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ABSTRACT

This thesis explores the nature of the theoretical foundations
which would be required to establish a formal observational science of
urban analysis which is closely related to the conventional urban
planning process. The central hypothesis is that the various forms of
structure defined by families of mathematical set can, conforming to
the methods of algebraic topology, be used to correlate intuitive
notions of the urban experience to experimental data derived from any
urban neighborhood.

The development of this thesis assesses the value of formal science
in relation to the deficiencies of current planning theory, examines the
nature of the scale criteria which can provide the ability to impose the
maximal degree of structure upon the individual experience of an observer
under his particular circumstances of observation, and discusses the
epistemological considerations that govern the comparison of data to
ideas held by different observers. Consequently, a general evaluation
of the anticipated requirements for a formal theory of urban observation
js provided. Subsequently, based on the understanding of the observa-
tional basis of planning, it is possible to consider the approach to a
formal design science closely related to conventional urban planning.

Particular mathematical structures considered in this study are the
simplicial complex, partially ordered sets, and families of cover sets
including compatibility classes, equivalence classes, and cliques. The
study also considers the structural analysis of the simplicial complex

.i
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developed by R. H. Atkin, including the face ordering of simplices,
g-connectivity, Q-analysis, the algebraic structure of patterns of
choice, and the shomotopy concept.

Numerous planning concepts are discussed and related to mathematical
structures, including land use zones, siting concepts, the mutual
influence of activities in a neighborhood, compatibility of activities,
convenience in a structure, and many others.

Particular forms of urban problems studied in some detail are the
problem of social choice, the siting problem, measurement of urban
influences in a neighborhood, and the land use zoning problem which has
application to the determination of the largest sets of activities which
may be located in each area of a specific neighborhood to provide the
maximum freedom of choice among activities that is compatibie with the

preferences of the residents.
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CHAPTER ONE

INTRODUCTION

I. The Objectives of the Study

1. Purpose

A significant improvement to the city planning process is possible,
if changes are made to the currently accepted epistemology of planning.
These changes will place the experimental process of urban planning on
a similar basis to that which prevails in the conventional observational
sciences such as physics. In current city planning it is frequently
found that the particular configuration of objectives adopted in a plan
bear little relation to the ends which may be implemented by feasible
urban policy; and conversely, there are unintended side-effects to even
the most well-conceived plan that are detrimental to many interests.
Clearly, the theory and practice of city planning are not sufficiently
well integrated to prevent this dichotomy; whereas the epistemology of
experimental sciences contains an observational system that facilitates
the effective description of their observations in terms of commonly held

rational concepts about expected behavior.1 As a result the problems

1E1nstein noted, "The Belief in an external world independent of the
percipient observer is the foundation of all science." Albert Einstein,
"Maxwell's Influence on the Evolution of the Idea of Physical Reality,"
1931. Only the idea of a rational standard of behavior is required to
measure the deviation of actual behavior through description of differ-
ences only, rather than the totality of particulars in any situation.
To catch the underlying rationale review both Gerald and Wigner's An
Introduction to General System Thinking, (New York: Wiley, 1975), and also
Sir Bertrand Russel's essay "The Relation of Sense Data to Physics," Con-
tained in A Free Man's Worship, (London: Unwin Books, 1976), pp. 141-172.

1
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that are recognized are situations structured by experimental means, and
therefore the attention of the science is focused upon problems which
are more immediately capable of solution by the science.2 Whereas a
city planner may beljeve that the solution to urban problems is immediate

and obvious, an experimental science demonstrates which particular prob-

lems have these desirable characteristics.

The purpose of this study is to explore the theoretical option to
use mathematical structure for the effective description of urban obser-
vations, and to discuss the solubility of planning problems in such terms.

In particular, this study employs the combinatorial and ordering
properties of the simplicial complex to represent and analyze various
aspects of urban land use phenomena. By introducing a particular concept
of the orderly development of land use in an urban neighborhood, simplic-
jal complexes representing the varying preferences of the residents will
be compared to those representing the influences between activities
actually present in the urban neighborhood; thereby facilitating decisions
representative of the actual concerns of City Planners. Although the
simplicial complex is a particular type of mathematical structure typical
of algebraic topology, use is made only of the combinatorial and ordering
properties of the complex in undertaking simple demonstrations for this
study. However, there is reason to anticipate that further research in

this area will find use for other properties of the simplicial complex.

2Prob]ems come in two classes: soluble or insoluble. In a soluble
problem the solution is implicit in its statement. The proper kind of
problem statement requires a consensus among many observers. It may be
that what confronts us in City Planning are not problems, but situations
that cannot be resolved without some means of achieving consensus upon
their essential structure.



2. Hypothesis

The central hypothesis of this study is that mathematical sets have
the capability to represent some forms of data obtained by observation
in an urban neighborhood, and the simplicial complexes constructed from
these sets can represent significant aspects of the urban processes
occurring in the neighborhood. Some urban problems defined in this
structural urban analysis are soluble, and their solutions may supplement
the intuition and judgement of the city planner in dealing with the urban

problems that he perceives directly.

3. Components of the problem

In the broadest sense the problem that concerns this study is the
rationalization of the theoretical basis of City Planning to make it more
1ike conventional sciences. The main objective of this study is to out-
1ine a methodology for the proper conduct of all stages of planning using
concepts of algebraic topology. This requires two partially incompatible
objectives to be achieved: (1) The statement of a conceptual framework
for the urban interpretation of mathematical structures to reveal the
uses and the value of the approach; and (2) determination of means to
implement the methodology by computation on a computer. The strategy of
the study is to emphasize conceptual development at the expense of compu-
tational techniques.

A solution to the general problem can be obtained by resolving it
into the following components:

a. Discuss the functional description of an urban neighborhood

leading by mathematical representation satisfying criteria
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consistent with some intuitive preconditions for observation
of urban phenomena.

b. Discuss the characteristics of the rational planning process
using the functional type of description to provide complete,
consistent, and independent modes of description compatible
with the general experience of urban planners, with the
epistemological constraints on the formation of explanations,
and with the intuitive notions of planning.

c. Determine the general form of an urban problem that can employ

functional explanations to solve problems in urban neighborhoods.

4. Particular Objectives of the Study

Since it is not possible to deal with this topic in complete
generality, the discussion has been Timited to the context of urban
land use phenomena. Resolution of the hypothesis will satisfy the
following objectives:

a. To determine how urban land use structures are to be represented
by mathematical structures consistent with the physical con-
straints and the individual preferences that occur in an urban
neighborhood.

b. To relate the planning process to mathematical processes that
are suitable for the analysis of such representations, and to
distinguish those forms determined by such analysis which are
significant to the explanation of urban Tand use structure.

c. To determine the form of mathematical problem that represents
the kind of problem which a planner wishes to solve in dealing

with urban land use.



d.

To discuss how such a problem can be solved and relate the

solution of the problem to the orderly development of land uses.

5. Assumptions

The following assumptions are necessary to facilitate the develop-

ment of this study.

a.

Every individual has the capability to describe his own prefer-
ence system, however incompletely, although the basic factors
may be stated implicitly rather than explicitly.

Every individual's preference system expresses his assessment
of his best interests at the time in question, and should be
assumed (by definition) to be intrinsically rational. To judge
a particular system as irrational is to expose one's ignorance
of the factors that the subject used, perhaps implicitly, in
his assessment.

An explanation is a model which sums up many particular
individual preference systems relative to a common reference
standard of behaviour, expressing the best that can be achieved
without violating these individual preference systems. The
idea of an absolute rational standard of behaviour is required
only to provide a gauge against which actual behaviour can be
compared permitting the apparent distortions to be assessed as

the cost of individual irrationality.



6. Delimitations

The following delimitations are imposed upon the scope of the study

in order to keep the problem within manageable limits.

a.

Although this thesis considers only urban land use planning, it
recognizes that city planning has far wider interests.
Consistent with the intent to explore this approach from the
most general viewpoint, significant epistemological and mathe-
matical concepts will be compared to planning concepts to
provide the necessary basis for evaluating and understanding

the application of mathematical techniques in city planning.
Consistent with the strategy to develop an outline of the
methodology as a whole, particular techniques will be introduced
in general terms, but only limited applications will be made

sufficient to facilitate the understanding of concepts.



I1I. Description of the Problem

1. General

The central problem of planning is the problem of social choice
first studied by Kenneth J. Arrow. This problem may be simply understood.
Suppose a society consisting of two or more individuals is to construct a
preference ordering over three or more alternatives belonging to the
different preference systems of the individuals. What is wanted is a
social welfare function to transform every possible pattern of preferences
for the individuals into a single order of preference for the society.
The permissible range of transformations which acceptably compose indi-
vidual preference patterns into more global preference systems are limited
by constraints imposed to insure fair, unbiassed treatment of the indi-
vidual during construction of the social preference. Having defined a
set of suitable constraints, Arrow rigorously proved the impossibility
of forming a social welfare function.3

The impossibility of a welfare function is often interpreted as
indicating the unsuitability of rational mathematical treatment of any
human-oriented social science (that is, because suitable assumptions on
the composition of human preferences cannot define a consistent welfare
function, human preferences are uniquely indescribable by rational
methods). On the contrary, descriptions of human preferences have the

same shortcomings as any logical value system. For example, the

3Kenneth J. Arrow, Social Choice and Individual Values (New York:
Wily, 1961). See also Morton D. Davis, Game Theory (New York: Basic
Books, Inc., 1970) pp 191-192.
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Timitative theorems of logic (Church's Thesis, Goedel's Incompleteness
Theorem, etc.) show that formal first order quantitative logic necess-
arily provides an incomplete description of a logical system (generally
considered to be consistent) such as arithmetic. This development,
while not welcome, has not occasioned any despair about the value of
rational injury in logic, mathematics, or physics; instead a healthy
awareness of the fundamental Timitations to any human's ability to
describe and to explain systems in general.

There is no reason why rational inquiry cannot search for the best
possible descriptions of urban phenomena consistent with the limitations
imposed by existing urban knowledge.

Friedmann has pointed out that the major consequence of Arrow's
social welfare theorem is that it discredits for all time the suitability
of abstract value systems for the determination of priority for concrete
action in urban planning policy. The planner must replace abstract
concepts such as the "public good" with a realistic appraisal of the
conflicting preference systems of different communities of interest that
are active with respect to any planning issue, and mediate these differ-
ences in accordance with the decision processes actually found to occur
in urban areas.4 In other words urban planning has the same concern for
observation of individual species of objects in a system and their
characteristic attributes as does physics.

Thus rational planning has the objective of finding the priorities

which are the most realistic and rational for the different interests

4John Friedmann and Barclay Hudson, "Knowledge and Action: A Guide
to Planning Theory" JAIP (January, 1974), p. 7



existing in any set of issues found in an urban situation. This
objective is most readily achievable by reconstructing city planning
theory as a formal observational science wherein rational concepts are
described and constructed in terms confirmable by experiment. This will
require a means of detecting and describing the significant communities
of interest relative to an issue (resolution of social structure) and a
means of mediating the conflicts in terms of the different interests of
these communities using decision processes known to exist in urban areas
(description of urban processes describing compatibility in terms of
propagation of influences and trade-off tolerances).

Knowledge of those aspects of urban process and of individual
preference systems enables the designer to consider different configura-

tions of structures satisfying different preferences in different places

while adequately separating conflicting aspects of the different interests.

Clearly a knowledge of the structure of preferences that ranks them in
terms of their generality will greatly facilitate the attempt by the
designer to distribute benefits or exclude conflicts over the widest

possible areas of an urban neighborhood.
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2. Definition of Rational Planning

It is central to the development of this study that planning be
regarded as a decision process, for it is through this view that mathe-
matical analysis can be related to the act of decision-making in the
city. Kaplan describes planning as the facilitation of decisions in
the following sense:5

"The application of behavioral science to policy is most self-
conscious, deliberate, and explicit by way of planning, which

may be defined as the enterprise of facilitating decisions and

making them more realistic and rational. Decisions are facili-

tated as the choices are made more clear cut, and alternatives

are more concretely and specifically demarcated. Decisions

become more realistic as the values they involve are confronted

with facts, and ideals are translated into concrete objectives.

They become more rational as values are confronted with other

values, and what Reichenbach calls ‘entailed decisions' are

taken into account."”

Planning has evolved to meet particular needs that are not satisfied
by the other decision processes, such as political dialogue, also occurr-
ing in the city. Therefore the requirement for planning is best under-
stood in comparison to the act of normal decision-making.

Normal decision-making requires an act of self-deception concerning
one's ability to make any decision at all. Suspension of doubt forecloses
consideration of the feasibility and consequences of a decision outside
except for a narrow range of circumstances.6 This deception is fostered
by abstract concepts such as "the public good" or "the general welfare"

that implicitly assume an unfounded epistemological criteria, ie., there

5Abraham Kaplan, The Conduct of Inquiry (Scranton: Chandler
Publishing Company, 1964), p. 403.

6Gibson Winters, Elements for a Social Ethic (New York: MacMillan,
1968). The meaning of suspended doubt is clear and immediately relevant
to understanding the role of planning and its fundamental Timitations.
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always exists some simple and immediate decision leading to an equitable
and unbiassed distribution of both the social benefits and burdens con-
tained in a social system. While Arrow's Welfare Theorem exposes this
fallacy, plans continue to be conceived having goals unrelated to
practical means and often screening ulterior motives that accomplish
the contrary ends by favouring some privileged group at the general
expense.

Costs attributable to simple decision-making are usually known as
externalities or opportunity costs. For example, isolated decision-making
may mistakenly assume that a given solution provides great benefits to
one area of the system, while overlooking even greater costs imposed upon
some other area as a consequence; eg. polluting industry providing
employment while degrading the environment. Extreme simplification may
introduce bias by improperly reducing a number of alternatives to some
favoured approach. Opportunity costs are incurred when an option that
offers short-term benefits is selected despite great potential future
costs. While it is true that there is no such thing as a free Tunch,
many decision-makers have found they need not be the ones who pay the
bill. Emphasis upon a new concept of individual relative rationality

can expose these areas of significant social costs.



12

3. Rationality in Planning

Despite the existence of cognitive 1imitations to any person's
ability to describe and explain social preference systems, the approach
taken by mathematical Togic and physics would seem to demonstrate the
importance of structural considerations for inquiry into limited areas
of truth concerning urban process. Logic is normative and Timitative
in the sense that it can definitely identify among all patterns of
behaviour those which are unacceptable modes of behaviour, even though
it does not always facilitate the description of acceptable ones.

Planning has evolved in society to rectify the costs of simple-
decision making, insofar as this is possible at all, by taking into
account the greater interests of the whole society. If planning is to
become a rational observational science, the ultimate source of knowledge
must be the different preference systems that each individual is assumed
to be capable of expressing (the grounds of description or of observation).
The existence of some capability to make preferences definite is necessary,
but no assumption as to their all-encompassing completeness is required.
Knowledge gradually expands as empirical techniques are refined by new
generations of researchers. However, the ultimate rationality of these
individual expressions of self-interest must be assumed, whereas all
standards of behaviour abstractly constructed from them must have their
rationality demonstrated in an acceptable fashion. In any event, the
rationality of an individual or a social group is a distinct character-
jstic of that group, expressing independently of any other such group or
individual its own best interests. Rationality is assumed to be valid

for a given group only under some range of circumstances consistent with
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the existence of the group as a distinct entity. Call this relative
rationality and accept as part of the problem of a formal science of
urban analysis the exploration of the conditions for existence of a
distinct rationality as a property correlated to an identifiable social
group.

Clearly a group will exist in the context of some issues or problems
requiring a coherent organization of individuals having some common
interests. Obviously the stability of a given group will determine the
extent to which the interests of the group must be recognized in the
mediation process, however, Tike any entity, groups are likely to have
evolutionary stages in their development, and even very transitory social
structures may have some significance in an urban area (signalling future
development). This structure can be described in terms of mathematical
sets.

Given any mathematical structure the significant question concerns
the sub-structures it contains, together with the means of combining
them to generate new structures. Two possibilities are open; either the
composite structure will be a sub-structure again, or the composite
structure is a new form having describable properties that contain the
former structure as a special case. One should expect the corresponding
behaviour to be exhibited by the group's characteristic rationality.

The required science should be able to identify the most general
class of organization which may conceivably be considered urban. Various
more or less arbitrary combinations of individual preferences systems can
be combinationally generated, but an observational system must focus on

those that exist (or could exist under some circumstances).
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The acid test for the significance of a given grodp is that the
rationality it expresses be relevant to some issue, and that the problem
js sufficiently pressing for the individuals to reach some compromise of
their own total interests in a greater common interest. It should not
be surprising that individuals enter into such organizations in their
own interests, and these may be distinct from those of other communities
in which the individuals have not found it worthwhile to participate.

In the broadest sense the rationality of individuals or groups simply
expresses the quality of the conditions under which it will continue to
exist in the social environment. The relevancy of rationality is
immediately apparent.

In principle this system of abstraction should provide a “"place” in
its category system for different points of view with the relation of
compatibility and incompatibility between each readily accessible.
Mediation usually considers optimization of the common interests within
a co-operative domain; hence, it should be viewed as a process of gener-
ating new forms of social organization. To say the process of mediation
is rational assumes that some rules (insuring realism) are in practice.
Conceiving these groups to be sets will facilitate the use of normal
mathematical concepts of set, structure, order, and relation to determine
the rational best interests of the whole social group.

Moreover, continuing levels of abstraction to larger aggregates of
individuals will tend to describe what is most generally in the interest
of the larger groups, enabling an efficient distribution of urban infra-
structure to satisfy these interests using economical siting configura-

tions.
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Some of the difficulty inherent in the formalization of urban

analysis can be side-stepped by first considering urban analysis as a
natural science describing urban phenomena, then introducing the
additional complications of the design orientation of planning. The
component problems to establish urban analysis are the following:

a. Establish criteria for detecting the existence of significant
social structures including;

(1) An urban observational protocol describing the greatest
detectable degree of structure to be found in the contents
of any observational structure, or of the domain of view-
points on which the observation is resolved.

(2) A framework for the description of the signalling of
compatibility and incompatibility of the different
observational structures.

b. Establish criteria governing acceptable forms of explanations
in urban planning which constructively estab]ish newer more
abstract social structures having their own rationality.

c. Establish a central organizing principle to describe some
tendency of orderly development which describes decision
process in a changing urban environment.

d. Develop techniques constituting a planning technology enabling
these tendencies to be grasped by calculation and presented as
a plan.

Ignorance of the exact parameters of the lTimitations to human

observational and intellectual ability need not obstruct the study of

the form which theories must take to account for the existence of these
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limitations. In general any scientific method reflects an assessment
(possibly implicit) of the procedures required to construct concepts
that respect these lTimitations. The absence of a scientific method
(which reflects some degree of epistemological sophistication) usually
invokes the requirement for an omniscient, and perhaps omnipotent,
observer. The required forms must reflect an awareness of the social
process of formal reasoning incorporated in the epistemic correlation
between concepts and data. Rational logic in a science simply constrains
the acceptable forms of reasoning by which concepts are constructed from
observations to those which have some basis in experience. Rationality
as a social value will emerge from a sense of the orderly development of
urban areas as a consequence of the limited possibility of formally
describing urban events.

The criteria incorporated in the definition of an urban observational
protocol define a structure which in principle lists every possible mode
of behaviour which may be considered urban-like in any way; but it does
not assert that such modes of behaviour actually exist. Two forms of
limitations are described by a protocol:

a. ATl perceptions from the environment that are definitely not
urban-Tike (and therefore not of interest) are filtered out of
consideration.

b. Observational criteria based on the currently available means
of detecting urban behaviour distinguish between dynamic urban
and describable urban phenomena.

Two distinct types of data will be observed in the urban environment:
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a. Individual preferences describing those modes of organization

which each person considers to be the best.

b. Actual data describing those modes of organization that

actually exist in an urban neighborhood.

It will be found convenient to adopt an observational system using
an abstract medium of description (sets). These data are then considered
as being defined in a functional sub-space of the protocol describing
the social relations and a physical backcloth sub-space of the observa-
tional domain consisting of the constraining relations. Obviously
concepts will be constructed in the functional space, but their experi-
mental confirmation requires their comparison to the physical space.
The question of the use of a suitable medium of description is a funda-
mental consideration in the discussion of epistemic correlation, since
concepts and perceptions are not in themselves directly comparable
entities.

Having established the basis of an observational system, the
question of a suitable framework of description for the definition of
an urban process will be considered. Clearly the concept of plan
describes a standard of behaviour which is to govern urban processes;
hence planning as such can only be introduced in terms of the geometry
of a descriptive framework for urban processes.

This interpretation of rational planning is most significant when
one grapples with the requirements of a formal foundation for describing

the planning process. This thesis contends that city planning can
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establish such a foundation independently of the grounds of any other
science, and that significant advantages would accrue from doing so.7

Rationality applied to social choice must describe some central
organizing principle incorporating the planner's intuitive notion of
orderly development (include "good development" and exclude "bad develop-
ment" to define an ordering of social structures). The best example is
available in physical thermodynamics (entropy). The lawsof thermody-
namics organize the description of physical process as follows:

a. First Law (conservation of energy) defines the prerequisites

that an organization must satisfy to be considered "physical-
Tike."

b. The Second Law (tendency of processes) imposes a strong sense
of the orderly development of physical process.

¢. The Third Law essentially defines a zero of temperature.

d. The Zero (an addendum to the classical set) Law defines a
necessary condition for an equivalence relation in terms of
concept of temperature.

The First Law amounts to a condition on the process of communication
between physical events which can also be imposed upon urban phenomena
by considering the compatibility classes defined by urban signalling in
the urban observational protocol (to be discussed in this thesis).

The Second Law is an invitation to examine the concept of strategic
planning to see what tendencies can be defined that formalize urban

development decisions under uncertainty. Decision procedures inherently

7w. Ross Ashby, Cybernetics (London: Chapman and Hall, Ltd., 1956)
pp. 1-2. In his introduction Ashby recounts the idea and the advantages

of independent foundations very explicitly.
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require the assessment of the impact (costs) of alternative development
policies, and the organizing principle must assess these clearly. It
seems likely that Caratheodory's famous Accessibility Theorem re-expresses
the problem of social choice in a form where the difficulties of Arrow's
Welfare Theorem can be circumvented.8 To do this requires formalization
of the processes which occur along some path in a neighborhood (linking
the different places where events occur) by rules which show the changing
influences (acceptable at each stage of the process). It is interesting
to note that the concept of a process is defined by Caratheodory's
Theorem (which simply formalizes the Second Law) permitting the transition
froﬁ static descriptions to non-constant (quasi-static) changes in des-
cribed states. Inaccessible events in the neighborhood of any state are
the necessary prerequisites to the Accessibility Theorem, and Arrow's
Theorem implies these must exist.

The relevance of this to urban design is to state the cbvious: prefer-
ences incompatible in the same place may become tolerable when removed
to different places. The notion of place implies a geometrical system
permitting different observers to agree as to what process occurs at
some place despite the different perspective each has; and conversely,
agree to what is different about the processes from their viewpoint.
Notions such as tolerance, influence, trade-off, signalling,
physical backcloth, and functional space provide the framework for this
organizing principle. Atkins' algebra of patterns provides a means of

describing forces (possibly work), their impact (social costs), and the

8Mark W. Zemansky, Heat and Thermodynamics (New York: McGraw-Hill,
1957) p. 171-172.
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different processes presented by patterns of choice. Much more
development is required to firmly establish how the concept of orderly
development can be formulated to describe the structurally stable
institutions of society as those having the greatest sigm‘ﬁ'cance.9
The use of an algebra will facilitate assessment of costs and benefits.
This will be done within the outline of planning as decision-facilitat-

ing that was promoted by Kaplan.10

4. Urban Structure

The fundamental requirement for a formal observational system in
urban analysis is to identify naturally occurring phenomena that may be
described in terms of mathematical structures. Without such criteria
mathematical structure would remain an abstract concept unattached to
any urban reality. The form of epistemic correlation to be adopted for
this association must be selected with care. In view of the Arrow
Impossibility Theorem one may anticipate that there will exist purely
accidental forms of urban organization that cannot at this time be
explained by mathematical structure; and conversely, there will exist
concepts that are not associated to any concrete urban reality. However,
adequate principles for orderly development will identify significant
correspondences (those which are rational), employ criteria to effectively

categorize urban phenomena into those which can be described by current

9Rene Thom, Structural Stability and Morphogenesis (New York:
Benjamin, 1975), pp. 151-152.

104, Kaplan, The Conduct of Inquiry, p. 403. His definition of
planning was previously introduced on page 10.
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means (making them worthy of immediate attention); and relegate those
which are too "dynamic" to Tater generations of research.

Individuals deal routinely with questions of structure. Every
problem which involves the allocation (distribution) of attention to
different aspects of a situation by assignment of priority reflects a
structural concern. The planner may distinguish various parts of the
whole to which he attaches degrees of significance. For example, any
community contains a large number of interest groups, different patterns
of which are active in different issues. Each have their characteristic
rationality, that is internally consistent; but as a whole society their
interests are inconsistent with each other. Planning should identify
areas of common interest to mediate a trade-off acceptable to all. This
is clearly a structural consideration. As expressed by Friedmann, the
jmportance of structural analysis in the problem of social choice is that,
henceforth, it will be impossibie for policy-makers to turn to some
abstract ideal of "the public interest" for the priorities determining
the allocations of social policy; rather these priorities will have to
be sought where they were always found, in the various decision processes
of the city.11

The central concepts of land use planning arise by abstraction from
the idealization of the behavior of real property owners and closely
parallel mathematical abstraction. The planner is familiar with the
concept of fee simple ownership of land. By experience it has been

found that conflicts between adjacent sovereign land-owners arise where

11John Friedmann and Barclay Hudson, "Knowledge and Action: A Guide
to Planning Theory," JAIP (January 1974), p. 12. They express Arrow's
Impossibility Theorem in terms of its significance to policy planners
very concisely in this reference.
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the interest of one Teads to conflict with the absolute right of use by
the other. With the density of land-owners found in a city it is obvious
this simple concept is inadequate; therefore the absolute right to use
land is structured into a bundle of distinct rights (development rights,
eg.). Moreover, it would be inappropriate to assign all of these rights
to particular individuals so new groups of individuals are distinguished
and each is given, in its own right, the exercise of some property
right(s) appropriate to it. The new groups are actually composite
entities that are more than the aggregate of the participants (since
they have in their own right particular rights not assigned to constit-
uents). Unfortunately, these rights, their benefits, and their costs,
are usually lumpy rather than distributed equally. Therefore an immediate
conflict arises with respect to distribution because of the abstract
nature of the larger community.

The planner must deal fairly and in an unbiased fashion with the
distribution of benefits and burdens that have an inappropriate graininess.
It is hardly surprising that distortions and stresses arise. Since the
larger communities have some rights of their own, they may also have their
own rationality which can be described and may also be in conflict. Hence,
the dilemma facing the planner is the following: does he plan using the
same principles when his own interests are in conflict? These "abstract"
standards of behavior are real insofar as they concern the properties of
a community which the composite group controls in its own right; hence,
urban theory should be able to account for their effects upon policy.

The idea of structure is prevalent throughout city planning if we

can but recognize it; and planners can also profit greatly from its use.
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The mathematician will recognize the similarity of the discussion of
property rights to the generation of new structures by generalization
from existing ones. The immediate problem is to establish the conditions
for existence of the abstractions (in their own right), the means of
generating and combining them, and their satisfactory representations.
The cost associated with distorted distributions of the rights of the
whole to its constituents is more readily exposed from a structured

viewpoint.

5. Mathematical Structure

A mathematical structure involves three inseparable ideas necessary
to the explanation of urban development. These are order, relation, and
structure. The fundamental unit of mathematical structure is the set.
The structure specifies the distribution of different properties of the
sets to particular subsets as described by the family of subsets found
to be contained in the set. The presence or absence of different subsets
in the family is determined by the relation which incorporates the rules
of distribution (allocation). The order describing the precedence among
subsets is determined by the way that they belong to each other specify-
ing their development and their subservience to some greatest subset(s)
of the family.

Topology is a science, as opposed to logic, in that it has a
particular domain of interest which it attempts to describe. This domain
encompasses the properties and the organizations derived from mathematical
sets by the application of the general rules of logic. In a sense, which

can be made very precise, topology is the science which explores the
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different ways in which any organization can be described. Interestingly,
not every aspect of mathematical sets can be described; but those descrip-
tions which are possible, by virtue of the ability of the set to encompass
any logical properties, are also the best one can do in describing any-
thing at all. The existence of any set implies the idea of a particular
consensus as to the circumstances under which the structures are accepted
as observable, although the existence theorems proven by the mathematician
may be very remote from reality. It is the duty of the person who would
employ these structures to show how the connection to reality may be made.
Furthermore it is of interest that the mathematician habitually attempts
to transform any problem into algebraic systems; be this a problem in
geometry or some other abstract organization. It is only by means of
algebraic systems that it is possible to actually compute results; and
therefore the sense of representing urban structures by algebraic struc-
tures become comprehensible.

The epistemological importance of mathematical structure in urban
analysis is to make the complexity of urban systems manageable by focus-
ing attention upon the Timits in which description of behavior is possible
at all. By use of structured descriptions, points-of-view which reduce
the burden on our limited cognitive capability are achieved. Mathematical
structures cope with the description of unfamiliar, complex situations
by providing:

a. A complete view broad enough to encompass all phenomena

(preventing surprises).
b. A minimal view lumping together states unnecessarily

discriminated.
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c. An independent view that decomposes observed states into

non-interacting qualities reducing the mental effort required.

6. The Planning Process

The distinct activities leading to preparation of a plan that solves
some problem in an urban area are called the planning process. To meet
the conditions of rationality heretofore discussed, the planning process
must offer an explanation for behavior by representing urban neighborhood
in terms of functional standards of behavior governing each piece of land
in the neighborhood, where these are mutually compatible and consistent
with the individual breferences of residents in each land area.
Essentially this involves a transformation from individual preferences
to new global standards of behavior, but the transformation must not
overly distort the individual preferences; ie. it should be fair and
unbiased in composing them while seeking their greatest common preferences
to serve as standards.

The planning process must deal with the Timited resolving capability
of the instruments used to discriminate the structure of observations,
and the limited cognitive ability of any planner to reduce these observa-
tions into manageable forms of description. To systematically compose
these standards into configurations of objectives serving as a plan the

stages of the planning process are assumed to be as outlined in Figure 1.



THE STAGES OF THE PLANNING PROCESS

TABLE 1
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A. FUNCTIONAL DESCRIPTION OF URBAN SYSTEMS

PURPOSE

1. Preplannin
(probTem defini-
tion and analysis
of factors). To
use actual
observations and
experience incor-
porated by
Delphi techniques
into mathematical
relations repre-
senting signifi-
cant information
about the urban
area in a form
suitable for
further analysis.

OBJECTIVES

. To define the 1limit

of significant obser-
vations as types of
urban choice (the
protocol of observa-
tion).

. To determine the

significant modes of
interaction between
choices (the signal
relation).

. To define quantitative

signal levels of the
relation.

. To describe actual

observations of choice
existing in a neighbor-
hood.

. To describe the social

relations as the
preferences of indi-
viduals with respect
to activities.

. To describe the

hierchial structure
from signal relations.

. To describe the back-

cloth precedence
between individuals.

ACTIVITIES

. Determine activity

and Tand protocol
sets.

. To determine

signal sets.

. Assign signal

Tevels suitable
for weighting
signal relations.

. Describe simplexes

correlated with
individual areas
specifying prefer-
ences or existing
structures.

. Describe Delphi
results as a weighted

preference relation
between activities.

. Determine hierarchial

cover sets and their
relations.



TABLE 1 (CONT.)

THE STAGES OF THE PLANNING PROCESS

PURPOSE

2. Plannin
(synthesis of
alternatives).
To systematically
transform prefer-
ences relations
into cover
families using
some relation
depicting simi-
larity between
preference
systems to deter-
mine alternate
standards of
behavior. The
transformation
is a "summing
up" of individual
experience by
similarities to
find the
"greatest" common
denominators" of
that experience.

