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ABSTI{ACT

Large frequency sr.¡Í$gs of ìt 0.30. p.u. f,¡equency are

predicted to occur in isol-ated power staËions connected through a

II.V.D.C. transmlssion 1i:re Ëo an A.C. system. This would have drastic

effects on staËion service induction motors. An equivalent represent-

ation of a group of induction motors is proposed for 1-arge frequency

swîng analysîs. For two induction motors having the same parameters,

if the total moment of inertia of one motor:does not exceed t407" ot

the other motor, then the maximum percentage errors in active por^/er

and reactive power vrill not exceed 10%, using the proposed model.

Accuracy of this represenEaËion is expected to be higher for frequency

sw-ings of lesser magnitudes than those considered"
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CHAPTER I

INTRODUCTION

, Large frequency s\¡/ings ín the order of 1* 0.30 p.u. are

predicÈed lL'21 to occur in isolated power stations connected through

a H.V.D.C. transmission line Ëo an A.C. syscem. This frequency swing

is caused by the overspeeding of the generators. When the generators

are running loaded and the Ëransmission of po\üer through the D.C.

link is suddenly disrupted, Ëhe hydraulic energy will cause'the

generators to overspeed before the governors can close the Ëurbine

viicket gates. This overspeeding will last for about B seconds and

then generators will run underspeed. This kind of swing will occur

for more than 30 seconds under Lhe worst condition of total load

rejecËion, and it will noË only affect the system reacLance, but

also Ëhe regulation of the bus and motor terminal voltages. The

índucËíon motors nìay run at an extra high slip which will cause the

moËors to draw a much higher currenl and in turn will cause a

higher drop in terminal voltage. If the torque developed by the

motor is lower than the load torque, the motorsi rnay stall. Therefore

it is irnportant to knol the behaviour of the individual induction

motors driving vital loads as well as the voltage l-evel and power

florvs ín the station servíce buses.

In the pasË, it has always been assu¡red thaÈ the change

in frequency ín a power sysrem is so small that the effecL of the
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inducËion motors on Èhe system is negligÍble. Little was rvritten

about the effect of frequency on the induct.ion motor. But with the

introduction of static frequency convertors, Ehe induct.ion motor

has become more Ímportant in the field of speed control; the effects

of frequency change on induction moËors thus become of interest"

However there Ís hardly anything v¡rÍtt,en on Ëhe subject of large

frequency swings. Inlork has been done by atnt"t [3] concerning small

frequency changes i¡r tTrc order of I + 0.05 p.u. frequency;1arge¡

frequency' changes haye not been exarnined. Several auttrcrs f4'5'6I 
n-ua

inyestigated ti..e effecËs of frequency changes on induction moËors;

ttr-e frequenc¡ changes may be large or sltall. But ttr-ey dealt only wlth

Lhe transient natureCincluding all Ëransients) of the induction machine

and the methods are not suitabel for representation in power system

load f lorv studies.

Therefore it ís the purpose of this thesis Ëo study the

effects of large frequency swings on the performance of station

service induction motors and on the representation of these motors

for load flolu studies. A system of two induction motors connected

to the same generator or transmission bus through a transformer of

0.1 p.u. is considered. The systern is shown in fig. 1.1. It is

assumed that the voltage on the generator or transmission bus

remains constant at 1.0 p.u. during the frequency swing due to the

fast acEion of the excitation control.

0n1y the \^/orst. type of f requency sr^ling j-s investigated
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Et

I'fotor 1 Motor 2

Fig.1.1. A Systen of Tr¿o Induction }lotors

here (Fig. t.2); rhe firsr frequency peak is 1.35 p.u.,5 seconds

afÈer load rejection; the seconcl peak is L.r p.u" aE 22.5 seconds.

rt is assumed that íf the analysis holds for large frequency

si,iings, the analysis rvill also hold for smaller frequency svrings.

In Chapter II, the various methods of representing an

índuction motor are reviern'ed and adapted for frequency studies

rvhere possible.

In Chapt-er III, the validity of the transient representatÍon

including Ehe mechanícal transi-ents only is investigâted using a

rtigital computer

rn chapEer r'v, a símplified representation of combining

trvo induction motors is proposed. ce::tain types of combination

using tiris equivalenL represenLation have ¿rttained reasonable

accuracy.
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CHAPTER II

I'IETITODS OF REPRESENTING INDUCTION MOTORS

There are several methods of representing an induction

motor either for load florv studies or stability studÍes. Some

conventional rneËhocls have been used to represent induction moLor l-oads

as constant impedances, constanL current sinksr or nonlinear loads'

Horqever, their inadequacy rests in the fact thaE the inductj-on motor

loads are dynamic and frequency depenclent is the objecrive of this

chapter Ëo review the differenL kinds of represe¡rtations and exarnine

how they 
.can 

be adapted for the purpose of large frequency sling

analysis. The methods are:

(1) The transient representation including all transients (stator

Ëransients'rotorËransientsandmechanicaltransients)

(2) The transient representation neglecting statol transients.

(3) The Steady sLal-e equivalent circuit repl:esentation.

(4) The transient representatíon including the mechanical

transients onlY.

