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Abstract

Cancer evolution is driven by the accumulation of mutations in tumor cells, creating ge-

netically diverse subclones. Clonal trees are useful for representing this evolutionary history,

but existing distance methods often assume unique labels and no mutation loss—assumptions

that rarely hold in real data from modern sequencing technologies.

In this thesis, we present the Clonal Evolution Distance (CED), a biologically motivated

metric for comparing clonal trees that supports multi-labeled nodes, repeated mutations,

and mutation loss, while following the principle that once a mutation is lost, it cannot be

regained. CED is defined as the minimum total weight of deletion, rearrangement, and

insertion operations required to transform one tree into another, where weights reflect the

number of nodes affected. We show that computing exact CED is NP-hard.

To reduce complexity, we propose a semi-metric, δCED, that uses biologically informed

path pairing and tie-breaking. Possible applications include comparing trees from different

methods, datasets, or time points, and evaluating robustness with partial sequencing data.
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Chapter 1

Introduction

Despite decades of progress in treatment development, cancer is a disease responsible

for many deaths worldwide. Cancer patients’ genes are studied to understand the genetic

changes that cause cancer. These studies have shown that tumors are composed of a diverse

population of cells called subclones, with each subclone carrying its own set of mutations

(changes in DNA) that evolve within the tumor microenvironment. The microenvironment

refers to the complex ecosystem surrounding cancer cells, including components such as

immune cells, and blood vessels.

A single cell with a set of mutations that give it a survival advantage can start can-

cer, and it develops over the lifetime of a patient. Over time, cancer cells acquire more

mutations, which may give their population either an advantage or a disadvantage. This

evolutionary process is much more rapid and complex than the evolution of species across

generations [Greaves and Maley, 2012]. Cancer evolution happens at the level of the tu-

mor cell population, while the evolution of species occurs across large populations. This

evolutionary process of mutation acquisition can be represented by a tree called clonal tree.

A clonal tree is a rooted tree in which nodes represent the subclones and are labelled

by the sets of mutations acquired for the first time in the subclone, and edges represent

1



2 Chapter 1: Introduction

mutation acquisition. Labels can be represented using letters, numbers or a combination of

both. The root represents the healthy stage of the tumor. Nodes closer to the root represent

clones with mutations acquired in the earlier stages of the tumor, while nodes farther from

the root represent subclones that acquired mutations later. A special case of clonal trees,

where each node is labeled with exactly one label, is called a mutation tree.

Clonal trees are strong tools to represent the evolutionary status of a tumor, because they

can depict the accumulation of mutations over time, and visualize the diversity within the

tumor. The structure of trees implies a temporal order of mutation acquisition. Furthermore,

they enable tumor evolution comparison.

Tree comparison is required because there are some cases where more than one clonal

tree is available for a single tumor. One circumstance where this can occur is when some tree

construction methods return multiple equally optimal trees. This happens when the compu-

tational cost of handling complex and noisy data prevents these methods from identifying a

unique optimal tree. Another case arises when data from different sequencing techniques—

techniques for reading DNA—are used. Finally, applying different tree construction methods

to the same dataset may also result in different trees.

Comparing these trees across patients or time points helps with understanding tumor

heterogeneity. For instance, comparing trees constructed from different regions of a tumor

in a single patient can reveal whether the key (early) mutations are shared across regions or

are region-specific. Note that subclones are not equivalent to tumor regions. A subclone is a

group of genetically similar cells, while regions are anatomical locations. Multiple subclones

can coexist in one region, or a subclone may extend across multiple regions. One can build

a tree for each region or aggregate data from all regions to build a single tree. Comparing

trees across regions is how spatial patterns and region-specific subclones are detected. Fur-

thermore, by comparing trees generated by new tree construction methods with known and
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trusted ones, we can determine whether new methods can closely represent the true evolu-

tionary history. We can also compare trees constructed from subsets of the same dataset to

assess the sensitivity of tree construction methods to the quality and size of data.

Normal tree comparison methods, such as the Robinson-Foulds (RF) distance [Robinson

and Foulds, 1981], assume that only leaves are labeled and that trees are uniquely labeled

with a single label per node—an assumption that rarely holds for clonal trees. In clonal trees,

a node may carry multiple labels, reflecting uncertainty about the order in which mutations

were acquired. Moreover, the same mutation may appear in different lineages of the tree due

to independent acquisition in separate subclones.

Traditional methods also assume that if a mutation appears in the history content (i.e.,

in the label set of an ancestor node), it must appear in the history content of all of its

descendant nodes. However, real cancer evolution often involves mutation loss, where this

assumption breaks down. Mutation loss plays a crucial role in accurately characterizing

tumor evolution, as certain treatments or the immune system may target and eliminate cells

carrying specific mutations. [Jiang et al., 2022] As a result, descendant subclones may no

longer inherit those mutations.

Another reason normal tree comparison methods do not work well for clonal trees is that

they assume both trees have the same set of labels. However, clonal trees generated by dif-

ferent tree construction methods, trees from different patients, or even trees representing the

same tumor at different time points may contain varying label sets [Jahn et al., 2021]. These

characteristics of clonal trees make it practically impossible to directly apply traditional tree

comparison methods to them.

To overcome these challenges, researchers have modified the definitions of some existing

tree comparison methods to make them applicable to clonal trees. However, only a few of

these methods can fully handle all the properties of clonal trees. Most of them still impose
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some restrictions that limit their applicability to more realistic evolutionary scenarios.

To be more specific, most of the tree comparison methods for clonal trees are generaliza-

tions of traditional tree comparison methods applied to multilabeled trees, but they still do

not allow a label to appear more than once, and they do not permit mutation loss. Even the

methods that impose no restrictions do not always capture the full picture of how cancers

evolve, because they often blindly generalize traditional tree comparison methods without

considering biological relevance.

For instance, some methods only check if the ancestor-descendant relation between two

mutations is the same in two trees [Karpov et al., 2019]. In Chapter 3 we explain in detail

how these methods work and why they cannot fully represent the dissimilarities between two

clonal trees.

Due to technical limitations and computational costs among other reasons, earlier tree

construction methods often simplified tumor evolution. For instance, they assumed each

mutation happens only once and ignored mutation loss. This constraint is known as the

Infinite Sites Assumption (ISA). See Figure 2.1 for an example of a clonal tree generated

under ISA, and Figure 2.2 for one that does not satisfy it. In Figure 2.2, the loss of mutation

D is represented as “D”. The ISA assumptions made building the evolutionary trees easier.

It also justified applying similar restrictions to the early distance methods.

However, tree construction methods have evolved to capture a more realistic picture of

tumor evolution. Methods such as SiFit allow violations of the Infinite Sites Assumption [Za-

far et al., 2017]. This makes distance methods defined under ISA either ineffective or reliant

on a preprocessing step that removes repeated labels and mutation losses before the method

can be applied [Karpov et al., 2019]. Development of higher resolution sequencing tech-

niques such as single cell sequencing and computationally efficient algorithms has helped

researchers to build more detailed and realistic tree construction models. Consequently,
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distance methods must also evolve to remain effective on these more complex trees.

We introduce the Clonal Evolution Distance (CED), a novel metric designed to quan-

tify the differences between clonal trees while respecting the hierarchical nature of clonal

evolution. Our method incorporates three key operations: deletion (deletes a label, which

may result in node deletion if the set of labels of that node becomes empty), rearrangement

(moves a label from its current node to another existing or new node), and insertion (inserts

a label into an existing or new node). Similar to the edit distance [Bille, 2005], node deletion

results in reattaching the child nodes to the parent of the deleted node. When inserting a

new child node under an existing node, the parent’s children can be redistributed between

the parent and the new child. These different operations are described in depth in Chapter 4.

Each of these operations is weighted to reflect its biological significance in tumor progres-

sion. To be more specific, the weight of an operation corresponds to the number of nodes

whose set of labels or history content changes as a result of applying the operation. Details

are illustrated with examples in Chapter 4.

The CED is then defined as the minimum weight among all possible sequences of oper-

ations that transform one tree into another. We impose no restrictions on the number of

repeated labels or mutation loss; however, a label that is lost on a lineage is never acquired

again on that same lineage. This assumption is known as Dollo’s law of irreversibility [Gould,

1970].

We prove that computing the CED’s value, dCED, is NP-hard and introduce a semi-

metric variant, δCED, which has fixed-parameter tractable (FPT) algorithm in the number

of pairwise consistent tree partitions (PCTP)—pairwise tree partitions which are consistent

with regional similarities between tumors—as defined in 4. This semi-metric uses a set of

operations similar to those of dCED, but incorporates a path-mapping technique.

In Chapter 2, we cover all the background information needed to understand the project.
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In Chapter 3, we discuss existing distance methods, along with their strengths and limita-

tions. In Chapter 4 Section 4.1, we define the CED operations and present some examples.

In Section 4.2 we formally define the CED distance method and prove that it is a metric.

We also show in this section that finding dCED is NP-hard. In Section 4.3, we determine

the largest possible distance between two trees under specific restrictions, since without such

restrictions, this value is infinite. In Section 4.4 we define δCED and show that it is a semi-

metric. In Section 4.5, we introduce an algorithm to compute δCED. In Section 4.6, we show

that the proposed algorithm runs in polynomial time with respect to all parameters except

one. Finally, in Section 4.7, we present several proof-of-concept examples to illustrate the

key ideas. In Chapter 5, we provide a summary of the project, discuss its limitations, and

highlight aspects that can be explored further in the future.



Chapter 2

Background

Understanding cancer evolution requires a solid foundation in biological concepts such

as DNA, genes, and mutations, as well as the computational methods used to study their

evolution. In this section, we cover all the necessary background.

2.1 Fundamental Concepts of Molecular Genetics

Deoxyribonucleic acid, or DNA, is a molecule that acts as the blueprint of the cell,

since it contains the information needed to construct other components of the cell. DNA is

composed of two strands, where each of them is made up of simpler units called nucleotides.

Nucleotides contain one of four bases: adenine (A), thymine (T), cytosine (C), or guanine

(G). The two strands are held together by hydrogen bonds between complementary base

pairs (A-T and C-G) and form a double-helix structure. [Watson and Crick, 1953]

The majority of cellular processes are carried out by proteins, which are sequences of

amino acids. The specific sequence of amino acids determines a protein’s structure and

function [Havey, 2017]. Proteins are synthesized based on the information encoded in DNA

through two main steps: transcription, where a segment of DNA called gene containing

7
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functional and reproductive information [Havey, 2017] is used as a template to produce a

single-stranded molecule called messenger RNA (mRNA) in the nucleus of the cell; and

translation, where this mRNA moves to the cytoplasm, the gel-like substance filling the

interior of the cell, and attaches to ribosomes, small cellular machines that assemble amino

acids into protein chains using the mRNA template.

The long structure into which DNA is organized is called a chromosome, and the complete

set of chromosomes in a cell is called the genome of that cell. During cell division, the cell

replicates its genome so that each daughter cell receives the same genetic material. The

duplication involves separating the two strands, and producing new complementary strands.

Cell division normally ensures the safe transfer of genetic information from one generation

to the next. However, sometimes the genome is altered during replication. These changes

to the DNA are called mutations. Cells are equipped with mechanisms to repair damage to

DNA, such as mismatches, breaks, or chemical modifications, to maintain genomic stability

and prevent mutations [Wood, 1999].

2.2 DNA Mutation Types, Their Repair, and Immune

Response

DNA mismatches occur when incorrect nucleotides are paired during DNA replication.

There are key proteins that identify these mismatches, remove the newly synthesized strand

containing the incorrect base, and replace it by the correct base [Iyer et al., 2006].

DNA breaks are cuts in the DNA backbone, which can occur in one or both strands.

Single-strand breaks are identified by specialized proteins; the damaged part is removed and

filled in with the correct sequence. Double-strand breaks are more dangerous, as they can

lead to chromosome loss or rearrangement. Cells have two different mechanisms to repair
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double-strand breaks.

The first mechanism, homologous recombination (HR) occurs when specific proteins use

an undamaged DNA sequence as a template to fix the break. This mechanism is usually

accurate and safe, but it can only be used during certain phases of the cell’s life cycle.

The second mechanism is called non-homologous end joining (NHEJ). In this process, some

proteins find the broken ends, others may trim the ends, and finally, the ends are attached.

This process is faster, but it may result in small missing or extra nucleotides in the DNA. [Mao

et al., 2008]

Finally, chemical modifications refer to the process where small chemical groups are added

to DNA bases. This can alter how DNA functions. Special enzymes find these chemical

groups and remove the damaged base, leaving a gap. Other enzymes then trim the ends of

the gap if needed and fill in the gap with the correct sequence. [Chatterjee and Walker, 2017]

When DNA repair mechanisms fail to fix certain critical DNA damage, damaged DNA

can activate molecular events called signaling pathways that alert the immune system. This

immune response can lead to programmed cell death which helps to remove damaged cells.

This provides an additional layer of protection beyond DNA repair mechanisms. [Nakad and

Schumacher, 2016] This cell death response mainly happens through a process called apopto-

sis, which is a controlled way for cells to die without harming the surrounding tissue. During

apoptosis, the cell carefully breaks down its internal parts, including its DNA, and then

signals nearby cells to remove the remains safely. Important proteins like p53 help decide

when the damage is too severe and trigger this process. When DNA damage is detected,

p53 can pause the cell cycle to allow repair or initiate apoptosis if the damage is irreparable.

This prevents damaged cells from dividing and passing on mutations. Alternatively, cells

may undergo other forms of regulated death such as necroptosis, pyroptosis, or frerroptosis,

which typically happens when apoptosis is blocked, during an infection, or in response to a



10 Chapter 2: Background

specific type of damage [Bertheloot et al., 2021; Tang et al., 2021].

2.3 Cancer Initiation and Tumor Heterogeneity

Unfortunately, some mutations may allow cells to evade being detected by the immune

system, change their metabolism, and induce new blood vessel growth [National Cancer

Institute, 2025]. Mutations that affect genes that control cell growth and division can lead

to uncontrolled cell growth, resulting in cancer [Franjic, 2021]. These genes are called key

drivers and their mutations are called mutation drivers [Bailey et al., 2018; Peters et al.,

2024]. Mutations may be inherited or acquired later in life due to aging or exposure to

harmful factors such as cigarette smoking.

A single cell with a set of mutations initiates cancer. Then, selective pressure within the

tumor microenvironment leads to a Darwinian process of cancer evolution [McGranahan and

Swanton, 2017], which means that if these mutations give the cell a better chance to grow and

divide, the cell replicates more rapidly than normal and form a clone of cells sharing the same

set of mutations. Over time, each of the cells in that clone may acquire additional mutations,

creating new subclones. The subclones with fitness advantages expand, which results in

complex evolutionary trajectories. Cancer cells evade normal cell death mechanisms, they

may invade surrounding tissues, and even spread to other organs [National Cancer Institute,

2025].

The heterogeneity both between tumors and within a tumor leads to unique character-

istics such as the potential to invade other organs (metastatic potential), gene expression,

structure, and drug resistance. These complex and diverse characteristics make cancer treat-

ment challenging.
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2.4 Cancer Treatment

Cancer treatment has evolved rapidly. Nowadays, a wide range of therapies, includ-

ing surgery, radiation, chemotherapy, immunotherapy, targeted therapy, hormone therapy,

CAR-T cell therapy and cancer vaccines are offered. Each method has distinct mechanisms

and applications and has its own benefits and limitations. Below is an overview of some

traditional and modern cancer treatments.

Surgery is an effective treatment for solid tumors which are accessible and isolated. The

process involves surgically removing the tumor and surrounding tissue. Advances in robotics

and fluorescence imaging has increased precision and reduced the risk of incomplete tumor

removal and hurting healthy tissues. However, when the tumor is metastatic or near to vital

organs, surgery is not effective. [Zafar et al., 2025]

Chemotherapy involves using drugs to disrupt cell replication, leading to cell death.

