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ABSTRACT

A two—equation turbulence model (k - g) was
applied to predict fluid flow characteristics under fully
developed turbulent flow conditions through a square
duct. The five coupled, non-linear, elliptic equations
for axial vorticity, stream function, turbulent kinetic
energy, turbulence kinetic energy dissipation rate and
mean axial velocity were solved by means of the:genexal
elliptic finite difference procedure of -Gosman et al
[1969] with‘a cartesian coordinate grid. Threekdifferent
vorticity source term models were employed for the
vorticity equation. The first model is based on the
Reynolds stress model proposed by Launder and Ying
[1973]. 1In the second model, the vorticity source term
1s calculated based upon the relationships Dbetween
turbulent intensities as proposed by Alshamani [1979].
In the third model, a synthetic distribution of turbulent
kinetic energy (k) is specified and combined with the
vorticity equation to produce a simple algebraic term for
the source of vorticity as suggested by Seale [1982].

~The vorticity source term model constants (¢', C'" and

c™ for models I, II and III respectively) were tuned to
yield best overall agreement with the experimental
measurements, which incidentally occur when the maximum
resultant secondavy velocity is about 1.5% of the

centreline velocity in all three models. The predicted

results of all three models were compared with the
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experimental data of Hoagland [1960], Leutheusser [1963],
Brundrett and Baines [1964], Gessner and Jones [1965] and
Launder and Ying [1972];

| Predictions are presented over a Reynolds number

range of 60 x 103 to 300 x 103. The predicted’
characteristics of the flow are shown to be in reasonable
agreement with the available experimental data. The
effects of secondary flow were evident in the "cross-
sectional distributions of mean axial velocity, wall
shear streés and very prominent in the turbhléh; kinetic
energy distributions.

Finally, the performances of the three models were
compared with each other and it was observed that the
predicted characteristics of all three models were very
close. The predictions of model II ﬁgEe judged to be
best overall compared to the experigental data;, although,
admittedly, the differences between models were small.
Model II, subsequently, was employed to compare predicted
wall shear stress at different Reynolds numbers and model
IIT was used to show the variation of friction factor
with Reynolds number in smooth square ducfs°

The success of model II and especially model III,
promises good prospects for their application to multi-

cell geometriess
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NOMENCLATURE
Finite difference equations coefficients,
equation (5.1).
Universal law of the wall constants,
equation (4.11).
Turbulence model constants (Refer Table
.
Vorticity source term models constants.
Constant pressure specific heat.
Equivalent hydraulic diameter.
Friction factor, equation (4:41).,
Mean turbulent kinetic energy, éiazﬁ+§2-+§2).
Fluctuating component of turbulent kine-
tic energy. ‘
k/(u*)2,
Value at centre of duct (model III);
taken as 1.
Value at the wall (modelﬁ?ll); taken
as 4,

ke,+ {1 = m (I - y/ymax)2}.

Non dimensional turbulent kinetic energy,
bo(ut? o+ v 4w P,

Half duct width.

Length of test section from inlet to
measuring station.

Mass flow rate.

Grid parameter.

Direction normal to corner bisector.
Pressure.

Reynolds number based on Up and Dp.
Source term, equation (5.1).

Time.
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Vsec

u,

Vs

=1

w

(x1)
Local friection velocity, (T/p)l/z.
Average fricfion.velocity,’(fw/p)1/2.
Instantaneous axial velocity.
Axial mean velocity (time-average).
Average mean velocity over primary
flow cell cross=-section (bulk velocity).
Resultant of V and W, (V2 + szllz.
Fluctuating components of theAvelocities
in the axial, lateral and bi-normal
directions respectively.
Root mean square values of u, v and \
respectively. )
Instantaneous velocities in the lateral

and bi-normal directions respectively.

- Lateral and bi-normal mean velocities

(secondary velocities).

Axial coordinate. : o
Lateral and bi-normal coordinate.
Normal distance from thei%all to the
surface of no-shear (model III).

1 - §/§max

l - y/Ymax

ke,+ (1 = m Yp)) |

{2 + Yy + (ky,+ - Yu) YL} -

{1 - ¥p)?2 (ky,+ - YD}

Thermal diffusivity.

Relaxation factor, equation (5.30)
Dissipation rate of turbulence kinetic
energy.

Convergence criterion, equation (5.31).
Laminar dynamic viscosity (fluid).

Eddy viscosity (isotropic).

Kinematic viscosity.

Fluid density.
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Subscripts
b
h

L]
max

C/L
¢/p

Superscript

4

(xii)

Turbulence model constants (Refer Table
1).

Local wall shear stress.

Turbulent shear stress, -G;.p.

Average wall shear stress.

Parameter in the general elliptic equa-

‘tion (5.1).

Stream function defined by equations
(3.7),(3.8). |
Axial vorticity defined by equation
(3.9). |

Laplacian Operator.

Bulk.
Hydraulic.

Finite difference indices (directions).

e
et

Maximum.
Overbar designates time-averaging.
Duct center~line.

Duct wall center-point.

Non dimensionalized.
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A COMPARISON OF TURBULENT FLOW PREDICTIONS FOR

SQUARE DUCTS USING THREE VORTICITY SOURCE MODELS

1.0 INTRODUCTION

1.1 Motivation

Many turbulent flows in engineering practice occur
in ducts of mnon-circular cross-section, e.ge compact
heat—-exchangers, nuclear reactor channels, air
conditionihg systems and rotary machinery. During the
past two decades, a number of turbulence mddeis and
numerical procedures have been developed to enable
prediction of turbulént flow and heat transfer in ducts
of mnon-circular cross—section. Much of this wofk,
however, has been directed at nuclear r&actors where the
fuel bundles form. a matrix of rods arranged mainly in
triangular and/or square arrays along which the coolant
flows axially.

One of thé simplest geometries, in which secondary
flows arise, is a straight duct of square or rectangular
cross—section. The square duct was chosen here for the
purpose of analysis because extensive experimental data
are available for the primary quantities i.e. axial
velocity, secondary velocities, turbulent kinetic energy
and wall shear stress. These parameters can all be

predicted numerically through a turbulence model. In



turn, a key ingredient in a successful and versatile
computation scheme, concerns modelling of the vorticity
source terme.

The present work was motivated by a desire to test
a few models for vorticity source in order to predict the
primary quantities in a smooth square duct and thereafter
compare them with the available experimental data. This
represents a first step towards determining their
suitabilities for a simple geometry where a single cell
is observed in each primary flow cell. However, the
possible application of these vorticity séurce terp
models to complicated geometries involving two or more
cells (i.e. multicells)[e.g. eccentric annuli (Xacker
[1]), non-equilateral isosceles triangles, rectangular
ducts and rod-bundles] are discussed brfg}ly and further
study is recommended.

1.2 Objectives and Scope

The present work was concerned essentially with
developing an analytical model to predict fully developed
turbulent flows in square ducts using, in turn three
different vorticity source term models, viz., Launder and
Ying's [2] Model = Model I; a model baséd upon turbulent
propertiesvcorrelation ~ Model II and Seale's [3] Model ~-
Model ITII.

A two-equation turbulence model was applied which
used turbulent kinetic eunergy (k) and i1its dissipation

rate (e€) as dits two additional wvariables. The five
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coupled, non-linear, elliptic equations £for axial
vorticity, stream function, turbulent kinetic energy,
turbulence kinetic energy dissipation rate and mean axial
velocity were solved using the meﬁhod of Gosman et al
[4]. This general elliptic finite~difference procedure
was used with a uniform cartesian coordinate grid.

Regarding the models for vorticity source term,
the first prediction schémé is based on the Reynolds
stresses gradients model proposed by Launder andlYing

upon the

<

[21. The second prediction strategy re§t§¢
relationships Between turbulent intensitigs in turbulent
flows as suggested by Alshamani [5]. However, Launder
and Singham [6] were probably one of the first of éeveral
investigators to suggest the possibility of relating
Reynolds normal stresses to the turbuleﬁ§§kinetic energy.
They postulated a relationship in the following form:

-2 -2
(V - w ) = kog’

where k is the turbulent kinetic energy, (;2 + ;2 4 ;2)/2
and g is a geometric function of position prescribed in
terms qf half-widths of the 1investigated rectangular
duct. = In the third prediction technique, a synthetic
distribution of turbulent kinetic energy (k) is specified
and_combined with the vorticity equation to produce a

simple algebraic term for the source of vorticity as

proposed by Seale [3]. The respective model constants
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(C'in model. I, C¢" in model II and C'"' in model TIL) were
appropriately tuned to yield the best overall agreement
~with the experimental data. The ed&y viscosity was
assumed to be 1isotropic and was expressed in terms of
turbulent kinetic energy and its dissipation rate as per
the Prandtl-Kolmogorov formula.

Turbulent predictions were undertaken for both
with and (in some cases) without secondary flow. The
predictions are shown to be in failrly reasonable
agreement .with the experimental results of v?rious
investigators. However, the main focus of the study
concerned the testing of the three models for vorticity
source term and assessment of predicted results based on
each model with respect to ﬁhe experimental ones.

Predictions are presented for L?mooth ducts of
width 2L = 7.62, 10.16, 12.70 and 20.32 cm (3,4,5 and
8 in. respectively) for Reynolds numbér (based on
hydraulic diameter) in thevrange 60 x 103 to 300 x 103,
Air at standard temperature and pressure was taken as
working fluid in the analysis and the air properties were
assumed to be uniform and homogeneous throughout.

In Section 2.0 the experimental and analytical
work (with particular emphasis on k—€ turbulence models)
on square ducts is reviewed. Section 3.0 deals with the
development of the governing equations for the k-t model

whereas the three employed analytical models are treated



in section 4.0. A numerical procedure for solving the
governing equations 1s presented in section 5.0. The
predicted vresults are presented and discussed in detail
in section 6.0, Lastly, the chief findings of the

present work are itemized in section 7.0.



2.0 LITERATURE REVIEW
2.1 General

There 1is abundant evidence that turbulent flow in
a straight duct of mnon-circular cross-section is
accompanied by lateral spiral motions. The secondary
flow of this type, termed by Prandtl [7] as secondary
flow of the second kind, is due to the differences in
gradients of normal Reynolds stresses across the cross-
sectional plane. Secondary flows are experienced . in
turbulent flows through non—-circular ducts of arbitrary
cross—sections. It has been discoverea that it was
differences in gradients of normal Reynolds stresses in’
the plane of the cross—section that gave rise to a source
of streamwise vorticity. This secondary flow convects
main flow momentum and energy towards‘gie wall in some
regions (typilcally corners) and away from the wall in
other regions. Thus, mean flow streamlines must be
helical and not the straight lines as found in circular
pipes.

Although the secondary velocities are usually small
(within typically 1.5% of the centreline axial velocity),
their existence displaces the isovels (i.e. lines of
constant axial velocity) significantly toward the corners
of the duct, resulting in a relatively high velocity
field there. They also act to distribute the shear

stresses equally over the wall .of the duct. Thus the
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effects of secondary flow motion must be included in the
simulation of turbulence to avoild ény unrealistic
interpretation of the phenomenon. Any attempt to deal
wi;h this class of flow must pay special attention to the
éimulation of this secoﬁdary flow motion.

The following is a brief review of the published
experimental work on rectangular (and especially square)
ducts.

2.2 Review of Experimental Work

More than 50 years have passed since Nikgradse
[8] delineated the discrepancies between fiow in cdircular
pipes and square ducts by discovering that the‘ axiél
velocity «contours in turbulent flow through sﬁraight
rectangular* ducts were displaced towards the corners of
the duct. The cause of these displaceméﬁ%s was traced by
dye 1njection to the presence of secondary flows in the
plane of the duct cross—-section which convected high
velocity £fluid from the centre of the duct towards the
corners. Prandtl [7] suggested that these were the
result of secondary flows toward the corners which, to
satisfy continuity, required a return flow at the mid-
point of the walls, It was also postulated that these

were the vresult of turbulent fluctuations along the

isovels giving a net flow normal to the isovel wherever a

* The reader 1s reminded that a square duct is a
rectangular duct with unity aspect ratio.
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variation 1in curvature occured. The magnitude of the
secondary velocities could not be determined at that time
due to error introduced by the presence of the yaw~meter,
when used in regions possessing mean velocity gradients.
After the advent of hot-wire anemometer, these
velocities were measured and found to be smaller than the
root-mean-square tufbulent velocity. Hoagland [9]
noticed that the flow pattern was exactly the same as
predicted by Prandtl, but did not pursue the study of
their origins. He selected a 12.7 cm (5 in.) ;quarg duct
as a compromise between a large cross—section to minimize
probe interference and a large velocity to facilitate
measurements. A duct length of 9.754 m (32 ft)(L*/Dh=
75) was employed to insure fully developed flow. The
experiment was performed with air as tﬁz working fluid.
In his experimentation, two methods were congidered and
employed for velocity measurements; 1) the hot .wire
anemometer and 2) the pitot tube. The pitot tube
generally provides much more accurate velocity
measurements but its use for this application was
considered to involve two major drawbacks; 1) at
velocities below about 3.05 m/sec (10 ft/sec)the veiocity
pressure 1is too small to be measured accurately by
avallable means [0.56 mm (.022 in.) HZO] and 2) it is
difficult to obtain pitot tube readings close to a solid

boundary due to the size of the pitot tube and the



presence of a steep velocity gradient. Therefore, he
decided to use a pitot tube for velocity measurements at
the higher Reynolds number and a hot wire for the
measurements at the lower Reynolds numbers where the
velocities were below 3.05 m/sec (10 ft/sec) and where it
was desired to obtain measurements in the viscous sub-
layer. He considered the measurement of the flow
direction to be the best way to determine the secondary
velocities and employed only the hot wire for flow
direction'measurements, principally because of the need
to avoid velocity gradient errors. He mea;ureﬁ mean
axial velocities for rectangular ducts of aspect ratio
1:1 (square duct), 2:1 and 3:1, and the secondary
velocities. He also used a Preston tube to measure wall
shear stress distribution at a Reynolds number of 78,500.
The average wall shear stress was determined by measuring
the axlial pressure drop and equating the pressure force
to the wall shear force.

Leutheusser [10] reported the turbulent mean flow
distributions in smooth rectangular duct of aspect ratio
1:1 and 3:1 over a range of Reynolds number between 10%
and 10°, 1p his investigation, atmospheric air was drawn
through ducts of 7.62 cm x 7.62 cm (3 in. x 3 in.) and
22.86 cm x 7.62 cm (9 in. x 3 in.) nominal cross=section.
In longitudinal development, the ducts comprised a 6.1 m
(20 ft) long flow development section, followed by the

actual test section, 15.85 p (52 ft) long. He used round
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total-head (Pitot) tubes to measure velocity and static
pressure ‘distribution whereas round, square-tipped
stagnation tubes were used to measure local wall shear
stress. He observed that the flow in the neighbourhood
of the wall could be properly described by the inner law
of the wall whereas in the centre of the duct the
velocity distribution did not follow the outer law
formulation.

The most substantial description of the phenomena
was probabiy given first by Brundrett and Baines [1l1].
Their experimental data was obtained from a 7.62 cm
(3 in.) square, 21.34 m (70 ft) long horizontal duct
using air at room temperature as the working fluid. They
discovered that imbalance in the Reynolds turbulence
stresses in the plane of the cross—section gave rise to a
source of stream-wise vorticity. They used a constant-
current hot wire anemometer to measure all six components
of the Reynolds stress tensor as well as the three mean
velocity componentse. They were able to conclude from
their data that it was predominantly the normal stress
gradients which generated the velocities in the plane of
the cross-section of rectangular sectioned ducts with
axes chosen parallel to the sides. Gessner [12] used a
hot wire anemometer to show that a transverse flow 1is
initiated and directed towards the corner as a direct
result of turbulent shear stress gradients normal to the

bisector. He also 1dindicated that anisotropy of the
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turbulent normal stress was not crucial in the géneration
of secondary flow. His findings do mnot necessarily
contradict that of Brundrett and Baines [l1] since they
used different coordinate system for their
investigations.

Brundrett and Baines [l11], 1ike Hoagland [9],
established that at any point in the duct the Reynolds
number does not affect the ratio of primary to secondary
velocity. In contrast to this, the measurements of.
Gessner and Jones [13] indicated that secqndary
velocities, when non-dimensionalized by either the bulk
velocity or the axial centreline velocity, decreased with
increasing Reynolds number. Thelr experiment used room
air through channel cross—-sections of 20.32 cm (8 in.)
square with L*/Dh ratio of 40 and 20.32 'em x 10.16 cm
(8 in. x 4 in.)(i.e. aspect ratio 2) with L*/Dh ratio of
60. In their investigation, the axial mean-flow velocity
measurements were made with a total head tube in
conjunction with a wall static~pressure tap in the same
transverse plane on the opposite wall. A probing of the
flow field with a Pitat static tube indicated that the
error involvéd in the wuse of a wall tap for these
measurements was negligible over the Reynolds number
range of the investigation (i.e. 60,000 to 300,000). 1In
order to measure secondary=-flow velocity components
quantitatively, they wused the method of single-wire

rotation described by Hoagland [9].
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Launder and Ying [14] used two 10.16 cm (% in.)
square ducts (one duct smooth and the other rough) 7.01 m
(23 ft) in length and room air as the working fluid.
They found that secondary velocities mnormalized with
average friction wvelocity vyielded similar secondary
veloclty profiles for smooth and rough surfaces.
However, for rough walls, secondary velocities were a
substantially 1larger proportion of the axial bulk
velocity than for the case of smooth-walled ducts. They
also reveaied that secondary velocities normalized with
friction velocity are wunaffected by Réynolds number
variation. A hot-wire anemometer was used to measure
axial velocity whereas the technique of measuring the
secondary flow was similar to Brundrett and Baineé [117].

Kokorev et al [15] measured ‘one of the two
components of secondary velocities by using a five-tap
tube out of which four taps were oriented at
approximately 45° angle to the probe axis. The probe was
used for secondary flow measurements in a square channel.
The channel had a 7 cm x 7 cm cross~-section and was 3.3 m
long (L*/Dh ratio of 47).

Ahmed and Brundrett [16] performed experimental
investigation of developing flow in a wind-tunnel of 9.21
cm (3 5/8 in.) square cross-—section. They examined
generalized mean properties of turbulent flow for the

developing region and presented experimental ‘data for
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mean velocity profiles and peripheral wall shear
distributions at various axial locations as well as the
longitudinal static pressure distribution. In the
investigation, the mean velocities were taken by
traversing a Pitot-static tube connected to a Betz
manometer. The peripheral wall shear readings were taken
w i fh a Preston tube at each location.

The developing turbulent flow in a rectangular
(almost square) duct was studied recently by Melling and
Whitelaw [17] using laser Doppler anemometer. They used
- a straight duct of rectangular cross—section 40 mm wide
by 41 mm deep. In their work, water was chosen as the
working fluid becausé it allowed almost continuous
Doppler signals from the anemometer to operate with a
frequency-tracking demodulator without' the addition of
particles. Laser Doppler anemometer enabled them to
measure mean axial velocity and turbulent intensities in
the developing flow whereas all three mean velocity
components and five of the six Reynolds stresses were
measured in almost fully developed flow.

Gessner et al [18] also measured develdping
turbulent flow in a square duct at L*/D. ratio of 1 to 26

h

h intervals and then 26 to 84 at 2 Dh intervals.

They used a duct of 2.54 cm x 2.54 cm (1 in. x 1 in.)

at 1 D

cross-section and air was taken as working fluid. They
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measured axial mean velocities by means of a miniature
probe in conjunction with a wall statlc pressure tap.
Turbulence measurements were made with hot wire probes
similar in design to configurations recommended by Comte-
Bellot [19], for minimal prong interference effects.

They revealed that at the location where peaking of the
axial centreline velocity occurs, certailn Reynoids stress
components and mean rates of strain are elevated above
their counterparts for fully developed flow. They also
suggested fhat the turbulence kinetic energy dissipation
rate can be modellied in .terms of a suitaﬁly defined
length scale and either the resultant primary shear

stress or the turbulent kinetic energy.

2.3 Turbulence Models

2.3.1 General
Since exact solutions of turbulent flows are not
possible due to the closure problem, a turbulence model

is employed. It is a set of differential equations

(controlling the distributions of turbulence properties
under consideration), associated algebraic equations and
constants which, when solved, closely simulate the
characteristics of the turbulent flow through the
configuration in question.

These models can be broadly classified into two

categories, viz., algebraic models and differential
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models. The algebraic models find their base on" the
assumption that turbulence stresses are solely dependent
~on the velocity4 field. The turbulence parameters in
differential models, however, are controlled by
differential transport equations and hence are subjected
to convective and diffusive processes on top of the local
processes. Therefore the differential models are more
accurate for all flows where convection or turbulent
diffusion, or both, have a significant influence on the
turbulent stresses.

In the literature, turbulence modelé havé received
considerable attention but investigators continue to
strive to achieve a better and more successful model.
Reynolds [20][21], Wolfshtein [22] Launder and Spalding
[23], Bradshaw [24][25] and Spalding [26] have

contributed significantly to this subject.

2.3.2 Classification of Turbulence Models

Depending upon the number of turbulence parameters
used as the dependent variables in the differential
transport equations, Reynolds [20] classified turbulence
models as follows:

(i) Zero—-equation Models (or Mean Velocity Field

(MVF) Closure)
These models call for a partial differential

equation (PDE) for only the mean velocity field.
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The examples include Prandtl mixing length
hypothesis (1925) and Von Karman mixing length

model (1930).

(ii) One~equation models (or Mean Turbulent Energy

(MTE) Closure)

These models incorporate an additional PDE
relating to the turbulent kinetic energy (k);
e.g+, k- model where & is represented by an
algebraic expreséion such as Buleev's [27] model.
Zerb—equation and one~equation models are
typically algebraic models. |

(1ii) Two—-equation Models

These models incorporate an additional PDE
linked to a turbulence length scale (R); e.g., k-
Ly, k~e, k=k% models. -

(iv) Stress—equation Models (Five~equation model)

PDE's are employed for all terms of the

turbulent stress tensor; i.e Reynolds stress

models., These models provide a new approach to

the turbulent flow modelling [28][29].

All these models have their own usefulness and
limitations. Zero-equation models can predict integral
properties of the flow much better than the local details.
However, they are npt suitable for surfaces with strong

curvature and for free gtream turbulent flows. One-~
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equation model avoids assumptions of zero-equation model
such as the quick adjustment of turbulence with the
changes in mean condition and the existence of universal
relationship between the turbulent stresses and the mean
strain rates. One*equation models have been employed by
several investigators in various applications 1including
equilateral triangular duct [30], rod bundle [31][32] as
well as square duct (2). The turbulence length scale (&)
in one-equation model which appears in the respective
turbulence transport equation for the turbulent kinetic
energy in conjunction with constitutive équations
relating the Reynolds stresses to the turbulent kinetic
energy, is not a particular well-conditioned variable to
.employ. Rather variables of the form 2 (where x and y
are mathematical constants) ﬁave been favoured by several
investigators, e.g. %, k&, k/22 and k3/2/1 which paved
the way for many two-equation models, e.g., k-%, k-k&, k-W

and k-e. Here k is the turbulent kinetic energy,

1
k =~2- ui ui H (2.1)

€ 1is the turbulence energy dissipation rate,

bui 6ui
e = (bx. * bx.) (2.2)
J J

The turbulence length scale can be defined by k, €

and CD as:

3/2

Lo=cCy ke, (2.3)

where CD is a constant.
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Similarly, W is a quantity having the dimension of
(time)-.2 which Bradshaw [24] figured as representing the
mean square vorticity or frequency of the energy
containing eddies. W can be expressed as:

wo= ez/(ch)Z° (2.4)

Tennankore and Steward [33] presented a comparison
between three models (viz. mixing 1length model, k-2&
turbulence model and k—-e turbulence model) for predicting
flow characteristics within confined jets. They conclud-
ed that the mixing length model provided the best results
for the isothermal case. Whereas, for non—isothermal
jets, the k-¢ model gave better predictions than the
other two models. Launder and Spalding [34] ndted the
interchangeability of k-k&, k-W and k—¢ models and indi-
cated that they differ merely in mathematical form and,
not in content. They also advocated that the k—¢ model
is the simplest to use for the predictid;lof both near-
wall and free-shear flows without adjusting the constants

or functions.

2.3.3 The k-e Turbulence Models (Two Equation Models)

There are two types of k=€ turbulence models, viz.
the low-Reynolds number and the high Reynolds number model.

Low-Reynolds Number k=€ Turbulence Model

This model type is particularly useful in handling
regions near the wall where viscosity exefts an influence
on the turbulence structure. This type was developed
originally by Jones and Launder [35][36] where k and ¢

were determined as following (in cartesian coordinates):

8U. U, dU
i j i

]+, [ + ]
0%, t 6xj 6xi 6xj

pe = 2 (7 ), (2.5)
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2 U dU
De _ _2 el pe £ i i
P Dt 0 x [(H + o ) bx.] * Cl e % [ax + 0 x ]
i € j i 1
dU 2 32 U,
i £ i
ox, T C2r e e (eg) (2.6)

The isotropic eddy viscosity (ut) is

formulated by Prandtl-Kolmogorov in terms of kinetic

energy and its dissipation rate,

b = Cup k2 /e o (2.7)

Both k and & were found from the solution of the

appropriate conservation equations.

