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ABSTRACT

The density matrix technique is discussed for intramolecular
exchange processes with respect to their effect on high~resolution
nuclear magnetic resonance spectra. The theory has been developed
in detail for the line shape of an ABX spin-k system in which the
A and B nuclei (assumed to be of the same nuclear species) are
undergoing intramolecular exchange with an average pre-exchange
lifetime T, and an analytical expression is obtained for the region
of transitions of the A and B nuclei. The expression is valid for
arbitrary coupling constants and for an arbitrary chemical shift
_between the A and B nuclei, and reduces to simplier three spin-ls
and all two spin-% systems.

Computer programs have been written to plot the calculated Spectra
as a function of the lifetime T, the natural line width, the chemical
shift (between the A and B nuclei) and the coupling constants; and to
calculate the peak positions.and their half-height line widths for the
computed spectra. Several plots are presented; in particular plots are
given which have been used to correlate the lifetime with temperature
for a compound reported elsewhere (34) with a temperature-dependent
spectrum due to internal hindered rotation (equivalent in this case to

an intramolecular exchange process).
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Chapter I

INTRODUCTION TO THE PROBLEM




The application of high-resolution nuclear magnetic resonance
(n.m.r.) spectroscopy to chemical rate processes in liquids and gases is
based on the study of the line shapes (number of peaks, their positions
and their widths) as a funétion of the rate of exchange of atoms which
possess a nuclear magnetic moment (1-3, 27-29), For example, the effect
on the n.m.r. spectra of exchange of two uncoupled protons with differing
chemical shifts may be described qualitatively as follows:

(a). When the exchange rate is slow (i.e. rate << shift), the
spectrum consists of two sharp peaks separated by the chemical shift.

(b). When the exchange rate is fast (i.e. rate »>> shift), a
single peak is observed at the midpoint of the peaks in (a).

(c}. At intermediate exchange rates (i.e. rate = shift), broadened
doublets occur with a separation less than the chemical shift. These
doublets sharpen as the rate decreases, and coalesce into a singlet as the
rate increases.

The purpose of the ensuing discussion is to derive a general ex-
pression, using density matrix techniques, for the line shape of an aBxt
spin-% system as a function of T, the inverse of the intramolecular
exchange rate of the A and B nuclei, ;md to write a computer program to

calculate the line shape. The expression derived is also valid for other

1.

In n.m.r. nomenclature, the notation ABX implies a system containing three
spinning nuclei, two of which (the A and B nuclei) have a chemical shift of
the same order of magnitude as the coupling between them, and one of which
(the X nucleus) has a large chemical shift compared to the coupling

with either of the A and B nuclei. See for example reference (1), page 98.
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simple three spin-% and two spin-% systems (eg. A_,, AX, AB, A, X, BMX) in

2! 2
which the two exchanging nuclei (for three spin systems, the first two
nuclei are assumed to be exchanging) are of the same nuclear species.
Several examples of calculated spectra are presented in Chapter VI; in
particular the expression obtained has been uéed to correlate the
exchange rate with temperature for a compound reported elsewhere (34)
which is undergoing hindered rotation (in this case, the hindered rotation
is equivalent to intramolecular exchange). Examples of the fitted spectra
are also given in Chapter VI. |

Chapter IT is concerned with a bfief outline of the n.m.r. exper-
iment. The high~resolution n.m.r. Hamiltonian is discussed in Chapter
IIT, and the density matrix technigque in Chapter IV, The derivation of
the general line shape expression for exchanging nuclei is outlined in
Chapter V, and the AB part of the ABX line shape is deduced in detail.

The computer programs and calculated spectra are presented in Chapter VI,




SO

Chapter II

THE NUCLEAR MAGNETIC RESONANCE EXPERIMENT




1. Introduction+

The phenomenon of n;m.r. is concerned with the intrinsic spin and
aséociated spin angular momentum of the nucleus. It has been well established
that certain nuclei péssess angular momentum and a magnetic moment,ﬂand it
follows from the quantum mechanical theory of angular momentum that the
'measurement along anyvreference direction of a component of the angular
momentum yields cerxtain discrete values. For a ﬁucleus'with an angular
momentum there are a total of (2I+1) of these quantized values, where I
“is known as the spin quantum number (or spin numbef)‘and is a characteristic
of the nucleus in question. In general the spin number cannot be predicted;
however several qualitative rules, deriving from experiment,'may be set
forth: |
| (a) the spin number is a multiple of % v(i,e, 0, %, 1, 200 ) &

(b) ‘ngclei with an even numbexr of protons and an even number of
neutrons have a spin number equal to zero (eg. 4Hez, 12C6, 1608),

(¢) nuclei with an odd number of protons and an odd number of
neutrop§ have integral spin numbers (eg. 2Hl, 14N7,ﬁ10B5).

() nuclei with an even (odd) number of protons and an oad {even)

number of neutrons have half-integral spin numbers (eg. lHl 6

-

" The discrete values taken by a measurement of a component of the

spin angular momentum vector P are of the form (mfi) where fi is the modified

b

T The succeeding discussion is a brief outline of the theory of the n.m.r.
. experiment. More detailed discourses may be found in a number of standard

texts (1-6) .



Planck's constant, and m is known as the magnetic quantum number with the
range of values:

(1) m = -I, -I+l, .eee0e, I=1, I .
Further, the magnitude of the spin angular momentum vector is given by the
following expression:

20 |p] = & {z(z+1}®
for a nucleus with spin number I,

Nuclei with a non-zero spin angular momentum are found to possess
a nuclear magnetic moment ( nuclei with spin number greater than % also
possess a nuclear quadrupole moment arising from a non-spherical charge
distribution. Since this discussion is concerned with spin-% nuclei, this
theory is not discussed here ). Using the classical concept of a spinning
~ nucleus with a charge @ and a mass M, the expression for the magnetic
moment M (in e.m.u.) is given by (2,5):

3 L. Q P
(3) - 2Mc

where c is the speed of light, and the magnetic moment vector is colinear
with the angular momentum vector P. This result is inconsistent with exp-

eriment, and equation (3) is usually written as:

(4) u = g _eh 2
2M ¢ ¢

p

= by =

h

where g, is known as the nuclear g factor, and where Bn is the nuclear

magneton, and e and M_ are the charge and mass respectively of the proton
P

(this equation allows the neutron to have a magnetic moment, whereas

equation (3) incorrectly predicts a vanishing magnetic moment since the

charge of the neutron is zero). Since Bn is a constant (5.05 x 10~-2%



ergs/gauss), the magnetic moments of different nuclei are characterized
by their nuclear g factor and their spin angular momentum vector P,

It is convenient at this point to introduce the vector I, defined
by the equation:

(5) 1=

P
5
which corresponds to the measurement of P in units of M. Equation (4) is
now expressed in the form:

(6) M o= gan I

= YA I

wherg Y(=gn8n/h) is known as the gyromagnetic ratio and is characteristic
of the nucleus gnder consideration (for example, y= 2.,67519 X 10% rad./
sec, /gauss for a proton).

It follows from the definition of I that its components along any
reference direction are quantized, and take on values of the form (rﬁ) °
From equation (6) it can then be deduced that u is quantized, taking on

values of the form (yhm) where m has the range of values in equation (1).



-5

2, The Nuclear Zeeman Effect

The (2I+1) different values of a component of M give rise to the
‘same number of different spin levels or spin states which are degenerate
in free space. The degeneracy may be lifted'by.the application of an
external magnetic field through an interaction between the magnetic moment
and the magnetic field. This interaction is known as the nuclear Zeeman
.effect or the nuclear Zeeman splitting. |
Classically, the energy of interaction of a magnetic moment with
an external magnetic field is given by the vector dot product ueH . For

example, in a static magnetic field Ho the energy of interaction with a

nuclear magnetic mcuent is:

z o ' -
where the n.m.r. convention is used whereby Eo defines the negative z
direction. Substituting from equation (6), eguation (7) is put into the
- form:

-(8) EO = YR Iano
and the subsequent splitting in energy between two adjacent spin states

(i.e. Am=1) is given by:

A =
(9) Ey = YR Am Hg
= vK H '
Y O
= gan Ho o R '\t

The case for a nucleus with spin number I=1 is shown in figure (1),
The observable in the n.m.r. experiment is related to the energy absorbed

when a nucleus undergoes a transition from a lower spin state to a higher




spin state (i.e. m(final) - m(initial) = +1), with an absorption of energy

given by equation (9).

Eo= +YhH, (m = 1)

/ AE, = YﬁHO

\ AE, = YHHO

Energy . : \ Eo= —yRH, (m =~1)

L%

FIGURE (1). The nuclear Zeeman Splitting for a nucleus with

spin number I = 1,
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3. The Resonance Condition

Transitions between spin states is achjeved in n.m.r. by the presence
of a small xf field Ep(t) applied perpendicularily to a static magnetic
field Hj, (where small means fgp(tﬂ << lﬁo! ). The classical equation of
motion of the nuclear magnetic moment (ignoring for the present Ep(t) )
is given by (1-6):

(100 ¥ = y (ux

where 90 = Yﬁo . This equation corresponds to the precession of | about
H, with an angular velocity w, = lﬂo’ called the nuclear Larmour precessional
velocity. For example, in a field of 10,000 éauss, the Larmour velocity of
the proton is 6.77 x 106 rad. /sec,

Considering now the presence of gp(t) rotating about Eo with an
énéular velocity Wyy the effect will be to produce on the magnetic moment
a torque which varies direction rapidly. Consequently the magnetic moment
is perturbed, and for 8, F w it will wobble slightly in its steady pre-
cessional motion about Ho' At w, = [ the torque will be 'in phase' and
‘effectiVely act in the same direction (relative tc a coordinate system
rotating at N } causing large oscillations which tend to change the
orientation of u; i.e. to change the spin level of the nucleus.

The semi~classical model on which this theory is based therefore
predicts a transition between spin states at the resonance condition:

(11) w = e = YH

o) -0

and although it is useful in providing a geometrical description of the
resonance phenomenen, it incorrectly predicts a continuous absorption of
energy. For a more consistent explanation of the experiment, a quantum

mechanical description must be employed. Qualitatively this description



«Gem

is relatively straight-foxward: the small rf field gp(t) interacts with
the magnetic moment vector, producing a perturbation represented by the
Hamiltonian ﬁp(t) where:

(12) H(D) = -p.H (D)
From time-dependent perturbation theory, taken to first order, it follows
that the transition probability between adjacent spin states (to first
order it also follows that only this type of transition is allowed) is

S

giveﬁ by an expression of the form (1-4,6):

(13) Wo,e = | <ogto] B o8> |2 sy, wy)

‘where Wi+ represents the probability of a transition between the initial

£
spin state !@i(t)> and the final state l¢f(t)> and where G(wo,fwl) is the

Dirac delta function. The nature of the Dirac delta functicn is such

that a transition and an absorption of energy occuré only at the resonance
condition given in equation (11) (this simple~minded approach ignores the
various broadening processes operative in n.m.r.) . The quantum mech=~

anical treatment of spin angular momentum and the n.m.r. experiment is
o)

discussed in more detail in the following chapter.




Chapter IIX

THE HIGH-RESOLUTION N.M.,R, HAMILTONIAN
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1. Intrcduction to the N.M,R. Hamiltonian

The spin angular momentum of a nucleus possesses no classical
analogue, and consequently the usual construction of the corresponding
quantum mechanical operators cannot be followed (7, 8). In section 2
of this chapter, an outline of the usual'treatment of the spin anqular
momentum (following the method of Dirac) is presented,

In sections 3-5, the various elements of the high~resolution n.m.r,
Hamiltonian are discussedfz the nuclear Zeeman interaction, the chemical
shift, and the spin--spin coupling. This so-called 'high~resolution'’
Hamiltonian is valid for the n.m.r., of liquids and gases where it is
assumed that intermolecular interactions can be ignored through a process
of random averaging over all molecular orientations (i-6j. I
aiso be pointed out that this Hamiltonian derives largely from a phenom-
enological approach rather than a theoretical approach to the n.m.r.
experiment, and that an approximation similar to the Born-Oppenheimer
approximation has been made:

- (14) ¥molecular = ¥spacial * Ynuclear
so that a nuclear spin Hamiltonian may be separated out of the mglecular
Hamiltonian, and so that reference may be made to a nuclear spin state.

Section 6 deals with the unitary transformation corresponding to a

transformation to a rotating coordinate system which is of some importance

in the discussion to follow. Finally, in section 7, the various relaxation

processes in spin~% n.m.r. are discussed.

