
THE UN]VERSITY OF MANITOBA

POOLING OF SAIVPLE VEANS

FROM TWO POISSON POPULATTONS

by

Shambhu Nath

A THESIS

SUBM]TTED TO THE FACULTY OF GRADUATE STUDIES

IN PART]AL FI.II,F]IMENT OF THE REQU]RM{ENTS FOR TIM DEGREE

OF MASTER OF SC]ENCE

Department of Statistics

IrjNNTPEG, MANITOBA

October 1972



D

ABSTRACT

In this thesis an attempt has been made to investigate the problem

of pooling of means of tvo ind.ependent rand-om samples from Poisson

populations vith parameters Àa and- À, respectively, vhere it is

suspected-, but not known with eertainty, that À2 = À1. Estimators

of À, have been obtained. using the fol-l-owing three approaches:

1. Non-Bayesian Approach

2. Seni-Bayesian Approach

3. Enpirical Bayes Approach.

Restricting to the case of equal sample sizes we first consid.er

the non-Bayesian approaeh which is a general-ization of the preliminary

test of significance (pfS) procedure first suggested. by Huntsberger

(lg>>). Following Huntsbergerwe use a weight function O(Sl, S2)

to obtain an estimator of À, given by

m/o o \ - ^ --' ñJ-(S1 :52)= 0 if Sl=0,Sr=0

"f=-
m

2
l_F

I
* 3s3

otherrr¡i se
st * sr)z

where S, and. S,., are the respectivs sample totals, and. m the cornmon
L¿

sample size.

The expected. value and varíance of T(Sl, Sr), lottr exact and.

asymptotic, have been evaluated.. The computer resul_ts on the asymp-

totic relative bias of T(Sl, Sr) inaicated. that there is close agreement

betveen the exact and as¡rmptotic formui-ae. The asynptotic relative

efficiency (ARE) of T(Sr, tr) with respect to; = l, d.efined- as
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)''t/m

"=.

has been computed for the values of À, = 0.5

1.0 and- m = l-0, L2, t)+, t6, fB, 20, 25, 30.

LO0/,

(o.r) L.o, \, = .5 (.r)

It is observed. that

and- Àr, there is a

and- À, vhere Àf = À2

except for a small region of the val-ues of À,

gain in efficiency. For all the values of À,

the ARE is 2OO%.

Next r^¡e discuss the semi-Bayesian approach to the problem. A

prior ganma d.istributi-on G(f , a) where a is knor,m, is assumed. for
,41

the parameter of the second. population. Two d-ifferent models with

examples have been considered-. ft is found that the as¡nnptotic

variance of the maximurn l-íkel-ihood- estimator in both the cases is

smaJ-ler than the exact variance of i, the mean of the first sample.

Here we also d.erive an estimator on the basis of the best unbiased.

linear combination vhere the weights are estímated. from the first

sample, as ì-t has smal-l-er variance than that of the second sample.

However, we find. that in neither of the two situations consid-ered-

d.oes it give any improvement over the maximum likel-ihood. estimator.

Finally ve d.eal- vith the case where o is assumed. unkno¡m.

Folloiring empirical Bayes approach it is assumed. that past experience

for estimating cr is avail-able. Because of the various complexities

involved. with this proced.ure, only a partial sofution has been given.

The proced.ure for estimating o, has been d.iscussed- and. the empirical

Bayes estimators of À- for the two cases have been obtained.
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CHAPTER T

TNTRODUCTION AND SUI\fl\4ARY

I.1 Review of Literature.

The problem of pooling of means of two ind-epend.ent random samples

from normal populations has been stud.ied in the past by various authors,

nanely Mostetfer (fg)+B), BennetL (I9r2) , Graybitt- and Deat- (tg>g),

Kitagawa (tg6S) , Zacks (tg66) and Kal-e and Bancroft (ry6f ) , to mention

a few. The first attempt to explore the same problem for d.iscrete

populations(in particuJ-ar Poisson and. Binomial) was mad.e by Kale and

Bancroft (tg6f). They used. the square root transformation for the

Poisson case and" the aresine transformation for the Binomial case

and. transformed. the corresponding problem for the discrete distributions

to the problem of pooling of two sample means from the normal- popu-

l-ations i^¡ith knor,¡n variances.

Kal-e and Bancroft developed. the theory for the fol-lowing probÌem:

There are two ind.epend_ent rand.om samples (tr_r_, yLZ,...,ylrr_ ) and

lw v v \ ^--^ir^Lr- ¡-- ^'/ 2, - ^ 
l

,'21 , '22,...,,2r,^) avail-able from N(ua, o') and. N(pr, o') respectively,
^"2

o* being knor,m. It is suspected., but not knor"m with certainty, that

ll- = þ2. The problem is hov to use this prior information in estimating

uf.

They approached this probfem through the "Theory of Incompletely

specified Moclel-s" as outlined- by Bancroft (rg6)+). [An extensive bib]-i-

ography of the papers in this area i.s given in the paper by Bancroft (rgfz) ].
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Using a preliminary test of significance of size o to test ìr1 = Þ2:

against V, f Vr, they proposed. the foll-owing estimator for Ur:

tr*r- * t2*2

ir lzl > E^,o,

ir lzl . Eoozn+n--f --2

vhere r=ir-1r, o1 =o'(-.þ) .rruE,, isgivenbvt-ó(E ) =a/2,¿' O 'nl_ nZ' -q ' ' -cr

þ being the cumul-ative d.istribution function of a w(0, 1) variable.

The bias and. mean squared error (¡¿SA) of i* were stud-ied. and- the

regions in the parameter space in vhich i* h." smaller mean squared-

error than the usuaJ- estimator i, , the mean of the first sample, 'ü'ere

investigated. They also d.iscussed. the test of the hypothesi" fl_ = È0

subsequent to the preliminary test of significance (pfS) and. stud.j-ed.

its size and. polrer.

Mostel-ler (fg)+B) :-n nis papeï on "Pool-ing Data'r, which seems to

be the first significant r¡iork on the subject of pooling of means as

such, has al-so d.iscussed. thís problem. Besid.es making a brief stud,y

of this problem, based- on the test of signíficance of the nul-l hypothesis

ill_ = U2, he suggested. a Bayes approach to the problem. He assr.med. a

prior d.ístribution, namety, N( o, u2o2), 
^2o2 

knom, for the d-ifference

d - ul - u, which is equivalent to assuming that Lr, has . N(ut , u2o2)

d.istribution. Using the method. of maximum likelihood., he d.erived. the

estimator:

2
^ i(na-+l) +i
r-rl_ = 

-z 

-na +2
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for the case w'here the two samples are of equal size. The mean squared.

error (VlSn) of this estimator is:

2- 2
-2¡^ r o l+na

\ ,.¡]./ n 2 * nu?

fn fact, û, i= the best l-inear unbiased. estimator of ul. These resufts

can be generaJ-ized" to the case of unequal sample sizes. Compared- to

the estimator i of Kal-e and Bancroft (lg6T ), Mostel-lerrs has uniformJ-y

smalfer MSE than that of l.

Zaeks Ogee) consíd.ered. the problem of pooling of two sample means

in a slightly d-ifferent situation. There are tl¡o ind.ependent rand-om

samples of equal size from N(u, o1), (i = t,2). The problem is to

estimate the conmon mean p, the variance ratio , = of,tol, being unknom.

As in most of the works by various authors in this area, Zacks afso

used a preliminary test of significance to d.erive his 'tCl-ass of

Estimatorst' but in the elosing section of hís paper he suggests the

use of Bayesian approach, i.e., assr.ming a prior d"istribution of p

values, to investigate the pr:oblem. It may be noted. that Graybill

and. Deal- (tg>g) have also proposed. a sol-ution to the same problem by

estimating p.

