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ABSTRACT

Dynamic ampìiiicacion of stresses anC displacemen:s

induceo in a buriec tunnel have been studied. In this thesis

a three dimensionaì ncn-axisymmetric motion of a tunnel. of

general shape buried in an infinite medium caused by 1ongi-

tudinal ano pclarized shear ,,aves is examined in detail

here. The changes in the response due tc different ground

properiies,changes in incident angJ.es and wave freouencies

are carefully examineC. Ii- is found that the response de-

penCs very rnuch on lhe wave frequency and an_cle of inci-
oence. Àno the s:resses induced on the tunnel are large:

when the surrounding soit is soft.
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CHAPTER 1 INTRODUCTION

1 .1 PREFACE

Earthquakes and explosions generate two types of

body waves that travel through the interior of the elastic

earth. one of lhem is a compressive wave and the other is a

shear wave. In seismology they are referred to as p and s

waves, respectively. The displacement field in the p wave is

paralle). to the direction of propagation of the wave. The s

wave has a dispJ.acement field polarized in the plane perpen-

dicular to the direction of propagation. The s wave can be

furthur decomposed into sH and sv waves. They produce the

displacement fields parallel to the horizontal and vertical
directions, respectively. The scattering theory of elastic
waves by circular cylindrical inclusions and flaws embedded

in an infinite homogeneous isotropic solid has been studied

extensively

À review of the past works on the subject of scat-

tering and diffraction of incident plane waves on buried

pipelines reveals that very little attention has been paid

to the futl interaction problem between the pipe and its
surrounding ground. For instance, Nelson and }jeidlinger t1]
and wang and 0'Rourke l2l have studied the propagation of

plane compressional and shear elastic waves in an infinite
homogeneous isotropic elastic medium containing an infinite-
ly long embedded tunnels or pipelines. However, these stud-

ies are based on the assumption that the pipelines or tun-
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nels closely follow the ground's motion and that no

soil-pipe interaction takes place. The propagation of free

harmonic waves in an infinite.ly long circular cylinder has

been investigated, under the restriction of axial symmetry

of motion by McFadden [3] and Herrmann and Mirsky t4l. The

theory for the scattering of plane elastic waves úy u "ircu-
1ar cylindrical obstacle in a solid medium was formulaLed by

white t5l. He derived systems of boundary-condition equa-

tions whose unknowns are coefficients in infinite-series ex-

pansions of potentiar functions representing the scattered

waves. Àmong all these studies, most investigators treated

the pipe as a beam on elastic foundation ï,j,2) or model the

pipe as a set of spring-mass system ['1]. Besides this sin-

plífied modeling, a shell model is also. used to represent

the pipe [6,7]. Àgain the interaction of the host medium

with the embedded shell has not been taken into considera-

tions. The governing equations for the wave motion of the

surrounding medium have not been solved simultaneously with

the equations of motion of the sherl. A departure to this is
made by the work of Hindy and Novak [B] who attempLed to in-

clude the effect of the interaction of the sherr with its
surrounding ground. They approximated the resistance given

to the shell by the surrounding ground to be that of a rigid
cylinder in simple harmonic motion. However, their investi-
gation is limited to only a two-dimensional motion study of

the buried pipelines or tunnels. Àlso works by pao and Mow

[9], Zienkiewicz, Kelly and Bittess [ 10], Underwood and
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Geers [1t1 uru limited to plane-strain investigation. Àpart

from lhese, ChakraborLy [12J modeled the pipe as a thin cir-
cular cylindrical shell and using Flugge's bending theory of

shell [13], developed an analysis of three-dimensional mo_

tion of a shell in an infinite mediurn. However, these anaJ.y-

sis is restricted to solve only one type of scatterer after
formuLaLion, and the surrounding medium is limited to iso-

tropic and homogeneous.

various mathmatical techniques have been developed

to solve the wave scattering problem. Àmong alr these tech-

niques, two methods are widely used; nameJ.y the separation

of variables and numerical solution of integral equation.

However, most of these nathmatical iechniques are also re-

stricted to solve only one scatterer. To overcome this defi-
ciency, Datta and shah et al U+-16] have proposed another

approach to solve this problem. In this alternate approach,

media inhomogeneities (pipeline, tunner, etc.) are enclosed

in a closed contour. The interior region is represented by

suitable finite elements. In the exterior region the solu-

tion is expressed in a complete expansion in outgoing and

incoming waves It23. The hybrid finite elenent and eigen-

function expansion technique (rgenr) suggested by Datta et

al l17l is furthur extented by the author from a plane-

strain to a three-dimensional motion analysis of a buried

tunnel and lhe results are presented in this thesis.



1.2 oBJECTM ÀND SCoPE

À combined analyLical and finite element method is

presented for studying diffraction of elastic waves by a

buried tunnel in an infinite medium for three-dimensional

motion. The method consists of dividing the infinite space

into tyro regions; an interior bounded region containing the

tunnel and exterior unbounded region. The interior region is

represented by finite elements and wave function expansion

is used to represent the field in the exterior homogeneous

ísotropic medium.

In this thesis, Chapter II will present an analyt-

ical exact solution method to solve a circular cavity inctu-

sion for scattering of waves, and results obtained by this

method are to be compared with the FEEET method mentioned in

Chapter III to ensure the accuracy of the combined finite
element and wave function expansion method. The FEEET method

is then used to investigate the three-dimensional scattering

of longitudinal and shear waves by a buried tunnel in an in-

finite nedium. Finally, Chapter IV gives the discussions of

various parameters such as the wave number, the wave inci-

dent angle and the properties of the surrounding material

which affect the performance of the buried tunnel.
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CHAPTER 2

2.I GENERAL THEORY

It is assuned that the pÍpe Ís infinite in extent, and embedded in

an Ínf inite homogeneous isotropic rnedium as sho\ô"n Ín Fig. la.

The governing equation of motion for an isotropíc elastic medium in

lnvaríant forn i"s

t+
I¡V-u+(À+y)

u=Y0nY^(erú)

+ +
=Þu

Y
u)(v (2.1)

(2.3)

(2 .4)

where À and ! are Lamers constants and I the mass density, and V is the

usual del operator. The solution to equation (2.I) can be rvritten in

the form

I+i-V^V^ (ek '-z
s

X) (2.2)

where 0 is the longÍtudÍnal wave potential for P rirave, and rl,, X are the

shear ürave potentíals for SV and SH rdaves, respectivelfi l, í" a unít

vector in z direction and the constant k" Ís defíned later. Substi-

tuting eqn (2.2) lnto eqn (2.1) the potentials 0, ü, and X satisfy the

vlave equations

v2
p

v2
S

v2ê

V
p

v
s

2
V 0=ó

2
V û=ú

V
2"

X=Xt

[(À + 2v)/p

[^ lp l>'

t

where

are

1

and

the dilational and shear wave velocitÍes, respectively.



For harmoníc motion, the displacement potentÍals þ, ü,

expressed ¡or t'nth[ harmoníc as

0 = f(t)"it0 eÍ(62-t¡t),

ü - g3 (t) "Íto ef 
(62-t'rt) 

'
x - 8r(t)"íto eÍ(tz-ot)'

4-

and X can be

(2.s)

(2.6)

where ûl is the cÍrcular frequency, and t is related to the v¿ave number

of the dilational and shear waves as

6=k sín0
P

t=kssínr/
o , (for dilatíonal wave)

o (for shear wave)

In eqn (2.6) k

the dÍ1ationa1

tJ'
o

and0
VS

ü)

Vp
k

ûi

o
are the íncident angles of

ps

and shear hraves in the x-z plane, respectively, as shov¡n

:,4

ín FÍgure Ia.

