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'ìrhe -l onçr*l.r.nqe orcleil ra-r¿.m.eieT of' CoPt hes br:en nea-*'., .'..-j

srlrecl bJr X-r:a.1t d i f f ra.ct i on l-ochnr qu-es, The exneri nenta-l

r"esi;-ì-ts aÍ:e cotnna"recl with theore-u i-ca\ resul ts ¿ s¡ j-rred ôn

f,he bs,si s of à l-attice cl j-stortion ci,e nenclent energy theory"

llhe l,heoret icaL ancf erneri-:'nenta.l- resul-ts a-re in f a,i-r a-g;ee-

nent " The iheory j-s cort1:a.re<l lvith the expei:imenta,] results

for Cu.Zn, but the best a-greemen'b t¡1th the exper:imental

resul ts is shor^ln -r,o be by t,he compressibl e Islng mod-el la-cLice 
"
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Introduct i on

" Order-Dis,:rd-er Phenomena

Arnong the many interesting properties exhibited by

alloys is the phenornenon of the ord er-disorde:: tra,nsf or-

mation" Qualttatively, what is meant by the term 'oorderuu

is the excess probabilltSr over randomness tlnaE there exist

correl-ations in the mayrYrer of occupation of fattice sites

by the atoms tha.t constitute the alloyu Similarlyu 'bhe

term 'udisorder'* will mean that the probability of corr"e1a,-

tions in the occupation of 1.he lattice sites by the a,toms

of the alloy. is simply ra.ndom" Quantitative deflnltions

of these terms will be taken un f.ater,

tr'Je cayt see tha.t one or nolîe pa.rameters are neecled to

distinguish between the states of order and <iisorcl-er" The

manner of definition of such para"meters isu of course, not

u-nique but the conventiona-l- ones â,Te a long-range order

r2ata.meteru Se introduced- by Bra¿4g and l,{il-l-iaasu and a
T

short-range order parameteru (fu introduced by Bethe"

Figures 1 and 2 help to illustrate these two para-

meters" fn !'ig;ure l- '¡¡e see tha.I al-1 the lattice sites are

occu,njed in a. manner such that the nearest neighbors of

either type of atom are all atoms of the opposite t¡rpe"

In Figu.re 2 some of lhe 'la-i,1,-,ice sites ha.ve f or nea-rest

neigh'bors erual numbers of the tv¡o types of atoms while

other l-attice s ites have f or nea"rest ne ighbors oredominantly

atoms of the onposite t.ype, ff Îte divide these LatLices
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ini.o tr,r¡o sub-lattices a"nd- recluire that atoms reÞresented

by a"n oÌ)en circl-e occupy onl-y one sub-latf ice and atoms

Í'eprîesented by f 111ecl cirol es occuf¡¡ only the other su.b-

latticeu then in Figr-rre 1 lde may say that long-range order

exists r.¿hil e 1n Figure 2 only short-range order exists.

Sueh t¡ro-dimensional representaNions càY\ easily be

extendecl to three dimensionsu for i^Ihich a. tynical example

is the ord.ered alloy Cv.Zn n" p-bt.t"= " In Figure 3 is shown
t

the unit ceI1 of CuZn in the ordered pha.se " One tJtne of

atoms sâV the Cu, occupies the cube corners t¡hil-e the other

atomu Zrt, occupi-es the cube center" In this pha,se the

neârest neighbors of the Zn atoms a.Te I Cu a"toms and vice

versa, In the disordered phase of this alloy four of the

B nearest neighbors of a't a,lom become a.toms of the same type"

As an asideu T^Ie ma-y note that the idea of order-clis-

order phenomena is exactly ane.Iogous to the ferromagnetic-
2

pa-ramag:net ic phenomena, 
"

I'ore qenerallyo ferromagnetic

and. order-disorder beha"vi ar are rnanif estations of ma.ny-

body co-opera-tive behavior" The co-existence of these two

nhenomena has long been noticed in varicu-s alloys" On the

other ha-ndu the theory which includes both ferromagnetism

and orci,ering at the sane time encounters a mathemaLicat.

difficuliy of finding t,he erluilibrj-um conditions beca-use of

the comnlexity of the fundamental equations ?"d the l-ack of
)

knowledge about the elementa-r¡r interactions 
"

Furthermore u the e ef ect of ordering orr many other ph)'-

sical prolrerties is quite important " For exarnr;le u we ma.y
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exÞect that ]-he energy assocjated rn¡ith an orrj.erecl. àTTa"nge-

ment of atoms in an alloy is rela"tively sma"l-1 compared with

the energy of a d j-sorc}ered aTTàngementu 'I'hus, this energy

associated- v¡j th increasing rlisorder vrill contribute lo the

s Decif ic, hea-t of ihe a"ll-oy in such a ma'YlrIeT that the speclf ic

]¡ea9 of the a}loy i,rrill be in excess of the value expected

f rom calcuf a.t ions ba"sed on la.ttice vibration ef f ects onl-y @

This excess s pec if ic heat is known as 0¡the conf igura.tional-

speclf ic heat" u The vari-ation of the specif ic heat of an

a|Loy wi th 1;emÞera.tu-re approaches a, sharp naximum a-s the

'bemperature i.ncreases du.e to the fa.r'ge energy changes

caused b)r increas ing degree of cli sorcler " This maximum

rea,cYtes its peak at the crltical temnerature f or the order-

di-sorder tra.nsitionn Above the erjtical- temÌrerature the

1_ong-ra.nge orclelr has disappea-red and. the only further châ.nges

in the o::dering of the Structure r,rrith increasing temlrerature

are relatively smafl ehanges in fhe remaining short-range

order u and. consequ,ently 1t is expeeted tb'a.t the excess

specific heat above the critical temperature is small"
4

These id-eas àTe exhj-bj.ted in þ-igu,re 4,

Another property of alloys which changes with the degree

of order is i;he electrica"l resistlvityu One tuould expect

from qu.a-ntum nechanical considerati-ons that the electrical-

resistivity of a nerfect crystal wou-ld. be zero " Howeveru

the resi.stivlty arises from coflisions betr¡¡een the eondu.e-

tion efectrons and lal.tice phonons, impuritiesu or depar-
5

tures f rom l-a.tt iee oerioclic ity 
"

l,ihil-e the resis l.ir¡itrr
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increases normâr lrr wi lh i-r-.r.pe-ra-turee the rai,e of 'ìneL:ease

of resi stir.rity is anomalousllr --l_a-rqe nntr_"!. lhe cr.rtical tem-

peraiure f or lhe crCer*c1 isorcier tra.nsit j on j -q rea:he¡'l ", Re-

yond the crit1ca.l t,eiriperature 1;his anoma]ous rate of j:c*

crease of resi-stivity cl isapnears " ï'hu,s the resi.stivity
shows no d iscontinuity 'br.it the raie of increase shoi,vs ?.

sharp ri iscontinuity " Qualitatirrely this result can be

understood by conside.ring the imoerfections of the su-per'-

l-attice" These cause irregularities in the generally periodis'

electric f i.eld in ruhich the el ectrons nove and are very

effective in scatterlng the eonductìon el_ectrons" This
o

resu-lt is ef fectively illustrated in Figure 5 "

Of other electricaf Þroperties tlnat have 'been found Eo

riepend seilsifrvely ucon the sta.te of orci_ero the Hall_ co-

efficient is of parti-cula.r' interest in tha.t j-t ,gives jn-

f ormation a.bout the na+-ure of the charge carrierse ors aI-
7

ternati-veJ-yu about the b'and siructure of the ma-terial_u A

change of sign in the Ha-11- coefficient will ind-icale that

the charEe càTTier ha,s cha.nged 1ts sign clue to a ehange in

lhe band sLructuïe"

It has al-rearJ,¡r been mentioned that fer"roma65netic pro-

perties can be influ.encecl by the clegree of orcler in an alloy,

As an exa,mn-Le, we ean consider the effect of or.dering on the

sa,tura-tion mornent of Niritri't" OrrJ.ering ma-¡r solit the electron

band a.nd, henceu may alter ihe rlensity of slates versus

energy curve" 'Ihe result js sho'¡in in Figu-re 6 where Cel/'T
2is nlotted. aga Í nst T Ï¡here Ce-' j s the el ecl;ronic speeif j_c.
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heat" The slope of the curve)y, is directly proportional

to the density of states at the Fermi surface. B The values

of y are IL.1 and 22.4 x 10-4 for the ordered and disordered

NirMn, respectively" Since the ordered alloy is ferro-

magnetic, it is probable that the half band of one spin is

full or nearly full and, hence, only electrons of the other

spin can contribute to the electronic specific heat. A

schematic representation of the density of states is shown

in Figure 7 and illustrates a qualitative picture of the á

band in ordered and disordered Ni"Mn.9 Since the degree ofJ

f erromagnetism of Nirlvln depends upon the state of order, a

maximum in the magnetization should be expected for the ordered

alloy at the NirMn composition. Such a result is shown in

Figure B.

As a final, note it should be expected that the mech-

anical properti-es, such as Youngrs modulus and the shear

constants, will be related to the degree of order in an

aIloy. Such an effect is shown in Figure 9 for the al-loy

CurAu. The curve shows the difference between the extra-

polated values of Ctt CtZ and Cn n for complete order and

complete disorder and the measured values of these two
10quantr-tr-es "

B" The Alloy CoPt

Below the solidus curve Cobalt and Platinum form a con-

ti-nuous series of solid. solutions, although transformations

based on the alloys containing 25 and 50 atomic per cent

Cobalt occur at lower temperatures "
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The phase diagram for the system Col-'a,l t-Platinum is
rl

Ðresented in Fiqnre 10" ir/e note Lhat there is an asym-

metry of the o::de'ring range a.bou-i. the 50 atomic per cent

comLlosj-tion in that the¡e is an ordered alì-oy of composition

Pl.Co bu,t none of comÐosition PtCo'¡" Srteh an asymmetry is))
not unusua-lu having been found in such systems as CuPt'

LI
CuPcì, a.ncì CuAun

From ihe phase dtagtam vre see Llv"L the a1loy of com-

posLtion Col'tu when ordered, has the face-centered tetta-

gonal siruetu::eu and-u when disordered-, has the face-centered

cubic structure, Fi-gu-re L1. shotçs the face-centerec{ cubic

structure while Figure tZ sholtrs the face-centered tetra-gonal

structure 
"

Direet evi-dence for ordering T¡ra.s first provided by
13

Gebhard.t and Koster who showed that the face-centered

cubic structure cf al1oys ennta-ining approximately ec1ua1

nronortions of 'Lhe trnro t¡rpes of aLons transformed inLo one

harring tetragonal symmetry at temperatures below B25oC.

