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ABSTRACT

The density matrix technique is discussed for intramolecular

exchange processes with respect to their effect on high-resolution

nucl-ear magnetic resonance spectra. The theory has been developed

in detail for the line shape of a¡¡ ABX spin-L systen in which the

A and B nuclei (assumed to be of the same nuclear species) are

underqoing intramolecular exchange with an average pre-exchange

lifetíme t, and an analyticar expression is obtained for the reqion

óf transitions of the A and B nuclei. The expression is varid for

arbitrary couplinq constants and for an arbitrary chemical shift

between the e ano s nucler, and reduces to simprier three spin-rt

and all tvro spin-L systems 
"

Computer programs have been written to plot the calculated spectra

as a function of the lifetime t, the natural line width, the chernical

shift (between the A and B nuclei) and the coupling constants; and to

çaf,culate the peak positions and their half-height line widths for the

computed. spectra" Several plots are presented; in particular plots are

given which have been used to correlate ttre lifetime with temperature

for a compound reported elsewhere (34) with a temperature-depend.ent

spectrum due to internal hindered rotation (equivalent in this case to

an intramolecular exchange process) .



TABLE OF CONTENTS

CHAPTER PAGE

Acknowledqements ..... iii

Abstract ... o... iv

Tab1e of Contents . c... ........ v

List of rabres .. o.. .viii

List of Figures .... " ix

INTRODUCTION TO lrHE PROBLEM " "

II THE NUCLEAR MAGNtrTIC RESONANCE E}PERIMENT "

1. fntroduction .

2. The Nuclear Zeeman Effect .o.o.o.oo.

3. The Resonance Condítion ... ô....

IIÏ THE HIGH-RESOLUTION N.M"R. HAMTLTONTAN ..O'O'O" 10

I. Introduction to the N.M.R. Hamiltonian ...... c. 10

2. The Quantum Mechanical Treatment of Spin
Anqular Momentum Operators 11

3. The Nuclear zeeman Interaction .... o.. 20

4. The ChemicaL shíft o..,. o ¿. 22

5. The Spin-Spin Interaction ....o . 24

6. The Rotating Coord.inate System . ... o " 26

7. Relaxation Processes and Line Broadening ... e o . 28

DESCRIPTION OF STATES -

1. InÈroduction

2. Definition of

THE DENSTTY MATRTX TECTINTQUB . o... 31

3

3

6

I

.ô.. 3l

IV

the Density Matrix .. ..... o. . o. â. 33



-VI-

3. fnterpretation and Properties of the Density
Matrix

4. Application of the Density Matrix to N.M"R. ..ô 39

INTNAMOLECULAR EXCHANGE IN N.M"R"

1. Introduction .

2. The Effect of Exchanging Nuclei on the
Density Matrix ... c. .....

3. AB Exchange in an ABX Spin-L System

35

42

43

¿tl

48(a). Evaluation of /ð0(d\\at /u*.6.rrnu

(b). Evaruatiot o¡/-aPil\ .""..
\ At /relaxation

(c) . Evaluation of {p6, íì,} o....

(d) . Evaluation of the elements of p. 
"

(e) " The AB part of the ABX Line
Shape .. o o o. ô....... o o. ô c.

Application of the ABX equation to other
Systems o..o..ô..o o.oôooe.oc

59

4"

CÐI'{PUTBR PROGRÀMS AND

Introduction

Description

(a).

(b).

(c) .

(d).

(e) 
"

CALCUI,ATED SPECTRA .CO" 65

65

66

67

68

69

69

1"

2. of the Prog

ABXPUNCH

rams .ooóc..o..

ABXPLOrt

/\BXGRAF

.ABXFÏT

ABXGEN

aoaoo.a¡oa .oaôo

ôe o.ô ooaaao



-vrJ--

Calculated Spectra

Fitted Experimental Qna¡'Fr:vPvvvls aaa aae ceoa a aaaa

VII DISCUSSION AND CONCLUSIONS

72

87

9I

VIII FðCOI'II\ßNDATIONS FOR FUTURE RESEARCH ....ûoþ.o. ....e .. 92

BIBLIOGRAPHY " 93

APPENDIX I: The Elements of tt¡e Density Matrix
Appearing in the Line Shape Expressions . "... 96

APPBNDIX II" Listing of the Computer Programs and
Sample Output ccooo ..ooo oôoooc..ôc :97

3.

4.



L Basís Product Vectors and Iiigenvalues of 1, for
a Three Spin-], System ôee.o oooo.o..o 16

2 ' _ À Set of Sinultaneous Eigenvectors ancl Their c
Correspondinq Eigenvalues of the Spin Operators

' 12 and I, for a System with Three Spin-L Nuc1ei L7

^^3 The Matrix Elenents of Hr + I{i Relative to L}re
Basis Product Vectors """:.""":" ooo€oeôoÞ 51

-VIII-

LIST OF TABI,ES

TABLB PAGB

4 Half-height Line \'lidths of the Experimental
Spectra of 7, /+, 6r ü¡ a-pentachlorotoluene and
of the Calculated Spectra .oeoo 89



-]-.X-

LTST OF FIGURES

FTGURE PAGE

.1 Tire Nuclear Zeeman Splitting for a Nucleus with
spin Number r = r o"- ..êoc ooc..c..oo. 7

2 carcurated spectra of an Exchanging AX systêrn o o o o c o 73

3 Calculated Spectra of an Exchanging AB System ê. o o o. 75

4 Calculated Spectra for A-type Transitions of an
A2X System ... 77

5 Calculated Spectra for A- and B-type Transitions
of aWealiJ_yCoupledABXSysLem ooô.{ oocô." 7g

6 Calculated Spectra for A- and B-type Transitions
of a Strongì-y Coupled ABX SysLem o. c c o gO

7 Calculated Spectra for A- and B-type Transitions
of a Strongly Coupled AIIX System .co.e õoco.ôôo. g2

I Calculated Spectïa for À- and B-type Transitions
of a Strongly Coupled ABX System ooooeo.ôe gA

9 Calculated Spectra fo:: A- and B-type Transitions
of an ABX System ...oê.oc âcê.o ceeoooo g5

I0 The Assumed Molecular Configurations of
7t4t 6¡elc,-pentachlorotoluenê." o.oo. g7

tI Some Experimental Spectra of L¡4-, 6t út c-penta-
chlorototuene Fittecl to Calcu.l-al.ed SÞectra c. o.. o o. o 90



Chapter I

TNTRODUCTION TO TT]B PROBLEM



-r-

Theapplicationofhigh-resolutionnuclearmagneticresonance

(n.m.r.) spectroscopy to chemical rate processes in liquids and gases is

based on the study of the line shapes (number of peaks, their positions

and their widths) as a function of the rate of exchange of atoms which

possessanuclearmagneticmoment(1-Sr27-2gl.Forexamplertheeffect

on the rr.fii.r. spectra of exchange of two uncoupled' protons with differing

chemical shifts may be described qualitatively as follows:

(a). I^lhen the exchange rate is sIow (i"e' rate

spectrumconsistsoftwosharppeaksseparatedbythechemicalshift"

(b). When the exchange rate is fast (i'e' rate

sÍngle peal< is observed at the midpoint of the peaks in (a) 
"

(c) . Ài ir.te::iue,liaie excliange rates (i.e. ra'i-e = shii:t) n broacierrecì

dor:blets occur with a separation less than the chemical shift' These

doubl-ets sharpen as the rate decreases, and coalesce into a singlet as the

rate increases.

Thepurposeoftheensuingd'iscussionistoderiveageneralex-

pression, using density matrix techniques, for the line shape of an ABX+

spin-tsystemasafunctionoftrtheinverseoftheintramolecular

exchange rate of the A and' B nuclei, and to write a computer prograrn to

calculate the line shape. The expression derived is also valid for other

In n.morc nomenclature, the notation ABX impties a system containing th::ee

spinning nuclei, two of which (the A and B nuclei) have a chemical shift of

the same order of magnitude as the coupling between themu and' one of rvhich

has a large chemical shift compared to the coupling

A and B nuclei" See for example reference (1) 
' 

page 98'
(the X nucleus)

with eÍther of the
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simple three spin-L and two spin-L systems (eg. er, Ax, AB, A2X, AMx) in

which the two exchanging nuclei (for three spin systems, t-he first two

nuclei are assumed to be exchanqinq) are of the same nuclear species.

Several examples of calculated spectra are presented in Chapter VI ¡ in

particular the expression obtained has been used to correlate the

exchange rate with temperature for a compound reported elsewhere (3 4)

which is undergoing hindered rotation (in this case, the hindered rotatíon

is equivalent to intramolecular exchange) " Bxamples of the fitted spectra

are also given in Chapter VI.

Chapter II is concerned with a brief outline of the n.m.r. exper-

iment. The high-resolution n.m"r" Hamiltonian is discussed in Chapter

III, and the density matrix technique in Chapter IV. The derivation of

the general l-ine shape expression for exchanging nuclei is outlined in

Chapter V, and the AB part of the ABX line shape is deduced in detail"

The computer programs and calcuLated spectra are presented in Chapter VI.



Chapter II

THE NUCLEAR I'IAGNBTIC RESONANCE EXPERIMENT



-3-

L, ïntroductiont

T,he phenomenon of n.moro is concerned with the intrinsic spin and

associated. spin angular ¡nomentum of the nucleus" It has been rvell established

tl¡at certain nucl-ei possess angular monrenttm ancf a magnetic momentr and it

follows from the quantum mechanical theory of angular momentum that the

measurement along any reference direction of a component of the angular

momentum yields certain discrete valueso For a nucleus with an angular

momentum tj¡ere are a total of (2I+t) of these qua.ntized values o where I

is ]<noln as the spin quantum nu¡nJcer (or spin nur¡l>er) and is a characLeristic

of the nucleus ín question. In general the spin nttmber cannot be predicted;

hor+ever several qualitative rules, deriving from e>çerimentr may be set

forth 3

(a) t]:e spin num]¡er is a multiple of ¡r (i"e' O, \, L, ooe ) .

(b) nuclei r+ith an even nutrlce:: of protons and an even ntunber of

neutrons have a spin number equal to zero (eg. Allur, 
"au, 

l-6o8).

(c) nuclei with an odd ntunber of protons and an odd nunÚ¡er of

neutrons have integral spin numbers (eg. 2Hr, t'rrr.tlonr) 
"

(d) nuclei with an even (odd) nurber of protons and an odd (even)

nunber of neutrons have half-integral spin ntmibers (eg" tnr, t'a., ts*r, 
"

The discrete values taken bY a

spin angiular montenturn vector P are of

measurement of a component of the

the form (mñ) rvhere fì is ttre modified
:-

f th. succeeding discussion is a brief outline of the theory of the n.m.r.

experiment. More detailed discourses may be found ín a number of standard

texts (1-6).
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Planckts constant, and. m is known as the magnetic quantum number with the

range of values:

(I) m = -I, -I+1 , ..... , I-I, I

Further, the magnitude of the spin angular momentum vector is given by the

following expression:

(2) l3.l = n {r(r+r) }L

for a nucleus with spin number I.

Nuclei with a non-zero spin angular momentum are found to possess

a nuclear magnetic moment ( nuclei with spin nurnber greater than L also

possess a nuclear quadrupole moment arising from a non-spherical charge

distribuLion' since this discussion is concerned wÍth spin-L nuclei, this
theory is not discussed here ). Using the classical concept of a spinning

nucieus wiih a cirarge Q and a mass M, the expression for the magnetic

moment I tin e.m.u.) ís given by (2rS) t

(3) l=ãfi;-3
where c is the speed of light, and the magnetic moment vector is colinear

with the angular momentum vector P" This result is inconsistent with exp-

eriment, and equation (3) is usually written as:

(4)g=g-eñ3' -n 2Mc T-
D

^1)= gnÞn _å-
n

where g¡ is known as the nuclear g factor, and rvhere ßr, is the nuclear

magneton, and. e and l,fp are the charge and mass respectively of the proton

(this equation allows the neutron to have a magnetic moment, whereas

equation (3) incorrectly predicts a vanishing magnetic moment since the

charge of the neutron is zero). Since ßr, is a constant (5.05 x lO-24
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ergs/gauss), the magnetic moments of different nuclei are characterized

by their nuclear g factor and their spin angular momentum vector p.

It is convenient at this point to introduce the vector I, defined

by the equation:

(5) _r = P-T-
which corresponds to tt¡e measurement of P in units of ñ. Equation (4) is

nol{¡ e>pressed in the form:

(6) u = 9r,ßr, I
= yñI

where v (=g-B./h) is known as tÏ¡e glzromagnetic ratio and. is characteristic-n ¡¡-

of tlre nucleus under consideration (for example, y= 2.67519 x I0¡l rad./

sec"/gauss for a proton).

It follows from the definition of I that íts components along any

reference direction are quantized, and take on values of the form (m).

From equation (6) it can then be deduced that Þ is quantized, taking on

values of the form (Yñm) where m has the range of values in equation (1).
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2. The Nucl-ear Zeeman Effect

The (2I+'1) different values of a component of ¡r give rise to the

sâlne ntllÌrber of different spin leve]-s or spin states vqhich are degener:ate

in free space" The d.egeneracy may be lifted by the application of an

external magnetic field through an interaction between the magnetÍc moment,

and the rnagnetic field" Th.is interaction is known as the nuclear Zeeman

effect or tfre nuclear Zeeman splitting"

Classicallyo the energy of interaction of a magnetic firoment r+Ítlr

an external magneLic fierd is gÍven by the r¡ector dot product !..g " For

example, in a static ntagneLÍc field ]1o tru energ'y of interaction lvith a

nuclear magnetic mcnent is:

(7) Eo = - u'!.o

= xrHo

where the n.m.r. convention is used rvhereby f defines the negative z

direction" Substituting from equation (6), equation (7) is put into the

form;

(B) Eo = yñ rr:,Ho
'C

and the subsequent spl-it.ting in energiy òetween two adjace'nt spin states

(i.e, Ám=1) Ís given by:

(e) Ouo = yñ Am Ho

'yñ rl
o

= gnßn IIo . ':

The case for a nucleus with spín number f=I is shown in figure (1).

The observabLe in the n.n.r" experi-ment is related to the energy absorbed

when a nucleus undergoes a transition from a lower spin state to a hiqher



spin state (i.e. m(finat)

given by equation (9).

ï

¡

erçty

FTGURE (1) 
"

-7-

- n(init.ial) = +1) , with an absorption of energ,y

= Yflll'o

\--

H =0-'€

oJ= 
'o"I\l

,t

The nuclear

spin number

H =_Ho!-rc

zeeman Splitting for a nucleus with

1=I.
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3. The Resonance Condition

Transitions between spin states is achiev'ed in n.m.r" by the presence

of a small rf field H (t) applied pe::pendicularily to a sLatic magnetic

field 5 (where small means lg t*{T.-n ':bt'.
motion of the nuclear magnetic moment (ignoring for the present L(t) )

is given by (1-6) ¡

(Io) g = y(qx%)

= r*s
where go = y% . This equation corresponds to the precession of y about

It $tith an angn:lar velocity trro = l,gl called the ¡rucl-ear Larmour precessional

velocity" For exampleo in a field of 1Or000 gaussu the Larmour velocity of

the nroton is 6 -77 x lO6 ra¡l -./çç-t:.-

Considering now the presence of H (t) rotating about H with an

angular velocity orr the effect. will be ì:o produce on the magnetic moment

a torque which varies direction rapidJ-y" Consequent.ly the maEnetic moment

is perturbed, and for o., iÉ g it will wobble slightly in its steady prê-

cessional motion about H " At 91 = cÐ, the torque will be tin phaser and

effectively act in the same direction (relative to a coordinate system

rotating tt -go ) causing large oscillations which tend to change the

orientation of [; i"e" to change t]re spin level of the nucleus"

The semi-classical model on which this theory is based therefore

predicts a transition between spin states at the resonance condition:

(11) 0r = ao = Y\
and althouqh it is useful in providing a g.eometrical clescription of Èhe

resonance phenomenon, ít incorrectly predicts a continuous absorption of

energry, For a more consistent e>çlanation of the experimentr a quantun

mechanical description must be employed" Qualitativel)¡ this description
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is relatively straight-forward: the

the magnetic moment vector, producing

HamiLtonian tlo(t) where:

(tz) irp(t) = -U"+(t)
From time-dependent perturbation theory, taken to first order, it follows

that the transition probability between adjacent spin states (to first

order it al.so follcnvs that only this type of transition is allowed) is

qiven by an e>çression of the form (l-416):

(13) wi-tf | .ortttl Êott) lorttlr l2 ô(r¡o, r¡r)

where w1+¡ represents the probability of a transition between the initial

spin statu l0i(t)> and the final state lOrttl> and where 6(r,ro, t^ra) is the

Dirac del-ta fu.nction. The r¡atu.re of Èhe Dirac delta function is such

that a transition and an absorption of energy occurs only at the resonance

condition griven in equation (tl) (this simple-minded approach ignores the

various broadening processes operative i.n n"m.r") . The quantum mech-

anical treatment of spin angular momentum and the n.nì.r. experiment is

discussed in more detail in the followinE chapter.

srnall rf field S(t) interacts with

a perturbation represenÈed by the
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THE HIGIT-RESOLUTTON N.M"R. HAMILTONIAN
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1. Introduction to the N"M.R. Iiarniltonian

The spin angular momentum of a nucleus possesses no cLassical

analogue, and. consequentty the usual construction of the corresponding

quantum mechanical operators cannot be followed (7, 8). In section 2

of this chapter, an outline of the usual treatment of the spin angular

momentum (foll-owing the method of Þirac) is presented"

In sections 3-5, the various elements of the high-resolution nom.ro

Hamiltonian are discussedt: the nuclear Zeeman interaction, the chemical

shift, and the spin*spin coupling" This so-called fhigh-resolution¡

Hamiltonian is valid for the Dornoro of liquids and gases rvhere it is

assumed tJ.at intermolecular interactions can be ignored tJrrough a process

of ranaom averaging over aii moiecuiar orientaiions (i-6) " it sìrouiü

also be pointed out that ttris Hamiltonian d.erives largely from a phenom-

enological approach rather tlran a theoretical approach to the n"m"r"

e>çeriment, and tLrat an approximation similar to the Born-Oppenheimer

approximation has been mad.e.'

(14) Ymorecular = Yspacial ' vnuclear

so that a nuclear spin Hamiltonian may be separated out of the molecular

Ilamiltonian, and so that reference may be made to a nuclear spin state"

Section 6 deals with the unitary transformation correspondinq to a

transformation to a rotating coordinate system which is of some importance

in the discussion to follorv. Finatlyo in section 7, the various relaxation

processes Ín spin-L n"m"r" are discussed.

+
I

Detailed monographs o¡I the n"m,r. Hanriltonian may be found ín references

(1) to (6) 
"



2.

-I1-

antum MechanícaI Treatment of Spin Anqular Momentum

The usual treatment of spin angular momentum (6-91, validated by its
agreement with experíment' involves the assumption that the spinning nucleus

can be described by equations similar to the orbital angular momentum of
electrons in an atom. Hence the nuclear system is represented by a spin

angular momentum vector operator f = (r,.r Ïyr rr) rvhich corresponds to the

orbital angular momentum vectior operator. The commut,ation relationships

are also similar:

Ír2 rl.z ?tI ,IrJ = , I, - Irl- = 0 (t=X¡y¡z)
r- - ì

(I5) 
tr¡r ryJ = L"Lz

{t"r. t"} = t, t*

itr,t*! = tt"

where i is the imaginarynumber Æ ,It = I " ï = (r*2+r.r'nrr'), and the

spin angular momentum is measured in units of ñ (cf. equation (5) ).
From thris set of commutators and the theory of quantum mechanics

it fol-lows that. (10) 12 and only one of the components of ï possess a

complete set of simultaneous eigenvectors. ConventionaJ.ly, f,ot the n.m.r.

experíment this set of eigenvectors is chosen to be the eigenvectors of T"

and 12, so that only I" and 12 have discrete values, rvhereas I* and IO are

given by expectation values. Designating any such eigenvecf:or by the ket

vector 1., ur, where a is the eigenvalue of 12 and b theeigenvarue of rrr
then the eigenvalue equations are;

(I6a) 12 la, b> = a la, b> ,

(16b) 1, 1., ¡r = b la, b> .

The properties of these eigenvalue equations are generally deduced

using the raising and lowering operators, desiqnated by I* and l_respectively,
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and defined by the equations:

(17) I+ = Ixtify.

The following commutation relations may be deduced from equations (1S) and

ttre definition (17):

I12, r*] = o

(18) {t", t*} = t rt

[r*rr-] = 2fz.

For these operators it can be shown that (6-9):

(r9) r+ la, b> = i (a:¡) (arb+l) Ìy" la, btt>

and that a = I (I+I) and b = rû¡ whêre f is the spin quantum number and m

the magnetic quantum number, The eigenvalue equations (16) therefo.re

are written as:

(20) 12 lr, *r = r(r+l) lr, rt
and (2L) I= lr, *t = m [r, *t

Using equation (19) a set of (2I+1) eigenvectors corresponding to each

spin state may be generated; it can be shown that the set is complete and

orthonormal, i.e.:

(22) .f , *l I¡ mr) = ô*r*,

(where ô- -, is the Kronecker delta furction) and that it serves as a basis¡tt t ltt

for a spin space of order (2I+1) " For exampleo the spin space of a system

with spin number I = L is of order 2 n and it is spanned by Lwo independ.ent

eigenvectors denoted by I t, oLt a"d I l, -!t or more commonly by cr and ß

rr:spectively.