C c , Oé and.cl< are model constants to be

1° CZ’ M

determined by reference to some special cases (e.g. the
constant-stress layer adjacent to the wall, decay of
turbulence behind a grid etc.) and/or experimental data

C2 and Cp are designed to vary with turbulence Reynolds

number as follows:

C, = C, [l = 0.3 exp (—Retz)] | (2.8)

and,

c C ., exp [-2.5/(1 + Re _/50)], (2.9)

B ue

where Ret p kz/us is the turbulence Reynolds number and

sz and Cpco are the values assumed by CH and C2 at high

Reynolds numbers.

High~Reynolds Number k—¢ Turbulence Model

Launder and Spalding [34] expressed the
approximate model equations for k and € (Iin cartesian-

coordinates) as follows:

v ou oU,
D _ 2 1 £t dk N S |
P Tt ax.{ 3 axJ + “c[ax MY ]
b k h| i
aﬁi
1 2.10
dx PE, ( )
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0 3U 6—. :
De _ o "t e R S
P T awl lim gl t S ke ke t s
j e J J i
dU 2
i €
N el 2.11
5%, €2 P % ( )

In equations (2.10) and (2.11), u, is given by

t
equation (2.9).
The present work employs the high Reynolds number

k- turbulence model.

2.4 Review of Analytical Work

Cloéed form analytical solutions of turbulent flow
in circular and non—circularI ducts ére sfill not
possible. However, ~various attempts for approximate
solutions have been made by several investigators in
order to predict the flow anlytically and achieve
reasonablev agreement with the available experimental
data.

Theoretical treatments of the flow in non-circular
ducts show considerable variation both in the style of
approach and 1n the predictibns produced. Deissler and
Taylor (37) advocated the applicability of the well-known
semi~logarithmic law, which holds good in pipes or one-
dimensional plane channels, for the arbitrary ducts along
'velocity gradient' lines (the set of 1lines orthogonal
with the axial isovels). The findings, however,
substantially deviated from the experimental data of

Leutheusser [10] and Gessner and Jones [13].
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Krajewski [38] suggested that the non-
dimensionalized effective viscosity d1in a square duct
would be the same as in a pipe and Buleev [39] discussed
the application of mixing length to the prediction of
flow in arbitrarily shaped conduits. Their assumption éf
isotropic effective diffusion coefficient for momentunm
transport resulted in no display of secondary flow and
hence 1in a serious discrepancy in the prediction of such
flows. Ibragimov et al [40][41] modified this approach
by making fhe effective transport coefficients direction
dependent. The predictions showed correét qualitative
trends such as displacements of velocity and temperature
contours towards the corners, however, the approach
weighed too heavily on direct experimental input to be
utilized for generalizing to arbitrary geometries.
Wilson et al [42] employed two models for
effective viscosity. The one was based on Van Driest's
modification* to the Prandtl mixing length concept, and

the other was a modification to Reichardt's model for

fully developed pipe flow. The solution method required
the input of two types of empirical data - the effective
viscosity model and the experimental data for vorticity

source. This, of course, limited the versatility of the

method.

¥ Hornby et al [46] also studied the damping influence
of the wall on turbulent fluid flow and extended Von
Driest's original hypothesis to find a damping factor
in conjunction with mixing length expressions to
obtain the velocity field.
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Launder and Ying [2] noted the inadequacy® of the
notion of an isotropic turbulent viscosity and proposed
the direct modelling of turbulent Reynolds stress
inducing the streamwise vorticity. In thelr earlier
work, Ying [43] and Launder and Singham [6] modelled the
vorticity generating stress gradients in a rectangular
duct by reference to experimental data in a one-
diménsional channel involving a simple hypothesis which
was too particularized to permit its application to other
complex geémetries. Hanjalic and Launder [28] proposed a
form which predicted accurately a wide raﬁge of boundary
layer flows. However it was a major task to solve
simultaneously the seven strongly coupled highly non-
linear differential equations for turbulence quantities
together with others for the mean flow.

In 1973, Launder and Ying [2] devised a much
simpler derivative of Hanjalic and Launder's [28] model
which, while retaining the essential vorticity-
generating features, required the solution of only one
turbulence property to be ‘found from a differential
equation. Tatchell [44] adopted the model proposed by
Launder and Ying [2] to allow the prediction of the
turbulence induced lateral motions for both developing
and fully developed flow in a square duct. He was
probably the first investigator to use the two-equations

(k-e) model for fully developed turbulent flow through a

non—~circular duct.
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Wolfshtein et al [45] presented a five-equations
model involving the Reynolds stress equations ana
proposed a special linearized implicit representation of
the source terms to ensure numerical stability of the
solﬁtion. He used a special procedure near the wall by
which the Reynolds stress equations were assumed to be in

local equilibrium.

Based on the work of Alshamani
[5], [47), Seale [3] tackled complex geometries and came
up with an algebraic vorticity source term in the
vorticity equation, which is calculated directly and
without iteration. He illustrated the model to reproduce
secondary velocities in square and triangular cross-—
section ducts, and in a duct consisting of two inter-

connected subchannels.

Recently, Nakayama et al [48]
employed Launder and Ying's [2] basic model to predict
secondary flow, but, with a strong emphasis on' the local
structures of turbulence. In their investigation, the
anisotropy of normal stresses and the secondary shear

stress acting in the cross-sectional plane (the gradients
of which are major causes of the secondary~flow motions)

were reported to be under-estimated to one order of

magnitude less than the experimental data.
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3.0 GOVERNING EQUATIONS: :

The following governing equations are presented
for the square duct configuration where geometrical
symmetry permits only one octant of the flow cross-
section to be considered (other octants being the mirror-
image of the adjacent ones). Subsequently, we get eight
primary flow cells which are identical when viewed with
respect to rotated and reversed coordinate system (except
for handedness of secondary flow circulation) and no net
mass, moméntum or energy 1s transferred across any
boundary. The turbulent flow predictions‘in oné céll is
sufficient to predict the entire flow field. Figures 1
and 2 show the primary flow cells together with the
octant and cartesian coordinate system under
consideration in this work. o

The following sections outline the governing
equations for continuity of the flow, ﬁ, w, ¥, k and €.
The equations hold good for fully developed, steady and
incompressible turbulent flow of a constant property
fluid with negligible body forces.

3.1 Continuity and Reynolds Equations

The continuity equation for the mean flow for a

flow cell can be’expressed as:

o) 3

P S ®

0y 0z 0, (3.1
whereas for the fluctuating flow it is given as

du ov ow

€8 + 2¥ 4 9¥ o -2

0x oy 0z 0 . (3.2)
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The Reynolds Equations for a turbulent *flow are

expressed as:

For the axial direction (x):

= 30 , = 03U o P 220 | 820U
o (P4 2 - - 2R, (220, 28
0y o2z 0x ay2 azz
duv . duw
-0 (33 ) - (3.3)
For the lateral horizontal direction (y):
S oV ., =23V dP 22V | 22V
P (V =— 4+ W "“) e ) (—-—-——+__.__.
‘_by dz Dy ay2 872
, pvZ . dvw \
e (35 * 570 - . (3.4)
For the lateral vertical direction (z):
= dW , = BW 3P 220 . 2%
p (VEE+ W) = - 2=+ p (&= + =)
by dz dz 6)’2 622
dVw | dwZ
- — e S . .
5y * 3z : (3.5)

In the above expressions the over—-bar designates

time-averaged quantities.

The axial momentum equation (i.e. equation 3.3)

can be rearranged in the following form:

i
oo
b i

!O’

+
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<
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3 uw (220, 220,
oz dy?2 dz2
left hand side of

4
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v
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y

(3.6)

equation

(i.e. source term) indicates the variation in x-direction

momentum due

direction. 1f

differentiated with respect

to

the

equations

pressure
(3"3)’

to x,

gradient

(3.4)

in

and

(3.5)

the same

are

it 1s easy to show that
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the magnitude of %% is constant over the cross—séction of
the flow.

On the right hand side of equation (3.6) the first
two bracketed terms represent the variation in axial
momentum as a result of viscous effects and Reynolds
shear stresses. The remaining two terms represent the
change in the axial momentum of a small fluid particle
due to convection by secondary flows. These two terms
are absent in a flow through circular conduit.

The boundary conditions for the Reynolds equations
are as follows:

i) Along the y=-axis (i.e. solid wall boundary) the
convective terms and gradients in the direction
parallel to the wall (i.e. %y)”vanish from the

Reynolds equations as a result of the no-slip

+

condition at the wall.
i1) Along the cormner bisector, no net flow 1is crossing
the boundary, therefore,

V cos 45° + W cos 45° = 0
or, V = -y
iii) Along the mid-wall bisector, equation (3.4)

vanishes since there can be no net momentum

transfer across thils symmetry line. Thus,

<it
il
(@]

and therefore,

_ D2V
d z2

s and

O’;O’
N
il
o
I
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since V has opposite signs on each side of z~axis,
therefore,

2
u: 0.

6y2
Similarly, due to symmetry

3P _ . _ dvZ
5y = 0 5y and
hence it can be readily shown that

vw = 0, along the mid-wall bisector.

duv

However, 5y

(as well as %g) may have finite values

along the mid-wall bisector since G;‘(as ;ellyas i)
is antisymmetrically distributed about the z-axis.
Since W may have finite values along the z=-axis
except at the wall and duct centreline, it is

impossible to achieve a simple theoretical

distribution for uw at the mid-wall bisector from
equation (3.3).

At the duct centreline,'due to symmetry

55 = 0 - 35, and
V=0 =W

Axlal Vorticity and Stream Function Equations

The following definition for the stream function

(Y) and the axial vorticity (w) forms the basis for the

calculation procedure:

5 .o
PV = 0z

T3y e (3.8)

(3.7)

o
=
il
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'O’

and w = - oY, 3.9)
0z

lor]
@

The pressure gradients in equations (3.4) and
(3.5) may be eliminated by cross—differentiation and then
subtraction. By making use of the continuity equation
(3.1) as well as the definition of w, the transport
equation for the axial vorticity may be written as

following:

3w, =0dw _ 32 e . 32yy  32yw
v y oW 0z 0ydz (v W) ( dy* 621)
52 02wy
+ v (a—;-‘}+5—z‘§’—) (3.10)

This equation as well as the expression for w
include oﬁly velocities and gradients in the y and =z
directions and obviously exists only if the secondary
velocities exist and vice versa. The terms on the left
hand side of equation (3.10) indicate gﬁe convection of
axial wvorticity due to secondary velocities. This
process tends to make vorticity constant along the
secondary flow streamlines. The last term on the right
produces a similar effect and represents the diffusion of
the axial wvorticity by viscous effects. It tends to
spread out vorticity uniformly over the flow <c¢ross-
section by diffusing it from regions of high momentum to
regions of low momentum. The other remaining terms may
represent elther production or dissipation of the axial
vorticity depending upon the local turbulence field.

Substitution of equations (3.7) and (3.8) into

(3.9) results in the stream function equation:

— (&) + &= (Y

55 (55 5= (32) +pw =0, (3.11)
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where pw represents the source term in this equation.

3.3 Turbulent Kinetic Energy Equation

The approximate (simulated) transport equation for
the turbulent kinetic energy for high Reynolds numbers,

is expressed as;

o 0k = dk o ok — o) ok —
[VE—}-’--I- W —'—z-] + 6—}’-(\) ——y-" v ') +°a——z-(\) 3z ¥ ')]
—-[T%Py-+ wa 35 ] - .. (3.12)

Eqﬁation (3.12) has been deriyed in detail in Appendix A.
For -the sake of discussion, the same équation can
be rewritten as:
I + I1 + IITI + IV = 0

where,

k
y
represents convection of the mean turbulent

k
z

o
(0%

(a) Term I = v + W

|
|

or convection term

@
o

kinetic energy due to secondary velocities.

(b) Term II = - [ (v—-—-~vk')+%-=z-

(v %%-* ;E')], a diffusion term, represents

energy diffusion by viscous and turbulence

effectss

i
}

307
g@

(3) Term III = [ :; + uw ], a production

[o%
«
(0%

V4

term, represents the rate of production of
turbulence energy. The physical meaning of
this term is that the mean flow performs work

on the turbulent eddies and thus the energy is
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transferred from the mean motion to the fluctu=-
ating motlon; this process constitutes the so-
called "energy—-cascade”.

(d) Term IV = €, a dissipation term represents the rate
of dissipation of kinetic energy by molecular
viscosity. In the energy cascade, energy is
transferred from the mean motion to the large
eddies and then to smaller eddies. At the end of
the céscade, viscous resistance counteracts the
turbulent fluctuations and all the turbulent energy
is eventually dissipated into thermal enefgy.

3.4, Turbulence Energy Dissipation Rate Equation

The approximate (simulated) transport equation for
the turbulence energy dissipation rate (e), for high
Reynolds number, 1is derived in Appendix B and 1is

expressed as:

= 2 = 9 d d d d

AR RIS - IR ACR RS PO -l
- € — U — 37U - e?

C1 X [uv a‘“"""y + wu 6-2_] C2 % (3.13)

where C1 and C2 are empirical constants. Previous
investigations [34] [49] [50] have suggested a value of
C1 = 1.44 based on computer optimization to yield the
best agreement with experimental data. Similarly a
number of workers [34] [44] [49] [50] have determined a
value of 02 = 1.92 with reference to the limited case of
decay of tugbulence behind a grid. The above values of

Cl and C2 were used in the present work.
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The =effects of the various terms in *equation
(3.13) on diSSipation‘rate are parallel to those terms in
equation (3.12) on kinetic energy.

The convection terms in equations (3.6)(3.10)
(3.12) and (3.13) may be expressed in terms of stream
functions (¥Y) in the following forms:

Axial momentum (Reynolds equation):

d = OV > _— 32U . a2y

. U el - U priuing - .._.,_...+

57 ( ) - 5o by) W [6y2 bzz]
+p[g~;uv+§-‘ziﬂ]+§-§=o. ( (3.14)

Axial vorticity equation:

d DY d dY d d d
5y (0 53) ~ 57 (0 35) - 55 [55 w0 - 537 (557 Gw)]
32 (vZ - w2) d32vw  d2vw
-0 (ay == +p ( ?) 0 . (3.15)
6y2 0z~
Stream function equation:
d dY . 3 v _
[6}, 6y+6z 62] pw = 0 . (3.16)

Tubulent kinetic energy equation:

0 0¥, _ 2 0%y - r&. ok _ o
55 (x 53) - 5% (x 55)] (55 (v 55 ~evk'] + 5
X - -
(p.g‘;-“‘p Wk')] + p [u g—%-i— u%—uz—] + pe = 0,
(3.17)

O (¢ &y _ 2 (. 0¥yy _gd_ g, 2 _ o

57 (e 57) -5z (e 5] - g5 (b gs =0 ve) + 53
d — 83U _ —— 20

(u 6%‘_ Z WE')] + C1 o} % [u w; + wu g;]

tCyp §1€“ = 0. (3.18)

The boundary conditions for the above equations
[(3.14) to (3.18)] are discussed in detail 1in section

4.2,
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4.0 THE ANALYTICAL MODELS )

In the present work, fully-developed turbulent
flow of a constant properties fluid with negligible body
forces was considered. Under the above assumptions, the
continuity and momentum equations (equations 3.1 to 3.5)
in section 3.1 were reducéd to a set of three transport
equations (equations 3.14 to 3.16) for the axial
momentum, axial vorticity and stream function
respectively. Prediétions of the flow characteristics in
a square duct may now be possible provided closure is
prescribed.

4.1 Closure of U, k and € FEquations:

It is obvious from the axial vorticity equation
(3.15) that 1its complete closure requires of gradients

-2
of the difference in Reynolds normal stresses (i.e. v -

-2 —_—
w ) as well as Reynolds shear stress (i.e. Vv w) in the

axial vorticity source term i.e. the last two terms of

equation (3.15). Also, other Reynolds shear streses

i.e. u v and w u have appeared in the diffusion term:of
the axial momentum equation (3.14) and in the source
terms of the turbulent kinetic energy equation (3.17)

and the turbulence energy dissipation rate equation
(3.18). These latter shear stress components lie in
planes parallel to the direction of the primary velocity
and therefore, the conventional turbulent-viscosity

concept serves well enough for their simulation. These
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shear stress components are approximated as:

u v = —évpt %; s, and (4.1)
e --L, oo
wu =L, 2 (4.2)

where M is isotropic turbulent (eddy) viscosity and is
given by Prandtl-Kolmogorov formula [equation (2.7)] which
is repeated here;

| by = C, P k? /e (2.7)
where CH is an empirical constant and was assigned a
value of 0.09 in all three models considered in this
WOorke. The value was determined with reference to the
properties of the 'constant-stress' wall region. 1In this
particular region, the convective transport is negligible
and the ‘dissipation and production rates of turbulent
energy are equal. L

The complete closure of the turbulent kinetic

energy equation (3.17) and the turbulence energy

dissipation rate equation (3.18) requires the

specification of the turbulent diffusion terms f.e. vk',

¥ 1

;E', ve' and we'. Hinze [51] represented the turbulent
diffusion of a scalar quantity by its flux approximation

as follows:

1 B W
k k
1 ¥ o
ve' = = 5 E£ . Q% , we' = = % EL %% : (4.4)
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In the above equations, Oy and o, are empirical
constants. N is a well—-established constant and has
been given a value of 1.0 by several workers e.g. Launder
and Spalding [34], Jones and Launder [36], Tatchell [44],
Gosman et al. [50], Gosman and Rapley [52], Date [53]
etce The other turbulence model constant, O is
determined by reference to the properties of the
"constant—-stress” wall region as follows:

1/2

- 2
O, (x /CH

) 1 (Cy = ¢y, (4.5)
where vk is the universal Von-Karman constant, Cl and 02
are the other turbulence mpdel constants and have
somewhat well-established values of 1l.44 and 1.92

respectively due to Launder and Spalding [34], Tatchell

[44] and Gosman et al [50].

The Reynolds shear stress components uv and wu are
given by equations (4.1) and (4.2). The gradients of U
appearing in equations (4.1) and (4.2) were calculated at
the solid boundaries by differentiating the universal law
of the wall whereas central-difference was employed
elsewhere. The central-difference technique was also
used in determining the first and second derivatives of

the Reynolds stresses appearing in the vorticity source

terms of the axial vorticity equation (3.15).
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4.2, Boundary Conditions

(1) Stream Function (¥)

Since no net mass is transferring across the three
boundaries (i.e. solid wall, mid-wall bisectorvand corner
bisector), the stream function is constant along these
boundaries of the primary flow cell (Fig. 1). This
constant was conveniently chosen to be zero.

(ii) Axial Vorticity (w)

The vorticity is taken to be zero at the two
symmetyry line boundaries (i.e. mid~wall bisector and
corner bisector). Near the wall, 1t was aésumed that the
vorticity varies linearly with the normal distance from’

the wall.

(iii)-ﬁ, k and ¢

Along the corner and mid-wall bisébtors, the

symmetry demands the normal~to-boundary gradients of ﬁ, k
and € to be set equal to zero. Mathematically, it is

given as:

a) At the mid-~wall bisector

8U _ o _ dk _ de _
503y e (4.6)

Taylor's expansion was used to satisfy equation

(4.6) near these symmetry lines and is expressed as:

o, = Ly, =y )2 e - vy - v )2 0 Wiy, - v,)2

-y )2l (4.7)
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where ¢ represents 6, k and & whereas p is the node on
the boundary, n is the node next to the boundary and m is
the node twice removed from the boundary in the y-

direction.

b) At the cormner bisector

'O>

=0 = 0k . 2¢

A h T (4.8)

o
ol

where n 1s distance in the direction normal to the corner

bisector.

At the duct centreline (a symmetry point)

c)

3U _ o - 8T

35‘ 0 dz °

Ok dk

g; = 0 = 57 ° and (4.9)
% _ g = 2&

dy dz °

The finite-difference form via backward linear
extrapolation along the mid-wall bisectdf‘(i.e. symmetry
line) was used to represent equations (4.9). The

substituting equation may be expressed as:

7 (2, - 2g/0)
4 C/L
e (o, - en),s (4.10)

m

¢C/L=¢ +

n ( m n
U,

where ¢, stands for k and & and the suffix C/L denotes

the centreline node whereas n indicates the node next to

the centreline and m is the node twice removed from the

centreline in the negative z-direction.

d) U, k and € near the solid wall:
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It is assumed that the universal law of the wall
holds good in secondary flow problems and can be used to
represent accurately the velocity profile in the region
close to the wall. Therefore, a boundary condition was
imposed on the nodes next to the wall. However care was
taken in designing the grid such that these first string
of nodes are located beyond the viscous sublayer for the
Reynolds number involved. The boundary condition is

expressed as

puls - 2|
Z Py + 8], S (4.11)

U = u* [A Ln (

U
where u* represents the local friction velocity and A and
B are ' constants. The suffix p denotes the wall node
whereas n and m stands, as before, for the node next to
the wall and the node twice removed from the wall

respectively, in the direction normal to the wall.

The local friction velocity (u*) 1s given by:

u* =y ¢ /p , (4.12)

where the local shear stress (1 ) is calculated from the
turbulence field data at the second string of nodes (m)
in the fluid as follows:

1/4 172 . p C k lz = z_|
C k
B m m W
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Launder and Ying [2] used a value of '2.44 and 5.0
for A and B respectively in their analysis for the
turbulent core region of a square duct having smooth
surface. Since the present work also deals with square
duct with smooth surface henée the above values were
adopted for A and B.A

By reference to the properties of the "constant-
stress"” wali region, the boundary conditions for the
turbulent kinetic energy (k) and its dissipation rate (E)
were prescribed. They were also imposed at the first
.string of nodes (n), adjacent to the wall and given by

the conventional form:

, 172
k o= u* /Cu , (4.14)

and e = u*d [ (k e z), (4.15)

g

where Kk is universal Von-Karman constant and z 1is the
distance normal to the wall.

4.3 Vorticity Source Term Modelling:

As 1s obvious from the axial vorticity equation
(3.15), the vorticity source term consists of the
difference in the gradients of Reynolds normal stresses
and gradients of Reynolds shear stress. In the present
work, three models have been prescribed to determine the

vorticity production.
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A number of investigators have shown that® the
shear stress terms in equation (3.15) are negligibly
small compared with normal stress terms, e.g. the
measurements of Brundrett and Baines [ll1] in a square
duct, and those of Aly et al. [30] in a triangular duct.
Trupp and Aly [31] found that the normal stress vorticity
production predominated everywhere in the subchannels of
a rod bundle.

Vorticity production, therefore, was considered to
be solely due to the inbalance in the normal stresses,
for model II and model III. However, to demonstraté this
fact, both normal and shear terms were considered for
vorticity production in model I.

4.3.1 Model I: Launder and Ying's Model

Launder and Ying [2] proposed an'épproximation for

determination of Reynolds turbulence stresses as

following:

-2 -2 — au —_—
(v -w) = crk [u %g - wu %;], (4.16)
and
U ' —_— AT —_— AT
o= - 1€i[ u%—;+ v%;], (4.17)

which relates the vorticity=-generating Reynolds stresses
to axial gradients of mean velocity. This formula was

derived from simplifying a more elaborate, tensor-
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invariant simulation of the Reynolds stresses. They
claimed the model to give reasonably good predictions in
ducts of more complicated cross—section such as commonly
arise in nuclear fuel=-rod bundles and certain other heat-
exchanger types.

C', in the equations (4.16) and (4.17), is an
empirical constant and denotes a group of constants i.e.

c' = 2 (6C2 - 2)/ 11(C1 - 2 Cz), (4.18)
where Launder and Ying [2] suggested C1 and C2 having
values approximate1y>2°5 and 0.40 respectively.

The approximation indicates that thé stréss field
in the lateral plane of the duct is a result of mean
fates of strain in planes orthogonal to it. Their
approximation for turbulent flow through straight ducts
was based on the fact that "the implied‘éfoss-planar
influence is solely responsible for causing the secondary
motions".

Substituting equations (4.1) and (4.2) into

equations (4.16) and (4.17) gives:

_2 ..2 1 k a a
(vi-w) =0 > [(32)% - (552, (4.19)
and
e gm— k 1 11
vw = C' o Me g—; . -2—-2-]. (4.20)

In the present work, C' was tuned to suit the best
overall agreement between predicted and experimental
results. A value of 0.0035 for C' produced compatible

prediction overall.
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Thus equations (4.19) and (4.20) compfete'the
closure of axial vorticity equation (3.15) and equations
(4.1) and (4.2) complete the closure of the axial
momentum equation (3.14) straightforwardly.

4.3.2 Model II - Turbulent Properties Correlations Model

Alshamani [5] examined carefully the axial, normal
(radial) and tangential turbulence intensity measurements
carried out by several investigators and observed a
similarity in the distribution of these turbulence
intensities. He noted that "they are all minimum at the
centreline, increasing steadily as the wali is
approached, until they reach some maximum value close to
the wall, then they start to decrease as the wall is
approached further”. He also noted that the three
components of turbulence intensity Varyi{h a similar way
with the Reynolds number. But as per Prandtl mixing
length theofy, the turbulent fluctuations are
proportional to the product of a local mixing length and
a velocity gradient which implied that the turbulence
fluctuations are directly proportional to each other.

