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Abstra
tIn this thesis, large-eddy simulation (LES) is used to simulate both Newtonian andnon-Newtonian physiologi
al pulsatile 
ows in 
onstri
ted 
hannels to gain insightsinto the physi
al phenomenon of laminar-turbulent 
ow transition due to the presen
eof an arti�
ial arterial stenosis. The advan
ed dynami
 nonlinear subgrid-s
ale stress(SGS) model of Wang and Bergstrom (DNM) [1℄ was utilized to 
ondu
t numeri
alsimulations and its predi
tive performan
e was examined in 
omparison with that ofthe 
onventional dynami
 model (DM) of Lilly [2℄.An in-house LES 
ode has been modi�ed to 
ondu
t the unsteady numeri
alsimulations, and the results obtained have been validated against available experi-mental and dire
t numeri
al simulation (DNS) results. The physi
al 
hara
teristi
sof the 
ow �eld have been thoroughly studied in terms of the resolved mean velo
ity,turbulen
e kineti
 energy, vis
ous wall shear stress, and turbulen
e energy spe
traalong the 
entral streamline of the domain.
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Chapter 1
Introdu
tion
1.1 Ba
kground and MotivationHuman blood 
ow through arteries is inherently unsteady and pulsatile due to the
y
li
 nature of the heart pump, and the 
ow pattern 
an be laminar, turbulent ortransitional depending upon the lo
ation and geometry of the blood vessels. Thetransition of the 
ow pattern in a blood vessel is often indu
ed by sudden expansion(aneurysm) and sudden 
ontra
tion (stenosis) of the 
ross-se
tional area of a vessel,however, this physi
al me
hanism is further 
ompli
ated by unsteady pulsations,unsteadiness, re
ir
ulation and 
urvilinear e�e
ts. Moreover, owing to the presen
eof a moderate or severe stenosis in the artery, the 
ow 
an transit from laminar toturbulent patterns. Therefore, it is very important to understand the fundamentalphysi
s of these types of pulsatile stenoti
 transition 
ows, as they are essential forfurther understanding of the physiology of arterial diseases.1.1.1 Flow Through A Stenoti
 ChannelInvestigation of 
uid 
ow through stenosed (
onstri
ted) geometry represents aninteresting and 
hallenging topi
 for its signi�
an
e in biome
hani
s from theoreti
al,experimental and 
lini
al point of view. Generally blood 
ow in arteries is unsteadyand pulsatile due to the 
y
li
 nature of the heart pump. The Reynolds number (basedon the 
hannel height and bulk velo
ity) of blood 
ow 
an vary from 1 to 4000 in1



di�erent types of human arteries [5℄. Although blood 
ow is mostly pulsatile laminarwithout any obstru
tion in an artery, it 
an undergo laminar-turbulent transitionin presen
e of a 
onstri
tion. Furthermore, 
ow pulsatility also plays an importantrole on transition to turbulen
e in arteries [5℄. As a result, due to the presen
e ofa stenosis and 
ow pulsatility, turbulen
e 
an generate even at a Reynolds number(based on the hydrauli
 diameter and bulk velo
ity) as low as a few hundred [6℄. Thisbehaviour is in sharp 
ontrast to that of the well-known pipe 
ows, for whi
h the
riti
al Reynolds number for transition is approximately 2300.
1.1.2 Experimental StudiesIn literature, extensive experimental studies have been reported whi
h provide insightsinto the physi
al me
hanism underlying transition-to-turbulent 
ows through arterialstenoses. Most of the experimental studies of blood 
ows through stenosis modelshave fo
used on the e�e
ts of blood vessel geometries and shear stresses on the innerarterial wall. Clark [7,8℄ studied the 
uid me
hani
s of a nozzle shaped stenosis basedon both pulsatile (or, unsteady in some literature) and non-pulsatile (or, steady) 
owsusing the laser Doppler velo
imetry (LDV) te
hnique. He reported the statisti
s of ahighly disturbed 
ow after the stenosis and the in
uen
e of the Reynolds number onthe velo
ity 
u
tuations. In their study, Cassanova and Giddens [9℄ fo
used on the
ow disturban
es as a result of the stenoses and pulsations. The Reynolds numberin Cassanova and Giddens [9℄ ranged from 318 to 2540. They 
on
luded that themore abrupt and sharp-edged the stenosis, the greater the 
ow disturban
e at a givenReynolds number. For the non-pulsatile 
ow 
ase, their visualization studies andmeasurements indi
ated that if the stenosis is smoothly 
ontoured, a serious degreeof stenosis with 50% 
ontra
tion in the 
ross-se
tional area of the tube is required to
ause substantial 
ow disturban
es at the Reynolds number studied. However, fortheir pulsatile 
ow 
ase, the 
ow disturban
es are generated with a mild stenosis of25% 
ontra
tion. Based on these observations, Cassanova and Giddens [9℄ 
on
ludedthat the 
ow transition in the post-stenoti
 region is strongly dependent upon the2




ow pulsatility.Young and Tsai [10℄ investigated steady 
ow through axisymmetri
 and non-symmetri
 plasti
 model of arterial stenoses for Reynolds numbers ranging from 100to 5000. Their experimental results show strong in
uen
e of the size and shapeof stenosis on 
ow 
hara
teristi
s su
h as pressure losses, separation, turbulen
ephenomena and 
riti
al Reynolds number et
. Young and Tsai [11℄ also investigatedos
illating 
ow using the similar axisymmetri
 and nonsymmetri
 stenosis model.They reported that the os
illating 
ow is more stable than the 
orresponding steady
ow for mild 
onstri
tions, whereas 
ow is slightly less stable for 
onstri
ted models.Young
hareon and Young [12℄ also studied both steady and pulsatile 
ows throughthree severely 
onstri
ted stenosis models. They reported that the 
riti
al Reynoldsnumber for transition-to-turbulen
e in a pulsatile 
ow through the stenosis not onlydepends on the shape and size of the stenosis but also on the 
hara
teristi
s of theinlet-
ow waveform (of the pulsation), whi
h is a similar result to that of Young andTsai [10, 11℄.Ahmed and Giddens [3, 13℄ studied 
ow disturban
es through an axisymmetri
stenosis with a maximum of 75% area redu
tion at the moderate Reynolds numberranging from 500 to 2000 using the LDV te
hnique. They reported detailedmeasurement results on both the velo
ity and velo
ity 
u
tuations in the post-stenoti
 region. Later on, Ahmed and Giddens [14℄ studied pulsatile post-stenoti

ows through the same geometry using the same methodology with a sinusoidal
enterline velo
ity pro�le at Reynolds number of 600. Ahmed [15℄ again 
ondu
tedexperiments on pulsatile 
ow through a similar type of smooth arterial stenosis atReynolds number ranging from 200 to 1000 using LDV and studied propagation ofpost-stenoti
 
ow disturban
es.1.1.3 Computational StudiesBeyond the leading experimental investigations mentioned above, the method of
omputational 
uid dynami
s (CFD) has been signi�
antly developed to simulate3



these types of pulsatile stenoti
 transition 
ows over the past de
ade. MajorCFD studies on laminar-turbulent transition 
ow in idealized stenoses in
ludethe Reynolds-averaged Navier-Stokes (RANS) method, dire
t numeri
al simulation(DNS) and large-eddy simulation (LES).Tan et al: [16℄, Ghali
hi et al: [17℄ and Lee et al: [18, 19℄ studied 2-dimensional(2D) laminar-turbulent transitional 
ows in an arterial stenosis using RANS models(parti
ularly, the k � � model). Ryval et al: [20℄ also examined both steady andsinusoidally pulsatile 
ows through 75 and 90 per
ent 
onstri
ted 
hannel at Reynoldsnumbers 500 and 1000 using both standard and transitional versions of the k � �models. They 
on
luded that the transitional k � � model gives a better agreementwith the experimental result of Ahmed and Giddens [3,13,14℄, whereas the standardk� � model gives a better predi
tion of the variation of the re
ir
ulation zone lengthwith the Reynolds number. Paul et al: [21℄ investigated the e�e
ts of the spiralblood 
ow in a model of 3D arterial stenosis with a 75 per
ent 
ross-se
tional arearedu
tion at the 
entre using the standard k � � model for Reynolds numbers 500and 1000. They 
on
luded that the spiral e�e
t redu
es the turbulen
e kineti
 energy(TKE) and produ
es os
illating wall shear stress in the post-stenoti
 region whi
hmay damage the inner side of the blood vessel. They simpli�ed the work by assumingthat the walls of the vessel are rigid.Sa�man and Wil
ox [22℄ indi
ated that the RANS approa
h often fails to showgood results for the Reynolds shear stress, turbulen
e kineti
 energy and dissipationrate. Later on, Wil
ox [23℄ mentioned that RANS turbulen
e models are primarilydesigned for simulating well-developed, high Reynolds number turbulent 
ows and arenot suitable for predi
ting arterial 
ows. S
otti and Piomelli [24℄ later 
lari�ed thatthere are inherent limitations with the 
onventional RANS turbulen
e models whenthey are applied to the study of pulsatile 
ows (whi
h are intrinsi
ally unsteady). TheRANS modelling approa
h does not represent an ideal tool for simulating the pulsatiletransitional 
ows, as the governing equations in a RANS approa
h is ensemble-averaged. 4



With the advan
ement of the 
omputational power, several DNS studies onpost-stenoti
 laminar-turbulent transition 
ows have been 
ondu
ted. Sherwinand Bla
kburn [25, 26℄ studied transition to turbulen
e of steady and pulsatileaxisymmetri
 stenoti
 pipe 
ows using DNS te
hnique. For the pulsatile 
ase, theytook a simple sinusoidal pro�le at the inlet with Reynolds number ranging from 250to 800. Varghese et al: [27, 28℄ investigated both non-pulsatile and pulsatile 
owsthrough a modeled axisymmetri
al stenosis using the DNS approa
h and reporteddetailed turbulen
e statisti
s at low Reynolds numbers in the downstream region ofthe stenosis. Later on, they extended their study by 
omparing the DNS resultswith the 
orresponding LES and RANS simulation and 
on
luded that LES is amore promising method for modelling transitional stenoti
 
ows [29℄. Re
ently,Bhaganagar [30℄ performed high-order DNS for four 
anoni
al types with identi
aldegree (25%) of stenosis of modelled blo
ked vessels. Their analysis indi
ates thatturbulen
e statisti
s are dependent not only on morphology but also the shape of thestenosis.From the point of view of numeri
al simulation, DNS is extremely demanding on
omputing resour
es as all the spatial and temporal s
ales of turbulen
e need to bea

urately resolved (in
luding the smallest turbulent eddy motions at the Kolmogorovs
ales). On the other hand, the RANS approa
h only resolves the turbulent eddymotions at the largest integral s
ales, and are not suitable for unsteady simulation ofpulsatile 
ows in a stenoti
 
hannel. Owing to the limitations of the RANS and theDNS approa
hes mentioned above, the method of LES embodies a superior numeri
altool for this type of resear
h. In LES, a �lter is used to di�erentiate large (�ltered)and small (subgrid) s
ales of motion. Unlike the DNS approa
h, only the �ltereds
ales are resolved while the smaller or subgrid-s
ales (SGS) are modeled in a LESapproa
h. As a 
onsequen
e, the 
omputational expenses asso
iated with a LESapproa
h 
an be signi�
antly redu
ed. Moreover, LES is 
apable of providing time-a

urate information about a wide range of dynami
ally important s
ales with abetter physi
al insights into the 
ow.The appli
ation of the te
hnique of LES to the study of 
ow in a modeled arterial5



stenosis has been reported by several resear
hers. Mittal et al. [4,31℄ studied pulsatiletransition 
ows in a planar 
hannel with a semi-
ir
ular 
onstri
tion using LES. Themaximum Reynolds number (based on width of the 
hannel and bulk velo
ity) in theirstudies was 2000. Paul et al: [32℄ used LES to study pulsatile blood 
ows througha simple 3D 
hannel with a biologi
al type stenosis formed on the top wall. Theyinvestigated the laminar-turbulent transition phenomena of a non-additive pulsatile
ow at a �xed Reynolds number of 1200 using the dynami
 subgrid model of Piomelliand Liu [33℄. Molla et al: [34, 35℄ investigated with the same type of model stenosisfor both additive and non-additive pulsatile 
ows for a maximum Reynolds numberof 2000 using the dynami
 model of Lilly (DM) [2℄.Barber and Simmons [36℄ 
ondu
ted LES of an in
ompressible homogeneousNewtonian 
ow using a 
ommer
ial 
ode, FLUENT 6.3, for a rigid, symmetri
 arterywith �fty per
ent vessel 
onstri
tion. They imposed a physiologi
al pulsatile pro�leat the inlet of the model stenosis and the SGS stresses were modeled using the DMof Lilly [2℄. Gardhagen et al: [37℄ performed LES for 
ow in a 75 per
ent stenosed(based on 
ross se
tional area) pipe with a fully-developed Poiseuille 
ow pres
ribedat the inlet. They used ANSYS GAMBIT 204 for mesh generation and FLUENT for
omputing the wall shear stress (WSS). They divided the post-stenoti
 region intothree parts based on WSS 
hara
teristi
s along with the de
omposition of the WSSinto a time-averaged and a 
u
tuating 
omponents. Very re
ently, Tan et al: [38℄used both LES and RANS to predi
t transitional 
ow in 75 per
ent stenosed arterialvessels 
aused by symmetri
al and slightly e

entri
 stenoses. They reported thatthe LES model shows a better agreement with the experimental data than the RANSmodel, though RANS is also 
apable of 
apturing important 
ow features su
h as
ow separation and reatta
hment.
6



1.2 Subgrid-s
ale Models in LESLES is an approa
h that 
an be 
onsidered to lie between DNS and RANS. UnlikeDNS, where all spatial and temporal s
ales are resolved; in LES, only the energy-
ontaining s
ales (
orresponding to `large eddies') of the turbulen
e are resolvedspatially and temporally; the smaller s
ales (or, subgrid s
ales (SGS)), need to bemodeled [39℄.The �rst SGS stress model is the so-
alled Smagorinsky model (SM), originallyintrodu
ed by Smagorinsky in 1963 [40℄. This model 
orrelates the SGS stress tensor�ij with the resolved strain rate tensor, �Sij (de�ned as �Sij def= 12� ��ui�xj + ��uj�xi �) througha model 
oeÆ
ient (whi
h is referred to as the Smagorinsky model 
oeÆ
ient). Agroundbreaking advan
ement in SGS stress modelling was the introdu
tion of thedynami
 model (DM) in 1991 by Germano et al. [41℄. In 
omparison with the originalSM, the DM is free from any empiri
al pre-determined model 
onstants. Both themodel 
oeÆ
ient and the near-wall SGS length-s
ale 
an be dynami
ally 
alibratedusing the updated 
ow �eld in the DM SGS modelling approa
h.Following the introdu
tion of the DM by Germano et al. [41℄ and Lilly [2℄ inthe early 1990's, a further advan
ement in SGS modelling is represented by thedynami
 nonlinear model (DNM) of Wang and Bergstrom [1℄, whi
h in
ludes theDM of Germano et al. [41℄ as the �rst-order approximation. In 
omparison with theDM, the DNM proposed by Wang and Bergstrom [1℄ admits more degrees of freedomfor nonlinear representation of the SGS stress tensor.The 
onventional DM of Germano et al. [41℄ and Lilly [2℄ is still the most popularin literature for LES of turbulent 
ows. It is well-known for its advantages su
h asself-
alibration, numeri
al robustness, and being free from any empiri
al 
onstantsand need for any ad ho
 wall damping fun
tions near the solid surfa
e. However,the Smagorinsky 
onstitutive relation [40℄ for the DM is based on the 
lassi
allinear Boussinesq hypothesis whi
h assumes the prin
ipal axes of the negative SGSstress tensor to be exa
tly aligned with those of the resolved strain rate tensor.7



