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Abstract

This thesis is devoted to polynomial inequalities with constraints. We present a
history of the development of this subject together with recent progress. In the first
part, we solve an analog of classical Markov’s problem for monotone polynomials.
More precisely, if A\, denotes the set of all monotone polynomials on [—1, 1] of degree

n, then for P, € A, and = € [—1,1] the following sharp inequalities hold:
| Py (@)] < 2max(Sk(x), Sk(—2))[| Pl
forn=2k+2, k>0, and
| Py (@)| < 2max(Fiy(x), H(x))[| Pall,

forn =2k + 1, k > 0, where

and Jl(a’ﬁ) (x), I > 1 are the Jacobi polynomials.
Let ALY be the set of all monotone nonnegative polynomials on [—1, 1] of degree

n. In the second part, we investigate the asymptotic behavior of the constants

MWD ._ HPT,LHLq[fl,l]
O, 1) = sup nLalLD
PoenA® ||PnHLp[—1,1]
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ii
in constrained Markov-Nikolskii type inequalities. Our conjecture is that

n>+2/r=2a if 1 > 1/q—1/p,
M) (n,1) < < logn, if 1=1/q—1/p,
1, ifl<1/qg—1/p.
We prove this conjecture for all values of p,q > 0, except for the case 0 < ¢ < 1,
1/2<1/qg—1/p<1,p#1.
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0.1 Notation

The following notation is used throughout this thesis.

|A| Lebesgue measure of the set A
A, < B, C1A, < B, < (A, with positive constants C, Cy independent on n

C set of all complex numbers

C(A) space of all continuous functions f on A

Cla, b] space of all continuous functions f on [a, b]

C(a,...,0) | real constants, which depend on parameters a, ...,

c, C real constants

D closed unit disk of the complex plane

YAV set of all nondecreasing polynomials of degree n on [—1, 1]

AP set of all absolutely monotone polynomials of order k on [—1, 1]
[ fllefae maXpefa) | /()]

I/ 1fller-1

1
Il | (ol f@de)", p >0
J,ia’ﬁ) (x) Jacobi polynomial of degree k associated with weight (1 — z)*(1 + z)?

Myp(n,k) | supp,ep, [P N,/ Pallyi1, 0 <k <m
ME n,m) | supy, o [P raorn/IPalliyiorn, 0 < mk <
n!! nn—2)(n—4)...

P, set of all algebraic polynomials of degree <n

Pr set of all polynomials from P, nonnegative on [—1,1]

IP’;1 subset of P of polynomials with coefficients between —1 and 1,
with at least one coefficient equal to 1

P,k (A) subset of P, of polynomials with at most k zeros in A

R set of all real numbers

T, set of all trigonometric polynomials of degree < n on [—7, 7]

T, (x) cos(narccosz), x € [—1,1]




Chapter 1

Markov and Bernstein type

inequalities

1.1 Some history of polynomial inequalities

Weierstrass (1885) was the first to prove that an arbitrary continuous function which
is defined over a closed finite interval may be uniformly approximated by a sequence
of polynomials. A more difficult problem of best approximation by polynomials had
been initiated earlier by Chebychev ([8], 1854). Fifty years later, in 1905, de la
Vallee Poussin raised the following question of best approximation: is it possible to
approximate every continuous piecewise linear function by polynomials of degree n
with an error of o(1/n) as n becomes large? He had proved that the approximation
can be carried out with an error of O(1/n). Serge Bernstein [3] gave a negative
answer in a prize-winning essay on problems of best approximation (Prize of Paris
Academy of Science, 1912). In this paper, Bernstein proved and made use of an in-
equality concerning the derivatives of polynomials. These inequalities have supplied
one approach to questions concerning the derivatives of quasi-analytic functions [12].
A generalization of Bernstein’s theorem has been applied to almost periodic func-
tions [16]. In Approximation Theory, Bernstein’s and Markov’s inequalities play a
key role in the proofs of so-called Inverse theorems (i.e., characterization of classes

of functions via their approximation properties). For instance, Telyakovskii writes
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[40]: “Among those, that are fundamental in approximation theory are the extremal
problems connected with inequalities of the derivatives of polynomials... The use
of inequalities of this kind is a fundamental method in proofs of inverse problems
of approximation theory. Frequently further progress in inverse theorems has de-
pended on first obtaining a corresponding generalization or analog of Markov’s and
Bernstein’s inequalities.”

In some sense, it all started with a question asked and answered by the celebrated
Russian chemist D. Mendeleev [26], the inventor of the periodic table of elements.
He made a study of the specific gravity y of a solution as a function of percentage x
of the dissolved substance. The graph representing y in terms of x could be closely
approximated by successions of quadratic arcs, but he wondered whether the cor-
ners where the arcs joined were genuine or just caused by errors of measurement.
The answer lays in knowing how large the derivative of the quadratic polynomial
f(z) = a2® + a1z + ap on [a,b] can be if max,epp f(x) — mingepy f(z) = 2M.
Indeed, two adjacent arcs could not come from the same quadratic function if the
slope of one exceeds the largest possible slope of the other. Mendeleev himself was
able to solve this mathematical problem. He mentioned his result to a famous Rus-
sian mathematician, A. Markov, who made a great contribution to many branches
of mathematical research (such as Probability theory, Theory of Functions, Differen-
tial equations, etc.). In 1889, A. Markov [24] generalized Mendeleev’s result for all

polynomials of degree n. In particular, he proved that if

P,(x) = Zn:aia:i,
=0

and

max P,(z) — min P,(z) = 2M,
z€[a,b] z€[a,b]

then max,ejq 4 | Ph(x)] < 2Mn?/(b— a). This is now known as Markov’s inequality.
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1.2 The inequalities of Markov and Bernstein: clas-
sical results

We begin this section by considering the following extremal problem:

For a given norm || - ||x, determine the best constant C such that the
imequality
1P:]lx < ClIPIx

holds for all P, € P,, i.e., determine

P/
A, = su | ”HX
PePy, ||Pn||X
The first result in this area appeared in 1889. It is the well-known A. Markov’s

inequality, namely:

Theorem 1.2.1 (A. Markov [24], 1889). For every polynomial P, € P, the following
inequality holds:
1200 < n?|[ Pl (1.1)

The equality holds only at =1 (in other words, if | P!|| = n?||P,|| and |P!(x)| = || P.||
for some point xy € [—1,1], then xy = +1, |P!(+1)] = n?|P.(£1)|), and only when
P, = cT,, where T, is the Chebyshev polynomial of the first kind, that is T,(x) =

cos(n arccos ).

The proof given by A. Markov was quite hard and technical. During the last
hundred years, mathematicians discovered a huge number of different proofs of this
remarkable result. Here, we sketch the idea of one of them [31] that, in some sense,
demonstrates a general approach to many types of sharp polynomial inequalities (i.e.,
inequalities where equality occurs). The trick is very simple and contains two steps:

1. Suppose that inequality fails for some polynomial P, of degree n and denote by
B, an extremal polynomial (a polynomial for which our inequality becomes equality).
For instance, for the inequality (L.I)), any polynomial of the form ¢T,, ¢ € R, is

extremal.
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2. If we can show that the difference P, — P, has “too many” (more than n ) zeros
on the given interval, this would imply that P, = P, (by the Fundamental Theorem
of Algebra, a non-constant polynomial of degree n has at most n real zeros).

