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Abstract

Human papillomavirus (HPV), a major sexually-transmitted disease, causes cervical cancer,
in addition to numerous other cancers in females and males. This thesis uses mathematical
modeling, theory and simulations to study the transmission dynamics of HPV, and associ-
ated dysplasia, in a community. A new deterministic model is designed and used to assess
the population-level impact of Pap cytology screening on the transmission dynamics of the
disease in a community. The model is rigorously analyzed for its dynamical features, vis-
a-vis determining the conditions for the effective control (or elimination) and persistence
of the disease. Furthermore, the effect of uncertainties in the estimates of the parameter
values used in the numerical simulations of the model is accounted for via uncertainty and
sensitivity analysis. Simulations of the model show that Pap screening dramatically reduces

the incidence of cervical cancer in the community:.
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Chapter 1

Introduction

This chapter provides a brief review of some of the main biological and epidemiological

features of HPV disease, and the associated cancers it causes.

1.1 Human Papillomavirus (HPV)

Human papillomavirus (HPV), a major sexually-transmitted disease, is known to be the
causative agent of cervical cancer [1, 14] (in addition to causing many other cancers in both
females and males [6, 14, 62, 63]). Each year, about 500,000 women develop cervical cancer
(with more than half of those women dying of the disease) globally [4, 62]. In the year
2011, for instance, about 12,000 cervical cancer cases were recorded in the USA (with about
4,000 fatalities) [4]. It is estimated that the annual direct medical costs associated with the
prevention and treatment of anogenital warts and cervical HPV-related disease in the US
was at least US$4 billion in 2005 [42]. Figure 1.1 depicts the global cervical cancer incidence.

HPV affects people of all ages, starting in early childhood for some (Figure 1.2) [36, 70].
About 75% of sexually-active males and females will have an HPV infection at some point in
their lifetime [14, 19, 61]. There are over 150 related HPV types, categorized as low-risk (such
as, HPV-6 and HPV-11 [14, 28]) and high-risk (such as, HPV-16, HPV-18, HPV-31, HPV-
33, HPV-35, HPV-39, HPV-45, HPV-51, HPV-52, HPV-56, HPV-58 and HPV-59 [14, 29])
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Figure 1.1: Worldwide cervical cancer incidence [8].

types (based on the degree of risk of developing cancer after HPV infection). While the
low-risk HPV types do not cause cancers (but cause genital warts) [14, 61, 85], the high-risk
HPYV types cause various cancers, such as cervical, anal, vulvar, vaginal, and penile cancers
[14, 61, 65, 85]. For instance, the high-risk HPV-16 and HPV-18 types cause about 70%
of cervical cancers [14, 61] (other high-risk HPV types, such as HPV-31, HPV-33, HPV-35,
HPV-39, HPV-45, HPV-51, HPV-52, HPV-56, HPV-58 and HPV-59, also cause cervical
cancer [14, 61, 65]). Furthermore, HPV-16 and HPV-18 are known to cause about half of
vaginal, vulvar, penile cancer and, most recently, cancer of oropharynx [14, 61, 65]. Risk
factors for HPV infection include having multiple sexual partners, unprotected sex, weakened
immune system and tobacco use [14, 61, 85].

HPYV targets epithelial basal cells, and HPV-associated diseases are transmitted via skin-
to-skin contact [36]. It is known that 70% —90% of HPV cases clear their infections naturally

within two years [1, 14, 20]. In women who do not clear their HPV infection (typically
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Figure 1.2: HPV prevalence by age. HPV prevalence exists at all ages [36].

those infected with the high-risk HPV types [6, 14, 83]), pre-cancerous lesions (cervical
intraepithelial neoplasia (CIN)) may persist for many years and, consequently, progress to
cervical cancer [14, 55, 62, 63]. Furthermore, high-risk HPV types cause pre-cancerous
intraepithelial neoplasia in males (INM), resulting in various cancers (such as anal and penile
cancers) [5, 27]. Figure 1.3 depicts the natural history of HPV infection and the various

dysplasia stages.
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Figure 1.3: Progression and regression of HPV for various stages of cervical dysplasia and
cervical cancer [44].

1.2 Control Strategies

1.2.1 Pap screening, HPV testing and treatment

Pap screening has played an essential role in the early detection of CIN and, consequently,
reduce cervical cancer incidence and mortality [55, 63]. For instance, it is known that regular
Pap screening decreases the incidence of cervical cancer by 70% over the last five decades [35,
54]. Pap screening detects abnormal cervical cells, including pre-cancerous cervical lesions
and early cervical cancers [14, 23, 63]. Once detected, pre-cancerous lesions can be treated
successfully (using, for instance, loop electrosurgical excision procedure, which involves the
removal of a cancerous tissue using a wire loop, or using laser therapy [15, 63, 69]). Cervical
cancer screening consists of two screening tests, namely cytology-based screening (known as
the Pap test (or Pap smear or Pap cytology), and HPV testing [63].

It has recently been recommended that women have their Pap test at the age of 21 [63]

(and such test should be administered every 3 years for women of age 21 through 29 [63];



Age ACS ACOG USPSTF

Every two years with a
21 to 29 liquid-based test or Annual Pap tests Pap tests at least every
annually with a three years
conventional test

Every two or three Every two or three
Over 30 years if you have had  years if you have had Pap tests at least every
three negative tests in  three negative tests in three years
a row a row

Table 1.1: Recommendations by American Cancer Society (ACS), the American College
of Obstetricians and Gynecologists (ACOG) and the U.S. Preventive Services Task Force
(USPSTF) regarding when a woman should have a Pap smear [56].

women of age 30 through 65 can be screened every 5 years with Pap and HPV co-testing or
every 3 years with a Pap test alone [20, 63]) (Table 1.1). Figure 1.4 depicts Pap screening
process for females. While the major goal of the screening is to detect abnormal cells that
may develop into cancer if left untreated, HPV testing is used to check for the presence of
DNA or RNA of high-risk HPV types in cervical cells [63]. Pap screening is not administrated

for males.

1.2.2 Vaccination

Two anti-HPV vaccines, namely Cervariz®(GlaxoSmithKline) and Gardasil®(Merck Inc.),
have been approved, by the U.S. Food and Drug Administration (in 2005 and 2009, respec-
tively), for use to protect new sexually-active males and females against some of the most
common HPV types [45, 62, 64, 82]. The vaccines are implemented via a three-dose strat-
egy [14, 29, 62]. These licensed vaccines are very efficacious (with efficacy of at least 90%)
26, 28, 82]. Furthermore, while Gardasil costs about US $400 for the three required doses

[54, 77], Cervariz costs about US $300 for the three doses [59]. Thus, these vaccines are, un-
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doubtedly, among the most expensive in the market [13, 77], and countries with the heaviest
burden of cervical cancer mortality (i.e., Ghana, Nigeria and Uganda [77]) are less likely to
afford implementing a routine mass vaccination program using these vaccines. Additionally,
the coverage associated with these vaccines (in countries that offer them routinely) is not
as high as is needed [77, 86] due to side-effects, poor compliance to the three doses [74, 77],
and other factors. Hence, for these reasons, Pap screening remains a viable (and affordable)
option for combating HPV (and related cancers) in many (developing) nations of the world.
Consequently, the main motivation of this thesis is to use mathematical approaches to qual-
itatively and quantitatively assess the impact of Pap screening in curtailing the spread of

HPV in a community.

1.3 Thesis Outline

Mathematical models, typically of the form of deterministic systems of non-linear differential
equations, have been developed and used to study the role of Pap screening on the trans-
mission dynamics of HPV and associated dysplasia in a community [28, 50, 55, 60]. Myers
et al. [60] modeled the natural history of HPV infection and cervical carcinogenesis using
a deterministic model. Malik et al. [55] investigated the combined impact of an anti-HPV
vaccine and Pap screening on the dynamics of HPV and associated dysplasia. The purpose
of this thesis is to extend prior HPV transmission models in the literature (that incorporate
Pap screening) by developing, and rigorously analyzing, a more realistic model for assess-
ing the population-level impact of Pap screening on the dynamics of HPV and its related
cancers in the community. Some of the notable features of the novel model to be designed
include adding the dynamics of pre-cancerous and HPV-related cancers in males, HPV trans-
mission by individuals in the pre-cancerous stages and including the dynamics of exposed
(asymptomatic) individuals (i.e., HPV-infected individuals with no clinical symptoms of the

HPV).



The thesis is organized as follows. Some of the basic mathematical definitions, theories
and techniques used in the thesis are briefly introduced in Chapter 2. In Chapter 3, a
basic model for HPV transmission (and associated dysplasia) is formulated and rigorously
analyzed. In Chapter 4, the basic model developed in Chapter 3 is extended to include the
routine implementation of Pap screening to sexually-active females. This entails adding two
CIN and INM stages (for females and males, respectively), as well as classes for detected
females with pre-cancerous lesions and cervical cancer.

Some of the main questions to be addressed in the thesis are:

1. What are the main qualitative features of a realistic basic (in the absence of anti-HPV
intervention) model for the transmission dynamics of HPV (and associated dysplasia)
in a community? In particular, emphasis will be on determining conditions for the
existence and asymptotic (both local and global) stability of the associated disease-

free equilibrium of the model.

2. What is the distribution of the values of the reproduction number of a realistic HPV
transmission model (in the absence of any intervention strategy)? This distribution will

provide insight into the persistence or effective control of the disease in the community.

3. What are the main parameters (of the model) that influence the values of the associated

reproduction number (hence, drive the disease transmission dynamics):

(a) for a basic model for HPV transmission dynamics in a population (in the absence
of Pap screening);
(b) for a model for HPV transmission dynamics in the presence of Pap screening.

4. What is the population-level impact of HPV transmission by individuals (females and

males) with pre-cancerous CIN and INM lesions?

5. Does the community-wide implementation of routine Pap screening offer a quantifiable

community-wide impact in minimizing cervical cancer cases in females?



Chapter 2

Mathematical Preliminaries

This chapter introduces some of the basic mathematical definitions, theories and method-

ologies relevant to the thesis.

2.1 Equilibria of Linear and Non-linear Autonomous
Systems
This thesis considers autonomous systems of ordinary differential equations (ODEs) given
by (where a dot represents differentiation with respect to time t)
= f(x), ze€R" (2.1)

That is, non-autonomous ODE systems of the form,

&= f(x,t), ze€R" and teR, (2.2)

where the vector field f € C" (with r > 1) depends on the independent variable ¢, are not

considered in this thesis.

Definition 2.1. A point £ € R" is called an equilibrium point of the autonomous system



(2.1) if f(z) = 0.

Definition 2.2. The Jacobian matriz of the vector field f, of the system (2.1), at the equi-

librium =, denoted by Df(Z), is the matriz,

g(@) - gz
Sa) o (@)

of partial derivatives of f evaluated at .

Definition 2.3. The linear system © = Ax, with the matrivx A = Df(Z), is called the

linearization of the autonomous system (2.1) at .

2.2 Stability Theory

Definition 2.4. [84]. The equilibrium T is said to be stable if given € > 0, there exists a
d = 0(€) > 0 such that, for any solution y(t) of (2.1) satisfying |z — y(to)| < 9, |z —y(t)| < e

fO?“t > to,to € R.

Definition 2.5. [84]. The equilibrium T is said to be asymptotically-stable if it is stable and
there exists a constant ¢ > 0 such that, for any solution y(t) of (2.1) satisfying |T — y(to)| < c,

then lim |z — y(t)| = 0.

t—o00

Definition 2.6. An equilibrium solution which is not stable is said to be unstable.

Theorem 2.1. [84]. Suppose all the eigenvalues of D f(z) have negative real parts. Then,
the equilibrium solution x = T of the system (2.1) is locally-asymptotically stable (LAS). It

1s unstable if at least one of the eigenvalues has positive real part.

Definition 2.7. If all solutions in the feasible (and invariant) region (2) of the model

converge to the equilibrium T as t— oo, then T is globally-asymptotically stable (GAS) in Q.

10



Definition 2.8. [84]. An equilibrium point T is called a hyperbolic if none of the eigenvalues

of Df(Z) has zero real part.

Definition 2.9. [84]. An equilibrium point that is not hyperbolic is called non-hyperbolic.

2.3 Lyapunov Function Theory

Definition 2.10. [84]. Let S C R" be a set. Then, S is said to be invariant under the flow

¢ generated by & = f(x) if for any xg € S, we have ¢(t,xy) € S for all t € R.
Definition 2.11. [84]. A function V : R"™ — R is said to be positive-definite at T if:
(i) V(z) >0 for all x # Z,
(i) V(x) =0 if and only if v = T.
Definition 2.12. [84]. Consider the system (2.1). Let, T be an equilibrium solution of (2.1)
and let V : U — R be a C' function defined on some neighborhood U of T such that

(a) V is positive-definite,

(b) V(z) <0in U\ {z}.

Any function, V, that satisfies Conditions (a) and (b) above is called a Lyapunov function.

Theorem 2.2. (LaSalle’s Invariance Principle [53]). Suppose that there exists a positive-
definite C* function V : R" — R whose derivative along solutions of the system (2.1)
satisfies the inequality V(x) <0, Vx. Let M be the largest invariant set contained in the set
{x | V(x) = 0}. Then the system is stable and every solution that remains bounded fort > 0

approaches M ast —» oo.

Corollary 2.1. If M contains no trajectory of the system except the trajectory x(t) =z for

t >0, then the solution is globally-asymptotically stable.

Lyapunov Function Theory and LaSalle’s Invariance Principle are used to prove the global

asymptotic stability of an equilibrium in Chapter 3.
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2.4 Comparison Theorem

Definition 2.13. [75]. An open subset D C R™ is said to be p—convez if tx + (1 —t)y € D

for all t € [0,1] whenever x,y € D and x < y.

Definition 2.14. [75]. If D is a p-convex subset of R" and

o
8.Ij o

0, ©#j, zeD,

then a continuously-differentiable function f is of Type K in D.

Theorem 2.3. (Comparison Theorem [51]). Let f be continuous on D and of Type K.

Suppose that x(t) be a solution of & = f(x) defined on [a,b].

o [f z(t) is a continuous function on [a,b] satisfying z < f(z) on (a,b), with z(a) < x(a),

then z(t) < x(t) for all t € [a,b];

o [fy(t) is a continuous function on [a,b] satisfying y > f(y) on (a,b), with y(a) > x(a),

then y(t) > x(t) for all t € [a,b.

Comparison Theorem is used to prove the global asymptotic stability of the disease-free

equilibria of the models developed in Chapters 3 and 4.

2.5 Next Generation Operator Method

One of the most popularly-used methods for computing the reproduction number (R) of
disease transmission models is the next generation operator method [24, 80]. The repro-
duction number measures the average number of new cases of infections generated by a
typical infected individual if introduced in a susceptible population [37]. The formulation

(for computing Rg) given in [80] is described below.
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Suppose the given disease transmission model, with non-negative initial conditions, can

be written in terms of the following autonomous system [80]:

i; = f(x;) = Fi(x) = Vi(z), i=1,..,n, (2.3)

where V,~ — V" and the functions satisfy the following axioms (V,"(z) is the rate of transfer
of individuals into compartment ¢ by all other means and V,” (z) is the rate of transfer of
individuals out of compartment i) [80]. First of all, {X, = « > 0|z; = 0, = 1,...,m}
is defined as the disease-free states (non-infected state variables) of the model, where z =
(21, ..., )T, x; > 0 represents the number of individuals in each compartment of the model

and m is the number of the compartments correspond to infected individuals.

(A1) If £ > 0, then F;, V', V" >0 fori=1,...,m.

(A2) If x; =0, then V,” = 0. In particular, if z € X then V" =0 for i =1,...,m.
(A3) F; =0ifi>m.
(Ad) If z € X, then Fi(z) =0 and V" (z) =0 fori=1,...,m.

(Ab) If F(x) is set to zero, then all eigenvalues of D(f(zo)) have negative real parts.

In the above, Fj(z) represents the rate of appearance of new infections in compartment i,
V. (z) represents the rate of transfer of individuals into compartment i. It is assumed that

7

these functions are at least twice continuously-differentiable in each variable [80].
Definition 2.15. [21]. A matriz A = (a;;) € R™*" is called an M -matriz if a;; <0 fori # j
and A~ >0 (i.e. (A7) >0).

