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EMT-Compatible Model for Towers Abstract

Abstract

Lightning is known to be a major cause of outage in power systems. It may result in

damage to equipment, high repair costs, and loss of revenue to utility companies. The

most vulnerable component of a power system to lightning is the power transmission line

system. Transmission lines expand over hundreds of kilometers and are exposed to lightning

discharge. When a lightning strike directly hits either the top of a transmission tower or

the ground wires, surge waves are generated that flow through the tower structure that has

been hit and propagate to adjacent towers. This leads to an increased voltage difference

across the string of insulators that may lead to a backflashover. Backflashover may occur

when the voltage difference on the string of insulators exceeds the withstand of the insulators

due to a lightning surge and it is the main outage mechanism. There is a significant need

in the power system community for the accurate electromagnetic transient (EMT) analysis

of lightning discharge phenomena through complex power installations such as transmission

towers and their grounding system. The tower-footing grounding systems consists of long

conductors, in different shapes and arrangements, buried in either homogeneous or stratified

ground to obtain the lowest tower-footing grounding impedance. Moreover, the impedance

of the tower’s structure contributes to the total impedance of the system when subjected

to lightning surges. Currently, existing simulation tools make various approximations in
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the process of lightning analysis that result in modeling inaccuracies in many important

practical scenarios. Such errors make unreliable predictions about the failure rates of the

system resulting in costly power outages.

In this thesis, simulation models are developed for the determination of the response

of typical arrangements of grounding electrodes and transmission towers subjected to light-

ning and calculate the impedance of these structures over the frequency range of interest in

lightning studies. Time-domain macro-models will then be developed that are compatible

with EMT-type simulators (such as PSCAD/EMTDC) and enable the calculation of voltages

along the tower structure considering several geometric factors and ground parameters. The

objectives of this research are to accurately estimate the overvoltages/surge in the trans-

mission tower, and to develop a model for the prediction of backflashovers. The developed

model will significantly improve the accuracy of EMT analysis of lightning discharge and its

impacts on complex power systems.
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Chapter 1

Introduction

1.1 Motivation

Lightning strike to transmission line towers or overhead conductors is one of the major causes

of outage in power systems. Seven out of twelve major blackouts happened in 2019 were

reported to be due to a lightning strike to power lines [1]. Such blackouts can affect the

lives of millions of people for several days and even weeks, and cost billions of dollars to util-

ity companies. Accurate electromagnetic transient modelling of lightning discharge through

complex power systems requires accounting for the 3D geometric details of the power system

components, effect of the grounding system, and the impact of the material parameters on

the injected charge relaxation. All of the mentioned features must be included into a compu-

tational model to adequately describe the physical electromagnetic interactions occurring in

the actual power system. The model of transmission line tower currently available in EMT-

type simulators adopts several simplifications that restrict its applicability. Furthermore, the

impedance of the grounding system is approximated by a resistor which is not accurate for
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studies that involve the injection of currents with high frequency components in to the sys-

tem, such as lightning currents [2]. As a result, the existing model is unable to estimate the

surge behaviour of the transmission line with sufficient accuracy. The electrical behaviour

of a transmission tower considering lightning discharge at its top depends on several factors,

such as the geometry of tower or its transient impedance, grounding impedance, and the

current waveform injected in to the tower. In this context, the surge impedance of the tower

and its grounding system play a fundamental role in the determination of lightning-induced

electrical potential rise in the tower and across the string of insulators. There is a need

to develop a model for the transmission line tower and its grounding system to calculate

the overvoltage and predict the occurrence of a backflashover. Using the developed model,

the end-user of the time domain simulators (such as PSCAD/EMTDC) does not need to

perform any electromagnetic field analysis to obtain the transient voltages across the string

of insulators. Furthermore, the backflashover rate of the system can be determined and the

length of grounding electrodes can be calculated to ensure a desired outage rate.

1.2 Problem Definition

Power transmission line networks, due to their vast physical dimensions, are the most critical

components of a complex power system from the reliability point of view in relation to

direct lightning strike. The outages due to a lightning strike are caused by three different

mechanisms: flashover, midspan-flashover, and backflashover [3]. The first type occurs when

lightning strikes directly on the phase conductors due to the absence of a shielding wire.

A midspan-flashover occurres when a lightning strikes the shield wires at midspan and the

distance between the shield wire and phase conductors is not enough to prevent a flashover.

- 2 -



EMT-Compatible Model for Towers 1.2 Problem Definition

Fig. 1.1: A schematic of the occurrence of a backflashover due to a lightning strike to
the top of a double circuit transmission line tower.

On the other hand, when a lightning strike directly hits either the top of a transmission

tower or the ground wires as shown in Fig. 1.1, voltage surge waves are generated that flow

through the tower structure that has been hit and consequently the voltage of the cross-arms

raises and a flashover occurs if the electric field across the string of insulators exceeds the air

dielectric strength. This phenomenon is called backflashover and is the main cause of outages

for lines of voltages below 500 kV [4]. Although the characteristics of the transmission line

grounding system are practically irrelevant in terms of flashover and midspan-flashover, they

play a fundamental role in mitigating the backflasover [5].

There are three approaches to the modeling of a grounding system, 1) theoretical, 2)

numerical, and 3) experimental. The theories are either based on the circuit [6–13] or

transmission-line formulations [14–28]. These approaches are based on quasi-static approxi-

mation, which restricts their validity at high frequencies. The numerical solution of Maxwell’s

equations is based on the Finite Element Method (FEM) [29–36], the Method of Moments

(MOM) [37–51], the Finite-Difference Time-Domain (FDTD) method [52–54], or the Partial

Electric Equivalent Circuit (PEEC) [55, 56]. When the full-wave Maxwell’s equations are

considered in these approaches, they can be considered as the most rigorous and accurate
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modeling procedures over a wide frequency range. The measurements are performed using

the fall-of-potential (FOP) method. This method is based on passing a current through a

grounding system using an auxiliary current probe and then measuring the voltage between

the ground electrode and a potential probe [10,57–61].

There are several references in the published literature that have tried to take into ac-

count the inherent features of soil which may affect the response of grounding systems to

lightning currents. Typically, earth is an inhomogeneous medium, containing several layers

oriented vertically or horizontally, each having different values of resistivity and electrical

permittivity [62]. Attempts to model the grounding electrodes in multilayer soil structures

can be found in [63–66]. The other important quality of soil is the frequency dependence of

its electrical parameters (conductivity and permittivity). In lightning studies of grounding

systems, the electrical parameters of the medium in which they are buried have a high im-

portance and they need to be determined accurately. It has been shown through experiments

that the conductivity and dielectric constant of soil are both very dependent on the moisture

content of the soil which is known to be between 4% to 30% of the total soil weight over the

greater part of the year [67]. An accurate model for grounding electrodes should consider

the characteristics above to provide accurate results under different system conditions.

Besides the characteristics of the grounding system, the transient impedance of the tower

is of great importance in the calculation of the induced voltage along the string of insulators.

The tower components, such as cross arms, slant bars, and shield wires have a considerable

effect on the transient response of the system. A model that takes into account these details

can provide very accurate results for the lightning studies.
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1.3 Objectives of the Thesis

The main objective of this research is to obtain macro-models for the transmission line

tower and its grounding system to be used in time-domain simulations. To achieve this, a

simulation model is developed for the analysis of grounding electrodes. Using this model, the

full-wave Maxwell’s equations are solved in the frequency domain to obtain the impedance of

grounding systems. Both vertical and horizontal arrangements of grounding electrodes with

different lengths are considered. Moreover, the effect of variation of soil electrical parameters

and their frequency dependence on the response of the grounding electrodes are included.

Next, the transmission line tower is added to the grounding electrodes to obtain a detailed

model of the system in the frequency domain.

An automated process is developed to obtain the wire network of the transmission towers

for the analysis in the Numerical Electromagnetic Code (NEC), which is based on the thin

wire approximation and uses the Method of Moments (MOM) to solve for the currents in

the system in the frequency domain. Further, a complete model of the tower, its grounding

system, overhead conductors, and shield wires is analyzed using the Finite Element Method

(FEM). The impedance of tower/grounding electrode is evaluated in a frequency range of

10 kHz to 10 MHz, as it is the frequency range where the most part of the frequency contents

of typical lightning strokes are [68]. The developed macro-model will be implemented in an

EMT-type simulator (such as PSCAD/EMTDC) and the probability of occurrence of a

backflashover in different soil conditions is assessed.
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1.4 Research Contributions

The contributions of this thesis can be categorized in two parts: i) grounding system, and

ii) transmission line towers as follows:

i. Grounding System

• A simulation configuration is developed for the analysis of grounding electrodes using

Finite Element Method (FEM). A sensitivity analysis is performed to find the optimum

value of the parameters that can affect the accuracy of the numerical analysis.

• The frequency-domain response of vertical and horizontal grounding electrodes of dif-

ferent lengths buried in soil is obtained considering a wide range of soil electrical pa-

rameters (conductivity σ and permittivity ε). Both constant and frequency dependent

soil parameters are considered.

• The accuracy of theoretical approaches, i.e. circuit and transmission line theories, is

evaluated through comparison with the results obtained using the developed full-wave

approach.

• Equivalent time-domain model of the considered grounding systems is developed, and

the voltage at the top of the grounding electrodes is calculated in the time domain.

ii. Transmission Line Tower

• An automated process is developed to obtain the wire network model of transmission

towers to be used in simulations using NEC4, which needs the system under simulation

to be represented as a network of thin wires.
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• After verifying the simulation model in NEC4, the accuracy of the previous theoretical

tower models are compared with the results of NEC4, considering both a PEC and

lossy ground.

• A simulation model is developed for the full-wave transient analysis of transmission

towers in the frequency domain using Finite Element Method (FEM). The accuracy of

the model is verified by reproducing some measured voltages and currents.

• Simulations are performed to solve the Full-wave Maxwell’s equations considering all

tower details, the real geometry of grounding system, a realistic equivalent representa-

tion of the string of insulators, shield wires, and phase conductors.

• A macro-model in the form of a black-box is developed for the transmission line tower

and its grounding system and implemented in an EMT-type simulator (PSCAD/EMTDC

in this thesis) using a state-space model.

• Backflashover studies are performed in different soil conditions to calculate the required

length of counterpoise grounding electrodes to ensure an acceptable rate of outage.

1.4.1 Publications

• Conference Paper

1. “Wideband EMT-Compatible Model for Grounding Electrodes Buried in Fre-

quency Dependent Soil,” B. Salarieh, H. M. J. De Silva, B. Kordi, International

Conference on Power Systems Transients (IPST) - 2019.

The main focus of the paper is on development of a FEM model for the analysis

of the grounding electrodes. Sensitivity analysis is performed on the affecting pa-
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rameters on the accuracy of the model, and the grounding impedance considering

constant and frequency dependent soil is obtained. This paper received the Best

Student Paper Award (Young Scientist Award) at the conference.

An extended version of the paper is also invited to be submitted to the especial

issue of Electronic Power System Research (EPSR) journal, 2020.

• Jorunal Paper

1. “On the High Frequency Response of Grounding Electrodes: Effect of Soil Di-

electric Constant,” B. Salarieh, H. M. J. De Silva, B. Kordi, submitted to IET

Generation, Transmission and distribution (GTD).

In this paper, the developed FEM model is used to assess the effect of soil per-

mittivity and water content on the high frequency behavior of the grounding

electrodes. Further, the accuracy of the theoretical approaches in modeling the

dynamic behavior of grounding electrodes is examined.

2. “An Electromagnetic Model for the Calculation of Tower Surge Impedance Based

on Thin Wire Approximation,” B. Salarieh, H. M. J. De Silva, A. Gole, A.

Ametani, B. Kordi, submitted to IEEE Transactions on Power Delivery.

This paper contains a thorough review of the previous models for transmission

towers, and uses the Method of Moments (MOM) to show the effect of counter-

poise grounding electrodes on the developed voltage on top of a tower. This paper

assess the accuracy of theoretical tower models in predicting the tower top voltage

and its transient behavior.

3. “A Black-box Approach to Interface Transmission Tower Model with EMT Sim-

ulators for the Assessment of Backflashover,” B. Salarieh, B. Kordi, submitted
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to the IEEE Transactions on power delivery. The development of a black-box

model for transmission line tower is covered in this paper. A multi-port network

in the form of a black-box is proposed for the tower, which includes the effect of

grounding system, frequency dependency of soil electrical parameters, the over-

head conductors and shield wires. Furthermore, the model is implemented in

PSCAD/EMTDC to calculate the backflashover rate in a typical 400 kV double

circuit tower, due to the injection of first lightning strokes at the tower top.

1.5 Thesis Outline

This thesis is divided into 5 chapters as stated below:

Chapter 1: Introduction, background information, problem definition, existing solu-

tions, objectives, and contributions.

Chapter 2: Literature review of this study completed on the definition of grounding

and tower impednace, theoretical approaches to the modeling of grounding electrodes, an

overview of the previous tower models, and inclusion of frequency-domain responses to the

time-domain simulators.

Chapter 3: A proposed model for the simulation of grounding electrodes is represented

in this chapter. Sensitivity analysis is performed to determine the influencing parameters

on the accuracy of the numerical simulations. Moreover, the time-domain overvoltage is

calculated using Vector Fitting (VF) and recursive convolution.

Chapter 4: The wire diagram of a double circuit tower is developed for the simulations

using NEC4, which is based on the Method of Moments (MOM). The validation of the model

proposed for the analysis of transmission line towers is represented. The simulation of the
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tower on a PEC and a lossy ground is performed to obtain the tower top voltage in respect

to a remote ground. Previous tower models are compared with the results of NEC4.

Chapter 5: A simulation model is proposed for the full-wave analysis of transmission

line tower using FEM to obtain a black-box equivalent model of the tower. This model

includes the effect of grounding system, frequency dependency of soil electrical parameters,

the equivalent model of string of insulators, shield wires and the overhead phase conductors.

Next, the model is implemented in time domain simulations to assess the backflashover

performance of a 400 kV line in different soil conditions.
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Chapter 2

Literature Review

In this chapter, the background and past research related to the modeling of grounding

system and transmission line towers is provided. The definition of grounding impedance

and theoretical approaches on modeling of grounding electrodes, an overview of existing

tower models, and a description of interfacing frequency-domain response to time-domain

simulators are covered.

2.1 Definition of Grounding Impedance

Approaches to the modeling of grounding electrodes are either in the time- or frequency-

domain. There are different definitions for the time-domain (transient) surge impedance

of grounding electrodes. Suppose that a voltage source v(t) is connected to the top of the

grounding electrode and its other terminal is attached to a remote ground located infinitely

far away. In such a condition, if the injected current into the top of the electrode is i(t),

three definitions for the impedance of grounding electrode can be found in the literature [69]
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as

z(t) =
v(t)

i(t)
(2.1a)

z(t) =
v(t)

max(i(t))
(2.1b)

z(t) =
max(v(t))

I
(2.1c)

where I is the value of i(t) when the voltage v(t) is maximum. Equation (2.1a) is a time-

domain impedance called the transient surge impedance [70]. This definition only works for

purely resistive circuits, where the voltage and current have the same waveshapes. In (2.1b),

a step or ramp current is assumed to be injected into the electrode [71], and (2.1c) is the

commonly-used definition [72], which is constant and not a function of time.

The above time-domain definitions of the surge impedance are dependent on the wave-

shape of the injected current [69]. In other words, one gets different values for the grounding

impedance using double-exponential excitation, Heidler’s excitation [73] or a step pulse cur-

rent input. In order to mitigate this issue and to define a general impedance for any grounding

system, the frequency-domain surge impedance given by

Z(jω) =
V (jω)

I(jω)
(2.2)

is used in this thesis, where I(jω) is the injected current at the top of the electrode and

V (jω) is the voltage at the top of the electrode in respect to a remote ground. This definition

depends only on the geometry and electromagnetic properties of the grounding system and
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the medium they are buried in, and is not dependent on the excitation waveshape.

