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Abstract

Balanbing control of a constrained biped during standing is extremely challenging in
that (1) the constraints between the feet and the ground impose bounds oﬁ the control
torque, which makes balance controller design challenging, and (2) the lack of a single
quantitative criteri—on and an effective tool for stability analysis prohibits the stability
analysis of such highly nonlinear systems. There are two objectives of this thesis. The
first objective is to systematically study balancing control of a simplified biped using the
modeling approach, which includes (i) investigating the effects of the constraints between
the feet and the ground during standing, (ii) designing a balancing controller satisfying
the constraints, and (iii) analyzing the stability of the constrained bipedal control system
using the concept of Lyapunov exponents, where the exponents are calculated from the
" mathematical model. The results show that the constraints between the feet and the
ground have significant effects on balancing control design and thus they must be
satisfied. The stability analysis reveals that the stability regioh determined using the

concept of Lyapunov exponents is reasonably close to the one from previous work where

the stability was defined based on clinical observatioris.

This thesis deals with a stability analysis of a constrained biped duringv staﬂding. The
problem is inherently difficult because the corresponding system is highly nonlinear.
There is no simple methodology to determine the stability of the sysfem. Lyapunov’s
stability theory has very limited applicability. Although Lyépunov exponents. calculated
from either the mathematical model or a time series can be used to characterize the type

of stability of the potentially—stabie system under consideration, the existing analytical
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and numerical techniques have been developed for chaotic systems for which at least one
exponent is positive. Since in potentially stable systems the largest exponent is either
negative or zero, the existing techniques to' compute tﬁe exponents are inaccurate. The
second objective of this thesis is to develop a method for calculating negative Lyapunov
-exponents using a time series so that the stability of potential stable engineering systems
can be studied using the concept of Lyapunov exponents. The balancing control system of
the biped is used as an example to .demonstrate the efficacy of the pfoposed method. The
time series is generated by computer simulations from the mathematical model. The
reSﬁlfs show that: (1) The Lyapunov exponents calculated are more accurate. For
nonlinear mapping, the minimum average relative error is 6.74%. For linéar mapping, the
mi‘nimum'average relative error 1s 6.84%; (2) The calculated eprnents’. spectrum is not

sensitive to the values of time lag, T;,,, and evolving time, T,,,, while, using linear

mapping, the calculated exponents’ spectrum isv extremely sensitive to above key
- parameters; (3) No spurious Lyapunov exponents are generated. Some ground work has
been laid on applying the concept of Lyapunov exponents to the analeis of stable
systems.

The proposed method for calculating Lyapunov exponents based on time series is both
systematic and constructive. It has a great potential for obtaining negative Lyapunov
exponents and has significant practical applications in engineering systems. Furthermore,

" the method is not restricted to bipedal robotic systems. It can Be used to general r_10nlinear :

potentially stable systems, especially for practical engineering systems.
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Glossary

accuracy (a) A numerical measure of how close an approximation is to the truth;(b)
Correctness, in the sence of lack of bias.

anatomical position For the purpose of universal comparison, there is a standard position -
the anatomical position- that the patient or cadaver theoretically has assumed. This allows
consistent description of body parts in relation to each other.

attractor The phase space point or set of points representing the various possible
steady-state conditions of a system; in other words, an equ111bnum state or group of states to
whlch a dynamical system converges.

autonomous  Independent of time

basin of attraction = The group of all possible phase space points that can evolve onto a
given attractor ' :

bilateral symmetry A figure that has bilateral symmetry can be cut exactly into two
identical mirror halves. The line along which a shape is cut is called the line of symmetry.
The plane along which a solid is cut is called the plane of symmetry.

bit The unit of information when logs are taken to the base 2 -

chaos (a) Sustained and random-like long-term evolution that satisfies certain
special mathematical criteria and that happens in deterministic, nonlinear, dynamical systems;
(b) largely unpredictable long-term evolution occurring in a determmlstlc nonlinear
dynamical system because of sensitivity to initial conditions.

constant A quantity that does not vary under specified conditions.

decomposition The numerical expression ofa quatity in terms of its simpler components
delay-coordinate method Same as time-delay method

delay method  Same as time-delay method

dynamical Changing with time

dynamical system (a) Anything that moves or that evolves in time; (b) any process or
model in which each successive state is a function of the preceding state. :

embedding The preparation of a pseudo phase space graph to reconstruct a system’s
dynamics (attractor), using successively lagged values of a single variable

~ embedding dimension The total number of separate time series (consisting of the
original series and subgroups obtained by lagging that series) used in a phase space.plot or in
a more rigorous mathematical analysis.
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equation of motion  An equation in which time is the independent variable.
equilibrium point Same as fixed point

ergodic (a) The property whereby statistical measures of an ensemble don’t change
with time and, in addition, all statistics are invariant from one time series to another within
the ensemble; (b) said of a system for which spatial or ensemble averages are equal to time
averages (meaning that time averages are independent of starting time and that most points
visit every region of phase space with about equal probability); (c) said of a trajectory if it
comes back arbitrarily close to itself after some time; (d) the property whereby averages
computed from a date sample converge over time to ensemble average (i.e. statistics of all
initial states ultimately lead to the same set of statistics).

ergodic theory The mathematical study of the long-term average behavior of dynamical
systems

exponential divergence Temporal separation of two adjacent trajectories according to
an exponential law, that is, by a straight-line relation between the log of separation distance
(as the dependent variable) and time.

false nearest neighbor A point in lagged space that is close to another point only
because the embedding dimension is too low

fiducial Referring to something used as a standard of reference for measurement or
calculation. Examples: fiducial point, fiducial trajectory

fiducial trajectory A trajectory used as a reference trajectory from which to compute
ordital gaps and the Laypunov exponent

" Gram-Schmidt orthogonalization Same as orthogonalization
hypercube The multidimensional analog of a cube
hyperspace Space of more than three dimensions

hypersphere  The multidimensional analog of a sphere

identity line (or identity map) =~ A 45° straight line on an arithmetic-scale two-
coordinate graph, representing the relation y = x

initial conditions  Values of variables at the beginning of any specified time

invertible Having a unique successor or predecessor, or in other words, capable of
being solved uniquely either forwards or backwards in time.

lag  The basic time interval or amount of offset between any two values being compared,
within a time series.
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lag space =~ A special but very common type of pseudo phase space in which the axes or
dimensions represent successive values of the same feature (x)separated by a constant time

interval.
lagged phase space ' See lag space

local Lyapunov exponent The exponential rate of trajectory convergence or divergence in
a local region of an attractor

Lyapunov characteristic exponent Lyapunov exponent
Lyapunov characteristic number Lyapunov number
Lyapunov exponent The average of many local exponential rates of convergence or

divergence of adjacent trajectories expressed in logarithms and measured over the entire
attractor. As such, it reflects the average rate of expansion or contraction of neighboring
trajectories with time

Lyapunov number The number whose logarithm, to a given base, equals the
Lyapnov exponent

map A function, mathematical model, or rule specifying how a dynamical system
evolves '

mapping A function, correspondence, or transformation

model A simplified representation of a real phenomenon, in other words, a

stripped-down or uncomplicated description or version of a real-world process. Models can
be classified into physical (scale), mathematical, analog, and conceptual models.

nearest neighbor A pseudo phase space datum point that plots close to another point, for
a particular embedding dimension

nonautonomous Time-dependent

nonlinear - Not having a straight-line relationship, that is, referring to a response that is
not directly (or inversely) proportional to a given variable

nonlinear dynamics The study of motion that does not follow a straight-line relation,
that is, the study of nonlinear movement or evolution. As such, nonlinear dynamics is a broad
field that includes chaos theory and many mathematical tools used in analyzing complex
temporal phenomena.

nonlinear system A system in which the observations of a given variable do not plot as a
straight-line (on arithmetic scales) against observations of a second (or lagged) variable.

normalization The process of adjusting or converting one or more values to some
standard scale. The standard scale for a group of values usually is from zero to one. The
conversion then consists of dividing each value of the original dataset by some maximum
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reference quantity, such as the greatest value in the dataset or a theoretical maximum value.
A vector is normalized by dividing it by its magnitude, yielding a so-called unit vector.

observable A physical quantity that an be measured.

orbit _ The path through space taken by a moving body or point. Examples: (a) a
trajectory as represented in phase Space

origin A reference point in ordmaxy space or phase space. Most often, it is the
point at which all variables have a value of zero. : -

orthogonal (a) Perpendicular or normal (having to do with right angles); (b) unrelated
or independent; (c) said of elements having the property that product of any pair of them is
Zero.

orthogonalization A procedure for realigning two or more nonorthogonal vectors into a
set of an equal number of mutually orthogonal vectors, all of which have the same origin.

orthonormal  Set of axes or vectors that are mutually perpendicular and of normalized
(unit) length ‘

orthonormalization The process of reducing mutually orthogonal vectors to unit length. -

phase space An abstract mathematical space in which coordinates represent the variables
needed to specify the phase (or state) of a dynamical system at any time

phase space reconstruction See reconstruction of phase space.

projection The image of a geometric object or vector superimposed on some other
vector. As such, the projection is a new vector and is called the projection of the first vector
onto the second. :

pseudo phase space An imaginary graphical space in which the first coordinate represents a
physical feature and the other coordinates represent lagged values of the feature.

reconstruction dimension The embedding dimension which an attractor is reconstructed.

reconstruction of phase space A pseudo (lagged) phase space plot in two or three
dimensions, made with the hope of seeing an attractor (if there is one). Also known as pghase
space reconsruction, state space reconstruction, phase portraint reconstruction, trajectory
reconstruction, and samiliar expressions.

renormalization A mathematical scaling technique consisting of rescaling a physical
variable and transforming a control parameter such that the properties of an equation a one
scale can be related to those at another scale, and the properties at the limiting scale (infinity)
can be determined.

reorthonormalization A procedure for again realigning all vectors to be mutually
perpendicular and then making each vector of unit length.
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robust Resistant to, or steady under, perturbation.

sagittal plane The sagittal plane in the anatomical position is any vertical anterior to
posterior plane that passes through the body parallel to the median plane. It divides the body
into unequal right and left halves.

scalar A number repreéenting a magnitude only, as might be indicated on a simple scale.

scalar time series ~ An ordinary time series, in which each successive measurement is
-recorded along with its time or order of measurement (and, hence, synonymous with the
general meaning of time series.)

sensitive dependence on initial conditions (a) The quality whereby two slightly
different values of an input variable evolve to two vastly different trajectories; (b) the quality
whereby two initially nearby trajectories diverge exponentially with time.

sensitivity to initial conditions Sensitive dependence on initial conditions.

singular system analysis A phase space reconstruction technique in which orthonormal
reconstruction axes near each point x, are a maximal set of linearly independent vectors that

are derived from the local distribution of points near x, by singular value decomposition.

smooth In mathematical terms, is differentiable at every point.
stable Tending to dampen perturbations or initial differences, over time.

stationary  Time-invariant, that is, (a) lackingv a trend; or (b) (more rigidly), keeping a
constant mean and variance with time; or (c) (more formally still), said of a randomlike
process whose statistical properties are independent of time.

steady state (a) A condition that does not change with time; (b) the state toward which the
system’s behavior becomes asymptotic as time goes to infinity. The assocmted equation gives
a constant solution.

stretching A topologist’s inferpretation of either (1) the amplification of a certain range
of input to a large range of output values during iteration or (2) the phase space exponential
divergence of two nearby trajectories.

theoretic (a) Restricted to theory; (b) lacking verification.

time-delay method A lag-time analytical technique that uses data of just one measured
physical feature (x)(regardless of any other features that may have been measured), whereby

x;is compared to one or more lagged subseries, often with the aim of reconstructmg an
attractor.

time domain The representation of time series data in their raw or unaltered form.

trajectory  (a) A path taken by a moving body or point ( and hence an orbit); (b) a
sequence of measured values or list of successive states of a dynamical system; (c) a solution
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to a differential equation; (d) graphically, a line on a phase space plot, connecting points in
chronological order.

truncate (@) To shorten a number by keeping only the first few (significant) digits and
discarding all others; (b) to approximate an infinite series by a finite number of terms; (c) to-
exclude sample values that are greater (or less) than a specified constant value.

unit vector A vector liaving a magnitude of one. It is usually obtained by dividing a vector
by its length (magnitude).

unstable Tending to amplify perturbations or initial differences, over time.

unstable orbit (unstable trajectory) " A trajectory for which,, arbitrarily close to any
input value, there is another possible input which gives rise to a vastly different trajectory.

variable A characteristic or property that can have different numerical values.
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The horizontal distance between the ankle and the heel

~ Coefficients need to be determined in elements of Jacobian matrices

The ankle height
Horizontal distance between the mass center of foot and the ankle
The number of Lyapunov exponents,

The dimension of the state space model of the system

The embedding diniension

The gravity acceleration (9;80ms'2)

The transition functions, defined based on the physical behaviour of the
system, describe the transition conditions at each instant of discontinuity
Time step-size used in nonstandard finite difference scheme

The indicétor functions, defined based on the physical behaviour of the
system, are at least one time continuously differentiable function and

determine the instant of the discontinuity

The mass of the inverted pendulum

» The mass of the both feet

The distance between the mass center of inverted pendulum and the ankle

The distance between the center of pressure and the toe

First derivative with respect to time

The center of pressure

The horizontal ground reaction force
The vertical ground reaction force

The Jacobians of the transition functions

The Gram-Schmidt reorthonormalizadtion

The length of the whole body

The Jacobians of the indicator functions

Moment of inertia of the inverted pendulum about mass center

Elements of Jacobian matrices
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L=H-b, Thelengthofthe inverted'pendulum
L, The length of the feet
M =1 +mr*, Moment of inertia of the inverted pendulum about the anl_de
N, The number of data points
N,, The minimum number of nearest neighbors
N, The order of Taylor series
SVD The singular value decomposition
Tovol s The evolving time
Thg » The time-delay
X . (t) , The set of variables actually taking part in nonlinear differential equations
X,(), The time series data
ZMpP The zero moment point
a, Angular displacement of inverted pendulum (clockwise as “+”)
0,,=0*=tan”'( £l ), Critical angle
.U :
0,,=-0%=—tan™'( £l ) Critical Vangle
)7
9, Angular velocity of inverted pendulum (clockwise as “+7)
6.6, Critical angular velocity determined by friction constraint,
detailed in Equation (3.11¢)
9., (0), Critical angular velocity determined by COP constraint,
detailed in Equation (3.23b)
, Anglilar acceleration of inverted pendulum (clockwise as “+”)
" The Lyapunov exponents
M, ~ The friction coefficient
T, Control torque applied at ankle |
T opoteet > T cop-toe > Control torque determined by COP constraint,
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Chapter 1

Introduction

1.1 Motivation

The balance control of disturbed bipedal standing is important for preventing falls
of humans and bipedal robots. Stabilization of bipedal models has attracted much
attention in the past two decades. In spite of much research effort, the progress has
been slow due to the complexity of the structure of the bipedal robots and the lack of
theoretical tools for stability analysis. Furthermore, bipedal standing is always
subjected to constraints, such as the ground reaction force being upward (gravity
constraint), friction between the foot and the ground being lower than the maximum
friction (friction constraint), no tipping over about the toe and heel (tip-over
;:onsfraint) and pressure center being within the foot/feet (pressure center constraint).
Much of previous research on the stability analysis and stability cbntrol of bipedal
locomotion has been carried out under the assumption that all the constraints are
always satisfied. This assumption, though it simplifies the problem, can be
misleading. Limited ‘previous research on balance control of bipedal standing
considere(i the constraints between the feet and the ground in control design.
However, the effects of constraints on bipedal standing have not been investigated.
Thus, understanding the effects of the constraints between the feet and the ground on

balance control of bipedal standing still remains an open question.
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Another challenge for research on balance control of bipedal standing is the lack
of a single quantitative criterion and an effective tool for stability analysis. One
technique available for this purpose is Lyapunov’s stability analysis. Lyapunov’s
second rﬁethod is widely used in stability aﬁélysis, but due to the lack of construction
methods, it is difficult to derive a Lyapunov function for highly nonlinear systems.
Alternatively, Lyapunov_ exponents, defined as the average exponential rates of
divergence or convergence of nearby orbits in the state space, can characterize the
system s-taBility. Since it is extremely difficult to determine the Lyapunov exponents
analytically for complex engineering systems, they are often‘ calculated nuinerically
based on a mathematical model or a time series. When mathematical models of the
systems are available, the method for computation of Lyapunov exponents developed
by Wolf et al. (1985) is one of the most commonly used fqr smooth systems. Smooth
systems are systems where every term in the ordinary differential equations is
continuous. Miiller (1995) extended Wolf’s rﬁethod to non-smooth systems, systems
where at least one term in the ordinary differential equations is non-differentiable.
Straightforward calculation is the advantage of using model-based method. One

limitation of using mathematical models is that the calculation of Lyapunov

exponents may become unfeasible owing to the model complexity and uncertainty.

The most attractive advantage of using a time series is that the data for only one
state is required, which can be measured experimentally. However, the methods for
calculating Lyapunov exponents based on a time series have been developed for
chaotic systems in which the largest Lyapunov exponents is positive. They . are
considered not reliable for calculating zero and negative exponents. Robotic systems

are of high, but known dimensions and, more than one state can often be measured.
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Thus, there is a pressing need to develop a method based on a time series to determine

the zero and negative Lyapunov exponents for potentially stable systems.

In summary, the motivation of this research is to (1) gain a better understanding of
mechanics of bipedal locomotion such as (a) the effects of constraints on bipedal
standing and (b) stability control mechanisms, and (2) develop an effective method

for stability analysis of nonlinear systems.

The outcome of this research can have significant impact on (1) developing
bipedal robots, (2) providing a solid basis for applications in diagnosing human gait
disorders and preventing falls of humans and bipedal robots, (3) broaden robotic

research and other engineering fields.

1.2  Literature Survey

Recent studies on biped robots focus on dynamic modeling, controller design and
stability analysis. The following sections give the detailed literature survey of these

topics.

1.2.1 Dynamic modeling of bipedal locomotion

-Dynamic modeling is a complicated problem that requires knowledge of classic
mechanics, nonlinear dynamics and advanced mathematics. Modeling of physical
systems can be divided into two categories. Physical modeling is a process in which
one constructs tangible scaled models that appear like the real Systems. However,
scaled models require a great deal of time and resources to develop, and there are
limits to what can be learned from them. A mathematical model is an abstract systém
used for studying research problem that does not necessarily lend itself to physical
model. In the modern era, this means that researchers construct a set of equations and

solve them using a computer. In these models, the system is simplified by limiting the
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number of components so that they represent the net effect of many parts. Therefore,
the first task to study biped is to select a mechanical model with few degrees-of-
freedom to keep the equatidns of motion at a manageable level and ‘yet reasonably

describe the motion of interest.

Multi-link planar models are used to study bipedal locomotion and the related
properties. Miura and Shimoyama (1984) developed their three-link biped robots to
walk sideways, backward and forward and studied in both the sagittal and frontal
planes. The results served as a basis for choosing the appropriate feedback control
gains. Hemami (1977) and Hurmuzlu’s (1987a) three-link biped models have upright ,
trunk and two lower limbs. Miura’s model (1984) has two lower limbs and a link
located at the pitch axis. Hurmuzlu’s four-link biped model (1987b) put one link
above Miura’s model. Igbal ez al. (1993) studied the stability and control of a biped
system. The model was based on a four-link planar biped that approximates gross
human locomotion in the frontal plane. A genéral ﬁve-link biped is modeled with a
torso and two legs, each leg consisting of a thigh and a shank. Study of this model can
be found in Hemami et al. (1977), Hurmﬁzlu (1993), Wu and Chan (2002), Ma and
Wu (2002), Mu and Wu (2002, and 2004). Hemami et al. (2004) studied dynamics,
stability and control of stepping via a seven-link two-dimensional sagittal biped
model. Furusho and Sano (1990) developed a nine-link biped which included the foot
structure and was equipped with foot pressure and anklé torque sensors to provide
information about the conditions of contact with the floor. Their work contributed
toward the realization of smooth three-dimensional walking with the sole firmly
gripping the floor. However, the constraints between the feet and the ground are

rarely considered in multi-link planar models. In the above mentioned work, bipedal
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feet were assumed to be fixed on the ground once they contacted the ground. The

constraints between the feet and the ground are assumed to be satisfied automatically.

Inverted pendulum models héve often been used to stqdy bipedal posture. An
inverted pendulum is an inherently unstable system and the studies of control and
. stabilization of such a system is one of the challenging problems in the field of
automatic control. Studies of control and stabilization of single pendulum can be
grouped into two classes. The first class deals with the benchmark problem of an
inverted pendulum in which the base point is rocked to maintain the upright position
of the pendulum. In the second class, the stabilization of an inverted pendulum is
achieved by applying control torques at thg base point. The simplest model that can
present some bipedal locomotion activities is a single massive link modeled as an
inverted pendulum. Investigators have reported that standing human subjects, when
perturbed by translation of a moving support surface, typically respond by moving in
a segittal plane. For small disturbance, they tend to keep the knees, hips, and neck
fairly straight, moving about the ankle (Kuo 1995). Hemami ef al. (2006) has shown
that the effect of a horizontal disturbance at the ankle appears to be about 40 times
that of the effect of the disturbance at the knees and at least a few hundred times
larger than the effect of a disturbance at the hip. This means that, under translational
disturbance, the ankle angle is subjected to the largest excursion. The knee and the hip
angle excursions are relatively minor. Consequently, the biped as a whole, appears to
move as a single inverted pendulum. Thus, it is reasonable to simplify a biped as a
simple inverted pendulum moving in the sagittal plane. The single inverted pendulum
model is simple and suitable for solving problems of posture stability of a biped
system, especially Whenv several constraints between the feet and the ground are

concerned (Pai and Patton 1997); Hemami and his colleagues used a massive inverted
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pendulum with the base joint fixed to the supporting ground to study the behavior of a
body in standing position when no muscle dynamics was involved (Hemami ef al.
' 1973, Golliday and Hemami 1976, Hemami and Camana 1976, Hemami and Golliday
1977). Torques applied af the base joint were equivalent to the ankie joinf in human
body to maintain the upright posture. Chow and Jacobson (1972), on the other hand,
consider the posture stability of the upper body and the control of human locomotion
with the use of an inverted pendulum. The upper body was modeled as a single link
inverted pendulum with the prescribed base point moved only in the vertical direction.
It was an important step in the development of a mathematical model of the human
body. Wu (1996) and Wu et al. (1998) utilized the general single inverted pendulum
problem to model the human upper body during gait. Their mathematical model
developed with a base excited inverted pendulum can be used to predict major
features of the upper body dynamics and to synthesize the mechanism of walking. Pai
é,nd his colleagues studied disturbed standing stability using a single inverted
’pendulum model (Pai and Patton 1997, Pai and Igbal 1999, Igbal and Pai 2000). The
work mentioned above show that inverted pendulum models are adequate for studying

various fundamental theoretic problems related to human locomotion.

1.2.2 Effects of constraints on bipedal balance control and motion

regulation

Control of balance is an essential componenf of bipedal movements. The balance
control of disturbed bipedal standing is iﬁlportant for preventlzing falls of hufnans and
bipedal robots. Stabilization of bipedal models haé attracted much attention in the paét
two decades. Various control strategies such as adaptive control (Chew and Pratt
2001), sliding mode control (Mu and Wu 2004), neural nétwork control (Kuperstein

and Wang 1990, Narendra and Parthasarathy 1990, and Bersini and Gorrini 1997),
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and fuzzy control (Liu and Li 2003) have been developed. In much of the previous
work, bipedal feet were assumed to be fixed on the ground once they contacted the
ground, i.e., all the constraints between the feet and the ground were assumed to be
always satisfied automatically; and fhe controllers were designed onlyi for motion
regulation. Such an assumption, though simplifies the problem, can mislead research

and make the outcome irrelevant to practical bipedal robots.

Bipedal locomotion (standing, walking and .running) is always subjected to
constraints. The constraints between the feet and the ground include: the ground
reaction force being upward (gravity constraint), friction between the foot and the
ground being lower than the maximum friction (friction constraint), no tipping over
about the toe and heel (tip-over constraint) and pressure center being within the

foot/feet (pressure center constraint).

However, research on the effects of constraints on bipedal locomotion is sparse.
One distinguished work is from Pai and Patton (1997), where gravity constraint,
friction constraint and center of pressure constraint during bipedal standing have been
considered. In their work, they showed that the constraints impose bounds to control
torque and determined numerically the control bounds. Such bounds make the control
'design- challenging. However, they did not investigate the effects of constraints on

balance control of bipedal standing.

1.2.3 Stability analysis

Stability is a basic requirement for the bipedal locomotion including standing, -
walking and running. Two different stability concepts are widely used in bipedal
locomotion. One is understood as that the biped does not collapse during locomotion.

In this work, this kind of stability is named tip-over stability defined by Vukobratovié
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(Vukobratovi¢ 1970), and the other stability concept is defined based on Lyapunov’s
stability theory.
1.2.3.1 Tip-over stability

To ensure the tip-over stability aﬁd to prevent the tipping over of a biped, several
measures for the f:valuation and control of the system are raised. For example, center
of pressure (COP) (Marchese et al. 2001, Silva and Machado 2001), foot rotation
indicator (FRI) (Goswami 1999), force-angle stability measure (Paradopoulos and
Rey 1996), and zero moment point (ZMP) (Vukobratovic et al. 1970). The COP is a
point on the foot/ground surface where the net ground reaction force actually acts.
The FRI point is a point on the foot/ground'surface, inside or outside the base of
support, where the net ground reaction force would have to act to keep the foot
stationary. The ZMP is defined as the point on the ground about which the sum of all
the moments of the active forces equals zero (Vukobratovic et al. 1970). ZMP is
popularly used in the study of biped dynamic walking. Methods have been proposed
for synthesizing walking patterns based on the concept of ZMP. In the work of Shih
(1990) and Hirai (1998), the ZMP trajectory was first designed and the hip motion
and joint angle profiles are then derived. In Huang’s (2001) work, however, the
constraints of parameters, which can produce different types of foot motion to adapt
to the ground situations, were first formulated, and then methods were introduced to
generate biped trajectories .with the largest ZMP stability margin. ZMP plays an
important role in the analysis and design of biped dynamic locomotion, and it has also
been used in biped controller design and in gait synthesis. A comprehensive survey of
ZMP and its application to bipedal locomotion has been given in reference

(Vokobratovic and Borovac 2004).
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Pai and Patton (1997) defined the stability based on the clinical observations on
balance control of human subjects and they intended to develop a clinical tool to
assess a person’s ability to maintain standing posture. Their stability regions are
'determined using an optimal algorithm. They considered constraints as conditions
when they numerically calculate the ankle control torque. From a initial state, (with
initial angular displaéement and initial angular velocity), if the center of mass of the
biped can be moved byvthe ankle torque determined using optimal algorithm into a
region between the heel and the toe within a short time period (1s) and with a zero
angular velocity, this initial state is inciuded in stability region they defined. The
whole stability region is formed by all initial states satisfying above conditions. The
limitation, from a viewpoint of stability, comes from their definition of the stability.

Such a definition only concerns the system performance within a short time period.

1.2.3.2 Summary of Lyapunov stability theory

The stability concept based on the Lyapunov’s stability theory is about the system
performance with respect to the disturbance in the initial states. Lyapunov not only
introduced the basic definition of stability for nonlinear systems, but also proved
many of the fundamental theorems. Since Lyapunov published his theory (Lyapunov
1892), a great deal of work has been done on stability of nonlinear systems based on

Lyapunov’s stability theory.

