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Abstract

Given a, metric space (X, d), orìe can corìstl uct the "rninimun uuifolm compactilìcation"
r¿¿.{ of -Y. z,¡,1 is Inìttimum in the sense that it js the sura.lìest corn pa,ctificatiou of the
Tvchonolï space X ( in the paltìallv olclerecl set of compactifications of ,Y) to rvhich evely
boundcd unjfolrrly continuous real-valued functiou rvith rìoma.in X can be continuously
extendcd . A srrbsta.ntial amount of theoly on rr,¡-Y has bcen developed in tlte case rvhete
(.K, d) is a locally col¡pact separable metlic space. \\¡c tvjll clescrìbe the properties of z¿X
using the la.nguage of clustels, as ernployed il the constr.uction of r¿X. Also, rve intend
to analyze the stl'uctule of z¿X \ X lol sol.ne locally compact sepa.r.a.ble spaces other. than
the Euclideal space lR". Iinallv, rve rvill analvze the stÌuctüt.e of z,¿,Y \ .Y rvher.e (X, d)
is one of several inporta.nt norvhere locally compa.ct complete sepa.rable metric spaces, in
palticulal the illationals rvith a cornpatiblc complete metr.ic.

lv
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Chapter 1

Introduction

1.1 Introduction

Givett a ntet: ic space (X, d), olìc carì coÌìstlrrct the "minintunr uuiform compa ctifi cation"

¿¿X of X. rr,¡,Y is uriuimuut ìn the sclse that it is the smaìlest com¡tactification of a

TychonoiT space X (in thc paltiallv oldcl ccl sct of cornpactifications of X) to rvhich every

boundcd unifor':lly contjnuous real va.luctl fulction s'ith dolna.in X can be exten{e{. In

tlris thesis, rve investigate some ol the plopcr.tics of rr¿-Y. \tr¡e begin by blilding t¿.{ using

r¡aximal cla.rs. The constnrcl,jon of ri¿-Y is sjnlilar. to the cotrstt.uction of the Stone-Cëch

corrpactilìcation oI a Tychonoll space. Iu [\\/o], the sttucture o{ r¿X is investigated

in the case rvhcle (,{,d) is a locallv co¡lp¿ìct scpar.a.ble metric space. \\¡e applv results

fiorn IWo] to constnrct the minintun uuìfor.u contpactifica.tìon of thc Ioca.lly compact

sepa.rable mctlic space X = U,,6¡[n - 1, n] x [0,1]',-1 rvith the subspace metlic inherited

fron the "staudard" metl ic ou lli'. \\re sho\v that the outglorvth rr¿-{ \ -f can be rvritten

as thc uuiou of trvo legula: closcd scts cach horncontor¡rhic to [0,1]. x (,4ltl \ N), rvhose

iutersection is uorvhcle densc in rr,7-Y\-Y. Lastly, rve use inverse limit systems to llriÌd the

the nriujrnulr unifolnr conrpactilical,ìon of a ct'r'tain class of rnetr.ic spaces. We applv this

technir¡re xo coììstluct the mininlu¡r unilolur corlpactification oI the ir.:.a.tio¡als. Sorne
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lesults on the rriljnrunr uniloirn contltacl.ifir:alìon of l.hc illa.tjonals ale given

1,2 Organization of the llhesis

The main goaì of tlris thesis js to plovide sonre cxamples of nrinintu:r uuilolm compacti-

fications and llorv they ale constt uctc(I.

In Chaptcr'2 rve lotmally cì<rfinc conrpactilìcations and statie son'ìe rvell linorvu results

conceltting com¡ra.ctifications. ln addition, rvc dcfinc the miuimun unifolrn cornpactifica-

tion z¿X of a netlic space (X, d). \\¡c l¡r'iefly statie sorìre results knorvn about rr¿X.

The colrstluctiou of thc miliurum u¡ifoln conpactilìcatiou t¿-{ of a metlic space

(X, d) is tlcscrìbed in Chapter' 3. Folìou'iug âÌguments sirnìlar. to [Ra], t¿X is constmcted

fi'oIn ntaxinlal cla.ns. The constrtrctìon of r¿,1-Y is sinrilal to the co¡stl uction of the Stoue-

Céch compactìlica tion of a Tychonofl spacc. Sonte plopelties of tr¿-Y delived fi.orn the

constÌuction ale also statcrì.

In Chapter'4 rve artalyze the miuinurl uuifolrl compactification of a locally compact

o-conìpact conrplete rnctlic s¡tace. Using results fLom [\\¡o], a tletail anaìysis of the

compactificatiou is gìvcn. The motivation for. tìris chaptct. coures fiom the a.lralvsis of

lLR \ R in [\l¡o]. The a.p¡Ioacìr talicn in this cha¡rtcr. follorvs tltat of the one taken in l\\¡o].

Cha.p{:cr 5 statcs sone tvcll Iinou'n lcsuìts on invelsc linrit systcìì.ìs. These l'esults ar.e

thet ttsetl in Chapter'6 ìn constlucting nlinimunr urifolm conrltactifica.tiols, A technique

is given iu CjhâPter 6 olt hos, to corìst.rüct the minimum rrnilolnt compactilication fol

celtain mctlic spaces.

In Chapter'7, rve applv the lesults fiont Chapter.6 to buikl the llìnimurn unifolm

com ¡ractìfica.tion of the ilrationals. Sonrc ¡>r'opeltics of tlrìs compactìficatiou are given.

The rllajn tcsult gives a chalacteljzat.jon oI 1}e clopcu subscts of this compactifìcatiou.
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1.3 Flequently used Syrnbols

Some of the symìrols usecl flcqueutl¡' thloughout this thesis ale defined as follorvs:

o lR - the leal lirrc

c Q - the latjoua.ls

o lrl - the positive intcgcls

e B- ' the Stone-Ciðch cotrpacÍificatiol ol a space -{

r z,¡-Y - the rri¡il'llrrm uuilolnr compaclilìcatiol of the metric spa.ce (X, d)

r 1 - the subspace [0, 1] of Ì-u.

. C'(.{) - the ling oÍ continuous lcal-valrrcd contiuuous fultctions u,ith dornain .X

r C.(-Y) - the ling of ltounclcd coltinlous lcal-r,alucd hmctions rr,itlt donlain X

. ¿/,ï(.Y) - the r'ìng of bouudcd unifolnllv continuous leal-valucd functions rvith clo.

rna¡n (.1, (¿)

o AIt - cl..,,n;¡ tl \ -Y rvhclc .¡l is a slbsct of the met¡ jc space (.1, d)

r 2(-Y ) - porveL sct of tlìe sct ,\



Chapter 2

Introduction to

Compactifications

\,Iost of the urat.elial in tìris chaptc: ca¡ bc lor¡ud in [P\\t]. 'Ihe results peltaining to the

miuirnulr unifot n corrpactilìca.t,ion of a mcl,t ic spacc calr be found in [\\¡o]. fol pr.oofs of

the results in this chaptcl and a. ntolc rlclinitive trcalÌllcnt of ilìe sübjcct, the inte¡ested

readcl shoukl consuìt the rcfelences.

2.1 Some Basic Results on Compactification

Let -f be a, Tvcltonofl spar:c. 'Ihcn it rtnn¡tar:{.i.ficalion of -l is a compâct llausdor.ff space

aX tha.t coul,aius .{ as a rlenscr subs¡rtrcc. 'hvo coltpactilica.tions a-Y and .y-Y of -{ ar.e

said to bc erluiuolettl if thcre is a ltonconro lph is¡r /¡ flour n,T oììto 7-l such that for ea.ch

t in X, ñ(t) = ¿. \\¡e dcnote this bv rvlitiug n-l = 1,,X. Er¡uivalelt cornPactilìcatìons ar.e

considcled io be the "sa.me". Lct itì(-Y) rìetrotc thc class oI all com¡ra.ctifications of X, If
rvc itìentify cquivaìeut conpactifications, t:hcn /il(-Y ) cau ìre legar.ded as a set and par.tia.llv

ol dclcrl as folìorvs : rr-l- ! 7-.t" ii lhcre js a conti¡uous hrnctìon / : 1-\- -+ a-{ such that
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fol caclt ¿ jn --t", ./(z) = ¿. It. is a s'c'ìl k:rott'n lcsttlt tltat (lí(-T), <) is a co¡rplete upper

seurjlattice rvlrose 1a.r'gest urcrnber' ìs thc Stouc-Cðcrh corìlpactificàtion lX. It ìs also rvell

lmorr,u that (/í(-f ), <) is a compìctc ìatticc if ¿rr cl onlv iÍ -Y is locaìly compact (see 4.3.e

of [P\\t]). If -{ is locally corll)act, tlrcn thc one-point conpactifì cation -{* is the smallest

r.nembcl of (,((-Y), S).

Tai¡rouor,'s tlteolenr gives a chalactclizat.ion fol ryheu n-Y (.y-.Y rvhele a-Y and 7X
are t\vo cornpa.ctifications ol -T. 'l'hc thcolcnr cal bc found as 4.2.h of IP\,\t] aud is stated

belorv fol rcfclence.

Theorenr 2,L : Let. X l:e a T'ychonoJJ spncc an¡l lct. a-Y, 1-T € K():). The lollouing are

erluiualent:

7. a.l > 7-Y.

2. IJ tl artrl I) arc rlisjoinl closetl sulssets ol .Y anrl il cl.,rrlñc|..y13 = Ç), I.hcn cl.nytlñ

cl".y ß = (tr.

l'he follol,ìng lesuli is rvell linorvn ( sce ,1.6.b2 of [P\1t]).

Tlreorer-n 2.2 : Let X be a 'J'ychorto.ll spuce , aX a contpacl.ilictlion of X. Then{cl"yC:

C closed in X j is t buse lor lhc closal srrü.scls o/a-X.

Fol a space -Y, the plojectivc lraxillunl -\- is dcnoted bv B-Y and is called the ,S'fone-

Cèclt contpnctilica[ion oî X.'l'hc:c is a gtcat rleal of lesu]ts on B.{ (see [GJ], [\{¡], [P\ /]).

Sotne useful lesults lol tltc Stonc-0ðch conrllactifìca.tion of a ilì1'choloff sltace .l rvill norv

l¡e sta.ted.

We givc a chalactelization ol'71.Y that s'c sha.ll use in this thesis. See 4.6.9 of [P\\/]

fol a l'cfcrence,

Tlreo¡enr 2,3 : Let X be n Tychono.l[ sptcr:, 'J'he lollouino are equítulenl for aX €

r(-Y):
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ôX ê'B-\* (ts contpoctilicalims ol .Y ).

tlisjoíní :ero-sels i¡t X ltaue tlís.joittt closures ín a]

A space -Y is said Lo l:e ze ro-dincnsiorutl iÎ it. has a base of open-closed (clopen)

subsets, !\¡c rleuote the collectiolr of aìl clopcn subscts of -Y by B(-Y). A Tychouoffspace

X is callccl slrorryly zero-dintensional if ,4-Y is zclo,dirleusional. \Ve norv give a lesult

coucelning Lindclol zelo-dimeusion aì spar:cs (see a.8.i of [PW]).

Theorenr 2,4 : Lel tl nnd li lte dis.joìttl r:losul sul¡sets ol lh.c :ero-dinrcnsiornl LirLrl.elof

s¡tace X. Tl¡en [lr:t'c et:ists C € li(.Y) "<zr:/r thot il ÇC' and ß¡C =Ø (t.hlt is, X is

strongly zero- d intensional) .

2,2 Boolean Algebras ancl Stone Spaces

ll this section , rvegìve a bliefjntlodrrcl.io:l to Boolean algcbias and Stole spa.ces. l,attices

a.re mertionccl brLt uot clclìned. 'Ihe lcadc¡' is assuntcd to have a linorvledge of lattices.

Ior a tltolou¡¡ìt tleatÌllent of la.t:ticcs. thc illt:elcsted rcadcr should r.cfcr to Chapter' 2 of

[P\\t]. The nr¿rtelial iu thjs sectìon ira.r,e bcen ta.licu îrom Chapter.s 3 a.nd 4 of [P\V]. \Äte

begin rvith some basic defiritions.

lr Booleutt tllgeltrais a cotrplcrrentcd rìistributive lattice. Booleau algebras ale irn¡ror-

tant in the strr<ìy of Stone spaccs, \\¡c shall be llost coucernerl rvith thc Roolean algebr.a

of thc clopen subscts oI a topologicaì s¡racc -\ . \\¡c rlcnotc this Roolean aìgebla bv B(.Y).

If (,8,V,4,i,0,1)is a llooìcan algcbra. zrnd rl C lJ, tl is called a. Booleun subalgebnt il
{0, 1} C / a.nd a,lr€ il inrpìies nÂð, nV lt, tl e ¡1.

Lel A.,B be Doolean algcbla-s. .4. Iunctìon J : A - B is a Boolenn hontonzorphilllt

if a,l) e /l irnplics /(aV ö) = /(rl) V /(t,) a;rd lor rr 6 i1, f(at) = (f(t))'. The fulcrjon
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/ is callcrl a Boolcan isotuor¡thisnt if / is a. bijcct:ìon and l¡oth / and /- al.e Boolean

Itomomolphisurs.

\,\/e norv dcfine thc Stole spacr: oI a. ììoolca.n aìgcbla. Lct B be a Boolcan algebla antl

let,f(ß) ={ll:U is a R-ultlalilter'}. lor'ø € /J let À(a) = {U e,9(n):a€l,/}. The

set ,5'(B) equippcd rvith the topologv fol rvhiclr {À(ø) : a e B} is an open base is callcrÌ

tlte ,9tone space of B.

Thc follos,ing is Stone's lel)roscnlat.ior tìrcolcrn, Thìs ca.n bc found as theoleul 3.2.d

of [P!v].

Tlreoler.n 2,5 : Ltt IJ Ltc o ßoolen¡l tlrlebxt. ')'hcn:

1. ,9(D) is a coït¿pact zero-tlintensionnl s¡tnce,

2. {À(a): n. e B} = It(,S'(R)), anrt

3. À is a lloolenrt isotnor¡tltisnt lrom B onto ß(,9(D)).

\Ä¡e now lcstrict our discussion oi lJoolcal aìgcbt.as to the Iloolean algebr.a B(X) of

the clopcn subsets of a zcto-diurensionaì spacc X.

Let X be a zelo-cljme usiou al spacc and lct 6 Ç l3(-f ) be a Rooìeau subalgebra such

that B is zr clo¡rcu base for' -\. lly Sl.o¡c's Icplescrìtâtiôr theorem, ,9(B) is a corrpact

zclo-dirìrcnsionâ.ì spa.ce ancl lol each .[ € li, the rra.p¡ting À(;l) = ¿/",,-rr1 is a Boolean

isonlor'pìrism horn ll onto 6( 9(B)). Thc foÌlou'ing ìs Pr.oposil,iou 4.7.b of {P\\,].

Theolenr 2.6 : Let X be a zerc-di¡tcnsionnl slnce untl. let ß Ç ß(X) be a Boolenn

mbalgebru such thtl ß is utt open l:ase J'or X. lbl o € -{, let [J, = {B e ß : t e B}.

Tltcn :
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1. For ¡ € .{, ¿/.- € ,t(B),

2. 'J'lte futtr:liott .f : X - ,5'(B) de,finct! by [(t) = t¡, is a densc entl.e,tkling, tmtl

3. II Bt,Ij2 e B urc dis.joinl., lltcn clsl¿1¡l)7^tcl51¡1¡ß2=$.

Bv i<lcltif¡,ìng cach ¿ € -X s'itìr I{,,, r,e nray t.Ìrìnìi ol -Y as a subset of ,5'(8). Thus ,Ç(6)

is a com pactilication of X.

2.3 The Minimunl lJniform Compactification

Let (X, r1) be a netlic space. \\¡c nray lcgaltì --t" as a topological space rvith the met-

lic topology r,¡ inductcd bv 11, lt is rvclì liuorvu (scc 7.7 of [NU¡]) that thcr.e exìsts a.

conrpa.ctifi cation oI -{, callcd tllc ,9n¡ilnr..,¿r conpacl iJîcal.iott of -d. In Chapter. 3, rve rvill

give the actìlal constnlctiou ol the Smìr'nov compactifi ca.tion of X. Pr.opelties of this

compactilicatìon aro stated in thc follou'irrg thcot.erl (sce 1.1 of [\,\to]).

Tlreolenr 2.7 : [.et(X,d) be u melric spnce. Thett the topologícul spuce (X,r,¡) hts u

cctrnpncíilìuLliott rr,¡-Y rrrlflr thesc ¡n'operl.ics :

1. Il tl,B € 2(.f,) r/¿en úl,,,ir¡l o c|.,,,,.y R f A if antl. only il d(A, B) = 0

9. I ( X , ¿) nnd (\', c) ure ntel.ric spuces a nd ,f : X - \' is tntifonnly cottt.inuous, then

ll¿ere is u cotttinuous lunctiott f" : u,¡"Y ---.. rr cY sltclt thnt. f"lx = f.

3. Lct Uj(X) denote lhe ring of all l¡oundcd rcul-xalued unílorntly continuous ftntctiotts

toíth do¡¡trtin (X,rl). If f € ¿ä(-Y) than tlterc ís o (necesstrily unique) contínuous

furctiott [" : u,¡X -- ]R "siic/¡ lhnl. .["lX = J.

\\¡e call tt¿-Y the nrnin¿rin¿ uuiJ'ornt cont pnr:líliculíon ol the rretr.ic spa.ce (-Y, d). rr¿-Y ìs

triuimum ìu thc sense that it is the snla.Ìlcst conr¡ractificratìol of .{ to rvhich each lncmber

of I/.(.{) calt bc extended continuousll. 'llhe urìujuun.r uuifolnt compactification ca.n be

chalactelized jn scvelal wat¡s. Thc foìlos'ìng is 2.5 of [\\b]:



C l I A P'T I)K 2. I N 1- 1IO D II C?]/ON ?'O C: O ì.1 I' A C' I I ]I I (JÄTIONS

Theolern 2,8 : Let (X.,tl) be n nrctric s¡Luct: antl let aX € K(X). 'l'he lollorLting are

er¡tiualenl:

L a-Y È u,¡X (ns contpncl.i,ficnlions ol X ).

I II ¡l,l) Ç -Y //¡en c/..x.,l il c/,.,.1-lÌ I Ø il and only iJ tl(;l,B) = 0.

{/ € C-(.X) : f can be conlitto'usly eú.enrlerl tr, û.Y} = U;(X).3,

A uscful corìscquerce of thcolcnt 2.8 is thc folìou'ìlg. It js stated as corollar.y 2.6 of

[wo].

Corollary 2.9: Lct (-Y,l) óe t ntalrir: spnce. IltlÇX o.ntl lr € d.l \ c1,,,,_¡,4, t/ren

tltere etists u closed subscl D oJ X such lha{,:t: € cl,,n¡ß and tl(A,B) > 0.