A very d-etaifed. investigation of the problem of pooling of sample

means from two normal populations vith same variance but different

üeans, suspected to be close to each other, vas made by Bruner (lg6f).

Instead, of using a preliminary test of significance, an empirical-

Bayes approach r¡¡as used-. Bruner studied. the problem und-er the follolring

two models:
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Mod-el- I: (x - xr,...,xrr. ) ana (yt, ye,.,.,yn.) are tvo índependent
-L- t t']- 

D 2.rand-om sarnFJ.es from normal populations N(ut, o-) and. N(r,2, o') re-
_ 2_spectlvelyr o- being knor¡m. The mean of the first popuJ_atior, Ul_

is taken as fixed. but unknor.rn. The mean of the second- population,

U, itself is assumed- to be normal_ly d.istributed vith mean Ur and

. 22 2variance a-o- where a- is unknol,m.

Model rr: rn this model-, the first sample is the same as ín the first

mod,el- but each member Y. of the set of observations (ya, yr,...,y )n2'
from the second- population i-s assurned. to be normal-ly distributed

r¡-ith mean urj .r knor¡¡n variance o2, vh""" v*j, J = I, 2r...:rìrr is

a rand.om sample from a normal- poputation with mean ul and varian " ^2o2
-2'vi'nere a 1s unknolrn.

Using the empirical Bayes method- and thus assuming that there is

some past experience avail-able, the prior distribution of u2, or more

specifically the parameter u2, *u" estimated.. Bruner d.erived the

estimators for these two mod.el-s and obtained. exact expressions for

their MSE.

These MSE's rn¡ere then s6'ntr.ared vith that of i, the mean of the

first semple and- und-er the first mod.el- it vas shown that if the past

experience consists of more than 10 samples from the second. population

then the empiiical Bayes approach prod.uces a better estimator (smaller

MSE) than i and the same is true for mod.el If if the size of the second.

sample 12 t 10.

L,2 Problem and- Su¡marl¡ of Resu]-ts

In this thesis ve r,¡ill consid.er the problem of pooling of sample
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means from tr,¡o Poisson populations r,rith parameters À, and. À, respectively.

ft is suspected., but not known with certainty, that Àl = À2. The

problem is to estimate Àa usine this prior information on Àr. Sol-utions

to this problem have been obtaíned. using the fol-lowing three approaches:

t. Non-Bayesian Approach

2. Semi-Bayesian Approach

3. ftnpirical Bayes Approach.

The mod.el-s for vhich these three approaches have been used- are

d.escribed. bel-ow. A brief sumrary of the results obtained_ is al-so

presented..

Non:_Bayesian Approach: 'l{e restrict or-lrsel-ves to the case r"¡hen tr¡¡o

sample sizes are equal and. consid.er the fol-lowing situation:

There are t'hro ind.epend.ent rand-om samples (Xr, Xrr...rX*) and

(Ya, Vr,...rYr) avail-able from Poisson populations P(Àl) ana P(Àr)

respectively, the problem being that of estimating À, when it is

suspected. that À, = Àl_.

Following Huntsberger (tg>>) we consider a weight function

0(Sr, Sr) such that O Í ô(sa, tr) < t- and. construct estimator of

the type

S. S. +S^r = lr - O(sr, sr)l * * ö(sr, tr) #
mm

l¡here S- = X X. and. S^ = I Y..t i=lt ¿ i=r1

tr'or particul-ar choice of
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O(sr, sr) = 1
aU-r-LaI l--'s. + s^

I¿
- 

ll < (.
2t cr

= Q otherwise

vhere Co is a constant, o, beíng the levef of significance of the pTS,

we get estimators obtained_ by using the PTS approach. However, in

this thesis we consid.er only the "continuousrr weight functions which

do not correspond. to any estimator based on pTS.

The estinator d.erived. using this approach is:

T(st, sr) = o ifSl=0and-32=0

otherwise.

The exact and. as¡mptotic expected value and. variance of r(sf, sr) have

afso been obtained- in Chapter If.

some computer results on the asynptotic rel-atíve efficiency of

T(Sl, Sr) with respect to i, the mean of the first sample, for sample

sizes 10 (2) ZO 15) 30 and. for pairs (lr, lr) vhere À, = .j (.1) t.O

and. À, = .5 (.f) l.O have been obtained.. ft is observed- that except

for a small- region of the values of À, and. Àr, there is a gain in

efficiency. rt is also found that for al-l- those pairs of values of

Àa and. À, in ¡,¡hich Àl = À2, the asymptotic relative efficiency (Rnr)
S_ +S^

is 2OO/,. InIe note that T(Sf , Sr) is as efficient as #, which is
the UI4VUE of the cornmon mean À, ,= trZ.

Keeping in view the close theoretical_ connection between the

Bayesi-an and- empirical Bayes proced-ures Ìre present a combined. d.es-

sr Ii,_' 
. rr3-l=; frt -1
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cription of the mod,els for vhích these have been used. and. give examples

in each case.

Bayesian and Bnpirical- Bayes Approach

Mod.el f Xl_, X2r...rXm is a random sample from a Poisson population

with parameter À, which is taken as fixed but unknor^m. yl_, y2,...,y' is

a second random sample from a Poisson popu-lation r,rith parameter Àr.

I^Ie formalize the prior information ttÀ, is suspected. to be close to Àart

by assnming that the ratio I = Xr/\, has a ga¡una d.istribution

G(q, p) defined by

-p
^/a\ _ 0' -0cr^p-1 _ .g\u/ = lG.)-e u' , o ) 0

such that E(O) = 1. This is equi-valent to assuming that the parameter

À, of the second. population fol-l-ol¡rs a gamna d.istribution C(þ, o).
,,1

'[nle d.iscuss the problem of estimating the mean of the first popu-

lation Àa, in both the cases (i) o known and (ii) o unknown. Assuming

a to be known is similar to fol-foving Mostell-erts approach (Bayesian)

for normal populations r¡heru Þ2 il, is assigned. a knovn prior d.is-

tribution. rn the case when o is assr:med unknor^mrl^re use empirical

Bayes approach accord-ing to vhich it is assumed. that there is some

past experience on the basis of which the prior d.istribution of À,

can be estimated.. This past experience comprises p sarnples

Ylt, Yl2r...rYln

YZI, YZz,...rYZn

Y-.Y^ Y*Pl ' -2P'" "'ptt
of size n each.
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As an example of this mod.el'r^re may consid.er the fotl-oving:

A rand.om sample Xl_, X2, . . . ,Xm from a population of bacterial

colonies is avail-able from an experiment. The ni:mber of bacterial

col-onies is assr:med" to fol-l-ov a Poisson dj-stribution with parameter

À" . Another s¿¡rnl a v v Y is avail-able from a second. popu-_L !_t1-",tr.Zt...r,rì

lation simil-ar to the first one from another experiment. I^le assr:me

that the second- population of bacterial colonies fol-l-ovs a Poisson

d-istributuion with parameter À, vhere it is suspected. that À, is

equal to À.. l,Ie further assume that the ratio 0 = À^/À_ fol_l-ovs a- 1 - '2' -f -----"-

garruna distribution G(o, p) such that E(O) = 1. This is equivalent

to assuming that À,, has 
" C(þ, q). Previous p samples of size ntnr

each constitute the past ex¡lerience for the estimation of the prior

d-istribution of ),, or more specifically of o.

Mod.el ff X. r X.r... rX* is a rand.om sampl-e from a Poisson d.istributionJ_- ¿' - m

vith parameter À, where Àa is fixed but unknom - simil-ar to the first

mod.el . !tre have another sampl. Yl-, YZr...rY. from a second- population

but in this mod.el , instead. of assr.iming a Poisson d.istribution vith

parameter À,, for each member of the second_ sample as is the case ín¿

the first mod.el , !{e assume that each Y. fol-l-ows a Poisson d.istribution

vith parameter Àrr: (i = f,2r...rn). It is further assumed. that

0o, = x..,/x.,, (i = r, 2r...,n) are i.i.d.. variates G(cl , p) such that
¿¿ ¿¿ _L

E(0,'.) = t. This assumption amounts to saying that {À^.}1-, are¿J - ¿J J=-L

i.i.d. G(þ, o).
,.1

ft may be noted- here that a situation very simil_ar

of the second sample for this model has been consid.ered

to

by

the structure

Bates and-
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Ne¡rman (tg>z).