Lemma 2.1. (van den Driessche and Watmough [80]). If & is a DFE of (2.3) and fi(x)

satisfy (A1) — (A5), then the derivative DF(z) and DV (Z) are partitioned as

F 0 vV 0
DF(z) = , DV(z)= ,
0 0 J3  Jy

13



where F' and V' are the m X m matrices defined by,

OF; v, _ .
F= T = 1< <m.
{395]- (93)] and 'V [(%"j (5E):| with 1 <i,7<m

Furthermore, F 1is non-negative, V is non-singular M-matriz and J3 and Jy are matrices
associated with the transition terms of the model, and all eigenvalues of J, have positive real

parts.

Theorem 2.4. (van den Driessche and Watmough [80]). Consider the disease transmission
model given by (2.3) with f(x) satisfying axioms (A1)-(A5). If T is a DFE of the model, then

T 1s LAS if Ry = p(FV 1) < 1 (where p is the spectral radius), and unstable if Ry > 1.

This technique is used to prove the local asymptotic stability of the disease-free equilibria of

the models developed in Chapters 3 and 4.

2.6 Krasnoselskii Sub-linearity Argument

Definition 2.16. [48]. A Banach space X is a complete normed vector space. For example,

the Cartesian space R™ is a Banach space with

1
n P
H(xh”' ,$n>||p: (Z |IZ|P> s when 1 Spg Q.
i=1

Definition 2.17. [47]. Let E be a real Banach space. A set K C E is called a cone if the

following conditions are satisfied:
e the set K is closed;
o ifu,v e K, then au+ fv € K for all o, 8 > 0;

e for each pair of points x,—x, at least one does not belong to K, provided x # 0, where

0 is the zero of the space E.
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Definition 2.18. [47]. Let ug be some fized non-zero element of K. If for every x € K
(x#6)

aug < A"x < Bug,
for some positive o, 8 and n, then the operator A is called ug-positive.

Theorem 2.5. (Krasnoselskii [47]). Let uy € K. If A is a ug-positive operator, then the

cone K has a unique characteristic vector.

The Krasnoselskii sub-linearity argument [31, 32, 47, 76] is based on showing that the lin-
earization of the non-linear system @ = f(z), given by Z(t) = Df(Z)Z where Z is an

equilibrium solution of the non-linear system has no solution of the form

Z(t) = Zoe™, (2.4)

with Zy = (Z1, 22, ,Zy), Z; € C, w € C, and Re(w) > 0 (n is the dimension of the
associated linearized system). The consequence of this is that all the eigenvalues of the
characteristic polynomial associated with the linearized version of & = f(x) will have negative
real part (so that the associated equilibrium is locally-asymptotically stable). This technique

is used to prove the local asymptotic stability of an equilibrium in Chapter 3.

2.7 Uncertainty and Sensitivity Analysis

Definition 2.19. [7, 40]. Uncertainty analysis is a technique for assessing the variability in

an outcome variable that arise due to the uncertainty in estimating the input values.

Definition 2.20. [7, 40]. Sensitivity analysis is concerned with identifying the key input pa-
rameters that contribute to the imprecision in the estimate of the output (response) variable.
In other words, while uncertainty analysis is focused on assessing the impact of the uncer-

tainties in the parameters of the model being studied on the outcome (simulations of the
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model), sensitivity analysis is based on identifying the key parameters of the model that most

influence the outcome (response function) [7].

Definition 2.21. [57]. Latin Hypercube Sampling (LHS) is a statistical method for generat-
ing a sample of plausible collections of parameter values from a multidimensional distribu-
tion. LHS is an efficient sampling technique, since each sampled value of each of the input

parameters is used only once in the computation (of the associated response function) [7].

Definition 2.22. [16]. The continuous uniform distribution is a family of symmetric proba-
bility distributions such that, for each member of the family, all intervals of the same length

on the distribution’s support have equal probabilities.

Definition 2.23. [79]. Partial Correlation Coefficient is used to measure the degree of linear
relationship between two variables, after adjusting for, or controlling for, the effect of some

set of variables.

Definition 2.24. [7, 39, 40, 46]. Partial Rank Correlation Coefficients (PRCC) are computed
for each input parameter (sampled by the LHS scheme) and each output variable to measure
the amount of linear relationship between two variables after adjusting for (or controlling

for) the effect of some set of variables.

PRCC are, typically, obtained via the following steps [7]:

i) Choosing an outcome (response) vector for the system (model) being analyzed.

ii) Adding the outcome vector as an additional column (column K + 1) of the matrixz of

input values (of the model parameters).

iii) Defining the ordinal numbers representing the rank, from 1 to N (where N is the
number of runs), of each of these columns as the set (ry;,ro;, ..., ki, Ri), where i is the

run number.

w) Defining a (K +1) x (K +1) symmetric matriz, C' = [c;;] (where p is the average rank

and equals to (1+ N)/2), by
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> (rie = 1)~ )

Cij = ——mt . 4,j=12,...K.
N N
\/Z(Tz‘t — )% > (rjs — p)?
t=1 s=1
v) Defining the matriz B = [bj;] = C~' (for the ¢; ;1 elements R; replaces j; and r;s

and the leading diagonal elements of C' are all ones).

vi) Finding the PRCC (v;) between the ith input parameter and the outcome variable using

the relation

—bi k11

Vi =
Vbiibg41,K41

These steps are followed in the computation of PRCC values of the parameters of the models

developed in Chapters 3 and 4.
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Chapter 3

Basic HPV Transmission Model

3.1 Introduction

As stated in Chapter 1, HPV is a major sexually-transmitted disease that induces significant
public health and socio-economic burden globally [6, 14, 61, 62, 85]. Furthermore, although
70%—90% of HPV cases (in both females and males) clear their infections naturally [1, 14, 20],
females who do not clear their HPV infection (typically those infected with high-risk HPV
types, such as HPV-16 and HPV-18 [6, 14, 83]) can develop persistent HPV infection (leading
to pre-cancerous cervical intraepithelial neoplasia (CIN) and cervical cancer [14, 55, 62, 63]).

The aim of this chapter is to design, and rigorously analyze, a new realistic deterministic
model for the transmission dynamics of HPV (and related dysplasia) in a community. The
central objective is to gain insight into the qualitative dynamics of the resulting model, vis-
a-vis determining the conditions for the persistence or effective control (or elimination) of
the disease in the community. The new deterministic model to be developed extends many
others in the literature. Furthermore, detailed uncertainty and sensitivity analyses (of the
parameters of the model that drive the disease transmission process) will be carried out
to assess the effect of uncertainties in the estimate of the parameters of the model on the

output (and to also identify the key parameters that drive the dynamics of the model). In

18



particular, Questions 1, 2 and part (a) of Question 3 in Section 1.3 will be addressed in
this chapter. It is worth stating that although there are numerous HPV serotypes (low- and
high-risk; as stated in Chapter 1) [19, 55], this study lumps them all into one HPV type
(since the objective of the thesis is to assess the impact of Pap screening, and Pap screening

detects CIN lesions caused by any of the high-risk HPV types).

3.2 Model Formulation

The new model for the transmission dynamics of HPV in a community is designed by strat-
ifying the total sexually-active female population at time t (denoted by Nf(t)) into eight
mutually-exclusive sub-populations of susceptible females (S¢(t)), exposed (asymptomatic;
infected but without clinical symptoms of HPV) females (E((t)), symptomatic (infected with
clinical symptoms of HPV) females (1;(¢)), females with persistent HPV infection (Pf(t)),
females with CIN lesions (Qf(t)), females with cervical cancer (C(t)), females who recov-
ered from cervical cancer (Ry.(t)) and females who recovered from HPV infection without

developing cervical cancer (Ry(t)), so that

Ne(t) = Sp(t)+ Ep(t) + 1i(t) + Pr(t) + Qf(t) + Cp(t) + Rye(t) + Ry(2). (3.1)

Similarly, the total sexually-active male population at time t (denoted by N,,(t)) is sub-
divided into eight mutually-exclusive sub-populations of susceptible males (.S,,(t)), exposed
(asymptomatic; infected but without clinical symptoms of HPV) males (FE,,(t)), symptomatic
males (1,,(t)), males with persistent HPV infection (P, (t)), males with INM lesions (@Q,,()),
males with HPV-related cancer (C,(t)), males who recovered from HPV-related cancer
(Rme(t)) and males who recovered from HPV infection without developing HPV-related
cancer (R,,(t)). Thus,

Non(t) = S (t) + Eon(t) + Inn(t) + Po(t) + Qun(t) + Con(t) + Rune(t) + Run(t).  (3.2)
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It follows from (3.1) and (3.2) that the total sexually-active (heterosexual) population, at

time ¢, is given by N(t) = N¢(t) + Ny (t).

The population of susceptible females (Sf(t)) is generated by the recruitment of new sexually-
active females (at a rate my). This population is decreased by the acquisition of HPV infec-
tion, following effective contact with infected males in the symptomatic (/,,) and persistent
infection (P,,) classes at a rate \,,, given by (it is assumed, for mathematical convenience,
that exposed males (E,,) and males with INM (Q,,) do not transmit HPV to susceptible
females)

_ BimCf( N, N¢) (I + 01 Py)

Am : :
o (3.3

In (3.3), B, is the probability of transmission of HPV infection from infected males to sus-
ceptible females per contact, and cf(N,,, Ny) is the average number of female partners per
male per unit time (hence, B,,cf(Ny,, Ny) is the effective contact rate for male-to-female
transmission of HPV). Furthermore, #,, > 0 models the assumed variability of the infec-
tiousness of HPV-infected males in the P,, class in relation to HPV-infected males in the
I,, class. The population of susceptible females is further diminished by natural death (at a
rate fi5; it is assumed that females in all epidemiological compartments suffer natural death

at this rate). Thus,
Sy _
dt

g — (Am + 1g) Sy (3.4)
The population of females exposed to HPV (E((t)) is generated by the infection of susceptible
females (at the rate \,,). Exposed females develop clinical symptoms of HPV (at a rate o)
and suffer natural death. Thus,

4E;

o = MmSp = (07 + uy)Ey. (3.5)

The class of infected females with clinical symptoms of HPV (I4(¢)) is populated by the

development of clinical symptoms of HPV by exposed females (at the rate oy). Members
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of this class recover (at a rate rp) and develop persistent HPV infection (at a rate ).
It is assumed, in this thesis, that recovery gives permanent immunity against HPV re-
infection with the disease (it should be mentioned, however, the re-infection is possible in
HPV dynamics, especially with a different HPV strain [28, 78]). This population is further

decreased by natural death. Thus,

dl
d—tf =opBp — (rpn+ 95+ pg)ly (3.6)

The population of females with persistent HPV infection (Pf(t)) [61] is generated by the de-
velopment of persistent HPV infection by symptomatic females (at the rate ¢¢). Individuals
move out of this class through recovery (at a rate r,), development of CIN lesions (at a rate

ay) and natural death. Hence,

dP
d—tf =Yply — (ry2 + oy + puy) Py (3.7)

The population of females with CIN lesions (Qf(t)) is generated by the development of CIN
lesions by females with persistent HPV infection (at the rate a). Although there are three
multiple CIN stages (based on the size of the associated lesions) [19, 55|, they are lumped
into one in this thesis, for mathematical convenience (this assumptions is relaxed in Chapter
4, where Pap screening is explicitly modeled). Transition out of the CIN class occurs through

recovery (at a rate r3), development of cervical cancer (at a rate g¢) or natural death. Thus,

dQ
d—tf = ap Py — (rys + g5 + 1y) Qs (3.8)

The population of females with cervical cancer (C(t)) is generated at the rate gy. It is

decreased by recovery (at a rate ry4), natural death and cancer-related mortality (at a rate

d¢). Thus,
dC'y

o = 9@ — (rpa+pp+07)Cy. (3.9)
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The population of females who recovered from cervical cancer (Ry.(t)) is generated at the
rate ry4. Like in other epidemiological classes, females in this class also suffer natural death

(at the rate ps). Hence,
dR;.
dt

= 11aCp — p Rye. (3.10)

The population of females who recovered from HPV infection without developing cervical
cancer (R(t)) is populated by the recovery of females in the Iy, Py and @ classes (at the

rates 71, 1o and 73, respectively). It is diminished by natural death, so that

dR
d_tf =rpdy Py 4 rpsQp — py Ry (3.11)

The population of susceptible males (S,,(t)) is generated by the recruitment of new sexually-
active males (at a rate m,,). This population is decreased by the acquisition of HPV infection,
following effective contact with infected females with clinical symptoms of HPV (If) or
persistent HPV infection (Py), at a rate Ay, given by (here, too, it is assumed that females

in £y and Qs classes do not transmit HPV to susceptible males)

Ny, Ny) (1 P
)\fzﬁfcm( m ]@( r+0; f)‘ (3.12)

In (3.12), By is the probability of transmission of HPV infection from infected females to
susceptible males per contact, and ¢,,(N,,, Nf) is the average number of male partners per
female per unit time (hence, B¢y, (N, Ny) is the effective contact rate for female-to-male
transmission of HPV). Furthermore, §; > 0 models the assumed variability of the infectious-
ness of HPV-infected females in the P; class in relation to HPV-infected males in the I
class. The population of susceptible males is further diminished by natural death (at a rate
lm; it is assumed that males in all epidemiological compartments suffer natural death at this

rate). Thus,
dSp,

B = (g 1) (3.13)
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The population of males exposed to HPV (E(t)) is generated by the infection of susceptible
males (at the rate A\;). Exposed males develop clinical symptoms of HPV (at a rate 0,,,) and

suffer natural death. Thus,

dr,,

The class of infected males with clinical symptoms of HPV (I,,(t)) is populated by the
development of clinical symptoms of HPV by exposed males (at the rate o,,). It is assumed
that members of this class recover (at a rate r,,,1) and develop persistent HPV infection (at

a rate ¢,,). This population is further decreased by natural death. Thus,

drl,,

i OmEm — (Fm1 + Um + o) L. (3.15)

The population of males with persistent HPV infection (P, (t)) is generated at the rate t,,.
Individuals move out of this class through recovery (at a rate r,,), development of INM

lesions (at a rate a,,) and natural death. Hence,

dpb,,
7 - 77bm]m - (TmQ + (07%%) + ,um)Pm (316)

The population of males with INM lesions (Q,,(t)) is generated by the development of INM
lesions by males with persistent HPV infection (at the rate a,,). Transition out of this class
occurs through recovery (at a rate r,,3), development of HPV-related cancer (at a rate g,)
or natural death. Thus,

aQ

dt - ampm - (Tm3 + Im + ,U/m)Qm (317)

The population of males with HPV-related cancer (C,,(t)) is generated at the rate g,,. It

is decreased by recovery (at a rate r,4) and natural death (it should be mentioned that
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since HPV-related cancers, such as penile cancer, are rare in males [81], no mortality due to

HPV-related cancer is assumed for males). Thus,

ac,,

7 - ngm - (Tm4 + Mm)cm' (318)

The population of males who recovered from HPV-related cancer (R,..(t)) is generated by
the recovery of males with HPV-related cancer (at a rate r,,4). This population is decreased

by natural death (at the rate pu,,). Hence,

ARy

prai TmaCm — i Rone- (3.19)

The population of males who recovered from HPV infection without developing HPV-related
cancer (R,,(t)) is populated by the recovery of males in the I,,, P,, and @Q,, classes (at the

rates 1, Tme and 7,3, respectively). It is diminished by natural death, so that

dR,,

7 = 7,ml[m + TmQPm + rm3@m - MmRm (32())

It is worth stating, from the equations given in {(3.13) — (3.20)}, that the rate of change
of the total male population (N,,(t)) is given by
AN, (t) Tm

T t No (t), so that N, (t) — —, as t — oo. (3.21)
[im

That is, the total male population is asymptotically constant. Furthermore, since the model
{(3.4) - (3.11), (3.13) - (3.20) with (3.3) and (3.12)} is a sex-structured one, the following
conservation law of sexual contacts (i.e., the total number of sexual contacts made by males
balances that by females) is preserved in the heterosexual community [55]. That is, for the

model {(3.4) - (3.11), (3.13) - (3.20) with (3.3) and (3.12)},

Cm(Nm,Nf) Nm = Cf(Nm, Nf) Nf. (322)
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It is assumed that male sexual partners are abundant, and that females can have enough
number of male sexual partners per unit time (so that it is reasonable to assume that

cf(Nm, Ny) = ¢, a constant) [26, 55]. Hence, Equation (3.22) can be re-written as
(N, Np) = S 3.23
n(No Ny) = (3.23)