T

Detailed monographs oti the n.m.r. Hamiltonian may be found in references

(1) to (6).
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2. The Quantum Mechanical Treatment of Spin Angular Momentum Operators

The usual treatment of spin angular momentum (6-9), validated by its
agreement with experiment, involves the assumption that the spinning nucleus
can be described by equations similar to the orbital angular momentum of
electrons in an atom. Hence the nuclear system is represented by a spin
angular momentum vector operator I= (Iy, Iy, I,) which corresponds to the
orbital angular momentum vector operator. The commutation relationships

are also similar:

2 2 2
{I,Ir}=IIr-IrI = 0 (r = x, v, 2)
{1gr 1y} = i1,
(15) .
{ny 1} = 111x
{r,, 1.} = i I,

2

A . , oy 2
where i is the imaginary number v-1 , I = I-~I= (Ix2+I

y2+Iz ), and tﬁe
spin angular momentum is measured in units of K (cf. equation (5) ).
From this set of commutators and the theory of quantum mechanics

it follows that (10) 12 ana only one of the components of I possess a ' i
complete set of simultaneous eigenvectors. Conventionally, for the n.m.r. o
experiment this set of eigenvectors is chosen to be the eigenvectors of I,

and 12, so that only I, and 12 have discrete values, whereas I, and Iy are

given by expectation values. Designating any such eigenvector by the ket

vector [a, b>, where a is the eigenvalue of 12 and b theeigenvalue of Iz,

then the eigenvalue equations are:

i

(16a) 12 |a, b> ala, b>,

[l

(16b) 1, la, b> b |a, b> .
The propexties of these eigenvalue equations are generally deduced

using the raising and lowering operators, designated by I, and I_respectively,
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and defined by the equations:
(17) Ip = Ip*+iI,.

The following commutation relations may be deduced from equations (15) and

the definition {(17):

{12, 1,} = o
(18) {1,, 1,} = =1,
{1, 1.} = 21, .

For these operators it can be shown that (6~9):

(19) 1, la, b> = {(a-ﬂb)(aw_rml)}yz la, b1>
and that a = I(I+1l) and b = m, where I is the spin quantum number and m
the magnetic quantum number. The eigenvalue equations (16) therefore

are written as:

(20) 1?2 1, = I(1+1) |I, o

and (21) I, II, m> jul [I, m>

Using equation (19) a set of (2I+1) eigenvectors corresponding to each
spin state may be generated; it can be shown that the set is complete and
orthonoxrmal, i.e.:

(22) <1, m|I, m'> = 6yt
(where Gm,m' is the Kronecker delta function) and that it serves as a basis
for & spin space of oxder (2I+1l). For example, the spin space of a system
with spin number I =% is of order 2, and it is spanned by two independent
eigenvectors denoted by l%, +%> and I%, ~%> or more commonly by o and B
respectively,

It is often vexy convenient to represent the spin operators in matrix
form relative to this basis set of eigenvectors, The elements of the matrix

corresponding to some spin operator R are given by the definition:

(23) ' Rjk = <I, mle!I, mk> °
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For example it follows from the orthonormality relations (22) and from
equations (19)~-(21) that the matrix representations of 12, I, and I+ (note

that I_ is the adjoint of I, i.e. (I_)jk = (I+)§j ) relative to the

basis set of eigenvectors of 12 and Iz are:
B 0 0 -~ 0
0 1 o0 “ 0
(24) 2 = +) Jo o 1 % o0
0 0 0 . 1
r =
I 0 0 . 0
0 1-1 o0 “~ el
(25) I, = 0 0 1-2 " 0
0 0 0 -
B {1-(21)}* 0 - 0
o 0 {2+ (21-1) P2 = 0
(26) I, = : |
0 0 0 ~ {(21)-2)*
0 0 0 - 0
- Lo

Note that the matrices are sguawe(2I+1) x (2I+1) matrices.

The description of the angular momentum of a system with more than
one spinning nucleus is given by the vector addition of the spin angular
momentum of each spinning nucleus. Designating the total angular momentum

by I and the angular momentum of the jth nucleus by Eﬁ' then:
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I = ke Iyr Ip) = );I.j
I = T =
r § jr (r = %, v, z)
(27)
‘ I = I I = I 2 + T %4 12 = 3 1,2 + 28 L T oI
- - X y k4 5 73 j<k 3
I, = I + iI = T I. *+ i T.
+ x Ty 5 ix T Ty

and the vectors 1 and each of the I 's satisfy the commutation relations (15)
3

and the following relationships (9):

{Ir, Ijr} = 0 (r =%, v, 2, +, =) ¢
{Ix, ij} = i Ijz = {Ijx, Iy}
28 {xy, Ijz} = i Ijx = {ij, Iz}
{Iz'szx} = i ij = {Ijz, I}
{1, Ijz = T I, = {Iji, Iz}
{Ii, Ijx} = % 2 Ijz

The spin space of the system is given by the tensor product of the spin’
space of each nucleus, and the basis vectors by the tensor product of the
basis vectors for each nucleus; i.e. all products of the form:
(29) T lEgemg> = 0Ty mps Tpomps g D mes T2 c

where the subscripts refer to a particular nucleus, and where the basis set
for a given nucleus is chosen to be the set of eigenvectors of I? and Ijz
(in this particular case),

The discussion is somewhat simplified if it is assumed that all the
nuclei have a spin quantum number of % (this is true for example in proton
magnetic resonance)., In this case a system containinq n nuclei will have
a total of 2" basis product vectors (we define "basis product vectors" by

equation (29), the tensor product of the eigenvectors of Ij2 and Ijz for

each nucleus 'j° } , represented by the products of the states ®(j)and B(J)
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(corresponding to the eigenvalues of +% and ~% respectively of Ijz) of
each of the nuclei in the system. This basis set consists of eigenvectors
of Iz but not of 12; however a simultaneous set of eigenvectors may be
found by taking suitable linear combinations of the basis product vectors
(since 12 and I, commute (10) ). 1In table (1), the eight basis product
vectors of a three spin-% system are collected, and in table (2) linear
combinations of the basis product vectors have been taken to produce a

simultaneous set of eigenvectors of 12

and I, (this latter set is not
unique) .

The matrix representation of the total angular momentum operators
is given by the tensor products of each appropriate nuclear spin operator
or by using equations (19)~(22) and egquation (27) for some set of basis
vectors. For example, a three spin~% system has the following definitions
and matrix representations (relative to the basis product vectors given
in table (1) ) for the spin operators I2, Iz and I, (as before I_ is the

adjoint of I,, and the operators IX and IY may be computed from I+ and

I_ using equation (27) ):

(30) 2 = 1.2 2 2

+ 2 (L5, + -+ .I..z'.:.[..3)

2

(for the evaluation of the elements of I“, it is useful to introduce

the vector identity:

(30a) Eﬁazk = Ijz I, + % (Ij+ I + Ij- I..) )i
(31) Iz = Ilz + I22 + I3z ;
and  (32) I, = T, +I. +7I. .
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TABLE (1)

Basis product vectors and eigenvalues of Iz for a system
of three spin=-% nuclei (the designation number of the
eigenstate is arbitrary; however it will prove convenient
for the ABX system to be considered later). The numbering
of each nuclear spin state is implicitly assumed by the

position of the spin state (i.e. a(1l)B(2)a(3) = aBa).

besignation Basis Product Vector Eigenvalue of Iz
]W1> ‘ aao 3/2
|‘1’2> aBa 1/2
[¥3> Baa 1/2
[¥,> BB, -1/2
|¥s5> aaf 1/2
[¥e> aBB =1/2
g BaB - -1/2

[¥g> 8BS -3/2
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TABLE (2)

A set of simultaneous eigenvectors and their

corresponding eigenvalues of the spin operators

12 and Iz for a system with three spin-% nuclei.

Eigenvector Eigenvalue

12 I,

OO0 15/4 3/2

1/¥3 (aaB + oBa + Baa) 15/4 1/2
1/V3 (aBB + BaB + BBa) 15/4 -1/2
BBB 15/4 -3/2

1/76 (aoB + oBa - 2Boq) 3/4 1/2
1/V6 (2aBB - BaB = BBa) 3/4 -1/2
'1/V2 (aaB - oBa) 3/4 1/2

1/V2 (BaB - BBa) 3/4 -1/2
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(34)

(35)

Since the Hamiltonian for the n.m.r. system (ignoring the driving

term ﬁp(t); see the following section) commutes with 12 and I, (1-6), a

<

-
15/4 0
o 7/4
0 1
0 o
0o 1
0 o
0 o
i 0 0
‘ =
3/2 0
0 1/2
0 0
0 0
0 0
0 0
0 0
0 o0

0 1
0 0
0 0
0 o
0 o
0 0
0 0
0 0

-18=~

0

o
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set of simultaneous eigenvectors exists for the Hamiltonian, 12, and

Iz. The analysis of an n.m.r. spectrum is then simplified by a choice

of basis in which as many as possible of the spin operators are diagonalized.
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3. The Nuclear Zeeman Interaction

The Hamiltonian operator H(t)-for a nuclear magnetic moment in a
magnetic field H is given by equating ﬁ(t) to the classical energy
of interaction and replacing the vector U by the quantum mechanical spin
operator Yh I (3,6,10); i.e.

(36) A(e) = -y I-H.

In the n.m:xr. experiment, the expression for H is given by (1-3,5,6,10):

(37) H = H + g_p(t)
where Eb is a static magnetic field defining the negative z direction,

and gp(t) is a small rf field defining the negative x direction (in the

analysis of high resolution n.m.r. spectra, the driving texm gp(t) is
generally ignored because it is very small; however it will be included

in this discussion). The latter field is given by:

(38) H (t) = (-2H cos wt; 03 0)

B 2 p

where w is' the angular velocity of the oscillation and 2Hp the amplitude,
Since 2Hp<<l§ol, the expression for gp(t) may be decomposed into two
circularily polarized components (3,13) and put into the form:

(39) H (t) = (~H cos wt; H_sin wt; 0).

~p p p

Substituting eqguations (37) and (39) into equation (36), the Hamiltonian

may be rewritten as:

(40) fi(t) = -yI - (H, + H(t) )
= YH, Iz + pr I, cos wt + YHp Iy sin wt
= yH, I, + !;pr (I,emivt + I_elut)
(where‘Ho = IEOI ). The last step in equation (40) uses the definitions

of the raising and lowering operators (equation (17) ) and the identity
etlot = cog wt + 4 sin wt. This equation is the quantum mechanical equiv-

alent of the classical equation for the nuclear Zeeman interaction for the
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n.m.r. experiment,
For a system of n spinning nuclei, ignoring internal interactions,

this equation is replaced by a summation over the nuclei:

1 - ~-int iwt
(41) H(t) = {yjHo T, *+ YH (I e + 15 elH ),

H .
ip J+

Each nucleus is characterized by its gyromagnetic ratio Yj and its spin

n
z
J=1

operator Ijr (r =z, +, =). The internal interactions are included in

an empirical manner in section 5 of this chapter,
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4, The Chemical shift

Experimentally it is well known that the resonance position of a
nucleus depends on its particular chemical environment (1-6). These res-
onance shifts have been attributed to a partial screening of the nucleus

from the applied field H due to an induced magnetic field set up by the

precession of the electrons about H . It has been found that this secondary

field is antiparallel and proportional to the applied field, so that the
local field H' experienced by the nucleus is given by:

(42) H' = H - oH

{go + gp(t)} X (1-0)

t4

H (1-0) + gp(t) (since [Ep(t)|<<]§0f and og<<1)
where the proportionality constant 0, known és the shielding constant, is
a function of the chemical environment of the nucleus (for solids, o is a
tensor quantity; for liquids and gases it may be treated as a scalar due
to aﬁ averaging by molecular motions). The environmental dependency is
carried into the Hamiltonian of equation (40) by substituting " for H .
A similar argument for equation (41) yields the expression:

(43) H(t) = g brji Amo) 1, + 'y 1 (Ij+e“iwt + Ij_eiwt>}
where oj refers to the screening constant of the jth nucleus.