. Measurement

(Evaluation of
Alternatives).
Comparison of
actual structures
to standards to
determine the
conformity with
standards and
assess the "costs
of deviation."

FUNCTIONAL EXPLANATION

OBJECTIVES

. To resolve the maximal

complete families of
cover sets at different
levels of consistency.

. To take account of the

orderliness of the
standards of behavior
at different signal
levels.

. To take account of

the orderly nature of
their abjlity to make
actual behavior con-
form.

. To transform repre-

sentations of existing
structure into the
same form as the
standards.

. To compare and assess

similarities and differ-
ences between standards
and actual structures.
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ACTIVITIES

. To discriminate

standards of be-
havior using the
face ordering,
compatibility
classes, equival-
ence classes and
cliques.

. To compare these

classes at differ-
ent signal levels.

. To use different

means of examining
compatibility be-
tween preferences
such as Q-analysis,
or ordinary linear
graphs to circum-
scribe different
circumstances of
observation.

. To transform simplic-

ial complexes into
covers of the same
form as the structure
reflecting the effect
of the backcloth
relation on the
pattern of influences.

. To use techniques

such as Q-analysis to
make differences be-
tween standard and
actual structures
explicit.
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THE STAGES OF THE PLANNING PROCESS

TABLE 1 (CONT.)

PURPOSE

Design. Determina-
tion of all alterna-
natives consistent

with all constraints.

. Regulation

Determination of
the alternate
capacities reflect-
ed in various
numerical indica-
tors attached to
sets of choice.

C. IMPLEMENTATION
OBJECTIVES

To systematically
generate the largest
variety of land use
activities to be sited
in each area of the
neighborhood without
violating any
standards.

To determine the
optimal assignment
of capacities

(eg. parking areas)
to a structure.
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ACTIVITIES

Use a combinatorial
design technique in
conjunction with the
algorithm for analy-
sis of interconnect-
ed decision areas.
(A.I.D.A.)

Use Tinear
programming.
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7. The Plan

The plan is usually a document which attempts to impose order upon
the changes occurring spontaneously in the urban environment. It does
this by specifying a particular configuration of objectives together with
action sequences leading to their attainment. The plan reduces uncer-
tainty as to how its objectives are to be achieved by social action.

The study will elaborate the obvious capability of a mathematical
order to express the elementary characteristics of a plan in terms of
urban land use structures using combinatorial and ordering techniques.

Specifically the following characteristics of a plan will be dealt
with mathematically:

a. The goal(s) of a plan are described by the concept of a lfmiting
independent configuration of maximal elements of the ordering
using the compatibility relations contained naturally in urban
structures.

b. An objective is a maximal element of the urban structure under
study.

c. The elements of action in the plan are the changes to the sets
describing existing urban structure for which specific formal
operations will be defined.

d. Development concerns action which changes the content of the
sets themselves; growth concerns some change in the quantity of
the elements of the sets without qualitatively changing their
contents.

e. Orderly development describes any tendency of changes in the
sets towards their maximal elements, such that each area is

consistent with at least one standard.
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f. Uncertainty describes the range of possible chains of sets
representing possible sequences of development consistent with
orderly development; or the uncertainty under a given standard
of behavior as to which of its subsets will be found to occur.
g. Using the idea of standards of behavior, different strategies
for development can be dealt with by mathematical explanation.
As the study elaborates the principle of orderly development in the
following chapters, its close relation to the concept of statistical
entropy used in communications theory or in physical thermodynamics will
be evident. Consequently, the concepts of strategic planning will

closely resemble some of the concepts used to describe physical process.
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III. The Value of Structural Analysis in Planning

1. The Limitations of Planning

Although considerable debate is found in the planning Titerature
concerning the shortfalls and Timitations of rational analysis for the
study of urban phenomena, and indeed any area concerned with human
psychology, it is less common to find a careful examination of the
limitations of contemporary planning in dealing with these phenomena.
The mathematician can rightly claim that within the jurisdiction of
their professional interest they have thoroughly explored the limits and
nature of mathematical processes; in contrast the planner finds it diffi-
cult to formulate a definition of the city, let alone the interesting
processes which occur therein. One of the major concerns which preceded
this study was the feeling that urban planning could not define its own
area of interest and its intrinsic limitations. In such conditions
actions that subordinate the general interest to that of particular
privileged groups can flourish undetected.

The current methods of city planning are essentially intuitive and
eclectic in nature, and are perceived to have the following major defic-
jencies that are essentially attributable to inadequate investigation
of the grounds of planning.

a. An inability to discriminate which problems are soluble. The

existence of such criteria would conserve effort currently
wasted on problems whose solution is socially desirable, but

which are not soluble within existing technical means.
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A lack of consensus on the significant aspects of urban process;
and hence an inability to distinguish urban problems from those
which merely occur in the city, and are the proper concern of
other professions. Therefore planners often fail to grasp the
social mandate which 1imits their scope of action.
The lack of consensus upon acceptable methods of analysis
preventing the development of abstract concepts necessary to
a general urban theory that would grasp the essentials of
urban behavior.
Lack of interest in the philosophical investigation of many
planning concepts leads to the continued presence of undetected
fallacies in planning thought.
The lack of formal methods making planning difficult to teach.
Present methods rely upon exposure and example.
Current intuitive methods of determining alternative courses
of action are capable of resolving no more than a small portion
of the total range of possible alternatives. Consensus upon
solutions is difficult to achieve when so many unsurveyed
possibilities exist as counter-examples.
Lack of standardization in the planning process and in plans
makes direct experimental confirmation of theory difficult.
Consequently experimental data, often obtained at great expense,
cannot be generalized to other situations.
Lack of objectivity in the planning process makes it difficult
to survey the steps by which the decision-maker arrived at a

particular decision. Consequently decision-makers are not
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accountable to the public and many ulterior transactions escape
the notice of those most greatly affected.

j. Current planning cannot take individual preference systems into
account in deriving the global standards to be imposed on the
neighborhood as a whole. Therefore such concepts as participa-
tive planning have no operative meaning, to the detriment of
individual welfare.

The structural approach to planning can rectify these deficiencies.

2. The Potential of Mathematics in Planning

The problems of the planning process and the problems that are
found in the planning process must be distinguished. Probiems of the
planning process are to be dealt with in the epistemology of the planning
process. Particular problems in planning will be resolved by the use of
mathematical processes which transform representations of individual
preference systems into global standards of behavior useful for regula-
tion and design.

The fundamental epistemological requirement to rationalize the
planning process is to assume the rationality of individual behavior;
notwithstanding that the nature of this rationality may not be well
understood.12 In this way the construction of a formal planning process
is firmly grounded in individual behavior, as it is not in current
planning theory. By constructing the global standards of behavior from

individual systems of preference it is certain that the latter bear some

12Rene Thom, Structural Stability and Morphogenesis, pp. 151-152.
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relation to actual behavior in contrast to many goals of current planning.
In the present approach we are interested in the detection of structur-
ally stable institutidns of the land use in urban neighborhoods. Their
functions must be explained by the models constructed from the various
systems of preference introduced into the urban neighborhood by the
residents. The fact that one may not understand the underlying psychology
that gives rise to these preference systems will not prevent their des-
cription in a suitable form for inclusion in the planning process.

Some insight into the ability of the structural approach to provide
new concepts to urban planning by introducing structural considerations
may be obtained by examining the development of geometry. Two millennia
ago geometry was a special case of the forms which were found in nature;
ordinary space dominated geometry. In our era geometry dominates
ordinary space in the sense that the forms which actually exist are a
special case of geometry. Modern geometry provides a framework of con-
cepts upon which objects can find their proper place with their inter-
relationships readily appreciated. Geometry is thus able to suggest new
forms of relationship which have a possible place in reality, although
they have not yet been experienced. Much of modern physics is a search
for empirical confirmation of such forms suggested by structural
considerations. The algebraicization of geometry played a strategic
role in this deve1opment.13

Using a similar approach various urban institutions can be conceived
as structurally stable forms of behavior because they are consistent to

some degree which is sufficient to encompass the underlying preference

13w. Ross Ashby, An Introduction to Cybernetics (London: Meuthen
and Co., 1968), pp. 1-2.
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system of the participants in the institution. The use of structural

concepts will introduce a quality of urban intuition in the capability

to suggest the possible existence of new modes of organization under

circumstances not yet experienced by the urban planner.

The planning process promoted in this study has the following

general characteristics which redress the deficiencies of planning

previously noted.

a.

It provides a standard of behavior for the conduct of planning
representative of a consensus of the participants.

It is concerned only with rational and describable urban
phenomena and directs research into problems that can be
solved by current means.

Its form of reasoning is objectively surveyable and effectively
determines the outcome of the decision process.

It is systematic and grounded in the facts with its acceptable
modes of analysis consistent with epistemological criteria.

It is usually self-conscious and constantly re-examines its
basis of description for the validity of implicit assumptions

and entailed decisions that it contains.



CHAPTER TWO

PREPLANNING: THE FUNCTIONAL DESCRIPTION OF URBAN NEIGHBORHOODS

I. The Functional Description of an Urban Neighborhood

1. The Concept of Functional Description

a. The Role of an Observational System in Planning

Preplanning is the initial phase of the planning process; concerned
with the functional description of processes occurring in an urban
neighborhood, and subject to the requirement that these descriptions be
suitable for the functional explanation and the implementation phases
of planning.

Modern system theory holds that any system of description is
arbitrary, but recognizes that some systems are better than others for
specific purposes. Preplanning must contain criteria that will determine
the best possible functional description under any specific circumstances
of observation. Such criteria ground the explanations of urban behavior
in what can be described by available instruments and the prevailing
group concepts. The conceptual basis for description will be determined
by 6bservationa1 criteria which highlight particular aspects of observa-
tion as describable. Epistemologically it is insignificant that all
aspects of behavior cannot be described by the criteria, but it is vital
that criteria exist to permit some aspects to be described. Moreover,
while it is necessary that the elements of the observational basis be

36
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describable, it is not necessary that they be capable of explanation.
Explanations are to be constructed from the elements of the basis set.

More elaboration of the underlying concepts of an observational

system can be found in Eugene Wigner's Introduction to General Systems

Thinking,1 R. H. Atkin's essay, "The Cohomology of Physics" in Quantum

Theory and Beyond (in addition to his papers on Q-analysis), Sir Bertrand

Russel's essay, "The Relation of Sense Data to Physics" found in A Free

Man's Worship, and Herbert Simon's functional design concept contained

in the Sciences of the Artificial.z

The concept of an observational system provides a device to impose
an order on his raw perceptions, which is consistent with his own exper-
jence, and further must conform to the inescapable 1imits of observa-
tional and cognitive ability of any observer belonging to the Tlarger
scientific community. The order which is imposed by this system on the
raw perception of events in an urban neighborhood is undeniably related
to the objectives of planning.

Specifically the observational structure facilitates the preparation
of a good plan that can minimize the costs incurred by normal decision-
making in the following ways:

a. The observational structure provides a complete framework of

description to simplify problems, derived from a shared protocol

1Eugene Wigner, An Introduction to General Systems Thinking,
(New York: Wiley, 1976), pp. 87-94.

2The specific references to the works cited above are as follows:
R. H. Atkin, "Cohomology in Physics," Quantum Theory and Beyond,
(Cambridge: University Press, 1971), pp. 205-210; Sir Bertrand Russel,
"The Relation of Sense Data to Physics," A Free Man's Worship, (London:
Unwin Books, 1976) pp. 140-157; and Herbert Simon, The Sciences of the
Artificial, (Cambridge: MIT Press, 1971) pp. 6-13.
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of events (events which may possibly be observed), preventing
any surprises from occurring during observations, and thereby
reducing the effort to remember observations.

b. The framework provides the possibility of distinguishing
between the preferences as to what should occur and the
descriptions of what did occur or is occurring. Preferences
and actual events are distinct types of data, and for each
suitable concepts may be generalized using their ordering
among themselves (as to consistency). Clearly significance
should be attached to observed structures that are consistent
with concepts derived from preferences.

c. The framework as a whole permits independent concepts and
observational structures to find their own place, but the forms
of relationship between them may be readily appraised to reduce
transfer and opportunity costs.

d. Soluble problems may be distinguished from the insoluble

situations.

b. Elements of the Epistemology of an Observational System

The essential features of any observational system evolve from the
epistemological concepts discussed by Russel. Russel asserts that every
individual Tives in a private world containing all the different percep-
tions of the world accessible to the observer. The notion of "the place
at which a perception is" must be construed as a place in the private
perspective of an individual. In addition to the private spaces of
every individual there is an overall space of perspectives in which every

such space constitutes a single point. These private spaces must be
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ordered into a single space by means of testimony between individuals.
Hence the concept of "the place from which a thing is observed" is also
jmportant. (Although no two spaces contain the'same perceptions, it is
clear that perceptions pertaining to the same object must have features
in common to which definite representation is given by means of a
protocol set.) The sets representing the common features of different
individuals' experience obviously approximate the nebulous classes of
experience found in the distinct spaces. Particular attention will be
paid to the criteria making these sets definite.

The elements of a set describing a perception represent those
aspects of experience called to attention by an observer made definite
by the observational criteria. Although a perception is a form of
experience, not every form of experience is a perception. Experience
must be a cover set to generalize individual perception to the case
where perception at different instances, different circumstances, or
even those taken from the testimony of other observers may be considered.
The concept of experience emphasizes the requirement to consider the
social mechanisms that compose the experience of a whole group from that
of its membership. While the experiences of different individuals are
independent, when two or more are considered together they can no longer
be arbitrary. The constraint is determined by the communications pro-
cesses in the group and by its "pecking order.”

The constraint is governed by the traditional assertion that
physical factors cénnot determine social relations; and conversely,
social relations cannot determine the physical. The problem is to find

an area of matching between the social and physical aspects to determine
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the choice at each instance of the neighborhood. Intrinsically, those
qualities matching two independent aspects of the structure are called
phase. If we are to view planning as the process of mediating conflict,
then a knowledge of the representation of such social mechanisms 1is
germane to the process of mediation. Modern mathematics studies the
concept of connections which one may think of as the study of how a
perspective of "the place at which a thing" is changes as the place from
which it is viewed alters. This is the basis of the modern physical
concept of field, but it would seem to be a concept equally applicable
in city planning.

An urban field is generated by the mutual interaction of a
configuration of groups or individuals, each of which have their own
systems of preference, and as a whole accept some global standard of
behavior. This global standard in turn acts to constrain individual
behavior. If a system is to be a stable organization, then in some
sense the global form must match the individual's preference. Stability
assumes the consent of the governed to abide by standards imposed from

above.

c. The Basic Requirements of an Observational System

To elaborate the mathematical concept, consider an inner environment
defined by a space of functional social relations, and an outer environ-
ment describing different patterns of actual behavior. The images that
these environments cast upon each other constitute their functional
description. Where a suitable match between these images occurs, a

stable barrier then exists to govern the transmission of signals between
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the inner and outer environment. The notion of phase is relevant to
this barrier. Essentially the problem is to cast the physical patterns
into a form comparable to the functional standards of behavior for every
different set of circumstances in the neighborhood and to find the
largest sets of choice compatible with all the constraints found in the
whole neighborhood.

The simplicial complex can be used, much as a co-ordinate system is
used, to map the observations which are the image of some particular
elements of the set on which obéervations are resolved. The observations
are assumed to be made in terms of definite sets, and particular observa-
tional criteria are required to establish a general consensus on what is
to be observed. (This effectively limits the observational capability of
the protocol and makes functional description heavily dependent upon
observational data).

The effect of the phase property governing the changes in urban
structures as it extends through the system or through time will be
jllustrated in terms of the siting problem. This chapter will specific=
ally consider the following topics:

a. Use of Delphi techniques to determine the empirical input to

preplanning;

b. Use of hard data for the description of the circumstances in

a backcloth;

c. The introduction of standards of behavior; and

d. Interpretation of the mathematical representation of a

neighborhood.

e. The siting problem as an example of a phase structure.



2. Global Structure and the Hierarchy of Cover Sets

The complex barrier that exists in an urban néighborhood can be
intuitively decomposed into a set of signal relations, each of which
leads to an analyzable set of simplicial complexes having an internal
order discriminating standards of behavior for urban structure apparent
at that signal level. An imposed external order represents the effect
of the backcloth relations upon the structure as it extends through the
system and through time.

While the signal images have among themselves a sense of being
important which determines their order, the singleton sets of the back-
cloth on which they are resolved have no such necessary order. The
composition of sets to reflect changes of viewpoint will be accomplished
by using a calculus of simplicial complexes to form the union and inter-
section of whole relations; thereby studying the effect upon the available
choice after a certain sequence of development. The imposed order
represents social constraints in the backcloth. The general structure
of a barrier will require elaboration of the concepts of phase, signal
level, and connection before complete justice is given to the treatment
of the complex signals in an urban neighborhood.

Obviously consideréb]e, though straightforward, work must be done
to make certain this calculus of complexes carries through the sense of
orderliness from the Tower level, and reflects the impact upon the extent
to which activities can be sited in pieces of urban land. This of course

is the implication behind Atkin's assertion that planning will study

hierarchial arrangements of cover sets with the significance of a set at

one level intuitively appreciated at the next higher or lower Teve1.3

3R. H. Atkin, Mathematical Structure in Human Affairs, (Hieneman
Educational Books, 1975), p. 118.
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3. The Nature of Urban Land Use Phenomena

Any science is concerned with certain phenomena and has the
capability to recognize whether a given set of observations lay within
its area of interest or not.4 This is not to imply that an all-inclusive
definition can specify, in every instance, the precise nature of subject
phenomena; since the further clarification and extension of definition
is a very active area of research in a science.5 Nevertheless, it is
usually possible to point out certain observations as being part of the
central concern of a science.

Criteria, often implicitly assumed by researchers, are used to test
specific circumstances for relevance to urban planning as they are

encountered in observations. For example, to be considered a physical

process, observations must conform to at least the laws of thermodynamics.

Notwithstanding that current planning cannot claim to understand
urban behavior to this formal extent, it is possible to specify the form
which such general criteria would take in a Tand use study.

There are three criteria generally used to establish the existence
of significant observations in any area. These are public observability,
repeatability, and persistence. Public observability is the requirement
that a consensus of Land Use Planners recognize the phenomena as being
essentially urban in nature; repeatability is one of the conditions
necessary for such a consensus since it requires that the phenomena to

happen often enough to be observed by a consensus of Planners.

4C. F. Von weizéﬁcker, "The Unity of Physics," essay contained in
Quantum Theory and Beyond, (Cambridge: University Press, 1971), p. 229.

5

Ibid, p. 229.
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Persistence requires that when it happens, it lasts long enough to
register using the current empirical means of land use planning.
Phenomena are usually recognized by their effect upon the environment
and therefore functional descriptions are the norm. Since the most
general characteristic of an urban function is the variety of choice,
of services and of activities available to the resident of the city; it
seems appropriate to recognize the significant characteristics of urban
phenomena as being functionally identified with the variety of choices
available to an urban resident.

This focus upon the choice available is in keeping with the spirit
of the modern mathematical concept of information; discounting the
importance of the actual nature of activities except that they must occur
in urban land, but emphasizing ﬁhe extent of choice available to residents
on the land.

Recognition of urban phenomena can change over time as the toler-
ances determined by empirical means of observation are refined. The
tolerance criteria structure observations into the categories - urban or
non-urban - and place emphasis upon the distinct urban-1ike choices which
are the most common and the most Tong-lasting relative to existing
instrumentation. In Atkin's terms, they define the scale which is to
be incorporated in a set of observations.6 The set of observations con-
sidered to be urban, and also significant in any problem,is to be denoted

the observational protocol. By means of the protocol it is possible to

6R. H. Atkin, "The Cohomology of Observations," essay contained in
Quantum Theory and Beyond, p. 193.
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study the general forms which functionally describe urban phenomena such

as land using mathematical structure.

4, The Relation of Sets to Urban Phenomena

The mathematical set is a concept which denotes any collection of
objects having any properties at all. It is the fundamental unit of
mathematical structure, which is to be correlated initially with individ-
ual perceptions and with composite experiences.

The logical interpretation of sets allows their elements to
represent equally well, either actual information or abstract properties.
Sets providing a common medium for the representation of choice are a
basis in terms of which both logical properties and actual information
can be compared to establish an epistemic correlation between concepts
and actual behavior.7

Sets and patterns of subsets can represent patterns of -
information according to the following definitions:

a. Definition

If S is a set of objects of any kind, then every conceivable
property, which some of these objects may have and others not,
can be fully characterized by specifying the subset of S whose
elements have this property; therefore if two properties
correspond in this sense to the same set, they are Togically

equivalent.

7Sir Bertrand Russel, "The Relation Between Sense Data and Physics,"”
essay contained in a Free Man's Worship, (London: Unwin Books, 1976),
pp. 140-144. Russell outlines here the requirements of an epistemology
that rigorously organizes concepts in one's actual experience. The use
of sets provides a medium for correlating one's preferences with what
actually exists.
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b. Definition

Instead of correlating the subsets of S to properties of
elements, we may equally well correlate them with all possible
bodies of information concerning an otherwise undetermined
element of S. Any such information asserts that this unknown
element has a certain speéified property.

Observe that in particular, logical disjunction of sets corresponds
to their sum or union, conjunction to intersection, and negation to the
complementation of a set. The empty set corresponds to absurd information, -
while subsets represent actual information.

Sets can represent equally well the hard data that may be obtained,
for example by counting urban residents; or the preferences that are
desired in an urban area. Dealing with the subset structure will permit
one to order these preferences, arrange for them to dominate actual
behavior in an urban neighborhood in a specific area, and thus correlate
the patterns of choice with areas of urban land. The mutual relationships
between land areas determine acceptable patterns of land use influences
among the areas.

When patterns of choice are correlated with pieces of urban land,
rational urban land use can be defined. Some concepts, essentially
preferences, can be defined in theory but are found to describe no
choices that actually exist; similarly some actual configurations of
urban choice conform to no standards. An orderly approach to planning
seeks to eliminate non-conforming choices, and reduce the conflict be-

tween different standards.
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5. Detection of Relations in Urban Experience

In empirical planning the basic instrument is the ability of an
individual to determine the structure of his perceptions and experience.
This instrument is greatly facilitated by means of the Delphi techniques
which have been developed in social sciences in recent years. Mathemati-
cal analysis makes available the ability to bring to explicit awareness
the maximum amount of information that was implicitly known to the Delphi
participants. Consequently the validity of the conclusions about
phenomena depends upon the familiarity of those who initially define
the problem for subsequent mathematical analysis.

The study must therefore touch briefly upon the ability of the Delphi
methods to define significant sets and relations for analysis before
discussing the presentation of Delphi information.

Definition

A Delphi technique has the objective of facilitating the effort
of an individual to impose the maximum degree of structure upon

his individual experience, by providing a common protocol in terms

of which he can describe his experience for comparison to that of

other individuals, and which may then be transformed into suitable
expressions of the group's experience.8

The Delphi is a structured methodology that limits the group's
interest to possible observations using the observational protocol to

focus upon some area of human experience. Individuals express their

8Thomas F. Saarinen, Environmental Planning: Perception and
Behavior, (Atlanta: Houghton Mifflin and Company, 1976), p. 110. The
definition extends Saarinen's discussion of structuring individual
experience to the terms which seem to represent the function of the
Delphi in preplanning.
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experience in terms of relations between elements of the protocol, which
are "summed up" into new sets expressing a consensus as to the total
group experience.

It is difficult to see how the Delphi could be regarded otherwise
than the means by which a consensus is derived from individual experience
concerning the scale relations defining significant sets of observations
that incorporate criteria such as those discussed in the last section.
Some insight in this area can be obtained from the material discussed by
Russel in the reference at footnote4.

The Delphi is capable of providing the soft data describing
individual preference systems which is necessary in addition to actual
observations for solving land use problems. Thus, one of the most popular
techniques in city planning is the goals-means evaluation matrix.9 The
technique attempts to establish the relation between goals and concrete

means of attaining them.

6. The Study Design: Representation Using Delphi

In this section a study design is described which is representative
of the outcome of a Delphi exercise undertaken to define an urban land
use structure. The form of the product of such an exercise is illustrated
to provide a basis to study further the mathematical analysis that is
possible.

Note that the study design must contain both hard and soft data.

Hard data for urban structures consists of sets determined by signal

9Morris Hi1l, "The Goals Achievement Matrix for Evaluating Alternative
plans:, JAIP, (1968), pp. 19-29.
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relations which define the choice associated with urban land, while soft
data is concerned with structures that describe a resident's preferred
1imitation upon choices correlated with zones covering urban land.

The term backcloth has been used, and will be extensively used, to
describe any structure representing the circumstances of observations.

A backcloth can be understood as providing a basis which resolves the
significant parts of observations (the streets) to focus on their
particular differences (their associated choice) between them. Pictur-
esquely, the backcloth acts like colored spectacles to vary the parts

of a color pattern emphasized or melting into the background as the
viewpoint is changed. This term is entirely relative to the context of
its use: thus the study will speak of the backcloth of streets on which
urban land use activities are discussed; but this framework as a whole
is a backcloth for the discussion of urban standards shall govern
activity in the whole neighborhood.

The analysis is focused on a specific area of Winnipeg, a portion
of the Fort Rouge Community surrounding Osborne Street, that is shown on
the map at Figure 2.

As shown in Figure 3, the map was reduced to a backcloth structure
of streets defining what this study holds to be the significant areas
of urban land on which activity occurs. In any study the extensive
formal (legal) institution of land ownership ensures that there is no
difficulty defining a backcloth of urban land areas. The relation of
adjacency was used to define the relation between backcloth areas shown
in Table 2. 1In fact this simple relation is necessary to introduce the

jdea of influences between urban land that ultimately gives rise to the
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BACKCLOTH OF STREETS

Note: Because the analysis program was limited to a maximum of 50 vertices,
the backcloth used in this study provides a very limited representation of the
total relationship between the streets actually existing in the study area. This

limitation can easily be removed by more efficient computer programming.
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whole problem of conflicting land uses.10 In this study the adjacency
relation on the backcloth of streets represents accessibility, and
determines the propagation of the influence of activities through the
neighborhood. To provide a basis for defining levels of the access-
ibility signals, the idea of adjacency was extended to n-adjacency on
the graph of the backcloth relation. The relation of n-adjacency incor-
porates the basis of the jdea of signal levels, determining the possible
extent of influence between backcloth areas, that propagate along the
paths contained in the backcloth. Note that this in no way presupposes
what influences shall be found to propagate, only that they shall be
necessarily graded by their influence at the different levels. The
signal levels of a backcloth can be efficiently computed by the methods
noted in reference11 using only the adjacency relation initially defined.
The representation of a portion of the whole weighted relation shown in
Table 3 should be typical of any backcloth signal level relation deter-
mined for a study design. Signal levels will always be represented by
a weighted incidence matrix. The accessibility signal property, whether
expressing transit time or distance between pairs of areas, is a funda-
mental feature of any study design.

The observational protocol is the set denoting urban land use

activities that may occur in urban areas. The protocol for this simple

10Refer to the example of the problem of fee simple land ownership
discussed in Chapter One for background to the problems of distribution.

11A. T. Berztiss, Data Structures: Theory and Practice, (New York:
Academic Press, 1975), pp. 263-279. Also see M. Sakarovitch, "The
k-Shortest Paths in a Graph," Transportation Research Quarterly 2, (1968),
pp. 1-11. Both authors provide particularly useful aTgorithms that can
be programmed to determine the weighted relation representing the signal
relation given any backcloth relation.
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urban functional space was defined, forestalling the need for any Delphi,
by 1isting those activities actually occurring in the study area as
contained in Henderson's City Directory for 1967 and 1976. The resulting
protocol is listed in Table 4. Various sub-protocols reflecting a crude
breakdown of activities into major urban functions are also distinguished
in Table 4.

For completeness the illustration of a study design will introduce
some concepts, necessarily determined in any study at this stage, which
will not be explained until the discussion of the simplicial complex.

The relation of the protocol to the backcloth of urban Tand is funda-
mentally important. The basic relation used is the incidence of activi-
ties from the protocol onto urban land areas. This concept is illustrated
by Table 6 and Figure 5 contained in this chapter. To determine the
patterns of influence present in each area as a result of the siting of
activities for each accessibility level, multiply the incidence matrix

of the complex KL(A) times the incidence matrix KL(L,R,n) for each Tevel
n. Table 5 shows an example of the simplex which would be found in such

a composite complex.

While Table 5 is concerned with the effect of the siting of
activities, the study is also concerned with the relations between
activities themselves independent of what the backcloth relation actually
produces. The determination of standards of behavior is a function of
analysis to be carried on in the planning stage, but the preferences and
theories about the desirable relations between activities to be used as
a basis for planning must be determined in the preplanning design of the

study.
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Presumably, each individual will provide for each signal relation,
a relation with an incidence matrix Tike that in Figure 4 below. Assuming
jdeas like co-operation or competition between activities, land use com-
patibility relations can be determined and later composed into standards
like those shown in Table 4. Thus, the initial preference systems are a
relation RCAXA between activities, but the standards are a relation

RZCFXA where F denotes a functional zone such as residential, commercial,

or the Tike.
Figure 4
Example of a Preference Relation
Individual A Signal Relation: Compatibility between activities
based on desirable maximum separation.

Activity Set = (A;,A,5A A Ac LA ) Accessibility levels

1°72°73°74>°5°76 n=0ton=5

A A A A A A Note - O obviously denotes
1 2 3 4 5 6 activities that must
A1 0 2 5 0 4 1 be co-located
A2 2 0 3 0 1 3
A3 5 3 0 2 4 > Note - the matrix is
A4 0 0 2 0 1 obviously
symmetrical in

A5 4 1 4 1 0 1 nature.
A6 1 3 5 0 1 0

There is a gap in what must actually be accomplished in a study
design: ie. the discussion of the hierarchial arrangement of sets of
data that reflect levels of concern in the study. For example, the
planner is concerned with individuals, buildings, streets, neighborhoods,

districts, communities and then whole cities each having its
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characteristic structures and signals that must somehow mesh as a whole.
Atkin discusses the hierarchial arrangements at great length in the

Titerature of Q—ana]ysis.12

12R. H. Atkin, "A Approach to Structure in Architectural and Urban
Design: Illustrative Examples," Environment and Planning B 2, (1975),
pp. 21-57.
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*
ADJACENCY STRUCTURE IN THE BACKCLOTH

(L2, L5, L6)
(L1, L2, L3, L5, L6)
(L2, L3, L4, L23)

- TABLE 2

, L4, L5, L8, L15, L23)

, L2, L4, L5, L6,
, L2, L5, L6, L7)
, L7, L8, L9)

» L5, L7, L8, L9,

L8, L15)

L15)

, L8, L9, L12, L16)
, L10, L11, L12, L13)

10 L11, L13, L14,

L28, L29)

L9, L10, L12, L15, L16, L22)

10, LI11, L13, L16,
L11, L14, L17, L18,

L17, L22, L43)
L26, L28, L29)

L4, L5, L8, L12, L15, L16, L22)

L13, L14, L16, L17,
L14, L17, L18, L19,
L8, L19, L20, L21,
L13, L16, L17, L19,
L19, L20, L21, L22,
L12, L15, L16, L21,

L17, L20, L22)
L18, L20, L26)
L24, L26)

L24)

L20, L21)

L23)

L22, L23)

L3, L4, L21, L22, L23)

l—

, L19, L24, L25,
L24, L25, L26, L27,
L14, L17, L18, L22,
L25, L26, L27, L28,
, L14, L27, L28,

(L3
(L1
(L1
(L6
(L4
(L7
(L9
(L
(
(L
(
(
(L12, L13, L15, L16,
(
(
(
(
(
(
(
(L1
(
(
(L2
(L1
(Lll, L14, L28, L29,

L36)

L32, L33, L34, L36)
L23, L25, L26, L27)
L30, L31, L32, L33)
L29, L30)

L30)
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TABLE 2 (Con't)

130 = (L11, L14, L27, L28, L29, L30, L31)

131 = (L27, L28, L30, L31, L32, L33, L34, L35, L37, L38)
L32 = (L25, L26, L27, L28, L31, L32, L33, L35, L38)

L33 = (L3, L4, L23, L33, L41)

L34 = (L25, L33, L34, L35, L37)

L35 = (L21, L22, L25, L27, L28, L31, L32, L34, L35, L36, L37, L38)
L36 = (L24, L25, L35, L36)

L37 = (L31, L32, L34, L35, L37, L38)

L38 = (L31, L32, L35, L37, L38)

L39 = (L2, L3, L20, L39, L41)

L40 = (L38, L39)

L41 = (L33, L41, L45)

L42 = (L29, L30, L42, L48, L49)

143 = (L13, Ll16, L17, L19, L21, L43)

L44 = (L44, L46, L47, L49)

L45 = (L21, L22, L23, L41, L45)

L46 = (L7, L8, L9, L44, L46)

L47 = (L9, L10, L44, L47, L49)

L48 = (L10, L11, L42, L48, L49)

L49 = (L42, L44, L47, L48, L49)

Note 1. The adjacency between designated areas of land (eg. Ll’ L2, etc.)
is shown in structure form. L, = (L2, L5, L6) means that areas

L2, L5, L6 are each adjacent to Ll'
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TABLE 3

EXTENSION OF SERVICE AREAS (n =1 to n = 3)

The following table shows the extension of the service areas through
the study area for the representative set of sites (Li, i = 1, 10 with
the accessibility relation determined by the adjacencies of areas shown
in Table 2. The notation Li = (...., Lnj...) indicates that Lj is first

accessible to Li along some path at level n (accessible in n steps or less).

