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Abstract

The first part of this thesis focuses on quasi-Newton methods. Broyden’s method is a
quasi-Newton method which is used to solve a system of nonlinear equations. Almost all
convergence theory in the literature assumes existence of a root and bounds on the non-
linear function and its derivative in some neighbourhood of the root. All these conditions
cannot be checked in practice. The motivation of this work is to derive a convergence
theory where all assumptions can be verified, and the existence of a root and its superlin-
ear rate of convergence are consequences of the theory. The theory is simple in the sense
that it contains as few constants as possible. The method of Broyden-Fletcher-Goldfarb-
Shanno (BFGS) is also a quasi-Newton method for unconstrained minimization. Also, all
known convergence theory assume existence of a solution and bounds of the function in a
neighbourhood of the minimizer. We generalize a convergence theory where all assump-
tions are verifiable and existence of a minimizer and the superlinear convergence of the
iteration are conclusions.

In a continuation of this part, we consider Perry nonlinear conjugate gradient (NCG)
method and scaled memoryless BEGS method. These methods represent important schemes
for solving large-scale unconstrained optimization problems. Only the basic versions of
these methods without line search are considered. We show local superlinear convergence
assuming hypotheses which can be verified in practice.

In the second part of this thesis, space-time spectral methods are considered. Spectral
methods solve ordinary differential equations (ODEs) and partial differential equations
(PDEs) numerically with errors bounded by an exponentially decaying function of the
number of modes when the solution is analytic. For time dependent problems, almost all
focus has been on low-order finite difference schemes for the time derivative and spectral

schemes for spatial derivatives. Spectral methods which converge spectrally in both space



and time have appeared recently. In this thesis it is shown that a Chebyshev spectral collo-
cation method of Tang and Xu [71] for the heat equation converges exponentially when the
solution is analytic. We also derive a condition number estimate of the method. Another
space-time Chebyshev collocation scheme which is easier to implement is proposed and
analyzed. We also present space-time spectral collocation methods for the Schrodinger,
wave, Airy and beam equations. In particular, fully spectral convergence and a condition
number estimate are shown for Schrodinger and wave equations. Numerical results verify
the theoretical results, and demonstrate that the space-time methods also work for some
common nonlinear PDEs (Allen—Cahn, viscous Burgers’, Sine-Gordon, nonlinear diffusion,

KdV, Kuramoto—Sivashinsky and Cahn-Hilliard equations).
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Introduction

In first part of this thesis, consisting of Chapters 2| and [3| superlinear convergence of
quasi-Newton methods based on assumptions about the initial point is considered. It is
well known that the classical Newton’s method to solve a nonlinear system of equations
converges quadratically if the initial guess is close enough to a solution. One drawback of
this theory is that the solution is unknown apriori. Kantorovich’s version of this theory
only makes assumptions about the initial point and the existence of a solution and the
rate of convergence are consequences of the theory [15].

Another disadvantage of the classical Newton’s method is that the Jacobian matrix
must be formed at every iteration. In practice, the matrix may not be available analytically
or its formation may be very expensive. Quasi-Newton methods are designed so that it
is relatively inexpensive to compute an approximation to the Jacobian matrix at every
iteration. The first and most important contribution is due to Broyden [10], where the
matrix approximation from one iteration to the next one can be calculated by a rank-one
update. Assuming existence of a root, local convergence of the basic method as well as
global convergence of a version with line search are known. See, for instance [24] or [52].

This thesis also addresses the problem of unconstrained minimization of a smooth

function f : RV — R. The most popular class of methods for small or medium value



of N is the BFGS method and its variations. While the approximation of the Broyden’s
method applied to solve the nonlinear system V f = 0 is, in general, non-symmetric, the
corresponding approximation of the BFGS method is symmetric. Again, local conver-
gence of the basic method and global convergence of a version with line search have been
shown [57], [22].

On the other hand, the classical conjugate gradient method was designed to solve a
system of linear equations with a symmetric positive definite (SPD) matrix, or equiva-
lently, to find the minimizer of a quadratic objective function with a SPD Hessian. Many
variations of the method have been proposed to solve the minimization problem for a
general nonlinear function. See [52], for instance. Nonlinear conjugate gradient (NCG)
methods are particularly attractive for high-dimensional problems because the memory
requirement of the algorithms are O(N). We study the symmetric scaled Perry NCG
method ([56]) primarily because, under appropriate assumptions ([77]), it can be consid-
ered as a quasi-Newton method with a SPD approximate Hessian (a rank-2 perturbation
of the identity) at every iteration.

The method of BFGS approximates the Hessian at every iteration, freeing the user
from defining the (exact) Hessian. Unfortunately, the method requires O(N?) storage and
is not feasible for large-scale problems. The memoryless BFGS ([52]) is the BFGS method
except that the approximate Hessian is a rank-2 pertubation of the identity matrix. Thus
its storage requirement is O(/N) and it is attractive for large problems. It is memoryless in
the sense that the previous approximation of the Hessian is replaced by the identity. Scaled
memoryless BEGS methods ([2]) are those where the approximate Hessian is replaced by a
scalar multiple of the identity to reduce the condition number of the approximate Hessian.

The main thrust of the first part of this thesis is to give superlinear local convergence of
the methods of Chord, Broyden, BFGS, memoryless BFGS as well as Perry NCG method
where all assumptions are made in some region about the initial iterate and hence are

verifiable. We shall refer to this as Kantorovich-type assumptions. We show existence



of a root or minimizer and superlinear local convergence of these methods without using
line search and assuming only conditions about a neighbourhood of the initial point.
Following [15], we try to construct a convergence theory with as few constants as possible.

In the second part of this thesis, consisting of Chapters [4] and [§ space-time spectral
methods for solving time dependent PDEs are considered. Spectral methods have been
used successfully to solve elliptic PDEs for many decades. If the solution is analytic, the
numerical solution converges exponentially as a function of the number of spectral modes.
For time dependent PDESs, the most common approach is to use low-order finite difference
approximation of the time derivative and spectral approximation of the spatial derivatives.
This is not ideal since the time discretization error overwhelms the spatial discretization
error.

In [49], a Legendre spectral collocation method in both space and time based on the
work of Tang and Xu [71] was proposed for the heat equation. The method was shown to
converge spectrally when the solution is analytic. A condition number estimate of O(N?)
was derived, where N is the number of spectral modes in each direction. A second space-
time method, which is easier to implement and has similar performance was also proposed
and analyzed.

The main purpose of second part of this thesis is to demonstrate spectral convergence
and O(N*) condition number estimate for a Chebyshev spectral collocation method. Al-
though much of the basic framework of the theory for the methods based on the two
different orthogonal polynomials are similar, the analysis for the Chebyshev case is much
more difficult because of the presence of a singular weight function. In this work, a simpli-
fied eigenvalue analysis paves the way for a condition number estimate of the Chebyshev
space-time method and a similar analysis for other canonical linear PDEs.

In the remainder of this introductory chapter, an outline of the thesis is given. In
Chapter [2] we give a simple local convergence theory for the Chord’s method for a system

of nonlinear equations using Kantorovich-type hypotheses. This is followed by local super-



linear convergence of Broyden’s and BFGS method using Kantorovich-type assumptions.
For the latter, we introduce a norm which depends on the iteration number to estimate
the difference between inverses of the approximate and exact Jacobians. This idea may
be applicable in other situations.

In Chapter [3] local superlinear convergence of the symmetric scaled Perry NCG method
is given using Kantorovich-type assumptions. This is followed by an analogous theory for
a generalized scaled memoryless BFGS method.

In the Chapter [ the space-time spectral convergence of the Chebyshev spectral col-
location method of Tang and Xu for the 1D heat equation is established. The condition
number of the method is shown to be O(N*). A similar space-time spectral collocation
method which is easier to implement for more general PDEs and which exhibits nearly
identical characteristics is proposed and analyzed. Some simple iterative schemes for two
nonlinear PDEs (Allen-Cahn and viscous Burgers’ equations) are briefly discussed and
some numerical experiments in MATLAB are shown to confirm the theoretical results.

In the Chapter [0 a space-time Chebyshev spectral collocation method for the 1D
Schrodinger, wave, Airy and beam equations are introduced. A condition number esti-
mate of the method for Schrodinger and wave equations is shown. Basically, the condition
number is bounded by a multiple of the condition number of the spectral approxima-
tion of the associated spatial differential operator. Also some simple iterative schemes
for four nonlinear PDEs (Sine—Gordon, nonlinear diffusion, KdV, Kuramoto—Sivashinsky
and Cahn—Hilliard equations) are briefly discussed. Numerical experiments in MATLAB
confirm the theoretical results.

Finally in Chapter [0, we summarize and offer some open problems and directions of

future work.



Quasi-Newton methods, Chord’s,

Broyden’s and BFGS methods

In this chapter we establish superlinear convergence of a class of quasi-Newton methods
without applying line search and by using Kantorovich-type hypotheses. Existence of a

solution is a consequence of the theory.

2.1 Introduction

Let ©Q be an open set in RY. Given a smooth F' : Q — RY, the problem of interest is
to find 2* € Q so that F(z*) = 0. A classical method to solve this problem is Newton’s
method. Given an initial guess xg € € for the root of the function, Newton’s method

produces a sequence of iterates {x,} defined by:
Tpy1 = T — F'(2,) " F(x,), n >0,

where F'(z,) is the Jacobian matrix evaluated at x,. Any method that replaces the

exact Jacobian F’(x,) with an approximation is a quasi-Newton method. Most practical



algorithms for finding a zero of F' are given by

Tpy1 = 2, — ATF(2), n >0,

where A, is a sequence of nonsingular matrices. The main work here is to derive a conver-
gence theory for quasi-Newton methods where all assumptions can be verified and existence
of a root is a consequence of the theory. Also, the theory should have as few parameters
as possible. Before deriving the general convergence theorems for these methods, we will

need to discuss rates of convergence.

Definition 2.1. Assume {z,} C RY converges to *. {x,} converges superlinearly to x*

if and only if either z,, = z* for all sufficiently large n or x, # x* for n > ny and

. *
TR e B | Y
o g — |
Throughout this chapter and next, let || - || denote the Euclidean vector or matrix norm

and B,.(z) denote the open ball of radius r with center at x. Recall that for any N x N
matrix A, [|Al3 = X, a3 , and A < [|Alp < VNJ||A]|. The following theorem gives
simple assumptions for quadratic convergence of Newton’s method.

Theorem 2.2 (Dennis and Schnabel, 1996, [24]). Suppose F : RY — RY is C''. Assume

F(z*) = 0 for some z* € RY. Suppose F'(z*) is invertible and there are some positive

constants a, 8 and 7 such that || F'(z) 7| < aforallz € B,.(x*), [|[F'(x)—F'(y)|| < Bllz—y||

for all z,y € B,(z*), and affr < 2. If |z — z*|| < r, then the Newton’s iteration is well

defined, convergent to x* and

ln — 2*||?

5 , Vn > 0.

[2ns1 — 2" < ap

The above theorem assumes the existence of a solution and a bound on the initial error,

which are both unknown, in general. Another convergence result for Newton’s method was
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introduced by L. Kantorovich [41]. It makes no assumption about the existence of a root.
It proves that if F'(z) is nonsingular, F” is Lipschitz continuous in a region containing
xo, and the first step of Newton’s method is sufficiently small, then there must be a root

in this region, and also it is unique.

Theorem 2.3 (Ciarlet, 2012, [16]). Let © be an open convex subset in RY and zy € .
Suppose F : Q — RY is C1(Q2) and F'(x) is invertible. Assume there is some r > 0
satisfying three hypotheses:

i) By (w0) C

i) 17" (o) " F (o) || < 7/2,

iii) | F"(zo) Y (F'(y) — F'(x)|| < |ly — z||/r for all z,y € B,.(xo).

Then

i) F'(x) is invertible for each x € B,(xy),

ii) every Newton’s iterate z,, € B,(x¢),n > 0,

iii) z,, — 2* € B,(20), where F(z*) = 0,

iv) ||z, — 2| <27"r for all n > 0,

v) x* is the only zero of F' in B,.(xy).

Note that all assumptions of the above theorem are about zy and so verifiable. Further-
more, the existence of a solution is a consequence of the theorem. So the above theorem
can be used to demonstrate that a given nonlinear system has a solution.

While Newton’s method converges quadratically near the solution, it requires the for-
mation of the Jacobian which can sometimes be expensive and impractical. Broyden in
[10] suggested an algorithm for finding a solution of a system of nonlinear equations where
no Jacobian information is needed. For a function F' : RN — R¥, the Broyden’s method
is defined by

Tpi1 = Tp — A F(2,), n >0,



where

F(xpq)st
+1)°n
An+l - ATL + 2 9
[[snl
Spn = Tpy1 — T, and Ap is a given, invertible matrix and xy € €) is an initial guess.

In practice, Ay can be taken as I or F'(xq) if it is invertible. In [11] it is shown that
the iterates converge superlinearly provided that zo and A, are sufficiently close to the

quantities that they approximate.

Theorem 2.4 (Broyden, Dennis and Moré, 1973, |11]). Let F be differentiable in B, (z*),
an open ball about a root z*. Assume that there are some positive constants g and v so
that ||F'(z*)7Y|| < B and ||F'(x) — F'(y)|| < v||z — y|| for all 2,y € B. Suppose zy € B
and A, satisfies

140 = F'(wo)l| + 27[lwo — 7| < (88) "

Then the iterates {x,} given by Broyden’s method are well defined and converge super-

linearly to x*.

We remark that A, does not converge to F'(z*) in general.

Notice that almost all works in convergence theory of Broyden’s method have been done
by using assumptions of existence of a solution and a bound on ||x*—z|| and || F'(x*)— Ag]].
Dennis in |21] has proposed a Kantorovich-type analysis (assumptions based only on the
initial guess xy and Ap) for Broyden’s method. With F’(zy) nonsingular, F' Lipschitz

continuous in a region containing x,, and assuming three constants d, 5 and 7, such that

1F" (o) — Aol <0, |4 < B, [[Ag" F(xo)l| <,

local convergence of this method has been proved but without superlinear convergence.
In our work, we reduce the number of constants to one and demonstrate superlinear con-

vergence.



In optimization, quasi-Newton methods can be applied for finding local minima of
multi-variable functions. Suppose we want to find a local minimum point z* € RY of
f:RY = R so that Vf(z*) = 0 and Hessian matrix D?f(z*) is an N x N SPD matrix.

Using Newton’s method:

Tpt+l1 = Tp — sz(xn)_lvf(xn)v n Z Oa

this iteration converges quadratically provided that xq is sufficiently close to *. When N is
large, Newton’s method may not be efficient because of the need to form the large Jacobian
matrix at every iteration. One possibility is to use Broyden’s method. Unfortunately, the
approximate Jacobian in Broyden’s method is, in general, non-symmetric, in contrast to
the symmetric D?f(x). Assume zy € Q, Ay is a SPD matrix. The BFGS iteration for

finding a local minimum is given by

Tpi1 = Tn — AV f(2,), n>0,

where a rank-two Jacobian update is given by

Wyl ApspsT A,

)
yrs, st A, sn,

for any n > 0, where s, = x,41 — ¥, and y, = F(x,41) — F(x,). If yL's,, > 0 in each step,
the BFGS approximate Jacobian A, stays SPD [52].

BFGS method with line search is globally convergent for convex functions. The analysis
is based on early work by Powel [57] and Dennis and Moré [22]. Suppose that the starting
point is sufficiently close to the solution x* and that the initial Hessian approximation is

sufficiently close to F”(z*). Then BFGS with line search converges superlinearly.

Theorem 2.5 (Nocedal and Wright, [52], Chapter 6). Let € be an open convex set in RY

and f : Q@ — R be twice continuously differentiable. Let 2* € 2 so that Vf(z*) = 0 and



D?f(z*) is SPD. Suppose there is some positive constant m so that it is a lower bound

for all eigenvalues of D?f(x) for all x € Q. Assume that

1D f(z) = D*f(y)ll < Lll= — yll,

for some positive constant L and all z,y € Q. Let {x,} be the sequence produced by the

BFGS method with line search and x,, # x* for all n. Then z,, — x* superlinearly.

Again the main assumption is existence of a solution z*, which is an unknown quantity
in general. Line search enables the algorithm to be globally convergent.

The aim here is to show superlinear convergence of Chord’s, Broyden’s and BFGS
methods without applying line search and by using Kantorovich-type hypotheses. Part
of the attraction of this theory is that the number of constants has been reduced, in the
spirit of [16].

In the remainder of this chapter, in Section [2.2] some lemmas are given that are nec-
essary in the proof of theorems and propositions. In Section local superlinear conver-
gence of Chord’s method is given using Kantorovich-type assumptions. This is followed
by an analogous theory for superlinear convergence of Broyden’s and BFGS method in

Sections and

2.2 Preliminaries
The following lemmas are needed in the proof of theorems coming in the next sections.
Lemma 2.6. Let A, B be SPD, then

IAB|* < ||A* B2

Proof. Define inner product (z,y) = 27 A71y. It is well known that AB is self adjoint

with respect to this inner product and is positive definite. Let A4.(M) be the maximum

10



eigenvalue of matrix M, then

T
Amaz(AB) = max 7<ABy, y) = max y By

v#0 (Y, ) vA0 yTA-ly

Since A\ (A2B?) < ||A%2B?|, it follows that

TABQA TB2
|ABIP? = [ AB(AB)"|| = || AB*A|l = max "7 =% = max 21
x#0 zlx v#0 yT A2y

= Amas (A2B?) < | A2B?.

]

Lemma 2.7 (Sherman and Morrison, 1949, [23], Lemma 4.2). Let u,v € RY and assume
A € RV*¥ is nonsingular. Then A +wuv? is nonsingular if and only if 0 = 1+0v7 A=ty # 0.

If 0 # 0, then
(A+u™) =41 - (1/o)A uww A7
Lemma 2.8 (Dennis and Moré, 1977, [23], Lemma 8.5). Let w,v be vectors so that

uTv # 0. Then

UUT

T

_ Nullflv]

v Uu

-

o Tl

Lemma 2.9 (Dennis and Schnabel, 1996, [24], Theorem 3.1.4). Let A be a square matrix
and ||/ — A|| < 1. Then A is invertible and

1

A< ——————
A= Ty

Lemma 2.10 (Dennis and Moré, 1996, [23], Lemma 3.2). Let u, v be non-zero vectors so

that ||[u — v|| < A||u|| for some A € (0,1). Then

T 2
| () <2
||

11



2.3 Chord’s method

The Chord’s method to solve the nonlinear system F'(x) = 0 is given by the iteration

Tpyy = Tp — A F(2), n >0,

where x is an initial guess and A = F”(x) is invertible. The Chord’s method is Newton’s
iteration except that the Jacobian is fixed at A for all n. This is an alternative to Newton’s
method because the Jacobian is formed only once in the beginning. The drawback is that
the convergence is only linear. Below is a local convergence theory using Kantorovich-type

assumptions.

Theorem 2.11. Let © be an open set in RY and F' : Q — RY be continuously differ-

entiable on . Given xy € Q. Suppose A = F’(x¢) is non-singular. Assume for some

r € (0,1) that B,(zg) C Q, ||A F(x0)]] < (1 —r)r and

|ATHE (v) = F'(w)| < lo—wll,  v,w € By(xo).

Let {x,} be the iterates of the Chord’s method. Then z,, — z* € B, (), where F'(z*) = 0.

Let €, = x, — x*. Then |le,|| < "', n > 0. Furthermore, z* is the unique zero of F' in

B,(xp).

Proof. Let s, = xp41 — x,. We claim by induction that x,,; € B,(x¢) and |s,| <
(1 —7r)r"tt vn > 0.

The base case n = 0 holds trivially since sy = —A 'F(z0) and so by hypothesis,
|sol| < (1 —r)r < r. This also shows that z; € B, (). Assume that the claims hold for
n — 1. We show that they also hold for n.

By the Mean Value Theorem, there is some £ along the line joining x,, and z,_; so

12



that F(z,) — F(zp—1) = F'(§)Sn—1. By the induction hypothesis,

Isull = AT F(za)]| = A7 (F(an) = F(za-1)) = suoa
< (ATTFE) = D) suall = AT (F/(€) = F'(w0) ) s |

< e —aoll (L= )" < (L= )

Since i1 — T = 2o 55, it follows that [z, — zol| < XF_o(1 —r)r?*h <7, or 2n4 €

B, (). For any non-negative p, we have @, 4,11 — x, = Z?iﬁ s, and so

n+p ]
gt — @all < (L—7) 30 <,

Jj=n

This implies that {z,} is a Cauchy sequence and so it must converge to some z* € B,.(x).

Also, taking p — oo,

len]l <7+t

Consequently, A~ F(z,) = —s, — 0. This shows that F(z*) = 0.

Let & be any zero of F in B,(xo). Define é, = z, — 2. We show ||&,] < r"*! by
induction. The base case is trivial. Suppose the claim is true for n. There is some £ in
between z,, and Z so that F(x,) — F(z) = F'(§)(z, — Z). Then

bngl = Tny1 — 2 =an — AT VF(2,) +ATIF(R) — 2 =&, — ATTF(€)é,,.

Therefore

leniall < AT (F (20) = F'()]I llénl]

< HZUO . S“ ’I"n+1 S rn+2'

13



As a result,
la* = &|| < [la* = @l + |2 — &[] < 27" = 0. (2.1)

Hence z* = 7. O

2.4 Broyden’s method

In Newton’s method we need to form the Jacobian F”(x,) at every iteration, which may be
computationally intensive, or may not be available analytically. Broyden in [10] devised an
approximate Jacobian which can calculated from the approximate Jacobian of the previous
iteration by a rank-one update. Given zy, € () and an invertible initial approximate

Jacobian Ay the algorithm is

Tpyl = Ty + Sp, Sy = —A;IF(xn), n >0,
F(xp.q1)st
App1 = A, + (||S+|T2) “

Using classical assumptions (existence of a solution z* and bounds on F' and F’ in a
neighbourhood of z*), local superlinear convergence and global convergence of the method
with line search are known. See, for instance, [24] or [52)].

Since z* is not known apriori, the assumptions cannot be checked in practice. The
purpose of this section is to give a local superlinear convergence of Broyden’s method
using Kantorovich-type assumptions.

We are now ready to show local convergence of Broyden’s method, which will be
followed by a proof of superlinear convergence. Our technique of proof combines the elegant
Newton-Kantorovich theory with only one constant (Theorem 7.7.5 in [15]) and the local
convergence of Broyden’s method ([24]). Note that [21] has shown a local Kantorovich-type

convergence result, but without superlinear convergence.
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Theorem 2.12. Let € be open in RN, F : Q — RN F € CYQ), 2o € Q and 4,

invertible. For some 0 < r < 1/2 assume B,(zo) C Q2 and

o)™ Pl < 7 22)
1P Ew) - el < T e B, (23
11— F'(x0) ™" Aol| < dr, (2.4)

where &, 7 and d are positive constants dependent on r (to be defined later). Then Broy-
den’s iteration {x,} is well defined and exactly one of the following cases holds,
(1) F(x,) =0 for some n > 0.

(74) Broyden’s method converges to a unique zero of F' in B, (x).

Proof. Define G(y) = F'(zo) ' F(y). By this definition, F(z*) = 0 if and only if G(z*) =
0, zeros of F are zeros of G and also G'(y) = F'(z0) 'F'(y), G is differentiable as F' is.
Define

BO = F,(.Z'o)ile, Yo = X,

Yn+1 = Yn + tna tn = _BglG«gn)a n Z Oa

G(%H)i

BnJrl = Bn +
1212

Assume F'(x,) # 0 for all n > 0. First we show that Vn >0, vy, = z, and B, =
F'(z9)"'A,. We use mathematical induction for proving these statements. Basic step
is true obviously, yo = z¢ and By = F'(x9) ' Ag, by using definition. Let z,, = y, and
B, = F'(xg)"'A,, for some positive integer n, then we need to show z,1; = yn41 and

Bny1 = F'(xg) 1A, ;1. Notice that:

b = —BJIG(%) = _(F/(x())_1An)_1F,(x0)_1F(xn)

= —A;lF’(xO)F’(%)_lF(xn) = —A;lF(:Un) = S,

15



therefore t, = s, and also y,4+1 = Y +t, = T, + S, = Tpa1. By definition of B, we get:

F'(x0) "' F(2ni1)s,,

Isnl®

L F(xpyq)st L
= F({L‘()) 1<An+(||S+|TQ)) = F(ZE()) lAn+1.

G(xn+1>t17«:

= F/(&To)_lAn +
122

Bn-‘rl = Bn+

Furthermore, it is easy to show that by using assumptions of the theorem,

IG (o)l < &r*;

|mmo—awmgnmng Yu,v € By(x).

Also two following claims are really useful.
1

— nllxo — ull/r
We have G'(xy) = F'(xg) ' F'(x0) = I, therefore for u € B,(z),

Claim 1. ||G'(u)7 Y] < 1 , for all u € B,.(zo).

I = G ()] = 16 o) — () < o=l )

,
If we assume 7 < 1, then by using Lemma G'(u) is invertible and

1 1

G/uflg < )
IG"(w) " 1= [T =G )] = 1—nlzo—ul/r

nllu —vf?

