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ABSTP,ACå

The study of nonliræar systerns r¡hose charaeterlstlc eq¡ation (after
linearization), has a zero root or a pair of purely irnaglnaqy roots, I,en,
systens Hhoge representative poln'bs 1ie on the stability boundaq¡, has

recentþ been the object of mueh attention. lbo of the ]-ater theorfes
(those of N" N" Bautin and Ku l{agnus) concerning the character of the

sr)ability boundary (dangerous or nondangerous) are Lnvestlgated wlth
respect to t'helr application to seeond order nonlineer systems" The

theo¡:fes are applíed t'o the geræral second order nor¡llnear systern, results
are eompaved and conclusions ar€ cierived. .ån attenpt to verify these

eonelusions is made by means of an anaLcg cornputer etudy of three seLected

s:ysternso Tt is found that some systerns, in which certain coefflcients ase

present, may oY may not yåeld to sati.sfactory analysis by Bautinos method

but definf"tely do ¡rot yleld setLsfactor.¡r results by Magnusr rnethod" 0n tþ
oËher hand, both nethods yle1-d sa'Lisfactory resul-ts in those systerns in
which ce¡*bain eoefflcients are absento The use of the theories is
exemplified 1n the design of an electronic systen shlch produces burste of
aseiliations"
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CHAI-TJIN T

ÏM'T¿ODUCTTO}i

Consider a secorrd order system r:f the form

Êä. = F(x' v)
LJU

(1"1)

*{ * G(*, Y)
ot:

+¡hero F end G *re ån general Ronli.nea:' f,unctions of the variables x and y;

t is tíme, -A plorl of y versus x definos the st¿te plane" The state of, ttæ

system in the s'caÈe pï-ane at e gíven insi:ant í.s cieterrnÍ.nec3 by a po:tnt, calLed q

lerre¡fresentative pcint?¡,, For su.eceecli.ng i.nstants of t-lme the represent,atlve

poi.nì; dâsci'ibes a" locus, ee[te*y',fyajeef;r:rr¡rr¡" ?he pcint,s (o, y) whieh

rnake F(;':e, }r) . C and G(xu Jr) - 0 sj.¡¡r-?.teneo¡s1.y aye ca}led rrcriticaL

¡.a-1 q&^:l ì'.F +1.-Fçr-rrr¡õ"è L-L'rrne sya'ben is linearr :r=y*rJ ås the onLy such point; in the

nonlånear *as€.e Íirere ¿¡re usual-}y seve::al* Tc exam:l-ne ei pai:tlcular

c:':.tíca-l" polatu a;!:e origin:ì"s þrougÌ:t'cc, 1t by a'l:ranslation of cooy'di.naÈes"

Tr¡ the neit sys-beni oi- eoc:'dii:lates, tl¡e rra:*isibl-es x ancl y have been replaeed

ì-".- a¡ .. *^l ruJ, .)6J, .aù "..r, .!i. r,J speei-,ively. S¡.sterrr (i.,i.) becomes rys'oern (l"Z) e

gä, = F, {x, r)
-i i.cJu

#ìi 
*, G", is,; Yi 

(t"21

flr

lshe¡'e i(*Y=O ås the crlt,ical point under censideratJ.cno

the e::rtic.*"'i poi.nt is s'au'bie in Liapounsff,?s sense ff, foir a

gi'uen. posi.'båve ¡:urnber" åe a positive mrnboi' q een be found su.eh thatu for
Fä4'_*.--õ_*.*r"ñ*î*-*-ð*î
lX'('¡.") *- y'{t:..) q {, Jii"(t) -¡ ::¿(ti <e at a,ny.tLme t > t0 Þ 0"IL'U

0tirei:i,¡i,ses, the sys";em iç ur¡,stable" 'fhe sys&'e'm fs as;mrpf,otically stabLe Lf



t4.t
\l .Xt(1r) .r- T¿(t) **ù 0 å.s 'b 

-) co e

Expandl'ng sys'bem (1"2) in pcner series about X=Y.=O yields equations

ft-a)"

ri-ã- = aX t þY + ¡,(X, Y)arydt
' ,, ' ;: , (1.,1)

9"T. = *X + dy + Q(X.- T)
êr,'

wl¡ere P and Q íncl-i:de all'bhe nonlinea-'+ terms c:f the series; &, b¡ c arrd d

are pêrêxretere* fr syetem may be representod by a point ån e space r,¡hose

e,:crdånates äre tho parameter:s (paramej;er space), Gne then speal<s of t,he

represen'Letive p:ínt, in the pararneter spåeeÈ tlsually sorne of the parameters

are fí:red and are nc'b the ol:ject of a;btention, I4oreorrer, iÈ is

eoni'eni-ei'rt, jn pr-ac'bice, ts deal- l¡itir a spi&ce of no rnore than tç¡o or three

dl¡tensicits" 'I'hq,te parirmete:rs r+hici: are co¡rsideyed ln a gåve:r anal¡rsis are

cal-lecj trínùe?es.iling parametersr¡,"

Líapotmoff r s sÜ*cal-Ied rifirs'C**'legvee approxinratlenrt consists in

nogåec'i:Íng i;hc .'Lcrrns P a.nd Q and considerii:g the lir¡eariued rystenr, (1"1+) ¡

¡;i.f, j: å)i .r- 'l:rli

d'ú |

(i.b)
cÌ'T*cl+dll

TJ:* ch.rrnc'c*yi.sj:åc; eqi:.alion c'f the -1-irri*ar"lzed sys'bem is

$- "¡ iI$ -:. r - ü (1"5)

'¡,'i¡eÏ'* Il = -(atcì) n¡:,C z'* arj * i:co .â¡;p.Ì.ying i;he I{uyr,¡i1;ø statt:l"Li'by eriterian

{h p.,l-09}" i'o ectru.e'bicn f*I.,5i shoi"¡s t}r*t the lÍnear'i.aed s¡.s'¡sn 1s

+ The nunj:reys j-i: pa:lenr,hesesÞ ùther ÈTian equai:ion ntæhers, refer to the

app::tip:':iaie 1t^t'en j.i: tlle lis'L of refez"elices'



(3.) asynipto-båcally stable ¡:rovided bo'bh R anci v are posi'i;ive

{i,e", ¡::'ovi.t{od the roots o-f eqr:ati-on (i-"!) a1"1 have negatj.ve real" paCrs);

(ii) uns'i,able lf R andr/or r aïe negative (1,e", Í.f at l-east one

::'oot o:1 equqtioq i(ì-,!) has a positive real pari:)n

l,fapounoff' (3) $hor.rs tha'b the' stabålity of the eritícal point

X=T.s0 in s;rstetn (i"3)'eoryesponds'uo that of system (X.h) provided'both R

arxl .r are no''c zoro (1oe., provi.ded'bi:e roots of eguation (1"5) havo non-

Bero l:eaï partr)" IrsO eorresponrìs toi a ç,air of pureLy imaginarl, voots of

equa{:ian il"5} wh#reas r=0 eovresponcis to a zero voo'b" Tn Èhese eases

(gpO andy'or: r=û) nothlrrg ean be said of 'bhe- stabi.lity or insiability of the

¿:slti.eel- point X*-T=O of s¡rstern {f,3} from a stud¡r of qystern {1""L),

TT=CI and r*ú can be represen'becl as hyper,-surfaees {cìescribing the

ste.bi-ì,Í,1;;,i L'ounc]*.:"les of the syutern] in. the Épace of the. Lntenesti.ng

V Jøeîvaá,
para:ir='1,*r-sr* li;;"por¡irnff å¡s@{B*dff expressS.t:ns (sÍnce called tiapounoff

coeffÍ*ierr'r,s), tlÌiich rnåJZ involve ternr,s u-p to the fåf¡'h order of F a.nd Q,

Èa.qtti',4y ùhe sLal:í,1-f'l,y of nr¡nl-inear slrsÈems on theiz" stabL3-l'by bsundayLes.

Iù shr¡ui-d i:* nc¡ted, ho'roeeer', that Liapounoff$s t,ileorems give no

inforsria?:i-o::. ab.¡u'¿ the regåon -tn'".;hÍeÌ: (1-.e*, hor? far from bhe er'ítåcaL

pctn'ui stal;i.-1*i l,y flåri be derÍucecl i.'g"o¡¡r t)'¡e first*degree åppioxi.ma'biong

ï',rîì'.h,'lr" -i'hp-¡ r1n/lçc5,lL anly S't.a'b11it1, tlj.n bhe -"rna}}rt(1oe., i-n çhlCh initial
:

c0nfji.t':!cÐ.ß sre appraxÍ.ma'be)-y ze::o},

l,fhat heppens ill the stabili.t.r brrunCaries are exeeeded sJ-ight3-y,

í,e.,, if i;ire lepre*entauive point,en'bsr.'s the unst¿b"l-e reglon in the

parameie:" sìf,Ércçi' ThLs questS.on r,'ras s;i;udred yecentl.y by iü" Bautin (5)

and Ti* Piagnus q6) and led tc¡ the cc¡rucep{: of dangerous and nondangerous

boi:r:.clari.ee (described in chapter TI), Barrtines worlc restrle'hs itself to

bei:.apiotr:: i.n i:he s;¡naii uhereas !{agnust çork is eoneerrred uitir behaviour

t'ån tlle Ïargetl (ioe,n 5-n uÌrlch i¡:iiini c+nditions nåy be large) as wel,Lo



I.

Tllre pr-i-:e'pose o¿' tiris wovk ie 'i;o inves"Liga'be tbe theories of Bau{,in

e.i-.cì Magnus, par.ci.cuia:'iy as appl-iec} i:o seeond order nonliirear systems vrhcse

represen'batj.ve poin-l.s iJ.e i.n the vicinity of their stability boundaríes,

The rnat,hematical development of i;he tuo f;heories in questÍrn, a.s

presented by the3.r e"uthors-" is essr¡ned tc be accurate" ïi is the

ap¡-rliea.tion sf these 'bl¡ecries to secc¡nd order norJinear systems which is

ino¡es'L.igai"ed* The investlgatS.on encompasses, in applleationu

(r:.) t,he::ange of the theories, es deterrûineci from thei.r-nethenatj.caL

relationship taÍth the general- seeenrl o:"der nonlineer s¡rs'bern ancï fro¡n the

sti;rd;r nf th¿'ee sel-ectr=d systems on the analog computeru

(i1) thel.i' ê,ccuracars as Cei;er:nlned fro¡'n the same anal'og cornputer

sirioy, a::d

(:"i:.) their useful-nesse as cir:terrnir:ed fronr (i) and (ii)u ttre

l-inr!'bations *f tire theories {,hefirsel"r¡eËrar:i as exernpi-ified in the desígn of

an eleci"rrrnic syut'e¡n rçFrielt prcduces þu:"sts cf oscil-lati.ons"

Bautin, in l-P¿ig, ç¡as the firsb'bo sl,irdy the beha.vlour of the

rgeneraï" second, Í:hj.::d and fourth c;¡'dey' non':j-irear syst,ems r"ihose representative

poin'ì;s lie near thei-r s'bability bcundaries" taking into aeceun'¿ nonl-inear

t:eirms up t: anc Lncl"udi.ng the thi::d orde:¿'" He aceornpl-ished this by merking

use of the uo¡"k ef i,iarpounoff cf 1S92 {3)" Until lle.utin publ-ished his

l'ttrir, the study o:f .t;v'ste:ne whose represent'etive poin'r:s lie nea:i" 'bhe

sbabi-l"i.t¡¡ bcundas'y r¡as dûns mainl-v b]. bho rneÈhoci of smalL csci-Llations

(Td.apounuff ts :f-'rr's'i;,degreo eppr*xi.mation arÌrich negleets all nonf.ineas'

'berms und aprpiies the convenient, l;ools of ilnea.r mathematics ts t'he

1i¡:,earized system) çre bj¡ anal-yzing lnrJividual s¡rs{,sssr using the phase

plane techniqr,-e of Foinearé ltau 1?) or the harmonic baLanee teehnigue (S)

or b¡¡ si;udyfng ùhe enerry transfer (13, tL, t5)" The ¡nethad of smalL



tx

ßsci.llâtioizs (dlscussed previousl-y) a1-though ger:eral and simple, becomes

l-ess and less reLiabLe es the representative point of i:he sysiem

approaehes the stabilåty bculdar¡' since behavíour in the vieinity of the

boundary is essentially a nonlinear prcrblem" The other rnethods are also

u-nsatisfactory due to their lack of generality or thelv nra.thernatieal

complexity"

Pøutine s theory, although it consíders hi.gher ovdev terms in ihe

serles erpansion af nonLinea.r systems (by making use of the Liapounoff

eoef,fieients) :;eetvlcts ltsþif to behaviour of the rystern Ln the small

a,ncJ foy 'che repr"esen'¿at,Lve pof-nt.* ín the space of the lnteres'bing paråmetersu
/a.

l"ying r¡suffícienil¡r slss*'r {term s*hich is, at best, iLl*defined in practice)

to ihe si:abiiity bounrJalíes"

l.fagr:.rler 'bheory, pubi-ished in Lg55s emptoys the first harmonic

appr,oxinlatinnrÌ-n-brirduced hy Kryloff e.nd Eogoliuboff in 1937 (B), to abiain

a substilute l_i.near rys{:em for i}re nanlinear systemo Tt then applies i;he

Iiuyt+,itz cyi.iberi;oa 'Lc the substltute s¡rstern to deternilne 'bhe si:ability

bounciary i:r 'älre sr:ü,ee of the inieresi;j-ng substitute pararneterso An

L*riur$e (curve ui'i;h an einplí-tucje sca.l-e) Ì.s then cjrai^rn which determines the

i:eiìeviour ef i,lre systern bo'bh in the s'n,atl' n:rd'in the large,

tÏ:rapter l.T *u'bLines tho ÈheofÍð's in quesÈione reserving the more
and t.

cisnberscrne mai:henatieal developments for appendices T 'c'e-ffifr

Ch¡e.pt.er TTT inr¡estl{Tates jjhe cfaj.ms of Bautin and Magnus
:

í;hrough a thecveticaÏ analysis of the appl-icatfon of their theories to

second ovcler nonli.ruear systemso_

Tn Cirapl;e:r IV an atter,ipü to velffy the resul-ts of the analysis of

thapter TII b¡¡ s"r,uclying three se-Lec{,ed systems on the anaLog compuÈer is

reported,



Chapter Trexen¡pLífies tlre use of t,he theories in the analysis of an

+lect::o¡rie oscilia:or and in the design of an eleet:.onlc s¡rsdç¡ which

produces L'ursts of osclllatlons*

Chapter VT presents i;he eonclusi.ons of this work with regard to the

theori,es oÍ Bau'rin and I'fagnuso



CHAFTEN ,TT

nlr0 THEORIUS COÌüCIÌRI,IIÌD l,IITtI SII|BILITY

BOIJI\ID¿RTES

Thi.s c?rapt'er presents the theories of N" Bautin (!) and Ko }lagnus

(ó) 'c'o the .extient 'bha.'b 1s requirecl for the development of the succeeding

chap'be.rs,

ïI.L H*.!*]gåu*gs
llsut,ir¡ûs'¡ork is coneerned i+tth the determination of dangerous and

rtondange:"ou.s pa:'ts c¡f s'i:abiLåty bouudar'Íer: in nonLånear systems Ln the

small. The rnos'¿ rsågnific*ni lirnåtat'ion i.r: iìan'bines work Ls that it eonsiders

behavj"ou:r in thç small o:nT-y"

ïtre ,rtdangerousnessn ot, a boundar*y is cleterrnirred hy the l¡ehaviour cf
a. sysfein ¡¿hen i'üs pararue'cers are varíed in such å ?¡aJ¡ that 'bhe :l'epresenta.tive

poini; ån t,he spa*e of bhe in"ce::estíng pår",3iï;{rbers c:rc¡eses rhe beuncÌery from

the stab.Le 'si.de tia t,ìre uns'bab1e side end baeh to th.e etablle side againo ïf,
1n tirí.s Lasi; s1:ep, the rep:'esente.tiçe pcint i-n the p,hase spaee does noi;

return to tÌ're c:r'ibi.caL polnt r¿herr.'Lile, iiepreseniatio¡e poinr in the space oÍ

thr* ínberesting pararnete:rs is re'cu:'ned to the ste.l¡Ie sicie of tite boundaryu

then the borindary is said {:o have been cr"ossed at its r?dangel"ûLts partno

Tn ì-r-ts atrslysÍs, Eautin con,slde¡:s aiL the parameters of /ohe systen

to be f1xei, e:<cept, oneu r.;h-T-cl¡ he denctes by À, 'Ihe val-ue of ¡\.for r.lhieh the