Consequently, using (3.22) in (3.3) and (3.12), the forces of infection, A,, and Af, are now

re-written, respectively, as

>\’I7’L Y
N N,

Based on the above formulations and assumptions, and using (3.24) for (3.3) and (3.12), it
follows that the basic model for the transmission dynamics of HPV (and associated dysplasia)
in a community is given by the following deterministic system of non-linear differential
equations (a flow diagram of the model is depicted in Figure 3.1. The associated state

variables and parameters are tabulated in Tables 3.1, and 3.2):
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Females

Males

(dSy

=y — (A + 15) Sy,

dt
dE
d—tf = AnSy — (05 + py)Ey,
dl
dtf = 0By — (rp+ v + pyg)ly,
dP;
5 = Yl = (g2 tag + ) Py,
Qs
o =P = (st g5+ p)Qs,
dCy
5 = 9rQr — (rpatpy +05)C,
dRy,
o = "l — Ry,
dRy
el =rply+rpPr+rpsQr— Ry,
\
(3.25)
dS
—= = m A m)FPms
o = T~ (Ar + ) S
dE,,
= ASm, m + tm) B,
g = MSm = (0w pim)
dl,,
% - UmEm - (Tml + wm + Nm)lmu
dP
= wm m (er +am +,um)Pma
dQm
% - aum - (Tm?) + Im + Mm)an
dC,,
7 = ngm - (Tm4 + ,um)cma
dRmc
7 - Tm40 ,umRmm
% = Tmllm + erPm + rm?)Qm - ,umRm
\ dt
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The basic HPV transmission model (3.25) is an extension of many HPV transmission

models in the literature, such as those in [2, 3, 10, 28, 30, 55|, by, inter alia,

(i) incorporating the dynamics of exposed females (Ey) and males (£,,) (this is not in-

cluded in the models considered in [10, 28, 30, 55]);

(ii) incorporating the dynamics of individuals (males and females) in the pre-cancerous
intraepithelial neoplasia stages, as well as the dynamics of HPV-related cancers in
males (which are not included in the models considered in [3, 10, 28, 30]; it should,

however, be stated that three CIN stages for females are included in [55]);

(iii) incorporating the dynamics of males with persistent HPV infection (this is not included

in the models considered in [3, 10, 28, 30, 55]);

(iv) incorporating the dynamics of males who recovered from HPV-related cancer (this is

not included in the models considered in [3, 10, 28, 30, 55]).

Furthermore, this chapter will contribute by way of providing detailed qualitative analyses

of the basic model (3.25).

3.2.1 Basic properties

Since the model (3.25) monitors the dynamics of human populations, all its associated pa-

rameters and state variables are non-negative for all time ¢ > 0.

v

Theorem 3.1. Let the initial data be Sp(0) > 0, Ef(0) > 0, I;(0) > 0, P(0) 0,

>0, Cj(0) = 0, Rpe(0) = 0, Rp(0) 2 0, Su(0) > 0, Bn(0) > 0, Lu(0) > 0,

Q(0)
P,(0) > 0, @,(0) > 0, C(0) > 0, Ru.(0) > 0, R,(0) > 0. Then, the solutions
(Sy(t), Ep(t), I(t), Pp(t), Qs (t), Cp(t), Ryc(t), Rp(t), S (t), Em(t), Ln(t), Prm(t), Qm(t), Cin(t),

Rpe(t), Rin(t)) of the model (3.25) will remain positive for all t > 0.

The proof of Theorem 3.1 is given in Appendix A.
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Lemma 3.1. The closed set

D=D;UD,, C RS xRS,

with,

T
Df: {(Sf7Ef7[f7Pf?nycf,Rfc,Rf) GRiNfS M_;}’

and,

7Tm
Dm = {(Sm7 Em,[m, PmaQWL?Cm;RmC) Rm) G Rf_ N Nm S —} ,

m

is positively-invariant and attracting for the model (3.25).

Proof. Adding the first eight equations of the model (3.25) gives

dN
d_tf =mp— puyNy —06;Cyp < mp — pupNy. (3.26)

dN
It follows from (3.26) that d_tf < 0if Ng(t) > E—Jf Furthermore, it follows, using Comparison

Theorem [51], that

Ny(£) < Ny(0)e 1@ 4 21— s,
My

so that, Ny(t) < UET. Ns(0) < o Similarly, it follows from (3.21) that
My Hf

No(t) < Np(0)e#n® 4 T g mim®)],
fim

Thus, N,,(t) < Z—m if N,(0) < Z—m Therefore, the region D is positively-invariant for the
model (3.25). Fur?hermore, if Ny (’S) > :—; and N,,(0) > W—:, then either the solution enters
the region D in finite time, or Ny(¢) approaches Z—; and N, (t) — Z—: asymptotically [55].
Hence, the region D attracts all solutions in RS O]
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Since the region D is positively-invariant, the usual existence, uniqueness, continuation re-
sults hold for the system (hence, it is sufficient to consider the dynamics of the flow generated

by the basic model (3.25) in this region [37]).

3.3 Asymptotic Stability of Disease-free Equilibrium

(DFE)

3.3.1 Local asymptotic stability

The DFE of the basic model (3.25), obtained by setting the right-hand sides of the equations

of the model to zero, is given by,

E = (S} B I5 Pr QO Rl Ry, Sy By, Iy Py Qi Cly R, RE)

mc?

— (ﬂ107070707070707T‘-—m’O?O?O?O’O’O?O) :
M

m

As discussed in Chapter 2, the local asymptotic stability of the DFE (&) can be established
using the next generation operator method [24, 80]. Using the notation in [80], the non-
negative matrix F (of new infection terms), and the M-matrix V' (of the transition terms)

associated with the model (3.25), evaluated at &, are given, respectively, by:

29



_0 0 0 00 0 Bm;;ns; ,Bmc;\c;jgm .
0 0 0 000 0 0o 0
0 0 0 000 0 0 0
0 0 0 000 0 0 0
0 0 0 000 0 0 0

F=
0 Brep Bregdy 00 00 0 0
0 0 0 000 0 0 0
0 0 0 000 0 0o 0
0 0 0 000 0 0 0
0 0 0 000 0 0 0

and,
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with, hy = op+pys, ho =rp+r+pp, hs = rpp+ap+pp, ha = rps+gr+pp, hs =1y +pp+6y,
he = Op+ttm, he = Timi+Um+tm, hs = Tma+m+im, ho = s+ Gm by and hyg = 7o+ fim.
It follows from [80] that the basic reproduction number of the basic model (3.25) [37],
denoted by Ry, is given by (where p is the spectral radius of the next generation matrix

Fv
Ro = p(FV™') = VRuR;, (3.27)

with,

T f o B CfOm ( Qm@/)m) Bregog ( 9f¢f)
Rp=——"7""—|14——| and Ry = 1+ )
el hg ! hiha

The result below follows from Theorem 2 of [80].

Lemma 3.2. The DFE, &, of the model (3.25) is locally-asymptotically stable (LAS) if

Ro < 1, and unstable if Rg > 1.

The epidemiological consequence of Lemma 3.2 is that HPV can be effectively controlled in
the community (when Ry < 1) if the initial sizes of the sub-populations of the model (3.25)
are in the basin of attraction of the DFE (&). The threshold quantity, R, represents the
average number of secondary HPV infections generated by one infected male (female) in a

completely-susceptible male (female) population [37].

3.3.2 Interpretation of the basic reproduction number

The basic reproduction number (Ry) can be epidemiologically interpreted as follows. Sus-
ceptible males acquire HPV infection, following effective contacts with symptomatic females
(I7) or females with persistent HPV infection (Pf). The number of male infections gener-
ated by symptomatic females is the product of the infection rate of symptomatic females

<”6f;,+5’">, the probability that an exposed female survives the exposed class and move to

°r _9f

oty = hl) and the average duration in the symptomatic class

the symptomatic stage (
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<T+ = i). Furthermore, the number of male infections generated by females with
f1tYrtus ho

persistent HPV infection is the product of the infection rate of females with persistent HPV

ﬁfc}:,%), the probability that an exposed female survives the exposed class and
Py _ Yy
raitptpy b

infection (

moves to the persistent infection class ( ) and the average duration in the

persistent infection class (——=—— = A~ ). Hence, the average number of new male infec-
Trotaptpy h3

tions generated by infected females (symptomatic or those with persistent HPV infection) is

given by (it is worth noting that Ny, = S, = #=)

pmBrcror  pmBrerorbsr\ o Brcroy Oy
=—— 14 —=—=). .2
( Tmhihy * Tmhihahs Sm hihs * (3 8)

hs

The terms in the left-hand side of (3.28) represent the number of new male infections gen-

erated by symptomatic females (I;) and females with persistent HPV infection (Py).
Similarly, susceptible females acquire HPV infection, following effective contacts with

symptomatic males (I,,) or males with persistent HPV infection (P,). The number of

female infections generated by symptomatic males is the product of the infection rate of

symptomatic males (ﬁmj\cf—fs’“» the probability that an exposed male survives the exposed
class and move to the symptomatic stage <U "fﬂ = %) and the average duration in the
symptomatic class <m = h%) Furthermore, the number of female infections gen-

erated by males with persistent HPV infection is the product of the infection rate of males

. . . . m emS* «7 .
with persistent HPV infection <ﬁcl’:[—f), the probability that an exposed male survives
the exposed class and moves to the persistent HPV infection class <T¢—m = w—’") and

m1+'¢)m+/lm h7
1 _ 1

the average duration in the persistent infection class ( ) Thus, the average

Tm2+0m~+m o hsg

number of new female infections generated by infected males (symptomatic or those with

persistent HPV infection) is given by (noting that S} = :—’;)

(NmﬁmeUm + ,umﬁmcfamemwM) g — qumﬁmcfam ( emwm) . (329)

= 14 mrm
Tmhehg Tmhehzhs ! pyTmhehs * hg

The terms in the left-hand side of (3.29) represent the number of new female infections

32



generated by symptomatic males (1,,,) and males with persistent HPV infection (P,,).
Since two generations are needed in the female-male-female HPV transmission cycle, the

geometric mean of (3.28) and (3.29) gives the basic reproduction number, Rj.

3.3.3 Global asymptotic stability

Lemma 3.2 shows that effective disease control (when Ry < 1) is dependent on the initial
sizes of the sub-populations of the model. In order to show that such control is independent
of the initial sizes of the sub-populations, a global asymptotic stability result has to be

established for the DFE (&). This is done below.
Theorem 3.2. The DFE, &, of the model (3.25) is GAS in D whenever Ry < 1.

The proof of Theorem 3.2, based on using a comparison theorem, is given in Appendix B.
The epidemiological implication of Theorem 3.2 is that HPV will be eliminated from the
community whenever the associated basic reproduction threshold (Ry) is less than unity.
Figure 3.2 shows the solution profiles of the basic model (3.25), generated by simulating the
model using various initial conditions, showing convergence to the DFE (&) for the case

when Ry < 1 (in line with Theorem 3.2).

3.4 Existence and Stability of Endemic Equilibrium
Point (EEP)

In this section, conditions for the existence of endemic equilibria (i.e., equilibria where the

infected components of the basic model (3.25) are non-zero) will be explored. Let,

& = (S7, By I3, Pr, QY CF, Ry, Ry, Sy By L Py Qu Crr R Ry), - (3.30)

m)Tm) me?
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represents an arbitrary EEP of the model (3.25). Furthermore, let

BmCrtim (Lif 4 0, PrY) o Breppim (I7 + 0, PF)
and )\f =
Tm, Tm,

)k
A=

: (3.31)

be the force of infection for males and females at endemic steady-state, respectively (it should
be mentioned that N,,(t) is now replaced by its limiting value :—:) Solving the equations of

the basic model (3.25) at the endemic steady-state gives:

;*: 7Tf ’ E;*I mf’ [}k*: ff’ P;*:¢ff, ij*: ff7
/\;‘rf + hy Do hs hy
or = W9 Rp=L R L T #2595 (3.32)
hs My K
o T, | o _ A}*S;;‘) I = amE;fn’" P = wmI:;*? Q- amprz*’
)\}* + hﬁ h7 hg hg
th Hm, Hm
Substituting the expressions in (3.32) into (3.31) gives
mCfUmOTm 9m m hg)\%*
i = DnotimTnOniln + he)N (3.33)
mo (0 h3) A5
Xy = mpBrcrhmor (05 + ha) Ay (3.34)
Tmhihohg(Nr + piy)
Substituting (3.33) into (3.34), and simplifying, gives
N = (3.35)

Tmhihahs (Bt tm (Ym0 mbm + omhs) + prhehrhs]
It follows from (3.35) that, since all the parameters of the model (3.25) are positive, A\}*
is positive whenever Ry > 1 (so that the basic model (3.25) has a unique EEP whenever
Ro > 1). The components of the unique EEP can then be obtained by substituting (3.35)

into the steady-state expressions in (3.32). Furthermore, if Ry = 1, then A} = 0 (which
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corresponds to the DFE, &). For Ry < 1, A7 < 0 (which is biologically meaningless). These

results are summarized below.

Theorem 3.3. The basic model (3.25) has a unique endemic equilibrium (of the form &)

whenever Rg > 1, and no endemic equilibrium otherwise.

The local asymptotic stability property of the unique EEP (&;) of the basic model (3.25)
will now be explored, for a special case with no disease-induced mortality for the females

i.e., 6; = 0). Further, it is convenient to define A = p¢p,, (D1 Dy — D3), where,
f f

Dy = angm A} mVmOm + CmnGm A VmTmy Om + O AT U Omhio + A Y rmsomhio
ptmhshehshohio + N5 timhzhisholig + X5t mhisholig + X5'F s 0 onhishohig
+AF mVmOmhohio + AT YmTmeomhghio,

Dy = apgrNapproy + apgr gy op + aphs NS puprop + aphs Aoy
ptghahohshahs + N pphohshahs + N pipo phshahs + Norg o chahahs

+)\*quf¢fafh4h5 -+ /\:,tl/JfogO'fhzlhg)?
1

D3 = o) (ST St s 1m0 OB B hahshohig) (Ymbm + hs) (Y505 + hs)
with,
Sp = Nj—Ef I - P - Q- Cf — R — Ry 20,
Sy = N By It Py Q- O~ Ry R 20,
and,

B Bme([;l* —+ QmP;I*)

Brer(I3* + 05 PF)
Nz, ’ '

Ny,

A N =

Theorem 3.4. The EEP (€,) of the model (3.25) is LAS if Ro > 1, 0y =0 and A # 0.

The proof of Theorem 3.4, based on using a Krasnoselskii argument [31, 32, 76|, is given in

Appendix C. The epidemiological implication of Theorem 3.4 is that, for the basic model
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(3.25) with Ry > 1 and negligible cancer-induced mortality in females (6; = 0), HPV will
persist in the community whenever the initial sizes of the sub-populations of the model (3.25)
are in the basin of attraction of the unique EEP (&;). The equilibrium (&;) is now shown to
be globally-asymptotically stable for a special case (below).

It is convenient to define Ry = Rolg, -0 ;=0 and the region (stable manifold of the DFE
of the basic model (3.25))

Dy = Dy, UD,,, C RS x RY,

Dy, = {(Sy.Es Iy, Pr,Qs,Cp, Ry, Ry) €RY : By = Iy = Py = Qp = Cy = 0},

Dmo = {(vaEmvlTer’mavac’maRmmRm) S Ri . Em = [m = Pm = Qm - C(m - 0}

Theorem 3.5. The unique EEP (&) of the basic model (3.25), with 6, = 0; =0, is GAS
in D\Dy whenever Ry > 1, S¢(t) < S and Sy, (t) < Sy for all t.