2.2 Grounding Impedance based on Theoretical Ap-

proaches

Two theoretical approaches can be employed to model the grounding electrodes, namely, cir-

cuit (lumped-parameters) and transmission line theories (distributed parameters). Sections

2.2.1 and 2.2.2 discuss their modeling approach and the equations to be used to obtain the

wideband frequency response of grounding electrodes.

2.2.1 Circuit Theory Approach

According to Sunde [14], to derive a formula for the DC resistance of a vertical cylindrical

conductor located near the surface of the earth, two assumptions are made: Firstly, it is

assumed that the conductors are surrounded by a conducting medium of infinite extent in

all directions. In other words, the effect of the soil-air interface is neglected. Secondly, a

constant leakage current is assumed along the length of the electrode. These assumptions

lead to an equation for the DC resistance Rv of a vertical conductor buried in ground given

by [14]

Rv =
ρ

2π`
(ln

4`

a
− 1) (2.3)

where ρ (Ωm) is the resistivity of the soil, ` and a are the length and radius of the electrode,

respectively (` � a). The capacitance of the conductor is obtained assuming a uniform
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distribution of charge on the surface of the electrode along its length as [14]

C =
ρε

R
(2.4)

where ε (F/m) is the permittivity of the soil. Finally, the inductance of the electrode is

obtained with the longitudinal current taken as constant along the length of the electrode [14]

Lv =
µ`

2π
(ln

2`

a
− 1) (2.5)

in which µ is the permeability of the soil.

In the case of a horizontal grounding electrode, the DC resistance is obtained using image

theory. When the conductor is buried at a depth of d, its resistance is obtained by assuming

two conductors 2d apart buried in a medium of infinite extent in all directions. Therefore,

the DC resistance of a horizontal electrode buried d meters under the surface of the ground

(d � `) is given by [14]

Rh =
ρ

π`
(ln

2`√
2ad
− 1). (2.6)

The self inductance of a hypothetical horizontal electrode buried in an infinite depth is less

than 5% smaller than the inductance of the same electrode placed near the surface of the

ground. As a result, to calculate the inductance of wires at ordinary depths of up to around

1 m (as stated in [14]), the inductance of a wire at the surface of the ground will be used as

Lh =
µ`

2π
(ln

2`

a
− 1). (2.7)

The capacitance of a horizontal buried conductor is obtained using (2.4). Using the circuit

theory approach leads to a representation of a grounding electrode with an inductance in
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series with a parallel resistance and capacitance as shown in Fig. 2.1, when N = 1. An

alternative to this simple circuit will be obtained if the electrode is divided into N fictitious

segments, and each segment is represented by the RLC equivalent circuit. As N −→∞, this

model will be equivalent to the Transmission-Line approach introduced in detail in the next

section.

𝑅1

𝐿1

𝐶1

𝑅2

𝑅𝑁

𝐿2 𝐶2

𝐶𝑁

𝐿𝑁

Air

Earth

1

2

N

Fig. 2.1: Equivalent circuit of a grounding electrode obtained by dividing it in to N
fictitious segments.

2.2.2 Transmission-Line Theory

The transmission-line approach is based on the quasi-static hypothesis which assumes that

the electrical dimensions of the problem is much smaller than the smallest wavelength of

the flowing current [25]. The buried conductor is assumed to have an infinite conductivity,

and its internal resistance is therefore equal to zero. The per-unit-length parameters of the

electrode are then calculated as

G′ =
1

R`
[S/m] (2.8a)

C ′ =
C

`
[F/m] (2.8b)
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L′ =
L

`
[H/m] (2.8c)

where R, C, and L are calculated using (2.3) to (2.7), and ` is the length of the electrode.

Given the per-unit-length parameters, one can calculate the impedance of a grounding elec-

trode by finding the input impedance of the open-ended equivalent transmission line. In the

frequency domain, the harmonic grounding impedance is given by [74]

Z(jω) = Zccoth(γ`) (2.9)

where Zc =
√

jωL′

G′+jωC′
and γ =

√
jωL′(G′ + jωC ′) are the characteristic frequency and the

propagation constant of the transmission line, respectively.

The transmission line theory approach does not take into account the mutual coupling

between the adjacent segments, so it is expected that they might lead to errors in the high

frequency response of grounding electrodes when their length is increased. However, as

they divide the electrode into a higher number of segments compared to the circuit theory

approach, the transmission line theory approach is expected to have more accurate results

for higher length of electrodes than circuit theory approach.

2.3 Overview of Tower Models

The large number of existing models for transmission line towers [70,72,75–95] can be clas-

sified in three categories based on the underlying assumptions and the components used to

represent the tower as follows.
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2.3.1 Vertical Lossless Frequency-Independent Models

These types of models approximate the tower body, i.e. its main legs and cage, with a simple

geometric shape such as a cylinder [70,72,77–81,84,85] or a cone [72,78]. The characteristic

impedance of the whole tower as a function of the height above ground is derived using

basic electromagnetic field analysis. In some, the current that is injected to the tower is

assumed to be of a specific shape, such as a ramp [72, 84], a double exponential [72, 76],

or a rectangular wave shape [70,81], that restricts the applicability of such tower models to

other waveshapes. Furthermore, the effect of tower cross arms and bracings is neglected, and

the criteria for the selection of the radius of the equivalent structure is not well established.

Figure 2.2A shows a typical double circuit tower, and Fig. 2.2B shows its representation by

such models. Table 2.1 shows the surge impedance of the double-circuit tower calculated

based on these models.

2.3.2 Multisection Lossless Transmission Line Models

In this group of models, similar to the previous, only the main body of the tower is considered,

but it is divided into a number of lossless transmission lines, usually 4, and the characteristic

impedance of each part is derived by analysing the tower elements as a multiconductor

system [85–87, 95]. Table 2.2 shows the value of the surge impedance of each section for a

4-story tower model as shown in Fig. 2.2C. In the model of Hara & Yamamoto [85], the

tower cross arms are also modeled by horizontal lossless transmission lines (ZAi), and the

bracings are modeled by a surge impedance (ZLi = 9ZT i) in parallel to the tower main body

in each section, as shown in Fig. 2.2D.
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2.3.3 Multistory Tower Models

As shown in Figs. 2.2E and 2.2F, these tower models divide the tower at the upper, mid-

dle, and lower phase arm positions into four sections. Each section consists of a lossless

transmission line ZT in series with a parallel RL circuit [88–91, 93, 94, 96]. The resistance

Table 2.1: Surge impedance of a typical double circuit tower (Fig. 2.2A) calculated by lossless
frequency-independent tower models.

No Model Expression ZT (Ω)

1 Wagner & Hileman [70] 60 ln(
√

22h
r0

) 205

2 Jordan [72] 60 ln( h
r1

)− 60 129

3 Sargent & Darveniza [72] 60 ln(
√

22h
r3

)− 60 195

4 Sargent & Darveniza [72] 60 ln(
√

2

√
h2+r20
r0

) 160

5 Menemenlis & Chun [76] 50 + 35
√
h 285

6 Chisholmet al. [78] 60 ln(cot(
tan−1(

r0
h

)

2
)) 184

7 Chisholmet al. [78] 60 ln(cot(
tan−1(

r0
h

)

2
))− 60 124

8 Chisholmet al. [77] 60 ln(cot( tan−1(T )
2

)) 190

9 Flash version 1.7 [79] 60
√

π
4

ln( 1√
2

cot( tan−1(T )
2

)) 150

10 Hara & Yamamoto [85] 60 ln(
√

22h
r0

)− 120 167

11
De conti [80],
Takahashi [81]

60 ln(4h
r0

)− 60 166

12 IEEE WG [84] 60 ln( h
r0

) 142

13 Takahashi [81] 60[ln(
√

22h
r0

)− 1.54] 112

1 The radius of the tower at its base, waist and top are r0, r1, r2, respectively. r3 is
the radius of the cylinder approximating the tower.

2 The height of the tower is h, height from base to waist is h1 and height from waist
to top is h2.

3 T = (r2h2 + r1h+ r0h1)/h2.
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Fig. 2.2: (A) 400 kV double circuit transmission line tower, and its equivalent circuits:
(B) lossless frequency-independent equivalent circuit, (C) multisection lossless line, (D)
the model of Hara & Yamamoto [85] which considers the cross arms and bracings, (E)
Multistory tower model, and (F) is the model of Baba [91].

represents the attenuation of traveling waves in the tower, and the inductance makes the

resistance ineffective as time passes by and also adjusts the propagation velocity along the

tower [88]. These models are derived based on the results of field measurements on actual

towers and the values of the tower surge impedance and attenuation coefficients have to be

determined by a trial and error process such that the response of the circuit representing

the tower would be the same as the measured ones. There are limitation in extending the

results of such models to other types of transmission towers [88]. Table 2.3 shows the values

of tower parameters calculated based on these models, and the equivalent circuit of the tower

is shown in Fig. 2.2E. In the model of Baba [91], two parallel RL elements are considered

in the lower tower section as shown in Fig. 2.2F.
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Table 2.2: Surge impedance of the double circuit tower calculated by lossless tower models
(multi conductor system).

No Model ZT1(Ω) ZT2(Ω) ZT3(Ω) ZT4(Ω)
14 Ametani [95] 95 112 102 87
15 Ametani

simplified [95]
88 108 96 75

16 Gutierrez [86], [87] 270 253 230 167

17

128 120 106 83
ZL1(Ω) ZL2(Ω) ZL3(Ω) ZL4(Ω)

Hara &
Yamamoto

1152 1080 954 747

[85] ZA1(Ω) ZA2(Ω) ZA3(Ω) ZA4(Ω)
- 305 282 257

Table 2.3: Surge impedance of the double circuit tower calculated by multistory tower models.

No Model Zb
T1 Zb

T2 Zb
T3 Zb

T4 Ra
1 Ra

2 Ra
3 Ra

4 La1 La2 La3 La4
18 Ishii [88] 220 220 220 150 8.32 20.37 20.37 33.47 3.49 8.53 8.53 14.01
19 Yamada

[89]
120 120 120 120 9.30 16.45 17.06 42.80 2.79 4.94 5.13 12.86

20 Motoyama
[90]

120 120 120 120 5.83 11.7 9.32 26.8 2.31 4.61 3.69 10.6

21 Baba [91] 200 200 180 150 20 30 25 25 6 9 15 1.5
22 Hashimoto

[93]
195 182 149 121 13.3 32.5 28.1 76.1 7.42 18.1 15.7 52.7

1 The impedances ZT i and Ri values are in Ω and Li are in µH.

2.4 Interface to Time-Domain Simulators

After obtaining the frequency domain simulation results, in order to calculate the time-

domain voltage at the top of a grounding electrode or across the string of insulators of a

tower, it is needed to transform the frequency-domain responses so they can be interfaced

with electromagnetic transient simulators. One approach is to use vector fitting to represent

a frequency-domain impedance Z(s), given at n0 frequency points, with rational function
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approximations [97] in the state-space form as

Z(s) = D + C(sI−A)−1B + sE (2.10)

or in the pole-residue form

Z(s) = D +
N∑
m=1

Rm

s− am
+ sE. (2.11)

where N poles are used in the vector fitting, and the dimensions of A, B, and C in (2.10)

are N ×N , N × 1, and 1×N , respectively. Then, the recursive convolution method [98] is

used to obtain the time domain voltage v(t) from the input current i(t) in a time-domain

simulation based on a fixed time-step ∆t given by [99]

xk = αxk−1 + Bik−1 (2.12a)

vk = Ĉxk + Gik (2.12b)

where

α = (I −A∆t

2
)−1(I +A

∆t

2
) (2.13a)

Ĉ = C(αλ+ µ) (2.13b)

G = (D +CλB) (2.13c)

λ = µ = (I −A∆t

2
)−1 ∆t

2
. (2.13d)
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(a)

(b)

Fig. 2.3: Series equivalent circuit for a real pole (a), and a complex pole pair (b).

The subscripts k − 1 and k denote the past and present time-steps, respectively. x is the

vector of state space variables.

2.5 Equivalent Circuit Implementation

An alternative way for the implementation of a frequency-domain response in time-domain

simulators is to find circuit equivalents that could reproduce the same frequency domain

response. The method presented in [100] is used to generate an RLC circuit equivalent for

the simulated grounding electrodes which can be incorporated in EMT-type simulators. The

constant term R0 and the proportional term E in (2.11) are represented with a conductance

and a capacitance of values R0 and E, respectively. The equivalent circuit for real poles is

a series RL circuit as shown in Fig. 2.3a and the equivalent circuit for a pair of complex-

conjugate poles is a series RLC circuit given in Fig. 2.3b [100]. The value of components in
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Fig. 2.3a are given by

L1 = 1/Rn (2.14a)

R1 = −an/Rn (2.14b)

and for Fig. 2.3b, the value of the elements can be calculated using [31]

L2 = 1/(Rn1 +Rn2) (2.15a)

R2 = (−an1Rn1 − an2Rn2)/(Rn1 +Rn2)2 (2.15b)

C2 = −(Rn1 +Rn2)3/(Rn1Rn2(an1 + an2)2) (2.15c)

R3 = −(Rn1 +Rn2)/[(Rn1an2 +Rn2an1)C2]. (2.15d)

2.6 Summary

In this chapter, different definitions of grounding impedance available in the literature

were provided, and it was mentioned that in contrast to the time-domain definitions, the

frequency-domain definition does not depend on the waveshape of the excitation. The rep-

resentation of towers and grounding electrodes using circuit and transmission-line theories

was provided in detail, and the required equations for the wideband modelling of grounding

electrodes were given. An overview of tower models, their underlying assumptions and their

restrictions were provided. Finally, the method of interfacing frequency-domain responses

with time-domain simulators was introduced.
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Chapter 3

Grounding Electrodes

In this chapter, the development of an equivalent time-domain macro-model for grounding

electrodes of different lengths and orientation buried in soil is presented. First, a simulation

model is proposed to numerically solve for the grounding impedance in the frequency domain.

Next, the full-wave Maxwell’s equations are solved using Finite Element Method (FEM).

Both cases of constant and frequency dependent soil electrical parameters are considered. In

order to have an estimation about the effect of weather change on the grounding impedance,

the variation of soil electrical parameters in the permissible range of soil water contents are

calculated. Time-domain voltage of grounding electrodes due to the injection of a current at

the top of the electrode is then obtained using Vector fitting and recursive convolutions. Both

first and subsequent lightning strokes are considered and the effect of electrode dimensions

and soil parameters on the waveshape and peak of the induced voltages are examined.

3.1 Soil Electrical Parameters

In the study of electromagnetic wave propagation in a homogeneous, isotropic medium,

three properties of the medium are considered: electrical conductivity, dielectric constant,
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and magnetic permeability. The attenuation of electromagnetic waves propagating in such

a medium is defined as [14]

α = ω

√
µε

2
(

√
(1 +

σ2

ω2ε2
)− 1). (3.1)

In (3.1), α is the attenuation constant (nepers/m), ω is angular frequency (rad/s), µ is the

magnetic permeability (H/m), ε is the dielectric constant (F/m), and σ is the conductivity

(S/m) of the medium. The attenuation constant α is important to evaluate the strength of

electromagnetic waves in a specific distance from its source. This equation highlights the

importance of accurate determination of the electrical properties of the soil in studying the

performance of grounding electrodes.

3.1.1 Electrical Conductivity

Soil conductivity is determined by field measurements of apparent resistivity at very low

frequencies, often DC to 20 Hz. Four metal electrodes are driven a few meters into the soil

in an inline array. A source of electric current is connected to the two outer electrodes,

and the resulting potential difference between the two inner electrodes are measured. The

apparent low frequency resistivity of the soil is calculated as a function of the measured

voltages and current and the spacing between the electrodes. In the next step, using curve

matching methods, the true resistivity of the soil layers at different depths is determined [101].

