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ABSTRACT

Loebrs criterion and Ëhe IDF stabilíÈy technique are conpared for

general nonlinear second and Èhird order systems and selected nonlinear

time delay systems. Situations in r¿hich the two stability techniques

disagree are sought and sËudíed ín detail. The IDF stabilíty Ëechnique

is related directly Èo the variational approach for a general system,

and Loebrs criteríon ís relaËed to Ëhe varíaËional approach for second

order systems. The IDF stabílity technique is shown to involve the

approximation of time averaging ín addíËion Èo the inherent DF approxi-

matíon. The sínplíf ied form of perturbations assr.¡ued in Loeb I s criËerion

is shown Èo result ín the approximaËion of ignoríng certain modes of the

variatíonal sysËem, leading Ëo incorrecË resulËs in certaín cases.

Díscrepancies between the tr,ro stability techniques ín second and third

order system examples are demonstrated Ëo coincide with relaËívely poor

DF approximations, and one techníque cannoÈ be considered beËËer than

the other in application - they should be used together f,or proper ínËer-

pretaËion. Ilowever, for time delay sysËems the IDF stability Ëechnique

ís shown to be clearly superior to Loebts criterionrsince all dis-

crepancíes encountered in the tíme delay systems studíed correspond to

failures of Loebts criterion, but correct sÈability predicÈíon by Ëhe

IDF stabílity techníque.

(v)
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CHAPTER. 1

INTRODUCTION

The analysis of-nonlinear sysËems wÍ-th respect to Èhe exisËence,

form, and sËabílity of oscíl1atíons (periodic solutions) can be quite

conplícated. There are no general- theoríes or methods - only a varieËy

of techníques applicable'Ëo restrfcted cl-asses of nonlínear systems.

Some of these techniques are exact while others are only approximate.

The problem of analysís is compounded when nonlínear sysËems with tine

delay (nonlínear differential - difference systems) are considered. In-

deed, the theory for linear systems urith time delay is far from beíng

complete.

1.1 Approximate Techniques

In the study of oscíllations in autonomous (t¿rne invariant and un-

forced) nonlinear systems, Èhe approximate method known as the deseríbing

functíon (DF) nethod [1r2r3r4] has been a popular analytícal too1.

Other approxímatíon Èechniquesrsuch as harmonÍc linearizatLon and the

DIDF rnethodnare related to the DF meËhod, and are also quíte familíar

[1r516]. As an approxímate method for determining the stabiliËy of

oscillations, Loebts críLeríon ín conjunctíon with Ëhe DF method works

well in a wíde class of nonlinear systems 17,BrLrzl. However, it is

known to fail, even when the describíng functíon approxímation seems

reasonable - in systems involvíng tíne delay, for example. Gelb and

VanderVelde [6], Brookes [9], Katzberg [10], and Menzies tlll cite

examples of nonlinear systems with time delay for which Loebts críterion

faíls. Gelb and VanderVelde suggesÈ Èhat another approximate stabilíty

method related to the DF, the increnenËal - Ínput descrj-bing functíon



.:..;ì

2

(IDF) stabílity technique, is more accurate than Loebrs criterion when

applied to boËh delay and nondelay systems [6 p.246rpp.324-326].

However, both stability techniques are approxímaËe and have in common

the basíc DF approxímation. It cannot be concluded Ëhat the IDF stabilíËy

technique is more accurate than Loebrs criterion ín all sítuations wiËh-

out a thorough comparison of the two.

L.2 Purpose of Ëhe Thesís

Many questions concerníng the use of the DF methodrin conjunction

with Loebfs criterion and Ëhe IDF stabílíty Ëechniquerhave not been

ansr¿ered saËisfactoríly. It is the íntention in this thesis Ëo try to

resolve some of the problems in Ëhis area. The comparíson of Loebfs

criterion and the IDF sËability techníque for various systems is an

imporÈant area of research in the líght of the knor,rrnfailures of Loebrs

criÈeríon. Any discrepancies beËween the Ëwo Ëechniques should be in-

vestígaËed as to whÍch technique ís predicting more correctly the actual

stabílity. Reasons for failure of each stabilíty techníque i-n a gíven

sítuation must be found in order Ëo undersËand the approximatíons

involved. From Ëhe pracËical point of view, a control engíneer rnrants to

know when these sÈabílity techníques can be used wíÈh confídence to

ascertain the stabílity of predÍcËed oscillatíons.

well as a thorough comparison of the two approxímate stabilíÈy

Ëechníques, a comparison must be made between Ëhe approximate stabilíty

techniques and any exact stabilíty information that is available. In

Ëhis way the actual approxímations ínvolved in these two sËabÍliËy

techniques can be deÈermined. To this end an attempt must be made Ëo

relate Ëhem t.o the exact varíational equation approach.



1.3 Outlíne of Chapters

In Chapter 2 tlr.e theory of stability of oscillations in nonlinear

systems is developed using the variational equation approach. The types

of stability to be considered are defined and the Floquet theory of

variational equatíons is inËroduced. This chapËer serves as the

ËheoreËical basis to which the approxÍmate techniques ouÈlíned in

succpedíng chapËers must be relaËed.

Chapter 3 contaíns a descríptíon of the approxímaÈe DF nethod and

relaËed DIDF nethods of oscíllation predictÍon. The two important

stabílity techniques, Loeb's criteríon and the IDF stability technique,

are also outlined. Conveníent ínËerpretatíons of these sËability

Ëechniques are developed in terms of root locus plots, and Ëhe IDF

sËabilíty technique is related by the author Ëo the variaËional equaËíon

approach. Some general comparisons between the two stabiliËy Ëechniques

are made as well

In Chapter 4 Èwo Ëypes of nonlínearíties Ëo be consídered, hard

and soft spríng, are studied. The shape of the nonlineariËy ís related

to the DF equivalent gainrKeq(A). Also, the incremental gaín, NB(ArO),

of the IDF stabiliÈy technique is relaËed Ëo Keq (A) for hard and sofË

spríng nonlínearities. The nonlinearities to be used ín simulaËíons are

íntroduced wíth the corresponding calculaËíons of Keq(A) and Nu(ArO).

After these preliminary chapËers, a thorough study of the IDF

stabílíty technique and Loebts criteríon is made for second order systems

in ChapËer 5. Both stability techníques are compared Ëo the varíatíonal

equaLion, and it ís shown that Loebrs criterion ís the more accuraËe

techníque here. Simulation ís used to verify the analysís - wíÈh some

ínteresËing results that bear further ÍnËerpretatíon.
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The comparison of Loebfs críteríon and the IDF stabílity technique

is conËinued in Chapter 6 f.or third order systems. A number of

situations in which the two techniques dísagree are found, and, with Ëhe

aid of simulaËion, studied thoroughly. The unexpecËed results of the

simulatíons shed new lÍght on Èhe use of the IDF sËabílíty technique ín ::..':::
':. : :-:._ '.'l

third order systems

Systefus involving time delay are dealt with in Chapter 7. Two

system eonfigurations for ähich exact periodic sol-uÈíons are known,are ,,:.,,1 ,.

studied in some detaí1 with respect to the DF method, DIDF technique, "" ""
:,..: 

-:..: .: i '
Loebts críterion, and Èhe IDF sËability techníque applied to them. ;:'::

Some exact stabilíÈy informaËíon ís derived from the exact variatíonal

equations for Ëhese systems. The problem of failure of Loebrs criterion

in these and other tíme delay systems is ínvesËigated using rooÈ locus

techníques.

Chapter 8 is a surnnary with suggestíons for future work.



CHAPTER 2

IITEORY OF STABILITY OF OSCILLATIONS

In order to determine the exact stabilÍty of an oscíllation in an

auËonomous nonlinear systemrit ís sufficienË Ín many cases to deal with

the equation. of the first (línear) variation from the periodic solution.

This equaËion ís termed Ëhe variational equaËíon.

2.I CalculaËion of the Variational Equation

A general autonomous nonlinear sysËern havíng Ëhe block diagram

confíguratÍon of Fíg. 2.I ís considered. The nonlineariËy f(x) is

assumed to be staÈic and single+ralued while Ëhe Ëransfer function of the

línear plant, L(s), is eiËher rational or in the form e(s)e-"s with G(s)

raËional (s is the Laplace Transform variable). If a periodic solutíon

x*(t), of period T, exísts ín the system then the variational equatíon

is found by considering a perturbed solutíon, x*(t) + e(t), with e(t)

a small arbitrary perturbation Ëerm. An operaËíonal approach to the

varíational equaËion, due Ëo Cosgriff l1-zl, ís conveníently applied to

the system of Fig.2.L to yíeld

?)L(D)lf(xÚ *x=o,D3d/dt. Q.L)

Substitution of the perturbed soluËíon, x* + e, ínto 2.1 resulËs ín

L(D) [f(x* + e)] * x* * € = o.

If f(x) has a Taylor series expansíon abouË x* Ëhen 2.2 becomes

(2.2)

L(D) [r(x*)+ e!!(x*) + e2 
#r"., 

+ ---3 +x*+ e = o, (2.3)

whi-ch reduces to
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(2.4)

when 2.1 is subtracËed and Ëhe hígher order Ëerms in e are dropped.

Equation 2.4 Ls Ëhen Ëhe (linear) variaËíonal equation for the periodic

soluËion x* and Ëhe system of Fig.2.2 ís the corresponding variatÍonal

system. The coefficíent df(x*) = df I will be a periodíc t'íme
dx -ã;lx=x*

varyÍng coefficient with perÍod T - the sane period as x*. Equation 2.4

ís a linear differentíal equation wíth perÍ-odÍc Ëime varying coefficÍents

and the variational system of Fig. 2.2 Ís a linear períodíc Ëime varyíng

system. If L(s) ís of the forn C(s)e-zs, Ëhat is, Ëhe original- nonlinear

system Ínvolves tíme de1ay, then the variaËional equaËion (system)

becomes a differenËial - dífference equation (system) with períodíc time

varyíng coefficients.

An ínteresting lefftra [9, p.11; 13, P.3221, proved quíte simply for

this system, is that ¿"*(t) (=)i*) ís always a solution to the variaÉional

equaËíon. TÍ. 2.1 is differentiaËed with respect to time, the result is

Ëhe variational equaËion 2.4 wjtln e replaced by *x. This shows that the

varíational equation always has aË leasË one periodic solution, since i*

is obviously periodíc when x* is.

2.2 stability Definitions [14]

Two types of stability are considered for periodíc solutíons Ëo

nonlinear systems - stabiliËy in Ëhe sense of Lyapunov (i.s.L) and

orbital stabilíËv. The noËion of orbital stabílity will be more ímportant

sínce it is devised especially for periodic moËions ín nonlínear sysËems.

SËabiliËy i.s.L is more suited Ëo Ëhe stabilíËy of equilibrir¡m poínËs

and oscillations in linear systems.

?1
L(D) ì ¿r(x*) e[ 'f e = o

L.-
G>(



Stable í.s.L - A periodic solution is stable i.s.L. if and onlv if anv

perturbaËíon of Ëhis motion carÌ be constrained Ëo lie withín a specified

arbítrarily surall distance of the periodic motíon for each poínt in time

by a suítable choíce of the ínítia1 perËurbation magnitude. Thusrif

x*(t) is the periodic soluËion and e(t) is an arbitrary perturbatíon, so

that the perturbed solution t" *O(t) : x*(t) + e(t), then Ëhe mathematícal

sraËemenr of the defíniËion would be: v g> 01 {>o)

fl"*(to)-"p(r.)ll = ll.c."{l <r

Ð ll"*c'> - "nc.>fl = ll.c'{l < e ,f t) Ëo ,

where ll . lf denotes an arbitrary norm. Also, a períodíc solutíon ís

asymptoËically stable (a.s.) í.s.L. if and only if it is stable í.s.L.

and

lim lfx*Ct) - ""Cr)flt +oo
= lím ll.,trll = o.

t+æ

If a períodie solution ís stable í.s.L.rbuË not asymptotically stable

i.s.L.riË ís said to be weakly stable i.s.L.

Orbítal-ly Stable - A periodic solutj-on is orbitally stable (o.s.) it

and only if any perËurbaËíon of the motion can be constrained to lie

wíthin a specified arbitraríly smal-l neíghbourhood of the periodic

solution trajectory C by a suitable choice of the íniÉial perturbation

magnitude. MathematÍcally the sËatemenË would be: Vg>o 1d>o>

ll*oct"r - *e(r.)ll = ll.c."lll< r + ll.-
Vt>.to and some c€C. NoËe ËhaË c will vary with Ë.

solution is asynrpËotically orbitall-y stable (a.o.s.)

is orbiËa1-ly stable and xn(t) approaches the periodic

C in norm as t +æ

t1

xn(t)ll < € ,

A períodic

if and only íf it

moËíon trajectory



Note that the foregoíng stability definiËÍons are based on a sËate

space formulation for the system and are only valid for systems wíthout

tíme de1ay. For systems wÍth tine delayrthe corresponding sËability

definiËions are complicated by the fact that tíme delay sysËems have an

infinite dímensional state space. Stabilíty definitíons for tirne delay

systems can be found in Mufti I15l and Bellman and Cooke t161.

A símple example from Minorsky [14] íllustrates the difference

between stabílíty í.s.L. and orbital stability. Consider a system with

sËate space representation Ín terms of x-y co-ordínaËes (phase plane)

given by

x=-y y=x (2. s)

Conversion Ëo polar co-ordinaËes yields the simplified equatÍ-ons

i-o; ê=rc (2.6)

The soluËíorrs of. 2.6,

r(t)=ro; 0(t)= rot*0o ,

are periodíc (the ËrajecËories are concenËric circles cenËred aË Ëhe

origín) with period 2TÍ /:ro and amplítude ro. Consider an arbitrary

soluËíon and a srnall perturbatíon, € , in amplitude. The perturbed

solutíon beeomes

rn(t) = ro * € t On(t) = (ro* € ) t + eo. (2.8)

The trajectories correspondÍng to solutions 2.7 and 2.8 ean be constrained

to be arbiËrarily close by the choice of € - thís ís al-l that is requíred

for orbiËal stabilíty. Ilowever, the two soluÈíons cannot be kepË

arbitrarÍly close for each poínt in Ëímerowíng to the difference in their

periods. The phase plane porËraiË of Fíg. 2.3 shows how the perturbed

soluËion (for € ) o) gets farther and farËher ahead of the origínal

(2.7)
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solution as time increases. In fact, the phase difference, 9n(t)- O(t),

is €t, and íncreases without. bound as t, +æ . There will be an infinÍte

number of times aË whích Ëhe sol-uËions are 1800 out of phase and, hence,

a dístance 2r^ f € apart. ClearlyrsËabilíty í.s.L. does noË exíst here,
o

alËhough orbital stabilÍty does.

2.3 The Variational Equation and StabiliËy of OscillatÍons

The importance of the variational equation ín the study of stabiliËy

of oscillaËions stems from Ëhe close relationship between the stability

of Ëhe zero soluËion of the varíational- equaËíon and Éhe stabílíty of

the oscÍllaËíon íËself.

2.3.L FloqueË Theory

Stabilíty of the zero soluÊion of Ëhe variational equation can be

determined from its characËerisÈic exponenËs as developed Ín FlogueË

theory which, for lineatr lt th order, nondel-ay dífferential- equaÈíons

wíth períodic tíme varyíng coeffícíents, is described in Coddíngton and

Levinson [13] and Kaplan I17]. Basically, it, involves a characterizatíon

of n linearly independent soluËions (the characteristíe soluËions) ín

the form pt (t)"kt, i = lr...rh, where Ëhe p.'s are periodic tíme

varying coeffícients of períod T (i.e., Ëhe sarne períod as the tine

varying coefficienËs iri Ëhe varíatíonal equaËíon). The characËeristíc
\.

multíplier", antt, are unique, and Ëhe characterÍstíc exponents, Ài, are

unique modulo 2Tti/t - Ëhus the real parts of the \'s are unique.

Floquet theory for línear dífferential-dífference equations with

periodic time varying coeffici-ents, as ouËlined by Stokes {18,191' is

more complicaÈed than for nondelay equatíons, a1-Ëhough based on the same

ídeas. CharacËerísËic soluËions ín the form p.(a). Àít are defined as

before, buË now there may be an uncourrtable infÍnity of these soluËionsl
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It is shor¿n thaÈ if the varíatíonal equaËíon has all its character-

isËíc exponents with negative real part then the zero solution of the

variaËional equatíon is asymptotícally stable i.s.L. Also, if at least

one characËeristic exponent has a positíve real part then the zero

soluËion is unstable i.s.L. In eiËher of Ëhese Ëwo siËuations the

variational equation is saíd to have sígnificant stability behaviour.

However, if it has one or more characteristic exponents with zero real

part, and the rest wiËh negaÈíve real parËs, it is said to have critical

stabiliËy behaviour.

2.3.2 Lvapunovrs First ApproximaËion Theorem [14r15]

This theorem, applícable to boËh delay and nondelay systems, sËates

thaË íf the variational equaËion has signíficant sËabilíty behaviour

then Ëhe sËability i.s.L. of Ëhe periodic motion is Ëhe sane as the

sËabiliËy í.s.L. of the zero soluÈion of the variatÍonal equaËion. If

the varíaÈionaI equaËion exhibits crítícal sËability behaviour Ëhen

sËabiliËy i.s.L. of the periodíc motion ís determined by hígher order

t,erms.

2.3.3 Orbítal SËabilitv Theorems

It has aLteady been demonstrated that, for autonomous nonlinear

systems with a periodic soluËíon x*(Ë), Èhe periodic function )t*(t) ís

a soluËion of the corresponding variational equaËion. This inplies that

aË least one characËeristic exponent of the variaËional equaËion has a

zero reaL þart, so thaË asymptotic stability i.s.L. of periodÍe solutíons

Ëo autonomous nonlinear systems never occurs. However, Coddington and

Levínson prove that íf only one characterísËíc exponenË has a zeto teaL

part, and the resË have negative real parËs, Ëhen the correspondíng

periodíc motion is asynptotically orbitally stable. Stokes [18] proves
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Ëhe same result for sysËems wíËh delay. These theoiems then yíeld

sËabílity infornatíon in what would be critical stabilíty sítuations

according to Lyapunov.

2.4 Oscillations in Línear and Nonlinear Svstems

Linear and nonlinear svstems differ fundamentallv in Ëerms of the

riature of sËabilíËy of oscillatíons ín each of them. It is very simple

to show thaË autonomous linear systems have varíatíonal equaËions

ídentical to their system equaÈíons. Now the condiËion for oscillatíon

j-n an autonomous 1ínear system is a complex conjugate pair of character-

istic exponents of Ëhe system equation on the imaginary axís. This

irnplies thaË the correspondíng variational equation also exhibits a pair

of characteristic exponenËs on the ínaginary axís. If Ëhe other

characterisËic exponents have negatíve real parts, the zero solution of

Ëhe variaËíonal equaËion is weakly stable i.s.L. and, hence, so is the

oscillatíon ítself. If at least one other characterístic exponenË has a

positive real part then the oscillation is unstable i.s.L. Stable

oscíllatíons in linear systems are always conservatíve oscíl1atíons ín

which a perturbation in the energy of the oscíllation results in an

oscíllation at a ne\^r amplitude.

In autonomous nonlinear sysËems Ëhere are esserltially two Ëypes of

oscillaËions thaË carÌ occur. One Ëype is a conservative oscillaËion

which ís unsËable i.s.L. buË orbítally stable - see, for example, Ëhe

sysËem of equatior^ 2.5. The correspondíng variational eguation exhíbits

crítical stabiliËy with a conjugate paír of characterístic exponenËs on

Ëhe inagínary axis. The other type of oscillation ín autonomous non-

línear systems ís Ëhe 1ínit cycle, which ís exclusíve to nonlínear systems.

By defínition a sËab1e limit cycle is an asynptoticall-y orbitally
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stable oscíllation which may be sËable or unstable i.s.L. The corres-

ponding variatíonal equation has critícal stability behaviour with one

characteristíc exponenË having a zeto real part. An unstable línit

cycle is an orbitally unstable oscillation which is automatically un-

stable í.s.L. The corresponding variational equatíon has sígnificant

sËability behaviour wíth one or more characËerisËíc exponents having a

positive real part.

2.5 Diffículties Involved ín the Variatj-onal Approach

The use of the varíaËíonal equation ín determíning the stabílity

of an oscillation ín an autonomous nonlinear syst,em poses cerËaín

practical problems. For one Ëhing, use of the variaËíonal equation

irnplies knowledge of the exact expression for the periodíc solution in

Ëhe sysËem. However, this exacË expressíon is seldom knor'm and some

form of approximation musË be used. Furthennore, Ëhe variational

equatíon ís always time varying, and the applicatíon of sËability Ëheory

for Ëime varyíng linear systems is noË complete - especially for systems

involving time delay.

In a practical sense, then, the variational equatíon approach is

almost ímpossible to use. However, it is useful to compare any approxi-

mate sËabilíËy Ëechniques to the exact variatíonal equation approach.

Only in Ëhís way can the approximaËions ínvolved ín the use of these

Ëechníques be determined.
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CHAPTER 3

APPROXIMATE TECHNIQUES IN TIIE ANAIYSIS OF OSCILLATIONS

The exístence, form, and stabílity of oscillations in autonomous

nonlinear systems are of prime importance here. The techníques Èo be

descríbed are approximate techniques used Ëo sËudy these aspecËs of non-

línear analysis.

3.1- Approximate Predictions of Oscíllat,ions

InherenË in mosË approximaËe methods for the predíctíon of

oscíllatíons is an approximatíon of the shape of the oscillation hrave-

form. In fact, these meËhods normall-y assume a form for the oscillaÈion,

and Ëhen find condiËions under whích Èhis form of oscillatíon wi1-1 exísË,

approxímaËely, in the sysËem.

3.1.1. The Descríbíng Functíon Method

The describing functíon (Of) nethod developed b¡¡tä the harmonic

linearization method of Krylov and Bogoliubov [20], and can be

attributedto a number of auËhors l2Lr22r23r24r25l, It has many uses ín

nonlinear sysËems analysis, but one of its most ímportant uses is in the

predícËíon of oscillatÍons in autonomous nonlínear sysËems.

Consíder the single-nonlinearixy, closed-loop sysËem of Fig.3.1.

In general Ëhe nonlinear element may be i) static, síngle-valued;

ii) multivalued; or iii) dynamíc (statíc, síngle-valued nonlínearitíes

will be studied almost exclusively ín this thesis). The linear element

L(s) nay be ratíonal or include a factor "-?" fot the time delay. The

basíc assumption of Ëhe DF method, as applíed to any oscillation ín Ëhe

sysÈem of Fig. 3.1, is Ëhat the input, x(Ë), to Èhe nonlínearity rnay be

approxímaËed by a sinusoid, xapp(t) = A sin wË. ConditÍons are Ëhen
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found under whích the system will support, approximately, a sinusoídal

oscillaËíon, and Ëhe values of A and w are deËermined. Two condítions

are generally consídered Ëo be necessary in order that the DF method

have meaning when applied here:

1. The nonlinear element ís Ëime-invaríant.

2. The linear ele¡ent acts as a 1or¡ pass fílter such thaË Ëhe

higher harmonics of y(t) are sufficíently attenuated.

Condition 2 is known as Ëhe filter hypothesis.

The DF meËhod involves fínding Ëhe describing function (DF) for the

nonlinear element. The ordÍnary DF for a general dynauríc nonlinearíËy,

y = f(xr>i) , is the comPlex guanËitY,

Keq(A,w)=8(A,w)+jb(A,w), (3.1)

where 
zF

g(A,hr) = 1 \ f lA' sín9 , Aw cosê I síng dê (3.2)
TTA ;and 

zN

b(A,w) : 1 \ f tA sín0 , Aw cosê I cosg dg. (3.3)
TTA X

In general, then, the DF is boËh amplitude (A) and frequeney (w)

dependent, and has real and imaginary parts. However, íf the nonlinearÍËy

is a statíc, síngle-valued nonlínearLty, y = f(x), Ëhen the DF is

frequency independent and real:
2F

Keq(A,w) = Keq(A) = g(A) = 1 \ rtl sinêl sínodo (3.4)
11T Xwíth 

zF
b(A)= 1 \f[Asín9]cos9dêEo. (3.5)

Trã' uo

If the nonlinearity is mulËival-ued (hystereËíc) then it cannot be

expressed as a single-valued f(x), but Ëhe DF for ít can stí11 be computed.

In Ëhis case Keq(A) = e(A) + j b (A) is, ín general, complex but frequency

independent with
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¿îI
c(A) = 1 \rta sinel sin€do

rrA ã
and 

2TI

b(e¡ = t (flAsínêl cosed€.
TfÃ Y

Note ËhaË f[A sin9] ís not single-valuedrso that, in

the inËegrals, the value of f[A sín9] is determined

of the functíon A sing .

(3.6)

(3.7)

the calculaËion of

from the past history

DF predicted oscillations can be found by consideríng the DF

Línearized system of Fig. 3.2. This DF sysËem is much símpler Ëo work

with since it is a consËant coefficient linear system for each A and w.

From línear sysËem theory, a paír of conjugate characterisËíc exponents

on the imaginary axís wiËh the rest ín the LHP (i.e. neutral sËability)

corresponds Ëo existence of an oscíllation ín the DF system. However,

nost Ëextbooks express the oscíllaËion condít,íon for thís system as

Keq (A,w) L(jw) " - 1, (3.8)

whích simply consËrains the loop gaín to a sínusoidal signal to be 1 -

the condiËion for sustainíng a sinusoidal signal around the loop.

NeuËral stability and 3.8 are noË synonomous ín general, as will be seen

ín some of the systems díscussed later in thís thesís. Condition 3.8 is

requíred íf a paír of characËeristíc exponenLs are Ëo be on the ímagínary

axís. IË ígnores compleËely Ëhe locatÍon of any oËher characterisËic

expoïrent,s of Ëhe DF system. If L(s) is higher than second orderror

ínvolves Ëírne delay, Ëhen oËher characterísËic exponenËs exist. One or

more of these could have a posiËíve real parË which would indicate an

unstable DF system. If Èhis is Ëhe situatíon then, c1-early, neuËral

stabilíty does not obtain. In terms of mode theory, thís situaËion is

one of having an oscíllatory mode exisËíngrdue Ëo the paír of ímagínary

characterisËic exponenËs, buË, also unsËable modes due to characËerisËic
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exponenÊs with posiËíve real parts.

Gelb and Vander Velde suggest thaË the DF method should be applíed

only Ëo the case of neutral stabílíËy of the DF sysËem, and so seem to

ímp1y thaË an unstable DF system with 3.8 holding will never eorrespond

to a possible oscillation ín the orígínal nonlinear sysËem. other

authors ÏL,B126l are vague, and use oscillaËion condition 3.8 but avoíd

any sítuatíons in which Ëhe DF sysËem has additional unsËable modes.

Graham and McRuer [3, p.L94] even assume that 3.8 and neutral stability

are synorl.onous. IË is the contention in this thesis thaË oscíllatíon

conditions wíth additional unsËable modes should still be consídered

when Ëhe DF method is used. This contenËion is supported by experimenËal

evidence in chapËer 6 in which a DF sysËem with both an unstable and

oscillatory mode corresponds to exisËence of a stable limit cycle of,

approximaËely, Ëhe DF predicted amplítude and frequency.

The oscillatíon condition of 3.8 is often written in the form

L(jw) - - l/Keq(A,w), (3.9)

and a graphícal method (Ëhe "DF method") is employed Ëo solve 3.9.

L(jw) ís plotted in polar form and calíbrated in w, as ín the standard

Nyquist díagram; critÍcal loci, -l/Keq(A,w), for fíxed w values and

varíable A, are plotted on the same graph and calíbrated in A. An

íntersectíon of L(jw) and -UKes(Ar\^r) for which the w val-ues match Ëhen

yields an oscillaËion condiËion. If Keq is frequency índependenË Ëhen

the crÍtÍcal locus plot, -l/Keg(A), intersectíng with L(jw) yíe1ds an

oscillaËíon condiËi-on.

If the nonlinearity is staËic and single-valuedrso that the DF is

real and frequency índependent, then Keq(A) can be consídered as símp1-y

a real gaín K ín the DF system. For low order, nondelay systems the
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analytic RouËh-Hurwitz sLabílíty criteríon for linear systems can be

used to fínd conditions for oscillat,íon. The root locus meËhod may also

be used to find Ëhe locatíon of all rooËs of the DF svsËem aË the

oscí11aÊÍon condition.

Approximate oscillations, *"pp(t) = Aosin wot, which are sSrmmetric,

are assumed to exist ín the nonlinear system when Ëhe ordinary DF neÈhod

is used. Nonlinearit,íes are, therefore, consËraíned Ëo be odd s5rmmetrÍc

(t(x)= - f(-x)), although this does not guarantee the absence of as¡rmmetric

oscj-llatíons. Nevertheless, odd symmetric nonl-ineariËíes are such that

a sinusoidal ínput results ín on1-y odd harnonic components at the ouËput

and no dc offset (bias). A tacit assumption ín the use of this form of

the DF method is then that the actual oscÍl1-ation j-n the system is

symmetríc - only then can the DF approximaËíon, Aosin wotr be expected

to be a reasonable approximation. AnoËher form of the DF meÈhod may be

used Ëo consider offset oscillations.

3.L.2 Dual-InpuË Describing Functíon Techníques

Dual-ÍnpuË descríbing functíon (DIDF) techniques are used to

improve the DF method. They ínvolve an assr-unptíon of Ëwo terms ín Ëhe

approxÍmaator *"nn(t) rather than the sÍngle sÍnusoid of Èhe DF method.

3,L.2.L Bías-Plus-Sínusoíd DIDF Technique

In this case the approxímate input Ëo the nonlinearity is assuned

to be

(3.10)

componenË B Ín

B+Asínwt,.

of the nonlínearíty to the

sinusoid A sin wt ís given
2F

- 1 \flB+Asínê,Aw
2TT B ä

nonlinearities f (x,*), and

The

Ëhe

*"PP(t) =

equivalent gain

presence of the

NB (4, B ,\^r)

general dynamicfor

( 3. l-1)
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"F
NB(A,B) : 1= ) rln+a singl de

2TT B ã
for sËatic nonlineariËies. The descríbing functíon for the gain

sínusoídal input comPorient ís given by

t<eg(Arn,rú) = g(ArB,rnr)+ j b (4,8,\.r),

where ,F
B(ArB,w) : 1 \ f [B+A sino, Aw cosg] sinod9

TlA á
?Tf

1ç
nAy
nonlinea

(3.12)

to the

(3.13)

(3.14)

(3.20)

and

b (ArBrrr) :

for a general dynamic

Keq (A,B) = g(A,B)+

A bíased oscíllatÍon, B*A sin wË,

of Fig.3.1 through two conditions' one

Keg(A,B,w)t (jw)=-l

and

wiËh ,f
c(A,B) - 1 \ flB+A sín€l síngdg

TTA i
and 

2F
b(A,B)- 1 \ f[B+Asino]cos€d9.

lrA Ë
If the nonlinearíËy ís single-valued as well as statíc

and Keq(ArB) is rea1.

f[B+A sino, Aw coso] cosêd€ (3.15)

ríty, and for a sËaËic nonl-inearíËy

j b (A,B) (3.16)

(3.17)

(3.18)

thenb(A,B)roo

is Ëhen predicËed in the system

for each ínput componenË rviz.,
(3.le)

NB(4,8,\{) l, (jo) = - 1.

These two conditions can be meË for both odd s5rmneËric'rAnd asymmetríc

nonlínearities as long "" I i,15o) | i" finíte. Gelb and Vander Velde are

Ëhen ín error when Ëhey state Ëhat "ín a symmeËríc nonlínearÍty system

no bíases appear" [6, p.340]. Examples of s¡rmmetric nonlinearity systems

ín which biased oscillatíons occur will be given in chapter 6.
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3.L.2.2 Two-Sinusoíd - Input Descríbins Function (TSIDF)

In Ëhe TSIDF technique the approximaËe inpuË to the nonlinearity ís

assumed to be

*rpn(t) = A sin r,rt + B sin ( õwt +ê).

If d is not rational then ê need not be included. One meËhod of deter-

mÍning the equívalent gains (describing functions) of the nonlinearity

to each of the sinusoidal components is to expand the ouËput. of the non-

linearíty inËo its various frequency component.s for the input of. 3.2L.

The describing funcËíon for component A sin wt ís then defined as

Kn(ArBrhrrõ16)= phasor represent.ation of ouËpuË at frequency vr ,A. phasor representatf.n of inp uency ïiI

and for componerlt B sin (Uwt +g) as

KB(ArBrr^IrUr€) = pþasor represenËatÍon o{ guËput aË ,ffequency ðw
phasor represenËation of ínput aË frequency õt¡r

In general, KA and KU are complex functions of ArBrwrd, andO. However,

for sËaËic nonlÍnearities Ëhe w dependence disappears. The specÍal case

of Ü = 3, for odd s5rmmetri-c nonlinearíties, results ín an improvement ín

the normal DF method through consÍderation of the third harmonic

componenË as well as Ëhe fundamenËal component of the nonlinearíty ínput.

The loop condÍtions that, musË be satisfied are novl

KA(A'B '3'e) L (jw) = -1 (3.22)

and

(3.21)

(3.23)KB(A,8,3,9) L (j3w) = -f .

3.2 Approxinate Stabilitv Techniques

The stability techniques díscussed here usually refer to oscíllatíons

predÍeted by the ordinary DF method, and are thus subject Ëo the DF

approximation errors. llowever, a generalizatíon of the IDF stabílity

concepË to an arbiËrary oscíllation approximation, *"pn(t), ís a1-so
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developed.

3.2.I Loebfs Críterion 12,61

The analytícal version of Loebts criterion is based on the

assumpËion of a certaín specific form of perturbaËion abouË the DF

predicËed oscillation. Let Ao and wo be Ëhe DF predícted amplitude and

frequency of an oscíllation given by

1 * Keq(Ao,wo) L (jwo) = o. ß.24)

DefÍne

u (Ao,wo) = Re I r+r"e (Ao,wo) t (jwo)j (3.25)

and

y (Ao,wo)rtrm I r+r.g (Ao,wo) r. (3wo)J.