121, L2, 123, 1%, U5, L, L%7, L8, 39, 1315, 1323)

2 = (b, Ll2, L3, L%, LS, Lle, 177, L7B, 39, 1315, 1321, L322,

L223)

L1

3 = (L2, Uiz, L, e, 135, L%, LY, 12, 139, 1312, 1315, L%16,

1318, 1319, 1320, L221, Ll23)
o= (12, 122, LY, Lla, LTS, L, LT, s, L%, 1310, L212, 13,
s, 1216, 1317, B8, L9, L320, U221, L1222, 1L123)

s o= (Ll Lle, 123, e, LS, L, L2, LS, 129, 1312, L115, L1,

1301, 1322, 1323)

6 = (Ll L2, 1%, 1%, s, L, LYy, L8, 129, 1312, 316, L3,

L315)

7 = (121, (%2, 153, L2, 1%, LY, L7, LS, Lo, 310, 212, 13,
%15, 1216, 1317, U320, L322, 1323)

s = (21, 122, 123, L, 15, 1%, L7, s, Lo, 1311, L2, L,
Uis, 1216, 1519, 1320, L221, L%22)

o = (121, 132, (33, L%, 155, L%, L1, g, 1Yo, %10, 311, Lhiz,

(213, 1314, 1215, Li1s, 217, 1318, LO19, 1250, 1321, 1222, L1323,

1207, 1228, 1%43)

3, L35, 1%, 127, L%, L9, L110, i, e, Lhs, Las, LAts,
I SO TR
L
2

1

L10
16, L27, L8, 1319, 1220, 1321, 1222, U723, 304, 1327, %28,
1209, 1230, 1331, L%3)
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TABLE 4
COVER SETS FOR URBAN ACTIVITIES IN THE FORT ROUGE AREA
AND ASSIGNMENT TO ZONE STANDARDS

1. Cover Al - Residential Activities Zone Assignment Structure*
a. High rise apartment (R4, €3, C2)
b. Walk-up apartment (R3, R4, C1, C2, C3, M1)
c. Multiple family dwelling (R2, R3, R4, C1, C2, C3, M)
d. Single family dwelling (R1, R2, R3, R4, C1, C2, C3, M)

e. Residence over commercial

activity (R3, C2)
£. Vacant lot (1) *(See note

at end of table) (ALL ZONES)
g. Vacant lot (2) * (ALL ZONES)

2. Cover A2 - Local Commercial Activity

a. Gas station (c2, C3, M1, M2)
b. Grocery (c1, C2, M1, M2)
c. Drugstore ( " )
d. Restaurant/Lunch ( " )
e. Laundromat/laundry service ( " )
f. Delicatessen (c3, C2, M1, M2)

Note: The table indicates the different zones with which the activity

is considered to be consistent.



TABLE 4 (Con't)

Cover A3 - District Commercial Activity

Zone Assignment Structure

a. Supermarket (C3, C2, M1, M2)
b. Fruit dealer ( " )
c. Magazine/Tobacco ( " )
d. Florist ( " )
e. Dry Cleaner ( " )
f. Hotel (C3, R3, R4, C2, M1, M2)
g. Billiard parlor (€3, C2, M1, M2)
h. Shoe repair ( . )
i. Tailor/Seamstress (C3, C2, M1, M2)
j. Liquor Control/beer retail ( " )
k. Car wash (c3, c2, M1, M2)
1. Ice cream parlor ( " )
Cover A4 - Regional Retail
a. Fashion shop (c3, c2, M1, M2)
b. Furnishing/upholstery repair

and retail ( " )
c. Retail distributors -

various goods ( " )
d. Surgical/Optical supply ( " )
e. Pet store ( " )
f. Electronic/stereo/music store ( " )
g. Car Sales ( " )



TABLE 4 (Con't)

Cover A4 - Regional Retail (Con't)

Zone Assignment Structure

h. Furriers (c3, C2, M1, M2)
i. Taxi office

j. Printing/stationery
k. Wine store

1. Textiles

m. Photo studio

n. Auto part retail

o. Art gallery/retail
p. Wig store/specialty
q. Special boutiques
r. Book store

s. Antique store

t. Musical instruments

)

)

)

)

)

)

" )

)

)

)

)

)

u. Health food )
)

(
(
(
(
(
(
(
( y
(
(
(
(
(
(

v. Hobby store

Cover A5 - Light Industrial Service and Manufacturing

a. Equipment rentals (M1, M2)
b. Foundry (M2)
c. Pipe distributors (M1, M2)

d. Light manufacture and
distribution ( ")

e. Plumbing/Heating (M1, M2)



TABLE 4 (Con't)

Cover A5 - Light Industrial Service and
Manufacturing - Con't

f. Electrical supply/service

g. Safety supply

h. Industrial supply and service
i. Paint supply and service

Jj. Contractors - general and
special

k. Engineering Consultants
1. Building supply
m. Welding

n. Architectural consultant

63

Zone Assignment Structure

(
(
(
(

M1, M2)
c2, C3,

M2, M2)

c2, C2,

(
(
(M1, M2)
(
(

)

c2, C3,

6. Cover A6 - Personal and Government Service

a. Dentist

b. Doctor/Medical clinic

c. Barber |

d. Hairdresser

e. Rehabilitation center - various
f. Manitoba hydro - facility

g. Bank/Trust company

h. School

Jj. Interior design

k. Firehall - engine company

1. Real estate agent

R
C
R
C
R

C

(
(
(
(
(
(R
(
(
(
(R
(

C

3,
1,
3,
1,
1,
L,
2,
1,
2,

c2,

c2,

cz,
R2,
c2,
R2,
c3,
R2,
C3,

C3)

c3,

C3)
R3,
C3,
R3)

R3,
M1,

c2, C3, M1, M2)

)

M2)

C1, C2, C3, M1, M2)
M1, M2)

Ccl, C2, C3, M1, M2)
M2)



TABLE 4 (Con't)

Cover A6 - Personal and Government
Service - Con't

m. Insurance agent

n. Post office

0. Accounting/Advertising service
p. Federal building

q. Consulate

r. Hospital

s. Elderly housing

t. Parking Tot

w. Rental agents/Management
services
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Zone Assignment Structure

(c2,
(c1,
(c2,
(
(c2,
(R2,
(R2,
(

(R1,

€3, M1, M2)

cz2, €3, Mi,

€3, M1, M2)

C3)
c2,
R3,

R2,

7. Cover A7 - Cultural/Organization/Institutions/

Recreational

a. Tennis club

b. Associations - various
c. Churches

d. Meeting halls

e. Union affairs

f. Ballet school

g. Park

h. Recreation center

i. Research institute

j. Day school/Nursery

(R1,
(R3
(R1
(R3
(c1
(

b
b4
b
b
3

R3

R2,
c1,
R2,
c1,
c2,
R4)
R2,
R2,
c3)

R3,

€3)
R4,

R3,

R3,
R3,

R4,

)

C1,

C1,

C1,
C3)
R4,
c3,
M1,

R4,
R4)

C1,

M2)
c2, C3)
)
c2)
c2, C3)
c1, €2, C3)
R4)
M2)
€1, C2, C3)
c2)
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TABLE 4 (Con't)

Cover A7 - Cultural/Organization/ Institutions
Recreational - Con't

Zone Assignment Structure

k. Resource center/various (R3, R4, C1, C2, C3)

(3), (4), (5),

1. Vacancy (8),
. (9) (A11)

(6), (7)

Note: Use of numbered vacancies was to distinguish areas having

different numbers of vacant areas.
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TABLE 5

EXTENSION OF ACTIVITY INFLUENCES

Suppose activity Al was located in L1 and L6. Then at each
accessibility level the influence of A is present in both L1 and L7.
The simplex representing the influence of Al would be defined by
Al = (L1, L7). Denote Ai = (..... R Lnj,...) as showing that Lj is first
accessible to Ai along some path at level n. Then for the influence
zones in Table 3 and activity A present as above, the simplex showing
its accessibility for level 0, 1, 2, and 3 is as follows:

a1 = (01, Ll2, 1%, L%, 115, 1%, 117, L8, Llo, 1310, L%12, 1313

215, 1216, 1317, 1320, L322, L323)

It is clear that any such simplex, at each accessibility level, is
formed by the union of the simplexes representing the influence area for

L1 and L7 at that level n. Overall, form the union for the weighted

relation illustrated above by assigning the lowest accessibility index

found in either L1 or L7 to the area related to Al. This relation is

further discussed in section 2.d. following.
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IT. Structuring the Study Design

1. Introduction

a. The Problem

Each individual contributes to planning his own viewpoint of the
urban function as perceived from the area in which he resides, but this
viewpoint is also dependent on external conditions and the influences
from other places in the neighborhood. The structural viewpoint strives
to integrate all of these individual perspectives into a coherent whole
in which the individual preferences, at the place where they are found,
are nowhere violated by other influences in the neighborhood. Thus all
the individual viewpoints are ordered in the various places where they
have an influence: in other words what occurs at one place is determined
by the neighborhood as a whole and every neighborhood influences some
others by virtue of its content.13

These individual isolated viewpoints are ordered into their places
by the backcloth patterns of communications between their areas. By
taking account of the propagation of signals, the points where incom-
patible influences of the standards of different individuals occur can
be identified and then systematically eliminated at their source. By
analyzing the extension of influence through an area, one can determine

which areas benefit from some siting decision, and which suffer by virtue

of their location.

13Sir Bertrand Russel, "The Relation of Sense Data to Physics,"
pp. 152-155.
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The use of individual social preferences requires the existence of
a functional space of social relations that is independent of, but
capable of comparison to, the backcloth. Although physical relations
do not determine the social relations, the social relations cannot
actually exist unless they match some existing patterns. The initial
problem is to identify a structural representation for the data deter-
mined by Delphi techniques in which this mode of analysis occurs. The
preplanning study design as structurally represented by the simplicial
complex fulfills this requirement.

The rationale for functional description and explanation is provided
by system theory. Simon gives a good account of the general nature of
functional descr‘iption/exp]anation.14 Divide the neighborhood into an
internal system that regulates its behavior through some relation to the
external environment. The individual preferences with respect to a set
of distinguishable signal relations acting through the backcloth describe
the internal organization and constitute the barrier in functional des-
criptions of phenomena.

By enriching the complexity of the relations, which in various
degrees represent the penetration of various signals through the barrier,
very subtle aspects of the land use organization of an area can be
revealed. The signals to be discriminated and their individual expres-
sions are given by the preplanning Delphi exercise. Examples of signals
are numerous; ie. accessibility, the retailer's domination of a market
area for some specific product or service, access to recreational

activities, noise or other nuisance effects of land use, and the Tike.

14Herbert Simon, The Sciences of the Artificial, (Cambridge: The
MIT Press, 1971), pp. 6-10.
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The simplexes of the simplicial complex correlate the effect of
signals from the external environment upon individuals belonging to the
domain of observation. Every simplex denoting an area is initially
assumed to be independent, but the extension of the influences caused
by the contents of any simplex propagating through the whole neighborhood
can be studied by using signal levels attached to a backcloth ordering
of the simplices. The resultant simplicial complexes showing the
influences in each area can be ordered relative to each other and to
standards. In the same way development of the neighborhood in time can
be studied. In either case the effect of the whole neighborhood on each
individual is immediately apparent and conflicts can be traced to their
source and eliminated at each level. By correlating areas with influences
on them or alternately the influence they produce on others, the simplic-
jal complex provides a framework for functional description of urban
phenomena.

The barrier concept emphasizes the importance of a Timited number of
signals in the system; to limit the complexity of the problem. The
internal social organization of the neighborhood compiles individual
preferences into standards of behavior according to their relation to
the signal levels.

The study will focus first upon functional description of any
signal relation using the orderliness in the complex to take account of
the stable matching of the internal and external structure regulating
signals.

Generally the concept of orderliness of development and of land

use plan can be identified using only the simplicial complex.
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2. The Urban Sense of Mathematical Relations

a. General

For the urban planner not familiar with the formal properties of a
mathematical relation, a synopsis of the basic elements together with
some excellent references is provided in Annex B. Henceforth the nota-
tion and operations defined in that Annex will be assumed in this study.
It has been established that well-defined relations exist in the urban
land and activities. For each signal relation considered significant
each individual defines a different relation; but before considering
the multiple relations involved in the barrier, the urban structures
described by a single signal should be introduced.

The backcloth relation is taken to describe possible channels of
communication, and signal level indicators must be defined on it for the
effective use of the signal relation. For urban land, accessibility is
one of the most significant; and various techniques can define the
accessibility along a path between each pair of urban land areas.
Distance or transit time are the most common measures, but others are
surely possible for special purposes.

The signal level indicates the extent of the effort required to make
some choice available to a resident of an area. By convention all
choices above the zero level of direct incidence require some effort.

Therefore a pattern of influences must be viewed as a possible choice

requiring some action prior to its full realization as an actual choice,

unlike the 0-level co-incidence of activities with the resident.
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The following are basic types of urban choice situations that are
conveniently represented by the mathematical concept of simplex. There
are other types of basic urban structure reflecting a more coherent
clustering of activities; but first consider the general application of
the following which have sufficient unity to define an urban phenomenon.
By imposing some limitation, either on the content of the choice set or
upon its signal levels, standards are created. Since it is clear that a
standard and an urban phenomenon, the former defined by Delphi and the
latter by observation, are the same type of structure; they can be com-

pared and the standard tested for its dominance of observed phenomena.

b. Types of Relations

Generally in this discussion A = (Ai); j = 1, N denotes a subset of
the urban activity protocol containing N activities, while L = (Lj);
j =1, M denotes a subset of the urban land protocol containing M areas
of land. The types of signal relations (denoted by R (S)) are all of

the following type: R(Sl) c LxL, R(SZ) ¢ LxA, or R(S3) c AxA.

c. Type R(S7) c LxL

A vivid and potent description of the function of a site in a
neighborhood is provided by describing the areas it services (to which
it provides access) in terms of the accessibility relation R(Sl) describ-
ing the whole neighborhood. Thus, Li(n) = (...L..... L ....) where
Li Rn (Sl) Lj for n-adjacency level = n). Obviously the areas of land
in the related set are serviced by the site because they are accessible

along some path in n or less steps. The complex of simplices derived
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from the weighted accessibility relation Rn (see Table 3 for an example
simplex) can be sliced to obtain this description and is used to describe
the function of each site as its influence spreads through a neighborhood
for each level of accessibility. Using this information one can study
the suitability of sites to service a neighborhood as a whole for various

activities. This simplex structure has application to zoning, market

studies, or siting of public facilities. It is certainly one of the most

basic and vivid structures directly interpretable by the structural

analysis.

d. Type R(S2) c LxA

The influence of the whole neighborhood on a given area can be
characterized as concisely as one would wish by a simplex. Using the
convention that the presence of an activity at accessibility level n
implies its presence continues at level n + 1, n+ 2...... N where N is
the maximum level recognized. Thus, Li(N) denotes the influences on area
Li for all accessibility levels to N.

Li(N) = (Lo LAL(K) ...t ) K<N meaning that each Ai(K) cannot be
accessed in less than K steps along some path (not specified), but once
it enters the choice simplex it remains in thereafter. The reader will
realize that this is a very gross characterization of choice since it
highlights the closest instances of activity while ignoring the detailed
structure such as instances of the same activity or the path used to
access the activity. This structure is basic in monitoring the develop-
ment of choice as a consequence of the extension of influence of a given

site. (See Table 5.)
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e. Type R(S3) c AxA

One can also recognize a functional relation between activities.
This simplex is extremely important in defining standards since it is in
terms of the relation between activities that non-spatial ideas like
compatibility, convenience, competitiveness, or co-operativeness can
define urban functions.

A simplex Ai(N) = (...Aj(n) ) nsN defines the idea that all activi-
ties in the simplex are related (accessible to Ai in Tess than n steps).
This could embody the idea that these activities do not compete with Ai
in defining a function of the neighborhood, or that they co-operate with
Ai to form a function of the system, or simply that they are compatible
with Ai’ or even that it is convenient for a user of Ai to have the other
activities that close. Many of the significant ideas of social relations

have the form R(S3) ¢ AxA. (The preference relation Figure 4 for example.)

f.  Standards Defined on Simplices

When using the mathematical binary relation to represent signals
only related pairs of points are considered. Therefore the simplex
represents the set of second elements of ordered pairs of the relation
having a common first element. For actual Delphi techniques it is
easiest to define the relation in terms of ordered pairs since individuals
can easily relate this information, and then generate the possible
ternary or higher order relations by suitable methods, if necessary.
Therefore the simplex does not imply any necessary relation between
elements of the set of second elements. Other structures that consider

this internal relation are discussed later for particular problems.
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The following are types of standards which can be introduced using
the simplex structures defined:

a. Market or Service Area at Accessibility Level N:

By restricting the maximum accessibility parameter the
largest set of areas serviced by a site can be constructed.

b. Influence Standard:

By fixing either the accessibility standard or the content
of the simplex, (eg. L, = (Ai) ) the greatest degree of
clustering, or the least degree of clustering permitted among
urban activities at some accessibility level can be defined.

¢. Functional Standard:

By fixing either accessibility or content of the functional
relation between activities, a standard defining the greatest
or least degree of clustering around some activity for reasons
of convenience or compatibility can be defined. (eg. Ai =
(oo Agee)

Thus, for example, clustering of activities that are equivalent to
shopping complexes, manufacturing complexes, or recreational complexes
can be distinguished from among the total influences of an area without
regard to the specific area of the city where they happen to be found.

It should be clear that having identified the simplices that
represent the function of individual areas or activities in terms of -
their perspective within the whole neighborhood, the next step is to

define the totality of perspectives within any neighborhood as a collec-

tion of simplices.
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In this regard it is worthwhile to introduce the formal properties
of the simplicial complex interpreting them as urban concepts within the

theoretical framework.

3. The Simplicial Complex

a. Introduction

The simplicial complex naturally represents the structure of
perspectives of all elements of the backcloth within a whole neighborhood
relative to some signal relation. It can, for example facilitate the
comparison of an individual preference system to the other related indi-
vidual preference systems that refer to the same relation and the same
protocol. In this section the formal properties of the simplicial complex
are briefly summarized. A more elaborate discussion of these properties

is found in the literature of the Q-analysis listed in the bibliography.

b. The simplex

The simplex which was previously discussed has the idea of grouping
together all of the ordered pairs of a binary relation having the same
first element. It is formally defined for a relation R ¢ YxX in the
following way:

Definition

If there exists at least one Y, e Y such that a (p + 1) - subset of
X is R - related to it, call that (p + 1) - subset of X a p- dimensional
simplex or p- simplex. Denote it, Y, = (Xl’ X2....,Xp+1) or as Yi‘=¢r R

p
and call its name Yi (possibly among many such names).
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Any subset of this (p+1) - subset of X is also R - related to Yi
and is therefore another simplex, say a q-dimensional face simplex ofd’p.
This g-simplex is said to be a face oféfp writtene;q 5¢;p.
Thus each Yi e R identifies a p - simplex for some p together with

all of its faces. This collection of simplices defined by a relation is

called a complex of simplices or simplicial complex K.

c. The Simplicial Complex

A simplicial complex is denoted by KY(X;R) and the conjugate complex
associated with it by the converse relation R"1 is denoted KX(Y;R'l).
This notation may be remembered by the following device suggested by

R. H. Atkin.1>

KY(X;R)
Relation R ' vertex or range set X
domain Y ' jncidence matrix (rij)
-1
KX(Y,R )
Relation R-1 ’ vertex or range set Y
domain X ‘ incidence matrix of RT

It is usually assumed that the vertices of the complex are defined

by the elements of the range set X of the relation YxX (ie. its protocol),

15R. H. Atkin, "An Approach to Structure in Architecture and Urban
Design. Part 1: Introduction and Mathematical Theory." Environment
and Planning B, (1974), p. 59.
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while the names of simplices are the elements of the domain Y. This is
reversed for the conjugate complex. The vertices define the O-simplices
or points of the complex.

The complex is naturally described by its incidence matrix having
the elements of the range along the top and the elements of the domain
along the side. Thus,any planning matrix is a simplicial complex. The
simplices Yi of the complexes defined in the incidence matrix of a
relation form in the preceding section can be read off by noting in
which columns j the Xj in row i are equal to 1. The incidence matrix
of the conjugate complex of Ky(X;R) denoted KX(Y;R'l) is found by taking
the transpose of the incidence matrix, AT, of the complex.

A complex can be given an orientation if for some reason it were
necessary to introduce a positive sense in which the complex is to be
transversed. Since the vertices, say X, are given the ordering of the
natural numbers we say that the p-simplex

6 = (X 1° X PR X 1)

p > Tptl
possesses a positive orientation if the sequence

( 1, 2, ..., p+1)
is an even permutation of the same numbers with their natural ordering,

and that it possesses a negative orientation when that permutation is
odd. In the first place we denote the simplex bysp, or +6p, and in
the second case by —Gp. In this way every simplex 5‘p, p > 0, possesses

an orientation which is naturally induced and when this is done we say

that the complex K possesses an orientation.-
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The dimension of a complex K is the greatest dimension of any
16
(p).
Any subset n of a particular p-simplex is also a simplex of the

simplex which belongs to it, ie. dim K = maxp

complex K called the face of b° This relation is also denoted f

n p’
To fix the idea of the face relation consider the following example of
a two dimensional simplex with vertices a,b,c.17
c a b c
. G £6._ = (6 ,6] ,61)
a b
6 a
"-M. 1
b (¥
& b
M 1

For any simplexG  » fe, = l;%;']_l %Ijl—l = (Xl’ X2....)A( ..... Xn) where X
denotes the omission of vertex X1. from 6‘n.

Since the empty set is a subset of every set it seems reasonable
to include it as a face of every simplex in KY(X). When this is done we
denote the empty set by the (-1) -simplex, &_;m and say that the complex

+
K is thereby augmented; we write it as K or as K 1

161hid, p. 59.

171pid, p. 59.
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d. Face Ordering

Generally, the face ordering of a single simplex regarded as a
complex is complete in the sense that it contains every one of its subsets.
For a general complex, the ordering is only partial. When the ordering
is partial some of the possible subsets of the range of the complex are
missing, and also some faces belong to more than one simplex. This is
the essence of the ability of the complex to be a framework for descrip-
tion. A science normally describes what exists by organizing a framework
of observations that could possibly exist, and then using this framework
to describe the states which are actually present or absent. Therefore
the general concept of partial order should be discussed.

Ordering relations are particular types of relationships which may
be used to impose a sense of precedence between different structures
contained in the whole relation by the way in which they are or are not
contained in each other. Different orderings can be classified by the
reflexive, symmetric, and transitive properties. In this thesis the
study will be primarily concerned with the following type of order.

A set A together with a specific ordering relation R defined 1in A
is called an ordered set denoted by (A;R). Types of ordering relations
used are designated by the following schemes.

a <bmeans a < b and a # b: read is strictly dominated by b.

a < b means b > a: read b dominates a.
b > é means a < b: read b strictly dominates a.
a=bmeans a <b and b < a: read a equals b.

a//b means neither a < b nor b < a: read a is not comparable to b.

#, #, £ are self explanatory.
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These symbols denote the general concept of ordering between
mathematical objects, of which the orderings of numbers is a particular
example of mathematical objects that have such an ordering.

A particular order which is of concern in this study is the partial
order. A partial order may be recognized by the following properties
which its relation possesses.

P01 xRx for every x of S. (reflexive)

P02 if xRy and yRx, then necessarily x = y. (antisymmetry)

P03 if xRy and yRz, then xRz. (transitivity)

A simply ordered set has the following additional property: if X, ¥
are elements of S, then either xRy or yRx. A simply ordered set is called
a chain in the partially ordered set. In general a partial order may
contain simply ordered chains, but not every subset is included in a
chain since some pairs of elements are incomparable (x//y). In a complete
order every pair of elements is comparable to each other, hence the tri-
chotomy property holds. This property states that one of X <y, X=1Y,
or x > y must hold for every pair of elements. _

The relation of strict predecessors (S,<) holds when x < ¥ but never
x = y. This amounts to the assertion that transitivity does not hold.

If the relation x < y holds and in addition there exist no elements z
such that x < z < y, then x is said to be the direct predecessor of y.
One says that element y covers x in the chain.

The graph of an immediate predecessor relation is often of interest.

It is called the Hasse diagram. The relation between a particular

incidence matrix and its Hasse diagram is shown in the following example.



HASSE DIAGRAM AND INCIDENCE MATRIX

A B C D E F G fA g
A 0 1 1 0 0 0 0

B 0 0 O0 1 1 0 0 d o
c o o0 0 0 1 o0 O A A
b o o0 0 O0 0 1 1

E 0o 0o 0 0 0 0 1 b’ ¢
F 0 0 0 0 0 0

G 0 0 0 0 0 0 O a

The incidence matrix of the strict predecessor relation can be
derived from that of the partial order by noting that it must be an irre-
flexive and a transitive relation. Thus by eliminating entries along the
diagonal of the incidence relation of the partial order, (S,<) and by
forming the composite of the relation with itself (multiplying the matrix
by itself) and eliminating every entry in the incidence matrix which has
a corresponding entry in the composite matrix, then one obtains the
matrix of the strict predecessor relation.

In terms of the diagram and the incidence matrix given above, the
concept of maximal or minimal elements can be introduced.

The maximal element in an ordered set is an element which is not
dominated by any other element in the set. In other words if acA is a
maximal element, then a < X implies that a = x. In the diagram above
F, G are maximal elements, while A is minimal.

A chain is a particular order relation on subsets of the full set

such that every set in the chain is simply ordered. In the diagram above
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a sequence such as (c,b,d,f) or (a,b,e,g) constitute chains within the
partial order.
The above order relation can be extended to the subsets of the
complex in the following way:

a. If Gqse » then G‘qss‘p: Every element belonging to Gq also

p
belongs toGp, but s‘p may contain elements not belonging tos"q.
b. I <¢. and 6 <€, then&_ = 6_: Every element that belongs
F6 436, and 6,58 p J nd

toe;q also belongs to Gb’ and conversely.
. If and then : Every element belonging to
c 6 456, e‘p#sa 6‘q<sp y ging
Gq also belongs to s‘p, bute‘p necessarily contains some elements
not belonging to Gq.
d. If ne‘itherspss nor 6'q//6'p: Each simplex contains some elements

q
not contained in the others.

The partial order carries into the complex representing the simplicial

complex the following ideas usually contained in a land use plan.

a. The existing simplices represent the constraints imposed by
observations describing current development; and therefore the
observational ordering reflects the degree of development in
different areas.

b. If the maximal elements of the order are standards, they repre-
sent possible objectives to be imposed 1imiting the choice
available in each area.

c. The existence of more than one incomparable objective reflects
the incompatibility of competing objectives, if the maximal

elements are regarded as mutually exclusive.
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d. The simply ordered chains in the partial order reflect partial
paths of development that are consistent with at least one

objective.

e. The Face Operation

It is clear that every simplex defined under the order relation is

a simplex of the complex, therefore K(X;R) is closed under the order

relation. This will be exploited to define the face operation on sim-
plices of the complex. While the face operations will be mentioned at
a later stage of the study, we introduce its definition here for

completeness.

~

(X;X, ov. X X 1)

The face operator fdb = Q§B-17éﬂp-1 BERS RY) R BRI |

_ i R
deénotes union over all indices simplices with indices 1. Xi denotes the

omission of a particular vertex i to generate the (p - 1) - simplex
61p-1'18
The co-face operator A is the dual operator to the face operator in
that, given a p-simplex, it associates the p-simplex with all the (p+1)
- simplices of which it is a p-face. It shall be defined 1ater.19
The face and co-face operations reflect the action that any plan is
concerned with; since a plan is concerned with actions consistent with

objectives, these actions must be representable by operators Tike the

above.

18R. H. Atkin, "An Approach to Structure in Architectural and Urban
Design. Part 2: Algebraic Representation and Local Structure."
Environment and Planning B 1, (1974), pp. 174-176.

191hid, pp. 176-179.
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f. The Canonical Set of Simplices

The maximal simplices of the complex provide the most elementary
notion of discrimination in a complex. Atkin shows that the set of
maximal simplices, denoted $, provide a canonical set defining every
simplex of the comp1ex.20 They are also distinct in that they satisfy
ones normal conception of discrimination of objects; that is, for all

0
Yj e K,(X;R), Y. e Y only if Y, f Yj‘ Thus the elements of Y are either

v
equal or distinct, and they completely charactefize the choice in a
simplex (as Atkins proves using the principle of inc]usion-exc]usion).z1
The maximal Yi’ Yj £ $ elements of the structure are discriminated
against the background structure by virtue of this property: either

Yi = Yj or Yi//Yj' No other elements of the structure have this property.
Thus locating the set Y amounts to the jdentification of the possible

objectives in the complex consistent with current development.

g. Dilworth's Theorem

Having defined the face order as a partial ordering, the various
combinatorial theorems proven about partial orderings on sets can be
invoked. In particular, some significance can be attached to the sub-

0
sets of the canonical set Y which satisfy Dilworth's theorem.22

0
Dilworth's theorem defines the minimal set of elements of Y which are
independent (incomparable to every other element of the set) and which

together contain every element of the whole protocol. Needless to say

20144, p. 176.

2l1pid. p. 176.

22MarshaH Hall, Jr., Combinatorial Theory, (New York: Blaisdell
Publishing Company, 1967), pp. 14-15 and 63-65.




85
Dilworth's theorem defines a basis for the structure as an independent
set of simplices capable of describing every possible choice in the
complex as the union of elements from the basis. The different goals
are a configuration of objectives determined by a combinatorical proced-

ure consistent with Dilworth's theorem.

4. The Interpretation of the Simplicial Complex

a. Introduction

The interpretation of urban structures using the simplex to
describe particular perspectives of a neighborhood from different points
of view has already been discussed. The ability of the simplicial com-
plex to describe aspects of the whole neighborhood that are of interest
to the planner will now be related. Using the minimal discrimination
capability of the face ordering of the complex, the central ideas of a
land use plan can be identified in relation to urban structures. While
some of the discussions of this section are rather vague, they are
intended to indicate the potential of the deeper applications of the

theory.

b. Functions of the Complex: Representation of a Land Use Plan

(1) Framework for Description

The simplicial complex provides a means of representing clustering
among activities contained in an urban protocol assuming different
signals between the activities which are resolved over a backcloth set.