Arguments of such type were first used by Chebyshev in the proof of his famous

Alternance Theorem [9].

Corollary 1.2.2. For every a < b and P, € P,,

o2n?

b—a
Proof. This immediately follows from Theorem after the linear transformation
b— b
l(a:):( a)r + ta

2
Indeed, consider the polynomial

|P) e <

[ Pallclap)- (1.2)

P,(l(z)) = Qu(x), x € [-1,1].

Observe, that
b—a ,

P (1) = Qo).

By Theorem [1.2.1}
1P, (1) < n* | Pa(i(2))]]

which implies ([1.2]). O

From now on, we only consider the interval [—1, 1]. However, all of our results
can be generalized to any interval [a,b] of the real line in the same way as in the
proof of Corollary [I.2.2]

A question that naturally arises after A. Markov’s result (Theorem is how
to get an upper bound for the k-th derivative of P,. Iterating the inequality from
Theorem k times, one can get an estimate for the k-th derivative:

PO < 0= 12l = (6= PP = || IR

However, this inequality is not sharp and can be significantly improved. The best
possible constant was found by a younger brother of A. Markov, Vladimir Markov

[25] in 1892.
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Theorem 1.2.3 (V. Markov [25], 1892). For every polynomial P, € P,

(n? —1)(n* — 2%)(n* — 3%)...(n* —
(2k — )N
Equality is achieved if and only if P, = cT,,.

(k—1)%)
1P < 1Pl = 1T 1Pl (13)

Remark 1.2.4. For k = 1, this is precisely Theorem [[.2.1]

The right-hand side of equals to |T*(1)|||P.||. V. Markov’s proof of this
result is based on a variational method. We now sketch the main idea of this deep
and difficult proof (used frequently for proofs of many polynomial inequalities).

By homogeneity of (1.3)), it is enough to prove it for ||P,|| = 1. We denote by P,
a polynomial that satisfies the following extremal property:

P, = argmax [P
Pt ||P]l=1

(it is easily shown that this polynomial exists by using sequential compactness of
the set of polynomials of degree n with bounded uniform norm). V. Markov used
a variational method to show that || P,(x)|| must be equal to 1 at either n or n +
1 different points in the interval (—1,1). In the latter case +P,(x) is the n-th
Chebyshev polynomial, whose derivatives are easily shown to satisfy our inequality.
In the former case, it is possible to show that P,(x) satisfies a differential equation
of the form

- (Ao = B = I (1.4

Here, a,b, c are real constants which depend on n. V. Markov was then able to

show that the derivatives of this class of polynomials satisfy the inequality , but
the proof is quite difficult. The differential equation (1.4)) appeared in the paper [§]
of Chebyshev in 1854, but the polynomial solutions are often named after Zolotarev
(he was a student of Chebyshev), who investigated their properties extensively at
a later date. Zolotarev [42] showed that admits a polynomial solution if and
only if the constants a, b, ¢ satisfy certain equations, which involve elliptic integrals.
These elliptic integrals were not used, however, by V. Markov in the proof of his
result.

V. Markov |25] also investigated a more general problem:



Chapter 1:  Markov and Bernstein type inequalities 7

n
if mg, my, ..., m,, are given constants and P, (z) = >_ a;x" satisfies || P,|| =
i=0

n
1, what is the precise bound for the linear form »_ a;m; 7
i=0

The best bound will, of course, depend on the constants m; as well as on the degree
of the polynomial. By choosing the constants m; the linear form can be made equal
to any derivative of P,(x) at any preassigned point. However, this general problem
was not investigated so far as much as the special problem concerning derivatives of
P,(z) (the solution of which is given by Theorem [1.2.3).

Simple proofs of Theorem were given by Bernstein [2], Schaffer and Duffin
[35], and an elementary proof was published by Mohr [27]. Recently, Shadrin [36]
gave another elegant and short proof of this inequality.

As was mentioned at the beginning of this thesis, another type of these inequalities

goes back to Bernstein [1], who considered the following problem:

Let P(z) : C — C be a polynomial of degree n and |P(z)| < 1 in the unit
disk |z| < 1. Determine how large can |P'(2)| be for |z| < 1.

In other words, if we define the norm

[f]lp := sup [f(2)],

|2[<1

this problem can be reduced to the inequality of the form
1Pollp < Anll Pl
Bernstein 1] proved the following:

Theorem 1.2.5 (Bernstein [1], 1912). For every polynomial P, € P, the following
inequality holds:
1P llp < 2l Fallp-

Since every polynomial is an analytic function, it attains maximum on the bound-
ary of the unit disk, which is the unit circle |z| = 1. Therefore, it is enough to consider

only values z = €, 0 < < 2, and

Ifllp = max |f(2)| = max [f(e”)],

|z|<1 0<0<2r
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if f is a polynomial.
Recall, that T, denotes the set of all trigonometric polynomials of order n on
[—7, ], that is polynomials of the form

n

to(z) = Z(ak sin kx + by cos kx).

k=0

It’s easy to see that P,(e) is a trigonometric polynomial of degree n, and we

arrive at Bersntein’s theorem for trigonometric polynomials:

Theorem 1.2.6 (Bernstein [1], 1912). For every trigonometric polynomial t,, € T,
the following inequality holds:

||t’/rL||C[77ry7T] < nthHC[fﬂ,ﬂ]- (1.5)

FEquality is achieved if and only if t,,(0) = ccos(nd — 0y), where ¢ and 0y are real

constants.

On the other hand, if we consider an algebraic polynomial P,(t) of degree n,
then P, (cosf) is a trigonometric polynomial of degree n. Bernsteins’s inequality now
implies

|(—sin @) P, (cos8)| < n||P,||-
Denoting x = cos 6 we get the most “standard formulation” of Bernstein’s result,

that we are going to use throughout this thesis:

Theorem 1.2.7 (Bernstein [1], 1912). For every polynomial P, € P, the following
inequality holds:

PL(@)| € ==IPall,  x € (=1,1). (1.6)

\/1_7

Bernstein’s proof of Theorem was based on a variational method. Simpler
proofs of this theorem have been obtained by M. Riesz [33], F. Riesz [32] and de la
Vallee Poussin [11].

Using similar methods one can show the validity of a sharper inequality

n*t,(0)* +t,(0)* < n?
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where t,, is assumed to be real trigonometric polynomials of degree n. This was first
explicitly stated by Schaake and Van Der Corput [34], although it is implicit in an
earlier inequality due to Szegd [3§].

Note, that one cannot get an analog of Bernstein’s inequality for higher derivatives

of algebraic polynomials by just iterating inequality ([1.6). However, it is possible to
iterate inequality ([1.5). We get

1t lotorm < 7*litaller—ra,

the equality holding if ,,(#) = ccos(nf — 6), where ¢ and 6, are real constants.
Combining Bernstein’s and Markov’s inequalities we get the following inequality
for P, € P, :

n
P (x <min(n2,—> P, ze€[-1,1]. 1.7
JABIE = ) I8 e [-L1] (1.7
Using Cauchy’s integral formula and some auxiliary inequalities T. Erdelyi proved

the following analog of inequality (1.7)) for higher order derivatives:
Theorem 1.2.8 (Erdelyi [7]). There exists a constant ¢(m), such that, for every
polynomial P, € P, the following inequality holds:

c(m)
s

Remark 1.2.9. The exact value of ¢(m) is unknown for all m > 2. Theorem [1.2.7]

P o) < i (1 ) Al el (15)

implies that ¢(1) = n.