The proof of Theorem 3.5, based on using a nonlinear Lyapunov function of Goh-Volterra
type, is given in Appendix D. Theorem 3.5 shows that, for the case of the model (3.25) where
individuals with persistent HPV infection do not transmit infection (i.e., 6,, = 6y = 0), the
disease will always persist in the population whenever the associated reproduction threshold
(R1) exceeds unity, and that S¢(t) < S7* and S,,(t) < S, for all t. Figure 3.3 depicts
solution profiles of the basic model, showing convergence to the unique EEP (&) for the
case when R; > 1 (in agreement with Theorem 3.5). It is worth stating that although
the conditions Sy(t) < S§* and S,,(t) < S;F for all ¢ are somewhat restrictive, extensive
numerical simulations of the model (3.25) suggest that the conditions always hold (all the

extensive simulations carried out support this claim).
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3.5 Uncertainty and Sensitivity Analysis

The basic model (3.25) contains 27 parameters. Hence, uncertainties are expected to arise
in the estimates of the values of these parameters used in the numerical simulations of
the model. To account for the effect of such uncertainties in the numerical simulations of
the model (3.25), a detailed uncertainty analysis, using Latin Hypercube Sampling (LHS)
[7, 39, 40, 41, 57, 58], is carried out.

As introduced in Chapter 1, the practical implementation of the LHS technique en-
tails defining each parameter of the basic model (3.25) as a distribution, and, subsequently,
generating numerous LHS runs for a given output (which, in this chapter, is the basic re-
production threshold, Ry) [7, 39, 40, 41, 57, 58]. For the purpose of this thesis, and in line
with [25, 58, 68], each parameter of the basic model (3.25) is assumed to follow a (continu-
ous) uniform distribution (see Definition 2.22) [16]. Furthermore, sensitivity analysis, using
Partial Rank Correlation Coefficients (PRCC) [39, 40, 41], is carried out to determine the
key parameters of the model that affect the disease transmission dynamics (i.e., parameters
of the basic model (3.25) that most affect the value of the response function, Ry).

Figure 3.4 depicts the box plots of the basic reproduction number (Ry), as a function of
the 1000 LHS runs (Ng = 1000) carried out, using the baseline parameter values and ranges
in Table 3.2. For any given number of runs (i.e., for any value of Ng), each box plot displays
the lower and upper quartile ranges of Ry (denoted by the lower and upper horizontal lines
on a box, respectively). The horizontal line within a box denotes the median value (middle
quartile) of Ry. The upper and lower whiskers denote the most extreme values for Ry [58].
Values for Ry plotted beyond the whiskers are classified as outliers. Figure 3.4 shows the
distribution of Ry lies in the range Ry € [2.80,4.95], with a mean of Ry = 3.875 (which is
in line with the Ry values reported in [30, 55]). Since the distribution of R, exceeds unity,
it follows (from Theorem 3.4) that the disease will persist in the population. Thus, this
study shows that until an intervention strategy (such as routine Pap screening of sexually-

active females) that can reduce (and maintain) Ry to a value less that unity is used in the
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community, HPV (and associated dysplasia) will always persist in the population.

The effect of HPV transmission by individuals with persistent HPV infection on the
cumulative number of new HPV cases for females is assessed by simulating the model (3.25)
using the different values of the associated modification parameter for the infectiousness of
individuals with persistent infection, relative to those in the Iy class (denoted by 6f). The
results obtained, depicted in Figure 3.5A, show a marked increase in the cumulative number
of new HPV cases with increasing values of the parameter 6.

Furthermore, it is shown (Figure 3.5B) that HPV transmission by males with persistent
infection induces a significant indirect effect on the cumulative number of new female infec-
tions (i.e., HPV transmission by males with persistent infection results in the corresponding
increase in the cumulative number of new HPV cases in females). Similar results are obtained
for the cumulative mortality for females (Figure 3.6) and cumulative new cases for males
(Figure 3.7). In other words, these simulations show that HPV transmission by individuals
with persistent HPV infection significantly increases the HPV burden (and, by extension,
increases the incidence of cervical cancer in females and HPV-related cancers in males) in
the community. Furthermore, HPV transmission by those with persistent infection induces
an indirect negative effect on the HPV burden of individuals of the opposite gender.

Table 3.3 shows the PRCC values of the parameters of the model (3.25), from which it is
clear that the most dominant parameters are the average number of female sexual partners
for males per unit time (cy), the average duration of sexual activity for females and males (y1f
and fi,,), the infection probability for females and males (5; and (3,,), the recruitment rate of
new sexually-active individuals (7; and m,,), modification parameter for the infectiousness
of individuals with persistent infection, relative to those in the corresponding symptomatic
class (A and 6,,) and the natural recovery rate of infected females (rf;). The effect of the
aforementioned ten dominant (PRCC-ranked) parameters is further assessed by simulating

the basic model (3.25) for the following two scenarios:
(i) the baseline value of each of the top-ten PRCC-ranked parameters in Table 3.3 is
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increased by 10%;

(ii) the baseline value of each of the top-ten PRCC-ranked parameters in Table 3.3 is
decreased by 10%.

It follows from Figure 3.8 that such an increase (decrease) in the baseline values of these
top PRCC-ranked parameters lead to a corresponding increase (decrease) in the numerical
simulation results obtained (cumulative number of HPV cases over a 10-year period). This
figure clearly shows the sensitivity of the outcome of the model’s simulations on these param-
eters. Figures 3.9 and 3.10 also show similar sensitivities of these top-ranked parameters on
the cumulative number of cervical cancer (for females) and HPV-related cancers (for males)

cases, respectively.

3.6 Summary of Chapter

A new deterministic model for the transmission dynamics of HPV (and related dysplasia)
in a community is designed and rigorously analyzed in this chapter. Some of the main

mathematical and numerical simulation results obtained are summarized below:

i) The disease-free equilibrium of the basic model (3.25) is locally- and globally- asymp-
totically stable whenever the associated reproduction number (Ry) is less than unity.
The epidemiological implication of this result is that the community-wide control (or
elimination) of HPV (and related dysplasia) is feasible if the basic reproduction num-
ber (Ry) of the basic model (3.25) can be reduced to (and maintained at) a value less
than unity. This can be achieved via the use of intervention strategies, such as Pap

cytology screening (which is addressed in Chapter 4).

ii) The basic model (3.25) has a unique endemic equilibrium point whenever the basic
reproduction number (R) exceeds unity. This equilibrium is shown to be locally- and

globally- asymptotically stable for special cases.
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iii) Numerical simulations of the basic model show that HPV transmission by individu-
als with persistent infection significantly increases the HPV burden (hence, increase
the incidence of cervical cancer in females and HPV-related cancers in males) in the
community. Furthermore, HPV transmission by males (females) with persistent HPV

infection induces an indirect negative effect on the HPV burden of males (females).

iv) It is determined (based on the detailed uncertainty and sensitivity analyses carried out
in Section 3.5) that the most dominant parameters that affect the disease transmis-
sion dynamics (as measured in terms of increase in the value of the associated basic
reproduction threshold, Ry) are:

(a) the average number of female sexual partners for males per unit time (cy);
(b) the average duration of sexual activity for females and males (i and gy, );

(c) the infection probability for females and males (5; and £,,);

(d) the recruitment rate of new sexually-active individuals for females and males (7

and 7,,);

(e) the modification parameters for the infectiousness of individuals with persistent

infection (in relation to those in the respective symptomatic class) (0 and 6,,);

(f) the natural recovery rate of infected females (7).

Items (i) to (iv) above provide answers to Questions 1, 2 and 3 (Part (a)) raised in Section

1.3.
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Variable Description

St(t) Population of susceptible females
E¢(t) Population of exposed (asymptomatic) females
I4(t) Population of symptomatic (infected with clinical symptoms of HPV) females

Py(t) Population of females with persistent HPV infection

Qy(t) Population of females with CIN

C(1) Population of females with cervical cancer

Ry.(1) Population of females who recovered from cervical cancer

Ry(t) Population of females who recovered from HPV infection without developing
cervical cancer

Sm(t) Population of susceptible males

E..(t) Population of exposed (asymptomatic) males

I, (1) Population of symptomatic males

P,.(t) Population of males with persistent HPV infection

Qum(t) Population of males with INM

Chn(t) Population of males with HPV-related cancer

R...(t)  Population of males who recovered from HPV-related cancer

R,.(t) Population of males who recovered from HPV infection without developing

HPV-related cancer

Table 3.1: Description of the state variables of the basic HPV model (3.25).
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Parameter Description Baseline Value Ranges Ref.
per year

7T (Tm) Recruitment rate of new sexually-active 10000 [9000,11000]  [66]
females (males)

ﬁ(%m) Average duration of sexual activity 65 [59.5,71.5] [9]
for females (males)

Bm(By) HPV infection probability from males to 0.8/contact [0.72,0.88] [30]
females (females to males) (0.7/contact) [0.63,0.77]

cm(cy) Average number of male (female) sexual 2 (2 %i) [1.8,2.2] [66]
partners for females (males) per unit time

of(om) Rate of symptoms development for 5 [4.5,5.5] A
exposed females (males)

V¢ (m) Rate of development of persistent infection 0.5 [0.45,0.55] [30]
for females (males)

ap(om) Progression rate from HPV to CIN (INM) 0.1 [0.09,0.11] [29]
for females (males)

9f(gm) Progression rate from CIN (INM) to cancer 0.08 [0.079, 0.081] [29]
for females (males)

r1(rm1) Natural recovery rate of infected females 0.495 [0.446,0.545]  [30]
(males) (0.9) [0.89, 0.91]

7 f2(rm2) Natural recovery rate of females (males) 0.1 [0.09,0.11] [55]
with persistent HPV infection

7¢3(rm3) Natural recovery rate of females with CIN 0.05 [0.045,0.055]  [60]
(males with INM)

7 4(Tma) Natural recovery rate of females with 0.76 [0.68,0.84] [29]
cervical cancer (males with HPV-related
cancer)

0¢(0rm) Modification parameter for the 0.9 [0.8,1] [55]
infectiousness of females (males) with
persistent infection, relative to those in
the Iy (Ip,) class

oy Cancer-induced mortality rate for 0.01 [0.009,0.011]  [55]

females

Table 3.2: Description of parameters of the basic HPV model (3.25).
Notation: "A” denotes ”assumed”.
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Table 3.3: PRCC values of the parameters of the basic model (3.25) using R, as output.

Baseline parameter values and ranges used are as given in Table 3.2.
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Figure 3.1: Schematic diagram of the basic HPV model (3.25).
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Figure 3.2: Solution profiles of the basic model (3.25), showing the total number of HPV-
infected individuals (females and males) as a function of time using various initial conditions.
Parameter values used are as given in Table 3.2, with ¢; = 1, 5y = 0.2 and 5, = 0.2 (so
that, Rop = 0.5159 < 1).
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Figure 3.3: Solution profiles of the basic model (3.25), showing the total number of HPV-
infected individuals (females and males) with 6,, = 8y = 0 as a function of time using various

initial conditions. Parameter values used are as given in Table 3.2, with ¢; = 3, 8y = 2.5
and (3, = 2.5 (so that, Ry = 6.2549 > 1).
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Figure 3.4: Box plot of the basic reproduction number (Rg) as a function of the number of
runs (Ng) for the basic model (3.25), using the baseline parameter values and ranges given
in Table 3.2.
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Figure 3.5: Simulations of the basic model (3.25), showing the cumulative number of new
HPYV cases for females, as a function of time, for various values of 6; and 6,,. Parameter
values used are as given in Table 3.2 with (A) green color: 6y = 1; blue color: 6y = 0.75; red
color: §; = 0.5; magenta color: #y = 0.25; cyan color: 6y = 0. (B) green color: 6,, = 1; blue
color: 6,, = 0.75; red color: 6,, = 0.5; magenta color: 6,, = 0.25; cyan color: 6,, = 0.
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Figure 3.6: Simulations of the basic model (3.25), showing the cumulative number of cancer-
induced mortality for females, as a function of time, for various values of 6 and 0,,. Param-
eter values used are as given in Table 3.2 with (A) green color: §; = 1; blue color: §; = 0.75;
red color: 6 = 0.5; magenta color: § = 0.25; cyan color: 8y = 0. (B) green color: 6,, = 1;
blue color: #,, = 0.75; red color: 6,, = 0.5; magenta color: 6,, = 0.25; cyan color: 6,, = 0.
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Figure 3.7: Simulations of the basic model (3.25), showing the cumulative number of new
HPYV cases for males, as a function of time, for various values of 6,, and 6. Parameter values
used are as given in Table 3.2 with (A) green color: §; = 1; blue color: 6y = 0.75; red color:
6 = 0.5; magenta color: 6 = 0.25; cyan color: §; = 0. (B) green color: 6, = 1; blue color:
0,, = 0.75; red color: 0, = 0.5; magenta color: #,, = 0.25; cyan color: 6,, = 0.
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Figure 3.8: Simulations of the basic model (3.25), showing the cumulative number of new
HPV cases (for females and males) as a function of time. Parameter values used are as
given in Table 3.2 (with the top ten ranked parameters modified accordingly). Green color:
baseline parameters as in Table 3.2 (R, = 3.8607). Blue color: top-ten PRCC-ranked
parameters in Table 3.3 decreased by 10% (Ro = 2.9771). Red color: top-ten PRCC-ranked
parameters in Table 3.3 increased by 10%(R, = 4.8612).
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Figure 3.9: Simulations of the basic model (3.25), showing the cumulative number of cervical
cancer cases in females, as a function of time. Parameter values used are as given in Table
3.2 (with the top ten PRCC-ranked parameters modified accordingly). Green color: baseline
parameters as in Table 3.2 (R = 3.8607). Blue color: top-ten PRCC-ranked parameters in
Table 3.3 decreased by 10% (R = 2.9771). Red color: top-ten PRCC-ranked parameters in
Table 3.3 increased by 10%(Ry = 4.8612).
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Figure 3.10: Simulations of the basic model (3.25), showing the cumulative number of HPV-
related cancer cases for males as a function of time. Parameter values used are as given in
Table 3.2 (with the top ten PRCC-ranked parameters modified accordingly). Green color:
baseline parameters as in Table 3.2 (R, = 3.8607). Blue color: top-ten PRCC-ranked
parameters in Table 3.3 decreased by 10% (Rq = 2.9717). Red color: top-ten PRCC-ranked
parameters in Table 3.3 increased by 10%(Ro = 4.8612).
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Chapter 4

Model with Pap Screening

4.1 Introduction

In this Chapter, the basic HPV transmission model developed in Chapter 3 will be extended
and used to assess the community-wide impact of Pap screening on HPV transmission dy-
namics (and associated dysplasia) in the community. As stated in Chapter 1, the main
objective of Pap screening is the early detection of abnormal cells (i.e., pre-cancerous CIN
lesions) in females. Once detected, the lesions can be treated successfully (using, for instance,
loop electrosurgical excision procedure, which involves the removal of a cancerous tissue us-
ing a wire loop, or using laser therapy [15, 63, 69]). Cervical cancer screening consists of
two screening tests, namely cytology-based screening (known as the Pap test (or Pap smear
or Pap cytology)), and HPV testing [63]. Regular Pap screening is known to significantly
decrease the incidence of cervical cancer [35, 54].

Furthermore, owing to the relatively low coverage rates of the two licensed anti-HPV
vaccines (as discussed in Chapter 1), as well as their associated side-effects and high costs
[13, 54, 77], Pap screening remains the most realistic option for controlling the spread of
HPV in most populations (particularly, in developing nations). The aim of this chapter is

to develop, and rigorously analyze, a new model for theoretically assessing the impact of

o4



Pap screening on curtailing the spread of HPV (and related dysplasia) in a community. The
model to be designed is based on extending the basic model (3.25). The new model will be

used to answer Questions 3 (Part (b)), 4 and 5 raised in Section 1.3.

4.2 Mathematical Model

The new model for the transmission dynamics of HPV in a community, in the presence of the
Pap cytology screening, is designed by stratifying the total sexually-active female population
at time ¢ (denoted by N¢(t)) into twelve mutually-exclusive sub-populations of susceptible fe-
males (Sf(t)), exposed (asymptomatic) females (E(t)), symptomatic (infected with clinical
symptoms of HPV) females (/;(t)), females with persistent HPV infection (P (t)), females
with undetected low-grade CIN (Ly,(t)), females with detected low-grade CIN (L4(t)),
females with undetected high-grade CIN (Hy,(t)), females with detected high-grade CIN
(Hpa(t)), females with undetected cervical cancer (Cf,(t)), females with detected cervical
cancer (Crq(t)), females who recovered from cervical cancer (Ry.(t)) and females who recov-

ered from HPV infection without developing cervical cancer (Rf(t)), so that

Ny(t) = Sp(t) + Ep(t) + 1p(t) + Pp(t) + Lypu(t) + Lypa(t) + Hpu(t) + Hya(?)