Hultqren ancl Jaffe showed- that l,he ordered. tetragonal- phase

was stal¡l-e up to B0O 
oC if suf f ici entl¡r nrolonged. heat

I\,
treatments were emolo¡red 

"
The stabilit¡r of the ordered

f a.ce-centered tetragonal pha-se at a7-l temperatures up to
15

8Z5oC hras f ina115r estabf ished. by Newkirk et Ð-1 o

The orrler rng rea-cticn is relaiively sluggish ancl re-

qu.ires several hunrlreci- hou:tls of heat treatment, of course

<iepenriing unon the temperature of the heat treatmentu t'o

ab'tain eqr:ilibrium in the riunlex f ield" The Gobalt and
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Platinum a-t,oms a-rràyrge themselves during the ordering- on

a.-l-LernaLe 'irl a.nes u thus f orming clisc::ete particles ha-r.ring

f.etya.î.ona,I symmetry" Grotarth occu.lis 1n su,ch a ma.y\y1er that

the <100>directions of ihe ordered. particles are parallel

rtrj-th the corresponding a"xes of the parent ]attice" In the

early stages of the Ðrocess considera'ole stresses àTe

caused by plal;el-ets of the tetra-gonal pha,se rrihich f ie on

and aye coherent r¡rlth the (f f O) olanes of the cu-bic' laLtice"

These stresses ate acc-ompanied by a self d.ef o::mation process

v¡hich gives r:r-se to tvlinning and" by recrysta.l]îzation

which predomina.tes at, the 1r:wer aeein.g temperatures" In

the ciuolex regions the ordered- phase assumes à I¡iidmansLatten

structure u Llnat is u â" pf ate*l-ike otr f ame]la.i: structure
T6

al-igned urith the (fOO) planes of the disordered. lattice"

?he thermod-ynamic properties of the Co-Pt system have

been investigated by o"i.u."i 
" 

1'7
It r^ras observed tha-f the

Co*Pt s)¡si;em showed deviations from the predictions of the

nearest-neighbor interaction theo::ies of order-d isord er in:,

tlnat the observed- heat of solution is positive not negativeu

the entropy of solution is much la-rger lhan 1;he ideal valu.e,

and though the deviations from Raouftss Law for tae Cobalt

Ð"Te ne,gative throughoutu lhe d_evia-lions f or Pfa.tinu-m a"re

positive f cr much of the cornposition ra:nge" Oriani acc.ou-nts.-

f or lhese devi-a.tions qu,a-l-iLa"tively bl¡ su,,qgesting lhe existence

of D. vibra.tiona"l -entrooy conLribution to the entropy of

solu-Ljon which may include as an importa-nt factor a volume

ch,a,ngeu and a strain-energy contribution to the 7teat, of solution"



B-

. An interesting anomaly in the electrical properties

of CoPt is the fact that at the equilibrium temperature the

resistance of the ordered phase is higher than that of the

disordered phase" This is contrary to the classical theories

of ordering. At temperatures much belorv the critical tem-

perature, though, the resistance decreases upon ordering

in the conventional *.nrr"r.1B

The most important properties, from the practical

point of view, of the Co-Pt system are its magnetic properties.

The outstanding permanent magnet properties of the 50 atomic

per cent alloy were first reported by Jellinghausl9 *ho

found that a coercive force of 4000 oersteds could be de-

veloped by quenching and ageing cast material of this com-

posítì-on" By suitable heat treatments coercive forces of

the order of 4000 oersteds can be obtained in conjunction

with maximum energy products of 9 x 106 g:auss-oersted.

These values were the highest known for any aI1oy until th-e

development of SmCoU alloys" Although the maximum energy

products and coercive forces are developed in alIoys close

to the equi-atomic composition these paremeters are so

powerfully affected by slight difference of heat treatment

that the effects of composition variations are not easily

discerned" The optimum magnetic characteristics are attained

by the development of a partly ordered. structure having the

two phases present in similar proportions. The diffuse
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clif f:ra.ction lines characi;eristic of na"teria-l in thi s eon-

d 1t ion ha-r¡e l¡een i nterpr"eted r,s err,id ence f oy a. coherent bond

'oelrnreen t,he orr1ered l:ha.se a-nd its ma-trl.x" Several types

of heat treatment are employed to develope the desired_ mag:

netic chara"cteristics in Coba"lt-Platinum all oys, An es-

sential f ealure of one wid ely used Ìrrocess is the strietly

c,nntrolled cooling rate from 1OOOoC to ZOOoC at L to 1Oo per

second. r¡rhich ,oreced-es an a.geingç treatnent at 6OOoC" Another

þrocess proceeds by quenchj-ng from the disordering tempelature

to 5OO bo ?soocu the alloy 'be1ng ma-inta.ined at the f ina-l-

temperature for oeriods up to five hoursu To magnetize the

a,IToy a.fLer such heat treatments f leld strengths of 'bhe

orrier of 20,000 oersteds are required" In Figures 13 anð- LIt

are illustrated- the test chara.cteristics of à sÐecimen which

wa-s annea.led. at 1O00 oC f or two hour"s, then quenched to

66CoC a.nd held at that temperatu:r'e f or f orty-f ive minutes"

It has been suggìested that t.he perna.nent ma,qnet properties

of Coba.lt-Ël-atinum are explica"ble on the basis of single
20

domain þ"rticl_e theoryu but Craik a.nd Nunez lnave shown

that only a. sma"]l- prooo::tion of the orderecl r'egi on consists
,rf sin¡¿le doma.ins, 'fhe high coercive force of Cobalt-

Plati_nu-m is nov,r generally a.ttribuled to the large loca.lized

strains i nciuced by the orclerinp, process e ancì, lhe ef f ect ive-

ness of the various heat trea-tmenls employed js pro'bably

due entirely to the high internaÌ stresses r¡¡hich they gene*
21

rar,e. i¡'roolley ancl Ba.tes sugp--,est that the optimum magnetic-

con.cl ilion colrres poncls to Lhe inci¡:ent stage when the nuclei
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of the ordered pha"se remain coherent l^¡ith j;he disorciered

mattixç thu.s causing large loca-]ized s1;rains" At room tem*

perature lhe (ffO) pl-ane of the disordered Þha.se is 0"18

per cent sma-]ler in ¿.rea- than the (101 ) pl-ane of the orcfered-

pha.se rriilh rtrhi ch íL is coherent " This ci i f f erence ïn area

dininishes a.s the Lempera.ture i.ncrea"ses, thus accounting f or

the ra.nid decrea-se i-n coercive force which occurs uÐon heat-

ing 
"
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IT " 'I'heorres of Order-Di sortler

In lhe r:receding cha.pter ihe qu-antities S a.nd 6 ltave

been inlroduced r¡rhi ch aIl-or¡r tiuo oarr'icular procerties n the

long-range and shorL-range order respectivelyu of a" siven

configura-tion of an a.lJ-oy bo be specified in a precise

manneru lrTow r¡ie wish to develope quantltative treatments of

the equil-ibrium valu.es of these quantlties u and relateri. quan-

titles of interest, as functions of the tempe::a-tu.r'e a.nd.

comÐosition of the alloy" The problem then is to t"ri-te alr

apÐroxi.maie partiti on f unction whi ch can be hancìl ed wlLth-

out undue mathematical r:igor bu-t which is sufficiently

cl-ose to a rigo:rorlsly correct part j tion function to give

preclictì ons of interest and valu,e"

qu.ite generally lhe complete ,oarlition function for
'bhe cryst-.al may be written

7L ) u*p(- €A)
d

i^rhere 13= I/kT and En is i;he energy of Lhe sta-te q obtain-

ed by sol-ution of the complete Schrodinge:: ectru,a.tion f or the

crt¡sta.f and the summation is taken over all sta-les of the

crystal " If we assume i:1na-v the complete Schrodinger equation

is sena-ra.ble, then the complete Harniltonian and lriave function

may be written a,s

H = HL r H¿ + He

4I-t- "lt, ^/'"
(7)

T¡rhere Ht ana T- are functions of varia'bles sÐecifying a

crystal of sj,r'u-ctureless particles; t, ana 4f. a-r'e functions

of varia.bl-es s-cecifying the inierna.] slructtire of the

(L)

"1,
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àcLÐ.a,I ions of the crystalI and- Hu ana !" a.Te funcLions of

r¡a-r'l_abl es specifying the remaining el-ectrons consiciered as

rnorring in the notenial f iefd of the i.ons" The assumption

of se'parability implies tlnat each eigenvalu_e of the

Schrociinger equation may be l¡lritten

E = E" i- Ea oE¿ (s)

where the Elu Ei, E" are sofutions of the separa.te equa-

tions naY, = ll{l/a etc'6, ancl are generally funetions of the

conf igura,tions of the crystal" The part1tion functionu
(1), becomes

('{)

where the surnmations involving lu ee and ie are made over"

a:.7 eigenvalues E1u Eeu and Ei apnropriate to a given c'on-

figuration of the crystal and the ( ) is su-nmed over a-11

possible rilstinguishable conf igu.rations u la-be11ed uocu* n of

the crystal " Now H, and- E-., àTe written as
H = Hçin tivconç;x 

t- a Ydísr = H: + Vk)
E = Ei"'; vk\ ð .qt5P r (.')

whe::e H,-*.- is the kinetic ener€ly part of the Ha"miltonianKt-n

due to the ionsu Vconfig = V(c) is the nart of the potenlal

energy riue l.o the ions being in their equi 1_i.briun position

in the conf iguratjon la-belled 'nco'u ancl Vdi"p is the son-

tribution to the potenlal energy due to the dispfacement of

the ions from their equi-libriu;in position" ft is now a"ssu-med

t-hat the clenendence of Ht ancl Fi" and consequently E., and E"

ayr the conf igura"ti"on na.rameters na"¡r be ignoreri; t]naL isu

they are the salne f or all conf igu-rations" 'Ihen (4) ma¡r 5u
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Fnr the d j f f erence j-n equil ibrium 1;hermodynamic qu-antities

ca,lculated (a) f or a crystal in whj-ch conf igu.ra.tional

ef f ects are ignored u ancl (b ) f or the same crystal lrrith col.t*

f igr-r"::ational- ef f ects inefu.ded; it is suf f icient to c,on-

0)
sider only the last term in (6) and write

Z, r -ßv (c)
¿- = ze t

c
since the other factors wil__l_ caneeL i-n the cafculations"

shoufci be noted tha,L the a-ssumptions made cannot be

rigo::ously true; bhere are in qeneï'al inLera.ctions between

t}:e va.rious comþonents of a crysi-ar vlnich make it impossible

to specify the state of one component v¡ith out referenee to
the stale of other ccmoonen.tsn

Errerl¡ clistinguishable configuration of the alloy col.L-

tributes à te:rm to the sum in (7). Labelling these terms

by û0rfa which represents a. set of ord-er para-meters appropriate
t,o the conf iguraticn frorn which the term arises, then (T)

becomes

7_ r (8)
r¡,'here z(r) denotes the su-m of all terms of a. gi-ven r" i\lorn¡

in the deterninaticn of Lhe eo.uilibrium ni:operiies from z

1t can be shor¡rn tha-t r¡re l,ay ::en-],a.ce rn7, by lnz(r"*') r^'here :îìî

i-s i:.he value of r f or r,¡h j ch z(y) hi:;s j_ts largest va,lue 
"

