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Abstract

Grobner-Shirshov  bases, introduced independently by Shirshov in 1962 and
Buchberger in 1965, are powerful computational tools in mathematics, science,
engineering, and computer science. This thesis focuses on the theories, algorithms,
and applications of Grobner-Shirshov bases for two classes of noncommutative
algebras: differential difference algebras and skew solvable polynomial rings.

This thesis consists of three manuscripts (Chapters 2-4), an introductory chapter
(Chapter 1) and a concluding chapter (Chapter 5).

In Chapter 1, we introduce the background and the goals of the thesis.

In Chapter 2, we investigate the Gelfand-Kirillov dimension of differential
difference algebras. We find lower and upper bounds of the Gelfand-Kirillov
dimension of a differential difference algebra under some conditions. We also give
examples to demonstrate that our bounds are sharp.

In Chapter 3, we generalize the Grobner-Shirshov basis theory to differential
difference algebras with respect to any left admissible ordering and develop the
Grobner-Shirshov basis theory of finitely generated free modules over differential
difference algebras. By using the theory we develop, we present an algorithm to
compute the Gelfand-Kirillov dimensions of finitely generated modules over
differential difference algebras.

In Chapter 4, we first define skew solvable polynomial rings, which are

generalizations of solvable polynomial algebras and (skew) PBW extensions. Then



we present a signature-based algorithm for computing Grobner-Shirshov bases in
skew solvable polynomial rings over fields. Our algorithm can detect redundant
reductions and therefore it is more efficient than the traditional Buchberger
algorithm.

Finally, in Chapter 5, we summarize our results and propose possible future work.
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Chapter 1

Introduction

1.1 Grobner-Shirshov Bases

The theory of Grobner-Shirshov bases was introduced independently by A.L
Shirshov [51] for Lie algebras in 1962, and by B. Buchberger [11] for commutative
algebras in 1965'. It turns out that Grobner-Shirshov bases are powerful
computational tools and are quite useful to give algebraic structures which are
applicable to a wide range of problems in mathematics, science, engineering and
computer science.

The basic idea behind the theory of Grobner-Shirshov bases can be described
as a generalization of the theory of greatest common divisors (ged) of univariate
polynomials over a field. We explain this by taking a Grobner-Shirshov basis of a
commutative polynomial algebra as an example. Let k be a field and k[z] be the
polynomial algebra over k in a single variable x. Any ideal I of k[z] is generated
by a single element. The ideal I generated by {fi,..., f.} C k[z| for some n € N,
is also generated by d = ged(fi,..., fn) € k[z], where ged(fi,..., fn) stands for

the greatest common divisor of fi,..., f, and it can be computed by the Euclidean

'W. Grobner was the Ph.D. thesis advisor of Buchberger. In commutative polynomial algebras,
instead of Grobner-Shirshov basis, the term Grdébner basis is commonly used.



Algorithm. Then an element f € k[x] belongs to I if and only if f is a multiple

of d, i.e., the remainder of the division of f by d is zero. Grobner-Shirshov bases

in multivariate polynomial algebras k[xy,...,z,] (m € N) are analogues of greatest
common divisors in the following sense. Given a finite set F' C k[xq,...,x,,], the
Buchberger algorithm [11] computes a new (finite) set G C k[zy,...,x,], called a

Grobner-Shirshov basis, which generates the same ideal as F' does and a polynomial
f € kl[z1,...,x,] belongs to the ideal generated by F' if and only if the remainder of
the (multivariate) division® of f by polynomials in G is zero.

The fundamental insight and contribution of Grobner-Shirshov basis theory for
commutative polynomial algebras are that every polynomial system can be
transformed, by an algorithm, into a finite Grobner-Shirshov basis. Buchberger’s
algorithm [11] is the first one to compute Grobner-Shirshov bases in commutative
polynomial algebras. The basic idea of the Buchberger algorithm is as follows. Let
F C kl[zy,...,2,] be a finite set. Compute the S-polynomial of any pair of
polynomials from F', and calculate its remainder by multivariate division with
respect to F. Add all nonzero remainders (if exist) to F' and denote the resulting
set by Fj. Now compute remainders (with respect to F;) of S-polynomials of pairs
of polynomials from Fj. If any nonzero remainder exists, add them all to F; and
denote the resulting set by F,. Repeat the above process and we get a chain of
subsets of k[z1, ..., Ty

F=FChCFhc---.

It is shown that the above chain has a finite length, say it terminates with F; for
some [ € N. Thus the algorithm terminates after finitely many steps and Fj is a
Grobner-Shirshov basis of the ideal generated by F'.

The Buchberger algorithm has been implemented in most computer algebra

2The appropriate concept of multivariate division with remainder is a central aspect of the theory.
The definition, properties, and algorithm of multivariate division can be found in standard textbooks
of Grébner-Shirshov bases, e.g., [2, 1, 19].



systems, e.g., Maple, Mathematica, Magma, Singular and Macaulay 2. However,
Buchberger’s algorithm is not efficient, mainly due to the fact that in each loop it
has to calculate a remainder of the S-polynomial for every pair of elements from the
input set. Furthermore, the strategies of selection used during the computation, for
example, the choices of monomial ordering and critical pair, can also be optimized.
There have been extensive efforts in improving the efficiency of Buchberger’s
algorithm in commutative polynomial algebras. Some improvements are concerned
with selection strategies, for example, the algorithms proposed by Giovini et al. [32],
Gerdt and Blinkov [30], and Faugere [22]. Some are concerned with the detection of
superfluous reduction, i.e., the reduction of S-polynomials with zero remainder®, for
instance, the algorithms in Buchberger [12] and Faugere [23]. Among the most
efficient algorithms are signature-based algorithms, which aim to detect superfluous
reductions of S-polynomials. The first signature-based algorithm F5 was proposed
by Faugere [23] in 2002. Since then, several variants of F5 have been presented, for
example, the F5C algorithm by Eder and Perry [21] and F5 with extended criteria
by Hashemi and Ars [34]. Other signature-based algorithms include incremental
algorithms G2V and GVW by Gao et al. [26, 27], XL type algorithms by Courtois
et al. [18] and Ding et al. [20].

Noncommutative (associative) Grobner-Shirshov bases and mnonassociative
Grobner-Shirshov bases have also been widely investigated, for example, the
Grobner-Shirshov  basis theories for free Lie algebras [51] (which implies the
Grobner-Shirshov basis theory of free associative algebras, see also [4, 49]), Weyl
algebras [25], solvable polynomial algebras [38], rings of differential
operators [37, 54, 44], G-algebras [41], skew polynomial rings [17], differential
difference algebras [45], PBW algebras [14, 31], o-PBW extensions [24],

dialgebras [7], metabelian Lie algebras [16], L-algebras [6], semirings [8], and tensor

3The reduction of those S-polynomial is redundant since it gives no contribution to the final
Grobner-Shirshov basis.



product of free Lie algebras [5]. More algebraic structures which admit
Grobner-Shirshov basis theory can be found in the survey article [9].

In contrast to the commutative case, an ideal of a noncommutative algebra does
not mnecessarily have a finite Grobner-Shirshov basis. If it does have a
Grobner-Shirshov basis, we can still use (the noncommutative analogue of)
Buchberger’s algorithm to compute it. However, owing to the noncommutativity, it
is difficult to detect and reject redundant computations effectively. Only recently, a
signature-based algorithm was presented by Sun et al. [52] to compute
Grobner-Shirshov bases in solvable polynomial algebras.

This thesis focuses on the theories, algorithms, and applications of
Grobner-Shirshov bases in two classes of noncommutative algebras: differential
difference algebras and skew solvable polynomial rings, which will be defined in

Section 1.2.

1.2 Differential Difference Algebras and Skew
Solvable Polynomial Algebras

In this section, we introduce the concepts of differential difference algebras and skew
solvable polynomial rings, which are studied in this thesis.
Let k be a field. We assume that all algebras and rings in question are unital and

associative unless otherwise stated.

1.2.1 Differential Difference Algebras

Given a k-algebra A, denote the set of k-algebra automorphisms of A by Aut(A). If
o € Aut(A), then a mapping § on A is called a o-derivation provided that, for any
a,b€ Aand c € k, §(ca+b) = cd(a)+d(b) and d(ab) = (a)d(b) +I(a)b. Particularly,

if o = id then ¢ is called a derivation on A.



On the free left A-module ;- Az, a ring structure is introduced by defining
za = o(a)x + 0(a) for all a € A.

The resulting ring, denoted by Alx; o, 0], is called a skew polynomial ring or an Ore
extension over A. If 6 = 0, then A[z;0,0] = Alz;0] is called an Ore extension of
automorphism type. If o = id, then A[z;0,d] = A[x;0] is called an Ore extension of

derivation type.

Definition 1.2.1 (¢f., [45]) An algebra A is called a differential difference algebra
of type (m,n), m,n > 1, over a subalgebra R C A if there exist elements

St,...,S8n, D1,...,D, in A such that

(i) the set {S¢* - SemDM ... Db -y B, € N1 <4 < m,1 < j < n} forms a

basis for A as a free left R-module.
(i1) Dir =1rD;+ 6;(r) for any 1 <i <n andr € R, where 0; is a derivation on R.

(i1i) Sir = o4(r)S; for any 1 < i < m and r € R, where o; is a k-algebra
automorphism on the subalgebra R[Dy,...,D,] C A such that o;|r € Aut(R)

and 0;(D;) = > )_  ainDy, aiji € R.
(ZU) SZSJ = S]S“ 1 S 'l,j S m; Di’Dj’ = Dj’Di’; 1 S i/,j/ S n.

(v) For any 1 < 4,5 < n and 1 < ¢, j" < m, the composition §; 0 §; = 0 o ¢;,

d;0o0y =0y 00; and gy 00y = 7100y

In the above definition, both subalgebras R[D;, ..., D,| and R[Si,...,S,] of A
are iterated Ore extensions over R, where R[D;, ..., D,| denotes the subalgebra of A
generated by RU{Dy,...,D,} (and similar for the notation R[S,...,S,,]). But, in

general A is not an iterated Ore extension over R.



The class of differential difference algebras contains several other known classes
of algebras.  For instance, commutative polynomial algebras are differential
difference algebras with identity automorphism and zero derivation; a quantum
plane ([39], Chapter IV) is a differential difference algebra of type (1,1) (see
Example 2.2.3). On the other hand, the class of differential difference algebras is
different from several known classes of noncommutative algebras. The following
example distinguishes differential difference algebras from algebras of solvable

type [38], PBW extensions [3], c-PBW extensions [24], and G-algebras [41].

Example 1.2.2 Let A be the k-algebra generated by {D;, Dy, S} with defining
relations { Dy Dy = D1 Dy, D1S = SDy, DoS = SD1}. Then it is easy to see that A is
a differential difference algebra of type (1,2) over k. However, by the defining
relations, A is not an algebra of solvable type [38], nor a PBW extension [3] or a

o-PBW extension [24], and also not a G-algebras [41].

Let D = {Dy,...,D,} and § = {S1,...,Sn}. If Ais a differential difference
algebra over R defined as Definition 1.2.1, we denote A = R[S,D;o,d]. For
a = (o,...,0) € N™ and r € R, we simply write o®(r) = o' - 0% (r),
D* =D -+ D% and |a| = a; + - - + ay,. In particular, D? = 1, the identity of R.
Similarly, we use notation §%(r), S® (8 € N"), and so on. Then every element in A
can be written uniquely in the form: Zaﬂ TasS®DP, where 7,5 € R and only
finitely many r, s are nonzero.

The following example, taken from [45] with some modifications, shows where the

differential difference algebras come from.

Example 1.2.3 Let M,n,p € N and p > 1. Consider the following system, which

arises from the calculation of symmetries of discrete systems (cf., [36]),

Un+M+1 = W(’I’L, Un, Un41y - - 7u7’b+M);



D;F(n, Uy, Unt1, .-, Unsn) =0, 1 <5 <p,

where F' is the unknown function and w is a given function in the field
Q(n, up, ..., upyp) of rational functions over the rational numbers Q in
indeterminates n, t,, Upi1, - - - , Unsar, such that % #0,and D; : T'— T is a linear

operator of the form

8a0+"'+O‘M

- B
DJ_ Z Ca,p©S oaugo”.auo‘M )

a=(ag,...,apr)ENM  BeN n+M

where T' = Q(n, untt 1 t € Z), cap € Q(n,unty 1 t € Z) are multiplication operators
and only finitely many c, 3 are nonzero, and s is the shift operator defined by s(n) =
n+ 1 and s(u,) = Upy1.

A natural approach to deal with this system is to consider the operators D; and
s as elements of the noncommutative algebra generated by operator variables

{S,Dpy...,Dpinr} over R = Q(n, upyy : t € Z), where S denotes the shift operator

s and D, ; denotes the differential operator 8ua+t for 0 <t < M, subject to the

following commutation rules:

19,
DpiyoS = SoDpy g+ - oSoDyiy, 1<t M,
aun-ﬁ-t
0
DyoS = =050 Dy
U,
Dn+t o Dn+t’ - Dn—l—t’ o Dn+t7 0 S t,t, S M7

Sor = s(r)oS, reR;

Dyyior = roD,y+ , reR0OZt< M.

Oy 14

Then A = Q(n,upys : t € Z)[S,D;0,0] is a differential difference algebra of type

(I,M + 1) over R, where §;, = ai- forr n < ¢ < n+M and
olr=s,0(D,) = 3*1(8‘97“”)Dn+M, 0(Dpyt) = Dpye1 + sil(afit)DnJrM for



1<t <M.

Note that the difference operator A, defined by A(u;) = ;1 — u; for i € Z, can
be derived from the shift operator: A =S —id. So the differential difference algebra

in the above example actually involves both differential and difference operators.

1.2.2 Skew Solvable Polynomial Rings

In order to define skew solvable polynomial rings, let us recall some basic definitions
of orderings first. Let N be the set of nonnegative integers. Suppose < is a monomial
ordering on N" n € N, i.e., a total ordering on N” such that 0 € N is the smallest

element in N” and a < 8 implies a + v < 4 7 for any «, 3,7 € N". The set of

Qn .

(standard) monomials in n indeterminates {x1,...,x,} is defined as {z{'---x®

a; € N;1 < i <n}. We also denote z{*--- 2% by z* and call « the exponent of x*
(denoted by exp(z®) = «), where a = (ay,...,a,) € N*. We say 2* < 27 if a < .
Thus, a monomial ordering on N" is also called a monomial ordering on the set of
standard monomials.

For any nonzero f = ) . coxz®, where only finitely many constant c, are
nonzero, the total degree of f is defined as tdeg(f) = max{|a| : ¢, # 0}. The
monomial 27 = max{z® : ¢, # 0} is called the leading monomial of f and c, is

called the leading coefficient of f, denoted by lm(f) and lc(f), respectively.

Definition 1.2.4 Fiz a monomial ordering < on N". Let R and A be two rings with
R C A. Then A s called a skew solvable polynomial ring over R if the following

conditions hold:

(i) There exist finitely many elements x1,...,x, € A such that A is a free left

R-module with basis

M={z=z" 20" a=(o,...,a,) € N'}.

n



(i) For 1 < i <mnandr € R, x;r = o;(r)z; + 6;(r), where o; is an injective ring

endomorphism of R, 0; is a o;-derivation of R, and, for any 1 <1i,7 <mn,

O'iOO'j:O'jOO'i, (5105J:5]O(5@, O'Z'O(Sj:(SjOO'i.

i) For 1 <i < j <mn, there exist 0 # ¢;; € R and p;; € A with lm(p;;)<x;x; such
j J J j

that I’jl’i = Ciinﬂfj +pl]

Then we write A = R(X;0,0,¢,p). Clearly every nonzero element in A can be
uniquely represented as f = Y\ Cax®, where only finitely many c, € R are
nonzero.

Skew solvable polynomial rings are generalizations of several well-known skew

polynomial rings.
Example 1.2.5 Let A = R(X;0,0,¢,p) be a skew solvable polynomial ring.

(i). If R is a field, 0; = idg and §; = 0 for all 1 < i < n, then A is a solvable
polynomial algebra [38]. Any solvable polynomial algebra can be viewed as a

skew solvable polynomial ring in this way:.

(ii). If tdeg(p;;) = 1 for all 1 < i < j < n, then A is a skew PBW extension of
R [24]. Any skew PBW extension can be viewed as a skew solvable polynomial

ring in this way.

Therefore, any ring belonging to the above two classes of rings is a skew solvable
polynomial ring, for example, a Weyl algebra, the universal enveloping algebra of a
finite dimensional Lie algebra, and an Ore extension of automorphism and/or
derivation type. More examples of skew solvable polynomial rings can be found in

Chapter 4.



