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Abstract

Quantum spin systems carry information in the form of quantum states, and the
propagation of these quantum states is described by a quantum walk. In order to
construct an operational quantum computer, the task of reliably transmitting quan-
tum states from one part of a quantum computer to another must be accomplished.
Quantum walks are known to be powerful tools in achieving this task.

Pure states are quantum states represented by unit complex vectors. In this
thesis, we use algebraic and combinatorial techniques to develop the theory of perfect
state transfer on pure states in quantum walks, with emphasis on the adjacency and
Laplacian matrices as Hamiltonians of a graph representing a spin network.

We prove basic results about eigenvalue supports, periodicity, and strong cospec-
trality on pure states. We investigate a special type of strong cospectrality called
m-strong cospectrality, and show that m-strongly cospectral pure states admit de-
sirable quantum state transfer properties. Several characterisations of perfect state
transfer are also given, one for general pure states, one for m-strongly pure states,
and another one for real pure states. These characterisations give rise to algebraic
and analytic properties of pure states admitting perfect state transfer. Moreover, we
determine all complete graphs, complete bipartite graphs, cycles, and paths that ad-
mit perfect state transfer between m-strongly pure states. Constructions of infinite
families of graphs admitting perfect state transfer are also given.

We also characterise perfect state transfer between vertex states in joins and blow-
up graphs. We determine when the join operation preserves or induces perfect state
transfer in the resulting graph. We also use blow-up graphs to construct new families
of regular graphs with perfect state transfer. We use these two graph operations to
demonstrate that graphs with perfect state transfer can be constructed from graphs
that do not exhibit such a property.

Finally, we investigate perfect state transfer on s-pair states — pure states that
represent entanglement between two vertices. We establish combinatorial and spec-
tral properties of s-pair states with perfect state transfer, and characterise its ex-
istence in complete graphs, complete bipartite graphs, paths and distance-regular

graphs. Further, we construct infinite families of graphs with s-pair state transfer.
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Introduction

In quantum information theory, quantum states encode quantum information. How-
ever, unlike classical states which obey classical physics, quantum states exhibit two
intriguing properties derived from quantum mechanics. The first is quantum super-
position, which is the ability of a quantum system to exist in multiple states at once
until observed. Schrodinger’s cat is a classic example of a thought experiment that
demonstrates this property [82]. The second is quantum entanglement, which al-
lows quantum states to interact regardless of distance. Quantum computers exploit
these two properties, hopefully allowing them to process huge amounts of data. As
a result, quantum computers represent a profound leap in computational capabili-
ties compared to their classical counterparts. Although the construction of practical
quantum computers is still in its early stages, quantum computers bring the promise
of revolutionising scientific computing. For this reason, quantum computing has
attracted a great deal of attention in the last few decades.

In order to build an operational quantum computer, the task of reliably trans-
mitting quantum states from one part of a quantum computer to another must be
achieved. The carrier of these quantum states from one register to another within
a quantum computer is called a quantum spin network, which can be modeled by
an undirected weighted graph whose vertices and edges represent qubits and their
interactions in the spin network, respectively. The propagation of quantum states
within a spin network is described by a quantum walk, which is a probabilistic process
determined by a unitary matrix derived from the Hamiltonian of the spin network.

To transmit a quantum state within a quantum computer, a quantum state is first
initialised. In this case, one ideally has full knowledge of the initial state of the spin
network, and so one may consider such a state as a pure state [72], which is a quantum

state represented by a unit complex vector. Once the spin network is isolated from



the external environment, the initial state dynamically evolves over time, in the hope
of getting transmitted to a target quantum state with high probability. Perfect state
transfer is achieved if the initial state is transmitted to the target quantum state
with probability one at a later time (up to a phase factor).

Due to its practical applications, the study of perfect state transfer (and more
generally, quantum walks) has become an indispensable area within the theory of
quantum computation since its introduction two decades ago. In this thesis, we aim
to contribute to the existing body of work on perfect state transfer by thoroughly
examining its occurrence on pure states. Our work herein offers one of the most
general treatment of perfect state transfer thus far, and provides a framework that
unifies numerous results on perfect state transfer in the literature. In particular, we

use algebraic and combinatorial approaches to address our main goals in this thesis:

1. Establish a relationship between the spectral properties of a Hermitian matrix
that respects the adjacencies of a given graph and the occurrence of perfect state

transfer on pure states.
2. Construct graphs that admit perfect state transfer on pure states.

3. Understand the influence of the underlying structure of the graph on the occur-

rence of perfect state transfer on pure states.

4. Determine the inherent properties of pure states that affect their ability to exhibit

perfect state transfer.

5. Identify the differences in behaviour between quantum walks defined using differ-

ent matrices associated with the same underlying graph.

1.1 Motivation

A quantum spin network consisting of n qubits (also known as spins) can be viewed
as an undirected weighted graph X on n vertices whose vertex set V(X) and edge
set F(X) consist of the qubits and their interactions in the network, respectively.
The weight of an edge between two qubits in X can be physically interpreted as the
coupling strength between them, while the weight of a loop on a qubit in X can be
viewed as a potential on the qubit (also called energy shift), which represents the
strength of the magnetic field on the qubit [13], 19].

A qubit is a quantum analogue of a classical bit. Mathematically speaking, a

qubit in a spin network is associated with a two-dimensional complex vector space



C?, and the state of a qubit can be expressed as a unit vector in C2. The spin
network is initialised by assigning quantum states to the qubits in the network. The
state of the whole quantum spin network is obtained taking the tensor product of
the states of the n qubits, and such a quantum state is represented as a unit vector
in C?". Without the presence of external control, we let the resulting quantum spin
system dynamically evolve over time. In this case, the propagation of the system
depends uniquely on the initial state, the structure of the spin network, and the
choice of dynamics of the system (which, as we will see later on, corresponds to a
real symmetric matrix associated with a graph representing the spin network).

The Hamiltonian H of a quantum spin network is a time-independent Hermitian
matrix that depends on the dynamics governing the evolution of the network. If ()
denotes the state of the quantum spin system at time ¢ with Hamiltonian #, then

its evolution adheres to Schridinger’s equation [(2, Equation I1.16, pp. 64]:

ihiw(t) = He(1),

where A = % and h is Planck’s constant. Consequently, the state of the spin system

at any time ¢ € R is given by
p(t) = Ut)p(0), (1.1.1)
where ¢(0) is the initial state of the system, and
Uty =e MM tecR

is a unitary matrix called the transition matriz of the quantum walk relative to
H. The matrix U(t) determines a (continuous) quantum walk on X, which is a
probabilistic process that describes the propagation of quantum states in the spin

network. Moreover, if we let 7 = —t/h, then we may simplify U(t) above as
Ut) =M 7€eR. (1.1.2)

In this thesis, we restrict our attention to the single excitation subspace of C*",
which is the subspace spanned by the vectors ey, ..., e,, where e, is the standard
basis vector associated with qubit . In this case, e, indicates the presence of the
excitation on qubit u and absence on all the others. This additional assumption

reduces the size of our Hamiltonian H to n x n in lieu of 2" x 2™ [31], and yields the



initial state
©(0) € C™. (1.1.3)

Once the initialisation of the spin network is complete, then we have full knowledge
of the quantum state of the spin system, and so we may assume that ¢(0) in this
case is a pure state. Equations and then allow us to define perfect
state transfer on pure states in a matrix-theoretic fashion in Chapter

We now demonstrate that under certain dynamics, the Hamiltonian H can be
taken to be the adjacency or (combinatorial) Laplacian matrix of X. Consider the

Pauli matrices

1 —i 1
ot = 0 , oY= 0 - and o = 0 .
1 0 i 0 0 -1

For a given qubit v in X and a Pauli matrix w € {z,y, z}, let o be the 2n x 2n
matrix obtained by taking the tensor product of u—1 copies of I, followed by a copy
of 0%, and then followed by n — u copies I, where I3 is the 2 x 2 identity matrix.
The matrix o}, represents the action of a Pauli matrix on qubit u in the direction w.

Via nearest-neighbour interaction, a common form of the Hamiltonian is given by

1
M=o Y (Lojoy+ ool + J.0505), (1.1.4)

{uw}eB(X)
where J,, € R is the strength of the coupling in the direction w of spin interaction
with w € {z,y, 2z} [13].

Typically, there are two types of dynamics, one determined by the XY model (also
called XX), and the other by the XYZ model (also called Heisenberg or XXX). For the
XY model, the Hamiltonian is taken to be the adjacency matrix of X. To demonstrate
this fact, suppose the dynamics of our spin system is determined by the XY model.

This means that interaction of spins along the z direction absent, and so we may set

Jy=Jy,=1and J, =0in (1.1.4) to obtain

H=L1 S (o207 1 o). (1.1.5)

{uw}eB(X)

Using the properties of Pauli matrices, an uninteresting computation reveals that

T . T o o . - . .
ejo,0 e = ejoyole, = 0 ulk Where 0;, = 1if j = k and 0, = 0 otherwise.



Thus, if j, k € V(X) are spins in our network, then (|1.1.5)) gives us

1, if {j,k} € E(X)

eJT’Hek = Y ke =

{uv}EE(X) 0, otherwise

Consequently, for the XY model, the action of H on the single excitation subspace of
C?" is equivalent to the action of the adjacency matrix of X on C". In [14], it was
shown that for the XYZ model, the action of H on the single excitation subspace of
C?" is equivalent to the action of the Laplacian matrix of X on C".

While the adjacency and Laplacian matrix are the common choices of Hamilto-
nian in the literature, we note in general that H may be taken to be any Hermitian
matrix having the property that the entry of H indexed by vertices u and v of X
is zero if and only if there is no edge between u and v [23]. That is, regardless of
edge weights, H combinatorially respects the adjacencies of the vertices in X. In
particular, for our work, the theory we develop for perfect state transfer on pure
states apply to any real symmetric Hamiltonian, although we often specify that the

Hamiltonian taken is the adjacency or the Laplacian matrix of the graph.

1.2 Brief literature review

This thesis is primarily concerned with continuous quantum walks, which are distinct
from discrete quantum walks. For more information on discrete quantum walks, we
refer the reader to [57), 84] [36].

The concept of a continuous quantum walk was first introduced by Farhi and
Gutmann [44] in 1998 to move through decision trees. They showed that the com-
plexity of quantum algorithms on decision trees via a quantum walk is, in some
cases, faster than the complexity of classical algorithms via a continuous random
walk. However, it was not until 2003 when Bose proposed the use of unweighted
paths (also known as uniformly coupled spin chains in physics) to transmit quantum
states (in the form of vertex states) for short distance communication [I3]. These
unweighted paths represent the quantum wires between distinct quantum registers,
which are necessary in building a powerful quantum computer. For economic pur-
poses, it is desirable to minimise the number of interactions between the qubits in
these quantum wires. Hence, the use of paths in this endeavour is natural, as they
have the largest diameter amongst all graphs on a fixed number of vertices.

Motivated by accurate transmission of quantum information, Christandl et al.



introduced the concept of perfect state transfer between vertex states in a graph in
2005 [31], and showed that unweighted paths on n vertices only admit perfect state
transfer between end vertices for n = 2 or n = 3 relative to the adjacency matrix,
and n = 2 relative to the Laplacian matrix [30]. This prompted researchers to search
for new graphs admitting perfect state transfer between vertex states. Some infinite
families with this desirable property include cubelike graphs [29], integral circulant
graphs [10], distance-regular graphs [38], Hadamard diagonalisable graphs [60], and
quotient graphs [0, 45]. Perfect state transfer between vertex states has also been
investigated in certain joins of graphs [2, 3], signed graphs [I8], products and covers
of graphs [35] and non-complete extended p-sums (NEPS) of some graphs |70, 81].

Trees are also of great interest, as they are the sparsest connected graphs amongst
all graphs on a fixed number of vertices. However, Coutinho and Liu showed in 2015
that unweighted trees on n vertices admit perfect state transfer between vertex states
relative to the Laplacian matrix if and only if n = 2 [41], thereby extending the result
of Christandl et al. from paths to trees. More recently, Coutinho, Juliano and Spier
showed that the result of Christandl et al. relative to the adjacency matrix also holds
for unweighted trees in general [40]. To make matters worse, Godsil proved in 2012
that for every positive integer k, there are only finitely many unweighted graphs
with maximum degree k admitting perfect state transfer between vertex states [50].
Consequently, amongst unweighted graphs, the existence of perfect state transfer
between vertex states is rare, and if it does happen, then we can say for certain that
the graph is not a tree. This rarity encouraged researchers to continue the search
for unweighted graphs admitting this property [5, [7I]. For surveys about perfect
state transfer between vertex states, we refer the reader to [50] 61], 63]. For a more
self-contained treatment of this topic, please see [32} 38, [73], 87].

To get around the rarity of perfect state transfer between vertex states in un-
weighted graphs, some authors explored whether weighting edges as well as adding
weighted loops to some vertices of the graph can produce perfect state transfer be-
tween vertex states [2], 3, 19, [31], 62, [65]. Several authors also investigated the potency
of certain graph operations in preserving or inducing perfect state transfer between
vertex states in the resulting graph, such as the join operation [66] and the blow-
up operation [12]. Moreover, some researchers considered generalisations of perfect
state transfer. In 2012, Godsil [50], and Vinet and Zhedanov [85] independently
introduced the notion of pretty good state transfer between vertex states, which is
a less stringent version of perfect state transfer. It turns out that an infinite family

of unweighted paths exhibit pretty good state transfer as demonstrated by Godsil



et al. [54] and van Bommel [83] relative to the adjacency matrix, and Banchi et al.
relative to the Laplacian matrix [7]. Another generalisation of perfect state transfer
between vertex states is fractional revival. Earlier publications on fractional revival
in the context of quantum state transfer date back to 2016 [47], and possibly earlier.
Later on, the role of the underlying graph structure was investigated in relation to
the occurrence of fractional revival [21] 22] 23 [68, [75].

A more recent generalisation of perfect state transfer is called s-pair state transfer,
whereby one is interested in whether an entangled (ordered) pair of vertices admits
perfect state transfer with another entangled pair of vertices. An entangled pair of
vertices (u,v) is represented by an s-pair state e, + se,, where s € C\{0} determines
the level of entanglement between vertices w and v. Thus, s-pair state transfer
is perfect state transfer between entangled states. Chen first studied s-pair state
transfer when s = 1 and the pairs of vertices form edges in the graph [27]. After
noticing that s-pair state transfer happens between pairs of vertices that do not form
edges, Chen and Godsil extended Chen’s work to include any pair of vertices in the
graph [28]. Other work related to s-pair state transfer where s = £1 can be found
in [IT), 80]. Later on, a more general framework in studying s-pair state transfer for
arbitrary s € R\{0} was provided by Chan et al. [64].

The most up-to-date work on perfect state transfer is due to Godsil, Kirkland and
Monterde, where they investigated perfect state transfer between real pure states
[53], which includes the class of vertex states and s-pair states with s € R\{0}.
They provided a characterisation of perfect state transfer between real pure states
that generalises Coutinho’s result for vertex states [32]. It turns out that periodicity
of a real pure state is a sufficient condition for perfect state transfer, unlike the
case of a vertex state where strong cospectrality and number-theoretic conditions on
eigenvalues in the support are also required. They also showed that real pure states
with eigenvalue supports of size two admit perfect state transfer. This is in stark
contrast to perfect state transfer between vertex states where eigenvalue supports are

required to have sizes at least three whenever the graph has at least three vertices.

1.3 Summary and structure of this thesis

The emergence of new studies on perfect state transfer between s-pair states and
real pure states motivates an investigation of perfect state transfer involving pure
states in general. In this thesis, our main goal is to utilise algebraic and combi-

natorial approaches to develop the theory of perfect state transfer on pure states



in continuous quantum walks. We bring forth several characterisations and various
constructions of graphs admitting perfect state transfer, and analyze the algebraic,
analytic and combinatorial properties of pure states that exhibit perfect state trans-
fer. Our work represents a new line of inquiry and a unified framework in studying
perfect state transfer in quantum spin networks. We organise this thesis as follows,
giving emphasis to the new results in each chapter from Chapter [ to Chapter [9]

Chapter [2| gives a compilation of definitions, basic notation, and useful facts
from graph theory, matrix theory, algebra, and number theory, which provides all
the necessary background for the reader.

Our goal in Chapter [3]is to provide an overview of quantum state transfer involv-
ing pure states. We establish basic results about concepts that are useful throughout
this work, such as eigenvalue supports, periodicity, and strong cospectrality. We ex-
plore a special type of strong cospectrality called m-strong cospectrality. We also
review quantum walks built using graph operations.

In Chapter [l we develop the theory of perfect state transfer on pure states.
We provide spectral characterisations of perfect state transfer, which yield three
fundamental results: (i) every periodic pure state x admits perfect state transfer
with another pure state y such that x and y are m-strongly cospectral, (ii) every
connected graph admits perfect state transfer between real pure states, and (iii) for
any pair of pure states x and y and for any time 7 > 0, there exists a Hermitian
matrix M such that x and y admits perfect state transfer relative to the quantum
walk on M at time 7. We establish algebraic and analytic properties of pure states
admitting perfect state transfer. We also investigate whether the desirable properties
of perfect state transfer between vertex states, namely monogamy, symmetry and
minimum PST time, extend to m-strongly cospectral pure states. We also present
several constructions of graphs admitting perfect state transfer on pure states.

Chapter [fis dedicated to providing a number-theoretic characterisation of perfect
state transfer between m-strongly cospectral pure states. We determine all complete
graphs, complete bipartite graphs, cycles and paths that admit perfect state transfer
between m-strongly pure states. For fixed m,n > 2, we also determine the pure
states and the families of unweighted graphs that achieve the least minimum PST
time amongst all unweighted graphs on n vertices and all m-strongly cospectral pure
states in C" relative to the adjacency and the Laplacian matrix.

Real pure states are discussed in Chapter [f] We characterise weak and strong
cospectrality on real pure states, and show that periodicity of nonnegative rational

states is a rare phenomenon. We provide a characterisation for perfect state transfer



between real pure states and show that such a characterisation coincides with that
of perfect state transfer on m-strongly cospectral pure states with m = 2. We
show that strong cospectrality between real pure states is a special case of m-strong
cospectrality, and so we recover the properties of real pure states admitting perfect
state transfer from that of m-strongly cospectral pure states. We also survey results
on unweighted graphs that admit perfect state transfer between real pure states.

In Chapters |7l and [8| we contribute to the existing body of work on perfect state
transfer between vertex states by characterising strong cospectrality and perfect
state transfer in join graphs and blow-up graphs, respectively. In particular, in
Chapter [7, we determine under which conditions is perfect state transfer between
vertex states preserved or induced in a join graph. We also show that the quantum
walks determined by a graph and its join become equivalent when restricted to the
vertices of the graph, as the graph becomes larger. Meanwhile, in Chapter [ we
demonstrate how the blow-up operation can be used to construct larger graphs with
perfect state transfer between vertex states. Like join graphs, blow-up graphs in some
cases can be used to generate infinite families of graphs with perfect state transfer
from graphs that do not admit such a property. We also prove that if the graph has
a number of vertices that is a multiple of four, then under certain conditions, the
addition of an appropriate matching in the blow-up graph results in perfect state
transfer between the vertices corresponding to the newly added edges.

Chapter [9]is devoted to the theory of s-pair state transfer, where s € C\{0}. We
establish algebraic and combinatorial properties of strongly cospectral s-pair states.
We characterise s-pair state transfer in complete graphs, complete bipartite graphs,
paths, cycles and antipodal distance-regular graphs with vertex perfect state transfer.
We also provide constructions of s-pair states that admit perfect state transfer. This
leads to new interesting families of graphs exhibiting s-pair state transfer.

Finally, to inspire further work on this topic, we present several open questions
in Chapter [I0]



2
Background

In this chapter, we provide an overview of the concepts relevant to this work. We

start by introducing standard definitions and notation from graph and matrix theory.

2.1 Basic definitions and notation

A graph X is a pair (V(X), E(X)), where V(X) # @ is the vertex set of X and
E(X) is the edge set of X . The elements of V(X)) are called vertices while those in
E(X) are called edges, which are ordered pairs of vertices in V(X). If (u,v) € E(X),
then we say that vertex u is adjacent to vertex v, and the edge (u,v) is incident to
vertex v. If the edges in X are unordered pairs of vertices, then we say that X is an
undirected graph. In an undirected graph X, the adjacency relation between vertices
is symmetric. In this case, we write the edge between u and v as {u,v}, and we
say that {u,v} is incident to both u and v. We also say that vertices u and v are
neighbours if u© and v are adjacent, and we denote the set of neighbours of v in X by
Nx(v). An edge of the form {v, v} is called a loop on v, and in this case, we say that
v is adjacent to itself. A graph X is simple if its edge set is not a multi-set and it does
not contain loops. A weighted graph is a graph whose edges are assigned a positive
real number, called the weight of the edge. In particular, if the weights are all one,
then we say that the weighted graph (resp., weighted directed graph) is unweighted.
That is, an unweighted graph is a special case of a weighted graph. Unless otherwise
stated, we assume all graphs to be undirected, simple and weighted, where the edge
weights are all positive. For the basics of graph theory, see [26].

The degree of a vertex v in a graph, denoted deg(v), is the sum of the weights
of the edges incident to v. In an unweighted graph, the degree of a vertex v is the

number of edges incident to v. A path of length ¢ from vertex u to vertex v in a
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graph is a sequence of £ 4 1 distinct vertices starting with « and ending with v such
that any two consecutive vertices are adjacent. We say that a graph X is connected
if for every pair of vertices in X, there is a path that joins them. Otherwise, X is
disconnected. We say that vertex u is isolated in X if degu = 0, or equivalently,
there are no edges incident to vertex u. Note that a graph on at least two vertices
with an isolated vertex is disconnected. A matching on a graph X is a set of edges
that do not have common vertices. A perfect matching is a matching such that every
vertex of the graph is incident to an edge of the matching.

Let X be a weighted graph. If X has no edges, then X is the empty graph on n
vertices denoted by O,,. If any two vertices of X are adjacent, then X is a complete
graph on n > 3 vertices. The unweighted complete graph on n > 2 vertices is
denoted by K,,. We say that X is weighted k-regular if every vertex of X has degree
k. A path on n > 3 vertices is a graph with vertex set {1,2,...,n} and edge set
{{4,j+1}:j=1,...,n—1}. We denote the unweighted path on n vertices by P,.
A cycle on n > 3 vertices is a graph with vertex set Z, and vertices j, k of C,, are
adjacent whenever |k — j| =1 (mod n). Note that C,, is obtained when the two end
vertices of P, are joined. A graph X is bipartite if V (X) can partitioned into subsets
Vi and V5, called partite sets, such that each edge of X has one end vertex in V7, and
the other end vertex in V5. If all edges in a bipartite graph are present, then we say
that X is a complete bipartite graph on a = |V;| and b = |V3| vertices. We denote
the unweighted complete bipartite graph by K, .

A graph Y is a subgraph of a graph X if V(Y) C V(X) and E(Y) C E(X). A
subgraph Y of X is induced if two vertices in Y are adjacent if and only if they are
adjacent in X. A connected subgraph of X that is maximal is called a component
of X. A tree is a connected graph that does not contain any cycles as subgraphs. A
spanning tree of a graph X is a subgraph of X that is a tree that contains all vertices
of X. Note that a graph has a spanning tree if and only if it is connected. For a
vertex u in a graph X, we use X\u to denote the induced subgraph of V(X)\{u}
which is called a vertez-deleted graph. The union X; U X5 of graphs X; and X,
with disjoint vertex sets is the graph such that V(X; U Xy) = V(X;) UV (X3) and
E(X1UXs) = E(X)) UE(Xy).

Next, we consider basic definitions and notation from matrix theory. We refer
the reader to [59] for standard concepts in matrix theory.

We use 1,, to denote the all ones column vector of length n, we use I,, to denote
the identity n x n matrix, we use J,, , to denote the all ones m x n matrix, and we

use 0,, to denote the all zeros column vector of length n. If m = n, then we denote
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Imn by Jn. We omit the subscripts of 1, I,,, Jin, 0,,, and J, if their sizes are clear
from the context. We write the standard basis vectors in C" as eq,...,e,. If X is
a graph with V(X) = {1,...,n}, then we denote the characteristic vector of vertex
u € V(X) using the standard basis vector e,. The characteristic vector of a subset

S of V(X), denoted eg, is defined as eg = Z e,, which is the vector with a 1 at an
u€esS
entry indexed by a vertex in S and 0’s elsewhere. If S = {u}, then the characteristic

vector of S is simply e,, the characteristic vector of vertex w.

Let A be an m x n matrix. We say that A is a complex (real, nonnegative,
respectively) matrix if A is entry-wise complex (real, nonnegative, respectively). We
denote the entry of A in the j-th row and ¢-th column by (A),, for all 1 < j <m
and 1 < ¢ < n. The entries of the form (A),, are called the diagonal entries of A.
We denote the transpose of A by AT. If A is a complex matrix, then we denoted
by A the matrix derived from A by taking the conjugates of all its entries. We then
use A* to represent the conjugate transpose (A)T. Note that if A is a real matrix,
then A* = AT. If B is an p X ¢ matrix, then the tensor product of A and B, denoted
A® B, is the mp x nq matrix which can be partitioned into mn blocks with the same
size as B, where the (j,¢) block is a;,B. If B is an n x n matrix, then the Schur
product A o B is the matrix whose entries are the entrywise product of A and B.
That is, (Ao B);¢ = (A)je(B)je-

Let A be an n xn matrix. We say that A is Hermitian if A = A*, skew-Hermitian
if A= —A* symmetricif A= AT, and idempotent if A2 = A. If A is real symmetric,
then A is Hermitian. If A is Hermitian, then iA is skew-Hermitian. We say that
A is diagonal if all non-diagonal entries of A are zero, in which case we can write
A = diag(ay, ag, . .., a,), where a; is the diagonal entry on the j-th row and column
of A. We say that A is a doubly stochastic matriz if it is a nonnegative matrix whose
sum of all entries in each row and each column is one. We say that A is hollow if
each diagonal entry of A is equal to zero.

A permutation matriz P is a square matrix whose entries are either 0 or 1, and
the entry 1 appears exactly once in each row and column of P. A permutation
matrix P is known to satisfy PT P = PPT = I. A complex square matrix U is called
unitary if UU* = U*U = I. If we also assume that U is real, then U is said to be an
real orthogonal matriz. Consequently, any permutation matrix is a real orthogonal
matrix. A square matrix A is reducible if it is permutation similar to a matrix in
block-diagonal form. A square matrix that is not reducible is said to be irreducible.

We denote complex vectors using lowercase letters in boldface, like x and y. If
x € C", then the Euclidean norm of x is given by ||x|| = v/x*x. The Euclidean norm
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is unitarily invariant, that is, ||Ux|| = ||x|| for any unitary matrix U.

The characteristic polynomial of a square matrix A, denoted by ¢(A,t), is the
polynomial ¢(A,t) = det(tI —A). A root A of ¢p(A,t) is called an eigenvalue of A. We
denote the set of all distinct eigenvalues of A by spec(A). The algebraic multiplicity
of an eigenvalue A of A refers to the multiplicity A as a root of ¢(A,t). We say that
A is a simple eigenvalue of A if its algebraic multiplicity is one. For an eigenvalue
A of A, a non-zero vector w such that Aw = A\w is called an eigenvector associated
with A. The eigenspace of X is the vector space of all eigenvectors associated with
A. The trace of A, which is the sum of all diagonal entries of A, is equal to the sum
of all eigenvalues of A counting multiplicity, while the determinant of A is equal to
the product of all eigenvalues of A counting multiplicity.

It is widely known that the eigenvalues of every Hermitian matrix are all real.
A Hermitian matrix whose eigenvalues are all positive (resp., nonnegative) is called
positive definite (resp., positive semidefinite). In fact, a matrix A is positive semidef-
inite (resp., positive definite) if we can write A = BB* for some rectangular (resp.,
invertible) matrix B. It is also well-known via the Perron-Frobenius Theorem that if
A is an irreducible nonnegative matrix, then the largest eigenvalue of A, called the
Perron eigenvalue, is positive and simple, and has an associated eigenvector that has

all entries positive, called a Perron eigenvector [59, Chapter 8].

2.2 Graphs and matrices

We now review some concepts in graphs and matrices that are crucial in this work.
We refer the reader to [8] [55] for further reading on this topic.

Let X be an undirected weighted graph on n vertices labelled from 1 to n. By a
real symmetric matriz that (combinatorially) respects the adjacencies in X, we mean
a real symmetric matrix M such that M, , # 0 whenever {u,v} is an edge in X and
u # v. In particular, we do not place any restrictions on the diagonal entries of M.
That is, M may or may not be hollow.

The adjacency matriz A(X) of X is the n x n matrix given by

A(X)uv -

)

{w{w}, if u and v are adjacent

0, otherwise,

where wyy,.} is the weight of the edge {u,v}. If X is unweighted, then wg, ., = 1

whenever v and v are adjacent. Since X is undirected, A(X) is a symmetric matrix.
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The degree matriz D(X) of X is the diagonal matrix whose j-th diagonal entry is the
degree of vertex j. Note that A(X) and D(X) both only have nonnegative entries.
An incidence matriz B of X is a matrix whose rows and columns are indexed by
the vertices and edges of X respectively, and B, . = w, if vertex u is incident to edge
e with weight w, and B, . = 0 otherwise. Note that each column of B has exactly
two nonzero entries, which are both equal to the weight of the edge indexed by that
column. An oriented incidence matriz C' of X is obtained from the incidence matrix
of X by replacing exactly one of the two nonzero entries in each column of B by its
negative (this yields an orientation of the edges of X, and thus the term ‘oriented’).

The Laplacian matriz of X is defined as
L(X)=D(X) - A(X)=CCT,
while the signless Laplacian matriz of X is defined as
Q(X)=D(X)+ A(X) = BB".
A generalised adjacency matriz of X is of the form
aD(X)+ A(X), aeR.

If the context is clear, then we simply write A = A(X), D = D(X), L = L(X), and
Q = Q(X). If X is weighted k-regular, then aD + A = akl + A, and so in this case,
any generalised adjacency matrix of X is a translate of the adjacency matrix. Since
A=0D+A, —L=—-D+ Aand Q = D+ A, we may view and analyze A, L, as a
generalised adjacency matrix of X. Moreover, it is well-known that A is irreducible if
and only if X is connected. Since D is diagonal, it follows that aD + A is irreducible
if and only if X is connected. Note that aD + A is a real symmetric matrix that
respects the adjacencies in X for all o € R.

Let M be an irreducible nonnegative matrix. For any two vertices v and v in X,
there is a positive integer k := k(u,v) such that (M*),, > 0. If we further assume
that M = A and u # v, then the least such integer k is called the distance between
vertices u and v in X, denoted dist(u, v). The eccentricity of vertex u in X is equal
to max dist(u,v), which is the maximum distance between u and any other vertex

veV(X)
v in X. On the other hand, the diameter of X is equal to m‘ey(cx) dist(u, v), which
u,ve
is the maximum eccentricity of a vertex in X (i.e., the farthest distance between any
two vertices in X). For the case where X is unweighted, then (A¥),, is the number

of walks of length k from u to v and (AF),, is the number of closed walks starting
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at vertex u. In particular, (A?),, is the number of edges incident with u (so that
(A%, = degu), while (A?),, is the number of common neighbours of u and v.

Now, suppose X is an undirected connected weighted graph on n vertices, and
M be a real symmetric that respects the adjacencies in X. Then we may order its
eigenvalues in the following manner \;y > Xy > --- > \,. If M = aD + A and
a > 0, then M is an irreducible nonnegative matrix, and so by the Perron-Frobenius
Theorem, A\; > 0 and aD + A has an all positive eigenvector associated with ;.
This applies to A and @, but not to L, since it is not a nonnegative matrix.

By definition, L and () are positive semidefinite. In particular, if M = L, then it
is known that A\; = 0 with associated eigenvector 1, and the multiplicity of 0 as an
eigenvalue of L is equal to the number of components of X. Consequently, A\; is a
simple eigenvalue if and only if X is a connected graph. Moreover, if X is connected
and unweighted, then the Matriz-Tree Theorem says that the product of all nonzero
eigenvalues of L divided by n is equal to the number of spanning trees in X [20].

Let X be a simple graph with at least one edge. In this case, A is a hollow matrix,
and so the trace of A is zero. Now, because the largest eigenvalue of A is positive, it
follows that A has a negative eigenvalue. Thus, A is not positive semidefinite (unlike
L and @). In particular, the condition that A\; = —A\, is equivalent to X being
bipartite, and is also equivalent to the condition that the multiset of eigenvalues of
A is closed under multiplication of —1.

We also define the notion of twin vertices in a weighted graph. Two vertices u

and v in a weighted graph X are twins if

Ny (u)\{u, v} = Nx(v)\{u, v}

and the edges {u,w} and {v,w} have the same weight for all w € Nx(u)\{u,v}.
A maximal subset T = T'(n) of V(X) is a twin set in X if the vertices in T are
pairwise twins and every pair of vertices in T" are joined by an edge of weight n > 0.
Twin vertices u and v are said to be false twins (also known as open twins) if they
are non-adjacent (in which case n = 0), and true twins (also known as closed twins)
otherwise (in which case n # 0). If X is unweighted, then n € {0,1}. A twin set
consisting of false twins is called a false twin set, and a true twin set otherwise. As
an example, the vertex set of K, is a true twin set, while a partite set of K,,, ,,, with
ni,ny > 2 is a false twin set.

A spectral characterisation of twins is known [74, Lemma 2.9].

Lemma 2.2.1. Let T =T(n) be a twin set in X and let w € T. Then v € T\{u} if

and only if e, — e, is an eigenvector for the eigenvalue @ = avdeg(u) —n of aD + A.
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2.3 Algebra and number theory

This section contains facts from algebra and number theory that are useful later on.
Let M be an n x n complex matrix. The exponential e™ of the matrix M is

defined as the power series

M
eM = 2:: ﬁMJ (2.3.1)
where MY = I. From the above equation, it is immediate that
eM) = (M) and M) = (M)T.

Thus, eM is Hermitian (resp., symmetric) whenever M is. Moreover, if M and N

are commuting matrices, then

It is known that each n x n Hermitian matrix has real spectrum with an orthonor-
mal set of eigenvectors that forms a basis for C". In particular, a real symmetric
matrix has an orthonormal set of eigenvectors that forms a basis for R™. This is the

well-known spectral theorem for Hermitian matrices [55, [59], which we state below.

Theorem 2.3.1 (Spectral Decomposition). Let M be an n x n Hermitian matriz.

Then we can write
M= Y \E, (2.3.2)

A€Espec(M)
where each E) is the orthogonal projection matrixz onto the eigenspace associated with

the eigenvalue \. Moreover, the following conditions hold.
1. Ex=E\, E? = E\ and ExEy =0 for all X # 0.

2. > Ey=I,
A€spec(M)
3. If g is an analytic function defined at each eigenvalue of M, then
gM)=">_ g(NEx

Aé&spec(M)

We refer to the matrices E in Theorem as spectral idempotents. When using
indices, we use F; to denote the spectral idempotent corresponding to A;. To find Fjy,
simply choose any orthonormal basis {wy,...,w,} for the eigenspace corresponding

to A, and set E), = Z§:1 ijJT. For this reason, M and M —+ tI have the same set
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of spectral idempotents. Moreover, if M is real symmetric, then each E) may be
chosen to be real symmetric. Since aD + A is real symmetric, it admits a spectral

decomposition for all & € R, where all spectral idempotents are real symmetric.

Proposition 2.3.2. Each spectral idempotent of a Hermitian matriz M is a poly-

nomial in M with real coefficients.

Proof. Assume M has spectral decomposition given in (2.3.2)). Fix A € spec(M). Let
p(z) be a polynomial with real coefficients such that p(f) = 0 for all € spec(M)\{\}
and p(A\) = 1. Invoking Theorem [2.3.1)(3), we conclude that p(M) = E,. O

We will also need the well-known Cauchy-Schwarz inequality.

Theorem 2.3.3. Let x and y be two vectors in C". Then

x*y| < [Ix]| - llyll
with equality if and only if x and y are linearly dependent over C.

Next, we recall some algebraic and number theoretic concepts. An integer A is
square-free if it is not divisible by a perfect square other than 1. For a prime p,
the p-adic valuation of an integer a # 0, denoted v,(a), is the largest power of p
that divides a. It is known that every integer a # 0 can be uniquely written as
a = 2"@{ where { is an odd number. We adopt the convention that v,(0) = 400
so that 1,(0) > v,(a) for any integer a # 0. An algebraic number X € C is a root of
an irreducible polynomial p(z) over Q. If we also assume that p(x) is monic, then
we say that \ is an algebraic integer, while if p(z) has degree two, then we say that
A is a quadratic irrational. Further, if p(x) is both monic and degree two, then A is a
quadratic integer. Lastly, we say that a,b € R are congruent modulo ¢ € R, written
as a = b (mod c), if a = b+ kc for some integer k.

We also define the following concept that is important throughout this work.
Definition 2.3.4. A set S C R with |S| > 2 satisfies the ratio condition if

A—0
a—f

€Q (2.3.3)

for any A\, 0,«a, 8 € S with a # 3.

If all elements in S are rationals, then the ratio condition holds. The ratio con-

dition also automatically holds whenever |S| = 2. For the case |S| > 3, Godsil
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characterised the sets S of real algebraic integers closed under taking algebraic con-
jugates that satisfy the ratio condition [37, Theorem 7.6.1]. Baptista and Coutinho
observed that any set of algebraic numbers can be scaled with a common factor to

obtain a set of algebraic integers [34]. Thus, we may restate [37, Theorem 7.6.1] as:

Theorem 2.3.5. Let r > 3 and suppose S = {\i,...,\.} is a set of real alge-
braic numbers, closed under taking algebraic conjugates. Then S satisfies the ratio

condition if and only if either of the following holds.
1. All elements in S are rationals.

2. All elements in S are quadratic irrationals. Moreover, there is a square-free
integer A > 1 and rationals a,by, ..., b, such that \; = %(a + bj\/Z).

Additionally, if S is a set of real algebraic integers, then we may replace the terms

‘rationals’ and ‘irrationals’ by ‘integers’ in conditions 1 and 2.
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3
Continuous quantum walks

A continuous quantum walk on a graph X is determined by the transition matriz
Uy (t) := ™ t eR, (3.0.1)

where i2 = —1 and M is a real symmetric matrix called the Hamiltonian associated
with X. The matrix M is indexed by the vertices of X such that M, , = 0 if and
only if there is no edge between u and v in X. In general, a Hamiltonian associated
with a graph can be taken to be any Hermitian matrix that respects the adjacencies
of the graph. In this work, we are mainly concerned with the case when M is an
irreducible real symmetric matrix. The irreducibility condition on M is equivalent
to the underlying graph X being connected. Throughout, if a result applies to any
real symmetric matrix M, or if the Hamiltonian M is clear from the context, then we
simply write Uy (t) as U(t). Often, we take M to be a generalised adjacency matrix
aD + A of X (specifically, the adjacency matrix A or the Laplacian matrix L, and
sometimes the signless Laplacian @ of X'). But unless otherwise stated, our results
apply to any irreducible real symmetric matrix M that respects the adjacencies of X.

For simplicity, if we take M to be aD + A, then we make the following assumption:
If M = aD + A, then we further assume that X is simple (i.e., X is loopless).

The above assumption implies that A(X) is a hollow matrix.

Our main goal in this section is to introduce the notion of quantum state transfer
on pure states and establish basic results about fundamental concepts in continuous
quantum walks, like eigenvalue supports, periodicity, and strong cospectrality. We
also investigate quantum walks whose transition matrices can be built using the

transition matrices of smaller quantum walks. A classic example of such a quantum
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walk is a physical system modelled by Cartesian products graphs, which can be

viewed as a composite system of the underlying graphs.

3.1 Transition matrix

Let M be a Hamiltonian associated with X. The properties of matrix exponential

yield the following properties of U(t):
UM(tl + tg) = UM(t1>UM(t2) for all ti1,to € R

and
T

Uy (=t) = Up(t) 7 = Up(t) = Uy (t) = Up(t) forall ¢, (3.1.1)

Using the definition of exponential of a matrix, we may write (3.0.1) as

< (it)y

Un(t) = Z i M. (3.1.2)
Jj=0 J°

Since M is real symmetric, the above equation implies that Uy (t) is a complex

symmetric matrix. Moreover, since itM is skew-symmetric for each t € R, Uy(?) is

a unitary matrix for each ¢ € R. Indeed, since M and —M commute and e = I, we

obtain

UM(t)UM(t)* _ eitMefitM — eitO -1

Proposition 3.1.1. The transition matriz Up(t) of the quantum walk on X relative

to M is a complex symmetric unitary matriz for all t € R.

If we assume that M has spectral decomposition given in (2.3.2]), then Theo-
rem [2.3.1[(3) also allows us to write U(t) as

Uty = > 2B, teR (3.1.3)

A€spec(M)

Since M is real symmetric, each spectral idempotent E) is also real symmetric. Thus,
equations (3.1.2) and (3.1.3)) provide two distinct expressions for U(t). The following

examples illustrate how to obtain U(t) using these two expressions.

0
Example 3.1.2. Let M = [ ) , which may be viewed as the adjacency matrix
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of K5. Observe that all even k and odd ¢, we have
MF=T1 and M‘'=M.

Therefore,

() L (i) o (i)PH!
o) = 3 G = 5 o+ S

- M¥+Y = [ cost + 1M sint.
j=0 J: =0

(3.1.4)

Example 3.1.3. Consider the adjacency matrix A of the complete graph K,. We
have A = J — I, and so spec(A) = {n — 1, —1}. An eigenvector for \;y =n —11is 1,
while {e; —eq,...,e; —e,} is a linearly independent set of eigenvectors for Ay = —1.
This gives us
ElzlJ and EQZI—lJ.
n n

Thus, the spectral decomposition of A is given by

A:(U;ﬂ+kh<]—1)l (3.1.5)

n

and so we obtain Uy(t) = " V'E| + e *E,. Equivalently,
—it itn 1
Uat) = e (@ —UJ+0. (3.1.6)
n

In particular, if n = 2, then A and the matrix M in Example are equal. Thus,
(3.1.4) and (3.1.6)) yield the same transition matrix for K, relative to A given by

U(t) = [ cost isint ] . (3.1.7)

isint cost

In Example the powers of M are equal to either M itself or the identity
matrix, and so it was convenient to use to obtain U(t). But in general, notice
that the sum in is finite, whereas it is infinite in (3.1.2). Moreover, the sum in
follows immediately from the spectral decomposition of M. For these reasons,

(3.1.3)) is more convenient to utilise in obtaining an expression for U (t).
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3.2 Pure states

A quantum state is represented by a positive semidefinite matrix with trace one,
known as a density matriz. If the initial state of our quantum walk on X relative to
M is represented by a density matrix D, then according to [52], the state D(t) at

time ¢ in X relative to M is given by
D(t) = Uy (t) DUy (—1), (3.2.1)

A density matrix D is a pure state if the rank of D is one, and it is a real state
if all its entries are real. A pure state D can be written as D = ﬁxx* for some
nonzero vector x € C", where || - || is the Euclidean norm on C". Thus, we abuse
terminology and also refer to the complex vector x as a pure state. Technically, pure
states are represented by unit complex vectors, but for our purposes, we consider
each nonzero vector in the span of a single unit complex vector v to be the same
pure state as v. Consequently, we use the terms ‘pure states’ and ‘nonzero complex
vectors’ interchangeably throughout this work. In particular, for each x € C™\{0},

we let
1

R

denote the pure state associated with x.

