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The long-range order narameter of CoPt has been mea-
sured by X-rav diffraction techniques, The experimental
results are comnared with theoretical results derived on

~he basis of a lattice distortion devendent energy theory.
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The theoretical and experimental results are in fair s
ment. The theory is compared with the experimental results
for CuZn, but the best agreement with the experimental

results is shown to be by the compressible Ising model lattice,



I. Introduction
A, Order-Disorder Phenomena

Anmong the many interesting properties exhibited by
alloys is the phenomenon of the order~disorder transfor-
mation., Qualitatively, what is meant by the term "order®
igs the excess probability over randomness that there exist
correlations in the manner of occupation of lattice sites
by the atoms that constitute the alloy, Similarly, the
term “disorder® will mean that the probability of correla-
tions in the occupation of the lattice sites by the atoms
of the alloy is simply random., Quantitative definitions
of these terms will be taken up later,

We can see that one or more parameters are needed to
distinguish between the states of order and disorder, The
manner of definition of such parameters is, of course, not
unigue but the conventional ones are a long-range order
parameter, S, introduced by Bragg and Williams, and a
short-range order parameter, 0, introduced by Betheel

Figures 1 and 2 help to illustrate these two para-
meters, In Figure 1 we see that all the lattice sites are
occupied in a manner such that the nearest neighbors of
either type of atom are all atoms of the opposite type.

In Figure 2 some of the lattice sites have for nearest
neighbors enual numbers of the two types of atoms while
other lattice sites have for nearest neighbors predominantly

atoms of the opposite type. If we divide these lattices
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into two sub-lattices and require that atoms represented
by an open circle occupy only one sub-lattice and atoms
represented by filled ciréles occupy only the other sub-
lattice, then in Figure 1 we may say that long-range order
exists while in Figure 2 only short-range order exists,

Such two-dimensional representations can easily be
extended to three dimensions, for which a tynical example
is the ordered 2lloy CuZn or p—brassa In Figure 3 is shown
the unit cell of CuZn in the ordered phase, One type of
atom, say the Cu, occupies the cube corners while the other
atom, Zn, occupies the cube center. In this phase the
nearest neighbors of the Zn atoms sre 8 Cu atoms and vice
versa, In the disordered pvhase of this alloy four of the
8 nearest neighbors of an atom become atoms of the same type.

Az an aside, we may note that the idea of order-dis-
order phenomena is exactly analogous to the ferromagnetic-
paramagnetic phenomenaa2 Fore generally, ferromagnetic
and order-disorder behavior are manifestations of many-
body co-operative behavior, The co-existence of these two
phenomensa hag long been noticed in various alloys. On the
other hand, the theory which includes btoth ferromagnetism
and ordering at the same time encounters a mathematical
difficulty of finding the egquilibrium conditions because of
the complexity of the fundamental eguations and the lack of
knowledge abhout the elementary interaotionse3

Furthermore, the effect of ordering on many other phy-

sical propsrties is quite important. For example, we may
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expect that the energy assoclated with an ordered arrange-
ment of atoms in an alloy is relatively small compared with
the energy of = disordered arrangement, Thus, this energy
sssociated with increasing disorder will contribute to the
specific heat of the alloy in such a manner that the specific-
heat of the alloy will be in excess of the value expected
from calculations based on lattice vibration effects onlye.
This excess specific heat is known as "the configurational
specific heat™, The variation of the specific heat of an
alloy with temperature approaches a sharp maximum as the
temperature increases dvue to the large energy changes
caused by increasing degree of disorder. This maximum
reaches its peak at the critical temverature for the order-
disorder transition. Above the critical temperature the
long-range order has disappeared and the only further changes
in the ordering of the structure with increasing temperature
are relatively small changes in the remaining short-range
order, and consequently it is expected that the excess
specific heat above the critical tempeiature ig small.

)
Thegse ideas are exhibited in Figure 4.

Another property of alloys which changes with the degree
of order is the electrical resistivity. One would expect
from guantum mechanical considerations that the electrical
resistivity of a verfect crystal would be zero. However,
the resistivity arises from collisions between the conduc-
tion electrons and lattice phonons, impurities, or depar-

5

tures from lattice periodicity. While the resistivity



wdl

increasges normally with temperature, the rate of increase

nf resistivity is anomalougly large until the ecritical tem-

perature for the order-disorder transition is reached., Re-
yond the critical temperature this anomslous rate of in-
crease of resistivity disappears. Thus the resistivity

shows no discontinuity but the rate of increase shows &

sharp discontinuity, Qualitatively this result can be
understood by considering the imperfections of the super-~
lattice., These cause irregularities in the generally periodic
electric field in which the electrons move and are very
effective 1n scattering the conduction electrons, This

result is effectively illustrated in Figure 5,

Of other electrical properties that have bheen found to
depend sensitively uvon the state of order, the Hall co-~
efficient is of particular infterest in that it gives in-
formation about the nature of the charge carriers, or, al-~
ternatively, about the band structure of the materialq7 A
change of sign in the Hall coefficient will indicate that
the charge carrier has changed its sign due to a change in
the band structure.

It has already been mentioned that ferromagnetic pro-
perties can be influenced by the degree of order in an alloy,
As an examnle, we can consider the effect of ordering on the
saturation moment of NiBMna Ordering may split the electron
band andg hence, may alter the density of states versus
energy curve, The result is shown in Figure 6 where 061/P

2
is plotted against T where Ccl is the electronic specific



heat. The slope of the curve)y}is directly proportional
to the density of states at the Fermi surface.8 The values

4

of v are 11.7 and 22.4 x 10 ° for the ordered and disordered

Ni3Mn, respectively. Since the ordered alloy is ferro-
magnetic, it is probable that the half band of one spin is

full or nearly full and, hence, only electrons of the other
spin can contribute to the electronic specific heat. A
schematic representation of the density of states is shown

in Figure 7 and illustrates a qualitative picture of the é.
band in ordered and disordered Ni3Mn.9 Since the degree of
ferromagnetism of Ni3Mn depends upon the state of order, a
maximum in the magnetization should be expected for the ordered

alloy at the Ni,Mn composition. Such a result is shown in

3
Figure 8.

As a final, note it should be expected that the mech-
anical properties, such as Young's modulus and the shear
constants, will be related to the degree of order in an
alloy. Such an effect is shown in Figure 9 for the alloy
Cu3Au. The curve shows the difference between the extra-
polated values of Cll - C12 and 044 for complete order and
complete disorder and the measured values of these two
quantities.lO

B. The Alloy CoPt

Below the solidus curve Cobalt and Platinum form a con-

tinuous series of solid solutions, although transformations

based on the alloys containing 25 and 50 atomic per cent

Cobalt occur at lower temperatures.
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The phase diagram for the system Cobalt-Platinum is
presented in Figure 10911 We note that there is an asym-
metry of the ordering range about the 50 atomic per cent
composition in that there is an ordered alloy of composition
PtBCo but none of composition PtCoBQ Such an asymmetry is
not unusual, hav;ng been found in such systems as CuPt,
CuPd, and CuAuslz

From the phase diagram we see that the alloy of com-
position CoPt, when ordered, has the face-centered tetra-
gonal structure, and, when disordered, has the face-centered
cubic structure, Figure 11 shows the face-centered cubic
structure while Figure 12 shows the face-centered tetragonal
structure.