This inevitably leads to an inadequate geometri
al representation of the SGS stress
omponents [1,42℄. On one hand, if the model 
oeÆ
ient is restri
ted to be positive, it
an lead to an unrealisti
 SGS dissipation e�e
t. On the other hand, if the 
oeÆ
ientis allowed to be negative, numeri
al instability arises due to ex
essive ba
ks
atterof the SGS kineti
 energy (KE). In 
omparison with the DM, the DNM exhibitssigni�
ant 
exibility in self-
alibration of the model 
oeÆ
ients and avoid ex
essiveba
ks
atter of SGS KE and potential modelling singularity problems. The DNMalso admits various tensorial representation of the SGS stress tensor and re
e
ts bothforward and ba
kward inertial invis
id KE s
attering pro
ess between the resolved andunresolved s
ales of motions. In 
ontrast with the DM, the DNM is a lo
alizationmodel, whi
h exhibits instantaneous lo
al stability without restoring to any planeaveraging te
hnique or any arbitrary bounds for restri
ting the model 
oeÆ
ients.
1.3 LES of Non-Newtonian Flows in A Stenoti
ChannelIn the 
urrent literature on LES of stenoti
 
ows, simulations have been performedbased on primarily the dynami
 SGS stress model (DM) of Germano et al. [41℄and Lilly [2℄. It should be pointed out that this type of numeri
al approa
h, i.e.LES of non-Newtonian blood 
ows based on the 
onventional DM, is 
on
eptuallyin
onsistent. This is be
ause the 
onstitutive relationship of the DM is based on theoverly simpli�ed linear Boussinesq assumption (Smagorinsky), and 
orrespondingly,the SGS vis
osity of the DM is a linear fun
tion of the resolved strain rate tensor. In
ontrast, it is widely observed that the mole
ular vis
osity of a non-Newtonian 
uidis typi
ally a nonlinear fun
tion of the strain rate tensor.In order to ensure both the mole
ular and SGS vis
osities are 
on
eptually
onsistent in LES of a non-Newtonian 
ow, the advan
ed dynami
 nonlinear SGSstress model (DNM) of Wang and Bergstrom [1℄ is implemented in the numeri
alpro
edure. For this proposed 
onsistent modelling approa
h, the Cross model [43℄ is8



used to evaluate the non-Newtonian mole
ular vis
osity at the �ltered (or, resolved)s
ale and the DNM is used to re
e
t the non-Newtonian 
hara
teristi
s of the SGSvis
osity at the SGS (or, unresolved) s
ale.1.4 Obje
tive of the ThesisThis resear
h in
ludes three major obje
tives:� The physi
s of pulsatile Newtonian 
ow 
on�ned within a 3D 
hannel withboth-sided 
onstri
tion will be studied. This analysis in
ludes the resolvedmean velo
ity, turbulen
e kineti
 energy, mean pressure, vis
ous wall shearstress, resolved and subgrid-s
ale turbulent shear stresses, model 
oeÆ
ients,SGS TKE produ
tion rate, and turbulen
e energy spe
tra. This resear
h furtheraims at examining the predi
tive performan
e of the DNM in 
omparison withthe 
onventional DM.� A new 
onsistent modelling approa
h is proposed to resolve the 
urrent
on
eptual in
onsisten
y in modelling the mole
ular and SGS vis
osities forLES of non-Newtonian 
ows. In this study, as the �rst attempt to resolve the
urrent in
onsisten
e in shear stress modelling for LES, the attention will befo
used on the 
ombination of the Cross model and the DNM of Wang andBergstorm [1℄.� This resear
h also aims at validating the 
urrent LES result with the experimentresults of Ahmed and Giddens [3℄, the LES results of Mittal et al. [4℄ and theDNS results of our resear
h group (by 
ourtesy of Md. Abul Khair) in order toexamine the predi
tive a

ura
y of the numeri
al algorithm.
9



1.5 Outline of the ThesisThe thesis is organized as follows. In 
hapter 2, the methodology of LES will beintrodu
ed, in
luding, e.g., the �ltering operation and �ltered governing equationsfor LES, the algorithm along with the boundary 
onditions for solving the �lteredgoverning equations, and SGS stress models to be used for 
losure of the �lteredmomentum equation.In 
hapter 3, the LES te
hnique will be applied to investigate the physi
s ofpulsatile Newtonian 
ows through a both-sided 
onstri
ted 
hannel. The numeri
alresults obtained from the LES will be thoroughly validated against experimentalmeasurements and the available numeri
al data. Furthermore, the e�e
t of theReynolds number on 
ow 
hara
teristi
s will be analyzed by varying the Reynoldsnumber from 750 to 1800.In 
hapter 4, the LES te
hnique asso
iated with the DNM will be appliedto simulation of physiologi
al pulsatile non-Newtonian 
ows through a one-sided
osine-shaped 
onstri
ted 
hannel. The predi
tive performan
e of the DNM will bethoroughly analyzed. The Reynolds number tested for this 
ase is set to 1200.In 
hapter 5, a summary of the major 
on
lusions of this thesis and a dis
ussionof the dire
tions for possible future explorations will be presented.

10



Chapter 2
Numeri
al Methods
2.1 Governing EquationsHuman blood 
ow 
an be treated as a Newtonian 
uid in large arteries, however, insmaller arteries and veins, it behaves typi
ally as a non-Newtonian in
ompressiblevis
oelasti
 
uid [44℄. For both Newtonian and non-Newtonian 
ows, the Navier-Stokes equations are suitable for predi
ting the 
ow physi
s of blood through thearterial stenosis. We assume that the 
uid is homogeneous and in
ompressible. The
ontinuity and momentum equations for a homogeneous in
ompressible 
ow take thefollowing forms in the general Cartesian 
urvilinear 
oordinate systemAkjjJj �uj��k = 0 (2.1)�ui�t + AkjjJj �uiuj��k = �Akj�jJj �p��k + �� AkjAljjJj2 �2ui��k��l (2.2)In the above equations, Akj are the elements of the 
ofa
tor matrix,A, of the Ja
obianjJj. 11



2.2 The Filtering OperationTo obtain the LES equations, the governing Eqs. 2.1-2.2 are �ltered using a low-pass spatial �lter whi
h separates the large s
ale (resolved s
ale) from the small s
ale(subgrid s
ale). If f(xj; t) represent a generi
 instantaneous variable at at lo
ationxj and time t, the 
orresponding �ltered variable, known as the resolvable �f(xj; t), isde�ned as the 
onvolution of f(xj; t) [45℄:�f(xj; t) = ZD f(x0j; t)G(xj � x0j;�(xj))dx0j (2.3)where G is a �lter kernel fun
tion, D is the 
omputational domain; �(xj) is the�lter width, whi
h in LES pra
ti
e is typi
ally de�ned based on the 3D mesh sizes as�(xj) = 3p�x�y�z. The �lter fun
tion G is usually de�ned as the produ
t of threeone-dimensional �lters,G(xj � x0j;�(xj)) = 3Yj=1 g(xj � x0j;�(xj)) (2.4)where g is an arbitrary fun
tion, the �lter fun
tion G must satisfy the normalisation
ondition, ZDG(xj � x0j;�(xj))dx0j = 1 (2.5)De�ning the Fourier transform f̂(kj; t) of f(xj; t) asf̂(kj; t) = ZD f(x0j; t)e�ikjxjdxj (2.6)It 
an be seen from the de�nition of the spatial �lter (Eq. 2.3) that �f(xj; t) is a simple
onvolution of the generi
 variable f(x0j; t) and �lter fun
tion G, whi
h implies thatits Fourier transform is �̂f(kj; t) = Ĝf̂(kj; t) (2.7)where Ĝ = Q3j=1 ĝ(kj;�(xj)) is the Fourier transform of the �lter fun
tion. It isimportant to note that this �lter fun
tion determines the size and stru
ture of thesmallest resolvable eddies. Various distributions of the �lter fun
tion are available in12



the literature, for example, see Leonard [45℄, Germano [41℄, and Ghosal and Moin [46℄.The most 
ommonly used �lter fun
tions and their Fourier transforms are given below.The top hat �lter,G(xj � x0j;�(xj)) = 8<: 1�(xj) if ��xj � x0j�� � �(xj)20 otherwise (2.8)and the Fourier transform of the top hat �lter isĝ (kj;�(xj)) = sin�kj �(xj)2 �kj �(xj)2 (2.9)The Gaussian �lter,G(xj � x0j;�(xj)) =  r 6� 1�(xj)2! exp ��6(xj � x0j)2�(xj) � (2.10)and its Fourier transform iŝg(kj;�(xj)) = exp�(kj�(xj))24 (2.11)and the Fourier 
ut-o� �lter,G �xj � x0j;�(xj)� = sin(k
(xj � x0j))�(xj � x0j) (2.12)where k
 = ��(xj) and the 
orresponding Fourier transform isĝ(kj;�(xj)) = 8<:1 if jkj � k
0 otherwise (2.13)From its de�nition equation, it is 
lear that for the Fourier 
ut-o� �lter, if ĝ iszero for k2 = kjkj > k2
 (where k
 is a 
ut-o� wave number de�ning the limit of waveresolution) then �f will 
ontain no 
ontribution from wave numbers greater than k
.This implies that, wave numbers greater than a 
ut-o� value are 
ompletely removedfrom the 
ow �eld leaving the smallest wave numbers una�e
ted. In 
ontrast, both13



the top hat and Gaussian �lter fun
tions a�e
t all wave numbers without removing
ompletely any parti
ular part of the spe
trum. In the simulation, the top hat �ltergiven in Eq. 2.8 is used following the suggestion of Germano [41℄ who indi
ated thatthe top hat �lter �ts naturally into a �nite volume formulation. It should be furtherindi
ated that for the 
urrent LES approa
h, the �ltering pro
ess is applied to thedynami
 pro
edure at the test-grid level only.
2.3 Filtered Governing EquationsAfter applying the �ltering pro
ess to the governing Eqs. 2.1 and 2.2, the �ltered
ontinuity and momentum equations for LES of a homogeneous in
ompressible 
owtake the following forms in the general Cartesian 
urvilinear 
oordinate systemAkjjJj ��uj��k = 0 (2.14)
��ui�t + AkjjJj ��ui�uj��k = �Akj�jJj ��p��k � AkjjJj ��ij��k + ���k �Akj�jJj��AljjJj ��ui��l + AlijJj ��uj��l ��(2.15)As a dire
t 
onsequen
e of the �ltering pro
ess, the SGS stress term, �ij def= uiuj��ui�uj,appears in the �ltered momentum equation, whi
h needs to be modeled in order to
lose the above set of governing equations.
2.4 SGS Stress ModelsTwo SGS stress models are used for the 
losure of the �ltered momentum equationsin this thesis: namely, the 
onventional dynami
 Smagorinsky model (DM) ofLilly [2℄ and the advan
ed dynami
 nonlinear SGS stress model (DNM) of Wangand Bergstrom [1℄. The formulations for these two dynami
 linear and nonlinearmodels are brie
y des
ribed as follows. 14



2.4.1 Dynami
 Smagorinsky Model (DM)The 
onventional DM introdu
ed by Lilly [2℄ has been widely used in the LES
ommunity due to its simpli
ity and robustness. The 
onstitutive relation for theDM is based on a linear tensorial fun
tion of the resolved strain rate tensor �Sij, i.e.� �ij = �2CS ��2j �Sj �Sij (2.16)where �� def= (�x�y�z)1=3 is the grid level �lter size, �Sij def= 12� ��ui�xj + ��uj�xi � is the resolvedstrain rate tensor and j �Sj def= (2 �Sij �Sij)1=2 is the norm of �Sij. In the above equation,an asterisk represents a tra
e-free tensor, i.e. (�)�ij def= (�)ij � (�)kkÆij=3 and Æij is theKrone
ker delta. In the DM, the model 
oeÆ
ient CS is 
omputed dynami
ally duringthe simulation, rather than input a priori as in the Smagorinsky SGS stress model.The optimal dynami
 
oeÆ
ient CS 
an be obtained using the least squaresmethod to give CS = �MijL �ijMijMij (2.17)where Lij is the resolved Leonard type stress de�ned as Lij def= g�ui�uj � ~�ui~�uj, andMij def= �ij � ��ij is a di�erential tensor. Here, �ij def= 2~��2j ~�Sj ~�Sij and �ij def= 2��2j �Sj �Sijare two base stress tensors at the grid and test-grid levels, respe
tively. In the aboveequations, the �ltered quantities at the grid level are denoted using an over bar, whilethe �ltered quantities at the test-grid level for the dynami
 pro
edure are denotedusing a tilde. In order to perform the dynami
 pro
edure, the ratio between the �ltersizes at the test-grid and grid levels is set to ~��= �� = 2.The DM has been applied to many 
ows [33, 41, 47{49℄, generally with goodresults. However, the DM has a few drawba
ks due to the Smagorinsky 
onstitutiverelation adopted in its 
onstitutive relation: (i) similar to the original Smagorinskymodel, it assumes equilibrium between dissipation and produ
tion of the SGS KEand requires the prin
ipal axes of the SGS stress tensor �ij to be aligned with those ofthe resolved strain rate tensor �Sij, whi
h then gives an inadequate representation ofthe SGS stress 
omponents [1, 42, 50℄; (ii) the model 
an result in an unrealisti
15



SGS dissipative e�e
t if the model 
oeÆ
ient is restri
ted to be positive; (iii) apotential numeri
al instability 
an arise due to ex
essive ba
ks
atter of the SGS KEif the model 
oeÆ
ient is allowed to be negative [33, 49℄; and (iv) the DM modellingformulation is not bounded and admits a possible singularity when the denominatorof the formulation (MijMij) be
omes very small [49℄. A plane averaging te
hnique hasoften been adopted (when a homogeneous plane exists) for the DM to avoid numeri
alinstability due to either ex
essive ba
ks
atter or potential singular situation of themodelling formulation [33, 41, 47, 49℄.
2.4.2 Dynami
 Nonlinear Model (DNM)In order to over
ome the drawba
ks of the DM mentioned above, Wang andBergstrom [1℄ re
ently proposed a dynami
 nonlinear model (DNM) for evaluatingthe SGS stress tensor. The 
onstitutive relation for the DNM is based on an expli
itnonlinear quadrati
 tensorial polynomial 
onstitutive relation originally proposed bySpeziale [51℄ (see also Gatski and Speziale [52℄) for modelling of the Reynolds stresstensor in a RANS approa
h. In the 
ontext of LES, the SGS stress is modeled as� �ij = �CS�ij � CW
ij � CN�ij (2.18)In the above equation, the base tensors at grid level are de�ned as �ij def= 2��2j �Sj �Sij,
ij def= 4��2( �Sik �
kj + �Sjk �
ki) and �ij def= 4��2( �Sik �Skj � �Smn �SnmÆij=3). Here, Æij is theKrone
ker delta; �
ij def= 12� ��ui�xj � ��uj�xi � is the resolved rotation rate tensor. A

ordingto Wang and Bergstrom [1℄, the values of the three model 
oeÆ
ients CS, CW andCN 
an be determined by minimizing the residual of the Germano identity followingthe dynami
 pro
edure of Lilly [2℄ as26664MijMij MijWij MijNijWijMij WijWij WijNijNijMij NijWij NijNij37775 � 26664CSCWCN37775=�26664L �ijMijL �ijWijL �ijNij37775 (2.19)16



where Wij def= �ij � ~
ij and Nij def= �ij � ~�ij are di�erential tensors; and �ij def=4~��2( ~�Sik ~�
kj + ~�Sjk ~�
ki) and �ij def= 4~��2( ~�Sik ~�Skj � ~�Smn ~�SnmÆij=3) are base tensors at thetest-grid level.The design of the 
onstitutive relation of Eq. 2.18, in terms of the 
hoi
e of thethree 
onstituent tensorial base 
omponents, �ij, 
ij and �ij, is not arbitrary: (i) the�rst term �ij is the well-known Smagorinsky 
omponent whi
h primarily relates tothe SGS dissipation and forward s
atter of turbulent kineti
 energy (TKE) from theresolved to SGS motions; (ii) the se
ond term 
ij does not make any 
ontribution tothe TKE transfer between the resolved and subgrid s
ales, however, it signi�
antlyimproves the 
orrelation between the exa
t �ij extra
ted from a dire
t numeri
alsimulation (DNS) database and that predi
ted by the nonlinear model in the apriori LES approa
hes; and (iii) the third term �ij 
ontributes signi�
antly to theba
ks
atter of TKE from the subgrid to the resolved s
ales [1℄. The three featuresmentioned above, namely, an adequate SGS dissipation level, a high 
orrelation
oeÆ
ient between the model and exa
t SGS stresses in a priori LES test, anda realisti
 representation of the TKE ba
ks
atter, are among the most important
riteria for evaluation of a su

essful SGS stress model. The Speziale 
onstitutiverelation on whi
h the DNM is based, o�ers an e�e
tive representation for modellingthese three important physi
al features separately using three independent tensorialterms. Further investigation and appli
ation of the DNM 
an be found in, in Wanget al. [53, 54℄ on numeri
al simulation of turbulent 
hannel 
ows with and withoutheat transfer, in Xun et al. [55℄ on numeri
al study of Poiseuille type plane 
hannel
ows with and without system rotations, in Wang et al: [56℄ on investigation of thetopologi
al features of wall-bounded turbulent 
ows, and in Wang et al: [50℄ on studyof the geometri
al properties of the SGS stress tensor.
17