Claim 2. ||G(u) — G(v) — G'(v)(u —v)|| < , for all u,v € B,.(zy).

IG(u) = G(v) = G'(W)(u =) =

‘[<Gﬁu+u—wm—mnm>m—vmw
SHu—ﬂAWW(W+Uf¢M>—@@Wﬁ
< M= o)

STy PP
r 0 2r ’

16



Claim: There are some positive constants a, i and 5 dependent on 7 (to be defined later),

such that for n > 0,

3. |l — x| < (1 —1r");
4. |G (xn)|] < € rm Tt
d. “G/(xn) - BnH S ar;

6. G'(z,) is invertible and ||G’(z,) 7Y < w;

7. B, is invertible and || B, || < 3;

0]

lsnl] < PR

In following the proof of these claims is given by using mathematical induction. Basic
step for Claim 3 is trivial. By definition of By, it is invertible thus sq is well defined and
x! exists. Also ||G'(z0) — Bol| = ||[I — F'(x¢) ' Ao]| < dr < ar, if we choose a such that
d < a. By assumption ||G'(zo) || =1, let u > 1, so we get: ||G'(x) || < p. In addition
II — Bo|| = ||[I — F'(x¢) ' Ag|| < dr. If we assume dr < 1, then || — By|| < 1 and by using

Lemma 2.9

. 1 1

| < < -
L—|1I =Byl = 1—dr

1By

So by assuming S > , we have ||BO_1|| < B. Also ||so| = || — Bo_lG(xo)H <

1
1—dr
1By |G (o) || < BEr? < 72, by assuming 3¢ < 1. Then we assume all of the statements
are true for some integer n > 1, we will show they hold for n + 1.

Claim 3. Since B,, is invertible by hypothesis of induction, z,; exists and
a4t —@oll < ey =zl + 20 —2ol| < 7" 4 r(1=r") = r(1=r"(1=7)) < r(1-r""),

since 7 < 1/2. [|zp1 — xol] < (1 — ") < r and also z,11 € B,(z9).

17



Claim 4. We have s, = —B;'G(z,) , so G(z,) = —B,s,. Then

HG(wn-I-l)” = HG(xnﬁ-l) - G('Tn) + G(xn)H = |’G($n+1) - G<xn) - ann”

= [1G(@ns1) = G(an) = G'(zn)sn + (G'(2n) — Bn)snll

< 6(nn) ~ Glaa) — G sl + (G (@) ~ Basa
2
< Wl sl = sl 0 4 (25)
n+2
< 2 (WT + ar)
< Tn+3 (77 T Oé) < grn+3’

if we assume 7+« < & Then ||G(z,41)] < €73, as we need.

Claim 5. Observe that

/ ! / / G xn 87,111
|G (xnt1) = Banall = | G'(znt1) + G'(zn) — G'(20) — Bn — (HSJFJQ
! ! ! G xn Sg
< 16/ an) = Gl + |G/ - B - SE]. (2

18



Consider the second term of this inequality, we could write it as:

Therefore:

|

(G(@ni1) = Gln) + Glan)) st

@) = B = foulP
G(Tni1) — G(xn)>3T G(x,)st
/ ( +1 no Ln)Sn
(@) = By 5l I5al?
, (G(xn-&-l) - G(xn)>5£ annsg
G lan) = B - e ™
snsg annsg
G'(z,) — B, —/ G'((1 =)z, +trn )HS B ENE

m%)3+/<a%)ew >%+mﬂo%nﬁ

ENE
Sn st B, s, st
— G’ Tn Sn dt + nonon
;G ey
T
/ SnSp,
(G (zn) - Bn)([ - HS H2)
! SpsT
+/O (G (2,) — G'((1 = )z, + tmnﬂ)]w dt.
T
10 20 [1 - 25
T
# 16 ) = 6 =ttt ]

— (1=
0.~ ) + el

1
< ||G’(:Bn)—Bn||+/0 il

1¢ n
< 6/ @) = Bl + [ ””j "

77H3n||
o

< HG,(wn) - Bn” +

19



Substitute this in inequality (2.6) we get:

! / / ’ Sn
|G (Tni1) — Busill < |G (wps1) — G'(xn)|| + |G () — Bl + Nl snll

2r
1l , nllsall
< G (z,) — B,
< M6 () — Bl + L
377H3nH
I — G/ n _Bn
2ol 16 ) — Bl
31
< g(”snll + sl + -+ llsoll ) + [|G"(20) — Bol|
3
< ﬁ(r"+2+r"+1+...+r2)+dr
2r
3 1 —pntl
< g(lijr)+dr§3m‘+dr§ar,

if we choose a such that o > 3n + d.
Claim 6. By using Claim 3, we have |z, — zo| < r(1 —r"™) <7, and also z,; €

B,(xp). Then by using Claim 1, G'(x,41) is invertible and

1 1
< .
"l —wl S 1
T

IG (@) 7l <

1

1
Define p = T 1. Then ||G'(z,41) 7Y < 1 as we need.
-n

Claim 7. Notice that:

G/(anrl)_anJrl =1+ G/(xn+1)_1(Bn+l — G (Tny1) )7 (2.7)

and

”G/(anrl)il(BnJrl - G/(anrl))H < HGI(xTwl)ilH HBnJrl - G/(anrl)H < par.

20



Assume par < 1, then G'(x,41) ' B, is invertible which means B, is invertible and

1

1= |G (@ns1) " (Busr — G'(@ag) )l
1
1 — par

-1
From " B’r:—&{l = (I + G/(anrl)_l (Bn - G/(xn+1)>> G,<xn+1)_17

IA

|(7+ 6 (3= o)) )

IA

-1

||Br:—il-1|| S H < I + G,<xn+1)_1 (Bn-‘rl - G/(xn-‘rl) ) ) HG/(IH-&-I H > 1 — par .
Let g = rnax{1 T (w}’ then || B, 1| < 3. Notice that

1
noo_ _ygntar
l—par 1—n—ar 1—n—ar
so B> 1.
Claim 8. Since B,y is invertible, s, is well defined and
Isniill = | = Buir G@ar) | < 1Buia G (@nsa) || < Ber™* < o2,

since B¢ < 1.
Therefore by using mathematical induction we have the results. By using Claim 8 we

could say {z,} is a Cauchy sequence lying in B, (zo). Given p,q > 0 we have:

ptra—1 prg—1 rp+2
2y = Tprgll < D0 Nawmn —all < D0 rF2 <0 Zr — < rP
k=p k=p

1
since r < 5 =

1 -
N < —, therefore {z,} converges to a point z* € B,.(xy). By using
—r —r
the fact that G is a continuous function and ||G(z,,)|| < &r™*? | it follows that G(z*) = 0,

which implies F(z*) = 0. By taking ¢ — oo and p = n in the above calculation we get
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|z, — 2*|] < r"*1 Let e, = x,, — z*, then we have ||e,|| < r"™!. Observe that = € B,(x).

Now for proof of uniqueness, let & be any other zero of F' in B, (). Then we could show

that ||é,11] < He;” for all n > 0, where é,, = z,, — Z. Notice that:
bnil = Ty — 2=, +58, — 2 =1, — B, 'G(x,) — &
= B.'B,én+ B, (— Glan) +G(2) )
= B (Ba—G'(xa) ) tn+ B, (= G(za) + G(2) + G (20)n).
Therefore:
H@HH:'%f(—ﬂ%%Hﬂ@+@@@@+Uﬁ—@@@ﬁ0‘
1
< Hngw!/ (G'(2n) = G'(&+ten) ) éndt+ (By— Glan) ) én
0
1
< 1B el ([ 16°) = 6o+ 020) e+ 18, - G 1)
1 n - ty —1 An
< e (f Mt s, - e 1)
EEETITON nllénl| '
< B el ( 5+ I1Bn = G'(z0) 1).

Since Z, x, € B,(x¢) then [|&,|| < 2r, then by using above inequality, we have

nlén]|
2r

R R R L.
lensall < B lléall +ar) < B(n+a)|é < Sleall

1
. So we have ||z, — || < o Therefore,

N | —

if we assume [(n+ a) <
A * A * 1 n+1
12 = 2| < |2 = 2l + [Jon — 27} < 55 + 77

1

Let n — oo to obtain the uniqueness result. Now assume r < — and n = ——, the
2 6(2+r)
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constants in the proof of this claims could be chosen as:

1+ 3r 11+ 7r 3(2+7)? 12 + 6r 34 2r

62 CTeeror T rn P i “Tape Y

The calculations for finding the constants are given in Appendix A. This completes proof

of the theorem. O

We now consider an example which illustrates that the constants in the above theorem
cannot be arbitrary. Consider N = 1 with = (0.1,1) and F(z) = x. Clearly this
trivial example has no solution in 2. Take, for instance, xy = 0.2. Then for any r <
0.1, B.(wo) C €, Assumption of the theorem reads ||xg| < &r?, which cannot be
satisfied for £ = (114 7r)(2+7r)72/6. It is not claimed that this value of £ is optimal, but
it must be sufficiently small.

Next, consider another 1D example with Q = (—1,1) and F(z) = z(x + 2). The only
trouble occurs at * = —1 because F’'(—1) = 0. We check the hypotheses of the above
theorem for this simple example. Consider » = 0.05. Using , the inequality is
equivalent to zy € [—0.0011,0.0012], while the inequality becomes xy > —0.3850,
which is less stringent than (2.2). Finally, (2.4) is equivalent to 1.5439(zo + 1) < Ag <
2.0046(zo + 1). Note that the lower bound is positive and, in conjunction with ,
guarantees convergence of the iteration to the root 0.

Next we show superlinear convergence of Broyden’s method. The proof follows closely

that of Theorem 8.2.2 in [24].

Theorem 2.13. Assume the hypotheses of Theorem [2.12 Then Broyden’s method con-

verges superlinearly to a unique zero of F' in B, (zg).
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Proof. By Theorem [2.12] the iterates x,, defined by

By = F'(x0) ' Ag, 0, Ag given, invertible,

Tpt1 = Tn + Sn, Sp = _BglG(xn)a n > 07
G(xpi1)st
B,i1 =B, + (H5+ﬁ2> z

converge to , a zero of F in B,(xg), where G(z) = F'(z¢) ' F(z). Assume that F(x,) # 0
for all n > 0. Therefore we have:

lenl] < 77t 1B < ar, 1B, < B,

|G ()| < &rmt2, 1G" (@) < m,
where e, =z, — 2* , E, = B, — G'(x,), and the positive constants are given by (2.8)).
Claim: Vn > 0,

llenll
2 Y

L lensll <
3n
2. ||Enpr|] < [ Enll + 7Hen\|-

Claim 1. First notice that:

enyl = Tpp — 2 =z, + 5, — 2" =e, — B, 'G(z,) = B, 'Bne, + B, (—G(x,) + G(z%))

B;l(Bn — G'(xy) ) en+ B ( — G(x,) + G(z") + G'(xn)en).
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Then we have:

B;1< — G(xn) + G(x*) + G'(z,) en + (B, — G'(x1)) en>

lewrsll = |

1
< B /O(G’(xn)—G’(x*—l—ten))en dt + (B — G'(x2) ) en
< 1B Henu( [ 16 @) = G + ten) e+ 1B, = C',) H)
< 1B |ren|( T e, — " — te, |t + B, — Gz, ||)
€En ,
< e (f "l na s, - e )
nlle H nre
< B lleall (F5 +ar) < Blledl (5 +ar)
€En
< Bln+ aea) < 10,

Notice that we are using the fact that for any n we have ||e, || < r"*! and also by definition,

B+ a)=pE= 3.

Claim 2. For any n > 0 we have:

, G(xpy1)st ,
En+1 = Bn+1 -G (l’n+1> = Bn + (||8+||12) -G (xn+1)
G n r /! !
= B,—G'(z,)+ W + G'(z,) — G'(Tps1)
S5t (G(wpy1) — G(xn) )T Epspst  G(xn)st
= E.(I - 5+ =+ -+ 4+ G (2n) — GN(Tnta),
[[sn > [snll? [sall? [[snl? o
but G(z,) = —B,S,, so we have:

|T;S|TT2) i (G(@nt1) — G(zn) — G'(z0)Sn )sy,

En+1 = En(] -
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Consider the second term of the right-hand side of this equality:

| G(zns1) — Glan) — G'(zn)sn || < /01 I ( G'(t Tpr1 + (1= t)zy) — G'(z0) )Sn |dt

< /1 Nt oy + (1 — )2, — 20 “ HSnH dt
— Jo T

1
r 0
lsal : :
< 0 (e =27l o = 27))
sl
< 5 (lensll+ fleal).
Therefore,
sl sl
| Glnin) = Glan) = G'(wn)sn | < =55 (lewnll + lleall) < = lleall,  (2:10)
r r
and

| G(Tni1) — G(zn) = G'(20)54 | ||S£H

[Eniall < Bl + + |G (20) = G'(21) |

lsn 112
G(xptt) — G(z,) — G'(x,)5n Tyl — T
< IIEn||+|| (#nt1) = Glan) = Glan)sn || N2nsr = 2l
[0 ] r
Ui Ui
< B+ lleall + - (leneall + lleal)
31
= 1B+ e
Claim:
3. There is some positive integer m so that for all n > m, ||G(z,)|| > |,|€n|| 0
4G ()]
Spst 1 ||Ensall?
4. |Ep (I — 2 <||E.||F — =L for all n > 0;
H ( Isnll® ) F 2 Enlle [lsnll?

| Ersn |

5.
Isnl

— 0 as n — oo.
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Recall from ([2.5)),

nllsnll*
G (@)l <= =5 7 + arllsall,

and also

G(pi1) — G(x,) = G'(2,) s, + /01 ( Gt tpi1 + (1 —t)x,) — G'(x,) )sndt.

Then,
Gl > 16 sl ~ NG )l =2 [ st
> e = 16l - ol
o e O

2 ol (g e =)

Notice that [|e, 1] < [len]|/2, and so
ol < e = Newaall < Isall < lewsnll + lleall < 2lienll
leading to,
otan) > 51 (e ey = =)

Since ||e,|| — 0, there is some m so that for all n > m,

ar?

r
||€n|| < - .
NG (zn) M 27

27

(2.11)



Then we get

2n]len|

tar<——
2/|G" ()

by substituting this in the equation (2.11]) we have,

leall
Gz, >
1@l = e @)

Claim 4. For any matrix E and vectors u and v, it can be easily proved that:

1 + wo' [[7 = | Bl + 20" B u + [|uf]?[lv]]*.

The above identity with u = —F,s,, and v = s,,/||s,||* for any n > 0 gives
Ensnst|? | Evsnll?
E, - =1 =|E ||2 .
H ! [snll® |l i [snl[?
consequently
5 ) ( | Busal\ * L [Busal?
E - || ={IElE— S < IEullr- 2
H n( sl )l T sal? 20BN sl

using the inequality (a? + b*)'/2 < a — b?/(2a) for any a > b > 0.

Claim 5. By using (2.9), (2.10) and (2.11)),

|Eniillr = HE ([— sns£> n H (G(xpy1) — G(xn) — G'(20)8n )T
Isull* /e sul? .
G (2,) = G (@ng1) ||
1 ||-E’VLS7L||2 37]
Bl — N
< [|Eullr BT Ts2 v VN|jen||
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or

||En5nH2

lnll?

IA

3n
21 Bl r (1 Enllr — ([ Engallr + - VN|eal])

3
< 2VNar(|Eullr = |Exnllr + 57 Vel

Summing over n from 0 to m for any m, we obtain

IA

3 LA |
2VNar( | Bolle = |Emarlle + =2 Vel Y- o)
n=0

n=0 |

3
< 2VNar(||Eollr + = VNjeol)).

Since || Eol|r < VvV Ndr and ||eq| < 7,

E, s,
Z | i S||2H < 2N(dr + 3n)ar
n=0 Sn
Take m — oo to conclude that
lim 7||Ensn||2 =0
n=oo s, [|? '

This completes the proof of Claim 5. Now from the Broyden’s iteration, for any n > 0,
0= B.s, + G(x,) = B8, + G' ()8, + G(x,).
Therefore,
—G(zn41) = Ensn + G'(wn)sn — G(ant1) + G(zn),

leading to

IG@n )l [ Ensall | G (@n)sn = G@nss) + G@a)ll _ || Ensnl

lsall = lsnll [I5n] — lsall

Ui
+~lenll
,
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by (2.10)). By using Claim 5, we have

G n E’I’L n .
im M < 1 | o + T Yim llen]| = 0.
n—oo HSTLH n—oo HSTLH 7 n—00
By Claim 3, for n big enough,
|G (@n4a)]l 1 leniill o 1 flentall o 1 llennll
[snll 7 G (@na) M sl ™ 4 llsall — 4p lenl] + llental
Let ¢, = ||lent1ll/|len]]. Therefore,
0 = g IGE@el L U el 1 el
n sy dpn=ee (el + lensall  4p =00 1+ el

This implies that lim,, ,. ¢,+1 = 0, which is superlinear convergence.
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Appendix A

This appendix provides the mathematical calculations for finding the constants in the

proof of Theorem [2.12] The relations among the constants are given by:

l.n<1landdr <1, 5. par <1,
2.6>n+a 6. 0 { : 1 }
. , ./ = max : ;
=1 l—dr'l—mn—ar
3. a>3n+d, 7. BE <1,
1 1
4. p=—— -
By using condition 3. we have o« > d and so
1 1 1
5_max{1—dr’1—n—ar}_1—77—047"
1
Let§:n+aand6§:§sothat
1 1
/6:—:
26 2(n+ )
Thus
1 1 1-3 — 1 2
_ L e lzsn _momalo g 247
l—-n—ar 2n+a) 2+7r 2+ 2r —n+1)

1
Note that nr —n+1>0,ifn < T Define
-7

2n 1—=11n—3nr
2471 2+r

d=oa—3n—

We need to be sure that d > 0. It is sufficient to consider

Lo,
+3r71—r7  11+43r

O<77<rnin{11
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Notice that by the expression of &, a, f and d we have,

1
par < 1 if and only if n < T which is true;
-7

2+ 1lnr + 3nr?

1 —dr >0 =dr <1
2+
1
6(n+a):6§:§.
I ith <1 b Id ch L theref
1 summary, wi T —, We€ be cou cnoose = re
Y =5 ose n 6(2—}—7")’ erefore
J— 1+ 3r ¢ = 114 7r 5_3(2+T)2 12467 . 3+2r
T62+ 2 S 62+r2 T nrm P e YT 2een
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2.5 BFGS method

Let ©Q be an open set in RY and a smooth f : Q@ — R. The problem is to find a
local minimum of f in . Of course, one can simply apply Broyden’s method to the
nonlinear system F(z) = V f(z) = 0. However, in general, the approximate Jacobian in
Broyden’s method is not symmetric, clearly not an ideal situation since the exact Jacobian
is symmetric. There are many ways to obtain a quasi-Newton Broyden’s method where
the approximate Jacobian is symmetric. The most popular is the method of BFGS. Given

xo € Q and SPD initial approximate Jacobian Ay, the iteration is:

Sp = —A;IF(xn),

Tyl = Ty + Sp, (2.12)
Yn = F(xp11) — F(2n), (2.13)
T T
Unly  Ansns, Ay
A=A, no_ nn 2.14
i - yl's,  slApsy, (2.14)

for any n > 0. Notice that consecutive approximate Jacobians differ by a rank-two matrix.
Local superlinear convergence and global convergence for BFGS with line search with
classical assumptions are known. The analysis is based on early work by [57] and [22]. It
assumes that the starting point is sufficiently close to the solution x* and that the initial
Hessian approximation is sufficiently close to F(x*). We will now show convergence of

the BFGS method using Kantorovich-type assumptions.

Theorem 2.14. Let  be an open set in RY, f: Q — R and f € C*(Q). Let F(x) =

Vf(z) and F'(z) = D*f(z). Assume 2y € Q and B,(zg) C  for some 0 < r < 1/2.

Suppose there are positive constants m < 1 and M such that for any z € RY and

x € B.(x),

mlz||* < 2" D f(z)z < M|z
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Also

|F" (20)~ %F(ggo)u < ar? (2.15)

IF" (20) "2 (F'(u )F'( o) 2| < M, Yu,v € B,(x0), (2.16)

\/F

where a and 7 are positive constants dependent on r (to be defined later). If r is sufficiently
small (satisfies (2.35))), then the BFGS iteration {x,} with Ay = F'(z¢) is well defined
and exactly one of the following cases holds,

(1) F(x,) = 0 for some n > 0.

(13) {z,,} converges to a unique zero of F in B, (zy).

Proof. First notice that by given assumptions of the theorem, m < ||F'(x)|| for all z €

Y 1
B,.(x), especially ||F’(zo)7!|] < —.
m

Let G(&) = F'(x0) 2 F(F'(x0)"2&). Observe that G(£*) = 0 if and only if F(z*) = 0,

where 2% = F'(z0)"2£*. Since F'(z)2 is invertible,
G(£) = F'(wo) #F(F/(20) 56) = 0 & F(F'(wo) 2 F'(wo)2a") = F(a) = 0.
Also we have:
G'(€) = F'(wo) ™ F(F' (o) &) F'(o) %,
We apply BFGS method for G(&). First notice that

G'(&0) = F'(w0) "2 F'(F"(wo) "2 &0) F'(wo) ™2 = F'(wo) ™2 F (o) F'(wo) ™2 = 1.
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Define By = G'(&) = I and & = F'(x0)220. Then for n > 0,

t, = =B, 'G(&),
£n+1 = fn + tna

zn = G(&nt1) — G(&n),

znzg B Bntnthn

Bpi1 = B+
i 2Tt,  tIByt,

Assume F(x,) # 0 for all n > 0. We apply mathematical induction for proving &, =
F'(z¢)2x, and B, = F'(zo) 2 A, F'(z¢)"2 for all n. Basic step holds trivially. Assume

these statements are true for some positive integer n, then

Enrt = Entty = F'(x0)32, + F'(20)3s,

= F/(:L‘O)%(In +5,) = F/(IO)%xn_i_l.
Notice that by using induction hypothesis,

t, = —B;lG(gn) = —(F’(mo)_%AnF/(xo)—%>—l F’(mo)_%F(F'(mo)_%fn)

= —F/(w0)? A F(F'(30)72&,) = —F'(20)2 A F(w,) = F'(0) 75,

Furthermore

SIS

zn = G(&ns1) — G(&) = F,(xO)_ (F(xps1) — F(zy,)) = F/(xo)_%ym

then by using definition for B, .1, we obtain

1 1 1 Yn r An n TAn
Bnir = Fl(zo) 2 AnF(w0) 72 + F/(%)_ngizp(%)_% — F'()7? sinT;n F'(w) 2

Uyl Apspst A,

= Flo)™* (An+ ) F/(en) ™% = F'(w) = AnaF' (o) 2.

yrz;sn SZAnSn
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By using assumptions of the theorem, it is not difficult to show, ||G(&)|| < ar?,
|Gl = [IF (o) "2 F(F'(x0)~2&0)| = |[F(x0) 2 F (wo)|| < ar’.

In the following, we use assumptions of theorem to give two important properties of G(§).
Let

p=mr.

Claim 1. ||G'(w) — G'(7)|| < \7_||w — 7| for all w, 7 € B,(&).
[

For any w, 7 € B,(&), there are u,v € B, (o) such that u = F'(z0) 2w and v = F'(zq)"27.

By (2.16),

IG'(w) = GOl = [1F" (o) 7= F'(F ()" 2) F' (o) ™ — F(wo) "2 F'(F' (o) "2 7) F' () 2|
= | F'(w0) 3 (F'(u) = F'(v)) F'(x0) 2|

T

NG < \/;HF’(%)_?HHW—TH

IN
-
=
|
<
A

Ui Ui
< —=lw-rl<—Zlw-rl
vmr N
since || F'(z0) 72| < —=. This completes the proof of Claim 1.

Claim 2. |G(w) — G(7) — G'(7)(w — 7)|| < QZﬁ”w — 7|2 for all w, 7 € B,(&).
Using Claim 1,

1G(w) = G(r) = &P w =) = ]

/01 (G'(tw +(1—=t)1)— G/(T)) (w—T)dt H
< Jlw—7] /01 16/t 4 (1= ) ) = G/ ()t

1
Ui Ui
< M=l [l + (1= 07 = 7l = 5ol 7P

establishing Claim 2.
Claim: There are some positive constants ¢, u,y and S dependent on p (to be defined

later), such that for n > 0,

36



w

g = &oll < p(1 = p");

=~

NG < ¢
5. G'(&,) is invertible and ||G'(&,) 7 | < w;

6. B, is invertible and ||G'(&,)~" — B, M| < yp(1 — p);

\]

B < B

oo

-l < o™

Notice that if ||&, — &l < p(1 — p"), then ||z, — xo|| < /mr(l —m™™) < r since m < 1.
Thus x, € B,(zg) and &, € B,(&). Also [[t,| < p" results in ||s, || < "2

Now we prove Claims 3 to 8 by using induction. The base case for Claim 3 is trivial.
Since ||G(&)]] < ar?, assume ¢ > a/m?, then ||G(&)]| < ¢(p* (Note that all additional
assumptions on constants in this proof are summarized at the beginning of Appendiz 2.)
Also |G'(&) 7| = ||II]] = 1. Let u > 1, then ||G'(&) || < pu. By assumption By = I, so
it is invertible and by choosing 3 > 1, the base cases for Claim 6 and 7 are satisfied. Also
Itoll = || = B G&)ll = 1G]] < o < o2, if we require ¢ < 1.

