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ABSTRACT

Loeb's criterion and the IDF stability technique are compared for
general noﬁlinear second and third order systems and selected nonlinear
time delay systems. Situations in which the two stability techniques
disagree are sought and studied in détail. The IDF stability technique
is related directly to the variational approach for a general systenm,
and Loeb's criterion is related to the variational approach for second
order systems. The IDF stability technique is shown to involve the
approximation of time averaging in addition to the inherent DF approxi-
mation. The simplified form of perturbations assumed in Loeb's criterion
is shown to result in the approximation of ignoring certain modes of the
variational system, leading to incorrect results in certain cases.
Discrepancies between the two stability techniques in second and third
order system examples are demonstrated to coincide with relatively poor
DF approximations, and one technique cannot be considered better than
the othér in application - they should be used together for proper inter-
pretation. However, for time delay systems the IDF stability technique
is shown to be clearly superior to Loeb's criterion,since all dis-
crepancies encountered in the time delay systems studied correspond to
failures of Loeb's criterion, but correct stability prediction by the

IDF stability technique.
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CHAPTER 1

INTRODUCTION

.

The analysis of nonlinear systems with respect to the existence,
form, and stability of oscillations (periodic solutions) can be quite
complicated. There are no general theoriés or methods -~ only a variety
of techniques applicable to restricted classes of nonlinear systems.
Some of these techniques are exact while others are only approximate.
The problem of analysis is compounded when nonlinear systems with time
delay (nonlinear differential - difference systems) are considered. In-
deed, the theory for linear systems with time delay is far from being

complete.

1.1 Approximate Techniques

In the study of oscillations in autonomous (time invariant and un-
forced) nonlinear systems, ﬁhe approximate method known as the describing
function (DF) method {1,2,3,4] has been a popular analytical tool.

Other approximation techniques,such as harmonic linearization and the
DIDF method,are related to the DF method, and are also quite familiar- -
[1,5,6]. As an approximate method for determining the stability of
oscillations, Loeb's criterion in conjunction with the DF method works
well in a wide class of nonlinear syétems 17,8,1,2]. However, it is
known to fail, even when the describing function approximation seems
reasonable - in systems involving time delay, for example. Gelb and
VanderVelde [6], Brookes [9], Katzberg [10], and Menzies [11l] cite
examples of nonlinear systems with time delay for which Loeb's criterion
fails. Gelb and VanderVelde suggest that another approximate stability

method related to the DF, the incremental - input describing function




(IDF) stability technique, is more accurate than Loeb's criterion when

applied to both delay and nondelay systems [6 p.246,pp.324-326].

However, both stability techniques are approximate and have in common

the basic DF approximation. It cannot be concluded that the IDF stability
technique is more accurate than Loeb's criterion in all situations with-

out a thorough comparison of the two.

1.2 Purpose of the Thesis

Many questions concerning the use of the DF method,in conjunction
with Loeb's criterion and the IDF stability technique,have not been
answered satisfactorily. It is the intention in this thesis to try to
resolve some of the problems in this area. The comparison of Loeb's
criterion and the IDF stability technique for various systems is an
important area of research in the light of the knownfailures of Loeb's
criterion. Any discrepancies between the two techniques should be in-
vestigated as to which technique is predicting more correctly the actual
stability. Reasons for failure of each stability technique in a given
situation must be found in order to understand the approximations
involved. From the practical point of view, a control engineer wants to
know when these stability techniques can be used with confidence to
ascertain the stability of predicted oscillations.

As well as a thorough comparison of the two approximate stability
techniques, a comparison must be made between the approximate stability
techniques and any exact stabilify information that is available. 1In
this way the actual approximations involved in these two stability

techniques can be determined. To this end an attempt must be made to

relate them to the exact variational equation approach.




1.3 Outline of Chapters

In Chapter 2 the theory of stability of oscillations in nonlinear
systems is developed using the variational equation approach. The types
of stability to be considered are defined and the Floquet theory of
variational equations is introduced. This chapter serves as the
theoretical basis to which the approximate techniques outlined in
éuccgeding chapters must be related.

Chapter .3 contains a description of the approximate DF method and
related DIDF methods of oscillation prediction. The two important
stability techniques, Loeb's criterion and the IDF stability technique,
are also outlined. Convenient interpretations of these stability
techniques are developed in terms of root locus plots, and the IDF
stability technique is related by the author to the variational equation
approach. Some general comparisons between the two stability techniques
are made as well.

In Chapter 4 two types of nonlinearities to be considered, hard
and soft spring, are studied. The shape of the nonlinearity is related
to the DF equivalent gain,Keq(A). Also, the incremental gain, NB(A,O),
of the IDF stability technique is related to Keq(A) for hard and soft
spring nonlinearities. The nonlinearities to be used in simulations are
introduced with the corresponding calculations of Keq(A) and NB(A,O).

After these preliminary chapters, a thorough study of»the IDF
stability technique and Loeb's criterion is made for second order systems
in Chapfer 5. Both stability techniques are compared to the variational
equation, and it is shown that Loeb's criterion is the more accurate
techniqué here. Simulation is used to verify the analysis - with some

interesting results that bear further interpretation.




The comparison of Loeb's criterion and the IDF stability technique
is continued in Chapter 6 for third order systems. A number of
situations in which the two techniques disagree are found, and, with the
aid of simulation, studied thoroughly. The unexpected results of the
simulations shed new light on the use of the IDF stability technique in
third order systems.

Systems involving time delay'are dealt with in Chapter 7. .Two
system configurations for which exact periodic solutions are known:are
studied in some detail with respect to the DF method, DIDF technique,
Loeb's criterion, and the IDF stability technique applied to them.

Some exact stability information is derived from the exact variatiomnal
equations for these systems. The problem of failure of Loeb's criterion
in these and other time delay systems is investigated using root locus
techniques.

Chapter 8 is a summary with suggestions for future work.




CHAPTER 2

THEORY OF STABILITY OF OSCILLATIONS

In order to determine the exact stability of am oscillation in an
autonomous nonlinear system,it is sufficient in many cases to deal with
the equation of the first (linear) variation from the periodic solution.

This equation is termed the variational equationm.

2.1 Calculation of the Variational Equation

A general autonomous nonlinear system having the block diagram
configuration of Fig. 2.1 is considered. The nonlinearity £(x) is
assumed to be static and singlewvalued while the tramsfer function of the
linear plant, L(s), is either ratiomal or in the form G(s)e—'rS with G(s)
rational (s is the Laplace Transform variable). If a periodic solution
x%(t), of period T, exists in the system then the variational equation
is found by considering a perturbed solution, x*(t) + e(t), with e(t)

a small arbitrary perturbation term. An operational approach to the
variational equation, due to Cosgriff [12], is conveniently applied to

the system of Fig.2.1 to yield

L) {£x)} +x=o0, D= d/dt. (2.1)
Substitution of the perturbed solution, x* + e, into 2.1 results in

L(D) {f(x* + e)} + x* + e = o, (2.2)

If/f(x) has a Taylor series expansion about x* then 2.2 becomes

L(D) {f(x*)+ e df(x*) + e2 dzf(x*) + -——} + x% + e = o, (2.3)
ax 2! axl

which reduces to




L) {afx*) ef +e=o (2.4)
dx

when 2.1 is subtracted and the higher order terms in e are dropped.
Equation 2.4 is then the (linear) variational equation for the periodic
solution x* and the system of Fig.2.2 is the corresponding variational

system. The coefficient §£(x*) = df will be a periodic time

dx dx | x=x%
varying coefficient with period T - the same period as x*. Equation 2.4

is a linear differential equation with periodic time varying coefficients
and the variational system of Fig. 2.2 is a linear periodic time varying
system. If L(s) is of the form G(s)e_fs, that is, the original nonlinear
system involves time delay, then the variational equation (system)
becomes a differential - difference equation (system) with periodic time
varying coefficients.

An interesting lemma [9, p.11l; 13, p.322], proved quite simply for
this system, is that %%?(t) (=%%) is always a solution to the variational
equation. If 2.1 is differentiated with respect to time, the result is
the variational equation 2.4 with e replaced by %%, This shows that the

variational equation always has at least one periodic solution, since x*

is obviously periodic when x* is.

2.2 Stability Definitions [14]

Two types of stability are considered for periodic solutions to
nonlinear systems - stability in the sense of Lyapunov (i.s.L) and

orbital stability. The notion of orbital stability will be more important

since it is devised especially for periodic motions in nonlinear systems.
Stability i.s.L is more suited to the stability of equilibrium points

and oscillations in linear systems.



Stable i.s.L - A periodic solution is stable i.s.L. if and only if any

perturbation of this motion can be constrained to lie within a specified
arbitrarily small distance of the periodic motion for each point in time
by a suitable choice of the initial perturbation magnitude. Thus,if

x*(t) is the periodic solution and e(t) is an arbitrary perturbation, so

that the perturbed solution is Xp(t) & x*(t) + e(t), then the mathematical

statement of the definition would be: VEé>03F d>0)

e - el = fece < 6
= [@ -x o = few]|<e vere
where “ °,| denotes an arbitrary norm. Also, a periodic solution is
asymptotically stable (a.s.) i.s.L. if and only if it is stable i.s.L.

and

Lin |0 - = @) = 1n e = o
t o0 t->m

If a periodic solution is stable i.s.L.,but not asymptotically stable
i.s.L.,it is said to be weakly stable i.s.L.

Orbitally Stable — A periodic solution is orbitally stable (o.s.) if

and only if any perturbation of the motion can be constrained to lie
within a specified arbitrarily small neighbourhood of the periodic
solution trajectory C by a suitable choice of the initial perturbation

magnitude. Mathematically the statement would be: Ve>o3d>o03

(€

2

* - = C -
e - el = [ecel[¢ 8 = Jle- =,
Vtato and some c € C. Note that c¢ will vary with t. A periodic
solution is asymptotically orbitally stable (a.o.s.) if and only if it
is orbitally stable and xp(t) approaches the periodic motion trajectory

C in norm as t-—»o0 .,




Note that the foregoing stability definitions are based on a state

space formulation for the system and are only valid for systems without
time delay. For systems with time delay,the corresponding stability
definitions are complicated by the fact that time delay systems have an
infinite dimensional state space. Stability definitions for time delay
systems can be found in Mufti [15] and Bellman and Cooke [16].
A simple example from Minorsky [14] illustrates the difference

between stability i.s.L. and orbital stability. Consider a system with
state space representation in terms of x-y co-ordinates (phase plane)

given by

X =-y X2+y ;5 vV = x X2+y . (2.5)

=0 ; @=r1. (2.6)
The solutions of 2.6,
() =r 3 O()= rt+8 , | (2.7)

are periodic (the trajectories are concentric circles centred at the
origin) with period 2Tl’/r0 and amplitude L Consider an arbitrary
solution and a small perturbation, € , in amplitude. The perturbed

solution becomes

rp(t) = 1;0 + € 3 Gp(t) = (ro+€ ) £+ 60. (2.8)

The trajectories corresponding to solutions 2.7 and 2.8 can be constrained

to be arbitrarily close by the choice of € - this is all that is required
for orbital stability. However, the two solutions cannot be kept
arbitrarily close for each point in time,owing to the difference in their
periods. The phase plane portrait of Fig. 2.3 shows how the perturbed

solution (for € » o) gets farther and farther ahead of the original




solution as time increases. In fact, the phase difference, ep(t)— o),

is €t, and increases without bound as t o0 . There will be an infinite
number of times at which the solutions are 180° out of phase and, hence,
a distance 2ro + € apart. Clearly,stability i.s.L. does not exist here,

although orbital stability does.

2.3 The Variational Equation and Stability of Oscillatioms

The importance of the variational equation in the study of stability
of oscillations stems from the close relationship between the stability
of the zero solution of the variational equation and the stability of

the oscillation itself.

2.3.1 Floquet Theory

Stability of the zero solution of the variational equation can be
determined from its characteristic exponents as developed in Floquet
theory which, for linéar,rlth order, nondelay differential equations
with periodic time varying ﬁoefficients, is described in Coddington and
Levinson [13] and Kaplan [17]. Basically, it involves a characterization
of f linearly independent solutions (the characteristic solutiomns) in

oy AT L '
the form Py (t)e , i=1l,...,1 , where the p; s are periodic time
varying coefficients of period T (i.e., the same period as the time
varying coefficients in the variational equation). The characteristic
multipliers, eAit, are unique, and the characteristic exponents, Ai’ are
unique modulo 2T j/T - thus the real parts of the Xi's are unique.

Floquet theory for linear differential-difference equations with
periodic time varying coefficients, as outlined by Stokes [18,19], is
more complicated than for nondelay equations, although based on the same
ideas. Characteristic solutions in the form pi(t)e Adt are defined as

before, but now there may be an uncountable infinity of these solutions!:
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It is shown that if the variational equation has all its character-
istic exponents with negative real part then the zero solution of the
variational equation is asymptotically stable i.s.L. Also, if at least
one characteristic exponent has a_positive real part then the zero
solution is unstable i.s.L. In either of these two situations the
variational equation is said to have significant stability behaviour.
However, if it has one or more characteristic exponents with zero real
part, and the rest with negative real parts, it is said to have critical

stability behaviour.

2.3.2 Lyvapunov's First Approximation Theorem [14,15]

This theorem, applicable to both delay and nondelay systems, states
that if the variational equation has significant stability behaviour
then the stability i.s.L. of the periodic motion is the same as the
stability i.s.L. of the zero solution of the variational equation. If
the variational equation exhibits critical stability behaviour then
stability i.s.L. of the periodic motion is determined by higher order

terms.

2.3.3 Orbital Stability Theorems

It has already been demonstrated that, for autonomous nonlinear
systems with a periodic solution x*(t), the periodic function x*(t) is
a solution of the corresponding variational equation. This implies that
at least one characteristic exponent of the variational equation has a
zero real part, so that asymptotic stability i.s.L. of periodic solutions
to autonomous nonlinear systems never occurs. However, Coddington and
Levinson prove that if only one characteristic exponent has a zero real
part, and the rest have negative real parts, then the corresponding

periodic motion is asymptotically orbitally stable. Stokes [18] proves
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the same result for systems with delay. These theorems then yield
stability information in what would be critical stability situations

according to Lyapunov. B

2.4 Oscillations in Linear and Nonlinear Svystems

Linear and nonlinear systems differ fundamentaliy in terms of the
nature of stability of oscillations in each of them. It is very simple
to show that autonomous linear systems have variational equations
identical to their system equations. Now the condition for oscillation
in an autonomous linear system ié a complex conjugate pair of character-
istic exponehts of the system equation on the imaginary axis. This
implies that the corresponding variational equation also exhibits a pair
of characteristic exponents on the imaginary axis. If the other
characteristic exponents have negative real parts, the zero solution of
the variational equation is weakly stable i.s.L. and, hence, so is the
oscillation itself. 1If at least one other characteristic exponent has a
positive.real part then the oscillation is umstable i.s.L. Stable
oscillations in linear systems are always conservative oscillations in
which a perturbation in the energy of the oscillation results in an
oscillation at a new amplitude.

In autonomous nonlinear systems there are essentially two types of
oscillations that can occur. One type is a conservative oscillation
which is unstable i.s.L. but orbitally stable -~ see, for example, the
system of equation 2.5. The corresponding variational equation exhibits
critical stability with a conjugate pair of characteristic exponents on
the imaginary axis. The other type of oscillation in autonomous non-—
linear systems is the limit cycle, which is exclusive to nonlinear systems.

By definition a stable limit cycle is an asymptotically orbitally
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stable oscillation which may be stable or unstable i.s.L. The corres-
ponding variational equation has critical stability behaviour with one
characteristic exponent having a zero real part. An unstable limit
cycle is an orbitally unstable oscillation which is automatically un-
stable i.s.L. The corresponding variational equation has significant
stability behaviour with one or more characteristic exponents having a

positive real part.

2.5 Difficulties Involved in the Variational Approach

The use of the variational equation in determining the stability
of an oscillation in an autonomous nonlinear system poses certain
practical problems. For one thing, use of the variational equation
implies knowledge of the exact expression for the periodic solution in
the system. However, this exact expression is seldom known and some
form of approximation must be used. Furthermore, the variational
equation is always time varying, and the application of stability theory
for time varying linear systems is not complete - especially for systems
involving time delay.

In a practical sense, then, the variational equation approach is
almost impossible to use. However, it is useful to compare any approxi-
mate stability techniques to the exact variational equation approach.
Only in this way can the approximations involved in the use of these

techniques be determined.
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Fig. 2.1 GENERAL AUTONOMOUS NONLINEAR SYSTEM

o + e(t)

*
dx | X=X L(s)

Fig. 2.2 VARIATIONAL SYSTEM

Fig. 2.3 PHASE PLANE PORTRAIT




CHAPTER 3

APPROXIMATE TECHNIQUES IN THE ANALYSIS OF OSCILLATIONS

The existence, form, and stability of oscillations in autonomous
nonlinear systems are of prime importance here. The techniques to be
described are approximate techniques used to study these aspects of non-

linear analysis.

3.1 Approximate Predictions of Oscillations

Inherent in most approximate methods for the prediction of
oscillations is an approximation of the shape of the oscillation wave-—
form. In fact, these methods normally assume a form for the oscillation,
and then find conditions under which this form of oscillation will exist,

approximately, in the system.

3.1.1. The Describing Function Method

The describing function (DF) method developed with the harmonic
linearization method of Krylov and Bogoliubov [20], and can bé
attributed to a number of authors [21,22,23,24,25}. It has many uses in
nonlinear systems analysis, but one of its most important uses is in the
prediction of oscillations in autonomous nonlinear systems.

Consider the single-nonlinearity, closed-loop system of Fig.3.1.
In general the nonlinear element may be i) static, single-valued;

ii) multivalued; or iii) dynamic (static, single-valued nonlinearities
will be studied almost exclusively in this thesis). The linear element
L(s) may be rational or include a factor e %% for the time delay. The

basic assumption of the DF method, as applied to any oscillation in the
system of Fig. 3.1, is that the input, x(t), to the nonlinearity may be

approximated by a sinusoid, Xapp(t) = A sin wt. Conditions are then
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found under which the system will support, approximately, a sinusoidal

oscillation, and the values of A and w are determined. Two conditions

are generally considered to be necessary in order that the DF method

have meaning when applied here:

1.

2.

The nonlinear element is time-invariant.
The linear element acts as a low pass filter such that the

higher harmonics of y(t) are sufficiently attenuated.

Condition 2 is known as the filter hypothesis.

The DF method involves finding the describing function (DF) for the

nonlinear element. The ordinary DF for a general dynamic nonlinearity,

y = £f(x,X), is the complex quantity,

where

and

'KeQ(A,W) =8 (A’W) +3b (A,W), (3.1)
il

gA,w) = 1 Sf[A sin® , Aw cos® ] sin® d€ (3.2)
TA p
2n

b(A,w) — _1 S f[A sin@ , Aw cos® ] cos@ de@. (3.3)
A 3

In general, then, the DF is both amplitude (A) and frequency (w)

dependent, and has real and imaginary parts.

However, if the nonlinearity

is a static, single-valued nbnlinearity, y = £(x), then the DF is

frequency independent and real:

with

ray

Keq (A,w) = Keq(A) = g(A) = _1 Sf[A sin® ] sinede (3.4)
TTA o
2m
b(A) = _1 S f[A sin® ] cos@de = o. (3.5)
A %

If the nonlinearity is multivalued (hysteretic) then it cannot be

expressed as a single-valued f(x), but the DF for it can still be computed.

In this case Keq(A) = g(A) + j b (A) is, in general, complex but frequency

independent with
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an

1 E; f[A sine] sinede (3.6)
A o
21

1 S f[A sin@] cosede . (3.7

TA 9

Note that f[A sin@] is not single-valued,so that, in the calculation of

g(A)

and

b(A)

the integrals, the value of f[A sin@®] is determined from the past history
of the function A siné.

DF predicted oscillations can be found by considering the DF
linearized system of Fig. 3.2. This DF system is much simpler to work
with since it is a constant coefficient linear system for each A and w.
From linear system theory, a pair of conjugate characteristic exponents
on the imaginary axis with the rest in the LHP (i.e. neutral stability)
corresponds to existence of an oscillation in the DF system. However,‘
most - textbooks express the oscillation condition for this system as

Keg (A,w) L(jw) = - 1, (3.8)
which simply comstrains the loop gain to a sinusoidal signal to be 1~
the condition for sustaining a sinusoidal signal around the loop.
Neutral stability and 3.8 are not synonomous in general, as will be seen
in some of the systems discussed later in this thesis. Condition 3.8 is
required if a pair of characteristic exponents are to be on the imaginary
axis. It ignores completely the location of any other characteristic
exponents of the DF system. If L(s) is higher than second order,or
involves time delay, then other characteristic exponents exist. One or
more of these could have a positive real part which would indicate an
unstable DF system., If this is the situation then, clearly, neutral
stability does not obtain. In terms of mode theory, this situation is
one of having an oscillatofy mode existing,due to the pair of imaginary

characteristic exponents, but:.also unstable modes due to characteristic




exponents with positive real parts.

Gelb and Vander Velde suggest that the DF method should be applied
only to the case of neutral stability of the DF system, and so seem to
imply that an unstable DF system with 3.8 holding will never correspond
to a possible oscillation in the original nonlinear system. Other
authors [1,8,26] are vague, and use oscillation condition 3.8 but avoid
any situations in which the DF system has additional unstable modes.
Graham and McRuer [3, p.194] even assume that 3.8 and neutral stability
are synonomous. It is the contention in this thesis that oscillation

conditions with additional unstable modes should still be considered
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when the DF method is used. This contention is supported by experimental

evidence in Chapter 6 in which a DF system with both an unstable and
oscillatory mode corresponds to existence of a stable limit cycle of,
approximately, the DF predicted amplitude and frequency.

The oscillation condition of 3.8 is often written in the form

L(jw) = = 1/Keq(A,w), (3.9)

and a graphical method (the "DF method") is employed to solve 3.9.
L(jw) is plotted in polar form and calibrated in w, as in the standard
Nyquist diagram; critical loci, -1/Keq(A,w), for fixed w values and
variable A, are plotted on the same graph and calibrated in A. An
intersection of L(jw) and -1/Kegq(A,w) for which the w values match then
yields an oscillation condition. If Keq is frequency independent then
the critical locus plot, -1/Kegq (A), intersecting with L(jw) yields an
oscillation condition.

If the nonlinearity is static and single-valued,so that the DF is
real and frequency independent, then Keq(A) can be considered as simply

a real gain K in the DF system. For low order, noﬁdelay systems the
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analytic Routh~Hurwitz stability criterion for linear systems can be
used to find conditions for oscillation. The root locus method may also
be used to find the location of all roots of the DF system at the

oscillation condition.

Approximate oscillationg, xapp(t) = Aosin Wot, which are symmetric,
are assumed to exist in the nonlinear system when the ordinary DF method
is used. Nonlinearities are, therefore, constrained to be odd symmetric
(f(x)= - £(-x)), although this does not guarantee the absence of asymmetric

oscillations. Nevertheless, odd symmetric nonlinearities are such that

a sinusoidal input results in only odd harmonic components at the output
and no dc offset (bias). A tacit assumption in the use of this form of
thg DF method is then that the actual oscillation in the system is
symmetric - only then can the DF approximation, Aosin Wot, be expected
to be a reasonable approximation. Another form of the DF method may be

used to consider offset oscillations.

3.1.2 Dual-Input Describing Function Techniques

Dual-input describing function (DIDF) techniques are used to

improve the DF method. They involve an assumption of two terms in the

approximation xapp(t) rather than the single sinusoid of the DF method.

3.1.2,1 Bias-Plus-Sinusoid DIDF Technique

In this case the approximate input to the nonlinearity is assumed
to be ' _ \

Xapp(t) =B + A sin wt. (3.10)

The equivalent gain of the nonlinearity to the bias input component B in
the presence of the sinusoid A sin wt is given by
an
NB(A,B,W) = 1 S f[B+A sin® , Aw cos@] d@ (3.11)

27TB o
for general dynamic nonlinearities f(x,x), and by
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am

N (A,B) =_1 Sf[B+A sin@] de (3.12)

27TB o
for static nonlinearities. The describing function for the gain to the

sinusoidal input component is given by

Keg(A,B,w) = g(A,B,W)‘l'j b (A:B,W), (3.13)
where
2n
g(A,B,w) — 1 ES f[B+A sin®, Aw cose] sinede (3.14)
TA 3
and
27
b(A,B,w) — 1 f[B+A sin®, Aw cos8] cosede (3.15)
TA &
for a general dynamic nonlinearity, and for a static nonlinearity
Keq (A,B) = g(A,B)+ j b (A,B) (3.16)
with o
g(A,B) = 1 E; f[B+A sine] sine@de (3.17)
TA o :
and
amn
b(A,B) = 1 ES f[B+A sine@l cosede . v (3.18)
TTA ]

If the nonlinearity is single-valued as well as static then b(A,B) = o0,
and Keq(A,B) is real.
A biased oscillation, B+A sin wt, is then predicted in the system
of Fig.3.1l through two conditions, one for each input component,viz.,
Keg(A,B,W).L Gw) = -1 (3.19)
and
NB(A,B,W) L (jo) = - 1. I (3.20)
These two conditions can be met for both odd symmetric?and asymmetric
nonlinearities as long as 'L(jo)l is finite. Gelb and Vander Velde are
then in error when they state that "in a symmetric nonlinearity system
no biases appear" [6, p.340]. Examples of symmetric nonlinearity syétems

in which biased oscillations occur will be given in Chapter 6.
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3.1.2.2 Two-Sinusoid - Input Describing Function (TSIDF)

In the TSIDF technique the approximate input to the nonlinearity is

assumed to be

x (t) = A sin wt + B sin ( §wt +8).
app

(3.21)

If ¥ is not rational then © need not be included. One method of deter-

mining the equivalent gains (describing functions) of the nonlinearity

to each of the sinusoidal components is to expand the output of the non-

linearity into its various frequency components for the input of 3.21.

The describing function for component A sin wt is then defined as

‘representation

of output at frequency w ,

representation
as

representation

of input at frequency w

of output at frequency ¥w ,

KA(A,B,W,K,G)EE phasor

phasor

and for component B sin (Jwt +6)
KB (A,B,w,¥,8) = phasor

phasor

representation

of input at frequency yw

In general, K, and K_ are complex functions of A,B,w,¥, and® . However,

A B

for static nonlinearities the w dependence disappears. The special case

of § = 3, for odd symmetric nonlinearities, results in an improvement in

the normal DF method through consideration of the third harmonic

component as well as the fundamental component of the nonlinearity input.

The loop conditions that must be satisfied are now

KA(A,B,S,G) L (Gw) = -1
and

KB(A’B3336) L (J3W) = -

3.2 Approximate Stability Techni

l‘

ques

(3.22)

(3.23)

The stability techniques discussed here usually refer to oscillations

predicted by the ordinary DF method, and are thus subject to the DF

approximation errors. However, a generalization of the IDF stability

concept to an arbitrary oscillation approximation, xapp(t), is also
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developed.

3.2.1 Loeb's Criterion [2,6]

The analytical version of Loeb's criterion is based on the
assumption of a certain specific form of perturbation about the DF
predicted oscillation. Let A0 and v be the DF predicted amplitude and

frequency of an oscillation given by

1+ Keq(Ao,wo) L (jwo) = o, (3.24)
Define

U (A v ) =Re § 1+Keq a_w) L (jwo)} (3.25)
and

V (A ,w) =i §1eq (o w) L Gu)}. (3.26)

Then 3.24 can be written as

U (AO,WO) + 3V (Ao’Wo) = 0. (3.27)

jwot

If the oscillation is expressed as Aoe and is perturbed in ampli-

tude by A A and in frequency by Aw + jAC, where DO represents damping,
i (Wo+ AWHAO)tE
then (AO+ AA)e is assumed to satisfy
U(AO+AA,WO+Aw+ iAC) + jV(AO+AA,wo+Aw+jAo) =o0, (3.28)
Expansion of 3.28 in a Taylor series about (Ao,wo)‘and retention of only

the linear terms produces

U(A ,w )+ dU (awHiad)+ U AA + j {V(A w )+ AV (awtiag)+ 3V AAl= o,
o’ o — - d o _— —
v A v A (5 90

with all partial derivatives evaluated at (Ao,wo). This implies that

AU AA- VWAOC+I Aw =o (3.30)
oA dw oW

and
W AA+ JUAQ +9V Aw = o. (3.31)

oA ow oW
Elimination of Aw from 3.30 and 3.31 yields

2 2
U .oV —-dU . V] AA=[U) + (V) 1A . (3.32)
oA ow oW aA] BBW) (aw)]

/




22

For an oscillation corresponding to a stable limit cycle it is required
that O A andDO have the same sign. From 3.32 the requirement then

becomes

QU .9V -dU . oV > o
JA oW oW oA (AO,WO) (3.33)
for a stable limit cycle. Similarly, the requirement for an unstable

limit cycle is

oU .9V -dU ._a_y] < o. (3.34)
oA ow ow dA (Ao,wo)

Also, the condition

(3.35)

L]
e}

AW . -dU . W
oA oW ow oA (Adwo)
implies critical (meutral) stability and a conservative oscillation.