+ Cpu(t) + Cra(t) + Ryc(t) + Ry(2). (4.1)

Similarly, the total sexually-active male population at time t (denoted by N,,(t)) is sub-
divided into nine mutually-exclusive sub-populations of susceptible males (5,,(t)), exposed
(asymptomatic) males (E,,(t)), symptomatic males (,,,(t)), males with persistent HPV in-
fection (P, (t)), males with low-grade INM (L,,(t)), males with high-grade INM (H,,(t)),
males with HPV-related cancer (C,(t)), males who recovered from HPV-related cancer

(Rme(t)) and males who recovered from HPV infection without developing HPV-related
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cancer (R,,(t)). Thus,

Non(t) = Son(t) + Eo(t) -+ Ia(t) + Pon(t) + Ln(t) + Hn(£) + Con(t) + Rone(t) + Ron(2). (4.2)

It follows from (4.1) and (4.2) that the total sexually-active (heterosexual) population, at
time ¢, is given by N (t) = N¢(t) + Ny (t). The model for the transmission dynamics of HPV
(and associated dysplasia) in a community, in the presence of Pap screening, is given by
the following deterministic system of non-linear differential equations (a flow diagram of the
model is depicted in Figure 4.1; the associated state variables and parameters are tabulated

in Tables 4.1, 4.2 and 4.3):
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( dS,,
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drl,,
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dL,,
dt
dH,,
dt
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dt
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dt
dR,,
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=y + &Ry — (A + 11r) Sy,

= AnSy — (05 + 1) Ey,

= 0By — (Yy + pp)ly,

= (1= bp)ply + dpagsLpy + qrazsHpu — (cp + pig) Py,

= (L= kyp)ay Py +qpazpHyu — (g5 + 1) Ly,

= dy3gyLpu — (11 + p1y) Ly,

=[1—(dp1 +ds2 + dg3)grLpu + G277 Cru — (27 + p1p) Hypu,s
= qrszfHpy — (12 + piy) Hya,

=1 = (an +ar2 + a3 + qpa))zrHpu — (75 + 5 + 65u)Cru,
= Jp17Cpu — (13 + iy + 05a)Cia,

=[1 = (i + 32y Cru + 13Cra — pyRye,

=bpply + kpoyPr+dpgrLpw + rilpa+ qpzpHypo + roHpa — (& + py) Ry,
=T + Em B — (N f + ) S,

= XS — (Om + tim) B,

= 0B — (Ym + tim) I,

= (1 = bp) L + dim2gmLm + GmszmHm — (i + ) P,
= (1 — kn)am P + @mzzmHy — (Gm + o) Lim,

= [1 = (dum1 + dm2)1gm L + Jin¥mCrm — (2 + tin) Hin,

= [1 = (@m1 + @m2 + @m3)|2m Hm — (Ym + ) Crm,

= (1 = jm)¥mCm — fim Rone,

- bm¢mlm + /{ZmOéum + dmlgmLm + lezmHm - (é'm + Mm)Rm
(4.3)
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The derivation of the equations for the Pap screening model (4.3) is described in Appendix
E. The model (4.3) is an extension of the basic HPV transmission model (3.25) developed

in Chapter 3, by

(a) adding Pap screening for females (no Pap screening was considered in the basic model

(3.25));

(b) incorporating multiple CIN (Ly,, L4, Hf, and Hyy) and INM (L,, and H,,) stages
(a single CIN and INM stage was considered in the basic model (3.25)). Two cancer
classes (C'y, and Cyq) for undetected and detected females with cervical cancer, are

also added (only one cancer class for females is considered in the basic model (3.25));

(c) allowing for HPV transmission by individuals (females and males) in the exposed classes
as well as those in the various intraepithelial neoplasia stages (these were not considered

in the basic model (3.25));

(d) allowing for the loss of infection-acquired immunity by recovered individuals (these

were not considered in the basic model (3.25));

(e) allowing for the regression from cervical (for females) and other HPV-related cancers
(for males) to high-grade intraepithelial neoplasia stages and from low- and high-grade
intraepithelial neoplasia stages (for both females and males) to persistent infection

(these were not considered in the basic model (3.25)).

Furthermore, the Pap screening model (4.3) is an extension of many of the HPV models
that (also) incorporate Pap screening in the literature, such as those in [2, 3, 10, 28, 30, 55],

by, inter alia,

(i) incorporating the dynamics of exposed females (Ey) and males (E,,), and allowing for
HPV transmission by exposed males and females (this is not included in the models

developed in [10, 28, 30, 55]);
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(ii) incorporating the dynamics of individuals (females and males) in the pre-cancerous
intraepithelial neoplasia stages (CIN and INM), as well as the dynamics of HPV-related
cancers in males (which are not included in the models developed in [3, 10, 28, 30, 55];
it should, however, be stated that three CIN stages for females are included in the
model developed in [55]);

(iii) allowing for the loss of infection-acquired immunity by recovered individuals (this is

not included in the models considered in [10, 28, 30, 55|);

(iv) incorporating the regression from cervical (for females) and other HPV-related cancers
(for males) to high-grade intraepithelial neoplasia stages and from low- and high-grade
intraepithelial neoplasia stages to persistent infection (this is not included in the models
considered in [3, 10, 28, 30, 55]); it should, however, be stated that only regression
from high-grade intraepithelial neoplasia stage to persistent infection is included in the

model developed in [2]);

(v) allowing for HPV transmission by individuals (females and males) in the various in-
traepithelial neoplasia stages (this is not included in the models considered in [2, 3, 10,

28, 30, 55)).

4.2.1 Basic properties

The following result can be proved using the approach in Appendix A.

Theorem 4.1. Let the initial data be S¢(0) > 0, Ef(0) >0, 1;(0) > 0, P¢(0) >0, L, (0) >
0, L#g(0) >0, Hf,(0) >0, Hsa(0) > 0, Cpy(0) > 0, Cra(0) > 0, Rpe(0) > 0, Re(0) > 0,
Sm(0) >0, E,(0) >0, ,,(0) >0, P,(0) >0, L,(0) >0, H,(0) >0, C,(0) >0, Ry.(0) >
0, Rn(0) > 0. Then the solutions (Sg(t), E¢(t), 1(t), Pr(t), Lsu(t), Lya(t), Hpu(t), Hra(t),
Cru(t), Cralt), Bye(t), By(t), Sim(t), Em(t), In(t), Pn(t), Lin(t), Hin(t), Cin(t), Bine(t), B (1)) of
the Pap screening model (4.3), with positive initial data, will remain positive for all time

t>0.
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Furthermore, using the approach in Section 3.2.1, the following result can be established for

the Pap screening model (4.3).

Lemma 4.1. The closed set

D, =D;UD,, C R xR,

with,

T
Dy = {(vaEf7]f7Pf7Lmefd7HfuvadaCfqufdv Ry, Ry) € R - Ny < u_;}

and,

Dm = {(Sm:Em>[m7pmaLm7HmacmaRmC7Rm) € Ri : Nm S W_m} )

is positively-invariant and attracting for the Pap screening model (4.3).

Hence, it is sufficient to study the dynamics of the Pap screening model (4.3) in the invariant

region D; [37].

4.3 Asymptotic Stability of DFE

4.3.1 Local asymptotic stability

The DFE of the Pap screening model (4.3) is given by,

505 = (S;v E;ta ]}(7 P;a L}ua L}da H;ua H;da C}k'ua C}kd7 R}m Rj‘? S:;m E:;w I:;u P;,kw L::/La H:;m

C* R R) = <ﬂ,0,0,0,0,0,0,0,0,0,0,0,”—m,o, 0,0,0,0,0,0,0) .
I Hm
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Using the next generation operator method (as in Chapter 3), it follows that the associated

next generation matrices, F, and Vs, are given, respectively, by:

F - Ogxo F1 and V. — Vi Ogxe |

]:2 06><6 010><10 VQ

where (with 0,,x, being the zero matrix of order n),

_Bmcjffi;nm 5m;£s; ,3mc]<]i;9m ,Bmcjifi;em Bmc'fﬁzmemh ()_
0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
JFi1= 0 0 0 0 0 01>
0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Brepng Brey Bregby 0 Breg Bref0sfpn 000

0 0 0 0 0 0 000

0 0 0 0 0 0 0 00

Ja = 0 0 0 0 0 0 0 0 Of

0 0 0 0 0 0 0 00

0 0 0 0 0 0 0 00

I 0 0 0 0 0 0 0 0 O_
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_ hy 0 0 0 0 0 0 0 0 _
—0y hs 0 0 0 0 0 0 0
0 —(1—0bp)yy hs —dsag9; 0 —qpzy O 0 0
0 0 —(1—Fkp)oy  hy 0 —qgpzp O 0 0
Vi=10 0 0 —dsg; hs 0 0 0 01
0 0 0 b 0 hg 0 —jpys O
0 0 0 0 0 —gpmz hy 0 0
0 0 0 0 0 —by 0 hs 0
0 0 0 0 0 0 0 —juy he
- hio 0 0 0 0 0 -
—Om hi1 0 0 0 0
v, — 0 —(1—bw)tn hiz —dm2gm  —qm3Zm 0 |
0 0 —(1 = k), his —m2Zm 0
0 0 0 —bs i —jmVm
0 0 0 0 —by his

with, by = [1—=(dp1 +dg2+dys)]gs, ba = [1 = (gp1 +qr2+ a3+ qpa)], bs = [1 = (dm1 + dim2) | gm,
ba = [1 = (@m1 + Gm2 + Gm3)]2m, b1 = 0p + piy, ho = Pp + py, hg = ay + g, ha = g5 + py,
hs =r1+pp, he = zp+py, hy = ro+pup, hg = Y+ pp+0su, hg = 13+ pp 40914, hio = O+ fim,
hit = Y 4 o, Pi2 = Gy + o, P13 = Gm + Lo, Ria = 2 + i, and his = Yy + .

It follows from [80] that the effective reproduction number (i.e., reproduction number of

the model in the presence of Pap screening) of the model (4.3) is given by

Ros = p(FV1) = /Ry R, (4.4)

where, Ry = p(F1V, ') = ﬁ—; and R,, = p(FRV ) = g—; and,
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A = ﬁmcfﬂ_fyfm<a3b3010hl5am9m + asbsci1h130:,0m — ashishishi50m,05, + asbsconmhiihis
—agbscgcrinmhin + ascgNmhiihiahas + bscionmhiihiahis 4 baciinmhiihizhis
—Nmhi1highighiahis + asbscohis0,, — asbscsciioy, + ascghishis0y, + bsciohi2hisom,

+ byci1highizop, — h12h13h14h150m),

Ay = pymphiohii(asbscohis — asbacscin + ascshishs + bscighiahis + baciihizhas
— hiohighiahas),
Bl = Bfo(Clenghgaf@f + CL1b2C5h40'f9f — a1h4h6h80'f9f + CL2b1C27]fh2h8 — a2b201€57]fh2

+agcinphahehs + bicsnphahshg + bacsnphahshy — nyhahghahehs + asbicahgoy
— a2b261050'f + CLQCthth'f + b103h3h80'f + b205h3h40'f - h3h4h6h80'f),

B2 = (a2b162h8 — CLQbQClC5 + (lQCthhS + b103h3h8 + b205h3h4 — h3h4h6h8)h1h2,

witha; = (1 —by) ¢f, as = (1 — ky) o, a3 = (1 — by) Yoy as = (1 — ki) Quny, €1 = dp2gy, 2 =
qr2f, C3 = (gpe2y, C4 = dfs’gf’ Cs = Jf, C6 = qf32f, Cr = JuVf, C8 = Am2Gm, C9 = Gm3Zm, C10 =
Gm2Zms C11 = Jm7Ym- 1t can be shown that the quantities A;, Ay, By and Bj are positive (the
calculations are lengthy, thus, not reported here). Hence, the reproduction number, Ry, is

positive. The result below follows from Theorem 2 of [80].

Lemma 4.2. The DFE, &y, of the Pap screening model (4.3) is LAS if Ros < 1, and

unstable if Ros > 1.

As in Chapter 3, the epidemiological consequence of Lemma 4.2 is that the use of Pap
screening in the community could lead to the effective control (or elimination) of HPV
(when Ros < 1) if the initial sizes of the sub-populations of the Pap screening model (4.3)
are in the basin of attraction of the DFE (&ys). The associated threshold quantity, Ros,
represents the average number of secondary HPV infections generated by one infected male

(female) in a susceptible male (female) population where a certain fraction of susceptible
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females undergo routine Pap screening [37].

4.3.2 Global asymptotic stability

Consider the Pap screening model (4.3). The global asymptotic stability property of its DFE
(&os) is established below.

Theorem 4.2. The DFE, &y, of the Pap screening model (4.3) is GAS in Ds whenever
Ros < 1.

Proof. The proof of Theorem 4.2 is given in Appendix F. O

The epidemiological implication of Theorem 4.2 is that HPV will be eliminated from the
community whenever the community-wide implementation of the routine Pap screening pro-
gram is effective enough to bring down (and maintain) the associated effective reproduction
threshold (Ros) to a value less than unity. Figure 4.2 shows solution profiles of the model

(4.3) converging to the DFE (&) when Rgs < 1 (in line with Theorem 4.2).

4.4 Uncertainty and Sensitivity Analysis

As in Chapter 3, the effect of uncertainties in the estimates of the parameter values of
the Pap screening model (4.3) is accounted for using Latin Hypercube Sampling (based on
the baseline parameter values and ranges tabulated in Tables 4.2 and 4.3). Furthermore,
sensitivity analysis is carried out using PRCC.

Figure 4.3 depicts the box plots of the effective reproduction number (Ry;), as a function
of the LHS runs carried out (Nr = 1000), from which it is evident that the distribution
of Ros, for the Pap screening model (4.3), lies in the range Ry, € [1.45,2.70] (which is in
line with those reported in [22, 30, 55]). Thus, although Pap screening reduces the range
of the basic reproduction number (Rg) of the basic HPV transmission model (3.25) (from

Ro€[2.80,4.95] to Ros € [1.45,2.70]), the community-wide implementation of a routine Pap
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screening program for females is insufficient (albeit it greatly reduces HPV burden) to lead
to the effective control of HPV in the community (since the distribution of Rys > 1, and
the disease will persist in this case). Table 4.4 depicts the PRCC values of the parameters
of the Pap screening model (4.3), from which it is clear that the most dominant parameters
(that govern the dynamics of the Pap screening model (4.3), with respect to the threshold
quantity, Ros) are the average number of female sexual partners for males per unit time (cy),
the fraction of symptomatic females (males) who recovered naturally from HPV (bs(by,)),
the infection probability for individuals (5, and ff), the recruitment rate of new sexually-
active individuals (7; and m,,), the average duration of sexual activity (us and p,,) and the
transition rate out of the I¢(1,,) class (¢ f(¢n,)).

The effect of the aforementioned eleven dominant (PRCC-ranked) parameters is further

assessed by simulating the Pap screening model (4.3) for the following two scenarios:

(i) the baseline value of each of the top-eleven PRCC-ranked parameters in Table 4.4 is

increased by 10%;

(ii) the baseline value of each of the top-eleven PRCC-ranked parameters in Table 4.4 is
decreased by 10%.

It follows from Figure 4.4 that an increase (decrease) in the baseline values of these top
PRCC-ranked parameters lead to a corresponding increase (decrease) in the numerical simu-
lation results obtained (cumulative number of HPV cases over a 10-year period), confirming
the sensitivity of the simulation results on these parameters. Figures 4.5 and 4.6 show sim-
ilar sensitivities of these parameters on the cumulative cervical cancer (for females) and
HPV-related cancers (for males) cases, respectively.

The effect of the HPV transmission by individuals in the pre-cancerous stages (both CIN
and INM) on the dynamics of HPV is assessed by simulating the Pap screening model (4.3)
in the presence, and absence, of such transmission. Figure 4.7 shows that HPV transmission

by individuals with CIN and INM increases (in the long run) the cumulative number of
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HPV cases. Thus, these simulations suggests that HPV transmission models that do not
incorporate HPV transmission by individuals in the pre-cancerous (CIN and INM) stages
may underestimate HPV (and, consequently, cancer) burden in the community.