Then 3.24 car^ be written as

(3,26)

¡ (Aorwo) + j v (Ao,wo) = o. (3.27)

If the oscillaËion is expressed as AoejwoË and is perturbed ín ampl-í-

tude by A A and in frequency by ^Aw * jACf, whereA(frepresents damping'
j (\ro+ Aw+j¿Cf) t.

then (Ao+AA)e j-s assumed to satisfy

U(Ao+AA,rof Ar+ jACt) + jV(Ao+AA,wo*Aw*jAd = o. (3.28)

Expansíon of 3.28 in a Taylor series about. (Aorwo) and retenËíon of only

the linear Èerms produces

u(Ao,wo)* òu (a'+'6d+* AA + j [v{nu'o)+ -èL Go*:¡d)+ lvÂA?= o.
òr^' àA "t'do- òr ú<rÌrrl- 

i

\üith al-l partÍal derivatives eval-uated at (Aorwo). This i-rnplÍes that

àuAA- àvAd+àu Aw =o
àe òw àt^,

and

èvAe+ òuad+àv aw =o.
ãÃ ò' à'

Elimínatj-on of ^ô.w from 3.30 and 3.31 yíe1ds

(3.30)

(3.31)

t# # # .*l aA =[H)'. $l'] ^6.
(3. 32)
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For an oscillatíon correspondíng to a sËable línit cycle it ís requíred

Ëhat AA andACf have the sane sign. From 3.32 the requírement Èhen

becomes

(3. 33)

(3. 34)

(3. 36)

' (3.37)

for a stable liurit cycle. Siurilarly, Ëhe requirement for an unstable

limit cycle is

(3. 3s)

implies critical (neutral-) stabílíËy and a conservaËive oscillatíon.

If the nonlinearity is static, so that Keq is only amplitude

dependent, then a geometrical ínterpretatíon due to Gille et al. [2] nay

-1
be used. In this ínÈerpreËation t(jw) and -Keq(A) are written as vectors:

[¡u .òv -àu .òv]
Là¿ òw àw àR¡ (Ao,wo)

Also, the condition

[òu.àv -àu.àv] =o
LãÃ ã' ñ ãÃJ (Aowo)

L(jw)= 1x(jw)+3v(jw)

-&gt(o)= 1p(a)+ 3q<rl.
The polar ploË ín the NyquisË plane is used, and dírections of increasíng

w and A are Índicated on Lhe L(jw) and -feq-l(R) pfots respecËívely. For

a sÉable limíÈ cycle at (Aorwo) Ëhe stabilíty condition correspondúng to

3.33 is that the vector

*!(jw) x 
"¿ [-er-c^¡ffi a.

and

(3. 3B)
(Ao,wo)

point out of the page. SÍmílarly, for an unsÈable liurít cyclervector

3.38 must point into the page. Neutral sËabÍlity and a conservative

oscillatíon situation exísts íf 3.38 is identical-Ly zexo (i.e. Ëhe curves
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are Ëangent). Fig.3.3 illusËrates the hypoËhetícal situaËion in whích

IÈ can also be shown Ëhat, if Ke6 (A) is real, the Loebrs criterion

conditíon becomes

the oscíllation

limit cycle.

d Iml(jw) d Keq (A)
dt dA

for a stable limit cycle,

d Iml(jw) . d Keq (A)
dw dA

for an unstable lirnit cycle, and

d Iml(jw) d Keq (A)
dw dA

(agra) is a sËab1e linít cycle artd (Ã¡tr) is an unstabl-e

(Ao rwo)

(Ao rwo)

=o
(Ao,wo)

(3.3e)

( 3. 40)

( 3. 41)

fot a neuËrally stable (conservaËive) oscillaËion.

3,2,2 Graphical SËabilÍtv Techníques

Graphical- stabiliÉy Ëechnígues based on Ëhe DF meËhod employ the

well known linear syst,em stabilíty techniques of Ëhe Nyquist crÍteríon

and root locus method 1,261. In terms of the DF (lineatízed) system of

Fíg.3.2 a stable liniË cycle is one in which a posítive perturbatíon in

amplÍtude resulËs in a stable system configuraËion so ËhaÈ Ëhe amplitude

decays Ëowards its unperturbed value; a negative perËurbation ín

amplitude resulËs ín an unstable system configuration ín which Ëhe

ampliËude gror^rs Ëo íts unperËurbed value. An unstable liinit cycle is

defined by Ëhe reversal of these correspondences.

The modified Nyquíst criterion and rooË locus graphical stabílíty

techníques are suiËed for static, síngle-valued nonlinearities r,rith
/

describing functíons Ëhat, are real and independent of w. In Ëhe

modífied Nyquist criterion ra polar plot of t(iw) and the critícal locus
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-1-Keq-(A) is made. PosiÈive and negatíve perturbations in A about the

oscíllation conditÍon are considered, and Ëhe correspondíng variatíons

-1 -1in -req-(A) are noted. The poínt -Keq*(A+AA) is considered to be the

sâme as the -1 point ín Ëhe ordinary Nyquist crit,erion, and stabílity of

the DF system for both posiËive and negatÍve perËurbations in A can be

determíned using the Nyquist criËerion.

The rooË locus method applied t.o the DF sysËem involves consídering

Keg(A) as a variable gaín K. Oscíllatíon condítions eorrespond to

intersecËíons of the loci of complex pairs of root,s with the jw axis.

PosÍtíve and negaËive perËurbations in A resulË in small- changes in Keq(A) 
'

and movement of the rooË pairs from their jw axis posÍ-tíons. Figs. 3.4

and 3.5 indicate application of the modífied NyquísË críteríon and rooË

locus method Ëo a hypothetical- sysËem in whích Keg(A) decreases with

increasing A. Oscillations (Arrwr) and(Arrwr) are ínterpreted as

stable linit cyclesaccordíng Ëo Ëhis analysis, wíth (Arrwr) unsËable.

In mosË cases these two Ëechniques are simpl-y graphícal- ÍnËerpret-

aËions of the analyËícal Loebrs críterion. This is as expecËed, since

the graphical and analytical techniques are based on the s¿rme assump-

tion wíËh respect to the fonn of perËurbation al-lowed. Ilowever, there

ís one siËuation in which Ëhe graphÍcal- stability techniques and Loebrs

criteríon apPear to dísagree. This ís the sítuation in which the DF

system has one or more unsËable characteristíc exponenÉs (roots) as

well as Ëhe root paír on Ëhe jw axis. The modifíed Nyquist, critericnand

root locus meËhod will clearly consíder the unsËable mode (or modes) and

predíct an unstable lirnít cycle. On the oËher hand, Loebrs crÍterion

could predíct a sËab1e linit cycle - dependíng uPon how -feq-l(A) varies

wíth A for a given t(jw). A graphícal Loebrs criteríon is Ëhen simply

using Èhese graphical- stabílíty techniques but ígnoring any unstable



modes of Ëhe DF system. It has been menËíoned previously that Ëhe

liËerature is raËher vague on Ëhe use of Ëhe DF method in these situatj-ons

of unsËable DF systems. Use of the IDF sËabílíty techníque, to be

described next, appears to clarify Ëhis Ëype of síËuaËion.

3.2.3. The IDF Stability Techníque and lts Extensions

Theincre'",,,",ñíbingfunctíon(IDF)stabi1ítyt'echníque,

proposed by lüesË et aL.[27] and developed by Gelb and Vander Velde, is

based on the calculation of Èhe equivalenË gain of the nonlinearity to

an infinitesimal signal ín the presence of the DF predícÈed sinusoidal

oscíllation. Two forms of infínitesimal signal are considered by Gelb

and Vander Velde: an asynchronous sinusoíd B sín õwt (B+or[írratíonal)

and an ínfinitesimal bias B(B+o). If B sinüwt ís the assumed infini-

tesímal signal then Ëhe inpuË to the nonlinearity becom"" *"pp(t) =

A si-n wt * B sinüwt. TSIDF analysis yields the equívalent gain,

KB(ArB), of the nonlinearity to B sinüwt, and the IDF ís then defined as

Ni(A) : 1t* h(A,B)..ú+ o
(3.42)

If a bias B is the assumed ínfínitesírnal sígnal then Lhe input to Ëhe

nonlinearity ís B*A sin wt. From the bias-plus-sínusoid DIDF analysis

the equívalent gain of the nonlineariËy to B is given by 3.L2. The

corresporldíng IDF is then defined as

'..1::: -Ir:i:. - -... -- ..: -j-_.:_--.:-.... ..."1--..:.,
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Note that the IDF s of 3.42 and 3.43 are shown for sËatíc, single-valued,

odd symmeËric nonlineariËies, although they exist for more general non-

linearitíes. Application of LrHospitalrs Rule to 3.43 yields

N-(A,o):limN-(A,B) = lim f t 
t(flB+A

o B*o o s*o(mB- t

zfl
N-(A,o) = 1 ç tl1.a' 

"in e) de ,
"ñJ

o

sínolur]. (3.43)

(3.44)

so Èhat NB(A,o) may be computed dírectly as long as f(x) is differentíable.
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If f(x) ís not dífferenÈiable Ëhen the limiËing process of 3.43 must

be used. Gelb and Vander Velde prove [6, pp.303-304] that N. (A)=Nu(A,o)

and, more generally, ÈhaË the effecËive gain (i.e. Ëhe equívalent gaín)

of any sÈatic, síngle-valued, odd symmetric nonlínearity to an infíní-

tesimal signal in the presence of any other sËaËístícally independent

ínput signals ís the same in the línit as the infÍnitesimal signal goes

to zero, whether it be a bias, a sinusoid, or a random process [6rpp.34-37].

Once the IDF is calculated, the stabílíty of the IDF equÍvalenË

linear sysËem of Fig. 3.6 is consídered. This IDF sysËem is a línear,

constant coefficient sysüem and any 1Ínear system stability Èechníque

(NyquisË, RouËh-Hurwitz, rooË locus) rnay be used. If Ëhe IDF system

is asymptoËically sËab1e í.s.L. then the DF predicËed oscíllaËíon is

interpreted as a stable limit cycle; if Èhe IDF system ís unsËable í.s.L.

then the DF predícted oscíllatíon is an unstable límiË cycle; and íf

the IDF sysËem is neutrally stable then Ëhe DF predieted oscillation is

conservative.

The IDF stabilíty Ëechníque described above ís used in conjunction

wíth Êhe ordinary DF method. However, exËensions of the IDF concept can[4Or41I

be developed by applying it Èo DIDF techniques or more general approxi-

mations. For example, Ëhe TSIDF technique, when used to include the

third harmonic comporienË of the input to the nonlinearity, is an

improvement of the ordinary DF meËhod. In order Ëo determÍne Èhe

sËability of the oscíllation approximaËed by xapp(t) = A sín wt + ¡ sÍn(3wt*9),

consider an

gain of the

by

infínitesÍnal bias signal € at the ínput. The equivalent

nonlinearity Ëo € in the presence of ""nn{a) is then gÍven

j¿i:fÍ). i:":

26

s
o

K€(A,8,ê) :
zTt e

f [€+A sín¿t B sin(o¿+d)] do< (3.4s)
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for statíc, síngle-valued, odd symmeËric nonlinearities. The corres-

pondíng IDF becomes

K€(A,B,o) :

wherein f(x) is assu¡ned dífferentiable. Extending Gel-b and Vander Velde's

hypothesis, this IDF might also be calculated by using the perËurbatíon

€sinür¡t ( ü irrational) as Ëhe ínfinitesimal signal, fíndíng the

equivalent gaín of the nonlinearíty to this sígna1-, and Ëaking the límit

as€+o.

The most general IDF would consist of calculaÉíng the equÍvalenË 
.

gaín of the nonlinearity to an ínfiniËesinal signal ín the presence of

a general s)mmet.rÍ-c waveform, *"pn(tt), assuned as the oscill-atory ínput

to the nonlinearitv. The resulË ís

2T1.1lÍn ì=+ \f t€+A sino(*B sin(ot+e)l
€+o (2TT€ ã

zfl
1 ç fl [a "ir,..t B sin(o(+e) ]dcñt

¿".1
(3.46)

(3.47)

Keã åï,{;|' $',.* *"pn(ê)rae}

= + lrt,-*n(e)l de.
2n ì'

(3.48)

(3.4e)

ÊaF-

ptrne siause:Êé¡ B'l-ll s*ewÉ,¡ beeaËes f [Bl/l eiag] ia neÊ eynñìeËríe end Ëhe

++n+t+*¡re*ges=

3.2.4. Relationship Between Ëhe VaríaËíonal Svstem and the
IQF Stabilitv Technique

The IDF (equivalent línear) system can be related Ëo the varíaËíonal

sysÈem of Fíg.2.2 for finear variatíons about the actual oscillatÍon

x*(Ë). A DF approximate varíaËional system (Fig.3.7), in whj-ch x*(t) is

replaced by xapp(t) = Ao sin wot, could be thought of. For the DF

predicted oscillatÍon, a stability study of this variational system

would be the mosË accurate sËabilíty Ëechníque possíble, since accuracy
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of the stabilíty predicËion would only depend on Ëhe accuracy of the DF

approximaËÍon. A more general approxímate varíational system [Fig.3.8]

ín which x*(t) is replaced by a general approximat,ion Ëo the oscillation,

x-- (t), could also be consídered - DF and DIDF oscíllation predíctionsapp' --

would be particular cases of Ëhis. For a given approximaËíon, *rnn(t),

a stability study of the corresponding approximate varíational system

would be the mosË accurate stability ÈechnÍque to use. Of course, the

fact thaË Ëhe approximate variational system and corresponding variatÍonal

equatíon have Ëime varying coeffícíenËs makes stabílíty analysís of Ëhis

sysËem quiËe difficult, íf not impossible, in general.

Consíder now the "generaltt IDF of 3.48 and 3.49. Ke may be wrÍtten

in Ëhe following form:

K6 = 
åï" [# $',t**"nn{e)jae}

o
VT

= åÏ" [ # t rtt*""nn(wt)d{w) }
.i

= å* {¿ 5 tt'*""nn(t)1at}

"f= 1i'-f 4 Sttt*""nn(t)JatI€+o t '¡6 o

= + S tt [*"nn(r) ]dt = tl [xapp(r) ] .
T;

(3. s0)

(3. sl)

The foregoing is not strÍctly correcË maËhematícaIly, since x.nn(wt) and

x (t) should really be Ëwo different funcËions. K€ is now identífied
app-

as the time-averaged value of the periodic tíme varyíng quantiËy

df I The general IDF (equivalent linear) system can be
dx I x=x (t)'I app

represenËed as ín Fig. 3.9. The relationship between íË and Ëhe general

approximate varíatíonal- system of Fig. 3.8 is simply thaË the IDF sysËem

is the approxímaËe varíational system wíth the Ëime-varyíng gaín,
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df
d" * = *"nn(r) t.pl"ced by iËs average value, fl[*"pp(t)]. t4ll

c df (x^__) .3 + ê = orl.(l) 1. äi"'"pp' ' 't

whereas the time-averaged IDF system of Fíg.3.9 yields

This substiËution converts a tiue-varying linear system inËo a time

invariant linear system for which stability analysis is straightforward.

For example, the particular case of the DF approxímation yields

Nu(A,o) = fl [Ao"io roË], (3. s2)

with Ëhe rDF system of Fig. 3.6 as the time-averaged approximaËíon to

Ëhe DF approximate variational system of Fig.3;7.

IË should be noted that the Ëime averaging approximatíon described

above for Ëhe varíaËÍonal system is not equivalent Ëo time averaging

each of the coefficients in the correspondíng variational equaËion.

The sysËem of Fig. 3.8 Ís governed by

(3. s3)

-l' /.\1 c )f [x ^(t)] L(D) ["] * e = o. (3.s4)- app- '- L

In general, íË can be shown thaË tj-me averaging the coefficienËs of Ëhe

dífferentíal equaËion resulËing from 3.53 yíe1ds an equation wÍËh more

terms than Ëhe dífferenti-al equatíon resulting from 3.64.

3.2.5 ApproximaËions of Ëhe Stabílitv Techniques

Some general observatíons can be made about the approximations

involved ín the use of Loebrs criterion and the IDF stability Ëechnique

in conjunction with the DF method. One approximation common Èo both is

Èhe DF approximation - only when the DF method gives a reasonably good

approxímatíon to Èhe act.ual oscillation can Ëhese stability techniques

be expected to work properly. DIDF techniques improve the basic DF

approximation, but only the IDF stabilíty technique can be used with the
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improved approximation.

However, both sÈabílíty techniques ínvolve approximations in

addition to the DF approximaËíon. In Ëhe case of Loebrs criterion,

Ëhe assumpËion of a certain form of perturbation is consÍdered to be an

approxímation. Recall Ëhat perturbations are assumed Èo be at Ëhe

frequency of the predicËed oscillatíon with only smal1 perturbaËions

ín that frequency allowed. However, actual perturbaËions about an

oscillatÍon are governed(for infiniËesimally snall perËurbations) by

the characteristic exponenËs (modes) of the corresponding variaËional

equatíon. There is always one mode relaÈed directly Ëo the frequency of

the oscillatíon, but other complex modes can exíst - Ëhese other modes

are ignored when using Loebrs criterion.

The IDF sËability technique allows an arbitrary perturbat,ion and

ínvolves the equivalent gaín of the nonlinearity to the perËurbation.

This results in a tíme-averaged variational system governing sÈabilíËy

of the oscíllation. The IDF stabílity technique concludes wíth a study

of the stabilíty of this IDF sysËem instead of the approximate

variational system. The basic approxímation here can be ísolated by

assuming thaË Ëhe exacË oscillatory solution, x*(t), of the origi.nal

nonlínear sysËem is known. Stabílity of the variational sysËem of

Fig. 2.2 tÏiren gíves the exact sËability of the oscíllation. However,

application of the IDF stability techníque involves definíng the IDF

or equivalent gain of the nonlínearity to arbitrary perturbatíons in

the present of *x1t):

K. (x*) : lim { f- €-o LTg'

T1)\ rle+**(r)ldr tJ
o

T(^r
= 1 \f'[x*(r)]dt=Tí

(3. ss)

(3. s6)rl ¡**1t¡ 1 .
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The corresponding IDF system (Fig. 3.10) ís Ëhen the variatÍonal system

df
T¡tl-En T-'CIX *=**(t) replaced by íËs time-averaged value, fl[x*(t)].

In general, the sËability properties of Ëhe variational sysËem are

not Èhe same as those of the system of Fig. 3.10. Thís ís exemplified

by the second order Mathieu equation,

ë + (a t 2q cos 2t) e = o, (3.57)

r¿hich ís shown in system form in Fig. 3.11. The stability properties

of 3.57, as outlined in MclachLan 1281, differ signíficantly from those

of Ëhe tíme-averaged equation,

b'+a e = o¡ (3. s8)

corresponding to Ëhe sysËem of Fig. 3.L2. A general invest,igaËion of

the differences in stabílÍ-Ëy properties beËween a periodic tj-me varying

linear sysËem and Íts tíme-averaged counterpart 1íes outside the scope

of this Ëhesís. ParËicular types of systems could, perhaps, yíeld some

useful information.

For example, iË is easy to show ËhaË a fírst order periodÍc tj.me

varying linear system has the same sËabilíty properties as its tíme-

averaged counterpart. However, fírst order nonlinear systems do noÈ

exhibit autonomous oscíllations, so a fírst order variaËional system

will never exÍst in ËhÍs coritext. In second and thírd order sysËems,

some relaËíonships can be found between stability of the varíational

system and stabílity of iËs time-averaged counterpart. These relatíon-

shíps will be demonsËrated ín later chapters.

3,2.6. Comparison of Loeb's Crit,erÍon and the IDF Stabil-ítv
Technique

Loebrs criterion and the IDF stabílíty techn{que may be conveniently

compared through Ëhe use of the rooË locus method. A Èypical root locus
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for the system of Fig. 3.13 ís shown in Fig. 3.L4. The value of K for

characteristic roots on the jw axis corresponds to the value of the DF

for the nonlineariËy, Keq(Ao), necessary for an oscillation condj.Èion.

From Ëhís Ëhe amplitude of the oscillaËion, A', may be deËermined.

The value \,rr=r^r- aË the jw axis erossing is, of course, the predicted
o

frequency of the oscíllaËion. Now application of the IDF stabÍlity

technique involves locating the rooËs of the system of Fig. 3.13 for

K = NB(Aoro). Fig. 3.L4 indicates that all roots of the IDF sysËem have

negatíve real parËs and, Ëherefore, a stable limit cycle ín Èhe original

nonlinear system is predicËed. Loebfs criterion can be applied graphíc-

ally, using the same root locus plot,, by consídering the motion of the

Ímagínary root paír for smal1 changes ín K = Keq(A), correspondíng to

small changes in A about Ao.

Once relationshíps between the shape of the nonlineariËy, Keq(A),

and Nu(Aro) have been esËablished, a detailed comparíson of Loebrs

criËerion and the IDF stabílity techníque may be made. These relation-

ships and a general comparison are the subject of the next chapter.



r(t)=e nonlinear
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Fig. 3.1 SINGLE-NONLINEARITY CLOSED-LOOP SYSTEM

Fig. 3.2 DF LINEARIZED SYST${
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Fig. 3.3 GEOMETRICAL INTERPRETATION OF LOEBfS CRITERION
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*B(o,o)

Fig. 3.6 IDF EQUIVAIENT LINEAR SYSTEM

Fíg. 3.7 DF APPROXIMATE VARIATIONAL SYSTEM

X=A sínw too

dfl
ax 

I 

x=x"nn (t)

FÍg. 3.8 GENERAL APPROXIMATE VARIATIONAL SYSTEM
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Fig. 3.9 GENERAL IDF EQUIVALENT LINEAR SYSTEM

Fig. 3.10 IDF EQUIVALENT LINEAR SYSTEM FOR EXACT OSCILLATION

Fig. 3.11 SYSTEI4 FORM OF THE MATIIIEU EQUATION

a+Zq cos 2t

Fíg. 3.12 TIME-AVERAGED MATIIIEU SYSTEM
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Fig. 3.13 LINEAR SYSTEM FOR ROOT LOCUS PLOT

K=Keq(Ao)

Ao'o)

5=Keq 
(Ao)

K=NB (Ao , o)

FÍg. 3.L4 ROOT LOCUS FOR STABILITY CALCULATIONS



CHAPTER 4

STABILITY TECHNIQUES FOR TTüO GENERAL TYPES OF NONLINEARITY

Two general types of sËatíc, single-valued, odd symmetríc non-

lÍnearity are considered with respect to the correspondíng forms for
Keq(A) and Nu(ero). once Ëhe forms of Keq(A) and Nu(ero) are esËablished,

Loebrs crit,erion and the rDF stabilíËy Ëechníque may be studied using

the root locus method. A general comparíson between the Ëwo stability
Ëechníques reveals possible síËuaËíons in which they wí11 disagree.

These díscrepancies are explored ín detail in subsequent chapters.

4.L Relationshíps Involving thè Nonlinearity

The two ËyPes of staËic, single-valued, odd s5rmmetric nonlineariËy

f(x) to be considered are the hard sprÍng and soft spríng (saturatÍon)

Ëypes. A hard spring nonlineariËy is defined as one for whÍch rl(*) i"
non-negative and monotonic non decreasing, while a soft spring non-

Ilinearity has f'(x) non-negatíve buË monotonic non increasing. Fig. 4.L

shows Ëypical hard and soft spring nonlínearítíes. It should be noËed

that dÍscontínuous nonlinearíties are included as 1ímítÍng cases, the

ideal relay of Fíg.4.2(a) being one such "soft spríngt'

The ordinary DF, Keq(A), for f(x), as defÍned in Chapter 3ris
2fÍ

Keq(A) = 1 ( rCa síno) sínê dê ,ffA J
o

which, upon inËegraËion by parts, yíelds

(4.L)

Keq (6) = "o"2edg =

t
Thus f'(x) 7¿ o implies Keq(A) ìz o FurÈhermore,

I
f'(x) is monotonic non decreasing and, therefore,

2ÍÍ1r1 \ f'(A sín€)
TTJ

o

TT/2
/-t4 \ tt (asing) 

"o"2gd".n J G.2)o

if f(x) ís hard spring,

by 4.2 Keq(A) is a1so.
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Sinílarly , if. f(x) ís soft spring so ttrat tl (x) ís monotonic non

íncreasíng then Keq(A) is non-negaËíve and monotonic non Íncreasing,

The IDF, NB(A,o), fotråt.h a f(x) has b""tì,å.fíned in ChapËer 3 as

No(A,o) = l- ( tt(A sine)d€ = 2 (ftle sine)de. (4.3)I' n') nJ
Thus, if f(x) is hard spríng then Nu(A,o))to and is monotonic non

deereasing; if f(x) is soft spring then Nu(e,o)77o arrd. is monotonic

non increasing.

Furthermore, diffe of. 4.1 yields

#[*"oco,l =

= -Keq (A) +
A

TransformaËion of the

gJ"q(at
dAt

Equation 4.5 relates

monoÈoníc Íncreasing

4.5 yíelds UU(A,o) )

rentíaLion

2TrI
:]_t \

TTA- J
o

2Nu(A,o) -

f(A síne

ztTI1\
TTA J

o

term by 4.2

{ 
uu{n,") -

zrl1r )
) sin€d6* 1 \f'(Asíne)sín?dê

TIA J
oa)f*(A sinê)cosþdê.

A

third

=z
A

Keq (A)

(f (x)

Keq (A) .

then yields

r.q (A)]

(4.4)

(4.5)

to Nu(e,o). In particular, if Keq(A) is

hard spring), so tr,"t ffi.q(Aü > o, Lhen

Also, íf Keq(A) is monot,oníc decreasing

(f (x) soft spring), so Ëhat åÃ {r.q(A.>} 
( o, then Nu(A,o)( Keq(A). A

furËher

sprÍng

relaËionship between Nr(Aro) and Keq(A) can be found for soft

nonlinearities. From 4.2 Keq(A) can be expressed as

zTt 2T

Keq(A)= 1 (tt(esine)"o"2ede = 1 (tt(Asíne)(t-sin2e)derr ? 1r?
2fÌ 2fÍ

= 1 (rl(esine)¿e- 1 çrl'(asine)"ir,2€dêt-trríïïí
TI

= 2NB(A,o) - 1 \ tt(A síne) 
"irr2e 

de. G.6)
TfJ

o



Equation 4.6 then yÍe1ds req(A) -( ZNu(e,o) and

for sofË spríng nonlínearitíes:

1 r"s(A) .( NB(A,o) ( Keq(A).
2

Keq (A) =2^î-L 1'3'5 --- (n)
2.4.6 ---(n+1)
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the following ínequalitíes

(4.t>

(4.8)

This places a general lower bound on NU(Aro) relative to Keq(A) for soft

spring nonlinearíties.

Ilowever, Ëhere is no general upper bound on NU(Aro) relative to

Keq(A) for hard spring nonlinearities; this can be demonstrated by the

followíng counterexample. Gelb and Vander Velde[6, pp.313-315] develop

the expressíons Keq(A) and Nu(Aro) for the general porìrer law nonlineariÈy,

f(x) = xn, n odd. These expressions are

and

Nu (A, o)

wÍth Ëhe ratio

= An-l 1.3.5 ---(n)ñ:GL)

N- (A'o) = n*l
.D

req@-2

yieldíng

No(Aro) = n*1 Keq(A).o2

There is no general upper bound r^re can place on

Keq(A) because Nu(A,o) can be made arbitraríly

by increasíng Ëhe value of n appropriaËely.

4.2 Calculations for Selected Nonlínearities

(4.e)

(4. 10)

(4. n)

NB(A,o) wiËh respect to

large compared to Keq(A)

and Nu(Aro) are usually straíghtforward

odd symmetric nonlíneari-ties. In facË,

Keq(A) and Nu(A,o) for a number of the

The calculations of Keq(A)

for most sÈaËíc, síngle-valued,

Gelb and Vander Velde tabulaËe
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coutmon nonl-inearities. The nonlínearíËies consídered here are to be

used in sysËems discussed ín subsequenË chapters.

i) Ideal Relay (f (x) = lvl sgn x)

This nonlinearity, shown ín Fig. 4.2(a), Ís a limiting case of a

soft spríng nonlinearity because of iËs discontÍnuíty. Calculatíons

[6, pp.306-309] yield

Keq (A) = 4 f4 / (TrA) G.Lz)

and

NB(A,o) = 214 /(nn). (4.i-3)

Both Keq(A) and Nu(Aro) are moriot,onic decreasing and Nu(Aro) = 1 Keq(A)

- the lower bound on Nu(ero) in 4.7 is aLtained.

íí) Odd Square Law (f (x) = xlxl )

Thís nonlÍnearity (Fig. 4.2(b)) ís an example of a contínuous hard

spring nonlinearíty. Calculations yíeld

Keq(a) = 8A/(3n) G.L4)

and

NB (A, o) = 4L/fl ,

wíth Keq(A) and Nu(Aro) monotonic increasíng and Nu(Aro) = f feq(A).

iíi) Cubíc (t1*¡=*3¡

This nonlínearity (Fig. 4.2(c)) ís a particular case of the general-

porÀrer law nonlineariÈy already descrÍbed. Equations 4.8 and 4.9 yíeld

rceq (a) = -f; Ã2

and

Nu(A,o)=f 
^2, 

(4.L7)

with Keq(A) and NU(Aro) monot,onÍc íncreasing and trt'(A,o) = 2 Keq(A).

(4. r_s)

(4.L6)
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4.3 Stabílity Techniques and the Type of Nonlinearíty

llíËh the relaÈionships developed ín Section 4.1 it ís now possible

to staËe something definíte abouË the applicaËion of Loebfs crÍterion

and the IDF sËability techníque Ëo hard and sofË spring nonlinearity

systems. As ment,ioned in Chapter 3, the root locus method ís a

convenient Tnray of applyíng Ëhese two techniques together.

4.3.L Hard Spring Nonlinearity

If the nonlinear system has a hard spríng nonlinearity f(x), then

Keq(A) and NU(Aro) are usually monotonj-c increasing (rather than simply

monotonic non decreasing) and Nu(Aro) ) Keq(A). A root locus ploË of

the linear sysËen of Fig. 3.13 índícaËes possible oscill-atíon condítíons

and the directíon in which Ëhe characteristÍc rooËs will move for

íncreasíng or decreasing K. Applícatíon of the graphical Loebrs

críterion involves a consideraËion of the movement of the ímaginary

paír of roots (corresponding to the oscillation condiËíon) for sma1l

perËurbations in A, wíth K = Keq(A). The directÍon of movemenË depends

on the shape and calíbratíon of the rooË locus. For the hard spring non-

linearíty, if the root locus crosses Èhe irnaginary axÍs from left to

righË for increasíng K (Fíe. 4.3(a)), then the graphical Loebts criterion

predicts an unstabl-e lírnit cycle. If the root locus crosses from right

to lefË (Fig. 4.3(b)) then the Loebrs criËeríon predicËion is a sËable

limít cycle.

Application of the IDF stabílíty technique involves the locatíon

of the roots for the gaín value K = NU(Aoro). For hardspring non-

linearitíes NU(Aoro) ) Keq(Ao) so ËhaË thís gain val-ue ís larger than

that required for the oscíllatíon condÍËion. If the root locus crosses

the imagínary axis from left Èo right (Fie. 4.3(a)) then K = NB(Aoro),
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usually corresponds to Ëhe imagínary rooË paír moving into Ëhe RHP and

an unstable liurit cycle predícted. SÍmÍlarty, a crossing from ríght Êo

left (Fig. 4.3(b)) means Ëhat K = NU(Ao,o) usually corresponds to Ëhe

root pair in the LHP and a stable limiË cycle, provided Ëhe other rooËs

of the system are Ín the LHP.

4.3.2 Soft, Spríng Nonlínearity

If Ëhe nonlinear sysËem has a soft spring nonlínearíËy then Keq(A)

and Nu(e,o) are usually monoËonic decreasíng with Nu(A,o) ( Keq(A).

trfhen the root locus crosses the inaginary axis from left to right (Fie.4.4(a))

the graphical Loeb's críterion predicts a stabl-e 1ímit cycle. Al-ternaË-

Ívely, if the rooË locus crosses frorn right to left (Fie. 4,4(b)) then

Loebts criËerÍon predicts an unsËable lirnit cycle.

In Ëerms of the IDF stabílity technique, Ëhe root locus crossíng

from left to right (Fíg. 4.4(a)) places Ëhe rooË pair ín Ëhe LHP at

K = NB(Aoro), and a stable limiË cycle is predícËed províded the other

roots stay in the LHP. A crossÍng from right to l-eft (Fíe. 4.4(b)) places

Ëhe root pair ín the RHP for K = NU(Aoro) and the predicËíon ís an

unstable linit cvc1e.

4.4 General Comparison of the IDF Stabílitv Technique and Loebrs
CriËerion

The hypothetícal DF oscíllation situations of Fígs. 4.3 and 4.4

show Loebrs criterion and the IDF sËabílíËy technique ín agreement.

However, in general these Ëwo st,abílity techniques are noË always Ín

agreement. Possibílitíes of díscrepancíes between Ëhem are dírectly

dependent upon the shape of the root locus, and hence are dependent upon

the form of the linear p1-anË L(s). Specífic forms of L(s) will bríng

to líght parËicular rooË locí Ëhat yield díscrepancy situations. .In

general, though, Ëhe reason for any discrepancy situat,ion may be
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demonstrated in the following way. Loebrs criteríon ís seen to consider

only Ëhe imagÍnary root paÍr at the oscillatíon conditíon and how this

paír of roots ís perËurbed for Èhe specific form of perturbatíon

assumed. The IDF stabílity Ëechnique, on Ëhe oËher handrproduces a

time-averaged approximate variatíonal equation, and in rooË locus form

indícat.es the approxímate characteristíc modes by all the root locations

and noË jusË the pair yÍelding the oscillatíon condi-tion. Furthermore,

a more general form of perturbation is assumed. The movement of roots

for K changing from the oscillation condition K = Keq(Ao) Ëo the IDF

stability condiËíon K = NB(Aoro) can be quite drastíc due to the

possíbly large difference between Keq(Ao) and NU(Ao,o). Essentíally

anything could happen to Ëhe locatíon of the roots, and Ëhe IDF stabílíty

would be affected accordingly. This is certainly more complicaËed than

Loebrs crj-Ëerion, whích predicts stability through loca1 perturbaËions

about Ëhe inaginary root pair.

Fig. 4.5 il-lusËrates the root, locus for a third order L(s). For a

sofË spring nonlínearíty Ëhere is a possibílíty of díscrepancy depending

upon Ëhe gain calÍ-bratíon of the root locus. Loebrs criterion predicts

a stable Iíniü cycle, but the IDF stabilÍty techníque would predicË an

unsËable límÍt cycle Íf the sítuation depícted Ín Fíg. 4.5 occurred.

