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ABSTRACT

Tn *l"o nracg¡¡l thesis I're first revierlr some of the ma.iorùU IgvJç\Y ÐU¡IIS v¿

aspects of d-ouble sampling for stratification and_ ttro-stage

saflpl-ing. \^/e propose a simple method. of three-phase sampling

for stratification which is an extension to doubl-e sampling

for stratification. Using mathematical prograflming, an

algorithm is d.evel-oped for the d_eterrnination of optimum allo-

cation of available resources. The suhsam¡l-ins of non-

respondents r¿ith three attempts is obtained- as a special case

of or¡.r three-phase sampJ-ing scheme for stratification. An

al-ternative method of double sampJ_ing for tr,¡o-stage sampling

is proposed and our method. Ieads to sol-utions for the

d.etermination of optimal design.
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CHAPTER I

INTRODUCTION AND REVIEI,^/

The purpose of statistical surveys is to obtain information

about populations. By tpopulationt r,¡e und.erstand. a group of units

defined. accord.ing to the aims of a survey. A sampling method, is a

scientific and objective procedure of sel-ecting units from the

population and provid.es a sampÌe that is expected. to be represen-

tative of the population as a vhol-e. A rand.om sampJ_ing method.

makes it possibl-e to estimate the population totafs, averages or

proportions vhile reducing at the same time the size of survey

operations. Survey sampling literature describes several_ method.s

of using certain auxiliary information to attain more efficient

sampling and. estimation proced-ures.

If auxifiary information is not available but can be col-fected

rather inexpensively on a somewhat large scal-e, it may pay to col_]ect

such information ín the first instance and- then take a sample for the

measurement of y. This method. of sampling is knor¿n as Double Sampling

and the theory vas first given by Neyrnan (fg:a). In double sam-

pling for stratification the first sample is used in grouping the

sel-ected- units into a temporary sampÌing frame divided into strata.

A nrelimin¡rrr sìmnlc ranrìnrq SamO'l e s(n?) of SiZe nt iS SeleCtedu\rr / vr

vithout replacement from N units of the poputation and- the auxi-liary

character x alone is observed. The sel-ected" units are cl-assified
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into L strata according to x. Let n,r d-enote the number of u¡itsnL
in s(n') falJ-ing into stratum h (h = t, 2,...,L; I n' = n').

h=f --

^ ^,,'l^ ^^*-r ^ ^l-- \ ^.ÉI suo-s8rnpre stnn) of size nn is d.ravn from s(ni) lv simple

rand.om sampling (srs) without replacement for each h, and. the

character of interest, y, is observed-.

in the l-iterature (e.g., Cochran, tp63r pp.328-3)+), n- i"
nfJ-on ìmnl inif 1r¡ qqqrrmorì J-n ho a COnStant an¿ Optimal nt and n.uv ve @ Lvtf Þ u otI ! 4I1u u_ 

n

are d.etermined.. This assumption, however, is inconsistent vith

f,he semnl i nø z¡rnnorìrrro lraaarrca Õô ñ^i n*a,l ¡,,1- È,, c; h^1^ ^-.1e uuLo4ùç , 4Þ lvrrf uçu uuu uùy ùllréIt ¿l,llu

Sinsh (lq6S)- n is bounded abovc hrr f.ha rqndnm va.riable nî\+/v/rr'-h vs vJ urls r¿rrqvlu véII4ufc Ith

vhich varies from o to min(n' , N,- ), where N, is the totar- numbernh
of units in stratum h. singh and singh proposed- three procedures

vhich are free of inconsistencv:

(i) ttre s(n,^) are sefected vii;h replacement and. afl units

used in the estimator:

(ii) as (i), lut r+ith onty distinct units used.;

(l:-i-) sub-sampling is vithout replacement, the size being

min(n.' , n. ).n' fl-

Proeedlrres li ) and (ii )^ ho¡,¡ever 'lôÕÁ +^ r^^- in cffinipnnrr\r / úrrs \!r /, f¡vwuvçf , rçøu UU JUÞÞ ¿r¿ etrrurLfjLJ

and. (iii) resul-ts in an unvield.y variance formula which is not

suitable for the determination of optimal ¡' and n.. Rao (fgfS)

proposed. a method vhich is simpJ-e, free from the inconsistency

and. lead.S tO a Sim¡l c rrqri anna fgp¡¡111f ¿. ESSential_ly, RaO t 
S

method. employs without replacement sampJ_ing with rh = uhri. vhere

vh is a constant such that 0 . un : f, and. r¿ith determination of
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optimal nr and vn. This method l-eads to simr:le solutions for

the optimal- design of analytical surveys involving comparison

of group means, vhen the groups are not identifiabre in advance.

A possibl-e extension of double sampting for stratification

woul-d be Three-Phase sampling for d.oubl_e stratification. Robson

and. King (tg>z) proposed. such a scheme and util-ized it in the

estimation of magazine read.ership. The scheme can be summarized.

as fol-l-ovs. The el-ements of a finite popuration of size N are

characterized by three variabres X, Z and. y. ft is supposed

that the character y is more d.ifficul-t to measure than Z which.

in turn, is more difficu-l-t to measure than x. we take a l_arse

sample s(n') of size nt by simple random sampling rqlthout re_

placement and observe x alone. The sefected. units are classified

into L strata accord-ing to x. Let nl denote the mrmber of units
L

ín s(n') fal-ling into stratum h (tr = t , 2,...,L; I nl = ¡r ¡.
h=l --

A subsampl-e of size nn is dram from s(ni) ly simple rand.om

sampJ-ing r,¡ithout replacement independently for each h and the

character z is observed.. The sel-ected units are then sub-cfassi-

fied- into k, strata accord.ing Lo z. Let n,,, denote the number ofn " hi ------

units in s(n.) falling into the ith substratum of the hth primarynÃL

stratum (i = t, 2r... rkh, h = I, 2r... ,L, 
. 
t.'"n, = ,h,

i=l- "'
I n," = n). A subsample s(n1,. ) of size n is d.rawnfl hì'

tf=-L r1r hI
from s("nr) by simpì-e rand.om sampring without repracement ind.e-

pendently for each (h, i) ana the character of interest y is
observed-.
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n. = v,n-Î 0n nn
rft- = À, .n.n]- n1 n]-

where v. and. À. arenna
nt . v. and À. .. The-nhr_

m-_-Ìii --hi n

l¡hich clearly is

Our method in Chapter 2 is essentially an extension of

Raots method. vith

--h

and.

< \) < I h = 
'l 2 T..n-

o a À-* < 1, i = 1, 2r... rk,^, h = Lr 2r...rL,
¡¡a - ll

constants, vith the d.etermination of optimal

method. of Robson and King employ5

h = I 2 T.

i = l-, 2r... ,kh, h = L, 2r... ,L

a. sneci nl nnqc nf nrlr crcncrql qnhomp hrr nrrf.f ino

m\) =n hin

Hansen and Hurwitz (:--g\6) r¡ere the first to deal- r¡ith the

nr.nhl em nf i nnnmnl ete ssmnl es ì n mri I qrrr\rêrrq Tn m¡nrr nf f.haqcour v çJ ù.

surveys the response rate is very l-ow and many d.oubts are normally

associated. vith estimates resul-tins therefrom. In the classical

nÕn-rêqlìônqc thennr a qem¡l a nf eì za nt col an*ad hr¡ cimn] a
¡ ue¿euuvs vJ r¿lrPrs

rand.om sampl-ing vithout replacement, is contacted by ord.inary

field. methods. A sub-salnpl-e of size

n^ = n:/k (tr t t),'/ 2'

from the nl (= n' - n.) nonrespondents, again sefected by simple¿-L

rand-om saflpfing vithout replacement, is enxnerated by more inten-

sive efforts. Rao (lglZ) tras shor,rn that the proced-ure is a special

case of doubl-e sampling method. for stratification with L = 2,

ul_=landv2=I/k.

