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Abstract

In this thesis, topological modules are examined from a model theoretic perspec-
tive. Specifically, an attempt is made to expand the classical concepts of pure-
embedding and pure-injectivity for modules to an analogous concept for topological
modules. Historical definitions of pure embeddings for topological modules are ex-
plored as well as one of my own. Ultimately, the classic model theoretic techniques
are inadequate for capturing the concept of pure-injectivity for topological modules.
Insightful reasons are provided as to why these standard techniques fail.

In addition, when examining different topologies on the direct sum of modules, a
new approach was developed to construct the coproduct topology on the direct sum.
This new approach uses different techniques from those already in the literature
and this approach makes it less labour intensive to derive the coproduct topology’s

explicit form.
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Introduction

In this thesis, I am interested in investigating natural concepts for pure-embeddings
and pure-injectivity with respect to topological modules. In the case of both mod-
ules and topological modules, it is possible to approach them from two different
perspectives, that is, from an algebraic perspective and from a model theoretic per-
spective. I will attempt to provide context by discussing the concepts in both the
algebraic sense and the model theoretic sense, however, the emphasis will be put
on the model theoretic perspective. There are close ties between model theory and
algebra. For instance, for any left R-module M, the set defined by a pp-formula
Is a subgroup. Furthermore, it is possible to think of pp-formulas as generalized
algebraic statements. This generalization is useful since it often provides additional
information and insight.

In Chapter 1, all relevant background material is covered. It includes all of
the rudimentary information required for the study of topological modules from
a model theoretic perspective. Some of the standard and elementary proofs have
been omitted for the sake of brevity, however, references are provided. A brief
introduction is given to model theory, topology, topological groups and category

theory. Furthermore, in Chapter 1.5, there is an introduction to the model theory



of modules and more specifically, pure embeddings and pure-injectivity. These are
the concepts that we will be trying to expand to topological modules in Chapter 4.
In addition, positive primitive formulas are introduced. Positive primitive formulas
are important in the study of model theory of modules. This concept is expanded
to topological positive primitive formulas in Chapter 4.2.

In Chapter 2, the language used in topological structures is introduced, namely
L;. Analogous concepts to those in classical model theory, introduced in Chapter
1.1, will be discussed for £;. Furthermore, the strengths and weaknesses of £; are
~ examined. This discussion will reveal which topological concepts can be captured in
L and which concepts cannot. In addition, the language used to discuss topological
modules will be introduced, namely, £,,.

In Chapter 3, a coproduct is explored in the category of topological modules.
The direct sum of modules is a coproduct in the category of modules and the direct
sum plays an important role in the model theory of modules. Therefore, it is natural
to consider different topologies on the direct sum in order to determine the role the
direct sum will play in the model theory of topological modules. A topology is
given on the direct sum which makes it a coproduct in the category of topological
modules. Furthermore, an approach is given to determine this topology explicitly
using an approach which is different from that in the literature.

In Chapter 4, different concepts for pure embeddings and pure-injectivity are
explored. First, a concept of pure-injectivity in the category of locally compact
abelian groups is considered, in order see if it is possible to expand this concept to the
category of topological modules. In Chapter 4.2, a definition of topological positive

primitive formulas is introduced. This concept is shown to be analogous to the



concept of positive primitive formulas. Finally, different definitions of topological
pure embeddings are given and it is shown why classical approaches for determining
a natural concept for pure-injectivity fail in the study of model theory of topological

modules.



Chapter 1

Background

This chapter provides a solid foundation for the study of topological modules in a

model theoretic context.

1.1 Model Theory Preliminaries

In this section, I review basic model theoretic concepts. In model theory, we study
mathematical structures using mathematical logic. These structures are studied
by considering the structures definable by first-order formulas and by considering
which structures satisfy specific first-order formulas. For further reference, consider
[BM77], [Rot00] or [Mar(2].

The definition of a first-order language and structure is presented here formally.
At least three different kinds of logic will be presented throughout this thesis: ordi-
nary first-order logic, two-sorted first-order logic and a weak second-order logic for
topological structures. Only a detailed account of the first will be provided since

the others are expansions/variations of this concept.
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Definition 1.1. A first-order language £ consists of:
(i) a set of distinct variables {v; : i € N};
(ii) the set of logical symbols {—,A, 3, =, (,)};

(iii) a set of function symbols F, and for each f € F, a positive integer n; indi-

cating that f represents a function of ns variables;

(iv) a set of relation symbols R, and for each R € R, a positive integer ng indi-

cating that R represents a ng-ary relation;
(v) a set of constant symbols C.

Note. Any or all of the sets F, R, and C may be empty.

The language for abelian groups is (+, —, 0) where + is a binary function symbol,

— is a unary function symbol and 0 is a constant symbol.
Definition 1.2. The set of £-terms is the sméllest set 7 such that:
(i) VeeC,ceT;
(i) Vie N, vy; € T;
(iii) Vf € F,if t1,...,tn, € T then fly, .. tn;) €T.
Some terms in the language of abelian groups are 0, vq + v and —(vo + v1).
Definition 1.3. ¢ is an atomic L-formula if ¢ is either:
(i) t1 = to, where t; and t, are L-terms or

(i) R(t1,...,tns), where R € R and t4,... ytnp are L-terms.
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For instance, vg+wv; = vy +v, is an example of an atomic formula in the language
of abelian groups. In fact, all atomic formulas in this language are of the form ¢; = ¢,

since the language of abelian groups does not have any relation symbols.

Definition 1.4. The set of all £-formulas is the smallest set W containing the

atomic L-formulas and such that:
(i) if ¢ € W then ¢ € W;
(ii) if ¢,7 € W then (¢ A 9Y) € W;
(iii) if ¢ is in W and v is a variable then (Jv)p € W.

Note. We introduce the symbols V, —, ++ and V by defining them as follows:

(@VY) as (=g A—p);
(Vo)¢  as  —(Iv)¢;
(6—-9) as (-¢Vy);
(@ev) as (=)A= 9).

If v is a variable in a formula ¢ and v occurs inside the scope of a (Jv) or a
(Vv) quantifier then this occurrence of v is bound and we say ¢ has v as a bound
variable. If v is a variable in a formula ¢ and v is not bound then v is free and we
say ¢ has v as a free variable. It should be noted that ¢ can have v as a free and as
a bound variable. For instance, consider the formula v = v A (Fv)v = v. A formula
is called a sentence if there are no free variables. We use ¢(v,. .. ,Un) to denote an

L-formula ¢ whose free variables are among the distinct variables vy, . . . s Un.
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For many examples of sentences, see the descriptions of various theories following

Definition 1.15.
Definition 1.5. An L-structure M consists of the following:
(i) a non-empty set M, called the universe of M;
(ii) for each f € F, a function fM: M™ — M,
(iii) for each R € R, a relation RM C M™=;
(iv) for each ¢ € C, an element M € M.
fM, RM, cM are called the interpretations of the symbols f, R, ¢ in M.

Definition 1.6. Let M be an L-structure, ¢t be an L£-term whose variables are
among the variables vy,...,v, and @ = (a1, ...,a,) € M™. The interpretation of t

in M at @, denoted t™(a), is defined inductively as follows:

(i) if ¢ is a constant symbol ¢ then

tM(@) = M,

(i) if ¢ is the variable v; then

tM('a‘) = Qa;;
(iii) if ¢ is f(t1,...,tn,), where f € F and ¢y, ... ,tn; are L-terms, then

t™(@) = M 0M@), ..., ta,M@)).
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Definition 1.7. Let M be an L-structure, ¢(vi,...,v,) be an L-formula and

2= (ai,...,a,) € M™. We define M F ¢[a] inductively as follows:

(l) if Qb is 1 = to then
M E ¢la) if tM(@) = taM(a);

(i) if ¢ is R(t1,...,tn,) then
M E ¢[a] if (6M(@),...,t,M(@) € RM;
(iti) if ¢ is —p then
M E ¢[a] if it is not the case that M F y[al;
(iv) if ¢ is (1 A 6) then
M E ¢[a] if M E ¢a) and M E 6[a);
(v) (a) if ¢ is (Fu;)w(T, v;), where i > n, then
M E ¢la] if there is a b € M such that M k 4[a, b];

(b) if ¢ is (Fv;)9(T), where 7 < n, then

M E ¢la] if there is a b € M such that

ME "Qb{ah sy i1, bu Qit1y .00, an]'
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If M E ¢[a] then we say that M satisfies ¢ at @ and that ¢ is true at @ in M. If it

is not that case that M F ¢[q] then we write M olal.

For example, let M = (Z,+,—,0), ¢(v) = (FGw)(v +w =0Aw+ w = 0) and
Y(v) = (3w)(w +w = v). So, M E ¢la] if and only if a = 0 and M E ¢[a] if and

only if a is even.

Definition 1.8. Let ¢(uvy,...,v,) be an L-formula. We let ¢[M] denote the set of
@ € M™ such that M F ¢[a]. That is,

M| ={a e M": ME ¢[a]}.
If k <nandbe M™F, then we let

¢[M, 8] = {@e M": M F ¢[g,b]}.
B[M, 1] is referred to as a “definable set of M”. For convenience, the “k” is often

suppressed from the M*. If ® is a set of formulas in the same free variables, then

we let

O[M] =({¢[M]: ¢ € 8}.

The concept of a definable set is one of the key concepts in model theory since
it can be used to classify and analyze structures. In addition, there is often a
correlation between the complexity of the definable sets and the complexity of the
structure.

It is possible to generalize the concept of language and structure to be many-

sorted, however, we will only expand to the two-sorted case. A two-sorted language
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is a language where all the constants and variables are partitioned into two sorts.
Informally, there are two different kinds, and each variable and constant is either
of one sort or the other, but not both. Furthermore, the relation symbols and
function symbols are type dependent. A two-sorted structure, M, is a set M that

is partitioned into two disjoint sets, non-empty sets M; and Ms. Now,
(i) foreach Re R, R C M, x ... x Ms, . where each s; € {1,2};
(i) for each f € F, fM: M, x - x M,,, — M, where each s; € {1,2};
(iii) for each c € O, M € M, where s; € {1,2}.

Note that each s; is determined by the sort of the underlying language. In addition,
in a two-sorted language, Definitions 1.2-1.4, must be modified to respect the sort
of each variable and constant symbol.

It should be remarked that a two-sorted structure for a two-sorted language is
essentially identical to a one-sorted structure in a richer language. Furthermore, -
there are standard techniques for obtaining this first order language. This means
that all of the standard theorems of ordinary first-order model theory apply in the

two-sorted context.

Definition 1.9. Suppose that M and N are L-structures. An L-homomorphism
n: M — N is a map from M to N such that:

(i) for all f € F and for all (a1,...,an,) € M™,

n(fM(a'la <o 7a’nf)) = fN(n(al)a s 777(a"nf));
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(ii) for all R € R and for all (ay,...,a,,) € M"®,
(a1, .., an,) € RM = (n(a1),...,n(an,)) € RY;

(iii) for all c € C,

() = .

If (ii) is < instead of = then 7 is called a strong L£-homomorphism. If 7 is a one-
to-one strong ,C~homomorphism then 7 is called an L£-embedding. Furthermore, if
M C N and if the inclusion map is d strong £-homomorphism then N is called an
extension of M and M is called a substructure of N/, denoted M < N. If nis a
one-to-one and onto strong L-homomorphism then 7 is called an L-isomorphism

and we say M is isomorphic to A/, denoted M = N

Note. Let n be an £-homomorphism from M to A and @ = (a1,...,a,) € M™. For

convenience, we let

77(6) = (77(@1), cee ,7’](0,”)).

Lemma 1.10. Suppose that M and N are L-structures. If n : M — N is an
L-homomorphism and @ = (ay,...,a,) € M™ then for all L-terms t whose variables

are among vy, . .., Un,

n(t" (@) = V' (n(@)).
Proof. This is easily proved by an induction on the complexity of L-terms. |

Proposition 1.11. Suppose that M and N are L-structures such that M < N. If
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d(v,...,v,) is a quantifier-free L-formula and @ = (ay, ..., a,) € M™ then

ME ¢lal & N E ¢[al.
Proof. This is easily proved by an induction on the complekity of quantifier-free

L-formulas. O

Note. Suppose that M and N are L-structures such that M < N. Clearly, if 1 is

obtained from a quantifier-free formula by some universal quantifications then
N EYla] = M E ¢[a)

and if ¢ is obtained from a quantifier-free formula by some existential quantifications
then

ME Y@l = N E¢[a].

Definition 1.12. Let M and AN be L-structures. An L-embedding j : M — N
is an elementary embedding if for all n, for all @ = (ay,...,a,) € M™ and for all

L-formulas ¢(v,...,v,),
M F: ¢[a1, . ,an] =4 N I: ¢[j((11), e ,](an)]

If M < N then M is an elementary substructure of N or N is an elementary

extension of M, denoted M < N, if the inclusion map is an elementary embedding.

Note. Let M and N be L-structures such that M < A. It is clear that if
@(v1,...vp,) is an L-formula then ¢[M] = M™ N $[N].
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Definition 1.13. Two L-structures M and A are elementarily equivalent, denoted

M =N, if for all L-sentences ¢:
MEGS NE .

Clearly if M < N, then M = A

Theorem 1.14. Suppose that M and N are L-structures. If n: M — N is an
L-isomorphism then M = N.

Proof. This is easily proved by an induction on the complexity of £-formulas. O

Definition 1.15. Let £ be a language. An L-theory T is a set of L-sentences. An
L-structure M is a model for T', denoted M E T, if for all ¢ € T, M E ¢. A theory
is satisfiable if it has a model. If T" is an L-theory and ¢ is an L-sentence such that
M E ¢ whenever M F T then ¢ is a logical consequence of T, denoted T' = ¢. The
full theory of M, denoted Th (M), is the set of all L-sentences ¢ such that M kE ¢.
If C is a class of L-structures then the theory of C, denoted Th (C), is the set of all
L-sentences ¢ such that M E ¢ for every M € C. Finally, for any theory T we let

Mod (T") denote the set all L-structures that satisfy the theory T

Theory (Theory of abelian groups). Let £ = {+,—,0}, where + is a binary

function,— is a unary function and 0 is a constant symbol. The theory of abelian

groups is:
(i) (vV2)(0+z = z);

(i) (Vz)(Vy)(Vz)(z + (y+2) = (z +y) + 2);



CHAPTER 1. BACKGROUND 14
(ili) (Vz)(z 4 (—z) = 0);
(iv) (Vo)(Vy)(z +y =y + ).

Theory (Theory of unital left R-modules). Let R be a ring with multiplicative
identity 1. Let Lr = {+,—,0} U {r : r € R} where + is a binary function, 0 is
a constant and for each r € R, r is a unary function symbol. The theory of left

R-modules is:
(i) The theory of abelian groups;

(ii) for each r € R, (Vz)(Vy)(r(z +y) = r(z) + r(y));

(ili) for each r,s,t € R such that rs =¢, (Vz)(r(s(z)) = t(z));

(iv) r,s,t € R such that r + s = ¢, (Vz)(r(z) + s(z) = t(z));

(v) (Vz)(1(z) = z).

In Lg, a unary function symbol is added for each element of the ring R. By
Incorporating the ring into the language, the theory of rings, an inherently complex

first-order theory, is avoided. Moreover, this avoids building a two-sorted structure.

Theory (Theory of unital right R-modules). The theory of right R-modules is the

theory of left R-modules with (iii) replaced by
(iii') for each r,s,t € R such that s =t, (Vz)(s(r(z)) = t(z)).

Let T be an L-theory and ¢ an L-sentence. Informally, a proof of ¢ from T is a
finite sequence of L-formulas ¢, ..., ¢, such that ¢ = ¢,, and for each i € {1,...,n}

either ¢; is an instance of an axiom of first-order logic, ¢; is in T" or ¢; follows from
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@1, -, P5-1 by one of the standard rules of inference. If there is a proof of ¢ from

T, we write T + ¢.

Definition 1.16. An £-theory T is inconsistent if there exists an £-sentence ¢ such
that T' - ¢ A —=¢. T is consistent if it is not inconsistent. A consistent L-theory T

is complete if for any L-sentences ¢ either T' - ¢ or T' .

Theorem 1.17 (Gédel’s Completeness Theorem). Let T be an L-theory and ¢ an
L-sentence, then

TH¢oTEg.

Godel’s Completeness Theorem is one of the fundamental theorems in mathe-
matical logic. It establishes a correspondence between semantic truth and provabil-

ity in first-order logic.
Corollary 1.18. Let T be an L-theory. T is consistent if and only if T is satisfiable.

Theorem 1.19 (Compactness Theorem). Let T be an L-theory. T is satisfiable if

and only if T is finitely satisfiable, that is, every finite subset of T is satisfiable.
Proof. (=) Clearly, if T is satisfiable then every subset of T is satisfiable.

(«=) Suppose that T is not satisfiable. Since T is not satisflable, T" is inconsistent.
So, let o be a proof of a contradiction from T. Since o is finite, only a finite
number of assumptions from 7' are used in the proof. Thus, there is a finite
Ty C T such that o is a proof of a contradiction from Tp. So, Ty is a finite

unsatisfiable subset of 7.
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In other words, a set of first-order sentences has a model if and only if every

finite subset of it has a model.

Corollary 1.20. A set of L-sentences that has arbitrarily large finite models, has

an infinite model.

Proof. Let @ be a set of L-sentences that has arbitrarily large finite models. Let

I, = (3z1) - - (3zy) /\ T # T;

1<i<i<n

and

& =dU{I}, I I5...}.

Every finite subset ® of ®* can only contain finitely many Ir. Since I expresses
“there is a model of size £” and ® has a model M of size k such that M E @, all
finite subsets of ®* are satisfiable. Therefore, by the Compactness Theorem 1.19,
®* is satisfiable. However, ®* has only infinite models. Therefore ® ¢ ®* must also’

have an infinite model. O

Corollary 1.21 (Léwenheim-Skolem Theorem). A countable set of L-sentences that

has an infinite model, has a countably infinite model.

The compactness theorem and the Lowenheim-Skolem Theorem are both used
in Lindstrém’s theofem to characterize first-order logic. Lindstrém’s theorem basi-
cally states that first-order logic is the strongest logic having both the compactness
property and the Léwenheim-Skolem property.

Suppose that M is an L-structure and A C M. Let L4 = LU {c,:a € A}

where for each a € A, ¢, is a new distinet constant symbol. Clearly, M can be
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viewed as an L 4-structure by interpreting ¢, as a. We let Th (M) denote the set

of all £ 4-sentences that are true in M.

Definition 1.22. Let p be a set of £ 4-formulas with free variables among v1, . . ., v,.
- pis an n-type over A if pU Thy (M) is satisfiable. p is a complete n-type over A if
@ € por ¢ € p for all L,-formulas ¢ with free variables among v, ...,v,. Incom-
plete types are called partial types. We let SM(A) denote the set of all complete

n-types over A.

For example, consider M = (Q, <) and let A =N and let
plv) ={l<v,2<v,3<wv,...}.

If @ is a finite subset of p(v) U Thy (M), then @ is satisfiable by choosing v to be
a sufficiently large element of Q. By the Compactness Theorem, p{v) UThy (M) is
satisfiable. So, p(v) is a 1-type. Furthermore, it is not realized in (Q, <) since any
element realizing it is larger than every natural number.

Now, consider

q(v) = {p(v) € La: MF ¢[1/2]}.

For any ¢(v) € Lg4, either M F ¢[1/2] or M E =¢[1/2]. Thus ¢(v) is a complete
1-type.

Definition 1.23. Let & be an infinite cardinal and let T be a complete theory with
infinite models in a countable language £. We say that M k T is x-saturated if,

for all A € M and all n, if |A| < k and p € S (A), then p is realized in M. M is

saturated if it is | M|-saturated.
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Note. In general, the existence of saturated models depends on higher axioms of set
theory. However, given certain set-theoretic assumptions, saturated models (usually

with very large cadinality) exist for arbitrary theories.
For example, if M is an infinite dimensional vector space over any field then M

is dim(M)-saturated.

Definition 1.24. Let M be an L-structure, @ € M™ and B C M. The type of @

over B is

tp™ (a/B)

= {4(v,b) : Mk ¢[a,b] where ¢(v1,...,vs) is a L-formula and b € B*™}.

So, tpM (a/B) is a set of Lp-formulas and is a complete type over B (in the
sense of Definition 1.22). Also, we denote tp™ (@/@) by tp™ (@) and refer to this

as the type of @ in M.

Corollary 1.25. Let M and N be L-structures such that M < N. Then for all
ae M, tpM™ (@) =tp" (@) and for all A C M, tpM (a/A) = tp" (a/A) .

Proof. This follows directly from the Definition 1.12 and 1.24. ad

1.2 Topological Preliminaries

In this section, I present some basic definitions and theorems from general topology
needed in later sections. Since many of these results are well known, some of the

proofs have been omitted. For further reference, please consult [Wil70] or [EngSY).
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Definition 1.26. A topological space (X, ) is a set X together with 7, a collection
of subsets of X that includes @ and X, and which is closed under finite intersections
and arbitrary unions. The sets contained in 7 are called the open sets of X. A subset
of X is a closed set of X if it is the complement of an open set of X. If 7 = {X, o}
then (X, 7) is called the indiscrete or trivial topology and if 7 is the set of all subsets
of X then (X, 7) is called the discrete topology. If (X, T) is a topological space and
A C X, an element a € A is an interior point of A if there is an open set U with
a € U C A. Furthermore, a neighbourhood of z in X is a subset of X containing z

as an interior point.

Clearly, the set of closed subsets of X is closed under finite unions and arbitrary

intersections.

Proposition 1.27. Let (X, 7) be a topological space. If a set U contains a neigh-

bourhood of each of its points then U is an open set.

Definition 1.28. Let (X, 7) be a topological space. The closure of a subset A of
X, denoted cl(x - (A) (or simply clx(A) if the topology is clear from the context),

is the smallest closed subset C of X such that A C C.
Definition 1.29. Let (X, 7) be a topological space.

i) (X,7) is a Ty-space if given any two distinct points z,7 € X, there exists an
y

open set containing exactly one of them.

(ii) (X,7) is a Ty-space if for any pair of distinct points z,y € X, there exists
open sets U and V such that z € U,y ¢ U, yeVand z ¢ V.

(iii) (X,7) is a Hausdorff space if for any pair of distinct points z,y € X, there

exists disjoint open sets U and V such that z € U and y € V.
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(iv) (X,7) is a regular space if for each closed set F' and each point z ¢ F, there

exists disjoint open sets U and V such that x € U and F C V.

(v) (X,7) is a normal space if for any pair of disjoint closed sets E and F, there

exists neigbourhoods A of E and B of F that are disjoint.

Note. Clearly, every Hausdorff space is a T}-space and every Ti-space is a Ty-space.
Hausdorfl spaces are also called Th-spaces. A regular T;-space is called a T3-space.

Moreover, a Ts-space is Hausdorff and a normal T-space is regular.

Proposition 1.30. (X,7) is a Ti-space if and only if for each z € X, {z} is a

closed set.