For a bounded region the total solutions for f(r), e1(r) and gr(r)

can be wrítten as

(ßo

r)

r)

r)

f(r) =d Zn(oo

et (r) =[

+B I^I

+ B, I,rirr(ßOr),

+ B, [lo(ßOr)

(a^r),
NA

t Z

z

(ßo (2.7 )

(2.8)

e, (r) A:

ín which A, Al, 43, B, 81, B, are unknown constants. Eqn (2.7) is gíven

ín terms of the Bessel functions J and Y, or the rnodífied Bessel

functions I and K of the arguments oAr = lorl and ßOr = lßrl, dependfng

whether o¿ and ß are real or ímaginary. For brevíty, Z denotes a J or I

functíon and hr denotes a Y or K function. s and ß are defined as

2

fì

n

2u 2

22

v2
p

2
üJ

CT E

EÊ
2

V
s



For an unbounded region

er(r) can be nrrÍtten ín

radiatÍon condítions as

f(r) = Ç

ôr

and

o tz

the scattered solutíons for f (r) , S, (r)

terms of the outgoíng waves satísfyÍng

and

the

0,. r
A

e1(r) = cl Hr, (ßet),

sr(r) = C3 Hr, (ßor).

where C, Cl, C, are unknovm constants.

In polar coordÍnates the dísplacement components urr

stresses orr, or0, aru and o00 are given as

âó 1Aú+-J
r dr rdu

tx
ð râz

c

t1 ð-x
k 
- 

ãeã'a
S

a0
àz

)
êJ
ðzr

)(

aú
-=r+dr

ð0

*t2x)
k

n
H

s

(2.e)

rO, r" and the

(2. 1o)

(2. 1i )

+ I
k

+

_1_

tte

u

âurIoeo=^(E_*;

t

1

z

âu u âu^ ðu âu
o,' = À (# *-l *+-ãå * á) + 2uf ,

. 
ðtg to I âtt.

6re=u(ôr--+;--ãã),
ðu âu

= u (-ärl * #),
ðu^ u âu. . ãu^ u

ãut.*+.#)*zr(*æe.{l .

For convenience, the surrounding elastic medium and the pipe will

be denoted by reglon 1 and 2, respectívely. In the sequel the material

constants of regÍons R, and R, wíll be designated by subscrípts I and 2,

respectively.
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2.2 ANAIYTICAL TECHNIQUE

2.2.I Region R,

Usíng equations (2.5) , (2.7) , (2.L0) and (2.11) rhe roral

dísplacenent and stress fíe1ds in Region 2 can be wrítten as

u 
(2)
r =Au +Bu r +41 u +B ,u +A^u

I T, J T-45
-il +B

3
ure

tr
2

t3
6

" á')
lf=At.
e

+Bu + A
1

ta.
J

+BI tt + A ut5
+ B3 tt -'

bI t
2 4

3

u
(2)
z =Au +Bu +A +B A:T 1

u
z t u + uz-

5

+ B3 utr z
2 3

z
4

t6e

(2.12)
and

o (2)tr =AS +BS + A. S + B. Srâ I f. I f,
¿J4

+ Ag S +B Siv rz tl r
5

3 '6'e

o 

'o(z) =AS + Aír, rt +BS rt 1
S rt +B I S rt +A

3
sr.r* 83 srt

e u
2

I 2 3 4 6

ú (2)tz =AS +BS A s Bt S A s +B^rz- J
5

Siv +
1

+ +
J tr 6'u

2
t"L t"2 tz

3
tz

4e

ooo (2)

?'! =AS +BS + A I S + B. S + Arr3 L tt4 3S "r* 
83 S tt6tt I ttz

where r¡ = ¡0+ Ez and, expressíons for u t tt. t
l-

u,z.
1

S,t.
1

S,rt.
1

S

(2.13)

and
z.

1
L

t

taa. (i = I, 2, ..6) are 1ísted in Appendix t.
1
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2.2,2 Reglon R I

Since it is assumed Ëhat the seismic sources are outslde the pípe,
(í) wÍth the pípethe interactÍon of the incident seísmíc disturbance

+
u

wíll give rise to scattered wave, fi(s)

"r,a 
Ì(") w111 satisfy eqn (2.I). Thus

is wrítten as

+( 1) * (i) + (s)u =u +u

It nay be noted that both ü(i)

the total field, ü ir, at. ground

(2. L4)

2.2.3 Scattered Field

Substítuting eqn (2.9) ínto eqn (2.10) and (2.11), rhe scarrered

dísplacenent and st.ress components are obtained as the followlng:

,r(s)
T' = C D

"tv 
tl +c I Dtz + C^D3JT

,, Í")
U

;iil=CD
+c

1
D t2

+ t, 0.,rl

u
(s)
z =CD +C D ,2

+ C^DJ ,3 (2. 1s)íú ,L I ,
e

and

o 
(s)
rr =îE'tú ""rfl'

+ ct E+,2 ca E t3t
1

o(: )
TY =CEÍU rtur'

o( s)

+ c E + ca Ettr'
1

1 rt
2

tz---E-
!r'

=CE +C
1

E + c3 urrr'tz
1

tz
2

+ c I
F cat

"á;'--1il
uI"

=CE tt
1

t2+ tra 
r' (2. 16)
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ln which Dr t Dt .'
r_

D and Er E t E tz .'l-
E tt,.

1

(i=l , 2 t 3) are
i z.

l_ I rt
l-

are llsted ln Appendix 1.

2,2.4 Incident l,laves

As before the displacemenr riur¿ i(i)

rhree potential" o(i), ú(í) and X(t) ""

can be expressed Ín terms of

ü(Íì = v q(i¡ n y ,r g,þ(i)) * F y n y ^ 
(:, x(i)) (2. 17 )

s

rf the lncÍdent wave is a p rÀrave, then onry o 
(i) exists in eqn

(2.17) and the other rr¡¡o porentiars ll, 
(i) 

ancl x 
(i) ¡¿ill nor exisr. rt

follows that O(i) and X(Í) will vanish in eqn (2.17) for incidenr SV

r{ave, and sinilarly only x(í) wirr exisr in eqn (2.r7) and the rwo orher

potentíals will vani.sh íf the incident wave is SH wave.

suppose that the lncident disturbance ís a longitudinal wave given

by

*(Í)
u v0 (Í)

(2. t8)

in which

@

0
(i) i J (o, r) e

inO LEz iûrt
( 2. 1e)n e e

fl=-@

thís wave represents a propagatíon vector making an angle to wíth the

x-axis ín the x-z

wavespeedC=l

plane, ¡^¡ith wave length À = t¡ cosp1

along the pipe. SubsEituting eqn

0 , and apparento --

(2.19) into eqns

of the ÍncÍdent

wave, whích are

for shear SV and

displacernent and

(2.10) and (2.11), one can rn¡rfte the components

dísplacement and stress flelds for the dilatíonal p

gíven in AppendÍx I. Sínilarly, k.rorirrg ú(i) ana *(i)
SH waves, the corresponding components of the lncídent



stress fields can be found and are listed in Appendix l.

the dilatÍonal P wave as given in eqn (2.I9), { and k
p

1
Índícated in the relation 6 = k and siurílarly

P1

!/aves 6 k sin rf
o

sÍn 0
o

-11-

Note that for

are related as

for SV and SH

s
1

2.3 SOLUTIONS

Boundary conditions are applied for the purpose of determining the

unknown constants A,41,43, B, Bl, B, and C, Cl, C3.

(nefer to the pípe geonetry in figure lb)

At r = b, the condítíon of continuity requires that the total displace-

ment Ín region 2 be equal to the sunr of the Íncídent and scattered

dísplacenent in regíon 1. Transposing the scattered dlsplacenent on the

same síde as the total displacenent in the equatf-on, one can write

"l') (¡) - ,r(") {u¡ = ,r(i) (b) ,

"[') tul - ,r[s) (b) = ,,5i) (b) ,

":') tol - uj") (b) = .,r(t) (b) 
e.2oa)

Sinilarly for the stress field

(2)
arr

(2)
6t"

(b) (s)
ÕrT

(i)
rr
(í)
r0
(Í)
tz

(b)=o

(2) (s)
r0
(s)

o (b) o (b)=ot 0

(b)-o (b)=o
rz

(a)=o

(2.20b)

(2.20c)

At r = a, the traction-free boundary 1np11es that

(2)/\o;;'(a)=0,
(2) /o;;'(a)=0,
(2)

Õt,
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From nÍne equatíons (2.20a), (2.20b) and (2.20c), for each harmoníc "n"

the corresponding constants . A 
rrrBrr, 

A1 ,r, tr rr, U3rr, Crr, arrr, t3rr, > can

be solved accordíngly.