Unfortunately, these drugs cannot distinguish cancer cells from healthy ones. This often

leads to causing damage to normal tissues. Furthermore, this method may cause side effects

and drug resistance. The immune system may be activated as a side effect of the drug which

can slow the drug’s effectiveness. [Zafar et al., 2025]

Radiation therapy uses high-energy particles to destroy cancer cells by damaging their

DNA. Similar to chemotherapy, this method may trigger side effects and therapy resistance.

Despite advances in technologies, such as allowing radiation to beam according to the shape

of the tumor or delivering the required dose of radiation in microseconds, the healthy cells

surrounding the tumor are still jeopardized. [Zafar et al., 2025]

Hormone therapy is limited to hormone-dependent tumors such as breast cancer. The

level of hormones associated with tumor growth—like estrogen in the case of breast cancer—

is controlled by this therapy. This method can also induce resistance over time. [Zafar et al.,

2025]
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So far, we have discussed traditional categories of treatments. Next, we explore some

modern options.

In targeted drug therapy, drugs designed to target molecules or genetic mutations driving

the cancer are used. Healthy cells with targeted properties may be eliminated as a side

effect of the drug. New mutations in cancer cells may also help them escape and create drug

resistance. [Liu et al., 2024]

Antibody-based therapies use drugs to block proteins that stop the immune system from

attacking cancer cells. In the long term, this method may increase the risk of immune-

related side effects. These side effects are generally predictable because they are known from

clinical trials, and patients are usually warned about them in advance. Other adverse effects,

which are harmful, unintended, sometimes unexpected, and may be more serious requiring

intervention or stopping the medication, are also possible. [Liu et al., 2024]

Gene therapy alters genetic material within cancer or immune cells to attack tumors

effectively or overcome drug resistance. It is challenging to precisely alter the cancer cells,

and targeting healthy cells may cause unintended mutations. Furthermore, the immune

system may react to this method. [Liu et al., 2024]

For additional modern treatment options, see [Liu et al., 2024].

2.5 Sequencing Techniques

Despite advancements in cancer treatment methods, all of them share a common require-

ment: a clear understanding of the unique features of each tumor and a personalized profile

of the patient. DNA sequencing, which is the process of determining the order of the four

nucleotide bases that make up a DNA molecule [National Cancer Institute], plays a crucial

role in constructing profiles for tumors. It provides fundamental genetic information about
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mutations, large-scale structural changes such as when segments of DNA are missing or re-

arranged, and other genomic alterations, including increases or decreases in the number of

copies of particular genes or DNA segments, all of which contribute to tumor development

and progression [Sekar et al., 2014]. This direct access to the genome of individual cells,

allows identifying differences (mutations) in an individual’s DNA sequence compared to a

reference genome. There are two sequencing approaches, bulk sequencing and single cell

sequencing.

The sample in bulk sequencing is a mixture of cancerous and healthy cells, and the result

is represented as an aggregate sequence. This sequence can be considered an average of the

DNA of all cells in the sample, in the sense that rare clones appear in a small portion and

are not easy to detect, while more common or repeated mutations are highlighted by the

sequencing. This method provides an overview of genetic mutations across millions of cells

efficiently, but tumor heterogeneity is sacrificed. [Lim et al., 2020] It is hard to infer the

lineage of tumor mutations from analysing the aggregate sequence because the sequences of

different subclones are merged [Zafar et al., 2017].

In the single-cell approach, on the other hand, individual cells are isolated and sequenced,

so the rare clones hidden from the bulk approach are identified. By sampling both tumor and

surrounding cells, this method provides a detailed view of the tumor microenvironment and

the evolutionary lineage of mutations. Single-cell sequencing is more challenging and compu-

tationally intensive, but recent advancements in technology has reduced its cost remarkably.

[Lim et al., 2020]

Single-cell sequencing has uncovered new layers of tumor heterogeneity. Findings from

these advanced sequencing techniques demonstrate that tumor evolution often violates the

Infinite Sites Assumption (ISA)[Zafar et al., 2017]. Real tumor evolution is more complex,

with recurrent mutations, mutation losses, and convergent evolutionary events that violate
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the conditions required for the ISA to hold[Zafar et al., 2017]. Phylogenetic trees are powerful

tools for representing and analyzing sequencing data. Recent tree construction methods are

designed to capture the complexities revealed by single-cell sequencing[Zafar et al., 2017].

2.6 Tree Construction Methods

Several computational methods have been developed to infer tumor evolutionary trees

from sequencing data. These trees have many applications, such as finding the history of

migration of metastatic cells [Kumar et al., 2020]. Recent studies have shown that, despite

previous beliefs, metastatic cells are not the result of migration from a single cell or clone.

In fact, they result from complex cell migration involving different clones [El-Kebir et al.,

2018], and the history of migration of these cells can be traced using tumor evolutionary

trees.

Figure 2.1 shows a tumor evolutionary tree. Each label A,B,C,D,E, F represents a

mutation. The label A represents the mutation which is present in every cell of the tumor

in its initial stage. Each edge represents the acquisition of one or more mutations that label

the child (end-point) node it enters.

The infinite sites assumption (ISA) is a standard assumption which is made in many

articles to simplify the calculations [Ciccolella et al., 2021b]. The name derives from the idea

that if there were an infinite number of sites (positions) in the genome where mutations could

occur, it would be highly unlikely for the same site to mutate more than once. In other words,

every mutation would be unique and persist throughout tumor evolution without recurrence

or reversal. However, the ISA is usually violated in real tumor evolution [Li et al., 2024].

Under the ISA model, the node labeled B in fact represents a subclone of cells in which

the mutations B and A are present, because once mutations are acquired, they are never
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lost. Similarly, all descendant nodes inherit the mutations acquired by their ancestor nodes,

where ancestors of a descendant node like n are defined as the nodes on a path between the

root and n.

Figure 2.2 represents a more realistic scenario. In this tree, mutation loss is represented

by “”, and the mutation B is gained in two different lineages. These properties are allowed

by the finite-sites model. There are tree construction methods that infer tumor trees from

single-cell sequencing data, which either follow the finite-sites model or allow trees to violate

the ISA. In contrast, most bulk sequencing–based methods are under the ISA except a few

of them. In what follows, we focus on the approaches that allow ISA violations.

r

A

B C, D

F E

Figure 2.1: Clonal tree with ISA

r

A

B C, D

F B

E,“D”

Figure 2.2: Clonal tree without ISA

SiFit [Zafar et al., 2017] operates on an input matrix where rows represent mutational

sites. The matrix can be binary (indicating mutation presence or absence) or ternary (when

the data for both chromosomes at each site is not the same: 0 means no mutation, 1 means

a mutation in one copy of the chromosomes, and 2 means a mutation in both copies). This

matrix is derived from the single-cell sequencing data, and false positive and false negative

rates can also be obtained from it. SiFit employs a finite-sites probabilistic model of tu-
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mor evolution, along with an error-rate model for single-cell sequencing, which incorporates

statistical uncertainty and sequencing errors. It uses a heuristic search algorithm to find

the phylogenetic tree that maximizes the likelihood of observing the data given the model

parameters. The results of testing SiFit on a set of simulated data indicated that it outper-

formed the methods that infer tumor trees under the ISA, in terms of accuracy and ability

to estimate error rates. [Zafar et al., 2017]

SiCloneFit [Zafar et al., 2019] is another tree construction model based on a finite-site

model of evolution. SiCloneFit employs Markov chain Monte Carlo (MCMC) sampling,

which explores the range of possible clonal trees by proposing iterative updates to clone

assignments and tree topologies. These updates—such as adding or removing branches or

rearranging tree structures—are accepted or rejected probabilistically based on how well

they explain the observed data within a Bayesian framework. By iteratively performing

these moves, the MCMC algorithm navigates the complex space of possible evolutionary

trees and clone partitions. Ultimately, it converges to results that reflect the most plausible

clonal trees.

SPhyR [El-Kebir, 2018] employs more restrictions. It assumes that each mutation is

acquired once and lost at most k times (across different lineages), following the k-Dollo

model. It begins with a binary m×n matrix, where each entry (i, j) represents the presence

or absence of the jth mutation in the ith cell. The goal of SPhyR is to build a tree where

each node represents a clone, labeled with a binary n-tuple indicating the status of the n

mutations. Each leaf of the tree corresponds to a single cell. It uses the false negative and

positive rates to correct real sequencing data errors. Then by integer linear programming

searches for an assignment of states to matrix entries that both fit the observed (and possibly

error-corrected) data and minimize the total number of losses (parsimony). Solution of this

ILP yields a valid matrix consistent with k-Dollo evolutionary constraints. Once the matrix
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is valid, combinatorial algorithms are used to reconstruct the tree. Mutations are assigned

to edges. SPhyR outperforms SiFit, both in terms of accuracy and runtime.

Another tree construction model which employes the k-Dollo model is GRMT, generative

reconstruction of mutation tree [Yu et al., 2021]. This method starts building the tree from

the root and adds mutations in each iteration until all mutations are placed on the tree.

At each step, it adds the node that fits best. Constructing the tree from scratch instead of

exploring all possible trees allows GRMT to handle large datasets efficiently.

These tree construction methods do not consider evidence from sequencing data to con-

firm mutation loss, which may affect their accuracy. SCARLET [Satas et al., 2020] allows

mutation loss, but only if it is supported by sequencing data evidence of a corresponding

deletion. It refines a tree called a copy-number tree, which represents structural changes

in the genome. These changes refer to cases where entire segments of DNA are duplicated

or deleted compared to a reference genome. The copy-number tree is constructed by other

established methods. The refined tree is a clonal tree whose losses are supported by the

copy-number tree. The algorithm works recursively from the leaves (observed cells) up to

the root. It infers mutation profiles for internal nodes by solving a phylogeny problem that

models mutation presence and absence while respecting the constraints of unique gains and

supported losses.

ConDoR [Sashittal et al., 2023] is another tree construction method which employs copy-

number aberrations (CNAs). It defines a novel evolutionary model called the constrained

k-Dollo model, which allows mutations to be gained once but lost up to k times, with

the key constraint that losses can only occur between cells belonging to different copy-

number clusters. It takes as input the clustering of cells based on their copy-number profiles,

along with mutation variant read counts and the total number of DNA sequencing reads

covering each mutation site. It searches for the optimal mutation matrix and tree structure
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maximizing the likelihood of observed read counts under the constrained k-Dollo model.

Bonizzoni et al. [Bonizzoni et al., 2017] propose a bulk sequencing-based method which

formulates tumor evolutionary history reconstruction as an Integer Linear Programming

(ILP) problem. It allows mutations to be gained and lost a limited number of times. It

takes as input mutation frequency data from multiple tumor samples, and aims to find a

phylogenetic tree and clonal composition that best explain this data. The key idea is to

construct extended matrices representing possible mutation acquisition and loss states and

encode compatibility constraints as linear inequalities. The tumor evolutionary tree is then

constructed by solving the ILP problem.

The method PhISCS [Malikic et al., 2019] addresses the tumor clonal tree construction

problem by integrating single-cell and bulk sequencing data. At first, it uses the ISA, but

then the method is generalized to allow limited number of losses. It formulates the problem

as a combinatorial optimization task and uses integer linear programming (ILP) and con-

straint satisfaction problem (CSP) approaches to efficiently solve it. The input is a ternary

matrix representing mutation presence, absence, or missing data in single cells. Additional

constraints ensure that the inferred phylogenetic tree and clonal composition assign muta-

tions to clones in such a way that the resulting expected mutation frequencies match the

observed proportion of cells carrying each mutation in the bulk tumor sample.

The characteristic that traditional evolutionary clonal or mutation tree construction

methods have in common with the recent methods is that they are not deterministic. In-

stead, they use heuristic or probabilistic approaches as described in this section. Hence,

distance or dissimilarity measures are essential for evaluating and comparing the resulting

trees.

As the tree construction methods for mutations are evolving to allow more realistic evo-

lution scenarios such as violating the ISA, the distance methods should be able to compare
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these trees.



Chapter 3

Literature Review

In this chapter, we review the existing distance and dissimilarity measures for comparing

clonal trees in cancer evolution studies. We discuss how traditional approaches and recent

advances accommodate different evolutionary assumptions and highlight the strengths and

limitations of each method.

3.1 General Tree Comparison Measures for Leaf-Labeled

Trees

The famous Robinson-Foulds (RF) distance [Robinson and Foulds, 1981] for leaf-labeled

trees (phylogenetic trees) counts the number of edge contractions and expansions required

to transform one tree into another. An alternative formulation defines the distance as the

number of nodes whose descendant label sets are unique (no node on the other tree has the

same set of descendant labels) [Llabrés et al., 2021].

Generalized Robinson-Foulds (GRF) distance [Llabrés et al., 2021] for phylogenetic trees

is designed to address the low resolution of RF distance, where small and large differences

20
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in label sets had a similar impact on the distance. Instead of treating set labels as equal

or different, GRF measures how different each set label of subtrees in one tree is to the

most similar set label of subtrees in the other tree. It averages these minimal differences to

quantify overall tree dissimilarity.

A widely used class of tree comparison methods is operation-based distances, which

quantify the minimum number of specific tree modification operations required to transform

one tree into another. A well-known example of these distances methods is the Nearest

Neighbor Interchange (NNI) [Allen and Steel, 2001]. It measures the minimum number of

local subtree rearrangements needed to transform one tree into another. Due to the small

range of the movements, reasonably similar trees may have a large distance. The Subtree

Prune and Regraft (SPR) distance is a more flexible version of the same distance which

allows cutting a subtree and pasting the cutted tip somewhere else on the remaining tree.

This movement does not have to be local, but calculating the distance is computationally

more expensive. The Tree Bisection and Reconnection (TBR) distance is even more flexible,

since after cutting a subtree, it allows the regrafting to be between any two edges. Finding

TBR distance is NP-hard. [Allen and Steel, 2001]

3.2 Distance Methods For Clonal Trees Under ISA

The Common Ancestor Set distance (CASet) compares the ancestor-descendant relation-

ships between clonal trees [DiNardo et al., 2020]. For each pair of nodes in each tree, the

set of common history mutations shared by those nodes is collected, and the distance value

is the average Jaccard distance between all these sets. Nodes near the root of the tree can

contribute to larger differences if labeled differently, since these labels (mutations) are shared

by many descendants.
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The same authors proposed another distance measure, the Distinctly Inherited Set Com-

parison distance (DISC). It focuses on the sets of mutations that are distinctly inherited in

different lineages [DiNardo et al., 2020], and like CASet, it uses the Jaccard distance. None

of these distance measures is a metric. Their author suggests that the CASet is more useful

for the trees which are very different, and the DISC should be used to distinguish between

the trees that are mostly similar. However, they can not achieve both purposes at the same

time. These two distances can be computed in polynomial time in the number of labels,

when they are applied to trees that have the exact same set of labels.

The multi-labeled tree dissimilarity measure (MLTD) [Karpov et al., 2019] uses an edit

distance based method to transform two multi-labeled trees into a common tree [Karpov

et al., 2019]. The operations can delete labels, delete unlabeled leaves (nodes with no chil-

dren), and insert nodes with in-degree and out-degree of one as new parents of an existing

node v, where the labels of v are redistributed between v and its newly inserted parent.

Then the distance value is the number of the labels in each tree minus twice the number of

the labels in the maximum common tree (the common tree with most number of labels).

The MLTD is not a metric since it does not satisfy the triangle inequality, and moreover,

it does not distinguish between a tree with one node labelled with A,B and a tree with

two nodes, one labelled with A and one labelled with B. This means the measure does

not differentiate between tree construction methods that determine the order of mutation

acquisition and those that leave it undecided by multi-labeling nodes. It is computed in

polynomial time.