It follows from equation (43) that the energy levels of the spinning

nuclei, and therefore also the transition frequencies, are dependent on

the chemical environment of the nucleus. For example, since oj>o, it follows
that the resonance frequency of a bare nucleus is smaller than the resonance
frequency of the same nucleus in an atom or molecule (using the fixed field-

swept rf field mode). This difference in the resonance frequency between the

bare nucleus and the shielded nucleus is known as the chemical shift.
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Since most applications of n.m.r. do not require knowledge of the
absolute chemical shift, it is convenient to express the shift relative
to some reference compound. Generally the shift is specified in terms of
the dimensionless parameter ars in units of parts per million where Grs
is defined by (1-6):

(44) Sps = 9r ~ O
where the reference nucleus r and the sample nucleus are of the same
nuclear spécies (i.e;’yr = YS). An intramolecular chemical shift is

also defined using equation (44), where "r" and "s" refer to nuclei

(usually of the same species) in a molecule,



Y.

5. The Spin=Spin Interaction

Under conditions of high resolution, the n.m.r. spectra of chemically
- shifted peaks of liquids and gases show hyperfine structure for some
systems (1-6)., The properties of these multiplets has led to the concl-
usion that there is an intramolecular interaction, the spin~spin_interaction,
between each pair of nuclear magnetic moments., A variety of mechanisms
have been éroposed for this interaction; for example it is thought that
" the most important mechanism for a proton with only a single 1ls electron
involves polarization of the spins of the internuclear electrons (1ll).

The Hamiltonian of scalar interaction between two magnetic moments,
designated by ﬁjk’ is given by the expression:

P ~

{(45) njk = ij Edozk

where ij is known as the coupling constant between nuclei j and k which

are characterized by spin operators Eﬁ and Ek respectively. The Hamiltonian

of a molecule H(t) is then given by equation (43) appended by a summation

of terms of the form of equation (45) for all pairs of magnetic moments:

(46a) H(t) H, + ﬁl + Hp(t)

where:
i = Iy H (I-0, .
(46b) i ij o(1 cj) IJZ
(46¢) A = L L J I.eI

1 j<k  jk T3 7k

and  (464) A (¢) I b H (I.+e"'i°"t + 1, elwty |
p 3 dp J -

This Hamiltonian is known as the high resolution n,m.r.AHamiltonian, and
it has been found to be adequate for the analysis of the n.m.r. spectra
of liguids and gases.

As a specific example, the Hamiltonian for a molecule with ABX
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spin-% nuclei is given by:

]

(47a) 1
(o]

i

(47b) H
1

(47¢) H (t)
p

where the subscripts 1,
nuclei, and where it is

nuclear species (i.e,

H (l-0 I + H (l-o T + H (l-0 )I
TH,(1-0)) T, i, (1-0,) 2z Y30( 3)

3z
. e 4 . .
T12 75 Tz Ll t Iy3 Iy'Ig
. . 2 . .
WwH {$ (1, e”i9t 4+ 1 elot)} 4+ ny u (1 e~lot
P j=1 I+ J=- 3p 3+

iwt
+ I3_e )

2, and 3 refer respectively to the A, B, and X

assumed that the A and B nuclei are of the same

Yl= Y2 = Y)‘
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6. The Rotating Coordinate System

If a quantum mechanical state vector of a system with interacting
spinning nuclei is denoted by l?(t)>, then solutions of equation (46) for

the enexrgy are found by solving the Sch8dinger equation:

(48) i yy> = H(Y [vn)> . N
at

The time-dependence of the Hamiltonian may be removed by means of the
unitary transformation e~iwtIz (12) where y is the angular frequency of
the rf field gp(t), This transformation corresponds to a change'from a
fixed to a rotating coordinate system.

The effect of the transformation on the state vectorlw(t)> is given
by the expressiong

(49) le(t)> = e~iwtlz | w(t) >
where l@(t)> is the transformed state vector; i.e. the state vector in the
new coordinate frame. It can be shown that (13, 14) the SchrS8dinger

equation in the new frame is:

(50) i ley> = A oty >
dt
where:
(51a) 8% = B o+ A, o+ Bt
o 1 P
51b g+ = ilym (1-9,) - vl
(51b) o 3 3 o! J) IJZ
.1 = = Lz . °
(51c) Hy Hy Sk Tix Iy-Ix
and  (51d) ' = DyH I.
o 5 3P Tix

The physical significance of this change of coordinates is that the
small oscillating xf field Ep(t) appears as a stationary vector directed

along the x axis, and each nucleus precesses about the z axis (ignoring

the small rf field) with an angular velocity equal to the difference
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between its Larmour velocity (modified by the shielding constant) and the
velocity of rotation w of the new coordinate system (and the rf field Ep(t) ).

This new coordinate system also lends itself to a simple deduction of
transition probabilities. The equation of motion of ‘¢(t)> follows from
eq&ation (50) since HY is time=-independent (13-15):

(52) [o(e)> = eifi% [g(0)>
where l@(O)? = ’W(O)> is the state vector when t = 0 (or gp(t) = 0)., The
probability of a transition from a state l¢i(t)> to a state ]¢f(t)> is fhen
given by (14,15): |

(53) Wie = | <o (0] eifitt | o, (2> |2

which reduces in first order perturbation theory to equation (13) for one

nucleus, and to (14,15):

. = ol(E; - Et ; . _ 2
(54) Wesg e . f_ . i l <@f(t)l § YJHijx l@l(t)> [
i

£

for a system with mofe than one (spinning) nucleus,
' From equation (27), Ijx may be written as a sum of 1’j+ and Ij-' and
an argument similar to the derivation of equation (19) shows that Ij+
corresponds to an absorption of energy, while Ij— corresponds to an emission
of energy. It may also be shown that there is a selection rule operative,

J

nagely Am: = Om = #1 (where mj and m are respectively the eigenvalues of

the z components of Eﬁ and I).
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7. Relaxation Processes and Line Broadening

The theory of n.m.r. outlined thus far describes a process by which
huclei are excited from a lower energy spin state to a higher energy spih
étate through interaction with a perturbing rf field. The energy absorbed
in a transition is given by the difference in energy between two stgtes,
and the transition probability is given by equation (53)(° The signal
inteﬁsity observed in practice is related to the rate at which energy is
absorbed from the rf field, and it is necessary to include in the theory
~the relative populations‘of the spin states, and the means by which the
system returns to the ground or unexcited state, R

Considering a macroscopic sample of No spins per ﬁnit volume, the
nuwber of statesbNm with energy Em is given by the Boltzmann aistributiong

©(55) Noo= N e=BEn/KT
j b

where T is the absolute temperature of the sample and k the Boltzmann

constant. The rate of absorption of energy between two states with energies
2

Em and Em’,;s then (14):

Sp\ = T - -
(56) oL Weomt (Ege = Ep) X (N = N_1)
3t 'm_ml
; since to first ordexr Worms = Wotan (15). In this equation, the term

involving N,+ represents the rate at‘which energy is emitted by stimulated
e mission (spontaneous emission is negligible in magnetic resonance (5) ),
and the term in N, represents the rate at whichwthe same amount’of enexgy
is absorbed. The condition that N, = Nm' gives rise to the phenomenon
known as saturation, atwhich time the rate of absorption of energy and the

signal intensity will disappear. Hence a n.m.r. spectrum should diminish
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in intensity as the lower spin states are excited upwards.

Ssince this is not the case observed in most n.m.r. spectra, some
mechanism must be occurring which tends to remove the excess spin energy
of the systeﬁ. One such process is known as the spin-lattice relaxation
(1~6) , whereby non-radiative downward transitions occur through a redist-
;ibution of the spin energy with the "lattice" or other degrees of freedom
of the system. Denotihg the rate of relaxation by 1/Ty, where Ty is
“known as the spin-lattice relaxation time, then it can be shown that

equation (56) is altered to the form (3):.

(57) OE _ _
'é'g \ = Wm+m’ (Em' Em) x (Nm Nm‘) e
merm .
L+2W -0 Ty
When 2wwﬁm' << 1, saturation is easily avoided;-experimentally this is

achieved by using a small rf field since W _, ¢ & lﬂp(t)lz

Spin-lattice relaxation also causes some broadening of the spectral peaks
as a consequence of the uncertainty principle. Since

(58) AE-At = R
or B AE = hAw = H/At
an uncertainty AE in the energy, corresponding to an uncertainty Aw in the
resonance frequency, is inversely proportional to At which may be taken as
the lifetime of a state. Hence the line width of a transition will be of

the order of 1/T ince the lifetime of an excited spin state is of the

1’ ®
order of Tl°

Another relaxation process of importance in n.m.r. is known aé the
spin=spin or transverse relaxation, whereby there is a sharing of excess

spin energy between the nuclei, This process derives from inhomogeneous

magnetic fields and local field variations due to neighbouring magnetic

moments, and it is characterized by the spin~spin relaxation time Tp (often
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T2 is separated into two terms Té and T§ which relate respectively to
field inhomogeneity and to interaction with neighbouring magnetic moments).
The line broadening resulting in this case is often included by replacing
the Dirac delta functions, as in equation (13) for example, with a line
shape function g(w) (1~4,6). For the magnetic resonance of liquids, the

Lorentz line shape is generally used:

(59) glw) = T2 1
) hid 1+ Tzz(w-wo)z

where wo is the angular velocity of the rf field at resonance., Tt follows
from (59) that the width of an absorption peak at half-height is 2/T, (3).
Other broadening effects operating in n.m.r. spectroscopy may be

attributed to exchange reactions or hindered rotations, These processes
may be characterized by a rate 1/t where v is of the order of the lifetime
of a given state (before exchange or rotation). A broadening of the n.m.r,
peaks 1S caused by the uncertainty in energy involved when the cﬁemical
environment of the nucleus is varied during exchange or hindered rxotation

processes. The effect of intramolecular exchange reactions (valid for

certain hindered rotations in which the molecular symmetry is conserved) are

considered in more detail in Chapter V.



Chapter IV

DESCRIPTION OF STATES - THE DENSITY MATRIX TECHNIQUE
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l. Introduction

For a quantum mechanical system described by a normalized state
vector le> the theory of quantum mechanics predicts that the expectation
value <Q>j of an observable corresponding to the linear Hermitian operator
0 is given by (7):

(60) 0>, = <Y, ¥ .> R

9> slolyy
In many cases it is convenient to expand the state vector into a complete
set of orthonormal time-independent vectors{ln>}:

(61) Y>> = E ¢ n>

ey Eoeg, |

with the time~dependence of the state vector carried in the expansion

coefficients Cyne Since le> is norxmalized and the basis set orthonommal,

i.e.
{62) v = 1 = To*e, o,
33 n Jn In

the expectation value of the observaPle may be expressed in the form:

1l
™
o1
Q

*

(63) <>y c <n'lQ|n>j .

nn' Jjn' dn

This procedure is strictly valid only in the situation when the state
of a system is completely known (16), that is when the system may be
described fully by the state vector. For example, the analysis of high
resolution n.m.r. spectra assumes that such a state vector exists which
descfibes the nuclear spin state of a molecule., This state is known as é-
"pure" state (16) and is characterized by the existence of an experiment -
in this case the determination of the enerqgy -~ which gives a predictable
result with certainty. On the other hand, determination of the signal
intensity of an n.m.r. spectrum involves a deduction of the magnetization
in the x-y plane of a macroscopic ensemble of molecules, and there is no

pure state for the system since it is made up of an unspecified combination

of pure states. One then resorts to the statement that the system has
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certain probabilities Pir Pys scer P cee of being in the pure states

5
'Wl>, |W2>, ceoy Wj>, «eo « In other words, the system is represented

by a statistical mixture of state vectors (the [Wj>'s) with the statistical
weights pj, and the expectation value of an operator is given by a stat-
istical distribution of its values for each of the state vectors.

It is especially convenient to describe a statistical mixture of
states by means of thé density matrix. This technique is a simple var-
iation of time-dependent perturbation theory (17) and corresponds to the
statistical matrix of classical statistical mechanics., The definition
and some of the properties of the density matrix are given below in sections
2 and 3. In section 4 the density matrix is applied to a system of nuclei

which possess spin anqgular momentum with the intent of deriving an express-

ion for the line shape of a n.m.r. spectrum.



