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Abstract

Electromagnetic transient (EMT) simulations of large power networks can be resource-

intensive and prohibitively slow. One of the ways of accelerating EMT simulations is by ex-

ploiting the parallel processing capabilities offered by modern multi-core and multi-processor

computing systems. Often, multi-rate simulation is advisable where different parts of the net-

work are solved with different time-steps, reserving the smaller time-steps for sub-networks

with fast transients and larger ones for the slower sub-networks. This thesis aims to in-

vestigate methods for speeding up single-rate EMT simulations of large power networks as

well as develop a rigorous analytical approach for assessing the stability of multi-rate EMT

simulations. In this regard, the work reported in this thesis is divided into two parts:

In the first part, we develop novel methods for accelerating single-rate EMT simulations

using parallel processing as well as evaluate and compare the computational efficiency of

some of the existing methods proposed in the literature.

Firstly, an alternative method for formulating the equations of a network for EMT simula-

tions is presented. It uses descriptor state-space equations (DSE) to represent the dynamical

equations of a circuit. A procedure for interfacing a DSE-based formulation with a compan-

ion circuits-based EMT simulator is also developed. This procedure enables the interfacing

of arbitrary power networks with any commercial CC-based EMT simulation package and

can also be used to speed up the simulation using parallel processing.

Subsequently, sparse matrix-based parallelization methods are used for speeding up DSE-

based EMT simulations. In particular, two of the commonly used methods in the literature

are used and their computational performance is compared. The first method transforms a

sparse matrix into Block Diagonal (BD) form and can be used when the simulated network

contains distributed parameter transmission lines and/or cables. On the other hand, the

second one transforms a sparse matrix into a Bordered Block Diagonal (BBD) form and is

more general in its application.

A novel universally passive delay-based interface is developed after this. It uses existing

inductors in the circuit to partition the network in EMT simulations. It allows for simulation

v



speed up when the solution of the partitioned network is computed on a parallel computing

platform. It is shown that the proposed interface has superior performance compared to

other existing inductor-based partitioning approaches, and is guaranteed to be passive thus

benefiting the numerical stability of the simulation.

In the second part of the thesis, a novel approach for the stability assessment of multi-rate

EMT simulations of linear time-invariant (LTI) circuits is developed. Firstly, it is demon-

strated that multi-rate EMT simulations can produce unstable results for stable continuous-

time LTI circuits even when the well-known A-stable trapezoidal integration method is used.

Further, it is shown that such simulations always yield a periodically varying system in the

discrete-time domain. By exploiting this property and applying the well-known technique of

‘lifting’, a sampled data time-invariant representation for the simulated discrete-time system

is obtained which can then be used for assessing the numerical stability of the simulation

using eigenvalue analysis. The proposed method is useful for assessing the stability of multi-

rate EMT simulations even before running them.
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Chapter 1

Introduction

This chapter presents the background material along with the literature review. The objectives

of the thesis are also presented followed by its outline.

1.1 Background

Simulations have long been used by power engineers for analyzing the transient behavior of

power systems. In the early days, power system simulation studies were performed using

analog simulators, or using Transient Network Analyzers (TNA) that consisted of scaled-

down analog models for various elements in a system [4,5]. However, due to the advancements

in digital computing technology as well as its flexibility and low maintenance requirement

compared to analog components, digital simulation programs are almost exclusively used

nowadays [6]. A digital simulation program solves the differential equations (representing a

system’s transient behavior) on a computer using a numerical integration algorithm with a

suitable time-step.

Traditionally, Transient Stability (TS) simulation programs have been used for study-

ing slow transient phenomena like rotor angle stability in ac power grids [7]. In contrast,

Electromagnetic Transient (EMT) simulation programs have been mostly used for studying

fast transient phenomena like lightning and switching overvoltages, ferroresonance etc. [8].
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TS-type programs make modelling simplifications by representing the electrical network

equations in phasor domain. This permits the use of larger time-steps (in the range of a

few milliseconds) for the simulations, which reduces their computational burden and makes

them suitable for simulating large power networks. On the other hand, EMT simulations

use detailed models for various network elements for which relatively smaller time-steps (in

the range of a few microseconds) are required for ensuring that the simulation results are

accurate.

Nowadays with the proliferation of power electronic equipment such as high voltage dc

(HVdc) transmission and flexible ac transmission systems (FACTS) in power systems, EMT

simulation, because of its point-on-wave property [8], is becoming the preferred tool for

analysing the transient behavior of power systems. However, since EMT simulations also

have a high computational burden, simulating large systems tends to be resource intensive

and slow.

1.2 Electromagnetic Transient (EMT) Simulations

In the range of circuit simulation algorithms, EMT simulations offer the greatest level of

detail in modelling various network elements (such as inductors, capacitors, transmission

lines etc.). Most EMT simulators available today use the Companion Circuits (CC) approach

(proposed by Dr. H. W. Dommel in 1969 [9]) for formulating the equations that govern the

behavior of a given power network.

In this approach, each branch inductor or capacitor is firstly transformed to their cor-

responding discrete time companion circuits using the trapezoidal integration method. As

shown in Fig. 1.1, these companion circuits consist of a history current source, which is a

function of the element’s current and voltage in the previous time-step, in parallel with a

conductance which depends on the time-step ∆t used for simulation (the expressions for

IhL(t −∆t) and IhC(t −∆t) seen in Fig. 1.1 can be found in [8]). After this, the difference

equations of the circuit are formulated using Modified Nodal Analysis (MNA) [10] in the
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form given in (1.1).

Y V (t) = J(t) (1.1)

Ô⇒ V (t) =Y−1J(t) (1.2)

Here,

Y: Augmented admittance matrix of the discretized circuit.

V (t): Vector containing node voltages, and voltage source branch currents at time t.

J(t): Vector containing history sources, current sources, and voltage sources at time t.

Eq. (1.1) is then solved at every time-step to obtain the transient response of a network. Note

that even though Y−1 is shown in (1.2) for solving (1.1), Y is seldom inverted in practice.

Instead a factorization method such as LU decomposition, which is computationally more

efficient than direct matrix inversion [11], is used for solving (1.1).
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Figure 1.1: Companion Circuits for Inductor and Capacitor

The size of Y is directly proportional to the system’s size. This means solving (1.1) can

become computationally intensive as the system size grows. Moreover, when power electronic

converters are present in the system, the power electronic switches (making up the converters)

may change their conduction state very frequently. Additionally, each time a switch changes

its conduction state (OFF to ON or ON to OFF), Y needs to be refactorized in order to

solve (1.1). Also, smaller time-steps, in the range of a few nanoseconds to microseconds,

are required for accurately simulating fast switching modern power electronic systems like
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voltage source converters and modular multilevel converters [12].

All these reasons can make EMT simulations of large systems computationally intensive

and sometimes prohibitively slow. Therefore, there is a need to develop methods that can

speed up EMT simulations so that they can handle large systems efficiently.

1.3 Existing Methods for Speeding Up Transient Sim-

ulations of Power Systems

Many methods have been proposed in the literature for making large system simulations

computationally efficient. One of the ways is to use a hybrid simulation approach which

combines the benefits of two or more type of solvers [13]. The system to be simulated is

divided into a smaller-sized study zone (where the disturbance occurs) and a larger external

system (containing the rest of the system). The study zone is simulated using a detailed solver

while the external system is simulated using a less detailed but computationally efficient

solver. The rationale behind this approach is that usually in large systems, the area of

interest around the point of disturbance is small as fast transients do not propagate over

long distances [13].

An EMT-TS hybrid simulation approach was first proposed in [14]. Over the years, other

hybrid simulation approaches having better accuracy performance have also been proposed

which include the EMT-Dynamic Phasor (DP) approach [15] as well as EMT-DP-TS ap-

proach (where the DP simulation engine acts as a buffer layer between the more detailed

EMT simulation and the less detailed TS simulation programs) [16]. However, few of the

key challenges that exist for any hybrid simulation approach are:

1. Interfacing of different solvers with high accuracy and numerical stability.

2. Inevitable trade-offs while selecting the location of the boundary buses between the

study zone and the external systems :

• A boundary bus too close to the point of disturbance may give rise to inaccuracies
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and numerical instability problems.

• A boundary bus too far away from the point of disturbance offsets the computa-

tional gains accrued by using a hybrid simulation approach as the portion of the

network simulated using a detailed solver becomes larger

An alternative way of speeding up large system simulations is through the use of dynamic

system equivalents [17]. The idea of dividing the system into a study zone and an external

system is still used in this case. However, the external system is now modelled using a

reduced order system equivalent. Various methods for deriving dynamic system equivalents

that are accurate in the low frequency (i.e., a few Hz) and/or the high frequency (i.e., a few

kHz) range are reviewed in [17].

Frequency Dependent Network Equivalents (FDNE) approximately model the measured

(or the simulated) terminal admittance frequency response of an external system in the

high frequency range by using either rational transfer functions [18] or lumped parameter

models [19]. The computational efficiency of FDNEs for higher order systems can be further

improved by using a Two Layer Network Equivalent (TLNE) [20,21]. In contrast, for deriving

low frequency equivalents, aggregation methods based on coherency [22] or mode shapes from

small-signal analysis [23] have been typically used. A wideband equivalent that can model

the behaviour of an external system both in the low frequency and high frequency range has

also been developed in [24]. It essentially uses a hybrid EMT-TS simulation approach with

a multiport FDNE connected at the boundary buses. The TS simulation models the low

frequency behavior while the multiport FDNE models the high frequency behavior of the

external system.

The use of dynamic system equivalents does lead to significant computational gains (as

is evident from the results reported in the current literature [25]). However, some of the

major challenges with using these methods include:

1. The requirement to re-derive an equivalent from scratch if the external system under-

goes any topological change close to the boundary bus [26].
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2. The need for separate passivity enforcement strategies to ensure that the equivalent is

passive in the frequency range of interest [27,28].

3. The need for trade-offs between accuracy and passivity of a reduced order equivalent.

4. No access to internal variables of the external system (like node voltages, branch cur-

rents etc.) when it is replaced with a reduced order equivalent.

In recent years, considerable research effort has been directed towards speeding up EMT

using parallel processing techniques. Earlier applications of parallel processing for accelerat-

ing EMT simulations relied on the use of expensive hypercube machines [29], and computer

clusters [30]. However, with the development of multi-core CPUs (i.e., multiple processing

units on a single integrated circuit) and other hardware-based accelerators (such as GPG-

PUs and FPGAs), the cost of enabling parallelism in general purpose applications is going

down [31]. These modern high performance computing devices have also been used for

speeding up EMT simulations as shown in [32–35].

The first step in the development of any parallel processing application is to partition the

system into multiple subsystems [36]. In the next section, we will review the state-of-the-

art methods used for partitioning an electrical network in EMT simulations so that parallel

processing capabilities can be used for speeding up the simulation.

1.4 State-of-the-Art Partitioning Methods for Enabling

Parallel EMT Simulations

Developing parallel EMT simulations firstly requires that the simulated system be divided

into multiple subsystems. This is done so that each subsystem can then be solved in parallel

in every time-step on a separate computing node. The solution of the entire system of course

needs to be reconciled before proceeding to the next time-step. In this section, we review

various methods that are currently used for partitioning a system for enabling parallel EMT

simulations.
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1.4.1 Network-level Partitioning Methods

Network-level partitioning methods decompose the original network into multiple sub-networks

following which the equations of each sub-network are formulated separately. To partition

a system at network-level, EMT program developers have relied on different types of inter-

faces and partitioning techniques. Various interfaces and partitioning techniques that have

been traditionally used for parallel EMT simulations can be classified as: 1) delay-based

partitioning, and 2) diakoptics-based partitioning.

Delay-based Partitioning

Delay-based partitioning relies on the finite time-delay introduced by a component for parti-

tioning the system. This delay may be actual, such as the one arising from the finite transport

delay across a transmission line, or it may be artificial, where signals in the present time-step

are transferred to the remote system in the next time-step. When two or more subsystems

in an EMT simulation are connected only using a delay-based interface as shown in Fig. 1.2,

the augmented admittance matrix (Y) becomes block-diagonal (also shown in Fig. 1.2). This

means each block matrix [Yi] can be factorized separately and for every i = 1,2 ... nblocks,

the [Yi] [Vi] = [Ji] can be solved independently within a time-step. Thus, the subsystems

are completely decoupled for computations within a time-step, thereby enabling parallelism

(the coupling between the various subsystems is through the right hand side vector J(t)).

=Y2 J2

Y1

Y3

J1V1

V2

V3 J3

Subsystem 1

Subsystem 2

Subsystem 3

Delay-based Interface

J1

Figure 1.2: Block-diagonal Y matrix with delay-based interfaces
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The well-known technique which uses distributed parameter transmission lines for par-

titioning comes under this category [29, 37]. If the travel time of the distributed parameter

line is greater than one time-step, then the two sides are decoupled as information from one

side would be available to the other side after the travel time has elapsed. There is no loss

of accuracy in this case as the transport delay is real.

However, when no transmission line is available at the point of partitioning, previous

researchers have proposed to replace inductors and capacitors at the point of partitioning

with history sources [3, 38]. Representing an inductor or capacitor by a history source

introduces a one time-step delay which can be used for partitioning. The rationale behind

this is that inductor currents and capacitor voltages are continuous functions of time and do

not change abruptly in a time-step. However, it can be shown that such methods may give

rise to numerically unstable simulations in certain cases (this is demonstrated in Chapter 4).

An alternative approach has been to use a fictitious “stub-line” with a one time-step

travel-time to connect systems together [39, 40]. When an inductor is present at the point

of connection, its value can be incorporated into the Bergeron stub-line data via inclusion

of additional (fictitious) shunt capacitance [39]. The stub-line interface is inherently passive

and hence does not give rise to numerical instability in simulations. However, it exhibits

sharp poorly damped resonance peaks in the high frequency range which can hamper its

accuracy and can give rise to spurious high frequency oscillations in certain cases (as will be

shown in Chapter 4).

Diakoptics-based Partitioning

In diakoptics-based partitioning, the system is firstly torn apart to get multiple subsystems

[41]. Each subsystem is then represented using a multiport Thevenin/Norton equivalent after

collapsing its internal nodes and it is connected to other subsystems through its boundary

nodes. Subsequently, the solution for the entire system is obtained in every time-step using

the following two-step procedure:

1. Compute the solution of the boundary system formed by the multiport Thevenin/Norton
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equivalents,

2. Parallelly compute the solution of the equations that represent the internal details of

each subsystem using the boundary node voltages/currents found in Step 1 as inputs

for each subsystem.

A flowchart of the simulation when using this partitioning technique is shown in Fig. 1.3.

Several diakoptics-based partitioning approaches for EMT simulations have been proposed

in literature [30, 42,43].
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Figure 1.3: Flowchart of EMT simulation with diakoptics-based partitioning

The main difference between individual techniques is in the following:

1. The type of multiport equivalent that is used for each sub-system (Thevenin equivalent

[30] or Norton equivalent [42]).

2. The approach used for formulating the equations which represent the internal details

of each subsystem (companion circuits approach [30] or state-space approach [43]).

A diakoptics-based partitioning strategy is mathematically exact (i.e., gives the same ac-

curacy as doing an unpartitioned solution) and facilitates partitioning at any arbitrary point
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in the system (i.e., it does not rely on any delays introduced by a component in the system).

However, since computing the boundary system’s solution is an inherently sequential step,

significant computational gains can only be accrued if the size of the boundary system is

relatively small compared to the the size of each subsystem.

1.4.2 Matrix-level Partitioning Methods

For large power networks, Y in (1.1) is typically very sparse. However, the non-zero pattern

of Y is not directly evident at the network-level. Due to this, it is challenging to ensure an

equitable sharing of the computational load when using network-level partitioning methods.

Alternatively, matrix-level partitioning methods use graph-based algorithms for decomposing

the Y matrix such that parallel processing can be exploited for speeding up the solution of

(1.1). In these methods, instead of partitioning the original circuit at the network-level, the

equations of the entire circuit are firstly formulated in the form given in (1.1). Following

this, an undirected graph corresponding to the non-zero pattern of Y is obtained. Finally,

using different graph-partitioning algorithms [44, 45], Y is converted into forms which are

amenable to parallel processing.

Several matrix-level partitioning methods have been proposed in the literature. In one

of the methods, Y is transformed to a block diagonal form [46,47] if the simulated network

uses distributed parameter transmission lines and/or cable models. Parallelization of the

solution with a block diagonalized Y can then be achieved in the same way as in the case of

delay-based interfaces discussed in Section 1.4.1. An alternative to this is to transform Y to

a bordered block diagonal form and then parallelize the simulation by solving a block lower

triangular and a block upper triangular system as proposed in [34]. More recently, an alter-

native domain decomposition method (called the Link Domain Extraction Decomposition)

has also been proposed in [48]. In this method, Y is expressed as a sum of a block diag-

onal matrix (BDM) and a linking-domain matrix (LDM). Following this, the Woodbury’s

formula [49] is used for computing the inverse of Y in order to solve (1.1) in parallel.

Although various matrix-level parallelization methods have been proposed in the liter-
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ature for accelerating EMT simulations, a quantitative comparison of their computational

performance has not been done.

1.5 Multi-rate EMT Simulations

Power systems are known to consist of “fast” and “slow” components that require widely

different time-steps for accurately modelling their transient behavior in a simulation [50].

For example, for networks containing only traditional power system components (e.g., syn-

chronous machines), experience shows that a time-step of about 25-50 µs is sufficient for

obtaining accurate results; whereas for accurately simulating power electronic converters

like voltage source converters, a much smaller time-step of 1-2 µs (25-50 times less than

that for traditional power systems) is generally required. If a single time-step ∆t is used for

discretizing all the components, there is a potential for the simulation to become excessively

slow as the ∆t, selected based on the accuracy requirements of the fastest component in a

system, is also used for solving relatively slower portions of the system.

One of the ways proposed in the literature for enhancing the computational efficiency (and

hence the speed) of EMT simulations is to divide the network into multiple sub-networks and

then use disticnt time-steps for simulating each sub-network. These are referred to as multi-

rate EMT simulations. The time-step for simulating each sub-network is selected based on

their individual time response characteristics [51], and the solution for the entire system is

reconciled every time the simulation time-grid for the various subsystems coincides with each

other. Multi-rate simulations are very useful in reducing the computational burden of the

simulated networks in real-time simulations where the simulation time must be synchronized

with the real-world clock [52].

One of the first approaches for multi-rate EMT simulations is presented in [50] which

uses frequency-dependent transmission lines as the interface point for segmenting a system

into fast and slow subsystems. A similar approach is used for multi-rate interfacing with

a Bergeron transmission line model in the real-time simulator from RTDS Technologies

Inc. [52]. Over the years, several other approaches have also been developed for carrying out
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multi-rate EMT simulations e.g., [53,54]. In [2,55], an extension of the Multi Area Thevenin

Equivalent (MATE) concept is proposed for carrying out multi-rate EMT simulations on

the University of British Columbia’s real-time simulator (called the Object Virtual Network

Integrator [30]).

Although several publications have successfully demonstrated the computational effi-

ciency enhancement accrued from using multi-rate interfacing techniques in EMT simula-

tions, the numerical stability properties of various multi-rate EMT simulation algorithms

have not been examined thoroughly.

1.6 Objectives of the Thesis

The main objectives of this thesis are to develop novel methods that help in partitioning the

network in order to accelerate EMT simulations using parallel processing, and to analyze

the stability and computational efficiency of the existing methods. To that end, the thesis

aims to do the following:

1. Develop and investigate methods that enable network-level partitioning for accelerating

EMT simulations.

(a) Develop a diakoptics-based partitioning approach that uses Descriptor State-space

Equations (DSE) for representing the internal details of each subsystem in parti-

tioned EMT simulations.

(b) Develop a novel delay-based interface that is highly accurate, does not compromise

the numerical stability of the simulation, and helps in partitioning the system in

EMT simulations using inductors that are already present in the network.

2. Develop an approach for assessing the numerical stability of multi-rate EMT simula-

tions.

3. Compare the computational performance of existing matrix-level parallelization ap-

proaches when used for accelerating DSE-based EMT simulations.
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1.7 Outline of the Thesis

The current chapter presents the introductory material as well as a literature review of the

existing techniques for speeding up transient simulations of power systems, and the state-of-

the-art partitioning methods for enabling parallel EMT simulations. The rest of the thesis

is organized as follows:

Chapter 2

In Chapter 2, an alternative method is investigated for formulating the equations of a system

for EMT simulations. It uses Descriptor State-space Equations (DSE) to represent the

dynamics of a circuit. A procedure to interface a DSE-based formulation with a Companion

Circuits (CC)-based EMT simulator is also developed. This procedure can be used to speed

up the simulations using parallel processing.

Chapter 3

In Chapter 3, sparse matrix-based parallelization methods are used for speeding up DSE-

based EMT simulations. In particular, two commonly used methods in the literature are

adapted and utilized, and their computational performance is compared. The first method

transforms a sparse matrix to a Block Diagonal (BD) form and can be used only when

the simulated network contains distributed parameter models for transmission lines and/or

cables. On the other hand, the second method transforms a sparse matrix to a Bordered

Block Diagonal (BBD) form and is more general in its application (i.e., it does not need

the presence of any special elements like distributed parameter lines/cables in the simulated

system; it only depends on the sparsity structure of the matrix).

Chapter 4

In Chapter 4, a novel delay-based interface for EMT simulations is developed which uses

existing inductors in the circuit to partition the network thus allowing for simulation speed up

when the solution of the partitioned network is computed on a parallel computing platform.
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The proposed interface is guaranteed to be passive thus benefiting the numerical stability

of the simulation and also has superior performance compared to existing inductor-based

partitioning approaches.

Chapter 5

In Chapter 5, a novel approach for assessing the numerical stability of multi-rate EMT simu-

lations of linear time-invariant (LTI) circuits is developed. It is shown that such simulations

always yield a periodically varying system in the discrete time domain. By exploiting this

property and applying the well-known ‘lifting’ technique [56], a sampled data time-invariant

representation is obtained for the simulated discrete-time system, which is then used for

stability assessment using eigenvalue analysis.

Chapter 6

In Chapter 6, the major conclusions of the thesis are discussed followed by recommendations

for future work.
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Chapter 2

Co-simulation of DSE-based and

CC-based EMT Simulators

This chapter investigates an alternative method for formulating the equations of a network for

EMT simulations. This method uses Descriptor State-space Equations (DSE) to represent

the dynamical equations of a circuit. A procedure for interfacing a DSE-based formulation

with a Companion Circuits (CC)-based EMT simulator is also developed. This procedure en-

ables interfacing of arbitrary power networks with any commercial CC-based EMT simulation

package and can also be used to speed up the simulation using parallel processing.

2.1 Introduction

In Chapter 1, a brief introduction to Electromagnetic Transient (EMT) simulations was

presented. At its most basic level, every EMT simulator solves the dynamical equations of

a circuit using a suitable numerical integration method. Most commercial EMT programs

available today use the fixed time-step trapezoidal method [57–59]. It is well-known that

mainly there are two approaches to formulate the equations of a given circuit for EMT simu-

lations [8]. The first is the Companion Circuits (CC) approach proposed by Dr. H. W. Dom-

mel [9] which was discussed in Section 1.2. Alternatively, the second approach is to formulate
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the state-space equations of the circuit in the form given in (2.1).

ẋs =Asxs +Bsu (2.1)

Here xs is a vector of state variables typically consists of linearly independent inductor

currents/flux-linkages and capacitor voltages/charges [8] (the subscript ‘s’ stands for stan-

dard state-space form); u is the input vector; As is the state matrix while Bs is the input

matrix. Once (2.1) has been formulated, we can use any numerical integration algorithm to

compute the updated values of the states xs at every time-step knowing inputs u.