DeËaíls of this and other discrepancíes in Ëhird order sysËems will be

dealt with in chapter 6.

4,5 The Quasi Linear RegÍon and LÍnear SysËems

The DF approxímation is ínherent ín both Loebfs criËerion and the

IDF sÈability technique. As a result, the most meaningful comparíson of

Ëhe two techníques would be one made under Ëhe condj-tion Ëhat the DF

predicted oscíl1-aËion is a close approximation t,o the actual oscíllaËion.
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:.-.:.:: ;t :.

Apart from good filËering properties of L(s), a good DF approxímation ís ' : : :.,

ensured when the nonlinear system is close to being linear (í.e. quasi

linear). Of course, Ëhe DF approxímaËe oscíllation approaches Ëhe actual

oscillation ín the limit as Ëhe nonlinear system approaches a l-ínear one.

For conËínuous hard and sof t spríng nonlínearit,ies the linear situation 1 ..;..i--:;..
l.:, -:-:r--,:r.,,.;ì,

is approached as Ao decreases to zero.

Let f(x) be such thaË the followíng Maclaurin series exists:

I . 2 -1.1 , , , //. ro\f(x) = f(o) +xf'(o) tx- f"(o) + (4.18) . .;

2t .:.'.:.:..:. :

Odd symnetry of f(x) inplj-es ËhaË 4.18 becomes

f(x) = *rl(o) + *3 fllt(o) * *5 rt(o) + --- . (4.Lg)
5:- 5:-

Then the DF, Keq(A), "t" f; 
expressed in serj-es form as

Keq(A) = 1 C fo sínefl(o)+ (l-s:tne)3 rfft(o) *
TIAJL T

o

(A:i*)s rv(o)+ I sínedê = fl(.) + n2rll!(o)* R4 tv(o)+ ---.
s:- ., B rø G.zo¡

t
Expansion of f'(x) in a Maclaurin series yields

rl (*) = rL(o) + *rlf-(o) + *2 r.ftt (o)* G.2L)
2i

or

rl(*) = tl(o) + x2 rfll(o) + *4 ft(o) + --- , (4.22)Try
since f(x) is odd symmetric. The IDFTNB(A'o), can then be símí1arly

expressed as ZÍ
N-(A.o)= 1 ç { rl (o)*(osíne)2ff ll (o)+(esine)4rt(o)+ --- ( deö- 2f'J. T -T- )

4 "Y'^ ' (4'23)
= ft(o) + 

^2 
rll-l(o) + A4 fvco) + --- .

464

The dífference then becomes

) rrt(o) - a4 tt(o) - -- , (4.24)Keq(A) - Ur(A,o) = - A-_f''-
896
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and liT^[Kee(A)-Nn(A,o) ] ,= o, so that Keq(o) = Nr(o,o).
A+o D

Now I r"q(e) - uu(Aro) | ""tt be considered as a measure of the

degree of nonlinearity of f(x). If and only if f(x) is odd symmeËric

and quasi linear will Ëhe dífference be small. From 4.24 Lt is seen that

I req(a) - NB(Aro) | irr"t"""es with A. This means that, as A íncreases,

the inpuË Ëo the nonlínearíty, A sin wË, makes larger excursions ínto the

nonlinear regíon of f(x). on Ëhe oËher hand, for A((1-, lreq(e) -
It

Nr(Aro) | tu A', and the difference between Keq(A) and Nu(A,o) is very

small. Thís ís the quasí linear regÍ-on of f(x) ín r¿hích Ëhe DF approxí-

matíon conËinuously improves, and Keq(A) approachesl NU(Aro), as A

decreases to zero.

A comparison of Loeb's criËeríon and the IDF stabílity technique ín

Ëhe quasi linear regíon of f(x) ís quíte revealing. The erïor due to

the DF approxÍ-mation ís virËually suppressed, and any differences between

the Ëhro techniques become more evídent. In Ëerms of the rooË locus, Ëhe

roots of the linear system of Fíg. 3.1-3 move very 1-ittle durÍng the gain

change from K = Keq(Ao) to K = NU({"o) sínce the gains are almost equal.

Loebrs crÍterion and the IDF stabilíty teehníque are then essenÈíally

equívalent in Ëerms of the contribution Ëhat the imaginary root pair

producing the oscillation condítíon makes to the stabilíty of the system.

However, the sítuaËion of an unsËable DF system is c1eæJ-y a case where

Ëhe two techniques can differ., At the gaín value K = NU(Aoro) the un-

sÈable rooÈs of the DF system will have moved very little and the IDF

system will also be unstable. Loebrs críterion Í-gnores these unsËabl-e

roots enËírely and just consíders Ëhe irnaginary rooË pair and hot¿ it

moves for small perturbations. Fig. 4.6 íllusËraËes the siËuatíon where

Ëhe DF sysÈem is unstable; the IDF stabilíty technique predicËs an un-
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stable lírnit cycle, but Loeb's críterÍon predÍcts a stable limit cycle

for a sofÈ spríng nonlíneariËy. Keq(Ao) and Nu(Aoro) are shown close

ËogeËher in order to represenË the quasi 1Ínear sítuaËion.

Loebrs críterÍon becomes suspect in this type of situation because

of linear sysËem considerations. If a 1ínear system is consÍdered as a

specíal case of Ëhe general- nonlinear system then DF analysís applíed Ëo

it becomes an exact procedure. A linear system impl-ies that f(x) = sx

wíÈh Keq = NB = ". It would be expected thaË Loebrs criterion and the

IDF sËabÍlity techníque are exact for a l-inear system since Ëhey are

based on equivalenË l-ineaxj-zatí.or^ of the general- nonlinear system. In

Í.act, for a linear system Ëhe IDF sysËem is exactl-y the variational

system - a constanË coefficient linear system as in FÍg. 3.13 with K = c.

The root locus for K = c then indícates Ëhe imagínary root paír corres-

ponding to Ëhe lÍnear oscil-1aËj-on. If all other rooËs are ín the LHP

Ëhen a neutrally stable, conservaËÍve oscillatíon is predicËed by the IDF

sËabíl-iËy technique, while Íf unstable roots exisË, as well, at K = c

then an unstable oscil-laËion ís predícted - these are equivalent Ëo the

varíaËionaI equation predicËíons. However, Loebrs criterion prediits a

neuËrally stable, conservatíve oscil-laËion no matËer where the oËher

rooËs are located. It is clear, in this sítuation, ÈhaË Loebrs críterion

is incorrect when unstable modes are present and, since it ís incorrecË

for a linear system when Ëhe DF system is unstable, it is doubted whether

iË shoul-d be appl-ied in nonl-inear systems under Ëhe same condiËíon.

Recall that graphical- stabílity criËería recogníze the existence of

unsÈable modes aË the oscillation condition. In facË, applicatíon of

these to a 1ínear system is equívalent to use of the IDF stability

technique. Hornrever, ín nonlinear systems Ëhis equÍvalence no 1-onger holds'
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since the DF system uses K = Keq whil-e the IDF system uses K = NB. In

light of the knovm relatíonshíp of the IDF system to Ëhe varíational

system, use of the DF system to determine sËabi1-ity has really no

theoretical basis. This síËuation of an unstable DF system is treated

ín detail for thírd order systems in Chapter 6.
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Fig. 4.L HARD SPRING AND SOFT SPRING NONLINEARITIES

f (x) = *3

Fig. 4.2 EXAI"IPLES OF NONLINEARITIES

SPRING

(a) ideal relay

f (x)=xl x 
I

(b) odd squâre (c) cubíc

=Keq (Ao)

STASLE LIMIT CYCLE

K=NU (Ao, o)

K=Keq (Ao)

STASLE LIMIT

Fíg. 4.3 STASILITY TECHNIQUES FOR HARD SPRING NONLINEARITY
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=Keq (A

STABLE
(Ao, o)

Keq (Ao)

K=NU (Ao, o)

Fig. 4.4 STABILITY TECHNIQUES FOR SOFT SPRING NONLINEARITY

Fig. 4.5 EXAMPLE DISCREPANCY SITUATION

J \^I

Fig. 4.6 IJNSTABLE DF LINEARIAED SYSTEM SITUATION



CIIAPTER 5

STA3ILITY OF OSCILLATIONS IN SECOND ORDER SYSTEMS

Second order nonlinear systems are the lowest order systems for

whÍch auËonomous oscillations can occur. A nr¡mber of theoretícal results

are available for them, and these resulËs can be used Ëo study the

accuracy of the DF urethod and approximate stabílity Ëechniques. Because

of the low order, second order systems are easy to work TriËh in terms of
:

obtainíng analyËical expressions for the DF method and associated

stability techniques. The IDF sËability technigue and Loebrs críterion

r may then be compared analytícally, and any discrepancies may be sËudied

in deËail.

5.1 FloqueË Theory and Tíme Averagíng

Consider Êhe general second order nonlinear system of Fíg.5.1 with

f(x) a static, síngle-valued, odd symmetríc nonlíneariËy and

L(s) = 91" * eo (5.1)

s-lprs*po

Let x(t) = x*'(t) be a períodíc solutíon of the system wiËh period T;

then Ëhe variaËional sysËem for perturbatíons about x*(t) is given in

Fíg. 5.2. The correspondíng variational equation becomes

e1-r'l.(.)* {e1+e1etx*(t) I J è(t)+ {no+aoe[x*(t) ]+clc[x*(t) I J e(t)= o,
(5.2)

where g[x*(t)1: {af(")/¿"} | *=*o . Floquet theory applied to 5.2 wíLL

yíeld Ëhe two characËerísËic exponents of the variaËíonal equatíon.

There exi-st complex consËants \r, À, such that 5.2 lnas the two línearly

índependent (characterÍsËíc) soluËíons,

er(r)=P.(r)eltt, í=!,2 (5.3)
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ï^ríËh Ëhe P, períodic of period T. Now **(t) is a periodÍc solutíon of

Ëhe variatíonal equation so that one soluËion, say er(t), Ís :î*(t) =

,. \ IrtPl(t)e "'- wiËh Pr(t) = )i*(t) and À1 = o. The second soluËíon, er(t),

may be found through Ëhe form er(t) = a(t)er(t), where a (t) ís a Ëime-

varyÍ-ng coeffícient Ëo be deËermined. Appendix I shows the detailed

calculations ËhaË vield
T

rflC't¡-?À2= -tnt*ot'Ë \ et"*(t)latJ = -tnr*'lãÏtF(ÐrÌ' (s'4)
o

A stable (unstable) limít cycle then exísts if and only if

I- l\z = Pl+ qlslx*(t)l >o ((o). (5.5)

Also, a conservative oscíllation exísts if and only if

- À2 = nr+ eret*o(t)1 Eo. (s.6)

In Chapter 3 it is demonstrated that the IDF stability approach

Ínvolves a tÍme averagíng of the varíatíonal system. For second order

systems, stability of the varíational system and iËs Ëime-averaged

counterpart can be readily compared. The tíme-averaged varíational

system Ís shown in Fig. 5.3 and the corresponding differential- equatíon

r¿ith constant coeffícíents becomes

ë(t)+ {nr+a.et*o(t)1 } uCr>* {no+eoeT*61 J.(t) = o. (s.7)

Analysis of the roots of the characterisËíc equatíon,

1 ¡ 

-) 

r 

-1

s- +{nr+erslx*lJ s +{no+eos[x*lJ = o, (s .8)

yields the condíËíons

no+ coETlãÏ >, o (s.e)

and

Pr+ qrg[x*] (s.10)
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for stability. Thís situation would correspond Ëo the Ëíme-averaged

variational system predicËíng a stable linit cyc1e. NoÈe thatrsínce

Ëime averaging in general elíminaËes the oscíllatory soluËion **(t) from

5.7rLhe conditíon that one root of 5.8 be zero is not required for a stable

linít cycle. Now condiËíons 5.9 and

pt+et glx*l =o (5.11)

correspond Ëo a conservative oscíllation, while

' clx*l(o (5.L2)Po*9o

or
.,, .t,; . 

t.' 
. 

;.t . ,

pr+eret"ol(o (5.13)

correspondsËo an unstable limít cycle.

A comparíson of the stabíl-íty of Ëhe variational sysËem and its

Ëíme-averagedcounterparËindicatesthaËthetwowi11disagreeunderthe

condítions

pt+.tt glx*l 2to i po*eo g[x*] ( o. (5.14)

The actual stability situation (that of the variational equatíon)

is one of a stable linít cycle or conservaËíve oscillation exisËíng,

depending uporÌ whether 5.5 or 5.6 is saËísfíed. However, Ëhe t.ime- ., 't':ì'',:t,t.,ì'

..r::.t,,:,. :.1

averaged variaËíonal equaËion predicËs an unsËable linit cycle due to 
-::,.,,:,.,..,,,,

the extra condit,ion, po*go gþ*'l 4 o. Time averaging of a second order

varíaËíonal equaËion can, Ëherefore, 1-ead Ëo íncorrect stability results.

5. 2. Approxímate SËability Techniques "'.,',''.,.',

ApplicaËÍon of the DF method to a general second order system yíelds

Èhe DF condíËíons

pl +etKeq(Ao)=o (5.15)

and :
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*o' = po * go Keq(Ao) = po - eopl
q1

for the existence of Ëhe soluËíon *"pn(t) = Ao sin woL. Loebrs criËeríon,

in the analytical form of 3.391 3.40, and 3.4l'rinvolves calculatíon of
.1 ,7

the expression *g tnL(¡w).Uf, req(A) l(A .w ). A derÍvaËion, due to
I o' o-

I,üillens l2gl, relates this expression to one ínvolving the IDF, NU(A'o).

Thís derívat,íon is given in Appendíx II and shows that Loebfs criteríon

ís equivalent to Ëhe condíËion

Pt+qt Ns(Ao¡,o) ) o ((o)

for a stable (unstable) lírnit cycle and

pt+et *u(Ao,o) = o

f.or a conservatíve oscíllation.

If Ëhe expression ,,1r
Nu(Ao,o)=Ë )t'(lo 

sin
o

wot)dt = cG; "í" %Ð (s. t-e)

is used in the above condíLions then they become identical- to the actual-

sËabíl-íty conditíons of 5.5 and 5.6 wíth Ëhe acËual oscil-laËion, x*(t),

replåced by Ëhe DF approximaÉíon, *"pn(t) = Ao sin wot. A Floquet

analysís of the variaËional equaËion

Ëi ( t)+ { n1+crc lAosin wot 1 J è (t)+{no+eoe lAosín wot 1+qr$ lAosín wot 1] e (t)

= o. (5.20)

correspondíng to Ëhe DF approximaËe variatÍonal system of Fíg. 5.4,

yields stability éondítions 5.L7 and 5.18 under the assr:mptíon of one

periodic solutíon of 5.20. Loebts críterion, applÍed to second order

systems, ís Ëherefore equivalent Ëo a sËabÍlity sËudy of the DF approxí-

maËe variational system, and is thus an exacË stabílíty criËerion for

second order systems, apaîE from the DF approxÍmation.

(s.16)

(s .17)

(s.18)
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Recall thaË Ëhe IDF stabílíty techníque has a1-ready been related,

ín general, to the variaËíonal- equation. IDF stabÍlíty for second order

sysËems is equÍvalenË to a stabíliËy study of Ëhe Èíme-averaged DF

approxímate varÍatíonal- system of Fig. 5.5. IË is demonsËraËed ín

SecËíon 5.1 that Ëime averaging can be an approxímatíon, in general,

with respecÈ to stability of oscillaËions ín second order systems.

Thus it ís seen that the IDF stability techníque involves an approxímaËÍon

in additíori to the DF approximatíon, namely that of time averagíng, for

second order systems at 1east. Loebrs criteríon, ín these systems,

ínvolves only Ëhe DF approximatíon and is Ëherefore the better Ëechnlrque

to apply in such cases.

ConsÍderaËion of Ëhe characËerísËic equatíon'

t
s'+[pr+qrNs(Aoro)]s + [po*qoNu(Aoro)] = o, (5.2L)

of the Ëime-averaged (IDl') systern of Fig. 5.5 yÍelds

potgoNg(Ao,o)) o; p1+91_Ns(Ao,o)> o $.22)

for a stable 1inÍË cycle,

no*goNu(Aoro) l¡ o1 p'+9tNe(Aoro) = o $.23)

f.or a conservative oscÍllation, and

Po*9oNB(Ro,o) ( o $.24)

or

Pt+9tNs(Ao,o) ( o $.25)

for an unsËabl-e línít cycle. Comparíson of these sËabÍlÍËy conditions

wiËh Lhose of 5.17 and 5.1-8 for Loebrs criËeríon reveals a discrepancy

between the tr^ro stabílity techniques under the condÍËíons

po*eoNB(Ao,o)(o; pt+etNs(Ao,o))o. $.26)

When conditions 5.26 obtain, Loebrs críËeríon predÍcts a stable límit
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cycle or a conservatíve oscil-lation dependíng upon whether 5.17 or 5.18

holds. The IDF stabilíty technÍque, on the other hand, predícts an un-

stable limíË cycle. Thås discrepancy is due to Èhe tíme averaging

approxímatíon of the IDF sËabilíty technique; it only remains Ëo

ídenËify more closely second order síËuaËions ín which condítions 5.26

occur. Although Loebrs crÍterion should be correct ín these situatíons'

experimentation will reveal the extenL of the DF approximation when a

díscrepancy exists.

, 5.3 Detaíled Studv

ConservaËíve 
.second 

order systems are considered separaËely

because of Ëhe manv analyËical results available to deternine the actual

stabílitv siËuation. For non conservative second order sysËems, simul-

atÍon ís used Ëo deternine acËual stability since convenient analytical

ì results are not avaílable.

5.3.1 Conservatíve SvsÇems

The general second order system of Fig. 5.1 has a differential

equation gíven by

i(t)+{nr+crtf [xCtl ]J i(t)+{nox(t)+qor[x(t) ]J = o. ( s.27)

Second order nonlinear conservative systems have differential equatÍons

of the forn

ü(t)+Flx(t)l=o, (5.28)

so that the sysËem of Fíg. 5.1 Ís conservatíve 'f pl = 91 = o, and then

F(x): pox + eof(x). Since f(x) ís assumed odd symmetríc' F(x) will

also be odd symmetric. Condítions for exÍsËence of conservatíve

oscillations can be found by definíng a poËential energy' V(x), where
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v(x):
2=px-o

2

1..1
,dx =
x
\ r("
J
o

\F(x
o

+c 'o

x

,,uf.'n'
*l+qof(*1)l ¿*1

A graph of V(x) wíll indícate maxíma and minima, and conservative

oscillation trajectories can be construcËed in the phase plane. This

procedure is described in Minorsky t141.

Stabílity of conservative oscillations here is orbiËal stability,

and st,abílíty i.s.L. need noÈ hold. This ís reflecËed in the variational

equaËion through 5.6, which ís now p'+C'ã[F@T = o, and ímp1íes thaË

the variational equation has both characteristíc exponents wíth real

patt zeto - a doubly critical siËuaËion.

The DF condition for Èhe conservaËíve case becomes simply

(s.2e)

(s.30)*o' = po * 9o req(Ao) ) o,

and a continuum of oscíllationsrAo" sín wot, is predicted as long as 5.30

is saËisfied. The Loebrs críterion condíËion is that of 5.18,

pl_+gtNs(Aoro) = or indicatíng a conservaËíve oscíl1-ation. Loebrs criterÍon

ís Ëhen ín agreement r^riËh Ëhe actual situation, assumíng the DF method

approximates an oscillatíon thaË actually exists.

The díscrepancy sítuatíonr 5.26, require" potgoNB(Aoro)(o ín order

that the IDF stabilíty technique predíct an unstable 1íurÍË cycle when the

actual sítuation is a conservative oscillation. CondíËíons are now found

so ÈhaË pot goNg(Aoro) ( o but a conservatj-ve oscíllation exisËs and is

predícted by the DF method. In such cases Loebrs críterion is correct

while the IDF stabil-ity techníque ís incorrect. Various possibíliËies,

in terms of the properties of L(s), are as follows:

i) Po ), o, 9o7 o

L(s) is a stable, minímum phase transfer funcËion. The linear
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sysËem for applÍcaËíon of the root locus method when using the stability

Ëechnigues ís shown in Fíg. 5.6, and the correspondi-ng root locus is

given ín Fíg. 5.7. The DF condítion, ,o'= po * goKeq(Ao)) o, is

saËísfÍed for Keq(Ao)>o, and Loebrs críteríon and the IDF stabilíty

techníque are seen to be equivalent ín predicting a conservatíve

oscí11atíon, since po * go NS(Aoro) ) o. The Ëheory of eonservat,ive

oscillations ín second order systems verífies that such oscÍl-lations do

exist at all amplitudes.

ií) po(o, eo) o

L(s) Ís noI^I an unsËable, mínimun phase Ëransfer funcËíon and the

rooË locus for Èhe corresponding linear system ís given in Fíg. 5.8. The

DF meËhod predicËs an oscillation as long as

req(Ao) ) - eo/1,o. (s.31)

Loebrs críterion and Ëhe IDF stabÍlÍty technÍque will then be in dis-

agreement íf and only if

NB(Ao,o) ( - po/9o ( r.q(Ao). (s.32>

In order that 5,3.2 obtaíns, f (x) must be a sofË sprÍng nonlinearíty so

that Nu(Ao,o) (r.q(Ao) .

The DF condítj-on for existence of an oscill-ation is potqoKeq(Ao)) o,

but the exacÈ exist,ence condiËíon can be found by empl-oying conservatíve
.._(- 1..1-system Ëheory. Recall- that F(x) = po* * qof (x) and V(x) : ) f (x*)dx- -

typical plots of F(x) and the corresponding V(x) are shown iÍ rig. 5.11.

Phase plane analysís of Fíg. 5.11 indícates ËhaË conservative oscillaËions

will exisË provide¿ po * Oo rl(o)>o. Oscíl-laËions of anpl-itudes in Ëhe

range o ( e ( oo^_ then exist, where
CR

p^A_ +q_f(A^ )=o,- o ocR -o ocn
(s.33)
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or

f (A ) = - p' ocR 'o
Aqo

ocR

The exact condítion for exist.ence of a conservative oscíl1-ation of

amplítude A is then-o

poAo*cof(Ao))o,

or

(s.34)

(s.3s)

(s.36)

(s.37)

f (A ) - n-'--o' \ rrt
Aco'o

while the DF exístence condítíon ís

Keq(Ao)) -po .

CI-o

The exact frequency of the oscillatíon of amplítude Ao ís shown ín Gel-b

and Vander Velde [6, p.L64l to be

(s.38)

In Appendix III it is proved Ëhat NU(A,o)-( f ç¿,).( Keq(A) for soft
A

spring nonlínearities. Then the condítion for acËual exísËence of a

coriservatíve oscillaËion of ampliÈude Ao, predicËed by Ëhe DF method,

TifÍth 5. 32 holding is

N¡(Ao,o)<- po<f(Ao) (r.q(Ao). (s.39)

-

qA-oo

If the ídeal relay nonlínearity, f(x) = M sgn(x), Ís used, for example,

then 5.39 becomes

2M ( -pr.ì / M / 4M (5.40)
nA\u'\A\m-oqoo -o
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For definiteness

3<
The DF frequency

let Ao = 1r M - 3Tl /2,

Po ( 3Tr /2 = 4.7L 1 ø.

predíctíon is now

then 5.40 becomes9o = 1'

\¡7
oDF

while the exacË

T¡T

expressíon is calculated as

aJ -p" ll
frequency

(s.41-)

(s.42)

(s.43)

oexact arc tt2-zl=ovt p olgo-to2 (v o/lo)2
(M+Aopo/qo) z{

TT

cosh

2--=-
arc cosn 

{
22.2L-9.42 p - p

l(4.7t+p 
Jz

sysËems (AppendÍxon-offfrom analysis of

Table 5.1

-3. 0

-3.5
-4.0
-4.5
-4.6
-4.7L

IV) rather Ëhan

Calculations

from 5. 38.

for

l^7 = !ú¡oo
po

exacË
7" Ertor

6.57"

7 .67.

9.57"

LL.L"Á

L6.0%

27 .27.

.A .andthe'o
exact

3)z po)7 - +.tt.

frequency errors

that Éhe actual

whÍch divides the

Table 5.1- shows calculatÍons of w rI^r .AoDF- o"*"ct oDF

correspondíng percentage errors for po ín the range -

It is seen from Table 5.1 that both amplítude and

increase "" po decreases. The value po =-4.71 inplies

oscillatíon corresponds to the separatrix in Fig. 5.11

=m=JT4

litude and
Case íi) Exarnple S

Error

L.732

1.581

t.4L4
L.225

1. 183

1.136

L.625

L.44L

L.2L5

0. 950

o.756

0. 000

6.67"

9.77.

L6.47"

29.O7"

s6.si¿

oo

1.065

L.076

1.095

1. 110

1. l-60

L.272

1.0

1.0

1.0

1.0

1.0

1.0
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phase plane ínto a region Ín whích oscillatíons exisË and one in vrhich

they do not. The separatríx moËion has an ínfinite period and hence

rir_ = o. However, the DF method still predicts an oscill-atíon of non-
oexact

zero f.requency for this value o¡ po, and the

as Ëhis separaËríx conditíon is approached.

region in which the IDF sËabilíÈy Ëechnique

which Ëhe DF approxímatíon ís decreasing ín

iíí) po)t o, 9o( o

L(s) ís a stable nonmínímum phase Èransfer funcËion, and the root

locus for the corresponding lÍnear system ís shown Ín Fig.5.9. The DF

method predicËs an oscillatíon as 1-ong as

Keq (Ao) $.44)

Loebrs criterion and Ëhe IDF stabilíty technique wíll then be Ín disagree-

menË íf and only if

Keq(Ao) 1-no/lo(Nu(Ao,o) (5.45)

In order that 5.45 obtains, f(x) nust be a hard spring nonlinearÍËy so

that Keq(Ao) ( uu(Ao,o) .

The exact existence condi-tíon can be found by employing conservative

system theory, as done previously. The plots of F(x) ' V(x), and the phase

plane trajecÊoríes shown ín Fig. 5.1-1 still apply, and phase plane

analysís yields poAo* qof(Ao)) o as the exact condÍtion for exístence of

an oscillaËion of arnplítude Ao. Thís condit,Íon can be rewrítten as

frequency error increases

Thus, for this example, the

is incorrect j-s a region ín

accuïacy.

f(Ao) ( - noleo
A

o

(s .46)

oscillation of amplitude Ao is given ín 5.38.

proved that Keq(A) < f(A) ( N*(A,o) for hard-A

The exact frequency

In Appendix III

of the

ít ís
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spring nonlínearities. The condiËion for

oscíllation of amplitude Ao, predícËed by

holdÍng is

existence of a

Ëhe DF meËhod,

conservative

with 5.45

Keq(Ao)( f(Ao) (
A

o

If Ëhe cubíc nonlinearity, f(x)

becomes

. r,o2("

-Po

c *3, is used,

-D / 3 cA'o \ ; ---o
z

qo

5.48 becomes

(s.47)

for example, then 5.47

(s .48)

(5 .4e)

(s. s0)

q-o

=

3
7

oo' (

I,üíth A
o

The DF

= 1, c = L6/3, go = -1,

4<5.33<po( B

frequency predictíon ís Ëhen

\,v
oDF

while Ëhe exact

exact ,JT
nfpF

EilN J , (5.51)
TT

1-

J
o

*/ t 
-lw;t(r-*2) tL - 4J

@
where K(') ís the compleËe ellíptÍc normal integral.

Table 5.2 shows calculations of w^ , w^ , A^ , A^ , and
"DF "exact "IF "exact

the corresponding percentage errors for po ín the range B)t Po)r 5.SZ.

Both arnpliËude and frequency errors increase as Po decreases. The value

po = 5.33 corresponds to the separaÈríx motíon and hence w = o.oexact

This ís Ëhe identical trend to that of the case ii) example, namely, a

worsening of the DF approximatÍon as the separaËrix mot,ion is approached.

=m=F
frequency expression ís calculaËed from 5.38 as
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Tab1e 5.2

po
A =f

o

l¡I
I¡I=Oo exacE

h7
oDF

ï^7oexacË % Errox ll
oDF

A
oexacË 7" Ertot

8.0

7.0

6.5

6.0

5.5

5.4
5.33

2.000

L.732

1.581

L.4L4

L.225

1. 183

1.153

L.957

L.666

1.485

L.270

0.933

0. 800

0. 000

2.20%

3.967"

6.467"

LL.357.

3L.307"

47.887"

oo

L.022

L,027

l_.036

t_. 055

1.07s

1. 090

l-. 155

1.0

1.0

1.0

1.0

1_.0

1.0

l-.0

2.27"

2.7%

3.61¿

5.5%

7 .57"

9.Oi¿

LL.61¿

ív) po(o, eo( o

L(s) is an unstable, nonrninimun phase Ëransfer funcLíon, and the

root locus for the linear system is given ín Fig. 5.10. The DF method

predícËs that no oscillations are possible, and Ëhís is verifíed by

analyËical theory of conservaËive systems.

5.3.2 Non Conservative Systems

For p, *o, TL*o , exisËing oscí11aËíons wí11- be in the form of

stable or unstable lírnít cycles. The Routh-Hurwitz ctLterion and root

l-ocus method can be used to discover poss'lble díscrepancy situations ín

whích condítions 5.26 are satisfÍed (Loebrs criterion predícËs a stable

l-imiÈ cycle while the IDF stabilíty Ëechníque predicts an unstable

limit cycle). InvesËigaËions have produeed Ër,¡o system configuratíons ín

which condiËions 5.26 hold wíth a DF oscí11ation predícËed (í.e. 5.15 and

5.16 are also satisfied). These t\^/o system confígurations can be

classified accordíng to the shape of the rooË locus of the corresponding

linear system.
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System Configuration I

Fíg.5.12 shows Ëhe rooË l-ocus for thís fírst syst,em confíguration

in which a díscrepancy beËween Loeb-rs criterion and the IDF sËability

techníque can exíst. In Ëerms of pol-es and zeros, L(s) is expressed as

L(s) = -(s-zr) = -s*2, , (5.52)
("-prl) ("-prl) 

"2-{nrl+nrt)"*nrtnrt

which, by idenËifÍcatíon, gives
11 'r1 :

91 = -l((o)i 9o = zr(>o)i p1= -(nr-+nrt)(>o); po=p1-pr*((o). :,'. 1

(5 ' 5 3) 
,:',, ,, 

: 
,: 

r.

L(s) is an unstabler'nonnÍnimum phase transfer funetíon, and the system ':..""::':

has, essentÍally, posíËíve feedback instead of the usual negaËive feed-

back. The DF conditions 5.15 and 5.1-6 become

11Keq(Ao)=-(nr-+pr-¡ (5.54)

and

211 IL11wo-= pr-pr** zrKea(Ao) = pt-pz- - zr(nr*+nz')> o; (5.55)

the díscrepancy conditions of 5.26 become

1l_11p1*nr*+ 
"tNn(Ao,o) 

( o and -(nr-+er-¡- Nu(Ao,o)) o, (5.56)

:.,'lt,;,;,,, ,',,,

or

*u(oo,o)( - eylvrL/r, and Nu(Ao,o)( -{nrl*n11¡. (s. s7)

Since Ng(Ao,o)(req(4.) is necessary in order to satísfy 5.57, f(x) must

be a soft spring nonlínearÍty. If f(x) = M sgn(x), M =Tf/2,
L,L -4, P2 = 2, t]nen DF conditions 5 -54 and 5.55 become

req(Ao) =2/A.o=2 (5.58)

yielding Ao = 1, and

*o'=-8*2zr' (s. se)
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Also, discrepancy condiËions 5.57 become

1 =1(g and I =L12. (5.60)
Az-Aolo

The DF method predicËs an oscillation of amplítude Ao= 1 and a discrepancy

exists between Loebts criteríon and the IDF stabílity techníque if and

onlv íf 412. 18.-I

Símilarly, for Ëhe case M =TT , pl-l - -6', nr'= 2, tine DF condíËions

become

Keq(A)=4/A, =\ (5.61)
o

yieldíng Ao= 1, and

2\^r =-L2*42.. (5.62)
OI

Discrepancy conditions 5.57 become

Z =Z<L2and 2 =214, (5.63)
Az.AoIO

so that the DF meËhod predícts an oscíllation of amplítude Ao = 1 and a

díscrepancy exÍsts between Loebrs críËerion and the IDF stabilíty

Ëechnique if and only if 3 1 2., ( 6.

Table 5.3 exhibÍËs values of w^ ' r¡I^ ' A^ , A^ , and Èhe i:'::':''::::
oDF- oexacË oDF oexact

correspondÍng percenËage errors for various val-ues of zrin each of the "" "''"-

tr,üo examples defíned above. The exact amplitude and frequency \ilere

measured in experimental símulations of the systems on an EAI 58Ó analog
;: .., .: .::.¡;

computer.

An interest,íng observatíon from Lhe resulËs of experimental- símulatíons

is thaË, in both systems, limit cycles become nonexistent before Ëhe

discrepancy regions of z, are reached. For the first system (M =TT/.2rPr1=-4¡,
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Table 5.3 Anpl-itude and Frequency Calculations for System
Configuratíon I Examples

M =Tl /2, p1l = - 4, pzL= 2, 4<2118 for discrepancy

10. 0

9.5

9.0

8.5

8.02

8.0

7.5

7.0

6.5

6.02

M =]T , pl '= -6, pl = 2, 3(rt16 for díscrepaney

% Ertor

7" Error

25.87.

26.87.

28.47"

30.77.

36.3%

25.8%

27 .07.

28.67"

3L.0i¿

36.32

no limit cycl-es exist tor zr1g.0Z, Ëhe díscrepancy regíon being

+ 1 zrl a. For the second systemroscíllations are non exístent for

zr( 6.02 with the díscrepancy regíon 3 ( zrl 6. Pereentage errors ín

arnplítude and frequency are large in both cases, and íncrease as Ëhe

limÍts (zt 8.02 and ,L = 6.02 respectívely) are approached from above.

The l-íurits of existence corresporrd to the oscillatÍons approaching a

separaËrix moËion ín the phase plane. This is evidenced in Tabl-e 5.3 by

ro approaching zero as zL approaches the exisÈence línít. Observ-
exacE

atÍons of the oscillaËions as Ëhe l-ímits r¡rere approached indicated that

the waveforn rÁras approaching a square r¡rave. Large DF approxímation errors

are quíte J-ikel-y for such a waveform. Fig. 5.14a) shows a phase plane

p1oË of the separaËrix and Fig. 5.14b) the waveform for "L = 8.02 in the

3.46

3.32

3.L6

3.00

2.84

2.42

2.24

L.96

L.65

.90

43.07.