His examination included turbulent flow in the inlet and
in the fully developed regions of smooth pipes and
channels and he concluded that "any two components of

turbulence intensity are very nearly linearly related”.
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Harsha and Lee [54] were probably the first to
study the relationship between Reynolds stresses and the
turbulent kinetic energy. They studied a relationship
between the turbulent shear stress and the turbulenf

kinetic energy and suggested a linear relationship

between them as follows:

2 -2 2
Te T Al/2 (v + v + w ), or (4.21)
.+
- uv = A (KEt),

where A is a constant and 1s given a value of 0.3. 1t is
obvious that the equation (4.21) does not hold good at
the pipe centreline where the turbulent shear stress is
zero but the turbulent kinetic energy is not. Alshamani
[47] further checked the validity of equation (4.21) and
revealed that the linear relationship between turbulent
shear stress and turbulent kinetic energy is, in general,
not accurate when applied to pipe and channel flows. He
also studied the relationship between the turbulent
kinetic energy (KE+) and the axial component of
turbulence intensity (u+). He used the data of Sandborn
[55], Laufer (56)(57) Lawn (58), (59), Clark (60)(61) and
Comte-Bellot (62) to carry out the investigation and
found that for such flows, however, "the turbulent
kinetic energy varies linearly with the axial component
of turbulence intensity. The linearity holds for rough
and smooth ducts, for the inner and outer layers and over

a range of Reynolds numbers”.
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Based upon the correlations among turbulent shear
stress, turbulent kinetic energy and axial turbulence
intensity as presented by Alshamani (47), it was possible
to develop an expression for Reynolds normal stress in

terms of turbulent kinetic energy as follows:

P S ——y + +2
v - w = (0.2708 - 0.1245 k -~ 0,0286 k ) (4.22)

The derivation of equation (4.22) is given in Appendix C.
However, finally, a constant (C") was introduced in
equation (4.22) to make the predictions more agreeable
with the experimental data. With the newly introduéed

constant, the equation (4.22) is rewritten as:

-2 -2 " + +2
v - w = C (0.,2708 - 0.1245 k¥ ~ 0.0286 k ) (4.23)

This equation provides a closure to the axial
vorticity equation (3.15). It must be remembered that
the Reynolds shear stress term in the vorticity source
term i.e. the last term of axial vorticity equation
(3f15> is considered negligible as comparea to the
Reynolds norﬁal stresses and hence has been ignored. The
gradient (i.e. second derivative) of the difference in
coplanar Reynolds normal stresses have been derived in
Appendix C and have been used directly for the

calculation of vorticity source term in the axial

vorticity equation (3.15).
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4.3.3 Model III ~ Seale's Model

Seale [3] presented a method for calculatingvthe
source of axial vorticity without the need for the
precisé calculation of the normal stresses. As stated
earlier, the Reynolds shear stress was neglected
altogether for this model.

Based upon Alshamani's [5][47] investigations, he
developed an expression for the difference in the unormal
Stresses in terms of the turbulence kinetic energy
(basically, the same exercise which was followed for

model II). For a square duct, it can be given as:

-t ) + +2
V. - W = (0.2708 - 0.1245 k - 0.0286 k ) (4.24)

which was substituted in the expression for source of

axial vorticity i.e.

32 -2 -2 %2 32
P 3y oz Vo) = 8w =pu g
+ +2
(0.2708 - 0.1245 k = 0.0286 k ), (4.25)
or,
%2 @2 +2 +
Sw = 0.0286 p u 5;“52 (k + 4.0 k ), (4.26)

by recognizing that the numerical values of the
coefficients are not precise and taking advantage of the
fact that the coefficient of k* is about 4.0 times larger
than that of k+2.

He went on to propose an alternative technique, in

which a synthetic distribution of turbulent kinetic
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energy is specified and combined with equation (n.26) to
produce a éimple algebraic term for the source of
vorticity.

He carefully examined the measurements of Laufer
[63] in a circular pipe and of Aly et al [30] along the
mid-wall plane of the triangular duct and found that k%t
varies parabolically with normalized distance from about
one in the core to an extrapolated figure of about four
at the wall. His study for ducts of non-circular cross~-
section revealed a similar parabolic relationship
describing the variation of kt with y/§ buﬁ the two-—
dimensional effects modify the value of kt in the 'core'
region. He presented an expression to describe the
distribution of turbulent kinetic energy, normalized by
the mean shear velocity, in ducts with 4 well defined

surface of no shear,

4+ = - - o 2
k ki,++ (kw + ki,+)(1 y/ymax) (4.27)

s
The surface of no-shear is assumed to be
coincident with the position of the maximum axial
velocity on the normal from the wall.
The substitution of equation (4.27) into equation
(4.26) yields the following algebraic equation for the

source of axial vorticity:

Sw = 8 C"'p u*2 k WAS ) Y, Yo v, 2L, (4.28)
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where C' = 0.0286 [comes from equation (4.26)]." A
detailed derivation of equation (4.28) is presented in
Appendix D.

The constant m was determined by matching the
computed and measured secondary velocities and was given

a value of 2.4, Subsequently C"' was turned to suit best

overall agreement between predicted and measured results.

A value of 0.0110 for C'"' yielded best results and hence

was adopted.

4.4 Summary of Equations to be Solved:

4.4.1 Transport Equations

a) Axial Momentum Equations:

d = DY d = dY d 93U
c— (P =) = e ) =~ - + _—71 +
oy ( z) 0z (U ay) {[by (n ut) ,by]
o) oU 0P
@s—— ——— = .
["“62, (o + ut) az} + " 0 (4.29)




47
It should be recalled thét the last térm of
equation (4.30) (i.e. gradients of Reynolds shear stress)
has been neglected in Model II as well as Model III and

axial vorticity takes the form as follows:

d d¥. _ D DYy _ 3 D _ 3 (2
5y (0 5% "o (0 55 T 5y [55e] - 55 [gg(ee)]
_ o 32(v? - w?) - 1
P Ty bz 0. (4.31)

c) Stream Function Equation:

) QY d oY
odiig —— e e— — = O' 4.32
[by oy 0z 6zJ pw : ( )

d) Turbulent kinetic energy equation:

u
9 0¥, _ 0 0¥ y1 _ 2 _tydk
B Kk U U
sl 5D B - e (G2 4 G20+ pe = 00 43

"
d QY ) VY ) t, de - 2
By G 5) ~57 Capl may LG50 55 1 - 5
1 o e 7.2 7.2 2
ty O t oU 0 -
[(n + “;) 57~ %1 e [(55) + (53) ]+ cyp 5 = 0.(4.34)
4.4.2 Algebraic Fquations
a) Turbulent (Eddy) Viscosity
= 2 . 4,35
My Cup k< /e ( )
b) Reynold Stresses:
b.1) Model T:
b.1l.1) Normal Stress:
52 - T2y = @il k 9:.2 - Q: 2 4.36
i -ty = oz 2 (57 (37) 1 (4.36)
b.1.2) Shear Stress
— 1k d3U U
= ~pt X2 £ 2= 22 4,37
vw C 5 - Ht 5y Bz ( )
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b.2,1) Normal Stress:

b.

(V2 - WZ) = u%2,

C" (0.2708 - 0.1245 k+ - 0.0286 k+t2)(4.38)

3) Model III:

b.3.1) Normal Stress:

c)

d)

e)

o2 ooy - 1 %2 % 2
(v W) 8 C ’pu kC,+/(ymax)

oy 4.39
Y, Y, Yy 3z ¢ ( )

Source Term for Axial Momentum Equat&on:

0P
Ix

Friction Factor

TR e l.
4 TW/Dh (4.40)

2
f = 8 TW/(pUb). (4.41)

Average Wall Shear Stress:

1
=1 [ v dy ) (4.42)

Boundary Conditions

a) Mid-wall bisector:

b)

Y = @ = 0, (4.43)

8 = 2X o 28 . g, (4.44)

¥V = =O, (4.45)

= 08 - 28 o o |, (4.46)
n
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¢) Duct centreline:

¥ o= = 0 (4.47)
V=uW=0, (4.48)
%% = %; = 0, (4.49)
%% - %5 -0, | (4.50)
§.§7=§£z-= 0. (4.51)

d) Wall boundary conditions:

¥ = 0 (4.52)
(z -~ zn)
Wp = Wy + T;ﬁ“:";;) (wn -~ wm), (4.53)

where p is the node at the wall, n is the node at the
first string adjacaent to the wall and m is the node
twice removed from the wall in the direction normal to

the wall i.e. z-direction.

Further,
- pu*lz - Z_|
U = u*[A 2n ( ) + 8] (4.54)
" 1/2 H
ko= u*? /¢ , (4.55)
e = u*d /e oz, (4.56)
where,
1/4 1/2l |
1/4 1/2 . P Cu  k Zz - Z
u* = {Cp k U /[ A n ( = 2 2 )
m m W
1/2
+ B} (4.57)

4.5 Various Constants of the Models

A summary of models constants has been presented
in Table 1. The values of the constants employed in

present work have been compared with those adopted by

other workers in Table 2.
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5.0 THE NUMERICAL PROCEDURE

5.1 Introduction

Equations 4.29 to 4.34 can be generalized by one
standard elliptic partial differential equation as

follows:

9 oY 3 R4 3 3¢ )
ag [g; (¢ 57) - 55 (¢ 5;)] - [3; (by,y 3§) + o5

(bg, 4 %—:i)] + S¢ = 0. (5.1)

The representative new symbols in this eqhation
are identified for each equation from(4.29) to (4.34) in
Table 3. The fihite—difference technique was employed in
solving these equations numerically. There are two
possible ways to approximate differential equations by
finite difference equations. One dis by Taylor-series
expansions whereas the other is by integration over
finite areas in the primary flow cell along with
appropriate assumptions about the distributions of the
variables between the nodes of the grid. For all three
models, an upwind finite difference technique of Gosman
et al [4] together with Gauss-Seidel iteration was
employed with a Cartesian grid over the primary flow
cell. The grid is presented in Fig. 2.

5.2 The Finite Difference Equations

A part of the finite difference grid has been
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displayed in Fig. 3, which shows a typical node P with
four other surrounding nodes viz., E, W, N and S.

The integration of the differential equations is
performed over the hatched area (Fig. 3). The sides of
this small square/rectangular area (depending wupon the
square/rectangular grid) lie midway between the
neighbouring grid lines.

The‘double integration over the domain shown in

Fig. 3 yields:

n e 3 oY 3 oV
ag £,s §,w [g; (¢ 3;) 55 (9 5;)] dy dz
Convection terms = I
nooe 2 a0y, B 20
é,s §,w [3§ (b¢’y ay) T (by, 2 Bz)] dy dz
Diffusion terms = I4
_ _ (n e
[ {5, Se dy dz. (5.2)
Source term = Ig

Equation (5.2) «can also be written in symbolic

form as:
Ie = Ig + Ig = 0. (5.3)
The integrals for each term appearing in equation

(5.2) are evaluated individually in the following

subsections.



5.2.1 Convection Terms

The following assumptions were made before
integrating the convection terms:

a) The function ¢ is wuniform within each
square/rectangle and has the value of node P.

b) The value of the stream function at a
particular corner of the square/rectangle is equal to the
average of the values on the four neighbouring nodes.

c) The average value of the function ¢ takes
the value possessed by the fluid upstream of thée specific
face under consideration, i.e. the so-called "upwind
technique".

The integration of the convection terms of

equation (5.2) yields:

9Y
Te = agl [0 [de Gy, = ¢y (5,0 dz -

e oV Y
{5 Don GGy = 9s () 0 dy b, (5.4

which can be further expressed as:

Io = Ig, + Icgp + 1o, + 1o, (5.5)
where,
n oY
Tep = a¢ é,s e (32)3 dz, (5.6)

and so on.

If ¢ and ¥ are assumed to be well-behaved
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function, then there exists an average value of o

which is ae such that:

n R
- é,s be (EE e dz Te,y (5.7)
be n 9 Y ? T
(=) dz ag (v - Yao)
,8 ‘dz’e ¢ ne s¢&

where the subscripts express the values of variables at
the corresponding corners of the integration domain shown

in Fig. 3. Therefore, I.; can be given as:

ICl B a¢ $e (Wne - \},Se)' (5.8)

Applying upwind difference techinque [4], I., can

be rewritten as:

(Yne - Yge) "Iwne - Vsel] +
2

Icy, = ayg {¢P [

op [ ‘me = ¥ge) ~1¥he - wSEIj-}, (5.9)

2

whereas assumption b) can be mathematically expressed as:

Yne = & [¥YNE + ¥y + ¥p + ¥gl, (5.10)

and,

Yse = 4 [¥SE + Y5 + ¥p + ¥gl. (5.11)

The other terms of equation (5.5), i.e,
I¢cos Tes and I., can be obtained by a similar treatment
for each of themn. Assembling and rearrangment of various

terms produces the following expression:
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I. = Ap (¢p =~ ¢m) + Ay (¢p - ¢w) + Ay (ép - on)

+ Ag (¢p ‘¢s), (5.12)

where the coefficients A are:

Ag = 5 {l¥gg + ¥g - ¥yg - ¥yl + [¥gp + ¥g = ¥y

Ay = 5 {lvgy + ¥y - Ysy - Ys] o+ lvww + vy - vgy

3

Ay = g {l¥yg + Yp - ¥yw - ¥yl + l¥ne + vE - ¥

It is obvious that coefficients A's can never
become negative, however, they may assume a value of
zero. This is one of the features which enables a stable
solution procedure. The above equations (5.13) are not
suitable for nodes near the corner bisector and special
provision is made in the computer program to deal with

them.

5.2.2 Diffusion Terms

The integration of diffusion terms of equation
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(5.2) yields:

J 3
g = éfs [(by,y)e (_%)e - (b¢,y)w (8¢)W] dz
3 TN :
L T 0 - GRn - e Ahoy gy, (514

which can be symbolically represented as:
Ig = Ig; + Ig, + Igs + Igu, (5.15)

vhere,

_ n
Igy = é’s

[(bg.y)e <§§)e] dz, (5.16)

and so on.
If the quantities b¢ y and ¢ vary 1linearly then
?

following assumptions can be made in the domain under

consideration;

(bg,yle = 4 [(bg, g + (by ylpl »

<%§>e = (45 -0p)/(Yg - Yp)
and ,
2n - 25 = 4 (zyg - zg). (5.17)

With these assumptions, equation (5.16) can be

integrated to give:

]

1
Ia, i [(b¢,y)E + (b¢,y)P] g - p (¢g - ¢p)

(zn - zs). (5.18)

The integration of other terms of equation (5.15)



can be evaluated in a similar way. Assembling and

rearranging gives:

tq = Bg (¢g - ¢p) + By (¢y - ¢p) + By (éy - ¢p)

+ Bg (¢g - ¢p), (5.19)

where,
1 —
BE = % [(bq)’y)E + (bqb’y)P] YE _ yP (Zn ZS)’
1 -
By = & [(bg,ylu + (bg,y)pl + 5—5o (zq = zg),
1 \ :
By = § [(by, )y *+ (b¢,z)P] BT R (yg - yu),
and ,
1 -
Bg = 4 [(by,z)g + (bg p)pl - 7y - zg (Yg Yw) .
. (5.20)
It is noticeable that 1ike A's, B's will never be

negative, thus endowing a stable solution procedure.

5.2.3 Source Term

The source term of equation (5.2) can be

integrated to give:

n e
I, = [ [ S¢ dy dz . (5.21)
5 ZsS YW q) J
To evaluate source terms for the different
transport equations, S¢ is considered to be constant

within the domain of integration and assumed to have the
value at the particular node under consideration i.e. P.

The validity of this assumption depends mainly on grid
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size, the finer the better.
Therefore, the dintegration of equation (5.21)
finally yields:

Ig = S¢,p (Je - ¥y) (2n - 2g) . (5.22)

Since y and z are the space-average value as given
in assumption [equation (5.17)], equation (5.22) takes

the form:
IS = Sq),P ® VP, (5.23)

where,

i

Vp =} (yg - yw) + (zy - Zg). (5.24)

The values of the functions b¢,y, bp,z, and S¢p

are presented in Table 3.

5.2.4 The Complete Finite-Difference Equation

Assembling and rearranging convection, diffusion

and source terms gives:
Agp (¢p - ¢p) + Aw (¢p - ¢y) + Ay (¢p - ¢y) + Asg
(¢p = ¢g) - [Bg (¢g - ¢p) + By (éy - ¢P) + By
(éy = ¢p) + Bg (ég - ¢p)] + S¢ p * Vp = 0, (5.25)

which ultimately yields successive-substitution formula
which may be written in the form:

¢p = Cg ¢g + Cy ¢y + Cy on + Cg ¢5 + Q, (5.26)
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CE = (AE + BE)/ZAB,
Cy = (Ay + By)/LAB,
CN = (AN 4+ BN)/ZAB,

(Ag + Bs)/ZAB,‘

(@]
wn
]

Q = - S¢,p V,/IAB,

and,

IAB = Ag + Ay + Ay + Ag + By + By + By + Bg. (5.27)

The A's and B's are identified by equations (5.13)

and (5.20).

5.2.5 Boundary Conditions

a) Solid Wall

The various conditions were presented in
section 4.,2.(4iii)(d).

b) Midwall Bisector

The —conditions for this boundary are
given in section 4.2.(iii)(a). For U, k and e, gradients

along the normal-to-the midwall bisector were set to

zero. This was achieved by expanding the parameters in
Taylor series as illustrated in the above section. 1If
the mesh is ‘'really fine' this condition can be met by

simply assigning the values at nodes on the midwall

bisector to take the values of adjacent nodes on the
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normal-~to~the boundary direction.

c) Corner Bisector

The <conditions for this boundary are
given in section 4.2.(iii)(b). U, k and ¢ gradients along
the normal to the corner bisector were set to zero. The

following figure illustrates the procedure employed:

N

—_—

AN
N

N\

(I-1,7J) \\‘

(1,3) .

n

To have a zero gradient in the n-direction, the following
condition was applied:

Ui,j41 = Ujeq, ;- (5.27)

The same treatment was applied for both k and

However, it should be noted that interpolation is
necessary in the case when the grid is not square (rather
rectangular) which does not permit the existence of nodes
on the direction normal to the corner .bisector. A
procedure to handle such a situation has been described

in the work of Aly [64].
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5.3 Stability Analysis of the Successive

Substitution Formula

In order to ensure the convergence of an iterative
solution to equations of the form (5.26), certain
stability conditions must be satisfied. These conditions
have been stipulated in Said's [49] work (Section 6.3,
pp. 69-72) and is referred to interested readers. For
the sake of completeness, however, the modified k and e

source term for stability is given respectively as

follows:
VE Bﬁ 2
P = . .
-1 pesV
sap [ZAB + E;E‘El
30, 2 .
T , (5.28)
-1 pepVp
TAE [ZAB + — P]
and,
3V, 2
Cgeg + Cyewy + Cneny + Cses + C3 e, P [(5;)
€ =
’ L [1aB + Co 0 (2R) V]
TAB 2 5% T
Bﬁ VE P
+ (EZ) ] [ZAB kP] C (5.29)
L [3AB + Cop (1) Vp]
TAB 20 Yxp) VP

Equation (5.28) was obtained wusing Table 3 with

equation (5.26), after rearrangement. A similar approach
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was used for equation (5.29) as well.

5.4 Iterative Technique

The '"Gauss-Seidel" iterative technique was
employed in the solution procedure. A provision for
under-relaxation was included in the computer program for

w, k and e, in the following form:

T T-1 T T-1
A .= 90 V), (5.30)
¢1’J ¢1’J R (¢1,J 1,3
where ¢ stands for w, k and e; ¢iTj is the value at
H
T-1

iteration number T; ¢ is the wvalue at the same

i,j
node in the previous iteration (T-1) and ap is the
under-relaxation factor. Despite the provision, none of
the variables needed under-relaxation for a converged

solution in all three models,

5.5 Convergence Criterion

The computation time is proportional to the number
of iterations which must be executed before the change
effected by an iteration cycle is acceptably small. What
is acceptable is, of course, tied up with the question of
the accuracy‘desired. However, over stringent demands
may result in excessive computing times, with little gain
in accuracy.

The criterion employed in this work, dictates that
the maximum fractional change of ¢ in the field from one

cycle of diteration to the next must not exceed a
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prescribed value, i.e.:

T T-1
(6.7, = ¢ )
l>J i} 15.] Sg’ (5.31)

i,] max

where & was taken as 0.001 for all the parameters
i.e. w, ¥, k, e and U. In general, the mean axial
velocity field undergoes most rapid convergence whereas
w controlled the complete <convergence and hence the
actual exif criteria for ¥, k, € and U were beyond the
specified value of 0.001.

5.6 Initial Conditions

The w and V¥ were 'initially assumed to be zero
everywhere. At the first string of nodes adjacent to the
wall, the initial values for 6, k and & were determined
by using wall functions [equations (4.54) to (4.56)] with
an initial arbitrary value given to u¥*. For the rest of
the field, U was given the value Uy, k was given the
value at the boundary while € was given half of the
boundary value, Even with these unrealistic initial
conditions, the fields converged well.

5.7 The Employed Grid Spacing

A grid constituting of regular 21 x 21 mesh (Fig.
2), for a quadrant of the square duct, was used in the
analysis for all three models. This mesh was purposely

held fixed for all three models in order to facilitate
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the comparative study of their respective performances.
Regarding mesh size, much coarser grids have been
satisfactorily employed by others; e.g., 11 x 11 by
Launder and Ying [2] and 15 x 15 by Gerard [65]. At any
rate, for turbulent flows, any inadequacy in grid size
can, to some extent, be compensated for by ad justing
vorticity source model constants (mostly
C', C", and C"'). Furthermore, it is generally considered
(see e.g., [66]) that even with a coarse grid (which is
all one <can afford in most practical .probiems>, the
upwind-difference scheme (as employed in this work)
usually gives reasonable results.

In view of these considerations, the 21 x 21 grid
in the present work, for a quadrant of the square duct,
is considered adequate in regard to accuracy of the

numerical solution.
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6.0 NUMERTCAL RESULTS AND DISCUSSTIONS

6.1 General

As mentioned earlier, three computation schemes
pertaining to three different vorticity source term
models were wused to obtain converged solutions. Model I
used both normal and shear stresses, whereas Model II and
Model III wused only normal stresses in the calculations.
Since the <contribution to vorticity source by shear
stress is considered negligible as compared to the normal
stresses, the predicted results of Mddel i éan be
compared with those of Model II and Model III without
significant bias. Finally, the results of all three

models are compared to the available experimental data to

evaluate their performance. For this purpose, the
experimental results of Hoagland [9], Leutheusser [107,
Brundrett and Baines [11], Gessner and Jones [13],

Launder and Ying [14] and ‘Kokorev et al [15] were used.
The Reynolds number range was confined to the practical
range of 60,000 to 300,000 and converged solutions were
obtained for all three models without under-relaxing any
variable. A few results are also presented without
secondary flow and are compared with the results with
secondary flow in order to illustrate the effects of the
secondary flow.

A flow-chart and a complete 1listing of the
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empioyed computcr program for numerical predictions, have
Been presented in Appendix E. All calculations were
performed on the AMDAHL 470/V7 computer whereas plots
were taken with a Hewlett-Packard computer-plotter (HP
7220C) which was connected to the AMDAHL. Most of the
computer~plots have been presented as produced on the
plotter, however, in some cases, the curves were smoothed
in certain places to improve continuity. The plots of
experimental results were overlaid on computer-plots
manually except for a few instances, wheré sufficient
experimental data were available to plot them using the
HP-plotter.

The predicted results are presented and discussed
in the following subsections.

6.2 Secondary Velocity Profiles

Figures 4 and 5 compare the predicted contour
plots of normalized secondary velocity components i.e. V
and W respectively for all three models at Re = 75,000,
Models I, II and III are very close to each other. This
similarity was also found at other Reynolds numbers.
Accordingly, Model I was arbitrarily chosen to represent
the predicted resultant secondary velocity and these
results are compared to the available experimental data

in Figs. 6 to 8 inclusive.

Hoagland [9] has reported resultant secondary
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velocity contours at Re = 75,000, in the plane of Lhe
channel, which <can be compared in Fig. 6 to the
predictions of Model II. The present results are in

reasonable agreement with the experimental data except

for the position close to the wall. In addition, the
Vsec predictions appear somewhat overestimated in the
core region and underestimated close to the wall.

Hoagland [9] admitted that the probe interference might
have impaired the accuracy of the experimental data near
the wall. Also, the continuity relation requirés that
the flow rate towards the wall should equal that away
from it. The predicted profiles do, of course, obey this

continuity constraint and hence are supposed to be more

correct.

Figure 7 illustrates the secondary velocity
profiles at Re = 215,000 for Model IT, at different
lateral cross-sectional planes. The predicted results

agree . reasonably with the measurements of Launder and
Ying [14] considering the difficulties of secondary flow
measurements. It is noted, for example, that whereas the
predicted results for y/L = 0.5 are symmetrical about 2z/L
= 0.5 (as should be the case), the data of [14] exhibits
considerable asymmetry.

In Fig. 8, the secondary velocity profile of

Kokorev et al [15]

4y

who measured secondary velocity at Re
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= 100,000 by using inclined taps, has been compared with
the predictions of Model II at a section y/L = 0.4. As
can be seen, the predictions agree fairly well.

