
Models for Firewall Creation in Massless Scalar Field Theory

BY

Lingjun Zhou

A Thesis submitted to
the Faculty of Graduate Studies

in Partial Fulfillment of the Requirements for the Degree of

DOCTOR OF PHILOSOPHY

Department of Physics and Astronomy
University of Manitoba

Winnipeg, Manitoba

c© Lingjun Zhou, December 2018



Abstract

We study the topic of quantum entanglement in the extreme spacetime background of
a black hole. It was suggested by Almheiri et al (AMPS) that, unlike what is commonly
believed, the event horizon of a black hole past Page time is very disruptive and violent. This
disruption at the event horizon manifests itself as the so-called ‘firewall’, which incinerates
any infalling object. As a result, quantum entanglement across the event horizon is also
broken, and this saves us from the information loss conundrum.

AMPS did not propose a mechanism for such ‘firewall’, and many have been speculating
how to realize such a singular structure.

In this thesis, following Brown and Louko, we study further the mechanism of singular
energy density in the context of Minkowski spacetime. We generalize their one dimensional
model to three dimensions. We study two spherically symmetric generalizations of Brown
and Louko’s model. The first is the creation of a null energy pulse with a time-dependent
boundary condition at the space origin, and the second is the creation of an outgoing and
an ingoing energy pulse by a time dependent boundary condition at a finite radius r = a.
Both models generate singular energy pulses which at first sight seem to be strong enough to
break quantum correlations. However, a singular energy pulse is not enough evidence to show
that quantum correlation is broken1. A divergent response of an Unruh-DeWitt detector is
needed. Our calculation shows that the three dimensional spherically symmetric model with
a time-dependent boundary condition at the origin can be singular enough to destroy the
quantum correlations. A similar calculation shows that the spherically symmetric model
with a time-dependent boundary condition at finite radius r = a is not singular enough,
because the Unruh-DeWitt detector response does not diverge.

Our contributions to this topic consist of two models; 3+1 D pointlike source creation
and 3+1 D shell creation. In both cases we extended Brown and Louko’s 1+1 D model and
studied properties of the energy density and response function.

1Besides having a divergent energy density, we also want a divergent Unruh-DeWitt detector response.
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Chapter 1

Overview

According to general relativity, black holes are regions of spacetime with extreme curva-
tures from which nothing can escape. Black holes are ‘black’ in the sense that even light
cannot escape. Theories of black holes test the limits of general relativity, which is one
of the foundations of modern physics. The theoretical prediction of black holes was first
made by Schwarzschild in 1915, and the first direct experimental observation of gravitational
waves from black holes was in 2015 by Laser Interferometer Gravitational-Wave Observatory
(LIGO) [1].

Classical black hole theories immediately reveal the limits of general relativity by in-
troducing singularities. This means general relativity must breakdown in some physical
circumstances, such as the center of black holes. In order to overcome the limits of general
relativity, we hope to combine quantum theory with general relativity. A significant result of
this semi-classical approach is that Hawking discovered black holes do actually radiate what
we now call Hawking radiation. Black holes are not entirely black. But this semi-classical
approach does not help when it comes to the singularity, where a better theory is needed.

So now we have two theories that are very successful in their own realms: general relativity
and quantum theory, but give confusing results when combined. Situations like this often
hint at incompleteness in the theories, we can understand it by recalling the discovery of
blackbody radiation. Physicists of the day were unable to derive the Planck distribution from
classical statistics, because one needs concepts from quantum mechanics for such distribution.
Similarly, it is believed that quantum field theory in curved spacetime (a combination of
quantum field theory and general relativity) may not be a good description of black holes,
and that a complete theory of quantum gravity is required.

Our study focuses on the proposal that general relativity needs drastic modification and
a singular structure (such as a ‘firewall’) around a black hole’s horizon1 is needed. We show

1can be naively understood as the black hole’s boundary
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in the following chapters that, at least in the flat spacetime of 1+1 and 3+1 dimensions,
our simple models cannot create a singular structure such as a ‘firewall’. That being said, it
could also be plausible that a more exotic mechanism is needed in this situation.

There is one main issue facing anyone studying the theory of black holes: we do not fully
understand how black holes evolve. A lot of issues come from this and we will lightly touch
those issues in the following text.

We look at Einstein’s equation [2]

Gµν = 8πGTµν , (1.0.1)

where the left hand side (LHS) is Einstein’s tensor Gµν constructed from the metric and
the right hand side (RHS) is stress-energy tensor of whatever matter fields there are. G is
Newton’s constant.

In classical physics, we often solve for the vacuum solutions (where Tµν = 0) of Einstein’s
equation. We want to note two important features of black holes.

(1) One is the so-called Schwarzschild metric, where an unphysical singularity appears at
the coordinate origin. The existence of a singularity usually hints at a breakdown of
the theory near the Planck scale, so we expect some changes once we quantize it. It is
therefore not quite clear how much of the Schwarzschild metric is physically accurate.

(2) Another is the so-called no-hair theorem, which states that we can always form the
exactly same black hole regardless of the initial state. A chair and a book, if thrown
into a black hole, end up as the same black hole, as long as their overall properties
(such as total mass, angular momentum, charge) are the same. Information2 about the
chair/book is assumed to stay in the black hole. The incompleteness of classical theory
shows up in that we do not have full information about the object that was thrown into
the black hole. We need a theory of the black hole interior.

Two or more systems in a joint pure state are entangled if the joint pure state is not a
product state [3] (for a mixed state this statement does not hold, and we still do not have
a universal measurement of entanglement). If system ‘a’ is in state |a〉, system ‘b’ is in |b〉,
they are entangled as long as the joint state is not |a〉|b〉 := |a〉⊗|b〉. Throughout this thesis,
we often use the term ‘information’ to describe the quantum entanglement encoded in an
object’s atomic states.

Assuming a system has density matrix ρ (depending on the system is independent or part
of a bigger system, its density matrix is either full or reduced), its Von Neumann entropy is
defined as

SV N(ρ) = −Tr[ρ ln ρ] , (1.0.2)

2We define ‘information’ in the following page.
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where we have set kB = 1. Throughout the thesis, we use Von Neumann entropy as the
definition of entanglement entropy. The term entanglement entropy refers to Von Neumann
entropy of reduced density matrix of a subsystem. We can associate Hawking-Bekenstein
entropy with Von Neumann entropy, see [4, 5], but the connection is not well-understood.
In this thesis, Hawking-Bekenstein entropy is understood as the maximum entropy a black
hole can have and is always no smaller than its entanglement entropy [6].

The term ‘entropy’ initially came from thermodynamics where it is defined by the first
and second law of thermodynamics

dE = TdS + pdV + · · · (1.0.3)

or

dS =
d̄Q

T
. (1.0.4)

Then Gibbs related thermodynamics entropy to Gibbs entropy

S = −
∑
i

pi ln pi (1.0.5)

using statistical mechanics, where pi is the probability of state ‘i’. A special form of Gibbs
entropy occurs when all the probabilities pi are identical, which gives rise to Boltzmann
entropy

S = lnW . (1.0.6)

W is the number of all possible states in the system. A natural generalization to quantum
systems leads us to von Neumann entropy as defined as eq.(1.0.2).

We consider a system ‘a’ described by density matrix ρa and has Hilbert space of di-
mension dHa . According to reference [5], the information of such system is defined as the
deviation of the system’s von Neumann entropy from its maximum. We can derive this
maximum by considering a state where the density matrix is maximally mixed, thus ρa has
only identical diagonal elements. We know from definition that a density matrix should
satisfy Tr ρa = 1. Therefore, for a Hilbert space of dimension dHa , the diagonal elements are
all 1/dHa and there are a total number of dHa of them. This gives rise to a maximum von
Neumann entropy of ln dHa . Therefore, the information is given by the following expression

I = ln dHa − SV N(ρa) , (1.0.7)

where zero entropy means maximum information.

For an isolated black hole, it is believed that the joint system of black hole and its
radiation is described by a pure state ρrh on a Hilbert space Hrh, where the radiation
subsystem belongs to Hilbert space Hr and is in mixed state ρr = Trh[ρrh], with the black
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hole subsystem belongs to Hilbert space Hh and is in mixed state ρh = Trr[ρrh]. The
dimension of Hrh satisfies dHrh = dHr × dHh . The von Neumann or entanglement entropy
of either subsystem is Sr = −Tr[ρr ln ρr] = Sh = −Tr[ρh ln ρh]. As the black hole continues
to radiate, the black hole subsystem becomes smaller and smaller until it is completely
evaporated. In order to preserve the unitarity of the entire system, at the end stage (when
the black hole is gone) the radiation should be in a pure state.

The information loss conundrum is the question of when and how does the mixed state
of the radiation subsystem (predicted by the semi-classical Hawking calculation) turn into a
pure final state as the black hole evaporates.

The big problem with Hawking’s discovery of black hole radiation [7, 8] is that the radia-
tion is precisely thermal for the entire lifetime of the black hole, which leaves no mechanism
for the radiation to evolve into a pure state (if the black hole is completely evaporated).

A potential problem arises.

If Hawking radiation continues and evaporates the entire black hole, we end up with only
thermal radiation that has no information. This is even true if we throw a pure state into
the black hole. So the overall process is a system evolving from pure to maximally mixed
state, which does not make sense according to quantum unitary evolution.

As the black hole evaporates, three natural possibilities appear [9, 10, 11].

1. There could be some kind of remnant, so that the joint system of radiation and remnant
is pure.

Physically, the remnant should not be too small, otherwise a huge amount of informa-
tion is stored in a ridiculously small amount of mass3.

2. The information gets out in some form, so that the final burst, or radiation, is not
purely thermal.

The information could also gradually come out because we do not expect Hawking
radiation to hold until the end. But no mechanism is known.

3. There is a third possibility where information is indeed lost/destroyed.

W. Unruh and R. Wald have been avidly supporting this solution for a number of years
[12].

We want to mention that many theories were proposed for the black hole remnant and
how information can get out, including gradual information retrieve through late radiation
[13], Planck size remnant theory [14], fuzzball theory [8], etc., to explain black hole’s ability
to swallow information.

3This violates the so-called Bekenstein bound which says there is an upper limit on how much entropy a
unit mass can have.
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In this thesis, we discuss a fourth possibility, the author takes the firewall argument se-
riously (the AMPS4 [15, 16] argument), which states that a high energy barrier should exist
near the horizon of a black hole to destroy quantum entanglement, although the mechanism
is not known. This high energy barrier, a. k. a. firewall, is also a 3-dimensional null surface.
We investigate the divergence properties of the energy pulse and particle detector response
from a time-dependent scalar field theory in Minkowski space. We generalize Brown and
Louko’s work on firewall model [17] to 3+1 dimensions. We find out that a particular gen-
eralization where a time-dependent boundary condition is at the spatial origin produces a
strong divergence [18], while a second generalization with time-dependent boundary condi-
tion at a finite radius does not provide a strong enough divergence to model the firewall
[19].

In chapter II, we give a brief overview of the mathematical tools needed. In chapter III,
we review black hole thermodynamics and introduce the firewall proposal. In chapter IV, we
introduce a 1+1 dimensional model [17] of firewall creation and discuss how the energy pulse
annihilates information/quantum entanglement. In chapter V, we discuss a 3+1 dimensional
generalization of the 1+1 dimensional model, where the firewall is induced by a pointlike
source. Then in chapter VI, we discuss another 3+1 dimensional generalization of the 1+1
dimensional model, where the firewall is induced by the creation of a spherical shell at finite
radius. Chapter VII concludes with a discussion of our goals and results.

We use units where ~ = kB = c = 1 throughout the thesis. Time and length have
the same unit [T ], and frequency, temperature, energy have the same unit [T−1]. We
also choose the mostly-minus metric with signature diag(1,−1,−1,−1), and convention
Rµ
νρσV

ν = [∇σ,∇ρ]V
µ, Rα

βγδ = ∂[γΓ
α
δ]β + Γαλ[γΓ

λ
δ]β, with ∇βV

α = ∂βV
α + ΓαβγV

γ. Abbre-
viation BH stands for Black Hole, GR stands for general relativity, and QFT stands for
Quantum Field Theory.

4AMPS is the abbreviation of names of the four authors who proposed this argument
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Chapter 2

Fundamentals: quantum field theory
in curved background

Quantum field theory in curved spacetime is often viewed as an effective field theory, where
we treat spacetime as fixed classical background and matter fields as quantum objects. In
this chapter, we give a short introduction to these mathematical tools.

The physics community believe quantum gravity effects are small under a certain limit.
Any free flat space field theory has Fourier modes with wavelengths all the way to zero. If
we do need the full details (including physics for wavelength shorter than Planck scale) to
describe any process, then we could not do any calculation without having major discrepancy.
The limit at which we need not consider quantum gravity effects is called ‘solar system limit’
by S. Mathur [10, 11]. We believe that quantum field theory in curved spacetime is valid in
this limit, and a locally well-defined approximate evolution equation is available [10, 11]. This
belief originates from the rather successful tests of semi-classical approaches in the early days
of quantum mechanics. Recently, this belief seems to be challenged by the firewall argument
by AMPS [15]. We show via examples that some interesting and puzzling results occur,
even with a minor quantum correction. The changes in QFT that result from introducing
curved spacetime are listed below.

1. The first is the problem of the vacuum, meaning there is no unique vacuum for all
observers. A perfect example is the Unruh effect [20, 21], where an accelerating observer
in Minkowski vacuum sees a thermal bath of particles. Because of the general feature
of not having a unique vacuum for all observers, we also cannot agree on a unique
number operator. A good example is cosmological particle creation, where a spacetime
patch stretches to generate particle flows [22, 23]. Operationally, we can deal with
the particle number problem by using a particle detector [20, 21], which measures the
transition probability in its rest frame.

6



2. The second is related to the problem of the vacuum. It says different frames may not
agree on the same positive frequency modes. A positive frequency mode in one frame
could have negative frequency components in another frame. In Minkowski spacetime,
the timelike Killing vector ∂t ensures Poincaré symmetry, so we can agree on positive
and negative frequencies across all inertial frames. In general spacetime, Poincaré
symmetry is lost and there is no preferred set of modes.

3. The third is the problem of renormalization [23]. Unfortunately, divergences persist
and are actually harder for QFT in curved spacetime. For QFT in flat spacetime, one
can simply cut off at a reasonable energy scale. However, since GR suggests energy
being the source of gravity, we cannot throw away infinite energy with a cutoff. This
indicates that we can impose a local (any small smooth patch of spacetime) cutoff and
discard it in renormalization, but we cannot impose a global cutoff.

In this chapter we briefly discuss the problems of vacuum and modes, while leaving renor-
malization out because of its complexity.

2.1 Scalar field in curved spacetime

In quantum field theory, it has long been known that a time-dependent boundary condition
or metric can create particle and energy flows. One of the earliest works was pioneered by
Parker in 1969, which showed that a Klein-Gordon field on an expanding spacetime patch
undergoes particle creation [24]. In the year that followed, Moore uncovered particle emission
with an adjustable-length cavity [25]. Then in 1977, Candelas and Deutsch discovered the
so-called Dynamical Casimir Effect [26], which states that a single accelerating mirror can
trigger particle/energy outflow [26]. This was observed in 2011 using a photon analogue
system [27]. The long lasting puzzle, however, is Hawking’s prediction of BH radiation [7]
that puts quantum theory and GR in direct conflict. This eventually led to the AMPS
firewall proposal [15].

In this section, we incorporate the curved background into standard QFT and explain
cosmological particle creation through examples. We add to the scalar field Lagrangian the
Einstein-Hilbert Lagrangian and a coupling term (that couples gravity/Ricci scalar and the
scalar field). We then solve the modified scalar field equation by choosing a fixed metric
with no back-reaction.

The following formulation of scalar field theory in curved spacetime follows that of Parker
and Toms [22].

We start by considering a scalar field in flat spacetime, the action is defined as

S =

ˆ
d4xL (2.1.1)
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with Lagrangian density

L =
1

2

(
ηµν∂µφ∂νφ−m2φ2

)
. (2.1.2)

Here, ηµν is the Minkowski metric diag(1,−1,−1,−1) and ∂µ is the Minkowski partial deriva-
tive. The goal is to promote all quantities to general spacetime while keeping S invariant
under coordinate transformations. We accomplish this by changing the Minkowski metric to
general metric, partial derivative to covariant derivative, and integration measure to volume
density:

ηµν → gµν , ∂ → ∇, d4x→ √−gd4x . (2.1.3)

We introduce the simplest coupling term ξRφ2, where ξ is the coupling constant and R is
the Ricci tensor. The Lagrangian density becomes

L =
1

2

√−g
(
gµν∇µφ∇νφ−m2φ2 − ξRφ2 +

R

16πG

)
, (2.1.4)

where the last term is the usual Einstein action. The dynamical equation is derived by
variation of the field φ

(� +m2 + ξR)φ = 0 . (2.1.5)

Covariant scalar inner product is defined as an integral over a spacelike hypersurface

(φ1, φ2) := i

ˆ
dn−1x

√−gnν(φ1∂νφ2 − (∂νφ1)φ2) , (2.1.6)

where nν is a timelike vector and φ1, φ2 are solutions of eq.(2.1.5). The inner product, by
definition, is not positive definite but is linear in both arguments and satisfies (φ1, φ2) =
(φ2, φ1).

A general field can be expanded as

φ =
∑
k

[Akfk(x) + A†kfk(x)] , (2.1.7)

where fk(x) are the modes of eq.(2.1.5) with annihilation and creation operators Ak, A
†
k. The

vacuum state |0〉 is defined by
Ak|0〉 = 0 . (2.1.8)

So far everything parallels quantum field theory on a flat background.

The presence of a non-trivial background geometry does however have a major effect.
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Consider the time-dependent Friedman-Robertson-Walker metric:

ds2 = dt2 − a2(t)(dx2 + · · · ) (2.1.9)

a(t) ∼
{
a1 when t→ −∞
a2 when t→ +∞ ,

(2.1.10)

we take the limit where a(t) evolves so slow (adiabatic limit) that at any point in time the
field perceives spacetime as Minkowski.

In the minimal coupling regime (where ξ = 0), the dynamical equation reduces to

a−3∂t(a
3∂tφ)− a−2

∑
i

∂2
i φ = 0 . (2.1.11)

Then we propose the ansatz (with V being the total volume)

fk = V −1/2ei
~k·~xψk(τ) (2.1.12)

and substitute it into equation (2.1.11). The result reads

(
d2

dτ 2
+ k2a4)ψk = 0, τ =

ˆ t

a−3(t)dt . (2.1.13)

We want to look at two different sets of modes corresponding to the limits t→ ±∞:

t→ −∞, f
(1)
k ∼ (V a3

1)−1/2(2k/a1)−1/2e
i(~k·~x− k

a1
t)

(2.1.14)

t→ +∞, f
(2)
k ∼ (V a3

2)−1/2(2k/a2)−1/2e
i(~k·~x− k

a2
t)
. (2.1.15)

Either set is a complete basis to describe the evolution of the field. However, due to difference
in the mode functions, these two sets of modes have two different vacua.

We proceed with canonical quantization. Annihilation operators A
(1)
k of modes f

(1)
k are

defined by
A

(1)
k |0−∞〉 = 0 (2.1.16)

and annihilation operators A
(2)
k of modes f

(2)
k are defined by

A
(2)
k |0+∞〉 = 0 , (2.1.17)

where |0−∞〉 and |0+∞〉 are vacuum states of the early and late time respectively.
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Since either set (of modes) is complete, we can expand the field as

φ =
∑
k

A
(1)
k f

(1)
k + A

(1)†
k f

(1)
k =

∑
k

A
(2)
k f

(2)
k + A

(2)†
k f

(2)
k . (2.1.18)

Expanding modes f
(1)
k in terms of modes f

(2)
k

f
(1)
k ∼ αkf

(2)
k + βkf

(2)
k , (2.1.19)

we get
A

(2)
k = αkA

(1)
k + βkA

(1)†
k . (2.1.20)

Equation (2.1.20) is called a Bogoliubov transformation [22].

By using commutators [A
(1)
k , A

(1)†
k′ ] = δkk′ and [A

(2)
k , A

(2)†
k′ ] = δkk′ , we also get

|αk|2 − |βk|2 = 1 . (2.1.21)

We compare the expectation value of particle numbers in state |0−∞〉 at early and late
times

〈0−∞|A(1)†
k A

(1)
k |0−∞〉 = 0 (2.1.22)

versus
〈0−∞|A(2)†

k A
(2)
k |0−∞〉 = |βk|2 . (2.1.23)

Equation (2.1.23) is an example of cosmological particle creation [22].

We notice that the definitions of particles are different between the early and late time
observers, due to the difference in the early and late time vacua |0−∞〉 and |0+∞〉. Particu-
larly, there is no unique vacuum for all observers. This apparent ambiguity in the definition
of a particle leads us to an operational definition: particle detector.

2.2 Particle detector

Defining particles through creation/annihilation operator does not specify where a particle
is [28]. We can tell the total particle number and the total energy, but we cannot say for
sure whether two observers at different spacetime points agree on their observations of the
field. In this sense, the concept of particle is subjective. This is illustrated with the simple
example in the previous section. From an operational point of view, a particle is what a
particle detector ‘sees’. Therefore, defining a particle by the clicks of a particle detector is
completely unambiguous.
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In the late 1970s, Unruh proposed a model particle detector which was later simplified
by DeWitt, this model detector is what we now call Unruh-DeWitt detector [20, 23]: an
interaction Lagrangian of a field coupling to a two-state system. So when the field is excited
or particles are created, the two-state system will transfer from low to high energy. It models
mathematically what happens in a real particle detector.

The Lagrangian for field and moment coupling (in the same fashion that a magnetic
moment couples to magnetic field) is

Lint(τ) = cm(τ)∂(p)
τ φ(x(τ)), (2.2.1)

where c is not the speed of light but the coupling constant and ∂
(p)
τ is the p-th order proper

time derivative. The first order transition amplitude reads [23, 29]

A(1)
(
|E0, 0〉 → |E,ψ〉

)
= ic〈E,ψ|

ˆ ∞
−∞

dτm(τ)∂(p)
τ φ(τ)|0, E0〉 , (2.2.2)

where |0〉, |ψ〉 are states of the field, m(τ) is the Heisenberg operator of a moment that
couples to the field, and |E〉, |E0〉 are the detector’s eigenstates. The symbol |0, E0〉 means
|0〉 ⊗ |E0〉. When p = 0, it is called non-derivative coupling detector.

We choose to use non-derivative coupling detector from last paragraph. Factoring eq.(2.2.2)
with p = 0, we rewrite it as

A(1)
(
E0, |0〉 → E, |ψ〉

)
= ic〈E|m(0)|E0〉

ˆ ∞
−∞

dτei(E−E0)τ 〈ψ|φ(x)|0〉 . (2.2.3)

This leads to the first order transition probability∑
E,|ψ〉

∣∣∣A(1)
(
E0, |0〉 → E, |ψ〉

)∣∣∣2 = c2
∑
E

|〈E|m(0)|E0〉|2F(E − E0) , (2.2.4)

where the response function F(E − E0) is defined by

F(E − E0) :=

ˆ ∞
−∞

dτ

ˆ ∞
−∞

dτ ′e−i(E−E0)(τ−τ ′)〈0|φ(x)φ(x′)|0〉 . (2.2.5)

Equation (2.2.5) indicates that the response function is an intrinsic measure of the field,
because it is independent of how the monopole couples to the field. We usually refer to
eq.(2.2.5) as the response function, because the factor

∑
E |〈E|m(0)|E0〉|2 only represents

the selectivity of the detector. The function

W(x, x′) := 〈0|φ(x)φ(x′)|0〉 (2.2.6)
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is called the Wightman function.

If the field is time-translation invariant 〈0|φ(x)φ(x′)|0〉 =W(τ − τ ′), then the transition
rate becomes

c2
∑
E

|〈E|m(0)|E0〉|2
ˆ ∞
−∞

dte−i(E−E0)tW(t) . (2.2.7)

The detector response is the Fourier transformation of the two point correlation function
of the field. It is also possible for detectors moving with different trajectories to respond
differently, see Appendix A.1.

2.3 Klein-Gordon modes in Schwarzschild metric

An extraordinary result of GR is the Schwarzschild metric. It describes the exterior of
geometry of any spherically symmetric mass distribution, and also describes the complete
spacetime of an eternal black hole. The metric outside a spherical object of mass M is

ds2 =
(

1− 2GM

r

)
dt2 −

(
1− 2GM

r

)−1

dr2 − r2(dθ2 + sin2 θdϕ2) , (2.3.1)

where there is a coordinate singularity at r = 2GM . We introduce Newton’s constant G
so that when r →∞ Newtonian gravity is recovered. The Schwarzschild metric is the only
spherical symmetric vacuum solution, which is a result of Birkhoff’s theorem [2].

We notice that the metric is not well-defined at the Schwarzschild radius rs = 2GM . The
ill-defined metric at radius r = 2GM seems to suggest that it breaks down for r ≤ 2GM .
However, this is not the case, because we can choose a different coordinate system in which
the metric is well-defined [2]. We introduce the tortoise coordinate

r∗ = r + 2GM ln
∣∣∣ r

2GM
− 1
∣∣∣ , (2.3.2)

and rewrite the metric as

ds2 =
r − 2GM

r
(dt2 − dr2

∗)− r2(dθ2 + sin2 θdϕ2) . (2.3.3)

The vanishing determinant of the metric at r = 2GM is not physical, it will be finite
if we choose a different coordinate system. However, at the origin r = 0, we can see a
physical singularity because the curvature and many other scalars (such as Kretschmann
scalar) diverge. We can switch to Kruskal coordinates [2] and find out nothing is unusual at
r = 2GM , except that the light cones tip over.

The Penrose diagram of the Schwarzschild metric of an eternal black hole is shown in
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Figure 2.1: Penrose diagram of an eternal Schwarschild black hole. There are two singulari-
ties, two horizons, and two exterior regions of which one is the parallel universe [2]. Of the
four regions, the right diamond-shaped region describes the exterior of a black hole in our
universe. Near-horizon modes live mostly in the shaded region in this diamond and decay
exponentially in the outside. Distant modes can travel to the white region of the diamond.
The green shaded region is also called the ‘atmosphere’ [6].

Figure 2.1. It is easy to tell the difference from Minkowski Penrose diagram, see Appendix
A.2.

Now we consider a free scalar field φ in this metric [6]

1√−g∂µ(
√−ggµν∂vφ) = m̃2φ , (2.3.4)

where gµν is the inverse metric,
√−g is the determinant, and m̃ is the mass (of the field).

Noticing the right exterior of the Penrose diagram in Figure 2.1 is covered by coordinates
(t, r, ϕ, θ), a trial solution is given as

fωlm =
1

r
Ylm(Ω)e−iωtψωl(r) . (2.3.5)

The effective Schrödinger equation for ψωl is

− d2

dr2
∗
ψωl + V (r)ψωl = ω2ψωl , (2.3.6)
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with

V (r) =
r − 2GM

r3

(
m̃2r2 + l(l + 1) +

2GM

r

)
. (2.3.7)

We discuss this potential in more detail, because it is crucial in categorizing the mode
functions [6].

We show that only massless modes are important in the discussion of BH radiation by
explaining why massive particles are not important.

First, we notice that radiation is carried by modes that can travel far from the BH, these
modes must satisfy ω > m̃ (by taking r � 2GM and letting the potential go to constant
m̃2).

