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Abstract

A model is developed for the transverse vibrations of a spinning string. This model
involves a pair of coupled second order partial differential equations for the components
of the transverse displacement along the string. Analytic solutions are presented for
various choices of initial and boundary conditions, in the case of semi-infinite strings and
finite length strings (with fixed or variable length). Techniques used involve an extension
of the standard d’Alembert solution of the one-dimensional wave equation and Fourier

analysis. Graphical illustrations are presented.
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CHAPTER 1

A Mathematical Model for a Spinning String

1.1 Introduction

A tethered scientific research rocket, the first of several in the Canadian Space
Agency’s Oedipus Project, was launched in northern Norway on January 30, 1989.
During the flight of the rocket, the spin-stabilized payload separated into two sub-
payloads (referred to as the forward and aft payload), each with its own comple-
ment of scientific instruments, control, power and telemetry systems. Throughout
the flight, the two payloads remained connected by a flexible, electrical-conducting
tether, whose purpose included the direct measurement of the electric potential
gradient along the earth’s magnetic field lines. Flight data from the Oedipus-
A mission indicated that the forward payload experienced “coning” motion as a
result of separation and tether deployment dynamics and a post-flight dynamics
investigation found that the likely cause of the observed dynamic behavior was the
tether interaction with the subpayloads. Based on this observation and on the fact
that the Oedipus-A payload did not incorporate systems to record the dynamics
of the tether or the tether-payload interactions, a comprehensive tether dynamics
experiment was included in the second Oedipus mission, which was referred to
as Oedipus-C (the proposed Oedipus-B mission was never flown). The primary
objectives of this experiment were to develop a comprehensive understanding of

the dynamics of a spin-stabilized, tethered, two-body rocket payload with flexible



appendages. The study of the tether deployment phase of such a flight constitutes

an important component in the development of future tethered space systems.

In this thesis, under some assumptions regarding the tether dynamics, the
tether will be represented as a string spinning about its longitudinal axis. A
system of two second order partial differential equations will be derived to describe
the transverse vibrations of such a spinning tether. In particular, the cases of
strings of a constant length or a linearly varying length will be studied. We will
obtain some analytical solutions of the equations, including some special “travelling
wave” solutions, and the general solution. These will be used to investigate the
behaviour of infinite, semi-infinite, and finite strings with various boundary and
initial conditions. The theoretical results will be illustrated through some examples

and their corresponding graphs.

1.2 Development of the Model

The model in this thesis will be developed in a right-handed coordinate system

(x,u;,us) as shown below:

, Ut

v
®

u:2

Diagram 1.2.1



In addition, it will be assumed that when the string we are studying lies in its rest

(equilibrium) position, it coincides with the z-axis.

The “forced” one-dimensional wave equation, corresponding to the planar vi-

bration of a string, is given by

Pu 32 ou u
.5t_2. 61:2 +f(:1: t,u, — 3 8t) (1.2.1)

where u = u(z, t) denotes the transverse displacement from its equilibrium position
of the point on the string at position z at time ¢, and the function f(z,t,u, g, ‘gc"

denotes the transverse force per unit mass acting on the string. The positive
constant ¢ physically denotes the velocity of wave propagation along the string,
and is equal to \/%T, where T’ i%the longitudinal tension and p is the linear mass

density of the string [7, p. 13].

The two-dimensional wave equation, analogous to (1.2.1), can be written in

the form of a vectorial extension of the usual one-dimensional wave equation as

W _ LPW T %W
= s + flz,t. @ a:: 3t) (1.2.2)

where, in analogy with the above, @ = (z,t) = u,(z, t)] +u2(z, t)k denotes the
vectorial transverse displacement from its equilibrium position of the point on the
string at position z at time ¢. The vectorial function ? = f,i+ f.k denotes the

transverse force per unit mass acting on the string [2].

The derivation of the models (1.2.1-2) is based on the following indispensable

assumptions:
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(1) Each point on the tether is allowed to move only within a transverse plane,
i.e., in a plane perpendicular to the equilibrium line. In other words, only trans-
verse motion is permitted. Loosely, this may be interpreted to mean that the
longitudinal component of the tension is constant along the tether.

(2) Deflections are small in comparison with the total length of the tether, so
that their squares or higher powers can be neglected.

(3) The slope at any point of the deflected tether is small compared with unity.

The above assumptions give rise to the following intuitive mathematical inter-
pretations:

(a) The difference between the length of the tether and the distance between
its end-points is negligible.

(b) The tension is constant along the tether as well as constant in time.

The most distinctive feature of the Oedipus payload involves the rotation of
the complete system (including the tether) about an axis passing through the two
centres of mass of the subpayloads at the ends of the tether. In order to incorporate
this spin about the longitudinal axis, we replace the operation of differentiation
of any (generally 3-dimensional) vector ¥ = ¥'(z,t) with respect to time by the

“rotational” time derivative

—-_Dv¥ 87  _
D,v D ——?‘F w X v, (1.2.3)

where % denotes the usual time-derivative of ©", X denotes the usual vector cross-

product operator, and @’ x " represents the “rotational velocity” at position z at
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time ¢ as a result of the local spin vector W = W'(z,t) at that location and time.

In this way, we generalize system (1.2.2) to the form

D*w v - - 0w v
Dt2 =62 azz + f (31 t‘x u© :-aTr W)’ (1'2'4)

To display the dependence of (1.2.4) on the spin vector, which is written in com-

ponent form as @ = &' (z,t) = wzi +w, ] + w:k, we observe the following:

(i) The cross-product @’ x u can be expanded in the form of a determinant

in the usual fashion as

i 7 k
— —
Uy Uy Uy

= (Wytt: — woly )i + (Wrthe — wotty)] + (watty — wytig)k, (1.2.5)
where u.,u, and u, are the components of the vector .

(ii) Using the definition in (1.2.3), we have

v (1.2.6)

Dw 0¥  _,
I

and

Dt* Dt
8 Dv. _, DU
E 'ﬁ’ 4+ w X W (1.2.7)



Substitution of (1.2.6) into (1.2.7) gives

D*w 8,04 _ _, -, 0w _, _,
DE T mla TUX T X (@ <)
= ﬁ.*.i("’x‘ﬁ').{._’xgj‘.:.{.qx(a’x?)
- o T’ Y e T
v T _, , 0w _, Y ., .,
= FTo) +-b—t-xu+wx—5t-+wx—-é-t-+wx(wxu)
Pv T _, — 0" L, .,
= g +7X u +2(w Xjat—)—i— w x(w X u), (1.2.8)

where 22 = &i 4 25 4 5’-:—,‘5 denotes the rotational angular acceleration.
(iii) Using (1.2.5), the expression w x (& x ') can be expanded as
i j k

Wx (T xT) = Wz wy W,

(Wyu: —wuy)  (wottz ~wrttz) (Wotly — wytty)

= [wy(wrtty — wytty) — w2 (w; Uz — wat,)J0
Hw: (Wytts — wrtty) — we(wethy —wyus)]7
Hwz (Wette — wztt;) — wy(wyt, — wouy)]k
= [‘(W,f +wu, + we(wyuy + wzuz)ﬁ
H~ (W +wl)uy + wy(watl +wsu,)]j
H~ (w2 + Wiy, +w,(weus + wyu,)]k.
The dot product & - %" can be expanded as

W = wru, +wyly + WY,

and specifically

—_ — 2
W@ =wl+wl+uwl,



so that
—_ —
Wvl‘v +w:uz = w - u — quz,
I - 4
Wy +Wyllty = W U — Wrly,
Welle +Well; = W - U — Wylly,
and
2 2 __ w4 2
wytw, = W-u —w,
2 2 _ =2
Wetw, = W+ —wy,
2 2 __ . .2
Wy tw, = W- W —w;

Therefore, we may write
@ x (@ x7)
= [W-T Vg +w(T - T —wer)fi
Hw) ~ & @y + (T - T —wyy)s

-~

+[(w3 - —J)uz +w; (U) -W - uzuz)lk

I

[~(@ - @Yz +we(@ - T
+[~(T - Ty +wi(@T - @)]j

H~(T - D +w(T - Dk

= —(@ - T)(ust + ] +u:k) + (T - D) (wet +wy] +w:k)
= (- NT+ (V- 2)T

= T +(T- )T (1.2.9)



Substitution of (1.2.9) into (1.2.8) yields

D% FT 0T —y s BT as e
D = 5 + e xu +2(w X—a—t—)-»u u+(w-v)w. (1.2.10)

Incorporation of (1.2.10) into (1.2.4) yields the vectorial differential equation

- — —p
T w @ x T i (@ W)

e T o
Pv — v AW
= 2 U — ——
= g+ f(z.t,w, 5 B )- (1.2.11)

Various simplifying assumptions based on the physical nature of the problem
may now be made, in an effort to make this system more manageable.
(a) According to assumption (1), only transverse displacements of the tether

are allowed, so that the longitudinal component of u’(z, t) is zero, i.e.,
tp = 0. (1.2.12)

(b) For simplicity, we further assume the angular velocity @’ is constant, so
that the angular acceleration is zero, i.e.,
0w —

5 =0 (1.2.13)

(c) Since the spin of the system is about the longitudinal axis of the system,
and since all tether displacements are assumed to be small, the local spin vector

W = W (z,t) may be written in the form

@ =wi (1.2.14)

3

in which it is assumed that the “spin scalar” w = w(z,t) is a constant both in

position and in time. In addition, it is noted that @’ and " are perpendicular at



each point of the tether, so that

w-uw=0. (1.2.15)

(d) Moreover, since the longitudinal tension in the tether is constant, there can

be no longitudinal external forces acting along the tether, so that

fz =0. (1.2.16)

By virtue of (1.2.12-16), the equation (1.2.11) is simplified to

2 —> — 2—>
aat'; +23 x %’?‘- T = cz‘?%;‘ +7. (1.2.17)

where —j? = f,,_:f + sz is the external transverse force per unit length.

For consistency of notation we now write u’ = u,,f + qu = uJ + uzg and
—f =S flf-f- ng, so that the vector equation (1.2.17) may be written in component

form as

Puy Ou, 2

atz -%w-wul = czaxz flv
P Ou &
-——-—at? +2w—a—t-l-—-wzu2 = cza:: + fa-

In particular, if there is no external force exerted on the tether, ? must vanish,

so that we obtain a coupled linear homogeneous system of equations, namely

32u1 &uz 82u1
57 2w 5t -y = 6273:3_2' (1.2.18a)
P 2,2, o 2T (1.2.18b)

at? a Y™ =
where u; = u,(z,t) and u; = uy(z,t) denote the two components of the transverse

displacement of the tether at position z at time ¢ in the orthogonal coordinate
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system (z, u;, u2) and w is an arbitrary constant representing the spin of the system

about its longitudinal axis.

1.3 Summary of the Model

In the previous sections, the “rotational” time-derivative is introduced to incor-
porate the fact that the tether spins about its longitudinal axis. Some assumptions
such as (i) the displacement of the tether is transverse, (ii) the angular velocity is
constant, and (iii) the external force vanishes, simplify the introduced mathemat-
ical model to the following system of equations:

Bzul 62u1

Mt -t = G (1312)
T - IR (s

which is the target system to be discussed in all subsequent chapters. We will
solve the coupled system (1.3.1) subject to various types of initial and boundary
conditions for ¢ > 0 and z restricted to lie in various domains, such as

(a) ~00 < z < 00, in the case of an “infinite string”,

(b) 0 € £ < oo, in the case of a “semi-infinite string”,

(c) 0 < z < L, in the case of a “finite string (of constant length)”,

or

(d) 0 < £ < S(t), in the case of a “finite string of variable length (with a moving

endpoint)”.

Remark: It should be noted that the motion of the subpayloads at the ends of

the tether is incorporated into the model through the specification of the bound-
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ary conditions. That is, it is assumed that the end-body motions are known a
priori. Thus, our model is concerned solely with the dynamics of the tether and
incorporates end-body effects upon the tether, but does not take into account any
influences that the tether motion may have on the subpayload dynamics. For our
purposes the subpayloads are viewed simply as point masses whose motions are
prescribed. In addition, external forces may be assumed to be negligible because,
at least during the tether deployment phase of the mission, the whole system is
in a state of “free fall” in a vacuum. Thus, gravitational and aerodynamic drag

forces will both be absent.



CHAPTER 2

“Travelling Wave” Solutions for the Semi-infinite String

2.1 Introduction

For the usual one-dimensional wave equation, the so-called “d’Alembert form
of the general solution™ expresses the solution as the sum of two “travelling waves”
(each of constant physical profile, but travelling in opposite directions) along the
string [see section 2.2]. In this chapter, we employ a simple extension of this
concept in order to determine the nature of travelling wave solutions of the coupled
linear system (1.3.1) for a uniformly rotating semi-infinite string. Through the
application of appropriate boundary conditions at the (single) end of a semi-infinite
string, some special travelling wave solutions are determined which exhibit some
very peculiar and interesting behavior. In particular, these special travelling wave
solutions are shown to be simply (one or more) uniformly rotating “standing waves”
(waves of constant physical profile that do not move along the string, but revolve
uniformly about the rest position of the string). In some cases these standing waves
are planar, while in others they are not. Not only are these solutions physically
interesting, but will serve as test cases for more general procedures to be developed

in subsequent chapters for the determination of solutions of the system (1.3.1).
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2.2 d’Alembert’s Solution of the 1-d Wave Equation

For the usual one-dimensional homogeneous wave equation

Pu u

-5t'-2. = 6252‘, t 2 Oy (2'2'1)
the general solution is known to have form

u(z,t) = p(§) +¥(n), (2.2.2)

where § =z +ct, n =z —ct [7, 10].

For the case of an infinite string (—oo < = < o0), the initial conditions are
given by

u(z,0) = f(a), Je@,0)=g(z), —o<z<oo, (223
where f(z) and g(z) are specified functions for ~o00 < £ < oc. By using the initial
conditions (2.2.3), ¢(&) and ¥(n) can be shown to have the form

1 1 ¢

o€ = 3/©+5 [ 9(rér+D,
1 1

vm) = 5/ ~5 /: g(r)dr — D,

where D is any constant and —o0 < £, 1 < 00, so that d’Alembert’s solution of

equation (2.2.1), subject to the initial conditions (2.2.3), can be written as

u(z,t) = -;—[f (z+ct)+ f(z—ct)] + -2—16- /1 :t g(7)dr, (2.2.4)

z_
—o<r<oo, t>0,

(7, pp. 17-19], [10, pp. 54-56].
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The continuity or differentiability of the solution (2.2.4) depends on the prop-
erties of the functions f(z) and g(x), as shown below:
1) If f(z) € C° and g(z) is integrable, then u(z,t) € C°.

2) If f(z) € C! and g(z) € C°, then u(z,t) € C.

Note: C? is the space of all continuous functions and C! is the space of all contin-

uously differentiable functions.

For the case of a semi-infinite string (0 < = < o0), with the initial and bound-
ary conditions given by
ou
u(z,0) = f(x), 5(1’, 0)=g(z), z=>0 (2.2.5a)
u(0,t) =p(t), t20, (2.2.5b)

the d’Alembert solution of equation (2.2.1) is given by

w(z,t) = -21-[f(a: +ct) + f(z —ct)] + % [ :' g(r)dr, (2.2.60)

for z>ct, t>0,
while
u(z,t) = -l—[f(ct +z) — f(ct —z)] + el /d * g(r)dr +p(t — 2), (2.2.6b)
2 2cJt—z c
for 0<z<ct, t>0,
[7, pp- 23-27], [10, pp. 68-69).
The continuity or differentiability of the solution (2.2.6) again depends on the

properties of the functions f(z), g(z) and p(t), as shown below:
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1) If f(z) € C°, p(t) € C°, g(z) is integrable and f(0) = p(0), then u(z,t) €
C°.
2) If f(z) € C, p(t) € C', g(z) € C° f(0) = p(0) and g(0) = p'(0), then

u(z,t) € CL.

Remark: The above statements include, not only continuity/differentiability
properties of f(z), g(z) and p(t) appearing in the specification of the initial/boundary
conditions (2.2.6), but also “matching” conditions on u(0,0) and 4$(0,0) obtained
from these conditions at the corner of the domain upon which we seek a solution
of (2.2.1), subject to (2.2.6). For this reason, conditions such as 1) or 2), or ex-
tensions of them in the subsequent analysis, will be referred to as “compatability

conditions” on the initial boundary value problem under discussion.

The following arguments confirm the validity of the above compatability condi-
tions:

If f(z) € C° p(t) € C® and g(z) is integrable, then it is immediately clear
from (2.2.6) that u(z,t) is continuous within either of the regions given by = > ct,
t>00r0<z<ct,t>0.0n the other hand, when (z,t) approaches the line

z = ct from arbitrary directions, we have

lmu(@) = Im(Mfe+e)+fe-c)l+ o [ o(r)dr)
= gllim o+ )+ lim o ] + 5 Jm [ o(r)ar

= U + O +5 [ srlar, (2.2.72)

when (z,t) tends to the line x = ct within the region z > ct, t > 0,
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and

Imu(z.t) = Em{zlf(et+a)—flet—a)]+5 [ grdr+pt -2}

Sllim f(et +2) ~ Jim, (et —2)] + 5 Jim [ g(r)dr

+ lim p(t - —)
= 2f@et) = fO +o [ 9(r)dr +p00) (2.2.70)

when (z,t) tends to the line z = ct within the region 0 <z <ct, £ > 0.
Moreover, if f(0) = p(0), then it is evident that the two limits in (2.2.7) are equal,

which indicates that u(z,t) is continuous across the line z = ct. Thus, we conclude

that u(z,t) is continuous for allz >0, ¢ > 0.

More generally, if f(z) € C!, p(t) € C! and g(z) € C°, then (2.2.6) confirm
that u(z,t) is differentiable within the region given by = > 0 and ¢ > 0, except
possibly along the line £ = ¢t. In addition, the first order partial derivatives of

u(x,t) with respect to z and t are given by
@) = lfa+et)+ (o)
+olg(@ + ) — gla — ct)], (2.2.8a)
O

S@t) = Sf@tct) - fz—c)

+3lg(e + et) +g(z — et (2.2.8b)
for (z,t) Eregion x > ct, t > 0,
and

g";(x, t) = %[f’(ct +z)+ f'ct — )] + ;—c[g(ct +z) +g(ct — z)]



du
-a-?(:l:, t) =

17

_%ﬂ(t _ f), (2.2.9a)
-;-[f’(ct +z)— flct— )]+ -;-[q(ct +z) — g(ct — )]

+p'(t - -:-), (2.2.9b)

for (z,t) €region0 <z <ct, t > 0.

The limits of the above partial derivatives, when (z,t) approaches the line z = ct

from arbitrary directions, are given by

. Ou
l:grclt a(ﬂa t)

. Ou
}lﬂt_gt-(x, t)

i

l

lim (57'(@ + ct) + (2 — ct)] + 5-lg(z + t) — g(z — )]}

z—ct
1 . ’ . ’
sllim f'(z +ct) + lim f'(z ~ct)]

2 [lim g(z +ct) — lim g(z — ct)]

2c T—ct

S17/(2et) + F/(0)] + o-lo(2et) — 9(0)] (2:2.108)

+

Jim {50+ ct) = 'z = ct)] + 5o + <) + glz —ct)]}
Sllim f(z +ct) = lim f'(z ~et)]
+%[:1i_{1c1,g(m +ct) + lim g(z — ct)]

S1F(2et) = (O] + la(2et) +9(0)], (2.2.10b)

when (z,t) tends to the line £ = ¢t within the region £ > ct, t > 0,

and

i 2

z—ct ax

(2,1)

z—ct

lm, (31" (ct +2) + f'(ct ~ 2)] + -lg(et +2) +g(et ~ ]
)

Sllim, //(ct + ) + Jim, /'(ct - )]
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+§;[;1mg(ct+=c) + lim g(ct — z)]— = limp(t—2)

= E[f’(2ct)+ f’(0)]+§c-[g(2ct)+g(0)] ~;p’(0), (2-2.11a)

Jim {Z[f"(ct +2) — (et — 2)] + 5lact +2) —glct - )]

i

@
w
It

P I
+r'(t - =)}
= 3llim f'(ct +2) ~ lim f'(ct — )]

1. i . T
+5[lim g(ct + =) — lim g(ct — z)] + Jlim p/(¢ - )

il

I (2et) ~ FO)] + la(2et) ~g(O)] +#(0),  (2211b)

when (z,t) tends to the line z = ct within theregion 0 < z <ct, ¢t > 0.

Finally, if g(0) = p/(0), then it is evident that the two limits in (2.2.10a) and
(2.2.11a) are equal, and the two limits in (2.2.10b) and (2.2.11b) are equal. Thus,
under conditions 2), we may conclude that u(z,t) is continuous and differentiable
across the line z = ct. Thus, we conclude that u(z, t) is differentiable for all z > 0,

t>0.

2.3 _Travelling Waves for the Semi-infinite String

We now turn our attention to the coupled linear system

%2:;1 —%gg —wlyy = c’%z:;, (2.3.1a)
"ﬁ:" +2wa;‘t Suy = %22“: (2.3.1b)
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With the d’Alembert form of the solution (2.2.2) of (2.2.1) in mind, we then ask

if there are any travelling wave solutions of (2.3.1) of the form

w(z,t) = ¢1(§) +¥u(n), (2.3.2a)

uz(z, t) $2(§) +2(n), (2.3.2b)

where, in the interest of generality, we have chosen £ = z+at, = £ —at, in which
the positive parameter a can be but need not necessarily be the same as c. First

and second order partial derivatives of the above u,(z,t) and uy(z,t) are

B’ul

a_;‘tl = adi(§) ~ayi(n), 5 =a’¢1(€) +a’¥(n),
&
%‘f_ = adh(6) —avs(n), S5 =€) +a¥(n),
and
au 2
24~ g i), T =6 +vim),
auz azul

B = $2(€) + ¥ (n), o = $5(&) + ¥2(n)-
Putting these partial derivatives into the equations (2.3.1) yields
(a® — )¢ (€) — 2wady(€) ~ *1(€)
= —(a? = AW() — 2wadh(n) + M (), (2:330)

(@® — *)¢3(€) + 2wad)(€) ~ w’¢a(£)

—(a® — )3 (n) + 2war(n) + w?ea(n). (2.3.3b)

The left hand side of (2.3.3a) contains the variable £ only, and the right hand side

of (2.3.3a) contains the variable 7 only, so each side must be equal to the same
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constant, 1.e.,

(a® — 2)$1(£) ~ 2wagh(€) —w’ti(E) = &,

—1,

[

(@® — ) (n) + 2wayy(n) — w4 (n)
where [; is an arbitrary constant. From (2.3.3b) we can similarly obtain

(a® — )#5(€) + wag) () —w’ea(§) = b,

~lp;

(a® — )5 () — 2waypy (1) — wtha(n)

where I, is an arbitrary constant. Thus, the above discussion yields two systems

of pairs of ordinary differential equations, namely

(a® — *)¢1(€) — 2wadh(€) —w’d(6) = L, (2.34a)
(@® — )3 (€) + 2wady(€) —w’de(f) = b, (2.3.4b)
and
(a® — )i (n) + 2wath(n) —w’i(n) = —h, (2:3.52)
(a® — A (n) — way)(n) —Pta(n) = ~b- (2-3.5b)

In the following, we will divide the discussion of the solutions of the equations

(2.3.4) and (2.3.5) into two different cases, depending on whether e =cor a # c.
Casea=c
In this case (2.3.4) and (2.3.5) become

—2wegy(€) —w*1(€) = 4, (2.3.6a)

2wedy (€) —w’da(€) = L (2.3.6b)
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and

wey(n) —wP(n) = —h, (2.3.7a)

~2weyy(n) ~wihe(n) = —h (2.3.7)

In the following discussion, we assume w # 0. Otherwise (2.3.1) will become
two independent one-dimensional wave equations, each with the form (2.2.1), for

which solutions are already known.