Direct evidence for ordering was first provided by
Gebhardt and Koster13 who showed that the face-centered
cubic étructure of alloys containing approximately equal
provortions of the two types of atoms transformed into one
having tetragonal symmetry at temperatures below 825%a
Hultgren and Jaffe showed that the ordered tetragonal phase
was stable up to 800°C if Fufficiently vrolonged heat
treaﬁments were employedel4 The stability of the ordered
face~-centered tetragonal phase at all temperatures up to
825°C was finally established by Newkirk et a1915

The order ing reaction 1s relatively sluggish and re-
quires several hundred hours of heat treatment, of course

depvending uvnon the temperature of the heat treatment, to

attain equilibrium in the duvlex field. The Gobalt and
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Platinum atoms arrange themselves during the ordering on
alternate planes, thus forming discrete particles having
tetragonal symmetry. Growth occurs in such a manner that
the 100> directions of tThe ordered particles are parallel
with the corresponding axes of the parent lattice, In the
early stages of the process considerable gstresses are
caused by platelets of the tetragonal phase which lie on
and are coherent with the (110) planes of the cubic lattice,
These stresses are accompanied by a self deformation process
which gives rise to twinning and by recrystallization
which predominates at the lower ageing temperatures., In
the duvplex regions the ordered phase assumes a Widmanstatiten
structure, that is, a plate-like or lamellar structure
aligned with the (100) planes of the disordered’lattice@16

Phe thermodynamic properties of the Co-Pt system have
been investigated by Orianisl7 It was observed that the
Co«Pt system showed deviations from the predictions of the
nearest-neighbor interaction theories of order-disorder i
that the observed heat of solution is positive not negative,
the entropy of soclution is much larger than the ideal value,
and though the deviations from Raoult®s Law for the Cobalt
are negative throughout, the deviations for Platinum are
nositive for much of the composgition range. Oriani asccountss
for these deviations gualitatively by suggesting the existence
of 2 vibrational-entropy contribution to the entropy of

solution which may include as an important factor a volume

change, and a strain-energy contribution to the heat of solution,



An interesting anomaly in the electrical properties
of CoPt is the fact that at the equilibfium temperature the
resistance of the ordered phase is higher than that of the
disordered phase. This is contrary to the classical theories
of ordering. At temperatures much below the critical tem-
perature, though, the resistance decreases upon ordering
in the conventional manner.18

The most important properties, from the practical
point of view, of the Co-Pt system are its magnetic properties.
The outstanding permanent magnet properties of the 50 atomic
per cent alloy were first reported by Jellinghaus]‘9 who
found that a coercive force of 4000 ocersteds could be de-
veloped by quenching and ageing cast material of this com-
position. By suitable heat treatments coercive forces of
the order of 4000 oersteds can be obtained in conjunction
with maximum energy products of 9 x 10° gauss-oersted.
These values were the highest known for any alloy until the
development of SmCo5 alloys. Although the maximum energy
products énd coercive forces are developed in alloys close
to the equi-atomic composition these paremeters are so
powerfully affected by slight difference of heat treatment
that the effects of composition variations are not easily
discerned. The optimum magnetic characteristics are attained
by the development of a partly ordered structure having the

two phases present in similar proportions. The diffuse
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diffraction lines characteristic of material in this con-
dition have been interpreted sg evidence for a coherent bond
between the ordered phase and its matrix, Several types
of heat treatment are employed to develope the desired mag-
netic characteristics in Cobalt-Platinum alloys. An es-
sential feature of one widely used process is the strictly
controlled cooling rate from 1000%C to 200% at 1 to 10° pexr
second which precedes an ageing treatment at 600°C, Another
process proceeds by guenching from the disordering temperature
to 500 to 75000v the alloy being maintained at the finasl
temperature for periods up to five hours, To magnetize the
alloy after such heat treatments field strengths of the
order of 20,000 oersteds are required, In Figures 13 and 1L
are 1llustrated the test characteristics of a svecimen which
was annealed at 10009 for two hours, then quenched to
660°C and held at that temperature for forty-five minutes,
It has been suggested that the permanent magnet properties
of Cobalt-Platinum are explicable on the basis of single
domain particle theory, but Craik and Nunezzo have shown
that only a small provortion of the ordered region consists
of single domainse The high coercive force of Cobalt-
Platinum is now generally attributed to the large localized
strains induced by the ordering process, and the effective-
ness of the various heat treatments employed is probably
due entirely to the high internal stresses which they gene=-
rate, Woolley and Bat6321 sugeest that the optimum magnetic:

condition corresponds to the incipent stage when the nuclei
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of the ordered phase remain coherent with the disordered
matrix, thus causing large localized strains. At room tem-
perature the (110) plane of the disordered phase is 0.18
per cent smaller in area than the (101) plane of the ordered
phase with which i1t is ccherent. This difference in area
diminishes as the temperature increaseg, thus accounting for

the rapid decrease in coercive force which occurs upon heat-

iNng,
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IT, Theories of Order-Disorder

In the pnrededing chapter the guantities S and ¢ have
been introduced which allow two particular properties, the
long-~range and short-range order respectively, of a given
configuration of an alloy to be specifled in a precise
manner, Now we wish to develope quantitative treatments of
the equilibrium values of these gquantities, and related gquan-
tities  of interest, as functions of the temperature and
composition of the alloy., The problem then is to write an
aprroximate partition function which can be handled with-
out undue mathematical rigor but which is sufficiently
close to a rigorously correct partition function fto give
predictions of interest and value,

Quite generally the complete partition function for
the crystal may be written

£ = gexp(-?%ﬂ (1)

where B= 1/kT and E, 1s the energy of the state « obtain-
ed by solution of the complete Schrodinger equation for the
crystal and the summation is taken over all states of the
crystal, If we assume that the complete Schrodinger equation
ig separable, then the complete Hamiltonian and wave function

may be written as

H= H, + H * K

e
_ (2)
V=YY
where Hl and y& are functions of variables specifying a

crystal of structureless particles; H., and Wﬁ are functions
i :

of variables specifying the internal structure of the
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actual ions of the crystal: and He and 72 are functiongs of
variables specifying the remaining electrons considered as
moving in the potenial field of the ions, The assumption
of separability implies that each eigenvalue of the

Schrodinger eguation may be written

E = E, + E +E§ (3)
where the Elﬂ E.y Ee are solutions of fthe separate equa-

tions H1Wa = Elﬁa etecy, and are generally functions of the
configurations of the crystal. The partition function,
(1), becomes
E £.
._E "@e “@L
z = S(zsefa e " Set) (4)
c 1 e ¢
where the summations involving 1, e, and i, are made over
all eigenvalues Ely Eeg and Ei appropriate to a given con-
figuration of the crystal and the ( ) is summed over all

possible distinguishable configurations, labelled "c¥, of

the crystal. Now Hl and E_ are written as
- 1 s
H = Hkin + VCoana + Vd.'sp = Hl + V(9
E = E; + V() <)

where H is the kinetic energy part of the Hamiltonian

kin

due to the ions, VcOnfig = V(c) is the part of the potenial

energy due tTo the lons being in their equilibrium posgsition

in the configuration labelled “c¢¥, and V is the con-

disp

tribution to the potenial energy due to the displacement of
the ions from their equilibrium position. It is now assumed

that the derendence of H. and He and consequently E1 and Ee

1
on the configuration parameters may be ignored; that is,

they are the same for all configurations. Then (4) may be
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written ~BV ()

-BE. -BE, BE
z = (5efrgetset) s Q

{
For the difference in equilibrium thermodynamic quantities

calculated (a) for a crystal in which configurational
effects are ignored, and (b) for the same crystal with con-
figurational effects included:; it is sufficient to con-

sider only the last term in (6) and write
~B V()

Z = 2c¢ (7)

since the other factors will cancel in the calculations. It
should be noted that the assumptions made cannot be
rigorously true; there are in general interactions between
the various components of a crystal which make it imvpossible
to specify the state of one component with' out reference to
the state of other comovonents,

Every distinguishable configuration of the alloy con-
tributes a term to the sum in (7). Labelling these terms
by "r* which represents a set of order parameters appropriate
to the configuration from which the term szrises, then (7)
becomes