(5) Lineari.zed apProximation

(6) Representation as simple loads

2.1. Tillì TRÄNSIDIiT SOLUTION TNCI,UDING ALL TMNSIIÌNTS GI^I!'i{ m4NqIIIII'

1ì.0'r'0R 1Ìì-AIS i E_\JS AND I'IECILANrCAT, T&\NSIIìNTS )

T¡e ecluations of perfomance of an icleal polyphase indr:ction
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machine can be obtained in a simple form, first suggested by putt[7]

Instead of the actual phase voltages and curreta" i"., i"b, í"", irr,

i.-,, i , of. a three phases machine, ne\.I fíctitious quantities í"0
I-D TC

i"q, i"o, ird, irq, i.o, related to th9 original quanËÍties are used"

The changing from one seË of variables t.o another is done by means of

transformation mat.rix and the process is called tranformation. The

Ëransformation is more Lhan a mathematical process. The d rq quanËities

can be treated as fictiËious coils located on the direct and quadrature

f a'l
axes. stanley Lö.I has given a nore general analysis on induction

moLors. The reference frame of the axes is stationary with respect

to the stator. The derivat,ion of the Stanley equations are based on

the following assumPtions :

(1) Balanced wi-ndings are assumed on both rotor and stator.

(Z) The mutual inductance betrveen any staLor and rotor windings

is assumed to be a sinusoidal funcfion of the electrical

angle between the axes of the truo windings '

(3) It ís assumed thaË the rotor is smooth and that the self-

inductance of any r+indíngs is independent of rotor position.

(4) The effecËs of saturation, hysteresis, and eddy currents are

neglected.

(5) The machine impedances are assumed to be independent of

roEor speed.

(6) The machine electrical neutral is assumed to be ungrounded.
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(7) In all cases, the motor is considered connected to an infinite

bus through negligible impedance. Ttr,e effect of system

ímpedance can be taken lnto accoun¡ by increasing the staLor

impedance, that is, by moving the infinite bus from the

terminals of the machine and place it further back in Êhe

system.

The derivation of ttr-e Stanley equations can be found i¡r his

paper and is not repeated here. Ttle Stanley equations r¿ritten in per-

unir form are:

where

For the elecËrica1 torque

êrd = Pür¿ + R, ird + úr¿ lp0l

.rq = p\þrg *. tro - ü.0 InoJ

tsd = Pü"¿ + R" í"d

e =pü; +R ísq ''sq s sq

ú -=f, i +X i'rd r rd sr sd

ú =f, i +X i'rq r rq. sr sq

ilr -=f, i +X i'sd s sd sr rd

Ü =f, i +X i'sq s sq sr rq

. . . (2.1)

. . . (2.2)

TE = {'rd tro - úrq ira ...(2"3)
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and for the accel-eration

2trlqH

(TE-rM)

v¡here all quantiËies are listed 1n the nomenclature.

In rnost, induction rnotor aoplicat.ions, the coil-s

parts are short,-circuited, that is, erd = .rO. =O

. The stator Lerrninals are usually connected to

source.

rotating

Íns Ëances

frequency

esd = V Cos(ot + q¡

Ilov¿ever, for ËÏle case in

The stator voltages are:

t"q=vsin(or+O)

rvhiclr- the source frequ

po = . . . (2.4)

on the

at aLl-

a constant

.,:(2"5)

is not a constant,

Ì
encr

rT\
e"U = V('r) cos ( i P0 dt + Q) t)o 

Itr i ^ "(2.6)e"o = V('r) sin , joou dr + O) I 
'

here V indicates a voltage r¿hich can be constant or tíme dependent,

and uhe angular f requency p 0 varies wittr- the f requency ctr-ange as

desired. In usual nachine p::actice, the air gap flux is required to

be consEanL therefore the terminal voltage is taken to be proportional

Ëo the frequency. 0f course, in the case when the frecluency change is

unexpected, the voltage change is also at the mercy of system changes.

These e<luations can be either solved by an analog couìputer

or a <ligital compuÈer. 'Jlhe rnetliocls r,¡j.11 bc menti.oncd in a later chapter.
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Either method has lts own limltatlons. The representaLion is 1n terms

of per-unit tj-rne and the analysis rti11 require greaE amount of computer

time. Ttr-is represenÈaÈion rtoulil be useful if the ¡rj¡ute detail is

required.

2.2 TI:E TRANSIENT

Itispossibletosinrplifythetransientequatí-onsifËhe

staËor transients can be neglected. The neglecting of the staEor

Ëïansients meaus thaÈ the d.c. component in the armatule phase currenË

and pulsating electrical tolque are also neglected. This prospect was

first pioneered by Lervis and ¡larsh [9] tfro obtained a ne\I set of tran-

sientequationsbyneglectingthePrI;"terms.Ther¿orkr¿asfurther

carried out by Brereton, Lervis and Young [10Jrwho, by coinbining the

sinrplified equations, obtained a set of equations r+hich can be

represented by an equivalent circuiÈ. The procedures of simplification

are outlíned as follows:

The sËanley equaËions can be rervritten, referring Ëhem to axes rotating

at uniÈ or sYnchronous sPeed.

t"o = Pü"o * R" i"o - ü"ß

.uB = P,1,"ß + R" i"g * ü"o

Q = PV.o * *r tto + ürgPos

0 - pûrß + R, irß - VroP0s

here p0, is the negative of Lhe rotor slip"

' ' ' (2'7)



Tr = ürß iro - üto Írß

2^1P-os=;-" (Tr tot)

Ês0=VCosQ

e =R i -"t- -I"t,r,sq, ^'s -sq, '¿! t"ß - 
x - Vrß
r

,x
""ß = R" i=g * x i"o n *s üra

r
RR

uro = o = Püro - 
d úro. * VrÊpos É 

X"ri"*

RR
t.ß = 0 = Pürß . O.= V,rß - Vropos 

* 
x"ri"ß

L0"

. . . (2.8)

(2.L2)