The follorving theolent is 2.9 of [\1¡o] :

Theolenr Z,LO : If (X,d) is t ntelric s¡xtce , anrl if ,5' C X , then c1,,,,y,9 * u,5 (up

to equi,txlrnce), ulrcre u,9 is ll¿e nti¡tinnt¡tt unilornt cotn¡tacti!ìcal.ion of tìte ntetric space

(s, ¿l,e).

II (X,¿) a.nd ()',e) ale tl'o nrct¡ic spaccs, thcn a ìrìjcctiou J : X .- I'is called a

unifornr, isonrcrphism if I ald /.- arc unìlolur]y cont.ìnuous. If a unifolm .ìsomor.¡rhìsm

exists betw€e n .{ an<ì )', l e sav that thc llctric space s (-Y, d) and (}', c) a,-e uni.fonnlg

eEtitnlent. If -Y = y theu thc mett ics d and c al e sa jd to be unifor.nly equìvalent.

Clcally rrnifolnrlv ìsourorphìc spaccs ¿ìr'c hontconror.phic but the couverse fails. The fol-

lotvìnp¡ thcolcnr (sce 2.10 of [\\'o]) statcs a srrlficìent condition for the ninillum unifol.m

conrpactifcatiors of trvo nrcllic spaces to ltc ìronteorror.¡rhic.

Tlreolenr 2,11 : If (X,rL) and (\',r) rLrc netric s¡nces nnd if I : X - 7' is n unifornt

isontorplústtt, llrcn f extends t.o u ltontcornor¡tltisnt Jî : u,¡.{ ---+ tt"\' ; in part.icrrlrir, ii¿X\X

'is lrcnteontor¡thic fo ti'")' \ 1',
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Let (-{,11) bc a uretlic space. 'fhe nrctric contplelion of (.Y,d) rvill be denotetl by

(X-, ¿-). Thc {oìlol ing thcolcm (scc 3.2 of [\\¡o]) r'cla.tcs lhe rriuimum uniform compact-

ilìcation ol (.f , d) antl the mirinrrrnl rruilblnr courpactificatio¡ of (.Y-, ¿').

Tlreoletn 2.12 : Let (-{,d) ôc u ntr:ltic space. 'l'lrcn l¿.-ll* is equiuulenl, (ns u conzpact-

ificatiort ol X ) {o u,¡X .

Thc tlleolcm stâtes \ye nay dcal exclusivcl.y rvith contplete metr.ic s¡taces rvhen ana-

lyzìng t,he nriui:lrrm unifolm conr¡rac1.ifica1iols of mctr'ìc spaces.

Ifr>0jsgìven,asul;set,/loI .Y is r:allcrl e- discret.e if ,5'(r:,e) ¡D = {r} foleach

r € D. \\fe norv givc a ch a la ctcliza.tion oI f.hosc nctlic spaccs (-Y, d) such that ,4-Y = z¿.Y

(sce 3.4 of [\\Ìo]).

Tlreorenr 2,L3 : Tlrc J'ollouting nte erluítalcnl. fr.tr t nzetric sptce (X,d) :

1. u¿X *- liX .

2. c',(x) = u.(x).

s. C(x) = ¿/(-r),

l. I'hrt'e is t cottt¡tncl. "s¿l¡,cel ,Ii' ol X suclt. [Àaf X \Ii' cottsi.<ts of isolnt,etl poittts of X

anrl lor eathr ) 0 tl¡ct'e c¡i.sf.s e,, ) 0 such lhtt {r g,Y 
'd(ø,1i') 

>} is e,.-discrete.

Lct X ancl l' l¡c Tvr:houofl spaces. Cilidisbelg's tìrco:cn (see 4,,\G of [P\\/] )sta.tes

tltat B(.{ x }') ! B-{ x ¡3}' if anrl onlv il .Y x )' is pseudocornpact. II (X, d) an<ì (),, e ) aLe

metr'ìc spaces, jt is natulal to a.sli rvhcthel thcle is a nccessar)¡ and srrfficient conrlitions

orì X an(l l' srrr:h t.hat zr¿-\- x l")' ! r¡r(-{ x )') rllrclc thc mcÍr'ic f ou -\- x l'- is dclìned

as follorvs :

l((¡r,yr), (r;2,¿2)) = r1(r:1,r:2) * e(yt, yz).

Such couditions a.r'c liuou,n an(l are slìatic(l ìn thc lol)orving thcoreni ( see 3.6 of [\\¡o]) .
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Theoren: 2,L4 : Tlrc lollou'in(t nre cquitalanl for luto ntet.ri.c spnces (X,11) antt(7,,e):

.1. tr¿(-\* x )') Èlr¿X x u "\' ( tdme I. is as describctl tboue).

2. tlt leasl onc of (X,d) nnrl (\',el is lolully l.tountletl,

If a urctrjc spacc (-{, 11) is locaììr, corll)act arrrì o-conr¡tact, then {\.\¡o] contain results

tha.t can l¡e uscd to a.nai.l,zc tr,1.Y. If -Y is a locally courpact õ-colltpact tìorìcompact

l{ausdolll space, it is rvell linorvl (scc 11.7.2 of [D]) tlìat ther.e exists a sequence {11,, :

z € l.l) of cornpact subsets oI .Y such thati :

1. .Ii,, is a, ploper suìrsct of rl¿l.x Ii-,¡+l ,

2. Ií',, = cl-¡ in/¡ 1i',.,

3. -Y = U"err/i".

\Ä¡e sta.te this folntally iu thc next thcor,cnr

Tlreolenr 2,L5 : IJ'X is u lomlly cont¡xtcl o-cornpact noncompact lIrrusdorfJ space,

llrcn lhere et:is{s a ser¡rence {/i-,, : n € l.l} ol contpact. su.bst4.s ol X such ll¿al :

1. Ií,, is o proper'.sr¿l¡-çel o/ ir¡1r/r',,+t,

2, I(" = clrintx I(,,,

3. .Y = U,en/l,.

Suppose C is a subsct of a rnctt ic spacc (X, d). Thcn ìct C,, dcnote c/,,,,.¡C' \ X.

Cleally, lor';l Ç X, (cl.y;l)" = 7tl',

The fbllorr'ìng tlreolcm is 1.2 of l\1'o].

Tlreolern 2.!6 : Let. (-T, d) ðe a locolly conpuc{ o-coùrpact nte[ric space , and let A antl

B be tuo closatL noncontprtcl sr¡òs¿/s oJ'X, 'l'hc lollouíng ue erlui.Ltalen{ :
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-1. linr,,**,srr2{r1(r,,,1) :o€ B\1í,,} =0,

2. 13" c A'.' .

Ior a mote dcfinitivc l)Ìescnt.âtion of tllc rlininlunr ìlnjfolrn conl i)a ctilì cation, the

leaclcr is aslierl to lcfcl t.o [\\¡o].



Chapter 3

Building the Minimum IJniform

Compactification

The milinrum unifolm conr¡ractifìcatiotr u,7-Y o[ a nrctric space (-Y, d) cal be ]tuilt ab-

sttactly muclt lilic thc Stone-C)cch conrpactilication of a lvchorolÏspace. The method for

the cottstructjon of both these corrpactificatious of a. metr'ìc space (-1, d) ale r¡uite sirnilar.

Tlte main dillcrence is tha.t the undell¡'iug "points" of tlte two coulpactifica.lìous come

fion tlillelcnt sor¡lces. Tlte points of the Stonc-Ciöch r:om¡ra ctifi cation ale z-ultrafilters of

-, rvhereas tìre poiuts oI thc ntininlunt uli[or.nr conr ¡ractjlìcation al.e the " ¿l- cìuster.s"

of X. We ptocccd to ìrrrìlrl thc rnininrunr rrlifolnr coutpactilìcation t¿-{ of a rnetr.ic space

(X, d) in this chapl,er'. Tìhis conrpactifìr:aliou is a spccial case of the Smirnov Com¡ract-

ifica.tion ol a. ptoxinrity s¡tacc. 'Ì'ltc Sltil nov Ciontpactificalion can l¡c forrtrrì in [NW] or.

[Ra.]. l{ost of t.he matclial in thìs chaptcl c¿rl bc tracerl to the inaluscr.i¡rt by Dr.. À1.

Raybuln [lìa].
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3.1 Definitions

Sevelal ter:ls nccd to l¡e dcfined in 1:his scclion. Äs u'c ¿ue dca.lìng olly rvith metlic spaces,

all tel lns rvill be dclìned in tel urs of rnctlic spacc. llos,o'er', nostof these definitions can

be gcnclalized to a. rvidcl ratrge of sltaces (il pat ticuìar', ploxitnìty spaces).

Definition 3.L : Let (-\ ,l) fic r ntelric spncc. tl clan o is a non-en'Lpt.y coll.ection o oJ

slùsets oJ X sur:lt lhtt :

1, iftl€o untl ¡lC l] then D ço,

2, iJ AUB eo tlrcn il€ o or R eo,

3. d Å.,8 €o then d(i,ù) = 0.

A C X and d(rl, o) = 0 ín¡tlics tl e o.

If thelc is no ambìguit1, about rvhidr ntctl ic

lather tlìa.rì "tl-cluslcr'".

3.2 Some Results on Clusters

(3.4)

is undcl tliscussion, rvc rr'ììì say "cluster'"

(3.1 )

(3.2)

(3.3)

IIsing a stanclarrl Zoln's J,cnrura ar'guntctìt, ole easil¡, sees that alìy clan is contained

in some maxinlal clau. \'[axintal cìans alo c]ans rvhich trr,e not str.ictl.y contained in any

othcl clan. I1 ¡l is a. subsot of a. space .T and o is collcctjon of sr¡bscts of -Y, thcu rve rvlite

tl(tl,o)=0toflcttote

vll € o, ¿(rl, r) = 0.

Definition 3.2 : tI clan o on e srycc (.Y, 11) is ctllcd t rl-cluster if

TIlis sectìon rr'ill list sonc lcsr¡1l,s lol clustcls that l'ill bc usefirl in the constluction of

¿¿X, The main resr¡ìt in this scction is that ntaxiutal cla.ns atrd clusters are the same
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objects. 'L'his rvill bc a r¡seful lact since ¡csults ¿rle somctimes casiel to obtain using

naximal clans insl.cad of cluslcls and vicc I'clsa.

Lenrtrra 3,3 : Let (.\,d) ðe a ¡tclrìc spure tntl lcl. A,D C X. Tl¿en.d(tl,B)=0 if antl

only il thr:re eúsl sequenccs {a,,} C rl, {ù,,} ç ¡ sut:h lhal. 1inr, -,=d(r,,, ú,, ) =0.

Ploof:
I1 tl(il,B) = 0, thcn lol cach n € trl f lrcro cxists n,, €;1, li,, € ß such that A@,,,t:") ! |.
Thus /rinr,,-".,d(rr,ì, ¿t') = 0. ¡
The othcl ìmplication follorvs dilccl,lJ'fiont thc rlcfilition. tr

Lenrnra 3.4 : Let (X,d) be u nte|ric sp(ca lritll rl,-lì Ç -{. If IL(AU B,C') = 0 t.ÌLen

¿(A,C)=0 orrl(l),C)=0

Ploof:lld(tlUß,C)=0;tht'ntlrclccxistsscquelccs{rt.,,)CAUlla.nd{""}çC
suclì thâ.t /rint,,-o.,r/(rr,,, cn ) = O. If /(.,1,C) f 0 t|en lihc¡c exists so¡e ??o € Ll suc¡ tha.t

fol all a > no, en Ç J). Ilence d(/1,ú') = 0. ¡

DefirTition 3.5 ; I¿r aaclt ¡;oittl r in tt nte[.ric spncc (-Y, d), tlef;ne o, = {',1 Ç X :

d(,'l,c) = 0). o.. is cnllul a Tsoinl.-clusler,

Clca: lv {e} e o-.

Tlreolem 3.6 : /ro¡ e ch xt e -Y , o,- is n r:lus[c:r.

Ploof:Lctc€Xbegivcn.

1. Sup¡rose ;l € o" anrl .,1 Ç /-1. Ás r/(.,1, r:) = 0, thcl l( j?, e) = 0. Thus B € o" aurl

hence r¡,. satisfics ( 3.1).
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2. Let ',1,1) € ø.,,. 'llìrcn 11(rl,¡) = 0 a.nd r1(/ì,ø) = 0, so thcle cxists a sequerìce

{¿,,} ç ,t nnd {t,,,} C IJ st¡ch thât: linr,¡-)3 rl(n,,;t) = 0 and li¡r,,-o" /(ú,,,e) = ¡¡.

By the tliangle inequa.Jìt¡,, \\'c scc th¿ìtr fol cach n € l\

11(4,,, ú,.) < rl(n,,,:t) { 11(c, ú,,.).

This inplics

,lim d(a,,, ó, ) = g.

Ilcnce 11(rl, D) = 0 anrl o.. salisfies (3.3).

3. It IL(A,C) = 0 fol all ú' e ø"., tlrcl in Palticuìal r1(,,1, {r}) = 0 as {¿} € o,,. Thus

d(,.1.c) = 0 ancl so rl € o". Ilcnce o". satisfics (3.4).

4. Supposc that ,,1 U B e o.; thcrr r1(,1 U,/ì,a) = 0. lll lcrnrna iÌ.4 d(rl,r) = [ e¡

tl(D,t)= 0. I'¡us o" satisfies (3.2). tr

The follol'ilg is an exantpìc of a collcctiolr o oJ sul¡scts oÍ a. space (-Y, d) tha.t satìsfies

(3.1), (3.3), aud (3..1) but rlocsn't sa.tislv [3.2).

Ðxanrple 3.7 : Let (lk,d) üc tlrc liur:lideun ntelríc s¡tnr:e. Let A = {f 'rr' € N},, =

{-} '"e }r}, and C = {1 - *:r > 2} u {-1+,1 :n.>2}. Cletu'ty

II(A,B) -- 0,tl(tt,C)= 0 nnd d(D,C') = 0 (3.5)

LetÀ={S ÇX:,,1 C,5 or l) C,5'orC C,9}. It. is clear frc.trtt (3.5) that, il S,T € 
^

tlrcn rl(,5','l)= 0. Ilcnce À sn/i.r/y (3.1). lly llte rlafnitiot'L of À, il ,9 e À ttn¡t,9 g 7 ç .{,
tlrc¡t T € À. 'J'i¡r¡s ,\ sat.isfy (3.3).

LetT = {o C 2(.X):o srttis.fics (3.1) and (:3.3)}, ?/rcn clearly, À e P. Notu ortlerP be

inclusion. (2, Ç) ts u partially oxler sat. (PO,ç1rT), By Zorn's lcntntt, therc is u ntuxirnr

clruin C ÇP such tlvtt À e C. LeL I = UC.

Clainr : 1 sutislics (3.1),(3.3) nnrl (3./¡).

Ploof of Claim :
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1. If,t € ? and ,5'C ?'C -\',l.hcn tltc¡e cxists sorììê ¿r € C such that,ç e a. Âs a

satislìcs (lì.1),7'€ a, 'ìììrus 7'€ 1'.

2. H S,7 € 7, tlrcn l.hclc cxìst.s o1, o2 ( C'sur:h that,9 € cr1 ald ? € az. Since C is

a chtrin, cithel rr1 1! cr2 ot .r2 < û1. \\Iithout loss of genelalit.y, assume ô1 < n2.

Then 5,7' € d2. But as oz sâ.tislics (3.3), thcn ¿(,5,:l') = 0.

3. Suppose ? docsn't satisfv (3,.1). thcn thcle cxists ,l Ç X such that fol alJ ? e .y,

¿(,9,'t)=0btt'5/7.
Let 1'. = 1U lU ç X : ,l Ç [/], Cilcarlv 1- sarisfics (3.1),(3.3) and 7 is srr.ictlv

contiìine(l in 1,-, Tlris coìtt.ta(li(lls t:he nla.xinlaìit], of 1. l{ence 1 must satisfy (3.4)

and the claim Ìrold s.

It rvas just shos'r tha.t 7 satislìes (3.1), (3.3) and (3.4). \\¡e uorv ploceed to shorv that

7 faììs (3.2).

Rcca.ll C= {1-*:n>2}u{-t +}:n )2} an<l C eT.Let Cr = {1-J:n)2}
a.nd C.'z = {-t + } :n ) 2}. CJìoallr,, C'= CtuCz. Norv d(tl,C2) =; > 0, h,erce C2 / 1.

SinrilaLl.y d(8,C1) = å t 0,hcncc C1 / 1. 'Jlhis shos's 1 rìocsn't satisfv (3,2). o

Iu a rtctlic space, distinct points gir,e ljsc to clislinct point clustels. This rvill be int-

pot tant rvlteu u'e llrr ild the nr iu inurl u n ifolrìl conr pactilìcation of a. me tlic space. Namel.y,

the sct of poìnt clustcrs ìs idcltificrl l'ith the nrelric space in tlre ntinimum unilorm com-

pactilicatìon,

Theorer¡ 3.8 I {r f y lløt o,, I ot.

Ploof : If :r; I y thcn rlþ,y) l0 anrl hcnce þj / o,,and {y} / o".. This shorvs o- f or.

o
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Lertrnra 3.9 : If o is t clusk:r i¡¡ -Y 1/¡r:n X € o.

Ploof : If ¡l € o, tìrcn r1(;1,-\'¡= 0 since ,'1 C -Y. As.r js â chrslicr, (3.4)ìmplics -Y € a. ¡

Colollaly 3.10 ; ú,'¡ìren Á Ç -l und a clusler o, eilher il < o or -Y \.4 e o.

Proof : Lct ,,1 be a subsct of .Y \\'e scc that .l = / U (-Y \;l) anrl bv lenma 3.9,

X € o. Sincc o is a clustc:, cit.ìrcl .1 €oor'-Y\ tle o.E

Ler¡ma 3,lL : Let. (-Y,d) l,'e a ntel.ric space und lcl, tl,ß be subsets of X, IÍ¿(A,R) + 0

then tlrcre et:ists E Ç X such llrutrl(il,ll)10 øtLd(X \¿,¡) 10,

Ptoof :Srrppose d(A,B) = c rvhclc r > 0. Lct Jl = {:L € X : tL(t,I}) S i}. Then

d.(A,ta)> ! anrl rl(-{\.1-',/l) ) i, a

It is ¿r.*'cll linou'n lcsrll [\1¡i] tlral i[ ¡1, /i alc subscts of a. spa.ce (.{,d) then

d(/1,ll) = 0 if ancl onlv il'r1(r:1.y-,1, c/.¡/) = Q (3.6 )

Theo¡enr 3.I2 : Il ,'l Ç X untlo isr r:luslerorLX, then ;:lc- o il u1d only if clyrl€ o.