Traditionally, graph theory-based methods have been used for formulating the state-space

equations of a circuit for EMT simulations [8,60]. But these methods require many interme-

diate matrix manipulation steps which makes them inefficient (w.r.t time and memory) and

thus impractical for EMT simulations of large networks [61,62].

In this chapter, we investigate an alternative method to formulate the state-space equa-

tions of a circuit. It uses Descriptor State-space Equations (DSE) that are formulated using

Modified Nodal Analysis (MNA). Unlike classical state variables which are always linearly

independent, descriptor state variables can be linearly dependent. This avoids special con-

siderations for all inductor-current source cutsets or all capacitor-voltage source loops, which

are required in many strict state variable formulations. Hence, the DSEs can be automat-

ically formulated for any arbitrary circuit using its netlist (a procedure for doing this is

presented later in this chapter).

Once the DSEs of a circuit are formulated, they can be discretized using an implicit inte-

gration method (such as the trapezoidal integration method) and used for EMT simulations.

This approach is compared with the widely used Companion Circuit (CC) approach. The

mathematical equivalence of discretized DSE-based EMT simulations with CC-based EMT

simulations has been already proven in [63]. Using various test cases, the advantages and

disadvantages of the CC-based and DSE-based approaches are discussed.

The main advantages of DSE-based formulation over classical state-space formulations

are: 1) it can be done automatically without any large matrix manipulations, and 2) gives
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2.2. Formulation of Equations for EMT Simulations

matrices that are sparse thus making it suitable for large systems. Also, the set of DSEs de-

scribing the network immediately allow for the application of widely available linear system

analysis tools such as the calculation of system eigenvalues of the real-world network. Al-

though it is not impossible to extract the eigenvalues from CC-based approaches, computing

them requires additional post-processing [1] because the state-space equations in continuous

time-domain are never explicitly formulated.

Finally, it is shown that a discretized DSE-based formulation can also be easily inter-

faced with a CC-based EMT simulator without any time-step delay errors. A step-by-step

procedure for accomplishing this is derived later in this chapter. This procedure enables

interfacing of arbitrary power networks with any commercial CC-based EMT simulation

package and can also be used to speed up the simulation using parallel processing.

2.2 Formulation of Equations for EMT Simulations

2.2.1 Companion Circuit (CC)-based EMT Simulations

This section briefly reviews the widely used CC-based EMT simulation [9], so that it can later

be contrasted with DSE-based EMT simulation. As discussed in Section 1.2, the difference

equations of the circuit in the CC-based approach are formulated using Modified Nodal

Analysis (MNA) in the form given in (2.2). Expanding (2.2) gives (2.3).

Y V (t) = J(t) (2.2)

⎡⎢⎢⎢⎢⎢⎣

GD Avs

AT
vs 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

vN(t)
iS(t)

⎤⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎣

iHS(t)
vS(t)

⎤⎥⎥⎥⎥⎥⎦
(2.3)

Here,

GD: Admittance matrix of the discretized circuit.

Avs: Incidence matrix for independent voltage source branches.

vN(t): Node voltages at time t.
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2.2. Formulation of Equations for EMT Simulations

iS(t): Currents through independent voltage sources at time t.

iHS(t): History current sources, and independent current sources at time t.

vS(t): Independent voltage sources at time t.

Any CC-based EMT simulator uses the following general procedure:

1. Form the Y matrix using the circuit’s netlist.

2. Initialize V (t).

3. Advance the solution time t = t +∆t.

4. Update J(t) by computing the history current values for each inductor and capacitor,

and the values of independent voltage and current sources.

5. If switches are present, check if any switch has changed its state and modify the G

matrix accordingly.

6. Compute V (t) by solving (2.2).

7. Update the currents iL(t) and iC(t) for each inductor and capacitor using the history

current values from Step 4 and V (t) from Step 5.

8. Go back to Step 3 if end time not reached.

The case of other non-linearities such as inductor saturation can also be accommodated

by modelling them with parallel inductors with switches [64], [65]. As we can see, the CC-

based EMT simulation approach is highly scalable which is why it is used in the majority

of commercial EMT simulation packages today [57], [58], [59]. The next section reviews the

procedure for formulating Y using a circuit’s netlist.

Formulation of the Y Matrix

We know from (2.3) that Y is composed of sub-matrices GD and Avs. The sizes of these

sub-matrices are given in Table 2.1. Here, nn is the number of nodes, and nvs is the number

of independent voltage sources in the circuit.
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Table 2.1: Size of sub-matrices in Y

Matrix Size

GD nn × nn

Avs nn × nvs

The matrix GD includes all the conductance corresponding to resistors as well as dis-

cretized inductors and capacitors present in the circuit. The general expression for (i, j)
entry of GD is given by (2.4).

GD(i, j) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

gi +
nn

∑
k=1
k≠i

gik, if i = j

−gij, if i ≠ j
(2.4)

Here gi is the sum of all the conductance between node i and ground while gij is the con-

ductance between node i and j where both i and j vary from 1 to nn.

The matrix Avs is the incidence matrix corresponding to independent voltage source

branches. One of the ways of formulating it is using (2.5).

A(i, k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if branch k has start node i

−1, if branch k has end node i

0, otherwise

(2.5)

2.2.2 Descriptor State-space Equation (DSE)-based EMT Simu-

lations

For DSE-based EMT simulations, the equations of the circuit are formulated firstly in the

continuous time-domain using MNA in the form given in (2.6)1.

Eẋ = −Ax +Bu (2.6)

1Note that the matrix E is often singular, so simply inverting it to obtain the classical state variable form
(of (2.1)) is generally not possible [66]
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2.2. Formulation of Equations for EMT Simulations

Once (2.6) has been formulated, it is discretized using the trapezoidal integration method

with a time-step ∆t. This gives the update equation as in (2.7) which can then be used to

carry out EMT simulations studies.

(E + A∆t

2
)x(t) = (E − A∆t

2
)x(t −∆t) + B∆t

2
(u(t) + u(t −∆t)) (2.7)

Equation (2.6) is called the Descriptor State-space Equation (DSE) where x is the vector

of descriptor state variables (NOT the same as xs in (2.1)) and u is the input vector, both

as given in (2.8).

x = [vTN iTL iTS]
T

u = [vTS jT
S
]
T

(2.8)

Here,

vN : Node voltages.

iL: Inductor currents.

iS: Currents through independent voltage sources.

vS: Independent voltage sources.

j
S
: Independent current sources.

When (2.6) is expanded using x and u from (2.8), we get (2.9).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0

0 L 0

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

d

dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vN

iL

iS

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

G AL Avs

AT
L 0 0

AT
vs 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vN

iL

iS

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 Ajs

0 0

−I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

vS

j
S

⎤⎥⎥⎥⎥⎥⎦
(2.9)

Here,

C: Capacitance matrix.

L: Diagonal matrix containing inductance values.

G: Conductance matrix (corresponding to lumped resistors in the circuit)

AL: Incidence matrix for inductor branches.

Avs: Incidence matrix for voltage source branches.

Ajs: Incidence matrix for current source branches.
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In most cases, the matrix E is singular as seen in (2.9). The exception is the relatively rare

case when there are no voltage sources (i.e., the last block row of E in (2.9) does not exist)

and C is also non-singular. Singularity of E implies that the entries of the descriptor state

vector x are linearly dependent. Also, when E is singular, an explicit integration method

like Forward Euler cannot be used for numerical integration [66].

A detailed derivation of (2.9) can be found in [63]. If the sub-equations in (2.9) are

expanded, we get (2.10) – (2.12).

C
dvN
dt
= −G vN −AL iL −Avs iS −Ajs jS (2.10)

L
diL
dt
=AT

L vN (2.11)

0 =AT
vs vN − vS (2.12)

Taking a closer look at (2.10) – (2.12), we can conclude the following:

• Equation (2.10) is obtained by applying Kirchhoff’s Current Law (KCL) at every node.

• Equation (2.11) is obtained by applying Kirchhoff’s Voltage Law (KVL) in every in-

ductor branch.

• Equation (2.12) is obtained by applying KVL in every independent voltage source

branch.

Based on the above discussion, we can say that a DSE-based EMT simulator can use the

following general procedure:

1. Form the E, A and B matrices using the circuit’s netlist.

2. Initialize x(t) and u(t).

3. Advance the solution time t = t +∆t.

4. Update u(t) by computing the independent voltage source and current source values

at time t.
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5. Compute the RHS of (2.7) from the history values and u(t) from Step 4.

6. If switches are present, check if any switch has changed its state and modify the A

matrix accordingly.

7. Compute x(t) by solving (2.7) using the RHS computed in Step 5.

8. Go back to Step 3 if end time not reached.

From the above discussion, we can see that this approach is also highly scalable (just like

the CC-based approach). The key step is the automatic generation of E, A and B (from

(2.6)) for any arbitrary circuit using its netlist. This is summarized below.

Formulation of the E, A and B Matrices

In this section, we present a procedure to automatically formulate E, A and B. We know

from (2.9) that each of these are composed of other sub-matrices (C, G, L etc.). The sizes

of the different sub-matrices are given in Table 2.2. Here, nn is the number of nodes, nl is

the number of inductors, nvs is the number of independent voltage sources, and njs is the

number of independent current sources in the circuit.

Table 2.2: Size of sub-matrices in E, A and B

Matrix Size

C & G nn × nn

L nl × nl

AL nn × nl

Avs nn × nvs

Ajs nn × njs

The matrix C includes all the capacitors present in the circuit. The general expression

for (i, j) entry of C is given by (2.13), where ci is the sum of all the capacitance between

node i and ground while cij is the capacitance between node i and j. Here both i and j vary
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from 1 to nn.

C(i, j) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ci +
nn

∑
k=1
k≠i

cik, if i = j

−cij, if i ≠ j
(2.13)

The matrix G includes only the entries corresponding to lumped resistors present in the

circuit. The general expression for (i, j) entry of G is given by (2.14), where gi is the sum of

all the conductance between node i and ground while gij is the conductance between node i

and j. Here both i and j vary from 1 to nn.

G(i, j) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

gi +
nn

∑
k=1
k≠i

gik, if i = j

−gij, if i ≠ j
(2.14)

The matrix L is a diagonal matrix which includes all the inductors present in the circuit.

The general expression for (k, k) entry of L is given by (2.15) where lk is the kth inductance

in the circuit’s netlist. Here k varies from 1 to nl.

L(k, k) = lk (2.15)

The matrices AL, Avs and Ajs are incidence matrices corresponding to inductor branches,

independent voltage source branches and independent current source branches respectively.

Each of these can be formulated using (2.5).

2.3 Comparison of CC-based and DSE-based EMT Sim-

ulations

2.3.1 Comparison of Simulations Results

Firstly, we compare the simulation results from the two approaches. For this, consider a

simple power system example as shown in Fig. 2.1. Transmission lines are modelled by
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2.3. Comparison of CC-based and DSE-based EMT Simulations

coupled π-sections and loads as three-phase resistors, inductors, and capacitors. System

data is given in Table 2.3.

1 2
16.5 0o kV

3 4 5100 km 18 5okV

16.5/230 kV 230/18 kV
100 km

100 km

100 kmIS1 IS2

Figure 2.1: A Simple Power System Example

Table 2.3: Data for the system of Fig. 2.1

Transmission Line
1000 MVA, 230 kV
R+ = 1.05 × 10−5 pu/m; X+ = 1.233 × 10−4 pu/m; B+ = 1.6987 × 10−5 pu/m
R0 = 1.0658 × 10−4 pu/m; X0 = 3.211 × 10−4 pu/m; B0 = 1.2064 × 10−5 pu/m
Transformers
1: 1000 MVA, 16.5/230 kV, Xl = 0.181 pu, Imag = 2%
2: 1000 MVA, 230/18 kV, Xl = 0.181 pu, Imag = 2%
Loads
522 MW, 150 MVAr
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Figure 2.2: Simulation Results for the system of Fig. 2.1
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A time-step of 200 µs is used for both the approaches. The system initially operates in

steady state. At t = 0.05 s, a 50ms (three cycles) solid three phase fault occurs at Bus 3. A

comparison of the simulation results from the two approaches is shown in Fig. 2.2.

We can see that the simulation results from both the approaches are essentially exactly

identical. The maximum absolute error in both IS1(A) and IS2(A) is zero. This must be so

since these two approaches are mathematically equivalent [63].

2.3.2 Computation of Eigenvalues

In addition to providing a framework for EMT simulation, the DSE formulation has an

additional advantage which is lacking in traditional CC-based EMT solvers. It is that it di-

rectly permits the application of analytical tools for linear systems (e.g., eigenvalue analysis,

root locus etc.). Although classical state-space (SS) formulations can also be used for this,

formulating equations in classical SS form may involve many intermediate matrix manipu-

lation steps. This makes them inefficient (w.r.t time and memory) and thus impractical for

formulating the equations of large systems [61,62].

An appropriately simple example as in Fig. 2.3 is chosen to demonstrate the basic prin-

ciples. The example includes an all capacitor-voltage source (C-V ) loop vS − vC2 − vC3 − vC1

which highlights the advantage of DSE-based formulation over classical SS formulation.

��

��

� � �mH

5 μ

100 μ

�1

�2
1000 μ

�3

Figure 2.3: Simple RLC Circuit (Computation of Eigenvalues)

For the DSEs, x = [v1 v2 v3 iL iS]T , and then the E and A matrices are as in (2.16)
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and (2.17).

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.0001 0 −0.0001 0 0

0 0.0015 −0.001 0 0

−0.0001 −0.001 0.0011 0 0

0 0 0 0.01 0

0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.16)

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 1

0 0 0 −1 0

0 0 0.1 0 0

−1 1 0 0 0

−1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.17)

Due to the C-V loop vS − vC2 − vC3 − vC1, only two out of the three capacitor voltages

can be state variables in a classical SS formulation. Hence, x = [vC1 vC2 iL]T is taken

for formulating the equations in classical SS form (as in (2.1)). Note, to eliminate the extra

algebraic variable vC3 in this case, intermediate matrix manipulations are needed. After

eliminating vC3, we finally get the state matrix As as given in (2.18).

As =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 153.85 1692.31

0 −230.77 −1538.46
−100 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.18)

To corroborate the fact that one can obtain the system eigenvalues from a DSE-based

formulation, a comparison of the eigenvalues of As with the eigenvalues of the matrix pencil

(−A,E) is given in Table 2.4. In Table 2.4, σ(As) are the system eigenvalues. We can

clearly see that σ(As) ⊆ σ(−A,E). In fact, the two extra −∞ eigenvalues arise in the case of

(−A,E) because E here is rank-deficient by two [49], which implies that only three elements

of the descriptor state vector x (out of five) are linearly independent.

It is worthwhile to note the ease with which C-V loops are handled in a DSE-based
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Table 2.4: Comparison of Eigenvalues

Eigenvalues of As Eigenvalues of (−A,E)
[σ(As)] [σ(−A,E)]

−66.139 ± j389.65 −66.139 ± j389.65
−98.491 −98.491

−∞, −∞

formulation. Unlike a classical SS formulation, there is no requirement in a DSE-based

formulation to eliminate the intermediate algebraic variables. The same can be concluded if

all inductor-current source (L-J) cutsets are present in a circuit.

Note that although in the above discussion we have demonstrated the computation of

eigenvalues with DSE-based formulation using a relatively simple example, it can be easily

accomplished for any arbitrary circuit using the procedure to automatically formulate A and

E given earlier in Section 2.2.2.

2.3.3 Comparison of CPU Run Times

To investigate how the computer run-times for DSE-based and CC-based simulation ap-

proaches scale with increasing system sizes, we consider four systems. These include standard

IEEE test systems (39-bus, and 118-bus) as well as synthetic versions [67] of the Illinois 200-

bus system and the South Carolina 500-bus system. The data for the latter two is available

in the public domain [68]. In each case, a 10 s simulation is performed with a time-step of

50 µs. Transmission lines in each of these systems have been modelled by coupled π-sections

and loads as three-phase resistors, inductors, and capacitors.

Fig. 2.4a gives a comparison of the CPU run times for the CC-based and DSE-based

approaches as a function of the number of three phase busses in the system. As shown

in Fig. 2.4b, on an average the CC-based approach is about 1.4 times faster for the cases

considered here. Hence, we can say that even though CC-based and DSE-based approaches

are mathematically equivalent (as shown in [63]), the DSE-based approach has a higher

CPU run time. Note however that although the DSE-based simulation approach is slower,
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it directly yields additional information such as system eigenvalues, which the CC-based

approach does not.
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Figure 2.4: Comparison of CPU Run Times

To understand why this difference exists, consider the size of the matrices involved in the

computations in every time-step for each of the approaches. The Y matrix (in (2.2)) for the

CC-based approach is a square matrix of size (nn+nvs). On the other hand, the (E + A∆t

2
)

matrix (in (2.7)) for the DSE-based approach is a square matrix of size (nn + nl + nvs).
Here, nn is the number of nodes, nvs is the number of independent voltage sources and nl is

the number of inductors. Hence, we can conclude that the superior speed of the CC-based

approach can be attributed to the fact that the size of the matrix involved in its computations

at every time-step is smaller than that in a DSE-based approach.

2.4 Interfacing of a DSE-based Formulation with a CC-

based EMT Simulator

We will now present a procedure for interfacing a DSE-based formulation with a CC-based

EMT simulator. This procedure is similar to the ones presented in [42,43] but derived here

for a DSE-based formulation. Consider the network to be interfaced is represented by a

black box as shown in Fig. 2.5 with n ports for interfacing.
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Figure 2.5: A General n-Port Network

Consider that this network has lumped circuit elements (viz. resistors (R), inductors

(L) and capacitors (C)) and internal voltage and/or current sources (each of which may be

dependent or independent). Then, internal dynamics of this network can be easily modelled

in continuous time-domain using DSEs. For doing this, let vp, iS and ip be as given in (2.19),

(2.20) and (2.21) respectively.

vp = [vp1 vp2 ... vpn]T (2.19)

iS = [iS1 iS2 ... iSn]T (2.20)

ip = [ip1 ip2 ... ipn]T (2.21)

Then, the DSEs for this network in continuous time-domain can be written in the form given

in (2.22).

Eẋ = −Ax +Bvp +Biui (2.22)

Here, x = [vTN iTL iTvs iTS ]
T
; vN is the vector of internal node voltages, iL is the vector

of internal inductor currents, ivs is the vector of branch currents through internal voltage

sources, and ui is the vector of internal sources. In addition to this, it can be easily verified

that the relationship between ip and x is as given in (2.23).

ip = BTx (2.23)

Now, to interface this n-port network with a CC-based EMT simulator, we need a discrete
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time-domain relationship between ip(t) and vp(t) as given by (2.24).

ip(t) =Gnvp(t) + IHIST (t −∆t) (2.24)

This relationship can be derived from the DSE-based formulation by firstly discretizing (2.22)

using the trapezoidal integration method to give (2.25).

x(t) = (E + A∆t

2
)
−1

{(E − A∆t

2
)x(t −∆t) + B∆t

2
(vp(t) + vp(t −∆t))

+Bi∆t

2
(ui(t) + ui(t −∆t))}

(2.25)

Subsequently, substituting (2.25) in (2.23) gives ip(t) as in (2.26).

ip(t) = BT (E + A∆t

2
)
−1 B∆t

2
vp(t)

+BT (E + A∆t

2
)
−1

(E − A∆t

2
)x(t −∆t)

+BT (E + A∆t

2
)
−1 B∆t

2
vp(t −∆t)

+BT (E + A∆t

2
)
−1 Bi∆t

2
(ui(t) + ui(t −∆t))

(2.26)

We can see that (2.26) has the same form as (2.24) with Gn and IHIST (t −∆t) as given in

(2.27) and (2.28) respectively.

Gn = BT (E + A∆t

2
)
−1 B∆t

2
(2.27)

IHIST (t −∆t) = BT (E + A∆t

2
)
−1

(E − A∆t

2
)x(t −∆t)

+BT (E + A∆t

2
)
−1 Bi∆t

2
(ui(t) + ui(t −∆t))

+BT (E + A∆t

2
)
−1 B∆t

2
vp(t −∆t)

(2.28)

Thus, we have the required discrete time-domain relationship between ip(t) and vp(t). Note,
since ui is a vector of internal sources, it is already known for time t and hence can be part
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of IHIST (t −∆t).
Now we can interface this network with any CC-based EMT simulator using the following

procedure:

1. Form E, A and B matrices for the network to be interfaced using the procedure given

in Section 2.2.2 and then calculate the Norton equivalent admittance (Gn) using (2.27).

2. Add Gn to the overall Y matrix of the CC-based EMT simulator.

3. Initialize x(t).

4. Advance the solution time t = t +∆t.

5. Knowing x(t −∆t) and vp(t −∆t), calculate IHIST (t −∆t) using (2.28). Then, add

IHIST (t −∆t) to the overall J(t) of the CC-based simulator (see (2.2)).

6. If switches are present inside the interfaced network, check if any switch has changed

its state and modify Gn accordingly.

7. Update the Gn added to the overall Y matrix of the CC-based EMT simulator.

8. The CC-based simulator computes V (t) by solving (2.2).

9. Read vp(t) from the overall V (t) of the CC-based EMT simulator (see (2.2)). Then,

calculate x(t) using (2.25).

10. Go back to Step 4 if end time not reached.

Note that there is no time-step delay involved while interfacing the DSE-based formula-

tion, and the interfaced modelling is mathematically exactly equivalent to a full CC-based

approach being used directly [63]. If distributed parameter elements (such as cables or trans-

mission lines) are present in the system, then these can be easily included as CC-models and

interfaced with the DSE-based formulation using the given procedure2.

2Distributed parameter elements such as cables or transmission lines can also be included in the DSE-
based formulation as shown in Appendix B.

31



2.5. Simulations Examples

Significant parts of the above algorithm can be inherently computed in parallel, thus

making it suitable for implementation on a parallel computing platform. For example, if a

large network is divided into multiple subnetworks {1,2, ... N}, then we can see that Steps

5 to 7, and Step 9 for a subnetwork i are completely independent of those for subnetwork j.

Therefore, these step sequences in the above procedure can be performed in parallel for each

subnetwork. Note that this parallel implementation does not rely on transportation delays

introduced by distributed parameter elements like transmissions lines [37].

Also note that Steps 6 and 7 in the above algorithm allow inclusion of time-varying net-

work components (like switches) in DSE-based formulations. Hence it could also be used

for modelling complex switching systems like HVdc converters. However, efficient imple-

mentation of such systems requires additional steps such as optimal ordering of nodes at

which switches are connected to ensure efficient matrix refactorizations [69, 70]. Moreover,

traditional CC-based EMT platforms have evolved (efficient) models for various types of

HVdc converters and their associated controllers. The ability to interface DSE-based formu-

lation with traditional CC-based EMT (host) platforms is a powerful feature that enables

the immediate utilization of the capabilities of the host platform.

Hence, while verifying the above interfacing procedure with examples in the next section,

periodically switching topologies (like HVdc converters) are modelled in the CC-based EMT

simulator itself while the rest of the network is modelled using a DSE-based formulation

interfaced with the CC-based EMT simulator.