Definition 1.31. If (X, 7) is a topological space, a base for 7 is a collection B C
such that every open set can be written as a union of elements of 9. In other words,

if U € 7 then there is 4 C 9B such that

U=Ju

Theorem 1.32. B C p(X) is a base for some topology T on X if and only if

(i) qu% and

(i) whenever By, By € B with £ € By N By, there is some B, € B with

Proof. (=) Suppose that 9B is a base for a topollogy Ton X.

(i) Since X € 7, X = |J4 for some 4 C B. Therefore, X = U B.
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(ii) Let By,By € B. Then B, N By € 7 since B;,B, € 7. Thus,
BinNnB;, = Uil where 1 C 9B. Therefore, for each z € B; N By there

exists a B, € B such that z € B, C B; N Bs.

(<) Suppose that (i) and (i) hold and let 7 be the collection of all unions of
subcollections of 8. We want to show that 7 is a topology. Now, @ = U %]
and @ C B. Also, X = U% by (i). Therefore, @ € 7 and X € 7. Clearly,
the union of elements of 7 is also in 7. Finally, take any Uy, U, € 7. Then,

U, = Uill and Us = | JU,, where iy, i, C 9B. By the distributive law,
U]_OU‘Z:ULl]_mUuQZU{BlmBQ :B1 ey, B, GL[;_}.

By (ii), for every © € By N B,, there is a B, € B such that z € B, C By N B,.
Therefore,

BiNB,= U B,.

T€B1NBsy
So, by Definition 1.26, 7 is a topology over X.
O

Note. Clearly, if 8 is a base for a topology on X, then it is a base for only one
topology. This topology is called the topology on X generated by B. Clearly, if
S is any collection of subsets of X such that US = X, and if B is the set of all

intersections of finite subfamilies of S, then 9B is a basis for a topology on X.

Definition 1.33. If (X, 7) is a topological space, a subbase for T is a collection
S C 7 such that the collection of all finite intersections of elements from S form a

base for 7.
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Definition 1.34. If (X,7) is a topological space and A C X, the collection
oc={UNA:U €7} is atopology on A called the subspace topology. Furthermore,

(A,0) is called a subspace of (X, T).

Definition 1.35. Let (X, 7) and Y, o) be topological spaces and let f : X — Y.
Then f is open if for every open set U of X, f[U] is an open set of Y and f is closed
if for every closed set F' of X, f[F] is a closed set of Y.

Definition 1.36. Let (X, 7) and (Y, o) be topological spaces and let f: X — Y.
Then f is continuous at the point x € X if for every neighbourhood V' of f(z) in
Y, there is a neighbourhood U of z in X such that f[U] C V. Furthermore, f is

continuous on X if f is continuous at each z € X.

Equivalently, if (X, 7) and (Y, o) are topological spaces and f : X — Y, then f

is continuous if and only if for each V € o, f1[V] € 7.
Theorem 1.37.
(i) The composition of continuous maps is continuous.

(i) If X is equipped with the discrete topology then every mapping f: X — Y is

continuous.

(it) If Y is equipped with the indiscrete topology then every mapping f: X — Y

18 CONtINUOUS.
Proof. This follows directly from the definitions. a

Note. Let A C X and let (A4, 0), (X, ) be topological spaces. If (A, o) is a subspace

of (X, 7) then the inclusion map is continuous.
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Theorem 1.38. If (X,7) and (Y,0) are topological spaces and f : X — Y 1is

continuous then:
(i) If B is a base for o then {f~'[B] : B € B} is a base for 7.
(i) If S is a subbase for o then {f~1[S]: S € 8} is a subbase for 7.

Proof. (i) Let B be a base for 0. Then Y = U B. So,

X =yl = 7 U] = U £71B)

Be®

Now, consider f~*[B;] and f![B;] where By, B, € B. Suppose
z € fTHBN f7YBe] = f7[B1N By.

So, f(z) € BiNB,. Therefore, there exists By € B with f(z) € Bs C BiN Bs.
So,
RS f_l[B3] - f_l[Bl N Bz] == f_l[Bl] N f_l[BQ].

This shows that {f~![B]: B € B} is a base for 7.

(ii) This follows directly from (i) and Definition 1.33 since f~' preserves intersec-

tions.

O

Theorem 1.39. If (X, 7) and (Y,0) are topological spaces, B is a base for o and

S is a subbase for o then:

(i) f: X —Y is continuous if and only if for every B € B, f~'[B] € 7.
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(i) f: X — Y is continuous if and only if for every S € S, f[S] € 7.

Proof. (i) (=) Vacuously.

(«<=) Suppose that for every B € B, f~'[B] € 7. Let U be an open set of Y.
So, U = [J4 where 4 C B. Now,

=t Uy = U s

Vel

Since {4 C B, f7H[V] € 7 for each V € 4. So, U f7'[V] € T since the

: Vey
union of open sets is an open set. Therefore, f is continuous.

(ii) (=) Vacuously.
(<) Let 9B be the base generated by §. Let B € B. So, B = ﬂ S; where I

il
is finite and S; € S for each i € I. So,

Bl =17 [ﬂ Sz} = (/715
i€l i€l

is open since the finite intersection of open sets is open. Therefore by

(i), f is continuous.

O

Definition 1.40. Let (X, 7) and (Y,0) be topological spaces. Then a bijection

f: X —Y is a homeomorphism if both f and f~' are continuous.
Note. Homeomorphisms are both open and closed.

Definition 1.41. Let (X,7) and (Y,0) be topological spaces. A mapping

f: X — Y is a topological embedding if f is a homeomorphism from X onto
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fIX].

Lemma 1.42. Let (X, 1) and (Y, 0) be topological spaces. If there erists a topological

embedding f : X — Y then, up to homeomorphism, (X, 7) is a subspace of (Y, o).

Definition 1.43. Let (X, 7) be a topological space. A subset D of X is dense in

X if DNU # @ for every non-empty U € .

Definition 1.44. A cover of a topological space (X, T) is a collection 2 of subsets
of X whose union is all of X. A subcover of a cover 2 is a subcollection of 2l that is
a cover. An open cover of (X, 7) is a cover consisting of open sets. (X, 7) is compact
if every open cover of X has a ﬁnite subcover. Y C X is a compact subset of X if

Y is compact with respect to the subspace topology.

Definition 1.45. A topological space (X,7) is compactly generated if it satisfies
the following condition: A subspace A is closed in X if and only if AN K is closed

in K for all compact subspaces K C X.
Note. Every compact Hausdorff space is normal.
Theorem 1.46. Every closed subset of a compact space is compact.

Proof. Let (X, 1) be a compact space and let F be a closed set of X. Let i be any
open cover of F. Then for each U € i we can find an open set Vy of X such that
VunNF =U. Now {X \ F}U{Vy : U € 4} is an open cover of X and therefore has
a finite subcover by compactness. This means that the intersections with F of this

finite subcover form a finite subcover of F from 1. Therefore, F' is compact. O

Theorem 1.47. The continuous image of a compact space is compact.
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Proof. Suppose that X is compact and that f is a continuous map of X onto Y.
If 1 is an open cover of Y, then {f~*[U]: U € U} is an open cover of X. So by
compactness, a finite subcover exists, say {f'[U1],..., f }[Un]}. Now, since f is

onto, {Us,...,U,} is an open cover of Y. Therefore, Y is compact. O

Lemma 1.48 (Alexander’s Subbase Lemma). Let (X, 7) be a topological space and
-8 be a subbase for 7. Then X is compact if and only if every cover of X by elements

from S8 has a finite subcover.

Definition 1.49. A topology 71 over a set X is coarser than a topology 7, over the

same set if 71 C 75. Alternatively, we say 7, is finer than 7.

Theorem 1.50. The set of all topologies on X forms a complete lattice with respect

to C.

Proof. Let T be the set of all topologies on X partially ordered by inclusion. Since
arbitrary meets can be expressed in terms of arbitrary joins, it is sufficient to show
the existence of arbitrary meets in 7". Furthermore, it is clear that the intersection
of any non-empty family of topologies on X is also a topology on X. Let A C 7.
If A= & then A A is the discrete topology. If A # & then A A=) A. O

Theorem 1.51. The identity map, idx : (X,71) — (X, 72), is continuous if and
only if 7 is finer than 7. Furthe'rmore, the identity map is open if and only if 1y

18 coarser than 7.
Proof. (i) (=) Let 7 be finer than 7, and let U € 7. Therefore, U € 7 since
72 C 71. Now, idx '[U] = U so idx is continuous.

(<) Suppose that idx is continuous and let U € 7. So, idx ‘(U] =U e ny

since idx is continuous. Therefore, 71 is finer than 7.
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(ii) (=) Let 71 be coarser than 7, and let U € 7y. Therefore, U € 7, since 7, C 7.

So, idx[U] = U so idx is open.

(=) Suppose that idx is open and let U € 7. So, idx[U] = U € m since idx
is continuous. Therefore, 71 is coarser than 7.

O

Definition 1.52. Let (X, 7;):er be a family of topological spaces. The Tychonoff

topology on HXi, denoted 7,4, is the coarsest topology making each projection
i€l v
map 7 : HX" — X, continuous.

iel

Theorem 1.53. Let (X;,7;)icr be a family of topological spaces. The Tychonoff

topology on HXZ' is generated by all sets of the form HU“" where
i€l i€l

(i) for eachi € I, U; € 7; and
(it) for only finitely many i € I, U; # X;.

Proof. Let %5 be the collection of sets of the form H U; where foreachi e I, U; € 1;
iel
and for only finitely many ¢ € I, U; # X;. It suffices to show that elements of 9B are

open with respect to the Tychonoff topology and that % is a basis for a topology

on HXZ

i€l

(i) Since, by assumption, each m; Is continuous, the inverse image of an open
set V of X; must be open with respect to the Tychonoff topology. Now,
V] = HUZ' where U; = V and U; = X, for i 5 j. So, these sets

iel
must be open in the Tychonoff topology. Now, any element of 9B is the finite

intersection of sets of this form. So, B C 7Tpq. -
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(ii) We must show 9B is a basis for a topology on HXi‘ Clearly, HXZ' € B and
i€l iel
@ €B. Now, let [JU: € B and [] Vi € B be such that 2 € [JU; n [ i
iel i€l i€l i€l
Then, z € [ [(U:nV;) = [JUin ][ Vi and [] (Ui Vi) is in B. Therefore, %
i€l i€l el iel
is a basis for a topology on H‘Xi'
i€l

O
Note. Let (X;,7:)ier be a family of topological spaces. From the previous proof, it

is clear that 7,4 is the topology on HXZ' which has for a subbase the collection

el

{Wi_l[Ui] e lLU; € Ti} .

Theorem 1.54 (Tychonoff). Let (X;,7)icr be a family of topological spaces such
that HXi # &, Then (H X,-,Tpmd> is compact if and only if (X;,7;) is compact

iel icl
for each i e 1.

Theorem 1.55. Let (X;,7;)ier be a family of topological spaces and and let HX"
iel
be equipped with the Tychonoff topology. Then for every topological space (Y,c),

f:Y— HXi s continuous if and only if m; o f is continuous for each i € I.
iel

Proof. (=) If f is continuous, then m; o f is continuous since =; is continuous and

the composition of two continuous functions is continuous.

(<) Suppose that each f; = 7; o f is continuous for each i € I. The sets of the

form m;71[U;], where 1 € I and U; € 7; form a subbase for Torod- Also,

FHm U = YU
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where f;7'[U;] € o for each i € I since fi is continuous. Therefore, f is

continuous.

O

Definition 1.56. Let (X;, 7;)ics be a family of topological spaces. The boz topology
on HX“ denoted Tyo, is generated by taking as a base sets of the form HUZ"
iel i€l

where U; € 7; for each 7 € I.

Note. Let (X;,7;)icr be a family of topological spaces. It is clear that the box
topology over HXi is finer than the Tychonoff topology over HX"' Furthermore,

iel il
if I is infinite and each 7; is non-trivial, then the box topology over HX" is strictly
iel
finer than the Tychonoff topology over HXZ"
iel

Definition 1.57. Let (X,7) and (Y, o) be topological spaces. Let C(X,Y) be the
set of all the continuous maps from X to Y. The compact-open topology on C(X,Y),

denote T, is the topology having for a subbase the sets
(K, U) ={feUX,Y): fIK] CU}

where K is compact in X and U is open in Y.

Theorem 1.58. Let (X, 7) and (Y,0) be topological spaces where T is the discrete
topology. The compact-open topology on C(X,Y) is the topology induced by the

Tychonoff topology on the set of all maps from X to Y.

Proof. If T is the discrete topology then every function from X to Y is continuous,

therefore C(X,Y’) is the set of all maps from X to Y. Furthermore, K C X is
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compact if and only if K is finite.

(K,U) = {feCX,)Y): fIK] e U}

= JJ v

reX
where
U V ifzé K |
U ifzekKk
Therefore, 7., = Tprod OL the set of all maps from X to Y. O

Theorem 1.59. Let (X,7) and (Y,0) be topological spaces. If (Y,0) is a Ty-space,

a T1-space, a Hausdorff space, or a regular space then so is (C(X,Y), Teo) -

Proof. (i) Suppose that (Y,0) is a Ty-space. Let f,9 € C(X,Y) such that f + g.
So, there is an z € X such that f(z) # g(z). Without loss of generality, there
exists an open set U of Y such that f(z) € U and g(z) ¢ U since (Y, o) is a
To-space. Clearly, f ({z},U), 9 ¢ ({z},U) and ({x},U) is an open set of
Teo. Therefore, (C(X, Y), Teo) is a Ty-space.

(ii) Suppose that (Y, o) is a Ti-space. Let f,g C(X,Y) such that f +# g. So,
there is an = € X such that f(z) # g(z). So, there exists U,V € ¢ such
that f(z) € U, g(z) ¢ U, g(z) € V and f(z) ¢ V. Clearly, f € ({z},U),

9¢ ({2},U), g € ({£},V), f ¢ ({2}, V), and ({2} ,U) and ({z},V) are
open sets of 7,. Therefore, (C(X,Y), Teo) is a Ti-space.

(iii) Suppose that (Y, 0) is a Hausdorff space. Let [:9 € C(X,Y) such that f #g.

So, there is an z € X such that f(z) # g(z). So, there exists UV eo
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such that f(z) € U, g(z) e Vand UNV = &. Clearly, f € ({z},U),
g€ ({z},V), and ({z},U) and ({z},V) are disjoint open sets of 7.,. There-
fore, (C(X,Y), 7o) is & Hausdorff space.

(iv) Suppose that (Y, 0) is a regular space. Let F' be a closed set of (C(X,Y), 7).
Teo 1s the topology having for a subbase sets of the form (K,U) where K
is compact in X and U is open in Y. Therefore, without loss of generality,
F = C(X,Y)\ (K,U) for some compact set K of X and some open set U
of Y. Let f ¢ Fand F' = Y\ U. Since f & F, there exists a ¢ € K
such that f(z) € U. So, f(z) ¢ F'. Since (Y,0) is a regular space, there
exists U', V' € o such that flz) €U and F' C V', So, f € ({z},U) and
FC(K,F)C(KV). Moreover, ({z},U’) and (K, V) are open sets in 7,.

Therefore, (C(X,Y), 7., is a regular space.

1.3 Topological Abelian Groups

In this section, I present some basic concepts and theorems about topological abelian
groups. For further reference, please see [Hig74] and [Pon6]. 1 have also had
the benefit of receiving an advance copy of Gabor Lukacs’ forthcoming book [T.ulk]
about topological abelian groups. I have expanded many of these results to cover

topological modules.

Definition 1.60. A topological abelian group is a structure ((G;+,—,0),7) such

that (G; 4+, —,0) is an abelian group, 7 is a topology on G and
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(i) +:GxG — G is a continuous map where G'x G is equipped with the product

‘topology;
(ii) ~: G — G is a continuous map.

Let M be a left R-module. The above definition can be expanded to topological

modules by adding the additional condition that
(iii) r: M — M, defined by m +s r- m, is a continuous map for each r € R.

Note. When discussing topological modules it is standard to assume that R has
a topology. In this case, the definition requires that the scalar multiplication
-t Rx M — M is continuous, in addition to +: M x M — M and — - M — M
being continuous. In contrast, in our case, £ will simply be a ring and we will
assume that for each r € R, r : M — M, defined by m +— r - m is continuous as a
unary function on M. This is equivalent to considering only rings with the discrete

topology.

It is clear that any subgroup of a topological group is a topological group with
respect to the subspace topology and that every submodule of a topological module
is a topological module with respect to the subspace topology. For the following
theorems dealing primarily with topological groups analogous results for topological
left R-modules follow immediately unless otherwise noted.

Let (G, 7) be a topological group and let g be a fixed element of G. The constant
map z > g and the identity map are continuous maps from G to G. This implies
that z — (g, ) is a continuous map from G to G x G. Since addition is continuous

and the composition of continuous functions is continuous, we get a continuous map
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tg 1z — g+ from G to G, called the translation by g. This map has a continuous

inverse, namely ¢{_,, so ¢, is a homeomorphism.

Notation. If A, B C G and g € G where (G, 1) is a topological abelian group, then
we let

A+g={a+g:a€ A} =g+ A

A+B=JA+0)=|J(@+B)=B+4;
beB acA

~A={-a:a€ A};
A—B=A+(-B).

It AC M where (M, ) is a topological left R-module and r € R, then we let
rA={ra:a€ A};

rlA={ze M:rz e A}.

Note. In general, A — A # {0}! Furthermore, if A is an open set then, r14 is an
open set since r : M — M is continuous. Similar, if A is a closed set then, 714 is .
a closed set. On the other hand, if A is open or closed nothing can be determined

about rA since 7 : M — M need not be an open or closed map.
Proposition 1.61. Let (G, 7) be a topological abelian group, A,B C G and g € G.

(i) G is a homogeneous space, that is, given a,b € G there is a homeomorphism
G — G sending a to b. Intuitively, this means that G looks the same topolog-

ically at every point.

(ii) A is an open set = A+ g is an open set.
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(1ii) A is a closed set = A+ g is a closed set.

(iv) A is an open set = A+ B is an open set.

(v) A is a closed set and B is finite = A+ B is a closed set.
Proof. (i) ty_4 is a homeomorphism sending a to b.

(ii) t, is a homeomorphism and therefore open.

(iii) ¢, is a homeomorphism and therefore closed.

(iv) A+ B= U (A+b) and a union of open sets is an open set.
beB

(v) A+ B is the union of a finite number of closed sets and is therefore a closed

set.

O

Note. Proposition 1.61(i) implies that the topology on a topological abelian group
(G, 7) is determined by the set of open neighbourhoods of 0. That is, U € 7 if and
only if for every g in G there is W, € 7, 0 € W, such that g+ W, C U. We let

N (G) denote the collection of open neighbourhoods of 0.

Corollary 1.62. Let (G1,71) and (Ga,72) be topological groups and f : G1 — G

be a homomorphism. Then
(i) f is continuous if and only if f is continuous ot the identity.

(1) [ is open onto its image if and only if for each U € N(Gy), flU] =V N flG1]

for some V € 7.

Proof. This is a direct consequence of Proposition 1.61(i). O
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Corollary 1.63. Let (G,T) be a topological abelian group. Let U € N (G). The

following statements hold:
(i) If a € U there erists W € N(G) such that W +a C U.
(i4) There exists W € N(G) such that W — W C U.

(iit) clg(U) C U - U.

Proof. (i) Clearly, U —a € N(G) and (U —a) + a C U.

(ii) The map f : G x G — G given by (a,b) — a — b is continuous. Thus,
f~1[U] is an open set, contains (0,0), and therefore contains a set of the form
A x B where A,B € N(G). Let W = An B. So, W € N'(G). Furthermore,
W x W C fU], that is, W — W C U.

(iii) Let a € clg(U). Since U + a is an open neighbourhood of a, (U+a)NU # 2.
Therefore, there are b, ¢ € U such that a+b = c. Therefore, a = c—b € U—T.
O

Proposition 1.64. Let (G,7) be a topological abelian group. The following are

equivalent:
(i) (G, T) is a Hausdor{f space.
(%) {0} is a closed subgroup of G.
(#i1) The intersection of all the open neighbourhoods of 0 is {0}.

Proof. (i) = (ii): Let (G, 7) be a Hausdorff space. So, for all g € G, {9} is a closed
set. Therefore, in particular, {0} is a closed set. Furthermore, {0} ivs a subgroup of

G. Therefore, {0} is a closed subgroup of G.
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(i) = (iii): Let g € G be such that g # 0. Now, {g} is a closed set since G is a
homogeneous space. Since {g} is closed set and 0 ¢ {g}, there exists U € N(G) such
that UN{g} = @. Hence, g is not in the intersection of all the open neighbourhoods
of 0. Since g was arbitrary, the intersection of all the open neighbourhoods of 0 is
{0}.

(iii) = (i): Let a,b € G such that a  b. Since a—b # 0, there exists U € N(G)
which does not contain a — b. Also, there exists W € A/ (G) such that W —-W C U.
So, a—b & W —W. Therefore, (W + (a=b))NW =@ and (W +a)N (W+b) = 2.
Since W is open, W +a and W +b are open neighbourhoods of @ and b respectively.
Therefore, G is Hausdorft. O

Corollary 1.65. Every topological abelian group that is a Ty-space is a Hausdorff

space.

Proof. Let (G,T) be a Ty topological abelian group. Let a € G. Since G is Ty, there
is an open set U such that U contains either a or 0 but not both. By homogeneity,
without loss of generality, U contains 0 and not a. So, the intersection of all the open

neighbourhoods of 0 is {0}. Therefore by Proposition 1.64, (G, 1) is Hausdorff. O

Theorem 1.66. Let (G, ) be a topological group and let H be a subgroup of G. If

H is open, then H is closed.

Proof. Suppose H is an open subgroup of G. So, H is an open neighbourhood of 0.
Therefore, by Proposition 1.63(iii), clg(H) C H — H. But, H is an open subgroup,
so H — H = H. Therefore, H is a closed. [

Theorem 1.67. Let G be an abelian group and By a collection of subsets of G

containing 0 such that
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(i) =B = B for every B € By;
(i) for every B € By, there exists B € B such that B+ B' C B;
(iii) for every B € By and z B, there exists B' € By such that B' + z C B;
(i) for every Bi, By € By, there exists By € By such that By C BN B,.

’Then the family
B={B+g:BecBygecG}

is a base for a topology T on G such that (G, ) is a topological group. Moreover, if

(1Bo = {0} then the topology generated by By is Hausdorff.

Proof. Let
B ={BiN---NBy:B; € By, k € N}.

That is, B’ is the family of all finite intersections of the members of By. Now, set
T = {U C G :for all z € U there exists B' € B such that B’ +z C O}.

With some work it can be shown that 7 is a topology on G and (G, 1) is a topological
group. By (iii), each member of 9B, belongs to 7. Let U € 7 and z € U. Since T is

a group topology on G, there exist By,...B) € 9B, such that

By (iv) there is a B’ € 9B such that B’ C BiN---N By, and thus B' +2z C U and

B' +zeB. Therefore, B is a base for 7. O
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In order for By to generate a module topology on a left R-module we require

the additional condition that

(v) for every r € R and B € By, thereisa B’ ¢ B, such that rB C B.