ür =[ I +X i's0, s scl sr r0

ü=ß = x" i"ß * x", írß

ilr =[ i +X i'r0 r rc! sr r0

ürß = xr i.ß * x"r i"g

ì
t ... (2"11)

J

the stator and

neglected, ppse

The equations

""ß=VSinÔ
Tlre above equatíons include the effects of

the roËor Ëransients. If the stator transients are

and np"g "t be sqt equal to zero in the equations.

can be siniplified as

r,¡here xt = .X x2 /xs sr' .r



By f urther rnanipulation, the resulting ecluat.ions are:

11"

. . . (2.13)

..,(2"L4>

. . . (2.ls)and

pv=

I
s

L0 -

-+ (ç - j(xo- x') î") + jîþ es)

(êr-Ç)
R + -ixl
s'

Xr
Rï

The equations can be represented by an equivalent circuit:

v

Fig.2.1. Circuit Representatíon of Eq. 2.L4

Further work has yet to be done to develop this represent-

ation for frequency studies.

2.3 THE STEA.DY STATE APPROXI}ÍATION

neglected,

the steady

Irrhen all the transients(electrical and mechanical) are

the induccion motor can be approximately represenEed by

s tate equivalent circuít (Iìig. 2.2) .



Fí9.2.2. The steady sËate Representation of an rnduction Motor

The steady state equations are:

rFrE-

_2
E

e
R

T

')(R. * R./s)"

ifx"m

(x" + xrr)z t2

L2.

(2.L6)

. - .Q.L7)

...(2.18)

sf

E
S

E'
e

+

and

r^¡here
R + ir (x. + x )s ' 'l-s m-

+ ifxe"e
jfxm(Rs + jfxrs)

R +'if(x. +x)s"-1sm

in which X", Xlr, X1", X, are quantities at the base frequency. The

steady sËate current equation is:

j ("r" + xm) f Rr/s * jf (xu * 
"tr)

Dþ
s

E
sT

. . . (2.r9)

The steady state active por'rer and reactive po\,/er are:
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f) -*-Y =$l(ulr-" E"

(¿
a =JrnlT"^%and

J

where I_ is the complex conjugate of I_. At different frequenciess-s
and different slips, the characEeristícs of the induction motor are

shovm from Fig.2.3. to Fig.2.6. At each frequency, aL each s1ip, and

at each terminal voltage, Ëhere are corresponding values of input and

ouÈput quanËities. These quantiLies can be obtained easily by using

Èhe above equivalent circuit"

2.4. THE.-JREPRESENTATION USING THE STEADY STATE EQUATIONS BUT INCLUDING

ONLY THE }MCHANICAL TRANSIENTS

Usually it is erroneous to represent something of a transient

nature by a steady stâte represent.ation. Unless the disturbance is

negligible, the mechanícal Ëransient must be taken into account..

When the frequency at the terminals of an índuction motor changes,

it will produce an accelerating torque on the motor. und.er steady

state frequency fO the motor operaËes at V9 As the frequency

increases to f,, the nev¡ steady state operating speed ruould be VzI
but. because of the finiLe inertia of the motor and the connected load,

the motor does not reach the steady sEate operating speed of Vz but

only say v1 before the frequency is again íncreased to fr. At the

end of time 2At the frequency changes to f,r. Again, the acceleraring
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torque is that given by the difference betr¿een the torque produced

at f, and V2 and the load torque. In this way, the speed variation

of the induction mot,or can be determlned.

Here the equations are similar to those given in section 2.3.

except there is an additional equation for the acceleration.
d v 

- / T T \/'r¡ "'(2'20)=(Ts-Tyr)lzH
dr

This method has been used by different authors [3' 10] and it has alnays

been assumed lvithout proof that Ëhis nethod of representation is valid

for load flow studies or stability st,udies. The question of its accuracy

in representation has never been raised. In Chapter III, the validity

of this method is investigated. It is found that the representation

neglect.ing the staËor transients and rotor transients but including

the mechanical Ëransients is valid for Ëhis type of large frequency

excursion. The stator and rotor transients can in fact be neglected.

2.5, LINEARIZED APPROXIMATION

It is possible to observe from Fig. 2.3. Ëo lig. 2.6,

inclusively that the steady state equations can be linearized at s = 0.

The range of ihe approximated linearity is determined by the character-

istics of the induction motor. In mosL cases, the range of linearity

is small and the approximation is only good in that region. For large

frequency srvíngs, the slip usually is large and lineariEy does not apply.
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The torque ecluaEion Ís

f.-=
E

Rr
Sf

E2
e (2.16)

(R" + n./s)2 + G. * xrrtzfz

the slope of the torque-At s=0, the

slip curve

torque-s1Íp curve is 1ínear and

is given by

ar-
L

(s=0) =
ðs

E2
=--E fO.

equation is given by:

=!

. . (2.2L)

. . . (2.22)

j f (xe+xlr)

...(2.1e)

(2.23)

. . . (2.24)

analysÍ.s is

state eguation

E2
e

fRr

Therefore

The current

F
ÐT_I-

s
+

j (xls+x ) f

I
S

can be Linearized at s = 0 :

R/s+r

.fUc

-(s=o)
Ds

t!

lsm

2ì_lnlsl*
)r

=[

t

llence I
S

can be linearized as

If Ëhe values of

the same as that

by including tire

" j (xls+xm) f

TU and I* are knor,rn, the procedure of

of tlr.e representation using the steady

neclranical trans j,ents (secti on 2 ,4 .) .

