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Abstract 

A model is developed for the transverse vibrations of a spinning string. This model 

involves a pair of couplecl second orda partial differentiai equations for the wmponents 

of tbe transverse dispIacemeut dong the string. Anaiytic solutions are presented for 

various choices of initiai and boundary conditions, in the case of semi-infinite strings and 

finite length strings (with ked  or length). Techniques used involve an extension 

of the standard d'Alembert solution of the one-dïmensiod wave e~uation and Fourier 

andysis. Grapbicai iilustrations are presented. 
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CHAPTEtR 1 

A Mathematical Mode1 for a Spinning String 

1.1 Introduction 

A tethered scientific -ch rocket, the first of several in the Canadian Spaœ 

Agency's ûedipus Project, was launched in northem Nomy on Jmuary 30,1989. 

During the fiight of the rocket, the spin-stabW payioad separated into two sub- 

payloads (referred to as the forward and a& payload), each with its own comple- 

ment of scientific instruments, control, power and telemetry systems. Throughout 

the Bight, the two payloads remained connecteci by a flexible, electrical-conducting 

tether, whose purpose included the direct measurement of the electric potential 

gradient dong the earth's magnetic field lines. Flight data fkom the Oedipus- 

A mission indicated that the forwatd payload exprienced "waing" motion as a 

result of separation and tether deplcryment dynamics and a post-flight dynamics 

investigation found t hat the lh ly  cause of the observed dynamic behavior was the 

tether interaction with the subpayloads. Based on this observation and on the fact 

that the Oedipus-A payload did not incorporate systems to record the dynamics 

of the tether or the tether-pyload interactions, a comprehensive tether dynamics 

experirnent was included in the second Oedipus mission, which was refmed to 

as Oedipus-C (the proposed Oedipus-B mission was never flown). The primary 

objectives of this experiment were to develop a comprehensive understanding of 

the dynamics of a spin-stabilized, tethered, t-body rocket payload with flecible 



appendages. The study of the tether deplopent phase of such a Bight constitutes 

an important camponent in the deveiopment of hiture tethered space systems. 

ln this thesis, under some assumptions regarding the tethes dynamics, the 

tetha will be represented as a string spbhg about its longitudinal &. A 

system of two second order m i a l  differential equations wiU be d e r i d  to describe 

the tra4sverse vibrations of such a spinning tether. In particuiar, the cases of 

strings of a constant length or a linearly varying iength will be studied. We wiU 

obtain some malyt i d  solutions of the equations, induding some specid "travelling 

wave* solutions, and the generai solution. These will be used to investigate the 

behaviour of i . t e ,  semi-Wte, and finite strings with various boundary and 

initial condit ions. The theoretical d t s  wiiL be iliustrated through some examples 

and their corresponding graphs. 

1.2 Development of the Mode1 

The mode1 in this thesis will be deve10peà in a right-handed mdinate systan 

(x ,  ul, ut) as shown below: 



In addition, it will be assumed that when the string we are studying lies in its rest 

(equilibrium) position, it coincides with the x-axk 

The "forceci" one-dimensional wave equation, umesponding to the planar vi- 

bration of a string, is given by 

@?A PU âIâu - = c2- + f (x, t,u, - -)* at2 89 axt ât 

where u = u(x, t )  denotes the transverse displacernent h m  its equilibrium pasition 

au &r of the point on the string at position x at time t, and the huiction f (x,  t ,  u, g, =) 

denotes the transverse force per unit mas acting on the string. The positive 

constant c physically denotes the velocity of wave propagation dong the string, 

and is equal to fi, whete T %the longitudinal tension and p is the linear mass 

density of the string [?, p. 131. 

The twdi.mensional wave equation, analogous to (1.2.1), can be written in 

the form of a vectorial extension of the usud one-dimensional wave equation as 

(1.2.2) 

where, in analogy with the above, Ü = P(x, t )  = ui(q t ) j  tuz(z, t )k  denotes the 

vectorial transverse displacement kom its equilibrium position of the point on the 

+ 
string at position z at time t. The vectorial hinction f = fpT + f,L denotes the 

transverse force per unit mass acting on the string [2] . 

The derivation of the models (1.2.1-2) is based on the foilowing indispensabIe 

assumpt ions: 



(1) Each point on the tetha is dowed to move only within a traasverse plane, 

Le., in a plane perpendicular to the equilibrium hee  In o t k  words, only trans- 

verse motion is permitteci. b o d y ,  this may be interpreted to mean that the 

longitudinal cornponent of the tension is constant along the tet her. 

(2) Defiections are small in cornparison with the total length of the tether, so 

that theu squares or higher powers can be negkted. 

(3) The slope at any point of the defiected tether is s m d  wmpared with unity. 

The above assumptions give rise to the foilowing intuitive mathematical inter- 

pretat ions: 

(a) The difference between the length of the tether and the distance between 

it s end-points is negligible. 

(b) The tension is constant dong the tether as weil as constant in time. 

The m a t  distinctive fmture of the Oedipus payload involves the rotation of 

the complete system (including the tether) about an axis passing through the two 

centres of mass of the subpayloads at the ends of the tether. In order to incorporate 

this spin about the longitudinal &, we replace the operation of differentiation 

of any (generally 3-dimensional) vector Ü = Ü(x, t) with respect to time by the 

"rotat ional" t ime derivat ive 

where denotes the usual tirne-derivative of 7, x denotes the usual vector cross- 

product operator, and 3 x Ut represents the "rotational velocityn at position x at 



time t as a d t  of the local spin vector Z? = W(x, t )  at that location and time. 

In this way, we generalize system (1.2.2) to the form 

To display the dependence of (1.2.4) on the spin vector, whkh is written in corn- 

ponent form a s  3 = S(z, t )  = us; + wvT + wtk, we observe the foUowing: 

(i) The cross-product 5 x Û can be expanded in the form of a d e t d a ~ l t  

in the usual fashion as 

where h, u, and u, are the components of the vector 3. 

(ii) Using the definition in (1.2.3), we ha= 

and 



Substitution of (1.2.6) into (1.2.7) gives 

(Gi) Using (1.2.5), the expression 3 x (3 x Ü) can be expandeci as 

The dot product 3 Ü can be expanded as 

and specifically 



so that 

and 

Thedore, we may mite 

where w2 = 3 W .  



Substitution of (1.2.9) into (1.2.8) yie1cis 

D2Ü 8%' = -  au' 2 - -+*  

DtZ 
+-x2; '+2(Gx - ) - w  u + ( w  - u)w. (1.2.10) 

d t 2  & at 

Incorporation of (1.2.10) into (1.2.4) fields the vectorial differentid equation 

Various simplifying assumptions based on the physical nature of the prob1- 

may now be made, in an effort to make this system more manageable. 

(a) Accordhg to asnimption (l), only transverse displacements of the tether 

are dowed, so that the longitudinal component of ?t(x, t) is zero, Le., 

(b) For simplicity, we Further adsume the anguiar velocity 3 is constant, so 

t hat the angular acceIeration is zero, Le., 

(c) Since the spin of the system is about the longitudinal axis of the system, 

and since ail tether dispIaœments are assumed to be smd, the local spin mtor 

Z? = z ( x ,  t) may be written in the form 

+ L- 

W = wi,  

in which it is assumeci that the "spin scalar" w = w(x, t )  is a constant both in 

position and in the .  In addition, it is noted that 3 and Ü are perpendicular at 



each point of the tether, so that 

(d) Moreover, since the longitudinal tension in the tether is codant ,  there can 

be no longitudinal Btternal forces acting dong the tether, so that 

By Wtue of (1.2.12-16), the equation (1.2.11) is simplifiecl to 

+ 
where f = f,j^ + f, h is the extemal transverse force per unit length. 

A 

For consistency of notation we now write Z = +? + IL& = ai? + q k  and 

-* 

f = + /&, so that the vector equation (1.2.17) may be written in component 

In particulart if there is no Btternal force exerted on the tether, / must vanish, 

so that we obtain a coupled linear homogeneous system of equations, namely 

where ul = u, (x, t )  and -=  111 (2, t) denote the two components of the transverse 

displacement of the tether at position x at time t in the orthogonal mordinate 



s@em (x, ul, w) and w is an arbitrary constant representing the spin of the -tan 

about its longitudinal a&. 

In the previous sections, the "rotational" thder iva t ive  is introduced to hmc- 

porate the fact that the tet her spins about its longitudinal axis. Some assnmptions 

such as (i) the displacement of the tether is transvase, (ii) the angular vdocitsf is 

constant, and (iü) the external force V&IljShes, sÏmplify the introduoed mathemat- 

ical rnodel to the fouowing system of equat ions: 

(1.3. lb) 

which is the target system to be discussed in ail subsequent chapters. We will 

solve the coupled system (1.3.1) subject to various types of initial and boundary 

conditions for t 2 O and x restricted to Lie in various domains, such as 

(a) -00 < x < m, in the case of an "infinite string", 

(b) O 5 x < oo, in the case of a "semi-Wte string", 

(c) O 5 z 5 L, in the case of a %te string (of constant length)", 

or 

(d) O 5 x 2 S(t)  , in the case of a "finite string of variable length (with a moving 

endpoint)". 

Remark It should be noted that the motion of the subpayloads at the ends of 

the tether is incorporated into the model through the specification of the bound- 
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ary conditions. That is, it is assumeci that the end-body motions are known a 

priori. Thus, o u  mode1 is concemeci solely with the dynamics of the tether and 

incorporata end-body dects  upon the tether, but does not take into account any 

influences that the tether motion may have on the subpayload dynamics. For our 

purposes the subpayloads are viewed simply as point masses whose motions are 

prescri'bed. In addition, scternal forces may be assumed to be negiigible because, 

at least during the tether deployment phase of the mission, the whole system is 

in a state of "kee £dl"' in a vacuuni. Thus, gravitational and aerodpamic drag 

forces wilt both be absent. 



CHAPTER 2 

"rravelluig Wave" Solutions for the Semi-infinite String 

2.1 Introduction 

For the usual one-dimensional wave equation, the so-called 'Ld'Alembat form 

of the general solution" expresses the solution as the sum of two "travelling waves" 

(each of constant physical profile, but travelling in opposite directions) along the 

string [see section 2-21. In this chapter, we employ a simple extension of this 

concept in order to determine the nature of travelling wave solutions of the coupled 

linear system (1.3.1) for a unifody rotating d - h h i t e  string. Thmugh the 

application of appropnate boundary conditions at the (single) end of a semi-inhite 

string, some specid travelling wave solutions are determinecl which exhibit some 

very peculiar and interesting behavior. In particular, these special travelling wave 

solutions are shown to be simply (one or more) uniformly rotating ''standing wavesn 

(waves of constant physical profde that do not move along the string, but r e d v e  

uniformly about the rest e t i o n  of the string). In some cases these standing mves 

are planar, while in others they are not. Not only are these solutions physidy 

interesting, but WU serve as test cases for more general procedures to be developed 

in subsequent chapters for the detemiliation of solutions of the system (1.3.1). 



2-2 d'Alembert's Solution of the lad Wave Equation 

For the usual one-dimensional homogeneous wave equation 

the sneral solution is known to have form 

For the case of an intkùte string (-00 < x < oo), the initial conditions are 

given by 

aL 
u(x,O)= f(x), z ( x , O ) = g ( x ) ,  - w < x < m ,  (2.2.3) 

where f (x) and g(x) are specified hinctions for -oc < x < W. By using the initial 

conditions (Z.2.3), <p(E) and +(q) can be shown to have the fom 

where D is any constant and -oe < c, q~ < oo, so that d'Alembert's solution of 

equation (2.2.l), subject to the initial conditions (2.2.3), can be written as 

1 1 
u(z, t )  = $ f ( x  + d)  + f (x - 4 1  + - f m d ~ i  

2c t - c t  

-ao<x<aci, t 1 0 ,  

[7, pp. 17-19], [IO, pp. 54-56]. 



L4 

The mntinuity or diaerentiability of the solution (2.2.4) depends on the prop 

erties of the hinctions f (x) and g(x),  as shown b e k  

1) If f (x) fl and g(x) is integrable, then u(x, t )  E C? 

2) If f (x) E CL and g(x) E C", then u(x, t) E CL- 

Note: CO is the space of all mntinuous functions and Cl is the spaœ of ail wntin- 

uously differentiable hinctions. 

For the case of a s e m i - M t e  string (O 5 x < oc), with the initial and bound- 

ary conditions given by 

u ( O , t ) = p ( t ) ,  t I O ?  

the d'Alembert solution of equation (2.2.1) is given by 

for x > ct, t  2 O ,  

while 

for O s x < d ,  t > 0 ,  

[7, pp. 23-27], [IO, pp- 68-69]. 

The continuity or differentiability of the solution (2.2.6) again depends on the 

properties of the huictions f (x), g(x)  and p(t ) ,  as shown below: 



Remark: The above statements include, not only mnt inuity/different iability 

properties off (x), g(x) and p(t)  appearing in the specincation of the initial/boundary 

conditions (2.2.6), but also "matcbing" conditions on u(0,O) and %(O, O) obtained 

from these conditions at the corner of the domab upon which we seek a solution 

of (2.24,  subject to (2.2.6). For this reason, conditions such as  1) or 2), or ex- 

tensions of them in the subsequent analysis, will be referred to as  ucompatability 

conditionsn on the initial boundary value problem under discussion. 

The following arguments c0nfit-m the validity of the above compatability condi- 

t ions: 

If f ( x )  E CO, p(t) E C? and g(x) is integrable, then it is ùnmediately cl- 

Fiom (2.2.6) that u(x, t) is continuous within either of the regions given by x > ct, 

t 2 O or O 5 x < d,  t 2 O. On the other hand, when (x,t) approaches the line 

x = d ikom arbitrary directions, we have 

when ( x , t )  tends to the line x = ct within the region x > d,  t 2 0, 



when (z, t )  tends to the Ikie x = ct within the region O 5 x < ct, t 2 0. 

Moreom, if f (O)  = p(0) , then it is evident t hat the hRo Iunits in (2.2.7) are equal, 

which indicates that u(x, t )  is continuous across the iine x = d. Thus, we conclude 

that u(x,  t )  is continuous for ail x 2 O, t 2 O. 

that u(x, t )  is differentiable within the region given by x 2 O and t 2 O, except 

possibly dong the luie s = ct. In addition, the îîrst order partid derivatives of 

U ( X ,  t )  with respect to x and t  are given by 

for (2, t )  E region x > d, t 2 0, 

and 



for (x, t )  E region O 5 x < ct, t 2 0. 