Z = > 3 (8)
Y

where z(r) denotes the sum of all terms of 2 given r. Now
in the determination of the equilibrium pnroperties from Z
it can be shown that we may revnlace 1InZ by lnz(r*) where %

ig the value of r for which z(r) hasgs its largest value,

N

Then the problem is to find z{r) for arbitrary r and then

to find the value of »% which maximizes z(r). Now by
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2 (r) = JZ e ()

configurational energy V(e) for a con-

5

{

where W. denntag thy

o

figuration state * 3% with the set of order rarameters o

and the summation is over all configurational states j ap-
propriate to the set of order parameters r. Thus it becomes-
necessary to consider in detail the configuration energy

Wje The assumption to be made here is that the configuration
energy may be written as a sum of interactlion energies
hetween pairs of atoms and that, in particular, interactions
between 211 but nearest neighbor pairg of atoms may be neg-
lected., This 18 a gquilte crude approximation to the actual
configuration energy however., Now for a binary alloy com-
posed of atoms of types A and B, the interaction energy of
nearest neighbor AA, AB, and BB pairs in the AB alloy will,
in general, be different and the number of such vairs will
vary over the set of configurations of different r., In any
specified configuration J our assumption allows the con-
figurational energy to be written as

w; = ~%, (N, Toa * "8g %8 * Mphg)  (10)
where h is the number of nearesgt neighbor sites of a given
site in the lattice: ~2JAA/h, ~2JBB/h, and ~2JAB/h are the
energies of interaction of AA, BB, and AB pairs of nearest

neighbors resnectively; and Nape Npps and n are the numbers

AB
of such pairs in the jth configuration.

Having now obtained a specification of wj it is now

necessary to consider the problem of the definition of the
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degree of order in an alloy. For This let us consider in a
given alloy that there are N lattice points occupied by N
atoms of two kinds all of which take part in the ordering
process, Other atoms, 1f vresent, of The same or different
kinds, on other lattice points which take no part in the
ordering may be ignored. It is to be emphasized that we are
concerned with the given number of lattice sites and not
necessarily the number of atoms since they are of two kinds
and may be present in varying proportions,

We congider the lattice gites divided into two sube-
lattices:; and, in particular, we consider the two sub-
lattices to be equivalent, that is each a site has only b
nearest neighbors and vice versa, An example of such a
lattice system igs the body-centered cublc structure of CuiZn
depicted in Figure 3, Then there are 3N sites of type a
and 3N of type b: each a site has h b sites as its nearest
nelghbors and each b site has h 2 sites for nearest neighbors,

For simplicity we first consider the case of equal
numbers, =N, of each kind of atom & and B, Without loss of
generality we can assume that at least half of the A atoms
are on a sites, If we then denote the number of A atoms on
a sites by #(1+S8)N/2, the parameter S satisfies the in-
equality 0£S€1., Since all A atoms not on a sites are on b
sites, and 2l1ll sites not occupied by A atoms are occupied
by B atoms, the distribution of atoms is given by Table I.

When S=1 all the A atoms are on a sites and a2ll the B atoms
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are on b sites; this 1s the state of perfect order. When
3=0 there are as many A atoms on a sites as on b sites,
similarly for the B atomsi this is the state of complete
disorder where the distinction between a2 and b sites has-
disappeared, Intermediate values of S correspond to inter-
mediate degrees of order and S is therefore a measure of the
degree of order,

Now let us consider the case of unequal numbers of A
and B atoms, There are a total of N atoms in the alloy of
which NAvare A atoms and Ny are B atoms (NA+NB=N)e If we
write the number of A atoms as n,N and B atoms as ngl then
we have

n, g o= 1 (113
and ny is the fraction of A atoms in the alloy and Ny the
fraction of B atoms in the alloy, If the number of A atoms
on g sites is given by nA(1+S)N/Z, then the distribution of
A and B atoms on the two types of sites is that given in
Table 11,

We are now in a position To consider the various ap-
proximations used to evaluate (&),

22
A, The Zeroth Approximation: Bragg and Williams

In this approximation the set of order parameters T
labelling the groups of terms in (&) is just taken to be the
single long-range order parameter S; and the approximation
consists in replacing the true value of wj in (9) for each

configuration j of given S by a simple average, W(s), over

all configurations of the given 8. Then (10} becomes



17w

where n .. and n,.are the simnle unweighted average
AA® TBR? AB f g ges

of n and an over 21l configurations ] of given S,

Ey

aa’ BB*
For a binary alloy for which the ordering may be described

in terms of two egquivalent sub-lattices, the distribution
of A atoms on a sites 1is given by Table II; that is, the
average number of A atoms on a sites is nA(1+S)N/2 and each
of these sites has h nearest neighbor b sites for which the

average fractional occupation by A atoms is n,(1-8). Hence

_ 2 2

Man = h ™" (1750 (13)
In & sig}lar manner we havee 2

_ .y . 2 (14)

HHB = h % (2nnn8 + 2”55)

Now substituting (13) and (14) into (12) we have
v - 2 2
W(S) = -N (0T, +2n,ng g +ngJgg) 7

N”:SZ (Tay +Jgg —2d4g) (15°)

If we write J—"—ZJAB—JBBe-JAA§ then

W(S) = W(0) - Nu2 §°T (1¢)
where w(0):“N(HAZJAA+2nAnBJAB+nB2JBB)“ We note that for J>»0
whe configuration energy decreases for increasing S; this
is the effect tending to ovroduce long-range order but is
counterbalanced by the decrease in the number of available
configurations of given 8 as S 1ncreases.

From (9) we now have

2 2
3(5) = 3(5) exP[*W(") *ﬁ’;’_”ASJ ] (17)

where g(S) is the number of distinguishable configurations




-1 8~
of ziven S, or g(S) is the number of distinguishable ways
of arranging the n,N A atoms and HBN B atoms on the gites of

the cryvstal lattice so that there are nA(1+S)N/2 A atoms

on a sites and nA(l—S)N/Z A atoms on b sites, This number

is

g(s)= (Me)] . ~5)! (9)
[ ny(1-S)Mz 1! Clng 0, ) M1

(ng Ny (1450 [tng - n$)53!

Substituting (18) into (17) gives us an explicit expression
for z(8). Now z(S) is maximized with respect to S by con-

sidering

2 2,2(S) =0 (19)
3 3¢

which can be evaluated with the help of Stirling's ap-

proximation, The result is

(ny + y,aS)(VIB*'HHS) — Yngd (20)
%[W:{ T

Now the complete partition function as given by (8) may be
taken equal to the single term z(S) with S obtained from
(20). From the usual formula of statistical mechanics we

obtain for the Helmholtz free energy
F(S) = —pT AnZ
= NRT4 [ (nq +NnyS) n (”g"’”as) + (”e“"ng)"
IM.(V\S-V\AS) ¥+ (hy “'Y)AS)‘Q’“("R_"“S) + (21)
2
(ng+naS) dn (g +nx 8) T + W)~ NZS T
We now consider the form taken by the solutions to
(20): (a) for the case JK0 then for all values of kT/J
S=0 is the only solution and corresponds to 2 minimum in
F(8) which means that there is no long=range order and

therefore the alloy forms what is known as a regular solution

which may be single phase or two phase depending on the
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value of J/kT: (b) for Js0 and for high enough values of
temperature S=0 is still the only solution to (20) and
again correspnonds to 2 minimum in F(S) with the alloy be-
having as a regular sclution., For sufficiently low values
of temperature, S=0 is no longer the only root of (20) how-
ever; there is another root 04S£1 which corresnonds to =
minimam in F(S), the root S=0 now corresponding to a mayx-
imum. These effects are illustrated in Figure 15 in which
F(S) is plotted as a function of S for differing values of
J/KT for the particular case nA=nB=%e From Figure 15 it
is seen that the equilibrium value of 8 decreases as the
temperature increases, becoming zero at some tempnerature