Proof : I1 / € .r, then bv (3.1), clx i! e o. On thc other hand, if ,,1 çi o, then by (3.+),

thelc exists C € o suclr that ri(;l,C) I 0, ll¡,(:l,l)), d(cl¡.d, c1.^- C') I 0. As C € o and

C Ç cl¡C, by (3.1), clxC' € o.Ilcnce b.r., (3.rì), c1.y,l / ø. n

Thc follou'ing thcolcm shou,s that clustcls aD(l mâxitìlal clans on a metric spacc ar.e

the samc.

Theo¡'e¡n 3.L3 : Tl¡c Jollowint are cr¡uimlcnl lor t cltn o on u ntelric spacc (X,tt.)
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1. o is u ntut:inrul clan,

2.oisucluster.

Ploof:
2) + 1) Let o l¡e a clrrstcl on -Y, and supposr: l,hat p is a maximal clan such that rr C p.

Let A e þ. Since fol allí' € 13, r/(r1,,5') = 0, rvc sce that fo: all 5 € o, d(,4,,9) =0,so
¡1 e a. Tlrus 13 = o. lTe:nce a ìs a maximal cJan as rerluilcd.

1).=+ 2) Lct o be a.nraxiural clar. \l¡c shou'that o is a clustel.

Let À = {CJ c -Y :Vß e o,d(C,/j) = 0}.

1. Let ¡l €,\ and lct C bc a scl; r:ontailing.l. 'l'hcn ;fol all /J e o,d(A,B)=0rvhich

inrpììes d(C, ll) = 0. llclcc 6'e À.

2. Let A,B € À and suppose tl(tl,D) 10. TÌrcl; bv lemma 3.11 , there exist C C.Y

such tha.t d(tl,C) l0 and 11(Jl, -f \C) I 0. As d is a cla.rì alcl -Y = Cu(-f \C) e o,

then eithel' C € o or',Y \ C € o. In eithcl ca.se, it contladicts the dcfinition of À.

Ilcnce,,l.B € ,\ inrpìics d.(A,Dl = 0.

3. L"'t /1, D Ç -\- sllch thar .'l / À anrì /l / À.

Claim:;1 Ulj ø^.
Ploof of claim : Since -,1 çi À, therc cxist -/)1 e o such that d(A, Dr) I 0. Thus,

tlrc:e exists Cr sìrch tÌrâ.t tl(t\,C1) I 0 ancl ¿(r1,-Y \ C'r) I0. Simila.r'ly, sìnce

-D ø À tlìere cxists D2 € o suclì tha.t d(ll, Dz) 10. 1'hrrs, ihere exist Clz such that

tl(ll,Cz) I 0 anrì rl(Dr, --r" \ Cz) I 0,

Notc.{ = (Cr nCr)U(-Y\(C'1ñC'2)) € ø. IIcnce CtOCz e o or (-Y\(Cl ñCz)) e o.

If (.Y\(Cl nC'r)) = ((-Y\Cr) u(.\ \Cr)) € o, rhen r\Cr e o or' -{\C2 e ø.

But X \ C,'1 carìnot bclong to o since r1(,D1,,{ \ C,) I 0, Silriìa.rlv, Rut -Y \ C2

cannot beloug to a sjncc ¿(rr,.{ \ Cr) f 0. Thus (.{ \ (Cl n Cr)) /ø ald hence

CtñCz€o.
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Norv rl(ú'1 nCz,¡l) f 0 bccausc ¿((:1, rl) 10. Similarly d(CtñC|2,8) f 0 because

d(C'2,ll) f 0. By lcnrnra 3..1, ¿lC't o C2,.,1 Ull) I0. Iiclce tlUD/\.

'Ihe 3 itcms abovc irrplv À is a clal. llt,rlcfinilion ofÀ, À satisfies (3.4). Sìnce ø is a

ma.xinra.l clan, o = À. Iìcrcc o is a clusl.cr'. D

'l'he above tlteotem plovitlcs a ch a r'¿r ctcl iza.tion of clustels that tvill be used in subse-

qucnt ploofs.

Tlreolerr 3,14 : Il x € -\* and o is t clusl.cr conlrti¡tinq {t}, therz o = o,.

Proof : Sup¡rosc;r €.\,oìsa cluslcl and {r} e o.I1 A€ o. then ri(,,l,e) = 0 rvhich b.y

defiuition nìca.ns -rl ç o". 'lhtrs o Ç o". Ilv the maxìrralilt'of o,,, o = o". tr

\Ã/c norv give a nsclul chatar:tel izat,ion of ?2 spacc This ch a.ra ctcl.iza tion ìnvolves

closed sets instcad of open sets.

Tlreorenr 3,75 : Tl¡e [ollouino trc er¡uitnlcn[.:

1. A lopoLct¡1ícrtl space ,\ is'J'2,

9. Git¡e ¡t t.tuo tlisti¡tct poinl-s :t nnd y írL -Y , llme u.rc 2 ck¡sed sel"s .il,,,Jî, of X such

thtt x Ç l, C (X \ {y}) unrl y € Fo ç (-X \ {"}) untl F", U I, = -Y.

Ploof : (1 =+ 2) Suppose -Y is 72. Let r: anrl y be djstinct poìnts of -Y, Then

thele exist opcl disjoint sLlbscts U,., {./,, ol .\- such that î. € ¿L â.n(l y € LIo. Lel

¡| = cl_ryL/",, ltì,=.¡"\¡.¡¡. lt is cloâr llìat 1;1. U ¡; = -Y. It ìs also clca.r'that ¿ € _F".

Srt¡r¡rose ll € cl.xUv = 11,,. Thcn as [./, is a lcighbolhoorl of y, s'c h^1,e Llr ñ LIu # î)

rvhich is a coutlarlict.iou. llercc y / f-i,. rr'hich inrplies 1¡,. C (-X \ {y}). Usiug a similal

al'Burrc)rt, we sce y € /i and 4, Ç (.i-\ {.})
(2 + 1) : Lct :r; and y be rlistiuct points ol -Y.Lct .F,, anrl I, be close<l subsets of -Y such
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that ¿ € 14" ç (.{\ {y}), y e Ì¡" ç (.\-.\{r}) aild 4.u4, = -Y. Thcn.Y\4.n-Y\i',lv = ø

and botlr .Y \ /,, and -[ \.1!, arc opcn suìrscts of -\. Since x (. Fo,ve have r e X\Fu.
Sinrilall.y, asy (. Fr,, s'e have y € -\ \ ¡;. Jlcuce -\- is'Iz and rve ale done. O

3.3 Construction of ì¿d,I

\ÃIe uorv plocccd to brrììdilg of thc nininruur unilolrr compactification of the lletric

space (.Y,d). 'Ihe coustluction is sinrilal to tllat oI the constluction of the Stone-Cèch

conrpactilìcation.

Lct u,¡--r* be thc colk:cl.ion of all clr:stcls ol (-\, d). ìÌol a. closed sr¡bsct C of -1, rve

definc 6'= {o € rr.¿.\' : C < o}.

Lernnra 3,!6 : Let Il l¡e lhe J'rtntíly oJ' cktsul sels of X. Thcn {B : B € B} is u base of

cloxd stls Jor n lopologg r ott u¿-\.. 'l'ltnt is,.llÚÙ =ÃuT.

Ploof : Lct il,,/ì be cìoscrl sr¡l;scts of -Y. '-lhcl bv (3.2),

tlu E = {o: Au B € ø} = {ø : ¿l e o ot lì ç o} =ÃUB

Ilettce rve a.l e rloue.D

Lernrra 3,77 : (u,¡X,r) is'l'2.

Proof: Lct .rt ¿ì.n (l rr2 l¡e disl,inct clrrslr:ls. lll.tlrc nraxinralìty ofø1 a:t<ì 02, thet.c exists

A € or,Il € oz suclt tha.f d(,1,11) I 0. llv lcrnnra.3.11 thcre exists C'Ç X such that

¿(A,C)# 0and11(lì,.\'\ú')l0, llence¡1 ç.{\úi c11.¡(-Y\aj)=x\inr.y(C) rvìrich

irnplics .Y \ in1.ç(l') € or. I.cl /'¡ tlt,rrotc -V \,¿,r,(Cl.'l l"r' -Y \ r'nt-1 1ó) is a closcrl



C].IAP'1']'1I 3. BLIII,DIN(; ?IIN ÀIIN]ÀíU¡I TTÀTIIOIÙÀI COA PACT'IIiICATION 22

subset of tr,¿-X contaìning o1. llv st'rnltctr'\,. \\'e havc B Ç cl..y(C), so d¡(C) e n2. Let

.Q denolc c,l¡{Cj. Then 
"Lr,(Cl 

i. ¡ closcrì subscl ol'ri¿-Y containing o2.

II oz € I\,lhcn b¡' thcolcrn 3,12, .\ \ rn/.¡(ó) e o2, 'lhìs impìics r1(ß, -Y \ int¡ (C)) =¡
ancl tlttts d(,8,-Y \ C) = 0.1'his is a contrarìictiol. So rve have ø2 ( Jl, and sinrilar'ìv

a1 gl 12. 'lhus

ti@ u Tf-r,ircl = Aø¡fn;;r"f¿¡ = T = t¿¿.y,

Ilcuce by fhcolr:m 3,15, u,¡-\* is 7). tr

Lenrnra 3.18 z¿X is conrpac|.

Proof : Lct {itr, j e Â,{ is a closcrl suì;sct of .Y} be a collection ,M of basic closerì

subscts of u¿.{ rvitlr the lìnite iutclscctiolt propel tl,. 'l'o pr.ove ?¿¿t- is conìpact, it suffices

to slìow tilì at

14 + c¡'

i€^
Let,î={t¡ je,\}.Clhooseafiljtesr¡blanrilyof-F,sar,{,,1¡}f'=,CF.Bvthelinite

intelscctiol propctty, s'e cau choosr:

"€ Ö4.
i=l

Tlrisìnrplics;11,A2,..,¡1,,€o.'lhrrscachfìnitcsunlbfallilvof-Fbelongstosomeclustel.

on X.

Delìne

¡={ÀC2(-.i"):JrcÀand{C;}j'=1 c À =+ lo e ?1,1.{ ) {Gi}i=l C ø}.

As secu abovc, -F € -4, Icncc "4 I Ø. l'artìall¡' oldcr' "4 by inclusion. I'hen lt¡' 16¡¡'g

lemma, tlrclc is a ltra.xinra.l clcnrcnt ¡i ç;{.
\Ä¡e proccccl to shorv tltat l¿ € i¡,i-\, Since -F Ç ¡r, it follorvs that ¡r Ç O¡6¡{ ancl so

1t¡e¡4 I Ø. 'Ib do lhis, u'e norv shou' that 7r is a. ntaximaì clau anrl involie theolem 3.13.
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I. Ø Ø tt;for' ìf lot, thcle cxìsts o € ri,l-\- such that Ø e o, a contladiction,

2. Lct (:i6 € ¡r and f-i6 ç // ç .ï. Norr, .F Ç ¡r U {il}. Lat G1,G2,..,6i,, be albitr.ar.il.y

clìoscrì llonr ¡r. 'l'hcn {Cit,C;2,...,C;,1,11} Ç ¡r U {/l}. By dcfinition of ¡r,, thele

exists a o € r¿¿.Y such lha.t {f,i¡,ú,'1,...,C"} ç ¿¡. Rut as Go € o, then II e o (as

o € tr,1X). l'hus p Ç ¡t U {ll} € ¿1. Sr¡ as ¡r is a nraxirnal elernent in ¡{ rl'e must

|a1c l¿ = ¡rU {/1}. llclcc 11 € ¡r,

3. Srrpposc that ,,1 U /i € ¡r anrl .;l / ¡i. \l¡e nr:ed to shot' tha.t /l € ¡t. ,\s tl / p

anrl by thc naÀ-inralitr of ¡i, thc'rc cxist.s a lìnitc fa.nrilv {G¿i!,=1 Ç p such tha.t

lC;1,G2,.,,G",;l) js not conlaincrl in any lt¿rxintal clau. Consirìer.¡ U {B} ancl

taÌie ary fìnitc sr¡bla.rnilr' {llt,ll¿,...11,,,,0}. ì'hen thcle exists o € rr,¡-f, such that

{Gt,G2,...,C1,,,11t,112,...,11,,,,,'),U l}} Ç o. .\s ,,1 / o, rve have ß € o (as o sa.tisfy

(3.2)).TÌrus lIIt,112,..., il,,.,. IJ] Ç o. llcncc I U {/i} € "4. Blt as ¡r is maxirnal in

A,rvehaveB€¡.

4. Il ¡1, ll € l¿ thcrt bv 5.1,1 o[ [N\\¡], thcic cxjsls sorlc o e 1Ltt.Y rvith {;1, B} Ç o.

Sillce o is a clan, tvc scc tlrat r1(zl, ü) = 0 ald thus ¡l ìs a. clau. Norv there rviil be

a nraxinral clan ¿r lhat conl,ains /r. ClcallY o € "4. ì)ut as ¡. ìs a nlaxiììla.l elemeììt

ol ,,1, rve ha.\'c ¿r = l¿.

This shols t,hat ¡1. is a uraxintal clan aud hcncc ì1, thco:'cm 3.13, it is an elentent of

tt¿X. llerrr:e tr,1-Y ìs com¡ract and n,c ale rìouc. tr

Let ,l : -{ -- rr¿.\' l)c dcfirrcrl as :

,5'(z)= ø,..

Proposition 3.19 ; ,9 enrl¡e¿1.c -\" honteomorphically irtl.o tt¿X

Ploof:
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1. If :r: and y bc rlislitrct. poinls of -X. ll'hcn b¡, t.hcolcm 3.8, o", I or. Ilence ,5' is

olìc- to-o c.

2. Let ¡l be a closed suìrsct oI -\. Nou' ,,t is a ìr¿rsic closccl subset of u¿X , \\re sce

.9-tIl = {.r' :ø,. € ll} = {. :.1 € o,.} = {r' :r' ç i{} = A

rvhich is closcd ìn .X. l'lcnce ,l is coutinuous.

3. Il I is closcd in -tr rr'c clainr t:ìral

s'Ir]= !l¡,e¡¡1

To see this; lote that if ø,. e J'[..1], tlren o" € {o:,1 € r} = A at¿ € ¡1. llence

o,€;In,t[x].

Converscìy,ìføe,9[-.r*] nJ tlrcn,l € ¿ anrl o = o". Íor sone ¿ € X. This jmplies

íù € rl a.ù(l hcnce o € S'l.t]. This inrmcrliatclr'ìmplv that ,l : .Y ---,9[-Y] is a closed

nrap, and hencc a holnconl or'¡rh isnt.

tr

Plopositiotr 3.20 ; S[-f,] is tlense in u,¡X.

Proof : \\t: note b¡, clelìr:tìor t.hat

c1,,,,r,91_\ I = 0{f , rl_tl C ;I}.

Sup¡rosc ,t{-\] = {ø,. : r' € .\} is contlinctl ir, ,1. 'l lrcn fol cacìr fìxcrl ¡ € -Y, o,. € J
rvhìch implies .rl € o".Thus î €.lr as no,. = {r;}. \tr¡e sce tha.t ¡[ = -{, hclce

c/,,,,.¡,1[-Y] = .\ = ¿,¡-Y.

Thus ,l[-Y] is clcnse ìn u¿.À". tr

\\¡e have shorvn that ?r,t-\' is a corn¡raclifìcation of (-\-,d). \\¡e pr.oceed to jnvestigâte

the plopeltics of t¿-X .
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Ploposition 3.21 : Fr¡ uttq r'lr,xrl 1 Ç -\, c/,,,.ç.5[[] = F.

Pt'oof : Nolc tìrar .5( I ) Ç y' rihillr is closr.rl irr ri,7.I. so c/,,.,.1,Ç( l,) çT. Convetscly

if ,t(l¡) ç D s'holo ll is a closcrì subsct of -Y. 1'heu F ç B. Fol if ¿ € Jr then

o¡ €,t(F) C 7 rvhicìr irrr¡rÌics o,. € /J. arrrl ht.rcc r'€ B. 'lllrus F Ç B; bocarrsc il o eT
tltcrr /i € n) hcrìcc /i € ø, ir:rtì so o e l).llcrrco rve lrrlc:

F ç n{t :,f(-F) Ç ?l} = c1,,,,,¡s'(jl)

l'ogcthel rvc ha.r'c:

1= clu,,.v,5'(jr) = c/u¿-v /¡, E

Tlreolem 3.22 : Lct ¡l,,lJ c -f . I'hen tl(tl,ll) = g ¡¡r¡,,,,..r1ñcl,,,,xB lØ.

Ploof : (+) Supposc d(rl,,lì) I [4. 'Jììrcn fol al¡' cÌusl,e l o e u¿X , one of the follorving

is tl ue :

. lleo, tJço,

o tl/o, I)€o,

c tl / o, B /. o.

In an¡, c¿5s, o / Ã nB = clu,,x tl ît c|.,,,.y )). Since ihis is t¡.ue for. all a € z¿.X ,

cl1,,tx !1 ì c\,,,,.y D = fi.
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(+) : By theolcrn õ.1.1 [N\\r]. tÌtr:rc cxisl â cluslcr' ø such that botìr ¡l antl B bclong

to o. 'I'lrrrs o cÃa B = clu,,.y,l 1,cl,,,,yD. So, clu,,.y -'l I'ct,,n.yB 10. n

Tlreorerrr 3,23 : Lct (-f , d) onrl (\', t:) lte hoc,¡ ntclrit: sltuces. Let. J : X ---+ )/ þ¿ n

unilonnly r:onlinuous func:liou. '1'hr:n I arl.enrls cont.inuously lo o rtmctiorl f" : u,tX -
tt"\'.

Ploof : Lct o € t,7 -{ anrl dr:fincr

a" = {;t c )' : Vll € o, e (,,1, /[r]) = 0].

Clainr: rto is a cltLst.er.

Ploof of Clai¡n :

1, Clcar'l.y if zl € a,, anrl .,1 Ç /l C )' thc¡ D € no.

\\¡c clain thalr if P, Ç € âo t.hcn e(P,Q) = 0. 'lb scc tlìisr suppose that e(P, Q) I 0.

'lhcn by leurma 3.11, thele exist ,l Ç l' such that e(Q,,5') I 0 ald e (P,l' \ ,t) I 0.

Le[ E = /*15']. l¡or Il e o, Il=(l]îtIl)U(-B\t).AsB€øandaisacluster.,
eitlre¡ Btl-D€ ool D\I)€o.

¡ If ßfì-D€ ø, tlrcn sinco c(Ç,,1) l0 anrl ./[]in D] ç,f, rvchaveQ / rro.

o I1 ,D\,0 € o, thcn sincc r:( 1',)'\,1) l0 ar(l /[/j\t] ç )'\,9, rve have P / ao.