.t A-
n n'

n

- 
ânõ 

^n'



10.

The subsampling of nonrespondents r'rith three attempts is a

speciaJ case of our l-phase sampting scheme for stratification.

A sampre of size nr is sel-ected. by simpre rand-om sampling r,rithout

replacement. A subsample of size n^ = ni/k (t t t) from the nl'¿ 2''- --'- "2

(= n' - "i) nonrespond.ents again sel-ected. by simpJ-e rand.om sampring

wrthout replacement, is contacted by more intensive efforts.

Once again a subsample of size m^. = flnn/L (p", f) from the n^^¿¿¿¿-?2

(= Do - fl.., J nonrespondents, seJ-ected by simpl_e random sarnpling¿¿L

vithout repÌacement, is enumerated with serious efforts. This

proced.ure is cfearly a special case of our three-phase sampling

method. for stratification with L = 2. v- - f. u I- r z= Ê.'nll = Àrz=

À21 = l- and. 
^r, = I .

A difficulty often encountered- in cluster or two-stage sampling

is an inadequate knovl-edge of the composition of the cfusters or

primary units. Darenius (rgiT) describes a situation of this

kind that occurred in a l:.¡edish survey of cr..i:-ovners carried out,

by the centrar Bureau of statistics in r95\. The car resisters

on vhich the selection r¡as to be based. r¿ere not arrang¡ed- by cornmunity

but by l-icence number, and for reasons of economy, it r+as con-

sidered- highly desirabfe to use tr.ro-stage sampling. Among the

procedures considered. was double sampling for two_stage sampling,

the basic id.ea of vhich vas to form a temporary samplin65 frame

based. on a relatively l-arge preliminary sample in vhich car or¡¡ners

rrere id-entified as to community. The second- sarnpJ_ing phase con-

sisted. of tr,¡o stage sampJ-ing with communities as primary sampling units
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I^Ie take a large sample s(n') of size n' by simple random

sampling vithout replacement and- observe x alone. The selected

units are classified into Lr cl-usters according to x. Let nl

denote the number of units in s(n') falling into cfuster h

Lt
(tr = t, 2r... rlt, I nl = ttt ¡. From the L? clusters, ve select

ht

t. ="¡nr'r, e =(ki ." -f"-l u -r*n nrnh¡hì't ìl-rr n¡n¡^F+': ^-^r *^ 
t'-t

¿1, bdIIlIJ-Le t;\Jt/ ()1 Þr¿ç ^ wrurr }JauvourrruJ .[Jrvywr ü].OIla,j- fO ;i-

(vith replacenent). A sub-sample s(nn) of size nn is drarn¡n from

s(nt ) bw srs inde¡endentlw ea.r.h time a. nrimarw rrnit h is dravnv\a¿.L./ a yrrlr¡G¿J u
¡I

ìn qsmnlc F,arg (lqlZ) nronosed the gglgçljg¡ af n rrnj*c fnnnr¿r rør¡yru. lLr á \L,/ | L t yL vyvoC(-L UIÌ€ Se-J-eCIf On OI nL LInIUS I.Com

s(ni) by sÍmpl-e random sampling with repJ-acement. To avoid the

l-oss in efficiency due to sampì-ing with replacement, ve consid.er

n- = nlv- (0. u- < f), h = lr,2r...rLn nn h

and select s (n ) 1,, --- ,,-i +1^^.,+ renl ¡ncmpnt - Thc nn¡'imql n I@rfu osrsLU Þ\ri]./ uJ Þrè wIUltuuu ruprouçI¡rçtlu. ft-_ _r

k and. vL are obtained in Chapter J.



CHAPTER ]I

2.I THREE-PHASE SAMPL]NG FOR STRATTF]CATION

12.

(2.1.1)

we make the customary assumption that nt is so J-arge that

Pr(ni'= o) = o for al-l h. fn the second.-phase sampling simiÌarly
\^re assume that 5 (tr = t, 2,...,L) is so large that pr(rhi = O) = O

(i = l- ^ 2.....k-r, h : I, 2r...,L). The fol-l_oving symbol-s refer' I .t\. n-
to stratum h: l/" n nln = l, *h = if, xn is the mean for s(r,n), Yn is

the population mean, Sfr:-= the population variance, S;t is the

unbiased estimator of sr2 based on s(ni). The forr-owing s¡rmbolsh h'
refer to the ith """ordary stratum of the nth primary str.atum:

N.. n.
_n]-t(hfWhi = ìñ, "n' = 

Ë, 
yni i" the mean for s(%r), iä, is rhe mean

based on s(rhi), vn. is the population mean, sfi. is the population

trqriqnno o*Z j.l the unbiased estimator of s2 based on s(n, . ).r "hi +u u¡re ur¿vr@osu çÞ ulllauuf. ,t ohi , 
,r., _

";? i-" the unbiased estimator of s.2. ¡asea on the nr. non-ol-rservabl-e"hi,.hi.'",,-"vÐgl'

units.

THEOREM I

The estimator
k

L --h n.r n.
t = r t n nl;
'?n ñr * Ju;rE L._t -i _t III- ¡ll

rr-r r-r Il

1-
lÀi,h

+e-_ L ò }I'V..y..
11 11I I11

II-J I -f

is unbiased for
l-

tA'LN
I = I I \,J. .i. .nl_ n1



with variance

. ,lv(v^ ) = (--
JP

k2f "r^ t.T c-u 11 *r.iD}"i -r

tL+ ) ) __- t- _ I )
' -t., 

\l - Lt

n=I l_=I n hl_

where t3nt denotee tf.hnoo-nhacoI
JÍ) VT¡T VU-P]IøÞC

ìôL
*)s' * r !/.l\,.n

fl=,L

lr r\t- - | l

n

(z.t.z)

(e.r.:)

t
h_;

n'

Proof : For a given nt = (n], D,l-,...,n] ) anA s(ntl o/- \ ic ^ oim¡la_ __ _^: , --l_, --2

r¡ndnm q¡mn] a rrg¡¡1 s (nl ) in stratum h. Let E^ and V resncntirrelr¡ ¡¡p¡,.,1.n a 
tu v 

2 
l'Cl;PeC UI VetJ uurrv uç

the expectation and variance operators for a give n' and- s(n'). simi-

larry, for a given n, = (r-. ,... r[¡Þ ) an¿ s(nr) i' irth stratum, s(n. . )-n nl. - n*h h hi'
is a simpl-e rand-om sample from s(rnr) in the ilfl secondary stratum of

ttie nth primary stratum. consequently, we denote E. and v. respectiveÌy
JJ

as the expectation and- variance cperators for a given nr and. n. Let-n
E., and" V-, be the unconditional expectation and variance operators for

/ r\sIn'/. we have

H:11¡ | = l-il H: lrl I"\v3p ) : rrrþ2'3\y3/

.-g

"3tJhi' - .rhi
Ln,rL

lrl I-r: l1r I = I' t --i: rr - ç-2-?..r?-, "C - -t JL - L
rr li

¿l-r ll-J

nl
n 

- -l
*r Ju -.Y
rf 11

and

EtEet3(t3p) = Er(t')= V'

Similarly,

v(y:p) = vrErE:(i:p) + nrvrn:(Ísp) + nrlrv3(t3p)

usGnr) =(*-*l"iî
n1 nl

we get



L4.

