft;

END; { FOR ]
ENDr I FindNi I

{ *************************************l*********************************
* FUNCT¡ON SearchcosetDiag

i t and n arê ntuples. They are both in the orbit of ntuples *

r oNi, This function 
-sãarct'es'the cosèt diagram of stôb( m ) in 1

* H to find a pernutati;;;hich maps ß to n' rf there is no such :
* feimutation,- niL is rêturned'

¿4******{*****t***************** ì*********************************************{*
FUNCTTON SearchcosetDiag( m,ni ntuplei ONi: Setl¡vpePtri

' ôÑióir;; inieser; ntupresize: integer;
H: PtrGenE¡t ): PtrGenEl't;

TYPE

{

i, j I 1t
ntuplesize ) i

NiSize ) t

A SÍRUCTURE RDPNESENTTNG THE ORBIT OF NTUPLE M }

mOEltPt
@M'fype;
r = 6mOEl

M'rype = array[ 1

môElt = RECORD
llr,rg"uit. I of noEltPtrt

poSn¡ integeri.
perm: perilutatron;

NextmOElti mOEltPtri
END;

vAn

REF

morbitr mPtri
Transtart, TrañEnd¡
'11 , T2. mOE lt Pt r ¡
i,j: integer;
nDosn ¡ i nteqer;
TìMaor ntuÞle;
Q1, Q2r Pt;GenElt;
Hôl.lEnd: monltPLr i

nOEItPt r ;

zSize¡ integer;

DEGI N

f CNEÀ18 THE STRUCTUNE NOTbit NEPNESDNT]NG THE.ORDIT OF N,

iiìõ"iñ¡'i'lotizÈ-ir ro coNTÀrN oNLY m (I'¡rrH TRANSvERSÀL

Ëin¡aeñi EeuÀL To rHE TDENTITY)'

new(T1 );
;ìä:";;; r= searchoN( n, oNi, oNisize' ntuplesize );
ilõ.ã.ir := ânpxneu( zsize*4 ) ì
non i := -1 to zsize Do

T10.permGI i ]:= i;
TlG.NextnOEIt:= nili
.oi¡ii ,= amprneu( oNisize*4 ) t
FôR i := 1 to ONiSize DO

morbitGlil:=ni1;
morbitGI T1@'Posn ] ¡= r1;
Transtart != T1i
TranDnd ¡= T1 ;
iiä'Ji"i='s"åtår,oN( ', oNi, oNisize' ntuplesize );
Q1 := H;

{ ÀPPLY THE GENERÀTONS OIT GNOUP H TO THE ELEMENTS IN THE ORBIT
' äi"-*-uñiil t'tp HÀvE FouND THE TRANSvERSÀL ELEMENT MÀPprNG

n TO n'

lrHIf,E ( Q1 <> niI) and ( morbit@[ nposn ] = ni1) DO BEGIN

{ ÀPPLY GENERÀTOR Q1 TO EVENYTHING IN THE ORBIT OF NTUPLE

M SO FÀN

T1 := ¡I'ranstêrti
HóldEnd ¡= TranDndi
ñ;;;.'i'i'l .'-rlãrãnnao.Nextnonlt) añd (norbit@[ nposn

BEGIN
Fóñ i ,= 1 to ntuplesize Do BEGr-N
'""rruåpt i-i t=-þreíêãiot-onioI rtG'posn' i ] l;

T*?l suu..t'on( T1Map, ONi, ONiSize, ntuplesize ) t

Ín norbit@t j I = nil THEN BEGrN
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{ GENERÀTOR Q1 MÀPPED NTUPLE T1 TO ÀN TITUPLE WHICH

IS NOT CURRDNTLY IN 'rHE ORDIT OF m, SO ÀDD THE
ÑÉw- ¡¡uÈr.n (ÀND rrs rRANsvERsÀL ELEMENT) To rHE
ONBI'T '

nes( 12 )i
nOrbit0[ j I ;= 12¡
T2úl.Dosn := i;
;'ãõ:;;;; i= úittperms( r1@.pern. Q1o'Gen, zsize );
T2O,ÑexthOEtt ¡= nili
TranEndo'NextnoElt ¡= T2;
TranÞnd i= T2;