So if c(P,Q) I 0, thcn cithcl P / a" ot Q / a".

2. \\¡c clajn tha.t if e(/',Q) = 0lbl all Q e (\., thcn P € oo. To sec this; suppose

C'€ d. 'lllìcn aso js a clustcr', u,e llave that d(R,C') = 0 fol. all B € o. As /is
ulifornrh' coutiuuous, s'c ìra.r'c e (/[.0], /[C]) = O Iol all B € o. This shorvs that

llcle o.. Thls lor'âny Cr € o, /[6'] e a". l]l,hytrothcsis, e(Jlcl,P) = 0. As C is

albjta.lil.y chooscn florn n, thcrr rlcfìnitiol oI co, P € n".
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3. \l¡e clainr thatiÍPUÇ €oo thol /'€oo or'0e ¿r,. 'lb sce this, su¡rpose P / ao.

lhcn tÌrc¡c cxists -I3s € o sr¡clr that r(P, /[/10]) I 0. By lernma 3.11, thcr.e exists

5 Ç l' such tlat c(1',,5') I 0 and a(llllo),\'\,f) I 0. Let D = /-{5'1. FoL

irny "/J € o rvlite n = (rnlt)U(¡\1t). Asøis a clal, either BttE €oot'
¡\lt € o. A.s/[ß\lt] ç y\,5 ir folloNs that e(/[8\r],/tBrl) f 0. Herce

D \ ll / o. îhus .D ñ lt € rl. Iìutì .tllJ lt lt) Ç,5' rvhich ìmplies e(P, /[ß n E)) 1 0.

As e(Pu Q,lll]ñ 1il) = ll rvc sce thar c(0,,1[/] n,D]) = 0 aurl rhlls e(Q,flnl=0.
This::rcans Q ç o".

By theorcnr ;l.lii, it Îollo\\'s flont tltc abovc l.lrat ao is a clustcr iu )'. llhis proves olì1.

claim.

Norv rve clcfinc ./" : r.¿,T - ?¿.1' as .["(o) = o" lor each o € ?¿¿.{.

Claim : ,/"(o") = ort.,,l.

Proof of Clairrr :

If ,,t € o11".¡ thcn /(r) € :l.JJut lol cacìr 6'€ o,, ,r € C so ./(r) e /[C] rvhich implìes

e(fIC'), ¡t) = 0. Thus tl e uo, = /"(o.,,). Ilclcc o¡6 Ç f ,'(o,). By tìre maxiurality of

o11,¡, it follorvs that o11c¡ = .Fi'(ør,). o

If rve identifi' ,\ s'ith {o- :¿ e .l'}, l.his shorvs that /"|-Y = /.
Clairrr : /" is conlinuous.

Ploof of Claim: It sufllccs lo sììow lhâli il ,.{ C rr,r-\ , then ./"[c1,,.,.y"4] Ç cl,,¿, Í,,.A1,

Srrp¡rose not. 'l'hen thclc exists o € c1,,,,.¡.,1 srrch that: f,,(o) / c\,,.1,.f" [,4]. Note tha.t

c1,,,.¡,4 = ñlT:A ç P) = n{7:v1 € "{.1 € 7} = n{7:Vl € J,p € 1}. So.

o € cl,,nxA if and only if

Y^i e A,.P e1===+ P€o (3 7)

If f"(o) / cl,,,v.["[A], tlren tlrelc is sor¡c closcd subsct Q of l' such that for. all /1.(7) €
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f'Ø),Q € /"(i') (that is l"ol caclr 1 € ¡1 ¿nrl ocr.r, /J € ^/,c-(Q,Ílß)) = 0) but ycti thcr.e

is sonre 1J6 < o ) c(Q,.lllìol) l0). 'lìrcrr bv lcnrma 3.11, tihcr,e exist C Ç l/ such that

e(C,llBçl) f 0 an<l c(0,)'\ C) I 0. l,ut ,5' = fll whicìr is closcd in .Y. For each

7 € "ul anrl .lì €.y, u'c sce /l = (/J n ,t ) U (ll \ ,5'). As 7 is a.cìusrcr, Bì,9 e ^t oL .B \,1 e 7.

Norv /[B\51 ç y\Cinrplies c(/i¡\,f],Q) 10. Sinceforall .B e 1.,e(Q.,/[19])= 0,

thcn ß\,9/1. IIcnce Bn,5'e1,, u'hicìr inrplics ,l e 1,(a.s 7 ìs acluster and ßn,5'C,9).

So ,9 is closed jn ,Y such tìlal Jbl a.ll ^1, € A, ,5' € .y. Norv ,9 / o lor if ,f € o then as

ßo € o, n'e have l(,f,,86) = 0. :\s / is lnifolnrlv contiuuous. e(Ílç1, f[no]) = 0l'hich

irlplics c(ó', ,/[ro]) = 0. Thìs is a co¡l¡arlìcl,iort, lrcrrcc ,5' / o as ¡equi¡e.

Th js ultiuatcly give :

V^t e 4,,5' Ç 1,,Ç / o

rvhìch contlarlicl.s ( by (3.7)), {:ltc fact o € cl,,,,.y;1. \\ie have slrorvn that /" is continuous

a.ncl or¡l' clailn holcls .

Sircc all Íìre lcr¡rrilenrcrrt. fol tìre tìlcolcnl alc'¡lovccl, tht¡n u'c ar.e donc. tr

Àtt ilnntediatc coÌìsequencc oI tllcolcnr 3.22 is thc Ioììorvilg resuìt tìlìat chalactetizes

,IL¿X 
,

Tlreor-em 3.24 : ll'lte following is e quittlcnl for a ntriric sptce (X , d) und a con4tuct.i-

lication 1 .Y ol .Y

.f. 1.Y 3 a¿.\,

2. (rl. Ì]) = 0 il ani only íl' cl^,,y tl n ct.,.x )) I ît.

\\¡e have shorvu in Lhis chaptcr'1hc cxisl;cnce oI tllc ninir¡rrrl unifor.m compactification

z¿X of any mr:tlic space (.{, r/) a.nd dcsclil;orl ho\\' j1ì is brrilt using clustcr.s.



Chapter 4

Analysis of a Locally Compact

Space

4,7 The Locally compact o-compact Complete Metric Space

('Y' o)

Let -f, = uþ,,[n,n + 1] x [0,1]'¡. Ibr rl= (,r1.ru2,...,x"), i= fut,y2,...,y^) e X, delìne

ai=0 if i > na.nrl y; =0if ii > n¡. Ás ãha.s n conrPoucnts. it lies in [n- 1,a] x [0,1]"-1,
and sinrilall.y /e Inr - 1,nr] x [0,1]'ìr-t. \\'c deline o:.t x -{ - lP.t by

ùrl
o(,a,¡=Ifl"i-v;1.

J=l

It is easily velificd that o is a urctl ic on -f, anrì a point has ?¿ coulporìeììts if and oulv if it

bclongs to [rr - 1, n] x 10, 1]"-1. l,r'1, ro (lcrìote tìte topologv inducccì ou .Y ìry ø. A useful

fact to uoLe is thât [?r., n t 1] x [0, l]" inhe;its f.he usual plodr)ct topologv fr.om ro and

Itence is cornpact. ¡\lso note ¡11¿.t [n, a* 1] X {0,1]' is leguìal closccl jn .1. By corvention ,

[0,1] \vill denote [0,1] x [0,1]Û. In lìris chaplcr', s'c shall analyze the str.uctur.e of toX\-Y
. \\/e norv set loltlt the majol slicps t¡licn to achio,e l.his goal.
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o Shorv tliat (-\-,ø) is a locallt'conìpiìct ø'conìl)act coutplcte metlic space.

o \tr¡lifc -Y as l,he union of tso scts lf anrl ,1.

o Dcfìrte two rrL'tric sPaccs -,ì /7; ancl rì1¿ tha.t ate unifolltl¡'eqLrivalent to 11 and .L

rcs¡rcctivcly. 'Ihis is donc becarrsc it is casicl to rvor'li rvith Ì[B and À,16.

o Shorv tha.t tr"¡¡¡,41 \ Àl an<l uopL \ -L ale hourcourolphìc to [0,1]' x BRÌ \ nt and

shose r¡uion is ri"-Y \ -\.

c Shos' thal t"¡,1¡,41 \ r11 ald ir"¡¡,/. \ ./, arc lcgulal r:losed subsets ol thc outgt.orvth

of -X anrl tltc illcliol (in tlrc orrlglorvllr of -\') oi thci¡'inte¡'sectiolr is empty.

Tlteorenr 4,1 r (-\*, o) is rt lomlly utntpncl. o- t:onpacl uttnplel.e nrctric spuce.

Ploof:

1. Since [n, n + 1] x [0, 1]" is compact lor cach n € Il, -f is d-colltpact.

2. i,et {fl.} bc a Ciarch),scqrrcrcc in -\', \\/c:recd to shorv tha.t {r!.} converges in

.{. Suppose ?r}rr € I'ì. lf lirr - nl ) 2, tìrcir for ri ç [p,2+ 1] x [0, 1j",i €

{m, nr. f 1] x [0, 1]"' uc ìravr: r1(ri, y-) > lr,t * yt I ) 1. So as {ri} is Cauchy, ther.e

exjsts an n6 € ll such tha.t lor all r' ) 116 thele exists al'ì n, such that ei ç

[n,n+1]x[0,1]"u[n+1,a*2]x{0,t1"+r. Rut In,z]11x[0, U"u[n+1,n+2]x[0, 1]"+1

is courpact, and thus contplclc. Thus thc sc(lucnce {:{.} ntust convcÌge to a poìnt

ìn Irr.,n{ t] x10,1]"U[l] l,l*2] x[0, 1]"+r. That lreans {ej.} converges in.{,
impì.ying -\- is conr ¡rlclo.

3. Let d= (rt,rizi..,r),)€ _\. \\/c cousìdcl.il cascs

(a) : Il r;1 = 0, tlìe \vc see that J € [0, 1) c [0, 1] so in this case i0,11 is a coìr.ìpact

ncighbolhoorl of r,
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(b) : If l:1 = ?¿- 1\\'lìc¡c rr f 1, thcn

rr € uf=0[/,', /, + 1) x [0, r]* ç uiÌ=o[À, /r + 1] x [0,1]À

aurl the lattel scl ìs â conlpâct ncighbo:hood of r-.

(c):11 11 is not an inlcgcr', thcu d€ (n - 1, a) x l0,l]'-t ç [n - 1, n] x [0, 1]'-t,
ând tlìe latitcl sct ìs again a coll)pâct lcighbolhoocì of zr.

'Ihus in all ca.ses -{ is locallv corrr¡ract at d, so -f, is locally compact.

!\¡e havc shorvn lr; is a locally conr¡racl. o-conlì)ac1, com¡tlctc ntctlic spa.ce, so rve al.e tlone.

E

Let llí = Uff=r,3,r,...[n,ri + 1] x [0, ]]" c .\' and lat ¡l = olil,L llelc is a paltial picture of

A,T

Lenrr¡a 4,2 :!I is a closetl sub-<et ol ,\i.
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Ploof : Lct ;ii = (r:¡, 12, ..,! ilrz7i. t;2?ì+l ) € -Y \ 11. Lc¡

l'¡ =(2l.2rt]-)J1t, 
fr *2i¿.¿4¡¡l

'22
and lct

¿; = trl x [0,1]r',.

Clcally c- € I/,I/ is arì opcrì srìl)sct of -Y, and ¿/ _C --\* \ 11. That is, -Y \ n1 is o¡reu in -{,
so ìf is closcd iu X. û

Tlreolenr a.3 : (Ìll,d.) is a locnlly (otì1pacl. (r- cotnpacl crnnplele ntebic sltnce.

P¡'oof : ¡\s locaì cornl;actncss. ./-corrl)¿ìct.ucss anrl (lol nrctric spaccs) conrpleteness a.re

all inìtcljl.cd bv cìoscd sttìrspaccs. tlrc lcsull Ibììorvs intntcdiatcll'florn the pr.cr.iorrs lentma.

tr

Let 1l = [0, 1]' bc givcn the lrctr,ic c it natulall¡, j¡hclits fr.om tP... That is, ìf

¿a = (e1,22, ....),i= (t¡,y2,...) thcrr :

':$ 'l

e (ea, f) = I ;lr" - .,i'1.

Let r¡ : 1( - [0,1] be tìre lrr' pÌojcctiol nra¡r fr.our .Ii' onto [0,1]. Dcnote 1l x Irì bv -{-
arìd (lclirc a nctt jc d on ,\L b.r' : é((i, n), (y-, nr)) = s1.r, r-; { In - nzl.

Deffrritio¡r 4,4 : llte denole Àl ¡¡ by

{(rir, j) e .\", :j i.s euat, und /bl l > j.r¡(rn.) = 0}.

Tlreolenr 4.5 r (-\',,, çó) is n contplclc tnalrit spnce.

Proof : ll"n f nr, the tlistancc fr'<¡nr /r' x {l} to ,Ii' x {rn} is at Ìcast 1, so any Cauchv

sequerìce n.rust evcntrra.llv be coltirincd ìn 1í x {n} for. soure ?l € I*1. But 1í x {ni is

colìpact hclcc corlltle1,c, so u'c alc donc. tr
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Tlreorerrr 4,6 : Ìl¿ is a closarl subsrt r[ .\'..

Pt'oof :lìilst su¡r¡rosc j is cvcn. l,cl (l , j) € -Y., \ ,4r'¡, tìrcn rvithout loss of gerìeÌ.ality

suppose rj.i+l I 0. lì'or'¿ = 1 1oi, rlcfirrc I/¡ = (i,.4J), ¿rn¡l rlcfine U¡+, = (!#,rl[).
Daclr [/i is opcn in [0,1]anrì u'c scc 0 / t/¡a1 . Lct {/ clcnotc the o¡rcn suUset (fljl,l Ø) x

(ilñr[0, t]) x {r} of .-t*-. Orrc easil¡' sccs thât d € U ârì(l

U1'¡|lE=ø.

Notc tlrat U is au ope¡r ncigbollroorl ol (ri, j),

Norv supposc tlrat j is orìcl. Thcn 1i' x {l} is al opcn lcìghìro:hoorl of (d,j) such that

(c-, j) e 1r x {7} c -Y," \ l/¿.

Thus if (ã, j) € -X" \ .À,f¡, thclc is an .{,,- ncighbo: hood of (eì, j) dìsjoint from r1ls.

Ilcnce ìf¡; is r:loserl. tr

Corollaly a.7 : (Àl¡.,þlÌll6) is a r:ontpltte ntclric spacc.

Proof: Closqì srrbspaces of corn¡rlcle:nellic s¡races arc conrplete, ald -Y., is conrplete.

Thus by theorerr 4.6, -rÌf¡ ìs corlpÌctc. tr

lllreoletr 4,8 : (ÃI ¡¡, olÌ\1p,) is uniJ'orntly u¡uimle nl to \Àl,tl).

P¡'oof : Delìnc¡ ,f :(^I,d) -. (l/¡;,ól,l/¡¡)as follorys: Let rl €,4f; thcn there is a unique

r¿ such th¿rt ¿a € [¿ - 1, n] x [0, 1]"-1 rvìrclo n is cr,en. Dcfiue

/(e1) = (r:1,r.2,...,¿n) = (", - u + i,22,...,rn,0,0.0,...,2).
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Clcally, / is a. bijcr:i:ion.

\{¡e clainl that / is unilolntly conlinuous. 'lb ¡love this, ìcl r > 0 bc albitar.ily chosen.

Let 6 = mirL{!,e}. Suppose:ri= (r:1,..,,rr,,), i = Ot,...,y^) € r1lf a.nd r1(ra, y-) < ó. Thus

,l@,U) < 11 
rvirich neans that n¿ = n, lrclcc Inr - nl = 0, Tl:us þ(/(rr), /fu')) = ¿(É,í) =

á < r. So / is lnifolmlv conl inuor¡s,

\{/e uorv clainr that /- is unilotnlìv cont.inL¡ous. 'J.b pr,ove tÌtis, lct /- be denotetl by

g to sinrplifi' notatìon. Let ( > 0 be albitalil,r,givcn, á = ml.n{i,l}, anrl let e',f € lf¿.

Norv d = (?i¿,i) € 1í x Iì.1, alcl .í = (ä, j) e -¡t'x ll rvhcle i,j aÌe even numbcls (i,j
aLe even by dclìnition of ,;ì16), r¡(rir) = 0 Íor'/i > ri a.nrl r¡(.ñ) = 0 for'À >.1. Let

?ii = (?r¿1, r)?.2, ?Ìr3,....) and ?i = (r?1, ?¡2. ?rj, ...). ìlv thr: dcfilitiou of / rvc hai'e

g(ri) = (rn1 + i - l, ?Ì?2, ?n3, rì?.1, ..., ri?i)

atì(l

oly'J=(n1 I j - I,nz, rr3,..., n¡).

If þ(f, y-) < ,t < å, thcn ri = j rvhich inrplics

9(r1) = (nr1 f i - ),lz2. nr3, ?rz.t) ..., rni)

and

11(ii)= (n¡ *i- l.rr2, tt3...., i).

Tìris gives thc foìlorving:

ir ir
tlfuF). g(i)\ = f ålirr* -,,r1 I ( f j1,,,* -,i¡l ¡ 1 li * /l = o{.¡, ¡/-) < ó < (.

F=-t 
¿ îlt ¿^

Tìris shorvs fhat /* is unilo¡ nllv r:outiuuous.

Tlrrrs t.o invcstigatc ir,¡,ì/, it is crrolg..ìr to iDvcstigâtc u,11¡¡uÀlB since theore¡n 4.8 and

theolem 2,11 logcthcl inrpìr' [ìral a,7l.I is Itonrt'ornor'1rìrìc to 1,,,¡¡¡oì1¿.
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A usc[u] s'cll linowtr 1ìttolclt tllal \\'(, ¡o\\' st.iìlìc atrd ptove hcl.c is that a unilol.m

isomolphism plcscL\¡es cor'ì'ìpletoncss. .,\ plool'oI this cannot be l'cadily found so it is

includcd fol corn pletcncss.