2. Definition of the Density Matrix+

As mentioned abové, a macroscopic ensemble of states will be repre-
sented by a.linear superposition of the pure states [Wl>, IW2>, eeo With
»the statistical weights pl, Pyr oeo (16). For each of these states therev
corresponds an expectation value <Q>j of an observable, where <Q>j is
given by equations (60) or (63), The mean value of the observable, <Q> , .
for the ensemble is given by the grand average (over each of the posgiﬁle

pure states of the system):

(64) <0> = J . <O>,
Q : Py Q 5 |
Substituting from equation (63), this average is recast into the form:
. .
> = . . .
(65) <@ g Py i g- gjn' jn ann
= LI Ip,cr e,

S NCRNS S AN

where Qn'n denotes the matrix element <n']an> of the operator Q,

The density matrix may be defined from the following equation for

its elementsfx
- %
(OO P = Tpy g oy
so that (65) reduces to:
(67) Q> = LI Q P = Tr (Qp) = Tr (pQ)
nnt n'n nnt

whexre Tr(A) = I Akk indicates the trace of the matrix A. Hence the expe -~
, k ,

+The definition and derivations of the proPertieg of the density matrix
presented here are after the method of Fano (16). Another equivalent

definition used frequently ( (17-19) for example) is given by:

= %
pnn' Cnt “n

where the bar denotes an ensemble average,
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tation value of an observable of a system consisting of a liner super-
position of states is given by the trace of the matrix resulting from the
matrix multiplication of the density matrix and the matrix of the operator
corresponding to that observable. The operation of taking the trace of
the product matrix is equivalent to taking the average of the expectation
values of the observable for each pure state times the probability that
the system is in that state,

It is instructive to note that the expectation values of different
observables in the same system vary only as the matrix elements of their
éorresponding operators since p will be invériant for the same system.
Alternatively, different systems will be represented by different density
matrices, whereas the matrix of an operator is invariant from one system

to another {(assuming the same basis set {ln>} is employed) .
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3. Interpretation and Properties of the Density Matrix

A physical interpretation of the diagonal elements of the density
matrix is facilitated by considering the mean value of the operator 6jn6jn'
(8 is ?he Kronecker delta function). Frbm equation (67): 1

(68) <6jn Gjn'> = Tr (p Sjn Gjn') - pjj - o B
Since <6jn ajn'> represents the probability of finding the system in the

‘basis state ,n>, the diagonal elements 6f p are then these same probab-
; » , .

iiities° This property is perhaps more obvious_if a basis set is chosen

such that p is diagonal, so that:’

- *
- (69) Pant T g pj ®n* ©3n énn'
A careful analysis of this equation then reveals that a diagonal element
is given by the sum over each pure state ij of the probebility pj that
the ensemble is in the state Wj> times the probability Cj;' ©in that
’Wj> is in one of the states of the basis vectors ln>; i.e., one has the
probebility that the ensemble is in the basis state [n>.

For a system in therxmal equilibrium, these probabilities are given
directly by the Boltzmann distribution factors (16,18,20) so that in the
basis consisting of the eigenvectors of the Hamiltonian, the diagonal
elements of the density matrix at thermal equilibrium (p?) are:

(70) p0 =  e=En/kT

: nn e

: L a~Ep/kT

. m
" where Em is the energy of the basis eigenvectpr lm>° Also, since p© is
diagonal in this basis (16,17) , equation (70) may be put into operator

notation:

(71) PO = e-H/kT
Tr (e“’H/kT)

The interpretation of the off~diagonal elements of the density matrix
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is less clear. It follows from equation (67) that if the only non~zero
element of an observable in some basis is ij, then <Q> is proportional
to pkj (18) . For example, in the discussion to follow, the signal inten=
sity of an n.m.r. spectrum will be calculated using the raising operator
I+, and it is shown in section 4 of this chapter that the only elements
of p appearing (when the basis product vectors are used as a basis) are
some of the off-diagonals of p. One can then relate some off~diagonal
pkj &Eth the element (I+)jk which corresponds to the signal inténsity of
a transition from state fj> to state |k> ignoring the overlap of neigh-
bouring transitions. Hence as an approximation, the off-diagonal elements
of the density matrix are related to the probability of a transition
between states, or more accurately it is proportional to the signal inten-
sity of a transition when all other transitions are of zero intensity.

From the definition in equation (67) it is poésible to deduce the

following properties of the density matrix (see also (16-20) ):

(a) The condition that <Q> be real for any observable
correspondfng to the Hermitian operator Q (7) requires that p be also
Hermitian; i.e.

(72) p p

nn' n'n

(b) A special case of equation (67) where the operator Q

~

is replaced by the identiyor unit operator 1 requires that:

(73) <> = > dp) = T (p) 1.
This property also follows from the properties of the statistical weights

. {(16)
pj()

v
(o]
-
.M
gl
[
=

74 .
(74) _ pj

whence:




-37=

(75) Tr (p)

il
ol
.1

‘g

Q

33 "In Tin
= L p, % c_* c
3 Jn Jn 3Jn
= L p. = 1
3 73

using equation (62) in the last step,
(c) If the system can be described by a pure state vector

]Wk> then pj = ij, and therefore from equation (66):

= * = %
(76a) Pant = § ij ?jn' cjn = %kn* Ckn
2 =
and  (76b) (p)nn, = § Pn1 P1nt
= X ckf c c, ¥ e
1 kn “kn' k1
= C

* & Ic ¥ ¢
kn®* “kn 1 k1l ki

*

ckn"ckn =P

nnt
Hence if the system is described by a pure state, the density matrix
obeys the characteristic equation (16,18,20):

(77) p2 = p or Tr (p2) = Tr (o) = 1 .
In general it can be shown that (18):

2 <
(78) Tr (p7) = 1 .
(d) The equation of>motion of the density matrix may be

deduced from the definition (66)}

(79)

a _a %
at Pon' T GE (§ Pj %jnt Cjn )
d * * ,4
= . { (B~ . c c (= c. )}
ERE Il KL jn' Tae Tin

sinte the statistical weights do not vary with time (20), An expression
for the time dependence of the coefficients follows from equation (61) and
the Schradinger equation (49):

(80) i 2@ c.) ,m> =

C. ﬁl m>
m &t Jm e

I
m
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Multiplying through by [n> and integrating, the time dexivative of ¢, is:

jn
(81) i e = e, <alilm = e &
at In m Jn m Jm nm
The conjugate equation for cjg is given by:
d ~
i LI K
(82) i pr cjn g Hmn cJm

Substitution of the expressions (81) and (82) for the derivatives of c,

in
and cjnf into equation (79) yields:
d . ~ . . ~
{83) — = Zp.(i T H ¥ c, - 1iX c* c H
dt pnn' jpj m mn’ ij in m Jjn® jm nm
= iZ(H Ip,c*c, -Ipsictc. A
m mn* 3 53 %m 3n ij jm 3n am’
= i % (H p - H )
[}
m mn nm mn' nnp

= 1 <n[pH - Hp]n'>
or in operator notation:

(84) d = i {p,H}.

dt

e

This derivation is based on the assumption that the Hamiltonian is identical
for all the possible pure states of the system (16-18), It is similar ‘

to the Heisenberg equation of motion for an operator, differing in the sign

of the commutator (20).
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4. Application of the Density Matrix to N.M.R.

The application of the density matrix technique to n.m.r is straight-
foxrward: one uses equations (60) to (84) with the requirements that the
basis set {|n>} consists of some suitable basis of nuclear spin states,
and that the Hamiltonian is given by the appropriate n.m.r. Hamiltonian.
The expectation value‘of an observable is then given by equation (67) for
an ensemble of nuclear spin states. For example, as discussed in Chapter
III, the quantity observed in n.m.r. is related to the absorption of
energy as the rf field is swept. In fact it is well known that the signal
intensity, or the line shape, is proportional to the expectation value of
the raising operator I+ (1-6,21) which corresponds to the transverse
magnetization vector induced in the system as a result of the resonance
absorption of energy from the rf field, Therefore from equation (67),
since:

(85) <I+> = Tr (pI,) ,
determination of the trace of p and I+ will result in an expression for
the line shape of an n.m.r. spectrum, where in this case, p is the spin
den;Ety matrix. o

It is often convenient to use the rotating coordinate system in n.m.r.

" In this case the observable I, 18 given by the transformed operator

elwtl, I+ e~iwtl, _ Ix = 35(1+ + I_). As stated before, I, corrésponds
to the absorption process, so that the (absorption) line shape will again
be proportional to the expectation value of I+ in the new coordinate

frame., The effect of the transformation on the spin density matrix is to

take p to p” where (22,24) .

(86) p¥ = elotly 5 o-iwtI,
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so that equation (85) becomes:

(87) <I,> = Tr ("1 .

This last equation describes the n.m.r. signal intensity (line
shape) as a function of the angular velocity w of the rf field. The real
and imaginary parts of the equation refer respectively to the dispersion
and the absorption modes of the signal (5,21).

If the basis product vectors of the spin operators Ij2 and Ijz are
chosen to be the basis set, it then follows that I+ is a strictly upper
triangular matrix. Consequently, from equation (67), the only terms of
the spin density matrix appearing'in the line shape expression are the off-
diagonals (see Appendix I). Suitable expressions for the pertinent elements
are found by solwving egquation (84), the equation of motion of p.

In order to include relaxation phenomena present in n.m.r. in the
expression for the line shape, the equation of motion of the spin density
"matrix is altered to include the two rate processes, Since spin-lattice
relaxation tends to take the system to thermal equilibrium (i.e. p =+ p°)
at a rate of the order l/Tl, and spin-spin relaxation tendg to take the
tiansverse componénts of the magnetization to zero {which approximates
taking the off-diagonal elements of the spin density matrix to zero) -at a

rate of the order l/T2, one may write as an approximation (22,25,26, cf,

Bloch's equations (24) ):

3 w pow - w - ow
Ez = 9 - g
(88) ot relaxation Tl a Ty Jod

where d and od refer respectively to the diagonal and off-diagonal elements,
and where po(n refers to the transformed spin density matrix at thermal
equilibrium; i.e. the system in the absence of Ep(t) and when a stationary

state has been reached at the end of the spin-lattice relaxation. The

elements of pow are given by equation (71) where i= ﬁo + ﬁl (equation (46) )
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since pow = elotly 50 ¢=i0tI; = (0 (it can be shown thanin general

{1,, B +H}} = 0 (1,2,6) and that if {a, B} = 0, then {£(a), B} = 0 (10) );
i.e. the spin density matrix at thermal equilibrium is the same in the
fixed or in the xotating coordinaté frame.

It should be pointed out that this inclusion of relaxation phenomena
involves the assumption that the relaxationvprocesses are exponential '
decay processes‘acting on deviations from equilibrium (24), and that
its effect will 5e to introduce line broadening into the n,m.r. line
shape (for example the term involving T, results in a shape function
much the same as equation (59) ),

The equation of motion of the spin density matrix is now altered to

the form:

(89)y /dow\ N /apw . (oY 01
dr &Bt relaxation

where equation (84) (transformed to the rotating system) has been abpended
by equation (88), ‘The appropriate elements deriving from equation (87)
are calculated using this equation. |

A further simplification which may be made is to assume steady~
state solutions of (89), corresponding to the slow passage condition in
n.M.r., so that the lhs of (89) is equated toAzero (22), Eguation (89)
then reduces to a set of linear homogeneous equations in the elements of

the spin density matrix.



Chapter V

INTRAMOLECULAR EXCHANGE IN N,M.R.
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1. Introduction

It is well known that exchange processes between spinning nuclei
in different magnetic situations result in a modification of their n.m.r.
spectra (1-3,22,23,25-31), It was shown in the previous chapter that the
n.m.r. line shape may bé calculated using density matrix techniques by
evaluating the expectation value of I+, the raising operatoyr (corresponding
to the transverse component of the induced magnetization). It is also
possible to compute the line shape for the cases of exchanging nuclei by
adding an appropriate exchange term to the equation of motion of p in
the cases of intramolecular exchange. This texm, devised by Kaplan (23a)
and expanded by Alexander (22), is discussed in section 2.

In section 3, the detailed calculations of the line shape, following
the method of Alexander (22) and extended by Whitesides (25), are carried
out for a system of molecules with interacting ABX spin-% nuclei, in
which there is exchange of the (identical) AB nuclei. The application

.of the expression obtained to other spectra is discussed in section 4.
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2. The Effect of Exchanging Nuclei on the Spin Density Matrix

When an exchange process occurs, the effect is to move a nuclear
moment to a different magnetic surrounding. The following discussion
will be concerned with intramolecular exchanges*, so that it may be
assumed that the spin Hamiltonian has the same form after exchange, diff-
ering from the pre-exchange Hamiltonian only in that some nonequivalent
sping)have changed their magnetic properties. In this casé, thgvexchanqe
process may be described by an exchange operator P (22) acting on the
nuclear state vectors such that:

(90) [v> = » |v>
whenever an exchange occurs, For ekample, choosing the basis product

functions for three spin~% nuclei (see Table 1) as the nuclear spin states,

process, the effect of P is the following:

.t.