A contour plot of the effective reproduction number (Rys), as a function of the frac-
tion of symptomatic females who recovered naturally from HPV (b;) and the fraction of
symptomatic males who recovered naturally from HPV (b,,), is depicted in Figure 4.8. As
expected, the plot shows a decrease in Rgs values with increasing values of the fractions bs
and b,,. Furthermore, it shows that, based on the parameter values in Tables 4.2 and 4.3 used
in the simulations, even if 100% of symptomatic females and males recover naturally from
HPV, the disease will still persist in the population (since such recovery fails to reduce the
effective reproduction number, Rgs, to a value less than unity; which is needed to eliminate
the disease, in line with Theorem 4.2).

Finally, the effect of Pap screening on the cumulative number of cervical cancer cases is
assessed by simulating the model (4.3) with different values of the fraction of females with
CIN detected. Figure 4.9 confirms the effectiveness of Pap screening on minimizing cervical
cancer cases. For example, while detecting 25% of females with CIN leads to about 65%
reduction of cervical cancer cases in the community over a 10-year period, detecting 50% of
females with CIN results in a 95% reduction of cervical cancer in the community over the

same time period.

4.5 Summary of Chapter

A new deterministic model for the transmission dynamics of HPV and related cancers in
a community, where Pap cytology screening is administrated for females, is designed. The
resulting 21-dimensional Pap screening model extends numerous other HPV transmission
models in the literature by, for instance, incorporating the dynamics of individuals (females

and males) in the pre-cancerous (CIN and INM) and cancerous stages. Furthermore, it
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allows for the loss of infection-acquired immunity by recovered individuals, and incorporates
the regression from cervical (for females) and other HPV-related cancers (for males) to high-
grade intraepithelial neoplasia stages (and from low- and high-grade intraepithelial neoplasia
stages to persistent infection). Some of the main theoretical and numerical results obtained

are summarized below:

i) The disease-free equilibrium of the Pap screening model (4.3) is locally- and globally-
asymptotically stable whenever the associated reproduction number is less than unity.
Thus, the community-wide control or elimination of HPV (and related dysplasia) is
feasible if the community-wide implementation of Pap screening could reduce (and

maintain) the associated reproduction number (Rys) to a value less than unity.

ii) The parameters that most influence the disease transmission dynamics (with respect

to the effective reproduction threshold, Ry;) are:

(a) the average number of female sexual partners for males per unit time (cy);

(b) the fraction of symptomatic females (males) who recovered naturally from HPV
(bs(bm));

(c) the infection probability for females and males (57 and £,,);
(d) the recruitment rate of new sexually-active individuals (7 and 7, );
(e) the average duration of sexual activity (py and g, );

(f) the average duration of sexual activity and the transition rate out of the Iy (I,,)

class (Y(1m)).

iii) Numerical simulations of the Pap screening model (4.3) suggest that:

(a) HPV transmission by individuals with CIN and INM increases (in the long run)

the cumulative number of new HPV cases;
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(b) Pap screening is very effective in minimizing cervical cancer cases. For instance,
detecting 50% of females with CIN results in a 95% reduction of cervical cancer

cases in the community over a 10-year period;

(c) Pap screening alone is insufficient to lead to effective control of HPV in the com-

munity (since it fails to reduce Ros to a value less than unity);

(d) HPV transmission models that do not include disease transmission by individuals
in the pre-cancerous stages may underestimate HPV-associated burden in the

community.

Items (i) to (iii) provide answers to Questions 3 (Part (b)), 4 and 5 raised in Section 1.3.
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Variable Description

Sg(t) Population of susceptible females

E¢(t) Population of exposed (asymptomatic) females

I¢(t) Population of symptomatic (infected with clinical symptoms of HPV) females
Py(t) Population of females with persistent HPV infection

Ly (1) Population of females with undetected low-grade CIN
t) Population of females with detected low-grade CIN
Hg,(t)  Population of females with undetected high-grade CIN
Hyq(t) Population of females with detected high-grade CIN
Clry(t) Population of females with undetected cervical cancer
Cra(t) Population of females with detected cervical cancer
Ry (t) Population of females who recovered from cervical cancer
Ry(t) Population of females who recovered from HPV infection without developing
cervical cancer

S (t) Population of susceptible males
En(t) Population of exposed (asymptomatic) males
I,(t) Population of symptomatic males

Population of males with persistent HPV infection
Population of males with low-grade INM
Population of males with high-grade INM

h
AN
===

Cn(t) Population of males with HPV-related cancer
Rc(t)  Population of males who recovered from HPV-related cancer
R (1) Population of males who recovered from HPV infection without developing

HPV-related cancer

Table 4.1: Description of the state variables of the Pap screening model (4.3).
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Parameter Description Baseline Value Ranges Ref.
per year

T (Tm,) Recruitment rate of new sexually-active 10000 [9000,11000]  [66]
females (males)

ﬁ(%m) Average duration of sexual activity 65 [59.5,71.5] [9]
for females (males)

B (Bf) Infection probability for females (males) 0.4/contact [0.34,0.44]  [12]

cm(cy) Average number of male (female) sexual 2 (2 ]]\%) [1.8,2.2] [66]
partners for females (males) per unit time

£r(&m) Rate of loss of infection-acquired 0.5 [0.45,0.55]  [49]
immunity for females (males)

of(om) Rate of symptoms development for 5 [4.5,5.5] A
exposed females (males)

by(bm) Fraction of symptomatic females (males) 0.95 [0.75,0.95]  [71]
who recover naturally from HPV
(but do not develop persistent infection)

V¢ (V) Transition rate out of the Iy (1,,) class 0.5 [0.45,0.55]  [30]
for females (males)

kg(km) Fraction of symptomatic females (males) 0.5 [0.45,0.55]  [55]
who recover naturally from persistent
infection with HPV

af(am) Transition rate out of the Py (Pp,) class 0.25 [0.2,0.3] [29]
for females (males)

d¢1(dm1)  Fraction of infected females (males) with 0.04 [0.01,0.1] [55]
low-grade low-grade CIN (INM ) who
recover naturally from HPV infection

dfa(dm2)  Fraction of females (males) with undetected 0.28 [0.2,0.35] [29]
low-grade CIN (INM) who revert to the
Py] (Pn) class

df3 Fraction of females with low-grade CIN 0.64 [0.6,0.7] [55]
who is detected

9f(gm) Transition rate out of Ly, (L) class 1.18 [1,1.5] [55]
for females (males)

1 Recovery rate of detected females with 0.13 [0.1,0.2] [60]
low-grade CIN

qr1(qma1) Fraction of infected females (males) with 0.24 [0.2,0.3] [55]
high-grade CIN 2/3 (INM 2/3) who recover
naturally from HPV infection

qr2(gm2) Fraction of females (males) with undetected 0.04 [0.03,0.05]  [60]

high-grade CIN 2/3 (INM 2/3) who revert
to the Ly, (L) class

Table 4.2: Description of parameters of the Pap screening model (4.3).

Notation: ”A” denotes ”assumed”.
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Parameter Description Baseline Value Ranges Ref.
per year

ars3 Fraction of females with high-grade 0.47 [0.4,0.55] [55]
CIN 2/3 who is detected

qr4(qm3) Regression rate from the Hy,, (H,,) class 0.17 [0.1,0.25] [43]
to Py (Py,) class

2f(2m) Transition rate out of the Hy,(Hy,) class 2.08 2,2.2] [55]
for females (males)

9 Recovery rate of detected females with 0.13 [0.1,0.2] [60]
high-grade CIN 2/3

Jf Fraction of females with cervical cancer 0.62 [0.5,0.7] [52]
who is detected

Jr2(m) Fraction of females (males) with cervical 0.23 [0.15,0.3] [29]
(HPV-related) cancer who revert to the
Hy, (Hp,) class

Yt (Ym) Transition rate out of the Cy,(Cly,) class 1.31 [1.2,1.4] [52]
for females (males)

T3 Recovery rate of females with detected 0.75 [0.65,0.85] [29]
cancer

N¢(Mm) Modification parameter for infectiousness 0.5 [0.45,0.55] A
of exposed females (males) in the E; (Ep,)
class, relative to those in the Iy (I,,) class

0r(6m) Modification parameter for infectiousness 0.9 [0.8,1] [55]
of females (males) in the Pg, Ly, Lq,
Hyy,Hyq (P, L, Hy,) classes, relative
to those in the E¢, It (Ep, I,,) classes

O ¢h(Omn) Modification parameter for infectiousness 1.5 [1.35,1.65] A
of females (males) in the Hy, (H,,) class,
relative to those in the Pr, Ly, (P, Lim)
classes

dtu(0fa) Cancer-induced mortality rate for 0.01 (0.001) [0.009,0.02] [55]

undetected (detected) females

(0.0009,0.002])

Table 4.3: Description of parameters of the Pap screening model (4.3) continued.
Notation: "A” denotes ”assumed”.
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\ Parameter \ PRCC value H Parameter \ PRCC value \

Cr 0.9123 T2 0.0348

b —0.8571 Om —0.0340
bs —0.8494 gy —0.0300
B 0.8133 Ky —0.0274
Bm 0.8128 Jf —0.0269
T —0.7373 &r 0.0262

¢ 0.7281 dys 0.0223

[y —0.7258 Em —0.0200
. 0.7098 r1 0.0192

Um —0.6151 dtd 0.0182

(or —0.5868 O¢n 0.0178

O —0.4380 Jf2 0.0173

o —0.4110 Nim 0.0166

0, 0.2732 dp —0.0152
0 0.2257 A1 —0.0141
Ao 0.1199 O fu 0.0123

Qm3 0.0986 Zm —0.0101
Ny 0.0984 Y —0.0090
d o 0.0773 Zf —0.0068
Gm 0.0690 qs3 —0.0066
Im 0.0668 ol 0.0059

N —0.0563 of 0.0051

kv —0.0473 Ornn, —0.0028
T3 0.0472 ar 0.0010

Qm1 0.0376 qr2 0.0007

Qmo —0.0355

Table 4.4: PRCC values of the parameters of the Pap screening model (4.3), using Ro, as
output. Baseline parameter values and ranges used are as given in Tables 4.2 and 4.3.
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Figure 4.1: Schematic diagram of the Pap screening model (4.3).
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Figure 4.2: Solution profiles of the Pap screening model (4.3), showing the total number
of HPV-infected individuals (females and males) as a function of time, using various initial
conditions. Parameter values used are as given in Tables 4.2 and 4.3, with ¢; = 1.3, 3,,, = 0.25
and Sy = 0.25 (so that, Ros = 0.8111 < 1).
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Figure 4.3: Box plot of the effective reproduction number (Rs) as a function of the number
of runs (Ng) for the Pap screening model (4.3), using the parameter values and ranges given
in Tables 4.2 and 4.3.
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Figure 4.4: Simulations of the Pap screening model (4.3), showing the cumulative number of
new HPV cases (for females and males) as a function of time. Parameter values used are as
given in Tables 4.2 and 4.3 (with the top eleven ranked parameters modified accordingly).
Green color: baseline parameters as in Tables 4.2 and 4.3 (Rps=2.1019). Blue color: top-
eleven PRCC-ranked parameters in Table 4.4 decreased by 10% (Ros=1.8537). Red color:
top-eleven PRCC-ranked parameters in Table 4.4 increased by 10% (Ros=2.1734).
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Figure 4.5: Simulations of the Pap screening model (4.3), showing the cumulative number of
cervical cancer cases as a function of time. Parameter values used are as given in Tables 4.2
and 4.3 (with the top eleven PRCC-ranked parameters modified accordingly). Green color:
baseline parameters as in Tables 4.2 and 4.3 (Ros=2.1019). Blue color: top-eleven PRCC-
ranked parameters in Table 4.4 decreased by 10% (Ros=1.8537). Red color: top-eleven
PRCC-ranked parameters in Table 4.4 increased by 10% (Ros=2.1734).
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Figure 4.6: Simulations of the Pap screening model (4.3), showing the cumulative number of
HPV-related cancer cases for males as a function of time. Parameter values used are as given
in Tables 4.2 and 4.3 (with the top eleven PRCC-ranked parameters modified accordingly).
Green color: baseline parameters as in Tables 4.2 and 4.3 (Rps=2.1019). Blue color: top-
eleven PRCC-ranked parameters in Table 4.4 decreased by 10% (Ros=1.8537). Red color:
top-eleven PRCC-ranked parameters in Table 4.4 increased by 10% (Ros=2.1734).
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Figure 4.7: Simulations of the Pap screening model (4.3), showing the cumulative number of
new HPV cases (for females and males) as a function of time in the presence (green color) and
absence (blue color) of the HPV transmission by individuals in the pre-cancerous stages (both
CIN and INM). Parameter values used are as given in Tables 4.2 and 4.3 (Rys = 2.1019 > 1).
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Figure 4.8: Simulations of the Pap screening model (4.3), showing a counter plot of Ry, as
a function of the fraction of symptomatic females who recovered naturally from HPV (by)
and the fraction of symptomatic males who recovered naturally from HPV (b,,). Parameter
values used are as given in Tables 4.2 and 4.3.
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Figure 4.9: Simulations of the Pap screening model (4.3), showing the cumulative number
of cervical cancer cases for females as a function of time. Green color: 0% of females with
CIN detected (Ros=2.1201). Blue color: 25% of females with CIN detected (Ros=2.1118).
Red color: 50% of females with CIN detected (Rps=2.1051).
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Appendix A

Proof of Theorem 3.1

Proof. Let

tr=sup{t>0 : Sy(0)>0,E;(0) = 0,1;(0) = 0,Pr(0) = 0,Q(0) = 0,Cy(0) =0,
Rye(0) > 0, Ry(0) > 0, 8,(0) > 0, E(0) > 0,1,,(0) > 0, P, (0) >0,

Qm(0) > 0,C,(0) > 0, Rye(0) > 0, Ry, (0) > 0} > 0.

The first equation of the basic model (3.25) can be re-written as

% {Sf(t) exp Uot Am(u)du} } > Ty €XP Uot Am (1) + um(tﬂ :

so that,

Sp(t1) exp l/ot A () du + Mf)tl} — 54(0) = /Otl 75 exp UO A () du + ufz] dz.
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Thus,

t1 t1
Se(t1) > Sp(0)exp [—/ )\m(U)dU—ILLft1:| + exp [—/ Am(w)du — pusty
0 0
t1 z
X / Ty exp {/ Am(uw)du + (€ + uf)z} dz > 0.
0 0
Similarly, it can be shown that E;(t) > 0, I;(t) > 0, Ps(t) > 0, Qf(t) > 0, Cf(t) > 0,
Rye(t) > 0, R(t) > 0, Sp(t) > 0, Ep(t) > 0, Ly(t) > 0, Pu(t) > 0, Qu(t) > 0, Cp(t) > 0,

Rpe(t) > 0 and R,,(t) > 0 for all time ¢ > 0. Hence, all solutions of the basic model (3.25)

remain positive for all non-negative initial conditions. ]
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Appendix B

Proof of Theorem 3.2

Proof. The proof is based on using a Comparison Theorem [51]. It is worth mentioning, first
of all, that since the off-diagonal entries of the Jacobian matrix of the infected components
of the basic model (3.25), at the DFE (&), are non-negative, the system (3.25) satisfies the
Type K condition [51]. Hence, comparison theorem can be used.