Next, we consider two limits: Compton wavelength 1/m̃ � rs = 2GM and Compton
wavelength 1/m̃ << rs = 2GM . The first limit is essentially setting m̃ ≈ 0 and the second
limit is for massive particles.

For massive particles m̃ � 1/2GM , in order for the mode to propagate to infinity, we
need to have frequency ω > m̃ � 1/2GM . However, according to Hawking [7], black
holes have temperature of the order of the inverse Schwarzschild radius THawking ∼ 1/2GM .
This means large frequencies ω � THawking are exponentially suppressed. Due to the small
nature of the quantity 1/2GM , most of the massive fields have much larger energy scale
than 1/2GM . Heavy massive fields are mostly confined around the Schwarschild radius and
do not interact because of the difference in energy scales. So we are restricted to considering
massless scalar field.

For a massless field, the effective potential has two limits

V ≈
{
l(l+1)
r2∗

r∗ →∞
(l2 + l + 1)er∗−1 r∗ → −∞ .

(2.3.8)

It vanishes polynomially in r∗ at spatial infinity and exponentially in r∗ near the horizon.
In between these two regions there is a barrier, whose peak has a height of order l2 and
is at radius r ≈ 3GM (see Figure 2.2). According to references [6, 30], this potential
divides the spacetime outside the horizon into two regions. The geometry is very similar
to the Minkowski geometry in the region r � 3GM (distant region), while the geometry
differs significantly from Minkowski geometry in the region 2GM < r < 3GM (near-horizon
region). As a result, the distant modes are not much different from the Minkowski modes
and can propagate to infinity, but the majority of the near-horizon modes are confined in the
shaded region of the right diamond in Figure 2.1. The near-horizon modes are sometimes
called the ‘atmosphere’ [6].

Solving for the modes of the effective Schrödinger equation eq.(2.3.6) now becomes a
1-dimensional scattering problem. Modes that travel to null infinity could come from null
infinity but are reflected back, or from near the horizon and tunnel through the barrier.
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Figure 2.2: A plot of potential from [31]: effective potential as a function of r for l =
{1, 2, 3, 4, 5}, where r is in units of GM .

2.4 Hawking radiation

We now consider spacetime where an infinitely large shell of matter starts to collapse at
time t ∼ −∞. Inside the shell, the space is Minkowski. Outside the shell, due to spherical
symmetry, it should be Schwarzschild. The Penrose diagram of a black hole formed from
a collapsing shell is given by sewing the Minkowski Penrose diagram of Figure A.2 and the
two upper right regions of Figure 2.1 together. It is shown in Figure 2.3.

To study the mathematical relationships of different modes, we use the detailed diagram
of Figure 2.4, where different modes are labeled. We emphasize that fω is the initial ingoing
Minkowski mode. Modes pω consist of both near-horizon modes (in the ‘atmosphere’) and
distant modes. We do not have an accurate expression for near-horizon modes.

When t → −∞, there is only ingoing massless particles with positive energy near the
past null infinity I−. The ingoing modes are Minkowski-like [22]

fω ∼ ω−1/2r−1 exp(−iω(t+ r))S(ϕ, θ) , (2.4.1)

where S(ϕ, θ) is the angular distribution of the modes and fω satisfies the orthonormality
condition (fω, fω′) = δ(ω − ω′).
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From a distant observer’s point of view, when t→ +∞, any null ray either goes to future
null infinity I+ or ends up on the BH horizon H+. The distant modes portion of pω is
also Minkowski-like (no explicit expression for near-horizon mode and modes qω behind the
horizon):

pω ∼ ω−1/2r−1 exp(−iω(t− r))S(ϕ, θ) . (2.4.2)

Both pω and qω satisfy orthonormality conditions (pω, pω′) = δ(ω−ω′), (qω, qω′) = δ(ω−ω′),
(pω, qω′) = 0.

Given these expressions, any field can be expanded as

t→ −∞ : φ =
´
dω(aωfω + c.c) (2.4.3)

or

t→ +∞ : φ =
´
dω(bωpω + cωqω + c.c) , (2.4.4)

where c.c means complex conjugate. Similar to eq.(2.1.20), we calculate the Bogoliubov
transformation between the operators. According to eq.(2.1.23), it turns out that an empty
space at past null infinity is filled with particles from the point of view of a later time
observer. These late time particles are what we call Hawking radiation [7, 22, 23].

The physical idea is recapitulated below. We define the state in such a way that at early
times there are no excited Minkowski modes fω below the shell (this was done when the shell
was infinitely big, so the entire space is inside the shell). Because of the mixing of modes
qω and pω, a positive frequency Schwarzschild mode pω is excited. This is the part we call
Hawking radiation.

Hawking’s remarkable work tells how the Schwarzschild modes are excited [7]. The energy
flux from a BH [7, 22, 23, 6] is given as a thermal distribution:

dE

dt
=
ωdω

2π

Pabs(ω, l)

eβω − 1
, (2.4.5)

where Pabs(ω, l) is the absorption probability of the potential barrier in Figure 2.2 (often
called a graybody factor), and β = 1/TBH is the inverse Hawking temperature where TBH =
1/2GM .

Hawking radiation is derived from the technical assumption of an approximately station-
ary black hole. As the black hole radiates, this assumption breaks down and the radiation
must slowly change in some way. We give more thoughts on this question in the follow-
ing chapter. From now on, we call the radiation that does not carry information1 as
“unentangled Hawking radiation”, and the radiation in general as “Hawking radiation”.

1By the definition in chapter three, this means maximum entropy.
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We calculate the total amount of energy leaving a black hole

d

dt
E =

∑
l,m

ˆ ∞
0

dω

2π

ωPabs(ω, l)

eβω − 1
, (2.4.6)

where Pabs(ω, l) is called the graybody factor. A naive estimation by setting l = 0 gives
Pabs(ω, 0) ∼ (ωrs)

2. Thus we have

dE

dt
≈ − C

(GM)2
(2.4.7)

with C being a constant, so the lifetime of mass M black hole is

tevap ∼ G2M3 . (2.4.8)

We can also derive tevap using the Stefan-Boltzmann law.

For a black hole weighing a hundred tons (mass of a blue whale), its life time is about
0.01 second. For mountain sized black hole, its life time is about 1012 years. For a solar
mass black hole, its life time is about 1066 years compared to the universe’s age 1010 years
[35]. If we can create a black hole in the Large Hadron Collider (LHC), it would be relatively
easy to watch it evaporate and disappear. We also want to emphasize that Hawking’s result
of tevap is derived by considering a stationary and relatively large black hole. Whereas any
black hole in reality is dynamical, so the semi-classical approximation breaks down.
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Figure 2.3: Penrose diagram of a black hole formed from collapsing matter. The green region
is called the ‘atmosphere’. The blue line describes a collapsing null shell, the backward
evolution of the outgoing modes are in dotted lines. Part of the outgoing modes are from
the initial ingoing Minkowski modes: below the blue line. Part of the outgoing modes are
from ingoing modes being scattered off the potential barrier of Figure 2.2: above the blue
line.
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Figure 2.4: Penrose diagram of a black hole. H+ is the event horizon, I+ is future null
infinity, I− is past null infinity, i− is past time infinity t ∼ −∞, i+ is future time infinity
t ∼ +∞, i0 is space infinity. fω are ingoing modes, pω are outgoing modes, qω are modes
behind the horizon. The solid line of collapsing matter describes massive particles falling
through the horizon until reaching the singularity. We did not include modes bouncing
off the effective potential of Figure 2.2. From Figure 2.1, modes pω have two contributions:
those in the ‘atmosphere’ and those that can propagate to distant regions. We do not usually
have explicit expressions for modes in the ‘atmosphere’, while for modes in distant regions
we often assume they are Minkowski-like.
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Chapter 3

Introduction to the firewall

We outline this chapter as follows.

• We discuss Hawking radiation in the context of black hole thermodynamics and quan-
tum field theory in curved spacetime, and explain the connection to the information
loss conundrum.

• Then we introduce Page’s argument on black hole entropy. It states that the entangle-
ment entropy of a black hole first increases steadily from zero then decreases starting
from Page time tPage. On one hand, Hawking radiation should no longer be purely
thermal after Page time, because by then there is entanglement with the early radi-
ations (entanglement entropy starts decreasing). On the other hand, for a big black
hole, Hawking’s calculation should still hold at Page time (because the black hole is
still big), and Hawking radiation should still be purely thermal.

There is obviously a contradiction on whether Hawking radiation is purely thermal.
Should the Hawking radiation hold for big black holes after Page time?

• Then we consider the physics for an infalling observer, which violates quantum no-
cloning theorem globally. But locally, for each observer alone, there is no violation.

• To incorporate a set of locally self-consistent laws of physics, we introduce black hole
complimentarity. However, black hole complimentarity still has problem. As a result,
we introduce the black hole firewall.

3.1 Black hole thermodynamics

Now that we have established some facts about the Schwarzschild black hole, we want to
discuss the general properties of black holes.
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Classically, four laws were formulated for black hole mechanics under various conditions
[2, 32]:

1. Surface gravity [32] κ (acceleration of a static object near the horizon measured by a
distant observer) of a stationary black hole is uniform across the horizon. This law
resembles the law of thermal equilibrium where temperature is uniform among different
systems in equilibrium.

2. For perturbations of a stationary black holes: the change in its energy E is related to
the changes of its horizon area A, total angular momentum J , and electric charge Q
through formula (note that κ is surface gravity)

dE =
κ

8π
dA+ ΩdJ + ΦdQ . (3.1.1)

It describes when the system is rotating with angular frequency Ω and charged up to an
electric potential Φ, the changes in its angular momentum J and charge Q contribute
to energy change dE.

3. Horizon area of a black hole is non-decreasing:

d

dt
A ≥ 0 . (3.1.2)

4. Zero surface gravity is un-achievable within finite time.

The first term of eq.(3.1.1) κ
8π
dA resembles TdS in thermodynamics, so not surprisingly

κ is proportional to Hawking temperature and A is proportional to Bekenstein-Hawking
entropy.

Historically, this law was the key for Jacob Bekenstein to suggest black holes entropy [33]
(that is proportional to the area of its event horizon), which further lead to the discovery of
Hawking radiation.

These four laws are strikingly similar to the four laws of thermodynamics [33]: surface
gravity behaves like the temperature of a black hole, horizon area is related to the measure
of some kind of entropy [4], and black hole mass is a measure of the total energy. For a black
hole, thermal equilibrium corresponds to it being stationary. A thermal equilibrium with
Hawking radiation can be reached by adding a thermal reservoir at spatial infinity. But this
equilibrium is unstable because a black hole has negative specific heat (i.e. if it loses energy
it radiates even more).

The striking similarities between the laws of black hole mechanics and the laws of ther-
modynamics [33] were originally considered purely mathematical by most physicists. It was
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Hawking’s ground-breaking work on black hole radiation [7] and entropy [34] that finally
‘proved’ the laws of black hole mechanics are in fact thermodynamic laws.

We derive the entropy using the first law of thermodynamics

dS

dE
=

1

THawking
. (3.1.3)

We have the Bekenstein-Hawking entropy [34] below:

SBH =
A

4l2p
=

A

4G
, (3.1.4)

where lp is Plank length, A = 16π(GM)2 is area of the event horizon. Surprisingly, the
entropy is not proportional to the volume of the black hole but to the area of its boundary.

Reference [4] shows the entanglement entropy of a quantum field with spherical boundary,
where a general feature of the entanglement entropy is that it is proportional to the area of
the boundary. As a result, relationships like eq.(3.1.4) are quite general.

• Assumptions:

Hawking radiation is based on the low energy effective field theory (EFT) near the
horizon of a large black hole. By a large black hole we mean the curvature near its
horizon is small and Planck scale physics can be ignored. There is no reason to believe
Hawking radiation is not valid for large black holes.

• Conclusions & problems:

If Hawking radiation continues until the black hole reaches Planck size, whatever is
left has a huge amount of entropy comparing to its tiny mass [34]. However, there is
an upper limit on the entropy of any bounded system, called Bekenstein bound [57].
How can such tiny mass has entropy exceeding the bound?

3.2 Information loss paradox and two attempted solu-

tions

We define information following reference [5], where it is defined as the deviation of the Von
Neumann entropy from maximum.

Let’s briefly review the information loss conundrum through an example [10, 11].

Consider a system of particle pairs ‘a, b’ in a pure state near event horizon, where particle
‘a’ falls into the horizon while particle ‘b’ remains outside. Mathematically, this process is
represented as follows.
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For system with one particle pair, the system is in a pure state described by the wave-
function [10]

|ψ〉 =
1√
2

(
|0a〉 ⊗ |0b〉+ |1a〉 ⊗ |1b〉

)
. (3.2.1)

The (reduced) density matrix of particle ‘b’ is

|ψ〉〈ψ| → ρb = Tra|ψ〉〈ψ| =
1

2

(
|0b〉〈0b|+ |1b〉〈1b|

)
, (3.2.2)

and it is a mixed state because ρ2
b 6= ρb. Trace over ‘a’ comes from the assumption that

particle ‘a’ falls into the black hole and becomes inaccessible to distant observers.

Quantum unitary evolutions tells us that pure states only evolves into pure states. But if
the semi-classical form of Hawking radiation continues, there is no mechanism for transferring
the correlation between particle ‘a’ and ‘b’ to the Hawking radiation, suggesting that the
initial pure state of the BH + radiation will evolve into a mixed state. Clearly, this process
is non-unitary [34].

It might be possible to avoid the information loss problem if the Hawking radiation stops
before evaporation is complete, and leaves behind a remnant, which strongly entangles with
the early radiation [14, 8]. Another proposal is that a baby universe is created inside the
black hole [8]. The basic idea behind both of these scenarios is that the radiation could form
an entangled pure state together with whatever is left of (or in) the black hole. However,
there are major difficulties associated with both of these approaches.

• Assumptions:

Hawking radiation (thermal) is valid as long as effective field theory is valid near the
black hole horizon.

Effective field theory should be valid until quantum gravity comes in, which is when
the black hole reaches Planck size.

• Conclusions:

There could be a (microscopic or macroscopic) remnant or baby universe. A Planck
sized remnant does not seem plausible because it holds a macroscopic amount of en-
tropy and might exceed Bekenstein bound [57]. But macroscopic remnant also poses
problem, because it means effective field theory breaks down before Planck stage.
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3.3 Page’s argument

We ended last section with the possibility that a remnant or a baby universe might solve the
information loss conundrum. However, an unexpected problem shows up if we really look
into when Hawking radiation stops.

The idea is to find out when the entanglement is restored. Essentially, if Hawking radi-
ation (pure thermal) fails, we have a good reason to not trust effective field theories. The
moment entanglement starts restoring is the moment effective field theory stops being valid.

Here is Don Page’s observation.

1. Bekenstein-Hawking entropy eq.(3.1.4) satisfies the first and second laws of thermody-
namics, it is natural to assume it is a thermodynamic entropy and comes from state
counting. The dimensions of a black hole’s Hilbert space is exp[SBH ]. So eq.(3.1.4)
should be an upper limit of the von Neumann entropy −Tr(ρ ln ρ) of a black hole.

2. However, as the black hole evaporates, Bekenstein-Hawking entropy SBH decreases be-
cause the black hole shrinks, while the von Neumann entropy of the black hole increases
[10]. But the von Neumann entropy should always be smaller than the Bekenstein-
Hawking entropy [10, 11]. At some point in time, von Neumann entropy is going to
decrease. The decrease of von Neumann entropy corresponds to the restoration of
entanglement, or information. See figure 3.1.

This point in time is called Page time, and it is typically of order tPage ∼ (GM)3/l2P , where
lP is Planck length. For a big black hole, at Page time tPage, its radius is approximately half
its original size. So if the black hole is still big, why would semi-classical approximation break
down? One would never imagine the effective field theory or semi-classical approximation
breaks down for such a big black hole. This is quite different from our expectation of effective
field theory being valid till the black hole is Planck sized [7, 9]. Therefore, for quite a few long
years, the conflict between Page’s entropy argument and Hawking’s semi-classical argument
just continued.

• Assumptions:

The exponential of Bekenstein-Hawking entropy is the number of internal degrees of
freedom of a black hole, or the dimensions of the black hole’s Hilbert space.

Bekenstein entropy is the upper bound of von Neumann entropy.

For a young black hole, as it evaporates, Bekenstein-Hawking entropy decreases while
the von Neumann entropy increases.

As the black hole ages it reaches a point where its von Neumann entropy starts de-
creasing, and its entanglement starts restoring.
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Figure 3.1: From [6]: In black, entropy of the radiation SR versus time. The blue dotted
line describes a steady increasing radiation entropy, which follows Hawking’s argument. The
maximum amount entropy radiation can have is the Bekenstein-Hawking entropy, which is
given as the horizontal line. The turning point in time is called the Page time. If we can
calculate the entire Page curve, then we are capable of understanding black hole evaporation.
For some particular theory, Andrew Strominger argued that being able to compute the Page
curve is equivalent to solving the information paradox [6]. Typical Page time of a solar mass
black hole is of order 1066 years [13], while the age of our universe is 1010 years.

Hawking radiation (effective field theory) starts breaking down when entanglement
starts restoring.

• Conclusions & problems:

We cannot trust low energy effective field theory even when the black hole is still big
(with half its original SBH entropy & low curvature near the horizon). Then when can
we use effective field theory?

3.4 Quantum no-cloning

From the last two sections, studies of Hawking radiation and Page’s argument seem to suggest
something is seriously wrong in our understanding of the black holes. Would effective field
theory work near a black hole horizon? Would the theory depart significantly from low
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energy effective field theory at Page time (when the black hole is still big)? Naturally, one
would ask about the experiences of an infalling observer. Would an infalling observer go
through the horizon smoothly?

We consider an infalling observer sitting on a collapsing matter shell, which collapses to
form a black hole. The infalling observer can read the information of the matter shell. A
distant observer can read information of the matter shell from studying the entanglement
of the radiation (after Page time). If we reflect the radiation back to the black hole with a
mirror, the infalling observer sees two copies of the same information: his own copy and one
copy from reflection. This contradicts the no-cloning theorem [6]. The process is shown in
Figure 3.2.

For a distant observer, information is stored in the entanglement between the late-time
radiation and the initial Hawking radiation. For an infalling observer, the equivalence prin-
ciple is preserved. A distant observer has to wait until past Page time to retrieve information
from the radiation, by then it is too late to jump in the black hole and see the second copy
[6].

Laws of nature work just well to prevent the infalling observer from seeing two copies, see
[6] and references therein. For any individual observer, no-cloning theorem is not violated
after all. This suggests no-cloning theorem is valid only locally.

• Assumptions:

We assume the infalling observer sees nothing out of the ordinary. Laws of quantum
physics continue to be valid and quantum cloning is forbidden.

• Conclusions:

There are two copies of the same information on the green slice of Figure 3.2. But
each observer can only see one copy of the same information, so unitarity is preserved
for each observer. No-cloning theorem only holds locally.

3.5 Black hole complimentarity

To be consistent with the no-cloning theorem, Susskind, Thorlacius and Uglum proposed
[36, 37] that no single observer can see both copies of information on the green slice in
Figure 3.2. This is commonly called black hole complementarity, which is a set of consistent
statements to make sure no single observer ever sees any violation of laws of the nature [30].

We introduce a rigorous description of black hole complementarity as the following [15,
35]:

1. Postulate 1: From a distant observer’s point of view, the formation and evaporation of
black holes can be described entirely within the context of standard quantum theory.
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Mathematically, an S-matrix can describe the evolution from infalling matter to out-
going Hawking-like radiation. For each observer, it says the evolution from red slice to
green slice is unitary, see Figure 3.2.

2. Postulate 2: Outside the horizon of a massive black hole, physics is well approximated
by a set of semi-classical field equations. This means a low energy effective field theory
with local Lorentz invariance is available.

3. Postulate 3: For a distant observer, a black hole appears to be a quantum system with
discrete energy levels. The dimensions of the subspace of states for a mass M black
hole is the exponential of Bekenstein-Hawking entropy exp[SBH(M)].

4. Postulate 4: A free falling/infalling observer experiences nothing unusual at the horizon
until the singularity is approached. This postulate justifies that the inside of a black
hole is entangled with late-time Hawking radiation, namely the systems ‘A’ and ‘B’ of
figure 3.3. because the infalling observer sees a smooth horizon (meaning entanglement
across the horizon).

3.6 Firewall conjecture

3.6.1 The AMPS argument

For black holes older than Page time, Almheiri et al (AMPS) [15] argue that the postulates
of black hole complementarity are not mutually consistent.

We use the notations in Figure 2.4. Initially, modes qω and pω are very entangled. Modes
pω are mainly in the ‘atmosphere’ because there is no radiation yet. As the black hole
radiates, modes qω ‘leak’ out and become radiations in modes pω. We point out that modes
qω in Figure 2.4 corresponds to A in Figure 3.3, and modes pω in Figure 2.4 corresponds to
B ,R in Figure 3.3. Page’s theorem indicates that after Page time pω in the ‘atmosphere’
and pω in the radiations are very entangled [35, 5] (since most of qω radiate out with very
few degrees of freedom left). A contradiction occurs for the infalling observer.

We explain the argument with Figure 3.3, where A ,B ,R stand for modes behind the
horizon, in the ‘atmosphere’ and in distant region respectively.

• For an old black hole (after Page time), Page’s theorem indicates that B ,R are max-
imally entangled. For example, the state may resemble |ψ〉 ∼ |A〉 ⊗ (|B〉 + |R〉) to
leading order.

• For the same old black hole, because it is still quite big, the equivalence principle
suggests that an infalling observer experiences a smooth horizon. Therefore A ,B are
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maximally entangled. For example, the state may look like |ψ〉 ∼ (|A〉+ |B〉)⊗ |R〉 to
leading order. See [10].

However, according to monogamy theorem in Appendix A.3, modes B can only be maximally
entangled with either R or A. The two points above obviously contradict each other.

To reconcile with monogamy theorem, AMPS [15] conjectured that an infalling observer
runs into a firewall right outside the black hole horizon. This firewall is such a singular
structure that it incinerates even the entanglement between A ,B. We may have a violent
horizon. It is not clear whether an infalling observer is suddenly terminated, or merely
experience abnormalities at the black hole horizon [35].

AMPS argue that a firewall is the most likely resolution to the information paradox, but
they do not suggest that it is the only option [15, 35]. So the nature of the horizon is still
unknown.

3.6.2 Implications:

The firewall conjecture hints at a drastic change in the concept of black hole horizon [35].
This is historically somewhat similar to wave-particle duality, which introduced the idea that
the concept of individual particles is not meaningful [6].

Firewalls serve as disruptive boundaries of black holes to ensure no entanglement exists
between the two sides of a horizon. The lack of entanglement between the two sides of a
boundary, as Czech et al suggested [38, 39], means the space behind this boundary does not
exist. Therefore, the space behind a black hole firewall/horizon potentially does not even
exist [35], see Figure 3.5. This is a major departure from the spacetime structure in Figure
3.3. Some hypothetical changes are shown in Figure 3.4 and Figure 3.5.

3.7 Summary

We summarize as follows.

1. We introduced Hawking radiation in the low energy effective field theory (we still do not
know when effective field theory breaks down), which naturally leads to what remains
after a black hole evaporates. Two of the options are some kind of remnant and baby
universe.

2. We looked at the black hole evaporation from an entropic perspective, where we in-
troduced Page’s argument about entropy that challenges the validity of effective field
theory.
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3. We introduced the concept of quantum no-cloning, which leads to black hole compli-
mentarity.

4. Finally we introduced the firewall argument, which changes black hole complimentarity.

We stop at the firewall argument, because the focus of this thesis is the mechanism of
firewall creation. In particular, we attempt to model firewall creation using time-dependent
boundary condition.

Our research studies further one possible mechanism [17, 40] of firewall creation, which
makes use of time dependent boundary conditions. The goal is to study the singularity
structure of the energy density and detector response [15]. We confirm that time dependent
boundary conditions indeed create energy pulses. These energy pulses have divergent energy
density even when the boundary conditions evolve smoothly. However, the total energy fails
to be finite when the metric is fixed [17, 18]. Also, except in special cases, the detector
response is not singular enough.

In the following chapters, we discuss some of the simplest firewall models [15]. Our results
are mathematically rigorous, but the models are not quite so because all three models in
references [17, 18, 19] assume fixed Minkowski metric. Any realistic model should include
interactions between the metric and the matter field. However, we do not consider metric
back-reactions in this thesis.
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Figure 3.2: Black hole cloning. Information on the red slice is carried onto the green slice.
Both the infalling observer and the distant observer see the same information, which means
there are two copies of the same information on green slice [6]. But this does not violate
no-cloning theorem because each observer can only see one copy.
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Figure 3.3: A zoom-in of the upper right corner of a Penrose diagram of Schwarzschild
geometry, where A are the modes inside the horizon, B are the modes just outside the
horizon, R is the radiation. (1) For a young black hole, a distant observer sees A and B
heavily entangled with each other (there is basically no radiation R). So a partial trace of A
gives a thermal distribution in B (Hawking radiation). (2) For an old black hole (past Page
time), Page’s theorem says enough of A modes should have come out that B and R are very
entangled. Whereas the equivalence principle (postulate 4) says A ,B are very entangled
(as long as the black hole is big enough), because an infalling observer should encounter
a smooth horizon [35]. Accordingly, the equivalence principle contradicts with monogamy
theorem Appendix.A.3 in the infalling observer’s frame.
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Figure 3.4: Firewall, if exist, would alter the horizon. So it becomes part of the singularity.
An infalling observer sees this naked singularity as firewall [35].

Figure 3.5: According to Czech et al [38, 39], the lack of entanglement means space behind
the firewall does not exist. Firewall is the result of singularity shifts towards the horizon
[35].
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Chapter 4

Modeling the firewall in 1+1
dimensions

It was proposed in [10, 15, 16, 6, 41, 42, 43] (and reviewed in the last chapter) that the
horizon of a radiating BH could be more singular than general relativity suggests, although
the mechanism remains unknown. In this chapter, we discuss a model for this singularity. For
simplicity, we start from quantum field theory in Minkowski spacetime, since back-reaction
of the metric remains elusive except in a few situations such as the CGHS model [44].

There are two different approaches known to the author. One is to write down by hand
a quantum state in which the correlations are absent [29, 40, 45]. Another is to allow an
impermeable wall to develop where initially there was none [28, 17, 46, 47]. This thesis tries
to address the latter scenario.

To include time dependence in the boundary condition, Brown and Louko used self-
adjoint operator extension [48]. Specifically, they studied the smooth creation of a reflecting
wall (Dirichlet) at the origin in a 1+1 dimensional massless scalar quantum field [17]. As
expected, time evolution of the boundary conditions creates outgoing energy pulses. where
the energy density is positively divergent. This divergence cannot be smoothed out by
manipulating the boundary condition (see Appendix B.4). This somewhat counterintuitive
fact may be evidence of a black hole firewall, if not for the finite Unruh-DeWitt detector
response when passing through the energy burst.

In this chapter, we review Brown and Louko’s work on time dependent boundary condi-
tion in a 1+1 dimensional massless scalar field [17].