:*epreseniat-ive, point 1les an i;he stabili'by bourrdary iis à.0. rfence the

siebålj.t¡¡ br:undavles, using the notation cf ehapter T, are R(¡,û) and r(Þo)"

The fårst Lf-apcunoÍT coefficient,s correspondi ng to these bonndaries åre

t(À,.) and P-(à^), r*s¡rectirrely, (j; pp" j0l*3?5), Bautin uses 'bhese
U LI-
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ca'ç.lficìeËt-q., ,r,ct, ÉÌetetmiire the dar.rgei:oitsness of bounda.råe su The fu.:retion

ï,( Àg) incL-udeç "¿eirie up ta the th.!.rd or.dei" cnly and fl( )v',), terms up to

'ûi¡e seco¡ici ovcler oni¡ro The caler:la.Lion o:f L( \) arro ç( Ào) is difficul-i
(q"v,, Âpr:endix ï)." l|€$is aLt 'i,he m¡cre'tzue i'or the ealcul-ation of the

seconci 1ìi.epou.noff coef.fíci-ents t2í *\.') ancì.["( Li, r¡hieh inc]ude fffth,- L.l ¿. U-"

e¡rdev terrna snd iJhtr.rir,ttorrl-ci be requireci in the determinaticn of stabil-ity if

ti À0) = 0 c:' .t{ Âo} "' O" }lence Eeutin restyåcte }rLrnself 'bo systems not

exceedtng the Í"ourth ovdes' in r+t:ich botir L( Ào) ano ,{f .lu) ere df.ffer"ent

f:'cn zer"o,,

i{y rneans ef thyeç Èheorems, he shor:s ihat

i:.i thB bourr.CnrS'n(.4^) ls ncnde.ngerûus'"theyever t("\..i d 0 anc

/dÏr \ d. tt "i È)&. I

\ d/r/ lr,,¡

, -s^

*" -. 'lv--.L

/ì. "
1

ii:.) tire o+unclar¡r n( )io) :.u :¡,.j::ggåglg çherever t(,\.1) 
"Þ 0 anrj

{j.ii.i 'bhe bcunr'¿:ïy :{,{ n\O} :i.e aJ.i+eys 1|*CåfS*g"

I7,,'¿ S*g.tËu:| pt?g*i*

Iqa$i:russi r.¡r::':.ic is far" nore coirip:.*h+nsive tiran Fau.tinlso It anaLyueo

'Lì:* 'a*]:ao¡i"ouv of trc¡n-l-i:rear syster:s :i:: the J^arge g.s rr¡e}ï as i-n 'ehe srrrallo

proviiÌ:iiig ,:ûrirpie';;e ier.roulec'ge of ¡;he exj.stance, enrplitÂe, frequency and

*:-iaihi-l-i"t,y r:f .ì.1.irrii; cycles end'dhetherr the s"babil-ity bo';nc!ari'is dangerous

";T tLÛi., l{agl¡;-ls s'i;ateS iihai the nei,iic,-f !s flexact, for S.,na.l_J_ osci.Llationssr

l¡hereas :T-t r¡gi.ver o*3-¡r ¿po"oximai;.!-oris f,r::r the lalge - arnpl-Liude trehaviour.n..

T'he ¿ccui'aey c.f, this sta'l;emont i-s iräve,$rigated in *ira¡:ters TII ånd Il¡-

-L.n nr'Lh o:i:ie:: non-l-ineav sys.rten ean be r.¡¡'it'ben 1n thelLe*¿rif :t"oim

ntårr*r. 'r'iåiftr(x',0 x", u,:",* ìiÍ,r), (å * Lr 2, tt1il) fp r\



?ihere i{-_ at'Éi va.rieb"ì eÊi â._, end ìÄì aie Ðäl:âme1iers;T',].lt
iaol.eÍii aiv end ìÄi aie Ðäl:âmelief

flur-'ÌcÈlons; 'b is 'úiì.,?eo

Th::'ee å.ssìÍnptions aye macle uilih reÊard tû

1o lt ls a dynarnic sysùem eapable of cscillating,

choLce of uo and a. E'1 ih'

2o The characteyísitlc equat_'ion of the funda¡erital

systein {2.}} i.¡ith u.f, = On does ¡:.ot have rnore1l

iraaginary roc'Ls;

3" The functi otrs f,, can be expanded ån þ-ou.-rier

eorrstant te¡m a,pneår's"

;In eo_uivaJ-ent l"ir¡ea:r s;rstem of tile fonnl

,-1.¡ .

"'"tJ ,i" å,. Jf )
it."t:- r-r tt 2 t = trAr.., n ,

f, are nonJ.inear

the systerr fn questione

at least for a proper

linear qrsùe'm, ühat is,

Èhen one oalr of pìr.reIy

series in whåch no

(?.2)
dX,, \l-'- r'-")i'1 C \ lA' / '1 f;
ri-i J4*"*-

v*l-

'i rr rrn'roh*.

liihr:, coi",ffi,cient;s ffÍo anO äj.., of, eciuaüion {?,p} ar"e chosen such ilrei;

t,he furic*riien:t,p.,1., angu.'lar .frequene;r n of,:a- periodlc Fnlrri;ion of (z-.r) ãgï.ee$

r.¡ilih'1,1:re sc.l:r'i;ji:¡i ,s:i (Íì"2) f+r €ve:.T. arnpli.[r:Ce d, rf the oscj.J-lsticns tr: i::e

e:<¡-.ccteC" Hc::ce ¡.1 .srlnticln u.f th* :f,c,r¡¡

:t * .å. *in ¿.1 = ,[K Sin ô "îJ .il . rf 1¡ rJ' (2" i)
r":ì:e¡:e 7.u * \(rl, .lu, .a ìreing ä, s?¿=.n.i¿r'd anpì-i'i,ucr, ar$ $v = ?€.i: + Øu, r,
Ë"ssi-i¡te¿i a.acÌ ,qub*'li'i:ui,*d ånt,o equaticns (2,,1) erLd (2"2), T'he n amplitucle

rat'l"os it c*n ïr* cal-cuLa'Led fvom the cilayacteyiståc cle'berninl¡nt of
v

c;r'.4ration, ("¿,,2) af i;e: tlie afovenierii,i,,;ried :fllbståtu'trion ås mådeo (.Aopenrlin Tf" )
T

3]¡¿+wlff ti'¡e r;uhsli'i;u'l,ian of eqirat,i-on {2,J) into equåtioit,s {â"j-) årrj
¡sltøøø that,

¡^ ^t Í --.
\'¿,.'"¿Vë.L-1. co,n¡.;one*,t csc-lll.ations l:aue ùhe same frequenc;y w l¡ut tJíffeyent

aä'lp-Lit'urJ*s .å.n end '¡¡hases 0o" .A.l.so., f. v¡i.î"l t,e periccjic functions of pe"iccl



2_8." Bearing in rnínd assrunption 3
LJ

the terms invo}vii:g the fundamental

f. = at_ cos O {- b¡ sin â_iiI1iI-t
v¡here the Fourier coeffic{ents are

¿l =f
1¡ tÍ

bt=
i1

I
I
I
I\
t
I
I

¿

f

end l-imiting tìre FourÍer

frequenry ûn1y yis]6s

given 'i:y

JU

series of f" to
L

(2" L)

(2"5)

(2" 6)

¿tl

I t (rt* sin ê

J 
ti lÅKr- 51n êra ouoA'K,, sin êrr) eos 0rd0,

2ìrr
/ 

ft (Áit sin 61v u o.-aK* sin ên) sin 6rdê,
Jn

sul¡stltuting equations (z" j) a:rd (2,,r) i.nto equations (z,L) yielcts
¡I

d:ç. :- ^
_ ! = i a"..AIi sin 6_- + u" (aJ_ cos G_ +- bs sin 0 )"E{* 4=o- 3v v v i' il -i ii- i

$ui:s-t:ij:u'1,ång eqiraiion (2"J) ir¡ùo equati_on (Z,Zj yfel_ds
n

uÀ: -_ \ ::{- ^,.1-i s. AJtttCOr:0
:il-* / i'.t I 1,
UU

T-J

compe-r':ì_ng coef-fj.cienbs of
^ ¿-å" *a. íoi:vt'l:rY Lv

= 
*'i p.'i fûZ' .J =_rl

/ir¿K
I

wÌ:e:i'e n{ encl br &í,cil il

+ ä--.-¿K* sin G_." Equaèing these tuo yesults and7'Vçv

cc¡s 0., and si.n ê yieldsvv

\j
gi..ien ía equaiíroni(2.!) and a" a¡e 'Lhe coeffieients

1t7

in equation (2-1.),.

Hence. fcrr snalt osciila.bicns, ta I :*-)-Ê=_ and i;:- I ---o0' L ivj Á--Þ0 'iv ---- 
L -iv j g-pO

f.Jr all v* Thorel.:ore- in .bhls lirnitång easer equation {Z,Z) becomes

ider¿t,j.caL to equai;icln (2"j-) ¡sj.th f, = 0. îhís corresponds to the method of
smal"l oscilLatiåons r'¡Ì:í-eh is aecuvate ri.¡-r the small_er providec the

3'epresent¿tise ¡:oint does nat lie or¡ ì;he stabilÍ.ty boundary itsel_g {lj; p"LBB).

-Aii imporl,ail-b specS.al_ case exists ín æhích



r*
f-(:r',e xc, ,0r,"¡ lí ) = i_Íi,n(xr,),ittn=r

Tn thÍs case tl:e coefficients of ihe s'ubsiitu'Le sys

åTi \
r €ã. +ur f t" (.Âr( sinG)cinê {}a Iiv '¡" ",¡ rrîffi I lv \T v' ï' v 

I"*'\ v'0 i

þ?lr I
r¡1 I'¡t * ìri I r i¿r sino)eosc,r'g 1lv TrrffK- 1 i.v' v v. ç v j

v '.Jt '/
ßl s.

ä" se. +ufi. lt'l\*iv "iu *t-",s t'''l.v' 
I

þ
ä-)t = ur!{^{f,-.i Ii'u 4t tv )

where

'Lem become

'"1
t *dn17

] I .f!lì
s

äii'
I'
I .t" t' F"'tFI ). t¿x!I " 

- q!
I l1¡ rr

,I
\.j ¡' *r.

lg +ä*Ì,r *s Àl *l¡^v Ív iv I

l:heye 6 is the Krcnecker

condi bj'er:s of sÈa'oil-lty

si,r S ) s;in ü.. dÉ
tt¡

\

\
I
¡

lac I J

(2.8 )

3{apitrus siig¡.:*sts t}¡at Ku and Ko be s¿LLerJ ',1'i:r'yloff * EogoLiu.boff

'þ:'e-:lsfr:rmat:ì.cns?r heeause *f '¡hr: uor'le dnne h¡ theele tr'¡c rnen in tlie fi.rs'b

ha:xnnni. c apl:iro:<i-¡ca.'t icn* (8 " i

'i'l-lt: st,ab.iT..i.i;r bo',:::dPirlr o:f the sr',bstitute syste;:'t is r:b'bained as a

reçult s:î 'bhe app-i.icatlon of- '¡;he TlL;¿:.'i.;ír",u c::Í.t,erioi:, 'L,o the cha::acteristie

eo¡a'bian cil 'Lhe s;'sten.o (2:,2),, The chara¿-i;eris1i.e equat1ott çf system (2"2j

is (in <ieler:riri¡rei:ita.1 f'¡yin]

sín0]*osÊ de?' T v

)-* ÀË-û
v*õ' n-.'i7

s3r,rbol {,See appendíx fT,

*r, * Ð utd I{*.=} '} Û* æhere

eqr:.ation J), the

H*..1 i* 'the in*l)th

'(l

(2"9J



ilì

iiun¡ita deierrninani, a::e the mos.t seveïe" (9" ) t¡re st,abii-ity boundalXr.

*r, = C coÏresponds to a zero rcot and cannot be studied ì:y l{agnus¡ method

because of the hai'monie approxination approach* llouever, as shor.ln þ
Bautinu this bour:dary J.s alnrays ciangerous- The boundary t 

r*, = o

cûr"esponrjs'ûo a ¡:alr of piirely imæ.gf.r:a:y roots" There are 2n2 parameters

in equaiion (2'9) å1I of uhi.ch are nc¡t S.mportant ln p.ra"ctice" Hence

R .* H* ., = O is used tc cìenote the etebj.i-íùy bourujary hyoer""surîace ln theï1*l_

space af ilie irite:resting para$¡ete:'s on.Ly.,

0n i;hc R. ,- boundary the ¡r¿tur.al- f:.e<¡uency w is given b5r

fnrn* 2and*2= *nHr.*J
-l{
"'n*2

= J-, Hence, ühe Ft *, iryoe:r*su::face rnay l,:e pr,;v!-ded wi,ch a

e¿ch cii::s'e of 'ç:hic|: *nr:,:esp,tnds Èo a given Í,reqilenc;r of

? ô-'['f'" =: -"î*'l-in
Li

:fio::n aja.nc\íO

fernil-y o-f-' crnies

c:scÍl-i¿;tiûn.

The Ë and ä# paz'arneterr) r:f $Jrstc¡n {f "ZI ere f.¿ncfij-ons of the

arnp-i-i-ti;-rJr¡ A" Llence, :Îo:' l.i:,creasing eel-ues r:.f fr, the representatit,e ¡rnint
i.ri',;jie ìÌp¿-'.9$ oij the i¡i'bez'esting l:):iT'i_.rTrrirters wj.ll_ acvep <iest:rlbång, ì.n.bhe

pJc,i:€gsr an 4, * cr.rj:'rje rr¡hj.ch gen be pro.,ricÌea ufth an Å * seale., The yange

lL'st;rbj.1i'l¡r'c*n tlli:r:'be de'bei:nrintld f¡om ihe rej-a.Li,¡e pasition oíj tlre

"{ * {11t-¡;Ê en.rj R *'suv'Í'acee ..c}rfÌemrrcz"i-ng lha.t the sys'i;em is stabl-e wher¿ the
,.,e-^.' .,¡,^ ^^*+....1..:.-.-",-:i'Ðp:lësenïå,ü:t-i¡Ë poin'i, is in .bhe regic;n ,,.,¡hei.e n ) 0,

Fcr i:Lre sake of Í.T-l_us,rrai;Lon, cüneÍd{+r figr-1ys 2, ;vhich represents a

;ìJrs'¡¡7¡r in '¡hich tlre:"e are t'.n¡o oar¿rnre.úers of -intere*t, sav ã, :Lno' äre ,The

F. * hyper*su.:rflace becorna¡: an B - curvárè Si:c possibilities for ;L - citïv€s

lla*¡e beer¡ cJ::ar'rrt ¡qh:i.ch r¡ould vesu.l-i i-n 'L.i:e fcli-ol*ing 'i:etravir:urs of ihe

s¡rsfe:n irl the pìtase space å

Lo tlìurvu.'I; Ås'ymp'tctic si;abi.i-i.,by,

t., iluive ll; Sinal,] sr:d J-ar,go seale lr:niabilì.ty,



i.:ì

3n üu¡:ve

Lo Curve

5' cr¡r've

6o turve

ïIï: Stable liynlt enrci-e at Ar

T\r: Unstable limit eycLe at

V: iins'babl-e lj.rnit e;v-c1-e et Ar

VI: Sbable limít c¡icl-e åt Át

t

A'¡

anC siable lirnit eycle at Ati ,

and unsiable limi.t, cycle at frqs 
"

-L

a"r '-:.:È''
| | /r

}.¿t"..

Ti
/

t'/"

ià
.: È. \1,i -a r\ .-jf-Ìr 4,.{-.},"''.. .--.¿Àêq R*o

N èU i.*{*.*iI
R=0 /

å'-1/
Figure 2;' l}.i:r posslhilities CIil A * cu.'i"r*s.