Tlreolenr 4,9 il unJt'onn ísontorphisnt / : (-\', 11) - ()',r) fronz a ntetríc sprLce (X,rL)

ottt.ct ar¿ollter s¡nr:e (\',r:) lt(s(:t'L\(s cont pleI c:ness,

Ploof: Supposc tìlat (-\-.r/) is conr¡rÌctr:, \\¡c shou' that ()',c) is aìso com¡rlcte. Lct:

{y,,} be a Cauchy scc¡uelcc ir )', \\¡c fìr'st: shorv that {/-(y,)} is a Cauchy scquerlce

iu -¡". 'lb do this, let r > 0 ì¡c albit.aliìr'choscrn. ,,\s /-- is uliforntlv contiuuous, ther.e

exists á > 0 stch that if r,y € )'' and c(r:,y) ( rf thcn ¿(./-(r),./*(y)) < e. Norv as

{yn} is Cauchv, the¡c cxjsts 
^¡ 

€ tl snch tìlal; if nl, n > ÀI then e(U,,.A^) < ó. Thus if
rn,n. > Ãr rvc havc c(y,,,y,,,) < li u,ìricìr im¡rìics ri (/-(y,,),./-(y-)) < e. This shos's that

the scc¡uoncu {./-(.ri")} i5 (larrch¡.

As X is complcte {"f -(y,, )} rììrìst corì\,crgc Lo a ì)oint ¿ e -\ . B)' the continlity of / jt

follou,s that the seclucnce {/(/-(y,))} = {y,,} convcr.gcs in l'. l{ence )'is complete and

out thcolen holrls. o

lìy tJrcoren 2,77,rt.¿,1¡¡ r-)I ¿ q ìrç,,.Yù 3 u,1/l x z"ltl = [0,1]' x .ir"ltl, rvhcr.e s is the

mctlic on ll givcn ì:l.v .s(n, rn) = lrr - rnl. lìy tìrcotcm 2.1.3, rve havc t"I{ È BIì ,ald thus

taX., = [0, 1]" x 7Jl,1. Norv, onc c¿rl oasilv soe t,ìrat rr,,,-\., \ .Y., - [0, 1]. x (/4¡,t \ Fl) By

theorenr 2.10 , rvc Jravc u¿1t¡,.Ìll D ! r:l¡¡,11.r¡¡)ln.

Bccause ,l.l¿ is closcd in -\-, rvc lravc the follo*'ilg,

Tlreolenr 4.1O : rt,i,1t¡,,l'l n \ rl1¡; = ,,r,,1,r lr, ,'1 /¡; \ -\'-.

The follot,iug lcnrma is a rvcll lilou,l far:[ u'l:osc ¡rr.oof ha.s bcen jlldudcd for. cour-

plctencss.

.1¡
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Ler¡r¡a 4,1,1, : IJ I.l is opr:¡t in iJl'l nnrl ¿,'n (rlil \ t'1) I (l) lhen l¿l n ¡11 = co.

Ploof : Suppose [,' l-ì l.l = {r1,r:2,.,,r,,}, ÌJut u,e linorv thât sincc fl is dcnsc in BIì,

cl B¡1U = claN(l n ltl) = {e1,22, ..., o,,} a.s l['l is llausdorff. This is a contlacliction, hence

our result holds, ¡

Tlreolenr 4.L2 : r:l¡ç¡,11. y ¡iç;11¡; \ rì/¡,- = [0, l]' x (plìl \ ]l).

Ploof :

We fir'st shon' t.lrat c/16,11.",j¡¡rì.1¿ \ l,t¿ c {0, 1]ø x (/jlJ \ ll). Let ¿1 € c\,,,r1s,11-*B¡1Ail¿\ì[6.

Tlterr z- / ì,f¡¡ anrl e- € cL¡6,11- rp¡1lI ¿. Suppost: ri / [0, t]' x (ll.l \ l\l). 1'¡"¡ ¿: = (rÍr, j)
rvhclc j € llancl ri¿ e [0,1]'. Dcnote rñ ì:¡'(nr1,rn2,...).\.\¡cu'ilì delivegeta contladictiou,

\ e considcr thc 2 cascs :

1. li j is odrl, thcn lO, t]' x {j} is an o¡rcn ncighbolhood of f ìn [0, 1]' x B]1. But

¡l¡i n (i0,1]'x U)) = (l) l hich contlrdicts thc assunrption thati ¿a € cl¡6,11.¡B¡1ÀIn.

2. If j is cvcn, \\,e c¿ìn ¿ìssìnnc l'ìthout ìoss ofgcnclalitv that ??¿j+r f 0 since if for all

k > j,nt¡ I 0 thcn ¿r l'ould bclolg to i.I¿. contralv to hvpothesis. Norv

Jd,

(Ito.rl)x (I*ir,11 x ( I [o.r])x UJ
À-- ¡ ' *llz

isano1;cuncighbolhoodo[;it]rathasem¡rtyiuter,sectionrvith,41¿.Tìriscont¡adicts

tlre assunrptìor that f € c/{o.tl.x¿rii'1r.

So rve havc shorr¡n lihat c/16,11.¡73¡1-,11¡; \ rllD ç [0, l]- x (pl,l \ N).

\\fe norv shot' c1i6,¡1.¡7r¡rìil¡; \ rl1/r I [0,1]' x (Élì \ Itl). Let

¿a = (21,.r2,,... n) e [0, 11" x (r] I \ rt).
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Dcfì le

If i is an ct'cn rìrrntbcr, lii € ,ì/i;, Lct.

u=¡fru¡;xr
i=1

be a.n open ncighbolhoorì of :ä l'lrclc cach [/; is opcl il [0,l] , I/ is open iu Bll, and all

but finitcly many oI ¿hg [4's alc all of [0,1]. Lct

1¡ = {r € t.r : I/¡ I [0,1]].

Then / is a fìuitc sct. Lcl lr = inrr:{ 1;'). Ilr' the lcmma.4.11. rve see that lI/ n fll = oo.

IIence thcle cxists l¡- € I/ n lì srrcìt t.ìlat ?rÌ* > i?? and nl- is an even nuntber.. Norv

xi.,, Ç Ã,1¡¡ ñ I/, so (I/ n ¡1) \ {f,} I ú}. Âs this js Lr.ue for, ar,bitar,v ncighborhoods t/ of d,

rvc see tlta.t d€ cl{o,ll.*,rnì1¿ \ l1¡,;. ìlut this hokìs tlue lbr.ar.bjtar.r' f € [0, 1].X(t?]l\Il)
rve lt¿tvc

[0, t]'x (/ltt \ I,t) c ci ¡6,1¡,xprr tta\ AI n.
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\\/c ha.r'c slrorvu tha.t c/¡¡,11.¡,e1,¡l-f¡;- \ ,ìf/,- = [0, l]" x (i0lìt \ f,t). tr

So rve ltavc tL,tlMrÀlË ! c/10,¡1.¡¡¡ìy'i; ald c1¡¡,11-rB¡ìl/t \ ¡r'¿ = [0, 1]' x (/41{ \ lìJ).

Recall (,41¿,þltI¡;) is lnìlolruly equivalclt to (Ì1,11) bv thco:eur 4.8. 'Ihus c1,,"¡.41 \ 11

is horlconror'phìc to [0, t]" x /rfl \ lì1.

Similar'lv, let

/' = U;Ì=¡,"¡,,[n, rt + t] x [o' 1]' c -Y'

a.nrl lct e * oll,. An argument similal lo tìrat foi (,1/,d) shorvs l.hat (/,,e) rvill be a locally

comp¡ìct o-cortpàcti contplcl,c tncl.r'ic s¡racc, ,\lso ,/, is a closed suìtsct of -Y.

Define

,l/p = {(iiì, j) e .\.:j is orlrl and, i> j+;ri(rn) = 0}.

Using an âr'€lultent lilic thc on<r Ioì l,fr) wc ca¡ sltorv that (À16,ç61Ì16) is unifolnrlv

equivalcnt Lo (L,tL) an(l that cl,,"r,L \ -/, (as a subspace of zoX) is homeomor¡rhic to

[0, 1]' x (fn \ N). Sincc ,Y = /, U ,rì/ ald .I,.1/ alc closcrl srrbscts of .Y, it follorvs thnt

t"X \ -Y r:an bc rvlitten as 1hc uniol ol lu'o co¡rics of [0, ]]' x (PNI \ Fl).

Ploposition 4.13 : cl,,"xill \ rì/ = c/,,"r,ì1\-T andcl,,"_yL\I=c1,,"x1,\,1

Ploof This lcsult js follorvs iuuncdiatcly flout fact À1, L a.r'e closecl subsets of -Y, as

(c/,,"-¡ll) ñ.Y = clrìf = ,41 a.nd (cl,,".xL) ñ.\" = cl_v /, = ,L tr

Iollot'ing tlìe steps that rvc trscd 1o shorv a,7Ìl \ ,11 is honteomorpìtic to [0, 1]' x
(BN \ ll), tve rrou, Plocccrl lo slrou' l.ltal, ¿"¡¡.1¡¡¡ ¡(,;11 n ,) \ (¡f ñ ,L) ìs honreomor.phic to

[0, 1]' x (/6N \ lìr).

Lct ?'= (;l/n r) \ {1} = ui=r({r¡ + 1} x [0, 1]'). $/e sce that ,41¡¡ u ill¿ = {(ea,j)€
X. : j € I\,i > j - 

r¡(e1) = ¡1.
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Plopositior.r 4.1,4 : l'hr: ltnction [ : (ÀlsU À1r.cbl(ÀloU ]lE))..-, (T,olT) defnetl us

: iJõ = (tit,j) € AloU Àlr ultcrc tit -* ('r?l,rr2,..,) unrl lor i > j, r;(rir) =0, then

f(f) = 13 + 1, ?nr) îr.2,..., r)?j)

is a uniJornt isorttorphisnt.

Proof : It is clea.l'that / is ouc-to-onc ¿rnd onto. 'lo shorv / is unifor.mly contiuuous,

lct e > 0 be given. If á = nr¡u1.,r,;1. ald;Í= (tit,.i),i = (?î,i) € À[o U ltlr suc]r tha.t

é(,t, y-) < ô, thcl þ(;Í, /) < ] rr'ìrir:h irnplics i = j. \\¡c ìravc

.r I ir
st{í, y') -- I ¡lnu - r¡l = I ¡l,rr - "*1.l,=l k=l

Thus rve conclldc that

råIJ-1 
rø(/(f),/(fl) = oli -rl + f ¡¡1,,,r. - r*l = D ¡fr1,,,u -,rrl = rld(r.,í) < r.¿ î=t'.'' llt ¿- "

Tìris shorvs that / is unìlolnlh' coll.inrrouli.

\\¡e norv shou' tha.t /- is rrnilblnrl¡, r:ontinuous. Lcl ¡7 rlcnotc /-, and )et € > 0 be arbitâr-

ily git'crr arrrl lct á = r,i,¿{å,Í}. ll'¿-=(rr,r1,12,...,r,-r),y'=(m,!.h,!)2,...,y,,Ì-r) €?
such that o(c-, y') < ó, thcn

1
o(.¡,,I) < 

Z.

This implics tlt¿rt nr = r¿. Norv rvc scc that l(¿1) = (s-, a * I) rvhcle ri(Ð = ¿; for.

0 < i ( ¿-1anrì r;(í) = 0 fol i ) L sinriJallr', rr(y') = (i,n -1) u,ìrcr.e r¡(t) = y¡ for.

0 < i < n- 1 and r¡(fl = 0 for i ) n. Sincc

ir
ot.i. j) = f *.*, 1.,,u 

_ yÀl < ;.

wc scc Ilìat

çt'(l¿),1\û)= )-- *l"u - utl = zorÍ,O, . ,.

'l'lris slrorçs thirl .f- is ¡rlso llnìfolnrlt collirltolrs. E
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\\¡e conclutlc flom the al¡ovc that (ÀloU lt[n,,þl(ÀÍou:11¿)) ancl (7, ol?) ale unifor.nilv

equìvalcnt.Oìrsclve that ?" = (¡1 n¿)". \\/e norv ploccerl to shorv that (11 n 1,),,is a

homcomor'¡:lric cop"v ol 10,1]' x (dl I \ lìl ) irì .Y,'. To shorv this it is elough to shorv th¿rt

cl¡s,11.yBN(Àí6\J¡1r')\(¡foUr1'/¡.)=[0,1]'x(rlìl\NI)sincccl¡6,1;.¡p¡(.ÀloU^[D)\(^,loU

^,1u) = ( l\f n 1,)". llecaìl thar z6([0,1]" x Nt) = [0,1]- x prrt.

Proposition 4.L5 : cl¡6,11-yp¡.1{)16 u II1¡) \(l1oUl1¿') = [0,1]., x (Btit\X)

Proof:

Let z- € c1¡s,11.xBN(¡./oUllr)\(i/çUì\l¡¡). So Í / À,16U III ¡ a.nd d e c/16,,1.,,3 n(À[ou Al r).
Suppose tha.tril 10, 1]' x (/"ll{ \ ri), \\¡c \\,ânr a. conÍr.adictiou. Silce :ri gl [0, 1]. x (/9FI\N),

tlren rve rvrite ¿- = (iiz,j) rvhcle j € fJ. \Ã/ithout loss of gcnelalitv assune that nti¡1 f 0.

Norv the set
Jô.

!¡0,r1 x (3#r,Ux t [o,r]x {j}
À.- r ' *=¡12

is atr opetr rrcighbothood of ¿rthat has cmpty iutclscction vilh Àl6Uì[B rvhich contl.adicts

the assunrptior that ri € c116,1¡.xd¡(llo U lllr), 'l'hjs shorvs tha.t c1,,116,1¡.*,3¡t(¡fo U ¡fr)\
(A'Io u lttn) ç [0, ]l' x (,61ìl \ Àl).

\\¡e notv shorv tÌra[ c1¡¡,1;.¡6¡(llo U AI n) \ (l/o U ¡1r) f I0, 1], x (Bt,t \ U). Ler

d= (:r1,.r2,...,a) e [0,1]- x (,4¡'t \ tìt).

Define

z! = (r 1, 0, 0, ..., 1 )

.r! = (.r'1..r2. 0. 0,....2)
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Cleally each ti; ( Àlo U lf¿. Lct

rr=1ftu,¡xtz
¡=1

be a basic open neighbolhood of zr ; thus each U¡ is opcn in [0,1] , I/ is open in lltl, and

all but lìuitch many of the U¡'s ale all of [0, i]. Lct

11 ={r€¡¡ ;¿[l[0,i]].

Then J¡ is a fi:rite sct, so let nl = nrar(?¡). lì¡' ìenrna ,1.11, rve sce the I/ fl ll is infinite.

So thcle cxist n¿* € I./ n ll slch 1.hat 11t- > ?tÌ. Norv r;fr. € ("À,f¿ U ¡fo)n ¿/, so (U n

0'f E U 1,Io)) \ {,t} I ø. Âs this is tlue fol ar'bìtalv ueigìrbolhoods U of z', rve see that

ci € c116,11. ¡p¡(-Àfo U n/¿) \ (l,fo U llr ). lìut this hol<ls tlue fol albitalv d € [0,1]''x(BI\l\ll)
rve have

[0, l]'x (ptrr \ r'r) Ç c1¡¡,11.¡,1n(trlotJ lI¿) \ (lfo u ¡/rr).

\\¡e have shorvu that cl¡6,11-,,3¡(11¿ U n.lr) \ (l\lo U lt,l n) = [0,1]' x (BI\t \ ]t). o

Define 1i'1 = [0,1],1(, = /t'r u ([1,2] x {0,11), 
^'3 

= 7¡r u ([2,3] x [0.1]2) aild so on

lor cach r¡ € Iì. '-['h a.t is, 1i',, = /i,,*1 u([n-1,n] x [0,i]"-t). It is clear.ly obvioüs th¿rt

Ã',, is a compact subsct of -\' anrl 1t',, is a plopcl subscl of 1i',,11 Ior. eaclì n € trl âtìd

unÊ N 1í,¿ = .Y.

Proposition 4,16 ; cl-v rlnl-x 1i'n = Iin |or cr¿c/r ?¡ € lì1,
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Ploof : Lct ?¿ > 1€ N. It is cas¡, to scc tl)â.lì

inl.y /i',, = Ã',,-1 u ([n - 1, n) x [0, 1]"-1)

and hencc rvc h¿rvc

cl.¡ rnf.y./i',, = cl.yIi',,-r U (i¡ * 1,n) x [0, 1]"-1)

= /í"-r ucl¡([n,n- t) x [0,1]"-1)

= I(u-r u [n * 1, ri] x [0,1]"-1 = I1il.

So this plovcs our clairl. tr

The follou'ing is a. u'ell liuol'n thcolcnt(28.2 ol [U¡i]) that rvill a.llorv us to slìow that

to.{ is not homconrorphic to [0.1]' x (/lr,l \ I,,Ì).

Theorem 4.1,7 : If (,\'n),e¡¡ is u collcct.ion ol conlp(cl. connecterl subspaces ol l IInus-

rlorff spacc,Y, and Vrr. € N, X,,+r C -{,, l/¡¿n ñ,,E¡X,, ds n com1sact cotu'Lecl.ed subspa.ce of

X,

\{¡e norv ¡loceccl to pìove thal

a"-{ \ -r = ñ,,6¡¡(c/,,".¡(U¡>,,[[ - 1,È] x {0,11t'-r)),

TheoÌern 4.18 ; rro-Y \X = n,,6¡(c/,,"_y(u¡¡,[È - ],À] x [0,1]À-t)).

Ploof : Let ?,, = U¡>,,([A - 1,À] x [0,1]À-t). \l¡e sce that X = K,, U ?,,, so rio-Y =
cl,,"y I;'nu cl,,"uTn = 1i',, u c/,,.r71, (as .1t',, is cour¡ract). 'lhus zo-{ \ X = (/í,, \ -{) u
("1,,".r1, \ -Y¡ c r:/,,".y7', a.s ./r',, Ç.1. llhis holrls fol each z € fì, so z".Y \ X c

lì¿6¡c/u".¡'f,. Llut -\" = U,,€n1Í',, ¿rn(l /i',, ltc/,,..¡'I,,11 = Ø. Thus fì"eNcl,,..r?,, C tr".{\X.
Ilence our thcorenr holds. tr
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Notv fol cacÌr n 6 l{,

cl,,",y (u¡¡,, [/,', À + 1] x [0, 1]r-1)

is a cornpact conuectcd subsct of to-Y bccarrsc (u¡¡,,[[,/L + 1] x [0, 1]*-1) ìs colnected.

So by thcolcnr 4.17, ri"-Y \ -.r" is a contpacli conncctcd suìtspace of zo-Y. IIence it is

lìot homcomorphic to [0, 1]' x (/rlìì \ Il). Obscrvc that since ¡4nì \ Iì is not coÌìrìected.

[0, 1]'x(pl\\l\l)cannot conucct.cd. \\¡r¡ srrurrla.r'ize these lcmar'lis in thc follorving theorenr.

Tlreolenr 4,19 ; zo-{ \,Y is nol honrontorplúc /o [0, 1]' x (/jll \ fl).

\\/e lccotd fol'futu;'e use thc lollorving rvcll-linot,u thcolem:

Tlreorerrr 4.20 : {cl.,"uC \ -Y : C' closed il .Y} is a closerl. base /or zo.l \ -Y.