Then the prcb,'l em is to f inci z{,r) f or a:r'tti j;ï.ary r a-nð_ then

to f lnd the va.l un of :lr-)r ¡rh.,i*li na:<i"n:i zes z (r) " l{or,i by



clefin-i.tion

? (r) =

*!Lt,*

e-Fw¡

I^rhere l.r . n¡r^l¡s tJ^,: clìrf ir:u_::ati rna.l- ellel'ðy V(c ) f'or a. con-
,'ì

f igura-iinn sla.te ie jt,| with lhe scl of orci.er narameters r

anri the summa"tion 1s over a"11 conf i,3u-ra.tj onal states j ap-

prolrriate io the set of orrier na.Tanete'rs re illhus it beecmes

necessary to consid-er in cletai-l- the configur"ation energy

Id -i " The assu-mption to be made he:'e is that the conf i.3r:.ration
J

energ)¡ may be inrritten as a sum of interaction energies

betr¡een pairs of atoms and that u iTr particu-le"r u interactions

bet'¡reen a-11 but nearest nei-ghbor pairs of atolns ma¡r be neg-

I ected-" This is a quite crude approximation to the actual

conf igurp--tioir enerey however" itJor,¡ for a binary al-loy com-

posed of atoms of types A a.ncl Bu the interaction energy of

nea-rest neighbor AAu Ats, and BB pairs in the AB a"lloy willu

in generalu be riifferent and th.e number of su-ch pai::s will
vayy over the set of conf iguratj-ons of ciifferent r" In any

sþecified confì-guration j our assumption a"1l-or,rrs the con*

f iqu-ra"i:.ional energy to be written as

M/; = - ?/h (n^o Too r ng 6 %e + nna %e ) (to)
r¡rhere l'i is 'i,he numt:er ,rf nearest neighbor sites of a, given

síte in i.he l-atf ice; -2J AÃ/y1u -2J ,B/h, a-nd -ZJ OU./h are the

ene::gies of interaction of AA.u BBu ancl _{13 pair.s of near.est

neigh-bors resÐect:vely¡ ancl rAA, ,n3Bo a"nd 
^AB 

are the number.s

c>f sr:eh l¡airs in the jlh configur:ation,

i1e.vi¡g n6qr o'bta ined a specif ication of L'I. i t is noi^r
J

necessary to consider the problem of the definition of the

j
(1)
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degree of orcler in an p,ll o¡zu For this let us collsicler in a

gj.ven a.!7oy Llt=-t, there a,Te Ii lattice points occuþied- b¡r itl

a--torns of two kind-s a.11 of tvhich i;ake t-.art in the orde¡ing

process " Othev' aioms n if p::esent , of ihe sane or d rf f erent

lrincìs, olíì nther l-a"ttice points t¡¡hich take no pa.rt in the

nrdering may be i-gnored" It is to be emnha-siz,eð that i^Ie e,Te

concez'ned ¡rith the given num'lrer of l-attice sites and not

necessaril-y the number of ai;oms since the¡r a-re of ttr¡o kinds

a.nù ma)J be present in r¡a,r'ying proportions"

V,le consider lhe lal;tje.e sites divicled, into tirto sub*

l-attices¡ anciu ill pa.rticulare vÍe conslder the two su--b-

la.ttices to be equivalent, thaL is each e site has only b

nearest neighbors and vice versa" An example of such a

latt.ice slrstem is the body-cente::ed, cubi-c strrrcture of Cu-Zn

clenicted in Figure 3" Then there Ð.Te åiV sibes of type R

and- å.lf of ¡1rpe bl eacYt a site has h b sites as its nearest

neighbors and each b site has h a sites for nea.rest neighbors"

i'or simol-icity we lirst consider the ca.se of equa.l

numbers, åt'¡u of ea-ch lrj-nd of a.Lom -ê- and B, Without loss of

gener:alily we ca,n a.sslrme Lhat a,L least hal-f of the A atoms

a.ye or\ a sites" If v¡e then ci-enote the number of A atoms on

a sl-tes by å(f +S )ltt/Z, the parameter S satisf ies the in-

equa.lity 0ÉSÉ1 " Since al-f A atoms not on A s jtes are on b

si.tesu and a.LL siies not occupiecl by A atoms are occupied-

by B atoms, the cl-istribu.tion of atoms is given by Table I"

riJhen S=l- all lhe A atoms are on a sites and al f t-he B aloms
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Ð-Te on Þ sites; this is the state of pe:rf ect ordez.. I,,lhen

S=0 there are â"s man)r A a.toms on ?, sites as on Þ sites,

simila.rly f or the B atoms; thls is the state of cornplele

riisorder r¡rhere the ciistinction between a a-nd b sites has

clisappea-redu Interraediate values of S correspond to lnter-

mediate clegrees of order ancl S is therefore a. measure of lhe

d egree of orrl-er 
"

Irioi¡i let us consider the case of u.nequal nu_mbers of A

and B a-toms " 'Ihere a.Te a" total_ of N atoms j-n the alloy of

rrrhich ItlO a.re A atoms and I{U àTe B atoms (NO+N'=N)" If we

rrìrlte the number of A al;o,ns as nON ancl B a_toms as nBN then

v¡e have

nA + hg = t (tt)

anrJ nA is l.he fraction of A atoms in the all_oy ancl nU the

fyaction of B atoms 1n the alIoy" If the nu_mber of A atoms

on A sites is given by nA(f +S )tl/Z, then the d i stritrution of

A and B a.toms on the two 1;¡rpes of sj_tes is that given in

Tabfe II 
"

l/e are.nohr ln a position to consider the various a"Þ-

proxinations used to evalua,1,e (8),
22

Ao The 7-erofh Approximationr Bra.gg a.nd lÂiil1j_ams

In this approxinatlon j;he set of order paramete:rs :tî

l-a.belì.1jns Lhe âlîou.ps of terms in (8) i-s just tal<en to be the

single long-range order pa.rarneter S; anrj the approxiruation

consists i-n replacing i;he true val-ue of tdj in (9) f clr each

conf i.guration j of given S by a. simple ave_ra€çe u fr1s ) , over

all conf igi-rrations of the gÍ.rren S" Then (f O) becones



l,,rhere ñAAu ñuu, a.nrJ n-ouare the simnl-e unweightecl averages

of h^ ^, il,-.-,, a,nd n.,_ or.rer alf c'onf igurations j of gì-ven SoAA' rJó' AB

For e, brnary a1-l-oy for r^rhich the orderlng nay be described

-i n terms of two equirralent sub-la.ttices, the d is bribu.tion

of A atoms on ?. sites is qir¡en bJr T'able II; that i-su the

a.vera,g.e number of A atoms oy\ à sites is nO(f+S)N/2 and ea-ch

r:f these sites ha-s h nearest neighbor þ sites f or which the

âve:"age fractic¡nal occu-pation by A atoms is n4(1-S), Henee

ñ = hNrrnÅ (1-s")
"AA

In a simil-a,r' manner hre have
ñua = h U, (n', úS'l

(13)

( 7Lt)

U¿)

4,
Now substituting (13) a"nd (r4) into (tz¡ T^Te have

ü7(S) =-N(nîra^ r?n,^af,aB tnSJsu) +

unf,S'(t^, t..TeB -?f,*a) fls)
If r¡¡e nrri-te J=2JO"-Jge-JAnu t,hen

ñz(s) = w@) - N"Ês'J

Fron (9) TÀre now have

â $) = ¡ (s) "^,i¡ 
- wr¿ +-ry" s'¡ t

i^ihere W(0)=-N(no"AA+2nAnBJou+nu2JBB)" l/e note i;hat f or J)0

-,he conf igurati-on energy decreases f or lncreasing S; this

is the effeot tendin,g 1;o orocluce long-range order bu.t js

counterbala"nced by the ci ecrease in t.he number of ar¡ai lable

conf igurations of gi ven S .q.s S inc¡:eases 
"

(tt)
r^rl-tere,g(S) is the number of d-!stinguishabl-e configura-tions
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i,he

aTl

is

{20): (a)

S=0 i-s ihe

F (S ) v¡hi ch

the:ref ore

nhích may

-j q-

'lì.r¡en Sp or g(S) is lhe number of

ø-.TTaytqinq t.lre r.nl\l A etons z.nd n-,11elJ

cr'l¡sial la-t Lice so that there a.Te

A siies and nn (1-S)\T/2 A atoms on

g(s)= (N/ù! 
x

(n^Nt2(1+s))/ flrs - ^AÐlJ!

cl is-u in,3u. i sha ble waJ¡s

B atons on the sites of

n¡ ( 1+s ) \r/2 A a-t oms

b sites, This number

)l ß8)(%

Substituting (

for z(s)" Now

s icì.er ing
)
às

t^¡hich can be evall:a"tecl r,rith the

Þroxíma.tion" The result 1s

(zó)

NIor¡ bhe compJ-e be payL ition fuylcticn a.s given b-rr (8 ) may be

ta.ken equal to bhe singl-e t,erm z (S ) r¡¡ith S obLained from

(20) " From the usual- f ormula- of si,a"tistica,l mechanics rÀre

obla"ín for the Hel¡nholtz free enelrÂy
F 6) = -#T /.*Z

= u&T/z C (na+ n,g ) !,r" (nA t h'S) r (nB-nAS),r

.b.ln-r-naS) * ino -nÁS) 'L'¡(na-na'S) +
(nu+n4s) l^ (ne +nos) I + w(o) - ¡/nfs".t 

Q1')

I¡Je no1^l consider lhe f orm ta"ken b¡r the solutions to

for the ease J<0 then for all values of kT/J

only sol u"bron a"nrJ corï.es oonds to z* rninimum j n

mee"ns lhat there is no lonq=railge orci_er and.

ihe alfo]/ f orms what is knoi¡¡n as a. regula"r solu.ticn

be singl e pha.se or tlo phase depencling on tkie

fn rr-sl ¡VzT! f (ns*nas) NhT!

18) into (tZ) gives us an explicit expression

z(S) is maxinized rvj-th resÞect to S by con-

-!-^ 2(S) = o (11)

help of ,St1r:.l,in,pje s ap-
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vale6 of J /),<'T I (b) íor J>tl and- f or hlgh enough r¡alu-es of

iemperature S=0 is sti,l 1 [he on]-y sclu,i;ion to (20) a.nd

a.ga.rn ccrresnonrjs to z,- rni.y¡i-rnr.;r¡ in F(S) r'rith the a1lo3l be*

having às a regular solution" For suff iei-entllr 1or,¡ val-u-es

of temperatìÌree S=0 is no l-onger the only root of (20) how-

ever r there is another root 04Sr1 '¡rhich corresnonci,s Lo ¿-

ninimum in p(S), the root S=0 nor¡ correspondlng to a- max-

1nu.m" These effects are il-hrstratecl in Figure 15 in r¡hich

F(S) is pl-otted as a fu.nei;ion of S fcr differinpç r¡a,lu,es of

J /k'I f or the particr.;l-ar case no=na=å" Frorn Fì,gur.e t5 i t

is see11 that the ecruilibrir:n val-ue of S decreases ?.rs the

tenÞe¡le-.Lr;re i-ncreases, becoriirg z,eTa aL some terr-nera-ti-r-r:e

T=ll ¡vrd lena.i ning zera f cr al-l- hi gl:er lernner:r tr.lte,s u The
I

tenner:ature T is ca.Lleci. ch.e c:ljtical tenneilal-ure Õf lllcl
e

..7:ð"-.:t*ð i-sor:d_e::' tr"o,nsi tr on ancl is the tercl¡e::a.ture â.-u t¡hich

{2A) hrq lr.,IÕ eoincidenl ,y'octs at S=Ou .:: a-1.t.ernatir¡ely the

crr,rr¡e of F(S) aga,inst S ha,s e. noint of inflecf,iel a"L S=O"

The conditien for deternìieìng; ff" is therefore
(H)r=o = o

from ',.¡h j ch (21) pìirres

llT, = ? n^nul

l-t i-s -seen f:ron;, (.2,)) that the va..ì_r-.:.es of fl-," a.Te

t,T¡Io â1:l oJ¡s r¡lith conposi tions synrnetrical- .,,ti th

5)-50 a.1l-o;r(n =n.'=È)u the rraria.tj-cn of irl r¡j.th
ADT'

na-r'a.bolic with a ma:cinum -çal_u_e

&eT" = r/Z
f or the 50-50 e"l1o¡'"