There are other distance methods for clonal trees that are specifically designed for trees

that have the exact same set of mutation labels. For example, the path distance measures

the total difference in the path length between each pair of mutations. The Parent-Child

distance (PCD) counts the pairs of ordered parent and child mutations—the first mutation
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labels a parent node and the second labels its child—that are induced from one tree but not

from the other. The Ancestor-Descendant (AD) distance generalizes this by considering all

ancestor-descendant mutation pairs instead of only direct parent-child relationships. The

Clonal distance (CD) on the other hand, measures dissimilarity by comparing individual

nodes and counting those whose set of labels does not exactly match the labels of any node

in the other tree. [Govek et al., 2018]

The famous Robinson-Foulds (RF) distance [Robinson and Foulds, 1981], which was

originally developed for phylogenetic trees, has various generalizations for the mutation

trees [Jahn et al., 2021; Khayatian et al., 2024] . For instance, the Bourque distance is

defined on clonal trees [Jahn et al., 2021]. If the trees being compared have the exact same

set of labels, the Bourque distance reduces to the standard RF distance for labeled trees.

Each edge defines a partition of labels: one part includes the child node and its descendants,

and the other includes all remaining labels. The total number of partitions in the two trees

considering shared and non-shared labels is calculated by counting bipartitions that appear

uniquely in each tree, with partitions common to both trees counted only once. Next, the

non-shared labels are ignored, the partitions are updated accordingly, and the symmetric

difference—i.e., partitions that exist in only one of the trees—is calculated. The Bourque

distance is the difference between the total number of partitions and the symmetric differ-

ence both defined above. The Bourque distance is a metric and can be computed in linear

time, but it does not allow mutation loss.

High-order Bourque distances [Jahn et al., 2021] is defined on the same set of trees and

under the same constraints as the original Bourque distance. The k-Bourque distance focus

on comparing the Bourque distances between k-neighborhood subtrees–—subtrees induced

by the set of descendant nodes within k edges from a given node—–of the two trees. These

subtrees are rooted at nodes in each tree. To accommodate differences in tree sizes, perfect
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matchings are constructed between the sets of k-neighborhood subtrees, augmenting the

smaller set with dummy (empty) subtrees if necessary. The k-Bourque distance is then

defined as the minimum total cost of a perfect matching in this bipartite graph, where each

edge weight corresponds to the Bourque distance between a pair of k-neighborhood subtrees.

The algorithm runs in cubic time with respect to the maximum size of the two trees.

3.3 Distance Methods Violating ISA

A recent generalization of the Robinson-Foulds distance is defined on clonal trees that

may have different sets of labels and repeated labels. It is called is the k-Robinson–Foulds

(k-RF) dissimilarity measure [Khayatian et al., 2024]. It finds the partitions for each edge

but considers only the labels in the k-neighborhood of the endpoints. The distance is the

symmetric difference of the set of these partitions. The restriction of the k-RF to the set

of uniquely labeled mutation trees is a metric. The k-RF distance of zero does not imply

having two identical trees which is an important drawback of the distance. Nevertheless, the

distance can be computed in polynomial time.

The k-Bourque and k-RF distances compare two trees by looking at the labels of nodes

within k nodes of each edge. In other words, they determine how similar the neighbourhoods

around each edge are in both trees. This definition depends on the choice of k. When k is

set to a small value, these measures only capture similarities in local regions of the trees.

However, focusing on k-neighbourhoods allows the calculation of distances for trees with

repeated labels in polynomial time.

The Generalized Robinson-Foulds (GRF) distance [Llabrés et al., 2020] for clonal trees is

defined similarly to its definition for phylogenetic trees and captures dissimilarities with bet-

ter resolution than the other generalizations of the RF distance. It computes the normalized
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symmetric difference (Jaccard distance) between multisets of clones from two trees. It is a

metric and can be calculated in polynomial time. However, it does not consider mutation

loss.

The triplet-based similarity score MP3 [Ciccolella et al., 2021a] is defined on clonal trees

and accounts for repeated labels and mutation loss. For every three mutation labels, it com-

pares the set of labels of the minimal subtrees containing the three mutation labels in each

tree. Because mutations can appear multiple times in different parts of the tree (repeated

labels), a single triplet of mutations may correspond to multiple subtrees. MP3 handles

this by taking the union of the labels from all such relevant subtrees. A key limitation of

this method is that it treats mutation loss the same as regular mutation acquisition, over-

looking the inheritance-based structure of clonal trees. For instance, let L1 = {A,B,C,D},

L2 = {A,B,C,D, “D”} and L3 = {A,B,C} denote the label sets of the minimal subtrees

containing A,B,C in T , T ′, and T ′′, respectively. Here “D” represents loss of the mutation

D. The measure considers L1 and L3 more similar than L2 and L3. However, the extra label

D is lost at some point in L2, meaning that the descendant nodes no longer inherit the extra

mutation. So, from the inheritance-based point of view, L2 and L3 are more similar.

Despite these advances, existing measures are not specifically designed to capture mean-

ingful differences between clonal trees. They either struggle to balance computational effi-

ciency and resolution or lack the ability to handle complex evolutionary scenarios such as

mutation loss and repeated mutations. We propose the Clonal Evolution Distances (CED)

as a new framework to address these limitations by introducing biologically motivated oper-

ations. Table 3.1 summarizes the key properties of distances defined for clonal trees.
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Distance Repeated Mutation Different ISA Runtime Metric

labels loss set of

labels

CASet x x ✓ ✓ Polynomial on trees with

same labels

x

DISC x x ✓ ✓ Polynomial on trees with

same labels

x

MLTD x x ✓ ✓ Polynomial x

Path-distance x x x ✓

PCD x x x ✓ x

AD x x x ✓ x

CD x x x ✓

Bourque x x ✓ ✓ Polynomial ✓

k-Bourque x x ✓ ✓ Polynomial

K-RF ✓ x ✓ x Polynomial x

GRF ✓ x ✓ x Polynomial ✓

MP3 ✓ ✓ ✓ x

CED metric ✓ ✓ ✓ x NP-hard ✓

CED semi-

metric

✓ ✓ ✓ x Polynomial in all vari-

ables except a rare one

x

Table 3.1: Comparison of distance measures for clonal trees
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Methodology: Clonal Evolution

Distance Metric and Semi-Metric

We propose the following distance method, which quantifies both the number of subclones

(nodes) identified differently by various methods and the extent of these differences. Whether

the input data comes from the same method used on different patients, or on the same

patient at different time points, it measures the number of subclones which contain different

mutations. It uses specific operations to transform one tree into the other one.

A clonal tree T (V (T ), E(T ), L(T )) is a rooted tree where nodes in V (T ) represent sub-

clones (sets of cells with a common set of mutations in a tumor), the edges in E(T ) represent

the process of mutation acquisition or loss corresponding to the labels of the nodes they en-

ter, and L(T ) is the multiset union of labels of the nodes of T . We impose no restrictions on

the number of repeated labels or mutation loss; however, a label that is lost on a lineage is

never acquired again on that same lineage, because if reacquisition occurred, the sequencing

data would no longer contain any evidence of the earlier loss. In this document, mutation

loss is denoted by quotation marks. For instance, “ℓ” indicates the loss of mutation ℓ. In

Figure 2.1 we have L(T ) = {A} ∪ {B} ∪ {C,D} ∪ {F} ∪ {E}. For each node v ∈ V (T ), the

27
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notation L(v) represent the set of mutations which v is labeled with. The root represents

a dummy node with in-degree zero, labeled r, on which no operations can be applied. So

the root’s children represent the initial mutations. A node v is an ancestor of u if it appears

on the path from the root to u. Consequently, u is referred to as a descendant of v. Even

though a mutation can be acquired in different places and multiple nodes may have the same

set of labels, the corresponding nodes are regarded as distinct if they differ in their ancestral

histories or historical content.

Definition 1 (Historical Content). Let T be a clonal tree and v a node in T . The history

content of v denoted by HCT (v), is defined as the union of every label set of the ancestors of

v, including the labels of v itself, where for any mutation A, if both A and its loss “A” label

some ancestors of v, then neither A nor “A” is included in HCT (v).

Definition 2 (Mutation Content). Let T be a clonal tree. For each node v ∈ T , the pair

(L(v),HCT (v)) denoted by MCT (v) is referred to as the mutation content of v with respect

to T .

4.1 CED Operations

Before presenting the formal definition of the operations, we first illustrate how they work

through a few examples.

• Deletion: This operation removes a label. Removing a label may result in an empty

node. In such cases, as shown in Figure 4.1, the empty node is also deleted.

• Insertion: This operation acts as the inverse of deletion. So, as shown in the Figure 4.2,

it may either add labels to existing nodes or create new nodes in which to insert the

labels. A new node can be inserted in multiple ways, depending on which subtrees
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r

B C, D

F E

T

r

B F E

T ′

Figure 4.1: The tree T ′ is the tree T after deleting C and D. Deleting the label C changes
the label set of its node and the historical content of the nodes labeled F and E, but then
deleting the label D removes one node too.

rooted at the original children of the new node’s parent are reassigned to be rooted at

the new node. In other words, inserting a new node enables the redistribution of the

children of the parent node.

r

B F E

T
r

B E D

F

T ′

r

B D

F E

T ′′

Figure 4.2: A new node can be inserted in multiple ways, depending on which subtrees
rooted at the original children of the new node’s parent are reassigned to be rooted at the
new node; however, only one of these insertions is the inverse of a specific deletion. Two of
the possible ways to insert the label D into the tree T are shown above. The tree T ′ shows
an insertion which does not reverse the deletion of D in the Figure 4.1. This insertion adds
a new node and changes the historical content of the node labeled F . The tree T ′′ shows the
inverse of the deletion of the label D in the Figure 4.1. This insertion changes the historical
content of the node labeled E as well.
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• Rearrangements: This operation can move labels between existing nodes along a lineage

(see Figure 4.3). Similar to a deletion, a rearrangement may result in an empty node

as shown in the Figure 4.4; in such cases, the empty node is removed. It can also

create a new node (see Figure 4.5), similar to the insertion operation; however, instead

of inserting a new label, it relocates a label from another node into the newly created

one.

r

B C, D

F E

G

H

T

r

B C

F E

G,D

H

T ′

Figure 4.3: Rearrangement between existing nodes: The tree T ′ is the tree T after moving
the label D to the node labeled G. The rearrangement of the label D, as shown above,
affects the label sets of both its source and destination nodes. It also changes the historical
contents of the nodes labeled E, F and G, but has no effect on the mutation content of the
node labeled H.

Once a mutation is deleted from a lineage, any subsequent mutation loss of that label

on the same lineage becomes meaningless, as the label no longer exists to be lost. This

is why the deletion of a mutation label should automatically result in the removal of its

mutation losses from all descendant nodes. To maintain the reversibility of the operations,

insertions should add the mutation losses intended for the descendant nodes. The same

principle applies to rearrangements. Mutation loss labels can also be deleted, inserted, or

rearranged independently, just like mutation labels.
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r

B C

F E

T

r

B F E,C

T ′

Figure 4.4: Rearrangement between existing nodes resulting in node removal: The tree T ′

is the tree T after moving the label C to the node labeled E. The rearrangement of the
label C, as shown above, removes its original node and changes the historical contents of the
nodes labeled F and the label set of the node labeled with E.

r

B F E,C

T
r

B F C

E

T ′

r

B C

F E

T ′′

Figure 4.5: A label can be rearranged to a new node in different ways, depending on how
the insertion of the new node redistributes the subtrees rooted at the parent node. The
rearrangement resulting in the tree T ′′ is the reverse of the rearrangement of the label C in
Figure 4.4.

Figure 4.6 illustrates how a mutation loss can alter the effect of an operation on the tree.

Deleting label A which would normally affect the contents of all descendant nodes, does not

impact those that are labeled with “A” as one of its labels and their descendant nodes.

Labels can be represented using letters, numbers or a combination of both. We refer to

the nodes using lowercase letters.
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r
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“A”

D

E,F

T
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C

D

E,F

T ′

Figure 4.6: The tree T ′ is the tree T after deletion of A. Deleting Label A does not change
the mutation content of the node labeled D

We are now ready to present the formal definition of the CED operations. Throughout

this document, given a clonal tree T , a node v is said to be new if it does not already exist

in T . In such a case, we denote v by p ▷ v, where p is an existing node of T . This notation

indicates that the node v should be introduced as a child of p.

Definition 3 (CED Operations). Let T be a clonal tree. We define three operations that

can be applied to all nodes except the root r:

• Deletion DT (ℓ, a) (or DT (“ℓ”, a) when referring to a mutation loss): This operation

first removes the label ℓ (“ℓ”) from L(a). If a has only one label, the operation removes

the node and reattaches its children to its parent. The operation then automatically re-

moves “ℓ” from the set of labels of the descendant nodes of a. The operation DT (“ℓ”, a)

only removes “ℓ” from L(a), because, as specified earlier, once a label is lost, it cannot

be reacquired in the same lineage. Consequently, there is no descendant labeled with ℓ
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that needs to be automatically removed.

• Insertion IT (ℓ, a, B,C): where B is a set of pairs (bi, Di), with each bi being a descen-

dant of a, and Di denoting a subset of the children of bi’s parent node.

This operation first inserts the label ℓ into node a. If a is an existing node, the pa-

rameter C is empty. If a is a new node (needed to be created on T ), the parameter C

represents a subset of the original children of a’s parent. The subtrees rooted at nodes

in C are detached from their parent and reattached to a, making them children of a.

The operation then inserts “ℓ” into a subset of a’s descendants, denoted by the first

elements in B such as bi. For each bi, if bi already exists on T , then Di is empty.

If bi is a new node, then Di denotes the children of bi’s parent whose subtrees should

be reattached to bi. Insertion of a mutation loss label, denoted IT (“ℓ”, a, C), does not

require the third parameter B used in regular label deletions, since a lost label cannot

be reinserted into descendant nodes.

• Rearrangement RT (ℓ, a, I): where I = IT (ℓ, b, B, C) and a is either an ancestor or a

descendant of b. Essentially, the rearrangement operation applies DT (ℓ, b) and then

I. To be specific, the rearrangement operation represents the removal of label ℓ from

L(a) and automatic removal of “ℓ” from the sets of labels of the descendant nodes, in

the same way that the deletion operation does. Let T represent the transformed tree

after these deletions. Then the insertion operation within the rearrangement operation

adds ℓ to L(b). The insertion operation IT (ℓ, b, B, C) specifies how the reinsertion of

the label ℓ is performed, including the position of the inserted “ℓ” and the reattachment

of the children of b’s parent if b is a new node. Similar to the other operations, the

rearrangement of a mutation loss, denoted by RT (“ℓ”, a, I), only deletes “ℓ” from L(a)

and adds it to L(b).
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When there is no ambiguity we can drop T from the notations.

The following example shows how the insertion operation is used within a rearrangement

operation.

Example 1. Consider Figure 4.7. The operation RT (3, c, I) where I = IT (3, r ▷ f, {(b ▷

g, ∅)}, {c, b}) transforms T into T ′. First, the labels 3 and “3” are removed from L(c) and

L(e), respectively, resulting in the intermediate tree T . Since L(e) becomes empty, the node

e must be eliminated. Next, I creates node f as a child of r and assigns it the label 3. It

then creates node g as a child of b, adding label “3” to L(g). Finally, the subtrees rooted at

c and b are detached from their positions in T and reattached as children of f .

r

1 a 5, 6 b 2, 3 c

4 d

“3” e

T

r

1 a 5, 6 b 2 c

4 d

T

r

1 a 3 f

5, 6 b

“3” g

2 c

4 d

T ′

Figure 4.7: Nodes are labeled with lowercase letters, while numbers represent mutations.
The operation RT (3, c, I) where I = IT (3, r ▷ f, {(b ▷ g, ∅)}, {c, b}) transforms T into T ′.
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Definition 4 (Valid Operation). A CED operation is called valid if its resulting tree remains

a clonal tree. In other words, no two nodes within the same lineage share the same label.

