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Abstract

A rapid growth of space-based platforms has increased the need for maintaining accu-
rate position and velocity catalogs on spacecraft, debris, and naturally occurring objects,
collectively referred to as resident space objects (RSOs). Space situational awareness
(SSA) technologies are essential for identifying and tracking RSOs to protect current
and future space assets. This thesis investigates the feasibility of using space-based laser
rangefinding systems for RSO detection. A prototype built from commercial off-the-shelf
components is evaluated through simulation, analysis, and experimental testing. This
thesis also presents models comparing the trade-offs of key performance parameters for
general space-based laser rangefinder systems and introduces a Bayesian search and ac-
quisition algorithm. Results show that detecting uncooperative RSOs with a low-power
rangefinder is limited by weak return signals. This study further demonstrated that com-
bining laser rangefinders with optical cameras improves the reliability of obtaining RSO
position estimates. Finally, the results emphasize the value of incorporating cooperative
features on spacecraft, such as retroreflectors, to improve visibility and contribute to safer

operations in near-Earth space.
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Chapter 1

Introduction

This chapter details the motivation, objectives, and main contributions of my thesis.

Finally, an outline for the rest of the remaining chapters is provided at the end.

1.1 Motivation

Space based systems have become critical infrastructure to society; communication, nav-
igation, and environmental monitoring are all vital for modern industry and military
operations. The disruption of such services would have a substantial negative impact
on the world’s largest economies [1]. Space-based infrastructure has become so critical
that several state military branches have been formed with the protection of such assets
a primary focus, such as the United States Space Force [2], the French Space Command
[3], the Russian Space Forces, and China’s People’s Liberation Army Aerospace Force.
The greatest threat to near-Earth space infrastructure, other than a direct attack,
is the environment. Near Earth orbits have become increasingly congested by resident
space objects (RSOs). RSOs can be classified as natural objects such as meteoroids
and asteroids, active spacecraft with orbital control systems, active spacecraft without
orbital control systems, and inactive spacecraft such as spent rocket bodies, defunct
satellites, or space debris. Orbits relatively close to Earth, known as low Earth orbit
(LEO) have become the most congested in modern times [4]. In particular, a subset

of LEO known as sun-synchronous orbits (SSOs) are favoured by spacecraft operators



for maximizing solar power generation and minimizing solar fluctuations during remote
sensing. Unfortunately, as a consequence of their popularity, SSOs are becoming rapidly
congested [4]. Orbit congestion increases the risk of collisions between resident space
objects (RSOs), which are disastrous both for the colliding RSOs and for surrounding
spacecraft which may collide with the resulting debris field.

Historically most collision events have been intentional, resulting from tests of anti-
satellite weapons capabilities, such as the destruction of Fengyun-1C in 2007 [5]. However,
collisions between spacecraft have also resulted in significant amounts of debris, particu-
larly the collision between Kosmos 2251 and Iridium 33 in 2009 [4].

The debris generated from collisions substantially increases the amount of RSOs,
increasing the risk of future unintended collisions. This positive feedback loop is a key
concern for spacecraft operators trying to manage mission risk. A scenario in which
regions of near Earth space become so congested that they are completely inhospitable
to all spacecraft for decades or even centuries is known as Kessler syndrome [6]. Kessler
syndrome represents the worst case of an exponential increase in uncontrollable RSOs [6].

Mitigating RSO collision risk is central to preventing the proliferation of space de-
bris. Passive methods of mitigation include improving spacecraft structure construction
to limit the impact of debris generated in the event of a collision [7]. Active mitiga-
tion efforts focus on reducing the probability of collisions occurring in the first place
by implementing spacecraft maneuvers with controllable RSOs to avoid collisions or by
implementing systems to actively remove defunct RSOs from the environment. For in-
stance, the Federal Communications Commission has implemented a five year de-orbit
requirement for spacecraft after the end of their life-time [8]. Likewise, the United Na-
tions provides guidelines for the prevention of space debris, notably suggesting a de-orbit
timeline of no more than 25 years and suggesting spacecraft implement components to en-
hance track-ability [9]. Active mitigation methods require detailed information about the
locations and trajectories of RSOs to accurately plan maneuvers on active RSOs to avoid
collisions. The ability to track, catalog and predict the movement of RSOs is referred

to as space situational awareness (SSA). The majority of SSA infrastructure is ground-



based, combining measurements from a network of radar [10], laser [11], and optical [12]
arrays with statistical dynamic predictions. The most well known of such networks is
the United States Space Surveillance Network (SSN) [13]. Canada is also a leader in
this area with the NEOSSat [14] and Sapphire [15] spacecraft launched in 2013 to image
and track RSOs from space. Further, Defence Reserach and Development Canada, in
collaboration with the United Kingdom’s Defence Science and Technology Laboratory
(DSTL), Magellan Aerospace, and the University of Manitoba have announced in 2024
the Redwing and Little Innovator in Space Situational Awareness (LISSA) mission [16].

The culmination of ground-based observer measurements results in two-line element
sets (TLEs) which provide time-stamped information on an RSOs position and velocity
in a compact, industry-standard format. Dynamic models such as SGP4 [17] are used
to propagate TLEs through time to predict future positions of RSOs. Although orbital
dynamics are relatively well defined, TLEs require consistent updating due to model
inaccuracies caused by atmospheric drag, magnetic field shifts, and gravitational effects
[17], [18]. Current errors in TLE propagation have been sufficient to mischaracterize the
risk of collisions, such was the case with the collision of Kosmos 2251 and Iridium 33
where a predicted near miss was, in reality, a catastrophic collision [19]. Implementing
novel technologies that improve the accuracy and update frequency of TLEs is one way
to lower the likelihood of RSO collisions occurring.

The focus of this thesis is on establishing the feasibility of space-based laser ranging
systems to enhance SSA capabilities and improve the accuracy of TLEs. This thesis
expands upon previous work I completed, exploring the capability of a combined laser
rangefinder and cueing camera system for RSO tracking. A portion of this previous work
was conducted as part of the Special Processes and Advanced Computing Environment
for Debris Unambiguity, Surveying, and Tracking (SPACEDUST) initiative and was pre-
sented at the Advanced Maui Optical and Space Surveillance Technologies Conference
(AMOSTech) [20]. SPACEDUST was an initiative exploring novel space debris detec-
tion technologies funded by the Department of National Defence (DND) of Canada in

partnership with Magellan Aerospace Winnipeg, who subcontracted projects to various



academic and industry partners [21]. This thesis also expands upon a search algorithm
and simulation work presented at the American Institute of Aeronautics and Astronau-
tics (AIAA) Science and Technology (SciTech) Forum and Exposition [22]. Finally, this
thesis uses a geometric model I derived to study the occlusion effect of a small mirror on
the ranging performance of a laser rangefinder, presented at the Institute of Electrical

and Electronics Engineers (IEEE) Sensors conference [23].

1.2 Problem Statement

Ground-based laser systems are capable of ranging LEO RSOs smaller than 10 cm |24],
though the specific target size, surface quality, and quality of measurement are unclear.
In general, it is documented that space debris smaller than 10 cm remains a significant
challenge to track by means of radar, optical, and laser ranging [25]. These ground-
based laser ranging systems can range uncooperative targets at distances up to 3000 km
and retroreflective targets up to 36,000 km [26]. However, ground-based laser systems
are generally limited to night-time operations and favourable weather due to requiring
high contrast against the sky for RSO visibility [26]. Further, relativistic effects due to
the relative speeds between observer and target, such as velocity aberration [27], and
the attenuation effects of atmosphere must be taken into account for ground-based laser
systems [28]. If a target is not regularly measured, these limitations can lead to tracking
inaccuracies due to orbit perturbation uncertainties accumulating over time.

As discussed briefly in my previous work [22], space-based laser ranging systems have
the potential to alleviate some of the drawbacks of their ground-based counterparts. The
mobile nature of space-based platforms allow for a greater amount of viewable space over
a period compared to a ground-based observer. Operations are simplified by considering
atmospheric effects on measurements as negligible. Velocity aberration may be negligible
or equally significant for space-based laser ranging dependent on the relative orbital
geometries of observer and target. Less powerful lasers may be implemented on observers

to range the relatively short distances from targets compared to the longer ranges required



of a ground-based observer.

One of the key challenges with space-based laser ranging is the high angular speeds
required to track RSOs at close range. As discussed in chapter 6, these relative angular
speeds can exceed 580 deg/s for orbital distances between a LEO target and LEO observer
of 1 km, decreasing to 45 deg/s for a nominal orbital distance of 20 km. Fast-steering
mirrors capable of achieving these elevated angular tracking rates impact overall range
performance negatively and significantly, detailed in chapter 6. Finally, small tracking
windows are likely to limit target acquisition capability compared to ground-based laser
ranging systems. These challenges bring in to question the feasibility of using space-based
laser ranging systems to detect RSOs, particularly uncooperative RSOs such as space
debris. This thesis addresses this question of feasibility through analysis, simulation,
and experimentation to determine limits in ranging and target acquisition using real
commercial hardware. Discussion of the broader implications of this work are provided,
as well as recommendations for future work in the field and suggestions for technology

improvements that may improve system feasibility.

1.3 Objectives

The purpose of my research was to investigate the feasibility and operation of steerable
single point laser rangefinder systems for space situational awareness applications, with
a particular interest in predictive scanning patterns. Therefore my research hypotheses

were as follows:

1. A steerable single-point laser rangefinder system consisting of a laser range finder
and high-accuracy steerable mirror can acquire and range targets with relative
angular rates similar to those observed in low Earth orbit (LEO) conjunction events
at distances exceeding 1 km. Target acquisition can be achieved by using predictive

dynamics to optimize a search pattern within a dynamic uncertainty region.

2. Incorporating a target-detecting optical camera to provide pointing cues will im-

prove system mean acquisition time and target acquisition performance by providing



higher quality uncertainty estimates compared to solely relying on target two-line

element propagation.

1.3.1 Scope and Limitations

This thesis focuses on evaluating the feasibility of a single-point laser rangefinder sys-
tem for SSA applications. Specifically, the work in this thesis encompasses simulation,

analysis, and hardware testing:

1. Development of target acquisition algorithms for a steerable single-point laser rangefinder
system, both with and without an optical cueing camera. Simulations generate and
test dynamic search patterns for given uncertainty regions based on prior knowl-
edge, namely two-line element propagation error and optical cueing camera error.
These simulations are used to assess the performance of such search patterns during

hypothetical LEO conjunction events.

2. Analysis evaluating key requirements trade-offs and modeling the effect of a small
mirror on the ranging performance of a commercial laser rangefinder in a RSO

ranging scenario.

3. Hardware experimental testing using a prototype consisting of a steerable mirror
and laser rangefinder to evaluate system performance. Tests include static range

performance measurements and dynamic target acquisition performance.

This research is limited to steerable single-point laser rangefinder systems and does not
explore arrayed systems. Hardware tests are constrained to off-the-shelf components and
their capabilities, such as mirror size, steering speed, and camera resolution. Important
environmental factors for actual spacecraft hardware implementation, including radiation
tolerance and thermal cycling, are not addressed. These limitations should be considered

when evaluating the results of this work for operational SSA scenarios.



1.4 Main Contributions

This research advances the understanding and application of steerable single-point laser

rangefinder systems for SSA through the following contributions:

1. Design, assembly, calibration, and experimental testing of a steerable laser rangefinder

testbed prototype.

2. Development of an algorithm that generates dynamic search patterns using orbital

dynamics, negative sensor information, and Bayesian inference.

3. Simulations to establish the feasibility of steerable single-point laser rangefinder
systems consisting of a steerable mirror and laser rangefinder in conditions approx-

imating LEO conjunction event dynamics.

4. Assessment through simulation of the improved responsiveness and target acqui-
sition ability of steerable single-point laser rangefinder systems by integrating an
optical camera for cueing information compared to relying solely on two-line element

propagation.

5. Key performance parameter trade-off analysis and mathematical models with re-
spect to competing metrics, particularly target acquisition and detectable system

range.

6. Theoretical analysis of range limitations for varying targets using a steerable single-

point laser rangefinder system based on commercial off-the-shelf components.

7. Hardware testing of a prototype steerable single-point laser rangefinder system,
including range testing and target acquisition, to evaluate the feasibility of such

systems and to validate simulation methodology.

Further applications of this research include fields implementing aim and measure
operations of objects with relative motion; of note are military targeting systems, drone
payload delivery, laser communications, and of course, satellite space situational aware-

ness technologies. The methods used to determine a scanning pattern may be translated

7



to other devices such as aiming operations for targets with defined trajectories with as-

sociated position and velocity uncertainties.

1.5 Thesis Overview

In this section, I outline the remaining content of this thesis. Chapter 2 reviews rele-
vant literature on steerable single-point laser rangefinder systems for ranging and target
acquisition for SSA operations and puts my hypotheses and contributions into context
of the broader literature. The literature review provides an overview of laser ranging
technologies, their existing applications in SSA, and associated challenges. Additionally,
the literature review discusses optical cueing cameras for RSO target detection, tracking,
and integration of cameras into a laser steering system.

Chapter 3 presents the development of a Bayesian search pattern generation algorithm
that was used for target acquisition simulations. This chapter provides an overview of
orbital mechanics, two-line element sets, relevant reference frames, and the orbital cases
that were considered in simulations. The Bayesian search pattern algorithm is presented
alongside relevant background, in particular the definition and use of a particle filter.

Chapter 4 outlines the simulation methodology used in this thesis. The relevant
inputs and background for a camera-less target search and acquisition simulations are
presented. Then how bins are determined for use with the Bayesian search algorithm
that was presented in chapter 3. Finally, the relevant inputs and background for camera-
cued target search and acquisition simulations is presented.

Chapter 5 presents the development, design, operation, and testing methodology for
the steerable laser testbed prototype. The development of a general keystone error correc-
tion formula for laser beam steering is detailed. The testing methodology for prototype
search and acquisition experiments is given. However, the testing methodology for the
prototype ranging performance experiment is instead provided in Chapter 6.

Chapter 6 presents important trade-offs between key performance parameters and

how different hardware specifications effect these performance parameters. In particular,



these performance parameters are the ranging capability, scanning rate, and measure-
ment accuracy. The ranging capability is modeled in depth, accounting for target size,
target reflectivity, and mirror occlusion effects. The prototype ranging performance test
methodology is presented, followed by the results of this test, which were used to validate
a geometric mirror occlusion model. This geometric mirror occlusion model was then
used to estimate the overall ranging capability of the prototype for various target sizes
and types.

Chapter 7 presents the remaining results and discussion. Simulation and experimental
results were compared to evaluate the acquisition performance of a Bayesian search rela-
tive to an Archimedes spiral when searching for a stationary target. For both stationary
and moving targets, simulation and experimental results were compared using statisti-
cal hypothesis testing to assess consistency between predicted and observed acquisition
performance. This consistency provided validation of the simulation model. Simulation
results were used to evaluate the performance of the Bayesian search in acquiring and
tracking targets in LEO conjunction events. The performance of the system with and
without simulated optical camera cues is compared to assess differences in acquisition
performance.

Chapter 8 summarizes the thesis by briefly reiterating the primary research objectives,

contributions, and key findings.



Chapter 2

Literature Review

This chapter outlines the current state of laser ranging systems with respect to space-
based systems and target tracking. It also discusses prior work on beam steering mech-
anisms, search and acquisition methods, tracking methods, calibration techniques, and

achievable system range.

2.1 Ground and Space-Based Laser Sensing

Laser ranging of space objects by ground-based observers has been ongoing since 1964
with the successful ranging of Beacon Explorer-B [28|. Since then, high accuracy laser
ranging of cooperative satellites equipped with retroreflector arrays has been used to
measure Earth dynamics [29]. Notably, passive retroreflective satellites such as LAGEOS,
LARES, Etalon, Starlette, and Stella [29] serve solely as targets for ground-based laser
systems. The International Laser Ranging Service (ILRS) was formed due to the increased
collaboration between international geodesy researchers using laser ranging [29]. In recent
years the ILRS has expanded operations for some stations on their network to track
non-cooperative space debris [29]. These tracking operations use search and acquisition
techniques based on two-line element knowledge [30] and optical camera cueing [31].
Light Detection and Ranging (LiDAR) has been used for space-based missions mea-
suring terrestrial weather and atmosphere, producing higher levels of detail compared to

radar [32|. In their review on the history of space-based LiDAR systems, Fouladinejad et
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al. identify seven missions that incorporate LiDAR [32]:
e Infrared laser payloads: ICESat, ICESat-2, ACE, CALIPSO, CATS-ISS.
e Ultraviolet laser payloads: ADM-Aeolus, and EarthCARE.

These missions highlight the efficacy of infrared LiDAR on space-based platforms to
accurately measure targets at high ranges. As these missions maintain a near static
pointing direction and maintain view of a large target (Earth), their beam-steering ca-
pabilities do not adequately address the challenges present with tracking high-speed,
relatively small RSOs.

Space-based laser systems are not limited to remote sensing missions; they are also
used for optical communications links, with potential high data rates on the order of 100
Gb/s [33]. However, the narrow beam of optical communications systems necessitates
fine pointing and stable control; beams are so narrow (= prad divergence) that velocity
aberration due to the finite speed of light must be accounted for [33], [34]. Optical
satellite links establish communications between spacecraft by performing a cooperative
beaconing search and acquisition procedure, ideally with a wide beamwidth laser [33],
[35]. Once a link is established, the narrow communications beam will begin sending
information over a high data rate connection [35]. For the purposes of my work, targets
will not be actively cooperative in the manner that a beaconing receiver spacecraft is.
As such, the operations of optical communications satellites provides a general basis for
initial search methods, but the control used for acquisition will not be applicable to a
non-cooperative target.

Finally, a few satellite laser applications can not be categorized as either direct remote
sensing or optical communications. The Gravity Recover and Climate Experiment Fol-
low On (GRACE-FO) mission consists of a pair of satellites that measure inter-satellite
distances using laser interferometer, precisely mapping the Earth’s gravity field [36]. The
Polish ImAging SaTellites (PIAST) is a planned project incorporating three satellites
capable of tracking each other for the purposes of formation flying and operational co-

ordination by using a laser ranging payload and corner cube retroreflectors [37]. Like
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the aforementioned inter-satellite optical links, these missions feature constellations of
satellites, typically in a leader and follower configuration. By necessity, such constel-
lations mean that prior knowledge of satellite positions relative to one another is well
known, simplifying acquisition activities compared to a general target. There is a clear
gap for applying laser ranging systems to a general target with poor a priori knowledge

of position and high relative velocity relative to an observer.

2.2 Beam Steering Mechanisms

A comprehensive survey on beam steering mechanisms, referred to as acquisition, track-
ing, and pointing (ATP) mechanisms, was produced by Kaymak et al. [38|. This survey
had a focus on ATP mechanisms for communications purposes in particular but provides
a general qualitative overview of the strengths and weaknesses of different mechanisms.
Kaymak et al. [38] identified four distinct categories of ATP mechanisms applicable to
satellite-based systems along with their benefits and drawbacks. The summary presented

in Table 1 is adapted from Kaymak et al. [38].

Table 1. Summary of relevant ATP mechanisms, adapted from Kaymak et al [3§]

Mechanism Resolution (rad) | Field of Regard (FOR) | Steer Speed
Gimbal ~ 107 Wide Slow
Mirror <107 Narrow* Fast
Gimbal-Mirror Hybrid <1076 Wide Fast
Adaptive Optics ~ 107° Narrow Fast

*Note: Kaymak et al. and Milasevicius & Maciulis identify voice-coil actuated mirrors
as an exception due to their wide FOR [38], [39].

Mechanical wear is a serious problem for space-based systems over the course of a
mission. As such, systems relying on mechanical methods resulting in component friction
and fatigue are undesirable. Of the above ATP mechanisms, gimbal-based systems result
in fatigue and wear over time, whereas electromagnetically actuated mirror and adaptive
optics systems mitigate wear. For the purpose of tracking RSOs moving at high relative

speeds, a fast steering, wide FOR system is required. Of the systems outlined in Table
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1, only voice-coil actuated mirror systems meet these requirements.

Fast steering mirrors are typically very small to minimize weight, allowing for faster
steering and responsiveness. Ideally, a mirror used to steer a laser rangefinder should be
large enough to cover both the emitter and receiver. A mirror that does not cover both
decreases the signal-to-noise ratio, lowering the achievable range of a rangefinder, noted
by Zuo & He [40]. To address this issue Zuo & He detail a design for a large, low-cost
flexible printed circuit board mirror that can cover both the emitter and receiver of a laser
rangefinder, however this mirror is steerable in only one axis [40]. Zuo & He’s LiDAR is
only proven for a distance of 50 m, a wide FOR of 60 degrees, and a resolution of 0.2
degrees [40]. Although the measured achievable range for Zuo & He’s LiDAR is based
on a limited testing environment, the achievable mirror resolution is not appropriate for
precise, long-range space-to-space RSO detection operations.