The limits of the above partial derivatives, when (x, t) approaches the line x = d 

fiom arbitrasy directions, are given by 

when ( x , t )  tends to the line x = ct within the region x > ct, t 2 O, 

and 



aL 1 -(z, t )  = hm ( C [ f f ( d  + 4 - fr(d - z)] + $(ct + 4 - dc t  - 41 
z-m 2 - w ~  2 

when ( x , t )  tends to the line x = d within the region O 5 x < ct,  t 2 O. 

Findy, if g(0) = p'(O), then it is evident that the two Iimits in (2.2.10a) and 

(2.2.11a) are equal, and the two limits in (2.2.10b) and (2.2.11b) are equal. Thus, 

under conditions 2), we may conchde t hat u(x, t ) is continuous and differentiable 

across the line x = ct. Thus, we conclude that u(x, t) is differentiable for ail x > 0, 

2.3 Travelling Waves for the Semi-infinite Strinq 

W e  now tum our attention to the coupled iinm system 

(2.3.la) 

(2.3. lb) 
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With the d'Alembert Tom of the solution (2.2.2) of (2.2.1) in mind, we then ask 

if there are any travelling wave solutions of (2.3.1) of the form 

where, in the interest of geaeraliw, we have chosen = %+ut, q = x - ut, in which 

the positive parameter a can be but need not n e c e d y  be the same as c. First 

and second orda partial derivatives of the above ui(x, t )  and u2(x, t )  are 

and 

Put ting these partial derivatives into the equations (2.3.1) yields 

The left hand side of (2.3.38) contains the variable only, and the right hand side 

of (2.3.3a) wntains the variable I )  only, so each side must be equal to the same 



constant, Le., 

where l1 is an arbitrary constant. From (2.3.3b) we can similarly obtain 

where l2 is an arbitrary constant. Thus, the above discussion yields two systems 

of pairs of ordinary dilferential equations, namely 

and 

In the folIowing, we wil l  divide the discussion of the solutions of the equations 

(2.3.4) and (2.3.5) into two difFaent cases, depending on whether a = c or a # c. 

In this case (2.3.4) and (2.3.5) becorne 



and 

In the foUowÏng discussion, we assume w # O. Othawise (2.3.1) will becorne 

two independent one-dimensional wave equations, each with the fom (2.2.1), for 

which solutions aze akeady Iniown. 

Rom (2.3.8b) we have 

so that 

2c 
&(Cl = 7m) - 

Substitution of (2.3.9) into (2.3.h) gives 

whifh is a homogeneous third order Iinear ordinary diffefefltial equation with con- 

stant cdiicients. The three correspondhg eigenvalues can be obtained fkom its 

awdiary equation 

4c2h3 +W'X = Ot 



and are given by 

where i denotes the m a l  imaginary mit, Le., i = fl. Thefef~re~ the gened 

solution of (2.3.10) is given by 

where ci, q and c3 are arbitrary constants. Then, by virtue of (2.3.6b), we obtain 

NOW substitution of (2.3.11-12) into (2.3.6~~) provides 

W e  can sindady solve (2 -3.7) to get & (q) and @&), as given by 

where dl and da are arbitrary constants. 

In sumnuqr? by d u e  of (2.3.2), we now have a special solution of the systeni 

(2.3.1) of the form 

W W 
ui (x, t )  = cl cos -(x + ct)  f cz sin -(x + d )  

2c 2c 
W W 

+dl cos -(x - ct) + d2 sin -(x - ct),  (2.3.13a) 
2c 2c 
W W ~ ( 2 4  = -CI sin -(x + d )  + cz cos -(x + ct) 
2c 2c 
w W 

+dl sin -(x - d )  - d2 cos -(x - d). 
2c 2c 

(2.3.13b) 



W e  s h d  return to these expressions Iater in this section in order to investigate 

theü physical sigdicance and interpretation. 

Case II: a # c 

In this case, we d v e  the ordinary dif£érential systems (2.3.4) and (23.5), 

nameiy 

and 

Differentiating both sides of (2.3.14a,b) yields 

Momvei-, fkom (2.3.16b), we may write 

while h m  (2.3.16a), we have 

Substitution of (2.3.18) into (2.3.17) yields the equation 



whose five eigenvaiua can be obtained fiom the a d a s y  equation 

(aZ - t?)X5 + b 2 ( u 2  + CZ)Y + u4X = O* 

and are given by 

Thdore ,  the general solution of (2.3.19) is given by 

W W 
#l(O = cl cos -c + cz sin -6 a t c  a + c  

w2 W w2 W 
4 = - ( a + c )  ,cl COS -5 a + c  - ( u + c ) ~  c2sin-c a + c  

w2 W w2 W - CS COS -6 - c4 sin -E. (2.3.21) 
(a - c ) ~  a - c  (a-c)2 a - c  

Morever, by virtue of (2.3.1&), we have 

Substituting (ZMI-2 1) into (2.3.22), we have 

W W W 
4 )  = -- (CI cos -g + c* sin -f) 

a + c  a + c  a + c  
W -- W W W 11 

(c3 cos -c + y sin -C) - -Cg - - 
a - c  a - c  a - c  2a 2wa' 

so that 4&) is gjven by 

W W 
M C )  = -cl sin -6 + c2 Co6 -c a + c  a + c  

W W 
- c 3 s i n - ~ + c 4 c o s - ~ + ~ ~ + c 7 ,  a - c  a - c  



where 

and where c l ,  cil, CS and 4 are arbitrary constants. Sukitution of (2.3.20) and 

(2.3.23) into (2.3.14b) d t s  in 

We can sidarly solve (2.3.15) to obtain ( q )  and &(q), as given by 

where d l ,  d2, d3 and dq are arbitrary constants. 

Thus, by virtue of (2.3.2), we obtain another special solution of (2.3.1), as 

W W 
u&, t )  = CI cos -(x+ ut)  + cz sin -(x + at) 

a + c  a + c  
W W 

+Ca cos -(x + ut) + cd sin -(x + at) 
a - c  a - c  

W W 
+dl cos -(x - ut) + d2 s in  -(x - ut)  

a + c  a + c  
W W 

+d3 COS -(x - ut)  + d4 sin -(x - ot), (2.3.24a) 
a - c  a - c  

W W 
u2(xrt) = -cl sin -(x + at)  + ca cos - (x + ut)  

a + c  a + c  
W W 

-c3 sin -(x + at) + cd cos -(x + ut)  
a-c a - c  



W W 
+dl sin -(x - ut)  - d2 cos -(r - ut )  

a+-c  a + c  
W W 

+d3 sin - (x - at)  - d4 cos -(x - ut). (2.3.24b) 
a - c  a-c 

To understand the physicai nature of the solutions d b i t e d  in the two cases 

(2.3.13) and (2.3.24), we consider the case of a semi-infinite string (O 5 x < oo) , 

and introduce two ciiffixent sets of boundary conditions at the end of the string 

(Le., at x = O), namely, 

(a) W(O, t )  = 7.42(0, t )  = O> 

and 

(b) ui (O, t )  = sin(kt), u2(0, t) = cos(kt), 

Note: the boundary conditions in (a) correspond to a fixed end at x = O, while 

those in (b) correspond to a d o d y  rotating "driver" of constant (unit) dis 

placement at x = O revolving at the angular speed k. 

C a s e I : a = c  

If x = O in (2.3.13)' then we have 

Moreover1 with the boundary conditions of case (a), (2.3.25) becornes 

ut ut 
(cl + dl) COS 2 + (C? - dz) sin - = 0, 

2 
ut ut 

-(cl + dl) sin 2 + (c2 - d2) COS - = 0. 
2 



which are to be valid for any t 1 O, so that must have 

Hence, the corresponding solution in this case is given by 

wx ut wt 
= 2 sin -(-cl cos - - ca sin -). 

2c 2 2 

The initial displacement s, corresponding to this solution, can be obtained by let t ing 

t = O in (2.3.26), which yields 

ow, taking advantage of the notation of matrix algebra, we may wri 

so that 



and the solution (2.3.26) can be expressed in mat& form as  

Since the mat& appearing in (2.3.28) is simply a rotation m a t e  through an angle 

(-9) (at t h e  t), the solution in (2.3.26) represents a uniformly rotating "stand- 

ing" wave. Moreover, since ul (z, O) and ~ ( x ,  O) are m d y  constant multiples of 

each other, this uniformly rotating standing wave is planar. We also note that at 

2m the points x = TT, m = OJ,2 ,..., ui(x, t) = u2(x,t) = O, for any t 2 O. That 

is to say, these points may be thought of as "nodes" on the tether in the sense 

that they remain motioniess as the tether vibrates. In summary, the solution in 

(2.3.26) represents a unifiody rotating planar standing wave, with the angular 

velocity -5. 

Similarly, with the boundasy condit ions of case (b) , (2.3.25) yield 

which are assumeci to be valid for any t 2 O, so that we must have 

It is noted that the fïrst of these conditions restricts the rotational speed of the 

"ciriver" of the tether to be half of the angth speed at which the tether revolves 



about its axis. Thus, we can expect to obtain travelling wave solutions, with a 

UIlifonnly rotating end ody under very special ckcumstances. 

In this case, the corresponding solution is given by 

W W 
u ~ ( x , ~ )  = C ~ [ C O ~ - ( X + ~ )  - C a r - ( x - d ) ]  

2c 2c 
W w w 

+@[sin -(z + d) + sin z(x - d)] - sin z(x - et) 
2c 

w z  wt wx wt 
= (2c2 - 1) sin - cos - - 2c1 si. - sin - 

2c 2 2c 2  
wx wt 

+cos-sin- (2.3. 29a) 
2c 2 ' 

W W 
w(x,t) = -c*[sUi-(x+d) +Sinz(x-d) ]  

2c 
W W W 

+c2 [COS -(x + d)  - COS -(x - ct)] + cos - (X - ci) 
2c 2c 2c 
W X  u t  wx wt 

= -2cl sin-cos- - (2c2 - 1)sin-sin- 
2c 2 2c 2 

wx wt 
+cos - 

cos -2- (2.3.29b) 
2c 

The corresponding initial displacements can be obtained be letting t = O in (2.3.29) 

to obtain 

If Ü (x, t )  is defined as in (2.3.7), then we have 

I ( 2 q  - 1) sin $ 
Ü(x,o) = 

[ -2q su i  + cos g 

- wx - sin - 
2c 

2q - 1 
~ 

-2c1 

W X  + cos - 
2c 



fkom wbicb we may deduce 

+ u (x, t )  = 

as in (2.3.28)- Once again, we may draw the mnclusion that the solution (2.3.29) 

represents a d o r m l y  rotating standing waxq with the angulas velociw -f , but 

which is not in generd a plunisr standing wave. 

For x = O, (2.3-24) becornes 

wat wat 
ui (0, t )  = (cl + d l )  COS - + (c2 - &) sin - 

a+c a + c  
wat wat 

+(c3 + d3) COS - + ( ~ 4  - da) sin - 
a - c  a - c '  

(2.3.31a) 

wat wat 
~ ~ ( 0 . t )  = -(cl +dl)sin-+ (cz -d2)cosG 

a + c  
wat wat 

- (c3+d3)sin-+(c4-dr)cos- .  (2.3.31b) 
a - c  a - c  

Using the boundary conditions of case (a), each right-hand side of (2.3.31) is 

zero, and the resuiting equations are assumed to be valid for any t 2 O, so that we 

must have 

Thus, the co~~e~ponding solution is given by 

W W 
+c2 [sin -(x + at) + sin -(x - ut)] 

a + c  a + c  



W W 
+C+S -(x + ut)  - cos -(x - at)I 

a - c  a - c  
W W 

+cd -(x a - c  + ut)  + sin -(z - ot)] 
a - C  

wx wat wat = 2sin-(-clsin- + 4 cos -) 
a + c  a + c  a + c  

W X  wat wat 
+2sin -(-casin - f 4cos-) ,  

a - c  a - c  
(2.3.32a) 

a - C  

W W 
+c&os -(x + ut) - cos -(x - at)] 

a + c  a + c  
W W 

-c3 [sin -(x + ut) + sin -(x - ut)] 
a - c  a - c  

W W 
+y[cos -(x + ut) - cos -(x - at)] 

a - c  a - c  
US wat wat 

= 2sin-(-cicos--c2sin-) 
a + c  a + c  a + c  

LUX out wat 
+2 sin -(-c3 a - c  cos - a - c  - c4 sin -). (2.3.32b) 

a - c  

Now, in analogy with preceding results, we let Ü = O* + T'", where 

- C 1 & " + q C ~ w o L  
a+c 

a+c ] , (2.3.33) 
-cl cos - c2 * 2!& ai-c a+c 

and 

aï (x, t )  -c3 sin + q cos 
l**ix,tl=[ u;' (2, t )  ] = 2 ! + 5 [  r~ot O& 1 . (2.3.34) 

-c3 COS 0-c - c4 sin,  

Thus, we have 

and 



In addition, we note that u"(x, t )  and P " ( x ,  t )  can be expressed as 

cos 2 
ü*(x, t )  = 

and 

-** The formiuiae in (2.3.33-38) indicate that -U"(x, t) and u (x ,  t )  eoch represats a 

uniformly rotating planar standing wave (the nodes of ?(x, t )  and Ü"(x, t )  can 

be e d y  identifid), with respective angular velocities -5 and -=. Finally 

since ü'(x, t )  = p ( x ,  t )  + Û**(x, t ) ,  the solution in (2.3.32) represents the sum 

of two unifody rotating planar standing waves with different angular velocities. 

Moreover, the signs of and determine whether these two planar standing 

waves rotate in the same (or opposite) directions. 

Fially, we consider (2.3.31) in the case of the boundary conditions (b), which 

yield 

wat wat 
ul(O,t) = (cl +dl )cos -  + (Q -&)sin- 

a + c  a + c  
wat  wat 

+(c3 + d3) COS - + (CI - d4) sin - 
a - c  a - c  

wat wat 
-(c3 + d3) - + (c( - d4) c- 

a - c  - 



which are assumeci to remain valid for any t 2 O. Ekom (2.3.39), we can see that 

th- exists only two possibilities, depending on whether we choose k = 2 or k = 

wu k=-• . CI +dl = O ,  c2 -d2 =Oi ~3 +d3 =O,  c4 - 6 4  = 1, 
a-c 

In the foilowing, we will base ou. discussion of the solution (2.3.24) on the choice 

given in (2.3.4) ody. The discussion of the other solution, correspondhg to the 

choice &en in (2.3.41), is similar in nature. 