Next, assume all of the statements are true for some integer n > 1, we will show they hold
for n 4 1.

Claim 3. Since B, is invertible by hypothesis of induction, &, exists and

lnir = Goll < Nnrs — &all + 160 = &oll < ™2 +p(1 = ") = p(1 = p"(1 = p)) < p(1 — p"*),

1
since p < 3 This completes the proof of Claim 3. Moreover ||€,11 — &l < p, S0 &ny1 €

Bp(fo)'
Claim 4. We first show that there is a constant « such that

IG"(&n) — Ball < ap.
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By the induction hypothesis,

I7=BM < |[1=G&) I+ 16) ™" =Bl

IN

IG" (&) I IG"(60) = G ()l + 11G7(&a) ™ = B,

< uny/p(1 —p") +yp(1 = p").

By assuming 4 = un+~,/p, we get ||[[ — B, || < A,/p. Let \;, 1 < j < N be eigenvalues of

1 1

Bgl. Therefore [1—-\;| <A /pforalll < j < N. Also || B, || = max;<; — <

[1=X| <Av/p | Bu|| N | S TR 5
assuming 4,/p < 1. Then

1G'(&) = Ball = [IG"(&)(G" (&)™ = B, ') Bl
< NG ENNG )™ = BBl < ——p < ap,
G (&G (&) 1Byl -
Yy

— =S
1—=9p

Now we proceed to prove Claim 4 by using induction. By definition, ¢, = —B,'G(&,).

by assuming

Use Claim 2 to get

||G(€n+1>|| = ||G(£n+1) - G(gn) - G/(gn)tn + G/(gn)tn - Bntn”
< NG (Gn) = G(&n) = G'(&a)tall + [(G'(&n) — Bu)tal
nlltal” _ [t
< T el = Il (55 + o)
n npn—l—Q n+3
< P+2(W+QP)SP (nvp + ).

If we assume 7,/p + a < ¢, then [|G(&,41)|| < ¢p", as we need for Claim 4.

Claim 5. By Claim 1,

11 — G'(&ns)ll = 1G"(&0) — G'(§nr) | < 77p||§n+1 — &l < nvp.
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Assume 7,/p < 1, then by using Lemma , G'(§n41) is invertible and

, _ 1
16/ ) <

Define

1

pE— (2.17)

1

then ||G'(&n41) 7| < i, which is Claim 5.

Claim 6. First, there is some & between &, and &ny1 so that
thon =t (G(&nir) = G(&)) = 1,G' (E)tn > 0,

since D?f and hence G’ is SPD in a neighbourhood of the initial point. Hence B,
is invertible and, in fact, SPD. Take any k satisfying 0 < k < n. By using Sherman-

Morrison-Woodbury formula,

Bfl . Bil tktg 1 ZgBElzk Bk_lzkt}f -+ tknggl
w1 =By + - ( ) — T :
Define
t T
P = — FCk
then,
titt
Bl = P,B; ‘Pl + =&
k+1 kD 17 t;;fzk
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For brevity let B = G’(&). After some calculations,

tptd
t{zk
tr — B_lzk)t;‘g + tk(tk — B_lzk)Tka

tfzk

B'-B;!, = B'-PB,'Pl -

= P(B™' =B )P — (
Define the following norm which depends on the iteration number £ > 0:
1X 1 = 11G" ()" X G ()|
for any arbitrary matrix X € RV*¥. Observe that

- - - - [(te = B 2)ti e |[tk(te — B~ 2e) "B I
1B~ = Bijille < 1Pu(B™ = By )P [l + £+ 82

T2, T2k
(2.18)
Below we will find estimations for each term of this inequality. For the first term,
|P.(B™ — BYPL |l = |B*RB3B3(B~' — B,")B:B i P B ||y
< |IB:RB7:|? B! = Byl
1 tezf . 1 _ _
= BN B B B
Bit, ) (B iz)T|* B
= HI_ ( I k)( ,;k) ||B ! _Bk1||k;
(Bzt)T (B~ 22)
1 1 2
_ (HB%tkn |3 w!) 1B B
- 1, \7p/ -1 - Pr llk:
(Bﬂfk) (B QZk)
For the last line we used Lemma 2.8 Define
LT (Bh

CBat B Ea] T
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so we obtain
1
|Pe(B~' = By )P lx < EHB_l_Bk_lHk" (2.20)

Consider the second term of the inequality (2.18)),

I(te = B 2)tf |l _ B2 (te — B'2)t] B3|
t{'zk t{zk
_IBE e — BB |
t;{zk
1||B3t, — B3
_ LIBrt = Brial (2.21)
w | B2 2|
Similarly for the last term of ([2.18]),
tr(ty — B 2)TPE|l,  ||Boty(ty — B )T P B3 ||p
tzzk B tgzk
T
|B3t, (B3t — B 3z,) B Pl B3|y
B t;{zk
_ B3| Bity — B4 | B2 P BA |
- t{zk
1 |B2t, — B3
= 7” s = B (2.22)
w | B2 2|

For finding an estimation for the right-hand side of this inequality, notice that B = G'(&),

tk — B’lzk = tk — Bi1 (G<£k+1> - G(gk))
= 1 — (&) (G) — G&) — G (&)t) —
= —B! /01 (G’(ék + Ttk) - G/(gk))tde

Therefore by Claim 1,

1 1 n _1
B2t — B™ 2z < mIIB 2|12kl (2.23)
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Since 2z, = G(&p1) — G(&) = G'(E)ty, for some € between &1 and &, it follows that

ty = G’(g)*lzk and

~ M 1 M
£l = 1G"E) " Ml2ll < —lzall = < :
m 2kl = ml[te]
11 1 _1
[zell = |1B> B2 2| < [ B2|[|B™2 2],
1 B3| _ M| B>
S B2 _ M|B2]| (2.24)
I1B72z| — Izl = mlltel]
(2.23) and ([2.24]) together imply:
B2t — B 2z Mn 1
< 1B~ B2]| [t (2.25)

1Bzl 2myp

M
By using the assumptions of the theorem, % < |G'(€)]| £ — for any & € B,(&). This
m

M 2
implies || B[|[|B~!| = [|G" (&) I[IG" (&) M| < (E)z. Now choose 7 such that ~—— < /2,
and define
n M?
A= <1. (2.26)
V2m?2
Then
B n M? A Pk 1
Bz |||t < — ] ==t £ —= < —. 2.27
B MBI < Sl = ol < 25 < 5 e
From Lemma [2.10]
2 2
| Ml 1
2p 2
9 1
so w® > — and
2
1 1 —w? p/
=1 <14+2— t 1+ Apl|t 2.28
2 L S \/—II kll =1+ Apllte]l- (2.28)
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Combining all estimates (2.20)), (2.21) and (2.22]), followed by an application of (2.27)),
(2.28) and ([2.25)), inequality (2.18]) becomes
2 ||B3t, — B iz
w? | BTz
_ _ A
< (L+Apltsl) 1B = B ls + v2(1 + APHtk”)%HtkH- (2.29)

IB~™" = B!y llw

IN

I _
B = B+

Notice that for any arbitrary matrix X € RV*V,

1X0s1 = HG,@’“H)%XG,(@H)%HF
= G (E)PG (&) G(&)F X G(6)F G (E) T E G ()P v

< G ()G (&) THNIX e
In last line we have used Lemma B8 Observe that,
G'(&1) G (&)™ = (G (&) — G'(&) + G'(&))G' (&) = (G (&) — G'(&))G" (&)™ + 1,
therefore by Claim 1,
IG" (k)G (&) S 1+ (G (k1) — G'EDNNIG" (&) M < 1+ ?/%HtkH» (2.30)

so we obtain

I
[ Xk < (1+ ﬁHtkH) X1

Define k = 1 + i]/'lthkH Therefore || X ||x+1 < k|| X||x. Notice that from ([2.17]
D

f= L ) < 12 <1 VP
VP

1—nyp
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From the inequality ([2.29)),
-1 —1 -1 —1 NG A
1B = Biiallkesr < k(1 + Aplltel) [|B™ = B[l + QRﬁ(l + Aplltel) lItell,
SO

A
1B = Bhllen — 187 = B < s 1k npltel) 1B = B+ Vx4 M)l

i I A
< (el + sApltel) 1B7F = Bl + \/iﬁ\/ﬁ(l + M)kl

\/_
< ((3’; D) B = B VB (14 A)) Il

Notice that B = G'(&), by adding and subtracting G'(&41),

|G (&) = Bl — 1G(&) ™" = Bl lle < 1G" (&)™ = G (&) it
; ((3’; A B = B + mé‘ﬁu ; A)) e

Also by Lemma 2.6/ and ([2.30))

1G' (€hi1) ' =G (&) o = G (&) "G (&) G (&) = G (&rr1) ' G (&ks1) G (&) Ik
= ||G'(&1) " (G'(&) — G'(r11)) G (&) Ml
= G (E41)2 G (Er1) " (G'(€0) — G'(Eks1)) G (&) T G (Es1) 2 |1

< G (En) B G (&) G (Err)? H\/\;nll&m—&c\l
< |G &) B IIG &) 2 IV IG () 1G/<gk+1>||ff”||gk+1—§k||
< YN,

\/ﬁ
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Then by substituting this in (2.31))

16/ ()™ = Bihillen = IG(&)™" = Byl
(@”“+<ﬁ+ RAp) B~ - ,:1uk+m%<1+A>)ntku.

From the induction hypothesis, |[B~! — B;'||x < vp(1 — p*) < 4p. Take the sum from

k =0 to k = n and using Claim 8 to obtain

1G" (&)™ = Bitillarr — G (€)™ = By'lo
VENnu - np )
A —(1+A7) 82)
( 7 +(\/p+/<a p)7p+\/_/-€\/ﬁ(1+ p 142%202

Notice that G'(&) = By = I, so ||G'(&)~" — By 'lo = 0.

1G'(€n1) ' = Botall < IG'(6nn) ™ = Bolullr
= |G (€ns1) "2 G (€ns1)? (G (Gnr) ™ — B, i) G/(€n+1)%G/(£n+l)7%HF

< NG Enr) T IG (Gn1) ™ = Brgallnsa

Use inequality ([2.32)) to obtain,

VEN A
N —i—(\/ﬁ—i—ﬂAp)’yp—i—\/_/i\/ﬁ(l—i—A)] Sp

< lv Nup+ (i + 5Ap* %) yp + V2kA( 1+A1 32 Zp

16 (€)™ — BiL | < 16 (Enrr)- lul

< 1P (\2uNn+ (n+ p**)vp + 2v2)p*? Z "
k=0

1
since A <1, k <pandn < V2 due to (2.26]). Notice that p < 2 then
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Therefore by assuming p such that 44%(v/uN +vp +v/2)/p < 7,
G (i)™ = Bojall < (N +vp +v2)p*2 (1 = p"*1) < yp(1 = p"H).

This concludes the proof of Claim 6.
Claim 7. From Claim 6,

1Bl <9+ 1G (&) M S vp+ 1

Define 3 > vp + p, then || B, 14| < 3, which is Claim 7.

Claim 8. By using definition,

ltnsill = | = Boiy G(&nsn)ll < 1By MG (Enin) | < BE o™,

assume 3¢ < 1, then ||t,.1]] < p"3, establishing Claim 8.
Therefore by using mathematical induction we have the results. A consequence of

Claim 8 is that {&,} is a Cauchy sequence lying in B,(&,). Given p,q > 0,

r&! rt k42 2N~ & /)p+2 1
||§p_§p+q|| < Z ||fk+1—fk:|| < Z p+ <p Zp zligpﬁ .
k=p k=p k=p -p

Therefore {,} converges to a point £* € B,(&). By using the fact that G is a continuous
function and ||G(&,)|| < ¢p™*?, it follows that G(&*) = 0, which implies F'(z*) = 0, where
z* = F'(z0) 2", By taking ¢ — 0o and p = n in the above calculation, ||&, — £*|| < pm*.

Let e, = x, — 2" and o0, = &, — &*, then

loall < o™, lleall < 77

Notice that £* € B,(&) and z* € B,(zo).

For proof of uniqueness, let & be any zero of G in B,(&) corresponding to a root & of
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F in B,(x¢). Below we show that ||G,41| < HO;H

for n > 0, where 6, = &, — ¢. Notice

that:

6-n+1 = gn-ﬁ-l_ézgn“—tn_é:gn_B;lG(gn)_é
= B,'Byou+ B, (- Gl&) +G(©))

= B,'(B.—G(&) ) 6u+ B, (= G(&) + G(E) + G'(&)om)-

By Claim 2,

Il = Bt (—G(&) + G(E) + G (6)6n + (Ba — G'(6))5) |

< 15, ol (20 + 15~ G/, (2.33)

Since &, &, € B,(&) then [|6,|| < 2p, then by using above inequality, we have

it

N

A A A . L.
18]l < 8 18]l ( +ap) < B (ny/p + ap) 8l < B+ ay/p)ll 6a]l < Sl aall,

1 A 1
if we assume ((n + a\/p) < 3 Therefore [|§, — & < o and

. . 1
€=l < NlE =&l +lI6n =€l < o7+

Let n — oo to obtain the uniqueness result. Let

Vp < d < mi { 2 1} (2.34)
, ming ——,— ¢. )
"= 96vaVN 1) M2 G
with the former inequality equivalent to
0’

= 18432(v/N + 1)2m (2.35)
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Define the constants as

1

T
v =24V2(V'N +1)/p, (2.37)

i (2.36)

B=np+p=24V2(VN +1)py/p + 1, (2:38)
1 1

=35 = ) 239

a =4y = 96v2(V'N + 1)\/p, (2.40)

a= ) (2.41)

The calculations for finding constants are given in Appendix B. This completes proof of

the theorem. O

In classical proofs of global convergence of this method, the minimum is assumed to
exist and a fixed, so-called, BFGS norm can be used to estimate the difference between
the approximate and exact Jacobians for all iterates. In our setting, in the proof of Claim
6, the minimum is not known apriori, hence requiring a norm which changes with each
iteration. We believe that this technique is applicable in more general contexts.

While the above theorem assumes uniform convexity of f, it does not follow that
the iterates converge to a minimum z* where F'(z*) = 0. Consider the simple example
N =1, Q = (0.1,1) and f(z) = 2%/2. Clearly f has no critical point in Q. Take, for
instance, zyp = 0.2. Then for any r < 0.1, becomes o < ar?, which cannot be
satisified for a defined by . Again, we do not claim that this value of a is optimal,
but it must be taken sufficiently small to guarantee existence of minimum z* which is a
critical point of f. Continuing with the same example, except define 2 = (—1,1), then

Ag=1, m=M =1, p=r, and we can take n = 0.1, leading to

1
=101/

1
TR as 2((1 = 0.1y/F) " + 48v/2r3/?)
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Inequality (2.15) becomes ||zo]] < ar?, while ([2.16]) holds trivially. The theorem correctly
states that the BFGS iterates converge to the unique minimum superlinearly.
We remark that in assumption (2.16)), we assumed r~'/? dependence on the right-hand

side. Initially, we assumed r~! dependence as in the theorem for Broyden’s method, but

were unable assign values to constants (similar to (2.36) to (2.41)) so that all required

inequalities are satisfied.
Following closely [52], we prove superlinear convergence of the BFGS method by

Kantorovich-type assumptions.

Theorem 2.15. Assume the hypotheses of Theorem [2.14 Then BFGS method converges

superlinearly to a unique zero of F' in B, ().

Proof. By Theorem (2.14)), the iterates ,, defined by

t, = —B,'G(&,),
571"!‘1 = g?’b + tna

Zn = G(fn—f—l) - G(gn)a
22l ButatTB,
thn tZBntn

Bn+1 - Bn +

converge to £*, unique zero of F'in B,({), where p = mr and G(§) = F'(z0) 2 F(F'(x0)2€).
Consequently z,, converges to z* = F’(x)2£* the unique zero of F(z) in B,(zo). Assume

that F'(§,) # 0 for all n > 0. So &, # £*. Also we have:

IG"(&n) = Ball < ap, 1B < B,
IG"(&) ™" = B < vp(1 = p7), [£a]] < p"*2,
IG" (&)l < p, lonll < ™,

IG (&Il < Cp2,

where 0, = &, — £*, and the positive constants «, 53,7, i1, ¢ are given by equation ([2.36)
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to (2.41). Using exactly the same technique as in the previous theorem to show ||6,41]] <

1
|6ll/2, we could prove that ||o,41]] < §||an||. Let B = G'(¢*) and
f=Bit,  §.=B Ty,  B,=DBB,B.

Define
~ TR 1,
cosl, = —»—2" g, =20 N, =2 M. —
G AT " "

Using BFGS update formula, it follows that

: 2T B ITH
~ - ZnZ B,t.t- B,
Bn+1 = B, T

For any SPD matrix S define ¢(S) = trace(S) — Indet S. Notice that ¢(S5) > 0 and

4n

V(Byy1) = Trace(Bn) + M, — — —1Indet B, — Inm, + Ing,
cos? 0,
= (B + (M —Iniity, — 1)+ (1— -2 1Dy L incos?d,.  (2.42)
cos? 0, cos? 0,

Also,
1
Zn — Btn =Zn — G,(S*)tn - / (G/(Sn + tnT) - G,(S*)>tnd7_7
0
or
1 1 1 ~
%y —t, = B2 G'(&, +t,7) — G (%)) B 2t,dr,
: | (@6 +tm - ) 7
Therefore

3 g -1 g ! * Ui — g
120 = tall < [|1B 2H2thH/ IG" (6 + taT) = G'(€)ldr < —= B [[Ealllloll.
0 N
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M
By the assumption of theorem, % <|G"(§)|| £ — for any & € B,(&), therefore
m

Consequently
(1 = o) ltall < [1Zall < (1 + ow)IEall.
Square and use the above inequalities to get
(1= Con)?[lEall* — 2280 + [IEall® < 1Za]1* = 22,80 + Ea]l* < EopllEall®,

or

Zntn > (1= o) |t

Therefore

> 112 2
Mn _ ||~Zn~|| < (1 +C~0n> .
zZrt, (1 —éoy)

Since o, — 0, there is some constant ¢ > ¢ such that for all sufficiently large n,

Mn <1+ co,.

For large enough n, ¢o,, < 1/2 and so

In(1 — éoy,) > —On

> —2¢o,,

1—¢oy,
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apply this for (2.45) to get

Inm, > In(1 — éo,, > —2¢, > —2co,.

By using above inequality and (2.46) in (2.42)) we have

dn 4+ In dn

0< w(én+1) < w(én) + 3coy + In.cos® Oy + [1  cos?f cos? 0,3

Sum over n to arrive at

Z(ln Loy Gy, }>§¢(BO)+3cZan<oo,

= cos? 6, cos? 6, cos? 6, =0

since 0,, — 0 by the last theorem. The term inside the square brackets is non-positive and

since In cos™260,, > 0, it follows that

lim In — = 0= lim [1— In_ In In_ )
n—oo  cos?f), n—00 cos? 0, cos? 0,
implying that
. 24 1 _ 1: ~
nh_)rgo cos“f, =1= nh_g)lo Gn.- (2.47)
Therefore
_1 ~ ~
BB B (B - DR
- = -
e | B2t,||? nooo |2
: “BnﬂtHQ — 2££Bn£n + ||£n||2
= lim T
n—00 [t

~2

. q ~
= lim "t —2¢,+1=0.
n%ooCOSQQn q
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Since B id SPD, it follows that

. 2
lig 1Bo = B)tull® _

nvoe [l

This is sufficient to show &, — &* superlinearly. Let tY = —G’(&,)7*G(&,) denote the

Newton’s step. Then

ltn =t 1l = [IG'(&a) (G (&a)tn + G (&)
= [G"(&) " (G () — Ba)tall

< u(II(G'(fn) B+ (B - Bn>tn||)

n
< u(puonuutnu (B - Bn>tnu).

Then
t, —tN B — B)t,
o Mo =21 M( i o 4 tim L= Bo) ||>
n—o00 thH n—o00 p n—o00 thH
B — B,)t,
g;«hmn( )H>:Q
=00 [[22]]
Therefore
loneill = &+t — &l
< e + 85 =& + Ntn — 2]
S an + gfzvﬂ - §n - 5*” + ”tn - tszH
< &l =€+ Nt — 811,

where &Y., denotes the next iteration after &, by using Newton’s step. Since Newton’s
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method converges quadratically in a neighborhood of £*, then

lowanll NN = €+ 1t — 2]

ol = o]
el Iitw = el
= oal T Tealllonl
ClleX >, litn = ¥l
= ol T Talllonl
< Cloy + 2l =151

Il

since e = &, — & = 0, and ||t,,]| < 2||o,||. Therefore

n —

. Nlonll
nreo HUHH

t, —tN
It =311 _

=Cli 2 lim "t
A fonl +2 Jim =

This proves superlinear convergence.
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Appendix B

This appendix provides the mathematical calculations for finding the constants in proof

of Theorem [2.14] The relations among the constants could be summarized as:

1 Ky
1.p:mr§§andm§1, 7. 71_’7\/ﬁ§06,
9 i 2m? 1
.7 <ming = e 8. f > max{yp+ u, 1},
3. a <m?(,
9. B¢ <1,
1
4 p=——70,
L—nyp

10. n+a < (<1,

5. 42 (VN +vp+V2)\/p < 7,

DO | —

6. 4 = un+vy/pand §,/p <1, 1L B(n+a) <

By assuming the value of the constants u,~, 5, (, @ and a as defined in (2.36)) to (2.41]),

we need to show that Conditions 1 to 11 could be fulfilled if

d < mi \/§ m? 1 < mi \/§ m? 1
al min - min .
" M? 76 M? 5+ /p

n
VP s 96v2 (VN + 1)

Notice that by the last assumption,

1
< <1, 2.48
n<gT 7 (2.48)
and also
< <= — 2.49
VP 96v2 (VN +1) 8 n (2.49)
Therefore

12 1 1
(L=nvp)* —4pv/p> (1 =nVp? =5 >3 -5 =¢
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Use this and definition of v given by ([2.37]).

) LN +V3) g7
7—24\/5(\/N+1)\/5224(\/M7N+\/§)\/52 (1= nyp)? — 4py/p’

since by assumption ([2.49), we have p < 2. Thus Condition 5 is satisfied. By definition
of f and ( given by (12.38)) and (2.39)), Conditions 8 and 9 are satisfied trivially. Observe

that (2.49)) implies that
v=24V2(VN +1)/p < Z. (2.50)

Moreover,

o 7
<0 INVE VP
< < WP 5, n
1
< (- 2.51)
N — p—-) (
1
< = ”\/_ (2.52)
2 1-n/p
In last two lines we applied (2.48) and ({2.49). Since n,/p < 1, from ({2.51)),
<2 ! (2.53)
W< — ————, .
dn - 1—=mnyp
which results in ( — 1 > 1 and therefore by using ([2.50)
a=4dy<n<(—n. (2.54)
So Conditions 10 and 11 are satisfied. Also from ([2.52))
1 UG
VW< ==, 2.55
R (2.55)
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1
which results in 1 —4,/p > > and

——— < 2uy <4y =q. 2.56
e (2.56)

Thus Conditions 6 and 7 hold. Finally by using relations between constants and definition

of a in ([2.41]), Condition 3 is satisfied.
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Quasi-Newton methods, NCG and

scaled memoryless BFGS methods

In this chapter we demonstrate local superlinear convergence of the symmetric scaled Perry
NCG method and generalized scaled memoryless BFGS method by using Kantorovich-type

assumptions.

3.1 Introduction

The nonlinear conjugate gradient (NCG) method is one of the most famous methods for

solving unconstrained optimization problem,
minimize f(z),

where f: RY — R is at least continuously differentiable. It generates a sequence {x,} by

using the iterative scheme

Tpy1 = Tp + apd, for n >0, (3.1)
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where a,, > 0 is the step length obtained by using some line search and d,, € R" is the

search direction generated by

dn+1 = —0gnt1+ Bndm (32>

where g, denotes F(z,) = Vf(z,) and [, is a scalar parameter. The initial search
direction is given by dy = —go. Typically, d, is a descent direction, i.e., g7d, < 0. The
step length «, is chosen to give a substantial reduction of the objective function. One way

is exact line search, which finds a global minimizer of the function ¢ defined by

(o) = f(zn + ady), a > 0.