E
ù
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2.6. REPRIiSENTA,TION AS SI},IPLE LOA-DS

Mainly due to t,he fact that convenient methods of assessing

induction moÈors were not availahle, induction motor loads had

previously been represented as simple loads ÍLL, I2l,

(1) Constant impedances, giving active and reactive power pro-

portional to the square of the termínal voltage but

independent of, tTr-e system f requency.

(2) Constant-current sinks, where the active and reactive por^/er

vary as Lhe system voltage.

Fron Fig.2.3. to Fig.2.6., ir is possible ro see Ëhar this

method is far from sufficient to represenË an índuction motor during

Large f requency excursions, the act,ive and reactive po\^/ers are f uncÈions

of the frequency and the slip of Ëhe motor
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CHAPTER III

THE VATIDITY OF THE REPRESENTA.TION

INCLUDING THE MECI]ANICAL TRANSIENTS ONLY

The represent,ation including the mechanical transients only

will be the basis for analysís ín Ehe following chapter. Therefore it
is important to ínvestigate Ëhe valídity of this representation. rt
has been always assumed without, proof that this representation of

inductíon motor is valid for load flow sËudies or sËability studies.

The question of its accuracy in representaËion has never been raised.

Maginniss and schultz tr:1 in Ëhe conclusion of their paper stated.

Èhat large error may be introduced by using the sËeady-state speed.-

torque curve for the calculation of transients. Berg and ¡"s"rk"r[5]

assumed that maximum or breakdown torque applies during transition

rn¡hen the change of frequency ís linear and their assumption r.^ras

supporËed by results of solvíng the set of differential equations

such as eq.2.1. Naturally, it is only safe to test the validity of

the presentation before the method is used. In this chapter the program

including the mechanical transients only is compared i^¡ith the Ëransient

program which includes all transients. rf the results of the two

programs compare favourably with each other, then it implies that

the representation including the mechanical transients only is valid.

The solution of both representation progranìs involves

differential equations. rt is important th.at some metirocls must be
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available for the solution of these two. In the past, authors have

tried to solve the equations of an inductíon motor either by Ëhe analog

compurer [14,15,16,17, lB,] or rhe digiral comput"r [19' 20). rr ís

noted that the analog computer has the following advantages:-

(1) I{hen a set of equations has been modelled on the analog

computer r âny change in the parameters, coefficients, initial

values and given functions can be adjusted conveniently by

dials. For a program in which there are a lot of changes in

: the parameters, the total solution time rvould be much reduced.

(2) ResulËs are readily displayed as a continuous p1oË of the

variable quanËiËies. But for the digítal ccmputer meËhod,

ít is necessary to r,irite an additional progran to plot graphs.

The digítal compuËer has the following advanEages:-

(1) I^lith the improvements in softr,rare and hardware the modern

computer is fast and efficienË and has a large memory

capaciËy. It is able to solve a practical power system problem

r,¡Íthout much ilifficul-ty whfle the anal-og computer is llmited

by the number of components avaílable.

(2) The accuracy of the digital compuËer is high and independenË

of the nonlinear characteristics of the comPonents. But the

accuracy of the analog computer is ai¡out four significant

figures.

(3) The storage of the program and the result is easily done



') .)

by means of tape or dlsk.

I^lith the rapid improvement l-n digital computers, the present-

day digital computer proves to be a convenient, effícient and powerful

tool for solving differential equations. Here in thís thesis, emphasis

is placed on the solution by digital means, In solving differential

equat,ions, there are Ë\.,/o major kinds of numerical methods, namely, (1)

the Runge-Kutta methods and (2) the predicLor-correcËor methods. In

order to achieve effíciency in solutíon, the first kind is used ín

solvíng the performance of an induction motor íncluding all transients,

and the second kind is employed in Èhe solution of the performance of

inductíon motors including the mechanical transients only.

3. 1.

ALL

THE SOLUTION OF THE PERFORMANCE OF AN INDUCTION MOTOR INCLUDING

TRANSIENTS

The solution involves the simultaneous solution of a set of

six differentíal equations. Jordan[19] t"rrours the solution using

the predictor-corrector methods. Lawrenson and Stephensot[4] pt"f.t

the solution using the Runge-Kutta-Merson method. The Runge-Kutta-

Merson method is essentially a variable step-length method; the

maxímum truncaËion error can be calculated and the step-Iength can

be varied to attain a certain range of accuracy. It was tourr'¿[21] thât

this method is twenty percent faster than the standard fixed steP-

length procedure; the number of steps of integration as rvell as the

round-off error can be minimized. The solution of a set of differenlial
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read data

fínd rhe rates of change of Ehe

variables
!;-r, V-.,, þ-^, ü-^, 0, 0

find the maximum truncation er

solve simultaneous
equations for the

currentsruncatíon
error less than

reseL ran

increase

step lengÈh

truncation
error greater than

resef range

decrease
step lengËh

new varÍables found

time iimit exceeded?

l¡low Chart For Solving

The Runge-Kut ta-Merson

a set of

Me thod

Fig.3.1 dffferential equations by
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equations involves the evaluåtion of the rates of change of yariables

five times during each sËep of inËegration. The Runge-Kutta methods

in general are described in Appendix A and the formulae for the Runge-

Kutta-Merson method can be found in literature by Cadzow and Marte n"l"l 
"

The procedures of solution are sr¡mmarized Ín Fig.3.1.

3.2. THE SOLUTION OF THE PERFORI"ÍANCE OF AN INDUCTION MOTOR INCLUDING

ONLY THE MECHANICAL TRANSTENTS

The Euler-Cauchy predictor-corrector method is used in this
)

case because of its simpliciËy. Accuracy is of the order h- and is

sufficient for this analysis. The rneLhod consists of predicting a

¿
value y-+1 by linear extrapolation.