If the.nonlinearity is static, so that Keq is only amplitude
dependent, then a geometrical interpretation due to Gillevet al.[2] may
be used. 1In this interpretation L(jw) and —Kéé(A) are written as vectors:

L Gw = TxGw +9%YGw (3.36)
and

- Kegt@a) = 2P + Q). ~ (3.37)
The polar plot in the Nyquist plane is used, and directions of increasing
w and A are indicated on the L(jw) and —Ke&l(A) plots respectively. For
a stable limit cycle at (AO,WO) the stability condition corresponding to
3.33 is that the vector

dLGw) x 4 [ Keg'(a) (3.38)

dw dx ] l(AO,WO)

point out of the page. Similarly, for an unstable limit cycle,vector
3.38 must point into the page. Neutral stability and a conservative

oscillation situation exists if 3.38 is identically zero (i.e. the curves
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are tangent). Fig.3.3 illustrates the hypothetical situation in which
the oscillation: (AEWI) is a stable limit cycle and (AZWZ) is an unstable
limit cycle.

It can also be shown that, if Keq(A) is real, the Loeb's criterion

condition becomes

d InL(jw) . _d Keq(A)l 4 o (3.39)
dw dA (A_,w )
0’0o
for a stable limit cycle,
4 ImL(jw) . _d Keq(A)' > o (3.40)
dw da (A_,w_)
0’0o
for an unstable limit cycle, and
_d ImL(jw) . _d Keq(A) = 0 _ (3.41)
dw dA (AO’WO)

for a neutrally stable (conservative) oscillation.

3.2.2 Graphical Stability Techniques

Graphical stability techniques based on the DF method employ the
well known linear system stability techniques of the Nyquist criterion
and root locus method [26]. In terms of the DF (linearized)system of

Fig.3.2 a stable limit cycle is one in which a positive perturbation in

amplitude results in a stable system configuration so that the amplitude
decays towards its unperturbed value; a negative perturbation in
amplitude results in an unstable system configuration in which the
amplitude grows to its unperturbed value. An unstable limit cycle is

defined by the reversal of these correspondences.

The modified Nyquist criterion and root locus graphical stability
techniques are suited for static, single-valued nonlinearities with
/
describing functions that are real and independent of w. In the

modified Nyquist criterion,a polar plot of L(jw) and the critical locus
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—Keﬁl(A) is made. Positive and negative perturbations in A about the
oscillation condition are considered, and the corresponding variatioms
in —Keﬁl(A) are noted. The point —Keil(A+15A) is considered to be the
same as the -1 point in the ordinary Nyquist criterion, and stability of
the DF system for both positive and negative perturbations in A can be
determined using the Nyquist criterion.

The root locus method applied to the DF system involves considering
Keg(A) as a variable gain K. Oscillation conditions correspond to
intersections of the loci of complex pairs of roots with the jw axis.
Positive and negative perturbatioﬁs in A result in small changes in Keq(A),
and movement of the root pairs from their jw axis positions. Figs. 3.4
and 3.5 indicate application of the modified Nyquist criterion and root
locus method to a hypothetical system in which Kegq(A) decreases with
increasing A. Oscillations (Al,wl) and(AB’WS) are interpreted as
stable limit cyclesaccording to this analysis, with (A2,W2) unstable.

In.most cases these two techniques are simply graphical interpret-
ations of the analytical Loeb's criterion. This is as expected, since
the graphical and analytical techniques are based on the same assump-
tion with respect to the form of perturbation allowed. However, there
is one situation in which the graphical stability techniques and Loeb's
criterion appear to disagree. This is the situation in which the DF
system has one or more unstable characteristic exponents (roots) as
well as the root pair on the jw axis. The modified Nyquist criteriomand
root locus method will clearly considér the unstable mode (or modes) and
predict an unstable limit cycle. On the other hand, Loeb's criterion
could predict a stable limit cycle - depending upon how —Keil(A) varies
with A for a given L(jw). A graphical Loeb's criterion is then simply

using these graphical stability techniques but ignoring any unstable




modes of the DF system. It has been mentioned previously that the

literature is rather vague on the use of the DF method in these situations
of unstable DF systems. Use of the IDF stability technique, to be
described next, appears to clarify this type of situation.

3.2.3. The IDF Stability Technique and Its Extensions

The incremental-input describing function (IDF) stability technique,
proposed by West et al.[27] and developed by Gelb and Vander Velde, is
based on the calculation of the equivalent gain of the nonlinéarity to
an infinitesimal signal in the presence of the DF predicted sinusoidal
oscillation. Two forms of infinitesimal signal are considered by Geib
and Vander Velde: an asynchronous sinusoid B sin ¥wt (B—= o, ¥ irrational)
and an infinitesimal bias B(B—» o). If B sindwt is the assumed infini-
tesimal signal then the input to the nonlinearity becomes xapp(t) =
A sin wt + B sind¥wt. TSIDF analysis yields the equivalent gain,

KB(A,B), of the nonlinearity to B sindwt, and the IDF is then defined as

Ni(A) = lim KB(A,B). (3.42)
B=»o

If a bias B is the assumed infinitesimal signal then the input to the
nonlinearity is B+A sin wt. From the bias-plus-sinusoid DIDF analysis
the equivalent gain of the nonlinearity to B is given by 3.12. The
corresponding IDF is then defined as o

Ny (4,0) = Lim Ny(4,B) = lim §_1 S £[B+A sine]de}. (3.43)
B—+o B—+o“Y2 TTB

o
Note that the IDF s of 3.42 and 3.43 are shown for static, single-valued,
odd symmetric nonlinearities, although they exist for more gemeral non-

linearities. Application of L'Hospital's Rule to 3.43 yields

2
N.(A,0) = 1 S YA sine) de, (3.44)
B P,
R

so that NB(A,o) may be computed directly as long as f(x) is differentiable.

L
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If £(x) is not differentiable then the limiting process of 3.43 must
be used. Gelb and Vander Velde prove [6, pp.303-304] that Ni(A)EENB(A,o)
and, more generally, that the effective gain (i.e. the equivalent gain)

of any static, single-valued, odd symmetric nonlinearity to an infini-

tesimal signal in the presence of any other statistically independent

input signals is the same in the limit as the infinitesimal signal goes

to zero, whether it be a bias, a sinusoid, or a random process [6,pp.34-37].
Once the IDF is calculated, the stability of the IDF equivalent

linear system of Fig. 3.6 is considered.  This IDF system is a linear,

constant coefficient system and any linear system stability technique
(Nyquist, Routh-Hurwitz, root locus) may be used. If the IDF system
is asymptotically stable i.s.L. then the DF predicted oscillation is
interpreted as a stable limit cycle; if the IDF system is unstable i.s.L.
then the DF predicted oscillation is an unstable limit cycle; and if
the IDF system is neutrally stable then the DF preaicted oscillation is
conservative.

The IDF stability technique described above is used in conjunction
with the ordinary DF method. However, extensions of the IDF concept can[40, 41]

be developed by applying it to DIDF techniques or more general approxi-—

mations. For example, the TSIDF technique, when used to include the
third harmonic component of the input to the nonlinearity, is an
improvement of the ordinary DF method. In order to determine the

stability of the oscillation approximated by Xapp(t) = A sin wt + B sin(3wtte),

consider an infinitesimal bias signal € at the input. The equivalent
gain of the nonlinearity to € in the presence of Xapp(t) is then given

by 21
Ke(A,B,e) = 1 Sf[e+A sinet B sin(+0)] de (3.45)
27T€




27

for static, single-valued, odd symmetric nonlinearities. The corres-

ponding IDF becomes

21
Ke(A,B,0) = lim { 1 £[€+A sina +B sincte)] dut |
€20 *277€ o (3.46)
2
= 1 §f""[A sinot B sin(@+6)]det (3.47)
27T

wherein f£(x) is assumed differentiable. Extending Gelb and Vander Velde's
hypothesis, this IDF might also be calculated by using the perturbation

€sindwt ( § irrational) as the infinitesimal signal, finding the

equivalent gain of the nonlinearity to this signal, and taking the limit

as € = o.

The most general IDF would consist of calculating the equivalent
gain of the nonlinearity to an infinitesimal signal in the presence of
a general symmetric waveform, Xapp(Wt)’ assumed as the oscillatory input

to the nonlinearity. The result is

20
K, = 1lim 1 fle+ x (e)]de} (3.48)
€T o l7TTE S app
2 [+]
]
= 1 f de . 3.49
— [xapp(e)] ( )
0

3.2.4. Relationship Between the Variational System and the

IDF Stability Technique

The IDF (equivalent linear) system can be related to the variatienal

system of Fig.2.2 for linear variations. about the actual oscillation

x*(t). A DF approximate variational system (Fig.3.7), in which x*(t) is
replaced by Xapp(t) = A sin w_t, could be thought of. For the DF
predicted oscillation, a stability study of this variational system

would be the most accurate stability technique possible, since accuracy
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of the stability prediction would only depend on the accuracy of the DF
approximation. A more general approximate variational system [Fig.3.8]

in which x*(t) is replaced by a general approximation to the oscillation,
xapp(t), could also be considered —‘DF and DIDF oscillation predictions
would be particular cases of this. For a given approximation, Xapp(t)’

a stability study of the corresponding approximate variational system
would be the most accurate stability technique to use. Of course, the
fact that the approximate variational system and corresponding variational
equation have time varying coefficients makes stability amalysis of this
system quite difficult, if not impossible, in general.

Consider now the "general IDF of 3.48 and 3.49. K¢ may be written

in the following form:

Fiy
Keg = lim 1 Sf[€+x (e)]d@}
e»>o l2Tme app
: wT
= lim 1 flerx  (wt))d(wt)
€>0 L2TT€E § app }
3
= 1im fle+x (t)]dt
€—o zrre S app - }
(o]
T
= 1i 1 £le+ t) ldt 3.50
Lin e § [e4x, (6 ]1de § 1(3.50)
_ ' o
- _;_ S fix, @l = £ix, (o] (3.51)
(o]

The foregoing is not strictly correct mathematically, since xapp(wt) and

Xapp(t) should really be two different functions. K. is now identified

as the time-averaged value of the periodic time varying quantity

df The general IDF (equivalent linear) system can be
dx | x=x )

app
represented as in Fig. 3.9. The relationship between it and the general

approximate variational system of Fig. 3.8 is simply that the IDF system

is the approximate variational system with the time—varying gain,
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df . |
Tl x = Xapp(t) replaced by its average value, f [xapp(t)]. [42]

This substitution converts a time-varying linear system into a time
invariant linear system for which stability analysis is straightforward.

For example, the particular case of the DF approximation yields

' .
NB(A,o) = f [A051n wot], (3.52)

with the IDF system of Fig. 3.6 as the time-averaged approximation to
the DF approximate variational system of Fig.3:7.

It should be noted that the time averaging approximation described
above for the variational system is not equivalent to time averaging
each of the coefficients in the corresponding variational equation.

The system of Fig. 3.8 is governed by

L(D) {_%i(xapp) i eg + e = o, (3.53)

whereas the time-averaged IDF system of Fig.3.9 yields

f"[xapp(t)] -1 fe}+ e =o. (3.54)

In general, it can be shown that time averaging the coefficients of the
differential equation resuiting from 3.53 yields an equation with more
terms than the differential equation resulting from 3.54.

3.2.5 - Approximations of the Stability Techniques

Some general observations can be made about the approximations
involved in the use of Loeb's criterion and the IDF stability technique
in conjunction with the DF method. One approximation common to both is
the DF approximation - only when the DF method gives a reasonably good
approximation to the actual oscillation can these stability techniques
be expected to work properly. DIDF‘techniques improve the basic DF

approximation, but only the IDF stability technique can be used with the
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improved approximation.

However, both stability techniques involve approximations in
addition to the DF approximation. In the case of Loeb's criterion,
the assumption of a certain form of perturbation is considered to be an
approximation. Recall that perturbations are assumed to be at the
frequency of the predicted oscillation with only small perturbations
in that frequency allowed. However, actual perturbétions about an
oscillation are governed (for infinitesimally small perturbations) by
the characteristic exponents (modes) of the corresponding variational
equation. There is always one mode related directly to the frequency of
the oscillation, but other complex modes can exist - these other modes
are ignored when using Loeb's criterion.

The IDF stability technique allows an arbitrary perturbation and
involves the equivalent gain of the nonlinearity to the perturbation. .
This results in a time-averaged variational system governing stability
of the oscillation. The IDF stability technique concludes with a study
of the stability of this IDF system instead of the approximate
variational system. The basic approximation here can be isolated by
assuming that the exact oscillatory solﬁtion, x*(t), of the original
nonlinear system is known. Stability of the variational system of
Fig. 2.2 then gives the exact stability of the oscillation. However,
application of the IDF stability technique involves defining the IDF
or equivalent gain of the nonlinearity to arbitrary perturbations in

the present of x*(t):

T
ReGe®) = 1im § 1 S fleek (1) 1dt § | (3.55)
€é-»0 ~TE 3§ . o
T ————————rr e
= 1 S e x(e) 1 = £ [x*(e)]. (3.56)
T

o
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The corresponding IDF system (Fig. 3.10) is then the variational system

.., df . . —_—
w:Lth,dX x=x*(t) replaced by its time-averaged value, f'[x*(t)]’

In general, the stability properties of the variational system are
not the same as those of the system of Fig. 3.10. This is exemplified

by the second order Mathieu equation,

€+ (a*2q cos 2t) e = o, (3.57)
which is shown in system form in Fig. 3.11. The stability properties
of 3.57, as outlined in McLachlan [28], differ significantly from those

of the time-averaged equation,

€+4+ae = o, (3.58)
corresponding to the system of Fig. 3.12. A general investigation of
the differences in stability properties between a periodic time varying
linear system and its time-averaged counterpart lies outside the scope
of this thesis. Particular types of systems could, perhaps, yield some
useful information.

For example, it is easy to show that a first order periodic time
varying linear system has the same stability properties as its time-
gveraged counterpart. However, first order nonlinear systems do not
exhibit autonomous oscillations, so a first order variational system
will never exist in this context. In second and third order systems,
some relationships can be found between stability of the variational
system and stability of its time-averaged counterpart. These relation-
ships will be demonstrated in later chapters.

3.2.6, Comparison of Loeb's Criterion and the IDF Stability
Technique '

Loeb's criterion and the IDF stability technique may be conveniently

compared through the use of the root locus method. A typical root locus




for the system of Fig. 3.13 is shown in Fig. 3.14, The value of K for
characteristic roots on the jw axis corresponds to the value of the DF
for the nonlinearity, Keq(AO), necessary for an oscillation condition.
From this the amplitude of the oscillation, Ab, may be determined.

The value w=w _ at the jw axis crossing is, of course, the predicted
frequency of the oscillation. Now application of the IDF stability

technique involves locating the roots of the system of Fig. 3.13 for

K =‘NB(AO,0). Fig. 3.14 indicates that all roots of the IDF system have
‘negative real parts and, therefore, a stable iimit cycle in the original

nonlinear system is predicted. Loeb's criterion can be applied graphic-

ally, using the same root locus plot, by comsidering the motion of the
imaginary root pair for small changes in K = Keq(A), corresponding to
small changes in A about Ao.

Once relationships between the shape of the nonlinearity, Keq(4),
and NB(A,d) have been established, a detailed comparison of Loeb's
criterion and the IDF stability technique may be made. These relation-

ships and a general comparison are the subject of the next chapter.
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CHAPTER 4

STABILITY TECHNIQUES FOR TWO GENERAL TYPES OF NONLINEARITY

Two general types of static, single-valued, odd symmetric non-
linearity are considered with respect to the corresponding forms for
Kéq(A) and NB(A,o). Once the forms of Keq(A) and NB(A,o) are established,
Loeb's criterion and the IDF stability technique may be studied using
the root locus method. A general comparison between the two stability
techniques reveals possible situations in which they will disagree.

These discrepancies are explored in detail in subsequent chapters.

4.1 Relationships Involving the Nonlinearity

The two types of static, single-valued, odd symmetric nonlinearity
f(x) to be considered are the hard spring and soft spring (saturation)
‘types. A hard spring nonlinearity is defined as one for which f.(x) is
non-negative and monotonic non decreasing, while a soft spring non-
linearity has f'(x) non-negative but monotonic non increasing. Fig. 4.1
shows typical hard and soft spring nonlinearities. It should be noted
that discontinuous nonlinearities are included as limiting cases, the
ideal relay of Fig.4.2(a) being one such "soft spring'.

The ordinary DF, Keq(A), for f(x), as defined in Chapter 3,is
21

Keq(aA) = 1 f; f(A sine) sine de , (4.1)
TTA
o
which, upon integration by parts, yields

2w /2

Keq(A) = 1 E; f‘(A sin@) cos%ade = 4 fl(Asine)cos%Bde.

™ 1y

° s (4.2)

Thus f‘ (x) 2 o implies Keq(A) ) o . Furthermore, if £(x) is hard spring,

f'(x) is monotonic non decreasing and, therefore, by 4.2 Keq(A) is also.
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Similarly, if f(x) is soft spring so that f'(x) is monotonic non
increasing then Keq(A) is non-negative and monotonic non increasing.
The IDF, N (A,0), for such a f(x) has been ;dzeflned in Chapter 3 as

N, (4,0) = S £ (A sine)de =LS£ (A sine)de. (4.3)
5 T

(¢}
Thus, if £f(x) is hard spring then NB(A,o) » 0 and is monotonic non
decreasing; if f(x) is soft spring then NB(A,o))o and is monotonic

non increasing.

Furthermore, differentiation of 4.1 yields

au an
/ 1] 2
d _ =1 f(A sin®) sinede + 1 Sf (Asine)sin'©de
A {Keq (A)} = Al S A
= -Keq(A) + 2NB(A,0) - 1 Sf'l(A sine)cos26 de. (4.4)
A — A )
o]

Transformation of the third term by 4.2 then yields

dA Keq(A)} = _i_ {NB(A,O) - Keq (A)} . : (4.5)

Equation 4.5 relates Keq(A) to NB(A,O). In particular, if Keq(4A) is
monotonic increasing (f(x) hard spring), so that %—A—{Keq(A)} » o, then
4.5 yields NB(A,0)>Keq(A). Also, if Keq(A) is monotonic decreasing

(f(x) soft spring), so that -S'I {Keq(A)} £ o, then NB(A,O)( Keq(A). A

further relationship between NB(A,O) and Keq(A) can be found for soft

spring nonlinearities. From 4.2 Keq(A) can be expressed as

am 27
Keq(A) = 1 S f" (A sine)coszede = 1 S f"’(Asine) (l—-sinze)de
' m T
0 o
1 2n
= 1 S f’ (Asine)de - 1 S f"’(A sine) sinzede
u [+ n (o]
2n
= ZNB(A,o) - 1 f!(A sin®@) sinze de. (4.6)

Ll
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Equation 4.6 then yields Keq(A) £ ZNB(A,O) and the following inequalities
for soft spring nonlinearities:

1 Req(a) £ N, (A,0) { Keq(a). (4.7)
2

This places a general lower bound on NB(A,o) rela;ive to Keq(A) for soft
spring nonlinearities.

However, there is mno generalvupper bound on NB(A,O) relative to
Keq(A) for hard spring nonlinearities; this can be demonstrated by the
following counterexample. Gelb and Vaﬁder Velde[6, pp.313-315] develop
the expressions Keq(A) and NB(A,O) for the general power law nonlinearity,

f(x) = xn, n odd. These expressions are

1

Keq(A) =2A""" 1+3-5 ——=(n)
246 ———(n+l) : (4.8)
and
N, (4,0) = At 135 ), (4.9)
3746 ——(n-1)
with the ratio
Np(A,0) = Egl (4.10)
Keq(A)
yielding
Ny(A,0) = ml . Keq(A). (4.11)
2

There is no general upper bound we can place on NB(A,o) with respect to
Keq(A) because NB(A,o) can be made arbitrarily large compared to Keq(A)

by increasing the value of n appropriately.

4.2 Calculations for Selected Nonlinearities

The calculations of Keq(A) and NB(A,O) are usually straightforward
for most static, single-valued, odd symmetric nonlinearities. In fact,

Gelb and Vander Velde tabulate Keq(A) and NB(A,o) for a number of the
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common nonlinearities. The nonlinearities considered here are to be

used in systems discussed in subsequent chapters.

i) Ideal Relay (f(x) =M sgn x)
This nonlinearity, shown in Fig. 4.2(a), is a limiting case of a
soft spring nonlinearity because of its discontinuity. Calculations
[6, pp.306-309] yield
 Req(A) = 4M/(TTA) (4.12)
and

NB(A,o) = 2M/(TA). ' (4.13)

Both Keq(A) and NB(A,O) are monotonic decreasing and NB(A,o) = 1 Keq(A)
2

- the lower bound on NB(A,o) in 4.7 is attained.

ii) 0dd Square Law (f(x) = x|x|)

This nonlinearity (Fig. 4.2(b)) is an example of a continuous hard

spring nonlinearity. Calculations yield

Keq(A) = 8A/3T) (4.14)
and

Nz (A,0) = 4A/TT , (4.15)
with Keq(A) and NB(A,o) monotonic increasing and NB(A,o) = %—Keq(A).

111) Cubic (£(x)=x")
This nonlinearity (Fig. 4.2(c)) is a particular case of the general

power law nonlinearity already described. Equations 4.8 and 4.9 yield

3. ,2

Keq(4) =+ A (4.16)

and

3 ,2
NB(A,O) =3 A ’ (4.17)

with Keq(A) and NB(A,o) monotonic increasing and NB(A,o) = 2 Keq(A).
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4.3 Stability Techniques and the Type of Nonlinearity

With the relationships developed in Section 4.1 it is now possible
to state something definite about the application of Loeb's criterion
and the IDF stability technique to hard and soft spring nonlinearity
systems. As mentioned in Chapter 3, the root locus method is a |
convenient way of applying these two techniques together.

4.3.1 Hard Spring Nonlinearity

If the nonlinear system has a hard spring nonlinearity f(x), then
Keq(A) and NB(A,o) are usually monotonic increasing (rather than simply
monotonic non decreasing) and NB(A,o) > Keq(A). A root locus plot of
the linear system of Fig. 3.13 indicates possible oscillation conditions
and the direction in which the characteristic roots will move for
increasing or decreasing K. Application of the graphical Loeb's
criterion involves a consideration of the movement of the imaginary
pair of roots (corresponding to the oscillation condition) for small
perturbations in A, with K = Keq(A). The direction of movement depends
on the shape and calibration of the root locus. For ﬁhe hard springbnon—
linearity, if the root locus crosses the imaginary axis from left to
right for increasing K (Fig. 4.3(a)), then the graphical Loeb's ériterion
predicts an unstable limit cycle. If the root locus crosses from right
to left (Fig. 4.3(b)) then the Loeb's criterion prediction is a stable
limit cycle.

Application of the IDF stability technique involves the location
of the roots for the gain value K = NB(AO,O). For hardspring non-
linearities NB(AD’O) > Keq(Ao) so that this gain value is larger than
that required for the oscillation condition. If the root locus crosses

the imaginary axis from left to right (Fig. 4.3(a)) then K = NB(AO’O)‘
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usually corresponds to the imaginary root pair moving into the RHP and
an unstable limit cycle predicted. Similarly, a crossing from right to
left (Fig. 4.3(b)) means that K = NB(AO,O) usually corresponds to the

root pair in the LHP and a stable limit cycle, provided the other roots

of the system are in the LHP.

4.3.2 Soft Spring Nonlinearity

If the nonlinear system has a soft spring nonlinearity then Keq(A)
and NB(A,o) are usually monotonic decreasing with NB(A,o) { Keq(4a).

When the root locus crosses the imaginary axis from left to right (Fig.4.4(a))

the graphical Loeb's criterion predicts a stable limit cycle. Alternat-
ively, if the root locus crosses from right to left (Fig. 4.4(b)) then
Loeb's criterion predicts an unstable limit cycle.

In terms of the IDF stability technique, the root locus crossing
from left to right (Fig. 4.4(a)) places the root pair in the LHP at
K = NB(AO,O), and a stable limit cycle is predicted provided the other
roots stay in the LHP. A crossing from right to left (Fig. 4.4(b)) places
the root pair in the RHP for K = NB(Ao,o) and the prediction is an

unstable limit cycle.

4.4 General Comparison of the IDF Stability Technique and Loeb's
Criterion

The hypothetical DF oscillation situations of Figs. 4.3 and 4.4
show Loeb's criterion and the IDF stability technique in agreement.

However, in general these two stability techniques are not always in

agreement. Possibilities of discrepancies between them are directly
dependent upon the shape of the root locus, and hence are dependent upon
the form of the linear plant L(s). Specific forms of L(s) will bring
to light particular root loci that yield discrepancy situations. .In

general, though, the reason for any discrepancy situation may be
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demonstrated in the following way. Loeb's criterion is seen to consider
only the imaginary root pair at the oscillation condition and how this
pair of roots is perturbed for the specific form of perturbation
assumed. The IDF stability techmnique, on the other hand,produces a
time-averaged approximate variational equation, and in root locus form
indicates the approximate characteristic modes by all the root locations
and not just the pair yielding the oscillation condition. Furthermore,
a more general form of perturbation is assumed. The movement of roots
for K changing from the oscillation condition K = Keq(Ao) to the IDF
stability condition K = NB(AO,o) can be quite drastic due to the
possibly large difference between Keq(Ao) and NB(Ao,o). Essentially
anything could happen to the location of the roots, and the IDF stability
would be affected accordingly. This is certainly more complicated than
Loeb's criterion, which predicts stability through local perturbations
about the imaginary root pair.

Fig. 4.5 illustrates the root locus for a third order L(s). For a
soft spring nonlinearity there is a possibility of discrepancy depending
upon the gain calibration of the root locus. Loeb's criterion predicts
a stable limit cycle, but the IDF stability technique wouldvpredict an
unstablé limit cycle if the situation depicted in Fig. 4.5 occurred.
Details of this and other discrepancies in third order systems will be

dealt with in Chapter 6.

4,5 The Quasi Linear Region and Linear Systems

The DF approximation is inherent in both Loeb's criterion and the
IDF stability technique. As a result, the most meaningful comparison of
the two techniques would be one made under the condition that the DF

predicted oscillation is a close approximation to the actual oscillation.
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Apart from good filtering properties of L(s), a good DF approximation is
ensured when the nonlinear system is close to being linear (i.e. quasi
linear). Of course, the DF approximate oscillation approaches the actual
oscillation in the limit as the nonlinear system approaches a linear one.
For continuous hard and soft spring nonlinearities the linear situation
is approached as Ao decreases to zero.

Let f(x) be such that the following Maclaurin series exists:

f(x) = £(0) + x£ () + x> £Y(0) + —- . (4.18)

2!
0dd symmetry of f(x) implies that 4.18 becomes

fx) = x£00) + x5 £ (0) + x> £9(0) + ——- . (4.19)

37 57

Then the DF, Keq(A), can be expressed in series form as
(41}

Keq(A) = 1 E; A sinef'(o)+ (A sin603 f"‘(o) +
TTA 3%
o
(Asine)> £'(o)+ --- } sinede = £'(0) + A%eMM o)+ A% £ (o)+ —.
51 8 192 (4.20)
Expansion of f'(x) in a Maclaurin series yields
@) = £%0) + xt o) + x2 £ M o)+ —— (4.21)
27
or
e = ') + 2 Moy 5t ) -, (4.22)
27 A

since f(x) is odd symmetric. The IDF,NB(A,O), can then be similarly

d
expressed as o T

N, (A,0)= 1 S ' (0)+(asine) 2£" Y (0)+(asine) £V (o) + ---} e
EL® 71 A
= ') + a2 ™) + 4% £y + - . (4.23)
. 4
The difference then becomes
Req(a) - Ny (4,0 = - A2 £ () - 2% (o) - —, (4.24)

8 96
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and 1im [Keq(A)-N_(A,0)].= o, so that Keq(o) = N, (o,0).