An example of a protocol is given in Table 4 and also in Mathematical
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Structure in Human Affairs.23 The choices found in the complex for a

given signal relation are correlated with definite urban areas. The
jdea of a cluster of activities being the result of signalling between
activities leads to the idea that changes in choice flow through the
structure of the complex, and this requires a means of discussing the
dynamics of that flow. Evidence that some of these clusters arise from
the particular compatibility or competition of urban activities makes
the idea of an urban signal more comprehensible. As a framework, the
protocol defines every logical possible combination of choices which can
be resolved against the background and correlated to urban Tand by the
signals. The signal relation is a subset of the power set P(S) of the
protoco1.24 The missing sets must be explained as the action of the
standards of behavior on the choice or as the action of the signal
relation. The missing sets imply that the relative ordering of the
choices will be partial. The choices assigned to urban land lead to a
relative partial ordering of the sites reflecting their importance under
the signal relation via their functional descriptions.

(2) The Relation of the Idea of a Land
Use Plan to the Simplicial Complex

The ordering and combinatorial properties of a simplicial complex
are sufficient to represent the idea of a land use plan which is to be
imposed upon urban areas, although more complex structures are required

to elaborate this idea into useful presentation of information. This

23R. H. Atkin, Mathematical Structure in Human Affairs, (London:
Heineman Educational Books, 1975), pp. 118-120.

24The concept of a power set as a set and together with all of its
subsets describes a complete relation.
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shall be demonstrated by discussing the planning concepts that can be
associated via Delphi techniques with the structures already introduced.

Simplices can describe urban perspectives in two distinct ways:
a description of the choice actually available from a given viewpoint;
and a description of the preferences that impose some limiting constraint
(maximal or minimal) upon the choice that should be available at the
viewpoint.

The partial order of the existing structures will reflect the
current state of development, and provide a sense of precedence for
areas relative to each other. The partial order of the standards imposed
on each area reflect the extent to which the areas may develop. Hence,
the simply ordered chains of a partial order represent possible paths
of development. The current state of development has as many distinct
paths leading to it as there are simply ordered chains in its families
of subsets, while there are as many chains leading from it to some
standard serving as an objective for the area. Unlike the abstract
number system there is no unique successor or predecessor relation
specifying a path of development as a simply ordered chain from a present
state of development. From this one can see that there is considerable
uncertainty in the course of development reflecting the real uncertainty
a planner faces. Nevertheless, the simplicial complex provides the
following elements of a plan:

a. Representation of the current state of development, and

possibly specification of preferences as constraints;
b. Two operations, ie. the face and co-face operators, for deter-

mining preceding and succeeding development in an area.
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c. Thé maximal elements representing the idea of an objective

for the area.

d. A combinatorial means of determining a goal as a minimal set

of objectives leading to solution of problems in an area.

The courses of development represent the different sequences of
action that reach a goal, and the action elements of the plan are those
changes in available choice determined by the operations on simplices
of the complex. A goal reflects the orderly development of an urban
area. Development may either be orderly in time or orderly in extension.
If it is orderly in extension, then at every signal Tevel examined it
will be found that each area is consistent with at least one standard
of behavior determined for that signal level. 1If it is orderly in time,
then it will be found by comparison to standards of behavior applicable
to each time interval that every area is consistent with at least one
standard of behavior. Orderly development covered by the n-simplicial
complexes for the n signal levels of the signal relation must be ordered
into chains from level to level.

The standards of behavior are themselves orderable and their simply
ordered chains can be made to depict the notions of convenience and
compatibility that are imposed on the influences of an area as it extends
its horizon through the neighborhood or through time. The order reveals
the sense or the function of the simplexes in the neighborhood as a
whole, and if one can systematically requlate the actual contents of the
simplices the incompatiblities at any Tevel may be detected and elimin-

ated, as in the zoning problem to be developed in the following chapter.
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Clearly, the significant use of the order is to match actual states
of development to standards for future development eliminating non-
conforming areas; and conversely, identifying for more careful study
those standards which are rarely found to exist in urban area. The
imposition of standards on an area creates a tendency to develop only
lines consistent with the standard. Relative to any standard a definite
jdea of being more developed or less developed is defined. The concept
of a force having both an intensity and a direction indicates any
distortion of ideal patterns of development and should permit us to

define costs explicitly.

(3) Operations, Forces and Orderly Development

Consistent with the idea that plans are concerned with changes to
the development of urban areas, the simplicial complex contains the face
and co-face operations to represent the possible changes. Obviously
the changes in choice flowing through the structure must represent
changes in the way that areas signal each other. In this section,
mention is made of some of the conclusions drawn by Atkin during his
more detailed study of the subject.

The co-face operation A acts on a simplex, say Sb and associates
with it all of the 6‘p+1—s1’mph’ces of which it is a face. It is conven-
sent to consider the particular simplices of a complex as representing
directions which may carry a numerical indicator. Thus 56g might mean
that the distinct choice(fg is selected 5 times in the structure. This

defines a numerical pattern of information that Atkin discusses thorough]y.25

25Note 15 refers to the paper which describes the algebra of patterns
of choice that can be used to compute choice in a structure.
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That the algebra permits choice to be computed by assigning numerical
indicators to the elements of the algebra is important when the regula-
tion of an existing structure is being considered. The co-face operation
A symbolizes possible development choices. How these choices are con-
strained so as to remain orderly is of great interest to the planner.

The co-face operation involves the idea of a flow constraint on
the choice that is determined by the whole structure on which it is

defined. Thus given,
i

(? 5¥1, nt) = Zi(Gf’ nt) (6%1,nt) denotes the inner product
ty _ -1t . ..

Thus (f6£+1, T) = (6%+1, f "n) between simplices at level

since by definition f6%+1 = U3%1 t and the pattern at t.26

s -1ty t -1 :
(84> Fm ) (5%+1, Am) f° denotes ,; which
since f it = art by definition contain the . as a face.
ty _ i t t
(G£+1,Aﬂ ) = Zi(sf’ ) The notate w  denotes the value

assigned to p-dimensional
simplices.

The constraint on choice inherent in the definition of Aﬂt is clear
in that it can only be defined if 5£+1 exists with ﬁl as a face. The
values flow up through the structure as well and are contained by the
flow constraints.z7

The significance of these changes to patterns is discussed in some

detail by Atkin. He notes that changes in patterns which are consistent

26See R. H. Atkin, Mathematical Structure in Human Affairs, p. 133.
He discusses the flow constraints in the complex and the analogy to
acceleration and velocity concepts.

27R. H. Atkin, Mathematical Structure in Human Affairs, p. 133. He
discusses the flow constraints in the complex and the analogy to accelera-
tion and velocity concepts.




91
with the structure are free to occur; ie. if these changes are consistent
with a standard of behavior, the "forces" involved in a free change are
virtual. Those changes not consistent with the structure are determined
by other factors experienced as a forceful change by the residents.

This is analogous to the relation between velocity and acceleration in
physics.28
The idea of force as changes in a pattern of choice which are either
free or abstracted is defined by Atkin.29 These forces are not important
in the current study, but théir presence in the theory of simplicial »izi;;;
complexes may help us to analyze the costs of irrationality in planning :
even as the concept of force measures the cost of effort in physics.
The similarity of the formal properties of the face and co-face operations
to the calculus of finite differences may point to a happy marriage be-
tween the theories of the two as a calculus for development in an urban
area.
This possibility is inherent in the very idea of orderly development
which, by imposing a set of standards on the choice in the area, creates
a closed, ordered structure defining operators for development in the
same way as they are defined in any algebra. The rule is that a par-
ticular pattern of choice plus a change to the choice must be consistent
with at least one standard of behavior active in the area. In principle,

one could define an addition table for every pair of elements describing

281b1d, p.133, for further discussion of the flow of choice on a
complex.

29: 201 Glen Whitehead, Jr., Combinatorial Algorithms, (New York:
Courant Institute, 1973), pp. 53-55.




92
choice that depicts whether a given development is allowed or not. The

order, by establishing some patterns of choice as maximal, defines a

tendency of development that is somewhat analogous to entropy in physics.

Therefore, there is at least the possibility of a geometric/algebraic
representation of significant ideas of urban development in the simplic-

ial representation of urban structure.

c. The Representation of an Urban Area: An Example

Although the data presented in the beginning of this chapter
describes a simpiicial complex existing in an actual urban area, for
the purposes of illustration a simpler example is provided in this
section. Suppose the following complex was defined in some area. The
possibility of a graphical representation of any relation is discussed
in Appendix A while Atkin discusses the simplicial representation
theorem that states that any complex dim K=N can be represented in an
Euclidean space of at most 2N+1 dimensions.

The urban structure can be represented both algebraically and
geometrically. Suppose the following complex was found to occur in

some study area.
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TABLE 6

INCIDENCE MATRIX OF A COMPLEX

Decision areas (streets) = (L1, L2, L3, L4, L5, L6)
Activities = (Drugstore, Florist, Bakery, Delicatessen, Grocery Store,
Restaurant, Laundromat, Hobby Store)

Drugs Bakery Florist Deli Grocery Restaurant Laundry Hobby Store

111 1 1 1 0 0 0 1
L2 0 0 1 1 1 0 0 o
L3 0 0 0 0 1 0 0 0
L4 0 0 0 0 0 1 1 0
L5 0 0 1 0 0 0 1 0
L6 0 0 0 1 0 1 0 0

L1 is a d3s being defined as the pattern of choice (drugstore,
bakery, florist, delicatessen). In terms of the relation to the concept
of service areas which will be defined shortly, this complex defined to
be the 0-level pattern of choice; that is every activity in the choice
set may be selected directly by virtue of its presence in the area.

The manner in which the incidence pattern of activities can be used to
describe complex urban land use structures should be clear from this
example.

The relation contained in the above complex can be represented

graphically as in Figure 5.
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FIGURE 5

GEOMETRIC REPRESENTATION OF A COMPLEX

K, (A;R)
L
ﬁ laundry grocery
florist A
bakery
hobby
1
3
drugs {fw &
delicatessen
} restaurant

It should be noted that points are joined whenever the relation
establishes that they are present in some area together. By taking the
transpose of the above matrix, the inverse relation defining the streets
which are related to each activity can be obtained, and this may also be

given a graphical representation.



FIGURE 6

GEQOMETRIC REPRESENTATION OF A CONJUGATE COMPLEX

Drugs
Bakery
Florist
Deli
Grocery
Restarant
Laundry

Hobby Store

L

K (L;R71)

A

L1 L2 L3 L4 L5

0 0 1 1 0
0 0 0 1 1
0 0 0 1 0
0 1 1 0 0
1 1 0 0 0
1 1 0 0 1
1 0 0 0 0
1 0 0 0 0
LS 4 4

L2 L3

L6

o O O
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The usefulness of the graphical relation is to permit the reader to
visualize what is meant by compressing a functional space of relations
into a physical space. Assume that every activity is initially described
by a Tine graph wherein activities are joined only when those activities
may occur together. This introduces the notion of compatibility relation
between distinct types of urban activities. Since the compatibility
relation permits some distinct sets to occur simultaneously, the initial
linear graph can be compressed into a multiple graph defined on particu-
lar physical decision areas. The following example illustrates the
compression possible in matching the functional space (Figure 6) to a

physical space of decision areas.
FIGURE 7

COLLAPSE OF THE FUNCTIONAL RELATION

jcatessen
delic laundary

(restaurant; hobby)
(bakery;drugs)

florist grocery
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II1I. Definition of Significant Urban Structures
in the Simplicial Complex

1. The Ordering of Sites

The partial ordering of urban structures is easily defined in terms

of ideas 1ike the following; the significance of which is obvious.

a.

Consider the ordering of sites. The accessibility relation
between sites has the form R ¢ LXL where L = (Li) i=1, nare
the sites of the neighborhood. In terms of this relation, for
any pair of sites Li’ LjeL;

Li < Lj implies that every site Lk to which Li provides access
is also accessible from Lj’ but Lj may provide access to some
site not accessible from Li' We say that Li is dominated by Lj'

Li < Lj and Lj < Li implies Li = Lj' The sites are equivalent
in that each provides access to the same sites accessible from
the other.

Li < Lj and Li # Lj; Li provides access to the same sites as
are accessible from Lj’ but Lj necessari]yvprovides access to
some not serviced by Li' We say Li is strictly dominated by Lj
and denote it Li < Lj‘

Li//Lj' Neither Li < Lj nor Lj < Li' Each site services at

Jeast one site not serviced by the other. They are incomparable.

The canonical set L0 describing the maximal elements discriminated

in terms of the accessibility relation describes those sites which are

the unique sites providing distinct service areas. In a very real sense,

when one is looking for the best site for some activity in an area, it

would be best to select among the sites in LO only.
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But the combinatorial properties of the partial order can be used
to solve an even more significant problem. This problem is, given a
canonical set LO, select and identify the minimum number of sites that
must be serviced at some specified level of service to completely cover
an area so that every street is within a certain distance of at least
one source of service. The ordering of streets plays a fundamental role
in the determination of solutions to this siting problem.

In addition to the ordering of sites among themselves for any
specified service level, there is also a partial ordering of sites from
accessibility level to accessibility level which provides a view of the
orderliness of the service areas for each street as their horizons extend
through the area. Naturally enough, this property is dependent on the
backcloth relation of the streets reflecting their relative dominance
under different conditions. It is through this ordering that the effects
of signal levels on the propagation of phenomena through a neighborhood
is perceived. It can be stated quite generally that the analysis of a
given signal relation requires a knowledge, not only of the partial
ordering of the simplices obtained by slicing any signal relation at some
level, but also of the ordering of these signal levels relative to each
other, to provide a view of their orderly development. It should be kept
clearly in mind that the signal levels could equally well represent the
widening of horizons through the tackground network of connections in
the backcloth, or the changes to the area which occur over a period of

time.
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2. Introduction to the Siting Problem

The siting problem is a simple combinatorial covering problem.
Accessibility is the necessary condition for the siting of urban activi-
ties on urban land. Although accessibility is not the only criteria
upon which site selection is made, it may be argued that every suitable
set of sites must first satisfy some accessibility requirements and then
be evaluated by the application of further criteria to the set of sites
which have the necessary accessibility. In this fashion accessibility
criteria may be used to reduce the list of sites from which a selection
is to be made for siting different types of urban activities. This, in
itself, is of considerable advantage to the planner when evaluating a
very large number of potential sites.

This problem is an example of sub-optimization in that the optimal
sites for a single activity or group of activities ignores the constraints
among the totality of activities. However, later discussion of the zoning
problem will show that it is possible to determine the permissible con-
figurations of activities in each area. If it should be found that none
of the sites possible in the zoning problem correspond to these acceptable
configurations, then an example of the cost of a conflict between indi-

vidual and global rationality would have been found.

3. Application of the Problem

The siting problem is used to examine the service areas of different
sites, ie. those sites which have strategic accessibility properties in
order to service a study area. Using the set of areas which are distinct

(maximal), the different possible minimal covering configurations
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of sites necessary to uniformly service the area is found. This may be
for each accessibility level.

This simple application of the siting problem does not take into
account any constraints upon the extent of overlap between the service
areas of the sites; and hence ignores the possible impact of mutual com-
petition. There is no requirement when examining the service areas to
consider those which have no application to servicing the given activity.
Therefore the geographic backcloth can be sliced to eliminate any areas
which do not contain activities of interest.

The latter feature would be of significance in studying areas which
serve as a suitable site in a market study. The demographic character-
jstics of each street could be noted, and if any street does not contain
a significant market, it may be eliminated from further configurations.
In this way, site configurations may be chosen to reflect the actual
distribution of a market or the geographic backcloth.

An indication of the convenience of any accessibility structure for
servicing a population may be obtained by using the siting problem. By
generating the pattern from level to level one can determine at what
level the structure starts to assume the characteristic of a uniform
complex; ie. it takes on the structure of a simplex. The Tevel is a
significant structural property of the whole area determining the minimum
level of accessibility to unify the whole structure; je. if the activity
distribution fails to place significant activities in the strategic sites,
then more accessibility levels must be used to generate a uniform level
of service. The level of uniform service can be interpreted as the
accessibility level where every area is serviced by at least one instance

of each specified choice.
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The siting problem is of interest whenever the planner wishes to

select sites so as to minimize investment in facilities in an area while

retaining a uniform level of service to specified areas of the neighbor-

hood, and also co-locating as many activities as possible on the main

sites.

Final selection from among a large number of site configurations

which cover the area may be based upon factors such as land cost, mini-

mization of overlapping service areas, availability of sites, or compat-

ibility between several different activities. Applications of this

problem are the following:

a.

For a particular map of streets upon which it is desired to
site different neighborhood activities, the sites which are
not distinct and dominant, may tentatively be assigned a resi-
dential function. (Since it is desirable that residences be
serviced.)

If one desired to site playgrounds or bus-stops in which some
definite maximum accessibility criteria is identified, one
might select one of the suitable site configurations at the
proper signal level.

Consolidate activities which may have some necessary inter-
relationship by selecting combinations of site configurations
suitable to each activity and satisfying the mutual accessibil-
ity of activities.

Reduced competition between the service areas of given sites
can be assured by selecting a configuration of sites with the

smallest overlap in their service areas.
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4., Significance of the Problem

The significance of the problem to the city planner is that the
approach reduces the number of alternatives which must be examined by
the planner in selecting sites having the necessary accessibility and
neighborhood coverage.

The technique forces the examination of all possible alternatives
prior to site selection. The planner is assured that each possible con-
figuration is feasible by covering the entire area to some specified
standard.

In an intuitive analysis there is no guarantee that all possible
feasible configurations are considered in the analysis prior to the
reduction of the choice set. In practice this means that a technique
which is based upon experience cannot be guaranteed to bring into play
all possible alternatives; and very likely alternatives with which the
planner is not acquainted with by virtue of previous experience will not
be considered. The potential of the mathematical approach to reveal
alternatives implicit in the definition of pre-conditions of the problem,
but not previously known, is a major asset. This systematic approach to
the siting problem uses the geometry of a given area to objectively
define possible solutions. Such objective solutions may be later surveyed
when the consequences of the decision made on the basis of the analysis
are available for comparison. In this way the design cycle is closed and
feedback from actual experience may be used to improve the solution tech-
niques. Usually conventional techniques based upon the experience of the
analyst are not so easily amenable to inspection and correction by feed-

back data.
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Currently a number of techniques exist for siting activities. Such
techniques include the use of population maps to estimate the market
population that might be tapped and permit the selection of a site some-
what near the center of mass of the population map. Usually potential
sites determined in this way are then examined for their practical
accessibility to the assumed market area. Other techniques depend upon
site visits and an evaluation based upon the characteristics of the site
and its neighborhood as assessed by the experience of the siting amalyst.

In any of these techniques, there is no guarantee that the sites
selected will together provide a minimum standard of service to an area,
or that all possible sites have been examined. There is, on the other
hand, no reason at all why these intuitive conventional techniques cannot
be applied to the candidates which are determined from the mathematical
analysis to further reduce the potential range of choice.

Conventional market surveys can not provide this type of information
to facilitate planning. Hence, the siting problem is a novel approach

to a type of problem having significance in urban planning.

5. Solution of the Siting Problem

A computer program using a backtrack routine to test every different
combination of areas can determine the minimal combinations of simplices
whose union is the whole range of the relation. Such an approach is
combinatorial.

The back track routine is a system which systematically generates
all possible combinations from a given set, testing each configuration

to ensure it does not violate a stated condition, and outputting all
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configurations that completely satisfy the condition of pairwise
incomparability. The covering problem is solved by testing for the
smallest subsets of maximé] areas which are pairwise incomparable.

If Li//Lj and Li//Lk’ then for pairwise incomparability it is
required that Lj be chosen such that Lj//Lk‘ This may be done by
choosing any pair L1.//Lj initially, forming their union, and eliminating
from consideration any Lk of the maximal subsets which do not satisfy
Lk//(LiULj)' Choose successively the candidates from the smaller range
of sets until no choice remains. At this point the sets selected in
this way must be pairwise incomparable, although not necessarily the
largest pairwise incomparable set.

The combinatorial approach may be the most efficient means of
solving the siting problem. In fact, the example configurations in the
demonstration following were derived by inspection because of the very
significant reduction of initial candidates that occurred using only the
maximal set LO.

However, it is of interest to discuss the linear programming formu-
lation of this problem because of the possible usefulness of linear
programming for the solution of the more complex general siting program.
This example illustrates how a partial ordering can be represented in a
format suitable for the simplex algorithm used in linear programming
which has some significance for the regulation of urban structure that

involves linear programming.
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FIGURE 8

A PARTIAL ORDER

//////////r?- ‘? 3,5,9 are obviously
i

A simplex tableau is defined as follows:

el N (D

minimal.

FIGURE 9

SIMPLEX TABLEAU FOR DILWORTH'S PROBLEM

bottom
top 0 1 2 3 4 5 6 7 8 9
0 6 0 0 1 0 1 0 0 0 1
1 1 0 1 0 1 0 0 0 0 0
2 0 0 0 1 0 1 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0
4 1 0 0 0 0 1 0 0 1 0
5 0 0 0 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0 1 0 0
7 0 0 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 0 0 0 1
9 0 0 0 0 0 0 0 0 0 0

Row 0, contains a 1 in each column which represents the top of a
chain. Column O contains a 1 in each row representing the bottom of a
chain. The entry in cell (9, 0) makes the row O sum = column 0 sum = 9

(the number of elements in the order.)
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Other elements are assigned such that

cell (i, j) =1 4if i < Jj in the order and i is the immediate
predecessor of j in some chain where i # 0
and J #0
= 0 otherwise
cell (i, 0) = 1 if i is the top of a chain
= 0 otherwise
cell (0, j) =1 4if j is the bottom of a chain

0 otherwise.
For the definition of the objective function on this order proceed
as follows:
define variable X,i,j for each position in the tableau

max f=9 9 (Cij) (X ij)

. Z
i=0 j=0
subject to Xij » O for all i,j, (0,1,2,3,4,5,6,7,8,9)
9 .9 o
; X0j = 5 Xj0 =9
j=20 j=0
9 Xaj = 2
. 5 Xjo = 1 for 0e(0,1,2,3,4,5,6,7,8,9)
j=0 j=20
Co0 = 1
C0j =0
je {1, 9}
Cjo =10
Cij = (0 if i j

(-N otherwise where N is a very large integer.
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when this tableau is solved it will find the tops of disjoint chains
which together are minimally sufficient to cover the whole area. The
conditions of the problem make it necessary that a chain be regarded as
a particular nested sequence of areas included in each distinct top
element. Obviously the solution is not necessarily unique, but the
minimal set of areas distinguished in this way will provide é particular

solution to the problem.

6. Analysis of the Geographic Backcloth

Using the adjacency relation defined in Table 3 the signal structure
from accessibility level 1 to level 7 was computed by successive multipli--
cation of the incidence matrix for adjacency, and noting at what Tevel
pairs of areas first became connected. The resulting simplicial complex
was then sliced from 1 to 7 to yield seven simplicial complexes describ-
ing the service areas of each possible site in the backcloth. Various
means may be used to determine the partial ordering of the sites among
themselves in the different complexes, but in the case of this study
the Q-analysis compute program discussed in Chapter Three, Section 3.c
and 3.d was used to establish the ordering.

The purpose of the analysis of the backcloth is to illustrate how
the structures defined in this way clearly express the intuitive concept
of a site servicing different areas, and how the ordering of the complex
can be used to determine both the "best" sites and also the minimal
number of such sites that must be used to completely service (cover)

an area for some specified level of service.
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Furthermore, the analysis also demonstrates that a site which is
dominant at one level may or may not remain dominant at a higher level
of accessibility; but no site which was not dominant at a lower level
can be dominant at a higher level. The set of maximal areas at higher
Tevels is always equal or less than those at lower Tevels; thus illustrat-
ing the existence of a partial ordering between the service areas from
signal level to signal level.

Because the size of the simplicial complexes precludes their present-
ation, this analysis foreshadows the use of Q-analysis by employing the
Q-structure vectors for the different complexes that were derived from
the Q-analysis. These structure vectors reflect the extent to which the
simplicial complex is fragmented, requiring more than one maximal simplex
to cover it. It obviously reflects the degree of uniformity of the
influences present in all of the areas in very compact form. Therefore
Table 7 shows the global structure vectors at every Tevel of accessibility
from 1 to 7. It should be noted that in this small structure, the exten-
sion of influences as they interpenetrate very rapidly unifies the struc-
ture by level = 5. There are very few differences of influence in the
complex. Hence, if everyone is willing to move up to 5 blocks for each
choice, at least one instance of almost all activities can be found
starting from almost every site. Although this may strike the reader
as a very crude indication of service, it is remarkable in itself that
analysis of mathematical structure can generate such indications. Much
better reflections of the choice available to residents can be defined.

Table 8 shows the maximal sites in terms of the areas they service.

Since the sets of dominant sites are relatively small, at least around
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Jevels three, four and five, the different minimal configurations of
sites to service the areas were determined by inspection by testing the
unions of maximal areas for completeness of coverage.
Table 9 gives an indication of the relative ordering of the maximal
sites among themselves from Tevel to level. This shows that a site
dominant at one level can fail to be dominant at the next, but no non-

dominant site at one level can become dominant at the next.

TABLE 7

STRUCTURE VECTORS

Accessibility Dimension STRUCTURE VECTOR
Level (o) (dim K)
11 0
1 11 (1,1,2,2,5,9,1,7,3,3,1,9,4,3,1)
26
2 26 (1,1,1,2,3,3,4,3,6,6,6,7,6,7,7,6,7,
6
5,2,3,1,..1)
36 35 30 25 17
3 36 (1, 2, ...2, 5, 4,3,3,2,2,1,2,1,
0
... 1)
45 39 0
4 45 (1,1,1,1,2,3,1, ....1)
46 40 0
5 46 (1,1,1,1,2,2,1, ....1)
47 41 0
6 a7 (1,1,1,1,1,2,1, ....1)

Analysis: Since only 47 areas were actually assigned on the complex, the
maximum dimension possible is 47. The 0-level was not included since it
would simply constitute a completely disconnected complex. Even though
the component analysis is not included the reader can appreciate the
effect of higher Tevel adjacency in extending the service areas and

rapidly welding an initially disconnected series of streets into a
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connected whole. Even at 0=4, the distinction between different maximal
service areas is very small, smaller still at 0=5, or 0=6. The backcloth
organization is a resource of an urban area to be exploited by proper

management.

TABLE 8: MAXIMAL SIMPLICES OF THE BACKCLOTH

Accessibility Level (0) Maximal Simplices (Dominant Sites)

1 L35,L32,L27,L31,L25,L20,L43,L19,L21
L22,L18,L17,L12,L13,L14,L15,L16,L17
L5,L6,L8,L9,L11,L45,L46,L36,L33
L23,L24,L7,L9,L10,L3,L44,L47,L48
L49,L39,L42,L40,L41,L30,L34,L26

2 L26,L27,L35,L25,L17,L16,L14,L15,L30
L34,L13,L31,L22,L39,LlO,Lll,L12,L29
L45,L23,L47,L48,L46,L42,L33,L49,L40
L41

3 L25,L26,L27,L29,L42,L16,L39,L40,L11
L45,L48,L47,L10,L33,L46,L41

4 L42,L25,L27,L45
5 L42,L45
6 L42,L45

Analysis: For example, one pairwise independent set at accessibility
0=3 was found to be (L26,.39,L45,.48). A good first choice for a site
would be L45, followed by L42. This would lead to another following
solution at accessibility 0=3, (L45,.42,L.39,L48) as another possible
solution at 0=3, part of which remained dominant at higher levels. The
continued dominance of sites at higher levels is a desirable character-

jstic of a preferable solution.
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For an accessibility level of four, the following solution was
obtained by inspection: (L42,L45). This is the only solution at higher
Tevels of accessibility to provide complete coverage. In essence, the
relative sparsity of solutions is due to the influence of the arbitrary
extension of the study area several blocks down Pembina Highway and down
Osborn. Thus solutions are very sensitive to the geometry of the back-

cioth.
TABLE 9

PARTIAL REPRESENTATION OF THE INTER LEVEL BACKCLOTH ORDERING
OF MAXIMAL ELEMENTS

e: 6 L42 L45
8- 9 L42 /45
e - L42 L25 = L27 L26 L45
(42 16 11 48 47 10 46) (25 26 27 29 39 40 41 33 1) (26 29) (16 39 29 33)

Table 9 tabulates some of the partial orderings between accessibil-
ity levels to show the ordering which exists between the maximal sites
from level to level. Since any site at a specified level is transformed
to the next level by forming its union with adjacent sites, more areas
cannot be added to a non-dominant site than a dominant one. Therefore
non-dominant sites cannot become dominant. However, it is possible that
a previously dominant site will be included in another dominant site at

the next level.
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The nested chain of dominant sites extending from the lowest to the
highest accessibility level defines a zoning structure. To rule out
incompatibilities anywhere in the structure, it is important to know how
the extension of a standard of behavior is ordered over the whole struc-
ture. Ideas like compatibility and convenience become very clear in this
way.

The ordering can provide a decision procedure for selecting sites.
Knowing that (L42,L45) remain dominant, one can select other patterns at
Tower desired levels of accessibility. Thus one knows that (L42,L45)
which are sites at the Tower level may attract additional loads or remain
competitive at the higher levels because of their relative advantage over
the other sites. For a commercial outlet L42, L45 should certainly be

the first sites occupied using purely geometrical considerations.

7. Other Aspects of Urban Structure Using the Simplicial Complex

In addition to the purely geographic advantages of the backcloth
functional aspects such as different levels of service in different areas
can be captured quite simply on the compiex. The following discussion
defines these aspects as examples to clarify and stimulate further
thought. Atkin provides some further examples in reference 30.

If one conceives of shopping complexes in general terms, then a
relationship would be described between a largest and/or smallest set of
activities having particular degrees of accessibility. The equivalence

of modern shopping centers to natural forms in various shopping districts

30R. H. Atkin, V. Mancini, J. Johnson, "An Application of Algebraic
Topology to Urban Structure," Urban Studies, (1971), pp. 221-242.
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may be studied in this way. Since the difference between the maximal
and minimal standards may provide a degree of freedom in the mutual
influence of activities, shopping complexes can occur in a wide range of
equivalent configurations. Hence one can study the relative advantages
of naturally occurring shopping districts which may take many forms in
a neighborhood.

The reason why this comparison is so general is that a preference
should identify the least and greatest tolerances on the mutual access-

ibility parameters. Graphically, it is something 1ike the following:
FIGURE 10

A FUNCTIONAL RELATION BETWEEN ACTIVITIES

Activity Set (Als Azs A39 A49 AS)

(0,5) Al (0.3) A3 (3,7) A

S W &

"0)6) -(1’6)
Ad

In such a graph the focus is on mutual relationships between pairs
of activities. The absence of a bar would imply that the activities are
indifferent. Designation (0,6) indicates that for compatibility the
activities could be co-located, but should not be more than 6 units apart.
Designation -(0,6) indicates incompatibility unless the activity is less

than 0 (impossible) or greater than 6. Few would argue that such
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information is not available, but most would question how it is to be
applied to structural analysis. The discussion of planning in the next

chapter will examine methods to analyze preferences of this form.



CHAPTER THREE

ANALYSIS OF LAND USE STRUCTURE

I. Functional Explanation

1. Introduction

The study has now established that the simplicial complex is a
suitable means of describing the functions of an urban neighborhood 1in
terms of the elements of the observational protocol. This form of
description facilitates the explanation of the behavior, using mathe-
matical analysis. Functional descriptions organize the input data to
a study under the control of the planner: the observational protocol
determines the scopé of the study to have a range of possible observa-
tions which is as complete as possible (thus preventing any surprises),
while 1imiting the scope of data to that which has significant impact
on neighborhood functions.