Skew solvable polynomial rings over a field (i.e., R is a field) also admit a
Grobner-Shirshov basis theory and therefore Buchberger algorithm works there. In
Chapter 4, we generalize the signature-based algorithm proposed in [52] to skew
solvable polynomial ring over a field. The generalized algorithm (Algorithm 4.4.2)
can detect redundant reductions in the traditional Buchberger algorithm, and thus

it is more eflicient.

1.3 Gelfand-Kirillov Dimension

The Gelfand-Kirillov dimension is a very useful and powerful tool for investigating
noncommutative algebras and their modules. Algebraists’ interest in
Gelfand-Kirillov dimension dates mainly from two papers [28, 29] by Gelfand and
Kirillov in 1966. These articles contain a conjecture, known as the Gelfand-Kirillov
Congecture, about quotient division rings of enveloping algebras. The
Gelfand-Kirillov dimension arose from the aim to investigate the conjecture.
Another source of Gelfand-Kirillov dimension is a paper published in 1968 by
Milnor, [48], where the corresponding notion of the growth of a group was
introduced. The Gelfand-Kirillov dimension was then systematically studied by
Borho and Kraft [10] in 1976%. Since then, the properties of Gelfand-Kirillov
dimension have been widely studied and used in many papers and the
Gelfand-Kirillov dimension has become one of standard invariants used in the study
of noncommutative algebras and modules. Basic properties and applications of
Gelfand-Kirillov dimension can be found, for example, in [40], and Chapter 8 of [47].

Now we mainly follow Krause and Lenagan [40] and introduce basic concepts of
Gelfand-Kirillov dimension.

Let k£ be a field and let A be a finitely generated k-algebra. Choose a finite

4As mentioned by Krause and Lenagen [40], “the potential user of [10] should beware; the article
contains several errors that have come to light in last few years”.

10



dimensional subspace V' of A such that 14 € V and A is generated by V as an
algebra (such a V is called a generating subspace of A). Let V" n € N, be the
subspace of A with the k-basis {vivg---v, : v; € V,1 < i < n}. It is obvious that

Vv C Vtl since 1 € V. Then we have that
k:V0§V§V2§---§V"§---§UV”ZA
n=1

with dimg (V™) < oo for all n € N. The asymptotic behavior of the function f(n) =
dimg (V™) provides a useful invariant of the algebra A, known as the Gelfand-Kirillov

dimension of A, and defined as

GKdim(A) = lim log,, dimg (V™).

n—o0

It is shown that GKdim(A) is independent of the choice of the generating subspace
V (see, for example, Chapter 2 of[40]).

In general, we have the following

Definition 1.3.1 Let A be a k-algebra (not necessarily finitely generated). The

Gelfand-Kirillov dimension of A is given by
GKdim(A) = sup lim log,, dim (V")

VYV mM—0o0

where the supremum is taken over all finite dimensional subspaces V of A.

Equivalently,
GKdim(A) = sup{GKdim(B) : B is a finitely generated subalgebra of A}.

The Gelfand-Kirillov dimension of (left) modules is defined as follows.

11



Definition 1.3.2 Let A be a k-algebra, and let M be a left ° A-module. The Gelfand-
Kirillov dimension of M is given by

GKdim(M) = sup lim log, dimy(V"F)

V,F n—oo

where the supremum is taken over all finite dimensional subspace V' of A containing

1 and all finite dimensional subspaces F' of M. Alternatively,

GKdim(M) = sup GKdim(gN)

B,N

where the supremum is taken over all finitely generated subalgebras B of A and all

finitely generated left B-submodules N of M. Note that GKdim(0) = —o0.

From the above definitions, it is clear that GKdim(A), the Gelfand-Kirillov
dimension of A as an algebra, and GKdim(4A), the Gelfand-Kirillov dimension of A
as a left A-module, coincide. In general, the Gelfand-Kirillov dimension of a left
A-module does not exceed the Gelfand-Kirillov dimension of A, that is, we have the

following

Lemma 1.3.3 ([40], Proposition 5.1(d)) Let A be a k-algebra and let M be a left
A-module. Then
GKdim(4M) < GKdim(A).

We are interested in the Gelfand-Kirillov dimension of modules over differential
difference algebras via an algorithmic method. By Lemma 1.3.3, in order to obtain
an upper bound of the Gelfand-Kirillov dimension of a module over a differential
difference algebra, it is quite natural to investigate the Gelfand-Kirillov dimension of
that differential difference algebra first. There have been a number of results

concerning Gelfand-Kirillov dimensions of algebras with derivations and/or

®The Gelfand-Kirillov dimension of a right A-module is defined similarly.

12



automorphisms. For example, the Gelfand-Kirillov dimension of Ore extensions of
derivation type and automorphism type is studied by Lorenz [43], and Huh and
Kim [35], respectively. Matczuk [46] investigates the Gelfand-Kirillov dimension of
PBW-extensions. Zhang [53] clarifies the behavior of Gelfand-Kirillov dimension
under skew polynomial extensions. Recently, the Gelfand-Kirillov dimension of skew
PBW-extensions is studied in [50] by Reyes.

Let us cite an existing result regarding the Gelfand-Kirillov dimension of Ore
extensions. Assume that R is a k-algebra. Let o be an automorphism of R, § be a
o-derivation of R and A = R|x;0,0] be an Ore extension over R. It was shown by

Huh and Kim in [35] that

GKdim(A) > GKdim(R) + 1, (1.1)

where the inequality becomes an equality provided that the following condition holds:

(%) each finite dimensional subspace U of R is contained in a finite dimensional

subspace V' such that o(V) C V and 6(V) C V? for some p > 1.

In Chapter 2 we investigate the Gelfand-Kirillov dimension of differential
difference algebras. We show that Inequality (1.1) of the Gelfand-Kirillov dimension
of Ore extensions can be extended to differential difference algebras, that is, we get
a lower bound of the Gelfand-Kirillov dimensions of differential difference algebras.
However, owing to the noncommutativity of indeterminates of differential difference
algebras, even under conditions similar to (x), the equality does not hold for
differential difference algebras in general. We find an upper bound for the
Gelfand-Kirillov dimension of a differential difference algebra satisfying (analogues
of) condition (%), and give a sufficient condition under which the lower bound is
reached. We also construct an example to show that the upper bound we obtain

cannot be improved.

13



When looking for an algorithm to compute the Gelfand-Kirillov dimensions of
modules over noncommutative algebras, it is natural and reasonable to look at the
existing algorithms in commutative algebras. For commutative algebras, the
dimension of an algebraic variety is the same as the degree of the related Hilbert
polynomial and the latter can be computed by using Grobner-Shirshov bases (see
2], Section 9.3). The Gelfand-Kirillov dimension of a finitely generated module over
a finitely generated algebra is also closely related to the Hilbert function, and thus
it is possible to compute it by using Grobner-Shirshov bases for some specific classes
of noncommutative algebras.  For example, Bueso et al. [15] computed the
Gelfand-Kirillov dimension of a cyclic module over an almost commutative algebra,
Torrecillas [33] considered the Gelfand-Kirillov dimension of finitely generated
graded modules over multi-graded finitely generated algebras, Li [42] extended this
method to cyclic modules over solvable polynomial algebras (also known as PBW
algebras), and Bueso et al. [13] extended this method to finitely generated modules
over PBW algebras.

In Chapter 3 of the thesis, after we generalize the Grobner-Shirshov basis theory
developed by Mansfield and Szanto [45], we propose an algorithm (Algorithm 3.6.3),
based on the construction of Grobner-Shirshov bases of left ideals of differential
difference algebras, to compute the Gelfand-Kirillov dimension of a finitely

generated module over a differential difference algebra.
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Chapter 2

Gelfand-Kirillov Dimension of

Differential Difference Algebras

In this chapter, we investigate the Gelfand-Kirillov dimension of differential difference
algebras. We give a lower bound of the Gelfand-Kirillov dimension of a differential
difference algebra and a sufficient condition under which the lower bound is reached;
we also find an upper bound of this Gelfand-Kirillov dimension under some specific
conditions and construct an example to show that this upper bound can not be
sharpened any further.

The article version [14] of this chapter has been accepted for publication by LMS

Journal of Computation and Mathematics.

2.1 Introduction

Differential difference algebras (Definition 2.2.1) arose naturally from differential
difference equations [2, 10]. The class of differential difference algebras contains
several well-known classes of noncommutative algebras, for example, commutative
polynomial algebras, quantum planes, and skew polynomial algebras of derivation

(or automorphism) type. Rougly speaking, a differential difference algebra is a
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noncommutative polynomial ring (over an algebra) with two sets D and S of
indeterminates, where D originally stands for differential operators and S originally
stands for shift operators (the difference operators can be derived from S).
Operators in D (S, respectively) commute with each other, but not with those in S
(D, respectively). The exact definition is given in Section 2.

Let k be a field and A be a unital associative k-algebra. The Gelfand-Kirillov
dimension of A is defined as

GKdim(A) = sup lim log,, dim (V")

VYV M=o

where the supremum is taken over all finite dimensional subspaces V' of A. The
Gelfand-Kirillov dimension is a very useful and powerful tool for investigating
noncommutative algebras. Basic properties of Gelfand-Kirillov dimension can be
found in [7].

There have been a number of results concerning Gelfand-Kirillov dimensions of
algebras with derivations and/or automorphisms, for example, the Gelfand-Kirillov
dimension of Ore extensions of derivation type [9], of Ore extensions of automorphism
type [3], of PBW-extensions [11], and of skew polynomial extensions [13].

Assume that R is a unital associative k-algebra. Let ¢ be an automorphism of R,
d be a o-derivation of R and A = R[x;0,6] be an Ore extension over R. It was shown

in [3] that

GKdim(A4) > GKdim(R) + 1; (2.1)

the inequality becomes an equality provided that the following condition holds:

() each finite dimensional subspace U of R is contained in a finite dimensional

subspace V' such that o(V) C V and (V) C V? for some p > 1.
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In this chapter we investigate the Gelfand-Kirillov dimension of differential
difference algebras. We show that Inequality (2.1) of the Gelfand-Kirillov dimension
of an Ore extension can be extended to differential difference algebras, that is, we
get a lower bound of the Gelfand-Kirillov dimensions of differential difference
algebras. However, owing to the noncommutativity of indeterminates of differential
difference algebras, even under conditions similar to (x), the equality does not hold
for differential difference algebras in general. We find an upper bound for the
Gelfand-Kirillov dimension of a differential difference algebra satisfying (an
analogues of) condition (x), and give a sufficient condition under which the lower
bound is reached. We also construct an example to show that the upper bound we
obtain cannot be sharpened any more.

This chapter is organized as follows. Definition and examples of differential
difference algebras are given in Section 2. The Gelfand-Kirillov dimension of

differential difference algebras is investigated in Section 3.

2.2 Preliminaries

Throughout this chapter, we assume that k is a field and all algebras are unital
associative k-algebras. Denote the set of k-algebra automorphisms of the algebra A
by Aut(A). If 0 € Aut(A), then a mapping 6 on A is called a o-derivation provided
that, for any a,b € A and ¢ € k, 6(ca+b) = cd(a)+(b) and d(ab) = o(a)d(b) +6(a)b.
Particularly, if ¢ = id then ¢ is called a derivation on A.

First we recall the definition of differential difference algebras, which was

introduced by Mansfield and Szanto [10] with some discussions of Grébner bases.

Definition 2.2.1 (¢f., [10]) An algebra A is called a differential difference algebra
of type (m,n), m,n > 1, over a subalgebra R C A if there exist elements

St,...,8m, Di,...,D, in A such that
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(i) the set {S¢* - SemDM ... Db -, B, € N;1 < i < m,1 < j < n} forms a

basis for A as a free left R-module.
(ii)) Dyr =1rD;+ 6;(r) for any 1 <i <n andr € R, where 0; is a derivation on R.

(i1i) Sir = oy(r)S; for any 1 < i < m and r € R, where o; is a k-algebra
automorphism on the subalgebra R[Dy, ..., D,] C A such that o;|r € Aut(R)

and 05(D;) = 3"  aiuDy, ai € R.
(Z’U) SZS] = SjSi7 1 S 2,] S m; DZ'/Dj/ = Dj/Di/, 1 S i/,j/ S n.
(’U} DZS] = SjO’j(Di), 1 < 1 < 77,,1 g] <m.

(vi) For any 1 < i,j < n and 1 < 7,5 < m, the composition §; o §; = d; o &,

000y =0y 00; and gy 00y = 0Tj100y.

Remark 2.2.2 In the above definition, both subalgebras R[D;,...,D,] and R[S,
.., Sm] of A are iterated Ore extensions over R. But, in general A is not an iterated

Ore extension over R.

The class of differential difference algebras contains several other known classes of
algebras, for example, commutative polynomial algebras, quantum planes, and skew

polynomial algebras of derivation (or automorphism) type.

Example 2.2.3 Let 0 # q € k and I, be the two-sided ideal of the free associative

algebra k{x,y) generated by the element yxr — qry. Then the quotient algebra

kq[x,y] = k(x,y)/fq

is called a quantum plane ([6/, Chapter IV). It is easy to see that k,[x,y| is a

differential difference algebra of type (1,1) over k.
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The following example distinguishes differential difference algebras from algebras

of solvable type [5], PBW extensions [1], and G-algebras [8].

Example 2.2.4 Let A be the k-algebra generated by {D;, Dy, S} with defining
relations R = {Dy Dy = D1 Dy, D1.S = SDy, D3S = SD;}. Then it is easy to see that
A is a differential difference algebra of type (1,2) over k. However, by the defining

relations, A is not an algebra of solvable type [5], nor a PBW extension [1] or

G-algebras [8].

Let D = {Dy,...,D,} and S = {5,...,S,}. If Ais a differential difference
algebra over R defined as Definition 2.2.1, we denote A = RI[S,D;o,d]. For
a = (ag,...,a,) € N™ and r € R, we simply write o%(r) = o ---o5m(r),
D* =D --- D% and |a| = aj + -+ + a,,. In particular, DY = 1, the identity of R.
Similarly, we use notation §%(r), S# (8 € N"), and so on. Then every element in A

can be written uniquely in the form: > ; TasS*DP where r,5 € R and only

finitely many r, g are nonzero.

The following example is taken from [10] with some modifications. This example

shows where the differential difference algebras come from.

Example 2.2.5 Let M,n,p € N and p > 1. Consider the following system, which

arises from the calculation of symmetries of discrete systems (cf., [4]),

Un+M+1 = W(n, Unp, Un41y - - ,U»,H_M);

D;F(n, Uy, Unt1, - Untn) =0, 1 <5 <p,

where F' is the unknown function and w is a given function in the field
Q(n, up, ..., upyp) of rational functions over the rational numbers Q in

. . dw . . .
indeterminates n, t,, Upi1, - - -, Unsar, such that . #0,and D; : T — T is a linear
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operator of the form

oot tay,

e B
D; = > Cap 080 o
a=(ag,...,apr)ENM  BeN n n+M

where T' = Q(n, untt 1 t € Z), cap € Q(n,unst 1 t € Z) are multiplication operators
and only finitely many ¢, s are nonzero, and s is the shift operator defined by s(n) =
n+ 1 and s(u,) = Upy1.

A natural approach to deal with this system is to consider the operators D; and
s as elements of the noncommutative algebra A generated by operator variables

{S,Dpy...,Dpinr} over R = Q(n, upyy : t € Z), where S denotes the shift operator

s and D, ; denotes the differential operator 813“ for 0 < t < M, subject to the

following commutation rules:

0
D,,;0S = SoD, 1+ o oSoDuiy, 1<t< M,
ojy
0
DnoS = —2 0S80 Dur
Oy,
DpitoDpyy = DypppoDyyy, 0<tt <M,

Sor = s(r)oS, reR,
or

Oy gt

Dn_HOT = TODn+t+ s TER,OStSM

Then A = Q(n,upys : t € Z)[S,D;0,0] is a differential difference algebra of type

(I,M + 1) over R, where §;, = 82 for n < ¢ < n+M and
O—‘R =S, U(Dn) = S_1<88u_wn)Dn+M7 J(Dn+t) = Dn+t_1 + 8_1(85:+t)Dn+M fOl"
1<t < M.

Note that the difference operator A, defined by A(u;) = u;y1 — u; for i € Z, can
be derived from the shift operator: A = S —id. So the differential difference algebra

in the above example actually involves both differential and difference operators.
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2.3 Bounds of the Gelfand-Kirillov Dimension

In this section, we consider the Gelfand-Kirillov dimension of differential difference
algebras.

We first fix our notation. Let GKdim(A) denote the Gelfand-Kirillov dimension
of an algebra A, dim(V') denote the dimension of a k-vector space V', and card(T)
denote the cardinality of a set T'. Recall that, for r, s € N, the binomial coefficient
(Z)z%ifogsgr;and (Z):Oif3<00rs>r.