We derive a boundary condition for time-evolving source creation. To be specific, we
extend the definitions of the self-adjoint operator ∂2

x. We derive a boundary condition that
describes a smooth time evolution from Neumann to Dirichlet in a finite period of time. We
solve the 1+1 dimensional scalar field Klein-Gordon equation under this boundary condition.
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We expect the time-evolution of the scalar field to create some outgoing energy pulses along
the null directions [47, 26, 25]. We search the existence and properties of the outgoing energy
pulses, which model the behaviour of a ‘firewall’. We emphasize that the ‘firewall’ is not the
Dirchlet boundary condition at the origin, but the outgoing pulses of energy.

We discuss the infrared divergence of the energy density and discover that it is infrared
cutoff dependent, where the cutoff is just a parameter. The total energy is divergent when
there is a sudden switch of the boundary condition from Neumann to Dirichlet. Despite the
divergence in the energy density, the response of a detector that passes through the pulse is
finite, and therefore wall creation does not break quantum entanglement. In addition, the
need to introduce artificially an infrared cutoff is an indication that the 1+1 dimensional
theory misses important physics.

In Section 4.1, we introduce the rigorous procedure of self-adjoint operator extension.
In Section 4.2, we solve for the mode functions of a massless Klein-Gordon equation and
verify the orthonormality. In Section 4.3, we investigate the stress-energy tensor, where
detailed calculations on the energy density are given in the first subsection and the rapid
creation limit is given in the second subsection. Appendix B.4 shows that even for smooth
wall creation, the energy density is positively divergent. In the last section 4.4, we discuss
the detector response. When the boundary condition is suddenly switched from Neumann
to Dirichlet, we find that the detector response remains finite despite the energy density
diverges.

We state that an overline denotes complex conjugation. A continuous function of a
real variable is said to be C0. A function that is n ∈ N = {1, 2, . . .} times continuously
differentiable is said to be Cn. A function that has all derivatives is said to be C∞ or
smooth.

4.1 Operator extension in 1+1 dimensions

Naturally, the definition of an operator includes the set of functions the operator acts on.
This set of functions is called the operator’s domain. Two domains are different when the
functions therein have different boundary conditions. For instance, operator −i∂x defined
on domain {f ∈ L2([0, L]) ; f(0) = f(L) = 0} is different from operator −i∂x defined domain
{f ∈ L2([0, L]) ; f(0) = −f(L)}. A great many misunderstandings in quantum mechanics
come from the negligence of a rigorous definition of quantum operators [48]. In this section,
we derive a time-evolving boundary condition from self-adjoint operator extension.

For example [48], the Hamiltonian operator H = − ~2
2m
∂2
x is defined as

H = − ~2

2m
∂2
x ,D(H) =

{
φ ,Hφ ∈ L2(−a

2
,
a

2
) , φ(±a

2
) = 0

}
, (4.1.1)
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where D(H) is the domain of H and φ(±a
2
) = 0 is the boundary condition.

Time dependency comes in from operator extension, which we outline as the following
steps.

1. Identify self-adjoint condition. For example: we want ∂2
x to be self-adjoint on [a, b]

ˆ b

a

dx[ψ∂2
xψ − (∂2

xψ)ψ] = [ψ∂xψ − (∂xψ)ψ]
∣∣∣b
a

= 0 .

As long as [ψ∂xψ − (∂xψ)ψ]
∣∣∣b
a

= 0 is satisfied, the operator is self-adjoint.

2. Rewrite the boundary condition. We rewrite the boundary condition as (with ψ′ :=
∂xψ)

|iψ(a) + Lψ′(a)|2 + |iψ(b)− Lψ′(b)|2 = |iψ(a)− Lψ′(a)|2 + |iψ(b) + Lψ′(b)|2 , Lφ′(b)− iφ(b)

Lφ′(a) + iφ(a)

 = U(α, β, γ)

 Lφ′(b) + iφ(b)

Lφ′(a)− iφ(a)

 ,

where L is a positive constant of dimension length, U is a unitary matrix with param-
eters α, β, γ.

3. Choose the parametrization. For example: U = diag(1, 1) leads to periodic boundary
condition ψ(a) = ψ(b) = 0.

We evolve the boundary condition at the origin from Neumann to Dirichlet. Neumann
boundary condition states that spatial derivative of the field vanishes on either side of the
origin, while Dirichlet boundary condition states that the field itself vanishes on either side
of the origin. They are

Neumann: ∂xφ|x=0− = ∂xφ|x=0+ = 0 (4.1.2)

Dirichlet: φx=0− = φx=0+ = 0 . (4.1.3)

We define self-adjoint operator −∂2
x on L2(R \ {0}) [48]. The definition gives

0 =

ˆ 0−

−∞
+

ˆ +∞

0+
dx[ψ∂2

xφ− (∂2
xψ)φ] , (4.1.4)

where ψ , φ are square integrable and defined on the real axis excluding the origin. We notice
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that square integrability means ψx∼∞ = 0 , φx∼∞ = 0. Eq.(4.1.4) reduces to

[φ−(∂xφ−)− (∂xφ−)φ−] = [φ+(∂xφ+)− (∂xφ+)φ+] , (4.1.5)

where we set ψ = φ, φ± = φ(0±) and discard extra terms using ψx∼∞ = 0 , φx∼∞ = 0.

Using notations φ′ = ∂xφ , φ± = φ(0±), we rewrite eq.(4.1.5) as

1

2iL

[
|Lφ′− − iφ−|2 − |Lφ′− + iφ−|2

]
=

1

2iL

[
|Lφ′+ − iφ+|2 − |Lφ′+ + iφ+|2

]
. (4.1.6)

Eq(4.1.6) takes a simpler form when we rewrite it using a matrix notation as Lφ′+ − iφ+

Lφ′− + iφ−

 = U

 Lφ′+ + iφ+

Lφ′− − iφ−

 , (4.1.7)

where U is a 2 by 2 unitary matrix with parametrization U(θ) , θ ∈ [0, π).

We notice that eq.(4.1.6) is automatically satisfied for odd solutions, so we focus on the
even modes where φ+ = φ− and φ′+ = −φ′−.

We parametrize U as

U = e−iθ

 cos θ i sin θ

i sin θ cos θ

 . (4.1.8)

We use this specific parametrization to derive the boundary condition for the even sector of
the field

φ′+
φ+

=
cot θ(t)

L
. (4.1.9)

This is the simplest boundary condition for this model.

We notice that eq.(4.1.6) can also be solved by separating odd and even sectors. For odd
sector of the field, eq.(4.1.6) is automatically satisfied. For even sector of the field, using
φ+ = φ− and φ′+ = −φ′−, we have

|Lφ′− − iφ−|2 = |Lφ′+ + iφ+|2
|Lφ′− + iφ−|2 = |Lφ′+ − iφ+|2 .

(4.1.10)
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Therefore, we rewrite eq.(4.1.6) as

|Lφ′− − iφ−|2 − |Lφ′− + iφ−|2 = |Lφ′+ − iφ+|2 − |Lφ′+ + iφ+|2
⇒|Lφ′− − iφ−|2 = |Lφ′+ − iφ+|2

⇒Lφ′− − iφ− = −e2iθ̃[Lφ′+ − iφ+]

⇒iφ+[e2iθ̃ + 1] = [e2iθ̃ − 1]Lφ′+

⇒φ′+
φ+

=
cot θ̃

L
.

(4.1.11)

This is again eq.(4.1.9).

4.2 Wall creation in 1+1 dimensions

4.2.1 Field equation and boundary condition

We notice the odd solutions automatically satisfy eq.(4.1.7), so the boundary condition can-
not change it. We discuss the even sector of the field, specifically solutions on the positive half
space. We seek solutions of the Klein-Gordon (KG) equation with the boundary condition
eq.(4.1.9).

The field equation and boundary conditions are

[∂2
t − ∂2

x]φ = 0
φ′(0+)

φ(0+)
=

cot θ(t)

L
, (4.2.1)

with

θ(t) =


π/2 t ≤ 0

smooth in between

0 t ≥ 1/λ .

(4.2.2)

Some authors [17] use the notation ∆θ(t) for Laplace operator with a boundary condition
and parametrization θ(t), i. e.

[∂2
t −∆θ(t)]φ = 0 . (4.2.3)

The unique self-adjoint extension θ(t) = π/2 corresponds to no wall, while θ(t) = 0 cor-
responds to Dirichlet boundary condition on each side of the origin (impenetrable wall). We
choose θ ∈ (0, π/2) [17] to keep the field amplitude finite, otherwise tachyon-like instabilities
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Figure 4.1: Diagram of wall creation in 1+1 dimensional scalar quantum field theory [17].
The time-dependent boundary condition at the origin generates two energy pulses going
symmetrically to the right and left. The total energy, however, is infrared divergent. When
the wall is suddenly turned on, the total energy is divergent even with an infrared cut-off.

would appear, see Appendix E.2. We introduce λ to control how fast the boundary condition
evolves, where bigger λ means faster evolution.

We introduce light-cone coordinates

u := t− x (4.2.4a)

v := t+ x . (4.2.4b)

The general solution of KG equation is

φk = Fk(v) + Ek(u) , (4.2.5)

where Fk(v) , Ek(u) are the left and right movers. We only discuss solutions on the positive
axis, solutions on the negative axis can be recovered by taking mirror image across the t
axis. See Figure 4.1.

On the positive axis, the left-mover comes from positive infinity so it should be a plane
wave. The right-mover has ‘felt’ the boundary condition at the origin so it cannot be plane
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wave. We use the trial solution

φk(u, v) =
1√
8πk

[e−ikv + Ek(u)] , (4.2.6)

where k > 0 and Ek(u) is to be found [17].

We need to satisfy the boundary condition in eq.(4.1.9)

L sin θ(t)
d

dt
[e−ikt − Ek(t)] = cos θ(t)[e−ikt + Ek(t)] , (4.2.7)

where we have used ∂
∂x
Ek(u) = − ∂

∂t
Ek(u). I want to point out that the constant L has been

introduced for dimensional convenience and its value is considered fixed [17].

This equation can be rewritten by introducing a dimensionless function B(y), with di-
mensionless y = λt, which is defined as the solution to the differential equation

cot(θ(t))

L
= λ cot(h(λt)) =

∂tB(λt)

B(λt)
, (4.2.8)

with the boundary condition B(0)=1. We want to emphasize that function B(y) and its
argument y are both dimensionless. We choose y = λt in the expression above because λt is
dimensionless. All terms in eq.(4.2.8) have the same dimension of inverse length.

h(y) is assumed to be a smooth C∞ function over its entire domain −∞ < y < ∞
(including y = 0 and y = 1) and monotonous (see Appendix B.5) over 0 < y < 1, with the
properties

h(y) = π/2 for y ≤ 0 (4.2.9a)

0 < h(y) < π/2 for 0 < y < 1 (4.2.9b)

h(y) = 0 for y ≥ 1 . (4.2.9c)

In particular, since all derivatives of h(y) vanish for y < 0 and y > 1, for them to be
continuous at y = 0 and y = 1, we need all derivatives of h(y) to vanish for y = 0+ and for
y = 1−. In Appendix B.2.1, it is shown that 1/B(y) and all of its derivatives approach zero
as y → 1−.
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4.2.2 Mode functions

We have the solution

Ek(u) = Rk/λ(λu) (4.2.10)

RK(y) =


e−iKy y ≤ 0

e−iKy − 2
B(y)

´ y
0
dzB′(z)e−iKz 0 < y < 1

−e−iKy y ≥ 1 .

(4.2.11)

It is straightforward to show by substitution that these expressions for RK(y), when inserted
in eq.(4.2.10) to give Ek(y), solve eq.(4.2.7).

An alternative expression for RK(y) is derived by integration by parts

RK(y) = −e−iKy +
2

B(y)
− 2iK

B(y)

ˆ y

0

dzB(z)e−iKz , (4.2.12)

where 0 < y < 1.

For u ≤ 0 and u ≥ 1/λ, using equations (4.2.10) and (4.2.11) in (4.2.6) we obtain

φk =

{
e−ikt cos(kx)√

4πk
for u ≤ 0

− ie−ikt sin(kx)√
4πk

for u ≥ 1/λ .
(4.2.13)

These solutions are interpreted as follows. When u ≤ 0, the mode is Minkowski because it
is in the region before the boundary condition starts evolving. When u ≥ 1/λ, the mode
vanishes at the spatial origin because the effect of a Dirichlet boundary condition has been
imposed. The full solution is reached by simple reflecting through a mirror at the origin.

In Appendix B.1 and B.2.2, we verify that the mode function is both orthonormalized
and smooth. We have the orthonormality condition

(φk, φk′) = δ(k − k′) (4.2.14)

(φk, φk′) = −δ(k − k′) (4.2.15)

(φk, φk′) = 0 , (4.2.16)

where overline represents complex conjugation and (· , ·) represents the Klein-Gordon inner
product.
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4.3 Energy density

4.3.1 Derivation

We first need to quantize the field. Following the standard procedure of canonical quantiza-
tion, we write the field as

φ =

ˆ +∞

0

dk
(
akφk + a†kφk

)
, (4.3.1)

where the non-vanishing commutator of the annihilation and creation operators is [ak, a
†
k′ ] =

δ(k − k′). The integral limits are 0 and +∞ because we have separated the right-movers
from the left-movers. We only look at the even section of the field, because the odd section
is Minkowski.

We introduce the Minkowski vacuum state notation |0M〉, which satisfies the relation
ak|0M〉 = 0 for t < |x| due to the spacetime being Minkowski. The vacuum state |0〉 is
generally different from the Minkowski vacuum.

The classical stress-energy tensor of a scalar field is

T µν = ∂µφ∂νφ− 1

2
gµν(∂αφ)(∂αφ) . (4.3.2)

Using lightcone coordinate u, v, the spacetime interval is ds2 = dudv and the metric is

gµν =

 0 1/2

1/2 0

 .

In this coordinate system, we have ∂uφ = 2∂vφ , ∂
vφ = 2∂uφ and (∂αφ)(∂αφ) = 4(∂uφ)(∂vφ).

We rewrite eq.(4.3.2) as

Tuu = ∂uφ∂uφ , (4.3.3)

Tvv = ∂vφ∂vφ , (4.3.4)

Tuv = 0 . (4.3.5)

We need to renormalize Tµν to get the physical expression. This requires us to subtract
the expectation value of Tµν in Minkowski spacetime from that in curved spacetime, because
we are only interested in the difference. This is merely a subtraction in Minkowski spacetime,
but remains unclear [22, 23, 49] in curved spacetime.
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I. First we calculate the expectation value of Tuu and Tvv in state |0〉:

〈0|Tuu|0〉 = 〈0|∂uφ∂uφ|0〉 =

ˆ ∞
0

dk
1

8πk
|E ′k(u)|2

〈0|Tvv|0〉 =

ˆ ∞
0

dk
1

8πk
k2 .

(4.3.6)

II. Then we set Ek(u) = e−iku to derive the corresponding Minkowski expressions

〈0M |Tuu|0M〉 =

ˆ ∞
0

dk
1

8πk
|E ′k(u)|2 =

ˆ ∞
0

dk
1

8πk
k2

〈0M |Tvv|0M〉 =

ˆ ∞
0

dk
1

8πk
k2 .

(4.3.7)

III. Lastly, we renormalize by subtracting the Minkowski expressions

〈Tuu〉 =

ˆ ∞
µ

dk
1

8πk
(|E ′k(u)|2 − k2)

〈Tvv〉 = 〈Tuv〉 = 0 .

(4.3.8)

We note that µ is infrared cutoff1 inserted by hand. The necessity of an infrared cutoff
is explained as follows. Mode function eq.(4.2.6) has asymptotic expansions |E ′k(u)|2 = k2 +
O(k−2) and |E ′k(u)|2 = 4λ2[B′(λu)]2[B4(λu)]−4+O(k2), so the integral

´
dk 1

8πk
(|E ′k(u)|2−k2)

is convergent for k → ∞ but divergent for k → 0. Therefore we introduce a cutoff at the
lower integral limit to make the integral finite.

The divergence as k → 0 is a feature of 1+1 dimensions. We show in later chapters that
infrared cutoff is not needed in 3+1 dimensions.

We calculate the quantized expression of stress-energy tensor the following way

〈Tuu〉 = lim
u1,u2→u

∂u1∂u2

[
〈0|φ(v1, u1)φ(v2, u2)|0〉 − 〈0M |φ(v1, u1)φ(v2, u2)|0M〉

]
, (4.3.9)

〈Tvv〉 = lim
v1,v2→v

∂v1∂v2

[
〈0|φ(v1, u1)φ(v2, u2)|0〉 − 〈0M |φ(v1, u1)φ(v2, u2)|0M〉

]
, (4.3.10)

〈Tuv〉 = 0 , (4.3.11)

where 〈· · · 〉 on the left hand side means renormalization by subtracting the corresponding
Minkowski value. The technique lim

u1,u2→u
∂u1∂u2 in eq.(4.3.9) is called point splitting. It is

useful because all we need to calculate is the Wightman function 〈0|φ(v1, u1)φ(v2, u2)|0〉.
1the letter µ is also sometimes used for a 4-index
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Figure 4.1 describes eq.(4.3.8), where the pink pulses are the only region with non-
vanishing energy density. The total energy is

∆Etotal =

ˆ
Σ

dx〈Ttt〉

= 2

ˆ 1/λ

0

du〈Tuu〉 ,
(4.3.12)

where Σ is a constant time hypersurface in the region t > 1/λ. From the first to the second
line, the non-vanishing contribution is from t − 1/λ < x < t and its mirror image in the
negative half space. We also change integration variable from x to u, as a result of time
being constant dx = −du. The integrand change is from Ttt = Tuu + Tvv where 〈Tvv〉 is zero.

The total energy is

∆Etotal = 2

ˆ 1/λ

0

du

ˆ ∞
µ

dk

8πk

(
|E ′k(u)|2 − k2

)
=

λ

4π

ˆ 1

0

dy

ˆ ∞
µ/λ

dK

K

(
|R′K(y)|2 −K2

)
,

(4.3.13)

where we use new variable y = λu.

We discuss the divergence of the stress-energy tensor in the Appendix B.4, where we
show that the energy density is unbounded along the null line t ± x = 1/λ even when the
boundary condition evolves smoothly.

4.3.2 Rapid wall creation limit

We have large λ for rapid wall creation, so the lower integral limit µ/λ is very small. We

separate the K-integral into two parts:
´ 1

µ/λ
dK and

´∞
1
dK.

For the first K-integral
´ 1

µ/λ
dK, we use small K expansion (Appendix B.3)

|R′K(y)|2 = 4|B′(y)|2[B(y)]−4 +O(K2) , (4.3.14)

which is from expanding eq.(4.2.12) in powers of K. Because the integral of eq.(4.3.8) does
not converge when k → 0, a positive infrared cutoff is required to make 〈Tab〉 finite.

For the second K-integral
´∞

1
dK, we use the large K expansion (Appendix B.3)

|R′K(y)|2 = K2 +O(K−2) , (4.3.15)
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which is obtained from repeated integration by parts of eq.(4.2.11).

The total energy is

∆Etotal =
λ

4π

ˆ 1

0

dy

ˆ 1

µ/λ

dK

K

(
|R′K(y)|2 −K2

)
+

λ

4π

ˆ 1

0

dy

ˆ ∞
1

dK

K

(
|R′K(y)|2 −K2

)
=
λ

π

ˆ 1

0

dy

ˆ 1

µ/λ

dK

K
|B′(y)|2[B(y)]−4 +

λ

4π

ˆ 1

0

dy

ˆ 1

µ/λ

dK

K
O(K2)

+
λ

4π

ˆ 1

0

dy

ˆ ∞
1

dK

K
O(K−2) .

(4.3.16)

In Appendix B.4, we show the integral
´∞

1
dK
K
O(K−2) is positive divergent just before

the light cone where the wall creation ends. An integral on hypersurface t = T > 0 in an
arbitrary small neighborhood of x = ±T gives positive infinite energy.

4.4 Response of an Unruh-DeWitt detector

Unfortunately, the response function of a non-derivative coupling detector is ambiguous. We
can see this ambiguity by considering [29]

F (0)(ω) =

ˆ ∞
−∞

dτ2

ˆ ∞
−∞

dτ1e
−iω(τ2−τ1)χ(τ1)χ(τ2)W(τ1, τ2) , (4.4.1)

where χ(τ1,2) is called the switching function and describes how the detector is turned on
and off. W(τ1, τ2) is the so-called Wightman function.

Using Minkowski mode, the Wightman function is

W(τ1, τ2) = −(4π)−1 ln[iµ(∆u− i0+)]− (4π)−1 ln[iµ(∆v − i0+)] , (4.4.2)

with ∆u = u(τ1)−u(τ2), ∆v = v(τ1)− v(τ2). Here µ is the infrared cutoff and the logarithm
is taken in its principal branch. The Wightman function generates an ambiguous term
proportional to ln[iµ] when we substitute it into eq.(4.4.1).

Because of the infrared ambiguity, Brown and Louko chose the first order derivative
coupling detector [17]. The response function is defined as

F (1)(ω) =

ˆ ∞
−∞

dτ2

ˆ ∞
−∞

dτ1e
−iω(τ2−τ1)χ(τ1)χ(τ2) ∂τ1∂τ2W(τ1, τ2) , (4.4.3)

where x(τ1,2) parametrizes the detector’s world line. The authors selected a detector trajec-
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tory
(t, x) = (τ + d, d) , (4.4.4)

with d > 0 being a constant. The detector stays at fixed space location and waits for the
energy burst to pass through. See Figure 4.1.

In Minkowski vacuum, the detector response is [29]

F (1)
Mink(ω) = −ωΘ(−ω)

ˆ ∞
−∞

du[χ(u)]2 +
1

π

ˆ ∞
0

ds
cos(ωs)

s2

ˆ ∞
−∞

duχ(u)[χ(u)− χ(u− s)] ,
(4.4.5)

and is independent of infrared cutoff µ. Θ is the Heaviside step function.

After a Dirichlet boundary condition establishes at the origin x = 0, the response function
is [17]

F (1)
Dir = F (1)

Mink + ∆F (1) , (4.4.6)

with

∆F (1) =
1

2π
Re

[
e−2iωd

(
iπGω(2d) +

ˆ ∞
0

ds
e−iωsGω(2d+ s)− eiωsGω(2d− s)

s

)]
(4.4.7)

and

Gω(y) =

ˆ ∞
−∞

du[χ′(u)− iωχ(u)]χ(u− y) . (4.4.8)

This is also independent of infrared cutoff.

We notice that the detector response obviously does not depend on parameter λ, because
the second line of mode function eq.(4.2.13) does not depend on λ. Therefore, it is finite
even in the fast wall creation limit with λ→∞.

4.5 Summary and discussion

In this chapter, we set up and solved a Klein-Gordon equation with time dependent boundary
condition. We chose the boundary condition through self-adjoint operator extension, which
describes the transition from Neumann to Dirichlet boundary condition at the space origin.

Under technical assumption g′′′(y) < 0 for 0 < y < 1, we verified that an infinite energy
density occurs in the model. See eq.(B.4.21). According to Appendix B.4, this energy density
[17] diverges where the boundary condition approaches its final value, just before the light
cone of event (x = 0, t = 1/λ). Even when the boundary condition evolves smoothly, there
are still two points (x = ±|T − 1/λ|) on any constant time (with t = T > 1/λ) hypersurface
with divergent energy density.
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Although the divergence in energy density seems to suggest that a firewall that breaks
entanglement could exist, the detector response does not support this: there is no way the
detector response can diverge.

In addition to the finite detector response, the appearance of an infrared cutoff in the
stress-energy tensor and Wightman function also indicates that this model is not physical.

We want to investigate higher dimensional models because of the infrared cutoff and
finite detector response. We ask if a cutoff in the Wightman function is essential. If not,
would the detector response diverge at some point? We suspect metric back-reaction could
keep the total energy finite, but we have to work with fixed metric models for now because
they are analytically solvable. In the next two chapters, we generalize the firewall model to
two 3+1 dimensional models with fixed Minkowski metric: one for a source creation at the
space origin, one for shell creation at a fixed radius.

To sum up, this 1+1 dimensional model does not have a firewall-like structure. For
general relativity to undergo drastic amendment in 1+1 dimensions to produce a firewall
structure, a more exotic model may be needed.
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Chapter 5

Modeling firewalls with a pointlike
source in 3+1 dimensions

The results from last chapter give us plenty of motivation to generalize the model to higher
dimensions. We want to specify some terms and symbols. We use the same parameters λ
and µ as in the last chapter, where λ measures how fast the boundary condition evolves
with λ → ∞ meaning the boundary condition switches suddenly, and the symbol µ for
infrared cutoff or a 4-index depending on the context. The infrared cutoff is often shortened
to ‘cutoff’ and we use the term ‘infrared ambiguity’ to indicate the existence of such cutoff.
Since the boundary condition is defined at one point, we use the term ‘pointlike source’
which is usually shortened to ‘source’.

A major motivation is the unexpected behavior that in the 1+1 dimensional case the
detector registers finite readings [17] even at rapid creation limit λ→∞. This finite detector
response could be the result of derivative coupling detector, where the λ- dependence is lost
once we take the derivative of Wightman function. We wonder what would happen if using
a non-derivative coupling operator.

Another reason for the generalization to 3+1 dimensional spacetime is that we might
not need an infrared cutoff µ. This comes from the observation that the first line of the
1+1 dimensional mode function eq.(4.2.13) is divergent as k → 0. Could mode functions in
higher dimensions be finite when k → 0? We investigate whether the cutoff µ is a feature of
1+1 dimensions or it persists in higher dimensions.

In this chapter, we generalize the scalar field model with time dependent boundary con-
dition to 3+1 dimensions. We consider a massless scalar field in 3+1 dimensional Minkowski
spacetime, where the field is square integrable. We introduce a Laplace operator defined in
all space except at the origin. By allowing this Laplace operator to be Hermitian at any
instant of time, we derive a time dependent boundary condition at the space origin r = 0.
This boundary condition is then imposed upon the numerator f of a field φ = f/r, describing
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the time evolution of a f evolving from zero amplitude (Dirichlet type) to zero derivative of
the f (Neumann type). Because the boundary condition is given at one spatial point, the
physical interpretation is the smooth creation of a pointlike source rather than a wall. We
want to see what happens at the rapid source creation limit, where the boundary condition
is switched instantly from Dirichlet type to Neumann type. Specifically, we investigate the
energy density and the Unruh-DeWitt detector response.

The results about energy density 〈T00〉 are summarized in this paragraph. Similar to the
1+1 dimensional case, the energy density is not bounded even when the wall is smoothly
developed, see Appendix C.2. In the outgoing pulse generated by the evolving source, 〈T00〉
is negatively divergent to the immediate future of the light cone of the point where the
boundary condition starts to change, with the total energy in the pulse being negative
infinity. After the pulse has gone, 〈T00〉 is nonzero and it diverges at r → 0 proportionally
to −(ln r)/r4. This shows a cloud of positive energy lingering near the source after it is
fully formed, with the total energy of this cloud being positive infinity. The cloud of energy
lingering near the source is new compared to the the 1+1 dimensional case, as it is related
to vacuum polarization which has no counter part in 1+1 dimensions. Further, at a fixed r,
〈T00〉 is not static and it diverges at t → ∞ proportionally to ln t. In the limit of rapid
source creation, 〈T00〉 diverges everywhere in the timelike future of the creation event. The
source creation hence leaves in the late time region a large energetic memory, which has no
counterpart in the 1+1 dimensional analysis of [17]. The persistence of large late time effects
is perhaps particularly reminiscent of the energetic curtain scenario proposed in [16].