( ee1

Gs)
'bhe sane f or

respect to the

n^ beinz
A

(2¿t)
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(es)

may be obta-ined

*?-a*

el jmina.te the ÐF-.reme'j.er J noltr by mea-ns

0 af l-oy u End (ZOìr 'becones

(ii) = e \rrs

lJe rna"y

f or r,he 50^5

TS
-Tc fu.n&-t S

F j nal r-j¡ f.he eonf igurationa"l_ specif 1c heat,

from
ç = J dr ds
N.h N4 dS ¿T

r'rhich gives the result .l

frn= tfi"stf," Fl-' e6)
B" The First Aoproxima,tion; The ;¿ua.si-chemical Method

The apÞroximation involvecl in (tO¡, (f3), anð- (14) is

lrery rough in that it comoletel]¡ arrolcj.s any ef fects of the

deta"il s of the ci-1f f erent ccnf igurati.ons of given I ong-range

order S; su.ch neglect is una-voirla"ble so ì-onÍ< as the tr"eat-

ment i s f rarned in terms of the s in.gl e long-range ord er

para.meter, S e a.l-one " For exampl e, tr'lo conf i gr-lrat ions u ea.ch

v¡ith the same val-u-e of S<<l-, maJr differ widely in i;hei:'

r--legree of local orclering; one being very well- ordered --l ocaf -
lyu the olher being almost completely disordered" Such con*

f igurations i,¡oulci hat¡e very ri j f f erent conf igur:ati on ener.gies

. ssociated- with them" 'f'he a-pÞroximation of (tO¡, (f 3), ancl

(tLr) a.ssu.ne that su.ch effec.ts ma¡r be ignored; or more pre-

cise-lyu that lhe only configurations ¡¡hich make an erfect-

ive c-,nt,ribution to l;he parti ti on f unction a.re those f or

rn¡hich Lhe arcangenent of A a.ncl B a.toms on the sulb-lattice is
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e ffectively ra.irclom prcvidecl that the qir¡en va_-l_ue of S is
Ðlteserved 

"

rn the present section a treatment i^¡il-l be desc.ril¡eci

r"rhich involves two order" pa"rameters ra.ther than the single
para.meter s of the prerrious section a"nrJ_ r^lhich will allow

these def eots to be u in pa.rf u remo\red,

l^'ie shafl denote by p i;he conclitionar oro.bability f,haL

tf an e. site is occu-pied by an A atom then the nearest neigh-

bor b, sile is also occupied by an A abom; a-nd we shatl fet

f^ ancl fL be the fra,cfional occtrpation numbers of a a-nd ba

sites by A atoms(f u+fo=z^A)" As before i;here are à totaf of
iv la"ttice sites ea-ch of r¡rhi ch has h nea-rest neighbors 

"

Then Ta.bl-e rrr gives the nu.mber ol pa"irs of neighiroring

sites in the lattice occuoied in the four possible ways,

\low v¡e ma-y wr.ite an expression for Í;he conf iguration

energyu ,{i-ven b¡r (f O ¡, in the neaT'est neighboy app:roxi -
mation" I¡Je har¡e

Wlfo,r) = -?Nrn{s -N(hs-hA){u
ld¡r¡¡ the partition functioir may be written

f 
^,å 

PJ êt)

Z = J zT^tp)
t¿, P

(¿s)

urhere the sl-rm is over all possible val-ues of f* a.ncl po anc

z(f u,un) j s t.he contrlbution to the nartition fuirction from

configura.tions of given f^ and Þ, As'hre have seerìu holrreveru

al.l configu.rations of given f, a.nd p have the same configu.-

ration energ]¡ and so u (fu_,R) nay be written

z(ft¡Ð = ¿(fu,r) "xpL 
-w(ç"")/&rJ (29)

where g(fruo) is the number of conf igura,tions of given fo
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a-r:'d po 'Ihe prcblem noi¡i 1s to erral-ua-te g(ln_,n) a_ncl then mzx-

imize z(t ,Þ) urith yes,oect to f anC Þn Unljke the zeyot:Yta- ?"

a"nrriloximation, hor.aleveru r{e now harre no simnl e value of g"

There a.Te in all lxllt/Z nearest neighbor na.iirs in the lattice;

the anproxì.mation of the present method is Lha.tu for girren

fa_, g(f.rn) is proportional to the total- number of u¡aJ¡s in

r¡¡hich Lne Ix\Lt/Z possi'ble pairs mai¡ be dii¡ided into the f our

gror.r.ps of Table III, r¡hich becomes

3(å,p)= h(t) 
= . = rllU,4l', !,,,,,: (ruhå ¡vfl/2)! (NhfdP/ù! (u /ùl (uhtt-2"^*NUflfi!

Go)

It must be noled that thj s f ormul-a- cannot Ìre exa-ct; andu iir_,

ooint of fact, ii is inexact i-n a, manner sinilai: to i;hat in

r,¡hich (tZ]l in the prîevior-r.s approximation was lneract 
"

cqu.etion (30 ) is equ.irral-ent to assu-m: ng tha.t the clj_f f e-

ren'L pairs of neighbors may be treateci as qui_te indepenclent

r;ua.ntj-ties" 'l'his ca.nnot be true since, a-s soon as Lhe

r¡aLlare of oecu,pa.ti-on of ,oa"irs of sites is f ixed, Lhe "poss-

ible r'rannelrs of occunation of other pa.irs v¡hich share a site

nith Lhe f irst pair are f imited" It is not eâsy to seee €r

priori u hoiar bad this approximation is; although j t woul_ci

certainl¡r 5s e:tpectecl to be better Llnan tln"L involved in the

prev j-ous ireatrnenL since u i n a sense u lhe approrima.tion is

ilrore lrrnited in ihat it involves the orci-ey: oara.meter p only"

The number of conf igurations of gi.rren fn alone r¡ii1l be given

exact\y since i,he funct¡on h(f^ ) is to be determined so that

FSG^rrl--3(å)= ,,Y'r\lrr=,''.r-., ',==(N/e)! , I (3a)
t uç tz> | (N (1- &)/2)t ( NQ/e) I (¡u t1-fp/Ð .

The function h(f^ ) is del;ermined c¿uite s1nple " By a now



familiar a,rgu-ment tlie ca.T1- shotr f,lna.t, vJe can rep."l-ace

I g{f¿ , r)
P

by e(f u.r'e'fr) where Ð* is the r¡a-l-ue of p r,rhich maximi zes

g(f uÞ)n thu,s
a*g({^)px)= 

'!'?r!r^rr, 
(Yò! ßz¡

r@t@'l
But B(fr.uÞt') is a narticular solu.tion bo (30); thus by com-

bining (30) and (32) r¡re may deternine h(fr) a.s a function of

f, and p*u l\Torn¡ pri is the value of p which corresponds to a

comnletely ra.nd-om arrangement for lhe pliven fru Llna.t is
p-,ê=f 

b " Thu s (.3.0,). 
,become s,?+u,rl=ffi-ffi:072fiN¡14r¡r211. (N Af.p/ü !

t Nt frls /ù)

(35)

(tt1(N h la(t- cb) /2) ! (tv hf, (t'fÐ / Ð ! (Nh(t-zn^+1"()lz)!

-uQa:et/ 2) ! (Nh (fb-îap)/") ! tN@l
By substituting from (27) ancL (33) in (29) we obi;a_in

arr explicit exnression f or z(f n., o) r then it r"emains io ma-x-

imize this with respect to both f" a.ncl p, Tt is convenient

fiirst to fix fu. a"nd rnaximize with respect to Þ; the equi-

11bri.u-m va.lue of p is given implicitl y by the equ-ation

*, Luaff¿¡ù *W 3 : o (?4)

Substi.tuting f or g(fr,R) and }l(fr, R) and perf orming the

partLa.I d if f erent iat ion the equili"brium vat ue of p is given

by the s o-l-ut i on of

t^ß-p)(fo-{¿e) = å,p r!-?n^+f.r) ear/h&r

or by ref erence to Ta"ble IIf
fAø¡rgjBq'.-bJ f B*9j Ao'"þ) a¡t s.hTe (36)EA*, q, 4.'.Þf f Bæ'3i B^ þ7

v¡here each f ] ind.ica"tes the number of nearest neighbor pa-irs

in the equi.llbrium conf iguration occunied rn i;he manneï. in-
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dica,ted insrd.e the braeke'1," Thi.s eclua-tion has the simnre

form of qu.a.si*chemical equi.libriu-m from r,¡hich the method

ci e r1r¡es i ts yraTite " rt i s to be noted tha.t if lhe rì ght ha.nd

side of (36) i s replaced by unity the formura becomes that
aÐprôpriate to a randcm clistriï:uti on of the f ou-r. kinci s of

najrs for Ãiven fru ancl this r^rould f ead to the f ormulas of

the zeyoLh anproximal;ion" '.l'he two approximations will
clearly become equ.ivalent in the l-imit hå@when it is eas.iry

seen Lltat the approxima.tions involr¡ed in either nethod be*

c ome eq u ir¡a.lent 
"

For s i mpl i c it¡r we sha.l_l- n or¡r c ons ider the ca.se of the

5a-50 alloy(f.*fn =1 o n^=nR=Fl)! the Aei:reral alroy may be

treated in the sa.me manner but the equations 'are m.re con*

plex, For the 50-50 alloy (35) becomes
(t- ù (t - f^¿ 7+ fl) = t, f ""/^ 

âT

vrilh the solution( the othe:: so,t-ution is negative and hence

of no physical interest)
r, = ftr't{a1-çd)(ezilh(r -ùi:-- t
f * .l =;=¡¡-z= -- G7)

girri¡* the equilibrium value of p as a function of the still-
to be clelerm j ned equil ibrium rralue of f u-" The equ-i}ibrium

r¡alue of f ^ is f ina"lly rletermined by sul:stituting f or pa

frorn (37) in the pa.rtition fu.nction (zg) and. maximi ztng the

f uncti on thu.s obtained wj th respeet 1;o f ; that is

t*, t !'n 6tt,l w €ù /fi1 =" Õ
Perf orming the d if îerentiation a-nd letting

B= Lt *rfu.ft-tà)(e2r/nhr -Ð7'"

(38)

(31)
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it ira-¡r l-re shown that the requi:red- eqr.ri.li-b_riun value of f^
i S r¡ì t¡êr i -'-l i ^'i +-'l ¡r Ìrr¡-- -J

r*" ( ê-.2!a .1. ) -- LÍ ,e-^ ( 3: ) crol\ ø-?fa+It -h t!-_ç"
From l.he cìef in j t j l.t lf t r :¡ird S fr:on ihe n¡evioçs section it
is a.ppa.rent that

f,a 
?

r^¡hence (J7) , ()g) , and (40 ) becomeP-ffi)
e = f! + tt-sz) ( e?Ð/t^&t -1)I"'
.!,,,(Hl = ff-u(# )

(.r x)

( 1e)

("t l)

(¿/¿{ )

As bef ore the free energyu F(s), a,ncl l;he ccnf igu::a-i;ion energy,

E(s)u ma¡r be obt.ained froär the pa"rLition funciion a-nd are

cr'1 ¡¡en bv

t (l-5) U'&-S) - 2!,^? + 
&S)

ffil + (1-s) h(H)-zt*,(+")l
F(s) - Fc7)

= lf +S) !'^(7+S)(Mhr/z) ,

IUt+s) l. (

ancl

E(s) -E(7) = NJ zl-Sertt? \ !*o' (u e7

i.trhere S j.s girren b¡r the sol_ution to (l+4), For J)O the

critical temperatu,re is d etermineri by (22) , The _result i s

ir, = h r'^(**) ('t7)
Irrhieh u D"s r^re have a-ntieipa.ted, reclu-ces -Lo the Bragg-idilliams
value for h+@" usin,s (lr7) the equilibrium va-}ue of s a.s a

fuirction of the ¡:edu.ced temperatu-ree ,.1/Tce frâ.y be obtai.necl

f roil ( 1,4.) , lhe resu-t-t be ing

s¿r1+ (H)'Jjà:i"i*.f F -r'(r*; "1t)lo'(#fff (ts)
r'¡hich can be solved. numerical ly for variou_s va_lues of h"
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Flnally the sjr-ôeific heat can be