The new ,r"l,r. v1 . . is used in correction and a still bet,ter
'l-+I

.ul
value of y.,.' is found. Therefore by iteration procedure, a Value y.*a

- l-+l-

is found whích is closer to the rtruet value Y.*t The iteration
JÂ

procedure is terminated when the displacement of Yi-+l is less than a

preset accuracy. The Euler-Cauchy method is outlined in Appendix B.

There are three major steps in this prograrn:

(1) To read in parameters and print ouË parameters.

(2) To calculate the initial speeds of the machines and to

calculate the voltage on Ëhe secondary side of the trans-

former.

(3) To use the preclictor-colrector rnethod to find the net¡ speed
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t

Fig.3.2, Ã Graphical Illustrarion of

r+h

the Predictor-Corrector Method
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in cach sLep. The J-nput po\^/er and the voltage on the secondary

sLde of Ëhe transformer are found at the same Ëime.

The details of the second and third step are described ln the

flow-charts in Fig. 3.3. and Fig.3.4. repectively, and the subprograms

are:

SUBROUTII{E VSTART- A program Ëo calculate the steady state speed of an

induction motor. To start with a machine speed of 0.9 p.n. and an

increasing Ínterval of 0.0005 p.u. the torque developed by the motor

is compared wiËh the torque developed by the load. rf the load torque

is just greater than the motor torque, then, that speed is the

operating speed.

FUNCTION F- A function program which describes the frequency excursion

at different instances of time.

M = I is for large frequency excursion.

M. = 2 ís a medium frequency excursion.

M = 3 is for small frequency excursion.

FUNCTION TORL- A function program r.vhich calculates the load torque

âË a certain value of speed. The load Ëorque is given by

2TM=Av-+Bv+c

where A, B and C are constants. With A I 0, B = 0, and C= 0, the

load represents a cendrífugal or fan type. I^lith A = 0, B = 0, and

C I 0, the load is a constant load type.

IìUNCTION CURR- A function program to calculate the current at

different frequencies and speeds.
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I lnitÍa1 values arc set, 
I

I 
Es=l.0 , IÌr=1.0 , F=l.0 

I

a.t
calcul¿rte the initial speeds of ttre macirÍnes

The current in each ntoËor is found by usl.ng
the functiorr program CURR

CalI POWER A subroutine to calculaËe the
active and reacËive power consumed by each
induction notor

Assuming thaE the phase angle of E1 (Voltage on the
secondary sj-de of the Èransformer) is zero, individual
current in each motor ís dissolved into in-phase and
quadrature conponents r.¡ith repect to El.

NO

Set E =E,

The voltage on the secondary side as well
es the phase angle of k r+ith respect. to
E1 are found

The difference ----
betrveen E and Iìl isL
l-ess than 0. 0001

Yes

arr r)
STEP 3

\/

Fig. 3.3. A Flor,¡ Chart for Step Trvo: To Calculate The Initial Speed of

the I'fachincs ancl to CalculaLe the loltage on tire Secondary Si<le of the

Transforlner.
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set initial value
ofv

print.
'MOTOR STALLED'

Fig.3.4. A lllorv Chart For SÈep Three: The Preclictor-Corrector Methocl to Find

the l.leiv Speeds of tlie I'lacltines.

The new speed
extrapolation

is found by llnear
using the old value

ERROR=0.1*h*h

The value of V

approximation
is improved by trapezoidal

using the new value of V

displacement

To sum up currents in-phase and in quadrature
with respect to E

Find the voltage on the
and phase angle of E

seeondary side of transformer
\riÈh respect to E

of the machi
speeds = 0
\?.-z

print result

preset ti
of computation

exceeded?
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FUNcrrON TORI'Í - A function program to calculate the motor torque

at different frequencj-es and speeds "

FUNCTTON ACCEL - A function program to calculate the acceleration

of the motor.

SUBROUTINE POWER - A subroutine program to calculate the active and

reactive po\¡rer when the currenE, speed and frequency are given.

3.3. RESULT AND ANAIYSIS

The following graphs are the comparisons of the motor speeds

and motor currents by the nethods outlined in the previous two sections.

A typical machine used by nlon[l7] wa= anaryzed. by the two methods.

The data of Ëhe machi-ne are:

10 H.P. 4-po1e, 50 Hz,3BOV, 15.64

R"= 0.03057 p.u., Rr= 0.03596 p.u.,

X"= 3.5065 D"u. r Xr= 3.506 p.u. r

X, =3.399 p.u. r H = 0.252 see.
ST

Base voliage = peak value of rated phase voltage = 310V

Base current = peak value of rated phase current = 22A

Base impedance - þase voltage = L4.l ohmbase current
Base power = rated apparent po\"rer = 10.3 I(ül

Base torque = base Po\{er = 65.5 N-m

Base frequency = 50 Hz

Base angular frequency = 314 rad/sec.

Base tinre = rated angular frequency = 3.1-9 x 10-3 sec.
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In the program in whích all transl_ent,s are lncluded, a pre-

set error limit per step of 0.5 x l0-5 is used, while in the represent-

ation íncludíng only the mechanical- EransienLs, a step length of 0.05

second was used.