The response of an Unruh-DeWitt detector is described as follows. In Section 5.4 and
[17], the Unruh-DeWitt detector is set static and waiting for an outgoing pulse of energy
(i.e. firewall). The Wightman function is well-defined everywhere except at the origin and
no infrared cutoff is needed. The energy density and detector response are also well defined
with no cutoff. We use a non-derivative coupling detector because no cutoff appears in the
Wightman function. The response of a detector is divergent when the source creation is
instantaneous, consequently it may be able to break entanglement in a quantum state in the
way that has been proposed in references [10, 15, 16, 6, 41, 42, 43]. We find that the response
of a detector that operates only in the late time region mimics 〈T00〉 closely, both in the late
time limit and in the limit of rapid source creation, where the response has a logarithmic
divergence. We have not addressed the response of a detector that goes through the pulse,
but the behavior in the post-pulse region is sufficient to establish that the response does not
remain finite in the limit of rapid source creation.

In Section 5.1, we extend the operator in the spherical sector of a general n-dimensional
Laplace operator. In Section 5.2.1, we set up a classical scalar field equation under a time-
dependent boundary condition at the spatial origin, then we solve it in Section 5.2.2. Section
5.3 introduces the quantized field and evaluates the energy density 〈T00〉. Section 5.4 dis-
cusses the response of an Unruh-DeWitt detector. Section 5.5 gives a brief summary and
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discussion.

5.1 Operator extension: punctured Laplace operator

In this section we record relevant properties of the scalar Laplacian on punctured Euclidean
space R3. We use spherical coordinates in which r is the radial coordinate and the puncture
is at r = 0. The scalar Laplacian reads

∇2 =
1

r2
∂r
(
r2∂r

)
+

1

r2
∇2
S2 , (5.1.1)

where ∇2
S2 is the Laplacian on unit sphere S2. The L2 inner product can be scaled using

g = f/r

(g1, g2) =

ˆ ∞
0

dr

ˆ
S2

dϕdθf1f2
spherical symmetry−−−−−−−−−−−→ 4π

ˆ ∞
0

drf1f2 . (5.1.2)

Laplace operator ∇2 can be scaled to

∇2
sc = ∂2

r +
1

r2
∇2
S2

spherical symmetry−−−−−−−−−−−→ ∂2
r . (5.1.3)

After decomposing into spherical harmonics and choosing the spherical symmetric sector,
the inner product ( · , · )sc reduces to the standard L2 inner product on the positive half-line.
The Laplace operator reduces to standard one dimensional Laplace operator on a half-line.

A rigorous treatment of a general n- dimensional Laplacian and inner product on punc-
tured Euclidean space Rn can be found in reference [18, 48, 50]. The self-adjoint extension is
unique except for the spherically symmetric sector for n = 2 and n = 3, see references [51, 52].
In each of these two cases there is a U(1) family of self-adjoint extensions, characterized by
a boundary condition at the origin [18, 50].

In the n = 3 spherically symmetric sector, the boundary condition is derived in a similar
fashion to that of the 1+1 dimensions

cos θ lim
r→0

f(r) = L sin θ lim
r→0

f ′(r) , (5.1.4)

where L is a positive constant of dimension length, and θ ∈ [0, π) is the parameter that
specifies the extension. At time t = 0, we choose the wave function g = f/r to be well-defined
in the entire space, so that f(t, r)|r=0 = 0. At time t = 1/λ, we choose ∂rf(t, r)|r=0 = 0.
As a result, the wave function g = f/r at the spatial origin is well-defined in the beginning
but ill-defined after time t = 1/λ. Therefore, the boundary condition on f(t, r) evolves from
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Dirichlet to Neumann, which is a time reverse of the boundary condition evolution in 1+1
dimensions.

For θ ∈ [0, π/2] the spectrum consists of the negative continuum. For θ ∈ (π/2, π) there
is one proper eigenvalue, which is positive and nondegenerate. The case θ = 0 reduces to
the essentially self-adjoint operator ∇2 on L2(R3).

5.2 Pointlike source creation in 3 + 1 dimensions

5.2.1 Field equation and boundary conditions

We consider a real massless scalar field φ in 3+1 dimensional Minkowski spacetime from
which the spatial origin has been distinguished. The field equation is

(∂2
t −∇2)φ = 0 , (5.2.1)

where ∇2 is Laplace operator in spherical coordinates.

To specify the dynamics, we need to define ∇2 at each t as a self-adjoint operator. After
decomposition into spherical harmonics, the only freedom is in the spherically symmetric
sector. Writing

φ(t, r) =
f(t, r)√

4π r
, (5.2.2)

the eigenfunctions of ∇2 must satisfy the boundary condition

cot θ(t)

L
= lim

r→0

∂rf(t, r)

f(t, r)
, (5.2.3)

where L is a positive constant of dimension length introduced for dimensional convenience.
The prescribed function θ(t), taking values in [0, π), specifies at each t the self-adjoint ex-
tension of ∇2. We denote this extension by ∆θ(t). ∆0 coincides with the unique self-adjoint
extension of ∇2 on L2(R3), yielding usual scalar field dynamics on full Minkowski space.

For θ ∈ (π/2, π), ∆θ has a positive proper eigenvalue, which gives a tachyonic instability
[17]. This instability appears when we set h(y) ∈ (π/2, π), where h(y) will be given in
eq.(5.2.13), which naturally leads to B(1) = 0 because we choose B(0) = 1. Therefore,
the mode function RK(y) in eq.(5.2.15) diverges as y → 1. This means the wave functions
diverges and the we cannot interpret it as the probability amplitude. We therefore always
assume θ ∈ [0, π/2], in which case the spectrum of ∆θ consists of the negative continuum.

We choose a θ(t) that interpolates between θ = 0 and θ = π/2 over a finite interval of
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time. The parametrization of θ(t) is similar to that of the last chapter, but time reversed

cot θ(t)

L
=


∞ for t ≤ 0 ,

λ cot
(
h(λt)

)
for 0 < t < λ−1 ,

0 for t ≥ λ−1 .

(5.2.4)

λ is a positive constant of dimension inverse length and h : R→ R is a smooth function such
that

h(y) = 0 for y ≤ 0 , (5.2.5a)

0 < h(y) < π/2 for 0 < y < 1 , (5.2.5b)

h(y) = π/2 for y ≥ 1 . (5.2.5c)

We point out that unlike the 1+1 dimensional and 3+1 shell case, h(y) does not need to
be monotonous.This is because we only require g′′′(y) ≥ 0 for sufficiently small positive y in
Appendix C.2.2. We note that h(y) of eq.(4.2.9) and eq.(5.2.5) are “reverse” to each other
in the sense that h(0) in eq.(4.2.9) has the same value as h(1) in eq.(5.2.5) and vice versa.

Over the interval 0 < t < λ−1, the boundary condition eq.(5.2.3) reads

lim
r→0

∂rf(t, r)

f(t, r)
= λ cot

(
h(λt)

)
. (5.2.6)

The boundary condition interpolation takes place over time λ−1 while the interpolation
profile is determined by the dimensionless function h(y). The limit of rapid interpolation
with fixed profile is that of λ→∞.

5.2.2 Mode functions

We write down the mode functions that reduce to the usual Minkowski modes when t ≤ 0.
We consider only the spherically symmetric sector.

We work in the radial null coordinates u := t− r and v := t+ r, in which t = (v + u)/2
and r = (v− u)/2. Taking φ to be spherically symmetric, the field equation (5.2.1) becomes

∂u∂v(rφ) = 0 . (5.2.7)

We seek mode functions with the Ansatz

φk =
fk√
4π r

, (5.2.8)
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where

fk(u, v) =
1√
4πk

[
e−ikv + Ek(u)

]
, (5.2.9)

k > 0, and Ek is to be found.

Since any choice for Ek(u) satisfies the wave equation, we determine Ek(u) so that the
boundary condition (5.2.3) is satisfied for all t and the usual Minkowski modes are obtained
for t ≤ 0. Substituting eq.(5.2.9) into eq.(5.2.3), we get an ordinary differential equation

L sin
(
θ(t)

) d
dt

[
e−ikt − Ek(t)

]
= cos

(
θ(t)

)[
e−ikt + Ek(t)

]
. (5.2.10)

We use eq.(5.2.4) and re-parametrize Ek(u) with the dimensionless frequency K = k/λ > 0
and dimensionless null coordinate y = λu

Ek(u) = RK(y) := Rk/λ(λu) . (5.2.11)

Equation (5.2.10) is rearranged to

sin
(
h(y)

) d
dy

[
e−iKy −RK(y)

]
= cos

(
h(y)

)[
e−iKy +RK(y)

]
. (5.2.12)

To solve eq.(5.2.12), we introduce the auxiliary function B(y)

B′(y)

B(y)
:= cot

(
h(y)

)
, B(0) = 1 , (5.2.13)

so that B(y) is a function changing smoothly from B(y) = 1 for y ≤ 0 to B(y) = 0 for y ≥ 1.
The intermediate part of this function is

B(y) = exp

(
−
ˆ 1

y

cot
(
h(z)

)
dz

)
, for 0 < y < 1 . (5.2.14)

It is shown in Appendix C.1 that B(y) is smooth everywhere, including y = 0 and y = 1.

It follows that the solution to eq.(5.2.12) is

RK(y) =


−e−iKy for y ≤ 0 ,

e−iKy − 2

B(y)

ˆ y

0

B′(z) e−iKz dz for 0 < y < 1 ,

e−iKy − 2CK for y ≥ 1 ,

(5.2.15)
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where

CK =

ˆ 1

0

B′(z) e−iKz dz . (5.2.16)

It is verified by repeated integration by parts [53], that CK is smooth in K, C0 = 1, CK → 0
faster than any inverse power of K as K →∞.

An alternative expression for RK(y) which will be useful later can be obtained by inte-
grating by parts

RK(y) =

−e
−iKy for y ≤ 0 ,

−e−iKy − 2iK

B(y)

ˆ y

0

B(z) e−iKz dz for 0 < y <∞ .
(5.2.17)

From eq.(5.2.17) and the smoothness of B, we see that RK(y) is smooth everywhere except
possibly at y = 0. We verify in Appendix C.1 that RK(y) is C25 (has continuous derivative
till the 25th order) at y = 0. It follows that the mode functions are smooth everywhere
except possibly at r = t, and they are at least C25 at r = t.

When u ≤ 0 and u ≥ λ−1, the mode functions φk in eq.(5.2.8) reduce to

φk(t, r) =


−ie

−ikt sin(kr)

2π
√
k r

for u ≤ 0 ,

e−ikt cos(kr)− Ck/λ
2π
√
k r

for u ≥ λ−1 .

(5.2.18)

φk(t, r) coincide with the usual Minkowski space mode functions for u ≤ 0. Evaluating
the Klein-Gordon inner product on a hypersurface of constant negative t shows that the
normalization is (φk, φk′)KG = δ(k − k′). Comparing eq.(5.2.18) with eq.(4.2.13), we notice
that it is well-defined for both K → 0 and K → ∞. It is reasonable to anticipate that the
Wightman function is not infrared singular, such as in eq.(4.3.8). Indeed, we show in later
sections that no infrared cutoff is needed.

For u ≥ λ−1, the r-dependence in the numerator of φk(t, r) contains the term cos(kr),
which one would expect from the boundary condition eq.(5.2.3) with θ = π/2, but it contains
also the additive memory term −Ck/λ, which carries a recollection of how the boundary
condition evolved from θ = 0 to θ = π/2. For fixed λ, the memory term is hence insignificant
at large frequencies but significant at low frequencies. We will show in Section 5.3 that the
memory term has significant effects on the stress-energy tensor and the Wightman function.

A spacetime diagram is shown in Figure 5.1, with three regions u < 0, 0 < u < λ−1 and
u > λ−1.
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Figure 5.1: Spacetime diagram of the time-dependent boundary condition eq.(5.2.3) at r = 0,
with the angular dimensions suppressed. The interpolation between θ = 0 and θ = π/2 at
r = 0 occurs over 0 < t < λ−1. The early region u < 0 is outside the light cone of
(t, r) = (0, 0), where the mode functions coincide with those of the Minkowski space. The
mode functions in the late region u > λ−1 carry a memory of the field evolution. The
infinities in the energy density at r = 0 (positive infinity) and r = t (negative infinity) are
along the blue and red dashed lines. The spacelike hypersurface t = T > λ−1 (horizontal
dashed line) intersects all three regions.

5.3 Energy density

5.3.1 Expression for the energy density

We quantize the field with the spherically symmetric mode functions in Section 5.2.2 and
treat the nonzero angular momentum sectors as in ordinary Minkowski space. We are inter-
ested in the effects due to the evolving boundary condition, and we only give the expressions
in the spherically symmetric sector.
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We expand the spherically symmetric sector of the quantized field as

φ =

ˆ ∞
0

(
akφk + a†kφk

)
dk , (5.3.1)

where the annihilation and creation operators have the commutators
[
ak, a

†
k′

]
= δ(k − k′).

The normalization of the mode functions gives the field and its time derivative the correct
equal-time commutator. We denote by |0〉 the state that is annihilated by all ak and by all
the annihilation operators of the nonzero angular momentum sectors. In the region u < 0,
|0〉 coincides with the usual Minkowski vacuum, which we denote by |0M〉.

In the Lorentz frame of the Minkowski metric, the energy density of the classical scalar
field is given in terms of the energy-momentum tensor by

T00 = Tuu + Tvv + 2Tuv , (5.3.2)

where [23]

Tuu = (∂uφ)2 , (5.3.3a)

Tvv = (∂vφ)2 , (5.3.3b)

Tuv = Tvu =
1

4r2

[
(∂θφ)2 + (sin θ)−2(∂ϕφ)2

]
. (5.3.3c)

To obtain the renormalized energy density of the field 〈T00〉 := 〈0|T00|0〉ren, we point-split the
expressions in eq.(5.3.3), take the expectation value in |0〉 then subtract the corresponding
expectation value in |0M〉, and finally take the coincidence limit. Since |0〉 and |0M〉 differ
only in the spherically symmetric sector, we have 〈Tuv〉 = 0 and

〈T00〉 = lim
u1,u2→u
v1,v2→v

(∂u1∂u2 + ∂v1∂v2)
[
〈0|φ(v1, u1)φ(v2, u2)|0〉 − 〈0M |φ(v1, u1)φ(v2, u2)|0M〉

]
,

(5.3.4)

where φ denotes the spherically symmetric quantum field eq.(5.3.1).

To evaluate eq.(5.3.4), we write φ in terms of f as in eq.(5.2.2). Recalling that r =
(v − u)/2, we have

〈T00〉 =
1

4π

[〈(∂uf)2〉
r2

+
〈(∂vf)2〉

r2
+
〈f(∂uf − ∂vf)〉+ 〈(∂uf − ∂vf)f〉

2r3
+
〈f 2〉
2r4

]
. (5.3.5)
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From eq.(5.2.2), eq.(5.2.8) and eq.(5.3.1), f has the expansion

f =

ˆ ∞
0

(
akfk + a†kfk

)
dk . (5.3.6)

From eq.(5.2.9), eq.(5.2.11) and eq.(5.3.6), we obtain for 〈T00〉 the final expression

〈T00〉 =
λ2

16π2r2

ˆ ∞
0

dK

K

[∣∣R′K(λ(t− r)
)∣∣2 −K2

]
− 1

32π2r2

∂

∂r

(Gλ(t, r)
r

)
, (5.3.7)

where the prime on RK denotes the derivative with respect to the argument. The first term
in eq.(5.3.7) comes from the first term of eq.(5.3.5), the second term in eq.(5.3.7) comes from
the last two terms of eq.(5.3.5), and the second term of eq.(5.3.5) vanishes.

The explicit expression of Gλ(t, r) is

Gλ(t, r) =

ˆ ∞
0

dK

K

[∣∣RK

(
λ(t− r)

)∣∣2 + 2 cos(2Kλr)− 1

+RK

(
λ(t− r)

)
eiKλ(t+r) +RK

(
λ(t− r)

)
e−iKλ(t+r)

]
, (5.3.8)

and we note that Gλ is related to the renormalized vacuum polarization 〈φ2〉 by

〈φ2〉 =
Gλ(t, r)
16π2r2

. (5.3.9)

5.3.2 Energy density in the early, late and intermediate regions

We consider 〈T00〉 separately in the early region, t < r, in the late region, t > r + λ−1, and
in the intermediate region, r ≤ t ≤ r + λ−1.

In the early region, t < r, |0〉 coincides with |0M〉 and 〈T00〉 vanishes. This is seen imme-
diately from eq.(5.3.4), and also by substituting eq.(5.2.17) into eq.(5.3.7) and eq.(5.3.8).

In the late region, t > r+λ−1, the first term in eq.(5.3.7) vanishes. It suffices to consider
Gλ eq.(5.3.8), which (by the last line of eq.(5.2.15)) reduces to

Gλ(t, r) = 4

ˆ ∞
0

dK

K

[
|CK |2 + cos(2Kλr)−

(
CKe

iKλt + CKe
−iKλt) cos(Kλr)

]
, (5.3.10)

where the integral is convergent (at large K in the sense of an improper Riemann integral) by
the properties of CK in Section 5.2.2: CK is smooth in K, C0 = 1, and CK → 0 faster than
any inverse power of K as K →∞. We notice that every term of the integrand is divergent
when K → 0, so some carefully rearrangements are needed to identify finite combinations.
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We rearrange the integrand of eq.(5.3.10)

Gλ(t, r) = 4

ˆ ∞
0

dK

K

[
(1− CK) eiKλt + (1− CK) e−iKλt

]
cos(Kλr)

+ 2

ˆ ∞
0

dK

K

[
|CK |2 − cos

(
Kλ(t+ r)

)]
+ 2

ˆ ∞
0

dK

K

[
|CK |2 − cos

(
Kλ(t− r)

)]
+ 2

ˆ ∞
0

dK

K

[
cos
(
2Kλr

)
− cos

(
Kλ(t+ r)

)]
+ 2

ˆ ∞
0

dK

K

[
cos
(
2Kλr

)
− cos

(
Kλ(t− r)

)]
. (5.3.11)

The integrals are evaluated using Appendix C.3

Gλ(t, r) = 2H
(
λ(t+ r)

)
+ 2H

(
λ(t− r)

)
+ 2H

(
λ(t+ r)

)
+ 2H

(
λ(t− r)

)
+ 4 ln

(
λ(t2 − r2)

r

)
− 4 ln 2 + 4k1 , (5.3.12)

where the functionH is defined in Proposition C.3.3 and the constant k1 is given by eq.(C.3.2).
By Proposition C.3.2, when t→∞ or r → 0, the logarithmic term in eq.(5.3.12) is dominant.
Therefore, we can derive the following asymptotic expressions,

〈T00〉 ∼
ln(λt)

4π2r4
as t→∞ with r fixed, (5.3.13a)

〈T00〉 ∼ −
ln(λr)

8π2r4
as r → 0 with t fixed. (5.3.13b)

On the hypersurface of t = T = constant with T > λ−1 (see Figure 5.1), every ball with
radius less than T − λ−1 contains positive infinite amount of energy, due to the divergence
of 〈T00〉 when r → 0.

In the intermediate region, r ≤ t ≤ r + λ−1, we show in Appendix C.2 that 〈T00〉 is a
pointwise well defined function, and it is continuous in r for t > r. Under the technical
assumption that the third derivative of tan

(
h(y)

)
is non-negative for sufficiently small pos-

itive y, we show that 〈T00〉 is also well defined at t = r (where it vanishes). However, due
to contributions from the first term in eq.(5.3.7), 〈T00〉 tends to negative infinity as r → t−,
faster than any negative multiple of 1/h

(
λ(t− r)

)
. In particular, 〈T00〉 is not continuous at

r = t. We get negative infinity when we integrate 〈T00〉 in a small neighborhood of r = T on
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a hypersurface of t = T = constant > 0. The time-dependent boundary condition generates
a negative infinite pulse of energy, immediately to the future of the light cone of the point
(t, r) = (0, 0) where the boundary condition starts to change.

Considering that h(y) of eq.(4.2.9) and eq.(5.2.5) are “reverse” to each other in the sense
explained beneath eq.(5.2.5), it is not surprising that there are the following two differences.
First, the signs of the energy density/pulse of the 3+1 dimensional source creation and the
1+1 dimensional wall creation are opposite. Second, the divergence in energy density of
the 1+1 dimensional wall creation is at the immediate past of the light cone of where the
boundary condition finishes changing, but the divergence in the energy density of the 3+1
source creation is at the immediate future of the light cone of where the boundary condition
starts changing.

Combining the results of the two previous paragraphs, the total energy on the hypersur-
face of t = T = constant with T > λ−1 is not defined, although 〈T00〉 is defined every point.
Given an r0 ∈ (0, T ), the total energy for r ≤ r0 is positive infinite, due to a large positive
contribution from r → 0. While the total energy for r ≥ r0 is negative infinite, due to a
large negative contribution from r → T−.

5.3.3 Rapid boundary condition change

Finally, consider the limit in which the boundary condition changes rapidly, λ → ∞. At
each given point in the region t > r, the first term of eq.(5.3.7) vanishes while the second
term contributes to a divergence. The only divergence comes from Gλ(t, r)|λ→∞ ∼ 4 lnλ by
Proposition C.3.2, with the asymptotic form

〈T00〉 ∼
lnλ

8π2r4
. (5.3.14)

In the limit of rapid source creation, 〈T00〉 hence diverges everywhere inside the light cone
of the creation event. This is drastically different from the 1+1 dimensional wall creation,
where 〈T00〉 vanishes inside the light cone of the creation event [17].

5.4 Response of an Unruh-DeWitt detector

In this section, we study the response of an inertial Unruh-DeWitt (UDW) detector [20, 54]
at fixed locations.

We investigate all the Wightman functions to make sure no cutoff is needed. By the
definition of eq.(2.2.6), the arguments x = (t, r), x′ = (t′, r′) of the following expression

〈0|φ(t, r)φ(t′, r′)|0〉
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can be in any of the three regions of Figure 5.1. We end up with nine combinations in total,
the Wightman function is cutoff independent if and only if all nine Wightman functions are
cutoff independent.

We consider an example where x = (t, r) is in ‘late’ region in Figure 5.1 and x′ = (t′, r′)
is in ‘early’ region ins Figure 5.1. We calculate

〈0|φ(t, r)φ(t′, r′)|0〉 =

ˆ
dkφk(t, r)φk(t

′, r′)

=− 1

4π2r2

ˆ ∞
µ

dk

k

[
eikt cos(kr)− Ck/λ

]
ie−ikt sin(kr) ,

(5.4.1)

where eq.(5.3.1) is used. When k → 0, the integrand of eq.(5.4.1) is well-defined, so we do
not need an infrared cutoff. When k →∞, the integrand behaves like eik×const/k with fast
changing numerator and a large denominator, so we do not need an ultraviolet cutoff. For
the same reason, all the other eight Wightman functions are also well-defined with no cutoff.

We consider a detector that is coupled linearly to the quantum field. Within 1st-order
perturbation theory, the probability of the detector to undergo a transition from a state
with energy 0 to a state with energy ω is proportional to the response function, given by
[20, 23, 49, 54]

F(ω) =

ˆ ∞
−∞

dt1

ˆ ∞
−∞

dt2 e
−iω(t1−t2) χ(t1)χ(t2)W(t1, t2) , (5.4.2)

where the smooth real-valued switching function χ specifies how the detector’s interaction
with the field is turned on and off, and W is field’s Wightman function on the detector’s
worldline.

Denoting by F|0M 〉 the response function in the state |0M〉 and by F|0〉 the response
function in the state |0〉, we have

∆F(ω) =

ˆ ∞
−∞

dt1

ˆ ∞
−∞

dt2 e
−iω(t1−t2) χ(t1)χ(t2) ∆W(t1, t2) , (5.4.3)

where

∆W(t1, t2) =
1

4πr2

ˆ ∞
0

(
fk(t1 − r, t1 + r)fk(t2 − r, t2 + r)

− fMk (t1 − r, t1 + r)fMk (t2 − r, t2 + r)
)
dk , (5.4.4)

r is the location of the detector, fM is as in eq.(5.2.9) but with Ek(u) = −e−iku for all u.
Note that ∆W(t1, t2) vanishes when t1, t2 ≤ r.
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We consider a detector that operates only in the future region, t > r + λ−1. For t1, t2 >
r + λ−1, the integrand in eq.(5.4.4) can be rearranged and split to give

4π2r2∆W(t1, t2) =

ˆ ∞
0

dK

K

[
(1− CK) eiKλt2 + (1− CK) e−iKλt1

]
cos(Kλr)

+

ˆ ∞
0

dK

K

[
|CK |2 − cos(Kλr)

]
+

ˆ ∞
0

dK

K

[(
1− eiKλt2

)
+
(
1− e−iKλt1

)]
cos(Kλr)

+

ˆ ∞
0

dK

K

(
e−iKλ(t1−t2) − 1

)
cos(2Kλr)

+

ˆ ∞
0

dK

K

[
cos(2Kλr)− cos(Kλr)

]
. (5.4.5)

The integrals can be evaluated by the formulas of Appendix C.3, with the result

8π2r2∆W(t1, t2) = H
(
λ(t2 + r)

)
+H

(
λ(t2 − r)

)
+H

(
λ(t1 + r)

)
+H

(
λ(t1 − r)

)
+ ln

(
λ2
(
t21 − r2

)(
t22 − r2

)∣∣4r2 − (t1 − t2)2
∣∣
)

+ iπ
[
Θ(t2 − t1 − 2r)−Θ(t1 − t2 − 2r)

]
+ 2k1 , (5.4.6)

where the function H is defined in Proposition C.3.2 and the constant k1 is given by (C.3.2).
Note thatW(t1, t2) has singularities at |t1− t2| = 2r, which is when the two points are sepa-
rated by a null geodesic that bounces off the origin, but this singularity is only logarithmic.
Note also that the first four terms in (5.4.6) are real because t1, t2 > r + λ−1 by assumption
and H(α) is real for α ≥ 1 by (C.3.4).

We consider two limits.

First, suppose that the support of χ is contained in some finite interval of fixed length,
centered at t = tc, and consider the limit tc → ∞. By the large argument expansion of H
in (C.3.5), the contribution from the H-terms in (5.4.6) vanishes in this limit, and we have

∆F(ω) ∼ (ln tc)
∣∣χ̂(ω)

∣∣2
2π2r2

, (5.4.7)

where the hat denotes the Fourier transform χ̂(ω) :=
´∞
−∞ e

−iωt χ(t) dt. ∆F hence diverges
in this limit and is proportional to ln tc. This is similar to the late time divergence of
〈T00〉 (5.3.13a).
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Second, consider the limit of large λ. We assume that the support of χ is in [r + a,∞),
where a is a positive constant, and we take λ large enough that λ−1 < a. By similar
arguments, we find

∆F(ω) =
(lnλ)

∣∣χ̂(ω)
∣∣2

4π2r2
+ O(1) . (5.4.8)

The lnλ divergence in (5.4.8) at λ→∞ resembles the lnλ divergence of 〈T00〉 in (5.3.14).