Planning and measurement are accomplished by using techniques
obtained from the literature of Q-analysis, the standard mathematical
literature, and the literature of compUter scienceﬁ' Together these
techniques extract the maximum amount of useable information from the
total information put into the study by the Delphi techniques. The usual

objection that mathematical analysis cannot reveal any information not

1R. H. Atkin, Combinatorial Connectivities in Social Systems,
(Basel: Birkhauser-Verlag, 1977). This book provides a summary of much
of Atkin's work in Q-analysis.

115



116
oriQina]]y present in the definition of the probiem is valid; however,
more organized, hence more useable information, is produced by the struc-
tural analysis. Although the study does not dwell upon the epistemo-
Togical aspects of the functional explanation in the form presented,
the interested reader can verify their acceptability by referring to the
essay by Sir Bertrand Russel.2

Functional explanation is to be understood as a means of using the
internal consistency inherent in the ordered structures to discriminate
only the most significant states.3 By use of the concept of covers for
observation the complexity of describing the function of a system is
greatly reduced; with Tuck the reduction achieved in this way will make
an otherwise impractical combinatorial problem manageable; it is easier
to grasp and manipulate cover sets (interpreted as standards of behavior)
than the raw sets described by preplanning. Using the internal consist-
ency of different observational states, cover sets that are similar to
each other in some respect are aggregated. The consequence of aggrega-
tion is uncertainty when controlling or predicting the outcome of
different circumstances. Predictions can be made only to the extent
that observations are consistent with some standard covering them.

Since an urban planner rarely controls all the variable factors in any
urban neighborhood, some uncertainty is to be expected in any measurement

process.

2Sir Bertrand Russel, "The Relation of Sense Data to Physics,"
contained in A Free Man's Worship.

3Gera1d M. Weinberg, An Introduction to General System's Thinking,
(New York: Wiley, 1975), p. 140. 1In this book Weinberg discusses the
manner in which the metaphors of science bring the complexity of natural
systems within our cognitive abilities.
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Measurement is developed as a technique to test the consistency of
the observed structures with the various standards of behavior. From
this concept of measurement, the costs of irrationality may be assessed.
Irrationality is held to exist whenever one standard is imposed upon an
area to the exclusion of another. To properly assess the costs, Atkin's
concept of force in an urban structure is required. Forceful changes to
urban structure can be described in terms of the algebra of patterns in
a comp]ex.4

Structural analysis has the virtue of being a practical methodology
that employs many standard algorithms from computer science. The way in
which these algorithms generate new forms of structure is analagous to
the way in which an instrument is capable of resolving the finer struc-
tures of an observational phenomenon. The idea of relative rationality
frees us from the problem of attempting to find numerical or algebraic
preference systems which completely order phenomena by substituting the
generation of cover families which are as consistent and complete as
possible. These distinct domains of preference will be pieced together
into new wholes that are adapted to the particular circumstances of an
urban neighborhood.

In the course of this chapter a state space concept will be intro-
duced using the converse (to each other) notions of convenience and
compatibility to bracket different observational phenomena into categories
that provide a finely discriminating system of measurement for assessing

the trade-off of different individual preference systems.

4R. H. Atkin, "Cohomology of Observations," essay contained in
Quantum Theory and Beyond. Pp. 207-208 contain a discussion of the
rationale for inserting an algebraic structure into the observations
which are defined upon some observational backcloth.
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Following a brief presentation of the theory of explanation in terms
of mathematical structure planning and measurement concepts are presented
under the following topics:

a. Discrimination by the face ordering of the complex.

b. Discrimination by the Q-analysis.

¢. Illustration of the techniques and concepts using a state

structure in an urban neighborhood.
d. The Clique Analysis.
e. The Zoning Problem (Application of the State Structure to

Urban Zoning).

2. Families of Cover Sets

Planning and measurement together determine functional explanations
of land use phenomena in an urban neighborhood. Atkin argues that the
scale property which determine the membership of a set of observations
represents the consensus of observers upon what is being observed.5
Signals in the set of observations deéompose the protocol into different
families of subsets describing the experience of observers under differ-
ent circumstances. The signal is represented by a family of cover sets
which is consistent with the protoco].6 The structural description is
intrinsically hierarchial in nature so that the significance of any set

is intuitively appreciated at a higher or lower hierarchial 1eve1.7

“Ibid, p. 193.

%1bid, pp. 205-206.

7R. H. Atkin, Mathematical Structure in Human Affairs. (London:
Heineman Educational Books, 1975) p. 118.
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In the reference8 Atkin shows how reasonable assumptions pertaining to
the description of observations by a set lead to a cover of the observa-
tions that naturally define a simplicial complex. The following diagram
shows how the protocol is normally resolved into a structure of obser-
vations on a backcloth using the simplicial complex. For the purposes
of this chapter only certain conclusions from Atkin's discussion are of

immediate interest.
FIGURE 11

THE STRUCTURE OF AN OBSERVATION

Protocol of scales

X )

K (X, =
y(X1R,n) S (Xl’ X2.... 0

resolution

Backcloth set S +Sl=(Y1, ....Ym) Incidence matrix of the signal

relation (weighted by integars n)

A full barrier distinguishing N signal relation on a backcloth of M
individuals in general requires MXN such structures.

It is clear that the protocol describes a complete framework for
the description of observations in the given situation. The family of
sets that is the power set of the protocol provides a cover in which
every possibie element of the family is also a possible mode of behavior.
The structure of observations distinguished by the signal relation is a

sub-family or sub-cover of the protocol. Since one is interested in

8. H. Atkin, "Cohomology in Physics," pp. 207-208.
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describing behavior in the simplest possible fashion, the maximal complete
cover families determined by the signal relation are favored for the
description of norms. They represent the largest sets of simplices that
violate none of the restrictions of the signal. Every observed state is
a sub-cover of at least one of them. (The greatest common denominator
of the joint experience.)

Formally a covering is defined when X is a set at the N level whose
distribution under a covering family of sets (N+1 level) is to be explained,
then supposing A is an N+1 level set corresponding to X, the elements of

Aj. ALy A), X = (X,, X

A (subsets) are subsets of X and if A = (A o Ags A

19 19 2’
....Xm) then

(1) Aic P(X) for i=1, ...n

If in addition A1.UAj = @ (the empty set), then A is a partition of
X. The elements of A are quite distinct.

Each element of a cover family is interpreted as a particular
standard of behavior. The essence of a standard of behavior is to
classify and regulate: by classifying it identifies experiences which
conform with some characteristic similarity; by regulating it rules out
aspects of behavior that do not conform. A standard of behavior must be
maximal. The emphasis of this chapter upon complete maximal cover
families facilitates description of the most general consistent mode
of behavior to ensure that the status of observed behavior can be
unequivacally established. The use of the concept of standard implies
some uncertainty in the prediction of actual outcomes under any given

circumstances since any subset of the standard is acceptable as a mode
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of behavior. This manipulation of cover sets may make the combinatorial
approach to planning feasible in a practical sense.

The simplification introduced by this approach must take account of
two separate circumstances in the simplicial complex. The use of con-
sistency relations such as the face order of the complex to aggregate
the observational states into standards of behavior is the most direct
means of reducing the degree of discrimination necessary in an observa-
tional scheme. Moreover, the backcloth used to resolve observations
relates observation to singleton sets which have no intrinsic ordering.
One must take account of the backcloth ordering must be taken into account
to describe the different circumstances for observation and generate the
different patterns of influence in the observational structure. The use
of signal Tevels defined in terms of weighted relations on the backcloth,
both physical and functional, will permit a matching of preference to
the physcial circumstances. Thus, this matching may eventually lead to
quantification of urban phenomena.

There is a particular theory of explanation that must be recognized
for the use of structural analysis in urban planning. Theories are
mapped onto standards of behavior to transform them into a more suitable
form for direct comparison with structures representing direct observa-
tions. Using these mappings it is possible to understand how theory is
used to classify behavior and how theory is to be confirmed by actual
observation.

To provide empirical confirmation for a given theory a maximal
cover family provides a bijection between the set of all possible signal

relations and the set of all maximal cover familijes. We generate a
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maximal cover family from a theory relation since it is more convenient
to compare sets to sets, but the standard contains the same information
in a more useful form. The cover family shows the largest sets having
some degree of internal consistency, a common denominator to their
experience; and, hence, magnifies their significant differences. Now
if one were to take the actual relation describing real behavior and
generate the cover of it in the same way and if the covers were identical,
the theory would be confirmed completely. Since one does not normally
experience a relation as a whole, the complete cover family is not
usually observed during actual observation; thus a cover family may con-
tain a range of possible observations.

The considerations of this chapter deal with two problems:

a. How to generate complete cover families by transforming
individual relations into covering standards that reflect
significant kinds of similarity between urban experiences;
and

b. How to generate and compare sets representing the influences
of urban activities so that they are of the same form as the
standards assumed.

Figure 12 shows the process that must be followed to achieve a
functional explanation of existing urban structure. Figure 13 shows the
form of relationship assumed between theory relations, the complete cover
family, and actual structures being explained. This shows that explana-
tion is intrinsically a comparison between levels of structure, reinforc-
ing Atkin's assertion as to where the significance of a structure should
be appreciated. (ie. The role of a structure or social group is apprec-

iated at the next level of structure.)
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FIGURE 13

THE BASIS OF EXPLANATION IN STRUCTURAL ANALYSIS
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3. Discrimination

Discrimination denotes the existence of a significant difference
between any pair of sets making them distinguishable when being compared;
this difference is usually asserted in the form either structure A =
structure B (they cannot be discriminated), or Structure A # structure
B (they can be discriminated), but # or = may be replaced by any ordering
relation. In fact both (S, <) and (S,=) will be used to discriminate
different levels of structure with respect to both the simplex and the
clique. There are two significantly different processes that Tead to
discrimination of the observational protocol with comparisons performed
via the backcloth ordering.

The structure relative to which a comparison is made is called the
modulus; ie. structure 1 is compared (modulo) structure 2. As a simple
example of the structure of an observation (Figure 10), resolution of an
observational protocol provides a comparison of a complete framework of
possibly observable states (S) to a structure describing the circum-
stances of observation (viewpoints Sl). For any arbitrary signal relation
the protocol may be resolved into an associated family of cover sets.
This cover family has between ifs elements a partial order that permits
discrimination to occur. Since the elements of S1 are viewed as single-
tons, they impose no constraint on the discrimination operation.
Magnification is a process which reveals the similarities and differences
of the different viewpoints S1 by constructing an equivalence relation
from the partial ordering by discrimination. The Q-analysis is there-

fore one possible magnification process on the simplicial comp]ex.9

Ibid, p. 209.
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When all the observable states on a scale S (ie. every subset of
the class of observations) are manifest as singletons on a scale Sl, we
shall say that S1 is a resolution of S.10 Resolution describes the con-
ceptual Timits to observation. For example, a simplicial complex in
which every face of the compiex is covered by a distinct element of the
backcloth would be a resolution of the scale.

The significant levels of discrimination in structural analysis are
the compatibility classes and the equivalence classes. The compatibility
classes organize the cover sets describing observation into a partial
order of distinct categories or modes of behavior, while the equivalence
classes completely partition the elements of the structure. Since the
overlapping sets characterize the structure of a partial order, it is
natural to characterize equivalence classes as focused structures (anal-
agous to physical magnification). Types.of structure are distinguished
by demanding different degrees of internal consistency (uniformity)
among the elements.

In the methodology of Q-analysis, one has an effective instrument
for extracting a significant amount of information from the Delphi pro-
cesses. This information permits an examination of the transition from
Tocal to global forms of structure. The objective of the structural
analysis is to systematically analyze the degree of uniformity on the
underlying structure leading to the concept of a social standard of
behavior.

The clique as a mathematical structure embodies the idea of a social

standard of behavior in two respects.

10114, p. 209.
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a. Every constituent of the clique is compatible with every
other constituent in the clique.
b. As a cover set, the clique implies complete uniformity of
choice wherever it effectively dominates behavior.

Thus, the clique is the Timit of resolution in an observational
protocol relative to some signal relation. Whereas the protocol is a
set describing every Togically possible mode of behavior, the clique
shows the largest complete sets of elements which are simultaneously
observable. The methodology of Q-analysis systematically approaches
this level of uniformity. Figure 14 shows the levels of discrimination
contained in Atkin's methodology.

With reference to the Titerature of Q-analysis, Atkin enters into
an extensive discussion of the concepts of local structure.11 The social
meaning of concepts such as g-adjacent chains, the shomotopy structure of
the g-components, and the concept of g-hole is unclear unless understood
that the local structure reveals the degree of uniformity between chains
of g-connection that is imposed by social standards. The application
of the concept of clique to urban zoning will be discussed in this chapter
where it will provide a great deal of insight into the conflicts between

standards of behavior.

11R. H. Atkin, Combinatorial Connectivities in Social Systems,
pp. 64-68.
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II. Planning and Measurement Using Global Analysis

1. Introduction

a. Objectives

In this section the magnification of urban structure using the face
order and the Q-analysis of the simplicial complex will be considered.
An urban structure is defined by the pattern of choice available to
neighborhood residents by virtue of their location in the neighborhood
and a particular signal relation. The simplex correlates a particular
pattern of choice with a particular area of the neighborhood; thereby

specifying the variety of choice available to a resident.

b.  Computational Algorithms for Structural Analysis

One of the characteristics which Atkin demanded of any structural
analysis suitable for city planning or architecture was that it be
capable of implementation with a computer to simplify the processing of
data concerning large and complex relationships that the designer must
deal with.12 In this section the study presents a brief resume of the
algorithms necessary to implement, at least partially, the mathematical
theory which has been hitherto discussed.

To write a basic Q-analysis program such as is contained in Annex C
does not require great programming skill, although a suitable programming

package to conveniently perform the necessary analysis under the control

12R. H. Atkin, "An Introduction to Structure in Architectural and
Urban Design. 1. Introduction and Mathematical Theory." Environment and
Planning B 1 (1974), p. 53.
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of the planner in an interactive mode would obviously be much more
complex.

One Fortran program was written to carry out the necessary analysis;
but a second more efficient Fortran program was obtained from
Pennsylvania State University. More effective algorithms than those
pertaining to Annex C have been found, but these were not used in the
present study. In most cases the reader can obtain the necessary
information directly from the reference literature to prepare his own
package. Annex C contains a complete Fortran program for the global
analysis of a simplicial complex, butbimprovements to this program are

discussed in the various sections.

2. Compatibility Classes of the Simplicial Complex

a. Interpretation of the Compatibility Class

The face ordering of the simplicial compiex is one of its most
obvious features. The use of this face ordering for the resolution of
the preferable sites in the geographic backcloth has already been dis-
cussed. (Chapter Two) The face order has a potent capability to
represent the significant functional characteristics of any site in an
urban neighborhood.

The face order is a means of discriminating the significant elements
of the cover by determining the elements of the canonical set ?. By
definition the elements of ? are defined by discrimination since a
particular simplex Y, of a complex KY(S;R) belongs to Y only if Yié Yj’

for all j in the complex.
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Obviously the compatibility classes of KY(X;R) are defined
Cj = (Y1.[Y1.5Yj and Yje§).13

The face ordering of the cover family could be used to expose
observations as subtle as the possible confusion between individuals and
the roles which they occupy in a social organization, or as the conflict
between authority and responsibility in the control structure of a group.
Instances of confusion as to which functional categories govern specific
areas are described by the face ordering of the different areas in a
neighborhood. The authority-responsibility conflict of a social group
will be put into an urban context by discussing the conflict between
convenience and compatibility in an urban neighborhood (the phase space
analysis of urban structure).

The compatibility class consists of all the greatest sets of indi-
viduals which are compatible with at least one other individual in the
set. A compatibility relation is simply a relation which is reflexive
and symmetric, but not necessarily transitive. An example of a social
group having such classes will contain a number of Tanguages. Individual
A must be able to communicate with himself (thus the relation is reflex-
jve); individual A must be able to communicate with any other with whom
he shares a common language (thus symmetry). Communication occurs
between pairs of individuals, but it is possible for two individuals to
communicate with a third by an intermediary. These are chains of communi-
cation. The chains of communication are revealed by the different chains

of nested sets in the partial order. The cover family determined by the

compatibility classes is complete, but only partially ordered.

13R. H. Atkin, Combinatorial Connectivities in Social Systems,
pp. 39-40.
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b. Deriving the Shared-Face Matrix

The representation of a simplicial complex using the incidence matrix
of the defining relation was fully discussed in the last chapter. Thus
a simplicial complex describing the influence of a signal relation R on
an observational protocol X=(Xj), j=1, m that is resolved relative to a
backcloth of viewpoints Y=(Yi)’ i=1, n is represented algebraically by
a matrix R=(r1j) where rij=1 if YiRXj; =0 otherwise.

The shared face matrix S represents the intersection of the relation
R with its conjugate R'l. Annex B defines the intersection of the rela-
tions. In the incidence matrix, S=RRT, where RRT denotes the matrix
multiplication of the incidence matrix R and its transpose RT, and

S=(S..), S.. denotes the cardinality of the common face of Yi and Yj’

ij ij

For completeness the matrix of g-connectivities is Q=S-1 (1 is the
identity matrix). The elements qij of Q denote the level of g-connection
between the simplices of the complex. An example is discussed in section

I1.3.c.

c. Determination of the Order Relation of the Complex

Discrimination of the structure based upon the order relations in
the complex can be quickly accomplished using the information contained
in the matrix of g-connectivities. For each order relation in the complex,
define a matrix of the same size as the matrix of g-connectivities. For
each pair of simplices enter a "one" in the corresponding cell if the
pair satisfies the given order relation and a "zero" otherwise. For a

visual survey of ordered structures it is preferable that these relations
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are expressed in structure form (for each simplex list the set of other
simplices that are in the given order relation).

Perform the following tests upon each pair of simplices in the
complex to determine if the designated ordering relation is satisfied.
Let Qij denote the entry in the g-connectivities matrix correspond-

ing to Li and Lj'

If Qii = ij = Qij’ then Li = Lj
If Qii = Qij < ij, then L_i < Lj
If Qii = Q_ij < ij, then Li < Lj
If Q5 = Qg5 s Qs then Ly < L,
If ij = Qij < Qii’ then Lj < Li

If neither Qii = ij nor ij = Qij then Li//Lj'

The ordering described in structure form is denoted as follows:

L1(=) = the set of simplices which are all equal to Li

Li(S) = the set of simplices for which Li is in the relation <

L1(<) = the set of simplices for which L, is in the relation <
N

One is also interested in the simplices which are direct predecessors of
each other. This relation is irreflexive and atransitive. Using the
matrix derived in the first step of the order analysis for the relation
<, first remove all diagonal elements from the matrix, multiply the
resulting matrix by itself, and then compare the product to the original
matrix on which the product was taken. If a "one" occurs in the product
matrix and also in the original matrix, then remove this element from

the matrix of (S,<). The resulting matrix will be the a transitive and
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irreflexive incidence matrix of the direct predecessor relation.
To find the canonical set ?, if KY(X;R) define the incidence relation
between the Yi such that YiRYj for all Yj such that Yi < Yj‘ The inci-
dence matrix 0(<) = (Oij) is defined as follows: |

Oij

1Lif Y, <Y,
1 J

0 otherwise.
[+]
The maximal elements belonging to Y can be recognized as those whose
row entries are null in the order matrix 0 (expect for the diagonal and

possibly any equal simplices).

d. The Phase Space Structure of an Urban Neighborhood

In physical thermodynamics, one of the most significant observations
is the existence of states in a phase space which are inaccessible to the
process from various starting points. Different physical processes are
found to be equivalent to each other in the phase space representation.
By employing the phase space representation of urban structure, different
standards can be compared to each other and to representations of actual
structure, and a very fine classification of modes of behavior in an
urban neighborhood can be prepared.

Planners introduce the idea of orderly development in an urban area
by decreeing that there exists some maximal degree of development which
is tolerable to the residents of the area. This is done by imposing
particular standards Timiting the urban structure in an area to enforce
gaps in the choice available to residents. The least one can expect
when such maximal structures are imposed on a structure is that every

urban area is consistent with at least one possible standard, if not more.
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This idea of orderly development is quite analogous to the idea of an
orderly transition between physical states in a physical process.

One can define an order upon the patterns of choice at each access-
ibility level using complexes such as KL(A,Rn). This orderiﬁg describes
the variety of choice offered to the residents by the activities sited
in specific areas. Dominant patterns that remain dominant from accessi-
bility level to accessibility level indicate areas that are accessible
to the greatest variety of choice as a consequence of the siting patterns
of urban activity.

The ordering is readily defined at each accessibility Tevel of a
backcloth order relation, as it is for the signal levels of any preference
relation. Each simplex Li(n) belonging to the set of areas in the back-
cloth denotes the maximum set of activities, each of which could be
individually chosen by traversing some path of length K < n. One must
carefully observe the convention that the simplex can guarantee choice
of no more than one activity in any single act of choice along any specific
path from the area Li to the area on which the desired activity is sited.
Only by considering cliques can the simultaneous relations of choice
(cliques) be detected. However, the simplex relation does not rule out
possible multiple choices.

A standard imposed upon an urban area introduces gaps in the avail-
able choice. This will be illustrated using the assignment of activities
to land use zones for the Fort Osborne area. These assignments were
derived by direct application of the zoning criteria used by the Winnipeg
Planning Department. It is hardly surprising that the zones should be

partially ordered. The partial order is a direct consequence of the
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exclusion of some possible choices by particular zoning criteria. The
designations have the usual meaning. (R denotes a class of residential
land use, C commercial uses, and M is light industrial.)

The analysis to determine Figure 13 was performed during the computer
analysis of the study area to be discussed in the following section.

The partial ordering into zones constitutes a set of mutually
exclusive functional standards of behavior which cover the distribution
of activities on urban land areas. The ultimate aim of the analysis is
to reduce conflicts caused by the joint occurance of incomparable stand-
ards on overlapping areas of urban land.

The partial order in Figure 13 also illustrates the distinct chains
of development that are consistent with the standards. An area which is
currently zoned R1 under this order can develop into R3 and contain no
nonconforming land uses. Similarly C3 can become either C2 or M1. The
assignment of R1, R2, C1, or C3 zones to an area means there is an option
for further development in the future. This option leaves an uncertainty
about the ultimate idea of development that bears a strong relation to

the concept of strategic development.

FIGURE 15: ORDERING OF ZONES IN THE STUDY AREA

NN

M2
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An interesting application of the concept of partial order as a
phase space is to use it for comparison of sites or standards to each
other. The phase space structure arises from the intersection of differ-
ent order relations describing the partial ordering of areas relative to
each other, as represented by matrices of the type 0 = (Oij) previously
defined.

Consider a protocol which categorizes the individual activities
according to some scheme. This scheme might be as simple as to take a
protocol describing all of the influences in an urban neighborhood
(ie. presence of playground within 2 blocks, etc.) and divide them into
positive, negative, and indifferent categories. Those which are indiffer-
ent are ignored. Separately order the areas (S) within each category
according to the following scheme.

a. Use the partial order described by (S,z) for the "good

influences."

b. Use the partial order described by (S,s) for the "bad

influences."

c. Set up an incidence matrix describing O = (Oij) for each area,

those other areas in the order relation.

d. Intersect the relations according to the scheme discussed in

Annex B.

The information can be analyzed in two forms, one of which is similar
to the g-analysis technique that will shortly be discussed. In the first
case one can consider the elements of the protocol in the intersection
of each pair of simplices. Particular significance is attached to those

areas in the intersections for which i=j. The strucure in the intersection
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L1+Li— tells one that area i has more positive aspects (is greater than)
and less negative aspects (is Tess than) relative to the areas contained
in its intersection set. However, the trade-off inherent in the other
pairs are also significant, since they describe how, for examp1e Li+
compares to Lj" Taking the relation itself to describe a new order,
"is better than," treat the whole new order as a simplicial complex and
obtain a comparison among the trade-offs that are present in the neighbor-
hood. The result is a relation that gives very detailed information
concerning the relative merits of each neighborhood in the area.

The use of the phase space for the classification of observed modes
of behavior results in the imposition of a kind of "spectral analysis”
in the urban neighborhood with the concept of signal level serving as the
"energy level."

In urban planning particular significance is attached to changes of
the structure either in time or as the service neighborhood of a site
extends through the whole structure. These changes are orderly only if
the structure at one level is contained in (or contains) the structure
at the next higher (Tower) Tevel.

Thus the static classification of different simplices discussed
above can be put in a dynamic context by examining the transition between
different accessibility levels. The ordering tendencies providing a
basis for the dynamics of the urban neighborhood are the ideas of com-
patibility and convenience.

Intuitively, compatibility implies the exclusion of some activities
at some accessibility level as being incompatible influences on other

activities in the set. However, compatibility is obviously sensitive to
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the levels of the signal relations such that as level n increases, the
compatible sets will become Targer. A compatible chain of development
is one in which a simplex Li(n) of KL(A;R,n) is a subset of Li(n+1);
je. Li(n) < Li(n+1) for 0 < n < max N in the signal relation R.

Obviously the effect of the compatibility relation is to disperse the
elements of the protocol with the degree of dispersion increasing as n
increases.

Convenience is a notion of a tendency based on the logical converse
of the relation, <, ie. >. It tends to make the configurations of
activities less dispersed (more compact) as n decreases. Therefore chains
of transition of the form Li(n) > Li(n+1) must be defined. Obviously the
central tendency describing convenience is that more elements are con-
tained in the sets of activities at Tower levels, than those at higher
levels.

The intersection of these two converse ordering relations obtained
from individual preference relations can describe the activities at each
accessibility level that are both compatible and convenient. One would
expect that orderly development would focus on transitions between
signal levels which are consistent with standards embodying ideas of
compatibility and convenience at each signal level.

Hence, Co(n) describing a family of simplices that are compatibility
standards at level n and Cv(n) describing a family of convenience stand-
ards, compatible development describes a chain of observations
L.(n) < Li(n+1) where both Ca(n) < Li(n) < Cg(n) and Ci(n+1) < Li(n+1)

j
m J 1 k m
< Co(n+1), and Cv(n) > Cv(n+1) and Co(n+1) < Co(n+1).
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Note that since only those Li(n) < Cg(n) N Cg(n) satisfy both
convenience and compatibility for level n, one has the possibilify of
trade-offs inherent in ideas such that Li(n) < Cg(n) N Cg(n+1) indicating
that to provide convenience at level n, the degree of compatibility
appropriate to level n+l has been accepted by the residents.

It is clear that these ideas permit a very sophisticated system of
measurement to be employed in an urban neighborhood. This measurement
can be quantitative as well as qualitative since there is no obstacle
to examining a sufficiently large sample of neighborhoods for determina-
tion of the occupancy frequencies and transition frequencies of all
logically possible states.

Although the phase space was conceived by examination of the
measurement and planning ramifications of the partial order of the
simplicial complex, it shall soon become clear that its significant

application is to the clique structure of the neighborhood.

3. Equivalence Structures of an Urban Neighborhood

a. Introduction

One can understand the significance of Q-analysis with reference to
the preceding discussion of the phase space structure. The intersection
of two relations can be completely characterized by forming a new
simplicial complex containing both the convenience and compatibility
relations and then intersecting the resulting complex with itself. This
generates a very detailed view of the comparison using the contents of

the intersection sets of order relations, or one can focus upon the
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cardinality of the shared set (face) of two complexes. This latter view
jgnores the precise contents of shared-faces and considers a g-connection
to be defined by equivalence between pairs of simplices having the same
cardinality. The resulting structure covers the more detailed comparison
of structures of the phase space.

It should be clear that there is no difficulty comparing simplices
at this level, whether they represent standards or actual observation.
The Q-analysis compares every simplex to every other simplex without
regard to the precise contents of the shared face. The grading provides
a very precise view of the covers of similarity that arise because, for
example, a convenience and a compatibility structure overlap (intersect)

without being completely identical.

b. The g-Connectivity and g-Components of Structure

The behavioral context of the Q-analysis has already been described.
The basic order relation apparent in the simplicial complex is the face
order, a partial order on sub-sets. This partial order is taken as
indicative of an underlying compatibility relation as the basis of
communication. Communication is possible in terms of a shared area of
expem’ence.14 The common faces of the simplices of activities are
apparently a disturbance in the structure causing an influence of some
form to propagate throughout the structure. The systematic process
generates g-components as the equivalence classes using the graded
g-connectivity between the simplices providing a means of exploring

patterns of communication based on the cardinality of a shared face.

14R. H. Atkin, Mathematical Structure in Human Affairs, pp. 26-33.
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If two simplices 0;, “E’ share a common face which contains at least

g+l vertices, the pair of simplices are said to be g-connected to each

15 1y ko N

% Vs g+l
Given two simplices O o in a complex KY(X;R) they are said to be

other. Thus, (the shared face of the connection).
joined by a chain of g-connection if there exists a finite sequence of
simplices gy Tags--s0ay, such that (i) oay £ %, (i1) 9ap, < 9

(i11) Oa; and %a;11 share a common face say op. > i=1,...,h-1 and

bi > g+l for all 1 < i < h-1. The chain of connection is said to be of
length h-1.

A q-component is an equivalence class for the relation of being
g-connected at some level q of the grading.16 It is defined to be a
maximal chain of g-connection. In other terms it is a set of simplices,
each simplex of which, is g-connected to at Teast one other simplex in
the set. The simplices in the g-component constitute a cover set in the
complete family of g-components and are in fact a partition since the
q-connectivity is an equivalence relation. Associated with each
q-component is the representative simplex of the component. Any activity
which is present in the range of the relation and belongs to at least one
simplex of the component also belongs to the representative simplex of
the component. The representative simplex constitutes the union of every
simplex in the component.

The representative simplex illustrates a simple standard of behavior

in which the cover set prohibits behavior without regulating it. Every

15R. H. Atkin, Combinatorial Connectivities in Social Systems, p. 17.

161h4d, pp. 18-22.
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face of the representative simplex might be found somewhere in the
component as the face of some simplex, but not necessarily. This repre-
sents the fact that the sequence of simplices is a sequence of successive
choices, each of which is to be regarded as an alternative to the others,
and which together yield some total choice. However, there are gaps in
the possible chains of simplices precluding some choice of sequences
entirely, while the total choice made possible by the combination of
simplices cannot be realized in a single act of choice.

The representative simplex describes the pattern of choice in the
sense that if a certain choice is not possible in the pattern it is not
present in the representative of the component, but the fact that it is
contained in the representative does not make it certain that it actually
exists as a pattern in the component.

The g-component indicates the presence of a certain degree of
similarity in the patterns of choice, a kind of clustering in urban
structure. Consider the compatibility and convenience standards.
Obviously the trade-off between C; and Cg is represented in a g-connection.
However, the g-connection considers three standards which have the same
g-connectivity, but not the same common face to be équivalent; thus
glossing over some of the finer details of their relationship. Q-analysis
has the capability to rule out similarities of the ordering which do not

exist in the structure.
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c. The Q—ana]ysisl7

The Q-analysis is a procedure for systematically determining all
the families of g-components of the complex for every level of g-connec-
tion from the O-connected level up to the dimension of the complex.

In this section a manual procedure for performing the Q-analysis
is described. In the next section a suitable computer program for larger
data sets will be described.

The computation of the matrix of g-connectivities from the shared
face matrix of the complex is the first step in the analysis. The shared
face matrix X denotes a matrix whose entries in the cells mij; are
integers describing the cardinality of the shared face between simplex i
and simplex j. The matrix of g-connectivities is derived from the shared

face matrix by subtracting 1 from each element. Thus

M = (mij) the shared face matrix,
U= (11j) the matrix whose only entry in each cell is 1,
S = (sij) the matrix which denotes the g-connection between

simplices i and j,

K = (Kij) the incidence matrix of a complex,
KT is the transpose of the incidence matrix K,
M=K KT

S=M-U=KK -U.

For the conjugate complex of a given complex the shared face matrix
is derived using the relation

s = K'K - U,

Y bid, pp. 18-22.
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Normal matrix multiplication is denoted in the relations above.
Because the effect of the algorithm yields the matrix of g-connections
which is a symmetrical relation, the matrix S is also symmetrical and
can be represented using only the upper triangular form. The following
example illustrates the derivation of the matrix of g-connectivities

from a simple complex.

