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AB S TRACT

For the last five years, canadfans have been experlenc-

lng an average lnf latlon rate of 97" compounde<i annually.

At this rate, the real value of a Pensl-on dollar will be

halved ln roughly B years. 0ver the span of 45 years'

frorn age 20 to age 65, the purchasing Po\47er of a riollar

w111 decrease to tr,ro cents.

The subject of l-nvest.igaËfon of rhls thesis ls to deve-

lop a computer j_zed model to measure the lmpact of infla-

tlon on penslon plans and to devlse a plan which r'¡oulcl

ensure, within deffned limlEs, thaL the pensl-on beneflt

would be able to malntaln a fixed purchaslng Po!rer on and

afEer retirement. Then the cost of this plan 1s examined

by slmulatlon of a model P1an.

IIist.orícaI inftation rates are chartecl.

The effectiveness of the most cornmon methods used to

combat lnflatlon 1s analysed 1n terms of pre-retlremnE and

post-retirement adJustnents. From among these methods r 1t

appears that Èo ensure an adequate Pension benefit an

indexed fínal average plan should be used.

A maLhemaEical model, ínvolvlng a multlPle decrement

Eable; fs descríbed and uslng Èhis rnodel a computer pro-

iíi



gram f s est.ablistred. This computer model is a very gener-

a1 orÊ. It can be adapted to calculate the cost of any

pens ion plan.

Using dlfferent comblnaÈlons of lnterest anri lnflation

rates, the costs of a penslon plan are calculated and

examined.

The conclusÍon 1s reached that the indexed, final-

average plan is feasible, subJect to reasonable

constralnEs.

1 It
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CHAPTER I

EXTENT OF PROBLEÞf

Introduction

This chapter examlnes the lnflationary trend r¿Ïrlch has

clraracter|^zed the canadlan economy for the past decade,

and focuses on the raÈe at which tnflatlon 1s erodlng the

purchaslng power of the penslon benefits '

HlsÈorv of Inflatfon in Canada

Generally speaking'r.inflatlon is measured by traclng a

pr 1ce index. One such example 1s the Consumer Prlce InrIex

(cpI). Thls measure of ínflation r¡fll be used ln thls

thesls unless other$t1se stated '

Flgure t"l shor¿s the consumer prlce lndex durlng the

Ig37 - Lg77 period. The 11ne with the astertsk (*) shor¡s

the purchasing po\rter of a dollar during the same perlod.

Throughout all these years, lnflation averaged 3"97" Per

yeaÍ. Durlng Ehe earller part of t.h1s tlme perlod lnf1a-

Eion rate vtas slowly lncreaslng and averaged 4 '2% a yea:'

over a perlod of l-htenty years. 0nly slnce 1970 has Ehe

rate of lnflation suddenly accelerated to a feverísh 9 "6"Å

averaBe.

Talcing a successlon of perlods, all ending in L977, the
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average annual rates of lnflation are summaËrze<l in Table

1.1"

The shorter Ehe period up to the present time, the

hlgher the averag,e rate.

Table l.l

CHÂNGES OF CONSUMER PRICE INDEX

Perfod
1 year

t0

20

30

40

r Commenc lnR
t97 6

r97 2

1967

r 95 7

1947

r937

Average
( Conrpounded)
ïnflation

Rate
rr " 57"

9"62

6.72

4 .37"

¿+. L/"

3.92

Source: Canada Year Boolc, varÍous years.

THE EROSION OF PURCHASING POWER OF THE DOLLAR

A history of the purchasing porüer of Èhe dollar, 1s

shown on Figure I " t by the line r¿iCh the asterisks (*).

If one retlred ln 1937, the real value of his pensl_on

r+ould be l-ralved by I959 (22 years). If he survÍved anoth-

er 17- years, he would be left wiEh a pension dollar worth
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only 20 centso

Figure 1.2 glves f urther f nsl"ght ln how the purchasing

pov/er of Ehe dollar 1s eroded. IIere tnflation rates are

taken t.o be constant and compounded annually"

If there 1s no lnflation, the penslon dollar is \^rorth

one dollar throughout the retlree's 1 tfe time. If infla-

tlon 1s 2%, 42, 87" and I2"Á annua1ly, 1n I0 years Èime, the

dollar would be worth only 82 cents, 68 cents, 46 cents

and 32 cents respectíve1y.

Dur lng an lnflationary perlod money lncomes lncrease at

vastly dlfferenE rates for cllfferent groups 1n our socie-

ty. Those ruhose incomeì lncrease faster than the Drevatr-

lng race of lnflation are able Èo increase their command

over resources and ' to b 1d resources away from o ther g roups

in perlods of scarcfty. Those v¡hose money lncomes

lncrease 1n llne t¿f th Lhe prevailing rate of fnflatíon are

at least able to hold their own and are able to malnEaln

thelr real purchaslng, povrer "

Those whose money lncomes are ffxed, or whose incomes

increase less than the prevalling rat.e of lnflatf_on, sus-

fain a steady and continuing eroslon of thelr real pur-

chasing povrer. In effect, thls group wl11 have resources

bfd a\¿ay from 1E by those groups 1n Ehe community who irave

had the power to ralse thelr money lncome above Ehe rate



of lnf latlon.

This means that 1n an Ínclustrlal soclety the groups

most vulnerable to ttre effects of lnflatlon are Èhose who

are outside the r^rork f orceo e "g ", the elderly retired mem-

bers of the populatlon.

If the lnltlal value of the penslon clollar represents a

falr value the reEiree 1s entf rled to ar the time of

retiremenE, then there are reasons that this value should

not dlmlnlsh with age as a result of lnflatlon.

Summarv and Conclusfons

In thls chapÈer the Èf"torfcal lnflâtlon rat.es r¡Iere

f lrst charted and examlned . Then the erosion of the Dur-

chaslng power of the dollar r,ras examinecl . From these f t

was polnted out that those on fixed money lncome r.rere

amongst the \.rorst sufferers from the eroslve pohrer of

lnflatl-on"



CHAPTER II

PRESE}TT CANADIAN S ITUATION

Introductl-on

A penslon plan may be established as a result of. one or

nìany of the following forces: gratltude of employer 
'

pressure from tlte unionu tAx advanEage or social pressure.

No maÈter what, the primary funcElon of a pension plan fs

Eo províde lncome to employees in their retirement. Most

penslon plane can fu1f11l thls basic funcLlon sl-nce most

of them provlde reElrement income to employees one r'tay or

Èhe other. To devlse a realty ef f tcl-ent plan, 1È is

necessary Lo extend the baslc function" A penslon plan

should provide adequate lncome fo employees on anrl after

their retirement. In oÈher \.tords ' penslon benef it should

be able to malntain a reasonable and predfctable purchas-

ing povre r "

In Ehe followfng sections, the present Canadian pension

pl ans are examl-ned in order to f tnd out to v¡ha E extent

Ehese present penslon plans are fu1f1111ng thelr functions

and what are belng done ro improve Ehem"

Qurvey of Present Penslon Plans

Recently, wlth Ehe rising inflation raEe o boÈh employer

and employee are reconsldering their penslon plans. They



are norrt taking lnto account the inflatlonary force r¡hen a

new plan fs set up or $then revfsing the old oûês'

Tn trvins to combat the eroslon of the purchasing Poster

of the penslon do11ar, tvro lnflatlon rlsks must lle recoEl-

nized. The employee is faced with the risk of recelvlng a

pensfon benefft that 1s not enough to maintaln the pur-

chaslng po\,rer aE retlrement. 0n the ot.her hand, the em-

ployer Ís facect wiCh the risk of assumlng an unpredictably

high penslon cost.

A number of adJusting techniques have been developed to

glve greater assurance Èhat pensions v¡hich $tere deemed

aclequa te when credi Eed io,rtd cont.inue Co prove ad equa Èe at

or even after retirement.

Tl"rese approaches 9an be d{fferentlaÈed as to whether

they pertain to the accrulng benefits of ac tlve members

(pre-retfrement adJustment) :

f 1na1 average salarY formula,

ad-hoc adJ us tment of salarY base,

varlable annultles;

or to che benef 1t Payments to retired members (post-

retlrement adj usEnent) :

varlable annuities t

ad-hoc ad J us tment t

formula escalator factor,



9

automatfc cost of livlng adJustment.

Pre- re E l remen t r\d-J us tnl€-lq--1L'r

Final Average SalarY Formula

under Ehis plan the pension benefl ts at retlrement are

comput.ed solely as a functlon of the employee's averåg,e

annual cornpensatlon over the last few years ímmecllately

precedlng reElrement. Some plans even rnake the modífica-

Eion of uslng the averaEle best earnings formula, v¡hich

eliminates the risk of lovrering of penslon beneflts if one

is forced to a lower*pafd Job durfng the fer¿ years prlor

to retiremenE. This p13n emphasizes the level of compen-

sation JusÈ prlor to retlrement whlch reflects lncreased

productlvity, greater employee value ancl infl- ationary

acrivf Èy durfng, the worklng years'

A typlcal final averaBe salary formula rsoulcl provlde an

annual retlrement income equal to 27" per year of service

rnultlplled by an employee's ffnal average salary '

The logic behind these plans ls Ëhat the ftnal salary

of. an ernployee reflects baslcally the dollar amounË he ls

earníng and which he uses Ëo support his llving' Thus'

thls penslon beneflE ls protecEed agalnst the erosive

1 s..
Type of
membe rs
average

Appendlx A' for a brealcdown
Beneflt. NoEe the growth
covered by final earnfngs'
best earnlng,s.

of plans and members bY
in the percentage of
flnal average and
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effects of lnflation uP to the point of retirement

Horvever, under thls apProach no future arljusEmenE of

benefits is guaranteed. Thus, the beneflt dollar that may

appear adequate at retiremenC mayr subject to hlg,h rates

of lnflatlon, soon prove to be lnadequate"

Ad-Hoc Ad j us tments of Salary Base or FIa t-Be4ef i t _ê_qç!C_C_l_g.

A second approach t.o Protecting the accrual benefits of

act.lve participants 1s to make ad-hoc adJusEments in the

salary base of a career average formula plan or the bene-

fit accruals of a plan that provicles a specified dollar

benefit for each year oi credited servlce. The rationale

is Elìat credlts earnerl by an employee durinC his early

working years are eventually qulte out-dated, especially

when wages are rlsing sharply 1n resPonse to inflatlonary

pressures. Updating the accrued beneflt is thus neces-

sary. Thts can be done by re-calculating the accrued

benef tt by using an updated salary base whlch reflecEs the

current economlc sÍtuation"

The chlef characterlstic of thls

employer or oEher plan sponsor does

advance to makfng a glven adjustment

the retl-rees nor the active members

approach 1s thaÈ the

not commit himself 1n

. Thereforer nelther

can rely on Èhese



tl

amendmenEs to provide them r.¡íth adequate Penslons.

Variable Annuitles

The third approach to protecting the accruing beneflts

of actlve partlclpants 1s by linkfng the dollar value of

benef1t accrual wÍth Ehe market value of assets accumu-

lated to pay the beneflts. Contributions (usua1ly a fixed

flat dollar amount or a fixed percentage of compensatlon)

are lnvested 1n a segregaÈed portfolio of equlty securi-

tles. They are used to establlsh a fund or an account

which, wlt.h ad<1 ttional deposft and investment earnlngs, ls

used to purchase a 11fe-time annuity at retlrement"

The basls underlylng the variable annuity concePr is

the historical long-range relationship between the cost of

livlng ancl the lnvestment performance of dlversifierl port-

follos of common stock. 0ver Ehe long run, equlty prÍces

are expected to rlse, reflecting increases 1n in<lustrlal

produc Ëlvlty. Dr. George M. Charl.sl , 1n his recenE

s tudy concludes that "despite the very high rates of

inflaÈ1on of the past ffve anrl Ëen years ' the adJusted

rates of return for a1l types of fnvestmenf I¡tere posltive

during the fifteen year perlod, 1961-1975"" Thus, vari-

r Ceorge l'f . Charles, Canadian Securltles Industrial
Studv No. 4: Inflatlon and Rates of Returns 1n Selected
Investments. The Canadían Experience, l96l - 1975.
Quoted wit.h the kinrt permlssion of Dr. Charles"
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able annuities not only Provlde tlìe Protectlon a¡:,afnst the

erosfon of purchaslng po\ter ' they also provide an oppor-

tuniÈy to share in the 8ro(\tth of the economy"

From the standpotnt of ttre employer offerlng a Penslon

plan, the varlable annuity presents a potentlal dlsadvan-

Eage of relatlve cosf. Uncler fixed beneffE Plans, excess

lnveSt.ment income earned over a raEe guaranteed is used to

reduce the employer's cost. Under the variable annuity

plan, a1l fnvestmenÈ l-ncomes are passed on to Èlre plan

participants.

The disadvantage of thls approach is that t. l're amount of

peûslon benefit can nev'er be guaranteed to be adequatet

because there is no guaranÈee thaE the funri wfll keep pace

wltl'r lnflation.

Pos t-re tlremen t ad-l us tment

Variable annuttlesl

The same basic prlnciple that is used 1n pre-retirement

adjustment for variable annuiEies is used here"

At retlremenf, the accrued contrlbuttons (regardless of

horu Chey are accrued) are investecl . Penslon benef its

1 Situation 1n Canada as reported by StaElstics Canada:
There \,rere, in I974, 7L varlable annuity plans ç¡ith a

total membershlp of I2"708 Persons - an increase from 53
plans covering 7rI00 índividuals that \,tere in oPeratlon in
1970.-
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recelved by the retlrees rlse and fall wiEh the stock mar-

ket, There is no guarantee of a minimum benefic. The

participant assumes t.he investment risk. For the em-

ployer, hls conErlbutions are fixed fn advance. He ls

relieved of the lnvestrnent risk. On the other hand the

employer no\.¡ cannot depend on the exPerience gains ( f rom

excess investment earnfngs) ro reduce hls future

contributlons "

The maln crÍticlsm of this apProach ls that the

expected correla tion between equity performance an<1 livlng

standard is a long-term one, whereas the relationship of a

retiree's income Èo l'rls expenses usually is a

problem.

The experlence of the last few years shows

short-term

that invest-

rnent tncome can lag behlnd lnflation. As Pesando and

Real put iÈ, "over a sufflclently long period of Ëime,

the real ex post reÈurn on equitl-es should be positivet

buE this result cannot be used to support Lhe conclusion

that tire nomlnal returns on equiË1es rise sufflcienEly

fast 1n perlods of accelerating inflatlon to ensure EhaE

theír real returns will not fa11.tt In other words, there

are tlmes when lnflat.ion and lnvestment reEurn move dif-

1t James E. Pesando, Samuel A. Rea, Publlc and PrÍvate
Pensions in Canada: An Economic AnaIvsls. (Toronto:
UnlversiEy of Toronto Press, I977) , p. 161.
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ferently" It is especially painful for a retiree to

recefve a smaller pension as measured by the real value of

the dollar when lnflation rlses. Thls creates a kind of

pressure for the plan sponsor to step 1n and make ad-hoe

aclJustments. Therefore these plans coul<1 be more expen-

sive in the end, because the situaLlon becomes one of

t'heads the enployee r+rÍns, talls the employer loses. t'

Ad-IIoc Ad i us Ement I

Another approach to the protection of the purchaslng

power of beneflts Ís Ehat of ad-hoc adJust.ments. The em-

pl.oyer tncreases the beneflt payments perlortlcally. The

amounI of increase 1s usually relaÈecl to the changes in

the consumer pr 1c e index (CPI ) .

By uslng this approach the ernployer has full control

over the cos! of the pension plan" Ile ís by no means corn-

mftted to any further adJustment. 0n the other hand,

there fs no way he can predict the change and consequently

f und it 1n advance.

From the employee's view, he cannot be Eluaranteerl that

the benefits rvould be Ín 11ne with CPI chanses. He 1s "aE

the mercy" of his plan sponsor o Thls makes the plan loolc

:----r Lt rÀras not possible ln the pension data bank system of
Statistics Canada to identtfy and record tt¡e ad-hoc aclJus-
tments so that there were no empl-rlcal data on the extent
of thls Dractlce.
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more tlke a tt\,relfare plan" than a pension pIan. Penslon

benefiEs should be regarded as a deferred employee compen-

satlon or, 1n the case of a contribut. lng plan, a right he

has pald for. By making the plan look like a welfare

plan, Ehe pensioners are subJected to uncertalnty "

Moreover, the Lime lag between adJustments may cause some

hardshlo to Ehe retirees.

Formula Escalator Factor

Under Èhi.s approach the plan stlpulates that the bene-

fits of all retfred lndlvlduals will be autonìatical1y

adJusted upward each year by a speclf1ed amount " Such an

lncrease 1s builE lnEo the Þ1an. The fncrease is automat-

ic regardless of hot¡ much CPI is changing.