W W 
+cs [sin -(x + ut) + sin -(x - ut)] 

a + c  a + c  
O W 

+C~[COS -(x + at) - COS -(z - ut)] 
a - c  a - c  

W W 
+c4 [sin -(x + ut) + sin -(x - ut)] 

a - c  O - c  
W - sin -(x - ut) 

a+c 
wx wat wat 

= 2 sin -(-cl sin - + CS COS -) 
a + c  a + c  a'+ c 

wx wat wat 
+2 sin -(-c3 sin - + c4 cos -) 

a - c  a - c  a - c  



W W 
~ ( z ,  t )  = -cl [sin -(x + ut) + sin -(x - ut)] 

a + c  a + c  
W W 

+c2 [COS -(x + at) - COB -(x - ut)] 
a t c  a + c  

W W 
-c3[sin -(x + ut) + sin -(x - ut)] 

a - c  a - c  
W W 

+cd [cos - (x + at) - cos - (z - at )l 
O - c  a-c 

wx out wat 
= ~ & - ( - ~ c o s - - c ~ s ~ - )  

a + c  a + c  a + c  
wx wat wat 

+2 sin -(-cs cos - - c4 sin -) 
a - c  a - c  a - c  

Now, as in previous cases, we let Û = Ü* + Ü8*, where 

and 

-** u (x, t )  = 

- si" *(x - at) 

cos S(5 - at) +l l 7  

-c3sin3$ +c4cos 2 
= 2sin - 

a - c  
(2 -3.44) 

uat dat 
-c3 cos , - cd sin, 



so that we have 

and 

Again, we note that Ü* (x, t ) and Üi* (2, t) can be acpressed as 

and 

-)+ 
u (2, t )  = 

cos 
Ü8*(x7 t )  = 

cos "or; -* I u (x.0)1 

The formulae in (2.3.43-48) indicate that U ' ( x ,  t )  represents a d o d y  ro- 

tating non-plunur standing wave (the nodes of ii'(x, t )  can be easily identi- 

fied), with the anguiar velocity -2, while T?"(z, t )  represents a urilfody ro- 

tating plunar wave, with the angular velocity -2. Findy, since Ü(x,  t) = 

-i;"(z, t )  + Ü** (x? t) , the solution (2.3-42) represents the sum of two uniformly 

rotating standing waves with different angular velocitie., only one of which is nec- 

essarily a planar standing wave. Again, these rotating standing waves may rotate in 

the same or opposite directions, depending on the signs of thek respective angular 



2-4 Examples of Standing Waves in the Case when a=c 

In this section, we wiIi give two illustrative exampIes for the standing wave 

solutions (2.3.26) and (2.3.29) in the case when a = c, correspondhg to homoge- 

neous or nonhomogeneous boundary conditions, as discussed in section 2.3. Then 

we wül disphy some graphs for each of these two solntions for illustration. 

Example 2.4.1: ul(O,t) = u2(0,t) = 0, and we let a = c = w = 1, cl = c2 = 1. 

Then the solution (2.3.26) becornes 

1 1 1 1 
u,(x, t )  = cos -(x + t )  - cos -(x - t )  + sin -(x + t )  + sin -(z - t)  

2 2 2 2 
x t t 

= 2Jin-(cos--sin-), 
2 2 2 

(2.4. la) 

1 1 1 1 
%(x,t) = -sin-(x+t) -sin-(x- t )  +cos-(x+t) -cos-(%- t )  

2 2 2 2 
2 t t 

= -2sin-(cos-+sin-). 
2 2 2 

(2.41b) 

A sequence of graphs Uustrating the motion of the corresponding wave in (2.41) 

is presented in Figure 2.41. The time interval between "snapshots" is chosen to 

be 2. The total t h e  i n t d  chosen is of duration 47r, and represents the time for 

the d o n n l y  rotating planar standing wave to maire one complete remlut ion. 





Exampie 2.12: u1 (0, t )  = sin(kt), u2(0, t )  = cos(kt), and we let a = c = w = 

1, cl = -cz = -1, so that k = = 4. Then the solution (2.3.29) becornes 

x t t 1 
= 2sin-(CQS-+sin-) -s in-(x-  t), 

2 2 2 2 
1 1 

%(z,t) = sin-(x + t )  +sinp(x - t )  
2 

1 1 I + cos -(x + t) - cos -(x - t )  + cos -(x - t )  
2 2 2 

z t  t 1 
= 2sin-(cos- -sin-) +cos-(X - t). 

2 2 2 2 

A sequence of graphs describing the motion of the mrresponding wave in (2.42) is 

presented in Figure 2.42, and other condit ions remain as in the previous  campl le. 

In these graphs it is evident that the d o r m l y  rotating standing wave is Mt 



Fi~ure 2.43: grapbic illustration of Exampie 2.4.2 where i-c-co=l 



2.5 Examples of Standing Waves in the Case when a#c 

In this section, we will give two exampIes for the standing waves solutions 

(2.3.32) and (2.3.42) in the case when a # c, again corresponding to the ho- 

mogeneous or nonhomogeneous bouncky conditions of section 2.3. Illutrative 

sequences of graphs dispIaying the results are again gïven. 

Exampie 2.5.1: ~ ~ ( 0 ,  t )  = ~ ( 0 ,  t )  = 0, and we let a = 2, c = w = ), CI = CS = 

-1, cz = CI = 1. Then the solution (2.3.32) becornes 

1 I 1 1 
w ( x ,  t )  = - Cos -(x f 2t) + COS -(x - 2 . )  + 8i11 q(x + 2t) + sin -(x - 2 t )  

4 4 4 
I 1 I 1 

-COS -(x + 2t) + COS -(x - 2t) + sin ?(x + 2t) + sin 2(x - 2t )  
2 2 
x t t x 

= 2sin-(cos-+sin-) ffsin-(costfsint), 
2 2 

(2.5.1a) 
4 2 

1 1 1 1 
u2(x, t )  = sin -(x + 2t) + sin -(z - 2t) + cos -(x + 2t)  - cos -(x - 2t) 

4 4 4 4 

(2.5. lb) 

An illustrative sequenœ of graphs displayhg the tesulting motion is shown in 

Figure 2.5.1. 





fiample 2.5.2: ul(0, t )  = sin(kt), @(O, t )  = cos(kt), and we let a = 2, c = 

2 w = f, ci = c3 = -1, q = c4 = 1, so that k = $ = ). Then the solution (2.3.42) 

1 1 1 1 
~ ( x ,  t )  = - COS 4(x + 2t) + cos - (x  4 - 2t)  + sin z(5 + 2t )  + sin -(z 4 - 2t)  

1 1 1 1 
-cos - ( x + 2 t )  2 +cos-(x- 2 2t )  +sinz(x+2t)  +sin-(x-  2 2t) 

1 - sin -(x - 2t) 
4 
2 t t  2 

= 2si.n-(cos-+sin-) +2sin-(cost+sint)  
4 2 2 2 
1 - sin -(x - 2t) ,  
4 (2.5.2a) 

1 1 1 1 
~ 2 ( 5 , t )  = s i n - ( x f 2 t )  4 + s i n - ( x - 2 t )  4 +cosq (x+2 t )  - c o s - ( s - 2 t )  4 

1 1 1 1 
+sin 2(x + 2t) + sin -(z 2 - 2t) + cos $2 + 2t) - cos -(x 2  - 2t)  

1 + COS -(x - 2t) 
4 

x  t t  2 
= 2sin-(cw--sin-)+2sin-(cost-sint) 

4 2 2 2 
1 + cos - (x - 2t) .  
4 (2.5.2b) 

The resulting tether motion is displayed in Figure 2.5.2. 





The CompIex Fom of the Mode1 

In this chapter, we introduœ a complex variable which enables us to mite the 

coupled linear system (2.3.1) as a single partial différentia1 equation (in a complex 

variable). In addition, by means of a second (complex) transformation, it is s h o n  

that this equation may be written in the form of the usual one-dimensional wave 

equation (in a complex variable). In subsequent chapters, this development d o w s  

us to constmct solutions for both semi-infinite and (hed or variable length) finite 

lengt h strings, subject to general initial and boundary condit ions. 

3.2 Transformation of the Problem into Complex form 

- 
In the coupled syst em (2.3.1) , narnely, 

we consider the (complex) transformation givm by 

where i = n. The system (3.2.1) is equivaie~it to the single equat ion 

(3.2.la) 

(3.2. lb) 



In order to write this equation in a more manageable fom, we consider the effect 

of a second tdormation of the fonn 

where a and are unknown constants yet to be determinecl- Since 

in which we desire to ch- a and P in such a manner as to remove the terms 

involving the f b t  order partial derivatives of W ( x ,  t ) .  In particular, we now choose 

a = O and ,6 = w ,  which not only removes the t m  involving the fi& order partial 

derivatives of W(x,  t ) ,  but also removes the ha1 term as  weii- 

In çummary, we rnake the transformation 

W(x, t )  = eav(xY t ) ,  



with inverse 

so that 

Puttïng the above partial derivatives in the complex equation (3.2.3) reduces the 

latter simply to the one-dimensiond wave equation 

in the complex variable 

The cornplex equation (3.2.7) is a onedimensional wave equation, whose generd 

solution is known to have the form 

where E = x + ct, 7 = x - d,  and F(c) and G(q) can be any twice differentiable 

complex fûnctions, which are written in wmplex form as 



so that 

For future reference, we may reverse the above process to obtain corresponding 

expressions in terms of the wmplex variable V(x ,  t ) ,  or wen the real variables 

al (x, t) and ~ ( x ,  t) . In particular, by virtue of Euler's identity, (3.2.5) may be 

written as 

V ( x ,  t) = [cos(wt) - i pin(wt)] W ( x ,  t). (3.2.12) 

Moreover, substitution of (3.Z.ll) into (3.2.12) gives 

Findy, with the aid of (3.2.2), we may obtain the general solution of the coupied 

system (3.2.L), as given by 

q(x, t) = cos(wt)[F~(x + d )  + G1(x - d)] 

+sin(wt)[&(x + d )  + G ~ ( x  - d)] ,  (3.2.13a) 

u*(x,~) = - s h ( ~ t ) [ F ~ ( ~ + d )  +GI(~-c t ) l  

+ c - ( ~ t ) [ & ( x  + d)  + Ga(x - d)],  (3.2.13b) 
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where Fi (c) , Fz (c) Gi (q)  and G2 (q)  are any twice different iable real functions. 

In subsequent chapters we s h d  investigate these solutions in the aises of semi- 

infinite or h i t e  strings with either Exed or moving endpoints. 



CHAPTE'Jt 4 

Solutions for the Semi-infinite String 

4 1 Introduction 

In this chapter, we consider the coupled system (3.2.1) in the case of a semi- 

intinite string, by inwrporating appmpriate boundary and initial conditions. Based 

on the discussion in the previous chapter, we t r d o r m  the system into a &gle 

one-dimensional (comp1ex) wave equation, as shown in (3.2.6), with comesponding 

cornplex boundary and initial conditions. The latter problem is then solved using 

the usual d'Alembert form of the solution of the wave equation. The inverse tranti 

formations are h d y  applied to determine the solution of the onginal problem. 

Graphical illustrations of the solution are presented. 

4.2 Transfomat ion of Initial and Boundary Condit ions 

Throughout this chapter we asnune that the coupled equations 

have the following prescribed initial conditions 

(4.2. la) 

(4.2. lb) 



and the foUowing prescribed boundary conditions at x = 0 

R e c d  that V = ul+ iÿ2 and W = e*V, as introduced in Chapter 3. By virtue 

of (3.2.2), we have 

so that, in light of (3.2.4) and (3.2.6), the initial and boundary conditions of the 

transformed cornplex equat ion 

are respect ively 

W(G O) = V ( x ,  O) = h ( x )  + +f2(4? 



