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Abstract

It is now widely recognized that fractures can play an important role in ground-
water flow and contaminant transport in geologic media. As open fractures gener-
ally offer the path of lower hydraulic resistance, direct transport of a contaminant
entering a fractured rock system will be primarily along the fractures. However,
contaminant diffusion from the fractures to the porous matrix can significantly
reduce migration rates along the fractures. In order to simulate such processes
as diffusion into the matrix block, advection and dispersion along the fractures,
decay or biodegradation of the contaminants, and perhaps advection in the ma-
trix (if it is sufficiently permeable), a robust and efficient numerical techniques
must be used. A multi-dimensional multi-species contaminant transport problem
can easily introduce hundreds of thousand to millions of unknowns. Using tra-
ditional numerical approaches, it is very difficult to solve these type transport
problems. This is especially true for the transport problem in fractured media,
due to the complexity of problem and limitations of computer resources. There-
fore, an effective algorithm for reducing the original equation system may be of
great assistance in simplifying the problem. The Arnoldi or Lanczos reduction
technique uses orthogonal matrix transformations to reduce the discretized trans-
port equation system. The reduced equation system is much smaller compared to
the original one. The new system can be solved by a standard solution scheme
with very little computational effort. This research focuses on extending the ap-
plication of the two reduction techniques to the simulation of groundwater flow
and multi-species contaminant transport in fractured porous media. Several very
efficient two-dimensional numerical models based on the reduction methods have

been developed. The developed models include dual-porosity groundwater flow



model, dual-porosity decay chain transport model, dual-porosity TCE biodegra-
dation transport model, discrete fracture flow model, and discrete fracture multi-
species contaminant transport model. These models are suitable for solving flow
and transport problems using the most popular three approaches (continuum,
dual-porosity and discrete fracture approach) for the fractured porous media.
The difficulties of using the reduction techniques have been overcome, such
as implementation of boundary conditions, choice of a common starting vector
and computation of leakage terms for the dual-porosity approach. Moreover, the
“shift” technique has been introduced. Using the “shift” technique, the diagonal
dominant property of the matrix to be solved can be improved. This property lead
to great enhancement of the iterative solution convergence rate and the conver-
gence rate for Lanczos or Arnoldi reduction recursion process. In addition, use of
the “shift” technique can extend the application of the Arnoldi reduction method
to solve large Peclet number problems. The proposed numerical method has been
verified by several comparisons between analytical solutions and the reduction
method solutions. The developed models show great saving in computing time
and storage space for the examples compared to traditional methods and LTG
method. A problem with about 7 million unknowns had been solved using the
proposed method. Therefore, the aforementioned approach will allow for a variety

complex, high-resolution problems to be solved for on a personal computer.

ii



Acknowledgments

The research described in this thesis was carried out in the Geotechnical Group
of the Department of Civil and Geological Engineering, The University of Man-
itoba, under the guidance of Dr. Allan Woodbury. I would like to thank Allan
for all the help, advice, support and funding that he provided during the course
of this research. His encouragement and constant enthusiasm were deeply appre-
ciated and constituted a great source of motivation. I have benefited greatly in
many ways from working with him during the past four years. I am also grateful
to Dr. Scott Dunbar (University of British Columbia) for his advice and help;
in particular during the period of my staying in UBC campus in the summer of
1998. In addition I would like to thank him for openly sharing his expertise on
the modal reduction techniques.

I wish to thank Dr. Henian Li (EDS Systemhouse Canada) for always keeping
his door open and for giving invaluable help on various aspects of the numerical
methods used in this work. Special thanks are extended to Dr. Douglas Ruth for
all of the help and support he has given me over the years and for his suggestions
regarding this research. I would like to express my appreciation to Ingrid Trestrail
for giving me help regarding funding and university daily affair.

I am grateful to my wife, Ran Deng, and my son Eric Zhang for their support
and encouragement during the course of my study. They tolerated many late
nights and lost weekends while I worked. Special thanks are extended to my
parents (Zhonglian Zhang and Rongdi Li) and my parents-in-law (Tianqgi Deng and
Junqing Peng) for providing me with the emotional support required to complete

this research.

il



Contents

Introduction

1.1 Background . ... .. ... ...
1.2 Multi-species contaminant transport in fractured media . . . . . .
1.3 Numerical methods . . . . . ... .. .. ... 0L

1.4 Objective and research methodology . . . . .. .. .. ... ...

The Reduction Techniques
2.1 Introduction . . . . . . . . . . o
2.2 Lanczos reduction method . . . . . . . . . . ... ... . ...

2.3 Arnoldi reduction method . . . . . . . ... .. ... ...

Theoretical Development—Flow and Decay Chain Transport
3.1 Physical system . . . . . . ... ..o
3.2 Properties of contaminant transport . . . . . . ... ...
3.3 Governing equations . . . . . .. ..o
3.3.1 Groundwater flow equations . . . . . .. .. ... ... ..
3.3.2 Radionuclide decay chain transport equations . . . .. ..
3.4 Numerical techniques for flow modeling . . . . .. . ... ... ..
3.4.1 Dual-porosity approach . . . . . . . ... ... ... ... .
3.4.2 Application of the Lanczos reduction method . . . . . ..

iv

12
14

20
20
22
24



5

3.4.3 Discrete fracture approach . . . . . . ... ... 54
3.5 Transport modeling techniques for the dual-porosity approach . . 38
3.5.1 Solution of diffusion equations in matrix blocks . . . . . . 58

3.5.2 Reduction of the transport equations in fractures using the

Arnoldi algorithm . . . . . ... ... 63

3.5.3 Choice of common starting vector . . . . . . .. ... ... 66
3.5.4 Summary of solution procedure . . . . ... ... ... .. 70

3.6 Transport modeling techniques for the discrete fracture approach . 72
Theoretical Development—TCE Biodegradation Transport 76
4.1 Background . . . . . ... 76
4.2 Governing equations . . . . . . . ... 78
4.3 Determination of mass exchange terms . . . . . . . . ... .. .. 82
4.4 FEM discretization of the equations in fractures . . . . . . . . .. 85
4.5 Implementation of the Arnoldi reduction method . . .. ... .. 87
4.5.1 Reduction of the transport equations . . . . . ... .. .. 87
4.5.2 Choice of common starting vector for TCE transport . . . 90
Verification of the Models 92
5.1 Dual-porosity flow . . . . .. ... ... o oo 92
5.2 Single species contaminant transport . . . . .. .. ... 99
5.3 Three species decay chain transport . . . . ... .. ... .. ... 103
5.4 Seven species parallel and series reaction transport . . . . .. .. 106
5.5 Flow in discretely fractured media . . . . . . . ... ... .. ... 110

5.6 Single species contaminant transport in discretely fractured porous

media . . . . e 114



6 Illustrative Examples 117

6.1 Groundwater flow in dual-porosity aquifer . . . . ... ... ... 117

6.2 Decay chain transport in dual-porosity media . . . . .. ... .. 124

6.3 TCE transport in dual-porosity media . . . . .. .. .. ... .. 134

6.4 Flow in discretely fractured media . . . . . . . ... ... ... .. 141

6.5 Decay chain transport in a complex fracture network . . . . ... 144
6.6 Seven species PCE transport in discretely fractured aquitard with

an underlying aquifer . . . . . . ... ..o o 151

7 Conclusions and Suggestions for Future Work 160

7.1 Conclusions . . . . . . v v i 160

7.2 Suggestions for future research . . . . . .. ... 165

References 167

vi



List of Figures

3-1 One of the most commonly observed physical system of groundwater

flow and contaminant transport in fractured porous media . . . . . .
3-2 Dual-porosity conceptual models: (a) parallel fracture model,

(b) spherical block model . . . ... ... .. .. ... ... ... ...
3-3 Discretization of porous matrix blocks: (a) prismatic block,

and (b) spherical block . . . . .. ... ...
5-1 Finite element mesh for example 1. Only one quarter of the total

fleldisshown . . . . . ... .. ...
5-2 Cross-section of the two-dimensional flow in dual-porosity media .
5-3 Dimensionless fracture drawdown versus dimensionless time,

showing the comparison of numerical and analytical solutions for

the parallel fracture model . . . . . . .. .. ... ... ... ... ...
5-4 Dimensionless fracture drawdown versus dimensionless time for

the dual-porosity blocky fracture model. . . . . .. ... ... ...
5-5 Physical system for verification problem 2 . . . . . .. ... .. ...
5-6 Comparison of the Arnoldi reduction method solution with analytical

solution (parallel fracture) . . . . . ... ... ... ... .. ... ...
5-7 Concentration distributions in the matrix blocks, showing

comparison of the ARM solution and analytical solution. . . . . . . .

vii

59

94

95

96

97
100

100



5-8 Concentration distributions in the fracture by using spherical block
model for the verification example 2 . . . . .. ... ... ... ....
5-9 Concentration profiles of the three species decay chain transport at
100 years, showing comparison of analytical and the Arnoldi reduction
method solutions . . . . . . ... ... ..
5-10 Comparison of the Arnoldi reduction method solutions with the
analytical solutions . . . . . . ... ... .. ...
5-11 The physical system for the discrete fracture flow verification
problem . . . . ...
5-12 Hydraulic head distribution in the discretely fractured medium
after 10-day pumping . . . . . ... .. L
5-13 Comparison of the computed drawdown by the dual-porosity
model and discrete fracture model using the Lanczos
reduction method . . . . . ... ...
5-14 Comparison of the Arnoldi method solution with the analytical solution
using the discrete fracture model . . . . . .. .. ... ... ...
6-1 Synthetic dual-porosity aquifer system . . . . .. ... .. ... . ...
6-2 The maximum drawdown differences between the Lanczos and direct
solution method for homogeneous and heterogeneous cases using
different Lanczos vectors up to 10 timesteps . . . . . ... ... ...
6-3 The maximum drawdown differences between Lanczos and direct
solution method for the case without a partial grid refinement near
pumping wells by using different vectors for the first 10 time steps .
6-4 Plan view of the simulation area . . . . . . ... ... ... ... ...,
6-5 Finite element grid used for the example of multi-species decay

transport; total 9,308 nodes and 18,094 elements . . . . . .. ... ..

viil

101

104

108

111

111

112

115

120

121

122

127

128



6-6 Concentration distribution of 226 Ra at different time period,

(a) 500 years, (b) 3000 years, (c) 5000 years, (d) 10000 years . . . . .
6-7 Concentration distribution of 2!°Pb at different time period,

(a) 500 years, (b) 3000 years, (c) 5000 years, (d) 10000 years . . . . .
6-8 Concentration distribution of 2°® Pb at different time period,

(a) 500 years, (b) 3000 years, (c) 5000 years, (d) 10000 years . . . . .
6-9 Breakthrough curves of the three species predicted by the Arnoldi

method at the location x=387.01 m, y=381.77m . ... ... .. ...
6-10 Regional groundwater flow system and pollution sources in the

study area . . . . . . ..
6-11 The concentration distributions of species 1 (TCE) and species 6

(ethene) in the fracture after 30 year release of pollution source . . .
6-12 The concentration distribution of species 6 in the matrix with 3 m

away from fracture after 30 year release of pollution source . . . . . .
6-13 Groundwater head distribution after 3 year pumping, (a) Solution

of Lanczos method, (b) Solution of classical time-marching PCG

6-14 Concentration distribution of the first species of decay chain
transport in discrete fractures 1000 year after release of pollution
source, (a) by LTG method, (b) by Arnoldi method . . . .. ... ..

6-15 Concentration distribution of the 2nd species of decay chain
transport in discrete fracture media 1000 year after release of
pollution source . . . . . . . . ...

6-16 Concentration distribution of the fifth species of decay chain
transport in discrete fracture media 1000 year after release of

pollution source . . . . . . . . .. ...

X

137

138

139

142

146

147

148



6-17 Concentration distribution of the 8th species of decay chain
transport in discrete fracture media 1000 year after release of
pollution source . . . . . . . . . .

6-18 Concentration distribution of PCE transport in discrete fracture
media 50 year after release of pollution source . . . . . .. ... ...

6-19 Concentration distribution of cis-1,2 DCE transport in discrete

fracture media 50 year after release of pollution source . . . . . . ..

6-20 Concentration distribution of tran-1,2 DCE transport in discrete

fracture media 50 year after release of pollution source . . . . . . ..

6-21 Concentration distribution of ethene transport in discrete fracture

media 50 year after release of pollution source . . . . . ... ... ...

149



List of Tables

5.1
9.2
5.3
5.4
3.5
5.6

6.1
6.2

6.3

6.4

6.5

6.6
6.7

Values of various parameters for verification example 1 . . . . . . 93
Parameter values for the verification example 2 . . . . .. .. .. 102
Input data for three decay chain verification example . . . . . . . 105
Parameters for the 7 species transport verification problem . . . . 109

Parameter values for the discrete fracture flow verification problem 113
Parameter values for the discrete fracture transport verification

problem . . . ... 116

Synthetic aquifer model parameters . . . . . . .. ... ... ... 118
Performance comparison between the Lanczos and direct solution
method . . . .. ... 123
Parameter values for the decay chain transport in dual-porosity
media case study problem . . . . .. .. ... ... ..., 126

RMS errors and maximum errors of the Arnoldi method with re-

spect to classic CN solver . . . . . . . . . ... .. ... ..... 134
Half-life of TCE and its biodegradation products. . . . . . . . .. 136
Parameters for TCE transport in dual-porosity media . . . . . . . 136

Comparison of computation load between the Arnoldi and tradi-

tional method . . . . . . . ... 141

xi



6.8

6.9

Physical properties of 8 species decay chain transport in discrete
fracture media . . . . . .. ...
Physical properties of 7 species PCE biodegradation transport in

discrete fracture media . . . . . . .. ...

xii



Chapter 1

Introduction

1.1 Background

Increased interest in fractured porous media has resulted from harmful waste
storage programs and industrial pollutants, especially those associated with high-
level radioactive waste or mining tailings. Many countries are seriously considering
siting final repositories for nuclear waste in such environments, at depths ranging
from a few tens of meters to 500 m or even a kilometer [Neretnieks, 1993]. It is
now widely recognized that fractures can play an important role in the transport
of contaminants in a groundwater system. As open fractures generally offer the
path of lower hydraulic resistance, direct transport of a contaminant entering a
fractured rock system will be primarily along the fractures. Transport through
the rock matrix by advection may be small in comparison because of the relatively
low hydraulic conductivity of the rock itself.

A number of mathematical models describing groundwater flow and conta-
minant transport in fractured porous media have been developed over the past
two decades. The distinction between these models arises from differences in the
conceptual model upon which they are based and the methods used to solve the

governing equations. There are three popular models, including continuum, dual-



porosity and discrete fracture models. The continuum model treats the fractured
porous medium as a single continuum which is similar to the classical continuum
representation of an unfractured porous medium [Bear, 1972]. The properties of
the porous medium and the individual fractures are averaged over a Representa-
tive Elementary Volume (REV) to define macroscopic properties describing bulk
groundwater flow and contaminant transport. For many applications involving
large-scale areal simulation, the single-continuum porous media approach to a
fractured system has been justified and is reasonable. This is because the area
of interest is sufficiently large to effectively be an REV. This approach has been
used by Berkowitz et al.[1988], Schwartz and Smith [1988], Long et al.[1982], and
others to investigate groundwater flow and contaminant transport in the fractured
porous media. As the single continuum approach requires only lumped parame-
ters representing the average behavior of the media over a small REV, it needs
less computational effort and is relatively easy to use compared to dual-porosity
approach and discrete fracture approach. However, this approach cannot always
adequately represent groundwater flow and solute transport in fractured geologic
media. More explicit descriptions of the fracture matrix system may have to be
considered [Long et al. 1982].

The dual-porosity (or double-porosity) model was first introduced by Baren-
blatt et al. [1960]. Such an approach assumes two overlapping continua in which
two porosities and permeabilities are associated with the fractured medium. The
primary porosity and permeability are those of the porous, but low-permeability
blocks that are separated by fractures. The secondary porosity and permeability
are associated with fractures, where the permeability is generally high and the
porosity is low. In order to use the dual-porosity approach, two sets of properties

must be known, one for the fractures and another for the blocks. The two systems



are linked through a leakage term representing the fluid or solute mass exchange
between them. It is also assumed that the porous matrix blocks act as sources
(or sinks) that feed (or drain) the fractures with fluid or solute mass. Examples
of using the dual-porosity approach to simulate flow in fractured media include
Barenblatt et al. [1960], and Huyakorn et al. [1983]. Solute transport in fractured
media is more difficult to simulate than the simulation of groundwater flow, but it
has been modeled both analytically and numerically. Numerical models for solv-
ing the contaminant transport problem using the dual-porosity approach include
those of Bibby [1981], Huyakorn et al. [1983a], and Sudicky [1990]. For geomet-
rically simple fractured media, analytical solutions have been developed. Tang
et al. [1981], and Sudicky and Frind [1982] present analytical solutions based on
the dual-porosity approach. One of the most critical components of dual-porosity
models is the source/sink term that describes the exchange of water or contami-
nant mass between the fracture and porous matrix. The source/sink term needs
to capture the local-scale microscopic processes with a relatively simple term for
use in a macroscopic dual-porosity model. The shortcomings of this approach
are that fracture patterns and porous matrix blocks are assumed to be of simple
geometry with uniform size and shape and that the advection of solutes in each
block is typically ignored.

Dual-porosity models of varying complexity have been widely used to simulate
the flow of fluid, heat, or transport of solute in a fractured porous media. Many
research projects have been conducted in the application of the dual-porosity
approach, evaluation of the coupling term, parameter estimation, and numerical
algorithms for implementation of the approach. The following discussion reviews
the works that have been done in recent years. A more complete review of the

previous work, main ideas and methodologies in this field can be found in the



monograph edited by Bear et al. [1993] (see Neretnieks [1993]).

The influence of parameters in the dual-porosity approach for various mod-
els have been widely investigated. Tomasko et al. [1989] developed a type-curve
methodology for modeling radionuclide transport through a dual-porosity system
using four dimensionless parameters, including dimensionless velocity, dispersion
coefficients, solute storage enhancement coeflicients and time constants. Sensitiv-
ity of the parameters were analyzed and their importance were investigated.

The coupling term between fracture and matrix block is a key parameter for
the dual-porosity approach. Zimmerman and Bodvarsson [1989] developed an ap-
proximate analytical solution for the problem of a Newtonian fluid infiltrating into
a porous spherical block. It was reported that the instantaneous and cumulative
fluxes into the sphere can be predicted with very high accuracy by their model.
Dykhuizen [1990] presented a quasi-static formulation for the coupling term for
dual-porosity models. His model retains the original simplicity as proposed by
Barenblatt et al. [1960], but is not restricted to very slow transient flow. Bai [1997]
presented an algorithm for computing the solution of coupled processes. Instead
of solving the coupled system of equations using special functions as practiced
by most analytical methodologies, his algorithm offers a direct solution technique
using the method of differential operators in the Laplace domain.

Several strategies have been proposed to model the matrix-fracture interaction
in a dual-porosity system by Arbogost [1992]. Among these are (1) to directly
compute the internal flow within the matrix blocks as it is affected at the blocks’
surfaces by the external fracture flow and (2) to define the matrix-fracture in-
teraction by a “transfer function”. His simplified dual-porosity model for two
phase flow has a nonlinear matrix fracture interaction, and it is more general than

similar existing transfer function models.



Novak [1993] presented a dual-porosity chemical transport model. His study
examined systems that include chemical reactions and changes in retardation
caused by precipitation. The finite difference technique and a chemical equi-
librium simulator based on the Villars-Cruise-Smith algorithm are used in the
model.

Lao and Booker [1996] developed a finite element method for analyzing conta-
minant transport in dual-porosity media using a time-stepping approach. In their
approach, the flux exchange that occurs between the fluid in the fractures and the
matrix block is represented by a linear hereditary process. Their study shows that
all the hereditary information necessary to carry the solution forward from time to
time is contained in the values of certain hereditary variables at current time step
so that it is not necessary to store the complete time history and consequently a
more efficient numerical process can be developed.

Fillion and Noyer [1996] used a dual-porosity model to simulate groundwater
flow with automatic mesh generation and parameter calibration. The numerical
investigation focused on the mesh generation for discretization of fracture and
matrix domain has also been done by Taniguchi and Fillion [1996].

Pini and Putti [1997] used the parallel finite element Laplace transform method
to solve the equation of non-equilibrium contaminant transport in a dual-porosity
system. When the sorption reaction is represented by a first-order kinetic rela-
tionship, the equation takes the form of a convection-dispersion partial differential
equation with an integral term describing the mass transfer between the matrix
and fracture. This type of problems can be solved efficiently in Laplace space. A
similar approach was also adopted by Sudicky [1990]

Transport of contaminants in dual-porosity formations was shown to occur in

three distinct regimes: fracture, dual-porosity and total porosity transport [Os-



tensen, 1998|. In Ostensen’s study, a formation parameter called transport length,
was used to describe the controlling of dual-porosity transport. Conventional two-
well tracer tests were used to estimate the transport length. The effect on tracer
tests of random heterogeneity and anisotropy in the formation was analyzed.

Besides the approaches mentioned previously, the discrete fracture model has
also been widely used. This approach requires that the geometry and hydraulic
properties of each fracture be specified. The early numerical studies of solute
transport in discrete random fracture networks neglect any mass transport inter-
actions that occur between the fractures and the porous matrix blocks, and also
the consideration of matrix diffusion. These works are described by Schwartz et
al. [1983], and Smith and Schwartz [1984]. Some recently developed numerical
models incorporate matrix diffusion by using the principle of superposition of frac-
ture elements onto porous matrix elements to solve the coupled fracture-matrix
groundwater flow and solute transport equations. This type of model was used
by Sudicky and Mclaren [1991], Therrien and Sudicky [1996], and Vanderkwaak
and Sudicky [1996]. Advective transport in the matrix is also accounted in these
models.

In recent years, many studies have been done using the discrete fracture ap-
proach. Some interesting examples may include the following. Liggett and Medina
[1988] presented a three-dimensional flow model. The flow in a 3D network of dis-
crete fractures is calculated by the boundary element method. In their model,
the flow in any fracture is considered two-dimensional but these fractures may be
connected in a three-dimensional network. The authors claim that the bound-
ary element is extraordinarily effective in computing flow in three-dimensional
networks of fractures and the requirement for data is much less than for the com-

parable finite element analysis.



Casas et al. [1990] developed a stochastic discrete fracture network model for
the investigation of possible nuclear waste repository sites in crystalline environ-
ments and used this model to predict the flow and transport properties of the
medium. The model assumed that fractures can be represented as circular discs;
the density, orientation and size of which can be inferred from in situ geometric
observations. However, the flow in their model is assumed to be restricted to ide-
alized channels within the fracture planes, the hydraulic conductivities of which
must be inferred from hydraulic tests. The parameters of a probability distribu-
tion function of the hydraulic properties of these channels are inferred from local
scale hydraulic injection tests in boreholes. In their transport model, microscopic
dispersion in the fractures and retardation effects due to unevenness of the flow
paths were taken into account.

A comparison between transport simulation in the flow-calibrated discrete
model and tracer tests of the field experiment was conducted by Dverstorp et
al. [1992]. Field tracer migration in sparsely fractured rock was analyzed with a
discrete fracture network model. They concluded that the uneven spatial distrib-
ution of flow and tracer, the complex dispersive behavior, and channeling effects
that have been observed in the field experiment can be reproduced by the discrete
fracture transport model.

Huyakorn et al. [1994] developed a sophisticated three-dimensional, three
phase numerical model for simulating the movement of non-aqueous-phase liquids
(NAPL’s) by using dual-porosity and discrete fracture approaches. The model
accommodates a wide variety of boundary conditions, including withdrawal and
injection well conditions which are treated rigorously using fully implicit schemes.
A Galerkin procedure with upstream weighting of fluid mobilities, storage matrix

lumping, and fully implicit treatment of nonlinear coeflicients and well conditions



was used in the model. The nodal connective schemes and the computational

effective numerical schemes were also discussed in their paper.

1.2 Multi-species contaminant transport in frac-
tured media

The most common multi-species contaminant transport problems are caused by
either radionuclide decay chain, biodegradation or chemical reaction. Previous
works related to the simulation of transport of decay chain in porous media can
be categorized into two groups: analytical solutions and numerical models. Ana-
lytical solutions can, in spite of their limitations to some simple problems provide
effective alternatives for predicting the transport of multi-member decay chains
in groundwater [Lester et al., 1975; Haderman, 1980; Gureghian and Jasen 1985].
For more complicated problems, numerical methods have been widely used. The
equations described radionuclide transport can embody most of the physical and
chemical processes known. The main processes may include advective, retarda-
tion, dispersion, radioactive decay, and molecular diffusion. Solving of the decay
chain equations can be computationally and computer memory intensive. This re-
sults from the requirement of solving several equations for different species at the
same time, which is caused by chains arising from parent to daughter transforma-
tion. Domenico and Schwartz [1990] classified the known numerical methods for
solving decay chain problems into two type approaches, “two-step” or “one-step”.
The “two-step” approach first provides an approximate concentration by consid-
ering advection and dispersion only. The results are then corrected to account for
the changes of mass due to the decay and transformation. This method requires
iterations between the two steps until the specified convergence criterion is met.