The Gelfand-Kirillov dimension of an Ore extension has been discussed in [3].

Proposition 2.3.1 (/3], Corollary 2.4, cf., [7], Proposition 3.5.) Let R be a
k-algebra and A = R[D;0,d] be an Ore extension. Suppose that, for each finite
dimensional subspace U of R, there exists a finite dimensional subspace V' of R such
that U C V, o(V) C V and (V) C VP for some p > 1.  Then
GKdim(A) = GKdim(R) + 1.

We want to consider the Gelfand-Kirillov dimension of differential difference
algebras satisfying “similar” conditions as in Proposition 2.3.1. Our goal is to find a
lower bound and an upper bound of the Gelfand-Kirillov dimension of such a
differential difference algebra.

The following proposition gives a general lower bound of the Gelfand-Kirillov

dimension of a differential difference algebra.

Proposition 2.3.2 Let R be a k-algebra and A = R[S, D;0,6] be a differential

difference algebra of type (m,n). Then GKdim(A) > GKdim(R) + m + n.

Proof. Suppose that V' is a finite dimensional generating subspace of R and 1 € V.

Then
W = V—i—i:kDi—irzm:ij
i=1 j=1
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is a finite dimensional generating subspace of A. For any r € N,

W = (V4> kDi+> kS)™ 2> Y V'SeD.
=1 7=1 aeN™ BeN™
0<lal, |8|<r

For any k-basis U of V", the set
{uS*DP :u e U,0< |al,|8| <r,a € N",3 € N"}

is a k-basis of Z V'S*DP. Hence, we have that

0<|al,|Bl<r

dim(W*) > dim | >  V'§*D
0<lal |l <r

= dim(V") - card({a:0<a; +...+a, <r})

ccard({B:0< B+ ...+ 5, <r})
= dim(V")- <T+T:L_1> : (T+Z_1),

where (HZ*I) and (Hzfl) are polynomials in r of degree m and n respectively.

Hence,

GKdim(4) > lim log, dim(W") = lim log, dim(W*")
T—00

r—00

Tom log, <dim(V’")- <r+m— 1) . (7‘+n— 1>)
7—00 m n

= GKdim(R)+m+n

v

where the first equality holds since dim(7W") and dim(WW?3") (as functions of r) have

the same growth ([7], Chapter 1 and Lemma 2.1). B

In the special case R = k, the equality in the above proposition holds, i.e., we

have the following proposition, which indicates that the lower bound of GKdim(A)
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obtained in Proposition 2.3.2 can not be sharpened any more.

Proposition 2.3.3 Let A = k[S,D;0,9] be a differential difference algebra of type
(m,n) over k. Then GKdim(A) =m + n.

Proof. Let V =Fk + Z kD; + Z kS;. Then V is a finite dimensional generating
i=1 j=1
subspace of A. For any r € N,

Vi=(k+Y kDi+ Y kS S > k8D’
i=1 j=1 <ol |8l<r
where the last inclusion holds since
D’s*e Y kS*D¥, aeN" BeN"
B'eN™,|B'|=|8]

So, dim(V") < (""" - ("), Hence, GKdim(A) < m-+n and thus by Proposition

m

2.3.2 GKdim(A) =m +n. &

Now let us turn to upper bounds for GKdim(A). First we consider the case when

R is finitely generated.

Lemma 2.3.4 Let R be a k-algebra with a finite dimensional generating subspace V',

and let A = R[S, D;0,0] be a differential difference algebra of type (m,n). Suppose

that o;(V) CV for 1 <i<m. Then GKdim(A) < 2GKdim(R) + m + n.
Furthermore, if, for all1 <i <m and1 < j <n, 0,(D;) is contained in the vector

space over k generated by {D1, ..., Dy}, then GKdim(A) = GKdim(R) + m + n.

Proof. Since V is a generating subspace, there exists p > 1 such that

aijlevpa 61(V)gvp7 1§2al§na 1§]§m7
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where the a;;; are the coefficients that appear in Definition 2.2.1. Then

S(VH CVPH g (VY CVH, 1<i<n, 1<j<m, t>1.

So, eventually replacing V' by V? if necessary, we may assume that
1eV,5(V)CVEo(V)CV, 1<i<n, 1<j<m.

Let X = ZkDi, Y = ZkS’j and W =V + X +Y. Then W is a generating
i=1 Jj=1
subspace of A.

In order to finish the proof of the first statement of the this lemma, we have to

prove the following three lemmas first.
Lemma 2.3.5 For any integer s > 1,
(i) XY CVYX, XVCVX+V2 YV =VY.

(ii). X3V €Y Virxe
=0
s—1

(iii). X°Y C Y VY X

=0

(). If 0;(D;) € X forall1 <i<m and1<j<n, then XY =Y X.

Proof. (i). It follows easily by definition. (ii). (By induction on s.) If s = 1, then
we have XV C VX +V? by the commutation rules of differential difference algebras.

Suppose that X"V C Z VL X" for 1 <r <s. Then
i=0

Xs+1v C X VX + V2 Z Z+1Xsfi+1 + Z ViJrlefiV
1=0 1=0

Z VH—le H—l +1 i Vj+1Xs—i—j

N



s s st

— Z Vi‘i’lXS*Z’*F]. + Z Z Vi+j+2X87i,j

i=0 =0 5=0
s s s+1
_ sz‘—l-le—i—H + Z Z Vl+1Xs—l+1 (l =i+ + 1)
=0 =0 [=i+1
s s+1
_ Z Vi+1Xs—i+1 + Z Vl+1Xs—l+1
i=0 =1
s+1
— Z Vi-i-le—i-‘rl‘
i=0

Thus (ii) holds for all s > 1.
(iii). (By induction on s.) If s = 1, then we have V'Y X' O XV by (i), and thus

r—1
(iii) holds. Suppose that X"Y C Z VY X" for all 1 <r < s. Then,
i—0

Xy © X(VYX)C > VEXTYX  (by (i)
=0
s—1
_ Z VHLXSY X 4 VSHlY X

=0
s—1 s—i—1
Z Vi—l—l Z Vs—i+jYXs—i—j+1 + VSHYX
i=0 j=0
s—1 s—i—1
_ Z Z verjJrlyxsfifjJrl + Vstly x

i=0 j=0

s—1 s—1
= ) ) vty X L vy X (=i 4+ )
=0 [=i
s—1 s—1
Z Z Vs+l+1YXs—l+1 + Vs+1YX
=0 [=0
s—1 s
_ Z Vs+l+1YXs—l+l + VS—HYX C Z VS+Z+IYXS_Z+1.

=0 =0

N

N

Hence (iii) holds.

(iv) is straightforward. B
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roor—i

Lemma 2.3.6 For allr > 1, W" C Z ZVWYin.

Proof.

i=0 j=0

(By induction on r.) If r = 1, then the right hand side of the inclusion is

V24 V2X 4+ V%Y D W. Suppose the statement is true for » > 1. Then, by induction

hypothesis,

N

N

N

N

Wt C Z Z V*'YXI(V+X+Y) (induction hypothesis)

i=0 j=0
S S v s Y S s 3 S vrey
i=0 j—O i=0 j=0 i=0 j=0
Z Z vy’ Z Vit xi (by Lemma 2.3.5(ii))
=0 7=0
oy S v
i=0 j=0
+> Z vy’ Z vitly xi-t (by Lemma 2.3.5(iii))
=0 7=0
ZV% Himprlyi X (p:=j—1)
=0 7=0 p=0
r r—i+l1
+> 0N vryixd (shift index j)
=0 j=1
r+1 r—i+1 J
+3 0NN vy (shift ¢ and p == j — {)
i=1 j=0 p=1
roor—i r—i r r—i+1
V2r +r— p+1yzxp_|_z Z V2r Y’LX]
=0 7=0 p:O =0 gj=1

r+1 r—i+1r—i+1

+Z ZO Z V2r +2r—pyi P
J

=1 p=1
r ror—itl r+1 r—i+1
ZZV% +r— p+1szp+Z Z V2r YzX] +Z Z V?r +2r— pszp
i=0 p=0 =0 j=1 i=1 p=1
gi ril VQ(?"-i-l)QY”in‘
i=0 j=0
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Therefore, W" C Z Z V'YX for any r > 1. B

i=0 j=0

Lemma 2.3.7 Let f : N — R be an increasing and positive valued function, and

p>1. Then

lim log,, f(pn?) < 21im log, f(n).
n—oo n—oo

Proof. Let d= Elogn f(n). By Lemma 2.1 of [7],
d=inf{p € R: f(n) < n’ for almost all n € N}.
Hence, for any € > 0, f(n) < n?* for almost all n. So
f(pn?) < (pn?)?te = ptten2dt2e < p2443 for almost all n.

Therefore, lim log, f(pn?) < 2d = 21im log, f(n). B
n—oo n—oo

Now let us return to the proof of Lemma 2.3.4. Let f(r) = dim(V") for r € N.

Then

] = . - T . ~ 2r2y iy
GKdim(A) = rlgglo log, dim(W") < rlg(r)lo log, dim (Z Z VIYX )

i=0 j=0

= Tim log, <dim(v2*2) > i dim(Y") dim(X? ))

r—00
i=0 j=0

e (eSS 0Y)

i=0 j=0

T 2 i s itm -l
T o, 7(2r%) + i log, ) ()

0 (i tn—1
lim 1
tE&O&Z( el )

Jj=0

IN

IN

2 GKdim(R) +m + n
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where the last inequality holds because of Lemma 2.3.7 and the fact that if p(7) is a

polynomial in i of degree s then Z p(i) is a polynomial in r of degree s + 1.
i=0

For the second statement of Lemma 2.3.4, we need the following

Lemma 2.3.8 Under the assumptions of the second statement of Lemma 2.5.4, we

have that W™ C Z Z Ver-isiyixi for all r > 1.
i=0 j=0
Proof. Similarly to Lemma 2.3.6, this lemma can be proved by induction on r. It is

roor—i

easy to check that the inclusion is true for » = 1. Suppose W" C Z Z YAyt xi
i=0 j=0
for r > 1. Then, by the induction hypothesis and Lemma 2.3.5(ii) and (iv), we have

that

roor—i

W’r—|—1 g Z Z (VQ’I‘—Z—]YZX]V + VQT—i—jinj-i-l + VQT_’L_]YZX]Y)
=0 j=0

r r—i 7
c N vry (Z Vl+1XH) (by Lemma 2.3.5(ii))
i=0 j=0 1=0
n Z Z y2r—i—iyi it Z Z V2r—imiyitl i
i=0 j=0 i=0 j=0
r o r—i J
— V2r—i—t+1int ( — ,] . l)
i=0 j=0 t=0
r r+l—i
+3 0N yEiily X (shift index j )
i=0 j=1
r+1 r—i
+ 3N T vFIHYIXT (shift index i )
i=1 j=0
r+1 r+l1—2
c Z Z V2D —i—jyi i
i=0 =0
That proves our lemma. H
By the above lemma, W" C ZZVzT_i_jYin C ZZVzTYin. Hence,
i=0 j=0 i=0 j=0

by a similar argument as we used in the proof of the first statement of Lemma
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2.3.4, we have that GKdim(A) < GKdim(R) + m + n. Thus, by Proposition 2.3.2,
GKdim(A4) = GKdim(R) + m +n. &

Now we are in a position to state our main theorem.

Theorem 2.3.9 Let R be a k-algebra and A = R[S, D; 0, 0] be a differential difference
algebra of type (m,n). Suppose that for any finite dimensional subspace U of R there

exist a finite dimensional subspace V' of R and an integer p > 1 such that

UCV, o;(V)CV, §(V)CVP, 1<i<m,1<j<n.

Then
GKdim(R) + m +n < GKdim(4) < 2 GKdim(R) + m + n.

Furthermore, if, for all1 <i <m and 1 < j < n, 0;(D;) is contained in the vector

space over k generated by {Dy, ..., D,}, then

GKdim(A4) = GKdim(R) +m + n.

Proof. Let W be a finite dimensional subspace of A with a k-basis wy,...,w,,q €
N. Note that each w;,1 < i < ¢, is a polynomial in Dy,...,D,,5,...,5, with
coefficients in R. Let U be the subspace of R spanned by all the coefficients (in R) of
wy, ..., w, and all a;j; (defined in Definition 2.2.1), 1 < 4,1 <n,1 < j <m. Then U
is finite dimensional and hence there exist a finite dimensional subspace V' of R and
an integer p > 1 such that U CV, ¢;(V) CV, 6;(V) CVPfor1 <i<m,1<j<n.
Let B be the subalgebra of R generated by V. Then 0,(B) C B, 0,(D,) € B[D; /]
and 6;(B) C Bfor1 <i<m,1<j,l<n. Thatis, A= B[S, D;0,J] is a differential

difference algebra satisfying the conditions of Lemma 2.3.4. Note that W C A’. So,

35



by Lemma 2.3.4, we have

Tim log, dim(W") < GKdim(A") < 2GKdim(B) + m +n < 2 GKdim(R) + m + n.

T—00

Thus GKdim(A) < 2 GKdim(R) + m + n since W is arbitrary. Therefore, by Lemma
2.3.2, GKdim(R) + m+n < GKdim(A) < 2 GKdim(R) + m + n. That completes our
proof of the first statement.

The second statement follows similarly by using the second part of Lemma 2.3.4.

Immediately from Theorem 2.3.9, we have the following corollaries.
Corollary 2.3.10 The quantum plane k,[x,y| has Gelfand-Kirillov dimension 2.

Recall that an algebra A is called locally finite dimensional if every finitely

generated subalgebra of A is finite dimensional.

Corollary 2.3.11 Let R be a k-algebra and A = R[S,D;o0,d] be a differential
difference algebra of type (m,n) satisfying the conditions of the first statement of
Theorem 2.3.9.

(i). If R is locally finite dimensional, then GKdim(A) = m + n.
(11). If GKdim(R) < oo, then GKdim(A) < oo.

Proof. (i). It follows from the fact that GKdim(R) = 0 if and only if R is locally
finite dimensional.

(ii). This is clear. B

Note that if we set R = k in Theorem 2.3.9, then the conditions of the theorem
are satisfied. Thus Theorem 2.3.9 implies Proposition 2.3.3.
The following example shows that the upper bound of GKdim(A) stated in

Theorem 2.3.9 is the “best” one under the given conditions.
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Example 2.3.12 Let A be the k-algebra generated by {z,27', D, S} with defining

relations

R={z2z'=1, z'2=1, Dz=2zD, Sz=2z5,

Dz'=2"'D, Sz'=:71S, DS=2:8D}.

Let R = k[z,z7 '] be the algebra of Laurent polynomials over k, and let o be the

automorphism of the algebra R[D] C A defined by

! !
ZCIDZ :Zc, [>0,¢; € R for0<i <.

=0 =0

Then A = R[S, D;0,0] is a differential difference algebra of type (1,1) and
GKdim(A) = 2 GKdim(R) + 1+ 1 = 4.

Proof. It is easy to see that A can be thought of as an iterated Ore extension over

R: A = R[S;id,0][D;¢’,0] where ¢’ is the automorphism over R[S] defined by
I
chS’ :ch [>0,c;e Rfor 0 <17 <.
1=0 1=0

Hence {S'D? : i,j € N} forms an R-basis of A. Thus A is a differential difference
algebra.

Note that the restriction of ¢ on R is the identity automorphism of R. It is clear
that A satisfies all conditions of Theorem 2.3.9. So, by Theorem 2.3.9, GKdim(A) <
2 GKdim(R) + 2. Since GKdim(R) = 1 (see, for example, Corollary 8.2.15 of [12]),
GKdim(A) < 4.

Note that DS = So(D) = SzD = zSD. Then one can prove that DS = 27SDJ

by induction on j, and then that D’S® = 2¥S*DJ by induction on i. Now we claim
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that

B:={/8DI:0<i+j<r0<I<ij}CW" r>1,

where W = k + kz + kz=! + kD + kS is a generating subspace of A. Suppose
r>1,0<i4+j57<r0<l<ijand writel =qj+pwith0<¢g<:,0<p<yj. If

q=1,then p=0,l =ij and 2!S'DJ = 245D} = DIS" € W. If ¢ < i, then

S PP DITPGY — (P GiI-lg pPDITP G

— PSTIDISY = U SITIgIDI = G DI,

Since (i—q—1)+p+1+(j—p)+q=i+j <r 2!S'DI = S=4"1DrSDI—PS1 ¢ ™.
Thus our claim holds.