FIGURE 16: EXAMPLES OF AN INCIDENCE MATRIX FOR Q-ANALYSIS

T S S B S S S T T T LT
zz, 0 0 1 0 1 0 1 0 0 1
z, 0 0 1 0o 1 1 1 1 0 0 0
zZ 0 0 0 0 0 1 1 1 0 0 0
ZZ 0 1 0 0 1 0 1 1 0 0 0
zz 0 0 0 0 0 ©0 1 0 0 0 0
zz 1 0 0 0 0 0 0 0 1 0 1

The g-connection matrix of the above complex is shown in Figure 17.

FIGURE 17: MATRIX OF Q-CONNECTIVITIES

7y Zy Z3 24 Zg Zg
z, 3 2 0 1 0 0
z, - 4 2 2 0 -1
, - ; 2 1 0 -1
7, - - ; 3 0 -1
Z, - - ] ; 0 -1
7 - - ; ; ; 2
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The following procedure may then be applied manually to the matrix of

g-connectivities in order to perform the Q-analysis which is the following:

FIGURE 18: Q-ANALYSIS OF A COMPLEX

q =4 (Z,) Q=1
q=3 (2) (Z,) (Z,) Q =3
q=2 (Zys Zp» Iy Z,) (Zg) Q, =2
q=1 (Zys Z,5 I3 Z,) (Zg) Q = 2
q=0 (Zy 2,252, 7 Z¢) Q, = 1

The following procedure was used to determine the Q-analysis;

1. Select an entry of maximum degree; ie. m12=4.

2. Follow up the column and across the row to determine any other
entries equal or greater than 4.

3. For each such entry found in step two, the corresponding simplex
is equivalent and should be entered in the set for that class.

4. For each such entry check each row and column to determine
entries equivalent to these.

5. Repeat until no new entries are found.

6. Select another entry not included in the previous class and
repeat the process to define a new set.

7. Repeat until no new entires can be found which are not in some
equivalance class.

8. Select an entry of the next lower degree; ie. 3 and repeat until
all equivalent sets have been identified for g=3.

9. Continue process until sets for g=0 have been identified.
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d. The Q-finder Routine

The Q-finder routine can be visualized in the following manner.
Regard the matrix of g-connectivities as a weighted relation. For each
level of g-connection from 0 to the dimension of K, the appropriate
incidence matrix of the relation may be found by slicing the weighted

relation according to the rule,

for some g-level Q, M.

i3 1if 93 > Q

0 otherwise.

The resulting incidence matrix M = (mij) may be treated as the
incidence matrix of a linear graph for all intents and purposes. There-
fore any computer algorithm designed to determine the components of an
undirected (symmetrical) linear graph can be used to find the g-components
for each level of g-connection in the Q-analysis.

In the program presented in Figure 17 the gq-finder routine is a
sub-routine. The main program calls the component finder each time the
g-connectivities matrix is sliced to a new level of q connection.

The steps in the process are the following:

1. Define a list TK with dimension > cardinality Y, the number of

simplices in the complex.

2. Define the shared face matrix QFACE(1,J) containing the

appropriate entry for each pair of simplices in the complex.

3. Define variable Q designating the Tevel of the Q-connection

being analyzed.

4, Define a program flag, either F=0 or F=1.

5. [Initialize all components of T, = 0, F=0, and variable K=1,

Q=0, COUNT=1.
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For each K check for diagonal values (ie. J > K) of QFACE
(K,d) > Q to determine the simplices which are to be assigned
to the same component as K.
Assign the first diagonal element QFACE (K,K) in which QFACE > Q
to the kth element of T (Tk) by setting Tk=COUNT.
Check each entry 1 of QFACE (K,1) in the kth row and assign to
Tl’ for those 1 which are > Q, the value of COUNT according to
the following tests

if T1 =0 then T1 = COUNT

ifT = COUNT then T1 = COUNT

if T1 > COUNT then COUNT = T1 and set all further
Tj = COUNT to TK and set F=1

if T1 < COUNT COUNT = Tk Set all Tj = COUNT to
T1 and F=1.

Test if F is greater than 0. If no, set COUNT to the maximum
value of COUNT which has occurred in the current cycle plus one.
If yes, proceed to the next value of K using current value of
COUNT.

Iterate for all K and then output components.

Repeat for each 0 < Q < dim K.
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FLOW DIAGRAM FOR THE Q-FINDER ROUTINE

START
\J

Q2 DIM K
Y ves

e=Q41 .

PRINT T ;kz1, max k
\J

Th=0 and K=1,COUNT=1
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Yy no
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Refer to the flow diagram at Figure 19 for the structure of the
program.

The standard computer program described here performs adequately,
but it is possible to do significantly better. In particular, when
further analysis of the complex is desired, the K-tree formalism is an
excellent representation of linear graphs which may be used to find both
components and cycles of the complex very rapidly once it has been pro-
grammed. The K-tree formalism together with the component-finder
algorithm and the cycle-finder algorithm that can be applied to the
analysis of a complex is described in the reference.18 It is recommended
that this approach be used to write new programs for the Q-analysis in

1ieu of the program offered at the end of this study.

e. Some Structural Indications in the Q-Analysis

There are three important indicators derived from the Q-analysis
initia]]y.lg These are the eccentricity of the simplices, denoted ecc
(), the global structure vector denoted Q (the obstruction vector is
derived from the structure vector), and the critical g-value, e These
indicators are extensively discussed and used in the various sources.

Eccentricity as the name suggests is an indicator of how well
connected a particular simplex is to the global structure. For example,

we would expect that a high rise apartment building in a single family

18A. T. Berztiss, Data Structures: Theory and Practice, (New York:
Academic Press, 1975), pp. 146-153 and pp. 284-296. These sections
describe the K-tree formalism which is an excellent algorithm for some
parts of structural analysis.

1R, H. Atkin, Mathematical Structure in Human Affairs, pp. 21-22
and 107-116.
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residential neighborhood would be rather eccentric. Such a situation
would arise in the case where the incidence vector of the high rise
apartment building over the streets of the neighborhood was compared to
the incidence vector for other common types of housing. It follows that,
for the dimension of the simplex describing high-rise incidence on areas,
the dimension at which this vector was connected to other simplices would
be very small. Atkin has suggested the measure ecc (o) = (a - q)/{q + 1)
to describe this condition. a denotes the dimension of the simplex,
while g denotes the maximum value of g for which this simplex is connected
to any other simplex in the complex.

de is the greatest value of q for which all simplices of the complex
merge into one connected component. This is an indication of how well
the whole structure is connected together. One can see intuitively that
in a shopping example, it is desirable that the various simplices des-
cribing commercial activity be as well connected with each other as
possible to provide a wide range of choice to the shopper in a small area.
This gives us a sense of the compactness of a commercial area.

We have previously defined the structure vector as the number of
equivalence classes at each g-level. This structure vector, when redefined
as the obstruction vector by subtracting unity from each component of the
vector which is less than the dimension of the complex, defines the
obstruction vector.

Q= (Qn_l—l, Qn_z—l,....Ql—l, Qo~1)

Atkin has shown how this vector may be taken as an indication of
the obstruction to the flow of patterns in the complex. Essentially each

distinct component at some g-level indicates freedom within the component
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to make some choices of activity, but no simplex which is not contained
jn the component can be chosen freely at that g-level. We shall shortly
discuss the concept of patterns upon the complex and the use of the
obstruction vector.

In the preceding example of Q-analysis the global structure vector
was:
4 0
Q=(13221)
3 0
The obstruction vector was Q = (211 0)

Eccentricities were as follows:

- 32 _ 1 = 1
ecc (Z)) = Z7=3 ecc (Z,) = 3

= 2 = 0.
ecc (ZZ) = 3 ecc (25) = 10
ecc (23) = 0 ecc (26) = 2

4. Analysis of a Neighborhood Structure

The following analysis illustrates some of the ideas previously
discussed using the study design set up in Chapter Two. Its significance
is apparent in that it clearly demonstrates the existence of a partial
ordering in the neighborhood structure, the existence of the idea of
standard in the zoning imposed on the neighborhood, and the idea of
measurement/classification of urban structure. The demonstrations are
very crude, but the possibility of extension to more complex forms of
structure is obvious.

Table 10 shows the Q-analysis of a joint structure of standards and
land use. Measurement requires that the standards, defined by the assign-
ment of activities to zones, be inserted into the simplicial complex

K, (A;R) as dummy streets. From the resulting Q-analysis the degree of

5
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consistency of different streets and different zones can be read. The
clearest conclusion evident in the Q-analysis is that there is a partial
order resulting from the dominance of the standards or areas of land.
Moreover, those areas of land that do not conform to any zoning standard
can be read immediately from the Q-analysis. These are shown in Table 12.

In the current analysis 1ittle use is made of the detailed fine
structure contained in the equivalence classes. However, it will be
noted that at different levels of g-connectivity various Tand areas are
consistent with more than one structural standard. One possible inter-
pretation is that at some earlier stage of development the land area was
consistent with more than one standard leaving open a significant choice
concerning the future path of development. When an area is developed so
as to reduce the number of zones to which it is consistent an opportunity
cost is incurred. It also illustrates the sense in which, prior to full
development, zones can be said to float over the area. What the structure
i1lustrates clearly is the normal and intuitive concept of development
control in city planning. These concepts are significant and more fully
discussed in the zoning problem.

The zoning structures in the Q-analysis dominate the resulting
complex to a great extent. The zone which is the most tolerant is the
C2 classification. However, it is apparent from the structure vector
that the overall structure is really rather uniform throughout all Q-levels.
Thus, the introduction of the standards does not produce as great a
fragmentation of the structure as one would expect if truly discriminat-
ing standards were used. This result is generally indicative of the fact

that the legal zoning tool is not capable of making the fine
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discriminations which one would desire of an urban design tool, although
it is a step in the right direction.

Table 11 shows the consistency relation of development areas and
zones. This information was extracted from the face ordering of the
complex. Figure 20 shows the partial ordering of the standards among
themselves as a result of the consistency relation of the standards.

It is clear that they overlap to some extent.

FIGURE 20

HASSE DIAGRAM OF ZONES
R3 R4 ci\\}/;r1 M
R{////\Eg c{// c2

The concept of zoning applied in this section shows that there exist.

2

common subsets to different zones. These common subsets are the basis of
the possibility of mediating conflicting land use conforming to different
standards. If more than one standard governs the same area, then the
largest permitted choice of urban activity is the common subset of the
governing standards.

In the comparison of actual observed structures, for example the
simplices of a complex KL(A;R) to standards defining zones in the neighbor-
hood, there are some standards wholly contained in others. There may
occur orderings of the form Si < Lj < Sk' This describes the concept of
intensification of land use resulting in an area that is in transition

from one zone to another.
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The detailed classification of urban land areas in Table 12 was
derived using the ordering of the structures among themselves in compari-
son to the ordering of the zones among themselves. It is a simplified
example of the potentially rich and complex phase structure of a neighbor-
hood. The following definitions were used to derive the ordering of
Table 11.

Given streets L, (i=1, 49) and standards Sj (3=1, 9).

Classification using zoning can differ according to whether the
overall scheme of development is orderly (has a strict strategy governing
the whole area) or natural. Areas subject to standards are either
definitely governed by one or subject to a future option. The following
cases can be recognized:

a. Orderly with an option: Si < Li < Sm and also Si < Li < Sn

with Sm//Sn; or
b. Orderly and definite: Si < Li < Sm (Li is not dominated by

any other standards)

c. Natural with an option: L, < S , L.

IA

Sn’ Sm//Sn, with

i m’ i
Si < Sm’ Si < Sn but Li//si or
d. Natural and definite: Si < Sm’ Li < Sm’ but Si//Li’

Clearly a finely discriminating standard is required for orderly
development, although natural standards can provide some degree of classi-
fication as shown in Table 12. The orderly pattern of development can
occur where a development strategy is imposed upon the neighborhood by
planners. The existence of options in orderly development indicates
areas of strategic choice, but no such pattern need be found in ihe

absence of a strategy.
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The high proportion of transitional areas indicated in Table 12
shows that the zoning in the study area is not orderly. This could be
caused by incomplete development of the areas, by inconsistent uses in
the zones as a result of previous development, or by the fact that the
area is in transition from one type of neighborhood to the other.
Intuitively the area has such a variety of uses that it is undoubtedly
undergoing a transition. The problem is caused by zoning standards that
do not effectively discriminate the significant yarieties of structure
found in the area. Nevertheless, the capability of the tool and the

suitability of the concept are borne out by this demonstration.



157
TABLE 10

Q-Analysis (0-Accessibility Level) Complex KL(A)
Fort Osborne Study Area

Zones (R1, R2, R3, R4, Cl, C2, C3, M1, M2)
Areas (L1 to L49)

Dimension of Complex = 87

87 79 75 71 32 25 23 12

Structure Vector = (1 ....2,3,3,3,3,2,2,2,1...2,2,2,1...2,1 ...3,3,1,2, 1
2,1,2,2,1,1,?,)

Q-Tevel Components

87-80 (c2)

79 (C2,C3) (M1)

78-75 (c2,C3) (M2)(M1)

74-71 (M2,M1) (C2,C3)

71-33 (M2,M1,C2,C3)

32 (M2,M1,C2,C3,C1)

31-29 (M2,M1,02,C3,C1) (R3)

28-27 (M2,R3,C1,C2,C3,M1)

26-23 (L15,M2,R3,C1,C2,C3,M1)

(L15,M2,R3,C1,C2,C3,M1) (R4)

21 (L15,M2,R3,C1,C2,C3,M1,R4)

20-17 (L15,L26 ,M2,R2 ,R3,R4,C1,C2,C3,M1)

16-14 (L15,L26 ,M1,M2 ,R1,R2,R3,R4,C1,C2,C3)

13-12 (L15,L17,L26,M1,M2,R1,R2,R3,R4,C1,C2,C3)

11 (L9) (L15,L17,L22,L26,M2,M1,R1,R2,R3,R4)

10 (L16) (L8) (L15,L17,L22,L26,M1,M2,C1,C2,

C3,R1,R2,R3,R4)
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TABLE 10 (Con't)

Q-Level Component

9 (L8,L15,L16,L17,L22,L26,M2,M1,R1,R2,
R3,R4,C1,C2,C3)

8 (L3,L8,L15,L16,L17,L22,L26, ALL ZONES)

(L14) (L3,L4,L6,L8,L.13,L14,L15,L16,
L17,L22,L26,L37, ALL ZONES)

6 (L3,L4,L6,L8,113,L14,L15,L16,L17,L22,
L26,L37,L47, ALL ZONES) (L18)

5 (L3,L4,L16,L13,L14,L15,L16,L17,L18,
L22,L26,L33,L35,L37,L46,L47,L48,

ALL ZONES)

4 (L3,L4,L5,L6,0.8,L13,L14,L15,L16,L17,
L18,L22,.26,L33,L35,L37,L43,L46,L47,
L48, ALL ZONES) (L40)

3 (L3,L2,L4,L5,L6,L8,L13,L14,L15,L16,
Liz,L18,L19,L22,123,.24,.26,L27,L28,L33
L35,L36,L.37,L40,L43,L44,145,L46,L47,
L48, ALL ZONES) (L25)

2 (L2,L3,L4,L5,L6,L8;L9,L10,L12,L13,L14,
Lis,L16,L17,L18,L19,L22,L23,L.24,L25,
L26,L.27,.28,L30,L33,L35,L36,L37,L38,
L39,L40,L41,L43,L.44,L45,L46,L47,L48,
ALL ZONES)
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TABLE 10 (Con't)

Q-Tevel Component
1 (L2,L3,L4,L5,L6,L8,L9,L10,L12,L13,L14,

Li5,L16,L17,L18,L19,L22,L23,L24,L25,
L26,L27,.28,.30,L33,L35,L36,L37,L38,
L39,L40,L41,143,L44,145,L46,L47,1.48,
ALL ZONES)

0 (ALL except L7,L21,L31,L42,L49 which

are not in the complex)
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TABLE 11: CONSISTENCY STRUCTURES

Consistency Structures (S,<) and (S,<) are both described in the follow-

ing table.

L1

L2
L3
L4
L5
L6
L7
L8
L9
L10
L1l
L12

L13
L14
L15
L16
L17
L18
L19
L20

]

1}

1

1]

(L1,L3,L6,L8,L13,L15,L17,L19,L20,L22,1.26,L30,133,L.35,.37,L47,L48,

R1,R2,R3,R4,C1,C2,C3,M1)

(L2,L22,.33,L46,L47 ,R4,C2,C3) Legend

(Li,gg}_g) Ei = indicates equality
(C2,L4) of simplices
(L15,C2,L5) L; = indicates the
(C2,L6) simplex 1is

(not in complex) predecessor of
(dominant maximal) the indicated
(€2,C3,M1,L9) simplex

(L4,L5,L10,L15,L19,L46,C1,C2,M1)
(L17,L11,L50,C2,C3,M1)
(L2,L12,L4,L8,L18,L14,L22,.23,L24,1.33,143,L45,1.46,L.47,L48,R3,R4,

C2,C3,M1)

(L1,L3,L6,.8,L13,L15,L17,L19,L20,L22,L26,.30,L33,L35,L37,L47,L48,

R1,R2,R3,R4,C1,C2,C3,M1)
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TABLE 11 (Con't)

Consistency Structure (S,<) and (S,<)

L21 = (not in complex)

L22 = (C2,L22)

L23 = (L22,L23,R3,02,C3)

L24 = (L47,L24,R3,R4,C2,C3,M1)
125 = (L25)(dominant maximal)
L26 = (C2,L28) e,
L27 = (C2,C3,M1,L27)

L28 = (M2,L28)

L29 = (M1,M2,C2,C3,L29)

L30 = (L26,L30,L37,M1,M2,C2,C3)
L31 = (not in complex)

L32 = (M1,M2,C2,C3,L32)

L33 = (R3,C2,C3,L33)

L34 = (not in complex)

L35 = (C2,C3,L35)

L36 = (€2,C3,L36)

L37 = (C2,C3,M1,L37)

L38 = (ML,M2,C2,C3,L38)

L39 = (R4,L39)

L40 = (L40) (dominant maximal)
L41 = (L2,L3,L22,L41,R4,C2,C3)
L42 = (not in complex)

L43 = R3,R4,C1,C2,C3,M1,L43)
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Consistency Structure (S,<) and (S,<)

L44 = (C2,C3 L44)

L45 = (L22,L43, L45 R2,R3,C2,C3)
L46 = (L43,C2 L46)

L47 = (C2,L47)

L48 = (M2,L4B)

L49 = (not in complex)

M2 = (M2) (dominant maximal)
Rl = (R3,RI)

R2 = (R3,R2)

R3 = (R§) (dominant maximal)
Ré = (RE) (dominant maximal)

Cl = {
c2 = {
€3 = (M1,C3,C2)
ML =
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TABLE 12

CLASSIFICATION OF LAND AREAS

The classifications contained in this table were derived from

Table 10 and Table 11 using the definitions for each type of ordering.

a.

Non-Conforming Streets (streets not consistent with any zone

standard) L8,L14,L16,L18,L25,L40.

Definite Rl (Orderly or natural classification system)

L. Ry, L

i Ry L20.

1,

Definite R2 (Orderly or natural classification system)

Li R2 and Li R1 none.

Definite R3

a. (Orderly system) none (R1 Li R3 or R, Li R, incomparable to

other zones),

b. (Natural system) none (Li R3 and incomparable to other zones).

Definite R4 (Orderly or natural) Li R4 and incomparable to other

zones. L35.

Definite C1 (Orderly or natural) (Li C1 C2 and incomparable to

other zones) L15.

Definite C2

a. Orderly (C1 Li C2 or C3 Li C2 and incomparable to other
zones) none,
b. Natural (Li €2 and incomparable to other zones)

L4, L5, L6, L15, L22, L26, L46, L47.

Definite C3 (Natural or orderly) Li C3 C2 Li C3 Ml and

incomparable to other zones. L3, L9, L11, L24, L27, L44.
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TABLE 12 (Con't)

j. Definite M1
a. Natural (Li M1 and Li C3) L13,
b. Orderly (C3 Li M1 and Li incomparable to other zones) none.
k. Definite M2 (Natural or Orderly) (Li M2 and Li incomparable to
other zones) L28, L48.

The remainder of the areas involve future options of some form.
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III. Planning and Measurement Using Local Structure

1. Introduction

Local analysis in contrast to global analysis examines the contrast
between the structures discriminated using the simplex as a unit of
structure and the structures using the clique as a unit of structure,
together with the shomotopy analysis describing the transition between
these two levels of structure. The Tocal analysis examines closely the
uniformity of different types of structures. The clique structure has
the greatest degree of uniformity and therefore describes the concept
of a standard of behavior in structural analysis. The use of the clique
as the limiting form of structure in the local analysis Tends clarity
to the local analysis of structure. Algorithms to implement Tocal
analysis become much more complex. However, the real problem in local
analysis is to ensure that the structure taken to describe actual
observation is defined in the same way as the structure defining stand-
ards of behavior. The reader will note that the concepts of phase space,
use of the orderings, even the concept of compatibility and equivalence
classes; that were important in the global analysis remain important at

the Tocal Tevel.

2. Analysis of Uniformity in Patterns of Choice in a Complex

A social standard of behavior imposes a degree of uniformity upon
a group of individuals in the sense that it prohibits modes of behavior
that are not consistent. Conventionally, one conceives of a standard

or standards of behavior being associated with the central interest or
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role of some particular group. It is conventional to think of the
preferences of each group as being internally consistent, although the
tota]ity of such groups will present incompatible standards of behavior.
The social problem is to determine a configuration of standards that
regulate each distinct group to provide the maximum freedom of behavior
consistent with their own aims and that regulate the conflicts that
occur between different incompatible standards.

The mathematical representation of social uniformity is the complete
cover of cliques of a symmetrical binary relation.

A clique is a set of elements from the observational protocol gener-
ated relative to a signal relation such that every element in the set is
compatible with every other element in the set. A complete clique cover
is the set of all maximal distinct cliques contained in the relation.

For completeness, cliques with 0, 1, or 2 elements must be formally
recognized, unlike the normal social concept of cliques.

The clique cover represents the 1imits to the ability to discriminate
in a given signal relation. Each clique is a complete relation that in
effect defines a new observational protocol. Whereas the original
protocol showed the totality of observations which might occur in a
given signal relation, the clique shows the largest distinct complete
set of observations. The uniformity of patterns of choice makes them
suitable representations of the standards of behavior in a social prefer-
ence system.

The clique cover defines a new structure having the same formal
properties as a simplicial complex. For example, under the closed partial
order there is a face operation, and one can discuss the g-connections of

the cliques, etc.
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The distinction between the patterns of choice offered by the
simplex or clique structures identifies the problem of simultaneous
choice in urban analysis. The simplices were defined as the set of pairs
of elements having the same first element. There need be no necessary
relation between the elements of the range in the simplex. The pattern
of choice described by the simplex is interpreted as an offer which at
most guarantees choice of a single element at one time.

Clearly, the discrimination of the cliques in the relation determines
the possible largest sets of multiple or simultaneous choice in the
structure. For example, every ternary relation must also be a binary
relation, but not every ternary relation derived from a binary relation
is necessarily significant to the structure. The cliques are a cover
with this sense of simultaneity. If one wishes to iterate description
of choice to higher levels, the clique covers provide new protocols with
which one can return to the residents to solicit their opinions on the
desirable multiplicity of choice for the urban structure.

Consider the set (a,b,c,d) together with relation R. If this set
formed a simplex of the relation with respect to element "a" one would
have at least (aRb,aRc,aRd). Additional elements of the relation such
as (bRc,bRd) are not necessary although they may possibly exist. If,
however, the structure forms a clique with respect to a, then (aRb,aRc,
aRd,bRc,bRd,cRc) is necessary. The set of elements are pairwise related
and every pair is present. In a clique every element satisfied the
defining relation with every other element and hence represent simultan-

eous choice.
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It is clear that not every face of a simplex forms a clique, but a
clique must always be a face of a simplex. Given a simplex of some
relation, the simplex may be analyzed into all of its subsets, but not
every subset of the simplex will be a possible simultaneous choice.

In particular, the O-vertices of the relation may be regarded as at least
0-cliques.

The relation between the set of undirected (symmetrical) relations
and the set of complete clique covers is a function (onto). This can be
guaranteed by prbper]y selecting the algorithm by which the clique covers
are generated. Each element of the domain of the relation will belong
to at least one cover set, and all of the maximal cliques belong to the
cover family by definition. Therefore each undirected relation determines
a cover family of cliques, and the set of all undirected relations should
by definition determine all possible cover families of this form. To
demonstrate that the relation is unique it is necessary to prove that
there are no two distinct relations, say Rl and R2 on the same domain
set A which have identical complete families, say CR1(A) = CR2(A). The
hypothesis of distinct R1 and R2 means that there are at least two
elements ass aj belonging to A such that although aiRlaj is true, aiRZaj
is not. From a1.R1aj it follows that there is a pair (ai,aj) in some
member of CR1(A). Since CRI1(A) = CR1(A) it follows that there is a
member of CR1(A) which is identical to that member of CR1(A) containing
the subject pair. It therefore follows that R2 contains the pair (ai,aj).
This implies that a1.R2aj is a contradiction. Therefore the mapping of

relations onto clique covers is unique where maximal cliques are used.
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The whole simplicial complex defined by the signal relation is
decomposed into a number of sub-complexes associated with the levels of
the signal re]ation. There will be one complete clique cover for each
signal level. The interpretation of the clique structure describes
urban zoning in terms of the constraints upon choice for activjties which
become available to the resident of an area as his horizon expands with
increasing signal levels.

The significant complex for zoning is KL(A,Rn,n) where L is the
backcloth streets, A is the protocol set of urban activities, and R"
denotes the weighted relation describing the choice of activities offered
by accessible service areas under the backcloth ordering for each accessi-
bility Tevel.

Assume further that the complex has been sliced for each n and
reduced to a clique cover family for each level.

The concept of simultaneity in an urban sense must be introduced.

Simultaneity means that a given set of activities can be selected at the
same time. In this context, it is taken as a matter of convention that
if the basic areas discriminated in the geographic béckc]oth are streets,
all activities actually sited on a given street can be selected simultan-
eously. This introduces the concept of a one-stop shopping area.
(ie. one can select every activity by parking once in an area.) The
individual backcloth street is treated as a 0O-accessibility Tevel c1iéue
conventionally requiring no effort to choose its associated activities.
The properties that this 0-clique has are the following:

a. Every activity in the street can be chosen by travelling at

most some distance (length of the street) from any other activity.
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b. Every activity can be selected by traversing at most some

distance (the length once).

It is clear that the former property can be generalized to higher
accessibility levels allowing us to set up efficient search patterns for
determining an ideal shopping plan. The collapse which occurs in going
from the idea of a l-clique to a zero clique may be interpreted as the
distinction between a potential decision and an actual decision in urban
analysis.

Suppose one knew which cliques of activities at each accessibility
Tevel are assigned to each one-stop shopping area of a given neighbor-
hood. Suppose also that one wished to visit some particular set of
activities with the fewest stops. Obviously the areas that one must
visit are included within the one-stop shopping areas of the Towest
accessibility level clique that contains all of the choices. One would
then examine the choice attached to the (n-1) - cliques that belong to
the n-clique, searching for one which either contains the desired choice
as a face, or the ones containing the largest faces whose union contains
the desired choice. One would proceed in this way down to the lowest
Tevel which represented one's preferred walking distance. The resultant
cliques would each describe one-step shopping areas where one can park
in any of their areas to obtain a multiple choice. Obviously the nesting
of cliques from level to level can specify a systematic decision proced-
ure to determine the parking areas providing access to a desired choice
of shopping activities.

It should be immediately apparent that while it is easy to determine

the preferable multiple choices of activities from the preference
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relations, there is a problem in determining the assignment of these
choices to specific areas.

Fortunately this problem is easily overcome. From the complex

K, (L,R",n) generate the cover of cliques on the backcloth siting relation.

L
Knowledge of this complete clique cover allows us to decompose the inci-
dence matrix of the backcloth at each accessibility level into the direct
sum of the incidence matrices of the cliques. Direct sum here means that
addition of corresponding elements of the incidence matrices of the clique
is performed modulo 2. (je. 1 +1=1,0+0=0,1+0=0+1=1.)

Each clique incidence matrix can be multiplied by the incidence of
activities in areas. Thus one has a clique relation of the form
(LxL)x (LxA)=(LxA). Ineffect the pattern of choice for each
one-stop shopping area is the union of the activities which are contained
in each individual area belonging to the clique.

Clearly, the presence of an activity in any area of a clique defined
at some accessibility level results in the presence of its influence in
every other area belonging to that clique. In this way the cliques of
activities directly defined by the backcloth order are determined in a
form suitable for comparison to the cliques determined from preference
relations. In other words, urban land use zones defined by residents'
preferences can be compared to the actual patterns of influence resulting
from the detailed siting of activities.

Let A? denote the ith clique of activities actually sited on an area
Li' This clique is identical with the simplex og associated with Li
defined by the incidence relation of activities on areas (at accessibil-

ity level = 0).
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Let C? denote the ith clique of areas at level n. This clique
defines a set of areas Li which are contained in the set C?. There will

exist for level n a complete family of such maximal sets of areas,

ie. C = (C?....CE....CQ). AE denotes the set of multiple choice on
. n ,n_Ui . n '
clique Ck. Ak = 5% for i such that LiECk'

A number of interpretations may be attached to this form of relation-
ship between areas, and their cliques. Land use zones denote cliques of
mutually compatible activities. Thus, the relationship provides a means
to relate the pattern of activities directly incident in each area to
the different interpenetrating zones, and to determine the standard of
service provided by the whole structure to each area at each signal level.
Since, in any analysis, one wishes to fix the zones acting on each indi-
vidual area to provide both a minimal standard of service and a maximal
pattern of influence that does not violate any zoning constraints, the
utility of the clique decomposition is evident. The structural scheme

is jllustrated in the Figure 21 below.

FIGURE 21; CLIQUE ANALYSIS OF ZONES
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The clique structure defined in this way reveals a property of urban
structure, designated as phase, representing the way in which distinct
patterns of choice arise by the propagation and 1nterference of influence
from their sources in the area. The actual pattern of choice evident in
any area is the result of the interference of one or more cliques at that
area. The phase quality of structure can be used to fit together the
patterns which result in consistent patterns at different accessibility

levels which satisfy a given standard of service assumed to be the
minimum acceptable in the area. In order to fit the patterns together
properly it is necessary to study the ordering of cliques at different
accessibility levels and select a suitable chain from the partial order
of cliques revealed to provide a consistent growth of influences from
the source.

Recall that, in the phase space analysis, the idea of compatibility
and convenience focused attention upon those chains of transitions from
signal Tevel to signal level which were direct successors of the elements
at the next lower level. Clearly, all of the significant urban zoning
standards that will be developed from individual preference relations
must incorporate the idea of orderly development exemplified by the
phase space analysis.

Fach zone must be orderly throughout the whole structure embodying
a particular trade-off between compatibility and convenience. For a
large sample it will be possible to identify the natural frequency and
stability of particular zones in the different urban neighborhoods.
Mathematical zoning is a tool that will yield valuable Tong term develop-

ment information about the behavior of urban neighborhoods.
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These structural ideas are capable of embodying the idea of
strategic planning. The simple fact that the cliques standards overlap
resulting in ambiguity of classification means there is an inherent
uncertainty as to the ultimate disposition of development in an area.
Each time a developmental change occurs, which forecloses alternatives
for future development by reducing the set of final development standards,
an opportunity cost is incurred. Picturesquely, at an intermediate stage
of development, the zones float. This uncertainty in the governing
structure is desirable since a planner cannot regulate the occurrence of
actual activities. By preserving options with respect to the future
Tocation of some types of activities, he can make decisions as required.
This decision is made with the knowledge that there is always at least
one chain of development open that preserves compatibility and convenience
of land use. Where a number of chains are open, select the chain which
Teaves the greatest variety of ultimate development states to incur the
Teast opportunity costs.
This defines the zoning problem. It is possible that by working

with covers rather than the actual incidence of activities, modern com-
puters will be able to handle the combinatorial complexity of the

problem.
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3. Clique Analysis

A suitable program for generating the complete family of cliques
contained in an undirected graph is contained in Annex D. The reference
describes not only the suitable algorithm, but provides a program
written in A]go1.20

Generally the clique-finder algorithm uses a method of programming
known as branch and bound backtrack programming. The virtue of the
particular algorithm presented in the reference is that it contains a
method of testing each branch to identify those branches which cannot
possibly lead to a clique at the earliest possible point. The algorithm

automatically determines the complete set of maximal cliques which

defines the necessary cover family of the complex.