- 1.3.1 Filters and Convergence

In this section, we cover two closely related topics, namely filters and convergence.

The concept of a filter will be used and expanded upon in Chapter 3.

Definition 1.68. Let X be a set. F is a filter on X if F is a non-empty collection

of subsets of X such that
() @ ¢ 7F;
(ii) if Fi,...,F, € F then Fn---Nnk, eF
(iii) if F € F and F C F' then F' € F.

Definition 1.69. Let X be a set. 9B is a filter-base on X if B is a non-empty

collection of subsets of X such that

(i') @ ¢ %B;

(ii) for every By, B, € B, there exists B € B8 such that B C By N Bs.
Lemma 1.70. Let X be a set.

(i) Let (X,T) be a topological space and x € X. If Fy is the collection of all
neighbourhoods of « then F, is a filter on X.

(%) If F1 and Fy are filters on X then Fy N Fo is a filter on X.
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() If B is a filter-base on X then
F = {A: there ezxists B € B such that B C A}

s a filter on X.
Proof. These follow directly from the definitions. O

Definition 1.71. Let (X, 7) be a topological space. Let z € X, F be a filter on
X and B be a filter-base on X. Then F converges to z, denoted by F 5 z, if for
every open neighbourhood U of z, there is F € F such that F C U (or equivalently,
U € F). Similarly, B converges to z, denoted by B = z, if for every neighbourhood
U of x, there is a B € % such that B C U. If F (B) converges to x then z is a
limit of F (%B), denoted lim F (lim %B).

Let (X,7) be a topological space and z € X. Clearly, ,, the collection of all
neighbourhoods of z, converges to . Also, if % is a a filter-base on X and F is the

filter generated by 9B, then B 7 z if and only if F L z.

Proposition 1.72. Let (X, 7) be a topological space. (X, T) is Hausdorff if and

only if every filter-base on X converges to at most one limit.

Proof. Suppose that (X, 7) is Hausdorff. Let 98 be a filter-base with more than one
limit, that is, assume B = z and B 5 y where z # . Since (X, 7) is Hausdorff
there exists open neighbourhoods U of z and V of y such that UnV = @. However,
by convergence there exists By, By € B such that B; C U and By, C V. Since B
is a filter base, B; N B, contains an element of %. This is a contradiction since

BiNB, CUNV = @, s0o B has at most one limit. Suppose that (X,7) is not
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Hausdorff. Then there exists z # y such that for every open neighbourhood U of
zand Vof y, UNV # &. Let B be the set of open neighbourhoods of z and Y.

Clearly, B is a filter-base on X that converges to 2 and to y. O

Proposition 1.73. Let (X,7) be a topological space and let Y C X. The following

are equivalent:

(i) There exists a filter-base B whose elements are all contained in Y such that

B 5.
(i) There exists a filter F such that Y € F and F 5 z.
(iii) z € clx(Y).
Proof.

(i)=-(ii) Suppose that 9B is a filter-base whose elements are all contained in Y such

that 5 = 2. Then the filter associated with 98 satisfies the properties of (ii).

(ii)=>(ili) Suppose that F is a filter such that Y € F and F 5 z. There exists some
U € 7 such that cix(Y) = X \ U. Suppose that z ¢ clx(Y), so z € U.
Therefore, U € F. However, clx(Y) € F since Y C clx(Y) and Y € F.

Therefore, @ = UNclx(Y) € F. Thisis a contradiction, therefore, z € clx (Y).

(iii)=>(i) Suppose z € clx(Y). Define B = {UNY : U is a neighbourhood of z}. It is

easy to confirm that 9B is a filter-base with the desired properties.

g

Corollary 1.74. Let (X, 7) be a topological space and A C X. Then A is closed if

and only if A contains all limits of all convergent filters F with A € F.
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Proof. This follows immediately from Proposition 1.73. O
Proposition 1.75. Let (M, ) be a topological left R-module.

() If F is a filter on M than so are —F and rF.

(i) If F 5 z, then —F 5 —z and r F 5 1z,

Proof. (i) follows directly from the definition. (ii) Let F = z. Let U be an open
neighbourhood of —z and let V be an open neighbourhood of rz. So, —U and
771V are open neighbourhoods of z. Since F 7> z, there are Fy, F, € F such that
B C-Uand F, C 7“_1V.I Therefore, -Fy CU,rF, C V. Furthermore, —F} € —F,

rFy e rF. So, ~F 5 —z and rF 5 re. O

1.3.2  Cauchy Filters and Convergence

In this section, we cover two closely related topics, namely Cauchy filters and com-
pletion. The concept of the completion of a topological module will be used in

Chapter 4.

Definition 1.76. Let (M,T) be a topological left R-module and = be Hausdorff.
A Cauchy filter on M is a filter F such that for every U € N(M), thereis F € F
satisfying F/ — F' C U. A Hausdorff R-module (M, 7) is complete if every Cauchy

filter on M converges.
Lemma 1.77. Let (M, 1) be a topological left R-module and r € R.
(i) Every convergent filter is a Cauchy filter.

(i) If F is a Cauchy filter on M, then so is —F.
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(tii) If F is a Cauchy filter on M and A is a submodule of M, then the restriction
Fa={F CA:FeF}isa Cauchy filter on A in the subspace topology.

Proof. (i) Suppose that F = z where z € G and let U € N(G). By Corollary 1.63,
there exists W € N(G) such that W — W C U. Furthermore, W + z is open and

z € W+ z, so there exists F € F such that FC W 4z
F-FCW+4+z)—-(W+z)=W-W CU.

So, F is a Cauchy filter. (ii) and (iii) follow directly from the definitions. O

Theorem 1.78. Let (N, T) be a complete module. A submodule M of N is complete

in the subspace topology if and only if M is closed in N.

Proof. Suppose that M is complete in the subspace topology, and let z € cly(M).
By Proposition 1.73, there is a filter F on N such that F 5 z and M € F. So,
by Lemma 1.77, F is Cauchy on N and the restriction Fjy = {F C M : F € F} a
Cauchy filter on M in the subspace topology. Since M is complete, there is y € M
such that Fp; = y. Hence, F 5 y. So, by Proposition 1.72, x = y. Therefore,
x € M. Hence, M is closed.

Suppose that M is closed in N and let F be a Cauchy filter on M. Let F be the
filter on G generated by F. If U € N(N), then UN M € N (M) and so there is an
F € F such that F — F C UN M. In particular, F € F and F— F C U. So, F is
a Cauchy filter on N. Since N is complete, there is z € N such that F = z. So by

Proposition 1.73, x € M since M is closed and F ™, So, M is complete.  []

For instance, (R, Fuc) is complete, but (Q, Euc) is not complete.
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Lemma 1.79. Let (M1, 71) and (My, 1) be topological modules. Let f : My — M,
be a continuous homomorphism. For every Cauchy filter F in M, f|F) is a Cauchy
filter in M.

Proof. Let U € N(M,). Since f is continuous f~1[U] € N(M;). Thereisan F € F
such that F'— F' C f~[U]. Therefore, f[F]— f[F] C U. O

Corollary 1.80. Let (M, 7) be a topological left R-module and r € R. If F is a
Cauchy filter on M, then so is TF.

Proof. Follows directly from Lemma 1.79 since 7 : M — M is continuous. O

Theorem 1.81. Let (M, T) be a topological module. Let D be a dense submodule of
M, and let L be a complete module. Every continuous homomorphism f : D — L
extends uniquely to a continuous homomorphism fv: M — L. That is, the following

diagram can be completed commutatively:

DS“— M

f ///N
=
L

Proof. 1 will only provide the construction of ]? It is then straightforward to show
thatfis well-defined, a continuous homomorphism and unique. Let m € M. Since
D is dense in M, there is a filter 7 on M such that # 5 m and D € F by

Proposition 1.73. Since F is a Cauchy filter in M so is its restriction
Fp={FCD:FelF}.

By Lemma 1.79, f[Fp] is a Cauchy filter on L. Since L is complete, lim f[Fp] exists.
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So, let
f(g) = lim f[Fp).

O

Definition 1.82. A completion of a topological module (M, 7) is a complete topo-

logical module (M ,7) that contains M as a dense submodule.
For instance, (R, Euc) is the completion of (Q, Euc).

Theorem 1.83 (Ratkov-Completion Theorem. See [Luk]). Every topological module

admits a completion, which is unique up to topological isomorphism.

1.4 Category Theory Preliminaries

In this section, I present some basic definitions and theorems from category theory
that will be used in later sections. For further reference, please consult [MLY9g] or

[H873].
Definition 1.84. A category C consists of:
(i) a class ob(C) of objects;

(ii) for each pair of objects X and Y, a set of morphisms from X to Y, denoted
Hom (X, Y);

(iii) for any three objects X, Y and Z a binary operation,

o:Hom (Y, Z) x Hom (X,Y) — Hom (X, Z)
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such that if f € Hom (W, X), g € Hom (X,Y) and 4 € Hom (Y, Z) then

ho(gof)=(hog)of;

(iv) for every object X, a morphism 1x € Hom (X, X), called the identity mor-
phism for X, such that for every morphism f € Hom (X,Y) and every mor-

phism g € Hom (Z, X)) we have

lxog=yg

and

folx=/.
-~ The categories we will be most interested in are:

(i) The category of topological spaces, denoted Top, whose class of objects is the
class of all topological spaces and for any two topological spaces (X, 7) and
(Y, 7), Hom ((X, 1), (Y, 7)) is the set of all continuous functions from (X, 7) to
(Y, 1).

(ii) The category of Hausdorff spaces, denoted Top,, whose class of objects is the
class of all Hausdorff topological spaces and for any two topological spaces
(X,7) and (Y,7), Hom ((X,7), (Y, 7)) is the set of all continuous functions
from (X, 1) to (Y, 7).

(iii) The category of abelian groups, denoted Ab, whose class of objects is the class

of all abelian groups and for any two groups G and H, Hom (G, H) is the set
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of all homomorphisms from G to H.

(iv) The category of topological abelian groups, denoted TopAb, whose class of
objects is the class of all topological abelian groups and for any two topo-
logical abelian groups (G, ) and (H,7), Hom ((G, ), (H, 7)) is the set of all

continuous homomorphisms from (G, 7) to (H, 7).

(v) The category of left R-modules, denoted RMod, whose class of objects is the
class of all left R-modules and for any two modules M and N, Hom (M, N) is

the set of all module homomorphisms from M to N.

(vi) The category of all topological left R-modules where R is a ring with the
discrete topology, denoted TopRMod, whose class of objects is the class
of all topological left R-modules and for any two topological left R-modules
(M, 1) and (N,o), Hom ((M,7),(N,T)) is the set of all continuous module

homomorphisms from (M, 1) to (N, o).
Definition 1.85. Let C be a category. A morphism f € Hom (X,Y) is an epimor-
phism if for all morphisms h,k € Hom (Y, Z) such that

hof=kof

we have h = k.

For Ab, Top and RMod the epimorphisms are precisely the morphisms which
are surjective on the underlying sets. However, in Top, the epimorphisms are

precisely the continuous functions with dense images.
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Definition 1.86. Let C be a category. A morphism f € Hom (X,Y') is a monomor-

phism if for all morphisms A,k € Hom (Z, X) such that
foh=fok

we have h = k.

For Top, Top,, Ab, TopAb, RMod and TopRMod the monomorphisms are

precisely the morphisms which are injective on the underlying sets.

Definition 1.87. Let C be a category. A morphism f € Hom (X,Y) is an isomor-
phism if there exist g, h € Hom (Y, X) such that

fog=1y

and

h0f=lx.

In any category, every identity is an isomorphism. A morphism in Ab is an
isomorphism if and only if it a group isomorphism. A morphism in Top is an
isomorphism if and only if it is a homeomorphism. It is important to note that
every morphism that is an isomorphism is a monomorphism and an epimorph?sm,
but not every morphism that is both a monomorphsim and epimorphism is an
isomorphism. For instance, consider Top,. The inclusion map Q to R is a non-

surjective epimorphism.

Definition 1.88. Let C be a category and let {X;:i € I'} be an indexed family

of objects in C. Then a C-product of the set {X;};c; is an object X together
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with a collection of morphisms m; € Hom (X, X;) such that for any object ¥ and
any collection of morphisms f; € Hom (Y, X;), thére exists a unique morphism
f € Hom (Y, X) such that f; = m; 0 f. That is, for each i € I the following diagram

commutes:

=
v 2L x

N

X;

Example 1.89. If {(X;, ;) },¢; is a family of topological spaces then (H X, Tprod>
sel
together with the set of morphisms {=;},.; is a Top-product.

Definition 1.90. Let C be a category and let {X; :7 € I} be an indexed family
of objects in C. Then a C-coproduct of the set {X;}ier is an object X together
with a collection of morphisms €; € Hom (X;, X) such that for any object ¥ and
any collection of morphisms f; € Hom (X;,Y), there exists a unique morphism
f € Hom (X,Y) such that f; = f oeg;. That is, for each i € I the following diagram

commutes:

x -2y
X;

Example 1.91. If {(M;,)},c; is a family of left R-modules then D, ; M; is a
coproduct in the category of left R-modules. See Definition 1.97 and the theorems

that follow.

Since both the definition of product and the definition of coproduct assert the
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existence of a unique morphism it is trivial to show that the product and the co-

product of a family, when they exist, are unique up to isomorphism.

Definition 1.92. Let C be a category. An object I is C-injective provided that
for each monomorphism f € Hom (Y, X) and each morphism g € Hom (Y, I), there
exists a morphism h € Hom (X, ) such that ¢ = ho f. That is, the following

diagram commutes:

Example 1.93. Any vector space is injective in the category of vector spaces over
a fixed field. An abelian group is injective in the category of abelian groups if and

only if it is divisible.

Proposition 1.94. A topological space is categorically Top-injective if and only if

it is indiscrete.

Proof. <« Suppose that (I, 7) is a topological space where I is non-empty and
7 is the indiscrete topology. Let f be a continuous one-to-one function from
(Y,71) to (X, 7). Let g be a continuous map from (Y, 1) to (I,7). Let i € I.
Let

h(z) = go fH(x) ifﬂ:Ef[Y]'

i if z ¢ f[Y]
Now, h is a continuous map from (X,73) to (I,7) since T is the indiscrete

topology on I and every mapping into the indiscrete topology is continuous.
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Furthermore, g = h o f. Therefore, (I, 7) is categorically Top-injective.

= Now, suppose that (I, 7) is injective. The identity map from (I,7) to (I, ) is
continuous and one-to-one if 77 is the discrete topology and 75 is the indiscrete
topology. Now, the identity map from (7, 71) to (I, 7) is continuous, since every
mapping from the discrete topology is continuous. Therefore, the identity map

from (I, 7) to (I,7) is continuous. Hence, 7 must be the indiscrete topology.

O

1.4.1 Category of Left R-Modules

In this section, we will assume that R is a fixed ring with unity.

Notation. If M and N are left R-modules then Hom (M, N) is the set of R-module
homomorphisms from M to N. We will assume that {M;}icr is a family of left

R-modules and that H is an arbitrary left R-module.
Proposition 1.95. Let M and N be left R-modules.

(1) Let f,g € Homg (M, N). Define f + g as follows:

(f +9)(a) = f(a) + g(a)

for alla € M. Then Homg (M, N) forms an abelian group.

(it) In addition, suppose R is commutative. Let f,g € Homg (M, N). Define f+g
as in (i) and for each v € R define rf

rf(a) = f(ra)
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for alla € M. Then Hompg (M, N) forms a left R-module.

In general, if R is not commutative then Hompg (M, N) will not be a left R-

module.

Notation. If o : My — M, is a group homomorphism then it is possible to assign
to a homomorphism ¢ : M; — N, the homomorphism ¢ o o : M, — N creat-
ing o = Homp, (o, N) : Hompg (M1, N) — Hompg (M, N) a group homomorphism.
Similerly, if 8 : Ny — N; is a group homomorphism then it is possible to assign
to a homomorphism ¢ : M — Nj, the homomorphism o ¢ : M — N, creating
B* = Hompg (M, 3) : Homg (M, N1) — Hompg (M, N,) a group homomorphism.
Now, let Hompg (M, —) be the category where objects are groups of the form
Homp (M, A) where A is any left R-module and the morphisms are group homomor-
phisms of the form Hompg (M, 8) : Hompg (M, A) — Homp (M, B) where 8: A — B
is a group homomorphism. Let Hompg (—, N) be the category where objects are
groups of the form Homp (A4, N) where A is any left R-module and the morphisms
are group homomorphisms of the form Hom (a, N) : Homg (4, N) — Homg (B, N)

where o : B — A is a group homomorphism.

Proposition 1.96. Let S and T be rings, M be a R-S bimodule and N be a R-T
bimodule. Let f € Hompg (M, N). For each s € S and t € T define fs and tf as

follows:

fs(a) = f(as)

and

for alla € M. Then Hompg (M, N) forms a T-S bimodule.
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Definition 1.97. Let {M;};; be a family of left R-modules. The direct sum of
{M;},c;, denoted M = @ M;, is the set of all sequences (a;);er where a; € M; for
all 7 € I and a; = 0 for ;eﬁ but finitely many ¢ € I. The direct product of {M;}, ;,
denoted M = HMi, is the set of all sequences (a;);e; where a; € M; for all 7 € I.
Now, let a;, b; iéIMi for each 7 € I and r € R then we define (a;)ier + (b;)ser and
r((a;)ier) as follows:

(@s)ier + (Bi)ier = (a; + b;)ier

and

r((as)ier) = (7(a) ier.

Clearly, M and M are both left R-modules. Furthermore, M is a submodule of
M. Finally, we let 7; : M — M; and ¢; : M; — M be the canonical projection and
injection, respectively. That is, for (a;);er € M and b € M;, m;((a;)jer) = a; and
€i(b) = (c;j)jes where ¢; =0 for j # 4 and ¢; = b.

So, ;0 & = idy, and m; 0e, = 0 for 7 # k. Also, for a € M, the support of
a, supp (a) = {k € I : m(a) # 0}, is finite, so Zei o 7;(a) is well defined. Thus we

il
have a morphism Zei om : M — M where, clearly, ZEZ' om; = tdy. Clearly,
iel iel
Hﬂ'i = (7;)ier = d5y.
iel

Proposition 1.98. For every family of module homomorphisms f; € Hompg (M;, H)
there is a unique f € Hompg (M, H) such that f; = f og; for each i € I. Hence,
(M, {€:};c1) is the RMod-coproduct.
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Proof. Let a € M. Define f by
fla)=>_ fiomla).
i€l
Now, f is well-defined since supp (a) is finite for each a € M. It can be easily verified

that f is the unique homomorphism such that f; = foe; for all 7 € I. J

Proposition 1.99. For every family of module homomorphisms f; € Homg (H, M;)
there is a unique f € Homp (H,]\_/[) such that f; = m; o f for each i € I. Hence,
(M, {m;},c;) is the RMod-product.

Proof. Let a € H. Define f by

f(a) = (fi(a))ier

It can be easily verified that f is the unique homomorphism such that f; = m; 0 f
for all i e I. O

Proposition 1.100. « : Homp <H, HMZ> — HHomR (H, M;) defined by

i€l iel

a(f) = (mo fier

18 @ group tsomorphism.

Proof. H Homp, (H, M;) is the product of {Hompg (H, M;)} e in Hompg (H, —) with
il
projecti§n maps

pi: [ [ Homg (H, M;) — Homg (H, M;) .

i€l
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Clearly,
Hompg (H,m;) = p; o .
Since H Homg (H, M;) is the product, « is a homomorphism.
icl
Since M is the product of {M;},c; there exists a unique morphism g such that

fi = m; 0g, so a is a bijection. 0

Proposition 1.101. §8: Homg (M, H) — [],.; Homg (M;, H) defined by

B(f) = (f o €i)ier

18 @ group tsomorphism.

Proof. H Hompg (M;, H) is the product of {Homg (M5, H)},.; in Homg (—, H) with
i€l
projectign maps
D HHomR (M;, H) — Hompg (M;, H) .
i€l

Clearly,
Hompg (&5, H) = p; o .

Since H Hompg (M;, H) is the product, 3 is a homomorphism.
i€l .
Since M is the coproduct of {M;},.; there exists a unique morphism g such that

fi = goe;, so B is a bijection. =

Proposition 1.102. Define a map 7 : EB Hompg (M;, H) — Homp (M, H) by

i€l

’Y((fZ)zEI) = Z fz O TT;.

i€l
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Then v is a monomorphism and its image consists of all module homomorphisms
from M to H that vanish on all but a finite number of the submodules M;.
Proof. @Homg (M;, H) is the coproduct of {Homp (M;, H)};ep in Hompg (—, H)

iel
with injection maps

ei : Homp (M;, H) — @) Homp (M;, H) .
i€l
Clearly,
HomR (7l'i, H) =Yoe;.
Since @ Homp (M;, H) is the coproduct, ~ is a homomorphism.
el
Let (f;)ier € @) Hompg (M;, H) and (g;)ies € &5 Homp (M;, H). Since M is the
i€l i€l
coproduct, the families f; : M; — H and ¢; : M; — H of R-module homomorphisms
gives rise to unique maps f : M — H and 9: M — H such that f; = foe; and

g = goeg; So,

Y((fi)ier) = v((9:)ier)

= Zfiom=zgz‘°7fi

i€l el
= E fosz-om=g goeg;om;
el el
= foE EiO’ﬂ'ingE £;0T;
il el

= foidy =goidy

= f=ug.

So, v is a monomorphism.
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Now, suppose that f € Hom R (M JH ) vanishes on all but a finite number of the
submodules M;. Consider, Ji = foe;. So, f; € Homp (M;, H) and f; = 0 for all but a,
finite number of the submodules M. Therefore, (f;)ser € @D;c; Homg (M;, H). Since
Y((fi)ier) = f, F is in the image of . Conversely, suppose that f € Homp (M, H)
is in the image of . So, for some (9i)ier € @, Hompg (A1, H),

/= ’Y((gi)z'ef) = Zgi O ;.

i€l

But g; = 0 for all but finitely many ¢ € I. Therefore, f must vanish on all but a

finite number of the submodules M;. Hence, v has the desired properties. O

Analogous results to Theorems 1.100 - 1.102 for the category of topological

modules will be discussed in Chapter 3.

1.5 Pure-injective Modules

In this section, I will introduce some basic concepts of pure-injective modules from
a model theoretic perspective. For further reference, [Pre88] provides an in depth
study of pure-injective modules from a model theoretic perspective and [Wisg1]
provides an in depth study of pure-injective modules from an algebraic perspective.
Many of the proofs in this section can be found in [Pres8] and have not been
duplicated here. In Chapter 4, I investigate whether or not techniques analogous to
the ones used by Prest in [Pre33] can be extended to topological modules.