In an intramolecular exchange process the nuclear species do not change,
rather theiﬁagnetic properties of one nucleus ace assumed by the other
nucleus (for exchanging nuclei of the same species) and visa versaz i.e.

nucleus 1 T nucleus 2
Whenever an exchange occurs, Hence the Hamiltonian before exchange differs
from the Hamiltonian after exchange only in the labelling of the exchanging
nuclei,
The theory discussed here is also valid for numerous inversions of
configuration (e.g. in cyclohexane when H(axial) Z H{equgtorial) ) and

internally hindered rotation when the molecular symmetry is conserved

(see for example the following chapter) (26,27,29)., For more complicated

systems, other methods must be resorted to (22,’:“3-,27)°
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P [Wl> = Poca = aoa = lwl>
Pl¥y> = PoBe = Bau = |v,>
Pl¥3> = PBux = aBa = |V,
o) Pl¥,> = PBBa = BBa = v >
P |?5> = PoauB = oaB = [y
Plv> = PogB = BaB = |v>
Plv> = Pgap = BB = |v
P l¥y> = PBBRB = BBB = lvg> .

From these relations it is seen that ]W >, [T4>, l¥5> and [W8> are
invariant during the exchange whereas 'W2>, IW3>, ]W6> and ,W7> are
altered,

The matrix representation of the operator P is given by operating
on each of the state vectors and expressing the resultant vector in terms
of the original set of basis vectors (it is convenient to use the basis
product vectors because the matrix elements of P are then O or 1 (31 ).

For example, from equations (91), one has:

P |y,> 1[¥> +0 [v,> + 04]¥y> + 0 [v,> =

(92)

1

P [¥,> 0 [¥;> +0 |v> + 1 [¥5> + 0 [y, ==
etc. The matrix representation of P (relative to the basis product

vectors) for the above case is then:

i . ]

(93) P = .




It follows from the definition that P is unitary, real, and symmetric
so that:

(94) P2 = % or Pl = p ,

The effects of exchanging nuclei on the spin density matrix can be
found by transforming the representation of p¥to the new basis set given
by P |¥> , which indicates that p® + p-1 pW P = P pW P whenever an
exchange occurs. If a randem exchange process may be described by some
correlation time T (equivalent to the average lifetime of a state before
an exchange occurs, if the time taken for the actual exchange may be
ignored) then the equation of motion of the spin density is altered by

the additive factor (22,23,25-27):

(95) (9_&‘:’,\ = PoWp U
\at [exchange T
so that equation (89) becomes:
. " -
(96) {S?.Q_..} = (3% + (202 + i {p¥, HY},
dt It exchange 9t Jrelaxation

This equation is known as the Boltzmann equation and is used in conjunction
with equation (87) to derive an analytical expression for the line shapes
bf the n.m.x. spectra when there is intramolecular exchange between two
nuclei (for more than two exchanging nuclei, one gorrelation time may not
be sufficient; see reference (31) for.example).

A useful simplification that may be made is to assume steady-state
solutions of equation (96). This corresponds experimentally with the slow

passage condition and to the case when the correlation time is large (i.e,

the exchange rate is slow) (cf. Alexander's paper (22) ) although it has

been found that at small correlation times relatively good fits with exper-

imental spectra may be obtained (see Chapter VIor Whitesides (25) for some
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examples). This may result from the fact that the line shapes are
dependent on the off-diagonal elements of the spin density matrix, which
are much smaller than the diagonal elements’ Consequently it may be
possible to approximate equation (96) by a series of linear homogeneous
equations in the off-diagonals, and a series of linear inhomogenecous
equations in the diagonals,

In the cases whefe this approximation is not vélid, alternate
methods have been proposed (22,23); for example Kaplan (23) derives an
equation for p{t) by calculating p(0) = PpP and then allowing p to evolve
according to equation (84). He then obtains an average density matrix

by averaging p(t) over the distribution of lifetimes (27).

1.
In the previous chapter, it was found that the off-diagonals are related

to the transition probabilities, which are in turn proportional to the
square of the rf field. Experimentally, a very small rf field is used,
so that the off-diagonals are small. On the other hand, the diagonal

elements are relatively large, of the oxder 1/(2") for n spin-% nuclei

(1-6,13).
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3. AB Exchange in an ABX Spin-k System

Using equation (35) for the matrix representation of I+ relative
to the basis product functions (Table 1) for a system of three spin-
nuclei, equation (87) reduces to:

(97) ST T Pt P3 F 05y gyt Pgy t 0y + 0y o0,

¥ Pes t Pys * Pgg * gy
where the superscript © has been dropped for convenience of notation,
Suitable expressions for these elements of the density matrix are found
using equation (96) and assuming slow passage conditions (i.e. the lhs
of (96) is equated to zero). In sections (a) to (c) below, each of the
terms in equation (96) are Calculated, and in section (d) the elements
in equation (97) are sol?ed fort. Finally in section (d)of this sechisn
a general expression for the line shape of the AB part of an ABX Specﬁrum

in which the AB nuclei are undergoing exchange has been derived.

.i.

For the experimental system discussed in section 5 of the following chapter,
it waé-only the AB part of the spectrum which was interesting because of

its rapid variation of line shape with the exchange lifetime. For this
particular region, it is hecessary only to obtain expressions for the off-
diagonal elements of p involving A or B transitions since the X transitions
contribute negligibly to the intensity at the AB part of the spectrum.

"The line shape for the AB part of the spectrum is given by <L+>AB where:

€98) T+7ap T P21 F P31t gy F gyt Pgs Do+ P ¥ Pg7 e
Although an expression may be found to include the X transitions, the method
involves tedious algebraic manipulation (for example;expansion of a 4x4

determinant) and the resultant line shape is relatively uninteresting,
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exchange

The matrix representation of the exchange operator P for a three spin-k

system (relative to the basis product functions, Table 1) is given by

equation (93) for the case where the first two nuclei are undergoing

intramolecular exchange.

(99)

Substituting the results of equation (99)

Pl p®p =

representation of

r

(100) 0
P317P23
P217P31

0

A

T -
P717P61
Pe1~P71

0

- P13"P312

P33=P23

P23=P32

Py3™P4g2

P737P62
P637P72

Pg3~Pg2

opY
ot

exch

P127P13

P32-P22

P22=P33
Pg2mP43
P72mPe3
Pe2P73

Pgo-Pg3

P11 P13
P31 P33
P21 P23
P41 P43
P51 P53
P71 P73
P61l P63

Pg1 Psg3

P12 P14
P32 P34
P22 P24
P42 Puag
P52 P54
P72 P74
P62 P64

Pg2 Pga

P15 P17
P35 P37
P25 P27
Pg5 P47
P55 P57
P75 P77
Pes Pe7

bgs Pg7

is the following:

ange

P2g=P3q

P747Pg4

Pca=P74

P34=P24

P35™P x5

Pa5=P35

P75=Pg5

Pe5-P 75

P177P16
P37P26
P277P36
P4a7"P46
P777P66
Pe7-P76

Pg7-Pge

From equation (94) it follows that:

Pie Pis
P36 P38
P26 P28
P46 P4s
P56 P58

P76 P78

Pe6 Peg

Pge Pgs

into equation (95), the

b16"017
P36™P27
P26=P37
Pae™P47
P76~Pe7
P66~ 77

PP g7

(The superscript- has been dropped for convenience in the above

following matrices.)

.

matrix

P38™P28
P2g=P3g
0
P78~P68
Peg=P78

0

.

and in the
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{(b). Evaluation of LIok) .

¢t relaxation

Applying equation (88) to a three spin-% system, one has immediately

nea
that the matrix representation of kit is the following:
It relaxation
e =
(pO=p) 1, ~P12 =13 =P14 P35 =P16 ~P17 ~P1g
Tl T2 T2 T2 TZ T2 T2 T2
“Pay (po—p)22 =P 23 P24 ~Pos ~P2g ~P2y ~Pag
T, Ty Ty T Ty Ty T, T,
P33 ~P32 (po—p)33 =P34 ~P35 P36 P37 P38
T2 T2 Tl T2 T2 T2 T2 T2
“P41 “P42 P43  (p®-p),, ~P45 “P46 P47 ~P4g
Ty Ty T, Y Ty To To Ty
(101)

“P51 P52 P53 P54 (p°~p)55 =Ps56 =Ps57 ~P5g
T2 T2 To Ty Tl Ty To Ty
“P61 P2 P63 P4 ~Pe5 (00«0)56 P67 ~Pesg
Ty T2 T2 T2 T2 T T2 To
“P71 P72 P73 P74 P75 ~Pyp (02=p) ., P78
T2 T2 T2 T2 T2 T2 Tl T2

“Pg1  “Pgy  “Pg3  "Pgqg  "Pg5  “Pgg P87  (p°p) gg
Tp Ty T, To Ty T, Ty Ty
oY “1
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(c). Evaluation of {ow, H®}

It is convenient to separate the commutator into the followings:
(102) {p¥, B} = {p®, A* + 1} + {pw, A}
o 1 p
for purposes of evaluation. From equations (50) and (51), the appropriate

Hamiltonians (in the rotating frame) for a three spin-k system are:

(1032) H

jgl{YjHo(l“aj) d w} Ijz + §<§ ij Ij.zk

+ £ Z J., I.°I
<k 3k = =k

J:l(wj - w) Ijz

h = y.H (1=0,
(where wj YJ o( j) )

- ‘ 3
' = H Iy, I, o
p P =13 ix

and (103b)
It will be assumed at this point that nuclei 1 and 2 are of the same
species, so that Y1 =Yy, =Y.

Relative to the basis product vectors (Table 1), the matrix repres-
entation of Hé + Hi may be calculated using equations (30a) and (31).

The elements of this part of the Hamiltonian have been compiled in Table 3,

For an ABX system, the simplification is made that the vectors l?4?
and IW5> do not mix with the vectors |W6>, 1W7> and IW2>, IW3> respect=-
ively, so that the off-diagonal elemegts joining these states may be set
to zero (32). This approximation is particularly valid when the X nucleus
is of a different species than the A. and B nuclei.

The matrix elements resulting from taking the commutator of p® with
ﬁé + ﬁi are calculated directly from the results in Table 3 (with the ABX
approximation). The significant elements arising in the evaluation of the
elements of the spin density matrix appearing in equation (97) are given

below (the 63 and 72 terms will be required at a later stage) .
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TABLE (3)

The matrix elements of H; + ﬁi relative to the basis

product vectors for a three spin-% system.

Basis Product Vector Diagonal Elements: (ﬁé + ﬁi )nn
[v,> aao (w3 tgtng=3w) + % (Jq,+T; 3+T,3)
,\y2> OLBOL %(wl“w2+w3 "w) %(Jl2“‘Jl3+J23)
IW3> Rac %(éwl+w2+w3 ~w) = %(J5+T73-T53)

0. =0, tw., +0) + ~-J, =
|¥4> BBa B(mwgm0ytuy tu) + (T =T =T )
IW5> aaB . %(wl+w2-w3 -w) + %(JlZ—Jl3—J23)
iw6> aBB ‘1'5((01"6\)2"(,03 'H.'J) - }K(J12+Jl3"J23)
[v,> BaB lmwptwgmoy +0) = B(T) =T, 43, )
[¥g> BBB B0, =0,=0,+30) + R(T1p4T 3+T55)

Off=-Diagonal elements:

e A _ ~ . £y - 1 2. oy - ~ A
(Ho + 31)23 = (Ho + H1)32 = % le = (HO + H1)67 (Hé + Hi)76
(Ho + Hi)ps = (Hy + B gy = % Jy3 = (Hy + HY)y, = (HY + @),
T e = (111 o - e (P18 {19 = {H°* fe
(HO + Hl) 35 (HO + Hl)53 > Jl3 (HO + Hl)46 = (Ho + Hl)64

ABY approximation: Jy3 = Jy3 = 0 for the off-diagonals.