As in the first model- here al-so we consid.er both cases: cr, knovn

and. q' unknovn. rt may be noted- that this mod.el- is the sarne as the

mod.ef r vith the past experience. Here the past experience is con-

stituted- by the second. sample itself. Thus we may consid.er
.n{Vr. }i_., as n sampl-es of size one each. Since {y^.}1 - are i.i.d..L¿ ¿-L ¿J J=I

, (\.G(i, a) lre can estimate s from this set of observations alone.,.1

As an example of this mod.el we consid.er the following case which

has been described by Arbous and. Kerricfr (f9¡f).

I,{e have for the cr.rrent year a rand-om sampÌe Xl_, X2r...rX, from

a population of accid.ents assrmed. to follow a Poisson distribution

tv-ith parameter Àr. Also availab1e ís another sa"nrpJ_e from a simil_ar

population for the preeed.ing year. we can conceive that the second.

population is non-homogeneous with regard. to the accid.ent proneness

of its members. Thus it can be assr¡med. that each y. of the seconil

sample comes from a Poisson population with parâ.meter Àô., (j = f ,1¿

2,..,,n). It is further assumed. that 0^. = \^,/x. fol_lows a gaJnma¿J¿Jt_"
d-istribution G(o, p) such that E(Oo, ) = l, or equivalentry, À^. has¿J 2j

^tAa G(- , a). I{e note that here as contrasted with mod.el r,'we cannr-

estimate o from the second. sample itself and. therefore no past

experi-ence is necessary.

The case of cx known for both the mod.el-s r and rr has been d.is-

cussed in Chapter fIT. ft is shown here that the maximrm l-ikelihood

estimator of À, in both the cases has asyrnptotically smaller MSE

than that of either i or f alone, where i and. ! d.enote the mean of
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the first ancl second samples respectively. I{e al-so show that a

iueighted. eombination u = vri + wri does not l-ead. to a better (snaller

MSE) estimation proced-ure. This shoul-d. be contrasted. with the results

of Graybill- and. Deal- (t959) for the normal- populations with conmon

mean but unequal variances where they proved that the estimator of

the conmon mean obtained on the basis of the i,ieighted combination is

uniformally better than either i or f ir n., and. n, are both larger

than 10.

The case of q unknor¡m for both the mod.ers, 'nrhere we use the

errpirical Bayes proced-ure, is presented in chapter rv. Because of

various complexities invol-ved with this proced.ure, only a partial

solution to the problem has been given. InIe obtain an estimate of

o, for mod.el r vith past e>çerience and. for mod.el- rr without any

ad.d.itional past experience. I,{e use this estimator of q to obtain

empirical Bayes estimator of Àr.



-Lb.

2.I fntroduction

estimator T woul-d. be
agu-

.L

m-
q¿qu_ , unI¿

h,'

ïrhere0:ó(") :r. Note

proced.ure while ó(u) = t

CHAPTffi I]

NONBAYESIAN APPROACH

that þ(u) = 0 corresponds to never pool

correspond.s to ahrays pool proced.ure and

Tn this chapter ve consid.er the problem of pooling of means

from two samples of equal size from the poisson populations r,¡ith

parameters À, and À, and it is suspected that À, = \2. We d.erive

an estimator of Àt by using the approach of Huntsberger (f955).

Huntsbergerrs approach is a generalization of pretiminary test of

significance (prs) approach and. does not use any prior d.istribution

for the parâ.meter À2. If one r,r¡ere to use a PTS approach the new

,s;. cr(o) or -+' cr(o)o1 -o2 _L Þf *Þ2

ù
cr(o) .,_+<cr(o)r"1'Ðz

vhere cr(cr) and cr(cr) are constants and o, is the rever- of prs. sl

and. s, are d.efined as before. rn view of the s¡nnmetry of the problem

cr(a) and. Cr(a) are s¡rmmetric around. I2 , i."., Ct-(o) + Cr(*) = l.
l,Ie now consider the general-ization of r* by a veight function

0(-+)or*o2

,o(r*sz) =[1 -ö(Çh)r+.to(%h)r +
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ó(u) = l- for cr(o): ": cr(o) and zero otherwise corresponds to the

sometimes pool proced.ure where the prs is carried. at l-evel_ e.

2.2 Sel-ection of l^Ieight Function ó

InIe vant to sel-ect a weight function Q d.efined- over o < u < 1

such that

(a) o:O(u) .1

(¡) O(å) =f andó(u) *oasu+oandu+t-

(") ó(u) is s¡nmmetric around " = å
(¿) O (u) j-s d.ifferentiabt_e ever¡rwhere.

tr{e further want þ to be a fairly simple function. (a) rul-es out

PTS estimators or linear functions of u. The simplest quad.ratic functíon

of u that satisfies the four cond.itions mentÍoned. above is

0(u) = )+u(t - u), 0 < u < t-. For this veight function, the resulting
estimator is

T(Sf, S2)

2.3 Exact Bias

if s_=0and.s =fi1 -----2

othervise

cl
a

=Q

sr ['î . ,';-]='L. 
J

and MSE of T(Sr,

(z.z.t)

L{e have from

u[r(sr, s2) ]
2S1S2(Sf - o

a

(z.z.t)
laIU_t _L

- 11 t-lm
IL

I-l
J

r(s, * sr)2

-1 -Ptr-tr(tr-srIT- ,.r - L¡------7_-i' 
L*(sr 

+ s2)¿ 
_i
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and. P(¡rÀ^) respectively.'¿'as S, and. S, have Poisson

Thus we can revrite as

¡[r(sr, rr)] = 
^,

Since the cond.i-tional

d.istribution with n =

nlr(sr, sr)] = Àr

.)
Þ^/

a

-1- ,,f
- tl 

r

-l 

te rll"r

distributions P(mÀ, )

2s.s, ( s,
st*sz

sr)(2s1

Àr+mÀ, Àt*À2

st(t - sr)(zs, -

Sr=tis

, (e.s.r)

ot2

rav moments of the binomial

{t3(-p+3p2-ep3)

+ op-) t(-2p +

tp(t) +

d.istributi

tandp=

t-_?El
m - l^

' lorL_-

', = tll'
,J

(e.:.r)

a binomial

ic.

2t*

, st t-s.Jl
,,p q Il

JJ
/n ¡ n\\¿.5. ¿ )

d.istri-

=.f
õ

- u-
'2

(sr *

r(t -
F

F
L

\
I

stl
r-

L
L:'

t
t

D
!

L

-E
L

2
m

on of S. given S- +
mÀ- 

- -À- I
t_ -L

t)

m

t
x

(t
lx
Ls, =o

m
t

(v I
or-

À, s. À^ t-s-l
I J- r -Lz Z t _Ll

'Àa + Àr' tì,, + Àr' l

=À1 [,

LF
{ssfi-r'rr-2sî)(:1

0n substituti-on of

bution n(t, p) in

pIr(sr, s2)]

the first

(2.s.2), we

^-z- ^_ --¿l-m
L

Õ
+ t'(3p

three

get

l-r-
loz

-9p +

æ

+ -'l

2A
m

_6t
m

= Àr-

@

r p(t)
!_ìt -_L

. z c..lbp - -n-,t_l

* ,i,i p(t)' (e.¡.s)
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where

2 ^3A=p-Jp +'¿p
ÀtÀ2(À2 - Àt)

{r, + rr)3

and
_n(rr+r, ) .u ''{r(lr*lr)}t 

r=r 1 2 =!\-,/ = f , T = u: J: 4r....r*.