It is clear that B is k-linearly independent. Then by our claim,

~ 1, 14 5
dim(W") > card(B) = Z Z(zy +1)= er4 + 57’3 + ZTQ +2r+1.
i=0 j=0

Thus, GKdim(A) > lim log, dim(W") > 4. Therefore, GKdim(A4) = 4. ®

r—00
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Chapter 3

Gelfand-Kirillov Dimension of
Modules over Differential

Difference Algebras

In this chapter, we investigate the Gelfand-Kirillov dimension of a finitely generated
module over a differential difference algebra through a computational method:
Grobner-Shirshov basis method. We develop the Grobner-Shirshov basis theory of
differential difference algebras, and of their finitely generated modules, respectively.
Then, via Grobner-Shirshov bases, we give algorithms for computing the
Gelfand-Kirillov dimensions of cyclic modules and finitely generated modules over
differential difference algebras.

The article version of this chapter has been accepted for publication by Algebra

Colloquium.
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3.1 Introduction

Let k& be a field, A be an associative k-algebra with identity 1, and M be a left

A-module. Then the Gelfand-Kirillov dimension of M ([15], Chapter 5) is defined by

GKdim(M) = sup lim log, dim,(V"F)
V,F o0

where the supremum is taken over all finite dimensional subspaces V' of A containing
1 and all finite dimensional subspaces F' of M. Gelfand-Kirillov dimension is a very
useful tool for investigating modules over noncommutative algebras. Basic properties
and applications of Gelfand-Kirillov dimension can be found in [15].

Grobner-Shirshov basis theory is a powerful computational tool for both
commutative and noncommutative algebras (see the survey [7], and more algebraic
structures which admit Grébner-Shirshov basis theory can be found in, for example,
dialgebras [5], metabelian Lie algebras [10], L-algebras [4], semirings [6]). For
commutative algebras, the dimension of an algebraic variety can be efficiently
computed by using Grobner-Shirshov bases to compute the growth of the Hilbert
function (or Hilbert polynomial) (see [2]). The Gelfand-Kirillov dimension of a
finitely generated module over a finitely generated algebra is also closely related to
the Hilbert function and thus it is possible to compute it for some specific classes of
noncommutative algebras by using Grobner-Shirshov bases. For example, Bueso et
al. [9] computed the Gelfand-Kirillov dimension of a cyclic module over an almost
commutative algebra, Torrecillas [12] considered the Gelfand-Kirillov dimension of
finitely generated graded modules over multi-graded finitely generated algebas, Li
[17] extended this method to cyclic modules over solvable polynomial algebras (also
known as PBW algebras), and Bueso et al. [8] extended it to finitely generated
modules over PBW algebras.

Differential difference algebras were first defined by Mansfield and Szanto in [18],
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where they arose from the calculation of symmetries of discrete systems. Differential
difference algebras are generalizations of several classes of (skew) polynomial
rings/algebras, e.g., commutative polynomial algebras, skew polynomials of
derivation/automorphism type ([19], Chapter 1) and the quantum plane ([14],
Chapter IV). Mansfield and Szanto [18] developed the Grobner-Shirshov basis
theory (where they use the term Grobner bases instead) of differential difference
algebras by using special kinds of left admissible orderings, which they called
differential difference orderings. In this chapter, we generalize the Grobner-Shirshov
basis theory of differential difference algebras to any left admissible ordering and
develop the Grobner-Shirshov basis theory of finitely generated free modules over
differential difference algebras. By using the theory we develop in this chapter, we
compute the Gelfand-Kirillov dimensions of finitely generated modules over
differential difference algebras.

This chapter is organized as follows. We give the definition and properties of
differential difference algebras in Section 2. In Section 3, we generalize the main
results of Mansfield and Szanto [18] on Grobner-Shirshov bases to differential
difference algebras with respect to differential difference monomial orderings (see
Definition 3.3.1). Then, in Section 4, we apply the theory we develop to compute
the Gelfand-Kirillov dimension of a cyclic module over a differential difference
algebra.  We develop the Grobner-Shirshov basis theory of finitely generated
modules over differential difference algebras in Section 5. Finally we investigate the
Gelfand-Kirillov dimension of finitely generated modules over differential difference

algebras in Section 6.
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3.2 Preliminaries

Throughout this chapter, we assume that k is a field with characteristic 0 and all
algebras are unital associative k-algebras. A mapping ¢ on a k-algebra A is called a
k-derivation (or only derivation for short) on A provided that, for any a,b € A and
cek,d(ca+b) =cd(a)+9(b) and 6(ab) = ad(b)+0(a)b. If R C A is a subalgebra and
ai,...,a, € A, where pis a positive integer, then R(ay, ..., a,) denotes the subalgebra
of A generated by R and {ai,...,a,}.

First we recall the definition of differential difference algebras.

Definition 3.2.1 (cf., [18]) An algebra A is called a differential difference algebra
of type (m,n), m,n € N, over a subalgebra R C A if there exist elements

St,...,Sn, D1,...,D, in A such that

(i) the set {So---SemDP ... DB+ oy . oy, Bus- .., B € N} forms a basis for
A as a free left R-module.

(i1)) Dyr =1rD;+ 6;(r) for any 1 <i <n andr € R, where 0; is a derivation on R.

(iii) Sir = o, (r)S;, or equivalently rS; = S;o4(r), for any 1 < i < m and r € R,
where o; is a k-algebra automorphism on the subalgebra R{(D;,...,D,) C A
such that the restriction o;|r is a k-algebra automorphism on R and o,(D;) =

Z?:l CLilel, Qi 1 € R.
(ZU) DzS]:SJO'j(DZ>, 1§2§n,1§]§m
(’U) SZSJ = S]S“ 1 S 'l,j S m; Di’Dj’ = Dj’Di’; 1 S Z'/,j/ S n.

(vi) For any 1 < i,5 < n and 1 < ¢, j < m, the composition 6; 0 §; = 0 o ¢;,

d;0o0y =0y 00; and gy 00y = Tj1 00y
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Let D = {Dy,...,D,} and § = {S1,...,Sn}. If Ais a differential difference
algebra over R as defined above, we denote A = R[S,D;0,d]. Denote S*DF =
SO ... §em DO DB for ov = (v, ... am) €N B = (B, ..., Ba) € N

Remark 3.2.2 Differential difference algebras can be also defined as iterated Ore

extensions:

R[Dq;61] -+ [Dn; 6,][S1501] - - - [Sins o4

with careful choices of o and § to get conditions (v) and (vi) in the above definition.
In the language of iterated Ore extensions, it is natural to take the set {D°S* :
a € N™ g € N"} as a standard R-basis of A. However, in Definition 3.2.1, we take
{8°DP : a € N™, 3 € N"} rather than {D’S® : o € N™ 3 € N"} as a standard R-
basis of A since the former has more advantages related to computational properties
of A. For example, the usual degree-lexicographical ordering (Example 3.3.2) works
well as a left admissible ordering (which is essential to develop Grébner-Shirshov basis

theory of A) with S*D?, but not with DS,

Several well-known classes of skew polynomial algebras are contained in the class of
differential difference algebras. On the other hand, an arbitrary differential difference
algebra does not necessarily belong to well-known classes of noncommutative algebras
such as algebras of solvable type [13], nor PBW extensions [3] or G-algebras [16], see
Example 3.3.4 and Remark 3.3.5.

Example 3.2.3 (i) An Ore extension (also known as a skew polynomial ring, see
Section 1.2 of [19]) R[z; 0] of automorphism type over an algebra R is a differential
difference algebra over R of type (1,0), while any Ore extension R[z;d] of derivation
type is a differential difference algebra of type (0, 1).

(ii) Let 0 # g € k and I, be the two-sided ideal of the free associative algebra

k(z,y) generated by the element yz — gry. Then the quotient algebra k,[z,y] =
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k{z,y)/I, is called a quantum plane ([14], Chapter IV). It is clear that k,[z,y] is a

differential difference algebra over k of type (1,1).

Next we fix our notation. For v = (avq, ..., ) € N 5= (5,...,0,) € N* and
¢ € R, denote 0%(c) = 0" -+~ oy (c), la| = a1 + -+ + . As usual, DY = S9 = 1,
the identity of R. An element in M = {S®D? : o« € N™, 8 € N} is called a standard
monomial. Moreover, set Mg = {8* : @ € N} and Mp = {D? : 8 € N"}. Let
u = S“DP € M. Then the total degree of u is defined as tdeg(u) = |a| + |3|, and
the total degree of u with respect to S; (Dj, respectively) is defined as tdegg (u) = a;
(tdegp, (u) = Bj, respectively). For i € N, let M; = {u € M : tdeg(u) = i} and
Mo ={ue M : tdeg(u) < i}.

Define the support of (0 #)f € Aas Supp(f) ={u; e M : f => cu;, 0 # ¢; € R}
and define the (total) degree of f as tdeg(f) = max{tdeg(u) : u € Supp(f)}. Note
that if 0 # ¢ € R then Supp(c) = {S§°D°} = {1} and tdeg(c) = 0. The degree of 0 is

defined as —oo.

With the above notation, we have the following lemmas.
Lemma 3.2.4 Suppose a« € N, 5 € N* and f,g € A. Then we have
(i) tdeg(c”®(D?)) = tdeg(D?).

(i) tdeg(fg) = tdeg(f) + tdeg(g).

Proof. One can prove the first statement via the following two steps:
tdeg(o;(D%)) = tdeg(D*) (1 < ¢ < m) by induction on |«a|, and
tdeg(o”?(D®)) = tdeg(D*) by induction on |3|. The second statement follows from

the first one. W

Lemma 3.2.5 Suppose o € N™ and = (f1,...,0,) € N*. Then

(i) DPS* = §%%(DP) = 8o 052 - - 0% (DP)]. More generally, fS* = S%c*(f)
for any f € R(D).
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(i) S*DF = o7(DP)8* = [o7 %052+ 0,°m(D?)]|S%, where o, = (o;7")* for

7

1 <i<m. More generally, S“f = o=*(f)S* for any f € R(D).

Proof. It follows from the definition of differential difference algebras by induction.

For a,8 € N* we say a < fif a; < §; for 1 < i < n. Define a 4+ § =

(Oél"i_ﬁla“-aan"i_ﬁn) anda—ﬁz(al_ﬁlw--;an_ﬁn>'

Lemma 3.2.6 Foranyr € R, 1<i<n and a = (ay,...,q;) € N,

where 8= (P1,...,5;) € N
Proof. It can be proved by induction on |a|. B
The following theorem will be used later.

Theorem 3.2.7 (Hilbert Basis Theorem) If R is Noetherian, then so is the
differential difference algebra A = R[S, D; 0, 4.

Proof. From the point of view of iterated Ore extensions, this theorem is trivial.
One can also give a direct proof by using the following fact (cf., [19], Theorem 1.2.10,
and [20], Proposition 3.5.2): Let R be a Noetherian ring, and S be an over-ring
generated by R and an element a such that Ra+ R = aR+ R. Then S is Noetherian.
|

Let us conclude this section by recalling a well-known fact from combinatorics.

For any ¢ € N and ¢t € R, denote

(t) tt—1)---(t—q+1)

q q!
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Then, we have the following well-known fact, which will be used latter.

Lemma 3.2.8 Let g € N. Then h(zx) = (x;rq) is a polynomial in x of degree q, with

rational coefficients and positive leading coefficient.

3.3 Grobner-Shirshov  Bases of Differential
Difference Algebras

Throughout this section, let R be a finite field extension of k and A = R[S, D; 0, 4| be
a differential difference algebra of type (m,n), m,n € N. In this section we develop
the Grobner-Shirshov basis theory of A and we also show that every left ideal of A
has a finite left Grobner-Shirshov basis.

First we introduce some notation. For f € A and a given well-ordering on M, as
in [11], we use 1t(f),lc(f) and Im(f) to denote the leading term, leading coefficient
and leading monomial of f, respectively. Then we have that 1t(f) = le(f) - Im(f) for
any f € A. Denote Im(G) = {lm(g) : g € G} for any G C A.

Appropriate orderings on M are essential to Grobner-Shirshov basis theory.
Mansfield and Szanto [18] developed Grébner-Shirshov basis theory for A (with
R = k) by using the so-called differential difference ordering defined as follows: Let
>s be a monomial ordering on Mg and >p a total degree monomial ordering on
Mp. Then the ordering > on the standard monomials M defined as follows is

called a differential difference ordering:
SD? > 8DV = 8% >5 8 or a = o and D? >p DY

A differential difference ordering works well for Grobner-Shirshov bases since it has
the following property: If > is a differential difference ordering, then u > v for any

u € Mg and v € Mp. Now we define a more general class of orderings, which does
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not necessarily have the above property but still works well for Grobner-Shirshov

bases.

Definition 3.3.1 A differential difference monomial ordering, DD-monomial

ordering for short, on M s a well-ordering > on M such that
if S*DP > S¥DP and 0 £ f € A, then Im(fS*D?) > Im(fS~D?).

In other words, a DD-monomial ordering is a left admissible well-ordering on M.
An ordering > on M (or on Mg, Mp) is called a monomial ordering (or admissible
ordering) if it is both left and right admissible; it is called a total degree ordering if
u > v whenever tdegu > tdegv, u,v € M.

Note that, by Proposition 4.1 of [18], any differential difference ordering is a DD-
monomial ordering. The following example shows that the class of DD-monomial

orderings properly includes the class of differential difference orderings.

Example 3.3.2 Suppose Mg and Myp are well-ordered by monomial orderings >g

and >p respectively. Define an ordering > on M as follows:

S°DP > DY — tdeg(S*D?) > tdeg(S* D)
or tdeg(8°D?) = tdeg(S* D) and S* >s S

or tdeg(S*DP) = tdeg(S¥D?), 0 = o and D >p D7

Then > is a total degree DD-monomial ordering.

Proof. It is clear from the definition that > is a total degree ordering. Suppose
SDP > S¥DY and 0 # f € A. We want to prove that Im(fS*D?) > lm(fS*'D?).
Since > is a total degree ordering, we may suppose that f is homogeneous, i.e.,

tdeg f = tdegu for any u € Supp(f). Rewrite f as

f=8"fit 48", HEN, 04 fic RD),1<i<l, EN,E" >5--- >3 8.
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There are three cases.

Case 1: tdeg(S*D?) > tdeg(S*'D?). Then, by Lemma 3.2.4,

tdeg(Im(fS*D?)) = tdeg(f) + tdeg(S*D?)
> tdeg(f) + tdeg(S* DY)

= tdeg(Im(fS* D))

and thus Im(fS*D?) > Im(fS D).
Case 2: tdeg(S*D?) = tdeg(S*'D?) and S* > S*. By Lemma 3.2.5,

f8°DP = S*Me(fi)DP + - + S* e (f,)DP, (3.1)

fSYDY = SN (f)DF 4 4 SV (f,)DP

Each S*Mig®(f;)D? # 0 and S¥ %o (f)D? # 0 (1 < i < 1), since A has no
zerodivisors. Note that f is homogeneous by our assumption, hence, by Lemma

3.2.4, we have that
tdeg(S™ 1 0 (f,) D) = -+ — tdeg(S*+ 0™ (f)D?).
But & >g5 -+ >g 8" and >g is a monomial ordering, which implies that
Im(fS*DP) = Im(S*+10%(f,)D?). Similarly, Im(fS D) = Im(S¥ s (f,)D?).
Since
tdeg(S 1o (f1)DP) = tdeg(S¥ ¢ (f1)D?) and S > ¥,

we have that

Im(fS*DP) = Im(SH1 0% (f,)D?) > Im(S¥ 6% (f,)D) = Im(fS~D?).
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Case 3: tdeg(S*D?) = tdeg(S*'D?),a = o/ and D’ >p D¥. Then, by Lemma
3.2.5,

fSYDF = (8D = S (f)DP 4 - + SN (f,)DP . (3.2)

From (3.1) and (3.2),

Im(fS*D?) = Im(S10®(f,)D?), Im(fS¥D?) = Im(S* 1 e%(f,)D?).

Since >p is a monomial ordering on Mp, D? >p D% and 0%(f;) € R(D) , we have

that Im(c®(f,)D?) >p Im(c®(f1)D?). Hence

Im(fS*DP) = Im(SH0%(f,)D?) > Im(S*F 16 (f,)D?) = Im(f S~ D).

Therefore, > is a DD-monomial ordering. W

Remark 3.3.3 Let > be as in Example 3.3.2.

(i) The ordering > is not necessarily an extension of >g or >p. For example, let
>s be a lexicographical orderings on Mg with S; >g Sy. Then S; > S7 but

S) < Sz

(ii) The ordering > is not a differential difference ordering, because under > a

monomial in Mg is not necessarily greater than a monomial in Mp, for example,

Sl < D%

(iii) The ordering > is not right admissible in general, see the following example.

Example 3.3.4 Let A = R[S,D;0,0] be a differential difference algebra of type

(1,2) with 01(Dy) = Dy and 01(D3) = D;. Let > be a DD-monomial ordering as in
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Example 3.3.2 with Dy >p D;. But then

lm(DgSl) = lm(lel) = SlDl < SlDQ = lm(Sng) = h’Il(DlSl)

Thus > is not right admissible.