*

XX

If w and v are vertices in X and s € C\{0}, then a pure state of the form x = e,
is called a vertex state, while x = e, + se, is called an s-pair state [64]. In particular,
a (—1)-pair state is called a pair state and a 1-pair state is called a plus state. Note
that vertex, plus and pair states are real pure states, while e, + se, is a pure state
that is not real whenever s € C\R.

The mizing matriz of the quantum walk on X relative to M is defined as
Un(t) o Uy (—t) for all ¢,

where A o B denotes the Schur product of matrices A and B. Since U(t) is unitary
for each t € R by Proposition [3.1.1], we have

DU = 1.
j=1

Now because 0 < |U(t), ;> < 1 for each j, the above sum allows us to interpret
|U(t)u0|? as the probability that the vertex state e, is transmitted to the vertex state
e, at time 7. By virtue of (3.1.1)), we get that the mixing matrix is a symmetric

doubly stochastic matrix whose entries that contains all probabilities of transfer
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between vertex states. In particular, the mixing matrix is a unistochastic matrix,
since its entries are absolute values squared of a unitary matrix.

Now, let x € C™"\{0}. If Dy is the initial state of our quantum walk relative to
M, then from , the state at time ¢ is given by

D(t) = Un(t) DxUn(—t) = (Upns(£)x) (Uns (£)x)*.
Now, if y € C" with ||x|| = ||y||, then Cauchy-Schwarz inequality gives us

1
112

. 1 1
|y Un(7)x] < W(b’! NUm(T)x]) = W(!X! x[) =1, (3.2.2)
with equality if and only if {Uy/(7)x,y} is a linearly dependent set over C".

Let x,y € C" with ||x|| = ||y||. The fidelity of quantum state transfer from x to

y relative to the Hamiltonian M at time 7 is defined as

(v ttonl) 323

which is a real number between 0 and 1 by (3.2.2)). In particular, if x = e, and
y = e,, then

2

I

(U =10,

and so we may, in general, interpret the quantity in (3.2.3)) as the probability that
the pure state x is transmitted to the pure state y at time 7.

Two continuous quantum walks, one relative to the Hamiltonian M; and the other
relative to Ms, are equivalent if their mixing matrices are equal up to some scalar
multiple of ¢t. That is, equivalent quantum walks have transition matrices whose
corresponding entries are equal in modulus up to time dilation and time reversal.
Since the entries of the mixing matrix are probabilities of transfer between vertex
states, equivalent quantum walks exhibit the same behaviour. For instance, the
quantum walks relative to the Hamiltonians M and al + bM for some a,b € R are

equivalent because

UaI+bM (t) _ eit(a]+bM) _ eitaUM(bt)

and so [Uarson (€)un]® = |Uns(bt)u,0|* for all ¢ and for all indices u and v. Here, b is the
dilation factor, and there is time reversal if b < 0. In particular, if X is a weighted
k-regular graph, then the quantum walks relative to the Hamiltonians aD + A and
A are equivalent for all @ € R. In particular, this means that the quantum walks

relative to A, L and @) are all equivalent for weighted-regular graphs.
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3.3 Eigenvalue supports

Definition 3.3.1. The eigenvalue support of a vector x € C*\{0} (in X relative to
M), denoted Oy (M), is the set

O, (M) = {\ € spec(M) : Exx # 0}.
If | x| = 1, then x is a fized state relative to M.

If M is clear from the context, then we write @ (M) as & for brevity.
Note that @ is always nonempty. Otherwise, Eyx = 0 for all A € spec(M),

which happens if and only if x = 0, a contradiction. Moreover, observe that

Utx = > e“Ex = Y é"Ex, (3.3.1)
A€Espec(M) AEDx
and so the elements of ®, are precisely those eigenvalues whose corresponding
eigenspaces contribute to the propagation of the complex vector x relative to M.
The next propositions will be useful in the later sections. They are extensions of

Propositions 1 and 3 in [53], respectively.

Proposition 3.3.2. Let x € C". If @ # S C spec(M), then ®x = S if and only
if X = Y yesUx, where each uy is an eigenvector for M associated with A € S.

Additionally, if x is a real vector, then uy can be taken to be a real vector.

Proof. Let &, = S. If A € S, then M E\x = AE)\x, and so uy := F,x # 0 is an
eigenvector for M associated with the eigenvalue A\. As the F)’s sum to the identity,
we get X = IXx = > ycq FAX = > ycg Uy For the converse, let @ # S C spec(M) and
suppose X = Y yeguy. Then Epx = Y\ cq(Fpuy) # 0 if and only if # € S, and so
®, = S. The second statement follows from the fact that the E\’s are real. O

Proposition 3.3.3. The following are equivalent.

1. A wvector x € C"\{0} is a fized state relative to M.

2. The set Oy is a singleton set andx € C*\{0} is an eigenvector for M associated

with the lone eigenvalue 6 in ®.

3. For each t € R, we have U(t)x = e¥x.

Proof. The equivalence of 1 and 2 follows from Proposition [3.3.2] where we take S
to be a singleton set. From (3.3.1)), we have U(t)x = €x holds for all ¢t € R if
and only if &, = {#} and x € C"\{0} is an eigenvector for M associated with the

eigenvalue . This proves the equivalence of 2 and 3. O
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Example 3.3.4. For K, (3.1.7) gives us U(t)(e; + e2) = e'(e; + ey) for all ¢.
Invoking Proposition |3.3.3 we get that the plus state e; + e is a fixed state relative
to A. The pair state e; — ey is also fixed in K5. Indeed, these vectors are eigenvectors

for A(K3) associated with the eigenvalue 1 and —1, respectively.

Example 3.3.5. If X is simple and either X is weighted-regular and M € {A, L},
or M = L, then x € span{1}\{0} is a fixed pure state in X. Moreover, if v is a
Perron eigenvector for M = A, then x € span{v}\{0} a fixed pure state in X.

We close this section with the following observation.

Lemma 3.3.6. Let M be an irreducible matriz. If @ # S C V(X), then

(uLGJS q)eu> 4 (vevg()\s (I)ev) 7e

Proof. Suppose otherwise. Then for all A € U ®,,,, we have Eye, = 0 for all v €

ues
V(X)\S, while foralld € ] @, we have Eye, = 0 for all uw € S. This implies
veV(XN\S
) ) . E O
that each spectral idempotent E\ of M is block diagonal of the form 7 |
A

where each &y is |S|-by-|S| and Fy = 0 whenever X € | J ®.,, and £, = 0 otherwise.
ues
This implies that M block diagonal, a contradiction to the irreducibility of M. [

We close this section with a result obtained from adapting the proof of [64]

Proposition 2.4].

Lemma 3.3.7. Let x € R". If ax has rational entries for some nonzero a € R and
spec(M) is closed under taking algebraic conjugates, then ®y is closed under taking

algebraic conjugates.

Remark 3.3.8. Suppose ¢(M,t) has rational coefficients. Then spec(M) is closed
under taking algebraic conjugates and all elements of spec(M) are quadratic irra-
tionals. Additionally, if ¢(M,t) has integer coefficients, then all elements of spec(M)
are quadratic integers. Furthermore, if ax has rational entries for some a # 0, then

®, is closed under taking algebraic conjugates.

3.4 Weak cospectrality

Here, we extend the classical notion of cospectrality to what we call weak cospec-

trality, and provide a characterisation of this property.
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Definition 3.4.1. Let x,y € C" be linearly independent vectors with ||x|| = ||y||.
We say that x and y are weakly cospectral (in X relative to M) if for each A € @,

x'Exx =y"'E\y. (3.4.1)
Two vertices v and v in a graph are cospectral (in X relative to M) if the vectors e,
and e, are weakly cospectral.

Remark 3.4.2. From the above definition, cospectrality of vertices v and v in X
relative to M is equivalent to the condition that (E;),. = (E;)y, for each spectral
idempotent j of M. Additionally, if M = A, then cospectrality of vertices v and v in
X is equivalent to the condition that ¢(A(X\u),t) = ¢(A(X\v),1), i.e., the vertex
deleted subgraphs X\u and X\v are cospectral [56].

Note that weakly cospectral vectors have the same eigenvalue supports.
Lemma 3.4.3. If x and y are weakly cospectral, then
x*U(t)x =y*U(t)y forallteR.
Proof. Let M = Z AE, be the spectral decomposition of M. By assumption,

A€spec(M)
we have x*F)\x = y*E)y, and so

x*Ut)x = Y é?x"Ex= Y MyEy=yU(ty
A€spec(M) A€spec(M)

for all t € R. O

Remark 3.4.4. If vertices v and v in X are cospectral, then Lemma implies
that U(t)y. = U(t),, for all .

Proposition 3.4.5. If x and y are weakly cospectral, then so are x andy.

Proof. By assumption, we have x*F\x = y*E\y for each A € ®. Since each E; is

positive semidefinite, x*F\x is real and nonnegative for each j, and therefore, we

have y*Eyy = (E\y)*y = (E\y)'y = y'E;¥y = (¥)*E}y. -

The following result characterises weak cospectrality. It can be viewed as an

extension of [56, Theorem 3.1], from which we base our proof closely.
Theorem 3.4.6. Let x,y € C". The following are equivalent.

1. x and 'y are weakly cospectral.
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2 |Exx|| = || Exyl| for all A € ®,.
3. x*MFx = y*MFy for all integers k > 0.

Proof. Let M = Z AE) be the spectral decomposition of M. Since each
A€Espec(M)
spectral idempotent E) is real symmetric, we get

x*E\x = x*E3x = x*E{Exx = (E\x)*E\xx = ||Exx|| > 0

for all A € ®,. Thus, 1 and 2 are equivalent. Next, suppose x and y are weakly

cospectral. Since M* = Z NEy, we get
Aé&spec(M)

x*MFx = Z Nex*Eyx = Z Ney*Eyy = y*MPy
Aedx Dy
for all integers k > 0. Conversely, suppose x*M*x = y*M*y for all integers k > 0.
For each A\ € ®,, Proposition yields a polynomial p,(z) with real coefficients
such that py(M) = E\. Hence, we may write E) = >7_, a;M? where each a; € R.
Thus, x*E\x = x* (Zgzl aij>x = YI_ax*"M'x = Y a;y" M’y = y*Eyy.

This proves the equivalence of 1 and 3. O

Corollary 3.4.7. If P # I is a permutation matriz satisfying M = PTMP and

Px =y, then x and y are weakly cospectral.

Proof. Since PTP = PPT = I and M = PT'MP, we have M* = PTM*P for all
integers k > 0. Thus, x*M*x = (Py)*M*(Py) = y*(PTM*P)y = y*M*y. Invoking
Theorem yields the desired conclusion. O

If M = aD + A and X has a nontrivial automorphism represented by a matrix
P, then P # I is a permutation matrix satisfying M = PTMP. In this case, if
Px =y, then Corollary [3.4.7 implies that x and y are weakly cospectral.

We give an example that illustrates Theorem [3.4.6
Example 3.4.8. Let X be a graph. The following hold.

1. Let M = aD + A. If P is a permutation matrix that represents a nontrivial
automorphism of X that sends u to v (so that Pe, = e,), then e, and e, are
weakly cospectral by Corollary In particular, if X is a vertex-transitive

graph, then e, and e, are weakly cospectral for all vertices v and v in X.
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2. Let X = K, and M = A. Note that A = J — I and J* = n*~1J for each integer

¢ > 1. Since J and I commute, we have

k

AP =(J -1 = Z<£>JZ_I+Z< )
=0

Assume x and y are linearly independent vectors in C" satisfying ||x|| = ||y|| and

17x = (1Ty # 0 for some unit complex number ¢. Since J = 117, we have

x*Jx = [17x|* = [1Ty|? = y*Jy. Combining this with the above equation yields

x—||x||2+z() (%) ||x||2+z() y'Ty) =y Ay

for all integers k& > 0. Invoking Theorem [3.4.6|(3), we get that x and y are weakly
cospectral. This also applies to M = aD + A because K, is regular.

The walk module generated by a vector u € C"\{0} relative to M, denoted
Whs(u), is the subspace of C" generated by the set {M’u : j = 0,1,...,n — 1}.
Such a subspace is M-invariant, and so we may view it as a module over C[M], the
polynomials in M with complex coefficients.

The walk modules Wy, (x + y) and Wy (x — y) are orthogonal if and only if
(MJ(x+y), M“(x —y)) = 0 for all integers j,¢ > 0, where (-, -) is the complex inner
product. Equivalently, for all integers 5 > 0, we have

0=x+y) M (x—y)=x"Mx—y* My+2Im(y" M'x) (3.4.2)

The last result in this section generalises the equivalence of statements a and g
in [56, Theorem 3.1].

Proposition 3.4.9. Let x,y € C" be weakly cospectral. The subspaces Wy (x +
y) and Wy (x —y) of C" are orthogonal if and only if Imy is in the orthogonal
complement of Wy(x) in C™.

Proof. Let y = Rey +ilmy, where Rey and Imy are real vectors representing the
real and imaginary parts of the components of y. If x and y are weakly cospectral
vectors, then by (8.4.2)), Wy(x +y) and Wy(x — y) are orthogonal if and only if
Im(y*M’x) = (Imy)" M’x = 0. O
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3.5 Strong cospectrality

One of the first papers on strong cospectrality between vertex states is due to Godsil
[50], where it was shown that strong cospectrality is a necessary condition for perfect
state transfer between vertex states. This prompted researchers to further explore
the topic of strong cospectrality between vertex states [4, [33]39]. On the other hand,
m-strong cospectrality between vertex states was first introduced by Chan and Zhan
in the context of discrete quantum walks [25]. Strong cospectrality between vertex
states has also been studied in the context of pretty good state transfer [43], [83] and
vertex sedentariness [76] [77]. These are two types of quantum state transfer that are
outside of the scope of this thesis, but we nonetheless mention them to convince the
reader that our exploration of strong cospectrality is well-motivated.

As we will show later, strong cospectrality in general is a necessary condition
for two vectors to admit perfect state transfer. This motivates us in this section to
develop the theory of strong cospectrality between pure states. We derive properties
and characterizations of strong cospectrality that are useful in later sections. We

also explore the notion of m-strong cospectrality in continuous quantum walks.

Definition 3.5.1. Suppose x,y € C" are two linearly independent vectors with
|x|| = |ly]|. We say that x and y are strongly cospectral (in X relative to M) if for

each A € @y, there is a unit complex number () such that
E)\X = C,\E/\Y (351)

We say that x,y € C" are m-strongly cospectral if we can write each ¢ in (3.5.1)) as

(= e27/™ for some integer ¢, € Z,, and ged(€y, m) =1 for at least one A € P,.

Strongly cospectral vectors have equal eigenvalue supports. Moreover, for m-
strong cospectrality, at least one of the ()’s in (3.5.1) is a primitive root of unity.

Remark 3.5.2. If x,y are strongly cospectral, then there are at least two elements
A, 0 € &y such that (, # (g, and so |Px| > 2. Otherwise, v = (, for all A € Dy,
which yields x = 3 yco, EaX = 72X 5ca, E0Y = 7Y, a contradiction to the linear
independence of x and y. Furthermore, since |®y| > 2, a fixed state is not involved
in strong cospectrality by Proposition [3.3.3]

Remark 3.5.3. Let d = |®,|. There are m?~! — 1 vectors y that are m-strongly
cospectral with x. To see this, for a fixed A € &, one may pick an integer ¢ € Z,,
such that ged(¢y,m) = 1. Then for the rest of 8 € ®,\{\}, pick any ¢y € Z,,.
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This ensures that the ¢y in (3.5.1) are m-th roots of unity with at least one being
primitive. This yields the count m?~!, and because we want to leave out the case
that all angles are equal, we subtract one. Thus, unlike the general complex case,

there are only finitely many vectors that are m-strongly cospectral with x.

Remark 3.5.4. If each (, = £1, then we may partition ®, into two nonempty sets:
CD;r,y ={ €0 Exx=E\y} and O, :={\€®,: Exx=—-E\y}. (3.52)

If x and y are real vectors that are strongly cospectral, then (, = +1 for each \ € P.

Thus, strong cospectrality between real vectors is simply 2-strong cospectrality.

If x,y € R", then each ¢, in (3.5.1) is equal to £1 by Remark [3.5.4] In this
case, we obtain the classical notion of strong cospectrality, a concept that appeared

in [50, Lemma 11.1], and possibly earlier. It was later on studied in depth for vertex
states by Godsil and Smith in [56]. On the other hand, the concept of m-strongly
cospectrality was first coined by Chan and Zhan in their investigation of pretty good

state transfer in discrete quantum walks [25].

Remark 3.5.5. Let x,y € C" be strongly cospectral, so that F\x = (\F,y for each
A€ &, Fix A € &, and let w be an eigenvector for \. Then w*E\x = (,w*FE,y, or

equivalently, (Exw)*x = (\(E\w)*y. Since F\w = w, we get
w'x = ((W'y.

In particular, if x and y are 2-strongly cospectral, then {, = +1, in which case
2-strongly cospectrality between x and y is equivalent to the condition that for each
A € Py, either w*x = w*y for each eigenvector w for A\, or w*x = —w™y for each
eigenvector w for \. Additionally, if x = e, and y = e,, then strongly cospectrality
between e, and e, is equivalent to the condition that for each A € ®,, either the uth
and vth entries of each eigenvector w for A are equal, or the uth and vth entries of

each eigenvector w for A are opposite in signs.

Remark 3.5.6. Let x,y € C" be strongly cospectral such that x is a real vector and
y is a nonreal vector (that is, y has at least one non-real entry). Since each spectral
idempotent F) is a real matrix, each F)x is a real vector. Now, if x,y are 2-strongly
cospectral, that is Eyx = £F,y for each A\ € ®,, then each F\y is necessarily a real
vector, and so Y ycox LAy = ¥ is a real vector, a contradiction. Thus, x,y are not
2-strongly cospectral. In other words, if x,y are 2-strongly cospectral, then either

both x,y are real vectors, or they are both nonreal vectors.
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The next result may be viewed as a generalisation of |56, Lemma 4.1].

Theorem 3.5.7. The vectors x and 'y are strongly cospectral if and only if they are

weakly cospectral and E\x and E\y are parallel vectors for each A € ®y.

Proof. Suppose x and y are strongly cospectral. By definition, the vectors Ey\x and
E\y are parallel for each A € ®,. Moreover, we have (E;x)"(E;x) = (E;y)"(E;y)
for all A € ®. Hence x*E;jx = y*E;y for all A € &,. That is, x and y are weakly
cospectral. For the converse, suppose x and y are weakly cospectral, and E\x and
E\y are parallel vectors for each A € ®,. The latter assumption implies that for each
A € &y, we have E\x = ( E\y for some z, € C. That is, for a fixed A € &, we have
w'x = (\w*y for each eigenvector w associated with A. If {w;} is an orthonormal

basis for the eigenspace of A, then we may write E) = >, w;wj}, and so
x*Exx = 2 ;(wix)*(wix) = X5 (Gwiy) (Gwhy) = |Gy Exy.

Since x and y are weakly cospectral, the above equation yields |(y| = 1. Equivalently,

x and y are strongly cospectral. O

Corollary 3.5.8. If all eigenvalues of M are simple, then the vectors x and 'y are

strongly cospectral if and only if they are weakly cospectral.

Proof. Since each eigenspace of M has dimension one, we may write each £ as ww™
for some unit vector w. From this, it follows that F\x and E\,y are parallel vectors

for each A € &, and so the conclusion is immediate from Theorem [3.5.7] O

Proposition 3.5.9. If x and y are weakly (resp., strongly) cospectral, then so are
Px and Py for every permutation matriz P such that M = PTMP.

Proof. Follows from (3.4.1)), (3.5.1) and the fact that PE, = E,\P for all A € &,. [
We also extend [56, Corollary 6.4] to complex vectors.

Lemma 3.5.10. Let x and y be strongly cospectral, and suppose P is a permutation
matriz such that M = PTMP. If Py =y, then Px = X.

Proof. By assumption, P is a permutation matrix such that M = PTMP. This
implies that PE, = E\P for each A € spec(M). Now, if Py =y, then we have

Exx = (O E\y = QPTE\Py = (\PTE\y = (.(PTE\xx = PTE;x.

Since the E)\’s sum to the identity, the above equation yields Px = x. O]
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The above lemma implies that if M = aD + A, then every automorphism of X

that fixes y also fixes x.

Example 3.5.11. Let u, vy, vy be pairwise twin vertices in X. For j € {1, 2}, there
is an automorphism ; that sends u to v; and fixes all the vertices in V/(X)\{u,v;}.
Therefore, e,, e,, and e,, are pairwise weakly cospectral by Corollary [3.4.7 Since
cach 1; is an involution, it follows that v; sends v; to u. Thus, there is an automor-
phism ¢); that fixes v, but not v;, and so e,, and e,, are not strongly cospectral by
Lemma [3.5.10] In particular, this example implies that vertex states corresponding
to a set of pairwise twin vertices with at least three elements are pairwise weakly

cospectral, but no two of them are strongly cospectral.

We now provide a matrix-theoretic characterisation of strongly cospectral vectors,

which extends [53, Theorem 19]. This will prove useful in the latter sections.

Theorem 3.5.12. Let x,y € C" and suppose X = > \cq, U, where each uy is an
eigenvector associated with an eigenvalue A € ®y. Then E\x = (\E\y for each

A € O, and for some unit complexr number ( if and only if

y = Z Gy

AEDy

Proof. By Proposition [3.3.2, we may write X = 3"y cp, un. If A € &, then we obtain
Fyx = uy. Thus, B\x = (,E,y if and only if E,y = (u,. Equivalently,
y= Y. Exy= > Qu.
AED,, Acdy
Thus, the above theorem holds. O

Remark 3.5.13. For r > 2 let &, = {\,...,A.}. By Proposition [3.3.2, we may
write x = 377, u;, where u; is an eigenvector associated with A;. For every r-tuple
(C1,-..,¢) of unit complex numbers such that (, # (; for at least two indices ¢, k,
the vector y = 377, C;ju; is strongly cospectral with x. Therefore, there are infinitely
many complex vectors y that are strongly cospectral with x.

Now, if x is strongly cospectral with y = 37%_; ?juj and z = 37_, aju;, then it
is not necessarily the case that ((,...,(.) and (aq,...,q,) are linearly dependent.

Equivalently, it need not happen that y = nz for some unit complex number 7.

In the following example, we illustrate Theorem |3.5.12| and provide an example

of weakly cospectral vectors that are not strongly cospectral.
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Example 3.5.14. Let X = K,, and M = A. Then 1 is an eigenvector for M for
the eigenvalue n — 1, while e; — e; is an eigenvector for M for the eigenvalue —1 for
each j € {2,...,n}. Let E,_; and E_; be the spectral idempotents associated with

n — 1 and —1. Assume x and y are linearly independent vectors in C" satisfying
lIx|| = [|y||- The following hold.

1. Ifx=1+(e;—ey) and y = (1+('(e; —ey) for some unit complex numbers ¢ and
¢’ with ¢ # (’, then Theorem [3.5.12 implies that x and y are strongly cospectral
with F,,_1x =(F, 1y and F_1x = E_yy.

2. Ifx=1+(e; —ey) and y = (1 + ('(e; — e2) + (€1 — e3) for some unit complex
numbers (, (" with ¢ # (', then x and y are not strongly cospectral because y
does not have the desired form as in Theorem However, we have 17x =
(1%y # 0, and so Example M(Z) implies that x and y are weakly cospectral.
Thus, while strong cospectrality implies weak cospectrality by Theorem [3.5.7] the

converse of this fact does not hold.

If x € R", then X = x. Thus, x and X are linearly dependent, and so they are

not strongly cospectral. For the case that x € C"\R", we have the following result.

Theorem 3.5.15. Let x € C"\R". Then x and X are strongly cospectral if and only

if we can write
x= Y €e"u, (3.5.3)

AEDL

where each py € [0,27) and each uy is a real eigenvector associated with A\ € ®. In

this case, F\x = e2"> [\X for each \ € ®y.

Proof. Let x and X be strongly cospectral. Then we may write X = Y )¢, Wy and
X = Yaea, (xWa by Theorem [3.5.12) where each w, is an eigenvector associated with

an eigenvalue A € ®,. As X = Y \cp, Wi = Yyca, (AXW), We obtain
Eyxx =wy =(w, foreach \ € ®,.

Now, fix A € ®,. Since w), is an eigenvector for M and M is irreducible, it follows
that w) has at least two nonzero entries, say z1, 2o € C\{0}. Let p; and ps be the
arguments of z; and zo, respectively, where puq, s € [0,27). Since wy — (W, = 0,
we have (y = 2 = 2. Thus, () = e = 202 and so pu; = g 1= uy because

p, pe € [0, 27). Hence, all nonzero entries of w, have the same arguments modulo

27, and so wy, = e u,, for some real vector uy. The converse is straightforward. [
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Remark 3.5.16. If each e#* in (3.5.3)) is a fourth root of unity, then e = +1.
In this case, x and X are 2-strongly cospectral. Thus, like real pure states, non-real

pure states can be 2-strongly cospectral.

We close this section with an example that illustrates Theorems|3.5.12[and [3.5.15]

Example 3.5.17. Let A = A(K,) and consider the matrices F; = %J and By =
I — %J in Example . Then:

] E1e1 = E1e2 and E261 = —Egeg.
o El(el + ie2) = —iE1(61 — ieg) and Eg(e1 + ieg) = iE2(61 — ieg).

Thus, {e;,es} and {e; + iey, ) — iey} are strongly cospectral pairs of pure states in

K to relative to A. Alternatively, if u = e; + e, and v = e; — e5, then
ei=1(u+v) and e =i(u—v)

so that e; and e, are strongly cospectral by Theorem [3.5.12|with (; = 1 and (, = —1.

Moreover, since e; — ie; = e + ie; and

eim/4 e—im/4

e +iey = ﬁu+ 75 Vs

it follows from Theorem [3.5.15|that e; +ie; and e; —iey are strongly cospectral with

Cl = 612(7"/4) = 1iand CQ = e—i2(7r/4) = —1.

3.6 Composite systems

In this section, we study quantum walks that can be viewed as a composite system
of ‘smaller’ quantum walks. That is, quantum walks whose transition matrices can
be derived from the transition matrices of smaller quantum walks comprising them.
This includes quantum walks modeled by Cartesian products, direct products, joins
and blow-ups of graphs. In this section, we focus on the first three, and deal with

blow-up graphs later in Chapter [8]

3.6.1 Cartesian products

Let M; and M be real symmetric matrices. It is known that

spec(M; @ I + 1 ® M) = {A+ 6 : X\ € spec(M;),0 € spec(Ms)}. (3.6.1)
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Since M; ® I and I ® My commute, we may derive the transition matrix relative to
the Hamiltonian M ® I + I ® M, as follows:

UM1®]+[®M2 (t) — elt(M1®I+I®M2)

— 6it(M1®I)€it(1®M2)

(3.6.2)
= (U, (t) @ I)(I @ Ung, (1))

= U, (t) ® Unpy ().

Consequently, the quantum walk on M; ® I + I ® M, can be viewed as a composite
of the quantum walks with Hamiltonians M; and M.

For j € {1,2}, let X, be a weighted graph on n; vertices with adjacency matrix
A; and degree matrix D;. The Cartesian product X,01X, of X; and Xy is the graph
with vertex set V(X;) x V(Xs) where vertices (u, z) and (v, y) are adjacent in X;00X5
if and only if either u = v and {z,y} is an edge in X5 or x = y and {u,v} is an edge
in X;. The weight of the edge between (u,z) and (v,y) is equal to the weight of
{u,v} ifz =yand {z,y} ifu =v. Ifu € V(X;) and z € V(X;) have loops of weight
w and w’ in X and X, respectively, then (u,z) also has a loop of weight w + w' in

X,0X,. The degree and adjacency matrices of X1[1X5 are given by
D= (D1®I,,)+ (I, ®Dy) and A= (A ®I,,)+ (I, @A)

respectively. In particular, if My = aDy + A; and My = aDs + A, then

My ® I, + I,, ® My = (aDy + Ay) @ Iy, + I, ® (aDy + As)
= (a(D1 @ In,) + (A1 @ In,)) + (a(ln, ® D2) + (I, @ Az))
= a[(Dy ® Ip,) + (In, ® D3)] + [(A1 @ ©,)) + (1n, ® As)]
=aD + A.

In this case, the Hamiltonian M; ® I,,, + I,,, ® M represents a generalised adjacency
matrix of the Cartesian product of two graphs whose generalised adjacency matrices
are given by M; and M,. Making use of (3.4.2)), we get

Ux,ox,(t) = Ux, (t) @ Ux,(t) (3.6.3)

whenever the Hamiltonian taken is a generalised adjacency matrix aD + A for a
fixed a. In other words, we may view the physical system modeled by X;[0X, as a
composite of the physical systems modeled by X; and X5 relative to aD + A.

We denote the dth Cartesian power of X as X"¢, which is the Cartesian product
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of X with itself d times. The transition matrix of X4 relative to aD + A is
Uxoa(t) = Ux (1)®%, (3.6.4)

where Uy (t)®? is the dth tensor power of Ux(t), which is simply the tensor product
of Ux(t) with itself d times.

Example 3.6.1. The hypercube @4 of dimension is the graph obtained from taking
the dth Cartesian power of K;. Making use of (3.6.4) and (3.1.7]), we obtain the

following transition matrix for ()4 relative to A:

®d
cost 1isint
] . (3.6.5)

isint cost

UQd (t) = [

Note that Ug,(m) = —I, Ug,(%) = (i)?Roa where Rya is the 29-by-2? reversal matrix,
and Ug,(7) has all entries with magnitude equal to \/% In particular, we see that

Ug,(5)eq = (i)%egayy_, for each vertex a € {1,...,2%} of Q7.

3.6.2 Direct products

Let M, and M, be real symmetric matrices and M; = Z AFE)\ be the spectral
A€spec(M)
decomposition of M. It is known that

spec(M; ® M) = {0 : X € spec(M;), 0 € spec(Ms)}. (3.6.6)

The transition matrix relative to the Hamiltonian M; ® Ms is given by

s (t) = 3. By @ Un (M), (3.6.7)

A€spec(M1)

For j € {1,2}, let X, be weighted graphs on n; vertices. The direct product
X7 x Xy of X; and X is the graph with vertex set V(X;) x V(X3,) where (u,x)
and (v,y) are adjacent in X; x Xs if {u,v} and {z,y} are edges in X; and X,
respectively. The weight of the edge between (u, ) and (v, y) is equal to the product
of the weights of the edges {u,v} and {z,y}. If  # y and {z,y} is an edge in Y,
then (u,z) and (u,y) are adjacent in X; x X, if and only if vertex u has a loop in
X1, and vertex (u,x) has a loop in X x X5 if and only if vertices u and x have loops

in X; and Xs, respectively. The adjacency matrix of X; x X, is given by

A(X1 X Xo) = A(X)) ® A(Xs).
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In particular, Ky XY is the bipartite double of a weighted graph Y. Note that Ky xY
is bipartite, and this graph is connected if and only if Y is non-bipartite.

Let A =A(X; x Xy). If A(X;) = > AE) is the spectral decomposition
A€spec(A(X1))
of A(X3), then it follows from (3.6.7)) that

Ust)= S By@ Unxa (M) (3.6.8)
A€spec(A(X1))

Thus, for the direct product X; x X,, the transition matrix U,(t) can be derived
from Uyx(x,)(t) and the spectral information of A(X;).

3.6.3 Joins

For j € {1,2}, let X; be simple weighted graphs on n; vertices. The join of X; and
X5, denoted X V Xs, is a graph on n = ny + ny vertices obtained from taking a
copy of Xj, a copy of Xy and inserting all edges between X; and X, with weight

one. Equivalently,

AX)) T
JA(XY)

A(Xl V XQ) ==

The graph Oy VY is a cone on Y and the lone vertex in Oy is called an apex of the
cone. Meanwhile, if X € {Oy, K3}, then X VY is called a double cone on Y, and the
vertices of X € {Os, K»} are the apices of the double cone. In particular, O, VY and
K5 VY are called the disconnected and connected double cones on Y, respectively.
In this subsection, we focus on the case M € {A, L} with the additional assump-
tion that X; and X, are weighted k- and /-regular graphs, resp., when M = A.
Let L = L(X; V X3). If Xj and X, are connected, then it is known that

spec(L) = {0, n}U{A+n2 : A € spec(L(X1))\{0}}U{p+ny : pu € spec(L(X2))\{0}}.

(3.6.9)
while if X (resp., X3) is disconnected then we simply include ny (resp., np) in
spec(L). In particular, 0 is a simple eigenvalue of L with eigenvector 1 and n is an
naly,,

eigenvalue of L with associated eigenvector

. Moreover, if u and v are
_nl]-nz

eigenvectors associated with A > 0 and p > 0 for L(X;) and L(X3), then [ :]l ]

and [ } are eigenvectors associated with A 4+ ny and p + ng respectively. From [,
v
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Equation 33|, we obtain the transition matrix of X; V X5 relative to the Hamiltonian

L when X; and X, are connected:

Ey O

1 ' .
UL(t> _ ﬁ‘] + eltnEn + Z elt()\+n2) 0 o

A>0

. 0 0
+ 3 et [ ], (3.6.10)

>0 0 Fu

2J - J
where E, = - TIL - "2 e and F), is the spectral idempotent of 1 €
1m2 —anLQJ n%J
. Eob—2LXJ o0 . 0 0
spec(L(X. 0}. We include el'"2 ™ resp., e’
pec(L(Xz))\{0} N OFo—an])

as a term in the third (resp., fourth) summand in (3.6.10) when X; (resp., X5) is

disconnected. Using the spectral decompositions of Urx,)(t) and Ur(x,)(t), we may

write (3.6.10]) as

e (Upxy(t) — - 7) 0
0 Giml (UL(XQ)('[Z) — LJ

n2

1 .
Ur(t) = E‘] +emE, +

) ] . (3.6.11)

Now, let A = A(X; V X5) and suppose further that X; and X, are weighted k-
and (-regular graphs, respectively. Let

1
ﬁ=:§k+£i¢Z% where A = (k — ) + 4nyn,. (3.6.12)
If X; and X5 are connected, then it is known that
spec(A) = {A*F} U spec(A(X1))\{k} U spec(A(X3))\{¢}. (3.6.13)

while if X (resp., X53) is disconnected then we simply include & (resp., £) in spec(L).

Now, set

k—)X)1, kE—AM)1,
Whereu:[( )1]andV:[< M,

are eigenvectors associated
nl]-ng

nl]-ng

with AT and A\~, respectively. Moreover, if w and z are eigenvectors associated
0

with A € spec(A(X7))\{k} and p € spec(A(Xs3))\{¢}, then :)V and are

z
eigenvectors associated with A and 0 for A(X VY') respectively. From [37, Equation

12.2.1], we obtain the transition matrix of X; V X5 relative to the Hamiltonian A

38



when X; and X, are connected:

) oy . E, O . 0 O
Ua(t) = e Eye + € By + > et * + ) et (3.6.14)
A<k 0 0 u<t 0 F#
| Eo—2J 0 |0 0
We include the term etk | ~ 0 m (resp., el . ) in the third
0 0 Fy——=—J

n2
whenever X (resp., Xs) is discon-

(resp., fourth) summand in equation
nected. Using the spectral decompositions of Ux(x,)(t) and Uga(x,)(t) and the fact
that X; and X, are weighted-regular, we may write (3.6.10)) as

. . U t)—LJ 0
Uat) = ¢ By + ™ By + Ao (t) = 5, \ ] . (3.6.15)

0 UA(XQ)(t) —L1J

ng

From (3.6.11)) (resp., (3.6.15)), it follows that we can express the transition matrix
UL(t) (resp., Ua(t)) of X; V X5 in terms of the transition matrices Upx,)(t) and
UL(x,)(t) (resp., Uacx,)(t) and Uga(x,)(t)) of X and Xy, respectively.

3.7 Periodicity

In this section, we define and characterise periodicity of complex vectors and quan-

tum walks, and compute a related parameter called the minimum period.

Definition 3.7.1. Suppose x € C™"\{0} is not a fixed state. We say that x is periodic

(in X relative to M) if there is a time 7 > 0 and a complex number ~ such that
U(rT)x = 9x. (3.7.1)

The minimum such 7 > 0 is called the minimum period of x, which we denote by p.

Example 3.7.2. From Example |3.1.3| one checks that U(m)e; = —e; for j € {1,2}.

That is, e; and ey are periodic in K5 relative to A at time 7.

We now characterise periodicity of complex vectors. Suppose x € C*\{0} is not

a fixed state, so that |®y| > 2. Suppose the spectral decomposition of M is given by

M = Y )E.

A€spec(M)

From the definition, x is periodic if and only if U(7)x = 7x. Using the spectral

decomposition of M, we may write this equation as
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Z ¢ E\x = Z vYE\X.

Aedx Acdx

Since the E)’s are pairwise multiplicatively orthogonal, we obtain
e™ = for each \ € ®,. (3.7.2)
Equivalently, for all A, 0 € ®, there exists an integer kj ¢ such that
T(A—0) =2k o7. (3.7.3)

That is, (2.3.3)) holds for all A\, 0, «, f € &, with « # 5. From this observation, the

following result is immediate.

Theorem 3.7.3. Suppose x € C"\{0} is not a fized state. Then x is periodic if and

only if O« satisfies the ratio condition.
The above theorem was first established by Godsil for periodic real states [52].

Definition 3.7.4. A quantum walk (in X with Hamiltonian M) is periodic if every
pure state x € C” that is not fixed is periodic relative to M at the same time 7 > 0.

The minimum such 7 > 0 is called the minimum period.

Theorem 3.7.5. A quantum walk is periodic if and only if there is a time T and a

unit complex number v such that

Proof. Suppose the quantum walk on M is periodic. Since M is irreducible, every
pure state of the form e, is no eigenvector for M, and so by Proposition [3.3.3], such
a pure state is not fixed. By definition of a periodic quantum walk, every pure state
of the form e, is periodic at time 7. Now, suppose V(X) = {1,...,n}. Making use
of , we get that for each vertex j of X, we have

U(t)e; = e™e; (3.7.4)

for all A € ®,,. Now, let v = ™ for some A € ®,,. Applying Lemma with
S = {1}, we get that there is another index j € V(X)\{1}, say j = 2, such that
b, N D, # @. Combining this with (3.7.4)) yields

y=¢€™ forall A€ d UdD,,. (3.7.5)
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Again applying Lemma with S = {1, 2}, we get another index j € V(X)\{1, 2},
say j = 3, such that (Pe, U Pe,) N e, # @. Combining this again with (3.7.4) and
3

3.7.5) yields v = ™ for all \ € U ®.,. Repeating this argument n — 3 times and
j=1

using the fact that spec(M) = ] ®e, yields
j=1
by

v=¢€™ forall )& spec(M).

Invoking one last time, we conclude that there is a unit complex number ~
such that U(7)e; = ve; for each vertex j of X. Equivalently, (U(1) —~vl)e; = 0
for each vertex j of X. This implies that all columns of U(7) — «I are zero, and so
it must be that U(7) = vI. Conversely, if U(7) = «I, then U(7)x = ~x for each
x € C" that is not fixed. That is, the quantum walk on M is periodic. n

Remark 3.7.6. If a quantum walk is periodic with minimum period p and phase

factor ~, then for all integers ¢, it is also periodic at time gp with factor 47 since
Ulgr) = U(7)! = (71)* =1,

where the second equation above follows from Theorem [3.7.5] Similarly, if x is
periodic with period 7 and phase factor v, then x is also periodic at time g7 with

factor ~4.

Theorem 3.7.7. A quantum walk is periodic if and only if spec(M) satisfies the

ratio condition.

Proof. Suppose the quantum walk on M is periodic. Equivalently, U(7r) = ~I for
some time 7 > 0 by Theorem 3.7.5] If M = Y \cqpec(ar) AE is the spectral decompo-
sition of M, then it follows that

Ur) = Y. €7E, = 9l

Aespec(M)
Since the E)’s sum to the identity, the above equation holds if and only if €™ = v
for all A € spec(M). Replacing ®x by spec(M) in (3.7.2), the preceding condition is

equivalent to spec(M) satisfying the ratio condition. O

The following result calculates the minimum period of any periodic complex
vector. It was first established by Kirkland, Monterde and Plosker for periodic

vertex states [67, Theorem 5], but it applies to any complex vector.

Theorem 3.7.8. Let x € C" with & = {\1,...,\.}. The following hold.
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1. If r = 2, then x is periodic with p = 2=

[A1=Ag|
2. If r > 3 and x is periodic, then p = Mff\z', where ¢ = lem(gs, ..., q,) and the
p;’s and q;’s are integers satisfying /\1:/\; = %_’ and ged(p;, qj) = 1.

In both cases, every period T of X is an integer multiple of p.

Proof. First, suppose r = 2. By (3.7.3), x is periodic at time 7 if and only if

T(|A\1 — A2|) = 2k~ for some integer k. This proves that x is periodic with p = M%Azl

To prove 2, suppose m > 3 and x is periodic. Theorem [3.7.3| allows us to write
% = Z—j, where p;’s and ¢;’s are integers satisfying ged(p;, ¢;) = 1. Now, assume

that p = p\fff\ﬂ for some z € R. Since ged(pj,q;) = 1 for each j > 2, we get

that p(A\ — \;j) = 27z (ﬁ) = i%q—'?” is an integer multiple of 27 if and only

if z is the minimum integer such that each g; divides z. Therefore, z = ¢, where

2mq
[A1=Az]

period 7 is an integer multiple of p. O]

q =lem(qa,...,q.) and so p = Moreover, it is clear from (3.7.3]) that every

Remark 3.7.9. From (3.7.3)), the p in Theorem is the least 7 > 0 such that
7(XA — 0) is an integer multiple of 27 for all A, 0 € ®,.

Combining Theorem [2.3.5 with Theorems and yields the following

number-theoretic characterisation of periodicity.

Theorem 3.7.10. Let x € C" with |®x| > 3, and P« be a set of real algebraic
numbers closed under taking algebraic conjugates. Then X is periodic if and only if
either of the following holds.