Differentiation of (2.3.6) gives

2e4(6) +wdi(€) = O, (23.80)
2c41(§) —wda(§) = 0. (2.3.8b)
From (2.3.8b) we have
#(6) = —41(6),
so that
86 = Z47(8). (239

Substitution of (2.3.9) into (2.3.8a) gives
42V (€) + wiei(€) =0, (2.3.10)

which is a homogeneous third order linear ordinary differential equation with con-
stant coefficients. The three corresponding eigenvalues can be obtained from its
auxiliary equation

4N+ =0,
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and are given by

A=0, A=t—i,
2c
where i denotes the usual imaginary unit, ie., i = y/—1. Therefore, the general

solution of (2.3.10) is given by
. W
$1(6) = cicos = + cpsin € + 5, (2.3.11)

where ¢,, c; and c3 are arbitrary constants. Then, by virtue of (2.3.6b), we obtain

2c , L
6a(6) = =46 -5
l
= —c;sin gic{ + cacos % - -w—22 (23.12)

Now substitution of (2.3.11-12) into (2.3.6a) provides

b
C3 = ——¢

w?’

We can similarly solve (2.3.7) to get ¥ (n) and 1»(n), as given by

(73 . W ll

i(n) = dlcosgc'ﬂ'i'dzsmgznﬁ-'w—z,
. w w l,

Yo(n) = dlm‘ézﬂ dzcosiﬂ'l-;;,

where d; and d, are arbitrary constants.

In summary, by virtue of (2.3.2), we now have a special solution of the system

(2.3.1) of the form

ui(z,t) = c;cos%(x+ct)+czsin;—c(z+ct)

w .
+d1cos-2-c-(z—ct)+dzsm-2%(z—ct), (2.3.13a)
(z,t) = —cisi w(:z:+ct)+ w( +ct
uy(z,t) = 151n2c czcos2cz )

. W w
+d; sin 52(2: — ct) — dy cos 5(-:(:1: —ct). (2.3.13b)
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We shall return to these expressions later in this section in order to investigate

their physical significance and interpretation.

Casell: a #¢

In this case, we solve the ordinary differential systems (2.3.4) and (2.3.5),

namely

(a® — 2)¢1(€) — wagy(§) —*$r(§) = 4,
(a® = )¢5(€) + 2wadi(§) —w’dal§) = b,

and

(a® — Wi (n) + 2waty(n) —Pi(n) = -,

(a? — ) (n) — Wwa;(n) — wibe(n)
Differentiating both sides of (2.3.14a,b) yields

(a® — )¢y’ (€) — wagy(€) —w?i(§) = O,

!
o
*

(a® — )l (€) + Wwadll(€) — wPP(E) =
Moreover, from (2.3.16b), we may write

(a® — )iV (€) + 2wag{ (€) —~ wP¢5(€) =0,
while from (2.3.16a), we have

al -2

B5(6) = ——31'(6) — = #1(6)-

Substitution of (2.3.18) into (2.3.17) yields the equation

(a® = )g12() + (a® + M) (E) +widi(6) =0,

I
L
S

(2.3.14a)

(2.3.14b)

(2.3.15a)

(2.3.15b)

(2.3.16a)

(2.3.16b)

(2.3.17)

(2.3.18)

(2.3.19)
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whose five eigenvalues can be obtained from the auxiliary equation
(a2 — AN + w(a® + AN + A =0,

and are given by

A=0, A=dt—2i A=t—i.
a+4+c a—c¢

Therefore, the general solution of (2.3.19) is given by

w w

$1(§) = cicos . +c§+ C28in — +cf
3 cos = = - +cqsin -a%ze +cs, (2.3.20)
from which we obtain
w? w w? w
U4 ——— [ < c e
1(8) @t ' “Cate  (@tor 251na+¢:€
2 w w? . ow
(a — 6)263 cos a— f - (a — 6)2348111 -a—_—éf. (2.3.21)

Morever, by virtue of (2.3.14a), we have

a’-¢ 11 w L
5o—#1(8) = 576:1(8) ~ 5—- (2.3.22)

$a(§) =

Substituting (2.3.20-21) into (2.3.22), we have

€ + c3 sin ——)

w w
(ci cos
c a+c a+c

he) = -

w [73) ll
_ Cf) '2_‘;05 - %a!

w wo )
- (c3 cos € + ¢y sin
a-c a—c a

so that ¢,(£) is given by

G() = —eisin——

w
£+czcosa+

3

Y ¢+ oo+, (2.3.23)

E+C4COS
a—c¢ a-—=c¢

—C3 sin
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where
— W _ ll
%= 2acs 2wa’

and where ¢;, ca, c3 and ¢4 are arbitrary constants. Substitution of (2.3.20) and

(2.3.23) into (2.3.14b) results in

oy Ly
Cs = — 2,06 OrcT-—E'

We can similarly solve (2.3.15) to obtain #;(n) and ¥»(n), as given by

w L w
i(n) = dICOS——Tla+c 4 dp sin ——-7

a+c
w . w L
d3 cos dgsin ——n + —;,
+ase a.-cn+ ¢ a.-—c"‘*—w2

w w
= dysin——n —d

Ya(n) 18I0 -7 —dpcos ———)
l
+d35in—w—n—d4cos ol 11-{-—22-,
a—c a—c w

where d1, d3, d3 and d4 are arbitrary constants.

Thus, by virtue of (2.3.2), we obtain another special solution of (2.3.1), as

given by
uy(z,t) = cjcos d (z +at) +cypsin - (z +at)
nWsH = e re C2 a+c
w LW
+c3 cos (z + at) + c4sin (z + at)
a—c a—c
w w
d — at) +dssi -
+ lcosa+c(a: at) + zsma+c(:v at)
+d3 008 ——(z — at) + dysin ——(z — at),  (2.3.24a)
3C05 ——— 4sin —— at), .3.24a
(z,t) = —csi = (z+at) + ? (z+at
us(z, = 1s111a'_*_c cgcosa+cx at)
—c3 sin d (z + at) + c4cos i (z + at)

a—=c¢ a—c¢
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W w

+dlsma+c(x-at)-dzcosa+c(:z:—at)
+d3 sin ——(z — at) — dq cos ——(z — at).  (2.3.24b)
3sma_c 108 e i o

To understand the physical nature of the solutions exhibited in the two cases
(2.3.13) and (2.3.24), we consider the case of a semi-infinite string (0 < z < 00),
and introduce two different sets of boundary conditions at the end of the string
(ie., at £ = 0), namely,

(a) u1(0,t) = ua(0,¢) =0,
and

(b) u1(0,¢t) =sin(kt), ua(0,t) = cos(kt),

Note: the boundary conditions in (a) correspond to a fixed end at z = 0, while
those in (b) correspond to a uniformly rotating “driver” of constant (unit) dis-

placement at = 0 revolving at the angular speed k.

CaseLa=c

If z =0 in (2.3.13), then we have

t

w(0,t) = (c+di)cos S +(c; —~dy)sin ‘%t (2.3.25a)
wt t

w(0,t) = —(a1+di)sin + (c2 ~ dy) cos ‘% (2.3.25b)

Moreover, with the boundary conditions of case (a), (2.3.25) becomes
wit
(c1 +dy) cos 5 + (cg — dy) sin %—t = 0,

t wt
—(c1+d1)sin-u;—+(c2-d2)cos-2— = 0.
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which are to be valid for any ¢ > 0, so that must have
a+d;=0,c—dy =0,
ie,d; =—¢, dy =cs.
Hence, the corresponding solution in this case is given by

ui(z,t) = cyfcos ;J—c(.'z: + ct) — cos %(z — ct)]
+eafsin %(x +ct) +sin g’z(z — ct)]

. wx . wt wt
2sin %(-cl sin —- + ¢y cos ?), (2.3.26a)

I

w(z,t) = —cifsing=(z +ct) +sin = (z — ct)]

w w
+C2[COS -éz(.'l? + Ct) - COS Ez(x - Ct)]

. wWx wt . wt
= 2sin —2;(~c1 cos - — cpsin 3-). (2.3.26b)

The initial displacements, corresponding to this solution, can be obtained by letting

t =0 in (2.3.26), which yields

. WT . wx
Uy (z,0) = 2czs1n2—c, ua(z,0) = —2¢4 sin >~

Now, taking advantage of the notation of matrix algebra, we may write

ul(xa t)
w(z,t) = , (2.3.27)
up(z, t)
so that
u;(z,0) Ca
o (z,0) = = 2sin ‘-‘—2); )
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and the solution (2.3.26) can be expressed in matrix form as

ulg

cos% sin

Z(z,t) = @ (z,0). (2.3.28)

~&

—sing cos

Since the matrix appearing in (2.3.28) is simply a rotation matrix through an angle
—£) (at time t), the solution in (2.3.26) represents a uniformly rotating “stand-
ing” wave. Moreover, since u;(z,0) and u,(z,0) are merely constant multiples of
each other, this uniformly rotating standing wave is planar. We also note that at
the points z = Z7, m = 0,1,2,..., u;(z,t) = us(z,t) = 0, for any ¢ > 0. That
is to say, these points may be thought of as “nodes” on the tether in the sense
that they remain motionless as the tether vibrates. In summary, the solution in
(2.3.26) represents a uniformly rotating planar standing wave, with the angular

velocity —%-

Similarly, with the boundary conditions of case (b), (2.3.25) yield

t t
(c1 +dy) cos 92- +(co — da) sin%— = sin(kt),

t
*(Cl + dl) sin % + (62 - dz) cos fzﬁ

cos(kt).

which are assumed to be valid for any ¢ > 0, so that we must have

k=—,¢c1+d1 =0, cg—dy =1,

ICTR S

i.e., w= 2k, dl = -, d2 =cy~—1.

It is noted that the first of these conditions restricts the rotational speed of the

“driver” of the tether to be half of the angular speed at which the tether revolves
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about its axis. Thus, we can expect to obtain travelling wave solutions, with a

uniformly rotating end only under very special circumstances.
In this case, the corresponding solution is given by

wi(z,t) = cifcos %(m +ct) — cos —;ic(x —ct)]

+cyfsin %(a: +ct) +sin %:-:(x —ct)] —sin %(x —ct)

. wT wt . wr . wt
= (2c2—1)sm—2zcos?—2clsm§c_sm.§.
+cos u';f sin %t (2.3.29)
(2.t) = —eifsino—(z +ct) +sin o=(z ~ ct)]
o - ' 2c sul2c

w w w
+co[cos 2—c(z +ct) — cos -2-2(:1: —ct)] + cos EE(::: — ct)

. wx wt . wr . wt
= —2¢; sm——zc cos—2— - (2¢2 — l)sm—2c sm—z—
WwT wt
—_— —_ 2.3.29b
+cos S~ cos ( )

The corresponding initial displacements can be obtained be letting t = 0 in (2.3.29)

to obtain
. WIT . wr wzx
uy(z,0) = (2¢; — 1) sin 35—, uy(z,0) = -2clsm2—c + cos %

If @ (z,t) is defined as in (2.3.7), then we have

2c9 — 1)sin &
w(z,0) = (262 = 1)sin g2

— in £ W
2csin 5% + cos 42

L, wz 2cp—-1 +cos X 0
= sin o= cos - ,

—201 1
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from which we may deduce

wi

cos¥ sin
Do t) = #(z,0), (2.3.30)

—sin-“;-‘- cos

w|§

as in (2.3.28). Once again, we may draw the conclusion that the solution (2.3.29)
represents a uniformly rotating standing wave, with the angular velocity —%, but

which is not in general a planar standing wave.

CaseII: a # ¢

For z =0, (2.3.24) becomes

wat . wat
u(0,t) = (e; +dy)cos i + (c2 — dy) sin s
t t
+(ca + ds) cos ——— + (c4 — dy) sin ——,  (2.3.31a)
a—c a—c
. wat wat
u2(0,t) = —(c; +d1) sin —— + (ca — dy) cos pnps

t
—(c3 +dj3) sin % + (cq — dy) cos — (2.3.31b)

Using the boundary conditions of case (a), each right-hand side of (2.3.31) is
zero, and the resulting equations are assumed to be valid for any ¢ > 0, so that we
must have

a+d=0,¢c0—-dy=0,c3+d3 =0, c4—dy =0,

l.e., dl = —C, dg = Cqp, ds = —Cg, d4 = C4.

Thus, the corresponding solution is given by

w w
a+c(:z;+at)-—cosa+c

o (z + at) +sin d
a+tc a+c

ui(z,t) = cifcos (z — at)]

+cafsin (z —at)]



up(z,t) =

Now, in analogy with preceding results, we let u = u’* + % **, where

-
ui(z, t)
't (z,t) = !
uy(z, t)
and
( u‘.(x t)
1 ’
w(z,t) =
| w5
Thus, we have
w*(z,0)
and
w*"(z,0)

w

+c3[cos
a—c

w w
N — ¢ in ———(1 — at
+c4[sma__c(:1:+a)+sma~c(z at)]

+2sin £
a—

. w - W
- - t — (x—at
cl[sma c(a:+a )+sma c(a: at)]

w

+Cylcos z+at) — T —at
aloos ——(z + at) — cos ~*—(z — at)]
w w
—ca[si t) + sin ——(z — at
3[sma_c(x+a)+sma_c(z at)]
w w
+ 0S t) — —at
cafc a_c(a:+a) cosa_c(:z: at)]
wT wat
9 si - —_
sma+c( €1 cos Ca a.+c)
. wzr wat wat
+2sin (—c3cos —c4sin )-
a—c a—c a—c

wz
a+c

wTr

= 2sin
a—c

=

(z + at) — cos

w

a—c

wat

at
+ cp cos
c

w

r . wat wal

—Cj1 SIN == -+ Co COS ==

atc atc

s wat

—c; cos £8& ¢, 5jn ¥t

a+tc a+c

s wat wat
C3SIn ;=- + C4 COS ;=

wat

_ wat _ oo
C3 cos £22 — ¢4 sin £

. Wz C2
2sin s
a+c
. wz C4
sin
a—c

(z — at)]
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(2.3.32a)

(2.3.32b)

(2.3.33)

(2.3.34)

(2.3.35)

(2.3.36)
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In addition, we note that u’*(z,t) and w**(z,t) can be expressed as

- cosff sinZr |,
w*(z,t) = w*(z,0) (2.3.37)
—sin £ cos 2%
and
cos¥s  sin st
e (z,t) = ae ¢ | @ (=,0). (2.3.38)
—sin 22 cos $%

The formulae in (2.3.33-38) indicate that u’*(z,t) and @"**(z,t) each represents a
uniformly rotating planar standing wave (the nodes of %’*(z,t) and ¥ **(z,t) can
be easily identified), with respective angular velocities —2% and —2<. Finally
since @ (z,t) = w*(z,t) + ¥**(x,t), the solution in (2.3.32) represents the sum
of two uniformly rotating planar standing waves with different angular velocities.
Moreover, the signs of % and #% determine whether these two planar standing

waves rotate in the same (or opposite) directions.

Finally, we consider (2.3.31) in the case of the boundary conditions (b), which

yield
wu(0,8) = (e +dy)cos 225 4 (c; — dy) sin 22
1(0,t) = (a+da s 2 — dy praps
t
+(c3 + d3) cos we + (cq — dy) sin wat
a-—c a—c
= sin(kt), (2.3.39a)
wat wat
t) = -— d.) sin —— -—
u(0,1) (1 + 1)51na+c+(cz dz)cosa+c
t t
—(Ca +d3) sin-idi- + (C4 - d4) cos wa
a—-c a—c

= cos(kt), (2.3.39b)
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which are assumed to remain valid for any ¢ > 0. From (2.3.39), we can see that

a
2, namely

k=—2 . ci+di=0,ca—da=1, c3+d3 =0, cg —dg =0,
a+c
ie,dy=—c;,dy=cy~ 1, d3g = —c3, dg = ¢4,
or
wa
k=a_c: c1+d; =0,¢c—-dy=0, c3+d3=0,c4—dyg=1,

i.e., dl = —-C1, dz = Cg, d3 = —C3, d4 =C4 — 1.

there exists only two possibilities, depending on whether we choose k = 22 or k =

(2.3.40)

(2.3.41)

In the following, we will base our discussion of the solution (2.3.24) on the choice

given in (2.3.40) only. The discussion of the other solution, corresponding to the

choice given in (2.3.41), is similar in nature.

As a result of (2.3.40), (2.3.24) become

w w
(x 4+ at) — cos
a+c atc
w

a+c

w w
(z + at) — cos

a—c a~—c¢
w

a—c
w

a+c
= 26in 2% (—c;sin 2L 4 ¢, cos 2
a+c a+c at+c

wT wat wat)

(—c3sin + ¢4 cos
a-c e—c a—c

(z — at)]

ul(:z:, t) = CI[COS

w
i t in ——(z —at
+c¢5sin (z+a )+sma+c(:c at)]

(z —at)]

+c3[cos

+c4[sin (z +at) +sin ;—%—E(m — at)]

—sin (z — at)

+2sin

w
— sin ——(z — at),
s:na+c(x at)

(2.3.42a)



up(z,t) =
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w w
— e [sin —— in ——(z — at
cl[sma+c(z+at)+sma+c(x at)]

w w
z +at) —cos
a+c( at) —¢ a+t+c

+¢3fcos (z — at)]

w w
—Calsin —— t in ———(z — at
cs[sma c(:c+a )+sma c(:z: at)]

d (z + at) — cos d

a—c¢ G—'C(z_at)]

+c4[cos

w
——(z —at
+cos — c(:1: at)

. wx wat . wat
2sin (—c¢y cos — ¢y )
a+c a+c a+c

7 A wat . wat

+2sin (—c3cos — €4 51N )
a—c a—c a-c
w
T — at). .3.42b

+ cos T c( ) (2 )

>y —Pas

Now, as in previous cases, we let & = u* + u **, where
b k]

and

ot (z,t)

' (z,t)

uj(z,t)
uz(z,t) ]
.
_ g T —c; sin 22 4 ¢) cos 222
ate -—clcos;“’j.‘%-—czsin;“&‘%

~sin <=(z — at)
+ ate : (2.3.43)

cos 7=(z — at)

ui*(z,t)
uy*(z, t)
. wr —c3sin £2£ 4 ¢, cos 42
= 2sin Py ) (2.3.44)

—c3cos 22 — ¢, sin ¥2

a—c



so that we have

ui(z,0)
w*(z,0) =
%(z,0)
c —sin 2%
= 2sin = | 7 |+ <, (2.3.45)
a+c wz
—C1 (o0 ate
d
’U..'(.'L‘, 0) c4
(0 =] = 2sin a“’_f’c (2.3.46)
u3*(z,0) —C3
Again, we note that u'*(z,t) and u **(z,t) can be expressed as
cos ¥ gin wot
Z(z,t) = ate o 1 @(z,0), (2.3.47)
| —sin 2% cos 2% ]
and X
cos S8 gjp wat
2 (z,t) = e ] B (,0). (2.3.48)
—sin 2% cos w2t

The formulae in (2.3.4348) indicate that u*(z, t) represents a uniformly ro-
tating non-planar standing wave (the nodes of u'*(z,t) can be easily identi-
fied), with the angular velocity —22., while u**(z,t) represents a uniformly ro-
tating planar wave, with the angular velocity ~22. Finally, since o (z,t) =
w*(z,t) + ¥ (z,t), the solution (2.3.42) represents the sum of two uniformly
rotating standing waves with different angular velocities, only one of which is nec-
essarily a planar standing wave. Again, these rotating standing waves may rotate in

the sarme or opposite directions, depending on the signs of their respective angular

speeds.
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2.4 Examples of Standing Waves in the Case when a=c

In this section, we will give two illustrative examples for the standing wave
solutions (2.3.26) and (2.3.29) in the case when a = ¢, corresponding to homoge-
neous or nonhomogeneous boundary conditions, as discussed in section 2.3. Then

we will display some graphs for each of these two solutions for illustration.

Example 2.4.1: 4;(0,t) = u»(0,¢) =0,and weleta =c=w =1, ¢ =c =1

Then the solution (2.3.26) becomes

u(z,t) = cos-;-(x+t) —cos%(z—t) +sin%(:z:+t) +sin%(x-t)

. T t .t
= 25m-2-(c052— 2), (24.1a)
.1 .1 1 1
us(z, t) = —smE(:L'-l-t)-smE(x-—t)+cos-§(x+t)—-cos-2-(x—t)
t
= —-QSin-;(cos-é-+sin%). (2.4.1b)

A sequence of graphs illustrating the motion of the corresponding wave in (2.4.1)
is presented in Figure 2.4.1. The time interval between “snapshots” is chosen to
be %. The total time interval chosen is of duration 4, and represents the time for

the uniformly rotating planar standing wave to make one complete revolution.
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t=0

t=3pl2

Figure 2.4.1: graphic illustration of Example 2.4.1 where a=c=@=1

t=Py4 t=pin t=3Pi4

1= P4 t=9pY4

= 13PV4 t=15Pi4

t=5Pi4

te=1PV4
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Example 2.4.2: u,(0,t) = sin(kt), u2(0,t) = cos(kt), and weleta =c=w =

1, 1 = —cp = —1, so that k = % = 3. Then the solution (2.3.29) becomes

u;(z,t) = —cos %(a: +t) +cos %(x —t)

+sin-;-(z+t)+sin%(x-t) -sin%(:z:-—t)

I

. T t .t .1
2sin E(cos 3 +sin 5) ~sin 5(1: —t), (2.4.2a)
u(z,t) = sing(z+0) +sing(z—t)
1 1 1
+cos-é-(z+t)—cosi(x-—t)+cos§(x—t)

~ 2sin ;(cosg - sin%) + cos -;—(:z: —t). (2.4.2b)

A sequence of graphs describing the motion of the corresponding wave in (2.4.2) is
presented in Figure 2.4.2, and other conditions remain as in the previous example.
In these graphs it is evident that the uniformly rotating standing wave is not

planar.



39

t=0

1=3p

Figure 2.4.2: graphic illustration of Example 2.4.2 where a=¢=@--1

t=Ppid t=3P/4 t=Pi

t=9Py4

t=15Pi/4

t=SPid
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2.5 Examples of Standing Waves in the Case when az#c

In this section, we will give two examples for the standing waves solutions
(2.3.32) and (2.3.42) in the case when a # c, again corresponding to the ho-
mogeneous or nonhomogeneous boundary conditions of section 2.3. Illustrative

sequences of graphs displaying the results are again given.