From this point onward, all references to CED operations will refer to valid operations.

When S = f1, . . . , fn is a sequence of CED operations, T ⟨S⟩ denotes the tree obtained by

applying S to T , i.e applying f1 through fn successively.

Proposition 1. Let T be a clonal tree. The CED operations are reversible.

Proof. We will show below that each operation f can be reversed by an operation f−1.

• Deletion DT (ℓ, a): Let B denote the set of pairs (bi, Di) where bi are the descendants

of a with “ℓ” ∈ L(bi). For each bi, if L(bi) = {“ℓ”} then Di denotes the set of children

of bi; otherwise, Di = ∅.

If deleting label ℓ from L(a) leads to the deletion of node a, then let C denote the set

of children of a; otherwise, let C = ∅. Then,

D−1
T (ℓ, a) = IT ⟨D⟩(ℓ, a, B,C),

. Similarly,

D−1
T (“ℓ”, a) = IT ⟨D⟩(“ℓ”, a, C).

• Insertion IT (ℓ, a, B,C): This operation adds ℓ to L(a) and “ℓ” to L(bi) for each i in

B. Each time it creates a new node, the operation specifies how the children of the

parent should be distributed. The reverse operation should delete the new nodes and

reattach the children to their original parent. We claim that

I−1
T (ℓ, a, B,C) = DT ⟨I⟩(ℓ, a).

The new nodes have only one label (ℓ or “ℓ”), which is deleted by DT ⟨I⟩(ℓ, a), leading

to node deletion, and the children are reattached to their original parent. Now, we just
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need to show that DT ⟨I⟩(ℓ, a) does not remove any label not inserted by IT (ℓ, a, B,C).

We know that we only have repeated labels on different lineages, so the insertion

operation could not insert ℓ in a lineage that already has this label. Therefore, the

ℓ and all “ℓ” labels deleted by DT ⟨I⟩(ℓ, a) were inserted by the insertion operation.

Similarly,

I−1
T (“ℓ”, a, C) = DT ⟨I⟩(“ℓ”, a).

• Rearrangement RT (ℓ, a, I): Another way to explain the rearrangement operation is

that it applies DT (ℓ, a) and then I. Now that we have found the reverse of the deletion

and insertion operations, we can simply use them to see that

R−1
T (ℓ, a, IT (ℓ, b, B, C)) = RT ⟨R⟩(ℓ, b,D

−1
T (ℓ, a)).

The same formula applies to the rearrangement of mutation losses.

With respect to nodes, a CED operation f either deletes nodes, inserts nodes, deletes

nodes and reinsert them (only possible with rearrangements that delete a node with label ℓ

and insert a new node with label ℓ on the same lineage), or possibly modifies their sets of

labels. Let Vf be the set of all nodes in V (T ) like v such that the operation f does not delete

it, or deletes it but puts it back (not necessarily in the same position). We can represent the

corresponding node in T ⟨f⟩ with Φf (v). So Φf defines an injective mapping from Vf into

V (T ⟨f⟩). We call Φf : Vf → Φf (Vf ) the effect function of f .

Definition 5 (Weight Function). For a CED operation f on a clonal tree T , we define the

weight function WT (f) as

∣∣{v ∈ Vf | MCT (v) ̸=MCT ⟨f⟩(Φf (v))} ∪ (V (T ) \ Vf ) ∪ (V (T ⟨f⟩) \ Φf (Vf ))
∣∣ ,



Chapter 4: Methodology: Clonal Evolution Distance Metric and Semi-Metric 37

where T ⟨f⟩ denotes the resulting tree after applying f on T . When there is no ambiguity,

we omit T in the notation and write W (f).

In other words, the weight function counts the number of nodes whose mutation content

is modified by operation f , plus the number of nodes that have been deleted (excluding those

deleted by a rearrangement operation that reinserts the node) and the number of nodes that

have been inserted (not reinserted by a rearrangement operation).

Proposition 2. Let f be a CED operation on a clonal tree T and f−1 be its reverse operation.

Then

WT (f) = WT ⟨f⟩(f
−1).

Proof. The operation f−1 is the reverse of f , hence T ⟨f, f−1⟩ = T . Therefore,

Wf−1 =
∣∣{u ∈ Vf−1 | MCT ⟨f⟩(u) ̸=MCT (Φf−1(u))

}
∪ (V (T ⟨f⟩) \ Vf−1) ∪ (V (T ) \ Φf−1(Vf−1))

∣∣ ,
where Φf : Vf → Φf (Vf ) ⊆ V (T ⟨f⟩). On the other hand, according to the definition, v ∈ Vf

if and only if Φf (v) ∈ Vf−1 , hence

Vf−1 = Φf (Vf ). (4.1)

In other words, since Φ is injective, for each u in Vf−1 , there is a unique v in Vf such that

Φ(v) = u. Furthermore,

Φf−1(Φf (v)) = v. (4.2)

Let N1 =
∣∣{u ∈ Vf−1 | MCT ⟨f⟩(u) ̸=MCT

(
Φf−1(u)

)}∣∣ . Hence, Φf−1 : Φf (Vf )→ Vf , and

N1
by (4.1)
=

∣∣{Φf (v) ∈ Vf−1 | MCT ⟨f⟩(Φf (v)) ̸=MCT (Φf−1(Φf (v))) and v ∈ Vf

}∣∣
by (4.2)
=

∣∣{Φf (v) ∈ Vf−1 | MCT ⟨f⟩(Φf (v)) ̸=MCT (v) and v ∈ Vf

}∣∣
=

∣∣{v ∈ Vf | MCT ⟨f⟩(Φf (v)) ̸=MCT (v)
}∣∣ ,



38 Chapter 4: Methodology: Clonal Evolution Distance Metric and Semi-Metric

where the last equality holds since Φf : Vf → Φf (Vf ) is bijective.

Furthermore, again according to the definition, Vf−1 = Φf (Vf ) and Vf = Φf−1(Vf−1).

Therefore,

V (T ⟨f⟩) \ Vf−1 = V (T ⟨f⟩) \ Φf (Vf ),

and

V (T ) \ Φf−1(Vf−1) = V (T ) \ Vf ,

which completes our proof.

4.2 dCED for the Trees Generated by Finite-Sites Mod-

els

We now use the CED operations to define a metric on clonal trees.

Definition 6 (Good Rearrangement). Let T and T ′ be two clonal trees. A Good Rearrange-

ment (denoted by GR) of a label l in T (with respect to T ′) is a rearrangement operation

that moves l from its current node in T to another node v, such that either:

1. the destination node v is a new node and contains no other labels, or

2. the destination node v contains at least one label l′ such that l and l′ appear together

in the same node in T ′.

From this point forward, all references to CED operations implicitly assume that rear-

rangement operations are Good Rearrangements as defined above.

Definition 7 (Total Weight). Let S = (f1, . . . , fn) be a sequence of CED operations applied

to a clonal tree T , denoted by T ⟨S⟩, where each operation fi is applied before fi+1.
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The total weight of S, denoted by WT (S), is defined as

WT (S) =
n∑

i=1

WT ⟨Si−1⟩(fi),

where, for each 1 ≤ i ≤ n, we have Si = f1, . . . , fi, and T ⟨S0⟩ = T.

Corollary 1. Let T be a clonal tree and S = f1, · · · , fn a sequence of CED operations. Let

T ⟨S⟩ = T ′, and S−1 = f−1
n , · · · f−1

1 . Then T ′⟨S−1⟩ = T , and the total weight of S is equal

the total weight of S−1.

Proof. According to Proposition 1, each CED operation fi is reversible, and its reverse f−1
i

is also a CED operation on the resulting tree. In particular,

T ⟨f−1, f⟩ = T.

Let T0 = T , T1 = T0⟨f1⟩, T2 = T1⟨f2⟩, and continue until Tn = Tn−1⟨fn⟩ = T ′. Therefore,

Tn⟨f−1
n ⟩ = Tn−1, Tn−1⟨f−1

n−1⟩ = Tn−2, . . . , T1⟨f−1
1 ⟩ = T0 = T.

Thus,

T ′⟨S−1⟩ = T.

The second part is a direct result of Proposition 2.

Definition 8 (Clonal Evolutionary Distance). Let T and T ′ be two clonal trees. The clonal

evolutionary distance, denoted by dCED(T, T
′), is defined as

dCED(T, T
′) = min{WT (S) | S transforms T into T ′ }.

Theorem 1. The Clonal Evolution Distance dCED defines a metric on the space of clonal

trees generated by finite-sites models.
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Proof. Let T , T ′, and T ′′ be three clonal trees. To prove that the Clonal Evolution Distance

dCED is a metric, we must show that it satisfies the following axioms:

1. Non-negativity: dCED(T, T
′) ≥ 0

Proof. The weight of each sequence of CED operations is defined as a non-negative

integer. Therefore, dCED(T, T
′) ≥ 0 .

2. dCED(T, T
′) = 0 if and only if T = T ′

Proof. (⇒) If dCED(T, T
′) = 0, then there exists a sequence of operations S such

that T ⟨S⟩ = T ′ and W (S) = 0. Consequently, for every operation f ∈ S, we have

W (f) = 0. This implies that no node is deleted without being put back, no new node

is inserted, and neither the label set nor the history content of any node is modified

by f . In other words, each operation in S has no effect on T . Therefore, T = T ′.

(⇐) If T = T ′, then no operation is needed to transform one into the other, and the

minimum weight of such a transformation is 0. Therefore, dCED(T, T
′) = 0.

3. Symmetry: dCED(T, T
′) = dCED(T

′, T )

Proof. Let S be an optimal sequence of operations that transforms T ′ into T , with

total weight dCED(T, T
′). By Corollary 1, the inverse sequence S−1 transforms T into

T ′ with the same total weight. Therefore, dCED(T
′, T ) ≤ dCED(T, T

′).

By a similar argument dCED(T, T
′) ≤ dCED(T

′, T ).

Thus, we conclude that

dCED(T, T
′) = dCED(T

′, T ).
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4. Triangle Inequality: dCED(T, T
′) ≤ dCED(T, T

′′) + dCED(T
′′, T ′)

Proof. Let S ′ and S ′′ denote optimal sequences transforming T into T ′′ and T ′′ into T ′,

respectively. Define S = S ′S ′′ as the concatenation of these two sequences. In other

words,

T ⟨S⟩ = (T ⟨S ′⟩)⟨S ′′⟩.

On the other hand, T ⟨S ′⟩ = T ′′. Since S ′′ continues directly from S ′, and the total

weight is the sum of the individual weights, we have

W (S) = W (S ′) +W (S ′′).

Because S ′ and S ′′ are optimal,

W (S) = dCED(T, T
′′) + dCED(T

′′, T ′).

Finally, since dCED is the minimum over the weights of all sequences transforming T

into T ′ including S, it follows that

dCED(T, T
′) ≤ W (S)

= dCED(T, T
′′) + dCED(T

′′, T ′),

which establishes the triangle inequality.

Theorem 2. The problem of computing the clonal evolutionary distance for mutation trees

satisfying the Infinite Sites Assumption (ISA) is as hard as computing the tree editing dis-

tance [Zhang and Jiang, 1994] for such trees.
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Proof. Consider two unordered mutation trees T and T ′ (with no multi-labeled nodes) that

satisfy the Infinite Sites Assumption (ISA), i.e., each mutation appears exactly once and is

never lost. Let e(T, T ′) denote the editing distance between T and T ′, where the editing

distance is defined as the minimum total cost of transforming one tree into the other using

the following operations:

• Deletion (D) and insertion (I), which are defined similarly to the CED operations.

Note that the parameter B in CED insertion is absent since we do not allow mutation

loss.

• Relabelling (RL(ℓ1, a, ℓ2)) changes the current label ℓ1 of node a to label ℓ2.

Note that since we are working under ISA, all parameters referring to mutation loss are

eliminated from the notation.

We define the cost of each editing operation C(f) as follows:

C(D(ℓ, a)) = W (D(ℓ, a)),

C(I(ℓ, a, C)) = W (I(ℓ, a, C)),

and

C(RL(ℓ1, a, ℓ2)) = W (D(ℓ1, a)) +W (I(ℓ2, a, C),

where C is defined by D−1(ℓ1, a).

Now we show that every optimal sequence S of editing distance operations that transforms

T into T ′ corresponds to a sequence of CED operations S ′, whose total weight is equal to

the total cost of S and transforms T into T ′.

Let S = f1, . . . , fn be an optimal sequence of editing distance operations transform-

ing T into T ′. Let S ′ = g1, . . . , gm be the sequence of CED operations that preserves
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the insertions and deletions in S, and replaces each relabelling operation with the corre-

sponding deletion and insertion CED operations. For instance, RL(ℓ1, a, ℓ2) is replaced with

D(ℓ1, a), I(ℓ2, a, C), where C is defined by D−1(ℓ1, a). In other words, I(ℓ2, a, C) reverses

D(ℓ1, a) but with label ℓ2 instead of the label ℓ1. The sequence S
′ also transforms T into T ′

and by definition C(S) = W (S ′).

The editing distance does not apply any restrictions on the intermediate trees, so at some

point, the tree T ⟨f1, · · · , fi⟩ may contain one label ℓ on two nodes a and b in a lineage where

a is an ancestor of b while T ⟨f1, · · · , fi−1⟩ does not. Since the sequence is optimal and T ′

does not have repeated labels, the label ℓ does not appear more than twice throughout the

transformation, and there is an operation fj, where j > i, such that fj eliminates one of

these ℓs. Therefore, one of them is applied on node a and the other is applied on b. Since

the sequence is optimal, this extra ℓ is eliminated before any other operation count its node.

Assume that fi is applied on a and fj is applied on b. We find the corresponding operations

in S ′. The operation fi corresponds to an insertion, or a deletion and an insertion in case

fi is a relabelling operation. Similarly, the operation fj may correspond to a deletion, or

a deletion and insertion in S ′. We replace the insertion operation corresponding to fi with

R(ℓ, b, I) where I inserts ℓ in a. Then we remove the deletion corresponding to fj. If fi is

applied on b and fj is applied on a, then we replace the deletion corresponding to fj with

R(ℓ, a, I) where I inserts ℓ in b, and remove the insertion operation corresponding to fi.

Next, we show that this updated version of S ′ has the same result and weight as the original

S ′. Repeating this process for all possible labels that appear twice in some intermediate tree

would update S ′ to a sequence of valid CED operations with the same weight.

To prove our claim, consider the first case. The updated version omits I(ℓ, a, C) and

D(ℓ, b) but instead includes R(ℓ, b, I(ℓ, a, C)), while the rest of the sequence remains un-

changed. This rearrangement operation produces the same overall effect as the missing
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insertion and deletion.

Since a is an ancestor of b, the insertion I(ℓ, a, C) alters the mutation content of all

descendants of a, including a itself, except for b and its descendants. In the updated version,

this insertion is replaced by a rearrangement that affects exactly the same nodes plus node

b. Thus, the weight increases by one. However, because b is a descendant of a, the deletion

D(ℓ, b) modifies only node b, contributing a weight of one. This deletion is omitted in the

updated version, compensating for the extra weight introduced by the rearrangement.

By similar reasoning, the second case yields an updated version with the same overall

effects and total weight as S ′.

Now we will prove the equivalence in the other direction. Let S ′′ = f1, . . . , fn be a

given sequence of CED operations that transforms T into T ′. Let g(S ′′) be the sequence

of editing distance operations be defined as follows: for each rearrangement operation f =

R(ℓ, a, I(ℓ, b, C)), let g(f) = I(ℓ, b, C), D(ℓ, a). For CED operation f in S ′′ where f is a

deletion or an insertion operation let g(f) = f . This sequence g(S ′′) transforms T into T ′.