For all three models, secondary velocities
normalized with either the average bulk velocities or
duct centre line velocities, were found to decrease with
increase in Reynolds number in the range considered (over
60,000). Launder and Ying [14] found that the secondary
velocity in a fully developed flow through a
square-sectioned duct is sensibly independent ef Reynolds
number whether‘the duct is rough or smooth, provided that
the velocity is normalized with the average friction
velocity, In Figs. 9 to 12, the secondary velocity
profiles for Reynolds number 215,000 and 83,000 have been
presented for Model I and TIII respectively. The main
purpose behind the presentations of secondary velocity
profiles for Re = 83,000 (ref. Figs. 10 and 12) was to
compare the profiles with the ones predicted at Re =
215,000. They are almost identical as expected since the
secondary velocity (V) has been normalized with average
friction velocity (u*) and thus is independent of
Reynolds number. This observation is 1in accordance,
therefore, with Launder and Ying [14].

Finally, in Fig. 13, the predictions of Models I,

IT and II at y/L = 0.5 and 0.8, have been combined to
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illustrate that the three models give very close
predictions. It can also be observed that the
predictions of Model II are generally closest to ‘the
experimental measurements.

On the basis of Figs. 6-13, it is concluded that
the predicted secondary velocities are in reasonable

agreement with the available experimental data.

6.3 Mean Axial Velocity Distributions

Contour plots of mean axial velocity are presented
in Fig. 14 for all three models at Re = 83,000. The
predicted results are very similar and can be compared
with Leutheusser's [10] experimental data which is
included in Fig. 14. As can be seen, the predictions are
in fair agreement with the measurements near the wall,
displaying faithfully the distortion of the contours
towards the corner as a result of movement of high

momentum fluid from near the center outwards along the

corner bisector. Near the corner, distortions in the
predicted contours are somewhat over-estimated, hence
velocities are wunder-estimated. On the other hand,

velocities are over-estimated near the center of the
duct. These discrepancies indicate the under-estimation
of the secondary flow magnitude along the diagonal of the
square (dirécted toward the corner) and also its

over-estimation along the wall bisector (directed toward
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the core).

In Figs. 15 to 17, the variations of axial
velocity along several fixed vertical sections in the
flow have been presented and are seen to be in reasonable
agreement with the measurements of Launder and Ying [14].
These figures illustrate the accustomed bulges in axial
velocity caused by the secondary motions. Due to these
bulges, in Figs. 15 to 17, the magnitude of axial
velocity is lower for the y/L = 0.0 section than for the
y/L = 0.4 section for distances for z/L approximately
less than 0.5.

Figure 18 illustrates the effect of Reynolds
number on isovels. For the larger Reynolds number, the
axial velocity is at a lower level nedr the core region
and at a higher 1level near the wall region. It 1is
obvious that axial velocity scaled by bulk velocity (or,
for that matter, centre line velocity) is not completely
independent of Reynolds number. A large difference
between two employed Reynolds number 1is chosen to
demonstrate the effect prominently.

Isovels are shown also in Fig. 19 for computed
results without secondary flow, for Re = 83,000. For zero
secondary flow, ¥ and w were simply set to zero and only
the equations for , axial velocity, turbulent kinetic

energy and its dissipation rate were solved. For this

i
i
H
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tase, as expected, the bulges in the contours are
absent. For the sake of comparison, the predicted
contour plots of Model II and experimental measurements
(with secondary flow) have been included in the same
figure. It is noticeable that if secondary flow is
neglected, the predictions fall into serious discrepancy,
generally under-estimating the velocity along the corner
bisector (especially near the corner) and significantly
over-estimating along the midwall bisector.

6.4 Vorticity and Stream Function Distributions

The stream function contours for Models I, II and
ITI, for Re = 70,000, are shown in Fig. 20. The predicted
results are very close to each other and are compared
with Hoagland's [9] measurements. The contours of all
three models are qualitatively similar to those obtained
experimeﬁtally but they are high in levels near the
centre and less penetrating near the corner. This is due
to the reasons already described in section 6.3 regarding
discrepancies in the isovels patterns., As far as the
stream function distribution is concerned, Model II is
close to the experimental data [9] than the other two
models whereas Model i and Model III are very close (see
Fig. 20) to each other.

One conflicting observation exists. Model I

includes shear stress in its source term and, this
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(supposedly) has some direct effect on secondary flow
magnitudes in the corner region. In fact, of the three

models, Model I is supposed to be the most penetrating in

the corner region. However, this is not the case.
Brundrett and Baines' [11] measurements strongly
suggested that in the case of square ducts, the normal

stress term predominates over the shear stress term
throughout the cross-section. Not only for square, but
the validity of their suggestion was claimed for all
ducts having parallel sides. Under this supportive
argument, the above discrepancy can be ‘understood.

Fig. 21 illustrates the normalized vorticity
distribution for Model IT at Re = 60,000. The predictions
for all three models, in general, ware qualitatively
similar to each other and also to those derived
experimentally by Brundrett and Baines [11] with  higher
magnitudes in the corner region and close to the solid
wall, However, the predictions with Model III was
considerably low in levels.

6.5 Mean Turbulent Kinetic Energy Distributions

Contours of turbulent kinetic energy for all three
models, normalized by the square of the average friction
velocity, are shown in Fig. 22 at Re = 83,000. The
predicted results are quite close to each other and can

be compared with the experimental data of Brundrett and
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Baines [11]. The predicted results confirm Brundrett and
Baines' overall conclusion that the energy -~contours are
much more distorted by the secondary flow than those of
axial velocity. The detailed agreement between
experiment and calculation, however, is hot particularly
good, the measured energy levels being appreciably higher
than the predicted. The contrast between the prediction
and the experiment is especially evident near the
corner. This is consistent with the under-~prediction of
the secondary flow velocity near the corner }egion (as
discussed in section 6.2), since the dilution procéss
near the corner due to the secondary flow current which
carries the fluid of low kinetic energy at the core
toward the corner, becomes less efficient for a lower
secondary flow velocity.

The turbulent kinetic energy profiles along the
mid-wall bisector are presented in Fig. 23 for Models I
to IIT respectively. As discussed earlier, they were
found at a lower level than the experimental measurements
[11].

In a bid to improve the turbulent kinetic energy
contours, the model constant (C') of Model I was
increased from 0.0035 to 0.006, thus dimproving the
kinetic energy contours (ref. Figs. 24 and 25) as

expected, since the magnitude of secondary velocities
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went up (from 1.5%Z to 2.0%) causing more bulges. the
isovels also improved slightly (Fig. 26), i.e. closer to
the experimental data, but the wall shear stress

distribution (Fig. 27) was adversely affected and
obviously secondary velocities distribution were also
seriously disturbed. As can be seen from Fig. 24-27, the
increased C' does not improve the secondary flow
absolutely and hence this attempt was abandoned and C'
was restored to the original value of 0.0035.

Concerning scaling, the contouré of :tu£bulent
kinetic energy (k), normalized with ' the square of the
average friction velocity, are shown for Re = 75,000 and
215,000 in Fig. 28. It is observed that kinetic energy

normalized by ¥ is essentially independent of Reynolds

number .

6.6 Local Wall Shear Stress Distribution

The predicted shear stress distributions, for all
three models, have been normalized by average and

center-point shear stress and have been presented in
Figs. 29 and 30 respectively. The predictions are quite
similar and in fair agreement with experimental data.

The tendency of the secondary velocity to smooth
out variations in wall shear stress around the perimeter
of the duct is well brought out in these figures. The

predicted results of Models I, TII and ITI, display
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substantially the same variation as Leuthuesser's [10]
measurements with the peak shear stress actually
occurring about midway Dbetween the <corner and the
mid-point of the sides. This behavior is in marked
contrast with the numerical solution obtained with
secondary velécities suppressed (Fig. 29).

In Fig. 30, the shear stress was normalized by
centre line shear stress in order to facilitate direct
comparison with Hoagland's [9] experimental points. As
can be seen, predictions of Model II are ;1oéer to

Hoagland's [9] data as compared to Model I and Model ITI.

6.7 Effect of Reynolds Number

The friction factor dependence on Reynolds number
was investigated by conducting a serieg of computations
(for various Reynolds numbers) with Model III. The
predicted results are compared to the experimental data
of Leutheusser [10], for smooth square duct, in Fig. 31,
On the same figure, comparison with the prediction
obtained by the Blasius correlation for friction factors
in smooth «circular tubes is shown. The predicted
friction . factors are in good agreement with the
experimental measurements.

The distributions of predicted 1local wall shear
stress (for Model II) for three different Reynolds number

is compared in Fig. 32. The effect of Reynolds number on
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T/TW is not significant and it can be concluded that

normalized wall shear stress scales fairly well with

Reynolds number and, therefore, can be compared with
experimental data of Leutheusser [10] taken at a
different Reynolds number. It is, however, noticeable

that with increased Reynolds number a slightly smoother
(less bulged) shear stress distribution is obtained,
which is expected. Higher Reynolds number causes higher
secondary flow, which in turn, evens out the shear stress
along the wall more effectively and heﬁce a‘ siightly
flatter curve results. This trend remains unaffected
whether the 1local shear stress is normalized by
Tw or Tc/p‘

6.8 Comparison of Three Models

The following criteria were chosen as a basis for
the comparison of three models, viz., 1) accuracy, 2)
speed of convergence, 3) vorticity source comparison and

4) potential for multi-cell geometries.

1) Accuracy:

All three models performed reasonably well in
predicting the fully developed turbulent flow in a square
duct. The predictions of all three models were close
except for vorticity source predictions (as discussed
later). As compared to experimental data, Model II was

slightly more accurate than Model I and Model III in
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predicting vorticity, stream function, secondary
velocities fields and wall shear stress distribution.
The predictions of vorticity source by Model II was also
more accurate than the other two modelé. For Model Iz,
the turbulent kinetic energy predictions were  slightly
better near the corner region whereas they were slightly
poorer near the center region, as compared to other two
models. Overall, Model II is slightly more accurate as

compared to Model I and Model III.

2) Speed of Convergence:

For each model, a number of computer programs were

run using different size of ducts and different Reynolds

number, However, it was not possible to pin-point a
single factor or constant affecting the speed of
convergence significantly and consistently. This is

expected due to the complex coupling of a number of
integro-differential equations involved 4in the solutions
procedure,

Typically, at a Reynolds number of 75,000, Model
I, IT and ITIT required approximately 320, 360 and 240
iterations respectively, fbr the converged solutions.
Similarly, at a Reynolds number of 107,000, about 340,
280 and 260 iterations were needed to obtain converged
solutions for Model I, II and III respectively. Over=1l1,

Model III converged faster than Model I and IT, under
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exactly similar circumstances.

3) Vorticity Source Comparison:

Figure 33 to 35, show the predictions of vorticity
production for Model I, IT and III respectively. The
predicted vorticity production contours, for all three
models, are qualitatively similar to those given by
Brundrett and Baines [11]. Quantitatively, Model I and
Model iI generally have the same levels as [1l1l], whereas
Model III levels are comparatively low.  In fact, the
predictions of Model III are one order of magnitude lower
than the experimental data [11]. This discrepancy seems
to be due to an inherent characteristics of this
synthetic model.

4) Potential for Multi-cell Geometries:

In the past, Model I has been successfully
employed for various types of flow geometries,. The
inventors of this model, i.e. Launder and Ying (21,
claimed it to give reasonably good predictions in ducts
of more complicated cross-section, such as commonly arise
in nuclear fuel rod bundles and certain other
heat-exchanger types. Aly, Trupp and Gerrard [30], and
Gosman and Rapley [52) used this model for an equilateral
triangular duct and Carajilescov and Todreas [32] used it
for triangular rod bundles. It was also successfully

employed by Said [49] for dinternally finned tubes. In
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many ways, this model has shown promise in tackling
complicated geometries invdlving multi-cells.

Less can be said about Model II. Not much
historical background is available except that Seale [3]
can be given the credit of dinitiating the idea.
Alshamani's [5] [47] turbulent properties correlations,
paved a way towards the development of this model.
However, this model seems very promising and is shown here
to be very successful in predicting turbulent flow
characteristics (being the best out of the thfee‘models
tested) in a square duct.

The algebraic expression of Model III, which
allows the source of axial vorticity to be calculated
directly and without iteration, successfully reproduced
secondary velocities in square and triangular ducts and
in a duct consisting of two inter-connected subchannels
(simulated rod bundle, SRB) due to Seale [3]. Thus it can
be stated that Model III is as promising as Model I and
may be exploited for wuse for complicated geometrics of

other types.
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7.0 CONCLUSTONS AND RECOMMENDATIONS FOR FUTURE WORK

The two equation (k-¢) turbulence model developed
in the present work, performed quite well in conjunction
with three different types of vorticity source term

models, in predicting the fully developed turbulent flow

characteristics for square ducts. The predicted results
appear logical qualitatively and quantitatively. The
overall level of agreement between predicted and

experimental data is considered satisfactory (except for
vorticity source predictions). |

The following observations and conclusions are
drawn from the study of comparative performance of Models
I, II and III with respect to each other and (in turn)
the published experimental data:

(i) The most impressive finding is the
close similarity in the predictions of all three models,
despite the different models of vorticity source term.
Overall, the predicted results of all the three models
are quite close to each other and no significant
differences were noticed. The predictions of Model I and
Model III (except for vorticity source  production
predictions) were extremely close, despite the fact that
Model I takes into account both Reynolds normal and shear
stresses whereas Model IT1 only includes normal

stressesgs, It truly supports the common belief that
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Reynolds shear stress contribution is negligible as
compared to normal stress (as discussed in section 4.,3)
and satisfactory predictions can be obtained without its
inclusion (in order to save computer time) din the
numerical analysis.

(ii) Even though the mean-velocity field is
predicted adequately by all three models, the models fail
to give satisfactory agreement between prediction and
experimental data [11] of vorticity source production.
The vorticity production contours of Models I,\II énd IT1
are qualitatively similar to those of Brundrett and
Baines [11]. Quantitatively, the predicted magnitudes of
Model I and Model II are of the same order as that of
experiment [11] whereas the predictions of Model III are
one order 1lower in magnitude than the experimental
results [11]. This phenomena appears to be inherent to in
Model IITI.

(iii) The turbulent kinetic energy assumes
relatively.higher values near the wall, which is due to
the usual high turbulence production zone very near the
wall. It decreases leaving the wall to reach a minimum
value at the duct centreline.

The turbulence fields are clearly influenced by
the presence of sécondary flows. The present study

confirms previous observations (eg. [11]) that the effect
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on the turbulent kinetic energy field is more pronounced
than on the axial velocity field.

(iv) Reportedly, the secondary velocities,
normalized with either the average mean velocity or
centre-line axial velocity, are found to decrease with
increasing Reynolds number. This confirms the findings
of Gessner and Jones [13].

(v) The mean axial velocity when normalized
by bulk velocity or centre-line axial velocity, does not
scale well with Reynolds number. Howevef, the\seéondary
velocities and turbulent kinetic energy when normalized
by average friction velocity, and the wall shear stress
normalized by average wall shear stress (or centre-point
stress), all scale well with Reynolds number.

(vi) Due to momentum transport by secondary
flows, the predicted wall shear stress of all three
models, over the central half of each wall is constant to
within a few percent. The effect of Reynolds number on
the normalized wall shear stress distribution for Model
Il was studied and found not very significant in the
range 60,000 to 300,000 (Figs. 29 and 30). However,
increasing Reynolds number slightly flattens the shear
stress distribution curve.

(vii) The friction factor dependence on

Reynolds anumber is ‘investigated for Model III and found
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to agree with the measurements of Leutheusser [10] for
smooth square ducts.

As per previous discussions and observations, it
is considered that Model II is slightly more accurate
overall, as compared to the other two models. Hence, the
exploitation of Model II for different geometries (both
simple and complicated e.g., isosceles“ triangular duct,
trapezoidal duct, eccentric annuli, etc.) may be highly
rewarding; On the other hand, in the light of <closeness
of predictions of Médel II with Models I and‘ IiI and
chiefly the speed of convergence of Model III, it appears
that Model III has several attractive features.
Furthermore, Model III has already been employed for a
complicated geometry (Simulated Rod Bundle) by Seale [3],
and presumably has many promises in reserve for a variety
of complicated geometries. It is therefore recommended

that the use of both Models II and III to complicated

geometries be explored in future studies.
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APPENDIX A

DERIVATION OF TURBULENT KINETIC ENERGY EQUATION

It is worth recalling that the turbulent flow, in
question, is assumed to be fully developed, steady,
incompressible with constant property fluid and
negligible body forces.

The turbulent kinetic energy is derived (in
Cartesian coordinate) from the Navier-Stokes equation by
multiplying the momentum equation for the fluctuating
flow for each direction by the corresponding fluctuating
velocity component, averaging in time and then adding the
three equations.

The continuity equation may be written as:

83
<1
@

=i

°§;+~a—z = 0, (A.1)
and ,
Ju oV ow
oy + 5§+_3_Z- = 0, (A.2)

The instantaneous value of a turbulent quantity is
supposed to be composed of a mean value alongwith a
fluctuating component, such that

A

U =10+ u, =V + v,

e <@
L

i
=i

it
av]]

+ w, and + p, (A.3)

where tilde (V) indicates the instaneous value.



91

1. Axial Direction (x-Direction)

The axial momentum equation may be written in the

following form:

% LAY} n
3U 3U aﬁ aﬁ 1 3P o
at+'1\i——-ax+'\\f——a +i¥——-az—-——p———x+vvzu,
where,
32 02 3
2 = = — —
v sz T 3y? toas o (AL4)

Substitution of equations (A.3) into equation

(A.4) and taking time average gives:

f}

(==} }

? = 93U , 5 9 =30 .8 =, .3 — .3 -
8t+Uax+V3§+w5—£+3xu‘+Wu +3—Z_ uw
= - 1 2P 2 4
= = % + v V2U . (A.5)
Equation (A.5) is the axial mean: ¥low or Reynold's
equation which, when subtracted from equation (A.4),

gives the following equation for the fluctuating flow in

the axial direction:

du du 32U du = 3u T du

"a—i—:- + U -5; 4+ u —-—}—{- 4+ u 3‘; + Vv ay + v -5—}—7 + v —8‘;

+ W 3u + w KAk + W du i p + v V2u ., (A.6)
b4 z oz p 90X

Multiplying equation (A.6) by u and taking time

average yields:

Ju - ou -, ol . dU
Y5t tUu ax tou ax +ou Ix y coe
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3T Ju = Ju — 3V ou _
3; + uv 3; + W u 3z + wu 32 + uw -
-1, 3% TV

5 U 3n + v ou VZyg ., (A.7)

2. Lateral Horizontal Direction (y-Direction)

The momentum equation in y-direction may be

similarly written as:

2~/

|

+ v vay -, (A.8)

3V o oY a4 3V 3V 1 3
5? + U 3; + v 3; -+ a 5; = - 3

@
~<

Substitutions of equations (A.3) into equation

(A.8) and taking time average yields:

Q. = 3 —

- 3V 3 — )
— — —_— — ——— > b +_._..
3T + U % + V 3y + W 7 + Ay uv + 3y 7 A
= - 2224507 L (al9)
p dy

Equation (A.9) is the mean flow (Reynolds)
equation in -y-direction which, when subtracted from
equation (A.8), yields the following equation for the

fluctuating flow in the y-direction.

ov = v 3V v = JvVv 3V v
— 4 R - — —_ —_— —_

t v X tou 90X tou X v y T y v y *
ﬁ EX + W EX + w EX = - % %5 + v V2y (A.lO)

5}
N
[
. N
5
N

Multiplying equation (A.10) by v and taking time

average yields:
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3v - v — 3 = 3 , oV
v T + U v = + uv 5 + uv 5 + Vv 3y + v 3y +
ve ¥ + v Yy vw oV + vw v _ .1 v &2 +

oy 92 32 9z p Ay
v v VZy ., (A.11)

3. Lateral-Vertical Direction (z-Direction)

The momentum

equation in z-direction is given as:

oW sW _ 1 a3 Lo gl
5—;-&-%5—2» B’ E—Z—"}“\) Vvi- (A-12)

Applying equation (A.3) into equation (A.12) and

averaging in time yields:

Weg,y
t X

__]'_E_.Pi.*.\)vzﬁ
p oz

Equation (A

equation din z-dir

3W . = oW 8 =— 3 = 5 -

— — e e — 2 =
v + W 5 + R WU o+ 5y vw + 7 v
(A.13)

«13) is the mean flow (Reynolds)

ection which, when subtracted from

equation (A.8), gives the following equation for the

fluctuating flow in the z-direction:

Multiplying

average yields:

oW ow = 3w oW ow = 0w
x *ou X v 2y v 3y v 3y oW oz
= e —-1 a 2

5 5% + v Viy . (A.14)

equation (A.14) by w and taking time
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@
=1

oW = 0w, — W dw 5w, —
w 5T + U w X + u % + u X + V w -a—y— + vw 5; +
vw .?.}i -+ ﬁ w .a_.“l -+ ;;72 _.S_E 4 w2 -?—W_ = - ..];. w E.E. -+

9y oz 9z z p dz
v w Viw . (A.15)

Adding equations (A.7), (A.11) and (A.15) and

making use of the continuity equations (A.1) and (A.2)

gives:
8k | = 3k , = 3k _ = ok R T
[at+vay+waz+uax]+[8xu + 5y VK 4

—g-—z-w"“k'] = v [V2k] + S, + S, + S; , (A.16)

where,
-l GBI,
S2 =—v[(%~§)2 + (:g—Z—)2 + (—g-—:g)2 + (—g—y”—)2 +—(—g——;’;)“2 +
<%§->2 +GHT e ED &%), and
S3 = - {[u? %g+ﬁ-g—z+ﬁg—g]+[§2 -g—;]_—-*-;;;v -g-g-l.-
Eg—g]+[62 %§+ﬁ§g+5“§—z]}

In the above equations, the mean turbulent kinetic

energy (time-averaged) i.e, k is defined as:
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k = 4 (u? + v2 + w?2),
whereas the fluctuating component of k 1is given by:
k' = 4 (u2 + vz + w2),.

Equation (A.16) is the exact transport equation
for k. The following assumptions were made to obtain the
approximate transport equation:

a) The terms Si in equation (A.16)
representing diffusion of k by fluctuating pressure
effects is assumed to be negligible. | |

b) The terms S, and S, represent the rate of
dissipation of k by molecular visiosity and their sum is
given as:

S, + ng.— €.

c) The term S, represents the rate of energy
transferred from the main flow to the turbulent eddies.
This transfer is, however, controlled by the gradients of
the main velocity. If we negleét the gradients of

secondary velocities, Sy can be expressed as:

]

— 9

+ u

and}
(g}

Sy ¥ - [u? g

1.

+ uw

|
|

Qr
»
@

<
(e8]
N

Under the above assumptions and fully developed

turbulent flow conditions (i.e. 0 = o = JL), the
t Ix
approximate transport equation for k may be written as:
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= dk =0k, 9 ak et L 9k _
[v '5-57— + W a*-z—] = [5; (v _8_37 k') + 7 (v 3z v?ﬁ )]
= U | — 37

[u -a—y + uw '5-7?] - £, (A.17)

Applying equations (3.7), (3.8), (4.1), (4.2) and

(4.3), to equation (A.17)>yields:

d

-§;(v§§+pif—l§%>1+[§ ne (20 rove eyl
which when rearranged, gives:

[§;<kg~g>--§;<kg;n-g—;[<u+;§>g§ - &

[+ 55y 2y ) (@D + @yey 4 e - o,

.which is same as equation (4.33),
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APPENDIX B.

DERIVATION OF TURBULENCE ENERGY DISSIPATION

RATE EQUATION

The equations of motion for the fluctuating flow
i.e. equations (A.6), (A.10) and (A.l4) may be expressed

in Cartesian tensor form as:

- 9 v 1 3P d
+ Vg e + vg We 4 A& Ve - +

3t X ¢ OXf dx ¢ P 9Xg OXf

Ve

d —

(v 3;% + Ver). (B.1)

Differentiating equation (B.l) with respect to Xg

yields:

3 Ve - 3 dVe GVf dve " azﬁe

— (=) + [V§ =—0 + o 1 + [v

ot (Bxg [Ve X (Bxg) IXg BXf] [vg IXf 9xg
dve oV v dve dv 52
) IV B D) Y ) < - h e
Xg Xf Xf Xg Xg Xf 0] Xe Xg
82 aVe —

S%g 3%y [v v + vevel. (B.2)

ov
Multiplying equation (B.2) by 2 v 5;2 throughout,
g

taking time average and making use of the definition of

the turbulent energy dissipation rate i.e.,

.- 2
€= Vv (—a—z-@-)2 and ' = v (2le)
axg 3Xg

and continuity equation, we get the following expression
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after rearrangement:

de - 7 3 _ N 32e B(err; - 2y Ve dve gVf
Jt £ 0X ¢ X g2 Bxf IXf dxg 8xg
BGf dVe 9Vg ) Ve Ve oV ¢
T IXg dXg 3Xg TV X f Bxg oxf
9 dve, .2 v 3 dve 0P BV Veve
e G m 2 o vr Gooand) TV s
f 9%y P dXe g °*g g .
92 v
Ixg Bxg ) (B.3)

After changing the indices of fourth term on right

hand side of equation (B.3), it can be written as:

de = de 32e _ olvge') _ o _ _
st TVESxy TV aRgr T wwp— T 8 7 Se - Sv,
(B.4)
where,
Bﬁe Ve dvg avg avg
Sy = 2v B
X ¢ IXg dxg 0Xe OXf
Ve dVvg 0Vg 3 Ve, .2
Se = 2 {v —= % + [V 2 (=) ]
¢ X f 3Xg dxg Ix IXg i
and,
[2 2 (Sve ap) aVerVf o2 VJ .
S =y - + . d
7 P Oxg 9x, 8%, 9% g 9xf Bng
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This 1is the exact transport equation for the
turbulence energy dissipation rate. However, the
following approximation is employed in closing the €

equation:

. € Ve .
Ss = C3 T VeVe 33T o (Generation term)
g2
S¢ = C, T (Decay term)
where C; and C, are constants. The term Sy represents

diffusion of ¢ by fluctuating pressure - and fluctﬁating
flow effects and is assumed to be negligible.
Thus equation (B.4) is reduced to the following

approximate equation:

de = 9¢€ 3% ¢ 3 v €

—— -_— =V - - Pl

5t T VE 3% xe? T axp (VES) T Ca g vevs
Bve e?2

g Cz ¢ .« (B.5)

Invoking fully developed turbulent flow conditions

i.e. Jl-= o = Ji, the transport equation for the
ot Ox '
turbulence energy dissipation rate (g) takes the

following form due to equation (B.5):

5 9€ = 9€. .9 de _ ——, 3 o _ T
[v 5y + W 3;] = [5§ (v 3y ve') + v (v 5 we ') ]
e — 98U | — 30U e?
- Ca T [uv 3y + wu 3;] Cy T (B.6)

In reaching equation (B.6), the secondary velocity
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5z
Ve ) were
X ¢

gradients in the generation term _(QIE VeVs
neglected on the basis that gradients of the main flow
dominate on this term.