4.  Shomotopy Structure

The purpose of the decomposition of a backcloth relation into
cliques is to identify areas where the cliques overlap within each
accessibility level. These overlapping areas identify potential con-
flicts between zoning standards which are ignored by conventional land
use zoning. The assumption that zones are distinct ignores the edge
effects of the propagation of influences between zones, but the use of
cliques can reveal the edges to facilitate the mediation of conflict.

The mediation of conflicts between zones is accomplished by using
the largest common subset shared by two distinct zoning standards.

Although the conflict areas receive influences from both incompatible

20Coen Bron & Josep Kerbosch, "Finding all the Cliques of an
Undirected Graph," CACM (1973) pp. 575-577.
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standards, they contain only the common subset of activities which are
compatible with these influences; moreover, they contribute to each zone
only influences compatible with both standards.

If the distinctly incompatible activities in each zone are concen-
trated in areas outside the overlap, the greatest overall variety of
development is possible without incurring any conflict. Thus, the
geometry of a neighborhood can be exploited by the clique analysis to
achieve compatible development.

The clique structure may provide insight into the dynamic signifi-
cance of similarity between adjacent g-connected chains of a component
introduced by Atkin.21 A clique is a maximal cycle which contains, say,
n identical simplices. The cardinality of these simplices is p. Since
they are identical, every p - 1 loop in the clique is p - 1 connected
and p - 1 adjacent; hence, perfectly uniform. It is this uniformity of
influences within the clique that constitutes the importance of the

structure to urban analysis, but much further research is required to

clarify the urban design problem along these lines.

21R. H. Atkin, Combinatorial Connectivities in Social Systems,
pp. 57-68.
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IV. Stages of Structural Analysis: Synopsis

The functional explanation of behavior in an urban area explains
global behavior in terms of local behavior using the relations that
functionally describe both preferences and actual behavior. A mathe-
matical analysis program to implement this scheme of explanation contains
the following steps:

1. Define in data files the incidence relations describing each
individual preference system with respect to a given protocol
for each signal relation.

2. Generate the influence service areas using the signal levels
on the backcloth ordering relation yielding the different
complexes KL(L,Rn,n) for each signal relation. Algorithms
were discussed for determining the distance between each pair
of backcloth areas.

3. Generate the pattern of choice associated with these different
complexes. Each complex KL(A,Rn,n) for a given signal relation
is the composition of KL(L,Rn,n) X (KL(A,RO,O).

4. Use the Q-analysis program to define the compatibility classes
and equivalence classes. From this information it is possible
to study:

a. The siting program which optimizes site selection for distinct
activities without regard to the overall compatibility of
influence.

b. Analyze the preferability of different patterns of choice
associated with distinct areas at each accessibility level

by defining a phase space with a structure of trade-offs.
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5. An efficient algorithm for determining the different gq-loops
within components was referred to. Using the same general
scheme of backtrack branch-and-bound programming employed in
the clique-finder algorithm, the identification of the
g-shomotopy equivalence classes of the component, the g-holes,
and the cliques should be possible. Normally this mode of
analysis will be applied to standards.
6. The clique finder algorithm discussed can be used as a means
of defining the actual consistency of observations in an urban
area.

The implementation of structural analysis in urban design problems

is the subject of the following chapter.



CHAPTER FOUR

APPLICATION OF STRUCTURAL ANALYSIS TO URBAN DESIGN

I. Introduction

The original goal of extending the structural analysis into urban
design has been found to be overly ambitious within the scope of the
current study. Nevertheless, an outline is proposed as a basis for
future research. Structural analysis is consistent with the stages of
the planning process outlined earlier.

Fundamentally, the design problem of urban planning is implicit in
the structure of input data in the preplanning stage. Two essentially
different types of input data were recognized: data defined on the
observational backcloth; and data defined on the functional space of
social preferences.

The problem is to match standards of behavior in the functional
space to decision areas on the backcloth ensuring that no social con-
straints are violated, while also violating none of the constraints of
the observational backcloth. Clearly, the incidence of certain social
groups in a particular decision area will restrict the choice of standards
of behavior for given decision areas. Tolerances in the preference
relations will provide some freedom of choice to adjust standards of
behavior for different influence patterns generated by the backcloth.
The objective of analysis is to determine feasible configurations of
standards of behavior that provide the most compact distributions of
activities on the decision areas. The specification of patterns of land

179
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use to maximize the freedom of individual choice without violating any
of the constraints of the social preference relations is the design

problem of planning.

II. The Design Concept

The phase space of the clique cover discussed in the previous
chapter is the basis for this design problem. The ideas of convenience
and of compatibility are central to the implementation of the design
process. Mediation must occur within the overlapping decision areas
where conflict between distinct zones may exist.

Design uses a top-down approach. Select a set of zones at the
highest accessibility level. The choice at successively lower levels is
constrained by the choice at the higher level containing the particular
clique on which a decision is to be made. The existence of a standard

of behavior on a backcloth clique at any decision level automatically

constrains the maximum activities that can be sited in any area contained

in the clique. Convenience and compatibility will further reduce the
possible choices at each level. This combinatorial problem can be
solved by standard backtrack programming techniques.

The only real complication in the design process arises from the

fact that the cliques in general overlap at each level. Therefore a means

of mediating the standards in the conflict decision areas must be speci-

fied. The choice on any decision area at a given level is subject to a

sideways order specifying the total independent configuration of zones at

that level.
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It is fortunate that a combinatorial design technique exists. It
was developed by the Institute of Operations Research in Great Britain
and is termed the Analysis of Interconnected Decision Areas (AIDA).

The basic paper describing the algorithm is included as Annex F.

The first step is to identify the decision areas with the backcloth
cliques at each accessibility level. Then the strategy graph of these
areas will be developed. In this strategy graph, if two areas do not
overlap, the choices made thereon are independent. As shown in the annex,
a strategy graph describes the choices prohibited in connected areas as
a result of specific decisions in any area. Where a bar exists between
pairs of areas, the question of the degree of conflict between incompat-
ible standards that will be accepted must be defined, remembering that
the smaller the conflict accepted, the fewer activities will be permitted
in the overlapping areas.

Therefore the detailed specification of bars between possible choices
in each decision area will be derived from the following rules:

1. If there is no overlap between decision areas, no bar will

exist between them;

2. Where a bar exists, the pairs of possible zones must be examined

and those which are too incompatible must be rejected.

The possible choices on each decision area has been partially deter-
mined by the vertical order. Call the set of decision areas as follows:

n

"= ", Dg) D" is the kth cliques of areas at

k
the n-accessibility level.
The zones to be considered with each decision area are the clique standards

previously defined as possibly consistent with the area.
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Thus Cn(i) = (Ci ...... C;) where C"(i) denotes the choice of
clique standards compatible with the
ith decision area.
The AIDA algorithm discussed in the paper at Annex F can specify the

consistent overall sets of choice, one for each decision area, which

violate none of the constraints of the strategy graph represented by bars.

The algorithm can generate all and only the feasible configurations which
are the independent urban designs at that level.

One of the interesting aspects of this design problem is the possi-
bility of a strategic approach to planning. This possibility becomes
most clear when one orders the solutions on their respective decision
areas. To some extent there‘wi11 be a degree of overlap between the

solutions acceptable in each area. This means that the decision to site

a distinct type of facility may or may not rule out some of the solutions.

By selecting sites which rule out the least possible solutions the
planner can keep open the greatest number of options for future develop-
ment open. Only when the potential solutions have been reduced as far

as possible are the final Timits of development reached.1

1J. K. Friend and J. N. Jessop, Strategic Choice and Local
Government, (London: Tavistock, 1971). In this book the authors discuss
the results of an operations research inquiry into local government in
Great Britain. A sequential or strategic decision process is deemed
necessary to planning under these conditions. The strategic planning
process they outline is related structural analysis in the design stage.




183
ITI. Regulation

It should be clear that the solution of the structural problem only
determines the potential choices. For the designer, the problem of
matching the potential of the urban structure to the capacity of physical
resources remains to be solved. For example, the provision of a great
variety of commercial services is of no avail when these services are not
provided with suitable circulation systems to facilitate customer parking
and transportation of customers from the market area. The provision of
recreational facilities to residents is of little use, if these services
do not have the capacity to handle the demand.

This question is obviously related to the shifting dynamics of the
patterns of choice in a neighborhood. The question of the capacity of
a structure arises whenever one is concerned with the distinction between
the consistency of a pattern of choice with the overall structure and the
ability of the structure to accommodate the different quantitative
patterns of choice that actually exist. Atkin deals with this question
algebraically. The algebra of patterns of choice is a fundamental con-
sideration in any theory of urban indicators.

The fundamental considerations of the algebra of patterns of choice
is described in the reference paper.2 The approach is based on the fact
that one may establish a mapping of simplices onto numerical values;
these mappings define co-simplices. Thus

P

o * c? +J (J is the system of integers, for example)

2R. H. Atkin, "An Approach to Structure in Architectural and Urban
Design. Pt. 2. Algebraic Representation and Local Structure,"
Environment and Planning B (1974), pp. 173-191.
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The idea of a pattern of choice with a value is expressed by a

graded set of co-simplices defined on the various p-dimensional simplices

of the complex as follows:
= denotes the value of a pattern on a complex.

- (ﬂn, ﬂn-l’ 1 o)

...... s T 4 T where n = dim K

70 = (0;, all i) - number system.

With suitable restrictions these algebraic structures may be added
and subtracted, multiplied by a scalar, and generally treated as any
other algebraic structures.

Bearing in mind that these values symbolize the quantity of choice
made in certain instances, one must carefully examine how the algebraic
operations relate to the numerical quantity when the operations are
consistent with a covering structure.

It is clear that the addition and subtraction of patterns can be
visualized as adding and subtracting quantities of choice similar to a
vector. Thus, (50; + 1opf2) + (20; + 3op§2) ='(7c; + 4opf2).

For operations dealing with changes to patterns, the face and
co-face operations are similar to the calculus of finite differences in
the manner in which they carry numerical values through the structure.
They are defined as linear operations on the changes in value rather

than on the values themselves. Hence, as Atkin shows in the reference

paper, there is a distinction between the change in the structure and

its value. In other words, the formal operations reveal the total extent

of change on the structure, but the distribution of this change to

different patterns must be clearly distinguished.
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If there are hp p-simplices in the structure K, a basis for the

co-simplices is the set of hp mappings (op, i=1, ....hp) where
o1p(o‘;)=01'f1'#j
=14if i = j.

This may be used to define the value of the patterns by the inner

P (c.p = I 0y

p
i i ).

product notation. Every co-simplex is the sum of the ag

One can thus carry the analogy to a vector space further by assuming
that each simplex denotes a possible "direction" in the space. The
symbolism introduces algebraic indeterminates "Xi" to correspond to the
vertices 0? of the complex. The algebraic "Xi“ are the basis set for an
n-dimensional module V(J) over the integers J. In the reference papers
the important aspects of the algebra of choice are worked out and the
reader is advised to refer to them for the details. Rather than repeat-
ing this material here without drawing any fresh conclusions, some
observations on the significance of the capacity in the complex to the
design problem of urban planning will be made to indicate the approach
and the use of this theory in city planning.

The quantity, which is indicated by the integers J, must be something
which refers to a resource limitation of the urban area. Supply and
demand of some resource determines this matching. In addition, the
quality must be such that it can be mapped on the simplices of the com-
plex which denote the choice available or the choice demanded. The
quality must be common to all of the choices with which it is associated
since it denotes an interaction between the choices.

Such possible qualities are: the requirement for parking of an

urban activity, the services that are significant to different sets of
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activities, flows of money, rents, or similar aspects of urban dynamics.
Clearly, the use of different indicators on the raw backcloth structure
may point out the significance of a certain sub-complex of the neighbor-
hood while slicing out other aspects completely. In terms of any such
quality it is clear that patterns of choice can only be added when they
interact with each other in this sense.

These patterns of choice introduce the possibility of an unbiased
Vview of the choice in the neighborhood. Every logically possible choice
set must be included initially, and if any are excluded, the reasons for
exclusion must be explained. This will correct a tendency of urban
planning to overlook some less obvious choices that the existing neighbor-
hood does not favour.

The algebra of patterns of choice is intrinsically aspatial. To
deal with each specific instance of choice in a given area make each
occurrence of the same type of choice in a different area notationally
distinct. The interaction between activities must be explicitly intro-
duced using the signal levels through the medium of Tinear programming.

The possibility of Tinear programming arises from the fact that the
geometrical representation of a simplicial convex is in terms of closed
convex polyhedra.

ie; a 2-simplex (v1v2v3) can be represented by

+ 0 8. <1 P=9.P +96,P, +06,P

2 3 ir- 11 2 2 33

The indeterminate ei in this representation can be used to define
permissible 1imits upon (tolerances of) the choice denoted to changes in
the indicators attached to the choice. This is to say for each simplex

there is a possible supply and demand relation which relates its capacities
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to every other instance of the same choice on the complex. It may be
necessary to return to the distinct decision areas defined by the cliques
at each signal level to determine the frequency of every distinct type
of choice at each signal level, for these distinct choices to be related
to the preferences of the residents. Moreover, the distinct occurrences
of an activity must be inter-related in terms of their capacities to
specify the choice they supply to the urban system.

In essence, the use of linear programming on the choice structure
of the urban phase space gives a representation suitable for optimization
techniques.

It is tempting to speculate that the algebra of choice together with
the calculus of finite differences might provide a geometrical-algebraic
language suitable for the expression of choice on an urban backcloth.
This problem bears investigation by suitably qualified researchers in
the future.

The design process proceeds in two phases: design to optimize the
richness of variety of potential choice in an urban area; and regulation
to adjust the physical resources of the urban neighborhood to satisfy
the choices of the residents. The introduction of an algebra is natural

to describe the dynamic behavior of the structure.



CHAPTER FIVE

CONCLUSIONS OF THE STUDY

I. Reflections Upon the Objectives of the Study

The genesis of this study is to be found in the conviction that the
existence of many forms of unexamined values in city planning demands
that a deep inquiry be made into the logical foundations of the discipline,
and that this inquiry be conducted within the framework of conventional
epistemology, as in other sciences. Only in this fashion can the Timita-
tions of the discipline, imposed by the social mandate for planning and
by the capabilities of the current technology of planning, be explored
within a framework of fundamental principles. Since one of the most
potent techniques used in formal science is to describe the Timits of
what is feasible using the knowledge of what is impossible, the study
places considerable emphasis upon the problem of social choice as the
fundamental form of the problem that encompasses the aims and objectives
of city planning.

Realistically, progress on the theoretical side of this thesis has
been limited in this area. While the study has no difficulty in clearly
relating the problem of social choice to the conventional aspects of
planning theory, the key role of the problem of social choice in the
proper development of a mathematical formalism for planning is not
adequately clarified. Reasons were stated, however, for the belief that
the central notion in this avenue of inquiry would be the concept of
urban field, determining the different maximal configurations of standards

188
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of behavior that are consistent with, and appropriate to, the preferences
of affected individuals. In later research it is proposed to study the
conceptual organization of an urban field, thought to be a form of
mathematical structure having properties at Teast analogous to the idea
of a fiber bundle as used in physical gauge theory to geometrize the
concept of field. The result, if practicable, would be a very concise
formulation of the urban design problem in a very satisfactory fashion.

The positive accomplishments of this thesis are numerous, despite
its many areas of weakness. Working from the conventional notions of
urban planning theory, five stages were distinguished that are thought
to encompass the required methodology for structural analysis in urban
planning in the logical order of execution.

Working within this framework, the role of the modern delphi
techniques in attempting to impose the maximum degree of structure upon
the observational experience of the individual to facilitate comparisons
between values themselves is readily appreciated. The application of
sets to describe these structures greatly enhances the techniques.
Moreover, the direction to be taken by subsequent analysis to transform
raw data into conceptually more useable forms is made evident. Structural
analysis enables the maximum amount of useable data to be drawn from the
raw experience of the planner.

The thesis is thought to provide a convincing case for the observa-
tional basis of planning. Illustrations of the further analysis of raw
structures by application of partial ordering for the siting problem and
the preference structure (convenience and compatibility) providing a

finely discriminating system of measurement would seem convincing.
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The approach to the design problem is considerably Tess well
established, but the case which is made (obstructed by the lack of clear
examples) does provide plausibility to the case for interpreting design
as a signal level-by-signal level process of matching Tand use zones
(preference cliques) to one-stop shopping areas (backcloth cliques).
Certainly, with some effort to program the technique, its practicality
may be verified. The judgement of the thesis must be — plausible.

In summary, the origin of the study was in a very vaguely defined
problem area - but it seems fair to conclude that the problem at Teast
is considerably more well-clarified than was the case hitherto. As a
bonus a number of novel and seemingly promising planning techniques have
been proposed. The real conclusion of this study can best be summed up
in the following hypotheses suggesting challenging areas of future

research to extend our knowledge in this vital area.
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II. Directions for Future Research

For the mathematician there is the challenging problem of reformu-
lating the problem of social choice by extending its interpretations in
a novel way, reminiscent of the gauge theories of physics. Since maxima
of the partial ordering seem to most nearly correspond to structures
which would be recognized (physically) as objects, the problem of social
choice is nothing but a statement that two incompatible objects cannot
occur in the same place at the same time. Intuitively, the designer
recognizes the existence of a partially independent structure of functions
in any system and attempts to satisfy the needs of incompatible functions
in different places in the system at the same time. Of course, this
assumes that the concept of place has meaning. Generally the logical
notion of a connected chain of events (processes) is required for "place"
to be defined. Changing places require that the ordering considered be
at worst an acyclic order to have the necessary concept of proximity.
The key to introduction of formal geometry in urban analysis is to
recognize the related concepts of: accessibility governed by a strictly
limited order between events, the possibility of orderly development
indirectly connecting otherwise inaccessible stages of development, and
the concept of standards of behavior describing the largest structures
of compatible preferences which exist in the social structure. Obviously,
Atkin's algebra of patterns has application to this question.

For the computer analyst there is the technical problem of implement-
ing the techniques discussed in this study within a sufficiently sophisti-
cated programming package to handle large volumes of data efficiently.

For the urban planner, the application of the siting problem, the
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measurement technique, and the zoning problem would be of great interest.
In these terms, planning can become an empirical science.

Planning studies should attempt to correlate the existence of
certain types of standards of behavior with external parameters denoting
the socioeconomic status of a neighborhood. The purpose of standards is
standardization. Structural analysis will become much more effective as
a tool for design when it has been reduced to the handbook Tevel of
application.

The application of linear programming to the structures should be
studied in greater detail. In this area some practical questions
involving traffic studies, the structure of services in a neighborhood,
and the commercial viability of shopping complexes can be answered.

The zoning problem should be studied in a greater detail. It
should be possible to examine the distortion of individual rationality
by the global standards. For example, using the solutions of the siting
problem which are optimal for a given type of activity, to what extent
is there a distortion of this rationality in comparison to the locations
permitted by the zoning problem? Such distortions are a manifestation
of the concept of urban field.

It would be interesting to know whether there is any productive
outcome from the combination of the face algebra with the calculus of
finite differences. The algebraic structure of the various urban
neighborhoods should be assessed carefully. It may be possible that the
phase space will reveal some previously unsuspected symmetries that are

of great value to the urban designer.
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Far from being an abstract study, the pursuit of these areas of
research may eventually lead to very practical results for the urban
planner and designer. Mathematical thought can serve the urban planner
well, in the same fashion as it has served our understanding of sophisti-
cated aspects of physical process. The fact that the vast majority of
urban residents may not realize how they are organized, or appreciate
the methods by which improvements to urban organization are developed,

will not prevent their enjoyment of the benefits derived from it.
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ANNEX A

GLOSSARY OF TERMS

The following glossary provides a partial listing and definition of

terminology which is employed in the text of this thesis.

Acquaintance (relation of): An epistemological notion introduced by

Sir Bertrand Russel to describe the correlation between formal concepts
generalized from experience and particular aspects of observation

(perceptions). The relation of acquaintance describes the actual per-
ception of an observer under some specified external condition in terms

of a common set of elementary observations.

Accomodation: A notjon distinguishing the concept of behavior consist-

ent with a standard of behavior from the possibility of the occurrence
of a consistent form of behavior under specified circumstances. Quanti-
tative 1imits imposed on the activity in a structure may reduce the
feasible choice to some subset of the consistent forms of béhavior

these can overload the capacity of the structure without violating

any of its logical constraints upon possible standards for choice.

Backcloth: A concept that there is an underlying relatively static
structure which provides a basis for the dynamic forms of behavior that
are actually observed. A backcloth serves as a consistent standard of

behavior to be used as a frame of reference in analysis and may be
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applied equally well to the description of the functional activities and
physical aspects of an urban system, i.e. the map of the area is a
geographic backcloth, the authority of individuals in a group describes
how to compare their points of view within a formal organization. The
backcloth defines the scope of observation related by some signal
property to the different viewpoints resolved as significant states

for the study.

Backtrack programming: A basic combinatorical technique which has wide

application in exhaustive search procedures. Efficient versions of the
backtrack programming technique use integer programming with branch-and-
bound techniques detect unprofitable search tracks quickly and expedite

the search.

Basis: The term usually describes the minimal set of sub-structures
which are capable of representing every other sub-structure possible as
a pattern in a given structure. It also describes the qualities of a

value which cause it to be assigned some weight in a judgement.

Capacity (of a structure): If, after assignment of some numerical
indicators to a sub-structure to describe the extent of choice on a
particular pattern for assignment of the available resources to be shared
among all choices, then the capacity is a 1imit upon the total resource
available within the structure, and is used to determine the acceptable

patterns which can be accommodated.
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Chain: A simply ordered sequence of subsets of a structure, i.e. one in
which each subset is linked in some order to the next in sequence. Chains
are generally used to describe the state-transition structure of behavior

in a system.

Change: An alteration of the system which may be either a change in
capacity indicators (growth) or a change in the actual nature of feasible
choices (development). Change covers both the growth and development
concepts in planning in the same way as vector quantities involve both

change of direction and magnitude.

Choice (in a pattern): Since the planner is always working with
standards of behavior, limiting without actually regulating the actual
behavior of a system, the problem of choice arises. The decision is to
select one particular subset from a range of subsets specified by a
pattern to reduce uncertainty. In the zoning problem patterns of choice
applied to decision areas are used to systematically reduce the freedom
of choice until only one configuration is possible, determining the

decision.

Classification (functional decomposition): For any relation there will

exist a pattern of maximal sub-structures uniquely associated with the
given relation. Although aspects of the pattern may be common to more
than one such structure, every possiblity in the relation is covered by

at least one standard structure.
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Clique: A maximal complete sub-graph of a graph based upon some signal
relation. Every element in the clique is related to every other element.
The clique describes subset of a simplex denoting the possibility of

simultaneous choice of all of its elements.

Combinatorial: A system of complete enumeration of all possible configura-

tions which may be possible in a given situation (i.e. combinatorial

decision problems).
Combination: A combination is any subset defined without regard to order
of the constituents of a set (i.e. ABC and CBA are different permutations

of a set, but are the same combination).

Completeness (of description): The logical requirement that every

possible subset of a standard of behavior be viewed as a possible form

of behavior in the system. Therefore it is the aim of a natural process
of description to account for both the gaps (or forbidden choices) and
also the relative frequency of occurrence of particular forms of behavior.
Completeness is an idea which provides the possibility of describing

dynamic behavior on a relatively static backcloth.

Component (as in g-component): A combination of sub-structures in which
every substructure included in the component is related to at least one

other substructure in the component.
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Conservation Law: A constraint upon the total capacity of the structure
which requires that available capacity be shared, such that every trans-
action must maintain a total balance between the capacity used and
capacity available. Conservation is an accommodation rule which deter-
mines legal combinations of patterns from those which are illegal and
requires symmetrical conditions to describe the transactions compatible
with the system. The idea of a conservation law will describe the

minimum requirements for a process to be considered urban-like.

Constructability: A requirement for orderliness that is applied to a

sequence of transactions in a system. Distinct structures are formed
combinatorically from primitive elements of the system in a sequence of
steps which are each decideable by the rules of the system. In logical
discussions some decideability criterion is used to distinguish the
permissible forms of substructure, but in application to a scientific
method, plausibility criteria are used instead to permit deductions from

more doubtful, but reasonable, concepts and relations.

Cover: A fundamental consistency structure describing a standard of
behavior. A cover is a family of subsets such that every subset struc-
ture representing possible forms of behavior is included in at least one
subset of the cover. Not every subset of the cover is necessarily a

permissible form of behavior.

Consensus: A basis of agreement upon the common properties of some
concept or concepts. A consensus in general constitutes an ordering of

viewpoints.
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Cycle (loop): Is a simply ordered chain of structures in which the only
structure that occurs more than once is the initial and final structure.

Any constrained behavior must be cyclic.

Decision Area: A concept borrowed from Analysis of Interconnected

Decision Areas to describe the situation where an element of the backcloth
which interacts in some way with the other elements is to have a unique
standard of behavior arbitrarily assigned to it that is compatible with

the choices made simultaneously on the other decision areas.

Decision Problem: The condition confronted when one tries to assign a

unique choice from the family of possible choices to an area of the
backcloth. The choice sets are mutually exclusive alternatives and only
one may apply to any decision area; but the choices made on all decision
areas must, as a whole, be as independent as possible. The decision
areas, by virtue of the residents 1iving on them, may partially determine
the choice by delimiting the set of standards acceptable to the residents;
while the mutually incompatible functional standards also partially
determine which configurations of choice are independent or interacting
between the decision areas. An algorithm such as the Analysis of Inter-
connected Decision Areas is required to determine the feasible choice

configurations on the study area.

Delphi Technique: Denotes any methodology which attempts to impose the

maximum degree of structure upon the experience of the individual with

respect to a particular protocol of observations by transforming it into
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a structure in which the experience of different individuals can be

directly compared.

Describeability: The concept denoting those urban patterns of choice

which can be represented by set-like structures. Patterns of behavior
that cannot be reduced to this form are considered to be too dynamic
for structural analysis. The ontological criteria to distinguish
describeable urban behavior from the dynamic forms of behavior were

discussed in detail.

Design: A process occurring in a number of stages, such as analysis,
synthesis, and evaluation, in which data is collected, classified; then
used to form potential solutions to a problem; and are ultimately

evaluated to select the best possible answer to the problem.

Design Problem (zoning problem): Is a topological problem in which

desirable functional relationships expressing compatibility and conven-

ience are transformed into physical structures expressing siting patterns
kkkkk that are consistent with some constraining cover without excessively

distorting the functional forms of relationship with which the analysis

commenced.

Development: A structural change in which new forms of possible choice

are incorporated in an existing structure.
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Distinct: Two subsets are said to be distinct or discriminated when
neither is a subset of the other (they each contain distinct elements).
A partial order fails to completely order distinct subsets relative to
each other and they are to be regarded as mutually exclusive alterna-

tives.

Distribution: Measurement concerned with comparison of behavior to some

standard essentially determines which of the alternate standard struc-
tures are consistent with actual behavior one at a time. In contrast,
design attempts to study the distributions of possible standards across

the whole structure and their inter-relationships as a whole.

Environmental Cluster: 1Is a term used to designate a mathematical

structure representative of actually or potentially existing urban
structure. It introduces the possibility of distinction between mathe-
matical structures and urban structure to describe the interface between
forms of mathematical structure representing possible forms of urban
structure which is capable of mathematical representation. Use of this
term is a reminder that not all urban phenomena are describeable in this

way.

Epistemic Correlation: Sets can be used to establish an epistemic

correlation between concepts and actual data since they form a common

medium to both distinct types of entities. A correlation consists of a
definite choice of some elements by a specific individual at a specific
location in time and space, who is subject to known external conditions

of observation.
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Epistemology: The aim of epistemology for the purposes of this thesis

is to describe how the concept of relationship may be used to transform
a definite individual's perceptions into suitable categories of behavior
forming a group's consensus on to the description of normal behavior in
a definite area of interest. It is concerned with how one may have the

means of describing experience in any case.

Equality: In principle, a statement that two structures are identical

in every respect including their constituents and their ordering.

Equivalence: Is a much weakened form of the equality relation which
demands that possibly distinct objects are similarly ordered with respect
to some of their characteristic properties, and generally represent an
agreement that for some purposes these objects can be treated as the same,

without necessarily being the same in all aspects.

Explanation: This concept denotes a transformation from a situation
which is poorly understood into new terms of description whose signifi-
cance is more readily appreciated, and which also preserves some degree
of homologous correspondence to the terms of the original situation.

Explanation is usually limited to particular aspects of the situation.

Force: A change in a structure which has two aspects such that the
change may be either in intensity (concerned with alteration of an indi-
cator of choice (growth)), or in development (alteration of the occurr-

ance of a given possibility in the structure). A force is usually
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defined upon some backcloth providing a basis for comparison, and can be

used to reflect the costs due to the stress of non-rationality.

Formalization: Is a social process which occurs within a group in which

both the concepts and the means of discussion of those concepts are
reconstructed to make them decideable for a successively greater range
of circumstances; j.e., a plan is a formalization in which the situation
is simplified for discussion with explanations to reduce the costs of

decision, and to specify the action sequences leading to objectives.

Functional Aspects: Denotes those patterns of the urban observational

structure which provide significant services to the urban resident.
Framework: Is a particular structure serving as a backcloth that permits
the existence of significant phenomena to be recognized, and the rela-

tions between these forms to be readily appreciated.

Fundamental Problem of Planning: The fundamental problem of planning is

the process of transforming distinct local forms of experience or prefer-
ences of a system into global standards behavior which are compatible
with the available physical resources, and will accommodate the maximum

volume of local preferences.

Geometric Realization: Is a particular concrete representation of a

complex using graphs or matrices to facilitate data processing.
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Global Property: 1Is the most general set of properties which all members

of a structure have in common.

Grading of a Structure: Is the ranking of components defined in a

structure based upon increasing g-connectivity between the structures,

or alternately according to a sequence of signal Tevel indicators.

Graph: Is a form of mathematical structure which is a concrete repre-
sentation of a mathematical relation using points to represent vertices

of the relation and arcs to join the related vertices.

Grounds (of inquiry): Are the justifications which identify the most
significant fundamental concepts distinguishing the objects of concern
and their different forms of relationship, which cause them to be accepted

by a consensus of the profession.

Growth: A change in an indicator attached to the existence of a particu-

lar form of phenomena which does not introduce new possible forms of

choice into the structure.

Hierarchy: Is the recognition that every structure as a whole may enter
into relationships with other whole structures at different levels of
concern. The significance of a given level of a structure is more
readily appreciated in relation to other structures at a higher level,
i.e., in a hierarchy the function of a group is defined locally (at a

Tower level), but its role is appreciated globally.
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Hole: A g-hole is a minimal cycle of g-connected structures required
to realize the representative simplex of a given component. A hole is
the basis of representation of the component and represents the best
one can expect to do in consistently incorporating a given protocol
into a constructible realization of that protocol at some level of
g-connectivity in some component of the structure. A hole corresponds

to the idea of a socjal object in the same way as Bertrand Russel defined

a concept of "matter" out of sensory perceptions as a Timit.