Beam steering mirrors have been implemented in previous satellite missions. The
primary instrument for ICESAT-2, the Advanced Topographic Laser Altimeter System
(ATLAS), uses an active steering mirror to maintain alignment between transmit and
receive beams |41]. However, despite this capability, ATLAS has a limited FoR of only
5 mrad [42]. Laser communication terminals also incorporate steering mirrors for search
and acquisition, but their FoR remains limited, on the order of 1° [39], [43], [44]. These
beam steering systems are designed for maintaining a narrow, focused beams rather than
wide range of motion steering. There is a clear gap in the implementation of wide FoR
beam steering mechanisms in space-based applications. My work addresses this gap by

exploring the feasibility of a wide FoR beam steering mirror for laser ranging applications.

2.3 Search, Acquisition and Tracking

Optical communications systems provide a good basis for exploring acquisition tech-
niques. Chapter 4 of "Free Space Optical Communications" by Kaushal et al. discusses
acquisition, tracking, and pointing in depth for optical communication links [35]. In

particular, Section 4.1.2 discusses four scanning techniques: continuous spiral scan, step
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spiral scan, segmented scan, and raster scan; noting that a spiral scan is the most efficient
of these options [35]. These scanning techniques are used in the context of an actively co-
operative target that is also implementing its own search for the transmitting spacecraft,
effectively acting as a relay for the transmitting spacecraft’s signal. These scanning pat-
terns are ideally performed with a wide beam to reduce the amount of overall scanning,
therefore resulting in faster acquisition. Laser ranging of a general target requires a round
trip of a signal compared to the relay of an optical communications acquisition strategy.
This round trip significantly reduces the return signal strength, further compounded if
a wide divergence beam is used. Kaushal et al. note the key trade-off when designing
a search and acquisition system; improvements in acquisition time cause reductions in
received beam power due to wider divergence and vice versa [35]. Kaushal et al. finally
identify the key parameters describing the acquisition process for a free space optical
communications system: acquisition time, uncertainty area, scanning technique, and ac-
quisition approach [35]. The evaluation of acquisition time (and acquisition probability)
described by Kaushal et al. does not account for the effect of velocity uncertainty. My
research accounts for velocity uncertainty by integrating a dynamic model of an orbiting
spacecraft into a particle filter [45] to generate search patterns. This approach also allows
for Bayesian probability updating, enabling search patterns to incorporate information
from null laser ranging measurements.

Relative motion between spacecraft is an important aspect in search and acquisition
planning; it informs both uncertainty area and scanning technique, and less directly
acquisition time. Nayak et al. evaluate the relative motion for two space-craft in a
chaser-leader configuration by analyzing the Clohessy-Wiltshire equations, casting the
relative motion of the leader spacecraft in the reference frame of the chaser [46]. The
purpose of this study by Nayak et al. is for precise pointing planning of a laser system to
achieve accurate shape detection and edge reconstruction of a target [46]. Although my
work deals with general configurations of spacecraft using numerical methods rather than
a direct analysis of the Clohessy-Wiltshire equations, the reference frames presented by

Nayak et al., such as the radial-transverse-normal (RSW) frame [46], are a useful basis
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for understanding operations. This work by Nayak et al. further demonstrates a focus on
chaser-leader satellite configurations for laser system applications in literature. I address
this gap in literature by simulating the trajectories of two spacecraft for several different
dual orbit configurations to assess the needs and efficacy of laser ranging systems for
targets with much stricter tracking requirements with restrictive tracking windows.
Once a target is acquired, the process of continually tracking becomes the primary
task. The Kalman filter [47] is well established and has been widely used in navigation
and tracking applications in the aerospace industry [48], [49], [50]. Gokhan & Murat
demonstrated through simulation that a Kalman filter is suitable for maintaining a link
between two cooperative mobile optical communication terminals [49]. This scenario of
maintaining alignment between two moving targets with a narrow optical beam presents
similar challenges to those faced in tracking RSOs from a space-based platform. Gokhan
& Murat note that in the case of long range satellite optical communications links, the
extended Kalman filter could be employed to handle the non-linearities present in orbiting
spacecraft dynamics [49]. Given the extensive use of Kalman filters in tracking, there is
strong justification for investigating their application in tracking a resident space object
with a space-based laser ranging platform. I propose using an extended Kalman filter for
continuous tracking of an acquired target after successful search and acquisition. However,

this tracking aspect was left out of scope for this thesis.

2.4 Achievable Ranges for Laser Rangefinders

Several authors have performed analysis of the radar equation applied to laser rangefinders
to establish theoretical ranging capability of laser systems [37], [51], [52], [53]. Zhang et
al. [51] conducted an analysis establishing a maximum detection range model for a 1064
nm short-wave infrared laser ranging system intended to range space debris. Zhang et
al. used the radar equation to account for atmospheric attenuation and sky background
radiance effects |51]. Blanchet et al. evaluate the feasibility of a ground based laser

ranging system for detecting space debris by using the radar equation to establish the
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capability of laser systems for detecting targets of various sizes [52]. Blanchet cites the
modified radar equation presented by Degnan [54]. Driedger et al. [53] derived a simplified
form of the radar equation, neglecting negligible atmospheric effects, to establish the
theoretical maximum detection range of a space based optical communications laser.
Wojtanowski et al. [37] evaluated the performance of a space-based laser rangefinder for
the Polish ImAging SaTellites (PTAST) mission accounting for the effects of corner cube
retro-reflectors on beam return. Wojtanowski et al. [37]|, Forrester & Hulme [55], and
Degnan |56] account for diffraction caused by corner cuber retro-reflectors by analyzing
the irradiance of the far field diffraction pattern (FFDP). Experimental measurement of
the effect that angle of incidence has on the FFDP were performed by Wojtanowski et
al. [37] and provide a robust treatment of corner cube retro-reflector irradiance. These
works demonstrate the broad acceptance of the radar equation as effective analysis in the
performance of a laser rangefinding system in the space situational awareness community.

Zhang et al. [51] and Blanchet et al. [52] evaluated returns for a ground-based system
targeting a diffuse reflecting object; focusing on atmospheric effects, target surface, and
target size properties. Whereas Driedger et al. |53] applies the radar equation to a space-
based system, ignoring atmospheric effects. My research has a focus on both diffuse
targets and retro-reflective targets, as such the work of Wojtanowski et al. [37] is directly
relevant. However, these prior works do not account for the effect that a small beam
steering mirror has on return signal strength. Because my work focuses on a space-based
system using the beam-steering method of a small fast steering mirror, I also account for

the effect of mirror angle and mirror size in my analysis.
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Chapter 3

Bayesian Search Pattern Algorithm

Portions of this chapter have been adapted and reproduced with permission (Ap-
pendix B) from:
[22] W. M. Ediger and P. A. Ferguson, “Feasibility of space-based laser ranging for
resident space object detection,” in AIAA SCITECH 2025 Forum. DOI: 10.2514/
6.2025-1163. eprint: https://arc.aiaa.org/doi/pdf/10.2514/6.2025-1163.
|Online|. Available: https://arc.aiaa.org/doi/abs/10.2514/6.2025-1163
In this chapter, I describe the search algorithm used for Resident Space Object (RSO)
search and acquisition that is explored in this thesis. First I give an introduction to
stochastic processes and the filtering problem. I provide a brief description of how a
particle filter can be used to incorporate Bayesian inference. I then describe the algorithm

used for incorporating the absence of measurements into a particle filter for efficient search

and acquisition activities.

3.1 Orbital Mechanics and Reference Frames

This section describes the basics of orbital elements and mechanics, two-line element sets,
and relevant coordinate frames for space-based laser ranging activities. The discussion on
orbital mechanics is based on Spacecraft Dynamics and Control by de Ruiter [18]. Here

I outline the key orbital elements and dynamics used to define an orbit.
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3.1.1 Orbital Mechanics

A satellite’s orbit about Earth may be described by six constants, or orbital elements,

the Keplerian orbital elements for orbits around Earth are as follows:

1. Semi-major axis (a): The semi-major axis is half the length of the orbit’s major
axis.
_ Tg Ty

a=— (3.1)

where 7, is the orbit apogee (furthest point of orbit to Earth) and r, is the orbit

perigee (closest point of orbit to Earth).

2. Eccentricity (e): Eccentricity describes how circular an orbit is.

Tg —T

K (3.2)

Ta +7’p

e =

When e = 0 the orbit forms a circle and 0 < e < 1 describes an ellipse, values of

e > 1 describe escape trajectories and are not relevant to this thesis.

3. Inclination (7): Inclination is the angle between the orbital plane and the equa-

torial plane of Earth.

4. Right ascension of the ascending node (2): The angle from the vernal equinox

to the ascending node of the orbit, measured along the equator of Earth.

5. Argument of perigee (w): The angle between the ascending node and the point

of perigee.

6. True anomaly (6): The angle between the ascending node and the position of the

satellite in its orbit at a given time.

In simple terms, the first five of these elements describe an ellipse in three-dimensional
space, with Earth at one of its foci. This ellipse traces the orbital path of an orbiting
body. The sixth term, the true anomaly, defines a point on this ellipse where the body is

located. A diagram of the orbit elements is presented in Figure 3.1.
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Figure 3.1. Hlustration of Keplerian orbital elements

These six orbital elements can be used to calculate the position, 7" and velocity, T of
an orbiting body at a given instant. The dynamics of a body of relatively small mass

orbiting Earth can be modeled by Newton’s law of universal gravitation in Equation 3.3.

F=—L (3.3)

where p is the standard gravitational parameter of Earth and r is the location of the
orbiting body with respect to the center of Earth. The above model is complicated
by the presence of real, unpredictable perturbing forces. Theses perturbations include
gravitational field variation, atmospheric drag, solar pressure, intentional thruster firings,
and magnetic field forces. We can adjust the above equation by introducing a mass
normalized perturbing force f to model these effects.

= —W%FJF f (3.4)
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3.1.2 Two-Line Element Sets

Two Line Element Sets (TLEs) are formatted data sets that contain Resident Space
Object (RSO) orbital element information. TLEs are based on RSO observations from
space observation networks such as the International Laser Ranging Service (ILRS). Prop-
agating TLEs, such as through the Simplified General Perturbation 4 (SGP4) model, is
used to predict RSO trajectories and determine potential collision scenarios. The North

American Aerospace Defense Command (NORAD) TLE format is defined by the line and

column of a value and are detailed in Table 2 [57].

Table 2. TLE format [57]

Line 1
Column | Description
01 Line Number
03-07 Satellite Number
08 Classification (U = Unclassified)
10-11 International Designator (Last two digits of launch year)
12-14 International Designator (Launch number of the year)
15-17 International Designator (Piece of the launch)
19-20 Epoch Year (Last two digits of year)
21-32 Epoch (Day of the year and fractional portion of the day)
34-43 First Time Derivative of the Mean Motion
45-52 Second Time Derivative of the Mean Motion (decimal point assumed)
54-61 BSTAR drag term (decimal point assumed)
63 Ephermeris type
65-68 Element number
69 Checksum (Modulo 10)
Line 2
Column | Description
01 Line Number
03-07 Satellite Number
09-16 Inclination [Degrees|
18-25 Right Ascension of the Ascending Node [Degrees|
27-33 Eccentricity (Leading decimal point assumed)
35-42 Argument of Perigee [Degrees|
44-51 Mean Anomaly [Degrees|
53-63 Mean Motion [Revs per day]|
64-68 Revolution number at epoch [Revs|
69 Checksum (Modulo 10)
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3.1.3 Cowell’s Method

Cowell’s method [18] can be used to propagate an orbit with perturbations, with the

caveat that a relatively small time-step must be used for accurate solutions.
F=17 (3.5)

I (3.6)

where ¢ is the velocity of the orbiting body. The above equations can be numerically
integrated to achieve an orbital solution given an initial position and velocity. This
technique is prone to accumulating integration inaccuracies over long time horizons, but

is sufficient for short simulations with relatively small time steps.

3.1.4 Relevant Reference Frames

The Earth Centered Inertial (ECI) coordinate frame is used as the fixed, inertial coor-
dinate frame for all my calculations. The ECI frame is defined by the fixed direction of
vernal equinox, the axis of rotation of Earth, and the unit vector defined by the cross

product of these two axes. The ECI frame is illustrated in Figure 3.2.
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Figure 3.2. Earth centered inertial coordinate frame

Hill’s coordinate frame is defined by the local satellite position and trajectory. The
frame is defined by the radial direction measured from the center of Farth to the satellite,
the along-track direction pointing in the direction of satellite motion, and the cross-track

direction perpendicular to the orbital plane defined by the cross product of the first two

unit vectors. Hill’s frame is illustrated in Figure 3.3.

Cross-Track (y)

________ Jo 1

Along-Track (x)

Radial (z)

Figure 3.3. Hill’s reference frame
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Finally, I define the beam pointing direction of the beam steering system using a
spherical coordinate system, centring the point of reflection between the laser and mirror
at the observing spacecraft centroid, as illustrated in Figure 3.4. I assume the default
pointing direction for the laser, z, is when the mirror is given no steering direction and is
always aligned with the Hill frame radial direction. I also assume that the x axis for the
laser system is always aligned with the satellite along-track direction of the Hill Frame.
Then the y axis in Figure 3.4 must be aligned with the Hill frame cross-track direction.
Therefore the angle between the Hill frame radial direction and the pointing angle defines
the elevation angle, #. The angle between the Hill frame along-track direction and the
pointing vector projection on to the Hill frame along-track/cross-track plane defines the

azimuth angle, ¢.

Figure 3.4. Beam steering system coordinate system, the ellipse represents the steerable
mirror, vector r being the beam steering direction, defining the ray along which a
conical beam exists. Axis z remains aligned with the Hill frame radial direction. 6 and
¢ define elevation and azimuth angles respectively.

For clarity moving forward through this thesis I will define the following related, but

distinct concepts here:

e Beam Width: As the light emitted from a laser travels along a ray, the energy

naturally diverges from the beam centre. I refer to the width of the area illuminated
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by the beam at a given distance as the beam width.

e Field of Regard (FOR): FOR defines the boundary by which a sensing system
can steer and measure within. Just because a system has a given FOR, does not

mean it senses the entire FOR at the same time.

e Field of View (FOV): FOV defines the region that a camera can view at one
given time, this is different from FOR. The entire FOV can be sensed at the same
time, unlike a FOR.

The decision to adopt a spherical coordinate frame simplifies some conditional logic.
The Field of Regard (FOR) defines the bounds of beam steering directions the system
can take. I defined the system FOR using the specs for an Optotune MR-15-30 steerable
mirror, resulting in a cone with half angle 50°. I made this choice to align these simulations
with the capabilities of the prototype defined in chapter 6. In the spherical coordinate

system this means that a target is within the FOR if:

6 < 50° (3.7)

By defining the laser beam as a cone with half-angle equaling laser beam divergence half-
angle «, projected from the origin of the laser system along a direction v, we see that a

target at position @ from the satellite is within the beam if:

~ A

a-v>cosa (3.8)

Therefore, 1 define a target being acquired as any time the angle between the steered
laser beam and target is less than the laser beam divergence half-angle, as illustrated in

Figure 3.5.
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Figure 3.5. Successful target acquisition, defined by the angle between steering
direction, ¢ and target direction, @ being smaller than beam half divergence «.

3.1.5 Considered Observer and Target Orbital Cases

For my research, I explored three observer orbit cases; an along-track observer in the
same direction as the target (parallel), an along-track observer in the opposite direction
of the target (opposite), and a cross-track observation of the target (perpendicular).
This geometry is illustrated in Fig. 3.6. The observer orbiting in the opposite direction
to the target presents the most challenging of scenarios as this configuration has the
shortest observation window due to the high relative velocity between target and observer.
I chose the Canadian satellite RADARSAT Constellation Mission-2 (RCM-2) with an
initial altitude of 597 km [58] as my representative LEO target. I'll note that RCM-2 does
not include retro-reflectors, but represents a well known RSO in the heavily congested sun-
synchronous orbital belt of LEO. I assumed a circular orbit for the observer at altitudes
of 577 km and 547 km, providing a nominal radial distance between observer and target

orbits of 20 km and 50 km respectively.
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Figure 3.6. Illustration of observer orbit cases

3.2 Search and Acquisition Algorithm

In this section, I discuss relevant background to understand search, acquisition, and
tracking operations. First I give an introduction to stochastic processes and the filtering
problem. I then describe how to incorporate an missed measurements into a filter used
for search and acquisition activities. Finally I describe the particle filter that can be used

to incorporate Bayesian inference.

3.2.1 Stochastic Processes and the Filtering Problem

Classical control theory focuses on deterministic systems, being both predictable and
repeatable. That is, given a certain input they always produce the same output. In
contrast, stochastic processes incorporate elements of randomness, either through noise
in the input or variability in the system dynamics. Due to the random nature of these
processes, results must be described probabilistically. Stochastic processes are therefore
described by the set of all possible values that a process can take given input and process
variance. The challenge of determining the state of a system given a stochastic process

is described as the filtering problem.
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3.2.2 Bayesian Inference

Bayesian inference considers the likelihood that a hypothesis is true based on observed
evidence. In this framework, statistical parameters such as mean and standard deviation
are considered uncertain and probabilistic. In contrast, classic statistical methods con-
sider parameters to be fixed and non-probabilistic; the mean and standard deviation of a
population are fixed and not probabilistic, for instance. Bayesian inference considers two
states, a priori refers to your initial knowledge of a parameter and may be described by
a distribution, and post priori, which refers to your updated knowledge after making an
observation. The relationship between these two states is understood by Bayes’ Theorem

(equation 3.9).
P(B[A)P(A)

P(AIB) = =55

(3.9)

where P(A|B) is the probability of event A given that event B has occurred.

Target acquisition is particularly challenging when target position uncertainty is rela-
tively large compared to beam width. One can think of this problem like trying to find a
small moving object in a wide open field while only able to look through a straw. Com-
bined with limited observation windows, leveraging all available information is crucial to
achieve an observation of a target. Popular filters used for tracking applications, such
as Kalman filters, require target measurements to update predictions. Unfortunately,
by definition all measurements prior to acquisition will miss the target, yielding no di-
rect information on its location. However, a lack of measurement still provides useful
information about where a target is not. Bayesian updating may incorporate this type
of information, referred to as negative information, to update a prior known probability
distribution [59], [60]. Negative information has been used to improve performance in
both tracking [59] and localization [60] applications. Beams are of finite size for a laser
ranging system, therefore dividing the search space into discrete bins that are the size of
these beams is appropriate. Each bin then has an associated probability, the likelihood
that the target lies within a given bin. Equation 3.10 describes the Bayesian probability

update for bin A, given a lack of measurement in bin B. Where P(A) denotes the proba-
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bility that the target lies within bin A, and P(B) denotes the probability that the target
does not lie within bin B.

P(A|B) =

P(B]\DA)_P(A) 5.10)

(B)
The above equation is of particular use if knowledge of the target’s size is significant
compared to the beam width of the emitted beam, as the probability of the target lying
within bins adjacent to a searched bin also decreases, due to the possibility of a target
spanning across multiple bins. However, this effect becomes very small for cases where a
beam is several times wider than the target size, in which case Equation 3.10 simplifies
to Equation 3.11. The beam width of our system increases by 0.8 m for every 1 km of
range, and so for any significant ranging operation the beam width will be meaningfully
larger than targets under 1 m in size.

P(A)

PUAIB) = 155

(3.11)

In this thesis I did not perform my analyses with the possibility of false negatives,
that is, a measurement being returned null despite the laser striking the target. To
account for the possibility of false negatives the Bayesian update equation must include
the probability of a measurement being returned when measuring bin B, which I will call
P(C). Conversely, P(C) is the probability that a measurement is null when measuring
bin B. A false negative for a measurement of bin B is then P(C|B). Therefore, the
update to a general bin A given a null measurement in bin B is P(A|C). The Bayesian

update equation for each bin could then described by Equation 3.12.

P(A|IC) = %{)f;(@ (3.12)
~ P(C|A)P(A)
PAlC) = P(C|B)P(B) + P(C|B)P(B) (3.13)

Finally, I'll note the above equation can also account for the possibility of false positives
through P(C|B). However, for all generated search patterns explored in this thesis I

assumed a false negative was not possible, and so used Equation 3.11.
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3.2.3 The Particle Filter

Particle filters are a robust state estimation method capable of accounting for non-
Gaussian distributions, non-linear dynamics, and Bayesian updating [45]. Particle filters
have precedent in aerospace applications, being employed in drone collision avoidance
[61] and RSO debris tracking [62]. Whereas popular filtering methods, such as Extended
Kalman Filters (EKFs), rely on linearizing dynamics and covariance propagation, lead-
ing to accumulated errors in non-linear, non-Gaussian systems, particle filters directly
propagate individual states, allowing their use in highly non-linear applications. A key
down-side to the immense flexibility of a particle filter is the requirements of adequate
sampling and high computational effort.