2.5 Simulations Examples

To verify the proposed interfacing procedure, we use two standard test cases. The interfacing

procedure has been implemented as a subroutine in PSCAD/EMTDC (a commercial CC-

based EMT simulator) [71]. As a reference, the entire system is also modelled in the CC-based

EMT simulator to compare the accuracy of the interfacing procedure.
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2.5.1 Example 1 - IEEE 9-bus System

The first example is the standard IEEE 9-bus system shown in Fig. 2.6. The main objectives

of this test case are: (i) to verify the accuracy of the proposed interfacing procedure, (ii) to

demonstrate that it can be used to interface arbitrary power networks with a commercial

CC-based EMT simulator.
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Figure 2.6: Interfacing Example 1 - IEEE 9-bus System

The data for this system has been taken from [72]. All components inside the blue

dashed boxes in Fig. 2.6 are modelled using the DSE-based approach and then interfaced,

while the components in the red dashed boxes are directly modelled in the commercial CC-

based EMT simulator. Transmission lines have been modelled by coupled π-sections, and

loads as three-phase resistors, inductors, and capacitors.

A time-step of 200 µs has been used for simulation. The system initially operates in

steady state. At t = 0.05 s, a solid three-phase fault occurs near Bus 7. The transmission

line 7–8 is opened after three cycles (50ms) to clear the fault. Note that this causes a change

in the Norton equivalent admittance (i.e. Gn in (2.27)). A comparison of the simulation

results is given in Fig. 2.7.
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Figure 2.7: Simulation Results - Interfacing Example 1 (IEEE 9-bus)

As we can see in Fig. 2.7a and 2.7b, the results for both cases are essentially exactly

identical.

2.5.2 Example 2 - IEEE 39-bus System with LCC-HVdc

The second example is the standard IEEE 39-bus system shown in Fig. 2.8. The main

objectives of this test case are: (i) to verify the accuracy of the proposed interfacing procedure

using a relatively larger system, and (ii) to run the partitioned system on a parallel computing

platform to measure its speedup performance.

The data for this system has been taken from [72]. The standard case has been modified

to include an embedded LCC-HVdc link in place of the transmission line between Bus 4

and Bus 14. The electrical parameters of the LCC-HVdc link are given in Appendix A. The

controls for the dc link are the same as in [73].

The system is partitioned into two parts as shown in Fig. 2.8. All components inside the
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Figure 2.8: Interfacing Example 2 - IEEE 39-bus System with LCC-HVdc

blue dashed boxes are modelled using the DSE-based approach and then interfaced, while the

components in the red dashed boxes are directly modelled in the commercial CC-based EMT

simulator. Transmission lines are modelled by coupled π-sections, and loads as three-phase

resistors, inductors, and capacitors.

A time-step of 20 µs is used for simulation. The system initially operates in steady state.

At t = 0.1 s, a three cycle (50 ms) phase-A-to-ground fault occurs near Bus 16 (internal to

Partition #1). Note that this causes a change in the Norton equivalent admittance (i.e. Gn

in (2.27)) of Partition #1.

Fig. 2.9a shows the current in phase A (ITF (A), a variable internal to the DSE-based

formulation) flowing into the Bus 22 computed using the full CC-based simulation and the

proposed DSE-based formulation interfaced with CC-based EMT simulator while Fig. 2.10a
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shows the comparison of the results for the dc link current (Idc, a variable external to the

DSE-based formulation) from both the approaches. As we can see, the results match very

closely. The maximum absolute error in ITF (A) is 0.003 kA (as shown in Fig. 2.9b) which

corresponds to a relative error of 0.15% (relative to the steady state peak value of ITF (A)).

Similarly, the results for Idc also match very closely (the absolute error in Idc is as shown in

Fig. 2.10b).
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Figure 2.9: Simulation Results for ITF - Interfacing Example 2 (IEEE 39-bus)

Note, the error in this case is not exactly zero (unlike the previous cases) because of

the following reason: When simulating continuously switching circuits (like LCC-HVdc),

PSCAD/EMTDC, being a fixed time-step simulation program, uses specialized techniques

for accurately simulating the switching behaviour. These techniques include interpolation

for locating the switching instant [74] and for chatter removal [75] as well as the instan-

taneous solution method [76] for reinitializing the states following a switching operation.

However, when an electrical subsystem is interfaced with this software as a user-defined
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component (as is done in this case for the DSE-based formulation), the program does not

interpolate or reinitialize the internal states of the these components. Such a partial inter-

polation/reinitialization can lead to errors which are observed in this case.
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Figure 2.10: Simulation Results for Idc - Interfacing Example 2 (IEEE 39-bus)

Thus, the above two examples verify the accuracy of the proposed interfacing procedure

presented earlier. They also demonstrate how the DSE-based approach can be used for

interfacing arbitrary power networks with a commercial CC-based EMT simulation package.

As discussed in Section 2.4, partitioning the system and using the proposed interfacing

approach permits the use of parallel computing techniques for speeding up the simulation.

To demonstrate this feature, the two partitions (shown in Fig. 2.8) were simulated in parallel

on a general-purpose Intel i7-8700 based PC with 6 cores running at 3.2 GHz and having

Windows 10 OS. Table 2.5 shows a comparison of the CPU times for the parallel and serial

simulation cases (here, serial simulation means the one that is not using parallel computing

techniques). The times are for a 10 s simulation with a time-step ∆t = 20 µs.
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Table 2.5: Comparison of Total CPU Times (IEEE 39 Bus System)

Serial Simulation Parallel Simulation Speedup
TS (sec) TP (sec) (TS/TP)
161.25 93.15 1.73

As we can see in Table 2.5, partitioning the system into two roughly equally sized sub-

systems gave a speedup factor of 173%. Thus, this also verifies the fact that the proposed

interfacing procedure can be used to speed up a simulation using parallel processing.

2.6 Conclusions

In this chapter, we investigated an alternative method to formulate state variable equations

of a circuit for EMT simulations using Descriptor State-space Equations (DSE). A step-by-

step procedure is presented for automatically formulating the DSEs using a circuit’s netlist.

The formulation is easier to implement as a computer algorithm compared to the classical

state-space equations. Also, intermediate matrix manipulation steps are avoided in the DSE-

based formulation thus making it suitable for large systems. Once formulated, the DSEs are

discretized using trapezoidal integration method and used to carry out EMT simulations

studies.

This approach is compared with the widely used Companion Circuits (CC) approach. One

of the advantages of using the DSE-based formulation is that in addition to running EMT

simulations, it is possible to analytically calculate the eigenvalues of the network directly.

However, it has the disadvantage of having a marginally higher run-time than the CC-based

approach for EMT simulation.

Finally, a procedure for interfacing a DSE-based formulation with a CC-based EMT

simulator is also presented. There is no time-step delay involved while interfacing. This

procedure enables interfacing of arbitrary power networks with a commercial CC-based EMT

simulation package without the need for building it in that package. Moreover, this combined

approach also allows easy parallel simulation as multiple DSE-based modules can be run on

38



2.7. Contributions

separate processors and then interfaced with a CC-based EMT simulator.

2.7 Contributions

1. Investigated an alternative method for formulating state variable equations of a circuit

for EMT simulations using Descriptor State-space Equations (DSE).

2. Presented a step-by-step procedure for automatically formulating the DSEs using a

circuit’s netlist.

3. Compared the computational performance of DSE-based EMT simulation with con-

ventional Companion Circuits (CC)-based EMT simulation.

4. Developed a procedure for interfacing a DSE-based formulation with a CC-based EMT

simulator that enables interfacing of arbitrary power networks with any commercial

CC-based EMT simulation package and can also be used to speed up the simulation

using parallel processing.
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Chapter 3

Acceleration of DSE-based EMT

Simulations using Matrix-level

Parallelization Methods

This chapter describes two commonly used sparse matrix-based parallelization methods, and

then adapts and utilizes these in order to accelerate DSE-based EMT simulations, and com-

pares their computational performance. In the first method, a sparse matrix is transformed

into a Block Diagonal (BD) form and can be used when the simulated network contains

distributed parameter transmission lines and/or cables. Whereas, the second method trans-

forms a sparse matrix into a Bordered Block Diagonal (BBD) form and is more general in

its application.

3.1 Introduction

In Chapter 2, we investigated an alternative method for formulating the equations of a

network for Electromagnetic Transient (EMT) simulations. This method uses Descriptor

State-space Equations (DSE) for modelling the transient behavior of a circuit. In this ap-

proach, the equations of a circuit are firstly formulated in the continuous time domain using
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Modified Nodal Analysis (MNA) in the form given in (3.1).

Eẋ = −Ax +Bu (3.1)

Subsequently, (3.1) is discretized using the trapezoidal integration method with a time-step

∆t to give (3.2) which is then solved in every time-step.

(E + A∆t

2
)x(t) = (E − A∆t

2
)x(t −∆t) + B∆t

2
(u(t) + u(t −∆t)) (3.2)

For large-size networks (i.e., ones containing a large number of electrical nodes as well

as a large number of inductors and independent voltage sources), the most computationally

intensive step in DSE-based EMT simulations is the solution of (3.2) for computing x(t) in
every time-step. One of the ways of reducing the CPU runtime of DSE-based simulations for

such systems is to exploit the parallel processing capabilities offered by modern multi-core

CPU systems. We can see that (3.2) is of the form:

Mx = b (3.3)

where,

M = (E + A∆t

2
) (3.4)

b = (E − A∆t

2
)x(t −∆t) + (B∆t

2
) (u(t) + u(t −∆t)) (3.5)

x : Vector of unknowns (descriptor state variables at time t)

Thus, for speeding up the computation of x in every time-step using parallel processing, the

following two tasks need to be accomplished:

(i) Speed up the computation of the right-hand side (RHS) vector b.

(ii) Speed-up the solution of Mx = b.

From (3.5), it is clear that the computation of b only involves basic operations like matrix-
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vector multiplication and vector addition. Hence, its computation can be sped up by using

standard data partitioning strategies that are used for achieving parallelism in many parallel

programming applications [36]. This will be discussed in detail in Section 3.3.

In contrast, parallelizing the solution of Mx = b in order to compute x is compara-

tively more challenging. This is because this problem is usually solved by firstly factoriz-

ing the matrix M into a product of a lower and upper triangular matrix, and then using

forward-backward substitution. There is no straightforward way of parallelizing the forward-

backward substitution strategy.

However, for large-size networks, the matrix M is typically very sparse. This property

of M can be leveraged to parallelize the solution of Mx = b using sparse matrix-based

parallelization methods. These methods essentially convert M to a form that is amenable

to parallel processing. Several matrix-level parallelization methods have been proposed in

the literature for accelerating CC-based EMT simulations [34, 46–48]. In this chapter, we

will adapt and use two of the competing popular methods for speeding up DSE-based EMT

simulations. The first method transforms M into a block diagonal form while the second one

transforms M into a bordered block diagonal form. These two methods will be discussed in

detail in Section 3.4.

The main aim of the work reported in this chapter is:

(a) To show that DSE-based EMT simulations can be accelerated using matrix-level par-

allelization methods.

(b) To compare the computational performance of the two matrix-level parallelization

methods that will be used for accelerating DSE-based EMT simulations.

The work reported in this chapter uses a shared memory computing system (i.e., a single

CPU with multiple cores, with the same memory space being accessible to each core) in

order to facilitate the parallelization of DSE-based EMT simulations. OpenMP [77] (an

Application Programming Interface (API) for shared memory parallel computing) is used

with the Single Program Multiple Data (SPMD) paradigm [36] for achieving parallelism.

Because of the shared memory architecture of the computing system that is used in this
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work, explicit instructions for exchanging data between different processor cores are not

required [34].

3.2 Overview of OpenMP

This section gives a very brief overview of OpenMP - the API used for parallel programming

in this work. OpenMP is an API for shared memory parallel computing in C/C++ and

Fortran [78]. It uses a combination of compiler directives, runtime library functions, and

environment variables for implementing different parallel processing constructs like work-

sharing constructs, synchronization constructs, etc. [36]. OpenMP uses a fork-join model

(illustrated in Fig. 3.1) for parallelizing sections of a program using multi-threading.

A1

C1

B1

A2

C2

B2

E2

D2

Master

Thread

Parallel Task I

Parallel Task II

Figure 3.1: Fork-join model of OpenMP

In this approach, a master thread executes a code serially till it encounters a portion of

the code to be run in parallel. At this point, the master thread forks multiple threads, and

the task is divided among this team of threads (the master thread has rank = 0 in this team,

shown by the grey line in Fig. 3.1). Different threads are allocated to different processors by

the run-time environment of OpenMP so that they can run concurrently. Once the execution

of the parallel portion is completed by the team of threads, they join back into the master

thread after which the master thread continues the execution serially until the end of the

program or until the next parallel section is encountered. For more details about OpenMP,
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the reader is referred to [77,78].

In this work, OpenMP is used in C++. The number of threads to be forked for every

parallel section is specified at the start of the program itself by calling the run-time library

function omp set num threads(). Portions of the code to be run in parallel are included

inside blocks enclosed by the #pragma omp parallel directive. Some of the other compiler

directives of OpenMP that have been used in this work are:

(a) #pragma omp for - To parallelize the execution of for loops.

(b) #pragma omp critical - To avoid race conditions between different threads when they

read from or write into the same variable.

3.3 Accelerating the Computation of RHS Vector b

As discussed in Section 3.1, for accelerating the solution of (3.2) in DSE-based EMT simu-

lations, the first step is to speed up the computation of the RHS vector b. From (3.5), we

can see that b can be expressed as:

b = b1 + b2 (3.6)

where,

b1 = (E −
A∆t

2
)x(t −∆t) (3.7)

b2 = (
B∆t

2
) (u(t) + u(t −∆t)) (3.8)

From (3.7) and (3.8), it is clear that both b1 and b2 are results of matrix-vector products,

and only depend on history values (x(t −∆t) and u(t −∆t)) from the previous time-step as

well as the known source vector u(t) from the current time-step. Thus the computation of

b can be accelerated by using the approach discussed next.
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Parallelizing Sparse Matrix-Vector Product

One of the effective strategies for parallelizing a matrix-vector product is to use the dot-

product approach [79] illustrated visually in Fig. 3.2. In this approach, for computing y =Nx,

the result vector y is partitioned row-wise and each thread then computes its own portion

of the result vector in parallel. This essentially means that the input matrix N should be

partitioned row-wise among the team of threads while the input vector x should be shared

across all threads.

= �
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Computed by
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Thread n
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Figure 3.2: Dot-product approach for parallelizing matrix-vector product

Now while accelerating the computation of the RHS vector b in DSE-based EMT simu-

lations, notice that the matrices (E − A∆t

2
) and P = (B∆t

2
) in (3.7) and (3.8) respectively,

can both be typically very sparse for large-size systems. That implies that each row of these

matrices may contain widely varying number of non-zero elements. If we use a naive ap-

proach of equally partitioning the number of rows of the result vectors (b1 and b2) among the

team of threads, there is no guarantee that computational load balancing would be achieved.

To overcome this problem, the rows of the result vector are partitioned in such a way that

each individual chunk of the corresponding input matrix allotted to each thread has roughly

an equal number of non-zero elements in them [79].
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3.4 Accelerating the Solution of Mx = b

In this section, we will discuss two sparse matrix-based parallelization methods for accel-

erating the solution of Mx = b in every time-step. In each of these methods, M is firstly

converted to a form that is amenable to parallel processing. Following this, the correspond-

ing (transformed) matrix is factorized into a product of a block-wise lower triangular matrix

(L) and a block-wise upper triangular matrix (U). These are then used for solving Mx = b
using forward-backward substitution.

In this work, the CSparse library in C++ is used for all sparse matrix related operations

including LU factorization [80]. Also, the Approximate Minimum Degree (AMD) algorithm

[81] is used for computing a column permutation matrix prior to factorizing a sparse matrix

so that the fill-ins created in its LU factors are reduced.

3.4.1 Method 1: M transformed to a Block Diagonal (BD) form

This section discusses the first method for accelerating the solution of Mx = b in every time-

step. In this method, the matrix M is transformed into a Block Diagonal (BD) form. This

method can only be used when the network to be simulated contains distributed parameter

transmission lines and/or cables1.

BD Matrix and its LU Factorization

If the network to be simulated contains distributed parameter line/cable models, then by

using an appropriate row permutation matrix Pbd and column permutation matrix Qbd, the

matrix M can be transformed into a block diagonal matrix as shown in (3.9). This is because

when the travel time of a line or a cable is greater than one time-step, it computationally

decouples the networks at its two ends in a simulation, as the variations at one of its ends

do not affect the other end in the same time-step [37].

1The procedure for including distributed parameter elements such as cables or transmission lines in a
DSE-based formulation is given in Appendix B
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In (3.9), N is the number of blocks and is equal to the number of sub-networks created

by the decoupling enabled by the distributed parameter line/cable models [37].

Mbd = PbdMQbd

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11

M22

⋱
MNN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.9)

Using (3.9), the Mx = b problem in (3.2) transforms to (3.10).

Mbdy = c Ô⇒

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11

M22

⋱
MNN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y
1

y
2

⋮
y
N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1

c2

⋮
cN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.10)

Here,

c = Pbdb (3.11)

y =QT
bdx (3.12)

For solving (3.10), a block LU factorization of Mbd is performed as given in (3.13) with L

and U as in (3.14).

Mbd = LU (3.13)

where,

L =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

PT
11L11

PT
22L22

⋱
PT

NNLNN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; U =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U11QT
11

U22QT
22

⋱
UNNQT

NN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.14)
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In (3.14), every:

P: Permutation matrix corresponding to partial pivoting.

L: A lower triangular matrix.

U: An upper triangular matrix.

Q: Permutation matrix for reducing fill-ins in L and U.

As is clear from (3.10), every block equation is completely independent of the other. Hence,

each of these sub-matrices in L and U can be obtained by using a standard LU factorization

as shown in (3.15).

Mkk = PT
kk (LkkUkk)QT

kk, k = 1,2,⋯N (3.15)

Solving Mbdy = c using LU Factors of a BD Matrix

To compute the unknown vector y, the following two-step procedure is used:

1. Solve (3.16) using forward substitution in order to compute the intermediate unknown

variables z.

Lz = c (3.16)

where, z = [z1 z2 ⋯ zN]
T

From (3.10), it is clear that every block equation is completely independent of the

other. Therefore, (3.16) is solved for individual zk’s using (3.17).

Lkkzk = Pkkck, k = 1,2,⋯N (3.17)

2. Using the z computed using (3.16), compute y by solving (3.18) using backward sub-

stitution.

Uy = z (3.18)

Again, since every block equation is completely independent of the other, (3.18) is

solved for individual y
k
’s using (3.19).

Ukkwk = zk and y
k
=Qkkwk k = 1,2,⋯N (3.19)
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3.4. Accelerating the Solution of Mx = b

Parallelization of DSE-based EMT Simulations using a BD Matrix

Fig. 3.3 presents a flowchart to illustrate how parallelization of DSE-based EMT simulations

is possible using a BD matrix. The blocks labelled ‘A’, ‘B’ and ‘C’ is where parallelism can

be implemented.

Any switch
changed state?

C
o
m
p
u
te

1
1
,

1
1
,
1
1
,

1
1

Change entries in bd and

Compute RHS vector

C
o
m
p
u
te

2
2
,

2
2
,
2
2
,

2
2

C
o
m
p
u
te

N
N
,

N
N
,
N
N
,

N
N

C
a
lcu
la
te

1

C
a
lcu
la
te

2

C
a
lcu
la
te

N

t = t + t

No

Yes

Synchroniza�on Points 

between Parallel Threads

A

B

C

Figure 3.3: Parallelization of DSE-based EMT Simulations using a Block Diag-
onal Matrix

1. Block A: The computation of the RHS vector c can be parallelized using the approach

discussed in Section 3.3.

2. Block B: When any switching element in the circuit changes its state, firstly the cor-

responding entries in Mbd and R = (E − A∆t

2
) must be changed, and then Mbd must
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be refactorized. By inspecting (3.15), it is clear that each Mkk can be refactorized

independently in parallel.

3. Block C: From (3.16) - (3.19), it is clear that each y
k
can be calculated independently

in parallel.

It is worthwhile to note that usually for systems containing a large number of distributed

parameters lines/cables, the number of blocks in Mbd (i.e., N) is much larger than the

number of parallel threads (np) that are available. Moreover, the size of different blocks

may be widely different. If a static scheduling strategy2 is used for completing the tasks in

Block ‘C’, then there is no guarantee that optimum load balancing would be achieved across

processors. Hence in this work, a work-pool approach [36] is used for dynamically dividing

the tasks in Block ‘C’. This is done in the following way:

a) Firstly, a work-pool of tasks (in this case, calculating y
k
) is created. Each parallel

thread is initially assigned one task for it to complete.

b) As and when a parallel thread finishes its assigned task, it picks up the next task in

the work-pool until all tasks are exhausted.

Transforming M to a BD Form

For automatically transforming the matrix M to a block diagonal matrix Mbd, the Block

Triangular Factorization (BTF) algorithm is used in this work [45]. This algorithm first

constructs an equivalent graph from the non-zero pattern of a sparse matrix. Then, it finds

strongly connected components in this graph in order to determine the permutation matrix

that will be used for transforming the input matrix to a block diagonal form [45].

An implementation of the BTF algorithm is available in the public domain at [82]. Func-

tionally, the BTF algorithm library from [82] works as shown in Fig. 3.4.

2Static scheduling is where each parallel thread is assigned a roughly equal number of tasks at compile-
time.

51



3.4. Accelerating the Solution of Mx = b
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Figure 3.4: Converting to a Block Diagonal Matrix using the BTF Algorithm

It takes the sparse matrix to be transformed as its input and outputs the number of

blocks N as well as the row permutation matrix Pbd that is required for transforming to a

block diagonal matrix (see (3.9)). The column permutation matrix in (3.9) is Qbd = PT
bd.

3.4.2 Method 2: M transformed to a Bordered Block Diagonal

(BBD) form

This section discusses the second method used for accelerating the solution of Mx = b in

every time-step. It transforms M into a Bordered Block Diagonal (BBD) form. This method

is applicable in a more general case for a highly sparse matrix, i.e., it does not require the

presence of any special elements like distributed parameter lines/cables in the simulated

system; it uses the sparsity structure of the matrix for its transformation.

BBD Matrix and its LU Factorization

In general, any highly sparse matrix M can be converted to a Bordered Block Diagonal form

by using an appropriate row permutation matrix Pbbd and column permutation matrix Qbbd,

as shown in (3.20) [34].

Mbbd = PbbdMQbbd

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11 M1b

M22 M2b

⋱ ⋮
Mnn Mnb

Mb1 Mb2 ⋯ Mbn Mbb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.20)
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In (3.20), n is the number of blocks that are desired (i.e., its an input from the user) whereas

b = n + 1. Using (3.20), the Mx = b problem in (3.2) transforms to (3.21).

Mbbdy = c Ô⇒

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11 M1b

M22 M2b

⋱ ⋮
Mnn Mnb

Mb1 Mb2 ⋯ Mbn Mbb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y
1

y
2

⋮
y
n

y
b

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1

c2

⋮
cn

cb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.21)

Here,

c = Pbbdb (3.22)

y =QT
bbdx (3.23)

In (3.21), y
1
, y

2
⋯y

n
represent the internal variables while y

b
are the boundary variables

which provide the coupling between the internal variables. For solving (3.21), a block LU

factorization of Mbbd is performed as given in (3.24).

Mbbd = LU (3.24)

Because of the special structure of Mbbd, the L and U matrices are as shown in (3.25) and

(3.26) respectively [34].