- The key requirement to prove the system stability using Lyapunov’s stability
theory is to construct a Lyapunov function. Since no constructive rules or suggestions
were given in his theory, the construction of a Lyapunov function for a nonlinear
system remains a great challenge, which restricts the applications of this theory. In the
past forty years, numerous techniques have been proposed to construct Lyapunov

functions for special nonlinear systems. Amongst these techniques are: the method of
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analogy with linear systems by Barbasin (1960), thé.method of integration by parts by
Ponzo (1965), and Huaux (1967), the method of system energy by Marino and
Nicosia (1983), the integral methods, the scalar-Lyapunov-function method and the
intrinsic method by Chin (1986, 1987, 1988, and 1989), the extended integral method
by Wu (Wu 1996 and references cited in). It is important to point out that Lyaﬁunov’s »
stability theory is baseci on conventional solution theory, i.e., the dynamical systems
must be smooth. For the stability analysis of non-smooth systems, Lyapunov’s second
method needs to be extended. Paden and Saétry (1987) first generalized Lyapunov’s
second method by imposing a non-zero upper bound of the derivative of the
Lyapunov function with respect to time. They proved that the states of the system
(solution in the sense of Filippov) converge to the equilibrium point in a finite time.
Another extension of Lyapunov’s stability ‘theory based on Filippov’s solution theory
was done by Southwood et al. (1990) where the derivative of Lyapunov functions on
the discontinuity surfaces were replaced with Dini-derivate. The most recent and
systematic extension of Lyapunov’s second method for non-smooth dynamical
systems was developed by Shevitz and Paden (1994) in which a non-smooth
Lyapunov function is constructed. Their result isa theory applicable to systems with
switches, for which Lyapunov functions are only piecewise smooth. The above
extensions of Lyapunov’s stability theory to non-smooth systems were based on the
belief that non-smooth Lyapunov functions are natural for non-smooth dynamical
éystems. However, the main challenge in construction of non-smooth Lyapunov
functions is the evaluation of the derivatives of Lyapunov functions when the solution
trajectories approach the discontinuity surfaces. Wu (1996) proved that if the
existence and uniqueness of Filippov’s solution are guaranteed, Lyapunov’s second

method can be applied directly to non-smooth dynamical systems. Furthermore, in -
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reference (VVu. et al., 1998b, Wu and Sepehri, 2001), a method is developed to
construct smooth Lyapunov functions for non-smooth systems and it is shown that the
construction of smooth Lyapunov functions is much easier for some engineering
“systems as compared to its non-smooth counterpaft. Wu’s work provided a solid

framework in the study of posture stability and control of biped movement.

1.2.3.3 Biped posture stability analysis using Lyapunov stability

theory

Lyapunov stability theory has been used to analyze the biped posture stability.
Early work on stability of biped models was restricted to small deViafions about
vertical stance (Vukobratovié¢ et al. 1970, Golliday and Hemami 1976, Hemami and
Golliday 1977, Hemami and Cvetkovic 1977). Hemami and Wyman (1979) proposed
a modeling and control method to constrained dynamical systems with application to
a three-link biped based on Lyapunov’s linearization method. Feedback linearization
and pole-assignment techniques were used for the control of such nonlinear systems.
Igbal et al. (1993) studied the human postural and movement stability for simple
voluntary movements by means of a frontal four-link mathematical biped model.
Hemami and Utkm (2002) studied Lyapunov stability of constrained and embedded
rigid bodies. They preéented a systematic method of stabilizing the systems and a
procedure for constructing Lyapunov functions. Hemami et al. (2006) developed a
quantitative framework to study the biomechanics and neural basis of the ankle
strategy for maintaining posture stability. In their work, the stability of the biped was
determined near the vertical stance by computing the poles, while the biped equations

were linearized about the erect posture.
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1.2.3.4 Stability analysis using the concept of Lyapunov exponents
Although Lyapunov’s second method is a powerful method, due to the lack of
construction methods, it is difficult to derive a Lyapunov function for highly
nonlinear systéms. The alterative metﬁod is to use fhe coﬁcept of Lyapunov
exponents. The concept of ’invariant exponents in the study of the stability of
nonlinear " differential equations was first introduced in 1889 by a Russian
mathematician, Sonya Kovalevskaya, who was a professor at the University of
Stockholm, and developed fully in 1892 by another Russian mathematician, Alexandr
Mikhailovich Lyapunov (Kinsner 2006). The Lyapunov exponents have many
important characteristics such as invariance to transformations, simple relationship to
a fractal dimension, and computability directly from data, without solving the
differential or difference equations describing the corresponding dynamjcal'systems

(Kinsner 2003).

1.2.3.4a Calculation of Lyapunov exponents from mathematical

models

A Lyapunov exponent is a number that reflects the rate of divergence or
convergence, averaged over the entire attractor, of two neighboring phase space
trajectories. The calculation of the Lyapunov ekponents can be grouped into two
classes. One method for calculating Lyapunov exponents is based on mathematical
models. Oseledec ( 1968) gave the theory of Lyapunov exponents in a form adapted to
the needs of the theory of dynamical systems and of ergodic theory. Benettin et al.
(1980) presented the theoretical results, which are. necessary for the numerical
computation of all Lyapunov exponents. Wright (1984) presented a new method for

calculating the leading Lyapunov exponent directly from experimental data for
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systems having a strange attractor With dimensionality near two. The method was
exact for one-dimensional maps and gave good results for systems that have
approximate one-dimensional maps associated with them even in the presence of
some noise. Wolf and collaborators (Wolf et al. 1985) deééribed algorithms for
calculating the spectrum of Lyapunov exponents for systems in which the equations
are known. This model based algorithm ilas been successfully applied to many
smooth dynamical systems. Miiller (1995) extended Wolf’s method into non-smooth
dynamical systems, i.e., the ordinary differential_equations contain non-differentiable
terms. He pointed out that the required linearized equations have to be supplemented
-by certain transition conditions at the instants of discontinuities. The chailenges in
determining Lyapunov exponents are related to numerical stability and computational
efficiency. Since Lyapunov exponents are calculated numerically over a long period
of time, nonstandard finite difference techniques developed by Mickens (1994, 2002),
and Mickens and Gumel (2002), can be combined to improve the numerical stability
and the computational efficiency (Sekhavat 2005). The advantage of using
mathematical model is that there is a very straightforward technique for computing a
complete Lyapunov spectrum. The limitations of using ‘mathematical models are that
the mathematical models are not always available. Even if they are available, due to
the model complexity and uncertainties, calculation of Lyapunov exponents can

become unfeasible.

1.2.3.4b Calculation of Lyapunov exponents from a time series

Another method for calculating Lyapunov exponents is based on a time series,
which can be measured. The theory of nonlinear dynamical systems provides new
ways and methods for the characterization of irregular time series data. The basis of

the new technique is based on the important Takens’ Embedding Theorem (Takens
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1981) which allows reconstruction of the attraction of the attractor in the time delayed
embedded space and preserving its topological characteristics. The reconstruction of
the attractor is done from a finite time series observation of a single variable. Most 4
observational data reflect jﬁst a few of the many physical variables of a system and
measurements of all variables are rarely possible. However, this difficulty can be
overcorr;e if the variables are nonlinearly coupled, in which case the time delay
embedding technique can be used to reconstruct the phase space from the time series
data. In this technique a multi-dimensional embedding space is constructed from the

time series data, and a point in this embedding space represents the states of the

system at a given time.

In calculation of Lyapunov exponents from a time series data directly, several
methods are developed. The basic idea behind these methods is to follow sets of
trajectories over short time-spans and compute their rates of sepafation, then average
those rates over the attractor. Wolf et al. (1985) described a computational method for
approximating the largest Lyapunov exponents directly from the rate of separation of
neighboring points. Sano and Sawada (1985) proposed a method to determine the
spectrum of several Lyapunov exponents (including positive, zero, and even negative
oﬁes) from the observed time series of a single variable. Zeng et al. (1992) computed
Lyapunov exponents from limited experimental data and applied their algorithm to
the daily-averaged data of surface temperature observed at two locations in the United
States to quantitatively evaluate atmospheric predictability. Brown et al. (1991)
examined the question of accurately detemlining,"from an observed time series, the
Lyapunov exponents for the dynamical system generating the data. They showed that
even with very large data sets, it is clearly advantageous to use local neighborhood-to-

neighborhood mapping with higher-order Taylor series, rather than just local linear
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maps as has been done previously. They demonstrated the procedure using 'éeveral
chaotic systems. Abarbanel et al. (1993) reviewed research on the calculation of
Lyapunov exponents based on time series for chaotic systems. Huang et al. (1994)
presented an algorithm to obtain a reliable estimation of a full Lyapunov exponents’
spectrum from a time series signal of plasma chaos. Sauer and Yorke (1999)
investigated the computational artifacts due to observational noise in the experimental
time series data, and gave the formulas for the expected values of the reconstructed
Jacobian in some simple cases. Carretero-Gonzlez et al. (2000) described methods of
estimating the entire Lyapunov spectrum of a spatially extended system from
multivariate time series observations. Porcher and Thomas (2001) used nonlinear
autoregressive stochastic modeling to estimate the dominant Lyapunov exponent in an
EEG (electro-encephalogram) series and computed confidence intervals from
surrogate data. Kinsner (2003) described how to measure and anaiyze chaos using
Lyapunov metrics. Sakai et al. (2003) analyzed effect of extra reconstructed
dimensions on Lyapunov spectrum, which includes spurious Lyapunox; exponents of
unknown dynamical systems. However, all the work mentioned above is meant for
chaotic systems, and is considered to be not reliable for potentially stable engineering

systems.

The most attractive advantage of using a time series is that the data for only one
state is required, and these data can often be measured experimentally. However, the
methods mentioned above are much better at caléulating positive exponents than
negative ones, as the methods for calculating Lyapunov exponents based on a time
series were developed primarily to analyze chaotic systems. The procedures are not
reliable for calcﬁlating zero and negative exponents (Wolf ef al. 1985). Thus, there is

a pressing need to develop a method based on a time series to determine the zero and
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negative Lyapunov exponents. The difﬁcul'ty in determining the negative exponents
from time series comes from the fact that the distances become closer and closer at
 many locatibns in the directions associated with certain negative exponents. Even
when there is a reasonably large and accurate data set, this will often make curvafure
effects within a given neighborhood become significant. A linear analysis becomes
totally inaccurate when the displacement due to local data-set curvature is comparable
to the thickﬁess of the data set. Going to a higher-order approximation of the mapping
should correct this.

Overall, Lyapunov stability theories have provided solid background for stability
analysis of nonlinear systems. The methodologies are well-developed, but due to the
lack of construction methods,. it remains difficult to derive Lyapunov functions for
highly nonlinear systems. The method of Lyapunov exponents is a powerful tool for
chaotic systems, yet has rarely been used in ‘the analysis of potentially stable

engineering systems.

1.3 . Objectives of this Research

There are two objectives in this research. The first objective is to study balancing
control of a constrained biped during standing, which includes two parts. The first
part is to inw}esﬁgate the effects of the constraints between the foot-link and the
ground on the bounds'of control torque of a bipedal system. The second part is to
develop a balancing control law, which satisfy all the above consfraints. The concept
of Lyapunov exponents is used to analyze the stabﬂity of a biped subjected to the
constraints during disturbed standing. Then the stability regions are determined based
on the sign of the largest Lyapunov exponent calculated from the mathematical
model. The stability region is then compared with previous work based on a different

stability criterion. It is believed this is one of the first researches on balancing and
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stability analysis of bipedal system with the full consideration of the constraints

between the foot-link and the ground.

The second objéctive is to develop a method for calculating negative Lyapunov
~ exponents ﬁsing a time series. Higher-order Taylor series are used instead of linear
expressions for generating local-neighbour to local-neighbour mapping in order to
construct the more accurate Jacobian matrix for calculating Lyapunov exponents from
time series. The constrained balancing bipedal system is used as an example to
demonstrate the efficacy of this method. The results show that this method is
constructive and effective, which éllows the stability analysis of general robotic

control systems, which could not be carried out before.

1.4 Thesis Organization

The remainder of this thesis is organized as follows. Chapter 2 contains the
theoretical preliminaries which include the concept of Lyapunov exponents;
calculation of Lyapunov exponents based on mathematical models and a time series;

the non-standard finite difference scheme, and sampling theorem.

In Chapter 3, dynamical model of a biped standing subjected to three -consfraints
between the feet and the ground and the mathematical expression for three constraints
are derived. Effecté of individual constraints and effects of gravity and friction
constraints on bipedal balance control are carried out analytically. Effects of all three
con_straihts on bipedal balance control are discussed from a numerical perspective.
The regions on the phasé plane with valid and invalid control bounds, named
’controliable regions and uncontrollable regions, respectively, are classified, and
specific constraints, which cause the non-controllability, are identified. Three sets of

parameters, namely the friction coefficient, length of the foot-link, and the location of
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the mass center, are analyzed systematically with two objectives. The first one is to
identify the controllable regions and uncontrollable regions. In the controllable
regions, it is possible to design a balance control, while in the uncontrollable regions,
regardless' of the control tofque, constraints will be violatéd, and balance control is
impossible. Secondly, the ranges of required control torque are determined. The larger

the control bounds, the more flexible is the balance control design.

In Chapter 4, a bélancing control of a biped during standing subject to the
constraints between the foot-link and the ground is investigéted through controller
design and stability analysis. A PD-based switching state feedback controller, which
can stabilize the biped from certain initial states to the upright position while
satisfying all constraints is designed for balance control. The control torque obtained
from switching controller is compared with control torque from a PD controller. The
purpose of this comparison is to demonstrate the importance in considering the
constraints between the foot-link and the ground when the balance control law is
designed. Stability of the above control system is analyzed via the concept of
Lyapunov exponents. Two Lyapunov exponents are calculated based on the
mathematical model subjected to three constraints. The results are used to obtain the
stability region in phase plane, which is compared with previous work based on a

different stability criterion (Pai and Patton 1997).

In Chapter 5, a method for stability analysis based on Lyapunov exponents
‘calculated from a time series for potentially stable engineering systems is presented.
Instead of linear expressions, higher-order Taylor expansion for generating local
neighbour-to-neighbour mapping in order to construct the more accurate mapping
‘matrix for calculating Lyapunov exponents from a time series is used. The

conclusions and recommended future work are outlined in Chapter 6.



Chapter 2

Theoretical Preliminaries

In this chapter, the concept of Lyapunov exponents, the calculation of Lyapunov
exponents based on mathematical models and a time series, the action of mapping
matrices on the calculation of Lyapunov exponents, nonstandard finite difference

scheme, and signal Sémpling theorem are reviewed.
2.1 The COncept of Lyapunov Exponents

Lyapunov exponents (or characteristic numbers) were first introduced by Lyapunov
(Lyapunov 1892) in order to study the stability of non-stationary solutions of ordinary
differential equations (ODEs) and have since been extensively studied in the literature
(Dieci et al. 1997). As described in the work of Oseledec (1968), the concept of
Lyapunov exponents provides a meaningful way to characterize the asymptotic
behavior of a nonlinear dynamical system. Wolf et al. (1985) defined the spectrum of

Lyapunov exponents in the manner most relevant to spectral calculations.

Given a smooth dynamical system in an n-dimensional phase space as shown below:

i=f(x,t), x(0)=xp, xe R" (2.1)

where x = {x,,.-..,xn }T is the state vector, and f(x,?) is a continuously differentiable

vector function, i.e., f(x,) e C!. When monitoring the long-term evolution of an

infinitestimal n-sphere of initial conditions, the sphere will become an n-ellipsoid due

19
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to the locally deforming nature of the flow. The i th one-dimensional Lyapunov

exponent is then defined in terms of the length of the ellipsoidal principal axis
{220

N 2010
A= lim t'lnll&f(fo)ll (i=1,.,n) 2.2)

where the A;are ordered from largest to smallest. "éz’xi (t}| and "c?x,. (t ][ denote the

lengths of the i* principal axis of the infinitesimal #-dimensional hyper-ellipsoid at

final and initial times, ¢ and #,, respectively.

The above definition of Lyapunov exponents indicates that Lyépunov eprnents,

A, (i=1,..,n), are the average exponential rates of divergence or convergence of

1

nearby orbits in the state space where 7 is the number of Lyapunov exponents, which
is equal to the dimension of the state space model of the system. The Lyapunov
exponents are related to the expanding or contracting nature of different directions in
phase space. Since the orientation of the ellipsoid changes continuously as it evolves,
the directions associated with a given exponent vary in a complicated way through the
attractor. Therefore, one cannot speak of a well-defined direction associated with a
given exponent.

The concept of Lyapunov exponents provides a generalization of the linear stability
analysis for perturbations of steady state solutions to time-dependent solutions.
Lyapunov exponents are global properties and independent of the traj ecfory chosen to
measure them (the fiducial trajectory). This independence is a consequence of a
, theorem of Oseledec (Oseledec 1968), which applies in the limit of infinite time.
However, in practical application, we are usually dealing with finite-time Lyapunov

exponents, which are defined as:
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b e |
A= - In ”C%Ci(tom (=1...,n) (2.3)

In the limit as f— co, the finite-time Lyapunov exponents converge to the true
Lyapunov exponents (Thiffeéﬁlt and Boozer 2001).

The concept of Lyapunov exponents is an important tool in categorizing steady-
state behaviour of dynamical systems, determining instability of the system,
classifying invariant sets, and approximating the dimension of strange attractors or
other nontrivial invariant sets (Wolf et al. 1985, Miiller 1995, Williams 1997). A
negative Lyapunov exponent indicates an average convergence of trajectories; a
positive exponent.indicatesvan average divergence. Convergence and hence negative
Lyapunowf exponents typify nonchaotic attractors. Divergence (and hence at least one

positive Lyapunov exponent) usually happens only on chaotic attractors.

A common approach in visualizing state space motion is to imagine how a small‘
length, area, volume or higher-dimensional element might evolve in time. Examples
of such elements are a square or circle (in two-dimensional state space) and a cube or
sphere (in three dimensions). The center of such an element is an observed datum
point. Originating at every measﬁred datum point, and making up the associated
element’s skeletal framework, is one or more equal-length orthogonal axes, called
principal axes. Each axis ends at another state space point. Because those axes start at
a common center point (a datum point) and each axis ends at some other point in state
space, chaologists call each axis a vector, axis vector, or perturbation vector. The
number of principal axes corresponds to the dimension of the state space. The two
end-points of each principal axis are considered to be neighboring points in state
space. We measure the growth or shrinkage of each principal axis over the entire

attractor, according to whether its endpoints get closer or farther apart. That means
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that we get a Lyapunov exponent fér each principal axis. The largest Lyapunov
exponent measures the rate of expansion of the first principal axis - the one that shows
the largest amount of growth (or the slowest rate of shrinkage) over the attractor. The
second Lyapunov exponent measures the rate of change of the second pﬁnéipal axis,

and so on down to the smallest Lyapunov exponent (Williams 1997).

In dissipative systems, an attractor with one or more positive Lyapunov exponents
is generally said to be strange or chaotic. Based on the fact that (i) one Lyapunov
exponent of any limit set other than an equilibrium point must be zero, and (ii) the
sum of the Lyapunov exponents of dissipative systems must be negative, thé

hyperbolic attractors can be classified as follows (Williams 1997):

e Foran exponentially stable equilibrium point, 4, <0 (i =1,...,n)

° Fér an exponentially stable limit cycle, 4, =0 and A, <0 (i =2,...,n)

o For an exponentially stable k-torus, 4,=...= 4,=0 and 4, <0 (i=k +1,...,n)
e For a chaotic attractor, 4, > 0 and Zl,. <0 (i=1,..,n)

In any dissipative systems, whether chaotic or not, a length, area, volume or higher-
dimensional element shrinks over time in state space. Conservative systems, in
contrast, do not lose energy with time. The overall total area remains constant over

time, even though there may be some change in shape (Williams 1997).

2.2 Calculation of Lyapunov Exponents Based on Mathematical

Models

Since, in general, it is almost impossible to determine the Lyapunov exponents

analytically for complicated systems, they are often calculated numerically (Kunze
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2060). The calculation of Lyapunov exponents can be carried out in two ways. One is
based on mathematical models. The other is based on a time series which can be
measured ex;ﬁerimentally.

This section includes two parts. Tﬁe first part is the calculation of Lyapuﬁov
exponents for smooth systems. Second pért is the calculation of Lyapunov exponents
for non-smooth systems (which was defined as systems with non-differentiable points
in this thesis).

2.2.1 Calculation of Lyapunov exponents for smooth systems

Since Lyapunov exponents are defined by the long—tcnﬁ. evolution of the axes of an
. infinitesimal sphere of states. Wolf et al., (1985) developed algorithms for calculating
the sbectrum of Lyapunov exponents from systems in which the equations are known.
The procedure of calculating Lyapunov exponents from differential equations can be
implemented by defining the principal axes with initial conditions whose separations
are as small as the computer limitation allows and evolving such principal axes with
the nonlinear equations of motion. A “fiducial” trajectory (the center of the sphere) is
,deﬁﬁed by the action of the nonlinear equations of motion on some initial conditions.
The traj_ectories of points on the surface of the sphere are defined by the action of the
linearized equations of motion on points infinitesimally separated from the fiducial
trajectory. In particular, the principal axes are defined by the evolution via the
linearized equations of an initially orthonormal vector frame anchored to the ﬁdqcial

trajectory. This leads to the following set of equations (Wolf et al. 1985):

] /™ | |
{Wx(t)}_{f’ (x(t))wx(z)} 2.4)
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where . is called the state transition matrix of the linearized system
() = wx(t)d'xo and the variation equation, V(r) = FEW (), 1s a matrix-valued

time-varying linear differential equation. It is derived by linearization of the vector .

field along the trajectory x(¢) . The Jacobian F(x(¢)) is defined as

o (x)
F(X(t)) = ax—T'|x=x(t) (25)
. ... .. ) x(tg) xp .
The initial conditions for numerical integrations are = where [ is the
: ¥ (%) I

- identify matrix.
Lyapunov exponents are calculated by following the evolution of the area of the
hyper-ellipsoid spanned bﬁr {dx,...,0x,, } via separately following the evolution of §x1 N
&y ..., Ok, using an integration method. However, the &; (), & (¢),..., &, (f) may

tend to align as ¢ — oo. This alignment makes the calculations unreliable. To solve the

problem, & (£), &y (£) ,..., &, (f) are reorthonormalized at each integration step. This

is done by including the Gram-Schmidt Reorthonormalization (GSR) scheme in the
calculation procedure. Gram-Schmidt reorthonormalization generates an orthonormal

set {uy,...,uy} of n vectors with the property that {i,...,u,,} spans the same subspace

as {&q,...,00,}

Figure 2.1 shows the geometrical interpretation of the orthonormalization for

&cl(k)and dx‘gk)'(k=1,...,K and K is the number of integration steps). They are

orthogonalized into vl(k) and vgk) , then normalized into ul(k) and ugk) .
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s 58 ®
o o A 1
2 oW >

Figure 2.1 Orthonormalization of two vectors éfxl(k) and &xgk)

Let the linearized equations of motion act on the initial frame of orthonormal
vectors to give a set of vectors {c%q,c%cz,...,é’xn}. The orientation-preserving properties
of GSR mean that the initial labeling of the vectors may be done arbitrarily. Then

GSR provides the following orthonormal set {ul,uz,...,un} as defined below:
u = %
1~ M 1>
et

8y —( &y, )uy
|Gy —(cg,ug oy |

u2=!

" = &Cn - (&n,un_1>un_1 ——...—(é’xn,u1>u1
n - )
86, — (601 Yoty = — (6141 Yo

(2.6)

where ( , ) signifies the inner product. GSR procedure allows the integration of the

vector frame for as long as required for Lyapunov spectrum convergence. At the K th

stage, the GSR procedure produces orthonormal vector frame {ul,uz,...,un}, and for

the K chosen large enough, the Lyapunov exponents are:

¥

oL Iz< lnfu(k)
Kh 2

4~ L&
N R
Kh =

AL

@27

40

A L IZ< In
{ "Nth=1v
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where h is the time-step size.

This model-based algorithm described by Wolf and his collaborators (Wolf et al.
1985) has been successfully applied to many smooth dynamical systems. Sekhavat
(Sekhavat 2004) demonstrated the above procedure of calculating Lyapunov

exponents in smooth systems on the simple three-dimensional Lorenz system.

2.2.2 Calculation of Lyapunov exponents for non-smooth systems

VVariational equation, shown in Equation (2.4), is important for calculating
Lyapunov exponents, which requires that the nonlinear system is linearizable. This
introduces a major problem ‘in the calculation of Lyapunov eprnents for non-smooth
(non-differentiable) systems. Miiller (1995) who has extended the calculation
procedure to systems with non-differentiable points has addressed the problem. The
extension is based on normal linearization of dynamic equations .in -smooth (i.e.,
éontinuous and differentiable) regions of motion supplementéd by transition
conditions at the instant non-differentiable points.

Miiller (1995) considered a noniinear system with.non—differentiable points in the
neighbourhood of the action of a non-differentiable instant. The systém is assumed to

have reached the non-differentiable instant at ¢ =¢,, and the system equations can be

expressed as follows:

tinitial SE<11° i=fi(%), () =%y fi€C" 238)
f=4: 0=h(x(t)), heC! (2.9)
x(0") =g (1)), geC' SN A1)
| f<t: i=f,(x), ()=x), fec! | @.11)

It is assumed that in each interval between non-differentiable instants the system

behaves “smoothly”. Before the non-differentiable instant, the motion is described by
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Equation (2.8). An indicafor function A(x) defines according tol Equation (2.9) the
instant of non-differentiable point: the function may be scalar, e.g. in the case of an
impact, or it may be a vector function, e.g. in the case of sliding motion. The
transition condition of the nonlinear system at ¢ =1 is given by Equation (2.10), e.g.
by impact laws. Here the plus and the minus characterize the right- and left-sided
limits, i.e. the values of the quéntity Just after or just before the non-differentiable
ponit. For > ¢ the system is governed by Equation (2.11), and in general it is f, # A
, suéh that structurally variable systems are considered. »Th‘roughout it is assumed that

N1, /2,8, are at least one-time continuously differentiable vector functions.

Before the non-differentiable instant, the linearized equation of motion follows

directly from Equation (2.8) as:

(tinitial <t< tl) : &C F ( )dx dx(tmmal) &CO (2 12)
RO=2Y)_ @13)
ox” :
After the non-differentiable instant, the linearized equations follows directly from
(2.11) as:
(t,<t): &=F,t)d, &t,)=d, | (2.14)
of,{x
F, (t)=——’;jc(r ) _— 2.15)

Since the nonlinear equations can not be linearized at non-differentiable instant, the
linearized equations are evaluated using the indicator function, h(x), and the
transition function, g(x) » both defined based on the physical behaviour of the system.

The indicator function is an at least one time continuously differentiable function and

is used to determine the non-differentiable instant. The transition function describes
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the transition conditions at each non-differentiable instant. The linearized equations of

motion at the non-differentiable instant (¢ =1,) v;are derived as (Miiller 1995):

o — _ _ Hy(x")ax™
& = G )E -G () AG)- ot FAE 2.16)
Hy(x")f1(x7)
where x* = x(¢;"), x =x(t ), sxt =8x(tf), and & =&().
H)=21D] s the Jacobian of the indicator function, Ay(x), and
o x=x(t{ ) .
Gi(x7)= %1 (Tx) __is the Jacobian of the transition function, g;(x). If the system
ol [x=x() »

trajectory returns to the original region at the non-differentiable instant (t =t2), the

transition condition of the linearized equations is:

Hoy(x )™
Hy () f(x7)

& =Gy ()& —[Gr(x7) ()~ fi(x )] (2.17)

where x* = x(t; ), x = x(t; ), &' = éx(t; ), and & = 5x(t2‘ ) The Jacobian matrices
H, and G, are similarly derived using the indicator and transition functions hy(x)
~andg, (x), respectively. The above equations represent the generalized linearization
reqﬁired in the calculation of Lyapunov exponents and are employed in Chapter 4 to

calculate the Lyapunov exponents.

