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AB S TRAC T

A tr{o-equatlon turbulence model (k e) r¡/as

applled to predíct flutd flor¿ characteristlcs under fully
developed turbulent flow condiÉíons through a square

duct. The five coupled, non-1inear, ellfpLic equatlons

for axLal vorticlty, stream function, turbulent klnetic
energy ' Eurbulence kinetlc energy dissipation rate and

mean axlal velocity r,rere solved by means of Ehe general

ellfptic flnlte difference procedure of .,Gosman et al
1L969 I wiËh a cartesian coordinate grid. three dlfferent
vortlcity source term models \{ere enployed for t.he

vortlcity equation. The ffrsü model fs based on the

Reynolds sEress modet proposed by taunder and ying

[1973]. In the second model, the vortscfty source term

1s carculated based upon the relatlonships between

turbulent Íntensfties as proposed by Alshamani tl979l.
rn the thtrd rnodel, a synthetic d{strlbutfon of turbulent,
klnetic energy (k) is spectfíed and combined wiEh rhe

vorticity equation to produce a sfnple algebralc term for
Ëhe source of vorticity as suggested by Seale [1982].
The vortlctty source term rnodel constants ( Ct , Ctt and

c 
ttt 

f or uodels r, rr and rrr respectlvely) were r-uned to
y i e 1d best overall agreement wiÈh the experl-rnental

measurenents, lqhlch incidentally occur when the maximum

resultant secondai-y veloclty is abour 1.5% of. Lhe

centrelfne velocity fn all three models. The predicted
results of all three moders T¡rere compared wlth the
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experimental data of Hoagland tI960l , Leurheussel [1963 ] ,

Brundrett and Baines [1964], Gessner and Jones [1965] and

Launder and Ylng lL972l.
Predlctions are presented over a Reynolds number

range of. 60 x 103 to 300 x 103. The predícted

characÈeristics of the flow are shown to be ln reasonable

agreement þrith the aval-lable experfmental data. The

effects of secondary flow were evfdent in the cross-

sect,ional di6trÍbutlons of mean axial veloclty, rsal-1

shear sEress and very prominent in the turbulent kirretic
..

energy distributions

Fina1ly, the performances of the three nodels rdere

compared r¡Lth each other and 1È . was observed that the

predicted characLeristics of al1 three models rdere very

c1ose. The predictions of model II *eïu judged to be

best overall- compared to the experÍnental daEa, although,

adnittedly, the dtfferences between uodels were sma11.

Model II, subsequently, \üas enployed to compare predicted

wall shear stress at different Reynolds numbers and model

III r{as used to show the variatlon of frfctlon facLor

wlth Reynolds number i" smooth square ducts"

The auccess of model II and especlally model III'

pronnises good prospects for their applicaLíon to ¡nulti-

cel. 1 geometrles.
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A COMPARISON

SQUARE DUCTS

OF TURBT]I,ENT FLOT,T PREDICTIONS FOR

USING THREE VORTICITY SOURCE Þ,IODELS

1 . O INTRODUCTION

1.1 Motivatl-on

Many turbulent J:lows in englneering practice occul:

1n ducts of non-circtrlar cross-sectíon, e. gr. compact

heat-exchangers, nuclear reactor channelsi air

conditioning systems and rotary machínery. Duríng the

past Èwo decades, a number of turbulenòe moÇels and

numerical procedures have been developed to enab.le

prediction of turbulent flow and heat transfer fn ducts

of non-circular cross-section. Much of Èhls woik,

however, has been dlrected at nucLear f,ë'actors where the

fuel bundles forrn a matríx of rods arranged mainly in

tr iangular and/or square arrays along røhich the coolant

flows axially "

One of the sirnplesE geometríes, in r^rhich secondary

flows ar ise, is a sËraight duct of square or rec Eangular

cross*section. The square duct was cl'rosen here for the

purpose of analysls because extensíve experÍnenl-al data

are availabl-e f or the prfnary qr¡antitíes i. e. axial

velocity ¡ s€condary velocitles, turburent klnetic energy

and wa11 shear stress " These paraüeters can al-l be

predictecl numerlcally through a turbulence mode1. fn
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Eurn, a key lngredient fn a successful and versatfle

computation scheme e concerns modelllng of the vorttclEy

source term"

The present work was rnoLlvated by a desire to test

a few models for vortlcity source in order to predict the

primary quantftfes l-n a smooth square duct and thereafter

conpare them with the avallab1e experimental data. This

represent.s a first step towards determining theÍr

sultabílitles for a sfrnple geometry r¿here a single ce11

1s observed ín each prlnary flow ce11. Howeverr, the

possfble applLcat.ion of these vorttcíty sour ce terrn

nodels to compllcated geometries lnvolving t,\do or more

cells (f.e. mu1t.icells) [e.g. eccentric annu1l (Kacker

[1 ] ) , non-equilateral isosceles Eriangles, rectangular

ducts and rod-bundles I are dlscussed trfrËify and further

study fs reconmended.

L "2 0bjectives and Scope

The

developlng

ËurbulenË

dif fer ent

Ying¡s Í,21

propertles

Model III.

present work $ras concerned essentlally with

an analytlcal rnodel to predict fu1ly developed

flor¡s in square ducts usfng, Ín turrr three

vorticity source term models, vLz", Launder and

Model - Model I; a model based upon turbulent

correlaÈion Model II and Sealers t3l Model -

A two-equation turbulence model was applied whtch

used turbulent klnetlc eirergy (k) and lts dissipation

rate (e ) as lts tþro addít, l-onal variables " The f ive
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coupled, non-1lnear, ellfptlc equatlons fo'r axlal

vortlcft,y, stream function, turbulent kinetlc energy,

turbulence kinetlc energy dissfpatlon rate and mean axial

velociËy were solved usfng the method of Gosman eL al

t4l. This general elliprlc finire-dlfference procedure

Idas used wlth a uniform cartesian coordtnate grld.

Regarding the models for vorticfty source tern,

the first predictíon schäne ls based on the Reynolds

stresses gradients uodel proposed by Launder and. ying

[2]" The second predlctfon strategy rests ,rpop the

rel-atl.onshfps between Lurbulent lntensltfes ln turbulent

flows as suggested by Alshamanf t5] " However, Launder

and Slngharn t6 ] rrere probabl-y one of the f lrst of several

invesÈlgat,ors to suggest the possibiltty of relatlng

ReynoJ-ds normaL stresses to the turbul-eniÈi¡ kf netic energy.

They postulated a relationshlp in the followfng form:
,_2 -2(v--;-)=k.s,

-2 -2 -2where k fs the turbulent kinetlc energy, (u * v + rú )/2
and g is a geometrl-c functlon of pos ition prescribed in

terms of half-wfdths of the investlgated rectangular
duct. In the thtrd predicElon technique, a synthetfc

dfstribution of turbulent kfnetfc energy (k) 1s specifred

and combfned wlth the vorticity equatlon to produce a

slmpl-e algebraic t.erm for the source af- vorticlLy as

proposed by Seale [3]. The respective model constants
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( Ctln model I, c tt in model II and c rrr in model III ) rrere

appropriately tuned to yield Èhe besE overall agteement

wlth the experLment,al data. The eddy viscostty,hras

assumed to be isotropfc and \ì{as expressed in terms of

turbulent klnetf.c energy and its disslpation raÈe as per

the Prandtl-Kolmogorov formula"

Turbulent predÍctlons were undertaken for both

wlth and (1n some cases ) r¿ithout. secondary f 1ow" The

predictlons are shown to be in fair:ly reasonable

agreement wlth the experimental resulËs varlous

l-nvestigators. However, the maLn focus of the etudy

concerned Èhe testfng of the three models for vorttctty

source t.erm and assessûent of predicted resulÈs based on

each model wlth respect to the experlmental_ ones.

Predictlons are presented fortlåtoott, ducts of

r^rldth 2L = 7"62, 10.16, L2"70 and 20,32 em (3r4r5 and

B in. respecttvely ) for Reynolds number (based on

hydraullc dlameÈer) Ln the range 6O x 103 to 300 x 103.

Alr at sEanclard tenperature and pressure üras taken as

worklng fluid in the analysls and the afr propertl"es rùere

assumed to be unlform and homogeneous throughouE"

In SectLon 2"O the experfmenÈa1 and analytical-

work (wtth particular emphasis on k-e turbulence models)

on square ducts i.s revfewed " section 3.0 deals wfth the

developnent of the governing equations for Ehe k-r model

whereas the Ehree employed analytical r¿odels are treated
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ln section 4 " 0. A numerical procedure for solviirg the

governing equations is presented 1n secLfon 5.0. The

predicted results are presented and dl-scussed in derafl

1n sect,ion 6.0. Las tly, the chief ftndtngs of the

present work are j"temized ín section 7.0 "
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2"0 LITERATURE REVIEI,T

Gener a12 I

There ls abundant evldence that turbulent fl_ow in

a straight duct of non-circular cross-section ls

accompanl-ed by lateral splral motions" The secondary

flo¡¿ of thls type, terüed by prandtL t7 ] as secondary

flow of the second kind, ls due to the dtffererìces in

gradient.s of normal Reynolds sÊresses across the cross-

sect lonaL plane. Secondary flows at e exper fenced , in

turbulent flows through non-circular ducts of."rbltrary

cross-sectlons " It has been discovered that iE rùas

dtfferences 1n gradlents of normal ReynoLds stresses in
the pI-ane of the cross-sect.ion that gave rise to â source

of streamwlse vorticity. Thts secondary flov¡ convecÈs

maf-n flow momentun and energy towards ttÌr" r¿a11 fn some

reglons (typtcally corners ) and arùay from the wall fn

other regfon6. Thus, mean fLow streamllnes mus t be

helical and not the straight llnes as found ln cfrcular

plpes.

Although the seeondary velocitfes are usually snall
(wfthfn typically L"57" of the centreline axfal veloclty),

thefr exfstence displaces the isovels (1. e. l-lnes of

constant axial velocfty) signiftcantly toward the corners

of the duct, rêsuLtlng in a relatlvely high velocfty

fteld there. They al-so act to dlstribute the shear

stresses equally over the r+all of Lhe duct " Thus the
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effects of secondary flow motion rnust be includèd in the

sLmulatlon of turbulence to avofd any unrealLstfc

interpretation of the phenomenon. Any afEempt to deal

¡sith thls class of flor¿ must pay speelal attentlon to Èhe

sfmuLatfon of thls secondary fl-ow motlon.

The following is a brief review of the published

experiment,al work on rectangular (and especlally square)

ducts.

2.2 Review of Experirnental trIork

s fàce Nikurads eMore than

tII deLlneared rhe

pipes and square

velocity eontour s

rectangular* duct,s

50 year s have pas s ed

dLscrepancfes between

ducts by dlscovering

ln Èurbulent flow

fLov¡ ln cfrcular

that the axtåt

Èhr ough

Iå7e f e

stralght

corner s ofdlsplaced towards

these displaceue'iils

the

the duct. The cause of

dye tnJectLon to the

plane of the duct

velocfty fluid from

eornerÊ " Prandtl t7 l

reeuLt of secondary

satf sf y contl.ntrity o

polnt of the wal-l-s.

trer e the re sul È of

lsovels glvfng a net

preserrce of eecondary

rüas traced by

fl-ows in the

cross-section which convected hlgh

the centre of the duct towards the

suggesEed fhaE these rdere the

flows toward the corners which, t,o

required å return fLow at the nfd-

It rdas aLso postulated that these

turbulent fluctuaÈlons along the

flow normâ.1 ro the íeovel wherever a

* The reader is
rectangular duct:

remÍnded that a
¡sfth unlty êspect,

squar e duc t
rat,fo,

fs a



varlation 1n curvature occured "

secondary velocttles could not be

B

The magnituctè of the

deLermlned at that tine

presence of the yar'T-meter,

mean velocity gradl-ents.

due to error

when used ln

After

introduced by Ëhe

regf"ons possessing

the advent of hot-!¡f re anemometer, these

found Èo be smaller than thevelocitfes rrere measured and

root-mean-square turbul-ent veloclty. Hoagl-and t9 ]

noticed that the flor¿ pattern was exactly the s.ame as

predlcted by Prandt,l, but did not pursue the study of

thelr orLglns. He selected a L2.7 cm (5 in.') square duct

aa a compromise between a 1-arge cross-sectfon to mLnLmize

probe fnterference and a Large velocity to facflitaùe
measurements" A duct length of 9"754 m (32 ft)(t*/Dh=
7 5) was employed to insur e f u11y developed f l_o¡s. The

experl-nent Ì{as perf orued with air as thä worklng f luld.
rn his experfmentation, two xnethods were consldered and

enployed for velocity measurements; I ) the hot wlre
anemometer and 2) the pitot Ëube" Ttre pftot Lube

general-1y provfdes much more aceurate veloclty
measurements but 1t8 use for this appllcaËlon rüas

conaldered to fnvolve two maJor drawbacks; 1) at

veLoclties beLow about 3.05 n/sec (10 f.t/sec) ttre veloclry
pressure is too sma1l to be measured accurately by

available meana [0"56 mm (.022 fn.) HZO] and 2) fr ts

dlfffcult to obtaln pitot tube readf-ngs close to a sot.id

boundary due to the slze of the pitot. tube and the
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presence of a steep vel0crty gradfent. Theïefore, he
declded to use a piÈot tube for velociËy measureDents at
the hlgh er Reyno rds number and a ho t wir e for the
measurements at the 10v¡er Reynolds nunbers where the
velocÍtÍes rüere below 3.05 rn/sec (10 f t /sec) and r¡here lE
was desired to obtain measurements rn the vr-scous sub-
layer ' He coflsidered. the measurement of rhe f -r-ow

dlrectl0n to be the best rday Èo determlne the secondary
vel0cities and empl0yed only the hot wr.re for f10r¿
directfon rneasuremenÈ6, prlnciparly because of the need
Èo avof'd vel0city gradfent errors. He neasured mean
axial vel0citfes for rectangular ducts of aspecc ratfo
l':1 (square duct ), 2¿L and 3:1, and the secondary
velocities" He arso used a presËon tube Èo measure warl
shear stress distributlon at a Reynords, number of 78r500.
The average walr shear stress was determined by measurfng
the axfal pressure drop and equating the pressure force
to the wall shear force.

Leutheusser tl0] reported the turbulent meân fl-ors
dlsÈributíons in smooth rectangurar d.uct. of aspect ratio
1:1 and 3:1 over a range of Reynolds number beËween 104

and 105 ' rn hrs investfgatione atmospheríc afr was drawn
through ducts of 7.62 cm x 7 "62 cm (3 in" x 3 ín.) and
22"86 cn x 7 "62 cm (9 in. x 3 in.) nomlnal cross_sectfon.
In longitudlnal development, the ducts comprfsed a 6.1 m

(20 ft) long flow development sectlon, forrowed by the
actual test sectfon, 15.85 m (52 ft) 10ng. Ile used round
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total-head (Pitot) tubes to measure velocity aà¿ staLic

pressure distribution wher:eas round, square-tipped

stagnation tubes \{ere used Eo measure local- r{a11 shear

stress " He observed that the flow in the neighbourhood

of the wa11 could be properly described by the ínner law

of the r¿a1, 1 whereas in the centre of Lhe duc t the

velocl.ty dis tribut ion did not fol1ow the outer law

formulation"

The uost substantial description of the phenomena

was probably given first by BrundretE and Baines tll].
Thef r experi.mental data \4ras obEained from a 7 "62 cur

(3 in" ) square, 21.34 m (70 fr) long horizonral ducr

using alr aË room temperaLure as the workíng fruld. They

dÍscovered that imbalance Ín Lhe Reynolds turbulence

stresses 1n the plane of Ehe cross-secti'on gave rise to a

source of stream-hrise vorticity. They used a constant-

currenÈ hot rslre anemometer to measure all six component.s

of the Reynolds stress tensor as well as the three mean

veloci.ty components " They rrere abl-e to conclucle f rom

thelr data that it r{as predominantly the normal stress

gradients røhtch generated the velocltles in the plane of

the cross-secEion of rectangular seccioned ducts wíth

axes chosen parallel Èo the sldes. Gessner [12] used a

hot wire anemometer to show that a transverse flow i-s

lrritfated

resr¡lt of

bisector.

and dlrected towards

turbulent shear stress

the corner as a direcE

gradients normal to the

thal anisoEropy of theIte also lndicated



turbul-ent normal stress rras not crucial

of secondary flow.

contradict that of

used df f f erent coordinate syst.em f or thelr

investigations.

Brundrett and Bal-nes [11], like Hoagland [9],
establlshed thaE at any point in the duct the Reynolds

number does not affect che ratio of primary to secondary

velocity" rn contrast Eo this, the measuremencs of

Gessner and 'Jones [13] intllcated that s-econdary

velocLtles, when non-dimensional-ized by either the buLk

veLoclty or. the axfal centreline veloclty, decreased with

,increaslng Reynolds number. Thetr experiment used room

air through channel cross-sections of 2.0.32 cn (B in. )

square r¡f rh t*/Dn rario of 40 and 20.32 'Ëin x 10.16 cn

(8 1n. x 4 in.)(f .e. aspecr rarl_o 2) r¡irh t*/Dn rarto of

60. rn thelr invesËigation, the axlal mean-f1ow verocity
üeasurements were made wlth a Èotal head tube fn

conjunctlon with a wa11 staElc-pressure tap in the saue

tr:ansverse plane on Lhe opposite wa11" A problng of Lhe

f1or.¡ field with a Pítot statíc tube indicaEed EhaE the

error involved in the use of a wa1l tap for these

negligfble over the Reynolds number

range of the ínves Èigation (t. e. 60,000 to 300,000) . In

order to measure secondary:f1ow veloclty components

quantiratlvely, they used the method of single-wlre

rotatíon descrf bed by tloagland t9l"

IIls f lndings do

Brundrett and BaLnes

1l

in the g'eneratlon

not necessarily

[11] sfnce they

measureuents was
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Launder and Ying t14l used rwo 10.16 cm (4 in.)

square ducts (one duct smooth and the other rough) 7.01 n

(23 ft) ln lengrh and room air as rhe workíng fluid.

They found that secondary velocit.les norma l-i-zed wirh

average frfction velocity yielded slmllar secondary

veloclty profiles for srnooth and rough surfaces.

However, for rough wa11s, secondary veloclties vrere a

substantially larger proportlon of Ehe axial bu1lc

velocity than for the case of smooth-wa11ed ducts. They

also reveared that secondary velocitl-es normal-ized wlth
fricLion veloclty are unaffected by Reynolds number

varfation. A hot-wlre anemometer was used to measure

axial velocity whereas the technique of üeasuring Lhe

secondary fLow was slmil"ar to Brundrett and Balnes [11].
Kokorev et a1 t15l measured'one of Ehe two

components of secondary velocities by usfng a flve-tap
tube out of which four taps were oriented at
approximately 45o angle to the probe axis. The probe was

used for secondary flow measurements in a Bquare channel.
The channel had a 7 cm x 7 cm cross-sect. lon and rùas 3.3 m

long (L*/D. rarlo of 47)"
n

Ahured and BrundretE tl6] performed experimental

inves cfgation of developing flow in a vrind-tunnel of g.zL

cm (3 5/g in") square cross-sect,ion. They examíned

generalized mean

developing region

properties of

and presenLed

turbulent flor.¡ for the

exper l-mental daEa f or
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nìean velocity prof11es and perfpheral waLl shear

dlstributlons at varlous axial locations as we11.as the

longítudína1 statlc pressure distrlbution. In Èhe

investigatÍon, the mean velocities were taken by

traversing

manometer 
"

wlth a

They used a duct

cross-section and

Preston Ëube at

readings r¿rere taken

each location.

a Pítot-static tube connected to a Betz

The perípheral wall shear

The developing turbulent flow in a rectangular
(almost square) duct t{as studied recently by Melling and

I^Ihitelaw Lll I using laser Doppler anemometer " They used

a straight duct of rectangular cross-section 40 mm wlde

by 4L mm deep. In their work, water was chosen as t.he

working flutd because 1t a1lo¡,¡ed almosË continuous

Doppler signals from the anemometer to operate with a

frequency-trackf ng demodulator wiEhout "':!he additlon of

partrcles. Laser Doppler anemometer enabled them to

measure mearL axial veloclry and Eurbulent Lntensities in
the developlng flow whereas all Ëhree mean veloclty

components and five of t-he six Reynolds stresses rùere

measured ín almost fully developed f1ow.

Gessner et aL t1B] also measured developtng

turbulent flow in a square ducr at t*/Dn ratio of r to 26

at 1 Dn lntervals and !hen 26

of 2.54 cm x

at 2. Ot intervals.

cm (1 fn. x 1 1n")

worklng fluid. They

to B4

2.54

air was taken as
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measured axlal mean velocities by means of a minlêture

probe Ín conjunction with a wa, ll statl-c pressure tap.

Tur bulence neasur ements \¡Iere made wiËh hot wf re probes

simflar ln deslgn to configuraElons recommended by comte-

Be1lot [ 19 ] , f or ml-nimal pr:ong interf erence ef f ect so

They revealed that at the location where peaklng of Ehe

axlal centreline velocfty occurs, certal-n Reynol.ds stress

components and mean rates of strain are elevated above

thelr counterparts for fully developed flow" They also

suggesÈed that the turbulence kinetic energy dis,slpatlon

rate can be nodelled in .terms of a suitably defíned

length scale and either the resultant prinary shear

stress or the turbulent kinetfc energy.

2.3 Turbulence Models

2 .3 .1 Çe¡Srr a!

sfnce exact solutions of turbulent fl-ows are noE

possible due co Ëhe closure problen, a turbulence model

fs employed " rt is a seE of differentLal equatlons
(controllfng Ehe dlstributl-ons of turl¡ulence properüles

under consideraEfon), associaLed algebralc equaËions and

constants which, when solved, closely sl-mulate the

characteristics of the turbulent flow through the
configuration in question"

These models can be broadly classifiect into two

categorles, vIz", algebraic models and dlfferential
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models. The algebraic nodels ftnd thelr base on'the

assumptlon that Eurbulence stresses ate solely dependent

on the velocity field. The turbulence parameters in

dif f erential models, hor¿ever, are controlled by

dlfferentlal transport equatlons and hence are subjected

Eo convectfve and dtffusl-ve processes on top of the 1oca1

processes. Therefore Èhe dífferentl_al models are more

accurate for all flows where convection or t.urbulent

diffuslon, or both, have a slgnificant influence on the

turbulent stresses

rn the literature, turbulence models have received

conslderable attent.ion but invesEigators continue to

strfve to achieve a betEer and more successful model.

Reynolds t20l t2Ll , I,Iolf shrein 122) Launder and Spalding

1231 , Bradshaw t24l l25 j and Spalding l,Z6j have

contrlbuted signiftcantly Ëo thls subject.

2"3"2 Classificatlon of Turbulence I'fodels

Depending upon the number of

used as Ehe dependent variables

transport equations, Reynolds t20]

models as f ollovrs:

turbulence parameters

in the differential

classlfled turbulence

(i) Zero-equation Models (or Mean Velocity Field

(MVF) Closure)

These models call for a parElal dffferential

equation (PDE) for only the mean velocity field"



The examples lnclude

t6

Prandtl nlxlng length

Karman nlxlng 1-engt hhypothesls (I925) and

model (I930).

(ii) 0ne-equation ¡nodels (or Mean Turbulent Energy

(MTE) Closure)

These models incorporate an additional PDE

relating ro the turbulent klnetic energy (k);

e.9", k*Î model where I is represented by an

algebraic expressl-on such as Buleev, s lZTl mode1..

Zeto-equatfon and one-equation models are

typically algebraic models

(iii) Two-equatÍon Models

These models incorporate an additional pDE

linked to a turbulence length scale (.t); e.g.¡ k-
t , k-e , k-bq. mode ls .

(1v) Stress-e cfuation Models (Five-equation model)

PDE I s âre employecl f or all terms of Èhe

turbulent stress tensor; i" e Reynolds sEress

models. These models provide a new approach to

the turbulenr flow modelltng t2B I t Zgl .

All these models have their o\¡rn useful'ess ancl

1im1Èations. zero-equatlon models can predíct inEegral

properties of the flow much better than the local detafls.

[Iowever, they are nor suitable for surfacea wíth strong

curvature and for free strean turbulent flows " one-

Von
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equatlon model avoids assumptions of zero-equatlon nodel

such as the qutck adJus tment of Èurbulence wi Eh the

changes in mean condition and the exfstence of unÍversal

relaÈionship between the turbulent stresses ancl the mean

strafn rates. 0ne-equatlon models have been employed by

several investigators in varLous applicatf.ons fncluding
equilateral triangular ducr [30], rod bundle t3rl t32l as

well as square duct (2). The turbulence length scale (.[ )

in one*equation model r¿hlch appears ln the respectlve

turbulence transport equation for the turbulent klnetic
energy 1n conjunctlon wiEh consÈitut.ive equations
relating the Reynolds sEresses to the Eurbulent kinetfc

energy, fs noE a particular weLl--conditioned variable to

employ. Rather variables of the form kxlY (where x and y

are mathematical constanÈs) h".ru been favoured by several

l-nvestigarorB, e.g. t , kl , k/12 and u''' /, which paved

the way f or many t\,ro-equatlon models, e.g. r k-l , k-kt, k-W

and k-e. Here k is the turbulent klnetlc energy,

k u ur (2"1)

e fs the turbulence energy dlsslpatlon rate,

ôu

I
T I

ôu
E=v ir

ox.'
J

(2.2)rí
\Òx.