L =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

PT
11L11

PT
22L22

⋱
PT

nnLnn

Lb1 Lb2 ⋯ Lbn PT
bbLbb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.25)
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U =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U11QT
11 U1b

U22QT
22 U2b

⋱ ⋮
UnnQT

nn Unb

UbbQT
bb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.26)

Each of the sub-matrices in L and U in (3.25) and (3.26) respectively, are obtained using

the following procedure:

1. The internal sub-matrices Pkk, Lkk, Ukk and Qkk are obtained by a standard LU

factorization as shown in (3.27).

Mkk = PT
kk (LkkUkk)QT

kk, k = 1,2,⋯n (3.27)

2. Once these are known, the border sub-matrices Lbk and Ukb can be obtained using

(3.28) and (3.29) respectively.

Lbk =MbkQkkU
−1
kk, k = 1,2,⋯n (3.28)

Ukb = L−1kkPkkMkb, k = 1,2,⋯n (3.29)

3. Finally, the sub-matrices Pbb, Lbb, Ubb and Qbb at the lower-most block diagonal posi-

tion (b = n + 1) are obtained by another LU factorization as shown in (3.30).

(Mbb −
n

∑
k=1

LbkUkb) = PT
bb (LbbUbb)QT

bb, k = 1,2,⋯n (3.30)

In (3.27) and (3.30), every:

P: Permutation matrix corresponding to partial pivoting.

L: A lower triangular matrix.

U: An upper triangular matrix.

Q: Permutation matrix for reducing fill-ins in L and U.
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Solving Mbbdy = c using LU Factors of a BBD Matrix

To solve (3.21) for computing the unknown vector y, a forward-backward substitution pro-

cedure is used using the L and U matrices given in (3.25) and (3.26) respectively. This is

done using the following two-step procedure is used:

1. Solve (3.31) using forward substitution in order to compute the intermediate unknown

variables zk for k = 1,2,⋯N .

Lz = c (3.31)

where, z = [z1 z2 ⋯ zn zb]
T
.

Eq. (3.31) is solved by first solving for the intermediate internal variables zk’s in (3.32)

and then using these zk’s in (3.33) to solve for the intermediate border variable vector

zb.

Lkkzk = Pkkck, k = 1,2,⋯n (3.32)

Lbbzb = Pbb (cb −
n

∑
k=1

Lbkzk) (3.33)

2. Using z computed using (3.31), compute y by solving (3.34) using backward substitu-

tion.

Uy = z (3.34)

Eq. (3.34) is solved by first solving for the border variables y
b
using (3.35) and then

using it to solve for the internal variables y
k
’s using (3.36).

Ubbwb = zb and y
b
=Qbbwb (3.35)

Ukkwk = (zk −Ukbyb) and y
k
=Qkkwk where k = 1,2,⋯n (3.36)

Parallelization of DSE-based EMT Simulations using a BBD Matrix

Fig. 3.5 gives a flowchart to illustrate how parallelization of DSE-based EMT simulations is

possible using a BBD matrix. The blocks labelled ‘A’, ‘B’, ‘C’ and ‘D’ is where parallelism
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can be implemented.
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1. Block A: The computation of the RHS vector c can be parallelized using the approach

discussed in Section 3.3.

2. Block B: When any switching element in the circuit changes its state, firstly the corre-

sponding entries in Mbbd and R = (E − A∆t

2
) must be changed, and then Mbbd must

be refactorized. By inspecting (3.27), it is clear that each Lkk, Ukk, Pkk and Qkk can

be calculated independently in parallel. Similarly, from (3.28) and (3.29), it is clear

that each Lbk and Ukb can also be computed in parallel. However, the computation of

Lbb, Ubb, Pbb and Qbb is a serial task which requires all the parallel threads to finish

their prior computations (see (3.30)). Hence, the need for a synchronization point at

the end of Block ‘B’.

3. Block C: From (3.32), it is clear that each zk (where k = 1,2,⋯n) can be calculated

independently in parallel. However, computation of zb and y
b
is a serial task as is clear

from (3.33) and (3.35). Hence, a synchronization point needs to be inserted at the end

of Block ‘C’.

4. Block D: Once all the zk’s (where k = 1,2,⋯n) as well as zb and y
b
are known, the

computation of internal variables y
k
’s can be done in parallel (as is clear from (3.36)).

When converting M to Mbbd, the number of internal blocks in the BBD form (i.e., n) is

chosen to be equal to the number of parallel threads (np) that are available. Hence, for

completing the tasks in Blocks ‘C’ and ‘D’, a static scheduling strategy [36] is used.

Transforming M to a BBD Form

In this work, the METIS graph partitioning library [44] is used for automatically converting

a highly sparse matrix M to a bordered block diagonal matrix Mbbd. The algorithms in

METIS essentially use four steps - graph coarsening, initial partitioning, uncoarsening, and

refinement - in order to produce roughly equally sized partitions of a graph with a minimum

number of edges between these partitions [44].
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The METIS library is available in the public domain at [83]. However, unlike the BTF

library from [82], the METIS library does not directly accept sparse matrices as its input.

One has to first construct an equivalent graph from the non-zero pattern of a sparse matrix

in order for it to be given as input to the METIS library for partitioning. Moreover, to make

sure that all the sub-matrices (Mkk) on the main block diagonal of Mbbd are non-singular, it

is essential that the original matrix M has a zero-free main diagonal3. Hence, the procedure

illustrated by the flowchart in Fig. 3.6 is used for converting a general sparse matrix M to

a bordered block diagonal matrix Mbbd.

�

Matrix to be
transformed)

bbd

Construct

Graph G1 of

� +�T

Permute Rows

to have Zero-free

Main Diagonal �

Partition

Graph G1 using

METISG1

�

(Number of
Internal Partitions)

(Row
Permutation)

Find Permutation

Matrix using

Partitioned Graph

Figure 3.6: Converting to a Bordered Block Diagonal Matrix using METIS
Graph Partitioning Library

An example is given in Appendix C to illustrate how this procedure works.

3.5 Simulation Test Cases

For comparing the computational performance of the two matrix-level parallelization meth-

ods discussed in Section 3.4, we consider two test cases in this section. The first is a 500-bus

test system while the second is a 2000-bus test system. Both these test systems are synthetic

grid cases based on the footprints of different regions in the USA [67]. The reason to use

these ”synthetic” test systems is to show the applicability of the method to large sized net-

works. Also, the data for these networks is not proprietary (available in the public domain

at [68]) but the systems have been designed to show characteristics similar to real world

networks.
3Since MNA is used in DSE-based formulation, if ideal voltage sources are present in the network, it can

be easily shown that the matrix M = (E +A∆t/2) will end up with zeroes on its main diagonal.
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The hardware and software configuration of the computing platform used for the com-

putational performance comparison is given in Table 3.1.

Table 3.1: Hardware and Software Configuration of the Computing Platform

Processor Intel Core i7-2600
# of Cores 4
Clock Speed 3.40 GHz
Memory 8 GB
Operating System 64-bit CentOS Linux 7

3.5.1 Test Case 1 - A 500 Bus System

The first test case is a 500-bus synthetic grid case based on the footprint of the network in

the state of South Carolina, USA [67]. The data for this system has been taken from [68].

The system contains the following three-phase components: 466 transmission lines, 131

transformers, 206 loads (modelled as constant impedance loads), 15 capacitive shunts, and

56 voltage sources. A 10 s simulation is conducted with a time-step ∆t = 50 µs. Two cases

are considered for this example:

(a) Case 1: 159 out of the total 466 transmission lines are modelled using the Bergeron

model [84]; the rest are modelled as coupled π-sections.

(b) Case 2: All 466 transmission lines are modelled as coupled π-sections.

Case 1 - Containing both Distributed Parameter Lines and π-section Lines

Fig. 3.7a shows the non-zero pattern of the M matrix used in the serial simulation case. As

distributed parameter lines are present in the simulated system, Method 1 can be used in

this case. Hence, Fig. 3.7b shows the non-zero pattern of Mbd used in Method 1. There

are a total of 83 block diagonal components in Mbd in this case. Additionally, as discussed

earlier, Method 2 is more general in its application and hence can be readily used in this

case. Hence, Figs. 3.7c-e show the non-zero pattern of Mbbd used in Method 2. Note that
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the size of the border blocks is zero in each of the Mbbd’s due to the presence of distributed

parameter lines (even though this information is not directly used while converting M to

Mbbd).
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Figure 3.7: Sparsity patterns of matrices in Example 1 - Case 1

60



3.5. Simulation Test Cases

Fig. 3.8 presents the CPU runtime and the speedup factor as a function of the number

of processor cores used for parallelization in both Method 1 and Method 2. As can be seen

in Fig. 3.8, the speedup achieved using both methods is almost similar in this case.
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Figure 3.8: Performance Plots for 500-bus Test System - Case 1

Case 2 - Containing π-section Lines Only

Since all the transmission lines in this case are modelled as coupled π-sections, there is no

natural decoupling available to transform the matrix M to a block-diagonal (BD) form.

Hence, Method 1 cannot be used in this case. However, Method 2 does not rely on any

intrinsic decoupling provided by distributed parameter elements in the system. Hence, it

can be readily used for parallelizing the simulation in this case.

Fig. 3.9a shows the non-zero pattern of the M matrix for the serial simulation case while

Figs. 3.9b-d show the non-zero pattern of the BBD matrix Mbbd. As is apparent from these

figures, the size of the border blocks is not zero in this case as only π-section lines are present

in this system. However, as seen in Figs. 3.9b-d, the size of the border blocks is significantly

smaller compared to the internal blocks.

Fig. 3.10 shows the CPU runtime as well as the speedup as a function of the number of

processor cores. Based on the performance plots in Fig. 3.10, we can conclude that Method

2 can be used for speeding up the simulation even when there are no elements that provide

intrinsic decoupling in the simulated system. However, the speedup seems to be plateauing

as the number of processors increase. We could not go beyond four threads because of the
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hardware constraints of the computing platform used in this work (see Table 3.1). As future

work, we plan to test the scalability of this approach on a computing platform that has

higher number of processor cores.
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Figure 3.9: Sparsity patterns of matrices in Example 1 - Case 2
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3.5.2 Test Case 2 - A 2000 Bus System

The second test case is a 2000-bus test system. It is a synthetic grid case based on the

footprint of the network in Texas, USA [67]. The data for this system has been taken

from [68]. The main objective of this test case is to compare the performance of the two

sparse matrix-based parallelization methods in a relatively large system.

The test system contains the following three-phase components: 2481 transmission lines,

562 transformers, 1417 loads (modelled as constant impedance type), 36 capacitive shunts,

and 282 voltage sources. 1406 out of the total 2481 transmission lines are modelled using

the Bergeron model [84]; the rest are modelled as coupled π-sections. A 10 s simulation is

conducted with a time-step ∆t = 50 µs.
Fig. 3.12a shows the non-zero pattern of the M matrix used in the serial simulation case.

Fig. 3.12b shows the non-zero pattern of Mbd used in Method 1 whereas Figs. 3.12c-e show

the non-zero pattern of Mbbd used in Method 2.

Fig. 3.11 presents the performance plots for this case. In this case, Method 2 has far

superior performance compared to Method 1. In Fig. 3.11b we can see that the speedup

using Method 1 plateaus very quickly. On the other hand, Method 2 is able to provide an

almost linear speedup with 2 cores and the speedup achieved with 4 cores is almost double

that with Method 1.
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Figure 3.11: Performance Plots for 2000-bus Test System
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Figure 3.12: Sparsity patterns of matrices in Example 2

One of the probable reasons for the plateauing of the speedup with Method 1 is the

overhead incurred while dynamically scheduling the forward-backward substitution tasks
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while solving Mx = b.

3.6 Conclusions

In this chapter, two of the commonly used sparse matrix-based parallelization methods were

adapted and utilized for accelerating DSE-based EMT simulations. Both methods relied on

transforming the sparse matrix M = (E + A∆t

2
) to a form which is amenable to parallel

processing. In Method 1, M was automatically transformed to a block-diagonal form. This

method can only be used when the simulated system contains distributed parameter lines

and/or cables. On the other hand, Method 2 automatically transformed M to a bordered

block diagonal form. This method is more general in its application as it only uses the

sparsity pattern of the matrix for its transformation (i.e., it does not require the presence of

any special elements like distributed parameter lines/cables in the simulated system).

For comparing the computational performance of these two methods, two test cases based

on the footprints of real-world systems were used. The first case was a 500-bus test system

while the second one was a 2000-bus test system. Comparative studies showed that Method

2 was able to provide higher simulation speedup.

3.7 Contributions

1. Adapted and utilized two commonly used matrix-level parallelization methods (viz.,

the first which transforms a sparse matrix to a Block Diagonal (BD) form [47], and

the second which transforms it to a Bordered Block Diagonal (BBD) form [34]) for

accelerating DSE-based EMT simulations.

2. Presented a detailed procedure for automatically transforming any highly sparse matrix

to a BBD form with the resulting matrix always guaranteed to have non-singular

diagonal blocks (refer to Section 3.4.2 and Appendix C for this).

3. Using realistic test cases, demonstrated that DSE-based EMT simulations can be ac-
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celerated using matrix-level parallelization methods and compared the computational

performance of the two matrix-level parallelization methods.

66



Chapter 4

Novel Universally Passive

Delay-based Interface for Network

Partitioning in EMT Simulations

This chapter presents a novel Universally Passive Network Partitioning (UPNP) interface

for EMT simulations that uses existing inductors in the circuit to partition the network.

The proposed delay-based interface is guaranteed to be passive which benefits the numerical

stability of the simulation and also has superior performance compared to existing inductor-

based partitioning approaches. It allows for simulation speed up when the solution of the

partitioned network is computed on a parallel computing platform.

4.1 Introduction

In Chapter 2, an algorithm for interfacing a DSE-based formulation with a CC-based EMT

simulator was presented which was then used for speeding up EMT simulations using parallel

processing. A closer look at this interfacing procedure reveals that it is a type of diakoptics-

based partitioning approach (discussed in Section 1.4.1). Parallelizing a simulation using a

diakoptics-based partitioning approach can be computationally efficient only if the number of
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interconnecting links between various subsystems is relatively small compared to the number

of internal electrical nodes in each subsystem. If this is not the case for any system, then the

performance improvements accrued through the use of parallel processing using diakoptics-

based partitioning would not be significant (refer to the discussion in Section 1.4.1 to know

why this happens).

An alternative to this is to use a delay-based partitioning approach. This approach relies

on the finite time delay introduced by an element in the circuit for partitioning the system,

with the resulting sub-networks only exchanging the interface voltages and currents from the

previous time-steps at the end of each time-step. Owing to this, the admittance matrix of

the network becomes block-diagonal [37] (as was shown in Section 1.4.1, Fig. 1.2) thereby

enabling parallelism as each block can be solved on a separate computing node.

The delay-based partitioning approach is popular in many commercial EMT simulation

packages available today [47, 71, 85, 86] because it is computationally simpler to implement

than a diakoptics-based approach and has minimal serial computation steps. In most cases,

natural delays in the system can be exploited to partition the system (such as the travel time

across a transmission line [37]). However, a transmission line may not be always present at a

convenient partitioning point that results in equitable sharing of the computational load. In

such cases, some authors have proposed using an inductor to partition the system [3,39,40].

This technique is sufficiently general and has been used before [3, 39, 40] because of the

abundance of inductive elements in power systems (e.g., transformer leakage, etc.). In one

approach, an inductor is approximated as a transmission (stub) line which automatically

introduces a delay in the system [39, 40]. In another approach, delay-based partitioning

is achieved by discretizing the inductor’s differential equation using an explicit integration

method [3]. While the latter approach can give rise to numerically unstable simulations, the

prior approach exhibits sharp poorly damped resonance peaks in the high frequency range

which can hamper its accuracy.

To overcome these limitations, we develop a novel delay-based interface in this chap-

ter that uses existing inductors in the circuit to partition the network. It is shown that the
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accuracy and stability of the proposed interface is superior to that of existing delay-based ap-

proaches. The novelty of the proposed approach is that it is guaranteed to be passive, which

benefits the numerical stability of a simulation. Moreover, it is shown, using per-unitized fre-

quency response plots as well as time-domain simulations, that the proposed interface more

closely matches the response of the original inductor compared to an equivalent stub-line

interface.

4.2 Existing Methods for Delay-based Partitioning and

their Limitations

4.2.1 Transmission line-based Partitioning

Distributed parameter transmission line-based partitioning is the most widely used delay-

based partitioning technique and has been used from the earliest EMT programs [37]. As

it uses the natural travel time of the line for partitioning, there is no loss of accuracy in

this case. However, in the absence of a transmission line at a convenient partitioning point,

previous researchers have proposed the approaches listed below.

4.2.2 Partitioning using Explicit Method-based Models

In this technique, the differential equation of an inductor or capacitor at the partitioning

location is discretized using an explicit numerical integration method (e.g., Forward Euler).

With such methods, the variable being integrated (i.e., voltage or current) in any time-step

requires only the values of the variables from the previous time-step. This allows the system

to be partitioned as shown in Fig. 4.1.

One such approach [3] uses an explicit central difference formula to discretize the differ-

ential equation of an inductor as in (4.1). Approximating vL(t −∆t/2) on the right hand

side in (4.1) using a linear extrapolation that utilizes the previous two known values of the
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Figure 4.1: Partitioning using Explicit Method based Models

inductor voltage vL [3] gives the relationship in (4.2).

iL(t) = iL(t −∆t) + ∆t

L
vL (t −

∆t

2
) (4.1)

≈ iL(t −∆t) + ∆t

2L
(3vL (t −∆t) − vL (t − 2∆t)) (4.2)

A similar partitioning strategy can also be used with a shunt capacitor [3]. Although

this technique gives a numerically stable result for the examples presented in [3], a stable

simulation is not universally guaranteed as shown by the counter example given below:

Counter Example

Consider the circuit shown in Fig. 4.2. It is simulated with ∆t = 35 µs. The 0.1 H inductor

in Fig. 4.2 is modelled using the approach proposed in [3]. The switch is initially in the

closed position with the circuit operating in steady state and then it is opened at t = 0.05 s.
The simulation result for the voltage V2 is as shown in Fig. 4.3.
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L = 0.1 H

10 kV

60 Hz

= 0.05 s
2

R1 = 3 k

Rsw

R1 = 3 k

Figure 4.2: Circuit to demonstrate numerical instability with the partitioning
approach proposed in [3]
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Figure 4.3: Numerical instability with partitioning approach proposed in [3]

We can see that the simulation is stable with the switch in the closed position. However,

when the switch is opened, the response blows up indicating numerical instability. This

instability can also be mathematically verified by computing the eigenvalues of the discretized

system and checking if they lie inside or outside the unit circle for the case when the switch

is open [65]. The general expression for the eigenvalues of the discretized equivalent circuit

of Fig. 4.2 is given by:

λ1,2 =
(2L − 3R∆t) ± 2

√
L2 −RL∆t + 9R2∆t2

4

4L

Here, R = R1 (Rsw +R1) / (Rsw + 2R1).
When the switch is open, Rsw →∞ which implies R = R1. With the values of R1 and L

as in Fig. 4.2, a plot of the eigenvalue magnitudes as a function of ∆t is shown in Fig. 4.4.
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From this figure, it is clear that the simulation using the approach proposed in [3] for the

switch open case will always be unstable for ∆t > 33.4 µs. This is consistent with the result

shown in Fig. 4.3 where ∆t = 35 µs has been used.
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Figure 4.4: Eigenvalues as a function of ∆t (Switch Open Case)

Thus, this counter example corroborates the fact that the approach proposed in [3] can

indeed give rise to numerical instability in simulations.

4.2.3 Stub-line Interface

In this approach, an inductor at the partitioning location is represented using a fictitious

“stub-line” with a one time-step (∆t) travel-time [39, 40]. Small fictitious capacitances to

ground are introduced that enables the inductor to be represented by a Bergeron transmission

line model as shown in Fig. 4.5 with characteristic impedance ZC = L/∆t and history current

sources ik(t−∆t) and im(t−∆t) as in (4.3). As these current sources depend only on history

values of currents and voltages at either end, it allows for partitioning the system.

ik(t −∆t) = −i2(t −∆t) − 1

ZC

v2(t −∆t)

im(t −∆t) = −i1(t −∆t) − 1

ZC

v1(t −∆t)
(4.3)

The stub-line interface is inherently passive and so does not give rise to numerical insta-

bility in simulations. However, the introduction of the fictitious capacitances to ground can
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Figure 4.5: Stub-line Interface

introduce a resonant condition with the L and thus hamper its accuracy (as demonstrated

in Section 4.4, 4.5 and 4.6).

To overcome the limitations of the above approaches, we propose a novel delay-based in-

terface in this chapter that uses existing inductors in the circuit to partition the network.

This interface is guaranteed passive which benefits the numerical stability of a simulation.

Using per-unitized frequency response plots as well as time-domain simulations, it is also

shown that the proposed interface more closely matches the response of the original inductor

compared to an equivalent stub-line interface.

4.3 New Approach: Universally Passive Network Par-

titioning (UPNP) Interface

4.3.1 Development of the Proposed UPNP Interface

Consider the inductance L as in Fig. 4.6. First, L is split into two half-valued inductors

(L/2) in series. Subsequently, similar to the stub-line interface described in Section 4.2.3,

a ‘fictitious’ C branch is connected between the common node and ground (as shown in

Fig. 4.6). If this capacitor C is discretized using the Forward Euler method (while retaining
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the trapezoidal integration method for discretizing the inductors), then it transforms to just

a history voltage source Vh(t) as shown in Fig. 4.7a. This allows for partitioning the system

as shown in Fig. 4.7b.

�
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�/2

�

�/2

Figure 4.6: First step in the development of UPNP interface
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Figure 4.7: a) Discretized equivalent for the circuit in Fig. 4.6; b) partitioned
circuit
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Figure 4.8: Continuous Time equivalent for circuit in Fig. 4.7 when all the
elements are discretized using the trapezoidal method

However, it can be readily shown that the partitioned circuit in Fig. 4.7b is mathemat-

ically identical to the companion circuit that would result if the circuit in Fig. 4.8 were to

be discretized using the trapezoidal integration method only (refer to Appendix D for the

proof). And we can see that the circuit in Fig. 4.8 is not passive (due to the presence of

the −∆t/(2C) resistor, where ∆t is the time-step used for the simulation). Hence, based on
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the results in [65], we can conclude that the resulting simulation when using the partitioned

circuit of Fig. 4.7b is not guaranteed to be numerically stable.

To ensure the passivity of the equivalent circuit of Fig. 4.8, additional passive elements

are introduced. At first glance, it appears that the passivity could be achieved by adding

additional damping resistors across various elements in Fig. 4.8. However, one can verify that

such a simple augmentation is insufficient for ensuring universal passivity i.e., for arbitrary

values of the interfacing L and the time-step ∆t.

Hence, to ensure universal passivity as seen from the circuit’s driving ports 1 & 2, a

mathematical construct is introduced by the adding extra elements (R1, R2 and C2) in

parallel as shown in the enclosed dashed boxes in Fig. 4.9. If the values for these elements

are selected as in Table 4.1, then the circuit will be universally passive (this will be proved

in the following Section 4.3.2). Note that other passivity guaranteeing topologies may be

possible, but as will be clear in this chapter, the proposed one is shown (in Section 4.4, 4.5

& 4.6) to be adequately accurate.