After sinplifying e.3.3) a tittte further we find that
2x1^2(r' - rr)

EIT(st, rr)l = ^r_ -ffi'
-m( ¡,. +l^ )

{m(rr+À2) -3lt-e r ¿ l}

_ 
\lr^r(^. - ^r) {r_ _.-*(Àr*À2,rr,*-.) (2.3.)+)

*(r, + Lr)3 
L¿ - ç

vhere X has a Poisson distribution P(mÀa * rÀ2) trr:ncated at zero.

Thus the bias of the estimator T(Sr, Sr) is

2ÀtÀ2(rr-Àr) ¡ -m(Àr+À2)_B(r) = ltr(rr+Àr) -3[r-e t.7]
m(1, + l, )' I

+ 2{r- - .-'(Àr*Àz)lut*-ril. Q.3.5)
__t

Nor^¡ for varíance of T(Sl , 52), we evaluate first

^ ß 2S-s lq - s \-12
E[r(sr, ,r)]2 = pl+- U#l

I 
* m(s., * so)= 

|l_r-¿)

_Fl usfs!{s, - sr)2 usls}rs. - srf
- -t ¿ - ". ,. - ---r---- .;-l

l:- t'(sl + s2 )* tn'(st_ + s, )'__l



= À? + 5* L, o [ ! sls3ts' - srl'? ]- ^r. - n- z; Ërll- ,;Ðt-¡
-L.,ll'1'rrrr-rrr 1 ,.-FiË,[Lr'.-.¡-J l"*"

,^=J
')

I
s, = tl

_l
oe-l

-t ¡lr_1

2)r
zu ùf

l',. *

I
= 

'_]

2LL-sf -

¿u.

usflls, + s, = tJ

Q.s .e)

z\.L=Ài*;* ztmt

)+ -fr_ ,E
'-tË- 11-IL-

= x? + ! * !- oI m *2t

wherethasf(nl,+mÀr)
^^¿

^.Ar = --À-z lerr
11, +r,, )"

: [{t4sr2 - et3sl + r3t
e*
"r-

LLc ??t'si + 3t'si -

AI
L+A + '-') +JU

zero and

^_.2.2¿(^.^^ +
L¿

- esfr! * .:oif^l

r*iorr2;,1 -

* :g)*rr2rl

ztoxlxf, *

l'. .
A_*3*
t-

errrl + zx|1,

),- Brrrrã *

L
210ÀfÀ2 +

11

- 2/14^Ix2

retsl *

L
L

T
lxtz + A-t
Lr 2

truncated at

)rc

I + z6xix, +

o = ^t ,.^l^, - rsrfr! * nxlx)- rr^r^| + zxlJ,"2 (\r+\r¡6 "

À_A.=- '\ 
-L>ex!x,

' ( Àr*Àe)o

À'r 
l-rAl = f;. lrsiTrz -

( lr+1, ¡ "

a =- Àt 
lrzlll,"' 

( rr+r,)6

t^]t,

,>x|),

- zttt+xlxz, + r2^Zl,

and.

o^ = *.- trlr, - zexlxf,o (lr*Lr)b
. eexlx) -

t_

z6xrx) + xfJ.
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Further cal-cul_ations give

^^À-EIT(sr, sr)l¿ = Àr¿ + 3

+ # Frtt * ^2(Àr*À2 )2\ * nrlr(rr+rr) * A:
m-tl-e - - i

-n(À., +Ào )
- e - - {ar{t + n(Àr*Àz)} + dz(rr+rr) + 2Ar}

_er(^r+Àz Il+Are - -_l

)+ .- -t(Àr *Àr)- - -'r .+ ! tr - . -L 2']¡,run(x-t) * arr{x-2) + A6E(x-3)1. (z.s.r)
m

Hence, from (z.S.t) and (z.S.L) we get

À.
var[T(s., sr)] = *

r+ifr"(À., -Ào) -m(À.+tr^)* ff {m(À.+Àz) _ s[r _ u' . ]]r(lr*1, )'

uxlxf,f ^r-^2)2 -*(À, +r, ) )- --T---T {m(Àr+Àe) - slr - . *' )}'*t(lr*lr)o

+ # Errt * ^2(Àr*Àe)2] 
* nr,tr(1.+rr) * A¡

1r- I ¿ .mtl-e J

* o ^--(^.*^rilIJJ



-xr)

['-
lTtr-
lgr

Brrr, ( r,

-n(À., +Ào ¡
e _ -)Al*

r( rr*r, ) 
3

'{^. r:{"r"-1)

rcx?rxf,fxr-xr)2 r- -*(rr*lr)- --l-.-Ttr - e : - Ì2i¡(x-t)]2
m (Àr+ÀrJ

), -m(À, +À,' ) 
^+ !- tr - u -L z']¡aru(x-') * arr{x-3)l

m

/n ¡ ô\
\¿.J.O/

Z.)+ Asymptotic Bias and. MSE

Now T(s¡ sr) i-s airrerentj-abre and. the cond,itions given by

Kend.all- and. stuart (1958) ror the variance of the estimators i and

f are satisfied. Therefore, in this case, the Taylor series expansion

can be used, to obtain the asymptotic mean and. variance of the esti-
mator T(St, 52).

tr'le have

_3 __2
r(sr, sr) =

(x+y)

Expand.ing t(Sa, Sr) in a TayJ-or series at i = Àa and i = Àer.w.e can

write t(sr, Sr) as:

r(sr, tr) = T(st, s2) I

lx = Àt1
t-
lY=À2



d

-Idx
+ft!

.þr(i-rr)'+
ar

G - 
^z) ftr(s' sr,lo = 

^,
l;=^,

+ z(i - À. )(y - r^) 3:=r ¿ dydx

{(x - Àr)

n^2* (i - x,)' \\T(s. , s^)1. _- AY- J- ¿ l*-nt
t-
lY=^z

ignoring terms of ozrd.er 7fu-, ô > o. using the formula of Kendal-l
m

and. Stuart (1958) and. after some algebra, we obtain

2À_À^(Àr__^r) ._ 3n[r(sr, Se)] = Àr rr - #].r- (rr+Lr)¿ mf it+'\, ) 
-

Thus the asymptotic bias of T(Sl_, 52) is given by

Ba(r) = -'^t^r(^t-^J {m(Àr+Àz) - sl.
m( Àf+À2) -

(z.l+.r)

(2.\.2)

Sinilarly, the asymptotic varianee is given by

var"[r(sr, ,r), =;*f trf . ror,fr, -,r\^f,+ zr+rli]
u\ /\It ^21

P)t c. (.
+ 2T^;^z - t8ÀtÀ; + gxil. (2.)+.:)

2.5 Some Asymptotic Resul_ts on Bias and. MSE

The asynptotic relative bías B is d.efined. as

I

o _ lasynptotic bias - exact biasl
-

IOOB/, vafues for sample sizes tO (Z) ZO (:) 30 and for pairs (fa, fr)
where À- = .5 (.r) r.o and. À. = .5 (.r) r.o Ìrere computed. and. it vasI ---- '2
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observed that as the sample size increased., B d.ecreased. and. even for
the smallest sample size m = r-0, ve found. that the maximum value of
B was o.52rg x r-o-)+. This ind.icated. that the asyrnptotic formu]-a

provid-ed very good. approximations. For sample of size t6 ttie maxj-mum

of B i,¡as of ord.er l-O-7 an¿ for sample of size 30 the maximum of B

was of ord.er l-o-f3. rt is for this reason and. the fact that the

computati-on of the exact variance of r(sr, s2) i" too involved,

we computed the asylrptotic variance of r(sa, sr) only. The comparison

of T(Sl, S2) and. I r,¡as based. on the as¡rmptotic MSE.