2.5 Numeri
al AlgorithmA �nite volume method was used to dis
retise the governing equations to yield asystem of linear algebrai
 equations in the 
ontext of a 3D 
urvilinear 
oordinatesystem. To dis
retise the di�usion term in the �ltered momentum equations, ase
ond-order a

urate 
entral di�eren
e s
heme was used. For the 
onve
tive term, anenergy 
onserving dis
retisation s
heme was used following the approa
h of Morinishiet al. [57℄. The transient term was dis
retised using a three-point ba
kward di�eren
es
heme with a 
onstant time step �t = 1:5 � 10�3 se
onds. A pressure 
orre
tionalgorithm was applied to the 
oupled pressure and velo
ity 
omponents stored at the
entre of a 
ontrol volume in a

ordan
e with the 
ollo
ated grid arrangement. Atea
h time step, the pressure �eld was updated by solving a Poisson type pressure
orre
tion equation using an in
omplete Cholesky-Conjugate gradient (ICCG) [58℄method. The 
he
kerboard e�e
t in the pressure �eld arising from the pressure-velo
ity de
oupling on a 
ollo
ated grid system was removed using a nonlinearmomentum interpolation s
heme [59℄ for the evaluation of 
ell-fa
e velo
ities fromthe nodal values. Overall the in-house 
ode is se
ond-order a

urate with respe
tto both temporal and spatial resolutions. In order to make the thesis 
on
ise, adetailed numeri
al pro
edure for the �nite volume approa
h is do
umented separatelyin Appendix A.2.6 Boundary ConditionsThe inlet boundary 
ondition is very important for studying pulsatile laminar-turbulent transition 
ows. The physiologi
al pulsatile laminar velo
ity pro�le usedfor generating the time-dependent pulsatile boundary 
ondition at the inlet of the
hannel, was obtained through an analyti
al solution to the Navier-Stokes equationin the 
ontext of a fully-developed laminar 
hannel 
ow when the pressure gradientis approximated as a temporal Fourier series, ��p�x = 23A0 + APNn=1Mnei(n!t+�n) (see,Womersley [60℄). The solution takes the following form18



u(y; t) = �U [1� 4y2h2 ℄ + NXn=1 MnAh2in��2 [1� 
osh(pin� yh)
osh(pin� 12) ℄ei(n!t+�n) (2.20)In the above equation, 
onstants A0 and A 
orrespond to the steady and os
illatoryparts of the pressure gradient; Mn and �n represent 
oeÆ
ients and the phase angle,N is the number of harmoni
s of the 
ow set to 4 (
onsidering only the �rst fourharmoni
s of the pressure pulse, whi
h are ne
essary for modelling realisti
 arterialblood waveforms); ! def= 2�T is the frequen
y of the pulsations, T is the time periodof a pulsation 
y
le and i = p�1 is the unit imaginary number. In order to makethe thesis 
on
ise, detailed mathemati
al derivation of the inlet boundary 
onditionis do
umented separately in Appendix B.At the outlet of the 
hannel, the 
onve
tive boundary 
ondition is used, viz.��ui�t + �U
AkjjJj ��uj��k = 0 (2.21)where �U
 is the mean 
onve
tive velo
ity at the outlet. In the spanwise dire
tion, aperiodi
 boundary 
ondition is applied. Thus the �eld at two spanwise boundaries�1 and �2 is set to be identi
al, i.e.�uj(x; t)j�1 = �uj(x; t)j�2 (2.22)�pp(x; t)j�1 = �pp(x; t)j�2 (2.23)No slip and no penetration boundary 
ondition is applied to all solid surfa
es.
2.7 Data Pro
essing and Flow Statisti
sOwing to the presen
e of pulsations, it requires that the 
al
ulation of statisti
sbe 
arefully dealt with. Three averaging te
hniques are involved, in
luding phaseaveraging between di�erent pulsation 
y
les, time-averaging, and spatial-averagingalong the homogeneous (spanwise) dire
tion. Furthermore, these three averaging19



methods need to be properly 
oupled in the 
al
ulations in order to reveal properlythe statisti
al properties of the pulsatile 
ow �eld. In general, the statisti
al methodadopted here is similar to those used in Mittal et al. [31℄ and Varghese et al. [27℄. Inthe following 
ontext, it is bene�
ial to 
larify these basi
 averaging te
hniques.For a �ltered generi
 
ow variable in LES, �f , time-averaging over the period oftime Tf is de�ned as 
 �f� (x; y; z) = 1Tf Z t0+Tft0 �f(x; y; z; t)dt (2.24)where t0 is the initial time, Tf = MT and M is the total number of pulsatile 
y
les.Following the 
onvention, turbulent 
u
tuations of the �ltered 
ow variable �f withrespe
t to time-averaging 
an be determined through the following de
ompositionf 0(x; y; z; t) = �f(x; y; z; t)� 
 �f� (x; y; z) (2.25)In the spanwise dire
tion, the 
ow �eld is statisti
ally homogeneous. Spatial-averaging along the spanwise dire
tion 
an be performed as
 �f�s (x; y; t) = 1Lz Z Lz0 �f(x; y; z; t)dz (2.26)where Lz = 3h is the width of the 
hannel. In order to separate small turbulent
u
tuations from the large pulsatile 
u
tuations, a phase-averaging te
hnique isneeded (Hussain and Reynolds [61℄ and Mittal et al. [31℄). Phase-averaging overTf (for M pulsatile 
y
les) is de�ned as
 �f�p (x; y; t) = 1M M�1Xm=0 
 �f�s (x; y; t+mT ) (2.27)In order to determine the root mean square (RMS) value of a 
ow variable,all three averaging te
hniques mentioned here are needed. First, both phase-averaging and spatial-averaging (spanwise) are applied to all pulsatile 
y
les; andse
ond, an instantaneous �eld (of the same phase) is 
ompared with the phase-and spatial-averaged �eld to extra
t the random 
u
tuations within ea
h pulsatile20




y
le. After 
ompleting these two steps, the in
uen
e of large pulsation 
u
tuations(see, Fig. 4.2(a)) on the obtained random 
u
tuating �eld is removed, whi
h 
an bethereafter 
onsidered as statisti
ally homogeneous with respe
t to time at an arbitraryspatial lo
ation. The random 
u
tuating �eld is 
al
ulated asf 00(x; y; z; t) = �f(x; y; z; t)� 
 �f�sp (x; y; t) (2.28)Based on the above steps, it is now possible to use time-averaging to determine theRMS values over the total 
omputational time Tffrms =s 1Tf Z t0+Tft0 f 002dt (2.29)In the above equations, we used subs
ripts p and s to denote phase-averaging andspatial-averaging, respe
tively. In the remainder of this thesis, a pair of angularbra
kets h�i will be used to represent a time-averaged quantity following Eq. 2.24when we analyze the numeri
al results. However, without 
ausing any 
onfusionin symbolism, if a homogeneous dimension presents (typi
ally, along the spanwisedire
tion of the domain), this angular bra
ket operator will also imply an additionalspatial-averaging with respe
t to that parti
ular homogeneous dimension.

21



Chapter 3
LES of a Pulsatile Newtonian Flow in aChannel with a Both-Sided Constri
tion
3.1 Introdu
tionIn this 
hapter, the LES te
hnique is used to investigate the physi
s of pulsatile 
owsthrough a both-sided 
onstri
ted 
hannel based on two SGS models: the 
onventionalDM of Lilly [2℄ (x2.4.1 in 
hapter 2) and DNM of Wang and Bersgtrom [1℄ (x2.4.2in 
hapter 2). Three di�erent grid arrangements were 
ompared in the study andthe results obtained from the simulations for ben
h test 
ases were validated againstexperimental and 
omputational results. The physi
al 
hara
teristi
s of the 
ow�eld have been thoroughly studied in terms of the resolved mean velo
ity, turbulen
ekineti
 energy, vis
ous wall shear stress, resolved and subgrid-s
ale turbulent shearstresses, lo
al kineti
 energy 
uxes between the �ltered and subgrid s
ales, andturbulen
e energy spe
tra along the 
entral streamline of the domain. The Reynoldsnumber was also 
hanged from 750 to 1800 in order to quantify its e�e
ts on the 
ow
hara
teristi
s. 22
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FIGURE 3.1: S
hemati
 of an idealized symmetri
 stenoti
 
hannel and the asso
iated
oordinate system.
-2 0 2 4 6 8 10

x/hFIGURE 3.2: Mesh 
on�guration displayed in the x� y plane.3.2 Test CaseThe geometry of the 
omputational domain shown in Fig. 3.1 
onsists of a 3D 
hannelwith a both-sided 
osine-shaped stenosis on the upper and lower walls 
entred atx=h = 0:0. Here, h is the height of the 
hannel. In the �gure, we use x, y andz to represent the streamwise, verti
al and spanwise 
oordinates, respe
tively. Thestenosis is 
entered 5h downstream of the 
hannel inlet and 15h away from the 
hanneloutlet. The form of the stenosis 
hosen for this study isyh = 1� f
2 �1 + 
os x�h � ; �h2 � x � h2 (3.1)where f
 is a parameter for 
ontrolling the height of the stenosis. In the present study,f
 is �xed to 25 , whi
h results in a 60% redu
tion of the 
ross-se
tional area at the
entre of the stenosis. 23
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(b)FIGURE 3.3: Instantaneous inlet velo
ity pro�le, �u= �U , for Re = 1800 and � = 10:5:(a) time history near the wall (x=h = �5, y=h = 0:0057 and z=h = 1:5), and (b) atthe di�erent time phases (x=h = �5 and z=h = 1:5).In Fig. 3.2, the 
on�guration is displayed in the x-y plane. The no-slip and no-penetration 
ondition is applied on the top and bottom walls of the 
hannel, themeshes are re�ned in the near-wall regions in order to in
rease the resolution in thevis
ous sublayer. The mesh lines are also 
on
entrated at the 
entre and immediatedownstream of the stenosis be
ause these are the regions where energeti
 vorti
es andhigh-level of turbulent 
u
tuations are generated. Uniform spa
ing is applied to thespanwise dire
tion.
3.3 In
ow Boundary ConditionThe real part of the solution (Eq. B.34) is used as an inlet boundary 
ondition togenerate the pulsatile 
ow. Full solution pro
edure along with the real part separationis do
umented systemati
ally in the Appendix B. In the 
urrent simulations, the
ow Reynolds number is de�ned as Re def= �Uh� , where �U is the bulk velo
ity and �is the mole
ular kinemati
 vis
osity. The unsteady Reynolds number is de�ned as�2 def= h2 �!� , where � is the mole
ular dynami
 vis
osity and � is the Womersleynumber whi
h re
e
ts the ratio of the pulsatile inertial for
es to the vis
ous for
es. Ifthe Womersley number is small (for � � 1), the frequen
y of pulsations is low and the24



vis
ous for
es dominate 
ow; and 
onsequently, a 
ross-se
tional paraboli
 velo
itypro�le develops in response to the instantaneous streamwise pressure gradient (i.e.,the Poiseuille 
ow behaviour) during ea
h pulsation 
y
le. However, a

ording toKu [5℄, if the Womersley number is large (for � � 10), the frequen
y of pulsations ishigh and the pulsatile inertial for
es play an important role; and 
onsequently, thephase of the velo
ity �eld development lags behind the phase of the instantaneousstreamwise pressure gradient (whi
h implies that the 
ow behaviour deviates fromthe Poiseuille type). In the present simulation, the Womersley number is �xed to� = 10:5, whi
h is a typi
al number seen in large arteries of humans. For the fourdi�erent harmoni
s, the value of Mn is 0:78, 1:32, �0:74 and �0:41 and the value of�n is 0:0113446, �1:4442599, 0:4625122 and �0:2879793, respe
tively [60℄.The inlet pulsatile velo
ity pro�le, derived from Eq. B.34, is demonstrated inFig. 4.2 for Re = 1800. The time history of the velo
ity �eld during a full pulsation
y
le at a spe
i�
 near-wall lo
ation (x=h = �5, y=h = 0:0057 and z=h = 1:5), isshown in Fig. 4.2(a). The temporal variation of the verti
al velo
ity pro�le a
rossthe 
enter of the inlet plane at di�erent phases over a pulsation 
y
le is shown inFig. 4.2(b). It is observed from Fig. 4.2(b) that the velo
ities are maximum at thesystoli
 phase (at, t=T = 0:125 and 0.25).3.4 Results and Dis
ussions3.4.1 Validations and Grid Resolution TestsIn order to examine the predi
tive a

ura
y of the 
urrent numeri
al algorithm, theLES 
ode has been validated using three similar ben
h test 
ases and the numeri
alresults obtained have been 
ompared with the experimental measurement data (ona post-stenoti
 
ow) of Ahmed and Giddens [3℄, the LES results of Mittal et al. [4℄and the DNS results of Md. Abul Khair. To be 
onsistent with the experimental
onditions of Ahmed and Giddens [3℄, the 
ow Reynolds number in the numeri
alvalidation is �xed at 1000 (based on the hydrauli
 diameter Dh = h and bulk velo
ity25
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(b)FIGURE 3.5: Comparison of the mean wall shear stresses, h�wi =12�U2max, with theLES results of Mittal et al. [4℄ for Re = 2000 when the 
onstri
tion is semi-
ir
ular.�U ) and the boundary 
ondition at the inlet needs to be treated as a fully-developedlaminar pipe 
ow without imposing any pulsations onto the 
ow �eld. Also, thelower wall of the model shown in Fig. 3.1 is treated as a symmetri
al plane in the
urrent simulations (just for 
ondu
ting this 
omparative study in this subse
tion).Figure 3.4 shows the streamwise velo
ity at di�erent downstream lo
ations, and itis evident that the present numeri
al predi
tions agree well with the experimentalresults of Ahmed and Giddens [3℄.In order to validate the numeri
al approa
h against the LES results of Mittal etal. [4℄, we follow their spe
i�
 test 
on�guration by using a semi-
ir
ular instead of a
osine-shaped 
onstri
tion and a di�erent Reynolds number (based on the maximumor 
entral line velo
ity Umax) de�ned as Rem = Qmax=� = Umaxh=�, where Qmax isthe maximum volume 
ow rate per unit 
hannel width. In Mittal et al. [4℄, a paraboli
26
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FIGURE 3.6: Comparison of the non-dimensionalized time- and spanwise-averagedpro�le of the shear stress over both walls, h�wi =12� �U2, with the DNS result (by
ourtesy of Md. Abul Khair) for Re = 2000.in
ow pro�le was imposed at the inlet and the 
ow rate per unit 
hannel width variedin a sinusoidal manner, i.e. Q(t) = (Qmax=2)[1�
os 2�t=T ℄. Following this approa
h,a paraboli
 pro�le u(y; t) = 2Umax(y=h)(1 � y=h) + (Umax=4)[1 � 
os 2�t=T ℄ wasenfor
ed at the inlet. One of the key interests of bio
uid me
hani
s is the predi
tionof the mean wall shear stress h�wi as it relates to the vas
ular rupture (resulting inemergent medi
al 
onditions su
h as internal bleeding and stroke). Figures 3.5(a)and (b) 
ompare the predi
ted h�wi value with the LES result of Mittal et al. [4℄.The results presented in the �gures are non-dimensionalized by 12�U2max and thesimulation was 
ondu
ted for Rem = 2000 with a grid system of 240 � 64 � 40(in the x; y and z dire
tions, respe
tively). Although the predi
ted patterns in themean wall shear stress by the 
urrent simulation agree in general with the LES resultsof Mittal et al. [4℄, small dis
repan
ies exist. This may relate to the fa
t that thephysi
s of 
ow under simulation is highly unsteady (pulsatile) and it is 
hallengingto 
al
ulate statisti
s as phase-averaging is also involved between di�erent pulsatile
y
les. It needs to be indi
ated that given the 
omplexity of the 
ow tested here, nofurther experimental data are available in the 
urrent literature for the purpose of
omparisons.Besides the preliminary validation presented above, the LES results were furthervalidated against the DNS data (by 
ourtesy of Md. Abul Khair). This DNS results27
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FIGURE 3.7: Comparison of 
enterline TKE, k= �U2, with the DNS result (by 
ourtesyof Md. Abul Khair) for Re = 2000 with both-sided 
onstri
tion.are based on 350� 90� 90 
ontrol volumes. For this validation, the geometry of themodel, boundary 
onditions, Reynolds number and the Womersley number were keptsame for both test 
ases. The results were 
ompared in terms of the non-dimensionaltime- and spanwise-averaged wall shear stress, h�wi =12� �U2 (averaged over both walls),and 
enterline TKE k= �U2, for Re = 2000. Figures 3.6 and 3.7 show that the LESand DNS results of the mean wall shear stress and TKE agree well with ea
h otherex
ept for a small dis
repan
y in the post-stenoti
 region.In order to thoroughly examine the e�e
ts of grid resolution on the predi
tedresults, three di�erent grid systems with 150 � 70 � 60 (Case 1), 180 � 60 � 50(Case 2) and 210 � 60 � 50 (Case 3) 
ontrol volumes (in the x, y and z dire
tions,respe
tively) were 
ompared at Re = 1800. The three grid systems are body-�tted, re
e
ting the 
urvilinear geometry of the 
omputational domain pres
ribedby Eq. 3.1. Furthermore, from Case 1 to 3, the number of grid points along thestreamwise dire
tion (Nx) is in
reased in order to improve the predi
tive a