The conductivity of soil is nearly constant below a frequency of 20 Hz, and its value at

higher frequencies can be estimated by knowing either its low frequency resistivity or its

water content [101]. In general, it has been shown that clay soil has a high conductivity

of 0.11 S/m and above, the loam and chalk soil has an average conductivity value of about
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0.1 S/m, while soil of a sandy or gritty nature gives a much lower conductivity value [67].

The lowest values were obtained for the solid granite or slate subsoil with a conductivity of

the order of 0.0001 S/m [67]. It is worth mentioning that the temperature of the soil also

affects the value of its conductivity and permittivity. As the temperature increases, resistivity

decreases at a rate of about 2 − 3 percent per ◦ in the range of normal soil temperatures

above the freezing point [67,102,103].

3.1.2 Dielectric Constant

The relative dielectric constant (εr) is the ratio between the absolute permittivity of a mate-

rial (ε) and the absolute permittivity of free space (ε0 = 8.854× 10−12 F/m), and expresses

the ability of a material to polarize under an electric field. To measure this quantity, the

material is placed in an alternating electromagnetic field, and the time it takes for the wave

to travel through the material is measured [103].

Several factors affect the value of soil permittivity. Soil is generally consisted of air,

water and solids. The permittivity of water is 80.36 at 20◦C which is much larger than

the permittivity of most common soil minerals, which ranges between 3 to 5 [104]. This

difference clearly shows the high ability of the water molecules to polarize compared to the

soil particles. As there are significant differences between the permittivity of a soil constituent

components, it stands to reason that the permittivity of a soil is highly dependent on its

water content. The measurements of the dielectric properties of soil have shown that the

variation of dielectric constant with moisture content depends on the type of soil. The

observed dielectric constant increases slowly with soil ’s water content up to a transition

point, beyond which a rapid increase occurs [105]. For moisture contents below the transition

moisture, the water in soils is thought to behave like ice and, consequently, the dielectric
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constant for ice is used in the mixing, while above the transition moisture the dielectric

properties of the liquid water is used. In was also observed that the dielectric constant of 12

samples of soil with different water contents (from dry soil to 30% of moisture content) show

the range of its variation to be between 3 to near 30, with its trend being dependent on the

soil type or texture [67]. In another measurement, when precautions were taken to remove

all the moisture from a sample of soil by drying it out, the minimum observed dielectric

constant was equal to 2 [106]. Regarding the texture, the clay soils have a high dielectric

constant, while it reaches to 20 for loam and chalk soils [67]. As a final remark, it is worth

noting that the temperature effect on the dielectric constant is negligible for temperatures

above the freezing point [67, 103]. It must be remembered that the surface variations are

not completely followed by the temperature of the ground below the surface, and that the

variation of the effective conductivity of the ground with surface temperature will depend

upon the depth to which the electric waves penetrate the earth.

3.1.3 Magnetic Permeability

Magnetic permeability is determined by measuring magnetic susceptibility of soil samples

under a weak magnetic field [107]. Relative magnetic permeability of rock and soil is less

important than its conductivity and dielectric constant in studies of electromagnetic pulse

propagation, because for most earth materials it is only slightly greater than unity (between

1.0006 and 1.001) [108]. Due to this fact, the permeability of soil is considered equal to 1 in

all studies involving the ground [107].
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3.1.4 Frequency Dependence of Soil Electrical Parameters

Considering the electrical conductivity, permittivity, and magnetic permeability of soil, the

first two parameters are strongly frequency dependent, whereas the last one is similar to the

magnetic permeability of air in most cases. It has been found that the resistivity and per-

mittivity of soil has a decreasing trend as the frequency increases [109]. Additionally, it was

realized that the decrease of soil resistivity and permittivity, resulting from the frequency

dependent effects, is responsible for significant decrease of the grounding impedance [110].

There have been many laboratory measurements done to determine the frequency depen-

dence of soil parameters [109–112].

Based on low frequency measurements together with statistical correlations of laboratory

measurements of conductivity and permittivity in the frequency range of 100 Hz to 1 MHz,

Scott et al. [111] developed plots for permittivity, conductivity and permeability as functions

of frequency and soil water content. The measurements were performed on a group of rock

and soil samples. The proposed expressions where derived based on additional measurements

as follows [101]

log10(εr(f)) = 5.491 + 0.946 log10(σ100Hz)− 1.097 log10(f) + 0.069(log10(σ100Hz))
2

− 0.114 log10(f) log10(σ100Hz) + 0.067(log10(f))2 (3.2a)

log10 (σ (f)) = 0.028 + 1.098 log10(σ100Hz)− 0.068 log10(f) + 0.036(log10(σ100Hz))
2

− 0.046 log10(f) log10(σ100Hz) + 0.018(log10(f))2(mS/m) (3.2b)

where f (Hz) is frequency, and σ100Hz (mS/m) is the conductivity at 100 Hz. In the same
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reference, there are another set of equations which determine the frequency dependence of

conductivity and permittivity based on the water content of the soil instead of low-frequency

conductivity.

Longmire and Longley [113] developed another set of equations based on the Scott’s

experimental data, with the fundamental assumption that each volume element of soil could

be represented by a RC network. Such assumption would backup the idea that the frequency

dependence of conductivity and permittivity are not independent. They also noticed that

there is only one curve for εr(f) and in order to obtain this frequency dependence for different

water contents, the curve only has to be moved to the right or left, i.e., a frequency scale

should be used. Their model, which is called the universal soil model, is given as [114]

εr(f) = ε∞ +
13∑
i=1

ai

1 + ( f
Fi

)2
(3.3a)

σ(f) = σ0 + 2πε0

13∑
i=1

aiFi
( f
Fi

)2

1 + ( f
Fi

)2
(3.3b)

where ε∞ and σ0 are the high frequency limit of the dielectric constant and the low frequency

conductivity, respectively. The value of ε∞ = 5 is chosen and coefficient ai are given in table

3.1. For a water content of P = 10%, Fi = 10n−1 Hz, where n = 1, 2, ..., 13. There are two

restrictions related to this model: i) the assumption of dependency of soil conductivity only

on the water content, and ii) the use of different materials than what used by Scott, to fit

the results at higher frequencies.

Another representation of the frequency dependence of soil electrical parameters, which

was also based on Scott’s experimental data, was proposed by Messier [115]. The proposed

- 29 -



EMT-Compatible Model for Towers 3.1 Soil Electrical Parameters

Table 3.1: Coefficients ai for the universal soil model.

i ai i ai

1 3.4× 106 8 1.25× 101

2 2.74× 105 9 4.8× 100

3 2.58× 104 10 2.17× 100

4 3.38× 103 11 9.8× 10−1

5 5.26× 102 12 3.92× 10−1

6 1.33× 102 13 1.73× 10−1

7 2.72× 101

equations were modified in a later publication [116] and they are given as

εr(f) =
ε∞
ε0

(1 +

√
σ0

πfε∞
) (3.4a)

σ(f) = σ0(1 +

√
4πfε∞
σ0

) (3.4b)

where σ0 and ε∞ are defined in the same way as the previous model, except that ε∞ = 8.

Visacro and Alipio developed another set of equations for the frequency dependence of

soil electrical parameters based on their own measurements that are given by [110]

σ = σ0

[
1 + (1.2× 10−6 × σ−0.73

0 )× (f − 100)0.65
]

(3.5a)

εr = 7.6× 103f−0.4 + 1.3. (3.5b)

where σ0 is the soil conductivity at 100 Hz and εr is the soil relative permittivity at frequency
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Fig. 3.1: An illustration of the grounding impedance.

f . It is worth noting that (3.5a) is valid for frequencies ranging from 100 Hz to 4 MHz, while

(3.5b) is valid for frequencies ranging from 10 kHz to 4 MHz. In a later work, Alipio and

Visacro developed a causal model to describe the frequency dependence of soil electrical

parameters. Using these expressions, the impact of frequency dependence of soil electrical

parameters on the lightning response of vertical and horizontal arrangements of electrodes

can be accurately assessed.

3.2 Simulation Model for Grounding Electrodes

Suppose that an electrode is buried in soil as shown in Fig. 3.1. If a current i(t) is injected

at the top of the electrode, the grounding impedance is defined by defining a voltage for

the same node (top of the electrode) in respect to a remote ground. In this section, two

simulation models are proposed for the modelling of grounding electrodes in the frequency

domain.
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Air

Ground

Excitation

Grounding elec-
trode

Fig. 3.2: Simulation model for the analysis of grounding electrodes using conical transmis-
sion lines.

3.2.1 Conical Transmission Line

In this model, the ground and air region are modelled using conical transmission lines.

The motivation is that if the air region can be modelled as a transmission line, then given

the input impedance of the line, one can find the load impedance, which is the grounding

impedance. Further, the effect of the parasitic capacitance between the inner and outer

conductors of the line can be deduced from the grounding impedance. The classical equation

for the input impedance of a transmission line is valid only under the assumption that the

electromagnetic field is of the transverse electromagnetic (TEM) type. This is the reason why

the conical transmission lines are investigated instead of the more commonly used cylindrical

transmission lines (coaxial). Is is known that the cutoff frequency in conical transmission

lines is not abrupt like normal guides, but occurs gradually [117]. Furthermore, it is known

that the cutoff frequency of non-TEM modes are much higher in conical transmission lines
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Fig. 3.3: Two series conical transmission lines considered for numerical simulation using
FEM.

compared to cylindrical transmission lines. Firstly, in order to validate the accuracy of

the FEM simulations, two series conical transmission lines are considered as shown in Fig.

3.3. A port is defined between the two lines and each line is short circuited at its end. A

theoretical solution is obtained by halving the input admittance of one short-circuited conical

transmission line. Figures 3.4 and 3.5 show the magnitude and phase angle of the admittance

seen from the port calculated by FEM and the theoretical solution. It can be seen that the

simulation and theoretical results match both in the magnitude and frequency of resonances

up to a frequency of 20 MHz. This result proves that in such condition, non-TEM modes are

not propagating in the conical line, and the transmission line theory is providing accurate

results.

If we can determine the cut-off frequency of higher order TE and TM modes, one can

consider the ground region in the FEM simulation model in a way that only TEM modes

will propagate in the frequency range of interest. To find the cut-off frequency of non-TEM
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Fig. 3.4: Magnitude of the admittance seen by the port located between two conical
transmission lines, which are short circuited at their ends.

modes, the nth root of

dPm
v (cos θ1)

dθ1

dQm
v (cos θ2)

dθ2

− dQm
v (cos θ1)

dθ1

dPm
v (cos θ2)

dθ2

= 0 (3.6a)

and

Pm
v (cos(θ1))Qm

v (cos(θ2))−Qm
v (cos(θ1))Pm

v (cos(θ2)) = 0 (3.6b)

are found to obtain the value of v for TEmn and TMmn modes, respectively. In (3.6b), θ1

and θ2 are the half angles of the inner and outer cones, and Pm
v and Qm

v are the associated

Legendre functions of first and second kind of degree v and order m. Knowing the value of

v, the cutoff frequency is found using:

fcutoff =
c×

√
v(v + 1)

2πr
(3.7)
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Fig. 3.5: Phase angle of the admittance seen by the port located between two conical
transmission lines, which are short circuited at their ends.

one can conclude that if the lower radius of the conical line (which is equal to the radius

of the hemisphere representing the soil part of the simulation model) can not be equal to a

small value, the height of the line should be as small as possible, so that non-TEM modes

wont propagate. However, as this approach for the modelling of grounding electrodes was

not successful, it was not further investigated.

3.2.2 Cone and Sphere Model

In this developed model, to analyze the performance of grounding electrodes subjected to a

lightning surge, the calculation region can be divided into two sections: one is the conductor

domain including the electrode of radius r1 buried in soil with relative permeability of µr,

relative permittivity of εr, and conductivity of σ. The unbounded ground is represented by

a hemisphere of radius r0. The other part is the air region, which is represented by a cone

of height h, a lower radius of r0, and an upper radius equal to the electrode’s diameter. A
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Air

Soil
ε, µ, σ

Grounding Electrode

Excitation

h
r0

Fig. 3.6: Proposed FEM model for the calculation of the grounding impedance. The air
region is represented by the blue cone of height h, the brown hemisphere with radius r0 is
representing the ground region, and a rectangular port is defined for the excitation. The
excitation is equivalent to a voltage source of 1V in amplitude (Note that the dimensions
are not exact in the figure).

voltage source of amplitude 1 V is applied between the electrode’s top surface and the upper

face of the cone by means of defining a port between them. The port is a rectangle with

a width equal to the electrode’s diameter and a length of h. The solution of (3.13) using

FEM needs suitable boundary conditions in order to represent the electromagnetic model in

an accurate way. The electric field is forced to be normal to the port edges which interface

with conductors and also at the reference point, while it is tangential to all remaining edges.

Perfect electric conductor (PEC) boundary condition is applied to all outer surfaces of the

cone and the hemisphere. A 3D view of the proposed model is shown in Fig.3.6. The

sensitivity analysis described in Section 3.3 aims to justify the size of the computational

domain and to select the optimum value for the radius and other parameters that impact

the accuracy of results.

- 36 -



EMT-Compatible Model for Towers 3.3 Sensitivity Analysis and Convergence

3.3 Sensitivity Analysis and Convergence

In this section, first the selection of the size of the computational domain is justified for the

consideration of different soil resistivities and then the parameters influencing the accuracy

of the proposed model are assessed and their optimum value is obtained. The variables con-

sidered here are the truncation radius r0, the length of the port used to excite the electrodes

h, and the frequency dependence of soil parameters.

3.3.1 Shape and Size of the Computational Domain

The outermost surface of the computational domain serves as the current closing path.

There is no such truncation in reality, so the effect of size of the computational region should

be minimized in the surge response of the electrode. The ground has been modeled by a

hemisphere, because there should be a symmetry around the electrode in order to avoid

forcing the current to go in a particular direction. The sensitivity analysis done to find

the suitable hemisphere radius tries to minimize the effect of this imaginary ground around

the electrode. The air region is modeled as a nonuniform coaxial cable. The current going

through this coaxial cable can be considered as a wave which will be scattered cylindrically

at high frequencies. The waves reflected back from the air’s outer surface, propagate into the

computational region and could cause an error. These errors show themselves as resonances

in the simulated frequency-domain impedance of the electrode. To minimize this error, the

air region is modeled as a cone, which is equivalent to having a non-uniform axial cable. As

the distance between the PEC wall and the source of scattered waves (central conductor)

decreases, the resonances will occur at higher frequencies. This will cause these unwanted

resonances to occur in frequencies outside the frequency range of ineterest.
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3.3.2 Truncation Radius

In order to have a quantitative estimate about the wave propagation in a lossy medium, the

TEM wave propagation constant should be considered which is given by [118]

γ = α + jβ =
√
jωµ0(σ + jωε) (3.8)

where α is the attenuation constant given by (3.1), and β is the phase constant. The skin

depth can be calculated from the attenuation constant as

δ =
1

α
. (3.9)

The strong dependence of skin depth on the soil conductivity is shown in Fig. 3.7, where

a relative permittivity of εr = 10 is considered. As the resistivity of the soil increases from

10 to 10000 Ωm, attenuation of the electromagnetic waves propagating in the soil increases,

which causes the skin depth to increase. Furthermore, at higher frequencies, the fields tend

to localize around the source, so the maximum skin depth is seen in dc. The skin depth shows

a saturation in the very high frequencies and becomes constant as the frequency increases

further, the starting point of which depends on the soil resistivity.

In Fig. 3.8, the effect of soil permittivity on the skin depth while considering a constant

conductivity is shown. As expected, the value of permittivity has no influence in the low

frequency region, no matter what the soil conductivity is. However, as the frequency of

the waves increases, for lower soil conductivities, i.e. σ = 0.0001 S/m, the effect of soil

permittivity on the wave propagation appeares as an increase in the value of the skin depth.