Applying equations (3.7), (3.8), (4.1), (4.2) and

(4.4) to equation (B.6) yields:

g—;(v%+%~§£%§>]+cl—§[% t<§-§l> + S Uy
U

which when rearranged, gives:
[%(a%)—g—z<e%§—>]-§-};[<u+§-§> 2ey -
— [+ ;f) =1 - o Eo [(g—yﬁ)zfm(g)z + Cap £,

which is same as equation (4.34),
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APPENDIX C

DERIVATION OF EQUATION FOR SOURCE OF VORTICITY

FOR MODEL 11

ny
* and V+ as well as ut

The relationships between o
and w¥ for fully developed flow 1in square duct were
studied [47], for 5 wide range of Reynolds number, The
published experimental data were used to carry out the
; ; ; e v+ :
itnvestigation. It was found that u and v¥ - as well as

’\;+ '\I+ . .
u™” and w¥ are related very nearly by the following linear

form (for square duct):

V¥ = 0.213 G+ + 0.767, (c.1)

Wt o= 0,487 T+ + 0.443, (C.2)

Furthermore, the non=dimensional turbulent kinetic
energy is given as:
—2 -t 2 oo 2
k+ = 4§ (u + v +w ). (C.3)
Substituting equations (C.1) and (C.2) into

" n
equation (C.3) for v* and wt respectively, we obtain:

k+ = o yt? &+ ut?s v, (C.4)
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o = 4 {1 + (.213)2 + (.487)2} = 0.64127,
= 0.213 x 0.767 + 0.487 x 0.443 = 0.379112,
and,
v = 4 {(0.767)2 + (0.443)2} = 0.39227.

Therefore,

—t+ 2 -+ 2
k+ = 0.64127 u + 0.379112 u  + 0.39227. (C.5)

The above equation was plotted for k™ versus gt

(Fig. 36). Almost linear relationship between them (for

approximately Gt > 0.8) was found to exist, as follows:

K+ = 2.59 0 - 1.47. (C.6)
Now, v+ and %+ can be expressed _.in terms of uat

through equations (C.1) and (C.2), therefore (§+2 - W+2)

can also be represented in terms of g+, Furthermore, u™

can be represented in terms of kT via equation (C,.6) and

a2 et 2 .
hence (v+ - wt ) can be expressed in terms of kt

as
well. After substitutions and rearrangement, the
following expression for (3+2— W+2) was obtained in terms
of kt:
A 7 - (0.2708 - 0.1245 k+ - 0.0286 k+2),

(C.7)
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or,

(v - @) = u*? (0.2708 - 0.1245 k+ - 0.0286

k+2), (C.8)

which is same as equation (4.22).

Differentiating equation (C.8) with respect to z

yields
5 - -2 dk+ ok
= (v} - W) = ux2 (-0.1245 i 0.0572 k+ ==).

(C.9)

Again differentiating equation (C.9) with respect

to y yields:

5%%; é@z - W) = u¥2 [~ 0.0572 §§+’¥ (0.1245 +
0.0572 k+) g;g; :
or,
33%; (v = %) = pu*? [- 0.0572 %§+ %%+ -
(0.1245 + 0.0572 k+) S;EZ] = Sy,

which is the source term for Model II for axial vorticity
equation (4.31) and has been used in computer program in

the present form.
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APPENDIX D

DERIVATION OF EQUATION FOR SOURCE OF VORTICITY

FOR MODEL III

The equation (4.26) for the source of axial
vorticity can be rewritten in terms of the normalized
variables defined in the nomenclature (and noting that Yp

is a function of the coordinate z) as follows:

sw = ¢ B UEE By 3% (pi2 4 4.0 k+). (D.1)
5 9z 3Y[0Yp
max
Now,
32 ) _ 9 + Ok+ ok+
ESEREY (k+2 + 4.0 k+) 5Y; [2 k 5T, + 4.0 BYL]
3 dk+
= 2 ° +— [(k+ + 2) =]
AYp oYy
dk+ dk+ 3 ok +
= e (k4 2) o (55 ] (D.2)
5% ° 39, o¥p "3YL” "’
and,

k+ = kis+ + (kw’+ - ki’+) (1 - g’/Ym'a*X)z' (4'27)

By making wuse of the definitions of nondimensional
distances YL,'%Aand Yp, equation (4.27) can be rewritten
as:

k+ = {1 - m ¥Yp?} + {ky + -1 + m Y} } Y3

= Yy o+ (k- V) Y2, (D.3)
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therefore,

dk+
3V, = 2 Y (kw9+ - ¥YM) , (D.4)
8 ,3k+y _ 3 _
SY; (EYE) = §§; {2 kw,+ Y1, 2 YM Y1}
oY
M

R ) 2
= -2 Y -2 (1 - m vd ) k

L aYP P c,+
= - 2 YL kC,+ ("' m -2 YP)
= 4 ke, + Yy Yp m. (D.5)

Also,

ﬂ(_"" = —._?__ [YM -+ (kw’+ - YM)Y;_, ]’
3Yp  9Yp

where YP is a function of =z,

Therefore,
2k 3 2 2 _
3YP = -ﬁ; [kC,+ (l“m YP ) + kw’+ YL kC,"”

- .m Y2 ) Y2
(1 P) LJ
= - 2mke + Yp+ 2 m ke, + Yp Y2
2
=~ 2 kg,+ m Yy (1 - Y1) . (D.6)
Therefore,

O (3K*y L (k+ 4+ 2) 4 m Kk Yy ¥

(k* + 2) EYE (BYL) (k ) c,* .L P

. 2
= 4 kc,+m4YL_YP {2 + YM -+ (kw’+ - Yy YL }. (D.7)
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Similarly,
dk+ . dk+ ’ .o
3y 8%y = 2 (w,r m M) Yot (= 2 ke,) m Yy
(1 - vy2),

== 4 ke,+ m Y ¥p (1 - ¥2 ) (ky,+ = ¥YM). (D.8)

Now, substituting equations (D.7) and (D.8) into equation
(D.2) and finally substituting equation (D.2) into

equation (D.1) yields:

%2 ) ‘
LAl ke,+ m Yy Yp {2 + Yy + (ky,+ - Yy)

max

Sw =8 c"™

YL} - {0 = ¥ ) (kys - D)) e

s (D.9)
which is the source term for model III for axial

vorticity equation (4.31) and has béen used in computer

program in the present form.
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APPENDIX E
"COMPUTER PROGRAM"

A computer program was developed to facilitate
predictions of flow characteristics of fully developed
turbulent flow in a square duct. The main program has
been‘presented in Appendix E-1 with calculation procedure
for wvorticity source term for Model I. However, the
calculation procedure for vorticity source term' for Model
IT and Model III has been presented separately in
Appendices E-2 and E-3 respectively. The statements from
number 259 to 429 of the main program must be replaced by
the statements given in Appendix E—?w before starting
computation for Model TII. Similarly, they should be
replaéed by the procedure given in Appendix E-3 for Model
III. A flow-chart for the computer program has been
presented in figure (D.1). The following is a

representation of the input constant values:

Fortran’

Symbol Representation

M Numerical grid parameter (M x M)
SIDE Size of the square duct, meter
RE Reynolds number

ROW Density of fluid, xg/m3

CMU | Cy
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CE1 Ca

CE2 Cy

SIGMK Ok

CAPA K

CPRIME c'

CPRPR c"

CA | c™

CM m

CK , ke +

CwW kw, +

A Law of the wall constants
SIGMU oy

ALFAW Under-relaxation factor for w
ALPAEP Under-relaxation factor for V¥
ALFAK Under-relaxation factor for k
ALFAE ~ Under-relaxation factor for e
ALFAU Under-relaxation factor for U
TVORT Control numbers for vorticity source

term calculation
INORML IVORT=1, secondary flows suppressed
IVORT=1, secondary flows included

INORML=1, normal stress suppressed
exclusively

ISHEAR ISHEAR=1, shear stress suppressed
exclusively

[Note: 1IVORT=1 ignores INORML and/or
ISHEAR]



IMAX

IPRINT

IRPRNT

ALMD

ALMDW

AMU

109

Maximum number of iterations

Number of iterations between print-
out of data

Number of iterations between print-
out of residuals.

Convergence criterion for U, ¥, k and ¢
Convergence criterion for w

Dynamic visiosity of fluid, (kg/m.s)



START

INPUT
CONSTANT VALUES

!

GRID
SPECIFICATION

!

| INITIALIZATION |

}

INPUT ASSUMED
INITIAL VALUES

Y

Fig,

1
LQALCULATE B's

!

INITIALIZATION OF
RESIDUALS

!

CALCULATION OF A's AND
EDDY VISCOSITY

!

CALCULATE VORTICITY
SOURCE TERM

:

|

APPLY VORTICITY
BOUNDARY VALUE

i

STREAM FUNCTION

110

VORTICITY SUBCYCLE[L ]

ONE CYCLE OF ITERATION,
MAX. RESIDUAL STORED

SUBCYCLE

!

TURBULENT KINETIC

ONE CYCLE OF ITERATION,
MAX. RESIDUAL STORED

ENERGY SUBCYCLE [T

!

TURBULENCE ENERGY

ONE CYCLE OF ITERATION,
MAX. RESIDUAL STORED

DISSIPATION RATE

SUBCYCLE

(D.

o

ONE CYCLE OF ITERATION,
MAX. RESIDUAL STORED

1). Flow-chart of the Computer Program.

Fig. (D.1) contd...
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® *

AXTAL VELOCITY:;:::::jj ONE CYCLE OF ITERATION
SUBCYCLE

, 1
APPLY k,e AND U
BOUNDARY VALUES

J

CALCULATE AVERAGE
BULK VELOCITY

: }
CALCULATE WALL SHEAR
STRESS
CORRECT U EVERYWHERE CALCULATE RESIDUALS,
TO SATISFY CONTINUITY [*]STORE MAX. RESIDUAL
EQUATION

PRINT SPECIFIE?/

OUT REQUIRED? VARIABLES

MAX.

OF RESIDUALS 1ES

GO To(:)

NO

OF ITERATIONS = MAX.
NO. OF ITERATIONS

PRESCRIBED?
r{

CALCULATE SECONDARY
VELOCITIES AND FRICTION
FACTOR

i

PRINT AND/OR STORE THE
VARIABLES IN DATASETS AS
SPECIFIED

Fig. (D.1). Flow-chart of the Computer Program.
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23.
24,
25.
26,
27
28,
29.
30,
3t.
32.
33.
i,
35.
36.
37.
38,
39.
49,
u1,
42,
43,
4u,
45,
46,
47,
us,
L‘Q'
50,
51.
52,
53,
54,
55.
56.
57.
58.
59.
60,
61,
62‘
63.
64,

OO0
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wkx SANKATHOCHAN TEBXZ SAHARA ®w%x

DIKENSION OMEG(31,31) ,EPS(31,31),TKE(31,31),TED(31,31),U(a1,31),
Y (31,31) ,W(31,31) ,ANUT(31,31) ,AE(31,37) ,AW(31,31) ,AN{31,31) &S
*(31,31) ,BEF (31,31) ,BHF(31,31) (BNF(31,31),BSF(31,31),VP(31,31)

DIMENSICN DUY(31,31),D02(31,31),P1(31,31) ,F2(31,31) ,F3(31,31),

®F4(31,31) ,Y(31) 42(317) ,UPLOSK (31) ,TOWW (31) ,UFK (31) (RSKF (31,31) KST

®*PF{31,31) ,RSUF(31,31) ,DA (31,37) ,DAT(31,31) ,¥YSTR(31) ,YRAT (31,31)
®, ZRAT {31,31) ,VORSOR (31,31),UP (31) ,TKEP (31) ,TELP (31) ,2PLUSP (31)
%,U00LD(31,31),¥SEC(31,31) ,YSBCL {31,37) ,TCHKCL(31) ,UBLL(31,31)
DIMENSION VSBUFW {31,31) ,UBUBAV (31,31) ,SISKNL(31,31),0025(s1,31)
%, CHCK (31,31)

DATA M,SIDE/21%1,.%270/,RE,EKOW/75000.0,1.2047/,CKU,CE,

®CE2,SIGKK,CAPA,CPRIKE/U,UY,T1.44,1.92,%.0,,41,,0U35/,8,E/2.84,5, 0/

10

79

DATA SIGHU,ALFAW,ALFAEP,ALFAK ALFRAE,ALFAU/T.0,7.0,7.0,7.0,1.0,
®1,0/,ZVORT, INORYL,ISREAR/2,4,2/,I1HAX, IPRINT,IKPKENT ,ALKD,AL¥DY
/1000,200,20,0.001,0.001/

AMU = 0.00001817

#1
B2
M3
SIGMZ = CAPA * CAPAR /s ({(CE2 « CE1) * SQRT(CKU))

o n
=g e
W -

L]

ARZE = SIDE ¥ SIDE
CLAREZA = SIDE * SIDL / 8.0
CLWTPR = SIDE / 2.0

GR3PG = CLWIPR / #1

DEQ = 4.0 * CLAREA / CLWIPR
UBAV = RE * AMU / (RCH * DEQ)
AHMASS = ROW = UBAV * CLAREA
ANU = ANMU / ROW

PRINT 400, M,SIDE,DLQ,RE,URAV,ROH,AKU,GRSPG

PRINT 40%, CHMU,CEY1,CEZ,SIGEK,SIGHE,CAPA,CPRINL
PRINT U485, A,E

PRINT 439, SIGHMD

PRINT 402, ALFAW,ALFAEP,ALFAK,BLFAE,ALFAU,ALKE,ALMDY
PRINT 455, AREA,CLAREXA

#x%kx GRIL SPECIFICATICNS #%®x

(1)
Z(1)
DO 10 I
Y(I) =
CONTINUE

< 1t O

s
-
“~

0
0
s
(X

4
=1) + GRSEG

DO 79 J=2,H4
Z2{J) = 2(J-1) + GRSPG

CONTINUE

YPLAG = (Y{M) ~ CLWIPR) ,/ CLHTPR

LZFLAG = (Z(M) = CLWIPR) , CLWTPK

IF ((ABS (YFLAG) .GT. 0.007) .OR. (ABS(ZFLAG) .GT. 0.UU1)) GO
®T0 9999

PRIKT 305
PRINT 432
WRITE(6,433) (Y (I),I=1,H)
PRINT 306
PRINT 434
WRITE (6,433) (Z(J),d=1,H)
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65, C :
66, C #%xx INITIALIZATION BY ZERO #sw=x
67. C
68. DO 4 I=1,N
69, DO 4 J=1,M
70, OKEG(I,J) = 0.0
71, EPS{I,J) = 0.0
72, TKE(I,J) = 0.0
73, TED(I,Jd)}) = 0.0
74, U(I,J) = 0.0
75, V(I,J) = 0.0
76, W{I,Jd) = 0.0
77. AKUT(I,d) = 0.0
78, VP(I,J) = 0.0
79, - VORSOR(I,J) = 0.0
80. AE(T,J) = 0.0
81. AW (I,J) = 0.0
82, AK(I,J) = 0.0
83, AS(I,J) = 0.0
84, 4 CONTINUE
85. C
B6. C #x%% ASSUMED INITIAL VALUES wmwux
87. ¢
88, UFAVH = 0.150
89, TOWAVHE = ROW * UPAVH ® UFAVH
90, DPDX = 4,0 * TOWAVH , DEC
91, TKEI = UFAVW * UFAVE / SGRT(CKD)
92, TEDI = UFAVH#23 ,/ (CAPA % Z(2))
93, ZPLUS = ROW * UFAVH % Z(2) , AMU
94, UIN = UFAVW * (R # ALOG(ZPLDS) + E)
95, DO 902 I=1,K1
96, OFH (I) = UFAVH
97, © UP(I) = UIN
98, TKEP(I) = TKEI o
99. TEDP(I) = TEDI
100, 902 CONTINUE
101. €
102, DO 8 J=2,H
103, K = B (I 1)
104, DO B8 I=1,K
105. U(I,J) = UBAV
106. TKE(I,d) = TKEI
107, TED(I,J) = 0.5 * TEDI
108. 8 CONTINUE
109. €
110, PRINT LEY
111, WRITE(6,*) ZPLUS
112, PRINT 418
113, WRITE(6,%) ({(TED(I,2),I=1,H2)
114, PRINT 4C7, UFAVW,TOWAVW,DPDX,TKELi,TEDI
115, ¢
116. C #%%% COEFFICIENT CALCULATIONS FOR VORTICITY ANL SiBEAE FUNCTLOM
117. C EQUATIONS %%
118, C
119, DO 58 J=2,H2
120. K = ¥-J
121, DO 58 I=2,K
122, BEF (I,3) = 0,25 * (Z2(J+1)=2(J-1)) / (Y(I+1)~Y (1))
123, BHP (I,J) = 0,25 % (2(J¢1)=Z2(J=1)) / (Y(I)=Y¥Y(I~=1))
124, BNP(I,J) = 0625 * (Y(I+1)=Y(I=1)) / (Z(J+1) - Z(J))
125. BSF(I,J) = 0.25 & (Y(I¢N)=Y(I~1)) / (Z(J) = Z(I~1))
126, VP(I,J) = 0425 % (Y(I¢1)=Y(I=1)) = (Z(J¢1)=2Z(J~1))
127. 58 CONTINUE

128. C



129.
130.
131,
132,
133.
134,
135,
136,
137.
138,
139,
140,
141,
142,
1“3-
144,
145,
146,
147,
148,
149,
150.
151.
152,
153,
154,
155,
156,
157.
158,
159,
160,
161,
162,
163.
164,
165.
166.
167,
168,
169,
170,
171,
172,
173,
174,
175.
176.
177.
178,
179.
180,
181,
182,
183,
184,
"185,
186.
187,
188,
189,
190,
191,
192,

aaon

(e NoNe]

(o]

s e NeRe!

c

SUMDA = 0.0
DO 96 J=2,E1
K = M= (J=1)
DO 96 I=2,K
DA(I,J) = (Y(I)-Y(I-1)) = (Z (J)~2(3~1))
SUMDA = SUMDA + DA (I,J)
96 CONTINUE
DO 99 J=2,¥
K = B-(3-1)
I =K

DAT(I,J) = (Y(I+1) =- Y(I)) * (2(J) =~ Z(3-1)) / 2.0

SUMDA = SUKDR + DAT (I,9)
99 CONTINUE
PRINI 425, SUMDA

ROWCHU = ROW * CHU*%Q,25

DO 136 I=1,M

YSTR(I) = Y(I) / CLWTPR
136 CONTINDE

wEEx MAIN LOOP OF ITERATICNS %#%x

0
ICOUNT ¢ 1

ICOUNT
900 ICOUNT

%#%k% INITIALIZATION OF RESIDUALS =emx

RSHN = 0.0
RSEPY = 0,0
RSKH
RSEY
BSUHM

L ]
o
°
o

DO 180
DO 180
Fi(I,d)
F2(3I,d)
F3(I,J)
P4 (1,J) .
DUY(I,J) = 0.0
DUZ (I,J) = 0.0
STSKNL (I,J) = 0
DUZS(I,J) = 0.0
CHCE(I,J) = 0.0
180 CONTINUE

[

LI L T T

IF(IVORT <EQ. 1) GO TC 703

wmEx B0S CALCULATIONS smmux

DO 31 J=2,H2
R = f=J
DO 31 I=2,K
RE? = EPS(I41,d~1) + EPS(I,J=1) - EPS (I+1,0¢1)
RE(I,J) = (AEF ¢ ABS(AEF)) / 8,0
BHF = EPS(I-1,J41) + ERPS(I,J+1) - EPS (i~1,J-1)
BW(I,J) = (AWF + ABS(AWE)) / H.0
ANF = EPS(I+1,d¢1) + EPS(1+1,d) - EPS(I~1,3+1)
AN (I,J) = (ANF + ABS(ANF)) / 8.0
ASF = EPS(I-~1,J-1) + EPS(I~1,J) - EPS (I+1,3-1)
AS(I,J) = (ASF ¢ RBS(ASF)) / 8.0

31 CONTINUE

8

EPS(1,J+1)

EPS (1,0 1)

EPS (1=1,4)

E]

EPS (1+1,J)

114



" 193,
194,
195,
196,
197,
198,
199,
200,

207,

210,
211,
212,
213,
214,
215,
216,
217,

219,
220,
221,
222,
223,
224,
225,
226,
227,
228,
229,
230,
231,
232,
233,
234,
235,
236,
237,
238,
239,
240,
241,
242,
243,
24y,
245,
2“6Q
247,
2“80
249,
250,
251,
252.
- 253,
254,
255,
256,

[eNeNe]

anOon

C

annan

703

43
42

555

666

34

65

L

554

CONTINUE
“®%x%x EDDY VISCOSITY ( MUT ) Xmwx

DO 42 J9=2,H

K = p~ (J-1)

DO 42 I=1,K

IF(TED(I,Jd) .EQ. 0.0) GC TO 43

REUT(I,J), = CHU * BOR * (IKE(I,J)**2) s TED(I,J)
60 TO 42
RHUT(I,d)
CONTINUE

0.0

w#xs COEFFICIENT FOR THE VORTICITY SOUKRCE TERE =xwx
¥##% DUY AND DUZ ARE TRANSIENT LOCATIONS »=xxx

DO 555 g=1,H2

K = ¥=J

DO 555 1=2,K

YRAT (I,0) = (Y(I) =~ Y(I-1)) / (¥(I+1) - Y(I))
CONTINUE

DO 666 J=2,K2
K = H~J

DO 666 I=1,K

ZRAT(I,J) = (Z(J) = Z(J=1)) / (Z(J+1) = Z(J))
CONTINUE

DO 34 J=2,M2
K = M-J
b0 34 I=1,K

DUZ(I,J) = ((U(I,3+1) = U(Z,d)) = ZRAT(I,J) ¢ (U(1,3) ~ vz,

*J-1)) / ZRAT(I,J)) , (2(J+1) - Z2(J-1))
CONTINUE A N

1

DO 65 J=2,M2

K = H-J

DO 65 I=2,K

DUY(Z,d) = ((U(I+1,3) = U(I,J)) * YRAT(I,J) ¢ (U(I,J)
¥3)) 7/ YBAT(I,3)) / (Y (I+1) = Y(I-1)})

CONTINUE

&%= DV/DY AND DW/DZ BOUNDARY VALUES »=x2x
*®x% AT THE WALL ( KCTE: DUY = ¢ ) mEEs

DO 14 I=1,H1
DUZ(I,1) = U(I,2) / (2(2) = z(W))

CONTINDE

DUZ(1,81) = (U(1,87) -~ U(1,K2)) / (Z(H1) =~ Z(K))
DO 111 J=2,H1

K = 8- (3~1)

I =K

DUZ(I,d) = (U(I,3) = U(1,9-1)) / (2(J) - 2(J~1))
CONTINUE

DO 554 I=1,H
DUY(I,1) = 0.0
CONTINUE

DO 206 J=2,H1
K- (J-1)
K

K =
I =
DUY (I, J) = (U{I,J) = U(I~-1,d)) / (Y(I) = ¥(I-1))

= U{i~1,



257,
258,
259.
260.
261,
262,
263,

292,
293,
294,
295,
296.
297.
298,
299,
3004
301.
302.
303.
304,
305.
306,
307,
308.
309.
310,
311,
312,
3130
314,
315,
316,
317.
318.
319.
320,

e EsNeNeNoNeNs o]

aaon aoan

aona

206

178
178

716

173

126

49

68

903

CONTINUE
DUZ (M,1) =

0.0

wxwx LAUNDER AND YING APPROXIFATION #®%xx
#¥%s% FOR VORTICITY SOURCE TERE CALCULATIONS #=x==x

k%% P13 TH

po 173 J=1,
K = M= (J-1)
Do 173 1I=1,
DUYSQ = DOY
DUZSQ = LUZ

E HORBAL STRESSES %=xx%
®¥%% F23; COEFFICIENT FOR K & E SOURCE TERM ®»%=x
®&x%x Fli: THE SHEAR STRESSES #%%%

B

K
(T,3d)%%2
(I,3)%%2

F2(I,J) = (DUYSQ + DUZSQ) / SIGHU
Q. 1) GO TO 173

«EQe 0.0) GG TO 178
FACTOR = CPRIME % RKUT(I,J) * TKE(I,J) / TED(I,J)

IF (IVORT .E
IF(TED(I,J)

GO TO 179
FACTIOR = 0,
CONTINUE
IF (INORHWL .