Example 2.5.1: 4;(0,t) =u2(0,£) =0, and weleta =2, c=w=3%, ¢, =c3 =

—1, ca = c4 = 1. Then the solution (2.3.32) becomes

1
u(z,t) = —cosi-(x+2t)+cosz(z—-2t) +sin%(a:+2t) +sini(x-2t)

—cos-;—(z+2t)+cos-;-(z-— 2t)+sin%(x+2t)+sin%(z-2t)

t

- +sin-;-) +2sin Z(cost +sint), (2.5.1a)

= 2sin;(cos
.1 . 1 1 1
uy(z,t) = sin Z(x«l—- 2t) +smz(a: — 2t) 4 cos Z(:c + 2t) — cos Z(:z: — 2t)
.1 et 1 1
+sm§(a:+2t)+sm§(:1:—-2t)+cos§-(x+2t)—-cos§(:r—2t)

. I t .t .z .
= 2s1nz(c065-—51n-2-)+2sm§(cost-—smt). (2.5.1b)

An illustrative sequence of graphs displaying the resulting motion is shown in

Figure 2.5.1.
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t=0

Figure 2.5.1: graphic illustration of Example 2.5.1 where a=2, c=0=2/3

t= P4 t=Pin t=3py4 t=Pp 1=5PU4

t=9py4

t= 3P4
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Example 2.5.2: u,(0,t) = sin(kt), u(0,t) = cos(kt), and welet a = 2, ¢ =

1

w= %, ¢1 =c3 = —1, ¢ = ¢4 =1, so that k = £ = ;. Then the solution (2.3.42)

becomes

ul(a:, t)

us(z, t)

1
-cosi(a:+2t)+cosi(z—2t)+sini—(:r:+2t)+sinz(a:-2t)

1 1 .1 .1
—cos-z-(:t:+2t)+cos-2-(z~2t)+sm§(z+2t)+sm§(:z:-2t)

—sin %(:r —2t)
t
2
—sin i(z —21), (2.5.2a)

2sinii(cos +sin%)+2sin§(cost+sint)
.1 .1 1 1
smz(z+ 2t) +smz(x — 2t) + cos Z(z + 2t) — cos Z(z —2t)

.1 .1 1 1
+sm§(:r+2t)+sm§(z-—2t)+cos-2-(:z:+2t)~cos§(.1:—2t)
+cos:i—(:z:-—2t)
2sin 2 (cos = — sin =) + 2sin Z(cost — sint)
sin 2(cos 3 — sin 5 sin 5 (cost —sin
+ cos :]1'-(:1: — 2t). (2.5.2b)

The resulting tether motion is displayed in Figure 2.5.2.
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Figure 2.5.2: graphic illustration of Example 2.5.2 where a=2, c=0=2/3

t=0 t=Ppi/4 t=Pi2 t= 3P4 t=Pj 12 5Pi/4

t=11Pi/4

t=7PY4 t=9pi/4

t=)3py4 t=15Pi/d




CHAPTER 3

The Complex Form of the Model

3.1 Introduction

In this chapter, we introduce a complex variable which enables us to write the

coupled linear system (2.3.1) as a single partial differential equation (in a complex

variable). In addition, by means of a second (complex) transformation, it is shown

that this equation may be written in the form of the usual one-dimensional wave

equation (in a complex variable). In subsequent chapters, this development allows

us to construct solutions for both semi-infinite and (fixed or variable length) finite

length strings, subject to general initial and boundary conditions.

3.2 Transformation of the Problem into Complex form

In the coupled system (2.3.1), namely,

%y Ouy 2 _ Fuy

D 2w 5% ¢ u = cz-———a:!:2 ,

azuﬁ au], 2 az'UQ

o g v = S
t>0,

we consider the (complex) transformation given by
V(z,t) = uy(z,t) + tuy(z, t),

where i = \/~1. The system (3.2.1) is equivalent to the single equation

BV BV, PV
W%—sza—-—wlf—cw.

(3.2.1a)

(3.2.1b)

(3.2.2)

(3.2.3)
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In order to write this equation in a more manageable form, we consider the effect

of a second transformation of the form

W(z,t) = eV (z, 1),

or inversely,

V(z,t) = e (=W (2, 1),

where a and 3 are unknown constants yet to be determined. Since

%t‘ﬁ = e (W + %_v:r_),
PV _ sy 32 2
%l;. = C—(Qz-hﬂt)(—aW‘*'%‘g')
%?: = e (=) (W —~ 20-‘?{- + %—zg-),
(3.2.3) becomes
g~ (aztht) [B;I:/ ~ cza;:f - 2ac2%p—:-

+2(tw — ﬂ)gg—- + (8% - 2iwf - — czaz)W] =0,

in which we desire to choose a and § in such a manner as to remove the terms
involving the first order partial derivatives of W(z,t). In particular, we now choose
a = 0 and 3 = iw, which not only removes the terms involving the first order partial

derivatives of W(z,t), but also removes the final term as well.

In summary, we make the transformation

W(z,t) = e“*V(z,t), (3.2.4)
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with inverse

V(z,t) = e W (s, 1), (3.2.5)
so that
W - eruww + ), (3:26a)
BV w2+ T (3.2.60)
T - el (3.2.6¢)
BV in®W (3.2.6d)

522 - ¢ Bz
Putting the above partial derivatives in the complex equation (3.2.3) reduces the

latter simply to the one-dimensional wave equation

W +>*w
5 = g o (3.2.7)
in the complex variable
W(z,t) = e“*[u(z,t) + iua(z, t)]. (3.2.8)

The complex equation (3.2.7) is a one-dimensional wave equation, whose general

solution is known to have the form
W(z,t) = F(E) + Gln), (3.2.9)

where £ = + ct, n = z — ct, and F(§) and G(n) can be any twice differentiable

complex functions, which are written in complex form as

F) = F(8) +1iF(8), (3.2.10a)

G(m) = Gi(n) +iGa(n), (3.2.10b)
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so that
W(z,t) = Fi(z + ct) + Gi(z — ct) + i[Fo(z + ct) + Ga(z — ct)]. (3.2.11)

For future reference, we may reverse the above process to obtain corresponding
expressions in terms of the complex variable V(z,t), or even the real variables
uy(z,t) and uy(z,t). In particular, by virtue of Euler’s identity, (3.2.5) may be
written as

V(z,t) = [cos(wt) — i sin(wt)]W (z, t). (3.2.12)

Moreover, substitution of (3.2.11) into (3.2.12) gives

V(z,t) = [cos(wt)—isin(wt)]-
{Fi(z + ct) + Gz — ct) +i[Fo(z + ct) + Gy(z — ct)]}
= cos(wt)[Fi(z + ct) + Gi(z — ct)]
+sin(wt)[Fy(z + ct) + Ga(z — ct)]
+i{—sin(wt)[Fi(z + ct) + Ga(z — ct)]

+ cos(wt)[Fa(z + ct) + Go(z — ct)]}.

Finally, with the aid of (3.2.2), we may obtain the general solution of the coupled

system (3.2.1), as given by

uy(z,t) = cos(wt)[Fi(z+ ct) + G(z — ct)]
+sin(wt)[Fy(z + ct) + Ga(z — ct)], (3.2.13a)
ux(z,t) = —sin(wt)[F(z +ct) +Gi(z — ct)]

+cos(wt)[Fa(z + ct) + Ga(z — ct)], (3.2.13b)
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where Fi(€), F2(€), G1(n) and Ga(n) are any twice differentiable real functions.

In subsequent chapters we shall investigate these solutions in the cases of semi-

infinite or finite strings with either fixed or moving endpoints.



CHAPTER 4

Solutions for the Semi-infinite String

4.1 Introduction

In this chapter, we consider the coupled system (3.2.1) in the case of a semi-
infinite string, by incorporating appropriate boundary and initial conditions. Based
on the discussion in the previous chapter, we transform the system into a single
one-dimensional (complex) wave equation, as shown in (3.2.6), with corresponding
complex boundary and initial conditions. The latter problem is then solved using
the usual d’Alembert form of the solution of the wave equation. The inverse trans-
formations are finally applied to determine the solution of the original problem.

Graphical illustrations of the solution are presented.

4.2 Transformation of Initial and Boundary Conditions

Throughout this chapter we assume that the coupled equations

3211.1 6”2 czazul

ot? —Ww Bt —whuy = 522 (4.2.1a)
8%u u FPuy
o+ W — Wi = A= (4.2.1b)

0<z<oo, t20,

have the following prescribed initial conditions

u1(z,0) = fi(z), %f-(a:, 0) = g1(z), (4.2.2a)



ua(2,0) = fole), H(z,0) = (o) (4.2.2b)
>0,

and the following prescribed boundary conditions at z =0
u1(0,t) =pi(t), u2(0,8) =pe(t), £20. (4.2.2¢)

Recall that V = u; + ius and W = €“*V, as introduced in Chapter 3. By virtue

of (3.2.2), we have

V(z,0) = fi(z)+ifalz),
1%
at

V(o,t)

(z,0) = gi(z) +iga(z),

pi(t) +ipa(t),

so that, in light of (3.2.4) and (3.2.6), the initial and boundary conditions of the
transformed complex equation

2
32W=623W

5 Py 0<zr<oo, t>0, (4.2.3)

are respectively

W(z,0) = V(z,0) = fi(z) +if2(z),

ow ] ov
Ta_t-(zao) = MV(Z,O)"{'E(Z,O)

= wilfi(z) +ifa(2)] + 91(z) +iga(z)

= —wh(z) +q(z) +iwhi(z) + g(2)],

W(0,t) e“'V(0,t) = e“*[p1(t) + ip2(t)]



= [cos(wt) + isin(wt)][p:(t) + ipa(t)]
= p(t) cos(wt) ~ pa(t) sin(wt)
+i[p; (t) sin(wt) + po(t) cos(wt)].
We denote W(z,0), Z¥(z,0) and W(0,t) by f(z), g(z) and p(t) respectively, ie.,
Wa0)=f@) B @0 =g@) WO.H=p0)  (424)

where, for simplicity of notation, we have adopted the following definitions

f(z) = filz)+ifu(z), (4.2.5a)
g(x) = —whr(z)+aq(z) +ilwfi(z) + g2(z)], (4.2.5b)
p(t) = pi(t)cos(wt) ~ pa(t) sin(wt)

+2[py1 (t) sin(wt) + pa(t) cos(wt)]. (4.2.5¢)

According to equations (2.2.6), the one-dimensional wave equation (4.2.3), sub-
ject to the initial and boundary conditions (4.2.4), is known to have the following

solution

W(z,t) = -;-[f(x+ct) + flz—ct)] + i /:_ :‘ g(s)ds; (4.2.6)
for z>ct >0,

and

Wt =3lf(ct+2)~ flet—a)]+ 5 [ glolds+at~3), (427

for 0<z<ct.



Upon substitution of (4.2.5) into (4.2.6) and (4.2.7), we have

Wat) = 3l +ct) +ifila+ct) + fils - ct) +ifaa— )
o [ (whls) +91(s) +ifi(s) + a(s)}ds
= %[fl(ﬂ" +ect) + filz —ct)] + '21; ﬁ;d[—wfz(s) +g1(s)]ds
+ilzlh@ +et) + oo — )
oz [ whils) + aa(s)lds}, (428)
for z>ct >0,

and

Wiz t) = -;—[fl(ct + ) +ifa(ct + ) — filct —z) —ifalct - 2)]
oz [ {~wh() + ai(s) +ilfi(s) +aa(s)l}ds
+pi(t — —aci) cosw(t — -ii) -~ ot — %) sinw(t — E)
+ilpy(t ~ f’c-) sinw(t — f) +palt — g) cosw(t — -13)]
= i@ +a) — filet—a) + o [ [~whls) + a(s)lds
) 1 1 % Joox 2 (7)1
+pi(t — g) cosw(t — -:Z) —pa(t — —:—) sinw(t — %)
+ilzlfalet +2) — falet =) + o [ [whils) +ga(e)lds

+p1(t — Z) sinw(t — =) + palt — =) cosw(t — 2)}, (4.2.9)
c ¢ c c
for 0<z<ct.
Based on the compatability conditions given in Chapter 2, we can deduce that

the continuity or differentiability of the solution in (4.2.8) and (4.2.9) depends on

the properties of the functions fi(z), gx(z) and pi(t), (k = 1, 2), as shown below:
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1) If fi(z) € C°, pi(t) € C°, gi(z) are integrable and fi(0) = px(0), (k = L,

2), then W(z,t) € C°.

2) If fi(z) € C!, pe(t) € C, ge(z) € C° fi(0) = pi(0) and g(0) = pi(0),

(k =1, 2), then W(z,t) € C'.

Comparing (3.2.9-10) with (4.2.8) or (4.2.9), we have

Fi(z + ct) + Gi(z — ct)

Fy(z + ct) + Ga(z ~ ct)

I

Sl +et) + filz ~ ct)]
o [reh(s) +alolds,  (42.10)
SUalo+t) + folo ~ct)]

o [Ch() +alollds,  (42.11)

for z>ct >0,

and

Fi(z + ct) + Gi(z — ct)

Fo(z + ct) + Ga(z — ct)

1

2lfi(et +2) - fulet — 2)]

1 +z
+-—

2¢ Jet—z [~wfa(s) + g1(s)lds

+p1(t — Z) cosw(t — )
—polt - %) sinw(t — %), (4.2.12)
SUfa(et +2) - fa(et - )]

o= [ Wh(s) + gu(o)lds

+p1(t — ) sinw(t - 2)

+pa(t — 36’-) cosw(t — i:-), (4.2.13)

for 0 <z < ct,
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so that by virtue of (3.2.12) and (4.2.10-13) we may write the solution of the

semi-infinite problem (4.2.1) and (4.2.2) as

and

Uy (x, t)

w(@t) = zeos(@i){file+et) +fils et

2 [ whis) + ai(s)lds}

% sin(Wt){fo(z + ct) + fa(z — ct)

= [ whils) + aa(s)lds}, (4.2.142)
u(s,t) = ~gsin(t){filz+et) + filz — 1

+% /:_ “:[—w f2(s) + g1(s)lds}
% cos(Wt){falz + ct) + folz — ct)
+§ /: -::t[Ufl(s) + g2(s))ds}, (4.2.14b)

for £ >ct >0,

= cos(wt){zlfilct+2) ~ filet =) + 5 [ [~whils) +au(s)lds

+p1(t = =) cosw(t — Z) = po(t — D) sinw(t - 2)}
. 1 1 +E
+sint) {Flfalet +2) = folct ~a)] + o= [ Whls) +ga(s)lds
+p1(t = 2) sinw(t - ) +palt — 2) cosw(t — 2)}
cos(wt){3lfulct +2) ~ fulet =) + o= [ [whals) +1(s)lds}
. 1 1 e
+sin(t)(5lfalct +2) = falet =) + o [ i(s) +9a(s)lds}
+p(t - g) cosfwt — w(t — %)] +palt — -“CE) sinfwt — w(t — f)l

%cos(wt){fl(ct +z)— fi(ct —z) + %/c:::[—wfz(S) + g1(s)]ds}



+3sin(t)falet+2) ~ falet ~2) += [ [wfals) +aa(s)lds}

4o (t — E) cos(“’—:) +pa(t — %) sin(‘-"-cf), (4.2.15a)
uy(z,t) = —-sin(wt){%[fl(ct +z) — filct — z)] + Elzﬁf[—wfg(s) + g1(8)]ds

+p1(t = 2) cosw(t — ) — palt — 2 sinw(t — 2}
+eos(wt) (3lfalet +2) — falet— )] + 5= [ l(s) + oa(s)lds
+p1(t = D) sinw(t - 2) 4+ paft — 2) cosw(t - 2)}

= —sin@){3lfulct +2) ~ filet = )] + o= [ [~wfals) + ar(o)lds}

+cos(ut) (Flfalet +2) ~ falet = )] + 5 [ Wwhi(s) + ga(o)lds}

~pu(t — =) sinfut — w(t = 2)] +palt ~ Z) cosfirt — wit - )]

= -% sin(wt){ fi(ct + z) — fi(ct ~ z) + % /: +z[—wfz(s) + g1(s)lds}

~T

+% cos(wt){ fa(ct + z) — fact — z) + -i- /ct c:z[wfl(s) + g2(8)]ds}
—py(t — E) sin(%) +poft — %) cos(u;—:v-), (4.2.15b)

for 0<z<ct.

In summary, equations (4.2.15) exhibit the “general” solution of the system
(4.2.1) subject to the general initial conditions (4.2.2a,b) and general boundary
conditions (4.2.2c) for a semi-infinite spinning string. The complicated nature
of these expressions makes it difficult to explain the physical significance of this
solution. Thus, in an effort to provide a physical understanding of this solution,
we shall consider in the next section various illustrative examples, each of which

may be provided a precise physical description.



4.3 Examples

Example 4.3.1: Our first example involves a derivation of the travelling wave

solution discussed previously in example 2.4.1. In particular, we suppose that
c=w=1,

and we consider a semi-infinite spinning string, with a fixed end at z = 0 (i.e., with
boundary conditions u;(0,t) = p1(t) = 0, u2(0,¢t) = pa(t) = 0) and with initial

conditions given by

w(2,0) = fi(z) =2sin 3,
uy(2,0) = fo(z) = ~2sin %
L (5,0) = gi(s) = ~sin &,
22 (2.0) = gula) = —sin 5.

It should be noted that the last four conditions may be deduced from example

24.1.

In summary, the problem is to solve the system

0%u, Ous %u,
=3 2_3t - o= (4.3.1a)
Puy  _Ou 8%u,
—atz + 2_atl — Uy = 9r? ' (4‘3‘lb)

0<z<oo,t 20,

subject to the initial conditions

PN ou, _ .z
ul(z,O)-2sm2, at(:l:,O)— sin 3, (4.3.2a)



us(z,0) = ~2sin ; %‘:-"-(x, 0) = —sin %’- (4.3.2b)
x>0,

with “fixed end” boundary conditions at £ =0, i.e.,
u1(0,¢t) = uy(0,£) =0, £ > 0. (4.3.2¢)
According to (4.2.14-15), the solution of the problem (4.3.1-2) is given by
1 .1 .1 8§ . 8
u(z,t) = -cost[2sm§(:z: +t)+ 2sm-2-(.1: —-t)+ . (2sm§- - smi)ds]
e

2

+t
+lsint[—-2sinl(z+t)-2sin£(:!:-—t)+/1 (2sinf~—sin‘-9-)ds]
2 2 2 z-t 2 2

— 2costsinZ cos . — 2sintsin = cos - + =(cost +sint) | sin d
= COs Sm2cos2 sin sm2C082 2 CcQs sin et Sm2 S

t
= 2sin;cos E(cost —sint) + (cost +sint)[cos%(x—-t) — cos %(a:-{-t)]

x .t .
—smi(cost+smt)

t
= 2sin£cos§(cost—sint)+2sin 3

2

= 2sin g[cos(t - %) —sin(t — %)]

= 2sin§(cos-;-—sin%),
1. .1 .1
us(z,t) = —Esmt[25m5(2+t)+2sm§(x—t)+ (2sm-2-—sm-)ds]
1 . 1 .1
+35 cos t{—2sin —2-(3: +t) — 2sin 5(2: —t)+ /: (2 sin = 3™ sin -)ds]

2sintsin$cost 2 cost sin = ¢ : + ( t —sint) i *d
= — —=cos = — 2cos =cos=+ = - =
22 g“rg T eIy, e

= -2 sin;»cos %(cost +sint) + (cos t — sint)[cos %(x —t) — cos -;—(:t +t)]

t t
= —2sin-;-cos-é-(cost+sint) +2sin£sin§(cost —sint)

2

. T t . t
= —251n§[cos(t-—-2-)+sm(t—--2-)]
. T t .t
= —2sm-2-(cos-2-+sm§),

for z>t >0,



and
1 .1 .1 t+tz = 8 . 8
u(z,t) = -é-cost[2sm-2—(t+x)—251n§(t—x)+ - (2sm-2-——sm§-)ds]
L int[~2sin =(¢ 2sin —(t - )+/Hz(2sins sin =)ds]
+§sm [~ sm§( +z)+ sinz(t—z)+ | 3 3
t T t z 1 t+z 3
= —sin — — 2si —sin= + =(cost + sint in ~d
2costcos2sm2 2smtcoszsm2+2(cos +sint) | singds
t . . R 1 1
= 2cos-2-sm5(cost—smt)—(cost+smt)[cos§(t+:l:)—cosE(t——a:)]
= 2cos-t-sin£(cost—sint)+2sin-t-sin£(cost+sint)
2 2 2 2
T t . t
= n— _-) - t— ~
2sin 5 [cos(t 3 ) —sin 3 )l
. T t . &
= 2sm§(cos§ sm2),
1. .1 .1 ttz 8§ 8
us(z,t) = —Esmt[2sm-2-(t-+-z)—-2sm-2—(t—.z)+/t_;z (2sm-2- sm-z-)ds]

1 1 .1 ttz 8§ . 8
+-2—cost[—2sm§(t + ) +2su1-2-(t—-:z:)-l—/t_:B (25111-2- —sin 2)ds]

1 int t+z . sd
+§(cost—sm )/t sin 5ds

-

— —2sintcos =sin 2 — 2cost cos = sin =
= sint cos 7 sin 5 costcos 5 sin 3
t .z . . 1 1
= —2cos 3 sin -2-(cos t +sint) — (cost — sin t)[cos E(t + ) — cos E(t —z)]
t
= —2cos—t-sin£(cost+sint)+25in—sin-a-:(cost-sint)
2 2 2 2
.z t ) t
= —2sin -2-[cos(t — 5) + sin(t 5)]

. T t .t
= —28111-5(00554-51115),

for 0<z<t

It should be noted that these expressions for u;(z,t) and ua(z,t) are precisely the
same as those exhibited in the travelling wave solution of example 2.4.1. Thus, the
graphs illustrating the motion of the corresponding wave of this example are the

same as those presented in Figure 2.4.1.
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Example 4.3.2: Our second example involves a derivation of the travelling wave

solution discussed previously in example 2.5.2. We suppose that

[y}

I

€

i
oo

and we consider a semi-infinite spinning string, with a uniformly rotating end of

constant (unit) displacement at z = 0 revolving at the angular speed 1, i.e., with

boundary conditions
t
wm (01 t) = pl(t) = Sin 57 (4‘3‘38’)
t
u5(0,t) = pa(t) = cos 3 (4.3.3b)
and with initial conditions given by
.z . T
ui(z,0) = fi(z) =sin i 2sin 3 (4.3.4a)
uy(z,0) = fo(z) =2 sm% +2 sin-;- + cos ;, (4.3.4b)
ouy . I .z 1 =z
Ft—(x, 0) = 91(27) = sin Z + 2sin 5 + '2- CcOos Z, (43.40)
Ouy 1 =z .z
-b?-(x,[)) = gz(:b‘) = —5 sin Z ~ 2sin 5. (4.3-4(1)

It is noted that the last four conditions may be deduced from example 2.5.2.