W e  denote W(z,O)), F ( x ,  0) and W(0, t )  by f (x)), g(x) and p( t )  respectiveIx i.e, 

where, for simplicity of notation, we have adopted the folowing defînitions 

According to equat ions (2.2.61, the one-dimensional wave equation (4.2.3), sub 

ject to the initial and boundary conditions (4.2.4), is known to have the foilowing 

solut ion 

for x > ct 2 0 ,  

and 



Upon substitution of (4.2.5) into (42.6) and (4.2.7), we have 

and 

B a d  on the compatability conditions given in Chapte. 2, we can deduœ that 

the continuity or dinerentiabili~ of the solution in (4.2.8) and (4.2.9) depends on 

the properties of the h c t  ions fk (x) , gk (x) and pk( t ) ,  (k = 1, 2), as shown below: 



&mparing (3.2.9-10) with (4.2.8) or (4.2.9), we have 

for x > c t > O ,  

and 

I 
F , ( x + c ~ )  +Gi(x-d) = $fl(ct+x) -fi(&-x)] 

+'- 2c /-z[-uf2(a) ct-z + 91 (s)lds 

2 x 
+pl(t - -) cos w ( t  - -) 

C C 

2 5 
-pa(t - -) sin w(t - -) , 

C C 

I 
F 2 ( x + d )  +G(x - d )  = Z V p ( ~ t + ~ )  -f2(ct - x)] 

+' 2~ $'[Wf~(s) CC-= + &)PB 
x 

+pl(t - 5) sin w(t  - -) 
C C 

5 
+p2(t - 2) COS w (t - -) , 

C C 

for O < x < c t ,  



so that by virtue of (3.2.12) and (4.2.10-13) we may write the solution of the 

semi-infinite prublem (4.2.1) and (4.2.2) as 

+1 C /Ptd[-wf2 z-ct (3) + 91 ( 8 ) 1 d ~ }  

+' C r" X-ct [Wf I (8 )  f R ( s ) ] d ~ } ,  

for x >  ct 2 0 ,  

I 1 
UI k, t )  = c- (4 {$f 1 (a + 4 - f 1 (d - 41 + - / [-wf*(s) + gl (s)]ds  2c ct-2 

5 2 2 2 
+m(t - -) cosw(t - -) - p 2 ( t  - ') sinw(t - -)) 

C C C C 

+ s m ( w t ) { 3 f 2 ( d  + X) - f2(d - x)j + I J 7 w j i ( a )  2c n-z + g2(s)lds 

2 x 2 
+p1(t - 5) smw(t - -) +*(t - -) cosw(t - 0) )  

C C C C 

1 1 =f+2 
= c 4 4  {2 [f 1 (a + 4 - fi (et - 41 + - / [-wf*(a) + g1 (s ) ]ds}  2c cc-x 

1 
+sin(wt){2[f2(d + 2) - I2(d - x)] + q - [ w f d a )  2c ct-x +g*(s)]da} 

x x x x 
+pl ( t  - -) cos[wt - w(t - -)] + pi(t - -) sin[& - w(t - ;)] 

C C C 

1 
= - c o s ( w t ) { f 1 ( a + ~ )  2 - f l (a  - 2 )  + i / n + z [ - w f 2 ( s )  +g1(s)jds) 

c 43-2 



1 +s "(wt ) { f i (d  + x) - f 2 ( d  - 2) + ~ / b t X [ w f l ( s )  + g & + ) ] d s )  
C ct-2 

x w z  2 wx 
+pl@ - -) cos(-) + ~ ( t  - -) sin(-), 

C c C C 
(4.2. lSa) 

1 1 += 
~2 (2. t )  = - k ( w t )  {$L (d + 2) - f 1 (d - z)] + ?c /(< ct-2 ( s )  + g, (s)]ds  

x 1 2 2 
+ ~ ( t  - --) cosw(t - -) -pl(t - -) sinw(t - 0) )  

C C C 

1 1 cH-s 
+ ~ a ( w t ) { ~ [ f * ( d + ~ ) - f i ( d - x ) ] + - /  2c ct-% [wf i (~ )+g&)]ds  

x 1 2 x 
+pi@ - -) d w ( t  - -) + h ( t  - -) cosw(t - -)) 

C C C C 

1 ct+z 

+ca(wt )  {$da + 2) - f 2 ( d  - z)] + - 1 [wf 1 (s) + g2(s)]ds} 2c ce-* 

x 2 5 2 
-pi@ - ;) Jin[& - w(t  - ;)] +p2(t - -) cOs[wt - w(t - O)] 

C C 

1 1 += 

= 2 - - ~ i n ( ~ t ) { f i ( ~ + ~ ) - f ~ ( ~ - x ) + - j d  c ct-z [ - ~ f ~ ( s ) + g ~ ( s ) ] d s }  

1 d+z 
+ ~ c Q s ( w ~ ) { ~ * ( ~ + x ) - ~ ~ ( ~ - x ) + ~ J  c ct-z [wf l (~ )+g&)]ds }  

2 W X  2 wx 
-PI (t - -) c sin(c) + p2(t - -) c COS(-), c (4.2.15b) 

for O 5 x < ct. 

In summary, equations (4-2.15) exhibit the "generaln solution of the system 

(4.2.1) sub ject to the general initial condit ions (4*2.2a, b) and genaal boundary 

conditions (4.2.2~) for a semi-infinite spinning string. The complicated nature 

of these expressions makes it difEcult to explain the physical signi6cance of this 

solution. Thus, in an dort  to provide a physical understanding of this solution, 

we s h d  consider in the next section various illustrative examples, each of which 

may be provided a precise physical description. 



Example 43.1: Our îlrst example involves a derivation of the travelling wave 

solution discussed previously in example 2.41. In pazticulasc, we suppose that 

and we consider a semi-infinite spinning string, with a h e d  end at x = O (i-e., with 

conditions given by 

It should be noted that the Iast four conditions may be deduced from srample 

2.4.1. 

In summary, the problem is to soive the system 

subject to the initial conditions 

(4.3.la) 

(4.3. lb) 



with "nxed end" boundary conditions at s = O, Le-, 

According to (4.2.14-15), the solution of the problem (4.3.1-2) is given & 

1 1 1 S s - cos t[2 sin -(z + t )  + 2 sin -(z - t )  + r t t ( 2  sin - - sin -)ds] 
2 2 2 2-t 2 2 
1 1 1 s S +z sin t [-2 sin -(z + t )  - 2 sin -(z - t )  + / i t t (2  sin - - sin -)&] 

2 2 2- t 2 2 

x t 1 1 
2 sin - cos -(COS t - sin t )  + (cos t + sin t )  [cos - (x - t )  - cos 2(x + t )]  

2 2 2 

2 t t 
2sin -[cos(t - -) - sin(t - 2)] 

2 2 
x t t 

2sin -(cos - - sin 2)1 

2 2 
1 1 +t S S 

- ' s i n t ~ r i n ~ ( z + t ) + 2 s i n ~ ( z - t ) +  2 f X-t (2sin--sin2)ds] 2 

1 1 1 S 8 +- cos t[-2 sin -(z + t )  - 2 sin -(z - t) + /itt(2 sin - - sin -)ds] 
2 2 2 2-t 2 2 

x t x t 1  S 
-2sintsin-cos- - 2costsin-cos-+ -(cost -sint) 

2 2 2 2 2  
l y t  sin 2da 

x t 1 1 
-2 sin - cos -(cos t + sin t )  + (cos t - sin t )  [cos - (x - t )  - cos -(x + t )]  

2 2 2 2 
x t x t 

-2 sin - cos -(cos t + sin t) + 2 sin - sin -(cos t  - sin t )  
2 2 2 2 
x t t 

-2 sin -[cos(t - $ + sin(t - -)] 
2 2 
2 t t 

-2 sin -(cos - + sin -), 
2 2 2 

for x > t > 0, 



and 

t s  1 1 
= 2 cos - sin -(COS t - sin t )  - (cos t + sin t )  [cos -(t + x) - cos - (t - s)] 

2 2 2 2 

2 t t 
= 2 sin - [cos(t - 

2 
q) - sin(t - - ) ]  

2 

1 1 1 t+z S 8 
~ ~ ( 2 ,  t )  = -- sin t[2 sin -(t + 2) - 2 sin -(t - 11 + l-z (2 sin - - sin -)da] 

2 2 2 2 2 

t x  t s  
= -2 cos - sin -(cos t + sin t )  + 2 sin - sin -(cos t - sin t )  

2 2 2 2 
2 t t 

= -2 sin - [cw(t  - I )  + sin(t - - ) ]  
2 2 
2 t t 

= -2 sin -(cos - + sin -), 
2 2 2 

for O _ < x < t .  

It should be noted that these expressions for ui(x, t )  and *(x, t )  are precisely the 

same as those exhibitecl in the travelling wave solution of example 2.4.1. Thus, the 

graphs illustrating the motion of the correspondhg wave of this example are the 

same as those presented in Figure 2.4.1. 



Example 4.3.2: Our second example involves a derivation of the travelling wave 

solution discussed previousIy in Bcarnple 2.5.2. W e  suppose that 

and we consider a semi-infinite s p W g  string, with a d o d y  rotating end of 

constant (unit) displacement at x = O redving at the angular speed ), i.e., with 

b o u n d q  conditions 

t 
~ ~ ( 0 ,  t )  = pl(t) = cos - 

2 '  

and with initial conditions given by 

It is noted that the Last four conditions may be deduced fkom example 2.5.2. 

2 According to (4.2.1415), the solution of the probkm (4.2.1) with c = w = 5, 

subject to (4.3.34, is given by 



s 2  s 
sin -)ds] 

4 3  2 

- 2t x t t 1 t t - x t 
cos -[sin -(cos - - 2 sin -) + 2sin -(cos - + sin -) - cos -sin 6] 

3 4 6  6 2 3 3 4 
2t x t t x t t x t + sin -[sin -(2 cos - + sin -) + 2 sin -(cos - - sin -) + cos - cos 6] 
3 4 6 6 2 3 3 4 

2t t 2t t x 2t t x 2t t + sin - cos - + cos - sin -) + sin - cos(- - -) + cos - sin(- - -) 
3 3 3 3 4 3 6 4 3 6  

1 - sin -(x - 2t )  
4 
x t t 2 1 

= 2sin-(cos- +sin-) + 2s in- (cos t  +sint) - sin-(x - 2t), 
4 2 2 2 4 

1 2t 1 
u2(x,t) = -- 2t 1 2t 1 

sin -[sin -(x + -) + 2 sin - (x + -) + sin -(x - 2t 
2 3 4  3 2 3 4 3) 

1 %  1 2t  1 2t 1 2t +- cos -[2 sin -(x + -) + 2 sin -(x + -) + cos -(x + 7j-) 
2 3 4 3  2 3 4 

- 1 2t - -- x t x t 1 2t 1 2t 
sin -{2 sin - cos - + 4sin - cos - + 2[cos -(x + -1 - cos -(x - $1 

2 3 4 6 2 3 4 3 4 



1 2t 1 2t 1 2t 1 2t  COS -(x + -) - COS -(x - -11 - [sin 4(x + -1 - sin -(x - $1) 
2 3 2 3 3 4 

1 2t x t x f x t 
+-cos -{4sin-cos- f4Sirl-cos - + 2cos -cos - 

2 3 4 6 2 3 4 6 
1 2t 1 2t 1 2t 1 2t 
4 

- -(z - -11 -  COS 4% + -1 - COS -(x - $1) - [ C . . - ( % + ~ )  3 2 3 2 

2t x t t x t t x t 
= -bin-[sin-(cos--2sin-)+2sin-(cocos-+sin3)-c~-sin6] 3 4 6  6 2 3 4 

2t x t t Z t t x t  
+cos -[sin -(2 cos - + sin -) + 2 sin -(cos - - sin -) + cos - cos -1 

3 4 6 6 2 3 3 4 6 
x 2t t = 2&pcos(--- x 2t t 2t t 

) +2a-(cos-cos-  - &-a- 
4 3 6 2 3 3 3 3 
2t t 2t t x 2t f x 2t t  

-*-cos- -cos-sin-) +cos-cos(-- 6) -&-sin(-- -) 
3 3 3 3 4 3 4 3 6 
x 2t t 2t t x 2t t 2t t 

= 2 sin -[cos(- - -) - sin(- - -)] + 2 sin -[cos(- + 3) - sin(3 + $1 
4 3 6 3 6 2 3 
1 

+cos -(x - 2t) 
4 
2 t t x 1 

= 2sin-(cos--sin-)+2sin-(cost-sint)+cos-(x-2t), 
4 2 2 2 4 

2 
for x > -t 2 0, 

3 

and 

1 2t 1 2t 1 2t 1 2t 
u,(x,t) = -COS-[sin-(-+%) +2sin-(-+x) -sin-(--x) 

2 3 4 3  2 3 4 3 
1 %  1 s 2  3 1  s 

-2sin -(- - x) + - 
2 3 

~ z ( - ~ s i n z  + 3sinz - gcos 4)da] 

1 2t 1 2t 1 2t 1 2t +? sin $2 sin -(- + x) + 2 sin -(- + s) + cos -(- + x) 
4 3 2 3 4 3 

1 2t 1 2t 1 2t 
-2sin -(- - x) - 2 sin -(- - x) - cos -(- - x) 

4 3 2 3 4 3 
3 ++z1 s 2 s 

(-sin - - -sin -)ds] +d+ 6 4 3 2 
1 32 1 32 

f c o s x s i n - ( t  - 2) +sinxcas-(t - -) 
2 2 2 

- 2t t x  t x  - 1 2t 
cos-{cos-&- + 2cos-sin- +cos-(- +x) 

3 6 4 3 2 4 3 
I 2t 1 2t 1 2t - cos - (- - x) - [cos - (- + 5) - COS -(- - x)] 
4 3 2 3 2 3 



1 1 2t 1 2t -O[* -(- + X )  - sin -(- - x)]} 
2 4 3  4 3 

2t t x  t s  t x  
+sin-{2cos-sin-+2cos-sin--sin-sin- 

3 6 4 3 2 6  4 
1 1 2t 1 2t 1 2t 

--[COS -(- + x) - COS -(- - x)] + Cos -(- + x) 
2 4 3  4 3 2 3 

1 2t 1 3% 
- cos -(- - 2)) + sin[x + $t - -)] 

2 3 2 

- 2t t x  t x  t x  - cos-(2cos-sin-  - 2 s i n - s u i - + 2 s i n - s i n - )  
3 3 2 6 4 3 2 

2t t a :  t s  t x  
+sin-(2cos-sin-+2coa-sin- -2sin-sin-) 

3 6 4 3 2 3 2 
t x  

+sin(- + -) 
2 4  
x 2t t 2t  t x 2t t 

= 2sin-(sin-cos-  - cos -sin -) + 2 -  sin -(cos -cos 
4 3 6  3 6 2 3 3 
2t t 2t t 2t t t x  

-sin-sin- +sin-cos- +sin-cos3) +sin(-+ -) 
3 3 3 3 3 2 4 

x 2t t - 2sin-sin(- - - - x 2t t 2t t 
4 3 6  

) + 2 sin 2 -[cos(- 3 + + "(3- + 3)1 
t z  

+sin(- + -) 
2 4  
z t 3: 1 

= 2sin-sin-+2sin-(cost+sint)+sin-(x+2t) 
4 2 2 4 
;G t t 2 1 

= 2sh-(COS-+sin-) +2s in - (cos t  fsint) - s i n - ( X  - 2t ) ,  
4 2 2 2 4 

1 2t 1 2t 1 2t 1 2t 
u2(2,t) = - - s in- [s in- ( -+x)  +2sin-(-+x) -sin-(- - X )  

2 3 4 3  2 3 4 3 

1 2t 1 2t 1 2t 1 2t 
+-cos -[2 sin -(- + x) + 2 sin -(- + x) + cos -(- + X) 

2 3 4 3 2 3 4 3 
1 2t 1 2t 1 2t 

-2sin-(- -x) -2sin-(- -x) - cos - ( -  -x) 
4 3 2 3 4 3 

1 3x 1 3s 
- s inss in - ( t  - 2) + c o s x c o s - ( t  - 

2 2 P) 
2t t s  t x  1 2t 

= -sin-{cos-sin-+2cos-sin-+cos-(-+x) 
3 6 4 3 2 4 3 



1 1 2t 1 2 t  
--[sin -(- + x) - sin -(- - x)]) 

2 4 3  4 3 

1 1 2t 1 %  1 2t 
--[cos -(- + 2) - cos -(- - x)] + cos -(- + 2) 

2 4 3  4 3 2 3 
1 2t 1 3s - cos -(- - 2)) + COS[Z + ;Z(t - -)] 
2 3 2 

x 2t t  2t t 2 2t t 
= 2 sin -(cos - cos - + sin - sin -) + 2 sin -(cos - cos - 

4 3 6 3 6 2 3 3 
2t t 2t t  2t t  t x  - sh - sin - - sin -cos - - sin - COS 3) C COS(- f -) 
3 3 3 3 3 2 4 

2 t x t x  
= 2 sin - COS - + 2 sin -(cos t - sin t )  + cos(- + -) 

4 2 2 2 4 

2 
for O < x  < 4. 