Notation. In this section we will assume that R is an arbitrary fixed ring with

multiplicative identity 1 and it will be assumed that all modules are unital left R-

modules. Recall that L is the language of unital left R-modules. Suppose that M
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is a unital left R-module, a € M and r € R. For convenience, we will often write
r(a) as ra. This convention allows us to write equations using matrix notation.
Recall that if M and N are left R-modules and ¢ € Homp (M, N ), then the kernel
of ¢ is

ker(¢) = {a € M : ¢(a) = 0}.

Definition 1.103. Let A, B and C be left R-modules. A sequence of homomor-

phisms

is ezact at B if im(p) = ker(1). A sequence of homomorphisms
0445 B4 C—0

is short-ezact if it is exact at A, B, and C.

Proposition 1.104. Let A, B and C be left R-modules.
(i) 0 — A 2, B is ezact at A if and only if ¢ is injective.
(i) A ¥, B — 0 is ezact at B if and only if 1 is surjective.

Proof. (i) Let ¢ be injective. ker(¢) = {0} since #(0) = 0 and if ¢(a) = 0 then

a = 0 since ¢ is injective. Therefore, 0 — A 2, B is exact at A.

(ii) Let 9 be surjective. im(y) = B since 1) is surjective. Therefore, A % B — 0

' is exact at B.
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Definition 1.105. Let A, B and C be left R-modules. A short-exact sequence of

homomorphisms

O—>A—J;B—€—>C'—>0

splits if im(f) is a direct summand of B.

Theorem/Definition 1.106. A left R-module M is injective if it satisfies one of

the following equivalent conditions:

(i) If M is a submodule of N then there exists a submodule A of N such that
Me&A=N.

(%) If A is a submodule of B and f : A — M is a homomorphism then there erists

a homomorphism g : B — M such that Vz € A, g(z) = f(x).

(i) If f : A — B is a monomorphism and g : A — M is an arbitrary homomor-
phism then there exists a homomorphism h : B — M such that ho f = g.
That 1is, the following diagram can be completed commutatively:

Ad‘**B

/

v
g Vs
L7

M

(iv) Every ezact sequence 0 — M — A — B — 0 splits.

Clearly, a left R-module is categorically RMod-injective if and only if it is an

injective R-module.

Definition 1.107. In any language £, a positive primitive formula, or simply a

pp-formula, is an existential quantification of a conjunction of atomic formulas. In
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particular, for modules, an Lp-formula ¢ is positive primitive, if it is equivalent to

a formula of the following form:

(Elwl) . (Ewl) /\ (Z I‘ij(’l)j) + Zsik(wk) = O)

where 75,8 € Rfor 1 <i<m,1<j<n,1<k<L

Note. It is convenient to express the above as a matrix:

U1
11 '+ Tin Si3 -+ 8y
. /ljn
(Fwy) ... (Fw) : : : : =0
w1y
mi - TImn Smi - Siu
wy

or as

(Fo)(R(?) = —S(w))

where 75,8 € Rfor 1 <i<m,1<j<n,1<k<!and where R and S are the

the obvious matrices.

Example 1.108 (Examples of pp-formulas). Let r € R. Consider the following

formulas:
(i) r(v) = 0. Clearly, M Er(a) = 0 if and only if r annihilates a.

(ii) (Gw)(1(v) = r(w)). Clearly, M F (Fw)1(a) = r(w) if and only if a is divisible

by r in M; in other words, there exists b € M such that a = rb.
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Algebraically, a pp-formula expresses the solvability of a system of linear equa-

tions.

Lemma 1.109 (Linearity of pp-formulas). Suppose that ¢(vi,...,v,) is a pp-

- formula. Then for any R-module M and any @,b € M™ we have
) M 90 |
(i) M E ¢la] and M E ¢[b] = M E ¢[a — b);
(i) if c € Z(R) then M E ¢[a] = M E ¢[ca) (where Z(R) is the center of R).

Proof. (i) ¢[0] is equivalent to

(Fw)(R(0) + S(w)) =0

or

S(0) = 0.
Now, 0 € M™ and S(0) = 0. Therefore, M k ¢[0].
(ii) Suppose M F ¢[a] and M E ¢[b]. Now, ¢[d] is equivalent to

(30)(R(@) = —S()).

Since M F ¢[a], there exists T € M’ such that R(@) = —S(¢). Similarly, ¢[p]
is equivalent to (3w)(R(b) = —S(w)) and since M E ¢[b], there exists d € M
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such that R(b) = —S(2). Now, ¢ —d € M* and

Therefore, M E ¢[a — b].

(ili) Suppose M E ¢[a]. Now, ¢[a] is equivalent to
(30)(R(@) = -S5(w)).

Since M E ¢[a], there exists d € M* such that R(@) = —S(d). This means,
c(R(@)) = ¢(—S(d)). Since ¢ € Z(R), we have R(c(a)) = —S(c(d)). Now,
since cd € M'! we have M kE ¢[cal.

O

Corollary 1.110 ([Pre88], Corollary 2.2-2.3, p. 16-18). Let ¢(vy,...,v,) be a pp-

formula, ®(v1,...,v,) be a set of pp-formulas and M be any R-module.
(1) ¢p[M] is a subgroup of M™ stable under endomorphisms of the module.
(it) ®[M] is a subgroup of M™ stable under endomorphisms of the module.

(iti) Let k <n and b = (by,...,by) € M*. Then @[M,b] is either empty or is a
coset of the subgroup ¢|M,0] of M™%,
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(i) Let k < n and b = (by,...,b;) € M*. Then ®[M,b] is either empty or is a
coset of the subgroup ®[M,0] of M™*.

Proof. (i) By Lemma 1.109, it suffices to check that ¢[M] is stable under endo-
morphisms of the module. Let f € End(M), @ = (ai,...,a,) € ¢[M] and

¢(v1,-..,v,) be of the form:
m n l
(le) e (sz) /\ (Z IV -+ Z SikWg = O)
i=1 \j=1 k=1

where 75,8, € Rfor 1 <i<m,1<j<n,1<k<I Since M E ¢[a] there

exists b= (by,...,b) € M* such that
m n 1
/\ (Z rijaj + Zsikbk = 0) .
i=1 \j=1 k=1

Applying f we get
m n l
/\ (Z rijf(aj) + Zsikf(bk) = O> .
i=1 \j=1 k=1
Thérefore, f(@) € ¢[M].
(ii) ®[M] =N {d[M]: ¢ € ®}. So the result follows from (i).

(iii) Let ¢(M,d) be non-empty and @,¢ € $[M,d]. Therefore, M E ¢[a,5] and
M E ¢[g,b]. So, Lemma 1.106 implies that M £ ¢ja—¢,0]. So,a—¢ € ¢[M,0].
Conversely, if d € ¢(M,0) then M E ¢[d,0]. Therefore, Lemma 1.106 implies

M E ¢[d+7¢,b). So, +d € $[M,b]. Hence, | M,b] is a coset of ¢[M,D].

(iv) Similar to (iii).
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O

Definition 1.111. Let M be an R-module. Let €€ M and A C M. The pp-type

of cover Ain M is

pp™(T/A)

= {¢(v,3) : M F ¢[c,a] where ¢ is a pp formula and 7 € A}.
Definition 1.112. If p is a complete type then the pp-part of p is

p"={¢:¢ispp, ¢ €p}.

Furthermore,

p~ ={~¢:¢ispp, ¢ € p}.

Theorem 1.113 ([Pres8], p. 27). Let f : M — N be any L-homomorphism and
letae M. Then
pp™ (@) C pp (£(@)).
In particular, if M is a submodule of A" and @ € M then pp™ (@) C ppV' (7).

Definition 1.114. Let A be a subgroup of B. A is pure in B if nA =nB N A for

every positive integer n.

Proposition 1.115. Let A be a subgroup of B and let a € A. If A is pure in B

then a is divisible by n in A if and only if a is divisible by n in B.
Proof. This follows directly from the definition. O

Note that, nB is defined by the pp-formula (Fw)(nw = v).
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Definition 1.116. Let A, B and C be abelian groups. A short exact sequence

0—-ASB—-C =0

is pure if a[A] is a pure subgroup of B.

Definition 1.117. A torsion group is a group consisting of elements of finite order.

A group is torsion-free if the only element of finite order is the identity.
Theorem 1.118. Let G be an abelian group and H a subgroup of G.

(i) If H is a direct summand of G then H is a pure subgroup.
(i) If H is a divisible subgroup of G then H is a pure subgroup.
(iii) If the G/H is torsion-free, then H is a pure subgroup.

(iv) If H is a torsion group then H is a pure subgroup.
Purity for abelian groups is extended to R-modules as follows:

Definition 1.119. Let M be a submodule of A. The embedding is pure, denoted
M <t N, ifvae M,

(@) = pp" (3).

That is,
M <f N & for every pp-formula ¢ and @ € M, M k ¢[a] = N E ¢[a).
Furthermore, M <} NV implies that for all pp-formulas ¢(vy,...,v,),

¢[M] = ¢[N] N M™.
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Equivalently, M <7 A if and only if every finite system of linear equations with
coeflicients in R, parameters in M and a solution in IV already has a solution in M.
Algebraically, Z-modules and abelian groups are equivalent. Model theoretically,
there is no distinction either since the language for Z-modules is definably equivalent
to the language for abelian groups since multiplication by n can be defined as an

iterated sum. Purity for Z-modules is equivalent to the usual purity for abelian

groups.

Proposition 1.120 ([Pre8g], Corollary 2.22, p.47). Let M and N be Z-modules
such that M is a submodule of N. Then

M<fNerNnM=rM

for ol r € Z.

Proof. Suppose that M <{ N and 7 € Z and that m = rm € "N N M. Then
N E (3w)(m = rw) and since M is pure in N, M E (Jw)(m = rw). Therefore,
mé&rM. So, MNrN CrM. Trivially, rM C M NrN. So, MNrN =rM for all
T € Z.

Suppose M NrN = rM for all » € Z. Now, let ¢(vy,...,v,) be a pp-formula.
So, by [I’re88] (Theorem 2.Z1, p.46), ¢(7) is equivalent, in every module, to a
conjunction of formulas of the form r'|t(7) or the form ¢ (%) = 0 for suitable elements
of r' € Z and terms ¢,t'. Since atomic formulas of the form ¢ (7) = 0 are preserved
in both directions, we only need to consider formulas of the form r'[t(7). So, without
loss of generality, let ¢(7) be 7' [t(T). Now, let @ = (a1, ...a,) € M" and N E 7 t(@).
So, t(a@) € 7'M since M N7'N C r' M. Therefore, M & 7' |t(@). Thus, M is pure in



CHAPTER 1. BACKGROUND 66

N. |

Definition 1.121. M is pp-compact if whenever ® is a set of pp-formulas with

parameters from M which is finitely satisfied in M then ® is satisfied in M.

Theorem /Definition 1.122. A left R-module M is pure-injective if one of the

following equivalent conditions hold:
(i) M is pp-compact.

() M is injective over pure embeddings, that is, any diagram as follows can be

completed commutatively as shown:

+

i

e f
M

Proof.

(i) = (ii) Suppose that M is pp-compact. Let b be an enumeration of B. Let T be new

distinct variables indexed by the elements of b. Consider
®(7,) = {$(Ty,@) : ¢ is pp and B F ¢[b,d] where @ € A}.
Now, let

' (@) = {¢(W, f(a)) : ¢ € B}

We want to show that every finite subset of ® is satisfied in M. In order to
do this, it is sufficient to choose a single formula in ®" since @ is closed under

finite conjunctions.
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Let ¢ € .

BE b,
= BE (J0)[7,1
= Ak (30)y[7,3)
since A< Bandae A
=  ME ()Y, f(@)]

= ME J[c, f(@)] where ¢ e M.

So, @' is finitely satisfied in M. Therefore, ®' is satisfied in M, that is,
there is @ € M, indexed by b, such that M £ ®'[@]. Define f to be the map
which carries b to @ component-wise. Clearly, 7 extends f. Now, consider the

pp-formula vy + rvy = v3. So,

BI:bl-*-I‘bz:bg
= Up, + ITp, = Up, cd

= f(b1) +rf(b2) = F(bs).

Therefore, f is a homomorphism.

(ii) = (i) Suppose that M is injective over pure embeddings and that ® is a collection
of pp-formulas that is finitely satisfiable in M. Therefore, ® is consistent, so
there exists an elementary extension of M that realizes ®, say A. Elemen-

tary extensions are stronger than pure embeddings. Consider the following
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diagram:

| A

M

By pure-injectivity the identity lifts. Clearly, if b is a solution of ® in N, then

f(b) is a solution of ® in M. So, ® is satisfied in M. So, M is pp-compact.

O
- It is clear that injectives are pure injective.

Definition 1.123. A left R-module M is equationally compact if whenever T is a
system of linear equations over M which is finitely satisfiable in M (that is, every

finite subset of ¥ has a solution in M), then ¥ has a solution in M.

Definition 1.124. A compatible topology, T, on M is one that makes (M, 7) a

topological module.

Theorem 1.125 (W. Taylor. See [CH0G]). Let M be a left R-module. If M can
be equipped with a compatible, compact, Hausdorff topology then M is equationally

compact.

Theorem 1.126 ([Pre&§], Theorem 2.8, p. 28-29). A left R-module M is pure-

injective if one of the following equivalent conditions hold:

(i) every system of equations over M which is finitely satisfied in M actually has

a solution in M.

(ii) every partial pp-type in one variable over M which is finitely satisfied in M

is actually realized in M. .
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(i) if M is purely embedded in N then this embedding is split. In other words,
N=M& M for some M'.

- (w) ifaisin A, bisin M and pp(a@) C pp™(b) then there is a L-homomorphism
f:A— M with (@) =b.

Corollary 1.127. If a left R-module M has a compatible, compact Hausdorff topol-

ogy it is pp-compact.

Proof. Suppose M has a compatible, compact Hausdorff topology. So, by 1.125,
M is equationally compact. Now, by (i) of Theorem 1.126, equationally compact

~ modules are pure-injective. Therefore, M is pp-compact. O
Theorem 1.128. Any direct product of pure-injectives is pure-injective.

Proof. Let {M;},.; be a family left R-module that are pure-injective. Let f : C — B
be a pure-embedding and -g : C — M be a module homomorphism. Since M; is
pure-injective, there exists h; : C — M; such that h; o f = m; 09 = g;. Now, let
h = (hi)ier : C — M. So,

hof=(hi)icro f=(hio flict = (gi)ier = g-

So, M is pure-injective. O

Theorem 1.128 is inherently a categorical result and therefore can be extended to
any category with a “reasonable” concept of injectivity and a “reasonable” concept

of products.
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Theorem 1.129 (G. Sabbagh. See [Pre88], Corollary 2.24, p. 40). For any set
{M;},c; of modules,

@Mi = :”:MZ

iel i€l
Theorem 1.130 (E. Fisher. See [F1¢88], Corollary 2.26, p. 40). If M is ele-
mentarily equivalent to N then any pure embedding of M into N is an elementary

embedding.
So, an immediate corollary is

Corollary 1.131 ([Pre&8], Corollary 2.28, p. 41). For any set {Mi};c; of modules,
@ M; < H M;.
el i€l

Note. We will see in Chapter 4 that Corollary 1.131 cannot hold for topological

modules in general.



Chapter 2

Topological Model Theory

2.1 Preliminaries

Topological model theory is the study of topology from a model theoretic per-
spective. In Garavaglia’s 1978 paper the Model Theory of Topological Structures
[Gar78], Garavaglia provides a brief history of topological model theory. It appears
that the first results in topological model theory were discovered independently by
three different groups of mathematicians. In 1974, at the University of Wisconsin,
two Ph. D. students, McKee and Sgro, wrote their Ph. D. dissertations on topo-
logical model theory [McK74] [Sgr74]. In 1975, Garavaglia announced a series of
abstracts in the AMS Notices [(za175] of results obtained while working on his Ph.D.
thesis [Gar76] and later published in his 1978 paper Model Theory of Topological
Structures [Gar78]. Finally, in 1976, Ziegler published A language for topological
structures which satisfies a Lindstrom theorem [Zie76]. In 1980, Ziegler and Flum
published the first monograph on topological model theory [FZ&0]. Many of the

basic definitions and results from [FZ8&0] will be summarized or expanded on in

71
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this chapter. In addition, some of the results from Kucera’s 1986 paper Stability
theory for topological logic, with applications to topological modules [Kue$6] will be
summarized.

In this section, the formal language used to study topological structures, namely
Ly, will be introduced. The language L, is interesting since many topological con-
cepts can be expressed in £; and £; satisfies a compactness theorem, a completeness

theorem and a Lowenheim-Skolem theorem.

Definition 2.1. The language £, is the two-sorted language obtained by adding
to L a set of new distinct variables {V; : ¢ € N} and a binary symbol € with sorting
v; € V;. Variables of the first sort, namely {v; : ¢ € N}, are called individual vari-

ables and variables of the second sort, namely {V; : i € N}, are called set variables.

Terms and formulas of £, are defined as in Definitions 1.2-1.4. A structure for £,
consists of an L-structure M, a non-empty set 7, and a binary relation € on M x 7.
The intended interpretation for an element of the second sort is as a set of elements
of the first sort. First-order languages of this type have been used to study logics
which are inherently second-order. The study of topology using model theoretic
techniques uses this type of language since topology involves genuinely higher-order
concepts. The quantifiers (3X)¢ and (VX)¢ are intended to be interpreted as
“there exists a subset A of the universe such that ¢[A] holds” and “for every subset
A of the universe ¢[A] holds” respectively. (M, ) is called a weak structure for
Ly if @ # 17 C p(M). Weak structures are interpreted in £, by viewing € as set

membership.

Definition 2.2. Let (M, 7) be a weak structure for Ly, ¢(v1,...,vn, Vi,...,Vin) an
Lo-formula, @ = (as,...,a,) € M™ and A = (41,..., An) where 4; € 7. We define
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(M, T) Iy ¢la, A for Lo-formulas by extending the definition of E for £-formulas
inductively as follows:
(i) if ¢ is t € V; then
(M, 1) By ¢[a, 4] if tM(a@) € Aj;
(ii) (a) if ¢ is (3V;)y (T, V,V;), where i > m, then

(M, 1) Ey ¢[a, A] if there is a B € 7 such that (M, 1) E ¢[a, 4, B);

(b) if ¢ is (AV;)9 (7, V), where i < m, then

(M, 1) By pla, A] if there is a B € 7 such that

<M,’7’> |:2 1/1[5, Al, ‘e ,Ai_l,B,AZ‘_*.]_, .o ,Am]

If (M, 7) 2 ¢[@, A] then we say that (M, 1) satisfies ¢ at (G, A) and that ¢ is
true at (@, A) in (M, T).

Definition 2.3.
ext =(VX)(VY)(X =Y « (V2)(z€ X < z€Y)).

Any model (M, S, ¢) that satisfies ext can be interpreted as a weak structure

(M, T) by replacing S with 7 where 7 is defined as
{{aeM:(M,S eyFacs}:se S}

and € with €. Clearly (M, S,¢€) and (M, 7, €) are isomorphic. For the remainder
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of this work, all of the structures will be models of ext and will therefore, without

loss of generality, be weak structures.

Definition 2.4. Let M be an L-structure. (M, 7) is called a topological structure

if 7 is a topology on M.

In particular, a topological structure is a weak structure.
Let (M, 7) be a weak structure for Ls, ¢(v1,...,0n, Vi,..., V) an Lo-formula
and A = (Ai,...,An,) where A; € 7. We let ¢(M, A) denote the set of @ € M™

such that (M, ) F; ¢[a, A]. That is,
(M, A) ={ae M™: (M,7)E; ¢[a, A]} .

Definition 2.5. Two weak structures for Lo, (M, 7) and (N, o), are

Lo-elementarily equivalent, (M, 1) =5 (N, o), if for all Ly-sentences ¢:
<M7T> I:2 ¢<$ <N70-> i:2 (b
Definition 2.6.

bas =(Vz)(3X)(z € X)A |
(Vo) VX)(VY)[z e X Az eY) —

(FDx e ZANV2)|zeZ - (e X NzeY)]]].

Clearly,
(M, T) Ey bas < 7 is a base for a topology on M.
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If (M, ) is a topological structure then it is a weak model of bas. If (M, 7) is a
weak model for bas, we let 7 denote the topology on M generated by 7 as a basis.
So,

(M, T) Es bas & T is a topology on M.

Let (M, ) be a weak structure for £,. There does not exist a set of axioms ¥ in
L5 such that (M, ) F, ¥ & 7 is a topology on M, since this is inherently a second-
order concept over 7. However, bas is an axiom such that (M, 7) £, bas & 7 is a
basis for a topology on M. This observation suggests that concepts of topological
model theory should be chosen to be invariant with respect to the choice of the

basis.

Definition 2.7. Let ¢(v1,...,vn, Vi,..., V) an Lo-formula. ¢ is invariant for
topologies if for all weak models of bas (M,7), @ = (a1,...,a,) € M" and
A= (4,... , Am) where A; € 7 we have

(Mﬂ-) t:2 ¢[ﬁ7 Z] ~ (Maﬂ ‘:2 ¢[aa Z]

It is clear that ¢ is invariant for topologies if and only if for all topological

structures (M, 7) and any base o for 7

(Ma7—> |:2¢<:><M30.> t:2 Qb

Definition 2.8. Let (M, 7) be a topological structure. (M, ) is (k-)saturated if

7 has a basis o such that (M, o) is (k-)saturated as a two-sorted structure.

Theorem 2.9 ([FZ80], Lemma 1.18, p. 89). Let (M,T) be an N;-saturated topo-
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logical structure. Then T is closed under countable intersections.

Proof. Let o be a basis for 7 such that (M, o) is N;-saturated as a two-sorted

structure. Suppose that for i € Ry, U; € 7 and a € ﬂ U;. Choose neighbourhoods
i€Rp

A; € o with a € A; and A; CU,.

Consider

p={acX}U{Vylye X —yec Ai:ieR}.

Clearly, ¢ is finitely satisflable in ((M,a, Ao, A;,...), o). Hence, thereis an A € o

witha€ Aand AC A, CU; fori=0,1,2,.... So, ﬂ U; is open. O
1€Ng

Corollary 2.10. Let 7 be a Hausdorff topology on M such that (M, ) is R;-
saturated as a topological structure. If (M',7') is a countable subspace of (M, 1)

then 7' is the discrete topology on M.

Proof. Let 7 be a Hausdorff topology on M such that (M, 1) is Ni-saturated as
a two-sorted structure, and let (M',7') be a countable subspace of (M, 7). Since
(M, T) is Ry-saturated, by Theorem 2.9 7 is closed under countable intersections.
Since (M’,T') is a countable subspace of (M, 7), 7 is a Hausdorff topology on M’
and is closed under countable intersections of open sets. Now, for each z € M,
{z} is closed since 7 is a Hausdorff topology on M'. 7" is closed under countable
intersections of open sets, so it is closed under countable unions of closed sets. Since
M’ is countable and closed under countable unions of closed sets, for every z € M,
M\ {z} is closed. Therefore, for every z € M, {z} is open in 7. So, 7 is the

discrete topology on M. (|

Note. This corollary implies that substructures of topological structures will not, in

general, be subspaces.
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Theorem 2.11 ([FZ80], Lemma 2.2, p. 114). An X;-saturated topological group has

a basis at 0 consisting of subgroups.