It is often vetY convenient to represent the spin operators in matrix

form relative to this basis set of eigenvectors. The elements of the matrix

corresponding to some spin operator R are qiven by the definition:

(23) Rjt = <r, mj I nl r, *ot
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For example it forrows from the-orthonormality rerations (22) and. from

equations (19)-(2I) that the matrix representations of t2r I, and f* (note

that r- is the adjoint of r* ; i.e. {r-)ir = (ra)f;¡ ) relarive ro rhe

basis set of eigenvectors of t2 and I are:

(24) l? = I(I+1) 001..0

{
sf

to0..o
010-0

r

I
l'

t

0

o

r-1

0

0

0

0

f-2

n

(25') f =z

o {r.tzrl}L o "

o o {z'121-1¡ ¡}
(26) t =+

000..

00 0"

Note that the matrices are sqr!áre{.2f+Ð x (2I+1) matrÍces.

The description of the angular momentum of a system with more than

one spinning nucleus is given by the vector addition of the spin angular

momentum of each spinning nucleus. Ðesignating the total anqular momentum

by f and the angular momentum of the jft nucleus by li, then:

zr;J



I

(r = xr y¡ z)

T.2+r2+r2 =xyz

r. J ilx

{rr, r3r} = o

{r*, rrr} = i
{rr, ri"} = i
{tr, ., j*I = i
I¡ r I
'-!t -izt +

(Ix, rl, Ir)

I.lr

.T=

+ ir

-14-

Í'. t.2 +
j-r
I.lv

ç
j

f

r

T.2

(27)

(28)

2X t r .r
j<r -j -<

=Dv"f
t
j

and tlre vectors I and each of the I.rs satisfy the convnutation relations (15)
-j

and the following relatíonships (9):

(r=xry¡z¡+r-)

r. = {r. o r. }Jz jx' y

r. = ir. , r )lxlyz
r. = {r. " r ijy 3z' x
1 - [¡ r L
'Í "i*t 

trt

[r,, r._] = !27t' js jz
The spin space of the system is given by ttre tensor product of the spin

space of each nucleus, and the basis vectors by the tensor product of the

basis vectors for each nucleust i"e, alI products of the form:

(29) ¡J |ti, *it = [rr, *1; r2t m2ì ""'r rk, mki "" >
JJC

where the subscripts refer to a particular nucleus ¡ and where the basis set

for a given nucleus is chosen to be the set of eigenvectors of t? .rU tj"
(in this particular case) 

"

The discussion is somewhat simplified if it is assumed that all the

nuclei have a spin quantuun number of l: (this is true for example in proton

magnetic resonance). In this case a system containing n nuclei r¿íl1 have

a total of. 2n basis product vectors (we define "basis product vectors" by

equation (29) e the tensor product of the eigenvectors of f.2 and I.- for
JJZ

each nucleus 'j' ! , represented. by the products of the states c((j)and B(j)
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(corresponding to the eigenval-ues of +L and -L respectívely of. Ti7) of

each of the nuclei in the system" This basis set consists of eigenvectors

of I- but not of f2; however a simultaneous set of eigenvectors may bez

found by taking suitable linear combinations of the basis product vectors
)(since I- and I" commute (I0) ). In tabte (l) n tlre eight basis product

vectors of a three spin-! system are collected, and in table (2) linear

combinations of the basís product vectors have been taken to produce a

simurtaneous set, of eigenvectors of r-2 and. r, (this latter set. is not

unique).

The matrix representation of the total anqular momentum operators

is given by the tensor products of each appropriate nuclear spin operator

or by using equations (19',-(22) and equation (27) for some set of basis

vectors. For example, a three spin-L system has the following definitions

and. matrix representations (relative to the basis product vectors gÍven

ín table (1) ) for the spin operators Í2, Íz and r* (as before r_ is the

adjoint of Ior and the operators f* and Iy may be computed from I* and

I_ using equation (27') ) ¡

(30) 12 = ,r'*rr2+:rrz + 2(\.L2*!r.l:+12.13)

(for the evaluaÈion of the elements of t2, it is useful to introduce

the vector identity:

( 30a)

(3I)

(32)

r:"å. = Ti, rk, + \ (r3+ rt<- + tr- t**, ) ;

Í" = TLro t2, * t3,- ì

12* * 13* "and I, = I,. +
1.If
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TABrE (r)

Basis product vectors and eigenvalues of I, for a system

of three spin-t nuclei (the designation number of the

eigenstate is arbÍtrary; horvever it wiIl prove convenient

for the ABX system to be considered later). The numbering

of each nuclear spin state is implicitly assumed by the

position of the spin state (í.e. a(t)ß(2)cr(3) = sßo).

Designation Basis Product Vector Eigenvalue of f,

lvt'
I vr'

I vr'
| ,,,
I Yq>

I vr'

lYs>

I vr'

I 
vs'

cod

aßa

ßaa

ßßo

, Agß

aßß

ßaß

ßßß

3/2

t/2

L/2

-L/2

L/2

-L/2

-L/2

-3/2
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rael,E (2)

A set of simultaneous eiqenvectors and their

corresponding eiqenval-ues of the spin operators
)I- and I for a system witÏ¡ three spin-L nuclei.

z

Eigenvector EiqenvaLue
Í2 T,

.irCt(lC

l/ã @ag +, aBd +

L/tE ßgg + ßoß +

8ßß

L/(6 (0sþ + 0rJct -

L/ß Qd.gß - ßaß -

L/ã (c,eg - crßo)

L/õ ßuß - ßBa)

ßaa)

ß ßa)

213aa'l

ßßs)

Ls/4

Ls/4

Ls/4

L5/4

3/4

3/4

3/4

3/4

3/2

L/2

-r/2

-3/2

L/2

-L/2

L/2

-L/2
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irrn o

o 7/4 I

0 1 7/4 0 I O O 0

0 0 o 7/4 0 I I 0

0 I I 0 7/4 O O O

00oto7/4lo

o 0 o 1 0 I 7/4 O

o0000oo:.s/A

(3 3)

(34)

(3s)

12=

f=
z

0 0 o ol
O O O ^I'lo o o ol

2 o o o ol
L/2 o o rl
o -r/2 o ol
o o -r/2 of
o o o4/rJ

3/2 0 0 0

oL/20o

00L/20

ô'o o -V
o000

0000

o000

0000

f=
+

01

00

00

o0

00

00

00

00

I
rì

0

0

0

0

0

0

0

I

I

0

0

ìJ

0

0

I

0

0

0

0

0

0

0

0

1

rì

T

I

0

00

t0

OI

00

11

00

00

00

since the Hanriltonian for the n.m.r. system (ignorinE the drivinq
^,)term H,,(t); see th¡e following section) comnutes ruith r- and r, (I-6) r a
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set of simultaneous eigenvectors exists for the Hamirtonian, 12, and

rz. The anarysis of an n.m.r. spectrum is then simplified by a choice

of basis in which as many as possible of the spin operaLors are diagonalized.
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3. The Nuclear Zeeman fntera.ction

the Hamiltonian operator ûttl.for a nuclear maqnetic moment in a

magrretic field u is given by equating n Êttl to the classical enersy

of interaction and replacing the vector ¡r by the quantum mechanícal spÍn

operator yñ I (316rt0) ¡ i.e.

(36) H(t) = _YI.H"

rn the n"mrr. e>çeriment, the exprebsion for H is given by (1-31516r1o):

(37) H = H + H(t)
-oT

where H is a static magnetic field defining the negatíve z direction,_1c

and H- (t) is a small rf field defining the negative x direction (in the-p
anarysis of high resolution n.mor. spectra, the driving term no(t) is

r r-- j I .. .gcncrõ.¿i)¡:.gi:iorcd bccause it is ve::-y small; howeve¡: it -øiÌL be incLu,je,j

ín this discussion) " The latter field is qiven bv:

(38)
%(t) = (-2Hncos rot; 0; 0)

where al is the angular velociÈy of the oscillation and 2t{n the amplitude.

Since ,nn..l%|, the expression for q(t) may be decomposed into two

circularily polarized components (:rt:) and put into the form:

(3e) H (t) = (-Hncos otl Hnsin urtl 0).

Substituting equat,ions (37) and (39) ínto equation (36), the Hamiltonian

may be rewritten as:

(40) ff ttl =

= YHo Iz, + ynn t* cos t¡rt + yttp ty sin ot

= yHo r, + hnn (t*e-ittt a ¡_siot¡

(where H^ = lH^l )" The l-ast step'in equation (40) uses the definitions(J r_{r

of the raisíng and lowering operators (equation (17) ) and the identity

utltrrt = cos t¡t t i sin o-rt" rhis equation is the quantum mechanical equiv-

alent of the classical equation for the nuclear zeeman interacËion for the
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n.m.r. experiment"

For a system of n spinning nuclei, ignoring internal interactions,
this equation is replaceci. by a summation over the nuclei:

(4r) ¡îttl = .i- tr.H^ r._ + y,H (r. .-iôr *J=r. r- jz + tj"n(tjn
Each nucleus is characterized by its gyromagnetic ratio
operator I.- (r = z, i, -). The internal interactionsJr

an empirical manner in section 5 of t]¡Ís chapter.

rr_ ei0t) ).

Yi and its spin

are included in
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4" The Chemical Shifl:

Experimentally it is well knov¡n that the resonance position of a

nucleus depends on its particular chemical environment (l-6) " These res-

onance shifts have been attributed to a partial screening of the nucleus

from the applied field IJ due to an induced maqnetic field set up by the

precession of the electrons about H . It has been for¡rd that this- secondary

field is antiparallel and proportional- to the applied fie1d, so that the

Iocal field Hr experienced by the nucleus is given by:

(42) jl' = H - oH

= {u^ + rr*(r) } x (1-o){-Ð
= IL(l-o) + %(t) (since lqttt l..l%l ana o<<I)

where tire proportionality constant oo knorvi-r as the shieJ-ding constant, is

a function of the chemical environment of the nucleus (for solids, o is a

tensor quantity; for liquids and gases it rnay be treated as a scalar due

to an averaging by rnolecular motions) " The environmental dependenry is

carried into the llamiltonían of equation (4o7 by substitutinq H' for H .

A similar argument for equation (4f) yields the expression:

(43) H(t) = ì {y*u^(r-o*) r.- + ty.H_ q¡.."-itrrt* 1..itot¡1j I o 3 )z -'l p j+ j_
where o. refers to the screening constanL of the jth nucleus.

It folLows from equation (43) that the energy levels of the spinning

nuclei, and therefore also the transition frequencies, are dependent oru

the chemical environment of the nucleus. For example, since ojro, it forrorvs

that the resonance frequency of a bare nucleus is smaller than the resonance

frequency of the same nucleus in an atom or molecule (usinq tl"re fixed field-

swept rf field mode) " This difference in the resonance frequency between the

bare nucleus and tÌ¡e shielded. nucleus is known as the chenr-ical- shift.
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Since nrost applications of n.m"r. do not require knowledge of the

absolute chemical shift, it is.convenient to express the shift relative
to some reference compound. Generally the shift is specified in terms of

the dimensionress parameter 6r= ir units of parts per mirlion where ôr=

is defined by (f-6):

(44') 6r= = o, 9"
where the reference nucleus r ánd the sample nucleus are of the same

nuclear species (i.e"-y_ = y_). An intramolecular chemical shift isils
also defined using equation (44) , where t'r,' and. ,'s', refer to nuclei
(usually of the same species) in a molecule"
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5. The Spin-.Spin fnteraction

Under conditions of high resolution, tl¡e n"m.r. spectra of chemicalJ-y

shifted peaks of liquids and gases show hyperfine structure for some

systems (1-6) " The properties of these multiplets has led to the concl-

usion that there is an intramolecular interacËionn the spin-spin interaction,

between each pair of nuclear rnagnetic moments" A variety of mechanisms

have been proposed for this interacbion; for example it is thought that

the most important mechanism for a proton with only a single ls electron

involves polarization of the spins of the internuclear electrons (II),

The Hamiltonian of scalar interaction between tlo magnetic moments,
Â

designated by H,O, is given by the expression:
A

r +f,, r jt = r 5t ,13 "lr<

where J.,- is known as the coupling constant between nucleÍ j and k which
lK

are characterized by s¡rin operators !i a.ta I respectively" The Hamiltonian

of a molecule H(t) is then given by equation (43) appended by a summation

of terms of the form of equation (45) for all pairs of magnetic moments:

(46a) ûtrl = Ê +Ê,+Êo{t)

where:

(46b) Ê = Iy.H (I-o.) I.-o j' j o I Jz

l46c) fi, = I X J r..I.r j.k jk--c

and (46d) Ê (t) = I Ly.H (r, e-iot + r "it'tt¡p J "' j -p'- j+- - j--

This Hamiltonian is knorvn as the high resolution n.m"r" Hamiltoniä.n, ¿md

it has been found to be adequate for the analysis of the n.m.r. spectra

of liquids and gases"

As a specifíc example, the Harniltonian for a molesule wiÈh ABX
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spin-L nucl-ei is given by:

(47ù Êo = lHo(1-or) ,L, + yHo(1-or) ,r, + ,rno(r-or)rr"

(47b1 fi., = J' Ir.l" + J, " f ".I3 + JZZ !_Z.LZI r¿-L-¿ IJ-I-J 23¿,-3

(47c1 fi-f tl = tvn t ¡2 (r..e-tûjt + l. eiu,t) Ì + Lv-H (r e-i6tP p j=I j+ l- '' 3--p '-3+-

r¡-"i't )

where the subscripts rr 2, and 3 refer respectively to the A. B, and x

nuclei, and where it is assumed. that the A and B nuclei are of the same

nuclear species (i"e" y,= y^ = y).
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6" The Rotatinq_floordinlte Systen

If a quantum mechanical sÈate vector of a system with interacting

spinning nuclei is ctenoted by lVit)t, then solutions of equation (46') for

the energy are found by solving the Schðclinger equation:

(48) r 9- lY(r)> = ñttl lv(t), .
dr

The tine-dependence of the Harniltonian nìay be removed by means of the

uniÈary transformation e-itltlz (12) where üJ is the angular frequency of

tÌ¡e rf field H (t). Ttris tra¡sformation corresponds to a change from a
-p

fixed to a rotating coordinate system.

' The effect of Èhe transformation on the state vectorlV(t)> is qiven

by the expression:

(49) lo(tl> = s-iej¡r2 lv(tl>
where l0(È)> is the transformed state vectori i.e. the state vector in t]re

new coordinate frame. It can be shown that (l-3r f4) the Schrödinger

eouation in the new frame is:

(so¡ t := lo (t) > = Ê' lol¡¡ 'UL

where:

(5ta) Êt = ûo' + ñr' + ûo'

(slb) û'i - rtv.H-(r..o")-ti;.-'o j j'-o '- i' - Jz

(5Ic) Ê, - u Xtrl' = rt. = l*i rjx rj.*
and (51d) É | - X y.H r.

.o j 'l P lx

The physical significance of this change of coordinates is that the

sma1l oscillating rf fj-eld H^(t) appears as a stationary vector clirected

along the x axis o and each nucl-eus precesses about the z axis (ignoring

the smafl rf field) with an angular velociÈy equal to the difference
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betr'¡een its Larmour verocity (modified by the shietding constant) and the

velocity of rotation o of the new coordinate system (and the rf field H (t) ).
This new coordinate system also lends itsel-f to a simple d.eduction of

transition probabilities. The equation of motion of f O(t)> follor,¡s from

equation (50) since Ê, i= time-independent (13-15):

. (sz¡ lo(.)t = uifit'rt lorol,
where lo(o)r = lvtol> is the state vector when t = o (or H (r) = 0)" The

probabílity of a transition from a state lo.rtl> to a state loottl> is then']-'
given by (14,15):

(s3) f{i*f = | .orrtll eifiôt I or{t), l'
which reduces in firsÈ order perturbation theory to equation (13) for one

nucleus, and to (l4rl5):

(s4) *i*f = eijul"-=uÙ | .Ortrl I r v.rr r I n, ,n¡, 
12¿- - d j tj"P'jx l*i\"

r1.

for a system with more than one (spinning) nucleus"

From equation (27), tj* *.O be written as a sum of ti* und ri_r and

an argument similar to the d.erivation of equation (IS¡ shows that Ii+
corresponds to an absorption of enerqlr, while rj_ corresponds to an gmission

of energy- rt may also be shown that there is a seleetion rule operative,

naæely Á*j = Ám = tl (where m. and m are respectively the eÍgenvatues of
the z components of I. a"d ! "
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7. Re1aåation" Plgcesses. alrd Li"qe Broadeninq

The theory of n.m.r. outl-ined thus far clescribes a process by rvhich

nucleí are excited from a loler energy spin state to a hiqher energy spin

state through interaction wíth a perturbing rf field. The energ'y absorbed.

ín a transition is given by the difference in energy between tv¡o stateso

and the transition probability is given by equation (53)_" The signral

intefsity observed in practice is related to the rate at which energy is
absorbed from the rf fieldu ancl it is necessary to include in the t¡eory

the relative populat-ions of the s¡rin states, ancl the means by rvhich the

system returns to the ground or unexcitecl stateo

Considering a macroscopic sample of No spins per unít volume, the

iiurtú-:er ç.¡f slaLes är,, vliür energiy E* is given by the Boi-tzrnann rlístri.bution:

1

(55) N* = ^-ñEm/l<TE

I e_riEm/kTj-
where T Ís the absolute temperature of the sample ancl k the Boltzmann

constant. 
^The 

rate of absorption of energy between hvo states v¡ith energies

E* and E^r is then (14):

/\(s6) {*} = wr,Êr,,, (u*, - u*) x (Nm - }r*,)
y"/^_r*'

since to first orcler wm-rm. = Þl^,*^ (15)" rn this equation, the term

involving N*r represents the rate at which energy is emitted by st,imulated

ê¡nission (spontaneous ernission is negligj-ble in maqnetic resonance (5) ) o

and the term in N* represents Lhe rate at which the same amount of energy

is absorbed. The conctition Lhat N* = N*, gives rise to the pþenotnenon

knorvn as saturationo atwhich time the rate of absor-ption of energy and the

signal intensity will disappear. tlence a n"m"rn spectrum shouLd dÍminÍsh
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in l-ntensity as the lorver spin states are excited upwards"

Since this is not Êhe case observed in most n"m.r. spectrar some

mechanísm must be occurring which tends to remove the excess spin energry

of the system" One such process is known as the spin-Iattice relaxation

(1-6), vrhereby non-radiative downward transitions occur through a redist-

ribution of the spin enercry with the "lattice'o or other degrees of freedom

of the system. Denoting the rate of relaxation by L/Tyo where T, is

knov¡n as the spin-lattice refaxation time, then it can be shorsn that

equation (56) is altered to the form (3) ¡

= W**o (E*, - Ell.) x (N- - Nln.)

1 + 2W**r T1

I.I!:cn 2l^I**, ... Lr sa-turatíon is easii-y avoi,ied.¡-'expe::i-rrental11z this is

achíeved by using a small rf field since I^l*r*r * l!,"(t) l2

Spin-lattice relaxation also causes some ¡to-l"ning of the spectral peaks

as a consequence of the uncertainty principle" Since

(s8) 
^8.^r 

- ñ

or AE = .ñAt¡ = Íi/Lt

an uncertainty AE in the energy, corresponding to an uncertainty Atrt in the

resonance frequenry, is inversely proportional to At which may be taken as

the lifetime of a state. Hence the line width of a transition will be of

the order of. I/T.r, since the l-ífetime of an excited spin state is of the

order of Tr"

Ànother relaxation process of importance in n.m.r. is known as the

spin-spin or transverse relaxation, whereby there is a sharÍnq of excess

spin energy between the nuclei" This process derives from inhomogeneous

magnetic fietds and loca1 field variations due to neighbouring magnetic

moments, and it is characterized by the spin-spin relaxaLion time T2 (often

(s7) /E\
\'V**'
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T, is separated into two terms tj and Tj which relate respectively to

field inhomogeneity and to interaction with neiqhbouring magnetic moments).