According to (4.2.14-15), the solution of the problem (4.2.1) with ¢ = w = £,

subject to (4.3.3-4), is given by

1 2t . 1 2t .1 2t .1 2t
ul(:r:,t) = ECOS—S—[Slnz(Z“F-s—)+28m-2-($+-3—)+81nz($—§')
! 26, 3 =+ft 1 s 2. s 1 s
+2sin 5(3—’ ‘73-) +-2- -3¢ (‘§SmZ+§Sm§-ECOSZ)d8]
1.2t .1 2t .1 2t 1 2t
+5sin = [2smz($+§-)+2sm§(z+-3—)+cosz(z:+§-)



ug(x, t)

ll

60

t 2t 2t
+2sm~(:1:-—g§—)+2sm—(:z—-§-)+ os-(a:——-)
3 +31 s 2.
+3 [ Gong —3eing)d
1

2t . t . I t 1 2t
-2—cos—{2smzcos-é-+4sm-§cos3+2[cosz(:z+ 3)

—cos _(z— Zf)] 2[cos l(:r: + 2—t) — cos 5(-'!7 - %E)I

2t 2t

~fin (o + 3) —sin 3 — I}

+1’2{4'$ t+4’most+2cos-x-cost
5 sin -{4sin T cos ¢ sin 5 cos 2 16

~[cos j::(.f,,- + -2;) — cos %(:1: - 33‘-)] — 2[cos %(x+ %t-) - cos%(z - %-)]}

2t =z t N - . T t - z . t
cos—:s-[smz(coss——2sxng)+2sm2(cos3+sm3) coszsm-e-]
L 2., T t N ; . I t .t T t
+sm-3-[sm-(2cosg+sm—)+2sm—(cos§—sm—)+coszcos-6-]
T 2t t 2t t 2t .t
2sm1—sm(--§)+2 -(cosE-cosé—-sm-i-smE
+si 3ost-+-c 2t -)+ z ( - )+cos$'(2t
ingeosgteosgsing 4°°83 6 13~ g
. T ) . T 2t t A t
2sin -Z[cos(-é- - E) +sm(—3- - -6')] + 2511’15[608(‘5’ + '3‘) +5111(§- + §)]
—-sin:i—(a:-2t)
2sin£(cos£+sin-t-)+2sin£(cost+sint)—sin—l-(a:-2t)
4 2 2 2 4 ’
—-;-sin%f[sin-l-(z+-2-t)+2sin-1-(a:+g£)+sin-1-(z:—zt-)

3 +3t 1 2 1
+2sm-(:z:——) 3 )esg (-gsm4+3sm-2-—-§cos-)ds]
+lcos-2—t-[2sin-(:1:+ )+ 2si (a:-l- )+cosl( + )

2 FFELET S "3 1573
t
+2sin£(a:-—-2—t-)+2sinl(x—-2—t-)+cos11-(x—%-)
3 re+$t 1 s 2
2/ Gong - geng)ad
1 . 2t z t T 2t 2t
5 sm-—{2sm2:cos6 +4sm§cos§+ 2[cos —(z+ —) - os—(:z:- --)]
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ui(z,t) = =cos—
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1 2t 1 2t 1 2t e 2t
-2[cos§(:t+§-)—cos§(:z:—§)]—-[smz(z+-§-)—-sm4(:z: 3)]}
1 2t . .z t . T t z t
+-2-cos-3—{4smzcosE+4sm-2-cos§+2coszcos€
1 2t 1 2t 1 2t 1 2t
—[eos 7(z + ) ~ cos 2(z — F)] — 2fcos 5(z + 5) —cos 5(z — )]}
.2 . x t 3 . T t .t z  t
-sm—s—[smz(cos-s--—Zmng)+2s1n5(cos§+sm§)-coszsm6]
2. . =z t .t . T t .t T t
+cos?[smz(2cos-6-+sm-6-)+2sm§(cos§—-sm§)+cos4cos 6]
9si T (2t t)+2 . z(os2t t—sinzfsini
SRRl T TR Ty 373
—sinZeost 2t .t.)+ z (g_f.)_ in Zsi (_2_t._.£
sin —cos = — cos =sin 3) + cos T cos(5 — ) —sin 7sin(5 — ¢
. I 2t ¢t .2t t N 2t t ., ¢t
2s1nz[cos(-3——-g)-—sm(5 -6-)]+2sm§[cos(3 +3) sm(3 +3

+cos ‘-i—(:z: — 2t)

. T t .t . T . 1
2smz(cos-2-—s1n§)+2sm5(cost-smt)+cosz(z—2t),

for z>§t20,

1 2t . 1,2t . 1,2t . 1,2t
g giing(g + o) +2sing(F +a) —eing( ~2)
1,2t 3 ¥tz 1 s 2. s 1 s
—92sin (= — 2 —esin=+ =gin=— ~cos =
sm2(3 :1:)-{—2 gt_z( 3sm4+3sm2 6c°s4)d3]
1 .2t . 1,2t . 1,2t 1,2t
+-2-sm§[25m-4-(-3-+:z:)+2sm-2-(-3-+:1:)+cosz(—3—+z)
. 1,2t . 1.2t 1.2t
_281112(—3-—13)—25111-2-(-3——-.'1:)—6081(—--—:3)
3(¥=1 . s 2 s
-2‘ -25‘-—1: (gsmz—gsmi)ds]
.1 3z . 1 3z
+coszsm§(t—?)+smzcos§(t—3-
= cos—-{cosisinf-f-?coszsinx+cosl(2t+$)
N 376 4 372 43

1.2t 1.2t 12t
— COS Z(—3- —z)— [cos 5(‘3‘ + z) — cos E(—3- - .'D)]



sl (> +2) —sin (5 — )}

+si 2t{2 ost inZ +2 osﬁ' -ai-sintsinE
TS Facos SNy Tecosgsing 601

1 1.2t 1,2t 1,2t
~-2'[COS Z(—g'- + ) —cos Z(T{ - .’B)I + cos -2'('33" +z)

— cos %(-23:- —z)} +sin[z + -;'(t - 3?:!:)]

2t t .z A .t .z

= cos-3—(2cos§sm§—~2sxn§ Z+2sm§sm2)

. 2t t .z t .z .t . T
+sm—§-(2cos§smz+2cos§-sm§—2sm§sm§)
+sin(s +Z

2 4
= 2sin£(sin2tcost—-cosz—tsint)+2sin£(cos2t-cos—
- 43 6 36 2 3 3
—-sinﬁsini-ks’nztc s-t-+ i 2tcos-t-)-i-sil'l(£+-z'
3 Sy TSmycosg TSy 271

. _ 2 t 7 2t t 1 4 t

= 2smzsm(-3—-—g)+2sm§[cos(-3-+§)+sm(§—+§)]

.t T
+sm(§+z)

ot 1
= 2sin£-sin-2-+25in-;-(cost+sint) +sin 2 (z + 2¢)

: t t
= 2sin§(cos—+sin§) +2sin-325(cost + sint) -sin-i;(:c —2t),

2
1.2 . 1,2t . 1,2t . 1,2t
uy(z,t) = —Esm ?[5111 Z(‘3‘+-'B) +2s1n§(§- +z) —SIDZ(-E- —z)
. 1,2t 3 /%=, 1.5 2. s 1 s
"251115('5"‘17)'{"'2‘ 2, (--3-5m1+'3-51n-2--gcosz)d8]
1 2t 1,2t t
+=cos ?[2sin Z(?:i- +z) +2sin —;—(-325 + ) + cos l(2- +z)

2 43
. 1.2t 1,2t 1,2t
251112(?—.‘1.‘)-25111-2-(3-—.1:)—0051(-:-3-—.’12)

3/f¥=1 s 2 s
*3ly-. Gy 3

e 3z 1 3z
- —(t - = —(t - =
sm:z:sm2( 2)+cc:;s:1:cos2(t 2)

2t t .z t .z
—3-{cos-sm—+2cos-s1n-—

+cosl(3t-+z)
6 4 3 2 43

= —sin
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1,2t 1,2t 1 2t
—cos -(—- — z) — [cos -é-(-?-,- + ) — cos -2-(?3- — )]
. 1.2t
—pin (& +2) —sim z & -2}
2 {2cos £sin T +2cos peinZ —singsin g
+cos cosssm4t 0s 3 sin 5 gSinyg
1,2t 1.2t
——;-[cos-(—--i-x)-—cos—(-2£-z)]+cos—(-—+z)
-—cos-2*(—3-—x)}+cos[:z:+§-(t-—2—-)]
. 2t t .z .tz .t .z
= -—sm-:i-(2cosssm-2— 2sm65m4+2sm351n2)
2t t .z t . z .t .z
+cos§-(2cos§smz+2cosssm2—2sm35m2)
t
+cos(-+£)
= 2 ( o Z cos & +si 2 smt)+2sm (cos-2£ccusE
= 2sin—(co 7 Cos g +sinsing 3 3
- 2t t-s 2tt:ost— 2tcos )+cos(—- _1:_)
Sin g-sin 3 —sin 3-cos 3 5‘“3 1
t t
= 25m§cos(-2-——) 2sin2[cos( ) sm(-- —)]
+Cos(§+z)
T t T t =z
= in — - in — t —sint ~ ~
2sm4cosz+2sm2(cos sin )+cos(2+4)

= 2sin%(cos-;-~sin-;-) +2sin22:-(cost-—sint) +cos:1£(1:— 2t),

for 05x<§t.

Again, it is noted that these expressions for u,(z,t) and uy(z,t) are precisely the
same as those exhibited in the travelling wave solution of example 2.5.2. The
graphs describing the motion of the corresponding wave of this example again are

the same as those presented in Figure 2.5.2.

The following three examples are chosen to illustrate the propagation of waves
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along a semi-infinite spinning string and the effect of boundary conditions at the

end of this string. For these examples, it is convenient to introduce the Heaviside

(unit step) function H(z), as defined by

l, forz2>0
H(z) =
0, forz<0
The Heaviside function allows us to include simple “pulse functions” in these mod-

els. An example of such a “sinusoidal pulse function” is

1—cos(2rz), for2<z<3

f(=)

[

0, otherwise

= [H(z—2)— H(z - 3)][1 — cos(2nz)],

whose graph is shown below:

2 f(=)
1.
1
0.
0 1 2 3 4 5
x
Diagram 4.3.1

Throughout the following examples, we shall choose

c=l,w=m,



and employ various initial and boundary conditions.
Example 4.3.3: In the semi-infinite problem given by (4.2.1-2), we suppose
c=lLw=m,

and
1—cos(2rz), for2<z<3

filz) =

0. otherwise

= [H(zx —2) — H(z — 3)][1 — cos(2rz)],

fa(z) = g1(z) = go(z) = pa(t) = p2(t) =0,
z20,t>0.

These initial and boundary conditions physically describe a situation where the
semi-infinite string has a fixed end at £ = 0, while it is “plucked” with an initial
displacement in the shape of a single sinusoidal pulse on 2 < z < 3 and is given a
zero initial velocity.

According to (4.2.14-15), the solution of this problem is given by

w@t) = geos(@)i(e+6)+filz - 0] + Tsinrt) [ fils)ds

2

= Seos(nt){[H(z +t ~2) ~ H{z +t—3)][L ~ cos 2n(z +1)]

+[H(z —t—2) — H(z ~ t — 3)][1 — cos 2nr(z — t)]}

t
+gsin(rt) [~ ‘: fi(s)ds,

us(@,t) = —gsin()[fi(e+¢) + il — )]+ Seos(mt) [T fuls)ds



and

u(z, t) =

I

up(z, t)

—%sin(‘irt){[H(x+ t—2)— H(x +t— 3)][L — cos2n(z + ¢£)]
+[H(z —t —2) — H(z — t — 3)][1 — cos 2n(z — ¢)]}

+§cos(7rt) /:_ :t f1(s)ds;

for z>t>0,

5 cos(m)[fu(t +2) — fi(t = 2)] + Zsin(mt) [ fils)ds

5 cos(mt){([H(¢ + — 2) ~ H(t +7 ~ )][1 — cos 2n(t + )]

—[H(t —z—2) — H(t —z — 3)][1 — cos 2n(t — z)]}

+gsin(1rt) /¢ :’ Fu(s)ds,

—gsin(m){filt +2) + filt = 2)] + Foos(rt) [ fuls)ds

—%sin(ﬂ't){[H(t-}-:z:— 2) — H(t + z — 3)][1 — cos 2 (t + z)]

—[H(t —z —2) — H(t — = — 3)][1 — cos2n(¢t — )]}
-*--72E cos(mt) /; :z fi(s)ds,

for 0<z<t
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Simplification of the above expressions for u;(z,t) and uy(z, t) involves evaluation

of the integrals

t>0,

-t

/:_1: f;(s)ds:/oﬂblt fl(s)ds—/:-tfl(s)ds,

so we need only consider j},‘t fi(s)ds, where X =z +t > 0. In particular,

X 'S
/0 hHi(s)ds = /0 [H(s —2) — H(s — 3)][1 — cos(2ns)]ds

¢ fi(s)ds and [f*F fi(s)ds. To this end, we note that, for £ >
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4

0, for0 <X <2

= { X[l —cos(2ms)lds, for2<X<3 -

f3[1 —cos(2ms)lds,  for X >3

Now
_ g sin(2ms)
/ [1 — cos(2ns)lds = s e
so that
0, for0< X <2
X
[ fils)ds = { x—2— kein(2rX), fr2<X<3
1, for X >3
1
= [HX-2)—-HX-3)][X -2— 2—7rsin(27rX)] + H(X - 3).
Therefore,
+t
/:_ "~ fils)ds

= [H(z+t-2) —-H(:z:+t-3)][x+t—2-—%sin27r(a:+t)]+H(:1:+t-3)

—[H(:z:-t-2)—H(:r—-t-—3)][.1:—t—2—--21?sin21r(x—t)]-H(a:—-t-3).

Similarly, the evaluation of the integral f/*Z f1(s)ds in the above solution, when
0<z<t,isgiven by

t+z
Si(s)ds

t-z

= [H({t+z-2) -H(t+:c—3)][t+x—2~%sin21r(t+z)]+H(t+:c——3)

—[H(t—x-2)—-H(t——x—3)][t—z—~2—E]-;Fsin27r(t—x)]—H(t—:z:—3).



68

The graphs describing the motion of the corresponding wave of this example
are presented in Figure 4.3.3, where the time interval between consecutive graphs
is chosen to be 0.5, and the total time of observation is from ¢ = 0 to t = 10.0.
It is seen that a “rotational lag” of the pulse occurs and the pulse broadens until
the wave reflects from the fixed end. Thereafter the length of the non-planar pulse
remains fixed, as it moves at constant velocity away from the fixed end. It is noted
that upon the reflection from the fixed end, the displacement is inverted but the

direction of rotation is preserved.
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=0

1=35

1=70

1=05

t=758

Figure 4.3.3: graphic illustration of Example 4.3.3 where c=1, o=rt

t=10 t1=15 =20 =25

t=390




Example 4.3.4: In this case we consider (4.2.1-2) with
c=1l,w=m,

and

1—cos(2rz), for2<z<3

f1(z)

0, otherwise

= [H(z —2) — H(z — 3)][1 — cos(2nz)],

g(z) = —wfi(z)

wt[cos(2rz) — 1], for2<zx<3

0, otherwise

n[H(z — 2) — H(z — 3)][cos(2nz) — 1],
fo(2) =0, gi(z) =wfo(z) =0, pi(t) =pa(t) =0,
20, t>0.

These initial and boundary conditions physically mean that the semi-infinite string
has a fixed end at £ = 0, while it is “plucked” with an initial displacement in the
shape of a single sinusoidal pulse on 2 < £ < 3 and has a non-zero initial velocity,

chosen in such a way that the initial (complex) rotational velocity (4.2.5b) is zero.
By virtue of (4.2.14-15), the solution of the problem in this case is given by

w@t) = 5 cos(m)lfilz+)+ filz o)



and

uy(x, )

ul(:z:, t)

uq(z, t)
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-;—cos(‘irt){[H(x +t—2)— H(z +t —3)J[1 — cos2n(z + t)]
+[H(z —t —2) — H(z — t — 3)][1 — cos2x(z — ¢)]},

—gsin(at)[fi(z +) + fi(z - 0]

_%sin(ﬂ't){[H(x+ t—2) — H(z +t — 3)][1 ~ cos 2n(z + t)]

+[H(z —t—2) — H(z ~ t — 3)][1 — cos 2x(z — ¢t)]};

for z>t >0,

%cos(ﬂ't)[fl(t +$) - fl(t - z)]

%cos(,rt){[g(t +z—2) — H(t + z — 3)|[1 - cos 2 (¢ + z)]

—[{H({t—-z~-2)— H(t —z — 3)][1 - cos2r(t — z)]},

— 5 sin(m)[f1(¢ +7) — fult ~ 2)]

——-;—sin(Tl‘t){[H(t +z—2) ~ H(t + = — 3)][1 ~ cos 2n(t + z)]

—[H({t -z —2)- H(t —z — 3)][1 — cos2r(t — z)]}.

for 0<z<t.

The graphs describing the motion of the corresponding wave of this example are

presented in Figure 4.3.4. These graphs demonstrate that the rotational lag, ex-

hibited in the previous example, is no longer present. Instead, the pulse simply

splits into two planar pulses travelling in opposite directions at constant (unit)

speed and rotating uniformly in the same direction at constant angular velocity,

until one part reflects upside down from the fixed end. After the reflection from the
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fixed end, both pulses travel away from the fixed end at (unit) speed, and rotate

in the same direction at constant angular velocity, with the distance between them

remaining fixed.
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Figure 4.3.4: graphic illustration of Example 4.3.4 where ¢=1, w=n

t=0 1=05 1=10 1215 t=20 (=25 1=3.0

1=40 t=45$ 1=55 t=60

te 7.0 12175 1280 t=RSs 1=9.0 =100
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Example 4.3.5: Finally for (4.2.1-2), we assume
c=1l, w=m,
with
fi(z) = fo(z) = p2(t) =0, u(z) =wfo(z) =0, g2(z) = —whi(z) =0,
z2>0,t>0.

1—cos(2nt), for0<t<1
nit) =
0, otherwise

= [H(®) - H(t - D][1 - cos(2mt)],

These conditions physically indicate that the semi-infinite string has zero initial
displacement and zero initial velocity; it is simply “excited” with a single planar

sinusoidal input at the end £ = 0 for a unit interval of time.

By virtue of (4.2.14-15), the solution of this problem is given by
ui(z,t) =0, ug(x,t) =0,
for >t >0,
and

uy(z,t) = pi(t — z)cos(wz)
= [H({t—z)— H(t — = - 1)][1 — cos2n(t — z)) cos(nz),
us(z,t) = —pi(t — z)sin(rz)

= ~[H(t—z)— H(t — £ — 1)][1 — cos2n(t — z)] sin(nzx).



~J

(%1

for 0<z<t.

The graphs describing the motion of the corresponding wave of this example are
presented in Figure 4.3.5. These graphs demonstrate that the planar input signal
at = 0 gives rise to a non-planar “loop” travelling along the string at constant

speed and with a constant angular velocity.
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Figure 4.3.5: graphic illustration of Example 4.3.5 where c=1, o=n

t=0 1=05 1210 1=15 t=20 1=25 1=3.0

t=35 t=40 t=4$ t=6.0 t=6S

t=80 1=85




CHAPTER 5

Solutions for the Fixed-Length String

5.1 Introduction

For the usual one-dimensional wave equation, in the case of a fixed-length
string with fixed-end boundary conditions, the solution is typically determined in
the form of a Fourier sine series. In this chapter, we will consider the coupled linear
system (1.3.1) in the case of a fixed-length string (0 < z < L) with general (non-
homogeneous) boundary and initial conditions. In order to allow Fourier analysis
to be used to construct the solution of this problem, the complex transformations
of Chapter 3 are used, along with other transformations, which reduce the prob-
lem to a single one-dimensional wave equation with a non-homogeneous forcing
term, but with boundary conditions which are now homogeneous. At the end of
this chapter, some examples are given which illustrate the technique developed
herein. To illustrate this development, finite Fourier series appraximations to the
derived solutions are displayed graphically, and compared with results obtained in

preceding chapters.

5.2 d’Alembert Solution and Compatability Conditions

For the usual one-dimensional homogeneous wave equation

Pu 0
7 =5 t20, (5.2.1)
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in the case of a fixed-length string (0 < z < L), the initial and boundary conditions
are given by

u(z,0) = f(z), %:—(x, 0)=g(z), 0<z<L, (5.2.2a)

u(0,t) =p(t), u(L,t)=q(t), t2>0, (5.2.2b)

where f(z) and g(z) are specified functions on 0 < z < L, while p(t) and g(t) are
specified functions on ¢t > 0.

The fixed-length problem (5.2.1-2) is known to have a d’Alembert solution

which is expressed in different forms in different subregions Ry; ;) within the region

R={(z,t) |0 <z < L, t > 0} in the zt-plane {7, pp. 51-52], [10, pp. 70-73).

+ Ab.
~_Cr P
\\5 ~

+”
e
’ ~. .
.l-\ >
2,
e / h e
\‘\\ e ¥
e (=22)
c c
s Ras Ry .

(0,0) (£,0) x

Diagram 5.2.1
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We denote the solution in region Ry j), of diagram 5.2.1, by
u(z, t) = pi(z +ct) + Yi(z — ct). (5-2.3)

In R(; 1), we have the formulae

o6) = 3f@+5 [or)r+D, 0<E<L,  (524a)

i

1 1
¥1(n) 3/ (n) — % [ g(t)dr—D, 0<n<L, (5.2.4b)
where § =z +ct, 7 =z — ct, and D is any constant.

To obtain formulae valid in R(; ), we apply the first condition in (5.2.2b) to

(5.2.3) with i = 1 and j = 2. This gives
Ya(n) = p(=2) = pr(—n), —L<n<0,
and using (5.2.4a)
1 1 [
o) =p(~D) = 2f(-m) = o [ 9T =D, ~L<n<0,  (5:25)

Using the second condition in (5.2.2b) and (5.2.3), we obtain a similar result in
R(2,1), namely,

er(®) = a=5) ~ (2L~ §)
or equivalently, by virtue of (5.2.4b),

@ =atE) - 2L~ 4o [ o(dr+D,  (5:25)

for L <§ < 2L.
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In general, for i, j =1, 2, 3..., we have

wir1(§) = ‘I(i‘%é — (2L - §), (5.2.6a)
Yraln) = p(—2) —w;(-n), (5.2.6b)
ir j = 1: 27 3"'1

in which appropriate restrictions must be imposed on £ and 7, as illustrated in

(5.2.5). In particular, we have
u(z,t) = Sl +et) + fe—et)] + 5= [ g(r)ar,

fOI' (.‘B, t) S R(l,l)v

ct+T

uz) = slf(t+a)—flt—a)+o [ grldr

—F

T
t—=
+p(t - =),

for (:z:, t) (= R(]_'z),

uet) = slf@—ct)~fQL-z—el+5 [ gr)dr

z—L
c ):

+q(t +

for (1:, t) € R(z,l),

2L—z—ct

uz) = —3lflt—a)+fRL-z—c]+o [ g(r)dr
z—L

c

+p(t = 2) +aqlt + =),

for (z,t) € R(Z,Z)-
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By an argument similar to that used to derive the compatability conditions
in Chapter 2, we may show that the continuity or differentiability of the above
solution depends on the following properties of the functions f(z), g(z), p(t) and
q(t):

1) If f(z), p(t) and g(t) € C°, g(z) is integrable, f(0) = p(0) and f(L) = q(0),
then u(z,t) € C°.