Remark 1.2.10. For the detailed proofs of theorems in this section see, for example,
[7].

1.3 Polynomial inequalities with constraints

Throughout his life, Paul Erdos, a famous Hungarian mathematician, showed a par-

ticular interest in inequalities for constrained polynomials. In a paper [14] in 1940,
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Erdés found a class of polynomials for which the Markov factor n? improves to cn.
He proved that
en  c/n

P < min (5 72 1

for all polynomials P, € IP,, that have all zeros in R\ (—1, 1). This result motivated a
number of people to study Markov- and Bernstein-type inequalities for polynomials
with restricted zeros and under some other constraints. Generalizations of the above
Markov-Bernstein type inequality of Erdés were extended later in many directions.
In this section, we introduce examples of polynomial inequalities with constraints.
Here, the word “constraints” means that we are looking for the analogs of classical
polynomial inequalities, when we restrict our attention to some special classes. Of
course, in such cases, one can expect to get better constants (because the supremum
is taken over “smaller” classes of polynomials).

Recall that, for integers 0 < k < n,
P, k(D) :={P € P, : P, has at most k zeros in D}.

In 1981, J. Szabados [37] proposed the following:
Conjecture (Szabados [37], 1981).

If P, is a polynomial of degree n and P, has at least n — k zeros in

R\ (—1,1) then there is a constant ¢ (¢ < 9) so that

1B < ek + 1)n|| Pl

A few years later, P. Borwein [6] proved that this conjecture is indeed true.
In [37], J. Szabados constructed a polynomial P, of degree n with n — k roots in
R\ (—=1,1) so that
TRl

Therefore, Theorem ?? provides a sharp (up to the constant) Markov type in-

equality for the class P¥([—1,1]).
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1.4 Orthogonal polynomials

For our future purposes, we briefly recall some facts from the theory of orthogonal
polynomials (see [39] for their details).
For a given general weight function w(z) : R — R, we define orthonormal

polynomials pg, p1, ... such that p,(z) = p,(w;x) = y,2" + ..., 7, > 0 and such that

[ a@pn(ywta)de = b,
R
where 0,,, denotes Kronecker’s d-function, i.e., d,,, = 0 for m # n and o, = 1.
Note that each p, has exactly n simple real zeroes. Indeed, otherwise, p, has
at most n — 1 distinct odd order zeroes y;, 1 < i < n — 1. Then the polynomial
P(z) := ﬁl(:c —y;) is of degree less than n and P(x)p,(x) > 0 for all x € R. Hence,

[ pn(z)P(x)w(x)dz > 0, on the other hand, it is well known that the system of
R

orthonormal polynomials pg, p1, ...p,—1 forms a basis in P,,_;. This, together with

/m@m@W@MZ%m

R

implies that

/pn(x)P(x)w(a:)dx = 0.

This contradiction yields that p, has n simple zeros. Denote them by
Tpn < Tp—1pn < ... < Tin.

One can easily prove the following useful identity, which is called the Christoffel-

Darboux formula:

. n n X )Pn — Pn n\ L
pl Tn T~y
For the case when w(z) := w(a, 8,7) = (1—2)*(1+2)%, a, 3 > —1forz € [-1,1]
and w(zx) = w(a,f,z) = 0 otherwise, polynomials p,(z) := J,Sa’ﬁ)(x) are called

Jacobi polynomials associated with the weight (1 — z)*(1 + x)”.
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We would like to emphasize that there are different ways to normalize orthogonal

polynomials. For example, in [39], Jacobi polynomials pled (x), n > 0, are defined

as
! 20A 1 I(n+a+1)I(n+B+1)
1—2)%(1 B plaB) () PP (Nl =
/_1( ) (k) B ) B () da Cn+a++)I'(n+)I(n+a+F+1)
with normalization
Peo = ("),
n

where I'(+) denotes the gamma function.
Throughout this thesis, we consider Jacobi polynomials with {«, f} = {0, 1}. For
such polynomials, the last formula can be rewritten as follows:
! 2
/ (1+2)PPD (2) POV (2)de = ——6pnn,  POV(1) =1,
1 n + 1

which implies

— —”an(O,l)

TV (z) = 7 @) (1.10)
Using the relation
I (@) = () (—a) (1.11)
together with (1.10)), we get
I+ 1
JOV (1) = (—1)g M0 (-1 = Y2 (1.12)

>

mn»

1.5 Markov’s and Bernstein’s inequalities for mono-

tone polynomials

In 1926, S. Bernstein [4] pointed out that Markov’s inequality for monotone polyno-
mials is not essentially better than for all polynomials, in the sense, that the order
of supp cn [|PLII/I|Pnll is n*. He proved his result only for odd n. In 2001, Qazi [30]
extended Bernstein’s idea to include polynomials of even degree. The next theorem

contains their results:
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Theorem 1.5.1 (Bernstein [4], Qazi [30]).

Al {W“V if =2k + 1,

n

4 )
nt) it = 2k.

sup =

Let us recall V. Markov’s problem that has been discussed in the previous section:

V. Markov’s problem.

Let xg € [—1,1] be a fized point. For 0 < k <mn, find the maximum value
of |P®)(x0)| over all P, € P, such that || P,|| = 1.

The problem was studied more completely and in a considerably shorter way by
Gusev ([17], 1961) with the help of a method developed by Voronovskaja, who solved
this problem for the case k =1, ([41], 1960).

We give a solution of an analogous problem for the case of monotone polynomials

and k = 1, namely the following problem is considered:

Let xy € [—1,1] be a fized point. Find the mazimum value of |P'(xo)|

over all monotone polynomials P, € P,, such that || P,|| = 1.

In order to formulate the main result of this section the following three types of

polynomials are needed :

Si() = (L+2) Y (" (@))% (1.13)

Hk(l’) = (1—$2) (Jl(lal)(x))z;

Fi(z) = iufﬁ’”’(x))?
Theorem 1.5.2. Let zy be a fized point in the interval [—1,1]. Then, for every
P, € A,, n>1, the following sharp inequality holds:
| P, (0)| < 2max(Sk (o), Sk(—0))l| Pall;
form=2k+2 k>0, and
| P (20)| < 2max(Fy(wo), Hi(wo))|| Full,

form=2k+1, k>0.
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Proof. We start with the solution of the following problem. Fix zy € [—1,1], find
the maximum value of

S(P, f[)()) = —P<5L'0)

9

_fll P(x)dx

over P € Pt where P denotes the set of all nonnegative polynomials of degree at
most n on [—1,1] (see Section 1). In what follows, we assume that zo € (—1,1). All
the results can be extended to xo = 1 and ¢ = —1 by continuity.

Note, that this maximum value is attained because of the sequential compactness
of P, Indeed, by the classical Markov inequality applied to the polynomial G(x) =
[%, P(t)dt of degree < n + 1, we get

1

Plan) = G'(a0) < (n+ VPG = (n-+1? [ Pla)da,

-1
hence, S(P,zg) is bounded by (n + 1)2. Note, that by homogeneity S(aP,zy) =
S(P, ), we can assume that all coefficients of P are between —1 and 1, and the
maximal coefficient is 1. We denote a subset of such polynomials by IP’:{J. Then, our

extremal problem can be rewritten as

maximize S(P, xg) (1.14)

subject to P € Py ;.