This approach has been used by Liu and Narasimhan [1989] and Narasimhan et



al. [1986]. The “one step” approach solves all of the equations with advection,
dispersion, decay and transformation simultaneously using either a finite element
or finite different method. Comparing to the “two-step” approach, this method
is numerically complicated but more rigorous. Examples of this approach can be
found in the works of Miller and Benson [1983], Willis and Rubin [1987], and Li
et al. [1998].

Similar to the radionuclide decay chain problem, the simulation of chlorinated
solvents such as trichloroethylene (TCE) transport in the groundwater system also
involves multi-species transport. During the course of migration, in the absence
of oxygen, TCE will be reductively transformed to three isomers of dichloroethene
(DCE) which are further converted to vinyl chloride and finally to ethene. Mc-
Carty and Semprini [1994] have a detailed discussion of this type of TCE biodegra-
dation. Recent research into numerical modeling of TCE transport is found in the
works of Woodbury and Li [1998]. The analytical solutions for this type problem
are provided in the work of Sun et al. [1999] and Sun et al. [1999a].

For the modeling of multi-species radionuclides or TCE transport in fractured
rocks, only a limited number of studies have been done. These studies mainly
focus on analytical solutions and numerical solutions of simple conceptual models
for the reason of problem complexity. Most analytical solutions are restricted
to single fracture or parallel fractures and one-dimension. Numerical models all
require high memory allocations and are computationally intensive. These greatly
limit the application of numerical methods to solve the real world problems of
multi-species transport in fractured media.

Sudicky and Frind [1984] presented an analytical solution by Laplace trans-
forming radionuclide transport equations for a two-member decay chain in a single

fracture. Their solution takes into account advection along the fracture, molecu-



lar diffusion from the fracture to the porous medium, adsorption on the fracture
face, adsorption in the rock matrix, and radioactive decay. The solution for the
daughter product is in the form of a double integral which is evaluated by Gauss-
Legendre quadrature. They concluded that the daughter product may advance
ahead of the parent nuclide even when the half-life of the parent is longer. Other
similar analytical solutions include the work of Chen [1986], Chen and Li [1997],
and Rasmuson [1984].

Hodgkinson and Maul [1988] developed a semi-analytical solution for arbitrary
length decay chains in fractured rock. They assume fractures are identical and
parallel to each other. The following physical and chemical phenomena are con-
sidered in their solution: advection through the fractures, linear equilibrium on
the fracture surfaces, the hydrodynamic dispersion in the rock matrix, and de-
cay and in-growth for the chains of all the members. Talbot’s algorithm is used
for the numerical inversion of the analytical solutions to the Laplace-transformed
equations to obtain the time-dependent solutions.

Lee and Lee [1995] developed a one-dimensional stochastic analytical model us-
ing continuous in-time Markov processes for radionuclide transport of decay chain
of arbitrary length in the fractured rock media. In their model, the planar frac-
ture in the rock matrix is considered as a finite number of compartments in series.
Therefore, the medium is continuous in view of various processes associated with
nuclide transport but discrete in medium space. Processes including advection,
diffusion into matrix, and radioactive decay chain are taken into account in the
model. However, they neglect the both longitudinal and transverse dispersions
in the fracture. They compute the expectation and variance of nuclide distribu-
tion for compartment or fracture medium by calculating the transition probability

for nuclides from the transition intensity between the compartments utilizing the
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Chapman-Kolmogorov equation.

Huyakorn et al. [1983b] developed a finite element model for simulation of
radionuclide decay chain transport in a naturally fractured porous medium system.
The dual-porosity approach, discrete fracture approach or combination of these
two approaches are used in their model to represent the actual physical system.
Advection and hydrodynamic dispersion in the fractures, as well as diffusion in the
porous matrix and chain decay or in-growth of solution species, have been taken
into account in the model. For the dual-porosity approach, the blocky fractured
system is represented by using either a prismatic or spherical idealization of matrix
blocks. Two governing equations are written for solute transport in the fractures
and diffusion in the porous matrix blocks, respectively, for each species. These
equations are coupled together by mass exchange terms and the parent to daughter
transform terms. They used a numerical scheme of combining a two-dimensional,
upstream-weighted, finite-element approximation for transport in the fractures
with a one-dimensional Galerkin approximation for diffusion within the individual
matrix blocks. Two schemes are provided for solving of the equations: iterative
solution scheme or direct solution schemes. Both schemes are computationally
intensive. For the discrete fracture model, they neglect the mass exchange between
the fracture and matrix, and write the equations for fractures in local coordinate
system, which can be very difficult for relatively complicated fracture system.

Codell [1995] reported that the American Nuclear Regulatory Commission was
developing a finite-different model for transport of chain decay radionuclides in
porous and fractured media. The dual-porosity concept is to be used in their
model. The Laplace transform is applied to the advection-dispersion-decay equa-
tion for the fractures and matrix blocks. After the transformed equation is solved

by using the finite different method, nodal concentrations in the time domain are
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obtained using a Laplace inversion algorithm to invert the Laplace domain nodal

concentrations.

1.3 Numerical methods

Over the past two decades, rapid advancements have been made in the devel-
opment of numerical solution techniques for groundwater flow and contaminant
transport modeling. Sudicky and Huyakorn [1991] provide a detailed review on
the development of numerical methods. They concluded that the recent mod-
eling advancements center in four key aspects. The first of numerical modeling
research concerns development and application of efficient matrix solution tech-
niques for flow and transport problems with a large number of degrees of freedom.
The second aspect is the development of stable and accurate numerical schemes
for handling advective-dominated transport problems. The third aspect concerns
the recent development of improved techniques for handling nonlinearities in the
variably saturated flow problems. The final aspect of recent modeling is the de-
velopment of multiphase models for simulating the migration of NAPL organic
chemicals.

Sudicky and Huyakorn [1991] concluded that the Preconditioned Conjugate
Gradient (PCG) iterative solution approach may be the most promising method
for handling large sparse matrix equations from two- and three-dimensional nu-
merical approximations. Modifications of the standard PCG procedure have been
made to deal with the asymmetric matrix equations. One of such modification
made by Behie and Forsyth [1984] is known as the ORTHOMIN procedure, which
has been applied increasingly in the subsurface contaminant transport and vari-
ably saturated flow simulation [Sudicky, 1990; Therrien and Sudicky, 1996]. Other

widely used direct solving methods which may improve the accuracy, efficiency
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or stability of the solutions include the upstream weighted residual and Petrov-
Galerkin schemes [Huyakon and Pinder, 1983], the Laplace Transform Galerkin
(LTG ) technique [Sudicky, 1989], and Arnoldi/Lanczos modal reduction method
(ARM or LRM) [Dunbar and Woodbury 1989; Woodbury et al. 1991]. Farrell et
al. [1998] has made a comparative analysis between the method LTG and ARM
with an attention focused on efficiency and accuracy. For the homogeneous mate-
rials, he found that the LTG method maintains a higher degree of accuracy than
does the ARM. However, in terms of efficiency, the Arnoldi method attains a pre-
defined level of accuracy faster than does the LTG method. For the heterogeneous
hydraulic conductivity field, the level of accuracy achieved by the ARM and the
LTG method are similar. Compared to the tradition time-marching approach,
both methods are stable and robust, and greatly out-perform the traditional ap-
proach in efficiency. A potential shortcoming of the LT G formulation was recently
reported by Xu and Bruseau [1995]. In their work, they showed that the negative
dispersion which is inherent in the Galerkin finite element scheme can be poten-
tially problematic when the LTG method is applied to highly advective problems
under high grid Peclet number conditions. In addition, the LTG method is known
to be limited to problems involving linear mass transport in steady flow fields.
The Arnoldi method is a modal reduction technique based on the recursive
Arnoldi algorithm. Using this algorithm a matrix differential equation can be
transformed into a smaller system of equations. The size of the reduced system
is dependent on the number of modes or Arnoldi vectors chosen, which is much
less than the size of the original equation system. The reduced system is then
solved using a time-stepping scheme such as the Crank-Nicolson approach. The
solution of the original equation is then obtained from the reduced space using

a matrix-vector multiplication. Compared with conventional methods the main
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advantage of the ARM is its high efficiency.

The modal reduction technique was first introduced to groundwater hydrology
by Dunbar and Woodbury [1989]. They applied the Lanczos method to solve the
groundwater flow problem. Later, Woodbury et al. [1991] and Nour-Omid et
al. [1991] used the Arnoldi reduction method to solve the contaminant transport
problems. All these applications have demonstrated great efficiency of the modal
reduction technique. In 1994, Dunbar et al. made a detailed discussion of several
implementation difficulties for the Lanczos method, including the choice of starting
vector and implementation of time-dependent boundary conditions, etc. For the
purpose of improving the approximation of the eigenvalues of the problem and
thus increase the convergence rate of the method, Farrell [1997] developed a “shift”
version of the ARM. Li [1996] extended the Lanczos methods to solve unsymmetric
groundwater problems and applied this method to the multi-species decay chain

transport problem [Li et al. [1998]).

1.4 Objective and research methodology

Multi-species contaminant transport in fractured porous media has been examined
using a variety of underlying physical models such as the continuum, dual-porosity
and discrete fracture models. Analytical and numerical solutions of contaminant
transport problems using these models for flow and single species contaminant
transport problems have been in existence for many years and have been devel-
oped for application to both unsaturated soils and saturated geologic media. There
are several numerical models available for the simulation of multi-species trans-
port in fractured porous media, such as FTRANS, STAFF3D [Huyakorn, 1983b],
TRACR3D [Travis, 1984], TOUGH2 [Pruess, 1991], and FRAC3DVS [Sudicky
and McLaren, 1992], FracMan/MAFIC [Golder Associates, Inc, 1994]. However,
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most of these models are limited by the efficiency and accuracy of the available
solvers and the complexity of the problems. The mass exchange between fracture
and matrix is a complicated process for the dual-porosity approach. The coupling
term has been investigated for many years in groundwater hydrology [Zimmerman
and Bodvarsson, 1989; Dykhuizen, 1990]. An efficient scheme for computing the
transient coupling term for mass transport modeling is very important.

The primary objective of this study is to provide effective numerical tools for
solving the real world engineering problems in evaluation of environmental im-
pact of high-level radioactive waste, mining tailings, accidental chemical spills,
and improperly designed or maintained chemical transportation and storage fa-
cilities. Several efficient numerical approaches for the simulation of two or three-
dimensional groundwater flow and multi-species solute transport in fractured me-
dia, such as the transport problem of decay chain components or TCE and its
biodegradation products will be presented. In order to simulate groundwater flow
and contaminant transport behavior in fractured media, the flow and contami-
nant transport equations will be discussed and the mass exchange term between
fracture and matrix block will be examined. The consideration of multiple dimen-
sional problems allows for a more realistic representation of the physical system
of the real world. However, even a transport problem of single species in two or
three dimensions can introduce tens to hundreds of thousand of unknowns. By
the traditional numerical approaches, it is very difficult to solve the multi-species
transport problem, especially for the transport problem in fractured media, due
to the complexity of problem and limitation of computer resources. Therefore,
an effective algorithm for reducing the original equation system may be of great
assistance in simplifying the problem.

The dual-porosity and discrete fracture approaches will be introduced for the
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solute transport in fractured media. The dual-porosity approach is suitable for
the case of incomplete information about the fracture distributions. The math-
ematical models for dual-porosity approach by using parallel fracture model and
spherical model are developed. An explicit expression for the mass exchange be-
tween the porous matrix and fractures is obtained, which is a function of recent
concentration and history concentration of the solute and its parent species in
the fracture. The discrete fracture approach requires that the geometry and the
hydraulic properties of each fracture be specified. Using a superimposing tech-
nique, one final system of equations for the whole domain will be obtained. This
approach is applicable for the detailed simulation of solute transport in fractured
porous media. Processes of advection, mechanical dispersion, molecule diffusion,
biodegradation, decay and in-growth due to the decay of parent species are fully
accounted for, except the advection in the porous matrix for dual-porosity ap-
proach, which is considered negligible. The traditional Galerkin technique is used
to discretize the flow and transport equations. The Lanczos or Arnoldi algorithm
is applied to reduce the original equation system, which in turn can be solved by
a suitable time integration algorithm such as Crank-Nicolson method. Using a
matrix-vector multiplication, the solution of original equation at a particular time
can be sought. This approach achieves a tremendous advantage in computation
CPU time and computer storage memory over classic methods. When a problem
involves large numbers of unknowns or with a large band width, the reduction pro-
cedure may not be efficiently implemented by a direct solution method, a fast and
robust accelerated iterative solver-ORTHOMIN [Vinsome, 1976] or PCG solver
is employed. All the numerical models developed will be verified by comparison
with analytical solutions. Several field scale example simulations covering a range

of flow and solute transport problems in different fractured geological media will
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be presented.

The behavior of a radionuclide decay chain or TCE transport in fractured
porous media is not completely understood. Further study of the contaminant
transport behavior is necessary for the simulation of multi-species transport in
fractured media. In this study, the influences of uncertainty in the distribution of
fractures on the contaminant transport will also be investigated.

In particular, the following will be examined in this study:

1. The transport behavior of decay chain radionuclides and TCE biodegrada-
tion contaminants (in anaerobic conditions) in saturated fractured porous
media. The influence of randomly distributed fractures on multi-species

contaminant transport will be examined.

2. Detailed governing equations describing groundwater flow and multi-species
contaminants transport (decay chain radionuclides and TCE) in fractured
porous media using dual-porosity and discrete fracture approach will be
studied. The conditions under which these equations can be written in a

form suitable for the Arnoldi or Lanczos reduction methods.

3. How can the calculation of fluid or mass exchange between fracture and

matrix block for dual-porosity approach be made more efficient.

4. The applicability and performance of the Lanczos or Arnoldi methods for
solving various flow and multi-species mass transport equations with differ-

ent time-dependent boundary conditions.

5. Improvement of the accuracy and efficiency of the reduction techniques,

especially for problems with large Peclet number and heterogeneous media.
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In general, the accuracy and efficiency of the numerical methods for simula-
tion of multi-species transport in fractured media and the implementation of the
methods are the key issues in this work. In order to achieve the objectives, the

following schemes or methodology will be adopted:

1. The fluid or mass exchange term in the dual-porosity model is a function of
groundwater head or concentration history of the contaminant, and concen-
tration and concentration history of its parent species. For the groundwater
flow problem, this term can be written in a recursive form. It is expected to
be more efficient compared to the iterative scheme used in most numerical
methods using dual-porosity model. By writing the mass exchange term
in recursive form, reduction of the discretized system of equations can be
implemented. For the transport problem, the mass exchange term can be
computed directly in reduced space and the solution is sought through a su-
perposition scheme. This method is expected to be more efficient compared

to the computation in the original space.

2. The groundwater flow and contaminant transport equations will be devel-
oped in a form which is suitable for the reduction methods. Several reason-
able assumptions will be made in the development of the equations. The
Lanczos and Arnoldi reduction methods are used to reduce the size of equa-
tion systems. Solving the reduced equations will be more efficient than

directly solving the original equations.

3. The general form of the time-dependent first and second type boundary
conditions will be examined. By grouping the same time history boundary
nodes and considering the different time history groups separately, the first

and second type time-dependent boundary conditions can be implemented
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in the reduction methods.

. Because of the complexity of multi-species transport, the common starting
vector for the Arnoldi reduction method will be carefully selected and the
equation system solver will be chosen to achieve extra efficiency and robust-
ness of the adopted numerical techniques. Two schemes for choosing the
common starting vector will be presented. Further efficiency is achieved by

using features of FORTRAN 90 for programming.

. The “shift” technique will be re-introduced and improved. It is expected
that this technique can greatly enhance the convergence rate of the iterative
solution procedures and the convergence rate of the recursion process. The
new technique makes the application of ARM to problems with large Peclet

number and large time step size possible.

. The efficiency and accuracy of the reduction methods will be evaluated
through the comparison of the results of reduction methods and the tradition
time-stepping methods or LT'G method. The flow and transport models will
be verified by using published analytical solutions, real field data, and results

of generic transport problems solved using different numerical methods.

. The modal reduction methods will be extended to solve problems of long-
term and large-scale groundwater flow and multi-species contaminant trans-

port in fractured media.
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Chapter 2

The Reduction Techniques

2.1 Introduction

In this chapter, the Lanczos reduction method (LRM) and the Arnoldi reduction
method (ARM) are reviewed. First, the general reduction procedure of a differ-
ential equation system is examined. Application of the finite element or finite
difference method to the governing groundwater flow or mass transport equation
subject to initial and boundary conditions results in a matrix differential equation

of the form
Mc+Ke=f (2.1)

where ¢ is a vector of unknowns at the nodes of the finite element mesh, K is
the “conductivity” matrix, M is the “capacity” matrix and f is a vector which
contains the effects of the boundary conditions as well as source/sink terms. Both
M and K are n x n matrices, where n is the number of nodes in the mesh. Matrix
M is symmetric and positive-definite. Matrix K is symmetric for groundwater
flow problems and unsymmetric for contaminant transport problems.

The traditional approach for solving the above matrix differential equation is
to apply a finite difference approximation to the time derivative followed by a time-

stepping routine such as the Crank-Nicolson scheme. This method first discretizes
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equation (2.1) in time, and then obtains solutions by recursive substitutions. For

instance, the Crank-Nicolson algorithm gives
: 1 .
M'cH = K'cF + 5At(f*“ + ) (2.2)

where M' = M + AtK/2, K' = M — AtK/2, At is the time step and k denotes
the time level.

It is apparent that the cost of solving the above equation system will be a
function of the size of the matrices K and M, as well as the number of time steps
required to reach the desired time. Recently, there has been research into reduction
methods to solve these problems, including the Lanczos reduction method and the
Arnoldi reduction method. These methods project the large system into a very
small subspace (a “Krylov” space) constructed using M-orthogonal vectors, giving

a small-sized system of the first order differential equations of the form
Hw+w=g or Tw+w=g (2.3)

where H (or T) is a m X m matrix, m is the total number of M-orthogonal
Arnoldi (or Lanczos) vectors required to solve the original system of equations, g
is an m-element vector. The advantage of reduction is that m <« n. Approximate
solutions in the subspace can then be obtained by solving the reduced system (2.3)
using any time-stepping scheme. The solution in the original space is obtained by
a transformation (a matrix-vector multiplication).

The LRM applies the Lanczos algorithm [Lanczos, 1950] to the symmetric
matrix K™!, using a three term recurrence to construct the tridiagonal matrix T.
The ARM method applies the Arnoldi algorithm [Arnoldi, 1951] to the unsym-
metric matrix K. In the Arnoldi reduction process, the recurrence involves all

previously produced vectors, resulting in a upper Hessenberg matrix H. Details
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can be seen in the works of Dunbar and Woodbury [1989], Nour-Omid and Glough
[1984], and Nour-Omid et al. [1991].

The reduction methods have the potential to render problems with large dis-
cretization into equivalent systems of much smaller size. Consequently, large
savings in computer time and memory are realized, especially for multi-species
transport problems which require only one reduction process for all the equation
systems.

The reduction method was first introduced to solve groundwater problems by
Dunbar and Woodbury [1989]. In 1990, Woodbury et al. applied the reduction
method to the single species contaminant transport problem. In 1998, Li et al. ex-
tended the Lanczos method to solve multi-species decay chain transport problem.
Later, Woodbury and Li [1998] extended the application of the Arnoldi method
to the TCE transport in porous media.

Due to the difficulties of choice of common starting vector, the work of Wood-
bury and Li is limited to special decay boundary conditions and constant retar-
dation factors for all species. Moreover, a number of mathematical challenges
have also hindered the application of the reduction methods. One of the most
important challenges is the implementation of complicated first type or second
type boundary conditions in the reduction methods. Both the choice of common
starting vector and boundary condition implementation will be investigated in

this research.

2.2 Lanczos reduction method

The Lanczos reduction process begins by multiplying the symmetric matrix K™*

to both sides of equation (2.1):
K'M¢ +c =K bu(t) (2.4)
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where b is a time independent vector and pu(¢) is a scalar time function such that
f(t) = bu(t).

The method generates a set of Lanczos vectors q;,qy, ...,q,, (m < n) to form
a M-orthogonal matrix, Q = (q;,qs, -..,q,,). The algorithm can be described as:

Start from an initial vector ro = K™'b and q, = 0, then calculate for j=0, 1,

2, ..., m-1, recursively,
1
(1) Xj+1 = (r;Mr;)?,
1
2 q; = 17Ty,
( ) J+1 Xj+1 J
(3) Pir1 = qz'+1MK_1MCIj+1,
(4) Tjr1 = K_quj-i—l — Pi+19541 — X5+195,
Thus, the matrix Q = [qy, qs, ..., q,,] and the tridiagonal matrix T are formed
[ 01 xe ]
X2 2 X3
T=| R (2:5)
Pm—-1  Xm
L Xm  ¥Pm |

From the above algorithm, the following relationships hold

K'MQ = QT +ret, (2.6)
and
QAMQ =1 Q'Mr =0 (2.7)

where I is the m x m identity matrix, the m-vector e, is the mth column of matrix
I and r is a residual vector. The superscript ¢ denotes transpose of that matrix

or vector.
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The two equations in (2.7) refer to the M-orthogonality property. The Rayleigh-
Ritz reduction process is then used to reduce the size of equation (2.1). Multiply-

ing equation (2.1) by Q*M, substituting the approximate transformation
c=Qw (2.8)

into the original equation, and applying (2.6) and (2.7), the reduced system (2.3)

is obtained, where g is given by:

g = x1e1/(t) (2.9)

The approximate solution to the original equation (2.1) can be obtained by
transforming the solution w according to (2.8). The LRM is only for solving

groundwater flow problems which have a symmetric K matrix.

2.3 Arnoldi reduction method

The ARM may also be appropriately described as a subspace method. However,
unlike the LRM method where the Krylov subspace is formed using the symmetric
matrix MK ™M, the ARM generates the subspace using the unsymmetric matrix
MK ™'M.

The application of the ARM to the mass transport problem is also initiated
by multiplying (2.1) by K™! and the equation in the form of (2.4) is obtained.
Application of m steps of the recursive Arnoldi algorithm to the matrix K™'M,
the reduced system of equations is formed.

The Arnoldi reduction process can be concluded as follows. It is almost iden-
tical to the Lanczos reduction method.

Start from a vector ry = K™'b and q, = 0, then calculate for j=0, 1, 2, ...,

m-1, recursively,
1
(1) Xj+1 = (riMr;)?,
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1

2 Qi = —T;,
2) Ak Xi+1 ’
(3) Pi+1 = q§'+1MK-1MQj+1,
(4) ¢§ij1_2) = ngK—quj-i-l) 1= ]-7 27 "')j;
i
(5) Tjy1 = K_IMQJ'H — Pi+19541 — Z¢§21Qj+1—ia
i=1
The M-orthogonal matrix Q = [q;,q,, ..., q,,] and the Hessenberg matrix H
are formed
N ST SR BRI G
1
Yo g WSV . .
X3  ©3
H = cen R (2.10)
Yl )
©m—1 wg)
Xm ©Pm

Ar;alogous to the LRM, equations (2.6) a—nd (2.7) are also valid for the Arnoldi
reduction method.

The same Rayleigh-Ritz reduction process as in the LRM is used. Using equa-~
tion (2.8) for approximate transformation, the reduced system of equations in the
form of (2.3) is obtained. The reduced system of equations is then solved using a
suitable time stepping procedure such as the Crank-Nicolson method. Woodbury
et al. [1990] indicated that the time required for the time stepping procedure is
not significant if m < n. It is noted that using the equation (2.8) for transfor-
mation of the subspace solution is computationally inexpensive and contributes
little to the overall computational cost. At this point it should be stated that
the reduction procedure for both the LRM and the ARM can be implemented
using either direct or iterative solvers. In this research, both direct and iterative
versions of the reduction process have been implemented.

Compared to conventional methods, the main advantage of the reduction

method is its efficiency in computing time and storage. The efficiency can be
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further enhanced by using a larger time step without violating the Courant con-
straint [Farrell, 1997]. However, the efficiency to be gained from the ARM is
currently only available for transport problems involving steady state groundwa-
ter flow. If a problem involve transient flow, the K matrix must be reformulated
and the reduction process repeated each time the velocity field changes. This
process is computationally expensive and severely reduces the efficiency of the
reduction method, because the reduction process is based on the conductivity
matrix K.

The convergence rate for both the iterative solution procedure for the reduction
process and the recursion procedure for the reduction process itself depends on the
properties of K. The properties of the matrix can be changed by a “shift” method
[Farrell, 1997] which greatly enhances the convergence rate. Detailed discussions
of application of the shifted Arnoldi method to the problem of flow and transport

in discretely fractured media are presented in next chapter.
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Chapter 3

Theoretical Development—Flow
and Decay Chain Transport

3.1 Physical system

Clay aquitards and consolidated rocks are often considered to be safe geological
formations in which to dispose of hazardous waste because of their low hydraulic
conductivity. In this case, dissolved contaminants released from hazardous waste
facilities migrate mainly by molecular diffusion, which is a relatively slow process;
however, these geological materials often contain high conductivity fractures which
can greatly enhance the migration rate of dissolved contaminants. As the open
fractures generally offer the path of least hydraulic resistance, the transport of
a contaminant entering a fractured rock system will be primarily along the frac-
ture. At the same time, contaminants also migrate through the rock matrix by
advection.