The initiation of a particle filter can be simply explained as taking n representative
samples from the initial state distribution. These particles are then each individually
propagated given a certain dynamic model. This update is then followed by a measure-
ment update step, either through a direct measurement or null measurement, isolating
or deleting particles respectively. Finally we end with an updated distribution that nu-

merically reflects the underlying distribution.

3.3 Particle Filter for Search Pattern Generation

To generate search patterns I begin by establishing a particle filter. Each particle contains
seven elements; three position elements, three velocity elements, and one probability
weight element. The probability associated with each particle is uniformly distributed.
The first six elements are generated by randomly sampling values from two multivariate
Gaussian distributions, one for position, and another for velocity. Details on the TLE
derived statistical parameters used for these distributions can be found in section 4.3.2.
These particles are explicitly independent of the bins; the bins simply divide the search
space into discrete regions, each representing a possible beam location from the laser
system. Note that target velocity uncertainty is important to model as variation in

particle velocities cause particles to drift in to previously searched regions, requiring
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backtracking by the system.

The generated search pattern is a series of selected bins, defining a time-series of
pointing angles for which the laser beam should be steered. This search pattern was
generated by first identifying the bin most likely to contain the target, then by assuming
the target does not exist within that bin and moving to the next most likely bin in the
following time step. The probability distribution of the target location is updated using
Bayes theorem, and the observer state and all target particles are propagated individually
using Cowell’s method, assuming negligible perturbation forces ( f = 0). This process is
then repeated for subsequent time steps. Deleting particles in a bin updates the overall
target probability distribution by redistributing probabilities when a target is not found
within said bin. The underlying assumption for search pattern generation is that the
target is never found, such that particles are continually deleted until all particles are
removed or all particles have drifted outside the system FOV. The particles and observer
are propagated via Cowell’s method [18] using fixed step Euler integration, as given
in Equations 3.14-3.16. Although Euler’s method is known for accumulating numerical
errors faster than higher-order integrators, all simulations presented in this thesis have
short time spans (typically far less than 100 seconds) with small fixed time steps of 0.05

seconds, mitigating error accumulation.

. pr
= — 3.14
= (3.14)
Vi1 = U + @At (3.15)
1
Pyl = T + U At + §5nAt2 (3.16)

Maximum likelihood bin locations are saved to use as the system search pattern. This
technique has the potential to be adapted for multiple sensors across multiple spacecraft,
or to generate patterns when multiple targets are expected within a FOR, although such
analysis is out of the scope of this work. An illustration of the search pattern generation

algorithm is given in Figure 3.7.
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1. 2,
Identify Maximum Likelihood Bin Mark Bin and Delete Particles
(Bayesian Update)

Bin with most
particles

3.
Propagate Observer and Particle States
(Dynamic Update)

Figure 3.7. Illustration of search pattern generation algorithm, large circles represent
individual bins, small red circles represent individual particles.
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Chapter 4

Simulation Methodology

Portions of this chapter have been adapted and reproduced with permission (Ap-
pendix B) from:

[22] W. M. Ediger and P. A. Ferguson, “Feasibility of space-based laser ranging for
resident space object detection,” in AIAA SCITECH 2025 Forum. DOI: 10.2514/
6.2025-1163. eprint: https://arc.aiaa.org/doi/pdf/10.2514/6.2025-1163.
|Online|. Available: https://arc.aiaa.org/doi/abs/10.2514/6.2025-1163

In this chapter I describe the general methodology used for search, acquisition, and
tracking simulations. I begin by characterizing relevant uncertainties used for particle
filter initialization and updating. Refer to section 3.3 for details on the filter and algorithm
used. Finally, I provide an overview on the entire simulation methodology and process

for evaluating search, acquisition, and tracking performance.

4.1 TLE Based Simulation Method

In my simulations, I assessed target acquisition performance using a simulation model
taking a Two Line Element (TLE) obtained from CelesTrak as an input [58]. The simula-
tion assesses the capability of search patterns generated with the algorithm described in
section 3.3. This search pattern is generated using the target TLE and related statistical
uncertainty information about TLE position and velocity errors. The effectiveness of the
generated search pattern is evaluated using a Monte Carlo simulation, again employing
the same TLE and uncertainty information. Once a target is acquired I assumed that the

system in practice would switch from searching to continuous tracking using an Extended
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Kalman Filter (EKF). This work, however, focuses on target acquisition in particular,
as acquisition remains a significant concern for system feasibility, and is pre-requisite for
continuous tracking. As such, EKF continuous tracking was not explored in depth and is
left for future work. Figure 4.1 provides a high-level overview of this process, including

conditional logic to switch to continuous tracking.

( Observer Initial
Position and
L Velocity

START:
Target TLE
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Bayesian Search Pattern Generation Simulation

Algorithm
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1

1

1

1

! w IGenerate Target and|
. 'L Observer Orbits J‘
1

1

1

1
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1
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Increase Time,
Update Particle and
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A

Y

Remove Particles in

Highest Likelihood No:
Bin
Yes
v v

Increase Time,
Update Particle and
Observer Orbits

Record Detection
ime, Start Next Run

Search Pattern Detection Times

Figure 4.1. Simulation process overview, left side illustrates search pattern generation
algorithm covered in Chapter 3.
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The simulation results presented in Chapters 7 are based on the hardware specifica-
tions of the prototype, presented in Chapter 5. This representative system consists of a
Jenoptik DLEM 20 laser rangefinder |63] and Optotune MR-15-30 fast steering mirror
[64]. Key theoretical specifications of the combined system are provided in Table 5 in Sec-
tion 5.1. Between the fast steering mirror and the laser rangefinder, the laser rangefinder
measurement, frequency of 20 Hz was the limiting factor for system measurement speed.
Therefore I used a fixed time step of 0.05 seconds for both search pattern generation and
Monte Carlo simulations. For all simulations the default beam axis, that is, the direction
of the outgoing laser beam from the system when the steering mirror has zero tip or tilt,
was fixed along the observing satellite’s radial direction.

There were a few key assumptions and simplifications I implemented for search pat-
tern generation. Primarily I assumed no measurement noise, meaning that if a target is
not detected it is assumed to not be present with 100% certainty. T also assumed neg-
ligible dynamic modeling uncertainty when propagating orbits using Cowell’s method,
given that relevant search windows are extremely short, typically well under five minutes.
Importantly, I assumed infinite beam range for both search pattern generation and Monte
Carlo simulation. I defined detection solely by whether or not a target fell within the
beam divergence cone for a given pointing angle at a given time step. Finally, T did not
resample the particle filter, causing total particle attrition and subsequent search per-
formance degradation for searches over long time windows, specifically in the "parallel"

orbital case (see Section 3.1.5).

4.1.1 Monte Carlo Simulation

I expected that an increasing number of particles should increase search pattern perfor-
mance, albeit with diminishing returns. Evaluation of this convergence helps to validate
the search pattern generation technique by demonstrating its ability to approximate an
effective pattern. I also expected that evaluating the true search pattern success rate di-
rectly from expended particles during search pattern generation would over-predict target

acquisition success rates. Therefore, I used Monte Carlo simulations to compare the per-
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formance of generated search patterns more reliably than directly comparing particle
filter acquisition rates.

The Monte Carlo method [65] involves taking a large amount of repeated random
samples to estimate statistical properties. Because Monte Carlo methods only rely on
stochastic inputs and a good system definition, they are useful in approximating solutions
in applications with high uncertainty and complexity.

I conducted Monte Carlo simulations by generating a target based on initial TLE
position and velocity uncertainty. I propagated the orbits of both the observer and each
target individually using Cowell’s method [18| integrated through a MATLAB Simulink
model using a fixed step fourth order Runge-Kutta. In these simulations the observing
spacecraft executed the same search pattern across 10,000 runs of the simulation, and the
time of first acquisition for each scenario was recorded. Each run generated a different

target, therefore causing variability in performance between simulation runs.

4.1.2 Two Line Element Position and Velocity Uncertainty

I required an initial target position and velocity uncertainty estimate to conduct both
search pattern generation and Monte Carlo simulation. I examined expected errors as-
sociated with one day old LEO TLE data. TLE position uncertainty has been explored
extensively by a variety of authors [66], [67], [68]. However velocity uncertainty is not
well documented. I estimated mean velocity standard error using the derivative of mean
motion. The mean motion of an orbit is simply the average angular speed of an orbiting
body over a full orbit. The mean motion derivative (n’) for a tracked body can be found
directly from line 1, columns 34-43 of a TLE. This mean motion derivative from a TLE
is halved and in units of revolutions per day squared, therefore I converted the mean

motion derivative to rad/s?, symbolized by 7, given in Equation 4.1.

dmn/

e
86, 4002

35



Then I estimated the 1-sigma velocity error, o,, for a TLE after a single day by Equation
4.2, where r is the target orbit radius and At is the amount of seconds in a day (86,400

seconds).

o, = AV = nrAt (4.2)

AV = (86,400)nr (4.3)

I assume the estimated 1-sigma velocity error from Eq. 4.2 was primarily along-track
error. I approximated radial and cross-track velocity error was as 10% of the along-track
error, as no independent estimates for these components were available. T assumed this
10% scaling to represent the possibility of smaller radial and cross-track error components,
as along-track error should dominate, with 10% chosen arbitrarily. Table 3 summarizes

the target TLE position and velocity uncertainties.

Table 3. TLE uncertainty with respect to satellite orbit frame

Parameter Radial Along-Track Cross-Track

Position 1-o (m) [66] 102 471 126
Velocity 1-0 (m/s)  (8,640)nr (86, 400)nr (8,640)nr

4.1.3 Parameters of Interest

There are some key parameters to assess when analyzing the capability of generated
search patterns. I define a search window as the total amount of time a target remains in
the observing system’s Field of Regard (FOR). An important parameter to evaluate is the
overall success rate of target acquisition, characterizing the ability of a search pattern to
consistently acquire a target over a given search window. Related is the mean acquisition
time, based only on the cases where a target is acquired. Finally, analyzing the standard
deviation of acquisition time and total search window time provides a complete view of

how acquisition events are distributed over a search window.
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4.2 Spherical Surface Bin Generation

To execute the search pattern generation algorithm, bins must be generated over a spher-
ical surface. While there are simple geometric tessellations for a circular beam over a
flat surface, the problem faced here is tessellation over a spherical surface. This is not
a trivial geometric problem, however an approximate solution for relative even spacing
over a sphere can be obtained using a Fibonacci lattice [69]. Equation 4.5 provides the
Fibonacci lattice equations, defining the azimuth (¢), and elevation () angles, for 2N +1
points distributed along a spherical surface. I used these points to define bin center

locations over the spherical surface.

where ¢ ranges from +/N. This means that to define the Fibonacci lattice, all that is
required is an estimate of the number of points to distribute (2N + 1). I estimated the
amount of points required by taking the ratio of FOR area to the area of a single beam.
Both FOR and beam areas are described by the surface area of a spherical cap. The
system FOR is defined as 6 < 50° and the divergence half angle defined as o = 4 x 1074,
both specified in Table 5 of Section 5.1. The surface area of a unit sphere spherical cap

with half angle /3 is calculated using Equation 4.6.

Apror = 2m(1 — cos f) (4.6)
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Then I calculated the ratio of FOR to beam area, the number of bins in the FOR being

n.

Aror
= 4.7
" Abeam ( )
1 — cos(50°)
= 7 4.8
" 1 — cos« ( )
n = 4,465, 155 (4.9)

The simulation had to sift through these nearly 4.5 million bins for each time step when
generating a search pattern. While generating a search pattern, I limited the bins of
interest to those within a conical region whose half-angle equals the maximum particle
elevation angle at each time step. This was done to reduce the computational cost and

time taken to generate a search pattern.

4.3 Camera-Based Simulation Methodology

There is precedence for using space-based cameras for RSO detection [70], [71], |72],
however such capabilities are not widely adopted as of yet. In the context of this thesis,
implementing a camera for search and acquisition has the potential to greatly improve
acquisition performance compared to using solely a TLE based search. The wide field-
of-view (FOV) of a camera system may allow much faster acquisition by giving a refined
initial position estimate of a target compared to TLE based uncertainty. This benefit is
analogous to using a widened beam for improved search and acquisition activities used
by some optical link ground stations [35].

To establish whether a camera-cued system improves target acquisition I simulated
target acquisition for two orbiting satellites, assuming a camera measurement of the
target was taken 5 seconds prior to the beginning of search. Aside from this initial
camera measurement update, the search pattern generation process remains unchanged.
The simulation of an observer using a camera to initiate a search pattern was similar to

that detailed in Section 4.1. However, every randomly generated target should have its
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own modeled camera measurement, used to update the initial target position uncertainty
from the baseline TLE uncertainty. Therefore, the search pattern generated for each
target was different, unique to their target’s modeled camera measurement.

Before modeling the camera measurement, I randomly selected one particle as the
true target that the camera measurement model will be based on. I refer to this selected
particle as the true target going forward, as it is used in each run to determine if the
generated search is successful or not. I then performed the simulation for an observer

using an initial camera based measurement by iterating the following steps for 1,000 runs:
1. Generate TLE based particle distribution.
2. Select a random particle from TLE distribution as true target.
3. Define the vector between the observer starting location and the true target location.
4. Model the camera measurement as a single illuminated pixel.
5. Update the priori TLE distribution using the modeled camera measurement.
6. Run the search pattern generation algorithm.

7. During each step of the search pattern generation, check whether the true target

lies within the current search pattern beam.

8. If the true target lies within the search pattern beam, record a hit, the hit time,

and end the current run.

The details of the new steps in this process are described in the following subsections.

4.3.1 Camera Measurement Uncertainty Model

For my simulations I used the specifications of the Fast Aural Imager (FAI) on board the
CASSIOPE satellite. I decided to use the FAI as a representative camera as there has
been a lot of interest and work exploring the feasibility of using FAI for RSO detection
already [70], [71], [72]. The relevant specifications for the FAI can be found below in

Table 4.
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Table 4. CASSIOPE FAI Key Specifications |72]

Parameter Value
Pixels 256x 256

Aperture Diameter 1.7 cm

Pixel size 26 pm
Effective focal length | 1.38 cm

The instantaneous field of view (IFOV) is the angular size of one pixel. For a single

pixel of CASSIOPEs FAI I calculated the IFOV with Equation 4.10 [72]:

pixel size

IFOV = ———— 4.10
focal length (4.10)

26 x 1076
IFOV = ——— 4.11
oV 1.38 x 102 (4.11)
IFOV = 0.00188 rad = 0.108° (4.12)

To justify when treating the target as a point source is appropriate I considered a
target with a nominal diameter of 1 metre. For the case where the distance between

observer and target, R, is much larger than 1 metre:

1
target angular size & 7 (4.13)

Then the angular size of the target is smaller than the size of a pixel when the distance

between observer and target is:

IFOV > target angular size (4.14)
1
0.00188 > — 4.15
: (4.15)
1
4.1
> 500188 (4.16)
R>532m (4.17)

For all the orbital cases I considered, the closest pass distances much larger than 532
metres, therefore I considered treating the target as a point source was appropriate.

The theoretical angular size of a diffraction-limited image can be found by calculating
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the full width at half maximum (FWHM) of an Airy disk [73]. I calculated the Airy disk
FWHM using Equation 4.18 [73], where A is the wavelength of light, and d is the aperture
diameter. T used A = 700 nm to represent red visible light, yielding a more conservative

estimate of the diffraction-limited spread as a larger wavelength increases the size of the

FWHM.

A

FWHM = 1.035 (4.18)
700 x 107°
FWHM =1.03———— 4.1
W ST x102 (4.19)
FWHM = 4.24 x 107° rad = 0.00241° (4.20)

Because this diffraction-limited width is much smaller than the size of a single pixel, the
Airy disk FWHM is fully captured by a single pixel. In other words, the light from a point
source will only illuminate a single pixel. Therefore, I determined that the FAI is under-
sampled and the image from a point source will be poorly resolved and should appear
as a single pixel. This single pixel assumption is consistent with simulated FAT images
of RSOs presented in Clark |72| and Clemens [70]. In this case the dominant source of
uncertainty is the pixel size (quantization) error. Because quantization is the dominant
driver of uncertainty T assumed a uniform uncertainty distribution over the angular area
of a pixel. The standard deviation, o4 merq in one axis for a uniform distribution over a

pixel is:

# pixels
O camera = IFOV — 4.21
5 (4.21)
1
camera — 0.00188—— 4.22
7 3.46 (4.22)
Ocamera = 0.000543 rad = 0.031° (4.23)

For comparison, the average uncertainty for a TLE in the along-track direction was

471 m, in the angular domain. Therefore when the distance between observer and target
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is much larger than 471 m, the initial angular uncertainty for the average LEO TLE is:

471
OTLE ~ 53 (4.24)

Therefore I expect the camera to show improved performance up to a distance of:

Ocamera < OTLE (425)
471
0.000543 < — (4.26)
471
—_ 4.2
< 0.000543 (4.27)
R < 867400 m (4.28)

Based on these calculations a camera similar to FAI should show an improvement in
initial uncertainty up to a range of 867.4 km. I did not assume sources of noise apart
from quantization, such as those from focus, background radiation, jitter, or misalignment
due to thermal expansion. These sources of noise should reduce the target acquisition
performance improvements of a camera-cued search over a TLE based search. However,
as long as these additional sources of noise all together are less than a magnitude higher
than quantization error, the camera-cued search should still improve target acquisition

performance.

4.3.2 Initial Uncertainty Bayesian Update

The initial TLE-defined uncertainty distribution, X, is defined by a multivariate normal
distribution with mean location y, and covariance matrix, . This initial TLE uncertainty

distribution is described in Section 4.1.

X = N (1, 3) (4.29)

[ modeled the uncertainty distribution of the target true position, if it were based solely

on an illuminated pixel, as a uniform distribution, /. This uniform distribution applies
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to a square angular region bounded by two horizontal angular bounds, a; and a5, and two
vertical angular bounds, b; and b,. To achieve this uniform distribution in simulation,
once the true target was chosen I randomly generated the angular bounds such that the
target lie randomly between two vertical and horizontal angles both separated by the
width of a pixel. Finally, the camera-based target uncertainty distribution, M, can be
described by Equation 4.30.

M = U(aq, az, by, bs) (4.30)

Combining the TLE-defined uncertainty distribution with the additional information pro-
vided by an illuminated pixel in a camera measurement requires a Bayesian update on a

particle by particle basis, as per Equation 4.31.

P(z|M) = (4.31)

where:

e P(z|M) is the probability that particle x is the target location given measurement

M.

e P(M|x) is the probability that measurement M occurs given that particle z is the

target location. This is 1 if the particle is within the pixel region and 0 if outside.

e P(x) is the prior probability that particle x is the target location. This is achieved

directly from sampling of the prior distribution X.

e P(M) is the prior probability that measurement M occurs, which is a constant,

and can therefore be essentially ignored by normalizing the posterior distribution.

Therefore, the Bayesian update can be achieved by removing all particles from the

initial TLE uncertainty that are not within the pixel bounds.

43



Chapter 5

Prototype Methodology

Portions of this chapter have been adapted and reproduced with permission (Ap-

pendix B) from:

[20] W. Ediger et al., “Spacedust-laser/rf: Time of flight methods for space situa-

tional awareness,” in Proceedings of the 2023 AMOS Conference, Copyright () 2023

Advanced Maui Optical and Space Surveillance Technologies Conference (AMOS)

— www.amostech.com, Advanced Maui Optical and Space Surveillance Technologies

Conference (AMOS), 2023. [Online|. Available: https://amostech.com/2023-

technical-papers/

This chapter presents the design for a prototype steerable laser system. The prototype

does not use a camera to cue steering and was used to test and validate models used for

ranging performance and Bayesian search performance. This chapter also discusses the

experimental methodologies used for testing the prototype.

5.1 Key Hardware Selection and Specifications

This section details the key hardware selected for the prototype and details relevant spec-
ifications for each piece. Table 5 summarizes key hardware specifics for each component

of the prototype.
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Table 5. Prototype key hardware specifications.

Jenoptik DLEM 20 Laser Rangefinder [63] Value Unit

Beam divergence half angle 0.4 mrad
Maximum measurement rate 20 Hz
Range measurement accuracy 1-o 0.5 m
Optotune MR-15-30 Fast Steering Mirror [64] Value Unit
Mirror diameter 15 mm
Mirror albedo 95 %
Resolution 22 prad
Repeatability 40 prad
Optical FOV (circular radius) 50 °
Large angle step (20°) settling time 13 ms
Small angle step (0.1°) settling time 3 ms

5.1.1 Laser Rangefinder

The Jenoptik DLEM 20 is a low-weight, compact, and low-power commercial laser rangefinder.
I could easily configure the DLEM 20 through its serial bus, allowing adjustment of mea-

surement time, measurement frequency, and range gating.