� � 2 � 2

2 −
Δ�

2�

��2

�2

2

� �2

Figure 4.9: Universally Passive Network Partitioning (UPNP) interface

Table 4.1: Component Values for UPNP Interface of Fig. 4.9

Component Value

C2 (= C) (∆t)2 /L
R1 2L/∆t
R2 L/∆t

By applying the trapezoidal integration method to the interface circuit of Fig. 4.9, one

obtains the companion circuit for the UPNP interface as in Fig. 4.10. As we can see, this
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circuit can partition the system. For the circuit of Fig. 4.10, Vh(t) can be calculated using

(4.4).
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Figure 4.10: Partitioning using the UPNP Interface

Vh(t) = Vh(t −∆t) + ∆t

C
(iS1(t −∆t) − iS2(t −∆t)) (4.4)

4.3.2 Proof for Universal Passivity of the UPNP Interface

To prove that the interface in Fig. 4.9 is universally passive as seen from the its driving ports

1 & 2 with R1, R2 and C2 as in Table 4.1, we consider its two-port impedance matrix Z(s)
and check whether it satisfies the following conditions for passivity [87].

Necessary and Sufficient Conditions for a Rational Function Matrix Z(s) to be

Passive: [87]

1. Each element zij(s) of Z(s) must be analytic in the open right half s-plane (i.e.,

R{s} > 0),

2. Z(jω) +ZH(jω) ⪰ 0 (i.e., is positive semidefinite) ∀ ω ∈ R, except for simple poles jω0

of Z(s), where the residue matrix must be positive semidefinite,

3. Z(−jω) = Z∗(jω),

4. Asymptotically, Z(s) → As in R{s} > 0, where A is a real, constant, symmetric

positive semidefinite matrix.
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The impedance matrix Z(s) for the UPNP interface of Fig. 4.9 is as in (4.5) with elements

z11(s) and z12(s) as in (4.6) and (4.7) respectively. As the circuit is symmetrical, z11(s) =
z22(s) and because it is also reciprocal, z12(s) = z21(s) [60].

Z(s) =
⎡⎢⎢⎢⎢⎢⎣

z11(s) z12(s)
z12(s) z11(s)

⎤⎥⎥⎥⎥⎥⎦
(4.5)

z11(s) =
R1Ls

2R1 +Ls
+
(R2 +

1

C2s
)(−∆t

2C
+ 1

Cs
)

(R2 −
∆t

2C
) + ( 1

C2s
+ 1

Cs
)

(4.6)

z12(s) =
(R2 +

1

C2s
)(−∆t

2C
+ 1

Cs
)

(R2 −
∆t

2C
) + ( 1

C2s
+ 1

Cs
)

(4.7)

Substituting for C2 (= C), R1 and R2 from Table 4.1, z11(s) and z12(s) are given by (4.8)

and (4.9) in terms of L and ∆t.

z11(s) =
2Ls

4 + (∆t) s +
L (1 + (∆t) s) (−2 + (∆t) s)
(∆t)2 s (4 + (∆t) s)

(4.8)

z12(s) =
L (1 + (∆t) s) (−2 + (∆t) s)
(∆t)2 s (4 + (∆t) s)

(4.9)

From (4.8) and (4.9), we can conclude that z11(s) and z12(s) are analytic in R{s} > 0 since

all the poles lie in the closed left half complex plane for all positive values of ∆t. Hence,

Condition 1 for passivity is satisfied. Similarly, it is easy to verify that Conditions 3 and 4

are also satisfied.

To check if Condition 2 is satisfied or not, we can derive the expressions for the eigenvalues

of Z(jω) + ZH(jω) in terms of ω, ∆t and L. For a matrix to be positive semidefinite, its

eigenvalues should be non-negative [11]. The expressions for the eigenvalues of Z(jω) +
ZH(jω) are given by (4.10). Derivation of (4.10) is given in Appendix E.
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λ1 =
4ω2L∆t

(∆t)2 ω2 + 16
; λ2 =

(8L/∆t)
(∆t)2 ω2 + 16

(4.10)

As L > 0 and ∆t > 0, (4.10) clearly shows that the eigenvalues are non-negative. Hence,

Z(jω) +ZH(jω) ⪰ 0 ∀ ω ∈ R.
The above analysis proves the universal passivity of the proposed interface. Therefore,

using the results in [65], we can conclude that the EMT simulation using the trapezoidal

integration method will always be numerically stable if all other elements in the circuit are

also passive. This applies even when power-electronic switches are present, as long as every

switching state is passive [65].

4.4 Accuracy of the UPNP Interface

Both the stub-line and the UPNP interfaces replace an inductor with an interface that

partitions the network. Hence, to evaluate the accuracy performance of these interfaces, in

this section we compare the accuracy of simulation of these options with that of a circuit

with the pure inductor. Firstly, for evaluating their accuracy over a wide frequency range,

the frequency responses of their two-port admittance parameters are compared with that

of an equivalent inductor. Next, for evaluating their accuracy at ac system frequency, we

compare how the power flows in a typical network change when an inductor is replaced with

an equivalent interface.

4.4.1 Comparison of Frequency Responses

A convenient metric for evaluating the accuracy of the UPNP as well as the stub-line inter-

faces over a wide range of frequencies is to see how well their frequency responses match with

that of the original inductor. To do this, we consider the two-port admittance form for each

of these approaches as given by (4.11). The parameters y11(jω) and y12(jω) in (4.11) take

the forms as in (4.12) - (4.14) respectively for an inductor L, the proposed UPNP interface

and the equivalent stub-line interface (of Section 4.2.3 - note (4.14) is obtained using the
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circuit in Fig. 4.5 and (4.3)).

Y(jω) =
⎡⎢⎢⎢⎢⎢⎣

y11(jω) y12(jω)
y12(jω) y11(jω)

⎤⎥⎥⎥⎥⎥⎦
(4.11)

Inductor:

y11(jω) =
1

jωL
; y12(jω) = −

1

jωL
(4.12)

UPNP Interface:

Y(jω) = Z(jω)−1

with Z(s) as in (4.5) with zij(s) as in (4.8) and (4.9)
(4.13)

Stub-line Interface:

y11(jω) = (
∆t

jL
) cos (ω∆t)
sin (ω∆t) ; y12(jω) = −

∆t

jL sin (ω∆t) (4.14)

The comparison of the two-port admittance frequency responses of the inductor (i.e., no

interface) with the stub-line interface and UPNP interface for the elements of Y(jω) are
given in Fig. 4.11. In order to draw generalized conclusions applicable to arbitrary values

of L or ∆t, the frequency is per-unitized with a base of 1/(2∆t) and the admittance with a

base of ∆t/(πL). Each response is plotted up to the Nyquist frequency f = 1/(2∆t).
We can clearly see in Fig. 4.11 that the response of the UPNP interface tracks the induc-

tor’s response more closely compared to that of the stub-line interface. At low frequencies,

the responses for both interfaces match the inductor’s response closely. However, the stub-

line exhibits sharp resonance peaks in the high-frequency range above f = 1/(20∆t), which
the UPNP interface does not.

Hence, we can conclude that the UPNP has better accuracy as it more closely resembles

the behavior of an inductor over a wider frequency range compared to the stub-line interface.
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Figure 4.11: Frequency Response - UPNP interface, Stub-line interface & In-
ductor

4.4.2 Comparison of Power Flows at the Fundamental Frequency

Both the UPNP as well as the stub-line interfaces introduce extra ‘fictitious’ elements that aid

in partitioning the system. However, when these interfaces are used to replace an inductor in

a circuit, the fundamental frequency power flows at their terminals can change as compared

to the base case of an inductor. Hence, for evaluating the accuracy of these interfaces at

the fundamental frequency, we compare the change in the active as well as reactive power

flows that are observed when an inductor is replaced with an equivalent UPNP or stub-line

interface. The power flow changes are evaluated for different values of the inductor and for

different simulation time-steps ∆t.

For this, we consider a typical circuit shown in Fig. 4.12 that consists of a 100 MVA,

230/15 kV, 60 Hz two winding transformer with a leakage reactance Xt. The base case is

the ’no interface’ case, i.e., the circuit is simulated with the original leakage inductor. The
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sending end voltage is taken as 1∠0. The value of Xt is varied from 0.05 pu to 0.2 pu in

steps of 0.01 pu. The receiving end voltage V∠θ for each value of Xt is computed such that

the active power PS = 75 MW and the reactive power QS = 66.14 MVAr in steady-state.

1.0 0

100 MVA
230/15 kV

pu��
��

Figure 4.12: Circuit for comparison of change in steady-state power flows with
delay-based interfaces

The following two cases are now considered:

• Case 1: Xt replaced with an equivalent stub-line interface.

• Case 2: Xt replaced with the proposed UPNP interface.

The three cases (viz. the base case, Case 1 and Case 2) are now compared when Xt

is varied in the range [0.05 pu, 0.2 pu] and the time-step ∆t in the range [1 µs, 200 µs].
Figs. 4.13a and 4.13b show the variation of PS and QS as Xt and ∆t are varied for the

stub-line interface, while Figs. 4.13c and 4.13d show these for the proposed UPNP interface.

Note that PS in each case is per unitized with a base value of 75 MW, while QS in each case

is per unitized with a base value of QS = 66.14 MVAr.

From these figures, it is apparent that at lower time-step values, the deviations for both

cases compared to the base case of an inductor is negligible irrespective of the value of the

interfacing Xt. However, as the time-step increases, the deviation also increases for both

cases. The deviations for Case 2 (UPNP interface) are also observed to be marginally higher

than Case 1 (stub-line case) when Xt is low and ∆t is high. However, as shown in Table 4.2,

for Xt = 0.1 pu (which is a typical value for the Xt of a transformer) and ∆t = 50 µs (which

is a typical value for ∆t in EMT simulations), the deviations with the UPNP interface

are 0.44 % for PS and −1.05 % for QS, which are slightly higher (though still typically in
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the 1 % range) than that with the stub line interface. Although, as will be demonstrated

in Section 4.5, the UPNP has the advantage that it mitigates the high-frequency spurious

oscillations problem that the stub-line interface manifests.

(a) PS (Case 1 - Stub-line) (b) QS (Case 1 - Stub-line)

(c) PS (Case 2 - UPNP Interface) (d) QS (Case 2 - UPNP Interface)

Figure 4.13: Change in steady-state power flows with delay-based interfaces in
the circuit of Fig. 4.12

Table 4.2: PS and QS for delay-based interfaces with Xt = 0.1 pu and ∆t = 50 µs in
the circuit of Fig. 4.12

Stub-line Interface UPNP Interface

Value % Deviation Value % Deviation

PS 1.0001 pu 0.01 % 1.0044 pu 0.44 %
QS 0.9974 pu −0.26 % 0.9895 pu −1.05 %
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4.5 Ability of the UPNP Interface to Suppress Spuri-

ous High Frequency Oscillations

For a preliminary comparison of the UPNP interface with the stub-line interface, we consider

the time-domain simulation of the circuit shown in Fig. 4.14.

L = 0.2 H = 0.05 s

R = 10

2

10 kV

60 Hz

Figure 4.14: Circuit for preliminary comparison of delay-based interfaces

The following three cases are considered, all simulated using the trapezoidal method with

time-step ∆t = 50 µs.

• Base Case: L modelled as an inductor (i.e., no interface)

• Case 1: L modelled using an equivalent stub-line interface.

• Case 2: L modelled using the proposed UPNP interface.

As is the case with most commercial simulation programs that use the trapezoidal integration

method, a chatter removal method is also used in this implementation [75]. The switch is

modelled as an ideal switch (i.e., Ron = 0 and Roff → ∞) using the modified augmented

nodal analysis (MANA) formulation [88]. The no-interface case (Case 1) of the inductor is

used as reference for comparison with the interfaced Cases 1 and 2.

The switch is initially closed with the circuit operating in steady state and is opened at

t = 0.05 s. Fig. 4.15 presents a comparison of the simulation results for the voltage V2 for

the Base Case (inductor) and Case 1 (stub-line interface) while Fig. 4.16 presents the same

comparison for the Base Case (inductor) and Case 2 (UPNP interface).

All the responses essentially overlap initially with the switch in closed position. After the

switch opens, the stub-line interface shows sustained high frequency (HF) oscillations with
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Figure 4.15: Response of voltage V2 (Base Case – Inductor, and Case 1 – Stub-
line interface)
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Figure 4.16: Response of voltage V2 (Base Case – Inductor, and Case 2 – UPNP
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a period 4∆t (see Fig. 4.15) as compared to the response with an inductor. In contrast, we

can clearly see in Fig. 4.16 that with the proposed UPNP interface, the oscillations, though

present, are minimal and decay very rapidly. And the response with the UPNP interface

matches very closely with that of an inductor even after the switch is opened.

Thus, we can see that the sustained high frequency oscillations are suppressed when the

proposed UPNP interface is used instead of the stub-line interface for partitioning.

Note that the oscillation observed in the stub-line case is not the same as the phenomenon

of chatter [89] which is observed when a switch in series with an inductor is opened in a

circuit being simulated using the trapezoidal integration method. Chatter oscillation always

has a period of 2∆t [89] as opposed to the 4∆t period observed here. Also, chatter oscillation
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is easily suppressed by the method of [75] that is used here whereas the stub-line oscillation

is not.

Reason for the spurious oscillations with stub-line interface:

The oscillations observed here are in fact because the inductor is represented by an

equivalent stub-line in Case 1. The period 4∆t is due to the reflections of the wavefront at

the open-circuit termination [90] after the switch is opened. It can be verified by plotting

the admittance response of an open-circuited stub-line as shown in Fig. 4.17.
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Figure 4.17: Open-circuit Admittance Response (Stub Line and UPNP Inter-
face)

We can see that the stub-line has a sharp (undamped) resonance at f = 1/(4∆t). In

contrast, the open-circuit admittance response of the UPNP interface (also given Fig. 4.17)

exhibits no sharp resonance peak and consequently does not result in sustained high fre-

quency oscillations (as also seen from the time-domain simulation result in Fig. 4.16).

Advantages of the proposed UPNP interface over existing delay-based interfaces:

The UPNP interface as shown in Fig. 4.10, is straightforward to implement as the parti-

tions are interfaced with each other using only voltage sources. The only information that

needs to be transferred between the subsystems for calculating the value of these voltage

sources are the history values of iS1 and iS2 as given by (4.4).

As discussed in previous sections, unlike the approach proposed in [3], the guaranteed
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passivity of the UPNP interface ensures that it does not compromise the numerical stability

of a simulation. Compared with the stub-line interface, it also has superior accuracy and

suppressed spurious oscillatory behavior.

4.6 Simulations Examples

To demonstrate the practical utility of the UPNP interface, we consider three test cases

with different types of HVdc converters which are simulated in PSCAD/EMTDC [71]. To

check whether the UPNP interface is sufficiently accurate, it is compared with a reference

simulation in which there is no partitioning, with the entire circuit modelled as one system.

4.6.1 Example 1 - Point-to-point VSC-HVdc Transmission System

Fig. 4.18 shows the test system for Example 1. It consists of a 200 MW, ±200 kV point-to-

point voltage source converter (VSC) based HVdc link. The purpose of this example is to

validate the accuracy the proposed UPNP interface with a more detailed circuit with power

electronic converters.

Inv.Rect.
Yg/Y

Par��on I Par��on II Par��on III Par��on IV

200 MWPoint-to-Point VSC HVdc Link

Y/Yg

25 MVAr
fc = 450 Hz

450 Hz

inv

200 km
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500 kV
60 Hz

345 kV
60 Hz

250 MVA
x = 10%
230/345 kV

250 MVA
x = 10%
500/230 kV

SCR = 5.5 80o SCR = 5 80o

HPF

25 MVAr
fc = 450 Hz

HPF

�inv

Figure 4.18: Example 1 – Point-to-point VSC-HVdc Link

Both rectifier and inverter are two-level converters interconnected using two 200 km dc

coaxial cables modelled using the frequency dependent universal line model [91]. The cable

data is taken from [92]. Each converter is controlled using decoupled dq-control strategy [93].

The rectifier side controls the active power and its ac-bus voltage, while the inverter side
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controls the dc voltage and its ac-bus voltage. The switching frequency for each converter is

1980 Hz (= 33 × 60 Hz).

The system is partitioned into four parts as shown in Fig. 4.18 using the natural delay of

the dc cables and each converter inductor (Lf = 72.4 mH) replaced by the proposed UPNP

interface. A fixed time-step of ∆t = 2 µs is used for the simulation.
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Figure 4.19: Iinv(A) and Vinv(A) in Example 1 (Inductor and UPNP Interface)

The system initially operates in steady state. At t = 0.1 s, a solid phase-to-ground fault

occurs at the location shown in Fig. 4.18 and is cleared after 50 ms. Fig. 4.19 shows the

comparison of the simulation results for the case with the UPNP interface and that for the

unpartitioned system with no interface (i.e., Lf modelled as an inductor).

Fig. 4.19a and 4.19b show the results for the ac side phase current Iinv(A) and phase

voltage Vinv(A) for both the approaches. As we can see, the results match very closely not

only during steady state but also after the fault occurs. The mean error in Iinv(A) and Vinv(A)
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is 0.002 kA and 0.2 kV respectively; or about 0.2% and 0.1% of their respective steady state

peak values of 1 kA and 200 kV. Similarly, the results for the active power Pinv and reactive

power Qinv (shown in Fig. 4.20) at the inverter end also match very closely for both the

approaches.
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Figure 4.20: Active Power (Pinv) and Reactive Power (Qinv) at Inverter End for
Example 1 (Inductor and UPNP Interface)

Comparison between inductor, UPNP interface and stub-line:

The results shown in Fig. 4.19 and 4.20 only compared the responses of the case with the

proposed UPNP interface with the reference case (i.e., with no interface).

Fig. 4.21 compares the startup transient waveforms of the reference case, a case with the

stub-line interface and the proposed UPNP interface for the circuit in Fig. 4.18. With the

stub-line interface, the system does not even settle down to a steady-state even after being

allowed to run for about 5 s. In contrast, with all other parameters the same, the cases

with the inductor and the proposed UPNP interface show essentially identical responses and

rapidly settle down (in about 0.2 s) to the desired steady state operating point.

Hence, we can conclude from this example that the UPNP interface not only helps in

partitioning, but also more closely matches the behavior of an inductor in comparison with

an equivalent stub-line interface.
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Figure 4.21: Active Power (Pinv) at Inverter End with Stub-line Interface

4.6.2 Example 2 - Two Asynchronous Areas interconnected using

two Back-to-back MMC-HVdc Links

The second example system is as shown in Fig. 4.22. The purpose of this example is to

verify the accuracy of the UPNP interface in a more complex system which has a topological

resemblance with a real-world system [94] as well as to implement it on a parallel processing

platform to demonstrate the achievable speedup.

The circuit comprises two asynchronous areas interconnected using two back-to-back

modular multilevel converter (MMC) based HVdc links as shown in Fig. 4.22a. The topology

is structurally similar to a real-world system reported in [94]. However, as the data for

the actual system is not in the public domain, the sending and receiving end systems are

modeled as the IEEE-14 bus and IEEE-9 bus systems respectively. The data for these is

taken from [72].

Each MMC-HVdc link is rated at 200 MW, ±200 kV and has 201-level converters at each

end consisting of half-bridge sub-modules (SM) as shown in Fig. 4.22b. The nominal SM

voltage is 2 kV. Each arm inductor (LS) for each converter is 0.15 pu and the converter

transformer’s leakage reactance is 0.18 pu [95]. Each SM capacitor (CSM) is 2.5 mF which

corresponds to a stored energy of 30 kJ/MW in the MMC [96]. Both the HVdc links use

decoupled dq-control [93]. The rectifier side controls the active power and the reactive power

at its ac-bus, while the inverter side controls the dc voltage and the reactive power at its
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Figure 4.22: Example 2 - Two asynchronous areas interconnected by two back-
to-back MMC-HVdc Links

ac-bus. Nearest-level control (NLC) [97] is utilized for submodule switching.

To distribute the computational load more equitably, it is desirable to have each dc

link simulated on a separate processor. Since both dc links are back-to-back, there are no

transmission lines available to conveniently partition the system. Hence, the network is
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partitioned into two parts as shown in Fig. 4.22. The ac system-side leakage inductance of

the converter transformers TA and TB is used for partitioning using the proposed UPNP

interface. Fig. 4.23 identifies the inductance used for the partitioning.

� : �2
���� �

��

Ideal
Transformer

Converter

Side

System

Side

��s/2 ��s/2 Modelled using
UPNP Interface
(for partitioning)

Figure 4.23: UPNP Interface-based partitioning using transformer’s leakage

With the system initially operating in steady state, a solid three-phase fault is applied

at the midpoint of line 19-21 at t = 0.1 s. It is cleared after 50 ms by opening the breakers

at either ends of this line. Subsequently, the breakers are reclosed after a duration of 0.3 s.

Fig. 4.24 and Fig. 4.25 compare the simulation results for the case with the UPNP interface,

with the simulation results for the original unpartitioned system (i.e., with Lls in Fig. 4.23

modelled as an inductor). The time-step used in this simulation is ∆t = 20 µs.
Fig. 4.24 shows the current through the transmission line 19-21 for both the approaches.

The results match very closely. The mean error in I19−21(A) is 0.0016 kA i.e., 0.8% based

on the steady state peak value of about 0.2 kA. Similarly, the results for the inverter end

active power Pinv (shown in Fig. 4.25) for both the links also match very closely for both

the approaches. Thus, this verifies the accuracy of the UPNP interface.

A 5 s duration simulation was conducted with a time-step of ∆t = 20 µs on a 2.1 GHz

AMD Opteron 6272 sixteen core general-purpose Windows 10 PC with 64 GB RAM. For

this case, the CPU execution times for the partitioned parallel simulation (with the UPNP

interface) and the unpartitioned serial simulation are given in Table 4.3.

Table 4.3 shows that a simulation speedup of 2.14 is achieved in this case using parallel

processing with the UPNP interface.
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Figure 4.24: Line 19-21 current in Example 2 (Inductor and UPNP Interface)
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Figure 4.25: Inverter active power in Example 2 (Inductor and UPNP Interface)

Table 4.3: Comparison of Total CPU Times (Example 2)

Serial Simulation Parallel Simulation Speedup
TS (sec) TP (sec) (TS/TP)
1667.9 779.6 2.14
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4.6.3 Example 3 - IEEE 39-bus System with an LCC-HVdc Link

In the third example, the standard IEEE 39-bus system is modified to include an embedded

back-to-back line commutated converter (LCC) based HVdc link as shown in Fig. 4.26. The

main purpose of this example is to verify the accuracy of the UPNP interface when it is

used along with another delay-based interface (i.e., a transmission line) in a larger system,

and also to implement it on a parallel processing platform to demonstrate the achievable

speedup.
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Figure 4.26: Example 3 – IEEE 39 Bus System with LCC-HVdc Link

Appendix A shows the configuration and component values for the LCC-HVdc link which

interconnects Bus 14 and Bus 4. The rectifier and inverter are twelve-pulse converters with

the controls same as in [73]. The data for the IEEE-39 bus system is taken from [72].

The system is partitioned as shown in Fig. 4.26. Since the LCC-HVdc system is a

back-to-back scheme, there is no transmission line connecting the two converters to allow
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for partitioning. Hence the LCC-HVdc converter’s 34 mH dc-side smoothing reactor (LS)

[98] is utilized to partition the system using the proposed UPNP interface (see Fig. A.1 in

Appendix A for details). The value for LS corresponds to that used in a real-world back-to-

back system [99]. In addition to the UPNP interface-based partitioning, transmission lines

25–26, 17–18 and 13–14 are modelled using the distributed parameter model to allow for

partitioning the system. A simulation time-step of ∆t = 20 µs is used. The system initially

operates in steady state. At t = 0.1 s, a solid three-phase-to-ground fault occurs near the

rectifier bus which is cleared after 50ms.
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Figure 4.27: Results for Example 3 (Inductor and UPNP Interface)

Fig. 4.27 show the comparison of the simulation results for the case with UPNP approach

and that for the unpartitioned system with no interface (i.e., both LS modelled just as

inductors). As we can see in Fig. 4.27, the results match very closely. The mean error in
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Irect(A) is 0.002 kA which is 0.2 % based on its steady state peak value of 1 kA. Similarly,

the results for Idc also match closely. Thus, this verifies the accuracy of the UPNP interface.