Overall, the procedure for calculating of Lyapunov exponents based on

mathematical model is described as follows:

Step 1. Choose initial condition for nonlinear system and linear system

(orthonormal frame) as shown in Equation (2.4);
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Step 2: Integrating nonlinear and linear equations simultaneously,

obtaining
next step initial conditions;

Step 3: Using GSR procedure to obtain the reorthonormal frame using

Equation (2.6);
Step 4: Calculating Lyapunov exponents by Equation (2.7);

Step 3: Repeating Step 2 to Stép 4, until convergent values of Lyapunov

exponents are achieved.

2.3 Calculation of Lyapunov Exponents Based on a Time Series
Using Linear Mapping

It is very difficult to directly observe all aspects of the evolution of a in'gh
dimensional dynamical system such as a turbulent flow. Out of necéssity, it is
frequently the case that experimentalists study suéh systems by measuring a relativeiy
low number of different quantities (We assume that all measurements have infinite
precision). Since not in éll experiments we could have access to all Qf the variables,
the worst case is only a single time series is obtainable. A single experimental time
series is affected by all of the relevant dynamical variables, and therefore it contains a
relatively complete historical record of the dynamics. It is possible to glean the
- dynamics from a single time series without reference to other physical variables. This
concept was first illustrated by Paclard et al (1980) and given a rigorous
mathematical basis by Takens (1981) and Mané ( 1981).

Reconstruction of the attractor from a single time series requires the generation of

additional variables. For some experimental systems, the effective number of degrees
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of freedom is relatively small. Consequently, it is possible to define a low-
dimensional phase space that captures thc dynamics in a geometric structure
embedded in that space. The embedded geometric set is called the reconstructed
attractor apd it is usually topologicaily equivalent to the attractor, which woﬁid be
produced by the numerical solution of the dynamical system equations if they were
known.

A time series is a sequence of obsérvations, which are ordered in time (or space). If
observations are made on s‘om‘e phenomen'on throughout time, it is most sensible to
display the data in the order in which théy arose, particularly since successive
observations will probably be dependent. A time series is best displayed in a scatter

plot. The series value X is plotted on the vertical axis and time ¢ on the horizontal

axis. Time is called the independent variable. There are two kinds of time series data:

1. Continuous, where we have an observation at every instant of time, e.g. lie

detectors, electrocardiograms. We denote this using observation X at timet,

X(2).

2. Discrete, where we have an observation at (usually regularly) spaced intervals.

We denote this as X;.

There are some reliable and practical methods for the calculation of Lyapunov
exponents if the differential equations of the systems are known (Wolf et al. 1985,
Williams 1997, Miiller 1995). Unfortunately, in most cases, we do not know the
differential equations of the systems under study. We only possess one (or more)
observable time seriés from the systems. Therefore, developing methods for
calculating the Lyapunov exponents from a time series became important to assess the

existence of deterministic chaos in a system. Wolf ef al. (1985) presented an
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algorithm allowing one to estimate the largest non-negative Lyapunov exponent of a
time series by tragking the evolution of a set of vectors in the embedding phase space.
Sano and Sawada (1985) and Eckmann et al. (1986) proposed a Jacobian algorithm
Which éstimates a local flow operator frém the evolution of spatially neighboring

points to quantify the mean divergence of nearby orbits of the attractor.

Since all of the relevant dynamical variables affect a single experimental time
series, the time series contains a relatively complete historical record of the dynamics.
~ The procedure of calculating Lyapunov exponents from a time series is described as

follows.
Step 1:  Reconstructing the phase space from a time series
| Step 2:  Generating local neighborhood-to-neighborhood mapping
Step 3:  Constructing the Jacobian matrix
Step 4:  Calculating Lyapunov exponents
Step 5:  Repeating Step 2 to Step 4
These different steps are described in detail as follows.

2.3.1 Reconstruction of the phase space

Two methods are widely used in reconstruéting phase space from a time series.
One method is time delay method; the other one is derivative method. Here the first

one is reviewed.

e Time-Delay Method (Delay coordinate method)
To classify a time series with nonlinear tools (e.g. Lyapunov exponents), we must

first appropriately reconstruct the phase space where the behavior of the system is
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embedded. In other words, we must describe the geometric structure of the dynamical

system by calculating the dy dimensional phase space.

Suppose a time series xy,X5,...,x, N is the number of the data available. It will be
easier to work with x;,(i =1,..., N) and the set of variables obtained from it by shifting
its value by a fixed lag Tj,,. It suffices to choose Tjye in such a way that the

following n variables remain linearly independent:

%!
X147,
=y

MHdE-DTag
X2
X2+Ty,
{Xy}= & ,
X24(dE-DTjgg

ceey
Xn

Xn+T;
"Hilag .18)

{X n} =
Xn(dg-Dljag

where n=N —dp - Tj,5 — T, is the useful size of dataset.

The above variables will be used to define a dynamical system, and their evolution
will be embedded in an abstract space spanned by these variables, the phase space. .
The set {X i} (i =1,2,...,n) will define the phase space trajectories.

When reconstructing phase space, two parameters T4 and dp are very important.

Tj4g 1s the time-delay, which determines how many of the data points are used in the
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analysis. If T,4g 1s too small, the successive points in the phase space may be too close
together to be sufficiently independent. If Tjag is too large, the successive  points

may be so independent as to be essentially random. dj is the embedding dimension,
which describes the number of variables in phase space from a given time series. If
dF is too small, too many false nearest neighbbrs will arise when the point {X, i} is
considered as a point in the dg dimensional phase space. If dy is too large, the
points become so distant in the dy dimensional space that again they are essentially
random. Determining the embedding dimension dg of a nonlinear time series plays

an important role in the reconstruction of nonlinear dynamics.
2.3.2 Generation of the local neighbour-to-neighbour using linear

mapping

When dealing with the data which are generated from the unknown dynamical
system, the initial preblem for calculating its Lyapunov exponents is to estimate the
Jacobian matrices. In order to obtain the Jacobian matrices, the local-neighbour to

local;neighbour mapping has to be determined first.

Let v(¢) be a point in the d g -dimensional reconstructed phase space; there are
other nearby points in R%E . “Nearby” is measured by some norm inRYE | Let V()
be the dy nearest neighbors to v(t). Then the small vectors Av’ (t)eR.dE between

v(t),(i =1,2,...,dg) and vi(t) are

AV (t)=v(£)—v(t) e RE : | (2.19)
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After evolving forward to time ¢+Az, v(t) and v'(¢) move to Wt +At) and

vi(t+At), respectively, thus small vectors Azi(t)eRdE between vi(t+At) and

v(t +At) are
AZ ()= v (¢ + A) =t +At) e RIE (2.20)
Assuming the norm Av' and the time interval Atz are small enough, the Jacobian
. matrix can be approximated by using the local linear neighbour-to-neighbour map F
from AV'(t) toAz'(t). This dgxdg matrix J is determined by the least-square
method, which minimizes the following distance,

N
=%

i=]

, |
Az —JAv’” @.21)

which lead to the following results:

J=cyr L, (2.222)
N
Cy =) Az;Av), ' (2.22b)
i=1
N : > . .
Vi = 2 AV AV, k,1=12,...,n (2.22¢)
i=1

- 2.3.3 Construction of Jacobian matrix

The Jacobian is the linear part of the dynamics in a local approximation. Once the
local neighbour-to-neighbour mapping is obtained, Jacobian matrix can be

constructed. In the linear case, the last step gives a sequence of matrices J, Jo,....,

Jg . The vectors in matrix J;can be orthonormalized using GSR procedure,
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Householder QR decomposition, or singular-value decomposition. Householder QR

decomposition is used in Zeng et al. (1992).

119(0) = Q)R(),
7200) = Q0)R()-

J(j+1) Q)= Q( j+)R(j+1)5 (2.23)

Where () are orthonormal matrices, R(}) are upper triangular matrices with

positive diagonal elements such that Q) 1s the unit matrix,

234 Calculation of Lyapunov exponents

Properly defined, the calculation of Lyapunov exponents requires computation of
the local Jacobian matrix along a trajectory (one trajectory is enough if the system is
ergodic). After obtaining fhe Jacobian matrix, multiplying these Jacobians together
and then calculating the’ eigenvalues. Then, (up to some constant related to thé

sampling time) the Lyapunov ‘exponents can be computed as the logarithm of these

eigenvalues.
J=— ] [1(R,), = ! SIn(R,) i =1,2,....d 2.24)
L nAtK nj:‘l A nAtK = 71 1=12,..,d .

where K is the number of matrices. The entire procedure is described in reference

(Abarbanel 1996).
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2.4 The Action of Matrices on the Calculation of Lyapunov

Exponents
This section was heavily borrowed from Sauer’s book (Sauer 2006) on singular
value decomposition. This visional idea is excellent to help better understand the

actions of mapping matrices on the calculation of Lyapunov exponents.

The image of the unit sphere in R™under a mxm matrix is an ellipsoid. This
interesting fact underlies the singular value decomposition, which has many
applications in matrix analysis in general and especially for compression purposes.
Figure 2.2 is an illustration of the ellipse that corresponds to thé matrix

30
A={O 4 | (2.25)
2

Imagine taking the vector v corresponding to each point on the unit circle, ‘
multiplying by A4, and then plotting the endpoint of the resulting vector Av. The result
is the ellipse shown. In order to describe the ellipse, it helps to use an orthonormal set

of vectors to define the basis of a coordinate system, as shown in Figure 2.2.

4y | Ay
/ 1 -
o = =
(a) (b)

Figure 2.2 the image of the unit circle under a 2 x 2 matrix.

(a) The unit circle in R?
(b) The ellipse with semi major axes (3, 0) and (0, %)
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Theorem 2.1

Let 4 be a mxnmatrix. Then there are exist two orthonormal bases {V15-es vy yof
R”,and {,...,u,,} of R™, and real numbers s; 2--->s, 20 such that Av; = s;u;

for 1<i <min{m,n} . The columns of ¥ = v ’ . -[vn 1, the right singular vectors, are the

set of orthonormal eigenvectors of A7 A4 ; and the columns of U =[u1|---|um], the left

singular vectors, are the set of orthonormal eigenvectors of Aa4T.

Based on Theorem 2.1 that for every mxnmatrix A, there are orthonormal sets

{u1,- oty yand {vy,...,v,}, together with nonnegative numbers sy 228,20,

satisfying

Avy = sy
AV2 =89y
Av, =s,u, : (2.26)

The vectors are visualized in Figure 2.2. Vector v; are called the right singular
vectors of the matrix 4, vector u; are called the left singular vectors of the matrix A4,

and the s; are called the singular values of the matrix 4.
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-
P

, sy
\2 ' /
Q/ > x —2p

Figure 2.3 The ellipse associated to a matrix. Every 2x2matrix 4 can be
viewed in the following simple way: There is a coordinate system
{v1,vo} for which 4 sends v; - s;u; andv, —> Sauy, where {uy,u,}is
another coordinate system and 51,87 are nonnegative numbers. This picture

extends to R™ for a m x n matrix.

This useful fact immediately explains how a 2x2matrix maps the unit circle into

an ellipse. The vectors v; are the basis of a rectangular coordinate system on which 4

acts in a simple way: they produce the basis vectors of a new coordinate system, the

vectors' u;, with some stretching quantified by the scalarss;. The stretched basis

vectors s;u; are the semi-major axes of the ellipse, as shown in Figure 2.3.

Example

Find the singular values and singular vectors for the matrix A shown in Equation

(2.25) represented in Figure 2.2

Clearly, the matrix stretches by 3 in the x direction and shrinks by a factor of

1/2 in the y direction. The singular vectors and singular values of A are
1 1}
4 1=3
0 110
A == 2.27
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The vectors 3(1,0) and %(0,1) form the semi-major axes of the ellipse. The ﬁght

singular vectors are [1,0], [0,1], and the left singular vectors are [1,0], [0,1]. The

singular values are 3 and 1/2.

There is a standard way to keep track of this information, in a matrix factorization
of the mxn matrix 4 - Form a mxm matrix U whose columns are the left singular

vectors u;, an nxn matrix ¥ whose columns are the right singular vectors v;, and a
diagonal mxn matrix S whose diagonal entries are the singular values s;. Then the

éingular value decomposition (SVD) of the mx n matrix 4 is
A=UsvT (2.28)
" The following lemma shows that the SVD exists for a general matrix A4:

Lemma 2.1 Let A be an m x n matrix. The eigenvalues of AT 4are nonnegative.

2.5 Mickens’ Non-Standard Finite Difference Scheme

In order to reduce numerical instabilities while calculating numerical solutions of
dynamical systems, Mickens (2002) introduced a. framework for non-standard finite
difference discretization of nonlinear differential equations, which is essentially the

discrete representation of the system constructed according to the following rules:

Rule 1. The orders of the discretized derivatives should be equal to the orders of the
corresponding derivatives of the differential equations. If the orders of the

discretized derivatives are larger than those of the differential equation,

spurious solutions (convergence to false steady-state) and scheme-dependent

numerical instabilities would occur.
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Rule 2.

Rule 3.

Rule 4.

Discrete representations for derivatives must, in general, have nontrivial
denominator functions. For example, the discrete first derivative of the

. . dx
continuous equation = = f(x),

in nonstandard scheme takes the form:

dx x(k+l) _ x(k)

—— , (2.29)
dt ¢(h,R)
where
' _ Rk
$(h,R) =125, (2.30)
R
The value of R’ is determined as the maximum value bf R;:
R =max{R|i=12,.,1} - (231)
where R, is defined as
R=% 2.32)
dx x=x®

and x©;i=12,...,] is the set of the system’s fixed points.

1

Thus, 0<g(h,R")< =

and the function ¢ can be interpreted as a

“renormalized” or “rescaled” time step-size such that its value is never

larger than the smallest time scale of the system T = Rl* .

Nonlinear terms should, in general, be replaced by non-local discrete

representations.

For example, the term x* can be represented by x*x® or even

2(x('k))2 — x D (0

Special conditions that hold for the solutions of the differential equations

should also hold for the solution of the finite difference scheme. For
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example, for many dynamical systems a condition of positivity holds for
the dependent variable. If the numerical scheme leads to solutions that can
violate this condition, then numerical instabilities will ~ eliminate  any

possibility of obtaining meaningful results.
2.6 Some Basic Concepts and Sampling Theorem

Although this research on calculation of Lyapunov exponents from a time series is
based on the assumption that the time series data are accurate and no information loss
during sampling, the proper analog-to-digital conversion is an important issue when
célculating Lyapunov exponents using a time series. Thus, it is necessary to review
some basic concepts and the sampling theorem (in detail refer to Shenoi 2006, Cover

and Thomas 1991, Kinsner 2007).
2.6.1 Some basic concepts

a. Continuous-time signal (analog signal)

A continuous-time signal (analog signal) is a function whose amplitude and time

have infinite resolution. A one-dimensional continuous-time signal f(¢) is expressed

as a function of time that varies continuously from — oo to .
b. Discrete-time signal

A discrete-time signai is a function whose amplitude has inﬁnite resolution, but is
defined only at discrete intervals of time, and undefined at all other values of time.
Although a discrete-time function may be defined at arbitrary values of time in the
interval —oo to oo, only a function defined at equal intervals of time is considered and
defined at ¢ = nT, where T'is a fixed interval in seconds known as the sampling

period and # is an integer variable defined over —o to .
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If one chooses to sample f(¢) at equal intervals of T seconds, one generates

f(nD) =1

.ras a sequence of numbers (samples). Since T'is fixed, f(n7T) is a

function of only the integer variable nand hence can be considered as a function of
nor expressed asf(n). The sampling process is done by measuring the
continuous/analog signal's value every T seconds, (in practice, the sampling interval is

" typically quite small, approximately milliseconds or even microseconds).
c. Digital signal

A digital signal has finite resolution in both amplitude and time. This thesis deals

with digital signals exclusively.
d. Signal-to-noise ratio

Signal-to-noise ratio (often abbreviated SNR or S/N) is an electrical engineering

concept defined as the ratio of a signal power to the noise power corrupting the signal.

In less technical terms, signal-to-noise ratio compares the level of a desired signal
(such as music) to the level of background noise. The higher the ratio, the less

obtrusive the background noise is.

When using digital storage the number of bits of each value determines the
maximum signal-to-noise ratio. In this case the noise is the error signal caused by the
quantization of the signal, taking place in the analog-to-digital conversion. The noise
level is non-linear and signal-dependent; different calculations exist for differenf
signal models. The noise is modeled as an analog error signal being summed with the

signal before quantization ("additive noise").
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2.6.2 The Nyquist-Shannon sampling and reconstruction theorem

An analog signal cannot be represented on a computer whose resolution is always
finite. Thus, it is necessary to convert such signals to a sequence 'digital values. It is,
therefore, required to define the rate at which new digital values are sampled from the
analog signal. The rate of new values is qalled the sampling . rate or sampling
frequency of the converter. The Nyquist-Shannon sanipling and reconstruction
theorem asserts that, given a bandlimited continuous-time signal, x(f), that is
.uniformly sampled at a sufficient rate, even if all of the information iq the signal
between samples is discarded, there remains sufficient information in the samples so
that the original continuous-time signal can be mathematically reconstructed from
only those samples. The sampling theorem states that a_signal can be exactly

reproduced if it is sampled at a frequency f,, where f, is greater than twice the

- maximum frequency in the signal. This relationship defines the minimum theoretical
sample rate, which is sufficient to reconstruct the signal exactly. If the highest
frequency of the signal is known, the theorem gives us the lowest possible sampling
frequency to assure perfect reconstruction. If the sampling frequency is known, the
theorem gives us an upper bound for the frg:quencies of the signal to assure perfect

reconstruction.

Most mechanical signals have frequencies limited to below 100 kHz. Therefore,
using a 200kHz sampling rate should satisfy most mechanical engineering

. applications. The price for such a high sampling rate will be the larger number of
sample data to be stored and processed. Note that this limit should not bé applied to

electrical engineering, where signals can contain much higher frequencies.



Chapter 3

Effects of Constraints on Balance Control

of Bipedal Standing

3.1 Introduction

In this chapter, the effects of the constraints between the foot-link and the ground on
bipedal standing afe systematically studied. The constraints include: the gravity
constraint, i.e., the foot-link does not lift vﬁom the ground; the friction constraint, i.e., the
foot-link does not slide, the center of préssure (COP) constraint, i.e., the center of the
pressure is within the contact surface between the foot-link and the ground, and the tip-
over constraint, i.e., the bipedal foot-link does nc;t rotate about either the toes or the heels.
~ The tip-over constraint can be characterized by the zero moment point (ZMP) when both
feet are on the same level ground, and it has been proven that COP and ZMP coincide for
this case (Vukobratovi¢ and Borovac 2004). Thus, the tip-ove; constraint is equivalent to
the COP constraint a_nd the latter is studied here. The bipedal model is simplified as an
inverted pendulum with one rigid foot—link on the level ground. It has been reported that
| standing human subjects, when perturbed vby translation of a moving support surface for
small disturbance, typically respond by moving in the segittal plane, and they tend to keep
the knees, hips, and neck fairly straight, moving about the ankle (Kuo 1995). Thus, it is

reasonable to simplify a biped as a simple inverted pendulum moving in the sagittal

44
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plane, and inverted pendulum models ll‘lave often been used to study bipedal posture
(Hemami et al. 1978, Hemami and Stokes 1983, Wu ef al, 1998).

The first bbjective is to determine the bounds irﬁposed on the control torque satisfying
the constraints. The second objective is to explore the effects of the constraints on the
bipedal standing. Questions to be answered are: What are the physical indications of the
control bounds? Are there any other conditions imposed on the biped during balance
control of standing? How do three constraints interact? Which constraints are more

dominant?

3.2 Dynamic Equations of the Bipedal Model

In this work, the bipedal model is simplified to include a rigid foot-link, which
provides a base of support on the ground and an inverted pendulum, representing the legs,
trunk, arms and head as shown in Figure 3.1a. The free body diagrams for the pendulum

and the foot-link are shown in Figure 3.1b and Figure 3.1c.

v
L
ay
4
8 — T an
r/ | mg mg [
b
-~
T
L 4 F 1\
toe mE = | F ‘
-~ b - &
E ‘ + X »
& Fg}’ heel me lc a h
Xep © a - « L
g B : )
CL, .
(a) (®) (©

Figure 3.1 (a) Simplified b1pedal model, (b) free body diagram of the inverted pendulum,
and (c) free body diagram of the foot-link
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The feet position is assumed to be bilaterally symmetric and stationary, and the biped
moves in the sagittal plane. Three dynamic equations of the inverted pendulum are

developed using the Euler-Lagrangian equation as:

r=mgrsin6’—([+mr2)é (3.13)
F, =mrd? sin @ —mré cos 0 (3.1v)
Fyy = mré? cos 0 +mr8 sin @ —mg (3.1¢)

where Fy, and Fy, are the horizontal and vertical force components between the foot-link

and the inverted pendulum, respectively. As shown in Figure 1, 7,6, 0 and & are the
ankle torque (counter clockwise as "+"), angular displacement, velocity ‘and acceleration
of the body (clockwise ‘as "%"), respectively. Note that vﬁth a positive angle, &, the biped
. leans posteriorly aﬁd with a negative 8, the biped leans anteriorly. The parameters 7, L,
m and I are the distance between the center of mass of the péndulum and the ankle,
length of pendulum, mass of the body and the moment of inertia of the penduhirh about
the mass center, respectively. The origin of ’Fhe fixed coordinate system is located at the

toe. The x-axis is horizontal pointing from the toe to the heel, and the y-axis is upward.

Since the foot-link is static, three equilibrium equations are:

Frpp =~Fy, (3.2)

Fy, =meg~Fg, (3.2b)
ng(Lf-—a—-xcop)+mfgc——ngb—-r=O (3720)

' Fox and F, gy are the horizontal and vertical ground reaction forces, respectively. The

parameters a, ¢, b s Xeop s L , my and m are the horizontal distance between the ankle
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and the heel, between the mass center of the foot-link and the ankle, ankle height,
distance between the pressure center and the toe, the length of the foot-link, mass of the

foot-link and mass of the body, respectively.

By eliminating the ankle forces, F,, and Fyy from Equations (3.1) and (3.2), the

dynamic equations for the bipedal system are

T =mgrsin¢9—(1+mr2)€5 (3.3a)
Foy = mr&cos@—mré? sin 6 (3.3b)
Foy=(ms +m)g —mrlsin @ — mré* cos 6 (3.3¢)
33 Constraints and their Mathematical Expressions

Unlike many of the previous papers, in this research, the foot-link is not fixed on the
ground, but is required to be stationary. There are four constraints between the foot-link
and the grbund during bipedal standing, namely the gravity constraint, i.e., the foot-link
do not liﬁ- from the ground; the friction constraint, i.e., the foot-link do not slide; the
‘Center of Pressure (COP) constraint, .i. e., the center of the pressure is within the contact
surface between the foot-link and the ground, and the tip-over constraint, i.e., the biped
does not rotate around the toes or the heels. The tip-over constraint can be characterized
by the zero ﬁoment point (ZMP) when both feet are on the same level ground. For this
case, it has been proven that COP and ZMP coincide (Vukobratovi¢ and Borovac 2004).
Thus, the tip-over constraint is equivalent to the COP constraint as both feet are on the
same level ground. So, three constraints are considered in this research. The gravity

constraint requires that the vertical ground force ( F ) be upward. The friction constraint
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requires that the horizontal ground force (F, ) be lower than the maximum static friction.

The COP constraint requires that the pressure center (x,,,) be between the toe and the

heel indicating that tip-over does not occur. The three constraints are written as (Pai and

Patton 1997):

F, 20 (3.4a)
|F.| < i, | (3.4b)
0<x,,<L, (3.4¢)

From Equation (3.2¢), the pressure center (xcop) is

bF gy —T+cm sg

Fey

Xeop =Lj —a- (3.4d)

34 Effects of Each Individual Constraint

In this section, the ranges of the control torque satisfying each constraint as shown in
Inequality (3.4) are determined analytically. Their effects on bipedal standing are also

discussed.

3.4.1 Effects of gravity constraint
The range of the control torque satisfying the gravity constraint is determined. The

angular acceleration, 6 , is first solved from Equation (3.1a) in terms of the control torque
7, angle &, and physical parameters. The results are then substituted into Equation (3.3c)

to solve for the vertical ground reaction force, F,, . Considering Inequality (3.4a), one has

I+A7;zr2 (r-—mgrsin@)Zmrézcosé’—(mf+m)g (3.52)

where
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A, = mrsin@ v (3.5b)

To solve the torque, 7, both sides of Inequality (3.5a) are divided by 7 4 >, which
_ _ - : + mr

leads to two cases:
Casel. =0 (4, =0):
As 6 =0, Inequality (3.5a) imposes that

(mf‘+m)g—mr6"2 =20
which leads to

) <(mf+m)g

0 (3.6)

mr

Inequality (3.6) is the condition on the angular velocity satisfying the gravity constraint

(m, +m)g
mr

at the upright position. The angular velocity must be lower than and the

restriction on the control torque is covered by angular velocity. Otherwise, regardless of
the torque, the gravity constraint will be violated, i.e., the foot-link will be lifted from the

ground.
Case2. 0+0 (4, #0):

As 0 # 0, from Inequality (3.5a), one has

21y when 6>0(4>0) _ (3.7a)
TS Ty, when 8<0(4,<0) - (3.70)

where
Typ = mgrsing + L+mr [mréz cosf — (mf + m)g] (3.7¢)
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Inequalities (3.7a) and (3.7b) show the ranges of the control torqlie satisfying the gravity
constraint when the biped is not at the upright position. No restriction is imposed on the

angular velocity.

34.2 Effects of friction constraint

The range of the control torque satisfying the friction constraint shown in Inequality
(3.4b), is determined as detailed below:

Fo>—yF, . (389

F, < uF, . (3.8b)

The satisfaction of Inequality (3.8a) indicates that slipping posteriorly of the foot-link

(slippingvalong the positive x-axis as shown in Figure 3.1a) is prevented. Similarly, the

satisfaction of Inequality (3.8b) indicates that slippiﬁg anferiorly (slipping along the

negative x-axis) is prevented. To find the bouﬁds of the control torque without slipping,

the ‘angular acceleration, &, is solved from Equation (3.1a), and is substituted into

Equations (3.3b) and (3.3¢). With inequalities (3.8a) and (3.8b), one has:

7 :1;”2 (z —mgrsind) < ,u(mf + m)g —mr6*(sin@ + pcos6) (3.92)
7 +A3 2 (z ~ mgr sind) > mré*(1cos 0 — sind)— ,u(mf +‘m)g (3.9b)‘
mr .
where |
4,= mr(cos@ — pysin 9) _ (3.9¢)
A, = mr(cos @ + psin6) (3.90)

To solve the control torque, 7, Inequality (3.9a) is divided by 7 4 5 and Inequality
+mr

(3.9b) by A3 5 which lead to two critical angles:
I+mr '
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0, =6%= zan*’(i ) when 4, =0 (3.10a)
M
6, =—6%=—tan™'( i) when A4, =0 , (3.10b)
Y7

As the biped is at the critical angle, + 6 *, inequalities (3.9a) and (3.9b) lead to

6| <6.,,0% when 6 =0*% (3.11a)
6|<6,,.(-6 when 6 =-0* (3.11b)

where the critical angular velocity, 96, (6),1s

6._.(6) = \/S—ni’—n%cosﬁ | 3.110)

It is interesting to note that both critical angles are symmetric about the upright
position, and are determined by the friction coefficient, . Only the magnitudes of
critical angular velocities, not the direction, affect the satisfaction of the friction

" constraint.