3 

Again, it is noted that these expressions for ui(x, t )  and u2(x, t )  aze preckly the 

same as those exhibited in the travelling wave solution of example 2.5.2. The 

graphs describing the motion of the correspondhg wave of this example again are 

the same as those presented in Figure 2.5.2. 

The following three examples are chosen to illustrate the propagation of waves 



along a semi-innnite spinning string and the effect of boundary anditions at the 

end of this string. For these exampIes, it is convenient to uitroduce t& Heaviside 

(unit step) function H(x) ,  as defined by 

( O ,  forzc0  

The Heaviside hinction aiiows us to include simple "puise fimctionsn in these mod- 

eh. An example of such a "sinusoidai pulse hinction" is 

whose gaph is shown below: 

Throughout the following examples, we shall ch- 

C = 1 ,  w = r ,  



and employ various initial and boundary conditions. 

Example 43.3: In the s e m i - W t e  pmbIem given by (4-2.1-2), we suppose 

c =  1, w =7r, 

and 

These initial and boundazy conditions physically describe a situation where the 

s e m i - W t e  string has a fked end at x = O, while it is "pluckedn with an initial 

displacement in the shape of a single sinusoida1 pulse on 2 5 x 5 3 and is given a 

zero initial velocity. 

Accoràing to (4-2.14-15), the solution of t his probiem is given by 

1 
u&t) = --"n(7rt)[,f&+t) +f&-t)] +;CCJS(~) f +'fi(s)ds 

2 x-t 



-kt c - ( d )  / Ift X-t J" (s)ds; 

and 

- [ H ( t  - X - 2) - H(t  - X - 3)1[1 - COS 27t(t - x)]} 

1 
dx. t ,  = --k(fi) 2 [f 1 ( t  + z) + f 1 (t - z)] + cos(lit) jt+= t-z / (s)ds 

for O 5% < t.  

Simplification of the above expressions for q ( x ,  t )  and ~ ( x ,  t )  involves evaluation 

of the integrals g:[ fi (s)ds and j[z f1 (8)ds. TO this end, we note that, for x > 

t 3 0, 



Now 

so that 

Similarly, the evaluation of the integral h z  fi (s)ds in the above solution, when 

A 

- [ H ( t  - x - 2) - H ( t  - x - 3)][ t  - x - 2 - - sin2n(t - x)] - H(t - x - 3). 
2n 



The graphs describiig the motion of the corresponding wave of this example 

are presented in Figure 4.3.3, where the time interval betmeen consecutive graphs 

is chosen to be 0.5, and the total time of observation is h m  t = O to t = 10.0. 

It is seen that a "rotational lag" of the pulse ocnus and the pulse b r d e n s  until 

the wave refiects h m  the h e d  end. T h d e r  the length of the non-planar pulse 

remains fixed, as it moves at constant velocity away h m  the fixeci end. It is noted 

that upon the d e c t i o n  bom the ftted end, the displacement is invertecl but the 

direction of rotation is prsewed. 





Example 43.4: In this case we consider (4-2-1-2) with 

c =  1, 0-7r* 

and 

f a ( 4  = 0, g1(4 = w f d 4  = 0, p d t )  = m(t) = 0, 

X Z O ,  t 2 0 -  

These initial and boundary conditions physically mean t hat the semi-infinite string 

has a k e d  end at x = O, while it is IpIuckedn wit h an initial displacement in the 

shape of a single sinusoida1 pulse on 2 5 z 5 3 and has a non-zero initial velocity, 

chosen in such a way t hat the initial (cornplex) rotational velocity (4-2.5b) is zero. 

By virtue of (4.2.1415), the solution of the problem in this case is given by 

1 

4x.t) = ~ ~ ~ ( 1 T t ) [ f I ( ~ + t )  +fl(x- t ) ]  



+ [H(x - t - 2) - H(x - t - 3) ] [1 -  cos2x(z - t)]), 
1 

for x > t 2 0, 

and 

- [H( t  - x - 2 )  - H ( t  - z - 3 ) ] [ 1 -  cos2n(t  - x)]), 

1 
~ 2 ( ~ , t )  = - - S i n ( & ) [ f 1 ( t  2 +x) - f l ( t  - x)] 

1 
= -- sin(&) { [H(t + x - 2 )  - H(t + x - 3)] [l - cos 2z(t + x)] 

2 

for O < x  < t. 

The graphs desaibing the motion of the wmesponding waw of this example are 

presented in Figure 4.3.4. These graphs demastrate that the rotational hg, ex- 

hibited in the previous example, is no longer present. Instead, the pulse simply 

splits into two planar pulses travelling in opposite directions at constant (unit) 

speed and rotating unifody in the same direction at constant angular velocity, 

until one part d e c t s  upside down bom the fixed end. After the dection korn the 



sxed end, both pulses travel away h m  the fked end at (unit) speed, and rotate 

in the same direction at wnstsnt anguïat velocity, with the distance between them 

rernaining fîxed. 





Example 4.3.5: F i d y  for (4.2.1-2), we assume 

C'l, w = x *  

with 

- c ( 2 ) ,  f o r o s t g  

0 Y otherwise 

These conditions physicdy indicate that the semi-iiinnite string has zero initial 

displacement and zero initial velocity; it is simply "excited" with a single plaaar 

sinusoida1 input at the end x = O for a unit interval of the .  

By Mrtue of (4.2.1415), the solution of this problem is given by 

and 

u1(x,t) = pl( t  -x)cos(7rx) 

= [H(t  - x) - H ( t  - x - l)] [1 - cos 2n(t - x)] cos(~z), 

u2(x7t) = -p l ( t  -x)sin(?rx) 

= -[H(t -x) - H ( t  - x - 1)][1 -cos2a(t -x)]sin(~x). 



for O sz < t .  

The graphs dacribing the motion of the correspondhg wave of this example are 

presented in Figure 4.35. These graphs demonstrate that the plan= input signal 

at x = O gives rise to a non-pianar Uloop" travelling dong the string at mnstant 

speed and with a constant mguiar velocity. 





C H A P m 5  

Solut ions for the Fixeci-hgt h String 

5.1 Introduction 

For the usual ondimensional wave equation, in the case of a hed-length 

string 6 t h  fixed-end boundary conditions, the solution is typically determined in 

the form of a Fourier sine series. In this chapter, we will consider the mupled linear 

system (1.3.1) in the case of a ked-length string (O 5 x 5 L) with general (non- 

homogeneous) boundary and initial conditions. In O& to allow Fourier analysis 

to be used to mnstruct the solution of this problem, the complex transformations 

of Chapter 3 are used, dong with other transformations, which reduce the prob- 

lem to a single one-dhensional wave equation with a non-homogeneous forcing 

term, but with boundaxy conditions which are now homogeneous. At the end of 

this chapter, some examples are given which illustrate the technique developed 

herein. To illustrate this development, hite Fourier &es appraximations to the 

derived solutions are dîsplayed graphidy, and compared with results obtained in 

preceding chapters. 

5 -2 d'Alembert Solut ion and Compatability Condit ions 

For the usual one-dimensional homogeneous wave equation 
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in the case of a hed-Iengt h string (O z 5 L) , the initial and boundary conditions 

are given by 

ab 
~(xto)  =f(z), 82(G0) =g(& O 5 %  s L, (5.2.2a) 

4 0 ,  t )  = ~ ( t ) ,  4% t )  = dt), t 2 0, (5.2.2b) 

where f (2) and g(z) are spedied hinetions on O x L, while p(t) and q(t) are 

specined fundions on t 1 0. 

The hed-iength p m b h  (5.2.1-2) is known to have a d'Alembert solution 

which is expressed in different fgms in Werent subregions qid) within the region 

R = {(x,  t) 1 O 2 L, t 2 O) in the z t -phe  (7, pp. 51-52], [IO, pp. 70-731. 



We denote the solution in region of diagram 5.2.1, by 

where F = x + ct, 7 = x - d,  and D is any constant. 

To obtain formulae valid in R(i,2), we apply the fi& condition in (5.2.2b) to 

(5.2.3) with i = 1 and j = 2. This gives 

and using (5.2.4a) 

Using the second condition in (5.2.2b) and (5.2.3), we obtain a similar result in 

4 2 . 1 )  1 n-dy, 

for L < < 2L. 



in which appropriate restrictions must be i m p d  on E and 7, as illustrated in 

(5.2.5). In particular, we have 



5.3 Fourier Series Analysis 

NOW we consider the case of a spinning string of fked length Cl g m e d  by 

the Linear system 

sub ject t O the following initial condit ions: 

and boundary conditions (at x = O and x = L): 



whae i = nt and 

W ( x ,  t )  = e ~ ~ ( x ,  t )  , 

so that (5.3.1) is trdorrned into 

while the initial and boundary conditions (5.3.2) becorne 

aw 
-(X? dt 0 )  = g(4 = - ~ f d x )  + 91 (x )  + +[u f (z) + g2 (z)], 



in analogy wit h the r d t s  in (4.2.6). In orda to apply a Fourier sine series to 

solve the non-homogeneous problem (5.3.5-6), w e  must first trandorm the problem 

so that the boundary conditions become homogeneous* To this end, we let 

so that 

- Z[p"(t) - df (t)] 
L 

Substitution of the above partial derivatives into (5.3.5) yields 

whiie the boundary conditions become homogeneous, Le., (5.3.6c,d) become 



and the initial conditions of (5.3.6a, b) are g k n  by 

IE f , g, p and q satisfy the compatabiliw conditions 2) of the prwious section, so 

that W ( x ,  t) E Cl, then 

and the compatability conditions 2) for Z(x,t) are valid, so that Z(x,t) E CL- 

Moreover, we note that (5.3.12) are necessary conditions for the d o m  conver- 

gence of the Fourier sine saies expansions for a(x) and P(z) discussed below. 

Now we attempt to constmct a Fourier sine series solution of the problem 



(5.3.9-Il), by assuming that the solution may be written in the form 

so that 

Substitution of (5.3.13-14) into (5.3.9) gives 

nrx - A(x, t).  

Now we multiply both sides of (5.3.15) by sin y, and integrate both sides of the 

resulting equality hom O to L. By virtue of the identities 

for p and q any pcsitive inte-, we obtain a sequence of ordinary differential 

equations for the functions Z,(t), namely 

n7rx 
A&) = 2 /' A(z, t )  sin -dz. 

L O L 



Substitution of (5.3.10) into (5.3.17) gives 

= 4 [(- i)"$ (t) - p"(t)]. 
Tm 

The initial condit ions for (5.3.16) rnay be easily determined through (5.3.1 1b,c) , 

(5.3.13) and (5.3.14a) by noting that 

and that the Fourier sine series ~cpansions of a ( x )  and P(x), namely 

and 

2 L  2 L  (with Fourier d c i e n t s  a, = t f, a(z) sin y d x ,  a = ,Io P(x)  sin Y d x )  con- 

verge uniformly on O < z < L. Thus, we may conclude, by virtue of (5.3.1 lb,c), 



t hat 

n7rx - 2 - 2 1' f (2) sin -dz + - [(-l)"p(O) - p(0)] ,  (5.3. Na) 
L O L n7r 

and 

in which the &al terms have been evduated by the ssme method used in deriving 

(5.3.18). 

In summary, the determination of the F o k  coefficients Z,(t) in (5.3.13) 

involves the solution of the sequence of non-homogeneous second orda linear or- 

dinary differential equations (5.3.16) and (5.3.18), subject to the init i d  condit ions 

(5.3.19). 

The comesponding homogeneous version of (5.3.16) is given by 

and has the general solution 

- 
&(t) = Bn sin 

where B, and C,, are arbitrsry (cornplex) constants yet to be determineci. More- 

over, a particular solution of equation (5.3.16) can be obtained, through the use 

of the method of variation of parameters [Il, pp. 43-46], and is given by 

n m  n ~ c  
( t )  = sin Jt -A,, (s)& + COS It ( s ) ~ s ,  

0 D ( 4  0 D ( 4  



where 

so that 

L n ~ c  n m  
z ~ t )  = - nrc [h Lt ~ ( 3 )  car (Ta) ds 

L n m  
= - f A&)* [$t - s)] da* 

nnc O 

Therefore, by the superposition principle, the solution of (5.3.1&18) is simply 

2, ( t )  = Z,,(t) + 2; ( t )  

nxc 
= B,, sin (yt) + C,, COS 

L nxc +- nrc jt o A(.) sin [+t - s) ]  ds ,  



where the unknown coefficients B,, and C, can be determineci through the initial 

conditions (5.3.l9), and are given by 

which are derived hom the k t  that 

[ll]. In particuiar, in view of (5.3.18), we have 

which, by the method of integration by parts, becornes 

L t h ( S )  sin [y@ - s)] dl3 

2 71Rc 
= -v(O) - (-l)"q'(O)] s i n  (Tt)  

?an 

2 n m  
= -[P(o) - (-i)nd(~)l sin 

n7r 



Moreover, substitution of (53.19) into (5.3.24) givg 

2 L  nxx 2L 
Bn = -1 t~ (z) sin - d ~  + T[(- l)=d (O) - p1 (O)]  (5*3*26a) 

n m  O L (nr) 

Thus, upon substitution of (5.3.25-26) into (5.3.23), we have that the solution of 

(5.3.16), (5.3.18) and (5.3.19) is given by 

1t should be noted that the Zn(t), as given by (5.3.27), are complex hinctions. 