Note that IP’;1 is a compact subset of a finite dimensional space and the function
S(P, x) is continuous on P} ;. Therefore, by Weierstrass theorem it attains its max-
imum there.

Let us denote by P*(x) an extremal polynomial for the problem from P}/ |
with the largest degree and the maximal number of zeros inside the interval [—1, 1].
In other words,

P*(z) = argmax S(P, zo)

PePl
and if
Q(z) = argmax S(P, zo)

PeP}
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is another extremal polynomial, then deg P* > deg (), and the number of zeros of ()
inside [—1, 1] is not more than the number of zeros of P* there.
We first prove that deg (P*) = n. Indeed, if deg(P*) < n — 1 consider two

polynomials:

Py(x) = (1 —z)P*(x),
Py(x) = (1 + z)P*(x).
None of them can be extremal, hence,

P*(x) S (1 —x0) P (20)

_j;P*(x>dw [ (1 —2)P*(z)dx

-1

and
Pr(zo) (14 z0)P"(x0)

_fl1 P*(x)dx f (14 2)P*(z)d

1
Multiplying both inequalities by common denominators and adding the results up

we get
1 1

/P*(m)dm > /P*(m)dm,

-1 -1

that provides a contradiction, and so deg(P*) = n.

The next step is to show, that all zeros of P*(x) lie in the interval [—1, 1]. Suppose
that this is not the case and write P*(z) = Py(z)Py(z), where all zeros of P; lie in
[—1,1] and Py(z) > ¢ > 0, for all x € [—1,1], and deg (P,) > 1. Note, that for every

fixed polynomial h with deg (h) < deg (F») and sufficiently small ¢, all polynomials
of the form Q(x) = P*(z)+th(x) P, (z) belong to ;. Hence, ¢t = 0 should be a point

of local minimum of the function

P*(l’o) + th(lL‘O)Pl(l’o)

g(t) = — :
[ (P*(z) + th(z) Py (z))dx

-1
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This implies that ¢’(0) = 0, where

Pl(:vo)h(aso)jP*(as)da:—P*(xo)_fllPl(x)h(:v)d:v

g'(0) = ,

and so
1

/Pl(x)(Pg(x)h(xo) — Py(zo)h(zx))dx = 0,

|
for all polynomials h with deg (h) < deg (P). Observe, that this equality implies
that if [(z) is such that

l(@)(z = x0) = Pa(x)h(x0) — Pa(w0)h(z),

ans if h(x) runs over all polynomials of degree < deg (F,), then [(z) runs over all

polynomials with deg ({) < deg (P,) — 1. Therefore,

1
/Pl(:r)(a: — xg)l(x)dx =0 (1.15)
“1
holds for all polynomials I(x) of degree < deg (P) — 1.
If deg (P2) > 2 take [(x) = x—x( to get a contradiction (integral of a nonnegative

non-zero function cannot be equal to 0). Now, suppose that deg (P,) = 1. Then

1

/P1 (x)(z — x9)dx =0

|
and one can write P*(x) = (a — z)P,(z) where a > 1 or P*(x) = (b + z)P,(z) for
some b > 1. In both of these cases it is easy to see that S(P*,xzo) = S(Pi,zo).
Indeed, in the first case

(CL - xo)Pl(l’(])
[ (a = 2)Py(2)da
(a — ) P1 (o)

- = S Pl, Zo)-
fjl(ﬂfo —z) P (x)dz + (a — xg) fjl Pi(x)dz ( )

S(P*,I'Q) =
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The second case can be done in the same way. But then, taking
Py(z) = (1+2)Pi(z)

and
Py(x) = (1 —z)Pi(z)

and repeating all arguments from the beginning of the proof, one gets that either
S(Ps, xg) or S(Py,x0) is not less then S(P*,zy) = S(P1,20) and all zeros of P3 and
Py lie in the segment [—1, 1], which contradicts our assumption that P* maximizes
S(P,xy) and has the maximal number of zeros. Hence, all zeros of P*(z) lie in the
interval [—1, 1].

We distinguish between two cases depending on the parity of n.

If n=2k+1, k> 0, an extremal polynomial can be expressed in one of the
following ways: P*(z) = (1 + z)g*(x) or P*(z) = (1 — x)g*(z). If n = 2k, then an
extremal polynomial can be expressed as P*(z) = (1 — z%)g*(z) or P*(z) = ¢*(x).

In general, we can write an extremal polynomial as
P*(z) = w(z)g*(z),

where w(z) is one of the functions 1 —z, 1+ x,1 — 2%, 1.

For any fixed polynomial h(z) with deg (h) < deg (g) consider the function

o(t) = ~lzo)geo) + thizo))*

[ w(z)(g(x) + th(z))>dz

-1

Since P* is extremal, this function has a local maximum at ¢t = 0, and so ¢'(0) = 0,

ie.,

9(xo)h(zo) f1 w(z)g*(z)dz — g*(w0) fl w(z)g(x)h(z)dz
'(0) = 2w(zo) - - = — 0. (1.16)

(J wtaig?(wio)

Since g(z9) # 0 (otherwise, ¥(0) = 0, which contradicts to maximality of P*) the

last equality implies
) [ wl@)g*(@)ds ~ glan) [ wlz)gah(r)ds =0

-1 -1
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or
1

[ w@)gta) 0)g(e) - hag(a) dz =0 (1.17)
-1
for all polynomials h € Py if w(x) = 1, 1 —x or 14z, and for all polynomials h € Pj_;
if w(r) =1 — 22 We first consider the case w(z) = 1,1 — z,1 + 2. Repeating the
same argument as we used to prove (|1.15)) we can deduce that implies that for

all [ € P,_; we have
1
/w(x)g(m)(m — zo)l(z)dz = 0.
“1

Denote
G(x) = (x — z9)g(z)
and consider the sequence of polynomials py orthonormal on [—1,1] with respect

to the weight w(z). Since deg (G) = k + 1 and orthonormal polynomials of degree

< k + 1 form a basis (over R) of Py, one can write

G(x) = Z Cmpm(x)

for some real constants c,,. Taking [(x) = p;(x) for 0 < i < k — 1 we obtain that
¢ =0for 0 <i<k-—1. Indeed, if [(x) = p;(z), 0 <i <k —1 then

1 k1

0= /w(m)G(m)pi(x)dx = Z cm/w(x)pm(x)pi(x)cm =

Thus,
G(z) = (v — 20)9(2) = Chy1Pe41(x) + cupr(x).

Letting x = o, we get cry1pri1(To) + cxpr(xo) = 0, and so

Cpk+1(ff)pk(l’o) — Prr1(w0)pr()

g(ZL') = gemtr(l‘) =

for some real constant ¢, if w(z) =1 or 1 £+ z. For the case where w(z) =1 — 22, we
have to take k — 1 instead of k. It gives us a polynomial g, of the form

Cpk($)]7k—1(9€o) —Pk(xo)]?k—1($)

g(l‘) = gextr(x) = , k > 1.
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Now, using the Christoffel-Darboux formula (1.9), S(P,z¢) can be computed
explicitly. Indeed,

jw(x) (peateintay —pkH(xo)pk(x))?dx

A L | |
- vgjl /1 (@) (;pl(%)pz(x)> dx
R k e
- 2 / ©) Y zne)d
- ’Vgil ;p?(xo),

and

Pri1(2)pr(T0) — Prs1(o)pr()

TS g ().

a=zo  Tk+1 75

Hence, in the case where w(x) =1 or 1 4+ z, we have

S(P,z0) = w(wo)— (Geatr (20))*
J w(@)(geatr (x))2da

7 () (s <xo>)2

j« (@) <pk+1(z)pk(mo>pk+1(xo)pk(x)>2 s
1

= w(a) (Zp%@o)) .