CONTINUE
IF(ISHER2ER o

CONTINUE

IF(IVORT oE
IF (INOKHI ,

0

EQ. 1) GO TO 716
P1(I,3) = FACTOR * (DUZSQ - DUYSQ)'

EQ. 1) GO TO 173
F4(I,J) = FACTOR * DUY(I,J) =* DUZ(I,J)

0e 1) GO TC 704
EQ. 1) 6C TO 717

*#%%x CLEAR LOCATIONS DUY AND [DZ =m==x

DO 126 I=1,
Do 126 J=1,
DUY(I,J) =
puz (1,d) =
CONTINUE

wxkk NOTE:
DO 49 J=2,H

K = HM-~J
DO 49 I=1,K

H

B
0.0
0.0

H

F3 IS A TRANSIENT LOCATION =%=x

2

P3(I,J) = ((F1(I,J¢1) = P1(I,d)) * ZRAT(I,J)
#(I1,3-1)) / ZRAT(I,J)) / (Z(3+1) ~ Z(J=1))

CONTINUE

®&x% BOUNDARY VALUES »%=x

DO 68 J=2,H
K = B~ (J-1)
I =K
F3(I,J) = (
CONTINUE °
DO 903 I=1,
F3(I,1) = (
CONTINUE

DO 48 J=2,1
K = #-J

DO 48 I=2,K
DUY (I,J) =

+ (F1(1,39) - ¥1

PI(I,J) = FI{(I,0=1)) / (Z(J) = Z(3=1))

M1

F1(I,2) = FU{I. M) 7 (Z2(2) -~ 2(1))

2

((F3(I+1,J) -

FP3(I,3)) * YRAT(I,J)

+ (F3(1.4d)

F3



321.
322.
323,
324,
325,
326.
327.
328,
329,
330.
331,
332,
333.
334,
335,
336,
337,
338.
339,
340.
341,
3“2.
343,
344,
345,
3“ 6'
347,
348,
349,
350,
351,
352.
353,
354,
355,
356.
357.
358.
359,
360,
361,
362,
363,
364,
365,
366,
367ﬂ
368,
369,
370,
371,
372,
373,
374,
375,
376,
377.
378,
379.
380,
381,
382,
383,
384,

a0

[eNeNe!

anon aaQ

a0 o0

[pNeNe]

[eNeXe]

48

137

40

717

171

51

24

17

15

117

*(I-1,d)) / YRAT(I, J)) / (Y(I+1) - Y(I=1))
CONTINUE

®&%¥% CLEAR LOCATION F1 ®3x%

DO 137 I=1,H
DO 137 J=1,H
F1(I,J) = 0.
CONTINUE

“®%% YORT. SOURCE TERY = NORHMAL STRESSES - STORED IN F1 LOCN, #x»x

DO 40 J=2,u2

K = M=-J

DO 40 I=2,K

F1(I,J) = DUY(I,J)

STSNML(I,J) = (F1(I,J) * CLWTER * CLWTPR) /(RCW * UFk (1) * UFn(I))
CONTINUE :

CONTINUE

*#%% CLEAR LOCATIONS DUY #xmx . : ;

po 171 1=1,H
DO 171 3=1,&

DUY (I,J) = 0.0

DUZ(I,d) = 0.0

IF(INORML .EQ. 1) F1({I,3) = 0.0
CONTINUE

IF(ISHEAR -~EQe. 1) GO T0 718

#%%% VORTICITY SCURCE TEEN - SHEAR STRESS CALCULATICRNS *x»=x

DO 51 3=2,H2
K = H=g

DO 51 I=1,K

DUZ(I,J) = ((F4(I,d+1) = F4(I,J)) * ZRAT(I,J) ¢ (F4(l,J) ~ Fu

®¥(I,J-1)) / ZRAT(I,J)) / (Z(Jd+1) =~ Z(J 1))

CONTINUE
#%%% BOUNDARY VALUES #w%xx

DO 24 J=2,81

K = B (3= 1)

I =K

DUZ(I,J) = (F4(I,d) = FU(I,J=1)) / (2(J) = 2Z(J~1))
CONTINUE

DO 17 1=1,M1
DUZ (I,1) = F4(I,2) / (2(2) = 2(1))
CONTINUE

DO 15 J=2,42

K = H~J

DO 15 I=2,K

DOY (I,J) = ((F8(I+1,J) = F4(I,J)) * YRAT(I,Jd) + (F4(l,J) = Fu
®(I-1,J)} / YRAT(I,J)) / (Y(I+1) - Y (I-1))

CONTINUE

w%%% BOUNDARY VALUES ®»=&x
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385, DO 138 J=2,H1
386, K = H= (3 1)

387. I =K

388. DUY(I,J) = (F4(I,J) - F4(I=1,3)) / (Y(i) = Y(I-1))
389, 138 CONTINUE

390. C )

391, € ®x%% CLEAR LOCATIONS F3 AND F4 %#x«

392, C

393, DO 172 I=1,M

394, DO 172 J=1,H

395, F3(I,J) = 0.0

396, F4(I,J) = 0.0

397. . 172 CONTINUE

398, ¢

399, . DO 53 J=2,HM2

400, K = ¥=J

401. DO 53 I=2,K

402, : F4(I,d) = ((DUZ(I,J¢1) = DU2(I,J)) = ZRAT(i,J) + (DUZ{1,d) -
403, *DUZ (I,d=1)) / ZRAT(I,J)) / (Z(J+1) = Z(J-1))

404, F3(I,J) = ((DUY(I+1,J) = DUY(1,J)) = YRAT(I,J) + (DULY(I,J) -
405, *DUY(I-1,3)) / YRAT(I,J)) / (Y (I+1) = Y¢i=1))

406. 53 CONTINUE

407, ¢

408, 718 CONTINUE

409, C .

410. ¢ wxx% CLEAR LOCATION DUDZ #%wxx

411, C

412, DO 175 I=1,M

413, DO 175 J=1,H

414, DUZ (I,3) = 0.0

415. 175 CONTINUE

416, C

417, ¢ sx%% VORTIICITY SOURCE TEEM : NCRMAL + SHEAR STRESSES #*xx
418, C #%#% VORIICITY SOURCE TERK = SHEAR STRESS ~ STOKED IM LOCKN DUZ ®»x
419, C :

420, DO 55 J=2,H2

421, K = M-J

422, DO 55 I=2,K

423, IF(ISHEAR .EQ. 1) 60 TO 54

424, ¢

425, DUZ (1,J) = F3(I,J) - F4(1,d)

426, DUZS(I,J) = DUZ(I,J)

427, 54 VORSOR(I,J) = + (F1(I,J) + DUZ(I,J))

428, CHCK(I,J) = (VORSOR(I,J) * CLWIPR®CLWTPK) /(ROWS UFH (1) * UFn (i))
429, SS CONTINUE : ’

430, C

431, C “%x% YJORTICITY SUBCYCLE wmxxw

432, C

433, DO 56 J=2,H2

834, K = u-J

435, DO 56 I=2,K

436, CE = AE(I,J) 4 2.0 #* RMU = BEF(I,J)

437, CH = BH(I,J) + 2.0 % AMU #* BWF(I,J)

438, CR = AN(I,J) ¢ 2.0 % AMU % BNF (I,J)

439, CS = AS(I,J) + 2.0 * ANU * BSF(I,J)

440, SGMAE = CE ¢ CW ¢ CN + CS

441, SOURCE = VP (I,J) * VCESOE(I,J)

By2, DHEGA = (CE * OMEG(I+1,J) ¢ CH * OMES(i=1,J) ¢ CN * CKEG(L,J¢1)
443, %¢ CS * CHMEG(I,J=1) + SOURCE} , SGMAB

444, c

445, C %% CALCULATE RESIDUALS ®=ux

4u6, C

447, 1F (OMEGA oEQ. 0.0) GC TO 182

448, RSH = (CHEGA = OBEG(I,J)) / CHEGA
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49, RSWF (I,J) = RSH _
459, IF (ABS (BSW) «GT. ABS(RSH})) RSHH=RSH

451, 182 DMEG(I,J) = ALFAW ¥ OMEGA + (1.0 » ALFAW) * OKEG(I,J)
452, 56 CONTINUE ;

453, C .

454, C #%%% THE VORTICITY BOUNLARY VALUE { KT THE WALL ) %s=x
455, C %e%% OMEGA IS ZERO AT CCENER & MIDWALL BISECTORS ®==x
456, C ‘ : :

457, SLOPH = 2(2) / (Z(3) -~ 2(2))

458, DO 26 I=2,H3

459, OMEG(I,1) = OMEG(I,2) + SLOPW * (OME3(I,2) - OMEG({l,3))
460, 26 CONTINUE

461, OMEG (H2,1) = OMEG(M3,1) * (Y(B) = Y(KZ2)) / (Y(E) = Y(E3))
462, OMEG(K1,1) = OMEG(M2,1) * (Y () = Y(N1)) / (Y (M) ~ Y (%2))
463. C .

464, C %«x%% STREAM FUNCTION SUBCYCLE #s#x

465, C

466, DO 62 J=2,M2

467. K = M-J

468, DO 62 I=2,K :

469, SGMB = 2,0 * (BEF(I,J) ¢ BWF(1,J) ¢ -BNi(I,J) ¢ BSF(1,J))
470. SOUBRCE = OMEG(I,Jd) * VP(I,J) * BOW

471. ¢ . ‘

472, C ®#m% PBERE C'S = B'S AS A'S ARE ZERO *%x%x

473, ¢

474, EPSI = (2.0 ® (BEF(I,J) * EPS(I¢1,J) + BWF(I,J) * EES(i~1,J) +
47s, #BNF(I,J) * EPS(I,J+1) + BSF(I,J) * EPS(I,J~1)) ¢ SCUKCE) ,/ SGEB
476, ¢

477. € ®%%% CALCOLATE RESIDURLS *xw%x

478, ¢ ,

479, IF(EPSI .EQ. 0.0) GO TC 183

480, RSEP = (EPSI - EPS(1,J)) s EPS1

481. RSiPF(I,J) = RSEP

482, IF (LBS(RSEP) .GT. ABS (RSEEM)) ESEDPM=RSEP

483, 183 EP5(I1,J) = ALFAEP ¥ EPSI + (7.0 = ALFALP) ¥ EPS(I1,J)
u4ga, 62 CONTINUE

485, ¢
486, 704 CONTINUE

487, C

488, C *%%% CLELR LOCATIONS F3 AND Fa wwws

489, C

490, DO 69 I=1,H

431, DO 69 J=1,K

492, F3(I,J) = 0.0

493, F4(I,J) = 0.0

494, 69 CONTINUE

495, C

496, C #&%% COEFFICIENT FOR K EQUATICN ®mxx

497, ¢

498, DO 146 J=2,H2

499, K = B=J

500. DO 146 I=2,K

501, IF (TKE(I,J) «EQ. 0.0) GC TO 14¢

502, P4 (I,J) = ROW * ¥P(I,J) * TED(I,Jd) / TKE(>,J)
503., 146 CONTINUE

504, C

505, C w#%% K SUBCYCLE #x%%

506, C

507. DO 67 J=3,H2

508, K = #-J

509, DO 67 I=2,K

512, CE = AE({I,J) + BEP(I,J) * (2.0 * AKU ¢ (AMUT(I,d) ¢ ARUT(L¢1,J))
511. %/ SIGEK)

512. CH = AW(I,J) ¢ BWF(I,J) * (2.0 ® AKU + (AKUT(I,J) + ARUT {I~1,d))
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513. */ SIGHK) . _ :
514, CN = AN(I,J) + BNF(I,J) * (2.0 % AMU + (ANUT(I,J) + AMUT(i,d+1))

515, */ SIGEK)

516, CS = AS(I,J) ¢ BSF(I,J) * (2.0 * MU + (ARUT(I,J) + ARUT (1,d~1))

517, %/ SIGHK)

518, SGHABK = CE + CH ¢ CR + CS

519, TKEY = (CE * TKE(I+1,J) ¢ C¥ ® TRE(I-1,J) ¢ CN » TKE(1,J+1) + CS
520. - FXTKE(I,J=1) ¢ ARUT(I,J) * F2(1,J) * VP(I,Jd)) / (SGEAEK + Fd(I,J))
521. C N

522, C #%%% CALCULATE BESIDUALS =m#x

523, C

524, IF(TREY .EQ. 0.0) GO TO 1&4

525, BSK = (TKEY « TKE(I,J)) , TKEY

526. IF(ABS(BSK) «GT. ABS(ESKM)) RSKM=RSK

527. 184 TKE(I,J) = ALFAK * TKEY + (1.0 - ALFAK) * TKE(I,J)
528. 67 CONTINUE

529, C

530, ¢ “%%% DISSIPATION SOURCE TEBM STORED IN LOCATIOK F3 wxnx

531, C

532, DO 71 J=2,K2

533, K = N=J

534, DO 71 I=2,K

535, P3(I,J) = CE1 * CHU * TKE(I,J) * F2(i,J) * VP(i,J) * KCd

536, 71 CONTINUE

537. ¢

538, C skx% DISSIPATION SUBCYCLE #m#»n

539, ¢

540, DO 73 J=3,M2

541, K = N=J

542, DO 73 I=2,K

543, CE = AE(I,J) ¢ BEF(I,J) * (2.0 * AKU + (ARUT(I,d) ¢ ANUT(1+1,9))
544, %/ SIGHE)

545, CW = AW(I,J) ¢ BWF(I,J) * (2.0 * AND + (AMUT(I,J) + ANUT(1-1,J))
546, */ SIGHE) e,

547, CN = AN(I,J) + BNF(I,J) * (2.0 * AKU ¢ (AKUT(I,J) + B&UL(L,d+1))
548, %/ SIGHE)

549, C5 = K5(I,J) + BSF(I,J) * (2.0 ® R¥U + (LHUT(I,J) + ABUT (w,d1))
550, ®/ SIGEE)

551, SGMABE = CE + CW + CN ¢ CS

552, TEDN = (CE * TED(I¢1,J) + CW » TED(I~1,J) ¢ CN » TEL(I,J+1) + C5
553, ®* TED(I,J-1) ¢ F3(I,Jd)) , (SGHABE ¢ CE2 * Fu4(I,d))

554, €

555, IF(TEDN (LT. 0.0) WRITE(6,*) ICOUNT,1,J,CL,CH,CN,CS

556, IF(TEDN .LT, 0.0) CALL ERNPUN(F3,H,1,2)

557, IP (TEDN oLT. 0U.0) CALL PHNPUN (F&,4,1,2)

558, IF(TEDN oLT. 0.0) GO TO 101

559, ¢

560, C *%x% CALCULATE RESIDUALS #ks=

561. C

562 IF (TEDN .EQ. 0.0) GO TO 1tb5

563, RSE = (TEDN ~ TED(I,J)) , TEDN

564, IP (ABS{KSE) .GTe ABS(ESEB)) RSEM=RSEH

565, 185 TED(I,J) = ALFAE # TEDN + (1.0 = ALFAE) * TED (1,Jd)
566, 73 CONTINUE

567. C

568. C ®%%k AXIAL VELOCITY (U) SUBCYCLE wwwxx

569, C

570, DO 74 J=3,H2

571. K = #-0

572, DO 74 I=2,K :
573. CE = RE(I,J) + BEP(I,Jd) % (2.0 * AKU ¢ (ARUT(1,J) + AKUT (1+41,J))
574, */ SIGHU)

575, CH = AW(I,J) ¢ BHF(I,J) * (2.0 ® AKU + (AKMUT(1,3) ¢ AKUT (4~ 1,d))

576, %/ SIGRU)
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577. CN = AN(I,J) + BRF(I,J) * (2.0 ® AMU ¢ (ANUT(I,J) ¢ BMUT(X,3¢1))
578a «/ SIGKU)

579. CS = AS(I,J) ¢ BSF(I,J) = (2.0 * AMU ¢ (AMUT(1,J) ¢+ BHUT(1,3-1))
580, %/ SIGKU)

581, SGEABU = CE ¢« CWH + CN + CS

582, U(I,Jd) = (CE = U(I¢1,J) ¢ CW % U(I-1,d) + CN = U(I,J+1) + CS =
583, *U (I,J~1) + DPDX * VE(1,3)) / SGMABU

584, T4 CONTINDE

585. C :

586, C &%%% g, K AND E BOUNDARY CONDITIONS #%=x

587. C

588, C ®x%% NERR THE WALL #x%%x%

589, C

590, C

591. - DO 155 I=1,H1

592, U(I,2) = OP(I)

593, TRKE(I,2) = TKEP(I)

594, TED({I,2) = TEDP(I)

595, 155 CONTINUE

596, C

597. C

598. C ¥x#% AT THE MIDWALL BISECTOR ##xx

599, C

600 YRA = ((Y(2) = Y({1}}%%2 = (Y(3) = Y(1))*=2)

601. YRB = ((Y(2) - Y(1))**2) , YRA

502, " YRC = ((Y(3) = Y(1))**2) / YRA

603. DO 77 J=2,M2

604, TKE{1,J) = YRB =* TKE(3,J) =~ YRC * TKE (Z,J)

605, TED(1,J) = ¥YRB * TEL(3,J) - YBC * TED(2,J)

606, U(1,J) = YRB = U(3,J) -~ ¥KC * ©(2,J)

607, IF(TKE(1,3) .17, 0.0) TKZ(1,9)=0.0

608, IP(TED(1,J) oLT. 0.0) TEC(1,9)=0.0

509, IF(U(1,d) .LT. 0.0) U(1,3)=0.0 _

610, 77 COKTINUE

611, C

512, C wx%x%x AT CORNER BISECTICE #3Xx

613, C

614, DO 76 J=3,H2

515, K = % (3 1)

616, I =K

617. U(I,d) = U(I~1,d-1)

618, TKE(I,J) = TKE(I~1,J-1)

619, TED(I,Jd) = TED(I-1,J 1)

620, : IFP(TRKE(I1,d) LI, 0.0y TRE(I,Jd}=0.0

621, IF(TED(I,J+1) LT 0.0) TED(I,J+1)=0.0

6226 IF(U(I,d) «LTe 0,0) DB(I,d)=0.0

623, 76 CONTINUE

624. C

625, C #%%% NODES NEAR DUCT CENTER *w%xx*

626, C

627, YRD = (0.25 # (Z(M) - Z(BT))) ~ (2(M) ~ 2 (kL))

628, TRE(1,M1) = (TKE(1,82) * (Z(B1) = 2{(L3)) - TKE(1,K3) * (Z(&1)-
629, *Z (H2))) , (Z(H2) - Z(M3))

630, TED(1,M1) = (TED(1,82) * (Z(81) -~ Z2(K3)) - TED{(1,H3) » (Z(M1) =
631, 2 (42))) / (Z(E2) - Z(B3))

632. U(1,H1) = U(1,E3) + (U(1,H2) = U(1,H3)) = (2(HMI) -~ Z(M3)) /
633, «(Z (B2) - Z(43))

634, U(1,H) = U(1,H1) ¢ YRD * (U(1,B1) - U(1,82))

635, TKE(1,4) = TKE(1,M1) ¢ YED * (TKE(1,H81) - TKE(1.,82))
636, TED(1,H8) = TED(1,81) ¢ YED % (1:ED(1,41) - TLD(1,H2))
637, U(2,81) = 0,5 &« (U(1,H) + U(3,E2))

638. TKE(Z,H1) = 0.5 % (TIKE(1,M) ¢ TKE(3,E2))

639, . TED(2,B1) = 0,5 * (TED(1,¥) + TxD(3,82))

640, L = H
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DO 545 1=1,2

IF(I .EQ. 2) L=#1

DO 545 J=#M1,L

IF(TKE(I,J) «LT. 0.0) TKE(I,J)=0.0
IF(TED(1,d) oLTe 0.0) TED(I,Jd)=0.0
IF(0(I,J) .LlT. 0.0) U(l,d)=0.0
CONTIRUE

®%%% AVERAGE BULK VELOCITY CALCULATION *%=x

SUM = 0.0
DO 83 J=2,M1
K = K- (J=1)

DO B3 I=2,K

UAV = (U(Z,J) + U(I=1,J) + 0 (I=1,d=1) + U(I,J=1)) / .U
DV = DAV % DA(I,J)

SUN = SUY + DV

CONTINUE

s#%xx TRIANGLES ALCONG COFNER BISECTOR ®x%=x

DO 82 J=2,H
K= He(J=1)
I=K

UL = (U(I,J) ¢ U(I,d~1)) / 2.0

UAV = (2.0 £ 3.0) * UL + (3.0 / 3.0) * U(I+1,d-1)
DV = UAV * DAT(I,J)

SUM = SUM ¢ DV

CONTIRUE

UB = SUM / CLARER

DO 27 I=1,M2

RWNUK = ROWCMU * SQKT (TKE (I, 3))

ZDPLS = RWMUK * Z(3) , RKU

IF(ZDPLS .EQ. 0.0) ZDPLS=ZPLUS

UPLS4 = k * ALOG(ZDELS) + E

TOWW(I) = RWNUK * 0(I,3) , UFLSU

CONTINUE

TOWHE (M) = 0,0

TOWH (B1) = TOWW(M2) * ((Y(H) = Y(H1)) / (Y(X) = Y(HZ)))

wxxx CRLCULATE AVERAGE WALL SELAR STRESSES #=xx

SUME = 0.0

DO 28 I=2,K

TOWK = (TOWH(I) ¢ TCHW(I=1)}) , 2.0
SUKW = SUME + TOWE * (Y(I) = Y(I~1))
CONTINUE

TOWAVR = SUMH / CLHTER

UFAVH = SQRT({TOWAVH / ROK)

DPDX = 4.0 * TOWAVW / DEQ

DO 29 I=1,M1

UF# (I) = SQRT(TOHW(I) / KOW)

TKEP(I) = UFW(I) * UFW(I) / SCET (CHU)
TEDP(I) = UFW (I} * UFH(l) * UFW(I) / (CAPR %* 2(2))
ZPLUSP(I) = UFH(I) % 2(2) / ANU

UP(I) = UFW(I) * (A * ALCG(ZPLUSP(I)}) + E)
TKE (I,2) = TKEP(I)

TED(I,2) = TEDP(I)

U(I,2) = UP(I)

CONTINUE

UFH (M) = 0.0
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“#&% CORRCTN OF U EVERYWEERE IN OBDEZR TO SATISFY CONT LQ »=xx

DO B4 J=2,%
K = M- (J-1)
DO B4 I=1,K
0(1,J) = U(I,Jd) * UGBAV , UB
84 CONTINUE
DO 500 J=2,8
K = H~(J-1)
DO 500 I=1,K
IF (ICOUNT .EQ. 1) GO TO 300
IF(U{I,Jd) ~EQ. 0.0) GO TC 186
RSU = (U(I,J) = UOLDB(I,Jd)) / U(I,J)
. IF(ABS(RSU) +GT. ABS(ESUM)) RSOM=RSU
186 U(I,J) = ALFAU * U(I,J) + (1.0 - ALFAU) * UOLD(Z,d)
300 UOLD(I,J) = O(I,J) '
500 CONTINUE

UPLUSK (H) = 0.0

DO 92 I=1,H1 :

IF (UFW (1) .EQ. 0.0) GC 70 92

UPLUSH(I) = U(I,2) s UF&(I) _ . o
92 CONTINUE

IFPREQ = ICOUNT ,/ IRPRNT

IFREQ = IFREQ #* IREFNRT

IF (ICOUNT .NE. IFREC) GO T0 91

PRINT 421, ICOUNT

PRINT 422, RSWK,RSEEM,RSKE,RSEF,RSUM

91 I¥ (ABS(RSWl) .LE, ALEDW ,AND, ABS(RSEPF) .LE, ALML .AND. AbS(LSK
*HM) <LE. ALND +ANDo ABS(ESEH) oLE. ALMD .&KD, ABS(KSUB) .Li. AikD)
¥G0 TO 101

IFREQ ICOUNT s IPRINT
IFREQ IFREQ * IPEINT
IP(ICOUNT «NE. IFREQ) GO TO 1C0

[ 1]

CALL PRINTC (ICOUNT, FSH¥,RSEPE,RSKN,RSEY,ESUN, UB,DPDX,Ur¥, TOnH,
*TOWAVH,UFAVE, 2PLUS, UPIUSKH,H1,¥)

IF(IVORT .EQ. 1} GO TO /(8
CALL PRVORT (F1,DUZ,YORSOR,INOFKL,ISBEAR,N)
708 CONTINUE
CALL PRFILD (OMEG,EPS,TKE,TED,U,ANUT,IVORT,N,2)
IF (IVORT oEQ. 1) GO TO 714
PRIKT 456
CALL PRNPUN (RSWF,H,1)

PRINT 457
CALL PRNPUN (RSEPP,11,1)

714 CONTINUE

100 IF (ICOUNT ,LT. IHAX) GO 10 900
101 CONTINUE

IP(IYORT .EQ. 1} GC TO 7Cb
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®%%%x SECCNDARY VELOCITIES %*%%x%
#x%% CLEAR LOCATION DUY AND DUZ W

DO 208 I=1,H
K = M (J-1)
DO 208 J=1,
DOY (X,J) =
DUZ(I,J) =
CONTINUE

M
0‘0
0.0

po 177 J3=2,M2

K = Mg

PC 177 1=2,K

DUY (I,J) = ((EPS(I+1,J) = EPS(I,J)) * YRAT(I,J) ¢ (EES(L,d) =
*EPS (I~1,d)) / YRAT(I,d)) , (Y(I¢1) = Y(I-1))

CONTINUE

DO 278 J=2,M2

K = M=3

DO 278 I=1,K

DUZ (1,3} = ((EPS(I,J¢1) = EPS(I,J)) * ZELT(I,Jd) + (EES(I,d) -
®EPS(I,Jd=1)) / ZRAT(I,J)) , (Z(J#1) = Z(J=1)) *

CONTINUE

#%x%% BOUNDARY VALUES %¥»x
®k%x AT THE WALL %x#=

DO 88 I=2,M1

DUZ(I,1) = EPS(I,2) / (2(2) = 2(1))
CONTINUE

DUZ (M,1) = 0.0

DUZ (1,1) = 0.0

%%k AT THE CORNER BISECTOR ®%%x
DO 86 J=2,H1 !