Under this plan, when one retires, one 1s usually given

a cho ice bett^reen a f lxed pension benef iÈ or a reduced lni-

tial benefft with a g,uaranteed annual increase. Table 2.1

111ustrâEes rhe relatlonshfp betç¡een a fixed benefit and a

formula escalacor r¡1an"

Under a regular f lxed penslon plan, lf one retfres wlEh

$l 00 annual lncome, Ehis dollar amount 1s golng to remafn

constant throuqhouE the retlrernenÈ " If he chooses to have

a reduced inltial amounE, say $50, the actuarial equiva-

lent escalator factor would be $2. IIis penslon woulcl

start-off at $50 ancl lncrease by $Z annually. The penslon
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TABLE 2 " I
PENSION BENEFITS

UNDER FORMTILA ESCAI,ATOR FACTOR

INITIÀL VALUE
50. 00

ESCALATOR FACTOR
r ôtt. ¿L

AGE
66
67
68
69
7A
7l
72
73
tq
75
76
77
78
79
BO

8I
(r¿

B3

B4
R5

86
87
88
89
90
91
92
93
94
95

50. 00
q'7 ,l

64, 42
7t.63
7 8.84
86.04
93.25

100.46
107.67
1r4.88
r22"09
I 29. 30
I 36. 5l
r43 .72
r50"93
t58. t3
I 65. 34
t7 ?_. 55
179,76
186.97
i94.18
20I.39
208.60
2r5. Bl
223.02
230.22
23t .43
244 " 64
25 r. 85
259 . O6

60"00

5.77

60. 00
Aq, 11

71"53
77.30
83.07
88. B4
94.60

100.37
106. l4
1i 1. 90
Lr7 "67
t23. 44
129 "21
134 " 97
t40"74
146"51
152 "27
r58"04
163. B l
t 69. 5B

t7 5.34
IBl"II
I 86. BB

t92 " 65
r98.41
204. i8
209 " 95
215 .7 r
22r.4e.
227 .25

70. 00

70. 00
74.33
78.6s
82.98
87.30
91.63
95. 95

r00.28
104"60
108.93
1r3.25
r 17.58
121 . 90
L¿O. ¿J
I 30. 56
134"88
r39 .2r
143.53
t47 "86
t 52. l8
156.51
I 60. B3

l6s " l6
169 " 48
t 73. 8l
r 78. 13
182.46
L86 "79
t91.lt
rgs. 44

80"00

2. 88

80. 00
82. 88
85,77
88" 65
91.53
94.42
97.-?0

t 00. 19
r 03. 07
I 05. 9s
t0B" 84
Itr.72
I I4 c OtJ

tr7 "49
t20.37
t ra tq
L?_6 " l4
r29 " A2

131"90
r34 .7 9

r37 .67
t40 " 56
r43.44
140.5¿
t49.2r
152.09
t54 " 97
r57.86
t60 "7 4
L63.62

90. 00

1" 44

90. 00
9r.44
92 "88
94 .33
9s.77
97.21
98. 6s

I 00. 09
10r.53
I 02. 9B

104.42
i05.86
I 07. 30
I 08. 74
r 10" l9
itl"63
113"07
tt4.5t
rt5.9s
il7.39
I 18. 84
t20"28
Lzt "72
123. L6
t24.60
t26.04
127.49
128.93
130.37
131.8I

I 00. 00

0.00

100"00
t00" 00
r00. 00
t 00. 00
I 00. 00
r00"00
100. 00
I 00. 00
I 00. 00
I 00. 00
100, 00
i 00. 00
I 00. 00
I 00. 00
100"00
100" 00
100"00
i 00. 00
I 00. 00
I 00. 00
I 00. 00
I00.00
I 00.00
100" 00
100.00
I 00. 00
100. 00
I 00. 00
100. 00
I 00. 00
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doIlar would be less than tìrat of the regular flxed pen-

slon plan in the first seven years. However, the dollar

amount r¿ould be ¡nore f rom El're e ighth year on. If one sur-

vives to age 95, the penslon amount then r^¡ould be more

than doub le the regular f fxed one "

The present values of the flxed pension and that of the

f ormula escalaÈor f.actor one are actuarially equivalenË.

The derivation can be found 1n APpendlx B"

By commitmenÈ to a Pre-determlned rate of increase r the

benefit payment may end uP to be too much or too 11ttle"
'|

Automatlc Cost-of LivinB Ad-iustment-

Under thf s approach, t.he pension benef 1t 1s aclJ usted

accordlng to the changes Ln prlce índex (usuaIly the

CPI). The benefft changes are guaranteed and automatfc.

Thls is the most dlrect ancl resÞonsive method of

adJustlng penslon benefits to changes 1n prlce levels '

The time lag is minlmal.

The maln argument agaf.nst the widespread establishment

of these plans is that the cost can 8o out of control.

î ---t Situation 1n Canada according to Statlstics Canada:
There were some increases l-n lnci<Ìence of índexing 1n pen-
slon plans from i970 Eo 1974 (rtre latest rePort aval1-
able). The number of plans f ncrease<1 f rom 60 ç¡ith 191' 700
members in 1970 to I41 plans rvfth 607,894 members ln 1974"
Out of the 141 plans 101 were 1n the prLvaÈe sector' but
these tended to be smaller plans lnEerspersed wfth a few
larger ones, so thar only 41r560 workers, 27" of the total
membershlp f n the prl.vate sector ' had thls benef f t.
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The cost is unpredlctable.

Dr. Charlesr 1n hls recenr stucly has shown thac in

perlods of very htgh lnflation and decllnlng stock market

lndexes relnvestment of divl<tends plays a dorninant role 1n

deÈerrnlnlng the overall rate of investment return" It is

reasonable to expect Lhat the pensíon fund r¡ou1d respond

ln a slmilar manner o If I^Ie vieç¡ the cost of llvlne

adJustmenË as the distrlbutlon of the excess lnvestment

return (over the expected return use<1 in Èhe lnltíal

actuarÍa1 calculatÍon), then provirtfng cost of livlng

adJustment shoulrl be costless.

A1l of these arguments âre stiII open to debate. The

discussfon is deferred untfl later when a model oension

plan is structured and costs sÍrnulated "

Summarv and Conclusions

Of all the different approaches llsted above, whlch one

(or what combination of different ones) 1s the most

efflclent?

Of Èhe pre-retiremenL adJustmenÈs' the ad-hoc acljust-

ment o f salary base and the varlab le annultles approaches

do noE guarant.ee the employees aclequate pension benef 1ts.

The beneflc l-s under the discreÈLon of management and the

rb- 1d P. t<
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ups and dov¡ns of the stock market respectively" Under the

flnal average salary approach, peûslon benefit 1s fixed at

a cercaln percentage of flnal averaBe salary ¡ êmployees

can calculate, 1n advance, his penslon benefits "

Arnong the many posÈ-retirement adJusrments, the auto-

maElc cost of livlng adJustmenE aPproach 1s the most

direct and responsive one. In the a<1-hoc adJustment

approach, Ëhe delay of management to adJust the benefit

payments may cause anxf ety anri â sense of insecurÍ-ty.

Furthermore Ehls puts the retlrees 1n an lnferlor posiEion

by gfvfng the employer full control of the beneflt

l-ncrease.

If Èhe variable annuity ís used, harrlshlp may resulE

durfng perlods ruhen CPI and the sÈock prlces move ln oppo-

sfle directions.

The pre-determined rate of benefÍt fncrease used ín the

formula escalator factor approach may end up to be totally

unrelated rulth the general prlce level.

0nly by changlng the benefÍt payment Ín response co

changes of CPI, can tire retlrees be fully protected"

To give the best prorection of the beneflts, Ëhe best

approaches from the pre-retlrement and post-retlremenE

adJ us t.ment have to be comb ined , 1"e " , a plan giving f f nal

average benefir aË reEirement, wlch benefit adJustment in
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response to cPI changes.

In the next chapter, a mathematlcal model 1s first.

established. Then costs of a model pension plan are slmu-

lated. By changlng the pârameters of the model plan,

narnely the lnterest rate, fnflation rate ancl cost of 11v-

fng adJustment (C0LA) rates, it 1s hoped that fnsight

could be gained from the study. Ilow costly 1s a ffnal

average plan compared rvf ch a cost of lfving adJusËment

plan? 
.



CHAPTER III

14ATHE}IATICAL AND COMPUTER I'{ODEL

Introductlon

The principal benefit provided by a pension plan 1s the

penslon provlded upon retfremenÈ of a me-mber. Different

beneflts may also be cla{med upon death, wlthdrawal, or

disabillCyo Due to the dtf f erence in benef 1t providerl ,

members leavlng the Broup are distinguished by thelr modes

of exlE from the pIan.

The baslc mathematical model for the analysis of this

is Ehe multlple decrement tab1e. Thfs model ls not a new

concept. C. I¡¡. Jordanl gave a very thorou¡¡h treatment

of the mode I . Hor¿ever , the d I f ferential equa tfon apProach

used 1n this thesis 1s quite differenE. It 1s adapted

from V¡. S. Blcknell's Ph.D. dissertatlon2.

r ç. w. Jordan, Life Contlngencíes' ChlcaSo, The Socfe-
ty of Actuaries, 1975. Chapter t4"
2 w " S. BicknelI, Premiums and Reserves 1n ì4ultlple
Decrement Theory" Ph.D. dlssertatlon, UnJ-versfEy of
Michlgan " I957 "

¿L
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ì1 ultiple Decremenc Table

A multiple decremenÈ table 1s a mathematical model

v¡hich assumes a large body of 1íves subjected to several

índependent causes of decrement which are operaElng con-

tÍnuously. The body of llves forms a closed group, there

belng no nesr entranËS and no re-entrants after the opera-

E lon of Ehe various d ec rements "

The multlple decremenË. table gives not only the number

of survivors at any Èl-me, but also the number who drop out

due to each cause in a given períod. Associated with each

of the various causes of rlecrement is a beneflt payable on

the everlf of leavlng the group, the size of Ehe benef 1f

dependlng, on Ëhe partlcular morle ancl tlme of exit frorn the

plan.

Def initfons and Notations

(1')
7'" = total number of persons 1n Ehe group at Lime t

and aged x+t"

= total number of Dersons who leave the Sroup

f rom cause (k) betv¡een ag,es x and x*t '

(ry)
n

æ+L

(rr )

*pl" = probabllity that a Person aged x and subJect
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to all m causes of decrements rufll remain 1n the

group after t years.

.(T) = probabiliry that a person aged x r¡i11 drop out
t1 æ

of the closed group before t yeâES.

,,'" = force of the ith decrement acting on a person
'æ*t

aged x+t. (Thts force 1s assumed known for all

E.)

B::', = the beneflt.. pald when exf tlng at age x+L due
ï+T

to cause 1.

= force of inËerest.

- (ry)
P:" = premlum paid conti.nuously at È1me t"

Commutatfon Functlons
tltttr + (ry|_lJJ U tllþ'-arn,D - V ,VfñT4

lrqt (ry)
-lt/ 4 / n\!/

fñ'74

^(T) æ+t" (T)
D , :D Læ+L r+T

(ry1 U'æ-7 ¡,V¡
\a\J/ û nl¿l"æ+t kat "æ+k

/; | 4J-+J-1 lt'In\ u/
v,-vq.r-LT f+T

(; ) u-r-l(i)
^trt"' - s /-ltJ , -.L, W 1r:+X K:t r+K
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-lremiu*-neserre_nq

Under the usual annuity or insurance policyo there is a

dffferent lncldence of the payment ÍnEo che fund and the

ouEgo for the beneff rs. PaymenÈ scilemes generally are

such thaE, during the early years of the plan, the premÍurn

payments to the funcl are in excess of the current benefit

outgo. Thus a f und accumulat.es. The average amount of

thfs fun<1 per member E years af Eer the establlshment of

the planr or afrer the å.rary lnto the p1an, 1s called Ëhe

reaerve at time t.

suppose the re are L:') ln Ehe origtnal closed group,

the Èotal f uncl at time t v/o"1Á L^ 7(T) -v(T)uId be Ln+t tv . The change to

the reserve can be exDressed as follows:

-.L(r) -v(r). .(r)=(T) ^.(T) =.(T) ry.(T) (L) ^(L)d("æ+t t' ) - L;*, Pr-' + 6L*7î tv'-' -¿\ Li*î ,*lî B;;, (1)
.

AT

The above cl 1f f erentf al equa tion can be interpreËed as

follorvs: the annual rate of change in the total reserve
7 (T) ft(T)

<Af__gfi_t'_) ) uquals the sum of the annual rate of
o'L (qr -/.tt)increase 1n the f und f rom premium payment ( L;;î Pt-) anrl

tire annual rate of inc rease f rorn interest lncome

,. "(T)- ;,(T)(6 L';'t tV'-' ) , less the annual rate o f benef it payments
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due to the m modes of exir from Ehe plan

,( .(T) (¿) ^(;l\ ¿ L ., r) Þ ", ).
¿=1 æ*t 'æ+t' Í+t

Dtfferentlarfng Èhe Ieft sfde,

7 
(T) r/(T)

,r, d "æ+t ,r, d t"
' 1t1/

tv -At- 
-r 'x+t -dt

Rearranging:

n(T)
d t' ;(T) +(r) ;,(T) (r) ry ^(i) (¿) rel
-';:- 

: f , f O ,V f ,V U ., - .L- D U ta/dt D D T 'æ+T '7.:-L æ+t'æ+t

0nce aga1n, the equation can be explained verbally as

f ollows:

Èhe chang2frlp lndlviclual reserve per active member per
I/'''

year ( o 
" ,., ) equals the sum of annual continuous pre-

CL L'

mÍum pald , ,l'' ) by each member, 1nÈerest income
/tll!,( ¿i ,T/"'), and reserve released by other members who have

" -(r) (r.)
lef t the Broup ( tV'''r*;î ), less the benef Ít payment due

m /n'l fa'l
to tlre m modes of exltlng (¿LrU"íír;;;).

Some interestlng relatlonshlps can be derived by lnte-

grating the above equatlon.

Rearrangfng (2) 1n the form:

-(ry)

dt
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MuItiply each side by 
tE*

/r
-J n (o

t- v

(T), -(T)(ô f u .,/ ,Er,+t D æ

(T) , ¡,(T)f u .) .v
'4Lf f

,('I t at,æ+n 
)

and notlng that

- (q, l/m\ r/'-'
Dlt/ ,f, +'

,þquT æ -t;--ñT

m /"'\ /"'l
- ¡\ u/ \ u/

L=1 æ+X 'r,+t

F

-At

(trl
,L

/mt lml
ñ\ L / /ñt ' tF, tr'tïTlô

(ry) -(ry)ot\¿/ 1l\-, ltvl1 /,D ,Y\ ì ñr¿/ñ tf 4 f I : F.tv *-------------a--¿*
AD

Let 6s= f orce of salary;

/Þ(T) _ \ orü ,,(i) )
lL , t . IT L:l æ+T æ+T

-(rrl -/ry1¡,s+ -(1,)Þt,t'= Þ' !'t v u 
a Þ" t=in 

1 Lial

(3)

,n;( T) -(T) -1LJ ^r, ,L Ut2
tt f T 4

.n -^(T) ôs¿ -6t ('t1l
I'^ P"' e" - e "' ,p'" dt

UUù

=(T) s-(I')Y a*rñl r^s 
^ 

)

premlurn "

+ fmlu ñlr,/ Å+,v uu

^)+v/ v n Å+,v au
ff

From Ehese 1t can

JecEed to a force of

would be subJected Èo

be seen that 1f the premlum

salary ôs, then tl'¡e annuf Ey

a force of lnteresE equal

1s sub-

value
ñl

to -(O -O,/.
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Tnraorâriñg (3) from t=0 to t=n (where n is the nurnber--'-*ô

of the year after entry that ûre are lnterested 1n):
E(T) B(r), _ ^-v(r) : p(r) s-(r), _ .i 11 B(i) t)(i) .n(T)¿tn æ "æ+t 0' ' *æ:f, 

_(A"_t) ¿:L '0 "æ+t væ+t t"æ

/ry\ m

Vr t')' La7' 0 "æ+t "æ+t t" æ n æ "r+n 0' ) / uæ:'ñ1 ,"s ô, I

Formula (4) strows the t.otal initlal premlum, Þ(T) r âs 
(o -0'/

the sum of 2 pr emf ums: the f lrst a t.erm premlum f or the

benefits provlcled clue to t.he m modes of exÍting from

group r anrl Ehe second a pure endowment premium for the

excess value of the maturity beneflt over any lnttial

deposlt.

From ( 3 ) \{e can also obtain the rela ted terminal

reserve v(T)t'
Rewrlte (3) by replacing t by s:

- E(r) v(r) -(r) ,-^(r) ry ^(i) (i)ds"r s L (y -.L-ö u )__-_____=__ sæ s L:læ+s æ+s

Integrating f rom s=0 to s=t ¡ rnre obtaln:
-(r) ;,(r) ;,(T) -^(r)s-(T) ry .+^(i) -(T) (i)toæ tn - 0v : r a*,Tl ,^" ^, - rLlJ 0öæ+t sbæ l*+t as

- I Ò -Ò/

T/(r)- Þ(r) ";JTà ,-, ^,* ,'Í'' or(') -tirrþÍTl- ,-,':Il, vfr) a' (s)t' *. -:.lo-_o ) - *

The above can be seen as the usual form of the reEros-

pecEfve reserve formula.