=0

= w(wo)

Similarly, if w(z) =1 — 2%, we get

S(P,xy) = w(xo) (Zpl Z >

Now, if n =2k + 1 and w(xz) = 1 + z, then

pr(x) = IV (@),
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where J,go’l) (x) is the Jacobi polynomial defined in Section 1.4. Hence,
k
S(P .CL’O = 1+{L‘ Z J( 1) IO Sk(l'0>
1=0

By analogy, if w(z) =1 — z, then

k
S(P IO 1 — 2o Z J(l 0) Sk(—l’o),
=0

where we used (|1.11)).

Therefore, if n = 2k + 1, we get the following sharp pointwise inequality

1

Pojy1(z0) < max (Sk(xo),Sk(—:Uo))/P2k+1(x)dx, (1.18)

-1

for all Py € P;kﬂ.

In the case n = 2k, w(x) =1 or w(z) = 1 — 2% and
S(P, [Eo) = Fk(I0)7

or

S(P,zq) = Hg(zo),

respectively, where Hj, and Fj are defined in ((1.13)). We arrive at the following sharp

pointwise inequality:
1
P2k<.%'0) < max (Fk 330 Hk 330 /sz (119)

for all Py, € P;k.
Let P, be a polynomial of degree n, that is nondecreasing on [—1, 1], i.e., P, € A,
Then, P/ is a nonnegative polynomial on [—1, 1]. Note, that

1

/ Pl(2)dr = P(1) — Py(~1) < 2|[B,]|

-1
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Combining this with (1.18]) and (1.19) we get

Py 5(x) < 2~ max (Sk(x), Sk(—2))|[ Pars2ll (1.20)
and

Py (2) < 2 max (Hy(2), Fii(2))| Pl (1.21)
for all monotone polynomials P,. This completes the proof. O

Using Theorem [1.5.2] one can give an alternative proof of Qazi’s recent result,
that is Theorem for polynomials of even degree. The following fact about

orthogonal polynomials is needed.

Theorem 1.5.3 (Szegé [39], 1919). Let w(z) be a weight function which is non-
decreasing (non-increasing) in the interval [a,b], b and a are finite. If {p,} is the
set of the corresponding orthogonal polynomials, the functions w(x)p?(z) attain their

mazxima in [a,b] at x =b (r =a).

Proof of Theorem[1.5.1. We consider an even case n = 2k + 2, k > 0. Using Szeg6’s

theorem for non-decreasing weight w(z) = 14z and for non-increasing weight w(z) =
1 — z together with (1.12)) we get:

(1+2) (" (@) <205 (1)? = 1+ 1

and
(1=2) (0 @) < 2" (1)) =141,

for all [ > 0 and z € [—1,1]. Summing these inequalities for 0 < [ < k and using
Theorem [1.5.2| we get

k
+2
P <230+ DIR] = (k+ )0+ 220 = " ED ),
1=0
and the proof is complete for monotone polynomials of even degree. O

Multiplying both sides of (1.20) and ((1.21)) by /1 — 2? and taking supremum
over all z € [—1,1] we get the following
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Corollary 1.5.4 (Sharp Benstein-type inequality for monotone polynomials).

1N /T — 2
N T
B 2|V 1 — x2Sk(2)l n=2k+2,
2max(||[v1 — 22Hy(x)|, [|[V1 — 22 Fx(2)|]), n=2k+ 1.

Remark 1.5.5. From the proof of Theorem it follows that equality in (|1.22))

holds for one of the following polynomials
1 1 T
sk(z) == ——/ Sk(t)dt—i—/ Si(t)dt,
-1 —

2
hi(z) = —%/11 Hk(t)dt+/
1

ka(t)dt,
Julz) = ‘5/1 Fk(t)dt+/j Fu(t)dt.
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Markov-Nikolskii type inequalities

2.1 Markov-Nikolskii type inequalities: classical
results

In 1951, a famous Russian mathematician S. Nikolskii (he is now 106 years old) in
[29] proved an inequality which compares different norms of P,. Namely, in the

inequalities of the type
Cil|Pall a8 < 1Pallzgfas) < Coll Pl o)

where p < ¢ < oo, we want to find out how the constants depend on n. Of interest is,
of course, only the second relation, since the first one is an immediate consequence

of Holder’s inequality. S. Nikolskii [29] proved:

Theorem 2.1.1 (S. Nikolskii [29], 1951). For 0 <p < ¢ < o0 and P, € P,
2_2
HPnHLq[—l,l] <C(p,gnr s ”PnHLp[—l,l}-

A natural question is: can we “compare” the L,-norms of derivatives of a poly-
nomial with the L,-norm of the polynomial itself?

Let us recall the following:

Definition 2.1.2. Two variables A,, B, > 0 are asymptotically equivalent with
respect to n, A, < B,, if and only if there exist constants C,C5 > 0 which do not

23
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depend on n and such that:

For n > k > 0, we denote
P
M, ,(n, k) == sup —H Izt L
PacPn || PnllL, -1,
In paper Glazyrina [15], complete information about the orders of M, ,(n, k) for

all values p > 0, ¢ > 0 is given.

Theorem 2.1.3 (|15]). For 0 < p,q < oo and P, € P, we have:

n2k+2/r=2/q it k>2/q—2/p,
M, ,(n, k) < { nF(logn)Va=Y?, if k=2/q—2/p, (2.1)
nk, if k<2/qg—2/p.

Here, the asymptotics are taken when n — oo and k > 0 is fixed.

The first contributor to this direction was Pafnutii Lvovich Chebyshev ([8], 1854),
who proved that if ||P,|| = 1 then ||[P(n), || < 2" !n! (this is one way to formulate
the statement of his remarkable theorem about polynomial of least deviation from
0), which corresponds to the case p = ¢ = 0o, k = n. A few decades later, in 1873,
famous Russian mathematicians Korkin and Zolotarev [20] found the exact constant
M 1(n,n). As mentioned in the first part of this thesis, A. Markov ([24], 1889) and
V. Markov (]25], 1892) investigated My oo(n,1) and My oo(n, k), respectively. In
1937, Szegd, Tamarkin and Hille [1§] found the order of M, ,(n,1) for p > 1. It is
worth to note that using a technique from Matrix Analysis they also found the exact
value of My2(n,1). In 2006, A. Kroo [22] gave a short and elegant alternative proof

(using a variational approach). Here, we mention some main contributors:

Year | Order Author

1937 | M, p(n,1), p>1 Szegd, Tamarkin, Hille [18]
1951 | M, ,(n,0), 0 < p,q < o0 Nikolskii [28]

1972 | M, p(n,k), 1 <p,q < o0 Daugavet, Rafalson [10]
1975 | M, p(n, k), 0 <p,q < o0 Ivanov [19]
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Exact values of M, ,(n, k) are known only for a few cases (see table below).