Thus the real and imaginary parts of Zn(t) are given respectively by 

2 n m  nrx 
+-k (y) L ~ ( x )  sin-dz 

nrc L 



2 n r c  t n?rx 
f- 7 m C  sin (Tt )  1 Img(~)  sin -dz L 

But, fiom (5.3.6), we have 

-fi (t) sin(wt) - ~ ( t )  cos(wt). 

nxx 
Re Z'(t) = 2 COS (wt) LL f (z) sin -& 

L L 



+- le{(- l)"[-q1 (s) ...(W.) + *(s) s*(ws)] L O 

Rom (5.3.6), we as0 have 

However, we recall that by definition 



so the real and imaginary parts of W ( x ,  t) are gïven respectively by 

Findy, in terms of Euler's identity, (5.3.4) becomes 

V ( x ,  t )  = e-"W(x, t )  

= [cos(ut) - i sin(wt)][Re W(x, t) + i kn W(x, t ) ]  

= cos(wt) Re W(x, t) + sin(&) Im W(x, t) 

+i[- sin(wt) Re W(x, t )  + cos(&) h W(x,  t ) ]  . (5.3.31) 

But, in terms of our originel notation 

so that the orthogonal transverse displacements ui (x, t )  and u2 ( x ,  t) of the string 



at position x at tirne t are given by 

u&, t )  = cos(&) Re W(z, t )  t sin(&) Im W(z7 t ) ,  

and 

u2(x, t )  = - sin(wt) Re W(x,t) +- cos(wt) Im W(X, t ) ,  

respective Substitution of (5.3.30) into (5.3.33) yields 

m n7rx 
u~(x, t )  = - sin(&) Re Z,(t) sin - 

n=l L 
dD n7rx + cos(wt) C Im Zn ( t )  sin 

n-1 

where Re Zn (t) and Im 2'' ( t )  are given in (5.3.29). The Fourier sine series solution 

of the ked-lmgth spinning string problem (5 .3.1-2) is determined by the resuits 

displayed in (5.3.34) and (5.3.29). 

In the following section, we will exhibit several illustrative examples of the 

solution of this problem for various sets of initial and boundazy conditions. 

In this section we illustrate the theory of the previous section by means of 

several examples. Indeed, the fkst four examples illustrate how the Fourier series 



andysis of the previous section may be appiied to fhd the rotating standhg wave 

solutions of sections 2.4 and 2.5 but on a hite string of iength L. Thus, the appm 

priate initial and boundary conditions are obtained directly h m  the w p I e s  of 

sections 2.4 and 2.5 and are used to specify the choies of the Eunctions appearing 

in (5.3.2). Other parameter values are chosen to coincide with the values in the 

corresponding examples from sections 2.4 and 2.5. 

The remaining three exampIes are chosen to iIIustrate how the Foufier series 

anal* of the previous section may be applied to find the "pulse w a d  solutions of 

section 43 but again on a finite string of Length L. As in the previous cases, other 

parameter values are chosen to be consistent with the values fkom the comesponding 

examples of section 4.3. 

In all cases, the Fourier Seties solution is tnincated der a h i t e  number of 

terms in order to produce graphs mneponding to those of the previous sections. 

It should be noted that s m d  diffaences between the graphs in this section and 

those of the corresponding e ~ ~ m p I e s  05 the prwious sections occur, as a result of 

this truncation and the fact that the previous graphs illustrate the behaviour of 

waves on a finite section of a semi-*te string, while the current graphs iIIustrate 

the correspondhg behaviour on a finite string. Nonetheless? the similarity of the 

corresponding graphs is strikuigly evident! 

Example 5.4.1: In the hed-Iength s t ~ g  problem (5.3.1-2), let 



and assume initial and boundary conditions which are consistent with example 

t t t t 
qi (t ) = 2 (sin - - cos 2), q2(t) = 2 (sin - + cos -) , (at x = 7 ~ )  

2 2 2 

Putting the above bctions in (5.3.29) and (5.3.34), we obtain the cotresponding 

Fourier series solution, as given by 

ry) 'nx 00 nx 
ul (x, t ) = COS t Re Zn ( t ) sin - + sin t Im Zn ( t ) sin - 

n=t 7 n=l 7 
22 t t 

+-(sin - - cos 2), 
7~ 2 

2x t t 
+-(sin - + cos 2), 
77r 2 

in which 

S 
+(-1)$ {l'sin sin [$(t - s)] ds + hc cos sin [+ - s)] ds}  



4 t t 
-(-l)n-(sin - - COS :). 

nr 2 

of the integrab 

* 

Simplification of the above Rsalts requires the evaluation 

- - 7 (7 - 2n)x 7 - - sin 
(7 + 2n)x 

sin 
7 - 2n 14 7 + 2n 14 ' 

- - - 7 (7 - 2n)x 7 -- (7 + 2n)z 
COS 

7-2n 14 7 + 2n 'OS 14 ' 

- - 7 (7 - 2n)z 7 - -Cos (7 + 274% 
COS 

?- 2n 14 7+2n 14 ' 

and 

we have 

7~ x nx 
sin - sin - d ~  

7 
7 (7 - 2n)x 7 -- 

14 ?+2n* 



(7 - 2n)s 7 -- 
14 7+2n 

- (7 - 2n)t 7 (7 + 2n)t 7 -- - sin- --cos 
7+2nCOp 14 

+- +T-] 
7 7-2n 14 7 - 2 n  7+2n 

C 

nt 7 (7 - 2n) t 7 - cos - 1: sin - s i n  
7 7 Zn 14 7 + 2n 14 

7 = -- t 7 t 98 nt 
sin-+-sin-+ sin - 

7-2n  2 7+2n 2 49-4762 7 

- 14 nt - [isin-- 7 2n sin L] 
49 - 4n2 2 

and 

1 cos :sin [;(t - s)] ds 
2 

t S ns 
n t /  

t S 71s - - sin-/ cos-cas-ds-cos- cos - sin d s  
7 0  2 7 7 0  2 7 

- - (7 - 2 4 s  
sin - -sin 

7 7 [7 7 2 n  14 +- 7+2n 

- - (7 - 2n)t 
sin - - 7 5 [, sh 

14 
+- 
7+2n- 14 



7 = -_II_ 

(7 - 2n) t 7 28n nt 
cos [$ + 

14 
+-car [Y- ] 7.2, 14 

COS - 
7- 2n 49 - 4n2 7 

= - 7 t 7 t 28n nt 
cos - + - cos-+ cos - 

7-2n 2 7+2n 2 49-4n2 7 

- - 28n nt 
49 - 4n* 

For the purpose of graphing the solution in this case, we tnuicate the Fourier 

series &a 20 terms, as illustratecl in Figure 5.41. A cornparison of Figure 5-41 

wïth Figure 2.41 shows that the truncated Fourier series provides a very reasonable 

apprcWmation to the standing wave solution of example 2.41, even though the 

spatial dimension (0<z<7x) of the "graphical window" is somewhat kger than 

in Figure 2.4.1. 





Exampie 5.4.2: For the fàed-Lengt h string problem (5.3.1-2), we let 

with initial and boundary conditions determinai by example 2.12, i-e., 

t t 
pi ( t )  = sin - ~ ( t )  = cos - (at x = 0 )  

2'  2 ' 
t t t t 

qi(t) = -2 sin - - cos - q&) = -2 COS - + sin - (at x = 7 ~ )  
2 2' 2 2 '  

Putting the above functions in (5.3.29) and (5.3.34) 4), we obtain the Fourier series 

soiut ion, as given by 

a0 nx a0 nx 
~ ~ ( 2 ,  t )  = COS t Re Z,(t) sin - + sin t kn Z,(t) sin - 

n=l 7  n=l 7 
x t t t 

--(3 sin - + cos -) + sin - 
77r 2 2 2 '  

x t t t 
--(3 cos - - sin -) + cos - 
77r 2 2 2'  



ImZ,(t) = 

The evaluation of the 

s n +A {-[1+ 2(-l)"] / 'sin sin [+t - s)] ds 
77r O 

+(-i). 4' coe sin [;(t - s)] ds}  

2 t t t 
+-[(-1)'L(2 sin - - cos -) + sin -1, 

n7r 2 2 2 
1 x nx 

[ & c o ~ ( ~ ) + ~ s i n ( ; t ) ] ~  sin5sin7dz 

+L CO* (;t) ~7L  2 -sin-& 72=C 
77r 2 7  
2 +- {[i + 2(-1)~] Jt COS .in [;(t - s)] ds 
77r O 

+(-iln je sin 5 sin [[;(t - s)] ds} 
O 2 

2 t t t 
--[(-1)"(2 cos - + sin-) +cos -1. 
nx 2 2 2 

1: COS f sin [ ~ ( t  - s)] ds was given in example 5.4.1. The evaluation of the integral 

5,'" cos f sin y d x  is given by 

- 7 ?a 7 77r 7 7 - - COS(- - na) - - 
2 

cos(-+nx) - - +- 
7 - 2n 7 + 2n 2 7-2n 7+2n 

Again a 20-term Fourier approJOmation to the solution for O ~ x ~ 7 n  is plotted 

for various times in Figure 5.4.2, results of which compare favourably with those 

in Figure 2.42, at 1-t for Osx520. 





Example 5.4.3: h the fixed-length string problem (5.3.1-2), we let 

with the initial and boundary conditions prescribed by example 2.5.1, namely 

pi(t) = p2( t )  = O> (at x = 0) 

t  t  
a ( t )  = fi(cosZ+&-)+2(cost+sint), 2 (atx=*) 

t t 
~ ( t )  = &(cos 5 - sin -) + t(cos t - sin t ) ,  (at 3: = 9 4  

2 

Putting the above fimctions in (5.3.29) and (5.3.34), we obtain the Fourier series 

solution, as given by 

00 nx nx 
W W )  = cos ( i t )  ~ez.(t) sin- +*n ~ m z * ( t ) s i n g  

n=L 9 



+2 Le sin s in [$(t - s)] ds}  

The evaluation of the integrals in the above two expressions may be accomplished 

as in the previous examples. 

x 71=1: sin(+-6)x sin($ +p)x 
/sin4sinTdz = --- 1 %  - t+t 

2 9 

18 = -  (9 - 4n)x 18 
sin -- (9 + 4 4 3  

9-4n 36 9+4nsin 36 ' 



27 (9 - 4n)x 27 -- (9 + 4n)z - - s i n  
54 9+4nsh 54 

1 

9-4n 

n (9 - 4n)x 27 = -  - - COS (9 + 4n)z 
COS 

54 54 
1 

9-4n 9 +4n 

s 2ns 2n sin(& - - 
/COS -ds = n ) ~  + *($ + 312 

27 1 4n ---  1 
3 27 3 f S  

- 27 - ç i n  
(9 - 4n)s 27 + - sin 

(9 + 4n)z 
9 -4n 54 9 +4n 54 

- 27 (9 - 2n)z 27 (9 + 2n)x - sin 
18 - 4n 27 18 + 4% Sin 27 ' 

s 2ns / sin 3 cos -ds 
27 

1 2n  COS(^ - - 27)x COS()+~)X 
= - - 

2-4n f +ig 
3 27 

- - - 27 (9 - 2n)x - 27 (9 + 2n)z 
COS 

18 - 4n 27 18 + 4n 'Os 27 ' 

s 2ns 2n C O S ( ) - n ) ~  C O S ( ~ + $ ) X  
lc~3sin+s = ---  2 4n - 2 

3 27 s+s 
- - 27 (9 - 2n)x - 27 (9 + 2n)x 

cos 
18 -4n 27 18 + 4n 27 ' 

and 

- - 27 (9 - 24s 27 (9 + 2n)x 
sin 

18 - 4n 27 + 18 +4n sin 27 ' 



we have 

18 - - sin 
9 +4n 

- - (9-4n)s 27 
sin- [, - zi4n sh 

54 
+- 

9 +4nsin '9 ~ ) ~ 1 4 1 ) . ] :  

- - (9 - 4n)t 27 
sin - - ?4n - 54 +- 9+4n 54 

- - - 27 [2;;t 
(9 - 4n)t 

cos - + 27 
54 +- 9 -4n 54 

216n 2nt 
Cos - 

+81- 16n2 27 



27 -- t 27 t 216n 2nt 
cos-+ - cos - + COS - 

9-4n 6 9+4n 6 81-1w 27 

2n 
pl ;sin [n(t - s)] ds 

(9 - 4n)t 27 
c -  s i n  2;;t [g T4n - - sin 

54 9 +4n 

486 2nt 
sin - 

+ 

81 - l6n2 27 

54 2nt 
[9 sin - 4n "n 51 

81 - 16n2 6 

s 2n L' COS 3" [F( t  - s)] ds 

s 2ns "'cos 3"Fds s 2ns sinEl cos-cos-ds-cos- 
27 O 3 27 

(9 - 2n)s 27 
sin - T4n + 18+4nsill 

27 



216n 2nt 
COS - 

+ 324- 16n2 2'7 

- - 27 t 27 t 216n 2nt - cos-+ cos - + cos - 
18 -4n 3 18 +4n 3 324- 16n2 27 

t s 2n 
s in  3si .  [=(t - s)] ds 

- 2nt 27 (9 - 2 4 s  - &- Cos - 27 
27 [-18-4n 27 18 + 4n 'Os 

27 (9 - 2n)s - 27 
27 18+4nSin 

2nt 27 (9 - 2n)t - 27 (9 + 2n)t 
+ 

n - COS 
27 18 + 4n 27 1 8 - 4 n  + l8+4n 27 1 'OS 

972 2nt 
sin- 

+ 324 - 16n2 27 

- - 27 t 27 t 972 2nt - sin-+ sin - + sin- 
18 -4n 3 18 +4n 3 324- 1 6 9  27 

The 20-terrn Fourier appraimation to the solution in thk case is shown for 

various times in Figure 5.13. Cornparison with F i  2.5.1 is favourabIe, in spite 

of the clifferences in the spatial dimension of the plot "windows" used. 