5.5 Summary and discussion

As was intended, we found that point source creation is significantly more singular than the
corresponding wall creation in 1+1 dimensional Minkowski spacetime [17]. While 〈T00〉 is
well defined away from the source, it is unbounded from above and below: there is a pulse
of infinite negative energy traveling outwards, and there is a cloud of infinite positive energy
lingering around the source. We emphasized that the infinite negative energy radiating from
the evolving source is localized to the immediate future of the light cone (of the point where
the boundary condition starts to change), and this negative energy cannot become finite
by slowing down the boundary condition change. In the rapid source creation limit, 〈T00〉
diverges everywhere in the timelike future of the creation event, and so does the response of
an Unruh-DeWitt detector that operates in the same spacetime region.

Three technical reasons have led to the difference between the 3+1 dimensional source
creation and the 1+1 dimensional wall creation. First, the boundary condition resembles
the removal of a 1+1 dimensional wall rather than its creation [47]. We can see this by
comparing the time dependence of function h(y) of eq.(4.2.9) with that of eq.(5.2.5). Second,
the boundary condition of this chapter is at a single spatial point, it does not divide the
space into two regions. Third, the 3+1 dimensional 〈T00〉 in eq.(5.3.7) contains terms that
have no counterpart in 1 + 1 dimensions, i.e. Gλ(t, r) term, and these additional terms are
especially significant near the source.

The existence and the sign of the infinity in the energy density come from the first
technical reason of last paragraph. Since the 3+1 dimensional point source creation resembles
the removal of a 1+1 dimensional wall, we understand the boundary condition in this chapter
as a “reverse” of the boundary condition in the last chapter. A “reverse” produces a negative
sign on the energy density: positively divergent in the energy pulse (in the last chapter)
comparing to negatively divergent in the outgoing energy pulse (in this chapter). The same
“reverse” also switches the divergence from the immediate past (of the light cone of t =
1/λ , r = 0) to the immediate future (of the light cone of t = 0 , r = 0).

Our results, including the divergent negative energy near r = t, suggest that the creation
of a pointlike source may be sufficiently singular to model the breaking of correlations that has
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been proposed to happen at the horizon of an evaporating BH [10, 15, 16, 6, 41, 42, 43]. It is
possible that the divergence near r = t cancels the divergence near r = 0 and produces finite
total energy, but such a cancellation requires a nonlocal correlation between the regulator
near r = t and the regulator near r = 0.

Finally, the techniques in this chapter can be adapted to an evolving boundary condition
on a spherical shell. In particular, will the time-dependent boundary condition at the shell
lead to divergent detector response? This is the subject of the next chapter.

To sum up, the calculations show that a firewall-like singular structure could exist in 3+1
dimensions, which could modify general relativity if we can generalize it to curved spacetime.
However, to verify that this is indeed so, we still need to consider a second possibility in 3+1
dimensions where the model is set up slightly different.
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Chapter 6

Modeling firewalls with spherical shell
creation in 3+1 dimensions

We confirm from the last chapter that point source creation in 3+1 dimensions models
firewall in Minkowski space very well. We desire the following features: divergent outgoing
energy pulse in radial null direction, divergent Unruh-DeWitt detector response when the
boundary condition is suddenly switched on.

These favorable results toward firewall [15] rely on the memory term CK of eq.(5.2.15),
which has no correspondence in 1 + 1 dimensions. The memory term CK is important at
small K despite being insignificant at large K. Besides having no cutoff, the energy density
is also unbounded even when the boundary condition evolves smoothly.

In this chapter, we look further into source creation in 3 + 1 dimensions and study the
effect of a time evolving boundary condition at finite radius r = a. We grant the name
“shell creation” to this model. To be specific, we follow the standard procedures: (1) set up
Klein-Gordon equation with a time dependent boundary condition at finite radius r = a; (2)
solve for the mode functions then quantize the field and investigate the divergence structure
of its energy density and detector response. Since there may be infinite total energy in the
point source model, it would be an improvement if the shell creation gives finite total energy
while keeping other desirable features of the point source model.

We start by solving for the mode functions of Klein-Gordon equation with a boundary
condition at finite radius r = a, then we quantize to derive the energy density. There is an
expression inside the shell (0 < r < a) and a different expression outside (r > a) the shell.
We propose Ansatz eq.(6.2.8) whose expression for r < a is valid till time t = a, which is
the time when the reflection occurs at the origin. The expression for r > a should always
be valid since there is no probability flow across the shell (at r = a) once it is formed. The
detector response is discussed at the end.
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We show that the mode functions in eq.(6.2.13) do not contain CK-like term as in
eq.(5.2.16). Consequently, the detector response is finite and does not depend on the pa-
rameter λ, which describes how fast the boundary condition evolves. The energy density
in the outgoing/ingoing pulse is unbounded, just like the other two models. Beside the
divergence in the energy pulses, vacuum polarization terms eq.(6.3.4) and eq.(6.3.6) also
produce divergences unique to the models. The divergence in the outgoing/ingoing energy
pulse is common across all three models and it is related to the properties of function h(y)
in eq.(6.2.5).

A key feature of the shell creation is the existence of an inner region r < a, where the
energy density is also divergent in the ingoing pulse. The energy pulses for the shell creation
resemble that of the 1+1 dimensions, because the energy density in the ingoing/left-moving
and outgoing/right-moving pulses have the same positive sign. On the constant time t = T
(with 1/λ < T < a) hypersurface, integrating the energy density in a volume containing the
outgoing energy pulse (from radius r = R1 > a to space infinity), we get positive infinite
energy. Similarly, integrating in a volume containing the ingoing energy pulse (from the space
origin to radius r = R2 < a), we also get positive infinite energy. Integrating the energy
density in a small region around r = a on the constant time t = T > 1/λ hypersurface, we
get finite energy because the divergence at r = a+ and r = a− cancel out.

6.1 Operator extension: Laplacian with a shell

The spherical symmetric Laplacian in 3 dimensions is

∇2 =
1

r2
∂r(r

2∂r) +
1

r2
∇2
S2 . (6.1.1)

The L2 inner product is

(φ1, φ2) =

ˆ
S2
dθdϕ

 
drr2φ1φ2 , (6.1.2)

with the shorthand notation
ffl∞

0
dr =

´ a−
0

+
´∞
a+

.

Decomposing the mode function with spherical harmonics and taking the spherical sym-
metric sector φ(t, r) := f(t, r)/

√
4πr, the self-adjointness condition is

(f1,∇2f2)− (∇2f1, f2) =

 ∞
0

dr∂r[f1(∂rf2)− (∂rf1)f2] = 0 . (6.1.3)
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By setting f1 = f2, equation (6.1.3) reduces to

1

2iL

[
|Lf ′− − if−|2 − |Lf ′− + if−|2

]
− 1

2iL

[
|Lf ′0 − if0|2 − |Lf ′+if0|2

]
=

1

2iL

[
|Lf ′+ − if+|2 − |Lf ′+ + if+|2

]
,

(6.1.4)

with f ′ = ∂rf and f± = f(t, a±) , f0 = f(t, 0+). Similar to eq.(4.1.6), we write the equations
in matrix form: 

Lf ′+ − if+

Lf ′− + if−

Lf ′0 − if0

 = U


Lf ′+ + if+

Lf ′− − if−
Lf ′0 + if0

 , (6.1.5)

where different choices of the matrix U lead to different boundary conditions. This matrix
can be decomposed using Gell-man matrices with eight independent parameters. We choose
a matrix that is most similar to the corresponding matrix in 1+1 dimensions

U =

 e−iθ(t)

 cos θ(t) i sin θ(t)

i sin θ(t) cos θ(t)


1

 , (6.1.6)

which leads to

f0 = 0 (6.1.7a)

f− = f+ (6.1.7b)

f ′+
f+

− f ′−
f−

=
2 cot θ(t)

L
. (6.1.7c)

We note that the continuity requirement in eq.(6.1.7b) comes from the special choice
of matrix U in eq.(6.1.6). This indicates that continuity is not necessary for the Laplace
operator to be Hermitian. The continuity requirement further selects the right boundary
condition from the Hermitian set.
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6.2 Shell creation in 3+1 dimensions

6.2.1 Field equation and boundary conditions

We consider a real massless Klein-Gordon field φ in 3+1 dimensional Minkowski space

[∂2
t −∇2]φ = 0 . (6.2.1)

After decomposing the field into spherical harmonics and assuming spherical symmetry, the
field equation is reduced to

[∂2
t − ∂2

r ]f = 0 , (6.2.2)

where we have used eq.(6.1.1) and f(t, r) =
√

4πrφ(t, r).

The boundary conditions for shell formation in the time bracket t ∈ (0, 1/λ) are

f(t, 0) = 0

f(t, a−) = f(t, a+)

f ′(t, a+)

f(t, a+)
− f ′(t, a−)

f(t, a−)
=

2 cot θ(t)

L
,

(6.2.3)

with

θ(t) =


π/2 t ≤ 0

smooth inbetween

0 t ≥ 1/λ .

(6.2.4)

We call the boundary condition in the beginning ‘Neumann type’, where the derivatives of
the wave functions coincide but are not necessarily zero. And we call the boundary condition
in the end ‘Dirichlet type’.

We parametrize θ(t) = cot−1[Lλ cot(h(λt))] with dimensionless function h(y)

h(y) = π/2 for y ≤ 0 (6.2.5a)

0 < h(y) < π/2 for 0 < y < 1 (6.2.5b)

h(y) = 0 for y ≥ 1 , (6.2.5c)

as in eq.(4.2.9). Therefore, h(y) is smooth over its entire domain, including y = 0 and y = 1.
h(y) is also monotonous according to Appendix B.5.
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Figure 6.1: Spacetime diagram of shell creation.

Diagram of the shell formation in 3+1 dimensions, where the shell radius a is greater than the
time 1/λ for the complete formation of the shell. The shell formation begins at t = 0, r = a
and is completed at t = 1/λ, r = a.
We label six different regions.
• Pin is at r < a and t < a − r, inside the radius of shell and spacelike separated from the
formation of the shell.
• Pout is at r > a and t < r − a, outside the radius of the shell and also spacelike separated
from the formation of the shell.
• Iin is at r < a and a− r < t < 1/λ+ a− r, inside the shell and to the causal future of part
but not all of the shell formation process (0 < t < 1/λ, r = a).
• Iout is at r > a and r − a < t < 1/λ + r − a, outside the shell and to the causal future of
part but not all of the shell formation process.
• Fin is at r < a and t > 1/λ+ a− r, inside the shell and to the causal future of the entire
shell formation process (at the same angular coordinates (θ, ϕ)).
• Fout is at r > a and t > 1/λ+ r− a, outside the shell and to the causal future of the entire
shell formation process (at the same angular coordinates).

(continued)
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The ingoing spherical null cone from the beginning of the shell formation at t = 0, r = a,
which has r = a− t < a and is the initial boundary of the ingoing energy pulse which occurs
in the region Iin, is labeled w = A = λa.
The ingoing spherical null cone from the end of the shell formation at t = 1/λ, r = a, which
has r = 1/λ+ a− t < a and is the final boundary of the ingoing energy pulse in the region
Iin, is labeled w = 1 + A.
The outgoing spherical null cone from the beginning of the shell formation at t = 0, r = a,
which has r = a + t > a and is the initial boundary of the outgoing energy pulse, which
occurs in the region Iout, is labeled by y = −A = −λa.
The outgoing spherical null cone from the end of the shell formation at t = 1/λ, r = a, which
has r = a+ t− 1/λ > a and is the final boundary of the outgoing energy pulse in the region
Iout, is labeled by y = 1− A.
In the rapid shell creation limit, we have λ → ∞ so that the energy pulse has zero width.
We note that the second line of Ansatz eq.(6.2.8) is valid in the region t < r+a < 2a, where
it is too early for a signal to come in from the shell, reflect off the origin, and get back to
some 0 < r < a.
The energy density is positively divergent just inside the shell r = a− and is negatively
divergent just outside the shell r = a+, for 0 < t < 1/λ. Also, the energy density is
positively divergent just before the null cones w = 1 +A and y = 1−A from the completion
of the shell formation at t = 1/λ, r = a.

6.2.2 Mode functions

We introduce the radial null coordinates u := t− r , v := t + r to rewrite the Klein-Gordon
equation as

∂u∂vf = 0 . (6.2.6)

For the outside region r > a, a wave packet coming from spacial infinity would not ‘know’
the boundary condition at r = a, while a wave packet going to spacial infinity would have
‘known’ the boundary condition. For the inside region r < a, an ingoing wave packet would
have ‘known’ the boundary condition while an outgoing wave packet would not. We seek
solution with the Ansatz

φk =
fk√
4πr

(6.2.7)

where

fk(t, r) =

{
1√
4πk

(
e−ikv + Ek(u)

)
for r > a ,

1√
4πk

(
Gk(v)− e−iku

)
for t < r + a < 2a ,

(6.2.8)

with k > 0, and Ek(u) , Gk(v) to be found. The second line of the Ansatz eq.(6.2.8) is only

68



valid for t < a, because otherwise we end up with reflecting wave packets in the outgoing
direction and the plane wave assumption e−iku is invalid. We assume a > 1/λ, so that by the
time the ingoing wave packet Gk(v) reaches the origin, the boundary condition has finished
evolving.

We highlight that the Ansatz which works for the entire time range is

fk(t, r) =

{
1√
4πk

(
e−ikv + Ek(u)

)
for r > a ,

1√
4πk

(
G̃k(v)− G̃k(u)

)
for 0 < r < a ,

(6.2.9)

and it automatically satisfies eq.(6.1.7a). We replace Ansatz (6.2.9) with (6.2.8) because
(6.2.9) leads to equations that are not analytically solvable.

The analytical expression in the late time region Fin of Figure 6.1 is not known, due to
the observation that waves are reflected at the origin and the failure of Ansatz eq.(6.2.8).
The analytical expression in the late time region Fout should satisfy Ansatz eq.(6.2.8), which
is a result of zero probability flow between Fin and Fout once the shell is formed.

Substituting the Ansatz into eq.(6.1.7b) and eq.(6.1.7c), while keeping eq.(6.1.7a) satis-
fied, we have

− e−ik(t−a) +Gk(t+ a) = e−ik(t+a) + Ek(t− a) (6.2.10a)

2λ coth(λt) =
−ike−ik(t+a) − E ′k(t− a)

e−ik(t+a) + Ek(t− a)
− −ike

−ik(t−a) +G′k(t+ a)

−e−ik(t−a) +Gk(t+ a)
(6.2.10b)

where the prime indicates differentiation with respect to the argument. To solve for eq.(6.2.10),
it is crucial to define the auxiliary function B(y) with dimensionless variable y

B(y) =

1 for y ≤ 0 ,

exp

(ˆ y

0

cot
(
h(z)

)
dz

)
for 0 < y < 1 .

(6.2.11)

It is easy to see that B(0) = 1 and that for 0 ≤ y < 1, B(y) is smooth and satisfies

B′(y)

B(y)
= cot

(
h(y)

)
. (6.2.12)

Following the same logic as Appendix B.2.1, 1/B(y) and all of its derivatives approach zero
as y → 1−. Therefore 1/B(y) is smooth at y = 1.

Rearranging eq.(6.2.10), we obtain first order differential equations of Ek(t, a) andGk(t, a).
Introducing the additional dimensionless variablesK = k/λ and A = aλ, y = λu and w = λv,
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and defining the functions RK(y) = Ek(u) and SK(w) = Gk(v), we obtain

RK(y) =


−e−iKy y < −A
−e−iKy + 2i sin(AK)

B(y+A)

´ y+A

0
e−iKzB′(z) dz y ∈ (−A, 1− A)

−e−iK(y+2A) y > 1− A ,
(6.2.13)

SK(w) =


e−iKw w < A

e−iKw + 2i sin(AK)
B(w−A)

´ w−A
0

e−iKzB′(z) dz w ∈ (A, 1 + A)

e−iK(w−2A) w > 1 + A .

(6.2.14)

Substituting these expressions into eq.(6.2.8), we obtain expressions for the mode functions
in regions inside and outside of the shell.

It is easy to see that RK(y) is smooth for y < 1−A. From the conclusions of Appendix
B.2.2 and Appendix D.2, it is also smooth at y = 1− A. The same argument shows SK(w)
is smooth for w ≤ 1 + A.

For t < a, we have

lim
r→a−

(
Gk(v)− e−iku

)
= lim

r→a+

(
e−ikv + Ek(u)

)
and therefore the mode functions fk(t, r) are continuous at the location of the shell r = a.
It is not difficult to verify the normalization

(φk, φk′) = i

ˆ ∞
0

dr r2

ˆ
S2

dΩ
(
φk∂tφk′ − (∂tφk)φk′

)
= δ(k − k′)

for any constant time hypersurface with t < λ−1.

To investigate the smoothness of our solutions, some alternative expressions for the func-
tions RK(y) and SK(w) are obtained by integrating the middle lines of eq.(6.2.13) and
eq.(6.2.14) by parts:

RK(y) = −e−iK(y+2A) − 2i sin(AK)

B(y + A)
− 2K sin(AK)

B(y + A)

ˆ y+A

0

e−iKzB(z) dz , (6.2.15)

SK(w) = e−iK(w−2A) − 2i sin(AK)

B(w − A)
− 2K sin(AK)

B(w − A)

ˆ w−A

0

e−iKzB(z) dz . (6.2.16)

We state some features of the mode functions.

1. The regions in Figure 6.1 marked Pout and Pin correspond to the early time regions,
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relative to the wall creation. The top line of either eq.(6.2.13) or eq.(6.2.14) gives
the mode functions in these regions, which are just those of the Minkowski vacuum:

fk(t, r) = − ie−ikt sin(kr)√
πk

. Since our Ansatz eq.(6.2.8) is valid only for time t < a, the

boundary condition eq.(6.1.7a) at the origin is automatically satisfied for t < a.

2. The regions in Figure 6.1 marked Fout and Fin correspond to the late, or future time
regions, relative to the wall creation. The mode functions in these two regions are
obtained from the bottom lines of equations (6.2.13,6.2.14), which lead to

fk(t, r) =
−ie−ik(t+a) sin[k(r − a)]√

πk
, y > 1− A , t < a and r > a [region Fout] ,

fk(t, r) =
−ie−ik(t−a) sin[k(r − a)]√

πk
, w > 1 + A , t < a and r < a [region Fin] .

The above expressions reduce to standard Minkowski mode when ka = 2nπ, physically
this means wall formation at the node of an original mode does not affect the mode.

3. The third line of eq.(6.2.13) does not have a “memory term CK” as in eq.(5.2.15),
but has a phase factor e2iKA which is independent of λ. Consequently, the detector
response function would not contain λ and is therefore insensitive to how fast the
boundary condition evolves.

We emphasize that in order to write equations in a more compact form, a shorthand
notation in which functions that depend only on y+A are written without their arguments,
for example B := B(y+A). This notation is used throughout the chapter and Appendix D.

6.3 Energy density

6.3.1 Expression for the energy density

We quantize the scalar field by writing

φ(t, r) =

ˆ ∞
0

(
akφk(t, r) + a†kφk(t, r)

)
dk , (6.3.1)

with φk(t, r) =
fk(t, r)√

4πr
,

where the annihilation and creation operators have the commutators
[
ak, a

†
k′

]
= δ(k − k′).

The mode functions φk(t, r) are normalized so that the field and its time derivative have the
correct equal-time commutator. The vacuum |0〉 is the state that is annihilated by all ak.
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The expression for the energy density outside of the shell in terms of the mode functions
RK(y) has exactly the same form as in reference [18]. We summarize the calculation and
give the result below. The renormalized energy density of the quantized field in the state
|0〉 is obtained by point-splitting the field operators, taking the expectation value in |0〉,
subtracting the corresponding expectation value in the Minkowski vacuum |0〉M , and taking
the coincidence limit. This gives

〈T00〉 = lim
u1,u2→u
v1,v2→v

(∂u1∂u2 + ∂v1∂v2)
[
〈0|φ(1)φ(2)|0〉 − 〈0M |φ(1)φ(2)|0M〉

]
=

1

4π

(〈(∂uf)2〉
r2

+
〈f(∂uf − ∂vf)〉+ c.c

2r3
+
〈f 2〉
2r4

)
. (6.3.2)

Using eq.(6.3.1) and the first line of eq.(6.2.8) we obtain in the outside region (r > a)

〈T00〉 =
λ2

16π2r2

ˆ ∞
0

dK

K
[|R′K(y)|2 −K2]− 1

32π2r2

∂

∂r

(Gout(t, r)

r

)
, (6.3.3)

where Gout is defined as

Gout =

ˆ ∞
0

dK

K

[
|e−iKw +RK(y)|2 − |e−iKw − e−iKy|2

]
. (6.3.4)

The second line of eq.(6.2.8) gives for the inside region (r < a)

〈T00〉 =
λ2

16π2r2

ˆ ∞
0

dK

K
[|S ′K(w)|2 −K2]− 1

32π2r2

∂

∂r

(Gin(t, r)

r

)
, (6.3.5)

with the definition

Gin =

ˆ ∞
0

dK

K

[
|SK(w)− e−iKy|2 − |e−iKw − e−iKy|2

]
. (6.3.6)

In the early time regions, which are denoted Pout and Pin in Figure 6.1, 〈T00〉 vanishes by
construction. In the late time regions Fout and Fin, the first terms in eq.(6.3.3) and eq.(6.3.5)
vanish but the second terms stay, as a result of eq.(6.2.13, 6.2.14). The functions Gout and
Gin are easily calculated. We obtain

Gout|Fout = Gin|Fin
= ln

[
(r − a)2

]
− ln(r2) (6.3.7)

〈T00〉future =
1

16π2r4

(
ln |r − a| − ln(r)

)
− 1

16π2r3

( 1

r − a −
1

r

)
, (6.3.8)

where Gout|Fout ,Gin|Fin
are the G functions in the Fout and Fin regions respectively. 〈T00〉future
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is the energy density in both Fout and Fin regions. The energy density is positively divergent
just inside the shell and negatively divergent just outside the shell. We could get finite energy
if integrating on a constant time hypersurface in a small region around r = a.

In Appendix D.3, we consider the continuity of the energy density in the intermediate
outside region: r > a and −A < y < 1−A. We find out that the energy density is positively
divergent just before light cone of the point where shell creation ends. This divergence
suggests that wall creation on a spherical shell could cut off quantum entanglement, but the
problem of finite detector response persists.

A spacetime diagram is shown in Figure 6.1.

6.3.2 Energy density inside the shell r < a

In this section we look at the energy density in the region r < a, before time t = a. The
idea is to see if there is a symmetry between the inside and outside regions that would allow
us to extract the final result for the inside region from the results outside the shell.

The results turn out to be just as expected (for t < a). Once we have the energy
density results for the outside region, we can deduce its inside region behavior accordingly
by changing sign A → −A and switching variables (w, y) → (y, w), then dropping the
imaginary terms produced. We find out the energy density is also positively divergent along
the ingoing null line just before the light cone of the point where wall creation ends.

For convenience we rewrite some equations in appendix D.3 for the four different con-
tributions to the energy density outside the shell, equations (D.3.12, D.3.17, D.3.39, D.3.40
and D.3.42), and then compare with the corresponding expressions inside the shell.

From equations (D.4.2, D.4.4, D.4.5, D.4.6), the energy density inside the shell is ob-
tained from the outside results by performing the transformation (y, w,A)→ (w, y,−A) and
dropping any imaginary parts that are produced.

6.4 Response of an Unruh-DeWitt detector

We consider an inertial Unruh-DeWitt detector [20, 54] that linearly couples to the quantum
field at a fixed spatial location. The probability of a detector transitioning from a state of
energy 0 to a state of energy ω is proportional to the response function [20, 23, 49, 54]

F(ω) =

ˆ ∞
−∞

dt1

ˆ ∞
−∞

dt2 e
−iω(t1−t2) χ(t1)χ(t2)W(t1, t2) . (6.4.1)

The smooth real-valued function χ specifies how the detector’s interaction with the field is
turned on and off. Function W is the pull-back of the field’s Wightman function to the
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detector’s worldline. We consider a detector located outside the spherical shell and in the
future region Fout in Figure 6.1. The response function has the same form as eq.(5.4.3), and
the change in Wightman function has the same form as eq.(5.4.4). The functions fk and

fk are obtained from the first line of eq.(6.2.8); fMk and fMk are obtained in the same way
except using the first line of eq.(6.2.13). Substituting these expressions and collecting terms,
we find

16π2r2∆W(t1, t2) =

ˆ ∞
0

dk

k

(
eik(2r−t1+t2) + e−ik(2r+t1−t2) − eik(2a−2r−t1+t2) − e−ik(2a−2r+t1−t2)

)
.

(6.4.2)

Finishing the k integral we get

16π2r2∆W(t1, t2) = ln

[ |e1| |e3|
|e2| |e4|

]
+ iπ [θ (e1) θ (e2) θ (−e3) θ (e4)− θ (−e1) θ (e2) θ (e3) θ (e4)] ,

(6.4.3)

where we define e1 = 2a − 2r + t1 − t2, e2 = 2r + t1 − t2, e3 = 2a − 2r − t1 + t2 and
e4 = 2r − t1 + t2. This result is

16π2r2∆W(t1, t2) = ln

[ |4(a− r)2 − (t1 − t2)2|
|4r2 − (t1 − t2)2|

]
(6.4.4)

+ iπ sgn(t1 − t2)θ (r − |t1 − t2| /2) θ (a− r + |t1 − t2| /2) .

The change in Wightman function is logarithmic divergent when |t1 − t2| = 2r, which is the
time it takes for the field to bounce back from the shell. It is also λ independent due to the
λ independence of the mode functions in the future region. The detector response does not
diverge, because the logarithmic divergence in eq.(6.4.4) is integrable.

6.5 Summary and discussion

In this chapter, we investigated shell formation in 3+1 dimensions. We modeled the for-
mation of a spherical shell with one parameter self-adjoint operator extension at radius
r = a. We solved for the mode functions of the Klein-Gordon equation under such boundary
condition, and quantize the field. We derived the expressions of the energy density and
Unruh-DeWitt detector response. The results share some similarities with the 1+1 and 3+1
dimensional point source model, but also have some major differences.

A common feature is that the energy density in all three models is unbounded. For
different models, it seems general that the energy density is divergent along some null surface.

74



For 1+1 dimensional model, the energy density is divergent just below the line t = |x|+1/λ.
For 3+1 dimensional point source model, the energy density is divergent not only just above
the hypersurface t = r, but also at the origin r = 0+ and at time infinity t → ∞. For
3+1 dimensional shell model, the energy density is divergent just below the hypersurface
t = |r − a|+ 1/λ and right inside/outside the shell.

A significant difference is in the Unruh-DeWitt detector response. The 3+1 dimensional
shell creation model has finite detector response, due to the lack of a memory term such as
CK in eq.(5.2.16). The 3+1 dimensional point source has divergent detector response when
the boundary condition is suddenly turned on, so it is best suited for firewall.

To sum up, the second model in 3+1 dimensions does not support a firewall-like singular
structure. Therefore, should firewall really exist, we probably need a more exotic mechanism.
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Chapter 7

Conclusions

This thesis is set to achieve the following points.

1. A model that creates energy pulse along some null curve or hypersurface.

We require null curve, or surface, because reference [15] suggests that a firewall (if
exist) should wrap around a black hole horizon. This divergence should relate to the
stress-energy tensor of the field or particle detector response. It is desirable to have
divergent Unruh-DeWitt detector response.