1. All elements in Oy are rationals.

2. All elements in @, except possibly one, are quadratic irrationals, and there is
a square-free integer A > 1 and a,b; € Q such that each \;j € O« can be written
as \j = %(a+bj\/Z). Moreover, exactly one element 0 in Oy is rational if and

only if |®x| is odd, in which case 6 = §.

Additionally, if ®« is a set of real algebraic integers, then we may replace the terms

‘rationals’ and ‘irrationals’ by ‘integers’ in conditions 1 and 2 and we may express

2m
p= 1 3.7.6
gvVA (3.7.6)
where g = ged{ ’\VE’\Q, ce ’\i/’g)“} and A = 1 whenever condition 1 holds.
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Proof. Theorems [2.3.5] and [3.7.3] yield the above equivalence. Since ®, is closed

under algebraic conjugates, exactly one eigenvalue ®, is rational if and only if |Dy|

is odd. Now, suppose 6 € ®, be rational. If A € ®,\{f} is a quadratic irrational of
the form A = 1(a+ bj\/Z), then by assumption, its conjugate p = (a — b; VA) also
belongs to @\ {k}. From Theorem [3.7.3] @, is periodic if and only if

€Q

-\  20—a—bV/A
0—p  20—a+b VA ©
for all \, pn € &, \{k}. Since VA ¢ Q, the above equation holds if and only if a = 26.
Finally, we prove (3.7.6)). Suppose @4 is a set of real algebraic integers so that we can

write each A; as A; = 3(a+b;V/A), where A > 1 and a, b; are integers. Then we may

write each ¢; in Theorem 3.7.8(2) as ¢; = b1 b2 , where g; = ged(by —bj, by —by). Thus,

g =lem(g;) = lem (%, ey b;gf) = blgb2 = g\r Thus p = q2 = %. []

Remark 3.7.11. In Theorem [3.7.10(2), at most one eigenvalue in ®, is rational.

In Theorem [3.7.10] the case when @, is a set of real algebraic integers was first
observed by Godsil [48, Corollary 3.3], and later established by Coutinho and Godsil
[37, Corollary 7.6.2]. The more general case when ®, is a set of real algebraic
numbers was shown by Coutinho and Baptista [34, Lemma 3.2].

Combining Theorem [3.7.10] with Theorems and yields an analogous

result for periodicity of quantum walks.

Theorem 3.7.12. Suppose spec(M) is a set of real algebraic numbers, closed under
taking algebraic conjugates. The quantum walk on M is periodic if and only if either
of the two conditions in Theorem|3.7.1(] holds whenever ® is replaced by spec(M).

Corollary 3.7.13. The following hold.

1. Let @4 be a set of real algebraic integers closed under taking algebraic conjugates
and let 0 € Oy be an integer. Then x is periodic if and only if either ®, C 7Z,
or each \j € P« is a quadratic integer of the form \; = 0 + bj\/Z for some
square-free integer A > 1 and nonzero integers by, ..., b,.. If the latter condition
holds, then |®y| is odd. This statement holds if we replace @y by spec(M).

2. Let spec(M) be a set of real algebraic integers closed under algebraic conjugates.
If the trace of M equals 0, then the quantum walk on M s periodic if and only
if either spec(M) C Z, or all elements of spec(M) are integer multiples of /A
for some square-free integer A > 1. Moreover, the latter condition holds for
M = A if and only if X is bipartite.
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Proof. Our assumption in 1 implies that &, is a set of real algebraic integers. Thus,
we may replace the terms ‘rationals’ by ‘integers’ in Theorem (2) In this case,
exactly one eigenvalue in ®, is an integer if and only if |®4| is odd, in which case
0 = 5. The last statement in 1 is immediate from Theorem . To prove 2, let the
trace of M be 0. The quantum walk on M is periodic if and only if Theorem
holds. If all eigenvalues in spec(M) are of the form \; = 1(a+b;v/A), and ¢; as the
algebraic multiplicity of A;, then the trace of M being 0 is equivalent to

0= Y = Y (g/2@+bVA) =aV(X)/2+VA Y b

Aj€Espec(M) Aj€Espec(M) Aj€Espec(M)

Since a|V(X)|/2 € Q and VA ¢ Q, the above equation gives us >x,especin) bj = 0
and a = 0. Thus, spec(M) C Z, or all elements of spec(M) are integer multiples of
VA for some square-free integer A > 1. If M = A, then the latter condition implies
that spec(A) is closed under multiplication by —1. Equivalently, X is bipartite. [

The last statement in Corollary [3.7.13(2) is due to Godsil [48, Corollary 3.3].

Example 3.7.14. For P3, spec(A) = {0,++v/2}. Thus, for Pi all elements of
spec(A) are integer multiples of /2 by (3.6.1). Invoking Corollary [3.7.13(2), we get

that PJ™ is periodic relative to A. We also note that P5™ is bipartite for all n > 1.

A weighted walk-regular graph X is a weighted-regular graph such that every
pair of vertices are cospectral. Some well-known families of unweighted walk-regular
graphs include distance-regular graphs, vertex-transitive graphs, graphs in coherent
configurations (including association schemes). As the trace of each E) is equal to
the multiplicity ¢, of A as an eigenvalue of A divided by |V (X)|, a weighted walk-
regular graph satisfies (E))y. = W?iAX)\ # 0 for each \ € spec(A). Since Fye, = 0 if
and only if (E)),. = 0, we get the following result.

Proposition 3.7.15. If X is weighted walk-regular, then ®e,(X) = spec(A(X)).

For more about walk-regular graphs, we refer the reader to [37, Section 6.3].
From Proposition [3.7.15, if X is weighted walk-regular, then any statement per-

taining to e, (X) applies to spec(A(X)) and vice versa.

Corollary 3.7.16. Suppose X is a weighted walk-regqular with valency d and ¢(A,t)

has integer coefficients. The following are equivalent.

1. All eigenvalues of A are integers.

44



2. Each vertex of X is periodic relative to A.

3. The quantum walk on X is periodic relative to A.

Proof. By assumption, the largest eigenvalue d of A is an integer. Corollary|3.7.13(2)
and Proposition [3.7.15|yield the equivalence of 1 and 2, and 2 and 3, respectively. [

Since X is regular in Proposition and Corollary these results also
apply to aD + A for all a € R.
The next result is immediate from Corollary [3.7.13(1) and the facts that L is

positive semidefinite and 0 € ®,, for each vertex u of X.

Theorem 3.7.17. If (L(X),t) has integer coefficients, then u in X is Laplacian pe-

riodic if and only if ®e,(X) C Z. In this case, p, = 2;”, where g = ged(Pe, (X)\{0}).
The following result is derived from Theorem [3.7.10] It may be viewed as an

extension of [53, Corollary 9] and [64], Corollary 3.4].

Corollary 3.7.18. Let x € C™ with |P«| > 3. If Oy (respectively, spec(M)) is a set
of real algebraic integers, closed under taking algebraic conjugates and x (respectively,
M ) is periodic, then |\ — 6| > 1 for all X\,0 € ®y (respectively, \,0 € spec(M)).
We close this section with some results about constructing periodic pure states
and quantum walks. The first one immediate from ((3.6.2]).
Theorem 3.7.19. The complex vector x1 @Xs is periodic relative to My & I, +1,,, ®
M, at time 7 if and only if x; is periodic relative to M; at time T for j € {1,2}.
We end this chapter with the following result.
Theorem 3.7.20. Suppose the eigenvalues of My and My are rational. Then the

quantum walks relative to My, My, My @ Ms, and My ® I,,, + I, ® My are all periodic.
Additionally:

1. If My = L(X) and My = L(Y'), then the quantum walk on L(X VY') is also

periodic.

2. If My = A(X) and My = A(Y') and A in is rational, then the quantum
walk on A(X VYY) is also periodic.

Proof. If My and M, have rational eigenvalues, then so do M; ® I,,, + I,,, ® M5 and

M; ® M, from and (3.6.6). If My = L(X) and My = L(Y'), then from (3.6.9),
L(X VY) has rational eigenvalues. Meanwhile, if M; = A(X) and M,y = A(Y'), then
A(X VYY) has rational eigenvalues whenever A in (3.6.12)) is rational. Combining
these facts with Theorem yields the desired result. O]
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4

Perfect state transfer

From the previous chapter, we learned that if the initial state of our quantum walk
on X relative to M is represented by a density matrix D, then the state D(t) at time
t in X relative to M is given by

D(t) = Unr(t) DU (—1).

We say that perfect state transfer (PST) occurs from a density matrix D; to another

density matrix Dy in X relative to M if for some time 7 > 0, we have
D2 = UM(T)DlUM(—T).

Definition 4.0.1. Suppose x,y in C" are linearly independent vectors. There is
perfect state transfer (PST) from x to y (in X relative to M) if there is a time 7 > 0

and a complex number v called phase factor such that

Un(T)x =7y (4.0.1)
The minimum such 7 > 0 is called the minimum PST time.

Remark 4.0.2. Since Up(t) is a unitary matrix for all ¢ € R and the Euclidean
norm is unitarily invariant, it follows that the complex number + in equations (3.7.1])

and (4.0.1), and the vectors x,y in equation (4.0.1]) satisfy |v| =1 and ||x|| = ||y|l-

If x and y in are linearly dependent, then x is periodic. Moreover, since
the equation Dy = Uy (1) DxUp(—7) is equivalent to (4.0.1]), the existence of perfect
state transfer between density matrices Dy and D, is equivalent to either perfect
state transfer from x to y whenever they are linearly independent, or periodicity of

x whenever x and y are linearly dependent.
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Example 4.0.3. From Example|3.1.3] one checks that the following equations hold:
U (g) e, =iey, U (g) (e; +iey) =e; —ies and U (%) e = g(el +iey).

That is, perfect state transfer occurs in K, relative to A from the vertex state e; to
the vertex state e, at time 7, from the (i)-pair state e; +ie; to the (—i)-pair state

e, —iey at time Z. and from the vertex state e; to the (i)-pair state e; + iey at T

27

Our main goal in this chapter is to develop the theory of perfect state transfer
on pure states in continuous quantum walks. We establish fundamental properties,
provide spectral characterisations, and present constructions of pure states with PST.
By virtue of Remark and the definition of PST, we assume in this chapter that
x,y € C" are linearly independent vectors satisfying ||x|| = ||y|| # O.

4.1 Characterisations

In this section, we provide the most general characterisations for PST in quantum

walks.

Lemma 4.1.1. Perfect state transfer occurs from x to'y at time 7 if and only if
Y U)X = ]2

Equivalently, the fidelity of quantum state transfer from x toy at time 7 equals 1.

Proof. If PST occurs from x to y at time 7, then U(7)x = 7y for some unit com-
plex number . Thus, [y*U(7)x| = |vy*y| = |lyl|* = ||x]|*>. Conversely, suppose

ly*U(r)x| = ||x||>. Let 5y = % which is a unit complex number. Then

1U(7)x — 7yl = (U(r)x — vy)*(U(7)x — 7y)
=x"x+y'y — (xU(7)"y + 7y U(7)x)
= 2[|x[|* = 2Re(7y"U(7)x)
= 2[|x[|* = 2Re(ly*U()x|)
= 2(|[x[]* = [y*U(7)x])
= 0.

U
U

Equivalently, PST occurs from x to y at time 7. m

The next lemma is an extension of the three inequalities in Section 7.1 [37].
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Lemma 4.1.2. Let x,y € C". For any time t, the following inequalities hold.

1 *
Y VO] < |2§|EAY ] (411)
S
1
< 2 1Byl - 1Exx]] (4.1.2)
[ ||
AEDy
= Xl ZHEAYHZ > 1B (4.1.3)
<
=1 (4.1.4)

Moreover, is tight if and only if Exx and E\y are linearly dependent for each
A € Oy (equivalently, Exx and E\y are parallel vectors for each A € ®y), while

tight if and only if || Exx|| = || E\y|| for each X € ®y.
Proof. Let M = Z AE) be the spectral decomposition of M. Using the fact

A€&spec(M)
that y*E\x = (E\y)*(E\X), we may write

Z e1t/\y E)\X

AEDx

> MEny) (Bax)] .

AeDPx

(4.1.5)

1
12

ly U(t)x
x| ~lx H2

Applying the triangle inequality yields (4.1.1). Next, we invoke the Cauchy-Schwarz

inequality to obtain (4.1.2)) and (4.1.3] - from and (4.1.2] -, respectively. Finally,

using the fact that ||EAy||2 (ELy)* (Eyy) = *EAy and Y\ep, Ey =Y gives us

N EyIP= Y yvEy=y" Y Ey=yy=yl*= x>

AEDx AEDx AEDx
So (4.1.4)) follows from (4.1.3]). The rest is due to the Cauchy-Schwarz inequality. [

Lemma, yields the following characterisation of PST.

Theorem 4.1.3. Perfect state transfer occurs from x to'y at time 7 and phase factor
~ if and only if both conditions below hold.

1. x andy are strongly cospectral, that is, for each A € @, we have E\xx = (L E\y

for some unit complex number (.
2. v = e\ = ¢ for any )\, 0 € Dy.

Proof. Suppose perfect state transfer occurs from x to y at time 7. By Lemma [4.1.1
this i

*U(1)x| = 1. Equivalently, every inequality in
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Lemma is an equality at time 7. Note that (4.1.2) and (4.1.3)) are simultaneously

tight if and only if Eyx = (\E\y for each A\ € ®,, where () is a unit complex

number. That is, x and y are strongly cospectral. This proves 1. Using the strong
cospectrality property, we may write (4.1.5)) as

1

|2

YU = = | 5 e (Bay) (Bay)]

1x[1* |\&3,

Therefore, (4.1.1)) is tight if and only if 2 holds. The converse is straightforward. [

Corollary 4.1.4. If perfect state transfer occurs from x to y with Exx = e E\y

for each X\ € @y, then
A—0 e — py+ 2057

o — 6 Mg — Mo + 2€a,ﬁ7r

(4.1.6)

for any \,0,a, B € ®x with a # B and for some integers lx g,y 3.
Proof. From Theorem m&), we have e el = el for any X, 0 € ®,. That is,

o —px+26x o
A—0

if o, B € @y, then 7 = %ﬁ;ﬁa”ﬂ for some integer 2/, 5. Thus,

elTA=0) = ¢iluo—imy) - Equivalently, 7 = for some integer 20y ». Similarly,

fo — pix + 20007 pip — plo 4 200 5T
A—0 a—pf

from which our result follows. O

Remark 4.1.5. The right-hand side of need not be rational for any A\, 0, o, 8 €
oy with a # 8. Equivalently, &y = &y need not satisfy the ratio condition, and
so X,y need not be periodic by Theorem [3.7.3] Consequently, PST involving pure
states need not imply periodicity. Indeed, if we take x € C” that is not a fixed state
such that @ does not satisfy the ratio condition, then PST occurs from x and U(t)x

for any time ¢, but x is not periodic in this case.
We now provide a necessary condition such that PST implies periodicity.

Theorem 4.1.6. Suppose perfect state transfer occurs fromx toy. If Exx = e E\y
for each A € ®x and each py is a rational multiple of m, then ®x = @y satisfies the

ratio condition. FEquivalently, X and y are periodic pure states.

Proof. Our assumption implies that the right-hand side of (4.1.6) is rational for any
N0, a, 8 € Oy with a # 8. Equivalently, ®, = ®, satisfies the ratio condition. [

Remark 4.1.7. By Theorem [3.7.3, we may restate Theorem as: if PST occurs

from x to y, and x,y are m-strongly cospectral, then x,y are periodic.
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From Remark [£.1.5] we know that PST in general need not imply periodicity.
Nonetheless, for m-strongly cospectral pure states, PST implies periodicity by Re-
mark [{.1.7. This property makes the class of m-strongly cospectral pure states
special. It also generalises the fact that the existence of PST from a real pure state

to another implies periodicity of the real pure states involved (such pure states are

2-strongly cospectral by Remark [3.5.4)).

4.2 Minimum PST time

We now establish some fundamental results about the minimum PST time.

Theorem 4.2.1. If perfect state transfer occurs from x to y, then the minimum

PST time always exists.

Proof. By way of contradiction, suppose PST occurs from x to y and no minimum
PST time exists. If i > 0is a PST time, then we can find another PST time 75 with
0 < 7 < 71. Arguing inductively, we build a sequence {7} of positive PST times
such that limy_,, 7, = 7 for some 7 € R. Consider the function f : R — R given by

f(t) = ”ylHQ ly*U(t)x|, which is continuous. Because PST occurs from x to y at each

time 7, Lemma gives us

1
[yl

f(me) = ly*U(m)x| = 1.

Since f is continuous, we obtain

1
[yl

YU = f(r) = f(Jim 7) = lim f(r) = 1.

Equivalently, PST occurs from x to y at time 7 by Lemma |4.1.1} Since 7 < 74 for

all k, it follows that 7 is a minimum PST time, a contradiction. O

The same argument above can be used to show that the minimum period of a

periodic pure state always exists.

Theorem 4.2.2. Let x be periodic with minimum period p. If perfect state transfer
occurs from x to'y with minimum PST time 7, then y is also periodic and perfect

state transfer occurs from x to 'y at time T + qp for all integers q.

Proof. The assumption implies that x and y are strongly cospectral, and hence they
have the same eigenvalue supports. Also, y is periodic. Now, if v and ( are the

phase factors for periodicity and PST at times p and 7, then
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U(T + qp)x = U(T)U(p)"x = y'U(7)x = 7Cy.
Thus, PST occurs from x to y at time 7 + gp for all integers q. O]

The following result complements Remark [£.1.7]

Theorem 4.2.3. Let x,y € C" be m-strongly cospectral. If perfect state transfer

occurs from x to'y at time 7, then x and 'y are periodic at time mT.

Proof. If PST occurs from x to y at time 7, then el™el?™/m — eirfpi2mle/m 1y
Theorem [4.1.3|(2). That is,

eimT)\ — (ei'r)\ei%r&\/m)m _ (eiTﬂeiZTng/m)m — eimTG (421)

and so for all A, € ®y, we have m7(A — ) = 0 (mod 27). Equivalently, &, = @,
satisfies the ratio condition, and so Theorem [3.7.3]implies that x,y are periodic. [

Corollary 4.2.4. Let x,y € C" be m-strongly cospectral. If perfect state transfer
occurs from X to 'y with minimum PST time T, then x and y are both periodic at
time kT for any integer k =0 (mod m), and perfect state transfer occurs from x to

y at time (T for any integer £ =1 (mod m).

Proof. If PST occurs from x to y at time 7, say with phase factor v, then Theo-
rem [4.2.3| implies that x,y are periodic at time m7, say with phase factor (. By
Remark [3.7.6] x,y are periodic at time gm7 with phase factor (7 for each integer
q > 0. Taking k = gm yields the first statement in the conclusion. For the second
statement, let £ = gm + 1. Then ¢ =1 (mod m) and

Ullr)x =U(T)U(m7)i%x = (U (1)x = ((17)y.
Equivalently, there is PST from x to y at time /7 with phase factor (?v. O]

Remark 4.2.5. From Corollary [£.2.4] it is immediate that if PST occurs from x to
y at time 7, where 7 is not necessarily the minimum PST time, then perfect state

transfer occurs from x to y at time ¢7 for any integer £ =1 (mod m).

4.3 Symmetry

For real pure states, it was observed that PST is a symmetric relation. That is, if
PST occurs from x to y, then PST also occurs from y to x at the same time with
the same phase factor. The following result states that for pure states in general,

this symmetry property only happens to pure states that are 2-strongly cospectral.
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Theorem 4.3.1. Let x,y € C". Perfect state transfer from x to 'y is symmetric if

and only if x and y are 2-strongly cospectral.

Proof. Suppose perfect state transfer occurs from x to y, and from y to x at the
same time 7 with the same phase factor 7. Then by Theorem [4.1.3|2), we have

v = eiTAC/\ —_ eiTGCO and v = €iT’\a _ 6170@

for any X\, € ®,. Thus, ¢, = (, for any A € &, and so (, = £1. Conversely, if x
and y are 2-strongly cospectral, then E\x = (, E\y for each A € &, where (, = +1.
Equivalently, F\y = (\F,x. Now, if perfect state transfer occurs from x to y at
time 7 phase factor ~, then by Theorem m&), we have v = €™, = €'7%(, for any
A, 0 € Oy, which is the condition needed for PST to occur from y to x. O

We show that a weaker version of the symmetry property holds for all pure states.

Lemma 4.3.2. Let x,y € C". If perfect state transfer occurs from x toy at time T

and phase factor v, then it also occurs from 'y to x at time —7 and phase factor 7.
Proof. Multiplying both sides of U(t)x = vy by U (—t) yields U(—t)y = 7x. O

If 7 > 0, then the PST from y to x in the conclusion of Lemma occurs at
a negative time, since —7 < 0. Nonetheless, Theorem [.2.1] guarantees that there is
a minimum PST time from y to x that is positive. For m-strongly cospectral pure
states, one can derive the minimum PST time from y to x from the minimum PST

time from x to y.

Theorem 4.3.3. Let x,y € C" be m-strongly cospectral. If perfect state transfer
occurs from x to'y at time T and phase factor vy, then perfect state transfer occurs
from'y to x at time (m — 1)7 and phase factor v~'(, where ¢ is the phase factor at

the period mt of x.

Proof. Since x,y are m-strongly cospectral, Theorem [4.2.3| implies that x,y are
periodic at time m7 with phase factor, say (. By Lemma [£.3.2] there is PST from y
to x at time —7 and phase factor 7. Invoking Remark there is also PST from
y to x at time —¢7 for any integer k = 1 (mod m). In this case, —¢ = m — 1 (mod
m). Thus, there is PST from y to x at time (m — 1)7 > 0 with phase factor v~1¢
because U((m — 1)7)x = U(mm)U(—7)x =y 'U(m7)y =7 'U(p)y =7 ¢y. O

We end this section with the following important remark.
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Remark 4.3.4. By virtue of Lemma PST from x to y implies PST from y
to x, and the minimum PST times for both need not be equal. From this fact,
if we want to specify the minimum PST time in a given statement, then we say
‘PST occurs from x to y at time 7’, but if the PST time is not important, then we
simply say PST from x to y. Moreover, if x and y are 2-strongly cospectral, then
Theorem [4.3.1] allows us to say ‘PST occurs between x and y at time 7’ in lieu of

‘PST occurs from x to y at time 7°.

4.4 Monogamy

For real pure states, PST is known to be a monogamous relation. That is, if there
is PST from x to y, and there is also PST from x to z, then y = +z (equivalently,
y € span{z}). However, PST on complex pure states need not obey monogamy.
Indeed, if x is not a fixed state, then there is PST from x to U(t)x for all t > 0. In
this case, there exist at least two times t1,t; € R with ¢; # t5 such that U(¢;)x and
U(t2)x are linearly independent. Otherwise, U(t)x € span{z} for all ¢ € R, and so
Proposition [3.3.3(3) implies that x is a fixed state, a contradiction.

In this subsection, our goal is to show that PST on m-strongly cospectral pure

states is monogamous if and only if m = 2. To do this, we need the following result.

Proposition 4.4.1. Let x,y € C". If perfect state transfer occurs from x toy, and

from x to z at the same time, then y = nz for some unit complex number 7.

Proof. By assumption, we have U(7)x = vy and U(7)x = (z for some unit complex

numbers 7, (. Thus, vy = (z, and so the conclusion is immediate. O]

Theorem 4.4.2. Let m > 2 and x € C". Fiz an |P|-tuple (£)) e, of integers from
Ly, such that (€) has at least two distinct entries and ged(fx,m) = 1 for at least
one \. For each k € Z,,, let

Vi = Z 6—127r(k€/\)/mu)\
Aedx

where each uy is an eigenvector of A and x = yqo. The following are equivalent.

1. For some k € Z,,, perfect state transfer occurs from yj to yry1 with minimum
PST time .

2. For all k € Z,,, perfect state transfer occurs from yi to yry1 at the same

minimum time T and phase factor .
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3. For some k,s € Z,, with s # k, perfect state transfer occurs from yi to ys
with minimum PST time (s — k)7 and phase factor v*~* whenever s > k and

(m — (s — k)7 and 4"~ otherwise.

4. For all k,s € Z,, with s # k, perfect state transfer occurs from yi to ys
with minimum PST time (s — k)7 and phase factor v*=* whenever s > k and

(m — (s — k)7 and 4"~ otherwise.
Moreover, if one of the above statements hold, then each yy is periodic with p = mr.

Proof. We first show that y; and y, are linearly independent for & # s. Let a, 5 € C

such that ayy, + By, = 0. Then Y (a + 66_12”((5_’“)@)/”1) u, = 0. Since the uy’s
NEDy
are linearly independent, o = — e 27((s=R)0)/m for all X € ®,. Since x is not fixed,

we have |®| > 2. Since (¢)) has at least two distinct entries, the preceding equation
only holds if and only if @ = f = 0. Thus, y; and y, are linearly independent.

To prove the equivalence of 1 and 2, it suffices to show 1 = 2. For each k € Z,,,
yr and yi.1 are strong cospectral by Theorem with Eyyp = 2™/ E\yi 4.
So, Theorem [4.1.3(1) holds for the pair {yy,yx+1} for each k € Z,,. Since there is
PST from y; to y;41 for some j, Theorem [1.1.3[(2) yields el el27/m = ¢ir0¢i2nto/m
for all A\,0 € ®,. But since this equation applies to each pair {y,yr+1}, it follows
that Theorem [4.1.3|(2) also holds for the pair {yy, yx+1} for each k € Z,,. Hence, we
get PST from y; to yiy1 for each k, and the PST times and phase factors are the
same for all k € Z,,.

To prove the equivalence of 2 and 4, it suffices to show 2 = 4. By assumption,

we may let U(7)yy = 7yry1 for each k € Z,,. If s > k, then

U((s = k)T)yr = U(T)* Fye = 7" F¥rrny = 7" Fys

The case s < k follows similarly. From this, we get PST from x to y; at time k7
for all k£ € Z,,\{0}. Now, suppose there is some 0 < 7" < (s — k)7 such that PST
occurs from y;, to y, at time 7/. Using the same argument as above, we get that yy, is
periodic at m7’. By Theorem [3.7.8] m7’ is an integer multiple of p = m7, and so 7’ is
an integer multiple of 7. Therefore, 7/ = j7 for some j € {1,...,s—k— 1}, in which
case PST occurs from yy; to yx4; at time 7/, where y,.; # ys and yx4; and y, are
linearly independent. Since PST also occurs yj to ys at time 7/, Proposition [4.4.1]
implies that y;;; and y, are linearly dependent, a contradiction. This shows that
(s — k)7 is the minimum PST time from yy to ys. Similarly, for the case s < k.

The proof of 3 = 4 is similar to that of 1 = 2, while 4 = 3 is straightforward.

Thus, 3 and 4 are equivalent.
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Finally, to establish p = m7, suppose the minimum PST time from y; to yx,1 is 7.
If one of 1-4 holds, then the above equivalence yields 2, in which case Theorem
implies that yy is periodic at time m7. Here, we prove that p = m7. From (4.2.1)),

we obtain

m7(A —60) =0 (mod 27)

for all \,0 € &, Invoking (3.7.8]), the minimum period of y;, is p = Mf%‘iﬂ, for some
fixed Aj, Ay € Oy with \; # . By Remark|3.7.9] the least 7 > 0 such that m7(A—0)
is an integer multiple of 27 for any A\, 0 € &, is 7 = m|/\217rf)\2|. Therefore, p = mr. O

The following is immediate from Theorem [4.4.2{3,4) and the fact that x = yy.

Corollary 4.4.3. Perfect state transfer from x to yy at time kT and phase factor
¥ for some k € Z,,\{0} if and only if it holds for all k € Z,,\{0}.

Corollary 4.4.4. Suppose in addition that (I))sea, @s another |®|-tuple with the
same property as (£)y in Theorem[{.4.3. For each j € Zy,, let

AED
If there is perfect state transfer from x to yi, and from x to z; for some j, k € Z,,\{0},
then {y;,z;} is a linearly dependent set for each j € Zy,.

Proof. Suppose there is perfect state transfer from x = zy to z;, and x =y, to yi
for some j, k € Z,,\{0}. Then by Theorem [£.4.2(4), there is PST from x to z;, and
from x to y; with minimum PST time j7 and phase factor 47 for all j € Z,,\{0}.
By Proposition f.4.1} y; and z; are linearly dependent for all j € Z,. O]

Corollary 4.4.5. Perfect state transfer occurs on m-strongly cospectral pure states

is monogamous if and only if m = 2.

Proof. If m > 3, then PST on m-strongly cospectral pure states is non-monogamous
by Corollary [£.4.3] Now, let x be 2-strongly cospectral with y and z. If we have PST
from x to y and from x to y,, then Theorem {4.4.2(2) and Corollary implies

that y; and ys are linearly dependent. In this case, PST is monogamous. O]

Theoremalso reveals a cyclic behaviour of PSTon B = (X = yo,y1, - Ym-1),
which we call a PST block relative to the |®y|-tuple (£,). Note that a PST block for
m-strongly cospectral pure states always has size m. If B = (x = 29,21, ..,Zm_1)
is another PST block that involves x relative to another |®x|-tuple (I), then Corol-
lary implies that the vectors in each coordinate of B and B’, which are y; and
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z;, are linearly dependent for each j € Z,,. This shows that a pure state involved
in m-strong cospectrality belongs to at most one PST block (up to ‘coordinate-wise’
linear independence of blocks). This in turn implies that the assignment of a pure
state involved in m-strong cospectrality to a PST block is monogamous. Moreover,
this important observation allows us to view PST on m-strongly cospectral pure

states as an equivalence relation with the PST blocks as equivalence classes.

4.5 PST when |9 =2

It is known that if n > 3, then vertex states that admit PST have eigenvalue supports
of size at least three [74, Theorem 3.4]. This follows from the fact that PST between
vertex states e, and e, implies that |®F | > 2 and [®_ . | > 1. For pure states
in general, this need not be the case. In this section, we examine the properties of

pure states admitting PST with eigenvalue supports of size two.

Corollary 4.5.1. Let x,y € C" with &5 = {1, \o}.Perfect state transfer occurs

from x to'y if and only if they are strongly cospectral. In particular, if E;x = € E;y

= p2—p1+2kom
[A1—=Az]

if o — p1 and Ay — Ao have opposite signs and kg = 0 otherwise.

for some p; € [0,27), then the minimum PST time is , where kg = 1

Proof. Since &, = {\1, Ao}, Proposition allows us to write x = u; + uy, where
cach u; is an eigenvector associated with an eigenvalue \; € ®. By Theorem
x,y are strongly cospectral if and only if y = (;u; +(ous, in which case E;x = (;E;y
for each j. If we write (; = €' for some pu; € [0,27), then p1 # p2 by Remark .
In this case, €7™1¢; = €™2¢, holds at time 7 = #2142+ fo1 3] integers k. Thus,

YRS
the above corollary holds by Theorem O

Remark 4.5.2. In the proof of Corollary if each u; is a real eigenvector for

Aj, and ¢; = —C3 = 1, then we obtain real pure states x,y.

Remark 4.5.3. If x = e, and y = e, are strongly cospectral, then |®,| > 3 by [74]
Theorem 3.4] and so Corollary does not apply to vertex states whenever n > 3.

Corollary 4.5.4. If M has at least two distinct eigenvalues, then perfect state trans-

fer occurs in a quantum walk relative to M.

As M is an irreducible real symmetric matrix, it has at least two distinct eigen-
values. Thus, the following is immediate from Corollary [4.5.4] and Remark [4.5.2]
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Corollary 4.5.5. A quantum walk on an irreducible real symmetric matriz admits

perfect state transfer between pure states. These pure states may be taken to be real.

Since the Hamiltonian M respects the adjacencies in X, M is irreducible if and
only if X is connected. Thus, the following is immediate from Corollary |4.5.5|

Corollary 4.5.6. All connected graphs onn > 2 vertices admit perfect state transfer

between pure states. These pure states may be taken to be real.

Remark 4.5.7. Corollary applies to any graph G that is not empty (that is, G

has at least one edge) since such graph will have at least one connected component.

4.6 Prescribed PST

We now show that any periodic pure state admits PST.

Theorem 4.6.1. Let x € C" be periodic with minimum period p. For any integer
m > 2, there exists y € C" that is m-strongly cospectral with x and perfect state
transfer occurs from x to'y at £.

Proof. Let m > 2 and ®, = {\q,...,\.} with » > 2. By Proposition [3.3.2] we may

write x = Z u;, where each u; is an eigenvector associated with an eigenvalue A;. If
=1

p is a period of x, then at time p, the phase factor is v = ¢'*» for each j by (3.7.2).
By De Moivre’s Theorem,

yUm = gipdime2metiim - for any {; € Zy,. (4.6.1)

For each j, choose an integer ¢; € Z,, such that ged(¢;, m) = 1 for at least one j and

l; # Uy for at least two indices j, k. Let ; := ¢2™/™ and define y := »_(ju;. By

j=1
Theorem [3.5.12] x,y are m-strongly cospectral. Combining this with (4.6.1)) yields
PST from x to y at 2 by Theorem with phase factor /™. O

Remark 4.6.2. In the proof of Theorem [£.6.1], if x € R”, we may take each u; as a

real eigenvector associated with A;, and (; = £1, so that y is also real.

Theorem implies that in a periodic graph, any pure state admits PST with
another pure state to which it is m-strongly cospectral with.

Next, we establish that for any pure states x and y, there is a Hermitian matrix
H such that PST occurs from x to y relative to H. Recall that A o B denotes the
Schur product of matrices A and B.
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Theorem 4.6.3. Let x,y € C". For all 7 > 0, for all unit complex number v and
for all integers 2 < r < n, there exists a Hermitian matriz M such that |®y| = r

and perfect state transfer occurs from x to'y at time T with phase factor .

Proof. Let x,y € C" and 6 € [0,27) be the angle such that y*x = e|y*x|. Fix a
unit complex number v = €* with u € [0,27), and an integer r such that 2 <r < n.
Choose real vectors a = [a;],b = [b;],c = [¢;],d = [d;] € R” such that at least one

of a, b is nonzero, at least one of c,d is nonzero, and
aoct+bod=0 and a’d-b’c=0. (4.6.2)

There are many such vectors. For example, one may take a, b to be arbitrary vectors

in R” with b having all entries nonzero, and then choose ¢ to be a real vector that

2 2 2 2
is orthogonal to the vector [%, %, o “%b;b%]T, and d be a real vector such that
d; = —agﬁ for each 7. Once the a, b, c,d are chosen, define
J
zi=a+bi and zy;=c+di (4.6.3)

which are nonzero complex vectors in C". Since aocc+bod = 0 by (4.6.2)), it follows
that a’c + b’d = 0. Combining this with a’d — bTc = 0 in (4.6.2), gives us

7'z, = (a’ — b’i)(c +di) = (a’c + b’d) + (a’d — b’ c)i = 0.

Onfr

n—r

z z
Now, consider the complex vectors [ ! } , [ 2 € C", which are orthogonal

because zjz; = 0. Observe that

1 VAl 1 [ Zo
{u;,uy} = {HZ1|| { 0. ] ,m 0. ]} (4.6.4)

and i0 0
(v1,va} ::{ Xtey X—€y } (4.6.5)
[x + ey | [lx — ey
are orthonormal sets. So we may extend them to orthonormal basestd = {uy,...,u,}
and V = {vy,...,v,} for C" respectively. Then there exists a unitary matrix @
such that Qu; = v; for each j. If we write @ = [wy,...,w,], where wy,..., w, are

columns of (), then the equations

Qu1 =V and QUQ = Vo
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are equivalent to

x+e’y =m) a;w; and x—ely =y ) fiw;,

Jj=1 j=1
where Z = [al’ ey Gy 0’ e 70]T7 Z; = [617 cee 767“7 07 e 7O]T7 M= ||X|—;_Zeliﬁy|| and
Yo = Hxﬁze;ﬁy”. Solving for x and y in the above equation gives us
1 T
X=5 > (may +728;) w; (4.6.6)
j=1
and
0 - (e — 728) w (4.6.7)
Now, let
= . no;— Y285
G =

¥ (mia; +720;)
Since aoc+bod = 0 from (4.6.2), we have |y1a; + 725;| = |11¢; — 72/3;]. Therefore,
G| = 1G] = 1. Setting u; := 5 (%ozj + 72/3;) W;, we obtain

?juj = (71043' — 2) Wi,

1
2619

in which case, we may rewrite x and y in and ( - as

x=> u; and y=> (u;. (4.6.8)
j=1 j=1
Now, let {\1,...,\,} be a set of n distinct real numbers and consider the Hermitian
matrix .
M = A\w;w}. (4.6.9)
j=1

Since holds, Theorem implies that x and y are strongly cospectral
relative to M with E;x = (E;y for each j € {1,...,r} and Ex = 0 for ¢ ¢
{1,...,r}. Therefore, |®y| = r. Finally, if we let (; = €% where 6; € [0, 27), then
we may each choose \; such that \;7 =y — 6; (mod 2). In this case, we get

y = et = el +0) = eithic,

for each j. Invoking Theorem[£.1.3] we conclude that PST occurs from x to y relative
to M at time 7 with phase factor v and |®y| = r. O
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4.7 Constructions

In this section, we present constructions of pure states that admit PST.

Corollary 4.7.1. Perfect state transfer occurs from x to'y if and only if it occurs

from ¥ to X at the same time and the same phase factor.

Proof. AsU(t) ' =U(7), weget U(T)x =1y <= U(1)Xx=7y <= U(1)y =X
Alternatively, conjugating the equations in conditions 1 and 2 of Theorem [4.1.3]yields
the desired result. O

Theorem 4.7.2. Let { > 2. If perfect state transfer occurs from x; to'y; for all j €

{1...,0} at the same time T with phase factor v, then for all (ay,. .., as) € CA\{0},
¢ ¢

perfect state transfer occurs from Z a;x; to Z a;y; at time T with phase factor .
i=1 j=1

Proof. By assumption, U(7)x; = vy, for each j € {1,...,¢}. Therefore,

J=1

U(r) (Z %‘Xj) =Y aU(1)x; = 7;%‘3@

from which our result follows. O
Our next result is straightforward from (3.6.2).

Theorem 4.7.3. For j € {1,2}, let x;,y; € C% such that X, and y; are linearly
independent. Perfect state transfer occurs from X1 ® Xo to y1 ® yo at time T relative
to the Hamiltonian My ® I, + I,,, ® My if and only if either

1. x5 and y9 are linearly independent, perfect state transfer occurs from x; to y

relative to My, and from Xy to yo relative to Ms, both at time T; or

2. X9 and yo are linearly dependent, xo and ys are periodic relative to My at time

T, and perfect state transfer occurs from xy to yi relative to My at time 7.

If the Hamiltonian in Theorem is replaced by aD + A, then we get a result
for Cartesian products of graphs. Next, we have the following result applies to direct

products of graphs when the Hamiltonian is replaced by A.

Theorem 4.7.4. Let m > 2, x € C™ and for j € {1,2}, let y; € C"™. Let y;
and yo be m-strongly cospectral pure states and suppose perfect state transfer occurs

from yi to yy relative to My with minimum PST time T and phase factor v that is
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a primitive pth root of unity. If p divides m and each A € & is an integer such that
A =1 (mod m), then perfect state transfer occurs from x ® y; to X ® yo relative to

My ® My at time T and phase factor 7.

Proof. By assumption, Uy, (7)y1 = vy2 for some unit complex number . As y; and
y are m-strongly cospectral, invoking Corollary yields Uy, (7)y1 = 7'y for
any integer £ = 1 (mod m). Because p divides m, we have 7* = . Moreover, since

each \ € @, is an integer such that A =1 (mod m), (3.6.7) gives us

Urnomn (M) (x@y1) = Y, Exx@Us(A)y1 = Y ExxX®7y2 =7(x® y2).

Aedy Aed,

Equivalently, PST occurs from x ® y; to x ® y» relative to M; ® Ms at time 7 and
phase factor ~. O

Lastly, we have a result about joins.

Theorem 4.7.5. Let x =

b
! Y = Y1 € Cm*™ gnd x,,y; € C™ with
X2 Y2

17x; = 1Tx, = 0. If X and Y are connected graphs, then the following hold.

1. Letxy; # 0 and x9 = 0. Then perfect state transfer occurs fromx toy in XVY
relative to M € {A, L} if and only if perfect state transfer occurs from x;y to

y1 in X at the same time.

2. Let x1,%x5 # 0. Relative to A, perfect state transfer occurs from x; to yy in
X, and from X5 to yo in'Y both at time 7 if and only if perfect state transfer
occurs from x toy in X VY at time 7 with the same phase factor. Relative
to L, perfect state transfer occurs from x; toy; in X, and from xg toys in'Y
both at time T with phase factors v, and vo satisfying y1€™"2 = Y™ if and

only if perfect state transfer occurs from x toy in X VY at time 7.

Proof. If 1Tx; = 1Tx, = 0 and X,Y are connected, then (3.6.11) and (3.6.15)

respectively gives us

2] t U t
Utyx=| g g = | DA
e UL(X2) (t)XQ UA(Xz)(t)XQ
From this, the above Theorem is immediate. O]
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5

PST between m-strongly

cospectral states

As we have seen in the previous chapter, m-strongly cospectral pure states are special
because perfect state transfer on such quantum states not only requires periodicity
for the pure states involved (see Theorem[1.2.3)), but it also satisfies a weak symmetry
property (see Theorem [4.3.3), a ‘cyclic’ property (see Theorem [£.4.22)) and a non-
monogamy property when m > 3 (see Corollary .

In this chapter, we further examine perfect state transfer on m-strongly cospectral
pure states. We provide a number-theoretic characterisation for perfect state transfer
on such pure states, and characterise all paths and cycles that admit perfect state
transfer on m-strongly cospectral pure states relative to A and L. We also determine
the forms of all pure states y that admit perfect state transfer from an arbitrary
vector x in complete graphs and complete bipartite graphs relative to A and L. Last
but not the least, we utilise results on the spread of graphs to prove that among
all n-vertex simple unweighted graphs, the least minimum PST time on m-strongly
cospectral pure states relative to the Laplacian is attained by any join graph, while
relative to the adjacency, it is attained by the join of an empty graph and a complete

graph of appropriate sizes.

5.1 Characterisations

We start with the main result in this chapter.

Theorem 5.1.1. Let x,y € C" with & = {\1,..., A}, where r > 3. Let m > 2

and suppose X and 'y are m-strongly cospectral with E;x = eiQﬂj/mEjy for each j,
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where {; € Ly, and ged({;,m) = 1 for some j. Then perfect state transfer occurs

from x toy if and only if both conditions below hold.