Proof. Let o be a basis for 7 such that (M, o) is R;-saturated as a two-sorted
structure. Now, 7 is closed under countable intersections by theorem 2.9. Since
M is a topological group, for every U € o with 0 € U, we obtain a sequence
Up2 U1 2 -+ such that Us € 0, 0 € Us and Upyy = Ups CU; CU. So, (Ui is a
€W
subgroup of A and ﬂ U; eT. O
€W
Although this result is strong, it also demonstrates that it will be difficult to
exhibit explicit examples of saturated topological groups. However, using quantifier

elimination results, it is clear that the indiscrete topology and the discrete topology

are x-saturated if and only if the underlying group is k-saturated.

Definition 2.12. A topological group (M, 7) is locally pure if for every n > 0,
(VX)o(3Y)o(V2)(Fy)(nz € Y — (y € X A ny = nz))

holds in (M, 7).

Theorem 2.13 ([FZ80], Lemma 3.4, p.115). An R;-saturated locally pure group has

a basis at O consisting of pure subgroups.

Example 2.14. Consider the Euclidean topology on the additive group of rationals,
and an R;-saturated Lo-elementary extension (Q®),s) of (Q, Euc). The abelian
groups elementarily equivalent to the rationals are just the @ vector spaces. Any
linearly ordered group is locally pure (since nz € (—nb,nb) implies z € (—b,b)),

therefore, by Theorem 2.13, ¢ has a basis o at 0 of open, pure, subgroups. So,
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(Q™, 5g) has a countable Ly-elementary substructure (Q®), ¢"), where again o
is a basis at 0 for a topology consisting of open, pure subgroups. Notice that
Q",n < R, cannot have a non-discrete Hausdorff topology with a basis at 0 of open
pure subgroups; the pure subgroups are just the Q-subspaces. However, Q®0) does,

by letting o consist of all subspaces with finite co-dimension.

Definition 2.15. Let ¢ be an Ly-formula and let ¢ be an L-term. ¢ is in negation
normal form if ¢ is written using only the logical connectives =, V, A, V and 3 and
all the negation signs occur only in front of atomic formulas. ¢ is positive in X if
each free occurrence of X in the negation normal form of ¢ is of the form ¢t € X
and ¢ is negative in X if each free occurrence of X in the negation normal form of

@ is of the form —(t € X).

Note. If 9 is any Lo-formula, it is logically equivalent to a formula ¢ in negation
normal form. Furthermore, if ¢ and ¢  are both negation normal forms of 1, then )
is negative (positive) in X if and only if ¢ is negative (positive) in X, so negative
and positive are well-defined for Lo-formulas. It is also possible that an £,-formula

may not be positive nor negative in X

Lemma 2.16. Let ¢(v1,...,vn,V1,..., Vin, Vins1) be an Ly-formula, (M, 1) a weak
structure, @ = (a1,...,a,) € M™, A= (Ai,..., An) where A; € T for 1 < i < m+1.

Assume (M, 1) B, @[a, A, Ams1]. Then

1. If ¢ is positive in Vi1, then (M, 7) Ey ¢a, A, W] for any W € 7 such that
Am—i—l g w g M.

2. If ¢ is negative in Vipy1, then (M,T) Ey @[@, A, W] for any W € T such that
W CAni.
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Proof. This is easily proved by an induction on the complexity of Ly-formulas. [

Definition 2.17. The set of all £;-formulas is the smallest set W, containing the

atomic Lo-formulas and such that:
(i) if ¢ € W; then ~¢ € W,
(i) if ¢,9 € W then (¢ A) € Wy
(ili) if ¢ is in W then (Fv;)p € W,

(iv) if ¢ is an L-term, ¢ is in W; and ¢ is positive in V; then

(VW) € Vi — ¢) e Wy;

(v) if t is an L-term, ¢ is in W; and ¢ is negative in V; then

(FVi)(t € Vi A ¢) € W

Notation. If t is an L-term, ¢ is in W; and ¢ is positive in V; then we abbreviate
(VVi)(t € V; — ¢) as (VV;)z¢. Similarly, if ¢ is an L-term, ¢ is in W, and ¢ is negative
in V; then we abbreviate (3V;)(¢ € V; A¢) as (3V;):h. The intended interpretation of
(VV;)e¢ is “for every open neighbourhood U of t, ¢[U] holds” and the intended inter-
pretation of (3V;):4 is “there is an open neighbourhood U of ¢ such that ¢[U] holds”.
In addition, for an Li-formula ¢ we let ¢(v1,..., v, Vit, ..., ViT, Via ™, ..., Vin )

indicate that ¢ is positive in Vi,..., V] and negative in Vj,4,..., V,.

Definition 2.18. Let (M, 7) and (N, o) be weak models of bas. We relativize k,

= and = to L; as follows:
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Fi: for all Li-formulas ¢ if (M, 7) Fy ¢ then (M, 1) F; ¢;

=, if for all L;-sentences ¢,

(MaT> F:t¢¢><-/\/'70-> l:t(:b

then (M, 1) = (N, 0);

&, if 1 is an L-isomorphism from M to A and 7 is a homeomorphism from (M, 7)

to (N,7) then (M, 1) = (N, o).
Theorem 2.19 ([F'Z30)], Lemma 2.3, p. 6). Li-formulas are invariant for topologies.

Proof. This is proved by an induction on the complexity of £;-formulas.
Let (M, 7) be a weak model of bas.

We must show if ¢(v1,...,v, ViT,..., VT, Vi ™, ..., Vi) € Ly,
a=(ai,...,a,) € M®, A= (Ay,..., An) where A; € T, then

(M, 7) Fe ¢la, A] & (M, T) & ¢[a, A]. (2.1)

This proof is routine and it is provided, in part, in [FZ80] on page 6. Since the
cases dealing with set quantifiers illustrates weak-second-order techniques I will
provide part of the proof here. The part provided in [FZS0], is the case ¢ =
(3X)s, therefore, I provide the case ¢ = (VX)) where (2.1) holds for . First, set

ag = tM [’d]

= Assume (M,7) F; ¢[a@,A]. Let V' € 7 such that ag € V'. So, there is a

V € 7 such that ag € V C V' since 7 is a basis for 7. Since (M, 7) &, ¢[a, 4],
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(M, ) e la, A, V]. By the induction hypothesis, (M, 7) k, Y[a, A, V]. Since
¢ € Ly, 9 is positive in X. So, by Lemma 2.16, (M,7) F; 9[a, A, V'] since
V C V'. Since V' was arbitrary, (M, T) F; dla, Al

< Assume (M, 7) &, @[d, A]. Therefore, for all V € 7 such that ag € V we have
(M,T) B [, A, V]. In particular, this holds for all V € 7, where ay € V
since 7 € 7. Therefore, by the induction hypothesis (M, 7) E; ¥[a, 4, V].

Therefore, (M, 1) F; ¢[a, A].
O

Theorem 2.20 ([Gar78], [McK74]). An Lo-sentence is invariant for topologies if

and only if it is equivalent in Lo, for topological structures, to an L;-sentence.
Since £; is an ordinary first-order logic, we obtain the following two results.

Theorem 2.21 ( [Gar7S], Compactness Theorem for £;). Let T' be an L;-theory.
T is satisfiable if and only if T is finitely satisfiable, that is, every finite subset of

T is satisfiable.

Corollary 2.22. A set of L;-sentences that has arbitrary large finite models, has

an infinite model.

Theorem 2.23 ([F£30], Léwenheim-Skolem Theorem for £;). A countable set of
Ly-sentences that has a topological model has a countable model (M, 1), that is, M

s a countable L-structure and T is a topology on M with a countable basis.

Theorem 2.24 ([Ga78], [FZ&0]). Let f € L be an n-ary function symbol and let

R € L be an n-ary relation symbol. The following properties can be expressed in L;:
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(i) base, denoted bas.
(i) f is continuous, denoted conty.
(ii) f is open, denoted open;.
(tv) R is open, denoted openg.
(v) R is closed, denoted closedp.
(vi) Ty-space.
(vii) Tl—épace.
(viti) Hausdorff space, denoted haus.
(iz) regular space, denoted reg.
(z) discrete topology, denoted disc.
(zi) trivial topology, denoted triv.
Proof. (i)

bas =(Vz)(3X).(z = z) A (vVX)(VY).(32),

(Vz)(zeZ - (ze X ANz€eY)).
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(i)
conty =(Vz1) - (V) (VY ) p(a1,...00) X1 )2y - - (3 X0z
(Vo) (Vun)ln € Xa A~ Ayn € X = f(y1,. .., 9n) €Y.
(ii)
open; =(Vzry) - (V,)(VX1)s, - (VX)) 2w (3Y ) f(ar,zm) -
(Vy1) - (YY) [F@r, - Un) €Y = g1 € X1 A - Ay € X,
(iv)
openg =(Vz1) - - (V) (R(z1, . .., T,) —
(EXl)l'l cee (-:—]Xn)mn (Vyl) o (V)
((preXan - Ayn € Xn) — Ry, ... 7))
(v)

closedp = open_p.

83
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(vi)
(Vz)(vy)(z =y V (3X)m(y € X) V BY)y=(z € V).
(vii)
(V2)(Vy)(z = y V (3X)=(Y)y (= (y € X) A=(z € Y))).
(viii)

haus =(Vz)(Vy)(z = y vV (3X).(3Y),

(Vz)=(ze XVzeY).

reg =(Vz)(VX),(3Y),

(Vy)(y € XV (AW),(V2)(=(z € W) V = (2 € Y))).

disc = (Vz)(3X),(Vy)(y € X — y = x).

triv = (Vz) (VX))o (V) (y € X).



CHAPTER 2. TOPOLOGICAL MODEL THEORY 85

O

Note. It is worth emphasizing that ext is not an L-formula, but bas is an £;-

formula.

Theory (Theory of Topological Abelian Groups). Let £ = {4+, —,0}, where + is a
binary function, — is a unary function and 0 is a constant symbol. The theory of

topological abelian groups is:
The theory of abelian groups;

cont, ;
cont_.

Theory (Theory of Topological Unital Left R-Modules). Let R be a ring with
multiplicative identity 1. Let £ = {4+,—,0} U {r : 7 € R}, where + is a binary
function, 0 is a constant and r is a unary function symbol for each r € R. The

theory of topological left R-modules is:

The theory of topological abelian groups;
The theory of unital left R-modules;
Vr € R, cont,.

Example 2.25 ([F430], Corollary 3.5, 3.6, Exercise 3.7, p. 8). In [FZ30], Flum and
Ziegler show that the class of normal spaces and the class of connected spaces are not

axiomatizable by a sentence of £;. The explanation that the class of compact spaces
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are not axiomatizable by sentences of L; is left as an excercise. I have also included
that the class of locally compact spaces is not axiomatizable in £;. These are all
consequences of the Léwenheim-Skolem Theorem and the Compactness Theorem

for L£;. For instance,

(i) each countable regular space is normal, however, there exists uncountable

regular spaces that are not normal;

(ii) each connected and ordered topological field is isomorphic to the field of real

numbers, which is uncountable;

(iii) there exist arbitrarily large finite, discrete, compact spaces, however, an infi-

nite, discrete space is not compact;

(iv) each cbuntable, Hausdorff, locally compact abelian group is discrete, however,
there exist uncountable, Hausdorff, locally compact abelian groups that are
not discrete. Locally compact abelian groups are topological abelian groups
where 0 has a compact neighbourhood. LCA groups will be discussed in detail

in Chapter 4.

Another language we wish to consider in Chapter 4 is a language that is useful
for the study of topological structures where the topology is determined by the set
of neighbourhoods of some fixed point, namely, £,,. £, is the language associated

with monotone structures and, in particular, topological groups and modules.

Definition 2.26. Given a set A and a non-empty set v of subsets of A, v is a

monotone system if B € v and B C C C A imply that C € v.
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Given a set A and a non-empty set v of subsets of A, we let
p={C:BCCC A for some B € v}

denote the least monotone system containing v.

Definition 2.27. (M, v) is called a monotone L-structure if M is an L-structure

and v is a monotone system.

Definition 2.28. An L, sentence is called invariant for monotone structures, if for

any L-structure, (M, v), and any L, formula ¢ we have
M) Ed e (M, D) F ¢

Similarly to the treatment of L£;, when restricting to monotone structures and
Ly-sentences that are invariant for monotone structures, the compactness theorem

and the Léwenheim-Skolem Theorem hold.

Definition 2.29. The set of all £,,-formulas is the smallest set W, containing the

atomic Lo-formulas and such that:
(i) if ¢ € Wy, then =¢p € Wip;
(i) if ¢,1 € Wy, then (¢ A ) € Win;
(iii) if ¢ is in Wiy, then (Jv5)¢ € Wip;

(iv) if t is an L-term, ¢ is in W,,, and ¢ is positive in V; then

(YVi)p € Wh;
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(v) if t is an L-term, ¢ is in W, and ¢ is negative in V; then

(FVi)p € Win.

Proposition 2.30 ([FZ80], Lemma 8.5, p. 53). Every L,,-sentence is invariant for

monotone structures.

Theorem 2.31 ([(Z&0], Theorem 8.6, p. 53). Each Lo-sentence that is invariant

for monotone structures is equivalent to an L,,-sentence.

Theorem 2.32 ([FZ&0|, Theorem 8.7, p. 53). Let ® be a set of L,-sentences. If
we are restricted to the class of monotone structures that are models of ® then there
18 no logic stronger than L., that still satisfies the compactness theorem and the

Lowenheim-Skolem Theorem.

Let (M, 7) be a topological left R-module and let v, be the monotone system on
M consisting of the neighbourhoods of 0 in M. For any ¢ € £, there isa ¢ € L,

and for any 9 € £,, there is a ¢ € L; such that

/

M,T)Ee ¢ (M, 1) B @

and

!

(MaT) *:tw@ (M7VT) t:mzﬁ .

Theorem 2.33 ([FZ&0], Corollary 2.9, p. 117). The L,,-theory of the group of ra-
tionals with the Euclidean topology is aziomatized by ‘torsion-free, # {0}, divisible,

Hausdorff and locally pure”,
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Example 2.34. So, in fact, (Q, Euc) is L-equivalent to (R, Euc) and Q®0) with
the topology consisting of all Q-subspaces of finite co-dimension. Now, as abelian
groups, R = Q. In contrast, (R, Euc) is not a product of two of its subgroups.

Furthermore, topologically there are many topologies on Q(© that can be considered.

Example 2.35. Consider any algebraic embedding & of Q into Q®0). Let Q®0) be
equipped with the topology consisting of subspaces of finite co-dimension, o. Let
q € Q. There exists K such that £[Q] + K = Q®). K has co-dimension 1 so
it is open. So, €(q) + K is open. However, ((q) + K) N e[Q] = {q}. Therefore,
g[Q) is discrete. So, every finite dimensional subspace is discrete. However, every
infinite dimensional subspace carries the topology consisting of subpaces of finite

co-dimension. So, if K is an infinite dimensional subspace, then
(K,0 | K) 2, (Q®), 5).
Proposition 2.36. (Q™), ¢) can be written as the product of any finite number of

copies of itself if o is the topology consisting of subspaces of finite co-dimension.

Proof. Consider (Q®), 5) x (Q®), 5). A basic open set in the product topology is
H x K where H and K are both subspaces of finite co-dimension. However, H x K
is a subspace of Q®0) x Q®0) of finite co-dimension. So the product topology is the

topology consisting of subspaces of finite co-dimension. Furthermore,

Q®o) Qo) =~ Q(No).



CHAPTER 2. TOPOLOGICAL MODEL THEORY 90

Therefore, (Q®0), o) is not direct sum/direct product indecomposable.

Finally, we introduced the concept of a partial homeomorphism which was first
introduced by Flum and Ziegler in [FZ80]. This concept is used in order to replicate
a standard model theoretic technique, namely the “Back and Forth” argument, in
L. This technique will be used in Chapter 4.

Definition 2.37. p = (7°, p*, p?) is a partial homeomorphism from (M, 7) to (N, o)
if:
(i) pY is a partial isomorphism from M to N, that is, a one-to-one mapping with

dom(p®) C M and 7g(p°) C N and for each R€ L, f € L, @,b € dom(p°):

(a)
ME R@) & N E R(°@));

(b)
MEF f@)=be NE f(p°@) =0 (b);

(ii) p' and p? are relations p', p? C T x o satisfying:

(a) if (U, V) € p*, a € dom(p®) and a € U then p°(a) € V;

(b) if (U, V) € p?, b e rg(p°), say p°(a) =b, and b€ V then a € U.

Notation. If p and g are partial homeomorphisms from from (M, 7) to (N, o) we
write p C ¢ if p° C ¢, p' C ¢* and p* C ¢

Definition 2.38. Let (M, 7) and (N, o) be topological modules. (M, 1) and (N, o)
are partially homeomorphic, denoted (M, 1) ~F (N, o) if there exists a set of par-
tial homeomorphisms I from (M, T) to (N, o) with the following back and forth

properties:
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forth; : For p € I and a € M there is a ¢ €.1 with p C g and a € dom(gP).

forthy : For p € I, a € dom(p°) and U € 7 with a € U there are ¢ € I and V € o such
that p C ¢, p°(a) € V and Ug?V.

back; : Forp € I and b € N thereis a ¢ € I with p C g and b € rg(q°).

back, : For p € I, b € rg(p°), say p°(a) = b, and V € o with b € V there are g € I

and U € 7 such that p C ¢, a € U and Uqg'V.

Lemma 2.39 ([FFZ80], Lemma 4.6, p. 17). Partially homeomorphic structures are

Li-equivalent.

Lemma 2.40 ([F'Z80], Lemma 4.7, p. 17). Suppose that (M,T) and (N,c) are

Ng-saturated. Then
(M, 1) = (N, 0) = (M, 7) = (N, 0).

Theorem 2.41 (Ehrenfeucht-Fraissé Theorem, [F7Z80], Theorem 4.13, p. 21). Let

L be finite. For any two topological structures (M, 7) and (N, o),

M,7) = N, 0) & (M, 1) = (N, 0).



Chapter 3

Coproduct for Topological Modules

3.1 Topologies on the direct sum

A significant property of the direct sum is that it can be endowed with a topology
that makes it the coproduct in the category of topological modules. In [lig77],
Higgins explicitly described the coproduct topology on the direct sum for a special
case. In [Nic02], Nickolas expands upon the results of Higgins and provides a de-
tailed study and analysis of the coproduct topology. In addition, Nickolas provided
relationships between the coproduct topology and other natural topologies on the
direct sum. Many of the properties of the coproduct topology that are discussed

here came from an exercise found in [DPS80].

Notation. We will assume that R is a fixed ring with unity. If (M, 7) and (N, o)
are topological left R-modules then CHompg (M, N) is the set of continuous module
homomorphisms between (M, 7) and (N,o). We regard CHomg (M, N) as a sub-

space of (C(M, N), 7,) where 7, is the compact-open topology. Furthermore, we

92
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will also assume that (M;,7;);cr is a family of topological left R-modules, (H,7)
is an arbitrary topological left R-module and M = QBMz is the direct sum, and
M= H M; is the direct product in the category of rrzlegdules.
i€l

Theorem 3.1. CHomg (M, N) is a topological abelian group.
Proof. We first show that CHompg (M, N) is a subgroup of Homg (M, N). Let
f,g9 € CHompg (M, N). Now, since N is a topologiéal module — : N — N is
continuous. So, —f € CHompg (M, N) since the composition of continuous functions
is continuous. Now, (f,g) : M x M — N x N is continuous since f and g are
continuous. Furthermore, f + g = + o (f,g) is continuous since the composition
of continuous functions is continuous. Therefore, CHomg (M, N) is a subgroup of
Hompg (M, N).

Now, we want to show that CHompg (M, N) is a topological abelian group. Con-
sider — : CHomg (M, N) — CHompg (M, N). Let (K,U) be a basic open set of
CHompg (M, N). Now,

"'fe (KaU)
& (-HKICU
& fIK]C-U

& fe(K,-U).

However, —U is open since — is continuous on N. Therefore, — is continuous on
CHompg (M, N).

Consider + : CHompg (M, N) x CHomg (M, N) — CHompg (M, N).
Let f,g € CHompg (M, N). Let (K, U) be a basic open neighbourhood of f + g. Let
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zp € K.

f+ge(K,U)
& (f+9)KICU
= (f+9)(xo) €U

& f(2o) +9(z0) € U.

+ is continuous with respect to N, since N is a topological module. Therefore,
there exists open neighbourhoods of f(xg) and g(zg), say W and V respectively,
such that W+ V C U. So,

+({zo}, W), ({zo}, V)] C (K, ).

Therefore, + is continuous. ]

Theorem 3.2. Let S and T be rings with unity. If (M, T) is a topological R-S bi-
module and (N, o) is a topological R-T bimodule then CHomg (M, N) is a topological
T-S bimodule.

Proof. Let x € M and f € CHompg (M, N). For every s € S and t € T,

fs(z) = f(s(z)) = f(zs) and tf(z) = ¢(f(z)) = (f(2))¢.

‘Now, Homg (M, N) is a T-S bimodule. It is clear that CHomp (M, N) is a sub-
bimodule of Homg (M, N). We want to show that CHompg (M, N) is a topological
T-S bimodule.
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By Theorem 3.1, CHompg (M, N) is a topological abelian group.
Consider s € S. Let (K,U) be a basic open set of CHompg (M, N).

Since s is continuous on M, s[K] is compact. So, s is continuous on CHomp (M, N).

Consider t € T. Let (K,U) be a basic open set of CHomg (M, N).

tf e (K,U)
& tfIK]CU
& fIK] Ct7HU]

& fe(K,tHU)).

However, t~1[U] is open in N, since ¢ is continuous on N. So, t is continuous on
CHomg (M, N).
Hence, CHompg (M, N) is a topological T-S bimodule. O

Notation. Let (M, o) and (N, 7) be topological R-modules. Let CHomp (M, —) be
the category where objects are topological groiups of the form CHompg (M, A) where

(A,71) is any topological left R-module and the morphisms are continuous group
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homomorphisms of the form
CHompg (M, B) : CHomg (M, A) — CHompg (M, B)

where 5 : (A,n1) — (B, 72) is a continuous group homomorphism.
Let CHompg (—, N) be the category where objects are topological groups of the
form CHompg (A, N) where (A4,71) is any topological left R-module and the mor-

phisms are continuous group homomorphisms of the form
CHomp (a, N) : CHompg (A, N) — CHomg (B, N)

where o : (B, 73) — (A, 71) is a continuous group homomorphism.

Theorem 3.3. The set of topologies that make M a topological module forms a

complete lattice with respect to C.

Proof. Let T = {T;},.; be the set of all topologies that make M a topological
module partially ordered by inclusion. Let A C 7. Since arbitrary meets can be
expressed in terms of arbitrary joins, it is sufficient to show the existence of arbitrary
joins. If A = @, then \/ A is the indiscrete topology. If A # @ then let 7 be the
topology generated by | J A as a subbase. We want to show that —, r and + are

continuous with respect to 7. It suffices to test continuity on the subbase.