2) If f(x), p(t) and q(t) € C", g(z) € C°, f(0) = p(0), f(L) = 4(0).9(0) =7(0)

and g(L) = ¢(0), then u(z,t) € C'.

5.3 Fourier Series Analysis

Now we consider the case of a spinning string of fixed length L, governed by

the linear system

o 2w 5 —Wm = cz——-a22 , (5.3.1a)
%u, Oou, 40Py
92 + 2w Bt —u12u2 = Cz—a-z—z, (5.3.lb)

subject to the following initial conditions:

(.0 = fi(z), Bi(z,0) = () (5.3.2a)
0(2,0) = (@), P2(z,0) = (@), (5.3.20)
for 0<z<L,

and boundary conditions (at z =0 and z = L):

w1(0,8) =pi(t), wi(L,t) = q(t), (5.3.2¢)
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u2(0.t) = pa(t), ua(L.t) = qu(t), (5.3.2d)
for ¢t >0.

As in Chapter 3, we let
V(z,t) = ui(z, t) + tuy(z, t), (5.3.3)

where i = /-1, and
W(z,t) = e“*V(z, 1), (5.3.4)

so that (5.3.1) is transformed into

B;tsz = 628;::', (3.3.5)

0<z<L, t>0,

while the initial and boundary conditions (5.3.2) become

W(z,0) = f(z) = fi(z)} +if2(2), (5.3.6a)

ow .
7(2:’ 0) = g(z) = —who(z) + gi(z) + ilwfi(z) + g2(z)], (5.3.6b)

w(,t) = p(t)
= pi(t) cos(wt) — pa(t) sin(wt)

+i[p1(¢) sin(wt) + pa(t) cos(wt)], (5.3.6c)

W(L,t) = q(t)
= ¢(t) cos(wt) — ¢2(t) sin{wt)

+i[g1 (t) sin(wt) + ga(t) cos(wt)], (5.3.6d)
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in analogy with the results in (4.2.4-5). In order to apply a Fourier sine series to
solve the non-homogeneous problem (5.3.5-6), we must first transform the problem

so that the boundary conditions become homogeneous. To this end, we let

Z(z,t) = W(z,t) + Z[p(t) — a®)] - 2(®), (5.3.7)
or equivalently

W (z,t) = Z(z,1) - Tp() — a(®)] +p(2), (5.3.8)
so that

R CRT (G =IO

*Zf==§§——wm O] +50),

= 2 b -q)],

W _ 8z

ox? dz?

Substitution of the above partial derivatives into (5.3.5) yields

&z c,a?z

e 33 + A(z, t), (5.3.9)

0<z<L, t>0,

where

Az,t) = Tl"(6) — ' (O] - P (0), (5.3.10)

while the boundary conditions become homogeneous, i.e., (5.3.6¢c,d) become
Z(0,t) = Z(L,t) =0, (5.3.11a)

fort >0,



and the initial conditions of (5.3.6a,b) are given by

20 = f(@)+7lp(0) -] - 2(0)

= afz), (5.3.11b)
0z _ 0 0 0
% e0) = o)+ 2P0~ O] -FO)
= f(z), (5.3.11¢)
for0<z<L.

If £, g, p and g satisfy the compatability conditions 2) of the previous section, so

that W(z,t) € C*, then
a(0) = a(L) = B(0) = B(L) =0, (5.3.12)

and the compatability conditions 2) for Z(z,t) are valid, so that Z(z,t) € C.
Moreover, we note that (5.3.12) are necessary conditions for the uniform conver-

gence of the Fourier sine series expansions for a(z) and 3(z) discussed below.

In order to obtain the compatability conditions 1) or 2) on f, g, p and ¢ for
W (z,t), we require the following equivalent compatability conditions on the initial
and boundary conditions for u;(z,t) and us(z, t):

1) fi(=), pi(t), 4i(t) € C°, g;(z) are integrable, f;(0) = p;(0), and f;(L) =
g;(0), for j =1, 2. = W (z,t), ui(z,t), us(z,t) € C°.

2) fi(z), pi(t). 4i(t) € C', gi(z) € C%, f5(0) = p;(0), f5(L) = ¢;(0), g;(0) =

7;(0), g;(L) = ¢;(0), for j =1, 2. => W(z, t), u(x,t), up(z,t) € C*.

Now we attempt to construct a Fourier sine series solution of the problem
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(5.3.9-11), by assuming that the solution may be written in the form

Z(z,t) = 2 Za(t) sin ==, (5.3.13)
so that

07z e naT
9z _ Z' (t) sin ——, (5.3.14a)
Bt ,; () sin =
% = ZZZ(t)SiﬂEZ—z' (5.3.14b)
%_f. - Z (—)z (£ cos 22, (5.3.14c)
0z nrT
= = - ngl(-L-) a(t)sin 2. (5.3.14d)

Substitution of (5.3.13-14) into (5.3.9) gives

> [Z"(t) + ( ‘2z, (t)] smﬂ’i = A(z, t). (5.3.15)

n=1
Now we multiply both sides of (5.3.15) by sin ==, and integrate both sides of the

resulting equality from 0 to L. By virtue of the identities

L
L prr 3, forp=gq
/ m—-—.sm—dz—- 2 y
0

L
L 0, forp#gq

for p and q any positive integers, we obtain a sequence of ordinary differential

equations for the functions Z,(t}, namely
Z"(t) + ("'“) Za(t) = An(t), n=1,2,3..., (5.3.16)

where

L
An(t) = % [ Azt sin " az. (5.3.17)



86

Substitution of (5.3.10) into (5.3.17) gives

4 = 2 /L{ Zip(t) - ¢'(8)] ~ ()} sin “da

- [p/'(t) /()] [ wein T 2de— 2pe) [ sin"Td
= = ’(t)—q”(t)][ ’:z:c n7r2:| —/ cosﬂd:z:]
’ mr:n

_._p( T o
- -m[p"(t) — ¢'(8)] [Lcos(nm) ——sini‘ff] ]

4= (0)fcos(nm) — 1]
= L0~ ¢@I-D"+ =P Ol - 1
= 217 ® -7l (53.18)

The initial conditions for (5.3.16) may be easily determined through (5.3.11b,c),

(5.3.13) and (5.3.14a) by noting that

nnr

Z(z,0) = Z Zy (0)5111-——-—- = a(z),

0z > nnT
57 @0 =X Z:(0)sin 22 = 8(a),
n=1
and that the Fourier sine series expansions of a(z) and (z), namely

a(z) = Z ay sin P%—z-

n=]

and

ntxr

(with Fourier coefficients a, = 2 j;," o(z) sin 22dzx, B, = 2 SE B(z) sin 2Zdz) con-

verge uniformly on 0 < z < L. Thus, we may conclude, by virtue of (5.3.11b,c),
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that
Z,(0) = an
= 2 [ fla)sin “2dz + —[(-1)"q©) ~ PO, (5:3.19%)
and
Z,0) = pn

2 [t . nTT 2 "t
2 [ g(z)sin "Todz + —=[(-1)"d0) ~F(O)], (5:3.19b)
in which the final terms have been evaluated by the same method used in deriving

(5.3.18).

In summary, the determination of the Fourier coefficients Z,(t) in (5.3.13)
involves the solution of the sequence of non-homogeneous second order linear or-
dinary differential equations (5.3.16) and (5.3.18), subject to the initial conditions

(5.3.19).

The corresponding homogeneous version of (5.3.16) is given by

- 2 _
Z'(6) + (l”zrf) Za(t) =0, (5.3.20)
and has the general solution
Z.(t) = Basin (-’l’Llft) + Cycos (%t) , (5.3.21)

where B,, and C,, are arbitrary (complex) constants yet to be determined. More-
over, a particular solution of equation (5.3.16) can be obtained, through the use

of the method of variation of parameters [11, pp. 43-46], and is given by

Z,(t) =sin (n;;rct) ot ll))l((;) An(s)ds + cos (erct) /o ‘ l;z((:))An(s)ds,
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where

() ()

nxe nre L : nrc
COS( ) --E—sm( T 3)

D(s) =

nmTc

L

0 cos (1‘-”593)

1 mrc sm (mrc 8)

Dl(S) =

nne
= —cosf{—S},

L

zx2g) 0
oy - | =UE)

nre nrc
A cos( T s) 1

nnwc )
= sin|—s
L

so that

Z:t)y = L [sm ne ) / An(s) cos (——-—s) ds

— cos E-c-t) / An(s)sm(—-s) ds]
- = / An(s)sm[-mr—c(t-—s)] ds. (5.3.22)

Therefore, by the superposition principle, the solution of (5.3.16-18) is simply
Zo(t) = Za(t)+ Z5(t)
= B, Sm(mrc ) + C,, cos (mrc )

/ An(s) sin [——(t— )] (5.3.23)

mrc
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where the unknown coefficients B,, and C,, can be determined through the initial

conditions (5.3.19), and are given by

L,
By = —2Z,(0) = ‘aﬁn (5.3.24a)
Co = Za(0) =, (5.3.24b)

which are derived from the fact that
Za(0) = Z;'(0) = 0,
[11]. In particular, in view of (5.3.18), we have

foz Au(s)sin F’%E(t -~ s)] ds
= = [-vra'(s) - (o)l sin [T~ 9)] ds,

which, by the method of integration by parts, becomes

/  An(s) sin ["—“(t - s)] ds
-2 / [Ec.(t —s ] d[(—-1)"¢(s) — P/ (s)]
= 20 - (-)"¢O]sin (2F%)

+% /ot[(—-l )¢ (8) — P/(8)] cos [—(t - s)] ds

nnc

= 20 - (~1¢O)]sin (2F%)
+22 [ os [22(¢ = 9] dl=1)"(s) - p(o)
= O — (-)"¢O]sin (*T¢)

+221p(0) = (~1"q@)] cos F2) + F{(-1)a(e) - p(0)]

2"’”2 25 [ipte) — (~1)rg(o)]sin [FEt~ )] s (5.3.25)
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Moreover, substitution of (5.3.19) into (5.3.24) gives

Bo = — [ g(a)sinTodz + ( el 0) - 7). (53.260)
G =3[ 16 )smi‘i'-’fdz-*— ={(~1)"q(0) ~p(0)] (5.3.26b)

Thus, upon substitution of (5.3.25-26) into (5.3.23), we have that the solution of

(5.3.16), (5.3.18) and (5.3.19) is given by

2.0) = {2 [ sy do+ 2t (0)- 0} pin (T2

nwc

{ [ r@)sin "2z + Z{(~1"a(0) - 5(0) }cos (Z5=)

—L—{——ww) ~ (~11g@)sin (“F5¢)

nnc
+20p(0) — (~1"a0)] cos (Z52) + FL=1a®) - p(8)]
2n7rc2/ [p(s) — (—1)"g(s)]sin [——(t-—s)] ds}

= —-cos (mrc ) f(z)sin E:lid:z:

+— sin (n;;rc..) /(; - g(z) sin 2—Z—d:r:
+2—Lc [ o(s) - (~1ra(s)sin [T )] s

+={(=1)"(t) — p(8)] (5327)

It should be noted that the Z,(t), as given by (5.3.27), are complex functions.
Thus the real and imaginary parts of Z,(t) are given respectively by

ReZ.(t) = —cos(’m) / Re f(z) sin “T-d

+—sin —-—t) / Reg(x)sdez
+2 [ Relpls) - (<1)°a(o)] sin [T (¢ ~ )| ds

2 n
+=Re[(~1)"q(t) — p(t)], (5.3-28a)



91

ImZ.(t) = %cos ff-c—t) / Im f(x)mﬁ’i‘fdz
+~;52-r-£sin Etit) / Img(x)annzzdz
Z [ 1mlp(s) - (~1)a(s)lsin [T~ )| ds
+-= Im[(~1)"g(®)  p(o)]- (5.3.28b)
But, from (5.3.6), we have
Re f(z) = fi(z),
Im f(z) = fax),
Reg(z) = -wfa(z)+q(z),

Img(z) = wfi(z)+g:(z),
Relp(s) — (-1)"q(s)] = (=1)*[~q1(s) cos(ws) + ga(s) sin(ws)]
+p1(8) cos(ws) — pa(s) sin(ws),
Imp(s) — (—1)"¢(s)] = (=1)"[~qi(s)sin(ws) — gs(s) cos(ws)]
+p1(s) sin(ws) + py(s) cos(ws),
Re[(—1)"q(t) —p(t)] = (=1)"[qa(t) cos(wt) — ga(t) sin(wt)]
—p1(t) cos(wt) + p(t) sin(wt),
Im[(~1)"q(t) —p(t)] = (-1)"[g1(¢)sin(w?) + g(t) cos(wt)]
—p1(t) sin(wt) — pa(t) cos(wt).

Therefore, (5.3.28) become

nnr

Re Z,(t) = —cos(mrc)/ fl(:z:)sm—-da;

+~—sin —t) fo L[-wfz(z) + g1(z)] sin E?dz



ImZ,(t) =
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£ 2 [ {(-1"-ar(s) coslws) + aa(s) sin(ws)]

+p1(8) cos(ws) — pa(8) sin(ws)} sin [TLE-C-(t - s)] ds

+ 2 ((~1)"[aa(¢) cos(wt) — ga(8) sim(ut)]

~pa(£) cos(wt) + pa(t) sin(ut)}, (5.3.298)

-cos (mrc ) / fo(z) sin V°E nrz

+;§rzsin =) [Cwhe) +g2(x)1sm—l-;—dx
2 ’{(-1)" [~a1(s) sin(ws) — ga(s) cos(ws)]
+p1(s) sin(us) + pa(s) cos(ws) }sin [2o(¢ )| ds
+;l?{(-1)“[q1 (t) sin(wt) + ga(t) cos(wt)]

—p1(t) sin(wt) — pa(t) cos(wt)}. (5.3.29b)

From (5.3.6), we also have

Rep(t) = pi(t) cos(wt) — pa(t) sin(wt),

Re[p(t) — q(t)] = cos(wt)[p1(t) — q(t)]

—sin(wt)[p2(t) — g2(2)],

Imp(t) = pi(t)sin(wt) + pa(t) cos(wt),

Im[p(t) — q(t)] = sin(wt)[p:1(t) — a(t)]

+ cos(wt) pa(t) — B(D)]

However, we recall that by definition

W(z,t) = Z(z,2) - ZIp(t) - a(t)] + p(t),
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so the real and imaginary parts of W(z, t) are given respectively by

ReW(z,t) = ReZ(z,t) - %Rﬁ[l’(t) —q(t)] +Rep(t)
-—%{cos(wt) [ (t) — aa(2)]
— sin(wt) [p2(t) — g2(t)]}
+p1(t) cos(wt) ~ po(t) sin(wt), (5.3.30a)
- g T 7, (¢) sin "7~
—-%{sin(wt) [1(6) — au(2)]
+ cos(wt) [pa(t) — w(t)]}

+py(t) sin(wt) + pa(t) cos(wt). (5.3.30b)
Finally, in terms of Euler’s identity, (5.3.4) becomes

Viz,t) = e “W(z,t)

[cos(wt) — isin(wt)]|[Re W (z,t) + i ImW (z, t)]

cos(wt) ReW (z,t) + sin(wt) ImW(z,t)

+i[—sin(wt) ReW(z,t) + cos(wt) ImW(z,t)].  (5.3.31)
But, in terms of our original notation
Viz,t) = uy(z, t) +iuy(z, t), (5.3.32)

so that the orthogonal transverse displacements u;(z,t) and uz(z,t) of the string



at position z at time ¢ are given by

uy(z, t) = cos(wt) ReW (z,t) + sin(wt) ImW (z, t),

and

uy(z, t) = —ssin(wt) Re W (z, t) + cos(wt) ImW(z, ¢),

respectively. Substitution of (5.3.30) into (5.3.33) yields

uy(z, t)

u?(x: t)

= coswt) - Re Zy(£) sin 2=
n=1

nrr
L

+sin(wt) Y Im Za(t)sin E’Li’i
n=[

—%[Pl(t) - qu(t)] +p1(2),

—sin(wt) ¥ Re Zn(t) sin —
n=1 L

nrr

+ cos(wt) i Im Z,(t)sin T
n=1

-2l (t) — &(®)] +2(0),
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(5.3.33a)

(5.3.33b)

(5.3.34a)

(5.3.34b)

where Re Z,,(t) and Im Z,(t) are given in (5.3.29). The Fourier sine series solution

of the fixed-length spinning string problem (5.3.1-2) is determined by the results

displayed in (5.3.34) and (5.3.29).

In the following section, we will exhibit several illustrative examples of the

solution of this problem for various sets of initial and boundary conditions.

5.4 Examples

In this section we illustrate the theory of the previous section by means of

several examples. Indeed, the first four examples illustrate how the Fourier series
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analysis of the previous section may be applied to find the rotating standing wave
solutions of sections 2.4 and 2.5 but on a finite string of length L. Thus, the appro-
priate initial and boundary conditions are obtained directly from the examples of
sections 2.4 and 2.5 and are used to specify the choices of the functions appearing
in (5.3.2). Other parameter values are chosen to coincide with the values in the

corresponding examples from sections 2.4 and 2.5.

The remaining three examples are chosen to illustrate how the Fourier series
analysis of the previous section may be applied to find the “pulse wave” solutions of
section 4.3 but again on a finite string of length L. As in the previous cases, other
parameter values are chosen to be consistent with the values from the corresponding

examples of section 4.3.

In all cases, the Fourier series solution is truncated after a finite number of
terms in order to produce graphs corresponding to those of the previous sections.
It should be noted that small differences between the graphs in this section and
those of the corresponding examples of the previous sections occur, as a result of
this truncation and the fact that the previous graphs illustrate the behaviour of
waves on a finite section of a semi-infinite string, while the current graphs illustrate

the corresponding behaviour on a finite string. Nonetheless, the similarity of the

corresponding graphs is strikingly evident!
Example 5.4.1: In the fixed-length string problem (5.3.1-2), let

c=w=1, L="Tr,
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and assume initial and boundary conditions which are consistent with example

2.4.1, namely
fi(z) =2sin f, qi(z) = -sinf,
2 2
. . T
fo(z) = —2sin =, go(z) = —sin =,
2 2
0Lz Tm,

p1(t) =p2(t) =0, (at z =0)
au(t) = 2(sin% — cos g), ao(t) = 2(sin-;- + cos %), (at z = 77)
t>0.

Putting the above functions in (5.3.29) and (5.3.34), we obtain the corresponding

Fourier series solution, as given by

u(z,t) = costZReZ (t)sm—+sthImZ (t)sm——-

n=1 7
+2(sm£—cos )
2
us(z,t) = —-sthReZn(t)sm—-{—costZImZ (t)s1n—7-

n=1

I ( - t )
in which

™ T _ nz
R nt - —— — in —sin ——
e Za(t) [ cos( )+ sin 7)] sm2sm7da:

+(-1 )n {/sm sm[ (t-s)]ds+/ cos-sm[ (t—s)]ds}
—(-—1)";(5&1-;- + cos 5),
2 r . nr

4 n n T
_— Zt)+ Zsinf( = in = sin —dz
[ 77rcos(7)+n7rsm 7‘)] b TR

Im Z,(t)
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+(-—-1)"% {[o‘sin %sin [;(t - s)] ds — /; cos %sin [I;-(t - s)] ds}
4 _t t
—(-—1)";;(51115 — cos 5)

Simplification of the above results requires the evaluation of the integrals

J3™ sin & sin %dx, [§ sin § sin [2(¢ — 5)] ds and [ cos §sin [2(t - 5)] ds-

Since
z . nr sin(} —2)z  sin(3 + %)z
/s‘nzsm?dx - Ti-z 1+2
_ 7 (7—2n)x 7 (7 + 2n)x
 7T—-2n 14 7+2n 14
. T nT cos(i —2)r cos(} +3)z
_ T (7—2n)z 7 . (7+2n)x
- T7-2n 14 7+2n 14
T . nx cos(2 —2)z  cos(i+2)z
Zsin —dr = 2 7T 2 T 7
_ 7 (7T—2n)x 7 (7+2n)z
7—2n 14 7T+2n 14
and
in(l—-2 in(L+2
/cos-a-:-cosn—xdx = _—._._sm(? 2:)1: ___5111(2 +2n7):t
2 7 1-2 1+%
_ 7 _ (T-2n)z 7 . (7T+2n)x
= Tmm i T Tvmet 1
we have
™ T _ nzx
/osmé-sm-?d:r

[ 7T (@=m) T (7-{-211.):1:]71r

T-2n " 1@ 7+2n 0 14|,



- T (71r__mr)_ ! sin(zz+n7r)
= T M2 T+on \g
— 7 "+ —_1\n
= Tromc Ut 7+2 (=1)
28n

I

(1) 4n2 — 49’

/o‘singsin[;(t—s)] ds

t
smﬂ/ sin-{cosﬁds-cos—/sm sin-ds
7 Jo 2 7

98

M T Tmms T (7+2n)s ¢
7| 7—2n 14 T+2n |,
_cosn_tr 7 (7—2n)s 7 (7 + 2n)s]’
7 |7<2n 14 7+2n 4|,
[ T (-2t 7 @+ 7 7
Nt 2 [ gar 14 7+2n 12 7—9%n  T+2n
eas™ 7 (7-2n)t 7 (7+2n)t
ST T—2m 14 7+ 2n 14
T +(7—2n)t T nt  (7+2n)t + 98 sin
T—on |7 14 T+on |7 14 19 — dn?
Tt T b 8w
T e T T o T A2 07
14 . nb ot
49 — dn? [78”‘?_2"5“‘5] ’
/ccosssin[n(t—s)]ds
0 2 7
sinlt cosi osls-ds— nt d nsd
7 2C 7 €08 — 7 COS28m 7 S
nt 7 . (T—2n)s 7 (7+2n)s ¢
T [7*211.8“‘ 4 7o 14 |,
cos nt| 7 (T-2n)s 7 (7 + 2n)s]"
7 |T—2n 14 T+2n 14 |,
nt 7 . (7T-2n)t 7 (7+2n)t
7 [7—2n BT tTiem 14
—cos’—"-t 7 cos (T—2n)¢ 7 cos (T+2n)t 7 7
717—2n 14 74+2n 14 7—-2n T7+2n

7
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+ 7+ 2n 7 14 49 — 4n?
28n nt

7+2n 2+49 anz ‘T

f

[ (7 2n)t] 7T cos [n_t _ (7+2n)t] + 28n
t
osgt

7— 2

_21__[ __cos.]
99—z |°°7 2

I

For the purpose of graphing the solution in this case, we truncate the Fourier
series after 20 terms, as illustrated in Figure 5.4.1. A comparison of Figure 5.4.1
with Figure 2.4.1 shows that the truncated Fourier series provides a very reasonable
appraximation to the standing wave solution of example 2.4.1, even though the
spatial dimension (0<z<77) of the “graphical window” is somewhat larger than

in Figure 2.4.1.
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Figure 5.4.1: graphic Nustration of Example 5.4.1 (20 term Fourler series approximation) where c=w=1, L=7n

1=0 1= P 1=pi2 t=3PUd t=Pi 1254

t= 1PV

t=13rV4
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Example 5.4.2: For the fixed-length string problem (5.3.1-2), we let
c=w=1, L="Trx,
with initial and boundary conditions determined by example 2.4.2, i.e.,

hH(z) = sm—, g1(z) =sin~ +lcos£

2 2 2’
folz) = 2sin§- + cos -‘;, g2(z) = —%sin-;-,
0<z<Tm,

t
pi(6) =sinz, pa(t) = cos 2, (at 7 =0)

t t
-+sin-2-, (at z = Tn)

t t
q1(t) = —2sin = — cos =, qa(t) = —2cos 3

2 2

t=>0.