48.27"

6L.37"

BL.87"

zl,s.67"

1.0

1.0

1.0

1.0

1.0

1. 348

L.366

L.396

L.443

1.570

% Ertot

3.L4

2.80

2.42

r.96
.90

42.4Á

5L.5%

65.4"/"

90.87"

285.6"/"

1.0

1.0

1.0

1.0

1.0

4.47

4.24

4. 00

3.7 4

3.47

L.347

1. 370

1. 400

1. 450

L,570
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fírst example of System Configuration I.

System ConfiguratÍon II

In Fíg. 5.13 root loci are shown for the second system confígur-

ation in which the two stabilíty technigues can disagree. Fig. 5.13a)

shor¡s p1l and p2L ^" real roots in the RHP whíl-e Fig. 5.13b) shows

11p1* and p2- as complex conjugate root,s in the RHP. In terms of poles and

zetos, L(s) ís expressed as

L(s)= t-"L t-rL , (5.64)
1 1 2 , 1. 1, 1 1("-pr-) (s-pz-) s--(nr*+nr*)s+nr-12*

wíËh the identificatíon

e1=1( > o) ; 9o= -zr(( o) ; t1=- (nrl+n z\ ( <o) ; po=pltnrt{ro) .

(s .6s)

L(s) ís then an unstable, noruninimum phase Ëransfer funcËion. The DF

condiËions 5.15 and 5.16 become

Keq(Ao) - pl * pz (5.66)

and

211 11 11
ro' = pL-pz- - z, Keq(Ao) pt-pz- - zr(vr-+v, )7 o, (5.67)

and the discrepancy condÍtions of 5.26 are r.ow

1 I \ , 1 1.pL-pz- - ,lNs(Ao,o) (o and -(nt'+pr-) + Ns(Ao,o) ¡ o (5.68)

or

NB(Ao,o) > pllp zL/"r and Nr(Ao,o)) nrl+prl . (5.69)

Since NU(Ao,o)¡feq(Ao) is necessary in order that 5.69 hold, f(x) must

be a hard spring nonlinearíty. Let f(*) = M *3, M= 4.6L4, prL = 4,

1pr" = 6, then DF conditÍons 5.66 and 5.67 become

Keq(Ao) = i G.6L4) oo' = ,o (5.70)

yiel-ding Ao = 1.7, and
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2rrt = 24 - LO z.) o .o L'

Also, díscrepancy condíËions 5.69 become

20>24 and20>10.
,L

The DF Method predicts an oscillation of

crepancy exíst,s between Loebrs críËerion

if and only if L.2<zr1 Z.+.

Similarl-y, íf M = 8/3, pll = 4*i2,

conditions are

(2.667) oo' = 
'

(s.71)

(s.72)

amplitude Ao - 1.7 arld a dis-

and Èhe IDF stabil-Íty technique

1

Pr* = 4 - j2, then Ëhe DF

(s.73)

(s .7 4)

(s.7s)

2, and a

only íf

Keq(Ao) = 3
T

yielding Ao = 2, and

*o'=zo-8'zr)o'

Discrepancy condítions 5.69 become

L6> 20 and 16) I ',L

so Ëhat the DF meËhod predícËs an oscillatíon of arnplitude

díscrepancy exísts between Ëhe two stabÍlity techníques if

I.zs<zr(2.5.

[=
o

and

Table 5.4 shows values of *o__, to ., Ao^_, Ao ., and the
Ll_þ exacE L,r' exacE

corresponding percenËage errors for various values of. z, Ín each of Ëhe

tr^7o examples defíned above.

For each system oscíllations are observed ín the discrepancy region

of. zr. In the first sysËem (M = 4.6L4, prL = 4, p2L = 6) the 1ímiË of

exístence of oscillatíons is found to be ,L = L.625 while ín the second

sysËem it Ís found Ëo be zL = L,677 . In both systems ' percefitage eTrors

in ampl-itude and frequency increase as the limits are apProached from
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Amplítude and Frequency Calculations for System
Configuration II Examples

}{= 4.6L4, pll = 4, pZI = 6, !,2 ( zt< 2.4 for dÍscrepancy

1. 00

L.20

1. 30

L.40

1.50

1.60

L.625

l_.00

L.25

l_. 30

1. 40

l_.50

1. 60

L.677

M = 2,667, p, = 4+ j2, pzL = 4-j2,L.25 (zr{ 2.5

7" Ertox

2.8614

3.4L2

3,637"

3.967"

4.337"

5.037"

5.031l

for dis-
c an

1Á Error

2.927.

3.527"

3.7L7.

4.03"4

4.497"

4.90%

s.401¿

below. The ever increasing frequency errors, with wo approachíng
exacE

zeto, indicate that Ëhe limít cycl-es are approaching a separaËrix motion

as Ëhe li.mits are approached. Observation of Ëhe oscillat.Íons as these

limíËs are aËËained shows Ëhat the waveforms agaín resemble sguare ïraves

thus explaining the large DF frequency errors.

5.4 ConclusÍons

Loebts criterion, for second order sysËems, is shown to be equivalent

Ëo a stabilíty study of Ëhe DF approximate variat,ional- system of Fíg . 5.4

whí1e the IDF stability Ëechníque is shown to be equívalenË Ëo a stability

L.750

L.760

L.764

L.770

L.777

L.790

L.790

2.7 4

2.37

2.L7

l-.91

L,57

l_. 08

o.67

36.57.

46.0i4

53.07"

66.07.

9L.0i¿

L62,0i¿

3t5,O14

L.70

1. 70

L.70

L.70

1. 70

L.70

L.70

3.7 4

3.46

3.32

3.16

3. 00

2,83

2.78

2.060

2.073

2.077

2.084

2.094

2.L03

2.LL5

2.7 4

2.24

2.L7

L.96

L.70

L.34

0.66

26.3"/"

4L.07"

42,9%

5L.5%

66.57"

100.02

289.57.

2.00

2.OO

2.O0

2.OO

2.00

2.OO

2.00

3.46

3.L6

3. 10

2.97

2.83

2,68

2.57
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study of the Ëíme-averaged DF approximate variational- system of Fíg. 5.5.

Loebrs criterion then involves only the DF approximation, while the IDF

stability technique invol-ves the additÍonal approxímatíon of time

averaging. TheoreËically, then, Loebfs críÈerion should be Ëhe more

accurate stabílity technique Ëo apply Èo second order systems.

ApplÍcaËíon of the two sÈabílity techniques to specífíc forms of

second order system has produced situatíons in which Loebrs criËeríon

predicËs stabilíty while the IDF stability techníque predicËs instab-

ility. Ilor¿ever, ín both conservaËíve and non conservative systems

exhibiting thís discrepancy situaËíon, Ít is found thaË the díscrepancy

regíon ís a region Ín which Ëhe DF approxímatíon ís becomÍng progress-

ively r¡rorse, especially Ín íts frequency predíctíon, toor, 
"" 

too'

approaches zeto. In all exarnples consíderedrwo'F approaching zero in

Ëhe DF predicËed oscíllaËion corresponds to Ëhe acËual oscj-llation

approaching a separatríx motíon for which to.*".Ë ís zero. Ilowever,

every system sËudíed is such that, in Ëhe oscíll-atíon regíon close Ëo

the separatrix moËion, to"*".a( too,, - the separatrix moËion is reached

before to', r.r"hes zero. There is then always an interval- of wo',

values, o ( wo.( r,r*, ín whích DF predícËed oscill-ations do not correspond

to any exisÈing oscÍllatÍons. In the System eonfíguration I thís

sÍÈuat,íon is reached even before the discrepancy region of zt-ís enËered.

From the evidence of the exampl-es studied, íË may be concluded that

DF oscillations, wiËh to', 
"pptoaching 

zeto, correspond, in an aPprox-

imaËe way, to actual oscíl-laËions aPproachíng a separatríx motion.

Also, "" 
to', goes to zero it seems to be generally Ërue that DF errors,

especially those in frequency, increase drastically. From the rooË loci

of Figs. 5.8, 5.9, 5.LZ and 5.1-3 iË is evÍdent Ëhat wo', must be
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relaËively close to zeto ín order to have a discrepancy situaÈion

exísting. Thus dÍscrepancy regions seem to correspond Ëo regions of

larger DF error, and perhaps the IDF stabiliÈy technique índicates thís

with its insÈability predÍction. In fact, the DF approximaËíon can be

so poor in Ëhese discrepancy situaËions Ëhat an actual oscil-latíon does

noË even exíst,. AlËhough the IDF stabiLíty techníque ís seemíngly in

error in discrepancy situations, it could acËual-ly be inÈerpreted as

yíelding infornatíon about the accuracy of the DF predÍcted oscillaËions.
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f Ix(t) ]

Fig. 5.1 GENERAL SECOND ORDER NONLINEAR SYSTEM

Fig. 5.2 SECOND ORDER VARIATIONAL SYSTEM

Fíg. 5.3 TIME-AVERAGED SECOND ORDER VARIATIONAL SYSTEM

tl1"*9o
T-
s-*prs*po

dfl
E I x=xx

s2+prs+pofr@t= c@}

g (Aosinwot)

Fíg. 5.4 DF APPROXIMATE VARIATIONAL SYSTEM



s2+prs+po
Nu (Ao, o) =g (AosínwoË)

Fig. 5.5 TIME-AVERAGED DF APPROXIMATE VARIATIONAL SYSTEM

Fig. 5 .6 LINEAR SYSTEM FOR ROOT LOCUS - CONSERVATIVE CASE

Fíg. 5. I : P.( orgo)oFí9. 5.7 ROOT LOCUS: n¿o,e.) o

=-p/q'o -o

Fig. 5. 9 ROOT LOCUS : Po)zo, eo( o FÍg. 5.10 ROOT LOCUS : po(o,Qo(o
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x

) tc"
o

t) u*l

F(x)=p xtq-o -o

SEPARATRIX

Fig. 5.11 CONSERVATIVE SYSTEM ANALYSIS
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jw

d

Fig. 5.L2 RooT LOCUS FOR SYSTEM CONFIGURATION I

1. 1
L= Pr -Pz

d

f2= elLvrL /',

,L

{
-1rKr= pr-*pr-

1 1,
5.= p" p" lZt
'L 

L L I
71^ ù,, G-

a) \

v
zy

L

1p2

Fíg. 5.13 ROOT LOCI FOR SYSTEM CONFIGIIRATION II



CHAPTER 6

STABILITY OF OSCILLATIONS IN TTIIRD ORDER SYSTEMS

Third order nonlinear systems are of sufficÍently 1ow order to be

dealt wiÈh in detail, yielding analyÈical expressions for the DF method

and the approximate stabílity techniques. However, few theoretícal

results concerning stabiliËy of oscillations can be obtaÍned, and

símulatíon must always be used Ëo determine Ëhe actual stabil-íty

properËies.

6.L Floquet Theory and Time Averaging

Consider the general third orde.r nonlinear sysËem of Fig. 6.1 wíËh

f(x) a statíc, single-valued, odd syuunetric nonlínearíty and

L(s) = ersz + 91" t 9o (6.1)
t"s-tprs-*pl"*po

Let x(t) = x*(t) be a periodíc sol-uËion of the system wíth períod T.

Then the varíati-onal system of Fíg. 6.2 corresponds Ëo Ëhe varíational

equatíon

ËIt)+ {vr+trs [x*(r)t] aCtl+ 
{e1+ere [x*(t) ] + zqzà [xx(r)t]ectl

(-ì
+ {no+ooe [x*(t)] + qrå [x*(t)] + qrË[**(t)]J e(t) = o, (6.2)

wiËh g[x*(t)] =tf (x*) = tdf (x)/axl lx=x*. Kaplan [17, pp.474-476] shows

thaË the Ëhree characterísËic exponents \rr\r\, .ottesponding to Ëhe

three linearly índependent soluËions of 6.2, are relat,ed by Ëhe fo11-owing

equation: 
T

I r t 1? -

^1+^2+À3 

= - *({nr+ore [x*(r)l] at = - [nr*n (6.3)
t*'-

Since **(t) is a periodic sol-utíon of the variatíonal equatíon, one

characteristic exponeriË¡ sây À1, i" zero. A necessary (sufficient)
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condition for x*(t) to be a stable (unstable) linit eycle is lr+lr(O(>o),
or

Pz+ qze [x*(t)] >o ((o),

fron 6.3.

The tÍme-averaged third order varíaÈional system of

differentíal equation gíven by

(6.4)

Fíg. 6.3 has a

ä ( t ) +[n r+q, g t 

-* 
* ( t ) ] J u t r I + 

{ e r+e, gI 
" 

* 
< t X 

J 
a C . I

t T,*tno* eoglx*(t)lJ"(t) = o.

AnalysÍs of the roots of Ëhe correspondíng
?-2-

s"+lpr+qrg(x*)l s' + [nr+ers(x*)] s *

by the RouÈh-Hurwitz críteríon yields

Pz t ez ã-CÐ- > o

(6.s)

characterístic equation,

lno+eoã@l = o, rc.6)

as a necessary condition in order to have all Ëhree

of 6.6 in Ëhe LHP. AlËernatively,

(6.7)

characteristic roots

P2+ 9Z e(x*) (o (6.8)

is one of Èhe suffícient conditions in order to have at leasË one of Ëhe

characterísËíc rooËs of 6.6 Ín the RHP. The necessarv conditÍon of 6.7

for stability of Ëhe tíme-averaged variatíonal system ís then the same as

the necessary condition of 6.4 f.or sËability of the variational system.

SimÍlarly, the sufficíent condiËíon of 6.8 for ínstabÍlity of the time-

averaged variat,ional sysËem is idenËical Ëo the suffícient condíËion of

6.4 for an unsËable variaËíonal system. IË is rather unlíkely, however,

thaË the remaíníng Routh-Ilurwitz necessary and suffícíent conditions for

sËability or ínsËabílity of the time-averaged varíatíonal- sysËem wÍll

coincide wÍth those of the original variational system. Unfortunately,

the problem of determÍning necessary and suffícient conditíons for stable
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or unstable linít cycles in thírd order systems, usíng the variational

system, is too inËractable to be of any use.

If Ëhe DF approximaËe varíational- sysËem of Fig. 6.4 is consídered,

then a necessary condítion for asynrpËotic orbital stabilíty is

Pz+12æ%tT

and a suffícíent condíti-on for insËabiliËv is

P2 + 9Z c [Ao sin wotl

Analysís of the time-averaged DF approximate variational system of Fig.6.5

yields Ëhe same condiËion 6.9 as a rrecessary condition for all roots to

lie in Ëhe LHP, and 6.10 as-a suffícient condition for at, least one root

ín Ëhe RHP. A cornpleËe analysis using Ëhe Routh-Hurwitz críterion will

be presenËed in Ëhe nexË secÈJ-on, and yields necessary and sufficíent

conditions for stabilíty or instabílity.

6.2 ApproximaÈe SÈabilítv Techniques

The DF meËhod and approxÍmate stability techniques are applied to

Ëhree classes of thírd order systems: L(s) having i) no zeros, ií) one

zero, and íii) tr^ro zeros. For each class, both positive and negaËive

feedback situatíons are consídered. The linear system of Fig. 6.6 is

used Ëo apply Ëhe DF method and stability techniques by way of the

Routh-Ilurwitz criterion and root locus method

Ilüith L(s) in íts most general form, the characterÍsËic equaËion for

the línear system"of Fig. 6.6 ís

s3+(pr+qrr) s2 + (pr+qrr) " f potgoK = o,

for which the Routh array,

(6. n)
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3
S

2
s

1
S

Pl+ 9r-K

Pz+qzK

o
S

gives the DF condíËion,

p*qK-o -o

(tr+qrr¡ (er+lrr¡-(eo+eor¡ e

Pz + lzK

p *qK-o -o

2 p *q Keqw = 'oo ,o=r-- = pr+grKeq) o. (6.L4)
p2+q2Keq

, 6.2.L L(s) wíËh No Zeros

r If L(s) has no zeros then q, = e2 = o and, wíthout loss of generality,

I it can be assumed that I O. I = 1 sínce the gaín can be associated with K.

6.2.L.1 NegaËive Feedback

If q^ - 1 then the negatíve feedback siËuatíon occurs. A pole --o

zeto tepresentation of L(s) would be

L(s)=#=+
"" +p2 s-*prs f po (s-pf-) (s-pZ-) (s-pg*) , (6.15)

with the ídentíficaËions
111 11 11 11Po=-pl p2p3 iPl=PLPZ *Pl P3 *P2P3;

1 1 1.,Pz=- (nr-+Pz"+psl. (6.L6)

From 6.13 and 6.L4 t]ne DF condítíons are

Keq(Ao) =pLpz -po) o

*o2 = n1) o .

(nr+erKeq) (Vr+lrXeC) - (po+eoK.g) = o,

and, from Ëhe auxílíary equatíon, (Vr+lrKeq) s2+po+qoKeq = o,

o

o (6,L2)

(6.13)

(6.L7)

and

(6.18)
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The thírd root aË the DF conditions ís s, = - p2, and po * Keq(Ao) = p2*o2'

The Routh array (6.L2), with the DF condiËions substituËed and g1 = g, = or

go = 1, shows Ëhat the DF system is neutrally sËable if and only if the

Ëhírd root s3 = - pz1 o, í.e. pz) o. Thus a neuËrally stable DF system

exisËs if and onlv if

nrt*nrt*nrt ( o '
and an unstable DF syst,em exísts íf and only if

11
P2-+P3-)o' (6.20)

a sufficient conditíon for an unstable sysËem independant

K.

o, the necessary condition for a stable limiÈ cycle (6.4)

and the sufficient condition for an unstable limít cycle

Also, in the root locus method, the centre of Ëhe
111

= Pt- + pr- + pr- = - P2 , substÍtuted into 6.19 and
33

6.20, yields 6o1o for a neutrally srable DF system and $o ) o for an

unstable DF system. The rooË locí of Fig. 6.7 show, in terms of the

location of the poles of L(s), the varj.ous possible situations in which

the DF condíËions obtaín.

1Pl +

In facË, 6.20 is

of the value of

Sínce q, =

Ís simply 6.L9,

(6.4) is 6.20.

asympËotes, 6A

Applicatíon of Loebrs criterion resulËs in a predicËion

límit cycle if f(x) is sofr sprÍng (NB(Ao,o) ( Keq (Ao)) and

lirniË cycle if f(x) is hard spríng (NU(Ao,o) ) Keq(Ao). Thís

expressed as

PtPz-Po-NB(A;'o))o,

for a stable linit cycle, and

PtPz- Po - NB(eo,o) ( o

for an unstable lÍurit cycle (for details see Appendíx V).

(6.Le)

of a sËabl-e

an unsËable

can be

(6.2L)

(6.22)
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On the other hand, the IDF stability Ëechníque requires the

followÍng condítions to be satisfied in order to have a stable (unstable)

limit cvcle:

Pz)o ((o), (6.23)

PtPz'Po-Ns(Ao,o))o((o), (6.24)

ancr

po+NB(Ao,o)>o((o) (6.25)

For a stable liurít cycle all three stability conditíons musË be satísfied,

whereas for an unstable limit cycle only one of the three instabílity
' condítíons need be satisfied. A1so, 6.24 ís identícal to the Loeb

conditions of 6.21 and 6.22.

Now pr(o implíes Ëhat the DF system is unsËable, and thís is al-so

an exact sufficient condítíon for an unsËable limit cycle. Thus, in

this case, íf any oscillation exists with p, ( o Ít must be an unsËable

i 1ímit cycle. The IDF stabílíty technique ís in compleËe agreemenË wiËh

the theoreËical result ín Èhis sÍtuaËíon, whereas Loebrs crit,erion wílI

i stÍll predict a stable linit cycle (as 1-ong as f(x) is a soft spríng).

. 
this is then one possibility for a discrepancy between Loebts criterion

and the IDF stabilíty technique, and it is depicted in the root locus of

Fig. 6.7 c), where nrt * nrt * nrt ) o and NB(Ao,o) ( Keq(Ao).

AnoËher possible discrepancy occurs f.or Pr) o, so Ëhat Ëhe DF

sysËem is stil1 neutrally stable. If pZ) o and prp, - po - NB(Ao,o))o,

buË po + NB(Ao,o) < o, then the IDF sËability technique predicËs arl un-

sËable límít cycle while Loebrs criteríon predíets a stable 1ímÍË cycle.

This situatíon is depicted ín Ëhe root locus of Fig.6.7 d) if NB(Aoro)(- Po,

and ín Ëhe root locus of Fig. 6.7 c) 'f p2¡, o and Ng(Ao,o) < - po.

FÍgs. 6.7 a) and 6.7 b) show root, locus sÍËuaËions ín which the
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trÀro stabilíty Ëechni-ques agree Ëhat the limit cycle is sËable for f(x) a

soft spring and unstable for f(x) a hard spring.

6.2.L.2. Posítive Feedback

tt go = - | then a positive feedback situation occurs. L(s) can

be expressed as

L(s) =
-1 -1=ffi

s'*prs-fpl"*po ("-pf*) ("-pZ*) ("-p¡-)
(6.26)

wíth the sarne identificaËions as ín 6.16. The DF condiËíons are

Keq(Ao)=po-p1p2 (6.27)

and 6.18. The third rooË at the DF conditions ís still 
"3 = - p2r and

po - Keq(oo) = p2*o2. Also, 6.Lg and 6.20 sti1l apply¡ so Ëhat a

neuËrally stable DF system exists if and only if pr) o, and p2( o always

erìsures aË least one rooË in the RllP. The root loci of Fig. 6.8

índicate, in terms of pole locaËions, Ëhe varíous possible sÍtuations in

whích Ëhe DF conditions obËain.

Loebts criteríon wíll predíct a stable línít cycle if f(x) ís a

hard spring (Nn(Ao,o) ) Keq(Ao)), and an unsËable limít cycle Íf f(x) ís

a soft spring (NB(Aoro) ( req(A.)). This can be expressed as

PtPz - po + NB(Ao?o) ) o, (6.28)

f.or a sËable límit cycle, and

ptpz' po*Ns(Ao,o)(o (6.29)

for an unsËable limit cycle (detaíls in Appendíx V).

For a stable (unstable) límit cycle the IDF stability t,echníque

requires

pz) o((o), (6.30)

PtPz'Po*Nn(Ao,o))o((o), (6.31)

and
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po-NB(Ao,o))"((o) (6.32)

Again, all three stabilíty condítions are required for a stable límit

cycle, but only one of the three i-nstabilíty condítíons is required for

an unsËable límit cycle.

The condition p2 ( o is an exact sufficient condÍtion for an un-

sËable límít cycle, as well as beíng a suffícíent condition for rDF

sËabílity. rf any oscillatíon exÍsts wiËh p, ( o, then the rDF stabílity

technique is Ín agreement with Ëhe theoretical resul-Ë ËhaË Ëhe oscillation

is an unsËable límiË cycle. Loebrs críterion wil-l sËíl1 predict a stable

limiË ôycle as long as f(x) is a hard spring, and thís ís one possíbílity

for a díscrepancy between the two sËabílity techniques. This discrepancy

is depicted ín all four root loci of Fig. 6.8.

If pZ) o, so thaË the DF system Ís neutrally stable, then a dís-

crepancy is stíl1 possible. Let p1p2 - po * NB(Ao,o) > o, but

po - Nn(Ao'o) ( o; then the IDF stabÍlity technique predicts an unsËable

límit cycle while Loebfs críteríon predicËs a sËable limit cycle. This

situaËÍon is depicted in Ëhe root locus of Fig. 6.8 c) íf 6O1o and

Nu(Ao,o) > po.

The only possibílíty of Loebrs críËeríon and the IDF stability

techníque being in agreement for f(x) a harid spring nonlínearity occurs

in Ëhe root locus of Fig. 6.8 c), when dOl o and NS(Aoro) < po. Then

Ëhe Ër¿o stabilíty techniques agree Ëhat a stable línÍË cycle exísËs.

6.2,L.3 CommenËs

Two basically different díscrepancies are found for the case of L(s)

\^liËh no zeros. The first kínd of discrepancy Ís the situat,ion where Ëhe

DF sysËem is neutrally stabl-" (VZ) o), Loebrs criËerÍon predicts a

stable límiË cycle, but NU(Aoro) is such that a rooË of the linear
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system líes in the RHP. The IDF stability technique thus predícts an

unsËable liniË cycle. This situaÈion is very similar to the dís-

crepancies found ín second order rlonconservaËíve systems.

The second kind of discrepancy occurs when the DF system is un-

sËab1e (n, ( o) and, in facË, a rooÈ of the linear system always exists ' ',

'::::

in Ëhe RHP. A diserepancy exists when Loebrs críterion predicts a

sËable líníË cycle while the IDF stability technique ís, of course,

predicting an unsËable limiË cycle. The theoretical suffícíent condítion , 
,

..,4

for insËabilíÈy, p2 1 o, Ëhen indicaËes that the IDF stabíliÈy technique 
..i,

is correcË ín thís situaÈion. Thís second discrepancy possíbílity occurs

because a Ëhird root, noË presenË in second order systems, exísts, and

ís accounted for, in Ëhe IDF sËabil-ity techníque.

A relatíonship ís found beËween stability of oscíllations and the

rooË1ocusmethodapp1íedËoËhe1inearSystemofFig.6.6fortheno
111

zero case. The cenËre of asymptotes, 6n = Pt- + Pz- + P3- = - p2, 
"^oJJ

be used as a stabílity críterion - dA ( o is a necessary condíËÍon for

a stable límiË cycl-e while úl ) o is a suffícÍent, condiËíon for an un-

sËable limít cyc1e.

6.2.2 L(s) wíËh One Zero

If L(s) has one zero then q. = o. I¡üiËhouË loss of generaliËy it

can be assumed ËhaË | q.' | = t.| -Il

6.2,2.L Negative Feedback

I/Íith q1 = 1 the negaËive feedback situaËíon occurs. A pole-zero

representaËion of L(s) would be

-/\ s*9o "''LL\S,' =-;-=-- = -------i- (6.33)

"3*pr"2*p1"*po (s-p11) (s-p21) (s-p31)

with qo = - ,L and the pi given by 6.16. The DF condítions are noül
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and

i<eq(Ao)= po-p1p2 )o,
P2- 9o

*^2 = Po - Plqo

P2- 9o

(6.34)

(6. 3s)

The third root aË the DF condíËíons is stíll "3 = - pz, and po*{oKeq(Ao)
2

= p2to-. As ín the no zeto case, the DF system is neutrally stable if

and only '¡ p2) o and unsËable if and only if p21o. Also, Èhe 
.,

necessary condíËion of 6.4 f.or a stable limit cycle is agaín p2) o, and

.-:t--.,:-the sufficient condítion of. 6.4 for an unstable límit cycle ís p, ( o" :,,,',,''

The rooË 1ocí of Fig. 6.9 show some of the interestíng cases in which DF

oscí11ations are predícted.

Loebrs criterion, in analyËical form, becomes 
l

Gr-eo)Ns(Ro,o)*p*pz-po)o((o) (6.36) 
l

for a sËable (unstable) limÍt cycle (see Appendix v). The rDF stabilíty

Ëechníque predicËs a stable (unstable) limit cycle under the following

cond.iËíons:

P2)o ((o)' (6.37) 
,:,::_,.::(n2-to) Nu(Ao,o) + ptpz - po ) o( ( o), (6.38) Ì¡;¡:;i:

i,;',:: ' ; 'and

Po*9oNu(Ao,o))o((o). (6.39)

Again, all three sËability condíËíons are required for stabilíty, but

only one ínstability conditíon ís required for insËability.

If p2( o the IDF stabílíty Èechnique predicËs an unstable lÍrnit

cycle, whích Ís in agreement wíth the theoreËÍcal result. Loebrs

crit,erion sËill predícts a stable limit cycle as long'as the stabilíty

condítíon oÍ. 6,36 holds. Thís discrepancy is depícted ín the root locÍ

of Figs. 6.9 a), b), and c) íf po * qoK.q(Ao) ( o, and ín Fig. 6.9 d).
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If pZ ) o, a díscrepancy sti1l exists when sËability conditíon 6.36

and instability condition 6.39 are satísfíed. Loebrs criterÍon predícËs'

a stable limit cycle whíle the IDF stabílíËy Ëechnique predicËs an un-

sËable limíË cycle. This discrepancy exists in the rooË loci of

Fígs. 6.9 a), b), and c) when po * qo Keq(Ao) > o and po * go NS(Ao,o)(o.

6.2.2,2 Posítíve Feedback

If ql = - f the posiËive feedback situaËion occurs. L(s) is

expressed as

L(s)= -"*9o 
=

-(s - zr) (6.40)

"3*pr"2*p1"*po (s-p11) (s-p21) (s-p31)

with qo= z, and Ëhe p. given by 6.16. The DF conditíons are

Keq(Ao)= ltpZ-po
Pz* 1o

(6.41)

an(r

2 p +D" q
I¡7 = -O -I'O \o --:--- / o. (6.+Z)

P2* 1o

The third rooÈ at the DF condítions is s, = - p2, and po * eoKeq(Ao) =

2
= pz*o-. Also, p, ¡ o remains a necessary condition for a stable límít

cycle with p, ( o " sufficíent conditíon for an qnstable lirniË cycle.

The rooË locí of Fig. 6.10 indicate some of the possíbilítíes in r¿hich

DF oscillaËions are predícËed.

Loebrs criteríon, in the analyËícal form (Appendix V), is now

-(er+eo)Ns(Ao,o)+ptp2-po)o((o) (6.43)

for a stable (unstable) líurit cycle. For a sÈable (unstable) límíË

cycl-e the IDF stability Ëechnique requÍres

(6 .44)Pz)o((o)

- bz + qo) NB(Ao,o) t ptpz- po ) o ( ( o), (6.45)
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anct

po*9oNB(Ao,o))o((o), (6.46)

with any one of the inst,ability condÍtions sufficient for an unstable

liurit cycle, buË all three stabílity condítions needed for a stable líurit

cycle.

Agaín, pZ ( o ímplies an unstable líníË cycle according to the IDF

sËabílity ËechnÍque, and Ëhis j-s in agreement \¡riËh Ëhe theoretícaI

result. Loebts críËerion will predíct a stable liurít cycle as l-ong as

stability condítíon 6.43 is satisfied. This discrepancy is shown ín the

root locí of Figs. 6.10 a), b), and c). tf p2) o, a dÍscrepancy will

still exist when sËabiliËy condj-tj-on 6.43 and instability condition 6.46

are saËisfied - Loebrs criËerion then predicts a stable limit eycle

while the IDF stabiliËy technique predicËs an unstable liurit cyc1e.

This dÍscrepancy will exist in the root locus of Fig. 6.10 d) if

NB(Ao,o) ( - po/eo.

6.2.2.3 Comment,s

The two different kínds of discrepancy found in Ëhe no zero case

are also found ín the one zero case. In fact, most result.s for this

case are very símílar to those for the rLo zero case, includíng Ëhe root

loci for DF oscillaËion siËuations. As ín the no zero case, the DF

system ís neutrally sËable if and only íf p2¡ o and unstable if and

only if p2 1 o. Also, p2 1 o remaíns a theoretical sufficíent condítion

for instabilíty, and this result is ín agreement, wiËh Ëhe IDF stabílíty

technique prediction of an unstable limit cycle when p, ( o.

6.2.3. L(s) with T\¿o Zeros

If L(s) has Ëwo zeros then q, f o and, without loss of general-íty,

it can be assume - | |dthaË lqzl =f.



6.2.3.1 Negative Feedback

I/,Iith q2 = 1 Ëhe negative feedback síËuaËíon occurs and L(s) can be

writËen as

B9

L(s)= s2+ql"*9o
32s-*prs-*pl_"*po

with q, = - @L + z2), go= zrz, and

condiËíons of 6.13 and 6.14 become

= (s-zr) (s-zr)

(s-p11) ("-pr1) ("-p11)

the p. given ín 6.16. The

- (prpr-po)
q1

(6.47)

(6.48)

DF

Keel,2 = ' (pr-q.+qrpr)
2st

(e1-co+erpr¡ 2

_TT_
with

4qL

Írnplying a unique

(or-co + c'LP)' - (rrt2 - po) pl -q.o+q1P2
(6 .4e)

2qt

) o. (6.s0)

"3 = - @r+ Keq), and

)q1

Keq(Ao) ) o, and

w2=p*qKeqo 'o 'o
e, + K"q

= pt + et Keq(Ao)

The third root at the DF conditions ís now

po * eo Keq = (e, + feq¡ (n, + {1 Keq).

The exacÈ necessary (suffícíent) condiËion of 6.4 for a sËable

(unstabl-e) limíË cycl-e is now pZ + ãix@l > o ( ( o). In r,erms of rhe

DF approxímaÈe variatj-onal sysÈem, an approximate necessary condiËion for

a stable límít cycle (6.9) becomes p2 + Nn(Aoro) ) o, and an approxímate

sufficient condition for an unsËable lirnit cycle (6.r0) is pr+Nu(ao,o) (o.

FrQm the'Routh,-abray (6.L2), the. DF'syqtem.ís.'neutrally'stable íf and only

if pr+Keq(eo)>o (s5(o) and.,unsËable if and ontr-y LÍ,.p2*KeqdA.)(o(s!>o). The

root''locí:of Fig. 6j11 show some of the imporËant situations in which DF

oseíllatíons can exist.

The analytical form of Loebrs crÍterion (Appendíx V) yields



nl ,u'(Ao,o) * (pr

for a sËable (unstable)

P2 + Nn(Ao,o)

nl_ *ut(Ao,o) + (p1

and

* grrr-9o) NB(Ao,o) t

limíË cycle. The IDF

+ 91n2-9o) NB(Ao,o) *

P1P2-no) o( (o)

sËability Ëechníque

90

Po f go Nu(Ao,o) ) o

for a stable 1iníË cycle, and

p2+Ns(Ao,o) (o,

or
t

{t Ns-(Ao,o) + (pt+qtpz-1o) *u(oo,o) * p1p2-po ( o,

or

po r eo NB(Ao,o) ( o

for an unstable limíË cycle.