T=T  and remaining gzero for all higher temperastures, The

e

),

temperature T 1is called the critical Temperature of the
C

order~disorder transition and igs the fTemperature at which

(20) hes two coincident

g

roots at S=0, or alternatively the

curve of F(8) against & has 2 point of inflection at S=0,

The condition for determining Tc is therefore
(25) = 0 /
9S8 '§=0o (22>

from which (21) gives
‘ﬁTc = 2%"3‘)— (23)

It is seen from (23) that the values of TC are the same for

=%), the variation of T with n, being

s

50-50 alloy(n =n
A

parabolic with a2 maximum walue

4T, = 972 (24)

for the 50-50 21loy,
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We may eliminate the parameter J now by means of (24),

for the 50-50 alloy, snd (20) becomes

S T.
Lo (§5%) = 2 T4 S

or
T S
- = — es
Finally the configurational specific heat may be obtained
from
€ . 1 dE 4§
Nk NA& dS dT
which gives the result -1

- B 1 - Ie
ne T B sl T OF (26)
B, The First Avproximation: The Quasi-chemical Method
The approximation involved in (10), (13), and (14) is
very rough in that it completely avoids any effects of the
detaills of the different configurations of given long-range
order St such neglect is unavoidable so long as the treat-
ment is framed in terms of the single long-range order
parameter, S, alone, For example, two configurations, each
with the same value of S5S<<1, may differ widely in their
degree of local ordering: one being very well ordered local-
ly, the other being almost completely disordered, Such con-
figurations would have very different configuration energies
associated with them. The approximation of (10), (13), and
(14) assume that such effects may be ignored; or more pre-
cisely, that the only configurations which make an effect-
ive cntribution to the partition function are those for

which the arrangement of A and B atoms on the sub-lattice is-
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effectively random provided that the given value of S is
nreserved,

In the present section a treatment will be described
which involves two order parameters rather than the single
parametery S of the previous section and which will allow
these defects to be, in part, removed,

We shall denote by p the conditional vrobability that
if an a site is occupied by an A atom then the nearest neigh-
bor b site is also occupied by an A atom; and we shall let
fa and fb be the fractional occupation numbers of a and b
sites by A atoms(f‘a+fb=2nA)e As before there are a total of
N lattice sites each of which has h nearest neighbors,

Then Table III gives the number of pairs of neighboring
sites in the lattice occupvied in the four possible ways.

Now we may write an expression for the configuration
energy, given by (10), in the nearest neighbor approxi-
mation. We have

WL, 5p) = -2Nng g =N (ng-n ), +NE T @D
Now the partition function may be written

£ = Ej 2-(435)P) (28)
f,p
where the sum is over all possible values of fa and p, and
z(fagp) is the contribution to the partition function from
configurations of given fa and p. As we have seen, however,
all configurations of given fa and p have the same configu-
ration energy and so z(fagp) may be written

z(£,p) = 9(fy,p) exp [ ~W(’Ci’P)/ﬁT:( (29)

where g(fayb) 1s the number of configurations of given fa
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and p. The problem now is to evaluate g(fagp) and then max-

imize z(f ,p) with respect to fﬁ and p, Unlike the zeroth
av [ 9

aporoximation, however, we now have no simnle value of g,
There are in all Nh/2 nearest neighbor pairs in the lattice;
the avproximation of the present method is that, for given

fos 8(f,,p) is proportional to the total number of ways in

which the Nh/2 possible pairs may be divided into the four

groups of Table III, which becomes (30)

!
3% P = h(y) (Nh § (P 72)] (NhG PZOT (N (Fyfyp /) (Nh(L2nysfip0)]

It must be noted that this formula cannot be exact: and, iw

point of fact, it is inexact in & manner similar to that in
which (12) in the previous approximation was inexact,
Zguation (30) is equivalent to assuming that the diffe-
rent pairs of neighbors may be Treated as quite independent
guantities., This cannot be ftrue since, ag soon as the
nature of occupation of pairs of sites is fixed, the poss-
ible manners of occuvation of other pairg which share a site
with the first pair are limited. It is not easy to see, a
priori, how bad this approximation is; although it would
certainly be expected to be better than that involved in the
previous treatment since, in a sense, the approximation is
more limited in that it involves the order parameter p only.
The number of configurations of given fa alone will be given

exactly since the function h(fa) ig to be determined so that
Zs(—%)f,) :S(-{é) = (v72) ! ( N/;?.) 1 (31)
P (NG /2L IN-£/)] (NG /2) 1 (NCT-F)/2)]

The function h(fa) is determined quite simple, By a now
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familiar asrgument we can show that we can replace
2 g(w‘i 5P)
P

by g(f

(f_,0%) where p¥* is the value of which maximizes
aﬂ

g(f ,p), thus
a2 (n/2) ] w72} (32)

Ky —
§(f,p (N /)] WAl (NF/2)T (W A-f)7e)!

But g(fagp*) is a marticular solution to (30); thus by com-

bining (30) and (32) we may determine h(fa) as a function of

f, and p¥*. Now p* is the value of p which corresponds to a

cempletely random arrangement for the given fag that is

p*=f . Thus (?Vg))‘beoomes i) (/w,,{z{l’,/z)}

q(f3,p) = (A(lfja)'g (N(1-§)/2)1  (NF, 72)T(N(g-4)/2)] <Nh§P/2).’x
(NKGU-F/D1  (NhFy /] nha-zmgrfyfy)] )

(N (1-p)/2) (Nh (f,-6p)/2)!  (Nh(1-2n, t £ p) /2!

By substituting from (27) and (33) in (29) we obtain
an explicit exvpression for z(fagp)s then it remains to max-
imize this with respect to both fa and p, It is convenient
first to fix fa and maximize with respect to p: the equi-

librium value of p is given implicitly by the equation

P

2 [ogth,p - WP 1 -0 (34)

P AT
Substituting for g(favp) and W(fagp) and performing the
partial differentiation the equilibrium value of p is given

by the solution of

2J/h &T
ﬁ(i'P)(Fb"‘C&P) = flP (1"'2V)R +-%P)e (35)
or by reference to Table IIT
[Aona;Bonkl] CBong; Amb] 23/ W kT
= e (36)
[Aeowa; AonbILBoma; Ben k]

where each [ ] indicates fthe number of nearest neighbor pairs

in the equilibrium configuration occupied in the manner ine
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dicated inside the bracket, This equation has the simple
form of quasi-chemical egquilibrium from which the method
derives its name, It is to be noted that if the right hand
side of (36) is replaced by unity the formula becomes that
appropriate to a random distribution of the four kinds of
vairs for given f39 and this would lead to the formulas of
the zeroth approximation. The two avproximations will
clearly become equivalent in the limit h3®when it is easily
seen that the approximations involved in either method be-
come equivalent.