We now show, by induction, that C(g(S ′′)) = W (S ′′).

We are dealing with mutation trees in which nodes have one label. So, label insertion

operations create new nodes and deletion operations delete nodes.

Let f1 be the first operation in S ′′. If f1 is a deletion or insertion, then C(g(f1)) = W (f1)

by our definition of cost.

If f1 = R(ℓ, a, I(ℓ, b, C)), and a is an ancestor of b, Then W (I(ℓ, b, C)) = 1 because

it only counts the new node, since the mutation content of other nodes has not changed.

Therefore, the cost of the corresponding editing insertion is equal 1. Next, when the deletion

is applied, one node is deleted, and the mutation content of all descendants of a which are

not descendants of b has changed because they no longer inherit ℓ. The weight W (D(ℓ, a))

counts these nodes and W (D(ℓ, a)) is equal the cost of the corresponding editing deletion
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operation. On the other hand, W (R(ℓ, a, I(ℓ, b, C))) counts a, b, and all nodes that were

descendants of a in T , but are not descendants of b in T ⟨f1⟩. So the total cost of the editing

insertion and deletion is equal to W (f1). Thus C(g(f1)) = W (f1). If f1 = R(ℓ, a, I(ℓ, b, C)),

and b is an ancestor of a, then the cost function of the editing insertion counts b and all nodes

that are descendants of b but are not descendants of a. The cost function of the deletion

only counts the deleted node a. Hence, similar to the previous case, C(g(f1)) = W (f1).

Now assume that C(g(fk)) = W (fk) for some 1 < k < n. We aim to prove that

C(g(fk+1)) = W (fk+1). Since T ⟨f1, . . . , fk⟩ = T ⟨g(f1), . . . , g(fk)⟩, let this tree be called Tk.

We use the first case we proved to see that when g(fk+1) and fk+1 are applied on Tk, we

have C(g(fk+1)) = W (fk+1).

By induction, for each k, we have C(g(fk)) = W (fk), and thus C(g(S ′′)) = W (S ′′).

Hence, we observe that if S is a solution to the CED problem transforming T into T ′,

then g(S), as defined above, is a solution for the editing distance problem, which completes

the proof.

Lemma 1. The cost function defined in the proof of Theorem 2 is a metric on the set of

mutation trees.

Proof. Let T1, T2, and T3 be mutation trees. We prove that the cost function C satisfies the

following properties:

• If f is an editing operation and T1⟨f⟩ = T2, then C(f) = 0 if and only if T1 = T2.

• If T1⟨f⟩ = T2 and T2⟨f ′⟩ = T1, then C(f) = C(f ′).

• If T1⟨f⟩ = T2, T1⟨f ′⟩ = T3, and T3⟨f ′′⟩ = T2, then C(f) ≤ C(f ′) + C(f ′′).

The first two properties follow directly from the definition of the weight function. It

remains to prove the triangle inequality.
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Suppose first that f deletes a label ℓ. Then either one of f ′ and f ′′ performs the same

deletion while the other makes no change, or f ′ relabels ℓ and f ′′ deletes the resulting

substitute label. In both cases, the cost of deleting ℓ is accounted for in C(f ′) + C(f ′′).

In particular, in the second case, the deletion cost is included in the relabelling cost by

definition. Hence, the triangle inequality holds.

Next, let f be the insertion of a label ℓ. Again, either one of f ′ and f ′′ performs the

insertion and the other makes no change, or f ′ relabels a label ℓ′ to ℓ and the other inserts

ℓ′. The inequality is immediate in the first case. In the second case, the insertion weight is

included in the relabelling cost, so the inequality follows.

Finally, assume that f is a relabelling operation changing ℓ into ℓ′. Then either f ′ relabels

ℓ to an intermediate label ℓ′′ and f ′′ relabels ℓ′′ to ℓ′, or f ′ deletes ℓ and f ′′ inserts ℓ′. In the

first case, the weight of deleting ℓ is included in the cost of the first relabelling and the weight

of inserting ℓ′ is included in the cost of the second, implying that C(f) ≤ C(f ′) +C(f ′′). In

the second case, the sum of the deletion and insertion costs is exactly the cost of f . In both

situations, the triangle inequality holds, completing the proof.

Corollary 2. The problem of finding the CED distance for clonal trees generated by finite

sites model is NP-hard.

Proof. Calculating the editing distance with a metric cost function such as the cost function

defined in Theorem 2 is NP-hard [Zhang and Jiang, 1994].

Suppose there exists an algorithm, denoted as Alg, with time complexity O(Alg), that

solves the general CED problem on clonal trees. The specific case discussed in Theorem 2

is a special instance of the general CED problem and can thus be solved by Alg. This

implies that Alg must handle, at a minimum, the complexity of the editing distance problem

addressed in Theorem 2 which is known to be NP-hard [?]. Therefore, the general CED

problem is NP-hard.
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4.3 Diameter of the CED Distance

Consider the following definition: Let T be the set of all clonal trees. The diameter of

the CED distance over T is defined as

diamCED(T ) = max
T,T ′∈T

dCED(T, T
′). (4.3)

Without additional constraints, the diameter is infinite, since starting from a given clonal

tree T , one can always insert more labels into T to obtain another tree T ′ with a larger

distance. Therefore, it is necessary to impose constraints on the number of labels.

Definition 9 (Diameter of CED Distance). Let T be the set of all clonal trees T with

|L(T )| ≤ n for some positive integer n. The diameter of the CED distance over T is defined

by the equation 4.3

Proposition 3. Let T be the set of all clonal trees T with |L(T )| ≤ n for some positive

integer n. The diameter of the CED distance over T is

diamCED(T ) = 2(n− 1).

Proof. Let T and T ′ be two clonal trees with n labels (including the root) that have no

labels in common except for the root and have no mutation loss. This means, each label

on T except the root requires at least one operation to be deleted, and each label on T ′

except the root requires at least one operation to be inserted. Consider a sequence of CED

operations that transforms T into T ′ by first deleting all labels in L(T ) (except for the root)
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from the leaves to the root, and then inserting all labels in L(T ′) (except for the root) from

the root to the leaves.

Due to the bottom-up deletion and top-down insertion of labels, the weight of each

operation is one. Therefore, the total weight of this sequence is:

|L(T )| − 1 + |L(T ′)| − 1 = |L(T )|+ |L(T ′)| − 2

= 2n− 2

This sequence has the least number of operations, and the weight of each operation is the

least possible weight, hence it is the optimal sequence transforming T into T ′. Consequently,

diamCED(T ) ≥ 2(n− 1). (4.4)

On the other hand, for any two given trees T and T ′, the bottom-up deletion and top-

down insertion procedures described above generate a sequence that transforms T into T ′

with total weight |L(T )|+ |L(T ′)| − 2, which is at most 2n− 2. Hence,

dCED(T, T
′) ≤ 2n− 2.

Since the trees are fixed, it follows that

diamCED(T ) ≤ 2(n− 1). (4.5)

Combining Equation 4.5 with Equation 4.4 gives the desired result.

4.4 Clonal Evolution Semi-Metric

In this section, we introduce the clonal evolution semi-metric δCED, which is inspired by

the clonal evolution distance metric. In Proposition 4, we will show that δCED satisfies the



Chapter 4: Methodology: Clonal Evolution Distance Metric and Semi-Metric 49

properties of a semi-metric. Unlike the full metric, δCED is computed using an algorithm

whose complexity is exponential in a parameter that we expect to be small in practical

applications, while remaining polynomial with respect to all other variables. Therefore, the

problem is fixed-parameter tractable (FPT) with respect to this parameter.

When comparing two clonal trees path by path, it is preferable to match paths that

most likely originate from the same lineage or tumor region. Paths that share a larger set

of labels or have greater overlap in mutation content are more likely to represent the same

clonal lineage across the two trees. In other words, this approach to path matching better

reflects regional similarities between tumors. This intuition narrows the space of possible

path matchings and leads to a more biologically meaningful transformation, which is the

central idea behind the clonal evolution semi-metric δCED. The semi-metric δCED prioritizes

transformations that preserve structurally and label-wise similar paths. To formalize this

approach, we introduce a set of definitions below.

In this section, mutation losses such as “ℓ” are not deleted or inserted as a side effect of

deletion, insertion or rearrangement of ℓ. Later, we explain why this approach does not lead

to counting extra nodes, unlike in the previous section.

Definition 10 (Semi-CED Operation). Let T be a clonal tree. We define three operations

for all nodes except the root r:

• Deletion DT (ℓ, a) (or DT (“ℓ”, a) when referring to a mutation loss): This operation

works in the same way as the CED deletion, except that it removes only the label

specified by its parameter.

• Insertion IT (ℓ, a, C): This operation works in the same way as the CED insertion,

except that it inserts only the label specified by its parameter.

• Rearrangement RT (ℓ, a, I): Where I = IT (ℓ, b, C) and either a is an ancestor or a
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descendant of b. This operation works in the same way as the CED rearrangement,

except that it only relocates the label specified by its parameter and no other labels are

touched by it.

When there is no ambiguity we can drop T from the notations.

In this section, we consider all operations as semi-CED operations.

Definition 11 (Tree Partition). A tree partition of a rooted tree T is a collection P =

{T0, T1, . . . , Tk} of vertex-disjoint subtrees, each consisting of a single path in T satisfying

the following conditions:

• T0 = root, i.e., T0 contains only the root of T ,

• For each i ≥ 1, Ti is a path of nodes starting from a child of a node already included in

T0, . . . , Ti−1, and ending at a descendant leaf not already covered by any Tj for j < i.

• Every node in T belongs to exactly one of the subtrees in P .

Example 2. For the tree T ′ in Figure 4.7, the following are two possible tree partitions:

P1 = {r, f ↪→ g, c, a}, and P2 = {r, f ↪→ c, b ↪→ g}, where n1 ↪→ n2 denotes the unique path

between nodes n1 and n2 in the tree.

Definition 12 (Pairwise Consistent Tree Partitions). Let T and T ′ be two clonal trees, and

let the ordered sets P = {T0, . . . , Tk} and P ′ = {T ′
0, . . . , T

′
q} be tree partitions of T and

T ′, respectively, with m = min{k, q}. The pair (P, P ′) is called a pairwise consistent tree

partition (PCTP) for T and T ′ if, for any other pair of tree partitions (ρ, ρ′), where

ρ = {T0, . . . , Th}, ρ′ = {T ′
0 , . . . , T ′

s },

the following conditions hold. For each i ≤ m,
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1. if i ≤ min{h, s}, then:

|L(Ti) ∩ L(T ′
i )| ≤ |L(Ti) ∩ L(T ′

i )|.

2. In case of a tie, the number of common labels whose corresponding nodes share a

common historical content is greater than or equal to that in (ρ, ρ′).

3. In case of a tie, the pair in the pairwise consistent tree partition has a smaller label

intersection, denoted by M , with the paths of higher index. In other words,

M = maxq−i
j=1

∣∣L(Ti) ∩ L(T ′
i+j)

∣∣+maxk−i
j=1 |L(Ti+j) ∩ L(T ′

i )|

≤ maxs−i
j=1

∣∣L(Ti) ∩ L(T ′
i+j)

∣∣+maxh−i
j=1 |L(Ti+j) ∩ L(T ′

i )| .

4. In case of a tie, among the nodes containing the shared labels mentioned in condition

(3), the number of those in (P, P ′) with preserved historical content is less than or

equal to that in (ρ, ρ′). In other words, in the pairwise consistent tree partition, the

paths that have a match with more preserved historical content are left to be paired with

them in the next steps.

5. In case of a tie, fewer or an equal number of rearrangement operations are needed to

transform the i-th path in P into the corresponding path in P ′ than in (ρ, ρ′).

Remark 1. It is important to note that multiple PCTPs arise only when two pairwise

consistent tree partitions are tied across all five conditions specified in the definition.

Example 3. Consider trees T and T ′ in Figure 4.8 . A PCTP should assign T1 = a ↪→ e

and T ′
1 = a′ ↪→ e′, since they share 8 labels—more than any other possible pairing.

Next, the pairs (f ↪→ g, f ′ ↪→ g′), (h ↪→ k, f ′ ↪→ g′), and (h ↪→ k, h′ ↪→ j′) each have

two labels in common. However, the labels shared between (h ↪→ k, f ′ ↪→ g′) do not preserve

the historical content of their corresponding nodes in T and T ′. Therefore, (P1, P
′
1) where

P1 = {r, a ↪→ e, h ↪→ k, f ↪→ g}, P ′
1 = {r, a′ ↪→ e′, h′ ↪→ j′, f ′ ↪→ g′}
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forms a PCTP and (P2, P
′
2) where

P2 = {r, a ↪→ e, f ↪→ g, h ↪→ k}, P ′
2 = {r, a′ ↪→ e′, f ′ ↪→ g′, h′ ↪→ j′}

forms the other one.

r

1 a

2 b

3 c

4d

10, 11,

12, 13

e

7 f

8 g

5 h

6 i

7 j

8 k

T

r

1 a′

2 b′

3 c′

4d′

10, 11,

12, 13
e′

7 f ′

8 g′

5 h′

6 i′

20,21 j′

T ′

Figure 4.8: A PCTP between T and T ′ aligns their paths so that every node in a matched
pair corresponds to a node with the same mutation content, except for nodes j, k, and j′.

Remark 2. In some cases such as Example 3, two pairwise consistent tree partitions may

differ only in the order of the same pairs. These redundant PCTPs could be filtered out by

introducing a consistent ordering, such as sorting them alphabetically or alphanumerically by

node names—for instance, by using the first node of each path.
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Definition 13 (Common Node). Let T and T ′ be two clonal trees, and let (P, P ′) be a

pairwise consistent tree partition of them, where P = {T0, . . . , Tk} and P ′ = {T ′
0, . . . , T

′
k′}.

For each i, nodes v and v′ on Ti and T ′
i , respectively, are said to be a common nodes if

MCTi
(v) =MCT ′

i
(v′).

Definition 14 (Node Worth). Let T and T ′ be two clonal trees, and let (P, P ′) denote a

pairwise consistent tree partition, where P = {T0, . . . , Tk} and P ′ = {T ′
0, . . . , T

′
k′}. For each

i such that the intersection Li of L(Ti) and L(T ′
i ) is not empty, the node worth of the pair

(Ti, T
′
i ) is defined as:

NW(Ti, T
′
i ) = min

(
ni, n

′
i

)
,

where ni and n′
i denote the number of nodes in Ti and T ′

i , respectively, that have at least one

label in Li and are not common nodes.

Remark 3. For the distance dCED, we count the affected nodes for each operation individu-

ally. This means that a single node may be counted multiple times if it is affected by multiple

operations. For example, deleting a label ℓ and its descendant label “ℓ” via two separate op-

erations (which can happen when the mutation-loss deletion is performed first), would result

in double-counting the nodes below “ℓ”, despite their labels or content not actually changing.

To avoid this, such deletions must be handled by a single operation. In contrast, for δCED,

a node is counted only once, and only if its mutation content differs between the source and

target trees. The weight is not computed per operation, but by comparing the resulting paired

paths. Therefore, we do not to handle mutation loss as a side effect of an operation.

Definition 15 (Weight of Pairwise Consistent Tree Partitions). Let T and T ′ be two clonal

trees, and let (P, P ′) be a pairwise consistent tree partition of them, where P = {T0, . . . , Tk}

and P ′ = {T ′
0, . . . , T

′
k′}. Suppose that K is the largest index such that for each 1 ≤ i ≤ K,

the paths Ti and T ′
i share at least one label.
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The weight WPP ′of (P, P ′) is defined as the sum of:

1. the summation of the node worths of (T1, T
′
1), . . . , (TK , T

′
K)

K∑
i=1

NW(Ti, T
′
i ),

2. the minimum number of operations needed to transform each Ti into T ′
i for i ≤ K, and

3. the minimum number of deletion and insertion operations required to delete TK+1, . . . , Tk

and insert T ′
K+1, . . . , T

′
k′.