The critical angles +¢* divide the region —90° < < 90° into three sub-regions, and
the range of the control torque satisfying the friction constraint is determined in each sub-

region.
Region 1: —90° <0 <-4

In this region, the biped leans anteriorly. From Equations (3.9¢) and (3.9d), 4, >0

and 4, < 0. From inequalities (3.9a) and (3.9b), one has

T< min(r T lip—anterior ) (3.12a)

slip— posterior *

where 7, oerior @04 T e, are the ankle torques at the onset that the foot-link is to
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slip posteriorly and anteriorly, respectively. They are defined as:

+ mr?

Tslip- posterior = MET sinQ + [,u(mf + m)g_ — mré? (Sin @ + pcos 49)] (3.12b)

2

+mr?

' T slip—anterior = MGF Sin 0 + ! [mr6? (y cos @ — sin «9) - ,u(mf + m)g] (3.12¢)

3

'Next, the minimum between ¢ and 7 is determined by

slip— posterior slip—anterior

CXAMINING T jip_ posierior ~ Tslip-anterior »

2 1120 (612600
Tslip-pasterior - Tslip—aﬁlerior = Mmr [(mf + m)g cos 9 - mrgz | 'I . 1( ) (313)
A4, <0 |6]<é,,(9)
where 6_,(0) is defined in Equation (3.11c). Thus, Inequality (3.12a) becomes
TSy e When  |8]<6,,00) (3.14a)
TS T amrr When  |6]26,,,(0) (3.14b)

Inequality (3.14) reveals some interesting insights into the effects of the angular
velocity on fhe satisfaction of the friction constraint. As the angular velocity changes, the
control bounds are dictated by different friction conditions. Inequality (3.14) can be used
to identify the speciﬁc friction constraint to be yiolated, and therefore to predict the

movement of the foot-link. For example, with a low magnitude of angular velocity

) causes the foot-link to slip posteriorly.

slip—posterior

(Iél < 9'” 1), @ high control torque (7 > ¢
On the other hand, with a high angular velocity (]9|29‘C,,), a high control torque

(7> T amierior ) CaUSES the foot-link to slip anteriorly.
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Region2: —-0*<f<0*
From Equations (3.96) and (3.9d), 4, >0 and A4, >0. From inequalities (3.9a) and

'(3.9b), one has

Ttip-anterior =TS Tstip_ posterior ) » (3 15)
Inequality (3.15) requires that 7, ocior = oo anerior - BY €Xamining
ts,il,_ pasterior — ¥ stip—anterior » 111 OTAeT t0 ensure that T o pasterior — T stip-amerior > 0 » the following
condition must be satisfied:
16]<6,,.,(6) (3.16)

where Q, , is given in Equation (3.11c). Inequality (3.16) shows that as the biped is

around the upright position within +6°, the angular velocity must be below 0,,-
Otherwise, regardless of the control torque, the friction constraint will be violated. As

Iél < 49'5, ,(8), the bounds for the control torque, shown in Inequality (3.15), can be used

to identify the specific friction constraint to be violated and to predict the potential
movement of the foot-link once the constraint is violated. For example, with a high

control torque (7> ¢ ), the biped is to slip posteriorly, while, with a low control

slip—posterior

torque (v <7 ), the biped is to slip anteriorly.

slip—anterior
Region 3: * <6 <90°,

In this region, the biped leans posteriorly. From Equations (3.9¢c) and (3.9d), 4, <0

and 4; > 0. From inequalities (3.9a) and (3.9b), one has
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(3.17)

slip— posterior * z.slip—amc»zrior )

T2 max(t

Next determine the maximum between 7 and 7

slip— posterior slip—anterior

by examining

From Equation (3.13), the lower bound of the control torque is

z.slip—- posterior Tslip—anterior M

T27

slip—anterior

when lé]s@c,,(Q) (3.18a)

>t when  [6]24,,,(0) (3.18b)

slip— posterior

The control torque must satisfy Inequality (3.18) to prevent the foot-link from slipping.

It is interesting to note that as the biped leans posteriorly, with a high angular velocity

(lé, >6._,), a low control torque (7 <7 ) causes the foot-link to slip posteriorly, .

slip— posterior

and with a low angular velocity (lél < 67” ), alow torque (v <7 ) causes the foot-

slip-anterior
~ link to slip anteriorly.v

Inequalities (3.14), (3.16) and (3.18) not only show the bounds of the control torque,
but also indicate the specific constraint causing the control bounds. Thus, they can be
used to identify the constraint to be violated and to predict the movement of the foot-link
once the constraint is Vidlated. Inequalities (3.14), (3.16) and (3.18) further show that the
angular velocity dictates the constraint resulting in the control bounds, thus it plays a

crucial role in satisfying the friction constraint.

3.4.3 Effects of center of pressure (COP) constraint
The COP constraint, shown in Inequality (3.4c), requires that the COP reside within
the boundary of support. Inequality (3.4c) can be divided into two parts (referring to

Figure 3.1a):
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(3.19a)
>0 (3.19)

Substituting Equation (3.4d) into Inequality (3.19), and considering that ¥, > 0, one has
af +bF,_ —t+cm,g20 (3.20a3)
(L, —a)F, —bF, +7—-cm,g>0 (3.20b)

Substituting Equations (3.3b) and (3.3c) into Inequality (3.20) and combining with (3.1a),

4, > mr(a sin@—b cos 6)

- 2

. mgrsin9+mr92(acos€+bsin6)—a(mf +m)g—cmfg
+ mr

(3.21a)
mr[(Lf fa)sin9+bcos HJ
I+mr? I+mr?

——(Lf'—ame +m)g+cmfg

mgr sin @ + mré? [(Lf - a)cos 6 —bsin 9]

(3.21b)

where
Ay =mr(a sin @ —b cos 9)——M . (3.21¢)
As=M +mr|Ls—a)sin@+bcosd| (3.21d)

For a general bipedal model, it is not unreasonable to assume that the distance between

the ankle and the mass center of the body is greater than the length of the foot-link, i.e.,

2

r>L;, thus r>a. As—90° 59390", mrbcos@20, mrasind <mr® and
mr(Lf —a)siné’ < mr(Lf —a)s mr? . Thus 4,<0 and 45 >0.
From in'equglities (3.21a) and (3.21b), the bounds of control torque

Toop—toe =T = Teop_heel | (3.222)
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where

Tcoﬁ—heel = —Al:{merg sin @(asin @ —bcos @) + (I + mr 2)[mrél?z(a cos 8 + bsin 8)

(3.22b)
Lem

- amyeny

T cop—toe =Z!-5-—{m 2r2g sin O[(L ¢ — a)sin 6 + bcos 81+ (I + mr 2)mr92[((Lf —a)cos & (3.220)
, 22¢
: L

—bsin 0] — (I + mrz)[—i;—n-—[-+ (L, - aymlg}

Inequality (3.22a) requires that 7, .. 2 T.pp oo~ NEXt Topp ot = Tpopso, 1S €Xamined:

Teop—heel ~Feop—toe :A_:KS— {As {m2r2g sinf(asind—bcosH) +(I+mr2)[mr¢9'2 (acos@+bsinb)

Lem
_(ff

+am)gl}—Ag {mzrzgsinH[(Lf' —a)sin@+bcosf]+

(I +mrymrdP((L; - a) cos—bsin O]~ (I +mr? N ;nf +(L s ~aymlg})

Since A4A5 <0, to ensure that 7 T > (0, the following inequality must be

cop~heel — * cop~toe

satisfied;

2.2 : 2 29 . Lfmf
As{m“r* gsin@(asind —bcosb) + (I +mr*)[mrf* (acosb +bsinf) —( 5 +am)gl}
—A4{m2r2gsin9[(Lf —a)sin€+b¢osc9]+(I+mr2)mr¢92[(Lf —a)cosd —bsin ]

Lrm
—U+ mrz)[—f—zf— +(Ly —aym]g} <0
Let M =1I+mr?, and the condition ensuring that 7 T >0 is

cop—heel ~ * cop—toe

f|<é,, (3.23a)



Effects of Constraints on Balance Control of Bipedal Standing 57

where

er2

= \/mr(M cof@ py—y {mrb(mf + m)cos@ +mrem,, sin 6 + M(mf + m)— m’r?® sin® 9}

(3.23b)

~ Inequalities (3.22a) and (3.23a) indicate that the angular velocity of the biped plays an

important role in keeping the COP within the base of support. If the angular velocity is

" higher than the critical value, é,,,, regardless of the control torque, the COP constraint
will be violated. If the angular velocity is below the critical value of @,,,, Inequality

| (3.22a) further indicates that if the control torque is too high (7> 7, ,.., ), the COP will

cop

be behind the heel, i.e., the foot-link will rotate about the heel. If the control torque is too

low(r<7

coptoe )» the COP will be ahead of the toe, i.e., the foot-link will rotate about the
toe. For both cases, the pressure center constraint is violated indicating that tip-over will

occur, but in a different manner.

3.5  Effects of Multiple Constraints

3.5.1 Effects of gravity and friction constraints -

In this section, the bounds of the control torque satisfying the gravity and friction
constraints will be determined analytically, and their effects on the bipedal standing will
be investigated. Based on the results from Section 3.3, the region for the angle, 8, from —
90° to 90°, is divided into foﬁr sub-regions by three singular points. In each sub-region,

the signs of 4;,4, and 4; are shown in Table 3.1.
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Table 3.1 Signs of 4,4, and A4; in each sub-region

0 | —90°<@<—0% | —0% | —0¥<0<0° | o0 | 0°<6<6* | 0F | g*x <9 <90°

A, - 0 +

where 4,,4,, 4, and £6* are defined in Equations (3.5b), (3.9¢), (3.9d) and (3.10).

The procedure of de’éermining the control bounds, satisfying the gravity constraint and
the friction constraint, are detailed here. The control bounds are determined in each of the

regions:
Region 1. —90° <8 <-0%* (4,<0,4,>0,4, <0)

From inequalities (3.7b) and (3.12), the satisfaction of the gravity constraint and the

friction constraint requires that

T < min (T[ifl ’ Tslip-—' posterior? Tsllx"p—anterior ) (3 24)

and 7, when |6?| >0_, and the

slip—anterior er?

Based on Inequality (3.14), minimum between 7

minimum between 7

slip— posterior

and 7, when |0| <@, will now be found. Thus, one has:

=M—-’Z—£[(mf+m)gcosé’-mr9'2]30 IQIZQ,(H)

13

2’“slip—zmleriar - Tliﬁ

Tip- pos,;,,.or —T = Jj—;’:‘f [(m -t m)g cos @ — mréz]ﬁ 0 l@l <é,.(6)

Si

Thus,
6= 6..c0) (3.252)

757

slip—anterior

r<t 6] <6.c0) (3.25b)

slip— posterior
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Region 2. —0*<0<0°, (4,<0,4,>0,4,>0)

From inequalities (3.7b) and (3.15) under the condition shown in Inequality (3.16), one

has

Ttip—anterior S T S IR Ty, T posterior) ) (3-26)
Comparing 7,4 and 7y, ,cerior » a0d considering Inequality (3.16), one has

T stip- posterior 7 = % [(mf + m)g cos 0 —mr0? ]S 0
Thus, the control torque should be:

T stip-anterior =T = Tglip_posterior IQI <6,(6) (3.27)

Region 3. 0° <0 <0* (4,>0,4,>0,4, >0)

Considering the conditions for both the gravity constraint and the friction constraint

shown in inequalities (3.7a), (3.15) and (3.16), one has
max(rliﬁ’ Tslip~anlerior) <7< 7'-.rlip— posterior o (328)

Comparing 7, and 7 and considering Inequality (3.16), one has

slip—anterior >

Tslip—-anterior - Tliﬁ

= %[(mf +m)gcos<9 —mréz]z 0 (3.29)

-3

Thus, the control torque should be:

Tslip-—anteriar sts Tslip— posterior ’gl < ecr(e) : (3‘3 O)
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Region 4. 0* <0 <90° (4,>0,4,<0,4,>0)

From inequalities (3.7a) and (3.17), one has

T2 max(Ty,,T T (3.31)

slip—posterior * ¥ slip—anterior )

Since 7 >7 as 19129'6, based on Inequaﬁty (3.13), the maximum

slip— posterior slip—anterior

and 7, should be found. Similarly, since when IG’ <0,

slip—posterior

between =

T >T

slip—anterior slip—anterior

the maximum between 7 and 7, is needed. Thus, the

slip— posterior >

following relations hold:

Mmr ) g s
Tslip—posterior — Tlif :E[(m f +m)gcos0—mrd ]z o |f=6.00)

- _nf-’i[(mf+m)g'cosé—mr9.2120 lélséa(&)

. R AP
slip—anterior - lift
A4,

The overall bounds for the control torque in the region of * <8 < 90° is

27 ]9‘] >0 (6) (3.32a) |

slip— posterior

T27T

slip—anterior |9.| < Hcr(e) (332b)
There exist three particular positions 8 = il@ *| and @ =0, at which some special
conditions should be considered.

1.6 =—6% (4,<0,4,>0,4, =0)

From Inequalities (3.7b), (3.10b) and (3.11b), the following _condiﬁons must be

satisfied to maintain the gravity and friction constraints:

<7 and ]9‘] <6, (-0") (3.33)

slip— posterior
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2.0=0° (4,=0,4,>0,4,>0)

Based on the results shown in Inequality (3.6), (3.15) and (3.16), the gravity constraint

and the friction constraint will both be satisfied under the following conditions:

T <r<t and |9‘] <6.(0) (3.34)

slip—anterior = ¥ slip- posterior

3.0=6"(4,>0,4,=0,4, >0)

From Inequalities (3.7a), (3.10a) and (3.115), the following conditions must be

satisfied to maintain the gravity and friction constraints:

and |9'| <6 (6") (3.35)

T2 z-slip—an'zferiort
Overall, the control bounds are summarized in Table 3.2.

Table 3.2 Control bounds satisfying the gravity and the friction constraints.

-90°<@P<-9*%| O=-0%* —-g¥r<f<@* 0=06% f*<0<90°
Igl S 66, T S Tslip—po.rterior T:Iip—-anlerior S T S T:lip—pasteric T 2‘ Txlip—anlm'ar
High z causes posterior High ¢ causes Low ¢ causes anterior
posterior slipping .
L slipping
slipping : _ :
Low 7 causes
anterior slipping
| g'l > gc T < T anterior Regardless of the control torque, the T2T 0 erior
friction constraint is violated.
High 7 causes Low T causes
anterior posterior
slipping slipping

- Table 3.2 shows that in all the regions, the bounds of the control torque are determined
by the friction constraint only. This indicates that the friction constraint is more dominant

as compared with the gravity constraint. Thus the gravity constraint is not needed to be
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considered since it is always satisfied if the ﬁiction constraint is satisfied. Table 3.2 also
shows that keeping angular veiocity below the critical value is very important when biped
is around upright position (within two critical angles). .To the best of this author’s
knowledge, it is shown here for the first time that the angular velocity plays a important
| role in balancing control. If this ;:ondition is violated, regardless of the control torque, the

friction constraint is violated, slipping will occur.

3.5.2 Effects of all constraints

In this section, the bounds of the control torque satisfying all three constraints will be
determi'nedv and their effects on bipedalvstanding will be investigated. For simplicity, the
angle of the biped is rést_ricted to —0* < 0 < @*. The gravity constraint and the tip-over
constraint are not in effect since the former is always satisfied when the friction constraint
is satisfied and fhe latter is equivalent to the COP constraint. The control bounds and the
conditions satisfying the friction and COP constraint are considered simultaneously,‘ and

the results are:

max(z—slip—anterior’ Tcap—toe) <7< min(rslip— posterior? Tcop—heel ) (3 36&)
and  |6] < min(é,,,6.,) (3.36b)
- Where ¢ rcap_h;e, and 7, . are defined in Equations (3.11d),

slip—anterior > T slip- posterior »
(3.116), (3.22b) and (3.22¢). «96, ; and 9ch are defined in Equations (3.11c) and (3.23b).
| First comparing 6,,, and 8., as detailed in the APPENDIX A, it is found that in most of
the region within +6*, the minimum critical angular velocity is determined by the

friction constraint. However, there is a small range between —lg !, shown in Equation
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(A5), and the upright position, the minimum angular velocity is determined by the COP

constraint.

Inequality (3.36) is valid under the condition that the upper bound of the control torque .
is higher than the lower bound. Due to the complexity of the mathematical forms of the
torques, the numerical results are explored and a parametric analysis is conducted to
obtain an overall understanding of the effects of the constraint on balancing of bipedal

standing. Three sets of parameters, narhely the friction coefficient, g (which has
significant influence on the friction force between the foot-link and the g;ourid); length of

the foot-link, L, (which can pfovide important information for choosing proper feet

length during bipedal robots design); and the location of the mass center, » (which
indicates the mass distribution of designed bipedai robots), were analyzed systematically.
There are two objectives. One is to identify the regions in the phase plane with valid and
invalid control- bounds, named controllable regions and uncontrollable regions,
respectively. In the controllable regions, it is possible- to design a balancing control, while
in the uncontrollable regions, regardless of the control torque, constraints will be violated,
and balancing is impossible. Another objective is to determine the range of the cbhtrol
torque. A large range of control‘torque is desirable for balancing control design. This
parametric analysis will help us to gain a comprehensive understanding of the effects of
the constraints on biped standing. The parameters from previous literature (Pai et al

| 1997) are used as basic parameters here and are listed in Table 3.3.
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Table 3.3 Physical parameters

Body height H=1.78m

Body mass mass = 80 kg

Foot-link mass | mg=2*0.0145*mass = 2.32 kg
' Pendulum mass m = mass - my=77.68 kg

Length of ankle-to-center of fhass r=0.575*H=1.02m -
Horizontal ankle-to-heel distance a=0.19%L;=0.05m

Vertical ankle height b=0.039*H=0.07m
Foot-link length Le=0.152*H=027m
Pendulum length L=H-b=1.71m
Coefficient of friction 4=0.5

Gravity acceleration g=9.80 m/s®

Horizontal ankle-to-center of foot ¢c=0.5*Lf—a=0.085m

A computer program is developed to determine the minimum between 7y, oserior

and 7, and 7 as shown in Inequality

cop—heet » @0d the maximum between z;

lip—anterior cop—toe

(3 36) Next min (Tslip— posterior? Tcop—heel ) and 'max(z—slip—anterior’ Tcop—toe ) are comp ared to

assure the validity of the control bounds.

Two sets of Figures are presented. In Figures 3.2, 3.4 and 3.6, the regions with valid
control bounds are shown as regions 1-3 in Whife color, while the regiéns with invalid
‘c0ntrol bounds are shown in gray color. Regions 1-3 are defined by. different control
bounds, which are determined from different constraints as shovs./n in }Table 34. The
horizontal axis is the angular displacement, and the vertical axis is the angular velocity of
the biped. Curves are separators of regions that satisfy and violate a constraint. For
example, in Figures 3.2, 3.4 and 3.6, curves a, b are separators of regions that satisfy COP

constraint and friction constraint, respectively. The regions below these curves are good
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regions. Figures 3.3, 3.5 and 3.7 show the ranges of the .control torque determined by the
upper(grid surfaces) and lower control bounds. The smooth gray surfaces are the lower
bounds and the grid surfaces are the upper bounds (smooth surfaces), where x-axis is the
angular displacement, y-axis is the angular velocity of the biped, and z-axis is the control

torque. -

Validity of the bounds, i.e., the upper control bound is higher than the lower control
bound indicates the satisfaction of the constraints, and the possibility of designing a

control law to satisfy the constraints.

Table 3.4 Summary of the coﬁtrol bounds satisfying all three constraints

State space region Control bounds
Regionl Tcop—toe <7< Tslx]u—-posterior
Region2 : T cop—toe <7< T cop~heel
Region3 Tslip—anterior <7< T cop—heel

3.5.2a Effects of friction coefficient

This section examines how friction coefficients affth the controllable regions, the
control bounds imposed on the control torque and the critical angular velocity. Friction
coefficient affects the friction force and the friction constraint. Investigating the effects of |
friction coefficient on controllable regions, control bounds and critical angular Qelocity

will help us prevent biped slipping on the ground. The friction coefficient, u, varies from .

0.15 to 1, and all other parameters are shown in Table 3.3. Since the results are
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consistent, for the sake. of brevity, the results for the friction coefficients of 0.15, 0.5 and

1 are presented.

Figure 3.2 shows the controllable regions (in white) and non-controllable regions (in

gray) in the phase plane. The horizontal axis is the angular displacement within the

critical angles i«9*,‘ which depend on the friction coefficient. As shown in Equation
(3.11¢c), the critical angular velocity is independent of the friction coefficient. Thus,
changes in the friction coefficient have no effects on the critical angular velocity. It was
 first found that as the friction coefficient is greater than 0.15, regardless of the changes in
the friction coefficient, the constraints, determim'ng_ each region as shown in Table 3.4,
remain the same. Region 2 is determined by the COP constraints, while regions 1 and' 3
are determined by both friction and COP constraints as shown in Table 3.4. Figure 3.2a
shows that with a low friction coefficient, friction constraint is dominant since a large
portion of the controllable region is determined by the friction constraint (regions 1 and
3). From Figure 3.2b and 3.2c, it can be seen that as the friction coefficient increases, the
controllable regions, especially region 2, enlarge significantly, while the uncontrollable
regions I and II reduce significantly. A large region 2 indicates thét With .modest and high
friction 'coefﬁciént, the COP constraint becomes dominant; ie., fipping- over is the main
concern. Note that the region around the upright position, such as region 2, is of special
interests for the following two reasons: (1) with small disturbance dxiring standing,
bipeds, e.g. humans, respond as an inverted peﬁdulum by keeping knees and the hip
straight (Kuo 1995), and (2) the biped will ultimately reside in such a region. Thus in the
following sections, results related to the states'in a region around the upright 'position will

be presented and discussed in detail.
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The bounds of the control torque as the friction coefficient varies from 0.15 to 1 are
shown in Figure 3.3. The control bounds for region 2 are determined by the COP
constraint, as shown in Table 3.4, which are independent of the friction coefficient. Thus,
changes in the friction coefficient have no effects on the control bounds in region 2.
Figure 353 shows - that thé control bound determined by the COPV constréint, are not
sensitive to the angle and angular velocity at the ankle joint, and the range is large, which
makes the control design feasible. However, the control bounds determined by the friction
constraint (e.g. region 1 and 3) are sensitive to the changes in the angle and angular
velocity, and the range of the control torque decreases signiﬁcantly, which makes the

design of balancing control difficult.

Overall, it was found that in most part of the controllable region, the critical angular
velocity is determined by the friction constraint, and keeping the angular velocity below
the critical value is important. Otherwise, regardless of the control torque, the friction
constraints will be violated and balance control is out of the question. Although the
friction ‘constraint determines the critical angular velocity in most of the regions, the
friction coefficient has no effects on the critical angular velocity as shown in Equation
(3.1 1c). With a low friction coefficient, the controllable region is small and the control
bounds are mainly defermined by the friction constraint, indicating that the friction
constraint is a main concern. As the friction coefficient increases, the controllable region
enlarges significantly, especially the region determined by the COP constraint (region 2).
The range of the control torque in region 2 is indépendent from the friction coefficient,

and is much higher as compared with the range associated with the friction constraint.
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Thus, as the friction coefficient is modest or reasonably high, the friction coefficient has
little effects on balance control of bipedal standing.
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3.5.2b Effects of the length of the foot-link

This section examines how the length of the foot-link affects the controllable regions,

control bounds and. critical angular velocity. As the length of the foot-link (L) varies

with respect to height of the biped (H) from 0 to 0.380, all other parameters remain the
same and are shown in Table 3.3, the controllable and non-controllable regions are shown

ih Figure 3.4, and the bounds of the control torque are shown in Figure 3.5.

Figure 3.4 shows that, as proven in the appendix, the critical angular veldcity in most
of fhe controllabie regions is determined by the friction constraint, which is independent
of the length of the foot-link. The constraints determining each controllable region as
shown in Table 3.4 remain unchanged in spite of the changes in the length of tfle foot-
link. The overall controllable regions enlarge marginally with the increase in the length of
the foot-link. Note that region 2 decreases while regions 1 and 3 enlarge significantly with
the increase in the length of thé foot-link. Referring to Table 3.4, the control bounds of
regions 1 and 3 are determined by the friction and COP constraints, respectively,
indicating that as the length of >the foot-link increases, the fn'ction constraint plays a more
important role in determining the control bounds. This is not surprising. For example in
region 3, the lower con&ol bound is determined by the maximum between the friction

constraint (7 ). As shown in Equation (3.22¢c),

slip—anterior

) and the COP constraint (7, s,

Tcop—toe »

with negative values, decreases with the increase in the length of the foot-link

L.). Thus, = becomes the maximum in a larger region 3.
f

slip—anterior

Figure 3.5 shows that the positive upper control bound determined by the COP

constraint increases marginally, but the negative lower bound by the COP constraint
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decreases significantly with the increase in the length of the foét—link. Thus, the range of
the control torque increases significantly in region 2, which makes .the control design
feasible. Since thgcontrol bounds determined by the friction constraint is independent of
the length of the foot-link, the changes in the length of the foot-link has no effects on the
friction-related control bounds. The control bounds from the friction constraint are
sensitive to the angular displacement and angular velocity of the‘ biped. Thus, as the biped
deviates from the upright position, the range of the control torque decreases significantly
making the control design challenging. Although Figure 3.4a shows a large controllable
region as the length of the foot-link is zero, Figure 3.5a sﬁéws that the range of the
control tofque is 'zero, i.e., the control torque is predetermined by the constraints, which,
in general, can not stabilize the biped at the upright position since it is not meant for

balance control.
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3.5.2¢ Effects of the location of the mass center

This section examines the effects of the location of the mass center on the controllable
. regions, control bounds and critical angular velocity. As the location of the masse center
r varies with respect to the height of the biped (H) from 0 to 0.958, all other parameters
remain the same as shown in Table 3.3. The controllable regions and the critical angular
velocity are shown in Figure 3.6, and the bounds of the control torque are shown in

Figure 3.7.

Figure 3.6a shows that as the mass center is close to the ankle, the critical angular
velocity is high and the controllable regions are large. As the mass center moves up on
the biped, the critical angular velocities decrease significantly, so do the controllable
regions as shown in Figures 3.6b and 3.6¢c. However, comparing Figures 3.6b and 3.6¢, it
| can be seen that the éontroll.able regions decrease only marginally. Figure 3.7 shows that
the ranges of the control torque in regions 1, 2 and 3 are not sensitive to the location of
thé mass center and, the constraints determining the control bounds as shown in Table 3.4

remain the same regardless of the location of the mass center. The results indicate that as

r/H is above 0.5 and in a region around the up right position within % 20°, the location of

the mass center has little effects on the controllable region and the control bounds.
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3.6 Discussions

During balance control of bipedal standing, all constraints between the foot-link and
the ground must be maintained as demonstrated in the previous work (Pai and Patton
1997). The satisfaction of these constraints imposes bounds on the control torque, which
is cfucial for designing balance control laws. In addition, underétanding the interactions
among the constraints enable us to gain an understanding of the mechanics .of bipedal
b.-alancing, which is important to the development of bipedal robots. Since the COP
~ constraint and the tip-over constraint are equivalent as both feet are assumed to be on the
level .ground, in this work, the effects of the three constraints, namely the gravity
constraiht, friction constraint and COP constraint, on balance control of a planar biped

during standing are investigated.