In thc ncxI section, a. mole dr:lailc<ì dcscliption oÍ r"-Y \ X is given.

4.2 Properties of 'u"-\ \ X

Theoret¡ 4.27 : u,tlI \ ,l,l', t",t, \ L ure rerttlar clctscrl sul¡sels o/ t¿".{ \.1.

Ploof : \\¡e shorv lhis for r"/, \ -L. ¡\ sìrnilar'¡trgr¡rlelt rvill vieìrl thc same result for

t,¿ilf \ ,41. To shorv t.hat t"-L is a lcgrrìal cìoscd srrbsct of tr"-Y \ -Y it sulfices to slìow tlìat

if ,4 is a closcrl slbset of -Y, p € (1t,1, \ 1,)\ ,,1", t.hcn

((t"-r \ -i') \ ,4") n ((rr,-X \ -r)\ r1/") I ø

sìnce clcally

(¿r"-\ \ .\) \ .l/" C irrl,,"¡1.1'2".

By tlteolem 2.16 ii: sulficcs to slrol' iÎ 2 € L" \ -4" thcn

lrnr,,-o.,,ta2{o(2,¡Uì1):t: / It',,} 10, (4.2)
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Suppose,l.2 fails. Sincc 2 / ¡1" by thco¡cm 2.9 thcle cxists G C -Y a.nd ó e (0,]) suclr

thatp€ G'and d(G,;1) )ó. Sincc (4.2) faìJs therc exists z¡ € ll such that if o ( 1í,0

then o(c,1u lr) < f.
clailn: l,ct /l = u{l2n + d,zn + t - j] x [0, 1]2":n > n.6]. T-hen

Á

n c {r :o(r,..1) < ;}.
P¡oof of Claim : 1l p e D, and rz ) ?¿d tlìcr p / 1í,,0 rvhich implics o(2,4U ¡f) < f ,

But d(2, r11) > j ltence tve must have ø(p,,'l) < f . So our claim holrìs.

Claim:

c \ 1í,,ó c U{[zr - r f á,2n -ó] x [0, ]1"'*1 :n € r,¡], (4.3)

Pi'oof of Claim : 1l p / It',,, anrl o(p, r) < T. Then 2 is rvjthin á of .4 rvhìch js a

contladictiol sirìce p € G ald d(21,ú) ) ó. So, iu olrle: fol it ot to be rvithin f of B,

then cÌeallv rve nust have

? € U{[z?r - 1t t',2n - 6] x [0, 1]2n-1 :n ç N].

So, the clairn lr oJrls.

But as p € X" and p € G" ì./,f it is clca.r, that

2 € (r" \ -/í,,¡ )' n (, \ ,¡í"ó )"

ald thus

o((CJ \ /i,,, ), (/, \ .Ir'", ) = 1¡.

But florn (4.3), u'e sce that

o({(i \ 
^',,¡),(r\ 

Ã',,,)> T.
rvltich is a, contracliction. IIence (.1.2) urust hold anrl thus tr" is a legulal closed subset of

X". o
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TlreoÌenr 4.22 : ( l\,1 ñ L)1' = 
^l1t 

ñ Lt'.

Proof : Cllea.r'l.v (^I n L)" ç l'11'ñ L1'. On tbe othel hald; suppose p € X"\ (^f ñ L)".

B¡, tlteolem 2.9 thclc exists D Ç .Y such that 2 € -D" ald

o(D.A,I ì tr) =r>0. (4.'1)

Note tlrat r' < 1. Fo¡ each n € lrl, dcfinc C,, = [n - ]j, n] x [0,1]'-1. Clearìy the collection

{C,,} is a locally finite collcction of sr¡ì)scts of .Y, since lor n. f nt., o(C,,,,C,,) < å. Each

C',, is also closccl in )i, Dcfine ú' ì¡c to

C' = U"et;Cj".

As {C,}"en is a locally finitc coììcction of cìoscrl subscts oI X, 6' is closcd in -Y. llerc is

a paltial rìiaglanr of horv C loolis lilic :

Clairn : o(C. D) ) i.
Ploof of Claim : Su¡r¡rose not. llhcl thclc cxists ¿ e C,ii e D such that 

"(d,rt') 
< î.
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By rìcfirrilion ol C. snp{o(ê, I'l n ,)} < i Lt:t ,i bc an albìtlalv point of ,41 tl 1,. Then

,- -. - l
o(r,.r) :1 -

rvhich iur plics

olri,t¡ 3 olri.ãl +o(c-,ri) <', + I . t

Thìs contladicts (4.4). IIelce ou: cìajm holds.

Ily tlrcolerrr 2,8 and the {act C' ,1) al c closcrl sul;scts of -X , C'1t ît D1I = Ø. \^lns p L C''

since 2 € Dr'.

Clairrr: 2 ø i\l1t n Lu.

Ploof of Clair.n: Il p e rì1'n /,r', tlìcl I € (¡/\C)"n(¿\C)". But we saw that

o(n1 \C,,\ai) =,l > 0 rvlìcìr is a. conttarlir:tiolì to tìl)corcn'ì 2.8. Thus oul claiur holrls.

It follorvs flom the trvo cl¿rilns that ¡11" n /," = (n/ n I)" ancl helce rve ale done. D

Theorenr 4,23 : inl.y"(l[ n /,)" = 0.

Proof : Suppose not; thcu thclc cxists ;l cìoscd ìn .Y such tlrat

Ø I -{" \;l' Ç (¡l n ¿)".

\\¡e see tha.t (^I n L)' ald -f" ( .4". Ily thr:olem 2.16 rve ha'i'e :

3ó > 0, rvìrcle {,¿ € I:l :¿r(r..,1 )> á ancl t / I("} is i¡finite.

Let ?'be an infiritc srrbsr'l. oI[,] sr¡cìt tlì?ìt fol alì n € 7', thele exists ri, €.Y such that

xi" ø I(,, antl o(ei,,,1) > ó. \\¡ithorrt loss of ¿ienclaliiy assume that if n,A e 7 rvhcre

n f À,thcl a(ri,,ú.) ) 2. liol cach n € 7', clcfine ,1,, as Îoìlorvs :

,r,, = 1frt." r - 1., ".u 
* *l'n.t

¡=l
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Cìeall.y {,9,,i is a lor:aìly finilc colìcction of closod srìrscts of .X aurì

Á

s¿¡/.¡{o(ri-,,s-):s-e ,5',, } < i.

Let S = U,,>*r,1,,.

Clain : r1(/. ,5') I 0.

P¡'oof of Claim : Su¡rposc r/(,1,,5') = 0. l'llcn thcle exìsls scr¡ueuces {¿;} ç á, {si,} q ,S

rvhere thcre exists an .^¡ € ll srch th¿rt fol all n > Àr, ø(øî., s,-,) < f. tut n6 be a fixed

intcgcl glcatcl thau À¡ . Tìren ø(olo,sio)< {. 'llltcrc cxist.s A € ?'such that sio € ,9¡.

Thus o(sio,e:l)I d. ny th" tlianglc incqrra.ìitr,, tc lravc the follol'iug:

ø(r.i,oio) < o(.ri,,sio¡ *o(sl,,al") < 
U, * I = !. t.

This coltladìcts the assuurption lha.t r1(rf,,.,1) ) ó. IIence o(A,S') 1 0 a.nd onr. claim

h olcls.

By thcolcrn = Ø. Ilclce .1" g 1,lln ¿¡". Norv fol.each n € ?, clìoose 3Ã € ,5'n

such tha.t o(¡ji,, M n ¿) > t (this is possibÌc bccausc' oÍ t.he rlefinition ol ,9" anrl ,11 n l,).

Let I,/ = {U7.: n, < fl}. Since {,1,, :z € lil} is a locallv linitc collcction ofsubsets of .Y a.nd

,f is closecl in X, rve have IT/ is rlosccì il .ll. Silce o(IY, A.l ñ r) 2 
"rÅ, 

thel by theorern

2.8 T.l/1' n (¡/ n ¿)" = Ø. Blt as I.l' is closcd, II/,' C Str. Tbis is a coutr.arlicts the fact

.ç" ç (l1/ i tr)". Ilcrcc \ve nÌust have inf.¡"(rì,I ñ L\'' = (). tr.

Thc lcsult ofthese 2 thcolctns and Plopositio:r 4.15 ìnruredìatcl.1' r'ielcl the follorving

theol ctn.

Theolenr 4.24 : ttoX \ X is lire ution ol l.uo regultr closerl lrcnzeontorphic copies oJ

[0, t]' x (BX \ N) ay'rose intcrscclíon ìs nouthate rkttse untl is honteontorythic lo [0, i]ø x

(PN \ N),

In tltìs cha¡rl:cr', the space lìlat Nas anall'zcrl \\'as iì sl)acc that wa.s a locall.y contpact

o-conlpact ¡ìorì-conrpâct cont¡rìc:le tncl.r'ic s¡tacc. lllhc anaìvsis rvas aidcd by theor.elts in
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Chapter 5

Inverse Systems and llheir Limits

5.1 Some Results on Inverse Svstems

This section is a bricf ovcrvieu, oI irlvcrsr.: systcnrs and ilvcrse liulits. \,fost ofthe lesults

statecl in thìs chaptel can be lound in ilìlil. \\'c talli a.bout spaccs inrìexcrl ìrv tlre positive

irtegets Fl antl sta.te lcsults ìr¿rserl on tlìis assurnptiou. Ilorvever, most of the lesrlts can

be extertdcd t,o spaccs in au irvclse systcrn iirdcxcd ì¡r'an all¡itla.r'y dilcctccl set. Fol o¡r'

llurposcs, spaces irrdexcd bv ftl u'iìl bc sulllcìent. In actualit.y, rvhen spaces in a inve¡se

systcnr ale indcxecl by ll, it is r:aìlccl al invelse scqìlcrìce. Out goal is to state hele the

resulis rvhich rt'e use in tlte ucxt cìtir¡rtcl to dcvclop thcolics about the urinimun unifolltr

conpactilìcation o{ a. s¡rccific r:lass oI rnct.r,ic spaccs.

Srr¡r¡rosc {-\',, : n € fl} ìs a scqrrcncc ol to¡rologica.l spaccs, and fol n ! nr ther.e exists

acontinuous furrclrion zll':-\,,, - .¡,, sr¡cìr tlta.t it satisfics the follorving 2 conclitions:

1, if A<n ( nl thcn r','or !'= rl".

2. rä = irl¡,,.

lf thcsc trvo conditions a.i c sat.isficd. u'c sav that thc fanrily f = {,Yr, ril¿.ll} is au inler"se
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syslcn¿oIthe s¡)accs -l',¡, 'Jlhc rnappirgs ri]r alc r:aìÌorl bottlint ntt¡ts of tlrc ilvelsc sysÍcnr

.F. This is a s¡reci:rl casc of rnolc gotrclal invcLsc s¡'stcnls lihat are desctibcd in [DI(].

Lct {4,,},,6¡, € fl"e',-\-,,. \\'c sav {r:,.} is a. l/¿¡rr¡doI îif ri'þ,,.) = cn foÌ all n ( nz.

Tlre snbspace oI fl,,ar, -X,, consjstinß of all th¡cads off is callcd tl¡,e lintit of llt"c int:erse

syslent L This subspace of f],,.n -{,, rvill bc <lcnotecl by -{oo ol hy InuLinz f. \\'e nray

also rìcnote thc linrit of thc invctsc s¡'stcnt -F lty Jnulínt. -Y,, if thcre is no a.mbiguìty

about thc boncìing maps ald tìrc inrìcxilg sct.

It is r:lcar' (sec 2.5.1 arì(l 2.5.2 of [lìli]) tha.t thc linit of an jnvelse system .F is a

closcd (possiblv cnrpt.l') sulrspacc of f],,ar, -.r",,, anrl that tlre litrjt ol au iuvelse systeur

o{ l't,'l'z,Ts, aÌ(l 7;r spaces is a ?1,7'2,?i1, and ?ìt spâce lesl>ectively. RrrthcÌrnoÌe (by

3.2.13 of [nKj), tlìc limit of al inverse svstcm of compact spa.ces is colììpact tìorì-ernpty.

Anothel w¿ìy tìo cn$uLe that oui invclsc lintit is non-cmptv is to assulne each of the bontl-

ing ura¡rs is onto. Jt ca.n casil.\' bc shorvn 1.hat jf t.hc bondìng ltaps aìe onto, thcu the

invclsc limit u'iìì ìre non-enrp1\'(llxcr(isc 2.5.r\ ol'IlìTi]). \\¡c lolnralize this in the follorr'ing

theotem.

Tlreoletrr 5,1 : Tlte Lintit oJ an inrcrse syslen (-{,,, rll',ll) of non-enpt.y conlpuct. T2

spoces is lton-en1ply cotnpacl72.

Let 2,, denote thc n1l' ¡rio.jcction îr'o:n fl,,.n¡.\-,, to -Y,,. Let r,, = 2,,1X"". Clcar.ly,

7î,, = TiXr o r,,, [oI all n ( nt

The foìlou'ing is cxelcisc 2.511.(a) of Ilili].

Tlreolerrr 5,2 : IIlhe bondinr¡ ntups ol llrc interse.cyslcnr (-Y,,, r]]',ll) rtre all onto, tlrcn

oll the pro.icctions ri erc otl{o.

Thc follou'ilg thco:crr givcs a. basc fo¡ lhe opcn scts of -{,,o (sce 2.5.5 of [DI{]).
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TlreoÌetn 5,3 : Lal -\-,-, = 7¡2,¿¡n,1.Y,,,rll',II) nnd let.k € |L Bolh

{r, [I1,,] : n e H, ø, open in X,.,]

tntrl

{n,f [U,,] : ?r € fl, ¿/,¡ opr:n ítt X,,,n. / h]

u'c bnse s for lhe open -scl,s o/ -\'"..

A ver"v uscful Îact js thal, llrc closulc of any subsot. ol au jnvclse limit is itself the

invetse linrit of sonre iuvclse svsterrr. 'lhis lcsult is sli¿ìtc(l in tJre foJlorving theotem rvhich

is 2.5.6 of [llTi].

Tlreoretn 5.4 : Let il ltc a subsel, ol a hucrsc: /rntif -Y- of tn inuerse systent î =

{X,,,rfl',ll} , anrl le:t 1:1 rlcnott: tha funt.il.y {c1¡,,.'1,,,p11',DJ} (uhue Á,, = rul{} rmtl

pTlþ) = ri'(t) for t € c:lx,,¡1,,).'l'hen f.4 is t¡1 ínuelse st|sl.en. and In.uLintî,¡ =
cl.y*,l C -Y.,o.

Theolenr 5,5 : 'l'l¡c litnil ol utt inr,r:r'.çr sl/sk-,n¡ ( \,, rj]')o/ zero tlitnensionttl spuce s is

zero tlin'¿ e n si rt n ¡t L.

Ploof : Lct {-dn : n € l''l} be zclo rlirrensional spaccs a.nd let X* bc the limit of those

spaces. Then -\* ìs a. sribs¡racc of fl,,€N -T,,. l.Ìur [his plorìuct is zero tlimensional, aud

hettcc -d* is zclo <lillensiottal as srrbs¡races of zc¡o dinrclsiorral spaccs a.le zelo dirnen-

sioual. tr

\\¡e roÍc fhat the nrcilic r/, givcn ì>1'

dtr,i) =L¡,tJ,,.r',
¡=l

is put on fl,,e, -Yn, Clcal ly the ntctlic on fl,,er¡ -{u rvhose iuducecl topologv is the pro(luct

topologr,. Il u'c stalt rvit} an ilvc¡sc sJ'stcnì of collÌ)lctc rretric space, then the iuvei.se
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liÌlit of tlìis svst.crìr is con'ìplotc b<:c¿r.rrsc thc iuvclso linlit is a closcd suìtsct of the ¡tlorluct

space \vlìich is a colrplctc rttottic s¡ritcc anrl thrrs thc linrit is a com¡rletc nretlic space. !\¡e

sumlnalizc thc t:hcolcur holc.

Theolenr 5,6 : 'l'he linit ol un inrrcisc sysleni (-d", ri', tl) ol cotnplcte ntetric spuccs is

a contplele tnelríc spuce.

Suppose that rye âr'c giver lrvo invclse lirnil st'storns f = (.{,,,?¡;',FI) and Ç =
(Ì;,r;l,I{). :\ mapping ol tlìo sysl.cnt "lÊ to (7 ìs a fanrìlv of contiuuous ma.ppings

¡Ln: Xn - )',. srrclr that

y" o tr',i" = p',1,' o ¡r,,, [.ot r:adr n,lr, € Iì wjtlì n < n?..

In othel rvotds, the follou'ìng diaglam contmrrtes.
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Lltcsc' tla¡r¡rings florlr fto (7 ìnrlrrr:c a conlirtuous rrappirg ¡L lton InuLittt î = X*
to lntLi¡¡t (i = l',- in a tratulaì ua\', fol irny tlrlc:rrl {l;,,},,6¡ € -Y*, dcfine U,. = 1,,(:t:"),

tlrcn lhe corrmulalir'ìt¡'conrlitir¡u irnposcd aìrovc ìmpJics that {l/u},er., i" a thr.ead in

I'oo and rve delìne ¡r bv lc{:t.ing ¡i({r,,},,ç¡) = {y.}"e¡r, 'lhjs fuuctiou js linorvn to l¡e

coììtinuous (scc page 1:19 of [llli]), '.1'hc folìou'ing lcsult is 2,5.9 of {ììl(1.

Theolenr 5,7 : Il lor cach n € À¡, ¡r,, ls e one-to-one conli¡tttous Juncliott, lhen th.e

cotttin.ttous funr:líon ¡t uill tlso ltc o o¡tc-lo-ona |unclion.

¡.1



Chapter 6

Constructing zt¿X lJsing Inverse

Systems

6.1 Inverse Limit Construction of tr,¡.Y

In this chlpt.er', u'e rsc iuvcrsc s-\'r.jl,crìls tio constLuct the llinilnull uniform compactifica-

tion ofa. rnetlic s¡racc lol a. cclfain cìass ol ntctlic s¡raccs,

lor cach ¿ € À1, let (-{,,, r1,, ) bc a cornplctc mctlic spacc rvhele the metric d,, is

'bounrlcd by 1. That is, fol an¡, ;r, y 6 -I,,, d,,(t:,y) < l Suppose a.lso fol each n e N

/;'+1 : X"+1 - X" is a uuifolurl.y coutinuous surjection fiom X,,11 onto -Y,,. Then

{X",/ll+1,¡J} is an in'i'ersc linril s¡'stcnr. Notc if n¡ ) rr, rve defiue flj' ' -Y," -* X,, to be

tm îm - ¡Ìrì-1 - - tn+1lù - J1,L_r. Jnt_2....v./n Clcally.fjlt is a unifoi¡nl¡' contiuuous srrljcction h.om X,,,

onto -Y,,. 'I'his sìrorvs tha.t ìt js cnough to jrrsl talli allout t.he bondiug nraps "fÍ+l u'hete

r¿ € I\ rvhcn dcalìrrg l,itlr jnvclst¡ st,stcnts lhat ale indcxed bv 11. As,f,|+l :-Yn*1 - -¡,
is aunifolmlv cortlirtrrous srrrjcr:lion, ì1,t.hcolcnr 2.7. theleexist,s a contiuuous surjection

gf+l :t,¡,,*,-Y,,1r - r¿¿,,-X¿ sucìr t.ha.t yil+l1-\'"+r =,/jJ+l. \t,c clcnote each,u,¡,,X,, by )'n.