(104a)

(104b)

(104c¢)

(1044d)

(104s)

(104%

(104q)

(104h)

(1041)

(10475)

(104k)

(1041)

{104m)

(104n)

{pwl

{Dwi

{Dwr

{pwv

{p@,

fast
O-

oo}s

]

pgelics
Pgel -
Pgete?
Pgy( -
P51H11
o5yl +
Pealln2

062{ +

 PgoHys

3l +

Paatiag
Pgal *
Pe2t23
Pe3l -
P72H22

Pyl +

v

52

= Poifpn = P3Hp3
= P21H3zp — p33Ha;
*Ptlyy T ey,
A -1 - J12/2 y o+ p43 J12/2

P43tz = Py3liyy

= Peslige = Py5Hgy
A~ §t+ J12/2 ) - P75 J12/2
= Pestlzg = PosHyy
A = Z'd J12/2 ) e P65 le/z

= Pgeligg + pg7h7¢

b= E'=315/2) + gy Jp5/2
+ pg7Hy7 = pgoligg

b= 8= 31,/2) + pge Jy,/2

P5itlss

(03 - W + lj(Jl3 + J23)}

+ — e
Pe3tizn = Peallgg = Pootlgy

w3 = w4 5(JT33 = Jp3)} +hpgo-p75) Ty

* Pgsayy @ PgaHge = py ol

w3 - W - %(Jl3 - J23>} +%(p72°063)J12

= Pgaligg

Wy = o - %(J13 + J23)}

4 H - -
P63 33 ~ Pestles ™ P73tive

wy +owy +wy - w ¥ Epgn - 073) T
* P33y = Pe2llyg = Py2Myy

Wy = Wy F 0y =0 )+ NPy = peo)dg,
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Equations (104) have been derived using the substitutions:

(105)° A = w=%(w +wy)

(1062) 6 = M(wy - wy ) = 3 Jyg
(106R) 8' = H(wy = wy ) + % Jpg
(106c) X = Hlwy -y ) = %J,
(ro6ay L' = N wy - wy ) + 5Jy4

which will result in considerable simplification of equation (96). The
effect of the substitution for A is to shift the zero of the frequency of
the rf field to the midpoint of the resonance frequencies of the A and

B nuclei.

It is also instructive to notethat equations (104a), (1044d), (104e)
and (104h) correspond to B-type transitions; equations (1045)p (104¢),
(lO4f) and (104g) to A~type transitions; and equations (104i}-(1041) to
X=type transitions (egquations (104m) and (104n) correspond to multiple
transiti?ns which arxe forbidden in first order time-dependent perturbation
theory). The last two equations, (104m) and (104n) will be required

later to solve equation (96), since these elements occur in equations (1043j)

and (104k).

The matrix elements of ﬁé are readily evaluated using equations (103b)
and (35), and remembering that I, = %(I+.+ I_) and that I_ is the adjoint
of I (in this case since I, is real, I_ is simply the transpose of I,

The matrix representation of ﬁé, relative to the basis product vectors

(Table 1) is then readily compiled from:
- 3
(107) Yy = YH { vy, (I, +T1.°)1

where the superscript t indicates the transpose of the matrix. The matrix

representation of ﬁé is pregented below.
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(108) e
)

0 0 0 Y3 0 Y Y 0

(assuming Y1 =Yy = Y).
Using the approzimation that the perturbing rf field is small, the
effect on the diagonal elements of the spin density matrix may be ignored,

so that (effectively we set Ep(f) = 0):

(109) pnnw = pnn = pgn

where as before pgn is the spin density matrix at thermal equilibrium,

From equation (71), using HY. = ﬁé + ﬁi,

(110) pgn = <n] e~y * Hy) /KT [n>

Expanding to first order in the small quantity (ﬁé + ﬁi)/kT , and calling

the denominator Z:

R

(o] e e .
(111) e {1~ (H + Hl)nn/kT} /Z

114

{1~ (ﬁé)nn/kT} /7

[

{1 -nH (2 T4 Ijz)/kT} /%

3
where the Hamiltonian has been converted to energy units by the inclusion
of H. The last two steps in equation (111) involve the further approxim=
ation that the contribution to the total energy of the system by the :
shielding constants and the coupling constants are negligible compared

to the nuclear Zeeman energy.

The off-diagonals of this approximation for the density matrix are
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ignored, since they are much smaller than the diagonal elements ((22,25);

see also the footnote on page 46).

To these approximations, p® for a three spin-~% system is given by

the following matrix (relative to the basis product vectors):

(112) 1

N

S

where k¥ = BH_ .
kT

l=K(Y+%3)

0]

0

0

0

1~K13
2
0
0

0

1=k

0 0]
0 0
13 0
2
0 l+K(Y—13)
2
0 0
0 0
0 6]
0

] 0

0 0

0 0

0] 0

1=k (y=y3) 0

2

] 1+Kys

2

4] 0

0 0

0

0

1+Kx3

2

0

0

1+K(Y+%3)

The matrix resulting from the commutator of o with ﬁé then follows directly

from equations (108) and (112):

(113) {p%, '} = ¢
’P

where C = xH_ = HHQH]
2ZkT

22

\a 0 ~Y3
v2 0 0
6] 0 0
0 0 -Y2
0 Y2 0
0 Y2 0
Y32 o 2

(Alexander (22) has shown in general that

W B - 2 ’
<le {p%, Hé} IWk> = I 2y°C <le I, ]Wk> for 81, = 1, and O for AI, = 0;
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assuming Yy = Yy = e = Y).

(d). Evaluation of the elements of p.

The off-diagonal elements of the density matrix which are to be solved
for are given in equation (97), Collecting the appropriate terms in
equation (96), using the expressions found in equations (100), (101),

(104) and (113), there result the following linearly dependent equations:

(114a) ap¥ = P317P21 - P21 + i {pyy (-B=6+%T) = %p3,J + v2c}
at |,y T Ty

(114b)  [ap® = P217P31 =~ P31 + i {pgy (=0-I+%T) - 3ppyJ + yZc}
dt 31 T T,

(114c) dp¥ = P437P42 - P42 4 i {p, (~0-3-H3) 4 p T+ v2c}
gt 42 T T2

(1144) go¥ = 0427043 - P43+ i {pyy (=B-6-%3) + p T + y2c}

‘ dat 43 T 'I‘2

(114e) ap® = P757P65 - P65 + i {pgs (~A=8'+43) - Hpo.T + Y2C)
dt 65 T T,

(114£) dp¥ = P657P75 - P75 + i {pgg (~A~I'+%I) - ¥p T + y2€)
dt 75 T T2

(114g)  [dp®| = P877Pg6 - P86 + i {pgg (~A-I'=%J) % kpg,d + Y2C)
dt 86 T T,

(114h) dp¥ = Pge=Pg7 - P87 + i {pgy (-A-8'=%T) + %pBGJ + y2c}
at 87 T T2

(1141)  [dp® = = P51 4 i {pg; (wy-w+hdyythdag) + y2C)
dt |5 T,



(114k) (g:ﬁ
| 73

(1141) (dp“
(114m) (dpw

(114n) <dpw

\.i_—/ ‘\_L
(o)) ®
W '

-5

P73 ~Pg2 P62 + i {p62(w3~w+5J13«%J23)
T T2 )
+%(p63-o72)J + oY, c}
Pg2 =P73 P73 + i {p, (w,=w=%T_ _+%J )
- T, 7373 13 723
- 2
+%(p—,2 Pe3)d * Y5 cl
- P -l i 2
84 + i {984(w3 w %Jl3 iT53)  + Y5 c}
T
2
P72 =Pg3 P63 + i {p,_ (=w_+w_+w_-w)
- T 63° 1 2 3
+ %(062-973)J}
Pe3 =P72 P72 + {p72(+wl~w2+w3—w)
T T,

where J has been written for J

into the equation for the line shape; however they are needed to calculate

+ %(p. =0 ,) I}

The last two equations do not enter

the off-diagonals Pgy and Page Assuming now steady-state solutions (i.e. lhs

= 0), these equations may be solved using Craemer's rule; for example

the two linearly dependent equations (114a) and (114b) may be solved

for the elements Poy and P3y by expandinq the following determinants:

(1i5a) Py

) =
~iy2c =1 14 i(-A=Z+})
T T,
= 1-~1+ i(-A=6+%3) 1-3%3
T T2 T
1-3% -1-1+i(-A-Z+%7)
T T T2
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and: -~ 1= 1+ i(=A=8+%J) -iy2c
2
1 »
= - 37 1y<C
(115b)  pyy =
= 1- 1+ i(-A=8+%T) 1-%3
T T2 T
Lo = 1= 14 i(-A-Z+}T)
T T T,

Upon expanding (115a) and (115b), and putting into a form with a real

denominator, one has the following:

€2 - 485 + 8 + 8 + 242 - 20 - 4AJ
1 T 12T TT22 T, T, T

(116) P21 + P31} = 2 2
v2¢  fin . - 285 4+ €2 4+ 2e3 4+ 232 + 2
T2 T2 T2 T2 T23

A% = 203 (e + ) + A%(26Z + 3eT + 4 + 2 + g2+ g2

TT2 T22
44 )+ A(-266% - €23 - 26~ 2633 - €32 - 23 - 4e - 4de_ )
T2 | T,2 T,2 12 TT,
+ 6752 + 6%eg -~ 488 - 28 + 232 + €T+ 4+ 4+ 1
TC, T 4 52 T£T22 T3 T,b

+ g2+ 2e% + €2 4

g2
2 f 2 2
T 122 T2 T2

where im indicates that only the imaginary part of the expression has been
retained (recall that the imaginary part describes the absorption mode of

the n.m.r. spectrum), J = Ji2+ and where the substitution:

)

(117) [ = — 5 - 5 23

S I
+ Z ’z(J:L3 + J
has been used,
The usefulness of the substitutions (106) and (117) is now apparent:

an expression similar to (116) exists for the elements Pao and Pg3e solved

for using equations (114c) and (114d), with the only difference that the
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sign of § ( = J;, ) is altered wherever it occurs in equation (116).
Furthermore, similar expressions exist for the elements 065 and P75
using 8' and I' instead of § and L in equation (116) and (following from
equation (117) ) with the sign of £ changed; and for the elements pgg and
pgy using &' and I' in equation (116) and with the sign of € and the sign
of J altered wherever they occur. In other words, the paired elements
042 and P430 Pgs and Pyge and Pas and pgy may be expanded into an expression
similar to equation (116) for the pair Poq and P3q with differences only
in the signs of € and J (and using 8° and L' for the latter two pairs).

The elements Pgo and p,5 may also be calculated using Craemer's
rule; however in this case one must expand 4x4 determinants since the
equations {(114j) and (114k) are linearly dependent on the elements Pe3
and Pase necessitating the use of equations (114m) and (114n) ({see the
footnote on page 47).

Equations (114i) and (1141) are each linearly independent so that

onehas immediately the following expressions for pgy and pgy:

(118) P53 = { 1l - i ( w3 = w + %Jl3 + %J23 ) }-l
Y32C T2
0 . -1
and  (119) 84 = { 1 -« i(w,=-w=-% ~% )1} .
5 = 3 13 23

{(e). The AB part of the ABX line shape.

The line shape function for the AB part of the ABX spectrum is given by

equation (98), and from the above discussion one has:

(120) AB line shape © P211P31%P427P43%Pe5tP751PgetP g7

véc
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where the spin density matrix elements are given by expressions of the

form of equation (116). This equation may be rewritten in the form:

+
(121) AB line shape « Q (J, €; P21tP31
véc

where the function Q indicates a summation over the permutations of the

signs of € and J of equation (116) for the elements pyy and P31 (it is

understood that &' and L' are to be used in the appropriate places).  .fff 
Note that the units of measurement in equation (l16) are radians/

second for e, 6, L, 6%, L%, J, Jy30 J23; and A. Conversion to the.units

of Hertz (also known as cycles/second) is made by use of the equation:
(122) radians/second = 27 Hertz

so that equation (116} becomes:

€2 - 48% + _ 2 + 2 +  2M2
‘ T T m2T2T, W2TT22 T2

(123) (P21 * P33} . opc - 4ng - 268 + €2 + 263 + 202 + 1
an?y2c in T, T, T, T, T, T, 2n%T,3

A% = 203(e + J) + A2(28% + 3eJ ¢ 1
ﬂ2TT2

+ X + €2+ 32 + 1 ) + A(-2e8E - e?g - €

5??525 m212 5??557
- 2§33 - €32 - J - & = e )} + 6%5% & §zeg
2w2T22 w212 1T2TT2

-~ 8% = 8T + €232 4+ g3 + 1 + 1
NZTTZ 27r2T22 4 4ﬂ2T22 dnt2752 4w”TT23
+ 1 + €2+ g2 4+ g2 4 g2

16n“T2” 4722 2w21T2 4172'1‘22 4ﬂ2T22

Hence the function Q in eguation (121) refers to equation (116) if the

parameters are in radians/second, and to equation (123) if the parameters
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are in Hertz. 1In the ensuing discussion, the latter units are assumed,
The proportionality constant in equation (121) is the factor
4W2Y2C appearing in equation (123), This term is a scaling factor,
important only when signal intensities from different calculations are
to be compared.
The positions of the extrema in equation (121) are found by solving

the equation:

(124) ( P21+P31%P 420 g3+P g5+ 75+0 gg+p g7

) = O ©

N
A
4n2y2C

For each term of the form of equation (123), there exist at most five
extrema: three minima and two maxima (peaks). Hence solution of eqguation
(124) would vield at most eight peaks (two from each teérm) which is what
would be expected for the 4B part of an ABX spectrum. in general, an
analytical expression for the position of the peaks can not be found;
however in Chapter VI a program (ABXFIT) is presented which uses numerical
methods to locate the peak positions (relative to the mid-point of the
resonance frequency of the A and B nuclei; see equation (lOS)v) as well
as the width of the peaks at their half-height.