ura
y ofthe small-s
ale turbulent eddy motions within the post-stenoti
 regime. For Case 1,Ny and Nz were in
reased. The number of streamwise grid points upstream of thestenosis is always �xed to 30 while the rest of the grid points are distributed withinand downstream of the stenosis. The grid is uniform in the spanwise dire
tion andsigni�
antly re�ned in the near-wall region in order to a

urately resolve the wallshear stress. 28
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TKE (i.e., k= �U2), respe
tively, at di�erent lo
ations along the streamwise dire
tion.From Fig. 3.8, it is seen that all three grid 
on�gurations used in the present
omputations (Cases 1, 2 and 3) 
an predi
t the mean velo
ity �eld 
orre
tly andare not sensitive to the grid resolution. However, Fig. 3.9 shows that the results ofthe non-dimensionalized TKE at the immediate post-stenoti
 region 1 � x=h � 6(
orresponding to Figs. 3.9(
)-(h)), vary slightly with the grid resolution. This mayo

ur be
ause only the velo
ity 
u
tuations related to the large resolved s
ale motionsare dire
tly 
omputed at the grid (or, �ltered) level in a 
onventional impli
it �lteringLES approa
h.Given their 
onstitutive relationships whi
h model only the tra
e-free part of theSGS stress tensor, neither the 
onventional DM of Lilly [2℄ nor the DNM of Wang andBergstrom [1℄ is 
apable of determining the modeled 
omponent of TKE at the SGSlevel unless an additional SGS k-equation is solved (whi
h ne
essarily involves furtherSGS modelling for 
losure). However, it has been shown in this study (
f. Fig. 3.8) andin many previous works that the �rst-order 
ow statisti
s (e.g., the �ltered velo
ities)are not sensitive to the grid resolution. Without a spe
ial de
laration, the numeri
alresults presented in the remainder of this thesis are based on the grid system with180� 60� 50 
ontrol volumes (Case 2).3.4.2 Basi
 Flow FeaturesThe time-averaged streamlines at the 
entral plane (z=h = 1:5) for two di�erentReynolds numbers Re = 750 and 1800 are displayed in Figs. 3.10(a) and (b),respe
tively. The time-averaged vorti
al stru
tures of the 
ow are visualized using the
ontour of non-dimensionalized mean streamwise velo
ity h�ui= �U . For all the threeReynolds numbers tested, two re
ir
ulation regions (
lose to the upper and lowerwalls) appear near the post-lip of the stenosis due to the separation of the shear layerfrom the nose (or, 
enter lo
ation) of the stenosis. At both walls, the lo
ation ofseparation is (x=h)sep = 0.203, and the lo
ation of reatta
hment is (x=h)reatt = 3.39for Re = 1800. By 
omparing Figs. 3.10(a) and (b), it is observed that the 
ow30



(a)
(b)FIGURE 3.10: Time-averaged streamlines imposed on the 
ontour of non-dimensionalized streamwise mean velo
ity, h�ui= �U , for (a) Re = 750 and (b) Re =1800.

FIGURE 3.11: Sli
e view of instantaneous streamwise velo
ity, �u= �U , for Re = 1800at t=T = 10:25.reatta
hes earlier at the higher Reynolds number, whi
h agrees qualitatively with theLES result of Mittal et al. [31℄.Figure 3.11 shows the sli
e view of the isopleths of the non-dimensionalizedinstantaneous streamwise velo
ity �eld, �u= �U , at t=T = 10:25 for Re = 1800. The�rst two sli
es show that prior to the stenosis, the 
ow is laminar and strati�ed. Thethird sli
e shows that the velo
ity rea
hes its maximum (primarily due to 
ontinuity)31
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FIGURE 3.12: Time-averaged streamwise velo
ity, h�ui= �U , at (a) x=h = �5, (b)x=h = 0, (
) x=h = 1, (d) x=h = 2, (e) x=h = 3, (f) x=h = 4, (g) x=h = 5, (h)x=h = 6, (i) x=h = 8, (j) x=h = 10, (k) x=h = 12 and (l) x=h = 15. Case 1: solidline for Re = 1800, Case 2: dashed line for Re = 1200, and Case 3: dashdot line forRe = 750.at the throat lo
ation (x=h = 0) of the stenosis. The fourth sli
e shows a veryinteresting instantaneous 
ow pattern: in the immediate post-stenoti
 region, thevelo
ity is very large (indi
ated by the red 
olour) 
lose to the lower wall, however,the velo
ity is negative (indi
ated by the blue 
olour) in the re
ir
ulation region 
loseto the upper wall. Turbulen
e is triggered by the stenosis. However, as indi
ated bythe last two sli
es, gradually, the 
ow be
omes re-laminarized in the far downstreamregion.The mean streamwise velo
ity pro�les for the di�erent Reynolds numbers, Re=750, 1200 and 1800, are depi
ted in Fig. 3.12 at the di�erent streamwise positions.Note that the velo
ity results in the �gure have been non-dimensionalized using bythe bulk velo
ity, �U . At the inlet, the mean velo
ity pro�les have a paraboli
 shape(frame (a)) be
ause the 
ow before the stenosis is fully developed and laminar. Butthe separated shear layers from the throat break down this paraboli
 shape in the post-lip region due to the presen
e of the adverse streamwise pressure gradient. However,towards the far downstream region, the velo
ity pro�les be
ome non-paraboli
 tore
e
t turbulent 
ow pattern. It is also evident from the �gures that the time-averaged32



FIGURE 3.13: Streamwise velo
ity, �u, at: (a) t=T = 1, (b) t=T = 2, (
) t=T = 3, (d)t=T = 4, (e) t=T = 5, (f) t=T = 6, (g) t=T = 7 and (h) t=T = 8 for Re = 1800.streamwise velo
ity at all lo
ations is higher for the larger Reynolds numbers.In Fig. 3.13, the 
y
le-to-
y
le 
ow development is shown using the 
ontour plotsof the streamwise velo
ity, �u, for Re = 1800. In frame (a), it is observed that atthe end of the �rst 
y
le, two small re-
ir
ulation regions near the two walls are
reated. A primary shear layer whi
h is initially 
reated at the 
enter of the stenosispropagates towards the downstream region at the end of the se
ond 
y
le (see, frame33
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(b)FIGURE 3.14: Time-averaged pressure, h�pi =12� �U2, at(a) walls and (b) 
enterline fordi�erent Reynolds number.(b)). As shown 
learly in frames (
)-(h), as the 
ow �eld evolves with time, the shearlayers elongates and �nally breaks down into vorti
es and triggers the turbulent 
owpattern. The simulation has been 
arried out up to the end of the eleventh 
y
le,as it has been tested that the solutions eventually rea
h to a stationary state afterthe fourth 
y
le, and the 
ow statisti
s a

umulated after the fourth 
y
le (to bepresented in the next se
tion) do not vary signi�
antly between the �fth and eleventh
y
les.The nondimensional time-averaged pressure (h�pi =12� �U2) distributions at walls and
entreline are presented in Fig. 3.14 for the di�erent Reynolds numbers. Owing to the
onstri
tion of the 
hannel, right after the stenosis, the pressure drops signi�
antlyat walls as well as at the 
enterline. The maximum pressure drop o

urs within theimmediate post-stenoti
 region for 0 < x=h < 3. Note that the 
ow also re
ir
ulatesin this region due to the adverse pressure gradient.

34
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FIGURE 3.15: Instantaneous pro�le of the wall shear stress, h�wi =(12� �U2).
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FIGURE 3.16: Time- and spanwise-averaged pro�le of the wall shear stress,h�wi =(12� �U2).3.4.3 Wall Shear StressesFigure 3.15 shows the instantaneous streamwise pro�le of the wall shear stress, h�wi def=���u�y jw (non-dimensionalized using 12� �U2). The a
ute wall shear stress rises to itsmaximum just upstream of the 
enter of the stenosis due to the large verti
al gradientof the mean streamwise velo
ity. Immediately downstream of the stenosis, the wallshear stress be
omes negative whi
h is 
onsistent with the 
ow pattern in the largere
ir
ulation zone. Further downstream of the re
ir
ulation zone 2 < x=h < 6,the instantaneous wall shear stress os
illates, albeit with a smaller magnitude. Thephysi
al me
hanism underlying these os
illations asso
iated with the stenosis are ofsigni�
ant interest in bio
uid me
hani
s, as they may be responsible for the damage of35
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(b)FIGURE 3.17: Non-dimensionalized pro�les for (a) the RMS velo
ities �urms= �U ,�vrms= �U and �wrms= �U , and (b) the averaged resolved Reynolds stress �hu00v00i= �U2 andSGS stress �h�12i= �U2 at y=Æ = 0:5 for Re = 1800.the inner lining of an arterial vessel. Fig. 3.16 shows the time- and spanwise-averagedwall shear stress h�wi =(12� �U2) over the walls. As shown in Fig. 3.16, following a sharprise 
lose to the 
enter of the stenosis, the wall shear stress drops rapidly, be
omesnegative in the region 1 < x=h < 2, and then maintains a small �nite value in thefurther downstream region. In Figs. 3.15 and 3.16, a 
omparison is also made betweenthe DM and the DNM at Re = 1200 in terms of their predi
tion of the mean shearstress at the wall. As expe
ted, there is no signi�
ant di�eren
e between these twoSGS stress models here. This is be
ause the mean wall shear stress is determined bythe mean velo
ity �eld, whi
h is a �rst-order moment and should not be sensitive tothe SGS stress models adopted.3.4.4 Se
ond Order MomentsFigure 3.17(a) shows non-dimensionalized pro�les of the root mean square (RMS)velo
ities, �urms def= hu002i1=2, �vrms and �wrms (de�ned similarly) along the 
entralstreamline of the domain (y=Æ = 0:5). As shown in Fig. 3.17(a), the value of �urms= �U ,�vrms= �U and �wrms= �U are very 
lose to zero at the inlet re
e
ting the nature of thelaminar pulsatile 
ow pattern in the upstream region (see Fig. 3.9). However, after the
entre of the stenosis, the RMS values of the velo
ities begin to in
rease and be
ome36
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(b)FIGURE 3.18: Model 
oeÆ
ients for the DNM, (a) instantaneous 
oeÆ
ients CS, CWand CN along the 
entral streamline of the domain (y=Æ = 0:5, z=h = 1:5), and (b)time- and spanwise-averaged 
oeÆ
ients hCSi, hCW i and hCNi at y=h = 0:5.prominent in the immediate post-stenoti
 region (0 < x=h < 6). Far downstream ofthe stenosis (x=h > 6), the 
ow is still turbulent but the intensity de
reases gradually.Based on the above analysis, it is 
on
luded that turbulent 
u
tuations are triggeredby and highly dependent upon the presen
e of the stenosis.The distribution of the non-dimensionalized resolved Reynolds shear stress,�hu00v00i= �U2, and SGS shear stress, �h�12i= �U2, along the 
entral streamline of thedomain, are shown in Fig. 3.17(b). Be
ause the 
ow pattern is primarily laminarupstream of the stenosis, the Reynolds stress �hu00v00i= �U2 and SGS stress �h�12i= �U2,are almost zero. The resolved turbulent stress drops within the region 1 < x=h < 6where turbulen
e is triggered by the stenosis. Both the stresses approa
hes zero atthe far downstream region (x=h > 5:3) due to re-laminarization.3.4.5 SGS Model CoeÆ
ients and TKE Produ
tionThe instantaneous distribution of the DNM 
oeÆ
ients for Re = 1800 along the
entral streamline of the 
hannel (lo
ated at y=Æ = 0:5 and z=h = 1:5) are displayedin Fig. 3.18(a). It is observed that the extreme values of the instantaneous model
oeÆ
ients o

ur within the post-stenoti
 region 1 < x=h < 6, where the peak valuesof the averaged 
oeÆ
ients are also observed in Fig. 3.19.37



Figure 3.18(b) shows the time- and spanwise-averaged DNM 
oeÆ
ients hCSi,hCW i and hCNi along the streamwise dire
tion for Re = 1200 and 1800. From the�gure, it is 
lear that from the inlet to the throat of the stenosis (i.e., �5 < x=h < 0),the vis
ous for
es are dominant and the 
ow pattern is primarily laminar. Therefore,the SGS stress model is not a
tivated, and as a 
onsequen
e, all three DNM 
oeÆ
ientsare very 
lose to zero. Downstream of the 
enter of the stenosis, the DNM is fullya
tivated and its 
oeÆ
ients rea
h their maximum values around x=h = 3 and thengradually de
rease to zero in the region far downstream of the stenosis to re
e
t there-laminarization pro
ess (over whi
h the DNM gradually be
ome dea
tivated). Theinherent self-
alibration me
hanism of the DNM 
oeÆ
ients is very responsive to thevarying SGS stress level 
hara
teristi
 of a laminar-turbulent-laminar transitional 
owthrough a modeled stenosis. The distribution of the DNM 
oeÆ
ients are anisotropi
in the streamwise dire
tion due to the presen
e of the stenosis. In the 
ore turbulentregion (i.e., 1 < x=h < 6), the mean value is positive for hCSi and hCW i but negativefor hCNi. Similar behaviour was reported by Wang and Bergstrom [1℄ in their studyof a fully-developed turbulent 
hannel 
ow. It is also 
lear from Fig. 3.18(b) that asthe Reynolds number in
reases from 1200 to 1800, the magnitudes of hCSi, hCW i andhCNi all in
rease.In order to examine the in
uen
e of the grid resolution on the dynami
 model
oeÆ
ients of the DNM, three grid systems are tested. As shown in Fig. 3.19,in general, the magnitude of all three averaged dynami
 
oeÆ
ients in
reases asthe grid resolution redu
es. This is an expe
ted modelling feature, be
ause in a
onventional impli
it �ltering LES approa
h, the SGS e�e
ts in
reases as the gridresolution de
reases (owing to the fa
t the �lter size is 
oupled with the grid size).Furthermore, from Figs. 3.19(a)-(
), we 
an 
on
lude that the magnitude of hCW iand hCNi is one order of magnitude higher than that of hCSi, whi
h indi
ates thatthe nonlinear SGS modelling e�e
ts as represented by 
ij and �ij (related to CW andCN in Eq. 2.18, respe
tively) are signi�
ant for the 
urrent 
omplex 
ow tested.In LES, the resolved and unresolved SGS motions intera
t with ea
h other su
hthat the TKE of the 
ow dynami
ally transfers between these two s
ales of 
ow38
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FIGURE 3.21: Time- and spanwise-averaged non-dimensionalized SGS TKEprodu
tion rate 
omponents at y=h = 0:5 for Re = 1800: hPrSi=h"i, hPrW i=h"i andhPrNi=h"i.motions. The averaged SGS TKE produ
tion rate is de�ned as hPri def= 
�� �ij �Sij�,whi
h a
ts as a sink of TKE for the large-s
ale (or, �ltered) motions but as a sour
e ofTKE for the SGS motions. It has been 
on�rmed that the value of the lo
al SGS TKEprodu
tion rate, Pr, 
an be either positive or negative, indi
ating forward or ba
kwards
attering of the SGS TKE between the �ltered and subgrid s
ales, respe
tively [1℄. Inthe 
ontext of the DNM, the averaged SGS TKE produ
tion term takes the followingformhPri = 
CS�ij �Sij�+ 
CW
ij �Sij� + 
CN�ij �Sij� = hPrSi+ hPrW i+ hPrNi (3.2)Similar to other s
alar quantities su
h as the resolved TKE, vis
ous dissipationrate of TKE and thermal energy, the transport of Pr also involves transientevolution, di�usion and 
onve
tion. Figure 3.20 
ompares the total mean SGS TKEprodu
tion rate hPri as well as the forward s
atter hP+r i and ba
ks
atter hP�r i (non-dimensionalized using the mean resolved vis
ous dissipation rate h�i def= 
2� �Sij �Sij�)predi
ted by the DNM and DM at Re = 1800. As shown in the �gure, for thepredi
tion of the DNM, there exists both forward and ba
kward s
attering of TKEbetween the �ltered and subgrid s
ales within and immediately after the stenosis. Inthe region upstream of the post-lip of the stenosis (i.e., x=h < 1) and far downstream40