For a 5 s simulation with ∆t = 20 µs, the CPU execution times for the partitioned parallel

simulation (with the UPNP interface) and the unpartitioned serial simulation are given in

Table 4.4 (these were measured on the same PC as for Example 2). It is evident from

Table 4.4 that partitioning the system into two roughly equally sized subsystems resulted in

a speedup of 2.27.

Table 4.4: Comparison of Total CPU Times (Example 3)

Serial Simulation Parallel Simulation Speedup
TS (sec) TP (sec) (TS/TP)
67.81 29.95 2.27

Thus, the previous two examples demonstrate that the UPNP interface facilitates imple-

mentation on a parallel computing platform without compromising the numerical stability

of the simulation.

4.7 Conclusions

Transmission lines have long been used to partition the network into subsystems suitable for

parallel processing implementations. However, they may not always be available at conve-

nient partitioning locations. To address this limitation, in this chapter we develop a novel

delay-based interface which permits partitioning of the system at branches where series in-

ductors are present. As series inductors are widespread in a power network, this greatly

increases the number of partitioning opportunities. Since the proposed method always gen-

erates a strictly passive interface, it does not contribute negatively to the stability of the

simulation.

The resulting sub-network partitions are interfaced with each other in a straightforward

manner using voltage sources that depend only on history values and permit speed-up of

the simulation by parallelizing the network solution. The work reported in this chapter
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uses time-domain simulations backed up by the per-unitized frequency response plots of the

admittance matrix elements of the interface to show that it has better accuracy compared

to the widely used stub-line interface.

Simulation test cases with HVdc converters are used to demonstrate the practical utility

of this interface. It is also demonstrated that the proposed approach facilitates implementa-

tion on a parallel computing platform without compromising the numerical stability of the

simulation.

4.8 Contributions

1. Developed a novel delay-based interface (called the Universally Passive Network Par-

titioning (UPNP) interface) that uses existing inductors in the circuit to partition the

network, thus allowing for simulation speed up when the solution of the partitioned

network is computed on a parallel computing platform.

2. Mathematically proved that the proposed interface is guaranteed to be passive for any

arbitrary value of the inductor (L) and time-step (∆t).

3. Analyzed the accuracy performance of the proposed interface to show that it exhibits

superior performance compared to the existing delay-based partitoning methods.

4. Demonstrated the practical utility of the UPNP interface using simulation test cases

that contained HVdc converters.
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Chapter 5

Stability Assessment of Multi-rate

EMT Simulations of LTI Circuits

This chapter presents a novel approach for assessing the numerical stability of multi-rate

EMT simulations of LTI circuits. It is shown that such simulations always yield a periodically

varying system in the discrete-time domain. By exploiting this property and applying the well-

known ‘lifting’ technique, a sampled data time-invariant representation is obtained for the

simulated system which is then used for stability assessment using eigenvalue analysis.

5.1 Introduction

In Chapters 2 - 4, we discussed various methods for accelerating single-rate Electromag-

netic Transient (EMT) simulations using parallel processing. Single-rate EMT simulations

use a single fixed time-step ∆t for discretizing the equations of all the components in a

network. Power systems usually consist of a combination of “fast” and “slow” components

that require widely different time-steps for accurately modelling their transient behavior in

a simulation [50]. If a single time-step ∆t is used for discretizing all the components, there

is a potential for the simulation to become excessively slow and computationally expensive.

This is because this time-step ∆t, which is selected based on the accuracy requirements of
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the fastest component in a system, is also used for solving relatively slower portions of the

system.

One of the alternatives that is proposed in the literature is to divide the system into

multiple subsystems and then use distinct time-steps for simulating each subsystem. This

is essentially the multi-rate simulation approach. The time-steps for each subsystem are

selected based on their individual time response characteristics [51] and the solution for the

entire system is reconciled every time the simulation time grid for the various subsystems

coincides with each other. Multi-rate simulation techniques are particularly useful in real-

time EMT simulators for enhancing the simulator’s computational efficiency. Several multi-

rate simulation methods have been proposed in literature - these include iterative approaches

[53, 100] and non-iterative approaches [2, 50, 54]. The former type uses iterations when

reconciling the solution for the entire system while the latter type uses direct methods

which avoid any type of iterations. As real-time simulators must always satisfy the real-time

constraint (i.e., its output must be synchronized with the real-world clock), non-iterative

approaches are generally the preferred choice.

Most of the existing literature [2,50,54] on multi-rate simulation methods has focused on

demonstrating two things: (i) the accuracy of their respective approaches; (ii) the enhance-

ment of computational efficiency accrued from using such approaches in EMT simulations.

However, very little attention has been directed toward the development of techniques for

assessing the numerical stability of such simulations. Reference [101] does try to address this

issue. However, it uses a linearized system for stability assessment which is inherently an

approximation. Additionally, the theory behind their proposed stability assessment method

is established using a standard state-space formulation by partitioning the state vector into

slow and fast states. However, such a formulation does not entertain the widely used multi-

rate EMT simulation methods which typically use network partitioning and not state vector

partitioning (e.g., [2, 50]).

In this chapter, we develop a novel approach for assessing the stability of non-iterative

multi-rate EMT simulations of linear time-invariant (LTI) circuits. The effectiveness of the
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proposed approach is demonstrated by showing how it can accurately predict the stability

of a commonly used multi-rate simulation method proposed in [2].

Firstly, it is demonstrated that multi-rate EMT simulations can produce unstable re-

sults for stable continuous-time LTI circuits even when the trapezoidal integration method

is used for discretizing various components in each subsystem. Further, it is shown that

such simulations always yield a periodically varying system in the discrete-time domain. By

exploiting this property and using the well-known technique of ‘lifting’ [56], a sampled data

time-invariant representation is obtained for the simulated discrete-time system. This is

then used for assessing the numerical stability of the simulation using eigenvalue analysis. In

this work, the dynamical equations for the simulated discrete-time system are formulated by

adapting the procedure given in [1] for obtaining a discrete-time state space representation

of a network directly from its companion circuit formulation.

It should be noted that the multi-rate simulation method of [2] is merely used to exemplify

the effectiveness of the proposed approach in predicting stability. The approach itself is

entirely general and can be applied to the stability assessment of any arbitrary non-iterative

multi-rate simulation algorithm.

5.2 Key Differences between Single-rate and Multi-

rate EMT Simulations

Single-rate EMT simulations use a single fixed time-step for discretizing the equations of all

the components in a network. On the other hand, multi-rate EMT simulations use distinct

time-steps for discretizing different portions of a circuit (e.g., in the illustration of a dual-rate

case in Fig. 5.1, a large time-step ∆T is used for the slow subsystem while a small time-step

∆t is used for the fast subsystem, where ∆T >∆t).

Additionally, while exchanging the values of the interface variables between the fast and

the slow subsystems, up-sampling and down-sampling are also needed in multi-rate EMT

simulations because of the distinct time-steps on the two sides. Typical up-sampling methods
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Figure 5.1: General Structure of Multi-rate EMT Simulations

include freezing of the slow variables at the interface [51] or interpolation/extrapolation using

the previous two samples of the slow variables at the interface [2,50,54]. On the other hand,

typical down-sampling methods include taking the last sample of the fast variables at the

interface [51] or averaging the fast variables at the interface over the previous large time-step

interval [2].

5.3 Motivation

This research on stability assessment of multi-rate EMT simulations is motivated by a case

where an LTI network (which is stable in the continuous time-domain) is simulated as a

multi-rate simulation using the trapezoidal integration method in each subsystem and the

simulation, somewhat surprisingly, becomes numerically unstable. This case is discussed

below.

Example to Demonstrate Instability of Multi-rate EMT Simulations

Consider the circuit shown in Fig. 5.2. Firstly, it is clear that this circuit is a stable LTI sys-

tem. Hence, its single-rate simulation using the trapezoidal integration method is guaranteed

to be numerically stable for any arbitrary value of the time-step [102]. The waveforms for

the voltage at node 3 shown in Fig. 5.3 for ∆T =∆t = 5 µs and ∆T =∆t = 50 µs respectively
are both stable and thus corroborate this fact.
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Figure 5.2: Example to Demonstrate the Instability of Multi-rate Simulations of
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Figure 5.3: Voltage at Node 3 for the Circuit of Fig. 5.2 (Single-rate case, i.e.,
∆T =∆t)

The circuit in Fig. 5.2 is now simulated using the multi-rate simulation method of [2]

with a large time-step ∆T = 50 µs for the left side sub-network and a small time-step

∆t = 5 µs for the right side sub-network. The multi-rate simulation method in [2] uses the

trapezoidal integration method for discretizing the dynamical elements in each subsystem and

uses the Multi Area Thevenin Equivalent (MATE) concept for partitioning and reconciling

the solution of the entire system. The interface node is numbered “3” on the left side and

“4” on the right side in Fig. 5.2. Fig. 5.4 shows the waveforms of these node voltages on

either side of the interface.

We see that in the multi-rate case, the simulation is numerically unstable with this choice

of time-steps. Thus, this example clearly shows that the property of guaranteed stability

afforded by the trapezoidal integration method for LTI circuits in single-rate simulations does

not generally guarantee the stability in multi-rate simulations. This example also points out
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the need for developing a specialized method for the stability assessment of multi-rate EMT

simulations. In the subsequent sections, we will develop a novel approach for the stability

assessment of multi-rate EMT simulations of LTI circuits.
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Figure 5.4: Voltages at Node 3 and 4 for the Circuit of Fig. 5.2 (Multi-rate Case)

5.4 Theoretical Framework for the Stability Assess-

ment Method

We will now develop the mathematical framework for the method that is used for the stabil-

ity assessment of multi-rate simulations of autonomous LTI circuits, i.e., ones without any

external excitation. The reader is reminded that the exponential stability of an autonomous

system implies Bounded Input Bounded Output (BIBO) stability of its non-autonomous

counterpart [103]. Hence any conclusions about the stability that are derived for the au-

tonomous case become directly applicable to the equivalent non-autonomous case.

5.4.1 State-space Model of Autonomous Linear Systems

For an autonomous linear system, the state-space model in the continuous time-domain can

be written as in (5.1).

ẋ =A x (5.1)
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By using any numerical integration method with a time-step ∆t, the state vector in the

current time-step (say x(t+∆t)) can be related to the state vector in the previous time-step

(x(t)) using a linear transformation as in (5.2).

x(t +∆t) =G x(t) (5.2)

For example, G = (I − A∆t

2
)
−1

(I + A∆t

2
) with the trapezoidal integration method whereas

G = (I +A∆t) with the rectangular integration (or Forward Euler) method.

5.4.2 Periodicity in the Multi-rate Simulations of LTI Circuits

Fig. 5.5 shows a typical timeline of multi-rate simulations. Here, ∆T is the large time-step

(used in the slow subsystem) whereas ∆t is the small time-step (used in the fast subsystem).

∆T is assumed to be an integer multiple of ∆t, i.e., ∆T = N∆t where N is a positive integer

greater than 1.

ΔT Large Time- step
Δt Small Time- step

ΔT

Δt
= N

t
t+Δt t+2Δt t+(N-1)Δt t+(2N-1)Δt

t+2NΔt
t+(N+1)Δt t+(N+2)Δt

t+NΔt

t t+ΔT t+2ΔT

Figure 5.5: Timeline of Multi-rate Simulations

The following general steps are followed in each ∆T interval in any multi-rate simulation

method:

(a) At every intermediate ∆t instant within ∆T (indicated by green arrows in Fig. 5.5),

the states of only the fast subsystem are updated; the slow subsystem’s states remain

latent at these intermediate instants.

(b) At every time instant which is an integer multiple of ∆T (indicated by red arrows in

Fig. 5.5), the states of both the fast and the slow subsystem are updated.
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Thus, starting from t with the initial conditions x(t), the difference equations for updating
the states x in the first ∆T interval in Fig. 5.5 can be written as in (5.3).

x(t +∆t) =G0 x(t)

x(t + 2∆t) =G1 x(t +∆t)

⋮

x(t + (N − 1)∆t) =GN−2 x(t + (N − 2)∆t)

x(t +N∆t) =GN−1 x(t + (N − 1)∆t)

(5.3)

Because of the selective updating of the fast and slow states within a ∆T interval, the

matrices G0, G1, . . . GN−1 would typically be distinct from each other. However, as the

simulated circuit is LTI in the continuous time-domain, we can say that the same Gj (j =
0,1, . . .N − 1) matrices are applicable for every subsequent ∆T interval. This is illustrated

in Fig. 5.6.

t

t
t+ t t+2 t t+(N-1) t

t+ T

t+(2N-1) t
t+2N t

t+2 T

t+(N+1) t t+(N+2) t
t+N t

�� �� ��−� �� �� ��−�

Figure 5.6: Periodic Nature of Multi-rate Simulations of LTI Circuits

Therefore, we can say that for a continuous-time LTI circuit, any multi-rate simulation

method yields a periodically varying system in the discrete time-domain with the period

equal to the large time-step ∆T and the overall transition matrix G as in (5.4).

G =GN−1 ×GN−2 × . . .G1 ×G0 (5.4)
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5.4.3 Obtaining a Time-invariant Representation for a Periodi-

cally Varying Discrete Time System

For any periodically varying discrete-time system (such as the one in Fig. 5.6), it is possible

to obtain a time-invariant representation by applying the ‘lifting’ technique [56]. In this

technique, a lifting operator L is defined that maps v z→ V where v is a vector sampled at

the regular sampling rate (∆t in case of Fig. 5.6) whereas V consists of N consecutive samples

of v (where N∆t = ∆T being the period). Lifting the state vector x for the periodically

varying discrete time system shown in Fig. 5.6 yields the following:

X(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x(t)
x(t +∆t)
⋮

x(t + (N − 2)∆t)
x(t + (N − 1)∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; X(t +∆T ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x(t +N∆t)
x(t + (N + 1)∆t)

⋮
x(t + (2N − 2)∆t)
x(t + (2N − 1)∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.5)

Note that with this procedure, every ‘lifted’ vector X(t) includes each x(t + k∆t), where
k = 0,1, . . .N − 1 within a periodic interval ∆T , as can be seen in (5.5). Using the lifted

state vectors in (5.5) and the difference equations in (5.3), we can obtain a time-invariant

representation as in (5.6).

MX(t +∆T ) =HX(t) (5.6)

where, M and H matrices are as in (5.7).

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I

0

⋱
0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; H =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

GN−1

GN−2 −I
⋰ ⋰

G1 −I
G0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.7)
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In (5.7), all entries which are blank are zeros, I is an identity matrix of appropriate size, 0

is a null matrix of appropriate size and G0, G1, . . . GN−1 are matrices from (5.3).

Using the time-invariant model in (5.6), we can say that the periodically varying discrete-

time system is stable if all the finite eigenvalues of the matrix pencil (H,M) are inside the

unit circle.

NOTE: It can be shown that M in (5.6) will always be rank deficient for N > 1. Hence, in

addition to the finite eigenvalues, the matrix pencil (H,M) will have additional eigenvalues
of magnitude ∞. These eigenvalues are ignored [104] as they do not affect the system

dynamics.

5.5 Formulation of Equations for Stability Assessment

of Multi-rate EMT Simulations of LTI Circuits

Based on the discussion in the previous section, the following procedure can be adopted for

obtaining a time-invariant representation for any arbitrary multi-rate simulation algorithm:

1. Within the ∆T interval, write down the governing equations for each ∆t instant (similar

to what was done in (5.3)).

2. Using these equations, obtain a time-invariant representation (similar to (5.6)).

The challenge now lies in writing down the governing equations for any arbitrary multi-rate

simulation method. The mathematical framework developed in the previous section used

a standard state-space representation. Most commonly used multi-rate EMT simulation

approaches use Dommel’s method [9] for formulating the equations of a network. Reference

[63] has analytically proven that these two approaches are equivalent.

However, most multi-rate simulation methods proposed in the literature (e.g., [2,50,55])

also use network partitioning in order to yield multiple sub-networks to be simulated with

distinct time-steps. Writing down the equations for such methods in a standard state-space
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form can be onerous, typically requiring a lot of intermediate matrix manipulations. To

circumvent this issue, in this work we adapt and use the approach of Hollman and Marti [1]

for obtaining a discrete-time state-space representation directly from Dommel’s formulation.

In this section, we discuss the detailed procedure for formulating the equations for

the stability assessment of multi-rate EMT simulations of LTI circuits. The MATE-based

method [2] is used as a demonstration example. However, it should be noted that the ap-

proach itself is entirely general and can be applied to the stability assessment of any arbitrary

non-iterative multi-rate simulation algorithm.

5.5.1 Obtaining a State-space Representation from the Compan-

ion Circuit of a Network [1]

In this section, we briefly review the approach of [1] that is useful for obtaining a discrete-time

state-space representation directly from Dommel’s formulation. We consider an autonomous

case, i.e., a circuit with no external sources.

The companion circuit representation of an inductor and capacitor at time t is shown in

Fig. 5.7. If we know the network’s solution at time t, then the history current source hL for

an inductor and hC for a capacitor at the time (t +∆t) are as in (5.8).

hL(t +∆t) = iL(t) + gLvL(t)

hC(t +∆t) = −iC(t) − gCvC(t)
(5.8)

Here, gL = ∆t/2L, and gC = 2C/∆t with ∆t being the simulation time-step. Using the

companion circuit representation in Fig. 5.7, we can eliminate iL(t) and iC(t) from the

expressions in (5.8) to yield (5.9).

hL(t +∆t) = hL(t) + 2gLvL(t)

hC(t +∆t) = −hC(t) − 2gCvC(t)
(5.9)

Now knowing these relations for each inductor and capacitor, the expressions for the his-
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Figure 5.7: Inductor and capacitor, and their corresponding companion circuits

tory currents of all branch inductors and capacitors in any arbitrary circuit (containing nL

inductors and nC capacitors) can be compactly written as in (5.10).

hb(t +∆t) =K hb(t) +Yb vb(t) (5.10)

Here,

hb(t) : Vector containing history currents for each inductor and capacitor.

= [hL(1) . . . hL(nL)
hC(1) . . . hC(nC)

]
T

K : A diagonal matrix with entries equal to either 1 or −1.
K(i, i) = 1 if ith element in hb(t) is an inductor.

= −1 if ith element in hb(t) is an capacitor.

vb(t) : Vector containing branch voltages for each inductor and capacitor.

Yb : Diagonal matrix of companion circuit conductance values for each inductor and

capacitor (as given in (5.11)).

Yb =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2gL(1)

⋱
2gL(nL)

−2gC(1)
⋱
−2gC(nC)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.11)
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The branch voltages (vb(t)) can be related to the node voltages (v(t)) as in (5.12).

vb(t) =Ai v(t) (5.12)

Here, Ai is the node incidence matrix [60] which relates the node voltages to the branch

voltages of the energy storage elements. At time t the relation between the node voltages

v(t) and the branch history currents hb(t) is given by (5.13).

Y v(t) = −Ai
T hb(t) (5.13)

Here, Y is the nodal admittance matrix. Combining (5.10) - (5.13), we get (5.14).

⎡⎢⎢⎢⎢⎢⎣

I 0

0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

hb(t +∆t)
v(t +∆t)

⎤⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎣

K YbAi

Ai
T Y

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

hb(t)
v(t)

⎤⎥⎥⎥⎥⎥⎦
(5.14)

Here, I is an identity matrix of size (nL + nC) × (nL + nC). Eq. (5.14) is of the form:

MX(t +∆t) =HX(t) (5.15)

Eq. (5.15) is the required discrete-time state-space representation of a circuit in the descriptor

form. An illustrative example is provided in Appendix F to verify the above procedure.

5.5.2 Multi-rate EMT Simulations using the Multi Area Thevenin

Equivalent (MATE) Concept [2]

In this section, we review the details of the Multi Area Thevenin Equivalent (MATE)-based

multi-rate simulation method [2]. This method is used later for two purposes: (a) to explain

how to set up the equations for an approach for stability assessment of multi-rate EMT

simulations; (b) to demonstrate the effectiveness of the proposed approach in accurately

predicting the stability of multi-rate EMT simulations.

Firstly, we review how MATE helps in partitioning a network in single-rate EMT sim-
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ulations [30]. Later on, we review how this approach is extended by Moreira et al. [2] for

carrying out multi-rate EMT simulations.

Single-rate EMT Simulation using MATE [30]

MATE is a network partitioning and recombination technique in which the solution of the

entire system is decomposed into the solutions of smaller subsystems and the solution of a

few links that interconnect these subsystems [2]. To understand how MATE can be used for

single-rate EMT simulations, let us consider the circuit shown in Fig. 5.8.
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(b) Companion Circuit for the Sample Network of Fig. 5.8a

Figure 5.8: Sample Network for explaining the MATE formulation for single-rate
EMT simulations

The circuit consists of two subsystems ‘S’ and ‘F’ interconnected by two links. Without loss

of generality, it is assumed that the links have zero impedance. Let:

YS, YF : Admittance matrices of subsystems ‘S’ and ‘F’

vS, vF : Node voltage vectors for subsystems ‘S’ and ‘F’

hbS, hbF : Branch history current vectors for subsystems ‘S’ and ‘F’
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iα1, iα2 : Link currents

vS = [vS1 vS2 vS3 vS4]T ; hbS = [hL1 hC1]T

vF = [vF1 vF2 vF3]T ; hbF = [hL2 hC2]T

iα = [iα1 iα2]T

The branch equations for the links are:

Link 1: vS3(t) − vF1(t) = 0

Link 2: vS4(t) − vF3(t) = 0

Compactly, these can be written as in (5.16).

PS
TvS(t) +PF

TvF (t) = 0 (5.16)

Here, PS and PF are incidence matrices [60] that relate the internal node voltages of each

subsystem to the branch voltages of the links. The nodal equations for subsystems ‘S’ and

‘F’ are as in (5.17) and (5.18) respectively.

YS vS(t) +PS iα(t) = −AiS
ThbS(t) (5.17)

YF vF (t) +PF iα(t) = −AiF
ThbF (t) (5.18)

Here, AiS and AiF are the node incidence matrices [60] which relate the internal node

voltages to the branch voltages of the energy storage elements. Combining (5.16) - (5.18)

yields (5.19).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

YS 0 PS

0 YF PF

PS
T PF

T 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vS(t)

vF (t)

iα(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AiS
ThbS(t)

−AiF
ThbF (t)

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.19)
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By performing a few elementary matrix manipulations, (5.19) is transformed to (5.20).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

IS 0 BS

0 IF BF

0 0 Zth

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vS(t)

vF (t)

iα(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

eS(t)

eF (t)

V thS(t) + V thF (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.20)

Eq. (5.20) essentially translates to the following:

iα(t) = Zth
−1 (V thS(t) + V thF (t)) (5.21)

vS(t) = eS(t) −BS iα(t) (5.22)

vF (t) = eF (t) −BF iα(t) (5.23)

Here,

eS(t) = −YS
−1AiS

T hbS(t) (5.24)

eF (t) = −YF
−1AiF

T hbF (t) (5.25)

V thS(t) = PS
T eS(t) (5.26)

V thF (t) = PF
T eF (t) (5.27)

BS =YS
−1PS (5.28)

BF =YF
−1PF (5.29)

Zth = ZthS +ZthF (5.30)

where, ZthS = PS
TBS and ZthF = PF

TBF.