Remark 3.3.5 The above example (where DyS; = S;D;) also shows that a
differential difference algebra is not necessarily an algebra of solvable type [13] (or a

PBW extension [3], or a G-algebra [16]).

Let f,g € A. If there exists h € A such that f = hg, we say that f is right divisible
by g, and g (h, respectively) is called a right factor or right quotient (left factor or
left quotient, respectively) of f. Denote the left quotient h = LQ(f,g). With the

above definitions and notation, we have the following lemma.

Lemma 3.3.6 Suppose f,g,h € A.

(i) If g is a right factor of f then LQ(f,9) = LQ(fh,gh), but
LQ(f,g) # LQ(hf, hg) in general.

(i1) If hg is a right factor of f then LQ(f, hg)-h = LQ(f,g) and h - LQ(f, hg) =
LQ(hf, hg), but h - LQ(f, hg) # LQ(f,g) in general.

(11i) If g is a right factor of f and h is a right factor of g, then LQ(f, g)-LQ(g,h) =
LQ(f; h).

Proof. It is obvious by definition. B

Lemma 3.3.7 S®D” is right divisible by S* D if and only if

a=o +vyand 8=+~ for somey e N" and v € N".
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Proof. The (=) part is clear.
(<). Suppose a =’ +y and = '+~ for some v € N and v € N". Then,

by Lemma 3.2.5,

SDP = §¥H DI = §157 (DY) . 8D

Hence, S®D? is right divisible by S¥*D". W

However, the “only if” part of the above lemma is not true for the left division.
In fact, in Example 3.3.4, S1Dy = D157 and thus S; D, is left divisible by D, but the

exponents of the two monomials do not satisfy the relation stated in Lemma 3.3.7.
From now on to the end of this section, we fix a DD-monomial ordering > on M.
Then we have the following lemma, which is similar to Corollary 4.3 of [18].

Lemma 3.3.8 For any f,g € A, we have

(1) lm(fg) = 1m(f -1m(g)) = h-1m(g), for some h € A.
(1) 1t(fg) =1t(f -1t(g)) = W - 1t(g), for some h' € A.

Furthermore, h and h' in the above are uniquely determined by f and g.

Definition 3.3.9 Let I be a left ideal of A. A set G C I is called a left Grobner-
Shirshov basis of I with respect to > if, for any 0 # f € I, there exists g € G such

that Im(f) is right divisible by lm(g).

Note that we do not require a Grobner-Shirshov basis to be finite.

Let G C A. Define the set of words that are irreducible with respect to G as

Irr(G) ={w e M :w# flm(g) for any g € G, f € A}.

53



By Lemma 3.3.8, it is easy to see that

Irr(G) = {weM:w#lm(flm(g)) for any g € G, f € A}

= {we M :w#Im(ulm(g)) for any g € G,u € M}.

Let f,h,g € Aand G C A. Then f reduces to h modulo g, denoted by f —, h, if
h = f—qg and 1t(f) = lt(qg) for some q € A. We say that f reduces to h modulo G,

denoted by f —¢ h, if there exists a finite chain of reductions

f_>gl fl —7gs f2 g3 T g ft:h7

where each g; € G and t € N. Furthermore, if Supp(h) C Irr(G), then h is irreducible
with respect to GG, and we call h a remainder of f modulo G.

With these definitions, we have the following lemma.
Lemma 3.3.10 Let G C A be a finite set and f € A. Then,

(i) f=>cug; +r, where each ¢; € Ryu; € M, g; € G, Im(u;g;) < Ilm(f) and r is

a remainder of f modulo G.

(i1) furthermore, if G is a left Grobner-Shirshov basis for a left ideal of A, then the

remainder of f modulo G is unique (denoted by Rem(f,G)).

Proof. (i) It can be proved by induction on Im(f).

(ii) Suppose that both r and r’ are reminders of f modulo G and that r # r'.
Then 0 #r—r' = (f —r") = (f —r) € I. Hence Im(r —1’) ¢ Irr(G) by the definition
of Grébner-Shirshov bases. But lm(r — ') € Supp(r) U Supp(r’') C Irr(G), which is a

contradiction. W

Note that, in general, a remainder of f € A modulo some subset G' C A is not

unique.
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Lemma 3.3.11 Let f € A and G C A. Then f can be written as

s t
f= Z a;u; + Z bjv;g;,
i=1 j=1
where s,t € N, each a;,b; € R,u; € Irr(G),v; € M, g; € G and
Im(f) >1m(u) > --- > Im(us), Im(f) = Im(vigr) > -+ > Im(veg),

where exactly one of the monomials Im(w;) and Im(v;g;) is equal to lm(f).

Proof. (By induction on Im(f).) If Im(f) = 1, then f € R and the statement
holds clearly. Suppose that the statement holds for any polynomial with leading
monomial less than Im(f). We need to show that it also holds for f. Define f;
as follows. If Im(f) € Irr(G), then set fi = f — le(f)lm(f). If Im(f) & Irr(G),
i.e., if there exist ¢ € G and v € M such that Im(f) = lm(vg), then set f; =
f — bug where b = le(f)le(vg)™! € R. Then lm(f;) < Im(f) in either case. Hence,
by induction hypothesis, f; = Zgigsl a;u; + Zlgjgtl bjv;g; where s;,t; € N, each
a;,b; € R,g; € G,u; € Irr(G),v; € M, Im(f;) > Im(uy) > --- > Im(us,) and
Im(f1) = 1m(vigr) > -+ > 1m(vegy, ). Thus f = fi +1e(f) Im(f) (or f = f1 +bvg) has

the desired presentation.

The following theorem solves the ideal membership problem of A.

Theorem 3.3.12 Let G C A be a left Grobner-Shirshov basis for a left ideal I, and
let f € A. Then f € I if and only if Rem(f,G) = 0.

Proof. If f € I then, by Lemma 3.3.10, Rem(f,G) = 0. On the other hand, if
Rem(f,G) =0, then f = f — Rem(f,G) e . B

The following proposition indicates that the definition of Grébner-Shirshov bases

in this chapter is equivalent to Definition 4.5 of [18] if the ordering under consideration
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is a differential difference ordering.

Proposition 3.3.13 Let I be a left ideal of A and G C I. Then

(i) G is a Grébner-Shirshov basis for I if and only if lm(G) and lm(I) generate
the same left ideal of A.

(ii) If G is a left Grobner-Shirshov basis for I, then G generates I as a left ideal
of A.

Proof. (i) (=) It follows from the definition of Grébner-Shirshov bases.

(<) Let 0 # f € I. Since Im(G) and Im(/) generate the same left ideal of A,
Im(f) = > a;lm(g;) where a; € A, g; € G. Then Im(f) € Supp(a;1lm(g;)) for some i.
Hence Im(f) is right divisible by Im(g;).

(ii) Suppose f € I. By Lemma 3.3.10, we can write f = > b;g; +r where b; € A,
g; € G and r is irreducible with respect to G. Thus r = f — > b;g; € I. Suppose
r # 0. Since G is a Grobner-Shirshov basis for I, lm(r) is right divisible by lm(g;) for
some ¢; € (G, contradicting our assumption that r is irreducible with respect to G.
Hence r = 0 and thus f = > b;g; is in the left ideal of A generated by G. Therefore,
I is generated by G as a left ideal of A. B

Let S*DP, 8¥' D € M. Then the least common left multiple of S*DP and S* D
is defined as

lelm(S°D?, 8¥' D) = SHD”,

where g = (pt1, ..., pm) € N v = (v4,....,1,) € N* each y; = max{w;,a}},

V.

j = max{f3;, Bj}. For the sake of convenience, for any f,g € A, lclm(Im(f),1m(g))

is sometimes denoted by lelm(f, g). Let f,g € A. Then there exists a unique pair of

polynomials f’, ¢’ € A such that

f1(f) = lelm(f, g) = ¢'1t(g).
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Then, the polynomial f'f — ¢g’g € A is called the S-polynomial of f and g, denoted
by SPoly(f, g), that is,

SPoly(f,9) = f'f—dg

= LQ(lclm(f, g),1t(f)) f — LQ(lclm(f, 9),1t(g))g- (3.3)

Note that le(f'1t(f)) = 1.
Lemma 3.3.14 Let f,g € A. Then lm(SPoly(f,g)) < lclm(f, g).

Proof. By Lemma 3.3.8, It(f'f) = (/' 1t(f)) = lt(¢'lt(g)) = 1t(¢'g). Hence

Im(SPoly(f,9)) = m(f'f — ¢'g) <Im(f'f) =lclm(f,g). W

The following lemma can be proved by using a telescoping argument as in Lemma

5 of Chapter 2.6 in [11].

Lemma 3.3.15 (¢f. [18], Lemma 4.8, and [11], Lemma 5 of Chapter 2.6) Let f =
afi+ - +cesfs for fi,... . fs €A c1,...,cs € R and s € N. Suppose that for all
1 <i<s, Im(f;) = u for someu € M. Iflm(f) < u, then there exist d;j € R
(1 <i,j <) such that

ij=1
Theorem 3.3.16 Let G C A and I be the left ideal of A generated by G. Then G is a

left Grébner-Shirshov basis for I if and only if SPoly(g1, g2) —¢ 0 for any g1,92 € G.

Proof. (=) Suppose G is a Grobner-Shirshov basis for I. Since SPoly(g1, g2) € I for
any g1, 92 € G, by Theorem 3.3.12, Rem(SPoly(¢1, g2), G) = 0, i.e., SPoly(g1, 92) —¢
0 as desired.

(<) Suppose that SPoly(g1, g2) —¢ 0 for any g1, g2 € G. We want to prove that
for any 0 # f € I, Im(f) is right divisible by lm(g) for some g € G. Since f € I, f
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can be written as
t
=Y higi teN, hi€A, g€G, m(hig) > Im(hygs) > -+ > Im(hygy). (3.4)
i=1

Let u = Im(h1g1). Assume that among all possible expressions of f of the form (3.4)

we chose one with minimal u. Suppose
Im(hig1) = Im(hage) = - - - = 1Im(hsgs) > Im(hsi19s1) > - > Im(hyge), s € N

Note that Im(f) < u. Now we prove that Im(f) = u. By way of contradiction,
we suppose that Im(f) < u. By Lemma 3.3.8, 1t(h;g;) = h}1t(g;) for some h; € A,
1 <i <t Then lt(h;g;) =1t(h;1t(g;)) = 1t(hlg;) and thus lm((h; — hl)g;) < lm(h;g;).

Rewrite
F= > hg+ > (hi—=h)g+ > g (3.5)
Im(higi)=u Im(higi)=u Im(h;g;)<u

Then

Im Z (hi — hy)g; + Z g | <u.

Im(h;gi)=u lm(hg1)<u

Hence Im Z hig; | < wsince lm(f) < u. By Lemma 3.3.15, there exist d;; € k

Im(h;g;)=u
for 1 <14,j < s such that

Z hzgz = Z dij SPoly(h;gi, h;9;).

I (higi)= ij=1

Since lelm(Im(hig;), Im(h}g;)) = lelm(u, u) = u for all 1 < 4,j < s, it follows from

Equation (3.3) and Lemma 3.3.6 that

SPoly(h;gi, Ig;) = LQ(u,1t(hig:))higi — LQ(u, 1t(h}g;)) g,
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= LQ(u, h;16(g:)) higi — LQ(u, hj 1t(g;)) hjg;
= LQ(u,16(g:))g: — LQ(u, 16(g;))g;
= LQ(u,lclm(g;, g;)) LQ(lclm(gi, g;), 1t(9:)) i
— LQ(u, Ielm(g;, g;)) LQ(lclm(g;, g5),1t(g;)) 9

= LQ(u,lclm(g;, g;)) SPoly(g;, g;)-

Hence

Z hig; = Z d;; LQ(u, lclm(g;, g;)) SPoly(gi, 9;) —¢ 0.

Im(higi)=u iy=1

Thus by Lemma 3.3.10 (i),

Z higi = chujgm m(u;g;) < lm Z higi | <,

Im(hig;)=u jed Im(h;g;)=u

where ¢; € k,u; € M, g; € G and J is a finite index set. Now we can rewrite (3.5) as

f= chujgj + Z — hl)g; + Z hugi, (3.6)

jeJ Im(hig;)=u Im(h;g;)<u

where Im(u;g;) < w, Im((h; — h)g;) < w and Im(w;g;) < w. That is, (3.6) is an
expression of f of form (3.4) with all leading monomials of summands less than wu,
which contradicts the minimality of u. Therefore, we proved that Im(f) = u.

Now, by Lemma 3.3.8, Im(f) = v = lm(h191) = h'lm(g,) for some h' € A. That
is, Im(f) is right divisible by Im(g;). B

Now we have the following algorithm.

Algorithm 3.3.17 (Left Grobner-Shirshov Basis Algorithm)
Input: F'={f1,...,fs} CA, s€N each f; #0.
Output: a Grobner-Shirshov basis G = {g1,...,¢:} for I, t € N, with F' C G.
Initialization: G := F, P:= {{p,q} :p # q,p,q € F}.
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While P # () Do
Choose any pair {p,q} € P, P:= P\ {{p,q}}
r := a remainder of SPoly(p, ¢) modulo G
If r # 0 Then
G:=GU{r}, P.=PU{{g,r}:9€ G}
End do

Theorem 3.3.18 Let I be a left ideal of A generated by nonzero elements fy,..., f; €

A. Then Algorithm 3.3.17 returns a finite Grobner-Shirshov basis for 1.

Proof. We first prove that the algorithm terminates after finitely many steps. After
each pass through the main loop (i.e., the while loop), if there is a nonzero remainder
r, then G consists of the old G (denoted by G’) together with the nonzero remainder
r,ie, G =G U{r}. Sincer € Irr(G’), it is easy to show that 1t(G") A, the left ideal of
A generated by 1t(G’), is properly contained in 1t(G)A. By the Hilbert Basis Theorem
3.2.7, any ascending chain of left ideals of A will stabilize. Hence, after finitely many
iterations of the main loop, there is no nonzero remainder any more. Hence P will
be exhausted (i.e., P = ()) after finitely many iterations of the main loop, and then
the algorithm terminates and return G.

By Theorem 3.3.16, the return G is a Grobner-Shirshov basis for 7. B

Theorem 3.3.19 Let A = R[S, D;0,0| be a differential difference algebra, where R
1s a field extension of k. Then every left ideal of A has a finite left Grobner-Shirshov

basis.

Proof. It follows by Theorem 3.3.18 and the Hilbert Basis Theorem 3.2.7. B

The following theorem plays a key role in the Gelfand-Kirillov dimension

computation in the next section.
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Theorem 3.3.20 Let A = R[S, D;0,0| be a differential difference algebra, where R
is a field extension of k. Let G C A, and I be the left ideal of A generated by G.
For f € A, let f = f + I, which belongs to the left A-modulo A/I. Then G is a left
Grobner-Shirshov basis for I if and only if the set B = {u|u € Irr(G)} is an R-basis
of the left A-module A/I.

Proof. (=) Suppose that G is a left Grobner-Shirshov basis for 1. For any f =
f+1€A/I, by Lemma 3.3.11,

S S S

t s
TZZCLZUl—f- b]UJgj—i-]:ZCLZUZ—FI:ZCL@(UZ—FI):ZGZU_Z,

=1 j=1 =1 =1 =1

where s,t € N, each a;,b; € R,u; € Irr(G),v; € M,g; € G. Thus, B spans A/ as
an R-space.

In order to prove that B is R-linearly independent, suppose that
aruy + agti; + -+ ati; =0, a; € R, u; € Ire(G), i =1,...,t, tEN,

and that u;>uy > -+ > uy. Let f = aqu; + asus + -+ - + ayuy. Then ? = 0 and thus
f el If af # 0 then Im(f) = uy € Irr(G); but Im(f) & Irr(G) since G is a left
Grobner-Shirshov basis for I. Hence a; = 0 and similarly a; = a3 = -+ = a; = 0.
Therefore B is R-linearly independent.

(<) Suppose B is an R-basis of A/I and 0 # f € I. It suffices to prove that
Im(f) is right divisible by lm(g) for some g € G. By Lemma 3.3.11, we can write
f= i:laiui + Zt:lijjgj’ where s,t € N, each a;,b; € R,u; € Irr(G),v; € M,g: € G

iz J=

and

Im(f) > 1Im(uy) > -+ > 1m(us), Im(f) > Im(vigr) > -+ > Im(vegy).

Then 0 = f = a1Uy + - - - + asUs. Since B is an R-basis of A/I, a;y = -+ =as=0.