:ilh* þrr:urlr}ary E = 0 is dange:r:r:i:s Í.n'b.he sûr{ÈLl, åee63ding to Beu'blnâs

ìlsiigej iÍi, or: i'L- or i¿j.thin a suffål:j-ert'bi-y small noip,hbourhoorT o-f i'u,

^J .-. \

dtgJtl <" 0, t,iiat ís, 'l;he A * rüï'v*, beginning l+j.L,h.A = û nearbhe lì *
\.dåi' ' ,,--ñ
}rnl.rrl¿rnr...'r,qr}ì.1.ùçfthastabåi.i.Ly'#piÚe90,Liler.l¡iseufor,/^d.B\>!å dr çp,ur/r J vr¡\r 

\"CI"l¿=¡¡

'c'or.*rúa::J¡ i-: :rgnc^la:t{1e3oìr.$? in 'bhe Í-rn¡r.l-Ì.? ¡'ffilr*rr,,o**" Ba.utinss tûncept of

datiget:ous â.nrJ nclrcì¿:ní-jûrorts bounrJa.r'j-es rnay be ex'benc"ed io le.rge.*scale

bekav:ii:ut'. Fìer:ce, iru ihe iarge, {:i:e b¡unrio.:y is r3angerous r,¡herc 15B\ 4
\ou/u*roo

anci it Ls ncr:ciarigê3"ou,B qhere /dÌl'\ \ ñ

täÀ'i "/ 
u'ð

d Â *+,L:s



Th5-s chapl;eE studies -bhe appl-ication ef Bautincs f"heory and Magnusr

t"hecry '¿,a fhe sein.i..".generç3 second orje:" nonlineay qrstem:

*I= v

9*rj- = ** {' ci}'+ hrrrit? + b--,}ú'+ b ',r2 u' k ..3 *
dt ¿u LL * oy-, "03"

(3" r;
* b2-:räl -* 'nrr+lrz * Trr'xi -r ,oo

?he co:lc-¿-usåoire cìefirred f;s'orn-LhÍs sb':.ciy aye theu exùended to the gene:"al

*.' C:o¡td oz'clei. nrnlir:e¿¿y s]tsiern :

,ffr = a:r + þ¡r +' *âië2 *. *ile, -,- *oniríl n. ur]3y3 *

'n ,u,,.rr,Ê;' * al-p:t]rÍJ * ;ur¡1x3, -r ¡,,*.,

CÏ{ÂFTIIR ÏTT

J.IPPÏ,TCATTON TiI SECCìIÐ ORD]]R STSTIT'IS

$g 
,. cr .r- d;¡ -r irr':l? -i ,Õrlxï o- bû2J,,? =,eOrl,3 +

f t çl

,+ ':i':!.)i?'l o bl')õr? u b.r:ei -{- ,:r ù

-l:ïï.. i. Àprrï:ì.eati cn c:f t"he Thecr'åes"

,in tb.ls; scçt:i.o¡:' t?:e lrheosi"es nf ilau.|:iir, and l'Trtgrius are a¡rplied -bi: the

.";iini.*gcne;¡al- s','st€iî ¡..ep¿.sìsenl;ecl by uoi-r'"tLor, i3.i¡" Comparison cf the

z-e su.l-ts l"r:eÚs'i,c r:e:f'¿;Lin r:onciusi,:r-,.1; ¡:;e:r'liiining to ì;Tro :re.l-ia.bility alid ranF,Ê

of app-l^ic:lil.c..n of tlie f,heo-e"'i'Js*

l:ïI. l.-, i" 3g*!¡j^lt:*._Jkgäk

?Ìle .ii.r'*1, Lfa;pcurroÌ,lf coeffirient i,( )¡) ror a generai seccnd orriey

s;vstein Cesc:ri'rre;d b;v equa'Lions (3"2) ås gir;en by equa-bion (LCIri of appendix T.

Hence t( þÕ) .for, *;ysLen¡ {j:i.} i.s

t{ ÅCI) * ***TL*_*. 
i_*ior*oo? 

* bä3 * 3cho..) * o.ru,rol
| | .,/J -'

4 i.'c J

I Jl

{i" i}



l-l

,sysben (1"1) ran þje a.nal-yzed by Bar"itín's netnod provided t( À6)y'0 in

equaiicn (3.3)* Flence s;rr.sïem (3"1) can be analyzed by Bautints method

provided not, al-l of btlbOe, bZ.,, OO3, 
^nO 

OttbZO are zer.oa It Ís assurned

that c is negabive because a positive c anounts to crossing the boundary

/ \ \ r.v( /b) wh-i-clr is aluays dangerous" .þ,ssuming that all coefficl.ents ín system

(J.i) åye uero except, posslbl"yu those contained in equetion (3,3)e there

ere four things r,¡hich !ï.î]¡ be taken cne, -bwo, three or foi-¡r at a time to malce

L( Àü)/O" Herrce, uitdev' Èhe a'aove assu.mpti-on* t,here are IÇ pcssLbLe systerns

of -bltis type which. ç,an be ana-l-yzed by lÌau.'r"ines metl'rodo l^Iii;bout'bhe above

assurnp'biono theye i.s an irifiirite ni:mber,

,{s r*a.s shcr+n in chapie:' I -bhe st,abiliQr bor:ndarÍes of the general

s¡,'srlern (3, i:) â.i:e

.* = el-CI .. l¡e = ü ¿r¡,d
ì

R o .*(u +' ä)_ i", ,C,
:

J.

For.th+ serft1ig.ëfl*ïa1- sys'bem (3,,1)t r=*cc O a¡:d R i!.",ci = 0., îhe
'1:oui¡de.r'.y:r ¡ iì ücf::rüsponcJing Èo a¿ ue:ro roej, j-s a1"r*a5.s dangerous and, thereb¡¿,

cieseyves n-q ,.t-qrtner coi'lsícleratLo¡r, 0n t,he cthcl¡: hand, the boundary Il_ = 0

c{)s'3'esiioiìds'to e paÍ,:r of pure}y:ima¡4inary:''o+ts and'bears inr;esiiga.bion.

Tì:e ¡ra:enrebâr'cl does not ap¡:eal in';he expressi-cn Ífor. T,(. \

(t iS 
ÀP¿ ç¡Ð-LUII J-uj ¡u\ /\O)

fience.o i'-í: ncr:e of 'bh,; parþnet=z's in L( ),...) -.#.i" ä functlon 'rf d, 'ihe sys'berrr
U

can i:e represen'i;eci i4¡ Íigu.i:e i,,1 in r.¡hi.ch t"lo_o is p-Lo,r.L.ed aga:rist *d, the

l¡ iffris bei"ng the r;-l¿r'oilit¡¡ trouniJar;s Tt = 0 er¡d th* rf.ght Ìiancl l:¡:1.f*plane

cût'ïrspoileÌing 'i:o el st,able sys'l.em, 'h¡-ret i.s R ), 0, The conrjitions

fü-|r \
I ît-,\ I
\ c tctj/ 

d=t
darrgercue

* ,*L {, Ð elnd tlO=O i" û inrii.cÐte thet the posi.tj.ve L., a:cis is the

pari; of 'che R = 0 bclundar,¡r* t}re ecndít-Í-ons /dR \ = *1 ar:d
q'*¿(,¡lJ

Õ=lj)

ä- å:cis is the nondamgerous pai;t of the

L= 0.,

t i . _ el". f) indicate tha'{: the negative
!d=O

R = 0 i;ouadert;'" lfhe byanch poin.l i*



ló

-+*Ðangerous Boundary

Branch Point

Nondangerous
Boundary

F. <,0 R >O

Fågrrre j,lr Pl.o'b cf T, versus (*d).

TII.1. e g*gjgp:Jlg-qÆr

Tn the applÍ.caticn of Uiagnusr tireory i;o'bhe semi*general systein (3"i),

t,he su.-osi;i-bute systern srrïespondi.ng to equai;ion (2,2) is

Íig * )'iîã (3.1,.)
. / ir.l*' , o! 'dy = (c; -.' "21)x .:. (cl + "'21)y
ä-t î* ir''î-
uheye

AB
LIIi\\

=t = "l / e ír s:i.n 8, Irn cos S) cos G cl Ð Ì--.;'1 ,: I *'ì \" 
d

T?l*fI'V¡1 \-\" çT" Ìrr-". I ß"57
bå. - i I 12$ sin ê, Âr"¡ eos Ê) si.n G d Q \Lr. .f ,./^ . ' j

i¡r ¡'¡hich a sol-u.'i.ion o:f the f,orm x = Å sin 6 and y = Íb= -ApJ cos G." where
dt

ê = wt + Ç1, has been assuned,, The functicn f, includes all the nonl-ine,-ar

'âezns o,f system {3n1)"

The cha¡'acterls'r,ic equaiion of system (33IJ) (in equation (2"9)

nobation) is

-ç sl ?ìð

,): * (cì +- 
*21)À * (c *- _"3å) 

* 0"
¡l;'l A

{':^6)

Þ-r\



"fr¡rpl;'i¡¡g the t{uri,¡itz c¡i.'cerion lo equatåcn (3,6) leacìs to-i;he stabiu.ty

bou¡:dayies;

y:n* (c+_?J)=O (3"?)
A

andRæ* qa*1-åL)=0, (l"B)
Åi¡

The fiïst' crf these cannot, be studied by Magnusr theory and it is always
i

ciar:garous according tc Bau'binu llence i'ç is assumed that r = * (e * oåt) 
> o.*ã"- 

,

Tlievefore interes¡ i.s focussed on the R*bcundary for those values of A and 
r

:

"v; r¡hich satisfy r' Þ 0"

DepenrJing on r,¡lieüher el- a.nd/o:r bi- are ãero or not the foirr'' 21 2L

-fc-1-Io'.+5.ng eåses are possÍ.trle ;

Care --1,ì ê1-, * 0, br., = 9, The sys"en r"echrces tc tiapounof,f¡s first-degree¿L ¿L

npprc>:ån'iat'¿an" The å*"curr.¡e yerduces to a point in 'bhe c çe?sus cj plane

ancr :roti:inß can be si¡id of the dårrgerousness of the R-bo-,ndary,,

Fågu:':e :i"2 depic'-¡.s t,he siai-.iii-i;y bourdaríes and 1,he rep::esentative

loinf ms.--,¡ .Lj-e anyr';he::e in ihe o.J-&r:c" the qlstem ls stable in the thircl

r¡u,:td:'a::t, cnl;.r-.

Ð¿,ngerous

ï=û '*-1--_='=ü -ff ?--*rr:*? =-:r-.

:r'>t

RÞO

ì.?i;;rri'el J"2: t:rse -ir.n ith{.ch e.i = 0 a¡rd
2'J-

tr BoundarJr

Y:='É7;='Yæ

IL* L/

iJ¡ õ U.,
r'l

H 1-O



t(;

2t al, / C, bf,, = 0" Assuming that r = *c Þ 0 the gf,stern, f.s stable if
¿.L ¿J.

t? = * (ct + äl-) Þ o, where ä^- = iàr" ïn the ä*- versus d plane the' 21' ' zL f" 
- -2L - r--'--

A,*cuyve originates on the d-axis and moves vertieally upwards or

do+¡nr¡ards depending on the b eoe-ffi.cients involved" Thus the
pq

beha+Lor:r' of the system in the large and in the small is cbtaíned"

Figure 3"3 ål1-ustrates an exernple in r¡hieh d < 0 and the À*cur'¡e

fioves uproards, Accc¡rcìing to eqrr.ations (3.5), the ampili.t,ucje 11. is

invol-ved in s,¡_ r¡ibh â pÐHer grearler than unrty" iJence the initial"
21

posítion r:f the lt*cu.r've aï.ways lies on the d.raxis"

¡
,,'*Ê¿*-r*g,¡e¡æ:€

Å=fi

R4t

P>0

--**?LJ'\[

l:
{

I
I

f

:i':ì.ü:.re 3..3: üase in r¡ltich trL, t' O and i:1, = 0u Tllustrative example.,
7-L 4.!

Ce.se 3+ ajr, = 0j 'bå,, y' 0,, The systenr is s'Lable 1f R Ë.-d ) 0 províded¿)- ¿-.1

r = '{r,. = -, (c ;" läi Þ 0" llssunirig *cl Þ 0¡ sa.v, the A*cìlrîe r¡löves

,¡ar1;i.ea1l."V. r-ipway,cis""* dororr*ards in 'btre left hand haLf of 'L,ltu *al
cJe:.$üÊi ci prlane" ïhe se¡rse in '.¡hiclr ii; trave-ts depends on the

¡:art'icul.az' 'Lr - cc¡efficients involsed,, Ttre sÈabJ.e region l.åes ln thepq

third quarJiri:nb,, /{n e:iarnpl.e in r,ih¡ich the f.*surve origina'bes in the

thi;:ri quad::ant and ma';es upwar"ds f.s shc¡rn in figure j"lr"



l"t

Wheriever Èl:e A-curve orígiüai:es in the lorçer half p3-ane and noves

up".rai:cls il, ini;ersects the dangerous r*bounda:-y at an amplitude of

nution equai to #Å in the pÌrase planeu The positive part of ¡5he F'^

c
bcundary is not considezecj since v { O always in this region, The

negative part of the R*boui:dary is nondanflerous in the small*

I{or.rever, it, is cian6'erous in -che largeu provided the ,{*curve moves

upuards¡ oùhert¡ise, lt is nondengerous in the lerge e1so"

-", å- *'
4
4
éX È/^
4 It\" \J
I

.|)...rì

T'i-gr-ire J.)il r.l¡-lârt i.r: r*'hi"ch å1- = 0 arici ir:". l'Ü" Tll-ustratÌ.ve example.-

,' , . ?:tr ?.'L'

C'-s;e fu: a: i-l 0" ì:l- 7f 0" 'Ihe qrsler¡r j..s s'Uarole fo:: rå='ä".. i 0 snd
I¿i ¿L ¿L

R'* :-(':; + äir) p 0- ioire::u ä¡, = r .þ %i nr.¿ q, = th. ** in the
¿'-t- A .¡t'tø

c¡the:r råirirs¿ .4,s shown in.iigur'e 3"1, i+heyu äer- is plotted against

'iä, ihr: å*cu..r've eh.,rays 'begii:s a'b u. value equaL to e on the är, æ<is.

'l:Ì:,* ;i*.*u:rv,: iiaÌçes o& va¡:ious shapes depanding on ahich of 'bhe b'n

coeffi*ienl;s ave present, The dangerousness .Jf fhe bounclary depends

on ihe sba.1:re of bhe Â*curve" Tn-bhe example of fågure 3"5, At

corre$pênds ta an uns'ba.ble l-j.mit eyele and Atå corresponds to a stable

rJnc' I{enceo i.f d 1s emall- enclrgh, tlte R*boundar¡r is Canger,¡us in tle

siû411 and noncle:iìgel"cus in i:hr: large i-n Þlegnust sensê" In Bautinrs

senseå'çire ä*-bou.ndary is clan-ge:cas beca.use, i:î the sign of d is changed,

*21]
"t

j

R>0



?-(:'

A'1 r+il-l i.nr;:ease and i,lill decrease ba.ck

ihe s16.'i-i ¿:f d is chai:ged agai.n, b¡rt the

laüt'er l-imit c;yele without retu:'nirrg tc

phase pJ.aneu

to its originai vaiue, r*hen

trajec"cor¡l 'r,aill follcr¡ this

t,he critj.eal pcint in the

r<'tt
t-v -x-t-r't'-

t 7{J

R<CI

FLe;uv'e 3,5: ,,last¡ j-n Hhir¡r ,l¿:./ 0 and b,t,, f 0" TiLusl,r,etivc e:lamp1e.

tïI" -1,. 3 Ç.p;Eg*.#r
.rii:y' r;econrl ovrje:' ncr.tJ-ilear sy,.i';em içhich is a. spacial ease

of i;i:e çp¿-¡*gel)e:r:"r.1 s¡'st'e'¡,t anef v¡hj-,r:ìr l.¡3 atalyzed by ivlagnu.st nethod r¡t1l-

belong to t¡at: c¡:i'i;t¡e f{lìr.l" *rj.E¡es iescrj.bed in sect:Lcr¡ IlT.i"Z- În cases 2,

'i;tnð li,. 'i;ire ìÌ".b*'rt-rdi:ry ean tle ariei;;rued f$r dãftgerûusness in lSautj.nts sense

'l:iy consíde:"i*g bel:av:iour in the i:rnail--

lL Ci:¡ect coripa:L'iscil r¡iå,-)r ihen be made r¡ith :'esul'bs olrtained

il:coin the ai:p)-Í.ca-b5-cn of lJaut,i"n?s methcd" ilr:visíder* fof, elrarn6.,1e, the

gene:r.';ll-irecì "v'aa der Fc;i equaticr: (3"-L; p"-tp)
'\C

clr';: * (d .l- b^.x') dtr -i x = 0/,i: '- dt
¿f i;

Ut

'L-¡-, /\



r-t

Íå= v
rj't

$#' ** +- ci;Ë + orr*',
CI't

þpJ-y5-ng llautints mei,hod, the R*bourrdary is R = *cJ = 0 and the first
Liai:ounoff eoefficien'b, obi;a.ineo' fron equatÍ-on {l,j), i-s tN . ^ 

* E-bpr.ld*0 ï- ..