V\la-i
JE

+

using

n1

u 
2 

(Ytt

ci mn] i

[l n.t I rlJ- h-\ ___1-= vrEz( ¿ --;- yn / * E.,Vo( I- -lh=l ^' "l - -lh=l| ) (-^_
l- k.
lLn^n n / 2 x2, l- I \L.r,^\ L L 'r¿I.]^I-. 

-)S
L ¿t_ _ n hl-nh. nhi'

e=1 ].=I

thc rcl afi nnchi n

1-
nt n].-

) - ll - f '¡or2
' 'n, n,t '"hnn
fVine, (z.t.h) becornes

t¡-
h

"t

,-11
N'T

-ìv)"hj

Nov

and.

l\,2
nn' n

(z.r.l+)

(2.r.5)r.) .

I'in¡'llrr la*+i-^f r¡rérrJ , -Lc u ul_Ile;

¡ 
- 

., -ln nn
and simpt-ifying (2.t.5) tea¿è to (2.t.2).

vvfvfrGIJ I

For Double SampJ_ing for stratification

À-. =.1-^ i = Ir 2r...rk,^, h = f , Zr...rLht- , -'--h' -.

and. (2.I.2) reduces to Raors (lglS) formuta.

--t-- r ,-l\/lrr | -'tI l---\u\J3pi =vl(y )+

1--À,lJn
+E- I I

I

I l^r^ I | 
^Yaf 

)

I]an ¡n¡nn-+iOna]-

n L-11 -rt n'

.mÀ=- I_n]- n

l^ 1 a\t2.l-.2J reduces to

1--À,l.n
^rE- r r rÍ(L-l- . -- h'nh

rt=-L f =l

nl¿ nr .1, L
-w

h nrn, "hi'À. 
.nnl

al-l-ocation

fr 2r...rL

A, 2r... ,kh, h = I, 2r.... ,L



lq

\r/:_ \ _ /l_ _ !lo2 * (n,-n) !,, ^Zv\Y:_/ = \;; - ;Jtj + ï I IrI,S.ryr. lN'"nnn

,k.
ln--) L n Õ

+ \rr-rl1/ ç ç T.T cé
run 

"1.' 
-l.,ttitrri' (2'L'6)

Corol-l-ary 3

For estimating the popu-l-ation proportion p possessing charac-

teristic y (tnat is, y = o or l) with proportionaf alrocation,

" ), -muh=iî' 'hi n

Y=P, Y =P V =p,h -h' -hi 
n_L

(i = r, zr...,kh, h = f , 2r... rL), and. (2.r.2) reduces to

-- /- ' N-nt , l.'-r) L N,
V (y"*) =:#i;r p(t-p) + \rr -'l r r^/ ---A- p (r-p )p rp n'\r\-Il n f.lf"h (Nfr-I) 'htt-rnt

_k.
ln--) ! n l\r",

+ 'r:-ji:r- I r W..r -ai;+ p ll-p \ (2.I.7)nm h=l i=l_ hi (Nni-] ) - ni'* - hi'

which agrees with the formula of Robson and King (tg>Z).

9pt lrytr_Af l.S.atj_.n

We turn nor¿ to the determination of optimal n', v = (vl, u2r...rul)

and- À = (À---...,À.t 
k ;...iÀr, ,...rÀT,k ). The cost functÍon is taken as' l-L' fot)'--r'Ll_'-u -^I,

LL"h
C = n'cr + I nncn + I I \;cn; (e.f.B)

h=l"" h=li=f

vhere cr is smaller than cn which in turn is small-er than cn..

Since C in (2.f .B) is rand.om, 'i¡¡e take the expected. cost

LLkr,
c* = n'cr + r E(n")cr. + r r E(nL.)"',^.,

h=]_ h=l i=l trr rrr

LLon
= n'c' + n'_ t_"n"nuh * ,rr_ J_ I wnr"¡iuhÀhi. (Z.I.g)

.t _l L_f j _l rrf ftr 1.
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naó (rgr:) nu." shovn that the the coefficient of variation (c.v.)
of c vould be very small- for J-arge nr. (2.t.2) may be written as

t¡lr \_ ,.,, , : wr.,\ : Ïn"nrtÎ,u\Ya-)-- -T*;î* r:+ I i -# (Z.f.fO)JP 1r rr h=l_ % h=r i=l ,t i
vhere

n- = nrv,- 0 < n'ç ( ilt, h = I, 2r...rLn tì h_--
lhi =t\Àrri. o'ur-ri:mh, i = r,2,"',kh, h = 1r 2r.-.rL

= nrv_ Àhhi

pL2
B = S- - I lf.S.-

,r=l- t t

and

k.

A. =s-2- ,ttnt"' È-1 . I--h *h 
I^I. "iri rr - rs é¡" ':L'1=r h

B and \ are > 0 except possibry in pathologicar situations. A-rso

LLor,
ct( = ntcr * r w.c-m- + r r w.*c.^-.0,-.. (e.r.rr)

h=l- t n n h=l- i=l- hÍ-hi'hi-

We need. to minimize (Z.f.fO) subject to (Z.l.ff) and. the ine_

quaì-ity constraints O < r% . r', O j ¿fri : % (i = l, Z,... rkh,
h = l-, 2r'.. rL) and nr > o. Minirnization of a non-r-inear function
subject to inequality constraints is carl-ed. Mathematicaf pro_

gramming. A refative minimum woul-d be a grobal minimum if the

function to be minimized is a convex function and the Kuhn-

Thucker (tg>t) necessary conditions are satisfied.

Using the resuJ-ts of Kuhn and Tucker, Thompson (1962)

obtained- the fol_for+ing theorem.
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THEOREM 2

Minimization of a d.ifferentiabre, strictry convex function

^/,.\ ^,.Lr^^+ !^ --ló\t/ ÞuuJçu' ,u A -w > 0l-eads to the sol-utjon û vhere

-t ^A r..¡>U

o,rrçi ¡ o

and.

^tIt G(v) = g.

Equivalently, either

þiû=o and elc(¡r)=o
or

¡lû t o and alc(y') = o i = t-,2,...,p-1- -1

Vherev=('v.¡_.v' "\^; ."lr'1 2t'..t*pr.

G(w) i s the wector of d.erivative-\!, .---or of d.erivatives aË(v). i = f - ^ - r r," JÇ]-, I = r, tt... tP) g, rs
th -1 , thlthe i-" rov of A - and al is the i"'rorn¡ of Ar and A is a non-

singuJ-ar pxp matrix.

mL^--^^- | ^ afgori thm e¡¡l i cs tn nrrn nrah'l om lrrr ¡n+i n-Ir¡v!¡yùv¡¡ Þ e+Ovt + v¿¿r¡r c}Jpr¿u_ f r vvlvrr¡ vr)

(n' - nL) > O h = l, z,...rLn

(mn - unr) ì 0 i = I,2,...,kh, h = L,2r...rL
on¡l laftin^v wr¡¡ó

E' = (n', fll-, []-l_, LLzr... rlfkf ,...,fiL, u"r_ urUr)

r- B : wnA,, I ln"nr.l,6-=-N-;i- L -?* Z

h=f % rr=r l=r uni

LLun
+ p(c'nt + I Wncnntr + I X Wu,cr.rlu..i - C*). (Z.I.LZ)

h=l- -- -- " h=l- i=l



lB.