J

o

The turbulence length scale can be defi.ned by k, E

and Cp as:

t"

co

C
D

wher e ls a constant"

k
3/2

/e o (2 "'r )



Sinilarly, !t fs a quantity having the dlnension of
-2(time) whích Bradstraw t24J figured as representfng the

mean square vorEtcity or frequency of Ehà energy

containlng eddies. I{ can be expressed as:

!r = e2/(c^k)2. (2.4)
D

Tennankore and Steward [33] presented a comparl-son

between three models (vlz " mlx f ng length nodel, k-,q.

turbulence model and k-e turbulence modeL) for predictlng

flor¿ characteristícs withln confined jets. They conclud-

ed that the mixing Iength rnodel provided the best results

for the isothermal case. Whereas, for non-isothermal

jets, the k-e model gave bett,er predlctions than an:

other two models. taunder and Spalding t34l noted the

lnterehangeablllty of k-kl, k-W and k-e models and tndf-

cated rhat they differ merely in mathematical forn and,

not fn cont,enü. They also advocated thaÈ the k-e nodeL

ls Ehe slnple st to use for the predtctf cjä of both near-

wa11 and free-shear flows wit,hout adjusting the constants

or functfons.

2.3"3 The k-e Turbulence Models (Two Equatfon ModeIs)

There are t.rdo types of k-e turbulence models , vIz "

the 1ow-Reynolds number and Ehe high Reynolds number: ¡node1.

Lorv-Revno 1 ds Number k-e Turbulence ModeI

This model type is partlcularly useful ln handling

regions near the wa11 where vlscoslty exerts an influenc.e

on the turbulence structure. This type riras developed

originally by Jones and Launder t35l t36l where k and e

were deEerrníned as followlng (fn cartesian coordlnates):

IO

(2"5)

ôu.
L ++p [(r,

u
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ôx.
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ôx
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klne t lc

(2.8)

(2"e>

ðx j

formulat,ed by

energy and 1Ès

The isotropic

Prandtl-Kolmogorov

dlsslpatlon rate,

*.2 /e ot*otI .
E

Both k and e were found from the

(2.7)

solution of the

appropriate conservation equations.

Cl , CZ, CI, , o, and o* are uodel constants to be

det,ermlned by reference to sone speclaL cases (e"g. the

constant-stress layer adjacent

turbul"ence behlnd a grld etc. )

to the wa11, decay of

and/or experinental data

wlth turbulence ReynoldsCZ and a* are deslgned to vary

number as folLows:

CZ = CZ_ [1 0.3 exp (-Re

and,
È

c C exp L'2.5/(I + Re./50)1,
lr

t

p'

v¡here Re p U2 /pe is the turbulence Reynolds number and

hfghC.-- a¡rd C are the values assuned by C and¿@ p- -r -p cz

Reyno lds numb er s ,

Hieh-Reynolds Number k-e Turbulence Model

Launder and Spalding t34 l

equat íons for

expressed the

at

approxfmate

coordfnates )

model lc and e (1n cartesian-

as follows:
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In equations (2"10) and (2.11), pr 1s glven by

equatlon (2"9) 
"

The present work ernploys the high Reynolris number

k-e turbulence model.

Review of Analvtical2.4 Work

closed form analytical sorutions of turbul_ent flow
ln circular and non-cfrcular' ducts ¿rre sti1l noË

posstbl-e. Horsever, varfous aÈtempts for approxfûaEe

solutions have been made by several investigators in
order to predl-ct the flow anlytically and achleve
reasonable agreement wlth the avalra6're experimental

daLa.

Theoretical treatments of Ehe fl-ow ln non-circular
ducts show considerable variation both in the style of

approach and l.n the predlcLions produced. Deissl-er and

Taylor (37 ) advocared the appl-icabiltry of rhe well-known

semi*logarithnic 1aw, whfch holds good in plpes or one-

dimens lonal plane channels, for the arbttrary duc t s along
t velocfÈy gradienL I lLnes (the set of lfnes or thogonal
with the axl-al isovels ). The f indings, however,

substanttally deviated from the experimental data of
Leutheusser []"01 and Gessner and'Jones [13] "
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Krajewskl t3Bl suggested thaL the non-
dfnrenslonarized effecttve viscosíÈy in a square duct

would be the same as in a pipe and Bureev t39l discussed

the application of mlxfng lengrh to the prediction of

flow 1n arbitrarily shaped conduits. Their assurìrptÍon of

lsotroplc effectfve diffuslon coefflclenË for nomentum

transport resulted in no display of secondary frow and

hence in a serious díscrepancy ín the predictfon of such

f1ows. rbraglrnov eË a1 t40lt41l nodifled rhts approach

by naki.ng the effectlve transport coefflcLents .direction
dependent. The predictlons showed correct quaritative
Èrends such as displacements of velocity and tenperaËure

conÈours towards the corners, hovever, the approach

welghed Èoo heavtly on direct experlmental input to be

ut i1 Tzed for gener aILzIng to arbitrary geonetr fe s.

!lilson et a1 ï,421 ernployed tr,ro models for
effecËíve vLscosíty. The one hras based on van Drlestrs
modiflcation* to the Prandtl rnlxlng length concept, ancl

the other \iras a modif icatlon to Reichardt I s model_ f or
fu1ly developed pipe flow. The solutlon method required
the lnput of two types of emplrical data the effectlve
viscoslty model and the experÍmenEal data for vortlcity
source. This, of course, liuitecl the versatillty of the

method"

Hornby et a1 146) also s rudied
of the wa11 on turbulent fluid

Èhe damplng lnfluenee
flow and extended Von

Drlestrs orlglnal hypothesls to ftnd a damping factor
fn conjunctlon wfth mixing length expressions to
obtain the veloclty field.

t(
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Launder and Yíng l,2l nored the lnadequacy" of Ehe

notlon of an Ísotroplc turbul-ent vfscosity and proposed

the dÍrect model-11n9 of turbulent Reynolds stress

lnducing the streamvrl-se vorticity" In their earlier

work, Ying t43l and Launder and Singham t6l modelled the

vortíctty generating stress gradÍenÈs in a rectangular

duct by ref erence t-o experluenÈal data ln a one-

dinensional channel lnvolving a slmple hypothesls whlch

was too partfcularLzed to permit its appltcation to other

complex geometries. Hanjallc and Launder t2'81 proposed a

form whlch predicted accurately a wide range of boundary

layer f1ows. Ilowever tt was a major task Eo solve

simultaneousl-y the seven strongly coupled highl-y non-

linear differentlal equations for turbulence quantities

together wiËh others for the mean flow. "'
In L973, Launder and Ying 1,2) devf sed a much

sinpler derivative of Hanjallc and Launder I s t28] model

whlch, whtle retafnlng the essentlal vorticity-

generating feaEures o required the solutlon of only one

turbul-ence property to be found from a dlfferential

equation. Tatchell 1,441 adopred rhe model proposed by

Launder and Ying 12l to allo¡v the predictlon of the

turbulence índuced lateEal motlons for boUh developing

and fully developect florrr in a square duct. He was

probably the flrst lnvestlgator to use the t!üo-equatíons

(k-e ) model for fu1.1y developed turbulent flow Ehrough a

non-cJ-rcular duct.
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WolfshEefn et a1 t45l presented a ftve-equations

ruodel involving the Reynolds stress equatlons arrd

proposed a special ltnearízed. implfcit representatlon of

the source terns to ensure numerical stability clf the

sol-utlon" He used a special procedure near the wall by

whfch the Reynolds stress equations rrere assumed to be 1n

loca1 equllibrluu.

Bas ed on the work of A1s hamanJ-

[ 5 J , 1,47 ) , Seale [3 ] rackled conplex geomerr ies and caue

up wlÈh an algebralc vortlclty source term in the

vortlcfty equation, which fs calculated direcÈly and

without lteratlon" He tllustrated the model to reproduce

secondary velocftfes fn square and t.rlanguLar cross-

section ducts, and in a duct consistlng of t\ro inter-

connected subchannels.

Recentl_y, Nakayama et a1 t4B]

employed Launder and Ylngrs tzj basíc model to predlct

secondary fl0wo but, with a strong enphasfs on the 10ca1

structures of turbulence" rn thefr investigation, the

anfsoCropy of norual stresses and Ëhe secondary shear

stress acting in the cross-sectional plane (ttre gradienEs

of which are rnajor causes of the secôndary-frow motions )

!7ere reported to be under-estluat,ed to one order of

magnitude less than the exper lmental data"
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3 .0 GOVBRNING EQUATIONS : '

The following governlng equat lons are presenEed

for the square duct conftgur:ation where geometrical

synnetry permiËs on. ly one octant of the flow cross*

sectlon to be consldered (other oct,ants being the mlrror-

lnage of the adjacent ones ) . Subsequently, we get eight

prlmary flow cells whfch are ldentical when vl-ewed with

respect. to rotaËed and reversed coordinate system (except

for handedness of secondary flow clrculation) and no net

nass, momenlum or energy is transferred across any

boundary. The turbuLent flors predlctlons in one ce11 is

sufflcient to predict the entlre flow ffeld. Figures 1_

and 2 show the prLmary flor¿ cell-s together wlÈh the

octant and cartesian coordlnate system under
consideratLon 1n this r¡orko i'-"'

The fol-l-owlng sections

equat ions for contfnuity of the

The equations hold good for fully developed,

incompressibl-e turbulent f lor+ of a cons tant
fluid with negligible body forces.

3 " 1 Continulty and Reynolds Equatfons

The contfnulty equatl-on for Ehe mean flow for a

flow ce11 can be expressed as:

(3"1)ôV I^Iô

outllne the

flow, -U, {¡), Y

fluctuatlng flow 1t fs given as

ô**

governlng

k and E.

steady and

property

+ 0ôy

whereas for
ðu

òz

the
ôv
ôyôx

+ +
òz 0 (3"2-)
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The Reynolds Equatlons for a turbulent'flors are

expressed as:

For the axj-a1 directf on (x):

p v w ggì
Ôz' r-p( ô2Ú

òv2

ô2Ü.,

-)òz¿

ôU AP
ôx

ôP
òz

ôy
+

+ ôP + ô21
ôy òy2 ò22

lateral vertical- direction

'ôuv ôuw.P tõv *;)
For Lhe lateral horlzonÈa1 dfrection (y);

ò21ô î\
òz'I,\I

ôl

(3.3)

.(3.4)

(3"s)

des ignaEes

p (v +p(ôy

For Ëhe

o (ff+ ô vvr'
ðz )

ôI{
ôy

+ñg[)oz'
o_2fi

ôy2

(z) ¡

ô 2fi.,

-'
(p V *p( +

, òffi ôñzo (ff*ff)
In the above expresslons the over-bar

Èfme-averaged quantf ties.

The axía1 momentum equation (i.e" equatlon 3.3)

can be rearranged ín the following form:

I * = tg3. . p:il u ¡_o?u * Þrul + T oup 0x 'ôy òz' 'Ur, òr2' òy

* " # (3"6)

The term on the 1ef t hand slde of the equatfon

(t'e. source terrn) tndicates the.varlatfon in x-dlrectlon

uìomentum due to the pressure gradient in the same

direction. If equations (3 "3), (3 "4) and (3.5) are

dffferentiated r'¡ith respect to x, tt is easy to strow that
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ôx 1s constant over the cross-sectlon of

result of viscous effects and Reynolds

The remaíning two terms represent the

axial momentum of a sma11 fluld particle

ôPthe magnltude of

the flow.

momentum as a

0n the right hand side of equatlon (3.6) the firsr

two bracketed terros represent the varfation in axial

s hear

change

due to

are

stresses"

irr th e

Along the

convect ive

para1le1

Reyn o lds

condi t. ion

Along the

convectíon by secondary f lows " These two terr¡rs

absent 1n a flow through circular conduit.

The boundary conditions for the Reynolds eguatlons

as follows:are

i)

ír)

Èo the rsall (i.e. *r) vanlsh from the

equations as a result of the no-sltp

at the wall.

y-axfs (1.e. solÍd '*a11

terms and gradlent s Ln

boundary ) the

the dlrection

equation (3.4)

no net momentum

corner blsector r ûo net f1ow is crosslug

the boundary, therefore,

V cos 45o -f- W cos /+5o = 0

or, V = -I.I

fii) Along the mid-wa11 bisector,

vanJ'-shes slnce there can be

transfer across thls synmetry 11ne. Thus,

and

o2 v

therefore,V

À V
òz

0

0
ò22

and
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since Ï¡ has opposite signs. on each side oî z-axf s,

ther e for e,

ô2-v
0

òv2

SlnilarIy, due to symmetry

ôP
0

Òy

hence 1t carr be readfly shown that

vw = 0, along the mtd-wa11 bfsector.

IIor¡ever, ôuv.
ãl-(as well as g) may have ffnlre valuesôy'

ô7:-_" and0y

along the nid-wa11 btsector slnce

is antLsymmetrlcally distribuÈed

Sfnce ï¡ may have flnlte val-ues al-ong the z-axfs

duct centreline, it is

a simpl-e theoretlcal-

the mld-wa11 blsecEor from

ñ (as

abou t

weLl as îl

the z-axl s.

except at Ehe wa11 and

impos s ible to achLeve

distribution for ñ at

equation (3"3).

(1v) At Ëhe duct centrelLne, due to symmetry

ôU and

0

3,2, AxlaJ- Vortlcitv and Streau FuncÈion Equatlons

=Q= ôU
öî
It

ffi
Id"

The

(V ) and the

calculation

pv =

followlng definftion

axl-a1 vortfcity (t¡)

procedure:
ôY

ÒY

for the stream functl-on

forms the bas is for the

p I'I

ðz

ôy

(3"7)

(3.8)
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The

(3.5) nay be

subtraction.

2B

ôI^J ò Vrd=--=. (3.9)oy ôz
pressure gradíents ln equations (3.4) and

elirolnated by cross-dífferentiation and then

(3"1) as r¡e11

equaLion for the

following:

V
ôo
ôy

ò ôY

use of the conLlnulty

def tni t lon of t,.l, the

be wr i E t enaxLal vorticity may

By nak i ng

the

equaÈ ion

f ranspor: t

as

AS

+!ü (, 62

Y

ò2ñ ô2ñ
-Ò7 " ò7

Ò (7-;u)-( )òz ôyôz

+ " (*# " *-l (3.10). .ôyz òz¿)

This equatfon as well as the express ion for u)

include only veLocitles and gradients in the y and z

dÍrectfons and obviously exists only ff Lhe secondary

vel-ocities exlsË and vice versa. The terms on the left
i"'hand slde of equatlon (3.10) lndícate the convectl-on of

axial vorticlty due to secondary veloclties. This

process tends to make vorticity constant along the

secondary flow streaIûlines. The last term on the ríght

produces a sfmlrar effect and represents the dlffusion of

the axíal vortlclty by vfscous effects. It tends to

spread out vortícity uniformly over the flow cross-.

secEion by diffusing it from regions of high momentum to

regions of 1ow momentum. The other remainlng terms may

represenl- elther production or dlssipation of the axial

vorticity depending upon the local turburence fie1d"

SubstiÈution of equarl_ons (3,7) and (3.8) ínro

(3.9) results in the stream funcElon equation:

+
ð

( r)ô + 0ôy v òz ðz pû) (3.11)
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h7lìere

3.3

pû) represents the source term in this eqrratlon.

Turbulent Ki-netlc Enersv Equatlon

The approximate

the turbulent lcinet ic

1s expressed as;

11 9b + r^r 9l-l + 9- f u' oy ôz' oy

(sirnulated) transport equaElon for

energy for high Reynolds numbers,

ôk o ôkñ') + (v

I - ôuuv ôy
has

ôk
ðz

ôy

. -- ôU r+ I¡/u ï- | - E"oz

been derived in

òz òz ;k') l

(3.12)

in Appendix A.

equat lon can

Equation (3.12)

(b)

V

detail

the s ameFor the sake of dlscussfon,

be rewrítten as ¡

I+II+III +IV=Q

where,

ôk
l^l

ôk(a) Term I V +
ôy ðz or convectfon terno

of the mean turbuLent

secondary velocitfes"

vkr + ô

represents convection

kinetlc energy due Èo

rerm rr lllu +"0y' ôy

a diffuslon

ôy ðz

rate r:f

òz

termr rêpresents

and turbulence

, a production

production ofterm¡ rêpresents the

t ur bulence ener gy .

'k') ] ,

energy diffusion by vlscous

effects"

(3) Term III ÒU + ulruv ôU

The physfcal, rneanf-ng of

this terü is that the mean flor¿ performs work

on the turbulent eddies and thus the energy 1s
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transferred from the mean notfon to the fl-uctu-

atlng motlon; thls process cônstitutes the so-

called "ener gy-cascade" .

Term IV = E, a disslpatlon term represenEs the rate

of disslpatlon of klnetic energy by molecular

viscosity. In the energy cascade, energy fs

Eransferred from the trìean motlon to the large

eddtes and then to srualler eddies. At the end of

the cascade, vlscous resistance counteracts the

turbul-ent fl-uctuations and alI the turbulent energy

ls event,ually dfsstpated lnto Ehermal energy.

3"4. Turbulence Energy Díssípatfon Rat.e Equatfon

The approximate (sinulated) transport equatlon for

the turbulence energy dissfpation rate (e ), for high

Reynolds number, ls derived in Appändix B and is

expressed as:

rò r òelãT tu 6î "r 
î)

òz ôw
ô ;F) leò

I
eô

ô
+tdEÛ

V +l

crit""#.-"#f cz+, (3.r3)

where C, and CZ afe empirical constanEs" Previous

invesülgatlons t34l [49] t50l trave suggesred a val.ue of

Ct = L.44 based on computer optlmi-zatlon to yield the

best agreement wíÈh experlrnental data. Simtlarly a

ôy z

number of r¿orker s

va lue of CZ = I "92

decay of turbulence

ct cz

t34l t.44) t4el ts0l

wlth reference to

v

have determl-ned a

t.he 11mf t ed case of

behlnd a grld. The above values of

in the present work"and $rer e us ed
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ôY
òz

ô-
^- uvoy

Axial vortlciLy equatfon:

1* f ¡ XY-l - u tô2ü * Q'Ülôz ' oy 'ôu, òr2'

. ôuwr-t- :*- |Ôz
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in ' equation

Èhose terüs ln

(3.i4)

The effects of the various terms

(3.13) on dlssiparlon rate

equat fon (3 ,L2 ) on kiner ic

The convectlon terms

are patal1el to

ener gy.

1n equatÍons (3.6) (3.10)

be expressed Ín terms of streaü

fo llowlng forms :

(3"i2) and

functíons

p

ôk

(3.13)

(v) in

may

the

Axial mornentum (Reynolds equation):

ô
d; (

p+ t
ôP+ 0

0 ô

ôx

ô r ôV'
ðç lt òz)

62 (7

ôr; ðY (rrr)] ô ð
ôy òz òzt( t0 t (pr ) ]

'rl ô2ñ

ôy ôy

ð 2;;
*p(

òy2 ò22
0 (3.15)

(3.16)

pîlîl +

= 0,

(3.17)

)

SLream functíon equaË1on:

fô ôv * ô - Q{lLurur*l;t)-pû)=Q
Tubulent klnetlc energy equaÈfon:

òy òz

ôvó
t

Ò ôv )l

-ôuuv õî ] + pe

òz

o

(3.18)

equatfons

1n secLion

ô

Òy
ölc ô(t (t p(ôy òz òz ôy ôy

(r, ffi 'k')] * p ip *wu ÔU
TT

Turbulence energy dl-ssipatlon rate equaLion:

ÒY

#r i U---o' 0y
ôe

"r 'l +
ðz

ò ô ô
Ò" õzÒy

d

I

(

+

p p

^¿
" ')] + ct p

c

ôw

0

The boundary

to (3.r8)l

ôy
ô ü.,_-t
òzJ

(

î

E t(

t

ôy

ðU
UV + Ídu

condí t íons for the above

c

1.

cz p
k

t(3"14)
4 "2.

are dlscussed in detall
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4.0 THE ANALYTICAL MODELS '

In Èhe present work, fully-developed turbulent

flow of a constanË properries fluld with negl igible body

f orces r,¡as consídered. under the above assumptions, the

conElnulty and momentum equatlons (equatfons 3 "1 to 3.5)
in section 3.1 \¡rere reduced to a set of three transport

equations (equa1-ions 3 "I4 to 3.16) f or the axlal
momentum, axial vorticity and stream funct.ion

respectively. Predictions of the flow characteristics in
a square duct may nor^/ be possible provided closure ls

prescribed.

4.L CLosure of U . k and e Equatlons:

It 1s obvfous from the axlal vorttclty eguation
(3.15) ttraÈ its complete closure requires of gradíents

of the difference fn Reynolds normal stfässes (1.e. ;'
-¿rd ) as well as Reynolds shear stress (1. e. ñl in the

axial vortlclty source Eerm í.e. the last tv¡o terms of

equatfon (3.15). Also, other Reynolds shear streses

1"e.

the

terms of

and the

u v and r¡r u have appeared f n the dtf f usl,on term,of

axial momentum eqì.ration (3 .14 ) and

the turbulent kinetlc energy

turbulence energy diss ipatlon

1n the source

equatfon (3.17)

rate equation

(3 " 1B). These latEer shear stress components lie fn

planes parallel to Èhe dlrectíon of the pr fmary veloclty

and therefore, the conventional turbulent-viscoslty

concept serves well enough for thelr simulatlon" These
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shear sEress conponenEs are approximated AS:

uv=

T¡IU=

(4.1)

(4 .2)

I ôÛ
tu. ãî' and

r oü
p P. ò.

where u is isotropÍc turbulent (eddy) vlscosit,y and i.s't
glven by Prandtl-Kolmogorov formula Iequation (2.7) ] which

1s repeated here;

p. = C. p k2/e (2"7)'t 
L¡

where C 1s an emplrical constant and was asstgned a
u

value of 0.09 in all three nodels considered ín this

work. The value rvas <1 etermined rslth reference to the

properties of the t constant-stress t wa11 reglon. rn thfs

particular region, the convectfve transport fs negligible
and the dlssipation and productlon raËes of turbulenÈ

energy are equal. ,'i.

The complete closure of the EurbulenL klnetlc

energy eq'uatlon (3.17) and the turbulence energy

dissípatlon rate equation (3 " fB) requires the

speclf icaËion of the turbulent dlf fusion Lerms l"e" ffi',

t+k t., ve t and

dif fus lon of

as follows:

vkr

wÊt. Hinze t51] represented the turbulent

a scalar quantlty by fts fl_ux approximation

Pr ôk
wku

Pr ôkI
p ok " ôY

!
p

t t
e

I
p6

T
p

ok ðz

ìr

and (4,3)

u ôe ôevet ôy IrIE t
()z (4"4)
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In the above equations, ok and ou are ernpì.rlca1

consÈants. ok 1s a well-est.abllshed consLant and has

been glven a value of 1.0 by several workers e"g. Launder

and Spalding [34], Jones and Launder [36], Tatchell 1,44),

Gosman eE a1. [50] , Gosuan and Rapley [52] , Date t53l

etc. The other turbul-ence rnodel consEanl-, de ls

determined by reference to the propertles of the

"constant-stress" wa11 region as follows:

6, = (rr/"rL/z) / (cz c1), (4.5)

where rc

are the

s omewha t

1s the universal Von-Karman constant, ct and cz

other turbulence model const,ants and have

we 11,-es tabllshed values of L " 44 and L.92

Spaldlng [34], TatchellrespecEively due to Launder and

1,44) and Gosman er al_ t5Ol.
i |"r

The Reynolds shear stress couponents uv and rdu are

given by equaÈlons (4.1) and (4.2). The gradlents of U

appearing in equations (4.1) and (4 "2) r{ere calculated at

the solid boundaríes by differentfatfng the universal 1aw

of Ehe wa11 whereas central-dtfference trTas employed

elser+here. The central-dlfference technlque r¡ras also

used 1n determinirrg the first and second derivatives of

the Reynolds stresses appearlng ln the vorËicfty source

terms of Ehe a>ríal vortlclty equat,f on (3.15) .
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4 "2 " Boundar Conditions

(1) Stream FunctÍon (V)

Slnce no net mass is transferring across the three

boundaries ( l. e. solid wall, míd-wa11 bisecÈor and corner

bisect,or ) , the stream funcEion is constanE along Lhese

boundarles of the priraary flow ce11 (fig. 1). Thls

constant r^7as convenfently chosen to be zeto.

(ii) Axial Vorticity (o)

The vortlcity ls taken to be zero aE the two

symmet,ry llne boundaries (í.e. rnf d-wa11 bisecLor and

corner blsecLor). Near the wa1l, iÈ was assumed thaÈ the

vorËiclty varles lfnearly wlEh Ëhe normal dtstance from

the wal1.

(rir) u kande

Along the corner and nid-wa11 bidectors, the

s ymne f ry

and e to

gÍven as:

a)

demands the normal-to-boundary gradient.s of

lre sel- equal to zeto. Mathematf ca1ly, it is

At the mid-wa1l bisecLor

U

tn)'v l2'p'

k

ðy
Tayl-or t s

ôe:---.0y
\das used

ôU kAU

expanslon

(4.6 ) near these symmetry lines and

(4"6)

to satlsfy equation

1s expressed as:

o,,l/[(r,,

0
ôy

(t'
m

[( v'p0

(t'

öto)'

ve)21 (4.7 )
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the boundary, n is
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e whereas p fs the nbde on

next. to the boundary and m ts

the bounclarY 1n the Y-

U

the

k and

node

fr omthe node twlce removed

dir ec t ion "

ôk
ôn

b) At the corner blsector

ôU
0 0q

ônt (4"8)ôn
where n 1s

bisect"or.

c)

ôÛ

dfstance in the direction normal to the corner

At Ehe duct centreline (a symmetry pofnt)

òz t
Uô=Q=

ôk and (4.e)ôy òz

òe ôe
ôy
The

Ôz

finite-difference form via backward llnear

extrapolatlon along the nfd-wa11 bisectdf' ( f. e. symmetry

llne) was used to represent equatlons (4.9). Ttre

substitutfng equation üay be expressed as:

n L

ôy

ðk

Qclr = o

where 0, stands

the centr e line

the centrellne and

centreline in Lhe

d) lc and

0

0

1

4
( z ,c )

(+ (4 "10)n z
m

for õ, lc and e and the suff ix C/L, denores

node whereas n lndicates the node next to

m is the node twlce removed from the

negatlve z-dj-rection.

e near the solfd wa11:

z or)'ô'n
n

U ,



37

It is assumed thar rhe unÍversal- 1av¡ of the wall

holds good 1n secondary flow problems and can be used to

represent accurately the velociÈy profile 1n the region

close to the lva11. Thereforen a bounclary conditlon rras

inposed

taken in

on the nodes nexÈ to Ëhe wa11. However care [vas

clesigning the grid such that these first s tr ing

for theof nodes are located beyond the viscous subl ayer

Reynolds number involved. The boundary condicion

expressed as

is

pu*lz znp
p

(4.11)

r¡here u* represents the rocal friction velocity and A and

B are. const,ant,s. The suff ix p denotes the wa11 node

whereas n and m stands, as before, for the node next to

the wa11 and the

respectively, in

The local

) + Bl,

node twice removed from

Ehe dlrecEion norüa1 to

U= u* [a.nn (

the wal1

the wa11.

f rlction veloclty (u* ) ls gl-ven by:

u* = I " /p e

where the local shear stress

ttrrbulence fíeld data at. the

1n the flufd as follows:

L/4 L/2
r = p C k U llr tnpmm

+ Bl.