of the stenosis (i.e., x=h > 6), the level of TKE produ
tion rate hPri is 
lose to zero.This is be
ause the 
ow is either laminar or the turbulen
e intensity level is extremelylow in these regions. From Fig. 3.20, it is also observed that the forward s
atter hP+r iis slightly higher than the total SGS TKE produ
tion rate hPri. This is be
ause thetotal SGS TKE produ
tion rate must balan
e to verify hPri = hP+r i+ hP�r i.In 
omparison with the hPri expression for the DNM shown in Eq. 3.2, the hPriterm for the DM of Lilly [26℄ takes the following formhPri = 
CS�ij �Sij� = DCS ��2 �� �S��3E (3.3)whi
h is seemingly identi
al to hPrSi, the �rst 
omponent in Eq. 3.2, in terms of themathemati
al format. However, there is a signi�
ant di�eren
e: in the DM, CS isthe only dynami
 model 
oeÆ
ient; in 
ontrast, in the DNM, CS is one of the threedynami
 
oeÆ
ients. From the previous dis
ussion, it is understood that CS in theDNM relates to the linear Smagorinsky 
onstituent 
omponent and its magnitudeis in
uen
ed by that of CW and CN (whi
h relate to the two nonlinear 
onstituent
omponents). In Fig. 3.20, the total time- and spanwise-averaged hPri predi
ted bythe DM is demonstrated, however, no mean ba
ks
atter is observed (i.e., hP�r i is zeroidenti
ally).Figure 3.21 shows the time- and spanwise-averaged TKE produ
tion rates
ontributed by the three individual 
onstituent terms of the DNM [1℄ (i.e., hPrSi,hPrW i and hPrNi ) for Re = 1800 along the 
entral streamline of the domain(y=Æ = 0:5). This �gure shows that the SGS TKE produ
tion rates asso
iated with�rst and third terms hPrSi and hPrNi in
rease signi�
antly immediately after the
enter of the stenosis and attain their peak values at approximately x=h = 2:5� 2:8.The SGS TKE produ
tion rate asso
iated with the se
ond term hPrW i is negligible,whi
h is in 
onforman
e with the analysis of Wang and Bergstrom [1℄ that PrW isstri
tly zero due to the spe
ial tensorial relationship between the strain rate tensor �Sijand rotation rate tensor �
ij, i.e. PrW = CW
ij �Sij = 4CW ��2( �Sik �
kj� �
ik �Skj) �Sij � 0,be
ause �Sij is a symmetri
 tensor and �
ij is an antisymmetri
 tensor.41



The 
onventional DM of Germano et al. [41℄ and Lilly [2℄ is well-known for itsadvantages su
h as self-
alibration and being free from a need for any empiri
al
onstants and any ad ho
 wall damping fun
tions near solid surfa
es. The observationthat the DM fails to predi
t properly the ba
ks
atter of SGS TKE has been reportedextensively in the literature [1,33,62,63℄, whi
h represents a major di�eren
e betweenthe 
onventional DM and the DNM. This parti
ular drawba
k of the DM is relatedto the linear Boussinesq hypothesis implied in its 
onstitutive relationship, whi
hassumes that the prin
ipal axes of the negative SGS stress tensor ��ij are exa
tlyaligned with those of the resolved strain rate tensor �Sij. This inevitably leads to aninadequate geometri
al representation of the SGS stress 
omponents [1℄. Wang etal. [50℄ studied the tensorial geometri
al relationship between the ��ij and �Sij basedon the Euler rotation angle and axis (whi
h quanti�es the attitude of the eigenframeof ��ij with respe
t to that of �Sij). They proved that be
ause of the Boussinesqhypothesis, the Euler rotation angle is stri
tly 0o and the Euler axis is unde�ned
orresponding to a spe
ial singular 
ondition. This interesting mathemati
al propertyis unique for the linear 
onstitutive relationship between ��ij and �Sij implied in theDM. In 
ontrast, due to nonlinearity, the Euler rotation angle of the DNM ne
essarilydeviates from 0o. As a 
onsequen
e of its unphysi
al linear 
onstitutive relation,the DM has many drawba
ks in numeri
al appli
ations. The model 
oeÆ
ient (i.e.,Eq. 2.16) of the DM is not bounded and admits a possible singularity when thedenominator (MijMij) of the formulation be
omes vanishingly small. The model
an also lead to an over-predi
tion of the SGS dissipation if the model 
oeÆ
ientis restri
ted to be positive, while on the other hand, potential numeri
al instabilitydue to ex
essive ba
ks
atter of the SGS TKE 
an result if the model 
oeÆ
ient isallowed to be negative [33℄. For these reasons, plane averaging is often ne
essaryto maintain numeri
al stability for 
ows with 2D homogeneity, whi
h makes anydire
t lo
al appli
ation of the DM diÆ
ult. On o

asions when 2D homogeneitydoes not exist, \
lipping" is often ne
essary to restri
t the 
oeÆ
ient of the DM inorder to stabilize a numeri
al simulation. Unlike the DM, the DNM self-adjuststhe alignment angle between the prin
ipal axes of ��ij and �Sij, and therefore,42



dynami
ally 
alibrates the relative rotation between the two eigenframes of ��ij and�Sij [50℄. For this reason, the DNM allows for a more realisti
 geometri
al and physi
alrepresentation of the ba
ks
atter e�e
ts. Owing to its robustness, the DNM 
an beapplied lo
ally without any lo
al averaging (or, 
lipping) te
hniques in 
al
ulationof its three 
oeÆ
ients, whi
h is in sharp 
ontrast to the limited performan
e of theDM. This ex
ellent natural lo
alization performan
e of the DNM has been analyzedin Wang and Bergstrom [1℄ and further 
on�rmed by a number of re
ent tests basedon di�erent types of 
ows [53{56,64℄.3.4.6 Energy Spe
traIn Fig. 3.22, the non-dimensionalized energy spe
tra, Eu00u00 = E(fs) �U=h, are plottedwith respe
t to the Strouhal number, Sr = fsh= �U . Here, E(fs) is the spe
tra ofthe square of streamwise velo
ity 
u
tuations, u002= �U2, extra
ted based on phase-averaging over the last four pulsatile 
y
les, and fs is the time frequen
y of eddymotions at a spe
i�
 streamwise lo
ation. The frequen
y spe
tra is 
omputed using afast Fourier transform (FFT) s
heme. In order to demonstrate the 
hanges in the slopeof the energy spe
trum, two straight lines 
orresponding to (Sr)�5=3 and (Sr)�10=3 arein
luded in Fig. 3.22. A

ording to Tennekes and Lumley [65℄, a frequen
y spe
trumoften in
ludes three distin
t subranges. The �rst subrange 
ontains the energy of theinje
ted 
ow at very small time frequen
ies (spatially, 
orresponding to large-s
aleeddy motions). The se
ond part is the so-
alled inertial subrange where the energy
as
ade 
onserves a
ross ea
h frequen
y and the spe
trum slope is 
hara
terized by a
onstant value, �5=3, following the well-known \Kolmogorov's �5=3 law" (or, \K41theory"). Finally, the third part is the vis
ous dissipation subrange 
orrespondingto high-frequen
y turbulent motions (spatially, 
orresponding to small-s
ale eddymotions).In Fig. 3.22(a), it is shown that the slope of the spe
trum deviates from the value�5=3 (
hara
teristi
s of the inertial subrange). This indi
ates that the 
ow is stilllaminar at the 
enter of the stenosis (x=h = 0). The signature of the inertial subrange43



Sr

E
u″

u″

100 101 10210-8

10-7

10-6

10-5

10-4

-10/3-5/3

(a)

Sr

E
u″

u″

100 101 10210-6

10-5

10-4

10-3

-10/3-5/3

(b)

Sr

E
u″

u″

100 101 10210-6

10-5

10-4

10-3

10-2

-10/3
-5/3

(c)

Sr

E
u″

u″

100 101 10210-5

10-4

10-3

10-2

10-1 -10/3
-5/3

(d)

Sr

E
u″

u″

100 101 10210-6

10-5

10-4

10-3

10-2

10-1

-10/3
-5/3

(e)

Sr

E
u″

u″

100 101 10210-8

10-7

10-6

10-5

10-4

10-3

10-2

-10/3

-5/3

(f)

Sr

E
u″

u″

100 101 10210-6

10-5

10-4

10-3

10-2 -10/3-5/3

(g)

Sr

E
u″

u″

100 101 10210-6

10-5

10-4

10-3

10-2
-10/3-5/3

(h)

Sr

E
u″

u″

100 101 10210-7

10-6

10-5

10-4

10-3

10-2

-10/3
-5/3

(i)FIGURE 3.22: Non-dimensionalized energy spe
trum related to the streamwise
u
tuations u00, at the di�erent streamwise lo
ations: (a) x=h = 0, (b) x=h = 1,(
) x=h = 2, (d) x=h = 3, (e) x=h = 4, (f) x=h = 5, (g) x=h = 6, (h) x=h = 8 and (i)x=h = 10.be
omes evident in Figs. 3.22(b)-(f), whi
h 
orrespond to the fully-turbulent state inthe immediate post-stenoti
 region (1 � x=h � 5). As shown in Figs. 3.22(g)-(i),in the far downstream region of the stenosis, the interval of the inertial subrangeredu
es as the turbulent 
u
tuations de
rease due to the re-laminarization tenden
y.Furthermore, it is observed that the slope of the spe
trum 
hanges from �5=3 to�10=3 at the higher Strouhal number, whi
h pattern is 
onsistent with the results of44



Lu et al. [65℄. In the vis
ous dissipation subrange, the TKE eventually 
onverts intothermal energy through the me
hanism of mole
ular dissipation.
3.5 SummaryLarge-eddy simulation based on an advan
ed dynami
 nonlinear subgrid-s
ale model(DNM) has been applied to the study of physiologi
al pulsatile 
ow through anidealized 3D model of arterial stenosis. In this 
hapter, attention has also beenfo
used on examining the predi
tive performan
e of the DNM in 
omparison withthat of the 
onventional DM. Owing to the narrowing of the 
hannel, the transition ofthe pulsatile 
ow from laminar to turbulent pattern o

urs immediately downstreamof the stenoti
 lo
ation, and the 
ow be
omes re-laminarized further downstream ofthis lo
ation.In LES study, the �rst- and se
ond-order 
ow statisti
s of the velo
ity �eld havebeen thoroughly analyzed. At the throat (x=h = 0) of the stenosis, the shear stressat the wall in
reases signi�
antly. In 
ontrast to the behaviour of the vis
ous wallshear stresses, the largest drop in the Reynolds turbulent shear stress o

urs at thepost-lip (x=h = 1:0) of the stenosis in the re
ir
ulation zone. In the immediate post-stenoti
 region (1 < x=h < 5), the 
ow be
omes fully turbulent and the slope of theenergy spe
trum related to the streamwise turbulent 
u
tuations is �5=3, whi
h is
hara
teristi
 of the inertial subrange. In the far downstream region of the stenosis,it is observed that the slope of the spe
trum 
hanges from �5=3 to �10=3 at thehigher Strouhal number, indi
ating a relative in
rease in vis
ous dissipation and antenden
y towards re-laminarization.Blood 
ow does not always behave as a Newtonian 
uid in arteries. For thisreason, any LES study of non-Newtonian 
ow through a stenosis based on the
onventional dynami
 SGS stress model of Lilly [2℄ may not be suitable. The
onstitutive relationship of the DM is based on the overly simpli�ed linear Boussinesqassumption (Smagorinsky), and 
orrespondingly, the SGS vis
osity of the DM is a45



linear fun
tion of the resolved strain rate tensor. However, the mole
ular vis
osityof a non- Newtonian blood 
uid is typi
ally a nonlinear fun
tion of the strain ratetensor. In the next 
hapter, the appli
ation of the DNM to LES of non-Newtonianblood 
ows will be 
onsidered, whi
h su

essfully resolves the 
urrent 
on
eptualin
onsisten
y in modelling the mole
ular and SGS vis
osities.
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Chapter 4
LES of a Pulsatile Non-Newtonian Flowin a Channel with a Single-SidedConstri
tion
4.1 Introdu
tionPulsatile laminar-turbulent transitional non-Newtonian 
uid 
ow in a 3D 
onstri
ted
hannel represents a 
hallenging topi
 and has many important appli
ations inbio
uids engineering. Human blood 
ow 
an be treated as a Newtonian 
uid inlarge arteries, however, in smaller arteries and veins, it behaves typi
ally as a non-Newtonian in
ompressible vis
oelasti
 
uid [44℄. A

ording to Berger and Jou [66℄,if the shear rate is greater than 100 s�1, the blood behaves like a Newtonian 
uidand its vis
osity approa
hes an asymptoti
 value, �1 = 3:45� 10�3 Pa � s. However,if the shear rate of a blood 
ow falls below this threshold, its vis
osity in
reases andnon-Newtonian 
uid behaviours begin to exhibit.Furthermore, human blood 
ow through arteries is inherently unsteady andpulsatile due to the nature of heart pumping 
y
les, and the 
ow pattern 
an belaminar, turbulent or transitional depending upon the lo
ation and geometry of theblood vessel. The transition of the 
ow pattern in a blood vessel is often indu
ed bysudden expansion (aneurysm) and sudden 
ontra
tion (stenosis) of the 
ross-se
tionalarea of a vessel, however, this physi
al me
hanism is further 
ompli
ated by unsteady47



pulsations of the 
ow.In the 
urrent literature, it is popular to perform LES of stenoti
 
ows using theDM of Germano et al. [41℄ and Lilly [2℄. This approa
h is sound for LES of Newtonian
ows. However, for LES of non-Newtonian blood 
ows, this approa
h is 
on
eptuallyin
onsistent. This is be
ause the 
onstitutive relationship of the DM is based on theBoussinesq assumption, and 
orrespondingly, the SGS vis
osity of the DM is a linearfun
tion of the resolved strain rate tensor. In 
ontrast, it is widely observed that themole
ular vis
osity of a non-Newtonian blood 
uid is typi
ally a nonlinear fun
tionof the strain rate tensor.In order to 
onquer this 
on
eptual in
onsisten
y, in this resear
h, the advan
edDNM of Wang and Bergstrom [1℄ is implemented for LES of non-Newtonian 
ows. Forthis proposed 
onsistent modelling approa
h, the Cross model [43℄ is used to evaluatethe non-Newtonian mole
ular vis
osity at the �ltered (or, resolved) s
ale and theDNM is used to re
e
t the non-Newtonian 
hara
teristi
s of the SGS vis
osity at theSGS (or, unresolved) s
ale. In order to validate the proposed 
onsistent modellingapproa
h, a pulsatile non-Newtonian 
ow 
on�ned within a 3D 
hannel with a stenosisformed e

entri
ally on the upper wall is simulated. Most of the resear
h �ndingspresented in this 
hapter have been submitted for peer referred journal publi
ationin the format of a 
o-authored full-length arti
le [67℄.4.2 Test CaseFigure 4.1 shows the geometry of the 
omputational domain and 
oordinate systemof the stenoti
 
hannel. The model of the stenosis for this 
ase is formed with thesame equation (Eq. 3.1) as used in the 
hapter 3. The stenosis is formed on the upperwall. In the present study, f
 is �xed to 1=2, whi
h results in a 50% redu
tion of the
ross-se
tional area at the 
enter of the stenosis.
48