Example 5.4.4: For the fixeci-length string probIem (3.3.1-2), we let 

with initial and boundary conditions chosen to agree with t h e  of example 2.5.2, 

t  t  
~ ( t )  =si.- ~ ( t )  =cos- (at z = O )  

2' 2 ' 

fi t t 
q&) = 2(cost fsint) +-(cos-+3sin-), 2 2 2 (at x = & )  

Jz t t 
~ ( t )  = 2(nwt - s h t )  +-(3cos- -si.-), (at x =w) 

2 2 2 

Putting the above hinctions in (5.3.29) and (5.334, we obtain the Fourier series 

solution, as given by 

a0 7&x 
m nx 

u,(z? t )  = cos (#) ~e ~ , ( t )  sin - + sin (:t) c Im ~ . ( t )  sin  g 
n=l 9 -1 



s 2n 
+2(-1)' je cas - sin [=(t - 

O 3 
S 

+2(-l)"/ O sinin* [ E ( t  - 

S 
~ 2 ( - 1 ) ~ j ~ m s  O [$(t - 

t~ 2n 
-2(-1)" / sin sin [=(t - 

O 

The evaluation of the integrah JO sin $ sin y dx, JO sin f sin y d x ,  

1; cos t sin [ ~ ( t  - s ) ]  ds, Gsin i sin [ ~ ( t  - a)] ds, cos j sin [$(t - s ) ]  ds and 

Ji sin $ sin [E ( t  - s)] ds was given in example 5.43. The eduation of the inte&rals 



2 nx 
cos sin gdz  

The 50-term Fourier apprarùmation to the solution in this case is shown for 

various times in Figure 5.4.4. Cornparison with Figure 2.5.2 is favourable, in spite 

of the differences in the spatial dimension of the plot "windows" used. 





The remaining examples are based on the "pulse wave" examples of section 

ExanipIe 5.4.5: In the fixed-length string problem (S.Xl-2), we let 

and adopt initial and boundq conditions consistent with those of example 4.3.3, 

for O 5 3: 5 10, 

for t 20. 

Putting the above hinctions in (5.3.29) and (5.3.34), we obtain the Fourier series 

solution, as given by 

a0 n?rz a0 mrx 
u ~ ( I ,  t )  = COS (d) C Re Z,(t) sin 10 + sin(d) C Im Z&) 10, n=l n-1 

a0 n7rx a0 nnz 
w L L ( x ~  t )  = - sin(xt) C ~e Zn ( t )  sin - 10 +  COS(^) C h Z n ( t )  sin 10 7 

n=l n=l 

in which 

2 nxx 
hz,(t) = -sin 72 (Et) [[l- cos(2xx)]sin-dzi 10 



In addition, we have that for n # 20, 

and for n = 20, 

n7rx [ [1 - ~06(2*2)] sin -dx 
10 

Graphical illustration of the 20-term Fourier series apprachation, displayed 

in Figure 5.4.5, compares very weil with that of Figure 43.3, although the typical 

oscillatory behaviour (i.e., the "wigglesn) in the F0urie.r series apprcocimation is 

more evident than it has been in previous examples. Of course we would expect 

the apprcaimation to be more accurate if more terms were included in the Fourier 

series a p p r k a t  ion. 
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&ample 5.4.6: W e  now consider the &ed-length string problem (5.3.1-2), wit h 

conditions determined by example 4.3-4. Thus, we choose 

and initial and boundary conditions given by 

f2(4 = gdx) = O, for O 5 2 5 10, 

for t 2 0. 

Substitution of the above functions into (5.3.29) and (5.3.34) provides the Fourier 

series solution, as given by 

00 n r x  
uz (x, t )  = - sin(*) Re Z,(t) sin - 

n=l 10 ' 



The eduation of the integral 1. [l -cos(21rx)] sin F d x  was given in example 5.4.5. 

Graphical illustration of the 2 t e r m  Fourier series apprcWmation compares 

very w d  with that of Figure 43.4, although the typical oscillatory behaviour of 

the Fourier series apprhation is agah evident, and the apprcaimation wodd 

be more accurate if more terms were included in the Fouria series apprhat ion .  





Example 5-43: The final example involves the ked-length string problem 

(5.3.1-2) previously considered in example 43.5. Thus, we choose 

and initial and boundary conditions by 

for O 5 x h 10, 

for t 2 O. 

Putting the above bctions in (5.3.29) and (5.3.34, we obtain the Fourier series 

solution, as given by 

aD n?rx 00 n7rx 
ui(x, t )  = cos(nt) Re Z,(t) sin - + sin(7r-t) kn Z,(t) sin - 

n=l 10 n=l 10 

a0 nrx  bD nrx 
~ ~ ( 5 ,  t )  = - sin(7r-t) Re Zn ( t )  sin - + cos(&) 1 .  2, ( t )  sin 10, 

n-1 10 n=l 



+: / ' L H ( ~ )  - H ( S  - 111 c+s) [î - cos(2ris)l sin 
5 O 

2 
Im 2, (t)  = --[H (t ) - H(t - l)] sin(xt) [l- cos (2lrt)l 

711r 

[E(t - s)] ds. +g lt [ ~ ( s )  - ~ ( s  - 111 sin(lrs) [I - cos(2rr;r)l sin - 

The evaluatim of the integrah J;[H(S)- ~ ( s - l ) ]  cos(lrs) [l-cos(2xs)l sin [ ~ ( t  - s)] ds 

and j t [ ~ ( s )  - H ( s  - I)] sin(rs) [i - coer(2?rs)] sin [ ~ ( t  - s)] ds is perfomed in the 

usual m e r ,  illustrateci previously in sxtion 4.3. 

JO' COS(TS) [l - cos(2as)] sin [ ~ ( t  - s)] ds, for O < t 5 1 
1 

cos(m) [l- COS(~?TS)] sin [ ~ ( t  - s)] da for t 2 1 

and 

/gL s in(~s)  [l - cos(2?rs)] sin [ ~ ( t  - s)] ds, for O 5 t < 1 - - 

For n # 10, 30, 

j cos(rrs) sin [E(t - a)] ds 

nlrt[-cos(g-?r)s c*s($+7r)s - COS - - 
10 2(% - 7r) 2($ + *) 1 

- 5 nnt nn nrt nx - [cos - cos(- - a)s + sin - sin(- - a)a] 
(n - 10)n 10 10 10 10 



and 

j cos(xs) cos(2xs) sin [TG - - 41 ds 

n7r 
= [COS(W + 2x5) + eos(?rs - 2rs)l sin [-(t - s)] ds 

2 10 
1 1 n7r 

= - / cos(3lis) sin [-(t - s)] ds + / m ( r s )  [=(t - S I ]  ds 
2 10 

nm nrrt 1 cos (37rs) sin -ds cos(3~s) cos -ds - cos - 
10 10 10 1 

5 n nx nrt mr 
+ 2(n + 30)a 

[cos - 10 cos(- 10 + 3x1s + sin - 10 sin(- 10 + J+] 

5 5 n - - cas* [ q t  - s) + 3s] + cos n [G(t - 8)  - 351 
2(n - 30)a 10 2(n + 30)n 



For n = 10, 

S 1 
= - sin(&) + - nn(7rs) sin *(t - s )  , 

2 27r 

For n = 30, 

1 cos(ns) sin [-(t 10 - r )] da 

= / cos(ss) sin 3n(t - s)ds 

= sin(3rrt) / cos(ns) cos (3lrs)ds - cos (37r-t) / cos (rs) sin (3lrs)ds 

1 
= - 2 sin(3irt) J ~ o s ( 2 x s )  + cos(4ns)lds 

1 - - ~00(3?it) /[sin(27rs) + s in(4~s) lds  
2 

1 1 1 = si4374 [% "(2iis) + - sin(4m) 
47r 

1 1 1 
1 

- - cos ( 3 d )  [- - cos(2m) - - c a s ( 4 ~ s )  
2 27r 47r 1 



and 

/ cos(rs)  cos(2~s)  sin -(t - s) de [U 1 

Then for n # 10, 30, we have 

it cos(7rs) [I - cos(2ar)l sin - - s) ds [3 1 

cos(7ts) cos(2rrs) sin [z(t - s)] ds 

5 5 n 
C O S T  [-(t - s) - s 

10 

nmt - - coa - 
2(n - 30)s 10 

- 5n - [cos(37rtit) - cos s] 
n(n2 - 100) 10 



and 

nx 
- 6' ms(xs) crn(2~;r) sin [&t - s)] ds 

5 5 r& 

= {2(n - IO)* [% 10 - 4 + s] + 2(n + 10 11: - 
C O S T  [-(t - s) - ;r 

For n = 10, we have 

= / le cos(m) sin ~ ( t  - s)da 

- Lt cos(?rs) cos(2rs) sin n(t - s)ds 

1 
= [ is ïn(nt )+- . in( r rs)sh?r( t -  2?r 

1 
4: 
1 t 

- {i sin(-) [s + - r si.(nis)] + - ~r sin(2rrs) sin ~ ( t  - 2s)} o 

t 1 
= - sin(7t.t) - - sin(7rt) sin(2xt), 

4 8n 

and 

1' ~ s ( " s )  [1 - c ~ ~ ( z T s ) ]  sin [; - (t  - 41 do 

1 

= d cos(xs) sin n(t - s)ds 



t 
cos(xs) cos(2xs) sin ~ ( t  - s)ds 

FUr n = 30, we have 

t nr JI CO"(*S) [1 - ~os(27r~)] sin [ [ i ~ t  - s)] ds  

and 

l1 ms(xs)  [l - coh(Zx-s)] sin [E(t - s)] ds 

= 1' cor(rrs) sin 37r(t - s)dr 

1 1 1 

= [- cos ~ ( 3 t  - 2s) + - cos n(3t - 4811 
47r 8n O 

Similar calculations give, for n # 10, 30, 



and 

For n = 10, 

and 

L1 sin(na) (1 - cm(2rra)l sin [E(t - s)] ds 

For n = 30, 

1' sin(m) [i - ctx(2m)j sin [E(t - s)] ds 

and 

As in previous examples, graphical illustration of the Mterm Fourier series 

approximation to the solution of this problem is shown in Figure 5.47a. To illus- 

trate the convergence of the Fourier series apprcWmation to the solution, Figure 
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5.4% displays corresponding r d t s  for the 50-term Fourier series appmximation 

to the solution. As one w d d  expect, the accuracy of the apprcaimation increases 

as the number of terrns in the apprcPgmation increases. 







CEFAPTER 6 

Solutions for the Finite String with One Linearly-Moving Endpoint 

6.1 Introduction 

In this chapter, we solve the Iinear system (1.3.1) in the case of a finite string 

with one lineady-moving endpoint, subject to generd initial and b o n d m  con- 

ditions. As shown in in Chapter 3, we may transfo= the system into a sin- 

gle one-dimensional (complex) wave equation, on the region in the zt-plane with 

bounds given by O 5 x 5 mt + L and t 2 0, with corresponding (complex) initial 

and boundary conditions. The latter problem is solved using the usual d'Alem- 

bert form of the solution of the wave equation subject to the specified initial and 

boundary condit ions, using r d t s  developed by Corbett [9]. Findy we apply the 

inverse tramformations to determine the solution of the original problem. Several 

examples and comesponding graphical illustrations of the solution are presented. 

6 -2 d'Alembert Solut ion and Compat abiity Condit ions 

We consider the usual one-dimensional homogeneous wave equation 

in the case of a finite string with one bearly-moving endpoint, so the domain of 

(6.2.1) is O 5 x 5 mt + L, t 2 O, with Iml < c. The parameter m represents 

the velocity at which the right-hand end of the string is moving along the x-axis; 
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the condition lm1 < c is imposecl to avoid the difnculties associated with the 

introduction of "supersonicn motion of the endpoint [?, p. 291. 

The initial conditions are given by 

while the boundary conditions (at x = O and x = mt + L, qectively) are givea 

where f (x) and g(x) axe specined hiactions on O 5 x 5 C, while p(t) and q(t)  are 

specified hinctions on t 2 O. 

In order to salve the above initial moving-boundary value problem, we intro- 

duce the dimensionless variables 

and let 

L 
u8(x*, t*)  = U ( X ,  t )  = u(Lx8, -tO), 

C 

so that (6.2.1) becornes 

while the initial condit ions (6.2.2a) become 



and the boundary conditions (6.2.2b) become 

L L u*(m*tm + 1, t*) = u(l[m*t' + 11, -te) = u(mt + C, t )  = q(t)  = q(-t*). (6.2.6d) 
C C 

The probiem (6.2.5-6) c ~ a s  mnsidered in detaii by Corbett [7, pp. 22-28]. In [7, 

pp. 2 2 4 ,  it is shown that the form of the d'Alembert solution depends upon the 

region D(ijl under consideration in the domain D = {(xm, t*): O 5 z' < mmt* + 1, 
t* 2 O), as shown in the bU&g diagram. 



We denote the solution of (6.2.56) in region D(ij), of dia- 6.2.1, by 

T . & * ( i ,  t*) = cpi(x* + t*) + &(x* - t*). 

By the usual procedures, we may show that 

and 

where e* = x' + teT q* = 2' - tST and F is any constant. In general, we have 

and 

for i = 1, 2, 3.... As in section 5.2, it is noted that these recurrence relations carry 

appropriate restrictions on and q8 as a result of those appearing in (6.2.8). 

In particular, we have 



1 1 L t ' + k B  
= -[f 2 (Lt' + Lz*) - f (Lt' - L d ) ]  + - / g(r )dr  2c LtO-Lxo  

1 rn' - 1 
= - { f ( L x * - L t * )  2 -f(m' +1 [Lx' + Lt* - L] + L)}  

Lx' + Lt* - L 
+Q( m * + c  1 2  

1 m * - 1  
= -?{f(,+l [Lt* +Lx* - L] + L) + f(Lt* -Lx')} 

2:;: ( L C ' + ~ -  - L)+L L L  
+'/ g ( ~ ) d r  + p(-t* - ;x*) 

2c Lt- - Lx* C 

Lt' + Lx* - L 
+q( cm* + c  ) , 



--- . - 
Lt* + Lx* - L Lt* - Lx* - L 

+Q( cm* + e 1-4 ,*+, 1 9  

- 1 m* - 
2 l [tt* + Lx* - L] - L) - f (Lt* - Lx*)) - -{f(-m*+l 

m* - 1 L +. [Lt* + Lx* - L] - ;) 

Lt* +Lx* - L 
+q( cm* + c 1 9  

and 

1 m* - m* - 
2 ' [ L t * + ~ z * - L I - L ) +  = -{f(-m*+l '[~t* - Lz* - LI + L ) )  

Lt' - Lx' - L 
-Q( m8 + c  1 

Continuation of the solution into other subregions may be accomplished by re- 

peated use of (6.2.7-9). 
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Using (6.2.34), (6.2.LO-L6) gïve the correspondkg solution of the problem 

(6.2.1-2) in the subregions &i,j) O£ region R = ((2, t )  : O 5 x 5 mt f L, t 2 O), as 

illustrateci in the foiiowing diagram in the &plane. 