Analytical solutions to the bounds of the controlled ankle torque satisfying each
iﬁdividual constraint, and satisfying both the gravity and friction constraints
simultaneously are determined. The control bounds satisfying ali three constraints are also
obtained using a numerical method. Such control bounds are presented versus the angle
and the angular veloci;cy. A large range of the control torque is desirable since it makes
the control design feasible. Furthermore, the results of control bounds show explicitly the
specific constraint causing such bounds, which, in turn, predicts the specific constraint to
be violated and the corresponding potential movement of the foot-link. For example, in
region 2 of ‘Figures 3.2, 3.4 and 3.6, fhe control bounds are determined by the COP

constraint, i.e. tip-over constraint. If the ankle torque is too high, above 7, .., the COP

will move behind the heel, i.e., the foot-link will rotate about the heel. Otherwise the foot-
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link will rotate about the toe. Either way the COP (tip-over) constraint is violated, but the
foot-link will move in a very different way. Thus, the solutions to the control bounds are
not only important for designing balance control laws, but also helpful for preparing

protective measures for bipedal robots.

Regions in the phase plane satisfying all the constraints are determined. More
importantly, regions within which the constraints cannot be satisfied are also identified. If
the states of the biped fall in such regions, regardless of the control torque, the constraints
will be violated and stabilization cannot be achieved. The effects of the friction
c;oefﬁcient, the length of the foot-link and location of the mass center of the pendulum on

the above regions have also been investigated.

Through this work, it was found that the satisfaction of the constraints imposes not
only the bounds to the control torque, but also conditions on the angular velocity of the
biped. The critical angular velocity has also been determined analytically. It is further
found that in a region around the upright position, if the angular velocity is above the
critical value, regardless of the control torque, the constraints cannot be satisfied. This
region is eXtremely important since the biped will reside in it ultimately. Thus, keeping

' the angular velocity below the critical value is crucial in balance control.

Comparing the gravity constraint and the friction constraint, the friction constraint is
more important in’that, once the friction constraint is satisfied, the gravity constraint is
automatically satisfied. Comparing the friction constraint and the COP constraint in the
region 2, the critical anglﬂar velocity for the biped under study is determined by the

“friction constraint in most of the region, indicating the importance of the friction
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constraint. However, as the angular velocity is below the critical value and with a modest
and high friction coefficient, the bounds of the control torque are determined only by the
COP constraint. Since the COP constraint is equivalent to the tip-over constraint, the
(COP) tip—over constraint is the most dominant among three constraints. This finding
shows the importance of the foot design in satisfying the COP constraint, and

consequently all three constraints in balance control of bipedal standing.

The Work, presented in this chapter, is a comprehensive investigdtion of the effects of
all constraints between the foot-link and the ground on the balancing of biped standing
while the ﬁiction coefficient, the length of the‘ foot-link and the location of the mass
center are varied. Tvyo sets of r.esult}s have been presented, controllable / uncontrollable

regions and ranges of the control torque.

Overall, it was found that in most of the controllable region, the critical angular
velocity is determined by the friction constraint, and keeping the angular velocity below
the critical value is important. Otherwise, regardless of the control torque, the friction
constraints will be violated and balance control is out of the question. Although the
friction constraint determines the critical angular velocity in most of the regions, the
friction coefficient has no effects on the critical angular velocity as shown in Equation
(A10). With a Alow value of friction coefficient, the controllable region is very small and
the control bounds are mainly determined by the friction constraint, indicating that the
| friction constraint is a main concern. As the friction coefficient increases, the controllable
- region enlarges significantly, especially the region determined by the COP constraint

(region 2). The range of the control torque in region 2 is independent from the friction
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coefficient, and is much higher as compared with the range associated with the fn'ction‘
constraint. Thus, as long as the friction coefficient is modest or reasonably high, the
| ﬁictiqn coefficient has little effects on balance control of bipedal standing. The overall
controllable regions enlarge marginally with the increase in the length of the foot-link. As
the length of the foot-link increases, the friction constraint plays a more important role in
determining the control bounds. As the mass center is close to the ankle, the critical
angular velocity is high and the controllable regions are large. The location of the mass
center has little effects on the controllable region and the control bounds as long as r/H is

above 0.5.

This work is a comprehensive investigation of the effects of constraints on baléncing
of bipedal standing and is believed important.to the development of bipedél walking
robots. The work has significant impact on balance control of bipedal standing, since
satisfaction of constraints between the foot-link and the ground is imperative in control
desigﬁ.‘Furthermore, these results also reveal interesting physical insights into the effects
of constraints on bipedal standing, the interactions among ‘the constraints and between the
biped and the environment. Such insights allow us to understand the mechanics of bipedal
balancing, which has .positive impact on developing better bipedal robots. In next chapter,
the importance of considering constraints during control law design will be demonstrated.‘
A stability region will be determined based on the concept of Lyapunov exponent from a

mathematical model and will be compared with previous work.



Chapter 4

Stability Analysis of Bipedal Standing Using the
Concept of Lyapunov Exponents Based on a

Mathematical Modél |

4.1 Introduction

The balancé control of disturbed bipedal standing is important for preventing falls of
humans and bipedal robots. Stabilization of bipedal models has attracted much attention
in the past two decades. Various control strategies such as adaptive control (Chew and
Pratt 2001), sliding mode control (Mu and Wu 2004), neural network (Kupérstein and
Wang 1990, Narendra and Parthasarathy 1990, and Bersini and Gorrini 1997), and fuzzy
control (Zhi and Chunwen 2003) have beeﬁ deVeloped. In much of the previous work,
bipedal foot-link were assumed to be fixed on the ground once they contacted the ground,
i.e., the constraints between the foot-link and the ground were assumed to be satisfied
automatically, and the controllers were designed only for motion regulation. There exist
several constraints between the foot-link and the ground. In Chapter 3, the effects of
constraints on balance control of a simplified two-dimensional biped during standing

were investigated, and the bounds imposed on the control torque due to the constraints

84



Stability Analysis of Bipedal Standing Using the Concept of Lyapunov Exponents 85
Based on a Mathematical Model

were determined. »Such control bounds have sigxﬁﬁcant effects on designing balance
control laws. Furthermore, it is found that the angular velocity of the 1t;iped plays a crucial
role in satisfying the constraints, i.e., the angular velocity must. be kept below the critical
value. Thus,. a balance control law of bipedal standing should be designed for motion
regulation while satisfying the control bounds and meeting the requirement of the angular

velocity. Such a design task is extremely challenging.

Another challenge for balancing bipedal standing is the lack of a_single quantitati_ve
criterion and an effective tool for stability analysis. Wu ef al. (1998a, 1998b) developed
mathematical models to study the control mechanisms of human trunk movement during
walking. The cohtrol laws were designed based\ on Lyapunév’s stability theory. The
limitation of the Lyapunov’s stability control is due to the difficulties in deriving a
Lyapunov function, whjch, in turn, restricts the control design. Pai and Patton (1997)
investigated balance control Qf human standing with the consideration of the constraints
between the foot-link and the ground. They defermined the feasible stability boundaries
using the computer simulations of movément termination with the aid of an optimization
routine. The limitation, ﬂom a viewpoint of stability, comes from their definition of the
stability, i.e., the center of mass of the biped can be moved into a region between the heel
and the toe within a short time period (1s) and with a zero angular velocity. However, the
bipeds satisfying their criteria may still fall away from the upright position. Thus, the

long-term behaviours of dynamical systems should be considered.

Lyapunov’s stability analysis of a biped during standing is a challenging task. Due to

the lack of constructive methods for deriving Lyapunov functions, Lyapunov’s second



Stability Analysis of Bipedal Standing Using the Concept of Lyapunov Exponents 86
Based on a Mathematical Model '

method is difficult to use in highly nonlinear systems. Sekhavat et al. (2004) employed
the concept of Lyapunov exponents to analyze the stability of nonlinear dynamical

systems and showed that the method is constructive and powerful.

The goal of the work is to investigate the balance control and to analyze the stability of
a biped during‘disturbed standing while satisfying the constraint‘s between the foot-link
dnd the ground. The biped model is simplified as an inverted pendulum with one rigid
foot-link on the level groimd. It has been reported that standing human subjects, when
perturbed by small disturbance, typically respond by moving in a segittal plane (which is
the vertical anterior to bosterior plane), and they tend to keep the knees, hi];rs, and neck
straight, moving about the ankle (Kuo 1995). Thus, it is reasonable to simplify a biped as
a simple inverted pendulum moving in the sagittal plane. The foot-link is in contact with
the ground, but is not fixed. Three constraints are considered, i.e., no lifting, no' slippage,
and the centerof pressure (COP) remaining within the contact region between the foot-
link and the ground. A PD-based state switching feedback control law is designed to
stabilize the biped to the upright position while satisfying all constrairrts. The stability of
- the constrained control system is analyzed using the concept of Lyapunov exponents and
a stability region is determined. Techniques developed by Wolf et al.. (1985) for smooth
systems, and extended by Miiller (1995) te non-smooth- sysfems, together with non-
standard finite difference scheme developed by Mickens (1994), are combined to improve
the numerical stability and the compdtational efficiency. In this chapter, the syétematic
mathematical deri\{ations will not be included, but will summarize the major dynamic
equations and mathematical form of trle constraints. Please refer to Sections 3.2 and 3.3

in Chapter 3 for detailed derivations and explanations.
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The dynamic equatidns for the bipedal system are:

f=mgrsin49—(l+mr2)é (3.3a)
Fo, = mrd cos @ —mr? sin @ : : (3.3b)
Fo, =(my +m)g—mr67$in«9-mr6"2 cos @ (3.3¢)

The three constraints are written as (Pai and Patton 1997):

F,20 (3.4a)
|Fo| < 1, (3.4b)
0<x, <L, (3.4c)

From Equation (3.2c¢), the pressure center (X, ) is

bF g, —t+cm g
F

Xoop =L —a- (3.4d)

&
4.2  Controller Design

A PD-based switching state feedbac;k control law is designed to stabilize the biped at
 the upright posture while keepiﬁg the foot-link stationafy. The controllf;r considers each
constraint, shown in Equation (3.2), and determines the maximum and minimum feasible
tofque necessary to satisfy the constraints between the foot-link and the ground. The
controller is a simple PD control as the éontrol torque is within the control bounds, and it
takes the value of the control bounds as it approaches the bounds. The controller is shown

as:

@22 lf Tlower < Tpp < Tupper
T= Tupper lf Tpp 2 Tupper (41)

T 1ower lf kTPD Sz-lawer :
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where 7p, = kp9+kd9 , the upper bound r and the lower bound 7, depend on

upper
the state space, ie., & and @, which have been determined in Section 3.5. The block

diagram of the controller is shown in Figure 4.1.

Note that the control law is designed to satisfy only the control bounds. The condition

imposed on the angular velocity is not considered in the control design, but it is used as a

criterion to terminate the controller and the simulations if it is violated.

Tupper Clower Algori ¢
gorithm to

- Determine Bounds

Y

o AN Model :
uppd) . Dynagtics 6,6
PD > > B >
(Plant)
Tlower
State Feedback

Figure 4.1. Block diagram of the control system subjected to IHI < 9c,itica, .

4.3  Stability Analysis

Stability analysis investigates the long-term behaviqr of motion under the inﬂﬁence of
a disturbance in the initial states. For stable motion, the effects of the disturbance are
insignificant, i.e., the disturbed motion stays close to the undisturbed one.-In the unstable
case, an infinitesimal disturbance causes a considerable change in the motionv(Most et al.
2004). In this work, stability is defined based on Lyapunov’s stability theory, and is
analyzed using the concept of Lyapunov exponents. If the largest Lyapunov exponent
converges to a constant negative value, the dynamical system is exponentially stable

about the equilibrium point, which is the upright posture. Since it is almost impossible to
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get the theoretical expression of Lyapunov exponents for our highly nonlinear bipedal
system, the numerical method based on Wolf’s work (Wolf ez al. 1985) is developed.

The state space model of the system is derived by defining the state vector

x= {9, 6"}T = {xI » X, }T and combining Equation (4.1) with Equation (3.1a):

T

: 2 U(‘ T lower < Trp < Tupper (Re glonl)
fi(x) =3 mgrsinx, — 7, ‘

M
X, :
x=f(x)=1f(x)=ymgrsinx, =7, if Tp2 T oper (Region2)  (4.2)
L M

e
fi(x)=<mgrsinx, —17,,,,
M

i <7, (Re gion3)

L \

The above 2-dimensional  state-space model leads to two Lyapunov exponents. The
's}igns of the Lyapunov exponents provide qualitative information about the system
stability. Note that within each region, the control torque 7z is smooth. The conﬁoller 1s
- overall continuous, but the non-differentiable points occur at the instants of switching,
where the derivatiye of the right-hand side of the state space model shown in Equation
(4.2) do not exist. Thus, linearization of the nonlinear equations at fhese points, required
by the calculation of Lyapunov exponents, is addressed by resorting to the workbf Miiller
(1995) in which the conventional calculatibn procedﬁre (Wolf et al. 1985) has beeni
extended to systems with non-differential points. Since the stability of the system is
investigated based on the signs of the exponents, suppression of numerical instabilities is
of significant importanée. Furthermore, since the calculation of Lyapunov exponents
should. be carried out over a sufficiently long period of time, the computational efficiency

 becomes important. The nonstandard finite difference discrete scheme proposed by
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Mickens (1994 and 2002) and Mickens and Gumel (2002) can solve the Iabove two
problems. The scheme is capable of providing results with step-size larger than Runge-
Kutta method, and thus, enhances the efficiency of computation (Sekhavat ef al. 2004,
Abo-Shanab et al. 2005). The non-standa:;d finite difference schemes developed in this
research are described in Section 4.3. They are used to suppress the numerical instabilities
and to improve calculation efficiency. The procedure of calculating Lyapunov exponents
from mathématjcal model is described in Chapter 2.

It is known that although Lyapunov exponents aré calculated along a vsingle solution
trajectory, they have the-same values fof ali trajectories in the same stability region. Thus
it is considered as a state space property. The Stability region is defined to include initial
states, from which, using our PD based switching state controller, the biped can be
stabilized to the upright position with all of the largest Lyapunov exponent being
convergent to the same negative x}alue. To determine the stability region, thé algorithm
developed by Nusse and Yorke (1998) is adapted, where the region of interest is first
divided into grid boxes. The grid box at the oﬁgin of the state-space (also called ‘center
box’) contains the staBle equilibrium point. Next, the size of neighboring grid boxes is
chosen and Lyapunov exponents are calculated using the initial states from each
neighboring box. If the same convergent and negative exponents are obtained, the

-neighboring grid box belongs to the stability region.

4.4 Calculation of Lyapunov Exponents for a Bipedal Model

In this section, the nonstandard finite difference schemes, which consider all cases
corresponding to different control regions shown as Région 1, Region2 and Region3 in

Equation (4.2), are presented. Note that within Region 1, Regi6n2 and Region3, control
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torque 7 is smooth. Nonstandard finite difference schemes are developed by following
Mickens’ rules (Mickens 1994 and 2002). While, at the instants of switching points, due
to the eXisténce of non-differentiable points, the lineérized equations are evaluated using
the indicator function, A(x), and the transition function, g(x), both defined based on the
physical behaviour of the system. The indicator' function h(x) is at least one time
continuously differentiable function and determines the instant of the non—differentiabie
point. The transition function g{x)describes the transition conditions at each instént of

th¢ non-differentiable point. The indicator function and Jacobian of transition condition
are chosen based on Miiller’s method (Miiller 1995).

Overall, when the nonstandard finite difference schemes were constructed, two cases
should be considered. One is smooth case, i.e., in region 1, 2, and 3, the other is
nonsmoofh (non-differentiable) case, i.e., at the switching points. Thé reason of using
nonstandard finite difference scheme is to suppress the numerical instabilities and to
improve calculati.on efficiency. The key issue in numerical integration of our PD;based
. switching control system is to determine the regions and the switching points. The
procedure . of numerical integration using nonstandard finite difference scheme is
- presented as follows.

Step 1: For a given initial statg, control torque and control bounds are
| calculated based on the equations developed in Section 3.5. Each
integrated point is considered as a “trial” point until the switching

condition shown in (4.1) is checked.
S;ep 2: Check thé state points. If no switching occurs, the point rémains in

same regions and next state is obtained based on numerical
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Step 3:

Step 4.

integration using nonstandard finite difference scheme corresponding
to this region. If one switching occurs, next state is obtained based
on numerical integration using nonstandard finite difference scheme '
corresponding to switching points. The transition .conditidn of the
linearized equations is calculatéd according to Miiller’s method
(Miiller 1995).

Using GSR prbcedure to obtain the orthonormal vectors, calculating
Lyapunov exponents.

Continuously integrate until targe't is achieved or terminafe By

conditions obtained from constraints

4.4.1 Smooth cases:

In Regionl:

The nonlinear equation is:

x2
x=f (x) =< mgrsinx, —7,, ' 4.3)
M

which can be written in a matrix form

where

X Ju
W e
Su =%

mgrsinx, — kpx, — kvx
f;z — g lep 1 2 (45)

The linearization results in:
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& = F(x)ox
where

Y
0x,
%
Ox,

%
Jin = o,

s _
S = 5=

[fm fnzﬂ:’%
S iz ‘xs

[ 0 1 H;@
S S .xs

m
axz - [fm
af_l? Jin
ox,

iz
F1 =
) f}
fnz =

Y _
Ox,
%,

o, =T Y
’ 122 axz H]

=0,

—kp

mgr COS X,

[X3 xﬂ
Xs  Xg

x4] _[ % }
Xg JinXs + finXs  finXy + fianXs

So.

Sin%s + fip%s
_f121x4 + flzzxé_

~Since f;,, <0, according to Mickens’ Rules, one has

new
Xs =2x,  —Xs

new
X =2Xx;  —Xg

The nonstandard finite difference scheme was constructed as:

(4.6)

(4.7)

4.8)

(4.9)

(4.10)
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X" = xp + hxy

| xznéw = {xz + h%(mgrsin(xlnew) —kpxlnew)}/(l + h—g—-]

23" = x5 + hxs " @.11)
x4new = X4 + hxg

x5 = {(1 —Mfi2)%x5 + hfio1x3"" }/ (1-21f12,)

xg" " = {(1 ~Mfig2)x6 +hfin1xa" " }/ (1-2hf157)

Us.ing this nonstandard finite difference scheme, both nonlinear differential equations
of motioﬁ and linearized differential equations of motion are integrated one step
simultaneously, the new states and new principal vectors are obtained. Then using GSR
procedure, orthonormal vectors are generated. Following the procedure described in
Section 2.2 in Chapter 2, the whole spectra of the Lyapunov exponents is calculated. The
same discussion holds for Region 2, ‘Region 3 aﬁd for every switching pqint.

In Region2:

The nonlinear equation is:

X =/n
x=f (x)= mgr S x| — Typper : 4.12)
I; = f2

_ Where
Soo =

mgrsinx; 1
M M[mr(asinx; —bcosx;)—M]

{m2r2g sin xj(asinx; —bcosx;)

+M[rﬁrx§‘(a cosxj + bsinxy)— +am)gl}

(Lf’"f
2

which can be written in a matrix form
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[h}z{le} @13
Xy | S .
The linearization results in:
F = Fy (x)ox : 4.14)
where,
o Oy
Ox; . Bxo far Jfa2
Fy(x)=| 21 72 =[ (4.15)
Ur ¥ | | fo1 So2
6x1 6.762
o1 - 0f
f211=%.=0, f212_=——2l=1,
Xl ‘ 8x2
of
f221=—‘a22
by

= {mr{gcosx M—sz(asinx —bcosx )-l—,mrxz(a2 +b2)+mrgb
1 2 1 1 2

o Lmy L 2
~(acosx; +bsinxy )( 5 +am)g}/[mr(asinx; —bcosx ) —~M]
0 mrxs (acosx; +bsinx |
ks V2 2.( : 1) (4.16)
0xy mr(asinx; —bcosx;)—M
[5‘3 554}:_1’211 o] [xs x4
X5 Xg| [Sao1 JSa2 | %5 X6
[ o 1 [ [x3 x4 (4.17)
| f221 S22 ] [*s %6

i X5 - X }

| foo1x3 + fa22%5  fa21%a + f222%6
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So

i J21 ]
X2 S22
. *s (4.18)

X4 x6
x5 | | Sa21%3 + f222%5

X6 | | S221%4 + f222%6

The nonstandard finite difference scheme is;

xlnew =X +hJC2

X" = {xy + hfy (%", %2)} @19
new '

X3 =Xx3 + hx5

x4 = x4 + hxg

when f222 >0 5 let

X5 = 2x5 - xsnew
(4.20)

X6 = 2x6 — x6new

then
| x5 = {(1+2hf222 )xs +hf221x3new}/(1+hf222)

' 4.21)
xg" " = {(1 + 20500 i + hfaa 14" }/ 1+ 422

when f57, <0, let

x5 =2x5"" — x5
4 (4.22)

X6 = 2x6new — X6

then
Vx5n€W = kl —_ hf222 )x5 + hf221x3new }/(1— 2hf222) ’

| | (4.23)
X6 = {(1 = 322 Jx6 + hf221x4new}/(1 ~22)
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Following the -same procedure described in Region 1, Lyapunov e;?goneflts can be
calculated.
In Region3:

The nonlinear equation is:

. ~ X =3
x=f3(X)= mgrsin Xy —Tjpwer = f (4.24)
—J32
M
where
| fyy = &S | {m?‘rzgsinxl[(Lf —a)sinx

M M{M +mr{(Ly —a)sinx; +bcosx]}

+bcosx 2 - —bsi - Lymy -
11+ Mmrxj[(Ly —a)cosx) —bsinx;]— M| > +(L g —a)m]g}

which can be written in a matrix form

X1 f31
= 4.25
ME e

The linearization results in:

é;@(x)@‘ | (4.26)
where~
S0 I
oxy 6x2:
.‘f311=-afi=0, f312=%—1—=1 | -

6x1 . 8x2
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. 5 | . - -
f321= 32 = mr 5 {gcosx1M+Mx%[(Lf —a)sinx
oxy {M +mr{ (L —a)sinx) +bcosx]}
| 2 2 e - Lymy
+bcosx) ] +mrxy (a” +b°) +mrgb—[(L s —a)cosxy —bsinx] +(Ly-a)ym|g
+mrgyL e (Ly —2a)}
, 0 mrxy[(Lp —a)cosx; —bsinx ]
i =32 o TS — (4.28)
Oxy M +mr{(Ly —a)sinx; +bcosx] ,
[563 564]2 [ f311 f12|[x3 x4
X5 Xe| [f321 S |lxs  x6 ]
_ . ] : : (4.29)
_ 0 1 X3 X4 _|: X5 _ X6 :l
a1 faallxs xe] | fa21%3 + fa2aXs  f3a1%4 + f320%6
So
(5] T fir ]
X - fa2 '
NCH P (4.30)
JC4 x6
x5 | | f321%3 + f320%5
(X6 | [ /321%4 + f320%6 |
The nonstandard finite difference scheme is;
- xlnew =X +hJC2
Xp " ={xp +hf32(x1 xz)}
i (4.31)
x3new =X3 +th
x4new =X4 +hx6 o
when f399 >0, let
st =2x5 —xSnew o
s . : (4.32)

x6 = 2x6 - x6new
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then o
xSneW = %l + 2hf322 )x5 + hf321x3new }/(1 + hf322) 4 33)
xg"" = {(1 + 20300 Jx6 + 32154 }/(1 +hf322)
when f33 <0, let
X5 = 2x5new — X5 (4 34)
new _ |
Xg = ZXG —X6
then o
g = il —hf3y )x5 + hf3p1x3™" }/(1 - 2hf322) (4.35)

xg " = {(1 — hf322 )6 + hf321%4™ }/ (1-24f352)
Following the same procedure described in Region 1, Lyapunov exponents can be

calculated.

4.4.2 Non-smooth cases:

At the instants of switching points, the linearized equations are evaluated using the
indicator ﬁmcﬁon, h(x), and the transition function, g(x), both‘deﬁned based on the
physical behaviour of the sys"t'é’m.’

At t =1y, Regionl Switches to Region2

The indicator function is
m =7Tpp ~ Typper =0 (4.36)

Jacobian of the indicator functionis .

ohy  oh ' ~
Hy = [—6 L L } =1 h1] (4.37)
X1 6x2 )

Jacobian of the transition condition is

Gl-—-[(l) ﬂ - (4.38)
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The transition condition of the linearized equations is:

() = G |G A ~ o (x| TGS (4.39)
Hy () /1 GGD) g

where “+” and ““” sign denote the time just after and before switch instants £ .

X3 X4 11 21 i iz 2 .z4
T 5 ek

J12

xs x¢| |[S12] | S22 h1f11 + Mo fi12

_[% xa] _{[fll}_[fﬂ}} (1103 + Pipxs  hyyxg +hipxe)

, e :
= T 1 /n fz}][hu?% +hypxs  Ryyxg +hyoxg)
Xs Xg | Mifi1+hiafi2 |12 — S22

REETN 1 (A1 = S Nbuxs + xs)  (fir = farNmaxa +h12x6)]
x5 %6 mipfin+mafia [(Fi2 = faa Xixs +higxs) (fig — fao Nuixs +Fypxe)
(4.40)

Let

___Ju-fa

i hfir+ o fia
B = f12‘—f22 : (4.41)
M1l + o fio

Then

{x_q,"ew xxﬂ_[xg x4J_[0‘1h11x3 +ajhpxs - ahyyxg +djhypxg
X5 Xg

Prhiixs + Bl xs ﬂ1h113?.4"+,5'1h12x'6

J (442
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The nonstandard finite difference scheme is: -7
X1 new X1 + hxy '
B (4.43)
Cxp" = {xz + (xlnewaxz )}

when a hy; >0, let
X3 = 2X3new — X3

(449
X4 = 2X4new — X4

then

x5 = {1+ ayhyy Jo3 —ayhygxs }/(1+ 2001y )

» (4.45)
x4new _ {(1 + alhll)x4 _a1h12x6 }/(1 + 2a1h11)
when 0517111 <0, let
x3 =2x3 — X3 i (4.46)
Xq=2%4 — x4new
then '
xgnew - {(1 — 2a1hu)x3 - a1h12x5 }/(1 - alhll) (4.47)
xg" = {{1- 2?‘1,.’111)?64 - athypx6 (1 —_alhll)
when Sihyy >0, let
x5 =2x5"" — x5 (4.48)
x6 = 2x6new - x6 I
thén | .
x5" = {(1 + it Jxs = Bily e }/ (L+241012) (4.49)
xg" " = {(1 + Prha Jes = Prharxg™™ }/(1 +2ph5)
when fihyy <0, let
x5 = 25 — x5"W o
s (4.50)

X6 =2x6 —xg"
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then :
x5 = {(1 —2Bihya x5 — Byl yxs" }/(1 - Pihys)

4.51)
xg" " = {(1 ~2fih2 Y6 — Prhy1xg"” }/(1 - Bih2)
Following the same procedure described in Region 1, Lyapunov exponents can be
calculated. -
At t =t,, Region2 Switches to Regionl
Indicator function is
hy =h =Toy = Typper =0 (4.52)
Jacobian of indicator function is
Hy =H; = {22 %J [y M) (4.53)
J acobiah of transition condition is
Gy =Gy = B (1)] (4.54)
The transition condition of the linearized equations is:
813 = G (™ )8(E5) (G2 () fo (e ) - i ) | 2G5 ) s

Hz () f2(x(#2))

- where “+” and “_” sign denote the time just after and before switch instants z, .

X3 X4 | - —
. hy h
o e LeHE st
0 1jxs x| ([0 1]/22] /12 lhy, hlz{leil"
o - )
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—_— <

_[xs x4 _{[fm}_[fu}} [yyxs +Ipxs  hyyxg +hipxg]
xs X6 | |U22] L/N12 mifar+hiafa

A 1 [ f21 —fn}[
= = hiixs +hyaxs  hypxg +hypxg ]
Xs X6 | Mmifor+hofafor -2 -

x3 x| 1 [(f21 = fu)bn1xs + haxs)  (far —finlnixa +h12x6)}
x5 x| hyfar+mafa | (Fo2 = Ao Xbixs +hiaxs) (faz = fia Xuixa +hipxg)

(4.56)
Let
__ Ja-/n
hi1f11 + M2 f12
= f ~ |
By = - 22 hlz , (4.57)
11/11 + 2 /12
Then
x3" x, W _{xz» x4} {azhuxs +aphipxs  aphyixg +052h12x6] .58
x5 xg" | x5 x| | Pahxs + Balaxs  Pahiixg + Pahiaxe
The nonstandard finite difference scheme is:
X1 new =.X1.,.+ hx2 (4 59)
x" = {22 ;hf 22 (x1newzx2 )}
when a2k11 > O, let
o =2 (4.60)
X4 =2)C4new —Xq
then
= U+ aghyy s — aghypxs /(1 + 200l ) o “ 61).