(Lt6) h¡r¡ C=CE/òil which I eaci s to
c -- t, *" Lfrtll-s?)¿1*'r-' ff

By r,rsi-n4 (Li3) and- (lr11) Ì^ie obta-in
n-J 1 r (5.-Ð" Í ^e?r/UL-zlfeL 'ffi) i*r,

oblained from (A.l) ancl-

zs) + #tt-s')(t*e)l (tn|

fin¡llrr*; 
tfur(e"'/,,&r-1) -rJ

+ -ë" !:3 + :å r es' ¡ zs /t',þT 
- 1) I ,,so)

s'-1 -F I ê4 ' e631 t e

Ou Theory of Distortion DenenrJent Interaclion Energies

In this sect ion a. theory of ord,er-d isorder ì-s Þresentecl.

t"rhi ch ciiffers from the theories of lhe two trrevi ou-s sections

i n l;hat a, s pecif io f orrn i"s a-ssumed f nr the pai nrise inter-
a,ct ion eneï'€5 U ""' fn the orevj-ous sectio.ns the sÞeoific

f orm of J,, n, J,-,,-, J "_ '?[as negl ected; and, in pa.rticri]a.r:,
AA " frrJ. AB

thei-r possil¡le va.yia"tions r'ri th comÐcs j t j on anC I a_-utice

þarameLer of the a-7)oy wer"e i,qnored." ',lhus Lhe resu.lts rie*

rived f rom these trn¡o apnroxima,tions u (.25) ancl trlr-B ) , in*
plicitl-;' .assume the lnteraclion enerqies are eonsf,anL rn-
rlenenclent of these Þossib,'ì-e va¡:iations" But this is not a.

physi cal -L;r reasonab-'ì-e assu"r'rption since vari,a.tions in the

corrÌÞosition a.nd/or the lattj-ce pa.rameter of the a.11oy urill
deterinine the l<inds ancl numbers of nearesi ne:ghbors of a

girren atom in a"n a"11oy, a.nd this certaì nly inf luences bhe

f orm of the pe.i-r'nri-se i-nteracl-,ion ene:lîg]¡ " Thus s 2.s â. f i rst
step towards presenting a" physically reasonabJ-e clescription

of orclering in a-]1oys u l/re sha.]1 cons j cler the ef f ects of the

dependence of the interaction energy on the la.ttice parE--

rneler a.nd varlati on of the latr,ice pera-meter upon the oï'-
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Cering in i;he all-oy"

In the frrst exa-mnl-e of lhrs tl-reo:ry we sha-l,1, consicjer

the case cf ihe ìrod,y-cenle¡:eri cubic l-atiice f or v,'h j ch a

typical- exa.mnle is Ct¡V,yt or p-brass a-nd_ is riepicted in

Figi:re 3, If r¡re I et a-O be the _"Ì-en,qth of ?,. side of Lhe unit

cell in the boriy-centered cubi c la,Lf,ice u then the senara.t ion

between the Cu z-,:td Zn aLoms is girren by x=(3 ag/Z, Nol,r the

assunntion of this theory is tha"t the inlera.ction energies

hat¡e the follor¡iing form
lna

rBB= Y k-L)t +L (îa)
J^u = ! G-f)? +M (s3)

',nhere 
f , ,L, and f âre the relatir¡e cìisplacements of the

a.toms from the equjl_j"'brium ¡rositions defined by x"

i{or^r be reference to Table Te Jlor the 50-50 allo;ru we

have the ri is iriÌrution of A ancJ B a-toms on the a a"nci b sites 
"

ii'hen Nhe probabill ties f or AAo BB, and AJ3 Ì¡a.i rs are girren by

Ta.ble IV a.nri'che energies of su.ch pairs'becone
f.a^

%s = +'t X g-1-\' + Ll (ss)

Jou = l:-,,ttf!Cx-y)'*Ml (.f6)Ll -z
We novr T^r:rîiie the conf iguratì_on ene::g¡r a.s

W = t ty r z (f -?)z - 6-f)z -G-T)' +M -5 -L.l J *
Z''l 

L-s )

+ f Y (7 (x-f)' * (t- F)z + (x-\\' n^ r T* å)l (57)
?t-tlr-

The conf iguration energy is nor.ti rninimLzed...^rith respect to
'uhe equil ibriurn positionu x, in or-cl_er i,o obla. j n the eou ì -
lil:rir:m conflgurati,on" i{e have



r:rhich sìi-ves

't/ 
-tu-

or lellin8
v.{o

1;hen we ha¡¡e

x'sz (6o)

¡ihich inpli es |ulnat the ec1u.i libriun nositlon of the atoms

in the alloy cl-epends uÐon the state of order in the a"lIoy"

If i^re nor¡I substitute f or x f r¡m (60) i-n'bo (5?) we ha.r¡e

W = + + es' +psq 4reI)

vrhere
a

ç

P

',Ìlhe

F = W- T^l ( 6e)

Aga"rn using (.22)

Ð=
T

àlg =o>y
the resu.ft

l" tef - f -Z)qt

¿f

I : Xo +

hïe

2s
o'r¡1;a. i n

(6s)

';'u(fsr) ku¡

( 6s)

(ss)

? f + f +L ) x'= 'r:4:-.\ (se)

=åttrtf'r O+t, +,vr + ,{ xo'J

= Itå (f' - *i, +rv, .ë -z) v J

v ,z= -: a)
Helmhof tz free ener€5y may be r¡rjtten as

a.nð the entrony, J m,ly b-^ ,u"tttun25

l=-k(+'h(+') + ^Tu(+')
Us ing (61) a-nri (6¡) in ( 62) r¡re obta iyr

fi = ó * qs' r Fs't, &T ('+t A (|tt

where we have 1et I=-2Q anci D=],/Q"

so bhat (65) becoires

J - eS(3*D':?
T. ,!.4 ( ä+')

t^ie nor¡l rief ine I=kT

(6 6)



If Tiie noÌ/ü expand,

T=
Tc

r=
T<
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the loga::ithmic term we
?s (1 + ps')
zs (1. *...)

1+ S"(zD-j) +...

ha:re

(67)

(68)

Finall-]¡¡, c-)rrsìrleriirg the configurational sÐeciflc heate r^tre

oblain i.n a, na.nner s jml-La"r to (26)
( = ! i [t^' (f:) /t ##e;) -z -60s. lJ kr)

ln this section we sha-fl appfy thls theor.y Lo an atloy

such as coPt which irihen ordered assumes the fa.ce-centered.

l,eLra.g,ona.L structu-re such a"s is d_epictecl in Figure 12 1n

ihe 50-50 composition"

The P-Latjnum a.1;oms are si'buated at (O,OnO) anrl (å,å,0)

while the Cobaft at¡ms are a,t (=r,Ouå) a.ncl (0,ånË)" ii.here

a.re tltro I attice Ða.rameters in this stru.ctu_r'e; lhe ÈÉa{r pa.Ta--

m.eler r,rhi.ch r¡e sha1l take to be t,he length of the r.rnit e.et1

a1 ong lhe x a,nrJ y-axes, e-,"nrJ the tE cre Darameter which rde shal-f

La.ke t.o'be the length of the unit cell along the z-exïs.

llhus it can be seen that there ¡¡ill be two tynes of nearest

neighlror pa irs ; one type shalf be calt ed e a? na,irs of r¡hich

there are folr.r'sepa.r:a.{-,ed by lhe clista.nce a"/fr. and the cLher

type shal-1 be ca"11ed 0c n l:airs f or: r¡rhich l.here a.Te eight
1

separated l¡y a d i slance ( a2+c2 )'/2 
"

r¡ie shall f et (t+S) /2 be the n::o.babil1ty -uhat a- site is

correetly occunied u¡hether. it is a site inrrol_ving an saB

aair og: e- 0 o u pair. il'hen f or s a.e pa,irs the nrobatririties

f or AAu i3tsu and 4,3 i:a"irs whether 1;hey are col¡alt or pla-f inum

D.Te given jn Table v where € is a nori¡ra.ltzation consía.nt
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to be determined" For a ea na.irs lhe results are glven in
1l'abf e vr " li]or¡¡ € is cleì;erni ned f rom lhe cr,-nditl r:n lhat the

surn of a1,'l the orobaht I i ti es equa-J_s lrnity" ,Ihis ,gir.e s ê--6 
"

A.qain the 1nr-eracf ion energies are given l_ry (5!) -(53) "

Then the energies of the s au pa irs L:econe
rao = #"[y(i.-f)'rK] (to1

%u= H'f.t(2w-I-)'+LJ c71)

4u -- +' L{ tn, -il" *-l (7 z)

llhen the conf i.gurat iona.l_ energy f or ø àç pairs j-s

wo. = Ë t{ (i, - lS'" {. (""-Z)' -y ( î..-f)'nR+L-zMf
r il f.lr{u. - Í)' *{ (k -t)' *v (îz- f)'rR+L+?"('s)

1¡ie again minirnize the confi6ur.ational energy nrith respec.i;

to the lrara-meter ßtaûr in orde:: to obtain l;he equil_ibrium

coyif igurational energy correspond ing to the equ. j._Librium

stru.cture Dara.met.er. Then
òWa
ãi =u

glves

a = tr, Cf +T* zf)
.t

or lett: ng

ùo= fi cFrl,+zy)
we ha.r¡e

+ \ s' (F *1.- ?f ) c7q)

) e, = f,tf*z-zr)

A = 4o +a,5'

l^¡hich is s jril-arLo (óO¡" irlov¡ f or the

action ener:gies nay be lnrriifen
t^o = t_:nS'f {r¿-F)'+h-l
%s= T"tXtd-Q'*¿l
åu -- Ë'C { td- ¡f r /\^l

¿zs)

uct nairs the inter.-

(7 6)

( 77)

C7s )
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where 
/ = 

(q'+'=)"'/?

Aga-ì n we wr-ite Lhe conf igurational- energy of the 'c e pairs

and minimi-ze it wlth res pect to the parameter d " The result

is

d ^ 
å- 

(ao - o, s") Qq)

If we nor¡J wlîite

o-

ancl

c : ao(L-á,) ß1)
rn¡here 5O a.nd" q a,Te snall , +.na,L is 51 , [n.rt; there (80)

and (81) becone

Ao (L*t") = Qor o,S' (s?)
and

a,o ( z -?5, + alo* 5,' n Eo')" = "li 
(oo-o's') (83)

a-nd 'to f irst order in the deltas (8:) becomes

eo (1- - ( 6-f,,))"' - ao -e,s' (t,r)

or by expa"nding the exnonent

ao (1- É (6, - J") ) = Qo- a, s' Gs)

Solvin,g (ÂO) anri. (s5) f or 5O and f,, we have

So= fis' , E, =3å:s' (86)
Ther:ef ore

c _ 1.-t,å ]''3.r'" v (7-t,) (1-t") æ 1-'t ?"s' (s7)

ÕT

1 - å oc ¿/ ?,5' (ss)

ii'he rJ.epartureu or distorti-onu from f ace-centered cubic sy*
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nleLry s Ð.nð. consequent assur:nption of f a-ce-centered tetra--

g,ona.l syrnrnetr¡r u ûa-;r 'oe e]{pI'essed quant Ltaf,ivel-5' i:J¡ the

qu¿,,nLt-Ly l - (c/a.) " Equation" (88 ) 'qi Yes l-r,s r:he ke;' resu-l t of

thj-s 1.hecry, Llnat, thls cl_i stortion is nro'portional to the

orci.ez' pa.rameter squ.ared i a"nd i;heref ore gives 1ls e- convenient

exÞerimenta.l methocl of rneasu,ring the orcl-er oa.Ta.meLeru

the volu"me of the unit cell is
V = caz

rtrhich becomes

v = al ß -f,) (l + Eo)z xr a: (L - E,

Z f,,S,) = ') ßo)
c(7- ã

Llvo

6q)