There is still no change in the high frequency region for high soil conductivities of σ =
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Fig. 3.7: Skin depth in soil as a function of frequency when different values of
conductivity is considered and εr = 10..

0.1 S/m.

It can be concluded from Figs. 3.7 and 3.8 that if a specific radius for the ground part

of the FEM model simulates the case of DC currents accurately, it can be assured that it is

acceptable to simulate the high frequency propagation with no error due to the truncation.

By truncation error it is meant that enough soil volume for the current dissipation has been

considered, so no current will reach the artificial Perfect Electric Conductor (PEC) surface

enclosing the model.

Two cases are considered for the dc simulation. First, consider a PEC hemispherical

electrode of radius a buried in homogeneous soil with a conductivity of σSoil as shown in Fig.

3.9. The reason for considering such configuration is the availability of an exact analytical

solution with no approximations. Assuming that the conductivity of the electrode is much

higher than the soil, the resistance of the electrode is negligible in comparison with that

of the soil. By integrating the resistance of differential shells, the dc resistance of such

electrode/soil configuration is calculated as
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Fig. 3.8: Skin depth in soil as a function of frequency for σ = 0.1 S/m and
σ = 0.0001 S/m.

RDC =

∫ ∞
a

dr

2πr2σSoil

=
1

2πaσSoil

. (3.10)

The simulation of the grounding system shown in Fig. 3.9 considering the truncation ra-

dius as the variable will allow us to determine the effect of the truncation radius. The analytic

dc resistance obtained from (3.10) is 1, 273 Ω assuming a = 12.5 mm and σSoil = 0.01 S/m.

I

a

𝑟

𝜎Soil 𝑑𝑟

Fig. 3.9: A perfect conducting hemispherical electrode of radius r0 buried in homogeneous
soil with conductivity of σSoil. A differential segment with a radial length of dr is shown.
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Fig. 3.10: DC resistance of a PEC hemispherical electrode buried in homogeneous soil as
a function of the ground’s radius obtained from FEM.

Fig. 3.10 shows the simulated DC resistance as a function of ground’s truncation radius.

From this figure it can be concluded that considering a hemisphere of radius 60 m would be

sufficient to model the resistance of the hemispherical grounding electrode accurately with

an error of less than 0.2%. As the frequency increases, the skin depth of the soil will decrease

that means if the truncation radius is large enough at f = 0 (DC), it is sufficiently large at

any other frequency.

For the second case considered for the verification of the ground radius, an electrostatic

analysis on the vertical and horizontal grounding electrodes buried in a hemisphere of soil

with a specific conductivity (any permittivity) is performed. Figure 3.11 shows the results

of such a DC analysis for vertical grounding electrodes. A ground radius of 30 m to 600 m

has been considered with a PEC grounding electrode buried in. It can be concluded that

for the modeling of vertical grounding electrodes with lengths of 1,3, and 5 m, a radius of

50, 55, and 70 m is sufficient for the ground to achieve en error of less than 1% in the value

of the DC resistance with reference to the case of a 600 m radius, where the results seem to

converge. Is is worth mentioning that the assumptions made in the derivation of theoretical
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Fig. 3.11: Electrostatic analysis of a vertical electrode buried in a homogeneous soil with
conductivity of σ = 0.1 S/m as a function of ground radius obtained with FEM, and
analytical formulae (2.3) and (2.6) as the reference values.

equations (2.3) and (2.6) lead to a maximum error of 5.3% and 4% (for a burial depth of

0.5 m) in comparison to the exact numerical solution, respectively. Less error is observed as

the length of the electrode increases.

- 42 -



EMT-Compatible Model for Towers 3.3 Sensitivity Analysis and Convergence

Table 3.2: The magnitude of impedance for a port with width of 25 mm and varying
length.

Port length (mm) Magnitude of Port Impedance (Ω)

10 0.20964

50 2.5104

100 6.624

1000 122.84

2000 280.36

5000 815.6

3.3.3 Port Length

The existence of the port creates a parasitic inductance that can be calculated using [119]

L = 0.2× h×
(

ln
2h

w
+

0.223w

h
+ 0.5

)
[nH] (3.11)

where h and w are the length and width of the port in millimeters, respectively. A radius of

12.5 mm for the electrode requires a port width of 25 mm. Table 3.2 shows the magnitude of

port’s impedance (2πfL) for a number of port lengths in the maximum frequency of concern

that is 20 MHz. In this table, it can be seen that the port length has to be less than 50 mm

in order to have a negligible impedance in comparison with the grounding system.
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3.3.4 Significance of the Soil Permittivity in the High-Frequency

Analysis

Considering the case of a grounding electrode buried in soil, as the frequency of the prop-

agating current goes up, the term σ2/(ω2ε2) in (3.1) decreases, lowering the effect of soil

conductivity in comparison to its permittivity. In the extreme case, where this term is very

small compared with unity, the conductivity has a negligible effect. Similarly when σ2/(ω2ε2)

is large compared with unity, the effect of the dielectric constant is unimportant in deter-

mining the flow of current. As a result, it is expected that at a sufficiently high frequency,

the dielectric constant would play a prominent, and even a major role in determining the

effect of the earth on wave propagation. It is now evident that in order to have a clear

understanding of the effect of soil on the response of grounding electrodes to the flow of

alternating currents, it is necessary to consider the variation of both electric conductivity

and permittivity of the soil, especially the latter, in the high-frequency region.

3.3.5 Numerically Solved Equations

The Finite Element Method (FEM) is commonly used to solve partial differential equation

that require the whole problem space to be divided into a number of smaller regions [120].

In this thesis, a full-wave electromagnetic solver is used for the simulation of grounding

electrodes and the differential equations being solved are the well-known Maxwell’s equations
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given by

∇× E = −∂B

∂t
(3.12a)

∇×H = J +
∂D

∂t
(3.12b)

∇ ·D = ρv (3.12c)

∇ ·B = 0. (3.12d)

where E, B, H, D and J are the electric field, magnetic flux density, magnetic field, electric

flux density, and current density vector, respectively. ρv is the volume electric charge density.

Here, we solve the wave equation in the frequency domain that is represented by [121]

∇×
(

1

µ
∇× E(x, y, z)

)
− k2 E(x, y, z) = 0 (3.13)

where

k = ω

√
ε(1− j σ

εω
).

E(x, y, z) is the electric field vector in the frequency domain, µr is the relative permeability,

and εr is the relative permittivity of the medium [121]. An advantage of the FEM solution

of (3.13) is that one can easily incorporate the inhomogeneity and/or frequency-dependence

of the medium. The other advantage of FEM is that once the electric field is obtained, other

physical quantities are calculated by derivation from the phasor representation in any location

of the system, including the points that might have been neglected in an analytical approach.

In this process, the solved electric fields are evaluated to determine if there is an error due to

the mesh’s failure to capture field gradients accurately. The mesh is refined in those locations,

and the new mesh is solved. This adaptive process continues until a specific output quantity,
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usually based on the S-parameters, changes less than a user-specified convergence criteria

between two consecutive adaptive passes.

3.4 Numerical Results

In this section, the normalized magnitude of the impedance (Z(jω)/ZDC) of vertical and

horizontal grounding electrodes of length 1, 3, and 5 m with a radius of 12.5 mm in the

frequency region of 1 kHz to 20 MHz calculated using FEM, circuit, and transmission line

theories are represented and compared. The conductivity of the soil is assumed to vary from

0.0001 to 0.1 S/m, and the values considered for its relative permittivity are 3, 5, 10, 20, and

30. The dependence of the characteristic frequency on the parameters of the electrode and

the soil is discussed. Finally, the effect of frequency dependent soil electrical parameters on

the grounding impedance is evaluated.

3.4.1 Frequency Response of Grounding Electrodes

The three modeling approaches outlined in Sections 2.2 and 3.3.5 are compared here, namely

the circuit theory, transmission-line and the electromagnetic full-wave approach. In the

figures, they are identified as ”RLC”, ”TLine”, and ”FEM”, respectively. The soil electrical

parameters are considered to be constant throughout the considered frequency range in

this section. First, the effect of varying soil electrical permittivity is ignored, and it is

considered to be equal to εr = 10. The harmonic impedance of vertical grounding electrodes

of different lengths with εr = 10 are shown in Figs. 3.12-3.14. The response of grounding

electrodes is practically constant up to a certain frequency, which is called the characteristic

or the break frequency Fc [122]. Above such frequency, the electrode wont have the low-
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frequency resistive behavior anymore. Instead it shows either an inductive (increasing high-

frequency magnitude) or a capacitive response (decreasing high-frequency magnitude) based

on the length of the electrode and the soil conductivity. The influencing parameters on the

value of Fc will be discussed in Section 3.4.2. As the conductivity increases, the effect of

ground displacement current becomes less important and an inductive behavior is seen in

the high frequency region. This can be qualitatively assessed in terms of the ratio σ/ωε.

The other influencing parameter is the length of the electrode which results in an inductive

behavior as it increases. Furthermore, the resonant region starts at a lower frequency with

longer electrodes. Figures 3.15-3.17 are similarly organized, but for a horizontal grounding

electrode. Here, the radius of the electrode is 12.5 mm and burial depth is 0.5 m. The

vertical and horizontal grounding electrodes of the same length despite of having different

low frequency resistances (Rv and Rh), have almost a similar high frequency response and

the only difference is in the region where the resonant behavior starts.

To compare the modeling approaches, the FEM is considered as the reference, since it

is the most accurate modeling approach. The highest amount of error is seen in the regions

of dominant resonant behavior for both of the theoretical modeling approaches, where they

predict resonances with much higher peaks. Nevertherless, traditional models lead to very

small errors up to the MHz range in all considered cases. The most accurate predictions

of the circuit and transmission-line methods seem to be for the highly resistive earth and

shorter electrodes.

- 47 -



EMT-Compatible Model for Towers 3.4 Numerical Results

103 104 105 106 107

Frequency (Hz)

10-4

10-3

10-2

10-1

100

101
N

or
m

al
iz

ed
 M

ag
ni

tu
de

 o
f 

Im
pe

da
nc

e
RLC
TLine
FEM

=0.1 (S/m)

0.01

0.001
0.0001

(a)

103 104 105 106 107

Frequency (Hz)

-100

-50

0

50

100

Im
pe

da
nc

e 
Ph

as
e 

A
ng

le
 (
°)

RLC
TLine
FEM

=0.1 (S/m)

0.01

0.001
0.0001

(b)

Fig. 3.12: Normalized magnitude (a) and phase angle (b) of harmonic impedance of 1 m
vertical grounding electrode for εr = 10.
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Fig. 3.13: Normalized magnitude (a) and phase angle (b) of harmonic impedance of 3 m
vertical grounding electrode for εr = 10 along with its phase angle.
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Fig. 3.14: Normalized magnitude (a) and phase angle (b) of harmonic impedance of 5 m
vertical grounding electrode for εr = 10 along with its phase angle.

- 50 -



EMT-Compatible Model for Towers 3.4 Numerical Results

103 104 105 106 107

Frequency (Hz)

10-3

10-2

10-1

100

101

N
or

m
al

iz
ed

 M
ag

ni
tu

de
 o

f 
Im

pe
da

nc
e

RLC
TLine
FEM

=0.1 (S/m)

0.01

0.001
0.0001

(a)

103 104 105 106 107

Frequency (Hz)

-100

-80

-60

-40

-20

0

20

40

60

80

Im
pe

da
nc

e 
Ph

as
e 

A
ng

le
 (
°)

RLC
TLine
FEM =0.1 (S/m)

0.01

0.001

0.0001

(b)

Fig. 3.15: Normalized magnitude (a) and phase angle (b) of harmonic impedance of 1 m
horizontal grounding electrode for εr = 10 along with its phase angle.
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Fig. 3.16: Normalized magnitude (a) and phase angle (b) of harmonic impedance of 3 m
horizontal grounding electrode for εr = 10 along with its phase angle.
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Fig. 3.17: Normalized magnitude (a) and phase angle (b) of harmonic impedance of 5 m
horizontal grounding electrode for εr = 10 along with its phase angle.
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Regarding the effect of soil electrical permittivity on the harmonic impedance of the

grounding electrodes, Figs. 3.18 - 3.19 show how the high frequency impedance of a vertical

grounding electrode of length 1 m varies as the soil relative permittivity is changed from

εr = 3 to 30. Figures 3.20 and 3.21 are similarly organized, but for horizontal grounding

electrodes. As discussion in Section 3.3.4, the variation of soil electrical permittivity (and

so its water content) has no marked effect on the the impedance of the vertical grounding

electrodes at low soil resistivity medium (10 and 100 Ωm). At high soil resistivity condition

(1000 and 10000 Ωm) and low frequency range, the performance of the grounding electrodes

have no significant change as the permittivity varies. However, beyond a threshold frequency

of around 10 kHz, increasing the relative permittivty from 3 to 30 resulted in a significant

reduction of at least 50% in the magnitude of impedance due to the capacitive effect. This

decrease continues up to a frequency of 10 MHz after which an oscillatory behavior is ob-

served for very high permittivities. The exact same variation in the impedance of horizontal

grounding electrodes was observed and they are not shown here.

Figure 3.22 shows the percentage variation in the magnitude of vertical grounding impedance

of the same length for the cases of εr = 3 and εr = 30 as a function of frequency and soil

conductivity. The considered frequency range considered here is from 1 kHz to 10 MHz,

cutting out the interval of resonant behavior. The variation in the magnitude of ground-

ing impedance continuously increases as the frequency or the soil resistivity goes up. The

steepest variation is observed in the frequency range of 50 to 200 kHz, smoothing out as

the frequency increases further. This shows the importance of considering the effect of soil

permittivity in high frequency analysis of grounding electrodes.
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Fig. 3.18: Normalized magnitude of harmonic impedance of a vertical grounding
electrode of 1 m in length with varying the soil permittivity.
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Fig. 3.19: Phase angle of the impedance of a vertical grounding electrode of 1 m in
length with varying the soil permittivity.
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Fig. 3.20: Normalized magnitude of harmonic impedance of a horizontal grounding
electrode of 1 m in length with varying the soil permittivity.
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Fig. 3.21: Phase angle of the impedance of a horizontal grounding electrode of 1 m in
length with varying the soil permittivity.
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Fig. 3.22: Variation (%) in the magnitude of the grounding impedance of a vertical rod of
length 1 m in soils with permittivity of εr = 3 and 30 as a function of frequency (1 kHz-10
MHz) and soil conductivity (0.0001 - 0.1 (S/m)).

3.4.2 Characteristic Frequency

The frequency limit for the resistive behavior of grounding electrodes was termed as the

characteristic frequency Fc by Gary [122]. He derived a formula for the characteristic fre-

quency based on the circuit theory [123]. Grcev [124] determined the following formula for

fc based on the electromagnetic model which is more precise than Gary’s formula

Fc = ρ(
0.6

`
)2.3 (3.14)

In (3.14), ρ is the soil resistivity (Ωm), ` is the length of the electrode (m), and Fc will be

in MHz. The effect of soil conductivity and electrode’s length on this frequency is evident

through (3.14) and Figs 3.12-3.17. The characteristic frequency increases as the length of

the electrode or the soil conductivity decreases.

Increasing the permittivity makes the capacitive behavior of the grounding electrode
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more pronounced, causing the magnitude and phase angle of the grounding impedance to

decrease as the frequency increases. As a result, increasing the soil permittivity will make

the phase angle of the grounding impedance less positive, and increases the characteristic

frequency. This is the case for grounding electrodes of shorter length and lower earth resisi-

tivity. On the other hand, a grounding electrode in highly resisitive soil shows a capacitive

high frequency response, and increasing the soil permittivity makes its impedance to have

a more negative phase angle, and the characteristic frequency would go down. These state-

ments are illustrated in Fig. 3.23, showing the variation of characteristic frequency for a

vertical electrode 3 m in length as the permittivity increases from 3 to 30 for various soil

conductivities. As it can be seen, the characteristic frequency is more influenced by the soil

permittivity in highly resisitive grounds.