(4.12>

(r ) 1s calculated from the

second strlng of nodes (rn)

L/4 I/2
p k z

(
m m p

ltl

(4.13)
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Launder and Ying l,2l used a va lue of 2.44' and 5.0

for A arrd B respectively in their analysts for the

turbulent core regfon of a square duct havlng smooth

surface. SÍnce the present r^rork also deals wfth square

ducE r¿ith smooth surface hence Ëhe above values were

adopted for A and B.

By reference to the propertles of the "constant-

sEress" wa11 regl-on, the boundary condftions for the

turbulent kinetic energy (k) and Íts dis slpation rate (Ë )

lrere prescribed. They r^rere also lrnposed at the ffrst

sÈrlng of nodes (n), ad jacent Èo the r¿all and given by

the conventlonal forn:

L/2
k = u*2/cnp

and e = u*3/(r o
n

where r 1s universal

z),

Von-Karman constant and z

(4.r4)
(4.15)

fs the

disEance normal to the wall.

4.3 Vortlcity Source Term Modellins:
As fs obvi.ous from the axial vorticlty equation

(3.15), the vorticity source term consists of the

dffference ln the gradients of Reynolds normal stresses

and gradients of Reynolds shear stres s. In the present

work, three models have been prescrlbed to determr-ne the

vorticity productfon.
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A numbet of Ínvestigators have shor¿rr that" the

shear: stress terms 1n equation (3.15) are negllgibly

smal1 compared r.¡íth normal stress terusr e.8. the

measurements of Brundrett and Balnes Ii1] in a square

ducÈ, and those of Aly eE a1" t30] 1n a triangular duct.
Trupp and A1y [31] foun<1 that the normal stress vorticfty

productíon predominated everywhere fn the subchannels of

a rod bundle.

Vorticity production, therefore, ,.ras consídered to

be solely due to the inbalance in the normal stresses'
for model rr and model rrr. IIowever, to demonstraEe this

fact, both normal and shear Èerms were consldered for

vorticlty productl_on in nodel I.

4 .3 .1 Model- I: Launder and Ying I s Model

Laund er

determfnatlon
f o 11owí ng :

and Ying t2l proposed

of Reynolds turbulence

an'approxlmatlon f or

stresses as

¿ ôôUv
_2

c'& uvw
e ôy òz

U(

and

wu (4.16)

(4.17)

whích relaLes the vorticl.ty*generating Reynolds stresses

Eo axial gradÍents of mean veloclty. Thls formula qras

derived from simplifyfng a more elaborate, tensor-

Cr k r- ôU 
- 

ôU-,vvr =-- :lrdu;T+uv--l,¿ e " oy öz-



invarlant símulation of the Reynolds sEresses. Tfrey

claimed the model to give

ducts of rnore complícated

arise in nuclear fuel-rod
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reasonably good predictions in

cross-section such as commonly

bundles and certain other heat-

(4"20)

tuned to sulÈ the best

and exper lmental

produced compatible

exchanger Ëype s.

C' , 1n the equarions (4 " 16) an d (4 .17 ) , ís an

empirical consEant and denotes a group of constants i"e.

cr=2(6CZ-2)/Il(cl ZcZ), (4.18)

where Launder and Ying 12l suggested Ct and CZ havfng

values approxlmately 2 "5 and 0.40 respect Íve ly.

The approxfmatfon indicates thaÈ the stress fleld

in the Lateral plane of Ehe duct 1s a result of mean

rates of strain ln planes ort.hogonal to it. Their

approxLmatfon for turbulent flow through stratght ducts

rùas based on Ëhe fact thaË "the tmplred'öross-planar

lnfluence is solely responsible for causing the secondary

motlons" 
"

Substiruríng equarions (4.1) ancl (4 "Z) ínro

equatÍons (4.16) and (4 "L7 ) gives:

I t. Pg)2' ' ô z'

ôU

rQllzltôy' l '
(4 "1e)

cr ll 

-
pe *t ôy

¿

- ^r 1 k_\,
pewv(

and

k ôU
V I.I lòz

In the present rdork, Ct was

overall agreement between predicte<1

results. A val-ue of u"0035 for Cr

predfcÈion overal-1.
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Thus equatlons (4.Lg) and (4.20> "orpl'.te'the
closure of axial vorticíty equatfon (3,15) and equations

(4.1) and (4.2) compleLe the closure of the axlal

momentum equation (3.f4) straightforwardly.

4,3.2 Model II Turbulenr pro f) ertles Correlatfons Model

Alshamanl [5 ] examined carefully the axÍal, normal

(radial) and tangentlal turbulence inEensity neasur ements

carried out by several ínvestígators and observed a

slmflarfty in Ètre dlstribution of Ëhese turbulence
lntensit,les. He noted that "they are all mfnLmum at the

centrelf-ne, increasing steadily as the wa11 is
approachedr until they reach some maxlmum value close to

the wa11, then they start to decrease as the wa11 is
approached further". IIe also noted that the three

componenÈs of turbulence lntensity .rury'in a slmil-ar way

with the Reynolds number. BuË as per prandtl nixing
length theory, the turbulent fluctuatlons are

proporti-onal to the product of a local mfxfng length and

a veloelty gradfent which inplied thât tl-re turbulence
fluctuatlons are dlrectly proportlonal to each other.
Hls exarninatlon included turbulent flor¿ fn the irrlet and

ln the fully developed regions of smooth plpes and

channels and he concluded that "any t!¡o components of
turbulence íntensity are very nearly ltnearly related...

uHr

¡..':¡,;i.i:.;,1

,;:¡¡ l.¡¡ili.r

fl';
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ïIarsha and Lee I54l hTere probabl.y the f irèt to

study Ëhe relationship between Reynolds stresses and Ehe

tur bulenE lcinetic energy " They studied a relationshlp

bet.ween the turbulent shear sEress and the t.urbulent

kinetlc energy and suggested a linear relatlonship

between them as follor¡s:

r. = A Llz (;2 + ;' + î,'), or (4.2L)t

_+
uv = A (KE+),

where A 1s a consEant and 1s given a value af.0.3" It fs

obvious that the equation (4 "2L) does not hold good ar

the pipe centreline where the turbulent shear stress Ís

zelo but the turbulent kfneÈic energy ls not. Alshamanl

1,47 1 further checked rhe valfdiry of equatlon (4.2L) and

revealed thaË the linear relationship between turbulent

shear stress and turbulent kinetic energy is, in general,

not accurate when applfed to pipe and channel flows. Ite

aiso studied the relationshlp between the turbulent

kinetic energy (KE+) and the axial component of

turbulence Íntens ity (rr+) . Ile used the data of sandborn

[55], Laufer (56) (57) Lawn (58), (59), Ctark (60) (6f) anct

comte-Bellc¡t (62) to.carry out the i'vestigatfon and

founcl thaC for such flows, however, "the turbulent

kinetic energy varles linearly with the axial cornponent

of turbulence intensity. The llnearity holds for r:ough

and srnooth ducts, for the inner: and outer layers and over

a r ange of Reyno l ds number s " .
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Based upoir the correlations among tur buleht shear

stress, turburent lclnelic energy and axial turbulence

intensity as presented by AlshamanI (47), it \^ras possf ble

to develop an expressl-on for Reynolds normal stress rn

terms of Lurbulent klnetic energy as fo11or,¡s:

:TZ _+Z + -r2v - \¡¡ = (0"2708 0.1245 k - 0"0286 k ) (4"22)

The derivation of equaEÍon (4"22) is given in Appendix C"

However, finally, a constant .(Ctt) rdas introduced in

equatíon (4.22) to make Ehe predicEfons more agreeable

wlth the experimenEal data. I{ith the newly fntroduced

constant, the equatlon (4"22) ís rer¡¡ritten as:

-¡2 --1r2 + +2
v r¡r = c"(0.2708 - o,1,245 k 0.0286 k ) (4.23)

This equation provÍdes a closure to the axlal
vorticity equation (3.15). rt must be remembered thac

the Reynolds shear stress term tn the vortictty source

term f.e. the lasE terü of axial vortlcity equaÈion

(3.15) is considered ne-gligible as compared to the

Reynolds normal stresses and hence has been lgnored. The

gradient (i.e" second derivative) of the dffference in
coplanar Reynolds r¡ornal stresses have been derlved in
AppendÍx C and have been us ed direc t 1_y f or the

calculatíon of vortfcity source term ln the axial

vorticlty equatÍon (3.15)"



4.3.3 Model III Sealets l"1ode1

x2 62
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(4 "2s)

(4 .2 6)

technlque, in

kinetlc

earlier, the Reynolds shear stress
altogether for this rnodel.

Based upon Alsharnani's t5lt47 l investigatlons, he

developed an expression for the difference ín the uormal

sEresses in terüs of the turbulence kinetic energy

Seale [3 ] presenEed

source of axlal vorÈicity

precise calculaLion of the

a method for calculafing the

r^rithout the need for the

stresses. As slated

was neglected

) ( 4.24>

source of

norma 1

same exerclse which \¡ras followed for

a square duct, it can be glven as:

++2

(basical1y,

nodel II).

--¡2 -42v -\{

which

ax1a1

¿2

Ëhe

For

(0.2708 0.L245 k 0.0286 k

rdas subsÈltuted ln Ehe expression for
vorticlty l.e.

p -42v -12
VI So pu( )ôy òz

(0.2708 0 "L245

of ¡

So = 0"0286 p

by recognÍzj-ng that

coefflcients

x2 'ò2 42 +u i-:: (lç + 4.0 k ),oy öz
the numerical values of the

L*

ôy

0"0286

òz

k*t),

facE

t han

the

of

that

that

He went on to propose an alternaElve

distr ibution of tur bulent

are not preclse

coefficienE of

k*2 .

and taking advantage of Ehe

¡+ is abou t. 4.0 t imes larger

v¡hích a synthetic
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energy 1s speclfied and cornbined with equatlon (4.26) to

produce a simple algebralc terü for the source of

vortfcitY.

He carefully examl-ned the measurexûents of Laufer

t63l 1n a circular pipe and of Aly et a1 t30l along the

nid-r¿a11 plane of the triangular duct and found thac ¡*

varles parabolically r¿fth normaLí. zed distance from about

one 1n the core to arl extrapolated figure of about four

aE the wa11. His study for ducts of non-circular cross.-

secËion revealed a similar parabolic relationship

describíng the varÍation of ¡+ with y/i but the two-

dimensional effecÈs modify the value of ¡+ fn the tcoret

regfon. He presented an expression to describe the

disIribution of turbulent klneËic energy, normaLízed by

Èhe mean shear velocf-Èy, in ducts with a well defined

surface of no shear,

¡* = or,** (u*,o - k.,+)(1 y/9rr*)t (4"27)

The surface of no-shear is assumed to be

coincÍdent with the position of the maximum axlal

velocity on the normal from Ehe wall.

The subs titutLon of equation (4 "27 ) into equation

(4 "26) yíelds the following algebrafc equatlon for the

source of axÍal vorticlty:

B c"' p u*2 0", o/ (î,or*) Y
L

Qv
ðz

(4.28)Sul 'NtYP



qrhere Cttt

detailed

= Q.0286 [comes fron equation (4.26) ] "' A

derivatÍon of equarion (4.28) ís presented in

46

(4.2e)

Appendix D"

The constant m !/as deterruirred b)r matching lhe

computed and measured secondary velocftles and waa given

a value of. 2.4. Subsequently Crtt was turned to suit best

overall agreenent betI./een predicted and measurecl result s.

A value of 0"0110 for C?'t ylelded best results and hence

was adopted.

4.4 Summarv of Equations to be Solved:

4.4.L Trans por t Equations

a) Axial Momenfum EquaElons:

A
+U

òv Ò
) u 9Y-lÒy' ,'b (p

=S

ò?- vv¡-ã'yz*

ôU( ( Pr) ôy l+

ô

ôy

ô
ôy

ô

òz

p

pr)(p+
ðz òz

ôU. ôPÉt+:
òz' ðx

b) Axial Vorticiry Equation:

ô
û)

ôv.
--,)oz òz $ hih,pür)l -brLr) (rrr)]

òz

q?fv? * q? )ôy òz
¿2 ñ,-ffi-) 0. (4"30)+p (
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It should be recalled that Èhe last t-erm bf

equation (4"30) (1.e. gradients of Reynolds shear stress)

has been neglected in Model II as well as Mo<1el III and

axÍal vorticity takes the form as fol1or{rs:

fo t, #, - þ r, Sl h rb,p,)t # rþ( u,>1

^to" lz 'zp

(t

c)

ÒV

(t<

ôy òz
Stream

g* Qvôv ôy
, ô ôV,-f. _- 

-lòz òz) p(, - 0

(4.3r)

(4 "32)

Function Equation:

0

t

d) Turbulent kinetic energy equation:

t )lôtîô
ôy

Lt ,* * l,Hl
e) Tur bulence

ôv.
òz'

ôV
dî h t,*. *,#l

r,#,' +(
òz

2 ] + pe o. (4.33)

Energy Disslpatton Rate Equatlon:

ô

òü
t )p

2)l

2ô

ôy òz

[(r, +
pr

ðe
C' òz

òz (e 0V rl
òyt ) þ,

e

ôe
6t òz

ô

4"4

(e )
ôrtð

Icp + l

p
et ôUôU 2

)+
2

Equa t ions

a) Tur bulenr (Eddy ) Viscosiry

p. = Ç o k2/e'ü p'

b) Reynold Stresses:

b.I) Model I:

b" 1.1 ) Normal Stress:

+òz cza k 0.(4.34)

(4.3s)

T_ l( (I òyç

2 ALsebralc

(;2 -;2)

b"r.2)

*t

Shear Stress

ôU ôU

^r1
p òz

&.
r

u'tTts,
pe

U Ò
2)t. (4 "36)

U

Òy
u t( )

Òy òz
-c I (4 "37 )
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b.2)

b.2.1)

b.3)

b.3.r)

MY
P

c) Source Term for Axlal

ðP
ôx

d) Fr iction

f=8

e ) Average I{al1 Shear Stress:

dy

Model II:

Nor:ma1 Stress:

(r2 w2) = s*2.

C" (0.2708 - O.IZ45 ¡*

Model III:

Normal Stress:

(n2 - *2) = g Ctrr

Factor

0.0286 k+2)(4.38)

pu*2 k ,/(j )2' u 
't 

max
9¿ð2. (4"3e)

Momentum Equat'ion:

(4.40)

(4.41)

(4.42)

(4"43)

(4 .44)

(4.4s)

(4 .46)

Y
N"',

"r/Dh4

2r/
II

(pu¡).

1L
Lf

T¡T TJ J

o

4 "4.3 Boundary Conditions

a) Mid-wa11 bisecror:

v û)

ÔU Òlc Òe 0òv ôv
b) Corner

ôy
bisect.or:

V (n

0

=

k

0 t

o

ôn ôn
ôU ôe

ôn
0



c) DucE

V =u)

òy

centreline:
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(4 .47 )

(4.48)

(4 " 4e)

(4.s0)

(4.s1)

(4 "s2)

(4.s3)

fs the node at the

and m is the node

direction normal to

0

ôU

V = W = 0,

0

ôU
0

ôk

òz

ôk
òz

ôp
òz

Òy

ôe
ôy 0

d) t¿tra11 boundary condltions:

V=Q
( -z )

np
m

û)z
+0n

P
Y (tn )(z )n

p fs the node at

string adjacaent

removed from Èhe

the wa11, n

to the wa11

r+a11 in the

m

wher e

ffrst

Ewlce

the wa11 i
Fur ther ,

U n

r¿here

e. z-ð,ftection.

ouxlzrrm z
= u'rlA

= ux2/c

= ,t*3 /r

ln (

L/2
p

p Bl+ (4"s4)

(4.s5)

(4"s6)

p

k

E

n

n
G z,

I/)
r/4 I/2

k z
{ c¡ru* r/¿ p cp

ltr
ü /la rn (

L/2
+ Bl)

4 "5 VarÍous Constants of the Models

A summary of models constants has

I . The va lu es of the cons tant sirr Table

k
.l

Pmm
)p

(4 "57)

been presented

employed ín

present wor:k have beerr

other workers in Table

c ompar ed r,üi t h

,

those adopted by
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THE NUMERICAL PROCEDURE

5.1 Introduction

Equations 4.29 to 4.34 can be generalized by one

standard elliptic partial differential equation as

follows:

5.0

are

aÊ t (0
ây àz

(0 #,, (¡
ãy 0,Y ðz

equation

(4.34) in

â av
+

a

dz
à ô0r

dy
a

)

(bþ," #r, + s4 = o. (s.1)

The representative new symbols in t.his

ident.ified for each equarion from (4.29) to
Table 3. The finite-difference technique was employed in
solving these equations numerically. There are two

possible ways to approximate differential equations by

finite difference equations. 0ne is by Taylor-series
expansions whereas the other is by íntegrat.Íon over

finite areas in the pri-mary flow ce11 along with
appropriate assunptions about the dist.ri.butions of the

variables beLr{een the nodes of the grid. For all three
models, an upwind finite difference technique of Gosman

et a1 t 4 ] together with Gauss-seidel iteration was

employed with a Cartesian grid over the primary flow

ce11 " The grid is presenred in Fig. 2 "

5 "2 The Finite Difference Equations

A part of the finite difference gricl has been



displayed in Fig. 3, whích shows a typical node P

f our other surrounding norles viz. , E, \nJ, N and S.

The integration of Lhe differentj-a1 equations

performed over the hatched area (Fig. 3). The sides

this small squarefrectangular area (depending upon

squarefrectangular grid) 1ie midway between

neighbouring grid 1ines.

51

with

aa

of

the

the

The double i-ntegration over the domain shown in

Fig. 3 yields:

v'ó [ ,s t l'J ày
av(ó )l dy dz

Convection terms Is

dy dz

d

Tz
en

)
ã0

d (0 av
T; ) ðy

n
,s t Ir¡ ðy ôy

* * (bþ,, #, ,z
e

v
ò

I (bo,y

I ,s t 117

Sp dy dz. (s"2)

The fntegrals

evaluated

for each term

Díffusion terms I¿

Source term IS

appearing in equation

in the fol lowing

en

{

Equatj-on (5.2) can also be written in symbolic
form as:

I¿ + Is = 0. (5.3)rc

(5.2) are

subsections.
individually
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5.2.I Convection Terms

The followin g assumptions were made before

integrating the convect-ion terms:

a) The function 0 is uniform within each

squarefrectangle and has the value of node P.

b) The value of the stream function aL a

particular corner of the squarefrectangle is equal to the

average of the values on the four neighbouring nodes.

c) The avet:age va.l.ue of the fr:ncti,on ô takes

the value possessed by the fluid upstream of the specific

face under consideration, i.e. the so-ca11ed ttupwind

techniquett.

The integration of the convection terms of

equation (5.2) yields:

rc = ao t [:. [ó" (#)" - olr ,#rr] dz

{ [ ô,, ,#, 
"

+s ,#,,I dv ) (s.4)e

t I^7

which can be further expressed AS:

rc r", + rcz + r", + rc,,, (5.5)

where,

rc: = "+ ,i" +e (#;). dz, (s.6)

and so on.

If 0 and Y are assumed to be wel 1-behaved



f unction,

which is +"
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then there exists an average value of 0e

such that:

n
o o <*n-l" dz e

dz TI ,s c1
0e

,s ðz e
aO (vr,"

(5.7),

variables at

donain shown

n v
I ( a dz Y"")

where the subscripts express

the corresponding corners of

the values of

the integration

be given as."C I Canin Fig. 3. Therefore, I

rcr = aó õ"

Applying upwind

be rewritten as:

I", = aó {ôp t

( Yr,. !,""). (5.9)

difference techinque [4], I", can

( Vne \tse) lurl 'ne vru I r +
2

ónt
(\v\ , ne vuu) - lvn" l] (s.e)\y'se

2

whereas assumption b ) can be mathemat.ically expressed as:

Yne = å [vNr + VN + Yp + Yn], (5.10)

and,

\y_t'se - 1,

The other

I"r, f 
", 

and I",,

for each of them.

terns produces the

lvsa + YE + vp + vsl. (s.1I)

Lerms of equation (5.5), i.e.

can be obtained by a simifar treatment

Assembl ing and rearrangment of various

fol1or+ing expression :
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rc A¡ (0p

where the coefficients A are:

a0

ó¡) * Aw (öp 0r.,) + A¡ (óp

+ As (op -ós), (5.r2)

ou)

A¡

Alrr

8
{ [Ysu

{ [YNw

+ VS vne

+ VN Y

lvsr + vs vNe

Ysw

YNI +

vs I I

A¡ aö
ö

{ lvnn + Y¡ v ¡rw Ywl +

Ysl + lv¡iw + V¡¡

I vlqp + vs vlqw

v¡rl)

vwli

a.!L

B SW

and,

Ag åE { lvsw + \tf
'I^J vss

however,

Yn I + lv,sw + Y¡¡ vsr

-Y¡l] (s.13)

It is obvious that coef f icients Ats

they may assume a

can never

become negative,

zero. This is one

value of

features which enables a stable

above equations (5.13) are not

the corner bisector and special

computer program to deal with

of the

solution procedure. The

suitable for nodes near

provision is made in the

them.

5 .2 .2 Di ffusion Terms

The integration of diffusion terms of equatj,on
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().rJ yr.e-Lds:

I¿ T
e

,s [(bo,y)" d

a
( 0 â0

v e (bo,y)ro (
ày )"1 dz

+
, I^/

whích can be symbolical 1y represented

I¿

(#r" (bp,z)s (
ðz
ð0e

v [(b4,2)r, )"1 dv, (5.i4)

dÞ.

Idr + Id, + Ids + Idu, (5.15)

where,

rdr n

,s
äö

z [ (bp,r)s ( ).1 dz, (5.16)
ðy

and so on.

If the quantities

following assumptions can

consideration;

bo,y and o

be made in

linearly then

domain under

vary

the

(bO,y)" = [ [(bO,y)¡ + (bq,r)pJ

,#, " = (or -óp) / (v¡ - Yp) ,

and ,

zn - zs = tr (r¡ - "s). (5.17)

l^/ith these assumptions, equation (5.16) can be

integrated to girre:

rdr = t [(bO,y)n + (bq,r)pJ #-yt (ön - 0p)

(zn - t"). (5.18)

The íntegration of other terms of equation (5.15)
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can be eval_uated

rearranging gives:

I¿ = BE (0n

* Bg (ôs

in a similar h/ay. Assembling and

where,

Bg

Bç

BN

and 
"

Bs

å t (bO,y)r (bq,v)pJ
Yg Yp

Yp

"N

0p)

(zn

(zn zs),

(ve Yp) ,

0p) * Bw (0w 0p) + B¡ (Q¡l

0p) , (5. i9)

I+ ,s),

I* t C¡ô,y)w (bo,y)pl
Yç

+

iå t(bô,2)l¡ + (b6,")rl zp

i+

It is noticeable that like A t s, Bls

negative, thus endowing a stable solution
qte Source Term

integrated to give:

¿ t(bO,r)s (bp,")pJ tP zs (ve Yw).

(s.20)
will never be

procedure 
"

The source term of equation (5.2) can be

rs -rn
ZcS

e

,wv
54 dy dz, . (5.2i)

To evaluate source terms for the different

transport equations, sO is considered to be constant
wíLhin the domaín of Íntegration and assumed to have the

value at the particular node under consideration i " e. p 
"

The validity of this assumption depends mainly on grid
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size, the finer the

Theref ore,

fÍna11y yields:

rs = s0rp

fn

the

where,

Yr) (zn "") (s.22)

Since y and z are the space-average

assumption Iequation (5.17)], equation

f orm:

better.

the integration of equation (5.2I)

(Y.

value as glven

takes

rs s+,t " vP, (5.23)

(5 .22)

Vp I (yr Yït) (zn zs) . (5.24)

The values of the functions bg ry, bþ rz, and SOp

are presented in Table 3.

5.2.4 The Complete Fini te-Difference Equation

Assembling and rearranging convection, diffusion

and source terms gives:

AE (óp - 0n) + aw (óp - Qç) + A¡¡ (0p - ö¡) + es

(óp - 0s) - [Bs (ô¡ - öp) + Br,J (ów - 0p) + BN

(0n - 0p) + Bs (es * 0p)l + só,p vp = 0, (5.25)

which ultimately yields successive-substitution formula

which may be wriLl-en in the f orm:

0p - CE 0u * Cw 0w + C¡ ön + Cs 0s + Q, (5.26)
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(Aa BB) /xAn,

Bç) /ran,

r¡)/rAn,

and Brs are identified by equations (5.13)

2.5 Boundary Conditions

Solid I,Ja11

+

+

-t-

+(As B5) /rAB,

só,p vp/xAB,

A¡ + AW * AN + As + Bs * Bw + B¡ * Bs. (5.27)

The Ars

and (5.20).