\\re can scc tha.t {)'n,yl+r,t\} ìs aìso an invelsc linlit s¡'stcm. Let .{." bc the inverse linlit

of tlte svstcm {.Y",./#+1,N},alrl lct )',.o l¡c lrhc invclsc ljurit of the systcm {)',,,9[+1,t'l]

5.r



cII A P'1' L ll 6. C O N,9'.I', R IL C'I]NG I¡r.{ tr,SlNG IN \/Dn.9n S }',S?litf,9

. Fol ea.ch ?¿ € I{ lct p" : X" - )',, bc the cmì:cckìing nap of -Y,. into 1',,. Dach g,, is

continuous and cìczrlly /iJ+t opu = pnll o 17.1,'+1. ÌIencc thclc is a contiììuous function

g:.X* -- )'"., rìefiltcd as :

g( (r:1 , r:2, ;13. ... ) ) = (p1 (:?: r ), Yt2(r:2 ), 93( r.3 ), .., ),

whele (o1, î2....) e -f *. 'l'his ìs a s¡rcciaJ case of the constluctìon of 4 flom the ¡rlevious

cìrapter.

Lct 2.y,, : f]ue , Xn ''- -\1, be thc nr/' plojcction map flom f]ue¡¡ -ln to .Y,.. We

define r¡,, : -T,o - -Y,, ìrr, ;ix,, = p.{,,l.{"-,. Sinriìallr' Ìct pli, : f]uen li, - .{,, be the

rz¿l' plojcction rnap frorr f1,,.¡ )',, onto )",,. Dcfinc ry,, : )'.-, -- li by ry,, = py,, lI'"".To

simp)ìfv uotation, let g,,11 clcnolrr til+1 anrl lcl, ./,,+t denote ./1,'+1 . \\¡e uorv ¡rloceecl to

shov that )',- ìs a'J'2 contpactificatioÌ oI -Y*

Ploposition 6,1 : 9: X,- - pl-Y".,] is a honteontor¡tltisnt antlYn is rt cctntpactifcatiot't

o/ p[-Y*] .

Proof : By dclinition ,g is thc ctrìlcdrlitrg ntap horn -\"*, iuto )'-, so ìt is one to one, aud

onto p[-Y,:"]. By tìrcolenr -o.7, ç is rnnlinr¡orrs, Sìncc cach \',,isT2, rve ha.r,e tha.t Ik is

?'2. As cach )',, is conrpact, ); u iìì aìso l:c contpact and uotr-cmptv . Ilence jt l.ellaius to

shorv g : .f"" - p[.f,*] is o¡rcn an<l l.hat 9[-{*] is <lcnse in l,"". To shorv 9 : "Y"" - 9[.f""]
is an opcn na¡r,lct I/,, be an o¡rcn sr¡ìrsct of .\,,. I)1, thcolcnr 5.3,it suflìces to shorv that

9[r¡,[U,,]ì ìs open in g[-f,*]. Notc thai if ,,1 Ç p, [.r1] tlren rî,[5ci[,4]l = e-irfi[,,t]1.
Ler ;l = 9,,[I/,,]. Thcn

rï, [¿/,,] = î \.,, {e;[e,l¿/,]ll = o-¡'r; ¡e"Ilr,,lJJ,

as g,, ìs onc t.o oIc. Norr' 9,,[1f,,] = 1,',, n -Y,, rYhc|e I{, is o¡ren in )',,, sìnce g,, is au

emberltlìng of -\n ìu l',,. Ilencc.

p["..Ç [U"]l = rf,,11/,, n -Y,,1 = (zrfi []/,,1) n e[.\',-,].
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Thus, Lhc urap is open. Ncxt uc shon'that -\".-o is clensc in )'*. Let [/,, ìre an open subset

of )'',',. Norv r,i,,lll,.] is abasic o¡rcrr srrbsctof )'o". \\¡c ncccl to shorv zrfi [I/,,J n.f,,- I Ø. As

U,, ìs opcu in )',, tìren -tr,¿ n U,ì I 0 as -{,, is rle:rsc' il )',,. Let ¿ € U,, n -Y,,. By theolem

5.2, tJrclc cxisls (r¿r,(¡2,r¿3)....) €-\* sudr t.hat r¡1, = c. /\lso (et,e2,(3,...) e r[[U,,1

flonr the<ìcfìnilion o19,,..1 ancl 1ìrc I'act (a1,n2....ro,1) € (ln.Ilence -Y"., is densein I'*. tr

Norv rtotc thal if .l ç -{...,, thcn ;r1,,, [.,1] = r¡,,{,,1]. \l'c ncxt shorv that )'"o is the

mjuimnnr unifolm conrpactifica.tìor ol (-\'-*,, ¿-,). 'Ib rlo this, \!'e l)tove tlrat )'- satislics

tlìe corìdi1ìioùs of n-ll statcrl ìn (2) ol theolcnl 2.8. The follon'ìng theolcm is s,ell ìiuorvn.

Theoretrr 8,2 : IJ'X is r:otnprtcl llausdorll and Y is llnuslorfJ tnd | : X - \' is a

ccn'tl.inuous lunclion llten .f is a rlosad lunclion.

It irrrnrcdia.telv lbìlorvs tha.t tlrc ura¡r ry,, :)'". - )',, is a contintous cìosed rlap.

Lenrnra 6,3 : Let Á,t ç -Y* Il llterr: e:risls n € I\l sric/¡ //raÍ d,, (r¡,, [.,1], rx,, [¡]) l0
rhen tL,*(A, )t) I 0.

Ploof: Supposc r1.\,(l, Ji) = 0, thcl ìr,r, lcltma 3.i1. thct c cxists seqtÌetìces {(a¡,1, c;,2, ...)};en C

A,{(b¡¡,b¡.2,...)}ien Ç ß such tìral;

lirrr¡--l*,((a¡,¡, n¡,2,...),(b¡,1,b¡,2, , )) = 0

So for lìxccl n > 0 llnr;-""fi1"(a¡,,, ó¡,,,) = 0 flom thc rlcfìnition of d-. llence rve have

Itlnz¡-*r,1,,(a;,,., ú;,') = 0 rr'hich irnplios d,,(r.¡,,{;l], r¡,,IB]) = 0 by lcmnra 3.3. \l¡c have

shorvn thc contral)ositive of thc thcolcnr. ITcncc or:l claìnl holds. D

Letnt¡a 6,4 : Lct;1. /Ì C --r**., lJ Yn > 0. r1,,(rr,,[rl],rr,,[1J]) = 0 ¿i¡cn 1""("1, B) = 0.
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Ploof : Su¡r¡rr.rse 1lra1, Va > 0 d,,(r.y,,[,1].r,r,,[;]) = 0. Lcrt r > 0bc albitarìlv given.

tìren lol lixcrl n ) 0, choosc r,, Ç r.",,[1] a:rrl y,, € rix,,[ß], such that r1,,(o,,,y,,) < e

. Ry thcolenr Ir.2, lhclr: cxisls rl = (u,,1.uu,2,..,) a¡rl öi = (t¡n¡,tt,,2,..) in ..1 a.nrì D

res¡rcctivcly such tiltat ¿n,Ì¡ -;tr an<l l',,,,,, = y,,. No*, let ¡['= {a] : n € ltl} C ¡1 and lct

n'= {tt',,:rz ç ll} C ll. Cìroosc n0 e 
^¡ 

f fr < r. Ifn > r0 t}ìeìì (r'ecaìlilg oul ear.licr

assurrption tha.t d,,(o,y) ! I fol cach ?¿ € f.l a.n(ì each o,y €,Y,,) rve have

- 11 l
¿""(,,;. ¿,;) = | å1r(r.,,-,.(.,i ). r.{,{¿;))

I =l '

- +q l' (,i¡).;\À(/;))* i I: ¿.y'rir'tti.Y/
r, =t - *--f nt z

',0 I< (.t*)+, < z,

So, givcn any c ) 0 rvc can fìnd a sc(lucrìccs {a,-, } al<l {ül} ofpoints of ¡1 and .B r.es¡rec-

tively such that ¿.-(d, ú;) < r lor la.r'gc cnougìr n (rvhicÌr <lcpencìs only on e). Heuce rve

see that d*(,,1, Jl) = 0 as lerluilcd. n

Theoletrr 6.5 : Il' A,/3 ç -\.- lhan cly._,\O d¡.** ll I A il anrl only il d,-(tl, B) = 0

(6.1)

( 6.2)

(6.3 )

Ploof : *
?¿ € I$ since

ñJ

g

'ì'hcrr c/y,,;r1',, [,4] ñ cl1,,,ry,,lBl f Ø fol each

Thus Vr¿ > 0 r1(2i1,,,lrl], zy,,lr]) = 0. 11¡, lcrrlrit 6.4ryc scc ¿,=(rl, r) = 0.

+ : Strppose 11*(,,{, ð) = 0, Thcl b.y ìcnrna 6.3 s'e ltave thai Vn € I\.1, d,,(r.y,,[zi], n¡,,[l]) =

: Su¡r¡rose c/1;-4 ñ cly-B I (l).

ri¡,,, [r/1.-,.1 n c1y* ß]

r1,,, [c/y* ,,1] n ;r¡,,, [c/1,* ii]

c/¡,,, ri¡,,,lrl] n c1¡.,,r¡;, [7]]

r/yi, r.¡, i:l] n cll;,r¡r,,1/l].
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IIence, as )',, is tìre nìininlìrnr rntil'olrn colrpacl,ificatìol of -Y,,, by tltcolcm 2.8, rve have

cly,,ri¡,, [-,1] ì r:l y,,r x,,lßl I (lt.

Let ,,1,, = cly,,r.¡,,[;l] a¡rl .IJ,, = r"i y;,r.y,,[-ll]. Lct, I = {il,r, !lt,l-i\,,, N } and ç = {Bi,g,,lB",I\}.
By thcolent 5,4, thcsc atc int'crsc¡ s1'sl:cnrs alrl

ItruLi.tn il, = ¿/y*- ¡l

and

J¡tu J'in lln = cly--R.

Clainr :?l = {.4,, n }},.,, g,.,1,1,., n 11,,,fl} is tn. inuersc sysl.ent rtntl Intli.nttlnñ 8,, I ø.

Ploof of Claim : Filst rve uecd to t¡u¡, {;1,, 1' 11,,, (hrltl,. n B",N} is au invelse systcrr.

Let rrs let h,, = g"l(/1" n,8,,). \Vc sce tlrat. Iol each n € FI, ea.ch /r,, is rvell-dcfincd and

contiuuous. \\rhat nccds to be sltorvn is t,hal; fot cach n € lrl, à,,i,4,, ñ 8,,] Ç ;1,,-r fl B,r-r.

Letn€lìl,tlìcn

h,,lÁ,,t t),,1 q .q,[;1"] n 1,,18,,)

= (h,lcly,,(ry.,,[t l])l n y,, Ic/y,, (r1i, [/]l)l

= cl\',,_!(!,, 1ry,, [,.1]l) n ¿1),,,_,(r,,l"r,,,[r]l) (as ynis continuous and closed)

= c11,,,*, (ry,,-, [-,1]) lt c1¡;,-, (ry,,-, [.1]]) (as g,., o r¡'. = r¡,,,-,)

= tl._t 1t l]"_t.

1'his shorvs that thc frrnct.ìon /r,, = 9,,1(.,1,, n /1,, ) is a. u'cll dcfined cortinuors filnctiou

fro:l rl,, ñ ll,, to ¡,,-l fì /lr-1. So. ll is an invclse systcnì. It lerlains to shorv the invelse

linlit of this s)'stenl is rìorì-cml)l},, Notc cach ,1,, n /J,, is ìou-cmpty. So as these sets

are non-cnrpty closcd subscts oI 1he compatl space ); lor cach r¿ € Itl, rve see that each
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,4', n Il,, is a conrpact suìrscl of )',, ¿urd hclcc InrLintl;l,rñ B,r) I Ø. By theolem S.l our'

claini holds.

Clairrr : .InrLinr (,,1, n 11,, ) Ç l n t L i nt ;1,., I' I n u Li tn ß,.,.

Ploof of Claim : lct {r,,} 6 Intl,im(il, rì /i,,), thcn !1,+tl(t!,+t tl 11,,11)(rn1l) = e,,

fol all r¿. llcucc Vn € Iì1, li,,+rl¡1,,(r:,¡+t ) = r,r, lt,,+tllJu(:tu+t ) = t" rvhich implìes that

{o,,},,en € IntLint"1,,ñIttuLint}},, and ou¡ clairn hokìs.

By thc pler,ìous claim aud tlrcolcm õ..1, u,e havc :

Ø l I n a Lin.( A,., rt ß,.,) Ç l n r l, i nt tl,, l' l nr l, i nt B,, -- cl 1,* il lì c1¡,* B.E

Corollaly 6,6 ; u¿* -\'* = ); ,

Ploof : 'l'his follorvs jnuncdia.tcly fionr thcolcll 6.5 abovc and the cùa.ractelizatiou of

udx givcn in theorerr 2.8. tr

\\rc ha.r,e constnrctcd thc nrìninrr¡nr rririfoi rn conJra r:tilì ca.tion of an ìnvelse limit of any

invclsc s¡,stc'rn oltlìc lornr (-\'",,/,i'+t, t"l). 'lhis tcchnir¡rrc il coustmcting the nriuirnum

uuifornr conpactilicat ion of spaccs rvill aid us in a.nal¡'zing ce:'tain nriuiuum uuifoln.l

con]pactifi ca tion s.



Chapter 7

The lrrationals with a

Compatible Complete Metric

7.L Constructing the Minimu¡n Unifor:m Compactification

of the lrrationals

In this chapter', tve anal)'zc thc rnìninrurr uniforrn co:rpacljfication olthe illatjouals rvi1llr

a compal.ible complcte rlcllic. 'l'ìrc lcsults fi orn thc last chaptel rvilÌ be used to buìld

the minimunr unifolm compac.tifir:al.ion ol the illationals as the invelsc limit of a. certain

invctse system. Ihc follorving is c:xr:clcisc 2,ll( of [\\¡i].

Theoretrr 7,1 : Tfu; spor:e of irruliontls u{lh [he subsÌ¡nce nrctric inlrci.tetl rt'om V: is

Ittnzeontorpltic lo I\l' e(lltippcd u,illt llu: unt¡tnictl prodLtct ntelrìc tl ulrcre tlrc nrctric tln

an I'l is c.s /o/iorrs

( ..II ¡l tu*u
r11¡( rr, rrl ) = {

Io ¡''="
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ar(l

r1((,r; 1, .r'2. ... ). I lj t, !J2,.. ) ) = t -!,t :;l r,.,, y,., ).

'iã' 
¿"

Clca:Ìv, (ll',d) js a norvhclr'ìocallv cornpact rcrnplct.c lnctlic sltace.

Le t X,, = ll" ancl tlcfìnc thc nrct I ic r1,, on -{,, by:
n1

,i,,(ã, i) = f idr.,{n;, üi).
i=l -

Obselvc that s,ith t:his nrctlir:. disjoint slhscts of ,\-,, alc a dista.rcc a.t least $ apalt.

Tllr:s t¿,i,, -Y,, = ¡J.\,,. Nol'dcfìno J,11 :.\',,+l - -f,, l>r'

.[,, + t (fu t. u 2,..,, 1,,, r¡"+t )) = ( a 1, n 2. ...a,,).

Ploposition 7,2 : f,"¡1 is unílornly co¡tlinuous.

Ploof : Lct e > 0l:c givcu, ìc1 ó = r. lf {lt112,..ttn+1),(òr,¿,2,...,ün+r) € X¡11 suclr

tha t

rl,,¡1(fu1,n2,.... n,,1¡ ). (ö1, i.r2, ..., ù,,+: )) < ó

then
,r+t I

)_- -1.r/',1a¡, t,;; < ó

rvhich implics

i1r,,,,,.r,, . n =.
=2' 

',

llencc /,,11 js urifo:nlly continuous. D

Âs thc f,-s ¿rlc unilolrnll conliiruous. \\'cì soe tlìât {ì,,,r,,1ì} is al iuvelse systenr of

the solt disclsscrl in thc cìraptcl li.\\'c dcitotc ils liurit by -'\-*,

\\te cirn clca.r'l¡' see that -T.-, = {((a¡).(a1,a2),...):ri¡ ç I\l,i € fl}. As ì:efore. let d""

dellote the mctlic on -Y*. Nou, rlr:filc a. lta¡rpilg / :ì\l- - -f* bv

I(lu t.,t ¿,...)) = ((rrr ), (/¡r. (r2),,..).
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Clea.r'lv / is oùc -to -orrc and olto. \\'c norv sllo*' tÌrat / is a unilorrn isonolphism.

Ploposition 7,3 : ,f is uttiJ'orntly rr.tnli¡tuous.

Ploof: Lct e > 0 bc givcl. Lct ó = r. Suì¡pose that d((ø1,a2,...),(öt,ü2,...)) < ó. Then

rve have t ha.t

I ,1,'¿;r(¿¡' 
l,,¡) < ¿

rvhich inrpìics th at
rì1

f j/n1n',t,'¡< ó Vn € Il.

Ilencc rve havc

+l" r Y 
I

/- .r,,L-i¡(u¡.tt¡)< f * O =,t =,.
tì=l ¡=l ,r= I

That ìs tl^,(/((ø1,rt2,...)),1((byltz,.,.))) < r so / is uuifolmly coutiuuous. tr

Proposition 7,4 : f - is unilormly cr.¡¡tlinuous.

Ploof :Lctr>0bcgivcrr. l-Ìrcrr thr:r'c cxisls 
^¡ 

€ ¡ì suclì thai fi. < ¿ and so

ô1, lf ;'z'
¡=À¡+ ¡ -

Let (t = É. If ((a1),(a1.12),,,),((¿rr,(¿,r,¿r),...) € -Y* such tha.t the distauce betrveel

these 2 points is less than ó, rve s,ould ha.r'c

\- -l t lr1'la;.ü;) < ó.t:-¿ )11 zr .)¡ " '

rål.- l=r/n(a;,ú,)< ò

Ð rj,1r(n¡. ¿,;) < 2't'ó.