For simplicity we shall now consider the case of the

50-50 alloy(fa+f =1, nA=nB=%): the general alloy may be

b

treated in the same manner but the equations are more com-

plex, For the 50-50 alloy (35) becomes
(l“P)(l-'\Ca(llcP)) - 'Fa Pz eaJ/h@T

with the solution(the other solution is negative and hence

of no physical interest)
E'Fd (ezslh T _ 1) (37)
giving the equilibrium value of p as a function of the still

J/ !
FUMT 1t - a

to be determined equilibrium value of fa“ The equilibrium
value of fa 1s finally determined by substituting for p
from (37) in the partition function (29) and maximizing the
function thus obtained with respect to fhg that is

S [ongt - WERLT =0 (38)

Performing the differentiation and letting

o= L1+4fd-6)(e®™T 1™ (39)
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~

it may be shown that the required equilibrium value of f

is given implicitly by
(’9 +2f; -1 ) = h~2 z Lo (
G’Z‘Fa_"‘l i- 'Fa_
PFrom the definition of f 2nd S from the previous section it

fe)

(90)

is apparent that

Fa = laig (41)
whence (37), (39), and (40) become
- 6 -1 92
= et D1y )
\/a
6 = [1+1-52) (P& -1y (+43)

6+S h-2 148 “4)
n (E5) = ME (G )
As before the free energy, F(S), and the configuration enerzy,

E(S), may be obtained from the partition function and are

given by
F¢s) - FC-’I)____ (1+5) I (1+5) + (1~5)4n(1-S) — 2.2 + (45)
(M4&T72) h e+$ &+1
NLeaes) dm (32F) 3 (1o5) e (F55) - 200 ()]
and
E($) —£(1) = "—é—”—T (Li) He)

where S 1s given by the solution to (44), For J»0 the

critical temperature is determined by (22). The result is
!?e{n; = h o (5) (47)

which, as we have anticipated, reduces to the Bragg~Williamsg

value for hs®, Using (47) the equilibrium value of S as a

function of the reduced temperature, T/TCg may be obtained

from (&4), the re%UTt being |

Srae (T Tl @ -((8) t0)a- G e

which can be solved numerically for various values of h.,

2 k&
.1-.'
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Finally the specific heat can be obtained from (43) and
(L&) by C=3E/4T which leads to

_ J 1 2 30 _ 26 rq-¢F
C= 5+ 9[2‘1““)“*9’ 2 -28) + (1501 8) ] (49)

By using (43) and (44) we obtain finally

_ T (5-1)% T 23/ AT 28 (e AT oy L

o L sii+e) haT? © (ecs= 6%) 1) 1)
4s® h-2 ys zJ/h&T~ )] (50)
s1 W T o+8 9&9 S’) (e 1

€. Theory of Distortion Devendent Interaction Energies
In this section a theory of order-disorder is presented
which differs from the theories of the two previous sections
in that = soecifio form is assumed for the pairwise inter-
24

action energy, In the vrevious sections the sgpecific

form of JAA J A

BB JAB was neglected; and, in particular,

thelr possible variations with composition and lattice
parameter of the alloy were ignored, Thus the results de-
rived from these two approximations, (25) and (L8), im-
plicitly assume the interaction energies are constant in-
dependent of these npossible variations., But this is not a
physically reasonable assumption since varistions in the
composition and/or the lattice parameter of the alloy will
determine the kinds and numbers of nearest neighbors of a
given atom in an alloy, and thisg certainly influences the
form of the pairwise interaction energy. Thus, as a first
step towards presenting a physically reasonable description
of ordering in alloys, we shall consider the effects of the
dependence of the interaction energy on the lattice para-

meter and variation of the lattice parameter upon the or-
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dering in the alloy.

In the first examnle of this theory we shall consider
the case of the body-centered cubic lattice for which a
typical exampnle is Cudn or ﬂ—brass and 1s depicted in
Figure 3, If we let 2 be the length of a side of the unit
cell in the body-centered cubic lattice, then the separation
between the Cu and Zn atoms is given by x=\3 aO/Zg Now the
assumption of this theory is that the interaction energies

have the following form

T = Yx-F)t +x (51)
Jgg = )_; (x—lq')z + L (s2)
Jye = ,ZY_ (x-) +m (53)

where F, Qg and f are the relative displacements of the
atoms from the equilibrium positions defined by x.

Now be reference to Table I, for the 50-50 alloy, we
have fthe distribution of A and B atoms on the a and b sites,
Then the probabilities for AA, BB, and AB pairs are given by

Table IV and the energies of such palrs become

Jaa = EL-—:—,,:SZ C-;_-{(X‘ ‘f)z ti] ($9)
2

IBB = 1—},-3 f{(x—*@z + L] ($8)
2 2

g = L,szg_wzf(x-f) + M7 (S6)

We now write the configuration energy as .
W= SLY 20t - fi-0eptem ogog I
2
LY 2 -0 4 x- B e x-q) am+ T4 551 (57)

The configuration energy is now minimized with respect to
the equilibrium position, x, in order to obtain the equi-

librium configuration., We have
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3%
which gives the result

= O

X = %f(?f -F - 0+ Eﬁlﬁélﬁ‘ (58

or letting

Ve

X, = éJi:%;”il , X' = Zfli;fi:g' ($9)
g

then we have

(60)

which implies that the eguilibrium position of the atons

in the alloy depends upon the state of order in the alloy.
If we now substitute for x from (60)

into
w= ¢

{57) we have
+ QS* +ps”

(¢1)
where 4 2 2 = N
¢=¥E§(f+ F__;ﬂ) +0A + L_é*_K . A
® = %’[é (fz— f,;t'tl) M - L_%_k 2 2% ]
P =

-Y n?
> (x)
The Helmholtz free energy may be written as
F = W-T5
, 25
and the entropyg,S2 may be written
_— 1+S 4+S 1-35 1-€
/5/__%(._2_.-»&«(2_)"' —a—fe\'\(-‘é_‘))
Using (61) and (63)

(62)

(63)

in (A2) we obhtain

_ 2 Y 1+S 1+< -S -§
F= ¢ +as" #PST +&T (34 (125) 4 L5 (55) ()
Again using (22) we obtain

&T _ 25 (1+DSY (65)

I L (}§§

where we have let I

-2Q and D=P/Q. We now define IZKTC
so that (A5) becomes

7 _ 25 (1+Ds%) (00
T. o (35)
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IT we now expand the logarithmic term we have

T _ 28 (1+Dps?)
I = 28 (1+ps 61)
Te 2s (1+ $+.0)

or
I = 14+ g%zd-1) + ... (68)
Te

Finally, considering the configurationsl svecific heat, we
obtain in a manner similar to (26)
_ 2 1+S S (1+DS?) ]

C = %{ [Jlu (=5 /T ;;"—.%%—ml%s) ~2 —¢pst 1) (D

In this section we shall apply this theory to an a2lloy
such as CoPt which when ordered assumes the face-centered
tetragonal structure such 2s isg depicted in Figure 12 in
the 50~50 composition,

The Platinum atoms are situated at (0,0,0) and (%,%,0)
while the Cobzlt atoms are at (£,0,%2) and (0,%,%2). There
are two lattice varameters in this structure: the *a" para-
meter which we shall take to be the length of the unit cell

"c" parameter which we shall

along the x and y-axes, and the
take to be the length of the unit cell along the z-axis.
Thus it can be seen that there will be two types of nearest
neighbor vairs; one type shall be called 'a' nairs of which
there are four separated by the distance a/V§ and tThe other
type shall be called ‘¢’ pairs for which there are eight
L

separated by a distance (a2+c?)?/2,

We shall let (1+S)/2 be the probability that a site is
correctly occupied whether it is a gite involving an taf
pair or a2 ‘¢’ pair. Then for 'a' pairs the probabilities

for AA, BB, and AB pairs whether they are Cobhalt or Platinum

are given in Table V where € is a normalization constant
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to be determined, For ‘c’ pairs the results are given in
Table VI, Now € is determined from the condition that the
sum of all the probabilities equals unity, This gives €=6,
Again the inferaction energies are given by (51)-(53),

Then the energies of the fa' pairs become

Jo = 1455 Ty sa _ gy, (70)
- +52 a _y)? 71
Tog = il [g (2 1) +L] (71)
k4 z
- 1-8pry,a _ M
Jae = 2 [ (5 £) +m] (72)
Then the configurational energy for *a' pairs is

2 2~ 2
W, = %[ZY(%~F)"+{(%-Z) -Y(£\‘,.‘1-f) +K+L=2m ]