IJL

v þVo

By consìderi-n,g

entrop¡r , (63) ,

hea.t (69) 
"

(t -tet'+
the Helnholtz

vre i.,ri11 a.g.ain

free energy , (6?-) , anri J.he

cl¡ia i n {66) a.nd f or the s pecif ic

Do Exacf. Bxna-nsioi':s of J;he Free Ener,qr¡

As l^,re have mentionecl before orrler'-cli-sorrJer transitions

â,Te bu.t one marnrfestabion of what mirThìr be called crit:cal-

Ohenlmen? " HeeC1"r-l.'¡ tlref e haS been r:'.,1h V¡olk Cl n:ie i.rf a.t*

tempting tc d ee.ll rt'ith the mathematica.l d i f f iculties eït-

counte:red j-n ro¡orkinq r,,:j th su.ch node_l-s a.s bhe Ising model_"

To beg:l n ttilhç a sol-trlion t^ fhe tini¡*din,ens j onal Ising rroclel
26

f oy a p]a.ne-sqÌta.l'e Tattice has been qir¡en by Onsager -by a
2_7

¡netri.x f o:lmul a,tion- and alternalivel¡r by (lreen .?nd Hu:::st

by i;he nethocl of the Pfa-ff ian, 'lhese methocls har¡e been

a"ppJ-ied. to oi;ìrer tJrnes of La"tt.ices su,ch as the trian.qul-a.r
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a,nd honeycombn ifhese resu-l-ts harre the fea.rure j,hat ihe free
2B

energr¡ assume s Ð, notl*ll'a¡rlor I rke exÐans j-on f orm si_ieh as

F Í) = Fe * a- (T-T.) + b (t- T.)'1^lr-r.l +..- (er)

where a a"nd b are consl;ants" Vatious phenomenological_ and

cla,ssi caf attempts vrrite the free energy as a.r\ erpansi,on

in su,ch thernodynamic pr.orlerties a.s the terooera.ture or

rna-gnetization, obtain the coefficients of lhe exDâ-n,sion by

exr:a"nding them in powers of (T-T^), and finally obta.in t.he"29
ma,gneti-za,Lion a"s a function of T":Tn If we def jne the

spontaneous magnetizabion a.s

M^(T) = %* M(H|T)o H->o'
t,hen the phenomenol-oglcal theori.es t-.r'edict

r\Aö(r) = (r-n.)P (q")

and
cr=o (T) s cr- T.) '1 

.

z (T. -T) - 4'

in¡here CH_O is the sÞeclfic heat in
/

f , 4e and- o( are exponent constants

the two-d irnensiona-l Ising nocJel- has

¿(= 4': o ) p:

( r> 7-c)

(T<T.) 6s)

zero ma"gnetic fieJ_d and

. The exact resufts from
3o

c i rrant- ! r vr:

(1 t7

such expansions a.Te

0s)

7

8

For the three-dinensional_ Ising ¡noclel

a.l-so atlenpbeC u some in i.he f orm

F (r) : i fn U<T)-"
h=o

a-ncl aye apol- i eri io such La.LL i-c es as the s i nple clrJric u bod y-

centered cu.bi-c u atrcl f ace-centered cul:ic " The results of

such expansions to ?* considera.bf e num-ber of lerm,s gives

confi-dence Lhat the resr;l-ts for the three-<i-i"mensionar rsinE
1l

nrodef a;re
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The reslr-l-ts of l.he fheory Df'esenr.ecL in

malr ca-l-,ì- a- '* mee.n f : el-dqe the or'l' , wor_:.ld

o\= o¡','= ô n= !v\ _ v ) p_ e

secti-on C, whi ch r,{e

32
,qi ve

$t)

( îs)

Fron {60) , (75) , a.nd (79) l^re shoutd. note L]nat the 0tìïeaïl

f i el d-" theory r:red icts ihat the lattice ma,y exrleri.enee

ci i stortions such as contra,ctions "îq elonga.tions " fn a very
))

il l-umina"ting paper BaÌ<er and Essam harre f ormul atecl Ð- pa.T-

ti"tion function whic.h incorpora.tes both elastic degrees of

freedom a-nd ayr ordera.J:le snin s)¡sten, T'hey consider:ecl l;he

si-mnl-e cul-.1c sLructure and shol,rred that thel_r nodel reduced_

to the solt-rtion of l;he :ri¡',id -la-ttice Ising nodel " IL is

interesting to note that part of the intera.ctions lhey chose

r^rere of a form sirrilar to (5t)-(53)" T'hei_r mod_el does not

undergo a f irst-order transition a-t the cr j.tical point 
"

Their nLociel exhibits exponent renorma.Liaat,ron in E]na.t be-

lorrr the crit lca-l tempe::a1.r.r-re ol' and p are girrep 6U (g6)

t¡¡hi 1e above the crlticaf tenperp,"iure
€l- o'o<,_> _*o, ) F->

Thi s chan.ge in exÐonenl:s wou_l_cl mean that the sÞecif ic heat

1'las a f inite o cuso-sha.Þecl nea,k ancj lrrould not appea.r to j.n-

crîease jnriefinjtely incontrastn sâyç to Figure Lr." FinalÏy,
3t+

the d if f 1cult j.es with this nodel e âs pointed out by Guttman 
e

a,Te tha,t the size of the eff ects stressed by Ba.ker and !ìssamu

nar'rel;r rounrì i ng of i;he specif ic heat a-nò, exponent tîenor-

,-naf izat,ion are very cl if f j.cult to observe unt il 7-(,i-/,I.)
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É^
: Q(tO -') , Th j s no j nt raises a.t lea-st tv,ro qnestions rn¡hich

âre : f i rst, the Lher:¡,ocj]'na.mi-c sl;abi1_ily can 'ne thol-lehi; of

as resi;11-ing f ron ;he cl ose cancelf at ion of tr¡ro I a-rg;e u but

not, inf inj-te, terms" !,/i11 a, rnof.e qeneral- model yield

f irst-order transitions or renorma-lized exponents cìepencling

rtn t}re moriel pa,rarneLers? I\exte over v¡Yta.L range of temper-

a,tur"es is renorrna_l.iza.Lion important a.nci when, if everu d.oes
35

the soecif ic hea.L shor¡l v¡hich exponent?



*36*

IIf " Exoer:i nenta-,1 Pr"ocedu.re

A" AJ-loy r>renaraL)-csn

The CoPt a.11o¡r i¡2,.s n::enared from salrof es of Coba"l t

and- Pl a Li.nun r,¡hich l.,r-ere 99 "9 ancl- 99 .9995'i1, TJU-lre respect-

irrely" The Cobalt metal was cf eaned by vrashing in acetoneu

then 1_i[ Hl\O", d i s*"illed- v¡atet u and f ina] ly agz-in in a.cef one u)
Tlre ¡neta"f s l¡¡ere lhen mel tecl l--oqether in an argoyr a.Tc rirelLing

furnace ( i{ateri a.1s Iìesearch Corp " mr:cl e-l- AF-92C ) , Ox;rgen

(a.nd a:ny other qas) conta.minati-on nras mj.:nimjzed bJ' mel-ting a
'pr-ece of Titaniu"¡n rneta.l aL the same f ime. 'Ihe ne'bals r¡rere

rveighecì nrececling the me--l-ting anci ì,he aJloy afte'r the melt-

ing" 'lhus the colnposition range of the allo¡r r^ias Llg "75 to

50,08 atotnic per cent Cobalt " The allol¡ v¡as then placed in

V)'cor bu'bing attached to the vacul-r.m sysLemu pumped_ down to

à p.ressure of L,J x 7O-5 borr, f ì llec1 r^¡i th a-rgon to 1,60

torr, ancl sea.led r:f f " -llhe a]-lo¡r r{as nlaced in the furna"ce

f or a homogenization anneal a.l IOOOoC for l-Oo hour.s" At,

the encl of the 100 hours the sa.mple rnras removed. from th-^ fur-

rrD,ce b)' neans of j{a.nthal ton._{s anrì cluenched j_n a,n ice*

rnia l*^:r" ba bh aL O 
oC 

"

B " Va.cuurn sys 1,em

In order Lo bring about the ordereci_ pha-se of the Copt

1t is necessary to heat Lrea"L or anneal the alloy" 'l,hus

it becarne necessâ.r)¡ bo consi.ru-ct a vacuum system f or use in

evacuating Vycor tubing" iilhe vacuum system allolerì the

vr¡cor ì;ubln,g to be erracua.ted and- then f il-led with 
",,n 

j,ner.t

gp.,s such a.s argon so tha,i duri_ng t.he annea_ling puooess the
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aT .l ol/ rdol;l-d not u.nder"go oxid-e,t j on 
"

1¡râ"1'ds model 801 oil diffusion trunp

Ì¡rere of the orcle:: of 70-6 torr rn

C" Furna.ce a.nd Controllinq system

T'he system u.sed an Ed*

and tyoical Ðtiessures

a,!1 a-ir atrnosphere 
"

'l-'v¡o annea.ling furna"ces t{ere constructecl using Kantha.f

heatin,g ell.enents a.nri. components(model BEH 7-60) " Tþ" heat

zone of the furnaces T¡ras cali'bra-ted- using a thermocouple

encased i-n an a-ì-umina. shea-th" Subsequ.ent f,o the cal ibration

al 1 enc-l_osed sanples rùere positioned in the furnace by

means of an L-sha-perl stee] rod so tlnaL they l^rere alT/¡âys in

E}re hoti:est portion of the hea.t zone to minimi_ze thermaf

f I uctu.at i- ons 
"

The lenÞeratu.:re controlljng sl¡stem for the furnace is-

shor.¡n in Figure 1.6" The controlling element j s a ther:mo-

counl-e (Leed-s&Northrup Chromel*Alumel- ) placed cl osel¡r acl-

jacent t.o the saneple s ituated in the fr¡-rnace " The e ulrÌ 
" 
f 

"

of ihe therrnocouple is ba-lanced by a noteniometer(l,eeds&

Northrup mocìel 8696) t the dif ference in e"mnf " between the

clesirecl a-nnealing tenperature and, the aetual furnace temp-

eyat:ure actuates a galva.nometer(Pye model ZggI/S) whose

sensitivity is 8 ¡tv/nrn" !'he lighL s pot ref lecteri f rom 1;hi s

ga-lvanometer fal-Is on either of -urt'o ca.d-miu¡n-selenicle photo-

cells r¡rhich eontrol the fu-rna.ce cur.rent thr:ough a. relaJ

circuit" If the furnace temnera-ture is tco high cel1 Iu

C1 in Figure 1-?, j s i_l }uminated causing the rela-y arm to

nove tdhjch reduces the furnace current b,]' approximately J

amÐeres since f.here i s a volta-ge dropu V¿ in Figur= 1,6, of
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20 volts D,erass tile tra-nsf ormer primaty (Genei:al lÌa,J ì I Oorp"

nod e1 hi50 ) " l,'hen the furnace ternpera.ture e.ooÌs,, ,::::l I ?.,, C2

j n Fi pìure L7 , is i-l -i-:lninaterl anil lhe furnace cur::eili; il^,r\'*¡a.r.,a:ü

b:i, e'lout )-P 
" 5 a-l:iperes o

The rela-;r controlling circu.it is shown in Figu::e11"