END; { rr }
T1 := TlG,NextnOElti

ENDI { WHILE ]
HoIáEnd ¡ = HotdEnd0.NextnoEtt i

{ ÀPÞLY ALL GENENÀTORS I'¡HICH HAVE NEEN PROCESSDD TÔ THE
NEWLY ÀDDED NTUPLES IN THE ONDIT OF M'

t¡HrLD (HoldEnd <> ñiI) and (norbit0[ nposn ] = ni1) Do l'EGrN
Q2 r= Hi
ñil¡.n tóz <> Olo.NextGenDlt) and (morbitolnposnl = nil)

DO BEGIN
FOR i := 1 to ntuplesize DO---riuaot 

i I := éãõ.èã;{:lt oNiol Ho}dEnd(l'posn'.i ì l;
'i ¡= SeärchON( TlMap, ONi, ONiSize, ntupLeSize ) i
iN MOTbitOf J ] = NiI THEN DEGIN

{ GENERÀTOR Q2 MAPPED NTUPLE T1 TO ÀN NTUPLE
wHtcH rs Nor êÚñnenrr,v rN THE oRBrr, so ÀDD lr' ì

new( T2 )t
norbitoIjJ:=12;
T20,posn := j;
T2C.perm i= MultPer
T2úr,NèxtmOEl,t:= ni
'IranEnd0,NextmOElt
TranEnd ¡= T2i

END; { IF }
Q2 != O20.NêxtGehElE;

END; { WHILE ì
HotdEnd ¡= HoldEndc'NextmoEfti

END; { T.¡HI LE ì
cl1 := Ql0.NexLGenElti

END| { HHILE }
rF morbitOI nposn ] .' nil THEN BEGIN

nev( 01 );
Q10,Gãn ¡= morbit@l nposn lC.perTi
õ1@.cenlnverse i= IrvertPern( Q10'Gen,
olO.NextGenElt != nil;
ro.¡itOI nposn ](l.Perm ¡= niI;
dispose( nôrbit0l nPosn ) );

m5( HoldEnd@,pern, Q20.Gen, zsize t ì

zsíze I ì

END ELSE
01 ¡= nil;

FORi:=1to
rF norbir@

di spose
dispose

ONiSize DO
i I <> ni
mO¡bi t@ [
mOrbit@[

I THEN ÊEGIN
i l0.perm );
, ) ti

END;
dispose( morbit );
seârchCosetDiaq i= Q1;

ENDi I SearchcoseLDiag Ì

{ ************************************t********************************

* FUNCTTON Cosetstab i
* P is an intransitive 2-group acting on the orbit of ntuples
* ON, wã learc¡ ¡o. ãÃ åremã"t b {hich-naps the set.of ntuples i
" u-'i" in"-iàr of ntu;le; N, wheie Q is in group P' (M and N are :
* luùåeis of the 5et ¿)N.)
- ""-i;-;";Á i é ãtisii, it is returned' othersise, a nil pointer I
* is returned. -
* -- i¡tè-prõcedure used here is a divide-and-c.onquer :::hligY:- :
" s¡riiåt'ta that used in FUNCTTON Setstab' Hê find the orbrts
- ãi Ãt"plåå "itr'in 

oÑ. Let oNi be an orbit of ntuples within I
. ðÑ. 

-iinå ul and Ni, the intersections of M and N with oNi' rf
* i'iår.- iä-"'-é tippi"ó u i" ¡¡' it must map Mi to Ni' so ee search *
i iãi'ði-ñ"lpi"f-ü'i tó ni. Now we mus! find ê Q mappins the :
* .ãst-"r l¡'io i¡. "eÀt 

of N, i.e, napping-M-Mi to N-Ni' we no
i lããi.ñ-sï"ùtvli-rõi å o *aòpinq Y-Yì'!" (N-Ni)Qi**-1, usins the l
. ;;;;-¡.;hnique that we-useä- to-rind Qi '
* -- ir,-ãi 

"tiv 
point in ittt ptocedure, we find thac there is no *

i ur.i-ói-t"óõí"õ-vi to Ni thän ue knoÞ that there is no such O I
* 

^ãppiñs 
¡¡ iä ¡¡, ¡"-i¡'ii ðài", *" stop and return nil' Thus, if *

* Mi is not the sat" sir" as Ni; se can Stop and return nil' *

********************r*********************************a*******i****** J

FUNCTroNcosetstab(P:PtrcenEltiN:setTypePtriNSizelinteqeri
ntuÞlesizei integer;
ON: SetTYPePtri ONSize¡ integer;
u¡ sãirvbäptri Msize: integer ): ptrcenElti
EXTENNÀL i