Henceo tlie,lt*boundary."j;ä*.rîiî"rJ*ur nr, ) 0, as shc¡sn in _,iÍ.gure J"6,

å.pp-llying i,legnu.sr iiietiro,3uy'the subs'bi¡ute system år :

¡1"y)

( Je -'-U,/

******Dan geröus l3oundary

-<--*.^'*. l'{ond ange r"ori s
EcuncJary

R.d,0 Rlrl

Íitt:i::ì.i.-';y' hor;r¿r-tay:¡- Ea';t,i' nl s r;e'bhoc apr:1ierJ to i-,he

åei:riìr' iå Il zted I/ai¡ d er r Pcl- e c¡ia'i; :i. c n-

-,d

TÌhe r+¡::'e=sente'biçr+ pui;rl' -liee on bhi.i stal:l.e sicle of the cJangerorr-s r*.

houi:CËry s:lriûr¡ ;, =, i Þ 0, Iien*e ttle Ïl-bounrt;lr¡¡ is F. = * (O * ffj-. ) unere
¿L.

- -.¿ Ita ¡i '-
ü'it *.=.i':-" 'Jhi.ri s;,isiern is en c:;anpl-e of ,sase ?o Figrire 3.7 shows the

ii
'orh:¿vi¡;uf c:l ti':c r.ysti*rn:in+"hæ ä1- r'e::sus i-ci) ¡:1,*vre fo:" soma ü.yiii..Lrary

r,es:;:tite q¡¿å.i.ue *-i- rJ" lrcr.z'd { O ¿:¡r¡l b*, ( CI, ì,he sysf,eie is in.¿¡,tnsic¿i"11y



,';,i

$table" Fol" cl c0 ar:d bn.

l-;-ni'u c;,cle a-f ary''piitude

Þ0,

.fr't:i
,f¡qll

*.hr¡ q¡¡q'l'.cnr

" For clÞ0

is stable

ånd b21 <

insÍde the unstabl-e

0, there is a stable

ozL rlF0

i R<0 .,'*i
fr inc" ;þ tF
(h^.) o) | Å,-ft-!- | J{ R,> 0

1*

tÁ

A, :ln,e,
(bzr{ oi

/i¡,dl
Jlç,1

,"d

I

'i

I'iËr.rve J.'7; .SÙa'biT.il¡' bounda::y. ].f*gn¡.sr nethod appLieri to 'c¡re ge¡era-liz;,e:t

llar¡ cìer PcI- equa'1J.,.:n"

i^j.s:i b i:y';I-e of antrl-i'i;.ude ii'cr'.' ri ),ü ånd h...-> 0,^ the system is
¿.L

'i ì'¡-r-ri r,s:ï r,R-l 'lv ny;sl,ab-1r-rj" ploT.Llovei., if ¿r s¡lial.l poSitive vä.Il.le of (-..O) åS

\!/
r.¡snsidereC, ll-'it"ìr :ie;r'.r ini-'i::al- conditi.on$ nix the s1"si:enru anclu i.f i'hs sign is

.,.cl,ian-1 ri zrri?Ér¡eêd, the LrA;iectOry oti.Ii" g::"gm ipclefír:1.1eL¡' wit,h .birne if be" >. üv¡ r¡Lrvv uc,;J u !

r,jite:rea$ i-{; r,¡ii-r $i'$'ù; lilto ¡i s'[ab]'e -l-iniii; e.rcle.i-i b'l < 0" Then." if (--d)

i ç m¡ris r,nniïi::;' ¿g¿-ir1". Èhe år;r.jeetcr¡' .r*j.iI Col"lapse 1"n'bo the cr|.bLcai poÌ.1:r.i:u^:v vJ

åf ênd a;:Jy if lr'ï.{,0, Henei:, Baul:,int$ :resuit of figure 3"6 5-s obt*ined

c,ireciì-y f,r"on -flagllrrs,s resrrrt-'i:' c:f -i-igu-t'p J,,"1 *

In the foregoing exarirp-i-e i;he results o-btained in

i;l-le s¡naLL by b'itii rnethoCs eg::eâ ¡:erfectlyo Hol¿ev€r* ean sueìr ag:'ee¡nent bc

æxpeoted ia g;eneral? The frlloi+:.ng cunsirJeraÈ:ions r,¡itrl ansr¡eri;trås e¡u.est:ion

:Lr¡ f.he nega'Lf.ve,



,(. _j

r,2'l
sínce /cos*ê sir,n0 o'o/o if and onryif boil:rn and n

Jc

are even (10; pp.ic0*30h) it rcilor^¡s fnor¡ equatlcn (t"5) that afr, / o ir
e.nci only if one oï'iïlore of the coefficíert" boou"s,¡here p is even and q is
ccd, in s¡rsien (3.:t) is då.fferent fiom zero", tit *ri""u bl- / c ig ano' zl',
cnl"y if one c:r ¡nore of the coeffieients ì:^^." røÌrere p is odd and q ls eveno

YY
j.s di.:ffevent fs'ozìi. uesoo In other ilo:"ds, the nonlinear terme involving

eoc;.ffj.cients b , r"rhere p + q is even, are completel-y ignored by the
IJu

sr-ibs'{iii;rri* *""**** (:"L)., 0n the othev hand, some of these same coefficients,

r¡,3iìÌely br-r, bt' tn,l bZ', a¡re noi i.gnored in the expressS.on {i,, 3) tor t( }"0).
. ,- - - \lio:: instance, s¡r-stent (3,lt ),

5j,å = y
dt
$g 

:: *::; -:' fr¡ 'i' br'z;r * b*Zl'
dt

4
¿ÞÞr1r' "zJ-''" r :

as enaì.;1rze d by B;rJ:t,:,.n1s me'ohod* ;l,"ie).cls rhs boundai-y R ä *d = O ¿nd the

,:'i:re;'b Liapcunoff coefficleni: ï,1, = ir (f.r--¡ .r' b^- )" Fience the R*boundaryld=c ii-"':.f 
"0¿ 'ZL' v:i:

:i.s riaiiger"jc'us jrr the sriral-l- for bel Þ * oitoo¿ end is nondangerc¡us for

ir,l { "r.}:11bçpr es shov¡n in figu:-'e 3*B* So tlie additi.on of tey¡ns b".', and

or, 
l:n 

'';ìre gener'¿tlned van rJer Foi equai1on resul'b,s J-n a shifting of ihe

f ? '1r ì

-----* N.ondangeroìis
Boundarry

iì>o

'r.r.:r*i:.po:-nr: ii'cn br,' = C i,s b2l = -.bilb'zo Hci,teveÏ.å Èhe appl-icaticn of,

L'r:¡

<--*-Ðengerous Boundailt'

-b b iBraneh Pcint)
'l T /\^LJ, U¿,

ïì. <o

R=Cr

i¡'ig.u::e 3"8* Stabil5.'i;y borrrrdary" Barrtints rnethod appJ-ied to syster.r (3"ff 1,



¿!i

I'lagnust rnethod'to s¡r5'[,s¡¡ (3.11) leads to the säme results as for the

generalizecj Van der PoL equation" i{ence, upon neglecting treven coefficienisrl

(i"lhere p + q is even in b^^)u Magni¡st method neglects the shif.r,inr¡ of the
YY

byanch point for small^scale behaviouy"

dx=v
l.l

,¡... *u.Y - *'¿ =
ãE

s¡rs'bem dæ -.

9å* v
dt

i# = -r, + (d 'r' J 40."2;i2)
uù Ll

l'ihence, T'= l,- and B= * (d

,:f t,he rystern J.ies on the

2.2,{-{rìa"llll' #'nt" " t*
lt "¿

stable side of

Therefore the

the c'-tloundary,

(3" 12 )

(3" 131

representative point

The

As ancther example, consider system (3rte) r

2^1
dJr + bcr.,x' * brrrry + b.,"f-'- ¿.v .L¿ - uJ-

b.r"

-4-- Da,ngerous Boundary

..1b, ., b,r,^, (B:r+,rrch Poinl;)
3 r-J- ¿rr

! owæ. a&t.¡iurs
llpnlying B¿Lri;inss mei;hodrfn= "*d * ñ ñh'¡ rl *= o and tlo=o = & (Toj * birb--Ì" Henee

[lo^d rr LL 20,
'Lhe R*boundary i-. dangercus r.¡heve bo¡ Þ *l b.1bo,",rf nondangez"ous r,¡here

3 'L¿ ¿u'' 
l"Wqàøa

oo"j { *} o'roZo1 (rigure 3,9r), Applying l4agnusc nethod/'bhe substitute

'* -_-96¡1dâ¡lgeroug
Botindar-y

r.-{0 R.\ 0

i:iigi-ire J¡!: S'i;ab:Llii:y Bouncìaryu Baubints irel,hod appiied to system (3"fe1.



:,-,

chårectss'isi.i'c equaL.i"on of systein (;,ii) is ),2 * tc + 3 b.,,r,r20.2)À + 1=
lr vJ

íz'om i¡h.'."ch. refer.r-ì.ng to the forrn of eqr.ration (2.9)u *2 = k = 1" Henee,
co

t;he F¿*boundar;, j-s R Ë * (d .t Çrl = 0, wher*e 4, = 
f 

oo:ot" As in the

prevícus e;rarnp.!-e, i;his system belongs tc, case 2" Figure (3"f.0¡ shotis the

R*'bourrcary and A*cui've in ttre ãi, ver'sus (*d) plane fcr (*d)>o" Figure

3"f.l sllor.;sthe stebil-i'i;y bo'undar1y, 1n Bautinis sense, as derived directly

frcn figrr.re 3,1û b¡" considerj-ng small vaS.ues of (-d) ani zevo ÌnJ.tia].

-')tazl
Ê=0

A ínc"
(bo3> o)

R<0

k-- Ä

Íne:*easing
{bo:< û}

F:igure 3"lrir li'i:roi.Lii;¡r bor.lt:cary" r".llagnus t lnethod app3..íed to synten (3.12).

X-¡,-,fi.:.91

i-langcrous Eoundary

Brú,uch Poi-nù

*d

ä(*

È.

fi'+-**ì.trondsngerous
F Bo'rndary
Y
ijI n>o
F

þ
,t'

R*icr

br:"a:'r*ayy. j-:r ÏJs¡t,:iirt s sensertier"f.vecl frolrr figu.re 3o 1û,

I
\L'

å

R}

iT¡r¿ t

Jl%j

liígu-::¿; l.ì--t-: SÍ,r'tif--i.,ifir



?5

condit,icirs,- i{ence i{agnrrst method obtains the bya:rch point, b^^ = 0vJ
r4hereas lìaui;.ir.rçs;nethod obtains the branch point b03 = *{.b:-fbeOo tr,ol'

brrbor., = 0-'bcth methods agreee Hence, ás in the previoi" u**01e, theJ-T ¿U

pvesehee of tfe',r.en coefficientsrr is ne¡r3-ected by Magnuse mebhodo

ilhe comparison of the ranga oÍ' appl.leability o:f both

niethocls retoeal-s tlre definfte supericrit¡¡ of l,lagnu.sr rnethod r"¡hele s¡¡stems

t*hi.ch i.nclr-lde hiçhtir o:rder nonlineev "ùevms aT'e concsrned, :ls an ill-ustratåan

c:t' iirí-* ílacL., {:ionsides the riell*knowrr Duffiages equation wí'bh darnpí.ngt
t)t

rn d'-x .:. tr tJx ', If ]ç(l_ + Bt') * 0 (:"fìr¡:î? itr

r*here tn, b a:nd 'bhe nonlinear combinsttan of I( ancj B nigh"b represent the mass,

dam¡>ing *tnr] ::crstcrir:rg fcrco, vespegbivel;ru of a s6:ring*rnass s;¡stem" Le"ù

'¿)= b rïrn=lÏIanrf t-r,ü,-,t,"
:{-*v9,llil'iü^ { m

t'hr,rn ur,l"i;j.,jn {-1*J.)i} u¡ay be expressed ån -r:he forrn:

sli=vri'v c ij"l5) "I /- .-. ,f r

S,r)i = ", (.!_ ':^ Þ.:- )r: .^ i,2uy.

CT
Sysiern (3,15)* a],l,b+ugh. a ve:y sorrfrrlon foi-rn.*c¡rnno-b be analyzecl

?;;r llari'i;i.:r't.' rnetj:nC? ¡Êven inscfar as Eau:,bin h.as ex'bended i-t, 'î.,.ecr,rrse the terrn

t-",,,r, of $:rs-'l¿rn il":1") does noi: enter" i.n'Lo e:rpres,gion (;.:) fa:: L( Ào),,

A¡ipl.;ring Ma.gnuss äle'LI:ad {,o s¡rs'¡çp (3"i5} ;¡ie].r1s the

snL,s'bitute s¡rs'L,ern (.3r:-(>)u i:: ioirJ-ch ".(1 * 3 Ð{ã) = ä-,.-, .F,en¿:c, .bhis
ä 

¿_L

¿i-'g r; ""r

cj'i 
? - (3.t6)

q¿:**{}+jAi\{|x*Zzy
6t il

iiys"ien beiungs{;o case Jo Fi.gure J,,12 ciescribes the system Lr:'¿he ä
2l-

tìe:'itui: z p.'t-ane far' ¡an ar"ìrf-'br:a:ry pcsitive vaL.ue tf ,Ã* The stabti-i.ty.

hau.nda::1e iï F,rB r, = s'ä-- = 0 and R = Êz = CI,
r.L
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¿.

bIP
-n

I
rr

increasing
(s 4o)

ÏoO

Figure 3"'tt; i$lability bounda¡'ies and Â-curveo Magnus€ methsd applie<Í to

' ¡ - r JìsyÉr,ern t J" .L) ) "

TIf"2 Conclusionso

The applieatior¡ cf bûbh methocis to the ivto pan"ùicul-ar

sys.bems (3"1-1) and {3.fe) ve¡'ifies t"Ìre predietion (in the case of tlie serni-

generai sys'Len) f:h.at Tolegru;st riletiiorl neglecÈs rreven coefficåe'nttr' te"rms

r¡heyoas Bautin¡ s inethod mair not nagl-ec'h 'r:llem. Since the r'esiilïs ob'bained

i.n'bhe sn¿r-]-!- by-, I{agni:es rnethad dif.ier fvom those of Bautin0s mer;hcd wheu

lteverl cceí-ficient,rr 't,erms a.rÉ p''resen'i:, bctlr inethods cannct t¡e coyt'ect hut."

if sae is correc'ü, i'lr is expected'bo be B¿ritinfs T:ecause Rar:tin?s theoi"¡r

invc-Lves no appronime-Èions i¡hereas i{agirusr ùhecr1¡invol-i,'ee a:i.1rsi haz'monj-c

aÞpvo:rima.'bi on,

l¡å¡t

I
I

If , 5-n fact,, Bautinr s nethod can

'¿o he correct'" 'bhen 'bk¡e results o.f l'Íagnr-lsl method

doui:'hed for the lerge*a,rnlitude behavicur j.n vie¡+

that his methocl -ì.s t'exacù for small oscilia'bionsF

approxÍ-maii. ons forbhe large*arnpl.i'Lr,:.de be irevÍouyß

The -i-inii:atj.on of Be-iì'"i-rlr s ntethod

c it i:r'ev"ntÁr'¡,ir*

be shor¡n experimentally

ean also be serlously

of Magnusr statement

-wheseas it rrgives onl¡'

to ,$3rsÌjs¡¡s j.n t¿hich

applicatíon of his

increaslng
(s>o)



-rlri

met,hou t,c su-ch å. cc'ìilnon system i¡.s 'c,ilê,t r:epres€nted by Duffingt s equation"

.A.ppi-ying '¿he methods to the general- system (3,2)e as -*lâs

dsne for the semj.*general system (3,I), yielcJs paral-lel resr¡.lts, For a
dlilehqble ta cnc¡fyE¡'s

gitren s;rs'bern to be by Barrtinìs methorJ, the

eoefficlents rnust be such €rF to nake expression (10) of appendix I, for

L( h^), rJiffer"ent from zevo" Al-so, even coefficients ê*^ and bn-\ ''Lì/ 7 ------ 7 --- - - pq årq

(i.,e", whe::e p + q io even) are negi.ected b;r }fagnust method leading to

prediciíans whlch differ in the sma:Ll" frorn those otrtained by Bautinrs method.