Independent: The distinct (maximal) subsets of a complete cover are
mutually exclusive in that at most one may be chosen under particular
circumstances, but in considering a sequence of decision it is desirable
that every successive choice may be made independently of choices which
have gone before. Independent choices can only approximately be realized

by studying the phase relationships of the structure.

Intersection: Is a fundamental set operation which defines a new set in

terms of the elements held in common between a number of sets.

Local Property: Is a property which is true under particular circum-

stances in some part of a structure but not necessarily true for the

whole structure.

Magnification: This describes the process of discriminating successively

finer structures in a observational protocol that approach the limits of

observation where the protocol is fully resolved. In magnification the
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subsets of the backcloth are composed into new subsets by virtue of
some similarity to generate the largest subsets that are internally
consistent. These largest sets form a new cover family of the protocol
that are distinct from each other in some respects while internally

consistent in other respects.
Mapping (transformation): Is a function defined upon the elements of one
structure as a domain which relates each element of the domain to at most

one element of the object structure which the domain is mapped into.

Ontological Criteria: Criteria which delimit the interest of an observer

to forms of observations which are publically observable, repeatable,

and consistent with the observational capabilities of a science.

One-Stop Shopping Area (Clique): A particular type of urban structure

which denotes a set of urban activities that can be chosen simultaneously
relative to the signal relation that governs the definition of the
cliques, i.e., the one stop shopping area is a set of activities that

can be reached by parking in the area and walking no more than a specified

distance to reach every activity in the clique in turn.

Obstruction: The condition described by the Q-analysis caused by missing
combinations of choice in the simplicial structure disrupting the free

flow of patterns of choice.
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Ordering: A form of relation defined over a set of objects which
establishes a system of precedences between different subsets that may
be distinguished in the relation. Orderings are usually classified by
the extent to which they possess the properties of being reflexive,

symmetric, and transitive.

Pattern: A concept used in several senses in this thesis. A system of
sub-sets distinguished by a structure may be regarded as a pattern of
information in the sense that it is a preliminary announcement of the
extent to which information may become available as the range of choice
among the subsets is narrowed down by the application of data. A pattern
may also be thought of as the system of numbers which are attached to

the elements of structure to specify the data.

Perception: A particular part or aspect of the whole which is singled
out by an act of attention at some instant. A perception distinguishes

a part of the whole pattern as data which is actually observed.

Phase: An aspect of structural analysis which arises by virtue of the
requirements, in actual decisions, to distinguish between the presence
of the influence of an activity in an area and the actual presence of

the activity. These have different outcomes for decision and the dis-
crimination of phase relationships enables the planner to study the
manner in which the parts of the system fit together as a new whole by
systematically generating phase transitions consistent with the structure

as it develops in time or extends through the whole structure.
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Phase Space: In simplest terms the phase space is the totality of
different combinations of observations that are logically possible for
a given observational protocol. A variety of different analyses may be
performed, using the ordering of observations on the phase space under
different circumstances and for different signal properties, to determine
which states of the phase space are accessible to the observer and which

are not.

Protocol: The set of elements of observation which are determined by the
group to have in common some property which places them in the urban
domain of observation. The protocol represents a consensus of urban

planners which defines the scope of urban phenomena to be recognized.

Q-connection: Simplices which are discriminated as being distinct under

the face ordering of the simplicial complex may nevertheless be equivalent

in terms of some common shared face which defines their g-connection.

Quasi-static: A concept of physical thermodynamics which defines the

essential conditions to which a process must conform to in order to be
formally describeable. Quasi-static may also describe the nature of

action sequences in strategic planning.

Rational Process: Any discriminable events forming a decideable sequence

in which the order of succession of the events in the process is connected

by well-defined rules. Any process is rational in this sense.
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Relation: A rule which assigns to each element of a set of objects

(the domain) elements of another set (the range).

Regulation: A stage of the implementation process concerned with the
matching of signal tolerances to the capacity of a structure specifying
the physical resources of the area. Whereas the structure of an area
may in principle support a certain variety of choice, there remains the
question of the freedom of individual residents to actually use the
choices given the physical resources available in the neighborhood. A
given pattern of choice may be consistent with the structure of the
neighborhood, but insufficient capacity may not accommodate the pattern

physically.

Resolution: This concept describes the extent to which discrimination
of the finer structure in a protocol is correlated with the discrimina-
tion of the finer structure of the observational context associated with
the protocol. Although a great number of states may be potentially
capable of resolution in the protocol, there is no guarantee that the
apparatus of observation can observe all of them in any context. In the

N-1

1imit of resolution, the 2~ non-null subsets of any protocol would

have observational significance in some context.

Signal Property: The different subsets actually observed that are con-

sistent with the urban observational protocol are associated with some
relation that is said to signal the influences between the urban activi-

ties. Where possible the signal relation should have an assigned Tevel
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structure that enables the planner to distinguish the degree of tolerance

to different signals in the environment.

Scale Property: Certain signals are common to all urban activities and

therefore generate the observational protocol. The scale is therefore
the particular signals which define the context in which one shall

recognize the phenomena as being essentially urban.

Simultaneity: This concept is particularly associated with the question

of when a particular collection of entities shall be considered as an
entity in its own right, or in other words a new whole composed of
smaller wholes having properties that are particular to the collection
as a whole. For example, the collection of perceptions experienced by
an individual at one instant is a whole by virtue of simultaneous
occurrance, but the collection of a group of remembered perceptions
common to an individual that may have occurred at different instances is
a whole of quite a different type. Even more so is the collection of the
experiences of a group of individuals. Structures may aggregate exper-
jences in these different ways, but one significant question pertaining
to the realization of these structures in a concrete way will be the
question of the largest sets of choice which can be chosen in a single

instance.

Simplex: The structure defined by a relation in which every element
contained in the simplex has a common first element in the domain of the

relation.
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Simplicial Complex: A collection of simplices belonging to the same

relation, usually taken to describe an actual observed process.

Standard of Behavior: A set of observations which is maximal under some

relation so that it may be regarded as a constraint prohibiting some
occurrence of particular choices in the structure. Every subset of a
standard of behavior is held to be a possible occurrence, but the stand-
ard does not reqgulate either particular occurrences or mandate the

occurrence of some particular choice.

Strategic: A planning concept associated with a sequential decision
process where choice at some stage of decision delimits the range of
future choices without specifying which choice shall be made in the

future.

Tolerance: A concept applied to a standard which is discriminated in
terms of an observational parameter such as distance, and which permits
an individual to specify a range of this parameter that is acceptable

to him for the given signal relation being studied. Tolerance relations
provide the signal level structure of preferences which must be matched
to the patterns of influence generated by different siting patterns of
a backcloth. They are fundamental to the study of phase structure in a

complex.

Urban Structure: The set of activities correlated by a signal relation

to some observer at a specific location in time and space, who is subject

to some specified conditions of observation.
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Uncertainty: Three kinds of uncertainty are distinguished in a planning
science, uncertainty of observation, uncertainty of value, and uncertain-

ty of relationship.
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ANNEX B

THE MATHEMATICAL RELATION

1. Representation of a Relation

The matematical binary relation representing the signalling
between subsets of the protocol and the backcloth on which the protocol
is resolved compares two finite sets to each other. Consider the set
(Yi) i = 1, m of elements of the backcloth called the domain of the
relation and the set (Xj), j =1, n of elements of the protocol, called
the range. A1l possible comparisons of the elements of (Yi) to the
elements of (Xj) is represented by the cartesian set of ordered pairs
(Xi’xj)' Any binary relation R will be a subset of (Yi’xj)' Thus
Rc(Yi,Xj) i=1,m, j = 1,n, and (Yi’ Xj) belong to R if YiRXj' The
converse relation, R_l, is naturally defined R_1 c (Xj’ Yi) with
(st Yi) e R whenever (Y5 Xj) e R.

A relation may be concretely represented by either an incidence

matrix or a linear graph.

Consider a matrix M = (M..) such that M,. = 1 if (Y., X.) € R
1J 1] 1 J

0 otherwise.

The incidence matrix of the converse relation R'1 is denoted by the
transpose of M(MT).

The linear graph of a relation can be drawn simply by joining each
pair of vertices of a graph that are in the relation.

For structural analysis it is necessary to consider the concept of

weighted relation. The entries in the incidence matrix of a weighted
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relation are the integers in addition to 0 or 1. From any weighted
relation a whole series of incidence matrices describing a complex can
be obtained by slicing the matrix.

The (Qij) are a set of slicing parameters for a weighted matrix N.
Define the incidence matrix of a relation, M, that is covered by N in

terms of the elements (nij) as follows:

M.

i 1if Ny 2 Q(nij) Qk(nij) denotes the slicing parameter

i

0 otherwise associated with matrix element nij'
The slicing procedure is important in sealing with weighted relations

representing the signal levels of individual preference relations.

2. Intersection of Relations

In order to aeal with the trade-off of preferences in a phase space
representation, such as that discussed in the urban zoning problem on
either a complex of simplices or a compiex defined on cliques, the inter-
section of relations is necessary. The example of intersection as
described here requires that two different relations be compared on a
common backcloth. In the context of urban land this means that possible
forms of relation between signal relations are considered only if they
occur on the same areas of urban land.

The intersection of two signals, say R1 and R2, can define a new
relation Rlzc(Al x A2) x L where L is the common domain and Al or A2 are
the ranges of the two relations. R12 is defined if x ¢ Al and y ¢ A2,
then; \

((x,y,),Li) £ R12 if and only if there exists an Li such that

(Li,x) e R, and (Li,y) e R,.

1 2
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The intersection of two complexes defined according to this rule
can be determined by multiplying the incidence matrix of one complex

times the incidence matrix of another complex. Refer to Mathematical

Structure in Human Affairs, pages 121-124 for a more detailed discussion

of the intersection of complexes.

3. Functions

A relation is the general case of the concepts of ordering (relation),
function, and maximal cover sets. Since these concepts are necessary to
the rationale of our study, they are briefly elaborated here.

A function (or mapping) is a special form of relation. It can be
recognized in the incidence matrix as having at most one element in any
matrix row. In a function at most one element of the range can correspond
to any element of the domain. The element of the range set B correspond-
ing to an element of A, called the image of A, is usually denoted
u(a) = b. By virtue of the functional relationship u(a) # u(a') implies
a#a' (but u(a) = u(a') does not necessarily imply a = a'). The domain
of the function must always be the whole of the domain set A. Therefore
the domain must be restricted to the subset (a) e A such that u(a) € B
for every a € A. A mapping denotes the case when the whole of A is a
function on B. A function is into when u(A) ¢ B. If the function is
onto, then every b ¢ B is identified with a u(a) for some a ¢ A. A
mapping may also be one-one and into (injection). In this case u(a) =
u(a') implies a = a', although some b ¢ B may not be a u(a) for some a ¢ A.
When M is onto it is called a surjection. When a mapping is both injec-

tive and onto it is called a bijection.
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A mapping settles the question of the distribution of elements of

the range to elements of the domain in a very satisfactory fashion. It

is a rule which says that for any choice from the domain a specific

choice in the range must be made.

Given the set F = (Tom, Dick, Harry) the decision to award prizes

of ($1, $2, $3, $4, $5) can be resolved by different mappings M: F -~ P

1.

An into map M, permits sharing of prizes and not all prizes
are distributed

M,(Tom) = $1, Ml(Dick) = $1, Ml(Harry) = $5.

1
An injective map M2 does not distribute all prizes but provides

a unique one for each:

My

If the set of prize winners is extended a surjective map M3 is

(Tom) = $1, MZ(Dick) = $2, MZ(Harry) = $4.

possible:

M3(Tom) = M,(June) = $1, M_(Dick) = $2, M3(Harry) = $3,

3 3
M3(Mary) = $4, M3(Susan) = $5.

Supposing June drops out of the competition so that the competi-
tion set becomes restricted. A bijective map is possible.
M4(Tom) = $5, M4(Dick) = $1, M4(Harry) = $2, M4(Susan) = $3,

M,(Mary) = $4.

4
In this case no prizes are shared, no prizes escape, and no one
fails to win a prize. The range of prizes is completely ordered

by the domain of people.
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4, Compatibility and Equivalence Classes

Suppose one wished to classify a group of people with respect to
their punctuality, one would use a relation such as x is more punctual
than y. As long as every person arrived at different times and every
person usually at a meeting attended the meeting, one could order the
set of individuals according to the order in which they arrived at a
meeting. If there was a group of people absent, the order would be only
partial since it is impossible to apply this definition of the ordering
to those absent from the ﬁeeting. Moreover, if some people arrived
together, then the order would also fail. (Two people arriving together
are incomparable in terms of the order relation is more punctual than,
although these elements each can be compared to other elements in terms
of the relation). By making an abstraction to the effect that individuals
arriving together are equivalent for the purposes of the relation and that
those individuals absent from the meeting are all equivalent to each
other, a distribution of individuals that is completely ordered is derived.
If one chose to describe the usual behavior of individuals at a series
of meetings such that the ordering relation is no longer completely
transitive, then the individual could arrive at different points for
different meetings as long as he was always more punctual than another.
This would define a partial ordering of the sets with some individuals
appearing in more than one of the classes.

The use of classes to govern distributions of a field of elements
to be ordered transforms every possible relation of a given protocol
bijectively onto every possible set consisting of all of the maximal

sets under the ordering relation. The various sets of the set of



218
standards govern the possible distributions of the elements representing
behavior to be explained. This is the essence of the theory of explana-
tion using mathematical structure to impose some rational sense upon

complex behavior.



219

annex ¢

A FORTRAN PROGRAM FOR Q-ANALYSIS
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Algorithm 457 @anney d

Finding All Cliques of an
Undirected Graph [H]

Coen Bron* and Joep Kerboscht [Reed. 27 April
1971 and 23 August 1971]

* Department of Mathematics  t Department of In-
dustrial Engincering, Technological University Eind-
hoven, P.O. Box 513, Eindhoven, The Netherlands

Present address of C. Bron: Department of Elcctrical Engineering,

Twente University of Technology, P.O. Box 217, Enschade, The

Netherlands.

Key Words and Phrases: cliques, maximal complete subgraphs,

lusters, backtracking algorithm, branch and bound tcchnique,

ecursion
CR Categories: 3.71, 5.32
Language: Algol

Yescription

Inrroduction. A maximal complete subgraph (clique) is a
omplete subgraph that is not contained in any other complete
abgraph.

A recent paper [1] deseribes a number of techniques to find
aximal complete subgraphs of a given undirected graph. In this
aper, we present two backtracking algorithms, using a branch-
1d-bound technique [4] to cut off branches that cannot lead to a
ique.

The first version is a stringhtforward mplementation of the
1sic algorithm. It is mainly presented to iHustrate the method used.
his version generates cliques in alphabetic (lexicographic) order.

The sccond version s derised from the first and generates
iques in a rather unpredictable order in an attempt to minimize
e number of branches to be traversed. This version tends to pro-
ice the larger cligues first and to gencrate sequentially cliques
ving a large common intersection. The detailed algorithm for
rsion 2 is presented here.

Description of the algorithn - Version . Three sets play an

aportant role in the algorithmn. (1) The set compsub is the set

be extended by a new point or shrunk by one point on traveling
ong a branch of the backtracking tree. The points that are eligible
extend compsuh, ie. that are connected to all points in compsib,

e collected recursively in the remaining two sets. (2) The st

ndidares is the set of all points that will in due time serve as an
tension to the present configuration of compsih. (3) The set
1 is the set of all points that have at an carlier stage already
"ved as an extension of the present configuration of conmpsub and
2 now explicitly excluded. The reason for maintaining this set
+ will soon be made clear.

The core of the algorithm consists of a recursively defined

“ension operator that will be applicd to the three sets just de-

ihed. Tt has the duty to generate all extensions of the given
afiguration of compsuh that it can make with the given set of
wdidates and that do not contain any of the points in nor. To
it differently: all extensions of compsub containing any point
not have already been generated. The basic mechanism now
1sists of the following five steps:

'p 1. Selection of a candidate.
p 2. Adding the sclected candidate o compaih.
p 3. Creating new sets candidates and nor from the old scts by

23?7

ramoving all pomts not connected 1o the selected candidate
(1o remain consistent with the definition), keeping the old sets
in tact.

Step 4. Calling the extension operator to operate on the sets just
formed.

Step 5. Upon return, removal of the selected candidate from
compsub and its addition to the old set nor,

We will now motivate the extra Tabor involved in maintaining
the scts nor. A necessary condition for having created a cligue is
that the set candidaies be empty; otherwise compsub could still be
evtended. This condition, however, is not sufficient, because if
now not is nonempty, we hnow from the definition of nor that the
present configuration of compsub has already been contained in
another configuration and is therefore not maximal. We may now
state that compsub is a clique as soon as both not and candidaies are
empty.

I at some stage nar contains a point connected to all points in
candidates, we can predict that further extensions tfurther sclec-
tion of candidates) will never lead to the removal tin Step 2 of that
particular point from subscquent configurations of nor and, there-
fore, not to a clique. This is the branch and bound method which
enables us to detect in an carly stage branches of the backtracking
tree that do not lead to successful endpoints.

A few more remarks about the implementation of the algo-
rithm scem in place. The sct compsub behaves like a stack and can
be maintained and updated in the form of a global array. The scts
candidares and nor are handed to the extensions operator as a
paramcter. The operator then declares a locat array, in which the
new sets are built up, that will be handed to the inner call. Both
sets are stored in a single one-dimensional array with the following
layout:

lnor | candidares
index values: 1...ne..oe ce....

The Tollowing properties obviously hold:

one < ce

2. ne = cerempty (cawndidares)

one = 0 empty inot)

4. ce = 0 rempty (nory and cpty candidates)

= cligue found

I the selected candidate is inarray posttion ae 4+ 1, then the second
part of Step S is implemented as ne i = ne 4 1.

In version 1 we use clement ne -+ 1 as sclected candidate. This
strategy never gives rise to internal shullling, and thus all cliques
are generated ina leaicographic ordering according to the initial
ordering of the candidates (all pointst in the outer call.

For an implementation of version | we refer to {31.

Description of the algorithm - Version 2. This version does not
sclect the candidate in position ne + 1, but a well-chosen candidate
from position, say 5. In order to be able to complete Step § as
simply as described above, clements s and e 4 1 will be inter-
changed as soon as selection has taken place. This interchange
does not alfect the set camdidares since there is not implicit ordering.
The selection does alfect, however, the order in which the cliques
are eventually generated. )

Now what do we mean by “well chosen™? The object we have
in mind is 1o minimize the number of repetitions of Sieps 1§ in-
side the eatension operator. The repetitions lerninate as soon as
the bound condition is reached. We secall that this condition s
formulated as: there exists a point in ror connected to all points in
candiddares. We would like the existence of such a point to come
about at the carliest possible stage.

Let us assume that with every point in o ner is assoctated a
counter, counting the number of candidates that this point is not
connected to  (number of disconnections), Moving a  selected
candidate into nor (this occurs after extension) decreases by one
all counters of the points in nor to which it s disconnected and
introduces a new counter of its own. Note that no counter is ever
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[ gorit.; m
ocedu e ead pid maximal complere subgraphs 2 comnected, N
value S, integer N
Booloon array conncoted:
mmer @ The mpuat graph s expected i the Torm of a sy mmetrical
Bool.on matniy conncated. Nt the number of nodes e the
graps The salues of the diagonal clements should be true;
sgin
integer array ALL, compah’] 0 N
integer ¢
procu!urc extend version 2eold, ne, ce);
walue ne, copdnteger ne, o)
intc ger array old,
begin
integer array aen il 2 ooed,
inteaer nod. finp,
inteaer nevne, newee, §,f count, pos. poos, sel, minnod,
comment The fatter set of mtegers s lovul in scope but need
rot be deddared recursively;
mircend ooces = nod s 1)
ETERMIND EACH COUNTER VALUL AND LOOKN F'OR
IIAYAYISRY A

fori:= i + Iwhilkvt < e nunnod = U do
begin
po-old iy count s ), j one;
OUNI DISCONNLCTIONS:
forj .- 7+ Iwhilej < ce /\ comnt < mumod do

i conncered p, old] 1] then

hegin
count - count L
AVE POSITION OF POFENTHIL CANDID AL
/)HY — /
end;

CST NEW MININUM:
if counr < mimad then

begin
fixp = p; minnod :~ count,
if i < nethens i poy
chse

begins i = i, PRIINCR: nond -= 1 end
end NEW MINIMUN,
end /i;
comment I fixed point initially chosen from candidares then
number of disconnections will be preinercased by one;
{CKTRACKCYCLL:
for nod = minnod 4+ nod step — 1 until 1 do
begin
TERCHANGE:
pi- oldish ohdisi o oldipe 4 vy,
sel oo oldine ¢ V- py
LL NEW SET nor:
newne = 1= {)
fori:=1 -+ 1 whilei < nedo
if connecredisel, ol then
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bBegin monne
THLL NEW SET cand:
newnes 0o oae 4 1
fori: - i+ I while/ < ccdo
if connectedisel, ol L)) then
begin newee
ADD TO compsub:

menvie - b pewlennel . old g ead,

Hewee

mewee 41 old\i} end,

L onewewee]

ccooe 4 b compaahicl s sl
if newee - O then
begin

integer loc;

oistringt ), cligue R

for Joe o 1step Luntil ¢ do

aptintegeri b, compsad s loc])
end output of cdigue
chse
if newne < newee then evtend version 2utew, newne, newee)

RINOVE FROM compsub:

ORI
ADD TO nor:

e = e i L

if nod > 1 then

hegin

SULLCT A CANDIDATE DISCONNECIED TO THE FIXUD
POINT:

$ = e
LOOKN: FOR CANDIDATLE:
IR e O I

if conmeercdy fixp, oldis)then go to LOOK
end selection
end BACKTRACKCYCLE
end extend version 2,
for ¢ := I step tuntit Ndo ALLe} = ¢
¢ O evtend version 20 0L 0, N
end output maxinal complere salveraphs 2,

Remark on Algorithm 323 [G6]
Generation of Permutations in Lexicographic Order
[R.J. Ord-Smith, Comm. ACM 11 (Feb. 1968), 117]

Mohit Kumar Roy [Reed. 15 May 1972]
Computer Centre, Juduvpur University, Culeutta 32,
India

In prosenting Algorithm 123, BESTLEX, for generating per-
mutations in levicographic order, the author has mentioned the
number of transpositions. B may be remarked here that equad
numbers of transpositions are required by both BESTLLX and
the previously fastest algorithm, Algorithm 202 {1l The exact
number of transpositions (77,) necessary to generate the complete
set of a1t permutations is given by

Too= ' (a) — 41372, ifnis odd, and
T o) (ae) — nf2 il nis even,

}_4!.| cee = (.543 forn > 3.

where o,

LTS T2

The above expressions do not include the few extra trimspositions
(equal to the integral part of #2720 required by BESTLLY 10 pener”
ate the initial arrangement from the final one, as this portion has
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decreased by more than one at any one istant. W honever a counter
goes 1o zero the bound condition has been reachad.

Now fet us fiv one particular point e o Bwe heep selecting
candidates disconnected 1o this fined pomt, the counter of the
fixed pomt will be decreased by one at every repetition. No other
counter van go down more rapidly . 1, 1o begin with, the fived point
has the lowest counter, no other counter can reach zero SO0NeT,
as long as the counters for points newly added to sor cannot be
smaller. We see to this requirement upon entry inte the extension
operator, where the fised point is taken cither from nor or from
the onginal candidutes, whichever point vields the lowest counter
value after the first addition to nor. From thit moment on we only
Keep track of this one counter, decreasing it for every neat selec-
tion, since we will only select disconnected points.

The Alzal 60 mmplementation of this version is given below.

Discussion of compuarative tests, Augustson and  Minker |1
have evaluated a number of cligue finding techniques and report
an algorithm by Bieratone |2 as being the most ethicient one.

In order o evaluate the performance of the new alporithms,
we implemented the Bierstone algorithm? and ran the three algo-
rithms on o rather diferent testcases under the Algol system
for the EL-N8.

For our first testanse we considered random praphs ranging
in dimenston from 10 1o 30 nodes. For cach dimension we aen-
erated a collection of gruphs where the porcentage of edges ook
on the following values: 10, 30, 30, 70. 90, 95. The cpu time per
clique for cach dimension was averaged over such a collection. The
resubts are graphically represented in Figure 1.

The detailed figures [3] showed the Bierstone algorithm to be
of shght advantage in the case of smull graphs containing a small
number of relutively urge cliques. The most striking feature, how-
ever, appears 1o be that the ume ‘clique for sersion 2 is hardly
dependent on the sice of the graph.

! Bierstone’s algorithm as reported in 1] contained an error.
In our implementation the error was corrected. The error was
independently found by Mulligan and Corncil at the University
of Toronto, and reported in [6].
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The ditference between version 1 oand  Bierstone™ 15 not so

stribing and may be due 1o the particulur Alzol implementation.
It should be borne in mind that the sets of nodes as they appear in
the Bierstone algorithm were coded as one-word binary vectors,
and that a sudden increase in processing time will take place when
the input graph is too large for “one-word representation™ of its
subgaraphs.

The second testcase was suggested by the referee and consisted of
regular praphs of dimensions 3 X A, These gruphs are constructed
as the complement of & disjoint 3.chiques. Such graphs contain
I cliques and are proved by Moon and Moser 3] to contain the
largest number of cliques per node. - N

In Figure 2 a loearithmic plot of computing time versus A is
presented. We see that both version 1 and version 2 perform sig-
nificantly better than Bierstone's algorithm, The processing time
for version s proportional to 4%, and for version 2 it is propor-
tional to (3.14)% where 3% is the theoretical limit.

Another aspect to be taken into account when comparing
algorithms is their storage regquirements. The new algorithms
presented in this paper will need at most M0V +3) storage loca-
tions to contain arrays of (small)y integers where A is the size of
largest connected component in the input graph. In practice this
limit will only be approached 1f the input graph is an almost com-
plete graph. The Bierstone aleorithm reguires a rather unpredict-
able amount of store, dependent on the number of cligues that
will be generated. This number may be quite large, even for mod-
erate dimensions, as the Moon-Moser graphs show.

Finally it should be pointed out that Bierstone's algorithm
does not report isolated points as cliques, whercas the new al-
gorithm does. Either algorithm can, however, be moditied to pro-
duce results equivalent 10 the other. Suppression of 1-cliyues in
the new algoritha is the simplest adaption.

Acknowledgments. The authors are indebied to H.J. Schell
for preparation of the test programs and collection of performunce
statistics. Acknowledgnients are also due o the referees for their
valuable suggestions.
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- annex e
MISCELLANEOUS

Analysis of Interconnected Decision Areas :
an Algorithm for Project Development

TueRs are many situations whero tho complete defini-
tion of a project dopends on o choice from a variety
of options.  When these choices aro technically inter.
dependont, the fa<de of oxplorition of the fiecld of Pos-
sibilitios i3 o complex one. Sinee problems of 1his Kind
aro widesproad, an understanding of their mathematieal
nature might well lead to considerablo benefit,  This
eommpmication concerns only the mathematienl problem
and does not diseuss practieal implementation,

In the development of a project cortain general cone
silderations enter into the Malfil;aent of total requirements,
but the chaice is mmade by a stepwize proesdure in which
techuical compatibilitios aro exauined within sinall groups
of possibilitics.  "This ‘natural’ procedure may lead to
considerahloe backtracking and wasto of offart.  Ifence
woawish {o develop a more systematic approach. Tn what
follows. the general considerations will bo called “decizion-
aroas’;  within ench of thesn decision-areas there are
mutually exclusivao ‘options”.  Options with vespect to
difforent. decision.araas may or may not ho compatible,
A feasible overall solution i one (hit chooces one option
from ecach devisionarea in sueh n wiay that overall com.
patibility obtains,  Some mathematical doseriplion of
theso hasje concepts Mllows.,

Wo will introdiee the iden of a ‘strategy araph’ con-
s'islin_g of N points, v, representing deeision-areas, and
Hine sooment s representing the technieal interdependence
of pairs of decision-arens.

\ L

¥

"\

Fig. Y. Exaople of a steategy zraph with six points

Eneh decision-aren r consists of a sot of options ny. .\
binare matrix <y s introduend to delinento the com-
patibility of each of the », options in 1y with cich of
the ny options in v for all decision-areas vy and +5 which
aro adjacent in the stratogy graph. An entry of L1y is 1
if tho twoa options are compaiible, and 0 otherwiso.

1 Vl

s ay by o
a - -a. a i o on
“be : Y] 1 1 1
. b, Y Ay o [—0 0 ]J
[ - . de ko o g

Vi 2. Two adjaee sherision-areas and their compatibillty matrix

Weo will further dofine an ‘z-combination’ of options <
A st ol Nooptions, one from each decision-area such that
no two options ave incompatible. Tho following problems
e then bo posed

(1) 1Tow many vcombinations exist for o wiven
stratecy weaph and wiven compatibility relationships ?

(2) What are the z-combinations thomselves ¥

(3Y Given 1l thero is a nuneriecal ‘eost’ assorinted
with caclc aption, what is the total cost of eaclt of the
a-combhtions ¢

I can by shown {hat any strafegy geaph ean he
Nprossed in the form of 3 completo graph (in which every
pair of points are adjacent) by the introdnetion of universal
compatibility nrtrices betwoeen decision.arens not pire.
viously sudjacent, of the form Uy withoall entries having
tho valuo 1. This will leavo  overy  a-combination
unchanged, and does not alter their number.
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NATURE

r -
April 301965 ol 200
Wo will now develop an alyorithnng for finding the
nimber, v, of wcombinations,  Considering ono deeis
arveas say e with options g, by, .., we write:

v=im) + vb) + ...

where v(ng) is the numboe of 2-combinations contain
the option a,, ete.

W tivst ddeseribo o mothad for handling the compl
craph Wy with three points, o< illusteated in Fig. 3,
heveloping wn oxplicit fornula for viay).

2 b
| . ta={o il
) : [0 3]
to= o 4 9]
L} l:’ 2

Fix. 3. Three mulually adjacent decizion-areas and their compn'ibl]lt,\r”

matriees

For two matrices oL and 17 of the samo size m x
the clementwize product is denoted A x B, Dofip. .
Coa{rry) s the matrix in which the rows are associat::
with the first row of o o the columns with the first row
-t and the entries are obtained by multiplying 1
associated row and colinm values, In the oxamplo:

1 1 0
I I 1 0
LY L o
For a viven matrix M, let 237 bo the sum of its ontrie
Then it is evident that:

W) = el 0 Cgafuy))
0 1

va)=X [1 1" (l)j * [: : x])

_‘,[0 1 ()J:._,,
I 6 B BT -

Clesrly the two z-combinations in Fig, 3 containing o
ave ahary ol aypgb, Similarly, vib) = 0 in Fig. 3, an
heneo by eqguation (1), v = 2,

By a straightforward genceralization of this methoed, ¢
given completo graph Ky ean be reduced by one point ¢ 3
a timo. Thus rventunlly K, is obtained. ITence the fir-
of tho three problems may he handled. L

To speak of tho List twa problems, a devieo originally’
dao fo Kivehhaff? miny be invoked. This involves laboelline
the Tinks which join each pair of adjacent options in o
vivear sfeateey graph hy assioning aovariable to each linl
for purposes of identitication,  Then the onethod ont lined
here for the numbor of z-combinations will vield instead
the wcombinations themselves,  Knowin BVErY Z-eom .
Bivation, the cost of cach is imnediately deterimined by
the costs of the options involy od, -

Thiz work has arisen ont of o ~tudy of hulding desien:
undertoken o< part of rescarch woarlk Tor the Buildine
Industry Communications Researel Project.,

Fioaak Tanany

Caglery) ==

y

For Fie. 3. wo find:

Pescearel Conter for Coronp Dvnarnies,
University of Michigan, .\nn Arbor.
N Jessor
Jous Lrerasas
Jous STRINGER
Institito for Operational NResearch,
3 Devonshire Street, London, W.1.
! Kirchhioff, G.. Poagendarf Annal., 72, 407 (1847).
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