The results come sÈriking elose especíally for the speeds

of the motors. The currents seem to differ by a constant value all

through. This could be due t,o the approximaÈion made in Ëhe equivalent

circuit. For the current by the transient representatíon, the initial

current goes up to l.B5 p.u. ThÍs Ëransient current only lasts for a

cycle and is neither large nor long enough to cause any sígnifícant

change in speed. It can be concluded that the dynamic representaËion

in which only the mechanical transients are included is valid for accur-

aEe represenËation during large frequency excursions.
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CI{APTER IV

THE SIMPLIFIED METI{OD OF REPRESENTING A GROUP OF INDUCTION MOTORS

The induction motors not only contribute to Ëhe station loads as

pump and fan drives, Lhey also comprise the majority of the loads in

industry. The merÍt is simplicity in analysis if sorne method exists to

combine Ëhe induction motors, connected to the same node, to form one

equivalenL motor such ËhaË the effects of the equivalent motor on Lhe

system is the same as the group of induction motors on the system. Padiyar

and Ramshaw [23] d.erived an induction machine equivalent network Èogether

with three differential equations and a torque equaËion. This represent-

ation is accurate but demands special techniques in solving the equations

and requires a lot of computer time. Lewis and Marsh [9] 
nronosed. an

equivalent machine by cornbiníng the parameËers in a cerËain way, however

the validity and limitaËions of the model are not clearly stated.

Prabhashankar and Janischervsyj l24l sLated a similar equivalent for

synchronous machínes. In this chapter, the difficulties of representing

a group of induction motors are stated and an equivalent. model is proposed

for large frequency excursions. The accuracy of this representation for

two induction motors having the same parameters is examined.

4.1 T}IE DIFFICULTIES OF TIIB PROBLEM

It is a dÍfficult task to represent tr^/o inducLion nìotors as

an equivalent one. The performance of an induction motor is extremely



nonlinear and

(1)

34,

sensítive to many changes such as :

frequency The parameters are functions of the frequency.

When the frequency changes, the electrical torque and

Èhe current will change which in turn will cause the

motor to change its speed.

(2) terminal voltage The torque ís approximately proportional

to the square of the terminal voltage. When Ëhe motor

draws a large amount of current, the voltage drop across

Èhe t.ransformer reactance is great and in turn the elec-

trical torque produced by the motor is tremendously

reduced.

(3) speed of the motor itself The torque and current are

nonlinear funcËions of speed. Only I'zhen the moËor is

operating near its synchronous speed, the torque-speed

and current-speed c.urves can be linearized.

(4) parameters of the motor For different types and

different sízes of motors, the parameters have different

values. attut[3] gives a comprehensive list of machíne

parameters.

(5) types of loads

induction motor

(i) rhe

and, (ii) the

There are, in general, many Ëypes of

loads ; the t\,/o extreme types being:

constant ioad torque

load torque varies as the square of

speed.Ehe
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C6) total moment of inertía The total moment of inertia

is t,he inerEia of the motor and connected load. This,

of course, will affect the acceleration of the motor.

In Fig.4.1. Lo Fig.4.6., the performance of one single

induction motor connected Èo a variable frequency source through a

transformer reacLance is illustrated. The complexity of the problem

can be easily realized. An equivalent model to represenL a group of

induction motors is no easY Èask.

4.2. THE PROPOSED MODEL

A model is proposed to represent a group of induction motors.

The procedures in combining the moLors are as follows:

(1) The reactances and resisLances of the steady state

equivalent circuits of the machines are expressed in

per-unit values based on the sum of the mva ratings of

the mot.ors.

(2) The load rorque constanEs 4., Bi, and C. and the ínertia

constant H. of the individual machine are multíp1íed
l_

by the ratio:

horse-power of individual motor
total horse-porver of Èhe group of motors

(3) The resistances or reactances of the equivalent circuit

are founcl by combining corresponding resistances or

reactances in parallel.

(4) The equivalent 1oacl torque constants and the equivalent
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i fx_:*^ t_r

j l*tr,

(a) Motor I (b) Motor 2

R -Rr rt

R // nSI 52 r

// n
Ta'

and

Xl"

x1t

= [ //xmt m2

"t",
*rt,

X.rsz

*rr,

(c) The equivalent model

Fig.4.7, A Proposed Model For Two Induction Molors.
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inertía

new load

all the

consÈanL are found by addíng up correspondlng

torque constants and nev¡ ínertia constants of

motors in the group. The nevl constants are:

n

i=1
n
t

i=1

n
I

i=l

A. hp.
l- 'l-

,

n
I n. hp.r- -L

a=l-
fr-

hp.'l-

B=

an

n
I c. hp.

i=] I ^l-r
=#_

ïl
f, hp.'l-

l=I

the number of motors

hp.^t

n
I H. hp.

i:l a -l

n
X hp.-l

a=l

the group.where n is

4.3. RESULT AND ANAIYSIS

4.3"L. The procedure of the analysis

Analysis has been done on LI.Io motors which have ídentical

parameters but different Ëotal moments of inertia and dríve same

or different types of loads. The motors are connected a trans-

former of total leakage reacÈance of 0.1 p.u. based on the sum

of Ëhe mva ratings of the motors. The frequency swing is the \^iorst

type as shown in chapter I. The parameLers of the tv¡o motors in

per unit based on the sum of the mva ratings of the motors are:

MOTOR I MOTOR 2

Stator resistance

Stator leakage reactance

llagnetising reactance

Referred rotor lealcage reactance

Iìeferred rotor resisLance

0.06114

0.2150

6.7980

0.2L40

0.07L92

same

same

same

s ame

s ame
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The parameters of Èhe equÍvalent motor in per unit are:

StaLor resistance

Stator leakage reacLance

Magnetising reacLance

Referred roLor leakage reactance

Referred rotor resisËance

0.03057

0. 1075

3.3990

0.1070

0.03596

The computation procedures \tere as follows:

(1) To compute the results by considering individual motors

up to the time rvhen one of the moLors reaches zero speed.