FIGURE 4.1: Computational domain and 
oordinate system of the stenoti
 
hannel.
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ity pro�le, �u= �U , for Re = 1200 and � = 10:5:(a) time history near the wall (x=h = �5, y=h = 0:0057 and z=h = 1:5), and (b) atthe di�erent time phases (x=h = �5 and z=h = 1:5).4.3 In
ow Boundary ConditionThe real part of the solution (Eq. B.34) is used as an inlet boundary 
ondition togenerate the pulsatile 
ow. Full solution pro
edure is explained in Appendix B. Theinlet pulsatile velo
ity pro�le, derived from Eq. B.34, is demonstrated in Fig. 4.2 forRe = 1200. The time history of the velo
ity �eld during a full pulsation 
y
le ata spe
i�
 near-wall lo
ation (x=h = �5, y=h = 0:0057 and z=h = 1:5), is shown inFig.4.2(a). The temporal variation of the verti
al pro�le of the streamwise velo
ity
omponent a
ross the 
enter of the inlet plane at di�erent phases over a pulsation
y
le is shown in Fig. 4.2(b). 49
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osity forNewtonian and non-Newtonian 
uids.4.4 The Cross Model for the Mole
ular Vis
osityIn Eq. 2.15, � = �(j �Sj) represents the mole
ular vis
osity for a non-Newtonian 
uid.The value of � is a fun
tion of the norm of the resolved strain rate tensor j �Sj (alsoreferred to as the shear rate). In a Newtonian model for the blood vis
osity, the valueof � is treated as a 
onstant, usually set to �1 = 3:45 � 10�3 Pa � s. However, fornon-Newtonian 
uid behaviour, Cross [43℄ proposed a shear rate dependent vis
ositymodel (whi
h is often referred to as the Cross model). The Cross model assumes thefollowing fun
tional relationship between the mole
ular vis
osity and the shear rate:� = �1 + (�0 � �1)�1 + � j �Sj�S
 �m��1 (4.1)where �0 = 0:0364 Pa � s is the usual mole
ular blood vis
osity at very low shearrates, �S
 = 2:63s�1 is the referen
e shear rate and m = 1:45 is the model 
onstant.Figure 4.3 demonstrates the fun
tional relationship between the shear rate andthe apparent blood vis
osity of the Cross model. In this resear
h, we use ex
lusivelythe Cross model for 
al
ulating the mole
ular vis
osity of the non-Newtonian 
uid atthe resolved s
ale.
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4.5 Dynami
 Nonlinear SGS Stress Model (DNM)In the 
urrent literature, LES of non-Newtonian 
ows has been 
ondu
ted usuallybased on a 
ombination of an advan
ed nonlinear model (e.g., the Cross model) forevaluating the mole
ular shear stresses at the resolved s
ale and the DM for modellingthe SGS shear stresses (at the unresolved s
ale). As su
h, an in
onsisten
e appears:the mole
ular vis
osity asso
iated with the mole
ular shear stresses is a nonlinearfun
tion of j �Sj, however, the SGS vis
osity asso
iated with the SGS shear stresses isa linear fun
tion of j �Sj.In order to avoid this 
on
eptual in
onsisten
y, the DNM is 
onsidered in thisresear
h. Given its 
omplex 
onstitutive equation (Eq. 2.18), the DNM models theSGS shear stresses as a nonlinear fun
tion of the strain rate tensor. The idea of usingan expli
it nonlinear tensorial polynomial 
onstitutive relation to 
onne
t the velo
itygradient tensor to the unknown stress tensor to be modeled for a non-Newtonian 
uidwas originally proposed by Rivlin [68℄. Following the pioneering work of Rivlin [68℄,the theory for developing 
onstitutive relations for modelling turbulent stresses innon-Newtonian 
uids has been systemati
ally addressed in Spen
er [69℄. There aremany nonlinear models potentially available for 
al
ulating the mole
ular and SGSshear stresses. In this study, as a �rst attempt to resolve the 
urrent in
onsisten
ein shear stress modelling for LES, we fo
us our attention on the 
ombination of theCross model and the DNM only.
4.6 Results and Dis
ussionsThe results presented in this se
tion are based on Reynolds number Re = 1200. Inorder to examine the e�e
ts of grid resolution on the predi
ted results, two di�erentgrid systems with 150�60�50 (Case 1) and 240�90�50 (Case 2) 
ontrol volumes (inthe stream, verti
al and spanwise dire
tions, respe
tively) have been 
ompared in thenumeri
al simulations. Both grid systems are body-�tted re
e
ting the 
urvilinear51
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_ _FIGURE 4.4: Grid sensitivity test with respe
t to the mean streamwise velo
ity,h�ui= �U , at (a) x=h = �5, (b) x=h = 0, (
) x=h = 1, (d) x=h = 2, (e) x=h = 3, (f)x=h = 4, (g) x=h = 5, (h) x=h = 6, (i) x=h = 8, (j) x=h = 10, (k) x=h = 12 and (l)x=h = 15. Based on two grid systems, Case 1: solid line for 150 � 60 � 50 
ontrolvolumes, Case 2: dashed line with symbol for 240� 90� 50 
ontrol volumes.geometry of the 
omputational domain. Furthermore, from Case 1 to 2, the numberof grid points along the streamwise dire
tion (Nx) is signi�
antly in
reased in orderto improve the predi
tive a

ura
y of the small-s
ale turbulent eddy motions withinthe post-stenoti
 regime. The number of streamwise grid points upstream of thestenosis is always �xed at 30 while the rest of the grid points are distributed withinand downstream of the stenosis. The grid is uniform in the spanwise dire
tion andsigni�
antly re�ned in the near-wall region in order to a

urately resolve the wall shearstress. The results of Cases 1 and 2 are 
ompared in Figs. 4.4 and 4.5 in terms ofthe non-dimensionalized time-averaged streamwise velo
ity (i.e., h�ui= �U) and resolvedTKE (i.e., k= �U2) respe
tively, at di�erent lo
ations along the streamwise dire
tion.Here, the resolved TKE is de�ned as k = 12hu00ju00j i, u00j = �uj � h�ujisp represents theresolved residual velo
ity 
omponent relative to �uj, and h�ujisp is the spanwise- andphase-averaged velo
ity.The 
ow statisti
s were 
al
ulated based on 10 pulsatile 
y
les, and for ea
hpulsatile 
y
le, 6284 time steps are 
omputed. As usual, the 
omputational 
ostand data storage need are very demanding when phase averaging is involved. From52
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k/U 2−FIGURE 4.5: Grid sensitivity test with respe
t to TKE, k= �U2, at (a) x=h = �5, (b)x=h = 0, (
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ontrol volumes, Case 2: dashed linewith symbol for 240� 90� 50 
ontrol volumes.Fig. 4.4, it is seen that both grid 
on�gurations used in the present 
omputations(Cases 1 and 2) are suÆ
ient to resolve the mean velo
ity �eld. However, Fig. 4.5shows that the results of the non-dimensionalized TKE at the immediate post-stenoti
region (Figs. 4.5(
)-(g)), 
hanges slightly with the grid resolution. A total gridindependen
e of the 
omputed turbulent 
u
tuations is not expe
ted sin
e only theresolved-s
ale 
ow motions are dire
tly 
omputed in LES. However, it has been shownin this study (
f. Fig. 4.4) and in many previous works that the �rst-order 
owstatisti
s (e.g., the �ltered velo
ities) are not sensitive to grid resolution. Based onthe above observations, without a spe
ial de
laration, the numeri
al results presentedin the remainder of the 
hapter are based on 150� 60� 50 
ontrol volumes (Case 1).Figures 4.6(a) and (b) shows the streamwise distribution of instantaneous andaveraged DNM 
oeÆ
ients, respe
tively. From both �gures, it is 
lear that from theinlet to the throat of the stenosis (i.e., �5 < x=h < 0), the vis
ous for
es are dominantand the 
ow pattern is primarily laminar. Therefore, all three DNM 
oeÆ
ients arevery 
lose to zero. Immediately downstream of the 
entre of the stenosis, the DNM isfully a
tivated and its 
oeÆ
ients rea
h their maximum values within 0 < x=h < 1 and53



-2 0 2 4 6 8 10-0.04

-0.03

-0.02

-0.01

0

0.01

0.02 CS

CW

CN

x/h

In
st

an
ta

ne
ou

s
M

od
el

C
oe

ffi
ci

en
ts

(a) -2 0 2 4 6 8 10 12 14-0.016

-0.012

-0.008

-0.004

0

0.004

0.008

0.012
<CS>
<CW>
<CN>

x/h

M
ea

n
M

od
el

C
oe

ffi
ci

en
ts

(b)FIGURE 4.6: Model 
oeÆ
ients for the DNM, (a) instantaneous 
oeÆ
ients CS, CWand CN along the 
entral streamline of the domain (y=Æ = 0:5, z=h = 1:5), and (b)time- and spanwise-averaged 
oeÆ
ients hCSi, hCW i and hCNi at y=h = 0:5.

-2 0 2 4 6 8 10 12
-0.12

-0.06

0

0.06

0.12

0.18

Upper wall
Lower wall

x/h

W
al

lS
he

ar
S

tr
es

s

(a)

-2 0 2 4 6 8 10 12
-0.12

-0.06

0

0.06

0.12

0.18

Upper wall
Lower wall

x/h

W
al

lS
he

ar
S

tr
es

s

(c)

-2 0 2 4 6 8 10 12
-0.12

-0.06

0

0.06

0.12

0.18

Upper wall
Lower wall

x/h

W
al

lS
he

ar
S

tr
es

s
(b)

-2 0 2 4 6 8 10 12
-0.12

-0.06

0

0.06

0.12

0.18

Upper wall
Lower wall

x/h

W
al

lS
he

ar
S

tr
es

s

(d)

FIGURE 4.7: Non-dimensionalized instantaneous wall shear stress, �w=12� �U2, at (a)t=T = 0, (b) t=T = 0:25, (
) t=T = 0:5 and (d) t=T = 0:75.then gradually de
rease to zero further downstream of the stenosis. The inherent self-
alibration me
hanism of the DNM 
oeÆ
ients is very responsive to the varying SGS54



stress level 
hara
teristi
 of a laminar-turbulent-laminar transitional 
ow through amodeled arterial stenosis. The distribution of the DNM 
oeÆ
ients is anisotropi
 inthe streamwise dire
tion due to the presen
e of the stenosis. In the 
ore turbulentregion (i.e., 0:5 < x=h < 7), the mean value is positive for hCSi and hCW i but negativefor hCNi. Similar behaviour was reported by Wang and Bergstrom [1℄ in their studyof a fully-developed turbulent 
hannel 
ow.In Fig. 4.7, the instantaneous wall shear stress �w def= ���u�y jw (non-dimensionalizedusing 12� �U2)is presented at four di�erent phases of the 9th pulsation 
y
le (with atemporal period T ). As shown in Fig. 4.7(a), at the initial phase (t=T = 0) of the9th pulsation 
y
le, the a
ute shear stress peaks at the upper wall just before the
entre of the stenosis and the os
illatory behaviour of the wall shear stress extends tothe post-stenoti
 region. Figure 4.7(b) shows that at t=T = 0:25, the instantaneouswall shear stress at the upper wall attains its maximum positive value over the entirepulsation 
y
le. We should re
all that at this phase of the pulsation 
y
le, the inletvelo
ity also rea
hes its maximum value (see Fig. 4.2). Immediately downstreamof the stenosis, the shear stress be
omes negative whi
h is 
onsistent with the 
owpattern in the large re
ir
ulation zone. As seen in Fig. 4.7(
), the wall shear stressat the upper wall de
reases at t=T = 0:5 to attain its minimum (maximum negative)value over the entire pulsation 
y
le in the post-stenoti
 region (approximately atx=h = 2:3). However, as shown in Fig. 4.7(d), at t=T = 0:75, the sharp wall stressdrop at x=h = 2:3 is re
overed and the pro�le of the wall stress tends to evolve ba
kto the original one 
orresponding to the initial phase (
orresponding to Fig. 4.7(a)for t=T = 0) to 
omplete a full pulsation 
y
le. Through the entire pulsation 
y
le,the wall shear stress level at the lower wall is generally lower than that at the upperwall where the stenosis is lo
ated.The time- and spanwise-averaged wall pressure is shown in Fig. 4.8(a). Owingto the 
onstri
tion of the 
hannel, the pressure drops signi�
antly at both the upperand lower walls. Furthermore, the pressure drop is mu
h sharper at the upper wallthan at the lower wall owing to the fa
t that the 
osine-shaped stenosis is lo
atedat the upper wall. At both the upper and lower walls, the maximum pressure drop55
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(b)FIGURE 4.9: Non-dimensionalized pro�les for (a) the RMS velo
ities �urms= �U , �vrms= �Uand �wrms= �U , and (b) the resolved Reynolds stress �hu00v00i= �U2 and SGS stress�h�12i= �U2 at y=Æ = 0:5.o

urs within the immediate post-stenoti
 region for 0 < x=h < 3, where an adversepressure gradient presents due to the existen
e of the stenosis and 
ow re
ir
ulation.The signature of the 
ow re
ir
ulation pattern is also evident in Figs. 4.4(
)-(e), whi
hshow that the mean velo
ity is negative in upper-wall region immediately after thestenosis. The time- and spanwise-averaged wall shear stress is shown in Fig. 4.8(b).Consistent with the instantaneous streamwise pro�les shown in Figs. 4.7(a)-(d),the maximum mean wall shear stress also o

urs within the stenosis immediatelyupstream of its throat lo
ation (x=h = 0). Figure 4.9(a) shows non-dimensionalizedpro�les of the root mean square (RMS) velo
ities, �urms def= hu002i1=2, �vrms and �wrms56
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ity 
u
tuations, u00=u00max, basedon phase averaging over the last three pulsation 
y
les, along the 
entral streamline(y=Æ = 0:5 and z=h = 1:5) for Re = 1200.(de�ned similarly) along the 
entral streamline of the domain (y=Æ = 0:5). As shownin Fig. 4.9(a), the value of �urms= �U is small and the values of �vrms= �U and �wrms= �U arevery 
lose to zero at the inlet re
e
ting the nature of the laminar pulsatile 
ow patternin the upstream region (see Fig. 4.5). However, after the 
entre of the stenosis, theRMS values of the velo
ities begin to in
rease and be
ome prominent in the immediatepost-stenoti
 region (0 < x=h < 6). Far downstream of the stenosis (x=h > 6), the
ow is still turbulent but the intensity de
reases gradually. Based on the aboveanalysis, turbulent 
u
tuations are highly dependent on the presen
e of the stenosis.The distribution of the non-dimensionalized resolved Reynolds stress, �hu00v00i= �U2and the SGS stress, �h�12i= �U2, along the 
entral streamline of the domain, are shownin Fig. 4.9(b). Be
ause the 
ow pattern is primarily laminar upstream of the stenosis,the Reynolds stress �hu00v00i= �U2, and the SGS stress �h�12i= �U2, are vanishingly smallin this region. For both the resolved and SGS stresses, there is a stress drop within theregion 0:58 < x=h < 3. On
e x=h > 3, the resolved Reynolds stress begin to in
reaseuntil x=h = 4:4 and then eventually approa
hes to zero due to the relaminarization.Figure 4.10 displays the time history of the streamwise velo
ity 
u
tuations,u00=u00max (non-dimensionalized by its maximum value u00max) obtained using phase-averaging over the last three pulsatile 
y
les at di�erent streamwise lo
ations along57
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tuations u00, at the di�erent streamwise lo
ations: (a) x=h = �2, (b) x=h = 0,(
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the 
entral streamline of the domain (y=Æ = 0:5 and z=h = 1:5) for Re = 1200. The
at pro�le asso
iated with the negligible magnitude of the 
u
tuating 
omponentboth at the upstream and 
enter of the stenosis (for x=h = �2;�1 and 0) indi
atesthat the 
ow is laminar prior to the throat of the stenosis. Meanwhile, turbulen
e istriggered as soon as the 
ow passes through the stenosis and the 
ow 
u
tuations arethe strongest in the immediate post-stenoti
 region 1 � x=h � 6. Further downstreamof the stenosis (for x=h > 6), turbulen
e gradually vanishes as the magnitude of thevelo
ity 
u
tuation gradually de
reases, indi
ating a relaminarization pro
ess in the
ow.In order to 
learly demonstrate the random turbulent 
u
tuations of the velo
ity�eld, it is useful to 
al
ulate the non-dimensionalized energy spe
tra, Eu00u00 =E(fs) �U=h of the square of streamwise velo
ity 
u
tuations, u002= �U2. The non-dimensionalized energy spe
tra is plotted against the Strouhal number, Sr = fsh= �Uin Fig. 4.11. Figures 4.11(a)-(b) show that the slope of the spe
trum deviates fromthe value �5=3 (
hara
teristi
 of the inertial subrange) both at the pre-stenosis(x=h = �2) and the 
enter of the stenosis (x=h = 0). This deviation is due to thefa
t that although the 
ow is subje
ted to pulsations, the 
ow pattern is primarilylaminar in the region upstream of the stenosis. This feature of the spe
trum slopeextends to the 
enter of the slope (x=h = 0), where the 
ow is still laminar andthe onset of turbulen
e is just triggered due to the 
onstri
tion of the 
hannel. It isalso evident from Figs. 13(
)-(g) that the inertial subrange exists in the immediatepost-stenoti
 region (1 � x=h � 5), where the 
ow is fully turbulent. Figures 4.11(h)-(l) indi
ate that as the distan
e from the stenosis in
reases in the far downstreamregion (6 � x=h � 14), the inertial subrange be
omes shorter and shorter, as theturbulent 
u
tuations de
rease due to the relaminarization tenden
y. Furthermore,it is observed that the slope of the spe
trum 
hanges from�5=3 to�10=3 at the higherStrouhal number, whi
h pattern is 
onsistent with that of the pulsatile Newtonian
ow dis
ussed in 
hapter 3. In the vis
ous dissipation subrange, the TKE eventually
onverts into thermal energy through the me
hanisms of mole
ular dissipation anda
ousti
 