={{t+ aghi g —ashpxe 1+ 20501)
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when ayhj; <0, let

X3 = ZX3 - X3new

(4.62)
X4 =2x4 _x4new
then
23" ={(1-2ayhy1 Je3 — aghypxs /(1 - ayhyy) (4.63)
x4 ={(1= 200 by Jxq — o hypxg } (11— anhyy) |
when fohyy >0, let
| xs =2x5"" — x5 (4.64)
xg =2xg"" —xg
then '
x5 = {(1 + Bolna Jxs = Bohiyxs™ }/(1 +2f2h12) (4.65)
x6new - {1 + ﬂ2h12 )x6 — ﬂzhu)&'z‘,new }/(1 + 2ﬂ2h12)
when Byhyp <0, let
x5 =2x5 —x5"" (4.66)
xg =2x%¢ _x6new
Then : -
x5 = {(1.— 2Bk )5 — Boh1x3"” }/.(1 ) (4.67)

xsn_ew = {(1 =2k )6 — Bohyyxs" }/ (1-Baha)
'Following the Asamé procedure described in Region 1, Lyapunov exponents can be
calculated.

At t= t3, Regionl Switches to Region3

Indicator function is :
7 =Ty ~Tiower =0 ' (4.68)
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Jacobian of indicator function is

oh oh
Hj = ["——a 3 = } =lhg1 3y (4.69)
xl 6.762

Jacobian of transition condition is

1 0 :
Gy =[O 1] (4.70)

The transition condition of the linearized equations is:

' — - - - Hy(x7)ox(ts
SH(1) = Gy (7)) ~ G (A (5 ) — f (o) | 2 B @7
H3(x7) f1(x(#3))
where “+” and “_” sign denote the time just after and before switch instants ¢, .
x3new ‘x new
xsneW x6new
X3 X4
' , [731 h32{ J
Tl 2He TR
0 1jxs x| ([0 1]/12] [f32 1
(31 f3,
: Sz
HEE _{[m}_[ﬁl}}[hqx:s +hapxs  hy1xg + 3]
x5 x6] (/12 /32 k3111 + M2 /12
(x5 x4 ] 1 ) _f11—f31}[ L
= - hyix3 +hpxs  hapxg +hagxg)
x5 X6 | Mfii+hafialfi2- S5
HEREAN 1 (fi1 = faNbarxs +hapxs)  (fi1 = f31 N1 +h32x6)}
x5 x6| haifir+haafis | (fiz = FaoKhsixs +hsaxs) (fia = fao Nbsixa +spxe),
4.72)

‘Let . T
__ Ju-fu
h31f11 + 32 /12
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fio— 1 |
By =—212 232 4.73)
3111 + M2 /12
then
X3 x e =[X3 x4}_[a3h31x3 +tashyxs  azhyixg 'f‘a3h32x6:]' @74 |
xs"" xg™" | x5 x| | F3h31xs +P3hiaxs  Pihsixg + P3hzpxg
The nonstandard finite difference scheme is:
xlnew =X + th (4 75)
X" = {Xz +hfy (xlnew,xz )}
when a3hz; >0, let
x3 =2x3"" — x3 @76
g =2x4"Y — x4 '
~ then
13" = {1+ ar3h3y Jx3 — azhspxs (1 + 2a3h31) @7
x4 = {1+ ashy )xg — azhsyxg (1 +2a3h31)
when azh3; <0, let e
X3 :." ZJC3 —X3ne . (4 78)
-X4 = ZJC4 _x4new
-then ) R
03" = {(1-2a3h31 )3 — o3 hayxs }/ (1~ shy) 79
x4 = {(1-203h31 g — a3h3pxg } /(1 - a3hsy) |
when ﬂ3h32 >0 s let .
x5 = 2x5new — .)C5
(4.80)

Xg = 2x6new'f X6
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then
x5 = {(1 + Bahsg x5 — Byhyy 3™ }/(1 +23h3;)

(4.81)
X6 = {(1 + Bahsy Jxg = Bahy1xg™™ }/ (1 +2p3h32)
when fB3h3y <0, let
X5 = 2.7C5 - xSnew
(4.82)
xg =2x6 —xg""
then ‘
”"W={(1—z k3o )xs5 — B3k "ew}/(l—-,B h3y)
X5 P3h3y Jxs — P3hzrx3™" 313 453)
xg " = {(1 —2B3h3p g — Pahz1xg"” }/ (1-B3hs;)
Following the same procedure described in Region 1, Lyapunov exponents can be
calculated.
At t =t4, Region3 Switches to Regionl
Indicator function is
hy =h3 =Tcy = Tioper =0 » (4.84)
Jacobian of indicator function is
Ohs Oh
Hy = Hj =[*—3- —3]’—"[}131 k3 ] (4.85)
- 6x1 6x2—
. Jacobian of transition condition is e
1.0 |
Gy =G5 = 4.86
4=G3 [0 1] | (4.86)
The transition condition bf the linearized equations is: )
e Hy(x7)o(t7) |
&(13) = G4(x7)dx(t5) ~ [G4 () f3(x(t4)) = f1(x(t4 )] 2 4 (4.87)

Hy(x7)f3(x(24))

where “+” and “_” sign denote the time just after and before switch instants 74.
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==a =

x5 X6
o X3 JC4 A
- - 731 h32{ ]
|1 0}["3 x4}_{[1 0 f31}[f11}} . X5 Xg
10 1f x5 x6 0 1§ 32| |12 sy R {leJ
31 M3
/32
_[x x4 _{{fm]_[fu—}[hn?% +h3pxs  h3yxg +hapxg]
x5 x6| ||f32] [f12) h31/31+h33 /32
(x3 x4 ] 1 _f314—f11][
= - : h31x3 +hggxs  hapxg + hpxg)
| %5 X6 ] h31f31+h3af3 | f32 - fi2 |
HE:EEAE 1 (51— Aults1xs +hpxs)  (f31— firNhs1xg +k32x6)}
x5 x| haifsr+hanfi | (a2 — fia Kisixs +haaxs) (faz — fio Nhsixa +hapxe)

(4.88)
Let
__ fai—/u
h31/31 + 32 f32
By = f32 = J12 (4.89)
h31/31 +h3p f32
then -

[’_‘3"6‘” x4new}[x3 x4} [“4”31"3 +aghyxs - aghyixg +0‘4h32x6:| 4.90)

xs"™ x| X5 x6] |Pahnixz+Pahzpxs  Pahzixg + Pahzrxe

" The nonstandard finite difference scheme is:

[N

L R (4.91)
xy" = {rz +hfy) (xlnew,xz )}
when a4hy; >0, let
%5 =25 = @9)

X4 = 2x4new — X4
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then o
x3new ={(1+a4h31)x3 _a4h32x5}/(1+2a4h31) (4 93)
xq" " = {1+ aghy1 Jxg — aghpng }(1+ 2a4h3:)
when a4h37 <0, let
xy =203 — 3" (4.94)
x4 =2x4 —x4"
then
x3new ={(1-—26!4h31))€3 _a4h32x5}/(1—a4h31) (4 95)
x4new = (1 - 20!4h31))€4 — a4h32x6 }/(1 - a4h31)
when ﬂ4h32 >_O ) let
x5 = 25" x5 4.96)
Xg = 2x6new —Xg
then
xs" " = {<1 + Bahzz x5 — Bahzixs"” }/(1 +2B4h3) (4.97)
x5 {1+ Bahsy i - Pals g {1+ 2 yhsy)
when fB4h3, <0, let |
S x5 =2x5 - x5 (4.98)
) X6 =2x6—xg
" then | |
X5 {(1 234 32) :B4 n¥ 3"ew}/(l _'B“_h”) (“1.99)

Xg = {(1 —2p,hy )xs = fihyyx,"" }/(1 = ﬂ4h32)
Following the same procedure described in Region 1, Lyaplilnoxhl‘ é;cponents can be

calculated.
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4.5 Numerical Results and Discussion

In this section, the numerical results of angular displacements, angular velocities,
control torques, control bounds and stability regions determined using Lyapunov
exponents are presented and discussed. The simulation program is written using Matlab.
Numerical integration time step-size # = 0.0005 second, the time series includes_20,000
data values or points. All simulations were conducted using the same physical parameters
as those from the reference (Pai and Patton 1997), which together with the control gains,
are listed in Table 4.1.

Table 4.1 Physical parameters and control gains

Body height H=1.78m

Body mass mass = 80 kg

Foot-link mass me = 2*%0.0145*mass = 2.32 kg
Pendulum mass m = mass - mg= 77.68 kg
Length of ankle-to-center of rﬁass r=0.575*H=1.02m
Footlink length L;=0.152*H=027m
Horizontal ankle-to-heel distance a=0.19*L;=0.05m
Vertical ankle height ' b=10.039¥H=0.07 m
Horizontal ankle-to-center.of foot-link ' c=0.5 *r—a=0.085m
Pendulum length L=H-b=171m
Coefficient of friction -7 =05

Gravity acceleration .o g =9.80 m/s”

Control gain B Kp = 10000 Nm

Control gain 1 Ka= 2000 Nms
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4.5.1 Comparison of conventional PD control and svTitc_lfing state

control

To demonstrate the importance of satisfying the constraints between the foot-link and
the ground for the control design, a conventional PD controller,” designed without the
consideration of the constraints, is compafed with our state-switching controller.

Simulation results are shown in Figure 4.2.

@ -

)

N
|
|

NSimulation of Conventional PD Control
-2

Simulation of Switching PD Control

Angular displacements (degree)

8l
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Figure 4.2 Simulation results using a conventional PD controller and the PD-based
switching state feedback control, (a) Simulated angular displacements, (b) Control
torques.

Figure 42a shows the simulated angular displacements using a conventional PD
feedback controller and our"PD-based switching state feedback controller to stabilize the

biped from the initial states 8, =0rad and 6, = —0.6rad / sec to the upright position.

Same control gains were used for both controllers. The horizontal axis is simulation time,
| and the Verti.c-alvaxis is the angular displaceiﬁént. The solid line represents the angular
displacement from our switching _staté cbhtroller, and the dash line represents the one
from the conventional PD controller. From Figure .4.2a, 0;'16 can see that using the
cpnventional PD controller, the biped is stabilized to the upri.ghtmf;)sition within 0.5
second, while using our PD-based switching state controﬁer, the biped oscillates

approximately 3 seconds, and then settles down at the upright position. The transient
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perio’d from the switching state control system is longer due to the contart;l bounds
determined by the constraints.

Figure 4.2b shows the control torques from our PD-based switching state controller
(the solid line), the conventional PD controller (the dash line) and the control bounds
(dotted lines) satisfying the constraints. The horizontal axis is simulation time, and the
vertical axis is the values of the control torque. Figure 4.2b shows that the control torque,
determined from our switching state feedback controller, is always within the control
bounds, indicating that the constraints between the foot-link and the ground are satisfied,
while the control torque from the conventional PD controller is below the lowef bound of
the control torque. This indicates that if the foot-link is not fixed on the ground, the
constraints, shown in Inequality (3.4)., will be violated, and stabilization of the biped
robot is out of the question. While for a hqman subject, he/she can use hip control
strategy, upper bod}; and arms movements, even change the base of support to prevent
falls.

Together with the simulé{éd. angular ‘displacemeﬁt shown by the solid line in Figure
4.2__::1, it can be concluded fhat our PD-based syY_itching state feedback controller can
stabilize the biped at the upright position meanwhile satisfying the constraints shown in
j Inequality (3;4). The simulation results, shdvs;ﬂ in Figure 4.2, indicate the importance to
consider the constraints between the f(\)oi-‘link and the ground when the balance control

law is designed.

4.5.2 Stability analysis and stability region

Two Lyapunov -exponents for the control system shown in Equation (4.2) were

calculated. Since Lyapunov exponents involve long-term averaged behaviours of the



Stability Analysis of Bipedal Standing Using the Concept of Lyapunov Exponents 114

- Based on a Mathematical Model

system, through sirhulations, it was observed fhat for the system with paTamet;rs given in
Table 4.1, after 100 seconds, the largest Lyapunov exponent converges to —10.3318, and
the second Lyapunov exponent converges to —18.0704‘. Thus, the control system shown
in Equation (4.2) is exponentially stable about the equilibrium point, which is the upright
position.

Since Lyapunov exponents remain the same values within the same stability region,
the determination of the stability region become an important part of the stability analysis.
To determine the stability region, the aléorithm developed by Nusse and Yorke (1998) is
adapted, where the region of interest is first divided into grid boxes. The grid box at the
‘origin of the state-space (also caued ‘center box’) contains the stable equilibrium point.
Next, the size of neighboring gﬁd boxes is chosen and Lyapunov exponents are calculated "
using the initial states from each neighboring box. If the same convergent and negative
exponents are obtained, the neighboring grid box belongs to the stability region. In this
work the stability region around the states {Orad ~0.6rad / sec} was determined based on
the largest Lyapunov expoﬁé;lt.,_il" he biped leaning ;;osteriorly was considered only, i.e.,
the angular displacement ranged from 0° to positive 63° since leaning posteriorly is
consid;:red mqre_dangerous.

--Theregion I" ;= {9,9;00 <0<63°& —.3.6;’ad /s<0<0.7rad / s} was divided into
grid boxes neighboring the center box v;/ith sizes of 5° and 0.1 rad/s for 6 and @, |

respectively.

The determined stability region is compared with the previous work (Pai and Patton
1997) based on a different stability definition. In their work, the stability was defined

based on the clinical observations on balance control of human subjects. From an initial
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position, with an initial angular velocity, if the center of mass of the bipqea can be moved
by the control torque determined by an optimal algorithm into a region between the heel
and the toe within a short time period (1s) and with a zero angular velocity, this initial

state is included in stability region they defined. Both results are shown in Figure 4.3.
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Figure 4.3 Stability regions determined by Lyapunov exponents
and from previous work (Pai and Patton 1997).

-~In -Figure 4.3, the horizontal axis V<v)n the top is the angular displacemént, and the
vertical axis on the right is the angulalj'~ v‘velocity. of the biped, The horizontal axis af the
bottom of Figure 4.3 is the position of the center of mass normalizec} to the length of the
foot-link, and the vertical axis on the left is the velocity of the mass center normalized to
body height, as defined in the referencek‘(Piai .and Patton 1997). In Figure 4.3, the region

surrounded by the solid curve represents the stability region obtained in the previous
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work (Pai and Patton 1997) where neither forward falls nor backward Talls of a human
subject would be initiated. Dots are the initial stat'es such that convergent and negative
Lyapunov exponents were obtained using our PD-baeed switching state feedback )
controller, while stars are initial states such that convergent Lyapu_nov exponents cannot
be obtained. Our simulations show that the region surrounded by the dots is a stability
region, i.e., the bipedal model can be stabilized at the upright position with the foot-link
remaining stationary. Note that such a region surrounded by dots is a part of the stability
region, but not necessarily the entire stability region. Finding the entire stability region is
important, but it is off the scope of this work. For the region outside the stars, convergent
Lyapunov exponents cannot be obtained. Our simulation results further show that in the
region outside.the stars, failure to obtain convergent Lyapunov exponents is due to the
violation of the constraints between the foot-link and the ground. This is because our PD-
based switching state controller cannot keep the angular velocity Below the critical value.
With the consﬁaints violated, the biped collapses, which terminates the simulation.
Although the definitions "er{’ stability and the criteria in determining the stability
regions, used in this work and the previous-one (Pai ana Patton 1997), are significantly
different, Figure 4.3 shows that both stability regions agree overall reasonably well.
| Eepeeiaﬁy as %he angular displacement below 30° and as the value of the angular velocity
lower than Irad/s, the stability region ﬁom our work is almost identical to the one from
the previous work (Pai and Patton 1997). Note that the deﬁni;[ion of the stability used in
the previous work was besed on the observations of balancing co.ntrolﬂof human subjects
and was intended to developing a clinical tool to assess a pefson’s ability to maintain

standing posture. Such a definition only concerns the system performance within a short
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time period, while Lyapunov stability deals with long-term dynamic behaviour. The

agreement between the two stability regions suggests that the two stability concepts are
related and, to certain extent, are equivalent. The equivalgnce indicates that the concept of
Lyapunov exponents has great potential to be used as a measure for assessing a person’s

ability to maintain the upright posture during disturbed/undisturbed standing.
4.6  Further Discussion on Stability Region

‘In spite of the agreement, there are some differences in the two stability regions. In the
stability region surrounded by the solid curve (Pai and Patton 1997), there are stars (S,
" Sa, ..., S7), where, based on the conceﬁt of Lyapunov exponents, the biped cannot be
stabilized at the upright position. Simulation results of the angular displacement and
velocity using our PD-based switching state controller are shown in Figure 4.4, with the

initial states 6, = 10° and 90 =—1.1rad / sec, corresponding to the star S; in Figure 4.3.

~ In Figure 4.4a, the solid line represents the angular displacement, and the dotted lines
represent the anéular displacements of the biped when its center of mass is above the base
of support. In Figure 4.4b, the solid line represents the angular velocity and the dash line
represents the zero angular velocity, which is one of the requirements for determining the
| stability region (Pai et al. 1997). Figure 4.4 §hows that the center of mass of the biped
- Ioves- iﬁto the region between the h.ee‘i\and the toe within 0.3 second. The angular
velocity reaches close to zero at approkirﬁate 1 second '(-0. O8rad/sec). According té the
cﬁterié from the previous work (Pai and Patton 1997), star S, is in the stability region.
However, as one observes the bipedal movement for a longer period of time, the
controller cannot keep the biped close to the upright position due to the limited‘coAnt-rol

torque. As the biped falls out of the stability region determined from the previous work.
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(Pai and Patton 1997), the angular velocity increases, which causes the violation of the
constraints. Once the constraints are violated, balance control is out of the question;

simulation is terminated and Lyapunov exponents cannot be determined.
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Figure 4.4 Simulated motion of S; in Figure 4.3.
(a) Angular displacement, (b) Angular velocity.

On the other hand, outside the stability region from the previous work (Pai and Patton
1997), there are dots, such as Dj, D,, and Ds, etc., shown in Figure 4.3, where Lyapunov
exponents converge and are negative, indicating that the biped can be stabilized about the

upright position. Simulation results of the angular displacement and velocity using our

. | PD-baéed sw_itching state conﬁoller are shown in Figure 4.5, with the initial states
. 0;=50° and 6, = -2.6rad / sec, corrcspbn&i.ﬁg to the dot D3 in Figure 4.3.

Figure 4.5 shows that the anglilar dii:spl“acement (the solid line in Figure 4.52) reéches
the reégion where the center of mass of the biped is above the heel within the time period
of 1 se;:ond, but the angular velocity is below zero (-0.14rad/sec). Based on the criteria in
the previous work (Pai and Patton 1997), dot Dj; is outside the stability region. Howe\}er,

the simulation results show that the biped can be stabilized around the upright position
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with the transient period of approXimately 1.6 seconds while keep?g the foot-link
stationary. This is also supported by the fact that the Lyapunov exponents are all negative.
The discrepancy between our work and the previous work (Pai and Patton 1997)

occurs mainly in the region where the biped leans posteriorly with a large angle

(6, >30°) and with a high value of the angular velocity (8, <—I.4rad /sec). 1t is

unrealistic that humans and bipedal robots lean posteriorly about the ankle keeping the
knees and the hip straight at such a large angle and with such a hlgh angular velocity.
Note that in the previous work (Pai and Patton 1997), the stability region with only

negative angular velocity was determined. Thus, no comparison can be made as the biped

model is around the upright position, within —9° and 3°.
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Figure 4.5 Simulated motion of D3 in Figure 4.3
(a) angular displacement, (b) angular velqcity.

10

The comparison of the stability region determined by the Lyapunov exponent with the

“controllable regions”, defined as the regions that it is possible to design a controller to

stabilize the biped to ﬁprigﬁt _pqs_i,tion and to maintain the foot-link still on the ground is

shown in Figure 4.6. Such “controllable regions” are determined by satisfying all

constraints (refer Section 3.5 in Chapter 3 for detailed discussions).
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Figure 4.6 Stability region

In Figure 4.6, x-axis is the angular displacement of the biped, and y-axis is the angular
velocity. Only the biped leaning posteriorly is >considered, i.e.; the angular foot
displacemeht ranges from 0° to positive 63° since leaning posteriorly is considerea more
dangerous. The grey regions ~are termed as ‘“uncontrollable regions”, while the
“controllable regions;’ is shown as the white regiens.'Both white and grey regions are

| ﬁ4rth¢r divided into sub-regions, where the qpptrol bounds are determined by different
- constraints (refer Section 3.5 in Chaptgr ?.‘for detailed discussions). In the grey regions,
rega_,rdless of the controllers, the constréinfs between the foot-link and the ground wiil be
violated. Thus, if is impossible to design any controllers to stabilize the biped while
keeping the foot-link stationary. Dots and stars in Figure 4.6 are defined the same as those

in Figure 4.3. Thus,the region sﬁrrounded'by dots represents the stability regions using

our PD-based switching state controller. The biped with the states in the region outside
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the stars is unstable. Our simulations show that, in the region outside the?:ars,;the limited
control torque is not adequate to balance the biped. As the biped deviates from the upright
position, the gngula; velocity increases higher than ﬁhe critical value, i.e., the biped falls
in the “uncontrollable region”, where the constraints betvs{'ee'n the foot-link and the ground

are violated. -

Results, shown in Figure 4.6, raise two important issues. One is that the stability region
only takes a small portion of the “controllable region”. This is due to the simple PD-based
switching state control. Thus, designing an advanced nonlinear controller that‘ can
stabilize the biped in a large portion of the “controllable region” is highly desirable.
Another issue is that the instability region outside the stars is dictated by the condition on
the angular velocity. This is because the controller was designed to satisfy the control
bounds. The condition imposed on the angular velocity was not considered in the control
design, but it was checked and once it is violated, the simulation was terminated, and thev
biped was considered collapsed. This finding indicates that the consideration of the

condition imposed on the angular velocity in the control design is important.
4.7  Summary

~ In this chapter, the balance control of disturbed bipedal standing is investigated. A simple
* PD-based switching state feedback con§r9_1 is proposed, which determine the ankle torque
to stabilize the biped at the upright poemre -While satisfying the constrainvtsvbetweer'l the
foot-link and the ground. The importance of consideration of the constraints between the
foot-link and the ground when designing' the balance control law is demonstrated. The

same inverted pendulum model presented in Chapter 3 is used. The stability of sucﬁ a

control system is analyzed using the concept of Lyapunov exponents, and.a stability
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region is determined. Since Lyapunov exponents are calculated=nun;erically, a |
nonstandard finite difference scheme is constructed in detail to ensure the numerical
stability and imp;_ove the computational efficiency. Non-smooth instants are expressed
using Miiller’s method. Stability region is determined using the concept of Lyapunov
exponent based on the mathematical model and basin of attraction method. Furthermore,
the stability region is compared and agrees well with the one from '&16 previous work that
predicts the feasible movement during which balance of human standing can be
maintained. This agreement shows the potential of the concept of Lyapunov exponents to
be used as a measure of balancé control of human standing. The work contributes to
bipedal balance control, which is importaﬁt in the development of bipedal walking:

machines.



Chapter 5
Stability Analysis of Bipedal Standing via Lyapunov
Exponents Calculated from a Time Series Using

Nonlinear Mapping — A Case Study

5.1 Introduction - -

In this chapter, a method for stability analysis based on Lyapunov exponents calculated
from time series for potentially stable engineering systems is described. The time series
used in this paper is obtained from numerical simulation of the matherﬁatical model,
which is derived for balancing of a bipedal robot subjected to the constraints between the
foot-link and tﬁe ground (detailed in reference Yang and Wu 2005, 2006a, 2006b, 2006c¢).
The method of higher order Taxlor séries expansion for generating local neighbour-to-
neighbour mapping in order ‘to construct more acgl_{rate- mapping matrices Js is presented
in detail. This work belongs to step 2 and step 3 in the procedure described in Chapter 2,

_' whole spectra of Lyapunov exponents can be obtained.
5.2  Method
In this section, the main procedure of calculating Lyapunov exponents based on time

series given in Chapter 2 is reviewed and the problem that prohibits the applications are

pointed out. Next, how to use higher-order Taylor series expansion getting more accurate

125 -
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local neighborhood-to-neighborhood mapping is introduced, and then second-order
Taylor series expansion is taken as an example to demonstrate how to obtain local
neighborhood-to-neighborhood mapping, the. coefficients which are needed for describing
the mapping and how to construct the mapping matrices Js, which play an important role

on calculating Lyapunov exponents.

The reconstruction method has been developed for the construction of the phase space
in which the dynamics of the system dwells. The result of this reconstruction is a d-
dimensional embedding space (phase space) in which one may observe the attractor. One
can view the evolution in the reconstructed phase space of the many dimensional
dynamics in a quantitative fashion in the time domain. The d -dimensional embedding
space enclosing the attractor should be sufﬁciéntly large than the dimension of the real
system d ‘that all the geometric information about the attractor is exposed in the

| embedding space. Takens’ formal result requires dz > 2d +1 assuring one of a faithful

representation of the m dimensional attractor as seen in the d E -dimensional embedding

space, but often, in pracﬁce, dg >d will do. The method of phase space reconstruction

seeks to construct from thex(n)’s dg-dimensional vectors which, when embedded in

: RYE describes the full dynamical evolution of the system.

In this work, the author assumes that the embedding dimension d g is known, the data
set is accurate and long enough. The noise is absent from the time series when we receive

them.
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Following the developmental work of numerous others (Wolf et al. TSSS, Bckmann et
al. 1986, Bryant et al. 1990, Rauf and Ahmed 1991, Abarbanel ef al. 1991, 1992, 1996,
Sano and Sawada 1995, Williams 1997, Sakai et al. 2003), a set of lagged variables

x(n) ,x(n+ Tiag) s x(n+2Tp4q ) 5., x(n+(d g —1I}4g ) is used. They act as the coordinates

in a dp -dimensional space in which the dynamics producing the x(r) ’s is fully captured

* or embedded.

The procedure of Calculating Lyapunov exponents from a time series includes the

following steps (Williams 1997, Brown et al. 1991):
1. Reconstructing the dynamics in a finite dimensional space.

Choose an embedding dimension dg and construct a dg-dimensional orbit representing

the time evolution of the system by the time-lag method. This means we define
Vi =(xi:xi+T[ag ""’xi+(dE_1)T[ag) | .1

where Tiae 1is the time lag This provides the fuducial trajectory for the analysis of
Lyapunov exponents.