5 10 15 20 25 30
104

105

106

107

108

Fig. 3.23: Dependence of the characteristic frequency (fc) on the dielectric constant and
frequency for a vertical electrode of length 1 and 3 m.
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3.4.3 Frequency-Dependent Soil

It has been shown that the grounding potential rise (GPR) of the simulated models matches

the measured GPR when the frequency dependence of soil parameters is considered [125].

The assumption of constant parameters through the whole frequency range of interest causes

considerable errors in the evaluation of the behaviour of the grounding electrodes [126,127].

We consider the frequency dependence of conductivity and permittivity of soil in modeling

the vertical and horizontal grounding electrodes using (3.5a) and (3.5b). A low frequency

soil conductivity of σ0 = 0.001 S/m and permittivity of εr = 10 have been considered

here. Figure 3.24 shows the magnitude and phase of the vertical and horizontal grounding

electrodes with lengths of 1 m and 5 m, taking the frequency-dependent effects in to account.

In all cases, the frequency-dependent effects decrease the impedance of the grounding system,

which is more evident at higher frequencies. It can be implied from the results of this section

that the frequency dependence of soil parameters results in considerable improvement of the

lightning performance of transmission lines. Given the frequency domain behavior of the

grounding electrodes, they can be included in the lightning studies of transmission lines.

3.5 Time-Domain Computations

In this section, the influence of the dominant parameters on the dynamic behavior of ground-

ing electrodes are analyzed in the time domain. First, the accuracy of modeling methods

are compared in the time domain. Then, the importance of soil permittivity on the value

of developed overvoltages is explored. Finally, the effect of frequency dependence of soil

electrical parameters on the time-domain response is shown.
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Fig. 3.24: Magnitude (a) and Phase (b) of admittance for vertical (v) and horizontal (h)
grounding electrodes using FEM considering the frequency dependence of soil parameters
described by (5a) and (5b).
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Fig. 3.25: First and subsequent return stroke current waveforms.

3.5.1 Lightning Stroke Current

An accurate knowledge of the parameters of the lightning strokes is necessary in order to

predict the severity of the transient overvoltages generated across insulator strings by a

direct stroke to the transmission line conductors or the tower. Lightning current is random

in nature and its parameters must be expressed in probabilistic terms from the measured

data in field. Measurement of lightning parameters can be done by direct measurements on

actual, or rocket triggered lightning. More than 90% of the cloud-to-ground strokes are of

negative polarity, except for seasonal and regional variations. There has been small number

of positive lightning strokes recorded, and the recorded ones don’t have enough common

features to produce an acceptable mean waveshape [128]. Many researchers have collected

the statistical data for the influencing parameters of negative lightning flash over many years

and in different places, with most of the data taken by Berger [128]. Using these data, it

is possible to generate a mean waveshape for the first and subsequent lightning strokes as

shown in Fig 3.25.

Considering the waveshpae of the first stroke current, it has a concave wavefront with
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the greatest rate of change near its peak as shown in Fig. 3.25. The subsequent stroke

current has, in general, shorter wavefront in comparison to the first stroke and they don’t

show the pronounced concavity of the wavefront of the first stroke current. A number

of expressions have been proposed to approximate the lightning currents using cosine or

exponential functions, but these current waveshapes have been proved to be unrealistic [129].

The current waveforms which fit the experimental data to a better extent were chosen by

Rachidi et al. [130] and are expressed by means of Heidler's functions [73]

i(t) =
I0

η

( t
τ1

)n

1 + ( t
τ2

)n
e
−t
τ2 (3.15)

where

η = e
− τ1
τ2

(n
τ2
τ1

)
1
n
. (3.16)

In (3.15) and (3.16), I0 is the peak of the current pulse, τ1 is the front time constant, τ2

is the decay time constant, n is the current steepness factor having values between 2 to

10, and τ is the amplitude correction factor. It was stated in [73] that the usual double-

exponential function to represent a transient lightning waveshape has a discontinuity of

its first derivative at t = 0, but such difficulty does not arise with (3.15). The first and

subsequent stroke waveforms are represented by one and a sum of two Heidler’s functions,

respectively, with the parameters given in Table 3.3. Regarding the frequency content of

lightning strokes, the first and subsequent strokes are known to have their major frequency

components in the frequency range of DC to 10 MHz [68].
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Table 3.3: parameters of the Heidler’s functions used to produce the waveforms of the
Fig. 3.25.

I0 (kA) τ1(µs) τ2(µs) n

First Stroke 28 1.8 95 2

Subsequent 10.7 0.25 2.5 2

Stroke 6.5 2 230 2

3.5.2 Comparison of Modeling Approaches in the Time Domain

Since the vertical and horizontal grounding electrodes have very similar high-frequency be-

havior, only vertical grounding electrodes are considered in the rest of this chapter. This

section aims at comparing the three modeling approaches based on the calculated overvolt-

ages. Figures 3.26-3.28 show the voltage at the feed point of the grounding electrodes with

respect to remote ground calculated by the three methods. Three parameters influence the

accuracy of the circuit and transmission-line theory with respect to the FEM approach that

are soil conductivity (σ), dielectric constant (ε), and the electrode’s length. Two features of

the developed overvoltages need to be considered: the peak of the voltage and the time to

peak or the front time. The front time influences the withstand capability of the insulator

strings and in general any other apparatus. The variation of the tail time which is several

orders of magnitude longer than the front time, has less importance in the computation of

the overvoltages.

In all cases, both circuit and transmission-line approaches overestimate the potential in

comparison to the electromagnetic model. Figure 3.26 shows the effect of soil resistivity on

the estimated overvoltages with the three methods. The graphs show the voltages developed

- 65 -



EMT-Compatible Model for Towers 3.5 Time-Domain Computations

Table 3.4: Effect of soil resistivity on the error value of v(t)RLCmax −v(t)FEMmax

v(t)FEMmax
× 100% for a

vertical electrode of length 3 m, and εr = 10.

ρ(Ωm) First Stroke Subsequent Stroke
10 2.6 9.5
104 7.17 13.27

by the first and subsequent lightning currents in case of a 3 m vertical electrode buried in

a soil with a resistivity of 10 and 10000 Ωm). It can be seen that the overestimation of the

theoretical methods is much larger for more resistive soil and subsequent stroke lightning

current. The agreement between the two theories decreases in low resistivity soils. After

the first high frequency region, which is called the surge region, the stationary period is

reached, in which the behavior of the grounding electrodes can be estimated by their low

frequency resistance. For this reason, the error between the models in the stationary region

is less, and the overvoltages tend to converge. Back to Fig. 3.13, it was understood that

the grounding electrodes exhibit a capacitive high frequency behavior in more resistive soils.

This effect shows itself as a higher delay in the peak of the voltage in the time-domain

when the resistivity of the soil is increased (Fig. 3.26). Table 3.4 shows the error between

the estimated overvoltage peak using the circuit theory and the FEM model. It is worth

noting that the difference between the results of circuit and transmission line theory is not

considerable.

Considering the effect of soil permittivity, Fig. 3.27a and 3.27b show the grounding

impedance for the same electrode in a soil with resistivity of 10, 000 Ωm for a relative

permittivity of εr = 3, and εr = 30. Considering these two figures, along with Fig. 3.26b,

it is obvious that as the soil permittivity increases, the computation error of RLC and Tline

theories decreases. Again the maximum deviation is for the subsequent stroke. Table 3.5
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Fig. 3.26: First and subsequent voltage of a 3 m vertical electrode in a soil of εr = 10.
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Table 3.5: Effect of soil permittivity on the value of v(t)RLCmax −v(t)FEMmax

v(t)FEMmax
×100% for a vertical

electrode of length 3 m, and ρ = 10000 Ωm.

εr First Stroke Subsequent Stroke
3 8.38 20.08
30 5.82 9.58

Table 3.6: Effect of electrode length on the value of v(t)RLCmax −v(t)FEMmax

v(t)FEMmax
×100% for a vertical

electrode buried in a soil of ρ = 1000 Ωm and εr = 10.

l(m) First Stroke Subsequent Stroke
1 5.9 11.35
5 2.9 8.68

shows the change of the voltage peak for this case.

The dynamic behavior of two lengths of vertical electrodes, i.e. 1 m, and 5 m, in a soil

with resistivity of 1000 Ωm and a relative permittivity of εr = 10 is illustrated in Fig. 3.28a

and 3.28b. Increasing the length of the electrode decreases the voltage peak considerably.

Furthermore, the time of voltage peak is delayed as the length of the electrode is increased.

Regarding the accuracy of the methods, there is more inaccuracy for the lower lengths of the

electrode, as shown in Table 3.6. Considering all the cases, the most inaccuracy of the RLC

and transmission line theories is for higher soil resistivity, lower permittivity, and shorter

electrodes. Moreover, the higher frequency content of the subsequent strokes, causes more

inaccuracies in the theories.

3.5.3 Evaluation of Overvoltages as a Function of Soil Permittivity

In this section, the focus is on the calculation of the overvoltages for the grounding elec-

trodes buried in soils with different permittivities, and the effect of electrode length and

the soil conductivity on the extent to which the soil permittivity affects the overvoltages is
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Fig. 3.27: First and subsequent voltage of a 3 m vertical electrode in a soil with
ρ = 10000 Ωm and varying εr.
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Fig. 3.28: First and subsequent stroke voltage of a vertical electrode in a soil of
ρ = 1000 Ωm and εr = 10.
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investigated.

In Fig. 3.29, the induced voltage of a vertical electrode of length 1 m buried in soil with

a resistivity of ρ = 1000 and ρ = 10000 Ωm and a varying relative permittivity is shown.

The electrode is subjected to the first and subsequent lightning strokes. As expected, the

effect of soil permittivity in the low resistivity soil (ρ = 10 Ωm) is negligible on the induced

overvoltages and are not shown here. As the resistivity increases, there are two major effects

on the voltages with varying soil permittivity: First, the peak of the voltage is considerably

reduced as the relative permittivity is changed from εr = 3 to εr = 30 especially in the case of

the subsequent strokes. The percentage of error is 3.5% and 24.86% for the first (Fig. 3.29b)

and subsequent strokes (Fig. 3.29c), respectively when the soil resistivity is 10000 Ωm. This

error is 2 and 6% for the soil of ρ = 1000 Ωm. This is in agreement with Fig. 3.22, where it

was shown that the effect of soil permittivity is more pronounced at higher frequencies and

more resistive soils. The second effect is the time at which the voltage reaches its peak. As

the permittivity increases, the current peak is reached in a later time, which is again more

affected in the case of a subsequent stroke. The first and subsequent current waveforms

reach their peak in 8.38 µs and 0.83 µs, respectively. The time in which the peak of the

voltages occrues is 3.30 is 11.56 µs for εr = 3 and 14.84 µs for εr = 30. For the overvoltages

corresponding to the subsequent stroke, the time of peak changes from 1.53 µs to 5.86 µs.

As the dielectric constant of the soil increases, the capacitive effect becomes more than the

inductive effect, causing the voltage to lag more with respect to the current.

Another contributing parameter is the length of the electrode. Figure 3.30 shows the

voltage of a 5 m vertical electrode buried in highly resistive soil (ρ = 10000 Ωm). A change

of 2% and 16.86% of the voltage peak is observed as the permittivity is increased. In the

first stroke lightning, it takes 11.24 and 13.74 µs for the voltage to reach its peak in a soil of
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Fig. 3.29: First and subsequent stroke voltage of a 1 m vertical electrode in a soil with a
relative permittivity of εr = 3, 5, 10, 20, and 30.
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εr = 3 and εr = 30, respectively. In the case of a subsequent stroke, this time changes from

1.49 to 5.5 µs.
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Fig. 3.30: First and subsequent stroke voltage in a 5 m vertical electrode in a soil with
ρ = 10000 Ωm and a relative permittivity of between 3 to 30.
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3.6 Summary

In this chapter, a full-wave simulation model was developed based on FEM to obtain the

tower-footing grounding impedance. Formulation of the problem and a sensitivity analysis

were provided to obtain the optimum value of the affecting parameters on the accuracy of the

simulation model. The obtained frequency-domain results were then fitted using vector fit-

ting and approximated with a rational function approximation. Next, recursive convolution

was used to obtain the time-domain results. The simulation results were compared to that

of theoretical approaches, i.e. circuit and transmission line theories. The effect of the length

of vertical and horizontal electrodes buried in soil with several different electrical parameters

was studied. Both constant and frequency dependent soil resistivity and permittivity were

considered.
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Chapter 4

Transmission Tower Surge Impedance

The calculation of overvoltages in power transmission lines struck by lightning has been

the subject of many researches in the past decades. The accurate representation of the

transmission line tower and its grounding system is an essential part of studying the transient

behavior of the power system. The advances made in the protection mechanisms require a

greater precision in the calculations concerning the transmission line tower.

The approaches for modeling transmission line towers can be divided into three cate-

gories: (i) theoretical, (ii) numerical, and (iii) experimental that are performed/implemented

either in the time [70,72,77,78,80,81,85–87,92,130–133] or frequency domains [71,95,134].

The numerical analyses are based on a) the Method of Moments (MOM) [134–136], b) Finite

Element Method (FEM) [137,138], c) Hybrid Electromagnetic Model (HEM) [139], or d) Fi-

nite Different Time Domain (FDTD) method. [93,94,140–143]. Experimental measurements

have been performed on full scale towers [88,89,143–145] or scaled towers [78,89,131,146,147].

Regardless of the approach, the aim of such analysis is to either find an equivalent impedance

or derive an equivalent electric circuit for the transmission line tower with the same response

as the measured waveforms. In the theoretical approaches, it is not possible to consider
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all the tower details, such as its cross arms or bracings. Furthermore, the tower body is

approximated by simple geometries such as a cylinder (e.g. [77]) or cone (e.g. [78]). There

are only a few experimental studies on a limited number and types of in-service towers as

such measurements require an outage and are quite costly. Due to the restrictions of the

theoretical and experimental approaches, developing an automated process for the numerical

analysis of transmission towers is receiving more attention in recent years.

In this chapter, following a thorough overview of the existing models for the transmission

line towers and their underlying assumptions, a numerical method based on thin wire ap-

proximation of the tower is presented. The Method of Moments (MOM) through Numerical

Electromagnetic Code (NEC4) is used to determine the surge impedance of a double cir-

cuit transmission line tower either above a perfect electric conductor (PEC) ground or with

grounding electrodes buried in lossy ground. The developed model is verified by simulating

cylinders of different heights and comparing the results with the measurements available in

the literature. Counterpoise grounding electrodes of different lengths (from 5 to 20 m) are

considered in soil with resistivity of 100 and 1000 Ωm.

4.1 Verification of the Numerical Analysis

Measurement of the tower surge impedance is performed in two ways: one is the direct

method [131, 144], where a current pulse is injected into the tower top and the voltage be-

tween the tower top and a reference voltage measuring wire is measured using a voltage

divider. The other method is the reflection method [148], where a steep-front traveling wave

is injected into the tower top using a wire, and the reflected wave is observed to estimate

the transient impedance of the tower. In this thesis, the former method of measurement
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is implemented using numerical simulations, since the reflection method is only valid when

evaluating the reflection of waves from adjacent towers [149]. The simulations are performed

using Numerical Electromagnetic Code (NEC-4), which is based on the thin wire approxi-

mation and the numerical solution of integral equations by means of the Method of Moments

(MOM) [150]. Measurements of the surge characteristics of cylinders with different heights

and radii performed by Hara et al. [96] are employed to validate the accuracy of the numer-

ical simulations. In the measurements of [96], the electrodes are placed on a 12× 10 m2 iron

plate as the ground as shown in Fig. 4.1. The current is applied to the top of the vertical

conductor by a current lead extended horizontally 9 m away. The voltage is measured using

a voltage probe in the gap between the top of the cylindrical conductor and a voltage ref-

erence wire, which is horizontally extended to the remote ground and it is perpendicular to

the current lead wire to minimize the coupling effects. Both the current and voltage wires

are attached vertically to the ground at their ends, using a matching resistance (Rc) to avoid

reflections.