K = M= {(3~1)

I = K

DUZ(I,d) = (EPS(I,J) -~ EES(I,d~1)) / (2(J) =~ Z(J~1})
CONTINUE

DUZ (1,81) = (EPS{1,E1) = EPS{1,H2)) / (2(41) = Z(rz))
DO 1111 I=1,H

DUY(I,1) = 0.0

CONTINUE

DO 2222 J=2,H1

DUY (1,0) = (EPS(2,J3) = EES(1,9)) / (Y{(x) = ¥(1)})
CONTINUE

#xs% AT THE CORNER BISECTOR %%wx

DO 3333 J=2,H1

K = H=({J=1)

I =K

DUY (I,J) = (EPS(I,3) = EES(I=1,d)) / (¥(I) - Y(I-1))
CONTINUE

DO 444t J=1,H

K = #=(3-1)

DO 4444 I=1,K

V(I,3) = (1.0 / ROW) * LUZ(I,J)
W(I,J) = ~(1.0 / ROW) * LUY(I,J)
CONTINUE

CONTIKUE

®&%% FRICTION FACTOR CALCULATION ®=mm=x
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FF = B,0 * TOHAVH s (ROW * UEAV**2)

PRINT 428, FF
PRINT 4S8, AMASS

DO 90 I=1,H

TOHWCL {I) = TORW(I) , TCKW (1)
CONTINUE

DO 8Y I=1,H

TOWW {I) = TOWW(I) / TOWAVH
UPW (I) = UFH(I) / UFAVW
CONTINUE

PRINT 423

WRITE(6,%) (UFH(I),I=1,¥)
PRINT 424

HWRITE(6,%*) (TOWW(I),I=1,})
PRINT 426 - »
HRITE(6,*) (TCHWCL(I),I=1,H)

WRITE(9,%*) (TOWH(I),i=1,H)
HRITE(19,%) (TOWRCL(I),I=1,H)

PRINT 4%3
WRITE(6,%) (YSTR(I) ,I=1,H)

IF(IVORT .EQ. 1) GO TIC 709

CALL PRVCRT (FP1,DUZS ,VORSCR,INCRHL,ISHEAR, k)
CONTINUE

CALL PRFILD(OMEG,EPS,TKE,TED,U,ANUT,2,FK,2)
IF(IVORT «EQ. 1) GO TG 711

PRINT 415
CALL PRNEFUN (V,E,1)
PRINT 41e
CALL PRNPUKN (W,H,1)
CONTINUE

DO 94 J=1,H
K = M- (J 1)

DO 94 I=1,K

IF(F3(I,J) .NE. 0.0) P3(I,J)=0,0

F3(I,3}) = TKE(I,J) , UFAVH®=®2

TKZ(I,Jd) = TKE(I,J) * 100.0 s (UBAV %= UBAV)
EPS(3,d) = EPS(I,J) * 1000.0

UBCL(I,d) = B(I,J) ~ U(1,8)

UBUBAV(I,J) = U(I,J) , UEAV

OMEG({I,J) = OMEG(I,J) * CLWIPE / U(1,H)

CONTIRUE

po 307 J=2,H

K = M- (J=2)

DO 307 I=K,H _
UBUBAV (I,J) = UBUBAV (M~J¢1,H=1+1)
UBCL({I,J) = UBCL (M~J¢1,8-I+1)
OMEG (I,J) = OHEG (M=J¢1,M=I+17)
TKE (I,d) = TKE(N~J+1,8~1+1)
F3(I,J) = F3(M=-J¢1,H-1¢1)

IF (IVORT.EQ.1) GO TI0 307
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V(I,J) =
H(I,J) =
CONTINUE

=H(H~J¢1,H~T+1)
~V(E=~J+1, H=I49)

IF (IVORT .EQ. 1) GO TO 324

VHAX = 0,0
BEAX = 0,0
SECHAX = 0,0
DO 323 J=1,H
DO 323 1I=1,H
VSEC(I,J) =
v (I,J)
W (I,J)
VSBCL(I,J) =
VSBUFE (I,J)

o

SQRT(V(I,J) * V(I,J) + W(I,J)
= V(I,J) / UERV = 1U0.0
= W(I1,J) / UEAV % 100,0
VSEC(I,J) s U(1,E) * 100.0

VSEC(I,J) ,/ UFAVH

IF(ABS(W(I,J)) «GTe LBS (WK

IF(ABS(V(I,J)) .GT,
IF(VSBCL(X,J) .GT,

COKRTINUE

CONTINUF

HRITE (8,%) ((UBCL(I,J),1=1,H),J=1,H)
((EPS(1,3),I=1,H) ,3=1,4)
((UBUBAV(I,J),I=1,E),J=1,5)
((OMEG(I,J),I=1,E),J=1,H)
((TKE(I'J)II=1UH)IJ=1lH)
({F3(Z,9),1=1,4

WRITE (11, %)
WRITE(12,%)
WRITE(20,%)
WRITE(13,%)
WRITE(21,%)

IF {IVORT ,ZQ.
((STSNKI(I,J) eI=T,¥) ,J=1,H)
((VSEC(1,3),I=1,H) o d=1,H)
((CHCK(I,J),I=1,H),J=1,ﬂ)
((VSBCL (I,J) e I=1 48) ,d=1,4)
((VSBUFK (1I,3),3i=1 M) 3=1, M)
((V{(1,3).1=1 eB) 0351, 8)
((¥(T,d),I=1,8) ¢ d=1,58)

HRITE(14,%)
WRITE(15,%)
WRITE(22,%)
RRITE (16, %)
WRITE(10,%)
WRITZ(17,%)
WRITE(18,%)
CONTINUE

PRINT 499

1) GO TC 322

CALL PRNPUN(F3,H,2)

PRINT 448

CRLL PRNPUN (TKEZ,H,2)

PRINT 449

CALL PRRPOUN (UBUBAV,E,2)

PRINT 454

CALL PRKPUN(UBCL,¥,2)

IP (IVORT .EQ.

PRINT 450

1) 6C T0 713

CALL PRNPUN(V,H,2)

PRINT 453

CALL PRNPUN (W,H,2)
PRINT U437,VHMAX,BHMAX,SECPAX

PRINT 452

CALL PRRPUN (VSEC,H,2)

PRINT 4%ty

CALL PRNPUN (VYSBCL,E,2)

PRINT 458

CALL PRNPUN (VSBUFHW,¥,2)

CORTINUE

AX)) WMAX=K (I,J)
ABS (VMAX)) VHAX=V (I,J)
SECEAX) SECBAX=VSBCL(I,J)

) 20=1,8)

* W(I,0)

126
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IF (IVOBRT .EQ. 1) GO T0 715

PRINT &56

CALL PRNPUN (RSWF,H,1)
PRINT 457

CALL PENPUN {RSEPF,H4,1)
CRLL PRENFUN (STSNNL,H,1)

715 CONTINUE

305 FORMAT (//4X,"THE NOLARL DISTANCE IN THE Y - DIRN, (EETEE) V)

306 FPORMAT(//4X,*THE NOTAL DISTANCE IN THE 2 = LIEKN., (EETLE) ')

400 FORMAT (*1%,40X,"**%% INFUT VALUAES =%=xt///U4%, '} =0 ,a4/4X,'SILE =
®?,P9.6,2X," (METER) * f4X,°LEC =',FY.6,2X," (MSTER) */4X, 'R =9,F10. ¢
/LK, "OBAV =% ,E12,5,2X,* (B/SEC) ' /4X, ROW =V, Fb.5,2X, (KG/CU, r)y's
BUX, AU =Y ,E12.5,2X,'(KG/M SEC)'/4X,'GESPG =Y, FY.0,4X, Y (N2TER) V)

401 FORMAT (//4X,°CONSTANT VAIUES 3'/4X,°CHU =%,F/,3/4X,'CE1 =¢,
%*FP743/UX,'CE2 =°,F7.3/4X,*SIGEK =',F7.3/4X,"5iGAE =V,Fl.3/4%,
#YCAPA =',FB,U/4X,'CPEIEE =°,F7.4/) "

399 FORKAT (///10X,'22 FIAG : WRONG SIDE, GESPG 22 XXX'///)

402 FORMAT( 4X,°UNDER RELAXATION FACTORS 3°/uX,*ALFAW =7,F/,t/4Y,
®? ALFAEP = ,F7,U4/8%X, "BLERK ="', F/ U4 4X,"ALFRE =',Fl.4/U4X,"

*ALFAU =',F7.4//U4X,°CONVEBGENCE VALUES :°/uX,®ALMD =',Ft.5,
#/UX,"ALEDW  =?,F8.5))

407 FORMAT (//4X,"ASSUBED INITIAL AND BOUNDIRY VALUES ARE $v/4X,
#'UFAVR =',E712,5/04X,"TORAYN =9 E12,5/4X,DPDX =19,
®E712.5/4%X,'TKEI =',E12,5/4X,%TEDI =% ,E12.5/)

415 FORMAT( ,/10X,%THE VELCCITY DISTRIBUTIOK IK Y ~ DIRN, (8/SEC) -21)

‘416 PORMAT( ,10X,'THE VELOCI1TY DISTRIBUTION IN Z = DIRN: (M/5:C) :'/)

418 FORMAT (//4X,*ASSUHMED DISSIPTN, I.V. (TED(1,2)) :'/)

421 PORMAT (///51X,*ICOUKT =',2X,I5//) ,

422 PORNAT( UX,'RSWM=',E13,6,9X;RSEPE=',E13.6,9X, RSKF=",
*E13.6,9%, *RSE¥=",E13,6,%X,*RS0¥=",E13, 6)

423 FORMAT (/10X,"FRICTN. VEL. DISTBN. ALONG THE DUCT SUEFACE :'/25
*X, 'NCRMALIZED BY UFAVRW' )

U246 FORMAT (/10X,"HWALL SEEAR STRESS DISIBN. BALONG THE LUCL SURFACE 2
%*,20%,'NORMALIZED BY TCHAVH'/)

425 FORMAT (/4X,"SUM, DA :',E14.6,2X,% (S0, F.)?}

426 FORMAT (/70X,'WALL SEEAR STRESS DISTBK. ALONG THE DUCT SURFACE s°¢
*,20X,*NORMALIZED BY TORHCL'/)

428 FORMAT( s4X,*E.F. =*,E14.6)

432 FORMAT ( 1X,° =4,3%, 019, 10X,%2' , 10X, 3%, 10K, 4°,10X, 05", 1UX,
®6%,10X,°7¢,10X,°8%,70X,*9%,10X,%10%,10X,11'/)

433 PORMAT (5X,11E11.4/5%X,10E11, 4)

434 FORMAT ( 1X,° J=1,3X, 719 ,10%,%2° ,10X,3%,T0X,%4% , 70X, *5°,70%,"
€61 ,10X,97%,10X,°8%,10X,'9°,10X,'10°,10X,°11¢/)

437 FORMAT (/UX,"VHAX =7 ,E12,5,2X,° (% UB) ", 20X, "HHAX =% ,E1z.5,2X,
®' (% UB) ?,20X, *SECHAX =9 ,E12.5,2X,° (% UE)®/)

439 FORMAT (/4X, SIGND =9,F7.3//)

448 PORMAT (/10X,°THE T.K.E. DISTBN. NORMALIZED BY (UBAV SQ) :'/)

449 FOREAT (/10X,°THE AXIAL VEL, DISTBN. NRNALIZED BY UBAV :'/)

450 PORMAT (/10X, THE VEL. DISTBN. IN Y - DiRN. %AGE OF ULAV :°/)

451 FORMAT (/10X,°THE VEL. DISTBN, IN Z = DiRN., BAGE OF ULAV :'/)

452 FORMAT (/10X,°THE SECCNDARY VELOCITY = %AGE OF UBAV 3'y)

453 PORMAT (/UX,°DISTANCE FRCE MIDWALL BISECTOR NORMALIZED BY DUCT
* LENGTH UNDER CONSIDERATICN (Y%)°®/)

454 FORMAT (/10X,'THE SECY. VEL.DISIBN. NORKALIZED BY UCL :'/)

455 FORMAT (/4X,*DUCT CRCSS SECTN, AREA :9,E14,6,2X,' (SQ. ¥)',/uX,
®*¢CELL CROSS SECTR. AREA s',ETU.6,2X,' (SQ. M)')

456 FORMAT(//10X,"THE VCRTICITY RESIDUALS :'y)

457 FORMAT(//10X%, THE STREAE FUNCIIOK KESIDUALS :°/)

458 FORHAT (/10X,*THE SECY. VEL, DISTIBN. NOKMALIZED BY UFAVN :'/)
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484 POREAT(//4X,°THE DIKNSNLESS NCRKAL DISTANCE FRUK TEE WALL :¢,5y, |
*E12.5//)

485 FORMAT (/4X,'LAR OF THE WAIL CCNSTANTS :'/4X,'A =',E10.4/4X,
0E  =1,F10.4/)

498 FORMAT (/4X,"MASS RATE OF FLOW (KG/SEC) :',E12,4y)

499 FORMAT (/4X," K / UF*%2 :1/)
GO TO 1112

9999 CONTINUE
WRITE (6,399

1112 STOP '
END

SUBROUTINE PRENPUN (PHI,HM,H)
REAL PHI(31,31)

IF(N .EC. 2) GO TO 509

PRINT 432

DO 507 J=1,M

K = #~ (J-1)

PRINT 433,J, (PHI(I,J),I=1,K)
507 ' CONTINUE
509 CONTINUE

IF(N .EQ. 1) GO TO £10

DO 508 J=1,M

PRINT 433,J, (PHI(I,J),I=1,H)
508 CONTINUE
590 CONTINUE

432 FORMAT( 1X,'(J) I=*,3X,°1%,10X,'2%,70X,°3°,10X,%4%,1UX, 5 , 10X, "
%69 ,10%,°7¢, 10X, '8%,10%,°9°,10%,°10° ,10X,°11%//)

433 FORBAT(1X,I2,2X,11E11.4/5X,10E11.4)
RETURN e
END !

SUBROUTINE PRINTC(ICCUNT,RSWX,BSEPX,RSKH, RSEK,KSUM,UB,DPDX,UFs,
*TOWH,TOWAVH ,UFAVE,ZE1US, UELUSK,H1,¥)
REAL TOWW(31) ,UFW(31),UFLUSK (31)
PRINT 4Z1,ICOONT
PRINT 422,RSWH,RSEPY,RSKM,RSEEF,RSUN
PRINT 4E5
WRITE(6,%) UB
PRINT 423,UFAVN,TOWAVH,DEDX
PRINT 489
WRITE(6,%*) (UF¥(I),I=1,H)
PRINT 480
WRITE(6,%) (TONW(I),I=1,K)
PRINT 483
WRITE(6,%) (UPLUSH(I),I=1,H)
PRINT 484
BRITE(6,%) 2PLUS
421 FORMAT(///51X, ICOUNT=Y,2X,15//)
422 FORMAT ( 4X,°"RSWH=',F13.6,9X, 'RSEP4=* ,E13, 6, 9K, "RSKN=" ,E13, b6, 9%, *
®*RSEM=',E13, 6,9X, 'RSUE=1 ,E13, 6, /)
423 PORMAT (/4X, "UFAVH=' ,E12.5,2X,* (/SIC) *//4X, ' TOHAVE=" ,E12, 5, 2X,
#' (N/SQ H) '//4%, *DPDY=",E12.5,2X," (PA/H) * /) ,
480 FORMAT(/10X,*THE WALL SHEAR SITRESS DISTBN. ALONG THE DUCT SULFaCE
* 3 (N/SG.HB)?p)
481 FORKAT (/10X,YTHE PRICTION VELCCITY DISTRIBUTION ALCAG THE DUCT SUI
#FACE : (M/SEC) /)
483 FORMAT (/10X,"THE LOG-LAW VEL. DISTBN, ALONG THE WALL :'y)
484 FORMAT (/10X,°THE DIMNSNLESS NCEEAL DIS1ANCZ FROHM 1HE WALL (ZPLUS)
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¥=1,E12, 5//)
485 PORMAT (4X,'UB = ©,5X,E12.5,2X," (H/SEC) ')
BRETURN
END

SUBROUTINE PRVORT (F1,DUZ,VORSCR, INORHL, ISHEAK, i)
BEAL F1(31,31),DUZ(31,31),VORSOR (31,31)
IF(INOREL .EQ. 1) GC TO 719

PRINT &18
PRINT 422
- DO 112 J=1,B
K = 8- (J=1)
PRINT 433,J,(F1(1,d),I=1,K)
112 CONTINUE

719 CONTINUE
IF (ISHEAR . EQ. 1) GC TO 720

PRINT 44y

PRINT 432

DO 212 J=1,H

K = H=(J- 1)

PRINT 433,J, (DUZ(I,J),I=1,K)
212 CONTINUE

720 CONTINUE

PRINT 419

PRINT 432

DO 114 J=1,K e

K = ¥~ (J-1)

PRINT 433,J, (VORSOR{I,J),I=1,K)
114 CONTINUE

478 FORKAT (//10X,*THE VCRTICITY SCUKCE TERK (NORMAL STRESSES) DIS.BN.
¥ 1)
Y19 FORHAT (//10X,"THE VCRT. SCUKCE TERM (NCRKBL & SHIAK SiksSSE3) 1vy)
432 FOREAT( 1X,'(J) I=',3x,°1',1ox,'2'”1ox,'d',1ux,'u',1ux,V:',1ux,'
*6',10x,'7',10x,'8°,10x,'9',10x,°1u°,1ux,'11'//)
444 FORMAT (//10X,*VORTICITY SGURCE TERS = SHEAR SWRESSES DISTBH. /)
433 PORMAT(1X,I2,2x,11£11.“/5X,1U£11.u) :
RETURN
END

SUBROUTINE pRPILD(CﬁEG,EPS,TKL,Tﬂn,U,Azur,zvoaz,u,nvhnr)
REAL OBEG(31,31),EPS(31,31),ZKE(J1,JI),TED(J1,J1),U(:1,J1),AEUT
#(31,31)

IF(IVORT .EQ. 1) GO 170 7(&

PRINT 410

PRINT 432

DO 92 J=1,K

K = K~ (J-1)

PRINT 433,J, (ONEG(I,J),I=1,K)
92 CONTINUE

PRINT 411
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1153, PRINT 432
1154, DO 93 J=1,H

1155, K = M- (J-1)

1156. PRINT 433,J, (EPS(I,J),1=1,K)
1157 93 CONTINDE

1158, ¢

1159, 708 CONTINUE

1160, C

1161, PRINT 412

1162. PRINT 432

1163, DO 94 J=1,H

1164, K = B~ (3 1)

1165. PRINT 433,J,(TKE(I,J),I=1,K)
1166, 94 CONTINUE

1167. .  PRIKT 413

1168. PRINT 432

1169. DO 95 J=1,4

1170. K = M= (J=1)

1171, PRINT 433,J, (TED(I,3).I=1,K)
1172, 95 CONTINUE

1173. PRINT 414

1174, PRINT 432

1175, DO 96 J=1,H

1176 K = B~ (3-1)

1177, PRIKRT 433,J, (U(I,J),I=1,K)
1178. 96 CONTINUE

1179. IF (NPRNT .EQ. 1) GO TO 100
1180. PRINI 417

1181, PRINT 432

1182, DO 99 J=1,M

1183, K = # (3-1)

1184, PRINT 433,J, (AMUT(I,J),1=1,K)
1185, 99 CONTINUE

1186. C e

1187, 100 CONTINUE

1188, 470 FORMAT( //10X,'TIHE VCRTICITY LISTRIBUTION (1/SkC) :9,)

11849, 411 FORMAT( //10X,*THE STEEARM FUNCI1ON DISTKIBUTION (KG/N SEC) :'/)
1190, 472 FORMAT( ,//10X,*THE TURBULENT K.E, DISTRIBUTION (S¢ B/SQ SEC) :'/)
1191, 413 PORMAT( //10X,°THE TURBULENT ENZRGY DISSPTN. DISTRKIEUTION (Sy K/
1192, ®¥CU SEC):*'/)

1193, 414 FORNMAT{ //10X,"THE AXIAL VELOCITY DISTKIBUTION (H/SEC} :'/)

1194, 417 FPORMAT( //10X,*THE EDDY VISCOSITY DISTRIBUTION (KG/E SiC) :'/)
1195, 432 PORMAT( TX,%(J) I=%,3X,%9°,70X,°2% ,10X,°239,TUX,74* ,TUX,'5°,10X,°*

1196, %6¢,10X,'7%,10X,98°,10%,99%,10%,'10*,10X,°11%//)
1197, 433 FORMAT {1X,12,2X,11E11.4/5X, 10E11. 4)

1198, RETURN

1199, END

1200. SENTRY
1201, /=
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k¥ SEALE'S SOURCE TEBE FOR VORTICITY EQUATION R X

DO 173 J=1,H

K = M= (J+ 1)

DO 173 1=1,K

DUYSQ = DUY (X,J)%%2

DUZSQ = DUZ {I,J)%%2

P2(1,J) = (DUY3Q + DUZSG) ,/ SIGHU
CONTINUE

IP (IVORT .BQ. 1) GO TO 704

L

ma%% CLEAR LOCATIONS DUY ARD [UZ ===

DG 126 I=1,K
DO 126 J=1,H
DUY(I,J) = 0.0
DUZ(I,J) = 0,0
CONTINUE

DO 49 I=1,M .
DUMNMY(I) = Z(M-(I~1))
CONTINUE :

PO 68 J=1,%
K = M= (J~1)

DO 68 I=1,K

ZTOP (I,J) = DUMMY (I)
CONTINUE

DO 48 J=2,M2

K = H=J

DO 48 I=2,K

DTDY (I,Jd) = ((2TOP(I+1,d) = ZIOP(I,J)) * YHAT (I,J) + (2TUP(I,J)
#*= ZTOP(I 1,J)) / YRAT(I,Jd)) / (Y(I+1) » Y (I-1))

CONTINUE

B

ZMAX = CLWTPR

Ca = 0,0110
CK = 2., U
CK = 1.0
CW = 4,0

ZP(I,J) = ( (ZTOP(I,d) , ZHAYX))
Z2L(1,J) = (1 = (2(J3) s ZHAX))

28 (1,J) = CK ¢ (1.0 - CH = ZP(I,J) * Z2P(1,d))

IN(I,J) = (2.0 ¢ ZK(I,J) ¢ ({(CW - ZB(L,J)) * ZL(I,d) * ZL(I,Jd)))
k- ((1.0 < ZL(I,J) * 2L(I,d)) * (CW = ZX(I,J)))

CONTINUE

FACTOR = 8,0 * CR * CE * FOW » UFAVW * UFAVE =
®(CK / (CLYTPR % CLWTPR)}

DO 51 J=2,H2
K = #-J

DO 51 I=2,K

VORSOR (I,J)

STSNHL (I,d)

CONTINUE

FACTOE * ZE(I,d) * ZL(I,J) = ZN(I,J) *» DIDY(I,J)
VORSOR(I,J) / BCh * CLETPR * CLWTPR

"o
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bbb ALSHAHANi’S SOURCE TIERN FOR VORTICITY EQUATIOR »»ax

CPRPR = 0.210
DO 173 J=1,H

K = B~ (J~1)
DO 173 I=1,K
DUYSQ = DOUY (I,J)%%2

DUZSQ = LUZ (I,J)#%2

P2(I,J) = (DUYSQ + DUZSC) , SIGMU
CONTINUE

IF (IVORT <EQ. 1) GO TO 704

“#x& CLEAR LOCATIONS DUY AND LUZ xsxx

DO 12& I=1,H
DO 126 J=1,4

DUY(I,J) = 0.0
DUZ{I,d) = 0.0
CONTINUE

DO 49 J=1,K

K = M= (J= 1)

DO 49 I=1,K

IF(UFH(I) .EQ. 0.0) GO TC 49 -
F1(I1,d) = TKE(I,J) , (UFW(I) * UFW(3))
CORTINUE

DO 68 J=2,M2
K = H-J
DO 68 I=2,K

DUY (I,J) = ((F1(I+1,d) = F1(I,J)) * YRAT(I,Jd) + ;
*{F1(I,J) - F1(I~1,3)) / YRAT (I,d)) /7 (Y(i41) =~ Y (I~1})

CONTINUE
#%%% BOUNDARY VALUE ®»xx

DO 48 J=2,M1 s
K = M= (J-1)
I =K

D

CONTINUE

DO 40 J=2,H2
K = B-J
DO 40 I=1,K

DUZ(I,J) = ((F1(I,d+1) = F1(X,J)) * ZRAT(I,J) ¢ (F1(1,J) -

UY (I,J) = (F1(1,J) - F1(I=1,3)) / (Y(I) - Y{I-1))

*P1(1,3=1)) / ZEAT(I,3)) / {Z(J+1) - Z(3=1))

CONTINUE
w%x% BOUNDARY VALUES wumxas
DO 51 J=2,11

K = H-(J-1)

I=K

DUZ({I,J) = (F1(I,J) ~ F1(I,3-1)} / (Z2(J) = 2(I~1))

CONTINUE
DO 52 I=2,HM1

DBZ(I,1) = (F1(1,2) = F1(i,1)) /7 (2(2) = z2(1))

CONTINUE

DO 24 J=2,82
K = M3
DO 24 I=2,K

FU(I,J) = ((DUZ(I+1,Jd) ~ DUZ (I,J)) * YRAT
$DU2(I-1,d)) / YRAT(I,J)) , (Y(I+1) = ¥ (I~

CONTINUE

(I,3) * (DUZ(1,9)
1)



65,
66’
67.
68.
69,
70.
71
72.
73.