A—0 B o B

Now I Keq(A) - NB(A,Q)l can be considered as a measure of the
degree of nonlinearity of f(x). If and only if f(x) is odd symmetric
and quasi linear will the difference be small, From 4.24 it is seen that
l Keq(A) - NB(A,O)’ increases with A. This means that, as A increases,
the input to the nonlinearity, A sin wt, makes larger excursions into the
nonlinear region of £(x). On the other hand, for A{{1l, | Keq(A) -
NB(A,o) o A2, and the difference between Keq(A) and NB(A,o) is very
small. This is the quasi linear region of f(x) in which the DF approxi-
mation continuously improves, and Keq(A) approaches NB(A,o), as A
decreases to zero.

A comparison of Loeb's criterion and the IDF stability technique in
the quasi linear region of f(x) is quite revealing. The error due to
the DF approximation is virtually suppressed, and any differences between
the two techniques become more evident. In terms of the root locus, the
roots of the linear system of Fig. 3.13 move very little during the gain
change from K = Keq(Ao) to K = NB(A?O) gince the gains are almost equal.
Loeb's criterion and the IDF stability technique are then essentially
equivalent in terms of the contribution that the imaginary root pair
producing the oscillation condition makes to the stability of the system.
However, the situation of an unstable DF system is clearly a case where
the two techniques can differ., At the gain value K = NB(AO’O) the un-
stable roots of the DF system will have moved very little and the IDF
system will also be unstable. Loeb's criterion ignores these unstable
roots entirely and just considers the imaginary root pair and how it
moves for small perturbations. Fig. 4.6 illustrates the situation where

the DF system is unstable; the IDF stability technique predicts an un-
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stable limit cycle; but Loeb's criterion predicts a stable limit cycle
for a soft spring nonlinearity. Keq(Ao) and NB(Ao’O) are shown close
together in order to represent the quasi linear situation.

ioeb's criterion becomes suspect in this type of situation because
of linear system considerations. If a linear system is considered as a
special case of the general nonlinear system then DF analysis applied to
it becomes an exact procedure. A linear system implies that £(x) = cx
with Keq = NB = ¢.. It would be expected that Loeb's criterion and the
IDF stability technique are exact for a linear system since they are
based on equivalent linearization of the general nonlinear system. In
fact, for a linear system the IDF system is exactly the variational
system — a constant coefficient linear system as in Fig. 3.13 with K = c.
The root locus for K = c¢ then indicates the imaginary root pair corres-
ponding to the linear oscillation. If all other roots are in the LHP
then a neutrally stable, conservative oscillation is predicted by the IDF
stability technique, while if unstable roots exist, as well, at K = ¢
then an unstable oscillation is predicted - these are equivalent to the
variational equation predictions. However, Loeb's criterion predicts a
neutrally stable, conservative oscillation no matter where the other
roots are located. It is clear, in this situation, that Loeb's criterion
is incorrect when unstable modes are present and, since it is incorrect
for a linear system when the DF system is unstable, it is doubted whether
it should be applied in nonlinear systems under the same condition.

Recall that graphical stability criteria recognize the existence of
unstable modes at the oscillation condition. In fact, application of
these to a linear system is equivalent to use of the IDF stability

technique. However, in nonlinear systems this equivalence no longer holds,




B In

since the DF system uses K = Keq while the IDF system uses K = N
light of the known relationship of the IDF system to the variational
system, use of the DF system to determine stability has really no

theoretical basis. This situation of an unstable DF system is treated

in detail for third order systems in Chapter 6.
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f (%) f(x)

HARD SPRING SOFT SPRING

Fig. 4.1 HARD SPRING AND SOFT SPRING NONLINEARITIES

f (x)=Msgnx f(x)=x'x| f(x) = x3
M
0 o o
X x x
-M
(a) ideal relay (b) odd square (c) cubic

Fig. 4.2 EXAMPLES OF NONLINEARITIES

jw jw
LHP K=NB(AO,O) RHP LHP K=NB(AO’O) RHP
v K=Keq(Ao) K=Keq(Ao)
UNSTABLE LIMIT CYCLE STABLE LIMIT CYCLI
o d 0 o
a) b)

Fig., 4.3 STABILITY TECHNIQUES FOR HARD SPRING NONLINEARITY



50

jw Jw
LHP RHP LHP RHP
jw
o Keq(Ao)
STABLE LIMIT CYCLE UNSTABLE LIMIT CYCLH K=NB(AO,0)
=NE(A0’O)
o g o =
a) b)
Fig. 4.4 STABILITY TECHNIQUES FOR SOFT SPRING NONLINEARITY.
jw
-4
Fig. 4.5 EXAMPLE DISCREPANCY SITUATION
jw
o

Fig. 4.6 UNSTABLE DF LINEARIZED SYSTEM SITUATION




CHAPTER 5

STABILITY OF OSCILLATIONS IN SECOND ORDER SYSTEMS

Second order nonlinear systems are the lowest order systems for
which autonomous oscillations can occur. A number of theoretical results
are available for them, and these results can be used to study the
accuracy of the DF method and approximate stability techniques. Because
of the low order, second order systems are easy to work with in terms of
obtaining analytical expressions for the DF method and associated
stability téchniques. The IDF stability technique and Loeb's criterion
may then be éompared analytically, and any discrepancies may be studied

in detail.

5.1 Floquet Theory and Time Averaging

Consider the general second order nonlinear system of Fig.5.l with
f(x) a static, single-valued, odd symmetric nonlinearity and
L(s) = 98 t4q, . (5.1)
2
s + pls + P,
Let x(t) = x*(t) be a periodic solution of the system with period T;

then the variational system for perturbations about x*(t) is given in

Fig. 5.2. The corresponding variational equation becomes

e(t)+ {pl+qlg[X*(t)]} e(t)+ {po+qog[X*(t)]+qlé[x*(t)]} e(t)= cz, )
5.2

where g[x*(t)]= {df(x)/dx}l . .Floquet theory applied to 5.2 will

x=x%
yield the two characteristic exponents of the variational equation.
‘There exist complex constants Xl, XZ such that 5.2 has the two linearly
independent (characteristic) solutions,

e () = P (e Ait s i=1,2 (5.3)
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with the Pi periodic of period T. Now x*(t) is a periodic solution of
the variational equation/so that one solution, say el(t), is x*(t) =

At

Pl(t)e with Pl(t) = x%(t) and Al = 0. The second solution, ez(t),

may be found through the form ez(t) = a(t)el(t), where a (t) is a time-
varying coefficient to be determined. Appendix I shows the detailed

calculations that yield

T
foprge 1 (et} - - @I} G0

0
A stable (unstable) limit cycle then exists if and only if
=N\, = o+ @ (D)1 >0 (<o), (5.5)
Also, a conservative oscillation exists if and only if
— = E * *—
A, = o+ 48[ (O] =o. (5.6)

In Chapter 3 it is demonstrated that the IDF stability approach
involves a time averaging of the variational system. For secbnd order
systems, stability of the variational system and its time-averaged
counterpart can be readily compared. The time-averaged variational
system is shown in Fig. 5.3 and the corresponding differential equation

with constant coefficients becomes
L J * ’ . * =
8(6)+ {p a8l (D] § &)+ {p_+q B (O] Je(®) = o (5.7)
Analysis of the roots of the characteristic equation,
* +{py+a 80T J
* % =
s +{pl+q1g[x Iys +{po+qog[x ] 0, (5.8)
yields the conditions
Pt aelx*l" 3 o : (5.9)

and

Pt qq8lx*] > o (5.10)
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for stability. This situation would correspond to the time-averaged
variational system.predicting a stable limit cycle. Note that,since

time averaging in general eliminates the oscillatory solution X*(t) from
5.7,the condition that one root of 5.8 be zero is not required for a stable

limit cycle. Now conditions 5.9 and

pyta; slx*] =o (5.11)

correspond to a conservative oscillation, while

pta, slx*] Lo (5.12)

or

pite; glx*] £ o’ (5.13)

corresponds to an unstable limit cycle.

A comparison of the stability of the variational system and its
time-averaged counterpart indicates that the two will disagree under the
conditions

ptdy glx* 130 ; ptq, glx*] < o. (5.14)

The actual stability situation (that of the variational equation)
is one of a stable limit cycle or conservative oscillation existing,
depending .upon whether. 5.5 or 5.6 is satisfied. However, the time-

averaged variational equation predicts an unstable limit cycle due to

the extra condition, po+q0 glx*] ¢ o. Time averaging of a second order

variational equation can, therefore, lead to incorrect stability results.

5.2. Approximate Stability Techniques

Application of the DF method to a general second order system yields
the DF conditions
p; +q; Keq(a)) = o (5.15)

and
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2
wo=p,ta, Keq(Ao) =p,~dp; > © (5.16)

9

for the existence of the solution xapp(t) = Ao sin Wot. Loeb's criterion,
in the analytical form of 3.39, 3.40, and 3.41,involves calculation of

. d . d . .
the expression P ImL(;W).dA Keq (&) (AO’WO). A derivation, due to

Willems [29], relates this expression to one involving the IDF, NB(A,O).
This derivation is given in Appendix II and shows that Loeb's criterion
is equivalent to the condition

pytay Np(A 50) > o (o) (5.17)

for a stable (unstable) limit cycle and

pyta; Np(a ,0) = o (5.18)

for a conservative oscillation.

If the expression T

-1 ' . _ -

NB(AO,O)— T Sf (Ao sin wot)dt = g(Ao sin Wot) (5.19)
°

is used in the above conditions then they become identical to the actual

stability conditions of 5.5 and 5.6 with the actual oscillation, x*(t),
replaced. by the DF approximation, xapp(t) = A sin W . A Tloquet
analysis of the variational equation
§(t)+~{pl+qlg[Aosin wot]} é(t)+{bo+qog[Aosin wot]+qlg[Aosin Wot]}e(t)
= o. (5.20)
corresponding to the DF approximate variational system of Fig. 5.4,
yields stability éonditions 5.17 and 5.18 under the assumption of omne
periodic solution of 5.20. Loeb's criterion, applied to second order
systems, is therefore equivalent to a stability study of the DF approxi-
mate variational system, and is thus an exact stability criterion for

second order systems, apart from the DF approximation.
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Recall that the IDF stability technique has already been related,
in general, to the variational equation. IDF stability for second order
systems is equivalent to a stability study of the time-averaged DF
approximate variational system of Fig. 5.5. It is demonstrated in
Section 5.1 that time averaging can be an approximation, in general,
with respect to stability of oscillations in second order systems.

Thus it is seen that the IDF stability technique involves an approximation
in addition to the DF approximation, namely that of time averaging, for
second order systems at least. Loeb's criterion, in these systems,
involves only the DF approximation and is therefore the better techniique
to apply in such cases.

Consideration of the characteristic equation,
Sz+[p1+q1NB(Ao’°)]S + [po+quB(Ao,o)] = o, (5.21)
of the time-averaged (IDF) system of Fig. 5.5 yields
Pt Np(A ,0) ) o3 pytq Np(A ,0) > o (5.22)
Vfor a stable limit cycle,
p0+qONB(Ao,o) > o3 pl+qlNB(Ao,o) = 0 (5.23)
for a conservative oscillation, and

Po+quB(Ao’o) £ o (5.24)

or

pl+qlNB(Ao,o) Lo (5.25)

for an unstable limit eycle. Comparison of these stability conditions
with those of 5.17 and 5.18 for Loeb's criterion reveals a discrepancy
between the two stability techniques under the conditions

pta Np(a ,0) L o5 py+qNg(A ,0) > o. (5.26)

When conditioms 5.26 obtain, Loeb's criterion predicts a stable limit




cycle or a conservative oscillation depending upon whether 5.17 or 5.18
holds. The IDF stability technique, on the other hand, predicts an un-
stable limit cycle. Th#s discrepancy is due to the time averaging
approximation of the IDF stability technique; it only remains to
identify more closely second order situations in which conditions 5.26
occur. Although Loeb's criterion should be correct in these situations,
experimentation will reveal the extent of the DF approximation when a

discrepancy exists.

5.3 Detailed Study

Conservative second order systems are considered separately
because of the many analytical results available to determine the actual
stability situation. For non conservative second order systems, simul-

ation is used to determine actual stability since convenient analytical

results are not available.

5.3.1 Conservative Systems

The general second order system of Fig. 5.1 has a differential
equation given by

(0)+Hp +a £ =01} 2@+ x()rq Ex©1] = o. (5.27)

Second order nonlinear comservative systems have differential equations
of the form

¥(t)+ Flx(e)] = o, (5.28)
so that the system of Fig. 5.1 is comservative if P; =4y = 0 and then
Fx) = P X + qof(x). Since f(x) is assumed odd symmetric, F(x) will
also be odd symmetric. Conditions for existence of comservative

oscillations can be found by defining a potential energy, V(x), where

56
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X
Vix) = SF(X )dx = S[p X +q f(x )] dx
= poXZ +° q Sf(x )dx . (5.29)
2 o

A graph of V(x) will indicate maxima and minima, and conservative
oscillation trajectories can be constructed in the phase plane. This
procedure is described in Minorsky [14].

Stability of gonservative oscillations here is orbital stability,
and stability i.s.L. need not hold. This is reflected in the variational
equation through 5.6, which is now pl$qi§E§;?E§T = 0, and implies that
the variational equation has both characteristic exponents with real
part zero - a doubly critical situdtion.

The DF condition for the conservative case becomes simply

2
w,o =P, *+q Keq(A) > o, (5.30)

and a continuum of oscillations,Aof sin w t, is predicted as long as 5.30

is satisfied. The Loeb's criterion condition is that of 5.18,

pl+qlNB(Ao,o) = o0, indicating a conservative oscillation. Loeb's criterion

is then in agreement with the actual situation, assuming the DF method
approximates an oscillation that actually exists.

The discrepancy situation, 5.26, requires po+quB(Ao,o)(()in,order
that the IDF stability technique predict an unstable limit cycle when the
actual situation is a conservative oscillation. Conditions are mnow found
so that po+ qONB(AO,o) < o but a conservative oscillation exists and is
predicted by the DF method. In such cases Loeb's criterion is correct
while the IDF stability technique is incorrect. Various possibilities,

in terms of the properties of L(s), are as follows:

i) Po>/09 q0> o

L(s) is a stable, minimum phase transfer function. The linear
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system for application of the root locus method when using the stability
techniques is shown in Fig. 5.6, and the corresponding root locus is
given in Fig. 5.7. The DF condition, wo2 =P, + qOKeq(Ao)>-o, is
satisfied for Keq(Ao)>-o, and Loeb's criterion and the IDF stability
technique are seen to be equivalent in predicting a comservative
oscillation, since P, + q, NB(AO’O) > o. The theory of conservative
oscillations in second order systems verifies that such oscillations do

exist at all amplitudes.

ii) pLos 4 >0

L(s) is now an unstable, minimum phase transfer function and the
root locus for the corresponding linear system is given in Fig. 5.8. The
DF method predicts an oscillation as long as

Keq(A)) > - p /q,. (5.31)

Loeb's criterion and the IDF stability technique will then be in dis-
agreement if and only if

N (A ,0) < - p_/q £ Keq(A)). (5.32)

In order that 5.32 obtains, f(x) must be a soft spring nonlinearity so
that N3 (A ,0) {Keq ).

The DF condition for existence of an oscillation is po+queq(Ao))-o,
but the exact existence condition can be found by employing §?nservative
system theory. Recall that F(x) = pxX + qof(x) and V(x) = E;F(Xl)dxl -
typical plots of F(x) and the corresponding V(x) are shown ig Fig. 5.11.
Phase plane analysis of Fig. 5.11 indicates that conservative oscillations
will exist provided P, * 4, f'(o))-o. Oscillations of amplitudes in the

range o A £ Ao then exist, where
CR

p A +q £f(A ) = o, (5.33)
O OCR o OCR
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or

CR -—_ (5.34)

The exact condition for existence of a comservative oscillation of

amplitude A 1is then
)

PA, T a f(A)> 0, (5.35)
or
£(a) - P
o > o ,
A q ‘ (5.36)
(o] o]

while the DF existence condition is

Keq(Ao) >~ Py .

p (5.37)

o
The exact frequency of the oscillation of amplitude A0 is shown in Gelb

and Vander Velde [6, p.164] to be
1 -1

W S [SF(X )dx dx } . (5.38)

exacg A[——

In Appendix III it is proved that N (A, o) g_(é)( Keq(A) for soft
spring nonlinearities. Then the condition for acﬁial existence of a
conservative oscillation of amplitude AO, predicted by the DF method,
with 5.32 holding is

NB(AO,O) { - 39_( f(Ao) 4 Keq(Ao). (5.39)
q, A

o
If the ideal relay mnonlinearity, f(x) = M sgn(x), is used, for example,

then 5.39'becomes

2M -p M M . (5.40)
TTA < = < A < TTA
o q, o )
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For definiteness let A0 =1, M=3T7/2, 4, = 1, then 5.40 becomes

3  -p, L 37M/2=4.71 L 6. (5.41)

The DF frequency prediction is now

Yopr APt ReaB) = 6 +p, (5.42)

while the exact frequency expression is calculated as
Yo - P02 1 2 2
exact arc cosh.{ M —ZAOM po/qo—Ao (po/qo) }
(M+A p /q )=
= AR (5.43)

2
arc cosh{ 22.21-9.42 P, ~ P, }
(4.7l+p34

from analysis of on—off systems (Appendix IV) rather than from 5.38.

Table 5.1 Amplitude and Frequency Calculations for
Case ii) Example System

A =1 ‘ Yo T Y
o exact
P, W LA : % Error Ao Ab % Error
DF exact DF exact
-3.0 1.732 1.625 6.6% -1.065 1.0 6.5%
-3.5 1.581 1.441 9.7% 1.076 1.0 7.6%
-4.0 1.414 1.215 16.47% 1.095 1.0 9.5%
-4.5 1.225 0.950 29,0% 1.110 1.0 11.1%
-4.6 1,183 0.756 56.5% 1.160 1.0 16.0%
-4,71 1.136 0.000 o0 1.272 1.0 27.2%
Table 5.1 shows calculations of w oW LA s A , and the

DF oexact oDF oexact

corresponding percentage errors for P, in the range - 3 p0>/ - 4,71,

It is seen from Table 5.1 that both amplitude and frequency errors
increase as P, decreases. The value P, =-4.71 implies that the actual

oscillation corresponds to the separatrix in Fig. 5.11 which divides the
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phase plane into a region in which oscillations exist and one in which
they do not. The separatrix motion has an infinite period and hence

LR = 0. However, the DF method still predicts an oscillation of non-
exact

zero frequency for this value of Pyo and the frequency error increases

as this separatrix condition is approached. Thus, for this example, the
region in which the IDF stability technique is incorrect is a region in

which the DF approximation is decreasing in accuracy.

iii) po)/ o, qo(o

L(s) is a stable nonminimum phase transfer function, and the root

locus for the corresponding linear system is shown in Fig. 5.9. The DF
method predicts an oscillation as long as

Keq(AO) 4 --pO/qO . (5.44)

Loeb's criterion and the IDF stability technique will then be in disagree-—

ment if and only if
Keq(Ab) { - po/q0 '4 NB(AO,O) . (5.45)
In order that 5.45 obtains, f(x) must be a hard spring nonlinearity so
that Keq (Ao) 4 NB (A0 ,0) .
The exact existence condition can be foupd by employing conservative

system theory, as done previously. The plots of F(x), V(x), and the phase

plane trajectories shown in Fig. 5.11 still apply, and phase plane
analysis yields PA T qof(Ao)>-o as the exact condition for existence of

an oscillation of amplitude Ao. This condition can be rewritten as

£(A) L - p /e, . (5.46)

A
o

The exact frequency of the oscillation of amplitude Ao is given in 5.38.

In Appendix III it is proved that Keq(A)é £(A) 4 NB(A,o) for hard
A
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spring nonlinearities. The condition for existence of a conservative
oscillation of amplitude Ao’ predicted by the DF method, with 5.45
holding is |
Keq(A°)< f(Ao) ' 39_ { NB(AO,O). (5.47)
A q

[s} (o]

If the cubic nonlinearity, f(x) = ¢ x3, is used, for example, then 5.47

becomes
2 2 2
écAC)(cAo(—po { §_cAo . (5.48)
4’ - 2 N
9
With Ao= 1, ¢ = 16/3, q, = -1, 5.48 becomes
4<5.33{p_ L 8. (5.49)
The DF frequency prediction is then
WODF = )P, *+aq, Rea(a) = Jp -4 , (5.50)

while the exact frequency expression is calculated from 5.38 as

W = 7 _39 -4 = m|P -4
Cexact Nes 5 3 A2, 3 , (5.51)
: dx K

E%\//(l—xz)[l - 4X2 ] N/ 3p0/8 -1

F*BJO

o (3P0/2~4)

where K(*) is the complete elliptic normal integral.

Table 5.2 shows calculations of w s W ’ Ao s Ao , and
DF exact b exact

the corresponding percentage errors for P, in the range 87, Po>/ 5.33.
Both amplitude and frequency errors increase as P, decreases. The value

P, = 5.33 corresponds to the separatrix motion and hence w = o.
, exact

This is the identical trend to that of the case ii)bexample, namely, a

worsening of the DF approximation as the separatrix motion is approached.




63

Table 5.2 Amplitude and Frequency Calculations for
Case iii) Example System

A =1 w_ = Wo
o 0 exact

po WO w 7 B A A v

DF Cexact > Brror °pr Cexact ° Errgr
8.0 2.000 1.957 2.20% 1.022 1.0 2.2%
7.0 1.732 1.666 3.967% 1.027 1.0 2.7%
6.5 1.581 1.485 6.46% 1.036 1.0 3.6%
6.0 1.414 1.270 11.35% 1.055 1.0 5.5%
5.5 1.225 0.933 31.30% 1.075 1.0 7.5%
5.4 1.183 0.800 47.88% 1.090 1.0 9.0%
5.33 1.153 0.000 oo 1.155 1.0 11.6%

iv) p-o(o, qo< o

L(s) is an unstable, nonminimum phase transfer function, and the
root locus for the linear system is given in Fig. 5.10. The DF method
predicts that no oscillations are possible, and this is verified by

analytical theory of conservative systems.

5.3.2 Non Conservative Systems

For Py #0, ql-,éo , existing oscillations will be in the form of
stable or unstable limit cycles. The Routh-Hurwitz criterion and root
locus method can be used to discover possible discrepancy situations in
which conditions 5.26 are satisfied (Loeb's criterion predicts a stable
limit cycle while the IDF stability technique predicts an unstable
limit cycle). Investigations have produced two system configurations in
which conditions 5.26 hold Withva DF oscillation predicted (i.e. 5.15 and
5.16 are also satisfied). These two system configurations can be

classified according to the shape of the root locus of the corresponding

linear system.
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System Configuration I

Fig. 5.12 shows the root locus for this first sysfem configuration
in which a discrepancy between Loeb's criterion and the IDF stability
technique can exist. In terms of poles and zeros, L(s) is expressed as

L(s) = -(s—zl) = - s + zq
1 1 2 1, 1 1
(s-p; ) (s=p, ") s™=(p; *p, )stp; P,

s (5.52)

1

which, by identification, gives
_ . _ . I S | . 1 1,
q; = -1(L0); q = 2,005 py= =(p;#p,7) G0)5 p_=p; P, (Ko).
(5.53)
L(s) is an unstable, nonminimum phase transfer function, and the system
has, essentially, positive feedback instead of the usual negative feed-

back. The DF conditions 5.15 and 5.16 become

1

Keq(a) = = (p, + p,") (5.54)

and

2_ 1.1 _ .11 1L, 1, .
w. =P P, + z;Keq(A)) = p 7Py - z,(py HP, ) 03 (5.55)

the discrepancy conditions of 5.26 become
p- oLk 2N (A 0)<o and ~(p, 4p. D)= N (A 0)> o (5.56)
1 P2 1°B "o, 172 B\"o, ’

or
1 1 1 1
NB(AO,0)<- P Py /24 énd NB(AO,OK I TRE (5.57)
Since NB(AO,0)<:Keq(Ao) is necessary in order to satisfy 5.57, f(x) must
be a soft spring nonlinearity. If f£(x) = M sgn(x), M =TT/2,
1

ELl = =4, P, = 2, then DF conditions 5.54 and 5.55 become

Keq(AO) = 2/Ao = 2 (5.58)
yielding A0 = 1, and

woo= -8+ 2 z.. . (5.59)
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Also, discrepancy conditions 5.57 become

=14 8 and 1 =1<2. (5.60)
Z

A
o

A
A
)
The DF method predicts an oscillation of amplitude A0= 1 and a discrepancy
exists between Loeb's criterion and the IDF stability technique if and
only if 4K zl( 8.
Similarly, for the case M =TT , pll = -6, pzl = 2, the DF conditions

become

Keq(Ab) = 4/A0 = 4 ' (5.61)

yielding A0= 1, and

2
W= - 12 + 4 zqe (5.62)

Discrepancy conditions 5.57 become

2 =24 12and 2 =244, (5.63)
A A

o 1 o
so that the DF method predicts an oscillation of amplitude Ao =1 and a
discrepancy exists between Loeb's criterion and the IDF stability
technique if and omnly if 3 £ zl'< 6.

Table 5.3 exhibits values of LA s A s A , and the

DF oexact 0DF Oexact

corresponding percentage errors for various values of z4 in each of the

two examples defined above. The exact amplitude and frequency were
measured in experimental simulations of the systems on an EAI 580 analog

computer.
An interesting observation from the results of experimental simulations

is that, in both systems, limit cycles become nonexistent before the

discrepancy regions of z, are reached. For the first system (M =TEKZ,pll=—4),
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Table 5.3 Amplitude and Frequency Calculations for System
Configuration I Examples

M =TT/2, pll = - 4, p21= 2, 4<z1(8 for discrepancy

‘1 Yo Yo % Error Ao Ao %Z Error
DF exact DF exact

10.0 3.46 2.42 43.0% 1.0 1.348 25.8%
9.5 3.32 2.24 48.27% 1.0 1.366 26.8%
9.0 3.16 1.96 61.3% 1.0 ~1.396 28.47
8.5 3.00 1.65 81.8% 1.0 1.443 30.7%
8.02 || 2.84 .90 215.6% 1.0 1.570 36.3%
M=TT, pll= -6, p21= 2, 3¢ zl(6 for discrepancy
‘1 WoDF Woexact % Error ApDF Aoexact % Error
8.0 4,47 3.14 42.47 1.0 1.347 25.8%
7.5 4.24 2.80 51.5% 1.0 1.370 27.0%
7.0 4,00 2.42 65.47% 1.0 1.400 28.67
6.5 3.74 1.96 90.87% 1.0 1.450 31.0%
6.02 3.47 .90 | 285.6% 1.0 1.570 36.3%

no limit cycles exist for zl<:8.02, the discrepancy region being

4 < zl_< 8. TFor the second system,oscillations are non existent for

zy { 6.02 with the discrepancy region 3 ¢ zl-< 6. Percentage errors in
amplitude and frequency are large in both cases, and increase as the

limits (zl = 8,02 and z, = 6.02 respectively) are approached from above.

1
The limits of existence correspond to the oscillations approaching a

separatrix motion in the phase plane. This is evidenced in Table 5.3 by

W approaching zero as zq approaches the existence limit. Observ-
exact

ations of the oscillations as the limits were approached indicated that
the waveform was approaching a square wave. Large DF approximation errors
are quite likely for such a waveform. Fig. 5.1l4a) shows a phase plane

plot of the separatrix and Fig. 5.14b) the waveform for zq = 8.02 in the
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first example of System Configuration I.