-l

m'fl -

m
11

tJ-

'tl

m
ìl

vhere 0 is

ttr,

T^r
¿lr

T,_
LlJ

T{-
¡!: J -

-r- 0.........0
'l _'l 

^n! -t u. . . .,

'l ar .r nI V -I. . . . v

Ttt

T^.
¿L

T.^
L¿

T^^
¿¿

Tl,t Tt^'
JJa

vhere.T.. (i=f ,2,.

matrices defined, by

l_ 0.

l_

0

0

l-, 2)... rL) are partitioned.

(r,r+z) x (tr+z)

-L

l-

l_

nn

l^

0 -1.....0

l_

0

0.

0.... .... -1 (t.+r) x (tr.+r)

3,...rL

0. ....0 (tr.+t) * (trr+z)

rì"(t. +z)x(t.+r)
1J

ô.- (k- +]. ) (lc.+t ) otherr¿ise
r,J

A ZeYo matrix of the rnnrnnri ote Order.
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^t

RÞ . r . rrr fL' -LL

pÞrr^-.....¿\^r
aa /t,

R-'rt
R-'2r

0........ ..-Ì

-l ô

-l ar

nl^^v -r v....u

(rr+e ) x (t<r+z

(t.+r) x (t.+r)

2, 3r. .. ,L

r ].....I
0 0....0

19.

¿ - ¿ e J¡... eI:

(t-+e) " (k.+t)
rJ

r.r'lraro Þ
1J

¡lofi na¡l Ìr.¡

-'l ì
f,I

Þ
1l_

n-tnn

R-'T -t
!!

t_

0

0

R-'L2

l-, 2t..

-Ì

R..LL

.rL, j = f ,2r...rL) are na.rtitioned m¡trices

l_,..........0

-f

0

0

)

L

0
-l -l

0. . . . . . .0

Ril = o(t.*r)x(tr+z)' i -

''i j " (t<, +r ) (t .+r ) otherwise1J
where 0 is a zero matrix of the appropriate order.

Details of the various cases r.¡ith the necessary cond_itions

to be satisfied are given in the Append.ix. Here r.¡e outline the

algorithm for the allocation of À, and. v. Let us denote thenfh
th sr.i Su/.\

i -" I nroeef nf hi * * ^ -!---¿---. ,. rI\.1 /J r-¿r.rËe:ju ur ;-.r a stratum h as 
-;ï; 

that is,
hi _rr (¡ )

v, / ^ \n\¿l
-a -].,()\

¡f\q/
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ù, z- r /l- 
^n\r/ k t, .'h

t-1 + < 
- 

(h = 1,2r...rL), then arrange -" i'decreasing order
"n (f ) "h 

- *'-o- 
ch

of magnitude as fol_lows:

A¿. t Ar^r Ar-,\r.i \¿t I LJ2 .... > å.crrl - c/c\ - - c/'\\¿/ \.1 \rJl

From the cond.itions r¿orked out in the Appendix for getting

the optimum val-ues of Àti anrt vj(i) (h I i); ve see that the ar-r-o-

cations are independ.ent of each other as .t,¡e normarl_y expect. The

optimum val-ues of À, and. v- are siven for diffcrent rcainnq in
hi 

-h -- - Õ¿ r v-¡ ¡ v¿ eÉlvr¡ù ¿rr

QAU.. }L

whichÆand. lti-u.
OÕ
nI i:

a
e* 

^"¡ll ) ^hl-. Q ç "\*/ ¡ 
-f1 ..-^-l..l'l ) -1.¡r\4/ 1l

(2.1.13)

i = l-, 2r... rkh; h = l, 2r... rL.

i = lr 2r...r\; h = f, 2,...,L
n1

fn this

i n¡lonanÄan*¿¡¡uvì/e¡¡uv¡r v

f. |'a/ 0<

r t'r. I

it is clear that the

al-l-ocations of Àn. .

affocations of vh are

Here ¡,¡e Lrave four nnssiht a

reg]-on,

from the

2

n]. n

nr_ n

1G)
"(r)

B

- ct

rï_-
I ^h .tvL = ll-i'. J -h"

Ar^r B+ln//_ \A/\2) . - _(r)"(l)
Cr^r - ct+Wr-.c\2) - (r)-(t)

u(t) = t

n = | 2 t_*, "t

^l r )
< ----l:J-

(2.r.rL)

u(i.) = ,LlAh "'*w(r)"(r)
u*"(.lt?rI

rt _ I, 2)... (z.r.r>)



Ar', IThis means that if '*'
"(r)

- A(e)
and 

-"(z)
then v11) = Ì and v(z¡ = I :.f

o(r) - t*"(r)A(r)

"'c) i 'r\rf (rJ '

By intuition ve would. try to push

testing (Z.t.r6) ana t (Z.r.16)

not give the optimum solution as

end of th i s ohnnf,g¡.

1.(c)
A("+r) . B*"(r)A(r)*'''*"(.)A(")

"1r*f) - c'*"(a)"(r)*' ' ' +l^r1r 
)" (" )

:nd anlrr if

(2.1.16)

both v/, \ = v/^\ = l- vithout
\ -L.i \. l

is not satisfied., this d.oes

shown in the exann¡l e a.t tlre

B
c'

B> --;c'

A¡t t
<*

c/t \

)

(2.1.r7)

u(rr) = :el-
"(rr)

cr+w1f)"(r) * " + \,lu rC¡ \\r/ (rl

e+w1r)A(r) *

n+l{1r)A(r) * "

* 
"(t)A(l)

. + !/, .4, \\TJ i rJ

ìr = r-f'l T.

1cr-
"(l)

(2. r. tB )

substratums are pushed

\) qrÊ qffonfaÄ-h *--

1:( d) c'+I{11)"(r) *

"(r) = u(2) =

2. When one or more Àrri ir one or more

to 1, then corresponcling al_focation for

^^^¿ ^2 ^2"si(e) - 
tsi**si(r)bsi(r) 

_ 
$si(r)

^ 

-

csi-(e) - 'si+wsi(r)t"i(r) 
"'.,.,s1(_r_/
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o.(n)

"(ir)
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l- < s-. s^.....s < L-t-¿"T-

^J^JJsì r s^ f ... f S
L¿T

i =l 2 yt -t.
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¿)... )f l< irl

u+^If 7- ùt: ù¡)... tùL¿T
1.-n

Let us define

(2.r.20)

e and repeat the aflo-
1 I \ - - / -\1. (c) and. ].. (d) by

2

"sl(,i ) c-si*wst(t)csi (t )

h = 1, 2r... rL; h I "r, s2r... ,s,

2
. /- \u . /- \sr- s]\r/ sl|.Il

21 3r...rk__.; i = f,
Ðf

I
I

I

i
si(j) A

.t-
J_

(z.r.rg)

t-,\, /.\ -nl]-,/
n\ 1j

'r(t )

A A. +6. w. ,-,s.',-,n_ n nn\r, 11 (tJ
g . ò rr

n" C. +ô- W- /- rC'h -h "h"h(r)"h(r)

-h
A-lì

2

l- if n = 
"r_ 

, s.r... ,sr I
O othen¡ise ¡
,')

^h
q t" d-ecreasing ord.er of magnitud

discussed. earl_ier in l. (a), t. (¡) ,

s
\ ¡v Af; and cn bv cfr.

Now

vhere

Order the

cation r¿e

re¡l¡nino

the vn are no l-onger independ.ent of Àn..