Her.ice the conelusions uhich were o'o'baÍned r¡i'bh regat:d to +"he serni.*general

system appï¡r al-so tc the general sysiem, nith allowance fo¡' raove tei'ms in
'lh/, ri:..ñ'c.âqsr-înnçr fo:: l( )-,..,) anrf fOy inc¡r* Â*Cit3"ge te5e5 poSSible due tO theIJ UU¿'J¡JV

in*reased number cf Ðarameters"
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W

ïn order to give practical e.-rgineering significance to the

cor:elusions of chapter rir, the au'ohov attempts to verífy them, in i;his

chapter, by means of an anaLog comput,er-Ë study of the'bhyee systerns (3"it),

i3,l-2) an¿ (3"15)"

ff" I q_!gy_Æ*J[sg*æIs*q_,

Each system is studied Ì:]'means of a set of phase plane

g.l"ephicaì" reeord5.ng:s{appendi.x TfT) cr.rr::esponding to a sel-ected set of

soef fi.oien'b 1,al-ue s,

T\¡,1"i g"jsg*(3"*11l"

TÏ¡e analog computer cae-fficåent,$ and resuLts for this s¡is-tein

are ccr:t¡.ined ii'r'üahle li.1 and graphs 1'ho B of appendix TIlr"

G:'aph I shows 'blie pr:.eeence of a iirnit cycle r.¡ìrllch cr.osses

'i;hrr,ri-{*ij.s at 2"2 and .."2^5" I{ence the:::rrpLiturje cf the línii c¡'cle í.o

apÞro"'ri-nrrii;el-y 2.-*1,+315"= 2"35" This j.,.s of the ovder of 2, u::edicted by
t:

i{agar:su lne'bhod". Cha.nging the si¡jn c:l *d ftron *ol ,ùo +"ly i}ra'i-, is,
cr*ssing the bou¡rclåT5z ¡o the stable side, eã.uses'bhe stable limj.'t c)'cle to

coilapse 'r,o i;lte c¡'iticæ.l pcint ]ç = lJ.. Êå = 0, nakirrg the sysLem -q'be-bl-e, Thus
dt

'ihe pcj.rrr, of i1i:e lì*bour.idaqy¡ -d = Ct, +'1,."¡hieh bz' * -.1 -Lies oir iþe

r.rcndangelous peri: o1.'1i, as predict:r'ì i:;'r bc+,h methscrs" The erfec'c of i;he

nonlíneariLies -r,.n-b:'odr:eed by the r¡e.,/en coefficientsre b* cii.:ì bO, i.s ta

Cis.bar.b th* sirape crf the trejectorT elcng the d_T. -a::isr í:he rjístor.tÍon
æ

ìh
TJre cornputer u.sed rra-s; P,qcE TR-.1,0, .lìlectl"onle Assoc-{.ates_* Triroo

.r1ong Braneh, Ileia Jei-sey"



íi ¡

being negLigible for small amplituCes and moye pronounced as the amplitude

increasee, This fact' tends to suppori Liapounoffss first-degree approximation

as l¡eil as Bautj.nt s theory"
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j and I for graphs 5*1 and !^2n respectively, uhereas, ln pract.lce, they are

2.i end J*1, r'especl,i'¡e1y" llence, as t,he anplitude inereasesu bhe âccltracy

cf predÍcbion of Magnrrsa method deeyeases*

In graph .6, 1;he representatíve poÍnt is brought closer to

the ll-..borindaz'y bJ¡ rnaking *S e *,flf." l'Jith zero Lnitial eondiÙions, bhe

tra.jeciory grour,- verlT sloi,rry to a st'el:le limit cycle of amplitude 1,1r

r,rhich Ls ¿lose tc the predic'L,ed value ei l"
in graph 7 the rep::esentative polnt j.s even eloser to the

F*,boundar'¡'* i;ira.? is, *¿ = **Qg!" the 'i,rajeetory groÞts extrenely siov;Lyo

a-iweys f¡om zeyo ini.tial conrCÍtfons, 'bo the stable lirnit cyc.Le of

a:it¡l].itldc' "'.')f;, 
'rth).c!'t i.s aLmost dou-t¡l.e the predic'bed arnplitude ,:f u5, Henceo

r:.llose to the R*bcu.nci¿li'y, ÞiaFtnirsr r¡etliocl loses itsì pecrr'¡âê'r/

lira¡:hs 8*l- ard 8*2 shciç the sl:e.ble lirnit cy,]le.s obiaíned as

fup.r- ap'o:-o¿r.chea 'LÌ"rr-= 'b:ranch poin'r; v;¿lue "'bi1'h¡r2 = "Olu l{otång that ihe

ct'iììlnorli;s nlade'sbou'b flraph 1, wÍ.th resper:-i; to the changing of the s5.gr.r of *<Ï,

nip¡ily also ,ir, *l.ll- the cther grapirs irp to a.nd incl.r:ding 6-Ë, it ìrecomes

e,;i.clsni, 'i,hel. lìa'i.r'i;i;:is ne'¿hac Drer¡al-l-s irr íhe .srnallo }forerve?" ¡:rapÌ: 8*J,

in uhich ir"=- ::eai'ht-'s ti"le br"ancir poirri; ,0L pyedlc:ted by Baui;in" shc¡r.,¡s'bhe

sys'tc¡rr tc be j.i".re';e.r."s.'rir1y ur:si:ab1.e, rihich Ðror¡es thai bhis ls indeed il:e

Ì::ro-i:cll r;,:ilttì; enr'i lrot b?l- = 0" .s.s prerii*t,eC by l,Tagnuss ¡¡etho<j,. Tt silc,utC'be

:i'¡.,:j;s¿i i:ie:t'e ths'L 'Lhe disngrceme:)l; be'.f'¡ecn 'bhe t,heo:rJ.es f.s due to lhe facto¡,

i,,:i,:ì. bC,ä si.rzce lhe 'bv'an*h ncin'i; c¿'.n be shor¡n t,o be b'l * 0 r'¡hen hIJ. * 0"

Ttí.i'"t '*ïH;'*;:-r-te' 
coei,rici.enLs and resur.is rar" this sysbem

a::'e ccil:l$.i:,red j"n i;u-"uLe lt.2 alrd gre;clrs ! ",:o 26 cf e¡:pendj-x ITJ, A common

Ptoi:edi:.re t:;¿s foL].r:-l¿ed for alll these gra.phs. The initial candi.iíons we¡:e

niacie equa;1. 'L's zer"o fo:: *d 4 0, l"iith t!:e particular vai.ue given in ttre

inbkr ii.?: ar"J t,h.is,Í:frÈt,ein ?¡åìs pu'L into oË,e:.:-åtionr.with the rE;torder pen off
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the oaper, untll tlie trajec'bory ran l-'i;s course t,o a stable lirnit cycle or

torrirrfini'b.rtt. Tn ihis latter casee the trajectory seemed to go io
¡iinfinityttaperiodically, except in ¡.'raph 26, and'Lhe break frorn perr'-odic

io ape::3.odj.c behaviour occurred far befor<; ar6r saturation ln the amplifiers

of Lhe compu'i:er* In order to avoid birrrring the g.;raphs, onl¡r the limit

e)'e:l-ey or tÌ:at pat"t of the trs.iectory r¡here a trreak ln periocìícity

cccur'reclrlcas draun" In those graphs'¡lhere'blro stabLe Liinit cycl-es are

¡:rresentu tl:e cul,er one Tdas al-'¡a}'s obteined with *'d 4 0, that is, r,lith the

lepr'esenLetive poí.nt on the unstable side of 'che boundary; the innei: stable

U.mit cycle was cbtained þ ehanging the sÍgn of *d from nep,ative to

¡lcsitive, ,ç.f'¿,elbi:e trajectory l¡ad exceedeci the empT-:ì-tr:de of the uns'bable

-ì-Ívni.i cycle, r';]'licii a],r*ays e:xis-i;ed in these câsr-c$o If +"he si¡,¡n og *d uas

,tì-,trr.rê/ì {'zr,',m r,nr','n4':ta¿ lrt n¡:ell..i r:.,".-.,, .,*Érei,:ive ta posi'i;i"ve beí.ore bhe t,r"aject,or¡r reacl:led the unsiable

-i-ini. c' cycle. the ren:re,:entetíve poin'c i.n i;be nhase plane rer,urned to the

*r"åbj.cal poin'b x..=.iiaS*

û'cserving "i:he above cJese::iptj-on of ircr,¡ tlLe graphs were

abtained and Ìrear'.1.i:g in rlJ-nd:ii-gu-yes 3,,9" 3"10 anC 3,11, í:r conju_nctir'rn
þne Fecerres

må-bl: t]:e parane-i;e.r: vrrriåilions r:f t:bj-e Lr,Zrltne eotfor.ling conelusions å,s€:

åæ¿+ehed+

.l-. {;:'r-¡:hs 9 and l-ü are Í.n agrrement r,¡iih ho'th'bheoriesu uith

lher arrr¡rlltu.de of l;he l-lmi'u c-ve.Le being nìcre accuratel-y precì-ir:t,ed Ì:y Magnusû

net,hori in ¡¿raph i-t,i" i.il s¡hlch b11b2,r = C;

!:,, 'lhe unetal:l.e i-i.rnj.ù c)'c-Les cau be iniierpreied as

s¡:recif¡-irrg thoe.*nej.ghbourÌ:ood, {re:Íerrecì 'bo by llai:ii.n in his theorem r+hich

prc'ves bhai the Ji-,ì:oundary Ls darrge3'oris wherever ti Àô) .Þ o and f'5ffi\ q 0)v \. ffitj),^
sutsiis of r'¡h.-lch 'ilhe tra.'jecto:1¡ behaves irreversibly. Henee, for ""tJ

ali- th¡* gr.:irhs "¡hich eont'aÍ¡: an uns'liol:Le l-i¡llit cycle, a dangerous paÌ't of

tht¡ baundâry -råâ.s et'cssed in Bp.uti.r¡ts sense' Therefoyeu granhs 11 t* 16,
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correct" So there Ís ¡ro consisi:ency in, Bautlnrs method uhen b-, *nO OrO

are different from zeros

3" Tn all the graphs containing two stable linit cycles, the

outer one for *d <0 and the inner one for *d ÞO, Magnust rnethod is inaccurate.

Tn these cases, the trajectorÍes should go to ttLnfinit¡¡rt" IÏor'lever, Mågrms

staies that hi-s method 1s inaccurate in the largeí soc one night say that

hLs nethod has irJinite eryors in these casese or zeyo aecuråc]¡ in the large.

Hor*ever, the 'crajecto:y does not return to the critícal- polnt rrpon swf.tching

'*d baclt to its posititre valueu and this much is expected from Magnusg

theory, The uns'Lable Li.mit cycles are predicted by T.Íagnuse method r,¡hen

-tr.,,-,Þû but no'b r+hen br.,,.4.0, as ln graphs I6e 19 and 22 Lo ZLt" Moreover, theL'.J UJ

ærnpl-i'cude of íhe unstable Limit cycl-es is found to be roughLy Èhe same, 6.5u

rn a1l- casese lehieh might å.gyee r¡iíh Bautinls theory but not nith Magnuss

theor¡r.,

L, Bottr nethods äisag:'ee arith the results of graphs 16? L9,

a.ncj '22 to 211.,

I

1ã,1 Bo'Lh methods agr:eu cninently itell- in graphs 2J and 26,

'"¡irere b.,i=b"r,.,=O, i.ri'i,h ::egard to the branch point hei.ng at brr"=û" l{oreoveru.I'-L ¿V - UJ

T"la¡¡:-uss crecfctian cf ihe arnplitrrtie cf the stable and unstabl-e limi.t cycl-es

1s <¡:i'Le accurati,ai¡d i:he systern does tend to rlinfinityrtnhen the''i;rajectory:

exceeds i,he uri¡tab-i-e '|.:lmit cjrcles ín g:'aph 26, fot -d - o01o ¡t graph 2$,

th*:systen,ls stable for.'cT = .01 a"rrl the stable Låri¡it cycle shown exists

fr¡:r*d=*uÛi,,Tngraph2ó,thesystemisunstab].efo¡:*f;*"Qfo

., ,; ,{:; ûverallu Lt, can be 'stated that both methods yÍe3.d

unsatisflacloïï, preiåcùåons for the phese plane behavlour of sys-ben (3"12)

r+hr;n the t¡€ven coefficientsrt &,1:e p:reuent; but their predictions are

en'i;irely sat,'refacbory when the ¡teven coeffj"cientsñ ac'e absent,

:ì:v" 1" I åH3=*-* få-tãlå

TÌ:e anaLog ccmputer' *ceffieieni;s and results for t,his qysir*r
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Ta'Ì¡le lr.3¡:,Coe$fielent set'i;lngs 5"n analg,s eomputer study of system (3"15),

. .I i'

atre,conf,arned;ln tabl-e l-r"3 and graphs 2V þa 30 of appendix ïïï":
ïn grap'ns 27 ant) Z)r,ttre switchlng point,s indlca'Le that the

val-ue of s,¡as sr,titched from *f1"2 t,o 0"2. The trajec:toyåes are' self*explanatory

and the¡' ägre+) r¡er)' t¡e}l wi'bh the result,s expeeted fr"om figure J,12"

íiraph 29 shc¡ws tj'r*t the system is i.r'yeversibl}r unstable

r-¡her: 1;he rep:resentative p<linb in tÌ:e ar", versus ø plane crosse$ the r,*

ircunda:"y ancÌ gr*ph iû shows i;hat the r*bcundary is erossed at, an emplítude

ûf _3u;, äh.r*h eH:i:ees w:ith the preclicüod arnplitude of 3" 69 -f,o ui.bhin 3_0f"

The araphs egree with figure j,,12, also* in t.hat the R."

Ì:ou.ndary ís dailg;erou.s .for B(0 a¡u nondange;rous for B>0"

l:v"z 9gglÅÆåg_eg. i

l.dilen ihe rrevêR coeffieien'c,st1 in system*s (3.1_1) ånd (3-fZ)

t¡ere nade 'eça-'l- -Lo zero bo'bh methode '.-rete aecutate" l,fl-ren they r+ere dlfferent,

-j:rcn aevc Feutints rflethod Ì¿&s ê.ecura'i;e in system (3.11) only whereas Ïqagnusv

i:le 'hhod t*¿is inaccurat'e in boLh, espeeially in î;he dangerous boundary region.