The reÈrospective reserve can be interpreted as the sum
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of
lÌn

e-

Ehe toEaI accumulated value of premiums pald
^ /ml
ù- tf /5-.71 o ), and the accumulated value of the initial

ôl
-(ô -0./

be described as a flexible one"

che number of decremenLs.

It works regardless of

The Computer Program

A characteristic of Ehe mathematical model 1s iLs fle-

xibility. DecremenLs are acldltive. Decrements can be

introduced wlth a minimal change. The algorithm of the

compuEer prograa ç/as devised following this line of

Èhough t.

reserve ( ,,(f) V(f)7, less the toEal accumulated value of
'l- * n'

benefit payments pald to members r¿ho have left due to all

m moctes of exlttng .#rrtouÍt|rr-rrÍI), ,:i), ds ).
The usual prospectlve reserve can also be obtained by

integraring (3) from s=t to s=n:

F(r) B(T) _ .EQ) .V(T) : Ín p(T) n(T) d, -.Lrn-(i) -(T) . (í)n-r -r+n t-æ t. . t - s s r ":, iurí', ,E*-' ,*l'" ds

m n-t (i) F(T) ,,(¿) ,th + F(T) p(T) 7(T)sa(T)
,r(T) :;L1'lrPr+t+h h-æ+t "r+t+h *'' ' n-t-r+t Jr,+n - P qæ+t:ffi1 

,.s
+v 

u-! v &I utIL tL ú, u -:(ð

In Ehls derlvatfon, the total reserve 1s glven as Ehe

sum of the preseût valug of the future benefits (clalms

pald to termlnatfng members and the maturity benefÍts),

less the present valrre of alI future contrlbutions "

Ic is stressed that the number of decrements (m) can

take or.r any poslElve f nteger values. The above model can

(6)
-ô/
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The program 1s macie up of Èhree dlst lnct and lndepen-

dent IeveIs"

The lot¡est level consfsts mainlv of subroutines" These

sub routlnes deflnes the basic actuarlal operations. These

are Èhe actuarlal equivalents of the elementary operations

Ín arlthmetic. Take, for example, a call to the subrc¡u-

tine SUM v¡ill be equivalent to a summatlon of some speci-

fted encrfes of an ârÍay. \"IiEh thls subroutine estab-

lfshed, Ehere 1s no need to resort to the basfc principle

of a DO-1oop every E fme a summatÍon is requlred . A call

to the subroutlne (with the approprlate parameters) would

be all that is needed. In other rvords, these subrouEines

would supply t-he basls for future calculat. lons.

The next level 1s. named the ttactiontt level " It 1.s con-

slsted mainly of the so calleri remote blocksl. Each block

perforÌns onc (and only one) funcEfon. For exanple, fn the

remote'b1ock BDEATH, the present values of the benefits

due to the decrement of death are calculated. Sirnilarly,

1n the remote block C0NBUT, the future value of contribu-

:----t RE¡'loTg Bl,oCK 1s a feature of structured I^IATFIv. It is
helpful 1n avoi<ì1ng duplication of code for a function
requlred in a number of places throughout the program.
Executing a REIfOTE BLOCK 1s slmilar in concept to calling
a sub routine, wl ch the aclvantage that shared varlables do
not neerl to be placed in a COMIfOìtr block or passed 1n the
argument list. Fur Eher reference can be found in the
documenEatlon Structured Programming Factllttes in I,trATFIV
of the Computer Cen tre, University of. I'fanitoba.
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tions are calculated. The same can be said about Bi^IITH

rvhere the present value of beneflLs due to wlthdra\"ra1 are

calculated. In the block RSERVE, the gro\'rth of the

r ese rve 1s t rac ed "

These remoÈe blocks work fndepen<1 enLly. Blocks can be

added or deleted vl fhout nuch changes. Each remote block

makes extensive use of the operations defined by the sub-

routfnes 1n the lowest. level.

The upper level is called the ttcontrolrr. Thls controls

the f lorv of 1oglc. The tr¡ro f low charts on Ehe f ollowing

pages íllusErate brlef ly horu execution f lov¡s through the

remote-blocks

Firb E of aIl n variables are ínitlalized (by executing

INITAL) and data are 
-read 

in (by executlng DATA). These

are golng Eo be the da ta base. Changes of the data are Eo

be introduced here. If , f or example, â ne\,r set of lnter-

est antl lnflatlon rates are requlred, the program can be

re-run after a change 1n Ehe respectlve rates 1n the

remote block INITAL. 
^ 

new set, of mortallry values, wfth-

drawal rates or salary scales can be used by readfng in

the new values 1n stead of the o1d"

The remo te b lock ACTION controls the flow through the

blocks ln the middle level r.¡here DresenÈ values are

c a1 cula ted .



S TART

INITAL

I<COMBIN

ACTTON

FLOVT CHART 3I

THE CONTROL

INITIALIZATION

READ IN TIIE DATA

CHECKING TiIE
COMB INAT ION S

RATE S

NUMBER OF DIFFERENT
OF INTEREST, INFLATION

CONTROLS THE FLOW THROUGH THE
REMOTE BLOCKS WHERE DIFFERENT
PRESENT VALUES ARE CALCULATED



ACTION

C ONBU T

BDEATH

COLA = 0. 0

COLA=INFI,A

IRUN = 1IRUN = )

I< IRUN

BW ITH

PRE S EN

TRAC E

FLOW CHART

ACTION J¿

BSTABLISI{ TIIE ]]ASE

CA,LCULATE THE CONTR IBUT I ON S

CALCULATE THE DEATH BENEFITS

CHECK TO SEE IF ANOTHER RUN IS
NEEDED TO CALCULATE THE COST
I^]HEN COLA TS PROVIDED

CALCULATE THE I{ITHDRAWAL BENEFITS

CALCULATE THE PRESENT
THE INITIAL UNFUNDED

VALUES OF
LIABILITIES

TRACE THE RESERVES
ENTRY AGES

FOR DIFFERENT
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Remot.e block BÀSE 1s firsL executed. DiscounË factors

are esEablished. New Salary Scales are set up taking fnto

account of Ehe lnflationary force on tÌìe salary" Present

values of the contrÍbutions and death benefits are calcu-

laEed by passfng conErol to the t\^ro remote blocks" C0NBUT

and BDEATH. The present value of the withdrawal beneflfs

(lnclrrcling the vested pension benefits) changes according

to r.¡hether C0LA is Drovided. If the lnf latlon rate 1s

zero, there is no need t.o provide C0LA" Thus, before cal-

culaEÍng the expected v¡lthdrarual beneflt, a check is per-

formed to see If.2 withdrar¡a1 costs are needed - one for

non-lndexed and one f or lndexed Þenslon benef tts. I.Jtth-

drawal benefits and the initíal unfr-rn.-led lfabtllties are

then calculated. Re.serves of 3 members, age 30, 4O and

50, are traced by executlng TRACE" The Crace is performed

Eo see how the reserves gror"¡. Thls block has no slgnlf i-

cance 1n the overall cost evaluatlons.

All of the above calculations" from BASE to TRACE,

woulcl be executed every time ACTION 1s executed.

As mentloned before, the program Ís very flexlble" If,

for example, tl.re trace of the reserve is no longer needed,

changes that are required are:

delete I statement from ACTI0N

deleÈe the renote blocks TRACE and RSERVE.
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The program can Ehen be run aga1n.

By seEÈing, up the program 1n rhls \rtay, changes can be

made wlth a minimal effort" Moreover, the florv of logic

can be follornrecl easlly.

Wtth the above computer program, the cost for a parÈi-

cular pension plan 1s calculated.

Model Plan Provlslons

(a) In the evenÈ of retiremenE at 66, a ltfe annulEy of 27,

of final annual pay for each year of servlce 1s provlderl

beglnnfng at age 66.

(b) In case of death, the total amount of the contrfbution

of the employer and employee, accumulated wlth interest,

1s provlded.

(c) In case of termlnation:

(f) within Èhe flrsE l0 years of servlce, the total amount

of the employee contrÍbutions accumulated wíth lnterest ls

provlded "

(f i) after l0 years of service, a vested penslon benef it

is provlded, 1.e., a deferred annuity 1n the amount of 27"

of the flnal annual pay at time of l¿ichclrar.¡al Per eacl-r

year of service is provi<1 ed at age 66"
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Contrlbutlons

Employer and employee each contrlbutes 7.5% of the emp-

loyee's annt¡al pay at the beginnlng of each year.

Employer assumes all fnltial r¡nf unded llabllities

whether or not the total contrlbutlons 1s enouqh to cover

all beneflt payments.

In the experiment, for simpllcity, it 1s assumed that

every member enters the plan with an annual salary of ten

dollars.

Calculatlons

In this case, Ehe causes of decrement are death and

wlthdrawal. The annrral rates of death are talcen from the

F. I{cCf nn, Indlces to the Cos t of Ves ted Pen-
its, Appendlx C, Table Cl, Transactlons of the

l97l Group Annuity l.fort-ality Table. The r¿ithrtra\{aI rates

are taken from Table'VI of the non-select employment

tabl."I,

The premlum contriburionr,Ul'', death benefIt,B(11 ,

termfnatlon benef tts , u:?1, , anct rertremenr benef irs,
^(r)o**.t are fixed (refund of contributions or a flnal

salary penslon benefit). The only varlable Ieft for com-

parlson 1s the inltial resetuu nT(T)

From (6¡ ,-ytr) i rÌ-þ(i) . lr). ,(í) .alr* s(r) n(r)-Þ(rþ ã(r)' ' t :-. ', t k+t+h n"r+t *æ+t+h*'" ' tt-l;"æ*t"æ+n-' qs¡f,.ft-J| 
, "s ô ,

I D"nlel
sion Benef
Society of Actuaries" Volume XVIII, Part I, 1966" P"
235.
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For t=0:

/m\ m

NV =LJ
u-L v

=(r) s*(T)
P/1 ,rrI (0"_o)

l1 |

- æ*h

/¡11 | t;| 
-(f) -(T).E'-' u'"'" dh + L Dn4r+núrf+n

In Èhis case, sÍnce both Ehe premium payments and Ehe

claim benef its are payable at tlte beglnning of each yeay,

(6) is adapted to a discrete model with

m=number of decremenÈs=2

n=number of years after entry to

beneflt fs firsL paid=66-x-I
lryt 2 66-r-7 r; t lryt t; \ (rll

îllt/_ ç ç D\r/ OttL/ ,jtr/ L Fr-,
^V -.L- tL^ D . iL u 1 T þU L:in:U r+nnæ æ+n næ

2 n r;r R (;r R (¡vl
: 1 {l("M\'/- uM\'/ ) + uDttt 

-oo/ml u-! & uw
;f r'/
ur

f/(T)
0'

plan when pension

(q)

æ+n
4l)d t,nt

7)- 7v 171 r /

-^(f ) s-/ ry |r a):á 
Qe. rtt / 

^v-{osn(T),1
Lv^^ / I

oa

-o)

(7)

In this study, the differenÈ inltlal reserves resultlng

from different comblnations of lnterest, inf1at.1on and

Cos t of Llving Ad justment (C0L.,\) rates are calculated and

compared "

In the compuÈ.er prog ram, ( 7 ) 1s b roken up lnto

----:-((11 l'
u

R (.1 )"M'*' 8,,(d)
IuJnn

oo

the initial reserve.

the total <1 eath benef 1t

payable.
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, 1 t7 t,¡\ t) tt.¡t n rrfh" total !,¡iÈhdrâ\'/aI benefit
1- t TDrrlW,/ D¡.¡lw/ , unlt/ 

\"--"----=--l lul - luJ^^ T unn ./

D(J') æ oo oo pnyal¡le. Those retirinP, at
r

age 65 are also treated as a

\"rithdrawal.

the total contributlons
7 ,^,s,,(T) s,,(T),¡

- (rt1T lrl ", - t'66 "r""eivable.D'-'

The lnitlal reserve mentfoned above is the sum of the

benefits payable: death, wlthdrawal and penslon benefits,

mlnus the total Þremium contributions recelvabl-e. In

other words the inttial reserve can be treated as the ini-

tial unfunded liability" Since the plan 1s guaranEeed by

the employer and n once Èhe ernployee has made hls contribu-

tions, he r¿ou1<t gec all his benef 1ts, the employer has to

make a deposiE eqrral to the sl-ze of the lnltlal reserve

whenever a member enters a plan (on top of the 7.5f' annuål

contribution of employee lncome). Viewing the lnitlal

reserve in this respect, dlfferent calculatlons are made

using various combinatlons of interesf, inflatíon anrl COLA

rates "

In the next chapt.er Èhese dtfferent inltlal reserves

are tabulated and compared.
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Summarv

In thls chapter, a mathematical model vJas first dls-

cussed. Its flexibillty vras polnted out. I)evelopment of

t.he computer program was briefly mentloned. Flexíbllfty

rùas once agaln the characteristíc of Lhe Program. Model

plan provlsions were llsted.

In ttre next chap ter, a cost eval-ua tÍon of. the model

plan listed above 1s calculate<l using the coûlputer

program"



CIIAPTER IV

SIJ}{}.fARY AND CO}ICLUS ION

Introduction

The different lnitial lfabillties and conLributlons are

tabula ted on the fo llowing Pages '

Before concluSions are macle, attenLfon 1s drawn to the

questlon of Ehe extenf !o r¿hlch one can apply Ehe numeric-

a1 conclusions from thls exPerlment to other plans. It {s

stressed that changes of the cost of penslon plans are

very volatile. A small change in one or some of the para-

meEers, ê.go¡ a change in mortallty or \,/ithdrawal ratest

could bring about a subsËantlal change in cost. There-

fore, it 1s emphasized that the cost so cal-culated fn thls

sÈudy applles to tilis partlctllar pension plan and un<ler

the condltions !liven.

39



40TAßLE 4.1

TOTAL FUTIJRE CONT}TIBUTIONS
ASSU}fING DIFFERIINT I}:ITEREST, INFLATIO}I AND COLA RATES

INTIIRI]ST RATE

0"03
INFLATIOI{ RATE

0. 00
COIA RATE

0. 00

AGE
20 12.67
21 13.64
22 I4.6r
23 15.60
ztt 16. 5I
25 17.55
26 18.5I
27 19.45
28 20.35
29 21.20
30 2r.99
31 22.71
32 ?_3.35
33 23.90
34 24"37
35 24"76
36 2s.05
J I l). ZO

3B 25.39
39 25.43
40 25.3r
4 t 25.2r
42 25. 03
43 24.77
44 24.44
45 24.02
t,t- t'ì qî

47 22.92
48 22.23
49 2r.43
50 20.54
5l 19. s5
52 18"46
53 17.28
54 16.02
55 t4"69
56 13.37
57 12.07
58 I0.79
s9 9. s3
60 8"26
6t 6. 98
62 s.68
OJ 4oJJ
64 2"94
65 1.50

0. 05

0.02

0.02

12.75 t2.75
13.73 13.73
t4.7t I4.7I
15"70 15.70
16.69 r6.69
L7.67 17 "67
18.65 18.6.5
r9.59 19.59
2 0. 50 20. 50
2t.36 2r.36
22. t5 22" 15
22. 87 ?.2.87
23.52 23.52
24"07 24.07
24.55 24.55
24.93 24.93
25.22 25.22
25.43 25.43
25.55 25"s5
25.59 25.59
25.47 25.47
25 " 36 '25.36
25. L7 25. t7
24"91 24.91
24.57 24"s7
24. L5 24. 15

23.63 23.63
23.03 23.03
22"33 22.33
2t.53 2r.53
20.63 20"63
19.63 19.63
lB" 53 t8.53
17.34 17.34
16"07 16.07
r4.73 r4"73
13.40 13.40
I2.10 12.l0
10.81 10" 8I
9.54 9 "54
8.27 B "27
6.99 6.99
5.68 5.68
4.34 4.34
2.94 2.94
1.50 1.50

0. 07

0. 04

0. 04

12.83 i2" 83
r3.81 l3.Br
14. BI I4. BI
15.81 15.8r
I6.8r 16"Bl
17.80 17.80
18.78 I8.78
19.73 19.73
20.65 20.65
21.51 21.51
22.31 22"3r
23.03 ?3.03
23.68 23"68
24.24 24.24
24"7r ?_4"71

25" r0 25" l0
25"39 25.39
25.60 25"60
25 "7r 25.7 L

25.75 25"75
25" 62 25.62
25.5r 25.51
25.32 25 "32
25" 05 25.05
24.70 24.70
2t+.27 2 4.27
23.75 23"75
23.t3 23. t3
22.43 2?_" 43
21.6t 2r"6r
20.70 20.70
I 9" 70 19.70
18.59 18.59
17.39 17.39
t6" 12 L6. 12