2. Determining-the neighbors of y;, i.e., the point y; of the orbit which are contained in

* a shellof suitable radius r, and 7, center_gad at y;,

< | 62

Panin <[5 = 7
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3. Determining the dy xdgmatrix J; which describes how the time evolution sends
small vectors around X;to small vectors aroundX;,;." The matrix J; is obtained by
looking for neighbors X jof X;, and imposing - |

Ji(%; —X%) = Xj — X ‘ (5:3)
The elements of J;are obtained by a least-squares fit (described later)
4. Step 3 gives a sequencé of matricesJ;, Ji5y, Jitagy.---- Using QR decomposition,
one determines successively orthogonél matrices 95 and upper triangular matrices R j
with positive diagonal elements such that () is the unit matrix and

190 =2y
J1+1390) =0 R2)

J1j120) =R+ SN CEY
This decomposition is uni(ﬂlefexcept in the case of zero diagonal elements. Then

Lyapunov exponents A are given by

A= SR A (5.5)
k Tkj:O R(])u )

Where K is the available number of métrices, T is sampling time step, i =1,2,...,dg

5. Repeating Step 2 through Step 4 along the fiducial trajectory, until the convergent

Lyapunov exponents are achieved.
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Within these five steps, it is believed that thé linear Taylor series expansion of the
embedded system prevent the applicability of the method of Lyapunov exponents to
stable systems. Nonlinear expressions, ie., the higher-order expansions instead of the
linear expression will be used. Since in principle, using higher—orde_r expansions, the local
neighborhood-to-neighborhood mapping one obtained includes more information of
underlying dynamical system than just using local linear mapping, and more accurate

‘description of the system will be achieved.
5.2.1 Generation of higher order mappings

In the Taylor series expansion, the relationship among the order of the Taylor

series, N TayQ the embedding dimension of the phase space, dp, and the minimum

number of parameters N, is given by the following equation (Zeng et al. 1992):

(5.6)

NTay dr + N !
N.=| I dp +k _1:( E Tay) ~1
r. Fel k

dg!Npy,!

Partial results based on'ﬁduaiion (5.6) are showﬁ in Table 5.1. From Table 5.1, it is

observed that N, grows rather rapidly with the order of Taylor series N, and the

Tay
dimensions of reconstructed phase spacedg . The minimum number of parameters N, is

" also the minimum number of neighbors required to ‘calculate values for the fitting

parameters in the expansion. Using less than N , neighbors would result in un-

determined least-squares fit. . S e
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Table 5.1 The minimum number of parameter N »

N, |dg=1| 2 3 4 5 6 7 8

=11 1 2 4 5 6 7 8
Ny, =2 2 14 20 27 - 35 44
Ny, =3 3 9 19 34 55 83 119 164
Np,=4| 4 14 34 69 125 209 329 494
Ny, =5 5 20 55 125 251 461 791 1286
Ny, =6 6 27 83 209 461 923 1715 | 3002
Ny, =7 7 35 119 329 791 1715 | 3431 | 6434

For a fiducial orbit y(n), its ™ neighbor is defined as y"(n), the small displacement
between y"(n) andy(n) is represented byZ r (n;Ty), after time-steplj, the sma}l
displacement is represented by Z” (n;77) . In the embedding phase si)ace, Z"(n;T}) have
dg components.

LetZ% (n;T;) be the o ‘component of Z" (n;T;) . Expanding the local neighborhood-to-

neighborhood mapping F (Which is a nonlinear furiction) in a Taylor series about the

fiducial orbit y(#n), one has

Z0,(1;) = DFog (02 (n:Tg) + D), (M Z (5 T0) Z, (15T + %)
.~ where DFG%) (n)z=§,1—;§-, (5.82)
2
¥)) ___1_ 0°F,
DFyp, (W) =2 Gyﬁﬁjy | ) (5.8b)

In summary, one can get the common form of Matrix J for any dimensiond, as follows:

a=1
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For example, _ -
1
If dg=2, Ty = 0F, + 0, 2] + F 2] (5.102)
/ |
If d =3,  Ja= R {oF,\ 2] +0F,,,2; +0F,,,7; } - (5.10b)
1
If d=4, Ty = 0F, + {OFnZ] + OF,Z] + 0F 2] + OF,Z;}  (5.100)

Once the matrix, Js, at each time instaht, is determined, Lyapunov exponents are
obtained using Equations (5.4) and (5.5). In this work, the second-order mapping, i.e., the

order of Taylor series Ny, is equal to 2, is used for constructing the mapping matrices

Js, and the derivation is presented in details when the dimension of reconstructed phase

space d is equal to 2, because the case studied here is a two dimensional system. To the

best of the author’s knowledge, this is the first time the 2™ order mapping is used to

calculate the negative Lyapunov exponents.

5.2.2 Construction of mapping matrix Jsfor N, =2, and dg =2

From Equation (5.6); the minimum number of parameters N » is equal to five, thus 5

neighbors, and 10 coefficients should be determined. In Equation (5.7), a =12, so,

Equation (5.7) can be written as

Z(wT)=0R 2 (mT)+OFoZ5(mTo)
5{61‘1112{ (s To )21 (5o )+ 208 17 (:70)23 (5 Ty )+ 012023 (. 1) 23 (570)]

| (5.11a)
Z5(m ) = 0Fy 2] (m Ty ) + 8Fp 25 (ms Th)

1
Lo 028 )+ 208002 (7028 05 ) + P28 s T 28 (o)
(5.11b)
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Re-writing Equation (5.11) in a matrix form, one has
Z{ (mTy) :[Ju -712} Z{ (mTp) 5.12
(25_ (n;Tl)] T In 25 05T) 6B
where

1 -
J11 =0 +5[5ﬁ112{(n;T0)+5FllzZ§(fl;To)]

1 |

J12 =0F3 +5[5F11221r(n;T0)+5FlzzZ§(n;To)] |

' | (5.13)
1

Ja1 =0Fy; +§;[3F21121r(n;T0)+5F21225(H;T0)]

1
Jog =0Fp +§7[3F21221r (mTo) +0F302 25 (m;,Tp)]

From Equation (5.11), 10 coefficients should be determined. These coefficients can

be determined using the least-square method, which minimizes the following distance

Ny . 2
M= 3 ”Zl(n;li)—JZ’(n;TO)” | (5.14)
i=1

To simplify the expression of Equation (5.13), let

OR1=a, 0F| =ay, OFjjy =a3, 0F = ay, 0F}y =as, 0Fy1 =by, OFy11 =by,
- OFy1y =bs, OFyy =by, 0Fyy, =bs,Z5 (n;Ty) =], (5.15)

Then Equation (5.13) can be written as

.

- 1 z)_ 1 i1
Ji1 =y +—2—; axvy +azv, |=ag +—2—a2v1 +5a3v2

3 1( i {i')_ 1 ;.1
J12 =qay +—2—'~ azv; +a5v2 =day +5a3vl +—2—a_5v2

(5.16)
} 1 1 i ) 1 i 1 ) -
J21 - b] +——2' (bzv{ +I?3v2 = bl +—2 bzvl +-—2 b3vz : A

1 1,01,
Jzz =b4 +§!-<b3v{ +b5V§)=b4 +§b3V1 +-ib5V
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The procedure of obtaining coefficients a;,b;,(i =1,...,5)is derived in details. First,

two sets of linear equations are derived by minimizing the distance based on the least- -
square method, and then the solutions to the linear equations are obtained.

The lease-square method to show the distance is:

P . PN .
M= 3|7/ (m7)- 7" (7o) - o A
i=1 i=1

N
= Z{(Zf*Juvll—J12V§)2+(Z§—J21Vf—Jzzvlz)z}
i=1 .
N ' : 2 (517
—Zp zZi- a+1av+1av vi a+—1—avi+-l—avi)vi
JA Tty et as [ —|as 5 3V T5a5v2 V2

: 2
+ % {Zé —(bl +%b2vf +%b3v'2 )vf ~(b4 +—21—b3v1' +-;—b5v’2 )v’z}

whereal,bl,va,(z =1,.. ,5) (a=1,2), are defined in Equation (5.15), Jyj, (4, j=12) are

defined in Equation (5 .16).

To minimize the above distancé, the following linear equations are obtained:

i=1

. v
- i 1 i I i i 1 1 i
—a—a—l——ZZ[Z (al +—2—a2v1 -{—-2—az3v2)v1 (a4 + 2a3v1 + 2‘15"2)"2}’ =0 (5.18a)

N B . .
£ ¥ . i 1 i i 1 i 1 i i 1 i i
_ ar_ E 2 Z] —‘(al +%a2vl‘ +T2-a3v; v — _q_4f§a3v{ +5asv2 V2 |5V =0 (5.18b)

N

d L 1 L T :
a_ A7 - a + azv1 + a3v2 v, — a4+la3v1‘+——a5v; v, Vv, =0 (5.18¢c)
Oa, ‘I 2 2" i

N e S

2 . 1 A | AT
ar_ 27~ q + azv1 + af,v2 v, —| a, +—azv; +—asv, v, v, =0 (5.184d)
604 i=1 2 . 2 " N
aH”.P‘,M"l,-1,-,--»1,-1,~,-1,-,~_O 518
—56—1:=;2_Z1— a1+—2—a2vl+—?:a3v2 v, — az4+—2—a3v,—lf§a:;v2 12 ‘2""‘2"2— (5.18¢)
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a—H——NP 2—Z';(b +lb vi+lb vi v —| b +lbvi+lb v vi_vi—O - (5 186
abl = 2 12212321 4231'252 2—1 ¢
-?—Il—%2—2i - b +lb vi+lb vi i - b +lb vi+—1—b v v"h—l—v"v" =0 (5 18 )
abz P _2 1 221 2'32 1 4 231 252 2—21-1 . g
ol & | i i i 1, ;. 1, i— i
—55-:22 Z,—| b +=bv +=bv, v, —| b, +—2—b3v1.+~2«b5v2 v, v, =0 (5.18h)
.00, g | i
Al & 1 .
—a-b—zz,z — b += bv,+ by, [vi —| b, +2bv,+ byv, |v; 0 (5.18i)
4 =l _
al & ,. .
£=22 = b += bvl+bv2 vi — b, +b,v| += bv2 vy | —vivy =0 (5.18))
s il
The above linear equations can be written as matrix form as
Uy =CA,Up =CB
where
A=(a1,a2,a3,a4,a5)T (5-193)‘
B =(by,by,b3,by,bs )F (5.19b)
T
(ZZ‘VI,ZZ:(VI) ZZ'v;v;,ZZ vz,ZZ’(vz)) (5.199)
i=1 e ‘
N N, : 4 ’
U, ={Zzgv{,22;(v,) Zz'v;v;,ZZ vz,ZZ’(vz) ] (5.19d)
i=1 i=1 .
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S 138 N, A2 Moo 1”;:.%;;‘.;
2 R Ny . I . . N, - ' N, ‘ .
DY) b b S60 |

i=1 i=1 i= i=1

1
2 i=1 i=1 i=]{/ ¥
PINTEARNED 9( () SIS WH{ Y D o 2) N> ¥ %))

PV X)L EY D S Ol ) )

i=l i= i=1

1
N, N,
v (v; )2 %Z_E v (v; )3 (5.19¢)

The solutions of the coefficients, a; and b; listed in vectors 4 and B, can be determined

provided that matrix C is invertible. In this work, it only occurred at some isolated points
that matrix C is not invertible, which have been neglected. It was found that the selection

of the time lag, 7},,, and evolving time, Ty, can affect the occurrence of non-invertible

. matrix, C. However, more in—depth research on the invertibility of matrix, C, is needed,
which remains as future work.
After getting these coefficients, the mapping matrices Js can be constructed according

to Equation (5.16)

J J
J;:[ 1 12} o - (5.20)
J21 Jzz '

" These mapping matrices Js work as the acting functions. Under the action of these

mapping functions, the small hyper-splfefe will change to hyper-ellipsoid, and then

-following the procedure deséribed in Wolf et al. (1985), the spectrum of Lyapunov

exponents will be achieved.



Stability Analysis of Bipedal Standing via Lyapunov Exponents Calculated 136
. from a Time Series Using Nonlinear Mapping — A Case Study ‘

5.3 Numerical Results and Discussions

To demonstrate that the second-order local neighborhood-to-neighborhood mapping
has more advantages than j:he local linear mapping in calculating Lyapunov exponents,
the numerical results of all Lyapunov exponents calculated from.the same time series
using the second-order local neighborhood-to-neighborhood mapping and the local linear
mapping are presented. Their relative errors with respect to the Lyapunov exponents
computed from the mathematical model are also compared and discussed here. The
bipedal balancing control system during standing subjected to constraints between the -
foot-link and the ground is used as an example. The time series is generated from the
mathematical model, of which the sirhulation progfam is written using Matlab. The initial

conditions are @y=x/36rad., Oy=-0.1rad/sec. Numerical integration time step-

size 2 = 0.0005 seconds, the time series‘ ihcludes 20,000 data. The simuiation results of thé
bipedal balancing control system are shown in Figure 5.1. In Figure 5.1a, the horizontal
axis is the simulation time, and the vertical axis is the angular displacement. The solid
line represents the angular 'displacement from the switching state controller. Figure 5.1b
shows the control torque from PD-based switching-staté controller and the control bounds
g satisfying the constraints. From Figure 4a, we can see that using the PD-based switching
: ’state controller, the biped settles down a‘t:vthe upright position after around 15 seconds.
Figure 5.1b shows that the control to-"rqule, determined from switching state feedback
controller, is always witﬁin the control bounds, indicating that the; cogs_t_rainfs between the
foot-link and the grdund are satisfied. Together with the angular displécement shown in

Figure 5.1a, it can be.concluded that PD-based switching state feedback controller can
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stabilize the biped at the upright position meanwhile satisfying the constraints shown in

Equation (3.4).

Angular displacement (degree)

2 Il L ! t 1 Il 1 (a)
5 10 15 20 25 30 35 - 40
Time (Second)
50 T T T T T T T
\
Upper control torque
0
- Switching PD control torque
$ 0 ]
@
=
g -
e
I
€ -100
3
'''' Lower control torque
-150 e '\ L~ q
(b)
_200 (" L L 3. Il 1 L
0 5 10 15 20 25 30 - 35 40
Time (s) : -

Figure 5.1 Simulation results using PD-based switching state feedback control,
. (@) simulated angular displacement, (b) control torque.



Stability Analysis of Bipedal Standing via Lyapunov Exponents Calculated 138
. from a Time Series Using Nonlinear Mapping — A Case Study o

The two Lyapunov exponents calculated from the mathematical ' model of the
constrained biped with respect to time is shown in Figure 5.2. It can be seen that in the
steady state, both exponents are always negative, and converge to -10.3318 and -18.0704,

respectively.

10 T T T T T T T T T

Lyapunov Exponents

1 L i

_20 1 1 1 i 1 ]
0 10 20 30 40 50 60 70 80 90 . 100

Time(Second)

Figuré 5.2. Lyapunov exponents calculated from the mathematical model

Note that in calculating Lyapﬁnov exponents based on a time series, the value of time

lag (7,, ), which determines the number of the data points to be used in the analysis, has

- significant effects on the accuracy of the calculated Lyapunov exponents. Takens’ results

indicate that, in principle, any choice of tags 7,,, will do. However, If T}, is too small,
the coordinates at the successive points in the phase space represent almost the same

information. On the other hand, if T,aé is too large, the successive.points represent distinct

uncorrelated descriptions of the embedding phase -space (Nusse and Yorke 1998).

Another important parameter is the evolving time, T,,,. The question of proper
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selections of the above parameters still remains open. In order to demonstrate that the
nonlinear mapping truly improves the accuracy of the calculated Lyapunov exponents and
leads to true negative exponents, in this work, large ranges of the key parameters, from

100 to 900 for both the time-lag (7}, ) and evolving time (7,,,,) are used, and the results

are presented.

5.3.1 Spectrum of Lyapunov exponents and relative errors using local
_-linear mapping

From the previous work (Yang and Wu 2005, 20064, 2006b, and 2006c¢), the bipedal
robot subjected to three constraints is a 2-dimensional nonlinear non-smooth system.
When calculating Lyapunov exponents using the linear mapping, the embedding
dimension should follow Takens’ theorem (Takens 1981),. i.e., in order to preserve the
dynamical properties of the original attréctor, theoretically the embedding dimension

should satisfyd g 22[d]+1, where dis the fractal dimension and [d] is the lowest

integer greater than d . However, there has been a misunderstanding that in practice the

minimum embedding dimension can be taken below 2[d]+1 (Nusse and Yorke 1998).

' Thl:lS first the i{llportance ;)f following Takens‘»’mtheorem was demoﬁstrated. For the

 bipedal systeiﬁ under study, a 2-dimensional phase space system based on the time delay
embedding method was reconstructed, \?vh”il‘e according to Takens’ theorem, the minimum
dimension of the embédding phase space should be 5. Then, 'the local linear mapping is
first used to construct mapping matrices and calculate the Lyapuhovxé;ponents of this 2-

~ dimensional embedding system. The values of two Lyapunoiz éxponents and the relative
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error with respect to the values obtained from mathematical model are shown in Table
5.2.

Table 5.2 Lyapunov exponents and relative errors using the local linear mapping
embedding in 2-dimensional phase space (/%’lk =-10.3318, /1; =-18.0704)

Tl ];ag A Error % Ay Error %
400 | 100 | -3.0286 | 70.69 -3.9217 78.30
200 | -3.4420 66.69 -4.3993 75.65
300 | -2.5035 75.77 -4.8993 72.89
400 | -1.6060 84.46 -4.6540 74.25
500 | -1.4051 86.40 -4.5415 74.87
500 | 100 | -2.7081 73.79 -4.1002 77.31
200 | -2.4541 76.25 -4.7122 73.92
300 | -1.9481 81.14 -5.6142 68.93
400 | -1.9017 81.59 -5.5429 69.33
500 | -1.7689 82.88 -5.4910 69.61
600 | 100 | -3.0858 70.13 -4.4933 75.13
200 | -2.5334 75.48 -5.2282 71.07
300 | -2.8566 72.35 -5.6717 68.61
400 | -2.7713 73.18 -5.1070 71.74
500 | -2.3163 | 77.58 25.7342 68.27

From Table 5.2, it is found that the minimum relative error is 67%. Thus, the results
are not acceptable, which demonstrates that it is important to follow Takens’ embedding
theorem (Takens 1981), i.e., using the local linear mapping or the linearization method to

' reéonstruct the system from a time series, the embedding dimension dgshould not be
lower than 2d +1 if the real system is d -dimensional system.

The phase space systems were reconstructed with the dimeﬁsions ranging from two to
ten, mapping matrices are constructed using the local linear mapping; and then calculated
the whole spectrum of Lyapunov expohents. It was found, based on these results, that

there are no significant improvements on thevaccuracy of the Lyapunov-exponents when
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the embedding dimension is above 5. On the other hand, the large?athe "embedding
dimension we chose, the more spurious Lyapunov exponents will be conducted. So in this
work, only the results of S—dimensional embedding phase space are presented. Since the
number of the Lyapuno? exponents is equal to the dimension of the embedding system,
five Lyapunov exponents will be conducted. All of them are shown in Figure 5.3.
Triangles, stars, plus signs, squares and diamonds represent the i Lyapunov exponent

(wherei =1,...,5).

=25

_Lyapunov Exponents
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~45
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Figure 5.3 Spéctrum of Lyapunov exponents using 1% order mapping embedding in 5-
" dimensional phase space (Triangles represent the first exponent; stars represent the
- second-exponent; plus signs represent the third exponent; squares represent the fourth
exponent and - diamonds represent the fifth exponent).

Among these five Lyapunov exponents, only two of them are the true Lyapunov
exponents, and the remaining three are spurious exponents. Identifying the actually two
Lyapunov exponents from all these five Lyapunov exponents remains a challenge.

Although some techniques have been proposed to identify the true ‘exponents, -their
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applicability depends on ‘the individual systems. On the other hand, when ;éxbessively
large dimensions are used, not only spuriéus exponents will be generated, but also in
~ some cases, the accuracy of the true exponents will be affected (Miiller 1995). From
Figure 5.3, we observed that the fourth expénent (squares) and the fifth exponent
(diamonds) ére much closer to the values calculafed from mathematical model. Since in
this work, the focus is to demonstrate the advantages of nonlinear mapping, the fourth
and fifth ’exponents, which are the closest to those calculated from the mathematiéal
model, were assumed to be the “true” Lyapunov exponents reﬁresenting the balancing of
constrained bipedal robot standing. These two Lyapunov exponents determined from
times series and their relative errors with respect to tﬁe values obtained from the
mathematical quel are shown in Table 5.3. The standard for acceptable Lyapunov
exponents was set as that the individual relative error should be below 15%, the avérége
relative error of two exponents should be below 10%. |

Table 5.3 Lyapunov exponents and relative errors using 5D local linear mapping
(4 =-103318, 4, =-18.0704)

T, Tiag A4 Error % As Error %
100. | -6.0906 41.05 | -11.3631 37.12

200 | -8.8755 14.10 -10.8925 39.72

400 - 300 ~-10.3733 0.40 -15.6721 - 13.27
: 400 -10.0746 | " 2.49 -27.7914 |- 53.80
500 -16.9300 63.86 -25.4629 40.91
100 -6.3917" 38.14 -12.1951 32.51

200 -10.2626 0.67 -12.8257 29.02
500 300 -12.7572 2348 -16.6464 7.88
400 -17.9346 73.59 -24.4320 | 35.20

500 -12.5367 21.34 -29.4321 62.87

100 -7.1900 30.41 -13.6164 24.65

200 -10.6688 3.26 -10.7559 40.48
600 |- - 300 -16.8478 | . 63.07 -19.5681 8.29
400 -19.1858 85.70 -23.3168 |~ 29.03

500 -10.0056 3.16 -34.0555 88.46-



Stability Analysis of Bipedal Standing via Lyapunov Exponents Calculated 143
. from a Time Series Using Nonlinear Mapping — A Case Study ' '

From Table 5.3, it is found that the relat'i.ve errors decrease as co—_ﬁ‘mparéd with the
values in Table 5.2. The minimum average relative error is 6.84% when time lag is 300;
evolving time is 400, while the individual relative érrors are 0.40% and 13.27%,
respectively. This result implies that using the local linear mapping, the accuracy of the
- Lyapunov exponents can be improved with the increase in the embedding dimension.
Thus, using sufficiently high embedding dimensions, i.e., satisfying Takens’ embedding
theorem (Takens 1981), is crucial when the linear mapping is used for calculating
Lyapunov exponents. However, it is observed that the accuracy of the Lyapunov
exponents is very sensitive to the choice of the time lag and evolving time. Thus,

selection of proper parameters, such as time lag 7)., and evolving time, T,,,, for

computing Lyapunov exponents, is still a very challenging problem. Another problem is
that since the dimension of embedding phase space is large than the dimension of the
robot system, 't‘hree spurious exponents are generated. How to identify the true exponents

remains challenging.

5.3.2 Spectrum of Lyapunov exponents and relative errors using

second-order mapping

‘-_In this seét'ion, the Lyapunov exponepts-b}' the bipedal control sysfem are presentéd
where the second-order local neighﬁofhbod—to-neighborhood mapping was used to
coﬁstruct more accurate mapping matrices Js. Since Takens’ er.nbedding theorem is meant
for linear mapping and since for nonlinear mapping, more infbrm;t—i;)n of the original
system is captured, the embédding dimension is chosen as tx%zo, which is equal to the

dimension of bipedal system under study. The time history of two exponents with time
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lag T, = 600 and evolving time T,,; = 400 is shown in Figure(5.4.=’f‘heir& values and

the relative errors with respect to the values obtained from the mathematical model are

shown in Table III.

.

Lyapunov exponents

_25 1 1 L 1 1 1 1 L 1
0 50 100 150 200 250 300 350 400 450 500
Calculation times

Figufe 5.4 Lyapunov exponents using 2" order mapping embedding in 2-
dimensional phase space when time lag 7j,, =600, evolving time T,,,; = 400

Figure 5.4 shows that in the steady state phase, the exponents always remain negative
and converges to -7.7221 -and -18.1672. The- propérty of the exponents remaining
~ negative indicates that the nearby traj ectorie_sl converge consistently. Such a property is an
* impoftant condition for system stabilit}f. cherwise, the stability of the systems cannot be
guaranteed even if the average exponénts are negative. Examples of Lyapunov stability

refer Slotine and Li (1991).

Two Lyapunov exponents and their relative errors with respect to the values obtained

from the mathematical model are shown in Table 5.4;
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Table 5.4 Lyapunov exponents and relative errors using 2™ order mapping eml;edding in
2-dimensional phase space ( /ff =-10.3318, /1; =-18.0704) '

Tevol - Tlag A Error % A Error %
100 -7.7220 25.26 -18.3770 1.70

200 “7.7734 24.76 -17.9987 0.40

400 300 -7.7804 24.69 | -18.0775 - 0.04
400 -7.7779 24.72 -18.1034 0.18

500 -7.7605 24.89 -18.2308 0.89

100 -9.2915 10.07 -19.7182 9.12

200 -9.3494 9.51 -18.8249 4.18

500 300 -9.3515 949 -18.9325 4.77
400 -9.3256 9.74 -19.0590 5.47

500 -9.2921 10.06 -19.1059 5.73

100 -10.5810 2.41 -22.5561 24.82

200 -10.7262 3.82 -20.2052 11.81

600 300 -10.7365 3.92 -19.7989 9.57
400 -10.7184 3.74 -19.8684 9.95

500 -10.6537 3.12 -19.9426 10.36

Based on the results shown in Table 5.4, it is found that using the second-order
mapping; firstly, the relative overall errors of the Lyapunov exponents decrease
significantly as compared with those using the local linear mapping. The minimum

average relative error is 6.74% when time lag, Tag » 1s 500, evolving time, T,,,, is 600,

while the individual relative errors are 3.12% and 10.36%, respectively. Secondly, the

- results are not sensitive to the values of time tag, 7., and evolving time, 1,1, nine sets

vol >

of results have met the requirement we'set within the range of time lag, T} » from 100 to

500, and evolving time, T,,,,, from 500 to 600. Thirdly, since the reconstructed phase

vol »

space system is 2-dimensional, only two Lyapunov exponents are conductéd. No spurious

exponents are = generated. Thus, using the second-order local neighborhood-to-
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neighborhood mapping can avoid the identification of the true Lyapuno?expc;nents from

spurious ones.

54 Discussions -

Stability analysis and stability control are important for the dévelopment of robotic
systems. Due to the limitations on the derivations of Lyapunov functions, stability
analysis and control of robotic systéms have been extremely limited. On the other hand,
Lyabunov exponents, which can be calculated from the mathematical models of the
systems or a time seﬁés, are independent from the initial conditions and can characterize
the system stability provided that the numerical artifact is under control (Sekhavat 2004).
The most attractive advantage of using a time series is that the déta for only one state is
required, which can often be measured experimentally (Wolf et al/ 1985, Sano and
Sawada 1985, Kantz and Schreiber 2004). Howevef, it has been documented that the
current methods for calculating Lyapunov exponents using a time series are valid for
chaotic systems, i.e., for qz{}culating positive Lyapunov exponents. They have been
considered not reliable for calculating negative and zero exponents.

It w_as'believed that the first-order Taylor series expréssion used in current methods for
~ calculating Lyapunov exponents based on a time series becomes unacceptable for
* potentially stable systems (Wolf et al 1985, Brown et al 1991, Zeng et al 1992). Thus,
using a higher order Taylor series e;(preséion for generating local neighborhood-to-
neighborhood mapping was proposed to calculate Lyapunov exponents based on a time
series. A control system of a biped during stahding has bee‘n‘used as an example to
demonstrate the proposed method. Two Lyapunov exponents have been calculatéd ﬁsing

a second-order local neighborhood-to-neighborhood mapping. The results.have been
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compared with those determined using a linear mapping and those obtained from the

mathematical model of the bipedal control system under study. Since the time lag Tlg

and the evolving time - 7,,,, have significant effects on the calculated Lyapunov

exponents, and there are no methods available on the selection of such paraméters, a large
range of such parameters have been used to ensure the results truly approximate the
Lyapunov exponents.
As demonstrated in Section 5.3, the nonlinear mapping has followfng advantages:
(1) The accuracy of the negative LYapunov exponents calculated using the nonlinear
mapbing is significantly improved as compared with those from the linear mapping;
(2) The sensitivity of the calculated Lyapunov exponents is significantly reduced to the
time lag and the evolving time as compared to those from the linear mapping;
(3) No spurious Lyapunov exponent is generated since the dimension of the embedding
phase space is the same as the true dimension of the original bipedal system.