Let Ry < 1 (so that the DFE, &, of the basic model (3.25) is LAS, in line with Lemma

3.2). The infected components of the model (3.25) can be re-written as:

d
d_:: =(F-V)x - Je, (B.1)

where,

x = [Ef(t),1p(t), Pp(t), Qs(t), Cr(t), Rpc(t), Re(t), En(t), I (), Prn(t), Qum (1),

Con(t), Ryne(t), Ron (1)),

where the matrices F and V are as defined in Section 3.3, and

J:{l—M}Jﬁr{l—M} J2,

Uy Tm

where,
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O7x7 T O7x7  O7x7

Jy = , Ja= ;
O7x7 O7xr T2 Orxr
with,

M;fo“m ﬁmc;ﬁﬂf”% 000 0 Bser Beesfy 00 0 0

0 0 0 0000 0 0 0 0000

0 0 0 0000 0 0 0 0000
Ji=1|0 0 0 0000/ JB=|0 o0 0 0000
0 0 0 0000 0 0 0 0000

0 0 0 0000 0 0 0 0000

0 0 0 0000 0 0 0 0000

It is worth noting that J; and .J, are non-negative matrices. Furthermore, since, for all
t>0in D, Sp(t) < Np(t) < = and Sp(t) < Np(t) < ™ it follows that, 50 <

Wf Hm Tf -

1 and %ﬂ’:(” < 1. Hence, J is a non-negative matrix. Thus, it follows, from (B.1), that

dx

Using the fact that the eigenvalues of the matrix F — ) all have negative real parts when
Ro < 1 (based on the local asymptotic stability result given in Lemma 3.2), it follows that the
linear differential inequality system (B.2) is stable whenever Ry < 1. Hence, by Comparison

Theorem [51],

lim (E¢(t), 1f(t), Pr(t), Qs(t), Cr(t), Rpc(t), Rs(t), Emn(t), In(t), Po(t), Qum(t), Cr(1),

t—o00

Rmc(t)’ Rm(t)) = (07 Oa 07 07 07 07 Oa 07 07 07 Oa 07 07 0)

Substituting Ey(t) = I;(t) = Py(t) = Qs(t) = Cs(t) = Ryelt) = Ry(t) = En(t) = Ln(t) =
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P,(t) = Qu(t) = Cn(t) = Rpe(t) = R,(t) = 0 into the first and ninth equations of the
model (3.25) shows that Sy(t) — S} and S, (t) — S}, as t — oo (for Ry < 1). Thus,

lim (Sf(t)v Ef<t)’ If(t)a Pf<t)’ Qf(t)v Of(t)v Rfc(t)v Rf(t)7 Sm(t>Em<t>7 Im(t)7 Pm(t)7

t—o00
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Appendix C

Proof of Theorem 3.4

Proof. Let R > 1 (so that the unique EEP (&;) of the basic model (3.25) exists, by Theorem
3.3), 0y = 0 (hence, Ny(t) = Nj = Z—’; at steady-state) and A # 0. Thus (using N} = Z—’;),
and Sy(t) = Ni(t) — Ey(t) — I5(t) — Py(t) — Qp{t) — Cy(t) — Rpolt) — Ry(t) and Si(t) =
N:(t) — En(t) — Ln(t) — Pu(t) — Qu(t) — Cpu(t) — Rpe(t) — Rpn(), it is sufficient to study

the following limiting system (instead of the system (3.25)):
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4z
dt
Ly
dt
4P
dt
a0,
dt
Cy
dt
dRy.
dt
Ry
dt
dE,,
dt
dl,,
dt
dP,,
dt
dQn,
dt
dC,
dt
AR e

dt
dR,,

dt

An(N; = Ep— Iy — Py — Qp — Cy — Rpe — Ry) — (05 + pys) By,

opEy — (rp+ v + pp)ly,
Uply = (rp2 + oy + pg) Py,
apPr— (rps + g5 + 1y)Qy,
9rQs — (rpa+ pr +65)Cy,
r1aCr — pyRye,

T’flff + ngpf + ng@f — ,UfRf,

A(NZ = By — Iy — Py — Qu — Ciy —

m

OmEm — (Tm1 + Um + i) I,
Vmlm — (Tm2 + Qm + ) P,
U P = (T3 + G+ tn) Qi
9m@m — (rma + pn) Crmy

T'm4a Cm — Mm Rmca

Tmljm + erPm + Tm3Qm - ,umRm

Rmc -

Rm) - (Um + Nm)Em;

(C.1)

Consider, next, the model (C.1) with Ry > 1. The proof is based on showing that the

linearization of the model (C.1), around the associated EEP (&), has no solution of the

form [31, 32, 76]

Z(t) = Z_()GWt,

(C.2)

with Zy = (Z1, Zy, -+ ,Z14), Z; € C, w € C, and Re(w) > 0. The consequence of this is

that the eigenvalues of the characteristic polynomial associated with the linearized version

of model (C.1) will have negative real part (in which case, the EEP (&) is LAS).
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Let E3, I7, Pi*, QF, CF, Ry, Ry BRI Prr, Qry, O Ry, Ry denote the coordinates

mom? me?

of the endemic equilibrium, FFEP. Substituting the solution of the form (C.2), into the lin-

earized system of (C.1) around (&), gives the following system of linear equations:

’lUZl

who
wls
why
A
wlg
why

’lUZg

w2y
w2
w2
(VAT
w23

U}Z14

where,

+AT Zy + 0, AT Z10,

= 0,21 — hys,
= YpZy — h3Zs,
= ayd3— hyZy,
= gyZs— hsZs,
= T4l — |y s,
= rpZy+rpls+ 132y — pusZs, (C.3)

= ASZy+0;A Zs — ()\}* + he)Zs — N2y — Ni Zho — Ay Zin — Af 2o
=AY Z13 — AY Za,

= omZs — hiZy,

= YmZy — hsZo,

= apZio — hoZa,

= gmZu — hwZa,

= TmaZiz — fmZ13,

= Tm1Zo + Tm2Z10 + Tm3Z11 — mZ14,

Bucs(N; — B3 — I3* — Pi* — Q5 — C* — R — RYY)

A** —
1 N,:;ql* )
o BregNs — i I = Py — Qi — G — Rip, — Ry)
A2 = N** .
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Solving for Z, from the second equation of and also for Zg from the ninth equation of (C.3)

and substituting the results into the remaining equations of (C.3), gives the following system

14+ — A1 7, = 227 Ty -ty _y 7
{ +h1 {w—i_ m< +w+h2>]} ' hy ’ hy ! hi i hy 0 hy !
Ax 0 AT
7 A
+h1 9+ I 105
w Uf
1+ )z, = Uz
( +h2) 2 hy 7V
1+— |7y = =7
( +h3) ’ hy
w Oéf
1+— 117, = —Z
( +h4) C
1+ zy = Yy
< +h5) 5 s 4,
(1+ ﬂ) Z6 — %Z&
253 1253
(Hﬂ) Zy = gy gy
1253 Ky 1433 Ky
1 2 (1 m Zy = 2g, 442y T Lg Iy
{ +h6 [w—i— f ( +w—|—h7>]} 8 he 2+ he 23T e D10 g AT A0
%S Vs
f f
2 g -z,
he 13 he 14
w o
1+ %)z, = Ing
< +h7) ? hy °F
w (8
1+—1Z = =7
< +h8> 10 s 9,
w .
1+— 17 = —7
( +h9> 11 o 10,
w Gm
1+— 1| Z = 7
( +h10> 12 I 11,
(1 + ﬂ) 213 — %Zm’
Hm Hm

Adding the first, third, fourth, fifth, sixth and seventh and then the eighth, tenth, eleventh,

90



twelfth, thirteenth and fourteenth equations of (C.3), and finally moving all the negative

terms to the left-hand sides gives

1+ Fy(w)] Z1 + [1 + F3(w)] Zs + [1 + Fy(w)] Z4 + [1 + Fy(w)] Zs + [1 + Fe(w)] Zs
+1+F(w)Z:=(HZ),+ (HZ),+ (HZ),+ (HZ),+ (HZ) ,+ (HZ).,

1+ Fy(w)| Zy = (HZ),, (C.4)
1+ Fy(w)] Zs + [1 + Fio(w)] Z1o + [1 + Fii(w)] Z11 + [1 + Fio(w)] Z1a + [1 + Fis(w)] Z3
+1+Fuw) Zu=(HZ)+ (HZ),,+ (HZ),,+ (HZ),+ (HZ) ,+ (HZ)

1+ Fy(w)] Zy = (HZ),,

147

where,
Fuw) = — |ws e (14 X (w) = 2
! o hl m w + h2 ’ 2 h,g?
1 ha \** 1 Ry A<
F: = — m F - m
3(w) » (w—l— > > , a(w I (w—i— > ) ,
1 hs \** 1 LA
F — m F - m
5(w) hs (w—|— hy > ’ () ff <w+ hy 7
1 ,uf)\** 1 m
F. =—|w+—="], F = —|w+AF(1+ ,
w) [y <w ha ) s(w) he [w / < w+h7>]
Fg(w) = h—7, Flo(w) h_s (w —+ th > 7
1 hg)\}* 1 hlo)\}*
F = — F -
11 (w) I (w—l— I ) , 12(w) ™ (w+ I ) ,
F13<w) = M_ <'w+ h,Gf ) y F14(U)) = ,u— (w—i— h6f ) 5
with,
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=)
b
= %
*
>
3
b
= %
*
=)
=)
=)
=)

0 0 h1 hi
20 0 0 0000 O 0O 0 0 00
0 0 000 0 0 0 0 0 00
0 0 % 0 0000 0 0 0 0 00
00 0 £ 0000 0 0 0 0 00
000 0 0 %000 0O 0 0 0 00
Hzo’;{—;’;j—;%;ooooo 0 0 0 00
0 22 %% 90 0 00 0 0O 0O 0 0 00
0 0 0 0 000% 0 0 0 0 00
0 0 0 0 0000 % 0 0 0 00
00 0 0 0000 0 % 0 0 00
0 0 0 0 0000 0 0 £ 0 00
0 0 0 0 0000 0O 0 0 =00
00 0 0 0 00 0 I ™2 Im (g ((

L Hm Hm Hm .

It should be noted note that the notation H(Z); (with i = 1,...,14) denotes the ith coor-
dinate of vector H(Z). Furthermore, the matrix H has no negative entries, and the EEP
& = (B9 I3, Pr, Q7 OF Ry, Ry By L P, QO R, Ry satisfies £ = HE).

Furthermore, since the coordinates of the EEP, &, are all positive, it follows that if Z is a

solution of (C.4), then it is possible to find a minimal positive real number, s, such that
|Z|§ S 517

where | Z|= (|Z1],...,|Zl|), and |.| is a norm in C. The task ahead is to show that Re(w) < 0.
It will be proved by contradiction. Assume the first case w = 0 then, (C.3) is a homogeneous
linear system in the variables Z; (i = 1,...,14). The determinant of this system corresponds
to that of the Jacobian of the system (C.1), evaluated at &, given by, A = psp,,(D1Doy—D3).

It should be recalled that A # 0 (Theorem 3.4). Hence, the linear system (C.3) can only
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have the trivial solution which contradicts the existence of the EEP, £. Now consider the
case when w # 0 for which Re (F;(w)) >0 (i = 1,...,14) since, by assumption, Re w > 0. It
means that |1+ F;(w)| > 1 for all i. Now, by defining F(w) = min|l + F;(w)|, i =1,...,14,

we obtain F'(w) > 1. Hence, % <5 The minimality of s implies that |Z|> Lgl. On

F(w) F(w)
the other hand, taking norms of both sides of the forth equation of (C.4), and using the fact

that all the entries of H are non-negative, gives,

F(w)|Zo| < H(|Z])o < s(H|&1])o < s1,).

s
Hence, | Zo| < m];’f which is a contradiction. Thus, Re w < 0. Hence, the unique endemic
w

equilibrium (&;) of the model (3.25) is LAS whenever Ry > 1, §; = 0 and A # 0. O
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Appendix D

Proof of Theorem 3.5

Proof. Consider the basic model (3.25), with Ry > 1 (so that its unique EEP (&;) exists, by
Theorem 3.3). Furthermore, let S¢(t) < S3* and Sy,(t) < S;7 for all . It should be noted,
first of all, that none of the state variables Ry.(t), Rf(t), Rmc(t) and R,,(t) feature in any of
the other equations of the model (3.25). Thus, the equations for Ry.(t), Rs(t), Ry.(t) and
R,,(t) can be temporarily removed from the analysis.

Consider, next, the following non-linear Lyapunov function for the sub-model (consisting
of the equations for the variables Sy, Ef, Iy, P, Qf, C¢, Ep, Ly, Py Qm and Cy,) of the
basic model (3.25):

S E
F = (Sf—s;* ~ 57 S;) + (Ef—E;:*—E;*ln E;)

C
+bs (Qr — Q7 — Q7' In Q,j; +by | Cp—CF — O In =L
Qf Of

(Sm -S> —=S>In S**> + (Em Er—E"In E**> (D.1)

m m

[m *ok Kk Pm
+bs (Im — I —I*n F) + bg (Pm — P — P*In P;*)

m

m Kok Kok Cm
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where,

5 ﬁmcfumSj’i*I;‘f ﬁmcfumS}*I;‘,j BmcfumS;Z*I,’jf 5mcfum5]’i*fj;l*
= *k ? = *k ) = Kk ) 4 = *ok )
! ormm B} 2 Ve d} ’ army P; grmmQF
L BreomSEly BrepmSEly BrepSEly oSl
The Lyapunov derivative of (D.1) is given by
) S* BonCr ],
f mCfUmdm
F = - — — | —— S
(1= ) [ (B o) 5
+< Ef> { . t—(of+ py) f}
IJ’?*
+b1 |1 - 7 lopEp — (rpn + r + pgp)ly]
P**
+by | 1— P [ply — (12 + ap + puy) Pyl
QF
+b3 (1 - 0; [af Py — (rys+ g5 + pyp) Q]
C**
+04 | 1 - N [9rQr — (ra + py + 05)Cy] (D.2)
S mI
(1) [ (P ) 0]
Sm 7Tm
ES\ | Brcsbmdy
1 - o Sm - m m Em
+ < Em> [ - (O + i)

Ay,

_|._

&
NN
|

¥

3

—_
|
QO
FERIN R
N— N

+
&
/N
—_
|

SQ

The following relations, at the endemic steady-state (obtained from
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[wmIm - (er + Qm + ,UJm)Pm]
[O{um - (TmB + 9m + ﬂm)@m]

the associated sub-model



of the model (3.25)), will be used to simplify (D.2):

BinCbim Bmcsbm T S7° Er
— [ G G _ _ e
T o m S TS gty T B rrt Py oy Uf[;*
rrptoy g =Yg ryst9r iy = 4y a Tty 08 = 98 e (D.3)
f f f
C M sk Qrkk *% c m I** ;: :”zk
m:M[f m‘{’,umsma O_m‘|‘;um:6f e fE'** ’ rm1+¢m+”m:0-mﬁ,
Tm Tm m m
I Py Q
rm2+am+ﬂ'm:¢mﬁa Tm3+gm+um:am@7 Tm4+,um:gm -

Substituting (D.3) into (D.2), and simplifying, gives

Y e S ) L) ) L) T M ) SRS L A (D.4)
Sy IySyE; EFI;  IyP; PrQy Cy  QyC

oo [ S LSwEar Baly InPi PuQn Cn QuCi
? Sw  I7SyEn Eyl, I5P. PyQn Cp QuCn)’

where,

My = DnCitim geepes 0 and My = D e g

7Tm m

Since the arithmetic mean exceeds the geometric mean, it follows that the parentheses of

(D.4) are negative. Hence, F < 0. Furthermore,

lim (Sp(t), Ef(t), Ls(t), Pr(t), Qs (t), Cr(t), Sim(t), Em(t), L (t), Prn(t), Qm(t), Crn(t))

t—o00

— (S} EF I P QY CF Sy B L B QO
Substituting (I;(), Py(t), Q7(£), Tn(t), Pu(t), Quu(1)) = (I3*, P3*, Q% I¥, P, Q:r) into the
model (3.25) shows that (Ry.(t), Rf(t), Rume(t), Rm(t)) = (Rji, Ry, Ry Rix) as t — oo.