The line broadening resulting in this case is often included by replacing

the Dirac delta functionso as in equation (13) for exampi_e, with a line
shape function g(o) (l-4.6). For the magnetic resonance of liquids, ihe

Lorentz J-ine shape is generally used:

(se) g(o)=T2_1

'r :ï'ÇGì[fz
where ,o i= the angular velocity of the rf field at resonance. It follows

from (59) that the width of an absorption peak at hal-f-height ís 2/r, (3).

other broadeninq effects o¡rerating in n.m.r. spectroscopy may be

attributed to exchange reactions or hind.ered rotations. These processes

may be characterized by a rate l/t where r ís of the order of the lifetime

of a given state (before exchange or rotation) " A broadening of the n.m.r"

peaks ís caused by the uncertainty in energry involved. when the chenulcal

environment of the nucleus is varÍed during exchange or hindered. rotation
processes" The effect of intramolecular exchange reactions (valid for

certain hindered rotations in rvhich the molecular synunetry is conserved) are

considered in more detail in Chapter V"



Chapter IV

DESCRTPTTO¡I oF STATBS - THE DENSrry r'fATRrx rEcHNrouE
---È---*-__---t 

--
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I. Introduction

For a quantum mechanical system described by a normalized state

vector l*j, an. theory of quantum mechanics predicts that. the expectation

value <Q>. of an observable corresponding to the linear Hermitian operator
J

Q is given by (7):

(60) .Qrj = .vrlolvr' .

In many cases it is convenient to expand the state vector into a complete

set, of ortÏ¡onormal time:independent vectors{ l">i t

(6r) lv*t = x ",, lntlnln
'¿ith the time-dependence of the state vector carried in the expansion

coefficients c*-. Since lV.,t i= normalized and the basis set orthonormal,
J¡¡ J

i"e.
t..\\ á\Ú lul - - 1 ...- F - ta -\e't R¡jl¡jz À - i'jn'jn ,

tlae expectation value of the observable may be expressed in the form:

(63) <Q>¡ = X E cl . c. .nn lQlnt--l nnr jn' jn )
This procedure is strictly valid only in the situation when the state

of a system is completely known (16), that is when the system may be

described fully by Èhe state vector" For example, the analysis of high

resolution n.m.r" spectra assumes that such a state vector exists which

describes the nuclear spin state of a molecule. This sÈate is known as a

nnpure" state (16) and is characterized by the exist-ence of an experiment -

in this case the determinat-ion of the energ'y - which gives a predictable

result, with certainly" on the other handn determination of the signal

intensity of an n.m.r. spectrum involves a deduction of the magnetization

in the x-y plane of a macroscopic ensemble of molecules, and there is no

pure state for the system s-lnce it is made up of an unspecified combination

of pure states. One then resorts to the statement that the system has
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certaj.n probabÍlities pr,

lvtr, Ivzro o.c, lvjr,
P2, . " " r Pj , ?. o of being in the pure states

. In other words, the system is represented

by a statistical mixture of state vectors (the lnrr'r) with the statistical
weights pi r and the expectation varue of an onuru.lo" is given by a stat-
istical distribution of its varues for each of the state vectors.

It is especiall-y convenient to describe a statistical mixture of
states by means of the density matrix. This technique is a sÍmple var-
iation of tine-dependent perturbation theory (17) and corresponds to tl¡e

statistical matrix of classical statistical mechanics. The definition
and some of the properties of the density maÈrix are given belov¡ in sections

2 and 3. rn section 4 the density matrix is applied to a system of nuclei
which possess spin angular momentum with the intent of deriving an express-

ion for the line shape of a n"m"r. spectrum"
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2o

As mentioned al¡ove, a macroscopic ensemble of states v¡iLl be repre-

senteci by a linear superposition of the pure states lOrr, Ifrr, ooô wiUr

the statistical weights nL, nT c.ô (16)" For each of these states there

corresponds an expectation var-ue <Q>i of an observable, rvhere <Q>, is
given by equatÍons (60) or (63) " The mean value of the observabler <Q> g

for the ensemble is given by the grancl average (over each of the possÍble

pure states of the system) : ,, ,.

(64) <Q> = X p. <O>' j-j - j
Substituting from equation (63), Lhís average is recast into üre fornr:

(65) <Q> = lpiXX ^* ^ ^I - n nr 'jnn "in vnt¡

- Ex a.*4po"rj,çr-
n no -4t.. 

] J JL' J¡¡

where Qr-r,r-, d.totes the matrix element .nt leln> of the operator e.

The density nah:ì.x may be defined from the follor^ring equation for
its elementsf:

(oo¡ p..,, = I p.i ..o
j J Jrlt "jtt

so that (65) reduces to:

(67) <Q> = x x. e_,-. 0__o = Tr (Qp) = Tr (pQ)n nf n'n nnt

rvhere Tr(¿1) = f, 4, inclicates the trace of the matrix A. Hence the expec.*KKK

"ã of the density matrix
presented here are after the method r:f Fano (16). Ànother equivalent

defj.nítion used frequently ( (lZ-I9) for example) is given by,:

gnn, = ar,T 
"r,

where the bar denotes an ensemble averaqe"
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tation varue of an observable of a system consisting of a liner super-

position of states is given by the trace of the matrix resulting from the

matrix multiplication of the densíty matrix and the matrix of the operator

corresponding to that observable" Tkre operation of taking the trace of

the product matrix is equÍvalent to taking the average of the expectation

values of the observable for each pure state times the probability that

the system is in that state.

It is instructive to note that the expectation values of different

observables in the same system vary only as the matrix elements of their

correspondíng operators since p will be inr¡ariant for the same system"

Alternatively, different systems will be represented by different density

matrices, whereas tlre matrix of an operator is invariant frorn one system

to anoiJrer (assurning ihe same basis set { lnt} is emo}oyed) .
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3o rnte retation ancl p rties of the De¡rsi Matrix

A physical interpretation of the diagonal elements of the densit'
natrix is facilitated by consiclerinq Lhe mea' varue of the operator oj.ro5rr,
(ð is the Kronecker delta funcLion). From equation (67) 

Z

(68) t6in ôi,r,t = Tr (o ôin 6jr,,) = ojj = gr,, ô

since <ôjn 6jnr> represents the probability of finding the system in Ure

basis state l nt, the diagonal eLenients of p are then these same probab-

ilities' This properLy is perhaps more obvious if a basil set is cirosen

such that p is diagonaì-o so thatt .

(6e) onn, = 4 ni ":å, cjn 6n,.,,

A carefu]- analysis cf this equation then reveals that a diagonar element

is girren by the sum over each pure state l Vj> of the probabilit5, pi thaL
t'e ensemble is in the state l*jr arn,us the probabilit'.jå, .r'ti.t
| ...
Itjt is in one of the states of the l¡asis vectors fn>; i.e. one has the
probabÍrity that tire ensembr.e is in the basis state lr,r.

For a system in thermal equilibrium, these probabilities are given

dÍrectly by the Boltzmann distribution factors (t6rIBr20) so that.in the
basis consisti-nq of the eigenvectors of flre l{anirtonÍan. the diagonar

elements of the density matrix at thermal equilibrium (po) are:
(70) n 'r ,r-PX^ = e-U)t,/kT

. E 6-B¡¡/kT-m
where E is the energy of the basis €igenvecto, f*r.mí
diagonal in this basis (16r17) , equation (7o) ma_y be

notation: 
'i-

(7L) p 0 = e-HÂT
Tr (s-u¡t<,t¡

The intorpretation of the off-diaqonal

Àlso, since po Ís

put into operator

el-ements of the density matrix
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is less clear. It follows from equation (67) that if the only non-zero

element of an observable j-n some basis t" ejo, then <e> is proportional

¡6 gr.. (18). For example, Ín the discussion to folIow, the signal inten-Kl

sity of an n.m.T" spectrum will be calcuLated using the raising operator

I*r and it is shown in section 4 of this chapter that the only elements

of p appearing (when the basis product vectors are used as a basis) are

ssne of the off-diagonals of p" One cän then r:elate some off-diagonal

o. with the element (I,)-,. which corresponds to the_s.içnal intensity of' Kl +' jJ(

a transition from state ljt ao state lt, ignoring the overlap of neigh-

bouring transitions" Hence as an approximation, the off-diagonal elements

of ttre density matrix are related to tire probability of a transítion

betr¡reen states r or more accurately it is propørtional to the siqnal inten-

sity of a transition t¡hen all o$-her transiticns are of zero intensity.

From the definition j-n equation (67) it is possÍble to d.educe the

folloling properties of the density matrix (see also (16-20) ):

(a) The condition that <e> be real for any observable
ìcorrespondÍng to the Hermitian operator e Q) requires that p be also

Hernitian¡ i"e,

(72) onno = Þn,n

(b) A special case of equation (67) v¿here the operator e

is replaced by the ident[t1,or unit operato:: i requi:les that:

(73) .î.r = Tr (îp) = rr (p) = 1 .

This property also follows from the properties of the statis'cical weiqhts

p. (16) :--t

(7a¡ Pj ¿o '

whence:

t
j Pj=1
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(7s) rr(P) - xlp *
n j j"jt'"j,,

= I p, E c.* c.j -l n jn jn

= 3n: = r
usÍng equation (62¡ in the last step.

(c) rf the system can be described by a pure state vector

lv, t tttu., p. = ô- K -l '¡kr utd therefore from eguation (66):

(76a) g , = X ô,, c- :( ¿nn, = 
T 

uro cini cin = cknf ckn

and (76b) (p' 2/nn, = I Prt ptr,,

= [1 "oi "r.r', "k'l tkl

= "xnl "r,., !.ui .uo

= tt'l'"rn = Þnn,

Hence if the system is described by a pure stateu the d.ensity matrix
obeys the characteristic equation (16r1g ,2O) t

(72) p2 = p or ,tr (p2) = Tr (p) = I .

In general it can be shown tñat (Ig):

(78) rr (p2) s I .

(d) The equafion of motion of the density matrix may be

deduced from the definition (66) z

(7e)
dÄ
ã Þnr,' = ä ,ì Pj .j,.,T "j., )

= ¡ p. {t,*-"--ll c. + c I td ^ )}I " j ''a* -jt't" -jn "Jt' tE -jt
since the statistic¡¿l weights do not vary with time (20) . å,n expression

for the time dependence of the coefficients follows from equation (61) and

the Schriidinger equation (49) z

(so¡ i x (4- c.-¡ l*t = x c*- fì l¡>
m eåt fm m lm '¡r¡
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Multiplyinq through by In> and integrating, the time derivaÈive ot rrr., t",
(81) if"..'^ = ¡c;*.nlûl*, = Xc. fidt ln m lm m-jm nm

The conjuqate equation for c,fi is gilren by:

(82) -i*c.o = [û c.*- db -jn ñ 
*ntt "j*

Substitution of the expressions (gI) and (92) for the derivatives of c.
ln

and c._f into equation (79) yields;ln'

(83) 
å;' 0r,", = 

Tn, 
(i x lÎnnn, .ifi .i., - t 

å ":å, "j* fir,*)

= i,x (H- 4 pr c*i c.- - x p+ c.o c. û )m mno j-J lm ln j "J jm jn nm

= iX (H p - p H )m nn. nm mnr nm

= i.rlofi - ûo¡,r't

or in operator notaÈion:

(84) 9 p = i{p,fii
dt

This derivation is based on the assumption that the Hamiltonian is Ídentical

for arl tl.e possible pure states of the system (16-lg). rt is simirar

to the l-Ieisenberg equatíon of motion for an operator, differing in the sign

of the commutator (20) 
"
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4" Application of lLe pensity MatILx ro N.M._F..

The application of the density matrix technique to n.m.r is straight-

fo¡ruard: one uses equations (60) to (94) with the requirements that the

basis set {lnt} consists of some suitable basis of nucl-ear spin staLeso

and that the I{amiltonian is given by ttre appropriate n"m.r. Hamiltonian.

The expectation varue of an observable is then given by equation (67) for
an ensemble of nuclear spin states. For exampleo as d.iscussed in Chapter

rrrr the quantity observed in n.m"r. is related to the absorption of

energl" as the rf field is swept,. In fact it Ís wetl known that the signal

intensity, or the line shapeo is proport,ional to the exlcect,ation value of
the raising operator r* (r-6 r2r) which corresponds to the transverse

magnetization vector induced ín the system as a result of the resonance

absorption of energy from bhe rf fíeld" Therefore from equation (67) ,

since:

(85) .I*t = fr (pI+) ,

det'ernuination of the trace of p and r-, v¡il-I result in an expression for
the rine shape of an n.m.r. spectrum, r*'here in this case, p is the spin

,'t

densíty matrix" ,

It is often convenient to use the rotating coordinate system in n.m.r.

In this case the observabfe Io îs Çiùeir ïìy {:}ie transfonned. operator

"itoÈr" ro e-i{'Jtrz = ,* = b(r+ + r-) * As stated before, rn corresponds

to the absorption process, so that the (absorption) line shape wiII again

be proportional to the expectaÈion value of In ín the nerv coordinate

frame" The effect of the transformation on the spin d.ensity matrix is to

take p to p' r.¡here (22 c24):

(86) pûJ = .itotl¿ o "-itrttlg
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so that equat,ion (85) becomes:

(87) .r*t = rr (p'r+l

This last equation describes the n"mor" siqnal intensity (line

shape) as a functíon of the angular velocity tr: of the rf field" The real

and imaginary parts of the equation refer respectively to the dispersion

and the absorption modes of the signal (5r21)"

If the basis product vectors of ttre spin operators I.2 and r.- are'lfz

chosen to be the basis set, it then follows that Io is a strictly upper

triangular matrix. Consequentlyo from equation (67), the only terms of

the spin density matrix appearing in the line shape expression are the off-

diagonals (see Appendix I) " Suitable expressions for the pertinent elements

are found by solvíng equation (84) t the equation of motion of p.

In order to include relaxation phenomena present in n.m.r" in tl're

expression for the line shape, 
. 
the equation of motion of the spin density

matrix is altered to include the tr1'o rate processes" Since spin-latËice

relaxation tend.s Èo take the system to thermal equilibrium (i.e" p -Þ po)

at a rate of the order LÆy and spin-spin relaxation tends to talte the

transverse components of the magnetization to zero (¡.thich approximates

talcing the off-diagonal elements of the spin densíty matrix to zero) -at a

rate of the order L/Tzr one may rt'rite as an approximation (22?25o26, cf'

Blochos equations (24) ):
/,,\ / \ {,\/aot\ / oo'-rr' \ .* r*p r
'-.-r l-:-l ,(88) 
\ar /r.r"xarion \ tt la \ rz 

/oa

where d and od refer respectively to the díagonal and off-diagonal elementst

and where ooo refers to the transformed spin density matrix at thermal

equilibrium; i.e" the system in the absence of H (t.) and when a stationary

state has been reached at the end of tJ're spin-lattice relaxation" fhe

ôû)
elements of p- are given by equation (71) v¡here iì = Êo + fi, (eguation (46) )
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since goo = .itrttr2 po e-iûJtr a = po (it can be shov¡n than in generar

trz, Hå+HiÌ = 0 (I,2,6) and that if {À, B} = O, then {f (e), B} = o (10) ) ¡

i"e" the spin density matrix at thermal equilibrium is the same ín the

fixed or in the rotating coordinate frame.

It should be pointed out that this inclusion of relaxation phenomena

involves the assumption that the relaxation processes are exponential

decay processes acting o¡r deviations from equilibriunr (24), and that

its effect will be to intro<luce line broadening ínto the nom;r. line

shape (for example the term involving T, results in a shape function

much the same as equation (59) ).
' The equation of motion of the spin density matrix is norv alterecl to

the form:

(8e) /unt\
r,*i

/^nt \

\"/ reraxation
, j ¡^üJ ,,û)rT r |.P , n t

where equation (84) (transformed to the rotating system) has been appended

by equation (88). The appropriate elements deriving from equation (87)

are calculated using thÍs equation.

A further simplification v¡hich may be mad.e is to assume steady-

state solutions of (89), correspondinq to the slow passage condition in

n"n.r., so that the ths of (89) is equatecl. to zero (22) " Equat:ion (89)

then reduces to a set of linear homogeneous equations in the elements of

the spin density matrix.



Chapter V

MTRÀI-IOLECULITR EXCHÀNGE rN N" M" R"
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1. fntroduction

It is well l<nown that exchange processes beh'¡een spinning nuclei

Ín different magnetic situations result in a modification of their n.m.r.

spectra (J--3 r22 o23 rZ5-3I¡ . It was shown in the previous chapter that the

n.m.r" line shape may be calculated using densf¡y matrix techniques by

evaluating the expectation vafue of Io, the raísing operator' (corresponding

to the transverse component of the induce<l magnetization). It is also

possíble to compute the line shape for the cases of exchanging nuclei by

adding an appropriate exchanqe term to the equation of motion of p in

the cases of íntramolecular exchange" This term, devised by Kaplan (23a1

and expanded by Ã,Iexander (22) r is discussed in section 2.

In section 3, the detailed calculations of ti-re line shape, followinq

the method of Alexander (22) and extended by hrhitesides (25), are carried

out for a system of molecul-es with interacting ABX spin-L nuclei, in

which there is exchange of the (ídentical) AB nuclei" The application

of the expression obtained to other spectra is discussed in section 4"
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2. The Effect of Exchan inq Nucìei on the in Densi Matrix

I,lhen an exchange process occurs, the effect is to move a nuclear

moment to a different magnetic surrounding, Ihe followinq discussj.on

will be concerned witÏ¡ intramolecular exchang"=t, =o that it may be

assumed that the spin Hamiltonian has the same form after exchange, diff-

ering from the pre-exchange Harniltonian only in that some nonequivalent

spins. have changed their magnetic properties. In this case', the exchanqe

process may be described by an exchange operator p (22) acting on the

nuclear state vectors such that:

ronr ly, -Þ Þ | v,\Jvrlr-

rvhener¡er an exchange occurso For example, choosing the basis product

fr:r¡ctions for Lhree spin*L nuclei (see Table I) as the nucl-ear spÍn states,

end ass';:r.ing tI:at nucLci L a::d 2 a;c inCergcing an i.ntra¡¡,oLecuLar exchar.ge

process, the effect of p is th.e followincr:

T
In an intramolecular exchange process the nuclear species do not. change,

rather the'magnetic properties of one nucleus oce assr:med bv the other

nucleus (for exchanging nuclei of the same species) and visa vel-sat i.e.
nucleusl ? nucleus2

I¡t¡enever an exchange occurs" Hence the tlamiltonian before exchanse cliffers
from the Hamilton-ian after exchange only in the labelling of the exchanging

nuclei.

The theory discussed here is also valid for nLuß'rerous inversic¡ns of

configuration (e"9" in ryclohexane when H(axial) ? H(eqr+rtorial) ) and,

internally hindered rotation when the rnolecular syrrulretry is conserved

(see for example the followinE chapter) (26,27 ,29) . For hore complicated.

systems, other methods must be resorted to (Z? ul>rZl! "
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( er)

P lvrt = p û,c¿cr = g'cro{, = lvrt
e lvrt = p sßo = ßas = lvst
P lv¡t = p Bqa = aßa = lVZ,

P lV¿t = p ßßc = ßBa = lV¿t

r lY.t = p croß = usß = lV"t,5J

P lvar = p aßß = Baß = lvzt
P lVZt = p Êaß = aBß = lVet

Plver = pßßß = ßßß = lvet
From these relations it is seen that I vr> " lV q, o I Or, ,r,U I nr, ur.
invariant during the exchange whereas lurr, lV.r, lV., *u lV_, u".¡b'7
altered.

The matrix representation of the operator p is given by operating

on each of Èhe sLate vectors and expressing ihe resuitani vector i¡r terms

of the original set of basís ¡¡ectors (it is convenient to use the basis

product r¡ectors because the rnatrix erements of p are then o or r (3r) ).
For exampJ.e, fronr equations (9I) , one has:

(s2l P lvrt = r lvr> + o lvrt + o'lvr> + o lv¿t ""
plvz, = olvr>+olvrr+ tfvr>+olv¿,

etc" T'he matrix representation of p (retative to the basis product

vectors) for the above case is then:

I 0 0 0' 0 0 0 0

00I00000

01000000

00010000

00001000

00000010

00000100

o0000001

(93) P =
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follows from the definition that p is unitary, real, and symmetric

that:

(94)p2=torp-1=p

The effects of exchanging nuclei on the spin density matrix can be

found by transforming the representation of poto the new basis set given

by p lYt , which indicates that po + p-I otr p = p p@ p r,¡henever an

exchange occurs. rf a random exchange process may be described by some

correlation time r (equivalent to the averaqe lifetime of a state before

an exchange occurs, if Èhe time taken for the actual exchancJe may be

ignored) then the equation of motion or' the spin density is altered by

the additive factor (22 r23 125-27) 2

/\(es) t$3ì P s* P- - P'..
\dt /a>:chu;c r

so that equation (gS) becomes:

It

so

(oa¡ /U.l =
\ar 1 (#)u*"n',.n.

/\- ll.93l + i {pr¡, Êr'r}.
\ot frelaxarion

This equation is known as the Boltzmann eguation and is used in conjr.rnction

with equation (87) io derive an analytical expression for the line shapes

of the n.mor. spectra when there is int,ramolecular exchange beb¡een two

nuclei (for more tt¡an two exchanging nuclei, one eorrelation time may not

be sufficient; see reference (31) for exampLe).