1. For each j > 2, f\‘i:;é = z—j, where p;,q; € Z and ged(p;, qj) = 1.

2. For each j > 2, ®2 = (; — {y (mod m), where ¢ = lem(qa,qs,...,q-) and

q;
pe = qa = 1. In particular, ¢ = ly — {1 (mod m).
In addition, if ¢ =0, then {1 = {; if and only if v,,,(q) > vim(q;). Meanwhile, if ¢ # 0
(mod m), then ¢y = {; if and only if p; = 0 (mod m). Furthermore, the minimum

PST time is 7 = £ where p is given in Theorem (2)

Proof. Let E;x = €*™%/™ By for each j, where ¢; € Z,, and ged(£;,m) = 1 for some
j. PST occurs from x to y with minimum PST time 7 if and only if condition 2 of
Theorem M(Q) holds. Equivalently, e =%) = l2m(&=6)/m That is,

T()\l — )‘j) = 277'(6]' - 51)/m + 27T8j (511)

for some integer s; > 0. Without loss of generality, suppose A\; > Xy. By the last

statement in Theorem [£.4.2] x and y are periodic with a minimum period p = mr,

where p = ,\12327 where ¢ = lem(gs, .. ., ¢,), and pj, ¢; are integers satisfying ’A\i::\\; =
’;—; and ged(pj, g;) = 1. This proves 1. Since 7 = %, 5.1.1|) gives us % ={;—0

(mod m) for each j > 2. In particular, since py = g2 = 1, we get ¢ = ¢, — {1 (mod
m). This proves 2. The converse is immediate.

Now, suppose ¢ = 0 (mod m). Since each ¢; divides ¢ and ged(p;,q;) = 1, it
follows that either (i) ¢; = 0 (mod m) and p; # 0 (mod m), or (ii) ¢; # 0 (mod
m). For case (i), it must be that ¢; — ¢; # 0 (mod m) whenever v,,(q) > v,(g;)
while ¢; — ¢; # 0 (mod m) whenever v,,(q) = v4,(g;). For case (ii), it must be that
l; — 0y # 0 (mod m). It follows that ¢; = ¢; (mod m) if and only if v,,(q) > v (g;).
On the other hand, if ¢ # 0 (mod m), then each ¢; # 0 (mod m). Hence, ¢; —¢; # 0
(mod m) if and only if p; =0 (mod m). O

If we restrict the elements of ®, in Theorem to be algebraic integers, then

we obtain the following result.

Corollary 5.1.2. With the assumptions in Theorem[5.1.1], suppose in addition that
by = by in Ly, and Py is a set of real algebraic integers closed under taking alge-
braic conjugates. Then perfect state transfer occurs from x to 'y if and only if both

conditions below hold.
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1. For each j > 1, \j = %(a + bj\/z), where A > 1 is a square-free integer and

a,b; are integers, and each \; is an integer whenever A = 1.

2. For each j > 3, we have

M=
gVA

=/(; —{; (mod m)

In particular, £, = £; if and only if Vm(’\i/_g’\j) > Um(g), where g is given by

g = ng(Ai/_Z/\Q,,)\i/_Z)\T)

.o . . . o
Further, the minimum PST time is given by 7 = VA

Proof. Combining Theorem [5.1.1(1) and Theorem [2.3.5] yields 1. Using the form of

A\j’s in 1, we get ¢ = lem(qa,...,q,) = lem(® sz ...,blg:bQ) = bl;bz = /\;\7%2 and
¢ = L;jb? = AIW, where g; = gcd( ’\2 Ai/g ). Thus, we have
bi—b b1—b;

wi _ (192><1gj ) _bi=by A=A

q; L;’Q g gVA
Hence, %j = (; — {; (mod m) if and only if Al\ﬁj = (; — {; (mod m). And so it
follows that ¢, = £, if and only if v, (2522) > 1y(g). O

J Y VA g

Remark 5.1.3. Suppose m < r (equivalently, there are more spectral idempotents
than the elements of Z,,). By the Pigeonhole Principle, there is at least one ¢ € Z,,
such that Ejx = 2™/™E;y and Eyx = 2™/mEy for at least two indices j,k. In
this case, we may reorder the eigenvalues in Theorem such that j = 1 and
k = 2, in which case ¢; = {5. Consequently, Corollary applies whenever m < r.

5.2 Complete graphs

Here, we characterise PST in simple unweighted complete graphs K, relative to the
adjacency matrix M = A. Since complete graphs are regular, our results for this

family also apply to the Hamiltonian aD + A for all a € R.

Theorem 5.2.1. Perfect state transfer occurs from x to'y in K, at time T relative

to aD + A if and only if x ¢ span{1}, x is not orthogonal to 1, v =" and
itn __ 1 1T
y=x+ <(€>X> 1. (5.2.1)
n
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Additionally, if x,y are m-strongly cospectral, then the minimum PST time is %
Proof. 1If x € span{1} or x is orthogonal to 1, then x is fixed. Otherwise, (3.1.6))
yields e'Uy(t)x = x + (%) 1. By Theorem [3.7.8(1), K, is periodic with

p= 27”, and so applying the last statement in Theorem 4.4.2|completes the proof. [

From Theorem [5.2.1] any vector x € C" such that x ¢ span{1} and x is not
orthogonal to 1 admits PST in K,, at any time 7, and for a fixed choice of 7, the
vector y to which x admits PST to is given in . This illustrates that in general,
there is no direct connection between the minimum PST time and the minimum
period, unless we impose the additional assumption that x and y are m-strongly

cospectral, in which case p = m7 by the last statement in Theorem |4.4.2

5.3 Complete bipartite graphs

Next, we characterise PST in simple unweighted complete bipartite graphs K,
relative to the adjacency matrix M € {A, L}, starting with the case M = A.

Vb1,
e
be eigenvectors for A(K,p) associated with 0 and ++/ab respectively. Perfect state
transfer occurs from x to'y in K, at time 7 and phase factor -y relative to A if and

only if | x| > 2, v =1 and

X1

Theorem 5.3.1. Letx = [ ] ,y € Co* wherex; € C*. Letz and v+ =

X9

a

((17x1)(Re(e™e) — 1)L 4 (17x5)i Tm (V) L) 1

S

=X+ . . 5.3.1
Y ((A7xp)iIm(eVe) L 4 (17%,) (Re(e ™) — 1)§) 1 (531)
Additionally, if X,y are m-strongly cospectral, then the minimum PST time is m%

Proof. Since K, = O,V Oy, (3.6.14)) yields the spectral decomposition for A(K,;):

etvVab | b1 \abJ| e ™eb | pJ  —\abJ
2ab |VabJ aJ 2ab | —abJ aJ |’

IL,—J 0

Ua(t) =

The condition that x € span{v™,v™,z} and x ¢ span W for any two-subset W of
{v*,v7,z} guarantees that |Px(A)| > 3. Simplifying y = Us(7)x yields the form
of y in the above theorem. Applying the last statement in Theorem completes
the proof. n
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Relative to L, (3.6.10) gives us the transition matrix for K :

itn b’J —abJ . I,—%J 0
UL(t) = LS T et “
n abn | —abJ a2J 0 0

4 eita

0 0
0 I,—1J |’

where n = a + b. Using the same argument in the proof of Theorem yields the

following result.

X
Theorem 5.3.2. Let x = | .y € C* where x; € C*. Letu, v and w be
X2

eigenvectors for L(K,;) associated with a, b and n = a+ b respectively. Perfect state
transfer occurs from x to'y in K, at time 7 and phase factor v relative to L if and
only if |Px| > 2, v =1 and

B 6 X + (1 X1 (CL + belT'rL _ nein) + 17;1xz (1 _ eiTn)) 1 (5 3 2)
y = en’zzx + (1 X2 (b + aen’n _ neiTa) + lTnxl (1 _ eirn)) 1 ..
Additionally, if x,y are m-strongly cospectral, then the minimum PST time is mg#(ab)'

Remark 5.3.3. Let |®4(A)| > 3. Relative to A, perfect state transfer occurs from x
toy in K, at time 7 and phase factor ~ if and only y has the form given in and
x € span{v", v~ z}, x ¢ span )WV for any two-subset W of {v', v, z}. Meanwhile,
relative to A, perfect state transfer occurs from x to y in K, at time 7 and phase
factor v if and only y has the form given in and x € span{l,u,v,w}, x ¢
span W for any two-subset W of {1,u, v, w}.

1,
Example 5.3.4. Let x = 0 .y € C**. Note that x is the characteristic vector
of the partite set of K,; with size a. By Theorem [5.3.1] we have PST in K, from

X to y at time 7 relative to A if and only if

1, + (Re(e™ab) — 1)1,
y = .
(iTm(e™VeP) )1,
f ™ i 0 .
Thus, if 7 = CN/R then y = vay |- Now, by Theorem [5.3.2, we have PST in

K, from x to y at time 7 relative to L if and only if

% (a+ be'™) 1,
1_617'71) b ’

2
n
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Figure 5.1: Let S7 and S5 be the set of vertices coloured blue and pink, respectively.
Up to a normalization factor, PST occurs from eg, to eg, in K33 relative to A but
not L (left), and PST occurs from eg, to eg, in K33 relative to A and L (right).

1

2 (a—0b)1, 0

n ) ) . In particular, y = whenever a = b.
W Ly

This example illustrates that any bipartite graph has perfect state transfer from the

Thus, if 7= 2, then y =

characteristic vector of one partite set to another (scaled) relative to A, while this is

only possible relative to L when the partite sets have equal sizes. See Figure [5.1]

5.4 Cycles

For cycles, we adopt the convention that V(C),) = Z,, and vertices j, k are adjacent
whenever |k — j| = 1 (mod n). The eigenvalues and eigenvectors of C,, are well-
known, see [16, Section 1.4.3]. For our purposes, we provide normalised eigenvectors

for C, in the following lemma.

Lemma 5.4.1. The eigenvalues of A(C,) are 0; = 2cos(2jm/n), where 0 < j < [§].
An associated eigenvector for 0y = 2 is vo = ﬁl, while an associated eigenvector for
0 = —2 whenever n is even is va = ﬁ[l,—l, L,—1,...,1,—-1]7. For1<j< 5

we have the following associated eigenvectors for \;:

2 27 4 2j(n— )\ 1"
v = - 1, COS(n)’ COS(n)’ <++ . COS B

and

_ /2[ | <2j7r) | <4j7r) | <2j<n—1)7r>r
Vp—j=14/—10,sin{—]), sin{—), -+, sin | —— )
n n n n

Moreover, {vq,...,Vv,_1} is an orthonormal basis for R™.

We are now ready to characterise m-strongly cospectral pure states that admit
PST in cycles. Since Corollary takes care of the case |®x| = 2, we only focus
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on the case when |®y| > 3. Moreover, since cycles are regular, our results for this

family relative to A also apply to the Hamiltonian aD + A for all o € R.

Theorem 5.4.2. Let m > 2, n > 3 and x,y € C". Suppose x and 'y are m-strongly
cospectral, P = Py (A) is closed under taking algebraic conjugates and |Px| > 3.
Then C,, admits perfect state transfer from x to 'y relative to aD + A if and only if

one of the following conditions hold.

1.n =2k, x=avo+blarve + aavsn) + c(B1ve + S2van) + d(11ve +72va) +evae
and 'y = e PTMavy + e TP MY (g va + aaven ) + e P e(Biva + Bovan) +
6*12”54/md(71V% + ygv%n) + e*i2ﬁ5/m6V%, all conditions below hold mod m

1 2 3 4

62—£1E*, 63—615*, 64—615* and 65—615*,
Y g 9 g

and one of the conditions below hold.

(a) If b# 0 ord # 0, and ¢ = 0, then k =0 (mod 3) and g = 1. In this case,
O, C {+1,+2).

(b) Ifb £ 0 ord # 0, and ¢ # 0, then k =0 (mod 6) and g = 1. In this case,
0 € By, By C {0, £1, £2} and Dy £ {0, £2}.

(c) Ifb=d =0, and ¢ # 0, then k = 0 (mod 2) and and g = 2. In this case
o, = {0, £2}.

2. n =12k, x = ala1vsy + aavor) + b(Bivi + Baviie) + (11 Vsk + 12var) and y =
67i2ﬂ-£1/ma(a1V3k + agvr) + 67127r€2/mb(5lvk + Boviik) + 67127rf3/m(,ylv5k + YaVi)

and the following conditions hold mod m:
bo—li=m—1 and V53—V, =1. (5.4.1)

In this case, ®5 = {0,4+/3}.

3. n = 8k, x = ala;var + aover) + b(B1vi + Pavar) + c(11Var + Y2vse) and y =
e 2 /ma (Vo + aver) + e T2TMb(B1vy + Bavay) + €M ey vay, 4+ Yavik)
and both conditions in hold mod m. In this case ®(M) = {0, +v/2}.

In all cases above, each {; € Z,, and ged(¢;,m) =1 for at least one j. Moreover,
a,b,c,d,e € C are such that |a|]* + |b]* + |¢|* = ||x||* in 2-8 with a,b,c # 0, and
la|?+[b]2+|c|*+|d|?+e|? = ||x||* otherwise. Furthermore, (ay,as), (B1, B2), (71,72) €
C\{(0,0)} such that |on|* + |a|* = |B1]* + |B2]* = m|* + |12]* = 1. The minimum

PST times in 1(a), 1(b), 1(c), 2 and 3 are %, %, -, Tj—\% and mQ—\%, respectively.
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Proof. Let &, = ®4(A) be closed under taking algebraic conjugates and assume
|®x(A)| > 3. Since A is an integer matrix, ®, consists of real algebraic integers.
Thus, we may invoke Corollary [5.1.2] Assume x and y are m-strongly cospectral
pure states, and PST occurs from x to y. By Corollary (1), the eigenvalues in
®, are either all integers, or all quadratic integers. Thus, by Corollary the
clements in ® differ by at least one. Since |6;| < 2 by Lemma [5.4.1] we get |®4] < 5.

We have two cases.

Case 1. Let &4 C Z so that &, C {0,£1,+2}. By Proposition [3.3.2, we may
express

X =avo+bu+cw +dz +eve,

where a,b,c,d,e € C and u,w, z are eigenvectors associated with 9% =102 =0,

0

n = —1, respectively. The latter implies that we may write

u=ave +QVsn, W= 51V% 4+ Bovan, and z= YVz + Y2V,
6 4 3

where (aq,as), (81, 82), (71,72) € C\{(0,0)}. As |®4| > 3, ®, contains one of
0,1, —2, and hence n must be even. Write n = 2m for some integer m. Since X,y

are m-strongly cospectral, Theorem allows us to write
y = e—iQﬂﬁl/maVO + e—i?ﬂfg/mbu + e—i27r€3/mcw + 6—i27r€4/mdz + e—i2ﬂ'€5/mev%’

where each (; € Z,, and ged(¢;, m) = 1 for at least one j. Invoking Corollary [5.1.2(2)
with \y =2, Ao =1, A3 =0 Ay = —1 and \y = —2, we get PST from x to y if and
only if lo — {1 = é, by — ¥, = %, by —V = % and (5 — 0 = 3 (mod m). In particular,

we have two subcases.

e Let b# 0 ord# 0. Then § or ¥ is an integer. If ¢ = 0, then we get m =0 (mod

3) and &, C {£2,%1}. This proves 1(a). If ¢ # 0, then we also have that % is
an integer, and so m = 0 (mod 6). In this case, 0 € &y, &, C {£2,0,£1}, and

O, # {0,+2}. This proves 1(b). In both cases, g = 1.

e Let b=0and d =0. As |Dy| = 3, we have 0 € ®,. Thus, ¢ # 0 which implies
that n = 0 (mod 4). In this case, &, = {0, £2} and g = 2. This proves 1(c).

Case 2. Let O, (A) C {2, S(a£bVA), J(a£bvV/A)}, where a, by, by, A are integers
such that by > by > 0 and A > 1 is square-free. Note that 5 is an integer as it is a
root of a polynomial with integer coefficients. Since || < 2, we get a € {0, £2, £4}.

If a = 2, then [3(2 & b;V/A)| < 2 implies that b; = 1 and A € {2,3}. However,
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%(2 + V/A) are not quadratic integers whenever A € {2,3}. Thus, a # 2 and
similarly, a # —2. Now, if a = 0, then |%b]\/Z| < 2, where %bj is an integer, and so
we get that b; = 2 and A € {2,3}. Since by # by, the case |Px(A)| € {4,5} does not
happen. Thus, |®4(A)| =3 and A € {2,3}. We have the following subcases.

e Let A = 3 so that &, = {0,++/3}. By Lemma [5.4.1, {0,4++/3} C spec(A(C,))
n n 5n
47120 12
z=aove + QpVan, U= Blvl% + BQV% and w = MVan + V2Vin.

if and only if n = 12m and j € { }. Thus, x = az + bu + cw, where

o Let A =2, so that &, = {0,4+/2}. A similar argument yields n = 8m and x =

az+bu+cw, where z = QVz +aoVan, U = B1V% +Fovin and W = 1 Van +7Y2Vsn.
4 8 8 8

Using the same argument in Case 1 yields 2-3. The Pythagorean relations involving
a,b,c,d, e and (oq, az), (b1, £2), (11, 72) follow from the fact that {v;} is an orthonor-
mal basis for R”. The minimum PST times are immediate from Corollary [5.1.2, [

Remark 5.4.3. Fix m > 2. For each n > 3, let 7, be the least minimum PST time

in C),, amongst all m-strongly cospectral pure states relative to A. If n is even, then

we have 7,, = 3, which is attained by x = avo—l—ng and y = avg+e?™/ me%, where

¢ € Z,, such that ged(¢,m) = 1. In this case, &, = {£2} and 7, is independent of n.
On the other hand, if n is odd, then we have 7,, = m,

X = avy+ bvanl and y = avg + eiQﬂZ/mbvanl, where ¢ € Z,, such that ged(¢,m) = 1.

which is attained by

In this case, ®x = {2, —2cos(X)} and 7, = 5~ as n — oo.
From Theorem [5.4.2] the following is immediate.

Corollary 5.4.4. If n is not divisible by 4 or 6, then perfect state transfer does
not occur in C, between m-strongly cospectral pure states relative to oD + A. In

particular, perfect state transfer does not occur in C,, between real pure states.
The following example illustrates Theorem [5.4.2]

Example 5.4.5. Let m > 2 and n = 2k for some £ = 0 (mod 4). Invoking
Theorem |5.4.2(1(c)), the vectors

x = avy + c(five + fovan) + evay (5.4.2)
and

y = e 2™/ Mgy, + 6712#@3/mc(ﬂ1V% + Bovan) + €7i2ﬂ€5/m6V% (5.4.3)
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admit PST in C, if and only if the following hold mod m:
Eg — El = ]_, and €5 — 61 = 2. (544)

In this case, ®x = {0,£2}, the minimum PST time is =, a® + ¢* + €* = |x||* and
B2 + B3 = 1. Additionally, if /; =0 and a = e = \%c = %, then the following hold
from (522, (A3) and (1),

1. Let m =2, /3 =1 and {5 = 0. Then x and y are real pure states admitting PST

at time 7.
2
(a) If (51, B2) = (1,0), then x = a(vy + \/§V% +vn) = > ey and y = a(vo —
3=0
nq
\/§V% + V%) = Z e4j+2. In particular, if n = 8, then x = ey + e4, and
§=0

y = e + €4, while if n =12, then x = ey + e4 + eg and y = e5 + €5 + €yp.

(b) If (B1, 52) = (0,1), then x = a(v0+\/§v%n +vz)=1[1,1,1,-1,...,1,1,1, 1]
and y = a(vg — \/EVL%” —l—V%) =[1,-1,1,1,...,1,—1,1,1]. In particular, if
n=8, thenx=1[1,1,1,-1,1,1,1,~1] and y = [1,~1,1,1,1, - 1,1, 1.

2. Let m =4, {3 =1 and /5 = 2. Then x and y admit PST at time 7, where x is a
real pure state and y is a nonreal pure state. In particular, the following hold.

nq

(a) If (B1, f2) = (1,0), then x = a(vy + \/§V% +ve) =) ey andy =a(vo—
=0
i,1,i,1,...,—i,1,i,1]. In particular, if n = 8, then

i
x =eg+eqand y = 3[—i,1,i,1,—i,1,i,1].

(b) If (B1, B2) = (0,1), then x = a(v0+\/§v%n +ve)=1[1,1,1,-1,...,1,1,1, —1]

and y = a(vo — iﬁv% - Vg) = Z e +1 Z e;. In particular, if n = 8§,
7 odd j odd
then we obtain x = [1,1,1,—-1,1,1,1,—1] and y = (1 —1)[0,1,0,1,0, 1,0, i].

5.5 Paths

For paths, we adopt the convention that the vertices of P, are labelled so that vertices
J, k are adjacent whenever |k — j| = 1. We start with the adjacency matrix. The
adjacency eigenvalues and eigenvectors of P, are well-known, see [16, Section 1.4.4].

Again for our purposes, we provide normalised eigenvectors for A(P,) below.
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Lemma 5.5.1. Foreach j € {1,...,n}, an eigenvector associated with an eigenvalue
[ = 2cos (ﬂ> of A(P,) is

n+1
o () o () oo () |
zZ; = sin , sin , ..., sin )
n+1 n+1 n+1 n+1
Moreover, {z1,...,2z,} forms an orthonormal basis for R™.

We now characterise PST on pure states in paths relative to A. Again, since
Corollary takes care of the case |®x| = 2, we only focus on the case |Px| > 3.

Theorem 5.5.2. Let m > 2, n >3 and x,y € C". Suppose x and 'y are m-strongly
cospectral, &5 = Dy (A) is closed under taking algebraic conjugates and |Py| > 3.
Then P, admits perfect state transfer from x to 'y relative to A if and only if one of
the following conditions hold.

1. n+ 1= 6k, and either

(a) x = azsy + bzoy, + CZag, y = e 2l /Mg ga + e 2Tl /Mg, 4 o123/ Mg and

the conditions in hold mod m. In this case, P = {0, £1}.

(b) X = azsy, + bzy + czs, y = e 2 M azgy, + e 2/ Mpgy 4 T2/ Mez g and
the conditions in hold mod m. In this case, ®, = {0, 4+/3}.

2. n+1=4k, X = azop, + bz + cz3, y = e T/ agy, + e 122/ Mgy 4 o128 /m g0,
and the conditions in hold mod m. In this case, ®, = {0, +/2}.

In all cases above, each {; € Zy, and ged({;,m) = 1 for at least one j. Moreover,
a,b,c € C\{0} are such that |a* + |b]* + |c|* = ||x||*. Moreover, the minimum PST

times in 1(a), 1(b) and 2 are %’r, nf\’;g and mQ—\%, respectively.

Proof. Let |®x| > 3 and ®x be closed under algebraic conjugates. As |u;| < 2,

Corollary [3.7.18 yields |®4(A)| = 3. By Lemma [3.7.3] we get two cases. If &(A) C
Z, then using the same argument as Case 1 of the proof of Theorem to show

1(a). If ®x(A) = {%,1(a £ bV/A)}, then one may use the argument in Case 2 to
obtain 1(b) and (2). O

The following is immediate from Theorem [5.5.2]

Corollary 5.5.3. If n+ 1 is not divisible by 4 or 6, then perfect state transfer does
not occur in P, between m-strongly cospectral pure states relative to A. In particular,

perfect state transfer does not occur in P, between real pure states relative to A.
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We now illustrate Theorem [5.5.2]

Example 5.5.4. Let m > 2 and n+1 = 4k. Invoking Theorem [5.5.2)2), the vectors
X = aZoy, + bzy, + C2z3y, (5.5.1)

and
y = e—iQﬂ'Zl/maZQk + 6—12#62/mbzk + 6—i27r€3/mczgk (552>

admit PST in P, relative to A if and only if the following hold mod m:
EQ — El =m — ]_, and Eg — fl =1. (553)

In this case, ®, = {0, 205 and o + 02 + ¢ = [|x||%.

Additionally, if ¢/, = 0, then (5.5.1)), (5.5.2)) and (5.5.3)) yield the following.

1. Let m=2,0, =03 =1, and a = v2b = 2c = Vz’f} Then x and y are real pure

states admitting PST at time ﬁ7 where

1552 15]
1 2 2
X = a | zop + —=(2k + 2Z31) Z €gj+1 — Z €gj—1
V2
=1

and
kfl

1
y = a(zo, — ﬁ (2 + Z31)) Zesg 3— Z €g;+3,

where the second summand in the first equation and the first summand in the

second equation are absent when k = 1. In particular, the following hold.

(a) If k£ = 1, then we have PST between e; and e3 in P;.
(b) If k£ = 2, then we have PST between e; — e; and e3 — e5 in P.

(c) If k = 3, then PST occurs between e; — e; + €9 and e3 — e5 + €7 in Pyy.

2. Letm=4,0,=3,(3=1,and a = 2b = 2c = V\’gl. Then x and y admit PST at

time QL\@, where

1
X=a (zzk + §(Zk + z3k))

n+1

— le l%_g (1 + f(—l)j*) ey (‘1 " f(_l)j_lﬂ
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and
n+1

n+1 n+l
1 - o
Yy=a (Z% + 1§(Zk - Z3k)> = Z (€4j_3 —eqj_1) +1i Z €4 9.
j=1 j=1

In this case, x is a real pure state and y is a nonreal pure state. In particular,
the following hold.

(a) If k=1, then we have PST from [1 + ?,O, -1+ @] to [1,i, —1] in Ps.

(b) If k = 2, then we have PST from [1 + ¥2,0,1 — Y2 +¥2 0, —1 — ¥2] to
[1,i,—1,0,1,i,—1] in P.

For the Laplacian case, the eigenvalues and eigenvectors of P, are well-known,

see [10, Section 1.4.4]. We provide normalised eigenvectors for L(P,) below.

Lemma 5.5.5. For j € {1,...n — 1}, an eigenvector associated with an eigenvalue
6, =2 (1 — COS (%)) of L(P,) is

2 <j7r) <3j7r) <5j7r) 2n—1)7\ 1"
W, ={|— — - -, ... —
; Sleos (G cos (5 )y cos (o) , COS 5
1

while an eigenvector associated with 6y = 0 is wg = \/ﬁl. Moreover, {wq, ..., Wy, 1}

is an orthonormal basis for R™.

The same argument in the proof of Theorem yields an analogous result for

the Laplacian case.

Theorem 5.5.6. Letm > 2, n >3 and x,y € C". Suppose x and 'y are m-strongly
cospectral, P = Py(A) is closed under taking algebraic conjugates and |Px| > 3.
Then P, admits perfect state transfer from x to 'y relative to L if and only if one of

the following conditions hold.

1. n =3k, x = awy + bw% + ewy + dwy, v = e 2/ Mawy, + e‘mfz/mbw% +
e 12/ m ey e 2T/ M v |k is even whenever b # 0 and the following conditions
hold mod m

by —li =1, l3—01 =2, and l,— 1l =3.

In this case, ®x = {3,2,1,0} if b # 0 and & = {3,1,0} otherwise.

2. n =6k, X = aWsy + bWy, +cWy,, y = e 20/ Mgy 4 e 270/ My 4 2T/ M ey

and the conditions in hold mod m. Here, ®, = {2,2 4 /3}.

3. n =4k, X = aWop +bWa, +cWy,, y = e 20/ Mgy + e 2T/ Mpyrg 4 T2/ M ey
and the conditions in hold mod m. Here, ®, = {2,2 4+ /2}.
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In all cases, a,b,c,d € C are such that |a* + |b]* + |c|* + |d|* = ||x||* in (1) and
la|®> + |b]* + |c¢|* = ||x||* otherwise. Moreover, the minimum PST times in 1, 2 and

2 2 2 3
3 are =%, 3 and oL respectively.

Remark 5.5.7. If the coefficients a, b, ¢, d, e € C of the vector x in Theorems [5.4.2]
5.5.2| and [5.5.6] are chosen such that a? = e?™/m_ p2 = ei2rle/m 2 — ei2nls/m

d? = e274/m and e? = 275/ then we obtain a characterisation PST on vectors x

and its conjugate X which are m-strongly cospectral.
From Theorem [5.5.6] the following is straightforward.

Corollary 5.5.8. If n is not divisible by 3 or 4, then perfect state transfer does not
occur in P, between m-strongly cospectral pure states relative to L. In particular,

perfect state transfer does not occur in P, between real pure states relative to L.
The next example illustrates Theorem [5.5.6]

Example 5.5.9. Let m > 2 and suppose n = 3k. Invoking Theorem [5.5.6{1), the
vectors
X = aWgy + Wy, + dwy (5.5.4)

and

y = e M gy 4 e T2 M ew 4 e T2 gy (5.5.5)

admit PST in P, relative to L if and only if the following hold mod m:
bs—t¢; =2, and {4, —{; =3. (5.5.6)

In this case, &, = {3,1,0}, the minimum PST time is 2T and a® + ¢* + d* = ||x[|.
Additionally, if /; = 0, then (5.5.4), (5.5.5)) and (5.5.6)) yield the following.

1. Letm:2,€3:0,€4:1anda:%:%zg—‘{g. Then x and y are real pure

states admitting PST at time 7, where

n

3
esj2t D e

j=1
d Jj even

'Mw\:

o
=

X = a(w2k+ V3w + \/§W0> =

j
and

y=a <W2k + V3w — \/§Wo>

n
3

%
Y (es0—2es 1 —2es;) — Y (2352 +2e3; 1 — ey;)
j=1
J

W —

j=1

j odd j even
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In particular, the following hold.

(a) If £ =1, then we have PST between e; and %[1, —2,—2] in P;.
(b) If k = 2, then PST between e; + eg and 1[1, -2, —2,—2, -2, 1] in F.
2. Let m=4, (3 =2, 0, =3, anda:%:%:%. Then x and y admit PST at

time 7, where x has the same form as above and

Y = a(wa, — V3wy +V2w,) = (i—1)(esj—2 +eg5-1) + (i+ 2)es;)

Wl =
.'Mw\s

<
ol
Qo

d

(i — 1)(63j_1 -+ egj) + (i + 2)63j_2).

<

+
W
'Mw\s

ol
<IN
o

J

In this case, x is a real pure state and y is a nonreal pure state. In particular,
the following hold.

(a) If k =1, then we have PST from e; to 5[i —1,i—1,i+ 2] in P,
(b) If k = 2, then PST from e; +eg to 5[i—1,i—1,i+2,i+2,i—1,i—1] in P

We close the section with the following remark.

Remark 5.5.10. Fix m > 2. For each n > 3, let 7,, be the least minimum PST

time in P, amongst m-strongly cospectral pure states. We have 7, =

us

2m cos(57)
relative to A, attained by x = az; + bz, and y = az; + €2™/™bz,. In this case,

®y = {£2cos(;77)}. Meanwhile, we have 7, = T relative to L, attained

m(l—i—cos(%
by x = awg + bw,_; and y = awg + ¢2™/™bw,,_;. In this case, &, = {0,2(1 —
cos(@))}. In both cases, we must have ¢ € Z,, such that ged(¢,m) = 1 and

Tn —> 5 a8 N —» 00.
m

5.6 Minimising PST time

The following result determines the pure states x and graphs X such that the mini-

mum period of x in X is the least amongst all unweighted connected n-vertex graphs.
Theorem 5.6.1. Let x € C" and M € {A, L}. The following hold.

1. Amongst all connected unweighted n-vertex graphs, x attains the least minimum
period in X relative to L if and only if X = Gy V Gy with |V(G;)| = n; for

nal,,
j€{1,2}, n =ny 4+ ny, and x € spany 1,, 2m )
_nllnz
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2. There exists an integer N > 0 such that for all connected unweighted n-vertex

graphs withn > N, x attains the least minimum period in X relative to A if and

—A"1,| |21,
only if X = O,V K,_, witha:[gw,andXEspan{[ ],{ ]},

al,_q al,_q

where Ai:%(n—a—li\/(n—a—1)2+4a(n—a)).

Moreover, for 1 and 2, we have p = %’T and p = 2n (~ ”T\/g for large

\/(n—a—1)2+4a(n—a)

n), respectively.

Proof. Let A1 and Ay be the largest and smallest eigenvalues of M. We first prove
1. By assumption, 0 is a simple eigenvalue of L(X) with eigenvector 1,,. Moreover,
every eigenvalue A of L(X) satisfies A < n with equality if and only if X is a join
graph. Thus, for any two eigenvalues \; and Ay of L(X), the Laplacian spread
A1 — A9 is maximum if and only if A\ = n and A3 = 0. Invoking Theorem m(l),
the least minimum period is attained if and only if X = GV G for some graphs G

1,
on n; vertices, j € {1,2} and ®x(L) = {0,n}, in which case p = £ and H2tm

n
—ny 1n2

is the eigenvector associated with n. To prove 2, we use a result due to Breen,
Riasanovsky, Tait and Urschel [15] states that there is an N > 0 such that if n >

N, the maximum adjacency spread A\; — Ay over all connected n-vertex graphs is

attained uniquely by the complete split graph X = O, V K,,_,. In this case, we
have Ay = AT, Ay = A" and A = (n—a—1=+ \/(n—a— 1)2 + 4a(n — a)) so that
A — A= \/(n —a—1)2+4a(n—a) (= % for large n). The same argument used

in the above case yields the desired conclusion. O]

We are now ready to determine the forms of m-strongly cospectral pure states
x,y and the graphs X such that the minimum PST time from x to y in X is the

least amongst all unweighted connected n-vertex graphs relative to A and L.
Corollary 5.6.2. Fiz m > 2 and let x,y € C" be m-strongly cospectral.

1. Amongst all connected unweighted n-vertex graphs, the least minimum PST

time from x to y relative to L is attained if and only if the conditions in

Theorem [5.6.1(1) hold and

T
1 . 1 1, 1,
y = —(1Ix)1, 4 e2r/m——— [ | "I ) ]
n ninan \ [—n;l,, —n11,,

2. There exists an integer N > 0 such that amongst all connected unweighted n-

vertex graphs with n > N, the least minimum PST time from x to y relative
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to A is attained if and only if the conditions in Theorem |5.6.1(2) hold and 'y
has the form below, where D* = j:a()\i)\/(n —a—1)2+4a(n —a).

T T
1 [ [-a1, AL e L[ [ _MF,
= — X e — X .
YD || ale aly,_q D\ | al,—, aly_q

2% and 2
mn m\/(nfafl)2+4a(nfa)

The minimum PST time in 1 and 2 are

(=~ ”m—‘f for large

n), respectively.

Proof. This follows from Theorem [5.6.1] the fact that |®x(M)| = 2, Theorem[3.7.8(1),
and the last statement in Theorem [4.4.2] In particular, one may solve for y in 1 and

2 using (3.6.10) and (3.6.10) and noting that ®,(L) = {0,n}, ®,(A) = {\*} and

the minimum PST times are 7 = 2T 2z (~ ™2 for large
m\/(n—a—1)2+4a(n—a) mn

n), respectively. O]

and 7 =

We close this section with the following remarks.

Remark 5.6.3. As n — oo, the least minimum PST times in Corollary both
tend to 0, in contrast to the least minimum PST time for sparse graphs like paths
which tend to 3 by Remark [5.5.10L Thus, the join graphs in Corollary are

desirable if a smaller minimum PST time is preferred.
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6

Real state transfer

In this chapter, we focus on perfect state transfer on real pure states. We provide
a characterisation of perfect state transfer on real pure states and show that such
a characterisation coincides with that of PST on m-strongly cospectral pure states
with m = 2. Our characterisation also recovers a well-known characterisation of
perfect state transfer between vertex states due to Coutinho [32]. We also provide
characterisations of weak and strong cospectrality on real pure states, which recovers
the characterisations of cospectral and strongly cospectral vertices due to Godsil and
Smith [56]. Moreover, we investigate the quantum state transfer properties of pure
states with nonnegative entries. In particular, we show that periodicity of pure states
with nonnegative rational entries is a rare phenomenon relative to a Hamiltonian with
nonnegative entries. We also include a survey of results on unweighted graphs that
admit perfect state transfer between real pure states.

Let x # 0 be a real vector. Observe that for any time ¢ > 0, there is perfect state
transfer between x and yU (t)x for some unit v € C. But as U(t) has complex entries,
we are not guaranteed that yU(¢)x has real entries. Now, suppose YU (7)x has real
entries. If there is perfect state transfer between x and another vector y € R", then
Theorem with m = 2 implies that y = +£yU(7)x. Without loss of generality
suppose y = yU(7)x. Additionally, if 7 is the minimum PST time between x and y,
then Corollary with m = 2 implies that every PST time is an odd multiple of
7. Hence, if t = (2k + 1)7, then

VU (t)x =U(r)*U(r)x = U(r)*y =7"y.

That is, y = v?**1U(t)x. From this, we deduce that for every v € C, there is at most
one real vector in the set {yU(¢t)x : t > 0} distinct from +x. This demonstrates that
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the existence perfect state transfer between real pure states is a special occurrence,
and therefore warrants an investigation.

This chapter is based closely on a joint work of the author with Dr. Stephen
Kirkland and Dr. Chris Godsil [53]. The results presented in this chapter are the

contributions of the author to this joint work.

6.1 Perfect state transfer

In this section, we survey results about perfect state transfer between real pure states
that are immediate from the previous chapters.

If x and y are real vectors that are strongly cospectral, then they are 2-strongly
cospectral. Applying Theorem [£.2.3] and Corollary [£.2.4] we recover a fundamental
result about periods and PST times between real pure states, first established by
Godsil in Lemmas 2.3 and 5.2 in [52].

Corollary 6.1.1. Let x and y be real vectors. If perfect state transfer occurs from

x toy with minimum PST time T, then the following hold.
1. Perfect state transfer occurs from x to 'y at any odd multiple of 7.

2. x and 'y are periodic any even multiple of T and their minimum period is 27.

That is, the minimum period is half the minimum PST time.
The next result is immediate from Corollary by taking m = 2.

Theorem 6.1.2. Let x,y,z € R™. If perfect state transfer occurs from x to'y, and

from x to z, then y = +z.

Invoking Corollary or Theorem with m = 2 and ¢ = ¥2, we recover the
symmetry property of PST between real pure states first observed by Godsil [52].

Corollary 6.1.3. Let x and y be real vectors. Perfect state transfer occurs from x

toy if and only if it occurs from y to x at the same time and the same phase factor.

Remark 6.1.4. By Theorem [1.1.3(1) and Remark [3.5.4] real vectors with PST are
2-strongly cospectral, so Remark [4.3.4] allows us to say ‘PST between x and y at
time 7’ in lieu of ‘PST from x to y at time 7. This also follows from Corollary [6.1.3]

We characterise PST between real pure states x and y whenever || = 2.
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Corollary 6.1.5. Let x,y € R" with &, = {\1,\a}. The vectors x and 'y admit
perfect state transfer if and only if x and y are strongly cospectral. In this case,
x = au; + Buy andy = auy — Buy for some a, 8 € R\{0} with o® + 3% = ||x||* and

unit eigenvectors u; associated with \j. The minimum PST time is T = Pl

Proof. This follows from Corollary [4.5.1] and Theorem [3.5.12] with (, = £1. The
minimum PST time follows from Theorems|3.7.8(1) and [4.4.2(2) with m = 2. O

Corollary 6.1.6. If X is a weighted k-reqular bipartite graph with bipartition B

and By, then perfect state transfer occurs between the characteristic vectors ep, and

T

2%
the vertices of X such that the first a = |By| vertices belong to By, then the real pure

1, 0,
X = and =

admit perfect state transfer in X.

ep, in X, where |By| = |By| and the minimum PST time is That is, if we order

states

Proof. Since X is bipartite and regular, it is necessary that |B;| = |Bs|. Let a =
|B;| Since X is k-regular, k is an eigenvalue of A with associated unit eigenvector
u = \/%12(1 = \/%(831 +ep,). Since X is bipartite, —k is also an eigenvalue of A
with eigenvector uy = \/%(egl —ep,). Taking a =5 = m and A\ = =Xy =k in
Corollaryyields PST between x and y with minimum PST time 7 = - relative
to A. Finally, the result also applies to aD + A because X is regular. O

Example 6.1.7. Let X = C),, where n is even. Since C,, is 2-regular, Corollary
implies that PST occurs between eg+es+...+e,_s+e, and e;+es3+...+e,_3+e,_;

at time 7 = g.

We now utilise Theorem [5.1.1] to obtain the most general characterisation of PST

on real pure states whenever |®,| > 3.

Corollary 6.1.8. Let x,y € R" with &, = {\1,..., \.} for somer > 3. The vectors

X and y admit perfect state transfer if and only if x and y are strongly cospectral,
A1—);
A;A;
and one of the following conditions holds.

= % for each j > 3, where p; and q; are integers such that ged(pj,q;) = 1,
J

1. If &3, = {\1}, then p; and q; are odd for each \; € O .

2. If|®F | > 2 with A\, Ay € ®F , then for all \j, A, € @L , and A, € OF \{ A1, Ao},

x,y’
V2(Qj> = V2(Qk) > v5(qp),
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where each v5(qn) above is absent whenever |0 | = 2.
Moreover, the minimum PST time is §, where p is given in Lemma [3.7.§

Proof. Suppose perfect state transfer occurs between x and y. By Theorem [4.1.3]
it must be that x and y are m-strongly cospectral. Since x,y are real vectors,
Remark implies that m = 2. Hence, we have E;x = €2™%/2 where (; = 0 if
Aj € ®f and £; = 1 otherwise. By Theorem |5.1.1(1), we may write /A\:;; = Z—j
for each j > 2, where p;,¢; € Z and ged(p;,q;) = 1. By Theorem [5.1.1)(2), we also
have that %j = (; — {1 (mod 2) for each j > 2, where ¢ = lem(q2,¢s,...,¢-) and
p2 = @2 = 1. In particular, ¢ = ¢, — £, (mod 2). If ®F = {\}, then /; = 0 and
¢; =1 for all j > 2. Hence, ¢ is odd and %j is odd for each j > 2. From this, 1 is
straightforward. Now, if A, \s € @, then {; = {5 = 0, and so ¢ is even. Suppose
An € D \{A1, Ao} and Aj, A € Oy so that £, = 0 and ¢; = £, = 1. Then £ is

even and %, % are odd. The former implies that v5(q) > v5(gs), while the latter
J

implies that v2(q) = 12(q;) = v2(qx). This proves 2. O

Combining Corollary and Theorem [3.7.10] recovers the characterisation of
PST on vertex states due to Coutinho [32, Theorem 2.4.4], which happens to apply
to real pure states whose eigenvalue supports have sizes at least three. Such a

characterisation can also be derived from Theorem [5.1.2| where m = 2 and ¢; = 0.

Corollary 6.1.9. Let x,y € R" such that |®x| > 3 and Oy is a set of algebraic
integers, closed under algebraic conjugates. Then X andy admit perfect state transfer

if and only if all conditions below hold.
1. The vectors x and y are strongly cospectral.