2 2 a )z M](‘IS)
1 a - a _ a - +2
+1—Z [Y(3 - %) +2YCU'2. ) +Y (5 f7 tk+
We again minimize the configurational energy with respect

to the parameter ®a® in order to obtain the equilibrium
configurational energy corresvonding to the equilibrium
structure narameter, Then

W,
LQ:O
Qa

gives
a = \%(wa+ 2¢) +\f_352(}f+tl—2f) (74)
or letting

- vz - J2 -
a, = S (Ertep) = F(Fry-20)

we have
a=a +af C75)

(o} i

which is similar to (60), Now for the "c' pairs the inter-

action energies may bhe written

Tpn = 1_6-_5‘[2)'cd~3;’) + K1 (76)
— 2 2

Tea = L2CY (4”1)1 + ¢ (77

Jpg = @%} fg’(d-f) +m7] 8)
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where

Y
d__ (a.zfcz)z/a

Again we write the configurational energy of the ‘'cf

and minimize it with regpect to the parameter d. The result

is
d= £ (a- a,S%) (79)
If we now write
a = a, (1+5,) (£0)
and
c = 6,(1-8,) (81)

where @)and Si are small, that is Sl* 56<<1; then (80)

and (81) become

2
a, (1+8,) = a,+a,3 (82)
and
I/Z 2
0, (2-28 +28,+5 +8,) ~ V3 (a,-2,S%) (83D
and to first order in the deltas (83) becomes

v, 2
6o (1-(8§-4)) " =a,-aS5 (84

o

or by expanding the exponent
k3
ao (l"é(g:ﬁfgo)) = aoﬁa,S <8~S_>

Solving (R0) and (f5) for 50 and Sl we have

S C¢?
go— 0_05 ) Sl :3%05 (86)
Therefore
C — l—s - - ~ !l 2
&7 Ty X L) x -y 2t (87)
oxr
1-€ e 4 %" ¢8)

"he depnarture, or distortion, from face-centered cubic sy-
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mmetry, and consequent agsumption of face-centered tetra-
onal symmetry, may be expressed quantitatively by the
cuentity 1-(c¢/a). Equation (88) gives us the key result of
this theory, that thig distortion is nroportional to the
order parameter squared; and therefore gives ug a convenlent
experimental method of measuring the order paranmeter,
The volume of the unit cell is
V = ca’

which becomes

Veal (1-5)(1#8,) % a) (1-§+28) (59)

or (1 a
v:v/vo(l-Bg—'Sz +2§—'SZ)=V0(1— ) (90)
o [

By considering the Helmholtz free energy, (62), and the
entropy, (63), we will again obtain (A6) and for the specific
heat (69).
D, Exact Expansions of the Free Energy

As we have mentioned hefore orderwdisorder transitions
are but one manifestation of what might be called criticsal
phenomena., Becently there has been much work done in at-
tempting to deal with the mathematical difficulties en-
countered in working with such models ag the Ising model.

To begin with, 2 solution to the two-~-dimensional Ising model
26
for a plane-sjuare lattice has been given by Onsager by a

27
matrix formulation and alternatively by Green snd Hurst

by the method of the Pfaffian., These methods have been

applied to ofther types of lattices such as the triangular
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and honeycomb, These results have the feature that the free

28

energy sssumes 2 non-Taylor like expansion form such as
F(T) = E +¢1(Tuqk).+b(T_T£f£;[T—QI ... (91)
where a and b are consbants. Various. phenomenclogical and
classical attempts write the free energy as an expansion
in such thermodynamic properties z2s the tenperature or
magnetization, obtain the coefficlents of the expansion by
expanding them in powers of (T~Tc}g and finally obtain the
29
maghetization as a function of Tc,«,»’l‘a If we define the

spontaneous magnetization as

M (T) = Lom  M(H,T)
(o] H-> ot

then the vhenomenological thecories predict

Mo (T) K2 (T—TC)P (‘72)
and ~ _ - d T
Cyzo (T = (T TC)_Q(, (T>Te) (13)
~ (T, -T) (T<T)

where CH=O is the specific heat in zero magnetic field and
/
Bs % and & are exponent constants. The exact results from

0
N
the two-dimensional ISj.nfl, model has %iveﬂ

a= a'=0 , B=3 (14)
For the three-dimensional Ising model such expansions are
also attempted, some in the form

F(T) = hozo £ (&T)" (95)

=0

and are applied to such lattices as the simple cubic, body-
centered cubic, and face-~centered cubic, The results of
such expansions to a considerable number of terms gives
confidence that the results for the three-dimensional Ising

31

model are
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The results of the theory presented in section C,which we

32

may call a "mean field®™ theory, would give

a= &'=0 B=3% (97)
From (60), (75), and (79) we should note that the “mean
field®™ theory predicts that the lattice may exverience
distortions such as contractions and elongations, In a very
illuminating paper Baker and Essam33 have formulated a par-
tition function which incorporates both elastic degrees of
freedom and an orderable spin system, They considered the
gsimple cubic structure and showed that their model reduced
to the solution of the rigid-lattice Ising model., It is
interesting to note that part of the interactions they chose
were of a form similar to (51)-(53). Their model does not
undergo a first-order transition at the critical point,.
Their model exhibifs exponent renormaligation in that be-

/
low the critical temperature & and F are given by (96)

while above the critical temperature

s T,y B> L D)
This change in exponents would mean that the specific heat
has a finite, cusp-shaped veak and would not appesr to in-
crease indefinitely incontrast, say, to Figure 4, Finally,
the difficulties with this model, as pointed out by Guttman34¢
are that the size of the effects stressed by Baker and Essam,

namely rounding of the specific heat and exponent renor-

malization are very difficult to observe until 1~(T/TC)
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> 0(10 7 ), This point raises at least two questions which
are: first, the fthermodynamic stability can be thought of
as resulting from the close cancellation of two large, but
not infinite, terms, Will 2 more general model yield
first-order transitions or renormaelized exponents depending
on the model parameters? Next, over what range of temper-
atures is renormalization important and when, if ever, does

35

the specific heat show which exponent?
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11T, Experimental Procedure
A, Alloy preparation

The CoPt a2lloy was nrepared from samples of Cobalt
and Platinum which were 99.9 and 99.9995% pure respect-
ively. The Cobalt metal was cleaned by washing in acetone,
then 1M HNO3§ distilled water, and finally again in acetone,
The metals were then melted together in an argon arc melting
furnace(Materials Research Corp. model AF-92¢), Oxygen
(and any other gas) contamination was minimized by melting a
piece of Titanium metal at the same time, The metals were
welghed preceding the melting and the alloy after the melt-
ing. ThuS the composition range of the alloy was 49,75 to
50,08 atomic per cent Cobalt. The alloy was then placed in
Vycor tubing attached to the vacuum system, pumped down to
a pressure of 1.3 x 10—5 torr, filled with argon to 160
torr, and sealed off., The alloy was placed in the furnace
for a homogenization anneal at 1000°b for 100 hours. At
the end of the 100 hours the sample was removed from the fur-
nace by means of Kanthal tongs and quenched in an ice-
water bath at 0°C,
B. Vacuum system

In order to bring about the ordered phase of the CoPt
it is necessary to heat treat or anneal the azlloy. Thus
1t became necessary to construct a vacuum system for use in
evacuating Vycor tubing. The vacuum system allowed the
Vycor tubing to be evacuated and then filled with =2n inert

gas such as argon so that during the annesling process the
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alloy would not undergo oxidation, The system used an Ed-
wards model EO01 oill diffusion pump and typical vressures
were of the order of 10—6 torr in an air atmosphere.