If Ëhe DF system is neuËrally stabl" (1, t Keq ) o), and Ëhe DF

condiËions are satisfíed, then a diserepancy occurs when 6.52, 6.53, and

6.57 obtain or 6.531 6.55, and 6.57 are satísfíed. In eÍther case, Loebrs

críteríon predicts a sËab1e límít cycle while Èhe IDF stabilíty Ëechnique

predicts an unstable límít cycle. This discrepancy is shoum in the root

locus of Fíg. 6.11 a) wiËh Nu(AAo) ( - noleo ( Keq(A.) and the rooË locus

of FÍg. 6.11 d) wíth Nu(Ao,o) ) - po/eo ) K.q(Ao).

If the DF system ís unstabt" (VZ * Keq (o) then a díscrepancy occurs

when 6.53, 6.55 and 6.57 obtain or 6.52, 6.53, and 6.57 are satísfíed,

with Loebrs críterion predícting a stable limÍË cycle while the IDF

stability Ëechníque predicts an unstable líruit cycle. Thís discrepancy

ís shown in Fig. 6.11 a) for Nu(Ao,o) ( req(Ao) ( - toleo, in Fígr 6.J-1b) and

c) for Keq(Ao) (NB(A.,o) (-po/9or and ín Fig. '6i11d) for Nu(Ao,o))Keq(Ao))

,l=po/qo. I{oweVéTr, 4 síÈuation:ís s,till possible for which the DE

system ís unstable but Ëhe IDF stabílity technique and

P1P2-P. ) o'

(6 . s1)

requíres

(6.s2)

(6. s3)

(6.s4)

(6. ss)

(6. s6)

(6.s7)
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Loebrs criËeríon agree that a sËable linít cycle exísts. This occurs

when 6.52, 6.53, and 6.54 are satisfied. NoËe that this situatÍon does

not occur ín the no zero and one zero cases - Ëhere, an unstable DF

system automatj-cally implÍes an unstable 1Ínit cycle predicËed by the

IDF stabÍlity technique. Thís situation ís shown j-n the root loci of

Figs. 6.11 b) and c) for Keq(Ao) ( - eo/qo ( Nu(Ao,o).

6.2.3.2 Positive Feedback

A positíve feedback situaËion occurs f.or g, = - l. L(s) can be

wriËten as

-T

"3* 
pr"2 + pr"+po

wíth q, = ,L * "2, go = - z1z2t

conditíons are

Kegl,2= - (nr+eo-nrnr, 
+ @¡to-trnr)2

- ,rrf-

P1+eo-e1n2

'3t

tL(s)= -s-+g1"*go 
= -("-"r) þ-zr)

(s-p11) (s-P21) (s-p31)

and the pi Bíven in 6.16. The DF

(6 . sB)

(no-nrnr) 
, (6. se)

(6.60)

(6.61)

Z9L q1

wíth

(nr+eo-nrnr, z - (no-nrnr)

,2*91

ímplying a uníque Keq(Ao) ) o,

2!ü =P *qKeA =o 'o 'o

q1

and

Pl + 91Keq)o
P2 - Keq

The third root at the DF conditíons is s, = -(p2 - Keq), and po t goKeq

= @Z - req) (pr + qrKeq).

The exact necessary (sufficient) conditÍon of 6.4 for a sËable

(unstable) lírnít cycle 's p2 - CTF.GII ) o ( ( o). From Ëhe DF approxí;

maËe variaËional system an approxÍmate necessary condítÍon for a stable
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',,:,-t.

linít cycle 's p2 - NB(Ao'o) ) o, and an approxímate sufficient condition : :

for an unstable limit cycle 's p2 - NB(Aoro) ( o. The DF system Ís unstable

(neutrally stabld if and only if p2 - Keq(Ao) ( o () o). The roor loci

of Fig. 6.12 show some of the ímportanË situations in whÍch DF oscillaËions

exísÈ for this case' 
"''"-'

The analyËical Loebrs críËerion (Appendíx V) is now

)
-9tNn-(Ao,o) + (-p1+q1p2-qo) NB(Ao,o) * plp2-po ) o( ( o) (6.62)

for a stable (unstable) lÍnít cycle, while the IDF stability Ëechnique 
:;,,.,,

requíres 
.1.;.¡.;:_,.

P2-N¡(Ao'o))o' (6.63) .:i'i

t
elNs"(Aoro) + (-pr+crnr-eg) NB(Ao,o) rplp2-po )o, (6.64)

and

po*eoNn(Ao,o))o (6.65)

for a stable lirnit cycle, and

Pz-Nn(Ao,o)(o, (6.66)

or
)gtNs-(Ao,o) + (-p1+s1p2-qo) Ns(Ao,o) *plp2-po1o, (6.67)

Of 
.,,,,,.;'

Po*9o*u(Ao,o)(o (6.68) 
:1,,

. . ..!..1

for an unstable 1Írnit cvcle. '':':,';:

trlhen the DF sysËem is neuËrally stable (pr-Keq ) o) a discrepancy

occurs íf. 6.63, 6.64, and 6.68 obtaín or 6.64, 6.66 and 6.68 are satisfied.

Loebrs críteríon predícts a sËable limíÈ cycle while the IDF stabílity ,' ::,:..

Ëechníque predicts an unsËable lirniË cycle. The root locus of Fig.6.L2 c)

wíth NU(Ao,o) ( - no/eo ( Keq(Ao) ittustrates Ëhis siËuarion.

Conditions 6.63, 6.64, and 6.68 or 6,64, 6.66 and 6.68 also ímply a

díscrepancy when Ëhe DF system ís unstabt" (eZ - Keq (o) - agaÍn Loebfs
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criterion predicts a stable 1íníÈ cycle while the rDF sËabilíty

technique predicts an unstable limit cycle. This díscrepancy is shown

in Figs. 6.L2 a) and b) for Keq(Ao) > Nu(Ao,o) ) - po/eo, ín Fig. 6.L2 c)

for Nu(Ao,o) ( Keq(Ao) ( - eo/9o, and ín Fig. 6.L2 d) for Nu(Ao,o)¡ Keq(Ao)

) - no/Oo. There is also Ëhe possibíJ-íty of the DF sysrem being

unstable with 6.63, 6.64, and 6.65 holding, so that Loeb's criËerÍon and

the IDF stabilíty techníque agree Ëhat a stable limit cycle exists. This

síËuation ís shor¿n ín the root loci of Fígs, 6.12 a) and b) for

Keq(Ao) ) - eoleo ¡ Nu(Ao,o).

6.2.4 CommenÊs

A detailed comparison of Loebrs criterion and Ëhe IDF sËability

Ëechnique for Ëhírd order systems leads to a classj_fication of DF

sítuaËions as follows:

í) The DF sysËen is neutrally stable, and Loebts crit,eríon and

Ëhe IDF stabílíty technÍque are in agreemenË as to the stability or

instability of the limir cycle.

ii) The DF system ís neuËrally stable, and Loebts críterion predícts

a sËable límit cycle while the rDF stability technique predícts an un-

stable limít cyc1e.

iii) The DF system is unstable, and Loebrs criteríon predícts a

stable limít eycle whíle Ëhe IDF stability technique predicts an un-

sËab1e limít cycle.

ív) The DF system is unstable, and Loebrs críterion and Ëhe IDF

stabílity Èeehníque agree that a stable 1íníË cycle exists.

v) The DF system is unsÈable, and Loebrs criterion and the IDF

stabilÍty Ëechnique agree that an unsËable límít cycle exísts.

The class ií), iiÍ), and ív) situaÈions are of partícular ínËerest,
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and specific examples will be studíed in detail ín Ëhe next sectíon. The

díscrepancíes of classes ií) and íiÍ) exÍst for L(s) with Ëwo, one, or no

zeros, whereas Ëhe siËuatíon of class iv) only occurs for L(s) wiËh two

zeros. A particular example of this lasË siËuaËion will demonstraËe

that a stable limit cycle can exíst even íf Ëhe DF sysËem is unsËable.

6.3 A Detailed Study of Examples

Sínce Ëhe results for L(s) with one zero are very símílar to those

for L(s) wiËh no zexos, only thís latter, less complicated linear planË

is used for examples demonstratíng class ií) and iii) díscrepancíes.

6.3.1 Example I

The sysËem confíguratÍon is shown in Fíg. 6.13 with prl and K as

11 1

varíables andpr-rp3 = - I ! j3. The root locus for fíxed Pr- and K

variable would appear as in Fig. 6.7 e). Application of the resulËs of

subsection 6.2.1 yields a class íii) situaËíon r,trhen 5 ) nrt ) 2, a

class íi) situation when 2 > pt > .901, and a class i) siËuation (wíth

a stable limit cycle predícËed) when prl ( .901-.-I

Símulation of Ëhe system wíth p.,1 variable yields a stable {imít

cycle, correspondÍng to Ëhe DF predicËion, fot prl < .901-. Ilowever,

1

wíËh pr- > .901 a biased si-nusoid forn of stable línit cycle is observed.

The bías-plus-sinusoid DIDF Ëechníque can be used to predict the exisË-

ence of this form of lirnit cycle in the sysËem. CondiËions 3.19 and 3.20

Ëhen become

4K L-(B/A)2 =-fi*o=10-zprL<ø.øs)
zpL -4prL+zoNA

zr sin:l(¡/e) .

TlB

1 =-1;
I

10p1 l* l-t 
t

and

(6. 70)
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respectively. These tr¡ro equatíons can be combined to yÍe1d

B/A .

"irr-1(¡/R)

= pr12 - zprl * to

IOp1

(6.7L)

Now

1im

' B /a,+o

(6.72)

and solutíon of the RHS of 6.71 yields nrt = .901, 11.099 when B/A = o.

The region of a predícted bíased sínusoíd límit cycl-e then begins aË

1p1- = .901 and corresporlds Ëo the transiËion point between a class i)

situation and a class íí) sítuaËion. ThÍs ís not unexpected since, Í-n

Ëerms of the root locus of Fíg. 6.7 c), the transíËÍon poínt corresponds

Ëo the thírd root located at the orígin in the IDF sysËem. The IDF

system can then support a bias of. zeto value ín the presence of the DF

sínusoÍd.

In Table 6.1 predicËÍons usíng the bias-plus-sínusoid DIDF technique

are compared with simulaËion measuremenËs, and percentage errors are

calculated.

Table 6.1 DIDF Cálculatíons and MeasuremenËs for Exampl-e I

7" Etror

1,

.90

.95

1.00

1.05

1.10

1.15

r.20

L.927.

.497.

.LL7"

.s7i¿

L.207"

2.78%

2.877"

ß/^)z

1.00

1.00

1.00

1.00

1.00

1.00

1.00

1. 007

1.034

L.046

1.033

1.037

L.042

1.055

.707"

3.297"

4.40z^

3.L97"

3.s7i¿

4.O3%

5.2I7"

.00

.28

.39

.46

.51

.55

.59

.007

.168

.34L

.425

.497

.s47

.589

100.02

66.77"

L4.377.

8.247"

2.62i¿

.557.

.L7%

2.864

2.846

2.828

2.3LL

2.793

2.775

2.7s7

2.92

2,86

2.82

2.80

2.76

2.70

2.68



The percentage eïrors are reasonable, and ít can be safely con-

cluded that the bias-plus-sínusoid. DrDF technígue is predicËing the

existing limit cycle in Ëhe range .901 ( vrr 1 t.z. However, an inËer-
1esting phenomenon occurs for pr* > L.2 - a ner¡r form of stable l-imit

cycle exísts for prl slightly above 1.2, buË rh.r, pr1 = L.37.is attaÍned,

no l-Írnit cycle, stable or unstable, exÍsts. Fig. 6.17 shows. recordings

of the biased sinusoid limit cycle for prl = I.2 and the new waveform,

whích Ís clearly no longer a simple biased sinusoid, for prI = L.25.

The bías-plus-sinusoid DIDF techníque predÍcts the existence of biased

sinusoÍd l-inÍt cycles rÍght up to nrt = 5.0, but the simulation índicaËes

thaË the predicËion ís valid only up Ëo nrt = L.20.

Comparison of the stabÍlity teehniques for this system indicates

thaË in the class i) situation, with nrt ( .901, Loebts criterion and

the IDF stability technique are correct Ín predicËing a stable li-mít

cycl-e. In the class Íi) regi-on (2 ) pfl > .901), a DF predícred

oscÍllaÈÍon no longer exists, buÈ a stable bÍased sinusoíd lirnit cycle

does exist in the portíon, .901 < nrt ( L,ZO, of this regÍon.

The IDF stability Ëechníque was not applied to a biased limit cyele in

order to predicÊ íËs stability. For .901 < nrt ( 2 Loeb's crirerion

predicts a stable lirnit eycl-e while the IDF stabÍlity techníque predicts

an unsËable límit cyc1e. However, both approximat,e stabÍlity techniques

refer Ëo Èhe unbiased DF predÍ.cted oscillation, Lrhich no longer exists in

this region. As pl increases above .901 the DF oscillation becomes a

progressively poorer approxímation to the biased limÍt cycle (since bias

value íncreases with prl). The rDF stability technique apparenrly

reflecÈs this poor approximation by predicting Ëhat the unbiased DF

oscillaËÍon is unstable (given the discrepancy siÈuation).

96
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For the class iií) siËuaËion (5) plt > ,), Loebrs criterion stil1

predicts a stable lÍmit cycle while the IDF stabilíty Ëechnique predícËs

an unstable límit cyc1e, buË no actual límiË cycle exisËs. A ËheoreËical

sufficienË condíËion for an unstable limiË cycle exisËs in thj-s region,

but this condíËion is noË valid when no liurit cvcle exísts. Sometimes

Ëhe exÍstence of an unsÈable limÍt cycle cannot be recognized easily in

a system wiËhouË reversíng time, and, in a pracËical sense, is noË much

dífferent than absence of a liniË cycle. In ËhÍs sense, Ëhe IDF

stabílity technique may have some validity in predÍctÍ-ng an unstable limiÈ

cycle. Loebrs críterion ís definitely incorrecË Ín predicËing a stable

límíË cycle in this region.

6.3.2. Example II

Thís sysËem configuraËíon is shown ín Fíg. 6.L4 wíth pr1 and K

11 1variable and pr- = - lrP3- = 1. The root locus for f,ixed P1- and

variable K ís as shown ín Fig. 6.7 d). In terms of p11, the results

of subsection 6.2.1 (with negative feedback) yíeld a class íi)

sítuation when - 2.0 > nrt ) - 3.5615, and a class í) siËuaËion (wiËh a

sËabte lírnit cycle predieted) when p.1 < - 3.5615..I

Símulation of the system rtith p.,1 variable indicates a stable, un-
1

bÍased l-inít cycle existíng for pr- 1 - 5.04 and no 1ÍmiË cycle exisËing

Ín the region - 2.0 ) p.,t > - 3.04. Table 6.2 shows DF calculaËions,

experimental measuremenËs, and percenËage errors for value" of p.,1 in

Ëhe inrerval- - 4.0 < nrt -( - 3.04.

Percentage errors in boËh amplitude and frequency are seen Ëo be

quíte high and íncreasing as pll 
"ppto""hes - 3.04. It should be noted

that w2 = - p.,.1 - 2, so thaË;^ decreases to zero as pl approachesoDF -I - oDF

- 2. The siËuation described here is identical to the sítuation found in

r:¿) +n:.1
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TabLe 6.2 DF Calculations and Measurements for Example II

7. Ettor

-4.0
-3.7 5

-3.50
-3.25

-3.04

L2.67.

LB,L%

24.8i4

42.77"

82,I7"

second order sysËems corresponding to System Configuration I, where a

class ii) regÍon exists rt"r, rl is made sufficienËIy snall. The rooË
oDF

locirof' FígS. 5.L2 and.6,;7d)are alíke.rpæthe origín, and the same general

trend Ín percenËage errors holds. The motion appears to be approachíng

a separatrix with wo goíng to zero as pl approaches - 3.04. Also,
exact

Ithe waveform ís observed Ëo become more like a square \¡/ave as pl

approaches - 3.04 in value. The same inËerpretation of the IDF stability

Ëechnique result appears to apply - in the class ii) region Ëhe DF

approximation ís becomíng progressívely wors. t" prl approaches Ëhe limiË

at -2, and this is reflected by Ëhe IDF stability technique predicËÍng

an unsËable lirnít cycle ín Ëhis region.

6.3.3 Example III

This system confíguration is shown in Fig. 6.15 with prl and K again

_ 1 1 . .. 1variable andpr', p3* = lt i5. The root locus for fíxed p1- and variable

K is given in Fíg. 6.8 c). The results of subsection 6.2.1 for positive

feedback yield a class iíí) siËuaËion when p., 
L > -2, class íí) siËuaËíons

11
when -2 ) pf-> - 3.77 or - 6.897 ) nr*) - 13, and a class i) situaËion

(with a stable línit cycle predícted) when - 3,77 ) prt) -6.897,

SímulaÈÍon indicates a sËable, unbíased limit cycle for -3.77 > p.,1) '9.3,

1.00

1.00

1.00

1.00

1.00

1. 150

1.158

L.L77

L.202

L.285

L3.057.

L3.657"

L5.O5'/"

L6.807"

22.207"

L.4L4

r.323
L.225

L.LzO

L.O20

L.256

L.LzO

.982

.78s

.560



a stable, biased

unstable, biased

Appli-catíon

sfnusoíd líniË cycl-e for

sínusoid lírnit cvcle for

of the bias-plus-sinusoid

- 3.77 ( pll<

-1.89s ( pr1 (
DIDF technique

- 2.23, and an

- .96L5.

yíelds

1

= L (6.74)

(6.76)

(6.77)

(6. 78)

sínusoid limit

and the

Ëhe regíons,
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8AK
F-

,with w -
o

)
A-K

-
lTB

. å * "ir,-l(B/A)J.
s/r)21{r* }r

_ zpL

'r2 ,', =11
2pr- +4pr-+52

(6 .7 3)
t 26, and

{rt*, 
(B/A)21 "io-l(¡/e)+ L-(B/A)2

'o.å l
ror lnlel .( 1 ; or

zBK

12 12p1_ +4pr-+52

and

(s2 + t2/z) r
B

for Inlel >/ 1. Combinatíon

sB/(3At IrtÈ Gl^)2]

-26pL

-Irwo =2prL+26, (6 .7 s)

1

_26pL

of. 6.73 and 6.74 yLeLds

# "ir,-l1n74¡J
t-(s/t)2 +

11, + 2(n/t)21 "ir,-l(n/e) * P
= 2prl2+4prL+sz

_2. 1
oP1

wirh In/ef -( 1, and 6.75

4=
2 + Ã2/82

wirh In/el >L.
cycle are predicËed

inËerval-fS(n1l

and 6.76 together yield
12 1zpL +4pr"+52

T
Two regions of existence of a

- the Ínrerval - 3.77 ( nrt(
< -6.897. The beginning (B/A

bíased

- .96L5,

=o)of

L-(B/L)2

1-(B/A)
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- 3.77 and - 6,897 respecËively, in each case corresponds Ëo the

ËransíËion poínt beËween a class i) situation and a class ii) síËuaËion.

The reason for this has already been explained.

One interesti-ng resulË of Ëhe símulation is Ëhe fact that a bíased

sínusoid limit cycle does not exist in the interval - 13 ( nrt( -6.897,

although the bias-plus-sínusoÍd DIDF techníque predicts a biased

sínusoid solutíon in Ëhis ínterval. On Ëhe other hand, the predictíon

of a biased sinusoíd limit cycle ín the inËerval- t zz I ^ L 1 - .9615- ¿.t, \| Vl \

is correct. However, a dífference in the bias-plus-sínusoid DIDF

techníque when applíed in each of Èhe two intervals can be found to

exj-st. If no bias ís assumed (B = o) then 6.77 ean be written as

(6.7e)2
3

?1- 12p-- *4p--+52.I -I

_26 p.*-I

Fig. 6.16 shows a graph of the error, RIIS - 2/3, between Ëhe two sÍdes of

6.79 f.ox values of pl ín each of the tü/o int.ervals. It is seen thaË

Ëhe RIIS of 6.79 ís less sensítive to variatíons in erl ir, Ëhe inËerval
-1 1

- 13 ( pt'( - 6,897 than ín the interval- - 3.77 < pf* ( - .9615. Also,
1

T^r is decreasing Ëo zeto as p, approaches - 13. These two differerLces
oDF

beËween Ëhe two ínËervals must account for the existence of biased

sinusoid limit cycles in the one interval but noË in the other. Of

course, the bias-plus-sÍnusoíd DIDF Ëechnique ís only approxímaËe, and

there is no guaïantee Ëhat limit cycles predÍcted by it acËually exist.

Table 6.3 shows a comparison of DF calculations and experímental

resulËs in Ëhe ínterval - 3.77 ) nrt) - 13.

In the class ii) regíon - 6.897 > nrt) - 13, both frequency and

amplítude errors increase as pl approaches ' 13. As in other sítuaÈions

of this sort, wíËh w^ goíng to zero, the lÍniË cycle is approaching a
-DF



Table 6.3 DF Calculations and Measurements for Exasrple III

% Error

L.49"/"

L.O27"

L.237"

L.L37"

.37"/"

.62i¿

L.06"/.

2.847.

4.89i¿

7 .357.

27;LO7"

42.s07"

l:i: 1 :1: ::':':- : ..

1n1

-3.77
-4.00

-s. 00

-6.00

-6.90
-7.L5

-7.42
-7.78
-8.2L

-8.69
-9.2L
-9. 30

separatríx indícaËed by w^ aþþroachíÍLg zeto (Ëhe waveform isoexact

approaching a square wave). In Èhis case, the separaËríx conditíon ís
1close to pl = - p.30, according t.o simulation (the separaËríx cannoË be

approached any closer due Ëo noise inherent in the syst,em simulation).
1

For - 9.3 > pf- ) - 13 no limít cycle exists. The IDF stabÍlÍty tech-

níque again seems Ëo indícate Ëhís situation of poorer DF approximation

in the class ií) region by predicËing an unsËable limit cycle. This

exarnple is then quiËe similar to the second order exarrple of System

ConfiguraËion II in this class ii) region.

Table 6.4 gives a comparison of bias-plus-sinusoid DIDF calculaËions

and experimenËal resulËs in Ëhe interval -3.77 ( pll ( - 1.08. Clearly,

the errors are quiËe reasonable, so Ëhere ís no doubt that the bÍas-plus-

sínusoid DIDF Ëechnique is predicting Ëhe exístíng limit cycle. In the

region - 3.77 ( nrt < - 2.228 a stable, bíased límit cycle exists, but

2.000

2.000

2.000

2.000

2.002

2.00s

2.065

2.r30
2.L85

2.270

2.360

2.400

2.001

2.001

2.006

2.OtL

2.025

2.032

2.LOL

2.L70

2.249

2.366

2.545

2.6L6

.057.

.057"

.307"

.5511

L.L47"

L.337"

L.7L7"

I.847"

2.847.

4.057.

7.L27"

8.26"Á

4.295

4.243

4. 000

3.7 42

3.493

3.42L

3. 340

3.23L

3.094

2,936

2.752

2.720

4.360

4.200

4.050

3. 700

3.480

3.400

3. 305

3.L42

2.950

2.7 35

2.L65

1.910



-:.r .:.ì;-ii"i.:1
t:1.:.ì.í-:r'::lj

L02

'l

for p-- slíehtlv.I

shows recordíngs

the new waveform

Table 6.4

larger than - 2.228 the waveform changes. Fig. 6.18

of the biased sinusoid waveform for p,l = - 2.228, and-I

1forp.,'=-2.L.

DIDF Cal-culatíons and MeasuremenËs for Example III

1p1 AoDroF Aoexact 7. Ettot B
oDroF

Boexact 7" Error I¡7oolop oexacË 7" Error

-3.770
-3.637

-3.342
-2.992
-2.658

-2.363

-2.228

2. 000

2.000

2.000

2.000

2.000

2.000

2.000

2.001

1.988

2.020

2.01-0

2.003

2,002

2.01_0

0514

607.

991¿

50"Á

L57.

L07.

50"/"

.00

.20

.40

.60

.80

1. 00

1.10

t024

.158

.380

. s93

.797

.997

1.105

100.007

26.607,

5.267.

.L.t87,
.3BX

,307.

.45"t

4.295

4. 330

4.39s

4.472

4.550

4.6L5

4.640

4.36

4.36

4.42

4.49

4.ss

4.62

4,65

L.497"

.69"/"

.567.

.40i¿

.002

.LL1¿

.2L7.

-1.895

-1.723

-1.56s
-L,454
-1.303

-t.204
-L.L42
-1.106

-1. 080

1. 000

1. 000

1. 000

1.000

1. 000

1.000

1. 000

1.000

1.000

1.006

1. 006

1. 007

1. 009

1.018

L.026

L.O23

1.016

1. 020

,607"

.607"

.701¿

.847"

L,82%

2.48i¿

2.247"

L.537"

L.9L"/"

.70

.80

.90

1.00

L.20

1. 40

1.60

1_. 80

2.00

.70l-

.800

.903

.999

1. 186

1. 386

1. 586

L.792

1.988

.077"

.007.

.33i¿

,0s7"

L.227.

L.O57"

.987"

.42"Á

.632

4.7L0

4.7 48

4.7 85

4.805

4. 838

4.857

4.870

4.877

4. 885

4. 83

4. 83

4. 83

4. 83

4.83

4.83

4.83

4.83

4.93

2.487"

L.707.

.937"

.527.

.L77"

.567.

,837"

.972

.9L7.

In the ínËerval- - 2.06 ( nrt < - L.895 no linit cycle exísËs, and in

Ëhe regÍon - 1.895 < nrt( - .g6L5 an unst,able, biased sinusoid limiÈ cycle

exísËs. Note Ëhat a sufficíent condítíon for an unstable límít cycle ís
1pt')-2, and, in Ëhis case, Ëhe condit,ion is almost a necessary one as well.

Agaín the IDF stabilíty ËechnÍ-que seems Ëo índicaËe a change ín Ëhe

DF oscillatíon when a class i) to class íí) transÍtior, {ntl ( - 3 .77 to
1pf- ) - 3.77) occurs. In this case the change ís from an unbiased límit

cycle Ëo a bÍased limiË cycle. The DF approximation then becomes very
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poor in approxímating a bíased wavefor:rtr, and the IDF stabílity

Ëechnique predícts an unstable linÍt cycle ín order Ëo Índicate thís.

Example III ís raÈher interestÍng in Ëhat, with two class ií)

regions, ít exhibits the túro types of behavíour in Ëhe class ií) region

illustrated by Exarnples I and II, but with positive feedback and a

different Ëype of nonlinearÍty.

6.3.4 Examples IV, V, VI and VII

These exanples are used to illustrate the exist,ence of a stable

limit cycle, predicted by the DF rneËhod, when Ëhe DF sysËem is unstable.

System configuratíons IV and V are shown in Fígs.6.L9 and 6.20 with z,

and K as variables. The root loci for_Ëhese systems are Èhose of

Figs. 6.11 b) and c) respecËívely. ApplicatÍon of the results of

subsectíon 6.2.3 to Exarnple IV yields a class iii) sj-tuation when

tt) -.58, a c1ass,ív). sítuatíon when - .58> ,t) -L.1, and a class í)

sítuaËion (with a sËable 1ímit eycle predicted) when zr1 - L.L.

ApplícaËíori to Example V yields a class iíÍ) sítuation when z1) - .65,

a class ív) situatÍon when - .65 > ,L) - 1.3, and a class i) situation

(wíth a stable linit cycle predicted) when zr1 - L.3.

Simulation of Example IV j-ndícates that no liurit cycle exists for

,t7 -.75, buË rather a st,able bias leve1 or equil-íbriuur poínË exisÈs.

For z,

DF meËhod. Table 6.5 compares DF calculaËions and experimenËal results

f.or zr< - .75. The errors are reasonable for the DF method, although

the frequency errors are rather hígh. Fig. 6.23 a) shows Ëhe wavefor¡n

for z, - - 1, and the fact that iË is noË symmeËrícal is probabl-y

related to the high DF frequency error. All three limiË cycles measured

ín Table 6.5 correspond to class iv) situations in whích the DF sysËem
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Table 6.5 DF CalculaËions and MeasuremenËs for Example IV

1( Error

7 .377.

5.602

6.367.

"L

-.8
-.9

-1.0

ís unstable.

Simulation of Example V shows that a stable equilibrium poínt, but

no límit cycle, exists for zrl -.88, and a stable, unbiased, DF pre-

dícted limit cycle exísËs f.or zr( -.gg. Table 6.6 shor¿s DF calcul-aËÍons

and experiment.al results f.or z, ( -.88. The errors are again reasonable,

wiÈh the frequency errors slíghtly hígher than in the case of Example IV.

The Ëwo lirnít cycles measured in Table 6.6 correspond t.o class ív)

siËuaËions r¿iËh Ëhe DF system unsÉable.

Table 6.6 DF CalculaËions and MeasuremenËs for Example V

SysËem configuraËj-ons VI and VII are shor¿n in FÍgs.6.2L and 6.22

wiÈh the root loci gíven by Figs. 6.L2 a) and b) respecËively. These two

systems are the complemenËs of Examples IV and V for Ëhe posíËíve feed-

back case. The results of subsecËíon 6.2.3 for Example VI yÍe1d a class

iii) sìtuatíon when z1 ) 1.63, a class ív) situatÍon when l-.63) zr) .g,

and a class i) sítuatÍon (with a sËable límít cycle predicted) when

,t1.9. For Example VII a elass ÍiÍ) siÈuation exisËs when zr) 2.9,

7" Error

L.L67.

L.2L%

.96i¿

8.225

8.290

8.349

L0.25

L0.32

L0.87"

LL.5i¿
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a class iv) siÈuatÍon exÍsts when 2.9 ) zr) 1.5, and a class Í)

situation (wiÈh a sËable limít cycle predicËed) exísts when z, ( 1.5.

SimulaËion of Example VI índícates that a stable equilíbrÍum point,

buË no límit cycle, exisËs f.or zr> 1.43, and DF predícted sËable liuriË

cyclesexisË f.ox zr< L.43. Fig. 6.23 b) shows Ëhe lirníË cycle rnraveform

for z, = I. Simulation of Example VII shows Ëhat a stable equil-ibríum

poinË, but no línit cycle, exísËs for zr) 2.L, and DF predicted stable

limit cycles exíst for zr1 Z.t. Table 6.7 compares DF calculations and

experimental results for Examples VI and VII. Both amplitude and

frequency errors are rather high, with Ëhe amplítude errors subsËantially

higher here Ëhan for Examples IV and V.

,L

DF CalculaËions and Measurements for Examples VI and Vil

"/" Ettor

6.837"

8.937"

L0,707"

L5.207"

VI:
1.0

L.2

L.4

VII:
2.0

The large DF errors and distorted waveforms of limít cycles i-n

Examples IV, V, VI and VII are due Ëo Ëhe poor filtering characterístícs

of a Ëhírd order línear planË r,rj-th Ëwo zeros. The IDF stability technique

correcËly predicts sËable límít cycles even for an unstable DF system.

However, Ëhe liníË of the sËab1e 1ímít cycle region is not predÍcted

exacËly, probably due Èo the rather large DF errors.

1.000

.990

.97 5

1. 000

1.140

L.I29
1.115

L.L67

L2.37.

L2.3T¿

L2.67"

L4.3i4

6.10

6.22

6.32

6. s8

5.7L

5.7L

5,7L

5.7L
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6.4 ExisËence of Unstable Limit Cycles

Experimental evídence seems to índicaËe thaË there is no real

guídeline when it comes to determíníng wheÈher or noË an unstable limit

cycle exists. The IDF stability Ëechnique, in conjunction wiËh the root

locus method, does not seem to correlate existence of unstable limiË

cycles wiËh the modes or rooË locat,ions ín the IDF system. For exa:nple,

ít would be expected that íf the complex conjugate root paír moved ínËo

the RIIP in the IDF system then this would correspond Ëo an unsËable l-iniË

cycle situation. It cert,ainly corresponds Ëo a class i) sítuation with

an unsËable limít cycle predicËed by both Loebrs criterion and the IDF

stabilíty technique. However, aÍ:" unstable línit cycle does not always

exist under Ëhese circumstances. Examples I and II with f(x) = *3 1"".

Ëhe root loci of Figs. 6.7 e) and d)) are situations in which unsËable

lirnit cycles are predícted by Ëhe DF method, as above, buË do not exist.

A suffícient, condítion for an unstable linit cycle does noË guarantee

exístence of an (unstable) limit cycle. Consider a system eonfíguration

with the root locus of Fíg. 6.3 b) , pZL = 1, p31 = 2, and nrt ) ,. The

suffÍcient condítion of 6.4 holds so thaË, if. a liurit cycle exists, it

must be unstable. If the nonlinearity j-s the hard spring f(x) = *3

Ëhen no límit cycle exÍsts whereas, if the nonlínearity is the soft

spring f(x) = sgn (x), then an unstable limiË cycle exísts. Table 6.8

compares DF calculaËions and experimental- resulËs for Ëhe unsËable limit

cycle. IË is seen Ëhat the errors are quite reasonable, so ËhaË the DF

predicËed unstable lirnit cycle acËually exists.

The complex conjugate rooË pair moving into Ëhe RHP in the IDF

system is not a suffícíent condiËion for exisËence of an unsËable limít

cycle, and iË may noË be a necessary condiËion eiËher. The system



Table 6.8

2.0

3.0

4.0

-.96
0.00

1. 00

situaËíon jusË described seems to suggest ËhaË it ís a necessary condition

sínce, for f(x) = sgn(x), Ëhe root pair moves into the RHP whil-e for
?f(x) = x" Ëhe root pair moves into the LHP. Further experÍmental

evidence to support thís is found by símulaËing Example III tor"prl¡ -.g6L5.

No límit cycle exists for f(x) =x l"l, which corresponds to a root

paír moviàg into Èhe LHP. However, an unstable límit cycl-e, predicËed

by Ëhe DF method, does exist for f(x) = sgn (x), and this corresponds to

the rooË pair movíng inËo the RHP. Table 6.9 shows a comparison of DF

calculations and experimenËal resulËs for the unstable limit cycle of

Example III wÍth f(x) = sgn (x). The errors are fairly srnall and verífy

that Ëhe lírnit cycle corresponds to Ëhe DF predícted one.

Table 6.9 DF Calculations and MeasurernenËs for the UnsËable
Límít Cycle of Exanple III

7" Ettot

DF Calculatíons and Measurements for an Unst,able
Linít Cvcle

7" Errox

L.L27"

.5L7"

L.L3i¿

L.667"

L.377"

.997"

1-
For p-- {-I

sinusoíd lírnit

The situation

- .96L5 there is

cycle exist,s for

- F. \ |rorr(xr=xtx
I

in whích an unstable,

tl= x I x I and f (x) =

a case where the root

a region

both f(x)
¡

| ís then

bíased

sgn (x) .

pair is

L.27 4

L.274

L,27 4

L.3L4

L.320

L.322

3.047"

3.487.