The asymptotic rer-ative efficiency (ARE) of r(sr_, s2) with
respect to I is d.efined as

)'r/n
Asynptoti. MW x IOO/,.

Tabl-es I through vrrr give the vafues of e for each sample size and.

combination of vafues of (Àa, XZ) mentioned. above.

For sample size 10, the ARE is ress than Loo/, for the combi-

nation of vat_uesr (.I , ,g), (.j, f .0), (.6, r.O), the minimum being

To/" ror (.5, r.o). For a1r- other val-ues it is greater than roo/o,

the maximum being 2OB% which occr:rs at Àa = .6, X, = . j.

For sample size 12, there is a r-oss in efficiency for the same

combination of val-ues of Àa and À, as those for sample size 10. rn

this case also, the minimum and. maximum ARErs which are respectively

63/' ana 205% occvr at the same points as for sample size lO.

The ARE for sarcpÌe size r)+ is l_ess than roo/, for the following

val-ues ot (Àr, \r), (.5, .B), (.5, .g), (.5, 1.0), and (.6, l_.0),
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the minimr.m being 56% tor (.5, r.o). For atl- other combinations

the ARE is greater than IOO/' with a maximrm of ZOL/, for Àa = .6,

1=q,'2 . /.

The l-oss in efficiency for sample sízes 16 and. lB occurs at

the fol_lowing common points (.j,.8), (.j, .9), (.5, l_.0), (.6, .g),
(.6, I.O), and (t.0, .5) r4.ith an additional poínt (.7, f .O) for the

sampre size fB. The minimum ÁRE occurs at (.5, r.o) in both the cases,

vhich is 50% for sample size r-6 and. \6% to, sample size 1g. The maximum

ARE is 2OO% lor both the sarnple sizes and. this occurs along the d.iagonal

Àr = À2'

For sample sizes ZO, Zj and. 30 the ARE is less than IOO% foy

the foll-owing combinations, (.5, .B), (.j, .g), (.5, r.O), (.6, .g),
(.6, r.o), (.7, t.o), (.9, .j), (r.0, .j), (t.0, .6), vith three extra

points (.5, .T), (.8, .5), ana (.9, .6) for sample size 30. The

minimi;m ARErs for the three cases are respectÍvely \Z%, S>%r 3O/,

vhich occlrr at the same point (.5, l.o). For âl_l_ other combinations

the ARE is more t]nan roof" with a maximum of zoo% which occurs along

the d.iagonal Àa = À, in each of the three cases.

InIe note that vhen Àl_ = À2, the ÄRE is ZOO%. This implies

that i.¡hen Àl_ = À2

À_

MSEIr(s., sr) lÀr, ^rl = *
which is the MSE of the minimrm variance unbiased. estimator x+y

2
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TABLE f

VALUES OF

gamFle Size l0

q

.6

.l

o.O

.9

1.0

200 17\

208 2oo

196 206

rT\ 19)+

f5r 173

r32 rr2

l+2 l-l-3

rTT 1)+7

200 rTg

205 200

193 zo't+

LT3 I92

.9 1.0

89 TI

118 9'

151 r23

l8r- Vj
200 183

203 200
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TABLE T]

VAIUES OF

Sample Size II

E

.6

.(

.B

o

1.0

2OO 171

205 200

186 203

160 tB6

I3T T6I

r_17 t_38

135 10)+

LT'l+ 1)+l-

2OO rTT

202 200

185 zol

L62 186

.v t_ .0

B0 63

r_10 86

1)+5 f 15

r79 1)+9

200 l8l-

20a 200
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TABLE T]I

VALUES 0F e

Sample Size f)+

.v 1.0

F

.6

.t

.o

(J

t- .0

200 168

20r 200

178 200

L\9 1TB

I2)+ t5o

ro5 t26

r29 96 T2

rT2 t_35 ro2

2oo rT5 tho

200 200 rTT

LT9 r99 200

L52 rT9 rg9

,b

7B

108

1)+ir

L79

200
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TABLE ]V

VAI,UES OF

SampJ-e Size

e

Ib

E

.o

.7

a

(l

f.0

200 166

lg8 200

f70 lg8

'ì ?o 171LJ/ ¿t¿

11)+ 1l+l

96 r-16

r23 Bg

f70 r2g

2OO 173

r9T 200

IT2 I9T

r)+3 I73

l-. 0

66 50

96 T2

135 101

rT5 r39

200 LTT

r9T 200
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TABLE V

VALUES OF

Sernple Sí ze 1B

q

.o

.7

o.(J

o

1.0

200 L63

L9' 200

162 19,

130 16)+

105 r32

86 ro7

118 B3

16T rz)1

2OO 171

r95 2oo

166 r95

135 168

u 1.0

6t )+6

90 66

r_30 96

rT3 135

2OO rT6

r95 200
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TABLE V]

VA],UES OF C

Sample Size 20

E

.o

.7

.o

o

1.0

200 l_61

rg2 2oo

u6 r92

L22 I5B

9T 12'

8r 99

t_t_3 78

L65 rf9

200 169

193 200

160 L93

LzT l-62

o l-.0

56 )+z

B: 6t

12, g0

rT2 l_30

2oo tT)+

193 200



TABLE V]I

VALUES 0F e

Sample Size 25

.6

.t

o

o

r.0

200 r55

185 2oo

1)+1 186

106 1)+)+

83 ro9

/- ô-ol ö>

ro2 68

160 log

2OO 16+

lBT 2oo

1)+B tBB

ILz 15f

1.0

l+l 3,

T)+ ,2

f15 Bo

16T Ì21-

2OO 170

l8g 200



TABLE VTIT

VALUES 0F e

Sample Size 30

q

.6

v.l

o

(l

l_.0

2oo II+9 93

l-7B 2OO L"
r29 l8o 2oo

93 133 rB2

T2 9T 137

58 T)+ t-ol-

o 1.0

6o 4r 30

loo 66 )+j

L59 107 T1

200 l-63 t_13

rB3 2oo 166

r)+O 1B)+ 2OO
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fn this

models when o

3. 1 Mod el- f

CHAPTER ]II

SM4Ï_BAYES]AN APPROACH

chapter we d-erive the estimators of Àa for the two

is assimed known. We consid.er the mod.el f first.

Here we have (x, , xz,. .. ,"r) ana (y, , yz,. . . ,tr) independ.ent

rand-om samples from two poisson populations vith paraneters À, and.

À, respectively where À, is taken as fixed. but unknom. ft is assirmed-

that the ratio of the two parameters a = ),r/),., is distríbuted. as

G(q, p) such that E(0) = t. rt can then be easily sholsn that this
is equival-ent to assuming that \rhas a distribution G(þ, q).

,, 
1

LetX= (Xt,X2,...,"*)

r= (yl ,yzr...rtr).
The joint d,istribution of X and y gíven

Lrç(x, ylra, rr)

À, and À, is

-À Yl¿_ ile À^'l.l
Y.! IJ_l

-mÀ-, S.ì -nÀo S,,
= e 'À.'" 'À^'H_ (x, y)

J- ¿ L_

(:.r.r )

(s.r.e)

m
where S- = I

l_
J-_J

vations alone.