2. Each eigenvalue \; € O is of the form A;j = (a+ bivVA), where a, b;, and A

are integers and either A =1 or A > 1 is a square-free natural number.

8. Let \y € ®f . For all \y € ®f and \j, \p € 5, we have

X,y x,y’
V2<>\1—>\h o (M (M
VA VA ) VA )

In the case that there is PST between x and 'y, the minimum PST time is VA where
g is given in Theorem[3.7.8.

We close this section with the following result.
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Corollary 6.1.10. Let x,y € R™ be linearly independent. For all 7 > 0 and for
all integers ri,ro > 1 such that ri + ro < n, there exists a real symmetric matrix
M such that perfect state transfer occurs between x and y relative to M at time T,

\(IJ,ty\ =711 and |OL | = 7.

Proof. We modify the proof of Theorem [£.6.3] Set r = r; + ro. Since x and y are
real, we may take 6 = 0 in the proof of Theorem [4.6.3, Moreover we may choose

1, 0,
7, = ! and 1z, = 2
07"—7"1 17"1

in (4.6.4), and so the orthonormal ¢/ and V may be taken to be a set of real vectors,
and hence () may be taken to be an orthogonal matrix. From this, it follows that
the matrix M in (4.6.9) is real symmetric. This yields PST between x and y relative

to M at time 7, with |<I>;£y| = r; and |<I>;’y| = ry. O

6.2 Strong and weak cospectrality

In this section, we establish characterisations of weak and strong cospectrality for

real pure states.
Theorem 6.2.1. Let x,y € R™. The following are equivalent relative to M.

1. The pure states x and'y are weakly cospectral.
2. For all integers k > 0, x" M*x = y" M*y.
3. The walk modules Wy (x +y) and Wy (x —y) are orthogonal subspaces of R™.

4. There is an orthogonal matriz Q such that QM = MQ, Q* =1 and Qx =y.

Proof. The equivalence of 1 and 2 follows from Theorem [3.4.6] Since x,y € R",
the term Im(y*M’x) in is equal to zero for each j. Thus, Wy (x +y) and
W (x —y) are orthogonal if and only if x? M7x — yT M7y = 0 for each j. Hence, 2
and 3 are equivalent. To finish the proof, we prove that 3 implies 4, and 4 implies
2. Assume 3 holds. Suppose Wy (x +y) and Wy, (x — y) are orthogonal and let
Wy be the orthogonal complement of Wy (x +y) & Wy (x —y). Now, let @ be the
orthogonal matrix such that @x = x for all x € Wy, (x +y) & Wy and Qx = —x for
all x € Wy(x —y). Clearly, Q* = I, and because

20x=Q((x+y)+(x-y)) =(x+y) - (x—-y) =2y,

83



we have Qx = y. Since Q? = I, we also have Qy = x. Finally, if u € Wy (x+y)UW,
and v € Wy (x —y), then using the fact that Wy, (x +y), Wy and Wy, (x —y) are

M-invariant, we obtain
QMu=Mu=MQu and QMv=-Mv=DMQv,

from which it follows that QM = M. This proves 4. Now, suppose 4 is true. Then
M = QMQ@, and because Q? = I, we get M* = QM*Q for all integers k > 0. Since
Q=Q ' =Q" and Qx =y, we obtain

XM x = xT(QMFQ)x = (x"QT)MH(Qx) = (Qx)" M (Qx) = y" MPy.

This proves 3. O

For real pure states, we say that x and y are strongly cospectral if

for each j. This allows us to partition ®, into two sets @3
Remark [3.5.4]

Remark 6.2.2. Let d = |®,|. Taking m = 2 in Remark [3.5.3] we obtain 247! — 1

vectors y that are strongly cospectral with x.

and @, . defined in

The following result characterises strong cospectrality on real pure states. It may

be viewed as an extension of a characterisation of strongly cospectral vertices due to
Godsil [56, Theorem 10.2].

Theorem 6.2.3. Let x,y € R™. The following are equivalent relative to M.

1. The pure states x and 'y are strongly cospectral.

2. There exists a nonempty proper subset o1 of @y such that the orthogonal matrix

Q= > E\—-> E

AED\o1 Ocoy
is a polynomial in M satisfying QM = MQ, Q*> =1 and Qx =y.

3. There exists a nonempty proper subset o1 of @y such that

Xx= Y w+ > u and y= > uy — > up,

AeDK\o1 0co AEDK\o1 0co
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where uy and gy are real eigenvectors associated with the eigenvalues in Py.

Moreover, if 2 or 8 holds, then x and y are strongly cospectral with @,J;y = &, \oy

and O, = 01.

Proof. Let M = Z AE, be the spectral decomposition of M. We prove 1 implies
AEspec

2, 2 implies 3 and 3 implies 1.

To prove 1 implies 2, assume x,y € R" are strongly cospectral. By Theorem 3.5.
they are weakly cospectral. Thus, by Theorem M(Zl), there is an orthogonal
matrix @ such that QM = MQ, Q* = I and Qx = y. Recall that Wy (x +y) is
generated by {M’x:j=0,1,...,n—1}. Since MV(x+y) = Yo NEA(X +Y)
and F\x = +FE)y, it follows that Wy, (x + y) is generated by

> NEx:j=0,1,...,n—1

Aedf

Also, since M E\x = AE)X, it follows that W), (x +y) is a direct sum of eigenspaces
that correspond to @:gy. Using the same argument, W)y, (x +y) is also a direct sum
of eigenspaces that belong to ® . By Theorem (3), Wy (x+y) and Wy (x—y)
are orthogonal subspaces of R". Thus, if ®y := spec(M)\ P is nonempty, then the
orthogonal complement Wy of Wy (x+y)® Wy (x—y) is a direct sum of eigenspaces

that belong to ®,. Thus, we may take

Q= >, Ex—- > E (6.2.1)

AEDF LU 0edy y

Since each E) is a polynomial in M by Proposition [2.3.2] it follows from (6.2.1)) that
@ is a polynomial in M. Taking o, := ®_  establishes 2.
We now prove 2 implies 3. By Proposition we may write X = > e\ Unt

> 9eo, Up. Since x =y, we obtain

Qx = ( Z E, — ZEg) ( Z uy + Zug) = Z Eyu, — ZEgngy.
AED,\ oy 9co1 AED\o1 o AED\ o1 o
Finally, we prove 3 implies 1. By assumption, u, and uy are real eigenvectors
associated with the eigenvalues in ®,. Thus, if § € o, then we get Eyx = >4, Foup
and Epy = — Y yc,, Eoug, from which it follows that Eyx = —FEpx. Similarly, if
A € &, \oy, then Fy\x = E)\x. Thus, E\x = +E)y for all A € &4 so 1 holds. O

85



Remark 6.2.4. By replacing x = e, and y = e, in Theorems [6.2.1] and [6.2.3]

we respectively recover the characterisations of cospectral and strongly cospectral
vertices due to Godsil and Smith (see Theorems 3.1 and 10.2 in [56]).

Remark 6.2.5. Suppose X is a weighted walk-regular graph. For each A € spec(A),
we have (E;)yu = (E})v, for allu,v € V(X). From Theorem [6.2.1)(2), this condition

is equivalent to the fact that A* o I is a constant multiple of I for all integers k& > 0.

6.3 Nonnegativity

We now investigate how the nonnegativity property of pure states affect their quan-
tum state transfer properties.

The covering radius of a set S C V(X) is the least nonnegative integer r such
that each vertex of X has distance at most r from S. Note that the maximum value
of r in X is equal to the diameter of X. Moreover, S is a dominating set if and
only if r = 1. We also note that if S = {u} then the covering radius of S is the
eccentricity of vertex u. The covering radius of a vector x € R™ is defined as the

covering radius of the set
S={uecV(X):x"e, #0}.

For more about covering radius, see [37, Section 5.2].

We require the following lemma [49, Lemma 4.1].

Lemma 6.3.1. Suppose x € R" is not a fixed state and has covering radius r. If M

and x are entrywise nonnegative, then |®x| > 1+ 1.

Remark 6.3.2. If X is a primitive strongly regular graph and S = {u, v}, where
u and v are adjacent, then r = 2 but x = e, — e, satisfies |®4(A)| = 2. Thus,

Lemma [6.3.1] need not hold if x is not entrywise nonnegative.

Proposition 6.3.3. If u is a non-isolated vertexr in X and n > 3, then |®e,| > 2.

If we further suppose that e, is involved in strong cospectrality, then |®,| > 3.

Proof. A non-isolated vertex in a graph has covering radius at least one, so Lemmal6.3.1
yields |®e,| > 2. The second statement follows from [74, Theorem 3.4]. O

An alternate proof for the first statement in Proposition [6.3.3]is as follows. Since

X has no isolated vertices, a vertex state e, is not an eigenvector for M. Thus, e, is
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not a fixed state by Proposition [3.3.3] which yields |®e,| > 2. Thus, Corollary
does not apply to vertex states, but Corollaries and do.

Theorem 6.3.4. Let M and x € R"\{0} be entrywise nonnegative.
1. If |Px| = 2, then x is periodic and the covering radius of x is at most one.

2. Suppose x is periodic relative to M. If |®x| > 3 and Py is a set of real algebraic
integers, closed under taking algebraic conjugates, then the covering radius of

x is at most 2k, where k is the maximum row sum of M.

Proof. Let r be the covering radius of x. Since M and x are entrywise nonnegative,
Lemma gives us
r+1<|Dy. (6.3.1)

Combining this with Theorem [3.7.8 (1) yields 1. Next, let A; be the spectral radius
of M. Because |®y| > 3, Oy is a set of real algebraic integers, closed under taking
algebraic conjugates and x is periodic, Corollary implies that

By < 221 + 1. (6.3.2)

Since A\; < k, combining (6.3.1)) and (6.3.2]) yields
1< |0 <2M\ +1 <2k + 1,

from which the result in 2 follows. O]

Remark 6.3.5. Theorem applies to A. Further, if we take M = kI — L, then
any eigenvector for L is an eigenvector for M, and so A € &, relative to L if and

only if £ — \ € &, relative to L. Consequently, Theorem [6.3.4] also applies to L.

Theorem 6.3.6. For each k > 0, there are only finitely many connected graphs X
with positive integer weights and mazximum degree at most k such that a real vector

X with nonnegative rational entries is periodic relative to A or L.

Proof. First, assume that X is a connected unweighted graph with maximum de-
gree k. Suppose x is a periodic pure state with nonnegative rational entries. By
Lemma [3.3.7], ® is closed under taking algebraic conjugates. Let r be the covering
radius of x. Since x is not fixed, we have |®x| > 2, and so applying Theorem [6.3.4]
to M € {A,kI — L} yields r < 2k. This implies that the diameter of X is at most
2k. Since k is fixed, there are only finitely connected graphs with diameter at most

2k. This remains true if we assign positive integer weights to X. O]
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Note that the above theorem remains true for the adjacency matrix even if the
graphs in question have loops of positive integer weights, since this condition does
not change the fact that » < 2k (from Theorem and the covering radius is at
most the diameter of the graph. Since we may represent the adjacency matrices of
the class of connected graphs with positive integer weights and maximum degree at
most k using irreducible nonnegative matrices with integer entries having maximum

row sum at most k, we obtain the following corollary to the above theorem.

Corollary 6.3.7. For each k > 0, there are only finitely many irreducible nonneg-
ative integer matrices M with maximum row sum at most k such that a real vector
X with nonnegative rational entries is periodic relative to M. The matrices M need

not be hollow.

Theorem m generalises Godsil’s result on periodic vertex states [51], Corol-
lary 6.2] and Kim et. al’s results on periodic s-pair states with nonnegative rational
entries [64, Corollary 3.5]. We also note that Theorem need not apply if x has
a positive and a negative entry; see [80] for instance for an infinite family of trees

with maximum degree three admitting PST between pair states.

Remark 6.3.8. The argument in the proof of Theorem|[6.3.6|applies when the Hamil-
tonian taken is D + A, where a > 0 is an integer. If A;(NV) is the largest eigenvalue

of a matrix N, then using the fact that aD and A are nonnegative matrices yields

Thus, we may replace the inequality r < 2k in Theorem by r < 2(a+ 1)k, in
which case, we obtain the same result. Lemma [3.3.6] also implies that Theorem [6.3.0]

applies to nonnegative vectors x whenever ax has rational entries for some a > 0.

6.4 Families

In this section, we survey results about PST between real pure states in complete
graphs, complete bipartite graphs, cycles, and paths. Since Corollary takes
care of the case |®x| = 2, we only focus on the case when |®y| > 3.

The following is immediate from Theorem [5.2.1]

Theorem 6.4.1. The vectors x,y € R"\{0} admit perfect state transfer in K,
relative to aD + A if and only if x ¢ span{1}, x is not orthogonal to 1 and y =

X — 2(1TTx)1_ In this case, the minimum PST time is 7.
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For the complete bipartite graph K, ;, we have the following result relative to A.

Theorem 6.4.2. Let x = X1 Yy € R where x; € R™ and |®y| > 3. Let

X2
b1,
z and v = Vo be eigenvectors for A(K,p) associated with 0 and +vab

+./al,

respectively. Then x and 'y admit perfect state transfer in K, , relative to A if and

only if x € span{v™, v~ z}, x & span W for any two-subset W of {v*, v~ z} and

In this case, the minimum PST time is T = —=.

Vab
Proof. This follows from Theorem by taking m = 2 and 7 = \/% O

We also state an analogous result for K, relative to L.

Theorem 6.4.3. Let x — | " Yy € R where x; € R™ and |®y| > 3. Let u, v
X2

and w be eigenvectors for L(K,p) associated with a, b and n = a + b respectively.
Then x and y admit perfect state transfer in K,y relative to L if and only if x €
span{l,u,v,w}, x ¢ span W for any two-subset W of {1,u,v,w} and one of the

following conditions hold.

_—Xl -+ %(1TX1)]_

1. v5(a) = v(b) and y =
»(a) 2() y _—x2+%(1Tx2)1

—x1 + 2((17x0) + (17%y))1 '
| X2 + 2((17%;) — 2(17x9))1

2. ry(a) > (b)) andy =

31+ 2((17%) — 2(17x1))1

5. va(a) <1a(b) andy = —xg + 2((1"%1) 4 (17%2))1 |

The minimum PST time in all cases above is m.

Proof. This follows from Theorem by taking m = 2 and 7 = - u

cd(a,b)

Next, we deal with cycles.

Theorem 6.4.4. Let n > 3 and x,y € R". Suppose &5 = Py(A) is closed under
algebraic conjugates and |Ox| > 3. Then C,, admits perfect state transfer between x

and y relative to aD + A if and only if one of the following conditions hold.
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1. n=2k, x =avg+ b(alv% + agv%n) + c(ﬁlv% + Bgv:%n) + d(%V% + 'yzv%n) +evn
andy = avo— b(alVg +Oz2V%n) +C(51Vg +52V%Tn) - d(%Vg +72V%n) +eve, b#0
ord # 0, and either

(a) If c =0, then k=0 (mod 3). In this case &5 C {£1,£2}.
(b) Else, k=0 (mod 6). Here, &, C {0,£1,£2}, 0 € O, and O, # {0, +2}.

2. n=4k, x = avo+b([1 Vi + favsk) + Vo, andy = —avo+ b(51vE + Savsg) — CVag.
In this case &5 = {0, £2}.

3. n =12k, x = a(agvsg + agvog) + b(B1vk + Baviik) + c(nVse + Y2Vik) and y =
alayvsy + aavor) — b(B1vE + Baviig) — c(11Vsk + avre). Here, @, = {0, £1/3}.

4. n = 8k, x = alayvar + aaver) + b(B1vik + Savrr) + c(V1Var + Y2Vsk) and y =
a(alvzk —+ OéQVGk) — b(ﬁle + 62V7k) — C(’}/lng + 72V5k). Here, (I)x = {0, :|:\/§}

In all cases above, a,b, c,d,e € R are such that a>+b*+c* = ||x||? in 2-4 with a,b, c #
0, and a® + b* + * + d® + €* = ||x||? otherwise. Further, (a1, ), (b1, B2), (71,72)
€ R:\{(0,0)} such that of + a3 = 7 + 5 =7 + 75 = 1. The minimum PST time
in (1)-(4) ism, 3, NG and T respectively.

Proof. We apply Theorem with m = 2 and ¢; = 1. Since x,y are real, we
may take the scalars a,b,c,d,e and the ordered pairs (ay,as), (81, 52), (71,72) in
Theorem as real. In particular, 1(a) and 1(b) follow from Theorem [5.4.2|1a-
b), while 2 follows from Theorem [5.4.2)1c) with the vector x in Theorem [5.4.2{1)
reexpressed as X = avo + b(S1va + favan ) + cvy (since b = d = 0 in this case).
Lastly, 3 and 4 follow from Theorem [5.4.2)2-3). ]

In Example [5.4.5] we saw examples of real pure states that admit PST in Cs and
C12. We complement these examples by providing instances of PST between real

pure states in Cj.
Example 6.4.5. The following hold in C.

1. Let x = avg + bvy + dvs + evs and y = avy — bvy — dvsy + evs, where b # 0
and d # 0. In this case &, = {£1,+2}. Lettinga =e = % and b =d = %,
and applying Theorem 6.4.4(1) with ¢ = 0, a; = 7, = 1 yields PST between

e and %(ep — 2e; — 2ey4) at time 7.

2. Let x = avg + bvs + dvy + evg and x = avg — bvs — dvy + evg. In this
case &y = {£1,+2}. Letting a = —e = % and b = d = %, and applying
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Theorem [6.4.4(1) with ¢ = 0, ap = 72 = 1 yields PST between e; + 2e; and
e3 + 2e;5 at time m. By reordering the vertices of Cj, this is equivalent to PST

between ey + 2e, and eg + 2e4 at time .
3. By Example , the vectors ey + e, + ey and e; + e3 + e; have PST at 7.

The same argument above applied to Theorems|5.5.2)and [5.5.6[yields the following

results for paths relative to A and L, respectively.

Theorem 6.4.6. Let n > 3 and x,y € R™. Suppose Oy = Py (A) is closed under
algebraic conjugates and |Ox| > 3. Then P, admits perfect state transfer between x

and y relative to A if and only if one of the following conditions hold.
1. n+ 1= 6k, and either

(a) x = azsy + bzop + cZyy and 'y = azgy, — bzay, — CZyy,

(b) x = azsy + bzy, + czs, and 'y = azgy, — bzy — czsy, or
2. n+1=4k, x = azop + bz + cz3, and y = azop — bzy, — cz3p.

In all cases above, a,b,c € R\{0} are such that a® + bv* + ¢* = ||x||*>. The minimum

PST times in la, 1b and 2 are 7, % and %, respectively.

Theorem 6.4.7. Let n > 3 and x,y € R™. Suppose 5 = P(L) is closed under
algebraic conjugates and |Px| > 3. Then P, admits perfect state transfer between x

and y relative to L if and only if one of the following conditions hold.

1. n =3k, x = awqg + bw% + Wy +dwg, y = —awgy, + bw% — cwy, + dwyg, and
k is even if b # 0.

2. n =6k, X = awsg + bws, + cwy and y = awsg, — bwsp — cwy,.
3. n=4k, X = awg + bwsi + cwy and y = awo, — bWsp — CWy.

In all three cases, a,b,c,d € R are such that a® + b* + ¢ + d* = ||x|* in 1 and
a’ +b* + ¢ = ||x||? otherwise. The minimum PST times in 2 and 3 are 75 and 7,

respectively, and w otherwise.

Next, we determine the forms of real pure states x,y and the graphs X such that
the minimum PST time between x and y in X is the least amongst all unweighted
connected n-vertex graphs relative to A and L.

The following result is obtained from Corollary by taking m = 2.
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Corollary 6.4.8. Let x,y € R".

1.

Amongst all connected unweighted n-vertex graphs, x and 'y attain the least min-
imum PST time relative to L if and only if the conditions in Theorem |5.6.1|(1)
hold and

T
1 1 nol, nol,,
y:—(lfx)ln—— 2om X 2Em
n ning(ny + ng) —n11,, —n11,,

There exists an integer N > 0 such that amongst all connected unweighted n-
vertexr graphs with n > N, x and y attain the least minimum PST time relative
to A if and only if the conditions in Theorem (2) hold and y has the form
below, where D* = ia()\i)\/(n —a—1)2+4a(n — a).

T T
1 -1, -1, 1 -\"1, -\*1,
- X - X :
YT D al, al, o | Dt \|al,q al, g

The minimum PST time in (1) is =. Otherwise, it is o for all suffi-

\/(n—a—1)2+4a(n—a)

ciently large n.
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7
Vertex state transfer on joins

We devote this and the next chapter to vertex states, which are pure states of the
form e,, where u is a vertex in a graph X. We say that perfect state transfer occurs
between vertices v and v in X if their corresponding vertex states e, and e, admit
perfect state transfer. For brevity, we also say vertex PST, in lieu of perfect state
transfer between vertex states. We say that vertex u is periodic if e, is periodic. In
particular, if vertices u and v exhibit PST relative to A (respectively, L), then we
also say that u and v admit adjacency PST (respectively, Laplacian PST). Similar
language applies to periodicity and strong cospectrality relative to A and L.

Vertex PST has been extensively studied over the last two decades. Our goal
in this chapter is to contribute to the existing body of work by addressing vertex
PST in join graphs. This chapter is based closely on a joint work of the author with
Dr. Stephen Kirkland [66]. The results presented in this chapter are the contributions
of the author to this project.

7.1 Joins: motivation

The graphs K5, Cy P3, and K4\e are well-known examples of small graphs that admit
PST relative to M € {A, L}. Kirkland et al. noticed that in these small graphs, the
vertices involved in perfect state transfer share the same neighbours, an observation
that prompted them to examine state transfer between twin vertices [67]. However,
it can also be observed that these small graphs are in fact join graphs. This motivates
our investigation of quantum walks on graphs built using the join operation.

The first infinite family of join graphs revealed to admit Laplacian perfect state
transfer was K,\e := Oy V K,,_o with n = 0 (mod 4) [14]. Motivated by this result,

Angeles-Canul et al. gave sufficient conditions for adjacency perfect state transfer to
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Figure 7.1: Small unweighted graphs that exhibit PST between vertices marked blue

occur between the vertices of X € {Oq, K3} in the unweighted graph X VY, where
Y is a regular graph [3] (in this case, X VY is a double cone). In [3] the authors
also determined sufficient conditions such that adjacency perfect state transfer in X
is preserved under joins of copies of X. In a subsequent paper, Angeles-Canul et
al. investigated perfect state transfer in weighted join graphs, and found that the
apices of a double cone on a k-regular graph admit adjacency perfect state transfer
by appropriate choice of weights of an edge between the apices and/or loops on the
apices [2]. More recently, Kirkland et al. fully characterised unweighted double cones
that admit adjacency perfect state transfer between apices [67]. For the Laplacian
case, Alvir et al. showed that the apices of unweighted O; V Y admit perfect state
transfer if and only if |V(Y)| = 2 (mod 4), while the apices of unweighted Ky V'Y
do not admit perfect state transfer [I]. Joins were also investigated in graphs with
well-structured eigenbases [60), [71] and strong cospectrality [74], as well as in other
types of quantum state transfer such as fractional revival [75] and sedentariness [77].

Despite its widespread presence in the literature, state transfer on join graphs
remains largely unexplored. Thus, we dedicate this chapter to providing a systematic
study of quantum walks on weighted join graphs having the adjacency and Laplacian
matrices as the associated Hamiltonians. Throughout, we assume that X and Y are
simple weighted graphs on n; and ns vertices, with the additional assumption that

X and Y are weighted k- and f-regular when dealing with M = A, respectively.

7.2 Strong cospectrality

In order to avoid confusion, we denote the eigenvalue supports of vertex v in X VY

and X by ®e, (X VY) and ®e, (X), respectively. Recall that from (3.6.12)) that
1
M= (k£ VA)

are eigenvalues of A(X VY, where A = (k — £)? + 4nyn,.
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We start this section with a result that determines the elements in the eigenvalue

supports of vertex states in a join graph. It is immediate from (3.6.10]) and (3.6.14)).

Lemma 7.2.1. Let u € V(X). The following hold.

1. Relative to L, we have @ (X VY ) ={A+n2: X € O, (X)\{0}} UR, where
R ={0,n1 + na} if X is connected and R = {0,n1 + na,na} otherwise.

2. Relative to A, we have @, (X VY) = & (X)\{k} UR, where R = {\*} if X

is connected and R = {\* k} otherwise.

Two vertices v and v in X are strongly cospectral if their corresponding vertex

states e, and e, are strongly cospectral. That is, if
E;e, = £F;e, for cach j.

Equivalently, for each j, either every eigenvector w associated with \; satisfies
wle, = wle, or every eigenvector w associated with ); satisfies w'e, = —w”e,.
In this case, u and v belong to the same component of X (so neither of them is
isolated). By Remark [3.5.4] we may partition @, (X) = @, (X) into two sets:

q)Jr (X) = {)\J . E]eu = Ejev} and & (X) = {)\] . Ejeu = —Ejev}.

€ey,ey €y,ey

In order to avoid confusion, if v and v are strongly cospectral in X and X VY, then
we write the above sets as ®Z . (X) and @7, , (X VY, respectively.

We are now ready to characterise strong cospectrality in join graphs.
Theorem 7.2.2. Let ny > 2 and consider two vertices u and v in X.
1. Vertices u and v are Laplacian strongly cospectral in X V'Y if and only if either:

(a) Vertices uw and v are Laplacian strongly cospectral in X and ny ¢ ® . (X).
In this case,  , (XVY) ={Any:0# X € df  (X)}UR and @, , (XV
Y)={p+n:ped; . (X)}, where R is given in Lemma|7.2.1(1).

(b) X = Os. In this case, ®F , (XVY) = {0,142} and &g, , (XVY) = {no}.

2. Vertices u and v are adjacency strongly cospectral in X V'Y if and only if either:

(a) Vertices u and v are adjacency strongly cospectral in X and A\~ ¢ @2 . (X).
In this case, ®F (X VY) = &F (X)\{k} UR and &, (X VY) =

D2 o, (X), where R is given in Lemma |7.2.1/(2).
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(b) X = Oy. In this case, ®} , = { *} and O, , = {k}.
3. If w e V(Y), then vertices uw and w are not strongly cospectral in X VY.
Further, if 1(a) or 2(a) holds, then uw and v belong to the same component in X.

Proof. Let A and u be nonzero eigenvalues of L(X) and L(Y') with associated eigen-
vectors uy and v, respectively. From Section [3.6.3] we know that 0, ny +ng, A +ns

and p + ny are eigenvalues of L with associated eigenvectors

: X,\:[lg\], and yuzlol (7.2.1)

Vi

n21n1

1n1+n2a n=
—ny 1n2

respectively. Now, let u,v € V(X). We have two cases.

Case 1. Let u and v be non-isolated in X. From the form of the x,’s, strong
cospectrality in X is required for strong cospectrality in X VY. Assume u and v
are strongly cospectral in X. If n; € & _ (X), then x,, is another eigenvector for
n1+mny. Thus, v and v are not strongly cospectral in X VY because n’e, = nTe, and

Ta — T
X, ey = —X,,

€y ey

X VY with ®f (X VY)and &, . (X VY) in Theorem [7.2.2]1(a) as desired.
Case 2. Let u and v be isolated in X. Then z = e, — e, is an eigenvector for
L associated with the eigenvalue ny. If X = Oy, then [67, Corollary 6.9(2)] yields

the desired conclusion. However, if X has a component C' other than {u} and {v},

e,. However, if ny ¢ ®&_ _ (X), then u and v are strongly cospectral in

then the vector w that is constant on each component of X and whose sum of all
entries is 0 is also an eigenvector for L associated with the eigenvalue ny. This vector
satisfies w'e, = w'e,, and since z’e, = —z'e,, we get that u and v are not strongly
cospectral in X VY.

Combining the above two cases proves 1. Next, let A # k and u # ¢ be eigenvalues
of A(X) and A(Y') respectively, with associated eigenvectors wy and z,. Then A\*,

A and p are eigenvalues of A with associated eigenvectors

(k — )1, ] . [v(v)x ] and y, — [ 0 ] (7.2.2)

nq ]-ng

respectively. The same argument as the previous case yields the desired conclusion
for 2. Finally, the form of the x,’s in ([7.2.117.2.2)) yields 3 and the last statement. [

From Theorem [7.2.2(3), we assume henceforth that the strongly cospectral ver-
tices in X V'Y belong to X.
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Example 7.2.3. In the hypercube ()3, vertices u and v of distance three are strongly
cospectral in X with &7 . (Q3) = {1,—3}. By Theorem (a), vertices u and
v are strongly cospectral in Q3 V'Y if and only if A= ¢ {1,—3}. In particular, if
Y = Kg, then A~ = —3, and so u and v are not strongly cospectral in Q3 V Kg.

Corollary 7.2.4. Let X ¢ {O,, Ky} be an unweighted graph. Then vertices u and
v in X are Laplacian strongly cospectral in X V'Y if and only if they are in X.

Proof. Since X is unweighted, n; is an eigenvalue of L(X) if and only if X is a join.
From (7.2.1)), n; € @ . (X) if and only if n; = 2, in which case X = K,. Combining
this with Theorem [7.2.2]1(a) yields the desired result. O

7.3 Perfect state transfer

To characterise PST in joins, it suffices to consider the vertices of X in checking
for PST in X V'Y by Theorem [7.2.2(3). Throughout, we denote the minimum PST
times between v and v in X and X VY by 7x and 7xvy, respectively. We begin with
the Laplacian case. Recall that ¢(M,t) is the characteristic polynomial of M in the

variable ¢t and 5(a) is the largest power of two dividing an integer a.

Theorem 7.3.1. Suppose ny > 2 and ¢(L(X),t) has integer coefficients. Vertices
w and v in X admit Laplacian perfect state transfer in X V'Y if and only if all

conditions below hold.

1. Either (i) u and v are Laplacian strongly cospectral in X and n, ¢ @ . (X) or

2. The eigenvalues in Pe,(X) are all integers.

3. If X is connected, then one of the following conditions hold for all 0 # X\ €
O o, (X)U{ni} and for all p,0 € o , (X).

€u,Cy

(a) va(X) > va(p)
(b) va(p) > va(A)
(¢) va(A) = va(p)

If X # Oy is disconnected, then condition (a) holds (in this case, u and v are in

the same component in X ). If X = Oq, then ny =2 (mod 4).

ve(0) and ve(ng) > vo(p).
(n2).

vo(ng) and va(A +ng)) > va(p +ny) = v2(0 + na).

I
S

Further, Txyy = /g, where g = gecd (T), T ={A+n: X € O, (X)\{0}} UR and
the set R is given in Lemma (1)
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Proof. From Theorem m(l), condition 1 is equivalent to strong cospectrality of u
and v in X VY. Since 0 € &, (X VYY), L is positive semidefinite and ¢(L(X), 1)
has integer coefficients, Theorem [3.7.10] implies that vertex u is periodic if and only
if ®¢,(X) C Z. Thus, condition 2 is equivalent to periodicity of u and v in X VY.
Combining this with Corollary yields PST between u and v in X VY if and
only if Corollary [6.1.9(3) holds. To establish (3), suppose X is connected. From
Theorem [7.2.2]l (a), we have
Dl L XVY)={A+n:0#£Xe D  (X)}U{0,n1 +no}

€y,€y

and
Py, 0, (X VY) =0,  (X).

Thus, Corollary [6.1.9((3) is equivalent to the condition that
1/2(/\—1—712) > VQ(/L+7L1> = V2<0+n2) (731)

forall 0 # A e ®f . (X)U{ni}and p,0 € &, . (X). We have three cases.

Case 1. Let v(\) > vo(u) for some 0 # X € F  (X)U{ni} and p € O, (X).
Since vo(A + ng) > vo(p + ny) in , va(ng) > vo(p) for each p € @ . (X),
in which case, vo(p + n1) = vo(p). For the equality in to hold, we need
va(p) = vo(0) for all u, 0 € @ , (X). Hence, vo(\) > v(p) for all p € o , (X). If

it happens that v5(u) > 15(n) for some 0 # n € ®F . (X)U{n1}, then vy(ng) > 15(n),
and so va(n 4+ n) = va(n) < va(p) = va(p + n1), a contradiction to (7.3.1). Thus,
our assumption in this case combined with gives us v5(A) > va(p) = 12(0)
and vy(ng) > vo(p) for all 0 # X € &F _ (X)U {n1} and p,0 € & . (X). This
establishes 3a.

Case 2. Let va(u) > vp(N) for some 0 # A € F  (X)U{n} and p € @  (X).
If v5(N) # wa(ng), then vo(p + n1) > vo(A + ng), a contradiction to (7.3.1)). So,
Va(A) = 1a(ng) for each 0 # X € ®F  (X) U {ni}. If it happens that vy(ng) > 15(0)
for some 0 € @7 . (X), then vy(0 + n2) # v2(n2) = vo(p + n1), which contradicts
(7.3.1). Therefore, v5(u) > va(ng) = 1p(A) for all 0 # A € &F , (X) U {n;} and
p € @2  (X). This proves 3b.

€u,ey

Case 3. Let v5(u) = vp(N) for some 0 # A € &F , (X)U{n} and p € @  (X).
For the strict inequality in (7.3.1]) to hold, it is required that vo(p) = v2(A) = va(ng)
for all 0 # X € &F _ (X)U {ni} and p € @ . (X). From this, we obtain the

conditions in 3c.
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Combining the above three cases proves 3. Now, if X is disconnected, then
n € ®f . (X) by Theorem [7.2.2[1(b), and so Corollary [6.1.9(3) holds if and only if
holds and vy(ng) > va(p +ny) for all p € o (X). Equivalently, 3ai holds.
This proves 3b. Finally, if X = O,, then Corollary (3) holds if and only if
va(ng + 2) > vy(ng). Equivalently, ny = 2 (mod 4). This proves 3c. The minimum

PST time follows from Corollary [6.1.9] O

Remark 7.3.2. If X # K, is unweighted, then we may drop the condition n; €
®_ _ (X) in Theorem m(ll)

€y,6y

The following result is immediate from Theorem [7.3.1](3).

Corollary 7.3.3. Suppose ny > 2 and ¢(L(X),t) has integer coefficients. If ny + ngy
is odd, then X V'Y has no Laplacian perfect state transfer. Moreover, if ny or ny is
odd and X 1is either disconnected or admits Laplacian perfect state transfer, then X

does not admit Laplacian perfect state transfer in X VY.
A similar argument yields an analogous result for the adjacency case.

Theorem 7.3.4. Suppose ny > 2, k,{ are integers and ¢(A(X),t) has integer coef-
ficients. Vertices uw and v in X admit adjacency perfect state transfer in X V'Y if
and only if all of the following conditions hold.

1. FEither (i) u and v are adjacency strongly cospectral in X and A\~ ¢ ®

X) or

€ey,ey (

2. One of the following conditions hold.

(a) The eigenvalues in e, (X) are all integers and A is a perfect square.

(b) X is connected, each \; € ®o,(X)\{k} is of the form 3(k+ (+b;v/A) and
A = %(k + 0 £ bVA), where bj,b, A are integers with b > b; for each j and
A > 1 is square-free.

8. Forall \,n € ® . (X)\{k} UR and p,0 € @ X), we have

€y,ey (

+(5)-=(5) (%)
2 \/Z 2 \/Z — 2 \/Z )
where A =1 whenever 2(a) holds, R is given in Theorem[7.2.9(2).

Further, Txvy = gﬁ, where g = ged (T), T = {’\O—\/_Z’\ tAE D (X)\{k}U R}, R is
given in Lemma |7.2.1(2) and Ao € ®F . \{k} UR is fived.
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Corollary 7.3.5. If k+/ is odd, then X VY has no adjacency perfect state transfer.

Proof. Note that A* and A~ belong to ®¢ . (X)\{k} UR. Thus, if k+£ = A* + A~
is odd, then so is A* — A7, a contradiction to Theorem [7.3.4]3). O

In the next two sections, we will utilize Theorems [7.3.1] and [7.3.4] to characterize

when vertex PST is preserved and induced in the join.

74 PST in X and X VY

We now determine when Laplacian PST is preserved in the join.

Corollary 7.4.1. Suppose ny > 2 and ¢(L(X),t) has integer coefficients. If Lapla-
cian perfect state transfer occurs between vertices u and v in X and 7x = 7, then il
oniey (X) and vy(a) > va(h) for
a € {m,n}. In this case, Txvyy = %, where g = ged(T), T is given in Theorem|7.5.1}

occurs between u and v in X VY if and only if ny ¢ ®

Proof. If PST occurs between u and v in X, then they are strongly cospectral in X
and Theorem [7.3.1)(2) holds. Hence, PST occurs in X VY if and only if 1i and 3a
of Theorem holds. Equivalently, ny ¢ & . (X), va(ny) > va(u) and ve(ng) >

vo(p) for all p € @ o (X). As 1n(h) = va(p) = va(p + ny) for all p € & (X)),
these conditions are equivalent to va(ar) > va(h) for a € {m,n}. O

We now give an infinite family of graphs where X and X VY have PST. An n xn

matrix H is called a Hadamard matriz if all its entries belong to the set {£1} and
HH" =nl.

It is known that if an n x n Hadamard matrix exist, then n = 2 or n = 0 (mod
4). Moreover, a Hadamard matrix H is invertible with H~! = %H T, For more on
Hadamard matrices, see [58]. A graph X is Hadamard diagonalisable if its Laplacian
matrix is diagonalisable by a Hadamard matrix [9], or equivalently, L(X) = %H DHT

for some diagonal matrix D of eigenvalues of L(X).

Example 7.4.2. Let X be a Hadamard diagonalisable graph on n; > 4 vertices
with PST between u and v. From [60], ®¢ . (X) and ®_ . (X) respectively consist
of integers A = 0 and p = 2 (mod 4). Since n; = 0 (mod 4), Corollary yields
PST between w and v in X VY if and only if ny = 0 (mod 4).
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Figure 7.2: Vertices u and v in Ky V Oy (left) are not Laplacian strongly cospectral,
while vertices v and v in (K3 U Oy) V Oy (right) admit PST

Corollary 7.4.3. Let X be an unweighted graph on ny = 2P wvertices. If Laplacian
perfect state transfer occurs between vertices uw and v in X, then condition 3a of

Theorem 7.5 holds. Additionally:

1. If p=1, then X = K5 and the graph Ko V'Y does not admit Laplacian strong

cospectrality between w and v for any Y .

2. If p > 2, then Laplacian perfect state transfer occurs between uw and v in X VY
if and only if va(n) > vy(h), where n = |V(Y')| and h is an integer such that 7

18 the minimum PST time between u and v in X.

Proof. Assume Laplacian PST occurs between v and v in X. Then Theorem m(3)
holds. As X is unweighted, each eigenvalue A of L(X) is at most ny. Thus, 15(\) <
ve(ny1) = p, and so conditions 3b and 3c of Theorem do not hold. Equivalently,
condition 3ai holds. From Corollary [7.4.1] PST occurs between v and v in X VY
with 7y = 7 if and only if ny & @, . (X) and vp(n) > vp(h). If p=1, then X = K,
is the only such graph with PST. As 2 € ®_ _ (L(K3)), Theorem [7.2.2[l(a) yields
(1). If p > 2, then ny ¢ @, . (X), and so (2) holds. O

Corollary and Theorems [7.2.2(1) and combined yields our next result.

Corollary 7.4.4. Let u and v be vertices in X that are strongly cospectral in X VY .
If .,(X) C Z and condition 3a of Theorem holds, then Laplacian perfect state

transfer occurs between u and v in X and X VY.

From Theorem [7.3.13a), it is evident that PST in X V'Y does not necessarily
yield PST in X. Thus, the above result can be viewed as a characterisation of the
equivalence of PST in a graph and its join.

For a graph X with PST between u and v, it is possible for PST to fail between
wand v in X VY for any graph Y, yet occur in (X U Z) VY for some graph Z.
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Corollary 7.4.5. Suppose ny > 2 and ¢(L(X),t) has integer coefficients. If Lapla-
cian perfect state transfer occurs between vertices u and v in X and n, € o , (X),

then the following conditions hold.

1. For any graph Y, Laplacian perfect state transfer does not occur between u and
vin X VY.

2. Let Z be a graph on r vertices such that ny +r ¢ ®Z . (X). Then Laplacian
perfect state transfer occurs between w and v in (X U Z) V'Y if and only if

I/Q(nz) > I/Q(nl) = VQ(’I“).

Proof. Sinceny € @, (X), we get that w and v are not strongly cospectral in X VY
by Theorem (7.2.2(1). This proves 1. We now prove 2. Since n; +1r ¢ & . (X),

Corollary implies that PST occurs between v and v in X VY if and only if
va(ny + 1) > 1a(ny) and va(ng) > va(ny). Equivalently, v5(ng) > va(ny) = wa(r). O

Example 7.4.6. Let X = K, with vertices v and v. By Corollary [7.4.3|1) and
Theorem PST between u and v fails in K, VY for any graph Y. However,
sincer+2 ¢ ® L(K3)) for all r > 1, Corollary yields PST between u and v
in (Ko UZ) VY if and only if v5(ng) > v»(r) = 1. In particular, we may specifically
take Z = O, and Y = Oy (see Figure[7.2)).

€y,ey (

In contrast with the Laplacian case in Corollary [7.4.5(2), it turns out that if X
is regular and has adjacency PST between two vertices, then we can always choose

a regular graph Y such that adjacency PST is preserved in X VY.

Corollary 7.4.7. Suppose ny > 2, k,{ are integers and ¢p(A(X),t) has integer coef-
ficients. If adjacency perfect state transfer occurs between vertices u and v in X and

Tx = 7, then it also occurs between them in X V'Y if and only if

1. ng = S(k;if“) for some integer s such that ny divides s(k —{+s) and { — s ¢

U (X), and
2. forall pe @g . (X), va(s) > va(k — ) and vo(€ — k) > vo(k — p).

Here, Txyy = %, where g = ged(T), T is given in Theorem|7.5.4, Ao € ¢ o \{k}UR
is fized and vs(g) = vo(h).

Proof. Suppose perfect state transfer occurs between vertices v and v in X and

Tx = 3. Since k is an integer, Corollary 6.1.9(1) implies that ®¢, (X) C Z. By

Theorem [7.3.4] PST occurs between u and v in X VY if and only if
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(a) Ais a perfect square and A\~ ¢ @ . (X), and

(b) Forallpe ®F . (X)\{k} UR and p,0 € &g . (X), we have

vo(AE — ) > (A — ) = r(\F —0).