2. To have a divergent Unruh-DeWitt detector response when crossing the ‘firewall’, or
energy pulse.

This is set to preserve the black hole complementarity in Chapter 2. We seek divergent
detector responses, because it means breaking the entanglement in a quantum state
[15].

3. Physically, the system should have finite total energy.

4. The physical process should affect background spacetime.

We assume fixed background, because it leads to an analytically solvable equation.
Some back reactions are included in CGHS model [44].

We prioritize the first two goals, because they capture the essence of firewall and the model
is analytically solvable. It should be possible to numerically study firewall with metric back
reaction.

We give a summary and comparison of the three models.

1. Creation of Dirichlet boundary condition in 1 + 1 dimensional spacetime

76



• Energy density diverges to positive infinity just below the line t = |x| + 1/λ, at
the points where h(y)→ 0.

• Detector response is finite and does not depend on how fast the boundary condi-
tion evolves, or does not depend on parameter λ.

2. Creation of pointlike source in 3 + 1 dimensional spacetime

• Energy density diverges to negative infinity just above the hypersurface t = r, at
the points where h(y) → 0. Energy density also diverges to positive infinity at
the space origin r = 0+ and when time t→∞.

• Detector response is infinite when the boundary condition is switched abruptly.
The divergence comes from memory term CK , which is unique to the model.

3. Creation of spherical shell in 3 + 1 dimensional spacetime

• Energy density diverges to positive infinity just below the hypersurface t = |r −
a|+1/λ, at the points where h(y+A)→ 0 and h(w−A)→ 0. Energy density also
diverges to positive infinity on surface r = a− but diverges to negative infinity on
surface r = a+.

• The detector response is finite, as result of no λ dependence in the ‘future’ mode
function, such as the memory term CK of eq.(5.2.16).

We call dimensionless function h(x) a profile function because it describes how the
boundary condition evolves.

We note two general features across the models. First, the energy density (of the energy
pulse) diverges where profile function h(x) of eq.(4.2.9), eq.(5.2.5) and eq.(6.2.5) approaches
zero. Second, besides the divergence in the energy pulses, vacuum polarization also con-
tributes to the divergence in both of the 3+1 dimensional models. The 1+1 dimensions do
not have vacuum polarization thus its only divergence is in the pulse.

Based on the three models discussed above, we conjecture that future models should al-
ways pay attention to where the profile function vanishes: h(x)→ 0. For higher dimensional
models, we also pay attention to where vacuum polarization diverges. Physically, the region
where profile function h(x) approaches zero is expected to be where the entanglement is
completely cut off.

A future work is to solve the 3 + 1 dimensional shell creation model numerically with the
general Ansatz eq.(6.2.9). Further study would be to integrate the time-dependent boundary
conditions in a model with metric back reactions.

Our thesis discusses the possible mechanisms of a drastic modification to general rel-
ativity, namely, a ‘firewall’ around a black hole’s horizon. We considered three different
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mechanisms in both 1+1 and 3+1 dimensions, with analytical results. We chose flat space-
time because we can solve the equations analytically and discuss the properties stress-energy
tensor and particle detector response. The stress-energy tensor and detector response are
indicators of how singular this ‘firewall’ can be. Our results suggest no good evidence for a
drastic modification of general relativity, such as ‘firewall’, in either 1+1 or 3+1 dimensions.
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Appendix A

A.1 Rindler coordinates and Unruh effect

In [23], Birrel and Davis considered a massless scalar field in Minkowski space, whose Wight-
man function is

G(x, x′) =
−1

4π2[(t− t′ − iε)2 − |~x− ~x′|2]
. (A.1.1)

The small imaginary part is to be interpreted under contour integral

1

x∓ iε = P(
1

x
)± iπδ(x) , (A.1.2)

where P is the principal value. They compared the different responses of an inertial trajec-
tory and an accelerating trajectory [23]. See figure A.1. The inertial detector moves along
a straight line passing through the origin, while the accelerating detector moves along a
hyperbola ξ = const. We label the four wedges of the spacetime diagram as ‘R,F,L,P’. See
figure A.1. The trajectory with constant acceleration is restricted within ‘R’ (right Rindler
wedge).

For inertial trajectory ~x = ~x0 + ~vt with t = (1− v2)−1/2τ , the Wightman function is

G(x, x′) =
−1

4π2(τ − τ ′ − iε)2
. (A.1.3)

The transition probability per unit time is proportional to the integral in eq.(2.2.7) and
vanishes in this case. This is because for E − E0 > 0 we have to close the contour in the
lower half plane where the integration has no pole.

For an accelerating trajectory with ~x = (0, 0, z), z = (t2 + ξ2)1/2, t = ξ sinh(τ/ξ) and
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Figure A.1: Spacetime diagram of a Rindler observer. The Horizontal line is z-axis and the
verticle line is t-axis. Trajectory ξ = const corresponds to z = (t2 + ξ2)1/2. A Minkowski
observer sees the entire spacetime, but a Rindler observer sees only one of the wedges at the
Unruh temperature. As a result, mode functions in wedge ‘R’ is different from that for the
entire space, which leads to the different definitions of the vacuum.

ξ = const, the Wightman function is

G(x, x′) =
−1

16π2ξ2 sinh2( ∆
2ξ
− iε

ξ
)
→ −1

4π2

∞∑
k=−∞

1

(∆− 2iε+ 2πiξk)2
, (A.1.4)

where the last part comes from 1/ sin2 πz = π−2
∑

k(z − k)−2 (identity under contour inte-
gral). Then we perform a contour integral and get

ˆ ∞
−∞

d∆τe−i(E−E0)∆τG(x, x′) =
E − E0

2π

1

e2π(E−E0)ξ − 1
. (A.1.5)

It states that the detector sees the Minkowski vacuum as a thermal state at the Unruh
temperature TU = 1/2πξ. This is the so-called Unruh effect [20, 21].

The significance of the Unruh effect is more than the fact that an accelerating observer
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sees the Minkowski vacuum as a thermal state at Unruh temperature. We want to emphasize
that the Unruh effect states again that the definition of the vacuum is not universal. By the
equivalence of acceleration and gravity, observers at different local patches of the spacetime
may not agree on the vacuum.

The analogous calculation can be done in curved spacetime [7]. Hawking showed that
a static observer at future null infinity sees an ingoing pure state as thermal. This means
that the vacuum state near a black hole’s horizon is not seen as the vacuum by observers at
future null infinity.

A.2 Penrose diagram

A Penrose diagram is a diagram that draws spacetime infinities within a finite range. We
include spacetime infinities because the causal structure of a manifold is what we are most
interested in gravity thought experiments. Geometry comes in second place comparing to
causal structure. We can achieve this by the following theorem from [6].

“Two spacetimes whose metrics differ only by an overall positive factor have
the same null geodesics. If there is relationship g′µν(x) = ef(x)gµν(x) between two
metrics g′µν(x) and gµν(x), and f(x) is a real function, then the null geodesics will
stay null geodesics, timelike curves will stay timelike and spacelike curves will
stay spacelike.”

For example, we choose coordinate transformation

T +R = arctan(t+ r)

T −R = arctan(t− r) , (A.2.1)

so that

ds2 = dt2 − dr2 − r2dϕdθ

=
1

cos2(T +R) cos2(T −R)

[
dT 2 − dR2 −

(sin(2R)

2

)2

dϕdθ
]
,

(A.2.2)

with R ≥ 0 , |T ±R| < π/2. If we ignore the overall factor of the metric, the full Minkowski
spacetime is plotted as Fig.A.2.

A.3 Monogamy of pure state entanglement

Some definitions:
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Figure A.2: Penrose diagram of Minkowski spacetime from [6]: J − is past null infinity, i−

is past timelike infinity, J + is future null infinity, i+ is future timelike infinity. Each point
in the diagram represents a S2-sphere that we have suppressed.

For system described by density matrix ρ, it is pure if and only if ρ2 = ρ, it is mixed
when ρ2 < ρ.

A pure bipartite state is entangled if it cannot be written as a product state, viz
|AB〉 6= |A〉⊗|B〉 [3]. This definition can be generalized to multipartite systems as well. A
state of a system defined on Hilbert space HABC = HA ⊗HB ⊗HC · · · is (fully) separable
if it has a product form |ψA〉 ⊗ |ψB〉 ⊗ |ψC〉 · · · , otherwise it is entangled [3].

In terms of density matrices ρA , ρB · · · , a multipartite system on Hilbert space HABC =
HA ⊗ HB ⊗ HC · · · is separable when condition ρABC··· =

∑min{rank(HA··· )}
i=1 piρ

i
A ⊗ ρiB · · · is

satisfied [3]. So by definition, as long as the state is non-separable, it is entangled.

Monogamy of pure state entanglement:

This statement follows reference [55]. ‘If a pure quantum state of two systems is entangled,
then none of the two systems can be entangled with a third system.’

We assume that systems ‘a’ and ‘b’ are entangled in a pure state ρ2
ab = ρab, such as

1√
2
[|0a0b〉 + |1a1b〉]. When the system ‘a, b’ is part of a larger system, the reduced density
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operator for ‘ab’ must by assumption be pure. However, for the composite system ‘ab’ (or for
any of its subsystems ‘a’ or ‘b’) to be entangled with another system ‘c’, the reduced density
operator of ‘ab’ ρab = Trc[ρabc] must be a mixed state. But this contradicts the assumption
that it is pure, therefore no entanglement between ‘ab’ and any other system can exist. This
feature is referred to as the monogamy of pure state entanglement
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Appendix B

B.1 Orthonormality of the mode function in 1 + 1 di-

mensions

For any valid solution, we need to verify whether it can be ortho-normalized.

When u ≤ 0 or u ≥ 1/λ, we can easily verify the mode functions being ortho-normalized.

When 0 < u < 1/λ, it is not straightforward how our solution can be ortho-normalized.
A verfication thanks to Jorma Louko is presented here. The Klein-Gordon inner product of
modes in eq.(4.2.6) is

(φk, φk′) =
2i

8π
√
kk′

ˆ ∞
0

dx

[
(e−ikv + Ek(u))[∂t(e

−ik′v + Ek′(u))]− ∂t(e−ikv + Ek(u))(e−ik
′v + Ek′(u))

]
=

i

4π
√
kk′

ˆ ∞
0

dx

[
(e−ikv + Ek(u))[∂t(e

−ik′v + Ek′(u))] + (e−ikv − Ek(u))[∂t(e
−ik′v − Ek′(u))]

]
=

i

2π
√
kk′

[ ˆ ∞
0

dx
[
[∂te

−ik′v]eikv + [∂te
−ik′u]eiku

]
︸ ︷︷ ︸

1©

+

ˆ t

t−1/λ

dx
[
[∂tEk′(u)]Ek(u)− [∂te

−ik′u]eiku
]

︸ ︷︷ ︸
2©

]
.

(B.1.1)

From the first to the second line, we make use of ∂tEk(u) = −∂xEk(u) and ∂te
−ik′v = ∂xe

−ik′v

in the second term in the big square bracket, then integrate by part to get rid of a surface
term (e−ik

′v + Ek′(u))(e−ikv − Ek(u))|∞0 and switch back to ∂t. After cancellation of cross
terms, we make use the fact that Ek(u) is different from plane wave only in the region
t− 1/λ < x < t to arrive at the last line.

Integral 1© can be easily shown to contribute to delta function δ(k − k′).
Integral 2© can be rearranged as (the prime in R′k(y) being derivative over its argument)

an integration over a total derivative.
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Be aware that K ′ is not a derivative, while all the other primes (i.e. R′K(y), etc) are
derivative over the argument of the functions, we can rewrite the integral 2©

ˆ t

t−1/λ

dx

(
[∂tEk′(u)]Ek(u)− [∂te

−ik′u]eiku
)

=

ˆ 1

0

dy

([
R′K′(y)

]
RK(y) + iK ′ei(K−K

′)y

)
,

(B.1.2)

by switching integral variable from dx to dy = λdu, and defining K ′ := k′/λ, and K := k/λ.

The integrand of eq.(B.1.2) can be rearranged as:

R′K′(y)RK(y) + iK ′ei(K−K
′)y

=− 2

B(y)
eiKyJ ′K′(y)− 4B′(y)

B3(y)
JK(y)JK′(y) +

4

B2(y)
JK(y)J ′K′(y)

− 2

B(y)
JK(y)(e−iK

′y)′ +
2

B2(y)
(JK(y))′JK′(y) ,

(B.1.3)

where we have defined

JK(y) :=

ˆ y

0

dzB′(z)e−Kz , (B.1.4)

and have made use of J ′k(y) = B′(y)e−iKy in the last line.

Further rearrangements give a total derivative

2
[
(

1

B2
)′JKJK′ +

1

B2
(JK)′JK′ +

1

B2
JKJ

′
K′

]
+ 2

[
1

B2
JKJ

′
K′ −

1

B
eiKyJ ′K′ −

1

B
(e−iK

′y)′JK

]
=2

(
1

B2
JKJK′ − e−iK

′y JK
B

)′
,

(B.1.5)

where we omit the argument y from B(y) , Jk(y) and JK′(y). It should vanish upon integra-
tion.
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B.2 Mode function regularity across t = |x| + 1/λ

B.2.1 Smoothness of 1/B(y)

Before going to the next section, it can be shown from eq.(4.2.8) that for 0 ≤ y ≤ 1

B(y) = exp
[ ˆ y

0

dz

g(z)

]
(B.2.1)

with g(y) := tanh(y) where h(y) is smooth on its entire domain, therefore B(y)|y→1− →∞.

To prove the smoothness of our solution, we need to prove: RK(y) is smooth at both
y = 0 and y = 1. It is straightforward that RK(y) is smooth at y = 0 by using B(0) =
1 , B(n)(0) = 0, so our focus is on proving the smoothness at y = 1.

From the expression of B(y) and the property of function h(y), it can be proven rigorously
that 1/B(y) and all of its derivatives are zero when y → 1−.

The derivatives can be written as

dn

dyn

( 1

B(y)

)
=

(−1)nPn(y)

B(y)[g(y)]n
(B.2.2a)

P0(y) = 1 , Pn(y) = −P ′n−1(y)g(y) + Pn−1(y)[1 + (n− 1)g′(y)] , (B.2.2b)

where Pn(y) are polynomials of g(y) and its derivatives, and Pn(y)
∣∣∣
y→1−

→ 1. Since Pn(y)

are bounded as y → 1−, it suffices to show that
[
1/B(y)[g(y)]n

]∣∣∣∣
y→1−

→ 0 for n ∈ N.

We have

ln
[ 1

B(y)gn(y)

]
= −

[ ˆ y

0

dz

g(z)

][
1 +

n ln(g(y))´ y
0

dz
g(z)

]
, (B.2.3)

the first square bracket goes to infinity as y → 1−, the second square bracket tend to 1 by

L’Hopital. Therefore ln
[
1/B(y)[g(y)]n

]
→ −∞ as y → 1−, and the derivatives of 1/B(y)

vanish as y → 1−. This result can also be understood by the observation that exponential
increases faster than polynomials.
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B.2.2 Differentiability of RK(y)

From the smoothness of 1/B(y), to prove the smoothness of the mode function is to prove
the smoothness of the third term in eq.(4.2.12):

lim
y→1−

dn

dyn

[ 2iK

B(y)

ˆ y

0

dzB(z)e−iKz
]

= 0 . (B.2.4)

In order to do so, we define

JK(z) :=

ˆ y

0

dzB(z)e−iKz (B.2.5)

FK(y) :=
JK(y)

B(y)
. (B.2.6)

I. For n = 1, with the help of eq.(B.2.2a), we have

lim
y→1−

d

dy

[JK(y)

B(y)

]
l′Hopital−−−−−→ lim

y→1−

[g′(y)− iKg(y)]e−iKy

1 + g′(y)
= 0 . (B.2.7)

II. For general n, we outline the steps below.

(a) Calculate n derivatives of FK(y) using equation B(y) = B′(y)g(y) after taking

each derivative to remove factors of B′(y). The result is an expression for F (n)
K (y)

that does not contain any derivatives of B(y).

(b) Define den(y) = B(y)
(
g(y)

)n
and num(y) = F (n)

K (y) den(y).

(c) In preparation for using l’Hôpital n times, calculate num(n)(y) and den(n)(y), again
using B(y) = B′(y)g(y) after taking each derivative.

(d) Define num(n)(y) = num(n)(y)/B(y) and den(n)(y) = den(n)(y)/B(y) and replace
all remaining factors of JK(y) by FK(y)B(y). The limit of the n-th derivative of
F(y) as y → 1− now has the form

lim
y→1−

F (n)(y) = lim
y→1−

num(n)(y)

den(n)(y)
. (B.2.8)

This procedure can be verified up to any order n and the quantities num(n)(y) and
den(n)(y) have the form

num(n)(y) = P (y) , den(n)(y) = 1 +Q(y)

87



where P (y) and Q(y) are polynomials of g(y) and its derivatives, F(y), and factors
e−iKy, and each term contains at least one power of F(y) or g(j)(y) j ∈ (0, n). This
means that both P (y) and Q(y) go to 0 as y → 1−. We therefore have from (B.2.8)
that F(y) is C∞ at y = 1. The authors of [18] have verified this up to n = 26 using
computer algebra. They stopped the calculation at n = 26 because of limitations of
computing time and memory, but there is no reason to believe this will not hold for a
general n. If the proof extends to n ∈ N, we would have that RK(y) is smooth at y = 1.

We can also reach the same conclusion intuitively by

lim
y→1−

1

B(y)

ˆ y

0

dzB(z)e−iKz

l′Hopital−−−−−→e−iKy tan(h(y)) ∼ e−iKyh(y) ,

(B.2.9)

where the expression and all of its derivatives approach zero as y → 1−. We note that RK(y)
being smooth across y = 1 is directly related to function h(y) being smooth.

B.3 Expansion of Ek(u) in 1 + 1 dimensions

As an example, we expand |E ′k(u)|2 as a series.

For k →∞, we integrate by parts by taking anti-derivatives of e−ikz/λ. We have

Ek(u) = e−iku − 2B′(λu)

B(λu)

iλ

k

(
e−iku − 1

B′(λu)

ˆ λu

0

B′′(z)e−i
k
λ
zdz

)
, (B.3.1)

and

E ′k(u) = −ike−iku − 2B′(λu)

B(λu)
λe−iku + 2iλ2e−iku

(B′(λu)

B(λu)

)2 1

k
+O(1/k2) . (B.3.2)

When calculating |E ′k|2, terms of order O(k), O(1) and O(1/k) all cancel out because
they are pure imaginary. We derive

|E ′k(u)|2 = k2 +O(k−2) . (B.3.3)

Similarly for k → 0, we integrate by parts and get

Ek(u) = 1− iku− 2

B(λu)

ˆ λu

0

B′(z)dz + i
k

λ

2

B(λu)

ˆ λu

0

B′(z)zdz +O(k2) (B.3.4)
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and

E ′k(u) = −ik − 2λB′(λu)

B2(λu)
+

2ikλuB′(λu)

B(λu)
− 2ikB′(λu)

B2(λu)

ˆ λu

0

B′(z)zdz +O(k2) . (B.3.5)

We derive |E ′k(u)|2 = 4λ2| B′(λu)
B2(λu)

|2 +O(k2).

B.4 Divergence of the 〈T00〉 in 1+1 dimensions

In this section, we want to prove that even when the evolution is smooth, the stress-energy
tensor is still divergent along the null lines t = |x|+ 1/λ.

We start with expressions on the positive axis

T00 =

ˆ ∞
µ

dk

8πk
[|E ′k(u)|2 − k2]

=
λ2

8π

ˆ ∞
µ/λ

dK

K
[|R′K(y)|2 −K2] ,

(B.4.1)

where y = λu, K = k/λ and R′K(y) means taking derivative over the argument.

We split the integral
´∞
µ/λ

into
´ 1

µ/λ
and

´∞
1

, and consider the corresponding two expres-

sions separately. Namely, we define

F+(y) =
λ2

8π

ˆ ∞
1

dK

K
[|R′K(y)|2 −K2] , (B.4.2)

and

F−(y) =
λ2

8π

ˆ 1

µ/λ

dK

K
[|R′K(y)|2 −K2] . (B.4.3)

B.4.1 Proof of F−(y)
y→1−−→ 0

Using expression

RK(y) = −e−iKy +
2

B(y)
− 2iK

B(y)

ˆ y

0

dzB(z)e−iKz
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and its derivative, we rewrite the integrand of F−(y) as

1

K

(
|R′K(y)|2 −K2

)
=

4

KB2(y)g2(y)
+

4K|FK(y)|2
g2(y)

+
4K sin(Ky)

B(y)g(y)

− 2K[eiKyFK(y) + c.c]

g(y)
− 4[iFK(y) + c.c]

B(y)g2(y)
,

(B.4.4)

where FK(y) is defined in equation (B.2.6).

The first and third term in eq.(B.4.4) vanish after finishing the K integral, taking y → 1
and using the results in Appendix B.2.1. The second, the fourth and the last term also
vanish, by first finishing the K integral and then using L’Hopital as y → 1.

EXAMPLE: The second last term can be written as

−2K[eiKyFK(y) + c.c]

g(y)
= − 4

B(y)g(y)

ˆ y

0

dzB(z)K cosK(y − z) . (B.4.5)

We find out that it vanishes when y → 1 by first finishing the K integral and then using
l’Hopital .

B.4.2 Proof of F+(y)
y→1−−→ +∞

Notice that in F+(y), the K integral’s upper bound is infinity. To finish the K integral, we
need terms with enough powers of K in the denominators. After finishing the K integral,
we analyze the behavior of each term separately.

We use an alternative expression of RK(y)

RK(y) = e−iKy − 2ie−iKy

Kg(y)
+

2i

KB(y)

ˆ y

0

dze−iKzB′′(z) (B.4.6)

to rearrange the integrand of F+(y) to the following expression

1

K

(
|R′K(y)|2 −K2

)
=

4

K3g4(y)
+

4|VK(y)|2
K3g2(y)

− 4[eiKyVK(y) + c.c]

K3g3(y)

+
4[ieiKyVK(y) + c.c]

K2g2(y)
− 2[ieiKyWK(y) + c.c]

K2g(y)
,

(B.4.7)

where

VK(y) =
1

B(y)

ˆ y

0

dze−iKzB′′(z) (B.4.8)
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and

WK(y) =
1

B(y)

ˆ y

0

dze−iKzB′′′(z) . (B.4.9)

First we need to finish the K integral. This step requires the use of Exponential Integral
or Cosine Integral. Then we integrate by parts in z to remove all of the derivatives on B(z),
by which we mean to integrate by parts until B′′(z) and B′′′(z) in VK(y) and WK(y) are
gone. This procedure will create a lot of terms, but each term is relatively easy to analyze
and many cancel out.

We drop terms that approach constant as y → 1 (for instance: term Ci(y)
B(y)
|y→1 → 0),

the results are listed below.

I. The first term of eq.(B.4.7) is 2
g4(y)

.

II. The second term of eq.(B.4.7) is

ˆ ∞
1

dK
4|VK(y)|2
K3g2(y)

y→1−−−−→ 2

g4(y)
+

8

B2(y)g2(y)

ˆ y

0

dwB′′(w)

ˆ w

0

dzB(z) Ci(w − z) ,

(B.4.10)

where we have integrated by part in the second
´
dz integral but have kept

´
dwB′′(w).

Function Ci(y) is the Cosine Integral.

We note that this term is formidable due to the double integral in |VK(y)|2. We change
the integral limits from

´ y
0
dw

´ y
0
dz to

´ y
0
dw

´ w
0
dz and integrate the second integral´ w

0
dz by part to get rid of the derivatives on B′′(z).

III. The third term of eq.(B.4.7) is

− 4[eiKyVK(y) + c.c]

K3g3(y)

y→1−−−−→− 4

g3(y)

[
1

g(y)
+

2

B(y)

ˆ y

0

dzB(z) Ci(y − z)

]
.

(B.4.11)

IV. The fourth term of eq.(B.4.7) is

ˆ ∞
1

dK
4[ieiKyVK(y) + c.c]

K2g2(y)

y→1−−−−→ 4

g2(y)

[
2 Ci(y)− 2

B(y)

ˆ y

0

dt
B(y)−B(y − t)

t
cos t

]
.

(B.4.12)

V. The last term of eq.(B.4.7).
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We notice that this term differs from the second last term only by the coefficient and
the triple derivatives on B′′′(z). We are confident that its form is similar to the fourth
term above,

−
ˆ ∞

1

dK
2[ieiKyWK(y) + c.c]

K2g(y)

y→1−−−−→− 2

g(y)

[2 Ci(y)

g(y)
− 2

B(y)

ˆ y

0

dt
B′(y)−B′(y − t)

t
cos t

]
.

(B.4.13)

Collecting all the terms, we find out

F+(y)
y→1−−−−→4 Ci(y)

g2(y)
− 8

B(y)g2(y)

ˆ y

0

dt
B(y)−B(y − t)

t
cos t

+
4

B(y)g(y)

ˆ y

0

dt
B′(y)−B′(y − t)

t
cos t− 8

B(y)g3(y)

ˆ y

0

dzB(z) Ci(y − z)

+
8

B2(y)g2(y)

ˆ y

0

dwB′′(w)

ˆ w

0

dzB(z) Ci(w − z) .

(B.4.14)

To further analyze the double integral, we switch to new variable t = w−z and integrate
by parts to reduce the derivatives on B′′(w). After we discard the terms that vanish as
y → 1−, the double integral becomes

8

B2(y)g2(y)

ˆ y

0

dwB′′(w)
[ ˆ w

0

dtB(w − t) Ci(t)
]

→ 8

B(y)g3(y)

ˆ y

0

dtB(z) Ci(y − z)− 4 Ci(y)

g2(y)
+

4

B2(y)g2(y)

ˆ y

0

dw
B2(w)− 1

w
cos(w)

+
8

B2(y)g2(y)

ˆ y

0

dwB′(w)

ˆ w

0

dt[B(w)−B(w − t)]cos(t)

t
,

(B.4.15)

92



where the last term in eq.(B.4.15) can be further integrated by parts as

4

B(y)g2(y)

ˆ y

0

dt[B(y)−B(y − t)]cos(t)

t

+
4

B2(y)g2(y)

ˆ y

0

dwB′(w)

ˆ w

0

dt[B(w)−B(w − t)]cos(t)

t

− 4

B2(y)g2(y)

ˆ y

0

dw
B2(w)−B(w)

w
cos(w)

− 4

B2(y)g2(y)

ˆ y

0

dwB(w)

ˆ w

0

dt[B′(w)−B′(w − t)]cos(t)

t
.

(B.4.16)

After cancellation and discarding vanishing terms using l’Hôpital, our terms become

F+(y)
y→1−−−−→− 4

B2(y)(y)

ˆ y

0

dt
B′(y)B(y)−B′(y)B(y − t)

t
cos t

+
4

B2(y)g(y)

ˆ y

0

dt
B′(y)B(y)−B(y)B′(y − t)

t
cos t

4

B2(y)g2(y)

ˆ y

0

dw

ˆ w

0

dt[B(w)B′(w − t)−B′(w)B(w − t)]cos(t)

t

=
4

B2(y)g2(y)

[
−B(y)J(y) +

ˆ y

0

dwB′(w)J(w)

]
,

(B.4.17)

where

J(w) =

ˆ w

0

dtB′(w − t)[g(w)− g(w − t)]cos(t)

t
. (B.4.18)

Taking L’Hopital of the final form of F+(y), we have

F+(y)
y→1−−−−→ − J ′(y)

B(y)g(y)
(B.4.19)

with

J ′(y) =− cos y

y
+

ˆ ε

0

dt cos(t)
[
B′′(y − t)g(y)− g(y − t)

t
+B′(y − t)g

′(y)− g′(y − t)
t

]
+

ˆ y

ε

dt cos(t)
B′(y − t)
g(y − t)

[g(y)− g(y − t)
t

+
g′(y)g(y − t)− g(y)g′(y − t)

t

]
.