Hence, the unique endemic equilibrium of the basic model (3.25), with 6,, = 0y = 0, is GAS

in D\Dy whenever Ry > 1, Sy(t) < S* and S,,(t) < S, for all ¢. O
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Appendix E

Description of the Pap Screening

Model (4.3)

The population of susceptible females (S¢(t)) is generated by the recruitment of new sexually-
active females (at a rate m¢). This population is increased by the loss of infection-acquired
immunity by infected females who recovered from HPV-infection without developing cervical
cancer (at a rate {y). The population is decreased by the acquisition of HPV infection,
following effective contact with infected males (i.e., males in the E,,, I,,, Py, L, and H,,

classes), at a rate \,,, given by

N, N E_ +1 P,+ L H,

In (E.1), 5, is the probability of transmission of HPV infection from infected males to
susceptible females per contact, and cf(N,,, Ny) is the average number of female partners
per male per unit time (hence, f,,¢¢(Ny,, Ny) is the effective contact rate for male-to-female
transmission of HPV). Furthermore, 0 < 7,, < 1 is a modification parameter accounting for
the assumption that exposed males (in the E,, class) are less infectious than symptomatically-
infected males, and 6,, > 0 models the assumed variability of the infectiousness of HPV-

infected males in the P,,, L,, and H,, classes in relation to HPV-infected males in the F,,
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and I,,, classes. Furthermore, 6,,;, > 1 accounts for the assumed increase of the infectiousness
of males with high-grade INM in comparison to infected males in the P,, and L,, classes.
The population of susceptible females is further diminished by natural death (at a rate piy;
it is assumed that females in all epidemiological compartments suffer natural death at this
rate). Thus,

dSy

o = Tt &Ry = A+ ) Sy (E.2)

The population of females exposed to HPV (E(t)) is generated by the infection of susceptible
females (at the rate \,,). Exposed females develop clinical symptoms of HPV (at a rate o)
and suffer natural death. Thus,

4Es

o = MmSp = (oy + ny) By (E.3)

The class of infected females with clinical symptoms of HPV (I4(¢)) is populated by the
development of clinical symptoms of HPV by exposed females (at the rate o). It is assumed
that a fraction, 0 < by < 1, of members of this class recovers (at a rate byi)s), while the
remaining fraction, 1 — by, develops persistent HPV infection (at a rate (1 — by)tr). This

population is further decreased by natural death. Thus,

dl
d—tf =05Ep — (V5 + ps)ly. (E.4)

The population of females with persistent HPV infection (Py(t)) is generated by the de-
velopment of persistent HPV infection by symptomatic females (at the rate (1 — by)is) as
well as by the reversion of individuals with low-grade and high-grade CIN (at a rate df2gy
and qp4zy, respectively; where the fractions dyo and qp4 are defined below). It is assumed
that detected individuals with CIN do not develop persistent HPV infection (since they are
expected to be effectively treated). Individuals move out of this class through recovery (at a

rate krag; where £y is the fraction of females with persistent HPV infection that recovers; the
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remaining fraction, 1 — ky, progress to low-grade CIN stage), development of pre-cancerous

CIN lesions (at a rate (1 — ks)ay) and natural death. Hence,

dP
d—tf = (1= bp)¥ply + dyageLpu + qpazpHp — (0 + 115) Py (E.5)

The population of females with undetected low-grade CIN (Ly,(t)) is generated by the
development of CIN lesions by females with persistent HPV infection (at the rate (1—Fky)oy)
or by the regression of females with high-grade CIN (at a rate qpozy; where the fraction gyo
is defined below). Transition out of this class occurs at a rate gy (where a fraction, dy,
recovers; another fraction, dyq, reverts to Py class; yet another fraction, dys, is detected and

the remaining fraction, 1 — (ds; + dy2 + dy3), progresses to the high-grade CIN 2/3 stage).

Furthermore, this population is decreased by natural death. Thus,

dLy,
dt

= (1= kp)ayPr + qrazpHpw — (g5 + pif) Lgu- (E.6)

The population of females with detected low-grade CIN (L z4(t)) is populated by the detection
of females in the Ly, (t) class (at the rate dysgs). It is decreased by recovery (at a rate rq)

and natural death. Hence,

dL;q
dt

= dfggfou — (Tl + ,uf)Lfd. (E?)

The population of females with undetected high-grade CIN 2/3 (Hy,(t)) is generated by the
progression of females with low-grade CIN (at the rate [1 — (ds1 + d2 + dys)|gy) or by the
regression of individuals in the C}, class (at a rate jroys; where the fraction jso is defined
below). Transition out of this class occurs at a rate z; (where a fraction, gy, recovers; a
fraction, gy, reverts to the Ly, class; a fraction, g3, is detected; another fraction, g4, reverts

to the P class and the remaining fraction, 1 — (qp1 + g2 + ¢r3 + ¢ra), progresses to the Cl,
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class). Furthermore, this population is decreased by natural death. Thus,

dH,
dt

=1 = (dsp1 +dsa+dg3)lgr Lpu + G2 Cru — (25 + p5) Hpu (E.8)

The population of females with detected high-grade CIN 2/3 (H;4(t)) is populated by the
detection of females in the Hy, () class (at the rate gr3z). It is decreased by recovery (at a

rate ro) and natural death. Hence,

dHfd

—gp = WsErHp = (r2 4 pp) Hya. (E.9)

The population of females with undetected cervical cancer (Cf,(t)) is generated by females
in the Hy, class who develop cervical cancer (at the rate [1 — (gp1 + qr2 + qr3 + qra)]2f)-
Transition out of this class occurs at a rate v, (where a fraction, js, is detected; another
fraction, jf, reverts to the Hy, class and the remaining fraction, 1 — (js1 + jr2), recovers).
Furthermore, it is decreased by natural death and cancer-related mortality (at a rate dg,).

Thus,
dCy,
dt

=[1—=(qr1 +qr2 +qp3 + qpa)lzpHpw — (v + 5 + 05u)Chu (E.10)

The population of females with detected cervical cancer (Cf4(t)) is populated by the detection
of females in the Cf,(t) compartment (at the rate jpys). It is diminished by the recovery

(at a rate r3), natural death and cancer-related mortality (at a rate dz4). Hence,

dCq

T = 3117 Cpu — (13 + pg + 054)Cia- (E.11)

The population of females who recovered from cervical cancer (Ry.(t)) is generated by the
recovery of females with undetected (at the rate [1 — (js1 + jr2)]7vy) and detected (at the

rate r3) cervical cancer. Like in other epidemiological classes, females in this class also suffer
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natural death (at the rate p7). Hence,

dR;,
dt

= [1— (s + Jr2)]vsCru +13Cra — pry Rye. (E.12)

The population of females who recovered from HPV infection without developing cervical
cancer (Ry(t)) is populated by the recovery of females in the Iy, Py, Ly, Lyq, Hy, and Hpg
classes (at the rates bpi)y, krag, dpgy, 1, 12 and 7o, respectively). It is decreased by the

loss of infection acquired immunity (at the rate {¢) and natural death, so that

dR
d—tf =bpoply + krapPr+dpgrLyy +riLlsa+ qpzpHpy +10Hpa — (& + pp) Ry, (E.13)

The population of susceptible males (S,,(t)) is generated by the recruitment of new
sexually-active males (at a rate m,,). This population is further increased by the loss of
infection-acquired immunity by infected males who recovered from HPV infection without
developing HPV-related cancer (at a rate &,,). The population is decreased by the acquisition
of HPV infection, following effective contact with infected females (in the Ey, I, P, Ly,

L4, Hy, and Hy, classes), at a rate Ay, given by

_ By (N, Np) {ny By + Iy + 07 (P + Lpu + OpnHpu + v (Lya + 0uHpa)l}
Ny .

Af (E.14)
In (E.14), By is the probability of transmission of HPV infection from infected females to sus-
ceptible males per contact, and ¢, (N, N¢) is the average number of male partners per female
per unit time. Similarly, 0 < 7y < 1 is a modification parameter accounting for the assump-
tion that exposed females (in the E; class) are less infectious than symptomatically-infected
females, and 6y > 0 models the assumed variability of the infectiousness of HPV-infected
females in the Py, Ly, Lgq, Hg, and Hyq classes in relation to the infectiousness of females
in the £y and Iy classes. Furthermore, 64, > 1(6, > 1) accounts for the assumed increase

of the infectiousness of females with undetected (detected) high-grade CIN, in comparison
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to those in the Py and Ly, (Lyq) classes. The parameter v > 0 models the variability of the
infectiousness of females with detected CIN, in relation to the infectiousness of females with
undetected CIN. The population of susceptible males is further diminished by natural death
(at a rate fu,; it is assumed that males in all epidemiological compartments suffer natural

death at this rate). Thus,

dSy,

The population of exposed males (E,,(t)) is generated by the infection of susceptible males
(at the rate A\f). Exposed males develop clinical symptoms of HPV (at a rate o,,) and suffer
natural death. Thus,

dE,,

The class of infected males with clinical symptoms of HPV (I,,(t)) is populated by the
development of clinical symptoms of HPV by exposed males (at the rate o,,). It is assumed
that a fraction, 0 < b, < 1, of individuals in this class recovers (at a rate b,,1,,), while the
remaining fraction, 1 — b, develops persistent HPV infection (at the rate (1 — by,)t,,). This

population is further decreased by natural death. Thus,

dl,,

The population of males with persistent HPV infection (P, (t)) is generated by the develop-
ment of persistent HPV infection by symptomatic males (at the rate (1 — b,,)¥,,) as well as
by the reversion of males with low-grade and high-grade INM (at a rate dag,, and ¢m3zm,
respectively; where the fractions dy and ¢,,,3 are defined below). Individuals move out of this
class through recovery (at a rate k,,«,,; where k,, is the fraction of males in this class that

recovers; the remaining fraction, 1 — k,,, progresses to low grade INM stage), development
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of pre-cancerous INM lesions (at a rate (1 — k,,),,) and natural death. Hence,

dP,,
—= = (1 = b))V L + dinaGm Lin + Gmazm Hyn — (o + pin) P (E.18)

The population of males with the low-grade INM (L,,(t)) is generated by the development of
INM lesions by males with persistent infection (at the rate (1 — k,,)a,,) or by the regression
of males in the H,, class (at a rate gmn22,). Transition out of this class occurs at a rate g,,
(where a fraction, d,,;, recovers; another fraction, d,,s, reverts to P, class and the remaining
fraction, 1 — (dn1 + din2), progresses to the high-grade INM 2/3 stage). Furthermore, this

population is decreased by natural death. Thus,

dL,,

= (L= kn)am P + GmazmHm = (g + tim) Ln- (E.19)

The population of males with the high-grade INM 2/3 (H,,(t)) is generated by the progression
of infected males with INM (at the rate [1 — (dpn1 + dim2)]gm) or regression of males in the C,,
class (at a rate j,,Vm; where the fraction j,, is defined below). Transition out of this class
occurs at a rate z,, (where a fraction, ¢,,1, recovers; a fraction, ¢, reverts to the L, class;
another fraction, g3, reverts to P, class and the remaining fraction, 1 — (¢u1 + Gm2 + Gm3),

progresses to class C,). Furthermore, the population is decreased by natural death. Thus,

dH,,

The population of males with HPV-related cancer (C,,(t)) is generated by males in the H,,
class who develop HPV-related cancer (at the rate [1 — (¢n1 + ¢ma + @m3)]zm). Transition
out of the class occurs at a rate 7, (where a fraction, j,,, reverts to the H,, class and the
remaining fraction, 1— j,,, recovers). Furthermore, it is decreased by natural death (it should

be mentioned that since HPV-related cancer, such as penile cancer, is rare in males [81], no
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mortality due to HPV-related cancer is assumed for males). Thus,

dC,,

The population of males who recovered from HPV-related cancer (R,,.(t)) is generated by
the recovery of males with HPV-related cancer (at the rate (1 — ju,)7m). It is reduced by

natural death. Hence,
AR e
dt

The population of males who recovered from HPV infection without developing HPV-related
cancer (R,,(t)) is populated by the recovery of males in the I,,,, P,,, L, and H,, classes (at
the rates b,Um, kmQm, dmiGm, and ¢ui12zm, respectively). It is decreased by the loss of

infection acquired immunity (at the rate &,,) and natural death, so that

AR,
It is worth stating, from the equations given in {(E.15) — (£.23)}, that

AN, (t
c;:f( ) = T — PmNm(t), so that N, (t) — Z—:, as t —» 00. (E.24)

Furthermore, since the model {(E.2) - (E.23)} is a sex-structured one, it is crucial that the
conservation law of sexual contacts (i.e., the total number of sexual contacts made by males

balances that made by females) is preserved in the heterosexual community [55]. Hence, for

the model {(E.2) - (E.23)},

Cm(Nm, Nf) Nm = Cf(Nm, Nf) Nf. (E25)

It is assumed that male sexual partners are abundant, and that females can have enough

number of male sexual partners per unit time (so that it is reasonable to assume that
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cf(Nm, Ny) = ¢s a constant). Hence, (E.25) can be re-written as
m Nm; Ny) = . E.26
n(Now Ny) = L (E.26)

It is assumed (for mathematical convenience), from the now on, that only undetected infected
females with low- or high-grade CIN can transmit HPV infection to males (i.e., v = 0).
Consequently, using (E.25) in (E.1) and (E.14), the force of infections, A, and A;, are now

re-written, respectively, as

= E.27
Am N , (E.27)
A = Brcy ngEy + 15 + 05 (Pr + Lpu + Opndl )]
Ny, '
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Appendix F

Proof of Theorem 4.2

Proof. The proof is based on using a Comparison Theorem [51]. As in Appendix B, it can
be shown that the system (4.3) satisfies Type K condition (hence, Comparison theorem can
be used).

Let Ros < 1 (so that the DFE, &y, is LAS, in line with Lemma 4.2). The infected

components of the model (4.3) can be re-written as:

dx,
dt

= (‘FS - V5>ws - Jsajsa (Fl)

where,
xs = [Ep(t), [;(t), Pr(t), Lyu(t), Lra(t), Hpu(t), Hye(t), Cru(t), Cra(t), Ryc(t), Rs (),

En(t), Ln(t), P (t), L (t), Hy (1), Co (1), Rine(t), R (8)]7

with the matrices F, and V, are as defined in Section 4.3, and

Jsz[l_M]Jﬁ[l_M} A

f T,

where,
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011><11 \71 011><11 O8><11

J, = and Jp, = ;
O11x8  Ogxs Jo Ogxs
with,
[ Bumcpimmim  Bmcimipum  BmciOmTitim  BmCfOmTitm  BmCiOmbmn s fim 0 0 O_
1y Tm 1y Tm 15 m ffTm 1§ Tm
0 0 0 0 0 00 0
0 0 0 0 0 00 0
0 0 0 0 0 00 0
0 0 0 0 0 00 0
T = 0 0 0 0 0 00 0|
0 0 0 0 0 00 0
0 0 0 0 0 00 0
0 0 0 0 0 00 0
0 0 0 0 0 00 0
0 0 0 0 0 000
[ Bresny Bres Bresy Bresb; 0 Breifp 00 0 0 0 ]
0 0 0 0 0 0 00000
0 0 0 0 0 0 00000
P 0 0 0 00000
0 0 0 0 0 0 00000
0 0 0 0 0 0 00000
0 0 0 0 0 0 00000
0 00 0 0 0 0000 0]

It is worth noting that J; and .J; are non-negative matrices. Furthermore, since, for all ¢ > 0

in D,
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it follows that,

PeSr®) g FeSe®
Uy Tm,

Hence, J is a non-negative matrix. Thus, it follows, from (F.1), that

dx,
dt

< (Fy = V). (F.2)

Using the fact that the eigenvalues of the matrix Fy — Vs all have negative real parts when
Ros < 1 (based on the local asymptotic stability result given in Lemma 4.2), it follows
that the linear differential inequality system (F.2) is stable whenever Ros < 1. Hence, by

Comparison Theorem [51],

Jn - (Ep(t), 15(8), Py(t), Lyu(t)s La(t), Hru(t), Hpa(t), Cru(t), Cralt), Rye(?),
R¢(t), Em(t), Im(t), Pn(t), Lin(t), Hn(t), Cin(t), Rpe(t), Rin(t))

= (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0).

Substituting Ef(t) = [f(t) = Pf(t) = qu(t) = Lfd(t) = Hfu(t) = Hfd(t) = Cfu(t) =
Cra(t) = Rye(t) = By(t) = Em(t) = Ln(t) = Pu(t) = Lin(t) = Hu(t) = Cn(t) = Bme(t) =
R, (t) = 0 into the first and thirteenth equations of the model (4.3) shows that S¢(t) — S}

and S,,(t) — S}, as t — oo (for Ros < 1). Thus,

lim  (Sy(t), Ef (1), I;(1), Pr(t), Lyu(t), Lya(t), Hpu(t), Hra(t), Cru(t), Cra(t), Rye(t),

Rf(t)v Sm(t)Em(t)> Im(t)v Pm(t)v Lm(t)v Hm(t)v Cm(t)a Rmc(t)> RM(t)) = &os.
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