Figure 3-1 illustrates a commonly occurring geological feature that forms a
physical system of groundwater flow and contaminant transport in a fractured
porous medium. The physical system consists of a fractured porous medium and
a waste facility, such as a mining tailings pit or a dump site, situated on the top

of the medium. If fractures exist on the side or bottom of the waste site, the
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Fractured
Aquitard

Figure 3-1 One of the most commonly observed physical system of groundwater flow and
contaminant transport in fractured porous media (modified from Therrien et al., 1996)
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Figure 3-2 Dual-porosity conceptual models: (a) parallel fracture model,
(b) spherical block model (after Huyakorn et al, 1983 )
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contaminant that originates from the source may migrate along the fractures by
advection and dispersion in the aqueous phase. It further diffuses into the porous
matrix, sorbs onto the fracture surfaces and the suspended or filtered colloids,
and may decay for some radioactive chemical contaminants. The contaminants in
the fracture can distribute among four phases: mass in the solution phase, on the
fracture surface, on mobile colloids, and on filtered colloids [Ibaraki and Sudicky,
1995].

The distribution of fractures can be very complicated. For a naturally frac-
tured porous medium, the fractures are interconnected in three dimensions. In
order to simplify the system, one can use a family of parallel fractures or two or-
thogonal families of parallel fractures to represent the physical system. In the work
presented herein, the physical system is simulated by using both the dual-porosity
approach and the discrete fracture approach separately. For the dual-porosity ap-
proach, two conceptual models, the parallel fracture model and the blocky fracture
model (see Figure 3-2), are used. For the discrete fracture approach, the fractures
can be randomly distributed as one or two-dimensional plates. The theoretical

development in this study is for three dimensional problems.

3.2 Properties of contaminant transport

Multi-species contaminant transport in the fractured porous media is a very com-
plicated physical and chemical process. This research focuses on the transport of
decay chain radionuclides and multi-species TCE biodegradation contaminants.
The water moving in the fractures in the rock may transport dissolved ra-
dionuclides from a repository for radioactive waste or radioactive mining tailings.
The assessment of how much and at what rate the nuclides are carried by the

moving water is governed by the flow rate of the water in the rock, pathways, and
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on the retardation of the radionuclides by physical and chemical interactions with
the rock [Neretnieks, 1993]. Domenico and Schwartz [1990] concluded that the
magnitude and direction of advective transport are controlled by (1) the hydraulic
conductivity distribution within the flow field, (2) the configuration of the water
table or potentiometric surface, (3) the presence of sources or sinks, and (4) the
shape of the flow domain. Other important processes that influence decay chain
transport may include retardation and radioactive decay.

The water flow rate calculations are based on flow models for fractured media.
Based on the calculated flow rate, velocity of the flow can be determined. The
flow velocity is then used in the transport models. However, the radionuclides do
not move with the velocity of water in general. Their velocity will deviate from
the average velocity. This is because of the effect of diffusion. Small molecules
or ions diffuse in a concentration gradient and can move from high concentration
to low concentration locations. With only advection and dispersion active, the
classical advection-dispersion equation results. It has been used extensively to
describe non active contaminant transport in porous media. It is easily modified
to account for the influences of decay. The same equation can be used to describe
contaminant transport in the fractures or matrix blocks.

In most circumstances, radionuclides will adsorb on the surfaces of the rock
minerals. These processes may considerably retard the radionuclides which, in
some instances, can be expected to move many orders of magnitude slower than
the flow. For a given flow rate the retardation will be greater for a nuclide if there
are more exposed surfaces at which the nuclides can interact. This is because
the radionuclides not only interact with the fracture surface, but may also diffuse
into the matrix and sorb onto the inner surfaces of the rock matrix. The inner

surfaces in the matrix blocks are much larger compared to the fracture surfaces
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in contact with the flowing water. Therefore diffusion into the matrix may lead
to considerable increase in retardation.

In addition, decay of the radionuclides has a significant impact on the transport
of contaminants. The concentration of a radionuclide may decrease due to the
decay of that species or increase due to the decay of its corresponding parent
species changing into that species. Each radionuclide may have more than one
parent species and may also have more than one daughter species.

The dissolved species may also experience kinetic effects caused by physical
processes [Neretnieks, 1993]. One such process that has a very large impact for
solute transport in fractured rock is the diffusion in and out of zones in which the
water is moving so slowly that it can be assumed to be stagnant. Such stagnant
zones can be expected in fractures with uneven surfaces and with fracture filling
materials.

The presence of colloids may enhance the transport of radionuclides in ground-
water by reducing retardation effects [van der Lee et al., 1992; Baek and Pitt,
1996]. Colloids existing in groundwater act as carriers, adsorbing radionuclides
onto their large surface area and moving with the groundwater. When the colloidal
particles are vigorously filtered onto the fracture surfaces, contaminant migration
is not significantly enhanced because of the low colloid mobility, even when the
sorption capacity of the colloid is large [Ibaraki and Sudicky, 1995].

In addition, properties of the fractured media greatly influence the transport
capacity of the individual fractures. Fracture apertures are known to span several
orders of magnitude. Fractures offer paths to a contaminant entering a fractured
rock system. Therefore the size of apertures is a key parameter that influences
the fracture hydraulic resistance. The porosity and conductivity of the fractures

and porous matrix media are the two most important parameters determining the
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groundwater flow velocity. The flow velocity determines the transport capacity of
the fractured porous media through advection.

Except for decay, all the properties mentioned for decay chain transport also
influence TCE transport. In addition, TCE biodegradation is an important prop-
erty that influences its transport. Biodegradation is the transformation of organic
chemicals mediated by living organisms through enzymes. Microorganisms de-
grade organic chemicals as a source of energy and for their growth, although
most of the degradative enzymes are not used directly for growth. The rate of
biodegradation of an organic chemical is dependent on chemical and environmen-
tal conditions, and on the microorganisms that are present. Extensive laboratory
and modeling work has been performed in recent years to examine the contami-
nant biodegradation properties in the fractured porous media [Vogel and McCarty,
1985; MacQuarrie et al. 1990; and Semprini, et al., 1995]. In this research, only
the dissolved-phase contaminant transport will be considered and the complicated

biodegradation procedure will be simplified as a first order decay process.

3.3 Governing equations

3.3.1 Groundwater flow equations

(1) Dual porosity approach

The partial differential equations describing groundwater flow in dual-porosity
fractured media are obtained by considering a representative elementary volume
(REV) consisting of a sufficiently large number of matrix blocks and fractures. The
dimensions of each of these blocks are assumed to be small relative to the scale of
the problem. The geometry of the matrix blocks is taken here to consist of either
parallel slabs or spherical “blocks”, as shown in Figure 3-2. Because the matrix

block dimensions are assumed to be small relative to the scale of the problem,
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the hydraulic heads on the surface of each matrix block will be approximately
uniform and flow in the block will be essentially one-dimensional. At each point
in the domain, there are two overlapping continua, one for the matrix blocks and
the other for the fractures.

The partial differential equation of flow in fracture continuum takes the form

[Barenblatt et al., 1960, Huyakorn et al., 1983]

0 8h Oh
(T — T = 1

ij=1, 2

where h is the hydraulic head in the fracture, 7;; and S are the fracture trans-
missivity and storage coefficient of the formation, I" is the volumetric rate of fluid
transferring from porous matrix blocks to fractures per unit volume, and g, is the
volumetric rate of fluid flow via sinks or sources.

The term I' represents the fluid-flux interaction between the porous matrix and
the fracture. In general, it is a function of both time and space. There are three
popular alternative mathematical models for describing I'. Detailed description
of these models can be found in Huyakorn et al. [1983]. In this research, both
the unsteady parallel fracture and blocky fracture models are used, although the
approach discussed herein can be extended to any fracture model.

The fluid interaction at the interface of the matrix block and fracture can be
obtained by solving a one-dimensional governing equation with appropriate initial
condition and boundary conditions at the rock matrix-fracture interface. For the

dual-porosity parallel fracture, I' can be expressed as

2K'H t Ok
= —wn(t—T) '
TS [ et ) (32)

where a, b are the half thickness of matrix block and fracture, H is the aquifer
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thickness, K’ is the hydraulic conductivity of the matrix, and w,, is a constant

given by
wyp = m2(2n + 1)2K'/(4S%a?) (3.3)

where S; is the specific storage of the rock matrix.
In a similar way, I for the spherical blocky matrix is given by

(- ofH Z / $on e =T qr) (3.4)

ala + b

where

wn = mn?K'/(S.a?)

and a for the blocky model is the radius of a spherical “block”.
(2) Discrete fracture approach

The description of groundwater flow in a discretely fractured porous media re-
quires governing equations for both the porous matrix and the fracture system.
The governing equation for flow in the porous matrix is described by the tradi-

tional groundwater flow equation for porous media [Bear, 1972]:

9, ., o Ol
i j=1, 2, 3

where A’ is the hydraulic head in the matrix, Kj; and S} are the hydraulic conduc-
tivity and specific storage of the porous matrix. The effect of any source or sink
on the flow in the matrix such as a fluid exchange with the fractures or extraction
by pumping is represented in (3.5) by ¢

The fluid flux ¢; in any direction 4, at any point within the matrix can be

defined accordingly by using the Darcy equation:

, OR
5 Oz;

(3.6)
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ij =1, 2 8

In one version of the discrete fracture approach, the fractures are idealized as
two-dimensional plates. This implies that the hydraulic head is uniform across
the fracture width. The equation for groundwater flow in a fracture of aperture
2b is:

0 Oh oh
6CU(K_) — Gn II‘ +an II+: Qst_ (37)

2b
a.’Ej ot
1, 7=1,2

where h is the hydraulic head in the fracture, Ss and K are the specific storage
and hydraulic conductivity of the fracture, and the two ¢, terms represent the
normal components of the fluid leakage flux across the boundary interfaces (I~
and I*) that separate the fracture and the porous matrix. It is this leakage term
together with an assumed continuity in the head along the interface that provides
the link between the flow equations for each fracture and porous matrix. X is

given by [Bear, 1972]

_ pg(2b)?
K= (3.8)

where p and p are the fluid density and viscosity, respectively, and g is the accel-
eration of gravity.

By combining (3.8) with the one-dimensional form of the Darcy equation, the
fluid flux ¢y along the axis of a fracture is [Sudicky and McLaren, 1992)]

__pg(2b)*dh

3.3.2 Radionuclide decay chain transport equations

(1) Dual-porosity approach

The governing equations for transport of radionuclide component p (p = 1,2..., P)

in the fractures using a dual-porosity approach can be written in the following form
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[Huyakorn et al. 1983b, 1983a]

9 oC, aC. ac, M
0z; (D 5$:> oY 61:}-) =R (’%p + BpApCyp = D Comy R Ay Cr
7 2 m/=1
—(}-—;ﬁ)rp p=1,2..,P ij=1.2 (3.10)

where C,, is the concentration of species p, ¢ is the time, z; is the spatial coor-
dinate, D;; is the hydrodynamic dispersion tensor, v; represents the flow velocity
in fractures along the z; direction, A\, and R, are the first-order decay constant
and the retardation coefficient of species p in the fractures, respectively, (pm is
the fraction of parent component m' transforming into component p, M is the
total number of parent components transforming into the component p, R/, Any
and C,,y are the retardation coeflicient, decay constant, and the concentration of
the parent species m/, I, is the volumetric rate of mass exchange of component p
between the rock matrix and fracture, and the ¢ is the secondary fracture porosity
which is defined as the volume of fractures per unit volume of the entire porous
medium. For the parallel fracture model, the secondary fracture porosity is given
by

b
¢ = P (3.11)

where a and b are the half thickness of matrix block and fracture. The similar
expression for the spherical block model can also be derived if the packing of the
spheres is known.

For linear-reversible equilibrium sorption, the retardation coefficient R, or Ry,
in fracture can be further defined as [Freeze and Cherry, 1979]

Ki
b

R=1+ (3.12)

where K is the fracture wall distribution coefficient [L].
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As mentioned earlier, the two most popular conceptual models for the frac-
tured porous medium are the parallel fracture-prismatic block and spherical block
models [Huyakorn et al., 1983a]. Both models are depicted in Figure 3-2. The
mass transfer between the matrix block and fracture (I';) can be written in the
terms of concentration gradient at their interface using Fick’s law. For the parallel
fractured model, the expression of I', takes the form:

D oc,

. =
a Oz

P

(3.13)

zZ=a

where z is a local coordinate with the origin at the center of the matrix block, D’
is the molecular diffusion coefficient of the rock matrix, and C’z’3 is concentration
of radionuclide component p in the matrix block.

The corresponding expression for the spherical model is given by:

3D 6C,
Fp‘—— a E‘“ r=a (314)

where 7 is the radial distance from the center of the sphere.
The development of equation (3.10) is based on the following major assump-

tions [Huyakorn et al., 1983b, 1983a):

1. Contaminant transport in the fractures is two-dimensional and is controlled

by both hydrodynamic dispersion and advection.
2. The local sorption equilibrium isotherm can be considered linear.

3. Chemical reaction or radioactive decay or ingrowth effects can be described

by a first-order term.

4. The fractured porous medium is macroscopically uniform and can be ap-
proximated by the parallel fracture-prismatic block conceptual model or by

the spherical block model.
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5. Transport in the matrix blocks is dominated by molecular diffusion, and this
can be described by an one-dimensional diffusion equation in Cartesian or

spherical coordinates.

6. For the spherical model the block diameter is small in comparison with

overall transport distance.

Equation (3.10) represents a system of P partial differential equations linked
together by the decay chain terms, which account for transformation of parent to
daughter components. In order to solve equation (3.10), boundary conditions and

initial conditions are required. The initial conditions can be expressed as
C,=C? at t=0, p=1, 2,..., P

The common boundary conditions are the first or second type with constant or
transient concentration. A decaying source condition can be described by a set
of mass-balance equations, known as Bateman’s system of ordinary differential
equations [Bateman, 1910]

dc,

M
— = NG+ > Com A Co (3.15)

m'=1
where C~'p denotes the boundary concentration of species p. For a general P-
component decay chain in the sequence:

(1)=(2)......=(P-1)—(P), the analytical solution of (3.15) was given by Harada
et al. [1980]

P 14
Cp = Cge_Apt + Ap_lcg_l Z e_)‘m't[ H ()\k - )\m/)]_l + ...
m/=p—1 k=p—1
k#m/
P P
A1 X2 A C) DT e T (e = Aw)] (3.16)

m/=1 k=1
k#m/
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The superscript 0 on boundary concentration ép in the above equation denotes
the initial boundary concentration value of that species.

In equation (3.10), the mass exchange term I, is related to the concentration
gradient at the interface between the matrix blocks and fractures. The concentra-
tion gradient may be computed by solving the diffusion equation for contaminant
concentration in the matrix block. For the prismatic block, the equation repre-
senting one-dimensional diffusion in the block takes the form [Huyakorn et al.,

1933b)]

0 oC! ocC! M

Z(D'Z=ZRy = 4R P I ot o SR A O ‘
8z( 82) PR, 5 + ¢ R,AC mglﬂg‘pmgme)\ c. (3.17)
p=1,2 ..., P

where C;,, is the concentration of p’s parent species m’ in the slab, ¢’ is the matrix
porosity, I, and R, are the retardation coefficients of component p and m’ in the
block respectively. The retardation coefficient in the matrix is given by [Freeze
and Cherry, 1979):

R=1+ %Kd (3.18)
where p; is the bulk density of the matrix and K is the equilibrium distribution
coeflicient describing a linear Freundlich adsorption isotherm.

The solution of equation (3.17) must satisfy the following initial conditions.
A0 _ _
C =" at t=0, p=1, 2,..., P

The appropriate boundary conditions are of the form

C,=Cy at z=a, p=1, 2,..., P
oC!
—6—; =0 at z=0, p=1, 2,..., P
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For spherical blocks, the corresponding system of equations is

10 2 /80119 Y. /aCZ/J 1 ! / - ! B’ /
;557(7" D E“) - ¢Rpﬁ + ¢ Rp/\POp - 7:4:41 Cpmgb Rm/\mcm <3'19)
p=1,2,..,PF

which must be solved subject to

C,=CP at t=0, p=1, 2,..., P
C,=Cp at r=a, p=1, 2,..., P
ac,

5 = at r=0, p=1, 2,..., P

The systems (3.10) and (3.17) or (3.19) are related together through the parent-
daughter decay chain and the mass exchange terms. For a real-world problem,
this most likely would result in a large system of equations. In order to solve these
problems, a robust and effective scheme to reduce and solve the equation system

is necessary.

(2) Discrete fracture approach

Similar to the formulation of the flow problem using the discrete fracture model,
two equations will be used to describe the decay chain contaminant transport
in fractured porous media for each species: one for the fracture and another for
the porous matrix. In contrast with the dual-porosity model, the advection in
the porous matrix is also taken into account in the discrete fracture model. The
coupling between the two equations is provided by the continuity in concentration
at the fracture-matrix interface and by the equality of the normal component of

the solution mass flux across this interface.
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For the species p, the equation governing mass transport in the porous matrix

is given by
0 6()’ 5‘0’ oC!
D / ' p / ! N4 m/ ' .

p=1, 2,...,P z',j:J,Q,S’

The notation above is the same as in equation (3.10), except that the parame-
ters are for the porous matrix.

The equation describing radionuclide decay chain transport in a fluid-filled

fracture can be written as follow (modified from Sudicky and McLaren, 1992)

oC, ~9C, 8, 0C, M
(2b)[R’P~a? + amz a (DU a )+ Rp>\ C Z Cpm’Rm'Am/ m/]

m/=1

—Ap |- +An [1+=0 i, j=1,2 p=12..,P (3.21)

The two terms involving A, represent the mass loss (or gain) of solute mass
across the fracture-matrix interfaces /= and It due to fluid leakage and hydro-
dynamic dispersion. The retardation factor R, is defined by equation (3.12). In
(3.21), it is assumed that the adsorption characteristics of both fracture walls are
identical.

A, along interface I interface can be written as:

oC,
A [r+= [aCp = $Dn——E] |1+ (3.22)

where g, is the normal component of the Darcy flux, and D,, and 8C,/0n are the
dispersion coefficient and concentration gradient, respectively, acting perpendicu-
lar to the fracture-matrix interface I™. A, along interface I~ can be determined

in the same way.

3.4 Numerical techniques for flow modeling

The numerical solution of the governing flow equations for both the dual-porosity

and discrete fracture models are obtained by applying the standard Galerkin finite
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element method for spatial discretization. Their solution is complicated because
strong contrasts in material properties are likely to exist between the fractures
and the porous matrix. In addition, a multi-dimensional model can easily involve
many hundreds to thousands of unknowns. Therefore, an efficient and robust
numerical technique is necessary to solve the governing equations. Dunbar and
Woodbury [1989] have shown that the Lanczos algorithm is well suited for solving
large groundwater flow problems, particularly when the time duration is long. The
Lanczos algorithm uses orthogonal matrix transformations to reduce the finite
element equations to a much smaller tridiagonal system of first-order differential
equations. A standard tridiagonal solution algorithm can solve this new system
with little computational effort. A matrix-vector multiplication is then used to
obtain the original solutions at desired time steps. Solution techniques for flow
equations for both the dual-porosity and discrete fracture models are discussed in

the following sections.

3.4.1 Dual-porosity approach

Consider now the following flow equation obtained by substituting (3.2) or (3.4)

into (3.1).

0 Oh Oh s
—(Tyi——) — §— w — I,=0 =1, 2 3.23
8:1:1-( Jazj) Sat+q Uzzzo i (3.23)
where

t Oh

— 2 —wi(t—T1)

Iz A 67—6 dr (324)

and o for a parallel fracture model is

2K'H
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or for a blocky fracture model
6K'H
0= — (3.26)
a(a+0)
If a finite difference approach is adopted to solve (3.23) and if the time step size
At is assumed constant, at time step k+1, the time integration in (3.24) can be

approximated by

At — R h? — hl te
k+1 ~ —wy (g1 —’r)d / '“wl(tk-}-l—T)d
N ————At /o e T+ A " e T+
REFL — RE e
—_— —erlteri=r) g 3.27
— /t e . (3.27)

where the superscripts of A (0, 1, ..., k and k+1) denotes the groundwater heads
at different time steps.

From (3.27), it is easy to show that the relation between I* and I**! can be
expressed as:

1 — e—wlAt

Ik—!—l — e—wlAtIk
’ ot w, At

(RFTY — BF) (3.28)

Note equation (3.28) is in a recursive form and can be rewritten as a function

of groundwater hydraulic head history.

IF =g (h — hF) + 6,(e,(h* = R* ) + 6,( e (B2 = BY) +

(52(61(h1 — ho))..)) (3.29)
where
51 — e—szt
1— e-—wlAt
&= w, At

The assumption of a constant time step is not necessary. However, without this
assumption d, and €, must be re-evaluated for each different time step. In order to

use the Lanczos reduction method, it is assumed here that the storage coefficient

44



S is a constant for all the fractures. For the traditional solution methods, this

assumption is not necessary.
After substituting (3.29) into (3.23), discretization of (3.23) by Galerkin finite

element method leads to the following system of first-order differential equations

Mh + Kh o O'%/I“ Z Gzh - U% Z[—Ezhk + 5z(€z(hk - hk_l) +
1=0 2=0
8.(..cs(h® —h') + 6,(e,(h' — h%)).))] = f (3.30)

where h is a vector of hydraulic heads at nodes of a finite element mesh, K and
M are the conductivity matrix and capacity matrix respectively. Both of these
matrices are symmetric and positive definite. The right hand side vector f includes
the effects of source terms as well as boundary conditions. In the next section,

system (3.30) is reduced in size by means of the Lanczos reduction method.

3.4.2 Application of the Lanczos reduction method

Background of the method The Lanczos method begins by constructing an
orthogonal set of vectors, known as Lanczos vectors [Nour-Omid, 1987]. This
method uses the transformation h = Qw, where Q is a M orthogonal matrix
(ie., Q'MQ = I, the identity matrix). Q consists of m Lanczos vectors each of
dimension n, i.e. Q is a n x m matrix. The Lanczos reduction process may be
started with a vector ro which depends on the right-hand side of the discretized
system of equations. Equation (3.30) is transformed by multiplying it by MK ™!
and substituting the transformation h = Qw. The reduced equation is obtained
by taking advantage of the orthogonality of the Lanczos vectors. ry is chosen to
be K™'f. The vector f includes the influences of non-zero boundary conditions
and the effects of sources/sinks of the problem at any time. Detailed discussion of

the Lanczos reduction method can be found in the following references [Lanczos,
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1950; Simon, 1984; Nour-Omid, 1989]. The algorithm for the method is detailed
in Chapter 2.

The Lanczos method does not require an actual inversion of the stiffness matrix
K [Dunbar et al, 1994], even though there are many references to K™ in the
Lanczos algorithm. The K™'f are actually computed by solving the system Kx =
f. This is accomplished by performing one factorization of the K matrix followed
by m back-solves for each Lanczos process.

Both the direct and iterative solution methods are used for different versions
of the Lanczos reduction process. For the dual-porosity flow model, the direct
solution method is adopted. In the direct solution version, a Cholesky decom-
position and a series of back-solves are used to carry out the Lanczos reduction.
This is, of course, a direct as opposed to an iterative scheme. In addition, for the
dual-porosity flow model, time-marching by the Crank-Nicolson method and di-
rect solvers are typically used for the solution of (3.30) as a basis for overall timing
comparisons between traditional method and the LRM. It has been pointed out
that perhaps iterative solvers such as conjugate gradients should be used instead
of direct solvers for the Crank-Nicolson solution of (3.30).

It is recommended that iterative solvers be used to carry out the Lanczos
reduction in place of direct solvers if the Lanczos method is applied to three-
dimensional problems, or where an arbitrary sparsity structure is encountered.
It should be noted that whatever method is used to compute the solutions to
Kx = f, the overhead cost will be the same for both the direct integration of
(3.30) and the Lanczos method. The total computational effort of a Lanczos
process is approximately equal to solving equation Kx = f for m time steps, no
matter what solution method is used.

During the Lanczos decomposition, each Lanczos vector generated is subject
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to loss of M orthogonality with respect to earlier vectors due to computer runoff
error and cancelation. This means that Q'MQ # I. Therefore, the orthogonality
must be monitored. When loss of orthogonality has occurred, reorthogonalization
must be implemented (Simon, 1984).

Another important issue for the Lanczos method is the criterion for terminat-
ing the recursion when a sufficient number of Lanczos vectors has been computed.
In this work an approach described by Dunbar and Woodbury [1989] is adopted.
Numerical experiments have shown that the number of Lanczos vectors needed is
dependent on the inhomogeneity of aquifer hydraulic properties and element grid
size. However, in a typical case for a problem of 5,000 nodes, less than 100 vectors
are needed.

Following the Lanczos reduction method, the following reduced system of equa-

tions is created
S N N N
Tw+w USZE%W USZ[ ewW" + 6,(e,(w” —w ) 4+
2=0 2=0
6 (es(W? —wh) + 8 (e,(Ww —w)). )] =g (3.31)

where w is the solution vector with a length of m in reduced space, T = Q"MK MQ,
is a m x m tridiagonal matrix, and Q is a n X m matrix. Note that m is much
less than total number of original equations, n. This is due to the fact that the
recursion for determining the Lanczos vectors would be terminated after m < n
steps and these basis states capture the essence of the solution. g = Q'MK™'f
is the right-hand side vector of the equation system and can be determined from
equation (2.9).