By the choice of s in (1), A = (k—£)*+4niny = (k—0+25s)*. Since \* = %(k—l—é:l:\/Z),
we get AT = k+sand A\~ = ¢ —s. Thus, (1) ensures that condition (a) holds. Since
X has PST between u and v, Corollary [6.1.9(3) yields

vo(k —mn) > va(k — pu) = va(k — 0) (7.4.1)

foralln € ®¢ . (X)\{k}and u,0 € @ . (X). Observe that for each A € @, (X)\{k},
we can write AT — A = (AT — k) + (k —A) = s+ (k — A). Similarly, we have
A= A={—-s—k)+ (k—X). Thus,

vo(AT=X) > min{wa(s),ve(k—A)} and (A" —\) > min{e({—s—k),va(k—N)}.
(7.4.2)
We have the following cases.
Case 1. Suppose vy(s) > va(k — p) for all p € @7 . (X). Combining this with
gives us (AT — ) = (AT — 0) = (k — p). Making use of and
(7.4.2), we get vo(A* —n) > vo(k — ) for all p € & . (X), and so we have
o(AT =) > (AT —p) = vp(A" —0) for all n € F , (X)\{k} and p,0 € &_ . (X).
Case 2. Suppose v(s) < va(k — ) for some p € @ , (X). Using and
(7.4.2), we get vo(AT —n) = va(s) < vo(AT — u), which violates condition b.
Consequently, v2(AT —n) > va(A*T — ) = vr(A*T —0) for all n € ®F _ (X)\{k}
and p, 0 € &g (X) if and only if vy(s) > vp(k—p) for all p € &7 , (X). Using this
fact and arguing similarly as in the above two cases using (7.4.1)) and (7.4.2)) yields
va(AT =n) > 1o(AT — ) = vp(AT —0) for all p € &F . (X)\{k} and p,0 € &, (X)
if and only if v5(¢ — k) > vy(k — p) for all p € @7 , (X). Thus, the assumption in

(2) is equivalent to condition (b) above, which yields the desired conclusion. O
The next example illustrates Corollary and complements Example [7.4.2]

Example 7.4.8. Let X be a simple integer-weighted Hadamard diagonalisable graph
on m > 4 vertices with PST between vertices u and v. Then ny =0 (mod 4) and X
is p-regular for some integer p. From Example [7.4.2, ®F _ (X) consists of integers

p— A, where A = 0 (mod 4), while ®_ _ (X) consists of integers p — u such that
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i =2 (mod 4). Invoking Corollary [7.4.7(2), we get PST between v and v in X VY
if and only if (i) ny = s(p%ﬁ), where s is an integer such that n; divides s(p — £+ s)

and £ —s ¢ &7 _ (X) and (ii) v2(s) > 2 and (¢ — p) > 2.

Remark 7.4.9. If X = K, then k = —p = 1. Thus, the condition £ —s ¢ &7 _ (X)
in Corollary [7.4.7(1) is equivalent to ¢ # n — 1, while the conditions 5(s) > 1 and
vo(€ —1) > 1 in Corollary [7.4.7(2) are equivalent to v5(s —2) = 1 and v»(¢ +3) > 1.
This recovers a characterisation of PST in connected double cones, which are join
graphs of the form K> V'Y [67, Theorem 12(1)].

Lastly, we state a characterisation of the equivalence of PST in X VY and X,
analogous to Corollary [7.4.4]

Corollary 7.4.10. Suppose ny > 2, k,{ are integers and ¢(A(X),t) has integer

coefficients.

1. If X is disconnected and perfect state transfer occurs between vertices u and v
in X VY, then it also occurs between them in X if and only if X # O,.

2. If X is connected and perfect state transfer occurs between u and v in X VY,
then it occurs between them in X if and only if the eigenvalues in e, (X) are
all integers, A is a perfect square and vo(k —n) > vo(k — ) = vo(k — 0) for
any 1y € BF, o, (O\(K} and 1,0 € B, , (X).

7.5 PST in X VY but not in X

Under certain assumptions, Laplacian PST can be induced in X VY by appropriate
choice of Y. The following results are immediate from Theorem [7.3.1}

Corollary 7.5.1. Suppose ny > 2, X is connected and ¢(L(X),t) has integer coef-
ficients. If u and v are strongly cospectral vertices in X with ®e,(X) C Z such that
the va(p) > va(X) for all 0 # X € f , (X) and p € O, (X), then:

1. Laplacian perfect state transfer occurs between u and v in X, and

2. Laplacian perfect state transfer occurs between uw and v in X V'Y if and only
if n ¢ Og, o, (X), X is connected and vo(A) = va(n1) = va(nz) for all 0 # X €
or o (X).

€y, ey

We now give an infinite family of graphs such that X VY has PST but not X.
The cocktail party graph on 2m vertices, denoted by C'P(m), is the join of m

copies of Os.

104



Example 7.5.2. Let X = CP(m), where m = 2 (mod 4). Then (m — 2)-regular and
non-adjacent vertices v and v in X are strongly cospectral with ®F . (X) = {0,m}

and & . (X) = {m — 2} Since vo(m — 2) > 1,(n;), Corollary implies that
Laplacian PST does not occur between u and v in X, but it does in X VY if and
only if ny = 2 (mod 4). In particular, if ny = 2, then X VY = CP(m + 2) admits

PST between non-adjacent vertices.

Corollary 7.5.3. Suppose ny > 2 and ¢(L(X),t) has integer coefficients. Assume
u and v are strongly cospectral vertices in X with ®e,(X) C Z such that the vo(\)’s
are equal for all 0 # X\ € @, (X), say to a. Write each 0 # X\, € ®F _ (X) as
Ar = 2%(2p, — 1) and each p, € O, . (X) as ps, = 2%(2q, — 1) for some p,,qs € Z.

Then Laplacian perfect state transfer occurs between u and v in XVY if and only if X

is connected, ny & O, . (X), va(n1) = v2(n2) = a (so we may write ny = 2%(2y — 1)

and ny = 2*(2z + 1) for some y,z € Z), and one of the following conditions below
hold for all r,s,t.

1. All v5(qs)s are equal and all of vo(p,), ve(y) and va(z) are larger than ve(gs)

for all r,s.
2. All v5(p,)’s are equal and ve(p,) = v2(y) = va(2) < vo(qs).

8. For all r,s,t, we have vo(p,) = 12(qs) = 12(y) = 12(2), va(y + 2) > 1a(gs + 2),
and va(pr + 2) > 12(qs + 2) = (g + 2).

Remark 7.5.4. If X is an unweighted graph that has an odd number of vertices
and an odd number of spanning trees, then the matrix-tree theorem implies that all

nonzero eigenvalues in @, (X) are odd. Thus, Corollary may apply with a = 0.

Example 7.5.5. Let X = P3 with end vertices v and v. Then ®F _ (X) = {0, 3},

€y ey

2 o, (X) = {1}. By Corollary (2), w and v do not admit Laplacian PST in X.
However, note that u and v are strongly cospectral vertices with ¢ _ (X) = {0,3}
and g . (X) = {1}. Note that n; = 3 ¢ &F _ (X), Ay = 3 = 2(2) — 1 and
pp =1 =2(1)—1,and so a« = 0, py =y = 2 and ¢ = 1. Thus, if we choose
no = 2z + 1 for some integer z = 2¢ where £ is odd, then Corollary implies that
Laplacian PST occurs u and v in X VY if and only if no = 1 (mod 4). The same
conclusion can be made by invoking Corollary (1) In particular, if Y = Og_3,

then X VY = Ky;\e has PST between u and v.

For the adjacency matrix, we give one scenario where we can induce PST in the
join. The following is immediate from Theorem [7.3.4)3).
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Corollary 7.5.6. Suppose ny > 2, k,{ are integers and ¢p(A(X),t) has integer coef-
ficients. Assume X is connected with strongly cospectral vertices u and v such that
®,,(X)CZ and

vo(A=1n) >ve(A—p) =1y (A—10), (7.5.1)

forall \,n € ®¢ . (X)\{k} and p,0 € & , (X). If does not hold for A = k,
then the following hold.

1. adjacency perfect state transfer does not occur between u and v in X; and

2. adjacency perfect state transfer occurs between u and v in X VY if and only if
A ¢ D, (X)), A is a perfect square and also holds for all A € {\*}.

€y ey

Example 7.5.7. Let m > 6 and X = CP(m), where m = 2 (mod 4). From Example
, X is connected, (m—2)-regular and any pair of non-adjacent vertices u and v in
X are strongly cospectral with of . (A(X)) = {m—2,-2} and o, , (A(X)) = {0},
but does not admit PST. In this case, o, . (X)\{k} = {—2} and so holds for
all\,n € ol . (X)\{k}and p1,0 € o,

€u,€y

PST between v and v in X VY if and only if A~ ¢ o_ _ (X), D is a perfect square

€yu,ey

and ([7.5.1)) holds for A € {A*}. The condition that D is a perfect square is equivalent

z(m—0—2+2
m

(X). Applying Corollary|7.5.6(2), adjacency

,€v

) for some z € Z such that m divides z(m — £ — 2+ z). Thus, A\~ =
5(m—2+0—(m—{—242z)) = {—z and so the condition A\~ ¢ o . (X) is equivalent

to £ — z # 0. Moreover, since AT = m — 2 + z, the condition that ((7.5.1)) holds for
A € {\F}isequivalent to vy (m+2) >ve(m—2+z)and vy (€ — 2 +2) > 15 (£ — 2).

ton =

Since m = 2 (mod 4), the preceding inequalities are equivalent to v5(z) = 1 and
v5(¢) > 1. Thus, adjacency PST occurs between u and v in X VY if and only if
n = W for some z € Z such that m divides z(m — ¢ —2+2), £ — 2z # 0
and 15(€) > vy(2) = 1. Indeed, o (A) = {\*, -2} = {m +2—2,{ — 2,—2} and
0.,.,(A) = {0} in X VY and conditions 1-3 in Theorem hold. In particular, if
(¢,2) =(0,2), then Y = Oy and X VY = CP(m + 2) admits PST between v and v.

Lastly, we characterise graphs with isolated vertices that exhibit PST in the join.

Theorem 7.5.8. Let u,v be isolated vertices in X. Laplacian perfect state transfer
occurs between u and v in X V'Y if and only if X = Oy and ny =2 (mod 4).

The above result follows from Theorems [7.2.291(b) and [7.3.1[3¢). Thus, O, is
the only graph with isolated vertices that exhibits Laplacian PST in the join. This
coincides with a known characterisation of Laplacian PST in double cones [I]. For
the adjacency case, we have the following result that follows from Theorem [7.3.4]
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Theorem 7.5.9. If u and v are isolated vertices in X, then adjacency perfect state
transfer occurs between v and v in X V'Y if and only if X = Oy, A is a perfect
square and vo(AT — k) = p(A7 — k).

7.6 Bounds

In the previous section, we see that PST in X need not extend to X VY. Thus, we
ask, if u,v € V(X)) then how far can [Upsxvy)(t)u| be from [Unsx)(t)u,| as t ranges
over R? We answer this question by providing an upper bound for the absolute value
of |Unr(xvy)(t)uw| = |Uni(x)(t)uw|- To do this, we define

nie 2 4+ nye™ — (ng + ny)

ni(ny + ng)

ar(t) = (7.6.1)

eit)ﬂL (k i )\—) eitx<k _ >\+) itk
t) = — — 7.6.2
) =— " PRV (7:6:2)

and
T, ={2jn/g:j€Z} and Ty={teR:e% =" =} (7.6.3)

where g = ged(m, n) and AT = (k4 £ £ VA), where A = (k — £)® + 4nyny. If the
context is clear, then we write as ap(t) and Ty as a(t) and 7', respectively. If we
add the assumption that &,/ are integers and A is a perfect square, then we may
write Ty = {2jm/h:j € Z}, where h = ged(AT — k, A\~ — k).

Now, from and respectively, we obtain

1 n2€it(n1 +n2) eitn1

ULixvy)(®)uw = eithL(X) (t)uw + (7.6.4)

ni + neg nl(nl + ng) B s
and

eit,\+(k, . )\—) eitA™ (k _ )\+) eitk
U o =U Buw + — - 7.6.5
AxvY) (), Ax) (), VA VA - ( )

Combining ([7.6.4) and ([7.6.5)) with ([7.6.1)) and ((7.6.2)) yields the following.

Lemma 7.6.1. We have ayp(t) = 0 if and only if t € Ty. Moreover, we have

ULxvy)()up — €™ Ui (t)uw = "™ ap(t) and Uaixoyy(t)uw — Uax)(t)uw = aa(t).
for any u,v € V(X) and for all t.
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Theorem 7.6.2. For all u,v € V(X) and for all t

‘ Unxvyy()uo — "™ Upix)(t)uw

(7.6.6)

with equality if and only if vo(m) = ve(n), in which case equality holds in
at time T = jw/g, where j is any odd integer and g = ged(m,n). In particular, if

equality holds in , then

UL(XVY) (T)u,v - eiTnUL(X) (T)u,v = UL(XVY) (T)u,v + UL(X) (T>u,v = 2/nl- (767)

Proof. Combining Lemma [7.6.1| and (7.6.1]) yields (7.6.6)), with equality if and only

if ™ = ™ = —1 for some 7 > 0. Equivalently, v5(m) = 15(n), in which case
T = jm/g for any odd j. From this, (7.6.7) is immediate. O

The following is an analogue of Theorem for the adjacency case.

Theorem 7.6.3. For all u,v € V(X) and for all t,

| Uaievr) (Buw — Uax) (B (7.6.8)
with equality if and only if there is a time T > 0 such that €™ = ™ = —¢elk
in which case ax(t) = —2e™ /m. If in addition, k,{ are integers and A is a perfect

square, then the latter condition yields {k, *} C Z and vo(AT — k) = vo(A~ — k), in
which case T = jr/h, where h = ged(At — k, A\~ — k) and j is any odd integer.

Proof. Since A* = £(k + ¢ & \/A), one checks that
eit)‘+(/{i _ )\—) eitA™ (/f )\+) it)ﬁf(k, —(+ \/Z) B eitA™ (/{ (- \/Z)
nl\/z nl\/z 2711\/Z 27?,1\/Z

pit(k+0)/2
n1\/_ [\/Zcos(t\/_/2)+1(k; é)s1n(t\/—/2)}
(7.6.9)

Consequently, the following equation holds for all ¢

eit)\+(k . )\7) B 6it)\ (k )\+)
711\/Z n1\/_

VA + (k= 02 — A)sin(tVA/2).
(7.6.10)

nl\/_

Since ning > 0 and A = (k —0)* + 4nyny, we get (k—£0)*> — A = —4niny < 0. Thus,
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eit>‘+(k;—)\7) 1t/\ (k )\+)
nmvA nivVA

7.6.10) gives us

1. Combining this with ((7.6.5) yields

AT (1 - AT (L. _ \+
e (k—=X7) et (k /\>+i<3,

nl\/z a nl\/z ny -~ Ny
which proves (|7.6.8)). Using the first equality in ((7.6.9)), we can write (7.6.5) as

N (k—l+VA) N (k—0—VA)
Uaxvy) () up — Uax)(t)uw = — -
2n1vV A 2nv A ny

Thus, equality holds in if and only if there is a time 7 such that ™" =

Uaeow) (B = Uax) (D

<

¢™" = _¢i™k In this case, U A(va)( Juw — Uagx) (H)u = =2 This implies that
{k, )\i} satisfies the ratio condition. Thus, if &,/ are integers and A is a perfect
square, then we have {k,\*} C Z. Hence, ¢™" = €™ = —¢™" if and only if
V(AT — k) = 1p(A\™ — k), in which case 7 = jxr /g for any odd integer j. O

Corollary 7.6.4. Let M € {A,L}. For all u,v € V(X) and for all t,

Equality in (7.6.11)) holds for M = L at time 7 whenever equality holds in at
time 7, Ur(x)(T)uw € R and either Upx)(T)up < 0 or Upx)(T)uw = 2/n1. Equality

in (7.6.11) holds for M = A at time 7 if and only if equality holds in at time
7, Ua0)(T)uw = [Uac0) (T)upl€™ and [Uaco) (T)u| > 2/m1.

Proof. For the case M = L, applying the triangle inequality to 6) yields (7.6.11]).
Using (7.6.7), we get equality in (7.6.11) if and only if

| 1ULoevy) (Dl = UL (7)o

= | [2/m = Uroy ()

- | UL(X) (T)u,v |

= 2/711

Now, for M = L, applying triangle inequality to (7.6.8]) yields (7.6.11)). Making use
of Theorem |7.6.3, we get equality in ([7.6.11)) if and only if ’ | Uax) (7)o — 267 /m | —

| UA(X) (T)u,v |

. From this, the above result is immediate. O

Corollary yields the following result, which may be construed as the quan-
tum walks determined by X and X VY relative to M € {A, L} restricted to the

vertices of X become equivalent as we increase the number of vertices of X.
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Corollary 7.6.5. Let M € {A,L}. For all u,v € V(X) and for all t,

’UM(X\/Y)<t)u,v‘ — ‘UM(X)(t)u,U’ —0 as ny — .

Finally, we demonstrate that the bound in Corollary is tight for some fam-
ilies graphs. For u,v € V(X), define

F(t)u,v = ’UM(X\/Y)(t)u,v| - |UM(X)<t)u,v|

From Lemma [7.6.1] we may write F(t),,, = ’UM(X)(t)uyv + on(t)’ — | Un(x) () o) -

Example 7.6.6. Suppose X = X; V X, has n; vertices, u € V(X;) and v € V(X5).

From (3.6.11), we have Urxvy)(t)uw = n% (1 —¢€"™). Thus, at 7 = o we have

Urx)(T)uw = 0. If ny is an odd multiple of ny, then gives us o (1) = —n%,
and 50 F(7/2)yp = —

Example 7.6.7. Let £k = 2 (mod 4), X = Ky and u,v € V(X) be in different
partite sets. Note that X is k-regular with m = 2k vertices. Choose an (-regular
graph Y on n vertices such that n = W for some integer z such that k divides
zand z,f = 2 (mod 4). In this case, D = (k — ()> + 8kn = (k — £ + 2z)?, and so
A =Fk+zand A\~ = — 2. Thus, 15(AF) > vy(k) = 1. Now, let g = ged(AT, A7, k)

so that A\*/g is even. Set 7 = g. Since K = O V Oy, (3.6.11]) gives us

UA(XVY) (t)u,w = (eitn1/2 . e—itn1/2)'

-

Thus, Ua(x)(7)ue = 0. But because e™" = €™ = —¢'™ = 1, Lemma implies
that Us(X VY, t),. = aa(t) = 2/m. Consequently, F(7),, = =. For a more specific
example, one may take X = Cy (k=2and m=4) and Y = Cy ({ =2, 2 = 6 and
n = 9). In this case, AT = 8 A7 = —4 and 7 = 7 (so that u admits PST with
another vertex in the same partite set, and so Ua(x)(7)u,, = 0). One then checks

that indeed Ux(xvy)(T)up = aa(7) = (= 2), and so F(7)u. = 3(= 2).

2 m
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8
Vertex state transfer on blow-ups

In this chapter, we deal with vertex PST on blow-up graphs. While join graphs
are ubiquitous in the quantum walks literature, there are only a handful of such
papers related to blow-up graphs. In this chapter, we unravel the many interesting
spectral, combinatorial and quantum walk properties of blow-up graphs. We will
also demonstrate how this graph operation can be used to construct larger graphs
with vertex PST. Like join graphs, blow-up graphs, in some cases, can be used to
generate infinite families of graphs with perfect state transfer from graphs without
perfect state transfer.

This chapter is based closely on joint works of the author with Dr. Stephen Kirk-
land and Dr. Hiranmoy Pal [78], and with Dr. Bikash Bhattacharjya and Dr. Hi-
ranmoy Pal [I2]. The results presented in this chapter are the contributions of the

author to these projects.

8.1 Blow-ups: intro and motivation

There are various kinds of ‘blow-ups’ in graph theory. But here, we consider the more
familiar type of blow-up where every vertex of a graph is replaced by an independent
set. This variant of the blow-up operation is a special case of the lexicographic
product. The lexicographic product X[Y] of X and Y is the graph X[Y] obtained by
replacing every vertex of X by a copy of Y, and adding all possible edges between
the vertices in the copies of Y corresponding to adjacent vertices in X.

In [46], Ge at al. provided sufficient conditions for PST in lexicographic products.
Their results about PST in X[Y] required PST in Y. But in our setting, Y is an
empty graph which does not exhibit PST, and so their results are not applicable.

This is our main motivation for studying quantum state transfer on blow-up graphs.
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2
Figure 8.1: The graph W Pj, a blow-up of two copies of P3 with vertices a, b, ¢

Another motivation is to explore a graph operation that induces strong cospectrality
between many pairs of vertices, which is promising for the existence of PST. In
this section, we endeavour to systematically study quantum state transfer on blow-
up graphs relative to A and L. In particular, we focus on the case where X is
connected.

A blow-up of n copies of a simple weighted graph X, denoted WX , is the graph

with vertex set Z, x V and adjacency matrix
A=J,® AX).
Moreover, the Laplacian matrix of WX is given by
L=nl,®D(X)—-J,® A(X).

The blow-up of a graph can also be combinatorially defined as follows: ¥ X is the
graph with vertex set Z,, x V, and there is an edge between (I, u) and (m,v) in BX
of weight n if and only if there is an edge between v and v in X of weight 7.

Note that T, = {(j,u) : j € Z,} is a false twin set in ®X. If n > 2, then each

vertex in @X belongs to a twin set of size at least ny. In fact, we can say more:

Proposition 8.1.1. The set T, UT, is a twin set in WX if and only if uw and v are

false twins in X. In this case, T,, UT, is a false twin set.

Example 8.1.2. In Figure T, ={(0,a),(1,a)} and T, = {(0,¢), (1,¢)}. Since a
and c are false twins in Ps, T, U T, is a false twin set in ¥ P3 by Proposition .

The quantum state transfer properties of twin vertices were investigated in a
series of papers [67, [74), [75]. We also refer the reader to [73] for a more self-contained
treatment of this topic. Since blow-up graphs are graphs with twins, we utilise the
results in [67, [74] in characterising perfect state transfer and strong cospectrality in

blow-up graphs.
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8.2 Transition Matrices

Here, we give a form of the transition matrix of a blow-up graph.

Let A be an eigenvalue of A(X) associated with the eigenvector v. Then
(J,@A)ARVv)=J,10 Av=nA\(1®V).

Thus, n) is an eigenvalue of A(@JX ) with eigenvector 1 ® v. Moreover, since T, is a
twin set in WX for cach u € V(X), Lemma implies that 0 is an eigenvalue of
A(@X) with multiplicity (n — 1)|V(X)|. In particular,

{e(oﬂ) — €(ju) 1] € Z\{O},u S V(X)}

is a linearly independent set of eigenvectors for the eigenvalue 0 of A(L@X ).
Now, let spec(A(X)) = {\1, ..., \.}. First, suppose 0 € spec(A(X)). In this case,
we may assume that A\, = 0. Then the spectral idempotents of A(L—@X ) corresponding

to the eigenvalues nAi,nAq, ..., nA\._1, A\, = 0 are respectively given by
1 1 1 1
—J, @ F, —J,®@Fy, ..., —J,Q@FE._1, Inyw——J, @ [n—E,). (8.2.1)
n n n n

Thus, the spectral decomposition of the transition matrix Ux(t) of WX given by
= inA;t 1 1
Ua(t) = | 2™ ~Jn @ By | + Iy = —n ® (v — E:). (82:2)
j=1

On the other hand, if 0 ¢ spec(A(X)), then we get the same set of spectral idem-
potents for A(@ X) in |D except for the rth matrix which is now given by

Ly — = Jp @ Ly (x))- This yields the following spectral decomposition of Ux(t):

1
r—1 - 1 1

UA(t) = Z@ln J *Jn®EJ +Imn_*<]n®]m
j=1 " "

Next, we deal with the Laplacian case. Let A be an eigenvalue of L(X) associated

with the eigenvector v. Note that
nl, @D —J,A)1ev)=(nl,D)(1ev)— (J, A)1Vv)=nA\(1®V).

Thus, nA is an eigenvalue of L(LZJX ) with eigenvector 1 ® v. Moreover, since 7T}, is
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a twin set in L%X7 Lemma [2.2.1{ implies that ndegu is an eigenvalue of A(@X) with
multiplicity |7,| — 1 for each u € V(X). In particular, for a fixed u € V(X),

{em) = eGau 1 € Z\{0}}

is a linearly independent set of eigenvectors for the eigenvalue ndegu of L(L@ X).

From this, we get the transition matrix UL (t) of ®X as follows:

LI 1 ) 1
UL(t) _ Z em)\jt (an ® Ej) + Z em(degu)t (In . an> ® eueg‘
j=1

ueV(X)
From this discussion, the following result is immediate.

Proposition 8.2.1. For any vertex u of X and for all j € Z,, we have
spec <M(@X)> ={nA: X espec(M(X))}UA

and

Do ={n\: )€ D, (X)UBL,

€(j,v)

where the sets A and B are given by

{n-degu:ueV(X)}, ifM=1L {n-degv}, if M =1L
A= and B =
{0}, if M =A {0}, if M = A.

For more about the eigenvalues and eigenvectors of blow-up graphs, see [42].
In [35, Lemma 3.3], the authors provided the form of transition matrices of graphs

whose adjacency or Laplacian matrices are of the form
BoM+C®N,

where {B,C} and {M, N} are pairs of commuting matrices. The adjacency matrix
of a blow-up graph obeys the above form, since we may write the matrix J, ® A as
A(K,) ® A+ I, ® A. Despite this fact, the above paper did not have results specific
to blow-up graphs. The Laplacian matrix of a blow-up graph, on the other hand,
does not have the above form.
We also mention that Monterde investigated sedentariness, a type of low-probability

quantum transport, on several variants of the blow-up operation [77]. Apart from
this work and that of Ge et al. [46], we are unaware of other results about quantum

state transfer on blow-up graphs.
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8.3 Strong Cospectrality

We state Corollaries 3.9(2), 3.10 and 3.14 in [67] as one lemma. This can be viewed
as a characterisation of strong cospectrality between twin vertices.

Lemma 8.3.1. Let M = aD + A and T be a twin set in X.

1. No wvertex in T is strongly cospectral with a vertez in V(X)\T.

2. Consider 6 in Lemma|2.2.1. Two vertices uw and v in T are strongly cospectral

if and only if either 0 is a simple eigenvalue of M or any eigenvector w ¢

span{e, — e,} associated with 0 satisfies wle, = wle, = 0. Moreover, if u

and v are strongly cospectral, then ®g . (M) = {0}.
3. If |T| > 3, then no vertex in T is involved in strong cospectrality in X .
We utilise Lemma to characterise strong cospectrality in blow-up graphs.
Theorem 8.3.2. Let X be a graph with vertex u. The following hold.

1. If n > 3, then WX does not exhibit strong cospectrality.

2. Let n =2. Then (0,u) and (1,u) are strongly cospectral in B X if and only if
¢ e, (X), where
degu, if M =1L
= & / (8.3.1)
0, if M = A.

In this case,

(I);,ev ={nA: X € P (X))} and @ju’% = {nu}

2
Moreover, (0,u) is only strongly cospectral with (1,u) in & X.

Proof. 1f n > 3, then we have |T,,| > 3 in WX for every vertex u of X. Since T}, is a
twin set in LZJX, Lemma 8.3.1(3) yields 1. On the other hand, if n = 2, then invoking
Lemma [8.3.1)(2), we get that eg®@e, and e, ® e, are strongly cospectral if and only if

p ¢ ®e, (X). This proves the first statement in 2, while the second statement follows
from statements 1 and 2 of Lemma [R.3.1] O

Example 8.3.3. Let X be a weighted tree that has a perfect matching. Since
A(X) is invertible if and only if X has a (unique) perfect matching, it follows that
puw=0¢ D, (X). Thus, each vertex of W X pairs up with a unique vertex to exhibit
strong cospectrality relative to A by Corollary [8.3.2)2).
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Example applies to P,,. For Py, 1, we have the following observation.

Example 8.3.4. Let X = Py, with edges {u,u+1} for each u € {1,...,2n}. Note
that 0 is a simple eigenvalue of A(X) with eigenvector e; —e3+e5—---+(—1)"e€g,41.
Therefore, 0 ¢ ®,,(X) if and only if u is even. By Theorem [8.3.2)(2), (0, u) and (1, u)

are strongly cospectral in W X relative to A if and only if u is even.
For d-regular graphs, Corollary [8.3.2(2) yields the following.

Corollary 8.3.5. Let X be a weighted d-regular graph with vertex w. Vertices (0,u)
2

and (1,u) are strongly cospectral in W X relative to L if and only if d ¢ $e,(X).

In particular, vertices (0,u) and (1,u) are strongly cospectral in: (i) W Ky for all

d>1, (i) @ C,, if and only if n 20 (mod 4), and (iii) @ Qq if and only if d is odd.

8.4 Periodicity

The following result characterises periodicity in blow-up graphs relative to A. It
follows from the fact that 0 € @, , for all (j,u) € V(®X) and by taking 6 = 0 in

Corollary [3.7.13|(1).

Theorem 8.4.1. Suppose n > 2 and ¢(A(X),t) has integer coefficients. Then
® X s periodic at each (j,u) € T, if and only if the elements in Pe,(X) are all
integer multiples of VA, where A > 1 is a square-free integer. In this case, p(ju) =

%, where g = gcd{ﬁ A€ D, (X)\{0})}. Moreover, periodicity in T, implies

periodicity of u in X, and the period of the vertices in T, is 2. Furthermore, if a

vertex in T, is periodic in WX for some n, then it is periodic in WX for alln > 2.

Theorem [8.4.1f implies that the blow-up operation yields shorter periods than the
original graph, in contrast with Cartesian products, where the period is at least the
period of underlying graphs.

Next, we illustrate that periodicity of u need not yield periodicity in 7T,,.

Example 8.4.2. Let Y be a k-regular graph on ny vertices. Let X = O; VY where
V(01) = {u}. Then @, (X) = {3(k £ Vk? +4ny)}, and so u is periodic in X at

T = \/];:—4 by Theorem [3.7.8{(1). Since 0 ¢ P, (X), Theorem [8.4.1(2) implies that
n2

all vertices in T, are periodic if and only if k% + 4n, is a perfect square or k = 0. In

both cases, the vertices in T, are periodic at 7/n.

If £ > 0 and k? +4n, is not a perfect square in Example|8.4.2, then any vertex in
T, is not periodic. Thus, blow-ups need not preserve periodicity for the adjacency

case. For the Laplacian case, the following is immediate from Theorem |3.7.17]
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Corollary 8.4.3. Suppose degu is an integer and ¢(L(X),t) has integer coefficients.
Vertex (j,u) in WX s periodic relative to L for somen > 1 if and only if ®.,(X) C Z.
Moreover, if WX is periodic at vertezx (j,u) for some n > 1, then WX is periodic at
vertez (j,u) for alln > 1 and j € Zy, with p(u) = 25, where h = ged(®e, (X)\{0} U
{degu}).

Unlike the adjacency case, Theorem [3.7.17] and Corollary imply that blow-
up graphs preserve Laplacian periodicity.

Proposition 8.4.4. Let M € {A, L} and suppose ¢(M,t) has integer coefficients.

1. Let M = A. For all n > 2, the adjacency quantum walk on X is periodic at
p= gzﬁ if and only if the quantum walk on WX is periodic at 2, where A > 1
is a square-free integer and g = gcd{ﬁ : A € spec(A(X))}.

2. Let M = L and suppose degu s an integer. For all n > 2, the Laplacian

quantum walk on X is periodic alt px = %’T if and only if WX s periodic at
Py = ohy where g = ged(spec(L(X)\{0}) and h = ged(spec(L(X)\{0} U

{degu:u e V(X)}).

Proof. Suppose X is periodic at 7. Since 0 € spec(L) and the trace of A is zero, it
follows that spec(M (X)) = {b;v/A} by Corollary , where A > 1 is a square-
free integer and we allow A = 1 in case spec(M (X)) C Z. From Proposition [8.2.1]
we have spec(M(LﬁJX)) = {nb;v/A} U A, where A = {0} whenever M = A and
A = {ndegu : u € V(X)} whenever M = L. Thus, for M = A, it is clear that
elthiVA — ¢itheVA 1o]ds if and only if el(t/mnbiVA — ¢ilt/mnbeVA - Thig establishes the
forward direction for M = A. Now, for M = L, Corollary (1) implies that
A = 1. Thus, spec(L(X)) C Z, in which case spec(L(#X)) C Z. Thus, the quantum
walk on WX is periodic by Theorem The converses are straightforward, and

the minimum periods are immediate from Proposition and Theorem [3.7.8 [

Taken together, our results in this section imply that the blow-up operation under

mild conditions yields shorter periods as we take more copies of the underlying graph.

8.5 Perfect state transfer

We first state a characterisation of PST between twin vertices in [67, Theorem 11].

Theorem 8.5.1. Suppose ¢(M,t) has integer coefficients and let {u,v} be a twin set
in X such that u and v are strongly cospectral. Perfect state transfer occurs between

u and v if and only if both conditions below hold.
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1. Each \j € ®F  can be written as \j = 0 +b;V/A, where each b; is an integer,

€y,ev

A > 1 is a square-free integer and 0 in Lemma [2.2.1] is an integer.
2. All the v5(b;)’s are equal.

If, in addition, perfect state transfer occurs between u and v, then the minimum PST

time is T = =, where g = ged(b;);>1.

We now characterise PST in blow-up graphs. By virtue of Theorem [8.3.2] we
restrict to the case n = 2, and it suffices to consider the case where 0 ¢ ®,, (X) and

degu ¢ ®e,(X) whenever M = A and M = L, respectively.

Theorem 8.5.2. Let u € V(X) with p ¢ ®e,(X), where p is given in (8.3.1). If
O(M,t) has integer coefficients and degu is an integer whenever M = L, then the
following are equivalent relative to M € {A, L}.

2
1. Perfect state transfer occurs between (0,u) and (1,u) in W X at time T with

the phase factor v = —e? ™,
2. There exists T € R so that e*N™ = —e*™ for each \; € @, (X).

3. Vertex u is periodic in X at time 27 with phase factor v = —e>™ for any
Aj € @e, (X).

4. Each \j € O, (X) can be written as \; = bjv/AA, where b; is an integer, A = 1

or A > 1 is a square-free integer, A =1 whenever M = L and the v5(b; — i) ’s

are all equal.

If, in addition, perfect state transfer occurs between (0,u) and (0,v), then the mini-

mum PST time is T = ZQL\/Z, where g = ged(b; — 1) j>1-

Proof. By Theorem[£.1.3, PST occurs between u and v if and only if they are strongly
2

cospectral in ¥ X and

27y _ _ i2tp

v=e e

for each \; € @, (X). Thus, 1 and 2 are equivalent. The above equation also implies
that 2 and 3 are equivalent. Finally, equivalence of 1 and 4, as well as the minimum
PST time are immediate from Theorem R.5.1] ]

Remark 8.5.3. In Theorem [8.5.2(4), the condition that the vo(\ — degu)’s are
equal for all A € &, (X)\{0} whenever M = L is equivalent to the condition that
vo(degu) < va(A) for all A € &, (X)\{0}.
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Corollary 8.5.4. Suppose ¢(L(X)) has integer coefficients and u € V(X) such that
degu is an odd integer. Perfect state transfer occurs in & X between vertices (0,u)

and (1,u) if and only if ., (X) consists of even integers.

Remark 8.5.5. The above theorem applies to integer-weighted regular graphs with

odd degree whose eigenvalues are all even integers.

8.6 Common families

Recall that spec(A(K,)) = {n — 1, —1}. Thus, the eigenvalues of A(K,,) are all odd

if and only if n is even. Invoking Theorem [8.5.2] we obtain the following result.
Corollary 8.6.1. L-QH K., exhibits PST at 3 if and only if n is even.

For paths and cycles, we have the following result.
Theorem 8.6.2. Let M € {A, L} and n > 3. The following hold.

2
1. W P, admits perfect state transfer relative to A if and only if (i) n = 3, between

(0,2) and (1,2) at T = 5750 OT (ii) n = 5, between (0,3) and (1,3) at T = ONER

2
Moreover, W P, does not admit perfect state transfer relative to L for alln > 3.
2

2. W C, does not admit perfect state transfer for alln > 3.

Proof. First, note that each A € spec(A(X)) satisfies —2 < A < 2. Let r be the cov-
ering radius of vertex u. Thus, if u is periodic in X, then combining Corollary [3.7.18]
Lemma and Theorem yields r +1 < |, (X)| < 3. Thus, r < 2, which
implies n € {3,4,5}. By inspection, we get PST if and only if 1(i) or (1ii) holds.
Now, relative to L, the same argument yields n € {3,4,5}. Using the Laplacian
eigenvalues of P, in Lemma [5.5.5| and Theorem [3.7.3] we get a periodic vertex in
this case if and only if n = 3. Since periodicity is required for PST, Corollaries [6.1.9)
and |8.4.3| imply that L?ﬂ P, has no PST for all n > 4. Now, the only vertices strongly

cospectral in & P3 are (0,2) and (1,2), in which case CIDj(O’Q),(Lz)(L(éJ P3)) = {0,3}
and &, 2)(L(b%J P3)) = {2}. Since these two sets violate Theorem [8.5.2(4), we

2
conclude that & P, does not have PST for all n > 3. The same argument can be

used to prove the result in 2. O

We now look at PST in the blow-up of a cone O;V X, where X is a k-regular graph

2
on n vertices. Note that the blow-up of a cone can be expressed as Oy VW X, which
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is a (disconnected) double cone on a 2k-regular graph on 2n vertices. Disconnected
double cones over regular graphs were characterised in [67, Theorem 11(1)]. This

yields a characterisation of PST in blow-ups of cones over regular graphs.

Theorem 8.6.3. Let X be a cone on an unweighted k-reqular graph on n vertices
2

with apex u. Perfect state transfer occurs between (0,u) and (1,u) in W X if and

only if either (i) k =0 or (i) k > 0 and n = 15 (2k + s) for some even integer s

such that vo(2k) > vs(s). Moreover, PST occurs at time T = 5 whenever k=0
and T = /g otherwise, where g = ged(2k, s).

Proof. If w is the apex of X, then ®.,(X) = {1(k £ VA)}, where A = k? + 4n,
and so i =0 ¢ ®e,. If k =0, then , (X) = {&/n}. Invoking Theorem [8.5.2/(4)
yields the desired conclusion in (i). However, if £ > 0, then for Theorem [8.5.2(4)
to hold, k2 + 4n is a perfect square. Equivalently, n = is (2k + s) for some even
integer s. This yields AT = 2k + s and A\~ = s, and so v5(AT) = v,(A\7) if and only
if v5(2k) > 1o(s). Applying Theorem [8.5.2)(4) yields (ii). O

We illustrate the above theorem with the following example.

Example 8.6.4. Let X be a cone on a k-regular graph H with n vertices.

1. If H = O,, then k = 0 and X = K;,. By Theorem 8.6.3(1), PST occurs
between (0,u) and (1,u) in X at 57 foralln > 1.

2. Foralln > 3, let H = C, and k = 2. If n+ 1 is a perfect square, then
n = 1s(2k +s) if and only if s = 2(£v/n + 1 —1). Invoking Theorem m(l),
we get PST between (0,u) and (1,u) in © X if and only if n is odd.

We close this section with the following discussion. For blow-up graphs, PST in
2
W X only occurs between vertices at distance two. Nonetheless, we may construct
relatively sparse graphs using blow-up graphs, with the property that PST occurs

between vertices that are far apart. We illustrate this via Cartesian products.

Example 8.6.5. Suppose EQrJ X has PST between u and v at time 7 = g. Denote the
hypercube of dimension d by ()4, which is known to be a sparse graph that admits
PST between vertices x and y that are at distance d. If g is an even integer, then
(E%J X)OQq has PST between (u,z) and (v,y) for all d > 2 at time 7.

Example 8.6.6. From Example [8.6.4(1), we know HQ-J K1, admits PST, say between

vertices u and v, at time 77— for all odd m > 1. Let X = Py | which is known

to admit PST between vertices z and y that are at distance 2n. If m = 2n?, then
2

(¥ X)OX has PST between (u,z) and (v, y) at time 5.
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8.7 Regular graphs

We construct infinite families of regular graphs whose blow-ups admit PST. Since
the blow-up of a regular graph is regular, the results here apply to both A and L.

An integer-weighted Hadamard diagonalisable graph X on n vertices is known
to be d-regular for some integer d. Moreover, all eigenvalues in spec(L(X)) are
even integers and n = 0 (mod 4) [9]. Combining this with Corollary and
Remark yields the next result.

Corollary 8.7.1. Suppose ¢(L(X)) has integer coefficients. If X is a d-regular
Hadamard diagonalisable graph for some odd integer d, then perfect state transfer

2
occurs in W X between (0,u) and (1,u) for any vertex u of X at 7.

Remark 8.7.2. Not all Hadamard diagonalisable graphs with odd degree admit
PST. A small example is K. Nonetheless, the construction in Corollary [8.7.1]applies
to any Hadamard diagonalisable graph odd degree. Thus, a blow-up graph can have
PST even if the underlying graph does not have PST.

Next, we use Cartesian products to obtain infinite families of blow-up graphs

where every vertex pairs up a unique vertex to exhibit PST.

Theorem 8.7.3. Let X = X 0---0X,, where each X; is kj-reqular and k = ki +
-+ kg is odd. If spec(L(X;)) consists of even integers for each j, then perfect state

2
transfer occurs in & X between (0,u) and (1,u) for any vertex u of X at 7.

Proof. First, note that X is k-regular. Since spec(X;) consists of even integers for
each j € {1,...,d}, (3.6.1) implies that the eigenvalues in spec(L(X)) are all even.
As k is odd, invoking Corollary and Remark yield the desired result. [

The Hamming graph, denoted H(d, q), is the Cartesian product of d copies of K.

Corollary 8.7.4. If X = K, U---UK,,, where each n; > 2 is even and d > 2 is
2
odd, then perfect state transfer occurs in' W X between (0,u) and (1,u) for any vertex

w of X. In particular, if q is even, then perfect state transfer occurs in W H(d,q)
between (0,u) and (1,u) for any vertex u of H(d,q).

Proof. Since spec(L(K,;)) = {0,n;} consists of even integers for all j € {1,...,d},
letting X; = K,,, and k; = n; — 1 in Theorem yields the first statement. The

second statement follows from the first by taking ny =--- =ng = ¢ to be even. [
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Since H(2,d) = @4, the second statement of Corollary together with Corol-
lary [8.3.5((iii) implies that @J Qg admits PST if and only if d is odd. In this case,

PST occurs between vertices (0,u) and (1,u) for any vertex u of Qg at time 7.

Next, we use direct products to construct infinite families of blow-ups with PST.

Theorem 8.7.5. Let X = X X --x X, such that X; is reqular and spec(A(X;)) C Z
for each j. For each j, suppose the vo(X\)’s are equal for all X € spec(A(X;)). Then

2
perfect state transfer occurs in W X between (0,u) and (1,u) for any vertex u of X.