Definition 16 (CED Semi-Metric). Let T and T ′ be two clonal trees. The CED semi-metric

δCED(T, T
′) is defined as

δCED(T, T
′) = min

(P,P ′)∈P
WPP ′ ,

where P denotes the set of all possible pairwise consistent tree partitions of T and T ′, and

WPP ′ is the weight of (P, P ′).

Lemma 2. Let T and T ′ be two clonal trees, and let (P, P ′) be a PCTP for (T, T ′) with

WPP ′ = t. Then, (P ′, P ) is a PCTP for (T ′, T ) with WP ′P = t.

Proof. All conditions in Definition 12 are symmetric, which implies that (P ′, P ) is a PCTP

for (T ′, T ). Let K be the largest index such that for each 1 ≤ i ≤ K, the paths Ti and T ′
i

have at least one label in common. The weight is also preserved because:

• The node worth of (Ti, T
′
i ) is equal to the node worth of (T ′

i , Ti) for each i ≤ K.

• For each i ≤ K, transforming Ti into T ′
i requires the same number of operations as

transforming T ′
i into Ti, since the operations are reversible, as previously discussed.

• The total number of required deletions and insertions for paths that do not share any

labels (Ti and T ′
i where i > K) is preserved, because the labels that are deleted when

transforming T into T ′ must be inserted when transforming T ′ into T , and vice versa.
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This completes the proof.

Proposition 4. The distance method δCED is a semi metric.

Proof. Let T , T ′, and T ′′ be three clonal trees. To prove that the Clonal Evolution Distance

δCED is a semi-metric, we must show that it satisfies the following axioms:

1. Non-negativity: δCED(T, T
′) ≥ 0

Proof. For each pairwise consistent tree partition (P, P ′), the weight WPP ′ is defined

as a non-negative integer. Therefore, δCED(T, T
′) ≥ 0.

2. δCED(T, T
′) = 0 if and only if T = T ′

Proof. (⇒) If δCED(T, T
′) = 0, then no operations are needed to transform T into

T ′. Thus, there exists a pairwise consistent tree partition (P, P ′) such that P = P ′.

Moreover, no node is counted in the weight, implying all nodes preserved their ancestral

histories. Hence, T = T ′.

(⇐) If T = T ′, define P as a partition of T in which T1 corresponds to the path

containing the largest number of labels. Then let T2 be the path with the next largest

number of labels, and continue this process until all paths are included in P . Let

P ′ = P . Then (P, P ′) is a PCTP with WPP ′ = 0. Therefore, δCED(T, T
′) = 0.

3. Symmetry: δCED(T, T
′) = δCED(T

′, T )

Proof. It is a direct result of Lemma 2.

The following example shows that the distance method δCED does not satisfy the triangle

inequality.
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Example 4. Consider the trees in Figure 4.9. Transforming T into T ′, since T has only

one path a ↪→ f , it can either be matched with d′ ↪→ a′ or d′ ↪→ f ′. The first condition in the

definition of PCTP breaks the tie. Hence, according to Remark 1, we have only one possible

PCTP ({r, a ↪→ f}, {r, d′ ↪→ a′, e′ ↪→ f ′}). Its weight is equal to 11, because two deletions

are required to delete the labels 5 and 6, three rearrangements are required to fix the order

of the remaining labels, all four remaining nodes are counted because their mutation content

has changed, and finally, two insertion operations are required to reinsert the labels 5 and 6.

Since this is the only possible pairwise consistent tree partition, we have δCED(T, T
′) = 11.

Similarly, transforming T into T ′′, we have only one possible PCTP and its weight is

equal to 6, because it counts the nodes d, e, and f , since their ancestral history has changed,

and three deletions are required. So, δCED(T, T
′′) = 6.

Finally, the only PCTP between T ′′ and T ′ requires three insertions and nodes d′′, e′′, and

f ′′ are common, which means δCED(T
′, T ′′) = 3. Hence,

δCED(T, T
′) ≰ δCED(T, T

′′) + δCED(T
′′, T ′).

Theorem 3. Let T be the set of all clonal trees with n shared labels (including the root,

involving no mutation loss) and n′ distinct (non-shared) labels combined, where n ≥ 3.

Repeated labels are counted separately. Then the diameter of T , denoted by Diam(T ), which

is the largest distance two trees in T can have, is equal to

n′ + 2n− 3.

Proof. Let T and T ′ be two given clonal trees with n shared labels and n′ distinct labels.

Let (P, P ′) be a pairwise consistent tree partition for (T, T ′), where P = {T0, . . . , Tm} and

P ′ = {T ′
0, . . . , T

′
m′}, and let M be the greatest index such that Ti and T ′

i have some labels in
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6 f ′′

T ′′

Figure 4.9: The triangle inequality does not hold for the trees T, T ′, and T ′′

common. Since n is not zero, according to the definition of pairwise consistent tree partition,

M ≥ 1.

Let Ti and T ′
i have ni shared labels and n′

i distinct labels. When transforming Ti into T ′
i ,

the weight counts at most ni for the node worth, at most ni − 1 rearrangements to correct

their positions along the path, and n′
i for deleting and inserting the distinct labels. When

labels in common between both trees are not on matched paths, each contributes at most

twice to the total weight, as they must be deleted and reinserted elsewhere.

Consequently, for each positive integer i ≤ M , the weight of transforming Ti into T ′
i is

at most n′
i + (ni) + (ni − 1) which means that Wi = n′

i + 2ni − 1. Therefore,

δCED(T, T
′) ≤

∑M
i=1Wi +

∑m
i>M |L(Ti)|+

∑m′

i>M |L(T ′
i )|

= n′ + 2(n− 1)−M.
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Since M ≥ 1, we get

δCED(T, T
′) ≤ n′ + 2(n− 1)− 1.

Trees T and T ′ were arbitrary, so

Diam(T ) ≤ n′ + 2n− 3.

Now, let T0 be a path tree with n nodes labeled with r followed by the child node labeled

with 1, to the last node labeled with n − 1. Let T ′
0 have the same structure but with the

labels arranged in reverse order (i.e., the root is followed by nodes labeled n− 1, . . . , 1). Let

the n′ non-shared labels to be distributed arbitrarily between T0 and T ′
0 and placed randomly

on them to get T and T ′, respectively. Below we see that the trees are already defined to

achieve the maximum possible node worth before adding these labels, so the placement of

distinct labels—whether on new nodes or existing ones—does not affect the result.

We claim that in this case,

δCED(T, T
′) = n′ + 2n− 3.

The distance value includes:

• n′ operations for deleting the distinct labels from T and inserting the distinct labels of

T ′,

• n − 2 rearrangement operations to transform the common part of T into that of T ′,

and

• n− 1 nodes corresponding to the common part have their mutation content changed,

so the node worth is n− 1.

There is only one PCTP for (T, T ′), so the total weight is

δCED(T, T
′) = n′ + (n− 2) + (n− 1) = n′ + 2n− 3.
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This completes the proof.

4.5 An Algorithm for the CED Semi-Metric δCED

In this section, we use several algorithms to generate all possible pairwise consistent

tree partitions and compute their weights. Algorithm 1, which is the main algorithm, calls

the function GenerateAllPCTPs on (T, T ′) to find all possible pairwise consistent tree

partitions between them. Then, for each pair of resulting PCTP (P, P ′), it calls the functions

TotalNodeWorth, TotalRearrangementCost, and InsertionDeletionCost to

compute the total node worth, the minimum number of required rearrangements, and the

minimum number of required insertions and deletions, respectively.

The following example helps illustrate the logic of Algorithm 2 for generating all possible

PCTPs.

Example 5. Consider the trees in Figure 4.8. We know by the definition that T0 = r, and

T ′
0 = r. Now we want to choose a pair of paths to asign to T1, and T ′

1. Our options for T1

are T1 = a ↪→ e, T2 = a ↪→ g, and T3 = a ↪→ k. Our options for T ′
1 are T ′

1 = a′ ↪→ e′, and

T ′
2 = a′ ↪→ g′, and T ′

3 = a′ ↪→ j′. First, we generate a table whose entries represent the labels

that two paths have in common. The root does not appear in the table because it is already

assigned in the partitioning. Repeated labels are assigned an additional index to distinguish

them. For example, in Table 4.1, the first element of each index indicates which copy of the

label in T is being referred to, and the second element indicates the corresponding copy of

the label in T ′. The copies of a label in a tree are numbered arbitrarily, but the numbers are

fixed after they are assigned. This step is performed when Algorithm 2 initializes table B (as

shown in Table 4.1).
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For each label appearing in this table, we store its origin node and the mutation content

of that node.

T1 T2 T3

T ′
1 1,2,3,4,10,11,12,13 1,2,3 1,2,3

T ′
2 1,2,3 1,2,3,71,1,81,1 1,2,3, 72,1,82,1

T ′
3 1,2,3 1,2,3 1,2,3,5,6

Table 4.1: Each entry in this table represents the labels that the paths have in common.

The green color indicates that these labels in both trees originate from nodes with the

same mutation content. According to Definition 12, the function TieBreak is called for

Table 4.1 and the first elements of (P, P ′) after T0 and T ′
0 should be (T1, T ′

1 ), since they share

the largest number of labels. So T1 = T1, and T ′
1 = T ′

1 . Now, we need to update the table.

Since T1 and T ′
1 are no longer needed, their corresponding column and row must be removed,

and the labels of their nodes should also be eliminated from the remaining entries in the

table. Similarly, we update the remaining paths T2 = f ↪→ g, T3 = h ↪→ k, T ′
2 = f ′ ↪→ g′,

and T ′
3 = h′ ↪→ j′. These steps are performed by the UpdateTable function.

T2 T3

T ′
2 71,1, 81,1 72,1, 82,1

T ′
3 5, 6

Table 4.2: Updated table after removing row T ′
1 and column T1.

In the updated table, the number of shared labels is tied, so we proceed to the next

condition in Definition 12. The options (T2, T ′
2 ) and (T3, T ′

3 ) are valid PCTPs because each

pair shares two labels with another unpaired path, none of those labels occurs on a node with
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preserved historical content, and neither pair requires any rearrangement. The algorithm

continues for both options. Let us continue with the choice T2 = T2 and T ′
2 = T ′

2 and update

the table by removing the chosen paths from the table and removing their labels from the

remaining cells. The paths T3 and T ′
3 remain unchanged since they do not share a node with

the removed paths. Table 4.3 is the last updated table. So the final paths in the partitions

are T3 = T3 and T ′
3 = T ′

3 .

T3

T ′
3 5, 6

Table 4.3: Final updated table after removing T2, T ′
2 .

After the final update, all table entries become empty, and every path is included in the

partitions; therefore, no path remains to be processed by the function HandleUnmapped.

Therefore, this partition is added to the set P . If we end up having paths with no labels in

common, or if one of the trees has more paths than the other, these paths will be matched

to ∅ (the path T being matched with ∅ means that if T is the i-th element of P , then ∅

would be the i-th element of P ′), where ∅ represents an empty path (i.e., a path with no

nodes or edges), ensuring that P and P ′ have the same number of elements. Note that the

empty entries are only used to support the following algorithms.
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Algorithm 1 Compute δCED(T, T
′)

1: Input: Two clonal trees T and T ′

2: output: δCED(T, T
′)

3: function DeltaCED(T, T ′)

4: P ← AllPCTPs(T, T ′)

5: δ ←∞

6: for all (P, P ′) ∈ P do

7: w1 ← TotalNodeWorth(P, P ′)

8: w2 ← TotalRearrangementCost(P, P ′)

9: w3 ← InsertionDeletionCost(P, P ′)

10: WPP ′ ← w1 + w2 + w3

11: δ ← min(δ,WPP ′)

12: end for

13: return δ

14: end function
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Algorithm 2 AllPCTPs

1: function AllPCTPs(T, T ′)

2: P ← ∅ ▷ Set of all valid partitions

3: n← number of paths (leaves) in T

4: n′ ← number of paths in T ′

5: Initialize B = [bij] as an n× n′ table of shared label sets (see Appendix A.2)

6: Initialize empty arrays P and P ′, each of size n+ n′

7: RecursivePartitioning(B, T, T ′, P, P ′,P , 0)

8: return P

9: end function

10: function RecursivePartitioning(B, T, T ′, P, P ′,P , t)

11: if all entries in B are empty then

12: HandleUnmapped(B,P, P ′, t) ▷ Assign unmatched paths to ∅ (Appendix A.3)

13: Add (P [0:t], P ′[0:t]) to P

14: return

15: end if

16: E ← TieBreak(B) ▷ Apply tie-breaking rules to select best (i, j) pairs

(Algorithm 9)

17: for each selected entry (i, j) ∈ E do

18: Pnew ← copy of P ; P ′
new ← copy of P ′

19: Pnew[t]← Ti; P
′
new[t]← T ′

j

20: B′ ← copy of B

21: UpdateTable(B′, i, j) ▷ Remove shared labels and their nodes (Appendix A.4)

22: RecursivePartitioning(B′, T, T ′, Pnew, P
′
new,P , t+ 1)

23: end for

24: end function
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Next, Algorithm 3 invokes the function ComputeNodeWorth for each pair (Ti, T
′
i )

that shares at least one label, in order to compute their node worth and accumulate the

total. The function ComputeNodeWorth calls FindCommonNodes, which identifies

the common nodes between the two subtrees by comparing the mutation content of their

nodes in the original trees.

Algorithm 3 TotalNodeWorth(P, P ′)

1: Input: P = {T0, . . . , Tk} and P ′ = {T ′
0, . . . , T

′
k′} (PCTP of T, T ′)

2: Output: T NW(P, P ′), the total node worth

3: totalWorth← 0

4: for each (Ti, T
′
i ) in P and P ′ matched by the pairwise consistent tree partitioning do

5: if Ti and T ′
i share at least one label then

6: worth← ComputeNodeWorth(Ti, T
′
i )

7: totalWorth← totalWorth+ worth

8: end if

9: end for

10: return totalWorth
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Algorithm 4 ComputeNodeWorth(Ti, T
′
i )

1: Input: Paths Ti and T ′
i

2: Output: NW(Ti, T
′
i ), the node worth of the pair

3: CommonNodes← FindCommonNodes(Ti, T
′
i )

4: Li ← L(Ti) ∩ L(T ′
i )

5: ni ← 0

6: for each node a in Ti do

7: if a /∈ CommonNodes and a has at least one label in Li then

8: ni ← ni + 1

9: end if

10: end for

11: n′
i ← 0

12: for each node b in T ′
i do

13: if b /∈ CommonNodes and b has at least one label in Li then

14: n′
i ← n′

i + 1

15: end if

16: end for

17: NW(Ti, T
′
i )← min(ni, n

′
i)

18: return NW(Ti, T
′
i )
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Algorithm 5 FindCommonNodes(Ti, T
′
i )

1: Input: Subtrees Ti and T ′
i

2: Output: CommonNodes, the set of common nodes between Ti and T ′
i

3: CommonNodes← ∅

4: for each node a in Ti do

5: for each node b in T ′
i do

6: if MC(a) =MC(b) then

7: Add a and b to CommonNodes

8: break

9: end if

10: end for

11: end for

12: return CommonNodes

We need the following definition to continue:

Definition 17 (Relation Matrix). Given two multilabeled trees, Source and Target, each

consisting of a single path, let L = {ℓ1, ℓ2, . . . , ℓn} be the set of labels common to both trees

(note that the total set of labels in each tree may differ). We define a square matrix M of

size n× n such that:

Mij =


0 if the ancestral-descendant relation between ℓi and ℓj is the same in Source and Target

1 otherwise

We call this matrix the relation matrix of the pair (Target,Source).