System Configuration II

In Fig. 5.13 root loci are shown for the second system configur-
ation in which the two stability techniques can disagree. TFig. 5.13a)

shows pll and p2l as real roots in the RHP while Fig. 5.13b) shows

1

Py and p21 as complex conjugate roots in the RHP. In terms of poles and

zeros, L(s) is expressed as

L(S)= s — 2 s — Z

1 1 s (5.64)

i 1 2,1, 1 11
(s=p;7) (s=p, ") s"=(p;"+p, )stp P,

‘with the identification

q;=1(>0); q_= -z,(L0); p1=-(pll+p21)(<cﬂ; po=pllp21(>o).
(5.65)

L(s) is then an unstable, nonminimum phase transfer function. The DF

conditions 5.15 and 5.16 become
_ 1 1
Keq(Ao) =Py + Py (5.66)
and

2 _ 11 _ 11 1, 1
WO - Pl P2 - Zl KeQ(Ao) = Pl P2 Zl(Pl +P2 )> 0O, (5'67)

and the discrepancy conditions of 5.26 are now

1 1 1 1
P1 Py - leB(AO,o)<o and -(pl +p2 ) + NB(AO,O))O (5.68)

or
11 1, 1
NB(A0’0)>IH_P2 /zl and NB§A0’0)>'pl +p2 . (5.69)

Since NB(AO,0)>.Keq(AO) is necessary in order that 5.69 hold, £(x) must
] 1

be a hard spring nonlinearity. Let f(x) = M x~, M= 4.614, P, = 4,
p2l = 6, then DF conditions 5.66 and 5.67 become
- 3 2 _
Keq(AO) = 7 (4.614) Ab = 10 (5.70)

yielding AO = 1.7, and

F
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2
W= 24 - 10 Zl> o . , : (5.71)

Also, discrepancy conditions 5.69 become
20> 24 and 20 > 10 . (5.72)
%1
The DF Method predicts an oscillation of amplitude A0 = 1,7 and a dis-
crepancy exists between Loeb's criterion and the IDF stability technique
if and only if 1.2(z:L { 2.4,
Similarly, if M = 8/3 . pll = 4+32, pzl = 4 - j2, then the DF

conditions are

2

Keq(A ) = 3 (2.667) A~ =8 (5.73)
[o] Z o]
- yielding A.0 = 2, and
2
W= 20 - 8»zl‘) o . (5.74)
Discrepancy conditions 5.69 become
16 > 20 and 16 > 8 , (5.75)

1

so that the DF method predicts an oscillation of amplitude A0= 2, and a
discrepancy exists between the two stability techniques if and only if
1.25 £ zi { 2.5.

Table 5.4 shows values of w_ 4 W s, A L, A , and the

DF ®exact °pF ®exact

corresponding percentage errors for various values of zq in each of the
two examples defined above.

For each system oscillations are observed in the discrepancy region

1 1

of zy In the first system (M = 4.614, Py = 4, P, = 6) the limit of

existence of oscillations is found to be zq = 1.625 while in the second
system it is found to be zq = 1.677. In both systems, percentage errors

in amplitude and frequency increase as the limits are approached from
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Table 5.4 Amplitude and Frequency Calculations for System
Configuration IT Examples

M = 4,614, pll = 4, p2l =6, 1.2 < z; ¢ 2.4 for discrepancy

21 w w A A -

ohp O xact % Error (- O xact % Erro?
1.00 3.74 2,74 36.5% 1.70 1.750 2,86%
1.20 3.46 2.37 46,07 1.70 1.760 3.41%
1.30 3.32 2,17 53.0% || 1.70 1.764 3.63%
1.40 3.16 1.91 66.07% 1.70 1.770 3.96%
1.50 3.00 1.57 91.0% 1.70 1.777 4.337%
1.60 2,83 1.08 162,0% 1.70 1.790 5.03%
1.625} 2.78 0.67 - 315.0% 1.70° 1.790 " 5.03%
. M = 2.667, pll = 4+ §2, pzl = 4-32,1.25z,{ 2.5 iggpj;i;

L Yo Yo % Error Ao Ao % Error

BF exact DF exact

1.00 3.46 2.74 26.3% 2,00 2.060 2.92%
1.25 3.16 2.24 41.0% 2.00 2,073 3.52%
1.30 3.10 2.17 42,97 2.00 2,077 3.71%
1.40 2.97 1.96 51.5% 2.00 2,084 4,03%
1.50 2.83 1.70 66.5% 2,00 2.094 4,497
1.60 2,68 1.34 100.0% 2.00 2,103 4 .90%
1.677 || 2.57 0.66 289.5% 2,00 2,115 5.407

below. The ever increasing frequency errors, with w approaching

: exact

zero, indicate that the limit cycles are approaching a separatrix motion

as the limits are approached. Observation of the oscillations as these
limits are attained shows that. the waveforms again resemble square waves,

thus explaining the large DF frequency errors.

5.4 Conclusions

Loeb's criterion, for second order systems, is shown to be equivalent
to a stability study of the DF approximate variational system of Fig. 5.4

while the IDF stability technique is shown to be equivalent to a stability
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study of the time-averaged DF approximate variational system of Fig. 5.5.
Loeb's criterion then involves only the DF approximation, while the IDF
stability technique involves the additional approximation of time
averaging. Theoretically, then, Loeb's criterion should be the more

accurate stability technique to apply to second order systems.

Application of the two stability techniques to specific forms of
second order system has produced situations in which Loeb's criterion
predicts stability while the IDF stability technique predicts instab~-

ility. However, in both conservative and non conservative systems

exhibiting this discrepancy situation, it is found that the discrepancy
region is a region in which the DF approximation is becoming progress-—

ively worse, especially in its frequency prediction, WODF’ as WoDF

approaches zero. In all examples considered,WoDF approaching zero in
the DF predicted oscillation corresponds to the actual oscillation

. . . . L W .
approaching a separatrix motion for which O uxact IS Zero. However,

every system studied is such that, in the oscillation region close to

. . W w . . .
the separatrix motion, o { VY - the separatrix motion is reached
exact DF

before WODF reaches zero. There is then always an interval of WODF

values, o é Wb,$ w*, in which DF predicted oscillations do not correspond

to any existing oscillations. In the System €onfiguration I. this
situation is reached even before the discrepancy region of zlis entered.
From the evidence of the examples studied, it may be concluded that

DF oscillations, with Yo approaching zero, correspond, in an approx-

DF

imate way, to actual oscillations approaching a separatrix motion.
W .
Also, as Opp 8oes to zero it seems to be generally true that DF errors,

especially those in frequency, increase drastically. From the root loci

of Figs. 5.8, 5.9, 5.12 and 5.13 it is evident that WODF must be
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relatively close to zero in order to have a discrepancy situation
existing. Thus discrepancy regions seem to correspond to regions of
larger DF error, and perhaps the IDF stability technique indicates this

with its instability prediction. In fact, the DF approximation can be

so poor in these discrepancy situations that an actual oscillation does
not even exist. Although the IDF stability technique is seemingly in
error in discrepancy situations, it could actually be interpreted as

yielding information about the accuracy of the DF predicted oscillations.
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o + x(t)>_ flx(t)] S 4,8+, c(t)>
- s2+p1s+pn

Fig. 5.1 GENERAL SECOND ORDER NONLINEAR SYSTEM

qls+qo

o + e(t) daf
- > x| x=xx [ 2 >
_ s +pls+p0

Fig. 5.2 SECOND ORDER VARIATIONAL SYSTEM

qls+qo

o + e(t) .
)T > TR g xF) [ 2 >
_ P, StD,

Fig. 5.3 TIME-AVERAGED SECOND ORDER VARIATIONAL SYSTEM

qlS+q0

2 +’T e(t) = g(AosinWOt) | O ——— ‘ S
- s +pls+p0

Fig. 5.4 DF APPROXIMATE VARIATIONAL SYSTEM
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qls+qo

2
s +pls+po

TIME-AVERAGED DF APPROXIMATE VARIATIONAL SYSTEM

o + e(t)
Fig. 5.5
0 +
Fig. 5.6
jw

LINEAR SYSTEM FOR ROOT LOCUS - CONSERVATIVE CASE

Fig. 5.9 ROOT LOCUS

:P&oqéo

jw

Fig., 5.8 ROOT LOCUS : Péo,q?o
jw
----‘?-a(————--—-———)‘--é.----:
o

Fig. 5.10 ROOT LOCUS

N

: p(0,q L0
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F(X)=pox+qof(x)

Fig. 5.11  CONSERVATIVE SYSTEM ANALYSIS
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jw

Fig. 5.12 ROOT LOCUS FOR SYSTEM CONFIGURATION I

jw

Fig. 5.13 ROOT LOCI FOR SYSTEM CONFIGURATION II



CHAPTER 6

STABILITY OF OSCILLATIONS IN THIRD ORDER SYSTEMS

Third order nonlinear systems are of sufficiently low order to be
dealt with in detail, yielding analytical expressions for the DF method
and the approximate stability techniques. However, few theoretical
results concerning stability of oscillations can be obtained, and
simulation must always be used to determine the actual stability

properties.

6.1 Floquet Theory .and Time Averaging

Consider the general third order nonlinear system of Fig. 6.1 with
f(x) a static, single-valued, odd symmetric nonlinearity and

_ 2
L(s) = qp8" + 43 + q . (6.1)

3 2
s + PZS + pls + Po

Let x(t) = x*(t) be a periodic solution of the system with period T.
Then the variational system of Fig. 6.2 corresponds to the variational
equation
-t * e * . * L]
Be)+ [pytaye [x4(0)1] @+ fprtage [x5(0)] + 20,8 [x*(0) 1} e (o)

+{p g (H(0)] + i@ [*(0)] + q,E[x* (01} e(t) = o, (6.2)

with g[x*(t)] EE:E'(X*) = [df(x)/dx]l —_— Kaplan [17, pp.474-476] shows
that the three characteristic exponents }1,%2,X3, corresponding to the
three linearly independent solutions of 6.2, are related by the following
equation:
T
= - % = - *
At _%S{Pfng e 1} at = = {p ra g @T ] (6.3)

o
Since x*(t) is a periodic solution of the variational equation, omne

characteristic exponent, say Al’ is zero. A necessary (sufficient)
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condition for x*(t) to be a stable (unstable) limit cycle is )\2-0-,\3(0(7 o),

or

Py, + dyg [x*(£)] >0 (o), (6.4)

from 6.3.

The time-averaged third order variational system of Fig. 6.3 has a

differential equation given by

ete) +{p,ta el (01} €0) +{ptaglF®1]e)

oo+ a,elxF©1]e(®) = o (6.5)

Analysis of the roots of the corresponding characteristic equation,
3 — 2 e —
s"+[p,ta,8(x*)] s” + [pytq 8(x*)] s + [ptq g(x*)] = o, (6.6)

by the Routh-Hurwitz criterion yields

p2$q2—g—(?<7) ) (6.7)
as a necessary condition in order to have all three characteristic roots
of 6.6 in the LHP., Alternatively,

p, + 4, 8G%) (o (6.8)
is one of the sufficient conditions in order to have at least one of the
characteristic roots of 6.6 in the RHP. The necessary condition of 6.7
for stability of the time-averaged variational system is then the same as

the necessary condition of 6.4 for stability of the variational system.

Similarly, the sufficient condition of 6.8 for imstability of the time-
averaged variational system is identical to the sufficient condition of

6.4 for an unstable variational system. It is rather unlikely, however,

that the remaining Routh~Hurwitz necessary and sufficient conditions for
stability or instability of the time—averaged variational system will
-coincide with those of the original variational system. Unfortunately,

the problem of determining necessary and sufficient conditions.for stable
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or unstable limit cycles in third order systems, using the variational
system, is too intractable to be of any use.
If the DF approximate variational system of Fig. 6.4 is considered,

then a necessary condition for asymptotic orbital stability is

Pyt 4,8 [A sinwit]l ) o, (6.9)

and a sufficient condition for instability is

p,+q,8 LA sinw el o, (6.10)

Analysis of the time-~averaged DF approximate variational system of Fig. 6.5
yvields the same condition 6.9 as a necessary condition for all roots to

lie in the LHP, and 6.10 as a sufficient condition for at least one root
in the RHP. A complete analysis using the Routh-Hurwitz criterion will

be presented in the next section, and yields necessary and sufficient

conditions for stability or instability.

6.2 Approximate Stability Techniques

The DF method and approximate stability techniques are applied to
three classes of third order systems: L(s) having i) no zeros, ii) ome
zero, and iii) two zeros. For each class, both positive and negative
feedback situations are considered. The linear system of Fig. 6.6 is
used to apply the DF method and stability techniques by way of the
Routh~Hurwitz criterion and root locus method.

With L(s) in its most general form, the characteristic equation for

the linear system of Fig. 6.6 is
s3+( +q.,K) 32 + (p;4q.K) s + p+q K = o (6.11)
Py 1M o o ’ .

for which the Routh array,




g3 1 Pyt gk
s2 p2+q2K po+qu
st il (4 ) (0,4, K= (p+a K)o

P, T q,K
s° p, +qK o

gives the DF condition,
(py+q Keq) (p,*tq,Keq) - (p_+q _Keq) = o,

and, from the auxiliary equation, (p2+q2Keq) sz+p0+queq = o,

W 2 . po+queq = pl+qlKeq » o.
P,*q,Keq
6.2.1 L(s) with No Zeros

If L(s) has no zeros then 4 = q,
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(6.12)

(6.13)

(6.14)

= o and, without loss of generality,

it can be assumed that I qol = 1 since the gain can be associated with K.

6.2.1.1 Negative Feedback

1f 9, = 1 then the negative feedback situation occurs. A pole -

zero representation of L(s) would be

L(s) = 1 _ 1

3

with the identifications

1 1 1 11 1 1 11

_ 1 1 1
Py == (p;" +p,” +p37) .

From 6.13 and 6.14 the DF conditions are
Keq(A)) =pip, =P D ©

and

2
LA - > o

: 1
s” +p, sHpps +p, (s7py ) (s, ) (smpyD) 5 (6.15)

(6.16)

(6.17)

(6.18)




The third root at the DF conditions

The Routh array (6.12), with the DF
9, = 1, shows that the DF system is
third root S3 = = Py { o, i.e. Py >
exists if and only if

1
P

1 1
+p, tpy o,
and an unstable DF system exists if

1 1 1

w

is s5 = = p,, and P, + Keq(Ab) = Po¥,

conditions substituted and 99 = 4, = 0,

neutrally stable if and only if the

o. Thus a neutrally stable DF system
(6.19)
and only if
(6.20)

In fact, 6.20 is a sufficient condition for an unstable system independant

of the wvalue of K.

Since 4, = o, the necessary condition for a stable limit cycle (6.4)

is simply 6.19, and the sufficient condition for an unstable limit cycle

(6.4) is 6.20,
1

1 + + 1
asymptotes, (jA = P Py P3
3

Also, in the root locus method, the centre of the

--7
3

» substituted into 6.19 and

6.20, yields (fA € o for a neutrally stable DF system and (SA > o for an

unstable DF system. The root loci

of Fig. 6.7 show, in terms of the

location of the poles of L(s), the various possible situations in which

the DF conditions obtain.

Application of Loeb's criterion results in a prediction of a stable

limit cycle if £(x) is soft spring (NB(AO,0)~< Keq (Ab)L and an unstable

limit cycle if f(x) is hard spring (NB(AO,O) > Keq(Ao)). This can be

expressed as

P1P2 - PO - NB(AéaO) > o,

for a stable limit cycle, and

Plpz -pP. - NB(AO’O) < o)

o

(6.21)

(6.22)

for an unstable limit cycle (for details see Appendix V).
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On the other hand, the IDF stability technique requires the
following conditions to be satisfied in order to have a stable (unstable)

limit cycle:

Py > o ( o), (6.23)

PPy = P, =~ Np(A ;0) > o ( o), (6.24)
and

P, + Nz(A ,0) > o (o) . (6.25)

‘For a stable limit cycle all three stability conditions must be satisfied,
whereas for an unstable limit cycle only one of the three instability
conditions need be satisfied. Also, 6.24 is identical to the Loeb
conditions of 6,21 and 6.22.

Now pz(()iﬂmlies that the DF system is unstable, and this is also
an exact sufficient condition for an unstable limit cycle. Thus, in
this case, if any oscillation exists with P, { o it must bé an unstable
limit cycle. The IDF stability technique is in complete agreement with
the theoretical result in this situation, whereas Loeb's criterion will
still predict a stable limit cycle (as long as f£(x) is a soft spring).
This is then one possibility for a discrepancy between Loeb's criterion
and the IDF stability technique, and it is depicted in the root locus of
Fig. 6.7 é), where pll + p2l + p31 }30 and NB(AO,O) £ Keq(Ao).

Another possible discrepancy occurs for p2> o, so that the DF
system is still neutrally stable. If P, > o and PPy = P, —‘NB(AO,O)>>O,
but p, + NB(AO,O) { o, then the IDF stagbility technique predicts an un-

stable limit cycle while Loeb's criterion predicts a stable limit cycle.

This situation is depicted in the root locus of Fig. 6.7 d) if NB(AO,O)(-

and in the root locus of Fig. 6.7 ¢) if Py O and NB(AO,Q) { - P,

Figs. 6.7 a) and 6.7 b) show root locus situations in which the

0’




two stability techniques agree that the limit cycle is stable for f(x) a
soft spring and unstable for £f(x) a hard spring.

6.2.1.2. Positive Feedback

If q, = -~ 1 then a positive feedback situation occurs. L(s) can

be expressed as

L(s) = -1 - -1 (6.26)

3 2 1 1 1
87+p,8 +p Stp (s—pl )(s—p2 )(s—p3 )

with the same identifications as in 6.16. The DF conditions are
Keq(A)) = p, = PyP, (6.27)
and 6.18. The third root at the DF conditions is still S3 = = Py and

P, - Keq(Ao) = pzwoz. Also, 6.19 and 6.20 still apply, so that a
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neutrally stable DF system exists if and only if pz)» 0, and Py { o always

ensures at least one rvoot in the RHP, The root loci of Fig. 6.8
indicate, in terms of pole locations, the various possible situations in
which the DF conditions obtain.

Loeb's criterion will predict a stable limit cycle if £(x) is a
hard spring (NB(AO,O) > Keq(Ao)), and an unstable limit cycle if £(x) is
a soft spring (NB(AO,O) 4 Keq(Ab)).- This can be expressedlas

PPy = Pyt Ny(A ,0) > o, (6.28)
for a stable limit cycle, and

PPy ~ P, + Np(A ,0) £ o (6.29)
for an unstable limit cycle (details in Appendix V).

For a stable (unstable) limit cycle the IDF stability technique
requires

Py> O (¢ o, (6.30)
PPy ~ Pyt NB(AO,O) »>o (o), (6.31)

and
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P, = Ng(A 50) >0 (o) . (6.32)

Again, all three stability conditions are required for a stable limit
cycle, but only one of the three instability conditions is required for
an unstable limit cycle.

The condition P, { 0 is an exact sufficient condition for an un-
stable limit cycle, as well as being a sufficient condition for IDF
stability. If any oscillation exists with P, € o, then the IDF stability
technique is in agreement with the theoretical result that the oscillation
is an unstable limit cycle. Loeb's criterion will still predict a stable
limit cycle as long as f(x) is a hard spring, and this is one possibility
for a discrepancy between the two stability techniques. This discrepancy
is depicted in all four root loci of Fig. 6.8.

If pz)»ch so that the DF system is neutrally stable, then a dis-
crepancy is still possible. Let P1Py = P, + NB(Ab’O) > o, but
P, - NB(Ao,o) { o; then the IDF stability technique predicts an unstable
limit cycle while Loeb's criterion predicts a stable limit cycle. This
situation is depicted in the root locus of Fig. 6.8 c¢) if (SA <_o and
NB(AO,o) > P,

The only possibility of Loeb's criterion and the IDF stability
technique being in agreement for f(x) a hard spring nonlinearity occurs
in the root locus of Fig. 6.8 ¢), when dA { o and NB(AO,O) £ Py Then
‘the two stability techniques agree fhat a stable limit cycle exists.

6.2.1.3 Comments

Iwo basically different discrepancies are found for the case of L(s)
with no zeros. The first kind of discrepancy is the situation where the
DF system is neutrally stable (p2 > 0), Loeb's criterion predicts a

stable limit cycle, but NB(AO,O) is such that a root of the linear
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system lies in the RHP. The IDF stability technique thus predicts an
unstable limit cycle. This situation is very similar to the dis-
crepancies found in second order nonconservative systems.

The second kind of discrepancy occurs when the DF system is un-
stable (p2 { o) and, in fact, a root of the linear system always exists
in the RHP. A discrepancy exists when Loeb's criterion predicts a
stable limit cycle while the IDF stability technique is, of course,
predicting an unstable limit cycle. The theoretical sufficient condition
for instability, P, { o, then indicates that the IDF stability technique
is correct in this situation. This second discrepancy possibility occurs
because a third root, not present in second order systems, exists, and
is accounted for, in the IDF stability technique.

A relationship is found between stability of oscillations and the

root locus method applied to the linear system of Fig. 6.6 for the no

1,1, 1
Py ¥y tPy - _ P

3 3

be used as a stability criterion - (jk { 0 is a necessary condition for

zero case. The centre of asymptotes, (jA = » can

a stable limit cycle while.C&_) o is a sufficient condition for an un-
stable limit cycle.

6.2.2 L(s) with One Zero

If L(s) has one zero then 4, = 0. Without loss of generality it
can be assumed that lqll = 1.

6.2.2.1 Negative Feedback

With qq = 1 the negative feedback situation occurs. A pole-zero

representation of L(s) would be

s - Z
L(s) = —2 + flo = 1 (6.33)

2 1 1 1
s +pzs +pls+po (S—Pl )(S-P2 )(S-P3 )

with 4, =~ 2 and the P; given by 6.16. The DF conditions are now

1
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KeQ(AO) = PO - Plp2 > o, (6.34)
Py 79,
and
2 _p, - P4
Vo T2 1o >o. | (6.35)
Py T 4,
The third root at the DF conditions is still S3 = = Py, and po+queq(Ao)

= pzwoz. As in the no zero case, the DF system is neutrally stable if
and only if P, > o and unstable if and only if P, { o. Also, the

necessary condition of 6.4 for a stable limit cycle is again o, and
Py

the sufficient condition of 6.4 for an unstaﬁle limit cycle is P, { o.
The root loci of Fig. 6.9 show some of the interesting cases in which DF
oscillations are predicted.
Loeb's criterion, in analytical form, becomes
(P2 - qo) NB(AO,O) + PPy =P YO ( <o) (6.36)
for a stable (unstable) limit cycle (see Appendix V). The IDF stability
technique predicts a stable (unstable) limit cycle under the following

conditions:

p, > 0 (£ o), (6.37)

(Py-q,) Nz(A ,0) +pip, - p  >0(L0), (6.38)
and

P, + q, Ng(a ,0) > 0 ( o). (6.39)

Again, all three stability conditions are required for stability, but

only one instability condition is required for instability.

If P, { o the IDF stability technique predicts an unstable limit
cycle, which is in agreement with the theoretical result. Loeb's
criterion still predicts a stable limit cycle as long as the stability
condition of 6.36 holds. This discrepancy is depicted in the root loci

of Figs. 6.9 a), b), and e) if P, * queq(Ao) { o, and in Fig. 6.9 d).



If Py » 0, a discrepancy still exists when stability condition 6.36
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and instability condition 6.39 are satisfied. Loeb's criterion predicts

a stable limit cycle while the IDF stability technique predicts an un-

stable limit cycle. This discrepancy exists in the root loci of

Figs. 6.9 a), b), and c) when P, t 4, Keq(Ab) » o and P, + 4, NB(AO,O)( 0.

6.2.2.2 Positive Feedback

If q; = - 1 the positive feedback situation occurs. L(s) is

expressed as

L(s) = 5% 9 = (s - 2zy) , (6.40)
3 2 1 1,,. 1
§7+p,s +pystp (s=p17) (s=p,™) (s=p3™)
with 4.5 21 and the P given by 6.16. The DF conditions are
Rea(h)) = PPy Py 5 o (6.41)
Py + 9
and
2_ p ,tpy 4
Vo T2 L 0 ) o, (6.42)
Py T4,
The third root at the DF conditions is S3 = = Py and P, + queq(AO) =

= pzwoz. Also, Py)> © remains a necessary condition for a stable limit
cycle with P, {oa sufficieqt condition for an unstable limit cycle.
The root loci of Fig. 6.10 indicate some of the possibilities in which
DF oscillations are predicted.
Loeb's criterion, in the analytical form (Appendix V), is now
-(p, + qo) N, (A ,0) + pip, = P > O ( €0 (6.43)
for a stable (unstable) limit cycle. For a stable (unstable) limit
cycle the IDF stability technique requires
Py, YO ( Co), (6.44)

- (py + q)) Np(A_,0) +pip, —p >0 (0l (6.45)




and

P, + a4, Ny(A,0) » 0 ( <o), (6.46)

with any one of the instability conditions sufficient for an unstable
limit cycle, but all three stability conditions needed for a stable limit
cycle.

Again, P, { o implies an unstable limit cycle according to the IDF
stability technique, and this is in agreement with the theoretical
result. Loeb's criterion will predict a stable limit cycle as long as
stability condition 6.43 is satisfied. This discrepancy is shown in the
root loci of Figs. 6.10 a), b), and c). If P,> 0, a discrepancy will
still exist when stability condition 6.43 and instability condition 6.46
are satisfied - Loeb's criterion then predicts a stable limit cycle
while the IDF stability technique predicts an unstable limit cycle.

This discrepancy will exist in the root loéus of Fig. 6.10 d) if
N (a,50) {-p./q,-
6.2.2.3 Comments

The two different kinds of discrepancy found in the no zero case
are also found in the one zero case. 1In fact, most results for this
case are very similar to those for the no zero case, including the root
loci for DF oscillation situations. As in the no zero case, the DF
system is neutrally stable if and only if P, » o and unstable if and
only if P,y { o. Also, P, { o remains a theoretical sufficient condition
for instability, and this result is in agreement with the IDF stability
technique prediction of an unstable limit cycle when P, { o.

6.2.3. L(s) With Two Zeros

If L(s) has two zeros then 49 # o and, without loss of generality,

it can be assumed that I q, I = 1.
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6.2.3.1 Negative Feedback

With q, = 1 the negative feedback situation occurs and L(s) can be

written as

2
Lis) = ° T4 st | = (s72) (s-2)) s (6.47)
3 2 1 1 1
s” + Pys  + pys + P, (s-—pl )(s—p2 )(s—p3 )
with qq = - (z1 + 22), 4= 212y, and the 1 given in 6.16. The DF
conditions of 6.13 and 6.14 become
Keq = - (py~q_tq.p,) + | (py—q_*q,p )2 - (pyp,-p_)
1,2 1 % 1727 - 1 %o *172 172 o’ , (6.48)
. 4
2 .qq 4 qq 47
with
(py=g, + q3p,)" = (pyp, = p_) Py — 4, t qyp,
5 > (6.49)
4qq dq 2q,
implying a unique Keq(Ao) > o, and
Wo2 = Pyt d,Keq = p, + q, Keq(A ) ) o. (6.50)
——— 1 1 o
P, + Keq
The third root at the DF conditions is now 83 = = (p2 + Keq), and

p, + q  Keq = (p2 + Keq) (p; + q; Keq).

The exact necessary (sufficient) condition of 6.4 for a stable
(unstable) limit cycle is now Py + ETEETETT »o (£ o0). In terms of the
DF approximate variational system, an approximate necessary condition for
a stable limit cycle (6.9) becomes P, * NB(AO,O) > o, and an approximate
sufficient condition for an unstable limit cycle (6.10) is p2+NB(AO,o)(CL
From.the-Routh:ia¥rray (6.12), the DF system’is neutrally-stable if and only
if p2+Keq(AO)>o (s§409 and :unstable if and only iftpiﬁKeqéAé)(o(sé)o)._ The
root loci-of Fig. 6.11 show some of the important situations in which DF

oscillations can exist.

The analytical form of Loeb's criterion (Appendix V) yields
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2
qq NB (AO,O) + (Pl + qlpz-qo) NB(AO,O) + P1P,7P, y» o( <o) (6.51)

for a stable (unstable) limit cycle. The IDF stability technique requires

Py + Np(A ,0) > o, (6.52)
2
ql NB (AO,O) + (pl + qlpz-qo) NB(AO’O) + Plpz"'Po ) 0, (6-53)
and
Po t 9, Np(a ,0) > o (6.54)

for a stable limit cycle, and

P2 + NB(AO’O) < 0’ (6-55)
or
2
ql NB (AO’O) + (Pl+q1P2'qo) NB(AO’O) + P1P2"P0 { o, (6.56)
or
P, +q, N4 ,0) <o (6.57)

for an unstable limit cycle.

If the DF system is neutrally stable (p2 + Keq > 0), and the DF
conditions are satisfied, then a discrepanc& occurs when 6.52, 6.53, and
6.57 obtain or 6.53, 6.55, and 6.57 are satisfied. In either case, Loeb's
criterion predicts a stable limit cycle while the IDF stability technique
predicts an unstable limit.cycle. This discrepancy is shown in the root
locus of Fig. 6.11 a) with NB(AdO) { - pO/q0 £ Keq(Ao) and the root locus
of Fig. 6.11 d) with NB(Ao’O) > - po/qo > Keq(AO).