Putting the above functions in (5.3.29) and (5.3.34), we obtain the Fourier series

solution, as given by

uy(z, t) = costZReZ (t)sm—-i-sthImZn(t)sm—-

n=1 7
——-(3 i E-{'-c —)+ in -
sm2 os sin 2,
uy(z,t) = ——smtzReZ (t)sm-—--l-costZImZ (t)sm-i-
n=1

t . t
—7}—(3 cos 5 —sin 5) + cos 3

in which

™z . nz
ReZn(t) = [=— ( )__. ")] in Z sin 2%
e Zn(t) [ cos sin - sin 3 sin 7d:c
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+-7-2; {—[1 +2(-17 [ tsin%sin [;’-(t - s)] ds

¢ s n
-1\ Zsin |—=(t —
+(-1) /(;coszsm[7( s)]d.’s}
2 ot £, .t
+;7r—[(—1) (2sm§ cos §)+sm 2],
4 n 1 . /n ™ T . nx
ImZ,(t) = [ﬁcos(?t)-f—;;sm(?t)] A smism7d:c

2 n T T _ nx
+-7Tr-cos (—,?—t) .[o cos Esm-7—d:l:

+?2; {[1 +2(-1)"] /ot cos -;-sin [;-(t ~ 3)] ds

aft. s . [n
+(-1) /osmism[?(t s)] ds}
2 . t .t t
—ﬁ[(—l) (2 cos 3 +sin 5) + cos -2—]
The evaluation of the integrals [y~ sin £ sin 8dz, [y sin § sm[ (¢ —s)] ds and

Jo cos $sin [ (t - s)] ds was given in example 5.4.1. The evaluation of the integral

T cosZ % sin ZXdz is given by

Ik 4 T . md
/‘; COSESIII-;F-:L‘
T Tz 7 (T2 "
7-2n 14 T+ 2n 14 o
rbis 7 T 7 7
- 7_2ncos(—2—-—n )_7+2nc (—2_+mr)_7-2n+7+2n
_ 28n
T 49—4n?

Again a 20-term Fourier approximation to the solution for 0<z<7r is plotted
for various times in Figure 5.4.2, results of which compare favourably with those

in Figure 2.4.2, at least for 0<z<20.
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Figure 5.4.2: graphic illustration of Example 5.4.2 (20 term Fourier series approximation) where c=0=1, L=7n

1=5Pi/4

t=Pid t=PinR 1=3PU4 t=Pi

t=11Pi14
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Example 5.4.3: In the fixed-length string problem (5.3.1-2), we let
2
c=w=g, L =9,
with the initial and boundary conditions prescribed by example 2.5.1, namely
. T .z
fi(z) = fa(x) = 2(sin i +sin 5),
.z .z
g1(z) = — ga(x) = Slnz + 2sin 2

0<z<Ym,

pi(t) =pa(t) =0, (at z =0)

i

t t
ﬁ(cos§+sm§) +2(cost +sint), (at z = 9m)

wlt) = ﬁ(cos-%-sin%)+2(cost—sint), (at = = 97)

a(t)

t>0.

Putting the above functions in (5.3.29) and (5.3.34), we obtain the Fourier series

solution, as given by

ZReZn(t)sm—--{—sm( )EImZn(t)sm—f-

n=1 n=1

uy(z,t) = cos(g-)

+3"_ [ﬁ(cos ! tsin -) + 2(cost +sin t)] :

up(z,t) = —sin (Et) }: Re Z,(t) sin = 5 = + cos (Et) Y Im Z,.(t)sin E
n=1
to [\/E cos-;- —sini) +2(cost -sint)] ,
in which

4 2n 2 2n z nT
ReZ.(t) = |— _— —sin{ — in — sin —
e Z.(t) [gwcos(27t>+mrsm(27t)] /0 sm251n 5 dx



[—°°s (27 ) 'EFSin
{f/cos sm[ (t—-s)}ds

—(-1)"5=

Qi

Zdr

)] [’y

9

—-ﬁ[)sins—sin[ (t—s)]ds+2f cos 3 sin 27(t-s)]

+2£sin§sin[3'-'t—s)] ds}

+(-—1)"-2— [\/2—(cos £ 5111£

[ con (22

ImZ,(t) =

27
5

t) - —sin (o

t t
+2(cos = +sin -)] .

) [

fo(B) (B[ i
Ccos sin o7 sin 1 9

—(=1)"

2l

{\/-/ cos = sm[ 7(t—s)]d3

2n

+\/2./0 singsin [-2-7—;(15-—3)] ds +2Atcos§sin[2—7» t—-s)]

-2 /: sin isin [2—n(t - s)] ds}

+(——1)" [\/-(cos- +sm-) -i-2(cosE —sin -)]

6

The evaluation of the integrals in the above two expressions may be accomplished

as in the previous examples.

Since
T nr
/sm -é-sm —g-—da: =
. T . nx
/smzsm -b—da: =
/sinisin 2nsds =
6 27 -

sin(} ~3)o _ sin(} + e

1-2 1+%

9 . (9 — 2n)z 9 (9 +2n)
9—-2n 18 94+ 2n 18
sin(} - 2)z  sin(; +3)z

l_2n 1,20

2% 2T 9

18 (9 —4n)z 18 (9 + 4n)z
9—4n 36 94+ 4n 36
sin(} ~ 2,,):1: sin(§ + 2)z

1_dn —1,dn

3 27 3T 27



2T o (9—dn)z 27 sin (9 +4n)z
S 9-am " 54 9+4n 54
. s 2nsd _ cos(—2)z  cos(z+ %)z
Sin & €as 5-ds = I_&@m ~ 1idn
3 27 3 27
_ 27 cos 9—dn)z 27 cos (9 +4n)zx
T 9—dn 54 9+4n 54 °
s . 2ns cos( -8z cos(i + )z
/cos-ésm?-ds = S T
3727 3T Y
_ cos (9 —4n)z 27 cos (9+4n)z
 9—4n 54 9+4n 54
s 2ns sin( -~ 2)z sin(} +2)z
/ cos = cos —Z?ds = P f+ e
3797 3T
1 sin (9 —4n)x 27 . (9+4n)z
T 9—-4n 54 9+4n 54
. 8§ . 2ns sin(3 - )z  sin(3 + )z
[ eingeinGrds = == - =5
3797 3T o7
27 . (9—2n)z 27 . (9+2n)x
sin - sin
18 —4n 27 18 +4n 27 ’
. 8 2ns cos(: — Z)z  cos(: +Z)z
/Sln-3-00837—d8 = = %3-£7 - —%%{-g
7
_ 27 cos (9—2n)z 27 cos (9+2n)z
18 —4n 27 18 +4n 27 ’
[ereZon i - =Bt
2 in
3727 - +8
oz cos 9—2n)z 27 9+ 2n)z
18 —4n 27 18 +4n 27 ’
and
[ tens By = =B o+ )e
n 4
3¢ =g i+%
- 27 sin (9 —2n)x 27 sin (9+2n)z
18 —4n 27 18 +4n 27

106
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we have

9 _(9-2m)z 9 _(9+2n)a:]”’r
= sin - sin
9—-2n 18 9+2n 18 |,
9 9 9 . 97w
= g5, (5 — 1) — g3, (G )
9 9
= ~1)" — -1)"
9 2n( 1) 9+2n( )
36n
— — n
= (-1 81 — 4n?’
. T . nT
/o%smzsm—g-da:
_ 18 . (9—4n)z 18 sin(9+4ﬂ.):r:9’r
= 9= 36 9+4n % |,
18 . 9w 18 . 9
= g—g s~ g,y Sl )
1B cos T (1) B os T
= (-1) g_4ncos4 (-1) g+4ncos4
. 72V2n
= (-1 81 — 16n?’
t s . [2n
/ocos-6-sm [é?(t*s)] ds
. sin2mt tCOSf- 2nsd e 2nt tcoss . 2nsd8
= 77 Jo S T T 97 o T 27
_ ogat[ 2 9-am)s 2 (9+dn)s)
o 27 |9 —4n 54 9+ 4n 54 o
e[ W (@—4ms cos(9+4n)s‘
27 |9-an " o4 9+4n 4|,
_ sm2nl£ 27 sin(9-4n)t+ 27 in(9+4n)t
= 27 [0 —4n 54 9+4n 54
et 9—dn)t 27 cos (9+4n)t 27 . 27
27 |19—4n 54 94+4n 54 9—4n 9+4n
o 2nt+(9—4n)t 2 2nt  (9+4n)t
T 9—4n 27 54 9 +4n 27 54
216n 2nt

TRl —16nZ O 27



J

I

!

1

08

27 t 27 t 216n 2nt

T et ot 6 TRl 62 " 7
216n 2nt t
81— 16n? [ S "c°s€] :
/otsin%sin [-22;@ —s)] ds
. 2nt . s 2ns 2nt [t . s . 2ns

smi?—/o angcos—zrz-ds ~cos2—7- A sm-gsm-z?ds
g 20 [_ 27 O-dm)s 2w 9+ 4n)s] ‘

27 | 9—4n 54 9+4n 4 |,
eos 20t [ 27 . ©O—dn)s A _ (9 +4n)s]‘

27 |9—-4n 54 9+4n 54 o

“in 2nt 7 . O—an 2 (9 + 4n)t . 27 27

27 9 —4n 54 94+4n 54 9—-4n 94+4n
— cog 20t [ 2 @—dant 21 9+ 4n)t]

27 |19 —-4n 54 9+4n 54
L [2nt + (9 - 4n)t] o [2nt G +4n)t]
9—4n 27 54 9 +4n 27 54

N 486 . 2nt
T8l—16n2 " 27

27 .t 2T ¢t 486 Int

R S

S et S —16n? " 27

|

__541__ [Qsingﬁ —4nsin -t—]
81 — 16n? 27 6]’
/: cos %sin [z—;(t - s)] ds
six12—nE ccosicosg?ﬁds-cosg'-l'E ccosisingEd.sr
27 Jo 3 27 27 Jo 3 27
g 20t [ n_ L 9-ms 7 9+ 2n)s] ‘
27 |18 —4n 27 18 +4n 27 o
— cos 20 [ 20 (9-2m)s & O+ 2n)s] ‘
27 |18 —4n 27 18 +4n 27 o
in 2nt [ 27 «in (9 —2n)t 2 9+ 2n)t]
27 |18 —4n 27 18 +4n 27
— cos 2nt [ 27 cos (9—2n)t 27 cos O+2n)t 27 + 27
27 |18 —4n 27 18 +4n 27 18—-4n  18+44n

27 [2nt (9 - 2n)t} 27 [2nt _(9+2n)t

T8 —4n °% |27 27 18 + 4n 27 27
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. 216n 2nt
T34 _16nZz 27
27 ¢ 27 t 216n ont
T TR IR T W ek S Ty T o Rl
216n 2nt t
= 324—16n2 [c°s 77 5] ’
and
/:sin%sin [i—;‘;(t _ s)] ds
= smﬁ icosg—ds-cosgﬁ isin-2~ﬂ:?-d.sv
27 Jo 3
_ g 20t [_ 7 (9 —2n)s 27 (9 + 2n)s]‘
27 | 18~4n 277 18 +4n 27 |,
ont [ 27 . (9—2n)s 27 9+ 2n)s] ¢
oS sin -
27 |18—=4n 27 18 + 4n 27 |,
2nt 27 (9 —2n)t 27 (9 + 2n)t 27 27
- 7 [ 8—dn 21 18+4n 27 1§—dn  18+4n
o 2nt [ 27 (9-~2n)t 27 9+ 2n)t]
27 |18 —4n 277 18 + 4n 27
_ __x sin [2nt (9 - 2n)t] oz sin [2nt _(9+ 2n)t]
18 —dn 27 27 18 + 4n 97 27
9712 2m
T34 —16n2 " 27
_o_ Lt ;W ot 912 .
18 4n 37 18+4n 3 324—16n2 27
nt ot
= _—324—16112 [Qsm —2nsm§].

The 20-term Fourier approximation to the solution in this case is shown for

various times in Figure 5.4.3. Comparison with Figure 2.5.1 is favourable, in spite

of the differences in the spatial dimension of the plot “windows™ used.

|
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Figure 5.4.3: graphic illustration of Example 5.4.3 (20 term Fourier series approximation) where c=w=2/3, L=9r

t=0 t=PY4 t=p2 t=3Pi4 t=p t=5Pid4

t= P2 t=2M t=9pi/4 v=11Pi4

t=13pi4 t=7Pi2 t=15Pi4
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Example 5.4.4: For the fixed-length string problem (5.3.1-2), we let

, L =9m,

o
I
€
I
Wi

with initial and boundary conditions chosen to agree with those of example 2.5.2,

namely
T T
= sin= + 2sin =,
fi(z) sm4+ sm2
. T . I T
fa(z) = 2(Slnz+sm§)+cos4,
( o 1:+2 i :1:+1 s:z:
qi(z) = sm4 sm2 2co T
1. =z A
ga(z) = —Esmz-2sm§,
0<z <L 9m,

pu(t) =sinz, a(t) = cos 5, (at z=0)

t t
q(t) = 2(cost+sint)+-—?(cos§+3sin-2-), (at z = 9m)

@(t) = 2(cost——sint)+-\;—-2.(3cos%—sin§), (at £ =9m)

t>0.

Putting the above functions in (5.3.29) and (5.3.34), we obtain the Fourier series

solution, as given by

ui(z,t) = cos(g)ZReZ (t)smT;—x+sm( )ilmzn(t)sin%f
_ [(1 —é.i) -——?cos%—2(cost+smt)] +sm§,
w(z.t) = —sin(3t) 3= ReZut)sin T +cos (31) im0 sin
n=1

g:r;'r[ _i)ost V2 .

t t
1 Ylin~- — t —si 2z
5 2-{- 3 sin 3 2(cos smt)]+cosz,
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in which

ReZ,(t) = [—cos( )+-—m )]/o'sm sm—-da:
+[§—1Fcos(§?)--l—sin —-)]/%sm sm--d:r:
—E-T-t-;Sin 2—"c)/°"cos-sin-9—dz

.__2%;{[1_——(—1)”][ sm;sm[ :(t——s)] ds

V2, .. s_ [2n
+ 520 [[eomgoin [0 - )] ds
+2(-1)" At cos gsin -;;(t - s)] ds
+2(-1" [ sin Ssin :%;(t - s)] ds}
+;o.-2; {s1n£ +(-1)* '-‘g-z.(cosé— 3sm-t—) + 2(cos§+sin§)] } '

0 = [ () o (5)] [
oo (F) *amen (7 )]/o“sinzsi“b‘“
+ecos (32t) [ cos Fsin Tz
_2_‘7‘_1;{[ 1+—_(—1)"]/ cos = sin[:(t—s)]ds
L2y [(sinZein [ 22e — o) ds
+2(-1)" [ cos Zsin [2—';0 - 3)] ds
—2(—1)" / ‘i Ssin [?-?(t - s)] ds}

+;z2?{_cos- +(-1" [£(3cos§+m-)+2(cos%—sm§)]}

The evaluation of the integrals [§” sin £sin %dz, f3" sin £ sin 22dx,
Jo cos &sin [%';‘(t - s)] ds, Jgsin &sin [%(t - s)] ds, Jg cos #sin [%;"-(t - s)] ds and

Jo sin $sin [—g—",-(t - s)] ds was given in example 5.4.3. The evaluation of the integrals
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Jo cos £ sin %dzr and I3 cos £ sin %Fdx is given by

/‘hcoszsinmd:l:

0 2 9
3 9 (-2 9 cos(9+2n)a:9"
T 19-2n 18 9+2n 18 |,

9 9 9 or 9 9
= oo ) g eos(g ) - g5 o om
___36n
- 81 — 4n?2’

and
r | nr
/:"coszmn?dz
_ 18 O-dnjz 18 (9+4n)s o
9= 36 9+ 4n 6 |,
= 18 cos(%—mr)—- 18 cos(-g£+mr)— 18 + 18
T 9—dn 4 9 +4n 4 9—4n  9+4n
_ (-1)’*‘5 18 (_1),,\/5 18 1ld4n
- 2 9—4n 2 9+4n 81 — 16n?2

144n n

B 2(81—16n2)[(‘1) v2-2l

The 50-term Fourier approximation to the solution in this case is shown for
various times in Figure 5.4.4. Comparison with Figure 2.5.2 is favourable, in spite

of the differences in the spatial dimension of the plot “windows” used.
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Figure 5.4.4: graphic {llustration of Example 5.4.4 (50 term Fourier series approximation) where c=xn=2/3, L=9%

t=5Pil4

ta0 t=Pl/4 t=PiR t=3PV4

1=9PY4 1= 1{Pi4

t=13Pi4 te 1SPY4
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The remaining examples are based on the “pulse wave” examples of section
4.3.
Example 5.4.5: In the fixed-length string problem (5.3.1-2), we let
c=1, w=m, L=10,
and adopt initial and boundary conditions consistent with those of example 4.3.3,

namely

1 — cos(2wz) 2<z<3
filz) =

0 otherwise

[H(z — 2) — H(z — 3)][1 — cos(2rz)],
fo(z) = gi(z) = g2(z) =0,
for0<z <10,
pi(t) =pa(t) = @1(t) = ¢2(t) = O,
for t > 0.
Putting the above functions in (5.3.29) and (5.3.34), we obtain the Fourier series

solution, as given by

wi(z,t) = cos(nt) g Re Z,(¢)sin o + sin(rt) g Im Z,(t)sin 2,
up(z,t) = —sin(nt) g Re Zy(t)sin = + cos(t) g Im Z,(t) sin 2,
in which
ReZ,.(t) = -l-co (I;Et) /: [1 — cos(27z)] sin ILI%{dz,

ImZ,(t) = =sin (?—t) /2 3[1 — cos(2nz)| sin %Edz
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In addition, we have that for n # 20,

3 . nTT
/2 [1 — cos(27z)]sin Wdz

5 (n — 20)7z 5 n+20)rz 10 mnrz 3
= [(n —20)r 10 m+20)x > 10 nro 'Ib'] ,
SR CINELC TN SN P O AN
T 10 \n2-400 n T 5 \n2-400 =n

_ 10( n _1) . 3mr-—cosﬂ)
= T \nz—a00 =/ \"" T 5)°

and for n = 20,

3
/2 [1 — cos(27z)]sin LA

10
= /; ’ [1 — cos(2nzx)] sin(27x)dz
_ 1 sin?(2nz) 3
= —3= l:cos(27‘r.’l:) + ———2—'——]2

= 0.

Graphical illustration of the 20-term Fourier series approximation, displayed
in Figure 5.4.5, compares very well with that of Figure 4.3.3, although the typical
oscillatory behaviour (i.e., the “wiggles”) in the Fourier series appraximation is
more evident than it has been in previous examples. Of course we would expect
the appraximation to be more accurate if more terms were included in the Fourier

series approximation.
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Figure 5.4.5: graphic illustration of Example 5.4.5 (20 term Fourier series approximation) where c=1, o=, L=10
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Example 5.4.6: We now consider the fixed-length string problem (5.3.1-2), with

conditions determined by example 4.3.4. Thus, we choose

c=1, w=m, L=10,

and initial and boundary conditions given by

l1-cos(2rz) 2<zx<3

h(z) =

0 otherwise
= [H(z —2)— H(z — 3)][1 — cos(2nz)],
fo(z) =gi(z) =0, for 0 <z < 10,

mleos(2rz) —1] 2<z<3

g(z) =
0 otherwise

= w[H(z — 2) — H(z - 3)][cos(2nz) — 1],

p1(t) = pa(t) = qu(t) = gy(t) =0,
fort > 0.

Substitution of the above functions into (5.3.29) and (5.3.34) provides the Fourier
series solution, as given by

ui(z,t) = cos(nt) 3 ReZy(t)sin '-"1’—;3,
n=1

uy(z,t) = —sin(nt) Z Re Z,(t) sin 1_?.i1(r)_z,
n=1
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in which
1 nw 3 . nwrx
ReZu(t) = cos -ﬁt) A [1 — cos(2)|sin “Cdz,
ImZa(t) = O.

The evaluation of the integral f}[1—cos(27z)] sin E5-dz was given in example 5.4.5.

Graphical illustration of the 20-term Fourier series approximation compares

very well with that of Figure 4.3.4, although the typical oscillatory behaviour of

the Fourier series approximation is again evident, and the appraximation would

be more accurate if more terms were included in the Fourier series approximation.
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Figure 5.4.6: graphic illustration of Example 5.4.6 (20 term Fourler series approximation) where c=1, o=r, L=10

t=0 t=05 t=10 =15

1=20 t=2$ =30
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Example 5.4.7: The final example involves the fixed-length string problem

(5.3.1-2) previously considered in example 4.3.5. Thus, we choose
c=1, w=m L=10,
and initial and boundary conditions given by
fi(z) = fa(z) = g1(z) = ga(z) =0,
for 0 <z <10,

1—cos(2mt) 0ZLt<1
n(t) =
0 otherwise

[H(t) — H(t — 1)][1 — cos(2nt)],

]

p2(t) = q1(t) = g2(t) =0,
fort > 0.

Putting the above functions in (5.3.29) and (5.3.34), we obtain the Fourier series
solution, as given by

w(z,t) = cos(nt) n‘é Re Zu(¢)sin 0" +sin(rt) Z Im Z,(8) sin S

(1 - S)H(E) = H(t ~ D]L ~ cos(2mt)]
N

uy(z,t) = —sin(nt) Z Re Z,(t) sin -W + cos(nt) Z Im Z,(t)sin n10

in which

ReZn(t) = —;?;[H(t) — H(t — 1)] cos{mt)[1 — cos(2rt)]
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l / t[H (s) — H(s — 1)] cos(ms)[1 — cos(2ws)]sin [T—Ig(t - s)] ds,
ImZ,(t) = ——[ (t) — H(t — 1)] sin(t)[1 — cos(2xt)]
+z ‘/0‘ [H(s) — H(s — 1)] sin(7s)[1 — cos(27s)] sin [I%(t - s)] ds.
The evaluation of the integrals [j[H(s)—H(s—1)] cos(ws)[1—cos(27s)] sin [%(t - s)] ds
and f5[H(s) — H(s — 1)] sin(ws)[1 — cos(27s)]sin [-’f"a»(t - s)] ds is performed in the

usual manner, illustrated previously in section 4.3.