Proof. Our assumption that for each j, spec(A(Xj)) consists of integers with equal
largest power of two dividing them implies that 0 is not an adjacency eigenvalue of
each X;. From (3.6.6), we get that the adjacency eigenvalues 6, of X have equal
largest power of two dividing them. Thus, 6, # 0 for all r, and so A\, =k — 6, # k
for all r. Moreover, since X is k-regular for some k, each Laplacian eigenvalue \, €
spec(L(X)) can be written as 0, = k — \,, which we know have equal largest power
of two dividing them. Invoking Theorem m(4) yields the desired conclusion. [

Corollary 8.7.6. If X = K, x --- x K,,,, where each nj > 2 is even, then perfect

2
state transfer occurs in W X between (0,u) and (1,u) for any vertex u of X.

Proof. As each nj; is even, the adjacency eigenvalues —1 and n; — 1 of K,,; are odd
integers. Applying Theorem with X; = K, for each j yields the result. O

Next, we have the following result that is immediate from Theorem [8.7.5]

Corollary 8.7.7. Let Y be a regular non-bipartite graph such that spec(A(Y)) C Z
and the vo(X)’s are equal for all X € spec(A(Y)). If X = Ky X Y, then perfect state
transfer occurs in L@ X between (0,u) and (1,u) for any u € V(Y).

In Corollary [B.7.7], taking Y = K, for even ny yields an infinite family of blow-ups

of bipartite doubles where each vertex pairs up with a unique vertex to exhibit PST.

8.8 Join graphs

Let X and Y be graphs on n; and ny vertices, respectively. Since

B (XVY)=(®X)V(#Y),

the blow-up of a join is simply the join of the blow-ups of the underlying graphs. In
this section, we construct blow-up graphs that have PST using the join operation.

We only focus on the case M = L.
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Theorem 8.8.1. Suppose ¢(L(X)) has integer coefficients and v € V(X)) such that
degu is an integer and degu ¢ ®e,(X). Then perfect state transfer occurs in E2d (XV
Y) between (0,u) and (1,u) if and only if Pe,(X) C Z and one of the following

conditions hold.

1. X is connected, and vo(A 4+ ny) and vo(ny + ne) are larger than ve(degu + na)
for all X € O, (X)\{0}.

2. X is disconnected, u is not an isolated vertex in X, and ve(A+n3), vo(ny +n2)
and va(ng) is larger than ve(degu + ng) for all X € ®g, (X)\{0}.

Proof. Let u be a vertex of X such that degu ¢ &, (X). Define S ={A+ny: X\ €
P, (X)\{0}}. From Lemmal7.2.1](1), we have ®., (X VY) = SU{0, n1+no} whenever
X is connected, and @, (X VY) = SU{0,ny +nq,n} otherwise. Now, the degree of
vertex u in X VY is deg u+ns. We have two cases. First, suppose X is connected. If
X # Kj,then 0 < degu < ny and so ny < degu+ns < ny+nsy. Since degu ¢ Pe, (X),
we get that degu + ng ¢ @, (X VY). Meanwhile, if X = K, (which is connected),
then degu + ny = ny ¢ @6, (X VY) = {0,n1 + no}. Applying Theorem [8.5.2(4)
to both cases yields the desired result in 1. Now, suppose X is disconnected. If
u is not isolated, then degu + ny ¢ @, (X VYY) because degu ¢ P, (X), and so
Theorem [8.5.2(4) yields the desired result in 2. On the other hand, if u is isolated,
then degu + ny = ny € &, (X VY). By Theorem [8.3.2|2), vertices (0,u) and (1,u)
are not strongly cospectral in @J (X VYY), and so they do not admit PST. Therefore,
u is not an isolated vertex in X if (0, u) were to admit PST in & (X VY). O

Theorem yields the following result.
Corollary 8.8.2. Let u € V(X)) such that degu is an integer. The following hold.

1. If X is connected and spec(L(X))U{ni,ne} C Z consists of odd integers, then
perfect state transfer occurs in (& (X VY) between (0,u) and (1,u) if and only

if degu is even.

2. If spec(L(X))U{ni,ne} C Z consists of even integers, then perfect state trans-
fer occurs in & (X VYY) between (0,u) and (1,u) if and only if degu is odd.

Proof. The first statements in 1 and 2 are immediate from Theorem [8.8.1(1), while
the second statement in 2 is immediate from Theorem (2) If the second state-
ment in 1 holds, then vo(ny) > va(degu + ny) by Theorem [8.8.1)2), which is a
contradiction because both ny and degwu + ny are odd. Thus, 1 and 2 hold. O
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Figure 8.2: The graph X VY where X = O; V (Ky U K3) and Y = O; (left); the

graph & (X VY) with vertex PST between (0, ) and (1, u) for any vertex u of X VY
(right)

For a Hadamard diagonalisable graph X, spec(L(X)) U {n;} consists of even
integers. Thus, Corollary gives us the following result.

Corollary 8.8.3. Suppose ¢(L(X)) has integer coefficients and d is an integer. If
X is a d-reqular Hadamard diagonalisable graph, then perfect state transfer occurs
in & (X VY) between (0,u) and (1,u) if and only if d is odd and ny is even. In this

case, perfect state transfer occurs between (0,u) and (1,u) for any vertexr u of X.
In the next example, X UY denotes the disjoint union of two graphs X and Y.

Example 8.8.4. Let X = O; V (K3 U K3). Then spec(L(X)) = {0,3,5} and each
vertex of X has even degree. As X is connected, Corollary implies that for all
odd ng, perfect state transfer occurs in & (X VY) between (0,u) and (1,u) for any
u € V(X). In particular, if H = Oy, then & (X VY) admits PST (see Figure .

If X = K in Theorem 8.8.1(1) and V' (K;) = {u}, then ny = 1 and &, (X VY) =
{0,n9 + 1}. Since the largest power of two dividing vo(ns + 1) > ve(degu + ng) =

ve(nsg) if and only if ny is odd, we get the following result.

Corollary 8.8.5. Let |V(H)| =n. If X = K1V H and V(K;) = {u}, then perfect

state transfer occurs in G X at % between (0,u) and (1,u) if and only if n is odd.
Letting H = O,, in Corollary yields the following result.

2
Corollary 8.8.6. W K, has perfect state transfer between vertices of degree 2n if
and only if n is odd.
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8.9 Edge perturbation

Throughout this section, we assume that M = L and n = 0 (mod 4). Asn > 3
in this case, WX does not exhibit strong cospectrality by Theorem [8.3.2(1), and so

WX does not admit PST. However, we show that the addition of an appropriate
matching in WX results in PST. To do this, we need the following result due to Pal
[79, Theorem 4]. For a weighted graph with false twins u and v, we let X (n) denote
the graph resulting from X by adding an edge between u and v of weight 7.

Theorem 8.9.1. Suppose X is a weighted graph and T is a false twin set in X with
w,v € T. If u is periodic in X at time 7, then X(n) admits PST between u and v
whenever 2nT is an odd multiple of w. Moreover, if w is another verter in X that is

periodic, then it remains periodic in X (n).

Now, let u be a vertex in X with ®e, (X) C Z. By Corollary|8.4.3] WX is periodic

at the vertex (j,u) for all j and n with period 2. Since n = 0 (mod 4), we have that

s

vertex (j,u) is periodic in WX for all j at time 7 = 7 by Remark |3.7.6, Using the
fact that T, consists of false twins in WX , Theorem implies that the insertion
of an additional edge in WX of weight 1 = 1 between vertices (a,u), (b,u) € T, with

a # b results in PST between (a,u) and (b,u) at 3. Moreover, the resulting graph
is periodic at the remaining vertices in the set T'= {(j, u) | j # a, b} with period at
time 5. Again invoking Theorem , another edge can be added between a pair of
vertices in 1" to have PST at time 7. Applying this process inductively, we generate
new graphs exhibiting admitting PST by simply adding a matching in T, which is

a set of edges without common vertices. We summarise this as follows.

Theorem 8.9.2. Let n =0 (mod 4) and u be a vertex in X with ®.,(X) C Z. The
addition of a matching in T, results in Laplacian perfect state transfer in WX at
5 between the end vertices of every edge inserted. Moreover, the resulting graph is

periodic at 5 at all vertices in T, that are not incident to the newly added edges.

By Theorem , the addition of a matching in WX as described above works
as long as the vertices in the matching belong to a set twins. Thus, if v and u are
false twins in X, then T, U T, is a false twin set in WX by Proposition and so
the conclusion in Theorem still works if we add a matching in T, U T,,.

Corollary 8.9.3. Letn =0 (mod 4). If u and v are false twins in X with ®., (X) C
Z., then the addition of a matching in T, U T, results in PST in WX at 3 between
the end vertices of every edge inserted. Moreover, the resulting graph is periodic at

all vertices in T, that are not incident to the newly added edges with period 3.
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Figure 8.3: PST in é K3 between the end vertices of dashed edges.

In general, one may begin with any graph X such that spec(L(X)) C Z, and

apply Theorem [8.9.1| repeatedly to WX where n = 0 (mod 4) to construct new

graphs having PST.
Next, combining Theorem [8.9.2] and Corollary yields the following result.

Corollary 8.9.4. Let n =0 (mod 4) and u be a vertex in X with O, (X) C Z.

1. If u has no false twins in X, then the addition of a perfect matching in T,

results in PST in WX at 5 between the end vertices of every edge inserted.

2. If u has a false twin v in X, then the addition of a perfect matching in T, UT,

results in PST in WX at 5 between the end vertices of every edge inserted.
We demonstrate Theorem and Corollary [8.9.4(1) in the following examples.

4
Example 8.9.5. Suppose K3 has vertices u,v,w. Here W K3 can be realised as a
complete 3-partite graph as shown in Figure 8.3 with partite sets T, T, and T,,. As
spec(L(K3)) C Z, the addition of any set of pairwise non-adjacent edges in T, T,

and T, results in PST in W K3 at 7 between the end vertices of every edge inserted.
We end this section with an illustration of Theorem and Corollary [8.9.4/2).

Example 8.9.6. Suppose Cy vertices has edges {a, b}, {b, c}, {c,d},{d, a}. Note that
{a,c} and {b,d} are pairs of false twins in Cy. Since spec(L(X)) C Z, addition of

4
any set of pairwise non-adjacent edges in T, UT,. and T, U Ty results in PST in & C4
at 5 between the end vertices of every edge inserted, see Figure
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Figure 8.4: PST in é Cy between the end vertices of dashed edges.
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9
s-pair state transfer

In this chapter, we deal with s-pair states. These are pure states of the form e, + se,,
where u and v are two vertices in X and s € C\{0}. A (1)-pair state is called a plus
state while a (—1)-pair state is called a pair state.

Physically speaking, an s-pair state e, + se, represents a pair of entangled qubits
[64]. The parameter s may be viewed as a measure of the degree of entanglement of
the qubits u and v in the s-pair state represented by e, + se,. The closer |s]| is to 1,
the closer the s-pair state e, + se, is to a maximally entangled state. Consequently,
pair and plus states are maximally entangled. The Bell states, which are pure states
in C* of the form %(el + ey), %(eg + e3), are examples of pair and plus states.
Given the interpretation of s-pair states, it follows that PST between from an s-
to an r-pair state represents a mapping of entangled states to entangled states. In
particular, perfect state transfer from an s- to an r-pair state with |s| = |r| can be
viewed as PST on entangled states that have the same degree of entanglement.

Chen first investigated perfect state transfer between edge states, which are pair
and plus states that form edges in a graph relative to the Laplacian matrix [27].
Such a phenomenon is called edge state transfer. This was extended by Chen and
Godsil to include pair and plus states that need not form edges in the graph [28].
Later on, Kim et al. developed the theory of s-pair state transfer to generate more
examples of perfect state transfer between entangled states [64].

Our goal in this chapter is to establish the algebraic and combinatorial properties
of strongly cospectral s-pair states, characterise s-pair state transfer in complete
graphs, complete bipartite graphs, paths and distance-regular graphs, and provide
constructions of s-pair states that admit perfect state transfer. This leads to new
interesting families of graphs that admit s-pair state transfer.

This chapter is based on two joint projects of the author. One is completed in
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joint work with Dr. Bahman Ahmadi, Dr. Ada Chan, Dr. Sooyeong Kim, Dr. Stephen
Kirkland, and Dr. Sarah Plosker [64], while the other one is on-going in joint work
with Dr. Ada Chan, Dr. Sooyeong Kim, Dr. Stephen Kirkland, Dr. Sarah Plosker, and
Dr. Xiaohong Zhang [24]. The results presented in this chapter are the contributions
of the author to these joint projects.

The following definition is obtained from Definition where the pure states
involved are an s- and an r-pair state that have the same moduli. Throughout this

chapter, we assume that (s,7) € C*\{(0,0)} and a,b,, 8 € V(X) such that a # b
and o # f.

Definition 9.0.1. Suppose u = e, + se, and pu = e, + reg are linearly independent
vectors in C". There is perfect state transfer (PST) from an s-pair state u to an
r-pair state g (in X relative to M) if there is a time 7 > 0 and a complex number

~ called phase factor such that

1 1
Uni(7) (m) u="r (m) . (9.0.1)

The minimum such 7 > 0 is called the minimum PST time. Additionally, if r = s,
then we say that s-pair state transfer occurs from u to pu. Furthermore, if r = s =1
(respectively, r = s = —1), then we say that plus state transfer (respectively, pair

state transfer) occurs from u to .

Remark 9.0.2. From Remark [£.0.2] the definition of PST from x to y implies that
x|l = |lyll. Therefore, strictly speaking, PST does not occur from the pure state
e, + se, to the pure state e, + re, when |r| # |s|. However, normalising these
vectors yields pure states with the same Euclidean norms. We take this fact into
account in Definition 9.0.1} an s- and an r-pair state admit PST if and only if their

corresponding normalised vectors admit PST.

Remark 9.0.3. If |r| = |s|, then the constants ——— and —-
V1+]s]2 V1+r]?

may be omitted from ((9.0.1). Additionally, if |r| = 1, then we may write (9.0.1]) as

are equal, and

Un(T)(en + se,) = ry(e, +Tey).

Thus, if |r| = |s| = 1, then perfect state transfer between an s- and r- pair state
gives rise to perfect state transfer between an s- and 7 pair state.

Remark 9.0.4. Suppose the pure states ae, + fe, and de,, +ne, admit PST, where
a, 8,0,n € C\{0}. By Definition [9.0.1] this means that there is a time 7 and a unit
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complex number v such that

U(r)(ae, + fe,) = y(de, + nes).

Observe that |a]? +|3]* = ||ae, + e, ||* = ||dew + ne.||* = |6|? +|n|?. Thus, if s =

and r = 1, then we may write the above equation as

1 7 e re
Un(7) (m> (e, + se,) = vy (m) (ew +7ey),

where ' = 5‘&{ Thus, PST on pure states with two nonzero entries is equivalent to

PST from an s-pair state to an r-pair state up to a phase factor.

9.1 Strong cospectrality

Since strong cospectrality is a requirement for perfect state transfer, it is necessary
to explore the properties of s-pair states that are strongly cospectral.
The first property we establish is a relation that certain entries of the spectral

idempotents of M need to satisfy in order for strong cospectrality to occur.

Lemma 9.1.1. Let r,s € C\{0}. If \/ﬁ(ea + sey) and ﬁ(ea + reg) are

strongly cospectral with respect to M, then for all j > 1,

1+ |r?

T+ 5P (Is*(E)bp + 2Re(8)(Ej)ap + (Ej)aa) = |r2(E})sa+2 Re(r) (E))a s+(Ej o

(9.1.1)

Proof. If u = ﬁ(ea + sep) and p = ——— (e, + reg) are strongly cospectral,

TP S
then they are weakly cospectral by Theorem Simplifying u*Eju = p*E;p

yields the desired equation in ({9.1.1]). O]

As a consequence of Lemma [9.1.1] strong cospectrality between an s- and an
r-pair state impose a relation on certain entries of all powers of M.

Theorem 9.1.2. Let r,s € C\{0}. If ﬁ(ea + sep) and ;\/—(ea + reg) are

1+|r|?
strongly cospectral with respect to M, then the expressions

1+ |r?
1+]s]?

(IsP(M")p + 2Re(s)(M") 0 + (M")s0) (9.1.2)
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and
|r|2(Mh)/37/3 +2 Re(r)(Mh)aﬁ + (Mh)cw. (9.1.3)

are equal for all integers h > 0.

Proof. Summing ((9.1.1)) across all powers of distinct eigenvalues of M yields the
equality of the expressions in ((9.1.2) and (9.1.3]). O

1 1
Corollary 9.1.3. Letr,s € C\{0}. Suppose W(ea—i—seb) and W(ea +7regp)
are strongly cospectral relative to M. If M is a nonnegative matriz and {a,b, «, 5}
are pairwise cospectral pairs of vertices, then Re(s) and Re(r) are either both positive,
both negative, or both zero. In the case that Re(s) and Re(r) are both nonzero, then

dist(a, b) = dist(a, 3).
Proof. Since {a,b,«, B} are pairwise cospectral, we have
(M")aa = (M")pp = (M")a0 = (M")3,5
for all integers h > 0. Combining this with Theorem [9.1.2] yields
(1+Ir[*) Re(s)(M")ap = (1 + [s]*) Re(r) (M")as.

Since M is an irreducible nonnegative matrix, (M"),; > 0 for some h. Thus, Re(s)
and Re(r) have the same signs. Moreover, if Re(s) and Re(r) are nonzero, then the
above equation implies that (M"),; = 0 if and only if (M"), s = 0, which implies
that dist(a,b) = dist(a, 3). O

9.2 When r € {s,—s,s}
Taking r € {s,—s,5} in Theorem yields the following result.

Theorem 9.2.1. Let s € C\{0}. Ifu = e, + se, and p = e, + seg are strongly
cospectral with respect to M, then for all integers h > 0,

51 (M"Y = (M")5,5) +2Re(s) (M")ap = (M")a5) + (M")aa = (M")a0 = 0.
(9.2.1)
If we replace p by e, +5es, then still holds. Furthermore, if we replace p by
e, — seg, then holds with (M"),, — (M"), s replaced by (M")ap + (M")4 5.
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Corollary 9.2.2. Let s € C\{0} and M be a nonnegative matriz. Suppose u =
e, + se, and p = e, — seg are strongly cospectral with respect to M. If one of the

conditions below hold, then s is purely imaginary.
1.a=aandb=p.
2. a =« and {b,B} is a cospectral pair.
3. b= and {a,a} is a cospectral pair of vertices.
4. {a,a} and {b, B} are cospectral pairs of vertices of vertices.
Proof. This is immediate from Corollary with r = —s. O

Proposition 9.2.3. Let s € C\{0}. Suppose M has constant row sum A, and X is
a simple eigenvalue of M. If u = e, + se, and p = e, — seg are strongly cospectral,

then s is purely imaginary and Exu = (132)E\p.

Proof. By assumption, we have F, = %Jm. Thus, Fyu = (E\u if and only if
¢ = 1. Now, |[¢| = 1 if and only if Re(s) = 0, and so s is purely imaginary. O

We obtain the following by applying Theorem with h = 1.

Corollary 9.2.4. Let s € C\R with Re(s) # 0. Ifu = e,+se, and p = e, —seg are
strongly cospectral relative to A, then a and b (as well as o and B) are non-adjacent

vertices in X.

Theorem 9.2.5. Let s € C\{0} with Re(s) # 0. For any connected weighted graph
X, the following hold for u = e, + se, and p = e, — seg.

1. If M = A, then u and p are not strongly cospectral in X whenever one of the
four conditions in Corollary[9.2.9 holds.

2. If (i) M = L, or (ii) M = A and X is regular, then u and p are not strongly

cospectral in X.
Proof. Corollary and Proposition yield 1 and 2, respectively. O]
If the parameter s in Theorem is purely imaginary, then we can say more.

Corollary 9.2.6. Let f € R\{0}. Ifu=-e,+ife, and p = e, ifes are strongly
cospectral relative to M, then the following hold.

1. The following are equivalent.
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) 6 7 8

Figure 9.1: A counter-example to the conclusion of Proposition[9.2.7, where a,b € B,
witha =1,b=2

(a) Either b= 3, or {b, B} is a cospectral pair of vertices.

(b) Fither a = «, or {a,a} is a cospectral pair.

2. If b # 8 and {b, 5} is not a cospectral pair of vertices, then for all integers h > 0,
we have f2(M")pp—(M")55) = (M") g0 — (M")o 0. Additionally, if M € {A, L},
then f*(degb — deg 8) = deg o — deg a.

Proof. Taking s =if in Theorem yields 1 and 2. ]

Theorem 8.3 of [2§] relates Laplacian perfect pair state transfer to perfect plus
state transfer with respect to () for bipartite graphs. In the following proposition,

we give a similar result for strong cospectrality of s-pair states in bipartite graphs.

Proposition 9.2.7. Let s € C\{0} and X be a bipartite graph with bipartition By
and By. Let a,a € By and b, 8 € By. Then the s-pair states (e,+sep) and (e, +seg)
are strongly cospectral with respect to Q if and only if (e, — sep) and (e, — seg) are

strongly cospectral with respect to L.

Proof. For a weighted bipartite graph X, the matrix

1, ierBl,

—1, if v GBQ.

va:

)

satisfies
Q@ =PLP and P(e,* se,) = e, F se,.

Hence, X is an eigenvalue of L with associated eigenvector w if and only if A is
an eigenvalue of () with associated eigenvector Pw. This implies that if E) is a
spectral idempotent for L, then F\ = PFE, P is a spectral idempotent for (). Hence,

if F\(e, + sey) = (\Fi(e, + seg) for some unit complex number z,, then we get
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E\P(e,+ sey) = (\E\P(e, + seg), or equivalently, E)(e, — se,) = (L E\P (e, — sep).

This proves the forward direction. The converse follows similarly. O]

Proposition does not necessarily hold for some values of s whenever a,b €
Bi. In Figure[0.1] we have 1,2 € By, 5,6 € By and one checks that the states e; + ey
and e; + eg are strongly cospectral in X relative to (). However, e; — e; and e5 — eg
are not strongly cospectral in X relative to L. To see this, note that X is bipartite
and A = 2 is an eigenvalue of L and () with an orthogonal set of eigenvectors given
by

{wy,wy} :={[1,-1,0,0,0,0,1,-1]",[0,0,1, -1,1,—1,0,0]"}

that works for both L and @. This yields
1 T T
E\(e; —ey) = §(w1w1 + wow, )(e] — es) = wy.

Similarly, E)(e5; —eg) = wa, and so E)(e; —es) # (A Ex(e5 — eg) for any unit z) € C.
That is, e; — ey and e5 — eg are not strongly cospectral relative to ) and L.

The next result states that strong cospectrality on s-pair states respects the
symmetries of the graph. It is a special case of Lemma [3.5.10]

Proposition 9.2.8. Let u = e, + se, and p = e, + seg be strongly cospectral s-pair
states in X . If s # 1 then any automorphism of X that fizes (a,b) also fizes (o, 3).
If s =1 then any automorphism of X that fizes {a,b} also fixes {c, B}.

9.3 When s is real

In this section, we further investigate strongly cospectral s-pair states when s is real.

In an unweighted graph X, denote the number of common neighbours of two
vertices a and b by cgp = (A?)ap. If u = €, + se, and p = e, + ses, then taking
M = A and h = 2 in (9.2.1)) gives us

|s|? (degb — deg B) + 2 Re(s) (Cap — Cap) + dega — dega = 0. (9.3.1)

If we replace u by e, — seg, then (9.3.1)) holds with ¢, — cop replaced by cup + Cogp.
From this, we get the following corollary which gives the precise value for s in terms
of degrees and the number of common neighbours of the vertices involved whenever

e, + se, and e, + seg are strongly cospectral relative to A.
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Corollary 9.3.1. Let s € C\{0} and X be an unweighted graph. Suppose u =

e, + se, and p = e, + seg are strongly cospectral relative to A.

1. Suppose degb = deg 5. If Re(s) = 0 or cop — cap = 0, then dega = dega.
Otherwise, Re(s) = diwﬂ # 0.

2 Cab—CapB

2. Suppose degb # deg 8 and s € R\{0}. If dega = dega, then s = —%.

Otherwise,

—(Cap — Cap) £ \/(cab — cap)? + (degb — deg B)(dega — dega)
s = )

degb — deg 3

If we replace u by e, — seg, then 1 and 2 holds with cq, — cap Teplaced by cap + Cop-

Meanwhile, if u = e, + se;, and p = e, + seg, then taking M = L and h =1 in

(19.2.1)) gives us
|s)? (degb — deg B) — 2Re(s) ((A)up — (A)ag) + dega — dega = 0.

This yields an analogue of Corollary relative to L.

Corollary 9.3.2. Let s € C\{0}. Suppose u = e, + se, and p = e, + sep are

strongly cospectral relative to L.

1. Suppose degb = deg 3. IfRe(s) =0 or (A)ep— (A)aps =0, then dega = dega.

Otherwise, Re(s) = % # 0. Additionally, if X is unweighted and

Re(s) # 0, then Re(s) = i% whenever ezactly one of the pairs {a, b}

and {a, B} are adjacent, and dega = deg «v otherwise.

2. Suppose degb # deg f and s € R\{0}. Ifdega = dega, then s = %.

Otherwise,

o (Aap = (Aap) £/ (Aap = (A)ap)? + (degh — deg ) (deg a — deg a).

degb — deg 8

If we replace u by e, — seg, then 1 and 2 holds with (A)ap — (A)ap replaced by
(Aap + (Aass-

In what follows, we let d.x denote the maximum degree of X. Using Corol-
laries and we provide bounds for the values of s € R\{0} whenever

u=e,+ se, and pu = e, & sez are strongly cospectral relative to A and L.
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Corollary 9.3.3. Let s € R\{0}, X be an unweighted graph and M € {A,L}.
Suppose u = e, + se, and p = e, seg are strongly cospectral relative to M. Define

5. ) lco—casl i 1= eatses

Cab + Cap otherwise
when M = A, and
1 if p=e,+ seg

0=
2 otherwise

when M = L. If degb # deg 3, then

o] < 20, if dega =dega
S| >

02+ dpax — 1 otherwise.

Proof. Let degb # deg 3. The result for the case dega = dega is immediate from
the second statements of Corollaries 9.3.1 and [9.3.2 Now, let dega # dega. We
only prove the case when M = A, as the proof of the case M = L is similar. Let

r =degb—degf, y = dega — dega and z = ¢ — cop. Note that |y| < dpax — 1.
Applying Corollary [9.3.1(2) with u = e, + se, and p = e, + ses yields

—z+ 22+ oy

T

S4+ =

Differentiating s4 with respect to z gives us

d , =222 —ay+2zy22 4oy d _ 22 —|—a:y—|—22\/22+9cy

—sT = and —s

dx 202\/2% + xy dx 202\/2% + xy

d d
First, let z,y > 0 so that s, > 0, s_ < 0, d—s+ < 0 and d—s > (. This means
that the maximum for s, and the minimum for s_ are attained when z = 1. In this

case, we obtain

Sy =—z4+4/22+y < —(cab—cag)—l—\/(cab—ca5)2+dmax— 1<0+1/0%2+ dpax — 1

(9.3.2)
and
5. = =22y > —(cu—cas) /(o — s + e — 1> ~0 =[5 + e — 1.
(9.3.3)
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Now, if x > 0 and y < 0, then s_ < s, < 0. One then checks that the upper bound
for s for this case is smaller than that of the previous case, while the lower bound for

s_ remains the same. Combining (9.3.2) and (9.3.3)) yields |s| < 0 + /02 + duax — 1

The case when z < 0 can be proven using the same argument. Furthermore, the
case when M = L can be proven similarly using Corollary [9.3.2(2). O

9.4 Periodicity

We continue unravelling the properties of s-pair states, this time in relation to eigen-
value supports and periodicity. The following result gives a lower bound on the size

of the eigenvalue support of an s-pair state.

Proposition 9.4.1. Let s € C\{0} and M be a nonnegative matriz. If u = e, + sey,

By| > {dlst(a, b)-‘ ‘
2
Proof. Let r be the covering radius of u. Then r > {MJ andsor+1 > [ww
dist(a,b)

2
Invoking Lemma [6.3.1) we get that |®,| >r+1 > [#W as desired. O

is not a fized state then

Remark 9.4.2. Since Proposition [9.4.1] applies to the nonnegative matrix M =

dmax] — L, it also applies to L.

Remark 9.4.3. The lower bound in Proposition [9.4.1] is tight for some families of

graphs. For example, if a,b are the end vertices of P, with n even, then e, and

e, are strongly cospectral relative to A with ®F = {u; : 1 < j < n odd} and
g o = 115 1 1 < j < neven}, where each p; is given in Lemma |5.5.1} Since n is
even and |®f | =[P . | =7, we see that

n n—1 dist(a, b)
Posrel = 1050 = 5 = | “5—| = .
2 2 2

Thus, the pair and the plus states e, — e, and e, + e, attain the lower bound in
Proposition[9.4.1] The same argument together with Lemma [5.5.5|and Remark

yields the same result relative to L.

Corollary 9.4.4. If ®,, U ®,, satisfies the ratio condition then the s-pair state
u = e, + sey is periodic for any s € R\{0}.

Proof. This result follows immediately from Theorem [3.7.3| and the fact that &, C
D, U D, . ]
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Remark 9.4.5. If e, and e, are periodic at the same time and the same phase

factor, i.e., U(T)e, = ne, and U(7)e, = ney, then
U(T)(eq + sep) = 1n(e, + sep)

and so e, + sey, is periodic for any s € C\{0}.

Proposition 9.4.6. Let a and b be cospectral vertices in X and s € C\{0}. If
e, + sey is periodic at time T, then either s = 1 or both vertex states e, and e, are

periodic at time T.

Proof. Suppose U(7)(e, + se;) = 1(e, + sep) for some phase factor 7. Then

U(T)aa + SU(T)ap =7
U(T)ba + sU(T)pp = 7.

Since a and b are cospectral, Lemmas yields U(T)aa = U(T)pp. Moreover,
because U(7) is symmetric, we have U(7)qp = U(T)po. Thus, the above system of
equations gives

(s> = D)U(T)qp = 0.

Hence, either s = 1, or U(7)aqq = U(T)op = 7- O

We complement Proposition and Corollary by illustrating an infinite

family of graphs with periodic pair states but the associated vertex states are not.

Example 9.4.7. Let X be a conference graph on n vertices, where n is not a
perfect square. That is, X is a strongly-regular graph whose multiplicities of the two
eigenvalues (other than the valency) of the adjacency matrix are equal. Please see
Section for the definition of a strongly-regular graph.

Note that X is k-regular, where k = (n — 1)/2. In this case,

—1+\/ﬁj—1—\/ﬁ}’

spec(A) = {k, 5 5

which does not satisfy the ratio condition. Since ®e, = spec(A) for each vertex u
of X, we conclude that X has no periodic vertices. Now, let u = e, — ;. If we
let \y = k, then E), = %J, and so Ey,u = 0. This implies that &, = {(—1 +
v/n)/2}, which satisfies the ratio condition. Invoking Theorem the pair state
u is periodic. This example also illustrates Proposition Indeed, since X is
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a strongly-regular graph, it is a walk-regular graph, and so all pairs of vertices are
cospectral by Remark In this case, if an s-pair state e, + se, is periodic in
X, then either s = 41 or a, b are both periodic by Proposition [9.4.6, However, the
latter condition does not hold, and because ®¢, o, = spec(A), we know that e, + e,

is also not periodic. Thus, s = —1, in which case u = e, — e, is periodic in X.
We close this section with the following corollary.

Corollary 9.4.8. Let X be a weighted walk-regular graph such that ¢(A,t) has inte-
ger coefficients, and suppose perfect state transfer occurs between m-strongly cospec-
tral s-pair states u = e, + se, and p = e, + se, relative to A. If spec(A)\Z # @
(equivalently, the quantum walk on A is not periodic), then s € {£1}.

Proof. 1f PST occurs between m-strongly cospectral s-pair states u and g, then they
are periodic states by virtue of Theorem [£.2.3] Since X is a weighted walk-regular
graph, ¢(A,t) has integer coefficients and spec(A)\Z # &, Corollary implies
that any vertex a of X is not periodic. Since X is walk-regular, any pair of vertices
in X are cospectral by Remark [6.2.5, and so invoking Proposition [9.4.6] yields the

desired conclusion. OJ

9.5 Complete graphs

We now move on to characterise s-pair states that admit PST in common families

of graphs, starting with complete graphs.

Corollary 9.5.1. Let V(K,) = {1,...,n}, x = e; + sey with s € C\{0,—1} and
y € C" be a vector that has two nonzero entries. Perfect state transfer occurs from

x toy in K, relative to A at time T if and only one of the following conditions hold.

ei?‘r+1+s 6i27—71 6i27—71+8 €i2T+1
1.n=2y= 2( )e1+ 2( )eg.

2. n=3, 5= ff:;:, andy = ez + (s — 1)es.

3. n:3,s:%, andy = ses + (1 — s)e;.

4.n=4,s=1y=e3+e and7=7.
Proof. Let x = e; + sey, where s € C\{0}. From Theorem [5.2.1} PST occurs from
x to y in K, at time 7 if and only if s # +1 and

- D+ 8))) L

eiTTL
y:(el+862>+<( n
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Since x has two nonzero entries, y has at least three nonzero entries whenever n > 5.
Thus, n € {2,3,4}. Moreover, €™ # 1 otherwise x =y is periodic at 7.

27 41+ s(e?” — 1)
62 — 1+ s(e2™ 4 1)

) 1 at time 7. Now, y has two nonzero entries if and only

Ifn=2 theny = % . If n = 3, then PST occurs from

(eB37—1)(1+s)
3

if either 1+ (W) =0 or s—l— (W) = 0. Equivalently, s = ffi: or
%. In particular, if s = ffzjij, then PST occurs from x toy = e3+ (1 — s)es.

Meanwhile, if s =

xtoy:x—|—<

S =
176i37—
2+ei37‘ I

n = 4, then y has two nonzero entries if and only if 1 + (W) = 0 and

s+ (W) = 0. That is, s = i’fz: = :{,;Zi: Equivalently, 7 = 7 and s = 1.

In this case, PST occurs between e; + e, and e3 + e4 in Ky at 7. O

PST occurs from x to y = ses + (s — 1)e;. Finally, if

The following are immediate from Theorem [9.5.1]

Corollary 9.5.2. If n > 5, then perfect state transfer does not occur in K,, from an

s- to an r-pair state.

Corollary 9.5.3. Let V(K,) = {1,...,n}. Real s-pair state transfer occurs in K,

relative to A at time 7 if and only if one of the following conditions holds.

1. n=2, from e + sey to ey + se; with s # 1, and 7 = 7.

2. n =3, between the pairs {e; + %eg, es+ %eg}, {e1 +2e;,e; +2e3} and 7 = 3.

3. n =4, between e, + ey and ez + ey, and 7 = 7.

Proof. Note that K, is periodic with p = 2%, Thus, the PST time of any real state

n

is 7. Combining this with Theorem [9.5.1) yields the result. O

9.6 Complete bipartite graphs

For complete bipartite graphs, we establish results analogous to Corollaries
and relative to A and L. Since K> is dealt with, we only examine K,; with
a+ b > 3. We start with the case when M = A.

Theorem 9.6.1. Let V(K,;) = By U By, where |By| = a. Suppose x = e, + se,
for some s € C\{0} andy € C" is a vector with two nonzero entries. Perfect state
transfer occurs from x to'y in K,y relative to A at time 7 if and only if one of the

following conditions hold.

1. u,v € By, s # —1 and one of the conditions below holds.
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(a) a=4, s=1, and y = e, + e, where By = {u,w,v,x}, and 7 = 2L\/B

(b) a=2,b=1, s =cot’(1/v2), andy = (s — 1)e, + l—jgisin(T\/?)ew.
(c)a=2,b=1,s=sec(rvV2)— 1, andy = (1 — s)e, + l—j;isin(T\/?)ew.
(d) a=2,b=2,s=1, andy = e, + e, where By = {w,z}, and 7 = 7.

2. uw € By, v € By and one of the conditions below hold.
(a) a=1,b=2,y=e,+ se, where By = {v,w}, and T = ot
(b) a=1, s =+bcot(Tvb/2)i, and y = e, — se,.
(c) a=b=2,y=e,+ se, where By = {u,w} and By = {v,z}, and 7 = 7.

Moreover, the above statements hold if we interchange the roles of a and b, as well
as By and Bs.

Proof. First, suppose u,v € B;. Then s # —1, otherwise x is fixed. We invoke
Theorem with x; = e, + se, and x3 = 0. Making use of (5.3.1)) gives us

e, + se, + 2 (Re(e™V) — 1)1,

y = S iTvVa
}/%ﬂm(e Vabyq,

If ¢mVab ¢ R, then Im(e”\/@) =0and 7 = % for any integer ¢. If ¢ is even,
then x is periodic at time 7. Otherwise, y has two nonzero entries if and only if
s = 1 and a = 4. In this case, PST occurs between e, + e, and e, + e, at o
where By = {u,w,v,z}. Hence, la holds. On the other hand, if eimVab ¢ R, then
Im(e7V) £ 0. In particular, if b = 1, then

e, + se, + 2 (cos(ty/a) — 1)1,

y = 2 :
1%15111(7'\/5)

which has two nonzero entries if and only if = 2 and 22 (cos(7v/2)—1) € {-1, —s}.
The latter yields the values

_ 1tcostrvd) cos(V2) _ cot?(7 and s = 1 costrva) 0s(1V2) _ sec(T —
T —cos(TV?2) (r/v2) d 5= cos(Tv2) (r/v2) -~ 1,

and the vectors

1 1
y=(s—1e, + jisin(T\/E)ew and y=(1-s)e,+ jisin(T\/E)ew

Va Va
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respectively. This proves 1b and 1c. However, if b # 1, then b = 2 and e, + se, +
5 (cos(Tv/2a) — 1)1 = 0, which yields a =2, s =1, 7 = Z and y = —i(e, + €,),
Where By = {w, x}. Ignoring the phase factor, 1d holds.

Next, assume u € By and v € By,. We again invoke Theorem [5.3.1{ with x; = e,
and x, = se,. Then (5.3.1]) once again gives us

u+ ((Re(@™) — 1)L + silm(evVe) L)1,

se, + (1 Im(e ”‘F)\lﬁ + s(Re(elmvab) — 1)%) 1,

(9.6.1)

Suppose a = 1. Note that eim v # 1, otherwise x is periodic at time 7. If Vb — -1,
—1
then y =
Y L(ev —2;1)
case T = 75,y = —(ey, + sey) and By = {v,w}. Ignoring the phase factor, this
establishes 2a. Now, if VP £ +1, then sin(rv/b) # 0. In this case, y has the form

} , which has two nonzero entries if and only if b = 2, in which

cos(7v/b) + si sin(r\/_)i
se, + (1 SIH(T\/_) —|—s(cos(7'\/_) — 1)%) 1,

Since y has two non-zero entries and sin(7v/b) # 0, we get

L 1 1
1s1n(7‘\/l_))% + s(cos(TVb) — 1)5 =

Equivalently, s = —_ b(siy)\/l = vbeot(rv/b/2)i. This implies that

ivbsin(7v/b)
cos(Tv/b) —

and so we may write y = —(e, — se, ). Ignoring the phase factor, we obtain 2b. Now,

cos?(7v/b) — cos(Tv/b) + sin (T\/_)

cos(T\/l_))-l-( NS cos(rv/b) — 1

)ISIH(T\/_)

suppose a > 2. Again note that emva # 1, otherwise x is periodic at time 7. If

eirvab — = —1, then 1)) yields

e, — %1,1
y = :
s(ev — %lb)
If y has two nonzero entries then a + b < 4. The case a = 1 is already dealt with so
we assume a = b = 2. Then y = —(e, + se,) and 7 = 7, where B; = {u,w} and
By = {v,z}. Ignoring the phase factor, we get 2c.

Finally, by symmetry, the above cases hold if we interchange the roles of a and
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b, as well as By and Bs. O
The following is immediate from Theorem [9.6.1]

Corollary 9.6.2. Let V(K,;) = B1 U By, where |By| = a. Real s-pair state transfer
occurs in K, relative to A at time T if and only if one of the following conditions
hold.

1. u,v € By, and one of the conditions below holds.

(a) a=4, x=e,+e,, y=e,+e, where By = {u,w,v,z}, and 7 = 2%/5

() a=2,b=2,x=e,+e, andy = e, +e, where By = {w, v}, and 7 = 7.

2. u € By, v € By, s € R\{0} and one of the conditions below hold.

us

(a) a=1,b=2, x=-¢e,+se,, y=e,+ se, where By = {v,w}, (mdrzﬁ.

(b)) a=b=2,x=e,+se,y=e,+se, where B = {u,w}, and 7 = 7.

Moreover, the above statements hold if we interchange the roles of a and b, as well
as By and Bs.

Taking s = 41 in Corollary yields the following result.

Corollary 9.6.3. Pair state transfer occurs in K,,, relative to A if and only if
either (i) (m,n) € {(1,2),(2,1)}, between e, — e, and e, — e,, where u is a degree
two vertex, or (ii) m =n = 2, between e, — e, and e, — e,, where {u,w} and {v,x}

are non-incident edges.

Corollary 9.6.4. Plus state transfer occurs in K,, ,, relative to A if and only if either
(i) one of the two conditions in Corollary[9.6.3 holds with the pair states turned into
plus states, or (ii) m =4 or n =4, between e, + e, and e, + e,, where {u,w,v, x}

s a bipartition of size four.

Remark 9.6.5. Suppose X is unweighted, M = A, and u = e, + se, and p = e, —
seg are strongly cospectral. From Corollary [9.3.3] if s € R, then |s| bounded above
in terms of the maximum degree d,,,x of X and the number of common neighbours
of a,b, as well as «, 5. However, we see in the setting of Theorem (2b) that,

s is purely imaginary and |s| — oo whenever 7 — % Thus, if we allow s to be
complex, then s may have arbitrarily large modulus unlike the case when s is real
(see Corollary [9.3.3). This example not only presents an infinite family of graphs

where PST occurs from an s-pair state u and its complex conjugate pu = W, but also
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illustrates an infinite family that satisfies Corollary [9.2.2(1). It also implies that if
Re(s) = 0, and u, pu are strongly cospectral, then the pairs of vertices {a, b} and
{a, p} are allowed to be adjacent. This observation complements Corollary [9.2.4]

Next, we deal with the case M = L.

Theorem 9.6.6. Let V(K,;,) = B1UBsy, where By and By are disjoint and |B;| = a.
Suppose x = e, + se, for some s € C\{0} and y € C" is a vector with two nonzero
entries. Perfect state transfer occurs from x to'y in K, relative to L at time 7 if

and only if one of the following conditions hold.
1. u,v € By, s # —1 and one of the conditions below hold.
(a) a=2,b=1,e"T+H2(24e%—3e") =0, y = (s —1)e"e, + £2(1 — €¥)e,,
where By = {w}, and T satisfies BT # 1.