VÀR
HP, Hi
ONUsed ¡

PtrGenElt t
BitPt r t

Bi tPtr t

{ tells us what Parts of oN hôve' ãriããav been piocessed. Ì
{ telts üs what Parts of M have' åiiãã¿u-u""n uied' Ì
t ú-iÃlãise"ted with orbit oNi Ì

L of ntuples left unused in M I

ì iui "l"piu in M {hich is unused }
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Mused ¡

Mi ¡ SetTYPePtri
MiSize ¡ integer i
Ml,eft i integer i
MUnugedi integeri

^



ONi ¡ SetTYPePtr t
oNiSize¡ integeri
NtupleMap¡ NOrbitTYPePtr t

MFONi¡ MFNOrbitPtrt

Q: PtrcenElt;
i ¡ integeri
Ni: SetTypePtr
NiSize ! intege
Oi : PtrGenEIt t
remps Norbi tEI

{ ôn orbit of ntuples in oN }

{ maooinq from the index of an ntup}e- 
in'òH Io its nerge,/find Pointeri
Used to find orbits of ntuPles t

{ þointer to the rogt of the her9e,/'iiÃ¿-i"e" representing orbit oNi Ì

{ oNi intersected with (N)Ot*-1 I
ri
tPtr i

REF
zSizei integeri

ßEG¡ N
Onus
FOR

ed
i

¡= ampxnè*( ONSize )t
= I to ONSize DO

oNUsed@[i]?=false;
Mused != ampxnew( Msize )t
FOR i r- 1 to Msize DO

Mused@[i];=falsei
MLeft := MSize;
MUnused i= 1;
H r= Copyc( P )t
neç( O );
OC!.NextcenElt ¡= nili
õo.oen ¡= ampxnew( zsize*4 );
O€.Genrnvergä i= åmpxne{( zsize*4 );
FOR i r= 1 to zsize Do DEGIN

o@,cen@[i]¡=i;
õ@.Genrnverse@[ i ] := i;

END; { FOR }
õiãáteNiuprer¡ap( ntupleMap, oNsize ) ;

{ coNTTNUE THE DrvrDE-AND-CoNQUEn TECHNTOUE--UNTrt' Èir¡¡pn wE KNow rHAT No sucg o Exrsrs oR UNTrL ÀLL
OF M 1S USED UP

lrHrLE ( Mt,eft > 0 ) and ( H <> nil ) DO DEGIN

wHrLE MUsedGI Munused ] Do Munused ¡= yu
¡.i-nõÑi t=-¡'¡loibit ( searcboN( M@ [Munused] ,

ntupleMaP );
ONisize ¡= MFoNiG.Sizet

{ F¡ND THE ORBTTS OF 'rHE NTUPLES TN ON WHICH HÀVE NOT BEEN

PREV¡OUSLY USED'

FNOrbits( N'IupIeMåp. ON, ONSize, ONUsed. H, NtupteSize )i

{ cHoosE ÀN oRD¡T I{H¡CH coNTÀrNs ÀN uNUsED ELEMENT oF M }

nused + 1;
ON, ONSize, ntupleSize),

crèateoNi( ONi, ONiSize' MFONiO.ntuplelist' ntuplesize'
ON, ONUsed )t

createMit ¡li-,'¡li-siãã' ilúsed, ¡r, Msize, MLeft, oNi, oNisize'
ntupleSize );

FindNi( ¡¡i, Ñisize, N, Nsize, oNi, oNisize' Q, ntuplesize )i

{ wE wÀNT Oi ¡N COSET H O THÀT MÀPS Mi TO Ni }

IF NiSiZE <> MiSiZC THEN BEGIN
DispcenLiet( H )t
di6pose( Q0.Gen );
disbose( é@'Gen¡nverse );
dispose( Q )t
Q :- nil

END ELSE IF MiSiZE <> ONiSiZE THEN BEGIN

{ IF Mi = Ni = ONi THEN Q ÀLREÀDY MÀPS Mi TO Ni' ÃÑo ù ÀLREÀDv sET-w¡sE srÀBrLrzEs Mi. l

IF MiSiZE = 1 THEN AEG]N-- 
ôi-i.-s"u"chcosetDias( vi@t-1-1, NiGfll, oNi' oNisize,

ntupleSize, H )

END ELSE BEGIN-A;-;= irãnCosetStab( H, Ni¡ Nisize, ntuplesize,
oÑi, òNisize, Mi, Misize )t

ENDi { ELSE }
IF Qi = nil THEN BEG¡N

DispcenList( H ) i
dispose( O@.Gen ) i
di spo5e ( O@ 'Genr nverae ) ;
dispose( Q )t
O ¡= nil