The measurement performed on a 3-m high cylinder with a radius of 2.5 mm is considered

for the numerical analysis in NEC4. A 10 kΩ resistance is inserted between the top of the

electrode and end of the voltage reference wire. The voltage is evaluated by calculating the

PEC Ground Plane

Rc
Rc

Voltage reference wire
Current injection wire

Pulse generator

+-

Fig. 4.1: Setup for the measurement of surge characteristics of a vertical cylinder by direct
method as performed by Hara et al. in [96].
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Fig. 4.2: Voltage at the top of the cylinder in reference to remote ground (right axis) and
measured (Hara’s) and simulated current (left axis) injected at the top of a 3-m cylinder

on a PEC ground.

current flowing through this resistor. It shown that the value of the voltage-measuring probe

has no significant impact on the measurement if its internal capacitance is less that a certain

limit [151]. Finally, the inverse Fourier transform is used to obtain the time domain voltage

and current.

The voltage waveform shown in Fig. 4.2, adopted from [96], is used as the input to the

system. Figure 4.2 shows the measured and simulated currents injected at the top of the

cylinder that shows the accuracy of simulation results, in terms of both the waveshape and

magnitude. The measured current initially rises for 5 ns and remains almost constant till

t = 20 ns that is when the reflected wave from the ground reaches the top of the cylinder.

4.2 Results and Discussions

In this section, firstly, the simulation results are presented for vertical cylinders and the

double-circuit tower (shown in Fig. 4.8) on a PEC ground. The dependence of time-domain

surge impedance and the effect of tower elements are investigated. Finally, the effect of lossy
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ground on the simulated results is presented and discussed.

4.2.1 Dependence of Time-Domain Surge Impedance on the Ex-

citation Waveshape

In this section, we also employ the measurements of Hara et al. [96] are considered to show

the dependence of time-domain impedance definitions on the waveshape of the excitation.

In [96], the so-called maximum surge impedance, as given in (2.1c), was used. A step input

current with a rise time of 5 ns is applied to the cylinder (see Fig. 4.1) and the surge

impedance is calculated at t0 = 2h/c, where h is the height of the cylinder and c is the

speed of light. For the case of a cylinder with a height of 15 m and a radius of 25.4 mm,

the measured surge impedance is 320 Ω [96]. The same cylinder is simulated in NEC4 in the

frequency range of 0.1 to 250 MHz. The length of the current and voltage leads are 115 m,

so that the reflected waves do not affect the results until 760 ns. Step currents with various

rise times from tr = 10 to 80 ns are injected into the top of the cylinder. The values of tr

are less than the round-trip travel time of the wave along the cylinder, which is equal to

t0 = 100 ns. As a result, the effect of grounding system appears after the peak of the voltage

waveform. The voltage at the top of the cylinder relative to the voltage reference wire is

shown in Fig 4.3. The rise time of the voltage waveform is almost equal to the rise time of

the injected current and there is a reflection from the ground at t0 = 100 ns. Calculating

the surge impedance of the tower for the considered excitations using (2.1c), Z varies from

324.6 to 293Ω, which is equal to a variation of 9.7%, when the rise time is increased from 10

to 80 ns. Considering a double exponential excitation, which is commonly used in lightning

studies, the surge impedance defined by (2.1c) decreases from 316.8 Ω for a a rise time of

T1 = 10µs to 232.5 Ω for a double exponential waveform with a rise time of T1 = 200µs.
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Fig. 4.3: Simulated voltage at the top of a 15-m vertical cylinder in response to pulse
currents of 1 A in magnitude and rise time of tr injected at the tower top.

4.2.2 Effect of Tower Elements

Generally, a typical transmission line tower consists of a main body (green in Fig. 1A), a cage

(blue), cross arms (red), and slant and horizontal elements (also blue). In this thesis, the

double circuit tower CAD file (in ‘.step’ format) has been used to generate the wire diagram

of the tower. This provides a detailed model of the tower for the numerical simulations by

NEC4. It also enables the sensitivity study with regards to the level of detail required for

an accurate simulation. The tower is simulated in NEC4 in the frequency range of 0.1 to

240 MHz with four level of details. Firstly, only the main legs with a height of 24.01 m

are considered (Case 1 ). Next, the tower cage is added to the main legs, making the tower

height equal to 42.51 m (Case 2 ). In Case 3, the cross arms are added to the geometry,

and finally, the shield wire cross arms, bracings, and horizontal elements are taken into

account in Case 4. The simulation configuration is the same as that shown in Fig. 4.1

and the horizontal extension of the leads is 200 m far from the top of the geometry. In

the simulations performed in this section, to achieve a desirable resolution in the frequency
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Fig. 4.4: The effect of tower elements on the voltage at the top of the structure for a
ramp current with a rise time of tr = 50 ns injected into the structure.

domain, 800 frequency points are used.

Two ramp currents with a magnitude of 1 A and rise times of tr = 50 and 150 ns are

used as the current waveform injected into the top of the structure through the current lead

wire. Assuming that the waves propagate through the tower structure at the speed of light,

the travel time t0 = 2h/c in Cases 1, 2, and 3 should be 160, 283 and 300 ns, respectively.

The voltage at the top of the structure is shown in Fig. 4.4 for tr = 50 ns. The surge

impedance of each structure calculated using (2.1c) at t0 = 2h/c and also the apparent

propagation speed (v0), that is when we consider a straight vertical conductor, relative to

the speed of light (c) are given in Table 4.1. It can be seen that the inclusion of the cross

arms in the model decreases the tower surge impedance by 16.1% in the case of fast-rising

currents (tr = 50 ns) and 10.9% in the case of a excitation with a rise time of tr = 150 ns.

This is in agreement with previous measurements that considered the tower cross arms as

capacitively-loaded stubs in parallel with the tower body [78]. Figure 4.5 shows the voltage at
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Table 4.1: Surge impedance and wave propagation speed of the double circuit tower when
different level of details for the tower are considered.

Geometry Z50(Ω) Z150(Ω) v0/c(%)
Case 1 106.3 103 90.8
Case 2 172.4 164.1 91
Case 3 153.7 136.5 87
Case 4 145.9 137.2 84

the tower of Case 3 when the rise time of the excitation ramp current is 1 ns. The reflections

observed in the waveshape show a negative reflection coefficient from the end of the cross

arms [78]. The travel time of the upper cross arm, considering a propagation speed equal

to the speed of light is 38.67 ns, which is in agreement with the reflections observed in this

figure. However, such reflections will have no considerable effect in the case of currents with

higher rise times. This shows that the extent of which each tower element affects the tower

surge impedance depends on the excitation waveshape. The tower in Cases 3 and 4 have

almost a similar surge impedance for all waveshapes. This can be justified by considering

0 20 40 60 80 100 120 140 160 180 200
0

50

100

150

Fig. 4.5: Negative reflections from the end of tower cross arms when a fast rising current
is applied to the tower top in case 3.
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the opposing effects that adding the shield wire cross arms and tower bracings have on the

impedance of the tower [134]. In all four cases, the apparent travel speed is lower than 91%

of the speed of the light due to the presence of different tower elements that increase the

propagation path of the waves.

4.3 Comparison of Theoretical and Simulation Results

In this section, to assess the accuracy of different tower models on the prediction of tower top

voltage, they are compared with the numerical results for the case of the vertical cylinders

with heights of 15, 45, and 90 m. They are also compared with the numerical results for the

case of the double circuit tower over a lossy ground.

4.3.1 Vertical Cylinders

Figures 4.6a and 4.6b show the voltage at the top of the cylinder for the case of a vertical

cylinder with a height of 15 m on a PEC ground when injected with currents with rise

times of tr = 80 and tr = 10 ns, respectively. This figure presents a comparison of 11 of

existing models with that obtained using NEC4. The predicted waveform of the theoretical

solutions is closer to that obtained by NEC4 when the rise time of the injected current is

80 ns (see Fig. 4.6a). Whereas, in the case of a rise time of 10 ns, the calculated waveshapes

using the theoretical models are step-like and are different from the simulated voltage in

NEC4, which shows a slower rise-time and decay. This is due to the fact that the early-time

electromagnetic fields around the cylinder is different from TEM but the theoretical models

assume the electromagnetic fields are always TEM.
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(a)

(b)

Fig. 4.6: The voltage at the top of a 15-m cylinder obtained by numerical analysis and also
with the 4 most accurate ones between the models of Tables 2.1 and 2.2. The excitation
is a ramp current with a rise time of (a) tr = 80 ns and (b) tr = 10 ns.

4.3.2 Double Circuit Tower

Figure 4.7a shows the voltage at the top of the double circuit tower obtained using NEC and

theoretical approaches 4 and 7 from Table 2.1 and 14 and 17 from Table 2.2, for which we

used the method of characteristics of partial differential equations theory [152] (Sec. 7). A

rise time of tr = 150 ns is considered such that the rise time is less than the travel time. In

the theoretical approaches, the wave propagation speed is assumed to be the speed of light,
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however, in the numerical result shown in Fig. 4.7a, the apparent wave speed is equal to 87%

of the speed of light. This is in agreement with measurements which suggest 80% [72], 71%,

76%, 81% and 89% of the speed of the light [144]. This justifies why the zero crossing of the

NEC result is at a later time in comparison to the theoretical results. The multiconductor

model of Ametani [95] and the model of Hara & Yamamoto [85] show the closest values of

the surge impedance ( relative difference of 5.3% and 6.8%).

Now, let’s consider the complete model of the double-circuit tower with all its details

with the same current injected to the top of the tower. The multistory models of Table 2.3

are compared with the numerical analysis in Fig. 4.7b. Regarding the voltage peak, the

closest predicted values are by the models of Yamada [89] (error of 2.8%) and Motoyama

(error of 8.4%) [90]. Considering the waveshape of the voltage, the models of Yamada and

Motoyama are closer than the others ones to the one predicted by NEC. However, the model

of Hashimoto [93] shows a closer decaying part than the other models. As stated in [93], this

is due to the modification in the derivation of this model in order to reproduce the gradual

decay of the measured voltages. All of the multistory models of Table 2.3 require “tuning”

based on measured waveforms from a specific tower structure, whereas our approach based on

numerical simulation solely requires the geometrical information of the tower. For example,

the model of Ishii which has a large overestimation of the voltage, was derived for Japanese

500 kV [88] and UHV towers [89] that are taller (62.8 and 140.5 m) than the typical double

circuit towers like the one considered in this chapter (45.1 m). The results shown in this

section, demonstrate the multistory models of Table 2.3 have limited applicability.
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Fig. 4.7: The voltage at the top of the structure of Case 1 (a) and Case 4 (b) in response
to a ramp excitation of rise time tr = 150 ns.
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LossyG
round

Fig. 4.8: The wire diagram of the double circuit tower generated by an automated pro-
cedure to be used in numerical simulations by NEC4. Sections of the tower, identified by
different colors, and counterpoise grounding electrodes buried in lossy ground are shown.

4.4 Effect of Grounding System

In the previous sections and most previous studies (e.g. [78,85,92]), the ground was assumed

to be a Perfect Electric Conductor (PEC). However, in reality the conductivity of ground is

finite. In this section, we consider a lossy ground where counterpoise grounding electrodes,

1, 2, 5, 10 and 20 m in length, are considered as the grounding system of the tower (see

Fig. 4.8). The burial depth of the electrode is assumed to be 1 m with an optimized

opening angle of the electrodes of 45◦ [138]. Two soil resisitivities of 100 and 1000 Ωm

are considered. The grounding system is a vertical electrode with a short length and then

extends horizontally. The vertical part should be defined symmetrically with respect to

ground in NEC4. Fig. 4.9a shows the simulated and theoretical voltage at the top of

the tower when counterpoise grounding electrodes of 20 m in length buried in soil with a

resistivity of 100 Ωm are considered. To obtain the response of theoretical tower models, first

an electromagnetic simulation is performed on counterpoise grounding electrodes using the

model presented in [31], to obtain their low frequency resistance. The obtained values agree

well to the analytical formula provided in IEEE Std. 1243 [79]. This resistance is added to
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the tower models and the simulation is performed in PSCAD/EMTDC. The injected current

is a 2/50 µs double exponential with a peak of 1 A, and a shunt internal resistance of

5 kΩ [153] is considered to have the same condition as the numerical simulation. The most

noticeable difference between an ideal and lossy ground is the difference in the peak of the

voltages predicetd by theories that is less in the case of a lossy ground but still considerable.

Considering the NEC results as the reference, the models of Baba [135] and Yamada [89]

produce the closest results considering both the peak of the voltage and its waveshape.

The difference in the peak of the voltage is 2.5% and 5.6%, respectively. Assuming a soil

resisitivity of 1000 Ωm, the same tower models as above generate the closest results to those

generated by NEC (see Fig. 4.9b). However, the difference (9.41% for Baba [135] and

20.45% for Yamada [89]) is higher as the resistivity of the soil is increased. In general, the

theoretical tower models are a fast way to have an estimation of the developed over-voltages

on a transmission tower, but they are not accurate for all tower models and the value of

circuit elements need to be tuned for every topology of the tower using field measurements.

Furthermore, the effect of excitation waveshape on the accuracy of predicted overvoltages is

another challenge for the theoretical tower models.
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Fig. 4.9: The simulated and theoretical voltage at the top of the double circuit tower
considering counterpoise grounding electrodes (20 m) in a soil with resistivity of (a)
ρ = 100 Ω/m and (b) ρ = 1000 Ω/m and in response to double exponential current of

2/50 µs with a magnitude of 1 A.
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4.5 Summary

In this section, a detailed wire-model of a typical 400 kV double-circuit tower with a height

of 45.1 m was generated using an automated process that employs the CAD drawing of the

tower. The wire model was then used in NEC4 to calculate the transient tower top-voltage

considering the finite conductivity of the ground and grounding electrodes. It was shown

that the definition of tower surge impedance based on time domain voltage and current has a

main disadvantage of being dependent on the excitation waveshape and rise time. Following

a review of existing transmission tower models, they were compared with the results of

NEC4 for the case of a simple cylinder and the 400 kV double-circuit tower. Regarding

the peak of the tower top voltage, the theoretical models could provide close predictions

to that of NEC4. Considering the voltage waveshape, theoretical models were not able

to generate results close to those determined by NEC4 in the case of fast-front currents,

because the initial electromagnetic field around the cylinder is not TEM. In the case of the

double-circuit tower on a PEC ground, the models of Yamada [89] (difference of −2.8%) and

Motoyama [90] (difference of −8.4%) had the closest similarity to NEC4 results with regards

to the calculated voltage peak.

The proposed model based on NEC is capable of considering the effect of the finite

conductivity of the ground. In order to compare this model for the case of a lossy ground,

a grounding resistance was added to the theoretical models. The models of Baba [135]

(difference of +2.5%) and Yamada [89] (difference of −5.6%) provide closer peak values to

that of NEC4, although the error can not be considered as negligible (when ρ = 1000 Ωm,

the error is −9.41 and −20.45%, respectively). The previous models of transmission towers

were derived based on either electromagnetic field analysis on a simplified model of the

tower (approximated by a cone or cylinder), or by a trial-and-error process to find the
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resistance and inductance values of the circuit such that they produce similar waveforms as

the measurements. The multistory tower models may be able to provide accurate results if

the circuit values are tuned, but the process of such tunning is not well established. This

chapter demonstrated that such models cannot provide accurate resutls in the case of a

typical double-circuit tower that they have not been tuned for. The proposed process in this

thesis has the advantage of needing only the geometry of the tower and it can be further

applied to any other type of transmission towers.
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Chapter 5

Black-Box Model of Tower

5.1 Introduction and Background

Direct lightning strikes to transmission towers are one of the main cause of outages in high

voltage transmission lines. Three mechanisms are responsible for such outages, namely,

i) flashover, ii) midspan-flashover, and iii) backflashover (BF) [3]. Flashovers occur when

lightning strikes the overhead conductors, due to either the absence of shield wires or a

shielding failure. Installation of properly-located overhead ground wires (OHGW) above

the phase conductors reduce the risk of flashovers [79]. For transmission lines with very

long spans, such that the negative reflection from adjacent towers arrive after the voltage

has reached its peak, the lightning strikes to ground wires might produce a high voltage

difference between the ground wire and the nearest phase conductor, leading to the so-called

midspan-flashover. However, midspan flashovers do not occur frequently as they can be

mitigated by reducing the sag of shield wires and increasing the distance between the shield

and phase wires at the midspan [3]. The backflashover, which is the prevailing mechanism

leading to outages in high voltage transmission lines, is caused when the lightning strikes
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the top of the tower or the shield wires near the tower [154]. In this case, the flow of

the lightning current through the tower and the grounding system may result in a voltage

rise of the tower and increasing the voltage difference across the strings of insulators. The

backflashover occurs if the induced overvoltage across the string of insulators result in a

breakdown.