The tv.ro capacito::s, C, had a vaÌue of 40 / f araci s o V 
.-,ur=l-ÞZ

rrolts u the tr¡o ¡:es rstors Ê had r;he value of 6z kfl each, and

the two tra.nsislc:r:s T rnrere I,Jestinghouse type n:p-n zYl4.gzz"

The chro¡ae1-al_u_mel iherrnoeou-pfe used. in the furna.ce

contr.ol sl¡stem r¡ras calibrp,ted by f itting the observeci- e "m,f "

produce<l r¡hen measuring Lhe l<noi¡¡n met i j ng temneratulies of

r¡a.rious substances to an equa_tl on of the f orm

E= a+bT rcTz + ,

I^Ihere E is the observed e "tn"f uç T' is the obserrred tenpera-ture,
JO

a-e be a.ncl c à.Te consta-nts to be deterrnined" The constants

a s bu :ncl c were determined by measu:i:ing th¡: meì-ting points

of Kc.l. a.nd Licl a.nri t-,he boiling noint of d ist i llecl r¡¡ater,

Then a ileT¡r set of constants nu yrs and p were cjetermined from

the equation

E'= Yv1 + nT+ PT'
bjr u s i ng the La"bv f a"ted vat r.res f cr the nelt ing a.ncì boil ing

37noints of ì,he a-forementioned su,bsta-nces" llhen the e"n"f"
colrresnonrJ i ng .i;o lhe C-es j-rerj annealing ternnerature r¡ras ce.I*

cu"l ated lrcm
tr'-tr-E/tLarrheat = E*obl"" f X

where
E/' r tr/E -¿-
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t3¡r r¡ositioning the nhotocellu C1 ancl CZ abor-rt 1 crn

frcn the center nosit j on of the ga.lrranome'Ler l1ght a_nd

I eiti ng , Oli.mv=1¿C f o:r' a. chrone-'l--al r:mel theilrnocou.nle the

fj.ira.l ràtge of con'brol r^ras anproximateÌ¡r + 20e.

D " X-rav .rn ea su rement s" - "r)

After the a"lloy had been homoseni zed f i_lings T.riere made

f rom the alloy using e,n N,2-O j qri nC irrg r,¡heef " The f i -l I ngs
.rlie.re sepa.r"a.terl from the LLzot Þovlrler by mea"ns of a" magnetu

pla"ceri in Vycor -uu.bing cleaned rtrith a"cetone e eva,eue.tecl a.ncj

then f i '''l_"ì ecl r¡¡ith a," na.rtial Ðressr-lr.e of a:?gorr such that bhe

pressrrre insicie the lube would equ,a.l ?60 f,ory a.t the temper-

a-ture of e"nneaf_, a.nrJ sealerJ. cff , The sea-]eri off tube rr'es

then si tuatecl in the ca.libraleci heat zone of the fu"rnace ancl

annea.led" At bhe end of each a"nneal the sample wes quickJ_y

removed from 1.he furnaee and qr:enchecì. in a"n j ce*',ca.te:: bath
oat O C" The f il ings i^rere then r.emovecl fro¡n the tutre and

mounted ar. à. glass ca.pili-ary whi ch was nosi tioned in the

center of â. 1.14.6 mn riia.meter Debye-Scherrer X-ra.y powcier

ca.mera-" 11.'he f ilm nas loa-cierl in the Stra.uma-ni-s-Ie"¿inË

a.rra.nsement" The x-rayÌream rr¿as obla.jned fron a phillips

model Plú 101-:l X-r:a"y ,generator" The X-r'a.y tube rrra-s an Fe

tube v¡ith a i'In filter so t]naí the J:eam consisted of the

FeKq rad-i,a"tion" Exoosure times to the beam varied_ betlveen

3 r'o lr hours" Af ter f il¡n rier¡elopment measlrï"ements of the

latti-ce ,oa,rîameter were na.cie r,r¡rth the u-se of a. picker*lduclea.r'

X*ra,y f i1m rea.de.r" The nrocecit;.t'e f o.l l-or.,,red ln rneasuring the

lines consi sted of l_ocating the center of a.. f j ne 1n lhe
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photogra.ph r^rit.h resr¡ect to the left eclge of the f jlm reari"er

to r¡i thin * 
" 
001 ,r4T1lu 'Ihi s nrocedure t¡Ja.s done f or a,1,L i,he

I ines rrisibl-e i.n a, photograph a.nri each I i,ne r{?.s nea-sured ajc

least 10 i i mes " To check the a.ccvra.cy of these measìr-rements u

any tv;o l-ines corresnonding f,o a- girren indexu for s)rp"mpl-e the

(ffO) l-ines, ha-d their tw-,: va--l-ues a.cld-ed- together and ciividecl

by 2. The resuft gaare the nosition of the 20=Qo hote in

the f ilm on the f ilm :reader'. This procedure was done f or

other l-ines, su.ch a.s Lhe (f f f ), (200)u a.nd (Itz), r,,,hi.ch

bracket.ed lhe 26=Oo hole, Sinil arl-y i;he sa.me oroced,r:-re

vras carrled. out f or l- i nes such a.s the (22I) , (3I7) , (?22) 
e

and (2a3 ) v¡h ich bra.cketerl the 20=1?'Oo hole " If i;he ri i s*

a.îTeement beLween these measurements f or lhe l-oca-ti-on of lhe

tr¡¡o positi¡ns on lhe fìln reacier wa.s txreatey t,hp*n ! "005

nlm, the line-c r/Iere re-mea.sured another f ive ti.ntes and the

llroceciure r\ras repeated unt j l- r.he vari cus measuf'emenls agreeci-

to wjthin t "Õ05 nlilo hrith the ra.diaj-ion used t.he fr¡ll-owìng

l- i nes T$ere obcainecl i n the orcLered phas e a.nd measured ( i n

ord.e:: cf increasing 0)t (001 )u (:l-10), (rrr), (zo0)" (002),

{.2|1), (1t2]lu (?,o2), (?.2C)u (221), (o03)u (3ro¡, (311)n (tt3),

(222), (?a3), and (t3Z) 
"

Us ì ng i;he ass iqned

g::aph ancl the va"l-nes nf

¡zi.\ren Index i;he va"lue of

O= (Xz-XL\
æ X

?
rn¡here x,2 and *1 aYe ihe

l-a.1,tice inclex and the f i

in.rlices of l,he lines of the photo*

the sna.cings betr.^¡een the lines of a,

a"nd hence srn is ca._l culated [r:om

îilm shrrnlra6 e {actor
two I jnes cor-resoondin,al f,o a girren

lm shri nka-ge f a-clor i-s calcu.l-a-tecl
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b;r sl-:.bi;i:a.ctrn,q ihe mea.snred posit j on on ',-he f ilrn rep,.cjer of
lh e 20:Oo hol e f i:on t,he measu.r.eci- pos r t ion of the ?-O=I?,Oo

hc ì-e ancL then d irrid i ng 'rhe result bJ¡ 1 8o nin r¡hich is the -rri¡lu,e

of the -qu.'ot:la ct i on 1f ther.e -r\rere no f i l-m shr j nka,qe o

Itloru f or o" l,eLragona-a system the sitac1ng .betr¡een latt j.ce

pì-anes j-s given Ìry

l=
d"

ht* k'
a?

+Ë
c-7-

Trhere huk,1 is lhe i-n<jex of a" la-ti.j.ce nlane and a. a.nd, c a-Te

the uni t cell oara.me'Le'su illhen u.sing the J]ira.ge equation

À= 7¿ sirt O

I^Ie ha.ve

Êf ¿t sinz ê

À'a'
h'r k'
-z'

a.nc1

a? = tT:-Ð^ ( to, hko planes )
4 sìn. ê jg

!'o1l,o'¡l ng l.he clirect gra.nhi-ca"l_ methocj of lrl;rer.s a_nd Dar¡ j es

r'Ie assu.¡'re a.l. least two c i f f erent va-]-ues f or (a /e.)2 und

sol-rre the equation for a2, A si,raight.ì-jne cf (a/c)2 p-t-ot-

f,ed- a.p.ai nst u.2 is ,rbta.i ned f or ea.eh l-a.tti ce nlane " such a
nlot is sìror¡n in Figure 18 f or a. sarnol_e anneal_ed a_1. Boooc

lor lL'B hnurs " rd eal-l-y u riithrut cr::if t or sca.lteru the I ines
shon'l d- i ntersect ai à connon noint " s i,nce 1t iskir_own tha_t

the dr j f t is q:r'ea"test a.t the l-orn;er angles a_nci rlecreases a_s O

apÞr'oaches 9ao, it .i-s a.nop-cenL that the f ine of trest f i t
r¡¡rl1c1 have to in'Lersect the cllffr.a-ction pee,k lines in a_

rl-ef i ni.te seeuence, tha,t is from the J ower a_ng-le f i,nes to 1.he

hrqhe:r anç,,--l-e l-i nes in ::es¡u.:l-a-r succession" Thi.ls a slra_i¡lht
edge ures pla-ceci ovelr each pl_ot hoy j.zontally s,nd acl jusled
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r¡eriica-l1;r unl;l-l i-he li nes aÞpeared to 'oe i.ntersecting the

stra"ight erige in Lhe or'Õpea' ord.er " Thr-ls an extranol,a-ted-
7,

va.lue f or (a/c) ioas cbi;ained " This rre-l-lte T/¡as ihen sub*
?stifuted in the equ.a-tion lor (a/c) ahor¡e a,nð a va.l_ue of

c2a' lnrâs ce l-cul a.ted- " illhese values of a f or. ee-ch lattice

i.nclex l^rerîe then pl-otted aga inst the lüe1son-Riley fu-nction

and the best sfr:ai-ght line dra-wn thr:ough them ,qave an
2ertra.pol-alecl va-Iue of à' couresponcling to ê=90" " Thus a and

c IÀrere sena-ra-1;ely calcul_a-ted-"

In o::der to deter'¡ri-ne rrrhen a. sanple ¡¡rhich ha-cl been

annea-'l_ed v¿a-s exhibiting the ecluilibrj.r_:,rn degree of orrier.

a.ppr"onria-te to -uhaN annealing tenpera"tu-ree the X*ra"y phoio-

.qra.phs r¡Ielre exarnì ned f or r:esolut i.on of the o1.- oz -ì i nes i-n

tlre highest e^ngl-e of ciiffrac'b:Lon, that is the (tlZ) l-ine"

lf the c - q resolution was not exhibiteci, then it vias assumed
7.

tha-t the sanp--l e v.ia-s not in equilibriun a"nd i-he sa-mple TÀra.s

re-annealerl a-nd the subsequent photograah exa.mined for ihe

d^-c{) resnfution" This procec-lure was repeaLed untif the
IL

resolut I on was obta.inecl " i{alurally a sa,mnf e whi ch r¡ias

annea.l ed f or a time t, exh¡-biterl dif ferent la-ttice paf.a.neter"s

'bhan l,he sâme sanpl-e a-f t.er a-nnealing f or e ti me Lr=t,r+T"

As a,n exa.mp1e , lhe sanpl e annealed f or 24 hou-rs af, 8OO 
oC

k¡að a.r\ extra.po'la'bed a=3.79e Å an¿ c=J"6Çl Â r¡hile il,le same

sa.mple a.f t,e.r bei-ng a.nirealed f or a"n e-,cid itiona,l 24 ì.rou,rs at

the sane bem'frerature f oy a totaÌ of ¿l8 hou-rs harl a=3,?96 Å

oanci c=3"70I A"