14"77 r4.77
13" 43 r 3" 43
t2"t2 12"12
10. 83 10" 83
9.56 9 " s6
8.2"q 8" 28
7. 00 7. 00
s.69 5"69
4"34 4"34
2.94 2.94
l.s0 t"50

L t+. 27 L 4.27
1s.43 15.43
16. 6l l6 " 61
17.78 17.78
18.95 18.95
20" l0 20. I 0
2t.24 ?-r .24
22.33 22.33
23.38 23.38
24"35 24"35
25.24 25.24
26.04 26.04
26.74 26.74
27 "33 27 "332t.Br 27.81
28. t9 28"19
28. /+5 23. 45
28"51 28"6I
28"67 28"67
LÕ¡OL Ló.O.¿-

28"rç7 28"40
?-8.18 2B. tB
27.88 27.88
27 .49 27.49
27.01 27.01
26.44 2(¡" 44
25.77 2s.77
25.0r 25" 01

24"15 24.t5
23. l8 23. 18
2?_"tt 22.11
?_0"94 20"94
19"68 19.68
r8.33 r8" 33
t6"9r i6"91
1.5" 43 15 " 43
1 3" 97 t3"97
12.55 r7-"55
1I.17 1t.17
9.81 9"8r
8.47 8"47
7 "1.?- 7.12
5.76 5.76
4"38 4.38
2.96 2.96
I " 50 1.50

lI.6I lI.í¡l
t2.45 t2.45
13.29 I 3.29
i4. i5 14. r5
t5. 00 I 5. 00
i5. 85 I 5. 85
r6.70 t6.70
17 .52 t7 .52
lB. 32 IB. 32
I9.OB I9.OB
19 "79 19.79
20,44 20,44
21.03 21.03
21.55 2r.55
22.00 22.00
22"38 22.38
22. 69 22.6c)
22"92 2?-"97
23.08 23"08
23. 17 23. r7
23. L2 23. L2

23.08 23.08
22"98 22.98
22.81 22"81
22.57 2?_. 57
22-. 25 22. 25
21.86 21.86
21.38 21.38
20.80 20. B0

2Q"t3 20" 13
19.36 19.36
18.50 lB._50
17 .54 17 " 5/+

16.48 I 6.48
15.34 r.5"34
14. lt 14.11
12"89 12.89
I1.69 t 1.69
10.49 r0"49
9.30 9.30
8. 09 B. 09
6.87 6.87
5.61 5"6r
t 

^A'+.JV 4cJt.l
2.93 2.93
1.50 1.50

0. 05

0"02

0. (10

0. 07

0. 04

0. 00

0"05

0. 03

0. 00

0. 05

0"03

0. 03

0.07

0. 03

0.00

0. 07

0. 03

0. 03



4i

TABLI] 4.2

TOTAL FUTI]RE DIìAT1ì I]]]NIÌFIT
ASSUI.IING DIFFERENT INTEREST, TNFLATIOIì AND COLA FâTES

INTEREST RATE

0.03 0.05
INFLATION RATE

0. 00 0. 02
COLÀ RATE

0.00 0" 00

AGE

20
2l
-¿- L

¿J

25

J-t

28
29
30
?l
J!

33

35
36
JI

Jö

39
40
+L
.+¿

43
44
45
46
47
4B

49
50
5l
52
)J
54
55
56
57
)t)

59
oL/

6l
62
OJ

o4
6-5

0" 63
0.75
0. B8

i .02
I.17

1 /,4

r"66
I Q?

r.99
t 1q,

2.3r
2"45
, ço

2.7 |
2.82
2.9r
2"98
3. 04
3. 08
? lô

3. 10
'r ôo

3. 06
3. 01
1 0/,

2. 86
2.7 5

2. 48
2.32
t t<

1.96
t"77
r t?

l. 37

1. 18

1.00
0. B3

0.67
0.52
0. 39
0.27
0. l7
0. 09
0.03

0.64
0"76
0. 89
I"04
l.IY

1.34
I ql

i.68
l.84
2. 0l
2. 17
t 't'l
I t, 1

2.6r
Lc I )

2.84
2"93
3.00
J.IJO

3. 10

J¡ r I
3" 12
'ì 11

" 
nQ

3. 03
2.96
2.87
.> -74

2.63
2"49

I 1A

I 07

t"77

L .37
t.t8
I.00
0. 83
u.o/
0. 52
n 1r)

0 .21
rì t7
0. 09
0" 03

0. 0s

0. 02

0. 02

0.64
0.75
0. B9

I"04
I ìO

r .34
1.51
l.68
t. 84
2. 01
a l?

2"33
¿"4 t
2.61
t 1"t

L.114

2.93
3. 00
J. (rb
? lrì
3.tt
3.12
't tt
3. 0B
J. UJ
2"96
2"87
L. to
¿.oJ
2"49
¿. JJ
a 1L

I O-7

1.77
r q7

L.JI
I " IÕ
t. 00
0.83
0"61
rì q,

0. 39

^ 
)-7

0. 17
0.09
0. 03

0.07

0. 04

0. 00

0.64

^ 
'7'l

0. 90
1 rìq
r trì
l " 36
L")¿
r .69
t. 86
2"03
2. L9

2"35
1 LO

L" O)
t 

"ç,
2. E6

2"95
3.02
3. 08
2 tt
? l1

3. l4
J. L¿

3"09
3. 04
, 07

2. 88
2.7 7

2.64
2"50
L c )4

r"tt
1.78
1.58
1 'ì-7

i"lB
1.00
0.83
0"67
n qt

rì 'ìo

^41
0. 17

0. 09
0. 03

0. 07

0. 04

0" 04

0. 64
0.77
0. 90
1.05
l trl

1.36
1.52
t.69
lcÕo

2.03
L. Lt

2"35
2" 49

2.75
2.86
2"95
3.02
3.08
I It
? l?

3. r4
3. L2
?^o
3"04
2.97
2"88
a 11

2.64
2. 50

1 1A

l07
r 

"Q
i.58
1 î?

1" IB
I .00
0. 83
u"b/
0.52
0. 39

^11
0. l7
0. 09
0. 03

0. 05

0. 03

0. 00

0. 7B

0.9?-
l.0B
1 tt,

t.42
1.60
L" tö
r.97
2.16
1 1.t,

2 "52
2.63
, Q'ì

3. l0
3"20
J" ¿Y

--t. Jo

3. 43
.1 .4J
3"42
3. 39
3. 35
3. 28
I 10

3.08
2.95
2. 80
L. OL+

2" ¿16

2"27
¿"ut)
I.85
1 .64
r"42
L t LL

0. B5

0.68
ñ q't

0. 40

^ 
ôo

^ 
1?

0. 09
0.03

0. 05

rì rì'ì

0. 03

0. 78
o.92
l. 08
1" 24
1 1, 1

1. 60

I O-t

2" 16
2.34
2.52
¿coö
¿"ÕJ
¿.yt
,ì tn
3" 20
3.29
3.36
3. 41
3.43
3"43
.t.L+¿

3.39
3.35
3.28
'ì lo
3. 0B
¿.\))
2.BO
2.64
2"46
a a1

2"06

lô()4
t"42
1 ',r')

t. 03
0" 85
0" 68
U. )J
0. 40
0.28
0.r7
0. 09
u r UJ

0. 07

0. 03

0"00

0.07

0. 03

0. 03

0.53 0.53
u. r)4 u. 04
0"76 0.76
0. 88 0. BB

1.01 l.0l
I lc I tq

I .30 l. 30
I.4) l. ¿+)

t.6l l.6t
1"76 1.76
l"9l i.9l
2.05 2.05
2.19 2.19

^ âô¿. -)¿ /-o )L

2" 44 2.44
2"55 2.55
2 "64 2.64
2.72 2.12
2.78 2.78
2.83 2. 83
2.85 2.85
2"87 2.87
2.87 2.87
2"85 2.85
2.82 2.82
2"76 2.76
2 " 69 2.69
2.60 2.60
2" 49 2.49
2.36 2.36
2.22 2"22
2,06 2"06
r.89 r.89
1.7r t"7I
r <r 1 q,
L.JL L'JL

1.33 1.33
1 lR 1 tcL. LJ L. LJ

0"97 0" 97

0. Bl 0. 81

0.66 0.66
^ <1 ar <tw.)L w.JL

0. 39 0. 39
0"27 0"27
0. 17 0. 17

0. 09 0. 09
0" 03 0.03
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TABLE 4 " 3

TOTAL FUTT'RE \^]ITHDRAi.JAL BENIìFIT
ASSU}ÍI}TG DIFFERENT INTI]REST, INTLATION AND COLA RATES

INTIiREST RATE
0. 03

INFLATIO}I RATT]

0.00
COLA RATIì

0. 00

0. 0s

0. 02

0. 00

lra

2" 23
2.20
2. 16

2. tI
'> 

^-l
2. 01
I .96
lon
I. 85
L.lÕ

Lc I L

L. bt)
i.. b(,
I q,,/.

I.4B
1 1, 1

I ?<

1.28
r .21
I.I3
I. 04
0.94
0. B4

0.73
0. 60
0.49
0. 39
0" 3r
0. 25
0" 20
0. 16

0.13
0. 1t
0. 09
0. 07
0"05
0.03
0. 02
0.0t
0. 0l
0. 00
0. 00
0.00
0.00

0. 05

0. 02

0. 02

, .,4

) )Á

2.23
2.20
¿o lo

2"TL
t 

^-l
2.Or
t .96
1. 90
t.85
1.78
t t1

r"66
1.60
r. 54
1.48
| 1,.)

i"35
l q

l I

i. i3
1.04
0.94
0. B4

0.73
0. 60
0.49
(J. JY

0. 3l
0"25
0. 20
0. I6
0" 13
0.Il
0. 09
0. 07
0"05
0. 03
0.02
0. 0l
0.0I
0. 00
0. 00
0. 00
0. 00

0. 07

0. 04

0. 00

)1Q

¿. zt)
1 1t,

2"20
2. 16
1 11

L t \J I

r.96
r"9t
r.85
I 7a
1 '71

1.66
i.61
l. 55
'| /,o

1" 42
I.36
I .29
1 tr

I" IJ
totJ4
0. 94
0. B4

0.73
0. 60
0. 49

ar ,lt

0 .25
0.20
0. t6
0" l3
0. Ii
rì no

0. 07
0"05
0" 03
0.02
0"01
0. 0l
0.00
0. 00
0. 00
0.00

0. 07

0" 04

0. 04

2"28
2.26
LO L4

2"20
2. L6
t 1)
a 

^1
2 "02
t. 96
l.9l
t. 85
l- o /tl

t.72
r.66
r.6l
1" 55
1.49
I l, 1

Ì " JO

lõ zL

I.I J

1.04
0.94
0. 84
0. 73
0. 60
0. 49
0. 39
rì 'ì|
0.25
0. 20
0" 16
0. l3
0"lt
0. 09
0. 07
0. 05
ñ rì1

0. 02
0"01
0" 0l
0. 00
0" 00
0. 00
0.00

^n(

0. 03

0"00

2.31
2.28
¿. ¿)
2.21
Lc LO
,) l1

?-.06
2. 01
1.9.5
1.89
1. 82

I 7rì

I .64
1.58
t.)1
| .45
r.39
t.3l
1.23
r lq
1.06
0.97
0. B6

0,7 4
0. 61
0. 50
0"40
0.3?-

^ 
1q

0.20
0. t6
0.13
0"lt
0"09
o. 07

^ ^c
0" 04
0.02
0. 0I
0.01
0"00
0" 00
0. 00
0. 00

0"05

0. 03

0.03

)1Q

2.25
2.21

2. TI
2"06
2 "01
1.95
r. 89
l. 82
1.7 6
I?rì

| .64
r qa

1" 52
l ¿q

1.39
I 1l

LcLJ
1 lq'

I. 06
0.97
0. 86
0.7 4
0. 6l
0. 50
0. 40
0.32
o,25
rì ,^
0. r6
^ 

1,]

0"lr
0.09
0. 07
0. 05
0. 04
0. 02
0.01
0. 01
0. 00
0" 00
0" 00
0. 00

0.07

0"03

0. 00

2.23
) ,).,

0. 07

0.03

0. 03

2.23
2.22

¿l'br,

1lLL

22
23
¿4
25
26
27
28

30
JI

JJ

34
35
Jb
5l
38
39
4o
4L
4/.
¿+)

.+ r+

45
46
/47

4B
49
50
5l
52
)J
54
55
56
57
58
)v
60
OI
ô¿
OJ

64
65

t ., 1

t ')^
2.23
I 1^

L" LO
, ll

1. UO

2.01
1.96
l. 90
1. 84
r.77
1 -7')

1.66
r .60
t.54
1.4Ò
I.¿+¿
1.35
l.28
i.20
r. LL
l. 04
0 "9t1
0. 84
o.72
0. 60
0.49
0. 39
U.JI
n t<

0" 20
0. t6
U.I.)
0. t0
0. 09
0.07
0. 05
0. 03
0.02
0. 01
0.01
0. 00
0. 00
0"00
0. 00

2"19 2"19

1.97 r.97
| "92 1.92

2. L6
2. L2

2 "O2

r. 86
t.8I
r.7 4

1.68

., 1'.)

.) 
^-l

2.02

i.86
I.BT
t.74
i.68

1.63 1.63
1 q-7 I <7
L'J' L'JI

r.5l
I ¿q.

I ?O

IoLO

I. Iö

l. t0
1 

^')
0.92
.l o')

0.7r
0. s9
0. 48

0.3r
0.24
0. l9
0. l5
0. r3
0. r0
0"08
0"07
0. 05
0. 03
o.02
0. 01
0"01
0. 00

r.)l
1 /.q

1.39
I ?,l

r"26
I.l8
i. t0
Iô9

o.92
0.82
0.7r
rl <o

0. 4B
0.38 0.38

0. 31
0.24
0. t9
aì 1q

0. t3
0. r0
0. 0B
0.07
0. 05
0. 03
0. 02
0.0I
0. 0l
o: 0-0r,

o. 00 ,.,. .0- oo '

0"00 7\'0.00
0. 00

:ri)
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TABLIi 4 ' 4

TOTAL FUTURE \¡ESTED PENSION

ASSU}IING DIFFERENT INTEREST ' INFLÀTION AND cOI,^. RATES

INTEREST RATE
0. 03

INFLATIOI'I RATE
0.00

COLA RATE
0. 00

AGE
20 7 .67
2L 8.80
22 10.00

^1¿J LI.LJ

24 r2.50
2s 13. B0
26 I5.ll
27 16.41
28 t7.69
29 r8.93
30 20" 12

3 I 21.24
32. 22.28
33 23.21
34 24.06
35 24.80
36 25" 44
3t 25.99
3B 26.43
39 26.78
40 26.95
4L 27.13
42 27.22
43 27 "24
44 27 .17
45 27.02
46 26.79
47 26.42
48 25.90
49 25"23
50 24.41
5r 23.44
52 ?_2.33
53 21.09
54 19.74
55 r8.28
56 16.84
57 15.4I
58 I 3.99
59 I2.-55
60 11.07
61 9. 53
62 7.89
63 6. 14

64 4.25
r-c 1 )1

0.05

ô aì9

0"00

0. 05

0. 02-

0. 02

5.63 6"52
6.56 7.60
7 .55 8.1 4
8.59 9.95
9.67 I r. 20

10.78 12" 49
It.92 I3.81
r 3.06 I s. t3
14.20 r6.45
15.3t 17.73
r6" 38 18.98
17 .41 20. 17
18.37 ?,1 " 27
19.25 22.30
20.05 23.22
2A.77 24.06
2t.40 24"79
2t"94 25.42
22.39 25.94
22.76 26.36
22"96 26.60
23. r7 26.83
23.29 26"98
23.34 27.03
23"30 26.99
23. r8 26.85
22.99 26.62
22.66 26.25
22.22 25.73
2r"64 25.06
20"93 24.24
20" 09 23.27
19. t4 22.16
t 8.07 20"93
1 6. 90 19 .57
15.64 I8.12
14.40 16.68
13.17 15.2(r
tI.95 13"84
I0.71 12.41
9.44 I0. 94
B.12 9.4r

- t^
O. /J lt t)

5"23 6" 06

3.62 4.19
r.88 2"rB

0.07

0. 04

0. 00

0" 07

0" 04

0. 04

4.44 5.e7
5"23 6.90
6 "07 B. 01
6"96 9.19
7.89 I0.4I
8.86 1i"69
9.85 13.00

10"86 r4.33
1 1.86 1 5" 66
r2-. B5 16.96
r 3. Bl 18.23
r4"74 19"45
15.61 20.60
I6.4t 21.67
17" l5 22.65
L7 "82 23.53
L3. t+?- 24" 3l
l B. 93 24.99
19.37 25.57
t9"72 26.04
19 "94 26.32
20"14 26.59
20.28 26.77
20.34 26"85
20.32 26"82
20.22 26"69
20.04 26.46
19.76 26.09
19 " 37 25.57
18" 86 24.89
t8"23 24"07
17.50 23.10
t6.66 22.00
t5 "72 20.76
14 "70 19. 41

13.60 17.95
lr c.l lÁ. qt
L¿.. J L

11"44 15" l0
10.37 I 3" 69

9 .29 L7-.27
8.19 l0.Bi
7.04 9"29
5.83 7"69
/. qî c oa+. JJ

3" 13 4.r3
1.63 2.15

0. 05

0. 03

0. 00

0. 05

0. 03

0. 03

8. 19 10.26
9,50 11.91

r0.89 r3.64
I2- .32 15 . 4t+

l 3.80 t7 .28
t 5. 30 19. 16

16.81 21.06
18.31 22.93
19.77 24.76
2I " 17 26"52
22.50 28" IP,
23.74 29.73
2/1"86 3t.14
25.86 32"39
¿o. tJ JJ"¿+ö
27 .47 34.4r
28"09 35" 1B

28.57 35.78
28.92 36"22
29.14 36. 50
29. t6 36" 52
29.16 36.53
29 "06 36.40
28.86 36.15
?_8 . 55 35.7 6
28"t4 35.2_5
27 .64 34.62
26.99 33.81
26"2L 32.83
2s.28 3 l. 66
24.22 30.33
23.03 28.85
21.72 27 .21
20.31 25.44
18.81 7-3.56
17.24 21.60
r5"72 19.69
t4"24 17 "84
12"79 16"02
r1.36 14.?-2

9 "92 12"42
8.45 i0.58
6.93 8"68
5. 33 6. 68.