3.63"/"

2.828

3.3L7

3.7 42

7" Errot

1.000

1. 000

1.000

1.009

1.013

1.015

.997.

L.287"

L.48%

4.9L0

5,O99

5.292
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not, ín the RHP and yeË an

fact that the limiË cycle

to the DF predicted limit

condition for an unstable

pair movesinËo the RIIP.

6.5 Conclusíons

unstable liurit cycle exists. Ilowever, the

ís bíased means that it does noË correspond

cycle. Thus it may be Ëhat a necessary

DF predicËed limit cycle ís thaË Ëhe root

There are a number of possible situaËions in Ëhird order systems

ín which Loebrs criterion and the IDF stabil-ity techníque can disagree.

Disagreement always occurs r¡ith Loebrs criterion predÍcËing stabilíty

whíle the IDF stabílity techníque predicts instabilíty. SimulaËíon of

typical systems indícates two distínct possibilities thaË occur when a

discrepancy arises.

The first possibílÍËy ís idenËícal Ëo what happens ín second order

systems in the same siËuatíon. In the parameter region where Ëhe IDF

stabílity technique predicËs an unstable limit cycle (a class ii)

situatíon) the actual sËab1e lírnit cycle Ís approachíng a separatrix.

The frequency error in Ëhe DF meËhod grorÂrs wíthout bound as the separatríx

is approached.

In Ëhe second possibílíËy, when a class íi) sítuation occurs, the

actual stable limít cycle is bíased and predicted by the bias-plus-sinusoid

DIDF technique. In both possibílities the inËerpretation ís ÈhaË Éhe DF

predÍcted lírniË cycle ís becomíng an Íncreasingly poorer approximaËion

to Ëhe actual limit cycle, and thís ís indicated by the IDF stability

technique predicËing instabílity for the DF predicted limíË cyc1e. Thus

Ëhe IDF sËabílíty technique ís consídered not entirely íncorrecË Ín these

sítuations because the exísting stable 1íníË cycle does not really

correspond closely to Ëhe DF predícted limit cycle.
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A theoreËical suffícienË condítíon for an unstable limiË cycle can

hold with Loebrs críËerion predíeti-ng a stable líuriË cycle. However, no

example could be found illustratíng an unsËable DF predícËed 1ínit cycle

wiËh Loeb's criterion predicÈíng stability. It may be that DF predícted

unstable limit cycles only occur when Loebrs criterion and. the IDF ,i,

stability Ëechnique predíct instabílÍty due to the rooË paír moving ínto

the RHP in the IDF system.

IthaSbeendemonStratedthatstab1e,DFpredicËed1irniËcyc1escan
''a: :

exíst when the DF system ís unstable. The IDF stabílity technique does

a reasonably good job of predicting Ëhe exístence of this siËuatíon. l'
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tIx(r) I gr"2*nr"*no

" 

J+p 
n s 

z+p 
., s+p

Fig. 6.L GENERAL THIRD ORDER NONLINEAR SYSTEM

Fig. 6.2 THIRD ORDER VARIATIONAL SYSTEM

Fíg. 6.3 TIME.AVERAGED THIRD ORDER VARIATIONAL SYSTEM

tf 1**¡
92s¿*qlstqo

=3+p.r"2+p., "+p

92s-*9ts*qo

"3+pn"Z+p., "+p

g (Aosínwot) gr"2*9r"*oo

"3+p2"2+pls*po

Fig. 6.4 DF APPROXIMATE VARIATIONAL SYSTEM



Fíg. 6.5 TTME-AVERAGED DF APPROXIMATE VARIATIONAL SYSTEM

Fig. 6.6 LINEAR SYSTEM FOR DF AND STABILITY ANALYSIS

tii¡ri*
:

111

Q2s-t9rs*qo

sJ+p.s2+p, s+p¡ 
(Ao, o) =g (Aosiil^7ot)

9rs--t.9ts*qo

K=Keq (Ao)

Fig. 6.7 ROOT LOCI FOR L(s) IflñtrH No ZEROS AND NEGATIVE FEEDBACK
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11-7

(s-p1 r¡ ç"+t+5 3) (s+l-j 3

Fig. 6.L3 EXAI{PLE I

Fig. 6.L4 EXAI4PLE II

(s-p1r) (s-1) (s+2)

("-pr') (s-l+j s) (s-l-j s)

Fig. 6.L5 EXAMPLE III
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K(s+4) (s-21)

Fig. 6.L9 EXAMPLE IV

Fig. 6.20 EXAMPLE V

Fis. 6.2L EXAMPLE VI

K(s+4) (s-zL

(s-3) (s-4) (s-5)

K(s-3) (s-21)

(s+1) (s+2+j 3) (s+2-j 3)

K(s-1) (s-21)

(s+1) (s+3) (s+4)

Fig. 6"22 EXAMPLE VII
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CIIAPTER 7

OSCILLATIONS IN SYSTB{S I,üITII TIME DELAY

Certain forms of autoriomous nonlinear systems ínvolving time delay

can be anaLyzeð., approximately, by Ëhe DF rnethod. Also, Loebrs criterion

and the IDF stabílity technique can be applíed Ëo det,ermine stability of

oscillaËions. In this chapter, specifie time delay systems are studied

in detail to determine how well Ëhese approxinate technigues work, and

why the Ëwo stabÍlity techniques disagree ín cerËain cases.

7.L Two SysËems l;{ith Known Exact Solutíons

. The exact analytical límít cycle solutions are known for two non-

linear sysËems with Ëime delay, so these systems are studied in great

deËai1.

7.L.L A System Studied by Jones

Jones [30' 31] has studíed the nonlinear differential-difference

equation

*(t) = - o< x(r-1) tr-x2(t) I , o( consüarir (7.1)

in some detail, and gives conditions for the exisËence of periodic

soluÈions. A sysËem block diagram representaËion ot 7.1 is gíven in

Fig. 7.L, and a simpler represenËation ís índicated in Fig. 7.2, wiËh the

nonlínearÍÈy gíven by f tx(t),x(t-1)l = C<x(r-l) [f-x2(t)] . The non-

línearíty involves Ëime delay and ís simílar to a dynamíc nonlíneariËy.

7.L.L.l Exact Solutions

Jones [31, pp. 32-33] indicaËes a proof, due to MacinËyre, that a

períodíc soluËion of.7.1 of period 4 exists in the forn **(t) = k s{rþtrk],

with sn the Jacobian elliptic síne function. More generaLLy, an entire

fauríly of periodie solutions of 7.L are found in terms of ellipËic
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functions by usíng relationshíps in Jahnke, Emde, and Lb'sch tSZ1.

First of all,

d sn(u) = cn(u) dn(u) = cn(u) 
"^2 r--du ffi dn-(u)

= ffi t 1 - k2'n2(u)1. (7 .2)

Now

cn(u) = - sn(u-K) = - sn(u-K-4nK); n= ort 1, ..., (7.3)
dn(u)

sínce sn has a reaL períod 4K. Thus,

d sn(u) = - sn(u-K-4nK) lt-t2snz(u) I . (7 .4)
du

tr'Iíth Ëhe subsËitut,ions u =ct and x(t) = k sn (ct) , 7.4 becomes

1 d , x(r), --x(t-K/c-4nK/Ð [1:*2(t)], (7.5)
cdt t k t- k

or
t*(t)=-cx(t-K/c-4nK/c) [1 -x-(t)]. (7.6)

I,Iith Ëhe idenËifications K + 4nK/c =1 and c = o( , 7.6 becomes 7.1.
ã

Thus the periodic solutions xrr(t) = k sn [(4n+l)rt,k] , o( = (4n+1)f, of

period T_ = 4 , all satisfy the Jones equation 7.L. Since o( (k)-n
I an+l 

I

= (4n+l-)K(k) r ç4 varíes from (4n*1) TÏ 12 æ (4n+1).oo as'k varies from

o Ëo 1 for the nËh soluti-on. There are tI¡Io countablv infíníte sets of

períodic solutíonsr D = o, L, 2, and n - - 1, -2, -3¡ .roi .

7.L.L.z A ConvenÍent Transformation

If the transformatíon x(t) = tanh[y(t)] is considered Ëhen

j<(r) = tr-x2(r)T Í(r),
and substítution inËo 7.1 víe1ds

(7 .7)

i(t) = - o( tanh [y(t-l) ] (7.8)

The transformatíon is a bíjective (one-one and onto) map, and is defined
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in the ínterval - 1< x( 1, -oo(V( OO. By thenature of the trans-

formation, sËabilíty properËies of the solutíons must remaín the same.

A system block diagram corresponding to 7.8 is shown ín Fig. 7.3. The

nonlÍnearity f(y) * tanh(y) is single-valued and odd s5rmmetríc, and of

the soft spríng class. The exacË periodic solutions, xrr(t) = k sn

[(4n+l)Ktrk] , of 7.1 now correspond Ëo períodíc solutions, yrr(Ë) =

-1 " 
''

tanh -{k sn [(4n+1)rt,k1J of 7.8.

7.L.L.3 The Exact, VariaËíonal EquaËíon

Since the exact, períodíc solutions are known for the transformed

equation 7.8, the variational equation governÍng behaviour about any one

of the periodic motions may be found exacËly. For yn(Ë) ít ís

g-e.-Df dtanrr(y)l € I +€= o. (7.s)
D t dy I V=Vrr(t) J

,7 1
I,üíth d: tanh(y) = f - tanh-(y), the varíatíonal equaËíon becomes

a

t(t)=-c({L-tanh2trr(t-r)tJ t(t-r¡, (7.10)

or

Ë(.) = - o( t1 - *n'(r-l)l E (t-r) (7.11)

in terms of the origínal solutíon xrr(t). Thus 7.11 is a linear differ-

ential-difference gquation with a periodic Ëime varying coefficient (ttre

corresponding system is shown in Fig. 7.4). The periodic tíme varying

coeffÍcient of 7.LL, - o( [1-xn2(a-f)], rnay be expressed in terms of

ellipËic functions, again usíng relaËíonships found ín [32], as follows:

xrr(t-l)= k snl(4n+1)r (t-f¡,k] = k sn [(4n+1)rt-r,k]

= - k cn [(4n+l)Kt,k] . h aô\ilt G"+18 ,kl \t ' L¿)

Therefore,

1 - x' {.-t¡ = dn2 [(4n+t)rr,t] - k2cn2[(4n+1)Kr,k]n %l
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¿rr2 [ (4rr+t)rt,k]
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(7.13)

(7.ls)

and

¿n2 [ (4n+t)Kr,k]

- o( tl-*rr2(t-t) I =

The Ëíme varying coefficient is therefore períodíc with period Tn/2

z/ l+n+tl . For a given value of k, corresponding to a given value

C( (k), the línits of variation of the tíme varying coefficient are

found as - (4n*1)K(1-k2) and - (4n+1)K. These linÍrs vary from

- (4n+1)TT /2 and - (4n+1)TT /2 to o and - (4n+1)oorespec.rively as k varies

from o to 1.

Although the exact variational equation ís known for each of Ëhe

periodÍc moËions of 7.8, íË is very difficult Éo solve. However, one

important resulË is avaílable for Ëhe variational equation correspondíng

to negaËive n, for which the Ëime varying coefficient is always posiËÍve.

Birkhoff and KoËin [33, p.15] prove a theorem whích, when applied to 7.11,

yields that if 7.L4 ís greater t1nan zero for all t ) o, and

of

æ
( ¡ -(4n+r)rrt ?

)t" ,Ju'=oQ '
then every positive solution (i.e. initial functíon posítÍ-ve) of 7.LL

tends to ínfiníÈy as t goes to ínfiníty. It wíll be proved subsequently

that Ëhe Ëime average value of 7.14 is positive for negatíve n, and this

ímplies thaL 7.15 is satisfied. Thus unstable soluËions of the varíatíonal

equation always exíst when n is negative, and periodic solutions ot 7.8

wíËh negaËive n must, correspond to unsËable liurít cycles.

Unfortunately, definite stabílity results when n ís non negative

cannot be found in the lÍterature. However, useful ínformation may be

obÈained for thís case at least Ëhrough símulation. Menzíes [11] has
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conducted exËensive simulaËion studies of 7.1 for o( positÍ-ve (corres-

ponding to n non negative). only Ëhe límiË cycle for n = o, wíËh period

To = 4 and frequency üro =Tl/2tcould be exciËed. The auËhor has also

simulaÈed this Jones system, and the n = o linit cycle (for O( = L.7, 2,

and 4) is shornm in Fig,7.27. No hígher frequency lÍrníË cycles (í.e.

n)o) are observed wheno(is ín the regíon of their existence. In fact,

even the rÌ = o períodic solution is found Ëo go unst.able for O( ) 5, but

this j.s due Ëo finite d.ísËurbances makine I x(r) l2 1 , whÍ-ch leads ro

unstable solutíons. Jones [30, p.110] has exhibíted numerical solutíons

of the n = o limit cycle up to c( = 8, so it is believed that this límit

cycle Ís sËable for all k < 1. Nonobservance of the higher value of n

modes for a varieËy of ínitial- funcËj-ons seems to suggest thaË Ëhey

correspond to unstable límít cycl-es. Fíg. 7.28 shows the nature of the

insËabilíty for Ëhe n=11 l-imíË cycles - the soluËions quickly move aüray

from the maËhematically predicted periodic motions whích have been stored

as iniËial functions. Verífication of the existence and instabilíËy of

these límit cycles by reversing time in the símulaËion cannot be done

because Ëhe Ëime delay becomes a time advance in reverse Ëime, but at

leasË their exist,ence has been established mathemaËícally.

There is one nonrigorous argument, ËhaË can be applied in order to

determine the stability properËíes of Éhe non negatÍve n periodic

moËions ín the small amplitude region (i.e. k close Ëo o). consÍder Ëhe

variarional equarion of 7.LL ín rhe forn Ë (r) = {(r) € (t-r¡ with {(r) =

t2t
- (4n+1)Kk' /an' [(4n+1)rt,k] I,üith the change of variabl-es, E (t) =

b(Ë) ct(t), Ëhe variaËional equation becomes

dk> = - 6(t) dk) + 0(t) b(t-r) d3-t)b(r) b(r)
(7.16)

I¡tríth the choice, b(t) = L/dnl(4n+l)Kt,kl, and relationships found Ín [32],
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7.16 becornes
a

d(r) = h(Ë) dG) + c d(t-L), (7 .L7)

where

h(r¡ = -(4n+1)rk2 "r[(4n+1)KË,k] 
sn [(4n+1)Kt-K,k] (7.13)

ís períodic wÍth period Tn= 4/l4n+fl , and

c = - (4n+l)rkl (7.rg)

is a constanË. If k = o Ëhen 7.17 becomes
a

dk) = - (4n+1) TT {G-t). (7.20)
2

For Ëhe constant coefficíent equatí or., îG) = " d(t-L), the location 
.-,,,1,,

of characÈeristic exponerits can be deËer¡níned by the D-decomposition

method [34, pp. 54-60] or the root l-ocus technique for time delay sysËems

(to be ouËlined subsequenËly). The result is that a stable sítuation

occurs when o)t c)t -Tl/2, and an unsËable situatíon occurs otherwise.

llith respect to 7.20, only n = o corresponds to a stable situation -

aË the borderline of stabilítv.

If the assumpËíon ís made that Ëhe characterisËic exponents of. 7.L7

vary in a contÍnuous manner as k is varied continuouslyrthen someËhing

can be said concerning stability of periodic moËíons for smal1 k. For l.,t',

..:'-:.

n > o and k = o Ëhere exísts aË leasË one characteristic exponent of 
,,1

7.L7íntheopenR[IP.InfacË,asníncreaSesËhenumberofcharacterísËj-c

exponents wíth posiËíve real parts increases. By the contínuíty of

motion of Ëhese characËeristic exponents, there exists at least a smalI 
,,,:,:,

Í-nterval, [o, ke ], of k values for which one or more characterísÈic

exponents of 7.17 remaín in the RIIP. Then, at least for small amplitudes

correspondíng to k € [ork6 J, the períodic motion for any n ) o must be

an unstable limit cycle. For n = o noËhing can be saíd because at k = o

7.L7 lnas a characterístíc exponenÈ with zero value



7.L.L,4 DF and TSIDF Analysís

The DF method can be applied to boËh Ëhe original Jones system of

Figs. 7.1 and 7.2 ar.d the transformed system of Fig. 7.3. ApplÍcaÈion

of the DF roethod Ëo the orígínal Jones sysËem yÍelds Ëhe describing

funcËion (for nonlÍnearity f [x(t) ,x(t-]-) I = o<x(t-1) tf-*2(t) I ), Keq(A,w)

= B(A,w) + j b(A,w) wirh

g(A,w) = (1 - ] o'> o( cos \¡r (7.2t>
+

and

b (A,w) = ,l o' -1) o( sin w . (7 .22)

The DF ís complex and both ampliËude and frequency dependent. The

equations governing liniË cycle prediction are deríved from Keq(lrw)'

t (jr,r) - - 1, wíth L (jw) = L/jw, and are given by

(t-åe2)o<cos\¡r=o

w= (1 -lo', c(sínw.

EquaËíons 7.23 and 7.24 predict Èwo possíble limÍt cycles. The first

one requÍres a constant amplítude Ao = 2/JTand frequencies given by

3 wo/Qol) = sin wo. The second possibílity is related to the known lirnit

cycles, k sn [(4n+l)ftrk] , existing ín the system. IË yields frequencies

r¡r- = | +tt+f ln tZ; r = o¡ t L, ! 2, ... and-corresponding amplítudes
nll

Ao = 2 J L - (4n+1)TT /(zc/.l.. The frequency predictions correspond to the

actual frequencies, and Ëhe starting poínt (Ar, = o) for a DF predicted

linit eycle at 01 = (4n+1) TT /Z also corresponds Ëo the startíng poínË

(k = o) for an actual linit cycle. The obvious discrepancy is that
lirn A lím A

loilî-'-" = 2 where"" ¡or¡î-exacÈ = 1 for all n.

Table 7.1 shows DF amplítude calculaËions compared to Ëhe actual

n = o limiË cycle arnplítude (k) and fundamenËal componenË amplÍtude for

L29

and

(7 ,23)

(7 .24)



:.;;i;;:: -:.-:1.r

130

various values of d . In the sma1I amplítude regÍon the errors are

reasonably small, as expecËed, buË íncrease rather drastically with

íncreasing trnplíËude. A1so, Ëhe DF amplíËude, A.DF, corresponds closer

Ëo the amplitude of Ëhe línit cyclets fundamental component., lexact,

than to Èhe limit cycle amplítude, A.*a"t = k. The same trends of

Table 7.1 occur for the other possible 1ínit cycles ( nto ) Ín the

system.

Table 7.1

L.5708(TÍ /2
1. 6098

L.6s02

1.6901

L.8499

2.0496

2.2504

2.6493

3. 0539

3. 6056

4.B4LL

Comparison of DF AmplÍtude Calculations and
Amplitudes of the Actual n = o Limít Cycle

d i4 Error

.9L857"

L.84597.

2.739L7"

6.0915"Á

9,83507"

L3.L6L77"

L8.69947"

23.L644%

27.87427"

34.80427"

The TSIDF techníque, applied here to improve the DF approximation,

Ínvolves assuming an approximaËe ínput Êo the nonlinearíty in the form

x___(Ë) = A sin wt t B sin (3 wt +9). This results in the four equatíons
app-

ín Ëhe four unknowns A, B, w, and I gíven by

(-Al sÍng) sin w + (AB sínê) sin 3 w * (L4A2/4 - sz/z+eBgggg¡cos r¡I

t+ (-B' + AB cose ) cos 3 rù = or
4

0

.3113

.4386

.s3L4

.7768

.9667

1.0991

L.276L

1.3938

L.5024

L.6438

0

.3066

.42s4

.5079

.7036

.8258

.8927

.9560

.9813

.9940

.9995

L.53737"

3.L0067"

4,6L80"Å

L0.4L06i¿

L7,O5787"

23.LL42"Á

33.47 467.

42.0284"Å

5L.L5487"

64.46377"

0

.3085

.4307

.5L72

.7322

. BBO1

.97L3

1.0750

1. l_316

L.L749

t.2L94

(7 .2s)
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(-ot+ Êal+ *

+ (_otAn sin_9_)
2

)
B-ol /2 + o(AB cosê ) sin w *

2

cos r^r + (_o< ¡¡_S_in e_) cos 3 w
4

(_-rt¿¡_.osg_)sin 3 w
4

* ÍI = o, (7 .26)

J

o,+

3Bw sin9 + (o( s- a¡t2s/Z - d,B3 /Ð síng sin

( o<s - a/i2s/z - 3oÆ3 /Ð cos ê cos 3 w =

r^r + ( d,A3/4-^2Bo(cosg )cos w

(7 .27)

(7 .28)

7.25 - 7.28 become

(7 .2e)

and

ç at3/t¡ sÍn vü + (- o(B + Ae2s/Z + o<;"3/Ð cosêsin 3 w

+ (- o(e2n sine) cos r¡r + ( o(B - c( o2r/z - 3 o( s3/tr') sinêcos 3 rn¡

+ 3 B w cose = o.

lüith the DF frequency predicrion, rr, = | an+f 
I 

TT /2,

-__3._4!__sing_ = o r
4

- o( (1 - Êlq - s2/2 - AB coso
)

- 3 B w- síns - o((B - Êl/z -n

)+
s3/+)

o(AB cosO *
4

sinO sín wn

*r, = o, (7 . 30)

= or (7.31)

and

4

respecËívely. SÍnce, from 7.29, @ = o (except

these equatíons reduce to

r^r_ = o( (1 - ez/tr - s2/z - 3aB/4) ,n

- o(43 sín w- -o((- B + ¡tZs/z + B3/Ð cososin w + 3n - --- '-n BwcosO=on
(7 .32)

in the trivíal case),

(7.33)

ancl

- c{(- B+83/4+t2s/z+A3/Ð sinw-+38Ì¡r- = o. (7.34)nn
Equations 7.33 and 7.34may be solved simultaneousl-y for A and B when n

and o( are specifÍed. For exampl-e, wiËh n =.o 7.33 can be solved for A

in terms of B to víeld

(7.3s)

Thís soluÈíon, substiËuted Ínt,o 7,34, produces the equat,íon

s6 - z4s4+(80+32 Tr lot - 4TTz /d,') u' + (-32+48 Tr /o( - zrrr? tt++ri ta') = o.

(7 .36)
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This equation may be solved to yíeld B, and A ís then determined from

7 .35.

Table 7.2 shows A and B values fron Ëhís TSIDF analysís compared

wíth the amplitudes of Ëhe fundamental and Èhird harmoníc components of

the exact liurít cycle. A comparison of the errors here wíth Ëhose of

Table 7,L for Ëhe ordinary DF approxímaÈion clearly indícates the sub-

stantíal improvement, in the approxímaËion when the thírd harmonÍc

componenË is íncluded. These resul-ts are expecËed to hold for all other

l-imiË cycles (nÉo) as well. It should be noted that ËhÍs vast ímprove-

ment in the approximaËion requires a signifícant amount of addítional

work compared Ëo the work requíred ín the ordinary DF meËhod.

TabLe 7,2 Comparíson of TSIDF Amplítude Caleulations and
Fundamental and Thírd Harmonic Amplítudes of Actual
Liurit Cycle

% Errox

L.5708(fr/2

1.6098

L.6502

1. 6901

L.8499

2.0496

2.2504

2.6493

3.0539

3. 60s6

4.84LL

Analysis so far has been restricted to the

Figs. 7.L and 7.2. However, the DF method can

Ëransforrned sysËem of Fíg. 7.3. UnforËunately,

.00082

.0L40"Á

.03227.

.L6397"

.4ztz7"

.7 8467"

L.6602ï4

2.7LLLT"

4.3L787"

8.28847.

original Jones

al-so be applied

the descríbing

sysËem of

to the

funcËíon

Btsrop

0

.3085

.4307

.5L72

.732L

.8795

.9696

L.0696

L.L203

1.1535

L.L723

0

.3085

.4307

,5L72

.7322

. BBO1

.97L3

1. 0750

1. 1316

L.L7 49

r.2194

.001_12

.0008%

.00L97"

.OL68T¿

.07LLT.

.L7zLi[

.50847"

1.00032

L.82607"

3.86387,

0

.0019

.0053

.0095

.0299

.0584

.0869

.1389

.1843

.2357

.3195

0

.0019

.0053

.0095

.0299

.0582

,0862

.L366

.L795

.2260

.295L
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for the nonlinearíty Ëanh(y), expressed as

?\
Keq(A) = g(A) =å \ tanh [R sinQrl sin eld e1, Q .37)

TTA Y
cannoË be íntegrated. However, since tanh(y) is a soft spring type of

nonlínearity, it is known that Keq(A) will be monoÈonic decreasing with

A, and wíl1 vary from 1 Ëo 0 as A varies from 0 Ëoæ. The DF condiËíon,

Keq(A) L (jw) - - 1, with L (jw) = 6¡.-it/jt, yíe1-ds the limít cycle

condiËions,

!ü = o( Keq(A) sín w (7.38)

and

dcosw =o. (7 .3e)

Then lÍmít cycles r,rith frequencíes rr, = | an+l lT'Í /2 are predícËed, and DF

i e*plit,udes are given by Keq(oo) = (4n+1)Tf /?dl.Thus,Èhe límit.iycle
:

fr:g(uencÍ-es are predicted exactly, and the startíng poínt (Ar, = o) for a

lÍmit cycle of frequency \irn is predicted correctl-y at 91 = (4n+1)TT /2, just

as for the DF method applied Ëo the orígÍnal Jones sysËeu.

7.L.L.5 ApproximaËe Stabílity Techniques

Applícation of Loeb¡s criterion to the original Jones sysËem

involves expressíng Keq(A,w) L (jw) * 1 in Ëhe fonn X (Arw) + j Y(A,w).

The result is

x(A,w)=1r asinw(42l4-t), (7.40)
I^7

Y(A,w) = - (tgn2/4)o1 cosw. (7.4L)
h7

Then

èXòY-àYòX
à¿, òw ða )w . = Ao c{ 

2"ío2*o (r4l'z /4) f z*nz , (7 .42)
(e4r,)

\L< 2/ J 3 and negative for Ao) 2il3,which Í-s positíve for o .(
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Ëhereby predÍctíng a stable lirnj-t cycle for An 1 zil g 
^nd. 

an unstable

limit cycle for Arr) z/n|-, for all n. For smallanplitudes, wiËh the

DF approxíuat.ion reasonably accuraËe, Loebrs críterÍon is seen to faíl

for the n f o limit cycles (sínce they are known Ëo be unstable). The

DF error is so large for Ar, ) Zü- I rhat any stabilíty infornation by

way of Loebf s criËerj-on is probably invalid anyr¡ray.

Loebrs críteríon applíed to the Ëransformed system of Fíg. 7.3

involves evaluation of the expressiot, ¡$ trr,{jr)ã* Keq(A). The resulr Ís

*$ r,r.(i*) # *"n,o,1,o,,,on,,, r"ql {arr).
= cf si-n wo

wn

(7 .43)

(7 .44)

sínce o(sin qr/wr, ) o V r, and Keql(Ar,) ( o because tanh(y) is a soft

spring nonlínearity, 7.43 ts always negaËive, and Loebfs criËeríon then

predÍcts a stable linít cycle Vn. Agaín Loebrs críteríon fails for the

nfo limit cycles, this Ëime predictíng stabílíty at all amplitude levels.

The rDF stability Ëechnique can be applied to the original Jones

system' but care musË be taken with time del-ay in the nonlinearity. If

an incremenÈal bias B is assumed to exist ín conjunction r¿ith the DF

predícÈíon, A sin w t, Ëhen the incremental gain, Nr(A,w)= ut]o*u(A,B,w),
becomes

Nu(A,w) = olG-lt2/2 - A2 cos w).

Stabílity analysis of the IDF system of Fig. 7.5 yields NU(Arr,wo) ) O

for a stable limit cycle and Nu(Aorwrr) ( o for an unstable one. sÍnce

Nu(Arr,wrr,) = c([-1+(4n+1-)Tf /ol ], n = o,!L,t2.. (7.45)

the stabj-líty conditíons are

(4n+1) TT /2

o(((4n+1)Tl, n(o (7 .46)
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for a stable limiË cycle, and

o( ) (4n+1) Tl , n7, o

(4n+1) Tf /2

for an unstable lirnit cycle. IË should be noted Ëhat, because an in-

cremenËal dc bias ís assumed, Ëhe effect of the tiure delay ín the non- , . ,,..t.: . .:_.

lÍnearíty ís noË reflected in Èhe IDF sysËem. This is then felt to be

an incorrecË applícaÈíon of Ëhe IDF sËability technique to a time delay

sysËem. . :,... 
.:...''

The correct procedure, ín this case, ís to ínclude the effecË of Ëhe
:. :. . r 

.: . :-:' :.:

tíme de1-ay'in the nonlinearity by assuming a perturbation sígnal ín the :; ,:'';:':r,

form € e"t sin¡?.t so that the input to the nonlinearity is x(t) = € .tt

sinll t + A sin wrrË. Expansion of the output of the nonl-inearítyn

f[x(t)rx(t-1)] yíelds, from Appendíx VI, the incremenËal gaín

î\Ì r^ a, .tl,wrr) = o( (l-An, /r) "-(a+jo) . 
( 7 .48)ttí \^n t

The IDF system for this forrn of perËurbatíon is shown in Fíg. 7.6. If

the arbítïary complex freguency, a+ jJll, ís generaLLzed Ëo s, then the

equívalenË línear sysËem can be considered as in Fíg. 7,7, Stability

analysís of thÍs form of time delay sysËen (seen in detail- later in Ëhe

chapËer) yíelds o ( o<G-Anz /Ð
tt

d,(l-/.rl"/2) > TT/2, "o((l-An'/2) < o for an unsËable limit cycle. The

stabilíty conditions are then

(4n+1)TT -n/2 < d-( (4n+1)TT ,î\to
(4n+1)TT >/ 01, >/ (4n+1)Tf - Tf /2, n(o (7.49>

for a stable límit cycle, and

c( ( (4n+1)TT - TÍ /2, o( ) (4n+1)TT , n¡, o

o()(4n+1)TT , 01((4n+1)¡ -Trl2, n(o (7.50)

for an unsËable líuríË cycle. The stabilíËy conditíons predícted here
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differ from Ëhose predícÊed for a bias perËurbation. However, here

the correcË stabÍlity results are predícted for the small amplitude

region of A' correspondíng to o( close to (4n+1) TÍ /2. This is not Èrue

for the anal¡zsis hriËh a bias perturbaËíon. For large anpl-itude Arrr

the DF predíction is shown to be very inaccurate, and possÍbly this Ín-

accuracy ís reflected ín the íncorrect stabíIity results here for large

An

To verify the basic correcËness of the IDF stability techníque,

the DF approximation can be elíminated by consídering Ëhe actual limíÈ

cycle soluËions. The sane perturbation signal, € eaf sÍn .ft t, Ís

considered, and Ëhe ínput to the nonlinearity ís €eat sinfl t i k sn

[(4n+1)ftrk] . The íncremenËal gain of Ëhe perturbatíon sígnal- in Ëhe

presence of the actual linÍt cycle sÍ-gnal is, from Appendix VI,

N. (k,a, n,n) = { ' 
S u"'[ (4n+1)Kr,k] dr = (4n+1)r(t¡"-(a+jn ìz.sr)
o

and the equivalent linear system, \^rith a + j f¿ generaLized Êo s, is

shown in Fig. 7.8. The Jacobian ellÍptíc inËegral E(k) varies monotoni-

ca11y f.rom Tf /2 Ëo 1 as k varíes from o Ëo 1. Stabílíty analysis of

the system of Fig. 7.8 resulËs Ín

o .( (4n+1) E(k) .( Tr /2

for a stable límit cycle, and

(7 .52)

(7 . s3)

for an unsüable limíË cycle. On1-y the n = o limíË cycl-e ís predícËed as

stableVt< - all oÈher lirnít cycles are predicËed as unstable Vk. Thís

analysis Ëhen corresponds exacËly to the actual stabílity siËuaËion for

all límit cycles. The IDF sËabilÍty techníque ís seen to be basÍcally

correct applied here, and Ëhe previous ínaccuracies are atËributed to Ëhe

DF approximaËion iËself .
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The transformed system of Fig. 7,3 can be anaLyzed using the DF

meËhod and the IDF stabílíty technique, very much as ís done for second

and third order sysËems in Chapters 5 and 6. The DF system and the IDF

sysËem are related Ëo the root locus of Ëhe linear tíme delay sysËem of

Fig. 7.9. Bor¿er and Schultheíss 126l give a good descriptÍon of Ëhe root

locus meÈhod applied to systems wíth tírne delay. For the system of

Fig. 7.9 the root locus is shown in Fig, 7,L0. If the sysËeur of Fig. 7.9

Ís posítive feedback instead of negative feedback then the rooË locus is

that of Fig. 7.LL. These root, locí are seen Ëo be quíËe díf,ferenË from

the root 1ocí for nondelay sysËems in that here Ëhere are an infÍnit,e

number of branches. They cross the imag:inary axís aË the val-ues

jrr, = tj(4n+1) Tf /2i r7=o,Lr2r.. for negative feedback and jt, =tj l+"+ln/2,

rt=-Lr-2r.. for positÍve feedback. DF condiËíons aË the ímaginary axís

crossings are K = o(Keq(Arr) = (4n+1) fT /2; 11 = o rtl-rf'2r-- or t<eq(Arr) =

(4n+1) ft fZa. The n>o DF límit cycles correspond to o< )o (negaËive

feedback) and the n ( o limiË cycles correspond Lo o( ( o (positive feed-

back).

SÍnce the nonlinearíËy ín the sysËem of Fig . 7.3 is the soft spríng,

tanh(y), straightforward applícation of Loebrs crít,eríon in Ëhe graphical

rooË locus form indícat,es sËable límiÈ cycles Vn - the same resulË as

application of 7.43. However, the root locus approach clearly indicates

that the DF sysËem ís unstable for all but Èhe n = o 1ímiË cycle. Thís

casts doubt on the valídíty of Loebrs criËerion as applied here, and

thís doubt is further amplifíed by Ëhe appl-ication of the IDF sÈabilÍty

techníque. The incremental gaÍn for a bias perËurbation can be used

because no delay exísËs in the nonlínearíËy, and Ëhe result is
2Tl

L C .1 ,^=ñ \f'(Asinê)doJ
o

2Tr
'tf

= f - + \ t^rlrl2(A sine) de . (7 .s4)
J
o

Nu (A,o)
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Although 7.54 cannot be evaluated ín closed form, the general- result,

Keq(A)/2 ( NB(A',o) ( feq(A), for soft spring nonlínearíties ís sufficienË

to ensure Èhat all límít cycles other than n = o are unstable.