Hence lm(f) = lm(vy9;) and thus, by Lemma 3.3.8, lm( f) is right divisible by lm(g;).
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3.4 Gelfand-Kirillov Dimension of Cyclic
A-modules

In this section, we compute the Gelfand-Kirillov dimension of cyclic modules over a
differential difference algebra. We assume that the reader is familiar with the notions
of gradings and filtrations of algebras and modules. We refer the reader to Chapter
6 of [15] for more details.

Let A be a graded k-algebra and let M = @, M; be a graded left A-module.

Then the Hilbert function of M is defined as the mapping:

The following lemma relates the Gelfand-Kirillov dimension and the Hilbert function

of a finitely generated module over a finitely generated algebra.

Lemma 3.4.1 ([15], Lemma 6.1) If A is a finitely generated k-algebra and M is a
finitely generated left A-module, then GKdim(M) = lim log; HF ;(4).
71— 00

From now on to the end of this section, we fix the following notation. Let A =
R[S, D; 0, 4] be a differential difference algebra of type (m,n), m,n € N, where R is a
finite field extension of k (it is easy to see that if dimy R = oo then GKdim(M) = o).
Let V ={vq,...,v4} (d € N) be a k-basis of R and I be a proper left ideal of A.

Denote the left A-module A/I by M. Let A;, ¢ € N, be the R-subspace of A

spanned by M; = {8°D” : |a| + |3| = i}. Then each A, is spanned as a k-space by
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{vu:v € V,u e M;} and {4, };en is a grading of A, i.e.,

A=EPAi, and A;- A; C Ay forallijeN.
ieN
It induces a grading of the left A-module M = A/I = @, M;, where M; = (A;+1)/1

is a k-subspace of M. Recall that if f € A we denote the element f + I of M by f.

Proposition 3.4.2 Let G C A be a left Grobner-Shirshov basis for I with respect to
a total degree DD-monomial ordering. Then the following hold:

(i) The set B; ={vu:v €V, u € Irr(G)NMg;} is a k-basis of M<; = My® - - - &
M;, i € N.

(ii) The Hilbert function of M is given by

HFM(Z) =d- |II"I"(G) ﬂM§i|, 1 €N,

where | Irr(G) N Mg;| denotes the cardinality of the set Irr(G) N M.

Proof. (i) First we prove that B = {u : u € Irr(G) N M<;} is an R-base of M<; as
a left R-module. By Theorem 3.3.20, B/ is linearly independent over R for any ¢ € N.
Thus it suffices to prove that B! spans M<; as a left R-module. Note that M<; = {f €
M : f € Atdeg f <i}. For f € A with tdeg f < i, by Lemma 3.3.11, f = i a;i;,
where s € N, each a; € R,u; € Irr(G) and Im(f) > Im(uq) > -+ > Im(us). jS:iilce >
is a total degree DD-monomial ordering, for 1 < j <'s, tdegu; < tdeg f <7 and thus
u; € Bj. Hence B] spans M;.

Since V is a k-basis of R, we have that B; = {vu:v €V, u € Irr(G) N M;} is a
k-basis of M;.

(ii) By (i), it is sufficient to show that |B;| = |Irr(G) N Mc;|. It is clear that
|B!| < |Irr(G) N Mc,|. For the other direction, for u,v € Irr(G) N M<; with © = 7,

we want to prove that u = v. If u # v, without loss of generality, we suppose u > v.
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Then 0 # f = u—v € I and thus u = Im f ¢ Irr(G) since G is a Grobner-Shirshov

basis for I, a contradiction. Hence v = v. Thus |B]}| = |Irr(G) N M<;|. B

For convenience, denote x; = S;,xpq; = Dj for 1 < i < m,1 < j < n and let

Il = m +n. Denote X = z{z3? -2 for « = (ay,...,qq) € N. Then

M ={X?:ae N} Foru=X*e M and p € N, we define that (cf., Section 9.3 of
2])

top,(u) ={1 e N:1<i <[,y > p}

and

shy,(u) = XP. where 8 = (B1,...,0) € N, B, = min{p, ; },1 <1 <,

i.e., top,(u) is the set of indices where “u tops p” and sh,(u) is “t shaved at p”. For

W C M, we define a relation ~, on W as follows: for any u,v € W,

u ~, v if shy,(u) = shy,(v).

Then we have the following lemma, whose proof is straightforward.

Lemma 3.4.3 Let W C M and p € N. Then
(i) ~, is an equivalence relation on W.
(ii) Let [ul, = {v e W ru ~y, v} and W/, = {[ul, : u € W}. Ifshy(u) € W for
all w e W, then the set
W, ={ue W :sh,(u) =u}

is a set of normal forms for W/ (i.e., a system of unique representatives for W/, ).

The set W, can also be described as

W,={X"eW:aq<p, 1<i<lI}
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(i1i) For any u= X~ € W,
[ul, ={X" € W:a <8, a;=p foridtop,(u)}.

Now we are in a position to prove our main result in this section.

Theorem 3.4.4 Let R be a finite field extension of k. Let A = R[S, D;0o,d] be
a differential difference algebra, I be a left ideal of A and G be a finite Grobner-
Shirshov basis for I with respect to a total degree DD-monomial ordering. Set p =
max{tdeg, (Im(g)) : g € G,1 <i <1}. Then

(i) There exists a unique polynomial h € Q[z] such that the Hilbert function HF
of the left A-module M = A/I satisfies HEy(t) = h(t) for all t > Ip.

(ii) The Gelfand-Kirillov dimension of M is equal to the degree of h, which is

given as,
GKdim(M) = deg h = max{| top,(u)| : u € Irr(G)N My, shy(u) = u} for any t > Ip.

Proof. (i) (Existence) Let ¢t € N and ¢ > Ip. We will construct the desired polynomial
h by counting the elements of the set W = Irr(G) N M. By Proposition 3.4.2,
HF 4/1(t) = d - |W|. Note that if v € W then shy(u) € W. By Lemma 3.4.3 (ii),

W, = {u € W : sh,(u) = u} is a set of normal forms of W/ and thus

W= Iull, (3.7)

ueWy

where [u], is the equivalence class of u with respect to ~,. By Lemma 3.4.3 (iii),

supposing u = X € W,

[u], ={X" €W :a < B, a;=p; fori & top,(u)}.
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Hence,

]| = (t — tdeg(u) + \topp(u)\) (3.8)

| top, (u)]

which is a polynomial in ¢ of degree |top,(u)|. Now, by (3.7) and (3.8),

_ t — tdeg(u) + [ top, (u)|
wi= 3 [ top, (1) )

ueWp

Let

r — tdeg(u) + | top,,(u)]
‘d2< [ top, (u)] )

ueWy

Then h is a rational polynomial of degree max{|top,(u)| : u € Wy} such that
HF y(t) = h(t) for all t > Ip.

(Uniqueness) Suppose b’ € Q[z] and HF,(t) = 1/(¢t) for all t > Ip. Then h — 1’ €
Q[z] and h(t) — W' (t) = 0 for infinitely many ¢. Hence h — ' =0, or, h = }'.

(ii) It follows from part (i) and Lemma 3.4.1. W

Theorem 3.4.4 together with Algorithm 3.3.17 gives an algorithm to compute the
Gelfand-Kirillov dimension of a cyclic module over a differential difference algebra

over R.

3.5 Grobner-Shirshov Bases for A-modules

In this section, we develop the Grobner-Shirshov basis theory of finitely generated
modules over a differential difference algebra, which will be used to compute the
Gelfand-Kirillov dimension of a finitely generated module over a differential difference

algebra in the next section.
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Let R be a finite field extension of k, A = R[S, D; 0, 0] be a differential difference
algebra of type (m,n), and let [ = m + n. Let AP ( p > 1) be the free left A-module

of rank p with the standard A-basis
e1 =(1,0,0,...,0),es = (0,1,0,...,0),...,e, = (0,...,0,1).

A monomial in AP is an element of the form m = X%,; = a{*---27"e;, where
a=(a,...,oq) € Nland 1 <4 < p. The total degree of m is defined as tdeg(m) =
tdeg(X®) = |a|. Then the set N' = {X%; : o € N, 1 < i < p} of monomials in AP is
an R-basis of AP. Thus every element f € AP can be written in a unique way as an

R-linear combination of monomials
q
f:ch-mi, O%ci€R7q€N,mi€/\/’.
i=1

The total degree of f is defined as tdeg(f) = max{tdeg(m;) : 1 <1i < g}.

We say m = X“e; is right (left, respectively) divisible by n = XPe;, 1 <i,j < p,
if and only if i = j and X is right (left, respectively) divisible by X?, equivalently,
if and only if ¢ = j and a5 > f, for all 1 < s <. Suppose f = >  ¢;m; € AP and
n,n,...,n; € N for some t > 1. If each m; is not right divisible by n, then we
say that f is irreducible with respect to n. If f is irreducible with respect to every

n; (1 <j <t) then we say that f is irreducible with respect to {n,...,n:}.
Proposition 3.5.1 FEvery submodule of AP is finitely generated.

Proof. By Hilbert Basis Theorem 3.2.7, A is noetherian and thus so is AP. Hence

every submodule of AP is finitely generated. B

As for monomials in A, we can similarly define leading monomial lm(f), leading
coefficient lc(f), leading term 1t(f), left quotient LQ(f, g) and irreducible monomials

Irr(G) with respect to G, for f € AP, g € A and G C AP.
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Definition 3.5.2 A differential difference monomial ordering, DD-monomial

ordering for short, on N is a well-ordering > on N such that

if m > n then Im(fm) > lm(fn) for allm,n € N and 0 # [ € A.

Example 3.5.3 Let > be a DD-monomial ordering on M (recall that M is the set
of monomials of A). Then > can be extended to a DD-monomial ordering on N as
follows.

(1) We say X“e; >; XPe; if and only if X* > X% or X* = X and i < j. It is
easy to see that > is a DD-monomial ordering on /. We call >; the TOP extension
of >, where TOP stands for “term over position”, following terminology in [1].

(2) Similarly, we can introduce the POT (“position over term”) extension >, of
>. Define X%e; >, X’e; if and only if i < j or i = j and X* > XP. It is easy to see

that >, is also a DD-monomial ordering on .

Note that if the ordering > in the above example is a total degree DD-monomial

ordering then so is the TOP extension >j.

The following lemma is similar to Lemma 3.3.10 (i) and it can be proved by

induction on Im(f).

Lemma 3.5.4 Let > be a DD-monomial ordering on N and let fi,...,f, € AP,

q € N. Then every element f € AP can be written as
f=afi+-Fagfe+r,
where each a; € A, each lm(a;f;) <lm(f), r € AP and either r = 0 or r is irreducible

with respect to {lm(f;): 1 <j <q}.

In the above lemma, r is called a remainder of f on division by {fi,..., f,}. We

say that f is reduced to r by {f1,..., f;}.
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Definition 3.5.5 Let > be a DD-monomial ordering on N and M be a submodule of
AP, A subset G C M is called a left Grobner-Shirshov basis for M with respect to >

if, for any 0 # f € M, there exists g € G such that lm(f) is right divisible by lm(g).

Let m = X“e; and n = X?e; be two monomials. Define the least common left

multiple of m and n as

0 if § £ j

lelm(m, n) = :
lelm (X<, XP) e; ifi=j

Fix a monomial ordering on AP. Suppose f,g € A? and m = lclm(Im(f),lm(g)).

Then the S-vector of f and g is defined as

Svect(f, g) = LQ(m, 1t(£)) f — LQ(m, 1t(g)).

Then we have the following criterion for left Grobner-Shirshov bases.

Theorem 3.5.6 Let G be a subset of AP and let M be the submodule of AP generated
by G. Then G is a left Grébner-Shirshov basis for M if and only if Svect(g;, g;) can

be reduced to 0 by G for all g;,9, € G.
The proof of the following theorem is similar to that of Theorem 3.3.20.

Theorem 3.5.7 Let G be a Grobner-Shirshov basis for a submodule M for AP. Then
Irr(G) is an R-basis for the left A-module AP /M.

3.6 Gelfand-Kirillov Dimension of Finitely

Generated Modules

As in the previous section, let A = R[S, D;o,d]| be a differential difference algebra

of type (m,n), where R is a finite field extension (of k) of degree d (suppose V =
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{v1,...,v4} is a k-basis of R). Let [ = m + n. In this section, we use the Grébner-
Shirshov basis theory of AP (p > 1) developed in the previous section to compute the
Gelfand-Kirillov dimension of a finitely generated left A-module.

Let M be a finitely generated left A-module. Since every finitely generated left A-
module is isomorphic to a quotient module of a finitely generated free left A-module,
we may suppose that, throughout this section, M = AP/N for some p > 1 and some
submodule N of AP. As in the previous section, denote the standard basis of AP
by {e1,...,e,}. Let E be the k-subspace of M generated by {e; + N, ..., e, + N}.
Then M = AFE. Recall that A has a natural grading: A = @®;enA;, where A; is
the k-subspace of A spanned by M; = {X® : a € N |a| = i}, which induces
a grading of M = AP/N, ie., M = @enM;, where M; = A;F for i € N. Let
Ni={ue; :ue M;;1 <j<p}and No; = NyU---UN;, i € N. Then, similar to

Proposition 3.4.2, we have the following

Proposition 3.6.1 Let N be a submodule of AP and let G be a left Grobner-Shirshov
basis for N with respect to a total degree DD-monomial ordering. Then the following
hold:

(i) The set B; = {vu : v € V,u € Irr(G)NN<;} is a k-basis of M<; = My®- - -®M;,
1€ N.

(i) The Hilbert function of M is given by

HF (i) =d - | Ir(G) N Ng|,i € N.

For a monomial X“e; and ¢ € N, define top,(X“e;) = top,(X®) and sh,(X“e;) =
shy(u)e;.

The following theorem gives a relation between the Gelfand-Kirillov dimension
and a finite Grobner-Shirshov basis for a finitely generated module over a differential

difference algebra.
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Theorem 3.6.2 Let R be a finite field extension of k and A = R[S, D;0,0]| be a
differential difference algebra. Let N be a submodule of the free A-module AP (p > 1),
and G be a left Grobner-Shirshov basis for N with respect to a total degree DD-

monomial ordering. Denote the left A-module AP /N by M. Set
q = max{tdeg, (Im(g)) : g € G,1 <4 < [}.

Then the following hold:

(i) There exists a unique polynomial h € Q[z] such that the Hilbert function HF y
of M satisfies HF y;(t) = h(t) for all t > lq.

(ii) The Gelfand-Kirillov dimension of M is equal to the degree of h, which is

given by
GKdim(M) = degh = max{|top,(u)| : v € Irr(G) N Ny, shy(u) = u}, t > lq.

Proof. (i) Let t € N and W, = {u € Irr(G) : tdeg(u) < t,sh,(u) = u}. Similar to

Theorem 3.4.4, one can show that

HF () = — Z (t — tdeg(u) + |topq(u)|),

= [ top, (u)|

which is a rational polynomial of degree max{|top,(u)| : u € W,}.

(ii) It follows from (i). W

Now we can easily write an algorithm from Theorem 3.5.6 and Theorem 3.6.2.

Algorithm 3.6.3 (GK-dimension of f.g. A-Modules)
Input: FF={f1,...,fs} C AP, s € N, each f; # 0.
Output: GKdim(A?/N), where N is the left submodule of AP generated by F.
Initialization: G := F, P :={{p,q} : p# q,p,q € F}.
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WHILE P # ) DO
Choose any pair {p,q} € P, P:= P\ {{p,q}}
r := a remainder of Svect(p, ¢) modulo G
IF 7 # 0 THEN
G:=GU{r}, P.=PU{{g,r}:9€ G}
END DO
q == max{tdeg, (Im(g)) : g € G,1 <i <1}

Return max{| top,(u)| : u € Irr(G) N Ny, shy(u) = u}
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Chapter 4

A Signature-Based Algorithm for
Computing Grobner-Shirshov
Bases in Skew Solvable Polynomial

Rings

Signature-based algorithms are efficient algorithms for computing Grobner-Shirshov
bases in commutative polynomial rings, and some noncommutative rings. In this
chapter, we first define skew solvable polynomial rings, which are generalizations
of solvable polynomial algebras and (skew) PBW extensions. Then we present a
signature-based algorithm for computing Groébner-Shirshov bases in skew solvable

polynomial rings over fields.