The reduced system of equations can be solved by any time integration tech-
nique. Note the solution at each time level does not need to be transformed back
to the original unknowns. Only the original solutions h at the desired time steps or

locations are computed by the matrix-vector multiplication h=Qw. The Lanczos
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reduction method therefore yields a large saving in computer memory storage and
solving the reduced system is much faster than time-marching the original equa-
tion system (3.30). For a medium-sized real field problem with several thousands
to several ten thousands solving time steps, the solution data for all time steps
can easily involve hundreds of megabytes to even several gigabytes. However, the
total reduced solution data (w) are much less than total original solution data
(h). Typically, the total reduced solution data may be only 1.0% or less of the
total original solution data. The original solution for any desired time step or
location can be retrieved from the reduced solution data in future with very little

computational effort.

Initial and boundary conditions Proper implementation of initial and bound-
ary conditions is a key to efficient use of the Lanczos reduction method. When
the boundary conditions are complicated, the reduction method may lose its ad-
vantage by having to re-evaluate the vector g. This subject is discussed in more
detail below. If all the boundary conditions can be written in terms of one time
varying function, the reduction method will be most efficient. This situation may
include a single well system, or multi-well system with the same linearly depen-
dent pumping rates. For different time-dependent boundary conditions, these can
be divided into several groups and each group can be implemented separately.
Initial conditions must also be treated properly. They can be eliminated from
the solution by writing h as the sum of the initial conditions h°, plus a transient

part v(t):
h(t)=h’+v(t), h(0)=h’ v(0)=0 (3.32)

Substituting the above equations into (3.30), one can obtain a differential
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equation for the transient v:

Mv + Kv — a—l\g >ev— 0’% Y [—evF + & (e(vF — v +
2=0 1=0
5(e(v = v + o, (e(v —v?)).))] = f— Kh® (3.33)

Equation (3.33) has the same form of left hand side as the original equation
(3.30) for h. The only difference between (3.30) and (3.33) is that the new equation
has a right hand side of f — Kh®. This is because Mh’ = 0, since h° is not a
function of time. In this way the initial vector w° can be set equal to the zero
vector, 0.

The right-hand vector f is time-dependent if the boundary conditions are time-
dependent or wells have a non-constant pumping history. Therefore the right hand
side vector of the reduced equation g = QtMK"l(f—KhO), is also time-dependent.
Unfortunately, the vector g would have to be evaluated at each time step during
the solution of the small tridiagonal system. This would be very time consuming
and completely negates any benefits in efficiency afforded by the small system.
The Lanczos decomposition is spatial in nature. Therefore, to retain the time-
dependent effects which arise in the vector g, the vector f must be decomposed
into spatial and temporal components, i.e. f= bu(t). Here u(t) represents the
temporal behavior of the boundary conditions or sink/sources. The vector K™'b
then becomes the starting vector which is transformed to the constant part of
vector g.

For multiple time-history boundary conditions, Dunbar and Woodbury [1989]
proposed a scheme that groups the boundary conditions and wells into N parts

with each part having the same individual time history pattern:

N
f=> "b;u;(t) +f, — Kh° (3.34)
7=1
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Its corresponding reduced right hand side vector has form
N

g=> 8;u(t) +g (3.35)
j=1

At each time step, g is updated individually for every group boundary condi-
tions. Investigation in this research indicates that this scheme is appropriate for
one dimensional problems; however, it may not converge (or converge slowly) for
multi-dimensional problems. A new scheme is developed below for the multiple-
group time-history boundary condition problems based on the principle of super-
position. Similar ideas have been proposed by Li [1998].

According to Dunbar’s scheme, one can start by writing right hand side of
(3.33) in the form of (3.34). Due to homogeneous initial conditions (the influence
of initial conditions has been eliminated from the left hand side of the equation),

equation (3.33) can be split into several systems of equations equivalent to,

M M
Mvg + Kvg — 05 Vo — g = £y + K’ (3.36)
M
].V.[V,L—f—ICVZ —‘O"TS—Vi —O'%—ui :Nz(t)bz 7= 1,7N (337)

where u; is compact notation for the known part of the leakage terms, N is the
time history group number, and v = Zfio v;. The right hand side of equation
(3.36) is not a time dependent function. It denotes the influence of the steady
state boundary conditions and the initial conditions.

The modified reduction method generates Lanczos vectors by using their cor-
responding starting vectors K™'(fy — Kh®) and K™'b; for each equation system.
Q; and T; are produced for all the equation systems. After the Lanczos reduction

process, equations (3.36) and (3.37) will be reduced to:

. T T
Towo + wg — U—S—,OWO — U?Oyo =g, (3.38)
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T T; :
T,w; +w; — O GWi =0y = wi(t)g; i=1,..,N (3.39)

where y; denotes a reduced vector of known part of the leakage terms in compact
notation, and v; = Q,w;.

In this approach, N Lanczos processes are needed, but only one decomposition
of matrix K needs to be computed. For a limited number of boundary condition
time histories, this approach is expected to be very efficient. In most cases bound-
ary conditions can be grouped into similar time history patterns. Therefore the
Lanczos method is still efficient. The computation effort for each Lanczos process
is about the same as solving the original equation system for m time steps. When
more Lanczos processes are required or when (N + 1) X m > tn (tn is the total

required solution time steps), the Lanczos method would not be efficient.

Choice of Starting Vector The convergence of the Lanczos method is sensitive
to the starting vector which is used to compute the first Lanczos vector. The best
starting vector for the method is the steady state solution [Dunbar and Woodbury
1989]. From equation (3.30), Note that the leakage terms of the dual-porosity flow
problem are zero at steady state. The starting vector for each Lanczos process
can simply be chosen as K™'b, a vector parallel to its steady solution. Using the
boundary condition data at the moment when all the data are non-zero determines
the vector b. Before the reduction procedure, the Dirichlet boundary conditions

need to be partitioned from the original equation system.

Computer implementation The Lanczos method for solving the dual-porosity

flow problem is set up in the following stages:

1. The coefficients J, and ¢, for updating of the leakage terms are computed.
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2. The matrices K, M are formed. The initial and boundary conditions are
applied to the discretized equation system to form the right-hand side vector

f.
3. The matrix K is factored by the Cholesky decomposition method.

4. The Lanczos decomposition is performed. The Lanczos vectors Q, right
hand side g, and matrix H are formed. Q is then stored on a disk file for

future references.

5. The small m x m system of first order differential equations is decomposed

using a standard tridiagonal solver.

6. The leakage terms are evaluated and a back solve is performed at each time

step.

7. If there are more than one boundary condition time history patterns, repeat

step 4 to 6 for the next group boundary conditions.

8. A matrix-vector multiplication computes the solution to the original problem
for all the desired time or a dot product of two m entry vectors to obtain the
original solution for any location. Computation for the original solutions can
be performed during solving of the reduced system or any time after solving

of the system.

9. If there are more than one group time-dependent boundary conditions, add

the solutions of different groups together.

Updating the leakage terms of the reduced equation system is needed at each

time step, and they are related to the solution history. By using the following
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equation, it is possible to avoid the storage of all the hydraulic head time history

data.
At time k x At, the leakage terms can be written as
F=0=>T1 (3.40)
S =0
Then, the correction term at time (k + 1) X At can be written as:
T ) TS y
| og > w,(IF 4 ewF) — o5 > ewt (3.41)
1=0 =0

Evaluation of the leakage terms of I, involves an infinite exponential series
summation. Therefore, updating the right hand side requires the storage of three
extra arrays for I,, §, and ¢, with a length of the number of truncated terms for
the infinite exponential series. Huyakorn et al. [1983] showed that the rate of
convergence of the series depends directly on the dimensionless parameter t* =
K't/(Sia®). It is sufficiently accurate to determine a’ such that ¢* = 0.5 and
a > a', where o' is an effective thickness. They indicated that the computational
efficiency can be greatly improved by replacing the actual semi-thickness of the
matrix block, a, with the effective thickness, a’. Only within this effective thickness
is the hydraulic head A’ in the matrix block affected by the change of head at the
block-fracture interface. Using o’ instead of a, very small truncation errors are
introduced by retaining only the first several terms of the series. My experience
indicates that with less than 20 truncated terms a very high accuracy can be
achieved. Updating the leakage terms in reduced space is based on the reduced
leakage terms and solutions of the last time step. If 20 truncated terms are used, at
each time step only about (22 +m) x m multiplications are required to update the
leakage terms. It is very economic compared to the computation for the original
equation system which needs (22 + n) x n multiplications by using the equation
(3.41) to update the leakage terms. This recursive scheme is also more efficient

compared to the iterative scheme proposed by Huyakorn et al. [1983].
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3.4.3 Discrete fracture approach

The most advanced approach for simulating groundwater flow in fractured porous
media is the discrete fracture approach. However, this approach is limited by
the large computational overheads associated with traditional modeling methods.
One primary reason is because of the vastly different flow velocities between the
fractures and the matrix blocks, which results in sharp groundwater head gradi-
ents near the fracture-matrix interface. In addition, for most field problems, the
formations contain complex randomly-distributed networks of discrete fractures.
In order to simulate the sharp hydraulic head gradients at the interface between
fractures and the matrix, a fine time and spatial discretization is needed. The
discretization can easily involve many tens to hundreds of thousands of unknowns
and time steps. In this work, the Lanczos reduction method is extended to the
modeling of groundwater flow using the discrete fracture approach.

The numerical solutions of the governing equations (3.5) and (3.7) for transient
groundwater flow in fractured porous media using the discrete fracture approach
are also obtained by applying the standard Galerkin finite element method for
spatial discretization, and then reducing the finite element system by the Lanczos
algorithm. The discretization method is discussed as follows.

The trial solutions for h and A’ are defined according to

~

R (zs,t) =~ A (x4, t) ZNI z;)hp(t) (3.42)

h(z;,t) = h(z;, t) ZQJ (z;)hs(t) (3.43)

where z; (1=1,2,3) and z; (j=1,2) are the spatial coordinates, I and J are nodal
indices ranging from 1 to n’ and n, n’ and n are the total number of nodes in
porous maftrix and fracture respectively, and N; and €; are linear interpolation

functions.

o4



It is now required that the residual generated, when trial solutions are substi-

tuted into (3.5) and (3.7), is minimized in the following sense:

0 Oh' on'
—)Y—-S'"—— —¢IN = .44
/v[aa;i (F &’cj) S ot 71NV =0 (3:44)

%j=1,2,3; I=1,2, , n/

0 Oh Oh
(K=Y — = _ -+ QdA = .45
//4[266331( 9 8:1:]) ZbSS ot In II tn [I+] Jd 0 <3 4 )

7=1,2; J=1,2,....n
where V denotes the porous matrix 3D domain and A denotes the fracture 2D
domain.

Application of Green’s theorem and introducing of (3.42) and (3.43) into (3.44)
and (3.45) reduces the order of the second derivative terms and then forces the re-
sulting residual orthogonal to all the weighting functions. In the Galerkin method,
the weighting functions are chosen to be identical to the interpolation functions.
By subdividing the integrals over the porous matrix domain V into piecewise
elemental contributions of volume V¢ and the fracture domain A4 into fracture
elements of area A°, a system of algebraic equations is obtained.

Because we have the condition that A’ = h for nodes common to a fracture
areal element and volumetric porous matrix element, and because common nodes
receive numerical contributions from both types of elements, the two discretized
equations for the porous matrix and fracture can be superimposed. The discrete
equations obtained by the method discussed above are independent of the choice
of element type. The block elements and fracture elements are generated such
that they correspond to each other. The nodes comprising the fracture elements
are therefore all common to nodes comprising the porous matrix elements. The
commonality of these nodes thus ensures the continuity of hydraulic head at the

fracture matrix interface. Also, by superimposing the contributions at each node
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from both element types, the exchange flux terms g, cancel internally and need
not be calculated explicitly. The final system of the algebraic equations for the

superimposed fracture and matrix element system has the following form:

Z R[S /V SLNINdV + }:(zb) /A 5.0,Q,dA] +

i ON; ON; o0 08
!
}j }ej Kjya— 5z, Bz, L4V + }j (2b) / Kma o ———dA] = (3.46)

Z > /. I NN;dV + 3 / - O gt Nyds + (2b) )3 / 22 KnSrdl]

I=1,2, .. ,n;4,5'=1, 2, 3;4,7=1, 2

where }°, and Y. refer to the summation over volumetric matrix and areal frac-
ture elements, respectively, that are connected to node J, s and [ represent the
areal and linear boundaries of the three-dimensional and the two-dimensional el-
ements, and n denotes the direction normal to the boundary. The last two terms
on the right hand side of equation (3.46) represent flux contributions due to any
imposed natural boundary conditions.

Equation (3.46) can be easily written using a matrix notation as
Mh + Kh = f (3.47)

The notation here is the same as in (3.30). Equation (3.47) can conveniently
be reduced by the Lanczos algorithm to a small system. An iterative version of
the LRM is implemented for the discrete fracture approach. The PCG solver is
used in the Lanczos reduction process. A similar scheme as the one discussed in
last section to solve (3.47) can be used.

The efficiency of the LRM will be determined by the number of Lanczos vectors
(m) used and the efficiency of solving equation Kx = b. In the LRM, the K matrix
can be manipulated to facilitate the PCG solution through a “shift” technique. A
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similar technique has been introduced by Farrell [1998] for the Arnoldi reduction

method. Equation (3.47) can be rewritten as:
Mh + (K + oM)h — oMh = f (3.48)

K is replaced with K+ ¢M in the reduction process. If an appropriate value of
o0 is selected, the iterative solution convergence rate will be enhanced dramatically.
This is because for optimal convergence rates, the matrix to be solved by the PCG
method should be diagonally dominant, like the mass matrix M (Meijerink and
van der Vorst, 1977). That is, in a row, the diagonal is positive, and sum of
the off-diagonals is less than or equal to the diagonal, with strict inequality for
at least one row in the matrix. Experience indicates that ¢ should have a value
that makes K and oM similar in absolute value. If o > 2/At (At is the time-
marching step size), the convergence rate in the reduction process should not be
worse than the classic iterative solution method for the original equation system.
This is because the matrix K+2/A¢M parallels to the left-hand side matrix of the
original equation system after the temporal approximation by the Crank-Nicolson
scheme.

Following the LRM, a reduced system of equations is created
Tw+w— oTw="f (3.49)

The above reduced equation system can be easily solved using the same scheme

as discussed for the dual-porosity flow model.
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3.5 Transport modeling techniques for the dual-
porosity approach

3.5.1 Solution of diffusion equations in matrix blocks

In order to determine the mass exchange between the fracture and matrix block,
the diffusion equation in the porous matrix blocks must be solved first. Figure
3-3 shows the discretization of porous matrix block for the two type conceptual
models. Discretization of the mass diffusion transport equation can be performed
by applying the traditional Galerkin finite element technique.

First we focus our attention on the equations for the prismatic matrix block.
By applying the Galerkin technique to equation (3.17), one will get the one di-
mensional finite-element equations for the matrix block in matrix notation:

M
¢ RoME, + Kel, + ¢ A ROMc, — 3 G d! B A M, = £, (3.50)

m'=1
p=1, 2, ..., P
Using standard linear basis functions and the boundary conditions, the n’ x n’
conductivity matrix K, n’ x n’ capacity matrix M and right hand vector f, can
be determined. The node number n' of the discretized matrix block is small. In
most cases, it is in the range of several tens of nodes.
Using the temporal approximation by the way of finite differences, such as the
Crank-Nicolson method, the following tridiagonal set of equations can be obtained
for the porous matrix block associated with an arbitrary node J in the fracture

domain. Let us consider the pth species for now:

Tk+1 Tk+1
k1 ket el _ . ,
aicp,i—l + IBiCp,i + ’YiCp,i-f-l - d1 1= 2, 3, eyn =1

CEtt = Ckt? (3.51)

pn T
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Figure 3-3 Discretization of porous matrix blocks: (a) prismatic block, and
(b) spherical block (after Huyakorn ez al/, 1983)
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where C’;f;l is the concentration of component p at node J in the fracture domain,
the superscript k+1 denotes the current time level. The coefficients «;, 5; and
v; in the left hand side of the equation can be easily determined from equation
(3.50). The right hand side vector of equation system (3.51) is given by:

$RM K+ ¢NRM

d; = 'k
’ ( At 2 )%
Moo AR M, ,
+ > = 5 (e k) (3.52)
=1

where At is the finite difference time step size. In order to simplify the equations,
At has been assumed to be a constant for all the time steps. Moreover, each block
is assumed homogeneous.

The general solution of above equation system can be expressed in the form

(Gl el [ 0]
Crt d 0
=A|l -+ |+A (3.53)
C;Iﬁ,jl_g dn’—2 0
L C;,,;l;jl_l i | -1 | L _777/—101];,—51 i

where A is defined as

- 4 -1

B mn O e 0 0
a B - 00
A = e G % - -
O e Opr2 1677,’—2 Yn'~2 0
i 0 0 0 e Q1 /371’—1 |
I 551 a12 T Aip/—2 A1n/—1 |
Q21 a2 e T Aon/—1
— (3.54)
Ap'—21 Ap/—22 ' Ap/—2pt—2 Qp/_2p/_1
| Gn'—11 Qn/-12 "¢ e an/—1n/—1 |

From equation (3.53), it is easy to show that the concentration solutions for

any species in the matrix block consists of two parts. The first part (part I) is
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caused by the concentration history of that species and its parent species, and the
second part (part II) is caused by the corresponding node current concentration
in the fracture (i.e. caused by the term . _1Cy5").

The general solution of any species for any node in the matrix block can be

written as

C;Ifi+1 — C';,’fi + w CFHL (3.55)

b,
1=1,2,.n-1,p=12,...,P
where C% is the solution to part I, and w; is a constant solution coefficient for

computing the solution to part II, which can be calculated by

- - _ -
wy Ain/—1
Wi = —Tn'—1 Qin/ —1 (3-56)
| Wnie1 | | On/—1n/—1 |

where the right-hand side vector of the above equation is the last column (column
n'—1) of matrix A. It can be obtained by solving the equation system (3.51) with a
right hand side of (0,0,...,0,1). It is interesting to note that the solution coefficients
may be very small for the nodes far from the fractures and the influences of fracture
concentration on these nodes can be neglected.

The solution to part I is obtained by setting ,,—; = 0 in equation (3.51)
and solving the equation directly. The solution to part II is computed simply by
multiplying w; with C;ffjl.

Substituting equation (3.55) into (3.13), the mass exchange term T, at time
step k+1 can be calculated

D
Calz

After the solution to part I is obtained, substituting T, of different species into

T+t = (Coht — W, CESF = CF 1) (3.57)

p,

its corresponding transport equation for the fractures, the concentrations of that
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species in the fractures can be solved without requiring the solution of current
concentration in the matrix block. After the contaminant concentrations in the
fractures are determined, the solution to part II for the matrix block at current
time step can be updated. The summation of the solutions to part I and part II
forms the final concentration solution for the matrix blocks.

The spherical block model has the same discretized system of equations as the
parallel fracture model. Its tridiagonal equation system and the exchange terms
can be obtained in a manner similar to that described above. The only differences
are the coefficients of the equations. The two matrices M and K for the spherical

block model [in equation (3.50)] are determined by

K= Z [K]%; M = Z [M]° (3.58)
" 1
where ' is the total nodes in the block domain. The element matrices are given
as follows:
e __ D’ 3 3 1 -1
R et ] B (3:59)
1 My My

M| = — 3.60
M] 60AT? { My Mo } (3.60)
where,

My =278 — 207 _ir? 4 30rf_,r; — 1212,
M12 = M21 = 37‘? - 57‘2'_17";1 -+ 57";1_17"1' - 37’?_1

Mag = 1272 — 30r;_17} + 2002 73 — 270,

In above two equations, Ar; is the grid size of a spherical element associated

with node 7 and r; is the local coordinate of the node.
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3.5.2 Reduction of the transport equations in fractures
using the Arnoldi algorithm

In order to fully illustrate the method only a simple case of multi-species decay
chain transport is considered. It is supposed that any species in the decay chain
has only one direct parent component and 100% of the parent component will
decay to a daughter component. This means that { = 1, except the first species
in the decay chain is without a parent component. However, the procedure for
solving the equations presented can easily be generalized.

By applying the Galerkin finite element method [Huyakorn and Pinder, 1983]
to the equation (3.10) and considering the case of only one direct parent species,

the following set of linear equations are produced

. 1-—
R,Mé¢, + Kc, + \yR,Mc, — \p_1 R,_1Mc,_; — 7¢Mup =f, (3.61)

p=12,.. P

where c, is the vector of species p’s concentration with n unknowns at the nodes
of the mesh, c,_; is the vector of parent species’s concentration which is known,
¢, is the vector of concentration derivative with respect to time ¢, u, is the vector
of mass exchange rate between fracture and matrix block, £, is a time-dependent
force vector containing the effects of the initial and boundary conditions in the
fractures, M is a positive-definite and symmetric capacity matrix, and K is a
unsymmetrical conductivity matrix which depends on D;; and velocity v. Both
K and M have a size of n x n.

For the first species (p = 1), which has no parent species, the term related to
cp—1 does not exist in equation (3.61). The elements of u, can be determined by
equation (3.57). It is a function of time and location; however it can be divided
into two independent parts. One part relates to C, and the other part relates to

the concentration history of the species and its parent species, and also relates to
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present concentration of the parent species. The second part can be predetermined
before the solution of the equations.

By using the Arnoldi algorithm [Arnoldi, 1951; Woodbury et al., 1990; Nour-
Omid et al., 1991], the size of these equations can be reduced to a series of small

ordinary differential equations of the form

- ¢
THYP =g, (3.62)

where H is a m x m upper Hessenberg matrix, m is much smaller than n, and

RPHWP -+ Wy + )\pRpHWp - Ap-——l}??—lHWp—l -

Wp, W1, 8, and y,, are reduced vectors of c,, ¢c,_1, f, and u, respectively.

The Arnoldi reduction method uses orthogonal matrix transformations to re-
duce the equation (3.61) to a much smaller upper Hessenberg system of first-order
differential equation by approximating the solution of ¢, with Qw,. Q, a nxm ma-
trix, consists of the first mth Arnoldi vectors which is created during the Arnoldi
process. The details of determination of the matrix Q and H and the reduction
procedures can be found in Chapter 2.

From equation (3.57), the reduced mass exchange vector ¥, can be determined.
It is in the following form

D _
Yp = —G,AZ[(l - wn’—l)wp - Wp,n’—l] (363)

where W, ,,_; corresponds to €, ; in reduced space.

Equation (3.62) was obtained based on the assumption of homogeneous matrix
blocks throughout the domain, namely, D', R, and ¢’ are constants in the whole
domain. This assumption makes the system reduction relatively easy. For the
traditional iterative or direct solving schemes, the assumption is not necessary.
In order to make the problem simple, the reduced initial condition vectors are all

supposed to be zero, i.e,

!
=0
pli_o
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t1=1,...,n -1

Equation (3.62) can be solved by a suitable time integration algorithm such as
Crank-Nicolson scheme. As the H is an upper Hessenberg matrix, it can be easily
decomposed into the product of an upper triangular matrix and a lower bidiagonal
matrix. Note that the Arnoldi method shows a great advantage here in that only
one process is required to reduce multiple equation systems simultaneously. Also,
the solution to the reduced system (3.62) using the Crank-Nicolson time-stepping
scheme is economic because the reduced system size is much smaller than the
original system. This also yields a large saving in storage required by the reduction
method. Therefore, solving of the reduced system is more efficient than direct
solving of the original equation system. Woodbury et al. [1990] indicated that
the penalty with the time-stepping procedure is not significant if m < n.

In w space, equation (3.50) is still valid and the coefficients are still the same.
However, now the equations are corresponding to the reduced nodes. Therefore
the solutions for the matrix can be directly substituted into equation (3.63). This
is because the current species concentration in the matrix block can be written as
a function of the species and its parent species concentration and concentration
history in the fracture. After reduction, the function is still the same. This
property affords additional efficiency in computing time and memory storage for
the Arnoldi reduction method. At each time step, the mass exchange terms are
computed in the reduced space and only require solving m 1-D diffusion equations.
For the original equation system, in order to determine mass exchange terms n

1-D diffusion equations need to be solved.

!