3.6s 4"58
r " 88 2"36

0. 07

0. 03

0. 03

3"03 3"71
3.58 4.39
4.18 5.13
4.82 5.92
< crì A'r<
J' J\) \)' T J

6.22 7.63
6.96 8.54
7.73 9"48
B.5l 10.43
9"28 1I.38

t0.05 12.32
10.81 t3.25
I l. 53 t4. t4
r?- .22 14 . 99
12.88 15.19
13./+9 16.54
14.0_s t7.23
t4.56 r7.86
15"02 18.42
15.43 18"92
15.73 L9 "29
16.03 19.66
r6.28 r9.97
i6.48 20.20
16.61 20.37
1 6. 69 20. 46
t6.70 20.48
16.62 20.38
t6 " 44 20. 16
16.16 19.82
15.78 r9.35
t5"29 t8"75
t4.70 18.02
r4"00 17"17
t3"22 16.21
12.35 15" t4
Lr. 47 r 4.06
I0. 59 I 2. 98
9"69 11.88
8.77 10.75
7"80 9"57
6"77 8.3r
5.66 6"94
t+"44 5"44
3.10 3"80
1.63 1.99

0.07

0.03

0.00
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TABLE 4.5

TOTAL FUTURE LIABII,ITI}iS
ASSU¡IING DIFFERE}IT INTEREST, INFLATION AND COLA RATES

INTEREST RATE
0. 03

INFLATION RATE

0. 00
COI¿, RATE

0. 00

AGE
20 -2.10
2r -r. 83
22 -1.50
23 -I.14
24 -O"74
25 -0.31
26 0. 15
27 0.63
28 t.t3
29 1.63
30 2"r3
3 I 2.62
32 3. i0
33 3.56
34 4. 00
35 4.40
36 4.78
31 5. 13

38 5.44
39 s.7r
40 5.94
41 6. 15

42 6.33
43 6.47
44 6.s8
45 6.67
46 6"73
47 6.73
48 6.68
49 6.sB
50 6.43
5 i 6.23
52 5.99
JJ J' I L

<t, < ,ì0

55 5.05
56 4.72
c,7 /, 1c¡

sB 4.06
59 3.7r
60 3.35
6 r 2.95
62 2" 49
63 t.g8
64 1.40
65 0.7 4

0. 05

0. 02

0. 00

0. 05

0" 02

0. 02

0. 07

0. 04

0. 00

-4.2t -3 "32 -5. 46

-4.i.5 -3.I1 -5.55
-4.04 -2.84 -5" 60

-3.88 -2.52 -5.60
-3. 68 -2. Ls -s . 56

-3 " 43 -r " 73 -5.47
-3. l5 -L "27 -s.34
-2"84 -0"77 -s.17
-2.50 -0.2s -4.96
-2.r3 0.29 -4"73
-1"75 0.8_s -4.46
-r.36 r.40 -4.17
-0.96 I .95 . -3. 86

-0.55 2" 49 -3 "54
-0. l6 3.01 -3"20
o"2?- 3.51 -2.87
0.59 3.97 -2"54
0.93 4.4r -2"22
r.26 4" 80 -1.91
I.55 5. 15 -L.62
t.81 5.45 -i.35
2"05 5.72 -1.10
2.27 5. 95 -0. BB

2.45 6.14 -0.68
2"60 6.28 -0" 50
2.72 6.39 -0.35
2"82 6.46 -0.23
2. BB 6.47 -0. t2
2.91 6.43 -0.02
2.9t 6.34 0.05
2.88 6. 19 0. u
2.82 6. 00 0. I 6
2.73 5"76 0.20
2.63 5.49 0.24
2.5r s.l8 0.27
2.37 4" 85 0.30
2.25 4.52 0.33
2.r2 4"21 0"37
2.00 3"89 0"40
t. 86 3. s6 0. 43
r.7r 3"2r 0.44
1.53 2.82 0.44
r.32 2"39 0.42
I .07 1.90 0. 36
0.77 1.34 0" 28
0.41 0.71 0.i6

n^7

0.04

0. 04

0. 05

0"03

0. 00

-4,03 -2.98
-3. BB -2.10
-J. bO 'L t JD

-3.37 -I.96
-3 .03 -r .52
-2.63 -1.04
-2. tB -0.53
-1.69 0.01
-1.t7 0"56
-0.61 r.l1
-0"04 1.66

0" 54 2.20
l"1J Z. lr
1.72 3.20
2.29 3 " 66
2.84 4.07
3.36 4"44
3.84 4.76
4.29 5 . 04
4"69 5.27
5.03 5.43
5.35 5.56
5.62 5.64
5. 83 5. 68
6.00 5. 68
6. t2 5. 63
6"19 5.55
6.21 5.43
6. i8 5.26
6.09 5. 06
5 " 95 4.82
)" | / 4.))
5"54 4"26
5"27 3.96
4.91 3"64
t. c.< 2 ?t
+.1.)J J' JL

4.33 3.03
4 " 03 2"76
3"72 2.50
3.40 2.25
3.07 2.00
2.70 1.73
2"28 | "44
I.81 I"13
1.28 0.79
0" 68 0.4I

-0.91 -5.81 -5"i3
-0"30 -6.0t -5.20

0. 39 -6 " 17 -5 .22
r " 15 -6"29 -5. 19
r.96 -6.36 -5. L2

2"82 -6.40 -5" 00
3.72 -6.40 -4.83
t+.63 -6.37 -4 . 62
s. 5s -6 " 29 -4 .36
6. 46 -6 . 17 -4 .07
7.35 -6"02 -3.75
B"19 -5.84 -3.40
B. 99 -5.62 -3 " 0l
9.73 -5. 38 -2.6r

10.4t -5"12 -2"20
11"01 -4"84 -r.78
t1.53 -4.55 -i.37
t 1 . eB -4.25 -0. 96
r?-.34 -3.95 -0.55
12"63 -3"66 -0.I7
12.79 -3.36 0.20
12.92 -3 .08 0. 55
12.98 -2.81 0.87
12"97 -2"56 l.l7
r2. 89 -2.32 1.44
12"74 -2"09 t.68
12.53 -1. BB 1.89
t2.25 -1.68 2.08
rr.88 -1.48 2.23
Lr.44 -1 " 30 2.36
10.94 -I.12 2"44
10.37 -0.96 2.50

9 "75 -0.80 2.53
9"09 -0"64 2.52
8. 39 -0. 50 2.49
7.68 -0.35 2"44
7.OO -0.21 2.38
6 .36 -0 . 0B 2.32
5"73 0.04 2"2t+
5.t2 0.1_5 2.14
4.50 0"24 2" 00
3. 86 0.30 i.83
3.i9 0.33 I.6l
2.48 0"32 1.32
I.71 0.26 0.96
0.89 0.16 0.s3

0. 05

0. 03

0" 03

0.07

0. 03

0. 00

o "q7

0. 03

0. 03
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Result of the Studv

Contributiols

Table 4. i Iists the total future contrfbution by entry

âge, assumlng different interest, inflatlon and C0LA

rates.

If, for example, there is no inflatlon and the interest

rate is 3"/. per year, a member enterlng a plan aÈ age 20

cårì be expecEed to contrlbute $6.335 durlng hts stay 1n

the plan whlle the employer v¡ould pnt in an equal amount,

making a total of ç12.67. Thls flgure ls calcrrlated tak-

ing into account inflatlon, the force of interest, ter-

minatíon rates and the salarv scales.

l^lhen one examlnes these f lgures, Ewo pofnts shoulcl be

noted.

First, if death is the only decrement, the annuity

values (present value of future contributtons) decrease by

age the older one enters t.he plan, the less conEribu-

tlons one is expected to make. In the case where with-

drar¡a1 is also fntroduced, the expected value lncreases

(to about age 40) and ttren decreases" These reflect the

relative maqniLude of t.he two termlnating forces death

î------t Readers are remlnded
loyee enters the plan wi
Thus a E$/o dollar inlria
lrnplled to mean a 20% of
his age of entry.

of the assumptl-ons that every e-mp-
Eh a ten dollar annual income.
I rrnfuncle<i liablity should be
the employee's annual income at.
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and wlthdraq'al. At the young ages, the rates of death are

much smaller than the stlf lìdra\ù41 rates. The slngle decre-

ment table that appearB on ApPend1x D shows that there is

a one in five (0" 21595) chance for a Person to leave tþe

group by rult.irdra\^/aI, the rate for the same Person Ëo d1e

1s only one ln t\ro r.housancl (0.00045) " If death 1s the

only decrement, f t is very un1lkely that one woulcl leave

the plan before retfrement (when all contr lbutions are

macle). Therefore, it can be exPected that the longer one

stays 1n a plan, the more the expected contributl-ons. In

other vrords r the youn[',er one enters, the rnore hls expected

contrlbutlon.

If r¡ithdrawal is allowed, it is very likely that young-

er members woul'l leave the plan af ter a short stay " In

other \,rords, only a f er,I conf rlbutions can be exPected f rom

them. However n the older one enters, the less the chance

that one 1s golng to leave and so there 1s more opPortuni-

ty to make contrlbutions.

on the other hand, sínce the Iast contrlbution is made

at age 65, the older one enLers the plan, the less contrl-

bution one can make.

These f,*ro forces are reflected 1n Ehe PresenC values of

the contribut ions -- Ehe Present value increases from age

2O to about age 40 then decreases towards the en<1 "



4l

The second Þolnt that shoul<1 be notecl fs Ehe relatlve

simllaricy belr¿een tlte values of the dlfferent combina-

tlons of lnterest and inflatlon rates. The dlfferent com-

bfnations of rates are chosen taking the interest rate of

3% with no lnflatfon as the ttnormtt or ttcontroltt sl-tuation.

TIren w1Èh the lntroduction of a 2% or 4i( lnf latl-on rate'

an equal amount ls added to tite lnterest rate. In other

v¡ords the rllfferential betr,ùeen the lnterest rate ancl

lnflation rate ls roughly kept the same. ChanBes result-

ing from a change of thfs differentÍal ate also examined "

From the table, 1t can be seen that 1f the differential

Ís kept at 3%n tTre pres'ent values are very closely the

same. lf the dlfferential 1s re<1 uced by IZ to 2.7"" the

values geE larger. lf 1t is lncreased by L7" to 42" the

values become srnaller.

From these, \re can say that even if lnflation pushes up

the salary scale, thus lncreasing the dollar amount of the

contrtbutlon made, provldecl that the <1 iscountf n¿¡ f actor

keep pace v¡lth inÊ1at1on, the real valrre of the contrlbu-

tion would remaln constant.

As polnted out ln cirapter III, the total concrlbution
/m\^ (T)

,--lJ/Þa '-'(P'-'-ã^-ae ^ ^ ) 1s an annuity subject to a force of inter-
&. vv-& /rù ô t-(0 -o,/



48

esr of_r6s_61/

Let 6t: ô +
^st -s.ô:Òf h

If

If

If

h=k,

^lô" - 6t: õo+h

h<k
^lô" - ô': 6o+h

h>k
^s 

t ^, ^s.,ô-Ò:ö+n

-6-k

-ô-k

c
o -o

o-o

-ô-k o -o

seen that Lf. both forces of inter-From Ehese 1t can

est and salary scale

be

are

force, that is h=k, then

the same "

subJect to Ehe same lnflatorary

the annulty valrres would remaln

If interest rate increases at a raÈe less than the rate

the annul tyof lncrease of t.he salarY

value çrould be sublected

scale (h<k), then

A smaller lnterest rate would

smaller real interest rate.

mean a smaller rate of dfs-

coun t. Thus, larger present values result "

By the same reasoning, 1f the lnflationary force works

more on the fnterest rate than on the salary scale (h>k) t

then a hlgher real lnterest rate results. Thus the annui-

ry value r¿ould l¡e decreased.

In short., though lnflatlon pushes uP the salary scale

ro
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and thus increases the

the Presenc values

provided thaE the

amoun t .

interest rate is lncrease,l bY the same

Death Beneflt

On the death of a member before retÍrement the total

contributions madet accunulated with ínterest' would be

refundert. Tabl e 4"2 1lsts Ehe total death benefit assum-

ing different lnterest, lnflatlon ancl COLA râtes"

If, for example, there 1s no inflation and lnterest

rate ls 37. per year' a iember entering at age 30' can

expect Eo geE $2'15 ln form of dearh beneflt"

As f ouncl in the llsr of the total contrlbutions ' 
the

varues rncrease tirl around age 40 and then decreâsê.

Thesereflectboththerelatlvemag,nltudeofEheElÀ'oter-

mlnatlng forces: v¡lthdra\{al and <1 eaEh rates and the plan

provlslon that âge 65 1s Ehe last age Eo dle v¡ith a cleath

beneflt.

Acomparlsionofthevaluescalculateduslngdlfferent

combinationsofinterestandtnflat'ionratesshowsagain

that, if the dffference between tlte lnEerest and inflatíon

rates is left consLanE t no change 1n the present value

results.

of

dollar amount of

the cont.rfbutions

the contribution

remaln unchanged
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I,.Itthdrawal Benefit

Tahle 4.3 shorvs the total fr.lture withdrnwal bcrref lts

assuming a dlfferent lnterest, inflatlon and C0LA rates.

On the wlthdrarùal of a member from the plan wiLhin the

f Írst ten years of. service, only the member's contribu-

tfons accumulated witir interest are refunded. lf. termfna-

tfon occurs aft.er 10 years, a vested penslon benef 1t would

be provided. The present value of the vested penslon

benefit is ltsted 1n Table 4.4.

In a non-lnflationary sltuation and assumlng a 3% 1n-

terest rate, a member entering the plan at age 2A can

expect to recelve ç2.27 in ¡vithdra\,tal benef it. The older

a member enLers the plan the less tl're present value.

These reflecË Eo a large exLent the magnitude of the v¡1th-

drawal rates. For young members the termination rate is

very high. Thus, they can expect a 1ot of wÍthdrawal

benef it. For tlte members entering at a later âBer the

chance of staylng t111 retlrement 1s high " Thus, llttle

or no wlthdrarval benefic can be expected.

Slnce t.he sj-ze of the Þresent value of Ehe wfthdrawal

benef ft 1s rather sma11, changes 1n lnterest or inflation

rates do not bring about a drastfc change 1n the Present

value.
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Vested Pension Beneflt

Table 4.4 lists the total f uture vested penslon bene-

flts assrrmlng dlfferent lntereEre lnflatlon and C0L^'

rates. In the calculacton of the vested penslon benef lt,

the retlrement beneflt on a7e 66 fs also lncluded.

If, for example, a member enters a plan at age 20, he

can expect $7.67 1n vesEed pension beneflt " The present

value gets larger as enÈry age g,ets larger. Thls refects

the magnltude of the rùithdrawal rates -'- Ehere ate less

chances for Lhose enterlnß younB to stFiy for t0 years tlll

vested benefit ls avallable"

If inflation 1s lntroduced without the appropriate COLA

benef it, the present values of the vestecl penslon are

rer!ucecl . For a mernber enterlng at age 20, the present

valuc of $7.67 1s reduced to $5.63 if fnflation 1s

Íncreased to 27" per year (wfth the same lncrease in the

Ínterest rate). The present value is further reduced to

$4.4 4 Lf. a 4% inflation 1s lntroduced wlthout the aPpro-

priate COLA benef it.

On the oEher hand, 1f COLA 1s lntroduced, the present

values remain rou¿3hly Èhe same regardless of what the

lnfl.aEfon rates âre.