Two widely-accepted methodologies, documented in IEEE standard 1243 [79] and CIGRÈ

Technical Brochure 63 [84], are commonly used in electromagnetic transient (EMT)-type

simulators to calculate the developed transient voltage across a string of insulators and de-

termine the backflashover rate (BFR) of transmission lines. There are several simplifications

adopted in the derivation of such theoretical approaches, which highly affect their accuracy,

leading to an inaccurate predication of BFR [155]. In these methodologies, the transmission

tower is represented by the simplified model of Sargent [72] and Chisholm [78] in IEEE and

CIGRÈ documents, respectively. However, such representation has been shown to have a

considerable error in the calculation of the developed transient voltages [156]. One other

simplification used in these methodologies is the representation of the grounding system by

a resistance equal to the low frequency value of the grounding impedance that does not

represent the frequency response of an actual grounding system [31].

In this section, a black-box model for the prediction of BFR is developed by simulating a

detailed representation of a tower and its grounding system based on the numerical solution

of full-wave Maxwell’s equations in the frequency domain using the Finite Element Method

(FEM). The system is modeled as a seven-port network, with an input port at the tower

top (lightning strike point), and six other ports whose current represents the current of the

string of insulators. Once a transfer function relating the output ports to the input port

is determined using the numerical simulation, Vector Fitting [97] is employed to obtain the
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state-space form of the system as a multiport network in the form of a black-box. The

state-space form of the multiport network is interfaced with an electromagnetic transient

simulator (PSCAD-EMTDC in this section) using Norton equivalent circuit and convolution

operator [99]. The meaning of black-box representation of the tower in here means that the

time-domain implementation is in the way that the end-user of EMT-type simulators has

no access to the electrical details of what is inside the box (tower).ˆa The proposed model

enables the incorporation of the frequency dependence of soil electrical parameters that is

known to have a considerable effect on the transient behavior of the grounding system [31] and

the high frequency response of the power system [157]. Using the proposed electromagnetic

model allows one to consider the coupling between different elements of the system and also

the propagation effects with no approximation.

To demonstrate the applicability of the proposed model, the physical geometry of a

typical 400-kV double-circuit tower is considered taking all its details into account. Two

OHGWs, six overhead conductors, and the grounding system of the tower consisting of

counterpoise electrodes of different lengths buried in lossy ground are considered as shown

in Fig. 5.1a. The overhead line is terminated by a matching network on both sides to avoid

reflections (see Fig. 5.1b). Simulations are performed in the frequency range of 10 kHz to

10 MHz considering the frequency dependence of soil electrical parameters using the causal

model of Alipio and Visacro [158]. A low-frequency soil relative permittivity of εr = 10, and

resistivity of ρ = 100, 1, 000, and 5, 000 Ωm are considered. The frequency-domain transfer

functions are then calculated numerically and used to model the tower as a black-box for

time-domain simulations. To assess the occurrence of a BF across the string of insulators,

the existing models that correlate the time-domain overvoltage and time-to-flashover can

be employed that include the volt-time curve method [159–165], the disruptive effect (DE)
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model [166–174], and the leader progration (LP) model [84,175–178]. Here, a backflashover

analysis is performed using the first lightning strokes measured at two different stations,

namely, Morro do Cachimbo [68] and Monte San Salvatore [179], and employing the DE and

LP methods.

The outcome of this section is a model for the double-circuit tower in EMT-type simu-

lators, where the end user of the model doesn’t need to use any electromagnetic field solver.

The voltage across insulator strings can be obtained when different currents are injected in

to the tower top under different soil conditions, and the optimum length of the counterpoise

electrodes can be determined to ensure a desired outage rate.

5.2 Transmission Tower Full-Wave Model

To assess the transient response of a transmission tower in the event of a lightning strike to

the tower top, a rigorous full-wave electromagnetic model is proposed. Let us assume that the

permittivity, conductivity, and permeability of the medium (i.e. air, soil, and metal in this

case) are ε, σ, and µ, respectively. Using Finite Element Method (FEM), the wave equation

given by 3.12a is solved numerically in the frequency domain [118]. A typical 400 kV double-

circuit tower made of steel and with a height of h = 45.1 m is considered here as shown in

Fig. 5.1. The specifications of the two OHGWs and the phase conductors are provided in

Table 5.1 [180]. The eight conductors are grounded at 100 m away from the tower through a

matching network to avoid reflections from both ends of the line [181]. The lightning channel

is represented by a vertical perfectly conducting wire attached to the top of the tower through

a port (representing a voltage source with magnitude of 1 V) with an internal impedance

of 500 Ω. Considering the surge impedance of the connecting wire (60 ln 2h/r = 518.8Ω),
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Fig. 5.1: Geometry of the 400 kV double circuit tower considered in the simulations, (a)
front view, and (b) side view showing the shield wires, overhead phase conductors and the
terminating network.

Table 5.1: The characteristics of shield wires and conductors.

Type Diameter
(mm)

DC Resistance in
20◦ (Ω/km)

Phase
conductors

CURLEW 31.63 0.05501

Shield wires 94S 12.6 0.642

the input impedance of the channel Zch seen by the tower is 1018 Ω, which is in the range

of measured lightning channel impedance on instrumented towers [182–187]. Furthermore,

Datsios et al. has shown that higher values of channel impedance have a negligible effect on

the calculated BFR [188].
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7.8 m

R
L

α

Fig. 5.2: The grounding system consisted of counterpoise electrodes considered in the
simulations. The adjacent tower legs are 7.8 m apart, R is the opening length, α opening
angle, and L is the length of electrodes.

A grounding system consisting of counterpoise electrodes are considered as shown in

Fig. 5.2. The burial depth and the length of electrodes are represented by H, and L,

respectively. The opening angle is α and the opening length is R. To consider the frequency

dependency of soil electrical parameters in the simulations, according to the recommendation

of CIGRÈ [157], the causal model of Alipio and Visacro [158] is employed here that are given

by

ρ(f) = ρ0

[
1 + 4.7× 10−6 × ρ0.73

0 × f 0.54
]−1

(5.1a)

εr(f) = 9.5× 104 × ρ−0.27
0 × f−0.46 + 12. (5.1b)

In order to perform simulations using FEM, the simulation space has to be truncated.

Uniaxial Perfectly Matched Layer (UPML) is used as the absorbing boundary condition that

prevent the reflection of the electromagnetic waves from the truncation boundary [189]. The

UPML will be a fictitious anisotropic material, causing zero reflection regardless of frequency

and the angle of incidence [189]. The amount of memory required for simulations can reach

up to 1 TB, because of the level of details considered.

- 98 -



EMT-Compatible Model for Towers 5.3 Verification of the Numerical Simulation Model
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Fig. 5.3: Implementation of the Setup for the measurement of voltage and current at the
top of a verical cylinder for FEM analysis. This configuration is the measurement setup
used by Hara et al. in [96].

5.3 Verification of the Numerical Simulation Model

The accuracy of the proposed simulation model is verified employing the measurements

performed by Hara et al. [96] on cylinders of different heights and radii. In the measurements,

the cylinders are placed on an iron plate. The current is injected into the top of the vertical

cylinders using a horizontal wire and a pulse generator with an interal resistance of 5 kΩ. A

voltage probe is inserted between the top of the cylinder and a horizontal voltage reference

wire to measure the voltage in reference to remote ground. Both the wires are grounded by

a matching resistance (Rc) to avoid reflections.

The measurement of [96] is simulated using the proposed model where a 3-m high cylinder

with a radius of 2.5 mm is located on a Perfect Electric Conductor (PEC) ground (see Fig.

5.3). A port with an internal resistance of R1 = 5 kΩ is inserted between the top of

the cylinder and the current injection wire, which applies a voltage difference of 1 V. The

injected current is then equal to the admittance seen by this port in the frequency domain. To
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measure the voltage, a second port is used in series with a resistance of R2 = 10 kΩ between

the top of the cylinder and the voltage reference wire. The second port has no voltage

difference between its ends and it is only used to calculate the current passing through R2.

If the mutual addmitance between these two ports is equal to Y21, the voltage across R2 is

equal to R2Y21. The simulation is performed in the frequency range of 100 kHz to 400 MHz,

and PML is used at the boundaries to simulate open air. A distance of λ, equal to the

wavelength at the lowest frequency of interest, is considered between the PML interface and

the cylinder [190]. Once the frequency-domain voltage and current at the top of the cylinder

are determined, inverse Fourier transform is used to obtain time-domain values. Figure 5.4

shows the measured voltage at the top of the electrode, adopted from [96], and the measured

and simulated currents. Both the waveshape and magnitude of the simulated current are

reasonably similar to the measured one. The reflection from the ground at t = 20 ns is

also observed in both of the current waveforms. This verification is used to determine the

optimum value of different parameters affecting the accuracy of the simulation, such as the

distance that should be considered for placing the PML material away from the radiating

object (vertical cylinder).

5.4 Crossarm String of Insulators

To incorporate the string of insulators in the simulation, each string of insulators is imple-

mented as a lumped capacitance. This reduces the required memory and simulation time

significantly. The geometry of cap-and-pin insulator string of standard disks (254 mm ×

146 mm) [79] is generated considering all its details as shown in Fig. 5.5a. One of the

parameters of great importance in the design of each disk is the leakage distance (L) (see
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Fig. 5.4: Voltage at the top of the cylinder in reference to remote ground (right axis) and
measured and simulated current (left axis) injected at the top of a 3-m cylinder on a PEC

ground.

Fig. 5.5a). The reason is that the fast flashovers tend to hug the leakage distance instead

of going through the dry-arc distance (M) (see Fig. 5.5b ) [173]. In the insulator string

considered here, L = 326 mm. The number of disks in an insulator string depends on several

factors, such as the nominal voltage of the system, the leakage distance of each disk and

the pollution level. According to the IEC 60815 standard [191], and assuming a medium

pollution level, a minimum nominal specific creepage distance of 20 mm/kV is employed.

For the 400 kV system considered here, it requires 24 disks in each string of insulators, which

is in agreement with the typical line insulation provided by IEEE [79]. Next, an electrostatic

analysis is performed to obtain the equivalent capacitance of the string of 24 insulators.

Using an electrostatic analysis, an equivalent capacitance of 1.26 pF is obtained per string.

This is a more realistic representation of the string of insulators as compared to modeling

it as a resistance (e.g. 100 kΩ resistance in [134]). The value of the equivalent capacitance

is assigned to a sheet of a height equal to the length of the string of 24 insulators (3.51 m),

inserted between each crossarm and the corresponding phase conductor. The voltage across
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Fig. 5.5: (a) Geometry of a cap-and-pin insulator, (b) static distribution of electric potential
(V) around a string of insulators, where 0 and 1 V are applied to the first cap and last pin,
respectively. (For the sake of demonstration, a string of 5 disks is shown here. In the actual
simulations, a string of 24 insulators has been considered.)

the insulator string is obtained by defining a port of small electrical size (0.01λmin) in se-

ries with the lumped capacitor, and calculating the current going through the port in the

frequency range of interest. This size of the port ensures that there would be no problem

associated with the definition of voltage at high frequencies between distant terminals [69].

5.5 Assessment of Insulator Flashover

There are two different measures which specify the lightning impulse strength of high voltage

insulators, namely, the critical flashover voltage (CFO) [79], and the basic insulation level

(BIL) [192]. The CFO and the BIL are the peak value of a standard impulse wave for which

the insulation structure exhibits a 50% and 10% probability of failure, respectively [192].

For the 400 kV system considered here, the BIL and the CFO are equal to 1425 kV [192]

and 1568 kV [174], respectively. Such a value of CFO is in the range of previous measured

values (1638 and 1726 kV), performed on 400 kV insulator strings [193].

When an string of insulators is subjected to overvoltages, the probability of the oc-
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currence of a backflashover can be assessed using different approaches, such as the volt-

time curve method [159–165], the disruptive effect (DE) model (also called the integration

method) [166–174], and the leader progration (LP) model [84,175–178]. This section briefly

introduces each approach to assess the BF performance of a string of insulators.

5.5.1 Volt-Time Curve

The voltage-time curve relates the peak value of the applied voltage across the insulator to

the time to flashover (tb) [84]. These curves are obtained by performaing measurements on

different type of gaps (rod-rod or rod-plane) or insulator strings. The volt-time characteristic

adopted here is described as [174]

VFO(tb) = (0.58 +
1.39

t0.5b
)× CFO (5.2)

where VFO is the flashover strength in kV, t is the time to flashover in µs, and CFO is the

critical flashover voltage of the system in kV. However, there are disadvantages associated

with such an approach [79]. Firstly, the volt-time curves have been derived based on mea-

surements employing the 1.2/50 µs standard lightning impulse voltage, therefore, they are

only valid for standard lightning-impulse waveshapes [79]. Secondly, the volt-time curve

relates voltage and time values that do not refer to the same time instant that introduces

further inaccuracies. As such, the volt-time curve method is not used for the BF assessment.

5.5.2 Disruptive Effect (DE) Method

The disruptive effect (DE) model, which is also called the integration method, was first

proposed by Witzke and Bliss [168, 169]. The integration method was derived based on
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Table 5.2: Values of the integration method parameters to be used
in (5.3).

Model n V0 (kV) DEb (kVnµs)

Caldwell [165] 1 0.86CFO 1.29CFO1

IEEE [171] 2.5 0.48CFO 1.62CFO2.5

Hileman [174] 1.36 0.77CFO 1.15CFO1.36

measurements under standard lightning impulse, however, it can be used to assess the per-

formance of gaseous, liquid or solid insulation under non-standard fast-front overvoltages as

well [79]. In contrast to the volt-time curve approach, the integration method takes into

account the effect of the waveform of the overvoltages in the whole time range, and not only

the peak value. In this method, it is assumed that there is a minimum voltage V0, which must

be exceeded before any breakdown process can start. The time to breakdown tb depends

on both the magnitude and duration of the applied voltage above V0. Determination of the

dielectric strength of the insulation requires the calculation of the disruptive effect constant

given by [79]

D =

∫ tb

t0

(V (t)− V0)n dt (5.3)

where t0 is the time after which the voltage V (t) exceeds the minimum required voltage V0

and n is a constant. The disruptive effect constant, D, must be greater than a value called

base disruptive effect (DEb) in order for any flashover to occur. There has been several

justification for the accuracy of the integration method for the prediction of the insulator

behavior under non-standard lightning impulse waveforms [165–167, 194]. Values for V0, n,

and DEb are proposed in the literature [165–174]. In this section, the values suggested by

Caldwell [165], IEEE [171], and Hileman [174] are used as given in Table 5.2.
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5.5.3 Leader Progression (LP) Model

This model is derived based on the physical process of the breakdown, consisting of three

phases: corona inception, streamer propagation, and leader progression [84]. The time to

flashover tb is the sum of the time of these three processes. Based on measurements on

different gap configurations (rod-rod or rod-plane), a time-domain equation is developed

for the leader progression velocity in the air gap as a function of the applied electric field

(voltage). Table 5.3 contains the corresponding leader progression velocity expressions for

negative flashover based on the models of CIGRÈ [84], Shindo [175], and Pigini [176]. In

each time step (t = t0), the leader velocity (v) is obtained, knowing the applied voltage (V )

at that time. Leader length (x) at the next time step (t = t0 + ∆t) is calculated as follows:

x(t0 + ∆t) = x(t0) + v∆t. (5.4)

Following this iterative procedure, the time to breakdown, which is the time required for the

leader to cross the air gap length, is obtained [175]. Figure 5.6 shows the volt-time curve of

the 400 kV insulator string with a length of 3.51 m calculated based on the models of Tabs.