The ínËeresting resulË is thaË Ëhe IDF stability techníque, applied

to Ëhe transformed system, yields the correct stabílíËy result for all

anplitude levels. On Ëhe other hand, when ít is applied to the original

Jones system, correct stabilíty results are predicËed only for the small

anplitude region. This seems to suggest Èhat, the DF approximatíon is

more accuraËe for Ëhe transforned system, especíally for large arnplÍtudes,

than for the orígínal system. The nature of the transformation is such

thaË, with y(t) È A sin wt, x(t) = tanh tv(t)l *tanh [A sin wË] is probably

a better approximaËíon Ëo sn [(4n+1)Kt,k] than simply a sinusoid. Thís

then agrees wíËh Ëhe conclusíon of the IDF stability analysis.

Any DF inaccuracy ín the IDF stability technique applied to the

Èransformed sysËem may be eliminated by consídering perturbaÈíons about

the actual linit cycle. The input to the nonlíneariËy Ís B + yo(t) = B *
-1 ¡ 1

Éanh *lk sn [(4n+l)Kt,k]f , with B an incremental- bías, and the incrementalL - -J

gain is calculaÈea as r,ff(f<,n) = (4n+1)E(k) in Appendix VI. The equivalent

1ínear sysËem for stabiliËy studies ís then that of Fig. 7.8, the såme as

for the original Jones system wÍËh perËurbatíons about the exact soluËíons.

As would be expecËed, Ëhe correcË stabil-íty resul-ts are predicted for all

límit cycles.

In ChapËer 3 it is shown that Ëhe IDF stability techníque ís

equivalenË to the Ëime averaging of the DF approximate variaËíonal system,

and elimination of the DF approximation resulËs in an equival-ent linear

system which is Ëhe time average of the exact varíaËional- system.

Verification of thÍs general result for the Ëransforned sysËem ínvolves
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calculation of the Èime average value of [1-*rr2(t-r)] = (4n+l)Kkl'/uo'

[(4n+1)KËrk]' Ëhe tíme varying coefficíent of Ëhe variatíonal system of

Fig. 7.4. I,rlith relationships found in [32], the time average value is

expressed as

!n
* 5cr[1 

-xn (t-1)] dt =

o

4A4n+Il

l4n+rl Ç (4n+t)*cl2at-T- J"E,-".*r;
o

K
l^o

= (4n+1) \ ¿tt' [u,k] du
J
o

= (4n+1) E (k), (7 . ss)

whj-ch is, of course, the same expressíon as the increment,al gaín in the

IDF Ëechnique when Èhe acËual lÍnit cycle solutions are used. In this

partícular system, Ëhe process of tíme averaging the varíational equat,íon

does not affect the stabílity results.

7.1-.2 A Complementary System

The author has found that the nonlínear differentíal--díffererlce

equation

¡t(t) = - o(x (t-1) [1+x2(r)] , o( corisranr (7 .s6)

is in many r¡rays complemenËary to the Jones equation 7.1. The sysËem 
.; :, ;

block díagram for Ëhe complementary system can be considered as ín Fig. 7.2 
.

with Ëhe nonlinearíty now f [x(t),x(t-l) ] = o( x(t-]-) [L+x2(r) ]. 
.-"rl

7 .L.2.L. Exact Solutions

A fanily of perÍodic solutions of 7,56 can be found in Ëerms of

ellíptic functions using relatÍonshÍps in t32l . It can be shor^m that

d cn(u) = - cn(u-K-4nK)kl¡t+ k2" .rr21,r¡1 ,
du kl'

and, wiËh u = ct and x(t) = E. cn(ct) , 7.57 becomes
k'

(7 .s7)
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(7. s8)

I,Iith Ëhe idenËificaËions K/c + 4nK/c = 1 and. ckf = o( , 7.58 becomes 7.56.

The periodj.c soluËíons xrr(Ë¡ = \ "r [(4n+l)Kt,k] , o( = t<tq4n+t¡I(, of
k

period Tn = 4/ l4n+11 ; t = o, t1,t2r-- rhen satísfy 7.56. Sínce o( (k)

= (4n+1)kf*(t ), 6{ varies from (4n+1) fT /2 to o as k varies from o ro 1

for the nth solution. As j-n the Jones system, there are tr^ro count,ably

infinite sets of periodíc solutíonsr [ = orLr2r--- and n = - Lr-2r-3r---.

7.L.2.2 Transformatíon of 7.56

If the ËransformaËion x(t) = tan[y(t)] is considered then

:t(r) = [1+x2(r)] i(r),
and substítution inËo 7.56 vields

(7 .5e)

(7 .60)

(7 .6L)

The transformation is bijectÍve and defíned in the interval - æ < x ( Ø ,

- TÍ /2 ( V ( TT /2. The system block diagram for 7.60 ís shown in

i Fig. 7.L2 wír]n Ëhe nonlinearíËy f(y) = tan(y) single-valued and odd

symmeËric, and of the hard spring class. The periodic soluËÍons
Lxrr(t) = i "t [ (4n+1)Kt,k] , of. 7.56 correspond to períodíc solutions

yrr(t) = l"r'-t { 5 cn [(4n+1)Kt,k]J 'r 7.60.(kt t

7.L.2.3 ,The Exact Varíatíonal Equation

The variatíonal equatíon for yo(t) ís

i(t) = - o< {r*."r,2tvo(t-r¡1J € (r-r¡

= - 6( [r*"r,2(r-r)J e {t-rl,
and the correspondíng varíational system is shown in Fíg. 7.L3. The

periodic time varyíng coeffícient, - a( [l+xrr2(t-f¡] r may be expressed

Ín terms of elliptic funcrj-ons, the result being - c( t L+xn2(t-t¡1 =

- d/dnz [(4n+1)KË,k] = - kl(4n+1)K/dr2 [(4r,+t)Kr,k] (7 .62)

This tÍme varying coefficj.ent is períodíc wírh period Tol2 = 2/l4n+11



For gíven k, Ëhe limiÉs of varíation of the coefficient are -(4n+l-)K/kf
I

and -(4nt1)Kk', and t,hese lirnits vary from -(4n+1)Tl /2 and -(4n+L)Tf /2

to -(4n+1)oO and o respect,ívely as k varies from o to 1. Note that k

varying from o to 1 corresponds Èo o( varyíng from (4n+1)f¡/2 to o.

The Ëheorem of Birkhoff and KoÈin [33, p.15] can again be applied.

I,{íth n negativer 7.62 is always posítive, and so ís íts time average

value. Hence

æ

L4T

Ç f - -t,r*"r ì
J (ur,'t(+r,+r)rtïJ at = æ 

'
o

(7 .63)

and the conditions of Ëhe Ëheorem are satísfíed. Thus, unstable

solut.ions of the varíatíonal equation always exist for negatíve n, and the

limit cycles for n ( o must be unst.able.

Simulation of. 7.56 f.or various iníÈial functions and val-ues of 6(

produced no stable límit cycles. Fig. 7.29 shows an aËËempt to generate

Ëhe n = o limiË cycle, but Ëhe solution decays to zero. Fig. 7.30 shows

Ëhat the n = t 1 liniË cycles are also unstable. All limit cycles for

o ), o are then expecËed to be unstable. Verífication of this result,

analytical1y, is possíble for the srmll amplitude regíon (k close to

zero) of the 1ímit cycles. The varíatíona1 equaËíon 7.61- is transformed

by €(t) = b(r). d(t), resulËing in

dk) = h(r) . dG) + c af(t-l) (7 .64)

with

h(t) = - (4n+1)Kk2"o [ (4n+l)Kt,k] sn [ (4n+1)Kr-K,k] (7.65)

perÍodic with períod T,, = 4/ | 4n+1 | r c = -(4n+1)r, and b(t) = l-/dn[(4n*1)Kt,k],

Ifk=oËhen7.64becomes
a

i<o =-(4n+1) + d?-t), (7.66)

identical to 7.20 for rn" ,r"i"formed Jones system. The argument used ín
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thaË case Ëhen applies here and shows that, aË least for k € [ork61 ,

1ínÍË cycles for n ) o musË be unstable. Again nothing can be saíd

about the n = o lÍmíË cvcle.

The stabilíty síËuation here is very similar to that of the Jones

sysLem, except. that Ëhe 11 = o 1inÍt cycle is also unstable now.

7,L,2.4 DF and TSIDF Analysis

ApplícaËion of Ëhe DF meËhod to the untransformed complement.ary

system yíelds the describing function for f [x(t) ,x(t-l) ] =

tx(t-l) [l+x-(r)], Keq(A,w) = g(A,T¡r) + j b (A,w), wÍrh

c(Arr^r) = (-1-342 /Ð a cos \^I

and

b(A,w) = (A2/4 + l-) o( sín w.

The equations governíng limit cycle predÍction are

çL4Lz /Ð o( cos \^r = o

and

Ìr = (1+A2 /Ð ol sín w.

From 7.69 and 7.70, limit cycles of frequencies ro =l4n+11Íl/2,

!Lr!2r--- and amplíËudes An = 4 -1{(4n+1) Tl /8d) are predícted.

frequency predictions are exact, as are Èhe sËart.Íng p_oínts (ampl-itude = o)

of the límit cycles at o( = (4nt1) T'Í /2.

Table 7.3 shows DF amplitude calculatíons compared Ëo the actual

n = o límit cycle amplítude (k/kt) and funda.nental component arnpl-itude

for various values of c{

As wiËh Ëhe Jones sysËem, amplitude errors are small at l-ow

amplitude but increase rapidl-y wíth increasing ampl-ítude. Again the DF

amplítude approximates the fundamental component anplituder A,
exacE

beËËer than it does the limit cycle amplÍtude, A- . The behaviouroexact

6(c

(7 .67)

(7 .68)

(7 .6e)

(7 .70)

I = or

The



Table 7.3
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Comparíson of DF Arirplítude Calcul-aËíons and Amplítudes
of Actual n = o Límit Cycle

7" Error

L.s7OB(TT/2

L.5507

7.5297

t.5076
L.4844

L,4339

L.3769

1. 3110

1. 2330

L.L367

1.0094

.8153

LJSZ
L.2L:/"

2.LBi¿

2.307.

3.761¿

5.281¿

7,00i¿

9.227"

L2.L07"

L6.377"

23.85"Á

of Ëhe calculatíons for other than the n = o lÍnit cycle is expected to

be sinilar to Ëhat of Table 7.3.

TSIDF analysis ís similar to that detailed for the Jones sysËem'

and results ín an appïoxÍmate l-iniË cycle, *"pp(t) = A sin r^rt + B sín 3wtrB( o,

hríth frequencíes rr, = lan+1 | TT/2. For the rI = o linít cycle, A and B

are gÍven by the solution of
Ít[ = - 3B/2 +J B'/4 - 4 + 2nlo( Q.7t)

s6+24s4+(80+32 n / a4 - 4fi2 / e'\s2+(22-48n lol +24n2 / o<2-+n3 / a')= o.

(7 .72)

Table 7.4 shows a few TSIDF calculaËíons along with the exacË ampli-

tudes of the fundamental and Ëhírd harmonic componenËs of the l-iniË cycle

ín the larger amplítude region. The errors remain reasonable for l-arge

anplitude, and índícate the sígnificanÉ ímprovemenË in accuracy when Lhe

third harmoníc is included ín the approximaËion. This same improvement

(=k/kl
exact

o

.226

.328

.405

.482

.6L6

.748

.890

r.a44
L.237

r.493
r.926

o

.229

.334

.420

.500

.6s4

.BL7

1. 000

L,224

1.530

2.000

3.000

tur
L.777"

3.577"

3.667"

5.827"

8,4L7"

LL.007"

L4.707"

L9.L57"

25.35%

3s. B0%

o
,229

.332

.4t4

.493

.640

.790

.957

l-. 150

L.407

L.785

2.530
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in amplítude prediction should occur for Èhe oËher 1Ínit cycles as we1l.

Table 7.4 Conparison of TSIDF Ampl-itude CalculaËions and
Funda¡renËal and Third Harnoníc Amplitudes of Actual
Limit Cycle

"Á Etrorc(

L,L367

1.0783

1.0094

.9253

.8153

.6503

.7977"

L.433%

L.4901l

L,8931¿

2.7001l

4.8t07,

Appl-icaËion of Ëhe DF meËhod to the Ëransformed system of Fíg. 7.L2

yíe1ds Ëhe descríbing funcËion,

Keq(A) = s(A) =# ( r"r, [e sin erl sin €rd Or.u\J
o

(7.73)

Since tan(y) ís a hard spring, Keq(A) is monotonic íncreasÍng with A,

and varíes from I to æ as A varíes from o to TT /2, Limit cycle conditions

here are ídentical tì those of 7 .38 and 7 .3g, so Ëhat frequencies \¡rn =

| +"+f I n tZ are predícËed, and DF amplitudes may be calculated from

Keq(Arr) = ({n+1) TÍ /8q .

7.L.2.5 Approximate StabilÍty Techniques

Applicatíon of Loebrs críteríori to the untransforured system

results Ín

òxE (Ar,,t'
sín2 wrr(1+ 3Aî12 /4) / çzwnz)r(t .t+)

whÍch is always negative. Hence Loebrs críterion predícËs an unstable

1ímit cycle Vn. Also, Loebrs criterÍon applied to the transformed

sysËem of Fíg. 7.L2 involves 7.43. hïith Keqf (Ao) ) o (since tan(y) is a

hard spring), 7.43 is always posÍtive, and Loebrs criËerion again predÍcts

òxòv-àv
ò¿, òw à¿

=-[ dz
)t

trsrop

1.409

L.579

L.793

2.088

2.560

3.556

L.407

t,573
1.785

2.O76

2.530

3.470

.L427"

.3BL%

.448%

.57 8"Á

L.LB67"

2.4807"

-. 1138

-. 1485

-.1977

-.27 46

-.4L52
-.764L

-.LL29

-.L464
-.L948
-.269s

-.4043
-.7290
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,',

, an unstable li-miL cycle V n.

rhe rDF sËability Ëechnique applíed to Ëhe untransformed syst,eur

ínvolves assuming a perturbaËíon €eat sin Ot, so that the incremental

gaín becomes

' ,) "-(a+jo 
). (7 .75), Ni(Ao,a, f).,rr) = 01 (L+An'/',

hliËh a+j fI general-ízed to s, the equivalent linear sysËem for perturbations

is shown in Fíg. 7.L4. SËabílity analysis of this form of linear r,íme

'-,, delay system has already been shown to yield'., 
,

,,.,, o -( c{(r+a " /2) ,< TT /2 (7.76)

f.ot a stable liroíË cycle, and

t,
oI, Q+L_'/z) > TT /2 ; o1,(L+L_'/2)' n ' - ' -n'-'

for an unstable lirnit cycle. Since o<(t+tn2/Z) = (4n+1)l -c{, rhe

stabílitv condítíons become

(4n+1)fT - Tr/2 < o{ ( (4n+L) TT /2, ft¿o (7.78)

for a stable limÍt cycle, and

o( ( (4n+Ð TT /2 ( (4n+r)ff - n /2, î )t o

o((o, n( o (7.79)

'" for an unstable liurit cycle. Condition 7.78 ís only satísfied trivially
:-:

, (o(= 11

The DF method, Loeb's crÍËeríon, and the IDF sËability Ëechníque

applied to the transformed sysÈem of Fig. 7.L2 car- be related easíly Ëo

the root locus of the linear tíne delay sysËem of Fíg, 7.9 (figs.7.LO
t,

and 7.11-). DF oscillatíon conditions correspond Ëo jw axis crossíngs of

the rooË locus and yiel-d the exact fre I:quencíes rr, = | an+l I rT 12. DF

amplitudes are calculated from the DF condiËion K = c(Keq(Ao) =Gn+I)T'l /2

or Keq(Ao) = (4n+1) TI /Qdtl . Since rhe nonlineariËy ran(y) is a hard

spríng, applicatÍon of Loebrs criteríon ín the graphícal root locus form
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indicaËes unstable 1ímit cycles $n. The rDF stabílity technique

involves evaluaËíon of the incremental gain
2Í 2TT

N-(A,o) = ,1 C *r r^ ^:- 1 -1 
2 '.6., n \ f'(Asíne) de =L+ïn \tan'(Asinê)de ,

/ ! (7.s0)
wiËh Ëhe general result : Nu(A,o) ) Keq(A) because of the hard spring

character. This is sufficíent to ensure that all limit cycles are un-

sËab1e.

DF inaccuracíes may be elÍmj-nated fron the IDF stabiliËy Èechnique

by considering perturbatíons abouË the actual- límít cycles. For both

the unËransformed and Ëransformed systems the resulting equíval-ent

linear sysËem for sËabÍ1-ity studies is that of Fig. 7.L5, with the

incremental gain tttuo{krrr) = ((n+1) E(k)/kl. Nu*{krrr) varíes monoÈonically

frorr (4n*ÐTf /2 to (4n+1)OO as k varies from o to 1. tlence Ëhe system

of Fig . 7.L5 is unstableVkrVn. rË can be shor¿n thaË the Ëíme average

value of the periodíc tíme varyíng coefficient, o1 [t+xrr2(t-r¡], of the

variational system of Fig. 7.I3 is also given by (4n+1)A(t)/tol, rhus

verifyíng Ëhe tine averaging naËure of the IDF Ëechnique for ËhÍs syÈtem.

7.L.3 Comments

Loebrs criËeríon fails for the Jones sysËem but predícts sLability

correctly for the complementary sysËem. For the Ëransformed Jones sysËem,

application of Loebts criterion ín the graphical root locus form

(Figs. 7.L0 and 7.11) does not take into accounË the charact,erístic roots

other than Ëhe pair índÍcaËing the particular l-imÍt cycle mode. Location

of all characterístic exponents (roots) of the varÍational system is

found, approximately, Ëhrough Ëhe rDF approach, and indicaËes unsËable

modes for n /o Leadíng Ëo unstable límít cycles.

For the transformed complementary system, Loebrs criterÍon stj-l-l



neglects the ínfinity of oÉher characteristic roots, but the hard spring

nature of the nonlinearíty results in a correct predicËÍon of instabil-íty

just by consÍdering the motion of Lhe root pair for the particular l-írniÈ

cycle mode. The other modes of the varíational system, or the IDF

approximation to it, are neglected in Loebfs criterion because of Ëhe

assr¡med forn thaË perturbations must, have Ín Ëhe Loeb analysis.

7.2. T,ro OËher Svstems

Two additíonal sysËems studíed by other authors are further studÍed

here since they relate closely to the transformed systems already dis-

cussed.

7.2.L. The System of Gelb and Vander Velde [6rpp.243-246]

The nonlinear tíme delay sysËem of Gelb and Vander Velde is shown

in Fig. 7.L6. The nonlinearity ís f (x) = dx - €*3; 6, € > o, and the

linear planË e-s/s. This sysËem is ídentÍcal in form t,o the transforned

systems of Section 7.L except for the nonlinearÍ-ty. The descríbing

funcËíon for thís nonlínearity ís Keq(A) = df- 3€A2/4, and application

of Ëhe DF meËhod yields 1inÍt cycle frequencies rrr=f4tr+LlTf/2¡ D=or!L,!2,---

wÍth amplitudes
,

A=n

. - : t:i.j -.:'.1.:'. : : : : ^ :: :1, j.,.ìl, f:.: .....,. r
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+
3€ | { - (4n+l-) îr /21. (7. ar)

The condition for exíst,ence of a 1ímit cycle (Arrrwrr) is Arr2 ), o or d 7,

(4n+1)Tfl2. Loebfs criterion applied here results in the evaluatíon of

(Arr 
'wrr)

Since 7.82 ís negative for n l, o and posit,ive for n ( o, Loebts criËerion

predicËs stable limiË cycles for n ), o and unstable ones for n < o.

Simulation studíes reported by Gelb and Vander Velde índícate Ëhat

only Ëhe n = o lirnit cycle is stable. FurËhet:rnore, the n = o limít cycle

is only stable for dín the rangeTf /2< d (*+ or 5. Loebrs crÍteríon is

t$ r'i.{:')¡f, Keq(A) = _ ¡€An
G+Dn-

Q.ez)
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Ëhs incorrecË in predÍctíng stabílity for the n ) o 1ímiË cycles.

The IDF Íncremental gaín, No = d- 3€ /l2lZ to, this nonlínearity,
t5

leads to the IDF system of Fi-g. 7.I7 for 1írnit cycle (Arrrwrr). The

stable regíon of rhís sysrem is o.( d - S€.n.*z/Z ( n/2, and since

tr r.^ o) = {- 3eA_2/Z = - d + (4n+1)TT, (7.S3)ttB \^nt n

Ëhe condiËion becomes

(4n+1)TT-n/2<{<(4n+1)TT e.B4)

for a sËable 1ímit cycle. For n ( o it is obvíous Èhar 7.84 is noÈ

satísfied sínce d)", and all n ( o lirnÍt cycles are predicËed as unsËable.

However, for n I o Eii.e exisËence condiÈion is { ), (4n+L) Ít /2 for 1i¡nÍt

cycle (Arrrwrr), and 7,84 can be satisfied. In parËicular, for n = o the

IDF region for a stable línit cycle is fllZ ( Af < n .

Certaín díscrepancies are noted beËr¿een Ëhe IDF results and simulation

sËudíes. The upper liuriË of stabilÍËy of the n = o 1.imiË cycle is noË

predicËed correctly, and regions of stable lirnit cycles for n > o are

predicËed which have not been observed. These díscrepancies are

attrÍbuted to the DF approximaËion, sínce previous studies have índicated

Êhe basic accuracy of Ëhe Ëime averaging approximaËíon in the IDF

technique for this form of systen. Stabilíty condítÍon 7.84 rnay be

written ín terms of 4., as

(7.8s)

For n = o rhís becomes o .( Ao2 ( #, for n = 1, åF 1 or' ( Å3Ë, eËc.

The n = o limít cycle mode is the only one for which the stabiliËy

interval starËs out at A = o. Of course the best DF approximat,ion occurs

ín the smal1 arnplitude region, and DF error Ëhen íncreases wíth amplíËude.

In Ëhe smal1 amplíËude regions - (4n+1) TT /2 ,< cf ( {an+l)TT - Tl /2, or
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f(A sin !trË) = ( d- l, o', A sin wr *
this ratÍo is

2
lt

=c 4{ n^2
: -JfI

E
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,t
o ( or,' ( a" n /:e - correct stability is predicted by rhe rDF stabilÍry
techníque.

A closer look at the nonlíneariry f (x) = dx - € *3 (¡,ig. 7.lB)

indicaËes the typícal region of operatíon (in t.erms of a saturation

characterísÈic) "t - 
^fW 

1"( -l-@. rn rhís region f (x) ís a

soft spring and the DF approxímation should be reasonable. For the n = o

2.,2dlimit cycle , Oo' ) jT is equívalenÊ to { > n, so iÈ is seen that

anplitudes yielding Ëhe IDF stabílíty díscrepancy for n = o eorrespond Ëo

anplítudes outside Ëhe rypical regÍon of f(x). Similatr", * 1 o.*2 < +t
is equivalenr Ëo f <+n+f)n

in Ëhis interval it 7,84 ís to ho1d. Again, aurpritudes yielding an rDF

stabílíËy discrepancy for n > o correspond t.o x out of the typical region

of f (x).

A further indÍcation of DF accuracy may be derived by calculating the

_^+: ^ thírd harno"íc a*p!ítuderatio.fortheoutputofthenon1inearitywithafundamenËal amþlítude
sinusoidal input. Sínce

f, a3 "in 3 r^rË, (7.s6)

Ëhird harmonic
fundamental (7 .87)

Fig. 7.19 shows a plot of 7.87'versus 42. In Ëhe tegionfr < o'< #
the rat,io, varíes from .2 to .33, and índicaËes substantial Ëhird harmonic

conËent. Thís ínplíes that the DF approximation wj-1l be relatÍvely, poor

for aurplíËudes ín the region of the IDF stabiliËy díscrepancy.

The DF meËhod, Loebrs criterion, and rDF stabíliËy Ëechnique may be

related to graphícal root locus interpreËations using Figs. 7.10 and 7.IL.

Of course the results are the same as those already derived. Again the
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failure of Loebts crit,erÍon for the n ) o limit cycles is atËributed. to

the ignoring of the unsËable modes indicated, approximatel-y, by the rDF

system. The n ( o lirniË cycles are predicted correctly as unstable by

Loebts críterion because they correspond to arr2) +{ and, hence,

negaËíve Keq(Arr) and NU(Aoro). If the DF system and IDF system are
2.'consídered to have posítíve feedback then Keq(Oo) = i €On' - d > o and

?_)-
Nn(Arr,o) =i €O,,- - d > o , with the nonlíneariËy essentially behaving

like a hard spring. Applicatíon of Loebls criËerj_on and the IDF

stabí1-ity techníque, using the root, locus of Fíg. 7.LL, indícates that

Ëhe mot,ion of the root paír corresponding to Ëhe partícular l-iniË cycle

mode always determines instabÍ-lity, even though the infinity of other

roots are neglected ín Loebrs crÍterion. This is exact,ly the same

siÈuatíon as that for the transformed complementary system.

7.2.2 The System ôf Brookes and Katzberg [9,1_0]

Brookes and Katzberg studied the nonlínear tírne delay relay system

Fíg. 7,20 Ln some detaíl. For the ídeaL unit relay, Keq(A) = fr ""a
e DF f.irnít cycle condít,íons become

Ëan w = L/w (7.88)

and

(7 .8e)

of

Ëh

^ 4 sinw
A=

TTw

Limít cycles (Arrrwrr) are predicted, with wr, Ídentifíed in the graphical

soluËion (Fig. 7.2L> of. 7.88, where 2nfT

Note Ëhat as n approaches Clo ¡ wn approaches 2nTI . For n = o the

result is Ao = L.L23rwo = .86 and for n = 1ít is A, = .03, w, = 6.437.

The corresponding values of Keq are Keq(Ao) L.L32 and Keq(Ar) = 42,

Brookes shows, using the Hamel Locus, that. the exact, frequencies are

ro = .84 and rl = 6.41 yíelding DF frequency percentage errors of. 2.387.

and .42"/" respecËively - certainl-y quite reasönable. IIe also demonstrat,es
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that the infinity of liuriË cycles (Arrrwrr) exisË by usíng the exact Hamel

Locus, Ëhus verifyíng the approximaËe DF l-init cycle predíctions.

Loebrs criteríon in the anal-ytical form involves establishing the

sígn of

# r*l(:r) åÃ r.e{a)f .^ _- .,= - 4[r*rr,**r,l*rrr'*rro] cos r¡rn (7.90)
f \Ârr r wrr,/

nnn

Sj-nce cos r^In ¡ o Vn, 7.90 is always negaËive, and Loebrs criterion
:'
: . predícts all limít cycles as st,able.

Katzberg establÍshes ín an exact fashion Ëhe infÍníty of limit

cycles, and proves Ëhat. only Èhe n = o 1ímit cycle ís sËable, with the

higher frequency lírnit cycles unstable. Thus Loebts criterÍon again

fails for Ëhe higher frequency 1ímít cycles in a tíme delay system.

The rDF stabílity techníque yields Nu(A,o) = # for the ideal unÍr

relay, and the IDF sysËem is showÀ ín Fíg. 7.22. Stabilíty of Ëhis

system may be found by plotting the root locus óf the sysËem hrith

N,(A-ro) replaced by the general K. The root locus for this form ofön
linear tíme delay sysËen is shor¿n in Fig. 7.23 (see Bower and Schultheiss

:;: 126l for deËails). Only the upper half plane is shown sínce the bottom

,, half rnust be symmetrícal. Fron Fig. 7.23 ít is seen that, additional
:

', Paírs of roots move inËo the RHP as the gaín K passes through Ëhe crÍtÍcal

val-ues Kr, = 1r/sin wr, ín sequence. The val-ues r^rn are cal-culated from 7.88

and shown graphícally Ín Fig. 7.2L, and Ëhe K_ of course correspond to the
..', n

values of Keq(Arr) required by the DF condítíons. The system of Fig. 7.22

ís stable if and only if o.<çþ.< Ko = 1-.132. Since #=7;|"r, rhe
flnn

stability condition becomes

,Wto.(, "n \< L.L32 " (7.9L)
2sinw
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Now 7.91 can be shown to be satísfíed only for Ir = o where # = .566.
o

\^7-nFor n ) o, Zsä, > I.L32, so that a predicËion of instability resulËs
n

for the n > o limit cycles. Thus the IDF stability Ëechnique gives Èhe

Ërue stability situation for all límít cycles in this sygËem.

Again the reason for the faílure of Loebrs criterÍon may be observed

graphically ín terrns of the IDF syst,em and the root, locus of Fíg.7.23.

For the DF limit cycles corresponding to higher frequency ÍntersecËions

the root locus indicates roots in Ëhe RIIP for K = NB(Arrro), n ) o.

Loebrs críteríon neglecËs Ëhese rooÈs and consÍders only the root pair

corresponding to the intersectíon j wn. ItIith the soft, spríng nonlinearíty,

Loebfs criterion Ëhen predícËs stability from this simplífÍed "local"

perturbatíon analysis.

Brookes shows ËhaË for the variatíonal- system of the second inter-
/\sec.r-on \\n, = w.r,l liniÈ cyclerone solutj-on mode is e(L'22+i 1'55)Ë. rn

other words, oi" characterisËic value of this varíaËional equatí on ís L.22

+ j 1.55. It is thís unsËable mode whích causes the linit cycle instability.

Now j.n Ëerms of the IDF system and iËs rooË l-ocus of Fig, 7,23, the

location of the príncipäl root at gaÍn K = NU(Arro) = 2L may be found

from the characteristic equaËion

"2*"-,2re-s=e. (7 .e2)

SeËËing s = d * jw and substiËuting into 7,92 yíeLds the solution

s = 1.28 + j L.62 as Èhe value of Èhe príncípal ïooË. This obviously

corresponds to the unsËable mode found by Brookes, and the value ís

reasonably close to the characteristic va1ue. In fact, Ëhe percentage

error in6 is 4.92% and inw is 4.527" - boËh quÍte sma11 considering that

Ëhe IDF system is the DF approximate time-averaged counterpart of the

exacË variatíonal sysÉem. Thís result is then very encouragíng in



153

supporÈ of the use of Ëhe IDF stabí1-íty technique ín tíme delay systems

both to determíne limit cycle stabíJ-iÈy and to predict the actual modes

of ÍnsËability. Note that Loebrs críterion could noË predict the

presence of this unstable mode at a frequency differenË than the lirnit

cycle frequency because of the assumpËion of perËurbat.ions of the same

frequency as Ëhe 1imít cycle.

Usíng ideas due Ëo Grensted [35136] , Katzberg develops a nonrigorous

argumenÈ for the faílure of Loebts criËerion j-n this and oËher time delay

sysËems. He consÍders general solutions of the sysËem of Fig. 7.20 in

the form x(t) = a . dit sín wË with the corresponding descri-bíng functíon

Keq (A) ,

rAgit
(7.93)

due to Grenst.ed. From NyquisË analysis, usíng the critical locus

-l tl+x
- Keq'(A) = - TTA e-- /4 (see Fig.7.24), oscillatíon condiríons are

found as intersectíons of the críËícal locus and Nyquist p1-oË l,(jw) = "'i* /

[jw(jw+l)] with 6i= o, but oËher modes at the oscíllation conditions

with 6il o are established as intersections of L( 6ír+jw) = "-di-i*,
[ ( dr+jw) (1+ Cfi+j\,r) ] wÍth the oscillaËion condíËion. AddiËíonal modes of

óírt
Ëhe forn A e - sÍn wtr6i) o are clearly unstable, and inply ËhaË the

corresponding oscíllation (limít cycle) is also unstable. In this manner

the higher frequency lirnit cycles are predicËed as unstable. AlËhough

correcË stabiliËy results are predicted, the anal-ysis ís not correcË.

Thís analysÍs ís equivalenË Ëo finding the unstable roots of the DF syst,em

correspondÍng to a parËicular lirnÍË cycle (Arrrwo). However, ít has been

shown Ëhat it is the IDF system whích approximates to the varíational-

sysËem, and unstable roots of Ëhe IDF sysËem determine unsËable lirnít

cycles. Hence Ëalk of thro or more modes existing simultaneously Ín the



nonlínear sysËem of Fig. 7,2O is meaníngless, and only the IDF syst,en

should be used for determining possíble unsËable modes. For exanple,

Katzberg calculaËes the unsËable mode, supposedly exístíng simulÈaneously

wÍËh the linit cycle (A*wr), as 1.66 + i L.74. This mode, compared to

the exact unsÈable mode of the varíaÈional sysËem' L.22 + j 1-.55, shows

36.9"/" error ir-6 arrd !2.25lZ error in jw. The IDF unstable mode is then

much more accuraËe, as iË should be.

7.3 Tíme Averagíng in. a Specíal SvsËem

Eltsgolrts [34] sËudies the períodíc time varyíng 1Ínear system of

Fíg. 7.25, r¿here a (Ë) is periodic wíËh period T and n is an arbiËrary

positive ínteger. Ttris sysËem is then quite similar Ëo the variaËíonal

systems for the transformed Jones and complemenËary systems. Ilowever,

the dífference lies in the fact that here there ís an ínteger relatíon-

shíp betrueen the períod of the tÍme varying coefficíent and the Ëíme

de1ay. The differenËial-difference equaÈíon correspondi-ng to the sysËem

ís

Ë(t)=-a(t-nr) €(t-nt)
=-a(t) €(t-nr)

Now an infíniËe set of solutions of

wiËh g(u) períodic of period T. If

into 7.94 then

7.94 exists ín Èhe forn € (t)=e

thís form of sol-ution is substí

' ' ::""'

Ls4

(7 .e5)

(7 .e4)t
5e(u)¿u

a"a.u 
'

s(Ë)=-a(t)"-nTk,-T
1?

ruÍth kl*. \ e(u)du = g(Ë). Now from 7.95
rut OTT
. 1 l^ -nTk 1 C -/ \ik =Ë 

) s{")du = - e "-"' Ë )a(u)du 
=

oo
so that sol-uËíons for k from 7.96 are equivalenÈ to

the consËanË coefficient Ëime delay system of Fig.