133

PO 55 J=2,H2

K = B=J

DO 55 I=2,K

FACTOR = BOW % (UFH (I) * UFW(I)) * CPRPR

VORSOR(I,J) = PACTOR ® ( =,0572 %= DUY(I,J) * DUZ(1,d) =

#(( 1245 ¢ .0572 » F1(I1,3)) % F4(I,d)))

STSNHL (1,d) = VORSOR(I,J) / PACTOR * CPRPR * (CLWIPE »% 2)
55 CONTINUE
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TABLE 1

SUMMARY OF THE CONSTANTS OF MODELS I, IT AND III

Constant Value Basis of Choice

Cy 1.44 Computer optimization

Cz2 1.92 By reference to decay of turbu~
lence behind a grid

Cu 0.09 By reference to the properties of
the "constant-stress" wall region

c' 0.0035 Computer optimization; to achieve
predictions in close agreement
with the experimental data

c" 0.21 Computer optimization; to achieve
predictions in close agreement
with the experimental data

c™ 0.0110 Computer optimization; to achieve
predictions in ¢Tose agreement
with the experimental data

Og 1.167 By reference to "Constant-Stress"
wall region; o¢ = (x2/V/Cy)/
(C2 =~ C1)

Ok 1.0

K 0.41 Von—-Karman Constant

A 2,44 Well-established constant of 'Law
of the wall'

B 5.0 Well-established constant of 'Law

of the wall'.



COMPARISON OF THE k -~

TABLE 2

€ MODEL CONSTANTS OF THE PRESENT WORK WITH OTHERS

Investigator(s) Cq C, Cu c' cm O¢ oK K c"
Present Work 1.44 11.9210.091].0.0035 0.011 }1.167] 1.0 41 .21
Seale [4], 1982 - - - - 0.045 - - - |
Said [52], 1981 1.44 11.92 1 0.09} 0.003 - 1.167] 1.0 41 -
Gosman et al [53], 1980 1.44 11.921]0.09 - - 1.220} 1.0 42 -
Gosman & Rapley [54], 1978 1.55}12.0 0.091 0.0185 - 1.185] 1.0 .40 -
Tatchell [35], 1975 1.47 11.92] 0.09 - - 1.30 1.0 42 -
Launder & Spalding [49],

1974 1.44 )} 1.92 ~0.09 - - 1.30 1.0 -
Date [66], 1974 1.55] 2.0 | 0.00] - - 1.30 | 1.0| 0.40 | -
Jones & Launder [51], 1973 1.45] 2,0 0.09 - - 1.30 1.0 42 -
Jones & Launder [50], 1972 | 1.55] 2.0 | 0.09] - - 1.30 | 1.0 -

SE€1



TABLE 3

THE FUNCTIONS INVOLVED IN THE GENERAL ELLIPTIC EQUATIONS FOR SQUARE DUCTS
Equa~
tion ¢ a4 b¢’y b¢’z S¢
— aP -
U 1 v+ Uy w4 oug T = - 4 TW/Dh
l { 82 . _2) 82 82 ——
W - -2 - S - L
s u [Byaz (v w2)] + [az2 ayz] vw }
for Model I
Che v2 w?2
-p [553; (v2 - w2)]
for Model II and Model III
¥ 0 1 1 - P w
M He ' 3T, , 3l ,
k 1 u + 8-1: U -+ E—]; Ut [(—3-}7) + (E—Z.) ] + pe
Ut X} Y pe2
u u — —_— — )2 = S )2 P s
O¢ Og ;

9¢1
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1.

WALL

/

The domain and coordinate system considered

for the analytical models I, II and III
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Fig. 4.,

Predictions, Model 1

--=-=- Predictions, Model II

—-=— Predictions, Model III

Comparison of contour plots of predicted
secondary velocity, V by model I, IT and
III, Re = 75,000
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y/L ——— Predictions, Model I

-—-- Predictions, Model II

—-— Predictions, Model III

Fig. 5. Comparison of contour plots of predicted
secondary velocity, W by model I, II and
III, Re = 75,000
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Comparison of contour plots of predicted

resultant secondary velocity, Vseé (model

I1) and measured Vgo. [9], Re = 75,000
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Comparison of predicted secondary velocity V
profiles (model II) and measured V profiles
[14], Re = 215,000
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(V) profiles (model I) and measured V pro-
files [14], Re = 215,000
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148

1.5-

o
.
(=]

[
)]

SN S N T N Y

V/u*

T 'r‘rn'th T rrrrrrmrrmrrrrn-r 111"!"]1 rrlTT‘l’YT"TT Tr"TTTTTﬁTTTTI‘TT]TTTI'TTﬂ‘YrI'TI TTTT?T[""!T'I‘TT‘mT

0.0 0.4 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0

z/L

Fig. 12, Predicted secondary velocity (V) profiles
(model III), Re = 83,000



149

i.5
1.0~
0.5-1
% ]
15 0.0-
\ E
1> ]
-0.5
-4.0- ' /// ———— Predictions, Model I
1 /' ---=-- Predictions, Model II
-1.84 / — == Predictions, Model III
] == Measurements, [14]
B U —— e
06 ©0¢ 02 03 04 05 06 07 0.8 0.8 ' 1.0
.64 z/L
.04 - ,
] y/ L= 0.8 v
0.5+ -
® ]
s 0.0'
\ ~f
> ]
=0, 8
1.0 7 ———— Predictions, Model I
7 --=-=-  Predictions, Model II
‘I
=4.5- —=-— Predictions, Model III
] —-— Measurements, [14]
-2.0
(V"‘l“"l]f‘"l\'l,‘]lll,l"l'rl"vl.(l!"’l 11711—'|"I'l!'!"’llii ‘lI‘l!"l‘lllI ,lYY""“‘Y"’YI"rr
0.0 0.4 0.2 0.3 0.4 0.8 0.8 0.7 4.8 0.9 4.0
z/L
Fig. 13, Comparison of secondary velocity(V)profiles

predicted by model I, II and III, Re =
83,000



z/L

! { !
90 -85 80 175
i ; |
| ] \
_— o
\ i b
| \ ! i
| - |
\ . \
\ ‘\ ‘ \
\ . | \
i \ i
‘\ A A 1
Vo \ b
1 \ L
i ! b
¥ oo
i
!

- TIVM

Fig.

14,

~— Predictions, Model I

y/L Predictions, Model II

Predictions, Model III

'— Measurement, [10]

Comparison of contour plots of predicted U

(model I, II and III) and measured U [10],
Re = 83,000



1
4 2
e 3
4
4
] ! 1
7 y/L Predictions Measurements g i
_...._.._{7 . g
0.4 0.0 1 _— /%
-
0.5 2 e ////
] 0.7 3 ' }é—*
i . LT §§\ Y
T4 0.9 4 5 S, o
0.2 ¢ i Portion Represented
- f By Curves
llll(lll(l]lll‘]lxll‘llrrrrilill1Tlll'l|'|Tr‘ll‘llllrr‘('llﬁ[l]!lIllr71|llllll'll]’lrj'lr'llllﬁ'lllllII
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0
z/h ‘

Fig. 15. Comparison of predicted ¥ (model I) and
measured U [14] profiles, Re = 215,000

16T



i v e o o—_——— T S ememlD e S

=== - - * . M o - . s — ¢ ——— o ——

0.8+
°5] i
] r £
4 l Ny
] Predictions Measurements N "l;
0.4— d %
- | ..

0.0 1
- 0.5 S .
71 0.7 3 ——— )
0.9 N - : ~ Portion Represented
By Curves

0.0 N
Il"|\'|T‘]T]ll'llTrlTl"l-rr'|!ll“lle"llr‘li‘,['ll]T‘lll"““‘llll'l"lfl]—"r"‘l|I|[llll|lr1‘l'||\lillll
0.0 0.1 0.2 0.3 0.4 0.8 ) 0.6 0.7 0.8 0.8 1.0
z/L »

(AN

Fig. 16. Comparison of predicted U (model II) and

measured U [14] profiles, Re = 215,000



U/Ub

1.4-

1.2-— / - - - —._.—-j
- —— - 2
{ / "' _________________________________
b

1.0+
]

0.8+

0.6-
. y/L Predictions Measurements ! i

0.4 0.0 1 —_ b
7 0.5 2 e /
i T s : ——
R 0.7 3 >
- 0.9 4 —_ .

.2+ Portion Represented
. By Curves

0.0
T‘Y‘T"‘TT1TT°I"YT“I::1 r1T1T1Tiltlrllrri’lﬁ'r'r‘tr‘llrrTTrv‘nﬁ'rr]r‘rﬁlTlr!'uxoixi.&;vlmv YYTTEY K[xrxixxlsl[t—xTﬁrltrl
0.0 0.1 0.2 6.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0

z/L

£GT

Fig. 17. Comparison~of predicted U (model III) and
measured U [14]) profiles, Re = 215,000



z/L

154

(model II) at Re = 75,000 and Re = 300,000

+ T 2 -
\ : ! : \ % \‘\
0.9+ \ . A e
! | : \1
N ! , \ i
! 1 \ \‘
- / ! ' ‘ )
0.8+ U/Ub ; / ' \
N / \ \ ll
4 }
s 1y \
» \ 119/ 'l | 3
’ } . ]
0.7 -7 N )J Lo ‘1
- 4 l'
" hee D ‘.
| N R
0.6 = \ ! / . i

[rasmmar G ammecutis S ErmE—Ge I i '

X / 1 i

2. /) I

0.5 < h
odd 7] N i
¢ /// l P

L4 / i

/, \ i1

--n--....___..~~ ’.,' // ’l .
Tl T N o/

4 . S gl

, » i
N,
@'3 - // N 97\.\\{/{[
preoe go &
J Nh “/ X/
\‘.%wmvwww"““d //_f N

o i
S o \

. mh\hh~:m-mhw‘hmmww’:::'w" .
0.4 AN
@-@ ¥ ¥ ¥ ¥ L 7 T T ¥ } ] T T L4 Y T T Y r\

8.0 WALL 0.5 {,

—=-—Re= 75,000
y/L ---—Re= 300,000
Fig. 18, Comparison of contour plots of predicted U

TIVM



z/L

155

.
IS,
- — -

N
0,0 T T 1™ H T T T T r T LIS | T “‘r‘"——x"""r**"’r—*‘r——{

y/L ---- Predictions, Model II

75

(with secondary flow)

—— Predictions

1.0

(without secondary flow)

~—-— Measurements, [10]

Fig. 19, Comparison of contour plots of predicted U
(with and without secondary flow), Re =
83,000

TIVM



z/L

156

E
7
i
|
.
;
I
%
|

P
[«

o
[ee]
[ FEPRI RN SO JUNT W S

o o
o o
b 1
:\
“
. ~
)

<>
.
~3

]
i
i
h ‘
- fl :
1
1
0.45] !
|
-t
: 1
H ! :
0.34} | |
i
4| :
H 1 . |
oy , |
=]
0.24] N |
: 1 J
4 L}
i e - // e /) \\ \\\\\ E
0.4+ \ \Q:;‘;':ﬁ%“:;ﬁ,fmw” . A > \ \\\ i
H ‘/"’ - ! N
' U e -7 B! ’\\
—— ”‘Vd—.__"__,‘o——‘/" -'_”_.“/ Ay
0.0 fre oy n wrmmrmwrwﬂm_wu“T::;mzﬁzqrzqvMT~herﬁmMpw,
0.0 WALL 0a5 1'0
y/L ~— Predictions, Model I
=-=-= Predictions, Model II
—=-= Predictions, Mbdel III
—:=~  Measurements, |9 ]
Fig. 20. Comparison of contour plots of predicted ¥

(model I, II and III) and measured V¥ [9], Re
= 75,000

TIVM



Z/L

157

1.0

y/L ——— Predictions, Model II

—-— Measurements, [9J

Fig. 21. Comparison of contour plots of predicted w

(model II) and measured w [9], Re = 60,000

TIVM



z/L

158

1.0 l

RN

=
@
|
=
~
~
(=]
*
~
N
—
—

TIVM

Fig. 22,

y/L ——— Predictions, Model I
=== Predictions, Model II
—==  Predictions, Model III

—:— Measurement, L[11]

Comparison of contour plots of predicted k

(model I, II and III) and measured k [117,
Re = 83,000




k/(u*)2

159

d @\
5.0 :
] \.
. \
\,
4.5': ®,
\,
\\
4,0+ \\ y/L= 0.0
8
3-5“ |- TR L - e \'\
. — 5:\\\\ )
N e
3.0 N A\
\\\\\
2.5 X\\
2.0~
] @  Predictions, Model I
1 * Predictions, Model II
1.5+ S
J @ Predictions, Model III e
@ Measurements, [11]
1.0~
:‘ll-I‘Y"l'll"‘(5!Vll’7Il'l"ll]'ll"l"ll!’!["‘l"l')ll""’."l"]'-"[‘1“('1']}1,['17Illl;lllll,|7fr
0.0 0.1 ¢.2 0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0
z/L
Fig. 23, Distribution of k/(i*)2 normal to wall, Re =

83,000



&
<>
o S ST,

ot & >
U .
e 8.8 2. .b_a. .2 5. o § s 8.2 .8 1 8 s &

k/(u*)2

&

L]

<
f

2 -3 L. B

i

2.0

a..s- X 8.8 _8.3

4.8~

4.0+

o

160

*
\-
N\
\
N\
M
\.
\
\\
\-* y/ L=0.0
\,
\,

—h— \'\

——= Predictions, Model I, C'= 0.0035 '\N\&.‘i—--‘-%
—--— Predictions, Model I, C'= 0.0060 =Tk

~—r=— Measurements, [] 1 ]

'mmqmewnqmﬂmmwmmﬁm ?’YYTTYT‘T?TV‘ITY !‘U’TYTTYN'FNTY Wi?‘i"?‘?] 8 VTTTTTI‘?T

0.0 0.4 0.2 0.3 0.4 6.5 0.6 8.7 0.8 0.9 1.0
z/L
Fig. 24 Distribution of k/(4*%)? normal to wall, Re =

83,000 .. . ...



z/L

161

19— : ,
P15 ' i | |
- 1, N . .
K \ i 2.0 125 lap las
oogu ‘1.5 \ \ 1 ‘.
N \ : |
- '\‘ \‘ \. ‘ ‘
0.6 NN Lo \
R (Gt)2 \ \ \ \ :
i \ \
o N \ '
V\ \ \ \
874 20 \ \ \'\
“'“--wa,._‘_N“ \ ~\ \ .\
Rt N S
8.8 T~y e \'\ \ N
25 <70 O\ 0 N
w....; . ,/ \ < \ \
9 oy S~ 4 \ : .\ )
@.5-..“\5\\5 ) \. .\ \
'\\:\ \ N \ =
- \\ v N '\ £
”k\ \ \ \ S
- i \
844 30 *‘% \\ Ny
.:::q>& \:\\ ’// v \ \
. . o Vo
a ~ \__.___‘-a 4 .
0.3 AN . SN,
’ \\ s"'m.., .‘_'4»“’ o \ \
o SN
o \\ ¢ ’ \ .
\&: o w/ o’ / \
@og" N“&.»-::”M"W»/ v"” N \
35 e \\\ \
T L T L T e e e e o ]
0.4- e \
o AN
@a@ L MR £1 R 'y [} ] M § had \
@9@ WALL i @E ¥ ¥ T kg E 1 e | T 3
8 1.0
y/L —-= Predictions, Model I, C's 0.0035
=-== Predictions, Model I, C'= 0.006C
—:=— Measurements,[11] |
Fig. 25, comparison of contour plots of predicted k

with C' =
Re

(model I,

“measured k [11],

0.

0035 and 0.006) and
83,000



z/L

162

i |

o - ] \ .\' ‘ “
nm‘??ww/\ ) \ \ ! .
0.7{==3== NN | i
7 \ ! b

] ¢ \ \ | |
\ '

s ~ ‘ S
084 S [ \ ! i
S b

N ! . | [

0.5- \\\\ j bood
/ ! P

qnm.go N / ‘ I
-..::,,:h“s\ /J 7 i , ‘
@gd- "’\:,. ”, l .
\N"‘\_ “/ /’, Y I i ‘

o 1.080 S !
= !

1 ‘80 St " - 8 /
-y a.\\\&______,.&- v_r' o /
N..,\:.. - p / Vd /
0.2 ey - - e /
R - ekl ot . ’ >
- .‘75 M.q w/&,ﬂ‘ (;9" q.» /
oo a, S
ﬂr-m...._n:;,““ N.‘:w... -e.w..,w-@_-"“" _'.‘.v’/" w o’.’ {
.\’h&\‘ e &/ -
@ o = e o .‘/v' - >
.4 R e T e e e e € \\\
| N
@,@ ¥ 7 ¥ ¥ ¥ T L f ¥ ¥ T Y v ¥ ¥ ¥ ¥ Y L T
@o@ WALL @og io@
y/L

===~ Predictions, C'= 0.0035
----- Preddictions, C'= 0.0060
—-— Measurements, [11]

26. Comparison of contour plots of predicted U

(model I, with C'= 0.0035 and 0..0060) and
measured k 11 , Re = 83,000

TIVM



T/ Ty

163

s.zj
T,
’lyﬁy u."’q,‘hsss.\
Pt I TS NN
ﬁ'ﬁq ......... — — o W
L p T e T >a
— T ST~ .
P ENONAK
10 - NN

=
@

-8B 28 ?J—&—L&.J__L,x.& i‘!

%

| y

R
7

. I
: I
|

3 I
0.65 al
; |
: d

. g .|!

4 ]

] '!
0.4~ |
: |
o H

. p

4

——=-— Predictions, C'= 0.0035 “

0 —=——= Predictions, C'= 0.0060 d
—-— Measurements, [9] ?"

—=-== Measurements, []OJ

;&
?-LAALJ.L-&.L}E&.-.&. 8.8.5.8

W“m‘TWWﬁ?WrMTmqntmpvm,ﬁﬂmmmgmm,fmﬂ, {"’”
64 02 03 04 05 05 07 08 08 40

;@
=

y/L
Fig. 27. Comparison of shear stress (1) distribution
(model I, with C' = 0.0035 and 0.006) and

measured 1t [10], Re = 83,000



1.0

164

0.9+

0.8+

0.7+

0.6+

z/L

0.4+

. \ T \\

0.5’“"‘\“\ \ ) \
- ]

’}

TIVH

RN . \\<Z?y/ &SX\
0.3
\\\ &
e
‘\* ,rj A
N‘““—m.a-..-mv-""yr
0.2 \
N
:—“.::‘.:':&r_:—-_,__zuw&%“ . \
0.1+ T \\
0:0 ) ] ¥ Rl 1 ¥ 14 1 ] l ¥ T 1 ¥ ¥ 1 1 T k4 \
0.0 WALL 0.5 1.0
y/L —ee- Re= 75,000
e Re= 300,000
Fig. 28.

Comparison of contour plots of predicted k

(model II) at Re = 75,000 and Re = 300,000



T/7T
/W

o«
= o]

(=]
[~

(=)
E- 8

<
no

<>
<

165

1 2’-*------~o--—-o-~-~.,,___‘;”“~
J T~
P = ',_,.——-*"":‘?§‘t.\
- =77 ——--_;_'_“__:—-—“—"'”‘“"""“ai —
o s T S
o goreves w\
~
ad t\
K ~
4
B
on
: A
h PPN Prediction, Without Sec. Flow
] — Predictions, Model I
i Predictions, Model II
h ———— Predictions, Model III
by
J T—#% Measurements, [9]
1 T 7" Measurements, [10]
4 )

]llnu'nlllxnnsuinnnuTlm‘nuIYilelll‘lrlixlrllllH‘rnnlﬁlvlul‘nulrh?‘l"m'rrrrl'mﬂﬁ“f‘r

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

y/L

Fig. 29, Wall shear stress distribution (model] I, 11
and III), with and without secondary flow,
Re = 83,000



12+

c/p

T/t

Predictions, Model I

0.2 === Predictions, Mode] I
] —-= Predictions, Model 111
T Measurements, [9]
]
0.0

Tﬂ‘i'i‘m'l‘ITanﬂTﬂTm YTTT'!'ITT‘FTYTI rrrp'rrrvrm ITWq mYryer

nﬁnﬁnﬂpwwwmwwwww
0.0 0.1 0.2 0.3 0.4 0.5 0.6

0.7 0.8 0.9 1.0

y/L

Fig. 30. Comparison of wall shear stress (1) distri-

bution (model I, II and III) and measured T
[19], Re = 75,000

166



Friction Factor (f)

—— Blassius Equation

0.054

004 ~--==- Predictions, Model III
.316 © Measurements, [10]

0.03+

0.02+

0.01

01 é I | S S B A : , | —

3 L 5 6 7 8910 20 30 40 50

Reynolds Number (Re) x 1074

Fig. 31. Friction factor (f) (model III) vs. Reynolids

number in square ducts

L91



/1y

;O
]

168

[
>

e rem mem emy

- -—::..-—-—w-ugn

e .,
—,

- —

Fw .

.

< ny
S T N I ST ST -L.%.A T W VT WX T

P
o
L.t & 2. 9. 8.8 3. 8 F

=
=3
[

.o
BN
T T T A T

Predictions, Model II, Re= 75,000
_____ Re= 150,000
—— Re= 300,000
T = Measurements, [9] , Re= 75,000

N SN Y R

T 77— Measurements, [10], Re= 82,000

[RRRREERER l IRRURRERR] l LR |rlrl!1T| rr‘rnmtﬁrn"r'nq"l I’T‘ﬂ'\TTTi’TT‘ITI’!‘H]TNT‘iT?Il‘TTTnTYfTﬁrﬂTTﬂTﬂT

0.0 08 02 03 04 05 0§ o7 08 09 10

F—1
N

e
T N SN NS

y/L

Fig. 32, Comparison of Predicted wall shear stress

(model II) at different Reynolds numbers



z/L

169

0.90 -

S S —

0.00

WALL

Fig. 33.

0.25 0.50 0.75 1.00

y/L ~ Predictions, Model I
—— Measurements, [11]

Comparison of contour plots of predicted
(model I) and measured [11] production of

vorticity, Re = 83,000

TIVM



z/L

170

-2 L2

TV wnT

i
i
i
{
. |
|
!
|
i
i
e L e et e e At e i e
0.00 WALL 0.25 0.50 0.75 1.00
y/L
—— Predictions, Model II
—'— Measurements, [11]
Fig. 34, Comparison of contour plots of predicted

(model II) and measured [11] production of

vorticity, Re = 83,000

TIVM



z/1L

171

0.90 + \\\ 22 (52 -2 L2

0.75

e sa
/

0.80
; H
0.45-
j ’,
t
0.30~
i
0.15
ﬁ
0.00 ¥
0.00 1.00
/L
v —— Predictions, Model III
~—' = Measurements, [11]
Fig. 35, Comparison of contour plots of predicted

(model III) and measured [11] production of
vorticity, Re = 83,000

TIVH



172

]Tl”””l’”ll”ﬂl]llllIIHIITIIIll(1]llllllllll]ll’”1l'lIllfn1nqllllllIIT{IHllIH1Il”llllll‘[ITIfrnll'[lnlIHHITTTTT—

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 418 1.8 2.0 2.2 2.4

-+
u

Fig. 3¢, Variation of k% with Tt for turbulent flow

in square duct