The results were stored ín taPe.

(2) To compute the results of the equívalent representation and

store results in tape.

(3) To repeat steps one and Ëwo for different combinaËions

of total aoments of inertia.

(4) To compaïe the accuracy of the two methods for each combin-

ation of total moments of inertia at each time interval

by using the tape. The maximum percentage error was found

for each combination of momenÈs of inertia.

(5) Each maximum percenLage error rvas assigned a grid location

(a,b) where a is the total moment of inertia of the first

motor and b is the total moment of inertia of the second

motor. A built-in cimputer program \^Ias used to plot contours

joining a1l poinËs r+hich have Ëhe same Percentage error. In
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this way the accuracy can be .eas.ily read out f rom the

contour plots.

There are two types of load torques considered: the

constant load torque and the load torque r,¿hich varies as the

square of the motor speed. From here on, type 1 load torque

refers to the constant load torque and type 2 load torque refers

to the load torque r+hich varies as the square of the moLor

speed. There are three dífferent combinations of load torques:-

(1) motor I with type I load torque and moÈor 2 with type I

load torque,

(2) motor t with type I load torque and motor 2 r^rith type 2

load torque,

(3) motor I l^¡ith type 2 load torque and notor 2 with type 2

load torque.

4.3.2. Result of analysis

The results are plotted in the followíng figures:-

Fig.4.B. Contour plot of maximum percentage error in actíve

pO\¡Ief .

motor 1 - type 1 load torque

moLor 2 - type 1 load torque

Irig.4.9.. Contour plot of maximum percentage error in reactive

P ol^Je r
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Fig.4 . 10.

Fíg.4.11

Eí9.4 .L2.

Fig.4 . 13.

notor I

motor 2

Contour

POhrer.

motor I

motor 2

Contour

po\^ier.

motor I

motor 2

Contour

povrer.

motor 1

motor 2

Contour

po\,rer.

motor 1

motor 2

- typ" 1 load torque

- type 1 load torque

ploÈ of maxj-mum percentage erîor in actir¡e

- type 1 load torque

- type 2 load torque

plof of maximum percentage error in reactive

- type I load torque

- type 2 Load torque

p1oÈ of maximum percenÈage error in active

- Ëype 2 l-oad torque

- tupe 2 Load torque

plot of maximum percentage error in reactíve

- type

- ÈyPe

load t.orque

load torque

2

2

4.3.3. Error analysis

Fig.4.B. The syinmetry of the contours rvith

diagonal is. due to the fact that

except for Eheir total moments of

respect to the main

the motors are identícal

inertia. The percentage

significanl; as high aserror in tlie active pol/cr may be
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25% f.or extreme díffercnces in inertia loads on the two

Jnotors. The magnitude of the difference in inerËÍa

load hecomes, less significant for larger inerti.a 1oads.

From Èhe contour plot, j.t can be concluded that if Ëhe

Ëot¿l moment, of inertia of one motor does not exceed

!5O7" of. the other motor, then the maxirnum percentage

error in the active power will not exceed 102.

8ig,4.9. The symmetry is again observed. llowever, it can be seen

that the maximum percentage error in the reactive por¡¿er

is insignificant as compared to Ëhe maximum percentage

error in Èhe active power. Therefore ttr-e consideraEion

of the active potrer will be sufficient for thís partic-

ular case.

Fig.4.10.The symmetry of the contours ís distorÊed due to the

different types of load torques. There is an anticlock-

ivíse shift of the contours. Ilowever, the conclusion can

still be drar,¡n that if the total moment of inertia of

each motor does not exceed t 502 of the other motor, then

the maximum percentage error in the active power will

not exceed lO%.

Tíg.4.11.There is no symmetry in the plot. It is inËerescing to

note tirat notor I with a Ìrigh total noment of inertia,

combined rvith motor 2 with a 1or¿ total moment of incrtia

t^rill give .r higher accuracy than lile combination of
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motor 1 with a low total moment of inerËl-a with mot,or 2

rvith a high total moment of inertia. In the whole region,

Ëhe error does not exceed 4% and is insignificant

compared to the error Ín Èhe active power"

Fig.4.12. The area enclosed by the 10% maximum percentage error

conLour is much less than that in Fíg.4.8. This is

becoming more obvious when the moments of inertia of

both motrs are high.

Fig.4.13. The error here ís large compared with all other plots.

The maximum percentage error goes up to 657". The

error enclosed by the maximu¡n percent.age error contour

is the smallest compared with other ploÈs. The large

error is due Èo the fact that neither motor rvill stall

with this Lype of load Ëorque characteristic aË the

completion of the frequency svring; and in that frequency

srting period, one of the motors has a much higher slip

than the other and the equivalenÈ motor is unable to

give accuracy prediction. Hor¿ever if the total momenL

of inertia of one motor does not exceed + 402 (conpared

with 502 previously) of the other motor, then the maximum

percentage error in the reactive po\ùer lvill not exceed

L]"t.

4.3.4. General conclusions from analysis
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From the analysis of the aboye p10ts, it 
's 

possible Ëo ¡nake

sorne generalÍzations .

(1) The accuracy of the representation is high rrhen the ¡oÈors
h¿ye the same Lotal _mo¡ent of înertia.