If the DF system is unstable (pz + Keq { 0) then a discrepancy occurs
when 6.53, 6.55 and 6.57 obtain or 6.52, 6.53, and 6.57 are satisfied,
with Loeb's criterion predicting a stable limit cycle while the IDF
stability technique predicts an unstable limit cycle. This discrepancy
is shown in Fig. 6.11 a) for NB(AO’O)'( Keq(Ab) { - po/qo, in Fig. 6.11b) and
c) for Kecj(Ao) (NB(AO,O) { —po/qo, and in"Fig.:6:11d) for NB(AO’O»Keq(Ao)) |
ivpo/qo. However atsituatiqnfiskstill possible for which .the DE

system is unstable but the IDF stability technique and
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Loeb's criterion agree that a stable limit cycle exists. This occurs
when 6.52, 6.53, and 6.54 are satisfied. Note that this situation does
not occur in the no zero and one zero cases - there, an unstable DF
system automatically implies an unstable limit cycle predicted by the

IDF stability technique. This situation is shown in the root loci of

Figs. 6.11 b) and c¢) for Keq(Ao) { - Po/qo { NB(AO,O).

6.2.3.2 Positive Feedback

A positive feedback situation occurs for 4y = - 1. L(s) can be

written as

= 2 —(s-2.) (s—
L(s) = -8+ q s+ q, _ - =(s le(s zz)
(6.58)
s P s + s+p (s-p l)(S-P l)(s-p o)
2 P15%P, 1 2 3
Witﬁ q; = 2y + Zos Ay = = Z1Zys apd the P given in 6.16. The DF
conditions are
2
Keql,z = - (P1+qo"qlP2) i_ (Pl+qo_qlpz) - (PO‘PlPZ) , (6.59)
‘ 2
2ql | ‘4ql q4
with
(oy+a ~a;p,0> - (® -p:p,) Pytq,=4,P
1 % 2172 o “1°2 >, 130 7*1F2 (6.60)
2
“a ! 24
implying a unique Keq(Ao) > o, and .
W 2 _ + q K = + K 6.61
o ~PytaReq = p;+q;Keq)o. (6.61)
p, - Keq
The third root at the DF conditions is 85 = —(p2 - Keq), and p, *t queq

= (p, - Keq)(pl + g Keq).
The exact necessary (sufficient) condition of 6.4 for a stable
(unstable) limit cycle is Py - glx*(t)] >0 ( < 0). From the DF approxi-

mate variational system an approximate necessary condition for a stable



92

limit cycle is Py - NB(AO,O) > o, and an approximate sufficient condition
for an unstable limit cycle is P, - NB(AO,o) { o. The DF system is unstable
(neutrally stable) if and only if Py Keq(Ao) {o (>o). The root loci

of Fig. 6.12 show some of the important situations in which DF oscillations

exist for this case.

The analytical Loeb's criterion (Appendix V) is now
2
~q N " (A ,0) + (-py+qpy=q ) Np(A ,0) + P;P2~P, > o( L 0) (6.62)

for a stable (unstable) limit cycle,vwhile the IDF stability technique

requires
P2 - NB(AO’O) > o, (6-63)
2
a4y NB~(AO,0) + (—pl + qlpz—qo) NB(AO,O) + P1Py~P, >0, (6.64)
and
P, *+ q, NB(AO,o) > o (6.65)

for a stable limit cycle, and

Py = Np(A ,0) Lo, (6.66)
or
2
q,Ng (Ao,o) + (—pl+qlp2—qo) NB(AO,o) + PyP,~P, { o, (6.67)
or
P, +q, Ng(a ,0) (o (6.68)

for an unstable limit cycle.
When the DF system is neutrally stable (pz—Keq > 0) a discrepancy

occurs if 6.63, 6.64, and 6.68 obtain or 6.64, 6.66 and 6.68 are satisfied.

Loeb's criterion predicts a stable limit cycle while the IDF stability
technique predicts an unstable limit cycle. The root locus of Fig.6.12 c)
with NB(AO,O) { - po/qO 4 Keq(Ao) illustrates this situation.

Conditions 6.63, 6.64, and 6.68 or 6.64, 6.66 and 6.68 also imply a

discrepancy when the DF system is unstable (p2 - Keq £ 0) - again Loeb's
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criterion predicts a stable limit cycle while the IDF stability
technique predicts an unstable limit cycle. This discrepancy is shown
in Figs. 6.12 a) and b) for Keq(Ao) > NB(AO,O) > - po/qo, in Fig. 6.12 ¢)

for NB(Ab’O) £ Keq(Ao) { - po/qo, and in Fig. 6.12 d) for NB(AD’O)> Keq(Ao)

> - Po/qo' There is also the possibility of the DF system being
unstable with 6.63, 6.64, and 6.65 holding, so that Loeb's criterion and
the IDF stability technique agree that a stable limit cycle exists. This

situation is shown in the root loci of Figs. 6.12 a) and b) for

Keq(A)) > - Po/q0 > Ny(A,0).

6.2.4 Comments

A detailed comparison of Loeb's criterion and the IDF stability
technique for third order systems leads to a classification of DF
situations as follows:

i) The DF system is neutrally stable, and Loeb's criterion and
the IDF stability technique are in agreement as to the stability or
instability of the limit cycle.

ii) The DF system is neutrally stable, and Loeb's criterion predicts
a stable limit cycle while the IDF stability technique predicts an un-

stable limit cycle.

iii) The DF system is unstable, and Loeb's criterion predicts a
stable limit cycle while the IDF stability technique predicts an un-
stable limit cycle.

iv) The DF system is unstable, and Loeb's criterion and the IDF

stability technique agree that a stable limit cycle exists.
v) The DF system is unstable, and Loeb's criterion and the IDF
stability technique agree that an unstable limit cycle exists.

The class ii), iii), and iv) situations are of particular interest,
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and specific examples will be studied in detail in the next section. The

discrepancies of classes 1i) and iii) exist for L(s) with two, one, or no

zeros, whereas the situation of class iv) only occurs for L(s) with two
zeros. A particular example of this last situation will demonstrate

that a stable limit cycle can exist even if the DF system is unstable.

6.3 A Detailed Study of Examples

Since the results for L(s) with one zero are very similar to those
for L(s) with no zeros, only this latter, less complicated linear plant
is used for examples demonstrating class ii) and iii) discrepancies.

6.3.1 Example I

The system configuration is shoWh in Fig. 6.13 with pll and K as
variables and pzl,p3l = -1 % j3. The root locus for fixed pll and K
variable would appear as in Fig. 6.7 c). Application of the results of
subsection 6.2.1 yieldé a class iii) situation when 5 > pll > 2, a

1 > .901, and a class i) situation (with

class ii) situation when 2 > Py
a stable limit cycle predicted) when Pll { .901.
Simulation of the system with pll variable yields a stable limit

cycle, corresponding to the DF prediction, for pll { .901. However,

with pll % .901 a biased sinusoid form of stable limit cycle is observed.

The bias-plus-sinusoid DIDF technique can be used to predict the exist-

ence of this form of limit cycle in the system. Conditions 3.19 and 3.20

then become

wa] 1-a/m2 . 1 - -1 Woz - 10 - 2p11(6.69)

A 2p 1

and

7
=

(6.70)

9K sin~Y(B/A) . 1 = -1 I
e 10p,

|
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respectively. These two equations can be combined to yield

B/A ~n) 1 - (B/A)2

sin_l(B/A) lOp1

]
bl
=
1
N
L]
=
+
-
o

. (6.71)

Now

lim B/a - ) 1-(B/m)2 } - 1, (6.72)

B/A->0 sin~t (B/A)

and solution of the RHS of 6.71 yields pll = .901, 11.099 when B/A = o.

The region of a predicted biased sinusoid limit cycle then begins at

pll = .901 and corresponds to the transition point between a class i)

situation and a class ii) situation. This is not unexpected since, in
terms of the root locus of Fig. 6.7 c), the transition point corresponds
to the third root located at the origin in the IDF system. The IDF
system can then support a bias of zero value in the presence of the DF
sinusoid.

In Table 6.1 predictions using the bias-plus-sinusoid DIDF technique

are compared with simulation measurements, and percentage errors are

calculated.
Table 6.1 DIDF Calculations and Measurements for Example I
P 1 A Ao % Error Bo Bo % Error Iwo Yo Z Error
1 oDIDF exact | “DIDF exact DIDF exact

.901) 1.00 | 1.007 . 707 .00 .007 ]100.0Z }| 2.864| 2.92 1.92%

.95 1.00 { 1.034 3.29% .28 .168 | 66.7%7 || 2.846| 2.86 497
1.00 ¢} 1.00 1.046 4.40% .39 .341 | 14.37%) 2.828] 2.82 1%
1.05 1.00 1.033 | 3.19% .46 425 8.24%1 2.811{ 2.80 S57%
1.10 |} 1.00 | 1.037 3.57% .51 497 2,62%| 2.793] 2.76 1.20%
1.15 1.00 1.042 4.03% «35 .547 55214 2.775] 2.70 2,78%
1.20 |} 1.00 | 1.055 5.21% .59 .589 7% 2.757] 2.68 2.87%
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The percentage errors are reasonéble, and it can be safely con-
cluded that the bias—élus—sinusoid DIDF technique is predicting the
existing limit cycle in the range .901 ( pl1 { 1.2. However, an inter-
esting phenomenon occurs for plll) 1.2 - a new form of stable limit
cycle exists for pll slightly above 1.2, but when pll = 1.37 is attained,
no limit cycle, stable or unstable, exists. Fig. 6.17 shows recordings
of the biased sinusoid limiﬁ cycle for pl1 = 1.2 and the new waveform,
which is ciearly no longer a simple biased sinusoid, for pl1 = 1,25,

The bias-plus-sinusoid DIDF technique predicts the existence of biased
sinusoid‘limit cycles right up to pll = 5.0, but the simulation indicates
_ fhat the prediction is valid only up to pll = 1.20.

Comparison of the stability techniques for this system indicates
that in the class i) situation, with Pll { .901, Loeb's criterion and
the IDF stability technique are correct in predicting a stable limit
cycle. In the class ii) region (2 > pll > .901), a DF predicted
oscillation no longer exists, but a stable biase& sinusoid limit cycle
does exist in the portion, .901 ¢ pll { 1.20, of this region.

The IDF stability technique was not 'applied to a biased limit cycle in .
order to predict.its stability. For .901 < pll { 2 Loeb's critefion
predicts a stable limit cycle while the IDF stability technique predicts
an unstable limit cycle. However, both approximate stability techniques
refer to the unbiased DF predicted oscillation, which no longer exists in
thisbregion. As pl1 increases above .901 the DF oscillation becomes a
progressively poorer épproximation to the biased limit cycle (since bias
value increases with pll). The IDF stability technique apparently
reflects this poor approximation by predicting that the unbiased DF

oscillation is unstable (given the discrepancy situation).
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For the class iii) situation (5 ) pll > 2), Loeb's criterion still

predicts a stable limit cycle while the IDF stability technique predicts
an unstable limit cycle, but no actual limit cycle exists. A theoretical
sufficient condition for an unstable limit cycle exists in this region,
but this condition is not valid when no limit cycle exists. Sometimes
the existence of an unstable limit cycle cannot bé recognized easily in

a system without reversing time, and, in a practical sense, is not much
different than absence of a limit cycle. In this sense, the IDF
stability techniqge may have some validity in predicting an unstable limit
cycle. Loeb's criterion is definitely incorrect in predicting a stable
limit cycle in this region.

6.3.2. Example II

This system configuration is shown in Fig. 6.14 with pll and K
variable and p2l = - 2,p3l = 1.. The root locus for fixed pll and
variable K is as shown in Fig. 6.7 d). In terms of pll, the results
of subsection 6.2.1 (with negative feedback) vyield a class ii)
situation when - 2.0 ) pl1 > - 3.5615, and a class i) situation (with a
stable limit cycle predicted) when pll { - 3.5615.

Simulation of the system with pll variable indicates a stable, un-
biased limit cycle existing for»pl1 { - 3.04 and no limit cycle existing
in the region - 2.0 ) pll > - 3.04., Table 6.2 shows DF calculations,
experimental measurements, and percentage errors for values of pll in
the interval - 4.0 £ pllé - 3.04.

Percentage errors in both amplitude and frequency are seen to be

quite high and increasing as pll approaches - 3,04, It should be noted

that W2 = -p L 2, so that w decreases to zero as p 1 approaches
| DF 1 °pF 1

- 2. The situation described here is identical to the situation found in
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Table 6.2 DF Calculations and Measurements for Example IT
1
Py AoDF Aoexact % Error Wo Wpexact % Error
DF
~4.0 1.00 1.150 13.05% 1.414 1.256 12.6%
-3.75]] 1.00 1.158 13.65% 1.323 1.120 18.1%
-3.50{l 1.00 1.177 15,05% 1.225 .982 24,8%
-3.25}| 1.00 1.202 16.80% 1.120 .785 42.7%
-3.04|| 1.00 1.285 | 22.20% 1.020 .560 82.1%

second order systems corresponding to System Configuration I, where a

class ii) region exists when w2 is made sufficiently small. The root
DF

lociisof Figs. 5.12 and:6:7d)are alikernear the origin, and the same general

trend in percentage errors holds. The motion appears to be approaching

a separatrix with w going to zero as pll approaches - 3.04. Also,
exact

the waveform is observed to become more like a square wave as Py
approaches ~ 3,04 in value. The same interpretation of the IDF stability
technique result appears to apply - in the class ii) region the DF
approximation is becoming progressively worse as pll approaches the limit
at -2, and this is reflected by the IDF stability technique predicting
an unstable limit cycle in this region.

6.3.3 Example III

This system configuration is shown in Fig. 6.15 with pll and K again
variable and pzl, p3l = 1= j5. The root locus for fixed pll and variable
K is given in Fig. 6.8 c). The results of subsection 6.2.1 for positive
feedback yield a class iii) situation when pll > -2, class ii) situations

l) -~ 13, and a class i) situation

when -2 > plé'> - 3.77 or - 6.897 > Py
(with a stable limit cycle predicted) when - 3.77 > pll> -6.897.

Simulation indicates a stable, unbiased limit cycle for -3.77 > pll> -9.3,
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a stable, biased sinusoid limit cycle for - 3.77 ¢ pllW( - 2.23, and an
unstable, biased sinusoid limit cycle for -1.895 ¢ pll { ~- .9615.

Application of the bias-plus-sinusoid DIDF technique yields

b {[1+ 28/0)°1 Ji-@m? + 3

] 2 1
with LA 2p1 + 26, and

1

|

sin-l(B/A)}. 12 1 =1,
2pl +4pl +52

(6.73)

%Ti};- {[l+2(B/A)2] sin T(B/A)+ 3 2 W, l—(B/A)z}. 1 =1 (6.74)
, —26pll
for 'B/Al,é 1; or
lzBK - -1,w” =2p"+2, (6.75)
2pl + 4pl + 52
and
G+ a2 . 1 -1 (6.76)
B ‘26Pll
for IB/A' > 1. Combination of 6.73 and 6.74 yields
8B/(34) {[14-% ®/0?] ] 1-em? + £ sin /)
1+ 28/8)2%] sin t(8/a) + 73? J-EmZ
= 2.pl12 + 4 pll + 52 6.77)
- 26pll
with lB/Al £ 1, and 6.75 and 6.76 together yield
4 - 2P112 + 4 pll + 52
5 I (6.78)
2+ A"/B - 26p1
with ,B/A1 > L. Two regions of existence of a biased sinusoid limit

cycle are predicted - the interval - 3.77 £ pll'( - .9615, and the

interval - 13 ( pll { -6.897. The beginning (B/A = o) of the regioms,




- 3.77 and -~ 6.897 respectively, in each case corresponds to the

transition point between a class i) situation and a class ii) situation.
The reason for this has already been explained.

One interesting result of the simulation is the fact that a biased
sinusoid limit cycle does not exist in the interval - 13 { pll( -6.897,
although the bias-plus-sinusoid DIDF technique predicts a biased
sinusoid solution in this interval. On the other hand, the prediction
of a biased sinusoid limit cycle in the interval - 3.77 4 pll { - .9615
is correct. However, a difference in the bias-plus-sinusoid DIDF
technique when applied in each of the two intervals can be found to
exist. If no bias is assumed (B = o) then 6.77 can be written as

2 1

2p1l + 4 Py + 52

% - - . - (6.79)
-26 Py

Fig. 6.16 shows a graph of the error, RHS - 2/3, between the two sides of
6.79 for values of pll in each of the two intervals. It is seen that
the RHS of 6.79 is less sensitive to variations in pll in the interval
- 13 { p; ¢ - 6.897 than in the interval - 3.77¢ pll { - .9615. Also,
WODF is decreasing to zero as pll approaches — 13. These two differences
between the two intervals must account for the existence of biased
sinusoid limit cycles in the one interval but not in the othef. Of
course, the bias-plus-sinusoid DIDF technique is only approximate, and
there is no guarantee that limit cycles predicted by it actually exist.
Table 6.3 shows a comparison of DF calculations and experimental
results in the interval - 3.77 > pll> - 13,
In the élass ii) region - 6.897 > p]?') - 13, both frequency énd
amplitude errors increase as pll approaches - 13, As in other situations

of this sort, with LA going to zero, the limit cycle is approaching a
DF
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Table 6.3 DF Calculations and Measurements for Example III
Pll Ao Ao % Error|| "o Yo % Error
DF exact DF exact
-3.77 2,000 2,001 .05% 4,295 4.360 1.49%
-4,00 2.000 2.001 .05% 4.243 4.200 1.02%
-5.00 2.000 2.006 . 307 4.000 4.050 1.23%
-6.00 2.000 2.011 .55% 3.742 3.700 1.13%
-6.90 2,002 2,025 1.14% 3.493 3.480 .37%
-7.15 2.005 2.032 1.33% 3.421 3.400 .627
-7.42 2.065 2,101 1.71% 3.340 3.305 1.06%
-7.78 2.130 2.170 1.84% 3.231 3.142 2.84%
-8.21 2,185 2.249 2.84% 3.094 2,950 4.89%
-8.69 '2.270 2.366 4.05% 2.936 2,735 7.35%
~-9.21 2,360 2.545 7.12% 2.752 2.165 27.10%
-9.30 2,400 2.616 8.26% 2.720 1.910 42.50%
separatrix indicated by v approaching zero (the waveform is

exact

approaching a square wave). In this case, the separatrix condition is
close to pll = - 9,30, according to simulation (the separatrix cannot be
approached any closer due to noise inherent in the system simulation).
For - 9.3 > pll') ~ 13 no limit cycle exists. The IDF stability tech-
nique again seems to indicate this situation of poorer DF approximation
in the class ii) region by predicting an unstable limit cycle. This
example is then quite similar to the second order example of System
Configuration II in this class ii) region.

Table 6.4 gives a comparison of bias-plus—~sinusoid DIDF calculations
and experimental results in the interval -3.77 4 pll { - 1.08. Clearly,
the errors are quite reasonable, so there is no doubt that the bias-plus-
sinusoid DIDF technique is predicting the existing limit cycle. In the

region - 3.77 { plé'( - 2.228 a stable, biased limit cycle exists, but




for pll slightly larger than - 2.228 the waveform changes. Fig. 6.18
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shows recordings of the biased sinusoid waveform for pll = - 2,228, and
the new waveform for pll = - 2.1,

Table 6.4 DIDF Calculations and Measurements for Example IIL

1 JlA A 9 B . W % Error

P1 °DIDF ®exact] % Error Bo ®exact % Error °DIDF| Cexact
DIDF
-3.770f] 2.000| 2.001 .05% .00 4024 1100,00%|| 4.295 4.36 1.49%
-3.637|| 2.000| 1.988 .607% .20 .158 | 26.60%| 4.330| 4.36 .69%
-3.342|| 2.000{ 2.020 .99% .40 .380 5.26%| 4.395 4.42 .56%
-2.992)] 2.000| 2.010 .50% .60 .593 1.18%)| 4.472| 4.49 . 40%
~2.658|} 2.000| 2.003 . 157 .80 .797 .387| 4.550| 4.55 .007%
-2.363)| 2.000] 2,002 .10Z ||1.00 .997 .30Z|1 4.615| 4.62 117
-2,228|| 2,000} 2.010 .50% {}1.10 1.105 C45%|| 4.640| 4.65 217
-1.8954 1.000| 1.006 +607 .70 .701 L0770 4.7101 4.83 | 2.48%
-1.723|] 1.000| 1.006 . 607 .80 . 800 00Z|| 4.748| 4.83 | 1.70%
-1.565|| 1.000} 1,007 .70% .90 ,903 L3371 4.785| 4.83 .93%
-1.454} 1.000| 1.009 .847 1/1.00 .999 .05%|| 4.805 4,83 .527%
-1.303|| 1.000| 1.018 | 1.82% |{1.20 1.186 1.22%|| 4.838| 4.83 J17%
-1.204{ 1.000| 1.026 2.48%Z ||1.40 1.386 1.05Z}| 4.857 | 4.83 .56%
-1.142|f 1.000{ 1.023 | 2.24% |j1.60 1.586 .887Z|1 4.870 4.83 .837%
-1.106| 1.000| 1.016 1.53% ||1.80 1.792 JA27ZY 4.877 4.83 .97%
-1.080{f 1.0007 1.020 | 1.91% {2.00 1.988 .637%|| 4.885 4.93 .91%
1

In the interval - 2.06 { Py

{ - 1.895 no limit cycle exists, and in

the region - 1.895 ( pléU( - .9615 an unstable, biased sinusoid limit cycle

exists.

Note that a sufficient condition for an unstable limit cycle is

pl1 »=2, and, in this case, the condition is almost a necessary one as well.

Again the IDF stability technique seems to indicate a change in the

DF oscillation when a class i) to class ii) tramsition (pll'( - 3,77 to

pll > = 3.77) occurs. In this case the change is from an unbiased limit

cycle to a biased 1limit cycle.

The DF approximation then becomes very




poor in approximating a biased wavéform, and the IDF stability
technique predicts an unstable limit cycle in order to imndicate this.

Example III is rather interesting in that, with two class ii)
regions, it exhibits the two types of behaviour in the class ii) region
illustrated by Examples I and II, but with positive feedback and a
different type of nonlinearity.

6.3.4 Examples IV, V, VI and VII

These examples are used to illustrate the existence of a stable
limit cycle, predicted by the DF method, when the DF system is unstable.
System configurations IV and V are shown in Figé. 6.19 and 6.20 with z1
and K as variables. The root loci for these systems are those of
Figs. 6.11 b) and c¢) respectively. Application of the results of
subsection 6.2.3 to Example IV yields a class iii) situation when
zl.) -.58, a class:.iv) situation when - .58 iﬁ_> -1.1, and a class i)
situation (with a stable limit cycle predicted) when zq { - 1.1.
Application to Example V yields a class iii) situation when zl> - .65,
a class iv) situation when - .65 > z; > - 1.3, and a class i) situation
(With a stable limit cycle predicted) when zq £ - 1.3,

Simulation of Example IV indicates thét né limit cycle exists for
21> - .75, but rather a stable bias level or equilibrium point exists.
For zq { - .75, stable, unbiased limit cycles exist as predicted by the
DF method. Table 6.5 compares DF calculations and experimental results
for zq { - .75. The errors are reasonagble for the DF method, although
the frequency errors are rather high., Fig. 6.23 a) shows the waveform
for z, = - 1, and the fact that it is not symmetrical is probably

related to the high DF frequency error. All three limit cycles measured

in Table 6.5 correspond to class iv) situations in which the DF system

103
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Table 6.5 DF Calculations and Measurements for Example IV
A A 3 W ) g

zq opF O xact % Error OhF Ocxact % Error

-.8 1.000 .989 1.167% 8.225 7.66 7.37%

-.9 1,000 .988 1.21% 8.290 7.85 5.60%

-1.0 1.000 .991 .96% 8.349 7.85 6.36%

is unstable.
Simulation of Example V shows that a stable equilibrium point, but
no limit cycle, exists for zl.> -.88, and a stable, unbiased, DF pre-

dicted limit cycle exists for z, { -.88. Table 6.6 shows DF calculations

1

and experimental results for z, { -.88. The errors are again reasonable,

1
with the frequency errors slightly higher than in the case of Example IV.

The two limit cycles measured in Table 6.6 correspond to class iv)

situations with the DF system unstable.

Table 6.6 DF Calculations and Measurements for Example V
A A g W W 9
z, OnF O xact % Error b Oexact % Error
-9 1.000 1.008 . 807 10.25 9.25 10.8%
-1.0 1.000 1.010 1.047 10.32 9.25 11.5%

System configurations VI and VII are shown in Figs. 6.21 and 6.22
with the root loci given by Figs. 6.12 a) and b) respectively. These two
systems are the complements of Examples IV and V for the positive feed-
back case. The results of subsection 6.2.3 for Example VI yield a class
iii) situation when z3 ) 1.63, a class iv) situation When 1.63 > z, > .9,
and a class i) situation (with a stable limit cycle predicted) when

zq { .9. For Example VII a elass iii) situation exists when zl_) 2.9,
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a class iv) situation exists when 2.9 > Zl.> 1.5, and a class i)

situation (with a stable limit cycle predicted) exists when zy { 1.5.
Simulation of Example VI indicates that a stable equilibrium point,

but no limit cycle, exists for Zl.> 1.43, and DF predicted stable limit

cyclesexist for zq £ 1.43. Fig. 6.23 b) shows the limit cycle waveform

for zy = 1.

point, but no limit cycle, exists for zq > 2.1, and DF predicted stable

Simulation of Example VII shows that a stable equilibrium

limit cycles exist for zq { 2.1, Table 6.7 compares DF calculations and

experimental results for Examples VI and VII. Both amplitude and

frequency errors are rather high, with the amplitude errors substantially

higher here than for Examples IV and V.

Table 6.7 DF Calculations and Measurements for Examples VI and VII
A A 9 W w g
zq ohF © xact % Error Ong O xact % Error
VI:
1.0 1.000 1.140 12.3% 6,10 5.71 6.83%
1.2 .990 1.129 12.3% 6.22 5.71 8.93%
1.4 .975 1.115 12.6% 6.32 5.71 10.70%
VII:
2.0 1.000 1.167 14,37 6.58 5.71 15.20%

The large DF errors and distorted waveforms of limit cycles in

Examples 1V, V, VI and VII are due to the poor filtering characteristics

of a third order linear plant with two zeros.

The IDF stability technique

correctly predicts stable limit cycles even for an unstable DF system.

However, the limit of the stable limit cycle region is not predicted

exactly, probably due to the rather large DF errors.
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6.4 Existence of Unstable Limit Cycles

Experimental evidence seems to indicate that there is no real
guideline when it comes to determining whether or not an unstable limit
cycle exists. The IDF sﬁability technique, in conjunction with the root
locus method, does not seem to correlate existence of unstable limit
cycles with the modes or root locations in the IDF system. For example,
it would be expected that if the complex conjugate root pair moved into
the RHP in the IDF system then this would correspond to an unstable limit
cycle situation. It certainly corresponds to a class i) situation with
an unstable limit cycle predicted by both Loeb's criterion and the IDF
stability technique. However, an unstable limit cycle does not always
exist under these circumstances. Examples I and IT with f(x) = x3 (see
the root loci of Figs. 6.7 ¢) and d)) are situations in which unstable
limit cycles are predicted by the DF method, as above, but do not exist.

A sufficient condition for an unstable limit cycle does not guarantee
existence of an (unstable) limit cycle. Consider a system configuration

1 1

with the root locus of Fig. 6.8 b), P, = 1, Py = 2, and pl1 > 2. The

sufficient condition of 6.4 holds so that, if a limit cycle exists, it
must be unstable. If the nonlinearity is the hard spring f(x) = x>
then no limit cycle exists Whéreas, if the nonlinearity is the soft
spring f(x) = sgn (x), then an unstable limit cycle exists. Table 6.8
compares DF calculations and experimental results for the unstable limit
cycle. It is seen that the errors are quite reasonable, so that the DF
predicted unstable limit cycle actually exists.

The complex conjugate root pair moving into the RHP in the IDF

system is not a sufficient condition for existence of an unstable limit

cycle, and it may not be a necessary condition either, The system

“
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Table 6.8 DF Calculations and Measurements for an Unstable
Limit Cycle
1 A A . W . '
Py onF ©xact %z Error WODF O xact % Error
2.0 1.274 1.314 3.04% 2.828 2.86 1.12%
3.0 1.274 1.320 3.48% 3.317 3.30 .51%
4.0 1.274 1.322 3.63% 3.742 .3.70 1.13%

situation just described seems to suggest that it is a necessary condition

since, for f(x)

f(x) = X3 the root pair moves into the LHP.

sgn(x), the root pair moves into the RHP while for

Further experimental

evidence to support this is found by simulating Example III foerlé‘) -.9615,

No limit cycle exists for f(x) = x 'x |, which corresponds to a root

pair moving into the LHP.

by the DF method, does exist for f(x) =

the root pair moving into the RHP.