(B.4.20)
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By the assumptions of Appendix B.5, there are

For 0 ≤ t ≤ ε :
g(y)− g(y − ε)

ε
≤ g(y)− g(y − t)

t
≤ g′(y) < 0

g′′(y) ≤ g′(y)− g′(y − t)
t

≤ g′(y)− g′(y − ε)
ε

For t ≥ ε :
g(y)− g(y − t)

t
≤ g(y)− g(y − ε)

ε
< 0

g′(y)− g′(y − ε)
ε

≤ g′(y)− g′(y − t)
t

(B.4.21)

and g′(y)/g(y)
y→1−−−−→ −∞. We find out F+(y)→ +∞ as y → 1−.

B.5 Conditions on g(y)

We introduce the technical assumption that g′′′(y) < 0 for 0 < y < 1. It follows that there
are g′′(y) > 0 and g′(y) < 0 for 0 < y < 1 (this means that h(y) must be monotonically
decreasing for 0 < y < 1). For 0 < z ≤ y < 1, they imply

g′(z) ≤ g(y)− g(z)

y − z ≤ g′(y) < 0 , (B.5.1)

0 < g′′(y) ≤ g′(y)− g′(z)

y − z ≤ g′′(z) , (B.5.2)

where the quotients are understood at z = y in the limiting sense. Equation (B.5.1) can be
verified by writing the numerator as the integral of g′ and using the monotonicity of g′, and
eq.(B.5.2) can be verified similarly by writing the numerator as the integral of g′′. We will
derive two more results on two integrals in Appendix D.5 which are used in Appendix D.3.2
and D.3.3.

B.5.1 Implications

For 0 < y < 1, using limy→1− g(y) = 0 and the monotonicity of g′, we have

g(y) = −
ˆ 1

y

g′(z)dz ≤ −g′(y)

ˆ 1

y

dz = −(1− y)g′(y) . (B.5.3)
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Hence g′(y)/g(y) ≤ −1/(1− y), it implies

lim
y→1−

g′(y)

g(y)
→ −∞ . (B.5.4)

This conclusion can be generalized. In fact, we can prove g′′(y)/g(y)
y→1−−−−→ +∞.

PROOF: We start with

g′(y) = −
ˆ 1

y

g′′(z)dz ≥ −g′′(y)

ˆ 1

y

dz = −g′′(y)(1− y) (B.5.5)

which gives

g(y) ≤ −(1− y)g′(y) ≤ (1− y)2g′′(y)→ g′′(y)

g(y)
≥ 1

(1− y)2
. (B.5.6)

If assuming g(2k+1)(y) < 0 with n ≤ 2k + 1, we see the general pattern is

(−1)n
g(n)(y)

g(y)
≥ 1

(1− y)n
(B.5.7)

⇒ lim
y→1−

g(n)(y)

g(y)
→ (−1)n∞ . (B.5.8)
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Appendix C

C.1 Mode function regularity across r = t

In this appendix we show that the function B(y) of (5.2.14) is smooth at y = 0 and the
function RK(y) of (5.2.17) is C25 at y = 0. This shows that the mode functions are C25

across r = t.

C.1.1 Smoothness of B(y)

We show that the function B(y) of eq.(5.2.14) is smooth at y = 0.

From eq.(5.2.14) it is immediate that B(y)→ 0 as y → 0+. We show below in Proposition
C.1.1 that B(n)(y) → 0 as y → 0+ for n ∈ N = {1, 2, . . .}. It follows by L’Hôpital and
induction in n that all derivatives of B(y) at y = 0 exist and vanish.

Proposition C.1.1. For n ∈ N, B(n)(y)→ 0 as y → 0+.

Proof. See [18]. Let 0 < y < 1, and write g(y) := tan
(
h(y)

)
, where h is defined in Sec-

tion 5.2.1. Note that g(y) > 0, g(y) and all its derivatives approach 0 as y → 0+, and from
(5.2.14) we have

B(y) = exp

(
−
ˆ 1

y

dz

g(z)

)
, (C.1.1)

B′(y) = B(y)/g(y) . (C.1.2)

For n ∈ N, induction gives

B(n)(y) = Pn(y)fn(y) , (C.1.3a)

fn(y) =
B(y)(
g(y)

)n , (C.1.3b)
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where each Pn is a polynomial in g and its derivatives. Since each Pn is bounded as y → 0+,
it suffices to show that fn(y)→ 0 as y → 0+ for n ∈ N.

From (C.1.3b) we have

ln
(
fn(y)

)
= −

(ˆ 1

y

dz

g(z)

)1 +
n ln
(
g(y)

)
ˆ 1

y

dz

g(z)

 . (C.1.4)

As y → 0+, the first parentheses in (C.1.4) tend to ∞, while the second parentheses tend to
1 by L’Hôpital. Hence ln

(
fn(y)

)
→ −∞ as y → 0+, by which fn(y)→ 0 as y → 0+.

C.1.2 Differentiability of RK(y)

We shall show that the function RK(y) as in eq.(5.2.17) is C25 at y = 0.

We write equation (5.2.17) as

RK(y) =

{
−e−iKy for y ≤ 0 ,

−e−iKy − 2iKFK(y) for 0 < y <∞ ,
(C.1.5)

where K > 0 and FK is defined the same as in eq.(B.2.6)

FK(y) = JK(y)/B(y) , (C.1.6a)

JK(y) =

ˆ y

0

B(z) e−iKz dz . (C.1.6b)

We show below in Proposition C.1.3 that F (n)
K (y) → 0 as y → 0+ for n = 0, 1, 2, . . . , 25.

This and (C.1.5) show that RK(y) is C25 at y = 0. For the purposes of Appendix C.2, we
formulate Proposition C.1.3 for FK that is defined by (C.1.6) not just for K > 0 but for
K ∈ R.

Lemma C.1.2. For K ∈ R, 0 < y < 1 and n ∈ {1, 2, . . . , 25}, we have

F (n)
K (y) =

hK,n(y)

B(y)
(
g(y)

)n , (C.1.7)

where g was defined above (C.1.1) and hK,n satisfies

h
(k)
K,n(y) = rK,n,k(y)B(y) + sK,n,k(y)JK(y) for 0 ≤ k ≤ n , (C.1.8)
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where each rK,n,k and sK,n,k is a polynomial in g, its derivatives and e−iKy, and rK,n,n(y)→ 0
as y → 0+.

Proof. Starting from eq.(C.1.6) and using repeatedly eq.(C.1.2) and the identity

J ′K(y) = e−iKy B(y) , (C.1.9)

we have verified the claim case by case for each n and k, with the help of algebraic computing
[18].

Proposition C.1.3. For K ∈ R and n ∈ {0, 1, 2, . . . , 25}, F (n)
K (y)→ 0 as y → 0+.

Proof. Consider FK . We use in (C.1.6a) L’Hôpital with (C.1.2) and (C.1.9), obtaining
limy→0+ F(y) = limy→0+ J ′(y)/B′(y) = limy→0+ e

−iKy g(y) = 0.

Consider then the derivatives of SK . From (C.1.2) we have

d

dy

[
B(y)

(
g(y)

)n]
= B(y)

(
g(y)

)n−1(
1 + ng′(y)

)
. (C.1.10)

By Lemma C.1.2, we may hence evaluate limy→0+ F (n)
K (y) for n ≥ 1 by applying L’Hôpital to

(C.1.7) n times, using after the nth differentiation limy→0+ JK(y)/B(y) = limy→0+ FK(y) =
0.

We stopped Lemma C.1.2 at n = 25 because of computing time limitations in the case-by-
case proof [18]. If Lemma C.1.2 extends to n ∈ N, the proof of Proposition C.1.3 generalises
to n ∈ N and implies smoothness of RK(y) at y = 0.

C.2 〈T00〉 at intermediate times in 3+1 dimensions

In this appendix we verify the properties of 〈T00〉 quoted in Section 5.3.2 in the intermediate
time region, r ≤ t ≤ r + λ−1.

C.2.1 Preliminaries

For r < t < r+λ−1, the integrals in eq.(5.3.8) and in the first term of eq.(5.3.7) are convergent
because (5.2.15) implies for fixed y ∈ (0, 1) the small K estimates

RK(y) = −1 +O(K) , (C.2.1a)

|R′K(y)|2 = O
(
K2
)
, (C.2.1b)
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and the large K estimates

RK(y) = e−iKy
[
1 + 2

B′(y)

B(y)

1

iK
+O

(
K−2

)]
, (C.2.2a)

|RK(y)|2 = 1 +O
(
K−2

)
, (C.2.2b)

|R′K(y)|2 = K2 +O
(
K−2

)
. (C.2.2c)

For t = r, the integrands in eq.(5.3.8) and in the first term of eq.(5.3.7) vanish.

For t = r+λ−1, the integrand in eq.(5.3.7) vanishes, while eq.(5.3.8) is given by eq.(5.3.10)
with t = r+λ−1, and all the steps from eq.(5.3.10) to eq.(5.3.12) still hold with t = r+λ−1.

Collecting, we see that Gλ(t, r) of eq.(5.3.8) and the first term of eq.(5.3.7) are well defined
everywhere in r ≤ t ≤ r + λ−1.

What remains is to examine the existence and continuity of ∂rGλ(t, r), and the continuity
of the first term in (5.3.7). We address each in turn.

C.2.2 ∂rGλ(t, r)
We show first that ∂rGλ(t, r) exists and is continuous in r for 0 < r < t, for each positive t.
We then assume that g′′′(y) ≥ 0 for sufficiently small positive y, and show that ∂rGλ(t, r)→ 0
as r → t−. This establishes that the second term of (5.3.7) exists and is continuous in r.

We introduce dimensionless variables by λt = σ > 0 and λr = σ − y, where 0 < y < σ.
The quantity of interest is then Gλ

(
σ/λ, (σ − y)/λ

)
= F−(y) + F+(y), where

F−(y) =

ˆ 1

0

dK

K

[∣∣RK(y)
∣∣2 + 2 cos

(
2K(σ − y)

)
− 1

+RK(y)eiK(2σ−y) +RK(y)e−iK(2σ−y)
]
, (C.2.3a)

F+(y) =

ˆ ∞
1

dK

K

[∣∣RK(y)
∣∣2 + 2 cos

(
2K(σ − y)

)
− 1

+RK(y)eiK(2σ−y) +RK(y)e−iK(2σ−y)
]
, (C.2.3b)

and the notation suppresses the dependence of F± on σ.
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In F−, we use eq.(C.1.5) and derive

F−(y) = 2

ˆ 1

0

dK
[
i
(
eiKy − eiK(2σ−y)

)
SK(y)− i

(
e−iKy − e−iK(2σ−y)

)
SK(y)

+ 2
∣∣SK(y)

∣∣2] . (C.2.4)

Straightforward convergence estimates show that F−(y) is C1 for y > 0, and estimates using
Proposition C.1.3 show that F ′−(y)→ 0 as y → 0.

In F+, we use the identity

RK(y) = e−iKy − 2i

K

[
B′(y)

B(y)
e−iKy − VK(y)

]
, (C.2.5)

where

VK(y) =
1

B(y)

ˆ y

0

B′′(z) e−iKz dz , (C.2.6)

obtained by integrating eq.(5.2.15) by parts. This gives

F+(y) = 2

ˆ ∞
1

dK

{
2

K3

(
B′(y)

B(y)

)2

+
2

K
cos
(
2K(σ − y)

)
+

2

K2

B′(y)

B(y)
sin
(
2K(σ − y)

)
+

[
− 2

K3

B′(y)

B(y)
eiKy +

i

K2
eiKy +

i

K2
eiK(2σ−y)

]
VK(y)

+

[
− 2

K3

B′(y)

B(y)
e−iKy − i

K2
e−iKy − i

K2
e−iK(2σ−y)

]
VK(y)

+
2

K3

∣∣VK(y)
∣∣2} , (C.2.7)

from which straightforward estimates show that F+(y) is C1 for y > 0.

To examine F+(y) and F ′+(y) as y → 0, we evaluate the integral over K in eq.(C.2.7). In
the terms that do not involve VK , the integral over K produces elementary functions and the
cosine integral Ci [56]. In the terms that involve VK , we use eq.(C.2.6), we interchange the
integrations as justified by the absolute convergence of the multiple integral, and we evaluate
first the integral over K in terms of elementary functions and the exponential integral E1 [56].
Among the terms that ensue, several have B′ or B′′ under an integral; however, integration
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by parts reduces most of these terms to combinations that involve S1(y) and T1(y), where

TK(y) =
1

B(y)

ˆ y

0

B(z) z e−iKz dz , (C.2.8)

and the small y behaviour of these terms and their derivatives can be analysed by Proposition
C.1.3 and its generalisations. We find that F+ decomposes as F+(y) = F+1(y)+F+2(y), where
we omit the lengthy expression for F+1(y) but just note that it satisfies F+1(y) → 0 and
F ′+1(y)→ 0 as y → 0, while the expression for F+2(y) for y < 1 reads

F+2(y) =
4

B2(y)

ˆ y

0

dz B′(z)

ˆ z

0

dt cos t B′(z − t) g(z)− g(z − t)
t

. (C.2.9)

To control F+2(y), we introduce the additional technical assumption that g′′′(y) ≥ 0 for
sufficiently small positive y. For sufficiently small positive y, an elementary analysis then
gives for t ∈ [0, y] the inequalities

g′(y)

y
≤ g′(y)− g′(y − t)

t
≤ g′′(y) , (C.2.10a)

g(y)

y
≤ g(y)− g(y − t)

t
≤ g′(y) , (C.2.10b)

understood at t = 0 in the limiting sense. From now on we assume y < 1 and so small that
eq.(C.2.10) hold.

Consider now F+2(y). Applying L’Hôpital in eq.(C.2.9) and using eq.(C.2.10b), we find
that F+2(y)→ 0 as y → 0.

Consider then F ′+2(y). Differentiating eq.(C.2.9) gives

F ′+2(y) =
4

g(y)B2(y)

[
B(y)

ˆ y

0

dt cos t B′(y − t) g(y)− g(y − t)
t

− 2

ˆ y

0

dz B′(z)

ˆ z

0

dt cos t B′(z − t) g(z)− g(z − t)
t

]
. (C.2.11)

101



For the limit of F ′+2(y) as y → 0, L’Hôpital shows that it suffices to consider

2

g(y)B(y)

ˆ y

0

dt cos t

[
−B′(y − t) g(y)− g(y − t)

t
+ g(y)B′′(y − t) g(y)− g(y − t)

t

+ g(y)B′(y − t) g
′(y)− g′(y − t)

t

]
. (C.2.12)

The last term of eq.(C.2.12) can be controlled by eq.(C.2.10a). The combination of the first
two terms can be controlled by taking y to be so small that g′ < 1, writing B′ = gB′′/(1−g′),
and using eq.(C.2.10b) and the monotonicity of g′. We find that F ′+2(y)→ 0 as y → 0.

Combining these results shows that ∂rGλ(t, r) is continuous in r for 0 < r ≤ t. This
establishes that the second term in eq.(5.3.7) exists at each point and is continuous in r.

C.2.3 First term of eq.(5.3.7)

To analyse the first term of eq.(5.3.7), it suffices to consider F̃ (y) = F̃−(y) + F̃+(y), where
y > 0 and

F̃−(y) =

ˆ 1

0

dK

K

[∣∣R′K(y)
∣∣2 −K2

]
, (C.2.13)

F̃+(y) =

ˆ ∞
1

dK

K

[∣∣R′K(y)
∣∣2 −K2

]
. (C.2.14)

We show first that F̃ (y) is continuous for y > 0. We then assume that g′′′(y) ≥ 0 for
sufficiently small positive y, and show that F̃ (y)→ −∞ as y → 0, faster than any negative
multiple of 1/g(y).

In F̃−, we use eq.(C.1.5) and proceed as with F− eq.(C.2.3a). We find that F̃−(y) is
continuous for y > 0 and F̃−(y)→ 0 as y → 0.
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In F̃+, we start as with F+ eq.(C.2.3b), finding

F̃+(y) = 2

ˆ ∞
1

dK

{
2

K3

(
B′(y)

B(y)

)4

+
2

K3

(
B′(y)

B(y)

)2 ∣∣VK(y)
∣∣2

− 2

K3

(
B′(y)

B(y)

)3 [
eiKy VK(y) + e−iKy VK(y)

]
+

2i

K2

(
B′(y)

B(y)

)2 [
eiKy VK(y)− e−iKy VK(y)

]
− i

K2

B′(y)

B(y)

[
eiKyWK(y)− e−iKyWK(y)

]}
, (C.2.15)

where VK is given by eq.(C.2.6) and

WK(y) =
1

B(y)

ˆ y

0

B′′′(z) e−iKz dz . (C.2.16)

This shows that F̃+(y) is continuous for y > 1.

Proceeding as with (C.2.7), and assuming y < 1, we find F̃+(y) = F̃+1(y)+ F̃+2(y), where
we omit the lengthy expression for F̃+1(y) but just note that it satisfies F̃+1(y)→ 0 as y → 0,
and

F̃+2(y) =
4

g2(y)B2(y)

[ˆ y

0

dz B′(z)J(z) −B(y)J(y)

]
, (C.2.17)

where

J(y) =

ˆ y

0

dt cos t B′(y − t) g(y)− g(y − t)
t

. (C.2.18)

No assumptions about the sign of g′′′(y) have been made yet. We now assume that
g′′′(y) ≥ 0 for sufficiently small positive y, and we take y to be so small that eq.(C.2.10)
hold, cos y ≥ 1/2, and g′ ≤ 1/2, the last of which implies B′′ > 0. Differentiating eq.(C.2.18)
and using eq.(C.2.10), we then have J ′(y) ≥ 1

2
B(y)/y. Using eq.(C.2.17), and noting that

the square brackets therein have the derivative −B(y)J ′(y), L’Hôpital hence shows that
g(y)F̃+2(y)→ −∞ as y → 0.

Collecting, these observations show that F̃ (y) is continuous for y > 0, but F̃ (y) → −∞
as y → 0, faster than any negative multiple of 1/g(y).
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C.3 Some useful integrals

In this appendix we collect results about integrals that appear in Section 5.4 and Ap-
pendix C.2. We recall that CK (5.2.16) is smooth in K, it falls off at large K faster than
any inverse power of K, and C0 = 1.

Proposition C.3.1. For α, β > 0, we have

ˆ ∞
0

dK

K

(
eiαK − eiβK

)
= ln(β/α) , (C.3.1a)

ˆ ∞
0

dK

K

(
eiαK − e−iβK

)
= ln(β/α) + iπ , (C.3.1b)

ˆ ∞
0

dK

K

[
|CK |2 − cos(αK)

]
= lnα + k1 , (C.3.1c)

where the integrals are improper Riemann integrals,

k1 = γ +

ˆ 1

0

dK

K

(
|CK |2 − 1

)
+

ˆ ∞
1

dK

K
|CK |2 (C.3.2)

and γ is Euler’s constant.

Proof. In eq.(C.3.1a) and eq.(C.3.1b), we insert a low K cutoff, express the integral of each
term in terms of the exponential integral E1 [56], and use small argument form of E1 to
remove the cutoff.

In eq.(C.3.1c), we break the integral into the subintervals 0 < K < 1 and 1 < K < ∞,
express the contributions from the subintervals in terms of the cosine integrals Cin and
Ci [56], and use the cosine integral identities [56]. Note that k1 is finite because of the small
and large K properties of CK .

Proposition C.3.2. For α > 0, let

H(α) :=

ˆ ∞
0

dK

K
(1− CK) eiαK , (C.3.3)
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where the integral is an improper Riemann integral. Then

H(α) =


−
ˆ 1

0

dz
B(α)−B(z)

α− z +
(
1−B(α)

)(
ln(α−1 − 1) + iπ

)
for 0 < α < 1;

−
ˆ 1

0

dz
B(α)−B(z)

α− z for α ≥ 1.

(C.3.4)

It follows that H is C∞, H(α) is real for α ≥ 1, and H(α) for α > 1 has the absolutely
convergent series representation

H(α) = −
∞∑
p=0

1

αp+1

ˆ 1

0

dz zp
(
1−B(z)

)
. (C.3.5)

Proof. Consider first ImH(α). Taking the imaginary part of (C.3.3) under the integral,
recalling that

´∞
0
dK sin(αK)/K = π/2 (since α > 0 by assumption), and introducing a

large K cutoff M > 0, we have

ImH(α) =
π

2
+ lim

M→∞
I(M,α) , (C.3.6)

where

I(M,α) := −
ˆ M

0

dK

K

ˆ 1

0

dz B′(z) sin
(
(α− z)K

)
= −

ˆ 1

0

dz B′(z)

ˆ M

0

dK

K
sin
(
(α− z)K

)
= −

ˆ 1

0

dz B′(z) Si
(
(α− z)M

)
= − Si

(
(α− 1)M

)
−
ˆ 1

0

dz B(z)
sin
(
(α− z)M

)
α− z

= − Si
(
(α− 1)M

)
−B(α)

ˆ 1

0

dz
sin
(
(α− z)M

)
α− z

+

ˆ 1

0

dz
B(α)−B(z)

α− z sin
(
(α− z)M

)
=
(
B(α)− 1

)
Si
(
(α− 1)M

)
−B(α) Si(αM)

+

ˆ 1

0

dz
B(α)−B(z)

α− z sin
(
(α− z)M

)
. (C.3.7)
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The first equality in (C.3.7) is a definition, the second equality comes by interchanging the
integrals, justified by the absolute convergence of the double integral, and the third equality
uses the definition of the sine integral function Si [56]. The fourth equality comes from
integration by parts, the fifth equality by decomposing the integrand, and the sixth equality
by using again the definition of Si. In the last expression in (C.3.7), the integral term vanishes
as M →∞ by the Riemann-Lebesgue lemma, and since Si(x)→ ±π/2 as x→ ±∞ [56], the
other two terms show that I(M,α)→ −πB(α) + π/2 as M →∞. From this and (C.3.6) we
obtain the imaginary part of (C.3.4).

Consider then ReH(α). Taking the real part of (C.3.3) under the integral, we introduce
both a large K cutoff and a small K cutoff and proceed as above, using now the cosine
integrals Cin and Ci [56]. Removing the cutoffs with the help of the cosine integral identities
[56] gives the real part of (C.3.4).

The smoothness of H and the reality of H(α) for α ≥ 1 are immediate from (C.3.4). The

series (C.3.5) follows from (C.3.4) by writing (α− z)−1 = α−1
(
1 − (z/α)

)−1
and using the

geometric series.
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Appendix D

D.1 Lemma

We start with a lemma.

Lemma D.1.1.

(i) For a complex-valued function f(y, z) that is bounded for y ∈ [0, 1] and z ∈ [0, 1 + A],
we have

lim
y+A→1−

1

B(y + A)

ˆ y+A

0

B(z)f(y, z) dz = 0 . (D.1.1)

(ii) If in addition ∂yf(y, z) is bounded for y ∈ [0, 1] and z ∈ [0, 1 + A], we have

lim
y+A→1−

∂y

(
1

B(y + A)

ˆ y+A

0

B(z)f(y, z) dz

)
= 0 . (D.1.2)

(iii) If in addition ∂ny f(y, z) is bounded for n ∈ Z+, y ∈ [0, 1] and z ∈ [0, 1 + A], we have

lim
y+A→1−

∂ny

(
1

B(y + A)

ˆ y+A

0

B(z)f(y, z) dz

)
= 0 . (D.1.3)

Proof.

(i) The boundedness of f means there is a positive constant C such that |f(y, z)| ≤ C.
For 0 < y + A < 1, we then have∣∣∣∣ 1

B(y + A)

ˆ y+A

0

B(z)f(y, z) dz

∣∣∣∣ ≤ C

B(y + A)

ˆ y+A

0

B(z) dz , (D.1.4)

using the triangle inequality and the positivity of B. When y + A→ 1, the rightmost
expression in eq.(D.1.4) goes to zero, using l’Hôpital and eq.(C.1.1).
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(ii) For 0 < y + A < 1, expanding out the derivative in eq.(D.1.2) and using eq.(C.1.1)
gives

f(y, y + A)− 1

g(y + A)B(y + A)

ˆ y+A

0

B(z)f(y, z) dz

+
1

B(y + A)

ˆ y+A

0

B(z) ∂yf(y, z) dz . (D.1.5)

The last term in eq.(D.1.5) goes to zero when y + A → 1, applying part (i). In the
second term in eq.(D.1.5), we observe that g(y + A)B(y + A) → ∞ as y + A → 1,
by the property of 1/B being smooth. Applying l’Hôpital as y + A → 1 and using
eq.(C.1.1) gives two terms, one of which cancels the first term in eq.(D.1.5), while the
other gives zero applying part (i).

(iii) Statement (iii) is a generalization of statement (ii).

This lemma can also be understood from the intuitive observation∣∣∣∣ 1

B(y + A)

ˆ y+A

0

B(z)f(y, z) dz

∣∣∣∣ ∼ C

B(y + A)

ˆ y+A

0

B(z)
y+A→1−−−−−−→ g(y + A) , (D.1.6)

and the fact that g(n)(y + A)→ 0 when y + A→ 1−.

D.2 Differentiability of RK(y)

We introduce the definitions

JK(y) =

ˆ y

0

B(z) e−iKz dz (D.2.1)

FK(y) = JK(y)/B(y) (D.2.2)

HK(y) = JK(y)/ (g(y)B(y)) . (D.2.3)

Using Lemma D.1.1 we have that limy→1− FK(y) = 0, and L’Hôpital gives limy→1−HK(y) =
e−iK . We rewrite the mode function in eq.(6.2.15) as

RK(y) = −e−iK(2A+y) − 2i sin(AK)

B
− 2K sin(AK)FK(y + A) . (D.2.4a)

We can show that RK(y) is smooth at y + A → 1− by showing that FK(y) is smooth as
y → 1−, exactly the same as was done in Appendix B.2.2.

108



D.3 〈T00〉 in the intermediate region, outside the shell

In this section we study the behaviour of the energy density outside the shell (r > a) in the
intermediate region (−A ≤ y ≤ 1 − A), which is given in eq.(6.3.3) with the function Gout

defined in eq.(6.3.4), and RK(y) given in the middle line of eq.(6.2.13). We rewrite these
expressions as

〈T00〉 =
λ2

16π2r2

[
F (y) + F̃ (y)

]
(D.3.1)

F (y) =

ˆ ∞
0

dK

K

[
|R′K(y)|2 −K2

]
(D.3.2)

F̃ (y) = − 1

w − y

[
∂w − ∂y −

2

w − y

]
Gout (D.3.3)

with Gout =

ˆ ∞
0

dK

K

[
|e−iKw +RK(y)|2 − |e−iKw − e−iKy|2

]
,

where the notation suppresses the dependence of F (y) and F̃ (y) on w. We comment that
the denominators in eq.(D.3.3) are produced by the factor 1/r in equation eq.(6.3.3), and
the action of the derivative ∂r on this factor.