u
tuations. 59



4.7 SummaryIn the 
urrent literature for LES of non-Newtonian 
ows (su
h as blood 
ows),it is popular to use the 
onventional DM of Germano et al: [41℄ and Lilly [2℄for evaluating the SGS stresses. This approa
h, however, inevitably results in a
on
eptual in
onsisten
y in the modelling of mole
ular and SGS vis
osities. In the
onventional models for the mole
ular vis
osity of a non-Newtonian 
uid (e.g., theCross model), the mole
ular vis
osity � is usually modeled as a nonlinear fun
tion ofthe shear rate j �Sj; in 
ontrast, the overly simpli�ed 
onstitutive relation of the DM(based on the linear Boussinesq assumption) de�nes the SGS vis
osity as a linearfun
tion of j �Sj. This resear
h aims at resolving this 
on
eptual in
onsisten
e inthe vis
osity modelling for LES of non-Newtonian 
ows. The proposed modellingapproa
h utilizes the Cross model for modelling the mole
ular vis
osity and the DNMof Wang and Bergstrom [1℄ for modelling the SGS stress tensor, so that both themole
ular and SGS shear stresses 
an be represented as nonlinear fun
tions of thestrain rate tensor.The proposed modelling approa
h is applied to the simulation of a pulsatilelaminar-turbulent-laminar transitional non-Newtonian 
ow through a 
hannel with aone-sided 
osine-shape stenosis at the upper wall. The transition-to-turbulen
e of the
ow is dire
tly triggered by the stenosis, whi
h however, is further 
ompli
ated bythe pulsatile inertial for
es and the mean driving inertial for
es. Both the pulsatileinertial for
es and the mean driving inertial for
es tend to enhan
e turbulen
e and
ow unsteadiness, and the e�e
ts of these two types of for
es in 
omparison withthe vis
ous for
es (whi
h tend to suppress turbulen
e) 
an be quanti�ed using theWomersley number and Reynolds number, respe
tively. In this resear
h, a highWomersley number (� = 10:5) and a low Reynolds numbers (Re = 1200) were tested,whi
h are 
hara
teristi
s of blood 
ows in large arteries of humans and animals.In the 
urrent simulations, it is 
on�rmed that the DNM is a 
exible self-
alibration model whi
h ensures lo
al stability in the 
ontext of a pulsatile laminar-turbulent-laminar transitional 
ow. The �rst- and se
ond-order 
ow statisti
s of the60



velo
ity �eld have been thoroughly analyzed. In the region upstream of the stenosis,the vis
ous for
es are dominant and the 
ow pattern is primarily laminar. Therefore,the resolved Reynolds stress, turbulent intensities, wall shear stress, and SGS shearstresses as well as the three 
oeÆ
ients of DNM are very 
lose to zero. In general,the magnitude of these quantities in
reases signi�
antly at the throat lo
ation of thestenosis and in the immediate post-stenoti
 region (for 0 < x=h < 3, where thepressure of the 
ow drops signi�
antly and 
ow re
ir
ulates due to the presen
e of anadverse streamwise pressure gradient). In the region far downstream of the stenosis,the 
ow is relaminarized and the value of these quantities again be
omes vanishinglysmall.
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Chapter 5
Con
lusions and Future Work
The physi
s of the physiologi
al pulsatile 
ows under investigation are dominated byfour major fa
tors, the pulsatile inertial for
es (as a 
onsequen
e of the pulsatile inletboundary 
ondition), mean driving inertial for
es (asso
iated with the mean pressuregradient in the streamwise dire
tion), vis
ous for
es of the 
uid, and the geometry ofthe stenosis. Owing to the narrowing of the 
hannel, the transition of the pulsatile 
owfrom laminar to turbulent pattern o

urs immediately downstream of the stenosis,and the 
ow be
omes relaminarized in the far downstream region of the stenosis.The transition-to-turbulen
e of the 
ow is dire
tly triggered by the stenosis, whi
hhowever, is further 
ompli
ated by the pulsatile inertial for
es and the mean drivinginertial for
es. Both the pulsatile inertial for
es and the mean driving inertial for
estend to enhan
e turbulen
e and 
ow unsteadiness, and the e�e
ts of these two types offor
es in 
omparison with the vis
ous for
es (whi
h tend to suppress turbulen
e) 
anbe quanti�ed using the Womersley number and Reynolds number, respe
tively. Forthe Newtonian 
uids, a high Womersley number (� = 10:5) and three low Reynoldsnumbers (Re = 750, 1200 and 1800) were tested; and for the non-Newtonian 
uids,the Womersley number remained un
hanged, however, the Reynolds number was �xedto 1200. All these values are 
hara
teristi
s of blood 
ows in large arteries of humansand animals.In 
hapter 3, we have examined the predi
tive performan
e of the DNM in
omparison with that of the 
onventional DM in the 
ontext of Newtonian 
uidsin a double-sided 
onstrained 
hannel. It is 
on�rmed that the DNM is a good62



performan
e model in terms of self-
alibration, as it ensures lo
al stability (withoutusing any lo
al spatial averaging or any 
lipping te
hnique to restri
t the magnitudeof the three dynami
 
oeÆ
ients) in the 
urrent simulation of a physiologi
al pulsatilelaminar-turbulent-laminar stenoti
 
ow. In 
ontrast, when the DM was applied tothe simulation, a 
lipping te
hnique was needed to restri
t the model 
oeÆ
ientin order to maintain numeri
al stability. This advan
ed DNM allows for physi
alrepresentation of both forward and ba
kward s
attering of lo
al TKE between the�ltered and subgrid s
ales. In 
ontrast, owing to its overly simpli�ed 
onstitutiverelationship (Boussinesq), the DM assumes that the prin
ipal dire
tions (eigenve
tors)of the negative of the SGS stress tensor ��ij be stri
tly aligned with those of theresolved strain rate tensor �Sij. In 
onsequen
e, the DM fails to predi
t ba
ks
atterof the mean SGS KE produ
tion rate (whi
h quantity is determined uniquely by thetensorial geometri
al relationship between the ��ij and �Sij [56℄).In 
hapter 4, a 
onsistent modelling approa
h has been proposed to perform LESof non-Newtonian 
ow by implementing the DNM of Wang and Bergstrom [1℄ intothe simulations. The proposed modelling approa
h resolves the previous 
on
eptualin
onsisten
y in modelling the mole
ular and SGS shear stresses, as it warrants thatboth the mole
ular and SGS vis
osities are nonlinear fun
tions of the resolved strainrate tensor. It was also 
on�rmed that the DNM is a good-performan
e self-
alibrationmodel whi
h ensures lo
al stability in the physiologi
al pulsatile laminar-turbulent-laminar 
ow studied. This advan
ed dynami
 nonlinear SGS model allows for physi
alrepresentation of both forward and ba
kward s
attering of lo
al turbulent energy
uxes between the �ltered and subgrid s
ales of motions. Although the preliminaryresults based on the proposed 
onsistent modelling approa
h for mole
ular and SGSshear stresses are en
ouraging, additional studies are ne
essary in the future to furtherprove that it is an e�e
tive numeri
al tool for LES of non-Newtonian 
ows.In pra
ti
e, there are many 
hallenges involved in numeri
al modelling of blood
ows. The geometry of a stenosis in a blood vessel 
an be highly irregular and theboundary material 
an be nonlinear and elasti
, 
omplex physiologi
al 
onditions 
anbe involved, and the behaviour of the blood 
uid itself 
an be Newtonian in large63



arteries and non-Newtonian in small arteries. Furthermore, even the deterministi
me
hani
al resear
h methodology represented by this study and those of Clark [7℄,Ghali
hi et al. [17℄, Lee et al. [18, 19℄, Mittal et al. [4, 31℄ and Varghese et al. [27, 28℄has 
ertain limitations. For these reasons, the 
on
lusions obtained from thisresear
h 
annot be dire
tly used for any 
lini
al purposes. However, it is believedthat the 
urrent 
ows under study 
an serve 
leaner ben
h test 
ases for profoundunderstanding of the basi
 underlying physi
s of these types of pulsatile stenoti
transition 
ows, whi
h are of fundamental interest to both the me
hani
al andbiologi
al 
ommunities.It is 
on�rmed through this resear
h that the LES is a useful tool for numeri
alinvestigation of transitional Newtonian and non-Newtonian 
ows in stenoti
 
hannel.As the �rst step, a re
tangular 
ross-se
tion has been used in the simulations. In thefuture, more realisti
 biologi
al vessels (with di�erent 
ross-se
tional shapes) need tobe 
onsidered.
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Appendix ANumeri
al Pro
edure
The 3D LES 
ode employed for 
ondu
ting 
urrent simulations uses a �nite volumeapproa
h where the �ltered governing equations are integrated over 
ontrol volumesand solved using 
omputational methods. The numeri
al algorithm is des
ribedbrie
y in this Appendix.A.1 Coordinate TransformationThompson et al. [70℄ introdu
ed an approa
h where the partial di�erential equationsare formulated in a transformed 
urvilinear 
oordinate system that 
oin
ides with theboundaries of the 
ow domain. In this approa
h, the 
ow domain in physi
al spa
eis mapped onto a re
tangular domain in 
omputational spa
e, as shown in Fig. A.1,where a two-dimensional 
ase is represented for simpli
ity. For mapping xj �! �j, ifJij represents the elements of the Ja
obian matrix, J, of the transformation thenJij = �xi��j (A.1)The determinant of the Ja
obian matrix, J, is denoted by jJj and given byjJj = �xi��jAij (A.2)where Aij are the elements of the 
ofa
tor matrix, A, of the Ja
obian, de�ned asjAj = jJjJ�1 (A.3)74
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(b)FIGURE A.1: Grid arrangement and notation in two-dimensional 
ase in bothphysi
al spa
e (left) and 
omputational spa
e (right); solid lines for the grid linesand dashed lines for the fa
es of the 
ontrol volume.By applying the 
hain rule, the derivatives 
an now be expressed in thetransformed spa
e in the following way���xi = ����j ��j�xi = AijjJj ����j (A.4)where � is a generi
 variable. The �ltered governing Eqs. 2.14 and 2.15 in general
urvilinear 
oordinates 
an be written as���k �AkjjJj �uj� = 0 (A.5)�(��ui)�t + ���k �AkjjJj ��ui�uj� = �AkjjJj ��p��k + ���k �AkjjJj ��eAljjJj ��ui��l + �eAlijJj ��uj��l �� (A.6)where the e�e
tive vis
osity, �e, is the sum of the mole
ular and SGS vis
osity de�nedas �e = �+ �sgs (A.7)
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The �nite volume method uses the integral form of the transport equations as thestarting point. Integrating the transformed equations over a single 
ontrol volume,�V , gives, the 
ontinuity: Z�S Gknkds = 0 (A.8)and momentum balan
e:Z�V �(��ui)�t jJjdV + Z�S Gk�uinkdS = � Z�V Akj ��p��k dV+ Z�S ��e�AljAkjjJj ��ui��l + AliAkjjJj ��uj��l ��nkdS (A.9)where Gk = Aij��uj, is the mass 
ux in the �k 
oordinate dire
tion, nk is the unitnormal pointing outward of the 
ell surfa
e �S and the 
ell volume �V .
A.2 Dis
retisation S
hemeThe grid arrangement is shown in Fig. A.1, where the mesh spa
ing in the transformedspa
e is uniform, i.e., �� = 1. The 
ontrol volume (CV) fa
es lie midway betweennodes. A

ording to the 
ollo
ated arrangement, all the variables, e.g. velo
ity andpressure stored at the CV 
entres are assumed to be uniform over the CV. A linearvariation of variable values between grid nodes is assumed in su
h a way that thevalue of the variables at the 
ell fa
es are obtained as averages of the values at theappropriate adja
ent nodes. In order to illustrate the dis
retisation s
heme adopted,let us 
onsider the u-momentum equation. The 
onve
tive term is approximated byZ�S Gk�unkds � [G1�u℄I+ 12 ;J;K � [G1�u℄I� 12 ;J;K + [G2�u℄I;J+ 12 ;K� [G2�u℄I;J� 12 ;K + [G3�u℄I;J;K+ 12 � [G3�u℄I;J;K� 12 (A.10)To demonstrate, let us use the �rst term of the Eq. A.10. [G1�u℄I+ 12 ;J;K is approximatedas follows [G1�u℄I+ 12 ;J;K = 12[G1℄I+ 12 ;J;K([�u℄I;J;K + [�u℄I+1;J;K) (A.11)The variation of variables between nodal points is assumed to be linear. The76



mass 
uxes are then expressed as[G1℄I+ 12 ;J;K = �� �[A11�u℄I+ 12 ;J;K + [A12�v℄I+ 12 ;J;K + [A13 �w℄I+ 12 ;J;K� (A.12)where terms like [A11�u℄I+ 12 ;J;K 
an be dis
retised as[A11�u℄I+ 12 ;J;K = 12([�u℄I;J;K + [�u℄I+1;J;K)� ��y���I+ 12 ;J;K : ��z�� �I+ 12 ;J;K � ��y�� �I+ 12 ;J;K : ��w�� �I+ 12 ;J;K! (A.13)with��y���I+ 12 ;J;K = 12 � [y℄I;J+1;K � [y℄I;J�1;K2 + [y℄I+1;J+1;K � [y℄I+1;J�1;K2 � (A.14)The di�usive terms are approximated in a similar manner. The 
ross derivativeterms arising from the non-orthogonality of the transformed 
oordinate system aretreated expli
itly. Time derivatives are dis
retised using a three point ba
kwarddi�eren
e s
heme with a 
onstant time step of Æt, whi
h is represented by��u�t � 32 � �un+1 � �unÆt �� 12 � �un � �un�1Æt � (A.15)where n is the number of time step. The dis
retisation s
heme des
ribed above leadsto a quasi-linear system of equations for the velo
ity, �u, whi
h 
an be written asaI;J;K�un+1I;J;K = Xneighbours a��un+1� + SI;J;K (A.16)where SI;J;K represents a sour
e term 
ontaining all terms that 
an not be expressedas fa
e 
uxes but 
an be dependent on �u; and a� represents the 
oeÆ
ients for boththe 
onve
tive and di�usive terms. The summation being taken over the immediateneighbours of I; J;K (i.e., I � 1; J � 1; K � 1).
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A.3 Velo
ity and Pressure Cal
ulationOn
e the governing equations are dis
retised, the pressure and velo
ity �elds areobtained by employing a pressure 
orre
tion method whi
h is similar to the SIMPLEalgorithm of Patankar [71℄. This method 
an be illustrated as follows. The governingequations, for instan
e, the u-momentum equation to within a se
ond-order a

ura
y
an be written in the following quasi-matrix form assuming a 
onstant time stepun+1 � un + 23ÆtTn+1un+1 = �23ÆtDpn+1 + S (A.17)where u is the ve
tor of the unknown nodal values, Tn+1 represents the 
oeÆ
ientmatrix for the 
onve
tion and di�usion terms at time level n + 1, D arises fromthe dis
retisation of the pressure term, and the sour
e term S 
ontains all theterms resulting from the time dis
retisation. The derivative of di�usion terms aregiven expli
it treatment in order to redu
e the 
omputational 
ost. Evaluating thesederivatives at time level n and adding them to S introdu
es an error of O(Æt2) intoEq. A.17. Therefore, Eq. A.17 
an be written asun+1 + 23ÆtTnun+1 = �23ÆtDpn+1 + S +O(Æt2) (A.18)where S now 
ontains additionally those 
ross-derivative terms whi
h are not in
ludedin Tn and treated expli
itly. The bar in velo
ity is disregarded in order to simplifythe notation.The solution to Eq. A.18 obtained by negle
ting the error term O(Æt2) is a se
ondorder a

urate approximation to un+1. In order to a
hieve se
ond order a

ura
y,Eq. A.17 is solved in two stages. In the �rst stage, a solution to Eq. A.18 issought. Denoting this solution as um, having a 
orresponding pressure �eld pm,and introdu
ing a pressure in
rement, �pm = pm � pn, Eq. A.18 be
omesum + 23ÆtTnum + 23ÆtDÆpm = �ÆtDpn + S (A.19)where m represents an intermediate time level between n + 1, at whi
h the solutionis sought, and n, the most re
ent update. Applying an approximate fa
torisation,78