5.

a)

The various conditÍons were presented in
section 4.2.(iii)(d)"

b) Midwall Bisecror

The conditions for this boundary are

given in section 4.2.(iij-)(a). For U-, k and e, gradients

along the normal-to-the midwall bisector v/ere set to

zero. This v/as achieved by expanding the parameters in

Taylor seri-es as illustrated in the above section. rf

the mesh is rreally finet this condition can be met by

simply assigning the values at nodes on the midwal,l

bisector to take the vafues of adjacent nodes on the
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nor:ma1-Lo-the boundar:y

c ) Corner

(r-1,J)

direction.

Bisector

The condj.tions for t-his boundary are

given in section 4.2.(iii)(b). Û, k and e gradienrs along

the nornal to the corner bisector were set to zero. The

following figure illustrates the procedure employed:

(r,J+1)

(I,J)
n

To have a zero gradient in the n-direction, the following

condition was applied:

Ui,j+t = Ui-t,j. (5.27)

The same treatment was applied for both k and

i-lowever, it should be noted that interpolation is

necessary in the case when the grid is not square (rather

rectangular ) which does not permi-t the existence of nodes

on the direction normal to the corner .bisector. A

procedure to handle such a situation has been described

in the work of A1y t 64 I .
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Successive

Substitution Formula

rn order to ensure the convergence of an iterat.ive

solution to equations of the form (5.26) , certain

stability conditions must be satisfied. These conditions
have been stipulated in Said's l49l work (Section 6 "3,
pp. 69-72) and is referred to Ínterested readers. For

the sake of completeness, however, the modified k and e

source term for stability is given respectively as

follows:

Cfkn + CWkW + CnkN + Cskg + Ur,? h_
TAB r<#r'

kP
I

XAB lxAB + cepvpl
kP¿

+ cffr'r (s.28)t

i_
IAB IxAB o ÞtPuL]

kp

and

I ItAB + C2 p(P) vplIAB

+
VP

'AB
I
XAB lxAB + czp (

ep
Ip ) vpl

Equation ( 5.28) was obtained

equation (5.26) , after rearrangement.

CEeE + CWcW + CNe¡l + CssS + C1 þÈ,p t,#l'
*p

it'kp'
ãU

Iàz )(
(5.2e)

using Table 3 wÍth

A similar approach



was used for equation (5.29) as wel1

5.4 Iterative Techn uef
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was

for

for

The t Gauss_Seidelr j-terative technique
employed in the solution procedure. A provision
under-relaxation \{as included in the computer progran
û), k and e, in the following form:

0.,T., = OT-1 + qR (¿ T ,T-1.1¡J r,r fil¡ - 0i,;)' (s'30)

where 0 stands for k), k ¿ Tlno e; 9i, j is the value at
iteration number T; 0,. T-1 is the value at the same- rrJ
node in the previous iteration (T-1) and oR is the
under-relaxation fact.or. Despite the provision, none of
the variables needed under-relaxation for a converged
solution in al1 three models

in this work, dictates that
of ó in the field from one

next must not exceed a

5.5 Conver ence Criterio n

The computation time i s proportional to the number
of iterati-ons rvhÍch must be executed before the change
effected by an iteration cycle is acceptably smarl. what
is acceptable is, of course, tied up with the question of
the accuracy desired. Ilowever r over stringent demands
may result i-n excessíve computing times, with litt1e gain
f n accuracy.

The criterion employed

the maximum fractional change

cycle of iteration to the
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prescribed va1ue, i. e

T T-1(oi 0 I )
sE, (5.31)

0
T

irj max

where E was taken as o. oo I for all the parameters

i. e. (¡, V, k, e and U. In general, the mean axial
velocity fierd undergoes most rapid convergence whereas

o controlled the complete convergence and hence the

actual exit criteria for Y, k, e and U were beyoncl the

specified value of 0.001 .

5.6 Initial Conditions

The o and y were initially assumed to be zero

everywhere. At t.he first string of nodes adjacent to the

wa11, the initial values for ü, k and Ê- were determined

by using wa11 funcrions Iequarions (4.54) to (4.56)] wirh
an init.ial arbitrary value given to ulÉ. For the rest of
the field, U was given the value Ub, k was given the
value at the boundary while e was given hal f of the

boundary val"ue. Even with these unrealÍstic initial
conditions, the fields converged well 

"

5.7 The Employed Grid Spacine

A grid consriruting of regular 2I x 2I mesh (Fig.
2), for a quadrant of the square duct, wâs used in the

analysis for all three models. This mesh was purposely

held fÍxed for all three models in order to facilirare
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the comparati-ve study or their respective performances.
Regarding mesh size, much coarser grids have been

satisfactorí1y employed by others; e.g., 11 x 11 by

Launder and Ying LZI and 15 x 15 by Gerard t651. Ar any

rate, for turbulent f1ows, any inadequacy in grid size
can, to some extent, be compensated for by adjusting
vorticity source model constants (rnostly
ct, ctt, and cttt). Furthermore, it is generatly considered
(see e.g., t66I) rhat even with a coarse grid (which is
all one can afford in most practical problems ) , the
upwind-difference scheme (as employed in this work)
usually gives reasonable resuIt.s.

In víew of these considerati_ons, the 2I x 2L grid
i-n the presenL work, for a quadrant of the square duct,
is considered adequate in regard to accu racy of the
numerical solution.
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6.0 NUMERTCAL RESULTS AND DISCUSS]ONS

6.I General

As mentioned earlier, three conputation schemes

pertaining to three different vorticity source term

models were used to obtain converged solutions. Model r
used both normal and shear stresses, whereas Model rr and

Model rrr used only normar stresses in the cafculations.
Since the conLribution to vorticíty source by shear

stress is considered negligible as compared to the normal

stresses, the predicted results of Model I can be

compared with those of Model rr and Model rrr without
significant bias. Fina1ly, the results of al1 three
models are compared to the available experimental data to
evaluate their performance. For th.i's purpose, the

experimental results of Hoagland [9], Leutheusser Ii0],
Brundrett and Baines [11], Gessner and Jones [13],
Launder and Ying t 14 ] and Kokorev et a1 [ 15 ] were used.

The Reynolds number range was confined to Lhe practical
range of 60,000 to 300, oo0 and converged solutions were

obtaíned for all three models without under-relaxing any

variable. A few results are also presented without
secondary flow and are compared with the results with
secondary flow in order to illustrate the effects of the

secondary f 1ow.

A flow-chart and a compfete listing of the



65

employed computcr program for numerical p.edictions, have

been presented i-n Appendix E. All calculations were
performed on the AMDAHL 470/v7 computer whereas plots
v/ere taken wiLh a Hewlett-packard computer-plotter (Hp

7220c ) which was connecred to the AMDAHL. Most of the
computer-p1ots have been presented as produced on the
plotter, however, in some cases, the curves were smoothed
in certain places to inprove continuity. The plots of
experimental results r,Jere overlaid on computer-p10ts
manually except for a few instances, where sufficient
experimental data were available to plot them using the
HP-plotrer.

The predicted results are presented and discussed
in the fo11owíng subsections.

6.2 Secondar Velocity Profilesv

Figures 4 and 5 compare the predicted contour
plots of normarízed secondary verocity components i.e" v

and I^l respectivery f or ar1 three models at Re = 75,000.
Models r, rr and rrr are very close to each other. This
sÍmilarity was also found at other ReynolcÌs numbers.
Accordingry, Model rr \,/as arbitrarily chosen to represent
the predicted resultant secondary velocity and these
results are compared to the avairable experimental data
in Figs. 6 to B inclusive.

Hoagland t 9 ] has reported resurtant secondary
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vel0cir-y contours at Re = 75,ooo, in the plane of Lhe

channel ' which can be compared in Fig. 6 to the
predictions of Model rr. The present resurts are in
reasonable agreement with the experimental data except
for the position close to Lhe wa11. rn addition, the
v"u" predictions appear somewhat overestimated in the
core region and underestimated close to the wa11.
Hoagland t 9 ] admitted that the probe interference might
have impaired the accuracy of the experimental data near
the wa11. A1so, the continuity relation requires that
the flow rate towards the wa11 should equal that ar{ay

from it. The predicted profiles do, of course, obey this
continuity constraint and hence are supposed to be more

correct.

Figure 7 il lustrates the secondary vel0city
profiles at Re = 215,000 for Model rr, at different
lateral cross-sectional planes. The predicted resurts
agree reasonably with the measurements of Launder and

Ying [ 14 ] considering the difficulties of secondary flow
measurements. It is noted, for example, thaL whereas the
predicted results for y/r = 0.5 are symmetrical about z/L
= 0.5 (as should be rhe case), the dara of t14] exhibits
considerable asymmetry.

In Fig. B, the secondary velocity profile of
Kokorev et a1 [ 15 -] , rvho measured secondary velociEv at Re
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= 100,000 by using i'clined taps, has been compared with
the predictions of Model II at a section y/f = 0.4. As

can be seen, the predictions agree fairly we11.

For all three models, secondary velocities
normarízed with either the average bulk velocities or

duct centre 11ne velociLies, were found to decrease with
increase in Reynolds number in the range considered (over

60 
' 
000) . Launder and Yíng t 1 4 ] found thar the secondary

velocity Ín a fu11y developed flow through a

square-sectioned duct is sensibly independent of Reynolds

number whether the duct. is rough or smooth, provided that
the velocity is normarized wíth the average friction
velocity. In Figs . g to 12, the secondary velocÍty
profiles for Reynolds number 215,000 an'd'B3,0oo have been

presenLed for Model r and rrr respectively. The main

purpose behind the presenLations of secondary velocity
profiles for Re = 83,000 (ref. Figs. lO and I2) was ro
compare the profiles with the ones predicted at Re =

215,000. They are armost identicar as expected since the
secondary velocity tVl has been normari'zed with average

friction velocity (u") and thus is independent of
Reynolds number. This observation is in accordance,
there'fore, with Launder and ying t14].

Fina1ly, in Fig. 13, the predictions of Models I,
II and IT at y /L = 0.5 and O. B, have been combined to
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illustrate that the three models give very close
predictions. rt can also be observed that the
predictions of Model rr are generally closest to the

experimental measurements.

0n the basis of Figs. 6_13, it is concluded that
the predicted secondary velocities are in reasonable
agreement with the available experimental data.

6 .3 Mean Axial Velocity Distributions

contour plots of mean axial velocity are presented

in Fig. 14 for all three models ar Re = 83,000. The

predicted results are very similar and can be compared

wiLh Leutheusser 's [ 10 ] experimental data which is
included in Fig. 14. As can be seen, the predictions are
in fair agreement with the measuremen,ts near the wa11,

displaying faithfully the distortíon of the contours
towards the corner as a result of movement of high
moment.um fluid from near the center outwards along the
corner bisector. Near the corner, distortions in the
predicted contours are somewhat over-estimated, hence

velocities are under-estimated. on the other hand,

velocities are over-estimated near the center of the
duct. These discrepancies indicate the under-estimation
of the secondary flow magnitude along the diagonal of the
square ( directed toward the corner ) and also its
over-estimation along the wafl bisector (dÍrected toward
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the core).

In Fígs. 15 to 17, the variations of axj,al

velocity along several f ixed vertical sections in the

flow have been presented and are seen to be in reasonable

agreement wlth the measurements of Launder and, Ying [14].

These figures illustrat e the accustorned bulges Ín axial

velocity caused by the secondary motions. Due to these

bulges, in Figs. 15 to I7 , the magnitude of axial

velocity is lower for Lhe y/L = O"O section than for the

y /L = 0.4 section for distances for z/L approximately

less than 0.5.

Figure 1B illustrates the effect of Reynolds

number on isovels. For the larger Reynolds number, the

axial velocity is at a lower levef near the core regíon

and at a higher level near the rva1l region ' It is

obvious that axial velocity scaled by bulk velocity (ot,

for that matter, centre line velocity ) is not completely

inclependent of Reynolds number. A large difference

between two employed Reynolds number is chosen to

demonstrate the effect prominently.

Isovels are shown also in Fig. 79 for computed

results without secondary f1ow, for Re 83, 000. For zero

secondary f1ow, Y and o weïe slmply set to zero and only

the equations for , axial velocity, türbulent kinetic

energy and its dissipatlon rate were solved ' For this

i.
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case ' as expected, the bulges in the contours are

absent. For the sake of comparison, the predicted
contour plots of Model rr and experimental measurements

(with secondary flor+) have been included in the sane

figure. Tt is noticeable that if secondary florv is
neglected, the predictions fa11 into serious discrepancy,

generally under-estímating the velocity along the corner

bisector (especially near the corner ) and significantly
over-estimating along the midwall bisector.

6.4 Vorticitv and Stream Function DistribuLíons

The stream function contours for Models f, II a'nd

rTr, for Re = 70,ooo, are shown in Fig. 20. The predicted

results are very cl-ose to each other and are compared

with Hoagland's t9] measurements. The contours of all
three models are qualitatively similar to those obtained

experimentally but they are high in levels near the

centre and less penetrat.ing near the corner. This is due

to the reasons already described in section 6.3 regarding

discrepancies in the isovels patterns. As far as the

stream function distribution is concerned, Model rr is
close to the experimental daLa t 9 ] than the other two

models whereas Model r and Model rrr are very close (see

Fig. 20) to each other.

One conflicting observation exists. Model I
Íncludes shear stress in its source term and, this
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( srpposedly ) has some direct effect on secondary flow

magnj-tudes in the corner region. In fact, of the tirree

models, Model r is supposed to be the most penetrating in

the corner region. However, this is not the case.

Brundrett and Baines' til] measurements strongly

suggested that 1n the case of square ducts, the normal

stress terrn preclominates over the shear stress term

throughout the cross-section. Not only for square, but

the validity of their suggestion was claimed for all

ducts having paral1e1 sides. Under this supportive
argument, the above discrepancy can be understood.

Fig. 2I illustrates the normal ized vorticity

distribution for Model rr at Re = 60,000. The predictions

for al1 three model s , in general , are qualitatively

similar to each other and also to those derived

experimentally by Brundretr and Baines [ 1 I ] with higher

magnitudes in the corner region and close to t.he solid

wa11. However, the predictions with Model III was

considerably lorv in 1eve1s.

6.5 Mean Turbulent Kinetic Ener Sy Distributions
contours of turbulent kinetic energy for all three

models, normal_ized by the square of the average fríction
velocity, are shown in Fig. 22 at Re = 83,000. The

predicted results are quite close to each other and can

be comparecl ivith the experimental data of Brundrett ancl
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Baines I t 1 ] . The predicted results confirm Brundrett and

Bainesr overall concrusion that the energy,-contours are

much nore distorted by the secondary flow than those of
axial velocity. The detailed agreement between

experiment and cafculation, however, is not particularly
good, the measured energy 1eve1s being appreciabl.y higher
than the predicted. The contrast between the prediction
and the experiment is especi.ally eviclent near the

corner. This is consi-stent with the under-prediction of
the secondary flow velocity near the corner ,"rron (as

discussed in secLion 6,2), since the dilution process
near the corner due to the secondary flow current whích

carries the fluid of 1ow kinetic energy at the core
toward the corner, becomes less ef f ici,ent f or a 1ou/er

secondary f low vel-ocity.

The turbulent kinetj-c energy profiles along the
mj d-wa11 bisector are presented in Fig. 23 for Models r
to rrr respectivery " As discussed earfier, they were

found at a lower leve1 than the experimental measurements

i111.

In a bid

contours, the

increased from

kinetic energy

expected, since

to improve the turbulent lcinetlc energy

model constant (C') of }jodel I was

0.0035 ro 0.006, rhus improving rhe

contours ( ref . Figs . 24 and 25) as

the magnitude of secondary velocities



\.,/ent up (f rom I.57" to 2.OZ) causing more bulges. the

isovels also Ímproved slightly (Fig . 26), i.e. closer to

the experimental data, but the wa11 shear stress

distribution (Fig. 27 ) rvas adversery affected and

obviously secondary velocities distribution were also

seriously disturbed. As can be seen f rom rig; 24-27, the

increased C' does not improve the secondary flow

absolutely and hence this attempt was abandoned and c t

was restored to the original value of 0.0035.

concerning scaling, the contours of 
' 
turbulent

kinetic energy (k ) , normalized with t.he square of Lhe

average friction velocity, are shown for Re = 75,000 and

215,000 in Fig. 28. It ís observed that kineLic energy

normarízed by i* is essent.ially indepe,ndent of Reynolds

number.

6.6 Local \{a11 Shear Stress DistrÍbution
The predicted shear stress distributions, for all

three models, have been normalízed by average and

center-point shear stress and have been presented ín

Figs . 29 and 30 respectively. The predictions are quite

similar and in fair agreement with experimentaf data.

The tendency of the secondary velocity to smooth

out variati-ons in rvall shear stress around the perimeter

of the cluct is well brought out in these f igures. The

predi cted results of Models I, II and ïII, display
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substantially the sane variati-on as Leuthuesser's t1o]
neasurements with the peal< shear stress actually
occurring about midway between the corner and the

mÍd-point of the sides. Thís behavior is in marked

contrast with the numerical solution obtained with
secondary velocities suppressed (Fig. 29).

In Fig " 30, the shear stress \{as normalized by

centre line shear stress in order to facilitate direct
comparison with Hoagland's t9] experimental points. As

can be seen, predictions of Model rr are .ro"". to
Hoaglandrs t9] data as compared ro Model r and Model rrr.

6.7 Effect of Re ynolds Numb er

The friction factor dependence on Reynolds number

was investigated by conducting a serieìs o f computations
( for variou s Reynol ds numbers ) with Moder rrr . The

predicted results are compared to the experimental data
of Leutheusser [ 10 ] , for smooth square duct, j-n Fig. 31 .

0n the same figure, comparison witrr the prediction
obtaÍned by the Blasius correlation for friction factors
in smooth circular tubes is shown. The predicted
friction factors are in good agreement with the
experimental measurements .

The distributions of predicted locar wa11 shear

stress (for Model rr) for three different Reynolds number

is compared in Fig" 32. The effect of Reynords number on
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r / rw ís noL sigrrificanL and it can be concluded that
normarized walt shear stress scales fairly well with
Reynolds number and, therefore, can be compared with
experimental data of Leutheusser t 10] taken at a

dífferent Reynolds number. rt is, however, noticeable
that with increased Reynolds number a slightly smoother

( less bulged ) shear stress distribution is obtaì-ned ,

which is expected. Higher Reynolds number causes higher

secondary f1ow, which in turn, evens out the shear stress
along the wa11 more effectivery and hence a slightly
f latt.er curve results. This t.rend remains unaf f ected

whether the loca1 shear stress is normalized by

r" or rc/p.

6. B Compari-son of Three Models

The following criteria h¡ere chosen

the comparison of three models, viz., 1)

speed of convergence, 3) vortÍcity source

4) potential for multi-ce11 geometries.

as a basÍs

accuracy,

compari son

for

2)

and

I ) Accuracy:

All three models performed reasonably well in
predicting the ful1y developed turbulent flow in a square

duct. The predÍctions of a1l three models v/ere close

except fo.r vorticity source predictions (as discussed

later ). As compared to experimental data, Model rr was

slightly more accurate than Model r and Model rrr in
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predicting vorticity, sL.eam function, seconrlary

velocities fields and wa11 shear stress distribution.
The predictions of vorticity source by Model rr was also
more accurate than the other thro models. For Model rr,
the turbulent kÍneti-c energy predictions v\¡ere slightly
better near the corner region whereas they were slightly
poorer near the center region, as compared to other two

models. 0vera11, Model rr is slightly more accurate as

compared to Model I and Model III.

2) Speed of Convergence:

For each- mode1, a number of computer programs \{ere

run using different size of ducts and different Reynolds

number. However, iL was not possible . to pin_point a

single factor or constant affecting the speed of
convergence significantly and consistently. This is
expected due to the complex coupling of a number of
int.egro-differential equations involved in the solutions
procedure.

Typically, at a Reynolds number of 75, OOO, Mode1.

r, rr and rrr required approximatery 320, 360 and 240

iterations respectÍve1y, for the converged solutions.
Simirarry , at a Reynolds number of 107, ooo, about 340,

2Bo and 260 i terations were needed to obtain converged

solutions for Model r, rr and rrr respectively. 0v erz!t,
Model rrr converged faster than Model r ancr fr, under
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exactly simi-tar circumstances.

3) Vorticify Source Comparison:

Figure 33 to 35, show the preclictions of vorticíty
production for Model I, II and III respectively. The

predicted vorticity production contours, for all three
models, are qualitatively sÍmi1ar to those gj_ven by

Brundrett and Baines [11]. Quantitatively, Model r and

Model II generally have the same 1eve1s as [ 1 1 ] , whereas

Model rrr leve1s are comparatively 1ow. rn fact, the

predictions of Model III are one order of magnitude lower

than the experimental daLa t 1 1 ],. This discrepancy seems

to be due to an inherent characteristics of this
synthetic mode1.

4) Potential for Multi-cel1 Geomerr ].es:

In the past, Model I has been successfully
employed for various types of flow geometries. The

ínventors of this mode1, i. e. Launder and ying l2l,
claimed it to give reasonably good predictions in ducts

of more complicated cross-section, such as commonly arise
in nuclear fuel rod bundles and certain other
heat-exchanger types. A1y, Trupp and Gerrard [30], and

Gosman and Rapley L52) used this model for an equilateral
triangular duct and carajilescov and Todreas [-32) used it
for triangular rod bundles. It was also successfully
employed by Said l49l for internally finned tubes. In
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many \^/ays, this r¡lode1 has shown promise in tackling
complicated geometries involving multi-ce11s.

Less can be said about Model II. Not much

historical background is avairable except that seale [ 3 ]

can be given the credít of initiaLing the idea.
Alshamani rs 

t 5 ] 147 ) turbulent properties correlati-ons,
paved a way towards the development of this model.

However, this model seems very promi-sing and is shoi¿n here

to be very successful in predicting turbulent flow
cha::acteristics (being the best out of the three models

tested) in a square duct

The algebraic expression of Model ITI, which

a11ows the source of axial vortÍciLy to be calculated
directly and withouL iteration, succes,sfully reproduced

secondary velocities in square and triangular ducts and

in a duct consisting of two inter-connected subchannels

(simulated rod bundle, sRB) due ro seale [3] . Thus ir can

be stated that Model Trr is as promising as Model r and

may be exploited for use for complicated geometrics of
other types.
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7 "O CONCLIISTONS AND RECOMMENDAT I ON S FOR FUTURE I'ORK

The rwo equation (k- e ) turburence model developed

in the present work, perforrned quite well in conjunction
with three dÍfferent types of vorticity source term
models, in predicting the fully developed turbulent flow
characteristlcs for square ducts. The predicted results
appear 10gica1 qualitatively and quantitatively. The

overall leve1 0f agreement between predicted and

experimental data is considered satisfactory (except for
vorticity source predictions ) .

The following observations and conclusions are
drawn from the study of comparative performance of Models

r' rr and rrr wiLh respect to each other and (in turn)
tþ" published experi_mental data: ,

( i ) The most impressive finding is the
close similarity in the predictions of a1l three models,
despite the different models of vorticity source term.
0vera11, the predicted results of all the three models

are quÍte cfose to each other and no significant
differences were notÍced. The predictions of Model r and

Model rrr (except for vorticity source production
predictions ) u/ere extremely c1ose, despite the fact that
Model r takes into account both Reynolds normal and shear
stresses whereas Model rrr only includes normar
stresses. Tt truly supports the common belief that
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Reynolds shear stress contribution is neglÍgib1e as

compared to normal stress (rs discussed in section L.3)
and satisfactory predictions can be obtained without its
inclusion ( in order to save computer time ) in the
numerical analysis.

( if ) Even though the mean_velocity field is
predicted adequately by all three models, the models fail
to give satisfacLory agreement between prediction and

experimental daLa t 1 1 ] of vorticity source production.
The vorLicity producLion contours of Models r, ff and rI
are qualitatively simi.lar to those of Brundrett and

Baines [11]. Quantitatively, the predicted magnitudes of
Model r and Model rr are of the same order as that of
experiment [ 1 1 ] whereas the predictions of Model rrr are

one order 1ower in nagnitude than the experimental
results [11]. This phenomena appears to be inherent to in
Model IIl.

( iii ) The turbulent kinetÍc energy

relatively higher values near the wa11, whi-ch is
the usual high turbulence production zone very
wa11. It decreases leaving the wa11 to reach a

value at the duct centreline.

ASSUMES

due to

near the

min imum

influenced byThe turbulence fields are clearly
the presence of secondary f lol,¡s. The

confi-rms prevíous observations (eg. t11])

present

lhat the

study

effect
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on the turbulent kinetic energy field is more pronounced

than on the axial velocity f ie1cl .

(iv) Reportedly, the secondary velocities,

norma1-ízed with either the average mean velocity or

centre-1ine axial velocity, are found to decrease with
increasing Reynolds number. This confirms the findings

of Gessner and Jones [13].
(u) The mean axial velocity when normali_zed,

by bulk veloclty or centre-line axial velocity, does not

scale well with Reynolds number. However, the secondary

velocities and turbulent kinet.ic energy when normali_zed

by average friction velocityr ârìd the wa11 shear sLress

normali-zed by average waIl shear stress (or centre-point
stress ) , all scale well with Reynolds number .

(vi) Due to momentum transport by secondary

f1ows, the predicted wall shear stress of all three
models, over the central half of each wa11 is constant to
within a few percent. The effect of Reynolds number on

the normaI ízed wa11 shear stress distribution for Model

rr \'ìras studied and found not very significant in the

range 60,000 to 300,000 (Figs. 29 and 30) . However,

íncreasing Reynolds number slightly flattens the shear

stress distribution curve.

(vii) The friction factor dependence on

Reynolds irumber is investigated for Model rTr ancl found
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to agree with the measurements of Leutheusser [ 10 ] for
snootl-r square ducts.