A useful simplification that may be made is to assume steady-state

solutions of equation (96). This corresponds experimentally with the srow

passage condition and to the case wlren the correlation time is rarge (i.e.

the exchange rate is slow) (cf" Alexanderss paper (22t ) although it has

been fou¡¡d that at small correlation times relatively good fits with exper-

imental spectra may be obtained (see Chapter Vfor l,lhitesides eS) for some
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examples) " This may result from t}re fact Lhat the line shapes are

depenclent on the off-diagonal elements of the spin density matrix, which

are much smaller than the diagonal elementsT Consequently it mat¡ be

possible to approximate equation (96) by a series of linear Ìromogeneous

equations in the off-diagonals, and a series of linear inhomogeneous

equations in the diagonals"

In the cases r+here this approximation is not valid, afternate

methods have been proposed (22 1231; for example Kaplan (23) derives an

equation for p(t) by calculating p(0) = PpP and then allowing p to evolve

according to equatj-on (g¿) " He then obLains an average density matrix

by averaging p (t.) over the dÍstribution of lifetines (27) .

t
In the previous chapter, i,t was found that the off-diagonals are related

to the transition proba-bilities o which are in turn proportional to the

square of the rf field. Bxperimentally, a very small rf field is used,

so that the off-diagonals are small" On the other hand, the diagonal

elements are relaLively largeu of the order L/Qn) for n spin-L nuclei

(1-6 ?13) "



3"

using equation (3s¡ for the matrix representation of ro relative
to the basis product functions (Table l) for a system of three spin_L
nucleio equation ßl) reduces to:

(97') .lot = e2L + p:t + osr + e*z + Þø2 + p43 + Þ13 * Þg4

+ 065 o P7S + Pg6 o P8Z

where Èhe superscript ro has been dropped for convenience of notation.
Suitable expressions for these erements of the density matrix are found
usÍng equation (96) and assuming slol passase conditions (i"e. the ths
of (96) is equated to zero) ' rn sections (a) to (c) belo.u ea.ch of the
terms in equation (96) are c"lculated, and in section (d) the elements

in eqrration (97') ð.re so,lr.¡ed fort. FinaIJ_y ín section (d)of this secj.:åen

a general expression for the line shape of the AB part of an ¡\Bx spect,rum

in which the ÃB nuclei are undergoing exchange has been derived,

For the experimenÈal system discussed in secÈion 5 of the folror,oing chapter,
it tras only the AB part of the spectrum which was interesting because of
its rapid variati-on of line shape with the exchange r-ifetime, For this
particular regionu it ís necessary onry to obtain expressions for the off-
diaEonal elements of p invorving A or B transitions since the x transitions
contribute negliqåbly to Lhe íntensiLy at the AB part of the spectrum.

The line shape for the Ats part of the spectrum is given by .tr+r^B where:

(e8) 'r*tAB = QzL+ P¡l+Q42+Þ43+ P65+e7s+gae+ggz
i\lthough an expression may be found to include the X transitions, the method

involves tedj-ous algebraic manipulation (for exampleeexpansion of a 4x4

determinant) and the resuLtant line shape is rerativery unÍnterestinq"
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(a) " Dvaluation of

The matrix representation of the exchange operator P for a three spin-L

system (relative to the basis product functions, Tabte I) is given by

equation (93) for the case where the first tr.vo nuclei are undergoinq

intramolecu]-ar exchanse. From equation (9+) it follows that:

(es) p-lp0p-

Plt

P3r

Pzr

p4L

P5t

alt

P6r

Pet

Þl: a tz

P:: azz

9zs azz

P43 aqz

os: asz

9zl azz

oo¡ aoz

og: agz

Þtq 9ts

9la P:s

ôn ¡ 
^^F

Y¿1+ Y¿J

P44 aas

os¿ oss

Ã^ ¡ ô--Y(q Ylj

aaa 9os

9e¿ ogs

a tl Plo

P37 oso

P27 9zø

aal a+ø

^-- ^--r'51 v5b

P77 alç

ool Poe

agz Þeo

:rl
O4I

o*, I

:;:l
oa, 

I

,,,J

Substituting the

representation of

equation (99) into equation

is the followinq:

(95), the matrixresuLts

lrf\
\n. /

of

exchange

(100) 0

Þ:t-Pzt

Þzl-9:t

n

P zl-ooI

oot-o zt
rì

o r:-P tz

os¡-Pz¡

a zs-a 3z

a a:.l az

a lz*a oz

a øs'9 zz

P g:-o gz

0

Þ z4-a za

Þ za-a zq

0

Pla-ao¿

Þøq'Plq

o

0

P:s-o zs

P zs-o:s

0

P zs-P as

P os-P zs

0

I
T

P tz-o t:
I zz-a zz

a zz-a zl

a qz-Q qs

a lz^Þ øs

I az-a rs

P gz-o e:

P lz-9 to

a sr-a ze

P zl'Þ le

a ql'9 ae

P rl-Q øo

a øl'a lø

P ez-P so

Þ to-otz

a zø"9 zl

a zø'a sl
a se-a +z

a la-P el

a øo'a l7

o ee-o a7

0

o :a-o ze

ozg"P¡e

o

o zg-o 6g

9eg-oze

0

(The superscript.* È¡a" been dropped

following matrices.)

for convenience in the above and in the



(b). Evaluation

Applying equation (88) to a three

t}tat the matri>c representation of

/\
of l|æì

.'\êt /relaxation
spin-L

(**)

system, one

rel-axation
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has inrnediately

is the following:

(p o-p ) ., ., -A YZ -P tg
Tr tz T2

-Pe¡. (po-p) ^^ -azZ
TTTn-2 -1 '2

-o, ^ -o. -' L+ l_Ð
-m-ñ_ ,2

-0^, -0^-' ¿.+ ¿5
ñ'- il-2 -2

-O'- -O.-'to Lt
ñ-- ñ-'2 '2

-Þ ^- -o ^-'¿o ¿t
'n- ñ--'2 '2

-P¡e -azl
m
'2 12

-rc- -a qt
T2 12

-P Ft
Í2

-Pgo -agz
mL2 L2

-o te
m'2

'a zg
T--2

-p38.
T2

-a qe

u
-o sa

'T^

ln o-n ì.:I_åRR
f1

-Lr
m
"2

-24r. -P4?
T2 T2

_p6À

T2

-asz (po-p) -- -Þ:¿

', -E-" ç -0:S
ñ,2

(oo-o) -- -Þso

--+f,J
T1 T2

-a az (po-p ) ,,\ -l-*"( 101)
-P51 'aSZ -p5t
12 'I2 T2

'p 54
T2

-P_64_

T2

-Qlq -als
fnm-2

-o^^ -o^-'ö+ ö)
,, ,,

-r6r- -oe¡
rn^ m^JZ L¿

-Pn-
T-

¿

v83
t,

-Pos (oo-o ) -- -aol
---*-aa-T2 T1 12

-Pog
r¡")

- . -atz
Tz Tz

-ost -a gz

,,\

-AlO (oo-p) __ -Als
ñ- -il-'.' ñ-,2



(c). Evaluation of {ot, û,}

It is convenient to separate the cornmutator into

(ro2) {pr, fir} = {pr, ûå + Êi} + {p0

for purposes of evaluation. From equations (50)

IJamiltonians (in the rotating frame) for a three
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the followinq:

I{l ir ^.p,

and (51). the appropriate

spin-h system are;

(103a) fi¿ + ni = 
,lrrtr"o(r-or) - u\ riz

= .l-rr, - rl ,j= +. j=l

(where o. = y-H_ (I-o,) )I 'l o l'

and (103b) u1 = H í-r. ,.P P j=l'j jx

ET
+ <'t

+ q X JiÌ. Ii-IÞj<k

rir. li "I*

rt wirl be assumed at, tl¡is point that, nuclei L and 2 are of the same

sPecies, so that y1 = y2 = y"

Relative to the basis prod.uct vectors (Ta-ble 1) , the matrix repres-

entation of H0 + Hj may be calcurated. using equations (3oa) and (31).or-
The elements of this part of the Hamittonian have been compiled ín Table 3.

For an ABx system, the simplification is marle ttrat the vectors lV¿t
- | ,,,and lV5t do not mix with the vectors lVOt, lVZt .r,¿ lVrr,lV3t r"=p"ra-

ivelyu so that the off-diagonal elements joining these states may be set

to zero (32). This appro:çimation is particularly valid when the x nucleus

is of a different species than the A, and. B nuclei.

The matrix elements resulting from taking the commutator of oo wit¡
Hå + Hr are calculated directly from the results in Table 3 (wiûr the ABXI

approximaLion) " The significant elements arisinE in the evaluation of the

elements of ttre spin d.ensity matrix appearing in equation (g7) are given

beLo¡¡ (the 63 and 72 terms rvitl be required at a rater staqe) "
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the basisThe mat,rix e'lements

product. vectors for

Basis Product Vector

TABLE (3)

of H¡ + H: relative toOI

a three spin-L system.

Diagonal El-ements: frr^'1(Êo +
o

) ,,t

I vr'

I vz'

I v:'

I v¿'

I vs'

i vo'

I vz'

I vr'

gd,cr

crß c¿

ßao

ßßo

caß

oBß

BaB

ßßß

| (o1+o2+or-3o)

à (or-tor+ur3 -,,J)

L (;urr+crr+o, -u_r)

L (-or-urr+al, +6)

' L (urr+urr-ur, -rrl)

\ (urr-urr-ur, +o-r)

L (-urr+or-trr, +crr)

L (-or-urr-or+3co)

k (.rrr+trr+.rr3)

t (.rrr:rrr+.rrr)

\'(,rrr+,rr, -J zs)

L ("tr-"tr-"r, )

à (Jrr-rrr-Jz: )

L (J12+.rrr-Jz¡ )

ä (.rrr-rrroJz g)

à (t1r+.rrr+,rr3)

+

+

Off-Diaqona1 eÌements :

(Ê¿ + Êi) r,
{Ê¿ + Êî) ru

tH¿ + 
"il ru

* Hi):z

o Êi) sz

+ Hi) s:

rJr\"L'76

Ê,r"r''14

Êi) 
un

{Ê6 + Êï).,

tÊ5 + frît 
n",

tÊ6 + Êi.l 
nu

(fiå

(Êó

(Hó

', JL2

', J23

t "r¡

(ÍÌ, +

tÊ¿ +

(û' +'o

ABX approximation: T_T_A"23-"r3-" for the off-diagonals"
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(104a) {pr, iìå * fii}zr = pzrHtt - p 2.rr22 - Þstnz:

= pzt(-A-ô+trr/2) - a3¡J72/2

(r04b) ipt, Ê' * ff,Ì:r = 
':l'tt 

- azl'lz - Þ¡r':¡
= 0:t(-^-I+tr2/z) - a2¡Jy2/2

(104c) {p', Êå * fri} n, = p qzlzz * 04:H3z - a aztq.,

= pSz(- A-I-J72/2) + a+gJy2/2

(I04d) {p', ffå * fii}¿: = eazrrzs + p¿:H:: - a qsrrq+

= o¿:(-A-ô-Jrr/2) + aazJtz/2
(I04e) {pt, Ëå + fii}u5 = posr{ss - 065rrOe - atSlot

' = pos(-A-ô'+t12/2) - e75Jy2/2

(104,f) {p'. ûå o Êi}r, = pzsHss - Þøsrrte - atsr.tz

plS(- A-t'+J¡2/2) a Þ65Jy2/2

(roas¡ ipou ûå * íìiiss = pgorroo - 0s6rfs, + pB7H7e

= pge(-A-X,-Jrr/2) + og7Jy2/2

(fo4h) {p', Êå * Êiiez = psoïøt + el7nr., - pBTr{BB

= pez(-A-6,-Jt2/2) + o96Jy2/2
(104i) {p@, ûå * rii}r, = gsrurr - osrrrss

= PSf{ * t3 - ür + t(,f1, + .frr)}
(104j) {p', iìå * fii}e z = aozlzz * e63f13z - 9øZrrOA - ÞtZrl't

= 062{ + 03 - o + L(Jr3 - JzS)7 +\bO2-a72)J1,

(I04k) {p', Íìå + ûi}r, = e7zl23 + pz3H¡: - e63H76 - Q73H77

= pzs{ + 03 - r,r - L(Jts - ,rra) } +\þlz-a6:)Jtz
( 1o4r) t p,, fiå * ûi] uo = a sql 4a - p 

B4irBB

= orn{ * 13 -, - L(.rr, +,rrr)}
(104m) to'; ir¿ + ûilu, = aøznzz n ournr, - oo'Hoo - Þtsrlto

= po¡{ - ,I + 02 * rrr3 t¡ } + \(poz - els)Jtz
(104n) {p', ûå + fr,i}12 = aTZrTzZ I pt{ZZ - eAzHTø - atzF.tt

= a72{ + uL - r24 13 - r¡ } + \{'o73 - ou),t'
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Equations (104) have been derived using the substitutions:

(105) 
^ 

= o-L(trrt+trr2)

(fo6.e) ô = L(or1 -rz) \JZZ

(106Þ) 6r= L(ur1 -uz) 4 LJz:

(106c) t - \(ur-rr) - !Jr¡

(106d) Xr= \(ur-rt) + !Jt:

which wilI result in considerable simpJ-ification of equation (96) " The

effect of the substitution for A is to shift the zero of the frequency of

the rf field to tl-¡e midpoinL of the resonance frequenc'i es of the A and

B nuclei"

It is also instructive to notethat equations (104a), (104d) , (104e)

and (I04h) correspond to B-type transitions; equations (104b) u (104c) 
o

(IO4f) and (I04g) to a-type transitions; and equations (IO4ii-(lO4I) to

X-type transitions (equations (104m) and (104n) correspond to multiple

transitions which are forbidden in first order time-dependent perturbation

theory) " The last tr¡o equations, (I04m) and (104¡r) will be required

later to solve equation (96) u since these elements occur in equations (104j)

and (I04k) 
"

The matrÍx elements of ff1 are readily evaluated using equations (103b)
p

and (35), and remembering that I* = t(I+. + I-) and that I_ is the adjoint

of I* (in this case since In is rea1, I_ is simply the transpose of Io)"

Tl'¡e matrix representation of ä1 o relative to the basis product vectorsp

(Table 1) is then reaclily compiled from:

where the superscript t

representation of û1 iæ
v

( r., + r.: ) ÌJr l+

the transpose of the matrix" The matrix

belour.

( 107) Ho t I Vn
j=l'

i-ndicates

¡rresented
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-54-

0yTOy300o

y0oyoy30o

y 0 0 y o 0 y3 0

0yy0oooy3

Y300O0YYo

0y300y007

00y30.y0Oy

000y30yy0

(assuminq f L=,(2 = y)"

Using tlre approximation that the perturbing rf field is small, the

effect on the diagonal elements of the spin density matrix may be ignoredo

so that (effectively we set $(t) = 0) 3

(Io9) Prrrt = gnn = Pffr,

v¡here as before 0ffr", is the spin density matrix at thermal equilibrium"

From equation (71) e using ûo = fiå + Êi,

(tro) po = .rl "-(fiå 
+ iì;.l^t lr,,nn

Tr e- (Êi + riil ,ztcr

Expanding to first ord.er in the small quantity {fi¿ + ûil Ztt , and calling

the denominator Z:

(trl) olr, = {r - tfi¿ + fiilnn/x. } /z
= tt - (ûå) nn/krl /z

= {r - hHo( ì v+ r+") /kr} /z' f r ra
where the tiamiltonian has been converLed to energy units by the inclusion

of ñ" The last L:wo steps in equation (I11) involve the further approxim-

ation that the contribution to the total energy of the system by the

shielding constants and tl-re coupling constants are negligible compared

to the nuclear Zeeman energryô

The off-diagonals of this approximation for the densiLy matrix are
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ignored, since they are much smaller than the diagonal elements l(22 s25'ti

see also the footnote on paqe 46) 
"

To these approximations o po for a three spin-! system is given by

the folloning matrix (relative to the basis product vectors):

(Ir2)

o

U

0

0

0

o

v¡here r< = ñl{^ .
KT

The matrix resulting

from equations (108)

from the commuLator of p0 with

and (112):

å
z

ì-* tv*l:) o
¿̂

00

00

I-rcy " 0
2
0 I+r (y-y. ){

2
00

00

00

00

0

0

o

0

r-rc (y-I: )

¿

0

o

0

0

0

0

0

1+rg
2

0

0

0

0

0

U

0

0

L4rcy.
-!\)
2

20o

^,( z2 o

o _Y32

o0

-'(2 -'(2

00

o0

12 \2

Û

0

0

0

n

0

^

l+r< (y+¡)

0

0

0

_v2

0

-\2
t

0

1-*r.:
2
o

0

o

0

o

0

I

I

ffr^'p

2l

then follorvs directlv

( r13) ior, ûå) = c

.,o -v-

\20

ï20

o 'r2

.,2 ^13 v

o v^2.J

00

00

:'f2

0

0

^.¿.t

0

0

)

0

ñ

\.¿
t

^.2I

0

0

0

0

^r2t^

r3

0

U

0

0

\2

\2

0

where C = rl{---Ì-)
22-

.vi I {or, ÊË}

= ñjoHt
2ZI<T

I Y¡.t =

(Alexander (22) has

; zvzc <v rl r* | vo'

shown in general that

fot &I, = 1r and 0 for AI" = 0,
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assuming IL = Í2 = ... = Y) "

(d) . Evaluation of the elements of p.

The off-diagonal elements of the density matrix v¡hich are to be solved

for are given in equation (97) j Collecting the appropriate terms in

equation (96), using the expressions found in equations (100) o (lOt),

(104) and (113) ? there result. tlre foll-owing linearly dependent equations:

( 1t4a)

( 1r4b)

( 114c)

( r14d)

( 114e)

( 114f)

( rI4s)

( 114h)

/u\
\u'/r'
/uo'\
\rJ,'
/d\
\*" /n,

/ao'\
\Ð,'

/uo'\
\Fl.u
/un'\
\F1,,
/uoù
\Ð'u

/uo'\
\r/u'
/u)
\u' lrt

= 0:t-PZl - PZt + i {021 (-À-6+L.r) - \o3ro + y2c}
(

= P 2t:P¡l
r

= P !S-P 4_2_

T

= a az-P +z
T

= ozs-Pos
T

o os-o_ts
1

= pez:pgg

= 9gO-PAZ

i {o3r (-^-r++r) ' \PztJ + YzcI

n Lp¿S" + ^¡2c\

+ \o nrt + y2c)

- LtQruJ + y2c)

- Lo5r.r + y2c|

+ LourJ + y2c)

+ Lp^-J r- yzcÌ
Õo

T2

o:t +

t2

o4z. + i
rT|-2

aql- +
T

¿̂

{, n, (-A-t-lr)

i {oa3 (-A-ô-!J)

Pos + i {ous (-A-ô'+LJ)
T2

- P75 +
T2

- Pgo +

; {n-- l-^-tr+t.rì. ty65 \-o ,J ' ¿v,

i {os6 (-A-I'-\¡)
T2

oeJ +

T2
i {os7 (-^-ö'-LJ)

( 1r4i) + i {051 (ul3-r,r+l:Jr¡nLJz:} + yfc}
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(114j)

( 1r4k)

( r141)

( I14m)

( 1I4n)

= þlg -?eZ - AOZ

= A7Z -AAl - 0O: + i

Ti-2

T2

= AAt -PlZ - AZZ + i

-iy2c

-iy2c

{ o u, 
(or-o+!trr-L,rr, )

+L (our-o 
rr) ,r + vr2c)

T
2

/ao'\
\Ð,,

/uo'\
\rJ'o

= PøZ -Pl? 9lS- + i tOZ¡(or-t'-r-b;13+1J23)
rF-2

+\(orr-oul t

i {oga (urr-o-L,:rr-l:,rrr) + va2c}

+ t,2c)

aaq +
.F---2

F.)