D.3.1 Preliminaries

From eq.(6.2.15) we have for fixed y ∈ (−A, 1− A) at the small K limit estimates

RK(y) = −1 +O(K) , (D.3.4)

|R′K(y)|2 = O(K2) , (D.3.5)

and at large K limit estimates

RK(y) = −e−iKy
[
1 + 2

B′

B

e−iKA sin(AK)

K
+O(K−2)

]
, (D.3.6)

|RK(y)|2 = 1 +
2B′

B

sin(2AK)

K
+O(K−2) , (D.3.7)

|R′K(y)|2 = K2 +
2B′

B
K sin(2AK) +O(K−1) . (D.3.8)

Using these results it is straightforward to show that the integrals in equations eq.(D.3.2)
and eq.(D.3.3) are well defined for y ∈ (−A, 1− A). The integral over large K has terms of
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the form
´∞

1
dK sin(2AK) which can be regularized with a factor e−δK so that we obtain a

finite result in the limit δ → 0.

At y = −A both integrands vanish. At y = 1 − A the integrand in eq.(D.3.2) vanishes,
and a straightforward calculation gives

Gout

∣∣
y=1−A = 2

[
ln(r − a)− ln r

]
(D.3.9)

in agreement with eq.(6.3.7). The conclusion is that equations (D.3.1, D.3.2, D.3.3) agree
with eq.(6.3.8) at y = −A and y = 1 − A. In the remainder of this appendix we study the
continuity of F (y) and F̃ (y) in equations (D.3.2) and (D.3.3) as y + A→ 1−.

D.3.2 The term F (y)

We divide the integral in eq.(D.3.2) into two pieces defined as

F−(y) =

ˆ 1

0

dK

K

[
|R′K |2 −K2

]
, (D.3.10)

F+(y) =

ˆ ∞
1

dK

K

[
|R′K |2 −K2

]
. (D.3.11)

To show that F−(y) is finite, we use the form of RK(y) in eq.(6.2.15). After differentiating
and substituting into (D.3.10),

F out
− (y) =

ˆ 1

0

dK

[
− 4if1 sin2(AK)(HK − H̄K)

+4f1 sin(AK) cos(Ky) + 4KHKH̄K sin2(AK)

−2iK sin(AK)
(
eiKyHK − e−iKyH̄K

)
+

4f2 sin2(AK)

KB

]
(D.3.12)

where HK is defined in Eq.(D.2.3) and the quantities fi := fi(y+A) are defined in equation
(C.1.3b). It is straightforward to show that limy+A→1− F−(y) exists and is finite.

Now we study the second term F+(y). Our strategy is as follows:

1. Integrate by parts in z, taking the anti-derivative of the factor e±iKz, until we have
enough powers of 1/K so that the K-integral is convergent.

2. Switch the order of the z and K integrals and do the K integral.

110



3. Integrate by parts again so that derivatives are removed from factors B(z).

4. Analyse the behaviour of the remaining integrals.

The result of step (1) is

F+(y) =

ˆ ∞
1

dK

[
4VKVK sin2(AK)

K3g2
− 4 sin2(AK)

(
VKe

iK(A+y) + VKe
−iK(A+y)

)
K3g3

+
4i sin2(AK)

(
VKe

iK(A+y) − VKe−iK(A+y)
)

K2g2

+
2i sin(AK)

(
VKe

iKy − VKe−iKy
)

Kg

+
4 sin2(AK)

K3g4
+

2 sin(2AK)

g

]
, (D.3.13)

where we have defined

VK =
1

B

ˆ y+A

0

dz B′′(z)e−iKz . (D.3.14)

The K integral in the 6th term of eq.(D.3.13) can be regulated with a factor e−δK so
that we obtain a finite result in the limit δ → 0. We rewrite the first term in eq.(D.3.13) by
substituting eq.(D.3.14) and using the following property

ˆ y+A

0

dx

ˆ y+A

0

dz fcn(z, x) =

[ ˆ y+A

0

dx

ˆ x

0

dz +

ˆ y+A

0

dz

ˆ z

0

dx

]
fcn(z, x)

= 2

ˆ y+A

0

dx

ˆ x

0

dz Re fcn(z, x) , (D.3.15)

where fcn(z, x) is any complex function that satisfies fcn(z, x) = fcn(x, z) for real x and z.

Potential singularities in the x and z integrations will be controlled by adding the reg-
ulator −ε to the upper limit. This justifies interchanging the order of integration. We will
show that the ε regulator cancels when all terms are combined. We begin by performing the
K integrations, and then rearranging the resulting integrand by doing several integrations
by parts and identifing combinations of terms that cancel exactly.

Switching the order of integration, the K integrals can be done using integration by parts
and Exponential Integral, for example:

ˆ ∞
1

dK

K3

(
eiKα + e−iKα

)
= cos(α)− α sin(α) + α2Ci(α) (D.3.16)
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where α > 0 and Ci and Si are the cosine and sine integrals.

We introduce the parameters α := A + y − z, β := A − y + z, γ := 3A + y − z, which
will be used in 2nd, 3rd and 4th terms of (D.3.13) for which we have z ∈ (0, y + A); and
ρ := 2A − x + z, σ := 2A + x − z and τ := x − z for the 1st term of (D.3.13) where
x ∈ (0, y + A) and z ∈ (0, x). Using our original assumption A > 1 these parameters are all
positive over the full range of the corresponding integrals. Doing the K integrals we obtain:

F+(y) = lim
ε→0

[
T1 + T2 + T3 + T4 + T5

]
(D.3.17)

T1 =
2

B2g2

ˆ y+A

ε

dxB′′(x)

ˆ x−ε

0

dz B′′(z)h1(τ)

− 1

B2g2

ˆ y+A

0

dxB′′(x)

ˆ x

0

dz B′′(z) (h1(ρ) + h1(σ)) (D.3.18)

T2 = − 2

Bg3

ˆ y+A−ε

0

dz B′′(z)h1(α) +
1

Bg3

ˆ y+A

0

dz B′′(z) (h1(β) + h1(γ))

(D.3.19)

T3 =
4

Bg2

ˆ y+A−ε

0

dz B′′(z)h2(α) +
2

Bg2

ˆ y+A

0

dz B′′(z) (h2(β)− h2(γ)) (D.3.20)

T4 = − 2

Bg

ˆ y+A−ε

0

dz B′′(z) Ci(α) +
2

Bg

ˆ y+A

0

dz B′′(z) Ci(β) (D.3.21)

T5 =
2

g4

(
A(sin(2A)− 2ACi(2A)) + sin2(A)

)
, (D.3.22)

where we have defined

h1(α) = −α sin(α) + cos(α) + α2Ci(α) (D.3.23)

h2(α) = αCi(α)− sin(α) .

Equations (D.3.17 - D.3.22) give the result of the second step of our strategy.

We rewrite the result above for T1 by integrating by parts in x, which produces two
surface terms that exactly cancel T2 and T5. The remaining double integral can be rewritten
by integrating by parts in z, and we are left with the double integral

Idoub = − 4

B2g2

ˆ y+A

ε

dxB′(x)

ˆ x−ε

0

dz B′(z) Ci(τ) (D.3.24)

+
2

B2g2

ˆ y+A

0

dxB′(x)

ˆ x

0

dz B′(z)
[
Ci(ρ) + Ci(σ)

]
.
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Combining the surviving terms we arrive at

F+(y) = lim
ε→0

[
T̃3 + T4 + Idoub

]
, (D.3.25)

where T̃3 is T3 through integrating by parts in z.

We show below that limy+A→1− [gF+(y)]→∞ and therefore limy+A→1− F+(y)→∞.

We consider the integrals that do not contain factors Ci(α) or Ci(τ). These terms and
their derivatives are all bounded within the range of integration and we can easily use Lemma
D.1.1 on them. We therefore call their sum Ieasy. Using l’Hôpital’s and integrating by parts

to remove all derivatives on B, Lemma D.1.1 gives us limy+A→1− Ieasy = − cos(2A)
A

. The
remaining terms can be written

Ihard = I1 + I2 + I3 (D.3.26)

I1 =
2

Bg

ˆ y+A

0

dzCi(α)
(
B′(z)− gB′′(z)

)
(D.3.27)

I2 =
2

Bg

ˆ y+A

0

dz B′(z)Ci(α) (D.3.28)

I3 = − 4

B2g

ˆ y+A

0

dx

ˆ x

0

dz B′(x)B′(z)Ci(τ) , (D.3.29)

where the integrands are divergent at some of the integral limits.

First, we rewrite I1 by integrating by parts and using l’Hôpital, which gives

lim
y+A→1−

I1 = lim
y+A→1−

[
− g′

g
− g′

B

ˆ y+A

0

dz

α
cos(α)B′(z)

+
1

Bg

ˆ y+A

0

dz

α2
B′(z)(g − g(z))(g(α sin(α) + cos(α))− α cos(α))

]
.

(D.3.30)

Next, we rewrite the sum I2 + I3 as

I23 = I2 + I3 + Î − Îalt (D.3.31)

=
2

B2g

ˆ y+A

0

dx

ˆ x

0

dzCi(x− z)
(
B(x)B′′(z)−B′(x)B′(z)

)
, (D.3.32)
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with double integral Î and Îalt. We note that

Î =
2

B2g

ˆ y+A

0

dx

ˆ x

0

dz B′(x)B′(z)Ci(x− z) (D.3.33)

and that Îalt is the alternate expression of Î when integration by part in x.

Applying l’Hôpital and integrating the result by parts, we get

lim
y+A→1−

I23 = lim
y+A→1−

1

Bg

ˆ y+A

0

dz cos(α)B′(z)
g − g(z)

α
. (D.3.34)

Combining (D.3.30) and (D.3.34), we obtain

lim
y+A→1−

Ihard = lim
y+A→1−

[
− g′

g
+

1

B

ˆ y+A

0

dz
sin(α)

α
B′(z)(g − g(z))

+
1

B

ˆ y+A

0

dz
cos(α)

α
B′(z)

[g − g(z)

α
− g′

]]
. (D.3.35)

The two integrals in are denoted C(y) and D(y) in Appendix D.5 (equations (D.5.1) and
(D.5.14)), where we show limy+A→1− C(y)→ 0 and limy+A→1− D(y)→ 0. Because Appendix
B.5.1 shows limy+A→1− g

′/g → −∞, the final result is therefore

lim
y+A→1−

gF+(y)→∞ . (D.3.36)

D.3.3 The term F̃ (y)

The integral in (D.3.3) can be divided into two pieces

G−out =

ˆ 1

0

dK

K

[
|e−iKw +RK(y)|2 − |e−iKw − e−iKy|2

]
, (D.3.37)

G+
out =

ˆ ∞
1

dK

K

[
|e−iKw +RK(y)|2 − |e−iKw − e−iKy|2

]
. (D.3.38)

We will use two different forms for RK(y): in G−out we use eq.(6.2.15), and in G+
out we use

eq.(6.2.13).
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First we look at eq.(D.3.37). We define the factors

l1(z) =
cos(z)− 1

z
,

l2(z) =
cos(z)− 1

z2
+

sin(z)

z
,

l3(w, y, z) =
[
l1(α)− l1(γ) + l1(ξ)− l1(χ)

]
,

l4(z) =
[
l1(µ)− l1(ν) + 2l1(z)

]
,

l5(z, x) =
[
l2(ρ) + l2(σ)− 2l2(τ)

]
, (D.3.39)

where, in addition to the definitions above equation (D.3.17), we use µ := 2A−z, ν := 2A+z,
ξ := A+w− z and χ := w− z −A. It is straightforward to show that the parameters µ, ν,
ξ, and χ are all positive for A > 1, z ∈ (0, y + A) and y ∈ (−A, 1 − A). We also note that
l1(z) and l2(z) and their derivatives are bounded on z ∈ (0, y +A). Using this notation and
repeatedly using Lemma D.1.1, the result after doing the K integral can be expressed in the
compact form

G−out = 2 ln

(
w − y − 2A

w − y

)
− 2Ci(w − y − 2A) + 2Ci(w − y)

+
2

B

ˆ y+A

0

dz B(z) l3(w, y, z) +
2

B2

ˆ y+A

0

dz B(z) l4(z)

− 1

B2

ˆ y+A

0

dz B(z)

ˆ z

0

dx B(x) l5(z, x)

+
4

B2

ˆ 1

0

dK

K
sin2(AK) +

2

B

ˆ 1

0

dK

K

ˆ y+A

0

dz (cos(K(w − A))

− cos(K(A+ w))− cos(K(A+ y)) + cos(K(3A+ y))) .

(D.3.40)

The last two lines of equation (D.3.40) are zero in the limit y + A → 1−. The factors
l3(w, y, z) and l4(z), and their derivatives are bounded over the range of the integral, and
therefore taking the limit y + A → 1− we find that the single integrals containing these
factors are zero by Lemma D.1.1. It is easy to show that the double integral is zero using
l’Hôpital’s rule and then applying Lemma D.1.1. The final result is then

lim
y+A→1−

G−out = lim
y+A→1−

[
2 ln

(
w − y − 2A

w − y

)
− 2Ci(w − y − 2A) + 2Ci(w − y)

]
.

(D.3.41)
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Now we consider G+
out. Interchanging the order of integration and performing the K

integrals we obtain

G+
out =

2

B

ˆ y+A−ε

0

dz B′(z)Ci(α) +
2

B

ˆ y+A

0

dz B′(z)(Ci(χ)− Ci(β)− Ci(ξ))

− 4

B2

ˆ y+A

ε

dxB′(x)

ˆ x−ε

0

dz B′(z)Ci(τ)

+
2

B2

ˆ y+A

0

dxB′(x)

ˆ x

0

dz B′(z)(Ci(ρ) + Ci(σ)) .

(D.3.42)

The double integral containing ρ , σ in (D.3.42) can be shown to render a finite result, by
repeatedly using l’Hôpital and Lemma D.1.1. We rewrite the double integral containing τ
in two different ways. If we integrate by parts in x, and then integrate by parts in z. The
result is

1

2
Iversion 1

line 2 =
1

B2

(
B2 − 1

)
(Ci(ε)− Ci(2A)) (D.3.43)

− 2

B

ˆ y+A−ε

0

dz B′(z)Ci(α) (D.3.44)

+
2

B2

ˆ y+A

ε

dxB(x)

ˆ x−ε

0

dz B′(z)
cos(τ)

τ
. (D.3.45)

If we start with an integration by parts in z we obtain

1

2
Iversion 2

line 2 = − 1

B2

(
B2 − 1

)
(Ci(ε)− Ci(2A)) (D.3.46)

+
2

B2

ˆ y+A−ε

0

dz B′(α)Ci(α) (D.3.47)

− 2

B2

ˆ y+A

ε

dxB′(x)

ˆ x−ε

0

dz B(z)
cos(τ)

τ
. (D.3.48)

Combining these expressions, equation (D.3.42) can be written:

G+
out = lim

ε→0

(
Iline 1 +

1

2

[
Iversion 1

line 2 + Iversion 2
line 2

])
, (D.3.49)

where Iline 1 is the first line of eq.(D.3.42).

We substitute and collect terms. The non-integral terms cancel exactly. The single
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integrals and their derivatives give vanishing results at limit y+A→ 1−, by first performing
a change of variables z → y + A − z on the term in eq.(D.3.46) that contains B′(α) and
integrating by parts in all terms except the one with the factor Ci(z), then using l’Hôpital
and Lemma D.1.1. Therefore only the contribution from the double integral survives.

Combining G−out in eq.(D.3.41) and the surviving terms of G+
out we arrive at

lim
y+A→1−

Gout = lim
y+A→1−

[
2 ln

(
w − y − 2A

w − y

)
+ Iextra

]
, (D.3.50)

where

Iextra =
2

B2

ˆ y+A

0

dxB′(x)

ˆ x

0

dz B′(z) cos(x− z)
g(x)− g(z)

x− z . (D.3.51)

Using l’Hôpital in (D.3.51), we then find limy+A→1− Iextra = limy+A→1− C(y) = 0, where C(y)
is given by equation (D.5.1) in Appendix D.5. Therefore (D.3.50) becomes

lim
y+A→1−

Gout = lim
y+A→1−

[
2 ln

(
w − y − 2A

w − y

)]
, (D.3.52)

in agreement with eq.(6.3.7).

D.4 〈T00〉 in the intermediate region, inside the shell

In this section we look at the energy density in the region r < a, before time t = a. We
finish the proof of section 6.3.2.

1) F−:

The result in the outside region is equation (D.3.12).

Doing the same calculation in the inside region we obtain

F in
− (y, w) =

ˆ 1

0

dK

[
− 4if1(w − A) sin2(AK)(HK(w − A)− H̄K(w − A)) (D.4.1)

−4f1(w − A) sin(AK) cos(Kw) + 4KHK(w − A)H̄K(w − A) sin2(AK)

+2iK sin(AK)
(
eiKwH(w − A)− e−iKwH̄K(w − A)

)
+

4f2(w − A) sin2(AK)

KB(w − A)

]
.

We transform the inside result using (y, w,A)→ (w, y,−A) and find

F in
− (y, w)

∣∣
A→−A − F

out
− (y, w) = 0 . (D.4.2)
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2) F+

The outside expression is equations (D.3.17 - D.3.22).

The corresponding expression on the inside can be found by defining the exponents

α̂ = −A+ w − z , γ̂ = A+ w − z , β̂ = 3A− w + z , σ̂ = 2A+ x− z , ρ̂ = 2A− x+ z ,

(D.4.3)

which are all positive throughout the inside region. We transform the inside result using
(y, w,A)→ (w, y,−A) and find

F in
+ (w, y)

∣∣
A→−A − F

out
+ (y, w) (D.4.4)

= − 4iπA2

g(A+ y)4
+

2iπ

Bg

ˆ y+A

0

dz B′′(z)

[
(β2 + γ2)

2g2
+

(β − γ)

g
+ 1

]
.

3) G−
The outside result is equation (D.3.40). We calculate the corresponding inside expression

and perform the transformation (y, w,A)→ (w, y,−A). Subtracting the outside expression
from the inside expression, we obtain

G−in(w, y)|A→−A − G−out(y, w) = 0 . (D.4.5)

4) G+

The outside result is equation (D.3.42). We calculate the corresponding inside expression
using the exponents in eq.(D.4.3) and the additional definitions χ̂ = A+y−z, η̂ = A−y+z.
Performing the transformation (y, w,A)→ (w, y,−A) and subtracting the original result we
obtain

G+
in(w, y)

∣∣
A→−A − G

+
out(y, w) =

4iπ

B

ˆ y+A

0

dz B′(z)− 4iπ

B2

ˆ y+A

0

dxB′(x)

ˆ x

0

dz B′(z) .

(D.4.6)

From equations (D.4.2, D.4.4, D.4.5, D.4.6), the energy density inside the shell is obtained
from the outside results by performing the transformation (y, w,A)→ (w, y,−A) and drop-
ping any imaginary parts that are produced.
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D.5 Some useful integrals

In this section, we switch the variable y in Appendix B.5 to y + A, so all the conclusions
therein still hold.

D.5.1 C(y)

For 0 < y + A < 1, we define

C(y) =
1

B(y + A)

ˆ y+A

0

dz cos(y + A− z)B′(z)
g(y + A)− g(z)

y + A− z . (D.5.1)

The cosine function in the integrand remains bounded for the whole range z ∈ (0, y + A),

so we focus on the factor B′(z) g(y+A)−g(z)
y+A−z . We notice that this factor is bounded when

z ∈ (0, κ), where κ is any number smaller than y+A. When y+A→ 1−, the only divergent
contribution of the integrand thus comes from around z = y +A. So we reason that we can
approximate the integral in eq.(D.5.1) with the following integrals

C(y) ∼ 1

B(y + A)

ˆ κ

0

dz cos(y + A− z)B′(z)
g(y + A)− g(z)

y + A− z (D.5.2)

+
1

B(y + A)

ˆ y+A

κ

dzB′(z) g′(z) . (D.5.3)

The first integral obviously has a finite contribution when y + A → 1−, while the second
integral can be treated with l’Hôpital. The result is C(y)→ 0 as y + A→ 1−
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

A rigorous proof is given below.

We want to investigate the divergence properties of

C(y) =
1

B(y + A)

ˆ y+A

0

dz cos(y + A− z)B′(z)
g(y + A)− g(z)

y + A− z . (D.5.4)
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We define

C2(y) =
1

B(y + A)

ˆ y+A

0

dzB′(z)
g(y + A)− g(z)

y + A− z (D.5.5)

C−(y) =
1

B(y + A)

ˆ κ

0

dz

[
g(y + A)B′(z)

y + A− z − B(z)

y + A− z

]
(D.5.6)

C+(y) =
1

B(y + A)

ˆ y+A

κ

dzB′(z)
g(y + A)− g(z)

y + A− z (D.5.7)

C̃−(y) = − 1

B(y + A)

ˆ κ

0

dz
B(z)

y + A− z (D.5.8)

C̃+(y) =
1

B(y + A)

ˆ y+A

κ

dzB′(z)g′(z) , (D.5.9)

where there is C2(y) = C−(y) + C+(y) and we have introduced constant κ and assumed
0 < κ < y + A < 1.

Using 0 < cos(y + A − z) ≤ 1 , B′(z) > 0 , g′(z) < 0 for z ∈ (0, y + A) and eq.(B.5.1),
there are

C2(y) < C(y) < 0 (D.5.10)

C̃−(y) < C−(y) (D.5.11)

C̃+(y) ≤ C+(y) , (D.5.12)

therefore

C̃−(y) + C̃+(y) < C2(y) < C(y) < 0 . (D.5.13)

As y+A→ 1−, C̃−(y) goes to zero, while C̃+(y) can be evaluated by l’Hôpital with the result
limy+A→1− C̃+(y) = 0. It then follows that limy+A→1− C(y) = 0.

D.5.2 D(y)

We want to investigate the divergence properties of the following expression

D(y) =
1

B

ˆ y+A

0

dz
cos(y + A− z)B′(z)

y + A− z

[
g(A+ y)− g(z)

y + A− z − g′(A+ y)

]
, (D.5.14)
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where 0 < y + A < 1. We define

D+(y) =
1

B

ˆ y+A

κ

dz B′(z)
cos(α)

α

[
g(A+ y)− g(z)

α
− g′(A+ y)

]
(D.5.15)

D−(y) = − 1

B

ˆ κ

0

dz
B(z)

α

[
sin(α) +

cos(α)

α

]
+

1

B

ˆ κ

0

dz
B′(z)

α

[
g
[

sin(α) +
cos(α)

α

]
− g′ cos(α)

]
(D.5.16)

D̃+(y) =
1

B

ˆ y+A

κ

dz
B′(z)

α

[
g(A+ y)− g(z)

α
− g′(A+ y)

]
(D.5.17)

D̃−(y) = − 1

B

ˆ κ

0

dz
B(z)

α

[
sin(α) +

cos(α)

α

]
(D.5.18)

D3(y) =
1

B

ˆ y+A

κ

dz
B′(z)

α

(
g′(z)− g′(y + A)

)
(D.5.19)

D4(y) = − 1

B

ˆ y+A

κ

dz B′(z)g′′(z) , (D.5.20)

with α = y + A − z, D(y) = D−(y) + D+(y), D2(y) := D̃+(y) + D̃−(y) and constant κ
satisfying 0 < κ < y + A < 1.

For 0 < z < y + A, B′(z), α, cos(α) and sin(α) are positive. In addition, the quantity
inside the square bracket in equation (D.5.17) is negative for 0 < z ≤ y + A, as can be seen
from and eq.(B.5.1) and eq.(B.5.2) . Using the same information, and that g′(z) is negative
for 0 < z < y + A, we see that the contribution from the second integral in (D.5.16) is
positive.

Combining we write

D̃+(y) < D+(y) < 0 (D.5.21)

D̃−(y) < D−(y) (D.5.22)

D2(y) < D(y) < 0 (D.5.23)

D4(y) ≤ D3(y) ≤ D2(y) . (D.5.24)

Combining these results gives

lim
y+A→1−

D4(y) ≤ lim
y+A→1−

D3(y) ≤ lim
y+A→1−

D2(y) < lim
y+A→1−

D(y) < 0 . (D.5.25)

L’Hôpital gives limy+A→−− D4(y)→ 0 and therefore limy+A→1− D(y)→ 0.
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Appendix E

E.1 Conservation of the U(1) charge

A Klein-Gordon inner product does not produce a real probability but a U(1) charge in-
stead. In this section we discuss the change in this charge as an analogous discussion of the
probability. We find out the change of U(1) charge is given by

d

dt

ˆ ∞
0

r2drdΩ[φ∂tφ− ∂tφφ]

=

ˆ ∞
0

drr2drdΩ[φ∂2
t φ− ∂2

t φφ]

=

ˆ ∞
0

drr2drdΩ[φ∇2φ−∇2φφ]

=[ff ′ − f ′f ]
∣∣∣
boundary

,

(E.1.1)

where φ = f/
√

4πr and prime means ∂r. We can easily prove that the total charge is
conserved.

For the 3+1 dimensional spherical shell formation, the time change of U(1) charge in
r > a region is

d

dt

ˆ ∞
a+

r2drdΩ[φ∂tφ− ∂tφφ]

=− [f(t, a+)f ′(t, a+)− f ′(t, a+)f(t, a+)] .

(E.1.2)

We want to see whether the U(1) charge is conserved in the outside region r > a for time
t > 1/λ, meaning we want to see if the charge is conserved outside (or inside) the shell after
the shell is completely formed. To do so, we need to substitute the solution into the above
formula. It turns out that if we substitute fk(t, a+) ∼ e−ikv − e−ik(u+2a) for t > 1/λ, the
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charge outside the shell is conserved.

E.2 Instability of the wavefunction

We mentioned that the reason we choose h(y) ∈ (0, π/2) is because otherwise there is
tachyonic instability. Mathematically, we have B(0) = 1 , B(1) = 0 for h(y) ∈ (π/2, π),
therefore the mode functions RK(y) → ∞ when y → 1. The wave functions either diverge
or are no longer continuous. The probability is not defined.

I. In 1+1 dimensions, if function h(y) satisfies h(0) = π/2 , h(1) = π while being smooth
on y ∈ (0, 1), we can derive B(0) = 1 , B(1) = 0. We can then prove RK(y)→∞ when
y → 1−, where RK(y) is defined as

RK(y) = e−iKy − 2

B(y)

ˆ y

0

B′(z)e−iKzdz . (E.2.1)

II. For 3+1 dimensional pointlike source, if function h(y) satisfies h(0) = π , h(1) = π/2
while being smooth on y ∈ (0, 1), we have B(0) = 1 , B(1) = 0. We can then prove
RK(y)→∞ when y → 1−, where RK(y) is defined as

RK(y) = −e−iKy − 2iK

B(y)

ˆ y

0

B(z)e−iKzdz . (E.2.2)

III. For 3+1 dimensional spherical shell model, if function h(y) satisfies h(0) = π/2 , h(1) =
π while being smooth on y ∈ (0, 1), we can similarly prove B(0) = 1 , B(1) = 0.
Therefore we have RK(y)→∞ when y + A→ 1− for

RK(y) = −e−iKy +
2i sin(AK)

B(y + A)

ˆ y+A

0

B′(z)e−iKzdz . (E.2.3)

.
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