As per previous discussions and observations, ít

is considered that Model II is s1Íght1y more accurate

overa11, as compared to the other two models. Hence, the

exploítation of Model rr for different geometries (borh

simple and complicated e. g. , isosc"tu"u, triangular duct,

trapezoldal duct, eccentric annuli, etc.) may be high.ly

rewarding. 0n the other hand, in the light of closeness

of predictions of Model II with Models I and III and

chiefly the speed of convergence of Model rrr, it appears

that Model rrr has several attractive features.
Furthermore, Ilode1 Trr has already been employed for a

complicated geometry (Simulared Rod Bund'1e ) by Seale [ 3 ] ,

and presumably has many promises ín reserve for a variety

of complicated geometries. rt is therefore recommended

that the use of both Models rr and rrr to comprícared

geometries be explored in future studies.
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APPENDIX A

DERIVATTON OF TURBULENT KINETIC ENERGY EQUATION

It is worth recalling that the turbulent flow, in
question, is assumed to be fu11y developed, steady,

incompressible with constant property fluid and

negligible body forces.

The turbulent kinetic energy is derived ( in
cartesian coordinate) from the Navier-stokes equati,on by

multiplying the momentum equation for t.he fluctuating

flow for each direcLion by the corresponding fructuatÍng
velocÍty componenE, averagÍng in tj-me and then adding the

three equations.

The continuity equation may be written as:

ây

and ¡

3u

ðz o, (A.I)

âx + +

âV wa+

ðv âw
ây ðz

instantaneous value of a

be composed of a mean

component, such that

V

turbulent quantity is

value alongwith a

0. (A"2)

The

supposed to

fl-uctuating

tu
U =t+ u, V + ',r,

ft = fr * w, and ï=Þ*p, (A.3)

where tilde (") indicates the instaneous va1ue.



1.

The

following

9T

Axial Direction (x-Direction)

axial momentum equation may be written in the

form:

ÐU âT aü APü +
AU

+ Tar âx ây

where,

à2

+ +

AP + v VzUâx

Equation (4"5)

equation which, when

gives the fo1 lowing

the axi-a1 direction:

âu

ar âx
âU
ãt +fr+!+9-;,dz dx

ã-*;-uv
dy + â

ðz uür

. (A.s)

is the axi-a1 meani'f 1ow or Reynold t s

subtracted from equation (4.4),

equation for the fluctuating fl_ow in

ðu âu ðü
dy

+ Ii _1.
p

+v vrü

d

ðz

ðx

âx

v2 + + (A.4)Dx2 ày' ð22

SubstitutÍon of equations (4.3) into equation
(4.4) and taking time average gives:

âÛ Uö
U v

1

ôu
U *uâx ãï *u

ðz
AUItr :-dz

V +vày
AU +v âu

ây
+ +

I
p

ar

I,l
âu *r¿ !¿

ãx
ôu+ + + v V2u (4.6)
ðz

Multiplying equarion (4.6) ¡y u and t.aking rÍme

average yields:

âu
U

âu âu
V

Ud ðu
ã"td v

u + u ãx +u2
âx

+ u2 + u +uv
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Uc âu+uv ú¡
ðu

ây +
ðz

âU
dz

. âu+ u\{ --dz
wu+uày

Pöt--up
+ v u V2u (4.7)ðx

2. Lateral Hori zontal Dírection (v-Direction

U
d +V av âl âÞ

)

The momentum equation in y-direction may be

similarly $/ritLen as:

al r
aË âx +ft+

AP + v v2V (A.9)
ây

ôv *u +âx ðx ðx

*w 3v

ây

V
âv *v +vav
ãy

+ v vrü (A.B)

flow (Reynolds)

subtracted from

equation for t.he

l
pôy ðz

Substitution,s

(4.8) and taking ríme

âüâ:---*u=I+v3IdE dx òy

of equations (4.3) into equation

average yíelds:

+ V
üt ðz

l
p

Equarion (4.9) is rhe mean

equation in y-direction which, when

equation (4. B), yields the following

fluctuating flow in the y-direction.

ðv
ãT +

11]

âv *wàz ðz

vdâV
U

l
p

V

âv*u +ây ây

â ¿P
âyðz + v V2v (A.10)

Multiplying equarion (A" 1O) by v and taking rime
average yields:
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âv
U

âv *uvv ar + v ðx 3x

âv
v2 + *vwây àz ðz

VÕ AV+"'"ff*Vv ãv * v2 +ðy äy

I
=--V

p
+av--Tî

vI^I
âv

Vl^7 :-dz
3i.
ðy +

v v V2v (A.11)

3. Lateral-Vertical Direction ( z-Dire ction)

The momentum equation in z-d,i-rection is given as:

+ U
Ðft aft ãft AP + v'v2l (A"12)ar

tu+V + frây ðz ðz
I
p

âfr

Applying equarion ( A.3)

averaging in t,ime yields:
ínto equation (4.12) and

âfr
ãî

ðz

U

AP

âx ày
+ + d0âû¡

V
aI.¡ â l^l

I^I+ ct

ãî+ðz 'r- hIu +dx Vf^r * frzðz

_1_

p
+ v V2t"I (4.13)

Equation (4.13) is rhe mean

equation ín z-direcLion whicl.r, when

equation (A.B), gives the fo11owÍng

fluctuating flow in the z-dírection:

ðw ðw âw
V

ðw+ +u +ar àx âx +u

flow ( Reynol ds )

subtract.ed from

equation for the

ðW

ãy
âw ôt¡+v +v +
ðy ðz

U

}Id

A I^l

ll¡ðx ðy

àr¡ -l- -A-p.p ðz
+h7 *r¡ + v Vzw (4.14)ðz èz

I'{ulriplying equarion ( A. 14) by Ì{ and raking ríme
average yields:



\,J
âw

+ !¡ar ãx

âw + I4I
âw

ây I{
ðz

v r{ V2w

Adding

use of

+'2#*
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-?Pàz

and (4.15) and

(4.1) and (A"2)

V+U
âw à I^l

UfrI 
- 

*iix
Atr ãl,Jï/ ;-- -l- vW :- *dy òy

âw
uv7 +âx

+t{vïr I/!r 2
ðw i= - _

pãz

(A. 1s )

equations (4.7), (4.11)

the continuity equationsmakÍng

gives:

âk
ar I^l

ak
I + + +V ao

U
k

àz ðx
dl+t ukt + d ;[i +

k
äy ðx ây

d

àz

where,

Sr

Sz

âp
ây Sr,

rdk'l = v [V2k] + Sr + Sz + Sg , (A.16)

(u 3r-
âx

I
p

+v +ü/

=-vrçl-' {.$' o {E'ox dx r*r'dy r*l'dy
-t-

c*sl'dz
.+

+

)Land

+ +

r:vl',dy <lrl'
dz,

+( ðw
ã"

2
+

S3 { [,rt

uv I + [w2
afi

ôy àz

In the above equationse

energy ( time-averaged ) i. e. k

ây + +

AU* i¿u
ðz *vw âv t't

àzJ t '

the mean turbulent kinetic

is defined as:

äU âV;-- -l- UV 
- 

*dx Ax üî#,+rt, âV aI.l
ãtVl¡7

Ud
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ù (u2 *v2 + \t' ) t

whereas the fluctuating component of k is given by:

kt = L (u2 * vz * r+2).

Equation (4.16) ls the exact transport equatíon

for k. The following assumptions were made to obtain the

approximate transport equation:

a ) The Lerms Sr in equarion ( A. 16 )

representing diffusion of k by fluctuating. pressure

effects is assumed to be negligible.

b) The terms Sz and S4 represent the rate of

dissipat.ion of k by molecular visiosity and their sum is
given as:

c) The term S3 represents the rate of ener gy

eddies.

k

52 + S,+ = - e

transferred from the main

This t.ransf er is, however,

the main velocity " If

secondary velocities, S,

53 = - [ü, #
Under the

turbulent flow conditions

flow to the turbulent

controlled by the

l{e neglect the

gradients

gradients

of

of

can be expressed as:

àÜ äÛ.+ uV :-- + uI^l' 
-- 

I

ây ð2"

above assumptions and fu11y developed
I 

- â ¡ tha(1.€. _-_= o .;_zr
a t ox

f or lc may be written as 3
approximate transport equation
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Applying equations
(4.3), ro equarion (A.17)

, âk(v # - ür.') . L (" ** _;il )l
(A. 17 )

(3.7), (3.8), (4.1), (4.2) and
yields:

ak

t \7 ak ôk
ð"I,J+ d

ây

r.T AU ¡lIuv ãn -l- uw fr

ôy

l c

d_l
pI

Y ak
ðz ây ây ðz t ðk(v -t-

I
p

d Y d U¡ ak
ôy ây

l
p

)z + I ur
p

)+
dk v

d
(v ðk +1

p * #,, + Ìt¡ ( âU
ãt3z ðz

which when rearranged, gives:

(t âv
ðz (t< av

ãt)l d t(u o þl IErok dy'

t lp r*l,loz E ,

d o

ã;I ây )
ây

d

3z

[ (u + )
!¡ ak
ok E ut t ( ðU

ãt)z + r$l'r + pe = 0,

which is same as equation (4.33) 
"
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APPENDIX B

DERIVATION OF TURBULBNCE ENERGY DISSTPATTON

RATE EQUATION

The equations of motion for the fluctuating flow
i.e. equations (4.6), (4.10) and (4.i4) may be expressed

in Cartesian tensor form as:

âve V¡ àV.'l- vf *tf âve

â*f

âVt Ave
î-F-dxg dxf

âtf âve

1 AP

l' + [vr

ôv
e â+ +

AE â*f ðxf

âv-(v ãË + v"v¡). (8.1)

Differentiating equation ( B. 1 ) wiÈh respect ro xg

p ðxu ð*f

yields:

ö

ðr
(
ât"

--
dX-

tt

ðv^tt**'lvr â, v")+ d

ã"f

aî-dxf

+

+ I
p

+

+

ð*f â*g

ôtf âVu âv-(^_:)
dXoò

l+lvr at P
âxo ðxç

tr!
ð"g â*f ðxe ð*g

throughout,

à2 âvo

ñ1fu tu a"; o vevrl' (B'2)

Mulriplying equarion (8.2)

taking time average and makíng use

by 2 v

of the

âv

â*g

definition of

the turbulent energy dissipation rate i. e. ,

gE v q|tre.¡'
dXo

(i'")'
dXo

b

and e! = ú

and continuity eguation, we get the following expression
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after rearrangement:

ot- d. e a (v t=')+
ç

fVâr ð*f' ðxf

ðVr âru ôt" ðt" âtu ârf
2vðx^ âx' âx-¡irF> ð"f ð*g âxf

OL

ãÇ =v 2v
dvf
ã""

b

âv" ât"
ðxç âxo

2v 2

d âv^ z
( ð)k) r

a
V

v
a

d âr" âp âvuv¡vtlv 2 )âxf ðx" ðxo âxo
öb

xo

the indices of fourth term on right
( B. 3 ) , it can be written as:

ð, v"
à*f 3*g

After

hand side of

(8.3)

changing

equation

âe dF,

ar +vf â*f =v d. e

axtz
â(vte')

dxf S5 S6 Sz,

(8.4)

where,

S5

and,

âv"
ã"fS5 2v t

ôtu ðvf âv- ðv-
6 ól

ðxe- ñ;r+ãx ðxoÞ oö

ðtu âr* ãrf
-_-:-l__dxf dxo dXo

oo

âvo 2(T;:) l
ô

d2 iv + [v â*f

s7 ,2 Z * , nr. 
_ 

to, ,. h_evf vf " v.i_ 
,

'p â*" t ,** ð*g' ' ô*g ð*f ðt,g' '



This is the exact transport equaLion for
turbulence energy dÍssipation r:ate. However,

following approxímation is enrployed in closing
equation:

99

the

the

the E

S5 C1
"" "f

(Generation term)
c

L
It

Ez
k

ôVe
ã"f

55 = Cz

where C r

diffusion

flor'¡ effects

Thu s

approximate

(Decay term)

and C2 are constants.

of e by fluctuating

and is assumed to

equation (8.4) is

equat ion :

The term

pressure and

be negligible

reduced to

S 7 represents

fluctuating

the following

ãe v d

k

ã2 e
l-;-dxf'

d

ã"r+ f ä*f (v¡ e') C1 vevf
c

;;ñar

ðVe 2

ð*f C2

Invol<ing fu11 y developed turbulent flow
.âãa'e' ,? = o = ,*' the transporl- equation

turbulence energy dissipation rate (e )

following form due to equation (8.5):

ô¿

(B.s)

råt

conditÍons

for the

take s the

V Eadâ

â

W+ â(v ve') + (v we') làz âw

(B .6 )

3y ðz

Cl Iuv *wuôy

ây

L
aÚ e2

k
U

C2òz

In reaching equation (8.6) , the secondary velocity



Bradients in the generation term f q 
å "."f

the

9].
â*f

100

were

f 1ow
neglected on the basis that gradients of
dominate on this term.

Applying equarions (3.7), (3.8),
(4.4) ro equarion (8.6) yietds;

(4.I), (4.2) and

âe r¡ âe(v + _L
p

AV âe
ðz ðy

d

maf n

oe ây

ðz

-L
p

äw

! aY
p ay

# #,,

OL

+ C1

t +àz ily ây

â (v OL

AY
Tz

,1'F*
p k

[(u + )ây oe

ut c*!r'dy

U¡ ðe
ðy

(#)' * CzP

I
p

t* o u'

cffr': e¿
C'z k

which when rearranged, gives:
â

ây
(e *r (e #,,I ) d

at

àz [(u +
l.r ¡ âe .,S rrsr'+) l 2e

EÕ-g 6;

whích is same as equation (4 "34) .



APPENDIX C

DERTVATION OF EQUATION FOR

FOR MODEL

The relatj_onships between
and Ï+ for futly developed flow
studied [47], for a wjde range of
published experimental data were
investigation. It !vas f ound that
|+ and ïn u." relared very nearly
form (for square duct):

V+ 0.213 + 0.767, (c.l)
and,

rd* = 0"487

Furthermore, the
energy ís given as:

ü+ + 0 .443 . (c .2)

no.n:dimensional turbulent kinetic

101

SOURCE OF VORTICITY

II

l+ and |+ as well as fi+

in square duct were

Reynolds number. The

used to carr]¡ out the
fu_L 4J .u' and yf as well as

by the following linear

[+

k+

k+

where,

+ +tr( -4- 2

u -+2\t
*+2
\,¡ ). (c.3)

Substituting equaLions (C.1) and
equation (C.3) fo. T* a.,¿ T+ respecrively, we

(C.2) into

obtai-n:

c ;*t + ürr+ v, (c.4)
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q,= ù {t +

0"213 x

(.2r:¡z + (.487)rt = 0.64I27,
0,767 + 0.487 x 0.443 = O.37gIL2,

and,

v = ä t(0.767)2 + (0"443)r]
Therefore,

k+ = 0.64127;*t + o.37grr2,

0.39227.

-+2u * 0.39227. (C.5)

The above equation was plotted for kf veisus ü*
(Fig. 36 ). Almost linear relationship berr¿een them (for
approximately ¡+ > O.B) rvas found to exist, as follows:

k+ = 2.5g ü" L.h7. (c.6)

Now, ç* and w* can be expressed , ,in terms of ü+

through equations (C.1) and (C.2), rherefore (ç+2 _ ff+t)
can also be represented in terms of ¡*. Furthermore, ¡+
can be represented in terms of ¡* via equatJ-on (c.6) and
, ,-")-2 -J-2 .hence (v' - ü--) can be expressed in terms of k+ as
well ' After substitutions and rearrangement, the
following expression for (î+'- ;+') was obtained in terms

^ .Joï k':

-+2(v _+2
v7 ) (0.2708 0 . L245 k+ 0.0286 k+2 ) ,

(c.7)
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of t

which is same as equarion (4.22) .

Differentiating equarion (c " B) with respect to z

yields :

d u*2 (-0.1245 ak+ 0.0572 k+ ak
ðz ðz

Again differentiating

to y yields:

(c.e)
equati-on (C.9) with respect

I/r7 u*2 I 0.0s72 âk+
ðyàz ðy

(0 . 1245 +

0 .057 2 k+) ðyðz

of,

-2 -'(v-- - r¿-) =

k+2 ), (c.B)

u*2 (0.2708 0.I245 k+ 0.0286

ak+ ðk+

v( !J ) )ðz

v( )

ä2k+

ð2
rlãã

(0.124s

which is the

equation (/+ 
"

the present

-2!ù pu*2 t* 0.0572t-2(V ) ôy ðz

+ 0.0572

sout:c.e term

31) and has

f orm "

k+) ffir sr,

for Model II for axial vorticity

been used in computer program in
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APPENDIX D

DERIVATION OF EQUAT]ON FOR SOURCE OF VORTICITY

FOR MODEL III

The equation (4.26) for t.he source of axial
vorticity can be rewritten in terms of the normaLízed,

variables defined in the nomenclature (and noting that yp

is a function of the coordinate z) as follows:

S trt C rlr

a2
â Y¡Yp

0 u*z-_TT_
Y max

(k+¿ + 4.0 k+)

g*ft (k+z + 4.0 k+). (D.r)

Now,

â

âYp [2 k+ ak+ + 4.0 ak+
ãT;ô Yr.

2

2l

âYp
ak+
à Yr,

ö [(r+ + 2)

ak+ âk+ + (k+ + 2) ù (ffi)r, (D.2)

ki,*) (i - 9,tyo,"*)r. (4.27)

definitions of nondimensional

equation (4.27) can be rewritten

ðYp âYl

and,

k+ ki, *

By making

distances Y

use

(kw, +

of the

and Yp,

+

Lt Yot

d->.

k+ {1 Yp') + {kïr,+ -1 + m Yþ }

y2

v2
L

L
YM + (kw,+ Yu) (D"3)
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theref ore,

ak+
ã";

AY P
r*11

d rL

2Yt

2Yt

2 Yt_ (kr, n Y¡l) (0.4 ),

d d

â Ytt
ãYP

o

âYp

âYp

(t m

m

{2 kr,o Y¡

vf

2 Yn YlÌ

k"ro

2 Yt k",* (-

4 ks,+ YL Yp

d=-ðYp

m.2 Yp)

(D.s)

"r2 \L'I,I

Yu) Y

A1so,

âk+

ak

âYp I Y¡r + (kw, +
2

L t

where is a function of z

Theref ore,

YP

a

àYP
-ãT; ¡kc,+ (1- m Yî, ) + +ckÌ,r, + Yl k

(1^m Y2
"¿lP

2 m kcr+ Yp + 2 m 1-

^c , *

Therefore,

2 k",+. r yp (t

Yp YL

(D.6)

(k* + 2) #F ,ffi,
= 4 k",*m YiYp {Z

(k+ + 2) 4 m k",+ Yl Y,p

+ Yu) Yi Ì" (D.7)Y¡1 + (kl^lr+
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Similarly,

ðk+ âk+
â Yr,

(t

ôYp

YL') ,

4k^+et

2 (kç,+ Yu) YL (- 2 k",t)

m YL YP (1 Yi ) (kç,+

m YP

Yu). (D.8)

into equation

(0.2 ) into

Now, substituting equations (D.7)
(D.2) and finally subsLiruring
equation (D.l) yields:

and (D.B)

equat i.on

St¡ I Crn Pu*2
y'

nax
k",* m Y¡ Yp {2 * y¡1 * (kw,+

{ (1 YM)]l âv
dz

Y¡l)

Y¿ ] Yi ) (k¡¿, + (D"e)

which is the source term for model IIï for axial
vorticity equation (4.31 ) and has béen used in computer
Program in the present form.
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APPENDIX E

IICOMPUTBR PROGRAMI'

A computer program was developed Lo facilitate

predicLions of flow characterisLics of fu11y developed

turbulent flow in a square duct. The main program has

been presented in Appendix E-1 with calculation procedure

for vorticity source term for Model I. However, the

calculation procedure for vorticity source, Lerm'for' Model

lI and Model III has been presented separately in

Appendices E-2 and E-3 respectively. The statemenLs from

number 259 Lo 429 of the main program must be replaced by

the statements gíven in Appendix E-2, before starting

computatÍon for ModeI II. Similarly, they should be

replaced by the procedure given j-n Appendix E-3 for Model

III. A flow-chart for the computer program has been

presented in figure (0. 1 ) " The following is a

representation of the input constant values:

Fortran
Symb o I RepresentaËion

M

RE

S IDE

R0l^l

Numerical grid parameter (M x M)

Size of the square duct, metêr

Reynolds number

Dens i ty of f luid , '*g/mt

cuCMU
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CE 1

CE2

SIGMK

CAPA

C PRIMB

CPRPR

CA

CM

CK

cûr

A

S IGMU

ALFAT,II

ALPAEP

ALFAK

ALFAE

ALFAU

I VORT

INORML

C1

Cz

ok

K

C'

crt

C llr

m

lccr+

k", +
Law of the wa11 constanËs

Under-relaxation

Under-relaxation

Under-relaxation

Under-relaxation

Under-relaxation

fac tor

factor

factor

factor

factor for U

for vorticity source

ou

for t¡

for V

for k

for E

ConËro1 numbers
term calculation

IVORT=1, secondary

IV0RT=1, secondary

suppressed

included

suppressed

flows

flov¡s

IN0RML=l ¡ normal stress
exclus ively

ISHEAR=1, shear stress suppressed
exclus ively

INote: IVORT=1 ignores INORML and./ or
ISHBAR]

I S HEAR



IMAX

IPRINT

I RPRNT

ALMD

ALMDI^I

AMU

109

Maximum number of iterations

Number of iterations beËv,7een print-
out of data

Number of iterations betv¡een prinË-
ouË of residuals.

Convergence criterion for ü, y, k and e

Convergence criterion for trt

Dynamic visiosiry of fluid, (kg/m. s)
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Fig" (D.1). Flow-chart of the CompuËer Program.

Fig. (D.1) contd. . .

START

INPUT
CONSTANT VALUES

GRID
SPECIFICATION

IN]TIALIZATION

INPUT ASSUMED

INITIAL VALUES

CALCULATE BIS

INITIALIZATION OF

RESIDUALS

CAICULATION OF Ars AND

Énov vrscosrrY

CALCULATE VORTICITY
SOURCE TERM

VORTICITY SUBCYCLE ONE CYCLE OF ITERATION,
MAX. RESIDUAL STORED

APPLY VORTÏCTTY
BOI]NDARY VA].UE

STRBAM FI]NCTION
SUBCYCLE

ONE CYCLE OF ITERATION,
},fAX. RESIDUAL STORED

TURBULENT KINETIC
ENERGY SUBCYCLE

ONB CYCLE OF ITERATION,
MAX. RESIDUAL STORED

ONE CYCLE OF ITERATION,
MAX. RESIDUAL STORED

TI]RBULENCE ENERGY

DISSIPATION RATE
SUBCYCLE
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ONE CYCLE OF ITERATIONAXIAL VELOCITY
SUBCYCLE

APPLY k,e ANIì U

BOI]NDARY VALUES

CALCULATE AVERAGE
BULK VELOCITY

CALCULATE I^IALL SHEAR
SÏRESS

CALCULATE R]]SIDUALS,
STORE MAX. RESIDUAI

CORRECT Û EVNNYWH¡RE
TO SATISFY CONT]NUITY

ION

PRINT SPECIFIED
VARIABLES

PRINT
OUT

OF RESI DUALS
},IAX

<g?

0F ITERATIONS = lfAX.
NO. OF ITERATIONS

NO

SCRIBED?

YES

NO

CALCULATE SECONDARY

VELOCITIES AND FRICTION
FACTOR

PRINT A\TD/OR STORE THE
VARIABLES IN DATASETS AS

SPBCIFIED

STOP

YES

co ro@

NO

Fig. (D.1). Flow-chart of the Computer Program.
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ÄnUT(f'.1! = Q

VP(IrJ) = 0.0
YORS0R (.I .J) =
aÐ(T,Jl = 0"0
ItW(I'J) = 0.0
ÀN(I'J) = 0"0
ÀS(I,J) = 0.0

4 CCNlTNU¡

"0
0
0
0

0

0 0

{!+sü Àssuü5D INjIIÀL VÀlU?s sa**

ItFÀVH = 0. 150
l0 HÀYU - AOH * trFAV ¡l * UFAV'rt
DPDX = ¡¡.0 * TOHÀV¡| / DLç
TKEI = UfÀvH * UFÀVs / SçRT(cü0)
lEDI = CFÀVH*â3,/ (CÀPÀ r zl2ll
ZPLUS = ROH + UFÀVB * Zl2l / Atlt
UIN = UFÀVIJ t (À r åtOG{Zpt0S) + E)
D0 902 I=1rHl
ttPld (I) = UFÀV¡l
UP (Il = UIN
TKEP(l) = lKEI
TÐDP (I) = T!Ðf

902 CONT:NUE

Do I J=zrR
K = If'. (J'. 1)
D0 B f=1rK
U (I'J) = UBÀV
IKE (:'J) æ }K¡I
TED(I,J,=0"54TED1

B CONÎTNUE

PR INl l¡ 8¡{
HIiIIE(6,*) ZPLUS
PRINT 418
HR:TE (6,s) {TED (Ir 2) 

"I=1.H2}PRIN: 4C7, UFÀVlt,lOHÀVHTDpDX TTI{IiriEDI
ss+4 COEFFICIENT CALC0IAIIO!¡S FOR V0Bî1CITy ÀNU SiBtÀ¿ FUNC:ruN
E8UÀTiO¡¡S *s*$

DO 5B J=2t82
K = l{-J
Do 58 I=ZtR
BEP (r,Jl = 0" 25 s fZ (J+1)-z (J-.1) )
BHP(I,J) B 0.25 s (Z(J+1)-z(J-1))
BNP(I,Jl = 0"25 {. (I(I+r)-I(l-1))
BsP (I,J) = O.25 s (Y (i+1)-Y (I-1) )vP(I,J) = 0.25 4 (T(I+1)-:rJ-1))

58 CONTTNUE

/t/(/t/(
4lz



II4

1 29"
1 30.
131"
132.
't 3r.
13 4.
1 35"
1 36.
1 37.
138"
1 39.
1 40.
14'1.