A more practical method applies an inexact line search to identify a step length that

satisfies some adequate rules. A popular one is the Wolfe conditions,

f(wn + andn) S f(.’lfn) + Clang;{dn7

g(xy + andy) ' d, > cogtd,,

with 0 < ¢; < ¢g < 1. The first condition is called Armijo condition and assures sufficient
decrease in the objective function and it is not enough by itself to ensure reasonable
progress in a given algorithm. The second condition is called curvature condition. The

strong Wolfe conditions require o, to satisfy:

f(zn + andy) < flz,) + crangl d,, (3.3)

|g($n + O‘ndn>Tdn| < 02|ggdn‘7 (3‘4)

with 0 < ¢; < ¢g < 1. In the second condition, we modify the curvature condition to force

a, to lie in a broad neighborhood of a local minimizer.
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Some well known formulas for NCG parameter are 5% introduced by Fletcher and
Reeves [28], B9, given by Hestenes-Stiefel [66], 57% proposed by Polak and Ribiere [52],
BEP introduced by Fletcher [27], BL9 proposed by Liu and Storey [47] and S2Y given by

Dai and Yuan [19):

6FR _ ||gn+1||2 BHS _ grrﬂrlyn PR _ grj;+1yn
" [ gnll* " dLy, ' " 1gnl*
5CD _ ||gn—|r1||2 BLS _ _gg+1yn 5DY _ ||gn+1||2
n g;{dn ) n g;‘l;dn ? n dzyn )

where y,, = gn11—¢n. For global convergence of these methods with line search see [1], [33],
[58], [59], 164], [82]. In order to accelerate efficiency of NCG methods, some authors tried
to redefine them as quasi-Newton method by using secant conditions and search direction
of the quasi-Newton method [3], [18], [56], [75], [81]. These methods do not necessarily
generate descent directions. This can be overcome by enforcing sufficient restricting secant
conditions. The well developed machinery of the latter methods have been used to analysis
convergence of the formulas. For a complete survey on development on sufficient descent
NCG method see [51] and the references therein.

In order to obtain a more efficient algorithm for large scale problems, memoryless

BFGS method and self-scaling memoryless BFGS method are introduced. The purpose
of these methods is to improve the condition number of the successive approximations to
the inverse Hessian matrix. For more work on this topic see [3],[4], [5], [43].
The main purpose of this chapter is to extend the idea of using Kantorovich-type as-
sumptions for showing superlinear local convergence of the symmetric scaled Perry NCG
method and also generalized scaled memoryless BFGS method. Existence of the minimizer
and the superlinear convergence are deductions of the theory. Following [15], we try to
construct a simple theory with as few constants as possible.

We make the following assumptions on the objective function.
Assumption 3.1. Let © be an open set in RY, f : Q@ — R and f € C%*Q). Let
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F(z) = Vf(z) and F'(x) = D?f(x). Assume xy € Q and B, (z) C Q for some 0 < r <

1/2. Suppose there are positive constants m < 1 < M such that for any z € RY and

x € B.(x),
ml[z]* < 2" D*f(x)z < M|2|*.
Also, assume

1F (o) | < ¢r?,

[F'(w) = F'()| < Llju—vll,  Vu,v € By(x),

where ( and L are positive constants.

It should be emphasized that existence of a minimizer of f in 2 does not follow from
Assumption . For instance, take N =1, f(x) = 2%/2, Q = (0.1,1), 70 = 0.3, r = 0.1
and ¢ > 30. Then Assumption [3.1] holds and clearly f has no minimum in .

Lemma 3.2 (Dennis and Schnabel 1996, [24], Lemma 4.1.12). Let Q be an open convex
set in RY, f:Q — Rand f € C*Q). Let F(z) = Vf(z). If for all u,v € €, there is some

positive constant L such that
15" (u) = F'(v)|] < Llju = vll,
then
/ L 2
1F'(w) = F(v) = F'(0)(u = v)]| < 5 [lu ="

In Section [3.2] local superlinear convergence of the symmetric scaled Perry NCG
method is given using Kantorovich-type assumptions. Existence of the minimizer and

the superlinear convergence are deductions of the theory. This is followed by applying a
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similar analysis for a generalized scaled memoryless BEFGS method in Section

3.2 Symmetric scaled Perry NCG method

Some authors consider conjugate gradient methods as special types of quasi-Newton meth-
ods, leading them to define a new conjugacy condition for general twice continuously dif-
ferentiable objective functions. Perry in [56] tried to combine the second-order information
of the objective functions in NCG method to accelerate it, leading to the Perry conjugacy
condition. In order to minimize a strictly convex quadratic function f(z) = ;xTAx — b,
where A is SPD matrix, the linear conjugate gradient method generates a search direction

that satisfies the conjugacy condition,
d} Ad; = 0, Vi #£ j.

Assume that f is twice continuously differentiable, define the secant condition and the

quasi-Newton condition by, respectively,

Bn—l—lsn = Un and Bn—l—ldn—l-l = —0On+1,

where B,y is a symmetric approximation matrix to the Hessian F'(z,41), Yn = Gn+1 — In

and s, = Tp11 — Ty = and,. We have:
d17;+1yn = dZJranJrlSn = (Bn+1dn+1>T5n = _gz:+15n-
Now define the Perry conjugacy condition by

T o T
dn+1yn = —Y9ny15n-
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This idea to define the conjugacy condition for general objective functions is due to Perry

[56]. Dai and Liao [18] suggested the following generalization,

dg—i-lyn = T 954-13717 (35)

where 7, is a nonnegative parameter. Then by substituting this in (3.2]) we have,

5P — gg—i—l(yn — T Sn)
" A Yn ’

(3.6)

which is called the scaled Perry NCG parameter. By employing the scaled Perry NCG
parameter (3.6) in (3.2) and doing simple algebraic calculations, we obtain the search

direction

T T
Snyn n

T Gnt1 = —Qni1Gny1-
S
nYn

dn+1:_]_

n
no.T
nJdn

Observe that @nﬂ is non-symmetric.

One symmetric scaled Perry NCG approximation to the inverse Hessian is

T T T
SnYn + YnS SnS
=1 — n on. " n. 3.7
O S%Yn SpYn (3.7)
yry
[78] showed that if n, > T " then @, is SPD and so d,+1 = —Qni19n41 is a descent
SnYn

direction. The same paper gave a proof of global convergence of the symmetric scaled
Perry NCG method using the Wolfe line search for general functions whose level set with
respect to the initial iterate is bounded.

Notice that by selecting

Y Yn
yl's,

=1+ : (3.8)

in (3.7)), we recover the memoryless BFGS method [52].
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Below we give a proof of local convergence of the symmetric scaled Perry NCG iteration
using Kantorovich-type assumptions. We first offer a basic convergence theory for this
class of NCG methods using the above assumptions where F”(x¢) = I. This assumption

assures that there is a positive constant ry sufficiently small such that for » < ry and all

x € B.(x),

mlz||* < 2" D* f(x)z < M|z,

for any z € RY and in which m, M are positive numbers. This result comes from the
continuity of eigenvalues under small perturbations [42]. However we assume the above
inequalities explicitly in order to find explicit values for the constants which appear in the
following theorems. We also have a parallel theory in which the assumption F’(zo) = I is
generalized to F'(xg) is SPD. To obtain a convergence theory, we make a simple change of
variable leading to modified NCG algorithm. Also we take the simplest version without
line search for a range of 7, leading to a positive definite ),,,1. With initial guess xy and

Qo = I, the iteration is given by

T4+l = Tn + Sns Sn = _QnF(SL’n)a n Z 07 (39)

with the next approximation of inverse Hessian, Q,,11, given by (3.7).

Theorem 3.3. Suppose that Assumption holds with ¢ given by (3.24) and L satisfies
(3.23). Assume F'(zq) = I. If r satisfies (3.23)), then the NCG iteration {z,} defined by

(3.7) and (3.9) for all n, satisfying (3.18]), is well defined and either F'(x,) = 0 for some

n >0 or {z,} converges to a unique zero of F' in B,(zy).

Proof. We prove following result by using induction on n > 0.
Claim 1. There are some positive constants v and « dependent on r (to be defined later),

such that for n > 0,
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(i) llzn = zoll < 2 (1—r);

(ii) |II — Qu|| <77, Q, is invertible and ||I — Q.|| < ar;
(i) || F(za)ll < ¢rm;

(1) [l3a]l < 77+,

The base case for Claims (i), (ii) and (iii) are trivial. Also if ¢ < 1, the base case for Claim
(iv) holds.
Next, assume all of the statements are true for some integer n > 1, we will show they hold
for n + 1.

Claim (7). Since @, exists, so does x,; and

(SIS

3
2

(1=r"(1—=+/r) <r2(1

3
Hanrl - xOH < Hanrl - an + ”xn - fL’OH < rt? 4 72(1 —r')=r

3—5
2

In last inequality we have assumed r < , therefore r < 1 — /r. Moreover we have
|Tns1 — zol] <7, 80 2,11 € Br(x).

Claim (ii). Notice that there is some Z between xz,, and x, 1 so that

Snn = Sn (F(Tni1) = F(z0)) = 5, F' ()50 > 0,

since " is SPD in a neighborhood of the initial point. It has recently been proved in [7§]

that @,,1 has N — 2 eigenvalues equal to 1 and two other eigenvalues A* and A\~ satisfy

T
yn yn
sty

NCG update formula (3.7) could be simplified as

0<A™ <At ifn, > , which results in @),,11 being SPD. The symmetric scaled Perry

Sn((nn - 1>Sn - yn)T + (Sn - yn)sz:
Sgyn .

QnJrl -1 =

Therefore

n n ~ 1 n — n T n — n T
1] — Qni1llr < Isn((n )$n = Yn)" |lr + [(sn — ¥ )‘SnHF'
Sgyn sgyn

(3.10)
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Also notice that,

(50— ya)sulle _ llsn = yallllsall _ 1 llsn — yall
8T Un 8T Un w o ynl| ’
T
where w = S Yn < 1. Moreover
[[snll lynl
(O = Dsn = yn)salle _ 10— Dsa = yallllsall _ 1 100 = 1)s0 — ynll
SpYn S Yn w [[Yn]
Therefore
Lollsn —ynll | 1000 — 1)s0 — |
1 = Quillr < — + : (3.11)
w( [yl [l )

For finding an estimation for the first term of this inequality, notice that F’(z¢) = I and
sn = Un =50 — (F(tns1) = Flan)) = —(F(wns1) = F(2n) = F'(20)sn)

Now let 0, = z,, — ¢ and 6,, = max{||o,11], ||on||}- Then,

Isn = ynll = F@n42) = Flzn) = F(20)sn
= H /01 (F’(xn +TSn) — F'(xo))sn dTH

1
< sall [ 1P @ +75) = F'(ao)l|dr

IN

1
Llisall | I7@nss = 20) + (1= ), = zo)]| dr

IN

L .
S Isall (lowall + lloall) < Loulsall (3.12)

Also notice y, = F(zpy1) — F(x,) = F'(Z)s, for some & between z,41 and x,, it follows

that s, = F'(Z) 'y, and

sull < IF'(@) " Mllyall < < .
[ynll = ml|sa|

(3.13)
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Then (3.12)) and (3.13]) together imply:

W < Aén, (3.14)
Yn

L 1 ,
where A = —. Next to find an estimation for —, notice that by Claim 1(i), &, < r2, and
m w

~ 3
150 = ynll < A [[ynll < Ar= [lyn].

L 1
Choose L such that A = — < 27 then by using Lemma [2.10],
m
2 242 23 1
1 —w* < A6, <A°r gi, (3.15)
5 1
so w® > — and
2
1 1 1 —w?
— < — 4 < 1420%2 < 14 G2 (3.16)
w T w w
For finding an estimation for the second term of the inequality (3.11]), notice that
M = Dsn = Yo = (= Vsn — (F(@p41) — F(2))
= —(F(znp1) = F(xn) = F'(20)50) + (0 — 2)50.
Then by same procedure applied in proof of (3.12)),
1 = D) = ynll < (L& + 112 — 2[) 5]l (3.17)

In the following we define a restriction on 7, to find a bound for |, — 2|. Let 1, be such

that
20, n 2y, n
in{2, Sty o < 9, ZYntny 3.18
min{2, o5, } < np < max{ oI5 } ( )
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We show below that 7, must satisfy the following inequality

e — 2| < 2(1+ AG2)Lé,.

T
If y’TLyn > 1, then inequality (3.18]) becomes
yn Sn
2 T
2 < n < yn yn)
T T yhse

and

T T

w—2 =1, —2 < 2 — 1) =gInIn = o)
e =2 = = 2yrg, Y Yn Sn

IN

YL s, w8y

In the last line we have applied inequalities (3.12)) and (3.16]).

assumption (3.18]),

29, Yn
Y2 Sn

— Y

S <2
and with similar calculations as before,
0y — 2| = 2 —m, < 2(1+ A67) L6,

Applying inequality (3.19)) in (3.17]), we obtain

10 = D)sn = yull < LEa(3 + 2A67)|I5all-

68
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Then by inequality (3.13)),

H(77n B 1)5n - yn“
[/n]|

< A6,(3 4 2A62).

Apply this, (3.14) and (3.16]) in inequality (3.11]) to get

1] = Quiallr < AGu(4+2A62)(1+ A62) < (2 + 1) (1 +r%)rs.

In the last line we have used the fact that by Claim 1(i), 6, < 72 and A < ; Let
v > (2+73)(1 +73)4/r, then
11— Qniill < = Quiallr < r (3.20)
Next, we show that there is a constant «a, such that
11— Quiall < ar. (3.21)

By (3.20), || — Qu+1ll < yr. Let A\;, 1 < j < N be eigenvalues of @Q,41. Therefore
1 1
[1—\;| <qrforalll <j<N. Also ||Q;1r1|| = max<j<n X < T assuming yr < 1.
SISV P
Then

I = Quiall = I = Qur)@uia | < I = Qua @il < < ar,

1—

by assuming < a.

1—r
Claim (iii). Now we proceed to prove Claim (iii) by using induction. By definition,
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Sp = —QnF(x,), therefore,

[F(@ne)ll = [F(@ns1) = F(zn) = F'(w0)sn + F'(20) 50 — Q" 50l
< N F(@ni1) = Flzn) = F'(@o)sall + 11 — Q" )snl

< Lr%Han + ar|sy|| = 1Ly + )||sal] < (LT + a)r™t3,

If we assume L/7 + o < ¢, then [|F(z,41)] < (r"*3, as we need.

Claim (iv). Notice that from (3.20)), we have ||@Q,+1|| < 1+ vr. Define § > 1 + 77, then

Isnsill = | = Quir F (@)l < 1Quir [ F(znsr) | < BE 7.

Assume ¢ < 1, then [[s,41] < .
Therefore by using mathematical induction we have shown Claim 1. A consequence of

Claim 1(iv) is that {z,} is a Cauchy sequence lying in B, (z¢). Given p,q > 0,

ptq—1 p+q-1 o0 rpt2
[2p — Tprqll < Z |Zh41 — il < Z it <o Z rt = 1_, < Pt
k=p k=p k=p

Therefore {x, } converges to a point z* € B,.(zy). By Claim 1(iii), F'(z*) = 0. Take ¢ — oo

and p = n in the above calculation to get ||z, — z*|| < r"*!. Let e, = x,, — x* then
leal| < . (3.22)

For proof of uniqueness, let & be any other root of F' in B,.(xg). Then we could show that
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for any n > 0, we have [|é,41]| < r||é,||, where é, = z,, — Z:

[ens1ll = Nznp — 2] = o0 + 50 — 2|| = || — QuF' () — 2|

= [1Qu@y" & + Qu( = Flan) + F(2) )|

< Qull|[(@a = F'(20) ) én+ (F'(wo) = F'(xa) ) én + (= Flaa) + F(2) + F'(wn)én)|
< 1@ (107" = 1 [+ 1 (@) = Pl + [ 1 (an) = P+ ) 7
< 1Qul el (107" = 1l + Lk — oll + 5 leal)

Since Z, x, € B,(x¢) then [|&,| < 2r. By the above inequalities,

léns1]l < Bla+ Ly/r + L)r|é,|| < B+ 2L)r

énll < rllénll,
if we assume (o + 2L) < 1. Therefore ||z, — Z|| < r"*! and consequently
12 — 2"l < 12 — zall + [Jon — 27| < 27"

Let n — oo to obtain the uniqueness result. We remark that it is possible to give an
alternative proof of uniqueness using uniform convexity of f on B, (zy).

Let
1 ooom 1
Vr<—, and L <min{—, - — 67}, (3.23)
19 23
then the constants could be selected as

v =6y, B=1+6ryr, (3.24)
1
- = 12\/7.
¢ 14 6ryr’ “ v

The calculations for finding the constants are given in Appendix C. This completes the
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proof of theorem. O

Theorem 3.4. Suppose that all hypotheses of Theorem [3.3hold. Then the NCG iteration
defined by (3.9) with 7, satisfying (3.18]) converges superlinearly to the unique zero of F'

in B,(zo).

Proof. By Theorem the iteration {x,} defined by (3.9)) for F'(z) converges to x*, the
unique zero of F'in B,(xg). Assume that F(x,) # 0 for all n > 0 and so z,, # z*. Also

assume constants r and L satisfy (3.23)), then for all n > 0,

11— Qull <, [F ()] < (2, 1Qnll < B,
17— Q' < ar, 5] < 77+2, lenll = [z, — 27| < o+t

The positive constants «,,( and § are given by ({3.24). Also since x,.1 € B,.(z9), it
1

follows ||F’(z,11)7!|] < —. Furthermore, it could be shown that ||e,11]] < r|le,|| by using
m

the same technique as in Theorem to show ||é,41] < 7||én]| for all n > 0. The rest of

the proof follows almost exactly as in Theorem 6.6 of [52]. O

Now we relax the requirement that F”(xy) = I. The simple trick is to make a change
of variables so that in the new coordinates, the initial Hessian is the identity. The scaled
symmetric Perry NCG method is not invariant under this change, and so the iteration is
modified appropriately so that the basic theory is still applicable.

More precisely, assume F'(zq) is SPD. Define A = F'(z)" V2, f(z) = f(AZ) and
xo = AZy. Then F'(Z,) = I, where F(i) = Vf(Z). Define the new update formula for the

approximate inverse Hessian by

TA? + A%y, st N SnSE

Qo = A% and suppose
2yl A%y, 2yl A%y,
min{2, ynTisy} < 1, < max{2, %Tisy}. (3.26)
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Theorem 3.5. Suppose that Assumption holds such that F'(zq) is SPD and ||I —
F'(z9)|| < cr, where ¢ is a nonnegative constant. With ¢, L,c dependent on r and r
sufficiently small, the NCG iteration {z,} defined by and for all n,, satisfying
, is well defined and converges superlinearly to a unique zero of F in B, ().

Proof. Let A = F'(29)"'/2. Tt can easily be shown that for all n > 0, the following
hold: z, = A%, and Q, = AQ, A, where Z, and Q,, denote the symmetric scaled Perry
NCG iterates and inverse Hessian approximations for the function F(j) The previous

convergence theory can be applied to f. For an arbitrary matrix M define the norm
M| = |AT MA™p.

Since || - ||* is a norm equivalent to || - ||, there is some positive constant ¢ such that
M| < ||M|* for all M. Then by inequality (3.20) we have a positive constant v such

that
[F'(20) " = Quitll = |A* — AQui1 A < || A% — AQni1 All" = I = Quiallr < yr.
Furthermore

11 = Quiall < 1T = F'(wo) M| + [11F"(20) ™ = Queall

_ _ C
= [F (o) I = F'(@o)ll + [1F"(@0) ™ = Quaa]| < (— +)r.

c
By assuming 4 = - + vy, we get |[I — Q1] < Ar. Let \j, 1 < j < N be eigenvalues of

1 1
Qni1. Therefore [1—)\j| < Arforall 1 <j < N. Also [|Qn11 ]| = max;<j<n ST
N T
assuming 4r < 1. Then
1F' (o) = Quiall = [1F (o) (F'(w0) ™ = Qua1) Qi
_ _ M~yr
< F @)l (o)™ = Quial 1Quiall < 75~ < ar,
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M~
—Ar
Proof of other claims are the same as in Theorem [3.3]and will be omitted here. Superlinear

< a.

by assuming .

convergence comes from Theorem [3.4] O
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Appendix C

This appendix provides the mathematical calculations for finding the constants in the

proof of Theorem [3.3] The requirements among constants are given by:

Lor <35 5. Lyr+a< (<1,
2. L< 7, 6. 3>14+~r,

3.9 > (2+7)(1 + 1) /T, 7. B¢ <1,

4. yr <1 and o> = 8. Bla+2L) < 1.

1—~r’
First let v = 64/r and 8 = 1 + «yr. Therefore requirements 3 and 6 hold. Now let

1 1
Vr < T’ then yr < 3 and with this restriction

Y
1—nr

< 27.

1 1
Let a = 27, then requirement 4 is satisfied. Furthermore, vr < 5 results in 3 < T
yr

1 1
Next choose L such that L < 37 6+/r. Since r < 19’ then L stays positive and also

2
2L < 37 27. Then

and requirement 8 holds.

1
Now let ( = B, then requirement 7 holds. Notice that by the last inequality, ( > a+2L >

1

a+ Ly/r, and also § > 1, requirement 5 holds. All together it is enough to choose /1 < 0

and

1
L < min{%? g - 6\/F}7

)



then the constants could be selected as

=6V, B=1+6rvr,

1
= —F = 12y/7.
¢ 1+ 6ry/r’ “ v
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3.3 Generalized scaled memoryless BFGS method

Recall the BFGS iteration for finding a root of F'(x) is given by

—1
Tnt+1 = T + Sny Sn = _An F(.Z'n),

T T
YnyY A,s,5t A,
An == An o - s
1 + yls, sT A, s

for any n > 0, where y,, = F(x,11)—F(x,), o is an initial guess and A is a SPD matrix. If
yL's, > 0in each step, the update matrix stays SPD and also by using Sherman-Morrison-

Woodbury formula, the inverse of update matrix is given by

T T A—-1 -1 T T A—-1
Snsn nAn n An nsn + Sn nAn
A=A+ (1 Y r Yoy _n ¥ s Ynlln_ (3.27)

Recently scaled quasi-Newton methods have been introduced for improving the perfor-
mance of the BFGS update. The purpose of these methods is to improve the condition
number of the approximation to the inverse Hessian. In each iteration A_! is replaced by
0,A-1 where 6,, > 0 is a scaling parameter. Two well-known scaling parameters are given

by Oren and Luenberger [54]:

A
0" = S”yT;‘S", (3.28)
and by Oren and Spedicato [55]:
T
gOS = _Ynn 3.29
TR AT Y (329

In the memoryless BEGS method, the matrix A,' in the update formula (3.27) is replaced

by the identity matrix,

N SpSL yLy YnSL + syl
Hyq =1+ =0 (14 222ty 2 “RIn 3.30
+1 ygsn ( ygﬂsn) ygsn ( )
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The method is called memoryless in the sense that it removes the need to store an ap-
proximation of the inverse Hessian matrix at each step. We remark that the memoryless
BFGS method is the scaled symmetric Perry NCG method with 7, obeying which
also satisfies . Hence our convergence theory in Section covers the memoryless
BFGS method.

If we replace A ! by 6,1 in , the method is called scaled memoryless BFGS:

SpsT yly YnSL + Spyr
H,.1=0,1 201+ g, ) — g, T e 3.31
+1 + y55n< + ygsn) ygsn ( )
The scaling parameters (3.28) and (3.29)) could be written as

T
0O = Z;z” (3.32)

T
g0s = In’n (3.33)

yn yn

Define the generalized scaled memoryless BFGS method by (3.31]) with

sTs,

0, = Ky;s : (3.34)

for a range of values of k in some neighbourhood of 1 to be specified later. Note that the
Oren-Luenberger version of the scaled memoryless BFGS method corresponds to k = 1.
We focus on this particular value since [52] mentions that the other choice given by
yields poorer performance.

Below we give a proof of convergence of the generalized scaled memoryless BFGS
method without line search, and using Kantorovich-type assumptions. With initial guess

xo and Hy = I, the generalized scaled memoryless BFGS iterations are given by

Tpyl = Tp + Sp, Sp=—H,F(x,), n >0, (3.35)
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with the next approximation of the inverse Hessian, H, .1, given by (3.31)), and 6, is the

scaling parameter given by ((3.34)).

Theorem 3.6. Suppose that Assumption holds and F'(xg) = I. If r and L are
sufficiently small (satisfy (3.55)) and (3.56])), then the generalized scaled memoryless BFGS
iteration {z,} defined by (3.35) is well defined and either F'(x,) = 0 for some n > 0 or

{z,} converges to a unique zero of F' in B, (zy).