2.3.1 Cavity Inclusíon

For the case of cavíty

condÍtÍons are given as

"j;, (,) . "Íl) (a) =

of radius Ir ^ tt4, the pertinent boundary

0

,(s)uro

(s)
oxz

r"l * oÍå) (a) 0

(a)+o (í) (a) 0 (2.2r)tz

from which for each harmonic

> can be obËained.

nn'' correspondÍng constants . Crr, ar' C3¡
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CHAPTER 3

3.I HYBRID FINITIì ELEI''IENT AND EIGENFUNCTION EXPANSION TECHNIQUE (FEEET)

3. l. I Numerfcal-Analytical TçC!¡¡¡que

Dynamic amplifications cf stresses and displacements in the waIl of

an infinitely long contiious tunnel embedded in an elastic medium is

studied here. A combined finite element and eigenfunction expansion

technique Ís used for this purpose. In Ehís numerical technique, it is

assumed that the media inhomogenities are enclosed inside region RZ by

closed contour B as shown in fÍgure 2. Thís ínterior region is sub-

divided into finíte elements having *l interior nodes and NU boundar)'

nodes. The closecì contour B separaËes trvo different regions, interior

region R, is the media of the ínhomclgenities containing the tunnel, and

exterior region Rt is an infinite region assumed to be isotropic and

honogeneous.

(i) Exterior Reeion (l{ave function expan s Íon )

In che exterior region R' the

of two pa.rts as menËioned befole

displacenenE fi"r¿,Ì(I) is composed

where

+(i ) *(i) -(s)u=tr+u

J(i) is the incident field displacernent and 
+(s)

(3.r)

Ís fronr tlie

SV or Sll fÍeLds are

contribution of the scaEtered'waves.

The displacement and stress componellts for P,

given in cartesian coordinates in Appendix 2.

evaluaËing the equation (2. I5) ãt N, nodes

For the scattcred field

Èhe boundary B, tl'c

written ín terms of

on

scattered nodal displacement vector {q
(s) .J Can Der
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generalized coordlnaËes {a} as

{
-)
qi;" = 

[.,,]
{ a (3.2¡

where
{üj")Ì (s)

tBiu ,u (s)
,u (s) Ìt

B
e z

B B

{ a is' cl.'
l-

tr. Ìt
1

fori=1,2, NB

and the superscript T represenÈs transpose, the cornplex matrix IG.O] is
composed of t.he knol^m funcËíons in the scattered displacement field and

can be found in Appendi'x 2. Sínce {q*(s¡ } is evaluared in (r, 0, z)'rB
coordínates a transformation matrix tT] as defined in Appendix 2 is

needed. The elemenE comPonents T. of Ehe transfornation matrí>i is given

by

lril
fcose
l- sin o

Lo
I

sin 0

cos 0

0

1
ol
ol
r-l

(3.3)
]- 1

usÍng the transforuration rrìatrix the nodal displacement vector {q

cartesían coordinaEes can be written as

* (s)
XB )in

{
+ (s)
q

*B ] trl T +
q

(s)
l
T trl T

lc {"} i' Ìr r0 G (3.+¡
ß

xy

r¡here lc T
T lc.slxy (3. s)

and the componencs of {
+(S) 

rq,. I
I)

(s)
yB'

in carEesian coordj-nates ís given by

{ ij") }
^ß

{"
(s)

\
(s)

"B

T,u u

Again using the sËrain-displacement and stress-straÍn relations, the

scaËtered stress fields are found in macrix notatÍon as



{ å("1 .slÌ

r)

+
q

( t)

¿(i)

{" }F

-15-

(3.6)

(3.e)

r
B

where { üÍ") }-B

(s) , "t"J,
(s)

Ì
T

{ o rr

_ ül;, . äl;,

o rz

and the complex matrix

Èhe scattered stress

rhaË both {o(") } and ItB

SubstftutÍng eqn (3.4) into eqn

[trr] which is composed of the known functÍons in

fíelds is defíned fn Appendix 2. Ir is reminded

F ^l are in ooru- lar coordÍnates.

(3.6), q¡e get

{ åÍ;,i = rFrot rc,ol {äf")t (3.t¡

It ís seen from êqn (3.7) that if rhe final equations are to be solved

in terms of the nodal displacements the complex matrix [G.o] has to be

inverted. For the purpose of avoiding the inversion an alternate

approach is used in which the equations are solved in terms of the

generalized coordínates {a}. To do this, the virtual work done on the

boundary B has to be found and written as

T ¿(t ) dr (3.8)r

where the superscript "^ indicates complex conjugate,

Ì iôir=lloü'k(i)rß 'r

BB

B

B

B

and iÍ

ä(1) = j(s) +r r r

Noting ô
+
qr

and substÍruting i
+
q

(s)
andtB

(3.8), ttre virtual work can be writ.ten as

(s)
tB

{ üÍ")} fro,n eqn (3.4) and (3.7) ínro eqntB

ô

B



in which { ÈÍt'

and ís gÍven bY

ôn={o.o}t{ÈÍt)}

] ts ttt" generalízed interaction force between R,

tRl a

* T

{ ÈJ') }

df

{ È(i) }¿r
(F) 's

-r-6-

(3.10)

and R
2

(3.12)

and {È

r0

B

+

4 T

È
(1)
B

1n which tRl lc
B

B

(i)
Ì

(3. i 1)

] tr, "qr, 
(3.tt) are approx-

{ Ì{

l lFrol

lc r0

For numerical evaluatíon, IR] and

imated as

P{
+(i

B

[n] = Rn

{ rlt)} =

^e

*T
lcro l FI

*
r

r0

Gand Rs A0
T +(i)

or Ì0
B

r¿here R, is the radíus of the circular boundary contour B, ÂO = 2[/Ug.

( ii¡ Interior Resion (tr'inite Element Method )

Figure 2 shor¿s the geometry of the tunnel. The bounded region R,

is contaíned withín the boundary B, within the regÍon R, is the tunnel

and the non-homogeneíty. The Ínterior region R, ís furÈher sub-divided

into fíníte elements as shown Ín Fíg.3. ThÍs finíte element mesh Ís

havíng Nl * Nn nodes, where N, and Nu are the numbers of interior nodes

and nodes on circular boundary contour B, respectívely.

The dísplacement fields withín each element ís expressed in terms

of the shape functíons [N.] and the nodal displacement value {ell ""

tNl (3. l3)

the subscript j refers to the node positíon for an element, some

internal (subscrÍpted I) and some on the boundary B (subscripted B).

{ {el iÌ
+e
u
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If an element has Int number of nodes, then

N
1

0

N

0

0

0

Nz 0 0

0

N 00
n

lNl = 0

0

I 0

0

Nz 0

0

N 0

N

(3. l4)n

Nt 0 Nz 0
n

The strain within an element related to the dísplacement field tü"} is
given by.

{ È'} = [L] tNl iü']
{ü"}

(3. 15)
= [s]

where tL] i.s an operator matrÍx

lLl =

ã/ax

0

0

0

it
ð /ðy

0

D /ày
0

j_E

0

â /âx

0

0

1E

à /ðy
ð /âx

0
and

lBl = [L] tNl . (3. i6)

In order Èo deternÍne the element,al inpedance matrix, the first

step Ís to obtain the elemental stiffness matrix. The internal

poÈentÍal energy of an element is gíven by

VCpot
I=-2 IIIl{äo"}t ruol tDr tBr {ä"} ¿* dy d,z (3. I7 )

For the purpose of elininatÍng the íntegratÍon over the

z-direcË1on, Ít can be shown that íf one takes the Íntegration over one

wavelength Irr, eqn (3.17) wÍl1 become



vepof
l1 z

e +e
qÌt r I I [uo]tlot tBt dx dy I {
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(3. r8)

(3.1e)

Ì{

is a 6x6 matrix given byFor an isotroPic material

3

I=- +*
q

2

tDl

lDl =

Dt

Dz

Dz

0

0

0

Dz

Dt

,z
0

0

0

B tDl Is

Dz

Dz

Dt

0

0

0

0

0

0

D

0

0

0

0

0

0

D

0

0

0

0

0

0

D

3

3

where Dl = À. , 2:ue , DZ = À" , and D3 = I".
Taking variation, the sEiffness matríx of an element is obtained

from eqn (3.18) as

tDl tBl dx dy (3. zo¡tk"r=fJr¡olr

It may

maËrix I

be

a

noted that. [ku] is a Hermitian matrix. For reference, a 3x3

I defined asrJ
T

l_ j (3. 21)

is given in Appendíx 2.