C, Furnace and Controlling system

Two annealing furnaces were constructed using Kanthal
heating elements and components(model REH 7-60), The heat
zone of the furnaces was calibrated using a thermocouple
encased in an alumina sheath, Subsequent"to the calibration
all enclosed samples were positioned in the furnace by
means of an L-shaped steel rod so that they were always in
the hotftest portion of fthe heat zone to minimize thermal
fluctuations,

The temperature controlling system for the furnace is-
shown in Figure 16, The controlling element is a thermo-
couvle(Leeds&Northrup Chromel-Alumel) placed closely ad-
jacent to the sample gsituvated in the furnace., The e,m.f.
of the thermocouple 1s balanced by a poteniometer(Leeds&
Northrup model £696): the difference in e.m.f. between the
desired annealing temperature and the actual furnace temp-
erature actuates a galvanometer(Pye model 7891/S) whose
sensitivity is 8 pV/mmn The light gpot reflected from this
galvanometer falls on either of two cadmium-selenide photo-
cells which control the furnace current through a relay
circuit, If the furnace temperature is too high cell 1,

C, in Figure 17, is 1illuminated causing the relay arm to

1

move which reduces the furnace current by approximately 5

amperes since there is a voltage drop, Va in Figure 16, of
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20 volts across the transformer primary(General Radio Corp,

model W50)., VWhen the furnace temperature cools, =z1] 2, Co

-t

in Figure 17, ig illuminated and the furnace current incress
by about L,5 amperes,
The relay controlling circuit is shown in Figuretl?7,.
The two capacitors, C, had a value of M{)ﬂferads, Vout:uz
volts, the two resistors B had the value of 62 ka each, and
the two transistors T were Westinghouse type n-p-n 2NL922,
The chromel-alumel fthermocouple used in the furnsce
control system was calibrated by fitting the observed e.m.f.
produced when measuring fthe known melting temveratures of
various substsnces to an equation of the form

E=a+bT +cT%+...

where E is the observed e.m.f,, T is the observed temperature,
36

a, b, and ¢ are constants to be determined, The constants

a, b, 2nd ¢ were determined by measuring ths melting points

of XKCL and LiCl and the boiling point of distilled water,

Then a new set of constants m, n, and p were determined from

the equation

EJ = m + nl + Prc

by using the tabulated values for the melting and boiling
37

points of the aforementioned substances, Then the e,.m.f,

corresvonding to the desired annealing temperature was cal-

culated from

¥Z4
E"-“"e“' - E+ab/e$ + £
where
0 = fp-g
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By vositioning the pvhotocells C, and C, about 1 cm

4

from the center position of the galvanometer light and
letting @O&mvzloc for a chromel-alumel thermocouple the
final range of control was approximately + 2°C,
D. X~-ray measurements

After the alloy had been homogenized Tilings were made

filin

0]
]

from the alloy using an A1203 grinding wheel., Th S
were separated from the A1203 powder by means of a magnet,
placed in Vycor tubling cleaned with acetone, evacusted and
then filled with a pnartial ovressure of argon such that the
pressure inside the tube would equal 760 torr at the temper-
ature of annsal, and sealed off. The sealed off tube was
then situated in the calibrated heat zone of the furnace and
annealed, At the end of each anneal the samnle was quickl
removed from the furnace and quenched in an ice~water bath
at OOCG The filings were then removed from the tube and
mounted on a glass capillary which was positioned in the
camera, The film was loaded in the Straumanis-Tevind
arrangement.,. The X-ray beam was obtained from 2 ?hillips
model PW 1011 X-ray generator. The X-ray tube was an Fe
tube with a Mn filter so that the bheam consisted of the

FeRa radiation. Exposure times to the beam varied hetween

3 to L hours, After film development measurements of the
lattice parameter were made with the use of a Picker-Nuclear
X»réy film reader, The procedure followed in measuring the

lines consisted of locating the center of a line in the
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vhotograph with respect to the left edge of the film reader
to within + ,001 mm, This vrocedure was done for 211 the
lines visgible in a photograph and each line was measured at
least 10 times., To check the accuracy of these measurements,
any two lines corresoonding to a given index, for example the
(110) lines, had their two values added together and divided
by 2., The result gave the position of the 26=0° hole in
the film on the film reader. This vrocedure was done for
other lines, such as the (111), (200), and (112), which
bracketed the 20=0° hole. Similarly the same pnrocedure
was carried out for lines such as the (221), (311), (222),
2nd (203) which bracketed the 26=180° hole, If the dis-
agreement between these measurements for the location of the
two positisns on the film reader was greater Than + ,005
mm, the lines were re-measured another five fimes and the
procedure was repeated until the various measurements agreed
to within + ,005 mm, With the radiation used the following
lines were obtained in the ordered phase and measured{in
order of increasing @): (001), (110), (111), (200), (002),
(201), (112), (202), (220), (221), (003), (310), (311), (113),
(222), (203), and (132),

Using the assigned indices of the lines of the photo-

graph and the values of the spacings between the lines of a

ziven index the value of and hence sin 1s calculated from
(Xz - Zl) . .
e = > x Film Shrmkaae factor

where x? and Xl are the two lines corresponding tTo a given

lattice index and the film shrinkage factor is calculated



1] -
by subtracting the measured position on the film resder of
the 26=0" hole from the measured position of the 28=180°
hole and then dividing the result by 120 mm which is the value

of the subtraction if there were no film shrinkage,

Now for a ftetragonal system the spacing between lattice

planes is given by .
3

1 _ Ka+k + L

d*® a® 2

where h,k,1 1s the index of a lattice plane and a and ¢ are
the unit cell parameters, Then using the Bragg equation
1= 2d sm &

we have

g)z _ 4 56 _ K K
(C /12 a% 1*
and
2
at = ’M ( for  hkO planes)
o sin* & 38

Following the direct granhical method of Mvers and Davies
. 2
we assume at least two different values for (a/c)” and

. 2 ) . 2
solve the equation for a“, A straight line of (a/c)

nlot-
. 2 . .
ted apgainst 2  is obtained for each lattice plane, Such a
. N - o
rlot is shown in Figure 18 for 2 sample annealed at 800°C
for U8 hours. Ideally, without drift or scatter, the lines
should intersect at a common point., Since it isknown that
the drift is greatest at the lower angles and decreases as ©
o . . . . .
approaches 907, it is apparent that the line of hest fit

would have to intersect the diffraction peak lines in a

definite sequence, that is from the lower angle lines to the

iy

i

igher angle lines in reszular succession. Thus a straight

edge was placed over each plot horizontally snd ad justed



Lo
vertically until the lines appeared to be intersecting the
straisht edge in the ovrover order. Thus an extrapolsted

2
value for (a/c) was obtained., This value was then sub-

2
) above and a value of

stituted in the equation for (a/c
32 was calculated, These values of a2 for each lattice

index were then plotted ageinst the Nelson-Rilev function

and the best straight line drawn through them gave an
extrapolated value of a2 corresponding to 0=90°a Thus a and

c were separately calculated,

In order to determine when a sample which had been
annealed was exhibiting the equilibrium degree of order
aprropriate to that annealing temperature, the X-ray photo-
graphs were examined for resolution of the “1"“2 lines in
the highest angle of diffraction, that is the (132) line,

If the ulmté resolution was not exhibited, then it was assumed
that the sample was not in equilibrium and the sample was
re-annealed and the subsequent photogravh examined for the
“1"%2 resolution. This procedure was repeated until the
resolution was obtained. Naturally a sample which was
annealed for a time tl exhibited different lattice paramsters
than the same sample a2ftfter annealing for = time t2=t1+2;

As an example, the sample annealed for 24 hours at 800°%

had an extrapolated a=3,798% ﬁ and ¢=3,697 K while the game
sample after being annealed for an additional 24 hours at

the same temperature for a total of 48 hours had a=3,796 &

and c=3,701 ﬁ,

With an estimated error in the film readings of + ,001



mm this would give an

d of = ,003 A,
Finally, in

temperatures, and

used in Figure 22,

the valu

f=3
for

s

mli,:%w

estimated error

n Table VII are listed the annea

in the measurement of

]
3
0]
»
ned
ot
Lts
=
0]
]