/uo'\
\ã' i

OJ

72

{ o u, 
( -ur r+urr+urr-ur )

+ \b oz-prr).r)

{o r r?u r-ûr2+ûr3-t,r)

1 - ¡".7
:.
T

- ¡ - 1+ i(-Å-¡+¡:¡)
TT^

+ L(p 73-p62tJj

where J has been written for Jrr" The last two equatíons do not e¡rter

into the equation for the line shape; horvever they are need.ed to calculate

the off-díagonars Þoz *d P7:. Àssuming nor¿ stead.y-state solui-ions (i"e. ths

- 0) e €hese equations may be solved usincÌ Craernerrs rule¡ for example

the two linearly dependent equations (1I4a) and (114b) may be solved.

for the el-ements g21 and 0¡l by expanding the following determinants¡

( 115a) Pzt = '2

Þ

B

I
ü
EÍ
ú

-I-1+i(-A-6+tr) t-tjJ
iT2;
r - l¡ - f - I + i(-Å-x+L¡)
rrTz
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( lrsb)
',3I

i (-À-6+r:¡)
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-iv2c

-iv2c

i (-A-ô+L¡)

and (1I5b) ¡ and

tlre following I

putÈing into a form with a real

-1-I+
,t2
I
- 

_ ¡r.T
Tt"

1-LJ

-I-I+i(-A-X+b¡)
Itn"2

-1-l+
rm, t2
13- L,¡

+?+
-2

e2 + ?eJ
' 

TF'2 -2

e2 - 4ôx-
TT

( 116)

Upon expanding (115a)

denominator" one has

/ozr + o:r\ =LP*

where im indicates that only the ímaqinary part of the expression has been

retained (recal-l ttrat the imaginary part describes tl¡e absorption mode of

tlre n"m"r" sp€ctrurn), J = JI2o and where the substitution:

(117) e = -ô-I = 6r+Xr L(,rrrorZZ)

has been used.,

The usefulness of the substitutions (106) and (117) is now apparent:

an expression similar to (116) exists for tlre elements Þ42 and. g43r solved

for using equations (114c) and (114d), with the only difference that the

+8+8
'rzt^ Tz¿ ,-2

39å +
m-2

2L¿
m
"2

+ ?J2
T'2

¿1¿l J

-T-2

+ 2-
rFe

z

¿¡t - 2L3(e+J)+¿2(z6l+3eJ+ 4 + 2 +
Fffi
't2 '2'

T^2
¿

Tt-rJ

e2+ J2

4e

--I rl
¿

1

¿)

o'-¿-

+e2n
rZ

+ Ä(*2eôX - eZJ -

+ ôxer - 4qI_ - g
Tm mZ
"2 t2

2e2+ez +Jz
.'I^ T"U æ¿z¿

26xJ- eJ2-2J-4e-4e
T.2 t2 TT¿

+eJ+ 4 + 4 + 1
.n .l -Êm ? -m ? m ht2. , t2- , t2" t2-
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sign of J ( = JL2 ) is altered wherever it occurs in equation (i-f6) 
"

Furthermore, similar expressions exist for the el-ements Q65 and 075r

using ô! and X' instead of 6 and I in equation (116) and. (foIloi.¡ing from

equation (117) ) v¡ith the sign of e changed; and for the elements g96 and

gg7 using ôr and X' in equation (116) and rvith the sign of e and the sign

of J altered vrherever they occuro In otirer words, the paired el-ements

042 æd e43e A65 and p75, and pg5 and 0g7 *uy be expanded into an expression

similar to equation (116) for the pair p2l ard Þ31 with differences only

in the signs of e and. J (and usÍng 60 and It for the latter two pairs)"

The elemetra= 062 and p?3 rnay also be calculated using Craemer¡s

rule; however in this case one must expand 4x4 deter.minant,s since the

equaLions (If4j) and (114k) are linearly dependenL on the elements gU,

and p 72e necessitating the use of equations (114m) and. (1I4n) (see the

footnote on page 47) "

Bquations (114i) and. (1141) are each linearly independent so that

onehas immediately the following expressions for 051 and Q14:

( II8) Psl ={
'( 32C

aeq

@

i ( ur3 - rì + LJt: o \tr. ) ]-1

i ( r,ra - ü) - L"r, - \rr, ) Ì-l È

m'2

a¡rd ( lre) ={t
,r2

(e) " The AB part of the AtsX line shape"

The line shape function for tl-re AB part of the ABX spectrurn is given by

equation (98), and from the above discussion one has:

* p2l*p 3I+Q AZ+Q ¿:+0OS+075+0e6+Qg7( 120) AB line shape

y2c



h'here the spin density matrix

form of equation (116) " This
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el-ements are given by expressions of the

equat,ion may be rer.¡rítten in the form:

(121) ÀB fine shape

where the function fl indicates a summation over the permutations of the

signs of e and J of equation (ff6) for Lhe elemc-:nts 0ZI *d p:I (it is

understood that ô ¡ and X t are to be used in the appropriate places) 
"

Note that the units of measurement, in equation (116) are radians,/

second for eo ô, I, ô', Xo, Ju J13, JZ3, and A. Conversion to the uníts

of Hertz (also knorvn as cyclesr/second) is made by use of the equation:

(L22) radians/second = 2n Hertz

so that equatj-on (116) becomes¡

o.1+p3fcrQ(JrE.'tlx*-l
'(tc

t
T

lrr', + Par\
I -*_,___j{¡ _ - 2Ae

\ an2y2c l. E\ ' ,im

4qÀ
1

a .aarj a

T-2

TZrzT2

zôx-. + * +
T ITI-2 'z

+2:-r¿rT^2

2eJ-- + 212
rF TF-2 -2

+ 2L2îi,-'2

+1ffif
(L23)

Hence the function

parameters are in

^4 
- z¡3(e + .r) + ¡2(2ôx + 3eJ +

fr +.2+J2+ïffin
2

2ôtJ- ¿J2- J

+ À (-2e68 -

uz t L2

e2J - eîm'2

+ ô2[2 + 6IeJ

r2t2

21AT^î
¿

ôx - 6t +¿2'J2

E?
æ

+ 6J

¡- L-2

+I
n2rT2

An*Zø Z
-r L2 4y,4t?a12 4nq tTr3

+e2
æ

4T2T 22

+ç:
1611 4T24 4r2x12

116) if the

the parameters

J2

Q in equation (121) refers to equation

radians,/second¡ ând to equation (123) iL

(
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are in Hertz. rn the ensuing discussionu the l-atter unj-ts are assumed.

The proportionality constant in equation (12l) is the factor
ta41t"('C appearj-ng in equation (123) " This term is a scaling factor,

important only when signat intensíties from different calcurations are
to be compared"

The positions of the extrema in equa-tion (t2l) are found by solving
the equation:

(I24) ð, pL!0:t+o 4z+P43+P65+p75+ps6+Þsz
- 

I _----- ----_.-___=:--.--_*_:_ ) = 0 .
4n2y2c

For each term of the forrn of equation (123) o there exist at ¡nost five
extrernas three minj_ma a¡d two maxima (peaks) " Hence solution of equation
(I24) v¡ould yield at most eiqht peaks (two from each tërm) which is v¡hat

would be expected for the AB part of an ABx spectru.m. i' g.rur-l, an

analytical e><pression for thre posÍtion of the peaÌ<s can not be found;

however in Chapter VI a program (ABXFIT) is presented which uses numerical

methods to .l-ocate the peak positions (relatir"e to the mid_point of the
resonance frequency of the A and B nucl_eii see equatiorr (lO5) ) as welL

as the width of the peaks at their half_heighi:.

A case in which equation (L24) may be soLved is for Èhe system

when ttre three coupling constants are set to zero (in this case the four
terms in equation (121) are identicalu and t*re system is effectir¡eLv an

uncoupled AB system) and I/T, = O. One Lhen has:

(Izs) 43

where ô-* = lg =t\J3

(ie. nuclei l- and

2n212

-2I is the chemical shift between the A and B nuclei

2 respectively) " The roots of this equation are:
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(L26) ^ = o¡ t+ 'W; .
¿Ttr AB

The non-zero roots correspond to the position of the peaks (the m-i_nj_ma

are at + - and 0) in the region of exchange rates up to the point af;

which Lhe peaks coalesceo where the peak position is then at the zero

point of the freguency" It is interesting to note that the separation

between the pealcs (bëfore coalescence) is given by the expression:

(127) L GW;' "ÀR
lTT

which is identicar to the result obtained by Gutowsky and. Holm (33),

starting from the Bloch equations (see references (L-3) r(24) for example)o

when the d.ifferences in definitions are taken into account"
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4. lication of the ABX uation to Other stems

Iiquation (121) is also varid for arl two spin-L and many three

spin-! sysLems (assuming that, the exchanging nuclei are of the same nucl-ear

species)" For exampleo if Jr: = J23 = 0r the expressi-on reduces to the

(cornplete) line shape of a coupled AB system in whicl-r the trvo nuclei are

exchangj-ng (from the substitutions (106) and (lI7) one has that ô - -f,,

ancì. that e = 0¡ further set pik = 0 for j > 4 and/or k > 4) ;

( 128) ÃB i.ine shape I azt + P3l o Q42 + a43

4n2^¡2c

+ 2lt2 - 262 + 2J2 +
o (r) n212,!, n2'rT12 rrr TZ 2tt2tr3

4A.J +

¿

I
IÍz

¡a - z¡?.r + tsz (-262

+^(2ô2J' -.-J_) +ô4+ ô2

2r2Tr2 tr2 "tT,

+I
-f-| . L2

+

l-_ l
,2 12

+

+ I +J2+
-+i---2r'T2'-

J
zn2-trz 4n2rr2

I+1
4Tr'+ rT23 16T4T24

4n4r2-. 2' ^2

+J2ffir--2

where the function O (J) indicates permutation of the sign of J in the

expression following, and where ¡AB line shape' notJ refers to the entire

line shape of an AB system" This ex.pression is identical to equation (57)

obtained by Whitesides (25lr when it is assuroed that 12 = - (i"e. the natural

line wídth is neqtiglgls ) "

Bquation (121) is also valid for an A, and an AX system, since these
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systems may be treated as special cases of the AB system. simitar.Iy

the equation is vatid for an ArX and an AMX system (it is assumed that

nuclei 1 and 2 are exchanging) r these beinE special cases of an ABX

system" Finally, although the derivation is not val-id for an ÀBC systemt,

the equation may prove useful Ín the intermediate range between an ABX

and an ABC system.

The approximation for an ABX system vras introduced for equation (1O4).



Chapter vI

CO¡PUTER PROGIÙIMS A]SD CALCULATBD SPECTRA
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1" Illro.{_uc_t*icl

The plotting of equation (121) and the fitting of experimental
spectra with calculated spectra has been greatl_y expedi¿ed by the use

of computer progranming. section 2 of this chapter is concerned v¡ith a

description and the specifications of several programs whicl-r have ¡¡een

written for the AB part of an ABx spectrum, As was mentioned in the
previous chapter, the line shape expression (equation (L2L) ) is valid
for a number of other trvo and three spin_L syst.ems¡ these programs have

the sarne range of validitv"

rn section 3, severaJ- pl0ts of calculated spectra over a range of
exchange (correlation) lifetimes for some of these different systems are
presenLed" Exampres of fitted experimentar spectrao where tire fitting
has been achieved b]' the rnatching of ]ine widtrrs at harf-height of the
experimental and the carcurated specÈra, are shown in section 4_
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2" DescqipElgn gf tþe pfogrq$s

writing

facilities at the universiLy of Manitoba necessitated. the

the following prog.rams for the plotting of equation (t2r) r

(c) ABXGRAFs this program

the form of a rough step-type graph

'r'ne

of

(a) ABXPUNCH: this prograft, written for an TBM-360, calculates

the line shape for the AB part of the ABX spectrum (using equation (r21)

and punches on cards the frequency and corresponcling intensitlr over an

input range of frequency.

(b) ÃBXPLOT: this program is r^¡rítten for an IBM-1620 compurer

with a carcomp plotter ut,ility" rt reads in the punched. cards from

ABXPUNCIT and plots the spectra"

The foLlowinq prograns were also written for the IBM-360:

calculates and ptots the spectra in

on the line printer"

(d) ABxFrr: this program is used to fit experimental spectra

with calculated spectra. outpufincludes ped< positions relative Èo the

midpoint of the Lransitions of tt¡e A and B nuclei (i.e" solutions of
equation (L24') ) o Ðd the rvidths of the peaJcs at their harf-heiqht"

(C) ABXGEN: A COMbiNAIiON Of ABXPUNCH, ABXGRÄF ANd ABXFIT for

multipurpose use,

The specifications and input requirements of these prograns are

given below (see Appendix Ir for a listinq of the source deck and sample

input and output).
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(a). ABxPUNCH

Abstracll signal ini:ensitj-es are calculated using

equation (121) (equation (123) is called four times, with the signs of

J and e permuted) " Four values each of signal intensity and frequency

are punched per card, and a variable step size is used; these feaLures

are used to minimize card-punching (and card-reading for ABXPLOT) while

maintaining the requirements for a smooth plot. The signal intensity has been

scaled so that the maximum peak has a height of I00 units"

Specj5lca!_igns,: l-anquage: FORTRÀN IV; Iibrarl' routines

required: SQRT; storage required: approximately 6K; execution time:

approximately 400 points/second or about 3 seconds /ctraph (the nurnber of

points vary from about 300 to aJ:out 2000 for a spect,rum) .

InH-:-t_l?a.r:¡j.,t--j'._qrs r card .l Ê J L2, J lSì J Zl9 ÄB shi f t;

starting frequency; stopping frequency (the last trvo parameters may be

set at (+shift) and (-shift) respectively; holever it may be useful to

decrease this range, since the nunù:er of points output increases as the

range increases), The units for these parameters are I{2.

card 2: comment card"

o card 3 to card n: lifetime (seconds);

natural line width (seconds); height of plot required (in inches to the

nearest tenth) ¡ scale (in Hz")of the freguency axis. Defaul_ts included

set T, = f"0 and/ot scale = 1.0 if no vafues are specified"

card n+1: blank, denoting the end of

this series of lifetimes with the parameters given ín card 1.

card n+2: blank denotinq the end

the job or a sequence of cardso starting from card I above, denotinq

new series of calculations

of

a
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Output data: the input parameters and the nun¡ber of

cards punched are prinLed out" The followinc; set of cards are punched

for each spectra:

card I: AB shift; J.^; J.^t J^^t
L¿ IJ ¿3

lifetime; scale; starting frequency; stopping frequency"

card. 2: height of plot, T2.

card 3 F-o card m: signal intensities

and frequencíes¡ spaced alternatelyn and running from the startinq freq-

uency to the stopping frequency.

car<1 ra+I; Lrlank, denoLing the end of

this spectrum. Furtlrer output is as above if more spectra are to be

calculated "

(b) " ABXPLOT

Àbstract: reads in the cards directlv fron ABXPUNCH and

plots the data on a Calcomp plotter" This program effectively uses the

1620 as a card reader" It may be easily converted to read and plot

similar output from other programs"

!re.gljf!g.!ig¡g.: language: FORTRAN II; lib::ary routines

required: CIIAR and PLOT (used with the Calcomp); storage required:

approximately II(; execuLÍon time: about 1000 points/L5 minutes' or about

10 minutes/spectrum,,(these timitatíons necessitated a mínimizinq of cards

read in orde:: that finite plot times would result) "

f nput Parautgrs ! any set of output fTom ARXPUNCH n or

any data set in the same sequence as the punched ou.tput from ABXPUNCIÌ"

Og-!p_ut_ ng_t_a: prints out the pararneters on cards I and
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2, and pì-ots the corresponding spectrum from the starting frequency to

the stopping frequency (if the starting frequenry is greater than the

stopping frequencl,, the plot is from thigh fíeld¡ to'Iow fieldn) with

the scale and heiqht (of the maximum peak) specifiecl"

(c) " ABXGRAF

Abstqact: signal intensities are calculated using equation

(LzL) , and the spectrum plotted on the line printer. The ciensity of the

plot can be altered (by changing the scale parameter), an<1 the siqnal

intensities are scaled so that the ma:¡imum peak has a heiqht of 100 units"

This program is essentially the same as ÀBXPUNCH, except that the step-

size is fixed for a spectrum and the output is printed rather than punched"

Provision is also made for searches about a lifetirne.

Sjecifica!j-or¡g: as for ÀBXPUNCH.

Input larameters: as for ABXPUNCH, except for cards 3-n"

These cards have the lifetirne a T2ï the scale ín Hertz (assuming 6 lines/

inch on the líne printer) of the qraph (defaul¡options set scale = l-.0 Hz.

if no value is specified); and the optional parameters of step-si:-e and

the number of steps which may be used for a search about the fifetime.

For example, if step-size = 0"01 and number of steps = l-0, ten spectra

wiII be output rvith Iifetímes ranging from (specified lifetime - 0"05 sec")

to (specified lifetime + 0"05 seconds) "

OuH,!.Pa!a.; a rough step-type plot using the sytnìrol | *r .

Intensities have been scaled to qive a maximum peak of 100 units and the

Íntensities have been rounded off at ttre first decimal place.

(d) " ABXFTT

4bstract¡ calculates the peak positions by searching
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equation (I2I) for maxima. A second pass is made through equation (121)

to locate the positions of the half-heights of each ped< (the hatf-height

is found on botir sides of the peak), and the haLf-height line wídth is

calculated (on both sides of the peak; this eliminates errors due to the

asyiTEnetÐ, resulting v¡hen there is overlap) " Provis.ion has i¡een made for

overlapping peaks, anrd all output intensities have been scaled so that

the maximurr peak has an intensíty of 100 units

Speciflqationg: as for ABXPUNCH, except the storage

reguired is approximately 23K and the execution time is aboul I second/

spectrum"

Ii¡p-ì¡t_Pq_rqmqt*qq:.: as for ABXPUNCH with the search option

of ABXGR.AF"

9¡_tnyi Ð+j¡: peali posiiions (relative to the midpoJ-nt

of the transitions of the A and B nuclei) ; the half-height line rvidths

of each peaJ< (a line r'¡idth of O"0 indicates that the minimum on one of

the sides of the peak is greater than t.ile half-heiqhte i"e" considerable

overlap is occurri"ng);the average half-height line width or the line

width at the hatf-height of the lowest peal< of tv¡o or more overlapping

peaks "

(e). ABXGEN

Abstract: a conglomeration of ABX?UNCi{' ABXGRAFo and

ABXFIT" Output is eiLher in the form of punched cards, or in the form

of printed output"

Specific?liol:: as for ÂBXPUNCH and /\BXÈ'IT, depending

on the outpuE" Storage required is about 26K"
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Inpu$ _Parem-e9,e5;: as for ABXPUNCH ç¡ith the search option

of ABXGRAF, and with the following changes: card 1 also specifies the

type of output (printed data or punched cards) desired, and carcls 3-n

specifies the lifetimeu T, scale (of the qraph or of tire punched cards

for plotting)¡ step-siru, number of steps, and the height of the plot

desired (for ABXPLOT only) " Searches are not. permitted for punched outpuL.

Output-_Pqta: if punched output is specifiedu the

output is the salrle as for ABXIjUNCII; othenvise there v¡ill- be output as

from ABXFIT with a rough graph as from ABXGRAF for the lifetirne specified

(or the central lifetime specified in a search) 
"

Detailed format, instructiotrs for the input parameters are included

in the printed output of the source decl<s in Appendix fI.
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3.W

The spectra prese¡ìted in the follov¡ing figures have been plotted

by ABXPLOT using the data calculated and punched by ABXPUNCH" Several

different systems have been done in order to test the range of validity

of the theory and of the computer programs ín calculatinq line sha¡ies

for these systems when there is intramolecular exchange"

For each system series of plots have been made for different

correlation times (corresponding to the average lifetime of a state before

exchange occurs), whichare equivalent to the inverses of the rates of

exchange. Note that at a long lifetime (slov¡ rate of exchange) the

specLra resemble systems in rvhich there is no exchange, and that at a

short lifeLime (fast rate of exchange) 'che spectra resemble systems in

which the exchanging nuclei have the same chemÍcal shift (and in general

aruraraEed coupling constants to other interacting nuclei): for example

an AB system undergoing fast exchange resembles an A2 system; sirnilarly

an ABX system resembles am A2X system.

The'references to a strongly coupled and a weakly coupled ABX system

in Pigures (5-8) mean that the ratios JOg/(as shift) are respectively

large or srnall (l ,2) "

Fiqure (8) consists of only six peaks at a long lifetime because

four of the peaks coincide"

Also note that in Fignrre (9) the peali at a very short lifetime is

not sptit; this is because tJle effective coupling J¡¡ç for the ArX system

is qiven by L(Jex + Ju*) = 0.26 Hz., and this small splitting is not

yet ,so1ved. (cf. Figure (5); the effective coupling of L.5 Hz. can

be solved) "



FIGURE (2a)

Calculated spectra for an ÀX spin-! system

in whicir ti'ìe ¿\ and X nu_c.[ei_ a]:e Llnd_erooinn

intramolecular exchanqe. parameters for the

spectra are: AX shift = 10"00 llz" r JO, = "5

Hz" c 12 = 1"00 sec.å scale: I division = I

Ilertz "

(A) Lifetime = I0" sec.

(B) Lifetime = L. sec.

(C) Lifetime = .1 sec.
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Frcu\P_ .(2b)

As for Figure

(D ) Li fetirne

tI;, Lrret]-me

(F) Lí feti¡re

(2a) 
"

= l{l " 4ô^

= l0-3 sec,

= lll - cê^
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FIGUR-E (3a)

Calculatecì- spectra for an ÀB spin-l5 sysLem

in which the A and B nuclei are undergoing

i¡ri;r¿:nollccuiar e:lciranrge. Paranci:ers for i:Ìrc-

spectra are: AR shift = 10"00 Hz", JAB = 2.00

Hz", rn = I"00 secondsi scale: I <livfsion =¿

I Flertz "

(A) Lifetime = 10. sec,o

(B) Lifef:irne = l. sec;'

(C) Lifetime = .l sec.
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(B)

ù,\Jr¡\iV



qJçVBF (JÐ

As for FiEure

(D) Li fe time

(E) Li fe time

(r) Lifetime

(3a) .

= 1O-2 sec.

= 10-3 sec.

= 1o-5.sec.
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TIGURE.(4).

Calculated spectra of the region of A-type

transitions for' an A2X spín-L system i n which

the tlo A nuclei are undergoing intramol-ecular

exchange" Parameters for the spectra are:

JAB = O Hz", JAX = JBX = 1"00 Hz", Tt = 1.00

sec.i scale¡ I division = l llertz"

(A) Lifetirne = 102 sec"

(B) Lifetime = "l sec.