Algorithm 6 sends each pair of paths (Ti, T
′
i ) in (P, P ′) that share at least two labels to

the function MinNumberOfRearrangements, which computes the minimum number of

rearrangement operations required to transform Ti into T ′
i . If fewer than two labels are in
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common, then no rearrangement is necessary. The algorithm then sums all the returned

values.

Algorithm 7 constructs the relation matrix M of its input source and target paths which

belong to (P, P ′). To be precise, for the (i, j)-th entry of the matrix for (Source,Target) ∈

(P, P ′), it checks whether the label ℓi is in the set of labels on an ancestor of the node

containing ℓj, or vice versa, or if they both belong to the same node in the tree Source.

Then it checks the same relationship for ℓi and ℓj in the tree Target. If the relation is the

same for both paths, the (i, j)-th entry is set to 0; otherwise, it is set to 1. The relation

matrix is constructed only for the labels that Source and Target share. Labels that appear in

Source but not in Target must be deleted, and labels that appear in Target but not in Source

must be inserted. These insertion and deletion steps are handled separately by Algorithm 8,

as we explain later.

Lemma 3. Let Source and Target be two multilabeled trees, each consisting of a single path

and sharing the same set L of n labels. The 1-entries of the relation matrix above the diagonal

(upper triangle) define a bipartite graph, and any minimum vertex cover of this graph specifies

a minimum-sized sequence of rearrangements that transforms Source into Target.

Proof. First, we claim that if there exists a subset L′ ⊆ L such that zeroing out all entries in

the rows and columns corresponding to the labels in L′ makes the matrix entirely zero, then

it is possible to transform Source into Target through rearrangements that move exactly

the labels in L′. Let L′ = {ℓ1, · · · , ℓm} be such subset of L. Source is updated to delete

all the labels in L′. In the updated Source denoted by Sourceu, all labels have the same

ancestor–descendant relationships as in Target, since we assumed all 1-entries belong to rows

or columns related to the labels in L′ which no longer exist.

We prove by induction that for each 1 ≤ i ≤ m, there is a rearrangement Ri such

that, once applied to Source⟨R1, · · · , Ri−1⟩, all label pairs in Source have the same ances-
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tor–descendant relationships as in Target, except for pairs where at least one label belongs

to ℓi+1, . . . , ℓm.

Because the ancestor–descendant relation is transitive, there exists a position in Sourceu

where ℓ1 can be inserted while preserving correct relationships with all other labels. A

rearrangement operation corresponds to this deletion and insertion of ℓ1. Each rearrangement

in Sourceu maps to a rearrangement in the original Source as follows: if the target node in

Sourceu already exists, the rearrangement is identical in the original Source; if the target

node is new, the corresponding target node in the original Source is a new node placed under

the node corresponding to the parent of the target node in Sourceu. If the new node must

be inserted above all nodes in Sourceu, and n0 is the node in Sourceu closest to the root,

then the new node in Source should be inserted as the parent of n0. Note that all nodes in

Sourceu correspond to a node in Source.

Let R1 denote the rearrangement for ℓ1. Update Sourceu again by inserting ℓ1 on its

target position.

Assume the claim is true for Rk−1 with k − 1 < m. In other words, after applying rear-

rangements R1, . . . , Rk−1, all ancestor-descendant relationships involving only labels outside

of ℓk, . . . , ℓm match those in Target. We proceed to prove the claim for Rk.

For i = k, again according to the transitivity of ancestor-descendant relation, there

exists a position for ℓi in the path updated by deleting ℓ1, . . . , ℓm and reinserting ℓ1, . . . , ℓi−1

such that ℓi satisfies the correct ancestor-descendant relationships with all labels in the

updated Source. Let Ri be the corresponding rearrangement of ℓi in the original Source.

This completes the proof for Rk.

Therefore, applying the sequence of rearrangements S = R1, . . . , Rm to Source yields

a path in which all labels satisfy the ancestor-descendant relationships defined by Target.

Thus, this sequence transforms Source into Target. This completes the first part of the proof.
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Since the relation matrix M is symmetric, it suffices to zero-out all 1-entries by consid-

ering only those in the upper triangle, i.e., entries where Mij = 1 for i < j. Define two sets,

Row and Column, so that for every pair (i, j) with Mij = 1 and i < j, the label ℓi is included

in Row and ℓj is included in Column. When a label appears in both sets, we can distinguish

them via indexing. Construct the bipartite graph G = (Row,Column, E), where E consists

of all edges (i, j) such that Mij = 1 and i < j. By definition, each edge corresponds to a

1-entry in the upper triangle, and each node to a label in L. Let L′ denote a vertex cover

for G. Since each edge is incident to at least one label in L′, removing all labels in L′, i.e.,

zeroing out their associated rows or columns, eliminates every 1-entry in the upper triangle

of M . By combining this with the symmetry of the relation matrix and the result from the

first part of the proof, it follows that L′ yields a sequence of rearrangements, of cardinality

|L′|, transforming Source into Target.

On the other hand, in an optimal sequence S, each label is moved at most once, so we

can identify each rearrangement in S by the label it moves. Let L′′ = {ℓ′1, . . . , ℓ′k} denote

the set of labels corresponding to S. Zeroing out the rows and columns associated with L′′

reduces the matrix to all zeros. Therefore, L′′ corresponds to a vertex cover of G.

Therefore, finding the minimum number of rearrangement operations to transform Source

into Target is equivalent to finding a minimum vertex cover forG. The graphG is constructed

by Algorithm 7.

Proposition 5. Algorithm 7 introduces a sequence of operations that transforms the path

Source into the path Target, and the length of this sequence is the minimum possible among

all sequences that can achieve this transformation.

Proof. By Lemma 3, a minimum vertex cover for the graph built by Algorithm 7 introduces

a minimum-sized sequence of rearrangement operations. By Kőnig’s theorem [Kőnig, 1931],

in every bipartite graph, the size of the minimum vertex cover equals the size of the max-
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imum matching. We compute the maximum matching using the Hopcroft–Karp algorithm

[Hopcroft and Karp, 1973].

In Algorithm 7, the procedure MaximumMatching refers to this implementation. The

minimum vertex cover is then constructed from the matching via a standard traversal (see,

for example, [Lau et al., 2012]). This completes our proof.

For the partition found in Example 5, all entries of the tree relation matrices are zero,

which means no rearrangement is required.

Algorithm 6 TotalRearrangementCost(P , P ′)

1: Input: Two partitions P = {T1, . . . , Tn} and P ′ = {T ′
1, . . . , T

′
n}

2: Output: Total number of rearrangements over all matched pairs

3: totalCost ← 0

4: for i← 1 to n do

5: Li ← set of labels in Ti

6: L′
i ← set of labels in T ′

i

7: Lc ← Li ∩ L′
i

8: if |Lc| ≥ 2 then

9: r ← MinNumberOfRearrangements(Ti, T
′
i )

10: totalCost ← totalCost + r

11: end if

12: end for

13: return totalCost
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Algorithm 7 MinNumberOfRearrangements(Source, Target)

1: Input: Two paths Source and Target with n common labels for some n ≥ 2

2: Output: The minimum number of rearrangements needed to transform Source into

Target

3: Map the common labels to the set {1, · · · , n} arbitrarily (bijection).

4: Construct the relation matrix M of size n × n for the n labels that Source and Target

have in common according to the mapping above.

5: Initialize two empty sets: Row and Column.

6: Initialize an empty set Edges

7: for i = 1 to n do

8: for j = i+ 1 to n do

9: if Mij = 1 then

10: Append the label corresponding to i to Row.

11: Append the label corresponding to j to Column.

12: Append the edge (i, j) to Edges, treating i ∈ Row and j ∈ Column as its

endpoints.

13: end if

14: end for

15: end for

16: M ←MaximumMatching(Row,Column,Edges)

17: m← |M |

18: return m

Finally, Algorithm 8 compares pairs (Source,Target) in a pairwise consistent tree partition

and counts the labels that appear only in Source (which need to be deleted) and those that

appear only in Target (which need to be inserted). If Source or Target in a pair is paired with



72 Chapter 4: Methodology: Clonal Evolution Distance Metric and Semi-Metric

the empty set, then all of its labels are counted. The next example shows how to compute

this number for the trees in Example 5.

Example 6. Consider the trees and the partition introduced in Example 5. The size of the

symmetric difference for (T1, T
′
1) as well as (T2, T

′
2) is zero. For (T3, T

′
3), labels 7 and 8 belong

only to T2, and labels 20 and 21 belong only to T ′
2. Therefore, Algorithm 8 counts a total of

four operations.

Since we have already seen earlier in this section that both node worth and minimum num-

ber of rearrangements are equal to zero, and the only two pairwise consistent tree partitions

for these trees differ only in the order of the same pairs, we conclude that δCED(T, T
′) = 4.

Algorithm 8 InsertionDeletionCost

1: function InsertionDeletionCost(P = {T1, . . . , TK}, P ′ = {T ′
1, . . . , T

′
K})

2: Input: A pairwise consistent tree partition

3: Output: Total number of required deletion and insertion operations

4: cost← 0

5: for i← 1 to K do

6: labels in Ti ← labels in Ti

7: labels in T ′
i ← labels in T ′

i

8: symmetricDiff ← (labels in Ti \ labels in T ′
i ) ∪ (labels in T ′

i \ labels in Ti)

9: cost← cost+ |symmetricDiff|

10: end for

11: return cost

12: end function

Theorem 4. The value computed by Algorithm 1 for the clonal trees T and T ′ is equal to

δCED(T, T
′).
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Proof. LetP = ({T0, . . . , Tn}, {T ′
0, . . . , T

′
n′}) be a pairwise consistent tree partition for (T, T ′),

where n ≤ n′, and let K be the smallest index such that TK and T ′
K do not have any label

in common. Algorithm 2 returns a pairwise partition (P, P ′) such that

P = {T0, . . . , TK−1, S1, S2}, P ′ = {T ′
0, . . . , T

′
K−1, S

′
1, S

′
2},

where:

• S1 is an ordering of TK , . . . , Tn;

• S ′
1 is a sequence of n−K + 1 empty sets, one for each unmatched path in S1;

• S2 is a sequence of n′ −K + 1 empty sets, one for each unmatched path in S ′
2;

• S ′
2 is an ordering of T ′

K , . . . , T
′
n′ .

Each pair (Ti, T
′
i ) for 1 ≤ i < K in P satisfies Definition 12, and the algorithm is

deterministic and greedy by design, therefore the pairs are selected in the same order by the

algorithm. The remaining paths, which are not selected by the main loop of the algorithm,

are processed in the order described above by Algorithm A.3.

Now, we show that, for the given pairwise consistent tree partition, the total node worth,

the minimum number of operations required to transform pairs that share at least one label,

and the minimum number of insertions and deletions for the remaining pairs are all computed

correctly by the algorithms described below.

According to Definition 14, node worth only considers those pairs (Ti, T
′
i ) that share at

least one label in common. In other words, the node worth is computed only for the pairs

where neither Ti nor T
′
i is the empty set, as described in Algorithm 3. Since the paths and

their order are exactly the same for the first K − 1 elements of both pairwise partitions,

the NodeWorth computed by the algorithm for each corresponding pair matches the node
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worth in P. Consequently, the total node worth remains the same for both P and the

pairwise tree partition computed by the algorithm.

The minimum number of operations is defined only for the first K − 1 pairs and is

composed of two components: the minimum number of rearrangements and the required

deletions and insertions. Proposition 5 establishes that Algorithm 7 correctly computes the

minimum number of rearrangements for each such pair. The deletion and insertion counts

are then obtained using Algorithm 8, as previously described.

Algorithm 8 counts the symmetric difference of each pair, which corresponds to the

number of deletions and insertions for the first K−1 pairs, all labels on the remaining paths

of T (must be deleted), and all labels on the remaining paths of T ′ (must be inserted into

T ). Since these remaining paths are paired with the empty set in (P, P ′), the symmetric

difference is just the label set of the non-empty path, hence all their labels are accounted

for by the symmetric difference of their corresponding pairs, regardless of their order. This

completes the proof that the final value δ computed by Algorithm 1 is equal to δCED(T, T
′).

4.6 Time Complexity of Computing δCED

We analyze the time complexity of Algorithm 1 for computing δCED(T, T
′) under two

separate cases: one where a unique pairwise consistent tree partition exists, and one where

multiple pairwise consistent tree partitions must be explored because of ties.

Let:

• n be the maximum number of leaves in T and T ′,

• L be the maximum number of labels in any path from root to leaf on T and T ′.

The tie-breaking process is invoked at most O(n) times—once for each partitioning step.
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Each time it runs, the algorithm compares at most n2 entries in table B to evaluate the

hierarchy of tie-breaking conditions:

• Finding entries with the largest number of shared labels (line 2 of algorithm 9): O(n2)

• Comparing mutation contents (line 4 of algorithm 9): O(n2)

• Counting label occurrences elsewhere (line 6 of algorithm 9): O(n2)

• Matching mutation contents for elsewhere labels (line 8 of algorithm 9): O(n2)

• ComputingMinNumberOfRearrangements for tied entries, each of which isO(L3)

as we will explain later in this section (line 10 of algorithm 9): Worst case O(n2 · L3)

Therefore, the total worst-case complexity of the tie-breaking phase over the full algo-

rithm is:

O(n3 · L3)

Case 1: Unique Pairwise Consistent Tree Partition. Assume that all tie-breaking

steps in Algorithm 9 resolve deterministically, and only one pairwise consistent tree partition

(P, P ′) is generated.

Generating the Partition. Algorithm 2 generates a single pairwise consistent tree par-

tition using a recursive table-based procedure. In the unique case, it processes at most n

matchings, and each table update takes O(n2) time. Thus, the complexity is:

O(n3)

Computing Cost Components.
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• TotalNodeWorth:

The time complexity of computing the total node worth is dominated by the repeated

computation of mutation contents and their comparisons. However, this can be done in

O(L) time, as the mutation contents are available by construction and the comparison

of mutation contents can be done in linear time. The FindCommonNodes algorithm

compares each node in a path with each node in the paired path, in O(L2) time for

each pair. The ComputeNodeWorth algorithm calls FindCommonNodes once,

yielding O(L2) time. Finally, the TotalNodeWorth algorithm sums over pairs with

at least one common label, leading to a total time complexity of

O
(
n · L3

)
.

• TotalRearrangementCost:

In the worst case, each matched pair with at least two common labels hasO(L) labels in

common. Consequently, Algorithm 7 constructs and processes an L×L relation matrix

in the worst case. Matrix construction requires O(L2) time. Computing the maximum

matching via the Hopcroft–Karp algorithm for a graph with m edges and n′ nodes

takes O(
√
n′m) time. Since m,n′ ≤ L2, the maximum matching can be computed in

O(L3) time. Consequently, determining the minimum number of rearrangements for a

single pair requires O(L3) time. Therefore, in the worst case across n pairs, the total

number of required rearrangements is needs O(n · L3) time.

• InsertionDeletionCost:

For each pair in the pairwise consistent tree partition, it compares label sets and

computes the symmetric difference, each in O(L) time:

O(n · L)
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Total Time Complexity (Unique Partitioning). Combining the above components,

the total time complexity is:

O(n3 · L3) +O(n3) +O(n · L3) +O(n · L3) +O(n · L)

This simplifies to:

O(n3 · L3)

Case 2: Tie Between t Equal-Quality Options. Now suppose that at some point in

the recursive partitioning procedure, the tie-breaking hierarchy fails to resolve ambiguity,

and t equally optimal options must all be explored. Each of these options may lead to

more ties as they continue pairing the remaining paths. This results in k complete pairwise

consistent tree partitions that need to be evaluated.

Let C denote the time to evaluate a single pairwise consistent tree partition, as derived

above.

If k distinct pairwise consistent tree partitions are generated, the total cost becomes:

O(k · C) = O(k · n3 · L3).