»i» the concentration at ith

It is important to mention that the solution of

node in the matrix, can be directly computed from the reduced space solutions
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for the ¢th node by:
Cpi = QW) (3.64)

1=1,2,..,n =1

Note, it is not necessary to compute concentrations for all the nodes. For a
matrix block corresponding to a specific fracture node J, various node concen-
trations can be obtained by the dot product of Jth row of matrix Q and vector

/
Wi

3.5.3 Choice of common starting vector

The choice of the starting vector is a very important factor influencing the con-
vergence and accuracy of the Arnoldi reduction method. For the multi-species
transport problem, a common starting vector must be chosen for all the equa-
tion systems to minimize the residual errors. Li et al. [1999] showed that any
vector parallel to the vectors f, (p = 1,2, ..., P) is a suitable starting vector for
the Arnoldi process in reducing the equation system (3.62). It is also required
that all the right-hand side vectors f, must be parallel to each other. However,
in most cases these vectors are not parallel to each other. It is shown here that
these vectors can be partitioned into two parts, each of which is parallel to each
other. Two approaches for choosing the common starting vector for most common
transient and constant type Dirichlet boundary conditions are presented below.
A simple case is discussed here where a 2nd-type boundary condition is zero
and there are no other source/sinks. The concentration vector ¢, in equation
(3.61) is for all the nodes in the domain, including the first-type boundary nodes.
The submatrices of M and K without the influence of first type boundary nodes
can be obtained by partitioning-out the rows and columns from M and K corre-

sponding to the first type boundary nodes. After partitioning, all the entries of
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f, are zero except contributions from first type boundary nodes

Let @ be the set of index values of all nodes, and ¥; C ® be the subset of
index values of all first type nodes, 2 C ® be the subset of index values of all
nodes which are not first type boundary nodes but are in an element which has
one or more first type boundary nodes, and T C ® be the subset of all other
nodes.

After partitioning, the ith entries of the f, can be written as

foi == D2 [RyMiyCpj + Ky Cpj + MRy Mi; Gy —
je¥y
1—¢
Ap—1Rp-1 M;;Cpnj — TMiijj] (3.65)

where Uy; denotes the subset of index values of first type boundary nodes which
are in the same element as node 1.

It follows that f,; = 0, when ¢ € T because the subset U;; is empty. When
1 € (2, fp has:

foo = = D [KiyCpj + My F(Cyy)] (3.66)

Jje¥y;
where F(C,;) is a function of Cp; and can be written as

1-¢
——°r. .
L (3.67)

Two schemes are used to find the common starting vector for different species.

F(Opj) = RpC’pj + )‘pRpij - Ap—lR?%Cp—lj -

The first scheme assumes that the two vectors formed by 3¢y, Kij and X cq,, M;;
for all nodes are parallel to each other, so it can be writen
>, My=n ) Ki (3.68)
jeD,; jeY;y;
where 7 is a constant.
This assumption is valid provided that all the first type boundary nodes have

similar connections, the discretized element grids have same size and the hydraulic
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properties are homogeneous in the first type boundary area. The first two condi-
tions can be implemented during the discretization of the modeling domain. The
last condition is true for most situations due to the fact that typical sites have
relative small source areas.

In this way, a vector b for all the species can be determined. Its elements are

computed by following equation:

0 i€Y
b = { S LKy €9 (3.69)

1=1,2,...,n
All the right hand side vectors £, (p = 1,2, ..., P) in equation (3.61), which are
only affected by first type boundary conditions, are parallel to the vector b. They

can be determined and are of the form:
£, = (Cp +nF(Cp))b (3.70)

The values of F(C,) and C, at any moment can be determined easily based on the
given first type boundary conditions for steady state boundary or the equation
(3.16) for the decay boundary. It has been shown that K™ 'b is the only choice of
a starting vector for the decay chain problem [Li et al., 1999].

Another scheme for determination of the common starting vector is based
on the principle of superposition. Equation (3.61) can be considered to be the
superposition of two equations. The two equations have the right hand side of the
two parts of equation (3.66), respectively. The common starting vector for the first
equation can be determined in the same way as first scheme. The determination of
common starting vector for the second equation is also similar to the first scheme

except that the vector b is computed from the matrix M.

0 1e€™T

bi N { - ZjE‘P1i Mij 1€ (371)
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1=12,...,n

The right-hand sides of the two superposition equations can be rewritten as

£V = C,bt (3.72)
£2) = F(C,)b® (3.73)

Using the second scheme, two Arnoldi processes are required and two reduced
equation systems must be solved. Even though additional computations are re-
quired compared to a single Arnoldi process, this method can still achieve great
efficiency. The second scheme is more general compared to the first scheme and
does not require the assumptions of equation (3.68). Therefore, more compli-
cated boundaries, such as multiple sources and non-zero second type boundary
conditions can be implemented for the ARM in the similar way.

The final reduced system is obtained by using a common starting vector K™'b
in the Arnoldi algorithm.

D'(1-¢)
alzp

Xl(ép + 77F(C~'p))el + Rp1Ap-1Hwy 1 +

R,Hw, + w, + Ry \,Hw, + (1 —wp_1)Hw, =

Dl(l — ¢) W
alzgp ™7

(3.74)
p=12,..,P

Note that the vector e; is the first column of identity matrix (with dimension
m), and x; is the M-norm of K™*b. Equation (3.74) is the reduced system for the
first scheme of choosing a starting vector. The second scheme has two reduced

equation systems. Both systems are similar to equation (3.74) except the first

terms of the right hand side, which are:

- D'(1-4)
RpHWp -+ Wp + R,p)\pHWp -+ W(l —_ wn/_l)HWp =
~ D/(l — ¢) —
chpel -+ Rp—lAp—lHWp-—l + an’—l (375)
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D'(1—
R?pr + Wp + RpApHWp + —M(l — w,n/_l)HWp et

alAzp
5 D(1-¢)_
XlF(Cp>e1 + Rp_l/\p._lHWp_l + a_A%EmW%l—l (376)

p=12,...,P

The final solutions of the pth species at desired steps are given by c, = Qw,
for the first scheme. The concentration solutions for equations (3.75) and (3.76)
are obtained in the same way as for the solution of first scheme. Summation of

the solutions for the two equations gives the final solutions for the second scheme.

3.5.4 Summary of solution procedure

The solution procedure for the transport of multi-species decay chain radionuclide

components using the Arnoldi method can be described as follows.

1. Discretize the fracture and matrix block domains, select an appropriate grid

for both domains and determine the time step size for all the solutions.

2. Consider the component that is the first in the order of hierarchy. Compute
the coefficient matrix for left hand side of the system of equations (3.51)
and then compute the last column of the matrix A in (3.54). Use (3.56)
to compute the solution coefficients w; for all the matrix block nodes. It is
noted that the solution coeflicients are the same for all the matrix blocks
if matrix blocks are homogeneous. In addition, if the time step size At is
not a constant, last column of A and w; must be re-evaluated at any At

changing step.

3. The coefficient matrix of (3.51) is factored by a tridiagonal method [Press
et al., 1992]

4. Repeat steps 2 and 3 for all species.
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10.

11.

12.

13.

The matrices K, M, and the common starting vector K™'b are formed.

Reduce the original system by performing an Arnoldi decomposition. The
Arnoldi vectors Q, the Hessenberg matrix H, and the right hand-side vectors

g, for first time step corresponding to the pth component is determined.

The small m x m systems of first-order differential equation for the compo-

nents are decomposed into LU forms by Gauss elimination.

Update the right-hand side vector d of equation (3.51) using (3.52), which is
a function of the species last time step concentration and its parent species
current step and last time step concentration, and then perform the back
solve to obtain the solution to part I for the matrix block. Note the concen-

tration used in updating vector d is the reduced space solution.

. Update the right-hand side of the fracture equation system (3.74) by sub-

stituting the solution to part I for matrix block and concentration of parent

species to it. Back solve the equations.

Compute the solution to part II and then by summing up the two part so-
lutions to obtain the concentration solution for matrix blocks at the current

time step.

At desired time steps a matrix vector multiplication is performed for com-

puting the solution to the original problem.
Repeat steps 8 to step 11 for all species.

Proceed to next time step. Update the vector g, and then repeat steps 8 to
12 for all time steps.
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14. If the second scheme for determining a common starting vector is used,
Repeat steps 5 to 13 for the equation system with second starting vector
(K and M matrix do not need to be computed again). The final results are

obtained by adding solutions of the two Arnoldi processes together.

3.6 Transport modeling techniques for the dis-
crete fracture approach

The discrete fracture approach for simulation of multi-species contaminant trans-
port in fractured porous media is limited by large computational overheads if one
uses the traditional numerical methods. One primary reason is because of the
vastly different hydraulic properties between the fractures and the matrix blocks,
which results in sharp concentration gradients near the fracture-matrix interface.
For field scale problems, the formations can contain very complex randomly dis-
tributed fractures. Furthermore, the multi-species transport problem requires the
simulation of multiple components in the same time, because the contaminant
species influence each other during their transport in the groundwater system.
In order to simulate the sharp concentration gradients, the complicated fracture
networks and the multiple components, a fine time and spatial discretization is
needed. The discretization can easily involve many hundreds of thousands to mil-
lions of unknowns and time steps. To solve this type of problem, a very efficient
numerical method in terms of both CPU time and computer memory must be
used. The ARM is the right choice for modeling of multi-species contaminant
transport in fractured porous media using the discrete fracture approach.
Sudicky and McLaren [1991] used the LTG method [Sudicky, 1989] to solve the
two-dimensional contaminant transport equation using discrete fracture approach.

Therrien et al.[1992] applied a similar approach to three-dimensional variably
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saturated flow and transport problem. Both approaches are limited to the single
species transport problem. In the following the discrete fracture approach for
multi-species contaminant transport problem will be discussed.

The spatial discretization of the transport equations is identical to that of the
flow equations. Similar to the flow problem, we can also perform superposition
of the two dimensional areal elements representing the fractures onto the three
dimensional volumetric elements representing the porous matrix. This ensures
the continuity of the concentration at the fracture-matrix interface and avoids
the need to explicitly determine the solute mass exchange terms involving A,
n (3.21). The elements can be any type. For a 2D problem, the fractures are
represented by one dimensional linear elements and the matrices are represented
by two dimensional areal elements. The final superposition form of the discretized

equations for species p can be expressed by

Z P2 /. RNINJCZV+Z %) [ RpuQ.dA] +

ud . ON;ON; &Ny )
2_? P! Z/ S T e

_ 0000 0%,
22 ) (P oz, 9z, oz,
M

Q1 + RAQQ,)dA] —

~

n

>0 3 G2 /V Gome Ry Ay Ny NydV + 2(25) /A Coms R Mt 25 A]

m/=1J=1

d oC! oC,

Z >k / —2Nyds + (20) ZDn Sl (3.77)
,7=1,2;4,7=1,2,31=1,2,..n;p=1,2..P
where s and [ refer to the areal and linear boundaries of the three-dimensional
and two-dimensional elements respectively, 4, 7, ¢ and j' refer to the dimension
of spatial coordinate system, and >, and > s represent the summation over the

3D porous matrix and 2D fracture elements that are connected to node J. Terms
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on right hand side of the equations represent contribution from the boundary
conditions, in where n denotes the direction normal to the boundary.
Equation (3.77) can be conveniently written in the form of matrix notation as

M
R?’MCP + KCP + )‘PR?MCP - Z Cpm'/\m’Rfm’Mcm’ = fp (378)

m/=1

where the assumption has been made that the ratio of retardation coefficient in
matrix and fracture for all species are same, %, /R,=constant. It is easy to prove
that this assumption is reasonable. Equation (3.78) is solved by reducing it to a
small system using the Arnoldi algorithm in a similar fashion as that used for the
dual-porosity model.

An iterative version of the Arnoldi algorithm is implemented for the reduction
process. The ORTHOMIN solver is used in the Arnoldi reduction process. In order
to improve the convergence rate of the iterative solution procedure, the“shift”
technique is adopted. Equation (3.78) can be rewritten as:

M
R,Mé, + (K + oM)c, — oMc, + AR, Mc, — S ComAm B Meyy = £, (3.79)

m=1
where ¢ is shift factor which can be optimally selected based on the numerical
range of values in the M and K matrices. Experience suggests that the p should
have a value that makes K and ¢M in a similar absolute value range.

Replacing K with K+4-oM can dramatically enhance the iterative convergence
rate in ORTHOMIN. This is because for optimal convergence rates, the matrix
to be solved by the ORTHOMIN solver should be diagonally dominant. By using
the “shift” technique, the diagonal dominant property of the matrix to be solved
can be improved. Equally important, the “shift” technique can also increase
the convergence rate for the Arnoldi reduction recursion process which means
less Arnoldi vectors are required compared to the situation without using this

technique [Farrell, 1997]. In addition, using the “shift” technique can extend
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the application of the ARM to solve large Peclet number problems. Experience
indicates that without using “shift” technique, a problem with a Peclet number
larger than 2 is difficult to be solve by ARM. However after using the technique
a problem with a Peclet number equal 100 can be solved by ARM.

The final reduced equation system for all species are in form of

M
R,HWy, +wp, — 0Hwy, + AR HW, — > G Ay Ry Hwy = g, (3.80)
m'=1

The traditional time-marching scheme is used to solve reduced system (3.80).
The final solutions for desired time steps are obtained by a matrix-vector multi-
plication. For detailed solution procedures, readers can refer to the last section
dealing with the dual-porosity model. The boundary conditions can also be han-

dled in a similar way as that used for the dual-porosity model.
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Chapter 4

Theoretical Development—TCE
Biodegradation Transport

4.1 Background

TCE degradation in an anaerobic environment can be analyzed by the loss of three
chlorine atoms. The process can be described in following several steps [Vogel et
al., 1985; Fetter, 1992; Woodbury and Li, 1998]:

First, an enzyme or a cofactor catalyzes the reduction of TCE (HC,Cl3),
resulting in the loss of one chlorine ion and production of dichloroethene (DCE

or HQCSCZQ)Z
H* + HCQCZB — HQCgGlQ +Cl~ (41)

where DCE exists as three different structural isomers 1,1-DCE, cis-DCE and
trans-1,2 DCE, respectively. Another chlorine atom is lost from a DCE isomer

and vinyl chloride (VC or H3C,Cl) is formed:

H* + HyCyCly — H3CoCl+ Cl™ (4.2)
Finally, the loss of a third chlorine atom produces ethene (H,Cs):

HT + H3CyCl — HyCy + Cl™ (4.3)
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All the reactions can be summarized as:

1,1 DCE
TCE — cis-1,2 DCE  — VC — Ethene (4.4)
trans-1,2 DCE

Discussion of this type of TCE biodegradation can be seen in the work of Semprini
and others [1995]. Wiedemeier et al.[1996] presented a detailed case study on this
type biodegradation at a former fire training site.

As a single phase, TCE is regarded as dense non-aqueous phase liquid (DNAPL).
It has the potential to migrate to great depths. Once present in an aquifer,
DNAPL slowly dissolves into flowing groundwater, giving rise to aqueous phase
plumes. The life span of TCE and its biodegradation products in subsurface is
typically between several days to several thousand days, depending on the ground-
water flow conditions.

Migration of TCE and its biodegradation products are governed by the effects
of advection, dispersion, sorption and biodegradation. Simulation of this type
of contaminant transport in dual-porosity media involves six coupled equations
describing the contaminant transport in fractures, and equations describing the
contaminant diffusion in the porous matrix. Solving these equations using either
the finite element or finite difference equations for a field scale problem would
result in a large number of unknowns. This can render the problem almost im-
practical for anything less than a supercomputer. Therefore numerical techniques
must be carefully chosen to achieve efficiency and robustness. Woodbury et al.
[1990] has shown that the Arnoldi reduction technique is very suitable for solving

this type of problem.
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4.2 Governing equations

Using the dual-porosity model, two groups of equations describing mass transport

in the fractures and matrix blocks are required for each contaminant species. It is

assumed that the solutes can sorb onto the fracture walls and onto the solid phase

comprising the porous matrix, and their degradation can be described with first-

order decay. These equations are coupled together by parent to daughter trans-

formation and the mass exchanges between fractures and matrix blocks. First,

the equations of the transport in fractures are discussed:

Let Cp, p=1,2,...,6, be the concentrations of the species, which are TCE, cis-

1,2 DCE, Trans-1,2 DCE, 1,1 DCE, VC and ethene respectively. The governing

equations for these six species in the fractures can be written in the following form

[modified from Woodbury and Li, 1998]:
oc, 8 oC oC,

Rl-b_t— B 8_32(Dz]—5?) - vi%_- — ARG — As ROy — A Gy
7 J ¢
1—
+(T¢)Pl
oC, 9 ,_ 8C 9C,
q—ag = 55;:( ija_ggj) - Uia_zf Al C1 = Ags Ry G
+(1—;‘?)Fq for q= 27374
oC 0 oC: aC.
Rs_b—ti A ijﬁ—;) - wb_f + A2s BaCh + Ass R3Cs + Aas RaCy
[ 7 :
1-¢
——)\55R505 + (T)PS
oCs 8, 8C,.  8C, 1-¢
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where I, is the rate of material exchange of species p between the rock matrix and
fracture, D;; is the hydrodynamic dispersion tensor in the fracture, v; represents
the flow velocity in fractures along the z; direction, R, is the retardation coefficient
of species p in the fractures, ¢ is the secondary fracture porosity which is defined
as the volume of fractures per unit volume of the entire fractured porous medium,
and Ay are decay constants. The first sub-index I denotes the parent species and
the second sub-index J denotes the daughter species member. The A are obtained

from half-life of the species decay constants (frs)1/2, that is

In2
(fro)y2

In the dual-porosity model, the domain is assumed to be comprised of matrix

(4.9)

Arg =

blocks that are distributed uniformly in space in a macroscopic sense. The two
most popular geometries of the matrix block that have been used consist of either
parallel slabs or spherical blocks, as depicted in Figure 3-1 [Huyakorn et al., 1983].
Because their dimensions are assumed to be small relative to the scale of the prob-
lem, the concentration at the surface of each matrix block will be approximately
uniform and diffusional transport in the block will be essentially one-dimensional.
In this work, only the parallel fracture-prismatic block conceptual model for TCE
transport is considered. The theory developed here is easily extended to other
matrix block types, such as the spherical block.

Equations of the one-dimensional diffusion in a prismatic block can be written

as
a Iacl / aOI / / ! ! ! !

5705 = Rt + ¢ RihiaCl + ¢/ RidsCh + ¢/ Ryl (4.10)
6 IaC/ ! / ac’l / / ! / /! !

5 (Do) = 9 Ryt + § RAC, — $ ROl q=2,3,4 (4.11)
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0 /acﬂ 1! dCy /DI / 1 o/ / I DI
——(D'5=2) = ¢'Rs—2 + ¢’ RiAssCy — ¢' RyAasCy — ¢/ RyAasCs
0z 0z ot
—¢'RiAisCy (4.12)
a aCl ! acl ! Dl ! ! D/ !
5;(1)’_0;) = ¢'R} &6 + ¢ RgAg7Ch — ¢’ RiAs6Clt (4.13)

where C, (p=1...6) is the concentration of pth species, ¢/, D' and R, are
the porosity, the molecular diffusion coefficient and the retardation coefficient of
species p in the matrix block, respectively.

The mass transfer rate between the matrix block and fracture (I',) can be
written in the terms of concentration gradient at their interface using Fick’s law.
The expression of I', for any species takes the form of equation (3.13).

The transport equations are subject to initial and boundary conditions and
the boundary conditions can be any type. However, the most common boundary
condition is a first type with a constant or transient concentration. For the first
type boundary condition with decay, where C?, C2, €9, C9, C2 and C? are initial
source concentrations which are placed on some part of first type boundary, then
the concentrations of these six species on the boundary are required to satisfy the

following equations [Woodbury and Li, 1998,

oC - - -

5; = —A12C1 — M3C1 — MGy (4.14)
%% = M\gC1 — A\sC,  for g=2,3,4 (4.15)
aCs ~ - ~ ~

o = Ao5Co + A35C5 + AisCy — A56C5 (4.16)
aC, - -

5 = 005 — derCs (4.17)

where C’l 6’2 C’g 5’4 C~’5 and C~’6 are the boundary concentration of these six species

respectively. Based on the analytical solution of Bateman’s system of ordinary
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differential equations [Bateman, 1910] given by Harada et al. [1980], the solutions

of above equations can be written as:

C, = Cle Mt (4.18)
C;=(C° - f}f—jl)e—w + A—S—lo%e"m, i=2,3,4 (4.19)
G = ‘%e&“+§3A%_xﬁéf‘ﬁ§§i””m+

e CA/\f(ZAAf—Al)e_M} (4.20)
N e e e

where A = A1p + A3 + Aq and Cs and Cs in equations (4.20) and (4.21) are

constants determined by following formulae:
é:?/\li + CN’:([))\li /\i5

(C? — 4.22
Z:{/\56 - >\ )\is - /\1 ()\56 - )\1)()\15 - /\1) ( )
G —co_ _Cds ¢ oo is 0 O
0 )\67 - /\56 =2 ()\67 - /\is)()\Sﬁ - /\15) ’ )\is - A1
CO1iNisAss (4.23)

_|_
(Ao — A1) (Ass — A1) (a5 — /\1)}
The equations for the matrix blocks (equation (4.10)-(4.13)) are solved sub-

ject to the assumptions of continuity of the concentration at the fracture-matrix
interface, and the zero concentration gradient at the center of the matrix block for
all the contaminant species. The two groups of equations for both fractures and
matrix blocks are related together through mass exchange terms and the degra-
dation from one species to another. Therefore, in order to get the solutions for all

the six species, these equations must be solved at the same time.
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4.3 Determination of mass exchange terms

The mass exchange term can be determined based on the equation (3.13) and is
a function of the concentration gradient at the matrix block surface. Before the
computation is performed, the one-dimensional diffusion equation for the matrix
blocks must be solved. However, at the moment of solving the one-dimensional
diffusion equation, the corresponding nodal concentration at the fracture (the
first type boundary for the equation) is variable and unknown. Due to this fact,
most algorithms solve the equation for the matrix block and fracture iteratively
to obtain the solutions [Huyakorn et al.,1983|. In this thesis, a scheme based on
the principle of superposition to solve the equations directly is developed. Figure
3-3(a) shows the discretization of the prismatic matrix block.

A tridiagonal set equations is derived for the porous matrix block associated
with node J in the fracture domain. Application of the Galerkin technique to any
one of equations (4.10)-(4.13), using the standard linear basis functions, applying
their boundary conditions and adopting the finite difference temporal approxima-
tion yields the same equation as (3.51). For the TCE problem, P in (3.51) has a
value of 6.

Equation (3.51) is the general form for all species. The coefficients «;, 8; and

~; in the left hand side and right hand side d; are given by:

o; = af + ¢ R, Az_1/(6At)
Bi = 00; + ¢ R(Azi_1 + Az;)/(3A1)

! 1!

di = (0 — 1)(of Ckz 1+ B7C, +’Y:C;I;ki+1) 6At[

2(Az—1 + Azz)C + AZIC' 1+1]

AZZ 101 1+
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*

D /\QZSIR;AZi_l
= Azi_l + 6
" —-—D’ )\QSIR;AZY;
. D D AR,
IBi - AZi_l + E * 3
B =067 + ¢' R, Az /(3At)

(Azi_l -+ AZZ)

# R, Az

di = (6 — D)(BICE +vCR) + TOAL

P p,2
. —-D  MRAz
N=An T s
. D ARAz
ﬁi - AZl + 6

2CE +CE)+dy

p=12.6; 1=23,..,n -1
where 0 is a time-weighting factor. Note that § = 0.5 for the Crank-Nicolson
time-stepping scheme. The one-dimensional element sizes for the matrix block
are defined as Az; = 2,1 — 2.

A and d; for different species are given as follows.

Species 1:

A= A1 + A1z + Mg

Czl B 0

d; =0 i=23..n -1
Species 2, 3 and 4:

A= Ajs5

- 7 7 AZ ’ 1. / AZ ’ .
dl = (1 - ‘9)¢ Rl)‘lj“gl@cfl + 01’;2) + 9¢/R1/\1j"6_1‘(201]ffrl +C k2+1)

o _ (L=0R)y
' 6

[Azi—lcﬁci_1 + 2(Azq + Azi)cil,ci + AZI'C;};;H]
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8¢ R\
+ ¢61 13[
.7:273747 7;:2,3,...,71,'—1

Zi_ 101’”“ +2(Az1 + Azz)C’lHl + Az C'll”;;ll]

Species 5:
A= Asg
- 4 / AZ 1. I A 1
G = YO[(1 = 0)¢' Rids (2055 + Cfh) + 08 Ridis = (205 + O]
=2
- 1—0)¢'R.A;
— Z{( )6 4728 [Az;_ 1C”j 1+ 2(Az g + Azz)C + AzzC’ﬂH]
0P RN, ,
+ ¢—6U—"1[A 21O 4+ 2(Aziny + Az) O + Az R}
t=2,3,..,0n -1
Species 6
A= Ag7
7 ! Dt Azl 'k 'k 1 ! Azl k-1 'k+1
1= (1—=08)¢' Ridss——(2C57 + C, +9¢R/\56—~—~20 + C55
6 5,1 5,2 5,
- 1—0)dR; , .
d; = ( )éb FsAso [Azi 1O+ 2(Azimy + Az)CE + Az CF ]
0’ RL A ; .
+ “%Q[A 105555 + 2(Azi g + Az)CH + Az G

i=23,..,n —1

Equations (3.51) have a total of n’ — 1 equations in n’ unknowns for each
species. Note the concentration at the fracture-matrix interface is continuous.
However, the concentration in the fracture at the moment of solving the current
diffusion equation is not yet determined. The matrix concentration solutions are a
function of the fracture concentration at node J (C’Hl which is unknown. After
manipulating the equation system, the general solution for any species can be

expressed in the form of equation (3.53). The same procedure is adopted to solve
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the matrix block equations for TCE as the procedure discussed in Section 3.5.1.
The mass exchange term I', at time step k+1 is in the same form as (3.57).