V thS represents the equivalent Thevenin source of subsystem ‘S’ whereas ZthS repre-

sents the equivalent Thevenin resistance of subsystem ‘S’. Similarly, V thF is the equivalent

Thevenin source of subsystem ‘F’ whereas ZthF represents the equivalent Thevenin resistance

of subsystem ‘F’. Eq. (5.21) is the generalization for a multi-link case of the system shown
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in Fig. 5.9.

ZthS ZthF

for Subsystem S

Thevenin Equivalent

for Subsystem F

Thevenin Equivalent

Figure 5.9: Equivalent for (5.21) in the Single-link Case

Using (5.21) - (5.30), the following steps are used for computing the network solution at any

time t: [30]

1. eS(t) and eF (t) are computed using (5.24) and (5.25). These are the “partial” solutions

(as (5.24) and (5.25) are similar to computing the node voltages of each subsystem

assuming link currents are 0).

2. Using the partial solutions, the Thevenin source vectors (V thS(t) and V thF (t)) for each
subsystem are computed using (5.26) and (5.27).

3. Knowing V thS(t) and V thF (t), and Zth from (5.30), the link currents iα(t) are then

computed using (5.21).

4. Knowing the link currents iα(t) and the partial solutions eS(t) and eF (t), the final

network solutions vS(t) and vF (t) for subsystems ‘S’ and ‘F’ respectively, are computed

using (5.22) and (5.23) respectively.

Multi-rate EMT Simulation using MATE [2]

Reference [2] proposes a method that uses the MATE concept for interfacing two subsys-

tems in EMT simulations that are discretized with distinct time-steps. To understand how

it works, let us consider the same sample circuit as in Fig. 5.8; however, the subsystem ‘S’
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(indicating the ‘slow’ subsystem) is discretized with the large time-step ∆T while the sub-

system ‘F’ ( or ‘fast’ subsystem) is discretized with the small time-step ∆t. It is assumed

that ∆T = N∆t, where N is a positive integer greater than 1.

Because of the distinct time-steps that are used for the two subsystems, [2] proposes to

use the following to account for the contributions from each subsystem.

1. Linear Interpolation of V thS at every ∆t instant

The Thevenin source vector of the slow subsystem (i.e., V thS) is only updated at

instants which are an integer multiple of ∆T . To calculate its values at intermediate

∆t instants when only solving the fast subsystem, linear interpolation is used.

2. Averaging of iα over one full ∆T interval

The link currents (i.e., iα) are calculated at each ∆t instant within a ∆T interval when

only the fast subsystem is solved. To calculate the corresponding current injected into

the slow subsystem at the end of a ∆T interval, iα is averaged over a ∆T interval.

Details are given below.

Linear Interpolation of V thS:

The fast subsystem is solved at every intermediate ∆t instant with a ∆T interval. The slow

subsystem remains latent at these instants. Hence, it is necessary to appropriately account

for the contribution of the slow subsystem while solving the fast subsystem. The procedure

for doing this, as proposed in [2], is discussed here.

As seen in (5.21), for computing the link currents iα, only the Thevenin sources V thS

and V thF as well as the Thevenin impedance [Zth] are needed. Once iα are known, the final

network solution for the fast subsystem can be computed using (5.23).

From (5.26) and (5.27), we can see that the Thevenin source vectors V thS and V thF

only depend on history values. Therefore, referring to the time-line in Fig. 5.10, if the

network solution for the slow subsystem is known at any time t, then the Thevenin source

vector V thS(t+∆T ) is automatically known. The Thevenin source vector V thS(t) is already
known (by construction). Hence, [2] proposes to estimate the values of V thS at the every
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intermediate ∆t instants using linear interpolation using the two known values V thS(t) and
V thS(t +∆T ) as illustrated in Fig. 5.10.

� � Δ�

� Δ� � Δ� � � − 1)Δ�

Estimated by linear interpolation

using known values

Known values

Figure 5.10: Estimating VthS at intermediate steps by linear interpolation

In summary, the procedure at any intermediate ∆t instant within a ∆T interval is:

1. Estimate V thS by linear interpolation using the two known values at the two large

time-step instants.

2. Compute V thF using (5.27).

3. Compute iα using (5.21).

4. Compute vF using (5.23).

Averaging of iα:

At every time instant which is an integer multiple of ∆T , the entire system’s solution is

computed. This requires that both the fast as well as the slow subsystems be solved. The

fast subsystem has been updated N times within the ∆T interval (i.e., at every intermediate

∆t instant). If only the results at the N∆t instant were transferred to the slow subsystem,

all the intermediate solutions of the fast subsystem would be ignored. Hence, [2] proposes

to use the following steps:

1. Knowing V thS(t +∆T ) and V thF (t +∆T ), iα(t +∆T ) is computed using (5.21).
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2. The vF (t +∆T ) is computed using (5.23) using iα(t +∆T ) from Step 1.

3. For computing vS(t +∆T ),

• The average of iα(t + ∆T ) and iα’s over the previous (N − 1) intermediate ∆t

instants is computed.

• This average value is substituted in (5.22) to compute vS(t +∆T ).

5.5.3 Time-invariant Representation for MATE-based Multi-rate

EMT Simulation Method

As discussed at the start of Section 5.5, for obtaining a time-invariant representation for

any arbitrary multi-rate simulation method, the first step is to write down the governing

equations for each small time-step (∆t) instant within the large time-step (∆T ) interval.

For the MATE-based multi-rate simulation method [2], these equations can be written down

based on the discussion in Section 5.5.2.

Consider a general time interval (t, t +∆T ) as shown in Fig. 5.11.

� � Δ�

� Δ� � Δ� � � − 1)Δ�

Figure 5.11: Timeline for Obtaining a Time-invariant Representation for MATE-
based Multi-rate EMT Simulation Method

At any large time-step instant t:

At this instant (indicated by red in Fig. 5.11), both the slow subsystem as well as the fast

subsystem are solved. The equations used to solve both these subsystems at this instant can

be obtained using (5.21) - (5.30). This yields (5.31) - (5.35).

V thS(t) = −PS
TYS

−1AiS
T hbS(t) (5.31)
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V thF (t) = −PF
TYF

−1AiF
T hbF (t) (5.32)

iα(t) = Zth
−1 (V thS(t) + V thF (t)) (5.33)

vF (t) = −YF
−1AiF

T hbF (t) −YF
−1PF iα(t) (5.34)

vS(t) = −YS
−1AiS

T hbS(t) −YS
−1PS {

1

N

N

∑
r=1

iα(t −∆T + r∆t)} (5.35)

On the right-hand side of (5.35), iα(t) is known from (5.33) whereas iα(t −∆T + r∆t) for
r = 1,2, . . .N − 1 are the known values of iα at the intermediate ∆t instants in the previous

∆T interval. In (5.33), the Zth is as in (5.36).

Zth = ZthS + ZthF

= PS
TYS

−1PS + PF
TYF

−1PF

(5.36)

Note: For calculating ZthS of the slow subsystem in (5.36), the admittance matrix YS uses

∆T as the time-step. Whereas for calculating ZthF of the fast subsystem in (5.36), the

admittance matrix YF uses ∆t as the time-step.

Now, let hbS be the vector of branch history current for the storage elements (i.e., induc-

tors, capacitors) in the slow subsystem; and let hbF be the vector of branch history currents

for the storage elements in the fast subsystem. Now, knowing vS(t) and vF (t) from (5.35)

and (5.34) respectively, the branch history current vectors hbS and hbF can be updated as in

(5.37) - (5.38).

hbS(t +∆T ) =KS hbS(t) +YbSAiS vS(t) (5.37)

hbF (t +∆t) =KF hbF (t) +YbFAiF vF (t) (5.38)

These equations are similar to the branch history current updating equation in (5.10). How-

ever, notice that hbS is updated at (t +∆T ) i.e., the next large time-step instant, whereas

hbF is updated at (t +∆t) i.e., the next small time-step instant. This is because the slow

subsystem is solved directly at the next large time-step instant whereas the fast subsystem

is solved at the next small time-step instant.
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Using a few algebraic manipulations, it can be shown that (5.31) - (5.35) are equivalent

to (5.39) - (5.42). See Appendix G for the proof.

YS v′S(t) +PS iα(t) +AiS
T hbS(t) = 0 (5.39)

YF vF (t) +PF iα(t) +AiF
T hbF (t) = 0 (5.40)

PS
Tv′S(t) +PF

TvF (t) = 0 (5.41)

YS vS(t) +PS {
1

N

N

∑
r=1

iα(t −∆T + r∆t)} +AiS
T hbS(t) = 0 (5.42)

Here, v′S(t) is a dummy variable that arises from the algebraic manipulations whereas vS(t)
is the node voltage vector for the slow subsystem. Together, (5.37) - (5.42) are the governing

equations at any time instant which is an integer multiple of ∆T .

Now, knowing hbS(t +∆T ) from (5.37), V thS(t +∆T ) can be computed using (5.43).

V thS(t +∆T ) = −PS
TYS

−1AiS
T hbS(t +∆T ) (5.43)

This V thS(t +∆T ) is required while estimating the value of V thS by linear interpolation at

the subsequent ∆t instants (discussed below).

At every intermediate small time-step instant (t + k∆t), where k = 1,2, . . .N − 1:
At these instants (indicated by green in Fig. 5.11), only the fast subsystem is solved. The

contribution of the slow subsystem is accounted for by interpolating the value of V thS using

two of its known values at t and (t +∆T ) [2]. Thus, the equations used for solving the fast

subsystem at each of these instants are as given in (5.44) - (5.47).

V thS(t + k∆t) = V thS(t) +
k

N
(V thS(t +∆T ) − V thS(t)) (5.44)

V thF (t + k∆t) = −PF
TYF

−1AiF
T hbF (t + k∆t) (5.45)

iα(t + k∆t) = Zth
−1 (V thS(t + k∆t) + V thF (t + k∆t)) (5.46)

vF (t + k∆t) = −YF
−1AiF

T hbF (t + k∆t) −YF
−1PF iα(t + k∆t) (5.47)
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Note: The Zth used in (5.46) is the same as in (5.36). It does not change over the course of

the entire simulation as the simulated circuit is LTI in the continuous time-domain.

Now, knowing vF (t+ k∆t) from (5.47), the branch history current vector hbF (t+ (k + 1)∆t)
at the next ∆t instant can be updated as in (5.48).

hbF (t + (k + 1)∆t) =KF hbF (t + k∆t) +YbFAiF vF (t + k∆t) (5.48)

Again using a few algebraic manipulations, it can be shown that (5.44) - (5.47) are equivalent

to (5.49) - (5.52). See Appendix G for the proof.

hbS(t + k∆t) = hbS(t) +
k

N
(hbS(t +∆T ) − hbS(t)) (5.49)

YS v′S(t + k∆t) +PS iα(t + k∆t) +AiS
T hbS(t + k∆t) = 0 (5.50)

YF vF (t + k∆t) +PF iα(t + k∆t) +AiF
T hbF (t + k∆t) = 0 (5.51)

PS
Tv′S(t + k∆t) +PF

TvF (t + k∆t) = 0 (5.52)

Here, v′S(t+k∆t) are dummy variables that arise from the algebraic manipulations. Together,

(5.48) - (5.52) are the governing equations at each intermediate ∆t instant.

Based on the above discussion, we now know all the governing equations at each ∆t instant

within a ∆T interval. For obtaining a time-invariant representation for the MATE-based

multi-rate simulation method [2], we define X(t) as in (5.53).

X(t) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

XS(t)
vS(t)
XF (t)
iα(t)
XL(t)

XL(t −∆T )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.53)

In (5.53), vS(t) is the node voltage vector for the slow subsystem while iα(t) is the vector
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of link currents. XS(t), XF (t) and XL(t) are as defined in (5.54). Note that XS(t), XF (t)
and XL(t) have a form which is similar to the lifted state vector given in (5.5).

XS(t) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

hbS(t)
v′S(t)

hbS(t +∆t)
v′S(t +∆t)

⋮
hbS(t + (N − 1)∆t)
v′S(t + (N − 1)∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; XF (t) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

hbF (t)
vF (t)

hbF (t +∆t)
vF (t +∆t)

⋮
hbF (t + (N − 1)∆t)
vF (t + (N − 1)∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; XL(t) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

iα(t +∆t)
iα(t + 2∆t)

⋮
iα(t + (N − 1)∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.54)

Now, using (5.37) - (5.42) as well as (5.48) - (5.52), and the X(t) defined in (5.53), we can

get the required time-invariant representation for a MATE-based multi-rate simulation of an

LTI circuit as in (5.55).

MX(t +∆T ) =HX(t) (5.55)

Ô⇒

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11

M33

I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

XS(t +∆T )

vS(t +∆T )

XF (t +∆T )

iα(t +∆T )

XL(t +∆T )

XL(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H11 H12 H14 H15

H22 H24 H26

H33 H34 H35

H41 H43

H51 H53

I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

XS(t)

vS(t)

XF (t)

iα(t)

XL(t)

XL(t −∆T )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.56)
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In (5.56), all entries which are blank are zero while I is an identity matrix of appropriate

size. The entries in other sub-matrices of M and H can be populated using (5.37) - (5.42)

and (5.48) - (5.52). The table below presents which equations can be used for populating

the entries in these sub-matrices.

Sub-matrices of M and H Equation to be Used

M11, H11, H12, H14, H15 (5.37), (5.39), (5.49) and (5.50)

H22, H24, H26 (5.42)

M33, H33, H34, H35 (5.38), (5.40), (5.48) and (5.51)

H41, H43 (5.41)

H51, H53 (5.52)

Using the time-invariant model of (5.55), we can say that a MATE-based multi-rate simula-

tion of an LTI circuit will be stable if all the finite eigenvalues of the matrix pencil (H,M)
are inside the unit circle. However, computing all the eigenvalues can be onerous (especially

for large systems). Hence, in this work we assess the stability of the simulation by only

computing the finite eigenvalue with the largest magnitude and looking at whether it is in-

side or outside the unit circle. The eigs() function in MATLAB [105] is used for directly

computing the finite eigenvalue of (H,M) which has the largest magnitude.

5.6 Validation Tests

To demonstrate that the proposed method can accurately predict the stability of multi-rate

EMT simulations of LTI circuits, we consider two test cases in this section. Both test cases

use the MATE-based multi-rate EMT simulation method proposed in [2]. No particular

commercial simulation package was used for the simulations; instead, stand-alone programs

were written in MATLAB [105].
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5.6.1 Test Case 1: Effect of Time-steps on Stability of Simulation

The first test case is same as the example presented in Section 5.3. For convenience, the

circuit is repeated here in Fig. 5.12.

50000

0.147 H

5
Simulated with a large time-step ( )

3 4 5

10 F

21
0.0413 H16.4

93 0o kV

Simulated with a small time-step ( �)

Figure 5.12: Circuit for Test Case 1 (Same as in Fig. 5.2)

Three scenarios are tested:

1. With ∆T = 50 µs and ∆t = 5 µs.

2. With ∆T = 50 µs and ∆t = 10 µs.

3. With ∆t = 5 µs while ∆T is varied from ∆t to 10∆t in increments of ∆t.

A time-invariant model for the simulation is obtained using the procedure discussed in Sec-

tion 5.5.

Scenario 1 - With ∆T = 50 µs and ∆t = 5 µs:
This is the same scenario that is presented in Section 5.3. The results in Fig. 5.4 showed

that the simulation with ∆T = 50 µs and ∆t = 5 µs is unstable. In this section, we explore

whether this can be analytically verified using the proposed approach.

Using the time-invariant model for the simulated system, the finite eigenvalue of (H,M)
with the largest magnitude is found to be −1.02615. We can see that this eigenvalue is outside

the unit circle, thus showing that the proposed approach also predicts that the simulation

will be unstable.

To corroborate that the result obtained using the proposed approach is indeed correct,

we can look at the waveforms for the voltages at nodes 3 and 4 given in Fig. 5.13. In the

magnified plot of v3 given in Fig. 5.13a, we can see that the ratio of the next sample to the
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previous sample at any ∆T instant is −1.02615. This is precisely equal to the largest mag-

nitude finite eigenvalue that is computed using the proposed stability assessment approach.
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Figure 5.13: Test Case 1 - Voltages at Node 3 & 4 (with ∆T = 50 µs and ∆t = 5 µs)

Additionally, from the magnified plots of both v3 and v4, we can also verify the periodicity

property (with period = ∆T ) exhibited by multi-rate EMT simulations in the discrete time-

domain as was discussed in Section 5.4.

Scenario 2 - With ∆T = 50 µs and ∆t = 10 µs:
In the second scenario, the same circuit is simulated with ∆T = 50 µs and ∆t = 10 µs. In this

case, the finite eigenvalue of (H,M) with the largest magnitude is 0.99636 which is inside

the unit circle thus implying that the simulation is stable.

The waveforms for the voltages at node 3 (from ∆T side) and node 4 (from ∆t side) are

shown in Fig. 5.14. These are indeed stable and thus corroborate this fact.
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Figure 5.14: Test Case 1 - Voltages at Node 3 & 4 (with ∆T = 50 µs and ∆t = 10 µs)

Scenario 3 - With ∆t = 5 µs while ∆T is varied from ∆t to 10∆t:

In the first two scenarios, both ∆T and ∆t were kept constant. Now, in contrast, ∆t is

kept constant at 5 µs whereas ∆T is varied from 5 µs (i.e., = ∆t) to 50 µs (i.e., = 10∆t) in

increments of 5 µs. For this, the locus of all the finite eigenvalues of (H,M) is as shown in

Fig. 5.15 using the time-invariant model for the simulation.
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Figure 5.15: Test Case 1, Scenario 3 - Locus of the Finite Eigenvalues of (H,M)
when ∆T is varied

From Fig. 5.15, we can see that for ∆T ≤ 40 µs, all the eigenvalues are inside the unit

circle which means the simulation will be stable. Whereas, for ∆T ≥ 45 µs, one of the
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eigenvalues goes outside the unit circle implying that the simulation will be unstable.

To corroborate this result, we run two separate simulations; one with ∆T = 40 µs and

the other with ∆T = 45 µs while keeping ∆t constant at 5 µs in both cases. The waveforms

of the node voltage v3 for both these scenarios is shown in Fig. 5.16. It is clear that with

∆T = 40 µs, the simulation is stable whereas with ∆T = 45 µs, it is unstable. This precisely
agrees with the results obtained using the proposed approach.
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Figure 5.16: Test Case 1, Scenario 3 - Voltage at Node 3

5.6.2 Test Case 2: Effect of Circuit Parameters on Stability of

Simulation
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Figure 5.17: Circuit for Test Case 2

In the first test case, we showed how time-steps can affect the stability of the simula-
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5.6. Validation Tests

tion and also how the proposed approach is effective in accurately predicting the stability

properties of the simulation in such cases. In this test case, we aim to investigate whether

the proposed approach can predict the stability of a multi-rate simulation when a circuit

parameter is varied across multiple simulation runs. For this, consider the circuit shown in

Fig. 5.17.

A large time-step ∆T = 50 µs is used for the left side sub-network while a small time-step

∆t = 1 µs is used for the right side sub-network. A time-invariant model for the simulation

is obtained using the procedure discussed in Section 5.5. The value of the resistance RL is

varied from 2 kΩ to 4 kΩ in steps of 0.1 kΩ. For this, the locus of all the finite eigenvalues of

(H,M) is as shown in Fig. 5.18. The plot shows that for RL ≤ 3.3 kΩ, all the eigenvalues are
inside the unit circle which means the simulation will be stable; whereas, for RL ≥ 3.4 kΩ, one
of the eigenvalues goes outside the unit circle implying that the simulation will be unstable.
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Figure 5.18: Test Case 2 - Locus of the Finite Eigenvalues of (H,M) when RL is
varied

To corroborate this result, we run two separate simulation scenarios; one with RL = 3.3 kΩ
and the other with RL = 3.4 kΩ. The waveforms of the node voltage v6 for both these

scenarios is shown in Fig. 5.19. It is clear that with RL = 3.3 kΩ, the simulation is stable
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5.7. Conclusions

whereas with RL = 3.4 kΩ, it is unstable. This precisely agrees with the results obtained

using the proposed approach.
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Figure 5.19: Test Case 2 - Voltage at Node 6 (with ∆T = 50 µs and ∆t = 1 µs)

Thus, the above two test cases verify that the proposed stability assessment approach is

able to accurately predict the stability of multi-rate EMT simulations of LTI circuits.

5.7 Conclusions

This chapter developed a novel approach for assessing the stability of multi-rate EMT sim-

ulations of linear time-invariant (LTI) circuits. Firstly, it is demonstrated that multi-rate

EMT simulations can produce unstable results for stable continuous-time LTI circuits even

when the trapezoidal integration method is used for discretizing various components in each

subsystem. Further, it is shown that such simulations always yield a periodically varying

system in the discrete-time domain. By exploiting this property and using the ‘lifting’ tech-

nique, a sampled data time-invariant representation, in the form MX(t + ∆T ) = HX(t),
is obtained for the simulated discrete-time system. The numerical stability of the simula-

tion can then be assessed by looking at the finite eigenvalues of the matrix pencil (H,M).
The test cases that are presented successfully demonstrate the effectiveness of the proposed

method in accurately predicting the stability of multi-rate EMT simulations of LTI circuits.
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5.8. Contributions

5.8 Contributions

1. Demonstrated that multi-rate EMT simulations can produce unstable results for stable

continuous-time LTI circuits even when the trapezoidal integration method is used for

discretizing various components in each subsystem.

2. Showed that multi-rate simulations of LTI circuits always yield a periodically varying

system in the discrete-time domain.

3. Obtained a sampled data time-invariant representation for the simulated discrete-time

system By exploiting this property using the well-known technique of ‘lifting’ [56] and

used it for assessing the numerical stability of the simulation using eigenvalue analysis.

4. Effectively validated the proposed method to study the effect of varying the time-step

ratio (∆T /∆t), and a circuit parameter on the stability of multi-rate EMT simulations.
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Chapter 6

Contributions, Conclusions and

Future Work

This chapter discusses the major conclusions of this thesis as well as provides some recom-

mendations for future work.

6.1 Contributions and Conclusions

In this thesis, novel methods were developed that help in decomposing the simulated network

in order to accelerate EMT simulations using parallel processing as well as the stability and

computational efficiency of some of the existing methods in the literature have been analyzed.

• In Chapter 2, an alternative method was investigated for formulating the state variable

equations of a circuit for EMT simulations using Descriptor State-space Equations

(DSE).

– A step-by-step procedure was presented for automatically formulating the DSEs

using a circuit’s netlist. The formulation is easier to implement as a computer

algorithm compared to the classical state-space equations.

– For carrying out EMT simulation studies, the formulated DSEs were discretized

using the trapezoidal integration method.

129



6.1. Contributions and Conclusions

– The DSE-based approach was compared with the widely used Companion Circuits

(CC) approach. One of the advantages of using the DSE-based formulation is that

in addition to running EMT simulations, it is possible to analytically calculate the

eigenvalues of the network directly. However, it has the disadvantage of having a

marginally higher run-time than the CC-based approach for EMT simulations.

– A procedure for interfacing a DSE-based formulation with a CC-based EMT simu-

lator was also presented. This enables the interfacing of arbitrary power networks

with a commercial CC-based EMT simulation package without the need for build-

ing it in that package. Moreover, this combined approach also allows easy parallel

simulation as multiple DSE-based modules can be run on separate processors and

then interfaced with a CC-based EMT simulator.