^ td \k\i- , û'r, we"f

n
X-, Sc = X Y* and H., (X, y) is a function of sampJ_e obser_L ¿ ¡-a J r

J-r
Nov since À^ is a random variable vith d_ístribution¿

have the marginal d.istribution of X and. y given by¡



-mÀ_ s_
i,(x, yl^r) = " 

tÀr_tl\(x, y)

(o/Àr)0 -xr(a/xr) o_r
rG)-e - tÀ;-dÀ2

-rn À St
= E (x, y)e 1À

_L-- -', I

(o/Àr)0 r(s, + cr)

f(q) so*o
(n+a/À, ) '

- ¡¡ t¡, s- o ¡/o -^'\
= n_(r, r)^;t rfrç1"rft_l 'ffifr

After some suitable ad.justments (S.f.3) can be written as

l(x, y lÀ., ) = t., (s., ).nr(sr) .u(x, y)
-'l_J__L¿¿

where

-mÀ., S.
e '(mÀ- ) '

r'-/s-\ - r-'l'l' sr!

r(s^+0)
pz(sz) = f6fu'

i -ù', s,
Je ^c0-

and H(X,

that S, i

negative

l_s

P(m

nom

o\

I)
c

bi

ons afone. This

general form of

used. throughout

0, f , 2r...,

(:.r.:)

(:.r.t+¡

(:.r. 5 ¡

shows

the

is gíven by:

(s.r.e)NB(N,

where

Q - P = 1.

tr'rom (3.1-.3) it is easily verified that the usual- reguJ-arity cond.itions

such as given by cramer (l-g\6) an¿ Huzurbazar (rg\B) are satisfied. and.

the maximrm fikelihood. estimate (w,l) L, is the unique sol_ution of the

a functio

À, ) and. S,

ial- d.istri

_ r(iv + x)- rlNE!
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l-iketihood. equatior I#! = O. F\rrther the asynptotic variance
^ 

onf

or ^f ]-s gl_ven by
( r'n -rl-f
l_ula'roe Ll l-'.l-l aÀÎ llI t- r )J

Taking logrithm of both sid.es of (3.1.3), d.ifferentiating it partialty
rv-ith respect to Àa and. equating the d.erívative to zero, we get

:.' :.. t'...:. .. 
i.i ..j. .':- a-..t..... r :. :.: :... ì.:'.

(s.r.r)ðloeL
ô^_

1

-mÀr(o + nÀr) + (s, + sa)(s + nlr) - nlr(s, + c)
Àr(o + nÀ.) =Q (:.r .4 ¡

or

.2
À- mn

1

the roots

ì-"r-
Since {nS-

.L

values of

t-"r-

- cx(m * r)]2 +

s_ > 0, s^ > 0,

rS1 -o(m+n)

- Àr{nS, - s(m + tr)} - o(Sr + 52) = O,

of which are

DS.-a(m+n) +
r- insa - s(m + n)Ì2 + hamn(sa + s2)

2¡tn

I+cxmn(s. + S^) > {nS. - s(m * ,r)}2 for alt-'1 2' l
i- is Eiven bv

-L-

- cx(n + ,r)]2 + )+omn(sf + 52)

'[nle a]-so shov

-2,
iliat ¿$!

a^i
InIe have

^^a-d J_og !
2

aÀ;

fun . (¡.1.9)

that À, provid.es the maximurn of the l_ikelihood by proving

< O at À- = i-.T-L

from (3.1.8)

(:.r.ro)
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vhere

N = -mÀr(s + nÀt) + (St * s2)(cr + nÀr) - nLr(s, + q).

At Àf, N(Àt) = O. Also Àr(o + nÀr) > 0. Therefore, to show that
2l-og 

L - n --- *^^r r^ i- ----¿! ^ d.N :-:;| < 0, we need. to ínvestigate the sign of =- at À_.aÀi o^1 r

d-N t

ff = -m(o + nÀr) - mnÀ, + n(s, + tr) - n(S, + u)
.L

= -o(m + n) + rSl_ - 2nmÀf

so that

dNË- = -o(m + n) + ns, - 2nnÀr. (3.1.11)
dÀr

But from (S.f.q)

ZlnÀf=^Sl_-o(m+n) +l (s.r.re)

where

t
D = /{nS, - o(m + n)}' + )+qmn(St * 52), D > O.

Hence on substitution of (:.I.l2) :-" 13.1_.t_t), we get

d-N /
Ë= -u(m + n) + nS. - 0S" + s(m + n) - IdÀt r- -L

= -D < 0.

Thus

2
â-l_og L . .2 - u at Àr_ = Àr_.

ðÀi

Therefore, i, sir."n by (3.1.9) is tne maximun t-ikel-ihood. estimate

of Àr.

The as¡rmptotic variance of ia is given by



-oJO.

var(Àr)

From (3.1.7)

a2tog l,
2

äÀi

r '-l

= _ 1, a2ros r,l 
*

l! 
^ 

II arÍ IIrl
we have

=-(tt*tr)
^2
^_I

Hence

Var(À ) ='1'

(n+n)
Àt

-m(cr+nÀr) -no

@
nÀ.

(r + ;l)

^2_
F/d l-og l\
!\ ) I

aÀi

5
m nÀ-

(t+ r)+t
'0m

ft is easily verified. ttrat Var(Àr)

Var(À. ) :-s tne asymptotic variance''L

estimate vhereas V(l) is the exaet

Next we consid.er model- fI .

3.2 Model- ff

: v(i). rt may be

of À- . the maximuimL'

variance of l.

(:'r'r:)

remarked. that

Ìikelihood

A random sample (xr, xrr...rxr) from a poisson d.istribution with

parameter À, is avail-abl-e where À, is taken as fixed. but unknov.n. lle

have another sampl. (Yr , Yzr...,yr) fron a second. popuration l¡here

ít is assr:meil that each Y. has a Poisson distribution with parameter

^rj, 
(i = r, 2,...,n). It is further assumed that {02.tT=r, r^¡here

0o = xn./^. are i.i.d. rand.om variabl_es G(o., p) such that E(0^. ) = l,¿J ¿J J- -'---- -\-'' s' .¿
which is equivalent to assuming tnat {lo.}1_-, are i.i.d.. C(þ, o).

LrJ d ¿ ,t.l

Since Y.,, (i = f , 2r...,n) is assrmed. to fol_low a poisson distri-
J
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bution p(Àzj), where Àr¡ h." a.c(þ, q), it fotfovs that the marginal

distributíon of y. i" a'NB(o, Tr.t
Therefore, the marginal distribution of I and y is

L(x, yrr_) _ l. * _i_ll l s-. "ì-/ - r = 
l,l' qti ¡.,5 

=t-l- t cÌ 10,n I , Àt ,S2 -*Àt-Stt" * Àr' {(.,D" 
tcr 

1l 
t Àl

where Sa and. S, are defined. as before.

Here again it ís easy to verify that the

assumed. by Crarner (19il6) and_ Huz.¿tbazar (fg)+S)

the MLE, is the unique sol-ution of {$! = g
onr

variance of ia is given by

( -o - r-l-
l-"|-n'-ert I -
l-"1 ^.,2 llI L onr- ))

Now from (S.z.l_), the t-ikelihood

-n+ =ô

(:.2.r)

ß .z.z)

(:.2.s)

regular ity cond.itions

are satisfied. and ia,

and. the asyrnptotic

ã loe L cln
I-

equation is

ù
â

c
aIâÀt o*À1 Àf cr +l ,'1

The roots of (S.2.2) are

Following very similar arguments as those given

ve find. that the maximr-m likelihood estimate of

mod.el , is

in the previous section,

À, for the second.

ht
,.f

I

)+on(s,

(:. e. t+ ¡



and it provid.es the unique maximr¡n of the
"2be shom tir"t 4$ < o at Àl = ir.

aÀ;

To obtain the asymptotic variance of

estimate, we evaluate first

)+0.

líkel-ihood since it can

À. , the maxímr-¡m fikefihoodI'

or

2
Àt

^¿_dlogt_
)-

aÀ:I

from (3.2.2), so

^^a_
r./d .Log L\ -!\ 

^ 
) -

aÀÍt

cln
^(e + Àr)-

that
.Z0n^f

sS^(cr + 2À- )

- .- t ^2-t^1(0 + 
^fJj

- anÀr(o + 2Àa) - rÀr(o + Àr)2

{rr(o + L.)}2

Hence, after some simplification,

. 
( 

-n 
f-l

var(À,)--l"lryl 
II I à^¿ ll(. - r')

1,.f
=-

m ß.2.57tQ,
t 

-)

'cx + Àl

As in mod.el r, here al-so we find that the asymptotic variance of the

maximr:m likefihood. estimat. ir, is smal-ler than the exact variance

of the first sample mean i. ft may also be noted that the asyrnptotic

variance of the maximr.m l-ikel-ihood estimate for the fírst mod.el_ is
larger than that for the second- model.