IV, Besgsults and Discussion

The results of the Bragg-Williams, quasi-chemical, the

?

present theory, a2and the comnressible Ieing model theonry as

applied to the hody-centered cubic alloy CuZn are presented in
Figure 19, Also presented in Figure 19 are the experimental

39

orvell and Als-Nielsen represented by anQ,

Lo
and the experimental results of Chivman and Walker repre~
sented by 2 V. The results of Norvell aznd Als-Nielsen were

obtained by a neutron diffraction experiment measuring the

peak intensities of the superlattice reflections. The

JAY)

results of Chipman 2nd Walker were obtained from X-ray
measurements of the integrated intensities of the super-
lattice reflections. Chipman and Walker claim the results
nf Norvell and Als-Nielsen are in error since (1) Norvell
and Als-Nielsen did not recognize the large difference in
the values of the Debye-Waller exponents for Cu and Zn
upon which the intensity of the superlattice reflection
devends, that is
2 2

I' = ‘S /-@n exP(—MZV\) - -F(‘)ue’(f)(-MCu)}
where f 1s the scattering factor of the atom and ¥ is its
Debye-Waller exponent, proportional to its mean square amp-
litude of thermal vibration, and (2) their corrections for
extinction are large, In the region of T/To'>”97 the Ising
model predicts that the long-range order parameter follows
a power law, that is

S =~ D(1 ‘T/TQ)@

where the measured values of D and ﬁzare 1,49 and ,293



..)_5,5.m
respectively, Chipman and Walker claim that in this region
their measurements are not yet sufficient to make guanti-
tative comnarisons but that outside this region, that is
T/T £,97, their measurements differ considerably from the
c
predictions of the Ising model and the difference, in part,
may be due to the long range interactinns that characterize
real alloys rather than the assumption of nearest neighbor
33

interactions only of Baker and Essam, The result of the
present theory is clearly a poorer approximation to the
experimental values than the compressible Ising model and
may, in part, be due to the assumption of equations (51)-
(53) for the interaction energies.

In Figure 20 are shown the results for the srecific
heat of ﬁ—brassﬂ Cu:Ziqe The experimental values are from

11

Sykes and Wilkinson. The agreement between the present
theory and the experimental values is quite good although
the failing of the present theory is that the specific
heat drovps to the value expected for lattice vibration
effects only for T>T while the experimental values show
the effect on the specific heat of short-range order per-
sisting beyond the critical temperature. In this respect
the cuvasi-chemical theory is more approvriate than the
present theory since it predicts the existence of short-
range order and its Influence on the specific heat bhevond
the critical temperature,

Figure 21 shows the results of the present experiment

on CoPt for equation (90), The value of VO was obtained




T

from an X-ray photograph taken of a sample annealed for
12 hours at 1000°C, The value of 2., was extrapolated to
be 3,765 Ko The result of PFigure 21 is that the volume of
the unit cell is constant. The value of the largest dis-
crenancey is only .15%, Thus the prediction of equation
(90) is incorrect. One might add on to equation (73) a term

2 . - . . .
of the from Ada ¢, where A is a Lagrangian multiplier, and
then proceed To minimize the interaction energies. However,
no result comparable to eguations (75) and (79) is obtain-
ed because the equations for a and c¢ become algebraically
coupled, Only by drastic assumptions can (75) and (79)
then be re-obtained,

In Figure 22 are devnicted the theoretical and experi-
mental results of the long-range order parameter for CoPt,
The experimental values represented by an © were obtained
in the present experiment, It should be noted that X-ray
photographs were taken of samnles that had been snnealed
for temperatures greater than SIS‘h@ However, the super-
lattice lines that did appear were yet too faint in inten-
sity to be measured with the X-ray film reader. The high-
est temperature that a sample was annealed that exhibited
the lines was 825°C9 Since no sanples were annealed at tem-
veratures between 825°C and 833°C9 it is assumed that the
critical temperautre was the value extrapolated by Rudman
and Averbach, that is 833°Ce The experimental values re-
presented by an x were obtained from the work of Rudman and

Lo
Averbach, Also from their measured values of c¢/a are
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are obtained the exverimental values represented by a
The theoretical curve was calculated from equation (66)

with the d of the tsbulated values of 2S/In((1+3)/(1-38))

21
L3
by Darby. The comparison between the theoretical curve
and the measurements of Rudman and Averbach and the present
experiment is qualitatively good. However, the present
theory, as repnresented by equations (51)-(53) has, at best,
limited applicability when compared, for example, with the
compressible Ising model, One interesting test of the
present theory would be to compare equation (69) with ex-
perimentally determined values of the specific heat of CoPt,
So far no measurements have been made of the specific heat
of CoPt, Alfternatively, experimental measurements might

be made of the long-range order ovarameter of other binary
alloy systems which when ordered exist in the ftetragonal
phase such as, for example, the Cu-Au alloy system in order

to see how well they compare with the theoretical curve in

Figure 22,



The long-range order psrameter may be measured by X-
ray diffraction technigues since the intensity of the diff-
raction lines due to the long-range order depends upon the
long-range order, This result will be derived by the fol-
lowing consideration., Let T, be the fraction of a sites
occupied by A atoms, w, the fraction of g sites occupied
by B atoms; similarly for the b sites. This distribution
is the same as Table I. Then the structure factor for

scattering of X-rays 1s given by

we Chx + Ry +43) 25ic (hx +By +43)
F:Z(YA'F%'W‘F)Q?‘T )e

+ ,E(rbfs LA
where h,k, and 1 are integers indexing tﬂé lattice planes,
For CoPt the a sites are (0,0,0) and (%,%,0) and the b sites
and (0,%3,%). Then F becomes
WClh+R)
1+S 1-S
+ (e 4+ 1
)+ ( 2.¥% > ﬁ)(e

It is easily seen that there are only two cases to consider:

)
- TC(het) ikt
F= (3t i) (10 ), gricke)

(1) h+k is even and h,k,1l are mixed, That is both even and
odd; (2) h+k is even and h,k,1 are unmixed, that is either
2ll odd or all even., The first case gives

F = 2S(f — )

which will result in the sunerlattice lines until S=0 when

ot

these lines disappear: and +he second case gives
= T
F=12(frFf)
which are the fundamental lines and are unaffected by the

degree of order,
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Table I

A atom on a:1/2(1+S )N/2
A atom on b:1/2(1-S)N/2

B atom on a:1/2(1-S)N/?2
B atom on b:1/2(1+S)N/2



Table II

A atom on a: nA(1+s)N/2
A atom on b: NA(1-S)IN/2

B atom on a: (nB- AS)N/Z

B atom on b: (n A SIN/2
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~Table III
Aong, Bonb:hNf,(1-p)/2
~Aon a, A on b: hNf,p/2
B ong,A onb: hN(f,-f,p)/2

B on g. B on b: hN(1-2nys+ f,p)/2



Table 1V

AA pair: (1-52)/4
BB pair: (1-52)/4

AB pair: (1+52)/2



Table V

AA pair:((1+32)/2)/e
BB pair: ((1+52)/2)/¢

AB pair: (1- 52)/6



Table VI

AA pair: (1-52)/¢
BB pair: (1 -52)/6

AB pair: 2(1 +52)/¢
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TEMP,
OC

520
700
750
775
200
805

808

=0l

3.801
3.799
3.797
- 797
796

3
3
3
3.796
3
3
3

Table VII

3.685
3:695
3.699
3.701
3.701
3.702
3,70k
3. 704
3,705
3.703

c/a

. 96948
097227
9741 L
- Q7456
. 97497
- 97544
: 97567
297592
97504
. 97583
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