5.2 and 5.3. There is a noticeable difference between the volt-time curves obtained by these

approaches, and the effect will be discussed on the prediction of BFR later.

5.6 Results and Discussion

In this section, numerical simulations are performed using the proposed model in the range

of 10 kHz to 10 MHz. Grounding electrodes of different lengths, L = 2, 5, 10, 15, 25, 40 m,

are considered. The other parameters of the electrodes are H = 1 m, R = 1 m, and the
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Fig. 5.6: Volt-time curves of 400 kV transmission line insulator string with a length of
3.51 m. Disruptive effect and leader progression models are shown with (DE) and (LP),
respectively.

Table 5.3: The expression for the leader velocity in LP breakdown models.

Model Leader velocity

CIGRÈ v = 1.3V (V/(D − x)− 600)

Flashover condition: x ≥ D

Shindo v = 0.05V 2/(D − 2x) + 25× 10−10V 2vx/(D(D − 2x))

Flashover condition: 2x ≥ D

Pigini v = 170D(V/(D − x)− 560) exp (1.5× 10−3V/D)

Flashover condition: x ≥ D

radius of the electrodes is 20 mm (see Fig. 5.2). An opening angle of α = 45◦ is adopted

as an optimized value [195]. A low-frequency soil relative permittivity of εr = 10 and three

values of low-frequency soil resistivity (100, 1, 000, and 5, 000 Ω m) are considered. Once

the frequency domain transfer functions relating the current of the input port (at the tower

top) to the current going through the insulator strings are obtained, the procedure described

in [99] is used to interface the transmission tower black-box model to a time-domain simulator

(PSCAD-EMTDC in this section). This procedure consists of fitting the frequency-domain

transfer functions with rational function approximations, and then deriving a state-space
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Fig. 5.7: Representation of double-peaked first lightning strokes corresponding to the
median current peak measured at Morro do Cachimbo [68] and Monte San

Salvatore [179] stations.

form for the system. The input currents are the typical double-peaked first lightning strokes

measured at Morro do Cachimbo [68] (“MCS”) and Monte San Salvatore [179] (“MSS”)

stations, which are synthesised using a sum of Heidler functions as described in [196] and

shown in Fig. 5.7. The string of insulators is represented by a 1.26 pF capacitor. Figure 5.8

shows the voltage across the upper insulator string when the injected current at the tower top

is the median current measured at the MCS station, and for different lengths of counterpoise

grounding electrodes buried in soil with resistivity of 100, 1, 000, and 5, 000 Ωm, respectively.

Regarding the waveshape of the voltage induced across the insulator string, one can see that

it is closer to the waveshape of the lightning current in the case of higher soil resistivity (i.e.

5, 000 Ωm). As the length of counterpoise electrode increases, the induced voltage tends to

decrease, which shows the importance of grounding system in diminishing the overvoltages

due to lightning strikes to transmission towers. However, the rate of such reduction is less

for higher lengths of electrodes, and even insignificant if the so-called effective length of
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Fig. 5.8: Simulated voltages across the top insulator string in the 400 kV double circuit
tower as a function of the length of counterpoise grounding electrodes. The input current

is the median current measured at MCS station, and the soil resistivity is (a) 100, (b)
1, 000, and (c) 5, 000 Ωm.
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Fig. 5.9: Magnitude of the current density on the surface of a 15-m conuterpoise grounding
electrode at frequency of 5.5 MHz and in soil with a low-frequency resistivity of (a) 100,
and (b) 5, 000 Ωm. The magnitude of the applied voltage at the tower top is 10 kV.

counterpoise electrodes is reached [139, 197]. To illustrate the electrode’s effective length,

Fig. 5.9 shows the current density on the surface of a 15-m counterpoise electrode attached

to a tower leg and buried in soil with resistivity of 100 Ωm (Fig. 5.9a) and 5, 000 Ωm (Fig.

5.9b). The applied voltage at the tower top has a magnitude of 10 kV with a frequency

of 5.5 MHz. One can see that only a small portion (around one third) of the length of the

electrode is responsible for dissipating most of the current through the soil of lower resistivity

(i. e. 100 Ωm). However, in a soil resistivity of 5, 000 Ωm, there is a considerable current

density on the surface of the electrode at its end.

5.6.1 Backflashover Assessment

Once the time-domain voltages are obtained, the occurrence of a backflashover across the

insulator string is assessed by applying the DE and LP methods described in Sec. 5.5,

considering both the currents of MCS and MSS stations. The correlation between the peak
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of the lightning current and its front time is disregarded [198], and the current is increased

up to a level that causes flashover of the insulator string of the overhead line based on

each model. Tables 5.4 and 5.5 show the minimum critical current (Ic) causing insulator

flashover, considering counterpoise grounding electrodes of length 5 and 40 m, respectively.

Furthermore, using a probabilistic evaluation [129] based on the measured distribution of

negative downward first strokes in the two locations, the percentage of the lightning currents

expected to exceed the critical current in amplitude are calculated and shown in these tables.

It can be seen that the value of the critical current varies significantly among the flashover

models. Such differences are of major importance in insulation coordination studies. In

general, the leader development models predict much higher values of the critical current as

compared to DE models. This can be due to the fact that in LP models, the electric field

strength, E0, required for the leader onset decreases as the length of the insulator string

increases. Another source of difference is that the applicability of LP models to overhead

transmission line insulator strings has some limitations. The model of Pigini has been derived

based on measurements on air gaps [176]. Also, the model of Shindo refers to rod-rod air gaps

shorter than 3 m [175]. On the other, the predictions provided by the DE models, that are

based on measurements on string of insulators, in Tables 5.4 and 5.5 can be considered more

reliable. According to these tables, the model of IEEE predicts the least critical current in

all the considered cases, while the model of Shindo leads to the highest values of the critical

current.

The probability of occurrence of a BF is dependent on the region where the transmission

line is located. The critical current is higher at MCS than at MSS if all other conditions,

such as the soil resistivity and length of grounding electrodes are identical. This difference is

higher when the soil resistivity increases. Since the MCS station is located in Brazil, which
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is a tropical region, there is an intense average lightning activity (keraunic level) [84]. The

higher number of lightning strikes per unit time per unit area and also the higher portion of

lightning currents leading to a BF leads to a considerably higher BFR at MCS station than

at MSS station.

Employing 5-m long counterpoise electrodes is shown to be very inefficient in all soil

resistivities at both stations, even for soil with a resistivity as low as 100 Ωm. Increasing

the length of the grounding electrode to 40 m results in a considerable decrease in the

probability of occurrence of a BF in a soil of low resistivity (i. e. 100 Ωm). This probability

is less than 8% according to the flashover models (except the model of IEEE), concluding

that 40 m counterpoise electrodes are suitable for reliable performance of the line in a soil

resistivity of 100 Ωm. However, in higher soil resistivities, even such length of electrode

cannot provide the needed low grounding impedance and the probability of a BF is more

than 10%. Using longer counterpoise electrodes, changing the electrode arrangement, or

installing surge arresters can be a remedy for this situation.
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5.7 Summary

In this ection, a detailed full-wave simulation model was proposed to obtain the equivalent

black-box model of transmission towers for the calculation of the transient voltage across

the insulator strings. All details of the transmission tower, the real representation of tower-

footing grounding electrodes, frequency dependence of soil electrical parameters, shield wires

and phase conductors are considered in this simulation model. The user of the black-box

model can apply any arbitrary current at the tower top, and calculate the induced voltage

across the insulator strings, without the need to perform any electromagnetic fields simula-

tion. The model was applied to a typical 400 kV double circuit tower, and the time domain

voltages across the insulator strings were calculated considering various soil resistivity val-

ues and length of counterpoise grounding electrodes. Two available measurements in the

literature at Monte San Salvatore (MSS) and Morro do Cachimbo (MCS) stations on down-

ward negative first lightning strokes were used as the input current injected at the tower

top. Next, the minimum critical current leading to a flashover was calculated employing the

disruptive effect (DE) and leader propagation (LP) flashover models. The predicted current

varies significantly among these models, with the LP methods leading to much higher values

in comparison to the DE methods. The least critical current was obtained by applying the

IEEE DE method. The lightning performance of the line was shown to be dependent on the

location where it is installed, because of the various waveshapes of lightning current and the

probabilistic distribution of the characterizing parameters, such as its peak value and rise

time. The length of counterpoise grounding electrodes was shown to be highly affecting in

mitigating the overvoltages. Electrodes of 5 m in length were shown to be insufficient in even

lower soil resistivity. Increasing this length to 40 m, decreased the precentage of lightning

current leading to a flashover to 7.8% and below, in soil resistivity of 100Ωm. However, the
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performance of such length of electrode in a soil resistivity of 1, 000, and 5, 000Ωm is not

satisfactory, and it should be further increased to ensure an acceptable rate of outage.
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Chapter 6

Concluding Remarks

6.1 Conclusions

In this thesis, EMT-compatible models were developed for tower-footing grounding elec-

trodes and transmission line tower along with its grounding system. A simulation model

was developed for the analysis of grounding electrodes where full-wave Maxwell’s equations

were solved using Finite Element Method (FEM) in commercial software HFSS. Vertical and

horizontal grounding electrodes of various length buried in soil were studied considering both

constant and frequency dependent soil electrical parameters. A broad range of values for the

soil resistivity and relative permittivity were considered, to take into account the effect of soil

water content on the transient response of grounding electrodes. In the frequency domain,

the input impedance of grounding electrodes is constant up to a certain frequency, known as

characteristic frequency. At higher frequencies, the electrode has a capacitive or inductive

behavior, depending on the electrode length and soil resistivity. This results in significantly

different behavior from that obtained by considering a resistive model for the grounding

electrode. Furthermore, it was shown that the frequency dependence of soil electrical pa-
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rameters have a considerable effect on the grounding impedance, especially with a higher soil

resistivity. The frequency-domain response of vertical and horizontal electrodes of the same

length were found to be very similar to each other. The effect of varying the soil relative

permittivity, which is dependent on the soil water content was found to be significant.

The second part of the thesis was focused on transmission line towers. An automated

process was developed to obtain the wire network equivalent of transmission line towers,

which were used in simulations using NEC4. To verify the simulation model, a simple

structure was implemented in NEC4, and the results were compared with the available

measurements. Next, a 400 kV double circuit tower was considered and the results obtained

by the thin wire approximation were compared with those obtained by theoretical tower

models. Both PEC and lossy ground were considered. It was found that the results of

theoretical models are different from those obtained using NEC4 when the injected current

to the tower top has a short rise time. This is because the low frequency approximations

that the theoretical approaches are based on, and the fact that such models are developed

based on a very restricted number of measurements on one type of transmission tower.

In the last part of the thesis, a black-box model for transmission line towers was devel-

oped to be used in EMT-type simulators. First, a rigorous full-wave simulation model was

developed for the simulation of electromagnetic waves around the tower. All tower details,

tower-footing grounding electrodes, frequency dependence of soil electrical parameters, and

shield wires and overhead phase conductors were considered in the model with no approx-

imation. Several length of counterpoise grounding electrodes and soil electrical parameters

were considered. The accuracy of the model was verified by reproducing measured voltage

and currents. To obtain the multi-port equivalent of the tower, 7 ports were considered in the

simulations. A port at the tower top, representing the injection of current at the tower top,
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and 6 ports whose current was equal to the current going through the string of insulators.

Vector Fitting was then used to approximate the frequency-domain response with rational

functions and the state-space model of the tower was developed. Using this model, the end

user does not need to perform any electromagnetic simulation. Finally, the developed model

was used to obtain the time-domain induced voltage across the string of insulators, and dif-

ferent models for the assessment of flashover across the insulators were used. The lightning

data taken from two different locations were used to assess the probability of occurrence of

backflashover under different conditions of soil resistivity and length of grounding electrodes.

Considering the generality of the proposed model, the developed model can be considered

as a considerable improvement in lightning studies.

6.2 Future Work

In this section, future studies and possible extensions of this research are recommended.

1. In the simulation of the transmission line tower, the adjacent towers were not consid-

ered, and the transmission lines were grounded through a matching network to avoid

reflections. The reason was that considering the adjacent towers increases the required

computational time and recourse considerably. The negative reflection from adjacent

towers can be considered in future studies.

2. The simulation can be done considering a higher length of the counterpoise electrodes

and a higher number of soil resistivity, to derive equations relating the soil resistivity

to the effective length of grounding electrodes, or an equation to be used to determine

the required length of electrode to ensure a specific outage rate for the transmission

line.
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3. The developed model can be used to simulate other type of transmission line towers, to

create a complete library of towers to be used in transient electromagnetic simulations.

4. Since the numerical simulations of this thesis were all performed in the frequency

domain, inclusion of soil ionization was not an option. However, as the amplitude of

the injected current into the system increases, soil ionization occurres and can affect

the grounding impedance and the induced voltage across the insulator strings.

5. A multi-layer soil, which represents the reality to a better extent compared to a homo-

geneous one, can be easily incorporated into the simulation model of the transmission

tower.

6. A lightning stroke can also hit the shield wires at the midspan, which was not considered

in this thesis. In this case, a shielding failure can happen.
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Chapter 7

Appendix A

7.1 Description of the Method of Characteristics

The theoretical models of transmission line towers (Sec. 2.3), provide a surge impedance for

the tower as a function of its height. In this case, the surge impedance varies at different

heights. This is equivalent to a non-uniform transmission line having a varying per-unit-

length parameters at different heights. In this case, the the differential changes in the line

voltage and current are given by

∂V (z, t)

∂z
+ L(z)

∂i(z, t)

∂t
+Ri(z, t) = 0 (7.1a)

and

∂i(z, t)

∂z
+ C(z)

∂V (z, t)

∂t
= 0 (7.1b)

where V (z, t) and i(z, t) are the voltage and current along the line, respectively. The method

of characteristics aims at transforming these partial differential equations of the transmission
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line into ordinary differential equations that are easily integrable.

Consider the following matrix from (7.1a) and (7.1b) [152]:

 0 L(z)

C(z) 0

 (7.2)

where its eigenvalues are:

λ(±) = ±
√
L(z)C(z). (7.3)

Next, the following two relationships are introduced from the eigenvalues:

dt

dx
= λ(+) (7.4a)

dt

dx
= λ(−) (7.4b)

The solution of these two expressions, is a pair of Ordinary Differential Equations (ODEs)

as follows:

t−
√
L(z)C(z)z = α (7.5a)

t+
√
L(z)C(z)z = β (7.5b)

where α and β are real constants. These two expressions are two families of lines in the

z-t plane, and they serve as a new coordinate system for (7.1a) and (7.1b). Performing this

coordinate change, (7.1a) and (7.1b) become:

dV

dz
+ ZW

di

dz
+Ri = 0 (7.6a)
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and

dV

dz
− ZW

di

dz
+Ri = 0 (7.6b)

where ZW is the surge impedance given by

ZW = (L(Z)/C(Z))1/2 (7.7)

Solving (7.6a) and (7.6b) by integration, one can find the voltage and current along the non-

uniform transmission line representing the transmission line tower. The excitation should

be modeled as a current source in parallel with the equivalent impedance of the lightning

channel.
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