(c) Lifetime = 1O-5 sec.
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FTGURE (5a)

Calculated spectra for the region ol" Iþ and

B-type transitions for a v,reakly coupled ABX

spin-! sysLern i¡r which the AB nuclei are

undergoinq inLr:ainol-esular exchange. Par;urr-

eters for the spectra a::e: AB shift = 20"00

Hz", J* = 3"00 Hz", JAX = 2.OO Hz, r J"* =

L"OO Hz", T2 = I"00 sec" i scale: 1 division

= 2 Hetl-uz"

(A) Lifetírne = 10" sec

(B) Lífetime,= 1" sec.

(C) Lifetirne = .1 sec.
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Frqr¡E_(sql

As for Figure

( D) Li fetiine

(E) Lifetine

(F) Lífetirne

(5a) 
"

= 10-2 sec.

= 1O-3 sec"

= 1O-5 sec"
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TIGUR4 
-1.61J_,

Calculated spectra for the region of Þ and

B-type transitions for a strongly coupled

j\BX spin-! system in rvhích the AB nuciei are

undergoing intramolecular exchanqe. Param-

eters for the spectra arer AB shift = 4"00

Hz", JAB = 3"00 Hz", JAX = 2"00 Hz., J"" =

1.00 Hz - u T2 = 1"0o sec.; scale: I. rlivi.sion

= I Hertz,

(À) Lifetime = 10. sec.

(B) Lifetime = I" sec.

(C) Lifetime = "1 sec.
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FrcuRE_-(_6bl

As for. Figu.re

(D) Liferime

tÞl L]. Ie came

(F) Lifetime

(6a) 
"

= 10-2 sec.

= 10-3 sec"

= l.u " sec"
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FIGUR.E ( 7a)

Calculated spectra of the region of A- and

B-type transitions for a stronqly coupled

ABX spin-% system in which the AB nucl-ei are

undergoing Íntramolecular exchange. param-

eters for the spectra are: AB shift = 10.00

Hz" r JAB = 4"00 Hz" o JAx = 2oO Hz., JoX =

1.00 Hz., TZ = 1.00 sec.i scale¡ I division

= 1 Hertzn

(A) Lifetime = lOo sec.

(B) Lifetirne = 1. sec"

(C) Lifetime - "I scc.
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(B)



qr.cuBE qþl-

As for Figure

(D) Lifetime

(B) Lifetime

(n) Lifetime

(7&) 
"

= 1o-2 sec.

= IU - SeC.

= 1O-5 sec.
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FIGURE (8)

Calculated spectra for the region of Ä- and

B-type transit-i-ons for a strongly coupled

ABX spin-L system in r+hi.ch the AB nuclei are

undergoing intramolecular exchanqe. Parameters

for ijre spec'cra a+..e: ÃB shift = 10"00 tlz",

JAS = JAX = JBX = 2,OO Hz" o lZ = 1"00 sec" i

scale: 1 division = 1 Hertz.

(A) Lifetime = 1O. sec.

(B) Lifetime = Io sec.

(c) Lifetíme = 1o-5 sec.





FIGURE (9a)

Calculated spectra for the region of A- and

B-type transitions for an ABX spin-L system

in whÍch the AB nuclei are undergoinq intra-

molecular exchange" Parameters for the spectra

are3 AB shift = 15"00 Hz.r J* = 2"I4 flz" ' JAX

= 0.50 IIz., JBX = o0l Hz., T2 = I"00 sece i

scale: l division = LIIerEz.

(A) Lifetime = 10" sec"

(B) Lifetime - ]. sec"

(C) Lifetirne = .l sec'
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As for Figure (9a)

(D) Lifeti¡ne = 1o-2 sec.

(E) Lifetime = 10-5 sec.
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4. ritted E*P.¡iltqllql rPggEg

Analysis of the hindered rotation in i2 , 4 ¡; 6 , u p-pentachloro-

toluene has been made possible by Lhe use of a fit of calculated spectra

with the experimental spectra (in the region of A and B transitions) ' (34) '

It was assumed that ttre molecule existed primarily in the tr¡¡o conform-

ations below¡ in this case the hindered' ::otation is equivalent to an

intråotecular exchange process because the molecular syrnmetry is con-

served in the two conformations"

F,IS9I!E g0) " The two assumed molecular confornt'-

ations çf 2,4,6¡ c,r cx-pentachlorotoluene'

arísing due to hindered rotation'

In Table (4) there 4{&presented t}re half-height tine widths for the

experimerrtat spectra and tÌ¡e calculated spectra (using ABXI¡IT) " These

parametersr'rereusedtofitthespectrabecausethereisana¡:omatic

solvent induced shift (ASIS) which is temperature-dependent' ancl conse-

quentlythepeaJ<positionsarenotsolelydependentone:<changephenomena.

Bxamplesofsomeoftheexperimenbalspectrafittedtothecal-

culated spectra are given in Figure (11) " From the Arrhenius equation
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]2g) k = Ae-Ea'/RT = I/t

where k is t¡e rate const-ant and R the gas consÈant, [t has been calculated

ttrat the energy of activation, B.r for the rotation j-s 15"2t1"3 kcal,/mole

for the compound in toluene-d, solution (34) 
"
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TABLE (4)

Ilalf-height line rvidths of the experimental spectra of

2, 4, 6, crrc-pentachlorotoluene in toluene-d, solutiont

and of the calculatecl spect-ra (using AB>arIT) with the

parameters:, AB shift = 14. L7 uz.t, JAB = 2-L4 Hz. ' JAX

= 0.52 Hz. r JBX = 0-OI Hz-, and T2 = I.38 seconds (taken

from Fuhr (34) ).

shiftt T (oc) t (sec" ) ca1c" widttrs5 ExpL" I^Iidths5

L2.gg -8. B "777 1.19 1.03 . r" 11 1.09

"52 "69 .62 "7O

L2.62 -3.2 "r4-Ì 3"93 i"5i 3"93 i"17
1"08 3.61 1"09 3.77

L2.L7 +2..7 "2!4 4"L7 4.02 4.22 3-99

11.48 27.2 "0227 5.8r

11" 35 30 " 3 .0184 4 
'',42

11"20 34"2 .0157 3"63

10" 57 49 "9 "00419 1" 14

'' 10.21 58.L00200 o.83

9.65 72 "6 "00071 0" 70

5 "82

4.43

3"64

1.14

0"83

0"70

f
Shift values for short lifetimes obtained by extrapolating a plot of

temperature vs. shift (34).

g

Width values are averages for the calculated widthsror the half-height

line width of the smaLlest peak in a group of overlapping peakso in Hertz"



TIqURE (11)

Dxperimental spectra of 2 ,4 t 6 , o,, d-penta-

chlorotoluene in tol_uene-d, solution fitted

to the calculated spectra of an ABX spin-!

syst,em with the parameters: AB shift =

I4.Il Hz" (see footnote, Tab1e (4) ), JAB =

2"!4 Hz", JAX = O"52 Hz", JU, = O"0I Hz" r

and T, = l-.38 sec, (after Fuhr, (3a¡ ) "
(A) Lifetime = "777 sec., T = -8"8 oc.

(B) Lifetime = .116 sec", T = 2.1 .o,c.

(C) Lifetirne - .0184 sec., T = 30.3 oC.

(D) Lifetime = .00419 sec., I = 49.9oc"

(The sharp peak in all experimental spectra

due to an impurity in the sample) "

1S
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DISCUSS IOI\I AND COI'JCI'IIS T ONJi----------*- '
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ft appears that the calculated spectra are at least qualitatively

correct:atalonglifetimethespectraresemblesystemsinwhich

there is no discernible exchange occurritgf, and at a short lifetime Èhe

spectra resemble systems in which the exchanging nuclei are identicalt

(eg. an AB system undergoing fast exchange resembles an A2 system; similarly

an ABX system resembles an ArX system). The intermediate reqions appear

to be a resonabfe succession of plots from the long-lifetime limit to the

short-Iifetime limit.

Furthermore,becauseoftheclosesimilarityofarrexperimental

ABX system to a calsulated ABX system, it appears that the theory is also

quantitatively accurate. It is this latter agreement v¡hich lends substantial

proof of the validity of the theory (explicitly for the ABX sr¡stem,

implicitly fot the simpler systems discussed) "

.-
t

The fast and sl-ow exchange liruits, relative to analysis by n.m.r. tech-

ç 1 -1
niques, are of ttre order of 1o) and Io-'L sec'-^ respectively'



Chapter VÏII

RE CO Yrl,,lijtll"-ì.roT I O}l S T¡OF F U'lllJRFì R}JS E^ìl Cht
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The application of density matrix techniques to tl¡e analysis of

n.m.ro line shapes in the cases of chern-ical exchange is becorning verY

popular (22r23r25-3I). Newmark and Sederhol¡n (31) for example have

applied the theory to, and written a progiram for an ABX system in which

aII three nuc-lei are undergoing intramolecular exchange. More recently"

Binsch (35) Ìras wrj-tten a program which will handle an ÀBc sl¡stem; his

approach uses the tLiouvifle' operator (3I) and the density matríx

technique. Applications to more complicated spectra are undou.btedly on

the way.

Aside from the calculation of line shapes, the density matrix

technique has potential in the analysis of high-resolution n"m"r" spectra.

Starting from equations (84) and (85), and assuming a basis set consisting

of the eigenvectors of tire Hamiltoniann it núqht be possible to correlate

a transiti-on v¡ith a given element of the density matrixn and thereby

deternuine the parameters of chernical shifts and coupling constants for

a given spectrr:m. :í: one started from equation (89) instead of ßa¡ '

the additionaL information of half-heiqht line widths could be used as

data for the analYsis.
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Sínce I* ís a strictly upper triangular matrix, one has:

(41) (toìjo = o for j2t-

The trace of Èhe matrix product of f* with any matrix A is given by:

(A2) Tr (r.A) = E X tt t -- À-- '-+"' j k t'+'ik ''k3

The diagonal elenents of A appearing in the trace of the product matrix

are in terms of the form:

(A3) (r+) jj Ajj

v¡hich is zero because of (¿1I). Hence the only non-zero terms involving

the density matrix appearing in equation (85) or in equation (87) must

contain off-diagonal terms only"
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1/Jl ti,),rt (j,:':i¿¡ r //// tL,; ç5)irIi;,1-: :t I'li, lJT f'¡rì,i.1-iJ'F'<\. tlLi:. ,,!Nrllt) Cl,J:r/r I..iJ\j f l,.fl
¿l. l.L ì,iilr-l eFIO.lrt'..rl ::1 L" t/Ii,, ri)iy j.¡; .Ji2 rl-liJ..4¡l:li /,T¿" ç/".,1 ,i)lj\l 'f iti j
J-Xrili JIJ rFÌÛ"1.si'l i-l l'll-. ¡/tit r:jXrSit ,J,Ì-) çFl.0"t+¡51t, l'l-l, ,/L¡1 ,DXçi:i;ì'j T L:2
L!Lt.ii', L.ii"r.:lir,i i: ,f-I("; .e t:.t.-t Sl.(-. ,t/9X ç¿ùl-i l,r ÁIl,l tìl\L Lii,,l E lu.illl-r.l yFLl,l:r)t_ji,,-f l:,j.,
:)5fl Slr.." t/1.i1 r[:Xe l,i Í.,Cr':i i: rFlCr*4r.,i\ l-iTZ. /l:r\" t/ jtl rgXl pi1:lT J¡,,:
b i:li i:l- lGltl 'i1lo"Lrrllt iils. ) pi_Ji\jl' l:;:,
I'jF,j.ì¡ {;-il'.iPJ,\ilt¿r):ii-iiFi, CJL,t:'¡ l.J,AXr c.Jbxr l-ô,-Jy SC;tt¡¡r:jr,riìI, srrlpDlJi,JT 1,",,!

lrYljGl ir T? pt.JirT l','l
L',L i:L-,íì.:.'i',.T (iit-'l{)"t) pt-Jf.l-l- li,',

ti l-l;,=i:l-r.iÌT or.Jl.jT li,,ì
i.i.,l-.ii::)i=l pUtrJT LÍ0
¡¡li,I=rJ"U Fr.Ji,,t-f Ii,1
iii l]'l..i i,=r ?ili.lT L..,2.
ciLCt,l,r-,fi:- ;r.r'.i1.,LLJIÈ'iJT i.i.r C¡,iìi-r5' ltiÈ lirfi-:\:Sily iiF Ti-ii S]GtJ,ôL ÁS l), ptr".ir .Lí':i
{:Ui,irl.l úrl i)f- t-iil-r(ì[j¡i.it.Y " i)[Ji\]r l,',¡

LC, i:,;,1)l =;l,r,X(,,Ì,1 lrr.-rC;:,iriliLtî.i".,L¡l:IlrGtlr:_r it_TA) r)tJí,lT ìai)
l-+,' L:,)i, (;':,i..lt ,::Lì r L'.i'.¿¡ i),:,t¡ it.Zt f:'!:1_t GL.Z, iìi:.LT¿., ) pul,i T 1,..,.:,
l+it,ì,(,iXir Aili ^Lt,.z¡ -l;;:?)r [.Xl¡ i:X1r fixr, DEL]lr) pU\ìI Li-]
¡J-/.i1,\(.,Ã2ç ,r'[ìr -(..!:'tr -[,rJs l);zs l'-Xi]r L)\2¡ D[LT,A] DtJr,lT li,'
V,1,i,."ri;Lr .:'í'i:i.) Sl"7li" LIi'rÌ15, (,r"1, ¿ì,Í,li) 0"uùr,)5 FlIL" ì)ij\il- 11,,(-
i., l'tji:,=:tri.j5(i:ì¡:fì,;:io6¿/ {!i:tl¿_.,\,i.Ì l, l- }} ,,Ui,jT I /(l
lf (:Ti-F.(,i"C"l) Sl'i:fr =0.J- DtJi,Jî l'l
ii' (i:lr.i,"i.i-"û"000:,) ;ír.-[ =()"1]oû5 ptj¡iT 1,,:
i:: ir lj i-:,,1, j,i i'r.:l o ¡ rt r I ¡ ,,

Ìt(ii,li')'::x)=íJi-LTl, pij¡ll L'Ìi.-
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;.'i'iP ( l" l.iili':X ) = i\r.i¡:'2'í. fù:iJLT
i ír'il i: X = ì iri i) i: )l + I
lJi,. L Ti' =iJ: [- TÁ* S i L i)
Ii'()(iJtX*¿;) lI9, l-I(,, l¿U

¿û r,FìlTL (:J;,,jPui'ìr i¿l ) (hi'il (ll,!ijLll )r ij(Ii'jrl.x) I ii,jij[X=Ir¿r]
¿L FLif-,iii.T ( i]i: i0"'rl

i llDi:).1= I
l',J [r ir r.J i,. = i. I r-) [.r U i,l + I
1l' ((ili-jP*i-ìi-t-l¡.1"Lir"Slli-f ) GO Tii iicì

:¿Z l.i¡l i'l'i_ (ü¡.,tpiì:-l'¡.r ¡ L2j) r,jLiirLi'!
l:; I:[,i'ì,Ìì']'-l (lij ¡//¡Lll ,tÄ7rl,.r-Jlìh.Ii] i_ìË C/ii;ìLlS irLj[iCi-lËD:r,:i5)

îlii. I i. (¡-,i'll.'r-ìT'ì. r Il4) ivrìi'ii
i:, i:íiiì''lr-'i- (li1 t///rlli r:¡);rfOrl [-i,il) r-ìF PUl.jCi]í[.G FCiì Cl.'lf]ilUirrt-r

lluiì.+)
í.tí. i. TL- ( Ji'iPU t'.t 7 L2 -t )

2l¡ F[-rü ,ìirT ( I ¡i I

Gtl 'l',- l,J3
JiJ ìrË jl'ir (i_ii.jP[:iTii.r l¿])
l, Í-UFì';"1,. t ( liJ ,2,Jil i i',i¡-'U j- ,-)¡1,'l-ii l-l,l_ji.ii;L i:D )

-itj irlì. lli' (LJì]P!ìTi:ir iJL)
i L [-i-r ¡.r.r ,rrT 1¡;li r Züli i-r ùji; i.ì f' Ti{;S J';l-rì;;.:¡>1. )

C,4l-L r.XiT
L¡JD

pUi,.jr 171
t)Ur\lT I 7¿.
pl-J\ìï I 77
pU,{T I7F
DU\rT [7c
pt.J\,iT l!û
pU\ir l:r I
PUi]T L;2
PU:\jT iii f
PI.JI.iT L?L
PUi,lT I it (
PUiif L: {,

/¡Lt'l rBXrDUi'll l!7
P[Ji,¡ï I ?rj
PlJt.j-t- I i o
DLJril' tç0
PtJi,ll I1 Ì
PUI.JT J A2

PLj\11 i ç 3
PUlll' Ll ¿.

P tjriT t. 15
P [J ¡,j 

'!- ] !r l:
PU\JT Ii,?

SAI4PLB TNPUT:

2"L4 0.50
TEST C¡1SÐ; ABX-TYPE
1"00 r.00
0"000001 1"00

0"01
S]?ECTRA"

3.00
3"00

L4 "I7

1" 00
1" 00

14"00 -14"00
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;lr,;j,.[]LCT í)L,lT 
l_

¡::i.ll I {UFr, ii " ,; " G,j,,l D ¡; I i.l I i'l+ ';
t, L L.l t' 1:-l-ii-l S PÍ. Llill r, l'l tiL,iL,S ii\.r Ci\i(ì):, I iji'j Ll-li' ij l-ìy r;i--,XFrJl."Ci.l ,a:i,jD pLíl-l S Tl-li:l.i irL .iT 5LIi'J À C;r,i. i.i ili) PLllll ¡:hì, l-f is, t.,Ìil.TL-¡r, f-i)iì ,,.i., it:,;.i-¡,;,¿¡ Ii.,.l Fiti-tl¡ìAxl i j.i'L')T \

Tt".J Ii'i 1 i-r:i\i,r.i. slji:ì l'lr;..rLli'rrs ¿ri:f iìi-:(.r i.JIlìirir Cl-ii F. [t.i:i.t pLri l". lll[_\l ¡tìF pt_ll r 1
:;i':ri,,il,)Á1,.1) l:,.Ji.ti(r-,irj.iii¡i::.fr,lrp[:L-iÊt, iiy ]tsr.i Fi'.riì, Tl-.ir: (.1:LCi.lt1i¡. irLrlT a

PLi]T O

lXCt-i: ì- l.ùír SC/:rL.í-r i;'l'i\ir j-r SlUf. AlrD yiiûi:l' Tl-ir _rË r, jriì,1;"i;T:RS t",iLL j\ìCl pi itT LO3i: ll:rll ii: ¿i'.lY C1_ji',i2Ul;rTrLrr.t. pl.{.t I lI
';lr j-ì¡:ri-, c;É.r :'illFTr L.J.iiir CJ.¿LXr CJilXr Tl(i, SC¡iL[:, STlr-il', STi]i,, yì.,iíìr-i I ¡ pLi_rï LzL ï¿ i,LtI. 13
'.t(.; i:L-ìril'1lliî :i:ri-iU":;< i)Li_.iT LL,

iil_.,,r.iK L,'iir-ii.ì.; Ti:Rl,j¿ir:,1 Ti:S Jt_ i] pLi)T 15'{l-' ;;T,{LJ< r.l'-l¡ L:2:i 17 []Lilî IóYl-luiìT ¡:;iì,. _'i;rLl ti.r,Vt Li.FiiLjLl-S LJf:, 4.() i¡jiL{i-S ¡t,D l.C HTZ t_,ì.:!-r CU" jjLrli L711' 'if .lYliGiri( 9itç .it, ,r9 
¡_.LfjT Lir

9 g l'i ji; i17 1 /- " 0 t, l_.,t I .,j

)':; lf 7.Su,{t[:.: iÛr-)r 10t,tr I,Jl
l.úi-) :,i,Jrl.!.,i].".,r 

-\ ¿r'r-/t ru\/t r'./r l-'l-i]T ?-]
P t_it T 2l

iìr.jl-f ti i- l;:ì;i/il.i ,:: ji:[.r: Fi-ìil -f lll S i-rl_i.] 
-l- 

lrt-r.jT 22Ii;i i'l'.ri',r-i- IO2,_',iìjFTr CJ,i,i-ir LJ jrXr ùJ[,X¡ -i'z,Lle 
SL:_rLi I SiÌ-r,lRT1 Slüf , yliGl"]TîliiJ.l- 23i. 'l ,t 

r.. t- il j- ?_..Lu2 Ërl,'ìr'ìÅT Îliiil .iilirlJl- ir11\iii.i'ii:Ti:;-ìs. /7it 5iliFT' ,f,"10-lj¡/t!1 Ji;ilir< li e pL{.ìr 2¡ii::J,Ù"2,it11 J;¿"ì,(( .l rFIU.f:,r /i.:11 ..J;ìj[ìX< iJ. f I j_ù")r/i()]r L. jl-[Tïl-i i]: e{:10"5r il_,ll zi>2/i"rl 5Lil-r 'l ,F.J,fj",:r/t:i-i l:,T,1\i:r'l' t ?î:l(),i:t/;::11 :ìl'LF ç rFt0"5rlf fj, i-jt,i.Gi1 pl-i.l I 2-l.tl rl-1(i"'2:/¡:"ii t¿lii, ;!li-) .l( i_Lr]T 2ç:l.ir,r-(.i...;l-r.-i'' i''i fìjiiìi-lr;i5 i-li-, )[ilï\itì t-,f) ]i-ll- pt_Ljrl.L.È" i,)LrlT ?-.,i/iiljiil¿-^ lil¡-.ìT*.2 pl-flî 30
)' l': i )' :i -- (' '¡'i.: I 1