T

Proof. First we present some properties of the scale parameter 6, = I{s;sn' Let
yn Sn
1—Lr? <k <1+ Lrt. (3.36)
. 3 1 3 1 3
By assuming Lrz < 2 then |1 — k| < Lrz and 5 < k< 7
Now define o,, = z,, — x0, 6, = max{||o,11|,|lon|} and A = —.
m
1
Claim 1. If 6, < 7> and A < 5 then,
2(1 + 4Ar3
0< 0, < LA, (3.37)
m
11— 6,| < 2A(1 + 4Ar%)r3; (3.38)
11— 61 < AMA(L + 4Ar%)rs. (3.39)

Notice that there is some & between z,, and x,, 1 so that

Sn¥n = Sp (F(@ni1) = F(zn)) = 5, F'(2)s0 > 0,

since F’ is SPD in a neighborhood of the initial point. So 6, stays positive. Also in same

way as we proved (3.13), [[yn[ = ml|s. | and

r n 2 n 2 n n n 2
SnlYn SnYn SnYn “ynH mw
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T
SnYn

where w = < 1. Also we observe that

[snll [lnl

To _ T _ T _ _
11— 6, = |Yn Sn . Ky Snl _ |(yn gsn) Snl < [Yn ’;SnH”SnH _ 1 [Yn — Ksnl (3.41)

Yn Sn Yn Sn Yn Sn w [yl
Notice that by the same procedure applied in the proof of (3.12)) in Theorem [3.3]
R 3
lym — fsnll < (Lén + |1 = &])|sall < 2Lr2 sa]],
leading to
W < 2Ars. (3.42)
Yn

1
Note A < 57 RoW apply Lemma [2.10[ and use the same calculations as we used in proving

(3.15) and (3.16]) to obtain

1 1
T < 1AM (3.43)
w T w?
Substitute (832) and (F43) in (1),
11— 6, < 2A(1 + 4Ar%)rs. (3.44)
Also apply (3.43)) in (3.40) to obtain
2(1 + 4Ar3
0<p, < LTI
m

Similarly ||y,| < [|[F'(Z)]|||sn]] < M||sn| and therefore

T ol 2M]s,

"kl T llsall T llsal
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So by using this and ({3.44) we obtain
11— 67" =61 — 6, < AMA(L + 4Ar®)r2, (3.46)

Claim 2. There are some positive constants v and « dependent on r (to be defined later),

such that for n > 0,

(i) [len — ol < r2(1—1");

(ii) |0n1 — H,|| < ~r, H, is invertible and ||6;'1 — H!|| < ar;
(i) || F(zn)ll < ¢rm;

(iv) [lsnll < rm¥2.

Proof of the claims is by induction on n > 0. The base case for Claim (i) is trivial. Also
6o < r2 < r2. Apply Claim 1, let v > (1 + 2r3)/F and o > 2M (1 + 2r*)\/r, then the
base case for Claim (ii) is true. Since ||F(xq)| < (r?, base case for Claim (iii) holds. Also
by assuming ¢ < 1, base case for Claim (iv) holds. Next, assume all of the statements are
true for some integer n > 1, we will show they hold for n + 1.

Claim (7). Since H, exists, so does x,,1 and

lenis = zoll < lwnes = @all + lon = @] <72 +r3(1—17)

= -1 - Vi) <

3
2

(1 —r™th.

In last inequality we have assumed r < , therefore r < 1 — /r. Moreover ||z, 1 —
Tol| <7, 80 Tpi1 € Br(zo).
Claim (i1). [5] has shown that H,.; has N — 2 eigenvalues equal to #,, and two other

eigenvalues AT and A\~ satisfy 0 < A\~ < 6, < AT, which results in H,,; being SPD.
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T

Define P, = I — s;yn , then from (3.31)),
SnYn
(Sn - enyn)sg + Sn(sn - Qnyn)TPg
H?’L+1 - QnI - STyn .
Therefore

= On)Snllr  N1sn(sn = Onyn) Pl

Sn
16 — Hyay [ < U

3.47
S Yn S Yn (347)
Consider the first term of this inequality,
(s = Onyn)sille 118 = Ougllllsall _ 1 [I8n — Onynl]
T _ - — , (3.48)
SnlYn SnYn w [nl
Sgyn

where w =

Similarly for the second term of (3.47), use Lemma 1) to get

snll llynll

Isn(sn = Onyn)" Po lle _ llsnllllsn = OnynllllPall _ 1 llsn = Onym

< = (3.49)
Si¥n S Yn w?  lynll
Substitute (3.48)) and (3.49) in inequality (3.47)), we obtain:
2 s — 0nyn
10, — Hy | < 2 M5 = Bnnll (3.50)
w? |yl

For finding an estimation for this inequality, notice that F’(z) = I and

Sp — 0,1, = 5, — 0, (F(an) — F(ajn)) =0, (F(an) — F(x,) — F’(;Eo)sn) + (1 —6,)sn.
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In following we use (3.12)), (3.37)), (3.39) and (3.43) to obtain

180 = Onynll - < 0n(LEn 4 [1 = Ou])][nll

2(1 + 4Ar3 :
20 +40r7) +m ") (103 4 2A(1 + 40P s

2(1 4+ 4Ar3)
< 2A(1+4A7~3)(1+M)r%|ysn\|.
Therefore since ||y, || > m/||s,||,
n— 0nyn 1+ 4Ar3 2(1 + 4Ar3)
sn = Oumll o (LA 4AT) | 20+ 407, o (3.51)
[l m m
Applying this and (3.43)) in (3.50)), we obtain
2 Sn — Hn n
0. — e < 2o Pnonl
w? [yl
1+ 4Ar3)? 2(1 + 4Ar?
< ga LA, 2L AN,
m m
2(1 4 2r3)? 2(1 4 2r3
< A, Ay
m m
21+ 232 2(1+2r%)
Let v > 1 th
et 72 —————(1+ —— )/, then
10,1 — Hygal| < ||00d — Hyia||p < (3.52)
Next, show that there is a constant «, such that
16,1 = Hypall < ar (3.53)
By (3.45) and (3.52) we have, ||[I — 6, H, 1| < g < 2M~r. Let A\j, 1 < j < N be
" 1
eigenvalues of 0, H, ;. Therefore |1 — \;| < 2M~r. Also ||0,H, 1| = MaX1<j<N <
J
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1 1
m, assuming M"}/T < 5 Then

1 < 2M
(1—=2M~r) = 1 —2M~r

1H40 < 5

Therefore

H4 AM*yr
o1 — )| < Mol Hypsr —0pI|| € ———— <
167 = Hhill < =5 1 s = 001 < 57 o < o,
4M?~
b ing ——— < a.
Yy assuming 1 M’y?” S

Claim (7ii). By definition, s, = —H,F(z,), then

1E @)l = |1F(@ns1) = Fla) — Hy s
< | F(2nr1) = Faa) = F'(20)sall + [1 = 0, Isall + 116511 — H sl
< Lrd[|s,l + AMA(L + 4Ar%)r2 s, || + ar s,
< (Lr% +2M (1 + 27‘3)7“% + ar)r™? < (Ly/r + 4AMr + a)r" 3,

If we assume L+/7 +4M /7 + a < (, then ||F(z,11)|| < {r"*3, as we need.

. : 2(1 4 2r%)
Claim (iv). Notice that from (3.52)), we have ||H,i1|| < 0,(1 + 2Myr) < ———=(1+
2(1 + 2r?) . L
2M~r). Define f§ > ———=(1 + 2M~r), then ||H,41]| < 8. By using definition,
m
Isnsill = | = Hypr F (@) Il < | Hoa || F(@nga) | < BE .

Assume ¢ < 1, then [|s,1| < 73,
Therefore by using mathematical induction we have shown Claim 2. A consequence of

Claim 2(iv) is that {x,} is a Cauchy sequence lying in B, (z¢). Given p,q > 0,

pt+q—1 pt+q—1 rpt2

[ee]
[2p — Zpaqll < Z zrs1 — ]| < Z < p? Z rh = 1-, < Pt
k=p k=p k=p -r
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Therefore {x,} converges to a point z* € B,(z¢). According to Claim 2(iii), F'(z*) = 0.
By taking ¢ — oo and p = n in the above calculation, ||z, —z*| < r"'. Let ¢, = x, — z*

then

leal] < 7. (3.54)

For proof of uniqueness, let & be any other root of F' in B,.(zg). Then we could show that

for any n > 0, we have [|é,41]| < r||é,||, where é, = z,, — Z.

[eniall = |z — 2| = |20 + 50 — 2| = [|2n — HoF (2,) — 2]
= |[H\H, " e+ Ho( = F(za) + F(2) )|

< | =0 D+ (0, = D,

n

| Ho (F (0) = F'(w0))en + Ho(— Fla) + F(2) + F'(2,)e, )|

< H (1" = 0,0 T enll + [0, = 1] [1éal])

HIH (1 (o) = F' (o) len]] + | = F(za) + F(2) + F'(zn)en]))
s|mwww@&f—%muwf—w+W@@—F@w+gﬁwum—ww+aﬂm7
< | Halll|énll (ar +2M (1 4+ 20%)r2 + Lr + §||én||).

Since 2, z, € B,(xo) then ||é,|| < 2r, the above inequality reduces to
lewiill < B(a+4M /7 + 2L)rl|é, |
If we assume 3(a 4+ 4M /7 + 2L) < 1, then [|é,]| < r"*! and

12 = 2"|| < 12 = zall + [Jon — 27| < 20"
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Let n — oo to obtain the uniqueness result. Now assume

3

m
< 3.55
VIS coo (3.55)
and
AM?
p< M S oy (3.56)
12 m?2

The constants used in the proof of this theorem could be selected as,

16 4, 32M
v =V, B=—(1+—1Vr), (3.57)
m m m
m? 128M2

¢ vr.

T2+ 18Mryr O me

The calculations for finding the constants are given in Appendix D. This completes proof

of the theorem. ]

Theorem 3.7. Suppose that all hypotheses of Theorem hold. Then the generalized
scaled memoryless BFGS iteration defined by (3.35)) converges superlinearly to the unique

zero of I in B,(x).

Proof. By Theorem the iterate {x,} defined by generalized scaled memoryless BFGS
method for F'(x) converges to x*, the unique zero of F' in B,.(zg). Assume that F'(z,) # 0
for all n > 0 and so z, # z*. Also assume constants r and L satisfy (3.55) and (3.56)),

then
|1 — Hy| <A, | F ()] < Crm?, | Hn| < 8,
I = H < ar, fsall < 742, leall = llza — o < 71,

The positive constants «,v,( and [ are given by (3.57). Also since x,.1 € B,(zo),
1

! n -1 < .
P/ (i) <
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Furthermore, it could be shown that ||e,, 1] < r|le,|| by using the same technique as in the
Theorem [3.6 to show ||é,,+1]|| < 7]|é,|| for all n > 0. The rest of the proof follows almost

exactly as in Theorem 6.6 of [52). O

Let us consider the case when F'(z¢) # I but is SPD. Define A = F'(xo)~"/2, f(&) =
f(A%) and o = AZ,. Then F'(%,) = I, where F(%) = Vf(Z). It can be shown that
the method defined by (3.35)) is not invariant under this change. Define the new update

formula for the approximate inverse Hessian by

SpST yl A%y YnsL A% + A?s,yT
H,oy = A20,1 + 2250 (1 4 g, Yn2Uny _ g Yndn ntn >0, (358
+1 + ygsn( + ygsn ) yg’*sn n =z ( )
Hy = A% and
TA2
6, = k20 (3.59)
yn Sn

Theorem 3.8. Suppose that Assumption holds such that F'(xy) is SPD and || —
F'(xg)]| < er, where ¢ is a nonnegative constant. With (, L, ¢ dependent on r and r
sufficiently small, the generalized scaled memoryless BEGS iteration {x,,} defined by
and for all 0,, satisfying , is well defined and converges superlinearly to a unique

zero of Fin B, (xg).

By doing some calculations it can easily be shown that for all n > 0, z,, = A%, and
H, = A]:InA, where 7, and H,, denote the generalized scaled memoryless BFGS iteration
and update formula for inverse Hessian approximation for the function F (). The proof

of this theorem follows from that of Theorems and will be omitted here.
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Appendix D

This appendix provides the mathematical calculations for finding the constants in the

proof of Theorem [3.6] The requirements among constants are given by

33_‘/5

b

l\?\w

2. Lr3 < - and L <

w\»—*w
| 3

2(1 + 2r3)?
¥(1+
m m
4 M2y
1—2M~r”’

3. v > max{(1 + 2r3)\/r,
1
4. M~rr < 5 and o > max{2M (1 + 2r3)./r,

5. a+4M\/r+ Lyr <( <1,

2(1 4 2r?)
m

7. BC <1,

6. B> (14 2M~r),

8. Bla+4My/r+2L) <1

2(1 + 2r%)?

First notice that (1 + 2r3)y/r < )v/r and also 1+ 21 < /2 for

(1+

1 16
r < 3 Let v = —2\/?, and notice that by assumption of theorem m < 1, therefore
m

2(1 + 2r3)
m

2042y 20520, (1+£)\/_< 7f 7

m m m

4

Then requirement 3 holds. Let = —(1 4+ 2M~r), so requirement 6 is also satisfied.
m

4AM?~

—————— . Noti
1 —2M~r onee

Now notice that M > 1 by assumption of theorem, 2M (1 + 2r?)/r <

that requirements 4 and 8 together give bounds for a:

ANy m
Y e M -2L
1= 2Mryr = = 41+ 2MAr) vr
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Now choose r such that

3

m
< 3.60
Vr < EONVER (3.60)
We could show by some calculation that this assumption implies
m3
) 3.61
VT < 4@ A (3:61)
Al lt'\/_<m2 hich gives M~ < ». theref M 02y and al
so results — C es — therefore —— and also
. resu Wlbn 7‘_64M,w1 giv 77‘_4, refor oMy = v an
5 < 11 5 200 Let a = 8 M?y and choose L such that
64 M3
< 22 oM (3.62)
12 m2

The right-hand side of this inequality is positive by (3.61]). Also from (3.62]),

128 M?
m2

m

= 8M%y = _m
“ 7 A(1 + 2Mr)

— 4M+/r —2L.

\/Fs%—leﬁ—st

1
Therefore requirements 4 and 8 hold. Let { = B, then requirement 7 is fulfilled. By the
last inequality, ¢ > o+ 4M+\/r + 2L > a+ 4M/r + L+/r and also > 1, so requirement
5 also holds. Notice that by assuming (3.60) requirement 1 is fulfilled and also by (3.62)

requirement 2 holds since

N | —
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All together by choosing r and L such that inequalities (3.60]) and (3.62)) are fulfilled, then

the constants satisfying requirements 1 to 8 could be selected as,

16 4 32M
Y= 2\/F7 Bzi(]‘_’— 2 7"\/;),
m m m
m? 12802

¢ vr.

T Am? + 128 Mry/r’ -
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Space-time spectral collocation

method

In this chapter a Chebyshev collocation method in both space and time based on the
work of Tang and Xu [71] is analyzed for the heat equation. The method is shown to
converge spectrally when the solution is analytic. A condition number estimate of O(N*)
is derived, where IV is the number of spectral modes in each direction. Also a second space-
time method, which is easier to implement and has similar performance is proposed and
studied. Two nonlinear PDEs, viscous Burgers’ and Allen—-Cahn are successfully solved

numerically, hinting that these methods are also effective solvers for nonlinear PDEs.

4.1 Introduction

Spectral methods apply global smooth functions to approximate solutions of ODEs and
PDEs. Its main advantage is that for analytic solutions of elliptic differential equations, the
rate of convergence is an exponential function of the number of basis functions used. For
problems with periodic boundary conditions, trigonometric functions can be used as basis
functions, and for other boundary conditions, Legendre or Chebyshev polynomials could

be used as basis functions, which are eigenfunctions of singular Sturm Liouville problems
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[62]. Spectral collocation is the most popular spectral method for non-periodic functions.
This method secks an approximate solution to a given PDE (ODE) and collocates the
equation at a set of interior collocation points.

For time dependent PDEs, the most common approach is to use low order finite dif-
ference approximation of the time derivative and spectral approximation of the spatial
derivatives. This is not ideal since the time discretization error overwhelms the spatial
discretization error. Among the first works on space-time spectral methods for PDEs with
periodic boundary conditions include [68] and [67]. Other references include [63], [46], |80],
[79], [69], [70] and the references therein. These works use collocation based on Gaussian
quadrature in time and collocation based on Gauss-Lobatto quadrature in space.

One drawback of these space-time spectral methods is that time stepping is no longer
possible. The unknowns for all times must be solved simultaneously. This presents a
serious problem for PDEs in three spatial dimensions and is particularly onerous for non-
linear PDEs. It should be made clear that due to the spectral convergence, many fewer
unknowns are needed compared to finite difference/element schemes for the same error
tolerance. An early work on spectrally accurate ODE solvers is [37].

See [17], [26], |32], [40] and references therein for works attempting to overcome the
sequential nature of time discretization schemes. Boundary value methods are stable
solvers of initial value problems that achieve spectral-like convergence rates. See, for
instance, [12] and [45] for two recent contributions. Spectral deferred correction methods
are another class of ODE solvers with spectral convergence. See [25] and [14] for two
representative publications. See [31] for a good survey of algorithms which are parallel in
time. Excellent references on the theory and practice of spectral methods include [7], [9],
[13], [29], [30], [35], [36], |38], [62] and [72].

In Section we summarize the notation that will be necessary in the description
of the method. In Section [f.3] we demonstrate the space-time spectral convergence of a

method of Tang and Xu for the 1D heat equation. In Section [£.4] we propose a similar
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space-time spectral collocation method for more general PDEs. Following this we discuss
some simple iterative schemes for two nonlinear PDEs (Allen-Cahn and viscous Burgers’
equations) in Section . In Section [4.6] some numerical experiments in MATLAB are
shown to confirm the theoretical results. We include an appendix which facilitates a

condition number estimate of the methods.

4.2 Basic notation and preliminaries

In this thesis, let M™" denote the space of real (R) or complex (C) matrices of size m x n.
Let a;; denotes the (i, j)th entry of A € M™". Let I,, denotes the n x n identity matrix.
For an n x n matrix M, let [M] denote the (n — 1) x (n — 1) matrix obtained from M by
deleting the last column and row, while [M] denotes the (n —2) x (n —2) matrix obtained
from M by deleting the first and last columns and rows. For any complex number a, its
complex conjugate is denoted by a and its real and imaginary parts are denoted by Ra and
Sa, respectively. For any matrix M, let M7 and M* denote the transpose and complex
conjugate transpose of M, respectively. Let A(M) denote the spectrum of M. Let | - |5
denote the vector/matrix 2-norm and | - |, denote the vector oo-norm. For any vector v,

denote by diag(v) the diagonal matrix whose diagonal entries are elements of v.

Definition 4.1. The Kronecker (tensor) product of the matrix A € CP? with the matrix

B € M'® is defined as

CL11B (Iqu
A® B =

apmB - ap,B

For basic properties of Kronecker product see, for instance, [39]. Two well known and

useful theorems are given below.

Theorem 4.2 ([39], Theorem 4.2.12). Let A € M™™ and B € M™". Furthermore, let
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A € A(A) with corresponding eigenvector x, and p € A(B) with corresponding eigenvector
y. Then Ay is an eigenvalue of A® B with corresponding eigenvector x ®y. Any eigenvalue

of A® B arises as such a product of eigenvalues of A and B.

It follows directly that if A € M™™ and B € M™" are positive (semi) definite matrices,

then A ® B is also positive (semi) definite.

Theorem 4.3 ([39], Theorem 4.4.5). Let A € M™™ and B € M™". Furthermore, let
A € A(A) with corresponding eigenvector x, and p € A(B) with corresponding eigenvector
y. Then X + p is an eigenvalue of (I, ® A) + (B ® I,,,) with corresponding eigenvector

y®x. Any eigenvalue of (I, ® A) + (B ® I,,,) arises as such a sum of eigenvalues of A and
B.

Definition 4.4. For any matrix A € M™" define

VeC(A) = (alla T, Qm1, 412, 5, Am2, A,y 7amn)T
In other words, the columns of A are stacked on top of each other to make a vector a of

length mn, or A is the matrix representation of a.

The Kronecker product can be used to present linear equations in which the unknowns

are matrices. One such example is:

AX+YB=C. & (I ® A)vec(X) + (BT @ I vec(Y) = vec(O).

Finally, for matrices X € M"Y € M™™ and z € M™ recall that (X ® YV)z =
vec(Y ZXT), where vec(Z) = z, the vector representation of Z.

Fix a positive integer N. Let Py denote the space of polynomials of degree at most
N in z for a fixed t and degree at most N in t for a fixed z. Let xg,...,xy denote

the Chebyshev Gauss-Lobatto nodes with 9 = 1, xy = —1 and z; descending zeros of

Ty (z), where 1 < j < N — 1 and Ty is the Nth Chebyshev polynomial. The Chebyshev
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Gauss-Lobatto nodes along the ¢ axis are denoted by {¢;}. Let

T to

TN-1 tn—1

Note that xj; excludes both boundary points, while ¢;, excludes only the initial point —1.

For 0 < j < N, let ¢; be the Lagrange interpolant, a polynomial of degree N, of z; so that

(j(z1) = 0;x. Recall that the Chebyshev pseudospectral derivative matrix D € ROV (V+1)

has entries
dly(z;)

Dy =
ik de

0<j,k<N.

Let d, = D(0 : N—1, N), the first IV entries of the last column of D. Define the Chebyshev

interpolation operator as usual, for any continuous w,

j=0
The following is an important property of Chebyshev quadrature: for any polynomial v of

degree at most 2N — 1,

N 1

/1 v(z)w(z)dz =Y v(zy)pr, w(z) = ier (4.2)

-1

where {p;} is the set of weights associated with Chebyshev Gauss-Lobatto quadrature.
Let W), be the (N + 1) x (N + 1) diagonal matrix whose diagonal entries are {py}.

Denote the weighed L? norm of a continuous function v on  := (—1,1)% by

o] = (/Q |v(x,t)|2w(x)w(t)dxdt)1/2.
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Also, define the corresponding discrete norm

N 1/2
[olly = (Z pjpk!v(ﬂﬂj,tk)IQ) :

J,k=0

It is well known (inequality (5.3.2) in [13], for instance) that the weighed L? and discrete

norms are equivalent for all polynomials v of degree at most N:
[oll < llvllx < 2[Jo]- (4.3)

Notice that throughout this chapter and next, C, ¢ denote positive constants whose values

may differ at different occurrences, but are independent of N.

4.3 Heat equation

We treat the simplest case where the spatial and temporal domains are both (—1,1).
This is no loss of generality since this can always be accomplished by a simple change of

variables. Consider the linear heat equation
Uy = Uyy + f(2,1), on (—1,1)% (4.4)

with boundary conditions u(+£1,¢) = 0 and initial condition u(x, —1) = ug(x). We seek a
numerical solution v € Py at t = 1.
Fix an integer N > 2. We first derive the space-time Chebyshev spectral collocation

method of [71]. Write

N
l(t) = Z gL, (t), 0<k<N. (4.5)
q=0
Let
2, k=0 2, k=0,N;
Cr = dk =
1, otherwise. 1, otherwise.
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It is not difficult to show that

2 k
cosq W, 0<g<N;
gk k .
(-1) .
Nd; ’ '
For any real ¢, define
U(ZEht) f(xht)
up(t) = . () =
u<xN—1at) f(xN—lat)
A semi-discrete approximation of the heat equation is
N
up(t) = 3 (Aun(te) + fa(ts)) Ge(®),  un(=1) = uon, (4.7)
k=0

where A = [D?] and ugy, is the initial data evaluated at the vector of interior Chebyshev
Gauss-Lobatto points x; i.e., ug, = uo(x,). Note that at the collocation point t; for
0<j <N,

u’h(tj) = Auh(t]‘) + fh(tj), (48)
precisely the system of collocation equations.

Using (4.5)), it follows that

up(t) = > (Aun(te) + fult)) agT,(t).

q,k=0

Integrating in time from —1 to ¢; for some 0 < j < N, we obtain

up(t;) — uon =

k=0 q=2
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In the above, we used the identity

RO 0

- ) q 2 27
= 1) "2
The system can be represented as
N-1
up(t;) = A Brjup(te) + 95, 0<j<N\, (4.9)
k=0

where for 0 < k < N,

a(t? —1) Y cos ((q + 1)7Tj/N) cos ((q - 1)7rj/N) (—1)4
By = aonlti+1)+—— +q§ Yak ( 20¢+1)  2q—1) g -1)’

and

N
95 = > Brjfu(tr) + By Auon + uon.
k=0

We record the following identity for future reference:

L N L
By, = /_ ' 0u(t) dt:;aqk /_ T, (1)t (4.10)

Let Vi, G, € RIW=DXN he the matrices whose jth column is up(t;) and g;, respectively,

0 < j < N. Then the system becomes
Vi, = AV, B + Gy, (4.11)
where B € RV*Y with entries By;, 0 < k,j < N —1. Let v, = vec(V},), gn = vec(G),) and
A=Iy®In_1) — (BT ® A).

Then (4.11)) is equivalent to Av, = gp.

We begin with some preliminary results. The first two state that BT is a discrete
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integration operator in two different senses: it exactly integrates polynomials of degree at
most N evaluated at the collocation points, and its inverse differs from [D] by a rank-one

matrix. These facts are hardly surprising because of the way B was derived in (4.9)).

Lemma 4.5. Let N > 1 and v be a complex polynomial of degree at most N so that
v(—1) = 0. Then
tp
BTu@w::/“zxwdt

-1
Proof. The proof is exactly the same as that for the Legendre case. See [49]. We reproduce

the proof for the convenience of the reader. Since v(—1) = 0, we may write

N N-1 N-1 N
U(t) = Z tk Ek Z v tk gk Z ZU tk thkT
k=0 k=0 k=0 q=0

using (4.5). For 0 < j < N,

-1 t N-1

[ vttyde =3 S oltdag [ Tyt dt = Y ot By,

k=0 ¢q=0
by (4.10)). This proves the lemma. O

Lemma 4.6. Let N > 1. Then BT — [D]™! is a rank-one matrix.