However, an unstable limit cycle, predicted
sgn (x), and this corresponds to

Table 6.9 shows a comparison of DF

calculations and experimental results for the unstable limit cycle of

Example III with f(x) = sgn (x).

The errors are fairly small and verify

that the limit cycle corresponds to the DF predicted one.

Table 6.9 DF Calculations and Measurements for the Unstable
Limit Cycle of Example III

pll -AODF Aoexact % Error WODF Woexact % Exrror

~.9615 1.000 1.009 .897% 4,910 4.83 1.667%

0.00 1.000 1.013 1.28% 5.099 5.03 1.37%

1.00 1.000 1.015 1.48% 5.292 5.24 .997%

For pl?'( - .9615 there is a region in which an unstable, biased

sinusoid limit cycle exists for both f(x)

= x l xl and f(x)

= sgn (x).

The situation for f(x) = x | x ' is then a case where the root pair is




not in the RHP and yet an unstable limit cycle exists. However, the
fact that the limit cycle is biased means that it does not correspond
to the DF predicted limit cycle. Thus it may be that a necessary

condition for an unstable DF predicted limit cycle is that the root

pair movesinto the RHP.

6.5 Conclusions

There are a number of possible situations in third order systems
in which Loeb's criterion and the IDF stability technique can disagree.
Disagreement always occurs with Loeb's criterion predicting stability
while the IDF stability technique predicts instability. Simulation of
typical systems indicates two distinct possibilities that occur when a
discrepancy arises.

The first possibility is identical to what happens in second order
systems in the same situation. In the parameter region where the IDF
stability technique predicts an unstable limit cycle (a class ii)

situation) the actual stable limit cycle is approaching a separatrix.

108

The frequency error in the DF method grows without bound as the separatrix

is approached.

In the second possibility, when a class ii) situation occurs, the

actual stable limit cycle is biased and predicted by the bias-plus—sinusoid

DIDF technique., In both possibilities the interpretation is that the DF

predicted limit cycle is becoming an increasingly poorer approximation

to the actual limit cycle, and this is indicated by the IDF stability

technique predicting instability for the DF predicted limit cycle. Thus

the IDF stability technique is considered not entirely incorrect in these

situations because the existing stable limit cycle does not really

correspond closely to the DF predicted limit cycle.




A theoretical sufficient condition for an unstable limit cycle can
hold with Loeb's criterion predicting a stable limit cycle. However, no
example could be found illustrating an unstable DF predicted limit cycle
with Loeb's criterion predicting stability. It may be that DF predicted
unstable limit cycles only occur when Loeb's criterion and the IDF
stability technique predict instability due to the root pair moving into
the RHP in the IDF system.

It has been demonstrated that stable, DF predicted limit cycles can
exist when the DF system is unstable. The IDF stability technique does

a reasonably good job of predicting the existence of this situation.
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Fig. 6.15 EXAMPLE III
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o + X f(x) K(st+4) (s~z1)
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Fig. 6.19 EXAMPLE IV
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Fig. 6.20 EXAMPLE V
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CHAPTER 7

OSCILLATIONS IN SYSTEMS WITH TIME DELAY

Certain forms of autonomous nonlinear systems involving time delay
can be analyzed, approximately, by the DF method. Aiso, Loeb's criterion
and the IDF stability technique can be applied to determine stability of
oscillations. 1In this chapter, specific time delay systems are studied
in detail to determine how well these approximate techniques work, and

why the two stability techniques disagree in certain cases.

7.1 Two Systems With Known Exact Solutions

The exact analytical limit cycle solutions are known for two non-
linear systems with time delay, so these systems are studied in great
detail.

7.1.1 A System Studied by Jones

Jones [30, 31] has studied the nonlinear differential-difference
equation _

%x(t) = —ux(t-—l) [1—x2(t)] , of constant (7.1)
in some detail, and gives conditions for the existence of periodic
solutions. A system block diagram representation of 7.1 is given in
Fig. 7.1, and a simpler representation is indicated in Fig. 7.2, with the
nonlinearity given by f [x(t),x(t-1)] = o¢x(t-1) [l—xz(t)] .  The non-
linearity involves time delay and is similar to a dynamic nonlinearity.

7.1.1.1 Exact Solutions

Jones [31, pp. 32-33] indicates a proof, due to Macintyre, that a

% )
periodic solution of 7.1 of period 4 exists in the form x (t) =k snfxt,k],
with sn the Jacobian elliptic sine function. More generally, an entire

family of periodic solutions of 7.1 are found in terms of elliptic

}




functions by using relationships in Jahnke, Emde, and Losch [32].
First of all,

d sn(u) = cn(u) dn(u) = cn(u) dnz(u)

du dn (u)
- gﬁ%ﬁ% [ 1- k2sn?(W]. | (7.2)
Now
cn(u) = - sn(u-K) = - sn(u-K-4nK) ; =0, 1, ..., (%.3)
dn(u)

since sn has a real period 4K. Thus,

d sn(u) = - sn(u-K-4nK) [1-k%sn>(u)]. (7.4)
du

With the substitutions u =ct and x(t) = k sn (ct), 7.4 becomes

1 Q_[ x(t)l _ —x(t—K/c—4nK/c)[Irxz(t)], ' (7.5)
¢ dt k k

or
%(t) = - ¢ x(t-K/c - 4nK/c) [1 - =2(£)]. (7.6)

With the identifications K + 4nK/c =1 and ¢ =X , 7.6 becomes 7.1.
c

Thus the periodic solutions Xn(t) =k sn [(4nt1)Ke,k] , & = (4otl)K, of

period T = 4 , all satisfy the Jones equation 7.1. Since (k)
| 4nt+1l)

= (4nt+1)K(K), varies from (4n+1) TT /2 to (4n+1)+00 as'k varies from
o to 1 for the nth solution. There are two countably infinite sets of
periodic solutions, n = o, 1, 2, ... and n = - 1, -2, -3, ...:

7.1.1.2 A Convenient Transformation

If the transformation x(t) = tanh[y(t)] is considered then
o 2 L]
x(0) = [1-x"(0)1 vy(v), (7.7)
and substitution into 7.1 yields

y(t) = - K tanh [y(t-1)] . (7.8)

124

The transformation is a bijective (one-one and onto) map, and is defined
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in the interval - 1< x<{ 1, -0 ¢ y { 00 . By the nature of the trans-
formation, stability properties of the solutions must remain the same.

A system block diagram corresponding to 7.8 is shown in Fig. 7.3. The
nonlinearity £(y) # tanh(y) is single-valued and odd symmetric, and of
the soft spring class.  The exact periodic solutions, xn(t) =k sn
[(4n+1)Kt,k] , of 7.1 now correspond to periodic solutions, yn(t) =
tanh_li{k.sn [(4n+1)Kt,k]} of 7.8.

7.1.1.3 The Exact Variational Equation

Since the exact periodic solutions are known for the transformed
equation 7.8, the variational equation governing behaviour about any one

of the periodic motions may be found exactly. For yn(t) it is

g(_e_:__D{ d tanh(y)] -« £ } + £ =  o. (7.9)
D dy y=y,(t)
With d% tanh(y) = 1 - tanhz(y), the variational equation becomes

£(0) = - o {1 - tand’Iy (-1} £ (e-D), (7.10)
or

£() = - o [1-x2(t-1D] € (t-1) (7.11)

in terms of the original solution xn(t). Thus 7.11 is a linear differ-

ential-difference equation with a periodic time varying coefficient (the
corresponding system is shown in Fig. 7.4). The periodic time varying
coefficient of 7.11, - X [l—xnz(t—l)], may be expressed in terms of

elliptic functioms, again using relationships found in [32], as follows:

xn(t—l)= k san[ (4nt+1)K (t-1),k] = k sn [(4nt+1)Ke-K,k]

= -k cn [(4n+1)Kt,k] .
dn[ (4n+l)Kt, k] (7.12)

Therefore,

1- xnz (t-1) = dn® [(4ntD)Ke,k] - kZen’[ (4ntl)Ke k]
dnz[(4n+l)Kt,k]
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2
= 1-k , (7.13)
dn’[ (4n+1)Kt, k]
and
2 12 v2
-t [l—xn (te=1)] = -t k = - (4n+1)Kk (7.14)

dn’[ (4ntD)RE, k] dn[(4ntD)Ke, k]
The time varying coefficient is therefore periodic with period Tn/2 =
2/l4n+l| . For a given value of k, corresponding to a given value of
o (k), the limits of variation of the time varying coefficient are
found as - (4n+l)K(l—k2) and ~ (4n+1)K. These limits vary from
- (4nt+1)TT/2 and - (4n+1)TT/2 to o and - (4ntl)oo respectively as k varies
from o to 1.

Although the exact variational equation is known for each of the
periodic motions of 7.8, it is very difficult to solve. However, one
important result is available for the variational equation corresponding
to negative n, for which the time varying coefficient is always positive.
Birkhoff and Kotin [33, p.15] prove a theorem which, when applied to 7.11,

yields that if 7.14 is greater than zero for all t » o, and

SS.{ -(4g+1)Kk’ } dt = 00 | (7.15)
= dn2[(4nf1)Kt,k]

then every positive solution (i.e. initial function positive) of 7.11

tends to infinity as t goes to infinity. It will be proved subsequently
that the time average value of 7.14 is positive for negative n, and this
implies that 7.15 is satisfied. Thus unstable solutions of the variational
equation always exist when n is negative, and periodic solutions of 7.8
with negative n must correspond to unstable 1limit cycles.
Unfortunately, definite stability results when n is non negative
cannot be found in the literature. However, useful information may be

obtained for this case at least through simulation. Menzies [11] has
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conducted extensive simulation studies of 7.1 for X positive (corres-—
ponding to n non negative). Only the limit cycle for n = o, with period
TO = 4 and frequency v =T1/2,could be excited. The author has also
simulated this Jones system, and the n = o limit cycle (for x= 1.7, 2,

and 4) is shown in Fig. 7.27. No higher frequency limit cycles (i.e.

ny o) are observed when o is in the region of their existence. 1In fact,
even the n = o periodic solution is found to go unstable for & » 5, but

this is due to finite disturbances making I x(t) ') 1 , which leads to

unstable solufions. Jones [30, p.110] has exhibited numerical solutions

of then = o0 iimit cycle up toeX = 8, so it is believed that this limit
cycle is stable for all k { 1. Nonobservance of the higher value of n
modes for a variety of initial functions seems to suggest that they
correspond to unstable limit cycles. Fig. 7.28 shows the nature of the
instability for the n=%1 limit cycles - the solutions quickly move away
from the mathematically predicted periodic motions which have been stored
as initial functions. Verification of the existence and instability of
these limit cycles by reversing time in the simulation cannot be done
because the time delay becomes a time advance in reverse time, but at

least their existence has been established mathematically.

/

There is one nonrigorous argument that can be applied in order to
determine the stability properties of the non negative n periodic
motions in the small amplitude region (i.e. k close to o). Consider the

variational equation of 7.11 in the form é(t) = ¢(t) € (t-1) with ¢(t) =

2
- (4n+l)Kk"/dnz[(4n+1)Kt,k] . With the change of variables, £ (t) =

b(t) J(t), the variational equation becomes

F(t) = - B(t) J(B) + ¢(t) b(t=1) o (t-1) . (7.16)
b (t) (o)

With the choice, b(t) = 1/dn[ (4n+1)Kt,k], and relationships found in [32],
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7.16 becomes

g () = h(t) I (1) + c d(t-1), (7.17)
where

h(t) = -(4n+1)Rk” snl (4n+1)KE,k] sn [ (4n+l)Ke-K,k] (7.18)
is periodic with period T = 4/|4n+l] , and

c = - (4n+l)Kk' (7.19)
is a constant. If k = o then 7.17 becomes

J(t) = - (4ntl) T o (t-1). (7.20)
2

For the constant coefficient equation,ér(t) = ¢ J(t-1), the location
of characteristic exponents can be determined by the D-decomposition
method [34, pp. 54-60]lor the root locus technique for time delay systems
(to be outlined subsequently). The result is that a stable situation
occurs when o) c ) - TT1/2, and an unstable situation oaccurs otherwise.
With respect to 7.20, only n = o corresponds to a stable situation -
at the borderline of stability.

If the assuﬁption is ma&e that the characteristic exponents of 7.17
vary in a continuous manner as k is varied continuously,then something
can be said concerning stability of periodic motions for small k. For

n > o and k = o there exists at least one characteristic exponent of

7.17 in the open RHP. 1In fact, as n increases the number of characteristic

exponents with positive real parts increases. By the continuity of
motion of these characteristic exponents, there exists at least a small
interval, [o, ke }, of k values for which one or more characteristic
exponents of 7.17 remain in the RHP. Then, at least for small amplitudes
corresponding to k € [o,k¢ ], the periodic motion for any n > o must be
:an unstable limit cycle. TFor mn = o nothing can be said because at k = o

7.17 has a characteristic exponent with zero value.
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7.1.1.4 DF and TSIDF Analysis

The DF method can be applied to both the original Jones system of
Figs. 7.1 and 7.2 and the transformed system of Fig. 7.3. Application
of the DF method to the original Jones system yields the describing
function (for nonlinearity £[x(t),x(t-1)] =«x(t-1) [l—xz(t)] ), Keq(A,w)
= g(A,w) + j b(A,w) with

(1 —-%-Az) X cos W (7.21)

g(A,w)
and
1.2 ]
b(A,w) = (Z A® -1) K sin w . (7.22)
The DF is complex and both amplitude and frequency dependent. The

equations governing limit cycle prediction are derived from Keq(A,w) -

L(jw) = - 1, with L (jw) = 1/jw, and are given by
1- 23; A%) X cos w = o (7.23)
and
1 .2 .
W=(1-Z-A)o(81nw. . (7.24)

Equations 7.23 and 7.24 predict two. possible limit cycles. The first
one requires a constant amplitude A0 = 2/.) 3 and frequencies given by
3 WOKQOO = sin w . The second possibility is related to the known limit

cycles, k sn [(4n+1)Kt,k] , existing in the system. It yields frequencies

W, o= | dn+1 'TT/Z; n=o0, 1, 2, ... and corresponding amplitudes
An = 2A} 1 - (4n+1)TT 2o). The frequency predictions correspond to the

actual frequencies, and the starting point (An = o) for a DF predicted
limit cycle at & = (4n+l) TT /2 also corresponds to the starting point
(k = o) for an actual limit cycle, The obvious discrepancy is that
Icﬁ{ﬁcoAn = 2 Whereasloaizafexact = 1 for all n.

Table 7.1 shows DF amplitude calculations compared to the actual

n = o limit cycle amplitude (k) and fundamental component amplitude for
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various values of & . In the small amplitude region the errors are

reasonably small, as expected, but increase rather drastically with

increasing amplitude. Also, the DF amplitude, opF? corresponds closer
to the amplitude of the limit cycle's fundamental component, Alexact’
than to the limit cycle amplitude, Aexact = k. The same trends of

Table 7.1 occur for the other possible limit cycles ( n#o ) in the

system.
Table 7.1 Comparison of DF Amplitude Calculations and
Amplitudes of the Actual n = o Limit Cycle
X AODF A exact(=k) % Error Alexact % Error
1.5708(7TT/2) 0 0 - 0 -
1.6098 L3113 . 3066 1.5373% .3085 .9185%
1.6502 .4386 4254 3.10067% .4307 1.8459%
1.6901 .5314 .5079 4.6180% .5172 2.7391%
1.8499 .7768 .7036 10.41067% .7322 6.0915%
2.0496 . 9667 .8258 17.0578% {|- .8801 9.8350%
2.2504 1.0991 .8927 23.11427 .9713 | 13.1617%
2.6493 1.2761 .9560 33.4746% 1.0750 | 18.69947%
3.0539 ©1.3938 .9813 42,02847 1.1316 | 23.1644%
>3.6056 ’ 1.5024 .9940 51.1548% 1.1749 | 27.8742%
4,8411 1.6438 . 9995 64.46377 1.2194 | 34.8042%

The TSIDF technique, applied here to improve the DF approximation,
involves assuming an approximate input to the nonlinearity in the form
: Xapp(t) = A sin wt + B sin (3 wt +©). This results in the four equations
in the four unknowns A, B, w, and © given by

(~AB sin®) sin w + (AB sin® ) sin 3 w + (1—3A2/l|L - BZ/Z+ABcose )cos w
2 4 2

+ (—B2 + AB cos@) cos 3w = o, (7.25)
4
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(-ol+ Azo(/4 + BZ'O(/Z + oAB cos® ) sin w + ( —«AB cos@ )sin 3 w
2 4

+ (AAB sin® ) cos w+ ( X AB sin®) cos 3w+ w = 0, (7.26)
2 4

- 3Bw sin@+ (B~ o(AzB/Z —o(B3/4) sin@sin 3 w + (o(A3/4—A2Bo(cose)cos w

+ ( AB - o(AzB/Z - 3o(B3/4) cos®cos 3w = o, (7.27)

(- O(A3/4) sin w+ (- &B + o(AzB/Z + o(B3/4) cos®@ sin 3 w
+ (- o(AZB sin®) cos w+ ( &X3B - o(AZB/Z - 30(33/4) sin®cos 3 w

+ 3Bwcos® = o. , (7.28)

With the DF frequency prediction, w, o= ‘ 4n+l ITT/Z, 7.25 - 7.28 become

and

-~ 3 AB sin® = o , (7.29)
4

-X (1 - A2/4 - 32/2 —~ AB cos® ) + O{AB cos@ + w, = o, (7.30)
2 4

- 3B v sin® - X (B - AZB/Z B3/4) sin® sin w, =0, (7.31)

- O(A3 sin W -(- B + AZB/Z + B3/4) cos® sin W + 3B wncose =0
4 (7.32)

respectively. Since, from 7.29, ©® = o (except in the trivial case),

these equations reduce to

and

w o= X (1 - A2/4 - B2/2

: 3AB/4) , (7.33)

- X(-B + B3/4 + AZB/Z + A3/4) sin W + 3B w = o. (7.34)

Equations 7.33 and 7.34 may be solved simultaneously for A and B when n

and X are specified. For example, with n = 0 7.33 can be solved for A

in terms of B to yield

A= - 3B/2+ A/ B2/4 + 4 - 2TT/eX . (7.35)

This solution, substituted into 7.34, produces the equation

B® -~ 248%(80+32TT/ek - 4TT2/ X %) B2 + (<32448TT/X - 247F Jolt4TPIXD) = o.
(7.36)
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This equation may be solved to yield B, and A is then determined from
7.35.

Table 7.2 shows A and B values from this TSIDF analysis compared
with the amplitudes of the fundamental and third harmonic components of
the exact limit cycle. A comparison of the errors here with those of
Table 7.1 for the ordinary DF approximation clearly indicates the sub-
stantial improvement in the approximation when the third harmonic
~component is included. These results are expected to hold for all other
limit cycles (n#o0) as well. It should be noted that this vast improve-
ment in the approximation requires a significant amount of additiomnal

work compared to the work required in the ordinary DF method.

Table 7.2 Comparison of TSIDF Amplitude Calculations and
Fundamental and Third Harmonic Amplitudes of Actual
Limit Cycle
X A‘I‘SIDF Aexact % Error BTSIDF Bexact % Error
1.5708(1/2) 0 0 - 0 0 -
1.6098 .3085 .3085 .0011% .0019 .0019 .0008%
1.6502 . 4307 L4307 .0008% .0053 .0053 .0140%
1.6901 5172 .5172 .0019% .0095 .0095 .0322%
1.8499 .7321 . 7322 .0168% .0299 .0299 .1639%
2,0496 .8795 .8801 .0711% .0584 .0582 .43137%
2.2504 .9696 .9713 .17217% .0869 .0862 . 78467
2,6493 1.0696 | 1.0750 .5084% .1389 .1366 | 1.6602%
3.0539 1.1203 | 1.1316 | 1.0003% .1843 L1795 | 2.71117%
3.6056 1.1535 | 1.1749 | 1.8260% .2357 .2260 | 4.3178%
4.8411 1.1723 | 1.2194 | 3.8638% .3195 .2951 | 8.2884%

Analysis so far has been restricted to the original Jones system of

Figs. 7.1 and 7.2.

transformed system of Fig. 7.3.

Unfortunately, the describing function

However, the DF method can also be applied to the
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for the nonlinearity tanh(y), expressed as
27

Keq(a) = g(a) = 1 _ S tanh [A sinel] sin eld 91, (7.37)
TTA
o

cannot be integrated. However, since tanh(y) is a soft spring type of

nonlinearity, it is known that Keq(A) will be monotonic decreasing with

A, and will vary from 1 to 0 as A varies from O to0®0, The DF condition,

Keq(A) L (jw) = - 1, with L (jw) = o(e_jW/jw, yields the limit cycle
conditions,
w = & Keq(A) sin w (7.38)
and “
o cosw = o. (7.39)
W
Then limit cycles with frequencies v |4n+1’TT/2 are predicted, and DF

amplitudes are given by Keq (An) = (4n+1)TT 20K).Thus: the limit- cycle
frequencies are predicted exactly, and the starting point (An = o) for a
limit cycle of frequency LA is predicted correctly at & = (4n+1)TT/2, just
as for the DF method applied to the original Jones system.

7.1.1.5 Approximate Stability Techniques

Application of Loeb's criterion to the original Jones system

involves expressing Keq(A,w) L (jw) + 1 in the form X (A,w) + j Y(A,w).

The result is

X(A,w) = 1 + o sin w(A®/4-1) , (7.40)
w
and
Y(A,w) = = ( 1—3A2/4) K cos w . (7.41)
W
Then p

9X 9Y - oY 9X
A dw O0A Jw

_ 2 .2 2 2
" )— An o{“sin Wn(l_BAn'/4)/2Wn s (7.42)
nYn

which is positive for o { A { 2/ 4/ 3 and negative for A > 24 3,
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thereby predicting a stabie limit cycle for Ann( ZLJ—_E_énd an unstable
limit eycle for A > 2/ 3, for all n. For smallamplitudes, with the
DF approximation reasonably accurate, Loeb's criterion is seen to fail
for the n # o limit cycles (since they are known to be unstable). The
DF error is so large for Ah.> ZLJ—_g—that any stability information by
way of Loeb's criterion is probably invalid anyway.

Loeb's criterion applied to the transformed system of Fig. 7.3

involves evaluation of the expression-—% ImL(jw)Ei-Keq(A). The result is

d
4 ImL (jw) 4 Keq(A) = o{sin w 1
dw dAa n Keq (A). (7.43)
(A W ) — n
n’ ' n v

Since o sin Wn/wn »o V n, and Keq'(An) { o because tanh(y) is a soft
spring nonlinearity, 7.43 is always negative, and Loeb's criterion then
predicts a stable limit cycle V n. Again Loeb's criterion fails for the
n#o limit cycles, this time predicting stability at all amplitude levels.
The IDF stability technique can be applied to the driginal Jones
system, but care must be taken with time delay in the nonlinearity. If
an incremental bias B is assumed to exist in conjunction with the DF
prediction, A sin w t, then the incremental gain, NB(A,W)EE ;i?oNB(A’B’W)’

becomes

NB(A,W) = o((l—A2/2 - A2 cos W). (7.44)

Stability analysis of the IDF system of Fig. 7.5 yields NB(An’Wh) > 0

for a stable limit cycle and NB(An’Wn) { o for an unstable one. Since
NB(An’Wh’) = X [-1+0n+l) TT /A ], n = o,21,%2.. (7.45)

the stability conditions are
(4nt1) TT /2 & £ (4n+1)TT ,0 ) o
6(((4n+l)TT ,» n{o (7.46)




for a stable limit cycle, and

X > (4ntl)TT , nyo

(ntD) TT /2 > & D> (Got)TT , ndo (7.47)
for an unstable limit cycle. It should be noted that, because an in-
cremental dc bias is assumed, the effect of the time delay in the non-
linearity is not reflected in the IDF system. This is then felt to be
an incorrect application of the IDF stability technique to a time delay
system.

The correct procedure, in this case, is to include the effect of th

time delay'in the nonlinearity by assuming a perturbation signal in the

form € eat sinnt so that the input to the nonlinearity is x(t) = € eat
sinn t + Ah sin Wnt. Expansion of the output of the nonlinearity
flx(t),x(t-1)] yields, from Appendix VI, the incremental gain
- a2 -(at+if) v
Ni(An,a,.n_,Wn) = o (1 An /2) e . (7.48)

The IDF system for this form of perturbation is shown in Fig. 7.6. If
the arbitrary complex frequency, a + jIl,'is generalized to s, themn the
equivalent linear system can be considered as in Fig., 7.7. Stability
analysis of this form of time delay system (seen in detail later in the
chapter) yields o ¢ o((l—Anz/Z) £ TI/2 for a stable limit cycle and
cx(l—Ang/Z) > TT/2,ich(l—An2/2) { o fof an unstable limit cycle. The
stability conditions are then
(4ot)TT - T7/2 { K £ (4otD)TT , n)o
GotD)TT 3 X > (4nt)TT - TT/2, n<o (7.49)
for a stable limit cycle, and
K Gt )TT - TT/2, K ) (4ntl)TT , nyo
X > (Unt)TT , X (4ntD)TT - TT/2, ndo (7.50)

for an unstable limit cycle. The stability conditions predicted here
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differ from those predicted for a bias perturbation. However, here
the correct stability results are predicted for the small amplitude
region of A.n corresponding to K close to (4n+l1) TT /2. This is not true
for the analysis with a bias perturbation. For large amplitude An,
the DF prediction is shown to be very inaccurate, and possibly this in-
accuracy is reflected in the incorrect stability results here for large
An' |

To verify the basic correctness of the IDF stability technique,
the DF approximation can be eliminated by considering the actual limit
cycle solutions. The same perturbation signal, € eat sinn t, is
considered, and the input to the nonlinearity is eéat singfg t + k sn
[ (4n+1)Kt,k] . The incremental gain of the perturbation signal in the
presence of the actual 1limit cycle signal is, from Appendix VI,

T
N, (k,a,0,n) = - - Sdnz[(4n+l)Kt,k]dt = (m)ER)e” B Y 51y
[+

and the equivalent linear system, with a + jf generalized to s, is
shown in Fig. 7.8. The Jacobian elliptic integral E(k) varies monotoni-
cally from TT/2 to 1 as k varies from o to 1. Stability analysis of
-the system of Fig., 7.8 results in

o (4n+.l) E(k) { TT/2 (7.52)
for a stable limit cycle, and

(4n+1)E(k) £ o, (4nt+l)E(k) > TT/2 (7.53)
for an unstable limit cycle. Only the n = o limit cycle is predicted as
stable Vk - all other limit cycles are predicted as unstable Vk. This
analysis then corresponds exactly to the actual stability situation for
all limit cycles. The IDF stability technique is seen to be basically
correct applied here, and the previous inaccuracies are attributed to the

DF approximation itself.
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The transformed system of Fig. 7.3 can be analyzed using the DF
method and the IDF stability technique, very much as is done for second
and third order systems in Chapters 5 and 6. The DF system and the IDF
system are related to the root locus of the linear time delay system of
Fig. 7.9. Bower and Schultheiss [26] give a good description of the root
locus method applied to systems with time delay. For the system of
Fig. 7.9 the root locus is shown in Fig. 7.10. If the system of Fig. 7.9
is positive feedback instead of negative feedback then the root locus is
that of Fig. 7.11. These root loci aré seen to be quite different from
the root loci for nondelay systems in that here there are an infinite
number of branches. They cross the imagimnary axis at the values
jwn = *j(4n+l) 7T /23 n=0,1,2,.. for negative feedback and jwh =ijl4n+ltﬂ72,
n=-1,-2,.. for positive feedback. DF conditions at the imaginary axis
crossings are K = o(Keq(An) = (4nt+l) 7T /2; n = 0,%£1,£2,—— or Keq(An) =
(4n+l) TT/20( . The n)o DF limit cycles correspond to ¢ > o (negative
feedback) and the n<€o limit cycles correspond to e o (positive feed-
back).