Xi'i'-{2.i'r;"À--Xi.lf PLiiT iI
tj L il'f 3?:XL.l 1.,,i):.i,/.,:,,)) " ) i::<;¡.(,,:1 l- i_( f,LlT 33Yfl.'iil¡¡Yr:Girl',;.i.i.r ,jLílT ?,qt.¡:,L[- i.ri.il"r¡ì iiìl i-,LLiTl:,Ê. pll]l- :j5i-¡:LL írL'-jI .,',tt úirX,"l i.iir)(i'ì ;,XrXt-irllr)i{;r0.0rl,:ì0. ¡Yi-i Gri l'r}¡1 0"0< p{-íJl .1 ,Í,(ìijl'i-'U'i 5üi'i._ li'ÀiiAi.irT Èi:r,:ì rli'.; j Iit Gt,^.Fit t.i!{i;1; SLji-rtì]t;Ul'IiJi: Ci-l,iR " IrLi jI j7

U¡'.rLL i.'l ril ¡iÎr-Sf.riìT8.l,tli:ü"( pLiìT 3af,i.,LL Ciri,ri ,",/.¡ "). rùrl';:,'Jr'l?.< p{_ilT 39lÙ''¡ F:í-ìrri1\T :"¿!.{:tl ¡P¡t.l-r.il Fùir /.r Llf:':Ti:¡tÈ alt' rFii"5 ¡Z7tt SLC"r Ál',i) ' LI¡.JlFt-ijT .t+{)

il.l.iij i'H [,F rt-t,. jrl_ll-] 5i,.C"
f.¡:,LL j)Lül i;,,,r--c,l';:ij.:Ìù.J"1tr':5"( FLll .t+?

t.,l,LL (,,rìii.ì.,1 r.çoir0sSi-lÌF-TtÇ,J,-lr(.J¡),rcJr,x< pLílT ,+j
tÜ:) ij,-l "iir¡r.'[' ."oi1 5¡'l ]i:i ?l("2r'-,:'i C/S" ¡/',11 Ji,rJ ,i-t"21|.H í-lS.r4-f,JÁ.Xrtrl"2pl-;.j l- t¡1,.

l. s :i,-l C/ -\ " 1,-¡ri JrjX r F'->"2 ¡ :¡t1 C /i "i-.;:.i-L l''t ill' ;,'>¡*Sl-,ii-l'¿J"rlii).( F,t:rT 1..(:
(.¡,.11. (-Fiil( .il r . l r,Jr SC,,it F

Lui-' ri:'ri,ilil- ;;t, li JL,., l_Ê s ¡Fo.¿ir,l.l t./5" ( p,f i-,f .1 ,a
j-']l.Jr .ii\i Ê:i-.l::,iuli..iuy .i,Xiii i,,ilil r"iy'){i(s lvrtìy :ìc,1,Li: LiNllls" pLll +Q
(.,,1 ¡1 lrrtìt ;(),*5-i¡:il1ù.( IjLJI 1il/'1 ,)ti:l:i-)1,+l f pLtl :ji

Lü-i :i¡ijÈ:ìlrii.tì.;cila frL:JT -,2
(.J'¡¡ i'Li-i't ìlii',sTi.prü"u( plitr .-¡3
I¡ .i,:rlli.)L 3îijp( L]-l¡ Lùl¡ f0,:l PLüT 5¿ii0ri t,r,t_L F,l_fli .¿<),-)< plijï 

'5i: I i: j I'j P Lijl t- i IJG p Li-ìT \:."
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iir-¡ri) ll0t
i:ilii¡ii,T ,iEF
liLÀriK ùÅ*i'
i l:: iil; l.-[]4<
C¡]LL ÍILiJÌ
C ¡. L L IJ'L [ìT
C;iLL I)LIT
üi Ll- PLL,T
Cí,: I l.ì l0ç
Pj.ïi\jl IIj

¿ii.ii:)l r i-l i r,li4?. r¡;¿,- r f:l4l:: J, ù1, j i t':1.)!+ tD!,1
¡ tì ; ?/

D¡,\t.l-l¡:; i:iii_; ì.1i, TiJIS i.ìU]',.
lItl LLL.¡ itI

'i!ìO r - i.; i r,i,i,iir I <
;','0 I *L).Ì r i:.i'lP2(
ó!'U r -Lìj, ¡,iìËj<
1rli 0, *,:4 t:1 i,1 P4(
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I-Lr trr;'J T!J r Pil ÊIfì I fi.

P Li]T
PLT]T
P LÙT
PL'JT
Pt jlT
PLI:JT
P LIJT
PI.ÜT
PLiT
P t. iìT
PLi-ìT
PL(l-r
PLTJT
irLilï
PLí:IT
I}LTT
PLi,Jl'
PLr.ll'
PLi]i
pl_i:lï
PLr-ìT
f-'Lilr
PL'-lT
PL-'rI

.1,:
iì-l ¡:i1;ì.i.,.1,T i;¿L',i -iii) ùi^ ['Lr;lIi,ìi, ]ijïS .Jí-t1i

Ifii:i 5'f:,ìL 11.j.;T riiltr,.,5 Tl-it: irir! 3 Jf,JLfi::j
i:f i[Í-'¿,iì;:, iî(jiì FL;R. ill\ir,i i1¡:Èr i.Ltj]-.
L r,, u L i-' L r..;.i :l i <

f: uiì I ii i:_ i

i;'.1 Ti.j t t
'!2¿ irFlI i'i1 I ¿ j
L2l: Êti,:liil1,T ì;1J,.i ii'J;)

s I -ii:r
i lt,iD

l-l f: J i-r L
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,.;r¿ 
^ 
|

¡ì[ii-¡itrl'', ¿i.t,i"ui.ìí]t-,hîít :;l:i)i' - i

Gtì i l:Jir.l5 Pfi,iil-r,1i'i rr¡l-L c;,1(-t"jLili:'ì¡li Lllli: lìii:¡:; trF T¡¡,Ài] f)Í,iì-l- lrF ¡^j Glirp¡'rL')' si-'f\i-l /2 (Ljir sl'ìFl-j:,ìi ) ::ìYST:ii rjrji.ir ( I ilÊí',liic. it. ) :i il, ilUCt lj i ¡.,riil G,ìlrui¡iiti; lili'ìtì ¡"irj ],itTii¡lr¡l,JlrI JL¡.ii i.).lj;r,i,]iìL l,l' - l-l,jåRôcl:iìi: ilc Í:l¡îi: (;!lAr:L/f'!,r-i , USii¡rj i:i")ll,:, l'iij\j (1.:-¡] , Giì.itl,[,1[:J i-r¡.if .t-(; i;,i iliË t-Lrii.,1 _]f, ¡i Êtl,Jiìi¡ Giì.Á,írh i i, lilT:.D O¡l rl.1¿: 3.1.0 L.r.\j[: ,Jr_,,iF
f) Í,. j ¡:l i: iì.. " Ga 4, F

I if t)J'l' : S ii.S i-r;L L 0y, S ; :li:
rJ\¿1 ¡-L"i,iìi; t: J(.i.2)r J(13)? J(211, !riif-T (l-)r s,i/.:,îìl-I;\jG Ffìi.JiJlr,l(.y1 Giìr:r[-:,i{-iPf:li'lG l'ri[ ì{]l[]cY {ìr'.i,:s! t-iLTi-[fi r¡rc pri.ìiri.ìi::Ti]fì;q i,i.ìy Gíi.ii:Lii- ii:T ,lI + >llii:T lL2J;iii,,rD -IiJïl-T(12) iìL.5ii[(]TIVL:LyJ" iìp.r\FFi,.ll-ì,\iÁl': cr Ê l_0"5 .n^r

ç,1,.ìí.) ?.: L,L.r;,4:,i¡¡rr¡ Clìi.ìD" ::;;:_
FrJ[.,,\j/]l: Zù i1," ):::::tl<'\:c,:::il) _t: l-irj¡-l-l.iiL. {T/.tJ) r ¡,¡f.J:i^L t-j:i.jj.: ,r.iLtTli (I2)ç sc{Li:r 1;Tir; GRiiÈ' ;lÍtr'i,1,'i ii,ì'i,Ì,ïi,,,;!ìi ',,'i:'.';;,'r!ioi!ì; +lr;i¡,1;'ii¡tÍiî:l:i-iìÌ'7-/ct)"" T l-j L¡:TIL¡. 1'i^,i.r pÁii:¡lf,ii:l-!iìs '.1ii,y i:i¡ strT T¡ 1;e11i:-1-;lìai rjliii:r.r i.:il: lli¡. piìi,Glìjf,t i.,iLL i_lUTpijj rr ,!;i.líi:S [jr.. Gii,irËbi'ìÁlj¡'S /irr:ì(.rui',) Tljl": l-IÊi:rïi'ri- sF:trìi:líaDr lìirri-,i1i.li; lrl Irìi: rì?¡i-LII'-ril Jr'i:: [ì jl jlrj 3\' (L_li.¡:'l'ìiji.-t).5,:.SÌ-ip Si1-i:) irji] illlr:!(, Gì.,ifii.j :;TIf']S tir sri:ir sÌzE r0 (L]ti:Tli.tË.{,0"1r,},sri,:p.sIZ_L)" GilÁil-alR tX,Iri,,,PL[1 TijË L]l\TÅ 0"0tyI.Orl"ilrO"ùCl.çZO t.tIL iìi..:ìULTGR.Àir
1¡,t ¿\) Gi,¡\Éri.s iliûin'i'r.ti,re, iii.ri.,l j,ilr,l'i;¡i,.lc Tit .oz,iN - 

ðnir-S'i:P:, Jt- C,Cr,jl Sr:Ci;i.,):j Giìtf.'fflli Si-¿Li. P;liiili:iTt':iì ì1.;lll.-li5 il.. l:/.,r!SS(.lf"iJi'1¡:, 5 Li\i::)/l¡l iìtì¡ìÊ
lìriTr-ì;-l l' iìF: Ti; lir,r¡: ir,.',i.rrll-i:i.r"" 

GR^.F:l':ij¡ìil¿'i; _i l':il*i.r Ti f;R^i:c¡irrìr.)'f: tiLl.i'lK iËl\(rfT,il lF,i- ij'rLJ í)l cÞicìiì:l l.iiríJ Ti.j[- DAIì.¿,\i:-f¡r¡5 GR,a.Filt- uAkL) lr i-,r'i 1,lrrìDS l:;,r,i-lLjiit Itj CÅRi_ì jr Ui,TIL Ïlrl: ir^,jD GFJ,Fr,F 1 flls Srriìi:S i-_ti. S|i:CTr:(t " GRÅ[:fÀiì-.; ::: tllri\li(e i-.i,tjitTrrjG ïl-iL [i,rll L]f_ Tl-¡ JüBr ají_.ì ¡ si:iliJL,irt: 4s Giì1.,f:i¡i:,ilVi: l:r-i-Jl'¡ c,l.;rì.D:ì L i,l ¿r Fil.r lr iiiIi\r sci.]lls Lir :,p{::[.]"ii],, GR..NF. TlJi5 ^iìL'l'ilí'ii:T ic ì:T,rl:T!r¡:i-i''i is ri-li- i.ji,l'ri-:l.. jrl ijili:ri,l i_lí: i:g,JlîIt_ìhl ( 123 ), GR¡F:i;L'x(,rrrÚrCrl-lrl çltrGrl-l J=(¡r-{-ii'l(l.l 'l.Lj-t-l-,iI/{(.r+Ft ,t.(F+f.t::(u{-i,J*(-t;l-fi )J)} Gp.ÀFDl.i'ir-i'.li j¡-riri ìt{¡it ( ?iJ ), Lii,;i: ( t0i )
i.ìi-r:rl l-i'i .\Xt ;ìí,ií-)e Í,,¡,iG 

¡r- \ !\/r' íìlìÅít
Cfì /r FIl'rflLìi:ir Ii'¡i.'iT::" /5/¡ i-il',pl.,l-iì /6/t lìírl- /r"t/r t-LAi,rK /t t/¡ sT¡p /r,..,r/3ì:t\Ft,i=_).1-l-.)'.'

P Í Sti-- [rj.,:.i.), tO t' t'

Lìiir.(l )=Jr-if GR¡\F

r.rr,.., !c. j=zr¡lol G't'li'
)l Lj.iìi.(.1)=r"ìLAi(K ilRÄl:

GR,I F)'') iìir\; (Il,;il,ì-,\r iû(.;r lit\it):1.¿3) LJ¡lfi, CJI\Xr [..Ji.ìXe Sli.TFTl 5.T,\1.ìTr Sî;ìo i]ÍlAr-,i,.i F¡1¡'.¡.i;1i (.l¡l ü"1 )

i.f' (S[,,.i-ì:I":i;.SlUir) (;r;'fir ].r0 
GÞ'AF

f.l-;.J (ji,;)i:rfÅr LO21 ¡:,ií,1-l2iì) ir:;rl.il ::l:rJ ¡. ,j¡ a.)?: [:i..i-l\i,',1- (2J¡i4i ;nin'Ii-ri.5i: ,ìi'.i- ì-ijl. sl-.rilSl'irul i. iÌl:, ijlÉ1,,i;D ii.,t i:í")i.J.,T.lrrii ( ( ]Ûr ) ./-\i\jt, (1I.7) r_ìt,.Fi--¡ _\Li,,i=(.i.5'i,( (.J;. X+i-..J i-r X ) ._,r ,. _
i.i L i =r). ¿li'ì. (:,i', i i::l'-(.Ji:X ),ir { -:) ili f,:l-.-CJ..1,X ) ;;;;rJi | 2= 0..1 5'r'(:ìfi.r i-:T.r c Jrì x )'r. ( *Sfj.i F r +t. Jr\x r iìRÂ i-)') i'l rr'f) {.1 i.í-.ril-¡rr J-0'ir'r riil-;=llÍi) l'¡.\i-l r T,l-,:cj:LÍ-:r sl'i-plr l\jt: t-l iip Gfì,(r:Jir Ft.;i'.;'i ¡lT (+Fl0"i:rl.3) 
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Iil:/,;';'i:Ìi:::l'jliL;2:1i:iiif iis! "rf z) )ì'( I "()/i!: u{'0'F /rz} )ûx¿r=cxr+ri:':iLil.:'r.cJ;,,¡,;,riil¿ic"¿it'tiiii;i)i,i,)rj i-""':/ t¿] t !;ii il:
¡'r¡i./\ i: U)::L,r i:i:l_í.it T(j i--í,,1:) lt,ri rlil:ijlT trË Tl_1[, l-lIGI-]FSl_ fi:.4K ï;\l iji_ì.)[i.ìGiìtF ¡¡.i.Ttj :rc \LF- Tllû ÈLí\its ( llìi: t-tiiì(;i:5T .tl LL i,L t0o r.JiiiITS t-1î(;ti ). I GRAF l l.il;,)i=-- L "v14,)

tri t- l ¡r = Sl r\RT
lìu I i.j 7 ..J = I r ,.r,*, !, [i: p
¡ii,,l.r =¡:i,fJ\(.li,t:,frr.fìe C.rt,lr t.),,:.Ir lÁt, í_ÀIr G¡i, U¡:Ll^)l*l',.r,\('\¡,¿r ;-ilr Ci.Zr L.r::,.] , ::12r Ft,,2¡ (r¿r2t Di.t-I¡)?:4-ti\A(ìXi, i¡':t -i.;.2r -tJr\.?, l.XLy Ë)il; CXf, Ljl.LTA¡i+,,i!il,'i{'\X,iç rt,i.ir -Ci Ir -i,,iì.7 ¡rX2, [.:X2¡ (ì.\Zr t]lrìL,i,,\).î-í ( :l,'iP. Gl' . lj;:,X ) i.i7:,)(=,1¡i¡,,
:F ( ;^..1¡'. i_T "i.îlt,; ) i.ii; \l=:\i.tir
ui- L L',.,i_r i L I-A-S iii-í)

)7 ui.rill i.rJi_j;

GR¡\F I itij
GF^F L;!L
tQ¡Í: r r-',!-¿ L

G,c.4r: 1.¿l
GF,1[: L;/¿.
;q 1. f- ).2 i
GR ri' f: L ,: r:
1ñ 

^ -,.)¡ r:t t- L r: i
Gtìi\F L2t;
Giì^f-- L2r
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) ,::

It)
il_
L¿

i"lrir :i r-ri;: SC,it-Ir'riì F-rrLrL.,ì i--i)i:ì Ti,ic tírTi,irsil;ts. {lilÊ:Í: I3o
, ii;::fl=L,,)(J"/).1 l,^ 

r'rr'-¡';'/': ráLLrâ GP./iË i-;1
iriijii (úr.rPi..l:irtlû) f\;A.t.it, 11i: lfa(rli .'-ì | I -:i -,i:r iì,'i,.T (illIriiÀ.rli,ii i\l .,¡i,'i: i-tF Ci_ju¡if):Jr,jit ìt ,rrr,, rgXj2¡rz.¡ Gtì11 ¡._: Lr,,r.r,i.lìl (i..'iiPiìTi.rli.:'j SiiLF.T, C..l;.¡ir CJ,t,,\ir CJiÌX, T;tLJ r T2t Lì.C,t,LI¡ l.l¡t:tì Gii,lr,F l-ì.l:i-rl'ìiì¿r i (l'J riiXi 4il"i il'í)l-,1' l[.iì./-il,ri-Tlfì-ì i-lt- ,¡iijX Lïiit-' Sf,iiÍ]f Geaplj çûalirF LJí-r/Li1 t:;X'cil:rilÏi-T rËt:; " j,';¡r i'jj',Z" r/lrl ,iixfr,¡,31, ¡t7-3r,¡¡r liT¿-. r/1,t.1 , i,Íì,\F l.,l:¿l'':"t"irJli ri:7'Jr5ii l'i1 l- ç/Lli píi)r¡1rr-j.J2f ,i-j7"-1 e:ii1 r1iL, t/Ltt rÉi Xe í_ì!r,.rÊ !i,:,'Jl0iiL 'iíi:i:l'i.iii: rf Iü-f'sIt'i s,i*(.i]i\DS t/Lrt rr,X,u,¡¡11-2 rFT,3,c¡ :ì;:cil\ljsiji.l 1F Il,:,', y/l:i rl:ìXpi:fi5i.lr,Lr* rFiC,5riit til/(.:'.,, ,/Lti r[-ìXr Z(>llIi,]li-:i\tSjTy SCt¡î\GilÅF l.t)i:'" Flf"i-i:rl ,ll. l"TriiLi rioo)irli)iii¡,1 i'iiis.iî'ì' rixrrj;-i i)i:i-l-:ì j r,r.r¡,r- ). 1,i.C;.i-CL, L_,riT L. .litD Gii.¡:l- rl j'l-;ir Sp ir(.T i:rtj,.l
i;[-l-Iur=]:,'l Ålìi - -'"':"-' GR¡,f: l,'.2
iìi¡ iii T=L rò:1,:ìTl t)
Ál; I-, =¡litiX (r.¿. I rArlr

.lr-.,,,llì((",/)¿ ç ,\L.r CÄ.tr
7-+i.,ì,X(,,ì;\l I ê,úr -Cl,Z t
_i+l rtÁ(,ìX¿tç áLìr --CAl r

A j\'ì i., = ¡'¡ :r'l p >;: 

',,1.ri 
¡.'