It is assumed that all the matrix blocks have uniform properties. If the matrix
block domain is not homogeneous, the mass exchange term must be evaluated
for each block, which would be very time consuming for problem with a large
numbers of nodes. The time step size At is an important parameter for the
equation system. If it is constant, the computation of the last column of matrix
A and part II solution coefficient w; is computed only one time. Otherwise, the

last column of A and w; must be re-computed whenever At changes.

4.4 FEM discretization of the equations in frac-
tures

Applying the Galerkin finite element method (Huyakorn and Pinder, 1983) to the
TCE transport equations (4.5)-(4.8) for the fractures, discretized equations for

the six species are obtained as follows:

1—
RlMél + K01 + /\1R1M01 - —¢—¢Mu1 = f1 (424)
. 1—¢
RqMCq -+ KCq -+ /\q5RqMCq - AlquMcl - TMHQ = fq
qg=2,34 (4.25)

R5Mé5 + KC5 + /\56R5MC5 — /\25R2MCQ — )\35R3MC;3

'—)\45R4MC4 s %Mug) = f5 (426)

R@Més + KC@ + A67R6MCG - )\56R5MC5 - %Muf; = f6 (427)

where ¢, (p = 1...6) is the vector of concentration of species p with n unknowns at

the nodes of the mesh, ¢, is the vector of concentration derivative with respect to
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time, u, is the vector of mass exchange rate between fracture and matrix block, f,
is a time-dependent force vector containing the effects of the initial and boundary
conditions in the fractures, M is a positive-definite and symmetric capacity matrix,
and K is a unsymmetrical conductivity matrix which depends on D;; and flow
velocity v.

The entries of vector u, are determined by equation (3.57) which consists
of two independent parts. One part relates to the current concentration of the
species and the other part relates to the concentration history of the species and
its parent species, and also relates to current concentration of the parent species.
The second part can be predetermined before the solution of the equations.

A simple case is considered in this thesis where a second type boundary con-
dition is zero and there are no other 2nd type source/sinks. The concentration
vector ¢, is for all the nodes in the domain, including the first-type boundary
nodes. The submatrices of M and K without the influence of first type bound-
ary nodes can be obtained by partitioning-out the rows and columns from M and
K corresponding to the first type boundary nodes. After partitioning, all the
entries of f, are zero except contributions from first type boundary nodes.

Let ® be the set of index values of all nodes, and ¥; C ® be the subset of
index values of all first type nodes and T C & be the subset of all other nodes
that do not directly connect to nodes in ;.

After partitioning, the 7th entries of the right hand side vector f, can be written

as

. 1—
flz‘ = - Z [RlMijCLj + Kijcl,j + AlRlMijCL]' — —¢M1‘jl—‘1j] (428)

Jje€¥y; ¢

oo == 3 [ReMiCop + KijCoy + AsRqMiiCoj — M R1gMi;Ch 5
JE¥
1-¢
‘“TMiquj] q=2,3,4 (4.29)
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Jsi=— Z [RSMijOS,j + K;iCs5 + Ase RpM;5Cs.5 — AR M;5Cs

JeEV;
1 —
—/\3R3M7;j037j — )\1R4Mij04,j - ""'E—?‘Mijrw] (430)

fo=— [RﬁMijC'G,j + KijCe,5 + AerReM;;Ce,5 — Ase L5 M;;Cs

Jje¥i

_1-9¢ ; ¢Mistj] (4.31)

where Wy; denotes the subset of index values of first type boundary nodes which
are in the same element as node ¢, K;; and M;; are the elements of matrix K and
M at ¢th row and jth column respectively.

The equations (4.28)-(4.31) can be written in a general form:

foi = = Y [KijCpj + My F(Cy )] (4.32)
jevy;
p=12..6

where F'(C, ;) is a function of C,, ;. The function takes different forms for different
species.

It follows that f,; = 0, when 7 € T, because the subset ¥y; is empty. The func-
tion F(C,,;) can be easily determined from given boundary concentrations. if the
first type boundary conditions satisfy with equations (4.14)-(4.17), the boundary

concentrations and F(C, ;) can be determined based on equations (4.18)-(4.21).

4.5 Implementation of the Arnoldi reduction method
4.5.1 Reduction of the transport equations

By applying the Arnoldi algorithm [Arnoldi, 1951; Woodbury et al., 1990; Nour-
Omid et al., 1991; and Woodbury and Li, 1998] to equations (4.24)-(4.27), the
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size of these equations can be reduced to a series of small ordinary differential

equations of the form

1—
R]_HV'VI + Wi + /\1R1HW1 - —T¢Hy1 =g (433)
. 1—¢
RqHWq -+ Wq + /\q5RqHWq e )\1qule — Tqu — gq
q=12,3,4 (4.34)

R5HW5 + Wy + /\56R5HW5 - /\25R2HW2 - )\35R3HW3

1—
—/\45R4HW4 — T(éHys = g5 (435)

. 1-—
RsHwe + wg + As7 ReHwe — Asg RsHw; — ——gb—¢Hy6 = gg (4.36)

where H is a m x m upper Hessenberg matrix, m is the number of Arnoldi vectors
used which is much smaller than n, and w,, g, and y, are the reduced vector of
Cp, f, and u, respectively.

The Arnoldi reduction method uses orthogonal matrix transformations to re-
duce the equations (4.24)-(4.27) to a much smaller upper Hessenberg system of
first-order differential equation by approximating the solution of c, with Qw,. Q,
a n X m matrix, consists of the first mth Arnoldi vectors which is created during
Arnoldi reduction process. The details of determination of the matrix Q and H
and the reduction procedures can be found in the work of Woodbury et al. [1990],
and Nour-Omid et al [1991] and in Chapter 2. The criteria of monitoring and ter-
minating the unsymmetric Lanczos reduction process [Li et al., 1999] can also be
applied to the Arnoldi reduction process. By using their criteria, the appropriate
number of Arnoldi vectors (m) are selected.

Equations (4.33)-(4.36) are obtained based on the assumption of homogeneous

matrix blocks throughout the domain, namely D’ and ¢’ are constants in the whole
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matrix domain, and R, is constant for each species. This assumption makes the
system reduction relatively easy.

Equations (4.33)-(4.36) are solved by a suitable time integration algorithm
such as the Crank-Nicolson scheme. As H is an upper Hessenberg matrix and its
size is small, it can be easily decomposed into the product of an upper triangular
matrix and a lower bidiagonal matrix. Note that the Arnoldi method shows a great
advantage here in that only one process is required to reduce the entire multiple
equation system simultaneously. Also, the solution to the reduced systems (4.33)-
(4.36) using a direct method is economic because the reduced system size is much
smaller than the original system. This also gives a large saving in storage required
by the reduction method. Therefore, solving of the reduced system is more efficient
than direct solving of the original equation system. The penalty with the time-
stepping procedure is not significant if m <« n. The original solution for any
desired time step or location can be retrieved from the reduced solution data in
future with very little computation effort.

It is easy to show that the entries of reduced mass exchange vector y, can be
computed with equation (3.57), even though that equation is for the unreduced
space mass-exchange rate calculation.

In w space (reduced space), the discretized equations for the matrix blocks

are still the same as equation system (3.51):

k41 TE+1
Prw,1 ™ + Wps - = d

aiw;)’fiﬁll + ﬁiw;,lffl + %w;,'fzfrll =d, i=23...n—1

w;)]f;r,l = wo (4.37)
p=1,2...6

Note the equations now correspond to the reduced space nodes and the first

type boundary concentrations at the fracture-matrix interface are equal to the
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reduced space solutions of corresponding nodes in the fracture. Therefore the
solutions for the matrix blocks can be directly substituted into equation (3.57)
or reduced form (3.63) to compute the mass exchange rates in reduced space.
This is because that the current species concentration in the matrix block can
be written in a function of the species and its parent species concentration and
concentration history in the fracture. After reduction, the function is still the
same. This property affords additional efficiency in computing time and memory
storage for the Arnoldi reduction method. At each time step, the mass exchange
terms are computed in the reduced space which only requires to solve m 1-D
diffusion equations for each species. For original equation system (4.24)-(4.27), n
1-D diffusion equations need to be solved to determine the mass exchange terms.

After the w space solutions are obtained, the concentration C7,; at ith node
in the matrix, can be directly computed from the reduced space solutions for the
ith node by equation (3.64).

Note, it is not necessary to compute concentrations for all the nodes. Only
the concentrations at the desired locations and times are computed. For a matrix

block corresponding to a specific fracture node J, various node concentrations can

be obtained by the dot product of Jth row of matrix Q and vector wy, ;.

4.5.2 Choice of common starting vector for TCE transport

The choice of the starting vector is a very important factor influencing the con-
vergence and accuracy of the Arnoldi reduction method. For the multi-species
transport problem, a common starting vector must be chosen for all the equation
systems to minimize the residual errors. Li et al. [1999] showed that any vec-
tor parallel to the vectors f, (p = 1,2,...,6) is a suitable starting vector for the

Arnoldi process in reducing the equation system (4.24)-(4.27). It is also required
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that all the right-hand side vectors f, must be parallel to each other. In most
cases these vectors are not parallel to each other. However, these vectors can be
partitioned into two parts, each of which is parallel to each other. Two schemes
for choosing the common starting vector for most popular transient and constant
type Dirichlet boundary conditions are available. A detailed description of these
two schemes can be found Section 3.5.3.

The final reduced system is obtained by using a common starting vector K™'b
in the Arnoldi algorithm, where b is a constant vector. The reduced right hand
side vectors for both schemes are in the following form:

First scheme:
g, = X1(Cp + nF(Cp))es (4.38)

p=12,..6

Second scheme:

gg) = x§1)épe1 (4.39)
g? = xPF(Cy)er (4.40)
p=12,..,6

Note that the vector e; is the first column of identity matrix (with dimension
m), X1 is the M-norm of K™'b, 7 is a constant, and F(C,) is a function defined
in equation (4.32).

The final solutions of the pth species at desired steps or locations are given by
¢, = Qw,, for the first scheme. The concentration solutions for the second scheme
are obtained in the same way as for the first scheme. In the second scheme,
summation of the solutions for the two equations with different right hand sides

gives the final solution.
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Chapter 5
Verification of the Models

To verify the numerical formulae, the solutions of the proposed models are com-
pared to analytical solutions or solutions obtained by a different numerical mod-
els. The first example examines the Lanczos reduction method by simulating a
problem involving transient flow to a pumped well fully penetrating a fractured,
confined aquifer. The second example investigates the application of the Arnoldi
reduction method to single species contaminant transport in parallel fractures.
The third and fourth examples show the accuracy and efficiency of the Arnoldi
method applied to three species decay chain and seven species biodegradation
transport problems, respectively. All the first four examples use the dual-porosity
model. The fifth example verifies the discrete fracture flow model by comparison
with the dual-porosity flow model. The last verification problem concerns single

specles contaminant transport in discretely fractured porous media.

5.1 Dual-porosity flow

The first example shows a homogeneous, isotropic and infinite aquifer system with
a well at the center. The problem is identical to the Theis problem, except the

aquifer is a dual-porosity medium. The dual-porosity aquifer is considered to be
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a single horizontal fracture which is analogous to the aquifer-aquitard system.
The problem is geometrically symmetric, so only one quarter of the flow field is
simulated with 1/4 of the original pumping rate. The dimension of the model is
set large enough so that the influence of the boundary cannot be reached in a
short time and can be considered of infinite extent. Values of various parameters
employed in the simulation are given in Table 5.1. Figure 5-1 shows the grid used.

The cross-section for this example is shown in Figure 5-2(a).

Parameter Value
Number of nodes 550
Number of elements 980
Dimension of aquifer r 2000 m
Fracture Transmissivity Ty, T, 18.2 m?/d
Pumping rate, Q 250 m3/d
Fracture storage coefficient, S 0.002
Hydraulic conductivity of matrix, X’ 0.0005 m/d
Specific storage of matrix, S’ 0.005 m™!
Thickness of matrix block, 2a 10 m
Fracture aperture, 2b 0.0l m

Table 5.1: Values of various parameters for verification example 1

To obtain the numerical solution for the example, the fracture domain was
discretized into 980 triangular elements and 550 nodes. The grid size is about 0.1
m near the well and 300 m at the outside boundary. Figure 5-3 shows the com-
puted dimensionless drawdown versus dimensionless time at r=48.3 m and 266.22
m compared to the analytical solutions. The analytical solutions are obtained
from the solutions of the classical problem of well flow in a confined aquifer-
aquitard system [Hantush, 1964]. Note that the parallel fracture dual-porosity

model is analogous to the short-term response of the confined aquifer-aquitard
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Figure 5-1 Finite element mesh for example 1. Only one quarter of the total field is shown
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Figure 5-2 Cross-section of the two-dimensional flow in dual-porosity media
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system which can be written as

s = (Q/4rT)H(u, §)

where s is the drawdown and # is the leaky well-function. By selecting an ap-
propriate (3, the analytical solutions can be read from a column of the table of
function #H(u, ). From Figure 5-3 it can be seen that the results of Lanczos
reduction method agree very well with the analytical curves. For this extreme
example, in which the ratio between maximum and minimum grid size is 3000, it
is expected that more Lanczos vectors may be needed. However only 30 vectors
are required. For this small problem with 600 time steps, the reduction method
can still achieve about 75 % reduction in time (1:4 in time) compared to the direct
solution method.

The same hydraulic parameters are applied to a blocky fracture model with the
exception that the prismatic matrix blocks are now replaced by spherical blocks
of 5 m radius (see Figure 5-2(b)). Computed dimensionless drawdowns at r=48.3
m and 266.22 m are plotted in Figure 5-4 against dimensionless time. The leakage
parameter [ is used to identify the type curves. An analytical solution for the
problem of well flow in a spherical porous matrix fractured system is not available.
Therefore this solution is compared with the solution obtained by the traditional
finite element method, which had been verified by Huyakorn et al. [1983]. The
comparison indicates that both methods agree with each other very well. The
blocky model has less drawdown than the parallel fracture model for the same
parameters. This is due to the fact that the blocky fracture model has more
fracture space than the parallel fracture model in the same domain. The fracture
space determines the conductivity of the fractured aquifer system and the higher

conductivity causes less drawdown.
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5.2 Single species contaminant transport

In order to verify the Arnoldi reduction method for contaminant transport in a
dual-porosity medium, an example involving the transport of radionuclides in a
parallel-fracture system is investigated. Both longitudinal transport in the frac-
ture and transverse diffusion in the matrix block are examined and the results are
compared to analytical solutions. This example is also used to compute solutions
for the spherical block model.

In this example (see Figure 5-5), the numerical solution computed using the
Arnoldi reduction method is compared against the analytical solution developed
by Tang at al. [1981]. The input parameters describing the physical system are
given in Table 5.2. The boundary condition at the inflow end of the fracture (x=0)
is of the first type, with a constant concentration of 1.0. The two dimensional
transport region is 10.0 m in length and 1.0 m in width. The region length is suffi-
ciently long such that the concentration profiles do not reach the outflow boundary
for the purpose of comparison with the analytical solution, which assumes that
the medium is semi-infinite in length. The radionuclide source is located at z = 0.
The node spacing is Ax=0.25 m for the first meter and 0.5 m for the rest of the
domain. A total of 104 triangular elements and 79 nodes are used in the plane of
fracture. Discretization in the matrix block is achieved by using 40 linear 1D ele-
ments with a minimum 0.0012 m and maximum 0.12 m nodal spacing. A constant
time step size of 10 days is used.

Figure 5-6 compares the concentration profiles along the center of the fracture
obtained with the Arnoldi reduction method to the analytical results at 100, 1000
and 10,000 days, respectively. Excellent agreement is found between the analytical
and the numerical results. Note that for early time values the numerical solution

shifts slightly from the analytical solution. This can be improved by using more
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Parameter Value

Fracture aperture 2b = 0.0001m
Fracture spacing 2a = 2.4m
Seepage velocity v=0.0lm/d
Secondary porosity ¢ = 0.000042
Matrix block porosity ¢ =0.01
Longitudinal dispersivity ar = 0.5m

Fracture diffusion coefficient D* = 1.384 x 107*m?/d
Matrix diffusion coefficient D’ =1.384 x 10~"m?/d
Solute decay coefficient A=1.54x107%d!
Retardation factors R=R =1

Table 5.2: Parameter values for the verification example 2

Arnoldi vectors or reducing the time step. Note for this example only seven
Arnoldi vectors are required. The total solution time (from input data to output
data) of this problem for 1000 time steps is less than 1 second on a Pentium II
300 MHz personal computer. Of course, for this small 1-D problem (which has
only 79 nodes) the Arnoldi reduction method cannot show its full advantage.

After the computation of the concentrations in the fracture, the concentration
distributions in the matrix blocks can be computed using the approach discussed
in Chapter 3. Figure 5-7 shows the numerical results together with the analytical
solutions [from Huyakorn et al., 1981]. Both solutions are almost identical to each
other.

To show the transport behavior for the spherical block model, the same set
of parameters are applied to radionuclide transport in a blocky fractured system
except that now the parameter a is the radius of the spherical block. The sphere
radius is chosen such that the surface-area-to-volume ratio is identical to that for
the prismatic slabs. The parallel fracture model of this example has a surface-

area-to-volume ratio of 0.833. Therefore 1.8 m is chosen (this equals 1.5 times
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of the half-thickness of the slab) for the radius of the spherical block, which
ensures the ratio for the both models are the same. The computed concentration
distributions along the flow direction in the fracture are shown in Figure 5-8.
Due to the fact that no analytical solution for this problem can be found in
the literature, the numerical results cannot be directly compared with an exact
solution. Comparison of the numerical solutions with the analytical solutions
for the parallel fracture model indicates that different matrix block geometries
will produce similar concentration distributions in the fracture as long as the
surface-area-to-volume ratio remains identical [Rasmuson, 1984; Sudicky, 1990].
The ARM for this problem achieves efficiency similar to the previous example. It
should be noted that the M matrix for transport equation in the spherical matrix
block is a function of r? (see equation 3.60). Therefore, one may need finer one-
dimensional discretization compared to the parallel fracture model to ensure the

convergence of the mass exchange terms.

5.3 Three species decay chain transport

This problem illustrates the transport of three species of radionuclides in porous
media. Since no analytical solutions to the decay chain transport with rock matrix
diffusion are available, an example with no diffusion into the rock matrix is intro-
duced. The effect of the diffusive loss into the rock matrix can be incorporated
by a straightforward extention of the present problem. However, in order to carry
out a direct comparison with the analytical solution for the system, it has been
omitted. Considering the previous example, it is clear that such an assumption
does not affect the verification of the whole model. This problem is equivalent to
a one-dimensional model for porous media with decay chain. The modeled region

can also be viewed as a single fracture with the plane of the fracture parallel to
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Figure 5-9. Concentration profiles of the three species decay chain transport at 100 years,
showing comparison of analytical and the Arnoldi reduction method solutions
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the flow plane. A fracture geometry similar to the last example is used. The
fracture has unit width and is 20 m in length. Once again the radionuclide source
is located at the inflow end (x=0), which forms a first type boundary condition
with a transient concentration.

To obtain the numerical solution, the region is discretized into 210 triangular
elements with a nodal spacing of 0.25 m in the first two meters and 0.5 m for
the remainder. The total number of nodes is 153. The properties of the three
radionuclide members and the medium are given in the Table 5.3. For the purpose
of comparison, these data are selected to correspond to the data used in a previous
study on decay chain transport by Lee et al. [1995]. The parent member has an
initial concentration of unity at the inlet source. The initial concentrations of the
second and third members equal to 0.0 meaning that the source concentrations
of all the three species at the inlet point are from the first member of the chain.
Decay or ingrowth of three species at the inlet source is governed by equation

(3.15) and its solution is given by (3.16).

Parameter Value
Decay chain (1) = (2) = (3)
Source initial concentration

species (1) CE =10

species (2) C8=0.0

species (3) CB0=0.0
Flow velocity v =10.0m/yr

Longitudinal dispersivity ar, = 0.25m

Transverse dispersivity ar = 0.0m
Solute decay coefficient
species (1) A1 = 0.0016
species (2) Ay = 0.04620
species (3) A3 = 0.000106

Retardation factors

R1:R2:R3:100

Table 5.3: Input data for three decay chain verification example



Computed concentration profiles together with analytical solutions are de-
picted in Figure 5-9 for the time 100 years. Analytical solutions for this problem
can be found in the work by Lester et al [1975]. It can be seen from Figure 5-9
that the Arnoldi reduction method yields results that are essentially identical to
analytical solutions. In order to test the efficiency of the numerical method, a
small time step size of 0.05 year and a large number of time steps are used. For
the simulation of 2000 time steps and 8 Arnoldi vectors used, the total solution
time is less than 1 second. This example indicates that the ARM can effectively
solve the multi-species problem and the proposed schemes for choosing a multi-
ple component common starting vector can be used for the transient first type

boundary condition problem.

5.4 Seven species parallel and series reaction trans-
port

The purpose here is to demonstrate the accuracy and efficiency of the Arnoldi
reduction method as it applies to the transport of chlorinated solvents in dual-
porosity or porous media. To verify the proposed method, a problem involving
the transport of seven species, such as the transport of chlorinated solvent tetra-
chloroethylene (PCE) and its biodegradation products, along a two-dimensional
fracture is selected. Groundwater flow is uniform in the domain. Continuous
contaminant sources for all seven species, represented as first-type boundary con-
dition, are placed at the upstream end of the aquifer. Since no analytical solutions
to this type of transport with rock matrix diffusion are available, an example with-
out diffusion into the rock matrix is introduced. The effects of the diffusive loss
into the rock matrix can be incorporated by a straightforward extention of the

present problem. However, in order to carry out a direct comparison with the
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analytical solution, this has been omitted. Because the application of the Arnoldi
reduction method to the radionuclides transport in dual-porosity has been veri-
fied in Section 5.2, it is clear that such assumption does not affect the verification
of the whole model. The fracture can also be considered as a two-dimensional
aquifer system. The accuracy of the ARM for multi-species contaminant trans-
port with parallel and series reaction is demonstrated by comparing reduction
method solutions with the one dimensional analytical solutions.

The biodegradation procedure of PCE can be described by a reaction net-
work that includes both serial and parallel reactions, which is the same as TCE
biodegradation as discussed in Chapter 4, except the reaction network has one
more parent species. Therefore, the model developed for the TCE transport can
be used to solve the PCE problem with a minor modification. In this case, PCE
will react to produce TCE. TCE can then react to simultaneously produce cis-
1,2-DCE, trans-1,2-DCE, and 1,1-DCE. Subsequently, DCE will react to produce
vinyl chloride (VC) and finally to ethene [Skeen et al., 1995; Jain and Criddle,
1995].

The fracture domain is rectangular, with a width equal to 0.4 m and a length
equal to 50 m in the direction of flow. The groundwater flow system is two-
dimensional with steady and uniform flow in one dimension only. In this way
the method can be tested against one-dimensional analytical solutions. To obtain
the numerical solution, the region is discretized into 400 triangular elements with
a nodal spacing of 1 m in length and 0.1 m in width, giving 255 nodes. The
patch pollution source is located at the inflow end (x=0), which forms a first
type boundary condition. A constant concentration of species 1 is set to one and
the daughter species are zero. Second-type boundary conditions of zero flux are

imposed along the remaining three sides of the domain. Groundwater flow velocity
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in the domain equals 0.4 m/d. The longitudinal dispersivity, ar, is 10 m, and the
transverse dispersivity, ar, is zero. Molecular diffusion is also assumed to be zero.
A retardation factor R = 1 is used for all the species. Other properties of the
contaminants are given in Table 5.4. For the purpose of comparison, these data
are selected to correspond to the data used in a previous study for the analytical
solutions of a similar problem by Sun et al. [1999]. Note that the values of decay
coefficient and stoichiometric yield in the table do not reflect the real value of

PCE and its daughter products.

Parameter Value
Solute decay coefficient (d™1)

species (1) A1z = 0.2
species (2) A2 = Agg + Agq + Ags = 0.1
species (3) Aze = 0.02
species (4) Age = 0.02
species (5) Ase = 0.02
species (6) o7 = 0.04
species (7) A7g = 0.006
Stoichiometric yield
species (1)—(2) (12 =05
species (2)—(3) 3 =03
species (2)—(4) Coa =102
species (2)—(5) Cos = 0.1
species (3)—(6) Cs=1.0
species (4)—(6) (6 =1.0
species (5)—(6) Cs6 = 1.0
species (6)—(7) Ce7=1.0

Table 5.4: Parameters for the 7 species transport verification problem

The stoichiometric yield factor ¢ in Table 5.4 describes the fraction of parent
component transforming into daughter component. The theoretical development
in this research does not consider the influence of this parameter. However it

can be easily incorporated into the model by substituting A with A x ¢ for each
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corresponding daughter species.