Moreova, in analogy with (6.2.7), we wnte the solution u(x, t )  of (6.2.1-2) in 



whae the h c t i o n ~  pi(c) and @j(q*) are defined ss in (6.2.8-9). ki particulai, we 

have 

1 m - c  
u(x,t) = --{f(- 

2 m + c  
[et +x - Lj + L) +f(d -4)) 

1 m - c  m - c  
u(z,t) = - ( f ( - [ d - X - L ]  +L)-f (=  [ c ~ + z -  LI+ L)) 

2 m+c 



L m - c  
u(xy t )  = -{f(-- [ d f x -  LI - L) - f ( d - x ) )  

2 .m+c 

for (2, t )  E R(3.3) 

As indicated earfier, the continuation of the solut ion in addit ional subregions 

involves repeated use of (6.Z.ii9). Alternatively, it is noted that , since the hori- 

c+m L 2t zontal lïne t = 5 passes through the two points (O, s) and (s, =-,Jl we 

could simply treat the continuation of our solution as a new initial value problem 

2L having u(x, ,) and & (x, &) as evaluated fKM (6.2.24) almg t = as the 

new initial conditions. Then a simple Linear change of variable of the from 

c - m  

reduces this new problem to one having the original form, namely (6.2.1-2). 

Findy to complete this section, we note the following compat ability condit ions 



Once again these conditions follow immediately fiom (6.2.18-24), with the last 

condition in 2) coming fiom differentiating u(mt + L, t) = q(t )  with respect to t ,  

and then setting t = 0. 

6-3 Transformation of ResuIts 

We now turn o u  attention to the coupled hear mem 

with initial conditions given by 

boundary conditions at x = O given by 

(6.3. la) 

(6.3. lb) 
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and boundary conditions, at the lineady-moving endpoint s = rnt + L, given by 

As in Chapter 3,4 and 5,  we agah let 

where i = G, and 

W (xT t )  = eaV(x, t )  - 

so that (6.3.1) is trdormed into 

O ~ x ~ n a t + L ,  t > 0 ,  - 

while the initial and boundary condit ions (6.3.2) become respectively 



In andogy with (6.2.171, we may write the solution of this problem for (x, t )  E 

R(i,), i ,  j = 1, 2, 3 ..., in the form 

where the functions <pi(r) and @j(q*) are definecl as in (6.2.&9). Specifidy, we 

have 

1 1 Ct+z 

W(2,t)  = $f(d+4 - f ( - x)] + - g(7 - )d~  

1 rn-c 
W ( x , t )  = - - { f ( - [ d + x -  LI + L) + f(ct-s))  

2 m + c  



Z m - c  rn-c 
W(x , t )  = -{/(-[ct-z- LI+ L) - f(- 

2 m + c  m + c  [dfz- LI + L)) 

1 m-c  
W(x,t)  = +f(-- 

m+c [&+x- L] - L) - f(ct  -r)) 

m - c  L ct+x-L 
-*(-cm+ G [ c t + x - L I - - ) + Q (  ) (6.3.13) 

C m + c  

and 

1 m - c  m - c  W(x , t )  = -{f(-- 
2 

[ c t + x -  LI - L) + f ( - [ d - x - L ] + L ) )  
m + c  m + c  

m - c  L c t t x - L  
-P(-m + C2 [&+x-LI--)+q( 

c m 3 - c  1 

By virtue of (6.3.6), the above raults confino that at any point W(x, t )  is cornplex. 

However, (6.3.3) and (6.3.4) imply that 

Ur (x, t )  = C O S ( W ~ )  Re W(x, t )  + &(ut) Im W ( x ,  t ) ,  

UÎ(X,~) = -sin(wt)ReW(x,t) +cos(wt)ImW(x,t). 



Substitution of (6.3.6) into (6.3.8-14) gives 

= + . f l ( c t + X )  - - f l ( c t - - ~ ) ]  h W ( 4  2 

x 2 
+pl(t - -) cosw(t - -) 

C C 

2 2 
-p2(t - -) sin w(t - -), 

C C 

I 
h W ( x , t )  = 2 [ f 2 ( d + x )  - f 2 ( c t - 4  

x 2 
+pl(t - -) sin w(t - -) 

C C 

2 2 
+pa(t - -) cos w( t  - -), 

C C 

1 na-c 
R e W ( x , t )  = Z { f l ( z - d )  - f 1 ( -  m + c  

[ x + d  - L] + L)) 



1 m - c  
W(x ,  t )  = :{f2(x - 4 - fi(= [x+c t  - L]+ L)) 

d f z -  L  ~ ( c t i - X - L )  
+QI(  m + c  

) cos 
m+c 

d + z - L  ~ ( d f  X - L )  
-QZ( ,+ c 

) sin 
m + c  

2 

1 m - c  
I m W ( z , t )  = --if2(-[d+x- L ] + L )  + . h ( c t - x ) )  

2 m+c 

c t + x -  L w ( c t + z - L )  
+qi( ,+c 

) sin 
m + c  

c t + x - L  w ( c t + x - C )  
) COS 

+QZ( ,+c m + c  3 

for (x, t )  E R(2,2) t 

1 m - c  m - c  
R e W ( x , t )  = - ( f i ( - [ c t - z -  L] + L) - f 1 ( - [ d + x -  LI + L ) )  2 m + c  m + c  



d - X - L  w ( c t - ~ - L )  
-QI( , +c 

) sin 
m + c  

1 m - c  
Re W(x, t )  = 2{f~(-- 

m t c  
[ & + X -  L] - L) - fi(& - 2)) 

m - c  
-p lkm + $ 

m - c  
+pz(-, + 

L m - c  L + x - L] - -) sin w (- 
C cna + c2 

[c t+x-  LI - -) 
C 

ct+x- L w ( d + z - L )  
-QZ( ) sin m+c m + c  

¶ 

1 m - c  
ImW(x,t) = $2(-- [ct + x  - LI - L) - fi(ct  -x)} m + c  



and 

1 m - c  
[ c t + z -  

m - c  
R e W ( x , t )  = z ( f d - -  L] - L) +/,(-[d - x  - L] + L)) 

m + c  m + c  

m - c  L m - c  L 
- P I ( - -  + =2 [ d + x - L I - - ) c w w ( -  c cm+$ [d+z-LI-;) 

r n - c  L m - c  L 
+ p 2 k R n  + [ C I ! + % - q - - ) & w ( -  c cm+$ [ d + ~ - L I - ; )  

1 m - c  rn-c  h W ( z , t )  = - { f 2 ( - - [ d + ~ - L ] - L ) + f i ( - [ c t - X - L l f  L)) 
2 m + c  m + c  



rn -c  L m - c  L 
-PI(-* +$ [ d f z -  LI - -) c sinu(- m + c 2  c 

[ d + ~ - L I - - )  

c t + x - L  w ( c t + x - L )  
+'l( m + c  

) sin 
m + c  

The solution of the problem (6.2.1-2) in the first seven subregiom R(l,l), R(lrq, 4 2 ~ ) .  

wbregion within region R can be similarIy detenained by k t  substituting (6.2.8) 

and (6.2.9) into the formulae (6.3.7) to obtain the real and imaginary parts of the 

corresponding W(x, t ) ,  and then using (6.3.15). 

The examples which follow are chosen to illustrate r d t s  correspondhg to 

the "pulse waven examples of section 4.3 and 5.4, but in the case of a spirining 

string of f i t e  length wit h a linearly-moving endpoint. Parameter values, as well 

as hinctions speci&i.ng the initial and boundary conditions, are chosen (so far as 

possible) to coincide with those of the comesponding examples of the previous 
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Examples 6.41: In the moving-boundary problem (6.2.1-2), we suppose 

and 

1 - C O S ( ~ T X ) ,  f o r 2 s x < 3  

0 , otherwise 

fi(%) =g&) = g&) = O, for O x < 4, 

These conditions state that the string has a k e d  end at x = 0, and that the other 

end is moving away hom the fixecl end at a constant speed, which is precisely 

one half of the wave propagation speed (c) dong the string. Morever, initidy 

the string has length 4 and has been "pluckedn in the shape of a single planar 

sinusoida1 pulse on 2 5 x 5 3, and is released fiom rest (with zero initial velocity). 

According to (6.3.16-22), we may write 



-[l - cos 2n(x + - l6)1 
3 

1 2 4 t  + x - l6)] 
-?{[i - cos 

3 

-[1 - cos 21F(t + x  - l6)1 
3 



and 

+[1 - COS 
- - l6)1 

3 

Findy, the solution of problem (6.2.1-2) as described in example 6.4.1 is given, by 

7r 7r 
uI(x, t )  = ~ w ( ~ t )  Re W(x, t )  + sin(?t) Im W(X,  t ) ,  (6.4. la) 

7r 7t 
1.42, t )  = - sin(-t) Re W(x,  t )  + c o ~ ( ~ t )  Im W(z,  t ) .  (6.4-1b) 

2 



A sequence of graphs describing the motion of the corresponding wave of this 

example is preseoted in Figure 6.41. In t h  case, the time ï n t d  between suc- 

cessive gra~phs is 1.0 and the total &@ time is of duration 16.0. The graphs 

in Figure 6.41 demonstrate that the initial pulse does not remah plana; i n s t d  

it splits into two nonplanar puises which trave1 away h m  each other, with one 

puise refiecting fkom the hed  end, the 0th- pulse refiecting h m  the moving end a 

very short time later. Upon these Eirst dections, the original rotational directions 

of these pulses are maintained and the ttRo pulses travel toward each other, pass 

through each 0th- and then travel in opposite directions mti1 these pulsg reflect 

from the fked end and kom the moving end at a later tirne. ARer these second 

rdections, the two puises again travel t o m d  each other end meet at time t = 16, 

at which time they merge into a singie pulse M a r  to, but larger than, the initial 

pulse. B is noted in this example that ceffection off of a I i n e a r l y - d g  endpoint 

causes a magnincation in the length of the refïected pulse. 





Example 6.4.2: In the movïng-boundary problem (6.2.1-2), we suppose 

and 

m ( t )  = pr ( t )  = ql ( t)  = ch ( t )  = O ,  for t 2 O. 

Physically, this example describes a finite spinning string with a fixed end at x = O 

and a lineady-movîng end at x = i t  + 4. The initial "pluckedn displacement is 

in the fom of a simple planar sinusoida1 pulse on 2 5 x 5 3 and the (cornplex) 

rotational velocity is chosen to eliminate rotational lag, as in examples 4.3.4 and 

5.4.6. 



Equat ions (6.3.1W2) provide 

1 
Re W ( x ,  t )  = -{[1- cos 2n(z - t ) ] [ H ( x  - t - 2) - H(x - t - 3)] 

2 
27r(x+ t - l6)] 

-[1- cos 
3 



27t(t + x  - l6)] 
-[1 - cos 

3 

and 

2 ~ ( t  - x - 16)] 
+[1- cos 3 



so that the solution of problem (6.2. LZ), wït h the prescribed information of exam- 

pie 6.4.2, is once again given by equations (6.61) ; namely, 

7r 7r 
~ ( x ,  t )  = c o ~ ( ~ t )  Re W(x, t )  + sin (-t) 2 Im W(x, t ) ,  

R 7r 
~ ~ ( 2 ,  t )  = - sin(-t) Re W(x, t )  + c o ~ ( ~ t )  kn W(x, t ) .  

2 

The graphs decribing the motion of the corresponding wave of this example are 

presented in Figure 6.4.2. The choice of zero initial (complex) rotational velocit3f 

once again ensures that the travehg pulses remah p h a r  and rotate at uniform 

angdar velocity, while travelling dong the string at the wave propagation speed 

(c). The elongation of a pulse upon rdection h m  the IinearIy-receding endpoint 

is more evident in t his example t han in the preceding example, and the "inversion" 

of a re£lected pulse at either end is also evident . As in the previous example, by 

time t = 16, the two travelling pulsg have each rdected off both ends, and have 

merged to produce an enlargeci version of the original pulse. 
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fiamples 6.4.3: In the moving-bounciary problem (6.2.1-2), we suppose 

and 

pr@) = q&) = qz(t) = 0, for t 2 0. 

The physical set-up of this problem is simihm to that of examples 63.5 and 5.4.7. 

The spinning string, in this case, has an initial length of 3, a fixed end at x = O 

and a hearly-rnoving end at x = &t + 3. The initial displacements and velocities 

are both assumed to be zero, ônd a simple planar sinusoida1 pulse is used to acite 

the string at x = O, while the string is attached to the moving end, and thus, its 

displacement is zero there. 

According to (6.3.16-22), we have 

7r ReW(x,t) = cos-(t - x)[1 -cos2?r(t - x ) ] [ H ( t  - x) - H(t  - x - l)], 
2 



7r ReW(x,t) = cos-(t  - x ) [ l - c o s 2 ~ ( t - ~ ) ] [ H ( t - ~ )  - H ( t - z  - l ) ]  
2 

R 
ImW(x , t )  = sin-(t - x)[1- cos2n(t - x ) ] [ H ( t  - x) - R(t - x  - l)] 

2 

and the solution of (6.2.1-2), with the data prescribed in aample 6.4.3, is given 

The graphs describing the motion of the corresponding wave of this süunple 

are presented in Figure 6.4.3. The non-planar nature of the travehg %op" is 

evident as in example 4.3.5. In addition, the elongation of this loop upon d e c t  ion 

from the moWlg endpoint is slso evident as in exampie 6.4.2, as is the uinversion" 

of the reflected loop at either end of the spinning string. Findy, the uniform 

rotation of this loop is also noted. 





Solutions of the mode1 for a spinning tether have been determinecl for a e e t y  

of initial and boundary conditions, wrresponding to tethers of semi-infinite or 

finite (constant or linearly-incregsing) length. A variety of techniques, based on 

the mal  d'Alembert form of the solution and Fourier analysis, have been used, 

and illustrative examples have been developed for each case studied. Solutions 

hom the various cases have been used as the basis f a  illustrative examples for 

other cases, thereby confirming the vaIidity of the anaiysis in each case. 
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