3.3 Combining Unbiased. Estimators

Graybill and Deaf (tg¡g) consid.ered the same probfem for tr,¡o

samples (xa, xrr...,xn ) and (y., , yr,...,y- ) fron normal popuJ_ations
"f!'rlo

w-ith conmon mean u and unknom variances oltuna o! r""p""tive1y. They

consid-ered- the best unbiased linear combination of I and. f and. estimated

weights by using estimator= "1, sf, ot of .na o! "u"p."tively and

l+4
m
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obtained. the estimator

-î- | 2-, 2-r,, 2 2'u = (nts2x + n2siy I / \n:sà + nrsf)

c _.2.. )vhere "r'= t(*i l)t/(nt - t-) and ,l= r(u, - v)z/{nr- I). They

proved that i is an unbiased. estimator of ¡r and. that it is uniformally

better than either I or f if n, andn, are both larger than l_0. We

note that the estimators of the weights are stochastieally ind.epend.ent

of i and f.
tr'le consid.er moclel_ I first and. assrme that the sampfe sizes are

equal. The best unbiased. rinear combination is now given by

T = r¿-l + w -t2Y
where

mÀ-
f + a

0
-w-.

_L DÀ.1

2+ "
0

and. m d.enotes the cormro¡ sample size so that
nxf-

"*y* 
I

T_ 0
mÀ-

2+ r
O¿

l_'!l'^ = ----------¿ m^_
-L¿+-

0

(¡.s.r)

trnle find. that the weights 5 and. \r2 are functions of À, which is being

estimated. by i and. f Uottr. It is not possible to obtain an estimator

of Àa vhich is ind.epend.ent of i and f, ttrat can be used. in the weights

v, and. wr. Thus we have three al-ternatives:

(f ) Estimate 5 and *Zby estimating À, by I;
(z) Esti¡rate 5 and *zby estimatine Àr by i;
(¡) Estimate 5 and. *2 by estimating À, fron both the sarnFles.



lL,ç

rf r¿e use (3), ttr. eval-uation of MSE of the final estimator

voul-d- be too complex. Between (r) and- (2) ve prefer (r), because
À" À- mÀ-

r+e note that V(i) = + , whire v(i) = * fr . fl and V(i) does not

tend- to zero even for large s¿rnFles. Tt is for this reason it is
erçected that combining I and i r"y not l-ead. generally to an improved

estimator. This must be contrasted. with the MLE of Àa obtained. in
the previous section, which has as¡,.rnptotic variance sma]-]-er than

that of i or i. choosing the first alternative r¡e get from (¡.s.r)
the estimator

2
rc 1sl*sz+si/ou =- (:':'e)m s',

2*;

ve obtain u(u*) and. var(tr*) ana show thatlr* d.o"" not give any improvement

(i.e., smaÌler MSE) over i. Now

_z r(r l- * æ s., + sc + s?/a
E(u")=* X X .-*¡l-p.(S.)p^(S^)*sr=osr=o 

z*1 
-l-'"f/r2\"2/

_r î l" osr_ ,gl l_ t*r,.lo tl- æ.^El r'(s')

which áfter some further simplification is

-z r(r . o , I : 2o2 + o'oÀt t- \x(u,, = Àr- - ñ.* *. l^ -eo;t'pl(sr)'ol=u -L

After some further algebra we get

_, rç. -rÀ1 _ lVu; .lu(,'*) = Àr- - #. rå * jl" '.r.l n^rl (:.s.:)
[?o + 1; _j
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where Fp

Fpq

and

(a) =n

The variance

Var (u" )

I,le have

p
iI (s. ). - f 'n

a-f'"nt )
,ßn; 

_l

l_sq

lã''
I

lß-,Lr

the generalized. h¡pergeometric function d.efined. as

0^....2'

Bz''' '

æ

_L

n=0

,7n

"tq.

]I
ì ='l

(e.)
Jn

2_2 2 -l
. o-s; 2o'srs, 

I. c*Lf ,'*fj
-mÀ- S_](rÀt) I r(s, + a)

r(cr + n)
r(a)

of u" is

= ¡l(ux)21 - is(..-r*)12.

sr! 2- ¡- ""'1
(_L + _;_

mÀ-1.--:-)
(¡.s.ir)

-r :[, 2,*s1 -2os.mÀt-#r.lof -ã.q-

""1 - 2o2mÀrs, * o2{(mr.)2 +



)+4.

-mÀ_ s_
e -L(mrr) r
--1I-' (3.3.5)

Rearranging the terms itr (s.3.5) and simpJ-ifying it f,rther, we get

¡i(,r*)21 =þ[r^r_)2+nÀ, + r,o} - (rzo3a 6o2rÀ1)E(2.ft,)*l r-

+ {l+o[ + )+a3nl, * o2r(nÀr)' * mÀr,r- . þ,r]u(-- 
t .;J (s.s.e )

(2cr + tr_)-_l

f -m^" . s't

=Ll(mÀr)'*mÀr +5o2-(r-2o3*6o2'r-) î = t= 1"r(mÀt) '
*.1 

'I' *"1 /s f ,o 1., zo + q ---Ð-
L 

-f-' -L

+ {l+oL + )+o3nÀ. * o2[(mÀr)t * n^rfr- . ]ltr
-rÀ., 

. 
tr-l

: l_ e '(mÀ., ) 'l.---r . (3.3.7)
sr=o (2o + s.¡2 sr! j

After suitab]e adjustment of the terms itr (s.3.7), ve obtain finally

-¡ r(r2 1 l"-. D ) o -mÀ.E(u^)- = - | 
{rir)z + mÀa + 5o2 - (6o2 a JomÀ1)u-""'t

^' I 
r r-

Iz";*lo1^üÀ-
rt.l"^, ., .'^rl * t"t + omÀr . f t('r.)2 * *Àrti * þltll-2o + 1; *J

-mÀ., llu, za , -il- I 'r_ ll. (3.3.8)' e z''zlzo + L, 2a. r, 
t^l]J'

Therefore, from (:.S.3) and (:.¡.9)

-'r lÊ' Àt ?rv ,2n . o^' t -0À' fz" ' I

v(u*) = * * * r* + Àr) - (+ + rr)r"-""r rr.]=; . r, r^:l



l-r \

tI /cr,- 
[-.

* [ (å)2

À- -mÀ_l-r .L

¿

lzo r llt
.F., I ' r^. llt'l__eo * r; l.J

^ À- mÀ.{xl+*tt*-f)}1. ;-l
r, '^t--i '

(s. ¡. g)

lz"
¡

IlIc'cl- -12"
I
f,

o,À-
I+-+

m

-*Àl ,2u
+ I, 2a +

I'{e nor,¡ discuss the asymptotic behaviour of the estimator u*.

rt is knornm that asymptotically the fol-foving formula is true:

[Refer to "Hand.book of Mathematica]- Functions", ed.ited_ by M. Abra-

movitz and I. A. Stegun (196)+)1.

lz" : -l
-. l-- '*. l- l(zo + Ì) *Àr-, - ,2q,--ti-I m^l=----1-11^ .t f(2q) e \m^t) zo*t[a*o(#)]

- - [-2o + 1; _.] ' *nl

= ,o .t^t(mLr)-ttr + o($)J.
--'1

Hence, from (:.:.S),

_2¡(u*)tÀr*+-*otj)
*À1 m-

vhich shows that for large m the bias is negligible. Now

-mÀ. S-

¡(-*^ )= ; " '(tÀr) t,, 
I 

,z0+u-' o]^ s.! (eo+s-)I Sl=0 -1' -I'

(:.¡.ro)

(s.:.u)

tu

As the series in

with respect to cx,

u-*^t lr" ; I----:- - F- I,¿ L II^
r1a +. , 

t^t 
I

#. o(+).
l-m

(S.S.ff ) is uníformally convergent d.ifferentiation

on both sid.es can be performed. lsee Cramer (tg66)1,
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Thus we get

_ f .r

(zct+")ãoo(?)'
Hence from (3.3.6)

-r, ler2. - l
E[(u-)-]ru^r-'**+o(])

m

and from (¡.:.10) an¿ (S.S.t-2) rn¡e have

À.

var(uxl o** o(L).