/:[H(s) — H(s — 1)] cos(ms)[1l — cos(2xs)] sin [%[(t - s)] ds

Js cos(s)[1 — cos(2ms)] sin [—';%(t - s)] ds, for0<t<l1
Jo cos(ms)[1l — cos(2ms)] sin [—l'%(t - s)] ds fort>1

and

/ “[H(s) — H(s — 1)] sin(s)[L — cos(27s)] sin [%(t - s)] ds

Js sin(s)[1 — cos(2ms)] sin [%(t - s)] ds, for0<t<1
Jo sin(ms)[1 — cos(27s)] sin [%(t - s)] ds fort>1 .
For n # 10, 30,
/ cos(ms) sin [ﬂ(t - s)] ds

at
= sin—— / cos(7s) cos ——ds ~ cos —— cos(7s) sin 2 ds

10 10
L mrt sm( —m)s sm(l:,£ +7)s
Bl [ 2(—--7r) =) ]
nrt | cos(5 —7)s cos( =4S
~%* 70 [ 202 —7r) 2('"r + ) ]
_ 5 mrt nnt
= =10 [°°s g oos(qg ~ M +ein Ty sin(75 - ”)3]
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3 [ nrt os(ﬂ+1r)s+sm nat sin(E +7r)s]

tEro)r 1° 10 “C' 10 10 10

5 nnt nw ) nnt nw ]

-E+

m—10)7 [ 0 (1o “)s] nt 10T > [ o (T0 ™

5 n 5 n ]
2 2~ S — Dt—s)—s|,
m—10)7 " [10 (t—9)+ s] tarom T [10( 9)

/ cos(ms) cos(2ms) sin [%r-(t - s)] ds
1 / [cos(ms + 27s) + cos(ws — 27s)]sin [%r(t - s)] ds

= / cos(3ms) sin [—(t — s)] ds + = / cos(7s) sin [%(t - s)] ds

1[. nnt nnt nmts
3 [sm o cos(37s) cos -i)-ds —cos = [ cos (3ws) sin n ds]
5 n 5
+——————-2( To)7 cos [Td(t —s)+ s] + ——2(n 1007 cosT [ﬁ)'(t —-8)— s]
1 sin nat [sin(3f —3w)s  sin(5F + 37)s
2770 | 22 —3n) 2('ur +3m)
1 nmt| cos B — 31r)s cos(3% + 3m)s
2°CT0 | 2% <31 2(% +3n)
5 n 5 n
+——-—————2(n —Tojr cos T [—(t — ) +s] + ————2( T10) cosm [-1—0-(t -s)— s]
5 nnt nat . nw
2(n — 30)7 [°°s 10 °°S(T6 = 3m)s +sin o= sin(75 — 3m) s]
5 nnt nt
* 3T 3007 [cos T cos(-i—- + 37)s + sin — 0 sm(—- + 37r)s]
3 n 5
+2(n —10)r cos T [Tﬁ(t -+ 8] + 2(n +10)7 cos T _Td(t —8) = s]

5 cos [mrt (n _3 )s] 5 os nat  nw LI ]
3n—30)r {10 ‘10 n+30)r |10 ‘10 "¢
+——-—5 cosw[i(t-s)+s]+—-——5 cosw.n(t—s)- ]

2(n — 10)7 10 n+10)r |10 g

) n 5 n
-————2(n _30)1rcos7r [Tﬁ(t - 3) +33] + ——--———2(n+30)7rcos1r [-1-6(t ) -33]

+-—-——5—-cos1r[£'—(t-—s)+ ]-}- > cosw[n(t—s)——s]
2(n — 10)7 10 | T 3m+ 107 10 ‘



124
For n =10,

[ cos(as)sin [%(t - s)] ds
- / cos(rrs) sinw(t — s)ds
~ sin(nt) [ cos?(rs)ds — cos(rt) [ cos(rs) sin(ws)ds
— sin(nt) [% + L sin(21rs)] - cos(7rt)2—tr- sin?(rs)

4w

s 1
-_— -— T — 1 ¥ t b
5 sin(nt) + 5 sin(ws) sinw(t — s),

and

/ cos(ms) cos(2ms) sin [P]%(t - s)] ds
= / cos(7s) cos(2ms) sin w(t — s)ds
= sin(mt) / cos?(ms) cos(2ms)ds — cos(mt) / sin(ms) cos(7s) cos(2mws)ds
- -‘]isin(n-t) [s + %sin(27rs) + %:sin(hrs)] - -8-17; cos(nt) sin?(2rs)
= Zsin(rt) [s+ %sin(27rs)] + §17-r sin(2rs) sin (¢ — 2s).

For n = 30,
/ cos(7s) sin [%(t - s)] ds
= f cos(s) sin3n(t — s)ds
= sin(3t) f cos(7s) cos(3ns)ds — cos(3mt) / cos(7s) sin(37s)ds
= %sin(s'/rt) / [cos(2xs) + cos(47s)|ds
--;- cos(3rt) / [sin(2s) + sin(47s)]ds
1

= 3sin(3mt) [51; sin(2rs) +Zl;r-sin(47r8)]

1 1 1
-3 cos(3mt) [—-2—7; cos(2ms) — yo cos(41rs)]
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= -l-cos (3t —2s) + L cos (3t — 4)
T 4w 8 '

and

/ cos(ms) cos(2ms) sin [%r-(t - s)] ds

= / cos(7rs) cos(2xs) sin3n(t — s)ds

= sin(3nt) / cos(7s) cos(2ns) cos(3ms)ds — cos(3nt) / cos(7s) cos(27s) sin(37s)ds

= -;-sin(37rt) / cos(2ws)[cos(27s) + cos(4ns)|ds

_.;. cos(3nt) [ cos(2ms)[sin(2ms) +sin(4rs)lds

L) [ 4L sin(ans) + L sin(2rs) — L sin?
=3 sin(37t) [ 3 + & sin(4ws) + o sin(27s) o (21rs)]

1 1 1 4
+5- cos(3t) [§ cos(4ns) + 3 s (27rs)]
1

. 1 . 1 1
i sin(3nt) [s + ;r-sm(21rs)] + o= ¢os w(3t — 4s8) + -6—1;cos(41rs).

[

Then for n # 10, 30, we have

Ji * cos(ms)[L — cos(2rs)] sin [%(t - s)] ds
- /: cos(rs) sin [ll‘g(t - 3)] ds
- _[) t cos(7s) cos(2ms) sin [-’;%(t - 8)] ds
- (e o e+ + e -9 -},

_{5(—1;_-5-3_())1?c°61r[%(t —3) +3s] +5(-n—§30—)1rc0s1r[%(t—s) '-33] }0

5 nwt L3 nnt
= m—10)7 [ms(m) ~% 70 ] t mr10)r [“’s(“t) — o8 W]
5 nwt 5 nat
——————2(n —30)7 [cos(31rt) ~cos 7o ] ) [cos(31rt) — cos 1—0]
_ on ___nnt] 5n nnt
= T(n? — 100) [ms(m) “* 70 ] 7(n? — 900) [ms(m) — s —10'] ’
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and
-[)1 cos(7s)[1 — cos(2xs)] sin [%(t - s)] ds
= /o‘ [ cos(s) sin [%(t - 8)] ds
- /o ' cos(s) cos(27s) sin [%(t - 8)] ds

1
{2_(1%0_)_71:605“[1%“—8) -{-s] +§(—1-l:5mcos1r[ﬁ(t-—s) - ]}o

5 n 5 n
- {-————2(n — 30)11’ cos T [E(t — 3) + 38] + mCOSﬂ’ [i-é(t - 3) — 38] }0

= 5 c mr(t_ 1) + co mrt] - 5 [cos mr(t_ 1) + cos E-t-]
= T3m—10)7 [ *T0 €0l T 2m+i0r | " 10 10

+ [cosnﬂ’t—l)i-cos nt
" 2(n —30)7 10"
on 1000 — 2n?

= 7 (n? — 100)(n2 — 900)

]+ > [c 2T(t—1) +cos
10 2m+30)x 10" 10

nw nnt
[COS -I—(')-(t b 1) + cos -ﬁ] -

For n = 10, we have

/0‘ cos(8)[1 — cos(2ms)] sin [%(t - 3)] ds
= ./o t cos(s) sinw(t — s)ds

- /0 ‘ cos(7s) cos(2ms) sinw(t — s)ds

= [-;- sin(xt) + 2% sin(ms) sin7r(t ~ s)]:,
~ (Bntre) s+ Leincome)] + g siner) sinn ~ 29},

= %sin(frt) - -81? sin(t) sin(2t),

and

/0‘ 1 cos(ms)[1 — cos(27s)]sin [%(t - 8)] ds

= /: cos(ws) sinm(t — s)ds

nnt ]



- / l cos(ws) cos(2ws) sinw(t — s)ds
s ’ 1 !
= [3sintet) + 5 sin(rs) sin (e — 9]
2 0 .
_ {_sm(wt) [s +1 sm(21rs)] gl; sin(2rs) sin (¢t — 2s) }o

For n = 30, we have

/o ‘ cos(s)[1 — cos(2ms)] sin [%r-(t - 8)] ds
-/ " cos(ws) sin 3 (¢ — 5)ds

- /0 t cos(s) cos(27s) sin 3m(t — s)ds
= [-4—;- cos (3t — 2s) + él-;? cos (3t — 43)]:

1. 1 . 1 1 ¢
- {Z sin(37t) [s + ;sm(21rs)] + g cos (3t — 4s) + P cos(47s) }0

- %cos(n) sin?(nt) — it sin(3mt),

and
1
/ cos(7s)[1l — cos(27s)] sin [E(t -~ s)] ds
° 10
1
= /o cos(7s) sin 3w (t — s)ds
1
- /0 cos(ms) cos(27s) sin 3w (t — s)ds
1 1 !
= [4—- cos (3t — 2s) + Pl (3t — 43)]
1
- { - sin(37t) [s + -sm(21rs)] + E-cos (3t — 4s) + —}- cos(41rs)}
Similar calculations give, for n # 10, 30,

[: sin(ms)[l — cos(27s)]sin [%(t - s)] ds



15

T w(@=100)
and
For n = 10,
and
For n = 30,
and

7t
[nsin(ﬂ't) — 10sin =

10 ] ~ 7(n? — 900)

nw

/o 1 sin(7s){1 — cos(2ws)] sin [-—-(t - s)] ds

10

m(n2 — 100)(n2 — 900)

I

12 x 104 [

/0 ‘ sin(ws)[1l — cos(27s)] sin [%(t - s)] ds

9 1 3
— s —si — Ztcos(nt),
o sin(mt) + o sin(37t) 3 cos(mt)

.[o ' sin(ws)[l — cos(27s)] sin [-Z%(t - s)] ds

—% cos(7t).

/0‘ t sin(ms)[1 — cos(2xs)] sin [T—{;—r(t - s)] ds

9 13 1
—— S — ——— G} - Tt
o sin(nt) iar sin(37t) + 4t cos(3nt),

jo ' sin(ms)[1 — cos(27s)] sin [%(t - s)] ds

:11- cos(3nt).

[n sin(37t) — 30 sin

nmw .
sm—fb—(t—-l) +Sln-]-ﬁ-

128

7t
10

il

As in previous examples, graphical illustration of the 20-term Fourier series

appraximation to the solution of this problem is shown in Figure 5.4.7a. To illus-

trate the convergence of the Fourier series approximation to the solution, Figure
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5.4.7b displays corresponding results for the 50-term Fourier series approximation

to the solution. As one would expect, the accuracy of the appraximation increases

as the number of terms in the approximation increases.
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Figure 5.4.7a: graphic ustration of Example 5.4.7 (20 term Fourier series approximation) where c=1, o=r, L=10

t=0 t=0S$ t=10 t=15 t=20 t=25 t=30
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Figure 5.4.7b: graphic illustration of Example 5.4.7 (50 term Fourier series approximation) where c=1, w=r, L=10

t=qQ t=05 t=190 t=15

t=30




CHAPTER 6

Solutions for the Finite String with One Linearly-Moving Endpoint

6.1 Introduction

In this chapter, we solve the linear system (1.3.1) in the case of a finite string
with one linearly-moving endpoint, subject to general initial and boundary con-
ditions. As shown in in Chapter 3, we may transform the system into a sin-
gle one-dimensional (complex) wave equation, on the region in the zt-plane with
bounds given by 0 < £ < mt + L and t > 0, with corresponding (complex) initial
and boundary conditions. The latter problem is solved using the usual d’Alem-
bert form of the solution of the wave equation subject to the specified initial and
boundary conditions, using results developed by Corbett [9]. Finally we apply the
inverse transformations to determine the solution of the original problem. Several

examples and corresponding graphical illustrations of the solution are presented.

6.2 d’Alembert Solution and Compatability Conditions

We consider the usual one-dimensional homogeneous wave equation

u  ,0u
_—

£ 72 20 (6.2.1)
in the case of a finite string with one linearly-moving endpoint, so the domain of

(6.21)is0 <z <mt+ L, t > 0, with |m| < ¢. The parameter m represents

the velocity at which the right-hand end of the string is moving along the z-axis;
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the condition |m| < c is imposed to avoid the difficulties associated with the

introduction of “supersonic” motion of the endpoint 7, p. 29].

The initial conditions are given by

2"%}2 —g(z), 0<z <L, (6.2.2a)

while the boundary conditions (at £ = 0 and £ = mt + L, respectively) are given
by

u(0,t) = p(t), u(mt+ L,t) =q(t), t>0, (6.2.2b)
where f(z) and g(z) are specified functions on 0 < z < L, while p(t) and ¢(¢) are

specified functions on t > 0.

In order to solve the above initial moving-boundary value problem, we intro-

duce the dimmensionless variables

z=Lz* t= -[it‘, m* = ln-, (6.2.3)
c c
and let
[ 3 L] - * L «
u'(z*,t") = u(z,t) = u(Lz®, -c—t ), (6.2.4)
so that (6.2.1) becomes
vt . e . .
Bt.—z"-—‘-a?z-, 0<z*<mt"+1, t*>0, |m*| <1, (6.2.5)

while the initial conditions (6.2.2a) become

u*(z*,0) = u(z,0) = f(z) = f(Lz*), (6.2.6a)

du, . Ldu, L . .
(@0 =25 (=0 = —g(Lz%), (6.2.6b)
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0<z* <1,

and the boundary conditions (6.2.2b) become
[ 3 L ] L ®
w(0,£7) = u(0, ) = p(t) =p(t"), (6.2.60)

w(m't® +1,¢") = u(L{m"t* +1], %t‘) =u(mt + L, t) =q(t) = q(-f.t'). (6.2.6d)

The problem (6.2.5-6) was considered in detail by Corbett (7, pp. 22-28]. In [7,
pp. 22-28], it is shown that the form of the d’Alembert solution depends upon the
region Dy; ;) under consideration in the domain D = {(z*,¢*): 0 < z* < m*t* +1,

t* > 0}, as shown in the following diagram.

(0,0) (Lo) x*

Diagram 6.2.1
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We denote the solution of (6.2.5-6) in region Dy; j), of diagram 6.2.1, by
u' (2", ) = pi(z* + t*) + ¢;(z* — t°). (6.2.7)

By the usual procedures, we may show that

&) = &) +3 [ Zo(Lriar+F,

1 &
= % FLE) + 5 /‘; g(rydr + F, (6.2.8a)
for0<€° <1,

and

w@) = 3fn) -3 [ ZoInidr—F

1 o 1
= f(ln) -5 /o g(rydr ~ F (6.2.8b)
for0<n* <1,

where £* = z* +t*, n* = z* — t*, and F is any constant. In general, we have

pi1(€*) = Q(gg.:_ll) - !1’:([:: ; i][f’ —1]+1), (6.2.9a)
and
L
Vi1 (17) = p(==1") = wi(=n"), (6.2.9b)

fori =1, 2, 3.... Asin section 5.2, it is noted that these recurrence relations carry

appropriate restrictions on £* and 7* as a result of those appearing in (6.2.8).

In particular, we have
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u-(xt’tt) = cpl(:l:'+t')+1,[f1(x'—-t')

1 . . . . 1 rLz*+Lt°
= UL+ Lt") + f(La" ~ Lt + 5 [ . 9()dr, (62.10)

for (z*,t*) € Dq1,1)

u'(z%t) = @iz +17) + (" - 1)
1 Le*+Lz*
= -;-[f(Lt‘ + Lz*) — f(Lt" — Lz")] + -2-5./[‘”_;:‘ g(r)dr

L, L
+p(Zt - Za), (6.2.11)

for (z*.t") € D),

u'(z*,t") = z" + ") +th(z" - t°)
m*—1
m*+1

= Sf(La’ - L) — f( [Lz* + Lt — L] + L)}

1 2L +Le-L)+L
+3- fw_w g(r)dr
Lz* +Lt* — L
+q(-=+ ), (6.2.12)

cmn® +c

for (z*,t%) € D(a,1),

ut(z",t") = pa(z® +t*) +o(z* —t*)

1, m" —1
= —5{ f(::. Ut + La* — L]+ L) + f(Lt* ~ La")}

1 3L +Lz -L)+L

L. L.,

% Joe - 1o g(r)dr +P(;t -C )

Lt*+ Lz* - L
+4(

cm®* +¢

), (6.2.13)

for (.‘l:, t) € D(z'z),



137

u(z",t*) = @o(z* +t") +yn(z® —t°)

(Lt* + Lz* — L] + L)}

. m*—1
= Sl — e~ L+ L) = (g
1 ?T{-(Lt +Lz*-L)+L

+§: o (Lt~ Lz —L)+L
Lt‘+L:n‘-L)_q(Lt — Lz -L)’ (6.2.14)

cem® +¢ cmt +¢

L. L.
g(r)dr +P(;t' =z )

+q(

for (z,t) € D3,

W@ ) = pals” + )+l — F)

- -{f(— ‘+1[Lt‘+[,x - L] - L) - f(Lt* — Lz*)}

1 2 —t(Lt"+Lz"-L)-L L . L .
L §(r)dr +p(St" = Za")
2¢ Jree-Lz* c c

m' —1__ . . L
-p(—cm +c[Lt + Lz* — L] c)

Lt* + Lz* - L
+o(——— e ): (6.2.15)

for (.’II, t) (= D(3'2),

and

W@ ) = eaa” +8) + (@ — 1)

- -—{f(— ‘+1[Lt'+Lx . L)+f(:':[Lt'—Lx--L]+L)}

mo=l(e+Lz*-L)-L L L
o o(dr -+ p(= ~ La)
2C W(Lt —Lz*-L)+L (4

. Lt*+ Lz*—- L

Dl 4 La — ] - ) + (e
Lt* -~ Lz* - L

—g(———), (6.2.16)

—'P(—

for (1‘, t) c D(3,3).

Continuation of the solution into other subregions may be accomplished by re-

peated use of (6.2.7-9).
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Using (6.2.34), (6.2.10-16) give the corresponding solution of the problem
(6.2.1-2) in the subregions Ry; ; of region R = {(z,t): 0 <z <mt+ L, t >0}, as

illustrated in the following diagram in the zt-plane.

Diagram 6.2.2

Moreover, in analogy with (6.2.7), we write the solution u(z,t) of (6.2.1-2) in

subregion Ry ), of diagram 6.2.2, as

u(z,t) = i (C50) + (D), (6.2.17)
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where the functions ¢;(£°) and ¥;(n*) are defined as in (6.2.8-9). In particular, we

have
u(z,t) = ‘;’[f(-"’ +et)+ flz—ct)] + -é]:c-[;:t g(T)dr,

for (z,t) € Ry,

u(z,t) = %[f(ct +1z)— f(ct —z)] + % /;t c:z g(r)dr

b 4
+p(t — Z)’

for (z,t) € R(lﬂ)’

1 m-—c
ug,t) = 5{fl@—ct) - fle+et~ LI+ L)}
1 -:%z(r&ct— L)+L <+ ct — L
=" g(r)dr +a(E="—),

for (z,t) € Rea,1),

u(zt) = —5 (o
1 B (ct+e—LHHL
2—C-/C;°3

ct+z—L
“mre

[ct +z— L]+ L) + f(ct —x)}

g(r)dr +p(t - =)

+4( ),

for (:z:, t) (3 R(z,g),

m-—c

w(z,t) = %{f(m+c[ct—z—L]+L)—f(7n';;c

1 2= (ct+z—-L)+L
2 /g;—;(a-z—t.)u;
ct+z— L ct—z—L

m+c m+c¢

g(r)dr +p(t - )

for (z,t) € Rea3),

(6.2.18)

(6.2.19)

(6.2.20)

(6.2.21)

Clet+z — L]+ L)}

(6.2.22)
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uz,t) = St +z— L]~ L) = flet =)}
+-21; et ) p(t — %)

L cc+z—L

Pl 2~ L= D) Fa( ), (62.29)

for (z, t) e R 9y,

and
wzt) = SU(-olet + 5~ L]~ L) + f(o—lct — = — L] + L)}

1 -:’ﬁ(cti—.’t—b) -L T

—= d t—Z

2c JBzg(ct-z-L)+L g(r)dr +p( cz)

m-—c L c¢t+z—L

Pl +z - -2 +a(——=7)
—g2=2=L) (6.2.24)

m+c

for (.1..‘, t) € R(s,:;).'

As indicated earlier, the continuation of the solution in additional subregions
involves repeated use of (6.2.7-9). Alternatively, it is noted that, since the hori-
zontal line ¢ = 2% passes through the two points (0, 2.) and (%E, 2L we
could simply treat the continuation of our solution as a new initial value problem

2L) as evaluated from (6.2.24) along t = 2&- as the

having u(z, 2&) and &(z, 2%

new initial conditions. Then a simple linear change of variable of the from

2L

c—m

t=t—

reduces this new problem to one having the original form, namely (6.2.1-2).

Finally to complete this section, we note the following compatability conditions
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on the functions which determine the initial and boundary conditions for problem
(6.2.1-2):

1) If f(z), p(t) and q(t) € C°, g(z) is integrable, f(0) = p(0) and f(L) = ¢(0),
then u(z,t) € C°.

2) If f(z), p(t) and ¢(t) € C*, g(z) € C° f(0) = p(0) and f(L) = q(0),

9(0) = p'(0) and mf'(L) + g(L) = ¢'(0), then u(z.t) € C*.

Once again these conditions follow immediately from (6.2.18-24), with the last
condition in 2) coming from differentiating u(mt + L,t) = g(t) with respect to ¢,

and then setting ¢t = 0.