Proof. Let {ay} be arbitrary complex constants so that

N
=Y at”, u(—1) = 0.
k=0

Define uj, = u(ty). Let 1 be the vector of all ones. By the above lemma,

th N-1 th
(DB u, = / S att dt + (D] / ant™ dt
-1

1 k=0

= Zam = (D) (1 - (—)V)

N+1
D] (t{f“ + (—1)N1) —tif) .

N +1

= Uh+aN<
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Thus [D]B? — Iy is a rank-one matrix which depends on ay, but is independent of all

other a;, 0 < j < N. [

The third lemma says that when applied to an analytic function evaluated at the

collocation points, the quadrature error is exponentially small.

Lemma 4.7. Let N > 1 and z be analytic so that z(—1) = 0. Then

2

‘BTz(th) -/ t: A(t) dt

where ¢ depends on z but is independent of .

Proof. Let L denote the quantity on the left-hand side of the inequality of the lemma.
Then

th

L = HBT(INZ)@h) -/ t:(INz)(t) dt} + [t @ve -0 |
< 0+2VN [[Zyz — 2| r2-1

Note that the term inside the square brackets is zero due to Lemma while the last
inequality is a Chebyshev interpolation error estimate for analytic functions. See (5.45)

in [48], for instance. O

The following results are needed to estimate the condition number of the method. The
proof of the first one, one of the main technical results of this section, is postponed to the

appendix.
Proposition 4.8. Let N > 1. The real part of every eigenvalue of BT is positive.

Lemma 4.9. Let N > 1. Then |BT|, < ¢, a positive constant independent of N.
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Proof. Let z, be an unit N-vector so that |B?z,], = |BT]s. Let z be a polynomial of

degree at most N so that z(—1) =0 and z;, = z(t;,). By Lemma [4.5]

T, 12 _ th ?
|B" zp|5 = z(t) dt
—1 2
N-—1 s 2
. ( / et () w1/2(t>dt)
k=0 -
N-1 th 1
< Y 22(t)w(t)dt/ V1 —t2dt
k=0 71 -1
N 1
< %[122(t)w(t>dt
TN
< S Wlal < e

The penultimate inequality is due to the equivalence of the discrete and weighed L? norms
(4.3), while the last inequality follows from the fact that the weights satisfy pp < cN !

for all . O
The next lemma is well known; see inequality (7.3.5) in [13], for instance.

Lemma 4.10. Let N > 2. Then the eigenvalues of — [D?] are real, bounded below by ¢

and above by C N*, where ¢ and C are positive and independent of N.

Lemma 4.11. Let N > 2 and u be a function analytic in some open set in the complex
plane containing the real interval [—1,1] and u(£1) = 0. Let A = [D?], where D is the

Chebyshev pseudospectral derivative matrix. Then
(Au(@n) — v (@0))]e < eNe OV,

Proof. Recall the definition of the interpolation operator in (4.1f). Observe that (Zyu)"(xp) =

Au(zy). The result follows from the estimate ([61])

(Zyu — u)"(21)|0o < N3 N,
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For any ¢, define the error vector
eh(t) = uh(t) - U(l’h,t>,

where v is the solution of the heat equation (5.1) and wy, is the solution of (4.7). For
0<Ek<N,

en(tr) = up(tr) — we(n, tr)
= Aup(ty) + f(zp, t) — (Um(ﬁh,tk) + f(ﬂﬁh,tk))
= Auh(tk) — Au(xh, tk) + AU($h, tk) — Uxx($h, tk)

= Aeh(tk) + ’I“(tk),

where r(t;) = Au(zp, ty) — Uge(Th, tr)-
Let Ej, := Ej(ty) be the long vector consisting of the vectors ey, (t;) for k =0to N —1

stacked one on top of the other. Similarly define R, as the long vector consisting of vectors

r(tx):
eh(to) ’l"(to)

Ev=| : |, R, (4.12)

en(tn-1) r(tn-1)

The system e}, (t;) = Aep(tx) + r(tx) for all £ can be more compactly represented as

Ey(th) = (In ® A)Ey, + Ry,

Applying BT ® In_; on both sides leads to

E, = (BT @ A)E), + (BT @ In_1)Ry, + 9,

102



where 0 is a long vector with matrix representation ®. Let ®; be the jth row of ®.

According to Lemma , |®;]p < eNY2e=CN. The above equality can also be written as
AE, =Ry, R,=(B"®Iy_1)R,+6. (4.13)

See ([4.11]).

Theorem 4.12. Let N > 2 and \ be an eigenvalue of A. Then
1 <Al < eN*

Proof. Let (vp, \) be an eigenpair of A. Then it follows from (4.13) that (A — 1)v, =
—(BT @ A)vy, or

A =1 =, (4.14)

where ~; is some eigenvalue of BY and . is some eigenvalue of —A. The lower bound
|A| > 1 follows from Proposition 4.8 and Lemma [£.10]
From (|4.14)), an upper bound of |A| follows from Lemmas and 4.10}

A <1+ |yln <1+ eN™

O

We are able to derive the same upper bound of the eigenvalue magnitude using the
technique of [49], but not the lower bound. The technique employed here is much simpler
conceptually because the analysis reduces to an eigenvalue analysis of BT and A.

Assume that A is diagonalizable so that there are diagonal G and invertible X so that
A= XGX'. Let W = [W,] ® [W;,]. By rescaling X if necessary, it can be assumed
that |[W1/2X W ~1/2|, = 1. For any vector x, define the norm v(z) = [W'2X'z|,. The

presence of the factor W/ is so that v scales approximately like the L? norm of a function
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in space and time whose values are X 'z at the collocation points. Theorem says
that |A] > 1 for any eigenvalue X\ of A. Hence |G|y < 1. Since XGX'E), = Ry, it

follows that
Wl/QXflEh — (W1/2G71W71/2)<W1/2X71W71/2)<W1/2Rh) — G*l(Wl/QXflwfl/Q)<W1/2Rh).

From Lemma we know that if w is analytic, then [r(¢;)|e < c¢N3e N for every

0 < j < N. Therefore

v(En)? < |GTUS WEXTITWIRE W R

2 [ iy N-1 , N-1 )
< N 1B~ Z |T<tj)|2 + Z |<Dj‘2
i =0 =0
2 [ N-1 N-1
S ZZ|eN Z CQNGefQCN_i_ Z CNefQCN
N i =0 =0
< eNTe 20N,

In the above, we used Lemma and the fact that |M; ® My|y = |Mi|a|Ms|s for any

matrices My, M.

Theorem 4.13. For any integer N > 2, let u be the solution of the heat equation (5.1)).
Assume that u(z,t) is separately analytic in each variable. Let u;, be the solution of (4.9)

and Ej, be the long error vector defined in (4.12). Then

|W1/2Eh|2 S CN3'5€_CN.

Proof. In case A is diagonalizable, the analysis above gives

v(E)) < cN35e N,

If A is not diagonalizable, then there is some sequence A,, converging to A so that A, =
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X,,G, X! for some diagonal G, and invertible X, so that |[WY2X1W~1/2|, = 1. For
any vector x, define

v(z) = sup [WY2X x|,

n>1
Now proceed as before with G, and X,, replacing G and X, respectively. Then take

n — oo to obtain, again,

v(E)) < eN35e= N,

The result of the theorem now follows from the first of the following inequalities:
c ]W1/2x|2 <v(zr) < \Wl/leg, r e RVV-1),
The second inequality is easy to show:

v(x) = sup \(Wl/QXfW’l/Q) (W1/2$)|2 < \WUQ:U]Q.

n>1
To show the first inequality, recall that the Chebyshev weights satisfy:

C1 C2
)

<p<e. 0SSN

=

Let Aoz (M) and A,y (M) denote the largest and smallest eigenvalues of M, respectively.

It is not difficult to see that

o 3
Amm(W) 2 ﬁa Amax(W) é ﬁ

Let o(M) denote the smallest singular value of a matrix M. It is well known that
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o(MyMsy) > o(M;)o(Ms). Combine above inequalities to obtain

1/(3:) > ’(W1/2X1—1W—1/2) W1/233|2
> O(wl/ZXf1W71/2> ‘W1/2$|2
> o(W2)o(W2)a(X ) (W 2z,
Amin(Wl/2> 1/2
= ey Wl
Z C |W1/2$|2.
This completes the proof of the theorem. O]

We remark that for f € Py and f,, the long vector of f evaluated at the collocation
points,
1/2

</_11 /_11 |f(, )| Pw(z) do w(t) dt>1/2 < [WY2f], < 2 (/_11 /_11 Fa,)2w(z) da w(t) dt) |

using the equivalence of weighed L? and discrete norms. This is the main reason for
measuring the error in the discrete norm.
To measure the difficulty to solve a linear system with coefficient matrix M, we some-

times use the spectral condition number, defined by

maxXxeA (M) W

K(M) = — ,
(M) minyea(ar |A|

where A(M) is the spectrum of M. Using the result of Theorem m, it is easy to estimate

the spectral condition number of the space-time spectral collocation method.

Corollary 4.14. Let N > 2. Then
k(A) < eN*.

Now we mention a direct solver for (4.11]) based on the method of Bartels and Stew-
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art [6]. Consider the Schur decompositions A = QT'Q* and B = PSP*, where P and @

are unitary and S and T upper triangular. Define Y = Q*V},, P. A direct calculation shows

that (4.11)) becomes
T7Y —-YS =T7'Q*G,P.

Since 7! is upper triangular, the method of Bartels and Stewart can be used to solve for
Y. Note that the complexity of this method is O(N?). The algorithm of Golub, Nash and

van-Loan [34] can also be used in place of that of Bartel and Stewart.

4.4 Another space-time spectral collocation method
for the heat equation

We now give an alternate space-time spectral numerical method for the solution u € Py

of the heat equation (j5.1)). The spectral equations are
(Iny1 ® D)uy, = (D* @ Inoq)up + fa,

where u, and f, are the vectors of u and f, respectively, evaluated at the collocation
points. (The order of the variables is different from that of the first method for historical
reasons.) Of course, since wuy, vanishes at the nodes along the boundary z = +1 and the
initial value of w is known at t = —1, it is sufficient to solve for the unknowns iy, which
is uy, deleting the components corresponding to boundary points and initial points. The

resulting spectral equations are
(In1 @ [D))ay = ([D?] @ In)in + frn — (uon @ dy),

where fh is f, removing the components corresponding to boundary points and initial

points. The last term accounts for the contribution of the initial condition and is present
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because the last row and column of D have been deleted. The linear equation to be solved
becomes

Aty = fro — (uop @ dy),  Ap = (In_1 ® [D]) — ([D?] ® Iy). (4.15)

Let vee(Uy) = diy, and vec(Fy) = f, — (uon ®dy). Here U, and F), are N x (N — 1) matrices.
Then the above equation is equivalent to the Sylvester equation [D]U), — Uy, [D?]" = F.
This matrix system can be solved in O(N?) operations by the algorithm of Bartels and
Stewart.

Let us see if there is any relation between this formulation and . Recall that
A = [D?]. If the two methods are equivalent, that is, they yield the same matrix equation
and, of course, have the same solution (under exact arithmetic), then V;, = U]'. Taking the
transpose of the second system results in V;,[D|T — AV}, = Fl or V},— AV, [D]"T = FI[D]T.
Unfortunately, from Lemma [4.6] [D]~7 is not the same as B (this can also be verified by
an explicit computation for small values of N) and so the two methods are different.

In general, the second method is easier to implement for more complicated PDEs.
In one sentence, the two methods differ in that the discrete heat equation is integrated
analytically in time for the method of . For the PDE wy + a(x, t)uy = uye + f, for
instance, it is non-trivial to perform the time integration analytically. On the contrary,
the code for the second method is really no more difficult than that for the wave equation.

Next we state two useful results, the first of which is a sharpening of a result proved
in [65] in the context of stability theory of a linear hyperbolic PDE. The sharper result
is not needed in this paper, but is crucial in the upcoming work in the next chapter. Its

proof is postponed to Appendix E.

Proposition 4.15. Let N > 1. The real part of every eigenvalue of [D] is positive and

bounded away from zero.
Lemma 4.16. Let N > 1 and \ be an eigenvalue of [D]. Then |A| < ¢N2.

Proof. An upper bound for the magnitude of an eigenvalue of D is well known and is
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also ¢N2. Its proof is very similar to the proof of this lemma which is included here for
completeness.

Let vy, be an eigenvector corresponding to A and v be the unique polynomial of degree at
most N so that v(—1) = 0 and v(t;) = vs. Note that [D]v, = v, and [D]vy, = v/(t), with
the latter due to the fact that v is a polynomial of degree at most N and the action of [D]
on v(ty) gives its derivative exactly at the collocation points. It follows that v'(¢;) = Av(t;)

for 0 <7 < N and so

i _>‘2|U |p,7

Note that the above two terms corresponding to j = N are both zero since v(—1) = 0.
Since Chebyshev quadrature is exact for polynomials of degree at most 2N — 1, the left-

hand side is equal to the integral

1 1 1 1
/ v'ow < \// v/ 2w \// 02w < CNQ/ |v[2w
-1 -1 -1 -1

with the last inequality due to an inverse estimate (see (5.5.4) in [13], for instance). Thus

[t vow Lool2
A = Jvl L <ot e gy
=0 v(t;)Pp; > =0 [0(t;)?p;
by the equivalence of the discrete and weighted L? norms. O

The theorem below states that the spectral condition number of the discrete spectral

differentiation operator scales like O(N?).

Theorem 4.17. Let N > 2. Let A, be the Chebyshev spectral collocation matrix defined

above associated with polynomials Py. Then
I@'(Ah> S CN 4.

Proof. Let {;} be the set of eigenvalues of [D] and {;} be those of — [D?]. From (4.15)),
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it follows that for some 7, k,

A= + -

From Proposition and Lemma [4.10] Rv;, ue > ¢ for some positive constant ¢ inde-
pendent of N. Hence A > 2¢, which implies that |A| > 2¢. From Lemmas and
it follows that

I\| < CN? +cN* < C)N*,
Combine the above two inequalities to obtain

/ﬂ?(Ah) S CN4.

]

The convergence analysis is very much similar to the one in the previous section. Let
v be analytic in a region in the complex plane containing the real interval [—1,1] and
v(=1) = 0. Let 0 < k < N and ¢ = (v — Zyv)/(tx). From [61], it is known that

ler]oo < eN2e=“N. Observe that

V(te) = (Zwo) () + (v = Inv) (1)
= (IDI@w)u(tn), + e

= ([D} v(th>>k + €.
Recall the error equation
¢'(tx) = Ae(ty) +r(ty), 0<k<N,

where r(t;) = Au(zp,tr) — Uga(Th, tr). Let 1 < j < N —1 and e;(t;) refer to the jth
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component of e(t;) and define

ej(to)
ej(tn) = :
ej(tn-1)
and
€1 (th) T1 (th)
Eh = 5 Rh -
en—1(tn) rn—1(tn)

Note that these vectors are the same as those defined in (4.12)) except for a different

ordering. Then from the previous calculation, we have

([Dlej(tn))r + €. = €;(tx) = (Aen(tr)); + i),

—CN
5

where €50 < cNZe or

AhEh = Rh = ﬁ{h — €,

where € is a long vector formed by stacking together vectors €; = [€jo, . .., €;n-1]7. Using

exactly the same analysis as before, the following convergence result can be shown.

Theorem 4.18. For any integer N > 2, let u be the solution of the heat equation (5.1)).

Assume that u(x,t) is separately analytic in each variable. Then

’Wl/ZEhb < CN3,56—C'N'

4.5 Nonlinear PDEs

The purpose of this section is to show that it is very simple, in a few lines of code, to adapt

the above methodology to solve some of the most common nonlinear PDEs with spectral
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space-time convergence. We shall consider only two examples: Allen-Cahn equation and

Burgers’ equation.

4.5.1 Allen-Cahn equation

The Allen-Cahn equation is
Uy = Uy + au(l —u?) + f(z,t), on (—1,1)%

with initial condition u(x, —1) = ug(z) and homogeneous Dirichlet boundary conditions.
Here a is a positive constant. A spectral scheme based on the second space-time collocation

method of the previous section is
(In41 @ D)up, = (D* @ Inyr)un + aluy — up) + fa,

where u} is the vector whose jth component is the cube of the jth component of wy,.

Deleting the known boundary and initial values, the final scheme reads
[(In-1 @ [D)) = (ID2] ® Ly) — al| i, + ati = fi — (uon ® dy,).
This nonlinear system can be solved using the simple iteration (k > 0)
(In-1 ® [D]) = (ID?) © In) — al + adiag((@;”)*)] & ™ = fi — (uon ® da).

We don’t claim that this is the most efficient method or any convergence property, but

that it is really very simple to implement and appears to work well.
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4.5.2 Viscous Burgers’ equation

Let € > 0. Consider the 1D viscous Burgers’ equation

Uy + Uty = €Uy, + f(2,t), on (—1,1)%
with boundary conditions wu,(+1,t) = 0 and initial condition u(z, —1) = ug(x). We choose
the Neumann boundary conditions to demonstrate that the space-time method also works
for boundary conditions other than Dirichlet type. We seek a numerical solution u € Py

at t = 1. The spectral equations are
1
(Iny1®@ D) up + §(D ® Iny1) up = €(D? @ Inga) up + fi.

Because the initial value of u is known at t = —1, it is sufficient to solve for the unknowns
Uy, which is u;, deleting the components corresponding to the initial points.

Let M be D? except that the first and last rows of M are the first and last rows of D,
defined to enforce the Neumann boundary conditions. The resulting spectral equations
are

- R 1 -~ R R R
(Inv41 @ [D]) in + 5 (D @ L) @y =€(M @ Iy) Gy, + G,

where gy, is fh — (uon ® dp) except that those entries corresponding to x = £1 are set to
ZEro, I N+1 is In11 except the first and last diagonal entries are zeros, and Dis D except
the first and last rows are replaced by a row of zeros. The nonlinear equation to be solved

becomes
N ORI =
ABuh—i—i(D@[N)ui:gh, AB:([N+1X[D]>_6(M®IN).
A simple iteration to solve the above system is (k > 0)

(AB +diag((D ® I) fag’”)) A+ _ g,
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Figure 4.1: Convergence of Chebyshev collocation method (left) A, (right) Aj, for the heat
equation.

See [|74] for an analysis of a similar space-time spectral method for Burgers’ equation.

4.6 Numerical Results

We implemented a very simple Chebyshev collocation MATLAB program. First consider
the heat equation

ut:uxx+f>

with boundary conditions u(£1,¢) = 0 and initial condition u(z, —1) = wy(z). Take f so
that the exact solution is u(x,t) = e***sin(7t/2) sin mx. For the method of Tang and Xu,
spectral convergence is clearly illustrated in the left figure of Figure [{.1] Note that the
error Ej, is O(107') at N = 18 which corresponds to a system with 306 unknowns. The
spectrum of the discrete heat operator A for the case N = 60 and a plot of the spectral
condition numbers as a function of N are shown in Figure [£.2] The corresponding figures
for the second method A, are shown in the right figure of Figure [4.1] and Figure [£.3]
Now we move onto nonlinear PDEs. For both nonlinear PDEs, we take as initial guess

the zero function and use the iteration defined in the previous section for each nonlinear
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Figure 4.2: Spectrum (left) and spectral condition number (right) for the heat operator
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Figure 4.3: Spectrum (left) spectral condition number (right) for the heat operator A,.
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ut=uxx+a(u—u)+f u1+uux_£uxx+f

Error
Error

Figure 4.4: (left) Convergence of Chebyshev collocation method for the Allen-Cahn equa-
tion. (right) Convergence of Chebyshev collocation method for Burgers’ equation.

PDE. Consider first the Allen-Cahn equation

Up = Uy + CL(U - u3) + f(ﬂ?,t),

with homogeneous Dirichlet boundary conditions. Take a = 0.5 and f so that the exact
solution is u(z,t) = e*'sinwz. See the left figure of Figure for the convergence.
The stopping criterion of the iteration is that the infinity norm of the difference of two
successive iterates is not more than 1072, For all values of N > 8 tested, the number of
iterations decreases monotonically from 48 to 37.

Next consider the viscous Burgers’ equation

U + Uty = €Uz, + f(x,1),

with boundary conditions u,(+1,¢) = 0 and initial condition u(x, —1) = uy(z). Takee =1
and f so that the exact solution is u(z,t) = e’ cos(mz). With a zero initial guess, spectral
convergence is clearly illustrated in Figure [£.4] the right figure. For all values of N > 8
tested, it takes between 24 and 38 iterations to solve the nonlinear system with the same

stopping criterion as above.
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2D Heat

10

Error

Figure 4.5: Convergence of 2D heat equation. The error is the maximum error at the final
time t = 1.

It is straightforward to extend the methods to two spatial dimensions. As an illus-
tration, take f so that the solution of the 2D heat equation u; = Au + f on the spatial
domain (—1,1)% is

ertytitl

u(z,y) = sin 7wz sin my.

The convergence for the second method of Section [4.5]is given in Figure [4.5
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Appendix E

In this appendix, we prove Propositions and [4.15]

First, the following preliminary result due to [65] is useful. Since no proof was given

there, we include one here for completeness.

Lemma 4.19. Let N > 1. If f = Zgo’l by T} for some complex constants by, then

ijf(tj)

Proof. Using the definition of f,

ijf(tj) - /_11 f)w(t)dt

-/ 11 Fyw(t)dt + whoy.

ij Z_ kak<t3) _/1 Z_ kak(t)w(t)dt
7=0 k=0 k=0

2_3 b [z_: piTi(t;) — bi /11 Tk(t)w(t)dt]
+ban [ipjTZN(tj) — /_11 TQN(t)w(t)dt‘|

-1

k=2N+1,keven Lj=0

AN—-1 N 1
b wTam - [ 5

k=2N+1,kodd Li=0 a
S1+ Sy + S5+ Sy

D DRI D oy O R R TR
- tw(t

[y

i

.

S; = 0 since Chebyshev-Gaussian quadrature is exact for any polynomial of degree at

most 2N — 1. Using the identity

2Tan = Tern + ﬂm—nh
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Toy = 2T% — 1 follows immediately. Then for the term S,

In the above, the definition of the Chebyshev Gauss-Lobatto points t; = cos(jm/N) has

been used to evaluate the penultimate sum:

N N Tj N 1
> piTa(ty) = pjcos’ <N cos ™ {cos (N)D Zp] cos?(mj) Z = / t)dt = .
=0 =0 =0 =0

Therefore Sy = wbyy.

For S5, assume k = 2N + 2p, for 1 < p < N — 1. Then

Z piTR (1t Z pj COS < (N +p) ) Z pj COS <7Tj —|—p7jr\?) = / T2(tyw(t)dt.

-1

From (4.16)), Ton4op = 273, — 1, and so

> piTaa(t) ~ [ Tven(tuttydr = 33 (2Thiylt) = 1) = [ T80 - D
— (Z —/11 Tg(t)w(t)dt) - (Z:pj —/11w(t)dt)

Consequently, S3 = 0.
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Finally assume k = 2N +2p+ 1 for 0 < p < N — 1. Then

N N 7Tj
Z p]T2N+2p+l ) = Z Pj COS ((2N + 2p + 1)N>

o Z cos 2p + 1)”]
- p] N

= /_1T2p+1(t)w(t)dt = 0,

since Th,+1 is an odd function. By the same reason,

[ Tov i (tult) =0,

Therefore

Z PiTan 12p41(t; / Tont2ps1 (t)w(t)dt =0,

7=0

implying that S, = 0. This completes the proof. O

Next we give a proof of Proposition [£.15] As mentioned before, it is a slight improve-
ment of a result due to [65] in a different context. The technique of proof is directly
relevant to a proof of Proposition [4.§|
Proof of Proposition . Let A be an eigenvalue of [D] and v be a polynomial of degree
N so that v(—1) = 0:

v = EN: a1y, (4.17)

where a; are complex numbers. Suppose v satisfies the ODE

V'(t) = Ao(t) + )‘aNN(l — )T\ (¢). (4.18)

Note that the left-hand side of the above equation is a polynomial of degree N — 1, while
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the first term on the right-hand side is a polynomial of degree N. The second term on the
right-hand side is a polynomial of degree N and has a constant factor chosen so that the

right-hand side is a polynomial of degree N — 1. Observe that
U/(tj) = )\U(t]’), 0<j<N. (419)

When 0 < j < N, this is because T (t;) = 0 by definition of the Chebyshev-Lobatto
points. When j = 0, then ¢, = 1 and the equality is obvious. (4.19)) is equivalent to the

relation

[DJu(t) = Av(ts).

Using (4.17)), equate the coefficient of t¥~! on both sides of (4.18)) to obtain

N
anN—1 = 2CLN ()\ — 1) . (420)

Note that A # 0 since, otherwise, from and the initial condition v(—1) = 0, it follows
that v = 0 and so v(ty,) is the zero vector which cannot be an eigenvector. If ay = 0, then
the left-hand side of is a polynomial of degree one less than that on the right-hand
side, which is impossible. Henceforth assume ay # 0.