Year | Exact constant Author

1873 | My1(n,n) Korkin, Zolotaryov [20]
1889 | My o(n, 1) A. Markov [24]

1892 | My oo(n, k) V. Markov [25]

1937 | Mys(n, 1) Szegd, Tamarkin, Hille [18]
1969 | My 2(n, k) Labelle [23]

1982 | My oo(n, k), g > 1 Bojanov [5]

2.2 Markov-Nikolskii inequality with constraints

We start with the following

Definition 2.2.1. We will say that a function f : [a,b] — R is absolutely monotone
of order k if, for all z € [a, V],
f"() 2 0,

for all 0 < m < k, and denote by AP the set of all absolutely monotone polynomials
of order k on [—1,1].

For example, absolutely monotone functions of order 0 are just nonnegative func-
tions on [a, b], and AY = A, N AW is the set of all nonnegative monotone polyno-
mials of degree n on [—1,1].

A natural modification of M, ,(n, k) for AP s

P
M) = sup Lt
’ PneAslk) ||P’I’L||Lp[71,1}

for0<m<n,0<k<n.

In 2009, J. Szabados and A. Kroo [21] found the exact constants for Markov-
Nikolskii inequalities in L; and L. Note, that J. Szabados and A. Kroo referred to
absolutely monotone polynomials of order k£ as “k-monotone polynomials”, which is
not quite correct. Usually, k-monotonicity of a function f means that only its kth

derivative (more precisely, kth divided difference) is nonnegative.

The next theorem contains their results:
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Theorem 2.2.2 (Kroo and Szabados [21], 2009). For 2 <k <n, m = |%5E| +1,

_1=(=nnk
g =t
kE—1
ME, (1) = ——=55
’ 1-— xgl;j’ﬁ)
M (n,1) = MED (n 4 1,1),
where xglf;b?’ﬁ) 1s the largest zero of the Jacobi polynomial J,Sf_Q’B), i.e., associated

with the weight (1 — z)k=2(1 + z)P.

T. Erdelyi [13] found the order of M® (n,m) in the case ¢ > p. He was interested

in how this order depends on k.

Theorem 2.2.3 (Erdelyi [13], 2009). For0 <m < k/2,1<k<n,0<p<q< o0,
we have

Mék) (n,m) < (nQ/k;)mH/p_l/q = M, ,(n,m).

P - q9,p

The second asymptotic is used when k is fired.

Note that Theorem does not answer the question about the order for the
case of monotone nonnegative polynomials, in other words, when k£ = 1. Indeed, if
k =1, then m = 0 and Theorem simplifies to the classical Nikolskii inequality.
It also follows from Theorem that whenever ¢ > p the order of constants in
Markov-Nikolskii type inequalities in the case of absolutely monotone polynomials
of order k is essentially the same as for ordinary polynomials (when & is fixed). It is
natural to ask if these inequalities are still valid for all p, g7 The next trivial example

shows that some improvements are possible. Indeed, we have seen that
1Pl a1 < 2Bl

for all P, € A,. Note that, from [15], it follows that in the case of all polynomials for
q = 1,p = oo the order is n. Our main goal in this section is to construct an analog
of the table for £ = 1 (monotone nonnegative polynomials).

We conjecture that the correct order is given by the following:
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Conjecture.
n?+2r=2/a if 1 > 1/q—1/p,
M{Y)(n,1) << logn, if1=1/q—1/p,
1, if1<1/qg—1/p.
The next theorem is useful for the proof of many polynomial inequalities. The main
point here is that a polynomial of degree n cannot have a large part of its L,-norm
over [—1,1] concentrated in the interval of length less than (10n?)~™#(@1 (in other
words, the integral over a “small” interval can not be too “large”). The proof follows

from Remez’s inequality [7]. Here, we present a short direct proof of this result.

Theorem 2.2.4. If ¢ > 0, then for every n € N and an interval [a,b] C [—1, 1] such
that 0 < b—a < (10n%)” ™ (q’l), the following inequality holds for all P, € P,:

1Pallzgfat) < CON Pl Lot (2:2)

Proof. For every P, € P, and —1 < a < b <1 we have
b 1/q
/ |PN(x)|qu < (b - a)l/qHPnHC[a,b] < (b - a)l/q”PnH-

Now, if G,,(x) = [ P,(t)dt, then

-1

Gula)] = / P,(t)dt| < / Pu(t)ldt < / (P(t)]dt,

and Theorem (1.2.1| implies

1/q

b 1
(b—a)/a / Po@)tdz | <[Pl = G < (412Gl < (1) / P, (1) dt.
a —1

If ¢ > 1, take b—a < (125). Applying Holder’s inequality we get

10n2
b 1/q , 1
1
1Polegon = | [1Rorar ) < 20 1 olas
a —1
1
< §||Pn||L1[71,1]

< C@)N Pl zgi-1.1-
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Ifg<1,takeb—a < ﬁ and apply Theorem . We get
1/‘1 1

b
1Pl = | [1Pa@ltdn | < 6= @) 12 [P (a)ido

-1

< C(q)(1/100) /002 (n 4 1) Pl -1

< CU@IPall -1
[l

From the proof of Theorem it follows that for the case ¢ = 1, the constant
C'(q) can be found explicitly. To simplify the calculations in the future, we state the

case ¢ = 1 as a separate lemma.

Lemma 2.2.5. For everyn € N and an interval [a,b] C [—1,1] such that 0 < b—a <

1
10n2’

the following inequality holds for all P, € P,,:
1
1Pl zsan < SHPallEa -1

Lemma [2.2.5] and Theorem give a tool to handle the so-called endpoints

problem.

Theorem 2.2.6. Let a,b € R and p,q > 0. The following inequality holds for all

nonnegative measurable functions f > 0 if and only z'fé — 217 > 1:

b % b T p %
[t@rar| <cwav-al [| [roa) @) . @3
Proof. We start with the “only if” part and show that if
1 1
-~ <1,
qa P

then (12.3)) does not hold for all nonnegative f. The characteristic function of a short

interval near b gives a counterexample for % — % < 1. Indeed, if

1, ifb—e<z<b,

f(.flf) = X[b—eb] — {

0, otherwise,
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then

1_1_4

- =C(p)es » " =00, e = 0%
(fb (f f(t)dt)pdx)p

To handle the case % —

}D = 1, consider the function g(z) = (b+¢& — x)~/¢ with small
e > 0. We have:

: p(—Ine+Inb+e—a)) |
(jl (Ig(t)dt)pdx) ; (f <(b +e—z) v —(b+e- a)-é)pdx> '
: p|ln5|$

(Jo+e—ayar)

a

1\« ‘
_ (_) p|Ine| e
2)

—lne+In(b+¢— a))%

Q=

V

1
2

B =

ase — 0.

We now prove ([2.3)) for é — i > 1 by using a standard discretization method. Let
E} C [a,b] be the set on which f is “about 2¥”. In other words, for k € Z,

By, = {z € [a,b]|2" < f(z) <2¢'},
and let my := |Ey|. Then,

1/q b . 1/q
[szqu] < / (Fo)ide | <2 szqu] | (2.4)

" k

To estimate the right hand side of (2.3)) from below, we note that for all & € Z, there
exists zy € [a,b] such that

1

Denote Ay := Ej N [z, b]. Then, for all x € Ay (in fact, for all = € [z, b]) we have

/1’ f(t)dt = /E y Ft)dt > 2% | B\ Ayl = 26y
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So the right hand side of (2.3)) can be estimated as follows:

b

T p %
/ / ft)dt | dx > [Zz<k—1>Pm§-|Ak|
" k

a

1/p

(2.5)

1/p
_ 9-1-1/p [Z Qkpmi-i-l] ’

k

Observe that if we have several k with my € [2",2""!) for some n € Z, then the
contribution of the one with the largest & to the sum >_ 2*¥m, dominates all other
terms with & from such interval (this boils down to the fact that sum of a geometric
progression is comparable to its largest term). More precisely, if mg,, myg,, ...my, €

(27 27F1) and the k; < ky... < Ky, then

l l
Z Qkiqui < Z okigon+1 < C’(q)Qk”H".