When each Ikt] is assembled t.o form the global sEiffness matrix,

the global stíffness matríx will be a complex matrix and will occupy

large storage space ín computer operations. Therefore, in order to save

storage space, a manipulation has been done on taij ] Eo transf.orm it

inÈo a real symmetric maErix and detail is included in Appendix 2.

The next task is Eo determine the elemental mass matrix so that a

final elemental impedance matrÍx can be formed.'ro do this, the kínetÍc

energy of an eJ-emenË Ís given as

t Qi:
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T
e

9^2kin {ä*"}' , I I tNl
T lNl dx dy 1 {

+e
q i (3.22¡

^z
2

From equatÍon (3.22) the elemental mass matrix is written as

fm" l =lltNrr tNl dx dy (3.23)

Since the elemental stiffness matríx and the elemental mass matríx are

known from eqn (3.20) and eqn (3.2:¡, the elemental Ímpedance matrix

srr' srB' SU, and SUU can be defíned as

t siq r=f f_
* T 2ls ID] tBql P" '' IN

T
lN I ¿x dy (3.24)p

p ae

From [ 14 ] the appropriate functional for minimízation in the

region R, can be written as

+ JrT
qx

+*T + +*Tq.. + q--
^B ^B

+
q..
^r

++q *T

h
+
qxF o*t str + q-,

^r
S IB su, sss (3.2s)

I B

Ín which t.he continuity across

+ *(2) (t)q* =9* =g_"B 'Ì 'l

the boundary B,

* (s)=9*.T +
-'(i)
o*u (3.26)

+
is used and q

(2) +
is denoced as q

I *r

3.2 NUMERICAL SOLUTIOI.I

In order

(3.26) into egn

matri>l notation

to solve the nodal displacement vector, substituting

one obtain in(3.25) and minimÍzing the functional F,

[:
.; ,;: ..1{ î"ì {-.ï '

(i)
*B 

* (i)
"BB 

q*, * ;(t).B

II
*T

xy tut
(3 .27 )
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It can be seen from eqn (3.27) that the first equation can be

written as

ä* =-$ -L Itm {'} äi') r
^B

II G +s
IB

(3. za¡
I xv

subsituting eqn

one obtain

tcll tsr, -

(3.I1) and (3.28) into the seco¡rd equation of (3.27),

snt S
-1 s ) t*r-*l {II IB a

(3.2e)
*T

G.xy
(s trit s -t srs) ül l + È(i).B

BB IT

Once eqn (3.29) is solved for the generalÍzed coordinates

exterior and interior displacements can be calculated from eqn

egn (3.28), respeccively. As the displacernents for all N, +

are known, the stress at each node can be solved accordingly.

{"}, the

(3.4) and

NS nodes
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CHAPTER 4

4.L Numerial Results and DiscussÍon

The object of thís work is to analyse the motion of the shel1

excited by an incÍdent seísmic r4rave. Dynamic stresses, axial and hoop

stresses' in the tunnel and the rsall displacements are calculated when

the tunnel is excited by plane longítudinal P wave and polarízed shear

SV and SH rraves. The Íncídent porenríal" 4(i), ú(t) and Xi)

representing these traves are gíven in Appendix 1. To obtain the dynamic

amplificatÍon factor, the results for the dísplacemenÈs and stresses

presented are normalized with respect to the maxímum displacement and

stress amplitudes of the incident Íraves respectívely.

The numerical results presented here are for a concret.e tunnel of

thÍckness to radíus ratio (T/A) = 0.2. The material propertÍes of

concrete used here are

g = mass density = 2.24 x 103 kg/rn3 ,

E Ë Young's modulus = 1.6 x 1010 n/r2 ,

o = Poissonts ration = 0.2.

To show the dependence of the displacements and stresses on the

material properties of the tunnel and the ground two representative

cases have been consídered here. In the first problem consídered the

tunnel is surrounded by a sofÈ soil and in the second problern the tunnel

ís surrounded by rock materíal, these will be referred as case r and

Case rr, respectÍ.vely. The material properties of soft soí1 and rock

consídered here are given in Table l.
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TABLE 1

MaterÍal Propertíes of Soft Soil and Rock

Ma terial
PropertÍes

Case I
Sofr Soil

II
Rock

o kg/rn3

E N/n2

o

2.665 * I03

6.9 * 108

0. 45

2.665 * 103

7.567 * rO

4.25

9

Before we present the results for the tunnel, we would like to

check the âccuracy of our fínite element method (FEEET). For thís

PurPose' a cylindrÍcal cavity inclusion of radius = a is analyzed by the

exact solution (analytíca1 nethod) and the finite element method

(approximate solution) . Results from these triqo methods at point P shown

ín the insert in Table 2 are presented in tabular forms for comparison.

From Tables 2'7 we shor¿ the comparíson between the predictíons for the

displacernent and stress amplitudes by analytíca1 and finÍte element

net,hods for a cj-rcular cavity. It can be seerr that the dísplacements

and stresses agree quite well up to kra = 2.0. Here and ín sequel k,

implies k ^= k , í.e. shear wave number of the host material. rn the, "I
following numerical results for the tunnel are presented for k2^ less

than 1.06.

(i) Incident P-I,Jave

First vre wíIl dÍscuss the numerical results for incídent p-wave.

Figures 4-12 shor¿ the polar plots

hraves when the tunnel is ernbedded

of results for

in a homogeneous

íncident longitudína1

soft soil referred to



_23_

as Case I. The stresses and dísplacements are normalízed respect

to the corresponding naximum free field stresses and dísplacements. In

all figures the normalizatÍon factors are denoted by NF. It is seeu.

from Fíg. 4-6 that t.he axía1 stress anplification increases as the

íncident angle increases. As the íncident angle becomes aluost parallel

the axÍs of the Èunnelr the amplification reaches a maxímum for the

lor¿est frequency (or kra). Note thaË although the maximum amplífícation

occurring at the lowest kra, it is not surprísíng that the axíal stress

arnplitude increases with frequencíes. It is also found that for small

incident angle (fíg. 4) the axíal stress amplificatíon inítially

íncreases wíth kra and then decreases to the lower arnplÍficatíon value

at the larger kra. But for the large íncÍdent angle, the amplífication

simply decreases with increasing kra (Fig. 6). As for the hoop srress,

it is interesting to note that the normalized hoop stresses have a

rather constanÈ value irrespective of the incÍdent angle. However, it

ís noted that the hoop stress arnplífication decreases wíth increasing

k2" for all Íncídent angles. Figures 7-9 shor¿ the polar plottings for

the axial dísplacement. It ís found that the real part and the

Írnagínary part of the axial dísplaceurent behave quite differently. The

dístríbution .of the real part has maxímum value occurs at the lower

portion of the tunnel for small incídent angle. But the dístributíon

becomes almost uniform around the tunnel as the Íncídent angle increases

to 85o. It should be noted that the lmaginary part of the axía1

displacement has a rather uniform dístríbution around the tunnel

irrespective of the shape of the tunnel and the íncÍdent angle. Fígures

7-8 show that the changes ín frequency do not affect the arnplification

of the imaginary part when lncident angle is sma1l. However it .shows
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cLearLy in Fig. 9 that the anplificatíon of the ímaginary part

decreases with increasi.ng frequency. As for the real part, the

anplfication sÍnply fncreases wíth frequency. Note that there is a

maximum occurrÍng at Q = 46.3" or r33.7 " (Fig . 7) , this maxj-mum

disappears as the incident angle increased Ëo 85o (Fig. 9). Figures

10-12 show the changes in the shear stress o= wíth frequency for

different incident angles. It ís found that the real and imaginary parr

behave differently. For incident angles 5o and 30o, the real part

arnplificatÍon of the shear stress decreases with íncreasing frequency

r¿hlle for 85" íncidence (FÍg. I2), the real part amplification íncreases

wíth frequency. The fnagínary part just behaves the other way round,

first it increases wíth frequency for 5o íncidence but decreases with

frequency for 85o incídence. It should be noted that both the real and

the ímaginary part have maximum occurring at 0 = 46.3 or 133.7o, but the

maxi.mum of the real part shifts to Q = 90o as the íncident angle

increased ro 85" (Fíg. L2),

Sinilar polar plottings are shor¿n ín Figs. 13-21 for the case when

the tunnel is enbedded Ín rock materÍal which is referred to as Case II.
It is found that the arnplífication of the axíal stress and Èhe hoop

stress both .decrease with frequency for all three incident angles.