END ELSE BEGIN

{ Qi MÀPS Ui TO Ni. 'THE SET OF ÀLL SUCH ELEMENTS IS À
' õõsÈr oF THE sgiwrsp srÃ¡¡r,¡znn oF Mi rN H Ì

Ir| Mleft > 0 THEN BEGIN
IF Misize <> 1 THEN BEGIN

HP := 'rransetstab( H¡ ntuplesize. ONi ¡ ONiSize, Mi,
MiSize ) i

END ELSE BEG¡N- -Hp a= Stêbntuple( H, MiGf 1 l, ntuplesize,
oNi, ONisize ) t

END; { ELSE ]
DiepcenList( H );
H ¡= HPi

ENDi { IF }
new( ttP )¡
HP@ , Gen
di spose
9@,Gen
di spose
di spose

r= MultPe
( Q@.Gen )
= Ì¡PG , Gen i

HP )'
O@.GenInverse )i
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QO.GenInverse ¡= ¡nvertPerm( O@.Gen, zSize );
dispose( Qi@,cen ) t
diEpose( Oi0.Genrnverse )i
dispoee( Qi );

END' { ELSE ]
END; { DLSE }
di spose ( oNi ) t
di spose ( Mi ) t
disÞose( Ni );
Reo;derMFN( NtupleMap, ONSíze, oNused )i

END; { wHr r,E }
DispMFN( NtupleMap, oNsize )t
dispose( oNused )t
dispose( Mused )i
IF H <> nil THEN

DispcenList( H )i
Cosetstab:= Qi

END' { Cosetstab J

a***********a*******t********************************1***t*******i***

r'UNCTION TranSetStab

we want to find the set-tise stabilizer of the set of ntuples
M in group G. G is transitive on the orbit of.ntuples ON
which-coniains the set of ntuples M. Stab(M) is found by finding
an intransitive group P of index 2 in G (using a block systeh)'
Then PM, the setlwisã stabilizer of M in P' is found bl, a
recursive call to Setstab, PM i5 either all of Stab(M) in G

or some coset Pt in G cont.ains a permutation b whicb fixes M

and Stab(M) = < PM. b >, so seðrch Pt for a b mapping M to M by
calling CosetStab.

*************t*****r*****t************t*****t*******t************l***

FUNCTION Transetstab( G: PtrcenElti ntuplesize! integeri
ON! SetTypePtr; ONSize¡ integeri
M? SetTyÞePtr; MSize¡ integer ) ¡ PtrGenEIti
EXTERNÀL i

VÀR
Pi Group;
t i PtrcenElt;
PM: PtrcenEltt
tr,Gens¡ PtrcenElt;
b¡ PtrcenElt;
i ¡ integer;
Nr SetTypePtri
NSizei integer;

REF
zSize¡ integeri

BEGI N
P l= BtkSys( G' ntuplesize, ON, ONsize )t

{ cHoosE À pERMUTÀTroN t ro RDPRESENT cosÞT Pt }¡HERE t rs
NOT IN THE INTRÀNSITIVE SUBGROUP P

t r= G;
wHILE GroupElenent( t@.Gen, P ) DO

t ¡= t0.NextcenElti
Pcenl i= P@,Gens;
P@,cenE ¡= nil;
DisposeTower( P );
pM ì= SetStab( Pcens, ntuplesize. ON' ONSize, M, MSi2e );

EI THER
STÀB (

r.¡HERE

PM
M)
(M

IS ÀLL OF STÀB( M ) ON ELSE
= PM + PMb FOR SOI'IE b I N COSET Pt ,
)b = M Ì

)t
ONSize, M.

FindMarnverse( N
b r= cosetstab(

NSize, t, M, MSize. ntupleSize
PGE
MSt

ns, N, Nsize, ntupleSize, oN,
ze )¡

di
IF

spose( N );
b <> NiI THEN BEG¡N
b@.NextcenElt ¡= PM;
FOR i r= '1 to zsize DO BEGIN

b@.Genrnverse@t i I ¡= t@'Gen@[ bG'Gen@[ i ] l;
END; { FOR i
dispose( b@,cen ) i
b@,Gen ¡= bG.Gen¡nversei
b@.Genrnverse ¡= rnverLPerñ( b@.Gen, zSize ) t
PM ¡= b;

END' { IF I
DispcenList( PGens );
TranSetstab ¡= PMt

END; { Transetstab }
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