Numerical solutions for the problem are compared with the analytical solutions
provided by Sun [personal communication, see also Sun et al., 1999]. There are
no analytical solutions available for species six and seven. Figure 5-10 shows
concentration profiles computed by the Arnoldi reduction method compared to
analytical solutions for 40 days after the release of pollution. The concentration
distributions predicted by the Arnoldi method are identical to analytical solutions.
In order to get the numerical solutions for 40 days, a constant time step size of
two days is used for a total of 20 time steps. For this problem, only 10 Arnoldi
vectors are needed. The total CPU time for 20 time steps is less than one second
using a Pentium 333 MHz personal computer. According to the report of Sun
et al. [1999], on a Pentium 100 MHz computer, the total solution time for the
first five species of this problem is 13 seconds using the analytical method and
112 seconds by using the RT3D model [Clement et al., 1998]. Even for this small

problem, the Arnoldi reduction method has shown its efficiency.

5.5 Flow in discretely fractured media

The extension of Lanczos reduction method to the simulation of groundwater
flow in fractured porous media using a discrete fracture approach is verified by
comparison with the solutions of the dual-porosity approach. The dual-porosity
approach for the simulation of groundwater flow in fractured porous media was
discussed in previous sections and it has been verified.

The problem considered here consists of a two-dimensional cross-section do-
main with a single horizontal fracture distributed across the domain center. The
thickness of the layer is one meter and the domain has a length of 200 meters.

The fracture has a uniform aperture of 1 x 107* m. Water was pumped from
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the center of the fracture with a constant pumping rate of 0.1 m3/d (see Figure
5-11). The two ends of the fracture in the domain are considered as constant
head boundaries. Values of various parameters used in the simulation are given
in Table 5.5. The hydraulic conductivity of the fracture can be calculated based

on equation (3.8) using the given parameters in table 5.5.

Parameter Value

Matrix transmissivity 77, T}, 0.0001 m?/d
Matrix storage coefficient, S’ 0.05

Fracture specific storage, S, 0.0002 m™*
Thickness of the flow system, H 1 m

Fluid density, p 1000 kg/m?

Fluid viscosity, u 86.4 kg/m.d
Gravity constant, g 7.3223 x 10'°% m/d?

Table 5.5: Parameter values for the discrete fracture flow verification problem

The domain was discretized into 80 rectangular elements and 105 nodes. A
uniform nodal spacing of 10 and 0.25 m was used in the horizontal and vertical
directions respectively. The one-dimensional linear elements for the fracture have
a constant length of 10 m with total 20 elements. In the simulation, a constant
time step size of 0.1 day was used for a total of 100 time steps. Convergence
tolerance used in the PCG solver equaled 1 x 1078, A total 15 Lanczos vectors
were used for the simulation. The computed hydraulic head distribution at time
equal to 10 days is shown in Figure 5-12. It is clear that the fracture influences
the head distribution significantly.

The same problem is solved by a one-dimensional dual-porosity model. Figure
5-13 shows the comparison of hydraulic head solutions along the fracture at the
end of the 10th day by both the dual-porosity and discrete fracture models using
the LRM. The agreement between the solutions of the two methods is quite good,
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despite the fact that both models have different assumptions.

5.6 Single species contaminant transport in dis-
cretely fractured porous media

A problem involving solute transport through a single fracture (or a system com-
prised of closely spaced and parallel fractures) was selected to verify the applica-
tion of the Arnoldi reduction method to discrete fracture approach. The analytical
solution for this problem is provided by Sudicky and Frind [1982].

The input parameters and values for the problem are shown in Table 5.6. In
order to compare with the exact analytical solution, the groundwater velocity in
the matrix is set equal to 0. Movement of contaminant into the matrix blocks is
governed solely by molecular diffusion. The domain is 200 m long in the x-direction
and 0.1 m in the z direction. A uniform nodal spacing of 10 and 0.025 m was
applied in the x- and z-directions respectively. Using this discretization scheme,
a total of 105 nodes and 80 rectangular elements are formed. The discretized
nodes include 21 fracture nodes which are connected by 20 one-dimensional linear
elements for the fracture. A constant concentration of 1.0 was specified at the
upstream end of the fracture. The problem with the same data set has been
solved for verifications of different numerical methods [Sudicky 1989; Sudicky and
McLaren].

The second scheme which requires two Arnoldi processes is used to solve the
problem. A constant time step of 100 days is applied. To reach 20,000 days, 200
time steps are required. A total of 15 Arnoldi vectors are used in both Arnoldi
processes. Concentration distributions in the fracture for times equal to 10,000
and 20,000 days are compared to the analytical solutions in Figure 5-14. Good

agreement between the analytical and Arnoldi method results can be seen, despite
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Parameter Value

velocity in fracture (m/d) 0.1

Fracture longitudinal dispersivity (m) 0.1

Fracture aperture (m) 1.0x107¢
Fracture separation (m) 0.1

Fracture diffusion coefficient m?/d 1.38x1074
Matrix porosity 0.01

Matrix dispersivity 0.0

Matrix diffusion coefficient m?/d 1.38x10°°
Solute decay coefficient, d* 1.5377x10*

Fracture and matrix Retardation factor 1.0

Table 5.6: Parameter values for the discrete fracture transport verification problem

the fact that the numerical solution was obtained by using relatively coarse spatial
and time discretizations. For the 20,000 day solution, the numerical results show a
slight fluctuation for the part a little far away from the comtaminant source. This
circumstance can be eliminated by using more Arnoldi vectors for the solution. It
is interesting to note that the problem has a Peclet number of 100 in the direction
of flow along the axis of the fracture. If one solves this problem directly based on
the original conductivity matrix K, for each Arnoldi reduction solution step more
than 200 iterations are required to achieve the 1 x 1078 convergence criterion. It
is difficult to get a convergence solution for this problem due to the large Peclet
number. By using the “shift” technique, the problem can be successfully solved
(see Chapter 3). After application of a shift factor of 0.002 to the problem, each
step in the reduction process requires only 12 iterations on average. The total
CPU time for 200 time steps on a Pentium IT 333 MHz PC is less than 1 second.
The result indicates that the K matrix with a little “shift” can not only greatly
enhance the iterative convergence speed in the ORTHOMIN solution process, but

also improve its capacity for problems with large Peclet number.
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Chapter 6

Illustrative Examples

Six illustrative generic examples concerning groundwater flow and multi-species
contaminant transport in dual-porosity media and discretely fractured media are
presented in this chapter. The first problem involves application of the LRM to the
modeling of groundwater flow in a dual-porosity aquifer with multiple wells. The
second and third examples show the ARM for the simulation of three species decay
chain transport and 6 species TCE transport in dual-porosity media, respectively.
The fourth example investigates the application of LRM to the discrete fracture
flow problem and the last two examples show the application of ARM to 8 species
decay chain and 7 species biodegradation transport in discretely fractured media

respectively.

6.1 Groundwater flow in dual-porosity aquifer

In order to investigate the efficiency and robustness of the Lanczos method for
multiple well system with different time history, a relatively large confined dual-
porosity aquifer problem has been solved. Figure 6-1 shows the synthetic aquifer
system. The selected domain is a dual-porosity version of the example given in

the work of Townley and Wilson [1980]. The example is chosen to include sev-
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eral of the commonly occurring complexities in groundwater analysis. It includes
Dirichlet boundary conditions and two groups of time-dependent sources with dif-
ferent pumping histories. The fractured rock aquifer system is heterogeneous and
anisotropic with respect to the fracture transmissivity. The model parameters are

given in Table 6.1.

Parameter Value
Dimension of aquifer 2000 m
Fracture Transmissivity 7%, T,
area 1 10, 10 m?/d
area 2 100, 30 m?/d
Pumping rate,
qi: (1 > t>0 day) 150 m®/d
(2 > t>1 days) 100 m®/d
(t > 2 days) 0
g2: (1 > t>0 day) 100 m®/d
g3: (1 > t>0 day) 250 m®/d
g2,q3 (t > 1 days) 0
Fracture storage coefficient, S 0.002
Hydraulic conductivity of matrix, K’ 0.0005 m/d
Specific storage of matrix, S’ 0.005 m™1
Thickness of matrix block, 2a 5.0 m
Fracture aperture, 2b 0.01 m
Total thickness of the aquifer 20.04 m

Table 6.1: Synthetic aquifer model parameters

To obtain the numerical solution for the problem, the flow domain was dis-
cretized into 10,085 triangular elements and 5,120 nodes. The elements have a
size of 10 m near the pumping wells and 100 m in the boundary area. The initial
hydraulic head in the fractures is 60 m. A fully penetrating river flows through
the area and it is considered to be a first type boundary with a constant head
of 60 m. Three pumping wells with different pumping rate are distributed in the
area (see Figure 6-1). Well 2 and 3 have the same time-dependent pumping his-
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tories, so the three wells and constant heads can be grouped into two groups of
time-dependent boundary conditions for the Lanczos method.

Table 6.2 shows the comparison of performance behavior of the Lanczos and
direct solution methods. The maximum error, which is defined as the maximum
difference between the two solution methods at each time level, is expected to
occur at one of the pumping wells. The root-mean-square (RMS) in the table is
computed based on the drawdown data at the three wells for all 3,000 time steps.
The maximum computed drawdown difference between the two methods is 0.039
m and occurs at well 3 at the first time step. The results of the comparison are very
encouraging. For the case of 3,000 time steps and 80 Lanczos vectors used, the
Lanczos method is approximately 18 times faster than the direct solution method
and the accuracy is almost the same. Even higher efficiency can be achieved if
the problem requires more time steps. In addition, if the wells have the same
pumping history, only one Lanczos process is needed. The solution time for this
problem is still reduced by about 45% compared to the solution time for the
original problem which requires two Lanczos processes. The Lanczos method also
shows great saving in computer memory. Through the operating system, It was
found that the peak computer memory requirement of Lanczos method for this
example is about 60% of the memory requirement for solving the original system.

The number of Lanczos vectors determines the accuracy of the method. The
maximum error always occurs in the first several time steps or the moment of
pumping rate change at a particular well. Figure 6-2 shows maximum errors
in the first 10 time steps compared to the number of Lanczos vectors for both
homogeneous and heterogeneous situations. For a problem of homogeneous and
isotropic hydraulic properties and simple boundary conditions, less Lanczos vec-

tors may be required. Figure 6-2 indicates that if the domain is homogeneous, less
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Figure 6-1 Synthetic dual-porosity aquifer system
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Figure 6-2 The maximum drawdown differences between the Lanczos and direct solution method
for homogeneous and heterogeneous cases using different Lanczos vectors up to 10 time steps.
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Figure 6-3 The maximum drawdown differences between the Lanczos and direct solution
method for the case without a partial grid refinement near pumping wells by using
different vectors for the first 10 time steps
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Items Direct solution Lanczos

Time step size 0.001 day 0.001 day
Time step number 3000 3000
Equation matrix size (n, m) n=>5120 m=80
Total solution time 92 min 34 sec 5 min 12 sec
Maximum drawdown difference

between the two methods 0.039 m

(in percentage) 1.9 %
RSM error 7.74x10™* m

Table 6.2: Comparison between the Lanczos and direct solution method, a Pen-
tium II 333 MHz CPU with 128 M memory personal computer was used for the
simulation.

Lanczos vectors are needed to achieve a similar accuracy. In addition, if the heads
of the first several time steps are not important for a problem, one can use less
Lanczos vectors. For the example, less than 1% drawdown difference (or 0.018 m)
will occur by using only 60 vectors after 10 time steps, or 7% for 40 vectors. The
time needed to solve the problem is 3 minutes, 32 seconds using 40 vectors and 4
minutes, 20 seconds using 60 vectors.

In order to show the influence of domain discretization on the number of Lanc-
zos vectors, a different discretization scheme was used. The example domain was
discretized into 28,514 triangular elements and 14,456 nodes without a refinement
near the pumping wells. The new equation system has about 3 times the nodes
as the first scheme. However, it requires even less Lanczos vectors to achieve the
similar accuracy as the first scheme (see Figure 6-3). Using 60 vectors, a maximum
error of 0.074 m and RSM of 2.16 x 1072 m is reached. The total solution time for
3000 time steps is about 6.7 minutes. This result indicates that the discretization
scheme is one of the most important factors in determining the number of Lanczos

vectors required.
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6.2 Decay chain transport in dual-porosity me-
dia

In order to investigate the efficiency and robustness of the proposed approach,
the Arnoldi technique is applied to a three species decay chain transport problem
which is loosely based on the McClean Lake project in Saskatchewan as shown on
Figure 6-4. At the center of study area is a pit which is proposed to accommodate
the disposal of uranium tailings generated from several ore bodies. Surrounding
the pit is a three meter buffer zone. Because the pit has a funnel shape, the
simulated pollution source is smaller than the pit shown on Figure 6-4. Solute
transport analyses are required to predict the long term environmental loadings
from the tailings. In this example, the computed concentration field is compared to
the results computed from a Crank-Nicolson (CN) scheme using a direct solution
method. For comparison purposes, two definitions [Woodbury, et al. 1990] are
used: the maximum error and root-mean-square(RMS) error.

The main radioactive component in the tailings is radium-226. All of the de-

cay products of 26Rg and their halflife are given as: 226Rq "% 222, 389

218 p, 3miT 214 pp 2TMAR 214 g 20min 214 p, 0.16s¢c 210 pyy 2@‘) 210 B; % 210 p,, 1%)?/
206 Pp. Compared with radium-226 and lead-210, all other components have rela-
tively short half-lives. If the influence of mass loss due to any physical or chemical
processes is neglected for all other species, the decay chain may be simplified
as *Ra — 21°Pbh — 6Py which will predict the worst case of decay of final
products. Lead-206, the last element on the list, is not radioactive.

The steady-state groundwater flow in the area is simulated by a two-dimensional
single-porosity model. For the steady-state flow, the dual-porosity properties do
not affect the groundwater flow behavior. This is because at steady-state there is

no fluid exchange between the matrix blocks and fractures. Therefore, the single-
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porosity model can be used for the simulation. The average velocities for both
the buffer zone and outside zone given by the flow problem solution are used as
input data for the three-species decay chain transport problem.

Figure 6-5 shows the finite element grid used for the transport model; a total
of 9,308 nodes and triangular 18,094 elements are used. A partial refinement is
made near the contaminant source area. A five year time step size is used for
the simulation. All the grid Peclet numbers are less than 2. Boundary conditions
for the transport model are also shown on Figure 6-5. The contaminant sources
are introduced instantaneously at time zero in the pit. The initial concentration
within the pit is normalized to one for 22 Ra and zero for 21 Pb and 2°6 Pb. Note the
decaying source concentrations satisfy the Bateman equation and their solutions
are given by equation (3.16). The fracture longitudinal dispersivity is set to 10
m and transverse dispersivity is 1.0 m. The molecular diffusion coefficient in the
fracture is set at 2.2075 x 1072 m?/yr for all the three species. Due to lack of field
data, retardation factors in the fractures are assumed to be the same for all the
three species. The fracture density in the area is about 30.4 fractures/10 m. Based
on this information, the thickness of the parallel slab used in the dual-porosity
model can be determined. All the parameters for this example are given in Table
6.3.

The concentration distribution of the three species, after various time peri-
ods, are shown in Figure 6-6, Figure 6-7 and Figure 6-8. Figure 6-9 shows the
breakthrough curves for a point (x=387.01 m, y=381.77 m) between the pit and
Fox Lake. The spreading patterns of these three species are similar and have a
physically reasonable concentration distribution. In the period of 10,000 years,
most of the radioactive materials will decay to lead-206, which is not a radioac-

tive material. This is because the half-life times of both parent species are much
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Parameter

Value

Fracture aperture
Fracture spacing
Seepage velocity

Buffer zone

Other area
Secondary porosity
Matrix block porosity
Dispersivity
Fracture diffusion coefficient
Matrix diffusion coefficient
Source initial concentration

226 R,

210 pp,

206 Pb
Solute decay coefficient

226 Ra

210 Pb

206 py,
Retardation factors

In fracture

In matrix block

2b = 0.00007m
2a = 0.35m

v =2.0m/yr

v = 20.0m/yr
¢ = 0.0002

¢ = 0.02

ar = 10.0m,ar = 1.0m
D* = 2.2075 x 1073m?2 /yr
D' =2.2075 x 10~*m?/yr

CP'=1.0
CB=0.0
CBY=0.0

A1 = 0.0004332
Ag = 0.0315
A3 = 0.0

Ry = Ry = Ry = 349.33
R =R,=R,=10

Table 6.3: Parameter values for the decay chain transport in dual-porosity media
case study problem

less than 10,000 years. The speed of transformation from 226 Ra to 219Pb is much
slower than that from 2°Pb to 2°6 Ph. This behavior results from the half-life of
226 Ra being much longer than that of 210 Pp,

The execution time required for the solution of the three species decay-chain
transport problem for 2,000 time steps is about 5.12 minutes by using two Arnoldi
processes (using scheme two for a starting vector), and about 3.53 minutes by
using single Arnoldi process (using scheme one for starting vector with an average
n value) on a Pentium II 350 MHz personal computer. Sixty Arnoldi vectors

were used for the solution. The traditional direct solution method on the same
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Figure 6-5 Finite element grid used for the example of multi-species decay transport
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Figure 6-6. Concentration distribution of **Ra at different time period, (a) 500 years,
(b) 3000 years, (c) 5000 years, (d) 10000 years
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Figure 6-9 Breakthrough curves of the three species predicted by the Arnoldi method at the
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computer requires about 5.4 hours. The original equation system has a bandwidth
of 142. For this problem, the Arnoldi method needs only about 1.1% of the
execution time of the classic Crank-Nicolson solver. For problems with more time
steps, even higher efficiency in execution time can be reached. Table 6.4 lists error
comparisons with respect to the solution by the traditional method. The table
shows that the RMS error is of the order of 107¢ and the maximum error is of
the order of 107%. Even though the third species has relatively high maximum
errors, the maximum error in percentage is less than 3% (the percentage error is
defined by dividing maximum error by the concentration of that point). These
data indicate that 60 vectors is enough to produce good approximations to the
solution by the classic method. Note, however, that the percentage of Arnoldi
vectors to the total number of nodes is different in each case. Therefore even for
extremely large grids in three dimensions only a small number of vectors will be
required to solve a problem [Woodbury et al., 1990].

Through the Task Manager of Windows NT?M gystem, it is found that the
peak memory requirement to solve this problem by the Arnoldi method is about
25% of the peak memory requirement of the direct solution method. A personal
computer with 64 MB memory can be used to solve this problem by the Arnoldi
method without extensive use of virtual memory. The great saving in computer
memory makes it possible to use a personal computer to solve large contaminant
transport problems. It is interesting to note for more species only very little
additional memory and computing time are required. This is due to the fact that
for each additional species, the additional required storage space and computing
time are for storing and solving an additional reduced equation system, which is
much smaller compared to the original system. An estimation is made for this

example that for each additional species, less than 0.5 MB additional memory and
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Time 266 pg 210 py, 206 py,
One Arnoldi Process:

RMS error
500 years 0.139E-2 0.356E-3 0.208E-3
3000 years 0.210E-2 0.955E-3 0.389E-2
5000 years 0.126E-2 0.470E-3 0.437E-2
10000 years 0.238E-3 0.664E-4 0.405E-2
Maximum error 0.203E-1 0.346E-2 0.228E-1
Maximum error in Percentage 6.0% 8.3% 2.8%
Two Arnoldi Process:
RMS error
500 years 0.114E-2 0.257E-3 0.129E-3
3000 years 0.206E-2 0.906E-3 0.376E-2
5000 years 0.125E-2 0.468E-3 0.425E-2
10000 years 0.238E-3 0.663E-4 0.398E-2
Maximum error 0.151E-1 0.345E-2 0.221E-1
Maximum error in Percentage 4.5% 8.2% 2.7%

Table 6.4: RMS errors and maximum errors of the Arnoldi method with respect
to classic CN solver

less than 1 minute additional solution time are required. It is estimated that a 50
species contaminant transport problem with 10,000 nodes can be solved on a 96

MB PC computer by using the Arnoldi reduction method.

6.3 TCE transport in dual-porosity media

This problem involves the transport of TCE and its degradation products from
three point pollution sources in a dual-porosity aquifer. The presence of volatile
organic compounds, including TCE, were identified in well water samples from an
industrial site in Manitoba. The industrial site has been in operation for approxi-
mately 30 years and used chlorinated solvents TCE and TCA as a metal cleaning
fluid. The regional groundwater system, pollution sources and modeling domain

are shown in Figure 6-10 [Song and Woodbury, 1998]. It must be emphasized
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that only a semi-quantitative analysis of the case study is possible at this time,
and this simulation is intended to show the generic modeling capabilities of the
proposed method. Consequently, a detailed calibration to observed data is not
possible at this site.

The major aquifer underlying the site is a fractured carbonate aquifer which is
confined by glacial drift. The fractures observed in drill core are mainly horizonal
to sub-horizontal. Discrete packer sampling from boreholes indicates that the
concentrations of contaminants are distributed in layers. Therefore, the aquifer
system can be regarded as a typical dual-porosity medium. Also based on the
packer sampling results, it is assumed that the matrix slab has a thickness of
2a =10 m and the fractures have a constant aperture of 2b = 5 x 104 m, which
gives a secondary porosity of 5x 107°. According to the regional groundwater flow
condition (Figure 6-10), boundary conditions for groundwater flow are constant
head on the east and west sides of the domain, and no-flow boundaries on the north
and south sides, resulting in fluid flow from west to east with an approximately
uniform velocity. The average flow velocity of 1.0 m/d in the W-E direction and
0.1lm/d in the N-S direction are applied to the simulation. The study domain
covers a range of 3,200 m by 2,000 m and the Galerkin finite element method
is used to discretize the problem, with uniform linear triangular elements. The
maximum nodal spacing is about 20 m and is decreased to about 10 m near the
contaminant source areas. Discretization of the fracture domain results in 20,981
nodes and 41,440 elements. Each one-dimensional matrix block is discretized into
55 nodes. Using this discretization scheme, a total of 55 x 20,981 x 6 = 6,923,730
unknowns are needed to be solved at each time step. A constant time step size of
10 days is used for all transport simulations. The simulation is terminated at 30

years with a total of 1,095 time steps.
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Transforming Half-life
TCE— cis-1,2 DCE (A12) 200 days
TCE— tran-1,2 DCE (\;3) 300 days
TCE— 1,1 DCE (\y3) 300 days
cis 1,2-DCE— VC (\g5) 140 days
tran 1,2-DCE— VC (A35) 20 days

1,1-DCE— VC (\s) 70 days
VC— Ethene (Asg) 1 year
Ethene— (Ag7) 10 years

Table 6.5: Half-life of TCE and its biodegradation products

Chlorinated solvents undergo chemical reactions with half-lives ranging from
several days to years. Table 6.5 lists typical half-life data [Woodbury and Li, 1998|
which are used in the simulations. A constant retardation factor of 1.0 is applied
to all six species. The pollution sources in the fractured medium are treated as
the internal Dirichlet conditions in which the concentrations are prescribed as
constant values. The concentrations of TCE at the three point sources are set to
120,000, 20,000 and 15,000 ppb respectively, and the degradation species, DCEs,
VC and ethene are set to zero for all time. Other parameter values used in the

simulation are listed in Table 6.6 [Song and Woodbury, 1998].

Parameter Value
Porosity of the matrix blocks 0.01
Secondary porosity 5x 107°

Fracture diffusion coefficient  7.29 x 10~° (m?/d)
Matrix diffusion coefficient ~ 7.29 x 107% (m?/d)
Longitudinal dispersivity 25 m

Transverse dispersivity 7m

Table 6.6: Parameters for TCE transport in dual-porosity media

The concentration distributions in the fracture for the first species (TCE)

and sixth species (ethene) at the time of 30 year are shown on Figure 6-11. Also
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Figure 6-10 Regional groundwater flow system and pollution sources in the area.
The contour lines are the hydraulic head distributions (Song and Woodbury, 1998)
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fracture after 30 year release of pollution source.
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shown on Figure 6-11(a) is the measured 1.0 ppb TCE plume after about 30 years.
Unfortunately these were the only data available for comparison. In addition, no
measurements of biodegradation products are available for analysis. Nevertheless,
it is felt that the numerical scheme could be used at a site where such data is
available and are looking forward to incorporating the model in a well documented
area. T'CE has a smaller contamination plume size compared to the plume size of
ethene. This is due to the fact that the ethene has a longer half-life than TCE.
The other four species have similar plume shapes but different sizes. Figure 6-12
shows the concentration distribution of species six in the matrix medium (3.0 m
away from fracture). It is clear that the concentration decreases rapidly into the
porous madtrix.

In this example, 200 Arnoldi vectors are used. The number of Arnoldi vectors
is one of the most important parameters determining the accuracy and efficiency
of the Arnoldi reduction method. Based on the convergence criteria, the number
of Arnoldi vectors can be determined during the process. In addition, the problem
has been tested with 250 Arnoldi vectors and found almost the same results as
the 200 vector solution case. It is interesting to note that the number of Arnoldi
vectors required for a problem is dramatically reduced if the simulation domain
is discretized into a homogeneous grid size.

Due to the large number of degrees of freedom of the original equation sys-
tems, it is difficult to compare solution times for a classic time marching solution
of (4.24)-(4.27) to that of the Arnoldi method for (4.33)-(4.36). However, the
computation loads for the example for both the Arnoldi method and traditional
method with Crank-Nicolson scheme can be qualitatively estimated. Table 6.7
shows the comparison of computational effort for the different methods. It is

clear that the Arnoldi method is more efficient than classic time marching.
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Traditional method Arnoldi reduction method

e Solve the original equation system e Solve the original equation

of size 20981 x n; for 1095 X 6 times.  system of size 20981 x ny for
200 times().

e Solve the equation system for matrix e Solve the reduced equation

block of size 55 x 3 for system of size 200 x 200

20981 x 1095 X 6 times. for 1095 x 6 times®.
e Solve the equation system for
matrix block of size 55 x 3 for
200 x 1095 x 6 times.