5.1.2 Fast-Steering Mirror

The Optotune MR-15-30 is a lightweight, compact, fast-steering mirror suitable for small
mobile platforms. The MR-~15-30 has been implemented in other fine-pointing laser appli-
cations such as medical devices, optical communication systems, and automotive control
systems [64]. The Optotune MR-15-30 is a tip and tilt mirror, allowing a beam to be
steered along two axes. This mirror has a maximum optical deflection angle of 50 de-
grees in both axes, providing a FOR comparable to the OAK-1W optical cueing camera
FOV. The most pressing issue with the Optotune MR-15-30, and wide FOV fast-steering
mirrors more generally, is the small size of the mirror compared to the laser emitter and
receiver, adversely effecting maximum detectable ranges. The implications of the mirror

size on detectable ranges is derived and analyzed in Chapter 6.
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5.2 Prototype Design

The prototype was created to test ranging performance and target acquisition without
camera cueing. This assembly consisted of the Optotune MR-15-30 FSM and Jenoptik
DLEM 20 LRF, as well as a stepper motor to precisely adjust the LRF relative to the
mirror along one axis. The prototype was used for experimental detectable range testing

and search pattern performance testing. For search pattern performance testing the LRF

was changed out for a laser pointer. An annotated photo of the prototype can be seen in

Figure 5.1.

Figure 5.1. Annotated prototype assembly, stepper motor was used to position the LRF
relative to the FSM for range testing.

5.3 Mirror Steering Coordinate System and Keystone
Error

This section details the mirror steering coordinate system used to control the Optotune
FSM, as defined by Optotune. T also provide a derivation of the non-linear distortion
caused by placing the beam at a general incident angle relative to the mirror resting

position. T refer to this distortion as keystone error, as it is similar to the familiar
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distortion seen when projecting images on to a tilted plane by the same name [74].

5.3.1 Mirror Coordinate System

The Optotune MR-15-30 is steered by specifying two input voltages, one to control the
horizontal (X) axis of the mirror and the other controlling the vertical (Y) axis. An
operator coding the mirror would specify two steering angles rather than a direct voltage.
This input angle is described in the operations manual for the Optotune MR-15-30 [75]
using the optical angle of the mirror, which is twice the tilt angle. The command, (X,Y),
to steer the mirror is defined by linear coordinates with the following transformation
relating to the horizontal axis mirror tilt angle (6,) and vertical axis mirror tilt angle
(theta,). Note that these angles, 6, and 6,, are defined by the angle of reflection of a
hypothetical beam aimed head on to the mirror, rather than the physical mirror tip/tilt
angles. The definition of 6, and 0, is illustrated in Figure 5.2.

_ tan(0,) v — tan(f,)
~ tan(50°)’ ~ tan(50°)

oo
o
E Z ¢
X @
o
=0 Tt
o<
[ \m
>xX @
o
1
o Ww
n o
N
o

Figure 5.2. Diagram from Optotune MR~15-30 manual [75] showing Optotune mirror at
different tilt angles and the corresponding X and 6, values. Note in this image that 6 is
... Note that 6, does not correspond to the arrow that denotes the mirror surface
outward normal vector, but rather the direction of a reflected beam striking the mirror
vertically.

The maximum optical angle achievable by the mirror is 50°, therefore the bounds for

the Optotune mirror are defined by the circle:

XP+y?=1 (5.2)
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To derive the reflection equation I considered a fixed vector representing a beam, b,
and the mirror surface outward normal vector, m, and note how changing m changes the

reflected beam vector, 7, as illustrated in Figure 5.3.

Mirror

A oo

Figure 5.3. Keystone error description coordinate system.

Firstly, the reflection vector is linearly dependent on the beam and mirror surface

vectors since all three unit vectors must be co-planar.

# = Ab+ B (5.3)

Secondly, from the law of reflection cos#; = cos @, and therefore:

Feom=0b-m (5.4)

The synthesis of the above two equations then yields:

Ab-1+ Biv-t=b-m (5.5)
Ab-m+B=b-m (5.6)
B=(1-Ab-m (5.7)

Finally, from the law of reflection, the angle between incident and reflected rays is twice
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that of the incident angle:

b = cos(26;) (5.8)
(Ab+ Bin) - b =2cos?0; — 1 (5.9)
Ab-b+ Bin-b=2(b-m)*—1 (5.10)
A+(1—=A)D-m)?=2b-m)*—1 (5.11)
(1+A)b-m)?=1+A4 (5.12)
Since b - 1 # 0 it follows that:
A=—-1 (5.13)
and
B =2(b-1m) (5.14)
Yielding the final key reflection equation:
P =2(b-m)m—b (5.15)

Using the above reflection equation, I can now figure out the relationship between the
mirror outward normal vector, 1, and the command angles, 6, and 6,. The variable d is
defined by the MR-15-30 manual [75] as the magnitude of the vector < tan§, tan6,1 >,
which is convenient for the following calculations. The definition for d is given in Equation

5.16.

d= \/tan2 0, + tan?6, + 1 (5.16)

The frame for the following derivations is fixed, with the origin placed at the mirror
centre. The z axis is always fixed, outward from a plane, and defines the centre of the
laser steering field of regard. The x axis of the frame is parallel to the ground, and the y
axis completes a right hand Cartesian basis. The set of unit vectors, < 5,5,/% > denote
the unit vectors of this right-hand Cartesian coordinate system. Any reference to the

default mirror orientation refers to the mirror outward normal direction when the control
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angles are both zero, (6,,6,) = (0,0).

The following derivation assumes the incident beam is aligned with the outward nor-
mal vector of the mirror when the command angles are both zero. This is the setup
assumed in the MR-15-30 manual [75], however this configuration was not used for my

prototype. This configuration is illustrated with respect to the fixed reference frame in

Figure 5.4.
Y
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Y Pt
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b }

~

~
A
Figure 5.4. Mirror and laser configuration as defined by the MR-15-30 manual [75].

The reason I am deriving the mirror outward normal vector here using this config-
uration is so that I can then apply a rotation matrix, R, to the result for a general
configuration. Once m is defined for a general configuration, I can then relate the input

command angles, 8, and 6,, to the reflected beam direction, 7.
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b= |0 (5.17)
1
tan 6,
o1
T:E tan@y (518)
1

2(b - )i — b =7 (5.19)
2(b - ) = 7 + b (5.20)
= 10 (5.21)

|7+ b

Then using the above equation and the definition of the Optotune mirror coordinates:

tan 6,

M= ————— | tand (5.22)

2d(d+1) Y
d+1

5.3.2 Keystone Error

Keystone error is a type of optical distortion that occurs when a mirror and project-
ing source are misaligned. Although this effect is described as an error in the field of
projection, for beam steering this effect is just a consequence of the law of reflection. Un-
derstanding the keystone error effect is important to properly calibrate a system relative
to real world coordinates, such that [ can derive a transformation that takes mirror tilt
angles and translates them to the beam pointing direction. To demonstrate the keystone
effect I considered the path of a collimated beam reflecting off an ideal mirror for various

mirror angles relative to the beam. R is a rotation matrix defining the orientation of the
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mirror with input control angles equal to zero, relative to the fixed frame. To apply this

rotation to the default mirror orientation, the following change must be made to m:

tan 6,
1
m=—————R 5.23
Sdd T 1) tand, (5.23)
d+1

5.3.2.1 Prototype Keystone Error

For the prototype the default mirror orientation was at an angle of -45 degrees from the x

axis. The two control axes of the mirror (X,Y) were also rotated by 90 degrees. Therefore

~

the rotation matrix R is given in Equation 5.24. The incident laser vector was b=i.

_ ; 1 1
V2 V2
R = Ry(45O)Rz(—9OO) = -1 0 0 (524)
0 — 1 1
I V2 V2]
This configuration is illustrated in Figure 5.5.
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A
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Figure 5.5. Mirror and laser configuration for the prototype.
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Then the mirror pointing direction is described by:

Then solving for 7 using Equation 5.15:

F=

P =

_ ] B
0o —
1 2 V2 tan 6,
m = -1 tan 0
2d(d + 1) 01 (1) My
0 — —| |d+1
i V2 V2]
tanf, +d + 1
1
m = —/2tan6
2./d(d+ 1) V2tand,
d+1—tan0,
tan @, +d + 1 1
tan6, +d+1
W —v/2tan6, | — |0
d+1—tand, 0
i 2d(d + 1
tan%—'—d—i—l—ﬁ
tanf, +d + 1 oy
2d(d + 1) —V2tan,
d+1—tand,

5.3.3 Inverse Keystone Correction

(5.25)

(5.26)

(5.27)

(5.28)

To steer the beam towards a desired direction I must compute the mirror steering com-

mand signals, X and Y, based on the desired beam pointing vector, 7. Here I note that

the desired beam pointing unit vector, 7, can be described by its Cartesian components:

3>
I

93

(5.29)



As previously derived, the mirror surface normal is related to the incident and reflected

beam vectors by:

P+ b
= L (5.30)
|7+ b
P b
i = 1o . (5.31)
\/(m +b;)% + (Fy + by)% + (7, + b,)?
P b
i = I — (5.32)
\/f§+f§+f§+b§+b§+bg+2(f by + 7yby +720.)
P b
2(1 4 7 - b)

Combining the above with the general definition for m, accounting for rotation of the

default mirror orientation:

tan @,
1
m=——R 5.34
IO R (5:34)
d+1
X tan 0,
7+ b 1
Jaiirg vedaEn |
d+1
R tan 8,
_ 4+ b) 1
Rt = tan 0 (5.36)
- y
Va2 +iep Y2+
d+1
(5.37)
I define the following unit vector ¢ for notation simplicity:
" ¢ +)
_ 7+
9, =R - (5.38)
) 2(1+7-b)
9=
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This is a system of three equations that can be solved explicitly, yielding tan6,, tan6,,

and d as a functions of # and b.

Jx tan 8,
= — |t

Iy 2d(d + 1) an by

3- d+1

Starting with the equation from the ¢ vector z component:

o d+1
VT CERY
. Vd+1
9: =~ 5
o d+1
93_7
2dg? = d+1
(22 —1)d=1
1
T 22— 1

The command signals are then:

tand, Jer/2d(d 4+ 1)

h tan(50°)  tan(50°)
_ tanf,  gy4/2d(d+ 1)
~ tan(50°)  tan(50°)

5.3.3.1 Inverse Keystone Correction for Prototype

For the prototype, the laser vector, b and the rotation matrix, R, are:

b=
_ . 1
V2
R=Ry(45°)Rz(—90°)= [—-1 0
0o L
i V2
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Sl = ol

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)
(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)



Then following the above process I found:

o A
. 4 (P+D)

Gy | — R >

A 201 +7-)

G O =1 0 13 +1

1 1 1

ol = — 0 —— ;

v 21 + 7y) ¢1§ 1¢§ y
02 — 0 — 7.
92 V2 V2 ]

1
vl A
Then I solved for d, X, and Y:
J— 2(1+7,)
(Pt 1)2 = 2(1 4 7y)
—7yy/d(d+ 1)

X —
V1 + 7, tan(50°)
(e — 7, + 1)\/d(d+ 1)
2(1 4 7,) tan(50°)

5.4 Prototype Testing Methods

(5.50)

(5.51)

(5.52)

(5.53)
(5.54)

(5.55)

Two types of tests were performed with the prototype. The purpose of the first test

was to determine the effect of the FSM size on the ranging performance of the LRF.

The purpose of the second test was to determine the real world efficacy of the Bayesian

search pattern for stationary and moving targets. The focus of this second test was on

target acquisition as opposed to ranging performance. For this second test the LRF was

swapped for a laser pointer to allow for visual confirmation of performance and to be

compatible with a light detecting diode placed on the target. In this section the search

and acquisition testing methods are discussed for a stationary and a moving target. The

ranging test method is detailed in Chapter 6, as it is given appropriate context there.
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These acquisition tests were conducted using STARLab’s Vicon motion tracking sys-
tem which is capable of measuring position with sub-millimetre accuracy. The Vicon
system returns time-tagged position data for objects defined by motion tracking infrared
reflective markers. For all tests using the Vicon system, the prototype and target were

both defined as objects for position tracking.

5.4.1 Test Environment Setup

Prior to performing these tests it was essential to align the prototype and Vicon coordinate
systems. Alignment ensured that measurements obtained from the Optotune can be
trusted when compared to data recorded by the Vicon system. To achieve alignment, [
used a large board with orthogonal markings to ensure that the beam reflected off the
default mirror orientation is level in all axes. I leveled the system by ensuring the beam
hit the same point at different distances along the y-axis of the Vicon system, see Figure
5.6. I also steered the laser vertically and horizontally to ensure vertical and horizontal

movements were aligned with the Vicon x and z axes.

(a) Leveling board close to prototype (b) Leveling board far from prototype

Figure 5.6. Leveling procedure

5.4.2 Stationary Target Testing Method

The target used for this test was a small rover capable of pre-coded movement. Attached
to the rover was a light detecting diode which helped to establish acquisition of the target

apart from visual confirmation. This rover can be seen in Figure 5.7.
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Figure 5.7. Rover used as a target for prototype testing

For the stationary target test the rover was kept stationary between runs. The pur-
pose of this test was to establish the viability of the Bayesian search pattern generation
algorithm discussed in Chapter 3 compared with an Archimedes spiral search, commonly
used in optical communications [35]. Both the Bayesian search pattern and Archimedes
spiral pattern were generated prior to testing. The target was moved between runs in an
attempt to match the positional uncertainty used to generate the two search patterns.
Ten tests of each search pattern were conducted, outputs from each run included FSM
mirror angles, time-tagged light detecting diode output, and Vicon position data for both
the observing prototype and target.

Because the Bayesian and Archimedes spiral search patterns were generated prior to
testing I had to define initial uncertainties to generate these patterns. Using the coordi-
nates defined in Figure 5.8, T generated the patterns using the position mean vector, pu,
given by Equation 5.56, and position covariance matrix, o, given in Equation 5.57, which
defines the target mean position aligned with the default axis of the laser at a distance
of 2 metres and a horizontal and vertical position standard deviation of 1 centimetres.
Each generated pattern had 1,000 discrete steps, each denoting a laser pointing vector.

At a nominal measurement rate of 20 Hz, this equates to each pattern taking 50 seconds

o8



to execute.

0
p=lo| m (5.56)
2
0012 0 0
=1 0 0012 0| m (5.57)
0 0 0

Prototype laser
default axis z

Prototype >

Yy

Figure 5.8. Initial uncertainty coordinate system

5.4.3 Moving Target Testing Method

The methodology for this test was also very similar to that described in Section 5.4.2.
Again, the same leveling and set up procedure was used. The target used was the same
small rover used in camera-less stationary target testing. In this test the rover drove from
right to left at speeds varying from 100-250 mm/s, beginning at a distance of 2 metres
along the default laser axis and to the right of this axis by 2 metres. The purpose of this
test was to establish the viability of the Bayesian search pattern generation algorithm
discussed in Chapter 3 on a moving target, compared to simulated performance of the
same pattern. The Bayesian search pattern was generated prior to testing. The target was
moved between runs in an attempt to match the uncertainty patterns used to generate
the two search patterns. Ten tests were conducted, outputs from each run included FSM
mirror angles, time-tagged light detecting diode output, and Vicon position data for both

the observing prototype and target.
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Again, because the Bayesian search pattern was generated prior to testing I had
to define initial uncertainties to generate the pattern. Using the coordinates defined in
Figure 5.8, I generated the patterns using the mean position vector, u,, given in Equation
5.58 to meet the above mentioned initial position of the target, and position covariance
matrix, o,, given in Equation 5.59 to define a 5 centimetre accuracy of the initial position.
Because the target is moving for these tests I also defined a velocity mean and covariance
with a mean velocity to the left of 150 mm/s and an x-axis velocity standard deviation
of 50 mm/s, see Equations 5.60 and 5.61 respectively. The generated pattern had 1,000
discrete steps, each denoting a laser pointing vector. At a nominal measurement rate of 10
Hz, this equates to each pattern taking 100 seconds to execute. This 10 Hz measurement

rate was based on the results of the stationary testing with the prototype.

ppy= 10| m (5.58)

Y»=1 0 0052 0 | m (5.59)

—0.150
oy = 0 m/s (5.60)
0
0.05 0 0
So=| 0 0 0| (ms)? (5.61)
0O 00
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Chapter 6

Important Performance Trade-offs and

Prototype Range Analysis

Portions of this chapter have been adapted and reproduced with permission (Ap-

pendix B) from:

[22] W. M. Ediger and P. A. Ferguson, “Feasibility of space-based laser ranging for

resident space object detection,” in AIAA SCITECH 2025 Forum. DOI: 10.2514/

6.2025-1163. eprint: https://arc.aiaa.org/doi/pdf/10.2514/6.2025-1163.

[Online|. Available: https://arc.aiaa.org/doi/abs/10.2514/6.2025-1163

[23] W. Ediger and P. Ferguson, “Laser rangefinder and steering mirror optimization

by radar and geometric modeling,” in 2025 IEEE SENSORS, 2025, pp. 1-4. por:

10.1109/SENSORS59705.2025.11330595 @2025 IEEE
In this chapter I analyze the relationship and trade-offs between key performance param-
eters for general space-based laser ranging platforms using fast steering mirrors. The two
primary requirements for a space-based laser ranging platform are to steer a beam to hit
a small fast-moving target, and to also receive enough return power from the target to re-
liably read the range between observer and target. These two performance requirements
are in competition due to fundamental hardware limitations; such as laser beam diver-
gence, the innate relationship between time and distance in time of flight measurements,
and the limited size of fast steering mirrors.

I then derive a geometric model that T used to predict the ranging capability of a laser

rangefinder paired with a small fast steering mirror. To verify this model I conducted a

ranging experiment using the prototype introduced in Chapter 5. I then use this model
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to estimate the ranging capability of the ranging prototype with respect to diffuse and

retro-reflective targets.

6.1 Important Performance Trade-offs

This section outlines the trade-offs between key performance metrics for a general space-
based laser ranging system. 1 first define the key performance parameters I will be
analyzing. I then look at the relationship between these parameters in the context of a

space-based laser ranging platform.

6.1.1 Key Performance Parameters

The key performance parameters I identified as being important for determining the

feasibility of a general space-based laser ranging system are:

e Maximum detectable range, R,,q., (m): The maximum range that the laser rangefinder
and mirror system can detect a target. Higher maximum detectable ranges allow a

greater variety of targets to be sensed by the system.

e Scanning frequency, f, (Hz): The scanning frequency is the frequency at which in-
dividual measurements occur. Scanning frequency accounts for the time required to
steer the beam to a given location and the time required for all measured emissions
to travel to and from the target. T expect a higher scanning frequency to improve
search and acquisition performance by allowing for more measurements in the same

amount of time.

e Measurement uncertainty covariance, X: The measurement uncertainty covariance
describes the variance and correlation of measurement errors relative to the true

target location.

For clarity I also define some key hardware specifications that will be referenced in

this chapter:
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e Angular steering speed, w, (rad/s): The angular steering speed is how fast the
laser beam can be steered in the angular domain. The angular steering speed is
important both for maintaining a track on an acquired target and for performing

efficient search and acquisition operations.

e Field of Regard (FOR), 3, (rad): The FOR is the effective area that can be searched
at once. The FOR does not define an area that is measured all at once, but rather
the region in which a measurement may take place. A higher FOR allows for longer

tracking windows compared to a lower FOR.

6.1.2 Performance Trade-offs in Space-Based Ranging Scenarios

To characterize how these key parameters are related I considered the orbital geometry
presented in Figure 6.1, with two RSOs occupying the same orbital plane traveling oppo-
site directions: an observer in a circular orbit of radius rg and a target in a circular orbit
with radius r;. This orbital geometry assumes a worst case scenario, where the target
will have the shortest observation time window and be traveling at the highest possible
velocity relative to the observer. Of interest is the distance between both RSOs, R, and
the observation angle of the target relative to the observer 6. From its derivation later
on, I define the observation angle, 6, as the angle between the vectors rj and fi, as such

0 is always a positive value between 0 and 7.
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Figure 6.1. Orbital geometry of observer () and target (7)), the observation angle, 0,
is defined from the default viewing axis (zenith) of the observing satellite

The period, T, of a circular orbit from orbital mechanics:
3
T, =2m | & (6.1)
1

where r; is the radius of the orbit and p is Earth’s standard gravitational parameter,
= 3.986 x 10" m3s~2. The orbital paths can be defined by the following from an

arbitrary starting point. For convenience the conjunction of the orbits will define ¢t = 0.