If the real fnterest rate Iags b ehlnd lnflatíon ' re€lar-

dless of whether COLA is provided or not ' the Present
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values are increased greatly "

On the other hand, if the lnterest rate fncreases more

than inflaÈion, the presenE values are reduced.

The same change was noËfced when Ehe presenE values of

contrl-butlon r{rere examlned. The exrrlanatlon used there

also apply in thls câsê.

If COLA beneflts are treated as a means Èo maintaln the

purchasing po$ter of the dollar, that is, Lhe real value of

Ehe penslon benefit is kept constant by provldlng COLA,

Èhen lt 1s j ust. loglcal that the present value of the

vested benefit is kept at a level equal to the non-

inftatlonary case. If no COLA is providert, the real value

of the pension benefit 1s reduced continuously, so the

present value is reduc ed .

InitÍaI Unfunded LÍab111t1es

Table 4.5 shor¡s Ehe tot.aI future unfunded llabllities

assuming different lnterest, lnflatlon and COLA râtes.

The liabllity is basically the sum of the present values

of future benefits deaËh, wichdrar^¡al ancl vesEecl penslon

beneflt, less the present value of future contributlon.

This ltab11ltv represents Ehe extent to which the contri-

bution (I5,2 of annual salary) is enough to cover all the

benefir payments"

At.tentlon 1s dra¡*rn here to the assumpÈion that tTre êmn-
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loyer assumes all ínitial unfunded 11ab111ties. The emp-

loyer has to make up for the gain (or loss) of the fund tf

tlre t5, contrfbution 1s more (or less) than fs needed ln

Èhe b enef it paymen t "

In a non-inflationary sÍtuation, the table shows nega-

tlve values for ages before age 26. If, for example, a

member enters the plan aE age 20, the lnftlal llabllity is

mlnus S2 " t0. This means Èhat employer costs are less than

7"57" of salary. Once again, tÏ.rese can be explaíned ln

Eerms of Ehe plan provlslons. If any member with{rar.tS

wlthin the flrst ten years ' only Ehe member's contrlbu-

tlons are ref uncted. In this rì/ayr no cost 1s incurred by

the employer"

For the young members, Ehe terminatlon rate fs very

htgh. Llsted below are the probabllltles that a young

member would stay in the plan for more than l0 years"

These probabilities are calculated from the terminaEion

rates used in the computer program.

Entry age

20

2r

22

¿5

24

Probabilitv

0"i406

0.t577

0.1756

0"t942

o .21 49
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Iirorn thfs 1t cau be seen that. there ls only a one ln

five chance that a member enterl-ng before ay,e 24 would

stay in tlre plan af Eer l0 years. Thusn there is a four in

flve chance t.hat the employer v¡i11 recover hls fu11 costs

(the contribuElons made accumulated with interest), r,rhen

an employee r.ri t.hdrav/s.

fit is provl<ìed, the initial unfuncled llabllitles remain

comparable wlÈh Ëhose of Ehe non-inflatlonary situatl-on.

From these n 1t can be concluded that Lf the dlfferential

between the interesE. rate and fnflation (the real lnterest

raLe) remalns constant, C0LA beneflt 1s Just a redistrlbu-

tion of the excess lnvestment earning.

Changes of the real rate of interest are also examined "

l.lhat changes r¡oulrl decrease or increase of real lnterest

If an inflaÈion rate of 27"

correspondlng fncrease 1n the

C0LA benef it 1s provicled, ÈÌre

are reduced substantially. If

rate bring about?

If there 1s a decrease

esL rate, the initlal cost

approximately be the same

case. However, 1f C0LA ls

or 4% 1s lntroduced rvith a

interest raEe, anrl tf no

fnftial unfuncled l'tabilities

a corresponcllng C0I.A bene-

f rom 37" to 2)t"

o wlth no COLA

as that of Lhe

in the real lnter-

benef 18, rvould

non-inflatlonary

the initial costalso provided



rdoul.d roughly be more than doubled.

On t.he other hand, if t.he real rate of interesr ts

lncreased from 37" to 4%, the lnftlal cost would be reduced

1n both cases -- wlth and krlthout COLA benef it. As a

maÈter of lnterest, ff no C0LA fs provlcled, all initlal

unfunded lfabiliEles are negative. The total future con-

t ributions are more than enou¡¡h to cover the benef l t

payments"

The figures (Flgure 4.1 - 4.9 ) on rhe following paBes

presenE baslcally the same flgures as can be found ln

Tables 4.1 - 4.5" These charts r¡rere drawn up Eo show the

relative magniEude of the presenÈ values of cont.ributions

and benefits. Under all cornblnations of interest and

lnfIaL.ion rates, rvithdrawal and death beneflts plav a

rather unimportant part in the toÈa1 picture" Changes in

lnterest and lnflation rate do not brlng about rnuch

changes.

Vestfng benefit 1s Ehe variable that changes drastical-

Iy 1n response to changes of lnterest, lnflaÈ1on and COLA

provlslons.

If lnterest and lnf lat. lon increase at the same rate, no

change in the present values results " Decrease 1n the

real interest rate brings about an Íncrease 1n beneflt

payrìlent and a decrease ln contributlon. Thus a net
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lncrease 1n the inf tial unf urrded lf abll lrles. ¿\n lncrease

rate reduces the ÞresenE value of thein tìre lnterest

beneflt payments

r educ 1ng Ehe ne t

and increases the contributlons, thus

Initlal unfunded liabilitles.

The figures (Ftgure 4. l0 - 4"12) on the next 3 pages

sho¡¡ the Eraces of the reserves for members enterlne at

age 30, 4O ancl 50, under differenE lnterest and lnf1atlon

assumptlons. (Note the dif ferent vertfcal scales userJ.)

These figures \ùere drarvn up by Èraclng the reserve of a

rnember from entry to the end of the lÍfe span " The

reserves were calculated taking fnto account the probabi-

I i ty of d e a tl'r ancl wi thd rawa 1 .

If , f or example, uncler rron..1nf latlonary condltions n the

reserve of a rnember enterlng at age 30 would folloç¡ the

pa th shown by , the reserve would grorø to a maximum of

sround $300 st ¿rge 66 (Just before Ètre ffrst pens{on bene-

fiE 1s patd out). Then the reserve would decrease steadl-

1y to a value roughly equal to zeto.

Under all lnterest and lnflatfon assumptions the

reserve grorùs to a maxirnum at age 66, Èhen clecreases Èo

zero at Ehe end of the life span. The râte of decrease

dlffers greatly from one another. However, by comparing

the 3 figures 1t becomes apparent that, given the same

assumption about inÈerest, lnflation and C0LA, the rafes
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of decrease for a1l rhree entry ages are slmllar "

From these, tt can be sald that the shape of the

reserve 1s more a function of lnterest and fnflation than

of entry age. The si-ze of the reserve is determined by

the entry age"

By Eraclng the reserve more lnslght can be galned about

the relatlonship between interest, lnflatl-on and COLA"

If, for example, lnflation and lnterest råtes are 7%

and 4Z per yeâr respectivelY, the reserve of a member ent-

erlng ât, say 30, should grow at a rate lndependent of

whether COLA 1s provicled. The dffference found 1n the

Èrace is to be accounted for by the difference ín the int-

rial rescrve. If C0LA ts provlded the initlal reserve

would be mfnus $0.04" If no C0LA 1s forthcoming o the inl-

tlal reserve 1s minus $4.46. Thus, the lnltlal difference

1s $4.42 at ag,e 30. This dlf ference groçIS' strbJecE to the

f orce of interest, withdravtal ancl nortality to a value of

roughly $300 ($1170 - $870)" It ís from this $300 that

COLA 1s Èo be provided. In the initial pension paying

years, the lnterest lncome and the reserves released (due

to death of members) are enough Eo pay the penslon bene-

firs. There 1s not much drop in the level of the fund.

In the case vhere no C0LA fs Provided, the fund 1s srnall-

êr ¡ so ts the inÈerest income ' Theref ore the f uncl
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decreases drastically from age 66.

This analYsts further PoinLs to

COLA f rom in Leres t lncome .

the iclea of provfding

Summa ry

The nt¡merlcal results show that, by Provlcting c0LA, no

lncrease fn cost r¿ould be incurred Lf. real lnterest rate

remalns constant. By not Providtng C0LA, the íntttal cost

Ís reducecl. If the employer accepts the cost of the plan

under non-lnflationary con<lition, then t.here is no reason

\,rhy C0LA shoulcl noE be Provfded.

In the presenÈ lnftatlonary sltuaElon, a pension plan

is not dotng a good j ob if 1t only Provictes a f ixed pen-

slon fncome. An lncome which Provlrìes the retlrees wlfh

predictable purchaslng PovTer shoulcl be provicted '

From tìre cosf evaluation of a rnodel planr Ít vtas shorn¡n

thaE glven tha t

inc rease in the

lncrease in the

averaBe salary

real interesE

lnf lation rate

lnterest rate

rate remains constant an

results 1n a comparable

then lndexed final

formula 1s feaslb1e.
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Suggestions For Further Research

Indexed f inal

(and reasonable)

average plans work r^rell wlthln llmlted

constraints. However, theoretically

speaking n ther e at e cases when the whole f un<1 coul<1 become

insolvent. If, for example, all members are of age 64,

and lnf lation suddenly t.urned ruí1cl ( salary 1s lncreased

five times). How could the funcl accumulated at the old

salary base provlde beneflts at the ne\¡t inflated salary?

Of course this 1s a very extreme slf.uatÍon, but þow should

these sÍtuaÈlons be tackled? I,Iould a caD on the index

help? Should a separate fund be establlshed from which

rhe COLA beneflt is Èo be provided?

If infla tlon raÈes conElnue to be htgh, Ehe survÍval of

prlvaÈe pensions depends to a Latge extent on horv well it

serves lts purpose. tr{ore research into t.he above Problems

and other related ones are neerled.

The computer rïodel establlstred 1n Ehls study can be

adapCed for further use to evaluate plans with different

provlsions.
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APPENDICES

A. Plans and Members by Type of Benefít, 1960 , 1965, 1970
and 197 4.

B. Derivation of the Annual Rate of fncrease in a Formula
Escalator Factor Plan.

C. The ComPuter Listíng.

D. SÍngle Decrement TabIes and Related Rates of Decrements.



Type of benefit
(a) By member:
Unit benefit
Final earnings
Final averâge earnings
Average best earnings
Career average
Level Z of earnings

To tal

Ifoney purchase
Profit sharing
Flat benefit
Composite
0the r

Grand Total

(b) By plans:
Unit benefit
Tinal earnings
Fínal average earnin¡'-,s
Average best earnings

Career average
Level % of earnings

To tal

Money purchase
Profit sharing
Flat benefít
l-nmnnqi |. p

Othe r
Grand total

APPENDIX A

Plans ancl l'lembers by Type of Benef it, 1960,

19 60
Number Z

10,793 0.6
283,720 r5.?
63?_,295 33 " 9
468,247 25. L

1,395,055 74.9

242, r27 I 3.0
23,616 1.3

I7 7, 059 9. 5
24,824 1.3

1,862,681 100.0

196 5

Number Z

23,434 I. o

26I, Bo0 Lr.?
859,77r i6.7
667,224 28"4

1,034
LröLJr¿OJ tt"J

r52,738 6. 5
28,253 L.2

327,932 l4"O
23,185 t"0

217
2,345,648 l0o,0

1965 , 19 70 ancl L97 4

197 0
Number Z

5,613 0.2
169,798 6.0

r,260,917 44"7
679,631 24.1

2,721 0.1
2,ltB,680 75"1

,,4

a1^

' 
I?LLI

I a1ñ

? 7RS

Source: Statistics Canada,

0.3
3.0

26.6

JL¡L

197 4

Numher 7,

6,691 0"2
168,500 4"9

1,685,556 49.2
689, lI0 20.1

576
2,550,433 7 4.5

137,680
2I ,37 4

424,623
26,22L
93,758

) 9.) ) ?2.Ã

5,392 60.4
2rr 2.4
4Il t+ .6
rzL 1.4

8,920 100.0

44
2BB
238

3,956
84

4,610

0.3
2.1
11

29.0
0"6

33.7

4.9 173,935 5.1
0. B 19, 1.84 0" 6

I5 " 0 627- ,9rO t 8. 2
0" 9 34,241 1.0
3" 3 23,542 0" 7

100.0 3,424,245 100" 0

Pension Plans in Canada' I974, Catalogue No" 74-4Ol'

1,758 ,56. B

3sl 2"6
689 5.0
¿11 L" I
25 0"2

I 3, 660 100.0

16
Jt I

970
4rt)J

4t)

6,L62

^1
2.3
O.tJ

29"s
rt?

?Q 
'

8,471 52"5
3t0 I.9
7 42 4.6
265 1"6
Is7 1.2

16,I37 100.0

z4
t, 

^1
| 1/,q

6, 7^1

Võ L

2"6
7.9

1l o

0"2

t.1 1

7,532 47 "5
258 1"6
878 5" 5
?.30 1" 5
188 1"2

I5,853 t00" 0

\(,
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APPENDIX B

Derivation of the AnnuaI Rate of Increase in a Fornula
Escalator Factor Plan:

The present values of the followlng
annLrlties should be equal.
(a) An annuity of one do1lar payab1e
year.
(b) An initial reduced annrrÍEy (=kZ
a guaran tee increase at a fixed rate (

Present Values at age_65:
(a)

two dlfferent

at the end of each

of one do11ar) with
f actor).

N¿o

Dr¡
(b)

In order tlìat Lhe
equal,

N/e¿ I fc.ctur "(o o t) á
Dct

Dresent val-ues of the t'nro annuitles l-re

fo.lo o.

(l

Rtt

D¿r

\lr, - (o o r) Â lV6ó * $octo' Rnr

(o o r) å) Nnn
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ÄPPEI.IDIX C

THE CO}{PUTER LISTING

4

Â

$JOR \^TATFIV CI1AN,NOIXT
RFÁL INTRST,INFLAT,GATT,(lI0),L(I10),\\r(ll0),S(I10),Ð(110),IüR(110),

*Q( 1i0), sR( I l0) ,0D( I t0) ,Qr,I( I l0),v( I10) , rF( 110) ,srF( I t0) ,
*vs rF ( I I0) ,wsrF( I t0) , \,DSIF ( I l0) ,wvs rF ( I t0), vGATr.( I l0) ,NVDSIF( I l0) ,
*coN( I l0) ,TDEATH( I I0) ,NDEATH( I I0) ,DDE^TII( t I0),RDEATH( I i0) ,
*PVCOI'I( I IO), PVI.IITH( I IO),PVDTH( I IO) ,PVDIFF( I iO) , COLA, COLARY( I IO),
*DCAT], ( I I 0) o WDGATI, ( I I 0), NGATT, ( t I 0), P.GATr. ( I I 0), Wrrlt ( I I 0)

RFAL IINI\Ì, T1^l ( I I 0),D!I( I I 0), N"l( I I 0), \¡T ( I I 0), TRM ( I I 0), PVI.I ( I I 0)
RF.AL RC0l.l, RVALIIÌ1, P, 0UTDTH, 0l-fII^lTH, OUT , IN, BEI'IEFT

REAL PREMIN,Í , INT( IO), INF( IO), PI]RCEN
INTECER AGE, FIRST, LAST,RIiTIRE,CO}IBI¡I
I}ITEGER FRTPLS , RTRPLS , RTRI'INS, LST}ÍNS, \./AIT
coìfl'toN FrltsT, RETIRE, LAST

B I]XI]CUTE Iì'IITAL
9 EXECUTE ]]ATA

I0 Do 100 III=1, COIIRIN
I 1 INTRST=INT(III)
12 INFLAT=INF (III)
I 3 E>ïECUTIì ACT ION
L4 iOO CONT]NUE
t5 wRrrn(6, l0B)
T6 ^ STOP

^r,r'. ++Àt J. J. +r. r.:l Jc:t:l* J<:t t( * *)t *tr* ?t ** *J<:t¡t:t ** ¡t:t rt r! Jc Jc:!J<* J<J<:t* ¡t:k:k>t lt* * * )tt()t Ttlk?t * * ¡l J<xL* **:t *

The above is the main program. A detailed description of how t.he above
norks can be found in the text.



la

t7
l8
t9
20
a\

22
23
24
25
¿o

2B

29
JU

3I
32
5J

5Ll

35
JO

JI

Jö

39
40
4T

42

44
¿q

46
47
48

RF]'IOTE BLOCK INITAL
PRFllUll=1.5
I^IAIT=10
PERCEN=0. 2

cArr,(1)=5.
GATL(2)=l 10"
cATr,(3)=r.
i'IR( l)=20.
NR(2)=s4.
I^TR ( 3) =2 "
s ( t )=20.
S(2)=65'
s(3)=3.
FIR ST=2 0
RETIR E=6 5

C0ITBIN=5
IIIT(I)=0.03
INF(1)=0'00
INT(2)=9'95
rNF(2)=0.02
INT(3)=0'07
IflF(3)=0'04
rNr(4)=0.05
rNF(4)=0.03
INT(5)=0.07
rNF(5)=0.03
LAST=CATL( 2 )
FRTPLS =FIRST+l
RTRPLS =R ETIRIl+1
RTRlrliS=RETIRE-l
LSTMNS=LAST-l
END BLOCK

(.