Jtr/i th a-n es t i ma-ted ei'ror rn the f i ln read_ ings of " 001
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rn this r,;cu.Id give ey\ estrna.ted elrl:.tr r:r the lleasr._r,renent of

d of -1. "0C3 I¿",

l-i nal,ly u i]1 'l'a.hl e VII aï.e lrsted the annea_t_ ti mes 
u

fei|lpera'r.t.tres, and +he val-ues cl D.u 4, and c/a, wntcts e-re

used in Fi-gu.i:e ??-,,
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T\¡" Besr:--l- ì;s a.nd Di¿qcus,c icll

The resr..t lt,s cl 1,he Ri::qq-l^ii 1-l- j-ar.ts. cl.rasi*chemj c:¡-1 " the

nresent lheor¡¡¡ ::tt¡i the conÐllessjble -[sing noCe]- b,henll"',. rs

a ppl i erl 'l- ¡ the |¡ad';;-¡cntered el:]r:'_i: a-l 1 oy (;u7*,n a,re pi:.esertted- in

Fig;r-:-r:e 1_9 " Also nresenbed ir F i,grire L9 ere the exDerimenta.l
39

¡65;1¡,l,ts of lrl6¡1rs]l a,nd A1s.-lJrel,sen represented by D,n q
/.r.0

anrl the experimenta.-l- i'esu-l ts of Ch j nmali a.rd i^Jal-ker repr.e-

sen-ted by a V" The resul-is of Norrre-l-l a,nd Als*ltlie-l-sen 'hrere

obtainecl by a neuLi:on cl if fra-ction exoer j inent neasu-ring the

Ðeeli i,nl,ensities of 1;he su,irerl a,ttice ref l.ec.ii.ons " The

r:esu,-l-ls of Chi oman and tr,ra.-l-kez' üìelre oÌ:ta-ined f ron X-ra.r¡

neasu.rements of the integre-ted inLensities of r"he st'lper-

I a-tl j ce ref lect ions " Chipma"n and l¡ja--ì ker cJ-a,im the resu,lts

^f ltlonrell- and. Als-Ni elselL alre i,n ei::ro¡: since (i ) Norr¡ell

a.nd Al-s-ltïie-l sen ri ici noL reco.qnl.ze 'Lhe la.rge dif fe::ence i-n

fhe values of the Debye*l^'Ia"l_le:: exponents f o:: Cu and Zn

u,pon wh j ch the 1ntensi ty of the su.per1attice ref l-ection

clepenci-s , Lhz,.t is

I 3= St I fr^ exp f M.^) fr.urp t-Mr") l?
where f i-s lhe scatterin.q fa"ctor of Lhe alr¡m a"n<1 i{ is its

Debye-lrlall-e:: exponent r prolrortionaÌ to its rl'iean squâ.re enp-

litude of thermal vi-bration u a.ncl (2) th-^i r oor::ections f or

extinction e.ye J-argen In the regicn of f/Tc>.92 the Isrng

model pred icts t.h.a,l, the l_ong-::a.nge ordei: paraneter. f ot Lovrs

a. þOrdey l_a.r^r, -tha.t is

D (L -'rùeS=
r¡here the nea.s't.l"rer:i- val-nes of D anci p are !,49 a"nd ,293
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resÐeclirrel-J¡ " chi,cman and, lnia-l-ker cle-im tha,t 1:r this r"eg;ion

their rrieasulîenents ere not yet suf f ic j ent to ¡râ.tre qr-jent.i -
talive conÐíf.r'isons bu.t l,'nat ouLside fhj s r-egionu that is

'1/'l <,9?, their" mea.str.rements djffer coÌ'lsirJera.bl;z fron the

predictions of 1;he Is j n,q ¡nod el_ anrl i;he d if f erenee u in pe,,rL,

Ine.¡r be du.e to the lon¿¡ r"nge interactii.Tls tha.t eY¡aracLe-tize

rea"l- a.l-,1-oys ra.r:lter tha"n the assr-rmption of nearest neighbor
33

interactions onj_v of Baker and Essarnn The resu"lt of the

present theory is cì-earl-¡r a. poot?e:r. a-pËroxì ma"tion to the

eXner'ì,rnental values tha.n the c.nþress ibl e Is ing rnocl el ancj

ma.y s in na.rf u be due to the assunption of equations (5f )*
/ /^ \
153 ) f o:: l;he :_nLere.,ction energies 

"

f n Fi,gui:e 20 a,re shor,u'n l,he yesults f or the sÞec j f i c

hea.t nf P-bra.ss, CuZn. illhe exÐeïi ruenta..l r.ra,l-r.¡es a.Te f rom
Lt.t

Sl¡kes a-nd- r,i j Lkinson 
"

llhe agreement between the present

theory ancì 'r,he exÞer j menta-I r¡a.-l.ues is qu ite goori a_lthough

the faiJing of the pr.esent thecry is that the specific

heal drons to the rra.lue expecteci for lattice vibration

effects only f cr T)lL'^ tr¡hj-1e the exþeri,menta.l valu,es sho'¡r
L/

the effect on the specific hea,t of short-r:a.nge ci:der" pelr*

sjsting be]¡onci the c¡i,1;jca.1 ternnera.ture@ In this 
'esoect

ihe quas j -che¡nj cal theoi:y is lì,iÒr'e a,pl1r'oÐr¡a,te L]nan i;he

nresent theor'¡r s i nce i t n:red icts the existence of short*

Tànge orcl,-^:r and -its i ntll uence on the sDecif _i c heat l¡el¡oncl

the critica-l lemþera.tureo

p¡-o;rrre ?,1 shoi,'¡s the resu.f ts of lhe present experi nent

on CoPt f nr eqna.tion (9C)" The va.l-ue of Vo i,Ja.s obiainecl
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fr:om a.n X-ra.¡r photogranh taken of à sampl e annea,led- f or"

tZ l'lotr::s ai 10O0oC, iJ,he va.l Lle of ao T/,ras exLLla. r-'¡ol-a.tecj to

be 3,'t6J í+" '-L'he i:esu.l-t of Figui:e 21 is 1-hai the vclure of

the u.ni t cel l- j s consLanf, " 'lhe r¡a"]-ue of the I a.rgest clis-

crenancey j s only "1J'Í,, 'I'hu.s the i:red ici j on of equ,ation

(90 ) i s incoï:rect " one nright acld o:r to equa.ti.on (?i) a, ter"n

of the from ),u?-.u r,rhere I i s a. La,grangi.an mul-tinJ-ie-r, a-ncÌ

then oroceed- iÕ minirnize the i nteraci,ion energi..es " Hol,rer/er s

no resul.t conpa-ra"ble to eo,r_.1¿.f i.ons (75) a.ncl (?g) i-s o'btajn*

eri beca"u-se the eqr-:a,tions for a a.nci c become a"l_gebraica"1ly

couolecl- " Onl-rr by rJra.stic a.ssumptions ca.n ('15) ancj (?9)

ihen be re-obì;a.i ned,

rn i'-iqu,re 22 are cieni cted the theo:reticat a-ncì erneri-r/ ¡_

menta"l r"esults of lhe rong-'ran.ge o:lr1er Þaramet.er for coptn

if'he exnerimenLaL valr-res repT'esentecj- h;r an O hrere ohi:eined

in i,he present expe-riment, It shou-fd be noted tha.t, X-ray

nhotogranhs llTere ta-ken of samr:l-es tha.t haci -i.-¡een anneal_ed

flor temner:a-bul'es gr.ea,t,er tha-n 815oC" Hoï,,ever, the super-

la.ttice I i-nes that cliri appear uielie yet too fa.int in rnten-

si t-tr to be rneasureri v,;ith the X-::ay f il-rn rea.ri,er" Tlhe hlgh:

est i;enlreraiure ï.haL a. sanrnf e v¡a.s annea"lerj lhaf, exhibit.ecj_

the.l-ines r,iâ.s 825oC" Since no sa-rnplss I^iere annealed at tem-

Ðeratu.r'es l¡et¡¡¡een gZJ oc a.nd B33"cn it is assunned- bha,-t the

cr1tica.l ter¡Ðerautre l¡Iâs the va.fue ext::apclfa-ted b]¡ îìuclna-n

and. Averhach n iha.t, is 833oCu l,he erperimental values ïe-
presenlecl b:I àn x Þrere obtainecl fi:on: the lvork of iìudnan anð_

t1.Z

Arre::bach 
"

Also from ihej-r mea.su.red val_u_es of c/a. a.re



_Lt? *

âÍ'e obte-,inec1 the exDelr j-rneni-.a-1 va_, 1ues rep-rtesented b)' a 6

The theoretical curve l^ra.s ca.l culatecl from equ.a-iion (66)

r,ri1.h ihe a.ì d of r.lte tabu1ated val_ues of ZS/1_n( (f +S )/(t-S ) )
Lyj

by Da.rby 
"

'lhe c,.ìmparison -l¡etr^¡een the theoretice.l- cÌtr1re

and the mea.surîeÍents cf Rlr-dna-n a.nci- Averbach a"n.d 'bhe present

experiinent is c¡ua.lita,tively good " Holvever, t,he present

theory ç â-s reÐliesented by equa-tions (5J_) -(53) has, aL best,

.ì,imited applicabi-1ity r,;hen compared u f oi: example, v,'ith the

conÞress j ble Ising moclel " One inler.esti_ng test of the

nresenl theor¡r v¡oul cl be f.o compa.lre ecuation (69) rrri th ex-

pert inentall-y cieiernined va l.ues of the specif ic heat of CoP't; 
"

So fa.r no mee.surements have been ma.cje of ihe speclf ic heat

of coPt" A}'bernativeryu exnerimental measurements might.

be mad-e of the long-ra"nge order oa.rameteL: of other. binarlr
a] ìoy systems rrhich irhen ordered exist jn the teLragona.r

pha"se such as u f'cr exanple, the Cu.-Ai_l a-11_olr s)¡stem j n order

to see hon' well they comÌlÊ,re nith lhe theoretical cuï"r/e in
r r-t¡u-! v *Þ ø
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APPENII]IX

The 'l ong-range olld-er pe"TaneLer ma'y be meâsured b./ x*

và:I d if fracti on techni-ques s j nce the rntensi ty cf the cl if f*
yaetion Ij-nes rlue to the l-on,q-ra.nge ord.er denends upon the

1on,g-:ranqe order" Th j-s resu.l-t v¡i1l be derirrecl_ b)' the f ol*
l-owi-ng consi cleration" Lei r* be the f ra-cti on of q, siÌ;es

occunied by A atorns u ,ru- the fract j-on of 4 si tes occrr.pied

bI¡ B a.l;oms; simi 1-arly f or the b_ sites, This d. j s'brj l¡u.tion

is the same as Table ro Then the structr'¡re factor for
sca-ttering cf X-r'a"l¡s is ,qi.r"ren by

F

rnrhere hnkn anci- l are integers indexing tñe lattice planesu

For CoPt the a sltes a.Te (OuO,O) anrL (å,å,0) and the b sites
are (+,0,å) ancl (0,Fl,å) , Then F becomes

tr= (f q + t:{+B)(t*""th"ft))*(lrfu - 
Tç1çri¿(t*¿)*"ní(i+a),

rt is easily seen t]naL there a-Te only two cases to considerc
(1) h+k is even a-n.d hrkel ure rnixedu that is both even a-nd-

odd; (2.) h+k is even a,nci ìr, ìru 1 r.re unmixedu that i-s eiilrer
a"l--l ocid or al_l elren" The f i-r'st case ,qlves

v¡h i ch

these

F

wil-l result 1n r-he sr.rner:l ai-tice llnes iintil S=0 when

lines d-isappear': e,nd. 'he second, case gi-ves

Ç = ?(fA rfB)
are r;he fu.nd¡,nenia.l_ l1nes and. e.re u.naf f ec;rer.) blr fhe

of ord.er,

r.rth i ch

d ei{f'-oe
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