Howerver, ít is noted from Fíg. 14, the axía1 stress anplífication of

the upper arch top of the tunnel does not decrease with frequency, but

rather Íncreases as frequency fncreases. One more interesting point to
be noted is that there Ís a pronounced maximum axial stress occurring at

$ = 46.3o or 133.7o for 5o and 30o Íncídence. As noted earlier this

naximum almost disappears when the lncídent angle is 85o (Fig. 15), in
t¿hich there is an almost even axial stress anplification distríbution
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around the tunnel. Figures 16-18 show that the maxfmum real part of ùhe

axj.aL displacement occurring at Q = 270" (at the top of the tunnel)

first lncreaes t¡lth increasíng kra but then decreases aft,er reaching the

maximum. As for the imaglnary part, the dísplacement distribution gets

more and more even around the Èunnel as the incídent angle Íncreases.

Fron Fígs . Ig-20 ít is noted that for the shear stress o the maximumîz
amplifícation for the real part occurring at 0 = 46.3o or 133.7o remains

almost the same value írrespectíve of the changes Ín frequency. The

real part arnplif icatÍon decreases ¡,¡ith increasing f requency. The

inragínary part of o* h^" the maximum amplifÍcatlon aÈ the same point on

the tunnel as the real part, but this maxímum fÍrst increases and then

decreases v¡Íth increasing frequency for sma11 Íncident angles (Fig.

19-20). However, thts maxímum arnpli.fÍcatíon monotoníca1ly decreases

with íncreasíng frequency for large lncident angle (Fíg. 2L).

Figures 22-33 show the variatÍons of the maximum axial stress, hoop

stress, axíal displacement and the shear stress ør, wLth íncldent angres

for case r and case rr. For each stress or displacement, only the

results are presented for one sna1l and one large hrave number. From

Figs. 22-23, Lt is seen that the hoop stress 1s much larger than the

axial sÈress for all angles of íncidence for Case I. Honever, this ís

not true in Case II when the tunnel is enbedded Ín rock. Figures 24-25

shoqr that for small incident angl-es, the hoop stress is greater than the

axÍa1 stress, however, at an íncident angle around 50o-55o, both

stresses have equal value but after thís poínt the hoop stress begÍns to

have smaller values than the axial stress. It ís found that the axial

stress somewhat íncreases with Íncreasíng incident angle. But the hoop

stress remains rather constant lrrespectíve of the íncident angle ín
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Case I. As fn Case II' the hoop stress decreases ¡+íth increasing

íncident angle. Figures 26-29 show the varíatíon of the maxímum real

and imagínary part of the axial displacernent wíth lncident angle. For

case r and case rr the maximum of the imaginary part occurs at the

Larget incident angle which is alnost parallel to the tunnel axis. It

ís found that for both cases, the maxí.num of the real part is very flat

at low frequency but becomes very pronounced at high frequency. Note

that the maxj-mum does not occur aÈ the largest incident angle but on

some moderate incident angles dependÍng on the frequency. Figures 30-33

shor^¡ the varíatíon of maximum shear stress lorrl wíth íncident angle.

It is found that the amplítude of the shear stress is smaller than the

two other major stresses (the hoop stress and the axial stress) for all

frequencies. rt ís noËed that the irnaginary part increases with

íncreasing incídent angle and has a maxímum occurring at Ëhe larger

incident angle in Case I. However, in Case II the ímaginary part has a

raÈher smal1 and constant value at low frequency. At high frequency ít

first increases with increasing incident angles but then drops very

slowly after reaching a maximum. at a moderate incident angle. The

varíation of the real part is comparatively sírnple, ít ínitially

increases with Íncreasing incÍdent angle and then drops after the

maximum. For both cases it should be noted that the maxÍmum occurs at

around 45o incidence for all frequencíes.

For comparison purposes, stress and displacement results from Case

I and Case II are plotted and compared in FÍgs. 34-45. Note that rhe

circular frequency in the soft sofl and the rock considered here is the

same. And for the same l¡Iave speed the values of kra are different for

the soft soí1 and rock. Figure 34-37 show the cornparÍson between axial
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stress and hoop stress. It is found that the stress amplification

factot for Case I fs greater than that for Case II both for axíal stress

and hoop stress. It is also found that the axlal stress and hoop stress

índuced on the tunnel wall when the wave is travelling in soft soil is

nuch greater than those when wave is travelling in rock. Figures 3B-41

show the comparÍson betr¿een the axíal displacement. Not unexpectedly

for small Íncident angle (i.e. wave is propagating almost perpendícular

to tunnel axis) the amplitude of the real and imaginary part of the

axial displacement Ín Case I is greater than those in Case II. However,

the amplfication factor in Case II rnay be greater than that of Case I as

fn FÍg. 38. Surprisíngly, when wave is travelling at an incident angle

almost paralle1 the tunnel axis the siËuatíon ís reversed, both the

amplitude and the amplfíícatíon factor for the real and imagínary part

in Case II fs greater Ëhan those ín Case I. Figures 42-45 shor¿ the

comparíson between the shear stress lorrl, Obviously the shear stress

in Case I is nuch greater than that in Case II, this agrees to what r¿e

have found from FÍgs.38-41 for axial stress and hoop stress. Thís

suggesËs that it is always true that st,resses índuced ín the tunnel wall

ís much greater when the tunnel is embedded in soft soíl than i-n rock.

As for the axíal displacement, Èhe sítuatíon depends very much on the

Íncident angle. It is observed that when the íncídent angle is small,

the axíal displacement for Case I ís greater. As the incident angle is

increased to almost parallel the tunnel axis, the axial dísplacement for

Case II is doninantly greater.
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(ií) Incident SV-trJave

sinilar to P-r+ave set of plottings f or sv-rrrave are gíven f or

dlscussÍon. FÍ.gures 46-54 show the polar plots of results for case r.

As opposed to the P-r¿ave case Fígs. 46-48 show that the axial stress

amplificaËion for SV-nrave decreases as the Íncldent angle increases.

Unlike the P-r¿ave r¿here the maximum axial stress anplÍficatíon occurring

at the largest Íncídent angle (85") for the lowest frequency, in the

SV-wave case the maxímum amplífication instead reaches a maximum at the

Lowest íncident angle (5") but also for the lowest frequency. one more

thíng in contrast to the P-¡vave case is thaÈ at srnall íncident angle,

the sËress dístribution is far more uníform around the tunnel wa1l than

the uneven stress distributÍon at large incident ang1e. rt Ís also

found that the axía1 stress arnplificatíon decreases wíth increasing

frequency. As for the hoop stress, it is noted that both the stress

amplífícation and the stress arnplitude decreases wíth inereasing

incídent angle. Note that there 1s a pronounced maximum occurs at

0 = 46.3o or L33.7o for all incident angles. Figures 49-51 show the

polar plots for the real and imagínary part of the axial dísplacement.