.t- r_r i uJ .=.\¡.ip f I " 5Tiir' Ê :jLLiji., j, irt(ì iriìi_ Lrì[C.K.S
if- ( i)tLjI.LT"l) ].LljuT=;_
Ii ( iiiiiil"L;T. iol ) -i.t)iLlT=
Li i'.;t- ( i 11 r,'f ) =g [ri¡:i
i'ri;.¡,-i {l¡i.:iilTtr, ill,IJ ( L-ii,li:( J) rJ=le I 02l t ¡1i,ipr Di-L-f¿tl Fl.¡ri¡,,.'t { irl r iù2¡l lç f..ì * 5 rF.,,) "¿,ìL i i([ ( i i):i i] | ) = i,,l_,;ì¡j'{f,.
¡i t ;)ii,i.;ij.i) l_j;¡jL( iDir-lÏ )=[rdT
i_:,r l_1 _, 1: L)Ij i_ 

-i it *S T t p
:t i.':-;l',iT ..,.jI,Jù_

Gi., ìr, j0rlal
ti iri- I i-i (Lj,.tË'rì-lfr ç ll!r)

(.Álr i),llr Ël\I, Fitlt i-:,1 1,, DraLT4,J

't,2t l-!.2t [:ii¿]r Gii.2, l)Ft_l^)
-iÅ2r LÀIe FXlr CìXI, {-)l:t.iA}
-i)il ¡ [X2r ty;;a? GX2y i]LL i-a ¡

F tllì h tìi'i f--ìi1 Sì "

t0t

¡Jl1.,r l- Lri a

GR,1, F ltl 4
G!.ì.4F I !,a
(;i.ìÔ.F LL:(:

':;Íì 
^ 
F 1.1-7

r-ì R ,1 i- I ,r. i:

t;l rl l- L4r
GRþ,T: ]:.0
Ga,^r lç1.
GR,ìf- Ii:?,
iìili\F 1i-,3
GF,4i: l:1,
[ìR1F lîi]
/rfl ¿ -l-:F.rll- I:.)¡
r)rr i\ f L:. I

GaAF l:,¡_ì
GR,:\r. liç,
Giì4¡ L{¡i,
GRI'if 1É,i
i.;Ê Å f- 1 {, ;l
GR\t-: l/,,.ì
GP,Á F l. ¿

lii-ì i, i: 1 a 5
tìrl 1i ¡- I ¡.i
Gq.'\tr 15?
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I

l:[l ir,,iÌ;.1 (llJ ¡'j,..i_:i l-riìL/
tri: i l-i (rri\ii.)Í.i-i'ii, I:¡l J
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I:-[ i',]''i.,T (litL¡ZZtl )t:),k)i{)ì, {-i\jtl i,jF: JLllj ;}):.)jià!
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SÀMPLE INPUT:

2"L4' o.52 o.0I 9"65 10"0 -10.o
ABX SPIN-I/2 SYSTEI'I.

"00071 1"38 2"0 o"o0 0
(bl¿rrik)
2 "L4 0" 52 0 "01 12"99 13 "O _13 "0ABX SPIN-1/2 SYSTEI"Í"

"777 1.38 2 "O 0 " 0o 0

Sample output usinq these parameters is shov¡n beLor,¡ (except

for the printed values of Íntensity and frequency).



iiÄ i'il aiF L[-jU]',P [.rUiìi-l
Ai:lx SP Ìl',-il21 :ìYSI[¡'i "

i¡;ir,JT i':,:iilri:L.i¡:.s i.rË i\ljx LlNI
5l'ìï FT c" r-,:O Hï2.
Ji2 2"i¿¡rj HTZ"
Ji3 ü"t2ù i'rTZ"
J2r u"iil,) itIL"
LiF:l-:;.ir' C"Utü710 SrCi:rí\;DS
12 i.3iji SrCLil'l'i:;
Si.i,L; 2)"0()Oii0 r-ì2,/[.i'l
i l''T¡r'l) i. TY :'Li-iL L i'iG F.¿UTL-li'ì

S!¡r:PÉ GiìAPi-j
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i.i/ i.l1. iF ;rju;,ìPitu:ll.
;'' l-i)i SF' í ii,-il ¿ )Y :ìTi:rli "

Iì'iPiJT ,"-iiri4LTi-;ìS ûij l.3X LTi\jË
Sii):Ff Ì¿-oí)9C llTZ"
J L2 2 " I ¿+') l'.T L.
iir 0.i1¿ù l,TZ"
j'¿3 J"0lü irî2,
LiFtT:t;1[ 0"777üü0 55Cüi\,iDS
i'2 i,iiiJ -ç[Cui.it.'S
SC¡\Li 2"UOOUO VIL/Ci4
ïi,T[¡:5i TY iiL¡1Lii'ìG FALTüi(
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ili;XFll- FiT L

r-ï |. 2/iul'l-lt-ìF.: i;.r.i"G.lrJl-)i.jl.N FIT j
FIT L

flì,t:, r'i¡i-rGi':i\i'i .i5 Á SiJPirLii.ì:l'I Tf¡ Jrli: rtAS'r-LçS. ll.Ìf:îTS t_tF Tì.il_j ¡l ßuVÊ Fj:T G

i'tll'liLi',' IT r-t.[LL- Ci:'¡¿LlL/.'i :: Trii: i]r-ll( P lSi.T.iui'iS iihtD Tif ËIR r-1¡.LF- FII 6
iiErÛirf tii',f flÏirTlJS i:iiíì L,i j'i:R IJSS ii,i i:ITTTi',i(, i:Xpl-rrìIl"1i:¡JL1.L trrD t-Íl' -'t

üL,.Ct.,ii ii,i spi_CTii,l" FíT Ê
l-l-1i5 l-i,iii:l',,i;'1 i'1,',Y rJi-- l.Ji:,i.1, Tt t.i^,lu -ti-ii PLÅ( í-íi5ilI[_I'.JS A í\:i) t-J| t-- FJI c,

iJliblii t-;tI r,.tf;îl]: [;F rí.¡ :r[i:iil-Flr.i.\' r--U:rjCTitit,;" T¡.]I Íll';E US-D t-iiÞt--: f=iT L0
iS i_li.5.ir.jiri,l¡ii lii-ì)i;.i'Ji,. t;.iVlS Ttli: Liiii:: Si-iApí: ilF -t-HI Ai: pAi:ÌT irF ¿\1,] FïT tt
¡;,ri x iir"i'' "r". sPi:c ¡-iiLi;"Ì iir: t,i i-r .r.(.r'J Tfib: .l't: ii.JCl-Fi i ¡1 iii, l.j¡t Dt_i.ìGijII,l G Ê.i.1 f:1T L?_
¡:)icf íi,i,j('i-' P¡;ll,r-[SS " l:'. i''1Á)i-il,ui.] ilfj rEi,r pi:,AKs i s ¡._ì_ç|.J.-4irD; l-IT i]
¡iijilr':\.rI l' Ci],:'iiûi: ''jr lili'ì i-,i.r';r-:ijsIiji'j SIA ii¡,1[flï ¡r:.LL jl\jci<':ô,Si: Ti-iIS FlT Lty
F-li,Cji;¡. f-iT 15

F Ï T L\
Ti-ii,: t.,i_lïLl{i',ji i.;l- TliL: piì[:Gl-.,,{i'1 ii: ,,\s fìí_ìLLlli"ilì ! FI I L7

f- iT iî
I" i*.Ui'i Tfri.ri)LJi:ii li{i- frlJji¡¡Tl.tJì'l VÅiìYI;\'G THi Fiìi::iJlJINCy OR r,\.r VÁLtii,Sf:IT .Lc
Ïf'j i'i:Li T:rVtrLY L¡.F(Gi S'i l-i'¡ ì-jF f-í-'i:!,,)iJli'.;CY, iril'iil t.ilC¡,T** Tlji; [:XTìl.i'J"Fï"i 2La
l-lii: ilJ.i::iiA 1¡rii: t-rlill\,i-l [,r,;Ly irpPFlL,)( j: i,1 ].TirLv. r irþj i::iì Fi1,S Tili_: i4l)(Ti,i¡ ¡t)rrF.LT ¿L
L-lit.".fLt.-lil ¡ii'' ¿.CCi-rRl,CY (,F û"0i)i t-:1,-:i,rrjÈl'¡C.Y i;i,i,i TS. Ttii; L_f(-ATtll'.* F;T 22
ij[: lf i¡. r-.)(Ti'ì[i'iÁ .\¡rii 'l iti il: ¡.'i:qPFCTiVi: i-]i- ií,i-r-l S ¡írirE SIiì(f--L.i r-t:ltì. FIî 2)
Lri,'If iìl ll5rìbË" i:ii'rAiLY l-l:r "i/.Xi.t'Ur',i Pllri(.{:. tjijtjl,lD iNj r_liì:iiIt T,] Í.IT 2!.,
liV,i.Lijirl t', liL.iLi r A ÍrC.riL.t.i',,j i:.iiCTt_,iì Til cir,.iírG Tfìi' IJIGUi:Í;-i Ff.rtK. lr, Àt-i_f ¿_5

llE.ii'i'iT ,i[: I00. Tii,il] [iìi..¡i'.ì[.'j Till i)iì,iiGiììAi,l ,.i.J SllrTLÌ:ÌIi.iT i]t.iþìi:ì[iì li:+,;Ii Z¿.
FiT 7_l

?" l:Lìr'; i:,rLiì i)1,1'Lr tt't [j i1¡LF-r]r: jtri:-l iS i:L¡irlL-r í;i.j ittj-iH -qj.i,'i_S i.jF îir:i:: i ¿1
Pi:r.i<' tj5iilíj ¡, :jti.Jll' r,,Ë J:.fjF'i(rlXj.i"¡),Tii-ti.lS t-iri,ji,: îi-,L r'l-ii,,ll11/, il\ ilfllt-i FTT ZC.
)'ii-rl-j, t,¡- iil¡- i)i--rK. Tl-li- ¡i¿,-LF-ili:l.i;ijT .iS ,lt.LtjfìÀli:r Ti.l AT tí:,rrST i:1iT j(t
0"i,;¿" t[,lfi Íi¡[-L:-i-li: JL;lìr Li^ii; i",:'Dl'ìS Al.ilr llit Ir.ì AVÍiìÅ{ii: /.fìF Ki:i-'T Fir 3]
rNjj Lllii:í.' ijijl'Pui" Ïl-- jT 11.\pPi:l',:l I'11¡,T l=¡r,j r_;F. r,liJRi pi:iKs. 0vÊ¡i- f:Ir )?_
L¿\i"-'5U1.¡ -l-i-1È.T l;'ìi.'lrirL['-i-,i:],ililS i,',í- iiiit: iìiì;",itRi: ALi:,.lllf]t-f:x1::j-l-.ôi',t-i,FlT :1,3
Tiii. l-lliLl:-il'i:i(jijT ¡lr.ii- ,r ji.Tii.S í-rt-: TlË trvi:i.L;':;:¡;¡¡,t6 plr,Xi(:ì i:; l'i-lr-\j F l"I J¿,
LÁl"tULri'i-l:ijr ,:r,i'lL iiiË l.ì¡,LF-tll .lGlrï LiirJ': \4Ii,-i l'(5j) iS (rri-.i:) :ì.rT FIi 31
i.i".i[JrL llJ u"Ü. fiii\Ci: Tiii.: i.)CCtJÍr,1í\iCi. r")Ê: ¡i 0"t) ¡::frÊ À iii:Lt-.-t1i]IGHI I-.it' _jó
Lilii-: vl i:)"111 Ii'i .liii t-UiFiJT L.:;i{-iTl..! {iì.J {.lViiiLri,PTi'lG P[11... TFl:i-q, trIT lj
SLCI ll.Jll trF f i-ilì irni-.iGt:ili,i rrPirì;il¡1, iiiì.tti,ì ST¡li_i''li:f.rlS LZL¡i') Tr L3-i I FïT Jc
é.h:r; l'iii: llC.ItJ,l\L L iiri.-'vr.iiilll t,ÀLCUL¿,1ILii',JS ¡kr: Ctr,F.î:l) ilu'f l;Þt THI- f- jT Jc
¡i,¡Li.n, ST;\-iù¡1f:i\jl-:, Ll,t,-lil L\2" f-.'['f /+()

FÏÏ 1.i
). liii: i-i[¿Gl-jTìì ll:j [',i- t)UfÈUT Ái.f. -jClrLi:.f) L'Y Tj'Ìl SClt-iiiG Fâf,[¡-';¡, f.IT ¿+Z

Ài\JU Iitl: ViìLiJí,.5 i:r.ri. l'iìi: i-L:lli(S 2 ?i.,....r,,-lJi i(;hl 5, !ÜTij f-{,lLF_t-iil:Gt_.jl'S, F tr /+3

-i\lu iii¡.-iiì r.,v[¡i.r(;i (Il- 'i[,]-l'j 'flliLF-iiiìïGill:, ,r:.i ir Gt- í:ÄTl-:1 l-i-l¡)i': 0.()] ËIT 1,,/.1

l,i\il) Tiìl- Ll\¡i:iil-¡:í: rìi:ir-;11î /:i.,i) LIiiij y.;ir)TlJ (rl- cfìl-ifi:ll Tfl,.il' û.01 Fi-f L:.
¿f.i- i-;Jll)Ul" Tiiî5 l;/-,ii-f (l: T!-jt. i',iìt-r[,rì.rl.i ]iS ti;,ijl,] STATri,ìt-i,iï:j Lj7 TiIFTT 1*í-

L14. (.-ill,lTiìiil- Tr-iHi'i llr:l-ijj:¡r5 Tt-j:i piÌijG[-] lìi1 T1..ì Í:r;it,rcr-J Füil itcRi: If\F-iiTF lT 4 i-

i-) ¡.ir::. I ,:,iil.) Tili: irj<üCi ijui-.,:_ ijT;iFrf *î l.lVi:i. ,!,G/'l!,:" ÊTi Li,:
i:'irX(-rl;r,-rl)rL].jI:2i;rl'ì)={¿\rf i,it{¡'i l,.j+(,))/ (G+ti':(F-+lj'i,(irf:,Ì,(-ll+-ii)))) FiT .,+ç

,.'.i:-rL t)i_;tii((I0), i'[,..i(i]-l(lu)? i4Ii..J(t(l), ¡;ilii-{l'(I())r FIT j(i
l''ii,'.i¡u;i.(i-tr) r ilirFilf i.(10)r frl.rÍ-',',,trI (I()J r il,¡;l-ri;2( 1C), l-i,¡if:ljl2(LOI ? FTT ¡I
2,j\i,:iL;\P(l.))y i;i/ir.lìl-(iü) Fr.T ,)?-

í;,i,.i- i'l.iXr .iliì.i¡ i1l:ir.ìillr þrl[iil-fiy t-l,iLi:il-i, tili\i]ijT FiT 1'l
ii'ilr-Grri.. iíll¡..'l'i,, /5/ ç íJí'¡PlìT;:l /c/ ¡ i'{t:jsl'irP, sl.;,ílr-|r itt-ìl-Lìyr NiAtií(¿ti) Fl.l' ,:L
l:t!-=;)")tL:, Frr -:.i

l-ìf lr1.
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¡ ¡ii.; iii -i-rii- l-iJl_Lü;vIi,jí;
SiiIi,i r-i_Tiri::i:i.j l¡-rr: ::i Ái.:i_.r
F ii ;j i,) t_; i-: i,.. {- \, I l.j t S i- r¡ ;:, ç ¡_1 F i, ,:.i::i,ìi,it,l- ¡Uí: T¿iíS SiåTËl,r,i,iT

'ì(; iì.::Åij { l, il,,:i -t 1,, Lí.)O , L_l,ri) = I j1, )I(tU i.i,,ìi..,,. [ ( l,fr itt" j)
j ¡' ( 5T,,, i.lI. :4.ì. :,,T,)l-, ) t:)!.: I il

F i'i 57
J( ?,X), Cl-i['riCr::,LFrT,ig

,'\I'J f, :ìI {-jPp ìt',rG i. j: I 1.,,,-

FiT 60
!:"iT ,5i
F j; T ,5?-

r- t T 51
Fi I f /.-ì.t
FTT 5i
F ì. T i_:i;

f-ïT i¡7
Fïf /:rj
Fl.T frÇ

FiT 71
F ) l- 7f-r

L l,j i_

, ul

¡{i:il ii¡ :i,4[ CLlj,]i,ii:;iT [.¡t.:i]"i-l,t.ii'¡¡,¡ f-i-:l:l TiJii) ii'ii)t-iT L:!, i,rff"
i; i:.,,ij ( J.i.l,.,,t,l i., LU¿l Ì LilU= L)1+) i..li\iii.:F;-;<.:;'l {,!C.ìl 1i)
rri:Ii-l t-'l;l- Tiii:;1i,,1,i-ii,ií, ¡:iif) l'i1i., If,ipul f,ìitli.),if_iLiì5ì" F,iT /û
i'il'i-ft: (i;)ri-''ìTiì1Iu3J iì,iir,[r sfi,ri:r¡ CJA',ìr r-J/.)i e L.J,:1X F]-T 7r

u3 f-Ji{i]iìl- (Lirl 
' ';)(, 
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L)i L i,.,=¡.'!;l- l-.:.--S i ì:i'' GLi'.j t',?-'-'
'!i: (r.iii,Ì-)i.-,i; l-ii'-';r Ii l-ìr L7l4 G:-::'j'+ji.

J--/ì..:, i'i-rl l,, (i:,li,r.;.;: lii:lÌ (jì. :(iiriil-: X) r ll (.i\li,i X)ríi'l :iL)i=lr¿) Ga-il 'i jl
j,|i'., ¡-¡..,'';r1,:,î {:,Í:ia)*tt,) Gi:i'l ¿t-\2

1,irj,_j¡2(::l Gijfl t:J:
I r¡;i) i,jl.,::i.rr-Ì;-'ij. j-{-l Ot':j t+':)¡

¡ f- i(::ìii.l)--lir¡_l- I i\ j.t_.: ":ì-ì-r,,i ] ûf-l l'í_l L?13 Gi,'l ,":;i
L7Ì.:, ì,: i-Ì i. (i t'''r,.l-;i ¡11 l ii ii'r.; f)i-i ii (-; ll'l i::,:'.

Liil i,il ,r,i;-í (lii ,//,, j.i i 1(,)insr\i Jr,'; ili. l-ì ,ll-: fi;ir,i,r $ Pi.J liCl1"'r 'e e i,;) (li.rl r'i,
r;¡:i'l',.. (1.,j..J¡-',il-i*.rj,l'l_,-.) r.i¡,,i::. (;Î^'! 

"'ìt,LÌl-:, trt-:,iir:.ri (jil ¡i//tL'r-i r'-.,ir.iCii i':f.i il Lt:: Dt) i\j Cl,l, l:,.. i[.ii] (. ll:"iPi-lui'l D /¡lf'l *f)irir::'1 /, 1.lr

Ir,Ì(;;,¡¡ Gij:l t'./"t.

i.;,'.ì. ji (il:l¡'1Jijr.i7l:lì ';lìl 
r'"1

j_ijt iìi.r..,tt.,i' (lri , a,tr..' /-i.,,)
l;i' i'' Io¿ Gi:'j !i/ç::

lir.ii, :,i(.T"1 ,l ,i i,'"1 ;ti,:,iii:, .:,iriì.: i-. 1'i(,ii'ì :::i-¡'ìiir'1 1:iii: G;i'l i1 !ç'

r'i i :: iì 'i 'i : ( rl; 11 ' ;( j',, ¡ L'l .; , ,r,-'., t' :: :

)|:)l'ìì..:í,;,j'.1.(jti.,//,)^i.ì1lli.j,.;l)ll;|<:I-'ii.(;i-.:il:jt>¡¡/Ll.\
l_.fr_:,,i-i.; ji.j li,rL.F ili-ri:itT _:1.i.,i.'[,tì, /Ii'l rclr-ì tt,r', ll.,i i"l: i,ILiji.J lti''Ê ]l'l i-ilri;i.:cGr:',r ""/1
ì1-1 ì,:i¡r l.lir. i 3 r-.Lrì.:,it,LY ii, i'iL l';i:Tlirlil ) Gli't !'':,:
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. ,j,.ì l-r- I¡1
L'l t l.r¡.j.'l'r' (ri,,ì iti.-i'i:.rLì':ri
L't : iL,; i..;l:'.ì- tlir ¡/ /i Li ì r L/+[i );'):i;;:!'ti,i:'i Liil::i::lr'',' / çl't'i 1l'Xri)¿]l'l í. |-i i:CK. ['ÀI;\: Tlii:Gi:)'l 1':'L

G f i{ r\ t+í:

G t:: 
r\l 1: ,j u

(ì i:,.1 + ,, il
G {= ttl ¿,i J

Gi:i'i 4a1,-

G !: \l .i- .i ::;

G !i ii! +'r a

Iui.r"ìrU'ii 1. .r:i [.iri]i'i,ii i, i:[,i:. i'i,l¡.1. ii.iPiil )

L'l ,-, ui ¡i l- I r ( r,i ii'i-. 'l-iì. ' I 7'l )

Li-i;:¡r i1 riri'i (lil ¡////¡I:l r j.t)). I l:ii-ì ':<r:.>l<l i'l :.l lJr- Jr:rl:ì'::r):' )

C r:.1- t- L: ). i' I

rlli)

SAI\ÍPLE INPUT:

(I) " Punched output (as for ABXPUNCH) .

P 2"I4 0"50 O"O1 L4"L7 14"00 -14.00
T]JST CASE ¡ ABX*TYPB SPECTF,Ã

I"00 1"00 1.00 0"00 0 3.00

"0cc00l ]. cO 1"00 0"00 0 3"00

(2J " Printed output (as for ABXFIT) "

F 2 "L4 0 " 50 0,01 L4 "L7 14 "00 -14.00
TEST C2LSE¡ ABX-TYPE SPËCÎRA,"
1"00 1"00 2"00 0" 10 10 0"00
0"01- 1"00 2"00 0"001 10 0"00

(any parametelis of value 0"00 malr be omnritted during punching¡ however

it is essential that the nunùrers faIl lvithin the riqht range, especially

the nurnber of steps) "