(i) It suffices to check that (—)™*[V] is open for every V in the subbase for 7. For
such a V, V € 7; for some ¢ € I. Since — is continuous with respect to 7;,

(—)7'[V] € T; C 7. Therefore, — is continuous with respect to 7.

(ii) It suffices to check that (r)~*[V] is open for every V in the subbase for 7. For
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such a V, V € T; for some ¢ € I. Since r is continuous with respect to 7;,

(r)71[V] € T; C 7. Therefore, r is continuous with respect to 7.

(iii) It suffices to check that (4+)![V] is open for every V in the subbase for 7. For
such a V, V € 7; for some ¢ € I. Since + is continuous with respect to 7;,
(+)71[V] is open with respect to the product topology on (M, 7;) x (M,T;).
So, (+)7[V] is open with respect to the product topology on (M, 7) x (M, T).

Hence, + is continuous with respect to 7.

So, 7 = \/ A. This is sufficient to show that 7 forms a complete lattice with respect

to C. O

Notice that the finest topology is the discrete topology and the coarsest topology
is the indiscrete topology. It is also worth noting that the meet of a family of module
topologies is not simply the intersection of these topologies since this intersection
does not form a module topology (even though it does form a topology).

In general, it is not the case that the set of Hausdorff topologies that make M a
topological module forms a complete lattice with respect to C since the indiscrete
topology is not Hausdorff. Furthermore, the intersection of two HausdorfT topologies
need not be Hausdorff. Consider, Z with the p-adic topology and Z with the g-
adic topology where p # ¢. Both of these topologies are Hausdorfl, however, the

intersection is the indiscrete topology which is not Hausdorff.

Definition 3.4. The coproduct topology, denoted Teoprod, is the supremum of all the

left R-module topologies on M such that for all 7 € I, €; is continuous.

Proposition 3.5. Teoproq 5 finer than the restriction of the box topology, Thex, to0

M.
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Proof. Clearly, for each i € I, &; : (M;, ;) — (M, Thex) is an embedding. O

Proposition 3.6. For every topological left R-module (H,T) and every family
fi + (M, 1) — (H,7) of module homomorphisms, the module homomorphism
f i (M, Tecoprod) — (H,T) defined by f = Zfl o m; 18 continuous if and only if
each f; is continuous. e

Proof. (=) If f is continuous with respect to Teopoa then f; = f o¢; is continuous

since ¢; is continuous.

(<) For each i € I and for each open neighbourhood V € 7,
e (fVD) = £ V] em,

due to the continuity of f;. Now, f~![r] is coarser than Teopod since it is a

topology on M that makes each €; continuous. Therefore f is continuous.

O

Proposition 3.7. Let (M, 71) be a topological module such that each €; is contin-
uous. If for every left R-module (H,7) and for every family of continuous module
homomorphisms f; : (M;, ;) — (H,T) the homomorphism f = Z fi o m; is contin-
uous, then T = Teoprod- !

Proof. In particular, for (H,7) = (M, Tcoprod), and for the family of continuous
maps &; : (M;, 1) — (M, Teoprod) We have idy = Zei o 7; is continuous. Therefore,
Teoprod & T1. Furthermore, 71 C Teoprod Since Tcop:;I is the finest topology such that

all £; are continuous. Therefore, 71 = Teoprod- O
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Corollary 3.8. If (M;, ;) is a family of topological left R-modules, then (M, Teoprod)

18 the coproduct in the category of topological left R-modules.

Theorem 3.9 ([Nic02], Theorem 3.3, p. 413). If I is countable, then Teoprod COIN-

cides with Thox.

Proof. By Proposition 3.7, it is enough to show that for an arbitrary left R-module
(H,7), if fi : (M, 7)) — (H,7) is continuous for each 7 € ®o then ), fiom; is
continuous with respect to the box topology on @ M;. '

1ENXp

Let U € N(H) and let

be open neighbourhoods of 0 in H such that U, ., + U,.; C U, for each n € Ry and

Uo-l-UogU. SO,

iUk cU
k=1

for each n € Ng.

This means that W = H £ U N M is an open neigboufhood of 0 with respect
€N
to the box topology. Take w € W. So, m;(w) = 0 for all but finitely many ¢ € I,

say, m;(w) # 0 for 73,...,1n. So,
N
O fiom)(w)e D> U, CU.
; —

Therefore, Z fi om; is continuous with respect to the box topology. Therefore,
€W
Thox = Tcoprod - k O
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However, the countability assumption in the preceding is essential, as shown by
Higgins in [Hig77].
In any topological left R-module, if V' is an open neighbourhood of 0, define

(1/2)V={z:2 €V and 2z € V}

and define (1/2™)V inductively as (1/2)((1/2"~1)V).
For z € V, (z/V) is the smallest 1/2" such that z € (1/27)(V). If 2 ¢ (1/2")(V)
for all n > 0 then (z/V) = 0.

Theorem 3.10 ([Hig77], Corollary, p. 157). If I is uncountable, each (M;, 7;) is
non-discrete, Hausdorff and for every i € I there is an open neighbourhood U; of 0
in M; such that every neighbourhood of O contains a set (1/2")U; for some n € N,

then Teoprod 48 Strictly finer than Thox.

In particular, (Q, Euc) is non-discrete, Hausdorff and there is an open neigh-
bourhood U of 0, namely (—1,1), such that every neighbourhood of 0 contains a
set (1/2™)U for some n € Ry. So, if I is uncountable then the coproduct topology
on QW is strictly finer than the box topology on Q).

Let (M;,7;) be topological left R-modules. Let V; € N(M;) for each i € I.
Define

U{Vitier) = {m €M :m(m) eV, foreach i € I, and Z(m(m)/v;) < 1}

iel

and

U= {U({Vi}ie;) : Vi € N(M;) for each i € I} .
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In [Kap4#], Kaplan showed that U forms a fundamental system of open neighour-
hoods of 0 for a group topology on M, called the asterisk topology and denoted 7.
There is the obvious relationship between the asterisk topology, the box topology

and the coproduct topology, namely,

Thox g T C Teoprod-

Theorem 3.11 ([Nic(2], Theorem 3.11, p. 418). Thex 18 equal to T, if and only if for
all but countably many indices i the following holds: for every open neighbourhood

U of M;, there exists an open neighbourhood V of 0 in M; such that

VC ﬁ(l/.?“)U.

Theorem 3.11 provides us with a condition for determining when the coproduct
topology is strictly finer than the box topology, namely, when the condition stated

fails.

Proposition 3.12. (M, Teoprod) 8 @ Hausdorff space if and only if each (M;,7;) is

a Hausdorff space.

Proof. (=) Suppose Teo—prod is Hausdorfl. Let ¢ € I and consider z,y € M; such
that z #y. If x # y then g;(x) # &;(y). So, there exists Uc, (), Ue,(y) € Teoprod
~ such that

' Ugi(z) N Uei(y) =d.

Clearly, &;7*(U,,(z)) and &} (Ue,(y)) are disjoint, 7;-open neighbourhoods of z

and y.
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Therefore, each 7; is Hausdorf.

(<) Suppose each 7; is Hausdorff. Let z,y € M such that = # y. So, there exists an
i such that m;(z) # m;(y). Since M; is Hausdorff there exists Uri(@)s Uri(v) € T
such that

Unit) N Uni) = 2.

Since Teoprod 18 finer than Tprod, €ach m; is continuous. Therefore, m‘l[Um(z)]
and 7; 7! [Up,(,)] are disjoint open neighbourhoods of z and y. Therefore, Toproq
is Hausdorff.

|
Proposition 3.13. (M, Teoprod) 18 discrete if and only if each (M;, 7;) is discrete.
Proof. Obvious. O
Proposition 3.14. M is dense in (M, Torod ) -

Proof. Let U be a non-empty member of the standard basis of M. So U is of the
form HUZ' where U; is open in M; for each i € I and U; = M; for all but finitely

iel
many 1 € I. Let o(i) = 0 for all i € I where U; = M; and let a(i) = a; for some

a; € U, for each i ¢ I. Therefore, € M N H U;. So, M is dense‘in (M, Toroq). O
iel

The following results are obtained from exercises on pages 66-69 of [DIPS90)].

Theorem 3.15 (Compare with Theorem 1.100).

a: Homg (H, M) — [ ] Homg (H, M;)
i€l
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defined by

a(f) = (m o fier

gives a topological isomorphism

o : CHomp (H,m — HCHomR (H, M;)

i€l
when the products are equipped with the product topology.

Proof.

(i) Let f € CHomp (H,—M—) Then
m; 0 f € CHompg (H, M;)
since m; € CHomp (T/[_, Mz) In Theorem 1.100 it was shown that

o : Homg (H,M) — HHomR (H, M;)

el

. . . A
is a group isomorphism. Therefore o is one-to-one. Now, let

(fidier € H CHompg (H, M;).

iel
Then
11 /: € CHomg (H,77),

i€l

since (M, Tproq) is the product topology. Therefore, o is onto.

103

I;e; CHompg (H, M;) is the product of {CHompg (H, M;)},.; in CHompg (H, —)
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with projections maps

pi : | [ CHomp (H, M;) — CHomp, (H, M;) .
1€l
Clearly,

CHompg (H,m;) =p; 0.

Since (M, Torod) 1S the product, o is a topological homomorphism.

We must show that o' is a open. Without loss of generality, let (K,U) be a basic
open set for CHompg (H,J\_/f), that is, K is compact in H and U is a member of the
standard basis for M. So, U = HUi where U; is open in M; and U; = M; for all
but finitely many 7 € I. Now, a ‘élerijvial calculation shows (f;)ier € o [(K, U)] if and
only if (fi)ier € [Lic;(K,U;). Now, (K,U;) = CHompg (H, M;) for all but finitely
many ¢ € I since U; = M; for all but finitely many i € I. Therefore o' [(K, U)] is
open in HCHomR (H, M;). Therefore, o' is open. O

i€l

Proposition 3.16 (Compare with Theorem 1.101).

8+ Homp (M, H) — [ [ Homy (143, H)
iel
defined by
B(f) = (f o &i)ier

restricts to a continuous isomorphism

B : CHomg (M, H) — [ ] CHomg (M;, H)

i€l
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when M is equipped with the coproduct topology and H Hompg (M;, H) is equipped
il
the product topology.

Proof. Let f € CHompg (M, H). Then
foe; € CHomg (M;, H)

since &; € CHomp (M;, M). Therefore, 8 (f) € HCHomR (M;, H). In Theorem
i€l
1.101 it was shown that

B+ Hompg (M, H) — | | Homg (M;, H)
i€l
is a group isomorphism. Therefore £ is one-to-one.
Let (f;)icr € H CHompg (M;, H). By Proposition 3.6

i€l

f= Zfz’ om; € CHompg (M, H)
i€l
and clearly 8'(f) = (fi)ier. Therefore, ' is onto.
H CHompg (M;, H) is the product of {CHompg (M;, H)},.; in CHomp (—, H) with

i€l
projection maps

Pi: HCHomR (MZ,H) -~ CHomR (M“H) .

i€l

Clearly,
CHompg (5, H) = p; 0 5.
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Since H CHomp, (M;, H) is the product, 8 is a continuous homomorphism. |

iel

Note that it is not claimed that G’ is a homeomorphism.

Proposition 3.17 (Compare with Theorem 1.102).

v : @ Homg (M;, H) — Homp, (M, H)

iel
defined by
V(Fidier) =D fiom

el

restricts to a continuous monomorphism

Y : @) CHomp (M;, H) — CHomg (M, H)

i€l

when M 1is equipped the product topology and @ CHompg (M, H) is equipped with
iel
the coproduct topology.

Proof. Let
(fidier € @ CHompg (M;, H).

iel
So, f; = 0 for all but finitely many ¢ € I. Therefore, Z fiom; is well defined.
iel
Furthermore, since the composition of continuous functions is continuous and a

finite sum of continuous maps is continuous,

> fiom; € CHomg (M, H).

i€l

In Theorem 1.102, it was shown that v is a group monomorphism, so 7 is a
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monomorphism.

@CHomR (M;, H) is the coproduct of {CHompg (M;, H)},_; in CHomg (—, H)
iel
with injection maps

¢; : CHomp (M;, H) — @) CHomp, (M;, H).
i€l
Clearly,
CHOITIR (7&', H) = ’}// O €;.
Since @ CHompg (M;, H) is the coproduct, ¥ is a continuous homomorphism. [
iel
Definition 3.18. Let H be a left R-module. H has the no small submodule property

if there exists a neighbourhood of 0 containing no non-trivial submodules of H.

For example, (Q, Euc) has the no small submodule property and (Z), To—adic)

does not have the no small submodule property.

Proposition 3.19. The monomorphism v is an isomorphism whenever H has the

no small submodule property.

Proof. Let f € CHomp (M—, H) and let U be a neighbourhood of 0 in H such that
U contains no nontrivial submodule of H. Since f is continuous, there exists an
open neighbourhood V of 0 in M such that f[V] C U. Without loss of generality,

there is a finite set F' C [ such that V = H V; where V; is open in M; for each i € T
i€l

and for ¢ ¢ F, V; = M;. So,
f

ITv:

i€l

cu
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Therefore,

[T 7i04) < T] {0}

i€I\F i€F

is & submodule of H and

IT siv) = JT{oy cw.

i€I\F i€F
Since U contains no nontrivial submodule of H, this submodule must be {0}. So,
f vanishes on all but finitely many submodules of M;. So, f € Im (7/) by Theorem
1.102. » O

3.2 T-Filters and coproduct of topological modules

In this section, the concept of T-filters introduced by Zelenyuk and Protasov in
[ZP50] is used in order to provide a description of the coproduct for topological
abelian groups. Many of the early results and notation can be found in Zelenyuk
and Protasov’s comprehensive book titled Topologies on Groups Determined by Se-
quences [PZ99]. I expand on the work of Zelenyuk and Protasov by considering
topological modules; that is, in addition to topological abelian groups, I also con-
sider a continuous scalar multiplication. A description of the coproduct for topo-
logical abelian groups was obtained by Higgins in [[1ig77], and was expanded upon
by Nicholas in [Nic02]. In this section, I obtain an alternative description of the co-
product for topological left R-modules and we obtain some of the previously known

results using only the concept of T-filters.

Definition 3.20. A filter F on a left R-module M is called a T-filter if there exists
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a Hausdorff module topology 7 on M in which F 5 0. Given any T-filter on a left
R-module M, we let Mr be the topological left R-module (M, 7) such that 7 is the

finest module topology in which F 5 0.

Let (M, T) be a topological left R-module and Fy be the collection of all neigh-
bourhoods of 0. Then Fy is clearly a T-filter and (M, 7) = My,. This means that
every module topology on M is determined by a T-filter. Moreover, consider any
filter F, such that Fy C F. It is clear that F is a T-filter and that 7 is contained

in the topology of the topological module M.

Notation. Let M be a left R-module. Let F be a family of non-empty subsets of M.
Now, for every F' € F, let F* = F U (—F) U {0} and for every F = (Fp,)pe, € F¥,
let F* = (F*)new. For every F = (Fy)pew € F2, let

O F)=JFo+ -+ Fu);

new

(i) S (F) = {Z(Yr‘*) Fe J-"“’}.

Furthermore, let F = (F )new € F* and let
FNF =(F NFE,FNF,..)eF

ﬂf=(FOaFOnFlaFOﬂFlmFQ,...)wa,

Let M be a left R-module and let F be a filter. Let F, F* € F* be such that
F C F, that is, F; C F) for each i € w. Then S(F) C Y (F) and NF C F.

Lemma 3.21 ([PZ99], Lemma 2.1.1). Let M be a left R-module. For every filter

F on M the following statements hold:
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(i) For every A,B € Y (F), there exists C € S_(F) such that C C AN B.
(i1) > (F) is a filter-base on M.
(1i3) 0 € A for every A € 3 (F).

(iv) A= —A for every A € Y (F).

(v) For every C € S (F), there exists A, B € S (F) such that A+ B C C.

Proof. (i) Let A, B € F* such that A= Y(A") and B = Y(B"). Let C,, = A,NB,
and let C = S2(C"). Since F is a filter C,, € F, so C € S(F) and C C AN B.
(ii) >°(F) is non-empty since F is non-empty. So, by (i), >_(F) is a filter-base on
M. (iii) and (iv) follow directly from the definitions. (v) Let C € F“ such that
C = Y(T"). Set A = 2((Chu)new) and B = Y((Churs)ncw). Then 4, B € 3(F)
and A+ BCC. O

Lemma 3.22 ([PZ59], Lemma 2.1.2). Let (M, T) be a topological left R-module and
F a filter on M that converges to zero in 7. Then for every neighbourhood U of

zero there exists V € ) (F) such that V C U.

Proof. Construct a set {V,.},,., of neighbourhoods of 0 such that V; € F, Vo+ W C
U, Vars + Va1 S Vo and V, = V" for all n € w. Put V = > ((Vi)new). Then
VCUandV e (F). O

Notation. Let M be a left R-module, let 2 be a collection of non-empty subsets of
M and define

RMa=]JJr A

r€ER AcU

Recall, r™*A={m e M :rm € A}.
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Theorem 3.23 (["Z99], Theorem 2.1.3). A filter on a left R-module M is a T-
filter if and only if Y _(F) = {0}. For every T-filter F, S_(F) forms a base of
neighbourhoods of O for a Hausdorff group topology and R~ (F) forms a base of

neighbourhoods at 0 for the topological R-module M.

Proof. Let F be a T-filter and 7 a Hausdorff module topology such that F = 0.
Since 7 is Hausdorff, by Lemma 3.22 Y (F) = {0}.

Now suppose that m Z(F) = {0}. By Lemma 3.21 and 1.67, > (F) is a base
of neighourhoods of 0 for some Hausdorff group topology o on M.

Now, in order for R™* Y F to be a module topology on M, for every r € R,
and for every B € R~ 3" (F), there must exist A € R™* Y (F) such that r4 C B.
So, let 7 € Rand B € R*3(F). So, B = s1Y(B") for some s € R and
S (B) € (F). Let A=7r"1B. So, A = (sr)"* 3(B"). Therefore, A € R~ Y (F)
and A C B. So, R™' 3" F forms a base of neighbourhoods at 0 for some Hausdorff
module topology o on M. By Lemma 3.22, ¢ is a topology on the left R-module
M. O

Now that I have introduced the concept of T-filters for topological left R-
modules, I am going to use it to obtain an alternative description of the coproduct
topology. This description of the coproduct topology is explicit and it requires less

work to obtain than the previous descriptions.

Notation. Let {M;},.; be a family of left R-modules and M = GBMz Clearly,
i€l

for every i € i, &;[N(M;)] is a filter-base on M. By Theorem 1.70, there exists a

filter on M generated &; [N (M;)]. We will let §; denote the filter on M generated
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Proposition 3.24. Let {(M;,7;)},c; be a family of topological left R-modules and

T be a topology on M. F; = 0 if and only if €; is continuous.

Proof. Suppose ¢; is continuous and let V' € N'(M). Therefore, ;*[V] € ;. So,
ele; V] €S

and

eler VI C V.

2

Therefore, §; — 0.
Now, suppose §; — 0 and V € N(M). So, there exists V' € &[N (M;)] such
that V' C V. Therefore, V' = ¢[U] for some U € 7; and glU] € V. So, g is

continuous. O

Theorem 3.25. Let {(M;, 7;)},c; be a family of topological left R-modules and let

T be a topology on M. ﬂ&} 50 if and only if &; is continuous for every i € I.
iel '
Proof. ()3 is a filter on M by Theorem 1.70 (i).
iel
Suppose ¢; is continuous for each ¢ € I and let V € N (M). By Proposition 3.24,
%, — Oforeachi e I. So, for each i € I there is an Fj € §; such that F; C V. Then

F = U F; € §; for each ¢ € I. Therefore, F' € ﬂ&. Moreover, FF C V. Therefore,

jel i€l
3 = o.
iel
Now, suppose ﬂ& 5 0. Clearly, §; = 0 for each ¢ € I. Therefore, by
i€l
Proposition 3.24, ¢; is continuous for each 7 € I. O

Let {(M;,7)},c; be a family of topologiéal left R-modules. (M, Tproa [ M) is
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a module topology that makes each €; continuous. So m&'i is a T-filter on M.
il
Therefore, there exists a finest topology on M in the set of topologies under which

ﬂ §; converges to 0.

il
Corollary 3.26. The finest topology on M under which ﬂ Si converges to 0 is the

iel
coproduct topology.

Proof. This follows directly’ from Theorem 3.25. O

Hence, the coproduct topology on the coproduct of a family: of topological
abelian groups is given by Z(ﬂ i), and the coproduct topology on the coproduct
of a family of topological left ];—er;odules is given by R™! Z(ﬂ §:). Using T-filters
it is possible to obtain an explicit description of a basis for tﬁzlcoproduct topology
on the coproduct of a family of topological abelian groups. This description was
originally obtained by Chasco and Dominguez through a different approach.

Let § = ﬂ& where §; is the filter on M generated by ;[NV'(M;)], that is,

i€l

§s = {F : there exists B € &;[N(M;)] such that B C F}.

So, F' € §; if and only if there exists 0 € U; € 7 such that F D &:|Us)-
Therefore, F' € § if and only if for all 4 € I, there exists 0 € U, € 7; such that

F 2 &[U;]. In particular, if 0 € U; € 7; for all ¢ € I, then

U elUi] € §

i€l

and the collection of all sets of this form is a base for the filter .
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Now let (U");< be any family with 0 € UP € 7; for all i € I and n € w. Let

F, = J=lUn.

il
So, F,, € § and

S =YX r= U Usirl

New n=1 New n=1iel

So, by simply relabeling

U2 Ustri=U U >ealtn)

New n=1 i€l New (i1,..,in)eIN n=1

where 0 € Ul € ;.

Therefore, by 3.23, I get the result by Chasco and Dominguez:

Proposition 3.27 ([CD03], Proposition 5). Let {(Gs,7:)};c; be a family of topolog-
ical abelian groups and

((Uin))nEw)ieI € HN(GZ)LU

Define
U(((U"new)ier) = U U ZEin(Uﬁ)-

New (41,0.,in)eIN n=1

Then the family
{U(((Uin)n@)iel) (U new)ier € HN(Mz)w}
i€l
is a neighbourhood basis at 0 for (G, Teoprod)-

It is possible to extend this result to topological R-modules. Let § = ﬂ R™'F;.
el
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So, F' € §; if and only if there emsts 0 € U; € 7; such that F' D ¢;[U;]. Therefore,
F € § if and only if for all 1 € I, there exists r € R and 0 € U; € 7; such that

F D r~1g[U;). In particular, if 0 € U; € 7; for all ¢ € I, then
U UT—lsi[U € %
reRiel

and the collection of all sets of this form is a base for the filter §.

Now let (U")75 be any family with 0 € Ui”é 7; foralli € I and n € w. Let

F,= U Ur"lez-[Uf].

reERiel

So, F,, € § and

SE=-US Rz U UUrem

New n=1 New n=1reRicl

So, by simply relabeling

USUUArn=UU U Sreamn)

New n=1recRiecl r€RNE€w (i1,...,ix)eIN n=1

where 0 € Ul € 7.