It is interesting to note that the maxímum amplfication for the real

part found at the top of the tunnel (g = 270") at small or moderate

incident angles shifted abruptly to Q = 46.3" or 133. 7 
o at large

incident angle. It ís found that the real part amplifícation decreases

with increasing frequency at large incident angle but increases with

frequency at small íncident angle. As for the ímaginary part ít ís

found that the dístribution Ís rather uniform at srnall and moderate

incídent angles for low frequency (fÍg. 49-50). Nore that rhe

arnplification factor decreases wiËh íncreasing frequency. Fígures 52-54
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shor,r the sfrnilar plottings for atr. For the real part, the interesting

thíng noticed Ís that the stress distrÍbution for the moderate incídent

angle 1s quÍte dÍfferent from the other incident angles. Fírst the

maximum stress occurred at Ëhe top of the tunnel at the moderate

lncídent angle (30'), while for 5o and B5o íncident angles the rnaxímum

occur at $ = 46.3o or 133.7'. Furthermore, the stress arnplification

someÌshat decreass with Íncreasing frequency for 5" and 85o incidences

but for 30o fncidence it is noted thaË the arnplifícation on the upper

portíon of the tunnel íncreases wíth frequency. Note that the

anplificatíon fs largest at 30o incidence. LÍke the real part, the

behavior of the stress anplífication of the inaginary part for the

moderate incídent angle ís dífferent from the other íncident angles.

Note that the maxímum stress occurs at the top of the tunnel at 5o and

85" j-ncidences, but shifted to 0= 46.3o or t33.7o aÈ 30o incídence. It

is found that the ímaginary part arnplífÍcation increases with íncreasing

incídent angle.

Sinilar plottings for Case II are presented fn Figs.55-63. It ís

Ínteresting to fínd that the behavior for the axial stress and hoop

stress at 5o incidence fs somewhat ídentícal to that at 30o incidence

both for the arnplífication and the stress distributÍon. NoÈe that the

maximum axial stress occurs at the top of the t.unnel for 5o and 30"

incidences but shifted to the bottom of the tunnel for 85o incidence.

It Ís also found that the maxirnum hoop stress at 0 = 0o or lB0'at 5o

and 30o incídence moved downward to a point near 0 = 46.3o or 133.7o at

85o incÍdence. From FÍgs. 58-60, it Ís noted that the maximum of the

real part of the axíal displacemenÈ at the top of the tunnel first

increases and then decreases wfth increasing frequency for small

íncident angle. However, the maxírnum occurs at the boÈtom of the tunnel
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and monot,onÍcaly decreases wÍth íncreasing frequency for large j-ncídent

ar.gl-e. The stress distributÍon of the fmaginary part ís somer¿hat

symmetric about x-axis for 5o and 30o íncÍdence. Hovrever at 85o

íncídence the dístribution is rather even around írrespectfve of the

shape of the tunnel. Note that the amplificatíon is largest at the

largest angle of incidence. Fron Figs. 6I-63 it is found that the real

part of the shear stress orrh"" maximum at 0 = 46.3o or I33.7o for all

Íncídent angles. Note that for the largesÈ incident angle, the maxj-mum

anplification remains a rather constant value i.rrespective of the

changes in frequency. It is found that for the inagínary parË, the

maximum occurs at the top of the tunnel for large angle of lncidence,

whí1e for small angle of incídence the maximum occurs at 0 = 46.3o or

133.7'.

VarÍations of the maxímum stresses and dÍsplacement with incídent

angle for Case I and Case II for SV-rvaves are shown in Figs. 64-75. It

is seen from Figs. 64-75 that for SV-wave the axial stress ís much

Iarger than the hoop stress for all incídent angles in Case I. Note

thaË the maxímum for both the axial stress and hoop stress occur at

moderate incident angles. However the behavíor ín Case II is not as

sÍmple as in Case I as seen in Fígs. 66-67. For small frequency (kZ")

the axial stress Ís smaller than the hoop stress for all incídent

angles. But for large frequency at incident angles 35"-75o (approx.)

the hoop stress in turn is larger than the axial stress. Fígures 68-71

show the variaton of maxÍmum real and inagÍnary part of the axial

displacement wfth íncfdent ang1e. For both cases it is found that the

maxlmum of the ínagínary part occurs at the smallest incident angle for

all frequencíes. The irnagínary part somewhat decreases with íncreasíng
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lncídent angle' excePt there Ís a sudden drop at 35o Íncident for Case

II at high frequency (Fig. 7L). It 1s found that in Case I for srna1l

frequency, the real parÈ has some very snall and constant values

lrrespectíve of the incident angles. At high frequency a very

pronounced maximurn ís found at 10o (approx.) incidence, and aft.er this

poínt the real part decreases wÍth Íncreasing incident angle at a

moderate.rate. For Case II, the real parË initÍally decreases with

íncreasing incídent angle but then íncreases after reaching a minlmum

around 60o-70o incíd.ence for both frequeneies. Figures 72-75 show the

variatíon of the maximum shear stress lor, I wittt incídent angle. Again

as found ín the P-wave case, the shear stress j.s much smaller than the

hoop stress and the axial stress. It is interestíng to note that for

smal1 frequency the real part of the shear stress behave sirnilarly for

Case I and Case II. In both cases a very obvious mínimum is found

around 45o incídent angle. However for large frequency Ít is noted that

a very contrast sítuation appears, the maximum of the real parË occurs

at Ëhe smallest íncÍdent angle ín Case I while in Case II the maximum

occurs at the largest incident angle. For the ímaginary part Ít should

be noted that at high frequency for both cases, ínitialIy a maximum

starts at the smallest íncídent angle and then begins to drop slowly as

incÍdent. angle increases. However at an angle around 60o a second

maximurn occurs but with a smaller arnplitude than the fírst maximum.

ComparÍson plottings for results from Case I and Case II are showr

in Figs. 76-87. Observations made in P-r¿ave case that the stress (hoop

stress, axial stress and the shear stress or") amplitudes in Case I are

much larger than those fn Case II, apply to SV-wave case also. Again

the astoníshing axía1 dÍsplacement behavíor observed in P-wave can
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also be found ln SV-v,rave (Fig. 80-83). It is found that at the sma1l

incídent angle Ëhe anplitude for both the real and imaglnary part in

Case I is much larger than those 1n Case II. Hov¡ever at the fncident

angle almost parallel to the axís of the tunnel, both the anplÍficaÈíon

and anplitude of the real and finagÍnary part ín Case II is dramatically

greater than those in Case I.

(íÍi) IncÍdent SH llave

Finally we will discuss the numerical results for incident SH-wave.

Figures 88-96 show the polar prots of results for sÈresses and

displacenent induced by an íncident SH-wave 1n Case I. From Figs. 88-90

it is found that the axíal stress amplificatíon somewhat decreases with

increasíng frequency for all angle of incidence, except for 85'

incídence (Fíg. 90) r¿here the amplification Ínitially increases a little

and then decreases with the Íncreasíng frequency. Note that at 5o

Íncidence there are two very pronounced maxj.ma of. approxÍmately equal

amplitude at S = 46.3" or 133,7o and at g = 62.2o Dî 117.8". These

maxíma begin to become less pronounced as the incident. angle increases

and finally disappear at the largest incident ang1e. It should be noted

that there are also two maxíma hoop .stress índuced on the tunnel wa1l,

however these maxima remain very pronounced for the 5o and 30o incident

angle and there 1s still one of the maxima remaining at 0 = 32o or 148."

as the incident angle increased to 85o. It should be noted ín FÍgs.