(27Tt (27rt)
ToCOS | — rp1CoS | —
_‘0 - TO y ’Fl - Tl (62)
. [ 2mt . (2wt
T'o S11 ?0 —7T1 s Tl
é = _)1 - _;0 (63)
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T

| 27t omt\1? n . (27t C (2rt\]? (6.4)
= ric — | —rgc — —risin | — | —rpsin | — .
1 COS T1 o COS TO 1S Tl 0 TO
. 27t 2t 27t 27t
|R| = \/7’1 cos? (Til) — 2r17rg cos (Til) CoS (Tﬂ(;) + rg cos? (Tl()) +

77 sin” (2%?) + 21170 sin (2?7275) sin <2?:t> + 7 sin? (%) (6.5)
IR| = \/7"0 +r? + 2rory [sm (2;:) sin (2?7?) — cos (%ﬁt) oS (2?7?)] (6.6)
|R| = \/7"0 +r? — 2rory [cos <2T7T1t + 2%:)} (6.7)
|R| = \/7“3 + 1% — 2ror COS (%) (6.8)
The observation angle, 8, can be solved from the dot product of 7, and R.
0 = cos ™ 7o }E (6.9)
__|770HR|

6 = cos

<27rt> (27Tt) i (27rt> i (27rt) )

roriCoOS | — | COS| — ) —TrorisIi | — |sm | — | — T

1 Ty T Ty T 0 (6.10)
2Ty + T7)t

7"0\/7”(2) + 7’% — 2ryri cos (—( ;OTI 1) )

27T(T0 + Tl)t
mMcoS|\ ——— | —Tr
1 TOTl 0

2w (Ty + Tyt
\/7“8 + r% — 2rgr1 COS (—ﬂ( 1(30;1 ) )

Using this equation, I plotted the observation angle, 6 in Figure 6.2 for ten seconds before

0 = cos™*

(6.11)

and after conjunction (nearest pass) with an observer at an altitude of 575 km and target

at 600 km.
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Observation Angle for Observer at 575 km Altitude and Target at 600 km Altitude
15

Observation Angle, #, {rad)

-10 -8 -6 -4 -2 0 2 4 6 8 10
Time (seconds)

Figure 6.2. Observation angle (rad) for observer at 575 km and target at 600 km,
closest pass between observer and target occurs at t = 0

Finally, taking the time derivative of observation angle will define the observation

: 2m(Ty + T
angular speed, 6. With v = %:
od1

(ZW(TO + Tl)t)
TMCoOS | ——————— — T

d ) ToTy

0 = — cos™ (6.12)
. 13 4+ 13 — 2ror] COS (M)
0T or'1 T,
; 1 d 1) —
0=— il r1cos(yt) — 1o 6.13)
V1—cos20dt | \/rg+ 13— 2rory cos(11)
. 1 1 d
0=— — £ — 2,2 _9 N
Vsin2 § 13 + 12 — 2rgry cos(qt) {dt [ry cos(yt) — 7o) \/7”0 + 7% — 2rgry cos(7t)
d
[r1 cos(7t) — TO]E [\/T(Q) + 17— 2rory COS(’}/t):| } (6.14)
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1 1

b=
|sin @] r +r? — 2rqry cos

— 1 t \/ 2 2_9 t)—
1) { ryy sin(yt)\ /15 + 1 ror1 cos(Yt)

d
a[rg + 12 — 2rory cos(yt)]

Iry cos(t) = ol 24/18 + 12 — 2rory cos(vt) 619
G L 1 {—rw Sin(m‘)\/r2 + 7§ — 2rory cos(yt)—
|sin 6| r§ 4 r} — 2rory cos(7t) v
[11 cos(yt) — ro]rory sin(yt) } (6.16)
/12 + 12 — 21y cos(yt)
o L —roysin(y)\/r + rf — 2nors cos(yt) — cos froryy sin(y1) (6.17)
| sin 6 r2 + 1 — 2rory cos(yt) .
J_ V12 + 12 — 2rgry cos(yt) + cos frg r1ysin(vt) (6.18)
Y 7§ 1} = 2ror cos(11) |
g cos(yt) — 1o 4 cos® Org riysin(y?) (6.19)
cos 6| sin 6| 1o + 11 — 2rgry cos(71) ‘
j_m cos(yt) — rosin f 1y sin(yt) (6.20)
cos | sin 6| 7§ 4 17 — 2rory cos(vt) |

The maximum angular speed occurs at the moment of conjunction (¢ = 0). A disconti-
nuity exists at t = 0. To resolve this, I took the maximum angular speed as the limit of

this function at t = 0.

Omaz = lim 0 (6.21)
t—07+

6 — lim 1 cos(yt) - o sin® 6 2 72"17 sin(~yt) (6.22)
t—0+ cos 6| sin 6| rg 4+ ri — 2rory cos(t)

. 2 in(~t

I liy | S07) (6.23)
r5 + 17 — 2rory t»0+ | | sin )|

Unfortunately, the limit converges in the numerator and denominator to zero, therefore I

applied L’Hopital’s rule. Also note that since I am only looking at the right side of ¢ = 0,
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then I can treat |sin 6| as sin 6.

d .
r2y g7 sin(vt)
O oz = 5 5 lim S R
rg + T — 21T t—0+ o sin 6
P u AT {7 COS(W)}
e (ro —r1)? t=0+ | Hcosb
i _ 7“%7 Y
e (TO - Tl)Q emaz
02— 7“%72
mazx (Tl _ TO>2
0‘ 4 17

(6.24)

(6.25)
(6.26)
(6.27)

(6.28)

The positive solution is correct, considering that the observation angle 6 should increase

after the observer and target pass by each other.

17y
emax =
rn —To

9 i T 27T(T0 —f- Tl)
max_ﬁ—ro ToTy

472 ﬁ + ﬁ
mas T —To 7,37,3
['0'1

47'('2 7

_ o i
\/ﬁ(ﬁ—ro)\/@_ﬁ

Qmax

(6.29)

(6.30)

(6.31)

(6.32)

By knowing the observer and target orbits, Equation 6.32 can therefore be used to esti-

mate the required steering speed for tracking that target. For instance an observer at an

altitude of 575 km tracking a target at an altitude of 600 km will require a steering speed

of 0.606 rad/s at the moment of conjunction. Figure 6.3 plots Equation 6.20 for the case

of an observer at an altitude of 575 km and a target at an altitude of 600 km.
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Observation Angular Speed for Observer at 575 km Altitude and Target at 600 km Altitude
T T T T T T

0.8

0.6 n
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0.2r b

Observation Angular Speed (rad/s)
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Figure 6.3. Observation angular speed (rad/s) for observer at 575 km and target at 600
km, closest pass between observer and target occurs at t = 0

The specifications for the Optotune MR-15-30 fast steering mirror used in the proto-
type can be found in Table 5 of Chapter 5. This mirror has a mechanical large angle step
(20°) settling time of 13 ms. The optical angle (the angle the beam is steered through)
is twice the mechanical angle, or 40°. 1 estimated the steering speed of the Optotune

MR-15-30 by Equation 6.33 as approximately 53.7 rad/s.

__ Optical Large Angle Step

Y Settling Time (6:33)
407 /180

N — 6.34

0.013 ( )

w = 53.7 rad/s (6.35)

I now define the relationship between maximum detection range and FOR. I define
angle 3 as the FOR half-angle, as illustrated in Figure 6.4. For these calculations I am
also assuming the observer is always looking in the zenith direction, that is, away from

Earth along the observers radial vector.
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Figure 6.4. Orbital geometry of observer () and target (1) at the edge of the FOR.
FOR half angle, 3, is defined from the radial viewing axis (zenith) of the observing
satellite. Relating to the geometry presented in Figure 6.1: R4, is the magnitude of

the vector R when 6 = (.

I used Equation 6.11 to define when the target reaches the edge of the observer FOR,

given by Equation 6.36.

ry cos(yt) — 1o
V12 + 12 — 21y cos(yt)

cosff =

(6.36)

I solve for cos(yt) explicitly in order to calculate |R|; this indicates the distance between

observer and target when the target is at the border of the observer’s FOR. Consequently,

this distance is the maximum possible between observer and target while the target still

occupies the observers FOR.

cos ﬂ\/r% + 12 — 2rgry cos(yt) = 1y cos(vyt) — 1o
cos? B[rg 4+ 1] — 2rory cos(yt)] = [ry cos(yt) — ro)?

[r5 + 1% — 2rgry cos(yt)] cos® B = 17 cos® (yt) — 2rory cos(vt) + 75

This is quadratic, so:

0 =} cos?(yt) + 2rory(cos® B — 1) cos(yt) + ra(1 — cos? B) — r? cos® B

0 = 77 cos?(yt) — 2rory sin? B cos(yt) + rgsin® B — r? cos® 3
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Applying the quadratic equation:

2rory sin? B + \/4rgrisin? B — 4r}(r2sin? B — 1} cos? f)

cos(vt) = 207 (6.42)

(2% To+ 1Y) ) _ 7o sin? B 4 /r2sin? B + r? cos? § — r2sin® (6.43)
ToTh r1

(27r To+ 1Y) ) _ T sin? 8 4 \/r2sin? B(sin® B — 1) + 17 cos? 3 (6.44)
ToTh 1

(27T (To +T1) ) _ T sin? B 4 \/—r2 sin® B cos? B + 12 cos? 3 (6.45)

ToTy 71
cos (27?(7;20;1T1) ) _ 7o sin? 8 + | cos fl\ V12 —rgsin? B (6.16)

The correct solution is the positive one, since the solution must satisfy the condition that
B = 0 when t = 0, corresponding to the time of nearest pass (conjunction). Then the

maximum possible range based on the FOR can be found from Equation 6.8:

Riaw = |72+ 12 =210 [ rosin? B + | cos B|r/ 72 — 2 sin? 3 6.47
0o+ 170

Equation 6.47 provides the trade-off between maximum detection range and FOR. This

function is plotted in Figure 6.5 for the case where an observer has an altitude of 575 km

and a target has an altitude of 600 km.
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Effective Maximum Range for Varying Fields of Regard
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Figure 6.5. Maximum effective range vs effective field of regard for an observer at 575
km altitude and a target at 600 km

I will illustrate the importance of this trade-off with an example. Consider an observer
orbit of 575 km altitude, a maximum detection range of 5 km, and a FOR half angle of
50°. Then the target altitude should be 578.2 km to have the maximum detection range
occur at the edge of the FOR. If the target altitude was higher than 578.2 km, then the
target would drift out of the maximum detection range before reaching the edge of the
FOR, as such, this additional FOR is effectively useless, and reducing the observer FOR
would have no adverse effect on performance. Likewise, if the target altitude was below
578.2, then when the target is within the FOR, the target would be capable of being
ranged by the observer, and a larger FOR would increase the effective observation time
window. With this in mind, one could use the observer orbit, worst-case target orbit of
interest, and observer range capability to determine a FOR requirement. The process
of selecting one requirement over another is highly mission dependent. Most likely a
mission would first define observer orbit, ry, and target orbits, r, and then either range
capability, R,,q., or observer FOR, 3, would be determined based on laser rangefinder or

steering optics specifications respectively.
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I also investigated the overall system scanning rate, f, and how it relates to both
mirror steering speed, w, and maximum range capability, R,.... The overall system
scanning rate is particularly important for target acquisition; more measurements in the
same search window increases the chance of a target being acquired. The overall system
scanning rate depends on the sum of time it takes to steer the mirror, t4e.,, and the time

it takes to take a laser ranging measurement, t,,cqsure-

f= ! (6.48)

tsteer + tmeasure

The time it takes to steer the mirror depends on the angular steering distance, Af, and
the mirror steering speed, w.

tsteer = & (649)
w

The amount of time taken to measure is proportional to the maximum range capability,
Rinaz- This relationship arises from the radar equation for lasers [55] applied to a diffuse
target, presented later in this chapter, in Equation 6.101. I present Equation 6.101 here

as well under Equation 6.50 to derive the relationship between measurement time and

Ay Ar? (Pe\1Y*
Runar = [,o2 p—( T)] (6.50)

M Arma? \ Py

maximum range:

where R, is the range capability of the overall laser system, p,; is the reflectivity of
the steering mirror, p is the reflectivity of the target object, A, is the effective mirror
area, A, is the effective laser rangefinder receiver area, Ar is the laser emitter area, « is
the laser beam divergence half angle, r is the target nominal radius, and (i—;) is the
transmit to received power ratio. Because they are either defined by static geometry,
or are a constant material property, all terms except for the transmit to received power
ratio, % and the range capability, R,,., are constant. Therefore the transmit to received

R
power ratio is proportional to the quartic of the range capability:

v g (6.51)
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The signal-to-noise ratio (SNR) is defined as:

signal power

SNR = (6.52)

noise power

The signal is the received power, Pg, and I assume noise as constant with respect to signal
strength. I define the minimum measurement cut-off SNR as SNRy. If any returned
signal had an SNR below this value the measurement would not occur, thus SN Ry is the
SNR related to the range capability, R,,... This cut-off SNR is constant for the given
laser ranging system.

The laser rangefinder sends several laser pulses, N pulses, with a set pulse rate, fuise,
and measures the accumulation of returning photons from these pulses over a given mea-
surement window, t,,..s to achieve a sufficient signal to noise ratio. This relationship
is:

N

tmeas = —— 6.54
fpulse ( )

These pulses have the same energy, dependent on the amount of photons emitted. The
overall energy of all these photons over all pulses gives the emitted power, Pr. Therefore

Pr is proportional to the amount of pulses:

Prx N (6.55)

Then from Equations 6.51-6.55, T can derive the following:

P> R} (6.56)

5 ]]VV R~ R: (6.57)

N x R} (6.58)

tmeas Joutse X R, (6.59)

Therefore, since fyuse is constant, the measurement time is proportional to the quartic
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of range capability:
(6.60)

4
tmeasure X Rmam

This relationship is validated by plotting the measurement time against range capability

provided by the specifications for the DLEM laser rangefinder [63] in Figure 6.6.

DLEM Laser Rangefinder Range vs Measurement Time Specifications

———t=(R 018" /
®  DLEM laser rangefinder specification /

35

151 P

Measurement Time (s)
™

05 -

0.5
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6

Maximum Range / Range Baseline (%)

Figure 6.6. DLEM laser rangefinder range vs measurement time specification plotted
against proposed quartic range model

Finally, the relationship between overall system scanning rate, mirror steering speed,
and maximum range capability is:

1

f=—
20 kR
w

(6.61)

max

where k is a proportionality constant representing the photon detection capability of the
laser rangefinder. As a result, to increase overall scanning rate either the system steering
speed or photon detection capability of the laser rangefinder must be increased.

Finally, T assessed the uncertainty associated with a single laser ranging measurement
caused by beam divergence, steering mirror angular resolution, and steering mirror 1-
sigma angular repeatability. I modeled this uncertainty as a probability distribution
of the true position of the target. Specifically, I assumed the true target position is

uniformly distributed over a circular region of radius p. The variance in one axis for a
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uniform distribution isolated to a circle of radius p is given by Equation 6.66.

02 = M (6.62)
o2 = NG cc:pi)%drd@ (6.63)
o = Il ri; 2232 Odrdf 6.64)
o2 = Pt ff;;;f 6do 6.65)
02 = %2 (6.66)

The same result occurs for o,. I then defined the radius for this uniform distribution as
the distance defined by beam divergence, «, steering mirror resolution, v, steering mirror
repeatability, «, and target to observer range, R. I assumed each of the angular effects,
a, v, and k, are independent. I combined the angular effects using root sum square to
obtain an equivalent angular error. Then, this equivalent angular error was multiplied

by the observer range, giving the total measurement error radius, as in Equation 6.67.

p=RvVa?+ 1?2+ K2 (6.67)

Then using Equation 6.66:

02=0l= (6.68)

Finally, the entire covariance matrix, >, can be described by Equation 6.69, with the
z-axis of the covariance matrix presented is in the direction of the beam. The variance

along this z-axis is defined by the laser range accuracy specification, o.

R*(a* +v? + Kk?)

1 0 0
2( 2 2 2
4
0 0 o?
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6.2 Maximum Detectable Range Analysis

This section details the process and analysis of a determining the maximum detectable
range of a laser rangefinder theoretically. Two different target surface properties are

analyzed: a diffuse reflecting target and a retro-reflective target.

6.2.1 Laser Rangefinder Ranging Capability Factors

Time of flight sensors emit particles (or waves) of a known, constant speed and measure
the time it takes for the particle (or wave) to make a round trip from a target back to
the sensor. Sensors that emit electromagnetic radiation have the capability to predict the
behaviour of these particles, given the speed of light in a vacuum is fixed. For instance,
laser range-finders and radar both use electromagnetic radiation to determine relative
positions of objects in their vicinity. Combining time-of-flight measurements with sensor
pointing information provides a complete three-dimensional measurement of a target’s
location.

Laser rangefinders determine the distance to a target by measuring the time of flight
between the emission and return of photons. Time of flight measurements are based on

the relationship between distance, speed, and time, given in Equation 6.70.
d=—— (6.70)

where d is the distance between observer and target, c is the speed of light in the relevant
medium the light is passing though, and At is the time it takes between signal emission
and return. Although laser rangefinders are very effective in measuring the range between
an observer, there are some potential issues limiting the range of laser range-finders for

space-based tracking:
1. Dispersion of light intensity due to beam divergence

2. Changes in photon speed due to medium
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3. Target surface reflectivity

4. Inaccuracy due to averaging between measurements of a moving object

5. Velocity aberration

The following subsections describe in more detail the individual effect of the above factors
and whether they must be accounted for in a space-based tracking situation. Following

this section, a more in-depth mathematical analysis of the non-negligible factors is given.

6.2.1.1 Beam Divergence

Due to light diffraction, a laser beam will increase in diameter as it propagates through
space. This effect is called beam divergence, in this thesis the divergence half-angle, «,

is used to describe beam divergence. Figure 6.7 illustrates the geometry of this effect.

Figure 6.7. Illustation of beam divergence propagation, beam travels left to right

Since beam divergence disperses energy from an emitted beam, the divergence half-
angle has a significant effect on the maximum detectable range. That is, all else being
equal, a larger beam divergence results in a lower maximum achievable range for a laser

rangefinder. This effect is explored in Section 6.2.2.

6.2.1.2 Speed of Light in a Medium

The speed of light in vacuum is 299,792,458 m/s [76], however the speed of light in
a medium is slower. For instance in the atmosphere at sea level the speed of light

is 299,704,675 m/s [77]. This effect has implications for the accurate function of a
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rangefinder as the speed used in equation 6.70 must reflect the speed of light given
the medium it is traveling in. For instance, a rangefinder in space that is tuned to
use the speed of light in the atmosphere will read a distance that is 99.97% the actual
range. Overall, this error is negligible for a space-based platform as the emitted and
received beam remain solely in vacuum, therefore this error is easily corrected by proper
rangefinder calibration prior to mission implementation.

The effect that a medium has on the speed of light also has implications for the signal
to noise ratio. Attenuation occurs due to molecules absorbing specific wavelengths of
light, or molecules otherwise scattering light, causing beam dispersion. This effect is
negligible in low Earth orbit due to the relative lack of atmospheric gases at this altitude.
As such for a space-based platform ranging space-based targets, the effect of atmospheric

attenuation is negligible.

6.2.1.3 Target Surface Reflectivity

Light emitted from the laser rangefinder must reflect off the target and return to achieve
a successful measurement. The way that light reflects off the target is determined by its
surface properties. In this thesis I explored two broad categories of surface reflectivity:
diffuse and retro-reflective. Diffuse surfaces disperse the returned laser beam while retro-
reflectors maintain the laser beam’s focus. Therefore diffuse targets are far more range-
limited compared to retro-reflective targets. The effect of surface reflectivity is explored

in Section 6.2.2.

6.2.1.4 Moving Target Range Inaccuracy

For a laser rangefinder to make an accurate measurement, enough emitted photons must
be returned to the rangefinder receiver to overcome typical environmental noise. There-
fore the Signal-to-Noise Ratio (SNR) is the key parameter that determines whether a
measurement, is successful or not. The SNR can be increased by averaging the mea-
surements from several pulses over a specified time window, at the expense of system

responsiveness. Relative motion along the axis of a laser range-finder beam causes inac-
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curacy due to this pulse averaging. Because this method averages the return over multiple
beams, the measured range is the average range of the object over the entire measurement
time. This effect is documented for the JENOPTIK DLEM 20 laser rangefinder to reduce
the maximum detectable range of the rangefinder by up to 10% [63], depending on the
target speed. Additionally, this effect impacts the accuracy of ranging measurements.
This impact on accuracy can be approximated by taking the average of the target range
from the first pulse, Ry, and last pulse, Ry, of the measurement window [63], given in
Equation 6.71.

Ry + Ry

Rmeasurement - T (671)

By simulating two satellites traveling in the same orbital plane but in opposite directions
an upper limit of this error can be determined. For instance, considering an observer
occupying an altitude of 575 km and a target occupying an altitude of 600 km causes the

theoretical ranging errors given in Figure 6.8.