Let 8 € (0,1) whose value will be determined later. Now multiply equation (4.19)
by p;(1 —¢;)(1 + Bt;)v(t;) and then add the result to the complex conjugate of

multiplied by p;(1 —¢;)(1 + St;)v(t;) and then sum to obtain

ijf(tj) =2R Y pj(1—t;)(1+ Bty)|o(t))]* == Ci R, (4.21)

J=0

where f(t) = (1 —t)(1 + Bt)(Jv[*)'(¢) is a polynomial of degree 2N + 1 and A = R + iS

for real R,S. Note that we can extend the above sums to j = N because both terms
corresponding to j = N vanish. Note also that C; is positive since, otherwise, v(t;) = 0

for 1 < j < N. From (4.18), v'(t;) = 0 for 1 < j < N and these conditions imply that
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v = 0. In particular v(t;) = 0 and so it cannot be an eigenvector.
The goal is to show that the left-hand side of (4.21]) is positive. Toward that end, write

the left-hand side as F' 4+ E, where

F= [ j@uod,  B=Y i) - F

After an integration by parts and some algebra,

11— B+ pt+pt?
-1 1+1

F = lv(t)|? w(t) dt.

It is easy to see that 1 — 3 + Bt + Bt > ¢, a positive constant for 3 € (0,4/5). Let

v(t) = z(t)v/1 + t, where z is continuous on [—1, 1] since v(—1) = 0. Thus

Fxe [ 0P d = 0,

-1

Write

2N+1

) =Y bTu(t),

for some coefficients b;,. Then from Lemma [4.19] E = wbon. Thus F'+ E > Cy + whay.
Since the leading coefficient of T}, is 2¥~! and the coefficient of t*~! of T} is zero, it
follows that the coefficient of t*V of f is 22V ~1byx, which is equal to the coefficient of >V

of the polynomial
—2R(anan1) (Ty1Tw)' B8 = 2(1 = B)|an T Ty .

From (L17),

bon 22V = —22V 2R (ayan1) (2N — 1)8 — 22V ay (1 = B)N,
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or

2N -1
ng = —BER((ZNGN_l) 5 — |CLN|2(1 — B)N
Substitute (4.20]) to get
2 R
sz = |aN| —BN(QN — 1)7|)\‘2 + 5(2]\[ — 1) — (1 — 5)N . (422)

Now (4.21]) becomes
CiR=FE+ F > (Cy+ mhyy.

Substitute (4.22)) into the above to obtain

<Ol 4 lanPBNCN - 1)> R>S2 lax*(BBN = 1) = N).
T |A|? 0

For any value of 3 satisfying
N

3N —1

<p < -
B<z.

it is possible to deduce
(Cl 2 |CLN|2N2

> .
- e ) R > Cj, (4.23)

for some positive constant C'5 independent of N. It can be concluded that R > 0.

To show that R is bounded away from zero, first note that from (4.17)), for 0 < k < N,

1 1
Tl = [ oTew,  ullg, = [ v,

leading to

1
ax| < [[]l0. |\2kllo,w “1
T [16.00

if we assume the normalization ||v||o., = 1. From (4.20)), it follows that

2

N
’CLN_1|2 = 4 - — 1 |CLN|2,
A
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or
|CLN|2N2 B |CLN_1|2N2 1 1

N2 4N -F AP BV ST
(1-%) +

411 - —
-3
If N =1, then [D] = 1/2 = R. Henceforth, assume N > 2. If R > 1, then we are done.

(4.24)
4

Otherwise, assume R < 1. Then (4.24) becomes
2 A2
|aN| N < 1
|A? 4(1_1>
N

since N > 2. Inserting this inequality in (4.23) yields immediately that R > C}, a positive

5 < 1,

constant independent of N. O
Finally we prove the remaining proposition.

Proof of Proposition |4.8§ When N = 1,2, the eigenvalues of BT are 1 and (1 41i/y/3)/2,

respectively, and they have a positive real part. Henceforth, assume N > 3. Suppose

{ax} is a set of complex constants so that

N
v="> T}, v(=1) =0, (4.25)
k=0
|lvllow = 1 and satisfies
/t v(T)dT = Mv(t) + aiN(tQ — )T (1) (4.26)
1 N(N +1) N

for X an eigenvalue of BT. Note that the coefficient ay /(N (N +1)) on the right-hand side
of (4.26)) has been chosen so that the coefficients of Ty, on both sides of (4.26]) agree. It

is easy to check that BTv(t;,) = Mv(ty). Using the identity

t L (T (t)  Tea(t)) | (=D
To(r)dr = - - > 9
[, Tt 2<k+1 k-1 )T eor FER

and on equating the coefficients of T, Ty_1 and Ty_o on both sides of (4.26]), we obtain
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(details will be given later)

anN-—1

o = Aav, (4.27)
w = dayo1 - 2(1\6;111) (4.28)
m Ay a. (4.29)
evaluated at t = ¢; reads
tj
/_1 v(r)dr = Xo(t;),  0<j<N. (4.30)

Let 8 € (0,1) whose value will be determined later. Multiply (4.30) by p;(1 —¢;)(1 —
ftj)v(t;) and then add the result to the complex conjugate of (4.30) multiplied by pi(1—

t;)(1 — ft;)v(t;) and then sum to obtain

Epjf(tj) =2R Y pj(1—t;)(1 = Bty)|o(t))]* == C2 R, (4.31)

J=0
2\ /
).

is a polynomial of degree 2N + 3, R = RA and C, is positive. Note that each term

where

0= =000 (| owrar

corresponding to 7 = N in (4.31)) vanishes since v(—1) = 0. Write

2N+3

ft) =Y bTi(t),
k=0
for some complex b;. By applying Lemma [4.19]

/ 11 FOw(E)dt + oy = CoR.
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After an integration by parts, the above becomes

2
’LU(t)dt + 7Tb2]v = CQR (432)

1143~ pt— pt?
/4 1+1¢

/t1 v(T)dr

Use (4.25), (4.27), (4.28), (4.29) to obtain (details will be given later)

boy = ;?R(aNaNl)<1—|—1> (4.33)

N TN+1
(14+8) [, 1 1 1 , 1 ,
p aveve)| Ty ) Tyl - Tyl

Bloy/— 1 1 o 1 1
+§ l?R(CLNCLN_g)<N —9 -+ N T 1) -+ ?R(CLN_laN_Q) (]\7—1 -+ N)

o (x4 )|

CN+1 CN
—(1+ m'“’V'Q((N 028 TV 1)2N—1>

o CN1 CN CN—-1
v 8Ce(aNaN_l)((J\f T2V NN (N 1)21“)’

Here ¢, = —2V73N is the second leading coefficient of Tj:

Te(t) =2 F o qpt" 2 oo ) E>2 (4.34)

Substitute the expression for byy into (4.32)) to obtain

_Bf_ B2 2
/11 1+ 8 : fi pt [1 v(T)dr| w(t)dt + 5, = (S + Co)R, (4.35)
where
(1+p) N-1 (1+B) N-1
" 4 N+ 1)2‘%‘2 TNV an-af

CN+1 CN 2
—r(1
m(1+ ﬂ)<(N+ 2y TN+ 1)2N—1>|&N’ >0,
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_ 2, TN -1)(N —2) 2
Sy = wSslan|® + 5 NN + 1) lan—1]

2 CN+1 CN CN-1
—2mBNlan v N T (v |

and

NEN - 1)(N -1 N2 1 aN+1
( N+)<1 Jp2 a1+ p) g - Y .

Sy = —4 _ . .
’ p N +1 2 (N+12 N+1

Note that the last term of the expression for Sy is positive since ¢, < 0 and the coefficient
of |ay_1|? is positive. Note also that the integral on the left-hand side of (4.35)) is positive
for § € (0,1). Hence the remaining goal is to choose § so that Ss, a quadratic in R, is

positive. Toward that end, the maximum of S5 occurs at

po 1+ N
28 (2N —1)(N —1)’
with maximum value
(1+p8)° N3 38 N 2N +1

B @N-1(N?2-1) 2 (N+12 N+1°

Hence we require

1 2 N3
(1+5) BN ona
15} (2N —1)(N = 1) 2 N+1
Notice that for N > 3,
N > 1 3 <1
(2N —1)(N—-1) 2’ N+1 ’
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Assume § < 1/3, then 1+ 3 > 45 and

(1+3)? N3 B 3N 11

5 OGN-DON—1) 2Ng1 N5

Therefore it is enough to choose 3 so that

4N + 2 1

By <P <3

With this choice of f, it follows from (4.35)) that R > 0.

1
N = 256]\7.

Next we supply some details of the above calculations. First we prove (4.27))-(4.29).

Apply (4.25) in (4.26]) to obtain

i a /_tl Ty(T)dT = A % apTy(t) + aiN(t2 — 1)Ty(1). (4.36)

N(N+1)

The left-hand side of this equation is

N ¢ t t ¢
> / 1 Ty(T)dr = ay / 1 Ty(T)dr 4+ an_1 / ) Tn_1(7)dT 4 an—2 / X Tn_o(7)dT
k=0 - - - a

t
+(ZN_3 / . TN_3(7')d7' + -
1 lTNH Ty ] 1 [TN
N N-1

a
2

+2a

N+1 N-1 N
1 Tn— Tn_3 1
o= [N —1 N- 31 * 2“N‘3[

an anN—1 an-—2
= N 7 MLy
SN+ 1) ¥ TN N+<2(
an-3 aN-1
_ Trr o -
+<2<N—2> 2<N—2>> v
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The second term on the right-hand side of (4.36) is

Vom0 = e -y B - el el T D)
= (Nai 1)2(t2 - 1) [TNl +Tys+ M]
= (Nai 0 :QtQTNl + 2Ty 3 — 2Ty — 2T N5 + - - 1
_ (Nai : :t(TN + Tv—a) + t(Twv—a + Tiv—a) — 2Ty — 2Ty—5 + -~ ]
= (Nai 1) ; (TN+1 + I+ TN+ T3+ TNy +TN-3

+Ty-3+Tn-s) = 2Tn-1 — 2Tn -5 + .. ] .
So the right-hand side of (4.36)) becomes

A aTi(r) + N<z3N+1><t2 — 1)T4(t)

= )\(INTN(t) + )\CLN_lTN_l(t) + )\aN_QTN_Q(t) + ...

a 1
b [ (TN+1 +3IN-1+4TN-5+ - ) —2In1 —2IN-3+-- ]

(N +1) |2
ayn an
= — T 1= —— TN
2(N+1)TN+1+>\CLN N(t)—i- [)\CLN 1 2(N—|—1)] N 1(t)
+)\GN72TN72<2€) +.... (438)

Therefore by equating coefficients of equations (4.37)) and (4.38)), we arrive at (4.27))-(4.29)).
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Next we show that the following equalities follow from (4.27))-(4.29):

1
ﬁ%(d[\]_lﬁ) = R |(1N|2, (439)
1 2N
m?ﬁ(ajv_gcw_l) = R <|(IN_1|2 + ]\72_1|(IN|2>, (440)
Lm( ay) = <8NR2 + 2 ) lay|? i| 2 (4.41)
N1 an—20anN) = N2 1 an N aAN-1] :
1 . ; 4 2N )
N_2§R(GN_3CLN) = (32N(N 1)R + |jV+1 + N—21R> |CLN|
6(N —1
—<]V,>R ‘Clel‘z. (442)

Observe that (4.39) follows directly from (4.27). From (4.28)),

1 \ n 1
————aN_2 = AaN_1 + —5——an.
2<N_1)N2 N-1F N ON

Use this equation and (4.27)) to arrive at (4.40) and

1 - 2
ﬁ%(@]\[,gﬁ) = )\CLN71W+ )\CLN,ICLN + ﬁ|a1\/|2. (443)
Also from ({4.27))
1 9 -
N’CLN_1| = )\CLNCLN_1 + )\CLNCLN_l. (444)

Add (4.43) and (4.44) and use (4.39) to recover (4.41). The following equations follow
from (4.29)) and (4.27)), respectively:

- 1
N _ 2%(GN,3W) = Aany_o2aGN + Nay_san + 7%(&]\[&]\[,1), (445)

N —2
and

1 _
W?R(aN,laN,g) = Aanay_32 + Aayan—_z. (446)
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Add (4.45) and (4.46) to get

1
N -2

1
R(an_san) + —R(any_1ay—2) = 4R R(anyan—2) + R(anvan).

N N -2

Combine the above, ([#.39)), (4.40) and (4.41)) to get .
Finally we derive the expression for byy. Apply and doing some calculations,
6/v+v/17 = 2|aN|2(TN/TN) +2|aN_1|2(TN_1/TN_1)
+2§R(CLNGN—1)<TN/TN—1 +TN—1/TN)
+2%(CZNCLN—2)<TN/TN—2 +TN—2/TN>
+2%(61N(1N—3)<TN/TN—3 +TN—3/TN>

+2%(GN1GN2)<TN1 /TN72 +TN2/TN1> +

Ty Tn_q In Ty
= (T o LB T
|aN|<N[N+1 N_1|) el {(Tv 7 -

. (T Tn_o Tnia Tn_y
Ty | —=— — T'n_— —
+R(avay 1)<N_N N—2]+ NllN+1 N—lD

. [ Tn_1 T3 Ty TN 1
o) T — T —
+R(@vay 2)<N_N—1 N—S]Jr NQ[NH
. [ Tn_o T4 T TN 1
)T — T —
+R(ayan 3)<N_N_2 N—4]+ N:i[N_{_1

_ TNt Tn-s3 Iy Iy
e - T
+R(an—1an 2)<N1[N_1 N_3]Jr NQ[N N—2DjL ’
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where - -+ denotes remaining parts in the expansion. By (4.34)),

t

a(t) /tlv(T)dT +olt) [ arydr

1 1
= R(ayan_1) (N + N+1> 92N —242N (4.47)

1 1 1 1
+ [ﬁﬁ(a]vazv_g) <N 1 + N 1) + N|GN_1|2 - N |aN|21 92N—3,2N -1

1 1 1 1
+ [%(MGN_g) <N — 9 + N T 1) + %(aN_laN_g) <]V—1 + N)

— 1 1 2N—4,2N—-2
%(GNGN_1)<N_2+N_1>]2 t

2 EN+1 HN-1 CN N \,2N—1
—2 29 |t
Flax] <N+1 TN )

CN+1 oN-2 | 07N2N + MQNﬂ?N—? N

B S S S

Then

v(T)dT + v(t) /t1 @(T)dT)

ft) = (1= +p)t+ %) (z‘;(t) /t1

1 1

= R(ayan-1) <N + N1 1>22N_2t2N

1 1 1 1 -
—(1+p5) l%<MaN2)<N 1 + N 1) 4 N’aN*lP S 1’CLN’2‘| 92N—3,2N

8 Riavan-) (7 + 5 )+ Rawonn) (5o + )

—3%(CLNGN1)< 1 N 1 )]22N4t2N

N-2 N-1

CN+1 oN-1 CN 4N \,.2N
—(1+ 229 —= oV )¢
( Alax| (N—i—l +N+1 )

C C CN—
+BR(a@nan_1) (NNfl oN-2 | WNQN + —NN+11 2N>t2N

— Nl 2N

where byy is given by (4.33)). O
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Space-time spectral Chebyshev

collocation method for linear PDEs

In this chapter a space-time Chebyshev spectral collocation method for some canonical
linear PDEs including the Schrodinger, wave, Airy and beam equations is demonstrated.
Fully spectral convergence as well as a condition number estimate will be given for the
Schrodinger and wave equations. Numerical experiments verify the theoretical results,
and further demonstrate that these methods can also solve common nonlinear PDEs such
as a nonlinear reaction diffusion, Sine-Gordon, KdV, Kuramoto—Shivashinsky and Cahn—
Hilliard equations.

In Section [5.1] we propose a space-time Chebyshev collocation method, the, so-called,
second method in Section [4.4] for the 1D Schrodinger, wave, Airy and beam equations. We
demonstrate condition number estimate of the method for Schrodinger and wave equations
in Section We discuss Spectral convergence of the proposed method in Section [5.3] In
Section [5.4] we briefly discuss some simple iterative schemes for some common nonlinear
PDEs. Numerical experiments in MATLAB are shown in Section [5.5] confirming the

theoretical results.
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5.1 Linear PDEs

In Section |4.4] we considered the linear heat equation
Up = Ugy + F(2,t) on (—1,1)%

with boundary conditions u(£1,¢) = 0 and initial condition u(z,—1) = wug(x). The

following space-time Chebyshev collocation method was proposed,

(IN+1 & D)Uh = (D2 &® ]N+1)uh + fha

where
u(zp, to) F(zp,to)
up = : ; Jn=
u(xp, ty) F(xp,ty)
Of course, since uy, vanishes at the boundary x = +1 and the initial value of u is known at
t = —1, it is sufficient to solve for the unknowns 1y, which is u; deleting the components

corresponding to boundary points and initial points. The resulting spectral equations are

(In-1 ® [D])ay, = ([D?] @ In)an + fn — (uon @ da),

where ugy, is uy evaluated at the (interior spatial) collocation points and fh is f, remov-
ing the components corresponding to boundary points and initial points. The last term
accounts for the contribution of the initial condition and is present because the last row

and column of D have been deleted. The linear equation to be solved becomes

At = fo— (uon @ dp),  An=(In-1 x [D]) = ([D*] ® L)

In the following, we consider other common linear PDEs in applications: Schrodinger,
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wave, Airy and beam equations. We treat the simplest case where the spatial and tem-
poral domains are both (—1,1). This is no loss of generality since this can always be

accomplished by a simple change of variables.

5.1.1 Schrodinger equation

The linear Schrodinger equation is
Uy = gy + F(2,t), on (—1,1)%

with boundary conditions u(£1,¢) = 0 and initial condition u(z,—1) = wg(z). Here

1 = +/—1. We seek a numerical solution in Py at t = 1. The spectral equations are
A = fo — (uon @ dy), Ay, = (In.1 ®[D]) —i ([D?Y] ® In), (5.1)
which are very similar to those for the heat equation.

5.1.2 Wave equation

Consider the linear wave equation
Uy = Uye + F(2,1), on (—1,1)%,

with boundary conditions u(£1,#) = 0 and initial conditions u(z,—1) = wue(z) and

ug(z, —1) = uy(x). We seek a numerical solution in Py at ¢ = 1. First write the PDE as

a first order system for v = [v, v2]T 1= [u, us]”
0 I 0 up(x)
vy = v+ : v(£1,t) =0, v(z,—1) =
Opz 0 F us ()
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For j = 1,2, let vj, be the vector of v; evaluated at the collocation points. The spectral

equations in matrix form are

Inyi ®D 0 Vin| 0 Ingi @ Inja| |vin N 0

0 Ini1 @ DY) |vap D?* @ Iy 0 Uop, In

where f;, is F' evaluated at the collocation points. Again, since the solution vanishes at
the boundary and the initial values are known, it is only necessary to solve for a subset of
those values. Using the ~ notation to denote vectors stripping away those corresponding

to boundary and initial points, the spectral equations are

[Nfl &® [D] 0 @1h 0 [N,1 & [N ’lA}lh n 0 Upp @ dh
0 Ina@[D]| || |[D]@Iv O On| | fa]  |wn@da

where ug, and wuq, are ug and u; evaluated at the interior collocation points. From the

first equation, it follows that
Oop = (In—1 @ [D]) 015 + (uon @ dp).

Substitute this into the second equation to get, after some algebra, the final spectral

equation

Ayirn = fo— (von ® ([D1dn)) = (win @ dn), Ay = (In.1® [D]P) = ([D] @ Ly). (5.2)

5.1.3 Airy equation

Consider the Airy equation

Up + Ugze = F(x,t), on (—1, 1)2,
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with boundary conditions u(+1,t) = 0 = u,(1,t) and initial condition u(x, —1) = wugy(z).

We seek a numerical solution in Py at t = 1. The spectral equations are

(In41 @ D)up + (D* @ Iny1)up = fa,

where f, is the vector of F' evaluated at the (spatial and temporal) collocation points.
Of course, since uy, vanishes at the boundary x = £1 and the initial value of u is known
at t = —1, it is sufficient to solve for the unknowns w4y, which is u; deleting the com-
ponents corresponding to boundary points and initial points. Let us define the spectral
approximation of the third derivative, taking into account the boundary conditions.

Let Y = Y(x) be a polynomial so that Y (+1) = 0 = Y’(1). Let Z vanish at £1 so
that Y(z) = (1 — 2)Z(z). Note that Y clearly satisfies all the boundary conditions. A

simple calculation leads to

Y"(x) = (1 — 2)2"(z) — 32"(2). (5.3)

It should be clear now that a spectral approximation of the third derivative satisfying the

three boundary conditions is

B:= (C[D%* -3[D*)C™, (5.4)

where C'is an (N — 1) x (N — 1) diagonal matrix whose diagonal entries are 1 — z;, 1 <

j < N — 1. The resulting spectral equations are

(In—1 @ [D])ty, + (B @ In)an = fu — (uon @ da),

where gy, is ugp evaluated at the (interior spatial) collocation points and fh is f removing

the components corresponding to boundary points and initial points. The linear equation
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to be solved becomes

Agtiy, = fr — (un ® dp), A, = (In-1 ®[D]) + (B ® Iy). (5.5)

5.1.4 Beam equation

Finally, consider the fourth order beam equation

Uy + Ugzze = F(l’,t), on (_17 1)27

with boundary conditions u(£1,¢) = 0 = wu, (%1, ¢) and initial conditions u(x, —1) = ug(z)

and u;(z, —1) = uy(z). We seek a numerical solution in Py at ¢ = 1. As before, we write

the PDE as a first order system for v = [vy, v5|T = [u, us]7,
0 I 0 up ()
vy = v+ , v(£1,t) =0, v(z,—1) =
—Opaaz 0 F uy(x)

Using the same notation as before, the spectral equations in matrix form are

Inyi ®D 0 Vin| _ 0 Inivi @ Inya| |vin N 0

0 Inyi ® DY v —D*® It 0 Uap, In
Again, the components of vj, along the boundary and initial points must be removed.
However, it is not as simple as before since Neumann boundary conditions must also
be imposed. There are at least three ways to do this. One is to impose the boundary
conditions explicitly as constraints, as in spectral tau methods. A second approach to

approximate the fourth derivative is to write Y (x) = (1—2%)Z(z), so that Y automatically

satisfies the boundary conditions if Z vanishes at the boundary. Then

Y"(x) = (1 -2 2" () — 822" (x) — 122" (). (5.6)
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The spectral approximation of the fourth derivative, taking into account of the boundary
conditions, is

B = (C[DY] - 8X [D?] — 12[D?]) ¢, (5.7)

where C' and X are (N — 1) x (N — 1) diagonal matrices with diagonal entries 1 — z73
and x;, respectively. See, for instance, [72]. Another approach, suggested in [48], gives a
symmetric matrix approximation of the fourth derivative accommodating the boundary
conditions. There is no particular advantage in the current application since the discrete
time derivative is not symmetric. This last approach appears to only work for Legendre
collocation and not for Chebyshev collocation. For these reasons, we apply the second
approach.

The spectral equations for 9;;, which is v;, removing the variables corresponding to
boundary and initial points, become

In_1 ®[D] 0 Din 0 Inoi ®@In| |Din 0 Uop, @ dp,

= —+ —
0 IN,1 X [D] ﬁQh -B X [N 0 ’lA)Qh fh U1lh X dh

From the first equation, it follows that
Oon = (In—1 @ [D]) 1, + (uon @ dp).
Substitute this into the second equation to get the final spectral equations:
Ayonp = fn — (UOh ® ([D] dh)) — (u1n @ dp),

where

Ay = (Ino1 @ [DP) + (B Iy). (5.8)
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5.2 Condition number estimates

In this section, we estimate the condition number of the spectral approximations of the
various differential operators. The theorem below states that the spectral condition num-
bers of the discrete spectral operators scale like those of the corresponding elliptic parts.
Recall that the result x(A;) < CN* for the heat equation has already been shown in [49]

for the Legendre case and in Section [4.4] for the Chebyshev case.
Theorem 5.1. Let N > 2. Let A, be the Chebyshev spectral collocation matrix defined
by (5.1) and A be any eigenvalue of A;. Then
c < |\ < CN*
Consequently
k(A < CN*.

Proof. From (5.1)), A = v+ iu, where v is some eigenvalue of [D] and p is some eigenvalue

of — [D?]. Write v = ~, + iy;, where 7, and 7; are real. From Lemmas [4.5] and [4.10]

Y > |y < cN? and ¢ < u < CN* for some positive constants ¢, C' independent of N.
Thus

AP =9+ (i + 1)* < ¢ + (eN? + CN')? < C1N,

and

AP > ¢,

or equivalently,

c < |\ < ONY, k(A;) < CN*
O

Theorem 5.2. Let N > 2. Let A, be the Chebyshev spectral collocation matrix defined
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by (5.2) and A be any eigenvalue of A,,. Then

c< A < CN*.
Consequently
k(Ay) < CN*
Proof. From (j5.2)), it follows that
A=+,

where v = 7, + i7; is an eigenvalue of [D] and p is an eigenvalue of — [D?]. A calculation
yields

AP = 297+ 20797 + (= 90)* = e + 2007 2 ¢,
by Lemmas .5 and [£.10] Using Lemmas [£.16| and [4.10] it follows that
A <+ CON™.
Thus
c< |\ <CN*  k(A,) <CN*

]

In following, we present a couple of useful technical results followed by another one
which is directly needed for an estimate of the condition number of the Airy spectral

operator.