A_
n

=

q.
-1

\^l--A-.+ r L^/ ., . rs2. , .,sl- s]- r_r sl_ljJ si(jJ

u.
1

wsi""i+.1.,""t 
( j ) "si (¡ )

J-r

2
v . /.\sl ( ì ¡

< ----::J:s2-l-
C r.rsr \ J /
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"lr "2r...r"a

i = l, 2r... rr _< L,L 
' 

. . . , Y! ,
-L

(o <k
- =i - '-si

| ...
I

n{ | |

n\ .I/

,r . / . \ -S1\J /

A
n-:h

-h

l_

f<r'

j

t

ti
n2 tr{ .c .+ I T,I õS=ifrl "si-si 

i=1"si(¡ )'si(¡ )

sr \K/ (z.t.zt)
À . r, .S1\KJ

Once again define

u.
t_

W .c .+ I

t^-

2
YY ! /. \U . / - \s1\J / sf \J,/

,!, lj r

rl - a¡ t¡...,L,

"I, 
S2:.. rSr

-

q.
-1

wr.\*ôr,. 
], "n ( ¡ lsl r ¡ l_ .l =_L 

--

ñ
-1

wh"h*ôh 
. 
r., wr, 

( j ) "rr( j )
J-r

where 6n is defined by (z.r.2o). The alfocation of vn wou-r-d be

on the same fines as in I. (a), l.(b), t.(c) ana I. (d) by repì_acing
^tf\ o" \ and cn br cf,.

ff the strata weights 
"h, 

Whi are not accuratel-y known, we

propose a different subsamp]ing proced-ure which guarantees

d'esired precision at a slightty higher cost than the optimrm.
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ßn:.nr,f.- 
ff1."n.

where cn: ßn, are constants >

the subsampling fractions 3
'-h

to the observed val-ues of ni

The variance of irn t" given

1 1.2 L
v(y3p) =(F-i-).'*,^:,

cx. . ß. s.2nlnn.-.-_;-_
n'

Following Srinath

nl--h

h o, nt+n.tnn

m
n1

't-
TÃ'JJn

I1_I f -I

rÀ'LN

l^-t -: -r

- n'c'

L
t

h- |
II-J

(2.1.23)

The expected.

2
n
rlf

/¡a-- \ .\.ryfrl, we cnoose

(tr = t, 2r...,L)

:-r-L - _L) ¿)...r*hj n = _L).¿)..,)

0, fixed in advance; noting th
m-'Ìi

, ;- resr:ectlvely, vary accord--hi

and nr- untike the previous pron1

by

". S.2nrl
tt

ì
I
I

I
f

Ll

)

ing

c ed.

(2.r.22)

ure.

t+hich is ind.epend.ent of the veights

cost und.er subsarnpling rule (Z.t.ZZ)

- ( ,2 ILln,'I
E(c) = ¡-,'"' Elñ+rrr | "hh=.1- [-h'- "hJ

W, and
n

is

w. ..
h1

,I n.
h1

le..',- (r-
ln] h'

n
n,

- 
l+nn,- n].

r.t

À_
h

I

)L n'w, c,nnr ¿ 
--;-0. +w.

n=t h h

2
n'ldl . c-nr- h1

!/. .
hr-qs"ß. +nhf ( on+Wn )

(2. r.2t4)



2\1t.

for sufficiently large nr and n, ..
n1

The optimal on 
"tr¿ ß¡i can be cafcul-ated in the usual vay

and. is omitted here.



2,2 NON-RESPONSE THEORY

Rao (tgls) nas shown that the cr-assicaf non-response theory

is a speciaf case of Doubre sanpl-ing for stratification. The

subsampling of non-respond.ents vith three attempts is a speciar

case of our three-phase sampJ-ing for stratification. A sample

of size nt is sel-ected. by simpre random sampJ-ing r,¡ithout replace-

ment. A subsampl-e of size n, = nþ/k (tr r t) from the nl
(= tr' - "i) non-respondents, again serected by simpre rand-om

sampJ-ing r¡ithout repJ-acement, is contacted by more intensive

efforts. Once again a subsampl_e of s1ze mr, = nZZ/¿ (¿ > f)
from the nZZ (= nZ - nrr) non-respondents, sefected by simple

random sampling vithout replacement, is enumerated with serious

efforts. This procedure is crear]y a speciar- case of our three-
phase sampling for stratification with

I

L = 2, ul- = f, v2 = i, Àl_f = Àf2 = À21_ = f, and. 
^r, 

= I .

The variance formul-a red_uces to

, r o wosl s?^
"¿' l! -- å\q¿. ' 

¿ /r. r\ | rr 2¿,u(y3o) = \n, N,- , n, rk-I) *WZZ;;O(!._]-). (Z.Z.t¡

The expected' cost is 
w^- c^.

Cl( = nt(ct+1,,I.., cr*W-, ,cr.*W., n 12+ i:)

,nlnt- -E *z"z * xg *zztzz (z.z.z)

vhere c' is the unit cost of making the first atternpt, c, is
unit cost of processing the data in stratum f, c^ is the unit cost

a

ôf nnnnaccin- *1"g data in straturn 2- î I ^
v!çÐÐr¡¡6 urrE ucl.u¿¿ -1il suraGrLru a, 

"l_1 , 
aI2, cZL, 

"ZZ 
being the
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tums.

s smal_l_
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nlcost ratio :- i
.r
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. o -11 "r2
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o)î)-1 "t
timal since the
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-an0I,=-v^ À^^

a //

)st of processing the data in the respe

)ice v(t ) = 1, is not optimal- if the cc

;he optimal v, may be < l. Similary, i
LlJ-: then Àar, À12, À21 *.y not be opti

.2, ^ra 
*u" be < l-. The optimal t = L

,d from (2.t.13 ) ro (2. r. 2f ) as

I rII n ^ l'
l^ (c¿ T.r õ¿ t I

_ l -zzto2 "zzo22) \.^+ rF¡PU I sÍ^(c'+r^I--c ) |\ 22 2I'2I' )

f ^ -2 .
-)'2 s--t,^l2sã
=(pt-ì;ã

L 
"2 4 ¿ !r rr -Lé' L¿ .t at,

unit cos

The choi

since th

are smel

"11-' "12

obtaiåed

L
op

and.

Srinathrs (fgZf) rnethod for

the rate of non-response is

case of our procedure r¿ith L

qrrhqqm¡l i na ^f116 vr

not accurately

= 2, k, = 2^ hn-

(z.z.z)

(2.2.t+)

non-respondents, vhen

knornm, is a special_
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I
t

-,(
)
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2.3 EVPIRTCA-L ILLUSTRAT]ON

}Je shal-l- d-emonstrate by an artificial exampfe that intui-

tional approach to al-Iocation when inequality constraints are

involvedr râx not al-ways give the optimal solution. To simp]ify

the discussion r¿e consid.er onJ-y the ease of Douhtc Srmn'ìino rnr

strati fi c at ion.

Let lfa - .t, W, = .2, t^I3 =.L, W)* =.3, tf = l5O, s! = r)+0,

^222S, = 50, S; = 40, S- = I2r, N = 2OOO, c' = $5, c, = $Ì0, c, = $f2,

c, = $e5, cU = $)+0, and Cå = $2ooo. Nov

e2 ,.2 n2 ^2"(r) _,- "(z) _ "(¡) ^ "(L) _ B;l- = r5,
'(r) "(z) "(¡) "(b)

')Ð,2,2t*"(t)sill B*wrllsirl *w(rlstz)
;-TñG'*,=10.8, =ll-.