• In Chapter 3, two of the commonly used sparse matrix-based parallelization methods

were adapted and used for accelerating DSE-based EMT simulations. Both methods

relied on transforming the sparse matrix M = (E + A∆t

2
) to a form which is amenable

to parallel processing.

– In Method 1, M was automatically transformed to a block-diagonal form. This

method can only be used when the simulated system contains distributed param-

eter lines and/or cables.

– In Method 2, M was automatically transformed M to a bordered block diagonal

form. This method is more general in its application as it only uses the sparsity

pattern of the matrix for its transformation (i.e., it does not require the presence

of any special elements like distributed parameter lines/cables in the simulated

system).

– For comparing the computational performance of the two methods, two test cases

based on the footprints of real-world systems were used. The first case was a 500-

bus test system while the second one was a 2000-bus test system. Comparative

studies showed that Method 2 was able to provide higher simulation speedup.
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6.1. Contributions and Conclusions

• In Chapter 4, a novel delay-based interface was developed which permits partitioning

of the system at branches where series inductors are present. As series inductors

are widespread in a power network, this greatly increases the number of partitioning

opportunities.

– The work reported in this chapter used time-domain simulations backed up by

the frequency response plots of the admittance matrix elements of the interface to

show that it has better accuracy compared to the widely used stub-line interface.

– As the proposed method always generates a strictly passive interface, it does not

contribute negatively to the stability of the simulation.

– The resulting sub-network partitions are interfaced with each other in a straight-

forward manner using voltage sources that depend only on history values and

permit speed-up of the simulation by parallelizing the network solution.

– Simulation test cases with HVdc converters were used to demonstrate the practical

utility of this interface. It is also demonstrated that the proposed approach fa-

cilitates implementation on a parallel computing platform without compromising

the numerical stability of the simulation.

• In Chapter 5, a novel approach was developed for assessing the stability of multi-rate

EMT simulations of linear time-invariant (LTI) circuits.

– It should be recalled that single-rate simulations using the trapezoidal integration

method are always stable when the simulated circuit is a stable continuous-time

LTI system. In contrast, in this chapter, it was clearly shown that multi-rate

EMT simulations of a stable continuous-time LTI circuit may become unstable

even when the trapezoidal integration method is used in each subsystem.

– It was shown that multi-rate simulation of LTI circuits always yields a periodi-

cally varying in the discrete-time domain. By exploiting this property and using

the ‘lifting’ technique, a sampled data time-invariant representation, in the form
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6.2. Recommendations for Future Work

MX(t +∆T ) = HX(t), is obtained for the simulated discrete-time system. Fol-

lowing this, the numerical stability of the simulation can be assessed by looking

at the finite eigenvalues of the matrix pencil (H,M).

– The test cases that were presented successfully demonstrated the effectiveness of

the proposed method in accurately predicting the stability of multi-rate EMT

simulations of LTI circuits.

The following publication resulted from the work reported in this thesis:

Ajinkya Sinkar, Huanfeng Zhao, Bolin Qu, and Aniruddha M. Gole, “A Comparative

Study of Electromagnetic Transient Simulations using Companion Circuits, and Descriptor

State-space Equations,” Electric Power System Research, vol. 198, Sept. 2021, 107360.

6.2 Recommendations for Future Work

Some of the possible avenues for extending the work reported in this thesis are given below:

1. With regards to “DSE-based EMT simulations”:

• Switches can be included in the DSE-based formulation of Chapter 2 so that

the approach can be tested with networks containing power electronic convert-

ers. However, this would also require adapting and implementing the following

techniques in a DSE-based EMT simulator:

– Interpolation, reinitialization and chatter removal techniques [74–76].

– Methods for efficiently refactorizing a sparse matrix every time a switch

changes in conduction state [69,70].

• The scalability of the matrix-level parallelization approaches used in Chapter 3

for accelerating DSE-based EMT simulations can be tested by using a computing

platform that has a higher number of processor cores than the one that was used

in this thesis.

132



6.2. Recommendations for Future Work

• In Chapter 2, it was shown that DSE-based EMT simulations have a slightly

higher run-time compared to CC-based EMT simulations when simulating the

same network. It will be worthwhile to compare the performance of a matrix-level

parallelized DSE-based EMT simulator with that of a corresponding CC-based

EMT simulator. That way, one can find out if the performance gap between the

two approaches gets bridged when parallel computing techniques are used.

2. With regards to “UPNP interface”:

• In Chapter 4, although it is shown that the UPNP interface is adequately accu-

rate, other passivity guaranteeing topologies may be possible. It is worthwhile

to explore if there is an alternative to the proposed UPNP interface that is both

guaranteed passive and has a better accuracy performance.

3. With regards to “Stability Assessment of Multi-rate EMT Simulations”:

• Using the developed method in Chapter 5 as a starting point, the development

of a stability assessment method for multi-rate EMT simulation of LTI circuits

where the ratio ∆T /∆t is NOT an integer can be explored.

• The development of a method for assessing the stability of multi-rate EMT simula-

tions of networks with switches is an interesting extension that is worth exploring.

133





Appendix A

Details of the LCC-HVdc link used in

Chapter 2 and Chapter 4

230 kV

1311 11
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Figure A.1: Back-to-back LCC-HVdc Link

1. The rectifier side uses constant dc link current control (set-point = 1.0 pu).

2. The inverter side uses constant extinction control (set-point = 18o for a 60 Hz system).
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Appendix B

Including Distributed Parameter

Transmission Lines in a DSE-based

Formulation

For DSE-based EMT simulations, the equations of the circuit are formulated in the contin-

uous time-domain using MNA in the form given in (B.1).

Eẋ = −Ax +Bu (B.1)

Here,

x = [vTN iTL iTS]
T

u = [vTS jT
S
]
T

vN : Node voltages.

iL: Inductor currents.

iS: Currents through independent voltage sources.

vS: Independent voltage sources.

j
S
: Independent current sources.

137



Expanding (B.1) gives (B.2).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0

0 L 0

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

d

dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vN

iL

iS

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

= −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

G AL Avs

AT
L 0 0

AT
vs 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vN

iL

iS

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 Ajs

0 0

−I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

vS

j
S

⎤⎥⎥⎥⎥⎥⎦
(B.2)

Here,

C: Capacitance matrix.

L: Diagonal matrix containing inductance values.

G: Conductance matrix (corresponding to lumped resistors in the circuit)

AL: Incidence matrix for inductor branches.

Avs: Incidence matrix for voltage source branches.

Ajs: Incidence matrix for current source branches.

The circuit for the Bergeron model of a single-phase transmission line is as shown in Fig. B.1.
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Figure B.1: Bergeron Model of a Single-phase Transmission Line

In this model, the values of the current sources Jk(t) and Jm(t) at time t are given by [84]:

Jk(t) = −im(t − τ) −
1

ZC

vm(t − τ)

Jm(t) = −ik(t − τ) −
1

ZC

vk(t − τ)
(B.3)

As we can see in (B.3), Jk(t) and Jm(t) at time t depend on the values of the terminal

voltages vk and vm, and the port currents ik and im at time (t− τ), where τ is the transport

delay of the transmission line.
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Thus, a single-phase transmission line modelled using the Bergeron model can be easily

included in the DSE-based formulation by doing the following1:

1. Add the ZC shown in Fig. B.1 to the sub-matrix G in (B.2).

2. Make the current sources Jk(t) and Jm(t) shown in Fig. B.1 a part of the j
S
vector in

(B.2).

And since all the node voltages are part of the x vector (as shown in (B.2)), the current

sources Jk(t) and Jm(t) can be easily calculated at each time-step by reading vk(t − τ) and
vm(t − τ) for each line from the x(t − τ) vector.

NOTE: ik(t − τ) and im(t − τ), which are required for calculating Jk(t) and Jm(t), can be

easily computed once we know vk(t − τ) and vm(t − τ) as well as Jk(t − τ) and Jm(t − τ).
This is done by applying KCL at the two ends of the line model shown in Fig. B.1.

1Note, this approach can be easily extended to any other distributed parameter model of a transmission
line or cable (single-phase or three-phase) by using its corresponding equations.
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Appendix C

Example to Illustrate the BBD

Conversion Procedure from

Section 3.4.2

For illustrating the BBD conversion procedure shown in Fig. 3.6, consider the circuit shown

in Fig. C.1.

�

� �2
�

�

�

�2

� 2

�

�

Figure C.1: A Simple Circuit to Illustrate BBD Conversion using METIS Library

The Descriptor State-space Equations (DSEs) for this circuit can be written in the form:

Eẋ = −Ax +Bu (C.1)

where,

x = [v1 v2 v3 iL1 iL2 iS]T ; u = [eS]
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The matrices E, A and B are as follows:

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0 C1 0 0 0

0 0 0 L1 0 0

0 0 0 0 L2 0

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 −1
0 1

R1
− 1

R1
−1 1 0

0 − 1
R1

1
R1

0 −1 0

−1 1 0 0 0 0

0 −1 1 0 0 0

1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; B =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

0

−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Based on these, the matrix M = (E + A∆t

2
) will have the following non-zero pattern:

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m1 m2

m3 m4 m5 m6

m7 m8 m9

m10 m11 m12

m13 m14 m15

m16

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

STEP 1: Permute Rows of M to have Zero-free Main Diagonal

Since there is an ideal voltage source between node 1 and ground in the circuit of Fig. C.1,

there are zeros on the main diagonal of M at position (1,1) as well as position (6,6). In order

to have a zero-free main diagonal, we exchange rows 1 and 6 of M to give M1 as shown:

M1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m16

m3 m4 m5 m6

m7 m8 m9

m10 m11 m12

m13 m14 m15

m1 m2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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STEP 2: Construct the Graph of M1 +MT
1

The graph corresponding to the non-zero pattern of M1 +MT
1 is as shown in Fig. C.2.
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Figure C.2: Graph of M1 +MT
1

STEP 3: Partition the Graph using METIS Library [83]

Suppose we want two internal blocks (i.e., n = 2). If METIS [44] is used to partition the

graph shown in Fig. C.2 into two parts, then the resulting partitioned graph is as shown in

Fig. C.3.
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3

2

Partition 1 Partition 2

Figure C.3: Partitioned Graph

STEP 4: Find the Row Permutation Matrix using the Partitioned Graph

To find the permutation matrix using the partitioned graph of Fig. C.3, we use the following

steps:

1. For each partition k (where k = 1,2,⋯n, n being the number of partitions), form a set

Sk containing its “internal nodes”, and another set E containing its “edge nodes”.

• Internal nodes : Nodes in a partition for which all its neighbouring nodes are in

its own partition.

e.g: In Fig. C.3, nodes 1 and 6 are internal nodes of partition 1 where as nodes 3

and 5 are internal nodes of partition 2.
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• Edge nodes : Nodes in a partition for which at least one of its neighbouring node

is not from its own partition.

e.g: In Fig. C.3, node 4 is an edge node in Partition 1 whereas node 2 is an edge

node in Partition 2.

For the graph in Fig. C.3, n = 2. Therefore there will be a total of four sets viz. S1, E1

and S2, E2. Each of these sets for the graph in Fig. C.3 is as given below:

S1 = {1,6}

E1 = {4}

S2 = {3,5}

E2 = {2}

(C.2)

2. Arrange the elements in each set Ek in the descending order of their “external degree”.

• External degree of an edge node = Number of neighbours of a node that are not

in its own partition.

e.g: In Fig. C.3, external degree of node 4 is equal to 1 (since only one of its

neighbours, node 2 is not in its own partition). The same can be said about node

2.

For the graph in Fig. C.3, there are only one element in each of E1 and E2 (given in

(C.2)). Therefore, they are already in the descending order of their external degrees.

3. Build a new boundary node set B by doing the following:

(a) Initialize k = 1.

(b) If Ek is empty, directly go to (d). If it is not empty, then set x equal to the first

node in Ek, remove this first node from Ek and put it in B.

(c) Remove every neighbour j of node x from each Ei (where i = 1,2,⋯n) and return

j to its corresponding internal node set Si.
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(d) Increment k by 1. If k > n, reset k = 1. Go back to (b).

The above process is stopped when E for every partition is empty.

By following this procedure for the graph in Fig. C.3, we will get:

S1 = {1,6}

S2 = {3,5,2}

B = {4}

(C.3)

The corresponding graph is given in Fig. C.4.
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Figure C.4: Partitioned Graph with Internal and Boundary Nodes Marked

4. Build the set A = (⋃n
i=1 Si) ∪B. The permutation vector (p) is then:

p = [p1 p2 ⋯ pN]

where pi = ith element in A (where i = 1,2,⋯nn, nn being the number of nodes in

the graph). And using this permutation vector, the corresponding permutation matrix

Pbbd can be built using the following1:

Pbbd = sparse(1:N, p, 1) (C.4)

For the graph in Fig. C.3,

p = [1, 6, 3, 5, 2, 4]
1Note, (C.4) is given in MATLAB-like notation.
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Hence,

Pbbd =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 0 0 0 0 1

0 0 1 0 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 0 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(C.5)

The matrix M1 can then be transformed to a bordered block diagonal matrix Mbbd using

(C.6).

Mbbd = PbbdM1P
T
bbd (C.6)

This gives Mbbd in the required BBD form as given below:

Mbbd =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M16

M2 M1

M8 M9 M7

M14 M15 M13

M4 M6 M3 M5

M10 M11 M12

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

An important thing to note in (C.6) is that the permutation Pbbd is applied to M1, not M.
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Appendix D

Equivalence of Circuits in Fig. 4.7a

and Fig. 4.8 in Chapter 4
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Figure D.1: R-C branch in the Fig. 4.8

In Fig. D.1, let vc be the voltage across the capacitor, v be the voltage across the entire

R-C branch and i be the current through the capacitor. Then by KCL and KVL, we know

that:

C
dvc
dt
= i (D.1)

v = (−∆t

2C
) i + vc (D.2)

By discretizing (D.1) using trapezoidal method, we get:

vc(t) = (
∆t

2C
) i(t) + [(∆t

2C
) i(t −∆t) + vc(t −∆t)] (D.3)

147



Substituting vc(t) and vc(t−∆t) from (D.2) into (D.3) gives the value of Vh(t) given below.

Vh(t) = v(t)

= v(t −∆t) + (∆t

C
) i(t −∆t)

(D.4)

This is exactly the same expression that we would if a capacitor C is discretized using

the Forward Euler method. Hence, we can conclude that the circuit shown in Fig. 4.8 is

equivalent to the one in Fig. 4.7a.
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Appendix E

Derivation of (4.10)

Let M ≡ Z(jω) +ZH(jω). Then, the matrix M for the UPNP interface of Fig. 4.9 is of the

form:

M =
⎡⎢⎢⎢⎢⎢⎣

M11 M12

M12 M11

⎤⎥⎥⎥⎥⎥⎦
(E.1)

Here, using (4.8) and (4.9), we get:

M11 = 4∆t [ ω2L

(∆t)2 ω2 + 16
] + 2L

∆t
[ 2 − (∆t)2 ω2

(∆t)2 ω2 + 16
] (E.2)

M12 =
2L

∆t
[ 2 − (∆t)2 ω2

(∆t)2 ω2 + 16
] (E.3)

Let

a ≡ 4∆t [ ω2L

(∆t)2 ω2 + 16
] ; b ≡ 2L

∆t
[ 2 − (∆t)2 ω2

(∆t)2 ω2 + 16
] (E.4)

∴ The matrix M becomes:

M =
⎡⎢⎢⎢⎢⎢⎣

a + b b

b a + b

⎤⎥⎥⎥⎥⎥⎦
(E.5)

Then, the eigenvalues of M are:

λ1 = a; λ2 = a + 2b (E.6)
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Substituting the values of a and b from (E.4) into (E.6) gives the required expressions for λ1

and λ2 (as given in (4.10)).
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Appendix F

Example to Verify the Procedure

given in Section 5.5.1

To verify the method discussed in Section 5.5.1 that is used for obtaining a discrete-time

state-space representation in the descriptor form directly from the companion circuit formu-

lation of a network, we consider the example circuit shown in Fig. F.1a. Its corresponding

companion circuit in discrete time domain is shown in Fig. F.1b. For this example, L1 = 1 µH,

C1 = 100 µF , R2 = 0.1 Ω, L2 = 1 µH, C2 = 1 µF and ∆t = 2 µs.
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(b)

Figure F.1: Verification Example 1

If we write down the standard state space equations for this circuit in the continuous time

domain in the form ẋS =ASxS with the state vector xS = [iL1 vC1 iL2 vC2]T , then we get
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the state matrix AS as:

AS =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 − 1

L1

0 0

1

C1

0 − 1

C1

0

0
1

L2

−R2

L2

− 1

L2

0 0
1

C2

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Following this, we can find the corresponding state matrix G (for the trapezoidal method)

in the discrete time-domain using the following expression:

G = (I − AS∆

2
)
−1

(I + AS∆

2
) (F.1)

Now, for the circuit of Fig. F.1b, let the branch history current vector hb(t) and the node

voltage vector v(t) be as follows:

hb(t) = [hL1(t) hC1(t) hL2(t) hC2(t)]T

v(t) = [v1(t) v2(t) v3(t) v4(t) iS(t)]T

In order to get the discrete-time state-space representation of (5.14) directly from Dommel’s

formulation for the circuit of Fig. F.1b, we need the matrices K, Yb, Ai and Y. These

matrices for the circuit of Fig. F.1b are given below:

K =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ai =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 0 0 0

0 1 0 0 0

0 0 1 −1 0

0 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Yb =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2gL1 0 0 0

0 −2gC1 0 0

0 0 2gL2 0

0 0 0 −2gC2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

gL1 −gL1 0 0 1

−gL1 (gL1 + gC1 +
1

R2

) − 1

R2

0 0

0 − 1

R2

( 1

R2

+ gL2) −gL2 0

0 0 −gL2 gL2 + gC2 0

1 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

With these matrices known, the M and H matrices can be formulated using the expressions

given in (5.14). Table F.1 gives a comparison of the eigenvalues of the matrix G (from F.1)

and the eigenvalues of the matrix pencil (H,M).

Table F.1: Eigenvalues for the circuit of Fig. F.1

σ(H,M) σ(G)

0.9803 ± 0.1970j 0.9803 ± 0.1970j
−0.0048 ± 0.9514j −0.0048 ± 0.9514j
∞, ∞, ∞, ∞, ∞

We can clearly see in Table F.1 that the eigenvalues exactly match (the five extra ∞ eigen-

values in σ(H,M) arise only because M is rank deficient by 5). Thus, this verifies the

procedure discussed in Section 5.5.1.
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Appendix G

Proofs Related to the Discussion in

Section 5.5.3

G.1 Proof that (5.31) - (5.35) are equivalent to (5.39)

- (5.42)

We start with (5.39) - (5.42). Here, these are repeated in (G.1) - (G.4).

YS v′S(t) +PS iα(t) +AiS
T hbS(t) = 0 (G.1)

YF vF (t) +PF iα(t) +AiF
T hbF (t) = 0 (G.2)

PS
Tv′S(t) +PF

TvF (t) = 0 (G.3)

YS vS(t) +PS {
1

N

N

∑
r=1

iα(t −∆T + r∆t)} +AiS
T hbS(t) = 0 (G.4)

Arranging (G.1) - (G.3) in a matrix form yields (G.5).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

YS 0 PS

0 YF PF

PS
T PF

T 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

v′S(t)

vF (t)

iα(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AiS
ThbS(t)

−AiF
ThbF (t)

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(G.5)
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G.1. Proof that (5.31) - (5.35) are equivalent to (5.39) - (5.42)

By performing a few elementary matrix manipulations, (G.5) can be transformed to (G.6).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

IS 0 YS
−1PS

0 IF YF
−1PF

0 0 Zth

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

v′S(t)

vF (t)

iα(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−YS
−1AiS

ThbS(t)

−YF
−1AiF

ThbF (t)

V thS(t) + V thF (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(G.6)

Here,

Zth = PS
TYS

−1PS +PF
TYF

−1PF (G.7)

V thS(t) = −PS
TYS

−1AiS
T hbS(t) (G.8)

V thF (t) = −PF
TYF

−1AiF
T hbF (t) (G.9)

Using the 2nd and the 3rd block equation in (G.6), we can get the following:

iα(t) = Zth
−1 (V thS(t) + V thF (t)) (G.10)

vF (t) = −YF
−1AiF

T hbF (t) −YF
−1PF iα(t) (G.11)

(G.12)

Pre-multiplying (G.4) by YS
−1 and re-arranging the gives (G.13).

vS(t) = −YS
−1AiS

T hbS(t) −YS
−1PS {

1

N

N

∑
r=1

iα(t −∆T + r∆t)} (G.13)

We can see that (G.8) - (G.13) are exactly same as (5.31) - (5.35). Thus, this shows that

(5.31) - (5.35) are equivalent to (5.39) - (5.42).
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G.2. Proof that (5.44) - (5.47) are equivalent to (5.49) - (5.52)

G.2 Proof that (5.44) - (5.47) are equivalent to (5.49)

- (5.52)

We start with (5.49) - (5.52). Here, these are repeated in (G.14) - (G.17).

hbS(t + k∆t) = hbS(t) +
k

N
(hbS(t +∆T ) − hbS(t)) (G.14)

YS v′S(t + k∆t) +PS iα(t + k∆t) +AiS
T hbS(t + k∆t) = 0 (G.15)

YF vF (t + k∆t) +PF iα(t + k∆t) +AiF
T hbF (t + k∆t) = 0 (G.16)

PS
Tv′S(t + k∆t) +PF

TvF (t + k∆t) = 0 (G.17)

Arranging (G.15) - (G.17) in a matrix form yields (G.18).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

YS 0 PS

0 YF PF

PS
T PF

T 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

v′S(t + k∆t)

vF (t + k∆t)

iα(t + k∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AiS
ThbS(t + k∆t)

−AiF
ThbF (t + k∆t)

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(G.18)

By performing a few elementary matrix manipulations, (G.18) can be transformed to (G.19).

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

IS 0 YS
−1PS

0 IF YF
−1PF

0 0 Zth

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

v′S(t + k∆t)

vF (t + k∆t)

iα(t + k∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−YS
−1AiS

ThbS(t + k∆t)

−YF
−1AiF

ThbF (t + k∆t)

V thS(t + k∆t) + V thF (t + k∆t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

(G.19)

Here,

Zth = PS
TYS

−1PS +PF
TYF

−1PF (G.20)

V thS(t + k∆t) = −PS
TYS

−1AiS
T hbS(t + k∆t) (G.21)

V thF (t + k∆t) = −PF
TYF

−1AiF
T hbF (t + k∆t) (G.22)
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G.2. Proof that (5.44) - (5.47) are equivalent to (5.49) - (5.52)

Substituting the value of hbS(t + k∆t) from (G.14) into (G.21) yields (G.23).

V thS(t + k∆t) = −PS
TYS

−1AiS
T {hbS(t) +

k

N
(hbS(t +∆T ) − hbS(t))}

= V thS(t) +
k

N
(V thS(t +∆T ) − V thS(t))

(G.23)

Using the 2nd and the 3rd block equation in (G.19), we can get the following:

iα(t + k∆t) = Zth
−1 (V thS(t) + V thF (t)) (G.24)

vF (t + k∆t) = −YF
−1AiF

T hbF (t + k∆t) −YF
−1PF iα(t + k∆t) (G.25)

We can see that (G.22) - (G.25) are exactly same as (5.44) - (5.47). Thus, this shows that

(5.44) - (5.47) are equivalent to (5.49) - (5.52).
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