Thu s

rvhich !rl ¡rlics
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Norv

':!3 I .\' I

((rt1.rt2,..).(úr.ù.:. ))= f !,1,,1,t¡,b¡7 < !1,/.,iur,t';)+ f ¡1 <2N6+2( <3(.
i=l' i=tz i=N+r ¿

IIeuce /- is rnil'olnrì.l, corìtinuous. D

llcncc (-Y.*. d*) is unilo¡ nrìr' cqrrivale trt lo (ll-, l).

Norv fol each n € ¡l /JIrl¡Ì is lhc uriujrnunl ulìlolur corn ¡ra ctifi ca.tiou fo: 4I". llsing the

results flonr the plcvious chaptcl u'c car gencla.tc fhe follot,ing dia¡;r'arl.

\\¡c scc u¿-,.\',,., = )'*, ç f],,€"1 lif:!'r. 'l'bal. is, ,1lÌ" = )i*,.

7.2 Tlr.e Structure of Ìt¡1(l.t')

In this scction, rve a;ral¡,ze ü,7(lil'). \\¡c bcgirr bv anal.vzirg the "size" of ?¿,1NI'.



CIIAPTI:)R 7. 'l'IIlìltìRA't'tON.ll:5 I\'/'j'll A COJIPT\TIBLD COIIPLLTD ÀlDTnICr6.1

As N'is a zcro-clirtrcnsional Lildclof space, tìrcolcnr 2.4 states rve nrav le¡rlace "If r{

and ll arc disjoint closccl suìrse ts of -\: " of f hco¡on 2.1 bv "If ¡l and ß ¿ìre cor¡plemctìtaly

clopcu subsets ofll-". \\'e use tlìis t.o ac:hiovc thc folìou'ing lcsult,

Theole¡l 7.5 : (pììJ)'< ir,1lJ".

Proof : T,et ,1 be a clopen subsct ol lì-. Srrppose that cllB¡¡.,4 O c11,3¡¡.(ltlo \ ,,{) = ø.

Thcn cllp¡¡.d ald c/1,3¡¡y.(ltl'\ rl) ale conr¡rìcrrcntaly clo¡reu subscts of (ÉN)ø. Let C

denote thc sct r:11,3¡¡.11. N-ot.e since ,,[ is a clopcn subsot of ll-, then C fì Fl' = ,4 and

((PNl)- \ C) n ttl' = ll'\ ,,1. .,\s C' is o¡rcn. C can bc u,r'r'ilrcn as:

¿' = 9¡.¡[n'j=, rr: Izli,¡]]

rvhcrc,I js an in(lcxìrì¡l sc1; arrd lìrc ,l¡..¡'s alc o¡rcn subscts olBIì. As ú,'is closed in trhe

conìpact spacc (plll)', then ó'is colìtl)iìcti. 'l'hus thc¡c exist â. lîrìite subset J| of I such

that:

C = uie ¡[ni=r r:- ltl;,;]]

Plom (7.1), it is easy to sce {:hclc r¡xisl

foleachi€f',

lr1¡[n;]:r ?T.¡lrli.j]l = Pl\.

(7.1)

a srnallcstr /, € |l such that fol evely n > Ë and

(7 .2)

Claim : d(C'n N-, ((Pfr)'\ C) n rìÌ-) I 0.

Ploofof Clainr; Le1,¿'= (rÌ1lrìr2,...,r't., ir;l+l ,...) e Cnt,l'andlety-= fut,y2,,,.,y*,y*+t,...)e
((prrr \ c)n r.r..

IlfoÌeach i = 11o /,', xri = ùi thcn t= (Ì11,r'?,...,?rÀ,/À.+l,...). Ily (i.2), s'c have f € C l-ìlìl'

rvhich is a coll.r'adiction. llcnr:c lltctc cxisls sonrc I ! /,r sur:ìr that n:¡ f y;. This in.rplics

rl(i,y) I + > + Sincc t.his ìrolrìs fol ar'l¡italr, ¡l€ Cnlì'ancl /e ((Bn)'\C)nN-,
then d(C n I,J', ((BI,r)'\ C) n ll") I 0 anrl oul claim holcls.
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By Lheolcrn 2.8,

c|.,,,.,"(c'n r r') n ¿/,,,,"ì.-y((ril)'\ c') n Fr-) = Ø.

IIcn ce,

r:/u,,,;.il ñ r:/,,,,¡;-(l'1" \,1 ) = fl.

By theorern 2.1, (dri)'< ?¡,trl'.

\\¡e plocccrl to sho\\' tha.t (!3ll)' I 1\tI:1^'. l,ct ;l = U¿en({n} x {n} x (fli, ll)). Cllcarlv

,.1 is a clo¡rg¡ srrl)sct of lì1.. Lcl /j = fl. \,,1. lf ¡[ = {a1,nr2,...)€ A,i = çy1,y2,,..)e B,

then llreÌc cxisl,s il € I'l sr¡ch lhat. irit =;ù2 = Ì anrl y1 I Uz. \\tc considel the follorving

ts,o possible cascs :

1.. I1 y I a, thcn l(r-. 1¡i) > ].

2. ll y2 I n, thcn d(d, y-) > ].

ThLrs, rl(,1, /l) > 0 and ìrcncc bv lhcolcnr 2.,S. c/,,,,¡¡..1 tl c|,,,,¡1. Ì) = ît.

Clainr : c/1,en¡.rl n cl6¡1¡.8 I ît.

Proof of Clair.n : l,ct n € i?l ì\ Il. \\ro nol' ¡rrocecrl I.o shorv d = (o,n,12,n,rr.,....)

€ cl¡B¡1¡.t\ I' cl6y¡.ß fol any n € tl. ..\ basic nr:ighbollroocl of ea is given bv cll3rrC x

clp¡-D x flf3 [/¡ rvlrclc C],D e a ¿ìrì(Ì ¿/i is a lcìghì;or'ìr oorl of rz in Bl.l fol each d > 2. As

ais afilter, AnB I Ø. Lct n¿€..1 n ll. Tlìcn

{nr, nr. n, n, n, ir,.....) € (c/¡¡(.1 X r:113¡1) X fr U,¡n nr.

r'=3

Ilcncc ri € cl1¡¡¡- tl.

As o e /JI'l \ I.l, lhcn (,' arrrl l) alc i¡rfìnitc srbst'ts o[ I.]. IbL if C (r'cspelivclv D) is finite ,

then clp¡¡(.' = (,'(r'cspcclivoì)' cl¡¡;l) = D )n'hir:)r corttadicls thc fact C € n (rcspectivclv
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D e a). Lct ¡¡t € C,l€ Ð s ch that nr f /. 'lhcn

(nz,l,a,rr,a,ri, .....)€(ct¡j70 x cl¡3¡i1) xñ n,n r.
i=3

llcncc ã e. cl6n¡"1). Thrrs ry'1,3¡;¡-'l 1rcllB¡¡.1) f Ø and oul claim holds. llv tlteolem 2,1,

(Brl)'7 z,ilrl-. tr

TLe follon'ilg jìlustlatcs tìral /i{Il") I z,1ltlø.

PÌoposition 7.6 ; BItl' f u,¡I'l'.

Pr.oof : l,<:t ',t = {(n,n,¿....) :n €ll}alrl /l = {(n,n,n....,n.?¿+ \,n !2,tt I 3,...) :

?¿ € Iì ).

Clairrr : ¡l is r closetl sub.qe L rtl l:1ú.

Ploof of claim : Lct nl € Il' \ ..,1. 'llhcu tlìclc cxists ?? < ??? such tha.t c" I 2,,,. For'

ever'¡' i f z, nr. , clcfinc .¡lr = N. Dcfi¡rc .1,, = {;ir,,} nlcl ,1,,, = {.2,,,}. Then f],,a*.21,, is a.

basic o¡rcu ncighbolhood of rÍ srch that (f],,.r, rl,, )n;l = Ø. Thus i € f],,€fl /n C I\ì'\ ,4.

IIencc.4 is closcd in Iìl'.

Clcarly ll is also a cl<¡scd srrìrsct of l'l' ; since /J has rto convegent scrluerìces. Obviouslv

AñI)={¡t.
Claim : d(rl. /i) = t).

Proof of clair.n: Dcnote (rr., n, n, n,...)by aL ancì (r2,n,n,...,n,n*1,n*2,r¿*3,...)byòi.

Observe that for each r¡ € I\, Í; € .t an<l úl € D. It sulfices to shorv &ln¿n-o.d(a,., ô,,) = 0.

To this end, u,c scc

rtkr.,í,,)= È i=#Ë+=#
Thus, 1ini,,-".r/(4, ¿,;) = 0.
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D.y t)rcolonr 2.8, as r/(.,1,/l) = J¡ 1t',, s¡c tIat r:/,,,,¡¡.il fl c[,,n¡..0 I (t. By tlteo¡eur

2.3 and tllc fâct that ;l ald ,/J alc rlisjoirt. closed (hclce zelo-sets) of N', rve have

clp¡y¡tl f) cl¡jg.¡B = fl. Ry theolt'nr 2,1 /i(ll') É z¿Irl'. ¡

Letrrnra 7.7 : Ler.C and D bc rlis.ioittt subsrls r.[ A'-. Tlten tl(C,D) > 0 iJ anrl only if
lltere exisls,l,: > 0 srcÄ lhal lor rtrlt c' e C' a¡td y' e D, lhere eústs i e {1,2,.,.,1;} suclt

that c¡ f y¡.

Proof : Lct C,D be disjoint sullscts of Iì'.
(+) : This is obvious since lol an¡, c'€ ú' arì(l i € /1, d(i,tr) >- +.
(+) : \\¡c plove the contlaposilìr'c. SrrpJrosc lol cvely /i > 0, thclc exisls ci. € C an(l

yi € , suclì lhat fol cach t € {1,2..,.,i}, yur = cr.i. Thcrì ¿(ci,yi) < }. Thus

/inu¡--d(c1., yj) = 0 rvhich inpìics d(6'. l)) = ¡. ¡

\lfe norv give a. ch a.r'a cteliza 1.jon of 1,hosc r:lopcn subsets C of ltl' fol rvhich c/,,u¡.C/ is

clopen in t¿N'.

Tlreorerrr 7,8 : 1'hc J'ollou:itt¡1 nre erluiutlent. lor t clo¡rcn subset C ol ll' :

L l'hrs'c r'i:i-c1s /r € l:1 sur:h lhal (.' can Ltr: u,t'illc¡t os U¡ç¡ il¡ utlrcre eacÌt i!¡ is a

bnsic opett ntbscl. r.rl I.r' tl lh¡: J'ortn 1',,.,¿¡'r; lÌ);,,.,1 ulwe B;,- C ltl utrl. F Ç

{ r, 2, 3, ,,., A} .

e, ¿(c, rì., \ c) > o.

Ploof :

since br'ìrypoi:hcsis, Iol oaclt ¡¡ > /,:,i € ./. n,,[.,]¡] = I'1. 1l'his contlarlicts the hypothesis

ie n'\C. f'hus l,hclc cxists i € {1,2..,../,,} such lho c¡ f y¡. By the previous lcmnta
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7.7,¿(c, N" \ ú') > o.

(2 + 1) : \\'c plolc tìrc contlapositivc. Supposc colditiol 1 lails. Then given an¡,

le¡lcscntation of ú' as the unior oI basic opcn subscts of I.l' ald lor each À € Iìl thcrc

exìsts j¡ € J such tlìat ,,1.iÀ is a b¿r.sic o¡rcu srrllsct oI I,l' and thel'e exists ?7rÀ > ,/i suclì

tlra.t r,,,u[.,1;o] I lrl. Let .[ : J -ll bc a rrappìrrg rlcfincd as fol]orvs:

't\i) = tt'

rvhcre r,,[;1;] f tl and foL all nr ) n,:r,,,[il.¡] = iLl.

Fol each j € ./, (lenotic ;l¡ as flf, /l;,; rvltcle cach n¡,i is a (opel) subset of IY and lor'

m> .f (j), n,,,lll¡,^) = Iì. Iol eacìr À > 0lct l¡ dcnotc a)1 j e J such that,f(j) > È, BV

hypothcsis, ?¡ I Ø.

Clairrr : /,cf /,r € lrl. ?'ñcn thcra e t:ísls j e'l'tt .\ltch tiral [f=1 n,,¡ x f]f u*r I\ I C,

P¡oof of Clair.n : Sup¡rosc nol. Sri¡rposo lhclc cxjsts /,' € fl such tha.t Íol alì j e T¡,

¡i=, ll¡,i x flíI¡+r t'l c C. lllhcn rvc corrìtl lcplar:c cacìt .4.¡, j € 1'r u'ith C; = ¡f=r a¡.; x

flËt+rlJ Ç C anrì n,r'it.c ú'as

(l = (U.;E.¡17;.,1.i ) u (U¡67i,C,|¡).

This contrarlicls our lì)'potihcsis that colrlil.ion I fails. IIcnce our claiul holds.

Tlrrrs fol any I: > 0 choosc J € ?ï such thal fl|=1 Ir,¡ x flË¡+r r.I { C. llet { ç

(|Il=lBi,¡xflïlt+r Iì])\.,1;. \\t¡ìralc(flf-, ll,ixflÈ¡+rt.ll)\.,1;IØsince /(j);¡;.
Note tlral',y'gi C,:, Clcall.y lhclc'r'xists ã€ ;1.¡ sucìr that fol each t € {1,2,3, ...,1;},ct = Ui.

By le:rma. 7.7, tr,e ha.r,c r1((,',ll'\ 6') = 0. llhus rve haye sltorçu the coÌìtÌapositiye. tr

\\¡e concludc tr,ith tlrc rnain lcsuìt of lhc t}csis.

Tlreorenr 7.9 ; rr,7ìrl' is r:rluirnk:nl (ns a con pnclí.fictlio n ) to lhc ,S'lone spaca of llrc

Doolean subnllleltru A = {(; € /i(ll') : 1(C,ì.1'\ (,') > 0i o/ B(rÌ").
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Ploof:
Clainr : A is t lJoolcnn srlnlqr.bru o/ l;(lì") anl is u ck,pett base lor l\\a.

Ploof of Claim : Supposc ú'1. C'2 € "4. thcn ìry lcnr¡la 7.7, thele exists Å1 > 0 suclt

that loÏ ca.ch c- e (.,'l a.nd i € lì'\ Cl, thclc exists i € {1,2,3,...,Àl} such that c; f y;.

Sinrila.rly, thelc' cxist,s ft2 > 0 such that lol cach ¿ e C'2 t\nù y' e lt'1 C2, thele cxists

i € {1,2,3,...,f2} such thal qf tji, LaL /, = nrr¿r;{/,'r,À'z}. Then fol each c-€ C1 Uú'2

and y'€ (ll'\ ai )n (t,l'\ 6'2). lìrcro cxisls i € { 1,2,3,..., ¡} such thai c¡ f y¡. Thus bv

lernna 7.7, ¿(a:r U (,2.11' \ {alr U ú'2 )) > 0. 'l'ìris nrcans C¡ U C2 € A.

I{C e A thcn rl(C,Ii'\C) > 0 rvhicìr rrcans r/(II'\ó',û) >0. I{encc FJ'\C € "4. Ilence

"4 
js a Boolcal subaìgcbla ol 1l(Ì.1')

Sets of tho folm fì,n ç¡r,ll [.8,,, ] n,hcle /j,, ç l.l anrl I Ç {1,2,3,...Ä} fol some Ä € I\ì

belong to "4 by tìreorern 7.8. lluf thcst: scts lolur ¿r base fol the opcn subscts of l.l'.

I'Ielcc ,4 is a clopcn base fol tl'. Oul claìnl holds .

lìy thcolcm 2.5, ,t(/) is a zclo-rlirncnsionâl corlpaciìfìcalìion of lrl'.

Clainr : ,luppose lì € ¡;(ìì-). 'l'hcn. r:lq1¡B n c1,51¡¡(I.l- \ B) =ø iJ arul only il B e "4.

P¡oof of Clairn : It Il € A, thcn lx, t.ìrcolc¡n 2.6, cLe6¡B n c151¡¡(lrl' \ ¡) = Ø.

Conversel¡,, suppose clsl¡¡ß fì cl<1¡¡(f l-\ /l ) = Ø. Cllca: ly c1s1¡¡B Ucl51¡¡(FI'\ B) = ,f ("4).

Thus clsl¡¡Jl € lJ(,9(,,{)). llut tìrc rna.ppirg À:,4 - lì(,9("4)) rìefined ìry À(,.1)= cl5J¡¡,,1

is a Boolcan algeìrla isonror'¡rìrisrn fìonr;t ontro 13(,1(,2{)). 'I'hus, a.s clsg¡B € B(,9(A)),

rvc scc that lJ € ,21. Ilcncc orl clairn lrolrls.

Clainr: ,9tqryose )l,l, el:\a. 'l'lt(ù c1.ç1,1¡.'l / lt c1,ç1,1;1, = tt if anrl only il ¿(Àl,L)> 0.

Ploof of Clainl : Su¡rposr: r:1s1¡;l/ t cl51¡¡/, = 14. l-Ìy theo¡c¡r 2.4, the¡e exists

G € ¿3(5(/)) suclì t:l)a.t c/51¡¡ìr' Ç C and (c151¡¡1,) ñG =ø. llencc Go II' € ",{ rvhich

inqrlics d(ll, L) > 0.

Convetsly, supposc d(,4.1, 1,) > 0. 'lìhcu bv lcrnrra.7.7, tìrele exists li > 0 srrch tlrat for'

each i= (ct,c2,..,) €,lf ân(l ti = (U,y2,..,) € -/,, thc:c exists i € {f ,2,,..,À} srìch tlìat
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ci I i/¡. Dclì c 1 ire scl Li as

a; = U ({rr} x {.2} x...x {¿r,} x lìJ x I.l x ...).
ð€À/

Clea.r'ly G € "z{ 
and ll c 1,.. Nou' /, Ç lìl'\ (i; l-ol if y- € .L then given c'€ rly', tìrele exists

i e {1,2,3,..., À} such that c; f y;. T'hus íl({r,t} x {c2} x ... x {c¡} x ttt xflx...). Since

this is tluc fol c'ach d€ ,4y', l'c lravc ¡/ / l-i. llcnce ¿ ç N'\ai. Norv b.y the above claìm, rve

havec151¡¡Gfìc/s(l)l:l-\G=Ø.'l'hisirn¡rìicsc/51¡1rì.1fìcl51a¡L= Ø. Thts oul clajm holds.

B.y thcolcrn 2.8 irnd tÌrc aìrotc clainr, u,¡I'lt e ,5'(A) (as conrpactifications of Iìl-). tr
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