^2
Rrr inr-rri*.i^- *-.^L. 

olz) 
RÐJ _Lrruur_rJr_.,rr, we may push v(f) = u(e) = f since \4/

c12¡ - c'

this case our intuitional- approach d.oes give the optimal sol_ution

and. this is because

^22)
"/o\ D 1 w/¡ \ù/. \ t w/.\Þ/^\

=\3L 
¡= rr.z\ \ \r/ \I) _(_2) (2) /_ ¡r\t(z) ''' - c' * 

"(r)"(r) 
* 

"(r)"(z) 
\-

Suppose c/ô\ was $ll+ instead. of $12. !/e see that\el

e2
"(2\ R

ã)] (= Io) ì ä (= Ìo).
-(21

Þr¡ i-*"-i+.i^- '-^ÐJ rrrrJLrr-ur_urr \,ie push v(f) = l_ and. u(Z) = I and. re_afl_ocate



ô^
+/ |

u(3) = .¿+33, u(l*) = .306 and n' = l2O. The optimal variance

vould. be V, = t. [t6. Using our algorithm ve see that

o2 B+1.{/.,s?-, *w..s2:Gl- (= to) - (1)"(r) 'wJ-2)Þ(2)- (= r-0.6).t(z) ' c' * 
"(r)"(r) 

* 
"(r)"(e) 

\- r

The optinal- vafues are v{t) = f, uTr) =.962, v¡r) =.)*30,

,TU) = .30)+ and- nr = t2f. Our optimat variance is Vi = t.hOO.

Clearly, VT . Vf.
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2,4 ILLUSTRATION THROUGH CAUCHY ]NEQUA.LITY

For simplicity l-et us take Double sampling for stratification
vith three stratums. using Raots (lglz) formula, we get, after
omitting the term S2/W,

. R2 !r, si !r.s| w,s]
I_I="-L.__é1_JJ

n' ttul_ ttu2 'ttu3

C* - n'(c, * Wl"fuf * WZ"ZI.* W3"3u3)

where 0 . u., : vo: V. < 1. Minimizing (e.l+.f )L ¿ J_

is the same as minimizing

0 = VCx.

Suppose

B + I"i(rls?r) * w( zf?zl
* 

"(r)"(z)

(e. i+.r)

(z. t+ . z)

sub j ect to (2.)+ ,2)

(e.l+.:)

(2.l+.1+)

* 
"(r)"(e)

^^/R Þíz)
= < --_t:_t <

- u/a\
\¿J

Our intuitional-

ct * 
"(a)"(r)

approach gives n¡{-¡'-^l ^^ì.,+i^*uPrr-Llrrar !;ol_uuton as

u(r)=u(e)=ttnuu(a)

and. the minimum þ vouJ-d. be

)
w/-\5/^\

\cl \¿)

2)0- + w(elslel
Ór- =

2* 
"(rlt?rl * "(rltr:lÇ ß2 * w( z)c e)

nf

t
I

lo
t

(,
lß-
t

r¿here

2_
G=lJ

rr;ã + w,",",^ j
* 

"(r)"(e) 
* 

"(r)s(:)/'s ! -z- ì=L: IJ " * *(2)"(e) 
)

(z.t+.5¡

* 
"(.ls?t I



and.

ß2 = c' +

Nor+ using our

"(r)w(r)'

aJgorithm, ve get

q
" (ç\

V/. \ = ì, V/^\ = 
\qi

, \f,,/ \¿) /c / ^ \\¿ l

and. the minimum g after simpfifica--ions voul_d

þz = (oß * w( z)s(Ð6\ù * "(3)s(s)6(r)

From (2.\.5) and (Z.l+.6) anA using Cauchy inequatity: r¡€

that

0. > ô..a

be

)2 (2.\.6)

concfude

B + w(r ls?i I



CHAPTER ]]]

DOUBLE SAMPLING FOR TWO-STAGE SA}IPLTNG

The situation consid.ered. here is characterized_ by a d.eficient

knoi+led.ge of the composition of the cl-usters in the popul_ation.

rt is assumed., however, that it is possibre to ser-ect a preliminary

sample of smal-l- units or elementso and, determine by some inex-
pensive method to which cl-uster a particurar unit of the initial
sample beJ-ongs. The first sampling phase is thus used to group

the units of the poputation in ord-er to form a provisional- sampl_ing

frame for the serection of the finar sample in the form of a

two-stage sample. This method- of sampJ-ing, of course, does not

d-iffer in principle from Doubfe sampling for stratiflcation: in
both cases the prerimÍnary sampre is used. to determine a group

id.entification not knor¿n in ad.vance.

The fol-loving symbo]s al_l refer to the popufation r,rith L

¡¡i -^-,, ,.*.: + ^ ñ^-^ rr- Nn n I

la-LlrarJ urlrLs. For the primary unit h: W, = \ - 
"h

h t\'wh=[irT¡
is the mean based on the nl units of s(n') and 

";2 
i" the un-

biased- estimator of sl based. on the nl units.r 
"tn') and k is

the number of (pre-assigned.) primary units subsampled from the L'

primary units s(L') by pps sampJ-ing with repJ_acement, probability
¡vn¡an*;^-^ì +^ 

--h

lr'upur'r,1onar ro ;ï Let s(k) aenote the set of primary units

in the sanpJ-e.



THEOREM ].

The estimator

l.rÀ
-=s-Yaz = f, . '-Yr.

II_A

is unbiased for Y vith variance

v(i¿e) =

vhere
N-N.

rr, = f - ( n, 
nlzt), 

I

rr -Il*2*1r'nr N'" k\
/\I)'
lL sh- ,l
l/,ll--Hl
l, - n v. I

\n=a n )

I* ñ-ì-

^Ls'- i l^r.s:)nn
rt-l

(:.r)

(3.2)

and- td2r denotes doubfe sampling for tr^¡o-stage sampì_ing.

Proof : For a given nr = (ri, nL,... ,nl, ), s(f ) is a pps (probabiJ-ity

proportíonal sampling) sample from s(l'). Let E, and v, respectively

d.enote the expectation and variance operators for a given nr and s(nr).
Simi'ì a.rlv- s(n ) is drar,m from slnt l h.' cyc jn,rourfltrr-¿r.r'ry, o\"h/ J-s clr'awn rrom s\nh/ oy srs rndepend.entl.y, each time,

primary unit h is drawn in sa^nple. Consequently, lre denote E, and.

vt as the expectation and variance operators for a given nr an¿ s(t).
Let E-' and v-'' be the unconditional- expectation and va.riânnê ônêratorsI J- fur¡ev vPU¡

^ | r\ïor s(n'/. we nave

¡(i¿e) = ErErn3(td2)

. -tE lr¡ I = rr"3''h' uh

!.2!'3\Y dZ) =

SÍmilarJ-y

'l--À
op\t L v¡)

t1-r

TI

l^-l
f 1-f

nitr
11 -

"t 
Yf, = Y .



v \yd2/ = uturt3(iur) * nvnl'r¡ )+nnr¡li I"I'2"3" d2' "I"2" 3tr d.2'

rk
'r .F.- v^ - L vr ¿ k, _"h

-r-[ 
j_L

J4.