Therefore, by 3.23, 1 get the result:

Proposition 3.28. Let {(M;,7;)},.; be a family of topological R-modules and

((Ugl))new>ief € HN(M)

iel
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Define

U(( i nEu) ze] U U U Zr Ezn

T€ER NEw (31,...,iy)eIN n=1

Then the family

{U(((Ui” Incw)iet) : (UP)new)ier € [ [N (Mi)“’}

iel

is a neighbourhood basis at 0 for (M, Teoprod)-

116



Chapter 4

Pure-injectivity for Topological

Modules

4.1 Topologically Pure Extensions in Locally Com-
pact Abelian Groups

In Loth’s paper, On t-pure and almost pure ezact sequences of LCA groups [Lui06],
a definition of pure injectivity was provided for locally compact topological abelian
(LCA) groups. In this section, Loth’s results from [L.ct01] and [Lot06] are given in
order to provide a historical background and a point of contrast to our investigation
of pure injectivity. Additional information about LCA groups can be found in

Armacost’s book, The Structure of Locally Compact Abelian Groups [Arm8l].

Definition 4.1. Let (G, 7) be a topological abelian group. (G, 7) is locally compact

if 0 has a compact neighborhood.

117
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Let £ denote the class of Hausdorff locally compact abelian (LCA) groups with

continuous homomorphisms.

Example 4.2. (i) The groups Z,, Z, Q, Z,~ with the discrete topology. In fact,

all countable LCA groups are discrete [see [Arm&l], p. 7].

(ii) Z, with the p-adic topology is a compact Hausdorff group and hence a LCA

group.
(ili) The additive group R with the Euclidean topology.

(iv) The circle group T is the multiplicative group of all complex numbers 2z such
that |z| = 1, with the usual Euclidean topology. T may also be realized as the

additive group R/Z.

From this example, it is already clear that we will require a broader context for a
generalization of model theoretic concepts. In model theory, the Léwenheim-Skolem
Theorem states that every countable theory which is satisfiable, is satisfiable in a
countable structure. Since all countable LCA groups are discrete and discreteness
is expressible in £;, we are restricted to discrete infinite models. However, from a
topological perspective, we do not want to be restricted only to the discrete topology
since this topology does not provide us with any real topological insight. Moreover,
it was shown in Chapter 2 that local compactness is not axiomatizable in £; and,

hence, LCA groups are not axiomatizable in £;.

" Definition 4.3. Let (X,7) and (Y, o) be topological spaces. A continuous map

f:X —Y is proper if it is open onto its image.
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Note. Let (G,7) and (H, o) be a topological groups. If H is a subspace of G then
the inclusion map is proper. If G and H are LCA and f : G — H is proper then

the image of f must be closed in H since H is locally compact.
Proposition 4.4. Let (X, 1), (Y, 72) and (Z,73) be topological spaces.

(i) Let f: X — Y be proper. Then for all W CY, if f~1[W] is open in X, then
there exists a V open in 'Y such that W N f[X] =V N f[X].

(ii) Let f: X — Y be proper. If f is one-to-one and onto then f is a homeomor-

phism.

(ii3) If f: X — 'Y is one-to-one and continuous, then it is proper if and only if it

is an embedding.

(iv) Let f : X — Y and g:Y — Z be proper. If f is surjective or g is injective

then g o f is proper.

Proof. (i) Let f : X — Y be proper and let W C Y such that f~1[W] is open in
X. Since f is proper, there exists V in Y such that f[f~*[W]] = V' n f[X]. Also,
W N fIX] = flf ' [W]]. Therefore, W N f[X] =V N f[X]. (i), (iii), (iv) follow

directly from the definitions. O

Note. It is important to note that if f and g are proper g o f may not be proper.
Consider Z with the discrete topology, R with the Euclidean topology and T as
a subspace of C with the usual topology. Now, let f : Z — R be defined by
f(z) = v2z and g : R — T be defined by g(z) = €* = cosz + isinz. Clearly, f
and g are proper. Now, g o f[Z] is dense in T. Since T is not discrete, g o f cannot

be open onto its image. So, g o f is not proper.
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Definition 4.5. An exact sequence

[ 77395
Gl-a—1>G2i2+~--—ﬁ—l>Gn

in £ is proper ezact if each morphism o; is proper.

Definition 4.6. A proper short exact sequence
0-A5BELCc—0

in £ is called an extension 6f C by A.

Note. This is often referred to as an extension of A by C, however, I am following

Loth’s convention in [Lot{(].

Definition 4.7. A proper exact sequence 0 — A = B — C' — 0 in £ is t-pure if
alA] is a topologically pure subgroup of B, that is, if clg(na|A]) = clg(nB) N afA]

for every positive integer n.

In particular, by setting n = 1, we see that «[A] is closed in B. Also, this
definition of topological purity has some consequences with respect to topological

positive primitive formulas which will be introduced in Section 4.2.

Definition 4.8. A proper exact sequence 0 - A — B — C — 0in £ is topologically
pure if

0 — cla(nA) — clp(nB) — cle(nC) — 0

is proper exact for all positive integers n.
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Since this sequence is proper, the image of A is locally compact and is therefore
closed in B. Therefore, it is evident that a topologically pure exact sequence is
t-pure. In addition, Loth provides an example of a t-pure exact sequence that is

not topologically pure, namely, Example 3.5 on page 197 in [Lot01].

Definition 4.9. Let G € £. A homomorphism f : G — T is called a character of
G. The dual group of G, denoted G, is the collection of all continuous characters of
G, namely, GG = CHom (G, T). Furthermore, if G1,G2 € £ and f € CHom (G1, G2),
we define f* : Gy — G4 by f*(f2) = fao f for all f € Go.

Using standard techniques it can be shown that f* is a continuous homomor-

phism.

Proposition 4.10 (See [Aru$l], p. 8). Let G € £. If G is compact then G is

discrete and if G is discrete then G is compact.
The next theorem allows us to identify G with G and f with (f*)*.

Theorem 4.11 (Pontryagin Duality Theorem). For any G € £ and x € G define
¢a(f) = F(2) for all f € &. Then ¢, € CHomp (G 'I[‘) — & Themap®:G— G
defined by ®(z) = ¢, for all z € G is a topological isomorphism from G onto é’ .

Consider Z with the discrete topology, R with the discrete topology and T as a
subspace of C with the usual topology. Let f : Z — R be defined by the inclusion

2T — cos 2z + 4 sin 27,

map, f(z) = z and g : R — T be defined by g(z) = e
It is clear that f and g are continuous homomorphisms and that the sequence
0—ZLRL T 0is exact. From an algebraic perspective, the fact that this

sequence is exact seems counter-intuitive. That is, since Z and R both have the
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discrete topology, T should also have the discrete topology. However, the category
LCA is not an abelian category, so the topology on T is not uniquely determined
by exactness. Now, R is compact by 4.10 so the image of g* cannot be closed in
R since it is countably infinite. So, the image of ¢g* cannot equal the kernel of f*.
Therefore, the dual sequence 0 — T 2 R 5 7 — 0 cannot be exact. This fact

and the next theorem provides us with motivation for using proper maps.

Proposition 4.12 (See [Arin&1], Proposition 9.14, p.122). Let
065G % Gs—0

be a proper exact sequence in £. The the dual sequence
Oﬁég—aég;élHO

18 also a proper exact sequence in L.

Definition 4.13. An element z € G is said to be compact if x lies in some compact

subgroup of G. We write b(G) for the set of all compact elements of G.
Proposition 4.14. Let G be o LCA group.

(i) The identity subgroup is both pure and topologically pure.

(it) b(G) is both pure and topologically pure.

Proof. (i) is trivial. (ii) b(G) is pure since G/b(G) is torsion-free. That is, nb(G) =
nG Nb(G) for all n € w. Now, clg(nb(G)) = nb(G). So, the result follows. O
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Example 4.15 (See [l.oul}1], Example 2.4). An exact sequence that is pure need
not be topologically pure and an exact sequence that is topologically pure need not
be pure. Let p be prime and n a positive integer and let H be a densely divisible
LCA group (that is, it possesses a dense divisible subgroup), such that H/p"H # 0.
It is non-trivial to find such a group H, but such a group exists and was first given

in [I[<hatl]. Furthermore, there is a non-splitting extension
0—-H—-G—Z(p")—0

in £. This extension is topologically pure but is not pure. In addition, the dual
sequence

0—-Z(P) -G —H—0
is pure since His torsion-free, but not topologically pure.

Definition 4.16. Let G be a LCA group. G is t-pure injective in £ if for every
t-pure exact sequence 0 — A % B — C — 0 and continuous homomorphism

f : A — G there is a continuous homomorphism f : B — G such that foa = f.

Definition 4.17. Let G be a LCA group. G is a topological torsion group if

Gz{xEG: lim nlz=0%.

n—o0

If G € £ is a torsion group algebraically then each element has finite order, so
for each z € GG and for a sufficiently large n, nlz = 0. So, lim,_ nlz = 0 for each
x € G. Now, in order to capture this concept in the topological setting, we only

require a weaker condition, namely, that a group is torsion in the limit.
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Theorem 4.18 (Theorem 2.7, [L.oitd]). G is t-pure injective in £ implies G =
R* @ T™ @ G where n is a non-negative integer and m is cardinal and G is a

topological torsion group.

Definition 4.19. Let G € £. A closed subgroup H of G is t-pure in G if whenever
K is a closed subgroup of G such that K O H and K/H is compactly generated,
then H splits from K.

Theorem 4.20 (Khan, See [Axm&], p. 99). Let G € £ and let H be a closed

subgroup of G.
(i) If H is a topological direct summand of G then H is t-pure in G.
(it) If H is t-pure in G then H is pure in G.

It is worth noting that (i) of Theorem 4.20 is a (;haracteristic of ordinary algebraic
purity.

In [Lot0G] on page 800, Loth states that a t-pure exact sequence need not be
pure. This result contradicts Khan’s original 1973 result given in Theorem 4.20.
This contradiction occurs since Khan and Loth are unfortunately using different
definitions of “t-pure”. Loth continues to conduct research on t-pure sequences and
on LCA groups in general. Given the complexity of this subject matter, one can
hope that a survey paper will be written in the near future clearly connecting the
various definitions given for topological sequences and purity to their analogous

algebraic counterparts.
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4.2 Topological Positive Primitive Formulas

In this section, we present Garavaglia’s definition for topological positive primitive
formulas (tppfs) in the language L; first introduced in [Ciar76]. In addition, some

properties of tppfs are presented.

Notation. We will assume that R is a fixed ring with unity é,nd that £ is a fixed
language of abstract left R-modules. The theory of topological left R-modules,
Tmod, is the set of all £, sentences such that for each weak structure (M, o) of L,
(M, 0) Bt Tinoq if and only if (M, &) is a topological module. Since every topological
abelian group is homogeneous, we may restrict set quantifiers to neighbourhoods
of 0, namely, (3X), and (VX)o. For topological modules, an atomic formula is,
without loss of generality, either of the form ¢ = 0 or ¢ € V, where ¢ is some term
in the language of modules.

IfA=(As,...,An) where A; € 7, we let ¢[M, A] denote the set of @ € M™ such

that (M, 1) E; ¢[a, A]. That is,
d[M, A = {ae M™: (M,7)E, ola, A)} .
Itk < n and be M™* then we let
¢[M,b,A] = {@e M*: (M, 7) F ¢[a,b,4]} .
Furthermore, if ® is a set of formulas, then we let

O[M,A] = {g[M,4]: ¢ € &}
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Definition 4.21. A topological positive primitive formula, tppf, is a formula of £;
of the form Q; - - - @,¢ where ¢ is a conjunction of atomic formulas of £; and each

Q; is of the form (Fv) or (VV), for some variables v and V.

Notation. Suppose that (M,7) and (N,o) are topological modules such that
f : M — N is a continuous homomorphism. For notational convenience, if

a=(ai,...,a,) € M and A= (Ay,..., An) where each A; € o, we let

and

FHA = (FAL, - £ ARD).

Observe that since f is a continuous homomorphism each f~1[4;] € 7. Similarly, if
M C Nthenwelet ANM = (AiNM,...,An N M). Observe that if T = o [ M
then each AiNM eT.

Note. Any free set variables of a tppf occur only positively.

In [Kueks], Kucera expanded on the results of Garavaglia to show the following:

Corollary 4.22 ([Kucst], Corollary 3.7). Every formula of L; with only individual
variables free is equivalent in topological R-modules to a Boolean combination of

tppfs with only individual variables free.

This result is powerful since it gives us a model theory of topological modules
which is analogous to the standard model of modules. However, this result only
holds for formulas of £; with only individual variables free, that is, it does not give

any indication to as to what happens to formulas with free set variables.



CHAPTER 4. PURE-INJECTIVITY FOR TOPOLOGICAL MODULES 127

dorff topological modules with a topologically compact model. Then every tppf with
only indwidual variables free is equivalent in T to a tppf with no set quantifiers,

that s, to a pp-formula.

This is once again a powerful result since an immediate consequence is that if
(M, T) is compact, it has the same definable sets as M. However, once again,
this result only holds for formulas of £; with only individual variables free, that
is, it does not give any indication to as to what happens to formulas with free set

variables.

Lemma 4.24. Suppose that (M, T) and (N,c) are topological modules such that
f M — N is a continuous homomorphism. Then for all tppf ¢(@,V), for all
@=(a1,...,an) € M™ and for all A= (A, ..., An) where each A; € o,

(M, 1), ¢la, f Al = N, 0) Fe ¢lf (@), Al

Proof. This is proved by induction on the complexity of tppfs. Let ¢(,V) be a
tppf. Let @ = (ay,...,a,) € M and let A = (4;,...,A,) where each A; € 5. The
cases “¢ = (07, conjunction and existential quantification follow as they would in

ordinary modules. There are only two cases involving set variables to consider.
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(a) Suppose ¢(7,V) is t € V;. Then

(M, 7) F, dfa, fA])
= t"(@) e f'[A]
= f(t"(@) € 4
= tV(f(@) € A,
= (N,0) & ¢[f(a), Al.

(b) Suppose ¢ is (VW)op(7, V,W). Then

(M, 7) F gla, fHA]

= (M,7) Feyfa, f7[A],C]
forall Cwith0eCer

= (M,7)E o, f (AL F(B]]
for all Bwith0€ B € o,
(since f is continuous,
f7Y[B] is open in 7)

= (N,0) F ¢lf(@), 4, B]

forall Bwith0€ Beo

(by the induction hypothesis)

= <N’ U> *:t (ﬁ[f(?i),Z]

Therefore, the result follows by induction on the complexity of tppfs. |
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Corollary 4.25. If (M, ) is a subspace of (N,a) then for all tppf ¢(w,V), all
a=(a,...,a,) € M™ and all A = (A4, ..., An) where each A; € T,

(M, 1) B pla, AN M) = (N, o) F; ¢[a, A).

Proof. This follows directly from Lemma 4.24. O

Lemma 4.26. Let (M, ) be a topological module. Then for all tppf ¢(,V),
al@ = (a1,...,an) € M™, all A = (Ai,...,An) where each A; € 7 and all

B = (By,...B,,) where B; € T and A; C B;,

<M7T> I=t ¢[E’Z] = (Ma7—> I:t QS[E’ ]

Proof. The cases “t = (", conjunction and existential quantification follow as they
would in ordinary modules. There are only two cases involving set variables to

consider.

(a) Suppose ¢(7,V) is ¢ € V;. Then

<M>T> ’:t ¢[a’ Z]
= tM(a) € A;
= tM(@) e B;

= (M,T1)F, dla, B.
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(b) Suppose ¢ is (VIW)o1(w, V,W). Then

(M, 1) F; ¢la, A
= (M,7) B e, A, A
foral Aer
= (M,7) R Y[f(@), B, A]
forall Aer
(by the induction hypothesis)

= (M,7)F; ¢la, Bl.

Therefore, the result follows by induction on the complexity of tppfs. O

For the purposes of the following argument (Corollary 4.27), if ¢(7, V) is a tppf
define ¢~ (@) as follows: since ¢ is a tppf, it is the quantification of a conjunction
of atomic formulas. From this conjunction, we delete each component of the form

t(v) € V;, where V; is a free set variable.

Corollary 4.27. Let ¢(v,V) be a tppf. Then ¢ is satisfiable in (M, 1) if and only
if

(Ma T> l:t (ﬁ[ﬁ, ]

for somea € M™. Hence, ¢ is satisfiable in (M, T) if and only if the formula ¢~ is
satisfiable in (M, T).

Proof. Suppose that ¢(, V) is satisfiable in (M, 7). This implies that there exists
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= (aj,...,a,) € M™ and A = (Ay,...,A,) where A; € 7 such that

<M77—> i:t ¢[-d’ ]

So,

<Ma T) I=t ¢[E’ ]

since A; C M. Moreover, t(7) € M is vacuously true. The converse is vacuous.
Now, suppose that ¢~ is satisfiable in (M, 7). This implies that there exists

~a={(az,...,an) € M™ such that
(M, 1) F: ¢7[a].

Since t(v) € M is vacuously true, it follows that

(M, 7) B ¢la, M).

Therefore, ¢ is satisfiable in (M, 7). O

In terms of satisfiability, if ¢ is a tppf, without loss of generality it is possible to
consider ¢~. Furthermore, let ¢(7) be a a tppf with only individual variables free.
Let ¢(7,w,V) be obtained from ¢ by removing all of the outermost quantifiers.

Let ¢(7) be (3v)(VY )ogo and let () be (VY )o(I7)¢o. Clearly,

Fe (Va)[(@ — ¢) A (¢ — ).

Lemma 4.28 ([Gar73], Lemma 1, p. 28). Let (M, 7) be a topological module and
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suppose that T has a basis at O consisting of subgroups of M. Let Ay,..., A, C T
be open subgroups of M and let ¢p(vs, ..., v, V1,..., Vi) be a tppf. Then

(i) (M, 7) F ¢[0, Al;

(i) (M, T) F ¢[a, A] and M E §[b, A] = (M, 1) E ¢[a — b, A];
(itt) ¢[M, A1, ..., Ap] is a subgroup of M™.
Proof. Let 15 be a basis at 0 for 7 consisting of subgroups of M. Suppose that
dv1,. .00, Vi, ..., Vi) is a tppf, @,b € M™ and that A;... A, C 7T are open
subgroups of M. For (i) and (ii) we proceed by induction on the complexity of
tppfs. The cases “¢t = 07, conjunction and existential quantification follow as they

would in ordinary modules. There are only two cases involving set variables to

consider.

(i) (a) Suppose ¢ is t € Vi. ¢[0] is equivalent to (Fw)(RO + Sw) € V; or
(Fw)(Sw) € V;. Now, 0 € M™ and 0 = SO € V; since V; is a subgroup of
M. So, (M, ) E; $[0, A].

(b) Suppose ¢ is (VW )o9 (7, V,W). By the induction hypothesis,
(M, 1) F: [0, 4, B
for all B € 15. Since 79 is a basis at 0 for 7 we have
(M, 7) B %[0, A, C]

for all C € 7 with 0 € C. So, (M, 1) &, ¢[0, A].
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Therefore, the result follows by induction on the complexity of tppfs.

(i) (a) Suppose ¢ is t € V;. Now, if t"(a@) € A; and tM(b) € A; then
tM(@—b) = t"(@) — M) € 4;

since A; is a subgroup of M. So, (M, T) F; ¢[a — b, A].

(b) Suppose ¢ is (VW) (0, V, W), (M, 1) E; ¢[a, A] and M E, ¢[b, A]. So,
for every B € 7, (M, 1) F, ¥[a, A, B] and (M, 7) k&, ¢[b, A, B]. By the
induction hypothesis, (M, ) F; ¥[a — b, A, C] for every C € 7. Since 79
is a basis at 0 for 7 we have (M, )k, ¥[@ — b, A, B] forall 0 € B € 7.
Therefore, (M, 7) F; ¢[a — b, AJ.

So, the result follows by induction on the complexity of tppfs.
(ili) This follows directly from (i) and (ii).
O

Corollary 4.29. Let ¢(T) be a tppf with no set variables free. Then in any topo-
logical module (M, T), [M] is a subgroup of M.

Proof. This follows directly from Lemma 4.28, Theorem 2.11 and the fact that every

module has an R;-saturated elementary extension. (W

Although Corollary 4.29 provides a powerful algebraic result, it does not neces-

sarily provide us with any topological insight.

(i) ¢(7) = 0 defines a closed subgroup;

(ii) ¢(7) € V defines an open subgroup and therefore defines a closed subgroup;
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(ili) (VV)oo(T, V) defines an arbitrary intersection of subgroups, and the arbitrary

intersection of closed subgroups is a closed subgroup, but;

(iv) (3v)é(v,V) defines a projection of a subgroup, and projection maps are not

closed.

Therefore, it is not possible to draw any conclusions about the topological prop-

erties of the definable subgroups of M.

4.3 Definitions of Embedding for Topological Mod-
ules

Different definitions of elementary embeddings have been proposed to relativize < to
the language L;. In 1980, in [IF7&0], Flum and Ziegler introduced a concept of topo-
logical substructure and extension. Furthermore, they characterized L;-sentences
which were preserved under these extensions and substructures. Kucera [K1c36] in-
troduced a definition for the relation <; in 1986. Independently, Majewski [Maj47]
provided a different definition for the relation <;. In this section, we will consider
both of these definitions in addition to introducing some alternative definitions. In
adition, a concept of pure embedding will be introduced.

First we will consider the concept of an embedding in the two-sorted sense.
Suppose that (M, 7) and (N, o) are topological modules and f : (M, 7) =% (N, o).
Let me M and U € 7. Then m € U & f(m) € f(U). Now, if M C N then

meU&me fU).
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Thus, if f is the inclusion map (or if M C N), then U = f(U) N M. Therefore,
7 C o [ M. That is, 7 is coarser than the subspace topology induced by ¢. In
fact, it need not be the subspace topology. For instance, suppose that (M, 7) <q
(N,0), M is countable and o is Hausdorff and not discrete. Then 7 will not be
discrete. However, Corollary 2.10 states that if o is a Hausdorff topology on N such
that (A, 7) is R;-saturated as a topological structure and if (M, 7') is a countable
subspace of (N, o) then 7 is the discrete topology on M. Therefore, T will be strictly
coarser than o [ M. This implies that using a two-sorted elementary embedding is
not the best approach to studying the first-order relationships between topological
structures.

Next we consider the definition of topological purity given for LCA groups in

Chapter 4.1. That is, A is a topologically pure subgroup of B if
clg(nA) =clg(nB)N A

for every positive integer n. In any topological structure, if a set W is definable by

the £, formula ¢(v) then cl(W) is also a definable set. Consider the formula,
(VV)o((Fu)d(u) Au € V).

In fact, if our structure is a topological abelian group, and if a set W is definable

by a tppf #(v) then cl(W) is also definable by a tppf. Consider the formula,

(VV)o((Bu)d(u) A (u—v) € V).
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So, topological purity in this sense only requires that these closure formulas be
respected. Topological purity does not require that all tppfs be respected nor does
it require all ordinary pp-formulas to respected. Model theoretically, we would
expect the definition of purity for topological modules to be analogous to case of
purity for ordinary modules. Furthermore, purity for topological modules should

imply purity for ordinary modules.