4.1 Introduction

Grobner-Shirshov basis is a powerful tool in mathematics, science, engineering, and

computer science. The theory of Grobner-Shirshov bases was introduced
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independently by A.I. Shirshov [19] for Lie algebras in 1962, and by B. Buchberger
([3]) for commutative algebras in 1965. Buchberger([3]) gave the first algorithm to
compute Grobner-Shirshov bases in commutative polynomial rings. However,
Buchberger’s algorithm is not efficient since it has to reduce the S-polynomial for
every pair of elements from the input set. There have been extensive efforts to
improve the efficiency of Buchberger’s algorithm in commutative polynomial rings,
and several more efficient signature-based algorithms have been proposed, such as
F5 by Faugere ([6, 7]), G2V and GVW by Gao et al.([10, 11]). The essential idea in
these algorithms is to detect “useless” S-polynomials, i.e., S-polynomials which can
be reduced to zero (and thus the computations of these S-polynomials are
redundant), in Buchberger’s algorithm.

Noncommutative Grobner-Shirshov bases and their computations have also been
widely investigated (see the survey [2]), especially for various skew polynomial rings,
for example, Grobner-Shirshov basis theory for Weyl algebras [9], solvable
polynomial algebras [14], rings of differential operators [13, 22, 16], G-algebras [15],
skew polynomial rings [5], differential difference algebras [17, 21], PBW algebras
[4, 12] and skew PBW extensions [8]. Owing to the noncommutativity, it is difficult
to detect and reject redundant computations effectively. In ISSAC 2012, a
signature-based algorithm was presented by Sun et al [20] to compute
Grobner-Shirshov bases in solvable polynomial algebras.

In this chapter, we define skew solvable polynomial rings, which are generalizations
of several well-known classes of rings such as solvable polynomial algebras and (skew)
Poincaré-Birkhoff-Witt extensions (see Definition 4.2.1 and Examples 4.2.2 and 4.2.3).
We extend the signature-based algorithm proposed in [20] to skew solvable polynomial
rings over fields. The signature-based algorithms for more general skew solvable
polynomial rings will be investigated in the near future.

This chapter is organized as follows. In Section 2, we introduce basic definitions
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of skew solvable polynomial rings and Grobner-Shirshov bases. Then we define and
investigate strong Grébner-Shirshov bases of skew solvable polynomial rings in Section
3. Finally a signature-based algorithm for computing Grobner-Shirshov bases in skew

solvable polynomial rings is given in Section 4.

4.2 Preliminaries

4.2.1 Skew solvable polynomial rings

In order to define skew solvable polynomial rings, let us recall some basic definitions
of orderings first. Let N be the set of nonnegative integers. Suppose < is a monomial
ordering on N", n € N, i.e., a total ordering on N” such that 0 € N is the smallest
element in N” and o < 8 implies a« + v < 8+« for any «, 3,7 € N". The set of
(standard) monomials in n indeterminates {x1,...,z,} is defined as {z{'---x" :
a; € N1 <4 <n}. We also denote z]* -z by x* and call « the exponent of z*
(denoted by exp(z®) = a), where a = (ay,...,a,) € N*. We say 2* < 27 if a < 8.
Thus, a monomial ordering on N” is also called a monomial ordering on the set of
standard monomials.

The multiple degree and the total degree of a monomial x® are defined as
mdeg(z®) = « and tdeg(z®) = |a] = a; + -+ + a,, respectively. For any nonzero
[ = > nenn Cax®, where only finitely many constants c, are nonzero, the multiple
degree and the total degree of f are defined as mdeg(f) = max{a : ¢, # 0} and
tdeg(f) = max{|a| : ¢, # 0}, respectively. The monomial 27 = max{z® : ¢, # 0} is
called the leading monomial of f and c, is called the leading coefficient of f,
denoted by Im(f) and lc(f), respectively.

From now on, we fix a monomial ordering < on N".

Throughout this chapter, we suppose all rings considered are unitary and

associative. If R is a ring and ¢ is a ring endomorphism of R, then a mapping
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d: R — R is called a o-derivation of R if for any a,b € R, 6(a+b) = d(a) + (b) and
d(ab) = a(a)o(b) + o(a)b.

Definition 4.2.1 Let R and A be two rings with R C A. Then A is called a skew

solvable polynomial ring over R if the following conditions hold:

(i) There exist finitely many elements x1,...,x, € A such that A is a free left

R-module with basis

M={z*=z" 22" a=(a,...,q,) € N'}.

n

(ii) For 1 < i < n, there are an injective ring endomorphism o; of R and a o;-
derivation 0; of R such that x;r = o;(r)z; + 0;(r) for any r € R. Furthermore,

forany 1 <1,5 <n,

O'iOO'j:O'jOO'i, 5105J:5]0517 O'Z'O(Sj:(SjOO'i.

i) For 1 <i < j <mn, there exist 0 # ¢;; € R and p;; € A with lm(p;;)<x;x; such
J J J J

that l’jl’i = CijZEZ‘ZL‘j —f—p”

Then we write A = R(X;0,0,¢,p). Clearly every nonzero element in A can be
uniquely represented as f = Y .y Cax®, where only finitely many c, € R are
nonzero.

Skew solvable polynomial rings are generalizations of several well-known kinds of

skew polynomial rings.
Example 4.2.2 Let A = R(X;0,0,¢,p) be a skew solvable polynomial ring.
(i). If R is a field, 0; = idg and 6; = 0 for all 1 < i < n, then A is a solvable
polynomial algebra [14]. Any solvable polynomial algebra can be viewed as a

skew solvable polynomial ring in this way.
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(11). If tdeg(p;j) = 1 for all 1 < i < j < n, then A is a skew PBW extension of R
[8]. Any skew PBW extension can be viewed as a skew solvable polynomial ring

in this way.

Therefore, any ring belonging to the above two classes of rings is a skew solvable
polynomial ring, for example, a Weyl algebra, the universal enveloping algebra of a
finite dimensional Lie algebra, and an Ore extension of automorphism and/or

deriwation type.

Example 4.2.3 ([18]) Let 0 # q € k. The coordinate ring of quantum Euclidean

space, denoted by O,(ok**1), is the k-algebra generated by 2n+1 variables w, xy, . . .,

Tn, Y1, ---,Yn with the following relations:
wy; = qy;w, 1<j<n,
wrj = q_lxjw, 1<5<n,
YiYi = a4 Y, i< J,
Yy = q iy, i # 7,
T;x; = qx;%y, 1 <7,
Yiti = 25 + i 1<j<n,

where

Fii =d 7@ = P+ (= 1) Y ¢
1<i<j

Let R = k[w]. For1 <i<mn, let x,+; = y;, 0; be the k-algebra isomorphism over R
determined by o;(w) = qw, 0,4, be the k-algebra isomorphism over R determined by

onri(w) = ¢ w, and 6; = 0 be the zero mapping for any 1 < j < 2n. Let

q, i <j<n,
Gi=1< ¢l n<i<j, ori<n<jandi#j—n,
1, i—j—mn,

and
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0, L F

i, =]

Dij =

It is easy to prove by induction that, for any 1 < j <mn, f;; (and thus pj;) can be

written as
fii = Z axy + cw?, e c € k.
1<i<j
Let > be a monomial ordering on {z® : o € N*"} such that xe, > Top 1 > -+ > T1.

With the above notation, it is easy to check that O (ok*" ™) = R(X;0,8,¢,p) is a

skew solvable polynomial ring.

In this chapter, we consider Grobner-Shirshov bases in a skew solvable polynomial
ring over a field (i.e., R is a field) and the general case will be studied in the near
future.

From now on, let R = k be a field and A = R(X;0,0,¢,p) be a skew solvable
polynomial ring.

Let us fix more notation. Denote of'---0%(c) = o0%c) and
671289 (c) = 6%c) for a = (au,...,a,) € N* and ¢ € k. Suppose 2%, 2% € M.
Then the least common multiple of 2% and 2” is defined as lem(z®, 2%) = 27 where
v = (max{ay, 1}, ..., max{a,, B,}) € N*. We say that z* is divisible by z°, or 2
divides z®, if 2* = Im(t2”) for some t € M. For convenience, denote i—; = o7 F

(but keep in mind that x* ?2# # 2 in general in a skew solvable polynomial ring).

We make the convention that Im(0) = 0 < ¢ for any 0 # ¢t € M.

With the above notation, the proof of the following lemma is straightforward.
Lemma 4.2.4 Suppose z%, 2%, 27 € M. We have:
(i) Im(x%2%) = 2°F = Im(2Px?).
(ii) 2P divides x® if and only if o — 3 € N™.
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(iii) If x* < 2P then Im(272®) < lm(x72").

4.2.2 Grobner-Shirshov Bases of Skew Solvable Polynomial
Rings

In this subsection, we briefly introduce concepts related to Grobner-Shirshov bases

and Buchberger’s algorithm for skew solvable polynomial rings.

Definition 4.2.5 Let I be a left ideal of A. A (left) Grobner-Shirshov basis (with
respect to <) is a finite subset G C I with the property that for every nonzero f € I,

Im(f) is divisible by lm(g) for some g € G.

Let f,g € A be nonzero. Suppose that

_ lem(Im(f),lm(g)) . _ lem(lm(f), Im(g))
! Im(f) g Im(g) '

The S-polynomial of f and g, denoted by SPoly(f, g), is defined as

exp(ty)
SPoly(f,g) =t;f —ctyg € I, where c = left; /) . (le(f))

le(tyg) — o@Pta)(le(g))

Suppose f,g € I. We say f is reducible by g if there exists a ¢ € M such
that Im(tg) = Im(f). Moreover, if G C A and g € G, then f —¢ f — ctg is called
one-step-reduction by G. If an element r € A is obtained from f by finitely many one-
step-reductions by G and r is not reducible by G, then we say that r is a remainder
of f modulo G.

The following algorithm is an analogue of the Buchberger’s Algorithm for

(commutative) polynomial algebras.

Algorithm 4.2.6 (Algorithm for (left) Grobner-Shirshov bases)
Input: F={f1,...,fm} C A
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Output: A Grobner-Shirshov basis G of the left ideal I of A generated by F.
G:=F
Pairs:= {(f,9) : f,g € G}
While Pairs# () Do
Choose (f,g) € Pairs
Pairs:=Pairs \{(f,9)}
h := a remainder of SPoly(f, g) modulo G
If h # 0 Then
Pairs:=Pairs U{(h,n') : W' € G} U{(I,h): 1 € G}
G:=GU{h}
End If
End Do

Return G

The correctness and termination of the above algorithm can be proved in a way

similar to the case of commutative polynomial algebras ([3]).

4.3 Strong Grobner-Shirshov Bases

In this section, we introduce the definition of strong Grobner-Shirshov bases and
investigate their properties which will be used in the next section.

Recall that A is a skew solvable polynomial ring over a field k. Let

f:(fla---7fm)€Am, m € N.

We denote by I the left ideal of A generated by fi,..., f,n. Then an element f € [

can be written as

f=wfi+ - +unfm=u-f, whereu = (uy,...,u,) € A™.
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Note that this expression for f is not unique, i.e., there may exist u’ € A™ such that
u #wand f=u-f Wewrite f¥ € I x A™ to indicate f € I, u € A™ and
f=w-f. Thatis, f is actually a pair (f,u) € I x A™ such that f =u - f. With
this convention, for a € A, f* glVl pl*l € T x A™ by the equation hl*! = fl 4 qglV]
it means h = f + ag and w = u + av, particularly, hl®! = fl if and only if h = f
and w = u.

Note that A™ is a left A-module with the standard basis {e; : 1 < i < m}, where
e; =(0,...,0,1,0,...,0) with the i-component 1 and the other components 0. The

set of (standard) monomials in A™ is

N ={z%;:aeN" 1<i<m}.

A (left) monomial ordering on N is a well-ordering on N such that
if m > n then Im(¢m) > Im(¢n) for all m,n € N and t € M.
A monomial ordering on M can be extended to a monomial ordering on .

Example 4.3.1 Let <y be a monomial ordering on M. Then <, can be extended
to monomial orderings on N as follows.

(i) We say z%e; <1 2”e; if and only if z* <o 2, or 2% = 2% and i < j. It is easy
to see that <; is a monomial ordering on /. We call <; the TOP extension of <,
where TOP stands for “term over position”, following terminology in [1].

(ii) Similarly, we can introduce the POT (“position over term”) extension [1]:
Define z%e; <5 2°e; if and only if i < j or i = j and 2% <, z”. It is easy to see that

<4 is also a monomial ordering on .

From now on, we fix a monomial ordering, also denoted by <, on N such that
it is compatible with the monomial ordering on M, i.e., for any 2%, 2° € M and

1 <i<m,if z* < 2? in M then 2%, < z°e; in N.
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Every element uw € A™ can be written uniquely as a k-linear combination of
monomials: uw = >, ¢;m; where ¢ € N,0 # ¢; € k,m; € N. Then, as what
we did for elements in A, we can define the leading monomial Im(u) and leading

coefficient le(u) of u.

Definition 4.3.2 Given f¥l € I x A™, the leading monomial Im(u) is called the

signature of f*.

Definition 4.3.3 A finite set G = {gi",..., ¢} C I x A™ is called a strong
Grébner-Shirshov basis (cf., [11, 20]) of I if, for any fi*l € I x A™, there exist
gz[vi] € G and t € M such that lm(tv;) = Im(u) and Im(tg;) < lm(f).

We call G a t-strong Grobner-Shirshov basis for a monomial t in A™ if for any
e I x A™ with Im(u) < t, there exist gz[vi] € G and t € M such that lm(tv;) =

Im(w) and lm(tg;) < lm(f).

Lemma 4.3.4 Suppose that G = {g{"l], - ,gL”‘s]} is a strong Grobner-Shirshov basis
of I. Then G' ={q1,...,9s} is a Grébner-Shirshov basis of I.

Proof. By way of contradiction, we suppose that G’ is not a Grobner-Shirshov basis,

i.e., the following set E is not empty:
E={fecTlxA™: f+0,Im(f) is not divisible by Im(g) for any g € G'}.

We choose fl*! € E such that f* has minimal signature among E. By the definition
of a strong Grébner-Shirshov basis, there exist gl € G and t € M such that Im(tv) =
Im(w) and Im(tg) < lm(f). If Im(tg) = lm(f), then lm(f) is divisible by lm(g),
contradicting our assumption that f € FE. Hence lm(tg) < Im(f). Let hl*! =
e — ctgl®l where ¢ = % Then lm(h) = lm(f) and thus lm(h) is not

divisible by Im(g’) for any ¢’ € /. Hence hl*! € E. By the choice of ¢, we have that
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Im(u) = Im(ctv) and thus Im(w) < Im(u), which contradicts the minimality of f*

in . 1

In a similar way, we can prove the following

Lemma 4.3.5 Suppose that G is a t-strong Grobner-Shirshov basis of I. Then, for
any f € I x A™ with Im(u) < t, there exist g’ € G and t € M such that

Im(tg) = Im(f) and lm(tv) < lm(u).

Suppose that f gl*l € I x A™ are nonzero and lm(¢;u) > Im(t,v) where

_ lem(lm(f),lm(g)) f lem(Ilm(f),lm(g))
4 Im(f) e Im(g) '

Then the ordered 4-tuple (¢, f1* ¢, g!¥!) is called the critical pair of f* and gl
Furthermore, the critical pair (t;, f*,t,,¢[%) is said to be regular if

Im(t;uw) > Im(t,v). With the above notation, we have the following

Lemma 4.3.6 Suppose that (ts, {1 t,, g") is the critical pair of f1* and gt*). Then

Im(SPoly(f, g)) <Im(t;f) = lm(t,g).

Recall that a non-strict partial order on a set P is a binary relation <p over P
which is reflexive, antisymmetric, and transitive. We call <p a (strict) partial order
over P.

Now we are in a position to introduce the rewriting criterion.

Definition 4.3.7 (Rewriting Criterion) Let S = {fj[uj} cj€J} C I x A™ where
J C N is a nonempty index set, and <g be a partial order on S. Suppose that fl¥ € S
and t € M. Then t(f™) is called rewritable by S (with respect to <s) if there exist
g € S and t' € M such that Im(t'v) = Im(tu) and ¢! <5 f™. In particular, a
critical pair (ty, f¥. t,, g!*)) of S is called rewritable by S if either t;(f™) or t,(g!*))

s rewritable by S.
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Lemma 4.3.8 Suppose that t(f™) is rewritable by a finite subset S C I x A™ with
respect to a partial order <g on S. Then there exist g € S and t' € M such that

Im(t'v) = lm(tu), g™ <g ™ and t'(g™*!) is not rewritable by S.

Proof. Since t(f™) is rewritable by S, by definition, there exist g([)”o] € S and
to € M such that Im(tpv) = lm(tu) and g([;’(’] <g fl If to(gg"ﬂ) is not rewritable by

[vo]

S, then gi*! := g™ is as required. We assume that to(g([)vo]) is rewritable by S. Then

there exist ¢/ € S and ¢; € M such that Im(t,vg) = Im(tyuo) and g™ <g gl 1If

tl(ggvl]) is not rewritable by S, then ¢!V := ggm]

is as required. Otherwise, if tl(ggm])

is rewritable by S then we repeat the above process and obtain a chain

[v2]

[vo] [v1] > gb

> 657 > g1 >g -

where each g; is rewritable by gl[f;l* e S, Since S is finite, the above chain contains

[vn]

only finitely many g;, say it ends with ¢!’ for some n € N. Then gl = ¢!*"! is as

required. W

The following is a key lemma for deriving the criterion for strong Grobner-Shirshov
bases (Theorem 4.3.10). Roughly speaking, this lemma tells us that, among elements

with the same signature, a nonrewritable one has a minimal leading monomial.