}Ìoneve::u in the ::egion of the bounclar'y r.¡hich r.¡as definitel¡r nondangerous,

I'Íafinu.sr iüetiiecì r'erirainerJ quite accurate in the predictl"on of 'bhe amplitude

ûf stab'le limiì; *ycles"

ïi; ls difficult, in ¡rracÈicoo to determine exact,ly how close

fo the br:undary the r"epresen'bative point must be ln cyder that it may be

ffsufflcíenÌ:1"y closstr for Barrtfnes theory tc be appllcable" It is sugggsted

Ì¿lç:t,s perhaps, hçyein lÍes the rÊêsóit r.,;hy Bautlnrs ilreory did not yield



,:iLl

satisfactory results for systen (3"12)" Tt çoi:ki have been |npracti.calu

hci'ievet', to bring the r"epresentative point, closer to the bor:nclary du.e to the

liniita'bions in the :'ange of poientione'ï:er settings on the cornpu.ter,

îhe predicti.ons of I'.fagnusr rnethod tu,ere åccurate in system

(3.:.5¡ 'r¡hereas Eau.tin¡s nlethod nas not applica.ble"

ilence, on ihe basis of these exampl_esu it ean be stated

tha'b

1,, j-f t¡e system co:rtaíns no tleveit coeffieientsrr, bc.Lh

v¡ie'Lhods "sre åcclrvateu nithin ilre borrnds of the t,hearíesu and

2u åf the system eon'i:ains ¡reven coefficientsnu Bautlnss

',ne*hod sì;ends s 5t/' chance of being accuÏate nirereas I'{agnrrsr mc¡'bhocJ is
inacc'r".,'rete in thç dangerous bcunsary region ancj aecuz"a'be in tÌ:e pre<liction

r:f the arnp-Li'bucìa ofl st¿ible iimit cycl.es in the:.egicir cf the bouncìar;i

i+hj clt is rlæfj-niie"i.*,¡ lrtx:cÌ&rrgerous"

Si.nce t,he tìreor.et,íre..l- ::esuits obta:;.r-rc*d frc'¡n the :rppl_icat.iarr

0f batlt,rietltoCs lo t-,ìre g;ene:lel- sllcci:ci crie:: system $re exa.ct.Ly pa::*1,1.e1. ¡o
-¿hcse abtai.necJ f::+¡n ttrej.r applieaiic¡n ts th.e semi*¡}Ìrltlrâl sy.-e"crlrn-. .i:here is
Tlo rs¿ison '[o e:ri:ect that tire practical :t"erults noui-d 'r:e differ.e4i.
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ils a resul'L of ùhe study' of ihe siabLlity bou.nCaqr Ín nonlineay

qrstems i'b fs seen tha'b burst,s of oscillations ma), be obteineC f:om a

systen í-f one of its p¿å,rayneters is -¡a::j.ecl s6 ¿rs 'bo c¿iuse 'bhe re¡:resei:.b¿tive

poi.nJc of the s¡'sÈ€m, Ín the spate of 'the interes'bing Ìlaraäe'bers, 'to jump

'r¡ack ancj forbh ã.erosst;he nondaìige:rous naj:t ûf the sï;abj.J-i'by boundary"

ûo:rsiderb.he e"ircuit of f3-¡irre $.1,,

1ì¡

nn

f,i!'ri¡'e 5,, l. : Ti-¡.ned*Êjrid oscil1*,'bo.:::, ci:rcu-.lt,

.&ssrurrÍ:-'.9 iha.'¿ bhe capae:i'bi;ni:e_, the lesis"bance ¿r:rrC the írujuc'ba.nces

ar* J-iitcl¿r:r, the {)i-Ii).'. riûn]-:inea.¡.J.'cies êre c¡rni;¿inerl irr ðhe tuire characterÍstics"

In thi.s ¡:ürticr_r-'i-ar ep¡iJ-j-celbion a 6J5 tittie r*ras usedo Ïts iu ?ersils v* and

i. ¡,'e:rsu,q v cha:racier"istícs, trith a cons'ban'{: pl.ate vCIite.ge of i-00 vo1--i;s,gg
.r+e:re ploi,ted (F.::'aphs 5.1 and 5.?, ncl:i¿ì Ì-ine) o The t;ui:e is rlaniag;ed, a.'i: a

Ç1,, cu g:'irj vo-Ì-'i:age of approxinlaiel.;r $Cr voi't"s, befcre i't sie'bu.:,stes* I{ith the

prriptr ¡:irerse and ampl-iÈr¡de eonditicne i:he clyeritt ir¡ r¡:testi.cn r*il].

''rb'uj.ously or¡cil-l-eteu It i.s assuned that sr:clr oscj.l-.l"ations '¡i]-L not cause

v* to exeeed !t votr-'bso

The chayl:.eterisiics of the 6J5 'rnu"st. r-:oei be ex¡:rrlssed airal-y.bicailyo

JI

.L

IlÆ
-=L'.Tt¡
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The ana.lysis of ihe sùability boundairy 'by Bautin3 s nethod rer¡rires only that,

the empirical- equatior,.s for the tube characteristics repyesent '"he actuaL

charac'beristics fov srnall values of vU. However, this does not hol"d if
Magnust method Ls to be app'l.isi" P.enee the ampirícal equations shouLd

enernpåss as ntueh as pcssible of the actual characteris'bics, For

s.trnplieitÍs e ernpf-r$.ca1- equation of ihe cubic form 1s a'btempt,ed (1; p"L2)u

namely,

S=a+Ì:x+cx2'rdx3" (5"r¡

ihe ecefficien'l,s å.È b, c and d are dei,ermlned by choosing forrr points, r*ell

di.s'bribu't,ed aLorig the actual chavac'berisùi.c* settlng up four corresponding

eqt,i,s.fions and soL"¿ing i:hem simul-taneously for a, b, c and do

Ëov the ån versus vo charac'bev'istic the points chosen a^ye those of

Eê.ÐJ_e )î a"

'v (voI"ts)

U

i1"5 s 1o-3

T 1"1 .¡ I f'r*3
eJ-i ¿r ¿-v

Ta-nl"e 5.-1-¡ Foir¡t+ cn the. actua.l å.- ire::sus v,, eharacterås'bic*
Þ

Í;o3.vilig *he for¡r sLrnultaner:us oqu.atioirs for Ðs bs c snd cJ yiei"cls

e = 13.o5 x tO*3

'i: =' L" 7ü5 x l-0-"'

{: - óo Oû x 10"5
'q

d * 9, L :{: l-0-' I

The eripirf ca1 ecgratic¡:- for the f_n rersus vU c!:arac'beristic is then

i- = i.-^ .!. s-r,^ * s.rv3 *' s-vl $"2¡a eU L¿ '¿g 3C
r:hes.e lat = 1i.5 x 1O'-3

-(" = 1, ?05 :c 10*3I

*30

ãJ.LJ

rl

?/l



,:1.

s, = 6.08 >: 1o*þ

-}.,S, = "10r (rcvisec3 -n;r trial and e.rr,or ¿o al.Lci+ l'or satLi.yatì o.rl ^J e v-, \r:Ál ó

The b::oken l-j.ne af gr.apìr 5,-1. shsr.;s; û* r¡hei o:lieni; ec,ììäi.ìan í{-2ì
apr;roairaat* ¡; the ac'üu.?l ci:eract e:.'i s'i, i e,,

likei+:-ss, *licosi.irg i;he poi.nis sf i,he aetual io iieS"sus .v,
al)

cil¡¿ract,eyi.s'Lic gii-ren in '¡;h* i:a.î¡lli: $,2 .r.'esu-L'b-- in eauaÈian (5*1i:
-'*-***---t*

la

i ',g iïir.J-ïrrj | ,-* i,.l:,i¡:,+re*) 
I

f------:--"-----***** **þ"*--**** --*-*ll=Tüll'J:Irl
t, lI *35 i{;
ll,'1 i¡r
[ç]\.ilr
t.,'1 i¡r
[ç¿\.i¡l
li.| .¡\ í -,**':
i ;u i !-t-J ;;Ë i-l- '-

ii'¡iì:rie i"1,Ì* Foi"¡:1s ar: i;Ì:-e as'i;.u¿i- i,-..teJrlris rr- ¿ii¿i:¿l.cí:er-.r-s.i,åc"
L\ó

l,;llr':Íe ír-. = .,L{: x

úi_ g:i

ì
fÌ'

t-J

Ì., rT c
-rl \2",i¡)

¡i. Ð"!"c ü of equn biûü (5" j ) "

f:!-giu:"i: $,,;-" rì¡r ití:,;chi:off ris *u.;:,::,c¡:t

1s

;: cii ,,- :iìi., -r i,
i:Ë:* ,. t*L.l U t_,

J'1

-{,!i-¡îc,, v = L ti' g ï'îJ
.{..

i::' .i ^ *. i.; -'v Ê,;'r ¿¡-::
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tr\
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Eliminating 1I f:eom equations (5"L) to (5"71 yields

t{diE u dial + n(i\ffi '&Tt s

Substitutlng ($.2),

2
rì r; rtrl" ag @ ûi -"9 +
#'# 2 ,l+.
OT

r.¡hef e *ç{ = !l *g.
.t,

g= ¡is2 * P2

LCC
ff* *MS3* pj

'f ¡t

l(t +
Trr

ll¡r^
ïri

F¡r_-r a)îË*

te'b q¡ - l{ ånC dX = -l-oc' -ì?-Þûr
1)

Since d(x''i = Z:ecÍx = 2W
*F* :iîUU Ub

149

ancr alþli - i"zSt* = -tx?T*ffi* 
ä1c

a-1^)+v -i'1¿g

(5.3) an¿ (5"7)

)2,
,- Bdo; n Ydoá *

d'¡, dt

fll
4-

iíf-
into

¿.'¡1\' +

ln the f crrn r

(5"ii) yields

?mr-=O
o

(5,8 )

$"9)Àv
6

MSrI
îõ*

+ ÈJl

tìpr)

ll -"

¡I¡ -

(5' rol

(5':-r1

tt 6y
aquation {5,9).ce¡r be i*rit,ten

;ì-. - -,:lå- r
.i+

E. 
= *r* +o(y * ni2 n- zgrçy * 3v'^?y * '**3

The point (r:0, ;y=0) is e cyitlcal point, since i.t makes elx
dt

identieall]' z.e:i'O., Hence Bautints rnethod can be appLied direc'bly 'Lo

eo¡atí ans (5.,lli)"

artd dv
¿+



]:.)

The

MSt * P1

LCC
value of

stabiJ"ity boundary

R rshich satisfies

t'

is given tiy' *c4e g, that i.s ,
R-
tg

The

(5"t2\

g"].?) is

(5" 13¡

of (5"1-i) lnto the expression for the

Eaut-in fappendix I) yields

(5. r.¡j )

'i',hr:

OT

F."a'

Ro = !ßlsr*þr)
Substituiing the csef,flcienis

î,5.epounoff coefficient L(RO) given by

L(R^) = ". *-K*..* { ws.r äRn I-'--o' ËöîJlz \ 
/s'5 *"" 

"r

ïn practice¡ s Meissner ftF Lransfonnel: t¡rpe 3.1¡*659p .mas used fn the

cÍvcuit of figur:e $.1. Ì{ee.surements j.ndic¿ted that 14 = 77 ¡tH and t = 1lr07rg"

The reslsianee of bhe coíI in the ¿rid ci:,:cr¡.it r*as 6"95 ohms; that of the

coil" in the p.l-a'be cÍ::cnii was 5,â ohms" :i vayiabLe capacifjot: vdâ.s used j.n

its rni¡ri¡nwn eapacitance posÍtJ-on* '15 
¡y.it (as me*rsureri). Henc:e e = 75 fî¡f

j.n figu.re 5,1-.

Sufisti.uu'i;ing the prec'Licr-tr" va-Llies i.r:,oo equatiorr ($.1_j) ;yields

R,", = T-irl$ ch¡rso S'or R ) R^, eqgaticn ($"-i-Zlyield.s *o4 ),0, Hence theL.l û' '

sys'i;em is s'oe.i:1.+:i* Foy R 4 &r.lr *a< <{. O enri 'hhe q¡stern l*o unst.nbLe* Is

boundary *r{ë o ciangcrous or nonciai:ge3',:)u.s} ihat is*:.s l,{Ro) positive

tu.egiltiirer r.espeat!.veJ.y? substl-tut;'ing; i,ire pract-icaJ- values, ç¡ith R =

j.rur¡o tire ..eãtrrressåcn for '(, Å , B ancl n in (5,1r)) yleldse

F= 3"1 x -Lfi3

11.
À = 1." i!! x 10,-q

B= ?,98 x l-07

*.= 3glr9 x lOl'2

su.bstitu'biiig 1,heso '¿alues into (5,iL) yielcls t(RCI) = *.05J9" Henceu for

E, = ROr tile pra.cticai- system lies on i:]ie n,:nrJangerous part of the stability
boundaryo



Lii:

ForR=

varying R from

sys'Lem, in the

t(nc) = *"A539

shor.¡n ín figu:,e

Oe *,c/..* -l*OLZ x 1r)7"

zero ta infínit¡r cê.Llses

li*, T,(Ro) J Rrane to

from 'i;he point (-1"012 x

5*2, crossing the cd=g

FOf Reæe *"c{.=6þo ThUS,

the rep::esentative poì.nt .of the

trace 'i;he stralght line locus

107, -"9539) 'Lo (+æ, -,0539) as

axis at ÞRO = 1l+15 olirns,

t(%)Frr*oru
Unstable

.<-- Dangerous Bounda:¡r

Branch Po-i.nt

C{.2 ;¡ trCI7

Naadangerous
Boi.:ndqry

!l ---+"eÊ

R-'l LT 4

Fj-gr:,re 5*2¡ r?"lccus in the '¡-"r, niftû)l pJ.e.ne"

.[rt praclice.. H,.,lthe csi'bicE;]. r'esistance value far the productÍor: of
U

r:sci.i-l-utioaslvias rne¿rsu..reci t,o be 1lr00c,h4rs, This is in exeellent agreemenii,

li-ith *çhe *aJ.cu1a."*erJ ryalue of 1-L15 o]^,ns r*helt ihe experimental erïors

inver.lvecJ in ìileåli'úying 'bhe pararnerle,rs I{, L and C of the qrs'Lenr are eonsLdered"

ilol;eve :., irot 'i;ooyilr;ch error i¿ould be expec'i,ecl fyon the approxima'bions

inv+J-ved in the enpi.ri.cal equations fov i;he tube characteristics sínce the

*xp:ressio;r for' ,=.tconsider-o oirl-y the epproxima-tion fo:' sniall vo., since it
inciudes on.Ly S.,- ;*nd p.,.

l{ence, fcy R a 1i-bt'le smal}er i;han B^* a stable limit cycle is se'l:

u.p r*lrich disap¡:ea::s t¡hen F- is marje greater tien R-" Bautin s'blpulates 1n
0

hís theory i;hei i;Ì:e representatLve poln'L must be r¡.qufflclently eLoset¡ t,o

'hhe boundåry* on 'bi:e u¡rstable sida, fos' 'bhe rystem to beharre reversibly in



Í i'-l

the phase pJ-ane l¡lren tFre represerrtetLve po-r-irl in ûhe spåcè cf the

interesi:'irlg pe.råmete¡'s is eaused to return to the si,able si.de of the

noi'rdangerous part of the boundary"

i{agnusr met,Lrod m&y Ror.r be applied io obtain a z'ou-gh picture of the

beli¿.vic¡u:r of iire syste:ir in the large* The picture wil_1 be rrroughrr as far as

&ú¿urs-cy in anpi-i.'cudes ef Li¡nit c¡rcles is coneerned because rlhe Í.* versus

t* em[:lri.cal equa'cf.on does irot, reproduce ùhe actual curve iflor large values

cf-' v*u rn .f'ac'L, the g::aph of tfte empirical equatíon saturates at Lco volts
-ushr.r.":eas t,ha acùuaJ- iu vefsus vg tu.'rve *aturates at appraximately 5ö volts-

Fïence i-,!Te,anp.!-itudes of Lj-mit, cycles obtai:ied fro¡ir the appì-ica.i;ion c,f

Ì4agnust ne',:had û16 e:i[)ectecJ to be rrii-lch la.rge3'than in praetie+* Hor.lever

'bfie gene::ai- shape o.i ihe å:curve anu the s-tabi-"r-ii;y- T:ounrlar¡r shoul_cl be

:faår1;7 r:easanq'bLe si:rce; t'he empirical eque'bion for" i:he i* rer:su$ vg eurve

*cver'Ír t,he <le.fined ¿:oi:tic¡n ojl ihe aûtu¿L-l curre fa:irly accura.te.ì-;y and t,he

e-teyre¡l'j; c,,f, :;aiu:ra-,,r,åo¿ J.s ei-so accourrùecj :icr. iGraph F"3o)

The acl:uail- í* irers¿s Vg curre sno"yjs nO Si.gn cf snj;ura.tiOno lÍenCe

tJie ern¡:iriea--i- *qriaticn fur. å* ve:fsl.ts rln i_s sa.Ì;isfactorye

.Appi-ying fiagrrusç lno'bho,j ilo (5,.i:.1 yieids the l-ineaylr,ed form

Ëv

3 &... ]r 'i'
¿'I

d.r À
L u L-.^^ --z!

ç* '- {r) r
-, ( h 4. ,;inr-az iT*

cix
.1t"ut¡

eÍ't

d.b

r¡ihe

* {o(

#¡r
aEL

ancì
+-5èi, * j::åI¿: c

It

Thr: hfur,ui-iz eriter:Lon j.mplies the c-on<jiiion fr¡r stabtll:bys

+ Ë)-) Þ o. cr
¿.L

.{ *é*

'{,5,L5:

(5"L,6'¡

(5- T7)

(5"r41
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Lt, I

,{*cuvves may nol{ be plotted fn the äf, versu" äel plane fo¡' varlous

values of R" Tn graph 5.Lu this is done for R = 0, 100, 260 ohms. The

Á*eilrves altoays start on the negative ãr, eoordinate and rnove to the left
in ihe third quadrant, &r the othe:'hand, the stability boundarv qr - -cc
Inoves from its pcsition at ãf, = *10o1-Z x 106 for R = 0 toroards the right
unÈir it eoincides r¿i.th the ãr, coordinate for R = 1L15" For R > ilrr5
'bhe stabilitS' ¡eon6as]' moves ta the rlght, ål: the fourth quadrant" ifence

the A*curve interseete the stability boundary iohen and only 'ahen R d thr5,

Since the sys'L,en ås stable on the left of the bounda:y and unstable on the

righÙ such intersections give rise to s'uable Li.mí'b c¡reles the ampiitgdes of

r,;hich ar* dete:rni-ned by t,he val"ue of jl o¡r the ..l*curve at the poínt of

inierseetion" Grapli 5,[, iqas obtained fyoni the calcnlated data in the

iabl e 5" 3"

F, (o!::ns) *,q (xio6) A (votts) å (x:.0131
¿J {, r=ro6¡

U

Ð

.,¿c'" 12

*10"Lä
'

*1"t" l"?