Table 6.7: The computation work need to be done for both the Arnoldi and
traditional methods for the example, ny is full band width of the original equation
system. (1) The Arnoldi process requires (as a principal computation overhead)
approximately m (=200)forward solutions of original equation system. (2) The
reduction method needs a little additional computation effort to transform the
reduced space solution to original solution at any desired time step or location.

For this problem, the total solution time for 1095 time steps is about 23.4
minutes on a Pentium II 350 MHz personal computer. Note that the total time
for the solution procedure is dominated by the reduction process. If the reduction
process is performed by a more efficient numerical solution method, such as OR-
THORMIN iterative solver [Vinsome, 1976], even higher efficiency can be reached
by the reduction method.

6.4 Flow in discretely fractured media

Groundwater transient flow in a two-dimensional saturated porous matrix con-
taining a randomly distributed and fully penetrated fracture network is used to
demonstrate the efficiency and accuracy of the discrete fracture flow model. A
comparison is made with the classic Crank-Nicolson method using a PCG solver.

The domain is 200 m in length and 100 m in width with a constant thickness of 10
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Figure 6-13 Groundwater head distribution after 3 year pumping, (a) Solution of the
Lanczos method, (b) Solution of classical time-marching PCG method.
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m (see Figure 6-13). The fractures are generated randomly in the two-dimensional
plane. The fractures can be distributed in any direction. Consistent with Sudicky
and Mclaren [1992], in this study two orthogonal sets of fractures are used, one
set being parallel to the x direction and the other parallel to the y direction. The
fractures have a constant aperture equal to 3.0 x 107° m. Two pumping wells
are located inside the domain. The first at x=139.89 m, y=77 m has a constant
pumping rate of 200 m3/y, and the second at x=62.68, y=48.17 m has a constant
pumping rate of 150 m3/y.

The transmissivity and storage coefficient for the matrix blocks are 3.1536x 1072
m?/y and 0.03, respectively. The fractures have a specific storage of 0.001 m~!.
Their conductivity can be computed by equation (3.8) using the constants given
in Table 5.5. The boundary conditions for the problem consist of a specified hy-
draulic head equal to 10 m along the right-hand boundary and the lower half part
of the left-hand side boundary (y=0-50 m).

The program PREFRAC [Sudicky and McLaren, 1998] is used for the domain
discretization. The generated mesh contains a total of 121,408 nodes, includ-
ing 404 first type boundary nodes. The fractured porous medium is represented
by 120,690 rectangular elements, 10,445 horizontal fracture elements, and 10,140
vertical fracture elements. The convergence criterion used in the PCG iteration
solver is 1 x 1078 m for both classic time-marching solution and Lanczos reduction
process. For the reduction method, a shift factor equal to 30.0 is used. Figure
6-13(a) and (b) show the solutions of hydraulic head distribution in the domain
after 3-year pumping using Lanczos method and PCG method, respectively. The
comparison indicated that both methods yield nearly identical results.

The total CPU time for 3000 time steps using the classic method is about
5.93 hours, and the Lanczos method is about 0.95 hours on a Pentium IT 350
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MHz personal computer. A total of 500 Lanczos vectors are required for this
problem. The classic method requires an average of 32 iterations for each solution
step. In the reduction process only about seven iterations are required for each
recursion step when the “shift” technique is applied. It is interesting to note that
solving the problem for 30,000 time steps using the Lanczos method requires only
about 50 seconds more time compared to solving 3000 time steps. However, for a
traditional time-marching method the solution time for 30,000 time steps can be
10 times the solution time for 3000 time steps. Therefore, the reduction method

is extremely eflicient for large scale and long time simulations.

6.5 Decay chain transport in a complex fracture
network

The transient migration of an eight component decay chain transport in a two-
dimensional saturated porous matrix containing a complex fracture network is
used to demonstrate the performance of ARM for the simulation of decay chain
problems using the discrete fracture approach. A comparison with the Laplace
Transform Galerkin (LTG) method described by Sudicky [1989] is made. Imple-
mentation of the LTG method using the commercial software FRACTRAN can
only handle single species problems. Therefore the comparison for both efficiency
and accuracy is limited to the first species.

The geometry of the problem is a rectangular cross section of length 200 m
with a thickness of 30 m. The radioactive pollution source is located on the left
top (x=15-30 m, y=27-30 m) of the cross section. The physical properties of the
waste zone, porous matrix and fracture are given in Table 6-8. The conductivity of
fractures can be computed based on equation (3.8) using the values of fluid density,

viscosity and gravity constant presented in Table 5.5. The fracture distribution
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is shown in Figure 6-14. The fracture distributions are idealized horizontally and
vertically. Densities of horizontal and vertical fracture decrease with the depth.

All the fractures have a constant aperture of 5.0 x 10~5m.

Parameter Porous matrix Waste Zone Fractures
Hydraulic conductivity, m/y 0.31536 31.536 -
Porosity 0.3 0.3 1.0
Longitudinal dispersity, m 0.1 0.1 0.1
Transverse dispersivity, m 0.05 0.05 -
Diffusion coefficient, m?/y 0.0028 0.0028 0.0568
Retardation factor for all species 1.0 1.0 1.0

Table 6.8: Physical properties of 8 species decay chain transport in discrete frac-
ture media

The main radioactive component in the pollution source is considered to
be radium-226. The decay products of ?° Ra and their half-lives are given as:
226 pp, 19004 222 pp  3-8day 218 py, 3T 214 pypy 2Tmap 214 g 20min 214 p ) 0.16s¢c 210 pp, 2297
210 g; X% 210 p, 135989 206 by, Half life times of the radionuclides are greatly differ-
ent from species to species. Due to the extremely short half-life time of Polonium-
218 and Polonium-214, these two components are neglected in the simulation.
This study focuses on the other eight species of the decay chain.

The flow velocities for both matrix blocks and fractures are determined by
solving the steady state flow problem of the domain. All sides of the domain
represent constant head boundaries except the bottom which is an impermeable
boundary. The left and right side have a constant hydraulic head of 31 m and
30 m, respectively. Along the top, the head decreases linearly from 31 m on the
left to 30 m on the right. These boundary conditions cause groundwater to move
through the domain primarily in the horizontal direction from left to right. The
waste zone represents a contaminant source with a unity concentration for the

first component (*® Ra) and 0.0 concentration for all other species at all the time.
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Figure 6-14 Concentration distribution of the first species of decay chain transport in discrete
fractures 1000 year after release of pollution source, (a) by LTG method, (b) by Arnoldi method
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The domain was discretized into 120,701 nodes with 120,000 rectangular el-
ements representing the porous matrix, 4,430 horizontal fracture elements and
10,350 vertical fracture elements. With this discretization scheme, the waste zone
contains 961 constant concentrations nodes. The convergence criterion used in
ORTHOMIN for the Arnoldi reduction process equals 1 x 1078, A constant time
stepping with a size of 1 year was used to march the solution to 1000 years for
the ARM solution. A shift factor of 0.4 is used.

The same data set were applied to the LTG method. Figure 6-14(a) and
(b) shows the concentration solutions for the first species (**®Ra) of the decay
chain by ARM and LTG method, respectively. Comparison of the two computed
concentrations indicates that the both methods yield nearly identical results. For
this problem the LTG method requires 21 ORTHOMIN iterations on average for
each of the 11 p space solutions. The solution for each Arnoldi vector in the
reduction process requires about 5 ORTHOMIN iterations. A total of 71 Arnoldi
vectors are required for this problem. The size of the reduced equation is only
1/1700 of the original equation system. For the solution of t=1000 years, the total
CPU time for single species using the LTG method is 4.72 minutes on a Pentium
IT 350 personal computer. The total CPU time for 8 species using the ARM is
4.63 minutes on the same computer. Solving all the 8 species with 30,000 time
steps using the ARM for this problem ( 30,000-year simulation) requires about
17 minute CPU time. The simulation results indicate that the ARM is extremely
efficient for large problems and long time simulation.

Figure 6-15, 6-16 and 6-17 show the concentration distribution of species 2
(*2Rn), 5 (**°Pb) and 8 (*°°Pb), respectively. The rapid advance of the plume
front in the fractures and the smoothing effect of diffusion in the matrix are quite

apparent for all the species. All the 8 species have similar pollution plume pat-
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tern. However their concentration values are tremendously different from species
to species. This is due to the large difference of half-life times for the differ-
ent species. The 8th species Pb-206 is a stable component and does not decay
to other materials. Due to this fact, the species has the highest concentration
plume compared to other daughter products. The zone of its peak concentration
has shifted to approximately 20 m down gradient from the waste zone after 1000
years. The problem has been tested with different hydraulic conductivities and
diffusion coefficients for the matrix block. The results indicate that these two
parameters control the regularity of concentration distributions. Detailed discus-
sion of factors controlling concentration distribution can be found in the work of
Harrison et al. [1992]. From this example, it can be concluded that the decay
chain transport is not only controlled by advection, dispersion and diffusion but

also greatly influenced by the half-lives of the chain components.

6.6 Seven species PCE transport in discretely
fractured aquitard with an underlying aquifer

This example deals with the transport of PCE and its biodegradation products
in a two-dimensional cross section comprised of a low-permeability clay aquitard
overlying a sandy aquifer. A similar aquitard-aquifer system has been used in
many examples for demonstration of different discrete fracture models [Sudicky
and McLaren, 1992, Harrison, 1992; Therrien and Sudicky, 1996]. Surficial clayey
deposits overlying sand, gravel and bedrock aquifers are common aquifer-aquitard
systems. Because of the their low permeability, many clayey deposits are used for
waste burial. The clayey layer may protect the underlying aquifers from conta-
mination. The amount of aquifer protection depends on the thickness, hydraulic

gradient, and diffusion properties of the aquitard, as well as the distribution and
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the hydraulic properties of any fractures that may exist in the aquitard.

In this example, the top clay aquitard has a thickness of 10 m and the un-
derlying sandy aquifer has a thickness also equal to 10 m (see Figure 6-18). The
aquitard contains randomly distributed vertical and horizontal fractures. The
downward migration of contaminants of different species from a pollution source
located on the surface and into the underlying aquifer will be examined. The
aquifer is considered to be a homogeneous porous medium. The rectangular cross
section has a length of 200 m and total thickness of 20 m. The physical sys-
tem is assumed to be entirely saturated. A typical set of hydraulic properties of
aquitard and the aquifer are used. A list of the physical properties characterizing
the system under consideration is presented in Table 6.9. The permeability con-
trast between the aquifer and the clayey aquitard is six orders of magnitude. All
the seven species are assumed to have the same effective diffusion coefficient in

aquitard and the aquifer.

Parameter Aquifer Aquitard Fractures
Hydraulic conductivity, m/y 3.1536 x 10% 3.1536 x 1073 -
Porosity 0.3 0.3 1.0
Longitudinal dispersity, m 0.1 0.1 0.1
Transverse dispersivity, m 0.01 0.01 -
Diffusion coefficient, m?/y 0.0227 0.0227 0.0568
Retardation factor for all species 1.0 1.0 1.0

Table 6.9: Physical properties of 7 species PCE biodegradation transport in dis-
crete fracture media

This generic multi-species contaminant transport model has properties rep-
resentative of commonly encountered chlorinated organic contaminants such as
the tetrachloroethylene (PCE) and its biodegradation products. The solubility of
such organics is generally in the range of several hundreds to several thousands

milligrams per liter. Because the permissible levels of groundwater contamina-
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tion by these compounds are low (typical allowable drinking water limits is 1-50
pg/l), it is important to understand the transport behavior of the these organic
contaminants. In numerical studies, it is common to neglect the transport of
biodegradation products. In this example, PCE and its biodegradation products
will be simulated at the same time. In anaerobic conditions, PCE biodegradation
will produce 6 products, including TCE, 1,1-DCE, cis-1,2-DCE, trans-1,2-DCE,
VC and ethene. A detailed discussion of the degradation procedure can be found
in section 3 of this chapter. All the biodegradation procedures in this example
are simplified to first order decays. A half-life of 100 days is used for PCE. the
same half-life data as presented in Table 6.5 are used for other components.

In the aquitard, the fractures are generated randomly in the two-dimensional
section. In this example two orthogonal sets of fractures are considered, one set
being parallel to the x-axis and the other parallel to the z-axis. In addition, a single
vertical fracture runs through the pollution source from the top of the aquitard
to the bottom. The fractures have a constant aperture equal to 3x107® m. The
domain is discretized with rectangular elements and the fractures are discretized
with linear 1-D elements using the program PREFRAC [Sudicky and McLaren,
1998]. The mesh is refined where necessary to ensure that there is a minimum
of three nodes between adjacent fractures in each of the orthogonal sets. The
generated mesh contains 131,631 nodes. The aquifer and porous matrix blocks
in the aquitard are represented by 130,872 rectangular elements. The fractures
are discretized into 3824 horizontal fracture elements and 1842 vertical fracture
elements.

The groundwater system is supposed to be steady state. The aquifer has two
constant head boundaries, one at the left end of the aquifer with a hydraulic head

of 17 m, the other at the right end of the aquifer with a hydraulic head of 16 m.
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Along the top of the domain, the head decreases linearly from 21 m on the left to
20 m on the right. All other portions of the domain boundaries consist of imper-
meable boundary conditions for flow. With these boundary conditions, the flow
is predominantly downward through the aquitard to the aquifer. In the aquifer,
the groundwater flow direction is from left to right. The discrete fracture flow
system was solved first and then the solution results of flow velocity were applied
to the contaminant transport model. The boundary conditions for the transport
model consist of zero dispersive flux everywhere, except the pollution source on
the top of the aquitard between 30-50 m is a first type boundary. The constant
concentration is 1 for PCE and 0 for all other species. At the beginning of the
simulation, all contamination is confined to the pollution source. The contami-
nants are assumed to be present in the dissolved phase. Thus, uncontaminated
groundwater enters the aquifer from the left side and mixes with contaminated
water leaking from the overlying aquitard and then exits from the aquifer at the
right side.

The convergence criterion used in the ORTHOMIN solver for the Arnoldi re-
duction process is 1 x107°. A total of 135 Arnoldi vectors are used for this problem.
On average, six ORTHOMIN iterations are required to get an Arnoldi vector. For
a 200-year simulation with a time step size of 1 year, 11.5 minute CPU time is
needed for all of the 7 species solutions. The problem with the same data set and
same convergence criterion is also solved by LTG method. Because the program
FRACTRAN [Sudicky and McLaren, 1998] for the LTG method solution is for
single species problem, only the first species is solved for this problem. The total
CPU time to get the solution for the first species is 2.5 minutes. Each of the 11
p space solutions on average requires eight ORTHOMIN iterations. Comparison

of the first species computed concentrations with the two different methods in-
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Figure 6-18 Concentration distribution of PCE transport in discrete fracture media

50 year after release of pollution source (by Arnoldi method).
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dicated that both methods yielded almost the same results. Therefore only the
results obtained with the ARM are shown.

Figures 6-18 to 6-21 show the concentration distribution at 50 years for PCE,cis
1,2 DCE, tran-1,2 DCE and ethene, respectively. It is clear that the pollution
plumes of all the components move rapidly down through the fractures and are de-
flected laterally by the flow in the aquifer. As the contaminants move through the
aquifer, some diffusion up into the aquitard occurs. The fractures clearly act as
the controlling pathways for contaminant migration from the pollution source to
the underlying aquifer. Due to the low hydraulic conductivity of the matrix block
in the aquitard, contaminant transport in matrix blocks are mainly controlled by
diffusion. The strength of the advective transport process along vertical fractures
in the aquitard is evidenced by much higher groundwater velocities compared
to velocities in the aquitard matrix. For the short half-life species, contaminant
transport is dominated by advection. This is because before the contaminants
effectively diffused into the matrix block, it had already been dramatically dimin-
ished. This property is clear for PCE and DCE isomers. However, because of
matrix diffusion, the rate of contaminant migration along the fractures is reduced
and the contaminant front advances with a slower velocity than the groundwater
velocity in the fracture. It is important to note that the biodegradation products
of an organic contaminant species can have much higher concentration distribution
and larger plumes than the species itself, such as VC and ethene in this exam-
ple which have about 1000 times higher concentration than PCE in the aquifer.
Therefore, simultaneous simulation of multi-species chlorinated organic contami-
nants transport and biodegradation is important for the evaluation of these type

contamination to groundwater.
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Chapter 7

Conclusions and Suggestions for
Future Work

7.1 Conclusions

In this thesis, in-depth discussions for application of the two reduction meth-
ods have been presented. Several very efficient two-dimensional numerical models
based on the reduction methods have been developed to solve problems of ground-
water flow and multi-species contaminant transport in fractured media. The devel-
oped models include a dual-porosity groundwater flow model, dual-porosity decay
chain transport model, dual-porosity TCE biodegradation transport model, dis-
crete fracture flow model, and a discrete fracture multi-species contaminant trans-
port model. These models are suitable for solving flow and transport problems
using the most popular three approaches (continuum, dual-porosity and discrete
fracture approach) for the fractured porous media. Because of the large number
of unknowns that can be expected for field-scale multi-species transport problems
and because of the high contrast in material properties between the fractures and
matrix, selecting an efficient and robust numerical technique is necessary. The
research has demonstrated that both the Arnoldi and Lanczos reduction method

are the suitable choices for this type problems. The numerical results have shown

160



that the reduction methods can result in large computational savings for long
term prediction. In addition, the storage saving is also significant. The following

is the summary of the conclusions of this research.

1. The LRM has been successfully developed for the solution of problems in-
volving groundwater flow in heterogeneous and anisotropic dual-porosity
media. The main advantages of the method are twofold: (1) the equation
system is solved in a reduced space, which is much smaller than the original
system, (2) The fluid leakage terms are calculated by a recursion scheme in
the reduced space. The solution time for the Crank-Nicolson scheme with
a direct solution method is proportional to n x n,, where n is the total
unknowns of the original equation system and n; is the half bandwidth of
the matrices K and M, however solution of the reduced tridiagonal system
is only proportional to m, which is the unknown number of the reduced
equation system. In addition, the Lanczos method efficiency is such that
a dual-porosity solution presents a negligible additional computational bur-
den compared to that for a single-continuum simulation. Consequently, the
decrease in solution effort is pronounced, particularly on large problems or

problems required more time steps.

2. Comparisons with exact analytical solutions have indicated that the LRM
is capable of yielding a highly accurate solution even when relatively less
Lanczos vectors are employed. The example simulation for the case of mul-
tiple wells with different pumping time histories indicates that the reduction
method is very robust. Examples have shown that only a small number of
Lanczos vectors were required to accurately match the drawdown computed
by direct solution method. For the homogeneous problems, experiments

have shown the ratio of n to m can be as high as 200. However, m is not a
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function of n. For a problem with a large n, the ratio is expected to be larger.
Experiences indicate that the aquifer hydraulic properties and domain dis-
cretization scheme are among the most important factors in determining

m.

. Multiple well systems with different pumping time histories or time-dependent
boundary conditions have been implemented in the reduction method using
a superposition principle. The results of the field-scale example have verified
that the implementation method is correct and efficient. It is noted that the
reduction method could be applied to any realistic single, dual-porosity or
discrete fracture groundwater flow or contaminant transport model. The
Lanczos algorithm performs the reduction process based on the matrix K
and M, and the starting vector. No matter what dimensionality of the prob-
lem, the properties of these matrices and vectors are the same. Therefore,
the theory developed in this thesis is readily applicable for a fully three-

dimensional groundwater flow problem.

. The LRM is also successfully extended to the modeling of groundwater flow
in discretely fractured porous media. An iterative version of the Lanczos
algorithm has been developed and the “shift” technique has been introduced
to the discrete fracture flow model. The model is verified by comparison
with dual-porosity approach. The efficiency and accuracy of the method are
demonstrated on a field scale problem and compared to the performance of

classic time marching using a PCG iterative solver on the original system.

. By using the “shift” technique, the diagonal dominant property of the ma-
trix to be solved is improved. This property greatly enhances the iterative

solution convergence rate. Equally important, the “shift” technique can also
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increase the convergence rate for the Lanczos or Arnoldi reduction recursion
processes which means less Lanczos or Arnoldi vectors are required compared
to the case without using this technique. In addition, using the “shift” tech-
nique can extend the application of the ARM to solve large Peclet number
problems. The shift factor ¢ should have a value that makes K and oM

similar in absolute value. It is suggested that ¢ > 2/At be chosen.

. The Arnoldi reduction technique has been successfully developed for the so-
lution of problems involving multi-species radionuclides decay chain trans-
port in heterogeneous dual-porosity media. The computation and storage
savings of the developed model are substantial. These are achieved by solv-
ing a much smaller reduced equation system instead of the original system,
and also by calculating a mass exchange term for only m reduced nodes. In
addition, the ARM requires only one or two Arnoldi reduction processes to
reduce all the equations for different species. The method is well-suited for
solving the large problems of multi-species with more nodes and more time
steps. It is expected that for long period predictions, the method would be
very efficient. More computational time and storage saving can be obtained

if more species and more finite element nodes are involved in the problem.

. The formula for calculation of mass exchange between the fractures and
the matrix blocks has been presented. The formula is incorporated into the
contaminant transport equations for the fractures in a form that the Arnoldi
reduction method can be applied. By using a recursion-like scheme, the
concentration distributions in the matrix blocks do not need to be updated
before the solving of the equations for fractures and all the computations
are performed in the reduced space, which leads to the achievement of the

high efficiency in the computation of mass exchange terms.
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8.

10.

Two schemes for choosing a common starting vector for all species have
been developed. The chosen common starting vector ensures the conver-
gence of the Arnoldi method. Using these schemes, the most popular first
type boundary conditions can be implemented in the ARM. Considering the
superposition method for second type boundary conditions discussed for the
flow problem, it is clear that most first and second type boundary conditions

can be implemented in the ARM.

Comparisons with exact analytical solutions have indicated that the Arnoldi
method is capable of yielding a highly accurate solution even when relatively
small number Arnoldi vectors are used. The example simulation for 3 species
decay chain transport in dual-porosity media shows that the Arnoldi reduc-
tion method is very efficiency in both memory storage and computational
time. It was found that for most cases, less than 100 vectors may be required
to match accurately the concentration computed by a traditional method ap-
plied to the original system equations with several to ten thousand nodes.
Experiences indicates that the growth in the number of Arnoldi vector does
not linearly increase with the number of nodes in a system; its real growth

1s much smaller.

The application of the ARM has been successfully extended to the simu-
lation of multi-species TCE biodegradation type solute transport in dual-
porosity media. The proposed method is capable of solving multi-species
transport problems with parallel and series reactions. The model devel-
oped was verified by a seven species parallel and series reaction transport in
a single fracture without diffusion into matrix block. The numerical solu-
tions were compared with analytical solutions. Excellent agreement between

the Arnoldi method solutions and analytical solutions was achieved. A field
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11.

scale problems concerned transport of TCE and its biodegradation daughter
products in a dual-porosity medium has been solved. The two-dimensional
model was simulated with typical parameters for decay and in-growth of the
contaminant species. The problem involves about 7 million unknowns at
each time step. To solve such a large problem would normally be considered

being a formidable task using a traditional method.

The ARM has also been applied to the simulation of multi-species conta-
minant transport in fractured porous media using the discrete fracture ap-
proach. An iterative version of the ARM, in which the ORTHOMIN solver
has been adopted in the reduction process, has been developed for the dis-
crete fracture transport model. The largest problem solved by the ARM
using the discrete fracture approach involves 8 species contaminant trans-
port and 120,701 nodes for each species. For multi-species contaminant
transport problems, the field scale examples show that the ARM is even
more efficient than the LTG method in groundwater hydrology, which has
been considered one of the most efficient methods. After using the “shift”
technique, the reduction ratio (n/m) can be as high as 1700 and the Peclet

number of the problem can be as large as 100.

7.2 Suggestions for future research

The efficiency and accuracy of the reduction methods have been demonstrated

in this research. It can be concluded that the ARM is a very promising method

for multi-species contaminant transport problem. However further work for this

method may be necessary in following areas:

1.

An efficient method for determining the optimum shift factor needs to be
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developed. The shift factor is a very important parameter that influences the
efficiency of the reduction method. If an appropriate shift factor is used, the
iterative convergence rate and the reduction process recursion convergence

rate can be improved dramatically.

. The superposition method has been used for the implementation of multi-
ple source boundary conditions. This method requires multiple reduction
processes for complicated boundary conditions and it may not be the best
method for this type of problem. Further investigation on this topic is nec-

essary.

. It is important to extend the ARM to solve transport equations of the kinetic
reaction processes in porous or fractured porous media. This type of problem
involves multiple components and would lead to extensive requirements of
computing time and storage space. Therefore an efficient numerical method

for this type of problem is necessary.

. Non-linear problems in groundwater practices are quite common. The inves-
tigation of the extension of the ARM to solve the non-linear problem could

be very interesting to pursue.
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