Eq. A.19 
an be re
ast as�I+ 23ÆtTn��um + 23ÆtD�pm�| {z }u� = �23ÆtDpn + S (A.20)A Taylor series analysis gives, D�pm � O(Æt). So, the error introdu
ed bythe approximate fa
torisation is (Æt)2TnD�pm � O(Æt)3 and 
an be negle
ted.Equation A.20 is then solved in two steps:u� = �I+ 23ÆtTn��1��23ÆtDpn + S� (A.21)um = u� � 23ÆtDÆpm (A.22)The ve
tors of unknown v and w nodal values, v and w, are obtained in thesimilar way. However, none of these velo
ity �elds at time level m 
an be obtainedsin
e �pm is still not known. In order to obtain the pressure in
rement, �pm, thevelo
ity �elds um, vm and wm are substituted into the 
ontinuity equation, whi
hgives a Poisson-type equation for the pressure in
rement, and this will be dis
ussed inthe following subse
tion. Sin
e um is a se
ond-order a

urate approximation to un+1,in the se
ond stage, a se
ond order a

urate solution at time level n + 1 is obtainedby rewriting Eq. A.19 for the time level n + 1, with the 
oeÆ
ient matrix evaluatedusing values from the intermediate time level mun+1 + 23ÆtTmun+1 + 23ÆtD�pn+1 = �23ÆtDpm + S (A.23)where the pressure in
rement, �pn+1 = pn+1 � pm, is introdu
ed. Using theapproximate fa
torisation, Eq. A.23 
an be written as�I+ 23ÆtTm��un+1 + 23ÆtD�pn+1�| {z }u�� = �23ÆtDpm + S (A.24)
u�� = �I+ 23ÆtTm��1��23ÆtDpm + S� (A.25)un+1 = u�� � 23ÆtD�pn+1 (A.26)79



The pressure in
rement is again 
omputed from the Poisson-type equation whi
hwill be dis
ussed in the next se
tion.A.4 Pressure SmoothingThe Poisson-type equation for the pressure in
rement 
an be de�ned as �pm = pm�pm�1, where m and m�1 indi
ate the values at the intermediate and most re
ent timelevels, respe
tively. These values 
an be obtained by substituting Eq. A.21 into the
ontinuity equation. For the illustration purpose, 
onsidering only the 
ux 
omponentarisen from the integration over the 
ell fa
es in the � dire
tion, this substitution gives2Æt3 �A1jAkjjJj ��pm��k �I+ 12 ;J;K � 2Æt3 �A1jAkjjJj ��pm��k �I� 12 ;J;K= [�A1jum�1j ℄I+ 12 ;J;K � [�A1jum�1j ℄I� 12 ;J;K (A.27)where um�1j is the velo
ity �eld 
orresponding to pressure �eld pm�1. Using the
entral di�eren
e interpolation between 
ell fa
es, for instan
e, the pressure in
rementgradient at I + 12 ; J;K is approximated by�AkjjJj ��pm��k �I+ 12 ;J;K = 12 �AkjjJj �I+ 12 ;J;K  ���pm��k �I+1;J;K + ���pm��k �I;J;K! (A.28)where�AkjjJj �I+ 12 ;J;K ���pm��k �I;J;K = �A1jjJj �I+ 12 ;J;K ��pmI+1;J;K ��pmI�1;J;K2 �+ �A2jjJj �I+ 12 ;J;K ��pmI;J+1;K ��pmI;J�1;K2 �+ �A3jjJj �I+ 12 ;J;K ��pmI;J;K+1 ��pmI;J;K�12 � (A.29)
The above interpolations lead to an os
illatory pressure �eld whi
h is de
oupledfrom the velo
ity �eld at even and odd grid nodes. As a solution of this problem, the�nite di�eren
e operators are rede�ned so that pressure in
rement derivatives normalto the 
ell fa
es are evaluated using values at nodes adja
ent to the 
ell fa
es, and the
ross derivatives are interpolated from gradients 
al
ulated at adja
ent nodes. Hen
e,80



�AkjjJj ��pm��k �I+ 12 ;J;K;1� = �A1jjJj �I+ 12 ;J;K ��pmI+1;J;K ��pmI;J;K�+ �A2jjJj �I+ 12 ;J;K ��pmI+1;J+1;K ��pmI�1;J�1;K +�pmI;J+1;K ��pmI;J�1;K4 �+ �A3jjJj �I+ 12 ;J;K ��pmI+1;J;K+1 ��pmI�1;J;K�1 +�pmI;J;K+1 ��pmI;J;K�14 � (A.30)
where the subs
ript 1� denotes the 
ompa
t sten
il. It 
an be demonstrated thatthis approa
h is equivalent to adding a smoothing term, �(�pm), to the right handside of Eq. A.27, of the form�(�pm) = 2Æt3 �A1jAkjjJj ��pm��k �I+ 12 ;J;K;1� � 2Æt3 �A1jAkjjJj ��pm��k �I+ 12 ;J;K;1�+2Æt3 �A1jAkjjJj ��pm��k �I� 12 ;J;K;1� � 2Æt3 �A1jAkjjJj ��pm��k �I� 12 ;J;K;1� (A.31)This smoothing term involves known and unknown 
omponents, and 
an bewritten as �(�pm) = �(pm)� �(pm�1) (A.32)The Rhie and Chow [59℄ approa
h allows to add the unknown term, �(pm), to theright hand side of the Eq. A.27. Adding this unknown term, the pressure in
rementequation be
omes2Æt3 �A1jAkjjJj ��pm��k �I+ 12 ;J;K;1� � 2Æt3 �A1jAkjjJj ��pm��k �I� 12 ;J;K;1�= [�A1jum�1j ℄I+ 12 ;J;K � [�A1jum�1j ℄I� 12 ;J;K+ 2Æt3 �A1jAkjjJj �pm��k �I+ 12 ;J;K � 2Æt3 �A1jAkjjJj �pm��k �I+ 12 ;J;K;1�+ 2Æt3 �A1jAkjjJj �pm��k �I� 12 ;J;K � 2Æt3 �A1jAkjjJj �pm��k �I� 12 ;J;K;1� (A.33)
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The mass 
ux, for instan
e, at I + 12 ; J;K, is then updated from[�A1jumj ℄I+ 12 ;J;K = [�A1jum�1j ℄I+ 12 ;J;K + 2Æt3 �A1jAkjjJj �pm�1��k �I+ 12 ;J;K� 2Æt3 �A1jAkjjJj �pm�1��k �I+ 12 ;J;K;1� + 2Æt3 �A1jAkjjJj ��pm��k �I� 12 ;J;K;1� (A.34)and the velo
ity �eld stored at the 
ell 
entres is updated from the original dis
reteapproximation, su
h that[umj ℄I;J;K = [um�1j ℄I;J;K � 2Æt3 �AkjjJj ��pm��k �I;J;K; (A.35)A.5 Solution Algorithm and Convergent Condi-tionThe system of algebrai
 equations resulting from the above dis
retisation are solveda

ording to the following algorithm:� Compute u�;v� and w� from Eq. A.21 using most re
ently updated Gn and pn.{ Solve for �pm from Eq. A.33 with the nonlinear momentum interpolationmethod of Rhie and Chow [59℄.{ Update mass 
uxes and velo
ities using Eqs. A.34 and A.35, respe
tively,to obtain Gm, um, vm and wm.� Compute u��, u�� and u�� from Eq. A.25 using the updated Gm and pm.{ Solve for �pn+1 from Eq. A.33 with the nonlinear momentum interpolationmethod of Rhie and Chow [59℄.{ Update mass 
uxes and velo
ities using Eqs. A.34 and A.35, respe
tively,to obtain Gn+1, un+1, vn+1 and wn+1.The maximum residuals, representing the errors asso
iated with the entiresolution pro
edure, are 
al
ulated within the solvers as a part of the solution82



pro
edure. For velo
ity, the normalised residual isjjun+1jj# = t#(Ruijk)max[max(�2u2ijk + �2v2ijk + �2w2ijk)℄1=2 (A.36)where the time s
ale t# depends on the 
ow under investigation and is de�ned usinga length and a velo
ity s
ale representative of 
onditions at the inlet; ijk representsthe lo
ation in the 
omputational domain. The normalised residual for the pressurein
rement is jj�pn+1jj# = t#(Rpijk)max� 1Ngrid PNgrid �2�1=2 (A.37)where Ngrid is the total number of grid points. Here Ruijk and Rpijk are the dimensionalresiduals for the velo
ity and pressure respe
tively. The momentum equations areiterated until jjun+1jj# < 10�7. The toleran
e for the pressure in
rement equation isredu
ed so that the iterative pro
edure does not terminate until jj�pn+1jj# < 10�8.
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Appendix BGeneration of A Physiologi
al Flow
The physiologi
al pulsatile velo
ity pro�le is obtained from the solution of a one-dimensional Navier-Stokes equation where the pressure gradient is the Fourier seriesof time. Womersley [60℄ �rst 
al
ulated the physiologi
al velo
ity pro�le for a tubeby using the pressure gradient. A similar approa
h has been applied by Loudon andTordesillas [72℄ to 
al
ulate the physiologi
al pulsatile velo
ity pro�les between thetwo parallel 
at plates. This appendix do
uments the mathemati
al approa
h usedfor deriving the physiologi
al pulsatile velo
ity pro�le at the inlet of the 
hannel.B.1 Steady Part of the SolutionLet us 
onsider a one-dimensional 
uid 
ow with density � and dynami
 vis
osity �between two surfa
es separated by a distan
e h. The governing equation of motionof the 
uid is given by the following form of Navier-Stokes equation�2�u�y2 � �� ��u�t = 1� ��p�x; �h2 � y � h2 (B.1)where ��p�x = 23A0 (B.2)Here A0 is the 
onstant 
orresponding to the steady pressure gradient.If the 
ow is in steady state, ��u�t = 0 (B.3)84



Now from Eq. B.1, �2�u�y2 = 1� ��p�x (B.4)By integrating Eq. B.4, we obtain��u�y = 1� ��p�xy + C1 (B.5)At y=0 , ��u�y = 0, and therefore, C1 = 0. This results in��u�y = 1� ��p�xy (B.6)By integrating Eq. B.6, we obtain�u = 1� ��p�x y22 + C2 (B.7)At h2 = 0; �u = 0. Therefore, C2 = � 18� ��p�xh2,�u = 1� ��p�x y22 � 18� ��p�xh2 = 1� 23A0 � 18� ��p�xh2 (B.8)Now, the volume 
ow rate per unit length, Q=l is expressed asQl = 12� ��p�xZ �h=2h=2 (y2 � h2=4)�y= 12� ��p�x [y33 � y24 y℄h=2�h=2= 12� ��p�x (h324 � h38 + h324 � h38 )= � 112� ��p�xh3 (B.9)The bulk velo
ity �U is expressed as�u = QA = � 112� ��p�xh3lhl = � 112� ��p�xh2 (B.10)From Eq. B.10, we obtain ��p�x = �12� �Uh2 (B.11)
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From Eqs. B.2, B.8 and B.11, the solution of the velo
ity �eld is obtained as�u(y; t) = �U [1� 4y2h2 ℄ (B.12)B.2 Os
illatory Part of the SolutionFor the os
illatory part, ��p�x = �Aei(n!t+�n) (B.13)where A is the 
onstant 
orresponding to the os
illatory pressure gradient. Let usassume that the solution of Eq. B.1 is�u = v(y)ei(n!t+�n) (B.14)From Eqs. B.1 and B.14, v00 � ��in!v = 0 (B.15)For 
omplementary fun
tion, let us assumev00 � ��in!v = 0 (B.16)Solving the auxiliary equation 
orresponding to Eq. B.16, m = �q �� in!, the
omplementary fun
tion 
an be written asv(y) = A1 
osh(r��in!:y) + iB1 sinh(r��in!:y) (B.17)
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For the parti
ular integral, the 
orresponding equation 
an be written as(D2 � ��in!)v(y)ei(n!t+�n) = � 1�Aei(n!t+�n)=) v = �A� : 1D2 � �� in!= A� (1� D2�� in! )�1= A�in! (B.18)Now 
ombining the auxiliary equation and 
omplementary fun
tionv(y) = A1 
osh(r��in!:y) + iB1 sinh(r��in!:y) + A�in! (B.19)The 
orresponding boundary 
onditions are: �v�y = 0 at y = 0 and v = 0 aty = h2 . Applying these two boundary 
onditions into Eq. B.19, we get B1 = 0 andA1 = � Ain! 
osh(p �� in! h2 ) . Based on these, the solution takes the following formv(y) = Ain! [1� 
osh(q �� in!y)
osh(q �� in! h2 ) ℄ (B.20)Using the de�nition of Womersley number, � = hq!�� , we 
an write the �nalsolution as u(y; t) = Ah2in��2 [1� 
osh(pin� yh)
osh(pin� 12) ℄ei(n!t+�n) (B.21)The real part of this solution is used to generate physiologi
al velo
ity pro�le atthe inlet of the 
hannel.B.3 Real Part of the SolutionIn order to separate the real part of the solution from Eq. B.21, the De Moivrestheorem of 
omplex numbers is needed together with some trigonometri
 formulas.The De Moivres theorem gives(
os � + i sin �)m = [
os(m�) + i sin(m�)℄; (B.22)87



If z = x + iy, then 
osh z = 
osh x 
os y + i sinh x sin y (B.23)Using the De Moivres theorem, we obtainpi = [
os(�2 ) + i sin(�2 )℄ 12= 1p2(1 + i) (B.24)
osh(pin�yh) = 
osh[�pn 1p2(1 + i)yh ℄= 
osh(�rn2 yh) 
os(�rn2 yh)+ i sinh(�rn2 yh) sin(�rn2 yh)= 
osh �1 
os �1 + i sinh�1 sin�1 (B.25)
osh(pin�12) = 
osh[�pn 1p2(1 + i)12℄= 
osh(rn2 �2 ) 
os(rn2 �2 )+ i sinh(rn2 �2 ) sin(rn2 �2 )= 
osh�2 
os�2 + i sinh�2 sin�2 (B.26)and ei(n!t+�n) = eiP = 
osP + i sinP (B.27)
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From Eqs. B.21, B.25 and B.26, we obtainu(y; t) = Ah2in��2 "1� 
osh(pin� yh)
osh(pin� 12)# ei(n!t+�n)= i Ah2n��2 "
osh(pin� yh)
osh(pin� 12) � 1# (
osP + i sinP )= i Ah2n��2 �
osh�1 
os�1 + i sinh�1 sin�1
osh�2 
os�2 + i sinh�2 sin�2 � 1� (
osP + i sinP )= i Ah2n��2 �(
osh�1 
os�1 + i sinh�1 sin�1)(
osh �2 
os�2 � i sinh�2 sin�2)
osh2 �2 
os2 �2 + sinh2 �2 sin2 �2 � 1�(
osP + i sinP )= i Ah2n��2 [ 1Dr (
osh�1 
os�1 
osh�2 
os�2 � i 
osh�1 
os�1 sinh�2 sin�2+ i sinh�1 sin�1 
osh�2 
os�2 + sinh�1 sin�1 sinh�2 sin�2)� 1℄(
osP + i sinP )= Ah2n��2Dr [(i 
osh �1 
os �1 
osh �2 
os�2 + 
osh �1 
os �1 sinh�2 sin�2� sinh�1 sin�1 
osh �2 
os�2 + i sinh�1 sin�1 sinh�2 sin�2)� iDr℄(
osP + i sinP )= Ah2n��2Dr [i 
osh �1 
os �1 
osh �2 
os�2 
osP + 
osh �1 
os�1 sinh�2 sin�2 
osP� sinh�1 sin�1 
osh �2 
os�2 
osP + i sinh�1 sin�1 sinh�2 sin�2 
osP � iDr 
osP� 
osh�1 
os�1 
osh �2 
os �2 sinP + i 
osh �1 
os �1 sinh�2 sin�2 sinP� i sinh�1 sin�1 
osh �2 
os�2 sinP� sinh�1 sin�1 sinh�2 sin�2 sinP +Dr sinP ℄ (B.28)Now separating the real part from Eq. B.28, to obtainu(y; t) = Ah2n��2Dr [
osh�1 
os�1 sinh�2 sin�2 
osP� sinh�1 sin�1 
osh �2 
os �2 
osP� 
osh�1 
os�1 
osh�2 
os�2 sinP� sinh�1 sin�1 sinh�2 sin�2 sinP +Dr sinP ℄ (B.29)
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where �1 = �rn2 yh (B.30)�2 = �2rn2 (B.31)P = n!t+ �n (B.32)Dr = 
osh2 �2 
os2 �2 + sinh2 �2 sin2 �2 (B.33)Thus, the full solution in
luding the steady and os
illatory part for N harmoin
s
an be written as:u(y; t) = �U [1� 4y2h2 ℄ + NXn=1 MnAh2in��2 [1� 
osh(pin� yh)
osh(pin� 12) ℄ei(n!t+�n) (B.34)
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