Remarks. In practice, the number of ties t and the number of resulting PCTPs is expected

to be small. However, in the worst-case scenario, where at every step of finding a PCTP all

possible pairs lead to a tie, k can be in O(n2n).

4.7 Behavior Analysis and Proofs of Concept for dCED

and δCED

We compared the CED distances against the following existing distance measures:
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• CaSet (Common Ancestor Set distance) [DiNardo et al., 2020]: compares the ancestor-

descendant relationships between clonal trees.

• Disc (Distinctly Inherited Set Comparison distance) [DiNardo et al., 2020]: counts the

sets of mutations that are distinctly inherited in different lineages.

• MLTD (multi-labeled tree dissimilarity) [Karpov et al., 2019]: uses an edit-distance-

based method to transform two multi-labeled trees into a common tree; the distance is

then calculated as the number of labels in each tree minus twice the number of labels

in the maximum common tree.

• MP3 (Triplet-based similarity score) [Ciccolella et al., 2021a]: for every set of three

mutation labels, MP3 compares the labels of the minimal subtrees containing them in

each tree.

Distance values were computed manually using the formulas provided in the references.

An important property of a good distance measure is that, for highly similar trees (label-

wise), it should distinguish topological differences. Figure 4.10 shows that the CED distances

satisfy this property. To make MP3 [Ciccolella et al., 2021a] (bounded by 1) comparable

with distance measures, we convert it into a distance by subtracting its value from 1. In

addition, we normalize the CED distances using the diameter, as presented in Proposition 3

and Theorem 3.

Let tree T in Figure 4.10 be the reference (true) tree. The other trees are compared to T .

Tree T1 is a subtree of T while tree T2 is not. The CED metric and the semi-metric correctly

capture this distinction. MP3, and DISC [DiNardo et al., 2020] fail to differentiate between

these cases, returning identical distances for both pairs of trees. Although MLTD [Karpov

et al., 2019] and CASet [DiNardo et al., 2020] assigns a smaller distance to (T, T1), they



Chapter 4: Methodology: Clonal Evolution Distance Metric and Semi-Metric 79

reach their maximum at (T, T2), unlike the CED, where the maximum is reached when T is

compared to a tree with only the root node (data not shown) .
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Figure 4.10: Comparison of distance measures reflecting the impact of dataset origin and
topology of trees. Tree T is the reference tree, and the distances from T to the other trees
T ′ and T ′′ are shown.

The next important feature of distance methods corresponds to the following observation:

When a clone has an extra or missing mutation compared to a reference tree, all its descen-

dants inherit that error. Consequently, changes in nodes with many descendants should

contribute more to the distance than changes in nodes with fewer descendants. Figure 4.11

uses trees with the same set of labels to illustrate this property for several distance methods,

including the CED distances. The only distance which fails to reflect this property is MLTD.

Some articles (for example, see [DiNardo et al., 2020]) propose a different test to illustrate

the effects of changes closer to the root. They take a tree consisting of a single path and move

its only leaf higher in the tree, attaching it as a leaf child of nodes closer to the root. The
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Figure 4.11: Effects of position of changes relative to the root. Tree T is the reference, and
the other trees are compared against it.

authors expect the distance to increase. However, no matter how high we attach the leaf, it

remains a leaf, and the changes only affect one clone. Therefore, we expect the distance to

remain the same, as is the case with the CED distances.

Next, we compare the CED distance with the only other method (MP3) which allows

mutation loss, to see how each of them respond to mutation loss. The reference tree in

Figure 4.12 is T which does not acquire or lose mutation A. The other trees all acquire A at

the first stage of the tumor, and lose it somewhere down the path. This comparison allows

us to observe the importance of treating mutation loss differently, because when mutation

loss happens closer to the acquisition, its descendants have similar mutation content to their
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copy in the reference tree. Consequently, we should observe smaller distances for the cases

where mutation loss happens closer to the root.
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Figure 4.12: Effects of position of mutation loss relative to the root. Tree T is the reference,
and the other trees are compared against it.

Another approach to see the effects of the position of changes relative to the root is

shown in Figure 4.13. In this case, each of T1 to T6 contains an additional mutation E that

is absent in the reference tree T . A comparison of Figure 4.12 and Figure 4.13 shows that

MP3 treats mutation loss as the acquisition of a new mutation.
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Figure 4.13: Effects of position of an extra mutation relative to the root. Tree T is the
reference, and the other trees are compared against it.



Chapter 5

Conclusion

5.1 Summary

In this thesis we have presented the development, analysis, and theoretical foundation of

the Clonal Evolution Distances (CED). The CED distances are novel measures designed to

compare clonal trees derived from cancer sequencing data under realistic models of tumor

evolution. The work began with a detailed review of the biological and computational

context in which clonal trees arise. It focused on the evolutionary processes underlying

tumor growth, the structural properties of clonal trees, and the limitations of traditional

phylogenetic comparison methods in this domain.

Tumor evolution, unlike species evolution, occurs within an individual and involves het-

erogeneous populations of genetically distinct subclones that arise, expand, and sometimes

vanish under selective pressures. The representation of this process as clonal trees symbolizes

structural and temporal information about mutation acquisition and loss along evolution-

ary lineages. However, existing tree distance measures typically assume that each mutation

occurs exactly once and is never lost (the Infinite Sites Assumption, ISA). Some of them

assume further that all trees being compared contain identical label sets. These assumptions

83
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are regularly violated by real tumor evolution, as revealed by high-resolution methods such

as single-cell sequencing.

Recognizing this mismatch between existing comparison methods and biological reality,

we established the need for a metric capable of directly handling clonal trees that may contain

repeated occurrences of the same mutation, experience mutation losses, or differ in their mu-

tation sets. In the literature review, we analyzed multiple types of prior work, from general-

purpose phylogenetic distances such as Robinson–Foulds, Nearest Neighbor Interchange,

Subtree Prune and Regraft, and Tree Bisection and Reconnection, to cancer-specific exten-

sions for clonal trees like CASet, DISC, MLTD, Path, Parent–Child, Ancestor–Descendant,

and Bourque distances. While these measures vary greatly in computational complexity,

flexibility, and biological interpretability, none simultaneously support mutation loss, re-

peated mutation acquisition, arbitrary label sets, and a biologically grounded weighting of

differences. Measures that relax the ISA often lack the resolution to discriminate larger-scale

structural differences or fail to account for complex evolutionary changes. This identified gap

motivated us to formulate a new distance metric adapted for clonal evolutionary analysis.

The core contribution, the CED metric, is defined through three biologically motivated

edit-style operations: deletion, insertion, and rearrangement of mutation labels within the

tree. Unlike traditional tree edit distances, CED assigns each operation a weight equal to the

number of nodes whose label set or history content changes as a result of that operation. This

reflects the impact on all descendant subclones. Deletion removes a mutation from a node

(and, if necessary, the node itself), and triggers changes to the label set of any descendant

nodes recording a mutation loss for that mutation. Insertion reverses this process by adding

a mutation to the label set of an existing node or by introducing a new node labeled with

the mutation. Rearrangement moves a mutation between nodes—including moving it into

a new node. These operations are subject to Dollo’s Law, which prohibits a mutation from
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reappearing along the same lineage once lost. The CED restricts rearrangements to “good”

rearrangements, in which the label is relocated to a node in the source tree that either has

no other labels, or already contains at least one label that co-occurs with it in the target

tree. The CED distance between two trees is defined as the minimum total weight among

all sequences of the CED operations converting one tree into the other.

We proved that CED satisfies all metric axioms: non-negativity, identity, symmetry, and

the triangle inequality. Furthermore, using a reduction to the unordered tree edit distance,

we established that computing the exact CED value (denoted dCED) is NP-hard even for

restricted classes of trees. This highlights a need for tractable approximation methods in

large-scale or high-complexity trees. An analysis of the metric’s behaviour under label set

constraints produced exact formulas, 2(n−1), for its diameter for clonal trees with less than

or equal to n arbitrary labels.

In response to the computational complexity of CED metric computation, we proposed

the δCED semi-metric, which uses a path-matching strategy motivated by lineage preserva-

tion. The δCED distance decomposes each tree into a set of subtrees, each consisting of a

single path and then pairs paths from the two trees according to a hierarchical set of criteria:

first, maximizing the number of shared labels in each pair; second, preserving the mutation

content of those shared labels; third, minimizing the intersection of labels between a paired

path and the rest of the tree; and, when ties still occur, selecting the pairing that requires the

fewest rearrangements to transform one path into the other. This approach prunes the vast

space of possible transformation sequences, focusing on plausible correspondences between

evolutionary lineages. The distance δCED computes dissimilarity for each matched pair by

summing: (1) the node worth, i.e., the number of nodes with altered label and historical

content in corresponding paths; (2) the minimum rearrangement cost derived from a rela-

tion matrix of ancestor-descendant relationship disagreements; and (3) the insertion–deletion
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cost for labels present in one but not the other. The overall distance is the sum of these

components over all pairs in the matching.

While δCED preserves symmetry and is equal to zero if and only if the trees are identical,

it does not satisfy the triangle inequality, and thus is a semi-metric. Bounds were established

for its maximum value over trees with n common and n′ unique labels, yielding a diameter

of n′ + 2n − 3. A complete set of algorithms was presented for partition generation, tie-

breaking, node worth evaluation, rearrangement computation, and insertion–deletion count-

ing, together with proofs that the algorithms are exact. In practice, the algorithm designed

to find δCED is polynomial in the number of leaves and labels when the number of ties in

the path-matching process is small, but can become exponential in worst-case tie situations.

The methodology chapter includes formal proofs, propositions, and illustrative examples

demonstrating how the metric and semi-metric operate in realistic scenarios. Our framework

is sensitive to both local and global differences in tree topology and labeling, naturally

handling repeated labels and mutation losses. This degree of precision allows for meaningful

comparison of clonal trees arising from different patients, tumor regions, or time points, as

well as benchmarking of tree reconstruction algorithms against known or simulated ground

truths. Although developed in the context of cancer genomics, the underlying principles may

extend to other domains involving labeled rooted trees with complex label behaviour.

The contributions of this work are primarily theoretical, establishing a new mathematical

formalism for clonal tree comparison, proving key properties, and providing algorithms with

analyzed complexity.
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5.2 Limitations

Although in this thesis we introduce a novel and biologically motivated framework for

comparing clonal evolution trees, some limitations should be acknowledged. A primary

limitation is that the present formulation treats all mutation labels the same. In reality,

however, mutations differ greatly in their functional and clinical impact.

A small subset of driver mutations often plays a decisive role in tumor initiation, pro-

gression, and therapy resistance. In contrast, passenger mutations are alterations that arise

during tumor evolution but do not contribute directly to cancer development; they are gen-

erally biologically neutral. Assigning identical costs to CED operations involving either type

may understate the significance of structural changes affecting high-impact driver mutations,

while exaggerating the importance of alterations involving biologically neutral passenger mu-

tations.

Developing a weighting scheme informed by biological significance could improve the

method’s ability to reflect the true consequences of evolutionary events. Biological signifi-

cance could be derived from cancer gene databases, collections of interacting genes/proteins

with a shared function, or laboratory experiments that test whether a specific mutation

alters cell behavior, growth, or drug sensitivity.

Another limitation of the current framework is that it treats all clones equally, regardless

of their size or prevalence within the tumor population. In our proposed distance, each

node contributes to the distance solely based on its labeling or location changes, without

considering the proportion of cells that the corresponding subclone represents.

In reality, large clones encompassing a substantial fraction of the tumor mass may have

a greater impact on disease progression, treatment resistance, and clinical outcome than

small, rare clones. By ignoring clone size, our method may overemphasize alterations in

minor clones, while underrepresenting significant evolutionary changes in dominant clones.
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Incorporating clonal prevalence—potentially derived from bulk or single—cell sequencing

data—into the distance calculation could provide a more clinically meaningful measure of

evolutionary divergence between tumors.

5.3 Future Works

The Clonal Evolution Distance dCED and its semi-metric variant δCED introduced in this

thesis represent promising advances in the comparison of tumor clonal trees under realistic

evolutionary models. However, several important future directions remain to fully validate,

refine, and extend these methods for broader applications in cancer genomics.

5.3.1 Validation on Simulated and Real Data

A key next step is the systematic validation of dCED and δCED using both simulated

clonal trees with known ground-truth trees and trees generated for real sequencing datasets.

Simulated data generated under controlled conditions can allow precise assessment of each

measure’s sensitivity to label dissimilarities such as mutation losses, and repeated muta-

tions, and varying phylogenetic topologies. Real datasets from single-cell or multi-region

sequencing will test the measures in clinical contexts.

An especially informative validation strategy we can take is to compare clonal trees

reconstructed from subsets of sequencing data with those reconstructed from the complete

dataset for the same patient. The degree to which our method recognizes these as similar,

despite the subset lacking some mutations or regions, will provide a practical measure of its

robustness to incomplete or noisy input. Such experiments can simulate realistic situations

where technical constraints or cost limitations reduce sequencing depth or coverage.
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5.3.2 Refinement of Tie-Breaking Criteria

We use a hierarchical tie-breaking procedure for δCED to select optimal path pairings when

multiple equally good options exist. Although these criteria are biologically motivated, their

impact on accuracy and runtime should be examined. With large-scale testing we can reveal

which tie configurations most often affect final distance values or increase computational

time. Insights from these experiments can guide us with refinement of tie-breaking priorities.

By applying this iterative approach, we can both improve biological fidelity and reduce

computational overhead.

Our longer-term goal is to identify a tie-breaking condition (or set of conditions) that

uniquely resolves all ties in practice, effectively collapsing the exponential worst case into a

polynomial-time procedure for δCED. This may require both theoretical exploration of the

structural constraints in realistic tumor trees, and data-driven learning of tie-resolution rules

using extensive collections of simulated and real-world comparisons. Our ultimate aim is to

develop a version of δCED that maintains high biological relevance while achieving guaranteed

tractability.

5.3.3 Comparative Analysis with Existing Distances

Comparing dCED and δCED with the existing clonal tree distances is essential to clarify

their unique strengths. The same benchmark datasets used for CED validation should be

used for distances such as generalizations of the Robinson–Foulds distance, CASet, DISC,

MLTD, and triplet-based approaches. Discrimination power between biologically distinct

evolutionary scenarios, robustness to missing or noisy data, correlation with known ground

truth, and computational efficiency are the performance metrics the we should consider.

Comparing results for both complete and subset induced trees can highlight situations where

CED offers distinct advantages over existing distances.
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Supporting Algorithms

A.1 Tie-Breaking Details

Algorithm 9 Tie-Breaking Hierarchy

1: function TieBreak(B)

2: Find all entries bij with the largest number of labels

3: if tie then

4: Among these, select those where more labels have matching sets of labels and

content

5: if tie then

6: Among these, select those where fewer labels appear elsewhere in B

7: if tie then

8: Among these, select those where fewer elsewhere labels have matching

historical content

9: if tie then

10: Select those with minimumMinNumberOfRearrangements(Ti, T
′
j)

11: end if

12: end if

13: end if

14: end if

15: return all selected entries

16: end function
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A.2 Table Initialization Details

Each table entry bij stores:

• Shared labels between paths except r the label of the root

• For each label:

– Origin nodes (separate for T and T ′)

– Mutation content of the origin nodes

A.3 Unmapped Path Handling

1: procedure HandleUnmapped(B,P, P ′, t)

2: for each unmapped Ti with empty column in B do

3: P [t]← Ti, P ′[t]← ∅

4: t← t+ 1

5: end for

6: for each unmapped T ′
j with empty row in B do

7: P [t]← ∅, P ′[t]← T ′
j

8: t← t+ 1

9: end for

10: end procedure
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A.4 Table Update Procedure

1: procedure UpdateTable(B, i, j)

2: Remove column i and row j

3: Remove labels of bij from other entries

4: Remove corresponding nodes from remaining paths

5: end procedure
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