=1 1=1

Therefore, if we denote for each n € Z
K,={keZ|2"<m, <2} and &k, :=max(K,),

then card(K,) < oo (since >, mp =b—a), K, N K, = 0ifn #m, K, = 0 if
n > log,(b — a), and
> 2, < C(gq)27

keK,

Taking into account that, for all 6 > 0,

Y 2Y<C@b-a),

n<logsy(b—a)

and choosing
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we have
1/q 1/q 1/a
Soom] < [S ] cew| ¥ e
k n keK, n<log, (b—a)
1/q
< C(q) Z 9@tin+n(1-0)  ons
n<log, (b—a)
1/q
< C(qﬁ,b—a){ max 2q”"+”(1_5)}
n<logy (b—a)
1/p
g C ’ b— 2pnn+np+n
(p.¢;b—a) L@iﬁ?fé—a) }
1/p
< Cp,q,b—a) Z QPfin+np+n
n<logy(b—a)
Now, inequalities (2.4) and (2.5)) together with
Z 2kpmz+1 _ Z Z Qkpmg‘f'l > Z opkn-tnptn
k n keKn n<log,(b—a)
complete the proof of the theorem. n

Take P, € AWV Then

P,(x)= /$ P (t)dt + P,(—1),

-1

P} is a nonnegative function on [—1,1,], P(—1) > 0. Applying Theorem with

f = P we get we get

1

1P < Clorg) ( /

-1

1/p
(Palc) - Pn<—1>>pdx) < C Q) Pl

for % - % > 1. On the other hand, it is clear that the polynomial P, (z) = 2+ 1 gives

a bound for the ratio || P, ||z,1—1,1/ || Pnllz,[~1,1 from below.

Hence, we get the following

Corollary 2.2.7. For % — % > 1, we have:

1 -
Mq(m)(n, 1) < 1.
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We now find the asymptotic behavior of Mq(};? (n,1) in the case ¢ > 1, and prove
that an upper bound is given by the following:

Theorem 2.2.8. For1 < g<oo, 0 <p < oo we have:
M (n,1) < C(p, qn*+?/r=2/1, (2.6)

Proof. Observe, that for any function f € C'[—1,1] which is monotone on [—1, 1],
1

we have that || f'||z,-1,1 = [ f/(x)de = f(1) — f(—=1) < 2||f]|. By Theorem [2.1.1}
51

_2
1P g0 < On* a1 Pyl 11,1
Combining the latter with our observation and applying Theorem [2.1.1again we get:
2
1Pl a1 < 2Pl < Cnv || Pl -1
and so
_2.2
1Bl g1y < Cn*"a 2| Bl 1.0
O

Remark 2.2.9. It follows from Theorem that, if 2/q — 2/p < 1, then (2.6]) is

also valid.

To prove that the order n?t2/P=2/4 ig sharp, it is enough to construct a sequence

of polynomials {P,}°°,, P, € A, such that

||P7;HL¢1[_171] Z O(p7 q)n2+2/p_2/q‘

| Pallz, =11

In order to do that, we modify an example taken from [13].

Example 2.2.10 (Erdelyi [13]). Let

v

Py(z) = / <%+2Tj(t)) dt| (2.7)

-1

where Tj(t) are Chebyshev polynomials of the first kind,

m = L”QQJ, v = E?Jle, N = (8m + 1)v.
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Then Py is a polynomial of degree N and N ~ (n — 1)v, P, € AP and

1o Lgi-1] _ 222

—~

1Pl =11

We now prove that for p = 1, the asymptotic behavior of M(;ll)(n, 1) coincides

with what we conjectured at the beginning of this section.
Theorem 2.2.11. Forp =1, ¢ > 0 we have:
ni=%4 if ¢ > 1/2,
Mé}f(n» 1)< ¢ logn, ifqg=1/2,
1, if g <1/2.
Proof. For g < 1/2, the result follows from Corollary 2.2.7. For ¢ > 1, it follows
from Theorem and Example 2.2.10l Let 1/2 < ¢ < 1. We first prove an upper

bound. For a given polynomial P, € Ag), let G,, = P.. Using integration by parts

we get

1 x 1
| Polloy=11] > / / G, (t)dtdr = / (1 —2)G,(x)dz,
“1J-1 _

1

so it is sufficed to prove the following inequalities:

</_11(G”($))qu> "< cutn /_ 11<1 — 2)Gl(w)de, (2.8)
for ¢ > 1, and
</_l (Gn(:v))l/2d:c>2 < C’logn/1 (1 — 2)Gp(z)dz, (2.9)

1 -1

for ¢ = % Applying Holder’s inequality

1 1
L[a,b]s ST + -,

1f9llz s < I fllzeanllg

for f(x) = Gu(z)(1 —x)and g(z) = (1 —2) L, r=q, t=1, 5= 7 > 0, together
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with Theorem [2.2.4] we get

/1 (1 — )G (x)dz > /l_m(l — )G (x)da

1 -1

(17 Gutoyyra v
(f_llwlﬂ (1- x)‘de) v

(! (Cuta)yraz) "
(/57 (1= ) e "

Now, if s # 1 (in other words, g # %), then

11 1/s 1—¢ 1—q
10n2 — q 1-2g
1—2)°%d = 1—x)
(/1 ( 7 x) (2(] - 1) ( ™)

and ([2.8) follows.

If s=1, then ¢ = % and we have

v

> C(q)

__1_
1 10n2 SC(Q)n4_2/q;
—1

1

1--Ly
/ * (1 —2)"'de < Clogn,
—1

which implies ([2.9)).
To prove the lower bounds, we observe that for ¢ > %, the result follows from

Example [2.2.10] For ¢ = %, consider

and take
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Then P, € Agl)ﬂ, and

P _ (1 (S )
[Pallzs-ry 11 —2) (F 2*)* de
(5 (Shg ey ar)’
S ) (S ) da
(0 (Siert)ar)
A G s e

(1—=)?
(logn)?
logn

>

>C-

= C'logn.

This completes the proof. O
Combining the results of Theorems [2.2.8] [2.2.11| and Corollary [2.2.7| we get the

following range of parameters p,q for which the orders of Mq(,lp) (n,1) are known (in

the picture, white region and punctured lines correspond to the orders of Mq(,lp) (n,1)

which are still unknown).

242/p-2/q
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2.3 Conclusions

In this thesis, new constrained polynomial inequalities in the L,-metric and the uni-
form norm are obtained. In particular, we proved an analog of the classical Bernstein
inequality for monotone polynomials and found the order of constants Mq(,lp) (n,1)
in constrained Markov-Nikolskii type inequalities. The results were obtained using
a variational approach using the theory of orthogonal polynomials.