The importance bf satisfyif_lg Takens’ embedding theorem is also demonstrated when
the linear mapping is used. -
In é_ddition to calculating- negative Lyapunov exbonénts, one of thé issues preventing
the applications of the concept of Lyapunov vé')gphonents to potentially stable systems is that
- Lyapunov exponents are the average d}véggenﬂconvergent rates of close-by trajectories.
| The evaluation of system stability baséd én the final average value may be prob'ler;natic

because there might be some strange trajectories that escape from or oscillate around the

boundary of the attracting region. We then propose to examine the time history of the

exponents rather than just the final average values for determining the system stability as
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discussed in Section 5.3 in that the exponents should remain negative =d?liringa-the whole
steady state phase.

Although Lyapunov exponents are calculated from a specific trajectory, they are
independent from any initial cénditions and specific trajectories within the same stability
region (Oseledec 1968, Dieci et al 1997). Thus, defermination of the stabilify region is an
important part when Lyapunov exponents are used for stability analysis. An effective and
practical algorithm for determining stability region, developed by Nusse and Yorke
(1998), is recommended here.

Although conceptually, LyapunoV exponents are related to the eigenvalues of the
linear systems, stability analysis using Lyapunov exponents is fundamentally different
from linear stability analysis in that, for linear stability analysis, the nonlinear system is

first linearized in a region around an operating point, and the eigenvalues of the linear

system are calculated. In the cases that the region of interests is not close to the operating

point or the nonlinear systems cannot be linearized, such as non-smooth systems, linear

stability analysis does not ‘}N_o,rk. The concept of Lyapunov exponents provides a

- generalization of the linear stability analysis for perturbations of steady state solutions to

time-dépendenf solutions. Although linearization is involved, it is around the points on

~ the trajectory, rather than around an operating point.

Applying Lyapunov’s second mefhdd to engineering systems, which are highly

nonlinear systems, is well-known challenging due to the lack of constructive method for

deriving a Lyapunov function. The method of calculating Lyapunov exponents developed

in this work is both systematic and constructive. Furthermore, the method is not réstricted
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to bipedal robotic systems. It can be used to general nonlinear potentialf*};'stal;le systems,

especially for practical engineering systems.



Chapter 6

Conclusions and Future Work

6.1 Contributions of This Thesis

The contributions of this thesis include three aspects. The ﬁrst contribution is that the
effects of constraints on balance control of bipedal Standing have been investigated
-rigorously. The second contribution is that the balance control of constrained bipedal
standing has been studied. The stability of this control system has been analyzed using the
_concept of Lyapunov exponents based on the mathematical model. The third contrill)ution
is that a method for analyzing potentially stable engineering systems based on the concept
of Lyapunov exponents using a time series has been developed. Each contributioh is

further elaborated below.

6.1.1 Effects of COnsti'ﬁir}j:s on balancing of bipedal standing

The effects of constrdints‘between the foot—linlf _e}nd the ground on balancing of bipedal
standirig have been investigated. To the best of the author’s knowledge, this is the first
_' systematic sft;dy on this subject. Analytiée;i ntsg)lutions to the bounds of the controlléd
ankle torque have been determined satisfgfi\ng each individual constraint, the gravity and -

friction constraints simultaneously. The control bounds satisfying all three constraints

have been obtained using a numerical method. The regions in the state space satisfying all
the constraints have been determined. More importantly, the regions that can not satisfy

~ the constraints have also been identified. If the states of the biped fall in such regions,

150
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regardless of the control torque, the constraints will be violated and stabilization cannot
be achieved. The changes in the range of the control torque versus the angle and the
angul;lr velocity have been obtained. Furthermore, the results of control bounds have
shown explicitly the specific constraint causing such bounds, which, in turn, predicts the
specific constraint to be violated and the potential movement of the foot-link once the
constraint is violated. The solutions to the control bounds are important for designing
balancing control laws. They are also helpful for preparing protective measures for the

bipedal robots.

The investigation of the effects of constraints on the bipedal robot provides Valuabie
information about the role of each individual constraint and their interactions on the
bipedal standing. This information is very helpful to gain an in-depth understandinglof
the mechanics of bipedal standing. It also provides a guideline to design suitable control

laws for balancing the bipedal standing.

- 6.1.2 Balance control and stability analysis of constrained bipedal

standing

'_I‘he balancing control of ébnstrained disturbed 1i;ipedal standing has been investigated.
~To demonstrate ;he effects of constraints on ‘balancing of bipedal standing, a PD-based
.‘ sv-x"itclﬂlwibng state controller has been de_sif;ned, and has been used to stabilize the biped
from some initial states ‘.to upright postﬁre while satisfying all constraints between the feet
aﬁd the ground. A conventional PD controller, designed without the consideration of the

constraints, has been compared with the state-switching controller. Simulation results

have shown that the control torque, determined from the switching state feedback
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controller, was. always Within the control bounds, indicating that the constraints between
the foot-link and the ground are satisfied. The control torque from the conventional PD
controller was below the lower bound of the contrql torque. This indicates that.if the foot- - -
link is not fixed on the ground, the constraints will 1t.)e violated, apd stabilization of the
biped is out of the question. The simulation results indicate the importance to consider the
constraints between the foot-link and the ground when the balance control law is
designed.

The stability of PD-based switching state control system has been analyzed using the
concept of Lyapunov exponents based on a mathematibal model, and a stability region
has been determiﬁed. Furthermore, the stability region has been compared and agreed
well with the one from the previous work-that predicts the feasible moverﬂent duﬁng
which balance of human standing can be maintained. This agreement sﬁoWs the potential
of the concept of Lyapunov exponents to be used as a measure of balance control of
human standing. The work contributes to bipedal balance control, which is important in

the development of bipedal Wélking machines.

6.1.3 Stability analysis using Lyapunov exponents based on a time

~ series
~Stability analysis and stability cont\rol\_' are important for the development of robotic'
syétems. Lyapunov’s stabilify analysis for engineering systems is well-known challenging
due to the lack of constructive method for deriving a Lyapunov function. Methods for

calculating the Lyapunov exponents based on a time series have been developed primarily

for analyzing chaotic systems, where at least one Lyapunov exponent is positive. Such
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methods are not reliable for studying potentially stable systems, where the largest
Lyapunov exponent is negative or zero. It is believed that the local linear mapping leads
to inaccurate matrices which are essential for calculating the spectrum of Lyapunov
Exponents. In this research, the method on stability analysis for potential stable
engineering systems using Lyapunov exponents based on a time series has been
developed. Higher order Taylor expansions have been used in the local neighbour-to-
- neighbour mapping to obtain more accurate mapping matrices. A control system of a
biped during standing has been used as an example to demonstrate the proposed method.
The whole spectrum of Lyapunov exponents has been numéric':ally obtained. The results
have been compared with thosé determined using a linear mapping and those obtained
from the mathematical modelbof the bipedal contfol system under study. It has been
shown that a significant improvement in the accuracy is achieved. The results show that

the nonlinear mapping has the following advantages for calculating Lyapunov exponents:

1. The abcuracy of the negative Lyapunov exponents calculated using the nonlinear
mapping is siglliﬁc;ﬁ;ly—'improved as combared with those from the linear
mapping. . -

2. The senéitfvity of the célCulated Lyapungy exponents is sigrﬁﬁcantly reduced to the

“time lag and the evolving time as compared to those from the linear mapping.

3. No spurious Lyapunov exponent is generated since the dimension of the embedding

phase space is the same as the true dimension 6f the original bipedal system.

Hence, the proposed method for calculating Lyapunov expdhents based on time series

has a great potential for obtaining negafivé Lyapunov exponents and has significant
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practical applications in engineering systems. The method of cailcuﬁting;-Lyapunov
exponents developed in this work is both systematic and constructive. Furthermore, the
method is not restricted to bipedal robotic systems. It can be used to general nonlinear

potentially stable systems, especially for practical eﬁgineering systems.

6.2 Future Work

Several recommendations are made for future work.

.(1) In order to use the proposed methodology to analyze the stability of potential
stable systemé using the concept of Lyapunov exponents based on a time series, the biped
model needs to be'expanded to .multi-linkage system.

(2) An advanced nonlinear controller satisfying both the control bdunds and the
condition on the angular. velocity needs to be designed to enlarge the stability region.
Since one limitation of the present work is that, the controller was designed satisfying
only the control bounds. The condition, imposed on the angular velocity, was not
considered in the control g_lge__sign; rather it was us_ed to terminate the controller and
simulations if the magnitudé of the angular veloéity was above the criticél value.

3) _The derivation and programming on computing Lyapunov exponents based on'a
~time series for arbitrary order of Taylor series expression and for any dimensional phase
~ space fieed to be developed.

vy s

With the above future developments; the proposed method may be used as an efficient

stability analysis tool for potentially stable engineering systems.
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Appendix A
Determination of the Minimum Critical Angular Velocity

and 9

In this section, the minimum critical angular velocity between 6, s 1S

determined analytically when—- 60" <0<6". Where 8,,; and 6,,, are critical angular

velocities determined by friction constraint and Center of Pressure (COP) constraint,
respectively, which are defined in Equations (3.11c) and (3.23b).
Subtracting square of Equation (3.11c) from square of Equation (3.23b), one has:

2 5 2 gsin0

g =
T (M cos 6 + mrb)

(cmm v+ M(m+m, )sin@ —m’r* sin 0) (AD)

Since the denominator in Equation (A1) is always positive, the numerator determines
the sign.

Examining the numerator shows two possible cases: >0, and 8<0.

Casel: 0<0<@*

_Since M =I+mr?, M(m+m,)= (I+mr2)(m—!j7_1f).> m*r?.

Assin® = 0, the numerator is always positive, one has:
0,26, (A2)

..... cr2 =

So, the minimum critical angular velcicify\ is determined by the friction constraint.
Case2: —0*%<60<0
Following the similar procedure to the case 1, and considering that si# & < 0 , one has:

> 6

crl

0 when Y—H'S¢9<§ (A3) .

cr2

8, <6, when ~ d<6<0 - (Ad)
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where:

~ . cmm ¥ . 1
¢ =—arcsin| - — | = —arcsin (AS)
I(m+m,)+mmr i( 1 +_1_)+£

cr m m C

f

r ~ . :
Furthermore, as » >> ¢, —>> I, thus € will have a very low value.
~ c

Using parameters shown in Table 3.3, 8 = 0.52°
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Appendix B

Derivation of Coefficients in Mapping Matrices

In this section, the whole procedure of calculating coefficients for mapping matrices
is given. First, minimize the distance based on least-square method, and then solve

two sets of linear equations.

Construction of Jacobian Matrix for v, =2, and dz =3
From Equation (5.6), the minimum number of parameters N pis equal to nine, thﬁs

nine neighbors, and 27 coefficients should be determined. Since dp =3, Equation
(5.7) can be written as
Z{ (mTy) = 0F 1 Z{ (n; Tp )+ 0F 2 25 (ms Ty )+ 0F13.2 (3 Tp))

+ L (0B 2 (570 + 08 2 (T )25 (o) + F o] (7025 (T )

+0F1Z5 (n; Té')%fﬁ’.l;To)“L@Flzz (25 (mTo ))2 +0F 325 (T )25 (m; Ty
+0F; 3125 (m 10)Z1 (n; Ty )+ 0F13,.25 (f?{_To 743 (n;T0)+6F133(Z§ (7o ))2}
3 _ ' (Bla)

- Z5(m ) =0Fy, Z{ (m Ty )+ 0Fpy 24 (m Ty )+ F3. 25 (T

1

1 L
+“27{5F211<Z{(";T0 ))2 +0Fy1921 (,T0)Z5 (ms To )+ 0F,13 2] (. Tp)Z5 (m T )

+0Fyp1 Z5 (10 )21 (n; Ty )+ 0F 5 (25 (1) ))2 +0F 0323 (15 )25 (T )
+0F 3125 (m T )Z{ (T )+ OF 3225 (T )25 (. T )+ 8F 33 (Zsr (T ))2}

(B1b)
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== &

Z3r(”;_T1)='3F3121r(";To)+5F3225(";T0)f OF33Z5 (3 Tp)
1 .
+5{3F311(Z1r(";T0 ))2 +0Fs1Z{ (,T0)25 (3 To )+ 0F3 13 2{ (T )23 (3 Ty )

+0F301 25 (m To )Z{ (s Ty )+ 0F 355 (25 (1o ))2 +0F3p325 (m T9)25 (T )

+0F331 23 (n T )Z{ (ns Ty )+ 0F 330 25 (T )2 (n3 Ty ) + OF333 (Zef(";To ))2}

(Blc)

Re-writing Equation (B1) in matrix form, one has

er(n’Tl) Jll J12 J13 er(n;TO)
Zg(n’Tl) = J21 J22 J23 Zg(n;TO) (B2)

Zwn)) 3 T2 In] zrir)

where

{ O 7] +0F 2 +0F,,Z;}

)-—ANI’—‘

Jip = aﬁiz +— { Ezlzr +6E222r + 6E23Zr}
Ji3 =0F;; +— { OF 5,2y + aFer +0F 75 }
Ty =0F, 4 {

(B3)

anZr +0Fy,Z; + aszzr}
T =0t L oF,, Zr + O+ OF

-

_ J23 = aF123 a_F'23er + a1:;'232‘Zr + 6}72332

——

+L
2
P ’ J3l = aFl % al:;ﬂer + aF;qu + 6F313Z
1
2
1
2

_——

Jy = 0F, +

323

J
O Z]. + 0F,5, 25 + OF .7} |
}

ar—e)

Jy3 = 0Fy +—10F,y,Z] +OF;,Z, + OF,;,Z;

333

The coefficients N, xd =9x3=27 can be determined using the least-square method

which minimize the following distance
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2 - 7

=sz“2i(n;T1)—JZ"(n;Tojl
i=1

(B4)
To simplify the expression of Equation (B3), we let
OF, =a,,0F,, =a,, OF,, =a,, OF,;; =a,, OF,, = as,
OF,;, =a4,0F,, =a,,0F; =a;,0F;; = a,
OF,, = b, 0Fy, = by, OFy, = by, 0Fy5 =b,, ‘anz = b,
OF,yy, =b;,0Fy, = b, ,0F,; =by ,0F )33 = by ,
OF;, = ¢, OF,, =¢,, OF;, =¢;, 0Fy, = ¢, OF;, =c;,
OFy, = ¢4, 0F; = ¢;,0F; =, 0F;; = ¢4
Zi(n;T0)=vi (Bs)
Then Equation (B3) can be written as:
1 i i
=q, +5{a!2v1 +a3v2 +a4v3}
1
Jy, = =as+— {a vl +a6v2 +a7v3}
Jy=ag+ {a vl +a7v2 +a9v3}
Jy=b+— { b,vi +byvi +b v3}
{ b,vi +bsv; +b,v, (B6)
1 {b +b,v, +byvi

Jyy=ct+

Iy, --cl { C,Vi + eV +c4v }
B +;{c3 +egvh +e,v }

{m re+ o)
The procedure of obtammg coefﬁclents a,-,bi,c,-,(i =1...,9) is derived in details.

First, minimize the distance based on least-square method and then solve two sets of

linear equations.



Appendix B Derivation of coefficients in Mapping Matrices 171

The lease-square method to show the distance is:

N, 2
7' (n; T, )~ JZ' (m:0)| = ;”Z -]

2

. . ; \2 . R . ;
= {(le =iV — IV, _J13v§) +(Zé =Jon —Jd v, "Jzavs)
R ; R \2
+(Z; =Ty —JIv, —J33";) }
_ 7 1{ i i vi}i 1{ i I'i i}i
=> {Z; - a1+~2— AV, + a3y, +avy (v —| as +5 v, +agv, +a,v; v,

1¢ . )2
_(as +—2—.a4v{ +a,v, +a9v;} }

+3 ¢zt —(bl +%{bzv{' +bvl +bv }]v;' —(bs +%{b3vf +bvi +b v })v;
i=1 :

1 ’ i . i i
— (bg + 5 {b‘,v1 + b7v2 +byv; })}2

N,

+3{Z: *(Cl +%{c2v; +e,v, ¢,V })v{ —-(CS +—2'{C3Vf +egvy +CpV4 })V;
i=1
1 i i i 2
- ¢ +5{C4V1 +C v, "‘09"3} }
(B7)

where ai,bl-,cl-,vé,(i=1,...,9),(a=1,2,3) , are defined in Equation (BS),

Jij5 (i, j =1,2,3) are defined in Equation (B6).
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To minimize the above distance, the following linear equations are obtained:

F) y L ; 1 i i i) 1 i i il
—= 22{21 -1 q +5{azvl +a,v, +a4v3} v —| as +5.{a3v1 +agv, +a7v3} v,

a, =

+1{ i iy i} i
—| ag 5414v1+a7v2 agVvy { V31V

an & i 1 . i i i i 1 i i i i
——-=Z2{Zl -l a +——{azvl +a,v, +a4v3} v, —| as +——{a3vl +agVv, +a7v3} Vv,
Oa, ‘o 2 2

i

1 . . . 1 .
—(ag +a—{a4v{ +a,v, +ayv; }Jv;}—?:vlvl’

oIl i V 1 i i il 1 i i il
PR > 2{z] - (al + {azv1 +a,v; +a,v, }jv1 —(as 5 {a3vI +agv; +av; })vz
3 i=1

_ +1{ Py g i} Iva i
~| % 504"1'”17"2 agVvy | V3 V1V,

aH Np i 1 i i i i 1 i i i i
———aa = Z 2{Z; - (al + —2— {azv1 +a,v, +a,v, })vl - (as + 5 {6131)l +agv, +a,v, })v2
4 =l

: 1 1] i i i i i
—-| ag +:’Z AuVy +a,v, +agvy | Vi ivivy
=0

v .

' . . . . . i | . . . ;
____61"[ = Z 2{Z, - (al + 1 {qzv{ +av, +a,v, })v; - (_as +— {a3v{ +agv, +a,v, })v;
aas i=1 2 . 2 .

| ag+ o +ah +apt s
G5 gV T A7V, T gV ke T

0 N 4 AN 1 - : ) .
o = ZZ{Z{ —-(al +%{a2vl' +a,v, +a,v, })v{ —(as +t2-{a3v1’ +agv, +a,v; })v;

i

1 . ,- 1 ..
—(ag +5{a4v{ -lja7v§ +ayv; }]v;}—z—vzv;

=0
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==u =

N, 1 ' 1 ‘ ) )
— =) 2{Z, —(al + - 5 {azvl +a3v2 +a,v; })v (as +5{a3v1‘ +agv, +a,v; })v;

(as 5 {az‘;vl +a,vy +agv; })v3}v2v3
=0

Ul . 1 . , . ;
ZZ{Z’ ( {a vl +az3v2 +a,v, })v{ —(as +E{a3v,’ +agv, +a,v, })v;
1 { i i i} iy
—~| ag +5 AV, +a,v, +ayvy(|viiv;

=0

o L ; 1 i i il i 1 i i il
- ZZ{Z1 “(‘11 +5{azvl +asv, +a,v, })vl —(as +—2—{a3v1 +agv, +a,v; })vz

9 i=1

—(ag + ; {a“v1 +a,v; +a,v }jv3} ViV

=0

_22{2' ( 2{bv,+bv2+bv3}) (b+ {bv1+bv2+bv3})

(b +— L {b Vi +b,vi +b v3})v3}v1

=0

— = ZPZ{Z‘ ( {b v +b WV, +bvi })v{ -—(bs +—;—{b3vf +bgv; +b,v, })v; '
=1 - . .

—(bg + ;{b v} +b,vi +b v3})v3} viv]

N, |
_@P_:Zz{z’ (b o {b Vi +b v2 +b4v3}) f—(bs +é'{b3"1i +bgV, +b7v§}jv;

_’(bg + ; {b vl +b v2 +byv; })v3}vlv2 ' L

=0
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- Z’z{z‘ ( . Lo +bi 16,1 }jv;' —(bs +%{b3vf +bvi +b7v;‘}jv;
=1

(b 2l 1 bV 4 v3}Jv3}vlv3

=0

Ny . . : : i { ' i i
O S oz (b + Lot 45t 4 })v: —(bs s ool +b0s 4, })vé
ob, 5 2 | 2

1 i i i i i
- (bs + —2- {b“vl +b,v, +byv; }jv3 W,

===

NP
63—H=Z:2{Z‘ (b +— {bv1+bv2+b 1@}]\)I (b +1{bvl+b v +b, v3}) v,

—(bs +;{b Vi +b v2 +b v3})v3} vivi

oL iZ{Z’ (b+ {bvl+bv2+bv3}) (b +2{bv1+bv2+bv3})

( b Vi +b Vs +Byvi })v3 Jvivi

51_1 ol i 1 | ;T i i) 1 i i il
Bb_ = Z:Z{Z2 —(bl +——{b2v1 +byv, +b,v, })vl ——(bs —k;{bﬂl +bgv;y +b,v, }jvz
8 i=1 -

(b +— {b Vi +b,vi +b v3})v3}v3

I

N, 1 . o ;:I;.\ . 1 i i i i
Z (z! - ( E{bzv; +bvi +b })V{ _(bs +_2'{b3"1 +bsv; +byv; })vz
i=1 . '

( 4vl +b,vh + byl })v3} vV}

=0

0 e
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ol _ i 1 i i. il Lo i ;‘z“ i ]
Y 22{23 -l ¢ +5{c2v1 +c5v, +c4v3} v, —| ¢ +5{c3vl +cgvy +c7v3} v,
1 i=]

_ 1{ TP i} iy i
Cy +—2— CaVy +Cyv, FegVy [ Vi v,

=0

P51 g QL i 1 i i il i Ly i il s
0. =Z:2{Z3 -1 ¢ +?Z-{czvl +c5v, +c4v3} Vi =1 Cs +5{c3v1 +CgV, +c7v3} 12

C, =

i

_ +l{ i - i} 1}_1_ i
G 5 C V| +Co vy +Covs [ [Vy 2"1"1

an = i 1 i i . i i 1 i i i i
Y ZZ{Z3 - ¢ +—2—{c2v1 + 3V, +c4v3} Vi —| s +E{c3vl + eV, +c7v3} 12

i

_ +1{ i Py i} i i
Cq EC4V1+C7V2 CoVy ( V31V,

—S——— = 2:2{Z3x —(cl +%{czv; +ev, +e,vy })v{ —(cs +—;j{c3v1' +cgv, + o, }jv;

1 i i i i i i.
—(cg +'E {c4vl +c,v, +c9v3} Vi vV,

ol & ; 1 ;T ) ; 1¢ , ‘ )
—= Z2{Z; -l ¢ +——{czv1' +c,v, +c4v§} v —| ¢ +——{c3v1' +c4v,y +c7v;} v,
aCS i=1 ) 2 ) ) 2 .
- i 1{ vitevt + i} i,
| S _5_04"1 +CVy + V| ViIY)

=O a : - c-

[RRERTEN
d

oIl < : i 1 i i . z i 1 i i i i
——= ZZ{Z3 el e +——{czvl +e5v, +c4v3} v, —| Cs +—{c3vl +cv, +c7v3} v,
6C6 i=] 2 2 i :

1( . N1
"(Cs +5{c4v;+c7v;+cgv§})v;}-2—v;v; o

=



Np N,

i=1 =1

U, = zz;v;, ;z' (vl)Z zz; ‘v;,zzgvlv3,zzgv;,zz* (v;) ,ZZ;v2v3,vZZ v;,gzg’(x{;)z

IENEE

NP NP . e . NP NP
U= §Z'vl,zz'(vl) EZ;v{vg,éZ'v,v3,ZZ’vz,ZZ’(vz) EZ’v§v3,vZZ3v3,ZZ'( v f

i=1
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& i | i | 1 i i :=a i )
= ZZ{Z {czv1 +c,v) +c4v3} v —| Cs +—{c3vl +cgv, +c7v3} v,
807 = 2 2
1
"(Cx +— 2 {c4vl +e, v, +cyvs })v3 v,
=0
o1 X% ) 1 . : ) . N
—= 22{2; - (cl + = {czv{ +e,v, +C,v5 })vl’ - (cs + 1 {c3v{ +cgv, + vy })v;
Ocg I 2 : 2
1 i i i i i
—(cs + Py {c4v1 + eV, +cyvy })v3}v3
=0 '
&, 1 . 1 . N
— = ZZ{Z; —(cl +— {czvl +e,vy +e,vi })v (cs +— {c3v{ +cgv, + vy })v;
Ocy I 2 2 o
1
—(cs +— 5 {c“vl +e Vi + ey })v3} vivi (B8)
=0
- The above linear equations can be written as matrix form as
Uy =V4,Up =VB,Ur =VC (B9)
where A= ( oy ’ (B10a)
B=(b,b,, ,bg) (B10b)
.C =( Gy ) (B10c)

p Np Np r
U, = ZZ'v;,ZZ'(v,) ,zz;’v;'v;,glz v;,ZZ’vz,Z (vz) 2.z v2v3,vZZ v3,ZZ‘(v3)]

(B10d)

r

(B10e)

T .

(B10f)
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NS W HM B S Bw B S
MOS0 S e SR S S lmw
Shify lzi»{)’xa ﬁw St Ni{'(é)z S S Dust Sub
o lz(x{)’»; i z(‘{)z(%)z Sl 3 (e)ﬂ; Slif E{(\é)z (‘é)’
7 Sl lg\;m S S g%)z f,i_g\éf gf\é)z‘é 3 S
o S S0 D S I S S S
S l%m S S S S ST S g
i 1%)2@ s o De SR S W
Sl lzi\{)z(‘g)z EM(\%)Z :ii(\éf Ea(\g)z ;Aﬂéf(ﬁ)z S S

(B10g)

'uz lgﬁz N

These equaﬁons can be solved when matrix ¥ is invertible.
A=V, ,B=vug,c=v"U, (B11)

After getting coefficients, one can construct Jacobian matrix according to Equation

-~ (B6). | -

(B12)

~

Il
|
NS
NS
NS S
W W w

After dbtaining the Jacobian matrix, mﬁltfplying these Jacobians together and then
computing the eigenvalues. Then, (up'to'some constant related to the sampling time)
the Lyapunov exponents can be computed as the logarithm of these eigenvaiues. The

entire procedure is described in reference (Abarbanel, 1996).
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Time Series Using Nonlinear Approximation

Appendix C

Description of the Structure on Calculation of
Lyapunov Exponents Based on a Time Series Using

Nonlinear Approximation

In this Appendix, the structure of the software implemented and used in this thesis
will be provided. The time series is generated from the mathematical model detailed
in Chapter 3. This time series is used to reconstruct the control system based on
-Tak‘ens’ time delay method. Nonlinear approximation is used in Taylor éxpansion.
Least-square method is used to obtained coefficients which are required for
" constructing mapping matrices. Time histories of‘Lyépunov exponents’ spectrum is

for checking the convergence of the exponents.
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Time Series Using Nonlinear Approximation

Input a time series data (x; x; ..., x,,) generated from the
mathematical model, which is developed in Chapter 3

.

Reconstruct system in a phase space with embedding
dimension dg =2 using Takens’ time-delay method. A
set of lagged _ variables
x(n) , x(n+Tg) , X(n+2T0) 5., X(n+(dg —DT,g) is
obtained. They act as the coordinates in a dp -

dimensional space in which the dynamics producing
the x(n) s is fully captured or embedded.

A

Select FIVE nearest neighbours along the trajectory in
above phase space, determine TEN coefficients in
mapping matrices using Least-square method, and obtain
the mapping matrices at each point on the trajectory
detailed in Chapter 5.

Y

Calculate Lyapunov exponents at each point, and average
previous ones™ .

Are the Lyapunov Yes
exponents convergent? -

No

Is the trajectory finished?

Yes

A

END