6.3 Transformation of Results

We now turn our attention to the coupled linear system

8y, Fus Pu,
-at—z —_ 2w—at—- — wzul = cz?a;;’ (6.3.13)
BZ‘UQ 3u1 2 621.I2
3t2 +2wat —WUy = czaxzt (6'3‘1b)
0<z<mt+L, t>0, |m|<ec,
with initial conditions given by
Ou,
u1(z,0) = fi(z), E—-(a:, 0) = g1(z), (6.3.2a)
_ Ouz . oy —
1(2,0) = hi(z), Fz,0) =a(), (6.3.2b)

0<z<IL,

boundary conditions at £ = 0 given by

u1(0,¢) =p1(t), ua(0,t) = pa(t), (6.3.2¢)
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and boundary conditions, at the linearly-moving endpoint £ = mt + L, given by
ui(mt+ L, t) = qi(t), up(mt+ L, t) = qo(t). (6.3.2d)
As in Chapter 3, 4 and 5, we again let
V(z,t) = u(z,t) + tuy(z, £), (6.3.3)

where i = /-1, and

W(z,t) = e“*V(z, t). (6.3.4)

so that (6.3.1) is transformed into

PW _ ,PW

a2 =C -ﬁ’ (6.3.5)

0<z<mt+L,t>0,
while the initial and boundary conditions (6.3.2) become respectively

W(z,0) = f(z) = fi(z) +ifa(z), (6.3.6a)

é%'V(:z:, 0) = g(z) = —wfo(z) + a1(z) +ilwfi(z) + ga(z)], (6.3.6b)

W(O,t) = p(t)
= p1(t) cos(wt) — pa(t) sin(wt)

+i[p1(t) sin(wt) + pa(t) cos(wt)], (6.3.6c)

W(mt+ L,t) = q(t)
= qi(t) cos(wt) ~ qo(¢) sin(wt)

+i{qy (t) sin(wt) + go(t) cos(wt)]. (6.3.6d)
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In analogy with (6.2.17), we may write the solution of this problem for (z,t) €
Ry, i j=1,2, 3., in the form

z+ct ct

Wz, ) = o2 ) + (), (63.7)

where the functions ;(£*) and ¥;(n°) are defined as in (6.2.8-9). Specifically, we
have

W(z.t) = %[ Flz +ct) + f(z —ct)] + — 21 /: g(r)dr, (6.3.8)

fOl' (:z:, t) (S R(l,l):

Wt = slfc+a) - fla—al+q [ o
+o(t - =), (6.3.9)
for (z.t) € R,
Wint) = s{fe—et) — f(olo+ct— L+ L)}
20 /m—I:(zﬂ: LHLg(T)d'r +al %_{‘_)’ (6.3.10)
for (z,t) € Rq,1y,
W(z,t) = ——{ f( [ct +z— L)+ L) + f(ct — z)}
516- L;ig(c&z—r.)ﬂ. o)+ pt - -;)
cd+z—L
+Q(——m—;_-c—-)a (6.3.11)

for (.’L' . t) € R(z'z),
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(6.3.12)

(6.3.13)

W(z,t) = —;—{f(m-c[ct—-z— O+ L) - St + o — L]+ L)}
3 Jamea s SN 42—
+EEE=0) 2220y,
for (z,t) € R,
W(z,t) = -{f(— [Ct +z— L}~ L) — f(ct — )}
+o [ __:_:(“‘L " grar +pe -2
PGt +a— I - 2 +o(FEE=L
for (z.t) € R,
and
Wi(z,t) = %{f(—"‘ —let+2— [ - ) + f(=—Cfet -z — L] + L)}

—Rec(ctiz—L)-L
! / * g(r)dr +p(t — -'E:r)

2 Bs(ct—z-L)+L

PGt +2— I - D) +g(EEEZ R
c—z—L
-Q(—m'_*_—c—-),

for (z,t) € R3).

(6.3.14)

By virtue of (6.3.6), the above results confirm that at any point W (z, ¢) is complex.

However, (6.3.3) and (6.3.4) imply that

ui(z,t) = cos(wt) ReW(z,t) + sin(wt) Im W (z, t),

us(z,t) = —sin(wt) ReW(z,t) + cos(wt) Im W (z, ).

(6.3.15a)

(6.3.15b)



Substitution of (6.3.6) into (6.3.8-14) gives

ReW(z.f) = slfila+et) +fils—ct)

+—2££ /:_ ;a[—w faT) + qr1(7)]dT,

ImW(z,t)

Lfala +ct) + folz — t)]

b [ () + e,

for (z,t) € Ry 1),

%[fl(ct +1z) ~ fi(et — )]

o [ rwh(n) + ai(ldr

Re W (z, t)

+p1(t — %) cosw(t — %)
~pa(t — D sinw(t - 2),
mW(z,t) = glflct+3)- falct—a]

Ll f T W fl(r) + ga(dT

2(2 ct—z
x T
t — =)si -=
+p1( c)smw(t c)

T T
+pa(t — =) cosw(t ~ =),
for (.’B, t) (S R(l'z),

m_—

ReW(s,t) = slfile—ct) ~i(oalo+et— LI+ L)}

L [ () + a(rlar

2 Jz—at
z+ct—L w(z+ct—L)
+a( m+c ) cos m+c

z+ct—L . wz+ct—L)

—'(k( m+c )sm m+c

145

(6.3.16a)

(6.3.16b)

(6.3.17a)

(6.3.17b)

(6.3.18a)
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mW(z.t) = 3{faz—t) ~ iz +ct— L]+ L)}

+ -1_ / Z=(ztct-L)+L
2c

+aq1 (

Wwhi() + go(7)ldr

z+ct—L, . wz+ect—L)
)sin
m+c m+c
z+ct—L w(z +ct— L)
) cos
m+c m+c

: (6.3.18b)

+go(

for (.’!:, t) € R(z'l),

ReW(z,t) = —%{fl("‘ et +z - L+ L)+ filet — =)}
1 2=S(ct+z-L)+L
[—wfo(7) + gi(7)ldT

% Jors
+p1(t — 2) cosw(t — 2) —palt — =) sinw(t %)

c¢+z—L w(ct+z—L)
+q1( — ) cos —e

ct+z—L. . wict+z—1L)
)sin .

m+c m+c

_%{f,(m'c[ct+x—L]+L)+f2(ct-z)}

1 rEsS(etiz-L)+L

m+ec

~ga( (6.3.19a)

It

ImW(z,t)

= Whi(r) + ga(r)lar

T z z z
t — Vsinwl(t — = t— = B
+p1 ( c)suu.u( c)+pz( c)cosw(t c)

c+z—L . wlict+z—L)

+q1 ( e ) sin mIe
+q2(

ct+z—-L w(ct+z — L)
) cos
m+c m+4c

, (6.3.19b)

for (z,t) € Rp2,2),

[ct+z—L]+L)}

ReW (z,¢t) -{fl( [ct z— L+ L)— f1

ﬁ—;ﬁ(aﬂ —L)+L
2c/ m=<(ct—z—L)+L

m+e

[~wfa(r) + qu(7)ldT

+p1(t — ) cosw(t = Z) = palt — =) sinw(t ~ =)



ImW(z,t) =

ReW(z,t) =

Im W (zx,t)

c+z—L

+q1(--——-) cos

m-+c
ct+z—~L

w(ct +z — L)
m+c
w(ct +z— L)

—qz( m+c

ct—z—L

) sin

m+c
w(ct —z— L)

-q( ) cos

m+c
ct—zr—L

m+c

. w(ct—z—~ L)

+¢a( )sin

m+4c

"{fz( [Ct

m+c

1 /:;g(ewz L)+L
2% mes(ct—z—L)+L

m+c

pu(t — 2) sinw(t — 2) +pat — 2) cose(t ~ )

m+c

~L{+L)-

[wfi(7) + g2(7)ldr

+ (ct+x—L)sinw(ct+z—L)
Mt m+c
+ (ct+z—L)cosw(ct+:L‘—L)
@ m-+c m+c
—z—L, . wict—z—L)
~aq( — ) sin ——r—
ct—z—L w(ct —z— L)
—Q2( m+c )cos m+c H
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(6.3.20a)

[ct+z—-L]+L)}

(6.3.20b)

for (:z:, t) (S R(gys),

"{fl(— [ct+$-LI L) - fi(et — )}
1 -g—;§(cz+z Ly-L
2.

[-wfa(7) + gu(7)ldr

ct—-z
z z T, . z
+p1(t — Z) cosw(t — Z) —pa(t — Z) sinw(t — Z)

m-—c L m-—c L
—-p1(— +cz[ct+:c—L]—»—)cosw(—-cm c,[ct-{-z-L]--g)

L c L

+pa(~ +2[ct+:1: L]—-Z)smw(- +cz[ct+:c—L]——z)
ct+z—L w(ct+xz—L
-Hh( m+4c )cos (m+c )
e¢+z~L, . wlet+z—-L

—q2( — ) sin (m+c ), (6.3.21a)

%{fz(—::::_i[ct +z — L] - L) - fa(ct — z)}



and

ReW(z,t)

ImW(z,t) =

148
1 Zec(ctyz-L)-L
5— f z wf[(‘r)+g2(r)]dr

+p1(t — %)sinw(t - -E) +pot — -:z-) cosw(t — %)
L

—pl(-;:—zz[ct-{-z- L} - -g-)sinw(—c::_zz[ct-i-z -L]- -&-)
ot 42— D)= Dy eosul - 2t 2 - 1= )
+‘11(Ct+::_c L)sinw(d;:: L)
+q2(d;ic L) cos w(ci: ::L), (6.3.21b)
for (z,t) € Ra2),
= AR oL~ D)+ At~ 2~ [+ D)}

1 / B (ct+z-L)- L[—wf, () + u(r)ar

2c BoS(ct-z-L)+L

+p1(t — -) cosw(t — E) pa(t — -) sinw(t — -)

L
—Pl(—cm cz[ct+$~Ll-—c')COSW(—m+Cz[Ct+$-L]-'c‘)
m-—c L, . m—c L
+pz(—-cm+cz[ct+:r:—[,]——c-)mnw(—cm+c2[ct+z—L]—-c-)
ct+z— L w(ct+z—-L
(o) eos (m+c :
_ (ct+m—L)sinu(ct+a:—L)
72 m+c m+c
ct—z— L w(ct—z—-L
—a(— ) ees (m+c )
ct—z—L ct—z—L
+g2( mi )sin m:c ), (6.3.22a)
m-—=cC
—{fz(' [Ct'*'l‘ L} - L)+f,(;—_{_—c-[ct-—a:-—L]+L)}

- Biwe-ors Wh(r) +ga(r)ldr

2c J2zt(ct-2-L)+L

z, z T z
+m(t — -c—)smw(t - Z) + pof(t — C)cosu(t - c)
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o~ Pt 45— 1] - Dy sina(- 2l 42 1] - )
oa(= et 2 ] ~ D eosu(~ et 42— 1] = )
T m S
e
e S
—42(d;f_: %) cos w(d":f: D (6.3.22b)

for (z,t) € R(3,3).

The solution of the problem (6.2.1-2) in the first seven subregions R1), B(1,2), R(2,1),
R(22), R@23), Ri32) and R(33) is determined by (6.3.15-22). The solution in any other
subregion within region R can be similarly determined by first substituting (6.2.8)
and (6.2.9) into the formulae (6.3.7) to obtain the real and imaginary parts of the

corresponding W (z, t), and then using (6.3.15).

6.4 Examples

The examples which follow are chosen to illustrate results corresponding to
the “pulse wave” examples of section 4.3 and 5.4, but in the case of a spinning
string of finite length with a linearly-moving endpoint. Parameter values, as well
as functions specifying the initial and boundary conditions, are chosen (so far as
possible) to coincide with those of the corresponding examples of the previous

chapters.
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Examples 6.4.1: In the moving-boundary problem (6.2.1-2), we suppose

c=1, w=125, m=05 [=4

and

1—cos(2rz), for2<z<3
H(z) =

0, otherwise
= [H(z—2)— H(z — 3)][1 — cos(2nz)],

fo(z) = g1(z) = g2(z) =0, for 0 <z < 4,

n(t) =po(t) =qu(t) = q2(t) =0, fort > 0.

These conditions state that the string has a fixed end at £ = 0, and that the other
end is moving away from the fixed end at a constant speed, which is precisely
one half of the wave propagation speed (c) along the string. Morever, initially
the string has length 4 and has been “plucked” in the shape of a single planar

sinusoidal pulse on 2 < z < 3, and is released from rest (with zero initial velocity).
According to (6.3.16-22), we may write

ReW(z,t) = -;-{[1 — cos 2m(z + t)|[H(z +t —2) — H(z +t — 3)]
+[1 — cos2n(z ~t)|][H(z —t ~2) — H(z — t — 3)]},

ImW(z,t) = %/zj:[H('r —2) — H(t — 3)][1 - cos(2nT)]dT,

fOI' (:z:, t) c R(l,l),



ReW(z,t) =

ImW(z.t) =

"

ReW(z,t)

ImW(z,t) =

ReW(z,t) =

ImW(z,t) =

ReW(z,t) =

151
%{[1 — cos2n(t + Z)|[H(t + 7 — 2) — H(t + 7~ 3)]
—[1 — cos 2x(t — z)|[H(t ~z —2) — H(t —z - 3)}},

T réte

L. [H(r —2) — H(T — 3)][1 — cos(2r7)]dT,

for (z,t) € Rq.2).

%{[1 —cos2m(z — t)][H(z —t — 2) —H(z ~t - 3)]

—[1 = cos 2n(= +3t — 16)]
JH(~= '“;- 1 o _m(-Z=E t3- 23,
T [ e~ 2) ~ Hr - 3 - cos(zarlar,
for (z,t) € R(2,1),
_%{[1 — cos 2m(t +: - 16)}
EE=I8 g H(__t+:z:3- 16 g

3
+[1 —cos2n(t — z)][H(t — z — 2) — H(t —z — 3)]},

j141: a_:%;g [H(T — 2) — H(T — 3)][1 — cos(2n7)]dr,

for (z,t) € R2.9),

1 2n(t — =z — 16)

5{[1 — cos 3 ]
t—z—16 t—z—16

(H(-——— -2 ~ H(——— 3|

2x(t +z — 16)
~[1 ~cos 3 ]
-[H(-—t + :r:3—- 16 2) — H(—t +:n3— 16 3},




t+z—~16
-==—

_t-xz-16
==

ImW(z,t) = % [H(r — 2) — H(r — 3)][1 — cos(2x7)]dT,

for (I, t) S R(Q,s),

2r(t+zx — 16)]
3

t+z—16 t+z— 16
——— 2~ H—5—-3)]

—(1 — cos2n(t — z)][H(t —z —2) — H(t ~z-3)]},
Tl e

Z t—z

ReW(z,t) = %{[1-«,5

[H(

ImW(z,t) [H(r —2) — H(r — 3)][1 — cos(2nT)}dT,

for (z,t) € R(s‘z),

and

2n(t+x— 16)]

ReW(z,t) = %{[l — cos

3
mEEES g g(PEE D )
+[1 — cos 2m(t “; — 16)]
wEEEEETE gy w-EEER )
ImW(z,t) = -} j_ i [H(r — 2) — H(r — 3)][1 — cos(2x7)]dr,

for (ZB, t) (3 R(3’3).

Finally, the solution of problem (6.2.1-2) as described in example 6.4.1 is given, by

virtue of (6.3.15), by

uy(z,t) = cos(gt) ReW (z,t) + sin(gt) ImW(z,t), (6.4.1a)

ug(z,t) = —sin(l;-t) ReW(a:,t)-l—cos(gt)ImW(x,t). (6.4.1b)
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A sequence of graphs describing the motion of the corresponding wave of this
example is presented in Figure 6.4.1. In this case, the time interval between suc-
cessive graphs is 1.0 and the total elapsed time is of duration 16.0. The graphs
in Figure 6.4.1 demonstrate that the initial pulse does not remain planar; instead
it splits into two nonplanar pulses which travel away from each other, with one
pulse reflecting from the fixed end, the other pulse reflecting from the moving end a
very short time later. Upon these first reflections, the original rotational directions
of these pulses are maintained and the two pulses travel toward each other, pass
through each other and then travel in opposite directions until these pulses reflect
from the fixed end and from the moving end at a later time. After these second
reflections, the two pulses again travel toward each other and meet at time ¢ = 16,
at which time they merge into a single pulse similar to, but larger than, the initial
pulse. It is noted in this example that reflection off of a linearly-receding endpoint

causes a magnification in the length of the reflected pulse.
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te@

Figure 6.4.1: graphic fllustration of Example 6.4.1 where c=1, ®=r/2, m=0.5, L=4
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Example 6.4.2: In the moving-boundary problem (6.2.1-2), we suppose
c=lw=7, m=05 L=4,

and

1—cos(2rz), for2<z<3
fiz) =

0, otherwise

[H(z —2) — H(z — 3)][1 — cos(2rz)],

falz) =0, g1(z) =wfioz) =0, for0 <z < 4,

() = —wfi(z)

wlcos(2nz) —1], for2<z<3

0, otherwise

n[H(z — 2) — H(z — 3)][cos(27z) — 1],

n(t) =pt) = q1(t) = (t) =0, fort 20.

Physically, this example describes a finite spinning string with a fixed end at £ =0
and a linearly-moving end at z = 3t + 4. The initial “plucked” displacement is
in the form of a simple planar sinusoidal pulse on 2 < z € 3 and the (complex)
rotational velocity is chosen to eliminate rotational lag, as in examples 4.3.4 and

5.4.6.
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Equations (6.3.16-22) provide

ReW(z,t) = -;—{[l—cos21r(:z:+t)][H(z+t—2)—-H(a:+t—3)]
+[1 ~cos2n(z — t)][H(z ~t - 2) — H(z — t - 3)]}.

ImW(z,t) = 0,

for (z,t) € Rq,1).

ReW(z,t) = %{[1 —cos2n(t + z)[[H(t+z—2) ~ H(t +z — 3)]
—[1 —cos2n(t — z)][H(t —~ z — 2) — H(t —z - 3)]},

ImW(z,t) = 0,

for (z.t) € R 2y,

ReW(z,t) = —;—{[1 —cos2n(z —t)][H(zx —t - 2) — H(z — t — 3)]

2r(z +t — 16)
3 ]

z+t—16 z+t—16
= - 9) - H(- T2 g,

—[1 —cos

.[H(_

ImW(z,t) = 0,

for (z,t) € Rp2,1).

ReW(z,t) = -%{[H(— -2)— H(——t +::;— 16

2r(t + z — 16)
3 ]

+[H(t —z—2) — H(t — z — 3)][1 — cos 2n(t — )]},

t+z—16

-[1 —cos

ImW(z,t) = 0,



ReW (z,t)

ImW(z,t)

ReW (z.t)

Im W(z,t)

and

ReW(z,t)

ImW(z,t)

= %{[1 — cos

fOl.‘ (:L', t) € R(2,2):

1 2r(t — z — 16)

t—-x—16 t—xr—16
[H(-——5=—2) - H(-——%—— - 3)]
~[1 = cos 2= (t +;: - 16)]

t+zx—16 t+z—16
(-2 - 2) - A2 = -3y,

= 0,
for (:1:, t) € R(z,s),
1 2w(t +  — 16)
5{[1 —cos 3 ]
t+xz—16 t+z-~16
= — 2 - HEE—= - 3)

3
—[1 —cos2n(t — z)][H(t —z — 2) — H(t — = — 3)]},

0,

for (z,t) € R(3,2),

2r(t+z— 16)]
3
t+z—16
‘H(—'g—_

t+:t:—-16_2)

3
+[1 - cos 2r(t—x ~ 16)]

3
t—z—16 t—z—16
R R (CEs e )}

-{H( =3)]

[H(~

= 0,

for (z.t) € R(:;;;),

157
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so that the solution of problem (6.2.1-2), with the prescribed information of exam-

ple 6.4.2, is once again given by equations (6.4.1); namely,

ui(z,t) = cos(gt) ReW(z, ¢) +sin(12r-t)ImW(:r, t),

u(z,t) = — sin(%t) ReW(z,t) + cos(gt) ImW(z,t).

The graphs describing the motion of the corresponding wave of this example are
presented in Figure 6.4.2. The choice of zero initial (complex) rotational velocity
once again ensures that the travelling pulses remain planar and rotate at uniform
angular velocity, while travelling along the string at the wave propagation speed
(c). The elongation of a pulse upon reflection from the linearly-receding endpoint
is more evident in this example than in the preceding example, and the “inversion™
of a reflected pulse at either end is also evident. As in the previous example, by
time ¢ = 16, the two travelling pulses have each reflected off both ends, and have

merged to produce an enlarged version of the original pulse.



Figure 6.4.2: graphic illustration of Example 6.4.2 where c=1, o=r/2, m=0.5, L=4
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Examples 6.4.3: In the moving-boundary problem (6.2.1-2), we suppose

t:=1,¢.1=-2ﬂ:r m=08, L=3,

and

fi(z) = fa(z) = g1(z) = ga(z) =0, for0 <z < 3,

1—cos(2nt), for0<z<1
n(t) =
0, otherwise

= [H(t) ~ H(t — 1)][1 - cos(2t)],

P2(t) = q(t) = q2(t) =0, fort > 0.

The physical set-up of this problem is similar to that of examples 4.3.5 and 5.4.7.
The spinning string, in this case, has an initial length of 3, a fixed end at z = 0
and a linearly-moving end at = = $5t + 3. The initial displacements and velocities
are both assumed to be zero, and a simple planar sinusoidal pulse is used to excite
the string at £ = 0, while the string is attached to the moving end, and thus, its

displacement is zero there.
According to (6.3.16-22), we have
ReW(z,t) =0, ImW(z,t) =0,

for (z,t) € Ry U Ry,

ReW(z,t) = cosg(t—-m)[l—cos21r(t—:n)][H(t-:z:)—-H(t—x—l)],



161
Im W (z,t) =sin %(t ~z)[1 — cos 2n(t — z)][H(t —z) — H(t — =z — 1)],

for (z,t) € Ry2) U B2 U Ria).

ReW(z,t) = cos -;E(t —z)[1 — cos 2n(t — z)|[H(t — z) — H(t — = — 1)]

~ cos T(t 42 — 30)[1 - cos Eg’—r(u-z — 30)]

t+z—-30 t+z—39
(S - HEEES),

mW(z,t) = sing(t-—z)[l—cos27r(t—z)][H(t~:z:)—H(t-—-x—l)]

—sinlfs—(t+:1:—30)[1~cosgg7-r(t+a:-—30)]

t+z-30 t+zx—-39

HEESTZ) - R,

for (z,t) € B3z U R(s3),

and the solution of (6.2.1-2), with the data prescribed in example 6.4.3, is given

by (6.4.1).

The graphs describing the motion of the corresponding wave of this example
are presented in Figure 6.4.3. The non-planar nature of the travelling “loop” is
evident as in example 4.3.5. In addition, the elongation of this loop upon reflection
from the moving endpoint is also evident as in example 6.4.2, as is the “inversion”
of the reflected loop at either end of the spinning string. Finally, the uniform

rotation of this loop is also noted.
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Figure 6.4.3: graphic illustration of Example 6.4.3 where c=1, »=r/2, m=0.8, L=3
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Summary

Solutions of the model for a spinning tether have been determined for a variety
of initial and boundary conditions, corresponding to tethers of semi-infinite or
finite (constant or linearly-increasing) length. A variety of techniques, based on
the usual d’Alembert form of the solution and Fourier analysis, have been used,
and illustrative examples have been developed for each case studied. Solutions
from the various cases have been used as the basis for illustrative examples for

other cases, thereby confirming the validity of the analysis in each case.
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