It is worth mentioning that there are still values of p,q for which the order of
Mq(}p) (n,1) is unknown. In particular, it would be interesting to generalize the results
of this thesis for higher order derivatives and absolute monotonicity of order k£ > 2.
Results of this nature were obtained in two recent papers [21] and [13], but only for

the cases where p < q.



Bibliography

[1]

S. Bernstein, Sur ['ordre de la meilleure approximation des fonctions continues par les poly-

nomes de degr donn, Mm. Acad. Roy. Belgique 2 (1912), 1-103.

_, Sur le thorme de W. Markov, Trans. Lenin. Ind. Inst (1938), 8-13.

Serge Bernstein, Sur la meilleure approzimation de |z| par des polynomes de degrés donnés,
Acta Math. 37 (1914), no. 1, 1-57.

, Sur Uextension du théoréme limite du calcul des probabilités aux sommes de quantités

dépendantes, Math. Ann. 97 (1927), no. 1, 1-59.

B. D. Bojanov, An extension of the Markov inequality, J. Approx. Theory 35 (1982), no. 2,
181-190.

Peter Borwein, Markov’s inequality for polynomials with real zeros, Proc. Amer. Math. Soc. 93
(1985), no. 1, 43-47.

Peter Borwein and Tamas Erdélyi, Polynomials and polynomial inequalities, Graduate Texts

in Mathematics, vol. 161, Springer-Verlag, New York, 1995.

P. Chebyshev, Theorie des mecanismes connus sous le nom de parallelogrammes., Mm. Acad.
Sci. Ptersb. 7 (1854), 539-568.

, Sur les fonctions qui different le moins possible de zero., J. Math. Pures et Appl. 19
(1874), 319-346.

I. K. Daugavet and S. Z. Rafalson, Some inequalities for algebraic polynomials, Vestnik

Leningrad. Univ. 19 Mat. Meh. Astronom. Vyp. 4 (1974), 18-24, 169.

C. de la Valle Poussin, Sur le mazimum du module de la derivee d’une expression

trigonometrique d’ordre et de module bornes, C.R. Acad. Sci. paris 166 (1918), 843-846.

R. J. Duffin and A. C. Schaeffer, On the extension of a functional inequality of S. Bernstein
to non-analytic functions, Bull. Amer. Math. Soc. 46 (1940), 356-363.

37



Chapter 2: Markov-Nikolskii type inequalities 38

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Tamas Erdélyi, Markov-Nikolskii type inequality for monotone polynomials of order k, Journal
d’ Analyse. Math. 208 (2007), no. 1, 135-146.

P. Erdés, On extremal properties of the derivatives of polynomials, Ann. of Math. 2 (1940),
310-313.

P. Yu. Glazyrina, Markov-Nikolskii inequality for the spaces Lq, Lo on a segment, Proc. Steklov
Inst. Math. Function Theory, suppl. 2 (2005), S104-S116.

N. K. Govil and Q. M. Tariq, Inequalities for self-reciprocal polynomials and uniformly almost

periodic functions., J. Concr. Appl. Math. 8 (2010), no. 2, 216-235.

V. A. Gusev, Functionals of derivatives of an algebraic polynomial and the theorem of V. A.
Markov, Studies of Modern Problems of Constructive Theory of Functions (Russian), 1961,
pp- 129-134.

Szegé G. Hille E. and J. Tamarkin, On some generalizations of a theorem of Markov, Duke.
Math. J. 3 (1937), no. 3, 729-739.

V. L. Ivanov, Certain inequalities for trigonometric polynomials and their derivatives in various

metrics, Mat. Zametki 18 (1975), no. 4, 489-498.

A. Korkine and G. Zolotarev, Sur un certain minimum, Nouv. Ann. Math. Ser. 12 (1873),
337-356.

A. Kro6 and J. Szabados, On the exact Markov inequality for k-monotone polynomials in

uniform and Li-norms, Acta Math. Hungar. 125 (2009), no. 1-2, 99-112.

Andrias Kro6, On the exact constant in the Lo Markov inequality, J. Approx. Theory 151
(2008), no. 2, 208-211.

Gilbert Labelle, Concerning polynomials on the unit interval, Proc. Amer. Math. Soc. 20
(1969), 321-326.

A. Markov, On a certain problem of D.I. Mendeleiev, Utchenye zapiski Imperatorskoy Academii
Nauk 62 (1889), no. 2, 1-24.

V. Markov, On functions which deviate least from zero in a given interval, Department of

Applied Mathematics, Imperial St.-Petersbugr University (1892), 1-108.

D. Mendeleev, Investigation of aqueous solution based on specific gravity., Zapiski Academii
Nauk (1887).

E. Mohr, Elementarer Beweis einer Ungleichung von V. Markov., Tensor (N.S.) 14 (1963),
71-85.



Chapter 2: Markov-Nikolskii type inequalities 39

28]

[29]

[38]

[39]

[40]

S. Nikolskii, A generalization of an inequality of S. N. Bernstein, Doklady Akad. Nauk SSSR
(N.S.) 60 (1948), 1507-1510.

S. M. Nikolskii, Inequalities for entire functions of finite degree and their application in the
theory of differentiable functions of several variables, Trudy Mat. Inst. Steklov., v. 38, 1951,
pp. 244-278.

Mohammed A. Qazi, On polynomials monotonic on the unit interval, Analysis (Munich) 21
(2001), no. 2, 129-134.

Q. I. Rahman and G. Schmeisser, Analytic theory of polynomials, London Mathematical Society
Monographs. New Series, vol. 26, The Clarendon Press Oxford University Press, Oxford, 2002.

F. Riesz, Sur les polynomes trigonometriques, C.R. Acad. Sci. paris 158 (1914), 1657-1661.

M. Riesz, Eine trigonometrsche interpolationsformel und einige ungleichungen fur polynome,

Jahresbericht deer deutschen Mathematikee- Vereinigung 23 (1914), 354-368.

G. Schaake and van der Corput, Ungleichungen fur polynome und trigonometrischke polynome,

Compositio Math. 2 (1935), 321-361.

S. Schaeffer and R. Duffin, Inequalities of A. Markov and S. Bernstein and related problems.,
Bull. Amer. Math. Soc. 44 (1941), 565-579.

Aleksei Shadrin, Twelve proofs of the Markov inequality, Approximation theory: a volume

dedicated to Borislav Bojanov, 2004, pp. 233-298.

Jézsef Szabados, Bernstein and Markov type estimates for the derivative of a polynomial with

real zeros, Functional analysis and approximation (Oberwolfach, 1980), 1981, pp. 177-188.

G. Szegd, Uber einen satz des hern Serge Bernstein, schriften Koningsberger Gelehrten Ges.

Naturwiss. KL. 5 (1928/1929), 59-70.

Gébor Szeg6, Orthogonal polynomials, Fourth, American Mathematical Society, Providence,

R.I., 1975. American Mathematical Society, Colloquium Publications, Vol. XXIII.

S. A. Telyakovskii, Research in the theory of approxzimation of functions at the mathematical

institute of the academy of science., Proc. steklov inst., 1990, pp. 141-197.

E. V. Voronovskaya, The method of functionals and its applications, Approximation Theory

(Proc. Sympos., Lancaster, 1969), 1970, pp. 49-58.

E. 1. Zolotarev, Applications of elliptic functions to problems of functions deviating least and

most from zero., Zapiski St-Petersburg Akad. Nauk 30 (1877).