C* **?tX*** *)k* ***** **** ***7t* ** *r'¡tJ< **>tz1'*** ****** *** **** ** ***** )k*t(**** ** )k* * **

This is the remote block r^/here all the lnitlalízations are made. Refer
to the VarÍable Dlctlonary on the last page for a defaíled description
of each varlable.
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qal

ql

Êa)L

))

C*Àr****X********:\'*********)k**)t***)t*'Å*)tt<**'Å*t<r(*tr**********)tt<*********)t****

R]}ÍOTE BLOCK DATA
CALL DRFI.D(GATL)
CALL DREAD(hn)
CALL DREAD(S)
CALL RATTO (GATL, Q, FIRST, LAST, 'Q')
CALL RATIO (S, SR, FIRST,RETIRE,, P, )
CALL PROBAB(Q,hrR,QD)
cAi,L PROBAB (WR, Q, Qr"I)

C

C PRINT OUT THE SINGLI1 DIICRIìM]ÌNT TABLES"

57 I^rRrTrÌ ( 6, 101 ) ',S TNGLE DECRFMTìNT TABLtiS'.
5B CALL PRT(GATL,Q,lü,QDrQ\^tTS,SR,FIRST,RETTRE)
5 9 EXECIITE TABLE
60 END BI,OCK

C

Ç:txL**f<>k*******?k****** ?t)t****** *************** ****:t** J.-J<****:t/r***-*-t*-**JÁ*****)t

The above ís the remote block \rhere all data are read in and the related
rates of decrements are calculaEed. Then the multiDle decrement table
i-s establíshed



/ð
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Ct(**)t**********)t***t(t{*)t)t******'À********/<'*/<Jt*J<?t*?kik***/c***'Å**/<*********f<***
C

RF,MOTE BLOCK ACTION

C ESTABLTSH THE BASE
C

EXECUTE BÀSE
C

C CALCULATTJ THE PRESENT VALUE OF TOTAI, FIJTURE CO}ITRIRUTIO}¡S

EXECUTE COI.IBUT

ð aotcuLATE TrtE 
'RESENT 'ALTIE 

0F TOTAL FUTTJRE DrATH BEr'rEFrrs

64 EXIìCUTE ßDEATIì
c

65 C0LA=0.0
U

IF (COLA. EQ. TNFLAT) TH]ÌN DO

IRIJN=I
ELSB DO

IRtïlì= 2

END IF
DO 22?- II=l,IRlllI

EXECUTE B\^IITH
EXECUT}ì PRESEN
EXECUTE TRACE
COLA=INFLÄ,7

76 222 CONTINIJL]

77 t 0t FORIIAT (' I'. , 5X, A50, / / / / /)
7B 106 FORÌ'{AT(5(F13.5))
79 107 FORTYAT(I6)
B0 I0B FORl.fÄT (' L', )
8I END BI,OCK

C** *JÁ*** ********** ***** *?k* *'Á**** **)t?t*** rt**** *?t*rt*?t**** **i( )t* *?k* *** ?k?k**rr* **

A detailed description, together with a flov¡ chart of this remote
block can be found in the text. Basically the block controls the
f low of logic througl-r the other remote blocks, vrhere the present
values of contribution, death benefit and wíthdrai,/al benefics are
calculated.

62

63

66
6/
b ¡-1

69
70
7L

72
t)
74
75



79

C>L **** ** *****?k********** *** ***t{*:t** **** ****)t-*'å** *** *'*'} ***** ***t(**)t',t*******

C

C

82 REJ'{OTE BLOCK TABLE
83 L(20) = 10000.00
84 DOII=FIRSTTRETIRE
85 Iù(I)=¡(I)*Q\,J(I)
86 D(I)=¡(I)*QD(I)
87 L(r+l)-L(r)-IJ(r)-D(r)
88 i CONTINUE
89 W(RETIRE) = L(RTRPLS)
90 D0 li I=RTRPLS'LSTI'INS
9r w(I)=0.0
92 D (r )=¡ (r ) *oD (r)
93 L(I+i )=L(I)-D (I )
94 1 I CONTINUE

95 D (LASr ) =L (LASr-I )
96 END BLOCK

C

C

C* **** ** *** **?k***)t*)t?k*** ***********'rt********:t* ****** **'**** ***** **** **r(** *

RT${OTN BI,OCK BAS]]
cAl.L POIùIìR(V, l,I-AST, Il.lTRST,-1, l. )
CALT, Po\ùlìtì(IF, l,LAST, INFLAT, l, l. )
cAt.L \,¡n ICIIT ( I r, FIRST, RETIIIE, S, FIR ST, R ET IR Ii, S rF, FI RST, RlìTIRE)
CALL I^¡E IGIIT ( S IF, FrR ST 

" 
RET IR.E, V, FIRST, RETIRE, VS IF, FIRST, RETIRE)

CALL WE IGIIT ( VS IF, FIRST, RIITIRE, L, FIRST, RETIRE, VDS IF, FIRST, RETIRE)
CALI, I,]EIGI]T ( S IF, FIRST, RET IRE, V, FRTPLS, RTRPLS, trfS TF, FIRST, RETIRE)
CALL 

'¡JEIGHT(i^I,FIRST, 
RIÌTIRE,I,ISIF,FIRST,RETTRE,I,trVSIF,FIRST,RETIRE)

CALL \^IE IGHT ( GATL, FIRST, LAST, V, FIRST, LAST, VGATL, FIRST, LAST)
E}TD BLOCK

C

Ç*** rk******* *****:tr'(****tr****:t****************tk*****'*tc**********tr**t(**:t*****

Remote block TABLE establlshes the rnultíple table uslng the datâ read 1n
or calculated in the block DREAD.

In the remote block BASE some commonly osed arravs are established"

97
9B

99
100
r0l
t02
I03
r04
r05
106

v(x)
IF (x)
SIF (x)
VSIF (x)
VDSIF (x)
IùSIF (x)
WVSIF (x)
VGATL(x)

( l+inrrst ) 
-x

( 1+inflat ) 
x

S (x) * IF (x)
V (x) * SIF (x)
VSIF(x) * L(x)
SIF(x) * v(*)
I,I(x) I' WSIF(x)
GATL(x) * V(x)
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c
C***t(****t<*)k****************r{********)t***t(x*************'*********x'Å*Cr*** ¡

C

IO7 RPÍOTE BLOCK CONBUT

108 CALL COLStrll(\TDSIF,FIRST,RETIRE,NVDSTF,FIRST,RETTRn)
109 CALL l.fu].Tr(NVDSTF,CON,FTRST,RETIRE,PRn'flIfl)
tI0 cALL OVER (COI'I,VDSTF,PVCON,ETRST,RETTRE)
III iiND BI,OCK

C

Ç***:k/c**rk?t****)k***)t****?ktk**7t)tltt(*)k******rttk****¡k*:t*******r{****************t{
I

C

LTz RNÍOTE BLOCK BDE,A.TII

I13 CALI. COLSIAI(D,FIRST,RETIRE,TDEATH,FIRST,RETIRE)
II4 CALL I^JEIGI{T(TDEATH,FIRST,RETIRE,VSIF,FIP.ST,RETIRE,ÐDEATH,

*FIRST, RETIRE)
Il5 CALL Ì'{ULTI(DDEAT}I,NDEATI'I,FIRST,RETIRE,PRT}ful'l)
llÉJ CALL C0LSUI{(NDnATH,FIRST,RETII{E,RDEATH'FIRST'REIlIRE)
I I7 CAI,L OVER(RDEAT}I, VDSTF, PV'DTI], FIRST, RETIRE)

I IB ENIJ BLOCK

^
ç*- *nnO OrrO *?t* ** **:tt<* ?t***rt*?k*Jc* jc:k* /*rt'*Jç*?k:k)t***t<**?k?k?t?t ***?k* ***Jc***:!:t:k* >kJ<:t**r! it;t

In the remote bloclc CONBUT the present values of the contributions are
calculated. 

x
NVDSIF(x) =,--8,--^VDSIF(s)retl_re

CON(x) = NVDSIF(x)*PREMUM

PVCON(x) = coN(x)/vlsr¡'(x)

In the remote block BDEATI{, the present values of the death benefits
are calculated.

À
TDEATH(x) = _I D(s)

t l-rs E

DDEATH(x) = TDEATH(x) *VSIF(x)

MEATH(x) = noEATH(x) * PREMUM

x
RDEATH(x) = t[r"t NDEATH(s)

PVDTII(x) = RDEATH(x) /vDsrr(x)
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C* *******t<************* *** *************** *** tc************** ** ***** *******J

C

C

1I9 RF}ÍOTE BI,OCK BI.JITH

120 COLARY(i) = 1.00
I2 t IDUMIIY=LAST-RETIRE
122 JDUIOIY=IDUI'{I'fY+I
123 CALL POWER(COLARY,2,JDIII"ÍMY, COLA, 1, l.)
12-4 CALL l^llÌICHT(\¡G^TL,RTRPLS,LAST,C0LARY, I,IDIn'ñfYnDCATL,

*RTRPL S , LA ST )
I25 CALL SUM(DCATL,RTRPLS,LAST,ANNUTY)
126 CALL VEST (ANNUTY,VGATL,ÐGATL,FIRST,RTRPLS)
L27 CAI.L l.lìiICltT(l{VSIF,FIRST,RETIRE,DGATL,FRTPLS'RTRPLS'I,IDGATL,

*FIRST, RETIRE)
I28 CALL COLSIIì'Í(IÀTDGATL,FIRST,RETIF.E'NCATL,FIRST'RETIRIÌ)
129 CALI- MIJLT I (NCATI- 

''[\IITH ' 
FIRST 

' 
RETIRE 

' 
PERCEII)

130 CALI. COLSIn{(1,/TT1'I,FTRST,RETTRLI,RGATL,FrR.ST,RETTRE)
t3l I\IITH(RTRPLS)= RGATL(RTF.PLS) = 0"0
I32 D03I=FIP.ST,RTRI'1NS
I33 J=}fINO(RTRIÍTTS,.(I+IJAIT-2) )
t34 CALL COLSUII(I,J,IoJ,TVI,I,J)
135 CALL I\rEIGl'lT(T\^l,I,J,VSIF'I,J,DVI,I,J)
1 36 CALL SU¡f (nI,l, I, J, NNI.I)

I37 IT(¡"LT. (I+\.IAIT-2) ) THIIN DO

138 VT(I)=(RTRPLS-I)*RGATL(RETIRIì)
i39 ELSE DO

140 VT(r)=RGATL(J+i)+(liArT-l)t\.{rrl{(.r+I)
1/, 1 FNfn TF

142 TRìr(I) = PRDIUM*6.-5 * NNi^l

L 43 3 CO}{TINIJE
r44 TRIí(RETIRE) = 0.0
I45 VT (RIiTIRE) = RGATL(RETIRE)
I46 CA].L OVEIì(TR¡{,VDSrF,PVI^IITH,FIRST,FIìTrRE)
L47 CA],L OVER(VT,VDSIF,P\Ii{,FIRST,RETIRIl)
T48 END BLOCK

n'
C* **)t* ** *.Å** ***J<*****Jc** *** ?t* *** **** *********** ** ** jc***ic**:t **>t******* ** *** *

C

In this remoÈe block, the present value of the r^/ithdrar¡ral benefits is
calculated. The block takes into account the,rumber of years (I,IAIT)
when vested pension becomes available.
PVI,IITH(x) is the present value of the total withdrawal benefits.
PW(x) is the present value of the vested pension benefits.
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C

C

r49 RT},ÍOTE BLOCK PRESEN

150 DO2I=FIRST'RETIRE
t51 2 P\DIFF(I) = (PVDTI{(T) + PV\,¡(I) + P\4'IITH(I)) - PVCON(I)
152 I\TRITE(4' i0(r) INTRST' INFLAT' COLA

153 IJO 2i I=FIRSTTRETIRE
t54 2t Wp.rrE(4, 106) pvDTH(r),pvfr(r),PVi,rrrH(r),PVCoN(r),PVDTFF(r)
I55 E}]D BLOCK

C

C* ******* ** **** **)t************ ****'* t<*** *** ** J<** ********* Jr*******JÁ* ** ?ttt

C

1.56 RB{OTE BLOCK TRACE

i 57 AGE=40
i 5B R\¡ALIIIi=PVD lFr(AGE)
159 ITAPE=9
160 EXECUTE IìSER\iE
16 I AGE=30
162 RVALUE=PVDIFT(AGE)
16 3 ITAPE=I 0

L64 EXECUTE RSBRVE

165 AGE=50
I66 RVALI]EJP\TDIFF(ÂCE)
167 ITAPE=I t
168 EXECUTN RSERVE

169 END BLOCK

c
Ç*:trt:t*rk:t*¡kjk*/rrk>t*rtJc*/¡*:t**¡t:t*:t**:t**jc**:tJr'Jrr'c***JrJc**:t¡t*:t*:tic:rctt¡tJ<Jc/r/c¡!*21*t{t(**?t***

In the remote block PRESEN, the present value of the initíal unfunded
liabilities is calculated.

PVDIFF(x) = the lnftfal unfunded ltablltty.

= (pvDTH(x) + pvw(x) + PVr^rITH(x)) - pvcoN(x)

The remote block TRACE controls the number and age of members, v/hose
reserve is to be traced. Age of the member is first assigned. Then
control is passed to the remoÈe block RSERVE whích actually carry out
the tracing. The assigned value of RVAI,UE is going to be the inítiaf
value of the fund. ITAPE is the number of the tape the calculated
reserve values are going to be writt.en on to.
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c
C*t{*************}k**)t***t<*'Âtr:t>t'/<Jç****it************7t*********t<****>t**:k:/c:ft**'å*'r
C

REIÍOTE BLOCK RSERVE

RCON= 0" 0
EACII = RVALUE

RVAL tJE =R VALUE *L ( AcE )
I^¡RITE(ITAP]i, 1 06) INTRST, INFLAT, COLA

WP.ITE(ITAPE,IO7) AGE

I{RITE(ITAPE, 106) RVALUE, EACH

J=¡\GlÌ+I
K=ÀGE+l,IÂ1T-1
D0 4 I= J,K

p=pRErfl]ltl*S rF ( r_l ) /SrF ( AcE)
RCON= (ÌìCON+P ) Jr ( I+INTRST)
0lITDTll-RC0N
OUTWTII=RC0N*. 5

OUT=D ( I-I ) *OUTDTII+W ( I- 1 ) *OUII\ITII

1¡ = (RVALIIE+P*L (I-l ) ) * ( I+INTRST)
RVALUE=IN-0l.l"I

EACI{ = RVÂLUE/L(I)
I^TRITE(ITAPE, 106) RVAL1JE, EACII

T89 4 CONTINUE

170
17 r
L7Z

173
t74
175
176
t77
LttT
179
iB0
l8r
t82
183
184
185
186
iB 7

I88

190
r9t
192
r93
194
r95
196
197
198
I99
200
20r

J = .\GE+\'IAIT
DGATL(RTRPLS)= 6.9
D05I=J,RTRPLS

P=l . 5*S IF (I-1 ) /SIF(AcE)
pç6¡= (RCOt'r+P ) * ( I+INTRST)
0UTDTII=RC0N
0llT\.lTll= ( I -AGE ) *PllRCE,l.l* ( S IF ( I - I ) / S IF ( AGE ) ) *D GATL ( I )
OUT=D ( I - i ) *OUTDTII+I^I ( I -i ) *oUTl^¡TH

IN= (RVÄLlJEap *1, (I - I ) ) * ( I+TNTRS T)
RVALIlB=IN-0UT
EACH=RVALIIE/L ( I )
wRrTE(rrAPE, 106) R\¡ALUE, EACII

203
204
205
206
207
208
209
2to
2Ll
2r2

2O2 5 CONTINUE
BENEFT= (RTRPLS-AGE) *p¡¡atN:rSIF (RETIRE) /SIF (ACE)
P=0UT DTll=0UTIüTH=0 . 0
K=RTRPLS+1
D06I=K,LAST

our=L (r_l ) *ßENEFT* ( I+TNTRST)
It{=RVALUE* ( l+INTRST )
R\IAL IIE=Ill-Oll'I

EACH = RVALIIE/L(I)
I'R ITE ( ITAPE, 106) RVALUE, EACH

BENEFT=BENEFT* ( t+C0I.A )
2I3 6 CONTINTIB

END BLOCK
El.Il)

f,:t *:t:t *:t * * ¡t:k ¡t:t:t JcJc * ¡! ri * ¡trt ^'rt 
* **.:t'*:t/c**c:,{:t * jt:k *:t:t Jc:t:t:k:k rk:'c:k:t /c:t:tJc *:t å,* *:t *J< *:k **fc* *Jr Jt *:k ¡t

This is the remote block where the actual tracing of the reserve of a
member is carried out. Reserve for each age is calculated taking into
account Ehe probability of death and vrithdra\'ral, income from interest and
premium contributions, and benefit payments.