*Lt".12

t¡

10

6()

10c

*9"53

*-Yo2_5

*9.53

U

*c"2329

-l_0. L?

*?3"?5

10û

i,û0

I.LJìJ

l"0r
'**;

260

2ffi

2&'

260

*9nl¿û6

¡r'SrhO6

*tqii06

*g"Lü6

n

J.L,'

i"û0

*'9"2t

l*9q 2J'

*'g"69

*Iü,¡+2

t¡

*Ð"?325

*9.h06

*23,25

*8.26¿r

".8,,261r

,.Eo 2ói¡

*8" zóh

0

l-CI

Co ,/.

1G0

.9"96A

,..9"992

*LI"" 0B?

*I3. L3C

0

*Ð"2325

^8,26L

^23"25

Table 5*Jt Data for À*curves of g::apir $,1¡o
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Lr:;

Á,s diseussed previousLy in ccnjunctlon with ihe empirical

equatlons for the tube aharacterisiics, the anrplltudes of limit cycles

predictecl by the appliaation of Magnuss theory should be eonsiderably

larger ihan ín the aetual case but the general shape of the Â-curve should

be accurate' Tn practice, for R = 0s 'bhe anrp3-itude of the grLd voliage

asc{ll.ations ì;Ías 3Ir volts &s compared Èo 6ó voLts abtained fyorn the

the ore'b j. cal. c ¡"leule,ti o¡rs 
"

Fronr ($.f5) it is seen that the characteyistic equa'blon of the

system ls À2 * {*. * Ë$., )å, * ãzl = 0., Referring to the for¡a of equation

{2.9}, ti:.e frequency of osei}latl.ons is gÍven uy *2 = 2= -"ï2lo For
,'5^Gn

R * ûp ro?j * 9o53;s 1t]11" l$¡erefore, f * w_* L"55 me" uThís 
theoretj.ca.J-

2i(
value ls oite 'bhird gree,ter than the actr¿ar frequency af 1.,o5 rncu Tili.s

r-låsc¡ienan*.'r mÍgh'L 'bs explafned Ln parL, i:y 'bhe pr.esence of sf.gni.fican'i;

s'bray c"apaci.'ù*r:ce and åslduc'Lance at, fhese freqriencies"

Frcin Èhe -flcrregoí,ng analysis it is easil-y concludeci that the system

?¡i11 oscå1.l.atc fCIr any vaLue o.f n ånss t,ilan llrl-5 ohms (fLOO oirms in pract,ice)

;¿:.,.¡j i¿j].l be stai;l-e for any value of Ê exceeding ].,ìrJ-í ol:mso ,{l.so*

nonsideret-ior¿ c,f graph 5*i¡ shoi¡s tt¡at sultctii.ng betueen tr,¡o r¡u-c]: va'Lues of

R çii-1. cre*'ie buc'st,s of oscfl-Lat'icnsu r¡hich f.s eqrri.val.ent, 'i:o stating iha1:

'bire bouncary :i-< nendangerer.¡.s in the ì-ar:ge as r,¡eli ag in t,he srnaÏ1"

il ieli+y;free eJ.e*trolric elrer-ri"i; it.l.s desígned to procÌuce bursts of

e,çcÈ:L1e.tío:rrs hy ve.rying R in the rnanÌ]er cJescriì:ed at¡oveo Consíder .i,he

*irsr-rj.t ,rf fågure 5"3 in which hoth trs.nsisljoy.sj arre type ZN2!f. Tabl.e 5-l+

çirornis '{;he properrties of one sueh ci::eui'L" The meter readings corresponding

to V., * oJ vcl'b. dirJ irct change for V* > "3 volto V- $as not made to exceedIII
3 volts fo:': the safety of the tyansistoys* In those cases where

'nt= rr* 0r It, r.,res measured wit,l'l n:r oroffi*r" ïn cases where ïL = 0, L
uss aLso rneasr:ysd r+ith en onffiu*,



I

iì'ígu.re 5.Jl Expe::ir:ieti;ai set*up to meesuye the properties o-f the transLstor

eår'cuit shc¡i¿n*

'l'ho :resistanr;"e R, v;as obtaLned fronr the ratÍc¡ of the open

*i;rcuit vcltage to the r":losed circu.it eurre¡rt at teyminals 1 and 2u This

ir¡tlt'Ì¡od,E"ssunes linearity in the trans:ì.slo:.s for the ra.nge of 1;¡e applied

vÛi-tage vr" Ti: fact, a certein åncrr-rrì'ì: of nc¡itl_ineality is ¡eglecied,
:resr:.lt.tng 1n an er:i"oneous fi,r" IÌoi.reve;."Í ilre elro:. i.n R, = 100 ohne for
tJl > " 3 volt r'¡lil be smalL øhen ec,nrpared Èo the sr¡itching va.i_ue of the

resist'enc$ R = l-Ltr5 o.nrnso Hence, since F-, niri. repLace R, the error ls
hei:cefortli :regl*et,ed 

"



r;'j

V1 (voLts) 11 (mÂ) (ohrns) VZ (volts) IA (ÍLA) F-, (ohms)

*1"0

u

n1

ou2

0"J

ô

0

rl.05

0" 31

Q"92

1200

1200

2000

6|.45

326

0

U

0

0"0o5

0"010

tJ

o

0"06

0,10

Toeooo

70e00o

7oeoo0

B3'lr

L0t

Tabl"e 5"lr¡ Experímental results of figrre 5u3o

Ifr,in pJ.ace af R in figure 5"f, t"*inals l and 2 of fÍgure 5"3

8YÊ corutee,l;edr F. becomes 8,.r" A reetaqgu}ar uave with proper amplltudes,
¿

positirre and 4qgatfveu appLied to ierqirrels 3 and l¿ wiLl then cause R*

tei swit,eir betueen 70e000 ohnis and 100:ohms at a- frequency determineti by the

peråod of the rectangular ?Javea "uuften F" swl¡ches from 70e00CI oÌ:ms to L00

ohms the grid tro)-tage should 'burst Í.nio oseålf.atåons.

Jt r¡*ltåvibrator genera'bes a rectangular t^lave betueen the plates of

the tr+c; tu.'trec". (ä; p" 292,) ïn this eese, the biased rnultivibrator of

fÍgure 5* lt was usec! ¡*lth tþre resuLr,íng t+avefornr shr:r+a.. The purpose of the

bi.as is 'r;o s'i;abili.ze t,be output wavefor¡t" The outptrt, waçeforn is

obvíous3-y t'oo iarge 'to apply 'ba te:mi.na.J-e 3 and l+ of the 'branslsbors and

nn¡s* be reducecT iri ampS.itude to r014.;hilr I vol'Ls" Â step*doun transforme:r

and poten'Li.cmei;er al'e out of the question since they raou.Ld Lcad the

lrul-'bivi.brater and desÊroy the desiy*d uaveforrnu

0n the otï:er hando a eathode follor'¡er with high ånput i.mpedance and

3ow ou'cpu'b impedanee distorts the plaie*to*plate voltage of the

mul-tivibrator very ii'htLe (figure 5"5)" An RO = 220 ohms r¡as choseno

Since HU ís so sa'rail, the loa.d line fov 'bhe cathode follower 1s very flat,.

This, coupLed l'¡i'úh a s¡naI} B+ of LOO voltse causes the 6J5 to eut*off for

grid v*J.tages less t'han -15 volt,s and greater than I volts" lfence, the

o';tpu"t g¿*¡eforrn shrovn ln flgure 5r5 1s obtaj.ned" The J solt blas Ls used
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Fitiu:'e 5,,1+: l-ìía.qecì :iru.Liivihra'i,cT'. Seale of oscillûgl'amå ordins.te * 50

vol't,srl'ciívåsion; a'os*isse = 0o 5 rnj-llisecondy'dii,isåon"

'¡,û decyea.sa the riegative anrplitudc, c¡:Íl hhe i,la'¿e ln cr"der to avcjd dame.ging

'Lire tranci.,s''io:':s, The posåi:ive arnpli.'LilCe sf it volts is la::ge enough to

:n¿rlçe the tr.ansisi;ors ooncluct* I'Ihen 'bbey do eoncjuetn t'he effeetive bias of

iì,. ie t:.he.'r: of 220 oh¡ns and J26 ohrrs ín prr"allel, namely 131- ohms" The

effect o-i this i*, 'bo incline the Lcac iii:re even further and eause the 6J5

ie cut*off fov glicl rvolgåges gt'eater than about 2 volts instead of $ voltsn

r¡1'Lh the negati.ve r:ut-off r¡alue ternai.ning ,:,t *15 voLts., Hance, when

te¡:min,çrls 3 and L of the i:ra.nsistor set*¡rÞ e,re connected to the ou'i;put of
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Ï'igure 5"5¡ i{ui'iåvi.bratar fol-loi'red by a cathocJe foLl-ower" OseÍllogran (1}

scale; ordinate * i0 voJ-ts/division; ahseissa * 0o5

rn:.lJ-iseccnO/rJi.visiono Osci.l-logram (2) seele: ar,Jinate = 2

vclts,/divi.sicn; ar¡sr:ísse = O.5 míllfseeoird/divlsion"

the cai;hode foiloiler, the positive peak of the yectangular wave should be

-]-ess Ì;he.n 2 vol+"s t¡íth. the negative peak remaining the same as before 2

*2"8. voltsffhis is found Èo be the case, es seen in the final círcuit

rjÍagrenr. (n:-gûr.e 5o6"1 The 2u5 micyofarad eapaciÈånee connected across
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a'1

te¡:rninal s I and l+ c¡f ihe i::ansi-stor set-up presents a "6t6 ohm lmpedarrce

at 1"05 me* frec::encies and viriual]y sho¡'ts ou.t any signal transferred

from the oscil-iaùor"

The circuit of ffgure 5,6 is a þrac'bical exarnple of the production

cf bursts of oscållations þ movíng back anci forth acrcss a nondangerou.s

s Leìri1i. t¿y bound ä3a¡o
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tÛiiicLiii'i.lo$

Eaul:inr s method is a Ecod inethod 'i:o deterrni-ne the

ria.:'ige:ror:sne ss of srabi1.lftr beuntjai:ies in Èhe smal-l s esneclal-ly for sysì;erns

in r:hich rrers¡t coefjjicíentsì! gf iìre se:"ie s cxoansj-Õ:i aïe absen'¿" Tf ?reven

*srf-iicier:L'bli i:r:::rns ¿åre preserrt t,he resiiil:s ca¡'i be do'-rb'ced" Ti: is difficu.lir,

-i-n p:',nctice" L,o de'berraine hoç far ac:icss íhe ncndengercus part of tire

-r':iui:,.is-:r;.' i.t i.s L--¡¡$rii."sible r.c' go Ì:,:f+re 1;ìt; syste¡n irili beh¡rte ir:i:eversi.cl-y,

i.., 11,, , Ëer-r,ir:r * !1su-f i.:cienii¡r sin¿,--l-lrt i¡:'Le:'vaf " irîoreovel:.. 'bhc ainplitl.ldes of

:*i.n:t-i, c-ri'r:.l.c l-s si:e r¡l.l.¿ pred-ir:ted 
"

!{agnir*T ¡rethod i.s i-::¡¿ril,J-ent, ii: iÌeiet'rninii:g the i:hese pleile

iit:.i:ii:',¡i-ot:-i':i'i:".;siel:s:[r:1".:.ir.:'ge..sc;:]-t'- i:.itd sm;:i-i.*sûål-e ivnpl.iburies- i"¡i-1.]r

i-i€'::r"Õ;lr3! iliì-; ¿r,i-liii;r.r':rcj¡ ¿i.i: 'llia :,,rr¡:i. i'[r,:,,r:]'¿ ! i:ìc*':c-:aseË= p:J.'o-v'i-d,Jd Tte lìûven

i:¿0;ÍÍ',, ;: l:llltr 'i;i.¡i'i¡:f; .:i:'{3 if::{is€i:t -in il::.i ::+i=:tgs e:<pan;;:ton" l.f r!eïgri

**c_ij-,-uir..:;;',-:tl 'i,¡.t.¡;.:3 ¡,,:'i; Ir]:oSt; ¡f-I th,; i.i¡.'e .j_ir_c;l,j oiis i';il-1 _l-ike.1.y i:e i¡:cc:=:'eC'i;

:i'ri.TiìJJ-irì.rå ::¡1..:;:i ,:,le 'b:f ,..1l:.c?: pr:å:rí. ;jrr':-l e-ì ¡i¡g 'i;iie cje¡:eçfr.;u$ ilal"i; of the bounc!a:y

l:,i::., r,:.-r-.ì.. ..i.li:¡.1..:' :-,1 :.'ce$ciii:l--l'.t cír14'.r-'? i.¿:: .i:'o:ir {-.h+ b:"¿;ir'ki pcili-í arlong tLre

I::l'.ui!t .iji:.:,).,;:: i.,:.':i: o:í; ùill, r,\c;r.ttdc::,v .

ÌiaiLu-L:': 1;:';il:ti tl-å a,::litln*ri i.!- i;.,n9ÇL'::r.!:,ìllcìr-s o.'.' tl:* r"-bor:ncia:,;;t

.:rc,:':-f :ì )'lr'lr':1 ,tî; tr.', ¿. ::ìf:-'.1 .iùoi.,,. i1a,;;,:,rl i.,¿:l:t:¡ ì;lij i: ílo:: ¡Sfarii;r;''l j r: iri.s i:heorv
:

rfi-la-rç- tii::: ìr¿:i;r:l:;ì,î : ¡r,t:úi.'rr:gii;:-lticl-1 cl),.rrti ì:i, apL.":.ir:cì r'ihgn the freque ncy i-s

. .irr iht p:c'¿l.r:i:i';¡¿.t. âpìjl-:ì.cc.'i.1 *n- ilci;l: :ire"L;hocis -*ere r.:.sed t,o

Ìl*ii'l.i-:tf ¡.i riie'iiicd ",,?rì.s å{t{jLlrå'[c i, L icl,erni:'til"rg i:i:e il¿;ìiue of -b'iro

:1cr ii:: ll: 'i.,i:r: r:çi.i.-1r-.1;t,i::: r-r:i:rc';it ii-e s .,.;..e;!-c'l;i-y' ctr t,he r:,;¡rdanget':,c')t1s

Ti-iiú1.:rrri;.:ii';:¡,. iilirj.s e.ccu1',î.(;.rj" t¡,?íj ,iu.r; t* j;he *.ì-*¡;e atl]l*cxíïtä-tioi'i
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of i"he ana.iy';ical exp:'ossions for ihe tube nonlinearitites in the si-nall"

l{agnusr rneii:od predicted the resis+uiìRce value nÍth equal aceuracy but did

not yield good qrrantiiive results for the linit cycles beca¡:se c¡f the

analytical expressions for 'r,he tube ncnlíneavities in the large; hor.lever,

'bhe qualita.tive yesults uere good, in spii;e of the lfeven ccefficj-entsrr

pyesent in the syo-bem-, because the bor:ndåiir !¡äs definitel-y nondangerous*

T!:e natherrra.ticaL rnanipula"tion in the deveLopineni of Bau'i;ints

'theory is far rrìore cûmplicatcd and far less generaL than in ihe developnren'b

cf l{aglu.r:r 'i;hoo;ry" Ilence Bsutlnr s metlrod is fu¡'bher iir,rited in j.is scope*

/Ls Í:e..i: as second sz"der: s¡i'sLems ai'e concei'ned, both nlethcds

trac â:iq\z f.n :l;-rr'l- '' *---.,ïo



¡P,cEl'iûili r

gååq-q$qlgN- -eg-L("À^ )*l9E-A--sq gg.r\iD oarl Er¿

NONLTI'¡EAR SYSTI{T"Í

Cons:Lder the sys'tetn (5; Ch.2)

,l:: =. a.:;:.i- by .ì- P(:i, y)

t';{ = ci: "- cY 'n Ç(=, Y)
üT, 

i

Itrpa.nciÌ.n¡i .?- and Q iu p*uer serri.es in x and y yie.Lds;