Thus as¡rmptotically .,.* "" an estimate of Àa would be as good as I
only. trrle have arread.y seen that the MLE Î, nu." asyrnptotic variance

smaller than that of i. Therefore, we pref"" Î, to I and woufd also

preï'er 
^l to u .

Similarly for the mod.et_ If we know that E(l) = À1, E(t) = tt,À. À_ À_

V(i) = rand.V(-' t ' r'
m .--- ,y/ = ;. (1 * ;). Thus the optimum r^reights are

À_

1+ r
:_q_-1trt=-l and *2=---L

z+J z+fdg

Here al-so we note that V(V) r V(;). Hence, foJ-lor^iing the argrments

given earl-ier, we estimate À, occurring ttr (ñr, #r) by *. This gives

us the estimator

rD\
r*Ê , [s., +sc+silomfu =*tz + s;Æ--J (:.s.rs)

After a long argebra and. for-r-owing precisely the sane method.s

as r.rere used. for evaluating E(ux), ve find. that

(s.:.rz)



t+f .

E(,r**) =À..++o(*). (3.3.r)+)t Àt - 'rÀ1' -

2
Thus we note that the bias of u*x has a constant turr € vhich isnl
independent of m, the sample size. This shovs that u*x i+oul-d. not

:be as good as Àr, which being MLE, has bias tend.ing to zero as m -+ æ.

Therefore, in mod.el- f I al-so ve pref er the lrfl,E ia to lr** .
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CHAPTER ]V

Mæ]R]CAL BATES APPROACH

Here we consider the probrem of estimating À, for the two mod.el_s

vhen cr is ass,med- unknom. First ve consid.er moder- r.
)+.f fupirical- Bayes Estimator for Mod.el_ I

Folloving empirical Bayes approach we assume that past experience

for estimating q in the form of p previous samples

Yl_l_' Yl_2 r. . . rYfn

YZI, YZ2r...rYzn

v v ..Y-Pf' 'p2" "'*pn
each of size n is availabl-e. rt may be noted that s and. À, both

cannot be estimated from the second sample. rt is also asusmed

that each sample (tjr, 
" jr,...,yjrr) (i = r, 2,...,p) comes from a

Poisson d.istribution with parameter Àr.. rt is further assr¡med.

that {À.,.}1-. are í.i.d. G(*, o).¿J J=I 'À1

Let

n
S2i = X y.,..', j = Ir Zr...rp.

*u l--1 .'rJ
t!-_L

The cond.itional_ distribution of trj'
As À^. has been assumed to foll_ow a¿J

that the unconditional_ d.istribution

has a negative binomíat d.istribution

The joint d.istribution function

given À2¡, i= Poisson f(nÀr, ).

*,^i , o), it is easily verified

or irre ¡th ""-pte total Srr,
hÀ.

NB(s, f) .

for the s¡mp1e totals
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SzI' 522,... ,S2p is given by

p
l(ser , szz,...,s2p) =

- 1= I

nÀ-
{r(o)}P(r + #l*n

$ = X S^. - X X y...
¿l i-r r--r KJ

J=a " J=i K=l-

I,{e need. to estimate s. Using the method. of maximum

ve have from ()+.f .f )

â l-oe L GÐn

ttj

(l+ .r. r )

likel-ihood- estimate,

(l+.r. z)

(l+. r. s )

logrithm of (L.1.1) with respect

f(S^. + 0)
¿J

Sr.!r(o) I
J

f nt,r/a I

t;+l
(r+

otp

iI
i =]

where

â Àr- o*nÀf

which when solved. for À_
.L

^e
"1 np

Next taking the partial

to cx and. equating it to

ð lgg L = -p{r(a) +
âs,

where

ú(x) = $; ttou r(x)l =

is the diagamma function.

+:-
t

l

gives

hS -^o,+nÀr-'

derivative of the

zero ) ve get

p
lú(sor+s) +p

j =l-

lôo 

-

*-o 0 + nÀ_
I

-0

( l+. r.1+ )

From (4.1.3) and (1.1.)+) we get
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i [i,{{'(s, 
* o) - ,,n,1 - ]-oe(l

nî-+-l¡ =e

vhere ô d.enotes the maximum fikelihood. estimator of o,.

The numerical_ solution of the equation ()+.f.t) ís facilitated by

the use of the tabl_es of the function

À(", i) = ú(i * ") -,¡(p) (1.r.6)

for various values of f and. r = O, Ir Zr...r35. These tables are

given in the paper by sichel (rgrr). sichel has iflustrated the

procedure and. suggested. the use of the approximation

,l,(p )

()+.1.7 )

in case values or À(r, f )

that S,, . and ô in ()+.1. 5 )¿J

Substituting the Ifl,E

the estimator

for r > 35 are required.. It may be noted.

are the counterparts of r and. f respectively.

ô of s thus obtained. in (3.f .9), we obtain

(l+ .1. 5 )

(l+.r.8 )
1̂="f

rSt-ô(m+n)+ {nS, - ô(ur + ,r)i2 + )+ônn(St + S2)

hnn

\.2 Þnplrical- Bayes Estimator for Mod.el If

rn this mod.el- the past experience is replaced. by the second

sample. The n observations from the second- population may be treated

as n saJnples of size one each.

Accord-ing to our assumptions in this mod.el {y. }1 - are i.i.d..J J=T



n l-ur. * o,
i,(Y., Y2,...,tr) = .1. l¡;lF-Ef,-'L J

r(y- + o) i''r i I
Y.! IJ J {r(cr)}t(r +

À_
1\ ncr

Using the method. of maxinum l-ikelihood.

the maximum l-ikel-ihood. estimator ô of cl

vhere

Î- = S^/n.r2'

Here again the method. of sichel- as explained. for the first mod.el

can be used to obtain a sol-ution of o. rt may be noted. that y. and. â
J

in (L.2.2) are the counterparts of r and. ! respectively.

The ML estimator of cr thus obtained fron ()+ .2.2) which we d.enote

by o, can be substituted. in (:.2.1+). Thus the MLE when cr is assumed

unkno'wn for the second. mod.el becomes

E1)r.

À_, t,
N-ts(o, 

-). Hence, the joint l_ikelihood of y is

^(t +

tion

.r0')

j
t

d

is

,.1

q

cr

in<

rhi

(n
={ Ir

L¡=t
(l+. z.r )

of rrf no

ct

we fi

int

- l-tt
ilx{ú(Y.+ô) -rr. I . _ _t

IJ=I

lÀ-
qr(ô)]l - to*(1 1A - ^rvõ\! 

ô/ 

_ , (t+ .z.z)

()+ .2. 3 )I 2m

fn viev of the rather c.omplicated- expressions for the two estimators

À, and Àr, the eval-uation of the MSE of these tvo estimators proved.

to be too complex. The generaÌ theory of empirical Bayes approach,



however, would guarantee that

to the correspond.ing minimr.rn

tend.s to infinity.

and i. voul-d converge
.L

the past experience

the MSE of

Bayes risk,

ì,,f

dÞ
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