Since the nonlinearity in the system of Fig. 7.3 is the soft spring,
tanh(y), straightforward application of Loeb's criterion in the graphical
root locus form indicates stable limit cycles Vn - the same result as
application of 7.43. However, the root locus approach clearly indicates
that the DF system is unstable for all but the n = o limit cycle. This
casts doubt on the validity of Loeb's criterion as applied here, and
this doubt is further amplified by the application of the IDF stability
technique. The incremental gain for a bias perturbation can be used

because no delay exists in the nonlinearity, and the result is -

277 2T
1 1 . 1 2 .
e f (A sin®)d® =1 - =— tanh” (A sing) de .(7.54)

Np(A,0) = 55

277

o o
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Although 7.54 cannot be evaluated in closed form, the general result,
Keq(A)/2 ( NB(A,O) { Keq(A), for soft spring nonlinearities is sufficient
to ensure that all limit cycles other than n = o are unstable.

The interesting result is that the IDF stability technique, applied
to the transformed system, yields the correct stability result for all
amplitude levels. On the other hand, ﬁhen it is applied to the original
Jones system, correct stability results are predicted only for the small
amplitude region. This seems to suggest that the DF approximation is
more accurate for the transformed system, especially for large amplitudes,
than for the original system. The nature of the transformation is such
that, with y(t) & A sin wt, x(t) = tanh [y(t)] atanh [A sin wt] is probably
a better approximation to sn [ (4n+l)Kt,k] than simply a sinusoid. This
then agrees with the conclusion of the IDF stability analysis.

Any DF inaccuracy in the IDF stability technique applied to the
transformed system may be eliminated by considering perturbations about
the actual limit cycle. The input to the nonlinearity is B + yn(t) =B +
tanh—l{k sn [(4n+l_)Kt,k]} , with B an incremental bias, and the incremental
gain is calculated as N;(k,n) = (4n+1)E(k) in Appendix VI, The equivélent
linear system for stability studies is then that of Fig. 7.8, the same as
for the ofiginai Jones system with perturbations about the exact solutions.
As would be expected, the correct stability results are predicted for all
limit cycles.

In Chapter 3 it is shown that the IDF stability technique is
equivalent to the time averaging of the DF approximate variational system,.
and elimination of the DF approximation results in an equivalent linear
system which is the time average of the exact variational system.

Verification of this general result for the transformed system involves
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2
calculation of the time average value of [l—xnz(t—l)] = (4n+l)Kk"/dn2
[ (4n+1)Kt,k], the time varying coefficient of the variational system of
Fig. 7.4. With relationships found in [32], the time average value is

J

expressed as

Tn 4/4n+1|
T—i A[1 —xnz(t—l)] dt = |42+1l (;n+l)Kk' dt
4 </ dn” [ (4n+1)Ke k]
K
= (4ntl) Sdnz fu,k] du
[¢]
= (4ntl) E (k), (7.55)

which is, of course, the same expression as the incremental gain in the
IDF technique when the actual limit cycle solutions are used. In this
particular system, the process of time averaging the variational equation
does not affect the stability results.

7.1.2 A Complementary System

The author has found that the nonlinear differential-difference
equation
%(t) = - &x (t-1) [1+x>(t)] , of constant (7.56)
is in many ways complementary to the Jones equation 7.1. The system

block diagram for the complementary system can be considered as in Fig. 7.2

with the nonlinearity now f[x(t),x(t-1)] = &« x(t~1) [l+x2(t)].

7.1.2.1. Exact Solutions

A family of periodic solutions of 7.56 can be found in terms of

elliptic functions using relationships in [32] . It can be shown that

_d ca(u) = - cn(u—K—4nK)k‘[l+'E32 cnz(u)] , (7.57)
du 1
k
and, with u = ct and x(t) = E‘ cn(et), 7.57 becomes

k
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%(t) = - ¢ K'x(t-K/c - 4nk/c) [L4=2(t)] . (7.58)
With the identifications K/c + 4nK/c = .1 and ck' =&, 7.58 becomes 7.56.
' The periodic solutions Xn(t) =-§T cn [(4nt+l)Ke,k] , of = k'(4n+l)K, of
period T = 4/|4ntl] 3 n = o, %1,#2,—— then satisfy 7.56. Since (k)
= (4n+l)k'K(k), of varies from (4n+l) 7T /2 to o as k varies from o to 1
for the nth solution. As in the Jones system, there are two countably

infinite sets of periodic solutioms, n = 0,1,2,-—— and n = = 1,-2,-3,~—.

7.1.2.2 Transformation of 7.56

If the transformation x(t) = tan[y(t)}] is comsidered then

x(t) = [Lx2(£)] $(t), (7.59)
and substitution into 7.56 yields

y(t) = - & tan [y(e-1)] . (7.60)
The transformation is bijective and defined in the interval - 00 ¢ x { o0 ,
=TT/2 Ly { TT/2; The system block diagram for 7.60 is shown in
Fig. 7.12 with the nonlinearity f(y) = tan(y) single-valued and odd
symmetric, and of the hard spring class. The periodic solutions

Xn(t) -ET cn [(4n+l)Kt,k] , of 7.56 correspond to periodic solutions

tan_l'{ Bj-cn [(4n+l)Kt,k]} of 7.60.
k

7.1.2.3 The Exact Variational Equation

v, (t)

The variational equation for’yn(t) is

g0 = - o {1rean’[y_(e-1)1f - € (e-1)

= - {1+xn2(t-1)} € (t-1), - (7.61)

and the corresponding variational system is shown in Fig. 7.13. The
periodic time varying coefficient, - [l+xn2(t—l)] , may be expressed
in terms of elliptic functions, the result being —;cx[l+xn2(t—l)] =
- o(/dn2 [ (4nt1)Kt,k] = = k'(4n+l)K/dn2 [ (4n+1)Kt,k] .l (7.62)

This time varying coefficient is periodic with period Tn/2 = 2/|4nt+l] .
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For given k, the limits of wvariation of the coefficient are —(4n+l)K/k'
and -(4n+l)Kk', and these limits vary from —-(4n+1)TT/2 and -(4n+1)TT/2
to =(4n+1) OO and o respectively as k varies from o to 1. Note that k
varying from o to 1 corresponds to & varying from (4n+1)TT/2 to o.

The theorem of Birkhoff and Kotin [33, p.15] can again be applied.
With n negative, 7.62 is always positive, and so is its time average

value. Hence

o0
S{ - &' (hn1)x }dt = 00 , (7.63)
[o]

dnz[(4n+l)Kt,k]
and the conditions of the théorem are satisfied. Thus, unstable
solutions of the variational equation always exist for negative n, and the
limit cycles for‘n { o must be unstable.

Simulation of 7.56 for various initial functions and values of &
produced no stable limit cycles. Fig. 7.29 shows an attempt to generate
the n = o limit cycle, but the solution decays to zero. Fig. 7.30 shows
that the n = £ 1 limit cycles are also unstable. All limit cycles for
n ) o are then expected to be unstable. Verification of this result,
analytically, is possible for the smmll amplitude region (k clbse to
zero) of the limit cycles. The variational equation 7.61 is transformed
by €(t) = b(t)df (t), resulting in

Jt) = h(t) - () + ¢ o (t-1) (7.64)
with
h(t) = - (4n+1)Rk’sn [(4n+1)Kt,k] sn [(4ntL)Ke-K,k] (7.65)
periodic with period Tn =4/ | 4o+l |, ¢ = -=(4n+1)K, and b(t) = 1/dn[ (4n+1)Kt,k].
If k = o then 7.64 becomes
g = - ¢nt) T o o (1), (7.66)

2

identical to 7.20 for the transformed Jones system. The argument used in
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that case then applies here and shows that, at least for k € [o,kE] s
limit cycles for n » o must be unstable. Again nothing can be said
about the n = o limit cycle.

The stability situation here is very similar to that of the Jones
system, except that the n = o limit cycle is also unstable now.

7.1.2,4 DF and TSIDF Analysis

Application of the DF method to the untransformed complementary
system yields the describing function for £ [x(t),x(t-1)] = X
x(t-1) [l+x2(t)] s Keq(A,w) = g(A,w) + j b (A,w), with

(—l-3A2/4) X cos w (7.67)

g(A,w)

and

b(A,w) = (A%/4 + 1)  sin w. (7.68)
The equations governing limit éycle prediction are

(—1—3A2/4) X cos w=o0 (7.69)
and

w = (1+A%/4) o sin w. (7.70)

From 7.69 and 7.70, limit cycles of frequencies v ='4n+l|TT/2, n= o,

+1,#2,~-- and amplitudes A.n = %J —l+(4n+i)TTﬂ§;6'are predicted. The
frequency predictions are exact, as are the starting peoints (amplitude = o)
of the limit cycles at &= (4n+l1) TT /2.

Table 7.3 shows DF amplitude calculations compared to the actual
n = o limit cycle amplitude (k/k') and fundamental component amplitude
for various values of o( .

As with the Jones system, amplitude errors are small at low
amplitude but increase rapidly with increasing amplitude. Again the DF
amplitude approximates the fundamental component gmplitude, Alexact,

better than it does the limit cycle amplitude, A . The behaviour
exact - .
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Table 7.3 Comparison of DF Amplitude Calculations and Amplitudes
of Actual n = o Limit Cycle
- A e 'y A .
ong O xact % Error exact % Error
1.5708(11/2) 0 o —_ o
1.5507 .226 .229 1.27% .229 1.18%
1.5297 .328 .334 1.77% .332 1.21%
1.5076 .405 <420 3.57% 414 2,18%
1.4844 . 482 +500 3.66% .493 2.30%
1.4339 616 .654 5.82% .640 3.76%
1.3769 . 748 .817 8.41% .790 5.28%
1.3110 .890 1.000 11.007% .957 7.00%
1.2330 1.044 1.224 14,707 1.150 9.22%
1.1367 1.237 1.530 19.15% 1.407 12.10%
1.0094 1.493 2.000 25.35% 1.785 16.37%
.8153 1.926 3.000 35.80% 2.530 23.85%

of the calculations for other than the n = o limit cycle is expected to
be similar to that of Table 7.3.

TSIDF analysis is similar to that detailed for the Jones system,

and results in an approximate limit cycle, Xapp(t) = A sin wt + B sin 3wt,B{ o,

with frequencies w =| 4n+1l TT/2. TFor the n = o limit cycle, A and B

are given by the solution of

A=-38/2+,) B%/4 - 4+ 2T/ (7.71)
and

BS424BY(B0+32TT /e - 4TT2/ X 2)BH+(32-48TT/ok +24TT2 /X *-4TT3 [ )= o.
| (7.72)
Table 7.4 shows a few TSIDF calculations along witﬂ the exaét ampli-
tudes of the fundamental and third harmonic components of the limit cycle
in the larger amplitude region. The errors remain reasonable for large
amplitude, and indicate the significant improvement in accuracy when the

third harmonic is included in the approximation. This same improvement
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in amplitude prediction should occur for the other limit cycles as well.

Table 7.4 Compafison of TSIDF Amplitude Calculations and
Fundamental and Third Harmonic Amplitudes of Actual
Limit Cycle
A xact B B Z E
X || Arstor | €@ % Error TSIDF exact | © TTFOT
1.1367 1.409 1.407 1427 -.1138 -.1129 .797%
1.0783 1.579 1.573 .381% -.1485 -.1464 1.4337%
1.0094 1.793 1.785 4487 -.1977 -.1948 1.4907
.9253 2.088 | 2.076 .578% -.2746 -.2695 1.8937%
.8153 2.560 2.530 1.186% -.4152 -.4043 2.700%
.6503 3.556. v3.470 2.480% -.7641 -.7290 4.810%

Application of the DF method to the transformed system of Fig. 7.12

yields the describing function,
2T

Keq(A) = g(A) == (7.73)

A Stan [A sin 91] sin eld 61.

o}

Since tan(y) is a hard spring, Keq(A) is monotonic increasing with A,

and varies from 1 to €0 as A varies from o to TT/2. Limit cycle conditions

here are identical to those of 7.38 and 7.39, so that frequencies W, o=
|4n+l l 1T /2 are predicted, and DF amplitudes may be calculated from
Keq(An) = (4otl) TT 29 .

7.1.2.5 Approximate Stability Techniqués

Application of Loeb's criterion to the untransformed system

results in

X oY - Y 99X = - A ot%sin’ wn(1+3Ah2/4)/(2W 2),(7.74)
dA dw A  ow | (A ,w ) a "

which is always negative. Hence Loeb's criterion predicts an unstable
limit cycle \7n._ Also, Loeb's criterion applied to the transformed
system of Fig. 7.12 involves 7.43. With Keq!(An) > o (since tan(y) is a

hard spring), 7.43 is always positive, and Loeb's criterion again predicts
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an unstable limit cycle V n.

The IDF stability technique applied to the untransformed system
involves assuming a perturbation Geat sin QO t, so that the incremental
gain becomes

-(atjn) (7.75)

2
Ni(Ah’a"[l’Wh) = ca((l+A.n /2) e

With at+j () generalized to s, the equivalent linear system for perturbations
is shown in Fig. 7.14. Stability analysis of this form of linear time
delay system has already been shown to yield

o & o(1+a_%/2)  TT/2 (7.76)

for a stable limit cycle, and

o (l+An2/2) > T2 ; O((1+An2/2) < o (7.77)

for an unstable limit cycle. Since c((l+An2/2) = (4n+1)T -, the
stability conditions become
UntD)TT - T1/2 { « é (4n+l) TT /2, nyo (7.78)

for a stable limit cycle, and

of  (4nt1) TT /2 L (4nt1)TT =TT /2, n ) o

X Lo, n{o (7.79)
for an unstable limit cycle. Condition 7.78 is only satisfied trivially

m

(o f 2 ), so all limit cycles are predicted as unstable.

The DF method, Loeb's criterion, and the IDF stability technique
applied to the transformed system of Fig. 7.12 can be related easily to

the root locus of the linear time delay system of Fig. 7.9 (Figs.7.10

and 7.11). DF oscillation conditions correspond to jw axis crossings of
the root locus and yield the exact frequencies v =| 4ntl l T1/2. DF
amplitudes are calculated from the DF coandition K = c(Keq(An) =(4n+1)TT/2
or Keq(An) = (4ntl) TT /2o) .  Since the nonlinearity tan(y) is a hard

spring, application of Loeb's criterion in the graphical root locus form
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indicates unstable limit cycles ¥V n. The IDF stability technique

involves evaluation of the incremental gain
217 21T
' . 1 2 .
£ (A sin@) d® =1+ o7 tan” (A sin@)de ,
5 o (7.80)
with the general result : NB(A,o) > Keq(A) because of the hard spring

NB(A,O) =-§%f
character. This is sufficient to ensure that all limit cycles are un-
kstable.

DF inaccuracies may be eliminated from the IDF stability technique
by considering perturbations about the actual limit cycles. For both
the untransformed and transformed systems the resulting equivalent
linear system for stability studies is that of Fig. 7.15, with the
incremental gain NB*(k,n) = (4n+l1) E(k)/k'. NB*(k,n) varies monotonically
from (4n+1)TT/2 to (4nt+l) OO as k varies from o to 1. Hence the system
of Fig. 7.15 is unstable\fk,\fﬁ. It can be shown that the time average
value of the periodic time varying coefficient, X [1+xn2(t—l)], of the
variational system of Fig. 7.13 is also given byv(4n+l)E(k)/k’, thus

verifying the time averaging nature of the IDF technique for this system.

7.1.3 Comments

Loeb's criterion fails for the Jones system but predicts stability
correctly for the complementary system. For the transformed Jones system,
application of Loeb's criterion in the graphical root locus form
(Figs. 7.lO.and 7.11) does not take into account the characteristic roots
other than the pair indicating the particular limit cycle mode. Location
of all characteristic exponents (roots) of the variational system is
found, appro#imately, through the IDF approach, and indicates unstable
modes for n Z o leading to unstable limit cycles.

For the transformed complementary system, Loeb's criterion still
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neglects the infinity of other characteristic roots, but the hard spring
nature of the nonlinearity results in a correct prediction of instability
just by considering the motion of the root pair for the particular limit
cycle mode. The other modes of the variational system, or the IDF
approximation to it, are neglected in Loeb's criterion because of the
assumed form that perturbations must have in the Loeb analysis.

7.2, Two Other Systems

Two additional systems studied by other authors are further studied
here since they relate closely to the transformed systems already dis-
cussed.

7.2.1. The System of Gelb and Vander Velde [6,pp.243-246]

The nonlinear time delay system of Gelb and Vander Velde is shown
in Fig. 7.16. The nonlinearity is f(x) = o'x - 6153;cf, € > o, and the
linear plant e_s/s. This system is identical in form to the transformed
systems of Section 7.1 except for the nonlinearity. The describing
function for this nonlinearity is Keq‘(A) = o - 3€A2/4, and application
of the DF method yields limit cycle frequencies W§44n+lrﬂ72, n=0,%1,+2,——
with amplitudes

A% = 3% [ o - (4ntl)TT/2]. (7.81)

n
, . . .. . 2

The condition for existence of a limit cycle (An,wn) is An ) o or o z‘
(4n+1)TT/2. Loeb's criterion applied here results in the evaluation of

4 ImL(jw)d—f\- Keq(A) = - 3€An

dw . (7.82)
(An’wn) (4n+)TT

Since 7.82 is negative for n > o and positive for n { o, Loeb's criterion

predicts stable limit cycles for n zvo and unstable ones for n ¢ o.
Simulation studies reported by Gelb and Vander Velde indicate that

only the n = o limit cycle is stable. Furthermore, the n = o limit cycle

is only stable for ¢ in the range TT/2{ ¢ { ~4 or 5. Loeb's criterion is
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thus incorrect in predicting stability for the n » o limit cycles.
The IDF incremental gain, N, = -3 €A2/2 for this nonlinearity,
leads to the IDF system of Fig. 7.17 for limit cycle (An’Wn)' The

stable region of this system is o { ¢ - 3€An2/2 £ T7/2, and since
Ny (A ,0) = o= 3€4 %/2 =~ + (4ntD)TT, (7.83)

the condition becomes

Got)TT - T1/2 { o £ GotDTT C(7.84)
for a stable limit cycle. For n { o it is obvious that 7.84 is not
satisfied since ¢ » 0, and all n { o limit cycles are predicted as unstable.
However, for n ),o the existence condition is c/'),(4n+l)TT'/2 for limit
cyéle (An,wn), and 7.84 can be satisfied. In particular, for n = o the
IDF region for a stable limit cycle is TT/2 el ( 1T .

Certain discrepancies are noted between the IDF results and simulation
studies. The upper limit of stability of the n = o limit cycle is not
predicted correctly, and regions of stable limit cycles for m » o are
predicted which have not been observed. These discrepancies are
attributed to the DF approximation, since previous studies have indicated
the basic accuracy of the time averaging approximation in the IDF
technique for this form of system. Stability condition 7.84 may be

written in terms of An as

SnTl 2 s 2(4n+)TT . (7.85)
3€ - ‘4 4 \< 3€
- . 2 2TY _ . 2 1017
Forn—othlsbecomeso\(Ao é———Be,forn—l. (A ( 3€,etc.
The n = o limit cycle mode is the only one for which the stability

interval starts out at A = o. Of course the best DF approximation occurs
in the small amplitude regionm, and DF error then increases with amplitude.

In the small amplitude regions - (4p+l) TT /2 \( o \< (4t TT - TT/2, or
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2

o ¢ An é 8n TT /3€ - correct stability is predicted by the IDF stability

technique.
A closer look at the nonlinearity f(x) = 'x - € X3 (Fig. 7.18)

indicates the typical region of operation (in terms of a saturation

characteristic) as - ) og/B€) (x¢ ] o /B€). 1In this region f(x) is a

soft spring and the DF approximation should be reasonable. For the n = o

limit cycle, A02 > %—g— is equivalent to & ) 1T, so it is seen that

amplitudes yielding the IDF stability discrepancy for n = o correspond to

2d
3€
is equivalent to g—(4n+l)TT { o { (4o+1)TT , and for n) o A must lie

amplitudes outside the typical region of f(x). Similarly, Eﬁg— { An2 {

in this interval if 7.84 is to hold. Again, amplitudes yielding an IDF
stability discrepancy for n» o correspond to x out of the typical region
of f(x).

A further indication of DF accuracy may be derived by calculating the

third harmonic amplitude
fundamental-amplitude-

ratio .for the output of the nonlinearity with a

sinusoidal input. Since

f(A sin wt) = ( cf—V% € Az) A sin wt + %-A3 sin 3 wt, (7.86)

this ratio is

third harmonic _ A .
fundamental - s 3 9 (7.87)
—E- - 3A

Fig. 7.19 shows a plot of 7.87 'versus Az. In the region -292 < A2< %—g—
the ratio: varies from .2 to .33, and indicates substantial third harmonic
content. This implies that the DF approximation will be relatively poor
for amplitudes in the region of the IDF stability discrepancy.

The DF method, Loeb's criterion, and IDF stability technique may be

related to graphical root locus interpretations using Figs. 7.10 and 7.11.

Of course the results are the same as those already derived. Again the
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failure of Loeb's criterion for the n ) o limit cycles is attributed to
the ignoring of the unstable modes indicated, approximately, by the IDF

system. The n { o limit cycles are predicted correctly as unstable by

hd
3€

negative Keq(An) and NB(An,o). If the DF system and IDF system are

Loeb's criterion because they correspond to Aﬁz) and, hence,
considered to have positive feedback then Keq(An) =§:— €An2 -d > 0 and
NB(Ah’O) =-% € An2 -d > o, with the nonlinearity essentially behaving
like a hard spring. Application of Loeb's criterion and the IDF
stability technique, using the root locus of Fig. 7.11, indicates that
the métion of the root pair corresponding to the particular limit cycle
mode always determines instébility, even though the infinity of other
roots are neglected in Loeb's criterion. This is-exactly the same
situation as that for the transformed complementary system.

7.2.2 The System of Brookes and Katzberg [9,10]

Brookes and Katzberg studied the nonlinear time delay relay system

of Fig. 7.20 in some detail. For the ideal unit relay, Keq(A) = ?éz and

the DF limit cycle conditions become

tan w = 1/w : (7.88)
and
_ 4L sinw

Limit cycles (An,wn) are predicted, with v identified in the graphical
solution (Fig. 7.21) of 7.88, where 2nTT ¢ v { (4n+1) TT /2 so that Ah> 0.

Note that as n approaches €0 , v approaches 2nTT . For n = o the

result is Ao = 1.123,Wo = ,86 and for n = 1 it is A1 = ,03, W, o= 6.437.
The corresponding values of Keq are.Keq(Ao) = 1.132 and Keq(Al) = 42,
Brookes shows, using the Hamel Locus, that the exact frequencies are
W= .84 and Wy o= 6.41 yielding DF frequency percentage errors of 2.38%

and .427 respectively - certainly quite reasonable. He also demonstrates
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that the infinity of limit cycles (An,wn) exist by using the exact Hamel
Locus, thus verifying the approximate DF limit cycle predictions.

Loeb's criterion in the analytical form involves establishing the

sign of
= ImL(JW).EK Keq (A) = 4[l+wn+2wn i +Wn 1 cos Y. (7.90)

(A_,w_)
n’ n 2 2.2 2
v, (1+Wn ) ’I'TAn

Since cos W > o Vn, 7.90 is always negative, and Loeb's criterion
predicts all limit cycles as stable.

Katzberg establishes in an exact fashion the infinity of limit
cycles, and proves that only the n = o limit cycle is stable, with the
higher frequency limit cycles unstable. Thus Loeb's criterion again
fails for the higher frequency limit cycles in a time delay system.

2
TTA
relay, and the IDF system is shown in Fig. 7.22. Stability of this

The IDF stability technique yields NB(A,o) = —— for the ideal unit

system mayybe»found by plotting the root locus &6f the system with
NB(An’O) replaced by the general K. The root locus for this form of
linear time delay system is shown in Fig. 7.23 (see Bower and Schultheiss
[26] for details). Only the upper half plane iS‘shown since the bottom
half must be symmetrical. From Fig. 7.23 it is seen fhatvadditional
pairs of roots move into the RHP as the gain K passes through the critical
values Kn = Wn/sin v in sequence. The values w are calculated from 7.88
and shown graphically in Fig. 7.21, and the Kn'of course correspond to the

values of Keq(An) required by the DF conditions. The system of Fig. 7.22

. . g . 2 _ . 2 _ 'n
is stable if and only if o ¢ A £ Ko = 1.132., Since A~ Teime ° the
n n n
stability condition becomes
o " ¢ 1.132 ., (7.91)

2sinw
n
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w

Now 7.91 can be shown to be satisfied only for n = o where EE%E%’ = .566.

W
For n ) o, EEEE;— > 1.132, so that a prediction of instability results
n .

for the n > o limit cycles. Thus the IDF stability technique gives the
true stability situation for all limit cycles in this system.

Again the reason for the failure of Loeb's criterion may be observed =
graphigally in terms of the IDF system and the root locus of Fig. 7.23.
For the DF limit cycles corresponding to higher frequency intersections
the root locus indicates roots in the RHP for K = NB(Ah’O)’ n) o.
Loeb's criterion neglects these roots and considers omnly the root pair
corresponding to the intersection j LAY With the soft spring nonlinearity,
Loeb's criterion then predicts stability from this simplified "local"
perturbation analysis.

Brookes shows that for the variational system of the second intér—

e(l.22+J 1.55)1:‘ In

section. (w = Wl) limit cycle,one solution mode is
other words, one characteristic value of this variational equation is 1.22
+ j 1.55. It is this unstable mode which causes the limit cycle instability.

Now in terms of the IDF system and its root locus of Fig. 7.23, the

location of the principal root at gain K = NB(Al,o) = 21 may be found

from the characteristic equation

32 + s + 2le ° = o. (7.92)
Setting s = O+ jw and substituting into 7.92 yields the solution

s = 1,28 + j 1.62 as the value of the principal root. This obviously

corresponds .to the unstable mode found by Brookes, and the value is
reasonably close to the characteristic value. In fact, the percentage
error in ¢ is 4.927% and in w is 4.52% - both quite small considering that
the IDF system is the DF approximate time-averaged counterpart of the

exact variational system. This result is then very encouraging in
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support of the use of the IDF stability technique in time delay systems
both to determine limit cycle stability and to predict the actual modes
of instability, Note that Loeb's criterion could not predict the
presence of this unstable mode at a frequency different than the limit
cycle frequency because of the assumption of perturbations of the same
frequency as the limit cycle.

Using ideas due to Gremsted [35,36] , Katzberg develops a nonrigorous
argument for the failure of Loeb's criterion in this and other time delay
systems. He considers general solutions of the system of Fig. 7.20 in
the form x(t) = A e 17 sin wt with the corresponding describing function

Keq(a) = & s (7.93)

+ £
TTAési

due to Grensted. .From Nyquist analysis, using the critical locus
-1 oit . . . o
- Keq "(A) = -TMA e /4 (see Fig. 7.24), oscillation conditions are
found as intersections of the critical locus and Nyquist plot L(jw) = e—JW/
[Jw(w+l)] with g; = o, but other modes at the oscillation conditions
- fi-jw
Iy

[( o’i+jw) (1+ O’i+jw)] with the oscillation condition. Additional modes of

with c&.) o are established as intersections of L((i{+jw) =e

the form A edgit sin wt,(fi > o are clearly unstable, and imply that the
corresponding oscillation (limit cycle) is also unstable. In this manner
the higher frequency limit cycles are predicted as unstable. Although
correct stability results are predicted, the analysis is not correct.

This ahalysis is equivalent to finding the unstable roots of the DF system
corresponding to a particular limit cycle (Ah’wn)' However, it has been
shown that it is the IDF system which approximates to the variational
system, and unstable roots of the IDF system determine unstable limit

cycles. Hence talk of two or more modes existing simultaneously in the




nonlinear system of Fig. 7.20 is meaningless, and only the IDF system
should be used for determining possible unstable modes. For example,
Katzberg calculates the unstable mode, supposedly existing simultaneously
with the limit cycle (Al’wl)’ as 1.66 + j 1.74. This mode, compared to
the exact unstable mode of the variational system, 1.22 + j 1.55, shows
36.97% error in ¢ and 12,257 e‘rror in jw. The IDF unstable mode is then
much more accurate, as it should be.