(3.3)

(:.1+)

(3.5)

v., (i'); (:.e¡

(3.7)

LC

t-

-lfv-
11=_L

1-

^lf^- lL r \ ,¿) t- _ 

-lc 

¡

n n' hn=rnn

I
^

+ER-r-2 I
1-

Now using the rej-atlonship

n, = v, n.?n nn

and simpJ-ifylng, we get

v(r¿2) = vr(i')

Now

lL lr^2
'nt N'"

I T,' ,.'_ir- : --h
+ F: \- ) 

--lìk - nr
\ rr-r

(. L' I| | -t 2\+ E-(- I v. (v.' - v )-lr_tk _ h'"h[n=r)
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(s.l+), (3.5), (3.6), (3.7) an¿ (:.e) tead to (¡.e)

Aerg (f972) proposed. the sefection of nn (tixe¿ number),

of units from s(n-) ¡V srs r¿ith renlncement. Ftis variance for-

mu]-a red.uces to

r¡ /---X \ - tI I ,, ^2vl-\¡ ¡ = t- _ Év\Jd2l - \n, - Niù 
+

^L(s'- M. sÍ)
lt ll

n=_L-------;-
^

T+-
k

L^
r qs:nn

II-I

. I-L ^ . ]
+ Iiî(. r. nnrírr - þ) - r')

Lr=t h )
n' is large it is reasonabl-e th

[h=] and rh=r'Whuh

from (3.2), (¡.9) and (3.f0), we

v(tä2) = v(td2) = #.l.rfrr,. -
n=_L

^+

(3.e)

(s.ro)

llhen

and .oeto--

I
n

n

>0

vhich clearly shovs (as may be expecte¿) ttre foss in efficiency is
d.ue to sampJ-ing rvith repJ_acement.

We turn now to the optimal determination of nr, k and.

v = (vr, uzr... ruL).

The cost f\rnction is taken as

k
C = nrc? + kc* + I n, c, ll-rr )I . _ h h \J'+4.

n=_L

rn¡here ct is the unit cost of enumerating preriminary sampring,

c, beine the unit travef cost betveen primary units and c, is the¡-
unit cost of enumerat.ino tha con6¡da.rw ilnits- Since C in (3.11-) is

rand.om, ve again use the expected cost;



L
Cx = nrcr + kc- * knr I W. c, v,r ,_.., hhh

s'i ven n simnle nroced.ure

and v which minimize

(¡.re)

for findino l.lra

(:.rt+¡

nao (r973 ) r.ru.t

optimal- val-ues of nl

v- " h
n'\¡/. v.l1=_L h h

subject to
L

cx = nrcr + r (ntcr.vr.tr{u) an¿ o . v. . J-:
h=l_ lr r't lr n -

where ah are knor¿n constants. To find the optimal n? and ¡{,

he first d.etermined the optimal v for a given nr and then the

optimal nr. His proced.ure may be extended to our case for d.e-

termining the optimal_ nr, k and. v vhich minimize (¡.2) subject

to (S.l.z) an¿ o < vn < J-.

To find the optimal nl , k and- v we d-etermine first the op-

timal- k and v for a given nl , and- then the optimaÌ nr. using the

Cauchy inequatity in conjunction with (3.2) and (¡.fe), it imme_

diately fo]lovs that the optimal k and. v for a given nr are given

by

nt v. =n 2ù\-=)
n'

( 3.13 )
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= ml (sav)

vr(vur) = tþ-fr1s2
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so that the minimum occurs at the value *t = rj_. Note that

u(r) =lvhennr=*l-.

we consider next the vafues of n' . ml. since u(r) ì I
for these varues, ve set u(r) = l- and re-a1l-ocate the remaining

vn and. k again by Cauchyis inequality. This gives

(:. re )

k = [c. +-11 ^r-t- u tt
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The minimum vafue
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where (n) d.enotes the val-ue of
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{ nnsfr/wn"n )

f"-
and provid.ed n'v1¡¡ I n' for al-l_ h; that is
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after substituting the
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C'' - ntc I

(3.19)

erivative 
tttlilt] 

over the ranse ml < n, < m-url-¿l
ra ri¡¡r *Ìra ^ñ+imaf nr. The derivative vanishes at nt - ñ^lrrç uç¡avøuIvg véllfÐIlË¡ 

¿

(say), and the d.erivative is ,' O for n' ,. rr. Consequently,

if ñ/ô\ > m. , V./; \ *^-^+^*': ^^.1 'l v deere¡ses es ¡r increases| ¿ I | /rJ ð.Zt 
lrrvrrv uvIIIU4rrJ uLUr e@Ðco oÞ

so that the minimum occurs at the value *2 = *Ì. ff, horuever,

ñ, lies in (mi, *l_), the true optimum wilf be given by m, = ñ.,
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L steps vill be invol-ved. if the d.erivative is non-vanishing

over the (r-r) ranges nr ì *j , %: "' j ol_r, h = 2,...,(l-r)
where (
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APPENDIX

The fol-rowing cond.itions are used in computÍnq the algorithm

given in chapter rr for the optimaf determination of À. and. v_nr_ n

Thougú ve anaryzed both boundary as vell- as non-bound.ary cond.itÍons,

we do not present the bound,ary conditions here in order to sim-

plify our d.iscussion. Using Thompsonrs Lemma, r.¡e distinguish

the fol-l-owing cases.

L [u1r\ < \: h = Ir 2r...rL
r¡\r/ lt

¿ ¡l!¡/r \ \ ¡¡

1auÉ

ônr - vt

Ao-:-_ - ^nô - vt
ok, ,

n1

The conditions are

ô
ñ-a

nlrlJ n
\-r

u, /- \ u.n\r/ n

^i/r I Þ
\J/ D

-<---;.
c/'t\ c'\¿/

O¡fim¡l Qnlrr*i^n.

-:ç¿-
ânl.

n

j-

.,L

l-, 2r...rL.I, 2r... rkr; h =

t Lt. ,L

rr - I, 2r.,. rL

i = l-, 2r... rkh; h = I, 2r... ,L.



l+2.

2. [,r-t <IIL. h-nl | , ti'

- -til/.,\ = n, mr2)\r,,

âo Ào-: I -- 
= U,

dn' dill. \\r,/

ôe:--- = Ú. l'¡ =öll1¡, r\n/
âø

- 

= rr I =ðL, t. r ''
n\1./

The conditions are

^e- 
^u- /_ \ [ntrl h

-r...:rh

(\,.^-h(1) "h

o(t) B + I^I(r)A(r)
--f-i1 .

"(r) c' * l'I1I)"(r)

nr onrrirrq'l oni'lrr

A.--('ì ) R'-' ) -;
"(r) c'

o(e) to(r)A(r)
...".-
"(z) c' * to(r)"(r)

Oltimal Sol-ution:

u(t) = t

mu(r,) =iÇffi ' h=2,3,"',L

l-r 2r... rL

< nl

âo-o<o
a*(r 

)

2, 3r. . . ,L

l, 2r... rkn; h = 1, Zr...rL,

o(r) B + w(r)A(l)
--l-:-¿-

"(z) c' * to(r)"(r)

fJ,u. c.
ì =f nt i]Àhi = j Çç, 

i = r, 2,"',khi h = 1' 2,...,L.
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[. ,- r < It\ .n\r/ n-

- htuLl \ - rrIr/

lll¡, r ( lìt.tn/

âct
--.æ.- = n
10

nl-

âø
---:-- < ô
dItI t \(r/

âc¡
_--:-Q._ - ^dlll¡. r(n/

^tdg.s_f-)
â- t

The conditions

f = 2 < t.
t Jt" ' t!