SUf{D¡. = 0.0
D0 96.J=2,81
K = ñ- (J:1)
DO 96 L=2rR
ll.llrrl = (Y(I)-IJr:lll * (z (J) -ztr-1,t1SU!|DÀ = SUüDÀ + DÀ(trJi96 coNTItiuE
DO 99 J=2r!l
K = H- (J-t)
I=K
llJ_(I,.ll = (r (I+ll_:_y(r) I * (z (.r) - z(r-1,),t

. SUdDÀ = SUI!DÀ + DÀT (I,J)
99 CONTTNUE

PEINi 425, sût{D.q,

RCltCt{t, = BOU s CHU4.*0¡ 25D0 13ó I=1rH
YSrR(I) = y(I) / CTHTpB
CONTTN O E

ss*4 ¡tÀIN LOOP oF IÎEBÀI:cNS +rss

1 u2.
I 43.
14 ¿¡.

145.
1 tt6.
1t¿7"
1 48.
14 9.
1 50.
151 .
152.
I 53.
1 54.
1 55.
1 56.
1 5?"
t 58.
I 59.
1 60.
161.
162.
16 3.
16rj.
165.
166.
1 67.
1 68.
169.
17 0.
17 1.
17 2.
17 3"
I 74.
1 75"
176.
177"
1 78.
179"
1 80.
1B 1"
182,
183"
1 84"
1Bs.
186"
187 ,
1 BB.
î89.
I 90"
1 91"

c

/ ¿"tJ

- ¡.PS (I,J+ 1)

- lPs (I,J 1)

- EPS (I-1,J)

* !PS (L+1,J)

136
L
L
c

c

r COUN
900 ic0uN +

T=0
T = ¡CCUNT 1

S**T INTlIÀLIZÀTION OF AESiDUÀLS +gSS

RSHll =
RSEPII
BSKH =
RSEU ã
8SUË =

0.0
= 0.0
0.0
0.0
0.0

I=1e
J=1r

=Q
=$
=0
=0

F1 (r
F2 (i
P3 (r
F4 (r
DUY ( )=

)=
I, J)
J' =
J)=
E

c
DO 1BO
D0 180

0.0
0
0

v.

H

.0

.0

.0
"00.0
000

0.
0.

c

c
c
c
c

,J)
,J)
rJ)
,J)
frJ

DUZ (r,J
S TS¡;¡{L (

DUZS (r,
cHCK (r,

1 8O CONTINU

Ir (MRT 
" EO" 1) co TO 70J

Êss* ANS CÀLCttLÀ,TIONS s4,**

Do 31 J=2.u2
K = E-J
D0 31 I=2rK
ÀEP = DPS (I+1,J-1)- _+ EpS (I,J-f ) - EpS (:+1,.J+1)
1E (r,J) = (AE8 + ÀBs (Arri¡ / e'"a
l.l{_=_EPs (r-1,J+1) 

_ 
+ EPs (r,J+t) - Eps (i-t,J- j )å,8 (I,J) = (AHp + ÀBs (AHr) ) / ¿;o

1]! _=_EP-c (Ì+1,J+t) _+ Eps (i+i,J) - Dps (J.- t,J+1)ÀN (f ,J) = (ÀÌtF + ÀBS (ÀNr) ) l'a"O
1:Ï_=_!Ps (I-1oJ-11-+ Eps 11-r,c¡ - Eps (r+t,r_t)ÀS(I,J) = (ÀSr+ÀBs(ÀSr)) /B:0
c0 Ì¡ lIt¡ u ¡192, c

31



115

193.
19q. c
195. c
196" c
't9't,
1 98.
19 9.
20 0.
201,
2A2"

703 CONlTNBT

E**8 ¡DDY VISCOST:rY ( HUT ) ss)È+

D0 42 J=2rtl
K = pt- (J- 1)
DO q2 I=.1 ,K
IP (TED (I,J) . Eg.
åuUT (f , J). = CttU
60 TO 42

43 ÀHUÎ (r,J) - 0" 0
42 CONTINU¡

K = l,l-J
Do 555 I=Z.K
TRÀT(I ,J) = (I(t)

555 CONlINUE

GC 10
* (ÎKE / îED lI cJl

Y(I-l)) / lyG+11 v(r))

z(.r-1)) / lz(J+1,t ztJ)l

0" 0)
8 BOB

.t3
(IoJ¡ **2¡

20 3.
20¿t"
2 05"
206,
207 

"
2 08"
209,
21 0"
211 ,
212"
213,
21 4"
215,
21 6.
211,
?'l 8.
219,
220"
221.
222.
223"
22tt.
225,
226.
227 "228,
229"
230"
231.
232.
233.
234"
2 35,
236.
237 

"
238"
239,
2t¿a,
241,
2t42 "
2U3.
2qrt.
2u5.
246"
247,
24 8"
249,
250.
251.
252"
2 53.
25¿1"
255.
256"

c
c
c

**+4 COETFICIENT FOR THE VORIICrlY SOUFC¡ 13II-,**+* DU! ÀND Dt Z ÀBI TB.ÀNSII NÎ LOCAIIOt!5 r+s8

DO 555 J=1,H2

$qBB

c

c
666

D0 666 J=2, F,z
K=ü-J
D0 666 f=l,K
Z RÀT (I,J) = (Z (J)
co!¡ TtN U!

DO 34 J=2eH2
K = ll-it
D0 34 I=1,K
DUZ(I,J) = ((U{Io.:+1¡

sJ-1)l ./ znÀ,r(IrJ)) /
CONTTH OE

ry zBÅ1 (I, J' +
z(J'r,)

(0(l'.ll - U(1r

c
3tr

D0 65 J=Z,nz
K = ll-J
D0 65 f=2rK
DUY(Ì,J) = ((U(I+1,J) - U(

_sJll / yBr,.J' (r,J)) / (rlr+11
65 C0NTIt¡ UE

s yRÀ'i (1,J) + (u (I,J)
r"'! ) )

irJ) I- ï( u(i-1f

(-

c
c
c
C

*SF*
+*s¡g

DV/Dy A.ND DV//DZ EOUNDASy VÀLUES 4+?õ
ÀT îHE EÀLl ( lloTE: DUI : 0 ) *sss

c

Do 14 I=1eH1
DUZ (i.a1l = U (Ìr2) /14 CONTTNOE
DUZ(1rH1) = (0{ln6I)
DO 111 J=2rEl
K = H- (J-1)
Í =K
DUz (l,J) = (t (I,J)

111 CONTINUE

D0 55q I=1,¡{
DUI (I' 1! = 0.0

55I¿ CONTINOE

DO 206 J=2r¡i1
K = ñ- (J-1)
f=K
DUÏ (I,J) = (tJ {f rJ)

{z l2l - z (1,t I

- u(1,c2)) / (z(á'tt z lì,¿1,)

u(r,J-1),1 / lz(,Jl z (J- 1) )

c

u(r*1,J)l / lY(f,t I(r-1))



257 "258.
259" C

260. c
261. c
262" C

263" C

264" C

265. c
266, C

267 "268.
269"
¿'t 0,
27 1"
27 2,
27 3,
27 4"
2't 5"
27 6"
277 

"
27 8.
27 9,
28C"
281,
282.
283.
28 4"
285. c
286.
287,
288. c
289, c
290" c
291.
292.
29 3.
294"
295.
296" c
297" C
298" c
299,
300"
301 .
302.
103"
304"
305. c
306" C
307" c
308.
309"
31 0.
31 1.
312"
31 3.
314.
31 5"
316. c
31 7"
31 8,
31 9"
320,

206 CONTINUE
DUZ(lt'1) = 0.0

173

a$** LÀttùDIn ÀND TING ÀppR3XIHAIJON fs¡çsr
â*$+ FOA VOBTICITY S0tt8cB TESr CÀLCûLÀII0ÀS 4qFv

t*** P1; TH! H0AHÀL STEESSES s+*¡ft
ü*s* F2: CoEFTICIENT FOF I E È SOURCE ÎERE s+84
*s¡s,* F¿t: l¡iE SHÌ,ÀB STRESSIS *s*s

rt6

f1

178
't19

D0 1?3 J=lrtl
K = H- (J-'lÌ
D0 173 I=1¡K
Dt YS0 = D0Y (I,J¡ +*2
DI,ZSQ æ DUZ (I,J¡ **2
P2(I,J) = (DûTSQ + DUZsQ) /
IF(IvonT.DQ. 1) Go 10 1?3
rr (1ED (I¿J¡ . E8. 0. 0) GO TO
FACTOR = CPBIMB * Àëtî(I,J)
GO TO 179
FÀCÎOR = 0.0
CONTINUE
IF(:NO8út .E0. 1) cO 10 ?'t6
F1 (IrJ) = FÀC108 * (DI¡ZSQ -
CONlTNT'E
IF(rSH¡åB .EQ. 1) cO 10 1?J
F4 (frJ) = FÀCTOR * DUf (frJ)
coIlINt E

SIGüU

1?8
* lKE (rrJ)

DUTSQ),,

r DUz (irJ)

/ TEDII.JI

716

IF (MBÎ 
" E(¿. 1) GO ÎC 70r¡

IF(IlroBüt .E0. 'l) Gc 10 717

'È*** cLEÀB LOC!,TI0NS DUI ¡ND f¡tz ç8s8

Do 126 I=1rH
D0 126 J=1rl{
DUY(IrJ) = 0.0
DUZ(IrJ) = 0.0

1 26 CONTlNUE

t*û* N01¡: r3 IS À 18À¡,tSIENT tOCÀîrON 88s1r

D0 tJ9 J=2cÊt2
K=H-J
D0 49 f=1 oK
P3(I,J) = ((F1(frJ+1) - r1(f,J))

s(I,J"1)) / ZRA.I(I,J)) / l7, lJ+11
49 CONTINUI

* zRÀ1 (i,J) + (F1 (1,J)
z (J-1) )

ss8+ BoUND!.RY VÀtUES sass

Do 6B J=2nn1
K = H" (J-1)
I =K
F3 (Ì,J) = (Fl

6B COIITTNUE
D0 903 I=1,H1
F3 (I,1) = (F1

903 coNlI¡¡UE

(IrJ) 11 (:, J- 1l l / (z (Jl z(J-1))

o2l 11(I,1)l / (z(21 z (1) )(r

DO 48 J=2t62
K = ñ-J
D0 t¡B I=2aK
DUY (ïcJ) È ( (F3 (I+1,J) F3 (I"J) ) YRÀT (IrJ) + (¡r (I,J) FJ



321.
322"
t23.
324.
325,
326"
127.
328,
329,
3 30.
3 31.
332.
3 33.
334"
335.
33 6"
337.
338"
33 9.
34 0.
341.
342"
34 3.
344"
345.
3¡¡ 6.
347"
34 8.
34 g"
350"
3 5'1.
352.
3 53.
354.
355.
356.
357,
358.
359.
360.
361.
362"
363.
36 4.
3 65.
366.
367 "368.
369"
37 0"
371"
t7 2,
373"
37 tt,
37 5"
37 5.
377 "
37 8.
37 9"
3 80.
3 81.
38 2"
383.
3 8l¡.

c

II7

ü (ï-,1 ,J) )
48 CONlTNUE

,/ YnÀÎ (r,J)' 1 (r(r+1) I(I-1))

Û$+* cL!ÀB LOCÀTÌoN F1 'st¡,ßs

37 I=1rË
37 J=1rB
,J) = 0"0

137 ONTINTE

**** voRi. sot¡8cE ttRt'f - NoB!tÀt sTndssES . sToRåD lt Fl LocN. ¡F$4¡n

0t
o1
1 (r

D

D

F
c

c
c

D0 40 J=2,Í12
K = ll-J
Do g0 I=2rK
F 1 (T,J) = DûY (f? J)
SÌ5NüL (frJ) = (F1 (IrJ)

40 c0NTIt'¡UE
c
c

?17 CONTINUE
c
c 4¡¡È*a c[EAn LocÀrlons DUI ss*q
e

DO 1?1 I=irt
D0 1?1 J=1rE

. DUI (IrJ¡ = 9.9
C DttZ (I¡J¡ = 9.9

IF(INOntL .E0" 1l F1(IrJ¡ = 0.0
171 c0NlINtE

I CLHTER * CL91P8) /IRCS Utb(1) + UF¡(l))s

c

c
c
c
(.

IF(ISHEÀE .E0. 1! Go T0 ,18

s*+* VOBTICIlY SCURCE lEF¡i - SHXÀR SIRESS CÅLCULÀ1ICNS sry+*

D0 51 J=2 tt72
K=ð-J
Do 51 I=1rK
DUZ (I,J) = ( (Fl¡ (IrJ+1¡

s (r,J-1) ) / zR¡t (roJ) )
51 CO¡TTTNUl

- f4 (I'J) ) s ZRÀ1(IrJ) + (rq (1,J)
/ (z (J+1) * z (J*r) I

c
c
c

c
c

s*s* BoUNDÀRï VÀtUES s+ss

Do 24 J=2¡H1

r4

Ftl

K = H- (J-1)
f=K
DItZ (I,J) = (F4 (IrJ)

2I+ CONTTNUE
P r¡ (I , J- 't,t | / 1z (J,l z ("1- 1) )

c
D0 'l 7 i=
Dgz (r, 1 )

17 CONTiNUE

1

Fq (r,2) / lztzl
1rP:

c
D0 15 J=2oyl2
K = t{-J
DO 15 Í=2oK
DûY (I?J) = ( (F{ (I+1

s(I-tr,J)) / YBÀÎ(I,J
15 CONTIIIUE

z (1) )

- ¡4 (1rJ) ) s YBÀ1(I,J) + (F¡.r (1,J)
/ uG+1) - r(r-1))

rJ)
))

s4(** BOUND¿RT VÀLUES ssss



1i8

38 5.
l8 6.
387.
388.
389.
390. c
391" c
392, c
393.
39 q,
395.
396.
3 97"
398. C
399"
40 0.
40 1"
402,
40 3"
404.
¡r05.
406.
40'l " c
4 09"
409. c
410. c
¿¡11. c
41 2.
41 3.
41 t¡.
r¿15.
q16. c
417. C

418. C
q19. c
420.
421 

"422,
423"
424. c
t425,
426.
427.
u28.
429.
l¡30. c
¡.l 31" c
tt32. c
.t 33.
434.
435"
436.
4 37.
438.
r{39,
tt40.
441.
4q2"
4rt 3"
444. c
445. c
446. c
447"
448,

Do 138 ,J=Z,H1
K = B-(J.1)
f=K
DUY (1,J) = (Fri (l,J)

,I 3B CONTiNUE
rq (r-1,J) ) / (Y (r,t Y(r-1))

*4** CLIAR L0CÀlIONS 13 AND F¿t s*ss

D0 172 I=i,H
Do 172 J= 1, ú
F3 (IrJ) = 0.0
F4(IrJ) = 0.0

172 CONTINUT

D0 175 f=lrH
D0 175 J=1,P|
DUZ (I'J) = 0.0

1 ?5 CONTINUE

D0 53 J=2t62
K = !l=J
D0 53 I=2tK
F¡¡ (I,J) = ( (DUZ (I,J+1) - Dt z (I,J) ) s ZF.ÀT (:,J)

*DUz (I,J-1) ) / 7,na1 (I,J) ) / (Z (J+1') - Z (J- 1) 

'F3(f,J) = ((DUY(I+1,J) - DUY(lrJ)) . YÂÀT(I,J)
*DUY (i= 1 ,J) ) ,/ lBAr (I,J) ) / (y l!+1) - y (I- 1) )53 CONTINI'E

718 ccNlltiut
**Í* cL!ÀR LOCÀÎION DÛDZ ¡ür**

+ (lrUZ (1,J)

+ (DUt (I,J)

f*** v0RIJCITY SOUBC
*$** voRTICITY SOITRC

DO 55 J=2cÅ2
K = H-J
D0 55 Í=2rK
IF(rsHr¡a.Eg. 1) Go

Ei
ET

EF¡l: NCR!'!ÀL + ShE¡.R STRESS!.S ¡rr+*
EAf¡ - S,¡lã,ÀR SîRESS - Sf OI(ED IÀ IOCti DUZ BÞ +

10 5rt

F4 (I,J)

,J) + DUZ (I,J) )

oJ) s CLHTPRScLü1Pk) / (Ro t¡+ Ur H (1) s UrÞ (i) )

DUZ(I,J) = F3(foJ)
DUZS(I'J) = DUZIIo

5¿¡ v0BsoF (I,J) = + (P
cHCK (I, J) = (VoFSO

55 CONTIIIUE

J;
l(r
R(I

$*** v08TlcrlY SUBcICLE 8**rs

D0 56 J=2"H2
K = H-J
DO 56 I=Z¡K

c
c
c

(

(

(

f ,J
fuJ
f 

"JirJ
CE

E=ÀE
ll = AB
N = À,N
S=ÀS

l+2ê0ûÂHUSBEF(l,Jl
'l + 2"0 6 ÀÊfu 4 BHF(I,J)
) + 2"0 * Altu s BNt(rrJ,
) + 2.0 s ÀHU * BS¡ (IrJl
+cH+cN+ç5
(I 

'J) 
* Ycas0[ (IrJ]

(cE s 0HEG (L+1,J) + CH s OllES (i-l rrJ) + cN $ Cð¡c (t ,J+t)CHEG(I,J-1) + SoURcEl / SGüÀ8

es4* cALCUI,Â1Ð EESTDUÀLS ssss

IF (OHËCtr 
" EQ" 0. 0) GC To 'r82

RSH = (CHilcA - OISEG (f ,Jl ) / CHEGÀ

SGSÀ8 =
S O URCE
0HEGÀ =a+cs4

VP



r19

449.
450.
451.
452.
453. c
t¡5¡{. c
455. c
456. c
457 "tt58.
lt59.
46 0.
461.
q62.
r¡63. cq64. Cq65. c
466"
46't.
468.
rt6 9.
.17 0"
471. c
tt72. c
473. c
47 q.
475.
tr16. c
tt77. c
47go c
t¿'l 9.
ttB 0.
|t81.
482,
48 3.
48f¡.
485. c
486.
487. c
It8B. c
t{89. c
49 0.
491.
q92,
493"
49 r¿.

r{95" c
496. c
49't " c
498.
It99"
50 0.
501.
502.
503..
504. C
505. c
506. c
507.
50 8.
50 g"
51C 

"911.
512,

182
56

FSHF (I,J) = BSH
IF (ÀBs (8SH) . cr. ÀBs (RSHfi) ) BsHn=BSH
JtlEG (I , J) = ÀLFÀH * OBEGÀ + (1.0 - ÀLf Àä)
CONlINI'E

* OIlUG (I,J)

Ê*** THE YoRTTCIlY BoUNDÀ8r VÀItD ( ÀT THL HÀLL ) s*fs
**S* O}!EGÀ IS ZERO ÃT CCINER 6ITIDHÀ;I EIST;CIORS FSS*

sLoPH = z.(21 / lzl3l - zt2l)
DO 26 I=2 t63
0HEG (I, 1) = oHEG (I ! ?) + StoPH

26 CONÎTNUE
CI1EG(ë2,1) = ol'1¡G(H3,1) s (Y (E
0t1¡G (l:1,1) = oE¡G (b2,1) s (Y (p.

* (oüE; (IrZ) oãLG (1., J) )

EPSI = (2.0 s (BEF (I,J) I EPS (I+1r.t) + BHF (IûBliF(IrJ) * EPS(irJ+1) + ESF(irJ) * ¡PS(i,.1-l
*r*¡ß cÀLc0LÀTE RESfDg¿Ls **+f

Y (n2))
Y (fi1) )

r)
H)

v
I

,Jl
)t

y (Er) )
I (I2) )

4*** sTE¡Àü FUNCTION SUBCICLE *s+*

DO 62 J=2t82
K = ü-J
Do 62 î=2 tK
SGI{B = 2,0 4 (BEF (IrJ) + BHF (IrJ) + BNi (i,J) + BSt (rrJ) )
SoUBCE = OUEG(IrJ) * VP(1,J) + HOH

**F* HERE CrS = Be S ÀS À.S ÀÂl ZEIìO *r++

s L!s(;"lrJl +

+ scohcË) ,/ SGEB

iF(EPS: .8Q" 0.0) GO 10 183
ESEP = (¡PSI - EPS (I,Jl ) ,/ EPSI
ASr'PF(IrJ) = nSEP
IF (¡-Bs (BsEP) . c1. ÀBS (RslPü) ) FS¡¡PH=Rsip

183 EPS(l,J) = ÀLfÀEP * IPSI + (1.0 - ÀLrÀtp)
62 CONT]NUE

* EPS (1,J)

704 coN lIl¡ ur

Û*+F ctIÀB LOCÀTICHS F3 ÀND rq ssrs

DO 69 I=1 oH
DO 69 J=1rH
F3(I'J) = 0.0
f4 (I rJ) = 0.0

69 c0NTIr¡t E

ú+ss coEFr]ciENr FOR K EQUÀÎÌCN 'esq+

DO 1l¿6 J=2sñ2
K = I{-J
D0 146 !=2rK
.IP(TKE(r,J) .Eg" 0"0) cc To lrt6
Fr¡ (I,J) = 8Oül s VP (I,J) s TBD li,Jl / TKE (:r.l)

146 CONTTNI]E

*¡8*s K suBcIcLE *e*+

DO 67 J=3 tAZ
K = H-J
DO 67 f=2"K
CE = AE (I çJ)s,/ sfcHKl
CF = ÀH (I¡J)

+ BEF (I,J) s

+ BgP (ITJ) S

(2.0 * Àriu +

(2. 0 ,ç. À!¡u +

(ÀEUÎ(I,J) + ¡EUT (l+l,J) )

(agul (I,J) + AEUl (I"'t,.r) ¡



51 3.
514.
51 5.
51 6.
51 7.
51 8.
51 9.
520"
521, c
522" c
523" c
524"
525,
526"
527.
52 8.
529, c
530. c
531. c
532"
53 3.
534.
53 5.
536.
537. c
538" c
539. c
54 0.
541.
542.
543.
5¡¿ 4"
54 5.
546.
54 ?"
54 B.
5¿r 9.
55 0.
551.
552.
55 3.
554. c
555.
55 6.
s57.
55 8.
559, c
560. c
561. c
56 2.
56 3.
56 4"
565.
566"
567. c
568" c
569. c
57 0.
571,
572.
573.
574"
57 5.
57 6,

8/ SlGr{x)
CN = ÀN (IpJ) + BNI (I,J)

*,/ sIG!:K)
CS = ÀS (I,J) + BSF (f e *l)Ê/ srcHK)
SGdÀBK = CE + CH + g¡ a
TKEY= (CESTKE(I+l.J)

s4TKE(I,J-11 + ÀHUT(IrJ)

È (2.0 + Àüu +

* (2"0 s Àüu +

cs
+ CH ç TKE(T.1,
* F2(1r.1) r VP(

t20

(ÀHUT(I,J) + ÀüUT(ì.J+1) )

(ÀflUT (I,J) + AfiUi (I,J* t) )

+ cli
)) /

s ÎKÌ. lt,J+1) +

(sGrÀ!K + I4 (I
cs
J) )

"l)IrJ
üslà* cÀlcuIÀ18 SESIDUÀLS rrr**

IF(TK¡Y "EQ" 0.0) G0 1o 184
8SK = (rKEy - TKI'(r,J)) / IRE.!
ïr (ÀBS (BsK) . GT. ÀBS (asKü) ) nsfiü=RsK

184 lKE(IrJ¡ = ÀLFÀK ü
67 CONlINUE

TfiIY+(1.0-ÀIFÀK' t lXE (i,J)

S*É* DTSSIPÀTTON SOURCE TT8I"Í S1ORED TN LOCÀÎION FJ FST*

D0 71 J=2 tH,Z
K = U-.1
DO 71 1=2 tK
F3 (I rJ¡ = CE1 ;

71 CONTTNUE
cEU * lKE (I,J) * FZ (Irar),s yp (I,J) s rici{

*ss* DISSTPAl:0N SUBCTCIE *s$s

D0 73 J=3rü2
K = ll-it
Do ?3 Í=2oK
CE = ÀE(frJ) + BEF(I,J) +

É,/ sfcttE)
Ctl = Àll (Ie J) + BïF (IrJ) I

T/ SIGüE)
CN = ÀN(I¿J) + BNF(I,J) +

8,/ siGHE)
cs = Às(IrJl + BsF(t,J) *

û/ sIGt{E)
SGüÀ85=CE+CH+6¡a65

12. tl v

suBcYCLE ss+s

* (2.0 a Àr.u +

+ {2.0 ¡Ê Àuu +

(2.0 ç À!{u +

(2"0 v ÀüU +

(2" tj * Àll t-l +

Àvu +

(À!.u! (I,.J)

(¡i11UT(IrJ)

(Àruî(IrJ)

(Àhuî(I,J)

+ Âduî (r+1,r) )

+ åfUT (1'.1,a,) )

+ ÀliU¿ (LrJ+l) )

+ AnuT (-,J" t) )

TEDN = (CE * TED(l+1,J) + CH ü TED(I-1,J)s'È TED (IdJ-1) + f 3 (I,J) ) ,/ (SGHÀBE + CEz s

IF (150N " Li"
Ir (TEDN . LT.
IF(T3DN "LÎ"IF (lEDN 

" tÎ"

0.0)
0.0)
0" 0)
0.0)

FEITE (ó rs) lCOûNlr r ,J,C.¡,, CH,cN.cs
cÀ1L pFNPgN (FJ,B, ?,2)
cÀIL PINPUN (t¡{, Ë, 1,2)
G0 To 101

+ CN ã TED (I,J+ 1) + CS
F4 (IrJ) )

ü TED (r,J)

(ÀBU1(1,J) + ÀuuT (1+1,J) )

(ÀÌ: ul. (1rJ) + Àf,ui (1. l,J) )

*E${r CÀlcuLÀTE ÊESTDUÀLS û¡Ë84

IF(TEDN "EQ" 0"0) GO To le5
BSE = (ITDN - TED (T,J) ) ,, TEDIi
1F (ABs (hsE) , GÎ" ÀBs (ESrB) ) B_cE!,=as¡

l ql TED (I, J¡ = ÀL¡'ÀE s ÏEDN + (1 . 0 - ÀLFÀt)
73 CONTINU!