Lemma 4.3.9 Let t be a monomial in A™ and let G be a t-strong Gréobner-Shirshov
basis of I with a partial order <g. Suppose that every reqular critical pair of G is
rewritable by G. For any ty € M and f*) € G with Im(tywe) < t, if to(f1*°]) is not

rewritable by G, then Im(tofo) < Im(f) for any f1*) € I x A™ with Im(u) = Im(touo).

Proof. By way of contradiction, we assume that N # (), where

N = {(to, (Q“U]) €M x G :lm(toug) < t, tof (E”O]) not rewritable by G,

Im(tfo) > Im(f) for some fI¥ € I x A™ with Im(u) = Im(toue)}-
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Suppose (t, f([)UO]) € N with minimal Im(tyuy) among N and suppose to = x*. Then

there exists an f € I x A™ such that Im(u) = Im(¢oue) and Im(tofo) > Im(f). Let

TW — to(fgu()]) —cft™l € T x A™ where ¢ = "aﬁ?go». Then

m(f) = Im(tofo) and Im(w) < Im(tgue) < t.

Since G is a t-strong Grobner-Shirshov basis, by Lemma 4.3.5, there exist gi*! € G
and t, € M such that Im(¢,g) = Im(f) and Im(t,v) < Im(w). Let

D = {(ty,g") € M x G :Im(t,g) = Im(f), Im(t,0) < Im(a@)}.

Suppose (t,, g'¥!) is a minimal pair in D, i.e., there is no pair (¢,, ¢'*!) € D such that
either Im(t,v') < lm(t,v), or Im(tyv') = Im(t,v) and ¢! <4 g[”}.

We claim that (%o, f; [to] 15, g™"1) is a regular critical pair of f;*° wol and g™, where

—_ lem(Im(fo), Im(g)) and - — 1cm(1m(fo)a1m(9))‘

. Im( fo) . Im(g)

To obtain a contradiction, we assume that Im(foug) < lm(¢,v). Note that lm(to fo) =
Im(t,g) is a multiple of lem(Im(fy),1m(g)) = lm(¢ofo) = lm(¢,g). Thus ¢, divides ¢,

t, divides t,, and to/ty = t,/t,. Hence
Im((fo/f0) Im(fowo)) = Im((t,/ty) Im(touo)) < Im((t,/ty) Im(Zyv)),

i.e., Im(toup)) < lm(t,v), contradicting the fact Im(¢,v) < Im(@) < lm(towy). Hence
our claim is true.

By the hypothesis of the lemma, the regular critical pair (Z, f([)u()],g,g[”]) is
rewritable by G, i.c., either To(f{*”) or t,(g!)) is rewritable by G. Since 7, divides

to, if o ( fg“O]) is rewritable by G then so is to(f; [ 0]), which is a contradiction. Thus
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t,(g!) is rewritable by G' and hence so is t,(g”!). By Lemma 4.3.8, there exist
gl e G and ) € M such that Im(tjvo) = Im(t,0), gi" <¢ g, and #(gl"!) is not
rewritable by G. Now we claim that Im(t{go) < Im(t,9). Otherwise, if
Im(thgo) > lm(t,g), then it is easy to see that (t{),g([)vo]) € N (note that ¢,(gl"l) € I
and Im(tyvy) = Im(t,v) < Im(w) < t). But, Im(tjvy) = Im(t,v) < Im(touy),
contradicting the fact that (o, (gu(ﬂ) has minimal Im(¢yug) among N. Thus our
claim holds true.

Now we have two cases to consider: 1lm(t{go) = lm(t,9) and Im(t{go) < lm(t,9).
Our goal is to deduce a contradiction for each case and thus end the proof of the

lemma. If Im(¢)go) = Ilm(¢,9) = Im(f), since Im(¢tjvy) = Im(t,v) < Im(@), we have
(t{),g([)”‘)]) € D. By the minimality of (¢4, g¥)) among D, we have gl <g g([)vo], which
contradicts the fact that g([JUO] <g g, Now consider the second case: lm(t)gy) <

Im(t,9). Let

g™ =1,(g™) — cty(og™) € G e = ;’f)—)f(f))
Then Im(g) = Im(t,9) and Im(v) < Im(¢t,v) < lm(tpuy) < t. Since G is a t-strong
Grobner-Shirshov basis, by Lemma 4.3.5, there exist hl*! € G and t;, € M such that
Im(tph) = Im(g) = Im(t,9) = Im(tofy) and Im(tpw) < Im(v) < Im(t,v) < Im(w).
Thus, h®! € D. But then the inequality Im(¢,w) < Im(t,v) implies that (t,, g*!) is

not minimal in D, which is a contradiction. l

The following theorem gives a criterion for strong Grobner-Shirshov bases.

Theorem 4.3.10 Let A be a skew solvable polynomial ring and let I be a left ideal
of A generated by m € N elements. Suppose that G = {gz["i] 1 <i<spCIxA™
with a partial order <g, where s € N. Then G is a strong Grobner-Shirshov basis of

1 if the following conditions hold:

(i) For any 1 <i < m, there exists a g™ € G such that Im(u) = e;.

(i1) Every regular critical pair of elements from G is rewritable by G with respect to
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<@g.

Proof. (By contradiction.) Suppose G is not a strong Grobner-Shirshov basis, i.e.,

N =# () where

N = {fM € I x A™ : there exist no (t, g"!) € M x G such that

Im(tv) = Im(u), lm(tg) <Im(f)}.
Let f € N with the minimal signature Im(u) among N. Suppose Im(u) = te; for
some t € M and 1 < j < m. Then G is a tej-strong Grobner-Shirshov basis. By
condition (i) of the theorem, there exists a gl*) € G such that Im(v) = e;. Then
Im(tv) = Im(w). If t(g!!) is rewritable by G, then there exist fl[vﬂ € Gand t; e M
such that Im(t1v1) = Im(tv) = Im(w) and f"" <¢ gI’!. Repeating this process and
by a similar argument as in the proof of Lemma 4.3.8, we can prove that there exist
hl € G and s € M such that Im(sw) = Im(u) and s(hl*!) is not rewritable by G.
Applying Lemma 4.3.9 gives that lm(sh) < Im(f). But the facts Im(sw) = lm(u)

and f* € N imply that lm(sh) > Im(f), which is a contradiction. H

4.4 A Signature-based Algorithm

In this section, we present a signature-based algorithm for computing a strong
Grobner-Shirshov basis in skew solvable polynomial rings.

As before, let A = k(x;0,0,c,p) be a skew solvable polynomial ring over k,
fiy--, fm € A, m € N, and let I be the left ideal of A generated by fi,..., fi.

Suppose fl¥ gl € T x A™. We say f¥ is reducible by gI*! if there exists a
t € M such that Im(tg) = Im(f) and Im(tv) < lm(w). Moreover, if G C A x A™ and
gl € G, then fl —¢ flM — ct(glY]) is said to be a one-step-reduction by G where
c = le(f)/1c(tg). If f1 is obtained from f* by finitely many one-step-reductions
by G and f'™! is not reducible by G, then we say that f'*! is a remainder of f

modulo G.
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The following lemma follows directly from the above definitions.

Lemma 4.4.1 Suppose that f'™1 is a remainder of f™ modulo G. Then lm(f’) <

Im(f) and lm(w') = lm(u).
Now we are in a position to state our main algorithm.

Algorithm 4.4.2 (Algorithm for strong Grébner bases)
Input: F = {fl . flerly c A x Am

Output: A strong Grobner-Shirshov basis G of the left ideal I of A generated by F
1. G:=F
2. CPairs:= {regular critical pair (t;, f[*l ¢ ,g vl o fl glvl e G
3. While CPairs# () Do
4. Choose (ts, f¥,t,, gy € CPairs
5. CPairs:=CPairs \{(¢;, f*,,, g}
6. If (ts, f t,, g) is not rewritable by G then
7. hl*l:= aremainder of SPoly(f*, ¢/!) modulo G

8. CPairs := CPairs U {regular critical pair (t;, A"} ¢, R'W1) . p1¥'] € G}

U {regular critical pair (¢, K], ¢, ) - BT € G}

©w

G := G U {hl*]}
10. End If
11. End Do

12. Return G
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Note that in Line 6 of the above algorithm, a partial order on G is needed. The
GVWe-orders implied by the criterion in [11] will be used in our algorithm, which
can be updated automatically when a new element is added to G, i.e., when G :=

G U {hl*]} in the algorithm.

Definition 4.4.3 A partial order <g on G C I x A™ is called a GVW-order if, for
any ., gl € G, we have f < ¢!l whenever one of the following conditions hold:

(a) Im(t'g) < 1m(tf) where t' = —lcm(lr?r(r:g)’)lm(”)) and t = —lcm(h?rff(bz)t’;m(”)).

(b) Im(t'g) = Im(tf) and g is added to G later than f*.

Theorem 4.4.4 If a GVW-order is used in the Rewriting Criterion of Algorithm
4.4.2, then the algorithm terminates after finitely many steps and returns a strong

Grobner-Shirshov basis of 1.

Proof. (Correctness.) If the algorithm terminates after finitely many steps, then its
correctness follows clearly from Theorem 4.3.10.

(Termination.) Similarly to [20], we introduce a map ¢ : A x A™ — k[Y, Z, W]
to investigate the termination of the algorithm, where Y = {yi,...,yn},
Z=Az,...,zZm}, W =Awo,...,w,}, and kY, Z, W] denotes the polynomial algebra
over k with indeterminates Y U Z U W. Define ¢ : A x A™ — k[Y, W, Z] as follows:
for (f,u) € A x A™ with Im(u) = 2%¢; and lm(f) = 2”, where a,3 € N" and

1 <i<m,let

Yz =yt ey, if f=0,
o(f,u) =

Yo ziwow® = Yo -y zawqwt - wlif f £ 0.

Suppose that (tf, f [u], tg, g™ is a regular critical pair and not rewritable by G with
respect to a GVW-order <, and that hl*! is a remainder of A'[*'! modulo G where

n'l = SPoly(f™, gl’l) (and thus w' = t;u — tyv). We claim that o(h™]) is not
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divisible by @(h)) for any hl*"! € G. Otherwise, we assume that (k™)) is divisible
by gp(h([)w()]) for some h([)w‘)] € G. Now we have the following three cases and we deduce
a contradiction for each case, which ends the proof of the claim.

Case (1): ho = 0. In this case, it is easy to see from the definition of ¢ that
Im(wy) divides Im(w). Then Im(swy) = lm(w) for some monomial s € M. Note
that Im(w’) = lm(t;u) since (¢7, f,¢,, g) is regular. Thus, from Lemma 4.4.1,
Im(swp) = Im(w) = Im(w’) = Im(¢ju). Recall that the GVW-order < is used in
the algorithm and Im(she) = 0 < Im(t,f). Thus, t;(f™) is rewritable by A, which
is a contradiction.

Case (2): hyg # 0 and h = 0. From the definition of ¢, it is impossible that gp(h([)wol)
divides @ (hl*]).

Case (3): hg # 0 and h # 0. Let s = Im(w)/Im(wy) and ¢ = lm(h)/Im(hy). If
s < t, then, by Lemmas 4.3.6 and 4.4.1, we have that lm(shg) < lm(thy) = lm(h) <

Im(t;f) and Im(swp) = Im(w) = Im(w’) = Im(¢;u). Suppose that

,  lem(Im(wy), Im(u)) lem(Im(wy), Im(w))

A
and tf =

Im(wy) Im(u)

Then s" divides s, ¢} divides t;, and s/s’ = t;/t;. Hence Im(s'hg) < Im(tf)
(otherwise, Im(s'hg) < Im(t}f) implies Im((s/s")s'ho) < Im((t;/t})t}f), ie.,
Im(shy) < lm(tsf), a contradiction). Since <¢ is a GVW-order, it follows from
Definition 4.4.3 that h*” < f®. Thus ¢;(f*) is rewritable by A" which is a
contradiction. Now suppose s > ¢t Then Ilm(thy) = Im(h) and
Im(twy) < Im(swp) = Im(w). Hence, h®! is reducible by the set {haO]} C G and
thus by G, which contradicts the assumption that hl*! is a remainder modulo G.
Now return to the proof of the termination of the algorithm. In the “While
Loop” of the algorithm (Lines 3-11), if (¢;, fI*l,¢,, gi*!) is regular and not rewritable

by G with respect to <¢, then hl*! is added to G, and the new G is denoted as
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G' = G U {hl*}. From the above claim, the ideal (of k[Y, Z, W]) generated by ¢(G)
is strictly contained in the ideal generated by ¢(G’). By the Hilbert basis theorem of
polynomial algebras, after finitely many repeats of the while loop, every critical pair

in CPairs is regular and thus the algorithm terminates.

In summary, a signature-based algorithm for computing Grobner-Shirshov bases
in skew solvable polynomial rings over a field has been presented in this chapter.
This algorithm can detect redundant S-polynomials (i.e., the S-polynomials
corresponding to nonregular critical pairs) and therefore it is more efficient than
Buchberger’s algorithm. The implementation of the proposed algorithms in a
computer algebra system (e.g., Maple, and Singular) and computing examples will

be discussed in the near future.
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Chapter 5

Conclusion and Future Work

In this thesis, we investigate the theories, algorithms, and applications of Grébner-
Shirshov bases of differential difference algebras and skew solvable polynomial rings.

Chapter 2 gives both upper and lower bounds of the Gelfand-Kirillov dimension
of a differential difference algebra (Theorem 2.3.9). Particularly, the
Gelfand-Kirillov dimension of a differential difference algebra A of type (m,n) over
a finite field extension of the base field k£ is m + n. This particular result implies
that the Gelfand-Kirillov dimension of a finitely generated A-module M is at most
m + n and gives an insight into the computation of GKdim (M), which is studied in
Chapter 3 by using the Grobner-Shirshov basis method.

In Chapter 3, we generalize the Grobner-Shirshov basis theory of differential
difference algebras to any left admissible ordering and develop the Grobner-Shirshov
basis theory for finitely generated free modules over differential difference algebras.
As an application, we use the generalized theory to compute the Gelfand-Kirillov
dimensions of cyclic modules (Theorem 3.4.4) and (more generally) finitely
generated modules (Algorithm 3.6.3) over differential difference algebras.

In Chapter 4, we study algorithms of Grobner-Shirshov bases in skew solvable

polynomial rings. We propose a signature-based algorithm (Algorithm 4.4.2) for
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the computation of Grobner-Shirshov bases. Our algorithm can detect redundant

reductions and thus it is more efficient than the traditional Buchberger algorithm.

With the above findings, this thesis provides theoretical and algorithmic

contributions to knowledge in its research area.

Based on the results we obtained, we propose the following possible future work.

(i).

(ii).

(i)

Implement Algorithms 3.6.3 and 4.4.2 in computer algebra systems, for
example, Maple and Singular. Analyse the efficiency of Algorithm 4.4.2 by

experimental data.

One of the challenges here is how to present the noncommutative structure of
differential difference algebras and skew solvable polynomial rings in a computer

algebra system.

Apply the Grobner-Shirshov basis theory of differential difference algebras

developed in Chapter 3 to simplify/solve differential difference equations.

It is well-known that Grébner-Shirshov basis theory of differential algebras can
be applied to solve differential equations (see, for example, [4]). Similarly,
computational properties of differential difference algebras can be applied to
differential difference equations. Using algorithms obtained in Chapter 3, we
can compute Grobner-Shirshov bases and simplify given differential difference
systems. Then it will be easier to find solutions or investigate properties of

solutions for the given systems.

Apply Grobner-Shirshov basis theory of differential difference algebras to

homological computations.

Grobner-Shirshov  basis theory has some applications in homological
computations, for example, computing free resolutions [3] and Ext modules
[2]. It is also possible to study free resolutions and Ext modules of differential

difference algebras.
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(iv). Develop theories and applications of Grobner-Shirshov bases for differential

difference algebras over rings.

Many of the basic techniques we used in Chapter 3 will become more
complicated for a differential difference algebra over a ring, because we now
have to deal with ideas of coefficients in a ring where we cannot do division
and deduction as in Section 3.3. Then we need other technique (e.g., the
method of syzygy as used in Chapter 4 of [1]) to construct a reduction

algorithm.
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