Ranging Error for Satellite (575 km) Observing Target Satellite (600 km)
600 -

0.1 second measurement time
— — —0.05 second measurement time

500

Range Error {m)
w N
=2 o
=} (=1
T T

[\
=1
=
T
i
\
\

100 -

Time (s)

Figure 6.8. Ranging error for an observer with measurement time of 0.05 seconds and
0.1 seconds, occupying an altitude of 575 km. Measured target occupies an orbital
altitude of 600 km and travels in the opposite direction of the observer. Time t = 0 is
the moment of closest approach between the two satellites.

In the case of a 0.05 second measurement window the ranging error remains below 280
metres between the time of conjunction and the time the target falls outside the observer
field of regard (around 2 seconds). A lower measurement time reduces the amount of

distance the target will travel between the start and end of the pulses, therefore reducing
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the error caused by relative motion. This error also depends on the relative geometry
and dynamics of observer and target. For instance, if the observer and target travel in
the same direction, this error is expected to be comparatively small since the relative
velocities between both satellites is also comparatively small. This error should also

decrease as the distance between observer and target orbital altitudes increases.

6.2.1.5 Velocity aberration

Velocity aberration describes the effect that relative tangential motion has on the trajec-
tory of a ray of light from a target far away. This effect is important for astronomical
measurements but also for ensuring that returned light from a target lands on the receiver.
This effect is really only relevant when ranging targets with retro-reflective surfaces when
the beam remains focused during return. Velocity aberration causes an angular offset, ¢,
of the returning beam according to Equation 6.88.

sin 6

tan(f') = ————
an(¥') Upet/C + cos

(6.72)

where v, is the relative velocity between observer and target and c is the speed of light,
as long as the relative speed is relatively small compared to the speed of light. Equation
6.88 results from the stellar aberration equation [27|, Equation 6.72. Where ¢ is the
angle a laser rangefinder is pointing relative to the velocity vector and @ is the angle that
the laser beam returns from the target.

The angular offset, ¢ is the difference between the angle the laser rangefinder is

pointed, #’, and the angle the laser beam returns, 6.

5=0—0 (6.73)
§=0—tan"! (ﬁ) (6.74)

Urer/C + cOs 0

The maximum of this function (and therefore the worst case aberration) with respect to
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0 can be determined by calculating the derivative:

do

o

do

o

do

o

do

o

do

i

do

"
as _

do

d
@ {H—ta

- sin 0
Urer/C + cos @

+ (vrel/c + cos 6
(Vper/c + cos 6)?

1 d ( sin @

sin @ >2@

Upet/C + cos 0

)

08 0(vye1/c + cos ) + sin® 0

(Vper/c + cos 0)2 + sin” 6

_ cos 0(Vyer/c + cos ) + sin? f

(Vper/c + cos 0)2 + sin” 6

c0s? 0 + v,.¢;/ccos O + sin? 0

a (Ver/ €)% + 20p¢1/ccos O + cos? 0 + sin? 6

1+ vy /ccost

B (Vper /€)% 4 20y fccos O + 1
(Vper/€)? + Vper/ccos B

(Urer/ €)% 4 20per /ccos O + 1

(Uper/c + cos 6)?

(6.75)

(6.76)

(6.77)
(6.78)
(6.79)
(6.80)

(6.81)

This derivative never reaches zero between [0,7/2], therefore the maximum occurs at

either 0 or /2. The angular offset is always larger for 6 = /2, so then the maximum

angular offset is:

1
Omazr = T_ tan (
2 Vret/ €

1
T_ Omar = tan* <

2 Urel/c
tan( % = Gas) = —
an{= — Omaz) =
2 Upet/ €
1
t 5maz =
«© ( ) Urel/c
Urel
t 5maz =
an( ) .
(smax — tan_l (Urel>
C

)

)

(6.82)
(6.83)
(6.84)
(6.85)

(6.86)

(6.87)

For the case that v,.; << ¢ the small angle approximation holds, resulting in Equation

6.88.

(6.88)

In order to capture the returned beam from a retroreflector the beam must widen at
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least as much as this angular offset. In other words, the divergence half-angle of the
beam must be equal to or larger than this offset. For the case of an observer occupying
an altitude of 575 km and a target occupying an altitude of 600 km, traveling in the
opposite direction, this offset is calculated to be at most # = 0.05 mrad. The laser
rangefinder investigated in this thesis has a divergence half-angle of a = 0.4 mrad so this
effect was not considered further. However, it should be considered if a system plans to
implement a narrow beam. In such a case, the target retro-reflector may be designed to

effectively widen the returning beam |28].

6.2.2 The Radar Equation

The radar equation describes the relationship between key parameters of an electromag-
netic ranging sensor, such as the eponymous radar, or laser rangefinders. The radar
equation is well established in literature for analyzing the capability of both ground and
space-based laser systems ranging satellites [37], [51], [52], [53]. The radar equation en-
compasses the following parameters, most of which were described briefly in the above

sections:

e Range

Target reflectivity

Transmitter power

Antenna/Receiver aperture

Losses such as attenuation

Most directly relevant to my work is the form of radar equation presented by Forrester
and Hulme [55] on the application of a laser detecting a diffuse target, as provided in
equation 6.89.

PtA?" —2kR

where P, is the received laser power, P, is emitted laser power, A, is the receiver aperture

area, R is the distance between the laser emitter and target, n is the ratio of reflected to
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incident radiant flux at the target, and k is the atmospheric attenuation coefficient. To
simplify my work I assume that atmospheric attenuation is negligible, as such T assumed

k = 0. Incorporating this assumption results in the following;:

- PtAr

P, =
TR?

U (6.90)

6.2.2.1 Diffuse Targets

Diffuse surfaces reflect light uniformly in all directions. A Lambertian surface is commonly
used to model diffuse surfaces [37], [53], [55], [56]. Lambertian surfaces are defined
by having a constant radiance, independent of observation angle. The irradiance of a

Lambertian surface follows Lambert’s cosine law:

[reflected = [incidentp cos 6 (691)

where [ is the light intensity in W/m?, p is the reflectivity of the target, and 6 is the
angle of incidence. The factor n is defined as the ratio of the reflected, ®,¢ficcted to
incident radiant flux, ®;,ciqens. Radiant flux is equivalent to the product of irradiance
and area. Therefore, when presented with a target smaller than the beam diameter I
have to consider the areas of the target and the beam I have to consider the areas of the

target, A, and the beam, ma?R?, resulting in Equation 6.95.

Cbreflected
= —_— 6.92
" (I)mcident ( )
Ire ecte Are ecte
_ flected flected (693)
I incident Aincident
o Iincidentp COS eAreflected (6 94)
]incidentAincident
pAcos? 0
=" - 6.95
Ta?R? ( )

where A is the target area, « is the beam divergence half angle, and R is the distance
between observer and target. I made the assumption that the target is always normal to

the observer (0 = 0), yielding an idealized scenario and therefore an upper bounds for 7
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and consequently, an upper bounds for maximum achievable range R, given by Equation
6.96.
(6.96)

6.2.2.2 Retroreflective Targets

Retroreflective surfaces reflect light back in the direction of their source. Wojtanowski
et al. provide a comprehensive derivation of the return for a corner cube retroreflector
(see Figure 6.9), including experimental empirical characterization of the effect different
angles of incidence have on the far field diffraction pattern [37]. Based on the results
of Wojtanowski et al. |37] a corner cube retro-reflector target normal to the observer

Equation 6.97 can be used for 7.

Figure 6.9. Tllustration of corner cube retroreflector (re-drawn from Degnan [56]). The
geometry of the corner cube retroreflector directs the reflected ray back along the same
path as the incident ray.

4pA?
n =063 a2 )\2R2 (6-97)

where p is the reflectivity of the retroreflector, A is the area of corner cube retroreflector,

« is the beam divergence half angle, R is the distance between observer and target, and

A is the laser wavelength.
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6.2.3 Return Energy Model

The radar equation used to model the return from a laser rangefinder paired with a

fast-steering mirror is given by Equations 6.98 and 6.99.

PR QAM Ar

— = —_— 6.98
B, A e (6.98)
pr? .
T diffuse surface
n=4“ Pt (6.99)
0.63—2 T2 retroreflective surface
«Q

The effective mirror area, A,;, laser transmitter area, Ap, and mirror reflectance, p,,
have been included to account for the geometry of a steering mirror that is smaller than
the laser emitter aperture. The effect of mirror geometry is explored in depth in Section
6.3. Note that the target area has been substituted with A = mr?, assuming a target with
a nominal radius of r. If the calculated energy ratio, %, for a measurement exceeds a
threshold value, the measurement is considered valid. This threshold value is dependent
on the laser rangefinder specifications. This model is used to estimate the laser tracking
system’s maximum range for targets with and without retroreflectors.

The threshold energy ratio, <%) was determined by using the specifications for Jenop-

0

t

tik’s DLEM line of laser rangefinders [63] alongside Equation 6.100.

(&) __rad (6.100)

T 2,24
PTO W&Rmax

Equation 6.100 is the radar equation for the case of a diffuse target. Relevant ranging
specifications for each DLEM laser rangefinder model [63] and their associated energy
ratio thresholds calculated using Equation 6.100 are tabulated in Table 6. A beam filling
target is a target who’s area encompasses the entire beam-width at the given range, in

other words A = ma?R?

max”
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Table 6. Jenoptik DLEM range specifications and energy ratios [63]

Model A A, P Ry (&>
Pr),
[m?] [mm?] [m]
DLEM 20 Beam filling 314 0.5 4500 2.47x107'2
DLEM 30 Beam filling 800 0.5 8000 1.99x10'2
DLEM 45 Beam filling 1662 0.5 11000 2.19x107'2

The lowest energy ratio threshold was found to be 1.99 x 10712 for all DLEM models.
Therefore, a value of 1.99 x 10712 was taken as the threshold ratio for further analysis.

The maximum achievable range, R, for a diffuse reflecting target as a function of
target size, r, can be found by solving for range in the diffuse case of Equation 6.98,

resulting in Equation 6.101.

AMA 7"2 PT 1/4
_ |2 (I 101
Rmaz |:p]V[p AT’TFCYQ (PR>0:| (6 0 )

However there is a limiting range for the diffuse case when the target becomes beam-filling

(r = aR). The following then holds:

AyA, (P 1?
Riew = |02 p—— | = 6.102
e (F) ] (6.102)
Similarly, the maximum range for a retroreflective target can be found by solving for the
positive real roots of R in the retroreflective case of Equation 6.98, resulting in Equation

6.103.

Ar Ay At Pr\ 1
Ry = |0.63p2, p M0 ( T” (6.103)
0

M ATOZ2>\2 P_R

6.3 Laser to Mirror Geometry Optimization

From qualitative analysis of Equations 6.102 and 6.103, it can be seen that the maximum
detectable range can be increased by increasing receiver area A,., target size r, the mirror
area ratio i—]\;, or by decreasing beam divergence o or wavelength A\. Note that since
beam divergence is proportional to wavelength, a decrease in wavelength should have
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an emphasized effect. Of these parameters, the easiest to adjust for a prototype is the
mirror area ratio. The receiver area, A,, in this case is also limited by the small size of
the mirror, therefore it is defined as the intersecting area between the projected mirror
area and receiver aperture. As such, it was of interest to model the geometry of the laser
rangefinder and steering mirror in the prototype to determine the optimal positioning
of both devices relative to each other. Figures 6.11 and 6.10 provide diagrams for the
relevant geometries and dimensions of the DLEM 20 and Optotune MR-~15-30 used for

the following calculations.

w = 20 mm

Emitter I h = 8 mm

i t = 3.5 mm 27 s cos @
—>

A
\ 4

A

>

Receiver 2rp = 20 mm

2r)y = 15 mm

\

Y

Figure 6.10. Laser rangefinder [63] (left) and tilted mirror projection [64] (right)
dimensions. Where w and h are the laser emitter aperture width and height
respectively, t is the offset between emitter and receiver apertures, rg is the receiver
aperture radius, and r,; is the FSM radius.

Based on the geometry of Figure 6.10, A, = 0 when d < t+ h/2 —ry, and Ay =0
when d > t+ h. Therefore, meaningful values of 1 only occur for t+h/2—7ry < d < t+h.
[ am trying to maximize the following parameter, which will be referred to as J to simplify

notation:

Aum

J:ATA—T

(6.104)

In the following subsections I define each area independently.
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Ayp

o

Receiver

Figure 6.11. Geometric relationship between areas. Rectangle represents laser emitter
area, the circular mirror is tilted and so the projection of this area appears elliptical.
Shaded areas represent intersections of interest. Datum d is measured from the
centreline of the mirror to the centreline of the emitter.
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6.3.1 Transmitter Area Ar

I calculated this area directly from the laser rangefinder specifications.

Ap = hw (6.105)
Ap = 8(20) (6.106)
= 160 mm? (6.107)

6.3.2 Mirror Area Ay,

Geometrically, A, is the area between two parallel chords of an ellipse, separated by h
(8 mm). Equation 6.108 describes the ellipse representing the mirror given a horizontal

tilt angle of 6,:

2
SR (6.108)

2
T =
M 00826,

The corresponding area captured by the mirror, A,;, can then be calculated by Equation

d+ h
20089/ \/73 — ydy, 0§d<7“M—§
h
_ —3

Ay = (6.109)

TM h
20039/ \/73 — y2dy, 7"M—§§d§t+h
d—5

For the first case when 0 mm < d < 3.5 mm, and r); = 7.5 mm as according to the

6.109:

h
2

dimensions in Figure 6.10:

d+4

Ay =2cosb, \7.5%2 — y2dy

d—4

:am@kd+@vﬁw-wd+®2—u—4hﬁ5%-u—4y

d+4 d—4
7.5% (sin™' —— —sin”' ——
+ Gm 75 OO 75)]
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Then for the second case when 3.5 mm < d < 11.5 mm:

7.5
Ay = 2cosb, \7.52 — y2dy

d—4

_ cost, [_(d — )75 — (d—4)2 4+ 7.5 (g — sin~! u)]

6.3.3 Receiver Area A,

A, is defined by the intersection of an elliptical mirror projection and circular receiver

aperture, as shown in Figure 6.12. The receiver’s circle is described by Equation 6.110.

AY

Receiver

Figure 6.12. Tilted mirror and receiver area relative geometry

ra =2+ (y+rp+t+h/2—d)? (6.110)

The vertical intersection offset, yy, between the receiver circle and mirror ellipse can
be found by finding the point of intersection between both curves. 1 solved for y, by

beginning with Equation 6.111, assuming the mirror ellipse and receiver circle have equal

91



x values at their point of intersection.

Treceiver = Lmirror

\//r?%_(y0+rR+t+h/2—d)2:COng TJQM_y(Q)

h
I defined a temporary variable 7 =rg + 1t + 5 to simplify notation:

\/r%z— (Yo + 7 — d)? = cosO,\/72, — Y2

rh— (yo+7 —d)? = (13, — y3) cos® O,

(cos® B, — 1)y2 — 2(1 — d)yo = —1% + 12, cos? 0, + (1 — d)?

(—sin?0,)yg — 2(7 — d)yo = —r§ + 13, o8’ 0, + (7 — d)?

Using the quadratic formula, for the case when 6, # 0:

2(1 —d) £ \/4(T — d)? — 4(—sin?0,)[r% — cos2 0,72, — (T — d)?]

o 2(—sin?0,)
T—d)E£+\/(T— +sin® 0, |ry — cos? 0,15, — (T —
d d)? 20, [r% 20,12, )2
Yo = —
—sin® 0,
_ (d—7) £ /cos?O,(1 — d)? + sin® 0,[r%, — cos? 0,13,]
o= sin? 6,

Using the prototype dimensions:

(d —17.5) 4+ \/cos2 0,(17.5 — d)2 + sin? 0,(10% — 7.52 cos® 0,,)

Yo = -
sin? 6,

However, for the special case when 6, = 0:

—2(r—dyo+ 1% 13— (1—d)*=0

r% —ri — (1 —d)?
2(r —d)

Yo =
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(6.111)

(6.112)

(6.113)
(6.114)
(6.115)

(6.116)

(6.117)
(6.118)

(6.119)

(6.120)

(6.121)

(6.122)



Using the prototype dimensions:

102 — 7.52 — (17.5 — d)?
2(17.5 — d)

Yo = (6.123)

The receiver area, A,, can therefore be computed as in Equation 6.124.

d—rpr Yo
Ar:2/ \/r?%—(y+rR+t+h/2—d)2dy—|—2(3089 \/73 —yidy  (6.124)
Yo

—TM
Inserting the actual dimensions of the prototype:

d—17.5

Yo
A, =2 V102 — (y + 17.5 — d)2dy + 2 cos 9:,;/ V7.52 — y2dy (6.125)
—7.5

Yo

175 —d
=102 E —sin~* (%)1 — (yo + 17.5 — d)\/102 — (y + 17.5 — d)2

(6.126)

+ 9o cos 0,4/ 7.52 — 42 + 7.5 cos 0, [SiIl_l (%) + g] (6.127)

6.3.4 Optimization of Area Ratio

I found the maximum area ratio, J, for varying mirror tilt angles, 6, numerically using
MATLAB with a step size for d of 0.0001 mm. Table 7 summarizes the optimal height
to set the laser rangefinder, d for different key mirror tilt angles. Angles of 6, = 20° and
0, = 70° represent the farthest tilt angles for the Optotune MR-15-30 mirror as set up in
the prototype, with the default position being 6, = 45°. The position d = 5.865 presents
the best choice for the prototype as an in-between for both extremes, as such it is what

was chosen for further range calculations.

Table 7. Area ratio for key mirror tilt angles

0, d e
[deg] [mm] [mm’]
20 5910 17.894
45 5.865 10.947
70 5783  2.774
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Figure 6.13 shows that the optimal mirror position varies between 5.918 mm and

5.750 mm for different mirror tilt angles. The mirror position is static and so should be

chosen to give an adequate value regardless of mirror tilt angle. An average position value

between the extremes of the mirror range of motion would therefore be appropriate.

Optimal Laser Position for Varying Mirror Tilt Angles
I T T I
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Optimal Laser Position, d [mm)]
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60

70

B0

90

Figure 6.13. Optimal mirror position for different mirror tilt angles, for completeness all

angles between 0° and 90° are provided.

Plotting the optimal area ratios for different mirror tilt angles, as in Figure 6.14 shows

that the optimal area ratio, J,, starts to decrease quickly once mirror tilt angles increase

past 20°.
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Optimal Area Ratio for Varying Mirror Tilt Angles
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Figure 6.14. Optimal area ratio, J,,, for different mirror tilt angles. For completeness,
all angles between 0° and 90° are provided.

This decrease in the optimal area ratio, J,,, suggests that a hardware configuration in
which mirror tilt angles are kept as shallow as possible is preferred to maximize ranging
performance. However such a head-on configuration creates a blind spot in the middle
of the field-of-regard as this location would be occupied by the range finder. Worse, this
occlusion becomes larger the closer the laser rangefinder is to the mirror. As such, I chose

to keep the 45° default orientation for the prototype to avoid this issue.

6.4 Prototype Range Testing Results

To validate the theoretical model, I conducted experiments using the prototype in a series
of hallways of different lengths. I positioned the prototype at the end of a hallway and
had it perform laser measurements in concentric circles up to 3 degrees from the default
pointing axis. This scanning pattern was used to help mitigate the possibility of any
small angle misalignment in the assembly of the prototype. The prototype stepper motor
was used to adjust the vertical alignment of the LRF relative to the FSM in steps of 0.25
mm. For each vertical offset, the prototype performed a scan to attempt detecting the

end of the hallway. When a successful return from the hallway wall occurred I recorded
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the vertical offset, d, along with the measured hallway length. The highest and lowest
vertical offset for the hallway of a given length was used in the final analysis, representing
the cut-off offsets for the system. This process was repeated in five hallways of varying
lengths, yielding a total of ten data points to compare with the model. Figure 6.15

compares the theoretical model to the experimental data.

Maximum Range Performance Model and Experimental Data
90

Theoretical Model
O Experimental Data

[}
==

Maximum Range [m]
[ [ iy £n =3} =
=) = = ==} = =

=
=

0 I 1 I 1 I
0 2 4 G 8 10

Laser Position, d [mm]

Figure 6.15. Radar equation theoretical model for target reflectance of 0.1 plotted
alongside experimental data. Error bars denote the uncertainty in where the true cutoff
is for a given range measurement due to the step size used in experiment.

Although the experimental data set consists of only 10 measurements, the measured
ranges follow the general trend of the model, demonstrating that the model reasonably
explains the occlusions effect on ranging performance. The experimental data appears
pushed inward compared to the model, suggesting possible additional losses not accounted
for by the model. This loss is possibly due to non-normal incidence between the laser
and hallway wall, vertical tilt angle of the mirror relative to the laser, or variations
in hallway wall surface reflectance. Overall, the geometric model estimating ranging
performance appears reasonably validated by the experimental data, particularly in its

ability to estimate an optimal geometric placement of the laser relative to the mirror.
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6.5 Maximum Detectable Range Analysis Results

In this section I provide analytical results based on combining Equations 6.102 and 6.103
with the laser to mirror optimization in Section 6.3.4 to determine theoretical range

limits of the prototype in a space-based setting. Table 8 details the parameters input

into Equations 6.102 and 6.103.