*S8* AXÌÀL VETOCITT (U)

D0 ?4 J=3r¡Í2
K = ü-J
Do ?q I=2aK
CÐ = ÀE(I,J) + BEp(IrJ)

E,/ STG!TU}
cH = ÀN(l¡Jl + BIJF(I,J)

{.,/ SIGHU)



L2I

577.
57 8.
5'l 9.
580"
581 .
582,
58 3.
58 4.
585. c
586. c
58?. c
5BB. C
589, c
590. c
591.
59 2.
593.
59 s.
59 s.
596. C

597, c
598. c
599. c
600.
601 .
602,
60 3.
60 t¡.
60 5.
60 6.
607.
608.
50 9.
61 0.
611. c
512. c
613. c
614.
ó15.
61 6"
61'l 

"
61 8.
61 9.
620"
621,
622"
623.
62U, c
625" c
626, c
627 "628"
629,
630.
6 31.
632.
6 33.
63 ¿¡.

635"
636.
637.
638"
63 9.
6q 0"

YBÀ =
IRB =
IRC =
DO 77
lKE {1,
TED(1,
u (l,.Il
I F (1KE

TED (i, J
rP (1KE (
rF (1ED (

rr (u (r,
76 CONTTNU

T(1))r+2¡

CN = ÀN (f dJ) + Bt¡F (l,J) $Ê/ sIclru)
cs = À5 (l ,J) + BSF (Tr J) s

8/ STGI'U)
SG$ÀBU=CE+CH+CN+CS
u(lrJ) = (CEst(I+1"J) +

4U(IoJ-1) + DPDX s YF(1,J))
74 CONTIN I'I

Ctl s U(I'1"J) + CN 4 U(I,J+1) + CS +

,/ sGtf À BU

lZ.Q ç À5U +

{2" tl 'r Àdu +

(ÀHUr(1,J)

(ÀHU1 (r,J,

+ ÀðuÎ (I,J+'t) I

+ Àtluî (1,J-1,)

ûÉ¡r* IJ, K ÀND E BoUNDÀBT CONDIIiONS 4$s*

as*¡{. NSaIì lHB HALL +s*s

- DO 155 f=1rü1
tt(i,2) = tlP(I)
TKE (1,2) = TKEP (I)
TED (I' 2) = lEDP (I)

155 coÀ"TINUE

**** ÀT IBE HIDSÀLI B]SECTOR rsr+

((r(2) -
((v(2) -
((Y(3) -
J=2 tilZ

Y(1)l
Y (1t )
Y (1) )

**2 - (T (3)
ú*2),/ rBÀ**2) ,/ TtÀ

J)

'I
(1

= YRB * TKE (3,J) ." TRC T
- ïAB * TED (3r,ll - IBC *
IRB s ¡r(3rJ) - IFC s U(2

nJ) . LÎ. 0" 0) IK¿ (1 ,.r) =0.
,J) " LT. 0. 0) IED (1, J¡ =9"
) .lT. 0.0) U(1 ,J)=0.0

rKE (2,J)
TED (2rJ)

,J)
(,

oIF (TED ( 1

IF (U (1 fJ
77 COHTINUE

ü¡È** À1 COENES BISfCTCF ++**

'l 6 J=3 oH2
= Í- (J 1)
=K

IKE (r,J)

DO
K

I
u( i rJ) =

)
I,
r,
J)

u(I-1,J-1)
= lKE(r-1,J-1)
e IED (1.- 1 , J- 1)
J) " LI. 0" 0) lKI (I, J¡ =9" s
¡+1) . LÎ. 0, 0) lID (IrJ+1¡=9" 1.¡

"LÎ" 0"0) 0(IoJ)=!.9

(Ul1'H) + U{3,H2)}
* (ÎKE ( I ,fr) + I K¡ (3 ?y.21 |{, (ÎID (1øts) + lJD Q,nzl I

+**s NoDES NEÀR DUCT CENTIB s4s*

fBD = (0.25 E (z(H) * zlfi1'lll / (z(Hl - z(tt:ztl
lKE(1rH1) ã (TKE (1 cY)z) e V,(¡l 1) - Z(ll3)) " TK3(1eñ.J) 4 (z(r¡T)-

4z (ltzl L / (z (Hzl - 7, (É31 ')

lED(1,H1) = (TED (1,H2) 4 lz,(P,'l', - z (É3)) - TED (1,r{r) s (z (tl 1)4z(82))) / (z(E2l - Z(¡r3)l
lt(1,Hf ) = o(1,H3) + (U(1 ,t121 - u(1,t{J)) s (z(!t1) - zlfii)l /

4 lz ltzl - z (t't 3) )u(1rn) = 0('t,fi1, + IRD s (u(1r81) . 0(1rð2)l
TKE(1r5) = TKÞ(1rH1) + TED * 11¡(8(1,H1) - lKE(1rtázll
TED(1,H1 = lED(1,H1) + IED s (11¿D(1,s1) - TLD(1,H2))
U (2¿Hl) =
lKE (2,H1)
TED (2, g 1)
I=H

0" 5 *
= 0"5
= 0"5



r22

6¿t1.
6tt2.
6q3"
644"
6q 5.
6lr 6.
647.
648. c
649. C
650, c
651.
652,
65 3.
654.
65 5"
656.
657.
6 58.
659" c
660. c
66'l . c
662,
663"
66tt,
66 5"
666"
667.
668.
66 g.
670, c
67 1.
672, c
67 3"
67u.
675"
lr7 6,
671,
6? 8"
67 9,
68 0.
581.
682" c
683. c
684. C

68 5.
68 6"
6 87.
6 gg.
689.
690"
691.
692"
693. c
694.
695,
696"
697,
698.
69 9"
?00"
701"
702,
703"
1Qt4"

ROr{)
DTQ

545

D0 5r¡5 I=102
IF (I .88. 2l L=H1
Do 5q5 it=tf 'l rl
f.F (1KE (I,J) . IT" 0.0) TKE (I,J¡=s. g

IF (ÎED (I,J) olT" 0.0) TED (I,J¡=9. g

IF(0(I ,J) .LT. 0.0) U(I ,J)=0.0
CON TIN U ¡
a+s* ÀvERÀGE BULK VIIoCIlT CÀICULÀTION ra+¡F

SIJü = 0" 0
ÐO B3 J=2 ,I{ 1

K = 6- (J-1)
D0 B3 1=2rK
uÀv = {u(IfJ) + u(r-1oJ} + U(I-1,J-1) + U(I,J*1)) / 4.U
DV=UÂV*DÀ(I,J)
SUfl=SU$+DV

83 CONlINI'E

¡!*** lBIÀNcl,ES Àl0NG COTNIB BISECTCR s*++

D0 82 J=2rtf
K= ñ-(J-1)
I=K
g¿ = (ll(1 ,J) + lr(I,J-1ll I2.0
uÀv = (2.0 / 3,01 + uL + 11 ,9 ,/ 3.Ql $ t (I+IrJ-l)
DV=UAY*DåÎ(IrJ)
SUll=SU¡l+DV

82 CONTINI'E

UB = SUII ,/ CLÀRTÈ

Do 27 I=1 oü2
BsttUK = F0ÍtcHu 'r SQRT (f KI (:r3) I ",

ZDPLS=nH$UK*ZI3I /AEU
iF(ZÐPtS .EQ. 0.{,Ì) ZDPIS=ZPLUS
UPIS|¡ = À * Àroc(ZDttS) + ¡
lOsH (I) 3 Rt{¡luK * t (I ,31 / ttPlSt¡

27 ccNtfN0E
f OH¡i (fi) = 0o 0
loilB(!11) = roeH(H2) + ((I(H) - Y(Hl)) / ly$l - y(H2)))

s+s* calcuLIITE À!EaÀGE sÀtI s[!.AR SÎRESSES 4s¡È{,

SuSg = 0.0
D0 28 !=2 ofi
TOHE= (TOHH(I) +lCHW(I-11) /2.U
sür,lH 5 suBs + TOH8 * (r (I) - I (I_ 1l )

28 C0t{TIt¡UE
ÎOäÀVH = SUFts,/ Cl
ttFAvl{ = sQST (ToHÀV
DPDX = 4o0 4 ÎOHÀV

IiTPR
H/
w/

DO 29 I=1of,'l
0Fs (I) = sQ81 (T0HH (t)
lKEP (:) = UFH (Il s 0FH
lEDP(I)=UPB(I)ÛUFs
ZPTUSP (I) = UPH (I) I Z

)
sçET (CHU)
0r$(I) / trcÈPt 4 z(2,1I
¡ì ti0

/ $0H(rl /(r) s
tzt /uP(r) =upH(I) s (ÀÉÀLcG(Zpr0sp(rr) +8)

lKE (I' 2) = ?KEP (I)
lED (I' 2) = TEDP (I)
U(I'2) = uP(1)

29 CONTINTE
t¡FH(H) = 0.0



705.
70 6.
707,
708.
709.
71 0.
711 ,
712"
71 3.
71 4.
715"
71 6"
711.
71 8"
't19 

"
7 20.
72',1.
't22,
723"
7 2q,
7 25.
'126,
727.
729.
7 29.
73 0.
7 31.
7 32,
73 3.
73tI.
?3s"
736.
7 37.
739.
1 39"
7q0.
7q 1.
1 U2.
743.
71r 4.
?45.
?46.
741 .
748"
?49,
750"
751.
752"
't53"
754.
7 55,
75ó"
75-t,
?58.
759.
760"
76 1.
7 62"
763,
7 64"
765.
766.
767.
76 8"

186
300
500

714

100

101

c
c
c

r23

ÛÛ** COEBCÎN OF U EVEBT}iT3RE Iù OBDdE 10 SÂTISFT CONl. },Q +X+*

D0 84 J=2lfr
K = ü-(J"1)
DO 84 I=1 ¡K
0(I,J) = U(I,J) s 0BAV,/ UB
CONlINI'E
D0 500 J=2,â
K = t{- (J"1)
D0 500 I=1rK
rF ( ICOTTN: " Eg. 1) c0 T0 300
Ir (u (I,J) . EQ. 0" 0) GO TC 186
RSU * (U(Í,J) - UoLD(I"J)) y' ElI,Jl
IF (ABs (RSt ) o GT. ÀBs (As0H) ) ns0fi=aSU
lt(I,J) = ÀI.FÀU * U(I,J) + (l .0., ÀLFÀU)
IIOID(I,J) = 0(I,J)
CONIiNUI

cotrTlr¡ t¡E

IF (ICo0NI . tÎ. IHAX) GO to 900

CON TTI{ t' E

Ir(¿ Rî "EQ" 1) GC 10 7C5

B4

c

¡i u0LD (i,.l)

UPLUS$ (H) = 0.0
DO 92 I=1rd1
rF(uPH(r) .EQ. 0.0) Gc ro 92
UPLUSW(I) = U(In2) / Llh(I)

92 coNIINUE
IfnBQ = ICOUNT ,/ InPRNt
IT.NDO=IFREQÛIBF¡NT
IF (rcor¡NÎ . NE. IFBEÇ) cO 10 91
PRINl II 21 , ICOUNT
PRit¡1 l¡22, RSHHTBSEIürRSt(trBsIt?rnsgü

91 IF (ÀBS (FSHU) . LE. AIIDE . ÀND. AtsS (RStPfl . LE. ÀLf¡D ¡ ÌND. ÀbS (IiSli
*ll) . tE. ÀLl¿¡D . ÀND" ÅBS (ESEtsl oLE, AttD . åND. À!S (kSUül . ¡.t,. Àil,Dl
rco 10 101

IFREQ = fCgpt¡1 ,/ IPFi*f
IFREQ=IFREQ*IPIINT
IF(rC00N1 .NE. IF8EQ) co 10 tC0

cÀLL PR INTC (IC0UNÎ, FSH¡r, BSEP B, RSKü, BS E."., RSUif , Uts, Dp DX, Ul'H, TOh H,
sl0 HAvH, utÀv ti, zPLus. uPlusH,ñ'1, E)

708

IF(rvoBr .EQ. 1) Go Io 7e8

cÀLL PRVORT lyl sÐgz5 VOASOß,1NOt¡tlf ISHDÀIl ,Hl

CONlIN I'T

c å Ll Pa FrLD (Ol{EG, EPS, TK L, TED, 0., ÀüUI, MAî, fi, 2)

IF(rv08T "EQ" 1) GO TO 714

PBI}¡T 456
cÀLL PANPUù (RSHFrn,1)
PRJNT I¿57
cÀLI, PENPt H (RSåPrrÍÌ,1)

c

c

c

c

c

c

c

c

c

c

c

c

c



7 69.
710,
'171"

77 2.
77 3.
77 t!,
775"
716.
777 

"778.
779.
78 0.
781"
't82.
7 83.
7 84.
?85.
786.
781.
788.
78 9.
7g 0.
791 

"792"
79 3"
19q.
795.
796.
191.
7gg.
799.
800.
801.
s02,
803"
80 

'1.80 5"
80 6.
807.
g0 g.
I09.
810.
81 1"
412,
81 3.
81 4.
81 5.
91 6.
91 7"
81 B.
819.
I20.
821.
822,
g2 3.
82U.
82 5.
826,
827 "
828"
829"
830"
831.
832.

c

c

s*s* sEcct¡DABY VELOCITIIS f***
*+'8* cLEÀB LOCÀTIOU DUy ¡ND D0Z r{.Fs

r24

I YfiÀT (i,J) + (Its (1,J)
v(I-1))

Do 208 I=ieH
c K=B-(J-1)

DO 208 J=1r!{
DUY (IrJ) = 0.0
DUZ(I,J) = 0.0

208 coNlINrrr
c

DO 1'l'l J=2tü2
K = tl-J
Do 177 I=2rK

- Dttï (I,J) = ( (EPS (f +1rJ)
*EPS(r-1,J)) / YRÀr(I,J))

1 77 CONTTNUE
c

D0 2?8 J=2,ü2
K = !l-J
D0 278 I=1,K
DUZ (IrJl = ( (EPS {I,.1+1)

sEPS (I,J-1) ) / Znàr (I,J) l
278 c0tslIN0t

*ûs* B0uliDÂaY vÀLUES ss*$
.**r Â1 lnE HALL *8*$

* zEi.T (i, J) + (!ts (1, J)
z(J+'l)) '

- EPS (r,J) I
/ (\ lt-+1)

- EPS (I,J) I
/ 1z lJ+1t

c
c
c
c

c

1111

2222
c

3333
c

¡{q f¡0

DO 88 f=2,!t1
Dt¡Z(I,1) = EPS(I¡2)

88 CONlINUE
DUZ(llrl) = 0.0
DUz ('t, 1) = 0. 0
**** ÀT THE CORNER
DO 86 J=2¡H1
K = Èt- (J- 1l
I=K

86

/ lz t?t u(1)¡

DUz (I,J) = (EPS (I,J) - EpS (I ,¿-1ll /
CONTIN U E

DUZ(1eH'l¡ = (EPS(1,81) - Eps(1,82)) /
D0 1111 I='lrH
DUY (Ir1) E 0" 0
CONlINUI
Do 2222 J=2rH1
ÐUY(1oJ) = (nPS(2rJ) - EFS(1,.1)) /
CON TTN UX
s*s+ ÀT ÎH¡ COAHEA BTSECTOR 'f+¡e$D0 3333 J=2r81
K = H-(J-1)
I=K
DUT (I,J) = (EPS (I,J) - EEs (I-l,Jl )
CONTINUE

DO 4¡lql¡ i¡=1 , H

K = s- (J-1)
D0 4444 J=l 

"ÃY (IrJl = {1" 0 ,/ RoH) + DUZ (I,J}
H (irJ) = - ('l .0 / R0H) s DUï (IrJ)
CONTIN UE

705 CONTTNUE

EISBCTOR f*î,¡F

(z (J) -

f z (.er)

z(J-1))

- zltz'tI

(ï (.) T(1))

/ (\ (rl Y (r- 1l )

c

c
L

c
8*sfË PRICTI0N FÀCTOR CÀICULÀTIOl,t ses¡r



t25

833"
831¡.
B3 5.
836.
e 37"
838.
839"
84 0.
B 41.
842,
84 3"
8q q.
84 5"
846.
847"
6lr B.
849"
850"
851.
852,
853.
I 54.
85 5.
85 6.
857"
858.
859"
86 0.
8ó 1.
962,
86 3"
864.
86 5.
86 6,
867.
I 68.
86 9.
87 0,
87't.
87 2.
87 3.
874"
87 5.
B7 6.
877.
8? B.
87 9.
880.
881.
982"
883.
884.
885.
88 6"
887.
88 B.
889.
89 0.
I91.
892"
893.
894.
495.
896.

FF = 8.0 ü TOEÀYH ,/ (ROt¡ ç UEÀV+*z)
c

PErNT 4 28,
PBINT 498,

PF
AÈÀSS

c

c

c

c

c

e

c

c

D0 90 I=1,H
lOb'HCr (I) = TOFt (I) ,/ ICHH (1)

9O CONTTNUE
D0 89 I=1 r fl
lOHC (I) = ToHH (I) ,/ TOHÀYH
ItFH (I) = Uf H (r) ,/ UrÀVH

89 coNIINUE
psINT 423
HRiTE (6"'ç) (ûFH (f ) ,T=1,H)parNT l¡2r.r

HRITE(6,s) (T0HH (I) ,f=1 rE)
PRTNl 42ó
HRIlE (6,*) (1C''iHCI (I) 

'I='¡,H)
HBiTE (9,*) (T0HH (f) ,I=1 , H)
HniTE (19"*¡ (TogHcl (I) ,I=1rh)

PRÌNT 433
cRI?E(6,s! (rsTR(Ir,ï=1,8f

iF(IVOBÍ .88. 1) G0 r0 709

cÀLL PBVCB: (F1, D0ZS rV0nSCA, I NCnSL, rSH¡:¡rÃ, E )
?09 CONTINUE

cÀLL PRFILD (OHEG, EPS TtKE, lED, UrAHt¡î 0 2 0p' 12l

IF(rVOBr .EQ. ll G0 !0 -'11

711

PR:N1 ¡¡ 15
CÀLL PN NPUN

PN;NT ¡¡1ó
CÀLL PN N PU¡i
CON?IIiUE

(vrrr1)

(HrHrl)

c

c
c

c

DC 9t¡ J=',l c ll
K = s.. (J- 1)
Do 94 f=1¡K
IF(P3(I,J) .NE. 0.0) F3(r,Jl=0.0
f3(I,J¡ = TKD(ipJ) / EEAVT¡s*2
TK: (I,J) = lKE (IaJ) s 100o 0 ,/ (UBAV s UtiÀV!
EPS (;r.l) = DPS (IrJ) * 1000.0
UBCL(i,J) = U(IrJ) / Al'l'ûl
ITBUBÀv(Ì,J) = U(I,J) / llEÀV
0ë9G(IrJ) = 0l'lEG(.Ï'J) I CIHTPB / U(1 oö)

94 CONTINOT

Do 307 ã=2,H
K = ll- (J-2)
Do 307 l=Ãrd
UBUEÀv (I,Ji = UBttBÀV (H-J+l'E-I+1)
UBCL (I ,J) = 0BCL (S-J+'l'g-I+'ll
CHEG (IrJ) = OgEG (H-.t+1rE-I+1)
TKE (I,J) = TKE (B-'J+'leH-I+1)
F3{IrJ) = F3(E-J+1,8"f{1)

c
rF (rvoRI" BQ. 1) Go To 30?



t26

897.
89 3,
899.
900.
901.
902"
90 3.
90 ¡t.
90s"
90 5.
9 07"
g0 g.
g0g.
910.
91 1.
91 2.
91 3.
91 4.
9't 5.
916,
917.
g1 g.
91 9.
9?0.
921.
922.
923.
92U"
925.
926,
927"
928,
929.
930.
93 1.
932.
933"
934.
93 5.
936.
93 7.
938.
939"
940"
941.
942,
943"
9 4lJ.
9q 5.
9t¿ 6.
947.
9rr B.
94 9"
950"
951 .
952.
953"
95 4.
95 5.
956.
957,
9sB.

c

307
c

c

ï lI,{l = -r (ff-r+t,H-r+t)
I(Ilil = -v(ü-J+1,u-r+tj
COHlINI'E

rP(ivonl .EQ. 1, GO TO 324

YHÀX = O. O
BEÀX = 0.0
SEc¡tÀX = 0. 0
D0 323 J='l c ü
Do 323 I=irt{
yl!c!I,J) = sQRr(v(r,J) s v(r,.1)Y(I,Jl = V(lrJ) / VEAV Ê 1Ud.óH(l,J) = H(I,J) / VEAV * 100.0

+ H (I,J) s H (I,J) )

vs BcL (I,J
vSBUFH (r,
Ir (ÀEs (rd (
rF (ÀBS (v (
Ir (vsBct (

323 CONTTNUE

)-
J)=
I, J)
ï, J)
IrJ)

VSFC(I,J) / U(1oE) r 100.0
vsEc (I,J) / gFAtr-H

I " 9I" ÀBs (-'dt Àx) ) u5Àx=h' (r,J)) :9T.,¡Bs (v11Àx) ) vüAx=v aÌ;ri. G1. SECEÀX) SÐchÀx=vsBcrlr,¿l
c

32¡{ co¡iTiH0t
HnIIE (8,+l
Hn;TE (t 1, *¡
wRllE(12,*¡
HRI?¡(20,r¡
cAfTI(13,*¡
cnrT¡ (21,*¡
rF (IVoal . E
HRrlE(10,*¡
ca:ÎE(15r*¡
rnITÈ (22 r*¡
BEITE(16,+¡
HRITE(10n+¡
HRIT¡ (11 ,*¡rJR:îI(18,*¡

322 CONTINUE

( fqlct (I,J),I=t,fr) ,J=1,fi)
!IIPS (I¡J),I=1,t{) ,J=l rüi( (ITBUBAV (IrJ) ,I=1r¿) ,J=1,ã)
Itg!lc (I¡J) ,I=1, r) "i=1, ni
! lT{r t¡¿.J) rf= t,å),.t=i ril¡

_ ( (13 (I ¡r)) ,I=1rU) ,.1=i,ú,
Q. 1l co TC 322
l!l'1¡-ül (I,r) of ='l,E) ,r=1,s¡
! lYtig (1,J¡,¡=1,11),J=t,ui
( (CHCK (IrJ),I=1 rI),;=f ,ñj
f lIfBct (I,J) ,r=t;f,),J=1,t)
I lY!gur¡r (r, J),;;t,n¡,J=i, ir¡
( (V (IrJ) ,f=l rH) ,J=1 ,1,,
( (H (IrJ) ,I=1rÈ) , J=1r¡t)

c

e

PAINI tl99
cÀLL PRNPUN (r.j,H,2)
PR:NT 448
cÀLL PANPUN (TI{ErË,2)
PRÌNT I¡II 9
CÀLL PRNPTN (UBUBÀV,E E2)PnrNT 45q
cÀLL PEtiPUN (UBCI ,$,2)
IP(IVoI1Î.80. 1) Gc ÎC 7i3
PR:N1 r¡50
cÀtL PBNPUIi (veHr2)
PA:NT 451
CÀJ,L pRNpUI,i (H,H,Z)
PRrNT 437,vfiåxf EñÀx,sEcEÀx
PETNT q52
cÀLL PRnP0N (vs8c,H,2)pB:ilÎ 45t¡
cÀLL PRNPUN (VSBCL,ts 12)PRrNl 458
cÀLL pBNPt H (vsBUFH,E,2)

713 co¡tlINUE
959" c
960.



961.
962"
963.
964"
96 5.
966.
967 

"968.
969.
97 0.
97 1.
97 2.
97 3.
97 4"
97 5.
97 6,
977.
97 8.
9't 9,
980.
981.
9 8?.
g 93.
9 B.{.
gg5"
986,
g 97.
989.
989.
gg0u
g g'1.
992,
993"
99tt.
i95.
996.
997.
998.
999.