- a(r) "-tTk, 
(7.96)

finding the rooËs of

7.26 wítln s replaced
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by k. However, Ëhis sysËem is simply the time-averaged sysÈem of the

orígina1- system of Fig. 7.25. Also, sËable or unstable solutíons
t?/\

€(t) = e )e(uldt "=. deËermined by Re k ( o or Re k ) o respecrively.

DeËerminaËion of Ëhe charact,erístíc values "í = ki, i = Lr2r-- of the
time-averaged system of Fig. 7.26 thenyÍelds soluti-ons €r(t) =e 5S(u'kr)au

wiËh g(t,kr) = - a(t).-nTk' and k. = cTE,lat. The solutions €r(t) are

sËable if Re k. ( o, unstable if Re k, ) o, and períodíc íf Re ki = o.

If Ëhe Ínfínite set of solutions ís fundarnental (linearly índependent

and spanníng the solution space) Ëhen stability of the sysËem of Fig. 7.25

is equivalent Ëo the stabílity of the tíure-averaged system of Fig.7.26.

Even íf Ëhe solutíons do not form a fundament,al seË, certaÍnly a

sufficient condiËion for the ínsËability of the ËÍ-me varying system ís

the insËability of the time-averaged system caused by at leasË one

characËerístic rooË with positíve real part. Zverkin l37 r38l has done

work on this and more general time varyíng delay systems which indícates

Ëhat stabÍlíty may be determined by sËudyíng the sÈabílity properËíes of

Ëheir tíme-averaged counterparts.

The purpose of ÍllusËrating this specíal.Ëime varyíng delay system

Ís to índícate aÈ least, one form of delay sysËem for which ËÍme averaging

ís not an approximatíon ín terms of stability analysís. This gíves

further support to Ëhe ídea that time averagíng in the IDF system for

time delay systems is reasonably accurate wíth regard to stabílíËy results.

7.4 Conclusions

For the tíme delay systems examined ín Ëhís chapter a result commorl

to all of them is the accuracy of the time averaging involved in Ëhe IDF

sysËem. The only serious source of error ín the use of the IDF stabilíty

techníque here is Èhe DF approximatÍon itself. AlËhough tíme averagíng
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probably works reasonably well away from stabí1-ity boundarÍes, a

surprising feature of the IDF stability technique applied Ëo the system

of Brookes and Katzberg ís its ability Ëo predict the unstable mode of

the varíational system rather accuraËely (consíderíng that the DF

approximation ís Ínvolved as well). !üiÈh the consistenËly good IDF

results of the examples, the possibiliËy of Ëhe IDF stability teehníque

working well in other tíme delay systems exists, and should be investigated.

Loebrs criterion ís clearly seen to fail for tíme delay systems due Ëo

Ëhe simplified assumptíon of perËurbations only abouË the l-imit cycle

atrlplitude and frequency. The IDF stabílity technÍque indicaËes approxi-

maËe,unstabl-e modes, aË loürer frequencies, for the hígher frequency limít

cycle possibílíties. Brookesr exact variational system analysís for the

one system ís evidence that the IDF system ís indeed approxímating the

variational system well ín Ëerms of predícÈíng Ëhe unsËable characteristic

values.

The IDF stability Ëechníque is preferred Ëo the argumenË of Kaxzberg

and GrensÈed regarding faílure of Loebrs crít.erion in Ëíme delay systems.

Thís technique ís related dírectly to the theoretícal varíaËíonal

analysis and, although approximate, appears to predíct the unstable modes

rather we11.. Katzbergt s argr:ment ín terms of dif ferent modes ín the non-

línear system is unsound ËheoretÍcally since ít does noË relate Ëo Ëhe

variaËional system



Fig. 7,L BLOCK DIAGRAM OF JONES SYSTEM

Fíg. 7.2 SIMPLIFIED BLOCK DIAGRAI.'I OF JONES SYSTEM
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o<x(t-l

1-x'(t)

tanhly(t) l

Fig. 7.3 BLOCK DIAGRAM FOR SYSTEM EQUATION 7.8
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Fig. 7.4 VARIATIONAL SYSTEM FOR PERIODIC SOLUTION yrr(t)=Ëanh-I[xrr(t){

Fig. 7.5 IDF EQUIVALENT LINEAR SYSTEM FOR JONES SYSTEM

Nu (A,w)

oKL-ALz12)

Fig. 7.6 IDF EQUIVALENT LINEAR SYSTEM FOR PERTURBATION €eaËsín¡ìt
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FÍg. 7.7 IDF EQUIVALENT LINEAR SYSTEM FOR COMPLEX FREQUENCY s

FÍg. 7.8 EQUIVALENT LINEAR SYSTEM FOR ACTUAL LIMIT CYCLE.

(4n+1-)E(k)

Fíg. 7.9 . LINEAR TIME DELAY SYSTEM
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3ÌT

Fig. 7.L0 ROOT LOCUS FOR NEGATIVE FEEDBACK

jw 
l5an

3TT/ Z-

JN

Fig. 7.LL ROOT LOCUS FOR POSITIVE FEEDBACK
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Fig. 7.L2 BLOCK DIAGRAM FOR SySTH{ EOUATTON 7.60

Fig. 7.L3 VARIATIONAL SYSTEM FOR PERIODIC SOLUTION y (r)=r"n-llxrr(t)J

Fig. 7.L4 rDF EQUTVALENT LTNEAR sysrÐ{ FoR PERTURBATTON €eatsínnr

o<[r+*rr2 {r)J

{r+l-,_2 /z) -d,

(4n+1) E (k) /kl
-se
S

Fig. 7.L5 EQUIVALENT LINEAR SYSTEM FOR ACTUAI LIMIT CYCLE
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f [x(t) ]

Fig. 7.L6 SYSTEM oF GELB AND VANDER VELDE

Fig. 7 .L7 IDF EQUIVALENT LINEAR SYSTET{

f (x)= 6f* - G*3

dle52

I

I

I

I

I

I

I

I

Fíg. 7.18 NONLINEARITY OF GEI¡B AND VANDER VELDE SYSTEivt
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Fíg. 7.20 SYSTEM OF BROOKES AND KATZBERG

Fig. 7.2I GRAPHICAL SOLUTION OF 7.BB
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f [x(t) ]

NB (An,o)

Fig. 7,22 IDF EQUIVALENT LINEAR SYSTEM



Kr=wr/sin w,

=wr/sin w,

Ko=wo/sín wo

Fig. 7 .23 ROOT LOCUS OF EQUIVALENT LINEAR SYSTEM

L(jw)=s-Jt/ [ jr(r+jr) ]

o) (41't{
/

/
4*
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4TT

3IL

v
2fÍ

J

j

-r<eq-1(¿.)

/<-- L( cf .+jür)

/
/

d¡) o

= "- 
( dt+iw¡ / Í¡,¡:w) (1+ du+jw) l

Fig. 7.24 NYQUIST PLOT ANALYSIS OF BROOKES AND KATZBERG SïSTEM
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FÍg. 7.25 LTNEAR SYSTEM OF ¡L'SGOL'TS

Fíg. 7.26 TIME-AVERAGED SYSTEM
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CHAPTER B

SI]MMÄRY AND RECOMMENDATIONS FOR FUTURE i^iORK

8.1 Summary

It has become obvíous from the work in this thesis thaË a comparíson

of Loebts criterion and the IDF stability technique depends a greaË deal

on the form of nonlinear system considered. CerËainly it has been

demonstrat.ed Ëhat one of these techniques is noË betËer than the other

in all cases - different types of systems dísp1ay dífferent results in

this respecË.

Second order system studies are the most complete, in the

theoretical sense, because of the known sËabi1íty ínformation about

second order variational systems. Loeb's criterion is shown to be

equivalent Ëo a stability analysis of the DF approximate variational

sysËem, while the IDF stabilíty technique involves the additíonal

approxímation of Ëime averaging. This establishes Loebts críterion as

the more accurate stabiU-ty technique for second order sysËems, assuming

a reasonable DF approximation. Ilowever, system simulations reveal thaL

discrepancies between Loebrs críËeríon and the TDF stability techníque

normally occur in regions of poor DF approxímation, especially for

frequency, due Ëo the nature of typical nonlínearities and second order

systems. The IDF stability technique seems to ÍndicaËe these sítuaËíons

by predicting ínstability while Loeb's criterion predicts stabílity - ín

Ëhis sense the IDF stability technique is not entírely incorrect when

these discrepancíes occur. The problem of additíonal unstable modes noË

consídered by Loebfs críterion does not arise for second order systems

because only the complex conjugaÈe rooË pair of the DF and IDF systems

deËermines sËabiliËy.
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Studies of third order sysËems consÍst mostly of system simulatj-ons

since only a few Ëheoretícal stability results are avaÍlabIe. In general,

the results indícate Ëhe similar trend of second order sysËems Ëhat dis-

crepancíes correspond to situatíons in whích the DF approxÍmaËÍon is

poor - due to eíther large frequency error or a bías being present ín the

actual lirnit cyele. This frustrates any aËtempt Ëo evaluate which is

the betËer Ëechníque, for third order systems. The IDF sËabílÍty technique

again aPpears to be an indicator of these sítuations of poor DF approxi-

maËion when Ít predicts instabílity while Loebrs criterion predicËs

sËability. Many instances of nonexistence of a DF predicted 1imít cycle

also occur when the rDF stability technÍque predicËs instability.

It appears that mode theory in t,erms of the IDF system does noü

work in general for thi¡:d order systems - especía1-1y for the predícËion

of unstable liniË cycles. The only consísËenË resul-t from the examples

studied is the fact ËhaË the pair of roots predicËíng an oscillation in

the DF systen must move inËo Ëhe RIIP ín the IDF sysËem in order t,o have

an unstable DF predícted limít cycle. However, this is bhown noË Ëo be

a suffícient condition for exisËence of an unstable linit cycle. One

encouragíng aspect, in the use of Ëhe IDF stability technique is the

demonstraÈed prediction of, a stable 1ímít cycle for certain cases of

unstable DF sysËems - although regions of exístence are noÊ predicted

very accurately, a 1ot of this error can be aËËríbuted to the poor

fÍltering Properties of the systems. It is ínteresËing ËhaË an example

could noË be found illustraËíng the clear faj-lure of Loebrs criteríon

when iË neglects the Ëhird (unstable) mode - all examples of thís sort

Ëhat r¿ere tried resulted ín nonexistence of a 1Írnit cycle raËher than

existence of an unsËable lÍmit cyele. For both second and thírd order

-: - -r,-:r ¡:,;.:.;:.: i:i'
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systems, Loebrs críteríon and the IDF stabílity technique should probably

be used Ëogether so that discrepanci-es may be identifÍed and inËerpreËed

properly.

The time delay sysËems studied defínitely show the j-naccuracy of

Loebrs criterion with iËs assumpËion of pert,urbaüíons only abouË the líurit

cycle arnplitude and frequency. The IDF stability technique is seen to

work quiËe well ín predicting stability, and Ëhere ís evídence Ëhat it Ís

fairly accurate Ín predictíng the actual unstable modes of the varíaËional

system as we1l.

8.2 Recommendations for Future tr'Iork

The nonlinearities studied ín this thesís have been restricËed to the

hard and soft spríng types. Ilor¿ever, many of the approximate techniques

apply general-ly Ëo any statíc, síngle-valued, odd symmetrj-c nonlínearity.

Al-1 ËhaË ís real-Iy requíred ís a knowledge of Keq(A), NB(A,o), and the

relat,ionship between these two quantítíes. SËudies of oËher than hard

and sofË spring nonlinearíties inight produce further ínteresËíng results.

Nondelay systems of hígher than third order should be studied for

possible díscrepancies beËr¿een Loebrs críterion and the IDF sËabilíty

teehnique. In facË, Gelb and Vander Velde [6, pp. 324-326] cÍËe the

hypothetical example of a saËuration nonlinear sysËem wíËh conditionally

stabl-e equivalenË linear system in which they claím Loebrs crj-terion can

faíl when compared to the IDF sËabilÍty technique. Dorf lSgrpp. 248-2497

gíves a reaLization of the lÍnear portíon of the system ín terms of a

fifËh order plant wíth Ëwo zeros (rooË locus shown ín Fíg. 3.5). If

Loebfs criËerion índeed fails here Ëhen Ëhe nature of Ëhe failure is

quiËe different from discr:epancies in second and third order systems.

In this system, the unstable mode ín Ëhe IDF system ís contribuËed by
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Ëhe motíon of the rooË pair generaËing Ëhe oscillaËíon (Arrwr) ín the

DF system. Also, there ís the possibiliËy of Loebrs criterion faíling

ín an enËirely ne\¡r \^ray - predícting instability of (A.rrwr) in Fig. 3.5

when the true situaËion gÍven by the IDF sËabiliËy technique is a stable

límÍt cycle. These possíbiliËies of course depend upon proper gain

calíbratíon of the root locus and the relaËíonship beËween Keq and Nr.

Clearly, differenÉ situations may aríse in hígher order systems, and

Ëhese must be recognized and studíed.

The prediction of Ëhe modes in Ëhe variaËional systems of non-

línear tíme delay systems, through the use of the IDF system, is

parËicularly ínteresËíng ín the líghË of the results of ChapËer 7. A

thorough study of the accuracy of Ëhese approximate modes should be done.

Also, more work must be done on evaluating Ëhe stabiliËy of tíme varying

varíational sysËems wiËh t.ime delay, such as the variational system for

p,eríodic solutions of the Jones equatíon.

More genexaLly, the relat,ionship between stability of variational

sysËems and sËabÍlity of their time-averaged counterparts - basic to the

IDF stabílÍty techníque - must be determíned for the varÍous types of

sysËems. IË is apparent that tíme averaging.is not always an approximaËion

wÍth respect Ëo stabiliËy predietion, buË jusÈ when it, may be used

successfully ís not, enËÍrely known. Also, use of the IDF system for

predictíng modes in Ëhe variaËional system for nondelay cases should be

studied.

COMMENT ADDED aFTER PRESENTATTON: The sentence srruck out on p. 27 is
íncorrect. The procedure outlíned in [43] could be used to obtain the IDF

stabílíty of the bíased sinusoid límít cycles of Examples I and III and

shoul d be a topic of fuËure work.



APPENDIX I

TIIE SECOND CIIARACTERISTIC SOLUTION OF 5.2

The first characÈeristic sol-utíon of 5.2 ís el(t) = **(t), a

períodíc solution of period T. The second characÈerísËic soluËíon ís

assumed ín Ëhe f.orm er(t) = a(t) er(t). Substítution in 5.2 yiel-ds

ä(r) e, (Ë)+2ä (r) ê, (t)+a( r)?í, (t)+ 
{nr+cre ¡x* (r) f J I at.l e, ( r)+a( r) êl (rt

1_+ tpo+qos 1x*(t)l +qrå [x*(t)]J "(t)er(t) = o

whích, upon rearrangemenÈ, becomes

and,

Solvíng for

EquaËion I.3 rnay be wrítten ín the form

ä(r) + 2è1(r) + {nr+ere t"*(r)lJ = o,

å(r) er(t)

and inËegrated wÍth

t
( aactl = -\-J å(t)
bO

to give
11

ln | å(t) [= -
t 
-Jå(ro)

_1- s ¡x*(")1 J dÈ .

pecË t,o time as follows:

rþF
\ ft'{") - Pl \ u" - n, \ erx*(z) rd? ,
J .r(z) - rJ" î.

YO

"þrc'r l- {n¡erã r"-GIl } (t-to)
L-J
e1 (to)

er(t)ä(t)+ [zer{r)+er{t) [n1+erst"*)] J å(Ë) + {urC.l*

+ [po+qos(x*)+qrå(x*)] er(t)J a(t) = o,

sínce er(t) ís a soluËÍon of 5.2, t}.ís siurplífies to

er(r)ä(r)+ fzer{t)+"r(r) [nr+ere(x*)]] a{.) = o.

res

2

2L

*(") l

t

" 5 [*r*
to

å(t) yields

(r.1)

ler+crg (x*)Þ, (t)

(t.z)

(r.3)

(r.4)

å(r¡ = Qctl "?t, where

(r. s)
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Q{t)=a1t ,.*n[- ,*[#J]-n, $ trrx*(")r - sGÐJ¿z

+ tPr+qt;GÐ 
' '. J 

to
1r.6)

is períodic of period T, and

_-â
( = - tnr*o1elx*(t)l J. (r.7)

If now a(r) = QrCtl .Ptt, ï^rírhOl(r) perÍodic of period T, rhen

å(t) = I ôr(tl + el o1(Ë)l "?1t . (r.8)

!üíth the idenrifícarions þ{.) = t ôrcrl * (10¡.tl and € =8t ÍË becomes

clear thaË

er(r) = er(r)a(t) = **(r) 01C.1.(t = rr(r). À", (r.9)

where tr(t) = >i*(t) 01(tl is periodic of períod T and

t

^z=? 
= -{nr+srsl".Cr>rJ. (r.10)

; i, :'_i:



APPENDIX II

EQUIVALENT LOEBTS CRITERION FOR SECOND ORDER SYSTB{S

Equation 4.5 shows Ëhat

är"q(e) = - 2Keq(A)G,'A

Now

Then

+ 2 NU(A,o) (rr.1_)

(rr.2)

(rr.3)

andrsince w

d-;- Im
Gl^I

(5.16) ,

2,2. 2-to / 41 to

- et/e,r, so that

=

(A.w)-o'o-
-4*o' lnr+crNr(Ao,o) 1 . (rr.6)

[ (eo-ro2) 2*v12*o2] to

The

d
dA

Loeb

Keq (A)

condiÈion fox a stable (urrstabl-e) límíË cycle,

( o ( ) o) , ís then equivalent Ëo

(AOwo)

dîrm
CIT¡I

L(jt)=jYÉ = [qo(po-w2)+qrprw2] + j [-qoprw+wqr(po-w2) 1

2..
Po-w +¡wP, (oo-w2¡ ', *"r',

(no-w2¡ '* *'nr'

å; t* L(iw) ={lnroo'-err(no-r2¡ 1 ¡zwpr2-4w(no-w2¡ 1

+ ¡ (no-wz)2*pr2r2l [-eonr+c, (po-w2¡-2r2qr] j , ,(no-r2)'**'rr'l'
(rr.4)

o' = no-nonr/e,

r.c:')l = [ (no

lFwo 
-

?l [-zqr*o2] = -2qLwo

[ (no-w
o2)2*v r,zy, o212 {no-ro2) '*u r'* o'

(rr. s)

Also, from 5.15, Keq(Ao) =

# t* L(iw) f¡ req(a)

thaË

In L(jw) = - goprw+w91(to-w
t

l, ( j r^r)
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pt+etNs(oo,o))o((

and the conservative oscillation

= o, is equivalent to

Pl_+ 91 Nu(Ao,o) = o.

d
dA

d
=- rm
GT¡I

L(jw)

(rr.7)

K.q (A) 
|

| 
(Ao,wo)

(rr.8)



APPENDIX III

RELATIONSHIPS BETI^IEEN NB(A,o), tÍor, AND Keq(A)

Express Keq(A),Nu(A,o), and P in Ëhe forms
2TT T¡/?

.rclc,,nKeq(a)= å 5tt(Asine).o"2ede 
=+ 

5rt(Asino)
2, rTß o

NB(A,.) =ir., ('rlce sín€ ) ae= Z ( rt(e sine) de,,J ilJ
and ao V, 

o 
y,gÐ =+ Çtt(x)dx= + (rt(Asíno)Acossdo= \A AJ A J Jooo

Now
TT/2

* - Keq(e) = ( tt(A síno) eoso J- +cossl de

?
that, if e1 is defined such that 1 - fr cosOl = o or cos

= 38o15f and

¡*st
* - Keq(A) = \ tt (A síne) coss tl - # cossldê *

tlrã"3tl - ä cos€lJdo

"o"2ede ,

(rrr.1)

(rrr.2)

rt (a"irre) cosedo

(rrr.3)

, (rrr.4)

f; , ,n.,,

(rrr. s)

(rrr.6)tr+
tf (*) is monotonic

I 
la"ine)coso

01=

goo

5r

so

91

"o:" t+ """?{rutJu'
f'(.6reA) 

)" 
"o""

900

,r5,fi::,,*

and goo

- C -1 .^ . ^\ 4I, = \ f- (A sing) cos9 [1 -;

= r.rrút ?l r. urno) .

where rr( o 
""U 

I.r, ". If
s{rs'

- 11 = \ rto sino)

coso[ *- å" -r1] ae =

Tz'
decreasing then

ge:s'

,, -oo
f fi "J"e -11 do = [.no] tf (.otgo),

1nr. z)

cos€ 1ae .( rf (.orgo) cos9ldO .
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Thus I, -( - tl

Sinilarly, íf

=11 *rZ)ro

Atrso,

f(A) _
.¿t

so that, if

orlr+12(o,and *-

ft (*) is monotonic increasíng

or P ), Keq(e¡.

Tî12
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Keq(A) = 11 * r, ( o "r *-( req(a).

then I, ), - TZ 
"oa S - Keq(A)

lde

oor

ol= soozSf an.

i - Nu(A,o) sínê) [cosê-firc"

l^.
Nu(A,o) = \ tt(A sinê) lcose - z

\' 1T

q_2(l1 ís defíned such that, cos e1 - ñ =

Soozgl

= ( rtco
J
oo

(IIT.9)

,)cos9, =ñ, Ëhen

goo

+ \ttt (AsÍne)

J¡
50"29'- (rrr.10)

(rrr.11)

¡cose - å]u"
r1

I
+ Tz'

where I., ) o- and Tr 1 o. If f l (*) is monotonic fecreasíng thent

11 = \ tt (R sinê ) [cose - 3 F" > \ftf (A sín s0o2a );ä sOp'A' ít"' _ |

and 

rcoso t 

ï-"'= 

'f 
( '77rA) 

5';""" 
e-$rce = ['214 rt,.rrîîì 

,.r,
eÉ

- rz= \ tt(A sino ) #- cossl ae -( ,f (.rrro) \ tfi- "o"e1aesÚP' sf'zal
= t.2111 tl(.lltt) 

v -Y (rrr.13)

Then - rz..( rt or r, * tz ),o, and * - uu(e,o) = 11 * rr), o or

q9 ) *u(A,o). Sírnilarly, íf ,l(*) ís monotonic íncreasing rhen

rL + 12( o and i3 - nu(A,o) ( o or P
Thus, íf f(x) ís a soft spring nonlínearity (ft(x) monotonic non

increasÍng) then

f (A) 
_(

A
Nr(a,o) 

_(
Keq (A) , (rrr.14)



and íf f(x) ís a hard spríng nonlinearity (ff (x) monotonic non 
180

decreasing) then

req(e) _(. LE)_ _( Ns(a,o). (rrr.ts)

If ff (x) is rorroaorrr] decreasj.ng or increasing Ëhen rrr.14 and III.15

become

Nu(A,o)<f(A) (r"q(e) (rrr.16)
A

and

Keq(A)( f(A) ( NR(A,o)
A

respecÈively for A) o and finite.

(rrr. 17)
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APPENDIX IV

CALCIILATION OF r¿ IN 5.43
o

exacË

The sysËem equatíon for the ídeal relay example of case íi) is

, i(r) * po x(t) + 9o M sgn [x(t)] = o. (rv.l)

For x(t) ) o the general solutíon of IV.l is
JIx(t) = A- sinh (J -% t) + nÎ costt (nl=n-o t) - coM/po, (IV.2)

and for x(t) ( o Ëhe general solutíon ís

x(r) = Al sinh Çq r) + B- cosrr (rflþ-t) + qoM/po. (rV.3)

In the phase plane, x(t) - *(t), it ís assumed Ëhat the periodic moËion

begíns with x(o) = Ao) O , í<(o) = o. Then as long as x(t)) o the

solutíon is

x(t) = [Ao * eoM/noJ cosh ( 
^/* 

t> - qoM/po. (rv.4)

If Ël is defíned as the mínímr¡m t ) o such Ëhat x(tr) =

? aM I.., =!arccosh{_:o-- }-r:t-t
J -Po PoAo*QoM t

under the constraínt, M/Ao) - no/eo.

For t = Ër+i x(t) goes negative and Lhe solutíon is

A- = sính (*l -eo tr> lCou/no a (Ao + qoM/po) cosh

and

-oA*aM--[',oo'ol
Po

that >i(tr) =

o, then

(rv. s)

IV.3, where

{fi"tr)l(o,
(rv.6)

¡M
B- = - 9o'" cosh (¿--no tr)

%

Let t, be the ninÍmr:m t )

,-sinh- (J -ro tr) ) o.

(rv.7)

o, thent, such

f
coshË2 =larc B- (rv.8)



It, can be shown that x (tZ)

Ao, * (t¡) o from a symmetry

itself in time t, which Ís Ëhen

Then

fron IV.B, IV.7, TV.6, and IV.5. Aalso,

-: -: t:-: -,: lt: t l

Aor and t3 = 2 t, Ls such thaË x(tr) =

argument. Thus the trajectory closes on

the period of the períodÍ-c moËíonr To.

LB2

2mopo/.lo - oo' l o/lo)2T =2t^= 2 arco¿
a/'Po lM + Aopo ¡\l{{cosh ] (rv. e)

-r -%TÏ2Tl=-=exact T
o

"'" .."#-zuAono/e o - oo'(vn/lo)2
(rv. ro)

lM + Aopo lloJ2



A?PENDIX V

EVALUATION OF LOEBIS CRITERION FOR GENERAL TIITRD

The analytícal Loebts criterion condítiorr", j
dw

( o ( ) o) for a sËab1e (unsrable) linir cycle are

thírd order nonlinear sysËem of Fíg. 6,L. Equatíon

d
dA

t
req(Ao) = f; [NB(Ao,o) - req(Ao) J

o

ORDER L(s)

rnr(jwo)¡f,

applied to

4.5 gíves

= oo Then

Keq (Au)

Ëhe general

(v.1)

L(jw) = Or(jw)2 + qrjw + qo

2')
(jw) "+pZ (jw) -+pljhr+po

rurr,(jw) = rqt(po-pzr2) - (rp1-r3) (qo-*2qz)
. t) ?,(no-nrw-)- + (wpr-w")-

with

c, (no-nr*o') - {nr-ro2) (9o-9rro2) = o

from Ëhe DF oscíllatíon requirement that Iml,(jwo)

å )- ,
fr rml(jwo) = 2wo-feo+e Zp'-pZq'-zqzwo' j

(Po-Prto-) - + (lüop1-ro") -

The general DF condiËions are

Sínce

and

(v. z)

(v.3)

(v. ¿)

(v. s)

(v.6)

(v.7)

(nr+erKeq) (nr+erre9) - (po*qoKeq) = o

Po*9oKeq =Pl*9tKeO)o.o

The solut.i-ons

6egr , =
Lte

P2+QrKeq

of V.6 are

- (nror+q1p2-qo)

, qrs,

t(nror+crn z-to)'
-- ,-2 2*91 q'2

- (nrnr-no) (v. 8)

et 9z
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If

(nre, * itpz- no)'

',,*91 q2

2
(nrer+ern z-eo)'
-:--T 2a 9t9z

L84

(v. e)

(v.10)

(nrnr-no)

atlz

(v.11)

,

(v.13)

(v.14)

nrer+ernr-co

2 qtqz

,)
(nter+etn 2'4o)' -

,-ñ-*9r 92

then Keqr) o and KeqZ ( o wíth

Keq(Ao) - *egt = = (p192+trnr-eo)

2 qtqz

Norr2 =Pl*91

ImL(jwo)

Keq (Ao) , so Ëhat

b.tv2 - Po)

1t 9z

(nrnr-no)

1t9z

,
(nrcr+e 

,n z-9o)' -
,22*9L 92

and

Then

o

d
dt = - 4ro2g1j.2

(nrnr-no)

at9z (v.12)

{v o-v r*o2)2 + {ronr-*o3)2

d
dA)

d
dw o

2

InL(jw

-8wo

(nror+c1n 
z-eo)2

--T-*1t 1z

- (nrnr-no)

9t9z
qlq2 [NB (Ao, o) -Keer l

A
o [ (no-nrwo')' * {rorr-ro3)

and Loebrs criterion becomes

9t9z [NB(Ao,o) - Keqt] ¡ o ( ( o)

for a stable (unstable) liurít cycle. Also, K"e2 ( o Írnplíes

NB(Ao,o)-Keqz)orand

q1q2INB(Ao,o) - K.qt] [Nu(Ao,o)-K.qz] = er{rNu2(Ao'o)

+ (nrc, * elpz - eo) Nu(lo,o) * p1p2 -po. (v.ls)
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Hence Loebrs criterion may also be written as
t

q1q2NB-(Ao,o) + [nre2 * g*pz - 9o] Nu(Ao,o) -* p1p2-po ) " ( ( o)

(v.16)

for a stable (unstable) I-ínit cycle. condiËion v.16 is rhe Loebts

criterion condition for L(s) r,riËh Ëwo zetos . rf L(s) has only one zero

then q, = o and V.16 becomes

(oo-qLp) NB(Ao,o)*po-plp2(o()o) (v.17)

for a stable (unstable) linit cycLe. Also, if L(s) has no zeros then

9-L= gZ = o and V.L6 becomes

9o NB(Ao,o) + to - trn, (o ( ) o)

for a sËable (unstable) 1imÍt cycle.

(v.18)
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APPENDIX VI

CALCULATTON OF Nr(Arr,4, ,rrr)

The input to Ëhe nonlínearity is assumed in the form x(t) = €eat

sinnt * A sin wt. Expansíon of the outpuË of the nonlinearíty yíelds

f [x(t),x(t-1)] = o(x(t-1) tf-*2(t)l

=o([€daeat sin(ftt-O) + A sín(wt-w)]

¡t - ezaztt"io2ft t-zeAeaËsínoË sin wr - A2sin2wrl . (w.i-)

Línear Ëerms in € eaË sin (llt -O) are

o([€.-"¿"tsin(flt -n) - e.-"."Ë sín(Ot -n)-:L-t' '2TÍ
2TÍ

- 2 eeat sinfl t # ç A2 cos r 
"ir,2ê dg1 ,

to

or

o1¡t-/t2 /z - A2cos wl "-^e."Ë [cosa sínflr - sínfl' cosft r]

The incremenËal gain ís then idenËj-fied as

Nr(A,a,orw) = o(tl - it2/z - A2 cos wl "-(a+jll),
and

2TT

( r2"ir,ä ae

o

Ni(An'a'flrwn) 

I 
", 

t, oln'r'r, 

.:l-;; :'
"-(a+j0)

(vr. z¡

. (vr.3)

(vr. 4)

(w.s)

cArcuLATroN oF ur(k,aJ2,n)

The ÍnpuË to the nonlínearity is x(t) =€eatsinnË + k snl(4n+L)KÈ,k].

Expansion of Ëhe output of the nonlinearity yields

f [x(t) ,x (r-1) ] =o([€eate-asin(¡2r -ll) + k sn[ (4n+1)K(r-1) ,k] I .

[1- €2"2^ttinht - ze¿atsin(Ot)k sn(.) -t 2"rr2(.) 
]

Línear terms ín € eaËsin(O t -O) aïe

(vr.6)



LB7

7,
6{ [€e-aeatsin(¡2t -n.) - € .-"""tsin(/] t -nlf \ t2"r,2 [(4n+]-)Kt,kldË

IF 
-r1 

í
- 2eeatsin0t # \ t2"rr[(4n+1)Kr,k] sn [(4n+1)K(r-1),k] drl ,t'J

o (vr.7)
or

€e-aeaË(4n+1)E(k) [cosflsínllt -

The incremental gain is Ëhen identífied

Ní(k,a,O,n) = (4n+1)¡(k)e-(a+jn)

(vr. 8)

(vr.9)

(w.1-o)

l+tanh (B)k sn [ (4n+1-) Kt,k]

sinfl cosfl t l

AS

The input Ëo

ís assumed in the

gain Ëo the bias B

*
Nn (krnrB) =

carcul.¡frroN oF Nu*{k,rr)

the nonlinearity of the transformed system of Fíg . 7.3

form y(t) = B f t"rrfr-{t snl(4n+l)Kt,k{. The equivalent

is defined as

å \ r"r,tr{ u * t"rrr,-{t snl(4n+i-)rr,r<J]{ att"ojð' t ' ')

g- (p{ranh(s) + k sn t(4n+r)rt'kl? ¿ttJ J t. *"t(t) - ""t (r".ÐKr,kl

s
o

o( tanh(B) dr

l- + tanh(B)k snl (4n+1)Kt,k]
o

k sn [ (4n+1)rt.k] dr
1 * tanh(B)k sn[(4n+]-)Kt,kl

and the íncremental gain becomes
T

o

x*rð
No (krn) = lím No (k,n,B) = 1in { o(tanh(g) 1 -'D B+o o B+ol r-e )

dr

T,,, o

ri* { o(k ( ""tC-*tr* ?
tr+o I TrrB J l+tanh(B)k sn[(4n+1)Kt,k] J

oÅ%
o( + lim f o.o (- snt(4n+1)rt,kl¿t '1.

B+o f TnB J l+tanh(B)k snl(4n+1)rt,t]¡

Now

(w.11)



I"o(k \ sn[. ]dt _dkry lffiÐr ÌrJ
tantr2(s)k"n' 1. r- ---J a.

þ= o(k \ ""t.1¿r -ott2t""rt(Ð
T.B J TBrr' o Ä" 

rr

=o-@- \""[']dt+TB Jno

r'r{r-t

2[.]¿, *

r order

sn

slt

s'"'
o

Fn

\,"
o
highe

)t<

er

in

h(B

igh

rms

he

tanh

I hil

tel:lhi

sn[ . ]+

order terns

Ëanh(B) .
(vr.12)

(vr.14)

Then

and
s

(k, n

o{'
K

.fn
* t r.2"r,2 tu,rcl du 

J
oK

S
o

ô(
K

linf--oeëU-
B+ot rnB )@ $1""

o

Ns

o

It2) = 0(11- in

- k2 sen(4n+l)
4K

dn2 [u,k] du =

,T"

5 ""'[ (4n+1)Kt,k] ut J
ylKssg(.an+1| ,. 5 ";'[u,k]u'J = t{t -
o

Ë E(k) = (4n+1)E(k).

- f,.kz
'[(+r,*t)"t,k] dt,

(vr. r:)

1_88
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