Table 8. Maximum detectable range analysis input parameters based on prototype

specifications
Parameter Symbol Value Units
Mirror tilt angle 0. 45 deg
Laser height d 5.865 mm
Effective area ratio J 10.947 mm?
Mirror reflectivity PM 0.95 -
Diffuse target reflectivity Pdif fuse 0.5 -
Retroreflector reflectivity  pretrore fiective 0.85 -
Beam divergence o 0.4x1073 rad
Light wavelength A 1550 nm
Power ratio threshold (&) 1.99x 10712
R/q

Figures 6.16 and 6.17 plot the maximum achievable range for diffuse and retroreflective

targets according to Equations 6.102 and 6.103 respectively.
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Figure 6.16. Maximum detectable range for diffuse targets of varying size, discontinuity
occurs when target becomes beam-filling.
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Figure 6.17. Maximum detectable range for retroreflective targets of varying size, target
size axis scaled to represent typical retroreflector sizes [56], [78].

Based on the results of this analysis I expect that under idealized conditions the
ranging prototype can achieve detection ranges close to 900 metres for diffuse targets
and greater than 15 kilometres for general retroreflective targets. However, these results
assume the mirror is not steering the laser and the target surface is perpendicular to

the observer. As evidenced by the analysis in Section 6.3.4, the mirror tilt angle has a
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meaningful effect on ranging performance, creating an assymetrical field of regard. That
is, one side of the FOR can only detect targets very close to the observer and the other
side can detect targets both near and far. Regardless, the ideal diffuse case limit of 900
metres is already dangerously close for an observing satellite, such that an attempt to
make a detection at this distance would introduce unnecessary risk to a mission. For this
reason alone, the hardware used on the ranging prototype is not appropriate for diffuse

target ranging on a space-based system.

6.6 Theoretical Ranging Performance Without Mirror
Occlusion

In this section I consider what size mirror would be required to fully capture the beam
from a DLEM 20 LRF, and how much that would increase range performance. 1 de-
termined the required mirror size by taking the overall dimensions of the DLEM 20,
from Figure 6.10, and considered the mirror at it’s max tip or tilt, 25° for both. This

calculation is then completed by Equations 6.128 and 6.131.

DLEM Length

Mi Length = 6.128
HoT Lens cos(Tilt Angle) ( )
31.5
Mirror Length = cos(25%) (6.129)
Mirror Length = 34.8 mm (6.130)
DLEM Width
Mi Width = 6.131
Hror cos(Tip Angle) ( )
20
Mi idth = ——— 132
irror Wi cos(25°) (6.132)
Mirror Width = 22.1 mm (6.133)

Therefore, a rectangular mirror with dimensions of 35 by 22 mm should be capable of

capturing the entire emitted and returned signals for a DLEM 20 LRF.
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If the occlusion effect is eliminated, the area ratio, J becomes the size of the receiver
aperture, A,. The DLEM 20 receiver aperture has an area of 314.2 mm?. The non-
occluded maximum range capability R,,4z.n0n for diffuse targets is related to the occluded
range capability, [%,45 0cc through the ratio of the non-occluded J,,, to the occluded J,.

used in the prior range analysis. For a diffuse target the maximum range scales by the

square root of J and can be found by Equation 6.134.

J 1/2
Rmaa:,non = Rmax,occ (%) (6134)
314.2 \'/?
Rmaa:,non =900 (10 947> (6135)
Rmam,non = 4; 821 m (6136)

Therefore the maximum range capability is predicted to increase to just under 5 km
for a diffuse target if a properly sized mirror is used. The range capability when ranging
a retroreflective target scales by the quartic root of J, and can therefore be found by

Equation 6.137.

7 1/4

Rnon = Rocc ( Jnon> (6137)
314.2 \ /4

Roon = Roee (10'947> (6.138)

Ruon = 2.31 Roe (6.139)

Therefore, by using a properly sized mirror, the ranging capability of the DLEM 20
should increase by a factor of 2.31 compared to the result presented in Figure 6.17 for a

retroreflective target.

6.7 Trade-off Summary

First, I summarize key findings from the analysis in this chapter here:

e The required mirror steering speed decreases as the nominal orbital distance be-
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tween observer and target (r; — ro) increases.

e The FOR can effectively cap the ranging capability of the observer, depending on

the relative orbital geometries.

e The overall system scanning rate must decrease to detect targets at increasing range,

assuming all other hardware specifications remain the same.

e The beam divergence, FSM resolution, FSM repeatability, and target range define

the accuracy of a given measurement.

Further, Table 9 summarizes the direct trade-offs discussed in this chapter. Note that
the FOR does not directly increase the range capability, but can effectively cap R4, if

the FOR is too small for a given orbital configuration.

Table 9. Effect of increased hardware characteristics on key performance parameters

Increased Hardware Parameter | R,,,., f Measurement Accuracy

Beam Divergence, « 4 - 4
LRF Measurement Time, ¢,,cqs T i -
FSM Steering Speed, w - T

FSM Resolution, v -
FSM Repeatability (1-0), - -
Mirror Size T

Field of Regard, S T - -

1 — —> 1

Table 16 in Chapter 8 summarizes the above trade-offs, alongside observed trade-offs

regarding acquisition performance.
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Chapter 7

Results and Discussion

Portions of this chapter have been adapted and reproduced with permission (Ap-

pendix B) from:

[22] W. M. Ediger and P. A. Ferguson, “Feasibility of space-based laser ranging for

resident space object detection,” in AIAA SCITECH 2025 Forum. DOI: 10.2514/

6.2025-1163. eprint: https://arc.aiaa.org/doi/pdf/10.2514/6.2025-1163.

|Online|. Available: https://arc.aiaa.org/doi/abs/10.2514/6.2025-1163

The following chapter discusses the results from simulations and experiments. First,

[ present a simulated comparison between the Bayesian search algorithm discussed in
Chapter 3 with the Archimedes spiral search, commonly used in optical communications
[35], applied for a stationary object. The purpose of this comparison is to demonstrate
that the Bayesian search algorithm generates patterns of comparable efficiency to prior
search methods. Next, I present experimental results to validate the stationary target
search simulation model by comparing hit rates and mean acquisition times. I then
present experimental results for the case of a moving target, a rover with an attached
photo detector and compare this to the simulation model output. Next, I present results
for a simulation of an orbiting observer spacecraft viewing a target in three distinct
orbital geometry cases at two nominal distances. This simulation demonstrates how the
Bayesian search may perform on an actual SSA mission. Finally, I present results for

similar simulations assuming a modeled camera measurement of the target is used to

inform search and acquisition.
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7.1 Stationary Target Acquisition Testing

To establish the efficacy of the Bayesian search algorithm I compared the acquisition
performance of the Bayesian search algorithm outlined in Chapter 3 to an optimized
Archimedes spiral search using Monte Carlo simulations. The Bayesian search algorithm
used 50,000 particles to generate the pattern over a time span of 1,000 steps, or 50 seconds.

The Archimedes spiral is defined by the polar function presented in Equation 7.1,
where r is the radius, (8 is the rate at which the spiral grows, and 6 is the angle measured

from the x-axis.

r= (6 (7.1)

I optimized the Archimedes spiral growth rate, [, for each target uncertainty case
by using a numerical search, running Monte Carlo simulations with 10,000 runs for each
growth rate. After I estimated the optimal spiral growth rate, a Monte Carlo simulation
of 100,000 runs was used to compare the performance of the Bayesian search and the
optimized Archimedes spiral. The resulting acquisition performance and mean time to
acquire the target is given in Table 10 for targets with increasing positional uncertainty.
I assumed the target uncertainty region to be a planar two-dimensional Gaussian distri-
bution with mean centered in the search frame. The covariance used for this Gaussian
was defined using standard deviation comparable to those that would occur in a real
world conjunction event using the typical RSO TLE uncertainty from Flohrer [66]. For
instance, in the case where the conjunction range between the two satellites is 50 km, I

found the angular uncertainty by the small angle approximation, given in Equation 7.2.

OTLE
angular — 7.2
Gangul Range (72)
471
(7.3)

Oangular = 507 000
Gangutar = 0.00942 rad (7.4)
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In Table 10 the row titled Approrimate FEquivalent Range reports the range at which
the corresponding angular uncertainty would occur, rounded to the nearest multiple of
10 km. Note that I computed the mean acquisition time for both search patterns by
averaging only over successful acquisitions; runs in which the target was not acquired

were omitted from this average.

Table 10. Bayesian Search vs Archimedes Spiral Search Performance Comparison

Angular Standard Deviation (rad) 0.005 0.01 0.015  0.05
Approximate Equivalent Range (km) 100 50 30 10

Spiral Acquisition 89.42% 51.34% 28.73% 3.11%
Bayes Acquisition 87.69% 49.28% 25.79% 2.51%
Spiral Mean Time (s) 14.77 2142 2330 24.45
Bayes Mean Time (s) 13.48 2180 2324 24.34

Comparing the performance of both patterns shows that the Bayesian search has very
similar performance to the Archimedes spiral in both acquisition success and mean ac-
quisition time. However, acquisition time is slightly faster for the Bayes search when
the initial uncertainty is very low. As expected, the acquisition performance of both
search types decreases with increasing target uncertainty. These results show that, when
considering a stationary target, the Bayesian search algorithms performance is compara-
ble to the typically employed Archimedes spiral search. Figure 7.1 plots the cumulative

acquisition probability results from the Monte Carlo simulations.
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Bayesian vs Archimedes Cumulative Acquisition Probability
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Figure 7.1. Cumulative probability of acquisition comparison between Bayesian and
Archimedes spiral search simulation over entire search time (50 seconds) for 0.005 rad
and 0.05 position standard deviations. The cumulative probability accounts for cases

where the target was not acquired, therefore these plots do not span from 0 to 1 for

cumulative probability. The cumulative probability at the end of the search time (50

seconds) is therefore the overall acquisition rate for each search.
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To validate the simulation results I experimentally tested the acquisition performance
of the Bayesian and Archimedes spiral patterns using the methodology outlined in Chap-
ter 5. Ten runs of each search pattern were tested. Because it was not possible to precisely
replicate the target position uncertainty in the experimental setup, the target uncertainty
differed between the nominal simulation and experimental cases, potentially impacting
performance outcomes. However, I wanted to compare acquisition performance between
simulation and experiment with the same target position uncertainty. Therefore, I ran
a new simulation using the same generated search pattern, using the experimentally ob-
served target position variance as the target position uncertainty. After completing the
ten runs for each pattern, I calculated the experimental target position mean and co-
variance parameters from the Vicon position data. The resulting experimental target
position mean and covariance are provided in Equations 7.5 and 7.6 for the Bayesian
search, and Equations 7.7 and 7.8 for the Archimedes spiral search. To temporally align
the simulation with the experiment, I determined the prototype time step to be 0.124

seconds from the time intervals between measurements in the collected prototype data.

~16.8
e = | 7.0 | mm (7.5)
3053.3

328.7 —36.6 545.2

.= |-366 707 —673.2| mm? (7.6)
5452 —683.2 13697

6.7

2514.3

260.2 759  2604.3
S, = | 759 4613 —16.2 | (mm)? (7.8)

2604.3 —16.2 213560.0
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I then compared the simulated and experimentally measured mean acquisition rate
(hit rate) and mean acquisition time for both search patterns. These results are summa-

rized in Table 11.

Table 11. Bayesian search and Archimedes spiral experimental vs simulation search
performance comparison

Type Experiment Simulation
Spiral Hit Rate 80.0% 63.5%
Bayes Hit Rate 100.0% 77.9%
Spiral Mean Acquisition Time (s) 51.4 50.3
Bayes Mean Acquisition Time (s) 42.3 37.9

Mean acquisition times were similar between simulation and experiment. The spi-
ral’s experimental mean acquisition time differed from its simulation by 2.19% and the
Bayesian search’s experimental mean acquisition time differed from its simulation by

11.61%. These percent differences were calculated using Equation 7.9.

Experimental — Simulation

% Difference = 100% (7.9)

Simulation

To determine whether the experimental hit rate results were consistent with the pre-
dicted performance from simulation I performed a hypothesis test analysis. I found that
the acquisition hit rates were statistically consistent between the simulation and experi-
mental data for both the Archimedes spiral and Bayesian search. This statistical analysis

can be found in Appendix B.

7.1.1 Stationary Target Acquisition Discussion

Experimental testing of stationary target search patterns were statistically consistent
with simulated performance. Mean acquisition times were also relatively close, with an
error between simulation and experiment mean acquisition time found to be 2.19% for
the Archimedes spiral and 11.61% for the Bayesian search. These results suggest that the
simulation model has decent predictive validity of real prototype performance, at least

when a target is stationary.
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The Bayesian search algorithm appears to be a flexible alternative to a traditional
Archimedes spiral search. The stationary target simulations comparing the Bayesian
search and Archimedes spiral show comparable acquisition performance in terms of both
hit rates and acquisition times. These results suggest that the Bayesian search pattern
generation algorithm produces a search pattern that is reasonably efficient in terms of
acquisition probability and time. The main concern with using the Bayesian search as
opposed to a functional search such as the Archimedes spiral is the computational time
and cost required to generate a pattern. Although I did not quantify computational
cost, the Bayesian search relies on counting particles within bins and updating beliefs
at each time step, whereas the Archimedes spiral is generated analytically. However,
the Archimedes spiral does not have the flexibility of the Bayesian search, being that the
Bayesian search algorithm can adapt to a wide variety of initial target position uncertainty

distributions.

7.2 Moving Rover Testing

These results are from the test involving the moving rover and the prototype attempting
to acquire the target using a Bayesian search, as described in Chapter 5. After collecting
data for the ten trials with the moving rover, I calculated the position and velocity
variance from the experimental Vicon data. These parameters are the position mean, u,,

and position covariance, >, the velocity mean u,, and velocity covariance, ¥,,.
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fhee

My

1899.0

20.0 | mm

2042.2

4029.3 —5.6 —313.2

—56 123 584 | mm?

—313.2 584 517.9
—152.5

0.0 mm/s

—-3.6

3743 —14 759

14 01 01| (mm/s)
75.9 0.1 629

(7.10)

(7.11)

(7.12)

(7.13)

The simulated performance of the Bayesian pattern using the experimentally measured

target position and velocity variance suggested very poor performance. The experimental

results were clearly consistent with the simulated search performance as the photodetector

on the rover was not hit at all by the beam. Unfortunately, this result does not give a

good description of how well the pattern tracked the rover in experiment, nor how well

the mean detection time compares between simulation and experiment.

Therefore, I

decided to implement a "near miss" flag. This flag occurs when the laser pointing vector

is within 0.1 degrees of the photodiode and was calculated by comparing the measured

beam steering vectors from the Optotune fast steering mirror alongside the Vicon data of

the target. The acquisition hit rates and near miss rates for the moving rover simulation

and experiment are given in Table 12.
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Table 12. Moving rover experimental vs simulation search performance comparison,
photodetector basis

Type Experiment Simulation
Hit Rate 0.0% 0.91%
Mean Detection Time (s) N/A 8.5
Near Miss Rate 20.0% 14.4%
Mean Near Miss Time (s) 7.7 8.6

I found that both the acquisition hit rates and near miss rates were statistically
consistent between simulation and experiment. This statistical anlaysis can be found in

Appendix B.

7.2.1 Moving Rover Testing Discussion

Experimental testing of the moving target search pattern was statistically consistent with
simulated performance, both when using the 0.4 mrad detection condition and the 0.1
degree "near miss" condition. The results also show that if the laser beam had a width
equal to the near miss condition then the hit rate would increase. This is expected
as a wider beam should have an easier time acquiring a target since it illuminates a
larger portion of the search space per time step. These experimental results suggest that
the simulation model can reasonably capture general dynamics in systems with moving
targets that have initial positional and velocity uncertainties.

Across all experimentally tested scenarios, the simulation model demonstrated predic-
tive validity for search pattern acquisition performance. Statistical consistency between
simulation and experiment indicates that the model can be trusted in cases where target
dynamics and uncertainty are reasonably understood. The near miss condition results
validate the expectation that a wider beam would theoretically achieve a higher acquisi-

tion rate compared to a narrow beam.
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7.3 Simulated Camera-less Orbital Target Acquisition

This section details the acquisition performance results for orbital simulations where an
observer is implementing a Bayesian search based on a target’s TLE position uncertainty.
Table 13 provides acquisition rates from the Monte Carlo simulation for search patterns
generated by particle filters of varying sizes. There is a clear increase of acquisition rates
with increasing particles, albeit with diminishing returns. In particular, search pattern
generation in both parallel orbit cases deleted all particles before the target had left the
observation field of regard, causing search patterns to end prematurely. This premature
ending of search can be seen in Figure 7.2 for the parallel cases. However, even with
the search ending early, the Bayesian search acquired the target over 85% of the time for

both parallel orbit cases.

Table 13. Particle filter search pattern target acquisition rates for varying number of
particles and orbital geometries

20 km Nominal Radial Distance
Altitudes: Target (RCM-2) 597 km, Observer 577 km

Particles | Opposite Perpendicular Parallel
100 2.49 % 3.40 % 11.30 %

1,000 3.63 % 4.30 % 57.20 %
10,000 4.25 % 4.84 % 82.86 %
20,000 4.52 % 5.72 % 87.75 %

50 km Nominal Radial Distance
Altitudes: Target (RCM-2) 597 km, Observer 547 km
Particles | Opposite Perpendicular Parallel

100 | 18.39 % 18.35 % 40.94 %
1,000 | 35.78 % 40.43 % 83.38 %
10,000 | 39.29 % 46.79 % 95.40 %
20,000 | 40.15 % 47.01 % 96.77 %

Generated search patterns follow geometric expectations based on how the target
would appear to travel from the perspective of the observing spacecraft. For instance, the
search pattern for opposite and parallel orbit configurations sweep across the observer’s
along-track axis. The perpendicular orbit configuration follows a diagonal between the

observer’s along-track and cross-track axes, due to the combined motion of the observer
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(along-track) and target (cross-track). Search patterns for the 20 km separation cases are
given in Figure 7.2, patterns start in the positive along-track and progress towards the

negative along-track.
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Figure 7.2. 20 km radial separation search patterns from observer’s perspective. Search
pattern vectors are normalized as unit vectors and projected on to the
along-track /cross-track plane. From converting spherical to Cartesian coordinates:

x
— =cos ¢sinf and y_ sin ¢ sin 6.
r r

Target acquisition statistics are summarized in Table 14. Acquisition time statistics
are calculated exclusively from the instances where a target was acquired, excluding those
where no target was acquired. For example, of all times a target was hit in the 20 km
opposite orbital scenario, the average time recorded for a target to be hit was 1.54 seconds.
For the opposite and perpendicular orbital cases the maximum search time is equivalent

to the total acquisition time, whereas this is not true for the parallel orbit cases, due to
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their search pattern’s early end.

Table 14. Monte Carlo simulation target acquisition performance for different orbital
geometries with nominal observer to target orbital distances of 20 km and 50 km. All
search patterns used for Monte Carlo simulations were generated using 20,000 particles

20 km Nominal Radial Distance
Altitudes: Target (RCM-2) 597 km, Observer 577 km

Metric Opposite Perpendicular Parallel
Acquisition Success Rate 4.52 % 5.72 % 87.75 %
Maximum Search Time (s) 3.30 4.65 111.05
Mean Acquisition Time (s) 1.54 2.26 61.06
Median Acquisition Time (s) 1.25 2.18 59.95
Acquisition Time Std. Dev. (s) 1.13 1.51 17.80

50 km Nominal Radial Distance
Altitudes: Target (RCM-2) 597 km, Observer 547 km

Metric Opposite Perpendicular Parallel
Acquisition Success Rate 40.15 % 47.01 % 96.77 %
Maximum Search Time (s) 7.95 11.25 45.90
Mean Acquisition Time (s) 3.13 4.20 26.12
Median Acquisition Time (s) 2.05 2.85 25.90
Acquisition Time Std. Dev. (s) 2.69 3.57 6.41

Figure 7.3 provides cumulative distributions for target acquisition over time for each
orbital case. The cumulative distribution functions show that 50 km separated orbits
have steeper slopes compared to their respective 20 km separated cases, indicating faster
target acquisition for the 50 km separation. This is expected, the beam width at higher
distances is effectively larger and can therefore capture more particles per measurement,
leading to faster target acquisition convergence. Acquisition success rates for all 50 km
cases are higher than their 20 km counterparts, likely due to longer search windows and

larger beam widths.
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Figure 7.3. Cumulative probability of acquisition comparison for orbital Bayesian search
simulation over entire search time for various orbital configurations. The cumulative
probability accounts for cases where the target was not acquired, therefore these plots
do not all span from 0 to 1 for cumulative probability. The cumulative probability at
the end of each orbital configurations effective search time is therefore the overall
acquisition rate for each search.