7.3 Time Averaging in a Special System

El'sgol'ts [34] sfudies the periodic time varying linear system of

Fig. 7.25, where a (t) is periodic with period T and n is an arbitrary
positive integer. This system is then quite similar to the variational
systems for the transformed Jones and complementary systems. However,
the difference lies in the fact that here there is an integer relation-—
ship between the period of the time varying coefficient and the time
delay. The differential-difference equation corresponding to the system
is

g(t) = - a(t-nT) € (t—nT)

= - a(t) € (t-nT) . (7.94)
Now an infinite set of solutions of 7.94kexists in the form g (t)=e §
with g(u) pefiodic of period T. If this form of solution is substituted

into 7.94 then

g(t)Tf - a(t) e 0Tk (7.95)
with kE-%— . S g(u)du = g(t). Now from 7.95
° 7T T
K =% S g(wdu = - e " 2 Sa(u)du - -2 & (7.96)
[o} [¢]

so that solutions for k from 7.96 are equivalent to finding the roots of

the constant coefficient time delay system of Fig. 7.26 with s replaced

154

t
Sg(u)du

2
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by k. However, this system is simply the time-averaged system of the
original system of Fig. 7.25. Also, stable or unstable solutions

€(t) = e ¥ g(u)du are determined by Re k { o or Re k > o respectively.

Determination of the characteristic values s; = ki’ i=1,2,-~ of Eye
time-averaged system of Fig. 7.26 then yields solutions Ei(t) =g §g(uv,-ki)du
with g(t,ki) = - a(t)e-nTki and ki = g(t,ki). The solutions Ei(t) are

stable if Re ki { o, unstable if Re ki > o, and periodic if Re ki = 0.
If the infinite set of solutions is fundamental (linearly independent

and spanning the solution space) then stability of the system of Fig. 7.25

is equivalent to the stability of the time-averaged system of Fig. 7.26.
Even if the solutions do not form a fundamental set, certainly a
sufficient condition for the instability of the time varying system is
the instability of the time~averaged system caused by at least one
characteristic root with positive real part. Zverkin [37,38] has done
work on this and more general time varying delay systems which indicates
that stability may be determined by studying the stability properties of
their time-averaged counterparts.

The purpose of illustrating this special time varying delay system

is to indicate at least. one form of delay system for which time averaging

is not an approximation in terms of stability .amalysis. This gives
further support to the idea that time averaging in the IDF system for
time delay systems is reasonably accurate with regard to stability results.

7.4 Conclusions

For the time delay systems examined in this chapter a result common
to all of them is the accuracy of the time averaging involved in the IDF
system. The only serious source of error in the use of the IDF stability

technique here is the DF approximation itself. Although time averaging
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probably works reasonably well away from stability boundaries, a
surprising feature of the IDF stability technique applied to the system
of Brookes and Katzberg‘is its ability to predict the unstable mode of
the variational system rather accurately (considering that the DF
approximation is involved as well). With the consistently good IDF

results of the examples, the possibility of the IDF stability technique

working well in other time delay systems exists, and should be investigated.

Loeb's criterion is clearly seen to fail for time delay systems due to

the simplified assumption of perturbations only about the limit cycle
amplitude and frquency. The IDF stability technique indicates approxi-
ﬁate»unstable modes, at lower frequencies, for the higher frequency limit
cycle possibilities. Brookes' exact variational system analysis for the
. one system 1is evidence that the IDF system is indeed approximating the
variational system well in terms of predicting the unstable characteristic
values.

The IDF stability technique is preferred to the argument of Katzberg
and Grensted regarding failure of Loeb's criterion in time delay systems.
This technique is related directly to the theoretical variational

analysis and, although approximate, appéars to predict the unstable modes

rather well. Katzberg's argument in terms of different modes in the non-

linear system is unsound theoretically since it does not relate to the

variational system.




=S

xx(t-1)

o +§ X(t)

>

1-x2(t)

0 |~

Fig. 7.1 BLOCK DIAGRAM OF JONES SBYSTEM
o + % (t) > N.L. fix(t) ,x(t=-1)] > i
Fig. 7.2 SIMPLIFIED BLOCK DIAGRAM OF JONES SYSTEM
o + (t) tanh[y(t) oKe °
y > y(t)] > He—

Fig. 7.3

BLOCK DIAGRAM FOR SYSTEM EQUATION 7.8




€ (t) >

[1 - 5, (0]

=S

158
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Fig. 7.26 TIME-AVERAGED SYSTEM
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CHAPTER 8

SUMMARY AND RECOMMENDATIONS FOR FUTURE WORK

8.1 Summary

It has become obvious from the work in this thesis that a comparison
of Loeb's criterion and the IDF stability technique depends a great deal
on the form of nonlinear system considered. Certainly it has been
demonstrated that one of these techniques is not better than the other
in all cases - different types of systems display different results in
this respect.

Second order system studies are the most complete, in the
theoretical sense, because of the known stability information about
gsecond order variational systems. Loeb's criterion is shown to be
equivalent to a stability amalysis of the DF approximate variational
system, while the IDF stability technique involves the additional
approximation of time averaging. This establishes Loeb's criterion as
the more accurate stability technique for second order systems, assuming
a reasonable DF approximation. However, system simulations reveal that
discrepancies between Loeb's criterion and the IDF stability technique
normally occur in regions of poor DF approximation, especially for
frequency, due to the nature of typical nonlinearities and second order
systems. The IDF stability technique seems to indicate these situations
by predicting instability while Loeb's criterion predicts stability - in
this sense the IDF stability technique is not entirely incorrect when
these discrepancies occur. The problem of additional unstable modes not
considered by Loeb's criterion does not arise for second order systems
because only the complex conjugate root pair of the DF and IDF systems

determines stability.
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Studies of third order systems consist mostly of system simulations

since only a few theoretical stability results are available. In general,

the results indicate the similar trend of second order systems that dis-

crepancies correspond to situations in which the DF approximation is

poor - due to either large frequency error or a bias being present in the

actual limit cycle. This frustrates any attempt to evaluate which is

the better technique for third order systems. The IDF stability technique

again appears to be an indicator of these situations of poor DF approxi-

mation when it predicts instability while Loeb's criterion predicts

stability. Many instances of nonexistence of a DF predicted limit cycle

also occur when the IDF stability technique predicts instability.

It appears that mode theory in terms of the IDF system does not
work in general for third order systems - especially for the prediction
of unstable limit cycles. The only consistent result from the examples
studied is the fact that the pair of roots predicting an oscillation in
the DF system must move into the RHP in the IDF system in order to have
an unstable DF predicted limit cycle. However, this is Bhown not to be
a sufficient condition for existence of an unstable limit cycle. One
encouraging aspect in the use of the IDF stability technique is the
demonstrated prediction of a stable limit cycle for certain cases of
unstable DF systems ~ although regions of existence are not predicted
very accurately, a lot of this error can be attributed to the poor
filtering properties of the systems. It is interesting that an example
could not be found illustrating the clear failure of Loeb's criteripn
Wheﬁ it neglects the third (ﬁnstable) mode - all examples of this sort
that were tried resulted in nonexistence of a limit cycle rathér than

existence of an.unstable limit cycle. For both second and third order
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systemé, Loeb's criterion and the IDF stability technique should probably
be used together so that discrepancies may be identified and interpreted
properly.

The time delay systems studied definitely show the inaccuracy of
Loeb's criterion with its assumption of perturbations only about the limit
cycle amplitude and frequency. The IDF stability technique is seen to
work guite well in predicting stability, and there is evidence that it is
fairly accurate in predicting the actual unstable modes of the variational
system as well.

8.2 Recommendations for Future Work

The nonlinearities studied in this thesis have been restricted to the
hard and soft spring types. However, many of the approximate techniques
apply generally to any static, single-valued, odd symmetric nonlinearity.
All that is really required is a knowledge of Keq(A), NB(A,O), and the
relationship between these two quantities. Studies of other than hard
and soft spring nonlinearities might produce further interesting results.

Nondelay systems of higher than third order should be studied for
possible discrepancies between Loeb's criterion and the IDF stability
technique. In fact, Gelb and Vander Velde [6, pp. 324-326] cite the
hypothetical example of a saturation nonlinear system with conditionally
stable equivalent linear system in which they claim Loeb's criterion can
fail when compared to the IDF stability technique. Dorf [39,pp. 248-249]
gives a realization of the linear portion of the system in terms of a
fifth order plant with two zeros (root locus shown in Fig. 3.5). If
Loeb's criterion indeed fails here then the nature of the failure is
quite different from discrepancies in second and. third order systems.

In this system, the unstable mode in the IDF system is contributed by
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the motion of the root pair generating the oscillation (AB,W3) in the

DF system. Also, there is the possibility of Loeb's criterion failing
in an entirely new way ~ predicting instability of (AZ’WZ) in Fig. 3.5
when the true situation given by the IDF stability technique is a stable
limit cycle. These possibilities of course depend upon proper gain 0
calibration of the root locus‘and the relationship between Keq and NB'

Clearly, different situations may arise in higher order systems, and

these must be recognized and studied.

The prediction of the modes in the variational systems of non-

linear time delay systems, through the use of the IDF system, is L
particularly interesting in'the light of the results of Chapter 7. A
thorough study of the accuracy of these approximate modes should be done.
Also, more work must be done on evaluating the stability of time varying
variational systems with time delay, such as the variational system for
periodic solutions of the Jones equation.
More generally, the relationship between stability of variational

systems and .stability of their time-averaged counterparts - basic to the

IDF stability technique - must be determined for the various types of

systems. It is apparent that time averaging is not always an approximation
with respect to stability prediction, but.just when it may be used
successfully is not entirely known. Also, use of the IDF system for
predicting modes in the variational system for nondelay cases should be

studied.

COMMENT ADDED AFTER PRESENTATION: The sentence struck out on p. 27 is
incorreect. The procedure outlined in [43] could be used to obtain the IDF
stability of the biased sinusoid limit cycles of Examples I and III and

should be a topic of future work.



APPENDIX I

THE SECOND CHARACTERISTIC SOLUTION OF 5.2
The first characteristic solution of 5.2 is el(t) = x*(t), a
periodic solution of period T. The second characteristic solution is

assumed in the form ez(t) = a(t) el(t). Substitution in 5.2 yields
E(t)el(t)+2é(t)é1(t)+a(t) l(t)+-{p qlg[x*(t)]} {a(t)e (t)+a(t)e (t{}

#{pta g [x*(B)] +q 8 [x(0)]] a(te (£ = o (.1)
which, upon rearrangement, becomes

e, (B)E(E)+ {Zéi(t)+el(t) [p1+q1g(X*)]} a(t) +1& (O+ [p+q;8x*E, ()
+ [pgra g(x¥)+a 8] e () fa() = o, (1.2)

and, since el(t) is a solution of 5.2, this simplifies to

e, (0)E+ {26 (t)+e (6) [p+a,8GM 1]} ae) = o. (1.3)
Fquation I.3 may be written in the form
5(e) + 28,0 + {pjtage (%1} = o, (1.4)

and integrated with respect to time as follows:
t t

1
S da(y) = S de, (@) _ Py Sd’t - qq Sg[x*(?.’) 14t ,
% ar) e (9 e %,
to give
{é(t) }= { (t) }- {p1+qlg [x*(t)] } (t-t )
é(to) e (to)
+
- q S {g[x*(‘t’)] - g [x*(D)] } at . (1.5)
to

Solving for a(t) yields a(t) = q)(t) eet, where
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e (t)
(b(t) a(t. )exp{— Zln{ l(t ) -4, S {g[x*(‘lr)] - g(x*)}d‘l.’
to

+ [pl+qlg(X*)]to} (1.6)

is periodic of period T, and
g = {p qlg[X*(t)]} | (1.7)

If now a(t) = ¢l(t) ee , with ¢1(t) periodic of period T, then

. . A

JORNE YORFXTONERRS (1.8)

With the identifications 4)(t) = [(i)l(t) + €1¢1(t)] and @ =Ql it becomes
clear that
Aot
e, () = ey(Da(t) = x6(r) Py(0)e =2 (r)e %, (1.9)

where P2(t) = x*(t) ¢1(t) is periodic of period T and

A, =@ =-{praElo1} . (1.10)




APPENDIX II

EQUIVALENT LOEB'S CRITERION FOR SECOND ORDER SYSTEMS

Equation 4.5 shows that

d = —
d—A" Keq (A) 2KeAg (A) + 2 NB("A’O) e (II.]_)
A
Now
L(jw)=jwq,+q_ = [q_(p -W2)+q P w2] + j[-q_p,wtwq, (p _Wz)]
1'% o'fo 171 o1 ‘1Yo s (1I1.2)
2 .. 2,2, -2 2
Po~W +iwp (p,~w )™+ w'pg
so that
. 2
Im L(jw) = - q_p,wtwq, (p_~w") “(II.3)
2,2, 2 2
(po—w )+ w Py
Then

g;-lm L(Gw) ={[plqow—q1w(po—W2)] [2wp12—4w(p04wz)]

+ [y~ 49, A7) [~q pyray (w21} / (G ) BrPp, 21

(I1.4)

. 2 _
and,since w.© =D, qopl/q1 (5.16),

d . _ 202, 2 2 . 2 _ 2
dw Im L(jw) W_W_ [(Po—wo ) +p1 Yo 11 quwo ] - quwo .
Yo 2.2 2 2:2 2.2 2 2
[(po-wo ) +'Pl“‘fro ] (Po—Wo ) +P1 Yo
(11.5)
Also, from 5.15, Keq(Ao) = - Pl/ql’ so that
4 Tm L(jw)-g— Keq(A) = -4y 2[p +q.N_(A ,0)] (II1.6)
dw dA o 1 *1'BY o’ .
(A ,w ) 22 2 2
o’ o [(pO v ) +pl v ] A0

The Loeb condition for a stable (unstable) limit'cycle, %; Im L(jw) -

%K Keq (A) { o (»0), is then equivalent to

| agey)
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P+ Ny (&) 0) > 0 (L 0), (I1.7)

and the conservative oscillation condition, %§~Im L(jw) %K Keq (A)
(A %)

= o0, is equivalent to

Pyt gy NB(AO’O) = o. (11.8)




APPENDIX III

RELATIONSHIPS BETWEEN N, (A,0), £(A), AND Keq(a)

A
Express Keq(A) ,NB(A,O), and %‘9— in the forms
217 /2
Keq(A) = ,'-:-L:[ Sf' (A siné@) c0329 dée = TiT Sf' (A sine) cos26d6 ,
III.1
1 grr ' 2 b ' ’ ( !
NB(A,o) =ZTT S'f (A sin®@) de:ﬁ Sf (A sin@) dO, (I11.2)
d ° °
-f% =% S f'(x)dx = i— Sf'(A 5in@) A cosede = Sf' (Asin@)cosede .
p S 5 (II1.3)
Now
/2
é'Z({é)‘ - Keq(A) = Sf'(A sin®) cose[l—% cos6] de (I11.4)

0
so that, if 61 is defined such that 1 -% cosel= o or cosei= TZT , then
O = 38°15' and

Oy ! 0

3815 90
%%_A_)_ - Keq(A) = S f' (A sine) cos© [1 —T%' cos©]dé + S{f'(Asine)cose
(-]
0 38°15"

4 cose]} de (III.5)

[l—TI

= I + I, , (III.6)
where Il( o and 12) o. If f' (x) is monotonic decreasing then
'
38°15" 38°15

- Il = Sef_'(A sin@) cos@© [% cos® - 1]de >/ of' (Asin 38°15

")

1
o° (I11.7)

and 909 90°

3815
- O [#)
cos@] TiT cos® —l]} doe = f"(.6l9A) § cos® [ = cos@ -1] d6 = [.116] f'(.619A),

12 = f' (A sin®) cos® [1 - T'iT cos@ ]1dO© \< f'(.6l9A) S cos@[1- % cos8]de .

o, .}

381 '
- 1169 F (. 6194) . 38%5

(I11.8)
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£(A) f(A)

Thus I, { - I, or I + 1,£ o, and === - Keq(4) = I; + I, & o or === ¢ Req(h).
. . t . . . f(A)
Similarly, if f (x) is monotonic increasing then Il>/ - I2 and =——*= - Keq(A)
f
= Il + I2 )/ o or ia) ), Keq(4).
Als '
°s /2
—f—%—)— - Ny(4,0) = Sf'(A sine) [cose—% 1d® (111.9)
so that, if @, is define?:’l such that cos@, - 2 = 0 or cos®, = 2 then
’ 1 1 1 2
91: 50°28!  ana
50°28" 0°
f_i_é)_ - NB(A,o) = Sf (A sin®) [cose- = 140 + S{f (Asin®)
oO
[cos€ - %]}de 50° 28 (I11.10)
= I, + I, , (I11.11)

where Il) oand I, £ o. If f (x) is monotonlc decrea31ng then

50 28' 2 50°28"
Il = S f (A sin®) [cose— 2 ]de S{f (A sin 50°28 )
!

0%, ' SOP 8
[cos® - —]}de- £ (. 7714) [cos@- 5 ]de- [.211] £'(.7714),

TT
OO (IT1.12)
and 90° / 900
_ Iz _ Sf'(A sin®) [__ - cos@] d@ é f'(.77lA) S [%—_cose]de
55°28' 56°28"
= [.211] £1(.7718). (I11.13)
Then - 'Izé I,l or Il + I2 ) o, and -%—i—él - NBA(A,O) = Il + 12 ) o or

£(A) >/ NB(A,O). Similarly, if f' (%) is monotonic increasing then

£(A)
A

£(A)
A

I, + 12\( o and .é NB(A,o).

1 - NB(A,o) \< o or
Thus, if f(x) is a soft spring nonlinearity {f' (x) monotonic non

increasing) then

Ny (4,0) %é)- & Keq(a), (IIT.14)



and if f(x) is a hard spring nonlinearity (f'(x) monotonic non

decreasing) then

Keq(A)é f£(a) \( NB(A,O). (I11.15)
A

If f'(x) is monotonic decreasing or increasing then III.14 and ITII.15

become
Ny (4,0) £ fiA) { Keq(a) (III.16)
and
Keq(a) ¢ £(A) ¢ Ny(4,0) (II1.17)
A

respectively for A » o and finite.
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APPENDIX IV

CALCULATION OF Wo IN 5.43
exact

The system equation for the ideal relay example of case ii) is
§(t) + P, x(t) + q, M sgn [x(t)] = o. (Iv.1)

For x(t) > o the general solution of IV.1l is

x(t) = A sinh (/ S, ©) + 8" cosh (/ “p, t) - qM/p_,  (IV.2)

and for x(t) { o the general solution is
x(t) = A sinh (,/ -, t) + B cosh (./ P, t) + qoM/Po' (Iv.3)

In the phase plane, x(t) - %(t), it is assumed that the periodic motion
begins with x(o) = Ao)'O » X(0) = o. Then as long as x(t))» o the
solution is

x(t) = [Ao + qoM/po] cosh ( /-po t) - qoM/Po' (Iv.4)

If_tl is defined as the minimum t » o such that x(tl) = o, then

. = 1 arc cosh qOM
1 — ————————— (Iv.5)
-p pvo+qoM

o
under the constraint, M/Ao> - po/qo.

For t = tl+§'x(t) goes negative and the solution is IV.3, where

A sinh ( ] -P, t1) [q M/p, + (A + qM/p ) cosh o, -p, t;)1<o0,

(Iv.6)

and

B = - Eg%_ cosh ( / P, l) - [p A +q ] 31nh (/- t ) > o.

P, (Iv.7)

Let t, be the minimum t » t, such that i(tz) = o0, then

1

-A <)

. (1Iv.8)

t, = 1 arc cosh { B
B Z
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It can be shown that X(tz) = - Ao’ and t, = 2 t, is such that X(t3) =

3

Ao’ x (t3) = o0 from a symmetry argument. Thus the trajectory closes on

itself in time tg which is then the period of the periodic motion, To'

Then
2 2 2
M™ - 2MAp /q - A “(p /q)
T = 2t, = 2 arc cosh{ oo © o 92 9 (Iv.9)
° 2 = M+ Ap /q 17
Py oPo’ %o
from 1V.8, IV.7, 1IV.6, and IV.5. A}so,
v _ 2T T A} Py .
exact T - 2 2 2
° arc cosh{M _ZMAopo/qo B Ao (Po/qo) } (IV.10)
2 ' *
[+ Ap /q]




APPENDIX V

EVALUATION OF LOEB'S CRITERION FOR GENERAL THIRD ORDER L(s)

. i . Ao d .
The analytical Loeb's criterion conditionms, e ImL(JWO)dA Keq(Aé)

{ o (> o) for a stable (unstable) limit cycle are applied to the general

third order nonlinear system of Fig. 6.1. Equation 4.5 gives

d _ 2
qi Keq(a) = K;- [N (A ,0) - Req(a))] .
Since

. sy 2 .
LGw) = q,(Gw " + qiw + q

E

33 a2
(3w) “+p, (Jw) “+p Jwtp

. 2
ImL(jw) = qu(po-pzwz) - (wpl-w3) (q,-w"q,)

2.2 3.2
(po—pzw )T+ (Wpl—W )
with

2 2 2, _
1 Py ) = (P (4gmapv,™) = o

from the DF oscillation requirement that ImL(jWO) = 0.

d L 2 o 2
T WLGw) = 2w "[q +q,p1-Pyd;~2q,W 7]

2,2 ' 3,2
(PP, )" + (W p -w )
The general DF conditions are
(pytq Keq) (p,+q,Keq) = (p_+q _Keq) = o
and

2 po+queq

W = =P + 9, Keq » o.
p,*q,Keq

(o]

The solutions of V.6 are

Then

' 2
Keql’z == (qu2+qlP2"qo) * (qu2+qlpz-qo) ‘(Plpz"Po) .

2 2
9195 4ql 4

2

qq 49

(v.1)

(v.2)

(v.3)

(v.4)

(v.5)

(v.6)

.7)

(v.8)
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If
(P9, + 9.0, = ¢ )2 -  (pyp, - D)
172 172 0 1¥2 0 > o (Vv.9)
4ha 2 q 2
4" 49, 47 9
and
.... »(p q4,+q9.P,—q )2 - (p,P,—p ) P 4,+q.P,~q
12 1*1F2 Zo 172 %o ;> 12 7172 "o (v.10)
2 2
44579, 919, 2 q,9,

then Keql > o and Keq, { o with

Keq(ay) = Req; = = (pya,+a3py=q))  + [ (Praytaypy=q )™ = (pyp,-p)
| 2 VI
419 91 9 4192
(v.11)

2
Now w=p;ta Keq(Ao), so that

» 2
‘(qu2+qlP2‘qo) - (PlPZ‘Po)

d . - _ 2
e ImL(on) = 4W0 449, . I
41 9 1399 . (V.12)
2.2 3,2
(po PZWO ) + (Wopl—wo )
Then
d . d _
- ImL(on) 7N Keq(Ao) =
.2
g 2 (P1q2+qlP2‘qo) - (P1P2‘Po) N (A 0K ]
Wo 4 2 2 ‘ qlqz[ B O’ eq1
9 49 449,
2.2 3,2 g
Ao [(Po-pZWo )T+ (Wopl_wo )7 ] (v.13)
and Loeb's criterion becomes
419, [Ng(A ,0) = Keq;] > 0 (L 0) (V.14)

for a stable (unatable) limit cycle. Also, Keq2 £ o implies
NB(AO,O) - Keq, > o,and

2
qqu[NB(Ao’o) - Keql] [NB(AO,o)—Kqu] = qquNB (Ao,o)

+ (pyay + 4Py = q) €A ,0) + pip, P - (V.15)
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Hence Loeb's criterion may also be written as

2
qlquB (AO’O) + [quz + qlpz = qO] NB(AO’O) + Plpz_Po > o ( < o)
(v.16)

for a stable (unstable) limit cycle. Condition V.16 is the Loeb's
criterion condition for L(s) with two zeros . If L(s) has only one zero

then qy =0 and V.16 becomes

(a, = a;p,) Ng(A ,0) + p ~pip, {0 (> o) - (v.17)

for a stable (unstable) limit cycle. Also, if L(s) has no zeros then

ql = q2 = o0 and V.16 becomes
q, Ny (A ,0) + P, = P1Py o (> o) (v.18)

for a stable (unstable) limit cycle.




APPENDIX VI

CALCULATION OF N, (A ,a, ,w_)
1 n° - n

The input to the nonlinearity is assumed in the form x(t) = eeat

sinflt + A sin wt. Expansion of the output of the nonlinearity yields

£1x(t) ,x(t-1)] = o(x(t-1) [l-x>(t)]

=o([€e’aeat sin(f2t~-£) + A sin(wt-w)] .

2 2at 2
o

[1 - € "sin“) t-2 € Ae?sinnt sin wt - Azsinzwt] . (VI.1)

Linear terms in Geat sin (1t ~-f1) are

2
o(;[ee—aéatsin(ﬂt Q) - €e 22 sin(At -0) 7%— SAzsinze ae
| 217

0
- 2€eat sinflt % S A2 cos w sin26 a9 , (VI.2)

0

oY

o([l—A2/2 - Azcos w] e 2g et [cosflsinQit - sinflcosfrt] . (VI.3)

The incremental gain is then identified as

Ni(A,a,.ﬂ,W) = ox[1 - A2/2 —-A2 cos w] e_(a+jn‘), (VI.4)
and

Ni(An’a’n’Wn) = «[1 - An2/2 - An2 cos w_] e_(a+jn)

o«[1 - A %/2] o~ (ati)

CALCULATION OF Ni(k,a,ﬂ,n)

(VI.5)

The input to the nonlinearity is x(t) =€eatsinnt + k snf (4n+1)Kt,k].

Expansion of the output of the nonlinearity yields

£1x(t) ,x(t-1) ]=a[€e®Te %sin(At -N) + k sn[(4n+1)K(t-1),k]].

2 2at 2
[<]

[1- € sin?{lt - Zeéatsin(.().t)k sn(-) -k

Linear terms in Geatsin(ﬂt -f1) are

en® ()] . (VI.6)
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T
eatsin(.n.t -n) - € e—aeatsin(ﬂ.t —.Q)Tl—— §k2snz[(4n+l)Kt,k]dt
n

-a

o [€e

T
; ' o
- 2€eatsin.ﬁt %— S\kzsn[(4n+l)Kt,k] sn [(4n+l)K(t-1),k] dt] ,
n

0 (V1.7)

or

Ge_aeat(4n+l)E(k) [cosflsinfit - sinflcos(it] . (vi.8)
The incremental gain is then identified as

N, (k,a,00,n) = (4n+1)E(k)e” (BHILL) (VI.9)

&
CALCULATION OF NB (k,n)

The input to the nonlinearity of the transformed system of Fig. 7.3
is assumed in the form y(t) = B + tanh-l{k sn[(4n+l)Kt,k]}. The equivalent

gain to the bias B is deflned as

NB*(k,n,B) = S tanh{B + tanh {k sn[ (4n+1)Kt k]}} dt

v Tn

= o ( feanh(®) + k en [ (4ntDke,k]} at
TnB 1+ tanh(B) k sn[ (4n+1)Kt,k]

Tﬂ

= o« tanh(B) S dt
T,B 1 + tanh(B)k snf (4nt+1)Kt,k]

+ K § k sn[(4n+1)Kt,k] dt , (VI.10)
TnB S 1+ tﬁnh(B)k sn[(4n+1)Kt,k]

and the incremental gain becomes

T,
NB*(k,n) = lim NB*(k,n,B) lim o(tanh(B)
B+o B-a-o l+tanh(B)k sn[ (4n+1)Kt, k]
0
+ lim sn[ (4n+l)Kt,k]dt }
B—>o l+tanh(B)k sn[(4nt+1)Kt,k]
= o{+ lim _g(_k sn[(4n+l)Kt,k]dt . (VI.11)
B0 nB I+tanh(B)k sn[(4n+l)Kt,k]

0

Now




Then

and
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Tn Tn
xk sn[-]1dt ek i
E':_ S l+tanh(B)k snf-] T B S sn [ ]{l—tanh(B)k sn[-]+
o 0
tanhZ(B)kzsnz[-]— ———} dt

n T |
oKk S sn[.ldt —o(kztanh(B) E gnz[-]dt + higher order terms
TB TB
n n

(s] » Tn 0
= 0 —o(kztanh(B) S snz[-]dt + higher order terms in tanh(B) .
TP s (VI.12)
Th K ) In
1im Xk snf[-+]dt _ =k .2
B->o | TnB S; 1+tanh(B)k sn[-]} En SS sn [(4n+1)Kt,det,
o 0 (VI.13)
Ta
2
N (k n) = 0({1 - = Ssn [ (4n+1)KE,k] dt}
4ngn(4n+l) K
= O({l - k sgn(4n+1) sn [u k]du =O<{l - _I](L' S kzan[u,k]du}

K 0" 0
Sdn [u,kldu = & BK) = (ntDEK). (VI.14)
0

~IR
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