A case in which equation (124) may be solved is for the system
when the three coupling constants are seﬁ to zero (in this case the four
terms in equation (121) are identical, and the system is effectively an
uncoupled AB system) and 1/T5 = O, One then has:

(125) A3 -~ A g 82 =~ _1 ) =0
21212

where GAB = 2§ = -2% is the chemical shift between the A and B nuclei

(ie. nuclei 1 and 2 respectively). The roots of this equation are:
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L V20252 4
20T AB

14+

(126) A = 0

-~

The non-zero roots correspond to the position of the peaks (the minima
are at + ® and 0) in the region of exchange rates up to the point at S
which the peaks coalesce, where the peak position is then at the zero

point of the frequency. It is interesting to note that the separation

between the peaks (bé&fore coalescence) is given by the expression:

(127) L v 4ﬂ2T25%B -2
T

which is identical to the result obtained by Gutowsky and Holm (33),
starting from the Bloch equations (see references (1-3) ,(24) for example),

when the differences in definitions are taken into account,
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4. Application of the ABX Equation to Other Systems

Equatioﬁ (121) is also valid for all two spin-% and many three
spin-% systems (assuming that the exchanging nuclei are of the same nuclear
species). For example, if Jl3 = J23 = 0, the expression reduces to the
(complete) line shape of a coupled AB system in which the two nuclei are

exchanging (from the substitutions (106) and (117) one has that & = -,

and that € = 0; further set pjk = 0 for j > 4 and/or k > 4):

(128) AB line shape « P21 %t P31 % Pyp *+ 0y3
' 4n2Y2C

482 4+ 2 + 2 + 202 = 40T + 282 + 232 + 1

2 (J) 2.2 2 2 r 2m 3
o T T .[‘2 T TT2 1‘2 T2 T2 T2 27 T2

AY - 2033+ A2(-28% ¢ _ 1+ 3 432+ 1

ﬂzTTz 21;'1‘22 e

4 A(282T - T ) + 8%+ 82 4+ 82 4+ g + 1 +
2qm 2 2 2;m 2 2m 2 b 2m 2
27 T2 | i TT2 2m T2 47 T2 4771 T2

1 + 1 + g2

i _m 3 NAN 7
4T, 16T, arr,

where the function { (J) indicates permutation of the sign of J in the
expression following, and where 'AB line shape’ now refers to the entire
line shape of an AB system. This expression is identical to equation (57)
obtained by Whitesides (25) when it is assumed that T2 = o (i,e, the natural

line width is negligible ).

Equation (121) is also valid for an A, and an AX system, since these
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systems may be treated as special cases of the AB system. Similarly
the equation is walid for an A X and an AMX system (it is assumed that
nuclei 1 and 2 are exchanging), these being special cases of an ABX

system. Finally, although the derivation is not valid for an ABC system+,

the equation may prove useful in the intermediate range between an ABX

i
¥
P
i
‘

and an ABC system.

t
The approximation for an ABX system was introduced for equation (104).



Chapter VI

COMPUTER PROGRAMS AND CALCULATED SPECTRA
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l. Introduction

The plotting of equation (121) and the fitting of experimental
spectra with calculated spectra has been greatly expedited by the use
of computer programming, Section 2 of this chapter is concerned with a
description and the specifications of several programs which have peen
written for the AB paft of an ABX spectrum. As was mentioned in the
previous chapter, the line shape expression (equation (121) ) is valid
for a number of other two and three spin-% systems; these programs have
the same range of validity,

In section 3, several plots of calculated spectra over a range of
exchange (correlation) lifetimes for some of these different systems are
presented. Examples of fitted experimental spectra, where the fitting
has been achieved by the matching of line widths at half-height of the

experimental and the calculated spectra, are shown in section 4.



~66=

2, Description of the Programs

The facilities at the University of Manitoba necessitated the

writing of the following programs for the plotting of equation (121):

(a) ABXPUNCH: this program, written for an IBM-360, calculates
the line shape for the AB part of the ABX spectrum (using equation (121) )
and punches on cards the frequency and corresponding intensity over an

input range of frequency,

(b) ABXPLOT: this program is written for an IBM~1620 computer
with a Calcomp plotter utility., It reads in the punched cards from

ABXPUNCH and plots the spectra.
The following programs were also written for the IBM-360:

(c) ABXGRAF: this program calculates and plots the spectra in

the form of a rough step-type graph on the line printer,

(d) ABXFIT: this program is used to fit experimental spectra
with calculated spectra. Outputincludes peak positions relative to the
midpoint of the transitions of the A and B nuclei (i.e. solutions of

equation (124) ), and the widths of the peaks at their half~height.

(e} BABXGEN: a combination of ABXPUNCH, ABXGRAF and ABXFIT for

multipurpose use.

The specifications and input requirements of these programs are
given below (see Appendix II for a listing of the source deck and sample

input and output).
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(a)s  ABXPUNCH
Abstract: signal intensities are calculated using
equation (121) (equation (123) is called four times, with the signs of
J and € permuted). Four values each of signal intensity and frequency
are punched per card, and a variable step size is used; these features
are used to minimize card~punching (and card-reading for ABXPLOT) while
maintaining the requirements for a smooth plot. The signal intensity has been
scaled so that the maximum peak has a height of 100 units,

Specifications: language: FORTRAN IV; library routines

required: SQRT; storage required: approximately 6K; execution time:
approximately 400 points/second or about 3 seconds/graph (the number of
points vary from about 300 to about 2000 for a spectrum).

Input Parameters: card l: le; Jl33 J23; AB shift;

starting frequency; stopping frequency (the last two parameters may be

set at (+shift) and (-shift) respectively; however it may be useful to

decrease this range, since the number of poinfs output increases as the
range increases). The units for these parameters are Hz.

card 2: comment card,

. card 3 to card n: lifetime (seconds);
natural line width (seconds); height of plot required (in inches to the
nearest tenth); scale (in Hz.)of the frequency axis. Defaults included
set T2 = 1.0 and/or scale = 1.0 if no values are specified.

card nt+l: blank, denoting the end of
this series of lifetimes with the parameters given in card 1.
card n+2: blank denoting the end of

the job or a sequence of cards, starting from card 1 above, denoting a

new series of calculations.
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Output data: the input parameters and the number of
cards punched are printed out. The following set of cards are punched
for each spectra:

card 1: AB shift; J J._ s J__:

12 13 23

lifetime; scale; starting frequency; stopping frequency.

~

card 2: height of plot, T2°
card 3 to card m: signal intensities
and frequencies, spaced alternately, and running from the starting freg-
uency to the stopping frequency.
card m+l: Dblank, denoting the end of

this spectrum. PFurther output is as above if more spectra are to be

calculated.

(b).  ABXPLOT

Abstract: reads in the cards directly from ABXPUNCH and
plots the data on a Calcomp plotter. This program effectively uses the
1620 éé a card reader. It may be easily converted to read and plot
similar output from other programs.

Specifications: language: FORTRAN IT; library routines

required: CHAR and PLOT (used with the Calcomp); storage required:
approximately 1K; execution time: about 1000 points/15 minutes, or about
10 minutes/spectrum. (these limitations necessitated a minimizing of cards
read in order that finite plot times would result).

Input Parameterss: any set of output from ABXPUNCH, or

any data set in the same sequence as the punched output from ABXPUNCH.

Output Data: prints out the parameters on cards 1 and

e
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2, and plots the corresponding spectrum from the starting frequency to
the stopping frequency (if the starting frequency is greater than the
[

stopping frequency, the plot is from ‘high field' to 'low field') with

the scale and height (of the maximum peak) specified.

(c).  ABXGRAF

Abstract: signal intensities are calculated using equation
(121) , and the spectrum plotted on the line printer. The density of the
plot can be altered (by changing the scale parameter), and the signal
intensities are scaled so that the maximum peak has a height of 100 units.
This program is essentially the same as ABXPUNCH, except that the step-
size is fixed for a spectrum ané the output is printed rather than punched.
Provision is also made for searches about a lifetime.

Specifications: as for ABXPUNCH.

Input Parameters: as for ABXPUNCH, except for cards 3-n,

These cards have the lifetime; Tos the scale in Hertz (assuming 6 lines/
inch on the line printer) of the graph (defaujioptions set scale = 1.0 Hz,
if nOFQalue is specified); and the optional parameters of step=-siile and
the number of steps which may be used for a search about the lifetime,
For example, if step=-size = 0.0l and number of steps = 10, ten spectra
will be output with lifetimes ranging from (specified lifetime - 0,05 sec.)
to (specified lifetime + 0.05 seconds).

Output Data: a rough step-type plot using the symbol '*',
Intensities have been scaled to give a maximum peak of 100 units and the

intensities have been rounded off at the first decimal place.

(d). ABXFIT

Abstrects calculates the peak positions by searching



=70

equation (121) for maxima. A second pass is made through equation (121)
to locate the positions of the half-heights of each peak (the half-height
is found on both sides of the peak), and the half-height line width is
calculated (on both sides of the peak; this eliminates errors due to the
asyjmmetry resulting when there is overlap). Provision has been made for
overlapping peaks, and all output intensities have been scaled so that
the maximum peak has an intensity of 100 units.

Specifications: as for ABXPUNCH, except the storage

required is approximately 23K and the execution time is about 1 second/

spectrum.

Input Parameters: as for ABXPUNCH with the search option

of ABXGRAF.

Mrmmdm oot TN v o vV e
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of the transitions of the A and B nuclei); the half-height line widths

of each peak (a line width of 0.0 indicates that the minimum on one of
the sides of the peak is greater than the half-height: i.e. considerable
overlap is occurying);the average half-height line width or the line
width at the half-height of the lowest peak of two or more overlapping

peaks.

(e) .  ABXGEN
Abstract: a conglomeration of ABXPUNCH, ABXGRAF, and
ABXFIT. Output is either in the form of punched cards, or in the form

of printed output.

Specifications: as for ABXPUNCH and ABXFIT, depending

on the output. Storage required is about 26K.
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Input Parameters: as for ABXPUNCH with the search option

of ABXGRAF, and with the following changes: card 1 also specifies the

type of ogtput (printed data or punched cards) desired, and cards 3=-n

specifies the lifetime, T,, scale {of the graph or of the punched cards

for plotting), step~size, number of steps, and the heicht of the plot

desired (for ABXPLOT only}. Searches are not permitted for punched output.
Output Data: if punched output is specified, the

output is the same as for ABXPUNCH; otherwise there will be output as

from ABXFIT with a rough graph as from ABXGRAF for the lifetime specified

(ox the central lifetime specified in a search).

Detailed format instructions for the input parameters are included

in the printed output of the source decks in Appendix II.
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3. Calculated Spectra

The spectra presented in the following figures have been plotted
by ABXPLOT using the data calculated and punched by ABXPUNCH. Several
different systems have been done in order to test the range of validity
of the theory and of the computer programs in calculating line shapes
for these systems when there is intramolecular exchange.

For each system series of plots have been made for different
correlation times (corresponding to the average lifetime of a state before
exchange occurs), whichare equivalent to the inverses of the rates of
exchange. Note that at a long lifetime (slow rate of exchange) the
spectra resemble systems in which there is no exchange, and that at a
short lifetime (fast rate of exchange) the spectra resemble systems in |
which the exchanging nuclei have the same chemical shift (and in general
'aﬁeréged coupling constants to other interacting nuclei}: for example‘
an AB system undergoing fast exchange resembles an A, system; similarly

an ABX system resembles an AZX system.

Tﬁéhreferences to a strongly coupled and a weakly coupled ABX system
in Figures (5-8) mean that the ratios JAB/(AB shift) are respectively
large or small (1,2).

Figure (8) consists of only six peaks at a long lifetime because
four of the peaks coincide.

Also note that in Figure (2) the peak at a very short lifetime is

“not split; this is because the effective coupling Jpy for the A, X system
is given by %(Jpy + Jgy? = 0.26 Hz., and this small splitting is not
vet solved (cf. Figure (5): the effective coupling of 1.5 Hz. can

be solved).