C2) lf ttle total nomenË of inertia of one îotor does not exceed

t40z of th-e other motor, Ëhen th-e fnaximum percenÊage error
in boËh tÊr-e acÈive and reactive poü¿er wirl not exceed 102,
using th-e proposed model.
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CHAPTER V

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDIES

. DifferenÈ representations of inducti.on motors as dynamíc

and static loads have been reviewed. The representation neglecting

the stator Ëransients and roLor transients but including the mechan-

ical transients has been considered in det.ail. This representation

was compared r¿ith Èhe one which includes all transienËs. It is found.

that Ëhe results of the methods compared favourably l+ith each oËher.

Therefore the representation including only the mechanical transients

was used in the analysis of induction motors during large frequency

excursions.

A model is proposed to represent induction motors by an

equivalent motor such the the effect of Ehe equivalenL motor on the

po\,rer system is the same as Lhe índividual motors on Lhe system. For

two induction moËors which have the same parameters, if the moment

of inertia of one motor does not exceed + 407" of the other motor, the

maximum percentage error in both the active po\.^rer and reactive power

will not exceed 10%, usÍ-ng the proposed model. For frequency swings

which are of smaller magnitudes, this model is expected to be even

more accurate.

This model may be used to combine many induction motors

rvhich are connected to the same node following the procedures outlined

in section 4.3. rn this way, the representation of a multi-machine

system is much simplifiecl. More invesLigation must be carried out to
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sËudy the combination of motors of di.fferent pararneters and dif,ferenÈ

horse-powers. The model proposed in thÍs thesis _nray be the basis for

f urther i¡ryestÍgations.
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APPENDIX A

T}IE RUNGE-KUTTA METIIODS

Let the first order differential equation he

dY 
- f. (x,y)

dx ...(1)

y(x+h) can be expressed in Taylor series expansion: -

.2 .3
y(x+h) = y(x) * hy'(x) + Ll y"t") + åf y"'(x) + ...

.. . (2)

where the following are defined:

yt - f.

vtt=f +f f'xy
v"r=f +2f f +f t2+t (f +f f)" xx >ry yy y'x y

^ af
!^ xdx

and

_ âf-v ðv

Ay is def ined as y(x+h) - y(x)
.2 .3

Ay = hy'(x) + fu v"{x) + } y"'(x) + ...

...(3)



.2 .3
i.e., ay = hr *|-tr* + f.yf) *å-f r*f zr*yt * trrtz * tr(t*+ ryr)l

.4
*9.rf +3r r+3 r t2*t 13¿4- xxx xxy xyy yyy

+f (f. + 2f. f+f 12\* 3(f +f f) (f. +f f)y'xx >qy yy ' 'x y 'xy yy

*t2 (r + r r)l + ... .. (4)yyxy

assume that Ay can be expressed as

s9.

... (s)

. .. (6)

where

Ay = akr*blcr*ckr*dkO

k1 = h[f (x,y)]

k2=h[f(x+ú, y+mkr)J

k3 = hlf (x +.nh, y + nkr)l

k4=h[f(x+ph,y+pkr)J

each of these k. can also be expanded in Taylor series:

f (x*cr,y+ß) = f (x,y) * of*(x,y) * ßfr(x,v)

11 ,
+ |,Lu'tn*(x,y) + 2oßfxy(x,y) 1- ß-fry(x,v) l

=r*or +ßr n*. [o2t +2a|r +BZt ]+...xy¿!-xxxyyy

...(7)

It is the primary purpose of the Runge-Kutta methods to establish the

interrelationship between the constants arbrcrdrmrnrand p such that

equations (6) and (7) correspond to the degree of accuracy desired.

Llere the solutiolt is not unir¡ue ancl the nany possible sol-utions

give rise Lo nany mcthods.
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A.PPENDIX B

THE EULER_CAUCIiY PREDICTOR_CORRECTOR ]"ÍETHOD

For the first orcler differential equation:

dy

dx = f (x,y) ... (1)

the solution may be expressed mathematically as:

|,"y(x) = y(0) + lf(*',y)dx' ,..(2)
I)
0

where y(0) is the initial condition. The difficulty of solution lies

in the f act that the integrand contaíns the unknor^rn y (x) . Equation (2)

can be written as:

...(3)

The numerical method is to start with an initial condition yo,

compute y, tiren y, and so on until a sufficient range has been

covered.

Assume that f(x,y) is constant over the interval and that

h, the interval betr'¡een x. md *i+1 , is suff iciently small, (3) nay

be written as:

yi+t = Y, * h t(x'vr) ...(4)

This technique of predicting the value Yi+l i" lcnown as Eu-lerrs

f *i+t
v = v + I ¡(xt,y)dx'ri+l rí' 

I

I

l^.
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method and it suffers from t\,Jo príncipal disadvanËages:

(1) The predictiot of yi+l is not accurate as it is accompltshed

by simple linear extrapolation; and

(2) The integration scheme is abysmaL.

Sír". yi*l is found approximaËely, 1et it be called y*i+l"
Then a betËer approximation is found by invoking the trapezoidal rule

in the integration of (3).

. h,- *yi+l = yí + ;(f. (xr,vr) * f (*i+l,yi*r)) ... (5)

This is known as the Euler-cauchy nethod. rn this way, by using

equation (5) repeatedly rhe value ot ,l*, may be brought wirhin a

cerÈain range of the Lrue va1u" of yi+'.
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APPENDIX C

COMPUTER PROGruW FQR THE ANALYSIS O¡ AN INDUCTION ,I"IOTOR

INCLUDINç AtL TRANSIENTS
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APPENDIX D

COMPUTER PROGRA}4 TOR THE ANALYSIS QF A GROUP QF INDUCTION ,}'ÍOTORS

CONNECTED TO THE SA}ÍE NODE INCL1JDING ONLY THE }'IEC}iANICA'L TRANSIEMS
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