91-93 that the normalÍzatÍon factor NF for the axial dlsplacement is not

shor¿n because the íncídent free field axial displacement for SH-wave

does not exíst. The amplitude of the real part of the axíal

dÍsplacement increases r,¡lth frequency for all incfdent angles. It Ís
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found that there are two maxima of equal arnplítude (approx.) at the

upper portíon of the tunnel ât 0 = 228.7" or 3ll.3o and at the lower

portÍon of the tunnel at 0 =138.8" or 4I.2o. The maxímum at the lower

portÍ-on of the tunnel begÍns to have smaller amplitude than the maxi"mum

at the upper portion as the íncident angle increases. It is noted that

the ínaginary part of the axíal dísplacement increases wíËh frequency at

snall incident angle but decreases wíth Íncreasing freguency at the

largest Íncident angle. Figures 94-96 show the polar plots for the

shear stress o.-. It is ínteresting to note that the arnplíficationtz
factors of the real part are approxiurately equal at 5o and 30o incident

angle for all frequencies, especially at the upper portion of the

tunnel. Note that the maximum of the real part somewhat decreases with

increasing frequency for all incídent angles. The Ímaginary part

behaves similarly where the arnplifications are nearly identícal at 5o

and 30o incldence. rt is also found that the amplification símply

decreases with increasing frequency for all incident angles.

siníIar polar plots for case rr are shon¡n in Fígs. 97-105. rt is

surprisíng to find that the stress dÍstribution of the axial sËress on

the flat bottom surface on the lower portíon of the tunnel fluctuates

drastícally al small incident angle (FÍg. 97) which do nor happen in p

or SV wave cases. It is found that the stress value fluctuates up and

down rapidly along the bottom surface of the tunnel, but as the íncÍdent

angle increased to 85o the stress disÈríbution becomes a lot moïe

"smooth" (Fig. 99). Note the very large amplÍfication at 85o íncidence,

this i.s because the maximum íncident free field axíal st,ress is a very

sua1l value. Again the hoop stress dístributíon and the anplification
for 5o incídence resembles those of 30o íncidence i.rrespecitve of the



1l+-

change ln incident angle. This somehow gi.ves us an Ídea that the hoop

stress Ís not very sensitÍve to the change fn íncident angle at small

angles. Fígures 100-102 show the polar plots for the axíal

displaceurent. The behavíor of the real ancl írnaginary part is

comparatively simple, their arnplifÍcation increases with frequency aË

all íncident angles. FÍgures 103-105 show that the maxímum

anplifÍcation for the real part of o* occurs at the lowest frequency

for s¡nall incident angles. Note less than uníty anplificatíon for the

imagínary part for 5o, 30o and B5o ÍncÍdent angles, which ínplies there

is a reduction of the incident free field r,¡hích subsequently induced on

the tunnel r¿all.

Variations of the varÍous stresses and the axial dísplacement with

íncident angle are shown in Figs. 106-117. From Fígs. 106-107 ír is

found that the hoop stress 1s larger than the axial stress for small

angles of Íncidence ín Case I. The axial stress begins Ëo have larger

value at a certain íncident angle depending on frequency, and remaíns to

have larger value thereafter. As for Case II, the hoop stress has

doninantly larger value than the axíal stress for small frequency (Fig.

108). However for hígh frequency the axíal stress in turn has larger

value at large incident angles as ín FÍg.109. Note that the hoop

stress decreases with increaslng íncídent angle for all frequencies in

both cases. It should also be noted that the axial stress in Case II

rlses to a fairly stable value after 45o (approx.) íncident angle.

Flgures 110-111 show that the real part of the axÍal dÍsplacenent has

Ínsignificant surall values for small frequency but, suddenly ríses to a

donlnantly larger value than the ímaglnary part for high frequency in

Case I. Note that the real and Í.naginary part has maximum at largest
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íncÍdent angle for small- frequency r¡hÍle for large frequency the maxímum

occurs around rnoderate lncident angles. As for Case II the real part of

the axfal dlsplacernent has smaller value than the lnaginary part for

snall and large frequency (Fig. 112-r13). rt is inreresting to find

that the real part has three approxímately equal amplitude mÍníma

occurrÍng at 5o,45o and 85o Íncídent angles. Figures 114-117 show that

the real. part of the shear stress lorrl has some insignificant values

for snrall frequency ín both cases, and as for the ínagÍnary part. it

keeps on ÍncreasÍng steadily with incídent angle. For rarge frequency

ít is found that the real part has maxímum occurríng at moderate

incident angles for both cases. trùhile the inaginary part also has

maxímum at moderate incident angles ín Case I but rnrith maxirum o""t'rrrirrg

at the largest Íncident angle in Case II.

Results for SH-¡¿ave simílar to those of P-wave and SV-wave are

found ín Figs. f18-I29 for comparison purpose of Case I and Case II.

However, Ít ís found that only the inaginary part of the axial

displacenent in Case II is greater than that Ín Case I at B5o incident

angle. trrlhile the real part (distribution above the x-axís) at the same

incídent angle behaves the same vray as the stresses do, i.e. values in

Case I 1s larger than those in Case II.
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Incident Field

For each type of dilatational p wave and shear sV and sH waves,

corresponding components of displacement and stress fields are listed.
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Note that in all the expressions in this Appendix, summation

sign is omitted. For the purpose of numerical solution, the limit of
the summation in all the expressions is taken from n= - ( ä - tl to ä
rn whích fnr is the total number of terms taken for evaluation.
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Incídent Field

For each type of wave corresponding components of displacement and

stress ffelds are lísted in cartesían coordinates.
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YIatrÍx defínÍtion

The matríx [Gro] from eqn. (3.2) Ís made up by knoran functions for

the scattered displacement fields which evaluated at the boundary and.

can be defined as
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r¿here 0. Ís the angle of the j
J

rh node on the boundary.

The size of the transformation matrj-x tT] depends on the number of

nodes taken on boundary B. For the purpose of illustratÍon, assume that

the total number of boundary nodes = 4, then the sfze of tTl will be

I2xL2, and can be written as





E.)

Matrlx Itrr] is composed of the known terms from the scattered

stress fields, as from eqn (3.6) which evaluated at the boundary.
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Matrix ¡ Qij l

Matrix¡aijl=fuilttol lBj ] can be written as

DlNi, **D3E2ttrN . * D^N. N. +D-N. N.¿ Lry. J ry ó 1ry J,X
I
I

I
I

I

I

I
I
I

I
I

I

¡^îEN. N. -n-îEN. r{ .¿ 7_rXJ ó ].JrX

D-N. N.5 L,Y J,Y

Iaij I = D^N. N. +¿ LtY Jrx
D-N. N.5 l_rx Jry

.,
D. N. N. +D-Ë'N.N.+LL,YJ,Y 3- 1J

D-N. N.J l_rx Jrx

DzîEt'l .NL,Y D
3

îËt'l
L

N
J J,Y

-D) îE¡¡ .N. +1Jrx

1
I

I

I

I

I
¡

-D^îEN.N. +n-îEN. N.¿ 'L JrY ó - 1rI J
nr 62r,r . N. +D-N. N. +1 J 5 trY JrY

D-N. N.ó 1rX JrX
D-îEN. N.5 - Lrx J

which is Hermitian, and î = /-I ,

Nirx
aNi (x, y)

---ãx ;N irY
ðN, (x, Y)
-Ty

Transformat ion Process

Since

¡Qijl=rrirtlol lBj l

tr T-[Bi]taj





-56-

D. N.I J rX
D

D

D

2
N
J,Y

D
2

Et'l
J

DzN IN D
2 tujJ tX J,Y

D^N.I JrX az
N
i ,y DrENj

EN. -D-îN.- J s J,Y

I Q.,
J

l
0 D-î

5

D
-t
îE¡¡ 0 -D

3
ît'¡

J,XJ

D-N. D-N.5 J,Y J J,X
0

in which the upper bar means transformed natrix.

And ¡ Qij I = I Ei It t Q¡ l

where I Q* * ] is a synmetric real matrix and is written as
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100

P

k¿a
FElr-35 Nodes
UR IJZ

ÀNt-36 Terms
UR IJZ

0.1
0.2
0.4
0.6
0.8
1.2
1,6
2.0

0.299(-1 )

0.615(-1 )

0.139
0.241
0.354
0,467
0.517
0.589

0.261(-2)
0.519(-2)
0.103(-1)
0.159(-1)
0.227 G1)
0.339(-1 )

0.398(-1 )

0.461 (-1 )

0.299(-1 )

0.617(-1 )

0.139
0.244
0,362
0.484
0. 544
0.527

0.261G21,
0.s19(-2)
0.103(-1 )

0.159(-1)
0.226(,-1)
0.33s(-1 )
0.3e9(-1 )

0.463(-1 )

v

kra
FEM-36 Nodes
STT SZZ

ANt-36 Termssrr szz

0.1
0,2
0.4
0.5
0.8
1,2
1.6
2.0

0.152(-1 )

0.633(-1)
0.288
0.759
1 .49
2.7 0
3.65
4.94

0.693(-2)
0.28e (-1 )

0.132
0. 346
0.673
1.23
1 ,66
¿. ¿s

0.150(-1)
0.626(-1 )

0.285
0. 751
1 ,46
2,59
3.66
4.gg

0.679(-2)
0.283(-1)