FIGURE (2a)

Calculated spectra for an AX spin-% system
in which the A and X nuclei are undergoing

intramolecular exchange. Parameters for the

spectra are: AX shift = 10.00 Hz,, Jax = «D
Hz., T, = 1.00 sec.; scale: 1 division =1
Hertz,

(A} Lifetime = 10. sec.

(B) ILifetime = 1, sec,

(C) Lifetime .1l sec.

i
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FIGURE (2b)

As for Figure
(D} Lifetime
(E) Lifetime

(F) Lifetime

(2a) .

f

i}

~

1074 szec,
10=3 sec,

10=5 sec,
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FIGURE (3a)

Calculated spectra for an AB spin-~% system

in which the A and B nuclei are undergoing
intramolecular exchange., Parameters for the
spectra ares AB shift = 10.00 Hz., JAB = 2,00

Hz., T2 = 1,00 seconds; scales 1 division =

1 Hertz.
(A) Lifetime = 10. sec.
(B) Lifetime = 1, sec,’

Ii

{(C) Lifetime .1 sec.
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FIGURE (3b)

As for Figure (3a).

(D) Lifetime = 10~2 sec,

(E) Lifetime 10™3 sec,

(r) Lifetime 10“5-sec,

il
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FIGURE (4)

Calculated spectra of the region of A-type

transitions for an A.X spin-% system in which

2

the two A nuclei are undergoing intramolecular
exchange., Parameters for the spectra are:

Jap = 0 Hz., J Iy, = 1.00 Hz,, T, = 1.00

aX = “BX

sec.; scale: 1 division = 1 Hertz.

(a) Lifetime = 102 sec,

(B) Lifetime .1l sec,

(C) Lifetime = 10™° sec.
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(A)

(B)

(c)




FIGURE (5a)

Calculated spectra for the region of A and
B-type transitions for a weakly coupled ABX
spin=} system in which the AB nuclei are
undergoing intramolecular exchangs. Param—
eters for the spectra ave: BAB shift = 20.00

Hz., Jpp = 3.00 Hz,, J = 2,00 Hz., J

AX BX

1.00 Hz., ‘I‘2 = 1,00 sec.; scale: 1 division

= 2 Hertz,

(a) Lifetime = 10. sec
(B) Lifetime‘= 1. sec,
(C) Lifetime = .1 sec.






FIGURE (5b)

As for Figqure (5a).
(D) Lifetime = 1072 sec.

(B) TLifetime = 10~3 sec.

(F) Lifetime = 1073 sec,
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(F)




FIGURE (6a)

Calculated spectra for the region of A and
B-type transitions for a strongly coupled
ABX spin-} system in which the AB nuclei are
undergoing intramolecular exchange. Param=
eters for the spectra are: AB shift = 4,00

Hz., Jpp = 3.00 Hz., JAX = 2,00 Hz,, JBX =

1.00 Hz., T, = 1,00 sec,.; scale: 1 division
2

= 1 Hert=z,

(A) Lifetime = 10, sec.
(B) Lifetime = 1, sec.

(C) Lifetime = .1 sec.
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FIGURE (6b)

As for Figure (6a).
(D) Lifetime = 102 sec,

(E) Lifetime = 10-3 sec,

i

(F) Lifetime 10™3 sec,
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(D)

(E)

(F)




FIGURE (7a)

Calculated spectra of the region of A~ and
B-type transitions for a strongly coupled
ABX spin-% system in which the AB nuclei are
undergoing intramolecular exchange. Param-
eters for the spectra are: AB shift = 10.00
HzZ., Jpp = 4.00 Hz., Jzy = 2,0 Hz., Jpy =
1.00 Hz., T, = 1.00 sec.; scale: 1 division
= 1 Hertz,

(p) Lifetime = 10, sec,

(B) Lifetime 1. sec.

(C) Lifetime = .1 scc.



(a)




FIGURE (7b)

As fof‘Figure (7a) .

(D) Lifetime = 10~2 sec.

it

1]

(E) ILifetime 10=3 sec.

(F) Lifetime = lO"'5 sec,
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FIGURE (8)

Calculated spectra for the region of A~ and
B~type transitions for a strongly coupled

ABX spin-% system in which the AB nuclei are
underqbing intramolecular exchange. Parameters

for the spectra are: AB shift

]

10,00 Hz.,

= 2,00 Hz,, T

L]

JAB = J = J 1.00 sec.;

AX BX 2

scale: 1 division = 1 Hertz,
(A) Lifetime = 10. sec.

(B) Lifetime

]

1. sec.

{(C) ILifetime

i

102 sec.
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FIGURE (9a)

Calculated spectra for the region of A- and
B-type transitions for an ABX spin-% system

in which the AB nuclel are underqoing intra-
molecular exchange. Parameters for the spectra
are: AB shift = 15,00 Hz., Jpp = 2,14 Hz., Jax
= 0,50 Hz., Jgx = 0l Hz,, Ty = 1,00 sec.;

scale: 1 division = 1 Hertz,

(a) Lifetime = 10, sec,
(B Lifetime = 1, sec.
(C) Lifetime = .1 sec.






FIGURE (%9b)

As for Figure (9%a)

:

(D) Lifetime = 104

(E) Lifetime 10

i

=5

sec,

sec,
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4, Fitted Experimental Spectra

Analysis of the hindered rotation in 2, 4.56,q p~pentachloxo-
toluene has been made possible by the use of a fit of calculated spectra
with the experimental spectra (in the region of A and B transitions) ,(34).
It was assumed that theb molecule existed primarily in the two conform-
ations below; in this case the hindered rotation is equivalent to an
inér;ﬁolecular exchange process because the molecular symmetty'is con=

served in the two conformations.

FIGURE (10). The two assumed molecular conform—
2 ations of 2,4,6;, a, a~-pentachlorotoluene,

arising due to hindered rotation.

In Table (4) there arg presented the half—heiqﬁt line widths for-the
experimental spectra and the calculated spectra (using ABXFIT). These
parameters were used to fit the spectra because there is an aromatic
solvent induced shift (ASIS) which isVtemperaturendépendent, and conse=
quently the peak positions are not solely dependent on exchange phenomena.

Examples of some of the experimental spectra fitted to the cal-

culated spectra are given in Figure (11). From the Arrhenius equation
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(129) k = aeF/RT - 1,0

where k is the rate constant and R the gas constant; {t has been calculated

that the energy of activation, E_, for the rotation is 15.2%1.3 kcal/mole

for the compound in toluene-d8 solution (34).



TABLE (4)
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Half-height line widthsof the experimental spectra of

2, 4, 6,a,0-pentachlorotoluene in toluene-d8 solution,

and of the calculated spectra (using ABXFIT) with the

parameterss AB shift = 14,17 Hz.f, J

= 0.52 Hz., Jpy

from Fuhr (34) ).

AB

= 0,01 Hz., and T, = 1.38 seconds (taken

= 2,14 Hz,,

Iax |

shirtt  T(%0) t(sec.)  Calc. Widths Expt. Widths?
12,99 -8.8 777 1.19 1.03 1.11 1.09
.52 .69 .62 .70
12,62 ~3.2 347 3.93 1.51 3.93 1.47
1.08 3.61 1.09 3.77
12.17 +2.7 .214 4,17 4.02 4.22 3.99
11.48 27.2 .0227 5.81 5.82
11.35 30.3 .0184 4,42 4.43
11.20 34.2 .0157 3.63 3.64
10,57 49.9 .00419 1.14 1.14
10.21 58.8 ,00200 0.83 0.83
9.65 72.6 .00071 0.70 0.70

.i.

shift values for short lifetimes obtained by extrapolating a plot of

temperature vs. shift (34).

§

Width values are averages for the calculated widths,or the half-height

line width of the smallest peak in a group of overlapping peaks, in Hertz.



FIGURE (11) ¢

Experimental spectra of 2,4,6, o, c~penta-
chlorotoluene in toluene-—d8 solution fitted
te the calculated spectra of an ABX spin-%
system with the parameters: AB shift =

14.17 Hz., (see footnote, Table (4) ),

J-AB

2,14 Hz,, J

ax = 0.52 Hz., Jgy = 0,01 Hz,,

and T, = 1.38 sec, (after Fuhr, (34) ).
(A} Lifetime = .777 sec., T = -8.8 °cC,
(B) Lifetime = ,116 sec., T = 2.7.%.
(C) Lifetime = .0184 sec., T = 30,3 °c.

(D) Lifetime = ,00419 sec., T = 49.9°C.

(The sharp peak in all experimental spectra is

due to én impurity in the sample).
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It appears that the calculated spectra are at least qualitatively
correct: at a long lifetime the spectra resemble systems in which
there is no discernible exchange occurringf, and at a short lifetime the
spectra resemble systems in which the exchanging nuclei are identical+
(eg. an AB system undergoing fast exchange resemples an A2 system; similarly
an ABX system resembles an A2x system). The intermediate regions appear
to be a resonable succession of plots from the long-lifetime limit to the
short~lifetime limit.

Furthermore, because of the close similarity of an experimental
ABX system to a calculated ABX system, it appears that the theory is also
guantitatively accurate. Tt is this latter agreement which lends substantial
proOf of the validity of the theory (explicitly for the ABX system,

implicitly for the simpler systems discussed).

.i.
The fast and slow exchange limits, relative to analysis by n.m.r. tech-

1

niques, are of the order of lO5 and 10~1 sec.”~ respectively.



Chapter VIIIL

RECOMMENDATIONS FOR FUTURE RESEARCH




-92.

The application of density matrix techniques to the analysis of
n.m.r. line shapes in the cases of chemical exchange is becoming very
popular (22,23,25-31)., Newmark and Sederholm (31) for example have
applied the theory to, and written a progfam for an ABX system in which
all three nuclei are undergoing intramolecular exchange. More recently,
Binsch (35) has written a program which will handle an ABC systém; his
approach uses the 'Liouville' operator (31) and the density matrix
technique. Applications to more complicated spectra are undoubtedly on
the way.

Aside from the calculation of line shapes, the deﬁsity matrix
technique has potential in the analysis of high-resolution n.m.r. spectra.
Starting from equations (84) and (85), and assuming a basis set consisting
of the eigenvectors éf the Hamiitonian, it might be possible to correlate
a transition with a given element of the density matrix, and thereby
determine the parameters of chemical shifts énd coupling constants for
a given spectrum. ‘Zf one started from equation (89) instead of (84),
the additional information of half-height line widths could be uséd as

data for the analysis.
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Since I+ is a strictly upper triangular matrix, one has:

- . Z ~
(A1) (I+2jk = 0 for j 2 k™ .

The trace of the matrix product of I+ with any matrix A is given by:
_ &%
(a2) | Tr (I+A) = 5k (I+)jk Akj .

The diagonal elements of A appearing in the trace of the product matrix
are in terms of the form:

(A3) ()

T 55 P53

which is zero because of (Al). Hence the only non-zero terms involving

the density matrix appearing in equation (85) or in equation (87) must

contain off~diagonal texms only.
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SAMPLE INPUT:

2.14 0.50 0.01 14.17 14,00 -14.,00
TEST CASE; ABX-TYPE SPECTRA. '
1.00 1.00 3.00 1.00
0.000001 1.00 3.00 1.00
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SAMPLE INPUT:

2,14 0.52 0.0l 9,65 10,0 ~-10.0
ABX SPIN=-1/2 SYSTEM.

.00071 1.38 2,0 0.00 0

(blank)

2.14 0.52 0.01 12,99 13.0 -13.0
ABX SPIN-1/2 SYSTEM,

o 777 1.38 2.0 0.00 0

Sample output using these parameters is shown below (except

for the printed values of intensity and frequency).
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Some of the output from these parameters are given below.
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SAMPLE INPUT:

(1), Punched output (as for ABXPUNCH).

P 2,14 0.50 0.01 14,17 14,00 ~14,00
TEST CASE; ABX-TYPE SPECTRA

1.00 1,00 1.00 0.00 0 3.00

.000001  1.00C 1.00 0.00 0 3.00

(2. Printed output (as for ABXFIT).

F 2,14 0.50 0,01 14.17 14.00 ~14.00
TEST CASE; ABX-TYPE SPECTRA.

1.00 1.00 2,00 0,10 10 0.00

0.01 1.00 2.00 0,001 10 0.00

(any parameters of value 0.00 may be ommitted during punching; however
it is essential that the numbers fall within the right range, especially

the number of steps).