Z IQI

215



ö¿{

C***** tr***** ***** *** *** **** ** *** **JÁ* *** ** ********* *** * Jr*)t** ****:t* ****J<rt* *>1

C PRINT OUT THE 7 ARRAYS FROM ]]NTRY IX TO IY.
216 SUßROUTTNE pRT(AI,^?-,À3,A4,A5,A6,^7,rX,ry)
217 REAL AI(lt0),A2(Il0),A3(ll0),A4(ll0),A5(tl0),

*A6(110),A7(tt0)
2L8 DOiI=IX,IY
2tg I tùRtr]j(6, 10) r, AI (r ) ,A2 (r ),A3(r) ,A4(r ) ,A5(r) ,A6(r) , A7(r )
22O l0 FOrìr'fAT ( r 6, 7 (F 12. 5) )
221 RETURN

222 ENI)

C

C* * ****X***** **)t ****)t * *** **rl *****J<*>t**:t*¡t¡k ******* *** *** *';k******* t('Å******* j

C FILL IN THE SUBSEQUENT ENTRIES OF AN ARRAY ASSI]MING AN ARITH. PROGRESSION.

223
t') /,

225
zto
221
228

232
LJJ

229 I ARRAY(I)=ARRAY(I-I)+INCREM
230 D0 2 I=IZ,ll0
231 2 ARRÀY(I)=VALIIE

SIIBROIIIINE AP (ARRAY, IY, IZ, VALUE)
RFAL ARRAY ( I I O),VALI]E, INCRF,M

J= IZ-IY
IX= IY+l
INCREI,I=(VALUE - ARRAY(IY) )/J
DOII=IXoIZ

P.ETURI.I

ENT)

RI]TURN

ET]I)

(,

f,***rk*:t***>t**rk¡l>t******'**J<*?ttt**Å')t************rÁrt>t:k**rt*****ir:k*/<rt:t¡k*t(*******t<
C MULTIPLY EACH ENTRY OF AN ARRAY BY A FACTOR (TIMES).

234 SUBROIIIINE MULTr(FRO]Í ,T0, rX,Iy,TÏ.f ES)
235 REAL FRO¡î( t i0) ,TO( I l0),TU'.18S
236 DO I I= IX, IY
237 I To(I) = FRolr(I) * TI¡{llS
2 38 R ììTURN
239 END

C

C*******7t*:t****:k**tr*'åX**********tr***?t*********rk*:k**J<*Jc****¡t***:t********tl*
c ESTABLISH AN ARRAY: ARRAY(I) = (i+RATE)" x B

suBROUTINII P01ütÌtì (ÀRRAY, X, Y, RATE, N, B)
INTEGER X, Y, N

REÂL ARRAY(IIO), RATE
REAL R

APRAY(X) = 3 * (l + RATE) ** N

IY=Y-l
DOII=XrIY
AP.RAY(I+I) = ARRAY(I)*(l + RATE) ** N

248 I CONTINUI

240
', /,1

I /,1

', /,1

244
t /,q

tqrj
247

249
250
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C* *)rc********* ***** ** ** ******* ***'***** ***** * *t(*** d':t* ***'****** *d'* *** **;t****
C I^IEIGHT TI,]O ARMYS: END(x+1) = TIIIS(a+i) x TH¿lT(m+i)

25L SIIBP.OUTII'ìE I,¡EICI{T (T!{IS,AoB,THAT,}f,N,El'lIJ,X,Y)
252 TNTEGIIR A, B, ì1, N, X, Y,ì.1rN0
253 REAL THrS ( I l0) , TIIAT( 110) , ENÐ( I I0)
254 I = IÍINO( (B-A+1),Ì'{INO( (N-l'f+l), (Y-}l+l) ) )
255 DO I J = l, I
256 ENI) (X+J-l ) = THIs (A+J-l ) *THAT(¡r+J-l )
257 I CONTINUE
258 RETURN
259 ENI)

L

C* ********t{* **** *** ** ***}t ****)t * t(:t***** * ******)t *-*)t *** *** *-Å)k )tV(** * *¡t ****:'<* >t

C SUMMATION OF A SPECIFIED ENTRIES OF THE ARRAY: RESULT= Í INNAV(s)
260 SUBROUTTNE SU{(ARRAY,X,Y,RESULT)
26T REAL ARRAY(IIO), RESULT
262 TNTìiCER X, Y

263 RlÌSllLT = 0"
264 I=Y
265 r.Hil,E (r .CE. X) D0
266 RIiSULT = RESULT + ARP.AY(I)
267 I=I-l
268 DND h'l{rl]ì
26q RÐTURN

?-7 O ENI)

C

C*Jr*******************rt*******rk*{at*****J<*rk¡t*:t*******'****)t*Jx*rx***JÁ****tr***
C ESTABLISH AN ARRAy: TO(x) = I FROM(s)

271 SLrBIì.OUTINE C0LStlì{ (FROI'I,A,8,TO,}'{,t{)
272 RFÁL FROr'f ( I l0), TO( t t0)
213 TNTEGER A, B,I1,N, ¡{INO
274 I = I{INO ((B-A),(N-l'f))
275 rF (r.NE.(B-A).OR.I.NE.(N-M)) THrì¡r DO

276 PRIr\T, ' I^IARNING: RANCE FOR COLSIJM IS NOT

'K T}IE SAME, SI.,ÍA],LER RANGIì ASSM'ÍED'
277 END IF
278 T0(N)=FR0I1(B)
279 rF (r.Lri. 0) Trr[N D0
2BO RETURN
28 I END IF
282 IIO I .i = I, I
283 To(N-.1) = To (N-J+l) + FRolr(B-J)
284 I COI'ITINT]E
285 RETI]RN
286 ENi)

(,

Ç:k ***** ************** ******** * ******'*** *** f<*rx***rt*'Å* *?T **********'** *¡tJx*rt¡t;r

C ESTABLISH AN ARRAY: TO(x) = VALUE / FROM(x)
287 SUBROTIIrNE VEST(VALI]E, FROl.f ,TO,M,N)
2BB R.EAL FROif(iI0),TO(Il0),VALUE
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289 D0 I I = ì'f ,Il
29C I To(I)=vAr.rrE/FRoìf(r)
291 RETURN

292 END
¡¡

Ç***:k*:t*rk****rt****)k**?k****)k*********Jc****/c***)t****-k**'****:kfc****-åJx**t<****t(*:r
C READ IN THE DATA ACCORDING TO DATA STORED IN THE FIRST 3 ENTRIES.

293 SUBROI]TINE DREATJ (ARRAY)

294 RIAL ARRAY(II0)
295 TNTEGER FTRST,RI]TTP.E,LAST
296 CoÌ-fl,foN FTRST,RETTRE,LAST
297 IX=ARRAY(I)
298 IY=ARRÂY(2)
299 IZ=ÄRRAY(3)
300 D0 I I=IX,IY
301 I READ(rZ,r0) ARRAY(T)
302 IF(IY.LT.RETIRE) THEN DO

303 rF(AP.RAy(rY) .E0. 1.0) THriN D0
304 CALL Ap (ARR.AY, ry, RETTRE, i.0)
3 05 EI,S 11 DO

306 CALI, Ap(ARRAY,Iy,RIìTTRIì,0"0)
307 END IF
3OB END IF
309 l0 FoP.r.rAT(rlt.5)
3 I O RETUP.N

31 I E¡tÐ

C

C********',t********************J<***JcrkJ<**¡k*Jr****:t*:t*fc*'*{-*****t(****¡tJ<*r'<¡t**.åi<:t
C CALCUI,ATE THE PROBABILITIES.

SIJBROUTINE PROßAB (ARRAYX, ARRAYY,ARRAYZ)
REAL AF.rìAyX( I 10),ARRAyy( I l0),ARRAYZ ( I 10)
D0II=20,65

315 I ARRAYZ(T) = ARRAYX(I)*(I-ARRAYY(T) /2)
316 D0 2 I = (r6, Il0
317 2 ARRAYZ(T)= ÀRRAYX(I)

R]]TUF.N

F,NT)

(,

C***********Jt***t(J<***)t)tlt***J<rk*å'*:t>k*>k******rtJcJ<***:k*rt*****J!JtJ<*****?tt<*/<t(?k****
c ESTABLISH AN ARRAY: T0(") = FRoMI(x) / FRoM2(x)

320 SURROUTIT.itì 0VER(Fp-Oìf I, FROI{2, TO, }f , N)
321 RITAL FROìÍ t(lt0), Fp.0l'{2(I10), T0(tt0)
322 ÐO I I=ì{"N
323 I T0(I) = FI16I{1(I) /FRor'f 2(I)
32 4 RETIJR N

325 ENIJ
I

Ç*****/r**r\'*;t*¡l*¡t**Jr*)k****?k*:k*ls**rtutJ¡***-***t<****J</czt*¡tJ<'À*rt>t*i<*****ìt'**-A****)kJx*
C

312
JIJ
314

3lB
319
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C**?t?t*)t*******)h**?k*;l***:k**r'c:k*;t/r:k***ic**:t**å'**********t(*tt***)k:k)t****JcJ<;k****
C ESTABLISH AN ARRAY: ARRAYY(X) = ARMYX(X+I) / ARRAYX(X)
(.

326 SUBROUTINE RATIO(ARRAYX,ARRAYY,M,I'J,CNTL)
327 REAL ARRÄ.yli(lt0),ARRÂYY(li0)
328 CIIARACTEIì CNTL

329 J=N-l
330 DO I I= Ì{r J
33I i ARRAYY(I)= ARRAYX(I+1 ) /ARRAYX(T )
332 Ä.RRAYY(N) = l"
3 33 IF ( CNTL. EQ. 'Q' ) THIìN DO

334 DO 2 I = l'1, J
335 2 ARRAYY(I)=I.-ARRAYY(I)
336 END IF
337 RETT]RN

338 ENI)
c
n*****)t***r(*********)t*)t****>trL*J¡:t*rt******************t<****¡t:t****t<*****tt***:'

$ENTRY
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Variable DÍctionary:

rn the following 1ist, only variables found in the remote block rNrrALare lÍsted. These are the only variables that users of the programhave to knov¿. variables are listed ín the order found in the brockINITAL.

PREMUM

I^IAIT

PERCEN

cArL(1)
I'IR( 1)
sR(1)

GArL (2)
I^rR(2)
sR(2)

cArL (3 )
I{rR(3)
sR(3)

FIRST

RETIRE

CO},IBIN

INT ( I)
INF ( I)
LAST

0.1 x percent of employeets salary to be made as contribution,
sum of employer and employee's contributions.
number of years of servÍce before vested pension benefi.t isfirst available (on terminatÍon from the pf"n).
percentage of final average salary used in calculating thepenslon benefit.

the first data available in each set of data: group annuitytable, withdrawal rates, and salary rates respectively.

the last data availabre in each set of data: group annuitytable, withdrawal rates, and salary rates respectively.

the number ass'igned in the FT0IFO01 statement in the Job controlLanguage which specifÍ-es where thedatasets are stored.

the first age the study is interesËed Ín.
the age of retiremenË. !
the number of combinations of fnterest rates and infrationrates the study is goíng to examine.
the ith interest rate that the study is going to use.
the ith inflation rate thaË the study is goíng to use.
the last age of the lffe span. This is assJ-gned to be equalEo the last age found in the mortality table.
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APPEND IX D

SINGLE DIìCRIÌMIÌNI TAßLIiS
AND RELATED RATES OF DECREMENTS

rl
f,X Xx

20 9936" 3 71 00
21 9931.37i00
22 9926. r8700
23 9920.78900
24 99t5.17t00
25 9909.31200
26 9903.17900
27 9896.74200
28 9889.97200
29 9882. 83200
30 9875.29200
31 9867.30000
32 98sB " Bl 600
33 9849.78500
34 9840. 15200
3-5 9829 " 85900
36 98t8.83200
37 9807 " 00700
3B 97 94.30800
39 9780.62.500
40 9765.86700
4 I 97 49 .91 700
42 9732. 47r¿00
43 97I3.0r100
44 969 I . 0.5 800
45 9666 . r6400
46 9637 .9 I 700
47 9605. c)4100

48 9569.87800
49 9529 .417 00
50 9484.2s000
5 r 9434.1 2500
52 93 78. 77300
53 931 8.00000
54 925t.58900
s.5 9r79.37500
56 910i.17500
57 90r6"87800
s8 8926.35900
59 8829. 16000
60 8723"87800
61 8609.43300
62 B4Bs.rr300
63 8350.51t00
64 8205.1050(.)
65 804 7. 6 9t 00

0.00045
0. 00047
0.00049
0" 00051
0. 00054
0. 0005 7

0. 000 60
0. 00063
0. 00067
0" 00071
0"00076
0. 00081
0"00087
0.00093
0"00100
0.00107
0. 001 I5
0 .00r24
0"00i35
0.00146
0.00158
0.00173
0"00194
0.00220
0.002_50
0. 00285
0.00324
0. 00368
0"00415
0.00466
0"00521
0. 00_5 80
o .00642
0. 00 708
0 .007 78
0.00849
o .0092 4
0.0t002
0"01087
0.0lr90
0.0i310
0 .01447-
0"01585
0.017/+0
0.0l9tI
o.02126

0.21595
0.20355
0.19205
0. t8t 35
0.17145
o. r6235
0. r-5325
0. r4455
0. r3615
0.128L5
0.12055
0.11335
0. r0645
0.10005
0. 094 r .5

0 " 08855
0" 08335
0.07845
0 " 07395
0" 06685
0.06625
0 " 06264
0"05894
a" 05524
0.05163
0.04 793
0.044?_3
o. o4o4?_

0 "03642
o.03232
o"o2733
0.02303
0.0t7 94
0.01246
0.00647
0"00588
0.00529
0. 004 70
0.0041I
0. 00352
0"00294
0" 00235
0.00t76
0.001i7
0. 0005 9
0. 00000

0. t5000
0. t6l5t
0.17357
0.18618
0. i9933
0.21300
0.227 t9
o.24190
0.257t0
o. 27 28L
0. 28900
0.30567
0.32282
0.340û4
0.35852
0.37704
0. 3960 I
0.41538
0.43516
0. 4553 I
0 " /+7 583
0. 49670
0.51793
0" 5395 i
0"56147
0" 58383
0.60668
0"63016
o " 6s435
0. 67 932
0" 70506
0.7 3t 47
0. 7584 B

0. 78589
0.81 330
0. 8403 I
0 .86632
0.89033
0.9lls4
0"92975
0.94 49 6
0.957 67
0.96878
0.97 934
0. 989 70
r.00000

(
JX

1.07673
1"07467
I "07265
1.07063
r.06858
| .06662
I.0647 5

I.06284
1.06110
r.05935
t.05768
1.056t I
l.054sB
Ì rì('t11
L'VJJL L

I"05166
r"0503t
r " 04891
1"04762
I " 04630
1"04507
l. 04386
r"04274
L. 04167
I.04070
1.03982
1.03914
l. 03870
r.03839
l.03Bi6
l. 03 789
r"03746
1.03693
t,036r4
I.03488
1.0332I
1. 03095
1"02771
t.02382
I " 01998
I " 01636
1"0r345
I.0tI60
I.0t090
1.01058
l.0l04t
1.00000

4̂
UX

0.00050
0.00052
0.00054
0. 0005 7

0. 0005 9
0. 000 62
0.00065
0. 00068
0. 000 72
0. 000 76
0.00081
0.00086
0. 00092
0.00098
0.00t 05
0.00tr2
0. 001 20
0.00129
0.00I40
0.0015r
0.00163
0"00179
0"00200
0 .00226
0. 0025 7

0 " 00292
0.00332
0.00375
0.00423
0.00474
0.00529
0.00587
0.00648
0.0071 3

0. 0078 I
0. 0085 2

0" 00926
0.01004
0"01089
0" 0t I92
0.013r2
0"0t444
0.0r586
0. 0174 t
0.01918
0 " 02126

J*-,,
Wx

0.2I600
0.20360
0. 192 10
0. 181 40
0. l7I 50
0 " 16240
0. I 5330
0.14460
0.13620
0. 12820
0.12060
0.11340
0" 10650
0.10010
0. o942A
0.08860

' 0.08340
0.07850
0" 07400
0. 06690
0.06630
0"06270
0" 05900
0.05530
0.05i70
0.04800
0. 04430
0.0/r050
0. 03650
o .03240
0.02790
0.023t0
0.0I800
0.0 I 250
0. 00650
0. 005 91
0.00532
o.oo473
0.004Lt+
0.00355
0.00295
0 "00236
0. 0017 7

0" 00il 8

0. 00059
0.00000

fftZ¡, fl^rt ü=il_t,-r¿¡ J,
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