0,129
0.339
0.659
1.21
1 .65
2.25

Table 2 : Comparison of displacements ano
stresses for P-Wave,
Incident angle = 5
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i00
P

kra
FEM-35 Nodes
UR IJZ

ANt-35 Terms
UR IJZ

0.1
0.2
0.4
0.6
0.8
1,2
1.6
2.0

0.859(-2)
0.173(-1 )

0.356(-1 )

0.552(-1 )
0.738(-1 )

0.9s9(-1 )

0.111
0.124

0.994(-'1 )

0. 199
0. 396

0,724
0.9s3
'1.13

1,23

0.577

0.859 ( -2 )

0.173(-1)
0.358(-1 )

0.557(-1 )

0.751 (-1 )

0. 190
0.120
0.141

0.994(-1 )
0.199
0.397
0. 582
0.735
0. 985
1.19
1 .34

v

kra
FEM-36 Nodes
sTT SZZ

ANt-36 1'erms
sTT SZZ

0.1
0.2
0.4
0.5
0.8
1,2
'1 .5
2,0

0,162G2)
0.6s9(-2)
0.262G1)
0. s19(-1 )
0.647 (-1 )

0.102
0.199
0.299

0.331(-2)
0.133(-1 )

0.531(-1)
0.114
0. 183
0.281
0. 583
0.852

0.154(-2)
0.625 ( -2 )

0.248 ( -1 )

0.484(-1 )

0.s82(-1)
0.947(-1)

0.181
0,248

0.321 (-2)
0.129(-1)
0.5'13 (-1 )

0.110
0. 175
0.254
0,542
0,779

Table 3 : Comparison of displacenents and
stresses for SV-Wave,
Incident angle = 5
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Table 4 : Comparison of displacements and
stresses for SH-Wave,
Incident angle = 5

kza
FEM-36 Nodes
UR IJZ

ANt-36 Terms
UR I]Z

0.1
0.2
0.4
0.6
0.8
1,2
1,6
2.0

0.175(-1 )
0.355(-1 )

0.746(-1)
0.117
0.159
0. 250
0.393
0. 544

0.153(-3)
0.643(-3)
0.287 (-2)
0.700(-2)
0.130(-1)
0.304 ( -1 )
0.546(-1 )

0.812(-1 )

0.175(-1)
0.355(-1 )
0.750(-1 )

0.118
0. 163
0.275
0.435
0 .636

0.155(-3)
0.6s3 ( -3 )

0.292G2)
0.716G21
0.134(-1)
0.318(-1 )

0.s84(-1 )

0.893(-1 )

kza
FEM-36 Nodes
sTT SZZ,

ÀNt-36 Terms
sTT SZZ

0.1
0.2
0.4
0.6
0.8
1.2
1.6
2,0

0. 143 (-1 )
0.s8s(-1)

0.248
0.579
1 .03
2.33
4. 13
6. 18

0.674(-2)
0,276ç1)

0,117
0,274
0.490
1.11
1.gg
3 .04

0.138(-1)
0.s66(-1 )

0.240
0. s62
1 .00
2,26
4.03
5.07

0.621 (-2)
0.255(-1 )

0. 109
0.252
0.451
1,02
1 .90
2,71
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Table 5 : Comparison of displacements and
stresses f or p-I{ave,
Incident angle = 50

k¿a
FEM-36 Nodes
UR I)Z

ANt-36 Terms
UR UZ

0.1
0.2
0.4
0.6
0.8
1.2
1.6
2.0

0.483(-2)
0.177 G1)
0.777 (-1l,

0.206
0.403
0. 608
0 ,617
0,632

0.260(-1 )

0.s21 (-1 )
0.'110
0. 191
0.299
0.389
0.392
0.409

0.493(-2)
0.184(-1)
0.828(-1 )

0. 209
0.440
0,667
0.669
0.675

0.250(-1 )

0.522G1)
0.112
0,197
0.306
0.389
0.387
0.404

kra
FEM-36 Nodes
STT SZ7,

ÀNt-35 Terms
sTT SZZ

0.1
0.2
0.4
0.6
0.8
1.2
1.6
2,0

0.183 (-1 )

0.760(-1 )
0.34s
0. g0g

1,76
2.64
2,69
2.80

0. 103 (-1 )
0.427 (-1)

0. 191
0.499
0. 963
1.47
1 .56
1 ,71

0.180(-1 )

0.748(-1 )

0.340
0.892
1 ,72
2,49
2.36
2,21

0.101(-1)
0.416(-1)

0. 196
0 .484
0. 928
1 .35
1 .34
1.37



4z-

100

P

v

Table 6 : Comparison of displacements and
stresses for SV-Wave,
Incident angle = 50

kza
FEM-36 NodesuR uz

ANt-35 Terms
UR UZ

0.1
0.2
0.4
0.6
0.8
1.2
1.6
2.0

0.8s1 (-1 )
0.170
0.339
0.512
0.582
0.939
1 .09
1 ,24

0.s09(-1)
0.105
0.228
0.359
0.514
0.731
0.915
0.860

0.8s1 (-1 )

0. 170
0 .340
0.515
0.689
0. 960
r. tJ
1.32

0.s09(-1)
0.105
0.228
0.368
0. s13
0. 730
0.816
0.867

kza
FEM-36 Nodes
sTT SZZ

ÀNt-36 Terms
sTT SZZ

0.1
0.2
0.4
0.6
0.8
1.2
1.6
2.0

0.820(-2)
0.342(-1 )

0. 153
0. 396
0.757
1 .84
3,22
5. 13

0.168(-'1)
0.69s(-1 )

0.303
0.741
1 .40
3. 10
4.87
6.94

0,778ç2)
0.32s(-1 )

0. 145
0.368
0,720
1,74
3.01
4,77

0.163(-1 )

0.674 (-1 )

0,294
0.718
1 .3s
2.97
4.62
6.47
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kza
FEM-36 Nodes
UR UZ

ANt-36 Terms
UR UZ

0
0

0
0

0
1

1

2

1

2

4
6
I
2

6

0

)

)

)

0.174(-1
0.348 ( -1
0.71 I ( -1

0.114
0. 163
0.272
0. 388
0.548

0.14s(-2)
0.s56(-2)
0.201 (-1 )
0.406(-1 )
0.648(-1)

0.115
0.163
0. 209

0.174(-1)
0.349(-1)
0.720(-1 )

0.115
0.165
0.279
0.403
0. 580

0.147 Gzl
0.555(-2)
0.204(-1)
0.413(-1)
0.5s9 ( -1 )

0.117
0.16s
0.212

v

kza
FEM-36 Nodes
sTT SZZ

ANt-36 Terms
sTT SZZ

0.1
0,2
0.4
0.6
0.8
1.2
1.6
2,0

0.715(-2)
0.294(-1)

0.127
0,312
0 . 60'1
1 .46
2.61
4.33

0.339(-2)
0.141 (-1 )
0.613(-1 )

0.149
0.279
0,627
1 .08
1 .90

0.693(-2)
0.285(-1 )

0.123
0. 302
0.581
1 .40
2.50
4.13

0.313(-2)
0.130(-1)
0.s67(-1)

0. 138
0.257
0. 554
0. 944
1 .54

Table 7 : Comparison of displacements and
sLresses for SH-Wave,
Incident angle = 60
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Fig. 3 Finite element grid for the Tunnel
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Fig. 123 Conparison betreen Case I and Case IIfor real part of axial displacement
for SH-I{ave, incident anglã = 85o
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Fig. 124 Conrparison betreen Case I and Case II
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Fig. 125 Conrparison betreen Case I and Case II
for imaginary part of axial displacèrnent
for SH-l{ave, incident angle = 85o
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Fig. 126 Comparison betyeen Case t and Case II for
nornralized real part of shear stress SRZ
ín soil for SH-ttave, incident angle = 50
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Fio. 128 Conoarison betrcen Case I and Case II for- 
normalized inaginary part of shear stress SRz

in soil for sHrHavel incident angle = 50
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Fig. 129 Conparison betreen Case t and Case II for
normalized imaginary part of shear stress
in soil for SH-l{ave, incident angle È 85o
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