Lemma 5.3. Let u € Hy(—1,1) and v € Hjj,(—1,1). Then

'/—11 u,(vw)/

< 2| "]
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Proof. The proof follows from a direct calculation:

‘/11 w vy

1
= ’/ u’(v’w—l—vw’)‘
-1

1 1
< ’/ u’v'w’+’/ wvzw?
-1 -1
1 1/2
< I+ ([ et
-1
1 1/2
< I+ ([ e+ ae?)
< I+ I = 2

The last inequality follows from a simple calculation. See (5.61) in [48], for instance. [

Lemma 5.4. Let v € Hy,(—1,1). Then

2

[ <ol [ <SP
— < v — < - ||V']]".
1 (1—2)2 3 ’ 1 (1—2a2)2 3

Proof. For x € (—1,1), it is easy to see that (1 + z)? < 4, leading to

1 4
< .
Vitz ~ (14 xz)%?

Using the above inequality and a Hardy-type inequality (inequality (13.4) in [7], for in-

stance),
2

1 v 2
- - < Z 112
| = <3

it follows that

1 2w 1 v? 1 v? 8 2
[ o= <af <o
—1(1—x2)? 1 (1 — )52 (1 4 x)V/? 1 (1—a2)52 — 3

The second inequality of this lemma is exactly the Hardy-type inequality above. O]

Proposition 5.5. Let N > 2 and B be defined in (5.4). Suppose A is any eigenvalue of
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B. Then
|\| < CNS.

Proof. Let v, be an eigenvector of B corresponding to A. Let ¢ € Py so that {(£1) =0
and ((z,) = M ‘v, where M is diagonal with entries of the form 1 — z;. Define v(z) =
(1 —z)((z) € Pyy1. Note that v(zy) = M{(xp) = v,. Now

Mo(an) = v, = Buy, = (M [D?] = 3[D?]) ¢(an) = v (z4)

by (5.3). Observe that v(£1) = 0 = ¢/(1). By a direct calculation, v" = —3¢" + (1 —x)¢".

With these results,

j=1 (1 -2 j=1 (1 )2
AS Ky = 3 (=) + (=) T
Agmmm%j——3g¢$?ﬁwm+g¥wwm%m

- 32 ¢ fj_i( ) = 3¢"(1)¢' (M) po + EC"'(%‘)@M

In the first sum of the last equality on the right-hand side, the term j = 0 is taken in the
sense of a limit since there is division by zero.
Next we estimate the boundary term. Let {(z) = (1 —x){(z) with £ € Py_1. It follows

that ¢’(1) = —£(1) and ¢"(1) = —2¢'(1). By the trace inequality and Lemma [5.4]

IR = 6P < v - Dl = v -1 [ ST <owere

Similarly, invoking the inverse estimate in addition to the other inequalities,
[C"Q)F =41g Q)] < (N =1)[I€']* < CN?[l¢])* < NI
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The boundary term can now be estimated directly:
™
(1) (D) po < CN2IC | CNY2IC) o = VTP < ONiC).

Finally, the magnitude of the eigenvalue can be estimated using Lemmas [5.3| and
and the fact that integration can be evaluated exactly for any integrand of degree 2N — 1
or lower:

1 g/léw

11—z

! "~ 6 2
+|[[ ¢cu|+ oneiq)
—1

N
NS e < 3\
=0

1w 1/2 1 _
< sl ([ )+ @] et
< eNCIICN + e IEIEN + ONPICl?
< oNlcl?

In the last two lines, the inverse estimate has been invoked several times. It follows from
the equivalence of the discrete and weighed L? norms that |[A\] < CN°®.

]

We remark that It should be possible to show lower bounds using Proposition and
Lemma [4.16]

Theorem 5.6. Let N > 2. Let A, be the Chebyshev spectral collocation matrix defined

by (5.5) and A be any eigenvalue of A,. Then

|\ < CNE.

Proof. From (j5.5)), it follows that

A=+,

where v = 7, + i7; is an eigenvalue of [D] and p is an eigenvalue of B defined in ((5.4]).
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Using Lemma and Proposition it follows that
|\ < CNE.

]

Next, we present a lemma which is needed for an estimate of the condition number of

the beam spectral operator.

Lemma 5.7. Let N > 2 and B be defined in (5.7). Suppose A is any eigenvalue of B.
Then
A< CON®.

Proof. Let v, be an eigenvector of B corresponding to A. Let ¢ € Py so that ((+1) =0

and ((z,) = M1y, where M is diagonal with diagonal entries of the form 1 — x? Define

v(z) = (1 — 2%)¢(z) € Pyya. Note that v(z,) = M((zp,) = vy Now
Mo(an) = vy = Buy, = (M [DY] = 8X [D*] = 12[D?] ) C(an) = v (x1)

by (5.6). Observe that v(£1) = 0 = v'(£1). By a direct calculation, v = —12¢" —
8x¢" + (1 — 2%)¢"™. With these results,

)\N—l |U(ZL‘])|2 o N-— 12}/”/(1‘])1)(:['])
j=1 (1- %2)2 & j=1 (1- x?)Q ’
N-1 // YA ///
A NC(w)Pp; = —12 Z < fj_i( mk Z 2l r) %; & >PJ + Z ¢""(x7)¢(5) pj
j=1 J=1
N // A ) 1"
A Z |<(5€j)|2pj - _12 Z C lxj_i(Q ) -8 Z ZE]C 1(:BJ:)13C2($J) p; 4 Z g//// )pj
j=0 J J

+ﬁ(("(—1)é’(—1) - ("(1)C’(1)) + W(C"’(—l)(’(—l) - ")),

Let ¢(z) = (1 — 2?)&(x) with £ € Py_5. Using a similar technique as before, we estimate
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the boundary terms:

[CEDP =4lg@EDP <ON|ICIP, IC"EDP = [26(F1) + 4(EDE (FD* < ON°(I¢|?,

and

[ (D = [6€"(£1) + 6(E1)g" (FD)[* < ON?II¢|*,

leading to a final upper bound of all boundary terms of CN?||(||*.
For the final estimate of the eigenvalue, again use Lemmas[5.3land [5.4 and the fact that
the integration can be evaluated exactly by summation since the integrand is of degree at

most 2N — 1 to get

|A|J§ Cae)Poy < 12| [ +8\ [ [ o] + e
< it ([ ) st ([ )
+| [ ¢y |+ envgre
< CNCI + ONICI + ICI I + NP
< N

By the equivalence of the discrete and weighed L? norms, |A] < C'N®.
O

We remark that It should be possible to show lower bounds using Proposition [4.15 and
Lemma [£.16]

Theorem 5.8. Let N > 2. Let A, be the Chebyshev spectral collocation matrix defined

by (5.8) and A be any eigenvalue of A,. Then

A < CNB8.
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Proof. From (j5.8)), it follows that

A=7"+u,
where v = 7, 4 iv; is an eigenvalue of [D] and p is an eigenvalue of B defined in (/5.7)).

Using Lemma and Proposition.7] it follows that

|\ < CNB.

5.3 Spectral Convergence

In this section, we discuss space-time spectral convergence of our method for the Schrodinger

and wave equations.

Theorem 5.9. Let u be the solution of the Schrodinger equation. Assume u is separately
analytic in each variable. Let N > 2 and 4y, be the solution of (5.1). Define the error

vector FEj, as the difference of u evaluated at the collocation points and . Then
W2 E|, < eN*5e= N,

The proof of spectral convergence for the Schrodinger equation is almost identical to
that of the heat equation in Section [£.4] and is omitted. What is perhaps surprising is
that the method of proof is so similar despite the fact that this PDE is dispersive and has

completely different properties from those of the heat equation which is diffusive.

Theorem 5.10. Let u be the solution of the wave equation. Assume u is separately
analytic in each variable. Let N > 2 and 0y, be the solution of the space-time method

with matrix defined by (5.2]). Define the error vector Ej as the difference of u evaluated
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at the collocation points and 9y;. Then
’Wl/ZEh|2 < CN4,56—C'N'
Proof. Define
U($17t) f(xlat)

U(I‘N_l,t) f([L’N_l,t)

A semi-discrete approximation of the wave equation is
N
z (Aun(ty) + fut))GE),  un(=1) = uon, uj(=1) = uay,
where A = [D?]. Hence
u%(tk) = Auh(tk) + fh(tk), 0 < k < N —1.

Define the error function ey (t) = wy(t) — u(xp, t) with components e;(t) = (ep(t));. Using

the above equation, it is easy to see that the error satisfies, for 0 < k < N — 1,

6Z(tk) = Aeh(tk) -+ T(tk), T(tk) = Au(xh, tk) — um(a:h, tk) (59)

For any analytic z such that z(—1) = 0, recall the definition of the interpolant

Inz(t) szlz
For0<k< N -1,
(1) = (Inz) (te) + & = ([D)(Zn2)(tn)), + & = ([D)2(tn)), + &, (5.10)
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where €, = (z — Iyz) (1)) satisfies
|| < eNZe N
according to [61]. Take z(t) = e;(t) in (5.10)), observing that e;(—1) = 0, then
¢j(tx) = ([Dle;(tn)), + e, (5.11)
where [eyj,| < cN?e”“N. Next take z(t) = €/(t) in , noting that €’(—1) = 0, then
e (t) = ([DJe}(tn)), + eajs (5.12)
where |egj;| < cN2e~“N. Considering together with and (5.12)), we have

([Dles(tn)), + ejx = (h(ti)); (5.13)

([D1e;(tn) ), + eaje = (Aen(tr); + ri(t), (5.14)

where residual vectors r;(t5) = Au(xj, ty) — Uy (7, ). Define the long vector

r1(th)
Rh — 3
_TN—1(th)_
and _
€1 (th)
Eh — )
_6N—1(th)_
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in vector notation, the equations (5.13)) and (5.14]) are
(IN—l & [D])Eh = E]/7, — €1, (INI ® [D])E;L = (A & [N)Eh + Rh — €2,

where €7, €, are long vectors formed by stacking together vectors [eyjo, - - -, €pjn—1]" for
p=12and 1 <j < N —1; and each component of Ej has the form €’(¢;). Combine

these two equations to obtain

AwEh == Rh = Rh — €9 — (IN,1 (029 [D])Gl

Using Lemma and the above estimates, it follows that |R|s < cN%e “N. Apply the
result of Theorem and proceed as in Section to get the desired error estimate. [

5.4 Nonlinear PDEs

The purpose of this section is to show that it is simple, in a few lines of code in the spirit of
[72], to adapt the above methodology to solve some of the most common nonlinear PDEs
with spectral space-time convergence. In [49] and in Section we had considered the

Allen-Cahn equation and Burgers’ equation. We now look at some other nonlinear PDEs.

5.4.1 Nonlinear reaction diffusion equation

Consider

Up = Uge + A" + f(2,1), on (=1,1)%

with initial condition u(x, —1) = ue(z) and homogeneous Dirichlet boundary conditions.

Here )\ is a positive constant. The spectral scheme is

(Int1 ® D)up = (D* @ Inya) up + e + f,
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where f, is f evaluated at collocation points. Deleting the known boundary and initial

values, the final scheme reads
[(In—1 ® [D]) = ([D?] @ In)] dtn — Ae™ = fi — (uon @ dy),

where gy, is ug evaluated at the interior collocation points. This nonlinear system can be

solved using the simple iteration (k > 0)

(Iv—1 @ [D]) = (1D © L)) ™ = A" + fi = (uon @ ).

5.4.2 Nonlinear Schrodinger equation

Consider

iUy = —Ugg + |ul?u 4 f(x,t), on (—=1,1)2

with initial condition u(x, —1) = ue(z) and homogeneous Dirichlet boundary conditions.

The spectral scheme is
i(Iny1 ® D) up, = —(D* @ Inga)un + |upPun + fi,

where f, is f evaluated at collocation points. Deleting the known boundary and initial

values, the final scheme reads
i[(Iv1 @ [D]) + ([D*) @ In)] tn — [an[*an = fo = (won ® dy),

where ugy, is ug evaluated at the interior collocation points. This nonlinear system can be

solved using the simple iteration (k > 0) with relaxation:

i[(Iya@ D)D) a3 =) Pa Dt fum (von@dn), " = =t
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5.4.3 Sine—Gordon equation

The Sine-Gordon equation is
Uy = Ugy +sinu + F(x,t), on (—1,1)2

with initial conditions u(z, —1) = ug(x) and uy(x, —1) = uy(x) and homogeneous Dirichlet

boundary conditions. The spectral scheme is
(Iny1 @ D*)up, = (D* @ Ingy) up + sinuy, + fi.
Deleting the known boundary and initial values, the final scheme reads
(In-1 ® [DI?) = ([D?] & In)] i — sin i, = fo — (won @ ([D)d)) = (ur, ® dy,).
This nonlinear system can be solved using the iteration (k > 0)

(Iv-1® [DP) = ([D?] @ In)]ag " = siniy” + fiu — (uon @ ([D]dn)) = (w1 ® d).

5.4.4 KdV equation

The KdV equation is
Uy + Uy + Uggy = F(x,t), on (—1,1)2

with initial condition u(z, —1) = ug(x) and boundary conditions u(—1,¢) =0 = u(1,t) =

uz(1,t). The spectral scheme is

(IN—H & D)uh + diag(uh)(D & IN+1)Uh + <D3 %) IN+1>Uh = fh-
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Let B be the spectral third derivative (5.4]) defined for the Airy operator. The final system,

removing the known boundary and initial values, becomes
[(In-1 @ [D]) + (B @ In)ln + diag(([D] @ In)in)in = fu — (uon @ dy).
This can be solved using the iteration (k > 0)

(In-1 ® [D]) + (B ® In)iy ™ + diag(([D] @ In) )i ™ = fi = (uon ® dy).

5.4.5 Kuramoto—Sivashinsky equation

The Kuramoto—-Sivashinsky equation reads
Up + Ugpge + Uge + wtly = F(2,t), on (—1,1)%

with initial condition u(x,—1) = ug(z) and homogeneous Dirichlet boundary conditions.

The scheme is then
Lo 1 o7
((In-1® (D)) + (B +[D*]) © In)) i + 5P @ In) @ = fu = (uon @ dn).
This nonlinear system can be solved using the iteration (k > 0)

(Un-1@ D) +(B+[D?) @ In)) @™ + diag(([D] @ In) 4 )™ = fi, — (won ® ).

5.4.6 Cahn-Hilliard equation

The Cahn-Hilliard equation is

Uy — (—Ugg + U — U)yy = F(x,t)
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with initial condition u(x, —1) = ug(z) and boundary conditions
U (£1,1) = 0 = upey(£1,1).
The full scheme, using Legendre space-time collocation, is
(w1 @ D)+ ((D*+ D?) @ Inya) ) wn = (D @ L)l = .

Let B = WIDTW D, where W is the diagonal matrix whose diagonal entries are the
weights of the collocation scheme. It is known ([48]) that —B is a spectral approximation
of the second derivative for functions whose derivative vanishes at the boundary. The

spectral equations for 4y, the entries of u, removing the initial values, become
((In ® D) + (B = B)@ ) .+ (B ) @ = fu = (uon @ o).

This nonlinear system can be solved iteratively. Let D be D except that the first and
last rows are replaced by a row of zeroes. This is a spectral approximation of the first
derivative for functions whose derivative vanish at the boundary. There are several ways
to discretize (u?),, = 2uu? + u*u,,. We attempted two, one of which worked, but not the

other. The simple scheme

~ 2
(v ® D)+ (B* = B)® Iy)) @™ — 6 diag((D ® Iy)ay”) ay ™

+3 diag(@ﬁlk))Q(B ® IN)ﬂékH) = fn — (uon ® dy,),
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did not seem to converge. The following iteration with relaxation does seem to work

(k> 0):

(Ins1® D)+ (B* = By ® Iy)) i ™" — 6 diag(a)” )diag((D ® Iv)a” ) (D @ Iy)a
+3diag(ay”)2(B @ In)ay ™ = fir — (uon ® da),
k) a](1k+1) + uglk)
u, =
2
where wugy, is the initial data evaluated at all spatial collocation points. It is beyond the

scope of this thesis to discuss convergence theories of the schemes in this section.

5.5 Numerical Results

We implemented a very simple space-time Legendre and Chebyshev collocation method
for each PDE discussed in this paper in MATLAB. Results for the Chebyshev case are
reported below. Almost identical results hold for the Legendre case and they are not given.

The convergence for the Schrodinger equation
Uy = Uy + f,

with boundary conditions u(+1,¢) = 0 and initial condition u(x, —1) = ug(x). Take f so
that the exact solution is u(z,t) = e**'sin(wt/2)sinmx. Spectral convergence is clearly
illustrated in the left figure of Figure [5.1] The error is the largest error of the numerical
solution at the Chebyshev nodes at the final time ¢ = 1. Note that the error is O(107'4)
at N = 18 which corresponds to a system with 306 unknowns.

The convergence of the Chebyshev collocation method for the wave equation

utt:uxx+f7
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Figure 5.1: Convergence of Chebyshev collocation method for the Schrodinger (left) and
wave (right) equations.
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Figure 5.2: Convergence of Chebyshev collocation method for the Airy (left) and beam
(right) equations.
with boundary conditions u(+1,¢) = 0 and initial conditions u(z,—1) = wue(x) and
u(z,—1) = ui(z) can be found in the right figure of Figure 5.1 Here we take f so
that the exact solution is the same as above.

For the Airy equation

ut+ummx:f7

with boundary conditions u(+1,¢) = 0 = w,(1,¢) and initial condition u(x,0) = wug(x),
with the same exact solution as before, spectral convergence of the space-time Chebyshev

collocation method is shown in the left figure of Figure |5.2,
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Figure 5.3: Spectrum (left) and spectral condition number (right) for the Schrodinger
operator A,.

Next, consider the beam equation

Ut + Ugpze = f7

with clamped boundary conditions u(+1,t) = 0 = u, (%1, ¢) and initial conditions u(x, —1) =
ug(), us(z, —1) = uy(z). Take f so that the exact solution is e sin(nt/2) sin?(wx), the
spectral convergence of the Chebyshev collocation method can be seen in the right figure
of Figure

The spectrum of the various spectral Chebyshev operators for the case N = 60 and
plots of the spectral condition numbers as functions of N are shown in Figures [5.3]
b5 B.6l

Now we move onto nonlinear PDEs. For all nonlinear PDEs, we take as initial guess
the zero function and use the iteration defined for each nonlinear PDE. The iteration is
stopped whenever the infinity norm of the difference of two consecutive iterates are smaller

than € = 10713, Consider first the nonlinear reaction diffusion equation

ut:uzx+)\eu+f7
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with homogeneous boundary conditions. Take A = 0.5 and f so that the exact solution is
u(x,t) = e"cos(mx/2). See the left figure of Figure [5.7] for the convergence.

Next consider the nonlinear Schrodinger equation

Uy — Upy + |u|2u =/,

with homogeneous Dirichlet boundary conditions. Take f so that the exact solution is
u(x,t) = e"tsin(mz). See the right figure of Figure for the convergence.

Next consider the Sine—-Gordon equation

Uy = Ugy + SiNU + f,

with homogeneous Dirichlet boundary conditions. Take f so that the exact solution is
u(z,t) = e*tsinma. See the right figure of Figure |5.8| for the convergence.

Consider first the KdV equation

ut+uux+uxxx:fa

with boundary conditions u(£1,t) = 0 = u,(1,t). Take f so that the exact solution is
u(x,t) = cos(z — t) (x — 1)*(z + 1). See the left figure of Figure |5.8 for the convergence.

Next, consider the nonlinear Kuramoto-Sivashinsky equation

Up + Ugzge T Uge + Uy = f;

with clamped boundary conditions u(+1,t) = 0 = u, (%1, ¢) and initial conditions u(x, —1) =

+

ug(r). Take f so that the exact solution is €™ sin?(7z), the spectral convergence of the

Chebyshev collocation method can be seen in the left figure of Figure [5.9,
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Figure 5.7: Convergence of Chebyshev collocation method for the nonlinear reaction dif-
fusion equation (left) and nonlinear Schrodinger equation (right).
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Figure 5.8: Convergence of Chebyshev collocation method for the KdV (left) and Sine—
Gordon (right) equations.

Finally, consider the Cahn-Hilliard equation

Ut + Uggge + Uge — (UQ)J:I = f7

with boundary conditions u,(£1,t) = 0 = ., (£1,¢) and initial conditions u(x,—1) =
up(z). Take f so that the exact solution is cos(t) cos(mzx), the spectral convergence of the
Chebyshev collocation method can be seen in the right figure of Figure [5.9, This PDE

was the most difficult to solve. The stopping criterion was reduced to e = 1077,
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Figure 5.9: Convergence of Chebyshev collocation method for the Kuramoto-Sivashinsky
(left) and Cahn-Hilliard (right) equations.
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Conclusion and future work

In Chapter [2] we have given a local superlinear convergence theory for the solution of
a system of nonlinear equations by the basic Broyden’s method and the minimizer of a
nonlinear function by the BFGS method using Kantorovich-type assumptions, i.e., where
all assumptions are about the initial iterate and its neighbourhood. The main point is
that the assumptions can be verified in practice. Also, our theories are simple in the sense
that they contain as few constants as possible.

In a continuation of Chapter [2) in Chapter [3] we have given a local superlinear con-
vergence theory for the solution of the problem of finding a local minimum of a nonlin-
ear function by using Kantorovich-type assumptions. The symmetric scaled Perry NCG
method and generalized scaled memoryless BFGS method are considered. Our theories
are simple in the sense that they contain as few constants as possible.

There are many other directions for further research in this area. For instance, the
Jacobian matrix for a nonlinear system or the Hessian in the case of unconstrained mini-
mization may be sparse or may have a special structure. [77] has a convergence theory for
quasi-Newton methods which maintain the sparsity or special structure. A similar result
using Kantorovich-type assumptions would be desirable. Another possible future work is

to relax the condition that the Jacobian matrix about the initial point is non-singular, or

162



the condition that the Hessian of the objective function is positive definite. See |20] for
some early work in this direction. Next, two convergence theories for functions, which are
not smooth can be found in [60] and [44]. It would be desirable to extend these results
for the case of Kantorovich-type assumptions. Smale gives an amazing convergence of
Newton’s iteration where all assumptions are at the initial iterate - no assumption is nec-
essary in a neighbourhood about the initial iterate. See Chapter 8 in [§]. This theory has
been extended to a secant method in [76]. It appears to be an open problem whether this
theory carries over to the methods of Broyden and BFGS. Also we have only considered
the Perry nonlinear conjugate gradient method. There are many other classes of nonlinear
conjugate gradient methods that can be examined. They may require a different technique
of proof if they are not of the quasi-Newton type.

In Chapter [d we have shown that the space-time Chebyshev collocation method of
Tang and Xu [71] converges spectrally in both space and time for the heat equation.
The condition number of this method is shown to be bounded by O(N*). We have also
proposed another space-time spectral collocation which is easier to implement and has
similar characteristics as the first one. Some simple numerical experiments verify the
theoretical results. Numerical results for the viscous Burgers and Allen—Cahn equations
demonstrate the potential of this method for nonlinear PDEs.

In Chapter [, we have also extended our analysis for other standard linear PDEs
(Schrodinger, Airy, wave and beam equations) and conducted numerical experiments for
common nonlinear PDEs (nonlinear diffusion, KdV, Sine-Gordon, Kuramoto—Shivashinsky
and Cahn—Hilliard) with similar results. It is remarkable that space-time spectral methods
work so well for these different classical PDEs with different features: diffusion, dispersion,
nonlinear advection, etc.

Although we have only considered one spatial dimension, the method generalizes to
the spatial domain (—1,1)? immediately for d > 1. Also, the implementation of the collo-

cation method for general linear variable coefficient PDEs with standard linear boundary
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conditions is quite straightforward. The most glaring problem of our method is that the
unknowns at all intermediate times are solved simultaneously. For a PDE in d space di-
mensions, the method requires the numerical solution of a discrete problem with N1
unknowns, where N is the number of unknowns in each dimension. While direct solvers
based on 1D matrix factorization (Bartel-Stewart or other similar algorithms) work well
for 1D and 2D problems, it is desirable to come up with more efficient solvers for 3D
problems. One potential method is to use, for instance, the backward Euler method to
solve the discrete heat equation at the collocation points in time. This gives a good initial
guess to the solution of either or . Then an iterative method can be used to
improve the accuracy. The original work [71] used a simple Gauss—Seidel iteration, which
unfortunately does not converge here and is also too expensive. Krylov subspace methods
are natural candidates but they do not work well without a good preconditioner. See, for
instance, [32], [40] and [50] for multigrid accelerators. Another promising method is the
full multigrid method. Yet another avenue of research is to reduce the ill-conditioning of
the matrices. See 73] for work in this direction. Space-time ultraspherical methods ([53])
are worthy of investigation, as are space-time methods for delay differential equations.
Space-time methods are extremely robust methods which converge spectrally for most
standard linear PDEs with standard boundary conditions. However without more sophis-
ticated algorithms to speed up the linear algebra, space-time spectral methods are not

faster than existing state-of-the-art algorithms.
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