1 000.
10 01.
1 C02"
1003.
1 004"
1C05"
1006.
1007"
1C08.
1009"
101 0,
1011.
101 2.
1013,
1 01 ¡{.
101 5.
1C16"
1017.
1018"
1019.
1020.
1021"
1022"
1023.
1C24.

c
c

127

c
IF(iv0B1 "EQ" 1) G0 TO 715

c
PRINl 456
cÀLL PnÈPUN (RSHFTH,1)
PBINT 45?
cÀLL PRNÞUN {RStPr,ü,1)
cÀLI PANFUN (SlSNHJ,, t' , 1)

c
715 coNTIN0t

305 F08lrÀT (//tlx, tlHE NOEÀt DiSTÀNC¡, IN THE y - DIBN. (8ÞI,EF) z, /l306 SORnÀT (//4XttTHE NoDÀt DISfÀNC-E IN THE Z - iilFN. (E¡rr!.) it/l
400 FORüÀT ( | 1r,40X, r+**t IüFU1¡-l0¿S ssç*r ///qX. t y, =. ,.t4/4\ r,SitI{'r ,P9.6,2N. r (METER) . /4L.sDLç =r rF9o 602X e 

r (llSTEB) r,/qXrrnd =t "t1U, ls/ttrX¡ ¡IIBÀV =rrE12"502T s 
r (g/SEC).,/qN,rtts,Ov =rrFb. j0ZXrr (KGIüU. t.lr/tqXrrÀ¡{U =t rE12"5rZXrr (KG,/ll SEC) r,/4XTTGFSPG =r,F9.ó,lXrr (}:ÀTLRi.ltr01 F0RHÀ1 (//4Xo0CONSTÀNT YÀIUES :r,/.tXr 3Cñ0 =rr!'/o r/qXr.LE1 =r,4F7.3/4XrrCE2 =1 rF1.3,/¡¡xrrsIGflK =r eF7.3/uxrrsicll¡ =t rr l. J,/uX,sfCAPÀ =r rF8o U/AX, ¡CPElËE =t rÍ7.{/l

399 F0RUÀî l///10X.. ?? F1ÀG : sBONc SIDit, cF_çpG ?? XXX. //,t'tf¡02 FORüÅT( {XoTUNDEB REtÀXÀIION F¡ICTOBS zt./uXi'cALFÀH =. oEt.tt,/ttL,*r å,tFÀEP =. ,F'7.|t/4N. rÂL[ÀK ¿t rE'ltrl/4X, rÀLFÀE =t,l lo.t/ttr..*ÀLFAL =r rF7n 4//tlr, TC0NVEBGENCE VÀLUES ¿. /uX, o AL|!D =r rFb. b,*/4Xt.¡-LfEH =t rFB"5/l
40? F0RüAî l//tt:xn e ÀssuüED INTTIAL ÀìtD BOUND¡.8y vÀLU¡.s Àn! : r,/r{x,

+. UFÀVli = r , E12" 5/4\., riOHÀVU = o ,ElZ" 5/qX.,,DpDli = | r4812.5/tl XT TTKEI =r rE12,S/ttro rIÞDI =. .¡,1¿"5/l415 FORItÀ: ( /10x, rlHE vELoCIIT DISIRIBUIIOri rti y - DIRN¡ lti/sLcl .t /l416 F0RlrÀT ( /10x, rrHE v¡LOcrtt DrslfirBUlrOtì r!i z - DrtìN.' (fils¿ci r, /iq18 F0Rüå1 l//,tX, rÀSSUËED DISStpTN. I. y. (TED(lr2l ) s'/,q2'l P0B¡rÀT V//51Xr r fCoUNl =t ,Z\ t15//l
¿122 PORff Aî ( 4X, f RS!lll=¡,E13. ór9{¡.{nSDp¡i.=r ,81 3.6rgX..RSKI=r r*E 1 3. 6, 9x¡ I RSE!f= r rEl 3. 6 rgr r. gS0¡t=r rEl 3. 6)
423 FcRüÀ1 l,/10x'rFBlclÌì" vEL. DlsIBN. ÀLoNc TtiB DUcT suFlÀcì .t/¿5

ú'X, rNCPHÀILZED Bl UFåVHr 7)r¡2( FoRItÀT l/10x' I BÀlL sË¡ÀR slREss DisrBN. ÀLoNc T!!¡ DUc'r suFr'ÀcE : I4,20xorN0Bt{ÂLÍzED BI TCHÀ!8r,/}q25 P0RHÀT(/qxrrsuE. DÀ :i,E1rt,6,2x,r (sQ" H.) ol
426 FoR6À1 (/10x.rHÀf,! sE¡ÀR srRÐss DIsTBli. ÀLoNc lHL DtJcl, sU&!àcE :I4.20N F0 NoR¡tÀ!tz5D By TOtdHclr/)
428 F0RHÀ1( /4X,.8,F" =r"814.6)
432 FORI{41( lXrn ¡=ro3Iu01cr10Xrr2¡rl0XrrJrr'l0Xrrq!rlOXr!5rrlUXrl

ü6 r ,10X, t7 ¡ 410X' I Br 
'',| 

0x' r g! 
' 10!r rl 0r ,1ux, r 1I ¡/)

433 FORHÀT (5X,11811"4/5Xr 10811. rt)
43q f OR¡f Ai( 'lXr, ¿=rr3Xrr1¡nl0X..2a rl0Xr3JrrlUXrr4o r1UXrr)0 cl}:/¡.s6 c ,10x" r7 å,10xf ! B! ,10x, r g 3 r 10xr,100 ,I0xr r l1r,/)
437 F0R:lÀ1 l/$X0, VðÀX =¡ aE¡?.5cZX e ! lÍ UB) . ,2OX, r HHÀI =r ,r.1¿"5rZXo*r (9t tlB) . e 20X, cSECHÀ¡ =o of '12. 502X0. (ß UB) 0,/)
439 FORHÀT (/rlX, rSIGÌ'!O =s nP'l" 3/,/l
448 foRnÀT (//10X,eTHB T. fi. E. DISTBN. NORr{ÀtIZ.ED By (UBÀv SQ} ?. /Itl¡{9 FoBtÀ1 l/10Xo0THE åXIÀ[ VII" DISTBN" NR]lÀLIZED By UBÀv :r/)
450 roRHÀr (/10x, rruE yEt. DrstBN. rN y - DiRN. 

'6ÀcE 
OF t¡bÀV : 

"/)451 FORnÀT (./10X c 
0ÎHE VEl. DISf BN. Ití z - Dj.lìN. [ÀcE oF UÈAv : r,/)

452 FOBEÀ1(/10X,'THE SECCNDÀRy VELOCITT - ãÀGE OF UBÀV ;¡/lú'53 roRuÀ: (/4Í,eDrsTANcE Facñ HrDHÀLl, tsisEcroB NoRüÀLrz!,D By lJUcrs LEÌ{GTH UùDEB C0NSID¡,AÀ1IC}¡ 1141 e /t¡.t54 FoRnÀT l/',l0x,rÎHE SECy. VEl.DISlBN. NOBEÀLIZjlD 8t 0CL .r/l455 F0Rnm(/qxr.DUct cBcss StcTN" ÀREÀ :0rE1q"6r¿xrr (se. Br.,/ttx,s0cELt CFOSS SEC,IH" ÀnfÀ sr,E.trl"ó,ZX,r (SQ. H) r)¡¡56 FcRuÀT l//1Ox,, rTtlE YCnTLcIlf B¡SIDUÀts : u/)
457 PoÉltÀT (//"l0X,o ¡THE SIBEÀfj FtÌ¡CIIOt{ fESIDUÀLS : r/)458 FonHÀî(/10x.,3THE sEcr" vEt" DrsÎlBN" NoE¡1À!ÍzED By uÞÀvH :¡/)



102s.
1026.
1027 "1028.
1029"
1030.
1031.
1032"
1033.
1 030.
1035.
1036" c
1 03?. c
1 038.
1039. c
1040.
10¡{ 1. c
10rt2"
10 t¡ 3.
10'¡4"
't 04 5.
1046.
1047.
1 048.
10t¡ 9.
I ìJ50"
1051.
1052.
1 053.
1 C54. C
1055.
1056.
1 057.
1058.
1 059"
1060. c
106r. c
'10 6 2.
1 063.
1064.
1065.
1066.
1J6'l 

"
1 068.
1069.
1070.
1071.
107 2,
1 073.
107 t4,
1 075"
1076.
1077 

"
1 078"
1079"
1080.
10 81.
1082"
1 083.
108 rt.
1085"
1 086"
1087"
1 088,

4 Bq PO8üÀT (tt /4L ,0 \HE
I'812, 5/ /lr¡85 P0BuÀ1 l/4x,.LAHsoE =:,F10"4/lq98 FORHÃ1 (/qx, r ËÀss

499 FOEHÀ1 l/4X,'co ro 1112
9999 CONTTNUE

BRITE(6,399)
11 12 sroP

END

SItBBOItTINE PENPUN (PHIrH, t{)

REÀt PHI (31,31)

IË'(N . tC. ?l GO TO 509
PRINl ¡¡32
D0 507 J=1rl{
K = Ë- (J-1)
pRiNT r¡33rJ, (pBI (l,Jl ,I=1,K)

507 . CONTIN UE
509 CONTINUT

rr(N .EQ. 1) cO 10 510
Do 508 J=1¡Èt
PR:ltT ¡¿33rJ, (pHI (I ,.tl ,I=lrftl

508 CONlINI'E
510 coNrrt¡ut

r2B

DIñUSNLESS IICRIIÀL DIS:ÀHCE F8üf 1EI, HÀLL:r,5X,

OF lHE ËålL CCNSTÀNTS s , /4Xrn À =! c k1U.tt/.tX e

BÀIE OF FIOH (KclSEC) rt,81¿.4/l
N / lJP*42 2' /l

q32 FORüÀî ( 1X, I (J) ¡= I 
" 

3X, r'l ,,1 0Xrt 2t,10X,I J r ,l0I r r t¡ I ,lUX, r 5r ,lUX, ¡

- 46r ¡.10x, e?r, l0x, r 8., 10x, . g¡ r1 0xrr l0r rl g\ r. 17c ¡ ¡¡433 FO8$À1 (1\.I2rzY, t 1E 11"q/5X,1 0!'n. ¿t,

NETUSN
END

sUBB0UllliE PB:tiTc(rccI¡N1'Rsll!rEsEPÍrBsKli,tts¡8,¡isutt,uBrDpDxruFh,
s10 H t, 1o H ¡. v s, u FÂ v fd, zpl 0s, uI LU S H,¡t 1, H,)
nEåL TO¡{H (31) ,UrH (31),UFTUSE (J1)
PR:NT 421rIC00N1
pRINr 422, RsHH, RSEptr gsKts,RsEÈTRSUS
PRIT¡T I,IE5

HBITE (6 o*) UB
PRINT 423rUFÀVHTTOHÀVHTEIDX
PRINT 481
HRITE(6r*) (tt¡c (Il ,I=1,H)
PRINT 4BO
HnITE (6,8) (T0qE (I) ,I=l rE)
PR:NT 483
wB:TE (6,{,) (UPLUSH (r) ,I=1rH)
PB:NT I¡8I¡
gBITE(6,É) zPLUS

421 FOnHAT (///51Xr TICOBNT=t ,2\sI5/,/,
422 FO8¡lÀ1( 4Xn.RSHH=rrE13,ór9X, rnSEPå=i oE13,6r9Xr!BSKH=!rE.lJ. b.yX.teþgf[=r rE'ì 3.6r9X¡ sRSUf,=r ei..l3" 6//ltl23 PCR$ÀT(r/l¿X, tUFÀV!t=! 

"E12.5rZXo 
0 (H/S:C) ,//eXnrTOUÀUb=. eE1¿.Jc¿X,

- 
s t (N/SQ ál . /,/qy,,I DpDX=., E ì4. S ,Z\,, lp¡ /A, . /l480 F08¡IåT (/10x,t rlEE WÀLL SËEÀn slaEss Dr51BN. ÀLONc ,r¡l¡. l.)ucÎ SUhr'¿cE* ¡ (N/Sç. B) !,/!

481 FOR¡IÀT (/1OX.O ITHE FRICTICN VELCCTTY DISlBIBUlIOÀ ÀLCÀG rHE DUCT SUIrFACE 2 ln/sEClt/,t
483 FCRI,fÀT(710x,¡TEE LOG-LÀtd VìL. DISlBN, ÀLOtùG TBI HÀLl:!/l
¡{8I.0 FORHÀT(,/1OX,OTI.IE DIHNSNIESS NCEI:ÀL DrSlÀI¡CJ FBOE lHT hÀLL {ZPTUS)



129

1089"
1090.
1091"
1092.
1 093" c
1094. c
1095.
1096. c
1 097.
1098" c
1 099"
1 100. c

a=. r812.j//l485 F0RtsÀî {4X,i UB =
RETURU
END

a,5IrEl2.502X.. lY/sÛcl I 
/,1

1101.
1102.
1103"
110¿t.
1105.
1106,
1107" c
1108.
1109. c
11100
1111. c
1112,
1113.
1114.
1î15.
1116.
I 117.
11 18. c
I l1g.
1120, c
1 121.
1 122,
t't2J.
112U,
1125.
1 126.
1127" c
1128, c

s uBAouTrNE pE VO8T (F 1, DUZ, VOESOB,I NO&UL, LsHEÀIi, Ìl)

BEÀL F1 (31r31l, êDVZ(3.t,31),yo8soR(Jt,J1)

rF(rHoaüt "EQ. 1) cc 1Ð ?1e

PRII'.T ¡¿18
PRTNT 432- Ð0 1i2 it=1rB
K = H- (J-1)

^-_ PBINT tt33rJo (f.¡ (IrJ)sI=1,K1
I I2 CONTINUE

719 CONTINUE

IP(rsHtÀR .EQ. 1) cc ro ?20

PSINT ¡¡4¡¡
PRInT 4J?2
DO 212 J=1rñ
K = ü-(J"1)

-.-- PRINT ¡t33rJ o(Dt?. (Ira,r,I=1rß)
212 coNriNUE

720 CONTIN¡'E

PRTNl 419
PRiNT ¡T32
DO 1 14 J=1 tilK = U- (.1 .1)

- -. PnINT t¡3rìrJ, (VORSOF.(I,J) ,l=1rl)114 coNTIt{t E

1129"
1130"
1131"
1132.
1133.
1134.
1135"
1136.
1137"
1138. c
1139. c
1140.
1141"
1142,
1143. c
1 1 t¡(,"
1145. c
11q6.
1147.
'l 149.
1149.
1150.
1 151,
1152"

¡{ 1B

419
432

t444
433

-t?Tiit (//10x'' rrHE vcarrcrlT scukc' lERtr (¡ìJF.üAr sïÃ¡.ssrs) D:s. BN.
PO8ð¡T I//10X. ! THE VCRT. -CCURC,I lER,T (NCRITAT ¿ SH:AT SrK:SSJS) :, /)FcRÍÀT ( 1x,, (J) .,j=l llxl u 1,, 1 ox,l ¿0." igr, i J;,iu;;;;;, rux, g 5 r,.lrrx, ¡-91:.19I,,1, u10x,, gll]9I, ; e,,\oi,itrôo "tux,, 11, //,F0BlrÀT (,//10x' ' vont¡ctri soúnc¡'t¡nir - su¡¡n !ii¡ss¡s DrsrBrJ. z. /)I9II¡r ( 1x,T2,2x, ? rr 11"t¿/sx, r r¡iri. q¡
RETONN
END

S t]BBOUlINE
nEåL OEEc (3

*(31,31)

rP(rvoRT "Eg" 1) Go 1o ?c8

la lllDJ9lEG I EPs' I Í::T{?, u I Àr ur, rvoÍi, n, ¡r pbNr)t, 3r L Eps (:1 o : r) o Tr{i t¡ l, ¡ i L rióiji, J 1}, u (., l,J I ),Àl,.ur

PRTNT 410
PnrNt 432
D0 92.r_-.1 ,EK = H^(J.i)
PRÌÌ¡1 431,J

92 coNlrNU!,
PR:NT q 1 1

r (OBEc (I,J) rI=l,K)



130

1 153"
115q.
1155"
1156"
1157"
1158"
1159.
1160.
1161.
1162,
1163"
'l 161t.
1165.
1166.
'¡ 1 67.
1168"
1169.
1 170.
1171.
1172.
117 3.
1171t.
1 175.
1176.
1177,
1 r78.
1179.
1180.
1181.
1182.
1'l 83.
I 'l 8lr.
1185.
1186.
1187.
118A"
1189.
1190"
1191.
1192.
1193.
119q.
1195.
1196.
119'l ,
1198.
1199"
1 200.
1201"

c

$EN:AY

PAIN
PETN
DO9
fi=
P BTN

c

PBINl q 
-?2

Do 93 J=1rH
K = ü- (J-1)
PRiNT tt33,J, (Eps (I, J) 

"I= 
1 , t()

93 CONTINI'T

708 coNlINtE

12
32
=1rH
J- 1)
33rJr (TKE (IrJ) ,L=1rß)

94 CONTTNUE

- PRT¡¡î 413
PRTNT 432
DO 95 J=1rt
K = Ë* (J-1)
PRINl ¡I 33,J, (TËD (I,J},T=1,K)

95 CONTINI¡E
P8INl 41r¡
PRINT 4-22
DO 96 J=1,t{
K = H- (J"1)
PnINT ¡¡33rJ, (U (IrJl ,!=t n K)

96 cONTID¡ttr
iF(NPRNI .EQ. 1) G0 10 100
PRIt¡1 q 1?
PRIt¡Î 4 32
D0 99 J=1rt{
K = u* (J.1)
PBINl 433rJ, (ÀüUT(IrJl,I=lrKl

99 CONÎINUE

1 00 coNliN0E
410 F0RgÀT ( //10Y,,rTHE VCRTICIfï DISTBjBUTLoN (1,/stC) .r/,
411 FORnÀ? | //10X,'ÍHE STFEÀ11 lUNCIi.0N DISTFibUTIoN (KG,/!¡ Siic) :t/l
412 fOBfiÀT ( //10X,,rTH! 1t&BUtENT I{.!. DISTB]BUT:.Ott (Sç H,/sQ S!,c, 2. /,
413 POSt{ÀI | //10X,rtSE TURB0TENT !N¡Rcr DISSpTN. DiSIEIEUlION $a r,/

8CU SEC) :0/)
41rr FoRüÀT | ,/,/10X0 r1HE .ÈXIÀt vELOCIIT DISTIiIBUIIOtì (ö¿lsEc) i. /l417 roRgÀT ( //10x,r188 tDDT VISCOSIIy DI5TI1]tsUT10N (Kc,/e sbC) 2,/,
¡é32 P0RHÀ1 ( lXre (J) ¡=or3XurlonlLXe i¿t r1oxr0 j0rl0Xr¡¡,t. r'luxrrbe ,1UX4,*6. r 10x, ! 7 r,10x,0 B! ,10x, r g0,10x r,'l 0, ,10xrr 11t / /lq33 F0RHÀT (1 XrI2, 2X, 11811" 4/ 3X, ci 081'¡" 4)
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END
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+ THÀT.(T,J)
Y(I-1))

l3l

(zî(JP (I, {l )

D0 173 J=1rH
K = d-(J-1)
D0 173 f=1rK
DttYSQ = DUY (I ,J¡ r.*2
DUZSQ = D0Z (I"¿l +*2
P2 (I,J) = (D0YS0 + DUZSÇ) ,/ SIcüU

1 73 coNTtNUE
IP(rvcÊl .80" 1) c0 To 704

'E*** cL!ÀB LOCÀlIONS DOy ÀUD D[rZ sËrs

DO 126 1=1rH
Do 126 J=1,H
DUY(I'J) = 0.0
DUZ (Ì'J) = 0.0

126 coNTrïrrE
DO 49 f ='l ¡l!
DUü11 Y(I) = z(H-

4 9 CONTIIi UE
(f-1)t

D0 68 J=l,Ë
K = H-(J-1)
Do 68 I=1,K
ZToP (i,J) = DUHür (I)

68 co¡i lINUE

DO ¡t I J=2 rlt2
K = !l-J
D0 ¡¡ I !=2 tK
DTDY (I,J) = ( (ZTOP (1+1,J) - ZTop (I,Jl )û- zToP (1 1,J) ) / yBÀÎ (rnJ)) / g (I+"t)

48 CONÎI¡¡UE

+

ZITÀX = CIHTPE

Do 40 J=1 al{
K = ¡{- (.1. 1)
DO 40 I=1rK
ZP (l cJ) = (1" 0

zlrl /0cs
fi lr,J)
,ß ZL lI

*(
(1.
+2,

1.0
K*
2"0

CA = 0.0110
Cll = 2o4
CK = 1"0
CH = 4" 0

(
c
(
z

(zr0P (I

L (I, J)
qO CONTINUT

FÀCTOR = 8,0 s CA * CH s EoliI (CK / (crwTPn I cth'1PR) I

, J) / ZúIY.I )
züÀ x) )4 ?'P(I'Jl * zP(I'J))
+ ( (cB - zg (l,J) ) + zL (I,J) s ZL (I,J) ) )

,J)) s (cH " z.v.(I .J)))

* UFAVH I UFÀVH s(

7.L
ZB
ZN

ú-

(I'J) =
(r "J) =
(I 

"J) =
( ( 1. 0 -

D0 51 J=2|HZ
K c H-J
Do 51 I=2rK
VORSOR(f,J) = FÀClOE s
STSHIII (IrJ) = VORSoF (f

5'l coNlrNUE

?E(I'J) 4 ZL(îuJl I Zti(I,J)
J) / BCh + CLþtTPR + cl, HTPn

þ 1LDY (ir.J)
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CPEPR = 0.?10
Do 173 J=1¡H
K = t{-(J-I)
DO 173 I=1rK
DUYS
DUZS
P2 (r

1 73 coNl
1r (r

Q=
Q=
,J)

D0Y (I,J) **2
DUZ (I,J) s*2
= (Þt YSQ + D0ZSQ) / StcMU

" 88" 1) GO TO ? 0r¡

10.
11.
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26.
27,
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39.
40.
41.
42,
rt3"
4 ¿r.

t¡ 5.
46.
q7.
48.
49"
50.
51.
ta

53.
54"
55,
56.
57,
58"
59.
60"
61.
62"
63.
64.

IN UE
v0B1

c
c û¡8*r cLE¡.8 LOCÀÎIONS DUT åND IUZ *s*+

DO 126 I='l , ¡t
DO 126 J=jr$
DUI (I'J) = 0" 0
DUZ(i,J) = 0.0

1 26 CONTINUE
c

D0 ¿t9 J=1 r E
K = !l= (J- 1)
Dc 49 I=1rK
:P (UFs (1) .80. 0.0t
F1 (IrJ) = IKE (IrJl

r¡9 c0NTInUE

G0 rc 49
,/ (0I H (Il s uFr (;l l

c
D0 68 J=2,112
K = A-.1
D0 68 I=2rK
DUT (I'J) =I (F1 (r,.tl -

68 coN?:NUr

( (F1 (I+ t,J) - Fl (I,J) 
'Fî (i- 1 nJl I / YRÀÎ (I,J) )

f YRÀÎ (I,JI
/ (I (1+1) I(I-1r)

+

c

L

**** B0UNDÀBY YÀLUE *rç,¡
D0 48 J=2tFt1
K = H-(J-l)
f=K
DUI (f,J) = (F1 (1"J)

48 CONlTNUÐ

tr0

DO ¡¡ 0 J=2 ¡frZ
K = ð-J
D0 l{0 f =1rK
DItZ (I,J) = ( (F1 (1,.1 +1¡ -

sP 1 (r oJ= 1) Lt ZEAT (l ,J) ) /
CONÎI¡iUT

F1(I-1,J)' / l,í{.I't ï (r" 1) )

F1 (I ,J) ) s zlìaT(I,J) +
(z(J+1) - z(J*1))

/ (z (rt z (J- 1) )

(7' (2',| z l1', ',

(¡ 1 (1,.1)

c s**s BoUNDÀRI.IUIS *r+s
Do 51 J=2,.q,1
K = H- (J-1)
I=K

_- ?9zlI,,J, = (F1(r,J) - F1(r,J-1)Ì
51 CONlT¡IUE

D0 52 I=2¡Hj
__yUZ(I,1) = (p1(I,2) - rtG,1,t, /52 CONTINUT

L

c
c
c

DO 2¡¿ J=2aH2
K = ü-J
DO 2¡{ r=2sK
F4 (IFJ) = ( (DUz (I+l oJl - DUz f Ir.)) ) s ynÀT (I,J)

_.s?uz_(I-1,r)) / rBÀ1(r,J)) / (yli+ii _ ytr-i¡i
2q CONTINUE

c

+ (DUZ (1,J)
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66.
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68"
69"
?0.
71"
72.
73" c

DO 55 J=2082
!( = H-J
D0 55 I-2,K
FA,cToB = RoH E (0Fn (I) $ UËH (I) l s CpBpå
VOBSOn(I,J) = fÀcTOB s ( -.05?Z s DUy(IrJ)8(( "i245 + .0572 's fl(I ,it)) s fq(IrJ)ll

- STSNEL (I,J) = YOBSOå llu¿l / F"ÂcToB s CpBpB
55 cor¡TrauE
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TABLE 1

SUMMARY OF THE CONSTANTS OF MODELS I, II AND III

Cons tant

C1 r.44

Cz r.92

0.09

cr 0.003s

cfl 0"21

C Itr 0.0110

Og T .167

o¡ 1"0

0.41

2 .44

5.0

By reference Ëo the properties of
the ttcons tant-s tres s rt l1ra11 region

Computer optimization; ço a,chieve
predíctions ín close agreement
hrith the experimental data

Computer optimization; to achieve
predictions in close agreement
Ì,rith the experimental data

Computer optimizatíon1' to achieve
predictions in close agreement
with the experimental data

By reference to ttConstanË-Stresst'
wa11 regíon; oe = (rc, / /Cù /(cz - cr)

Basis of Choice

Computer optimi zatíon

By reference to decay of turbu-
lence behind a gríd

Von-Karman Cons tant

I,le11-eslablished constant of tLaw
of the r¿a111

I¡1e11-established corrstant of tLaw
of the waI1r.

cu

K

A

B

VaIue



TABLE 2

COMPARISON OF THE K C MODEL CONSTANTS OF THE PRESENT T^JORK I4IITH OTHERS

Investigator(s)
ok

Pre s ent tr{ork

Seale l4l, 19B2

Said l_521 , t 9B 1

Gosman et a1 [53], l9g0

Gosman & Rapley [54], IgTg

Tatchell [35], 1975

Launder & Spalding [49],
r97 4

DaËe l66l , 197 4

Jones & Lai¡nder [5i ], Ig73

Jones & Launder [50], Ig72

K ct!

0 .21
I.92

1.92

t.92

2.0

1.92

1.92

2.0

2.0

2.0

(/)
(,

oe^ 
lllCt

0.41

0.40

0 .42

L "T670.0035

0 . 0185

0.003

1.0

1.0

0

0

0

0

0

0

0

1

1

L

1

1

1

I

0.41

o .42

0.40

o .42

L.T67

| .220

1.185

i.30

1 .30

1.30

1 .30

1 .30

0.011

0.045

cu

0.09

0.09

0.09

0.09

0.09

0.09

0.09

09

09

0

0

C2Ut

7 .44

1"44

t.44

1.55

1"47

r.44

1.55

7 .45

I .55
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TABLE 3

THE FUNCTIONS INVOLVED IN THE GENERAL ELLIPTIC EQUATIONS FOR SQUARE DUCTS

sq

APU 1

u

u + lt¡ u + ur

U*

u

ox 4 r*/D1,

^2- e { Iâyâz (V2 ü2)l + t#, dy"
à2

VI¡/ ]ûJ I

v 0

^2o Iãtnz (v2

for Model I

r,)l
for Model II and Model III

1

Uk

1 pqJ

ilt u-.L
u¿ t (ãt

ö
)2 + r$rr * pe

C1
1rt_T

€

1

1

p* o¡

!t
o è̂

o¡

U¡
oe

au
ðz

(e r(#). 9e2+ )'l +CzU* 1rf,
Frt k

(¡.)

o\

bþ,,bô,y"o0
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