(b)) a=2,b=1, se™+2(2+e57—3e") =0, y = (1—s)e'e, + L2 (1 —e®)e,

3
where By = {w}, and T satisfies BT # 1.

(c) a=b=2,y =e,+e, where By ={w,z}, and 7 =17

Z.
(d) a=2,y=e""(e,+ se,) + F(1 — 7)1, 727 =7 ¢ {1,555 =}
(e) a = 3, Res = %, s#£2,y = i—‘;ev — %ew where By = {u,v,w} and T
- i3r _ s—2
satisfies €T = 2.

(f) a =3, (Res— 12+ (Ims)> =1, s # 3, y = Sle, + £t5e, where By =

25—1 2s5—1
: i3 _ 1-2s
{u,v,w}, and T satisfies e”7 = =5°.

(9) a=4,b=4k for any odd k, y = e, +e, where By = {u,v,w,z} and 7 = 7.

2. u € By, v € By and one of the conditions below hold.

(a) a=1,b=2,s= Qi(;:’:;gle)h 1;3253; with €37 # 1, and y = 5((1+ 2¢"7) +

s(1—€e®))e, — seTe,, where By = {v,w}.
(b) a=b=2,y =e,+se, scC\{0} and 7 = 7.
(¢) a=2,b>3is odd, Szg, y = ey, + se, where By = {u,w}, at T = 7.

(d) a=2,b=4k for any integer k, y = e, —e, where B; = {u,w}, and 7 = 7.

Moreover, the above statements hold if we interchange the roles of a and b, as well
as By and Bs.
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Proof. Suppose u,v € B; so that a > 2. Then s # —1, otherwise x is fixed. We
invoke Theorem with x; = e, + se, and x3 = 0. From ([5.3.2)), we obtain

lTb(eu + sev) in(a + belTn _ neirb)la
17

y = ¢
(1 lTTl)lb

We proceed with two cases.

Case 1. Suppose €™ # 1. Then *2(1 — ¢™)1, # 0, and so y has two nonzero
entries if and only if either (i) b = 1 and €' (e, + se,) + 72 (a+ €7D — (a+1)€l") 1,
has one nonzero entry or (ii) b = 2 and €7 (e, + se,) + =22 (a + 2¢'™ — ne?")1, = 0
or. Suppose condition (i) holds. If a > 4, then a + (@t — (q + 1)e'” = 0, which
in turn yields 7 = 0, a contradiction. Thus, a € {2,3}. If a = 3, then y has two
nonzero entries if and only if s = 1 and €™ 4 12 (a + be'™ — nel™) = 0, where b = 1
and n = 4. These conditions yield €™ = 1, a contradiction. For the case a = 2,
we get that either e + 1£2(2 4 ¥ — 3¢™) = 0 or se'” + H2(2 + €7 — 3¢7) = 0.
The former yields y = (s — 1)el"e, + £2(1 — €"7)e,,, while the latter yields y =
(1—s)e'"e, + £2(1 — )e,,. This proves la and 1b. Now, suppose condition (ii)
holds. If a > 3, then a + 2™ — ne?” = 0, which implies that e, + se, = 0, a
contradiction. Since a > 2, we get that a = 2. In this case, y has two nonzero
entries if and only if s =1 and 7 = 7. This establishes 1c.

Case 2. Suppose €7 = 1. Then y has two nonzero entries if and only if

1+s
a

(e, + se,) + (1—e™)1,

has two nonzero entries, which can only happen if a € {2,3,4}. If ™ = 1, then
x is periodic, and so we may assume that e'7® # 1. We have three subcases. First,
suppose a = 2. Then €™(e, + se,) + 13*(1 — €)1, has two nonzero entries if and
only if both (1 +5) + (2 — s)e'™ or (1 + s) + (2s — 1)e!™ are nonzero. Equivalently,

™ £ = and € £ =t Since €™ = 1, this proves 1d. Next, suppose a = 3. Then

ein(eu + sev) + %(1 — €'™)13 has two nonzero entries if and only if exactly one of
(1+8)+ (2—s)e™ or (1 +5)+ (2s — 1)e'™ is equal to 0. If (1 +s) + (2 — 5)e'™ =
0, then ¢™ = *tl Res = 1 and s # 2 (otherwise, s = —1). In this case, we
obtain y = Q—;ev — %ew. Since €™ = 1, this proves le. On the other hand, if

(1+5)+(25s—1)e"™ = 0, then ¢ = £ (Res—1)?+(Im s)? = 1 and s # 5 (otherwise

23’
£ +S f:;i w- Since €™ = 1, 1f holds. For

—2
the last subcase, suppose that a = 4. Then e(e, + se,) + (1 — €)1, has two

nonzero entries if and only if (145)+(a—1—35)el™ = 0 and (1+s)+(as—1—3s)e'™ = 0,

s = —1). In this case, we obtain y =

e, —
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which holds if and only if s =1, a = 4 and €™ = —1. Since x is a real vector in this
case and K, is periodi§ with p = gcd(a oL m by
Corollary [6.1.1] Since €™ = —1, it follows that v,(ged(a, b)) = va(b) = va(a) = 2,

and so b = 4k for some odd k, which in turn gives us PST between x and y = e, +e,

the minimum PST time is 7 =

at 7 = 7§, where Bi{u,v,w,z}. This establishes 1g.
Suppose u € By and v € By. We again make use of Theorem with x; = e,
and x5 = se,. From , we obtain

eineu + (ﬁ(a + bei'rn _ nein) + %(1 _ eiTn)) ]-a

. . A . 9.6.2
Se”“ev 4 (%(b—i‘ ael™ — nen—a) + %(1 _ 6”—”)) 1b ( )

y:

First, suppose a = 1 and b > 2. In this case, y has two nonzero entries if and
only if either (i) the vector se'"e, + (i(b + €™ —ne'™) + L(1 - eim)) 1, has two
nonzero entries and e'7° + (%(1 + be'™ — nel™) + £(1 — eim)> = 0, or (ii) the vec-
tor sele, + (%(b + €™ —ne'm) + (1 - eiT”)) 1, has one nonzero entry and e'7° +
(%(1 + be'™ — nel™) + 2(1 — ””)) # 0. Condition (i) is already dealt in the case
that u,v € B;. Now, suppose condition (ii) holds so that b = 2. Then we have

e + ( (b+ ae™ —ne™) + L(1 - eim)) = 0. Equivalently, s = 235;%7
™ £ 1 otherwise x is periodic. Since €7 + (%(1 + be'™ — nel™) + £(1 — ‘m)) # 0,

we also have s # 1*,'32613; In this case, y = 3((1+2€®7)+s(1—€®7))e, — se'"e,,, where

where

By = {v,w}. Now, suppose that a > 2. If y has two nonzero entries then we have two
cases: either (i) a = b =2, or (ii) a = 2, b > 3 and = (b+ae™—ne™)+=(1—e™) = 0.

Case 1. Suppose a = b = 2. If €2 = 1, then x is periodic at time 7. If ¢?” = —1,
€y — 1 .
then (9.6.2)) yields y = — [ ( 12 ) , and so there is PST from x toy = e,, + se,
s(e, — 1o

at time % for all s € C\{0}. Since x is periodic at time 7 whenever e?7 # +1. If
(14647 —2627) + s(1 — €7) = 0 and s(1 + €47 —2e?7) + (1 — €7) = 0, we get that
y has two nonzero entries if and only if either (i) (1 + €™ — 2¢*7) + s(1 — €7) = 0
and s(1 4 €7 —2e27) + (1 — 7)) = —4€'7 or (i) s(1+ €7 — 2e27) + (1 — €47) = 0
and (1 + 7 — 2e127) + s(1 — €97) = —4¢™?". In both cases, we get

1 + 6147 _ 26127 1 _ 6i47'
T eldt _ 1 T 1 4 eldr — 9ei2r

Equivalently, 2™ = 1, a contradiction.
Case 2. Suppose a =2, b > 3 and £(b+ 2¢7F2) — (b4 2)e?7) + (1 — €7*T2)) = 0.
Note that €?” and e are not equal to 1, otherwise x is periodic at time 7. If

(e, e®™) = (1,—1), then b is odd and 7 = 7. In this case, we obtain s = £ and
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(19.6.2) givesusy = e, + gev up to a phase factor, where By = {u,w}. This yields
2b. Next, if (€27, e7) = (—=1,1), then b = 0 (mod 4) and 7 = 7/2. In this case, we
have s = —1 and again yields y = e, — e, up to a phase factor. This proves
2c. Now, if (€27, €T) = (=1, —1), then we obtain s = 0, a contradiction. Thus, this

case does not happen. Finally, suppose €27 # 41 and €7 # +1. We may write

b(eiT(b+2) _ 1)
§= b+ 2eit(0+2) _ (b + 2)ei27"

Since y has two nonzero entries and is linearly independent with x,

1 . . . .
7((1 + hel™ — nelTb) + f(l o 617'71) — _elTb.

an n

Equivalently,

24 b€ 4 (b 2)€l™
§=- 2(1 — ir(0+2)
Therefore,
b(eiT(b+2) _ 1) 24 beiT(b+2) + (b + 2)€in
s = : — = — .

b + 2617'(b+2) _ (b + 2)6127 2(1 _ 61T(b+2)) ’

which holds if and only if (€27 + 1)(¢” 4 1) = 0, a contradiction to the fact that
e?” £ 41 and € # £1. This completes the proof of Case 2.

Combining all cases above yields the desired conclusion. O

The next result is straightforward from Theorem

Corollary 9.6.7. Let V(K,;) = By U By, where |By| = a. Real (s,r)-pair state
transfer occurs in K,y relative to L at time 7 if and only if one of the following

conditions hold.

1. u,v € By, s # —1 and one of the conditions below hold.
(a) a=2,b=1, x:eu—|—%ev, y:ew+%ev, By ={w}, and 7 = 7.
(b) a=2,b=1,x=e,+2e,, y==e,+2e, By={w}, and 7 = 7.

(c) a=b=2,y =e,+e, where By ={w,z}, and 7 =71

.
(d) a =2, b=4k +2 for any integer k, y = e, + se,, y = se, +e, and 7 = 7.
(e) a =3, x:eu—i—%ev, y:ew—l—%ev where By = {u,v,w}, and 7 = 3.
(f) a=3, x=e,+2e,y=e,+2e, where By = {u,v,w}, and 7 = 3.
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(9) a=4,b=4k for any odd k, y = e, +e, where By = {u,v,w,z} and 7 = 7.
2. u € By, v € By and one of the conditions below hold.

(a) a=1,b=2 x=e,+2e,, y=e,+2e, where By = {v,w} and 7 = .

(b)) a=b=2,x=e,+se,y=e,+se,scR\{0} and T = 7.

(c) a=2,b>31is odd, x = e, + %ev, y = e, + gev where By = {u,w}, and
T =T.

(d) a =2,b=4k for any integer k, x = e, —e,, y = €, —e, where By = {u,w},
and 7= 7.

Moreover, the above statements hold if we interchange the roles of a and b, as well

as By and Bs.

Taking s = 41 in Corollary yields the following corollaries.

Corollary 9.6.8. Laplacian pair perfect state transfer occurs in K, , if and only
if either (i) m = n = 2, between e, — e, and e, — e,, where {u,w} and {v,x}
are non-incident edges, or (it) (m,n) € {(2,4k), (4k,2)} for any integer k > 1. In
particular, perfect state transfer occurs between e, — e,, and e, — e,, in Ks 4, where

{u,v} is a partite set of size two and w € V(K n)\{u,v}.

In [27], it was shown that K5 4 admits Laplacian pair PST. Thus, Cy and K 4
are the only complete bipartite graphs that admit pair PST by Corollary [9.6.8 For

plus state transfer, we have the following result.

Corollary 9.6.9. Plus perfect state transfer occurs in K,,,, relative to L if and only

if one of the following conditions hold.

1. m = n = 2, between e, + €, and e, + e, where either (i) {u,v} and {w,z}

are non-incident edges or (ii) {u,v} and {w,x} are the two partite sets.

2. (m,n) € {(4,4k), (4k,4)} for any odd k, between e, + e, and e, + e,, where

{u,w,v,z} is a partite set of size four.

Lastly, from Theorems [9.6.1| and [9.6.6, the following results are straightforward.

Corollary 9.6.10. Ifa,b > 5, then perfect state transfer does not occur in K, from

an s- to an r-pair state relative to A and L.
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9.7 Paths

In this section, we make use of our results in to characterise pair and plus state

transfer in paths.

Corollary 9.7.1. Pair perfect state transfer occurs in P, relative to A if and only
if n € {3,5,7}.

Proof. Suppose pair PST occurs in P, between e, —e,, and e, —e,. Since {u,w} #
{v,z}, we have n > 3. Consider the eigenvectors z; of A(P,) in Lemma [5.5.1] We
proceed with two cases.

Case 1. Let |®e, e, (A)| = 2. That is, e, — e, = az; + bz; and e, — e, = az; — bz
with j # k. This implies that sin(i%) = sin(%) = 0 for any ¢ # u,w,v,z. Since
Jj # k, we get £ #£ 1,2, so we may assume that u = 1 and either v =2 or w = 2. By
Lemma if |Pe, e, (A)| = 2, then the covering radius of e; — e,, is one. Hence,
n=3and w=2orn € {4,5} and w = n. Using Lemma [3.5.10] one checks that
e; — e4 and ey — e3 are not strongly cospectral in Py, while PST occurs between

e; — ey and e3 — ey in P; at time %, and between e; — es and ey — e4 in P5 at time

™

5
Case 2. Let [Pe, e, (A)| = 3. By Theorem 0.4.06, e, — ey = azni1 + bz; + czy and
e, — e, = vy, where vy = AZnz1 — bz; — czi and j, k # "T“ If e, — e, = v, then
e, +e, —e, —e, = 2a[l,0,—1,0,1,...]7. This holds if and only if u,v € {1,5},
w,x € {3,7}, n="T7and a = % Now, e; — e3 is not periodic in P;, while pair PST
happens between e; — e; and e; — e5 at time % by Example W(lb) The same
conclusion holds when e, —e, = v_.

Combining these cases yields the forward direction. The converse is immediate. [

An analogous argument yields P3 as the only path admitting plus state transfer,

between e; + e; and e3 + e5 in P5 at time %
Corollary 9.7.2. Plus state transfer occurs in P, relative to A if and only if n = 3.

Despite the rarity of vertex, pair and plus PST in P, relative to A, Theorem
guarantees infinite families of paths that admit PST between real pure states.
Adapting the proof of Corollary [9.7.1] we get the following result relative to L.

Corollary 9.7.3. Pair perfect state transfer occurs in P, relative to L if and only if
n € {3,4}. Plus perfect state transfer occurs in P, relative to L if and only if n = 4.

We close this section with the following observations.
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Voo 11w
Figure 9.2: The weighted path Ps(w)

O

Example 9.7.4. We observe the following about P, for n € {3,4,5} relative to L.

1. In P, € — €3 and e3 — ey admit PST at 7. Moreover, e; + €; and e3 + e, are
strongly cospectral and periodic with ®F (L) = {0,3} and &L (L) = {1}, but
they do not admit PST as the conclusion of Corollary [6.1.9(3) does not hold.

2. In Py, the pair {e; + ey, e; + e3} admits PST at 7, the pair {e1 — ez, e5 — ey}
admits PST at \’}, and the pairs {e; —ey, €3 — ey}, {e2 €3, —= (e1 —eyte;—ey)}
and {e; — ey, ﬁ(el + ey — e3 —e4)} admit PST at 2{

3. In Ps, the following pairs admit PST at Z&: {e1 —e5, %(el + 2e; — 2e4 —e5)}
and {e; — ey, %(Qel — e+ e, —2e;5)}.

In [28], edge PST relative to L was characterised for paths. It turns out that P,
admits pair PST relative to L if and only if it admits edge PST relative to L.
Lastly, we show that s-pair state transfer is possible for paths when s # +1.

Example 9.7.5. For a positive real number w, consider the weighted path Ps(w)
in Figure One checks that Ps(w) has s-pair state transfer from ez — %el to
e3— Te5 at time \F Note that s # £1 whenever w # 4. Moreover, the unweighted

path P5 has (—2)-pair state transfer between e; — 2e; to e3 — 2e5 at time 7.

9.8 Distance-regular graphs

A distance-regular graph (DRG) is a regular graph such that for any two vertices
v and w, the number of vertices at distance j from v and at distance k from w
depends only upon j, k, and the distance between v and w. A connected distance-
regular graph of diameter one is a complete graph, while a connected distance-regular
graph of diameter two is called a strongly-reqular graph. A distance-regular graph is
antipodal if its diameter is d and the relation on vertices “is equal to or at distance
d from” is an equivalence relation. The equivalence classes are called fibres. If a
distance-regular graph is antipodal, then the fibres all have same size. A cycle on an
even number of vertices is an example of an antipodal distance-regular graph with

fibres of size two. A cycle on an odd number of vertices is also a distance-regular
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graph albeit non-antipodal. Strongly regular graphs, which includes the family of
conference graphs, are distance-regular graphs of diameter two. The hypercubes (04
are also antipodal distance-regular with fibres of size two and diameter d. See [17]
for a background of distance-regular graphs.

In this section, we determine all occurrences of s-pair state transfer in cycles
and antipodal distance-regular graphs (DRGs) that have vertex PST whenever s €
R\{0}. We start with cycles.

9.8.1 Cycles

Let n > 4. For j € {0,..., 5]}, consider the eigenvalue 0; = 2 cos(2jm/n) of A(Cy,).
Making use of the eigenvectors of A(C),) in Lemma we obtain the spectral
idempotent £ associated with A;. The (a, b)-entry of E; is given

1

n

2 2rj(a—b

2 s <7U(‘1>> if1< )<, (9.8.1)
n n

-1 a+b

(=1 if n is even and j = 7,

for a,b € Z,, and for j =0,...,[%].

To determine s-pair state transfer in C,, it suffices to determine which s-pair
states admit PST with u = e + sey, for some b € {1,2,...,[5]} and s € R\{0}.
Note that A\; € ®,, if and only if E;(ey + sep) # 0.

By Corollary [6.1.8] periodicity is a necessary condition for real state transfer. So
our approach is to first classify periodic s-pair states u = ey + se;, in C,,, for s =1,

s =—1and s # £1. The following result [69] is useful in our proofs.

Lemma 9.8.1. If cos 2% € Q, thenn € {1,2,3,4,6}. If the minimal polynomial of
cos %” has degree two, then n € {5,8,10,12}.

We now characterise pair state periodicity in C,,.

Lemma 9.8.2. Let n > 4. The plus state u = ey + ey, for 1 < b < 2, is periodic in

C,, with minimum period p if and only if the triple (n, ey, p) belongs to

27

{(4761771-) ) (47 €9, g) ) (67 €1, 27T> ) (67927 27T> ) (67637 3) ) (876477T) ) (127867 27T>} .
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Proof. Suppose u is periodic. From (9.8.1)), for 1 < j < %,

2 2mhj
egE,\ju: - (cos 7;‘7 + 1).

Hence \; € &, when %—% ¢ Z. If b # 5 then A\g, Ay € @y. Since \g = 2, Lemmam
and Theorem imply 2 cos 2;” € Z. Similarly, if b = § then A\, Ay € @, and
2 cos 4% € 7Z. 1t follows from Lemma that n € {4,6,8,12}. One may then check
all plus states ey + e, that satisfy the conditions in Theorem to get the list

above. The minimum period of each case is computed using the expression given in

Theorem B.7.10 O

For plus state periodicity, we have the following result.
Lemma 9.8.3. Let n > 4. The pair state u = ey — e, for 1 < b < 7, is periodic in

C, if and only if

2 2
(n7eb7p) € { (4,81,71'), (57817\/7%> ) (57e27\/7%> 7(6,61,271'),(6,62,71’),

Moreover, (eg — €3) is a fived state of Cj.

Proof. Suppose u is periodic. From (9.8.1)), for 1 < j < 2,

2 27bj
eOTE,\ju = (cos 7;] - 1) :

Hence \; € @, if %J ¢ Z. If 1 < b < 3 then A\j, Ay € &y If follows from Corol-
lary that |A2 = A1| > 1 which implies n < 10. Similarly, if b = 5 then \; € @,
for odd 7. Lemma [3.3.7] and Theorem [3.7.10] and Lemma then imply that
n € {4,5,6,8,10,12}. The same argument as the previous lemma yields the desired

conclusion. O

Lemma 9.8.4. For s € C\{£1}, the s-pair state u = ey + se,, is periodic in C,, with
period p if and only if one of the following holds.

1. n=4, u=ey+ sep is periodic with p =7, for 1 <b <3 and s € R\{£1}.

2. n =06, u=ey+ se, is periodic with p =2, for 1 <b <5 and s € R\{£1}.
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Proof. 1t follows from Proposition [0.4.6) that 0 and b are periodic vertices in C,,, and
C, and Cj are the only cycles with periodic vertices. Now, 1 follows from the fact
that the transition matrix for Cj is equal to the identity matrix at minimum time 7.
Meanwhile, 2 follows from the fact that the transition matrix for Cy is equal to the

identity matrix at minimum time 2. O

Theorem 9.8.5. Let s € R\{0}. In C,, s-pair state transfer occurs from u =
ey + se, to pu = e, + se, at time 7 for 1 < b < § relative to aD + A if and only if

one of the following conditions holds.
I.n=4, u=ey+se, p=ey+ses, 7=7, for any s € R\{0}.
2.n=4,u=ey+sey, p=ey+se, =7, for any s € R\{0,£1}.

3. n:4,u:eo+e2;“:e1+e377—:

B

4. n=06,u=e —ey, p=€3—€5 T=

b.n=6,u=ey+2e,, p=ey+2e, 7=m.
1 1

6.n=06,u=ey+ 36, p=e€4+ €, T =T.

_ _ _ _ T
7. n—8,u—eo—eg,u—e4—eﬁ,r——\/§.
_ _ _ _ T
8. n=8 u=e t+e, p=e+esT=7.

Proof. By Corollary [6.1.1(2), it suffices to check if perfect s-pair state transfer occurs
at half of the minimum periods list in Lemmas [9.8.2] [9.8.3| and [9.8.4] O

From Theorem [9.8.5, we have the following result.

Corollary 9.8.6. If n > 9, then C, does not admit perfect state transfer between

real s-pair states relative to aD + A.

Example 9.8.7. In Cg, the pairs {eg — es,e4 — €5} and {ey + e4,es + es} admit
PST by Theorem [0.8.5{7-8). Moreover, e, + e, + €4 + €5 and €; + €3 + €5 + e7 admit
PST in Cg by Example [6.1.7] This is illustrated in Figure [9.3] where vertices with

the same colour (blue or pink) indicate a single pure state.
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Figure 9.3: Real state transfer in Cy: ey — €3 and e4 — eg (left), between e + €4 and
ey + e (center), and between ey + es + e4 + €5 and e; + e3 + e5 + e; (right)

9.8.2 Antipodal DRGs

In [38], it was proved that if a distance-regular graph X admits vertex PST and d is
the diameter of X, then X is an antipodal distance-regular graph with fibres of size
two. That is, there is a unique vertex in X that is at distance d from a given vertex.
In this case, perfect state transfer occurs between the vertex states determined by
those two vertices in each fibre. Please see [38] for a list of distance-regular graphs
that have vertex PST, which includes the hypercubes (), for all d > 1.

Suppose X is an antipodal distance-regular graph with fibres of size two and
diameter d. For j € {0,1,...,d}, let A; be the j-th distance matrix of X. That
is, the (u,v) entry of A; is equal to 1 if w and v are at distance j, and 0 otherwise.
Note that Ay = I, A, is the anti-diagonal permutation matrix (up to permutation
of vertices), and

AjAg=Aqj, forj=0,...,d

Let k; be the column sum of A, for 7 =0,...,d. Then ky = k4 = 1 and the sequence
ko, k1,...,kq_1,kq is unimodal, see Theorem 5.1.1 (i) of [I7]. Further, if X is not a
cycle then Theorem 5.1.1 (ii) of [I7] implies that k; > 3, for j =1,...,d — 1.
Let A be the matrix algebra over C generated by the set {Ag, A1,..., As}. From
(13.1.2), we obtain
Ua(t) € span {Ag, Ay, ..., A4}

If X admits perfect state transfer between two vertices at time 7 then

Ua(T) = nAa, (9.8.2)

for some phase factor 7.

Theorem 9.8.8. Let s € C\{0} and X be a distance-reqular graph that is not a

cycle. If X admits perfect state transfer between vertices relative to aD + A, then
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X has s-pair state transfer from u = e, + sey, to pu = e, + seg whenever one of the

following holds.
1. {a,b} is not an antipodal pair, {a,a} and {b, B} are antipodal pairs.
2. {a,b} is an antipodal pair, o« = b and § = a, for s € C\{0, £1}.

Moreover, if we restrict s € R\{0}, then X has s-pair state transfer from u = e,+se,

to = e, + seg if and only if one of the two conditions above holds.

Proof. Let d be the diameter of X, and let 7 be the minimum PST time between e,
and e, in X, where u and v are antipodal vertices in X.

First, suppose dist(a,b) < d. Let a and (8 be vertices in X that are antipodal
to a and b, respectively. From , we obtain U (7)u = nu. Next, suppose
dist(a, b) = d, that is, e, = Age,. Then again yields U (7) u = nu. Thus, the
desired conclusion holds for conditions 1 and 2.

If we restrict s € R, then both u and p in condition 1 are real states, and so it
follows from Corollary that PST does not occur from u to another real state.
Meanwhile, in condition 2, u = e, +se, and pu = e,+ se, represent distinct real states
whenever s # £1 and so Corollary once again implies PST does not occur from
u to another s-pair state. To complete the proof, we show that u = e, + se, does
not admit PST whenever s € {£1} and {a,b} is an antipodal pair. By virtue of
(19.8.2), we have U (1) (e, + se,) = sn(ep, + se,), and so in this case, u is periodic at
time 7. Moreover, since {a, b} is an antipodal pair, we have u = (I + sA;)e,. Now,

let 7" be the minimum period of u, and suppose

7_/ d
Uls )= Z SDJAJW
2) &

for some @, ..., pq € C. Then

7_/ 7_/ d
U<2>u:U<2>([+sAd Z¢J+sgod]Aea

Using the fact that Ag = I and Ay is the anti-diagonal permutation matrix, if there
exists 1 < j < d—1such that p;+sp4_; # 0, then U (%) (eq+sep) has at least k; > 3
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non-zero entries because X is not a cycle, so it is not an s-pair state. Otherwise,

o(Z)e - o(Z) s eaie

= ((¢o + swa)l + (i + sp0)Aa) €q
= (o +spq) (I +sAq)e,
= (o + spa)u,

which contradicts the assumption that 7' is the minimum period of u. This proves

that e, + e, does not admit s-pair state transfer in X. O

The cycle Cy is the only cycle admitting vertex PST. From Theorem [9.8.5, Cj

and Cg are the only other cycles that have s-pair state transfer.

Remark 9.8.9. In Theorem 9.8.8] if {a, b} is not an antipodal pair, {a, a} and {b, 3}

are antipodal pairs, then
U (7) (e, + sey) = n(eq + seg) = sn(ep + Se,) (9.8.3)
whenever s is a unit complex number. Similarly, if {a, b} is an antipodal pair, then
U () (e, + sey) = n(ep + se,) = sn(e, + sey). (9.8.4)

This gives us an infinite family of graphs that admit PST between an s-pair state
and an s-pair state. This also complements Remark [9.0.3]

9.9 Constructions

In this section, we construct more infinite families of graphs admitting s-pair state

transfer. We start with a result that is immediate from Theorem [4.7.2]

Theorem 9.9.1. Let s € C\{0}. If the pairs {e,,e.} and {e,, ez} admit perfect
state transfer at the same time T and the same phase factor v, then u = e, + se,

and p = e, + seg also admit perfect state transfer at time 7 and phase factor .

Next, we characterise perfect state transfer between s-pair states of the form

u=-e,+ se, and p = e, + se,.
Theorem 9.9.2. Let s € C\{0}, u =e, + se, and p = e, + se,.

1. Let s = £1. If perfect state transfer occurs between e, and ey, then u is periodic.
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2. Let s # +1. Then perfect state transfer occurs between e, and ey if and only if

s-pair state transfer occurs from u to p at the same time.
Proof. First, suppose U(7)e, = ve,. Since e, and e, are real states, PST in this case
is symmetric by Corollary [6.1.3] and so U(7)e, = ve,. Consequently

U(T)(eqs + sep) = y(ep + se,).

From the above equation, 1 and the forward implication in 2 are straightforward.
We now prove the converse of 2. Suppose s-pair state transfer occurs from u to p,
where s # +1. Then u and p are strongly cospectral. That is, E\u = (, F\p for all

A € &, where 2, is a unit complex number. Equivalently,

(1 —zy8)Ere, = (2 — s)E\ey.

In this case, e, and e, are strongly cospectral if and only if fj:s is a unit complex
number, or equivalently, |z — s| = |1 — z)s|. Since |z,| = 1, this implies that z, € R

or s € R. If z, € R, then z, = £1, and the above equation implies that e, and e, are
strongly cospectral. On the other hand, if s € R, then u and p are real states, and
so each ¢, must be equal to +1. Since s # +1, we get that Eyu = E)\u if and only
if E\e, = E\ep, while F\u = —F,p if and only if E e, = —FE)\e,. In both cases, we
get that e, and e, are strongly cospectral with
+ T - _ &
Pore, =Py, and O =0, .
These equalities imply that u and p satisfy conditions 1 or 2 in Corollary if

and only if e, and e, satisfy them as well. Thus, PST occurs between e, and e;,. [

Remark 9.9.3. The converse of Theorem [9.9.2(1) does not hold in general. For
instance, if s = —1 and M = A, then we may take a conference graph X and the
pair state u = e, — €,. From Example 0.4.7, u is periodic in X, but e, and e,
are not involved in PST in X because they are not periodic. Now, for s = 1 and
M = A, we may consider P; with end vertices a,b. Then |®,| = 2, and so u is
periodic Theorem m However, ®,, = &, = {£(1 £ /5)/2} does not satisfy the
ratio condition, and so e, and e, are not involved in PST by Corollary [6.1.1f2).
However, there are times when the converse of Theorem [9.9.2(1) holds. For
instance, if s = 1 and M = A, we may consider P3 with end vertices a,b which is

known to admit PST at % Since |®,| = 2, u is also periodic by Theorem m
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Theorem 9.9.4. Let s € C\{0}. Suppose perfect state transfer occurs between e,
and e, at time T and e, is periodic at 7. Then s-pair state transfer occurs from
u=e,+se, to u=-e,+ se, at time 7 if and only if there exist \ € @jﬂ . N®y and

N e P, NP, such that

,e

TA=XN)=0 (mod 2m).
Proof. Let A € ®F . and N € ®,. By Theorem 4.1.3/and (3.7.2)), the phase factors

€q,€q
iTA ir\

for PST and periodicity are 7" and €™ . Consequently,

U(t)e, = e e, and U(r)e, = e e,
From this, it follows that
U(T) (e, + se,) = €™e, + se™ e, = 1 (eq + se,)

if and only if A € ®F _ Nd,, N € &, NP, and ™ = €™ = 5. The latter condition

is equivalent to 7(A — X)) =0 (mod 27). O
Remark 9.9.5. If M is a nonnegative matrix, say M € {A, Q} and u’v # 0 where
v is a Perron eigenvector for M, then the condition on the eigenvalue supports in
Theorem holds whenever we take A = X to be the Perron eigenvalue of M.
Moreover, if M = L and s # —1, then Theorem [9.9.4] also applies with A = X = 0.

Example 9.9.6. Consider P; with V(P3) = {1,2, 3}, where vertex 2 has degree two.

At T = %, the transition matrix relative to A is given by

Ua(r) = — (9.9.1)

_ o O
o = O
o O =

For any positive integer d, (3.6.4) implies that the transition matrix of the Cartesian
power P5?is Uys(t)®?. From (9.9.1)), U4(7)®? is an antidiagonal permutation matrix

up to a scalar factor of (—1)%. Thus, PP? has perfect state transfer from vertex

a=(1,1,...,1) to vertex a = (3,3,...,3) at time 7, and is periodic at the vertex
v = (2,2,...,2) at the same time. Note that dv2 € ®f . N P, is the Perron

eigenvalue for PP¢ with associated Perron eigenvector

®d
1

V2

1
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Now, let u = e, + se, and pu = e, + se,. Then we have dv2 € ® if and only if

] ®@d\ T ] @dy T
V2 u=||v2 (eP 4 se3h) =1 + s5(vV/2)4 # 0.
1 1
Equivalently, s # —ﬁ. Invoking Theorem [9.9.4) we get PST from u to g in PP
relative to A at time 7 for all s € C\ {O, _\/lgd}

Next, we utilise Cartesian products to get more examples of s-pair state transfer.
The following is immediate from Theorem [4.7.3]

Corollary 9.9.7. Let (r,s) € C*\{(0,0)} and suppose perfect state transfer from

e, + sep to e. +rey at time T relative to My, where {a,b} # {c,d} whenever r = s.

1. If perfect state transfer occurs between vertex states e, and e, at time T relative
to My, then perfect state transfer occurs from e, ® (e, + sep) to e, ® (e, +rey)
at time T relative to M1 @ I + 1 ® Ms.

2. If e, is periodic at time T relative to My, then perfect state transfer from
e, ® (e, + sey) to e, ® (e.+ rey) at time T relative to My @ [ + 1 ®@ M.

If M; and M, are taken to be aD + A, then the above result applies to the
Cartesian product XOY, where M; = aD(X) + A(X) and My = aD(Y) + A(Y).
Moreover, since e, ® (e, + sep) is an s-pair state in XY, the above corollary can

be used to construct infinite families of graphs with s-pair PST.

Example 9.9.8. From Example(3.6.1], we know that the hypercube )4 of dimension

d > 1 admits PST between e, and e, at time %, where u and v are any pair of

antipodal vertices. The following hold for all d > 1.

« By Corollary[9.9.7(1) and Example [5.4.5(1a), the pairs {e, ® (€y+€4), €, @ (e +
e)} and {e, ® (eg + €4 + €5),e, ® (€3 + €5 + €19)} admit PST in Q4;00Cs and
QqC1; relative to aD + A at 7, respectively.

« By Corollary and Theorem [9.8.5((4-6), Q4[0Cs admits PST between the pair
{e.® (e —ez),e,® (e3 —e5)} at 7, and between the pairs {e, ® (ey + 2e3),e, ®
(eg +2e4)} and {e, ® (eg + %eg), e, ® (eq4 + %eg)} at 7 relative to aD + A.

« By Corollary 9.9.7(1) and Example 0.7.4(1,2), we get PST in Q400P; and Q,C1P;
relative to L between the pairs {e, ® (e; — es2),e, ® (e3 — e3)} and {e, ® (e; +

es),e, ® (ey +e3)} at T, respectively.
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Example 9.9.9. Let M = A and consider PI". By Example , PP admits PST

at time % between e, and e,, where {u, v} is a pair of vertices at distance 2n.

« By Corollary [9.9.7(1) and Example [5.5.4(1b), (PJ")00P; admits PST between
e, ®(e; —er) and e, ® (e3 — e5) at % for all n > 1.

« By Corollary[9.9.7(1) and Theorem M(7), (PP™)OCs admits PST between e, ®

us

(€0 — €2) and e, ® (es — &) at time J5 for all n > 1.

In Theorem [9.6.1{(2b), we provided an infinite family that admits PST from an
s-pair state to an S-pair state where s is nonreal. The following example yields

another infinite family with such a property.

Example 9.9.10. In Corollary|(9.5.1)(2), K3 admits PST from e; +se, to e3+(s—1)esy
at time 7 = Z, where s = 1(1 + 3i). Invoking Corollary [9.9.7(1), Q40K; admits
PST from e, ® (e; + sey) to e, ® (e3 — (s — 1)ey) at time 7§ for all d > 1 relative to

aD + A, where u and v are antipodal vertices in Q4. In this case, —(s — 1) = 5.

Example 9.9.11. Let X be distance-regular graph that is not a cycle admitting
vertex PST at time 7, and Y be a graph that has PST between e, and e, at 7. The
following hold for all s € C\{0} relative to aD + A.

« Suppose {a,b} is not an antipodal pair and that {a,a} and {b, 5} are antipodal

pairs. By Theorem [9.8.8(1) and Corollary [9.9.7 we get PST from e, @ (e, + se;)
to e, ® (e, + seg) at time 7. Additionally, if [s| = 1, then (9.8.3) yields PST from

e, ® (e, + sep) to e, ® (ez + Se,) at time 7.

o Let s ¢ {0,41} an suppose {a, b} is an antipodal pair, « = b and § = a. Invoking
Theorem [9.8.8(2) and Corollary [9.9.7, we get PST from e, ® (e, + se;) to e, ®
(ep + se,) at time 7. Additionally, if |s| = 1, then (9.8.3)) implies that we have
PST from e, ® (e, + se) to e, ® (e, + Sep) at time 7.

In particular, this example holds if we take 7= 7, X = Q4 for d > 3 and Y be any
graph that has vertex PST at 7/2 (there are many such graphs, like some families
of integer-weighted Hadamard diagonalisable graphs constructed in [60]).
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10

Future work

In order to inspire further work on this topic, we provide a compilation of open

questions motivated by the previous chapters in this thesis.

10.1 Periodicity

By Theorem [£.2.3] perfect state transfer between m-strongly cospectral pure states
yields periodicity, and the minimum period of the pure states involved is m times
the minimum PST time by Theorem [£.4.22). This leads us to our first problem.

Problem 1. Generate infinite families of unweighted graphs that admit perfect state
transfer involving periodic pure states that are not m-strongly cospectral. How are
the minimum PST time 7 and minimum period p related for such pure states? Is p
always an integer multiple of 7 even if the pure states involved are not m-strongly

cospectral?

10.2 Prescribed PST

In Theorem we showed that for all x,y € C" that are linearly independent,
for all 7 > 0, for all unit complex number ~ and for all integers 2 < r < n, there
exists a Hermitian matrix M such that |®x| = r and perfect state transfer occurs
from x to y at time 7 with phase factor . Our proof relies on the existence of a
unitary matrix that maps a given orthonormal basis to another. This guarantees the
Hermiticity of M. In particular, if we take x,y € R", then Corollary implies

that M can be chosen to be real symmetric. This leads to the following question.
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Problem 2. Refine the proof of Theorem to produce a Hamiltonian M that
has at least one of the following properties: irreducible, nonnegative, hollow and
has integer entries. Is it possible to construct a matrix M that possess all these

properties?

10.3 Time complexity

In [36], it was shown that for any n x n symmetric integer matrix M whose entries
belong to [—p(n),p(n)] for some polynomial p(z), deciding whether perfect state
transfer occurs between vertex states relative to M can be done in polynomial time
in n. Such time complexity relies on the characterisation of perfect state transfer
given in Corollary [6.1.9]

Now that we have the most general characterisation of perfect state transfer (see
Theorem , we pose the following question.

Problem 3. For any n x n real symmetric matrix M, what additional conditions
must we impose (either on M or on the pure states in question) to ensure that
deciding whether perfect state transfer occurs from a pure state to another relative
to M can be done in polynomial time in n? Is there a time complexity for s-pair

states that is analogous to that of vertex states mentioned above?

10.4 s-pair state transfer

In Theorem [9.8.8] we characterised s-pair state transfer in distance-regular graphs
with vertex PST whenever s € R\{0}. These graphs are antipodal, and so we would

like to investigate the following problem that complements our result.

Problem 4. Determine all occurrences of s-pair state transfer in antipodal distance-

regular graphs that do not admit vertex PST whenever s € R\{0}.

In Section[9.9)of Chapter [9] several constructions of perfect state transfer between
an s- and an r-pair state where |r| = |s| were given. In particular, we have examples
where r € {s,—s,5}. Driven by our desire to see more examples of s-pair state

transfer, we include the following problem.

Problem 5. Find new constructions of s- and r-pair states admitting perfect state
transfer, where || = |s| and s ¢ R. In particular, we are interested in knowing more

examples for the case where r € {s, —s,5}.
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We are also interested in the following problems.

Problem 6. Provide infinite families of unweighted graphs admitting perfect state

transfer between an s- and an r-pair state, where |r| # |s|.

Problem 7. Provide infinite families of unweighted graphs where an s-pair state
e, + se, admits perfect state transfer to two linearly independent r- and g-pair states

e, +re, and e, + ge, (possibly at different times).

Note that the above problem, s, r, and ¢ are not all real. Otherwise, the three
states involved are real, and the monogamy of perfect state transfer between real
states (Theorem implies that e, + re, and e, + ge, are linearly dependent, a
contradiction.

Trees are of great interest to physicists. However, trees in general do not admit
vertex PST relative to A and L [40, 41]. Recently, a construction of Pal gave rise
to infinite families of trees with maximum degree three admitting pair state transfer
[80]. Hence, we would like to know if there are other values of s for which there is

s-pair state transfer on trees. So we ask:

Problem 8. Characterise s-pair state transfer in trees for all s € R.

10.5 Graph operations

A weak Hadamard matriz H is a matrix with entries from the set {0, +1} such that
HTH is tridiagonal. A graph X is weakly Hadamard diagonalisable (WHD) if its
Laplacian matrix is diagonalisable by a weak Hadamard matrix. Note that a weak
Hadamard matrix and a weakly Hadamard diagonalisable graph are generalisations
of a Hadamard matrix and a Hadamard diagonalisable graph. Vertex PST was
studied in WHD graphs [71]. In line with our result in Corollary [8.7.1] we ask:

Problem 9. When does a blow-up of a WHD graph admit PST?

Using edge perturbations, Theorem outlines a way of inducing PST between
non-adjacent twin vertices under mild conditions relative to L. This naturally leads

to the following question.

Problem 10. Is there a result analogous to Theorem relative to A? That is,
if n =0 (mod 4), will the addition of an appropriate matching in © X induce vertex
PST relative to A?

If X is a weighted join graph with odd number of vertices and ¢(L(X),t) has
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integer coefficients, then Corollary implies that vertex PST does not occur in
X. This is also known to be true for all unweighted graphs with n € {3,5} vertices,

which are not necessarily joins. Thus, we ask:

Problem 11. If X is a connected unweighted graph on an odd number of vertices,

does vertex PST occur in X relative to L?

Since the join and the blow-up operation are able to produce graphs with vertex
PST from graphs that do not have such a property, we are also interested in the

following problem.

Problem 12. Suppose a graph X does not admit PST between any pair of vertices.
What other graph operations can we perform on or with X that results in a larger
graph that admits PST?
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