Ìr = r-l-l T.

i = l-, 2r...,kh; h = I, 2r... rL

.* J,

âø
---:--a-- -âmr.r -

{lt

are

Lrr/ì4r...r!; n F 4

(\r=)?T.
, r)'.. )L.

D. z - rh(r)+<
-h( l_ )

Ã,\\rl
" (̂r/

^(ir)

1Ð

A--h

-h
h = I 2 T.

B + l'r(r)A(r) + "' * 
"(r)A(t)

Optinal Íiolution:

'* "(r)c(r)
*W,'4,\(rJ (rl

i=l 2klr=l .,,,h, rr !, 2r..',L.

c' * 
"(a)"(r) 

* ..

B + I^r(r)A(r) + ...

v=2?T.
t Jt... t!

c' * 
"(r)"(r) 

+ "' * 
"(t)"(r) '

1¡ - ør-l T11 - ¡ ¡ r t . . . t !

1", ^. f"hi-hÀ = I 

--

"hi J "ni \
lr

2
D/

Vr \ =\ri

u(tr) =
"(¡r)

+t Lt. .. t!

^t + T"I ^ L"/r \-/r \\!/ \r/
+ \ü, rCz \(rl (rJ

* 
'o( r )A(" )"(r,) B*"(t)A(r) * "
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I j "r, sz,...,sr < L, "t I "z + ... I sr

¿ir(r) ' \' ' 2'" ''L' h I =r' s2: "' 'st
gsi(e) '*ri' i = r' 2'""r

*(r) < nt

ã8.ni=r)v
l0 ", t

. /r \sr_tr./

AõwÉ

ã7-Il- = 0, i = 2, 3,... rksii i = f, 2,...,T.
sr\J /

âg=ni=
àL.,,, -, , I,2r"'rkhl h = l-,2r" 'rL; ¡ I srt szr...rsr

nlJ / r

âg*â8-nì='r 
D

' ._,... 'r¡ñ 
^vsr_ s]-l-L/

âo

ff = O, h = f, 2r...,L, ¡ I st, s.r...rsr--h

Àø

dn'

The conditions are

^2 ^2"si(r) - *si^si *'u=i(r)Þsi(r)
nl^Inrl^I^)ç . / 1 \ fr !Y . / r \ L . / _ \s].\r/ sI sf sI(Il sr-(.Ll

nr onrrirrql antlr¡
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\,/ .A + W .,_ ,S .,_,s]. sr_ s]\I / s]- ( _LJ

ffi Yr . / _ \ L . / _ \s]- s1 sl\_L/ s].(IJ

A
NHj. 

- , h = f, 2r... rL; h + ^
-h 

4t L)"' tlt rr - o]-t o2t"'tof

Optimal Sofution:
..Àsi-(l) = f i = r' 2'"':r

^2s"i (,i ) ws:-csi- + wst (t ) 
cst (t )

csi(i) 
""r.3i. 

* w"irr)sSitrl

t-
n{ I I

H

c'
i ='ì r -t 4t. . . tr

i=2Þt U tt'^j t
òI

f=t2
, Lr. . . ,¡

/\'/.\-51\ J /

k = f ,2r...rkh; h = Ir 2r...rL;

¡ I st, s2r...rsr

W .A + l,'l
51 S]-

2a-
si(l-)"si(r) c'

IJô-rl^I¡Þ rr . /i \L . /_ \ Ds]- sr_ sl-(_L/ s]-\IlS}

q

h = f ,2r...,L; h I =r, "Zr...rsr.

9--.¡.r = = | ,/ r = lÌ1, .s]-\I/ sI(q. J si-a

1 < e; < k^j, i = 1, 2r... rT
- f, - òf

A-^h ct
;Bn



The conditions are

ðsï;- < u,
ok . /. \s1(Kl

t-_ = U.
â[^;/r\Þr \ L, /

âo
----æ-- - at\ô - vt
O/.. t.rn\J /
' q.

àt---:-P- + t
ollt .

ãoi-s2--- = n h
dtr\

n
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2
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S1\J /

C .r.rS} \ J /

e*
n\ 1/

",,.rn\t/

A'-h
< ---i:

-h

k = 1r 2r...rei, L

ì - ^ 1.,t - v. - _ r. . . rÀ
I- TI

i=1cv;h=
'.,...:.'h

ðg-.,-.-r
10 * 't
"""i f ^ )"*\ai/

= l, 2r.,. rL, h f s.,' L'

-l- r t. . . tI

l, 2r"'rL',

)v

s2r...rsr

I+6.

q.
-1

LI^r\'f.ro2*siAsi * 
,:. 

*st(j )o"t(j )
J=.l.
qi

W .C . + ¿ W . ¡. rC . /. \s]- sr r_r s]\J/ 51\JJ
l-¡

al-1

I,,I .A + r I.{ .,.,s2.,.,cr qr cìrJ,/ SÌ(J/

q.
-1

t^/ .A + r I,,I .,.,S2.,.,s} s]. ;_..ì sl\J./ S].\J/

uJ-r¡ 1 Þf , o2r...lor

12 ' '7-'

12h¿t Lt

: - ^ ì. .
J - \I:,ì)"'tÀ^:!

-LT-L bI
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t. -

i-

q.
-1

w^'A-' + r t,+^-'¡ lsSit¡ IsI s1 i=l- s'\
R< =_-cl ).I
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T
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1^I .c +
st_ s l_

W.r.rc ./.\sf \J / sI\J /
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h = Ir 2r...,L; ¡ I s1 , s.r...rsr

)t7

Optimal- Sol-ution:

À"i(J) = t, i = L,2,"'rQi; i = I, 2r"',Y

ì-/r, / . \ -n\11 i = I, 2r...,khi h = l_, 2r... rL.,

r^+^Il f t;f , =2r...rSf

r - r) ér..,. )L+

^

h = f ,2r...,L; h I st, s'r...,sr

9- .,- 1 = ... - 9, .t r = IlÌ .sI\l/ 
"1(Qi) 

sf

l <o <k lr=l ) r
- a; __^j t _t _t

- f - bf

f j "t, s2,... ,", . t

¿si(j) 
""i' i - q+l-,"',k"i

¿n(r) ' %, h = 1, 2," ',L; h I ",-, s2:"'rs"

arIi

^2¿ !'l . z , tù . / . \
i_1 s1\J/ 51\J/

2

n(11

"n̂\1/

q.
-1

l{"iA=i * 
.,lr""r(¡ lsSi(j ) 

",

A-ìr 
c t

",7n
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1
t-1

l-t 2r...rk;

+1 JuZT... r

a t., t^r...rt,- a L,
-I'K_

'ft u2r"'tuk

âe.- \ tt K =dL , t. \s1\K/

1-"6-ni=n{-lv
ðl .r.r u Y

S1\ J J

âo
ffi=0, j =1,2,...rkh; h=I,2r...,L; hl"l_, "2,...,sr"-h(j 

)

^-1dt At

'i J-¿ ur\J/
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l

t
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^f.lt àt
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,, F 
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dtn,
n

1.^Àô8 * ; ô8-*
dn' dm,

J

where (u-. u^.....u )I' ¿" x'
The cond.itions are

I,2r...rei; i = Ir 2r...rr

= 0, h = l_, 2r... rL; ¡ I tf , tzr... rtki
'l.a 

- ^t = 
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SZr " ' tSf

') l. h + ^ +¿r... rli 4 f 
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SZt... tSf r "I, 
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2
rr . / . \u . / . \sa\J / sI\J /

\^T .A +
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