'i

-ìi:,,;'i = ?^(x" y) + P.,(n, y) r^,*o, +.nci i?J

ili: " ¡.r, = i.,Z (:.:., ;') 'u 83(x, Jr) .:- ., . . , .

i

:,¡Lri;:'e th;.: tr;",."rrrs ;iÍe g:f cuped sc til¿t:

tt?
.r',,r-{.:i::., ir} * er,r:x' '¡ ¿t--l:r+* 't' åg2I

:-'"(-{., .,') = ,3.-r:llì ',' .:,:1.i.:,illy' u #j_t4'2 -,' o,or;;':,

\-tj?
í-J? i li , ;\i ,ì :: .J 

ZO:::* 
-:- Fì 

l:i;J; 
+ 'O02.-f -- 

:
\?Íl f':r :.J = ir..ì.'-, ,, *:ìiJ' + hnr;tz.-r + lsrr:r¿'? -" 'îl..ìjy'3"

Dy .l.etLlrig

\,¿ )

*].:c¡.'e { r: *6 * bc "}0 (1.e., oTl the s'¿¡;bl"e si.rJe of the y,*boundary) and

;,i r" d = il i:l-r", nn bhe R*bouncla:y), s;'sr,cLn (i) is bro,.tght to the sc'"called

*a:lonical. fsnn

t1r,c. - ^c ¡¿ -- * .:r*. ..,;!lJf-ffi,tr

- ì::' \
LIt - - .lÈ.n r' i-t::",e n,'
d'L

Èl = Fj.z 
., Ïi.¡, r,)

.; 1-
LJ T,

f,a

/e\



F = Aroz? + Arrzn *- Å02n2 ., Ã3Or3 * Arrzzn *

+ yrzn? .u Á03*3

Tire coeffii:j-e:li:s of systern (j) aye reLaie,J to

fol ]sid+ nt -1:e1e'íionships;

i:. r'

T¡here

* *o" and

-7*1_2B^^il" + B^^z) {. B^,L-'t! +v4 ju ¿L

1' o"p

those of syE;r5s¡1 (I,l by tìre

*läü - ir(tturrO - auar, + aâa.Z)¡

l'l-l- - 
;*E{r't,tot 

-- 1rêrl-r }, Âo? = 
fu 

*0r,,

b" b*

-t3r, = ,i-(l3e=a '' .i:2+r-. o *zbu-, * o'.3**r).,
'/L' 

;:J 
-rt

r1;¡r. =' ,S(''i:2a,-- + Z*'ta", * ia2u¡*),
-.i 

L'-r'

û

ùi-2 = 
%ion1.o 

"- :*'anri, Âoj = "S-# uo,,
Ìj-' b,t

Ë,¿e = -.ír*itt3eo, * *ãirr,.-Lr ''' a'bzaro n' i:3ì:,oo *
ìr'- rä'- {Y

-' btei:1i- .u o,r2lro,),

lll.--l- = iu(*u,tr, -. za?,rr* * ?ab'bo, o b2i:rr),
"/Ð-

8,'Z= ..-.S*{air.O^ + ob'r).,
iJ

{Íì = **r.* i*l'*oj "' ,,.3tr,rrn o uâbäur-, - au3a..uo * tLb3o
ir- Jti

.,- ei-rJb-1 * *2rr2br., .,. riirbn=),

..å{:3n3a^-
''rj þ-r

* ?aäb*r. ^ *2*r, r. olor, * zab2br, *

{---i- JÐ. l';-;:,. -, ,ì ,ir_) _

?1



/-,4 ì

Btz = 1$(3a2aar * rb*.z * utor, + iabbgli, and

b-
B^-. = q (aa^. +' bb^.)ovj*.juJUJ

.J
U

Changing tc.r polar coordinates p and / by the relations z = p cos / and

rt o f sin fl and elíminating t fyom system (3) yields eq¡:a.tion (l+) t

tU = æ-|ï*u:-g-si;i--q**ißJ.i-*-= (L);fi 
"l{,r;u õ cos ø -T sin fl

uhera F anJ I aic no'.¡ functions of ¡ôcûs d and psin fi,

Assu:ring e = ad * -icc ) 0 equa'i:ion (.lt) ean be re¡*ritten as

cÊ= l. {Þ-*orçl*õsinØ) [i "F si.nfi *õco* ø1-LI:'I F' ' I- *Jtr 
/å J

";nich rari. be .¿:,:ta:rcled in seråes 'Lo gi-ve

r'\
df¡ - t- (.ii ,:,:r, 1¡ r. ?.j ¿.i.n il) lf * F sin l¿ - ã cas $ a.
-i; ¡=: \ .1 iûlij ;_f .j I pJq

'- ¡'þ elq Ø :' ð-*qq;- f; I ,. , I (5)
\ l'jJq / J

çhich 'i5 x,3¡1r¡¡r3'{i:n'L -fo:r' aLl Ø(A * Ø <'¿Ti) a-nd for ell suffÍciently särall

iâ r .fc:: a.,ql Í.:i.xed "v-¿ih¿*s of the pararrne'lers :ln eqr:ations (l-) 'shieh satlsfy

i;1i¡: cc:rrj:-i;-'ii::rs ¿ +- d = C a¡tC ad ^ bg Þ 0.

,tf'**r' inse:"ting i;he e-rxp:'es;Eions fos F 
"na Q, inuf ü:iplying

*.¡rrj ccl.-L+c'bing tt]:r-r,rrÈq1 eqri.ation (5) ¡'ie:L¿Ë ån elipressj-cn of the fcrrn

^,4

1¡l = :t.. {if) p" t t:.r{iú) fr, o 
" n,

,ìjÌ,

.Ii s¡Iu'iínn of i6i af 'l,he fo¡rn

/Á\

/o= /'r,rtir(Ø) *' Fi,rr9) * ¡!ur$1 {' n,., (7)

ütÍrrileïgcnt fn:" ¿-Ll- 0 4 ø + 2lf and *ulificiently ermall l¡riLial conditior:

r) = iú- >0 (fr:" 6 = tJ,\, is sought,

TnsertS.ng equat,iorr i7) -into eq*atÍon (6) end cornparing



cocfficients öf squËil poT^rers of /f; fields

dUr=0
,rf ^

^ìtt aìuu"r -- ,r4r,
â7,f" L ¿

lrT,t= 
i¿trr-upîtp * ui*:.

-' i-

T'o,sat:!:.$fy the i,riii.a-L conclition /"-* fn foi'/=Ð, i.t ís seen f,Yc¡t equa{,íon

i'fi tkat U.(Ai = L ¿¿nd U,-(0) = O Í"uv ky'1" I{oreovero siqce "15= *,r. K. . ãr
';,iØ) * 1." H¿lnce -hhe atrove may be ver,¡ritten ast

dìj. ". \
.,_. = t-J tÊ'v..' ttir! 

{
iill.i -, .., L(, '- ,:.:.^ ,' (8 j

t1--' ;r

...r, !
ili''l '¡ =¡ 2fï p j. 1 1;,if'' * " 2- '¿ " "3 

i

ì.rl,ilg,f:'a.'íi.:rg equz:'b-*.rrrs (8) ei'i;h ¡¡¡¡¡-rpÈct to fi *.nd a¡rp.l-y'ing th.e inii',ial cc¡ndLtions

,3.f.,re s iil {f';)- ;-t2i:å}, ì.t*(Ø') j u,po Tn onJû:¡:"

.]-n:¡reç of 'Lhe nuÌ:;;i:j-'ir-tt:,ions of equati.ons (l)o tlle values

,,.f ,o- .Í.*:' {) = î\r,i¡ (ìr='ûo 1, 2 "".,)J ûri:rtsesir-rrnd to poi.nis cf ';he trajec'bor';r

i-t:r"e;lri;rer';; i.i'r t,ire ix, y) piane) r¡yi ''¿he;r*anris uhe:reas tlrey do no'b

.;.1::'ie[ii)..i:']cr i,c i:C.ì r:.i;,.-r of t,ite i;fa.'j¿e'borl'fo:'arry o'they angle" Honeve.'r, if Ì;he

'i..i"r::.,jcc'l;i;::) fii:)irrJc?'grs'L.o or cllvelgr,:s i'rom "Lhe clitica-l ¡roirrt an the x""axis.r,

L-t i:-i..il-,ii: l;.:liiil-i..s,; er¡erjnlhege +-Lsr,: in ti:c¡ (*, y) p-1-ane,

l,Ícnr:e a sc*ce"J-led rrfu,rct,ion of sugeessionrt is cjevis;ed

i;hc.:roli;f i,hi-r sl-lc.c:es$Ì.i;e',¡aiues af: p oit'1,Ì:r x*axis can be found_* starting

j.':"':n 'i',hr.. -;.nj.:t,i.al- v,î.]-rie ¡t., fctx þA. Thir-r is done by substii;utingr[)

/r, --.\d i * T.{lîi-rr- rth.e'''e } = Lr ?, J,,o,e into equation (7), namel¡',
IJú

!\¿

fJ * F,... ",- .u*.. ,,.ri' .,r d,- ¡J- + -". =: \/:f 13 ì. (g)u '-1,ü -'5I-O rÌ¡ù¡l'



,1,,i:

Ecji:La.;j-r¡n {f ) gi;ies 'ì;he ual.ue ít f fù,t fi = ¿Tt ín tems of .t,he iri"b:iaï

*r:nditici: ,Ê = /=3" iflgu::e Ä"ï,i Th.Ls val-'.re of ¡J can then T¡e ,;sed as

/tO Ín ec.uat:ion ip) to obi,aj.n'[:he .;a:Lr_r,: of F fr:2, fl = !1T" Repeai;jng ihi.s

Ðï'ûcesß ;Tr1-c(,es$ive;1y ;rrie3-cj,s 'i;jre varues at ¡t :tsr fl =: ZL¡-îr (k = 1, 2þ "oo ),

,':'i.6lii.:r:"c ;i. ,L ; .r,}i.u:-.ù::'al.i_*¡:, cf_ -Lile :ill;:c,;::l,i:,ri r;,f si.iccessicn. p =

l't,:,::ic* su-(:o{irËFi_Ta ¡rtri::-is r.:l_ L,ire t.r"ajecL,i.,iji 3¡t ü:e l:j._Ét;._:i1,3"

l-,:..¡,¿i¡*:..r-i:cif.i. ¡s fi-r,st, ¿¡1ç" 1r.3irr;:ld ccs,ffj.cien-l,s Li ¡*) ¿iid
U

'. ,),,. .l :;{)ì.r'ì(--i.,-1 ,: i;.i':-.r c',. - A-n,,i cf,_., :,:i:Sljí: 1¡_i.r¡3}1r, -,rt.r:tO¡,S j.npj -L-,ü Li.i:pr31:_n¿rf.f'\-' r lr'
; i:rf)" SiI=3?i;\." :i:,1 A 

= 
t/ û .'.1:-icc,::c,ii-ng I,e:riis in i:hu .,íu.::c,i,i.*n r::i suc,;essior:

rlii ll,:r'f; jf :; 'l:)tìi¡;i,iri,i::j.^'Ðcl " T:iençe + !-iet:L:r.:'a i-rrg ihe 'içïlììs c.f l-.::cje:í, Eïëür,ü{Ì=. il,lå.n

ir, i.s $*e:] ,l¡j¿i.t Ln* c;r"i.L.j"ceJ- pc,i,ii, .1;=;.¡=,.) .i.s i,.sym:;:i{*i,ì.cl:.lJ_;t s.tabl_e foy

. .<,:.\ iülter,,::,: j.t íri u:rsta,l:_l,e :foi. oi ^).i.)"j.,

¡f1Ì'r¡r c''i1 a)?,iì.q,:ri rìíì f(¡I. o( .-iilrï 'rrerrr.a- - -- -,_-f__ "_ ? 
j .j;.{u ¡¡çrJ,j!/

J
i.s c;e]-cula-bed ¿s

u/(. f¡l"

r,i )¡i,

-l

t. rf,!1 Ë i
t:r

Lil
= Í "'r :: .:l:..i| -i \'t)¡ -ãì:--

/ f'11')| ;,-*ù

¿. ii

I

I tq \.,¿ar:r.
I{1

L¡r'l

i1-. ) riíd

= -- i-i,n,ì a
,-i-i.., i * \"riç:,-rrj
i!al !-

+ .J J,JI;I

$t.t!
tJ {'.,.i

.f, !ì t -L

iJ)

- il..t iii;-t:-ì)4r,1 --'r.,. /\-¡t- .:lj

-xja)

ul.ii*r", + .+troi +'



{::

E:lpressing the r{r -,rs end B. .te in'tertiis of 'che coefficlen'bs in equa'bicri (3.}
L ¿ ]..J

yiel-ds;

t(,\b) 
"#îä 

l["",.i, 
'u *llboa * *ozo].1) ,'

+ a.u(tj., -'- *z0b1' o *tlb'o) o *'l*rr* o, .v 2aorb02) *

* ?e"c(oå, - *ao*oa) * zau(afo * or,,oor) *

-. bz(2*aooao + urrbro) .r- {uc * eae)t'orr-'oo,

- (u2 *- bc) 
[:(.,lro, 

* ba3¡¡) "r- 2a(a^, u- brr) r.

,, {"fo¿ - otrri] i (}o}
¡

"J* å""arnl i *
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tonsicier the general e,luivale¡rt Linear system

,Jtr- - Si-- ,,-:rs r-ii: y \ /: \
'it'lft = 

à..-. 
iù,lr--I '!- å5.*'J'ío'ì? \ù = t'z'"' n )

ti= I

î;*:j4! ê ó4¿ *- i2L ?-2 ?" t,
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Thus tÌre char¿cteristic eci.uation cen be a::it-.fen in short foi.m as

l€r" - q")'\* ãrol = o (2)

'ç'ihere Sin iu the Kroneci{er deli;a, that ls, 6iv = } for 1 o v and 5r.o = 0

for i / n" h. is an algebraic vayiable"

eguafion can be r,tri'iiten as

\3 r n*Ï
cO/t-' t. ci- Å'"-- 'l- * " c n en*lÀ -, cr, = û gr

n

le- u.{'),*S, Àl=l"c Åv=,oI l"r,? :l-r/ t-T: r i;ö n-v

.i.Í i;he cor;Í1i.ci;¿rrì; ül¿;Ltri.x B íç *f r"anl+

r:':l:;inet:.i"x c-f ::'e:r}l r.l*l eontaiued in Ë3,

s"ysì,em i"s

In generalo the cha::acteristic

..ì
ií¡o]'e tcmtPcTJ-}r 95.

n-*] esrd if lrl is any (nol-,

'bhe:'r the cornp-r.lç1's soiu'h:ior:,

I {l

Âf.ber substiiutícn cf-' tr? * Å\ sin 0" int.o equation (1)"

'i;i'r"e ri ;:ri;pl-i't:.ude ::*Ì;j-.-¡s \ can bi: c¡r.l-cul-at.ud f:"orn the ch¿rracteris'båi:

rio'i.i,::."rnj,n¡,r.irt,* "titey eäost,itu'i;icn, i;l:eyr; rE'su.Ltel frr owe. FaFèíorlqæ u*â"*
aÇ å sat r's{ y ic"g (ø} z

í.li'r.rri: "'i:.J- iii, Gitt ;ri¡¡"tl-i:,r: ar¡ii

i r ,.* -i,: r .- r *ií .-,li I í-

i 
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AKn si-n ên = "(-lf''Iiï{ul , for ll = r, z, uo*¡ i,r¡ t5)

lrhere c ls an arbitrary scalar constant and iUUf is the determinanb oÍ the

matrix Mo obtained from M by dereting the v.th column (16; p"3L)- The

various Kurs can thus be ob'Lained from eqi:ations (5).



åPPENDTX TÏT

GzulPHS OF PHASN PLANE ÎH/I.JBCTORTES

Thås appendix contains thirty graphs of phase plane
!4ìscussøå,trajectories obtained from the analog computer study/in cbapier W, of ihe

three diffeveni; second ovCev sysieins analyzerJ Ln chapter ITT" Graphs 1 to

B correspond to sry'stem (3"ff) and ta'ble l¡"1.- Graphs g to 26 eorresponc).bo

sysl"em (3.1e) ai:C tabl"e h"2. Graphs 27 1:o J0 correspond to syst,em (3.,t5)

anci i;eÏ:le lro 3"

The phase plane plot* _S o"rut.u ,r. Â11 tra.jectories move
VU

ci-or:i<v¡ise, a.s eiíí.,eciled (12 E Gh,l¡) "
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