7.3.1 Simulated Camera-less Orbital Target Acquisition Discus-
sion

The Bayesian search pattern generation algorithm shows convergent performance with
increased particle sampling. Still, there are issues with this technique, especially for
cases with prolonged tracking windows. Long tracking windows, such as those in the
parallel orbit cases, often result in the complete deletion of all particles, causing the
search patterns to end prematurely, as evidenced by the abrupt end of the search in
Figure 7.2c. Periodically reseeding particles throughout the search pattern generation
process may prevent the total deletion of all particles. However, this early end to a
search pattern does not seem to heavily impact overall acquisition performance as both
parallel orbit cases had acquisition rates over 85%.

Target acquisition performance appears highly dependent on both total available

114



tracking time and the initial target angular positional uncertainty relative to the ob-
server. This is made clear by noting the universally higher target acquisition success
rates for 50 km nominal target distance compared to the 20 km distance in Figure 7.3.
These results suggest that reducing initial angular uncertainty is an effective way to in-
crease acquisition rates. Therefore the combination of a laser tracking system with other
RSO detecting sensors capable of providing higher accuracy angular position informa-
tion warrants exploration. With acquisition rates below 6%, relying solely on TLE data
appears insufficient for acquiring targets at ranges below 20 km in non-parallel orbital

geometries.

7.4 Camera Initiated Simulated Orbital Target Acqui-
sition

Target acquisition statistics for Monte Carlo simulations of the Bayesian search initiated
by combining simulated camera detection based on the specifications of CASSIOPIEs
Fast Aural Imager (FAI) are summarized in Table 15. The details regarding the set
up for these simulations can be found in Chapter 4. I investigated the opposite and
perpendicular orbital cases at nominal radial distances between observer and target of
20 and 50 kilometres for these simulations, but deliberately did not explore the parallel
orbital cases. I did not explore the parallel orbital case since a proper comparison of
performance between TLE and camera based simulations would be difficult because of
the particle attrition problem present in the TLE initiated simulation. Regardless of
the particle attrition problem with the parallel orbital case, the Bayesian search already
showed extremely high acquisition success using just TLE uncertainty information alone,

any improvements from a camera would necessarily be marginal.
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Table 15. Camera vs TLE initiated simulation target acquisition statistics

20 km Nominal Radial Distance
Altitudes: Target (RCM-2) 597 km, Observer 577 km

Opposite Perpendicular
TLE Acquisition 4.52% 5.72%
Camera Acquisition 7.80% 28.40%
Acquisition Improvement | 72.57% 396.50%
TLE Mean Time (s) 1.54 2.26
Camera Mean Time (s) 1.52 1.79
Mean Time Improvement | -1.32% -20.80%

50 km Nominal Radial Distance
Altitudes: Target (RCM-2) 597 km, Observer 547 km

Opposite Perpendicular
TLE Acquisition 40.15% 47.01%
Camera Acquisition 72.00% 98.20%
Acquisition Improvement | 79.33% 108.89%
TLE Mean Time (s) 3.13 4.20
Camera Mean Time (s) 3.20 0.87
Mean Time Improvement 2.24% -79.29%

For all explored cases, camera initiated search substantially improved acquisition
rates, with greater acquisition improvement for the perpendicular case compared to the
opposite orbital case. The acquisition rate improvement for the 20 kilometre perpen-
dicular case was particularly high compared to the improvement for the 50 kilometre
perpendicular case. Mean acquisition times stayed relatively the same for both opposite

orbital cases, but showed meaningful improvement in the perpendicular cases.

7.4.1 Camera Initiated Simulated Orbital Target Acquisition

Camera initiated search simulations demonstrated that the information from even a sin-
gle camera measurement can meaningfully improve acquisition performance compared
to relying solely on TLE initiated searches. Acquisition performance improvement was
particularly high for the perpendicular orbital case at a nominal distance of 20 km, sug-
gesting that camera measurements show greater efficacy at close ranges compared to
farther distances. This makes sense from a geometric stand-point as regardless of dis-

tance the angular width of a pixel remains constant, while the angular width of the TLE
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uncertainty region reduces with distance. As such, the initial uncertainty reducing effect

of an image of a target should be greater at closer relative distances.
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Chapter 8

Conclusions

This thesis investigated the feasibility and limitations of using space-based laser ranging
systems for resident space object detection. I assessed the feasibility of space-based laser
ranging through analysis, simulation, and experimental testing. Importantly, my hy-
potheses regard space-based laser ranging systems with and without cameras separately.
In the following sections I restate each hypothesis and detail how my key contributions

correspond with each.

8.1 Hypothesis 1

Hypothesis 1: A steerable single-point laser rangefinder system consisting of a laser range
finder and high-accuracy steerable mirror can acquire and range targets with relative an-
gular rates similar to those observed in low Farth orbit (LEO) conjunction events at
distances exceeding 1 km. Target acquisition can be achieved by using predictive dynam-
1cs to optimize a search pattern within a dynamic uncertainty region.

I explored the feasibility of a space-based steerable single-point laser rangefinder sys-
tem by performing analysis and modeling to relate orbital geometries to key performance
metrics for a space-based laser ranging system, presented in Chapter 6. 1 also analyzed
how key performance parameters are effected by key hardware specifications. The maxi-
mum detectable range and measurement accuracy were two of these performance parame-

ters, evaluated in Chapter 6. Table 16 summarizes how increased hardware specifications
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impact these two performance parameters, along with the third important parameter, tar-
get acquisition. Target acquisition was evaluated through simulation and experimental
results presented in Chapter 7.

A general challenge for fast steering mirrors is their small size, which raised concerns
regarding ranging performance. I analyzed the effect of mirror size on maximum range
using the radar equation alongside geometric modeling in Chapter 6. I validated this
geometric modeling approach by testing the ranging capability of the prototype. The
maximum detection range calculated using the radar equation model was just under a
kilometre for diffuse reflecting targets and over 15 kilometres for retroreflective targets,
depending on the retroreflector radius. This result contradicts my first hypothesis for
ranging diffuse reflecting targets with a system using the same hardware as my prototype.

I assessed target acquisition performance using Monte Carlo simulations outlined in
Chapter 4, and validated the predictive capability of the simulation method through ex-
perimental testing of a prototype outlined in Chapter 5. As presented in Chapter 7, the
experimental results for the prototype were consistent with both stationary and moving
target simulations when using a Bayesian search pattern algorithm. The results of the
Monte Carlo orbital simulations suggest that target acquisition for most orbital config-
urations using a laser with a beam divergence equal to the prototype beam divergence
is difficult at nominal orbital distances below 20 km. In the case of a 20 km nominal
orbital distance, the target acquisition rate was below 6% for both the opposite and per-
pendicular orbital cases. Target acquisition was reasonably successful at nominal orbital
distances of 50 km. At 50 km nominal distance, the probability of target acquisition was
estimated to exceed 40%. For both the 20 and 50 km orbital distances, the parallel case
showed quite high acquisition rates, exceeding 85% for both. Table 16 summarizes how

acquisition success is improved or worsened by different design parameters.
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Table 16. Key performance parameters and trade-offs

Increased Parameter Max Range Accuracy Acquisition

Beam Divergence, « Decrease Worsen Improve
Rangefinder Measurement Time, t,,cqs Increase Worsen Worsen
Mirror Steering Speed, w - Improve Improve
Nominal Observer to Target Orbital Distance - Worsen Improve
Mirror Size Increase - -

Field of Regard - - Improve
Initial Uncertainty Region Size - - Worsen

Overall, my first hypothesis is partially supported by the results of this thesis. Al-
though range modeling refutes feasibility for the case of ranging diffuse reflecting targets,
the model supports the same prototype hardware being capable of ranging retroreflec-
tive targets. The development and evaluation of the Bayesian search pattern generation
through both simulation and experimental testing partially supports the target acquisi-
tion portion of the hypothesis. Simulated target acquisition rates were reasonably suc-
cessful for a nominal orbital distance of 50 km, while being largely unsuccessful for cases
with a nominal orbital distance of 20 km. For the parallel orbital configurations for both
20 and 50 km nominal orbital distances were close to 90%. Overall, these results suggest
that space-based laser ranging with the hardware investigated seems reasonably feasible

with the following restrictions:

1. There is prior TLE information on the target with a LEO TLE positional and

velocity uncertainty that is equal to or better than the average.

2. The nominal orbital distance between the LEO observer and target is at least 50
km, unless the orbital geometries have the two flying in the same direction in the

same orbital plane where an orbital distance of 20 km was found acceptable.

Acquiring a target appears feasible for ranges exceeding 50 km, however retroflective
targets can only be measured at ranges around 15 km. Therefore the limiting factor for
measuring a target appears to be ranging capability. There are a few ways to improve the
ranging performance of the system without heavily impacting acquisition performance.

According to the models developed and analysis performed in Chapter 6, as nominal
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orbital distance between observer and target increases, the required mirror steering speed
decreases. For an observer at an altitude of 575 km with a target at a nominal orbital
distance of 50 km, the required observation angular speed at the point of conjunction
is 0.3 rad/s. This speed is far slower than what the Optotune MR-15-30 is capable of,
approximately 53.7 rad/s. Therefore if an operator were to focus on ranging targets at
nominal orbital distances of 50 km or higher, then a slower, larger mirror is a reasonable
change. A rectangular mirror with dimensions of 35 mm by 22 mm should be capable
of capturing the entire emitted and returned signals for the DLEM 20. By eliminating
the occlusion effect, the maximum range capability is predicted to increase to just under
5 km for diffuse targets and exceed 35 km for typical retroreflective targets. While 35
km range is still shy of 50 km, a higher power rangefinder or a rangefinder with a larger
receiver aperture could be used to increase the maximum range. To achieve a 50 km
range, the rangefinder power would only have to increase by a factor of about 4, as the
DLEM is a 1 W rangefinder the increased power requirement is 4 W, which is a reasonable
power draw for a small satellite. All together, these results suggest that it is feasible to
range retroreflective targets without the need of a camera, given the above mentioned

restrictions.

8.2 Hypothesis 2

Hypothesis 2: Incorporating a target-detecting optical camera to provide pointing cues will
improve system mean acquisition time and target acquisition performance by providing
higher quality uncertainty estimates compared to solely relying on target two-line element
propagation.

My second hypothesis is supported by the simulated camera initiated orbital results
in this thesis, outlined in Chapter 4. Orbital simulations of the Bayesian search pattern
generation algorithm initiated using modeled camera measurements showed improved
target acquisition performance for all cases compared to solely TLE initiated searches.

Based on these Monte Carlo simulations, mean acquisition times also either improved or
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stayed the same. These results show that even a single measurement from a secondary
sensor that improve the initial target state estimate also improve search and acquisition
performance.

The Monte Carlo simulations that combined TLE information with a single modeled
camera measurement of a target showed universal acquisition improvement for both op-
posite and perpendicular orbital cases. The acquisition rate for the opposite orbital 20
km distance case remained low, just below 8%, while the perpendicular case acquisition
rate increased to just below 30%. Both opposite and perpendicular orbital cases for the
50 km nominal orbital distance had simulated acquisition rates over 70%. While 30% at
first seems like a low acquisition rate, a satellite may pass by multiple targets per day. As
such, 30% is reasonable for overall acquisition performance as nearly a third of passes are
expected to produce a measurement. For the specific hardware I explored, implementing
a camera cued measurement allows for reasonable acquisition of targets at 20 km nominal

orbital distances in perpendicular configurations to the observer.

8.3 Discussion

The results of this thesis highlight the significant role that orbital geometry has in search
and acquisition operations. As shown in the Monte Carlo simulation results, without the
ability to detect targets at significant distances, target acquisition becomes extremely
challenging for most orbital geometries without the aid of secondary sensors, such as
RSO detecting cameras. Notably, however, acquisition appears very feasible for orbital
geometries with low relative velocities and long tracking windows between observer and
target, regardless of distance.

A key contribution of this thesis was demonstrating that even minimal secondary
sensor input, such as a single measurement from a camera, can substantially improve
search efficiency and reliability. The investigation of using a Bayesian search algorithm
for target acquisition showed that TLE based searches are highly constrained to long dis-

tance measurements. The introduction of a secondary sensor to reduce initial uncertainty
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on a targets position greatly improved acquisition performance for unfavourable orbital
geometries. Therefore, sensor fusion in space situational awareness missions seems to be
very important for space-based RSO detecting systems where target observation windows
are short.

Based on the feasibility constraints presented above, it appears that space-based laser
ranging systems are technically feasible for short range tandem missions without retrore-
flectors and detecting general cooperative RSOs equipped with retroreflectors at nominal
orbital distances above 50 km. Space-based laser ranging also appears feasible at ranges
below 50 km with the aid of RSO detecting cameras and favourable orbital geometries.
These findings underscore the importance of incorporating cooperative features on RSOs
to enhance visibility, as well as reinforcing the importance of relative orbital geometries
when planning space-based space situational awareness missions. Finally, these findings
imply that space-based laser ranging alone is not particularly suitable for space debris
detection, both because of range limitations and because of the potential lack of TLE

information required for search operations.

8.4 Limitations

There are some key limitations that should be considered when evaluating the results
of this thesis. First, although generalized where possible, many of the results in this
thesis deal with specific pieces of hardware and the implied performance of their specifi-
cations. The Jenoptik DLEM 20 laser rangefinder has the constraint of being a low power
solution in a small compact form factor. Using this off-the-shelf rangefinder prevents flex-
ibility in orienting the receiver aperture relative to the emitter, which may exacerbate
the rangefinder to mirror occlusion issue. Likewise, the Optotune MR-15-30 is, of course,
limited in size and was not designed for compatibility with a DLEM 20 rangefinder.
Based on the hardware specifications, a system using these two pieces of hardware was
constrained to a scanning rate of 20 Hz for simulations. Whereas a higher scanning rate

likely improves acquisition performance, broadening the scope of orbital geometries in
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which a space-based laser ranging system is feasible. Finally, the fast aural imager (FAI)
on board CASSTIOPIE was used for camera cued Monte Carlo simulations, but the FAT
was not designed with RSO detection in mind. So, a higher accuracy RSO detecting
camera may be possible and could further improve search and acquisition performance.

Second, the Bayesian search pattern generation algorithm used is not necessarily an
optimized search solution. It is possible that a more efficient search strategy exists that
outperforms the Bayesian search presented. A more efficient search strategy could also
broaden the orbital cases where space-based laser ranging is feasible. T also note that
[ used the positional uncertainty associated with the average target TLE, where for a
specific target this uncertainty may be higher or lower. If the positional accuracy for a
specific TLE is higher than that for an average LEO TLE, I would expect the Bayesian
search to have better acquisition performance compared to the results presented in my
orbital simulations. Interestingly, to me this implies a feedback effect, where the more
frequently a target is measured and therefore the positional uncertainty reduced, the
easier it is to measure again, at least for the Bayesian search method. These limits
regarding the prototype hardware and search algorithm suggest the results in this thesis
are conservative compared to a hypothetical space-based system consisting of custom

hardware.

8.5 Future Work

This thesis presents several interesting areas that merit future investigation into the fea-
sibility and applications of space-based laser ranging. First, a comprehensive evaluation
of available laser rangefinders and fast steering mirrors (among other steering methods) is
warranted. Exploring the implications of different combinations of these devices would be
a useful expansion on the general trade-offs derived in this thesis. Further, exploring the
capabilities of custom hardware solutions optimized for detecting targets at far ranges
would be very useful for assessing the general feasibility of space-based laser ranging

systems.
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Second, further investigation into the specific impacts of design parameters on search
and acquisition performance would be useful for designing a better-performing system.
I showed the general effects that adjustment of these parameters had on search and
acquisition performance, but having a model that analyzes these effects in greater detail
would further clarify the feasibility of space-based laser ranging systems.

Third, finding more efficient search and acquisition strategies would improve the fea-
sibility of space-based laser ranging. Particularly, fusing continued target image infor-
mation with the Bayesian target uncertainty cloud past just the first image could drasti-
cally improve target acquisition. I foresee the largest challenge with this approach being
computational cost, taking too long to update the underlying distribution between mea-
surements. A generalization of the underlying position uncertainty distribution using a
functional, rather than numerical, relationship would drastically reduce computational
cost. Related would be the exploration into other sensors for information fusion, such as
radar.

Finally, further exploration into the effects of different relative orbital geometries
on search and acquisition would help refine where space-based laser ranging is feasible.
Related would be a robust study into the effect of relative orbital geometries on RSO
detection accuracy as well, both for laser ranging and visual imaging. Work like this
is useful for mission planning, both for space situational awareness missions but also
in formation flying missions. Incorporating noise into measurement performance from
external factors based on these orbital models would also help refine when and where

RSO detecting satellites are best used.
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Appendix B

Search Simulation and Experiment

Statistical Comparison

B.1 Stationary Target Acquisition Performance Com-
parison

Beginning with the spiral pattern, my null hypothesis, Hy is that the true hit rate is
65.8% and my alternative hypothesis, H; is that the true hit rate is not 65.8%, given in

Equations B.1 and B.2. T used a significance level of 5% (o = 0.05).

Hy: p=0.635 (B.1)

Hy: p+#0.635 (B.2)

Each test run is independent and is either a success (target hit) or a failure (target
not hit), therefore I treat the hit rate as a binomial random variable, X. The probability
mass function for a Binomial variable is given in Equation B.3, where n is the number of
trials, k is the number of desired successes, and p is the probability of getting a success

in one trial.

= ka(l —p)"* (B.3)



Because I am testing whether the experimental results are consistent with the sim-
ulation, whether or not the experimental results are higher or lower, I use a two sided
hypothesis test. This means to calculate the p-value I should consider the probability
that I get the result I actually got, in addition to all probabilities that are the same or
less likely. The probability that I see 8 successes in 10 trials, with a true hit probability
of 63.5% is:

10!

PX =8)= (10 — 8)18!

(0.635)%(1 — 0.635)"~® (B.4)

P(X =8) =0.1585 (B.5)

Likewise, the rest of the probabilities can be calculated in this manner, tabulated in Table

17.
Table 17. Spiral search experimental hit rate probabilities assuming a true success rate
of 63.5%

P(X =k) | Value (%)
P(X =0) 0.00
P(X =1) 0.07
P(X =2) 0.57
P(X =3) 2.65
P(X =4) 8.07
P(X =5) 16.86
P(X =6) 24.44
P(X =T7) 24.29
P(X =28) 15.85
P(X =9) 6.13
P(X =10) 1.07

Summing all of the cases with probabilities that are equal to or smaller than 15.85%
yields 34.41%, which is larger than the level of significance of 5%. Therefore, the exper-
imental performance for the Archimedes spiral is consistent with the simulated perfor-
mance.

I performed the same hypothesis testing process for the Bayesian search results. In
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this case the null and alternative hypotheses are:

Hy: p=0.779 (B.6)

Hi: p#0.779 (B.7)

The likelihood with a true probability of 77.9% that one would see 10 successes in 10

trials is:

10!

P(X =10) = (10 — 10)!10!

(0.779)'0(1 — 0.779)10-10 (B.8)

P(X =10) = 0.0823 (B.9)

Likewise, the rest of the probabilities can be calculated in this manner, tabulated in

Table 18.

Table 18. Bayesian search experimental hit rate probabilities assuming a true success
rate of 78.7%

P(X =k) | Value (%)
P(X =0) 0.00
P(X =1) 0.00
P(X =2) 0.02
P(X = 3) 0.15
P(X = 4) 0.90
P(X =5) 3.81
P(X = 6) 11.19
P(X =7) 92.55
P(X =8) 29.81
P(X = 9) 23.35
P(X = 10) 8.23

Summing all of the cases with probabilities that are equal to or smaller than 8.23%
yields 13.11%, which is larger than the level of significance of 5%. Therefore, the exper-
imental performance for the Bayesian search was consistent with the simulated perfor-

mance.
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B.2 Moving Rover Acquisition Performance Compari-
son

In Table 19, I tabulate the likelihood of seeing any given number of near misses assuming
the simulation near miss rate using the same process as for the stationary testing. The
likelihood of seeing a result as likely or rarer than two near misses assuming the simulation
near miss rate is 64.47%. Therefore the experimental near miss rate is consistent with the
simulation. The near miss time is also very similar between simulation and experiment,

with an error of 10.47%.

Table 19. Bayesian search for moving rover experimental near miss rate probabilities
assuming a true success rate of 14.4%

P(X =k) | Value (%)
P(X =0) 21.12
P(X = 1) 35.53
P(X =2) 26.89
P(X =3) 12.07
P(X = 4) 3.55
P(X =5) 0.72
P(X = 6) 0.10
P(X =17 0.01
P(X = 8) 0.00
P(X = 9) 0.00
P(X = 10) 0.00
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