Definition 4.30 (Compare with Definition 1.119). Suppose that (M, 7) and (N, o)

are topological modules such that M C N. We relativize <5 as follows:
[[Vucds] <o if for all ¢(v) € L; with only individual variables free, and for all @ =
(a1,...,a,) € M™,

(M, 1) Ey dla) < (N, 0) Fy ¢[a)

then (M, 1) <} (N, o).
[Maj&7] <¢: if 7 is a subspace of o, and if for all ¢(7) € L, with only individual variables
free, and for all @ = (ay,...,a,) € M",

M, 1), ¢la) & (N, 0) F ¢[a]

then (M, 1) <2 (N, o).

<3 if f 2 (M,7) — (N,0) is proper, and if for all ¢(7,V) € L, for all @ =
(a1,...,an) € M™ and for all A= (4;,...,A,,) where each 4; € 7,

<M>T> }zt ¢[aa fwl[z]] < <Na U) l:t ¢[f(a)’ ]



CHAPTER 4. PURE-INJECTIVITY FOR TOPOLOGICAL MODULES 137
then (M, 1) <3 (N, o).
Clearly, all three versions imply that M < N.
Lemma 4.31. Suppose that (M, 7) and (N,o) are topological modules.
(i) If (M, 1) <3 (N, 0) then (M, 1) <2 (N,0) and (M, 7) <} (N, 0).
(i) If (M, 7) <2 (N, 0) then (M, 1) <} (N, o).
Proof. This follows directly from the definitions. O
Lemma 4.32. Suppose that (A, T), (B,0) and (C,7) are topological modules.
(i) Forx=1,2 or 3 if (A,7) <f (B,0) then (A, 1) = (B, o).
(it) For«=1,2 or 3, (A, 1) <} (A4, 7).
(1) Forx=1,2 or3, if (A, 1) <} (B,0) and (B, ) <} (C,~) then (A, T) <¥ (C,7).
() If (A,7) <1 (C,7), (B,o) =i (C,7) and A C B then (A, 7) <! (B,0o).

(v) For + = 2 or 3, if (A, 7) <} (C,7), (B,o) <} (C,7), A C B and 7 is a

subspace of o then (A, 7) <} (B, o).
Proof. This follows directly from the definitions. O

Example 4.33. Recall the theory of (Q, Fuc) explored in Theorem 2.33, Example
2.34 and Example 2.35. In [F7%0], it is claimed in Exercise 2.10 on page 117 that
with respect to this theory, every Ln,-formula ¢(vs,...,vn, V4,. .., Vy) is equivalent
in £, to a quantifier free formula ¥ (v1,...,vn, Vi, ..., V;,) in the sense that for all

models (M, v) that are “torsion-free, # {0}, divisible, Hausdorff and locally pure”
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and where v is a monotone system, for any @ = (a4, ..., a,) € M™, and any divisible
y Y

subgroups A = (A1, ..., A,) where A; € vand M D A; D --- D A,,, we have
(M’V> Fm (¢ @b)[@,Z]

By this quantifier elimination result it is easy to see that (Q, Euc) <! (R, Euc)

and Q <? (R, Fuc) since Q <7 R and <! , <2 do not deal with free set variables.

At this point it becomes relevant to discuss the context we will be working in.
Considering f : M — N to be only a module homomorphism (as in <!) without any
topological restrictions is topologically uninteresting. Without free set parameters
(as for <?), it appears we would not be able to impose any topological conditions
by means of formulas and types. However, by Lemma 4.28, if (M, 7) is a topological
module and ¢(vy,...,v,) is a tppf with only individual variables free, then ¢[M] is
a subgroup of M™. This is analogous to Corollary 1.110 from Chapter 1.5. It is also
natural to impose the additional condition that M is a subspace of N. Furthermore,
if we allow for free set variables then Corollary 4.29 breaks down in general since
tppfs with set parameters need not define subgroups. It may be worthwhile to let
our set variables be open subgroups since this once again allows the tppfs to define
subgroups, however, we begin to lose some of the most basic examples, for instance,

the rationals or the reals with the standard Euclidean topology.

Definition 4.34. Suppose that (M, 7) and (N,o) are topological modules and
f: M — N is an embedding. We relativize < as follows: if for all tppf, ¢(%, V),
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for all @ = (ay,...,a,) € M™ and for all A= (Ay, ..., An,) where each 4; € o,

(M, 7) Fe ¢fa, f7HA]] & (N, 0) = ¢[f(a), 4]

then (M, 7) < (N, o).

Hence if (M, 7) is a subspace of (N, o) then (N, o) <} (N, 7) if and only if for

all tppfs ¢(v1, ..., 00, Vi, ..., Vi), we have

M, AN M) = ¢[N, AN M

where each A = (4,,... Ap) and each A; € o.

It is worth emphasizing that an embedding f : M — N is a topological em-
bedding, that is, f is a homeomorphism from M onto f[M]. This definition seems
ideal since it is analogous to the definition for ordinary modules; if A is open in ¢
then f~![A] is open in T since embeddings are continuous and Lemma 4.24 holds if
J is continuous. That is, if (M, 7) and (N, o) are topological modules, f : M — N
is continuous, ¢(vy, ..., vn, Vi,..., Vy) is a tppf then for all @ = (ay,...,a,) € M™

and for all A = (Ay,...,A,) where each 4; € o,

(M, 7) Fe ¢la, f Al = (N, o) & 6[f (@), A].
This is analogous to pp-formulas from Chapter 1.5. However, there is one immediate
drawback to this definition.

Theorem 4.35. Let M be a subspace of N and (M, 7N M) <F (N,7). Then M

is dense in N.
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Proof. Consider ¢ = (Jv)(v € V). Let U be a non-empty open set in N. So,

(Na T> i:t ¢[U]
So,
(M, TN M) E, ¢[U N M].
So, UN M is a non-empty open set in M. Therefore, M is dense in N. O

'This implies that if we allow free set parameters our concept of purity is probably
too strong since one of the main properties of purity for ordinary modules is that
it M is a direct summand of N then M is pure in A/. However, for topological
modules a direct summand will almost never be pure since direct summands are
closed and hence not dense. It is possible to circumvent this problem if we restrict

the open sets considered.

Theorem 4.36. Suppose that (M1, 71) and (Ms,T5) are topological modules. Let
a; € My, ay € My and suppose that A; x As is a basic open neighbourhood of 0 in
Torod- Let ¢(v, V) be a tppf then

(M x Ma, 71 X 1) Ft ¢[(a1, a), Ay X As)]

& (M, 1) F dlag, Ar] and (Ma, ) Bt ¢lag, A

Proof. Let ¢(v, V') be a tppf. Let a; € My, ay € M, and suppose that A; x A, is a
basic open neighbourhood of 0 in 7p.44.
This is proved by induction on the complexity of tppfs. The cases “¢ = 0” and

conjunction follow trivially, so the only cases to consider are t € V;, (YW )ot)(v, V, W)
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and (Jw)y(v,w, V).

(i) Suppose ¢(v,V) is t € V;. Then

(Ml X Mo, Ty X T2> F: ¢[(a1,a2),A1 X Az]
<~ tMIXM2((0,1, ag)) € Al X A2
& tMi(ay) € 4; and tM2 (ag) € Ay

& (M, 1) B dlar, Ai] and (My, ) Fy Blag, A

(ii) Suppose ¢ is (YW )otp(v, V,W). If A; x Aj is a basic open neighbourhood of
0 in Tproq then 0 € A; € 74y and 0 € Ay € 7». Furthermore, if 0 € 4; € 7 and

0 € Ay € 1y, then A; X A, is a basic open neighbourhood of 0 in Tprod-

(M1 x My, 71 X 12) Ft ¢[(a1, az), A1 X Ag]
& (Mi x My, 1y X 1) Fy (a1, az), A1 X Ag, By X By
for all By x By in the basis of 0 of Tyreq
& (M, 1) B Ylar, Aq, Bi] and (Mo, 72) B, ag, As, By
forall0€ By andforall 0 Byem,
(by the induction hypofhesis)

& (My, 1) F dlar, A1) and (My, ) By Blag, As).
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(iii) Suppose ¢ is (Fw)v(v, w, V).

(M1 x My, 1 X 13) Et Pl(ar, as), A1 X Ag)

& (M x My, 7y X 1) Fy (a1, a2),b, A1 X Ag]
for some b € M; x M,

& (M1 x My, 11 X 1) Fy ¢[(a1, a2), (b1, ba), Ay X Ay)
for some b; € M; and by € M,

& (M, 1) FYlag, by, Ad) and (Mo, 7o) B 9[ag, by, As)
for some b, € M; and by € M,
(by the induction hypothesis)

& (My, ) F plas, Ai] and (Ma, 1) B, @las, As).

‘Therefore, the result follows by induction on the complexity of tppfs. O

Corollary 4.37. Suppose that (M1, 71) and (My, ) are topological modules. Let
a=(ay,...,a,) € My, b= (by,...,b,) € My and suppose that Ay X By,. .., Ay X B,,

are basic open neighbourhoods of 0 in Tyreq. Let ¢(T,V) be a tppf then

<M1 X MQaTl X T2> i:t ¢[(a‘labl)a ey (a’nabn)aAl X B1> . ')Am X Bm]

= <M17 7—1> |:t ¢[C_I’1 A17 .. aATn] and <M277—2> ':t QS[E) B17 ey Bm]

Proof. This is a trivial generalization of Theorem 4.36. O

Theorem 4.38. Suppose that (M;,7;) and (N;, 0;) are Ro-saturated for each i € I.
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If (M;, 1) = (N;, 0;) for each i € I then
(M, Teoprod) =t (N, Tcoprod)-
Proof. By Lemma 2.40, since (M;, 7;) and (N, 0;) are Ro-saturated for each i € I,
(M, 73) =4 (Nyy 03) = (Mg, 73) o8 (N;, 00).

Therefore, there is a set of partial homeomorphisms S; from (M;, 7;) to (N, 0;) for
each ¢ € I satisfying forth;, forths, back; and backs. We let p; = (p?, p}, p?) denote
a typical element of S;. I use H S; to define a set T of partial homeomorphisms
from (M, Teoprod) t0 (' Gz

Define f as follows: for (p;)icr € [Lic; Si let f((pi)icz) = p = (0°, 0, p?) where

P’ = (& opf omMics;
= el

for k = 1,2. Clearly, the range of p° is a subset of N and 7° is one-to-one. In
addition, notice that if U; € 7; and V; € o; then H Ui € Teoprod and [ [, Vi € Ocoprod
iel
since the coproduct topology is finer than the box topology.

Now, define

Tzf{HSZ}.

el
It will now be shown that T is a set of partial homeorphisms from (M, Teoprod)

to <Ma Ucoprod>
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fOI‘thl :

for thg :

Let p = (°,p%p%) € T, say p° = (e oplonM)e; and a € M. So,
a; = n}(a) € M, for each i € I. There is a ¢; in S; with p; C ¢ and

7

a; € dom(qf) for each ¢ € I. Let ¢ = §((g;)ser). Clearly, p C ¢ and

a € dom(q°).

Let p = (0% p"0%) € T, say p° = (e opf o nMVics, a € dom(py) and

U € Teoprod With @ € U. So, a; = nM(a) € M;, a; € (eM)7[U] = U; and

back; :

backs :

a; € dom(p?) for each i € I. Therefore, for each i € I there is a g; € S; and
Vi € o such that p; C g;, pf(a;) € V; and (U, Vi) € ¢2. Let ¢ = §((¢:)ser)-
Clearly, p C gq. Consider, V = HV; € Ocoprod- Now, p°(a) = (p2(a;))ser €V
since pd(a;) € V;. Furthermore,ie(IU, V) e ¢, since (U, V;) € ¢ for each for

1€ I

Let p = (p°p",p%) € T, say p° = (e} opf o tM)ics and b € rg(p°), say
p°(a) = b. So, for each i € I, b; = 7](b) € N; and b; € rg(p?), since
p{(mi(a)) = b;. There is a ¢; € S; with p; C g; and b; € r9(q7), say b; = ¢2(c;)
for each i € I. Let ¢ = §((¢;)ser). Clearly, p C q and b € 7g(q°).

Let p= (o, p',p) € T, say 1° = (eff o pf o mM)icr, b € 7g(p°), say p°(a) = b,
V € 0coprod and b € V. So, for each i € I, b; = m)¥(b) € N; and b; € rg(1),
since p)(m;(a)) = b;. Therefore, for each i € I, there exists ¢; € S; and U; € ;
with p; € g;,0; € Us and (U;, V;) € gf where V; = (eN)71V]. Let ¢ = §((¢:)ser)-
Clearly, p C ¢q. Consider, U = HUZ' € Teoprod- Now, a € U. Furthermore,

(U, V) € ¢! since (U, V;) € g} for each i € I.

80, (M, Teoprod) =% (N, Ocoprod). However, partially homeomorphic’ structures

are Li-equivalent by Lemma 2.39, 50 (M, Teo—prod) =t (N, Tco—prod)- O
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Ideally, Theorem 4.38 would be true without the additional assumption that the
topological modules be Ro-saturated as two-sorted structures. In order to complete
the theorem, it would be enough to show that if (A, 7;) is a two-sorted elementary
substructure of an (IV;, 0;), where 7; and o; are suitably chosen bases for the topolo-
gies and (N, 0;) is No-saturated, then (M, Teoprod) =t (N, Ocoprod)- Furthermore, by
Theorem 2.41, if L is finite, then (M, Teoprod) =t (N, Tcoprod) Without the additional
assumption that the topological modules be Np-saturated. In particular, this result

holds for abelian groups.
Lemma 4.39. Let (M;,7;) be topological modules, @ = (a, ... ,ap) € M and let
A= (Ai,..., Ay) where each A; is a basic open neighbourhood of 0 in Tprod- Let

c€ M. Now, for eachi € I, let d; = m(c;) if mi{a;) # 0 for some j=1,...,n orif
mi[Ag] # M; for some k= 1,...m; otherwise, set d; = 0. Let d = (di)ser-

<m> Tprod) i:t Kb[ﬁ, c, Z] = <—M-a 7_prod> i.':15 1/)[67 d, —]

Proof. Let ¢(v,V) be a tppf. Let @ = (ay,...,a,) € M and let 4 = (A1, ..., Ap)
where each A; are basic open neighbourhoods of 0 in Tprod- L€t ¢ € M. Let d be
constructed as above.

This is proved by induction on the complexity of tppfs. The case for conjunction,
the case when ¢ is (Jw)¥ (v, w, V) and the case when ¢ is (YW)o(3, V, W) follow

trivially. So, the only cases we have to consider are when ¢(7, V) ist =0and t € V;.

(i) Suppose ¢(v,V) ist =0 and (M, Torod) Ft 6[@, ¢, A]. So,

R(ai...an,¢)+S(by,...,by) =0
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where by € M for k= 1...m. Now, if m(a;) = 0 for j = 1,...,n, then set

b;% = 0 for k = 1...m. Otherwise, set by, = m;(b) for k = 1...m. So, let

b, = (bg,)ier for k=1...m.
R(a;...an,d)+S(by,...,b ) =0

where b, € M for k = 1...m. Therefore, (M, Torod) E: 6[G, d, AJ.

(ii) Suppose ¢(7,V) is t € V;. Then

<~M—, Tprod) i=t QS[ZI'—, c, Z]
= t—M(a, C) € Aj

= t"Mi(m(ar),. .., mlan), mi(c)) € m[A;] for each i € I.
So, if m(a;) =0 for ¢ = 1,...,n and m[A;] = M; then

Otherwise,

So, tMi(m;(a), mi(d)) € mi[A;] for each i € I. Hence,

(m, 7'prod> F: Qb[a, d, —]
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Therefore, the result follows by induction on the complexity of tppfs. O
Here is a result analogous to Corollary 1.131 in Chapter 1.5.

Theorem 4.40. Let (M;, 7;) be topological modules and @ = (as,...,a,) € M and
let A = (Ay,...,A,) where each A; are basic open neighbourhoods of 0 in Typeq.
Then

<__M_a 7_prod TM) l:z‘, QS[&_; Z ﬂ _._M_] & <m; Tprod) }:t ¢[a, ]

Proof. Let ¢(v,V) be a tppf. Let @ = (a,...,a,) € M and let 4 = (A1,..., A)
where each A; are basic open neighbourhoods of 0 in 7,,.,4. We are considering M

as a subspace of M, therefore by Corollary 4.24,

So, we need to show that

<~/_\4—a 7—prod> |:t (]5[-(—1-, Z] = <_-A_/la Tprod f M> Izt ¢[5, Z N M]

This is proved by induction on the complexity of tppfs. The cases “¢ = 0” and
'conjunction follow directly from M <7 M. There are only three cases involving set

variables to consider.
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(i) Suppose ¢(v,V) ist € V;. Then

= tM(—d) € Aj
(since (tM(a@) = t*4(a))
= M@ eAnNM

= <M> Torod fM) }:t ¢[E,Zﬂ M]

(ii) Suppose ¢ is (YW)oyp(0,V,W). Since Tood | M is a subspace of Torod ON M,

for every U € Tprod; UNM € Tprod | M. Furthermore, for every U € Torod | M

?

there exists V € 7 such that U =V N M.

(M, Tyroa) F: 8[a, 4]

= (M, Torod) F: ¥[a, 4, A]
for all 0 € A € Tproa

= (M, Tood | M) F, [, ANM, AN M]
for all 0 € A € Tprod
(by the induction hypothesis)

= (M, Tyrod [ M) F; 9[a, AN M, B]
foral0e Ber [ M

= <M, Tprod F_M_> F ¢[E,ZQ_M__].
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(iii) Suppose ¢ is (Jw)y(T,w, V). Let (M, Tood) E: @[, A]. So, there exists c € M
such that (M, Tproa [ M) & 9[a, d, AN M]. Now, for each i € I, let d; = m;(c;)
if mi(a;) # 0 for some j = 1,...,n or if m;[Ay] # M; for some k = 1,...m;
otherwise, set d; = 0. Let d = (d;);es. Therefore, (M, Tpoa) F¢ (@, d, A] by

Lemma 4.39. Notice that d € M since d; # 0 for at most finitely many i € I.

<,_M, Tprod f M> ’:t ¢[7i, d; Z N M}
(by the induction hypothesis)

= <-A_/l.> Tprod f_M_) ':t ¢[E,Zﬂ M]

Therefore, the result follows by induction on the complexity of tppfs. O

Ideally, we would like to be able to prove the more general form of Theorem

4.40, namely:

Conjecture 4.41. Let (N, 7) be a topological module such that M is a dense sub-
module of N and M <{ N. Then

(M, M) < (N,7T).

The difficulty in proving this lies only with existential quantification of individual
variables and this part of the proof in Theorem 4.40 relies heavily on the relationship

between M and M.

Note. In general, we will not be able to obtain

<M_> Tcoprod) *;l- (Ma Tprod)
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for any version of <; since the coproduct topology is finer than the subspace topol-
ogy induced by 7yoq4. For instance, the product of an infinite number of discrete
modules each with more than one element is not discrete under the product topol-
ogy. However, the direct sum of an an infinite number of discrete modules each with
more than one element is discrete under the coproduct topology since the coproduct
topology is finer than the box topology. This will be one of the points in which our
theory differs from that of ordinary module theory since in ordinary module theory,

for any set {M;},.; of modules,

P M=t [[ M.

el iel

In fact,

P m<]] MZ

iel i€l
Flum and Ziegler were able to prove the following, however neglected to include

the No-saturated assumption. It is clearly required in their proof unless £ is finite.

Theorem 4.42 ([I"/30], Theorem 6.1, p. 32). Suppose that (M;,7;) and (N;,o;)
are Ro-saturated for each i € I. If (M;, 1) = (M;, o) for each i € I then

H(Mu Tz’) =¢ H(./\/;, 0'7;>.
il iel

Definition 4.43. Suppose that (M, 7) is a topological module. (M,7) is tpp-
compact if for some basis 7 of 7, if ® is a set of tppfs which is finitely satisfiable in

(M, 7o) then @ is satisfiable in (M, 7).

Definition 4.44. (M, 1) is injective over topological pure embeddings if any dia-
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gram of proper maps can be completed commutatively as shown:

(Ao T A" (5,0)

fJ’ J:///i—]?
(M, 7)

An interesting and useful model-theoretic concept of purity and pure-injectivity

would ideally satisfy the following:

pure embeddings.

The following arguments show the standard techniques for ordinary modules
and, in addition, explains why these techniques must break down for topolog-
ical modules. Suppose that (M, ) is tpp-compact, (4,0 [ A) <§ (B,o) and
[ (A,0) — (M,7) is an embedding. Now, we want to construct a proper map
f:(B,o) = (M, ). Using standard techniques it is possible to construct f so that
it is open onto its image: Let b be an enumeration of B and let U be an enumeration
of o. Let 7 and Vi correspond to b and 7 respectively.

Consider
O (@, Vo) = {¢(v5, @, Viy) : ¢ is tppf and B k= gb[ ,U] whereg € A} .

Now, let

@ Ub,VU {¢?)ba U)QbE@}

We want to show that every finite subset of @ is satisfied in (M, 7). In order to do
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. . . . . . . ! . . .
this, it is sufficient to consider a single formula in &' since ® is closed under finite
conjunctions.

Let o € ®.

(B,o) E[b,a,U)
= (B,o) F (Fv)y[v,q, U]
= (A0 A)E (F)[1,3,T N A
since (A,0NA) <* (B, o)
| UNA=f'[V]forsome V €1
= (M,7)E (Fo)[, f(a), V]

= (M,7) E [ f(a), V] where ¢ € M.

So, ®' is finitely satisfied in (M, 7). Therefore, ® is satisfied in (M, T), that is,
there are 1 € M and U € 7 such that (M,7) E ®[m,T]. Define F to be the
two-sorted map which carries b to 7 and U to —UJ component-wise. Now, consider

the tpp-formula v € V. So,
<B, 0'> FbelU = <M,7’> F:}E(bl) € 7((]1)

Let U € o and b € f[U]. So, there exists ¢ € U such that b = f(a). Therefore,
b= f(a) € F(U) where F(U) € 7. Thus, f[U] € F(U). So, f[U] = F(U) N F|B].
Therefore, f is open onto its image.

There are three main model theoretic problems in proving that f is continuous.

(i) Let U be an open neighbourhood of 7. If f is continuous, then 7_1[U l€o.
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(i)

Now, f~[U] € o | A since f is continuous. Therefore, U =U"NA for
some U € o. Therefore, 7—1[U] = U N A. However, there is nothing to

guarantee that U' N A is open in o, unless A € o.

Consider M , the completion of M. Since A is dense in B, by Theorem 1.67
there exists a unique map from B to M , Say f, such that the following diagram

commutes:

(4,0 1 4) (B, 0)
-
-7 |
. e
(M7 [ M) —— (M, 7)
That is, f = foy, fz?ouand fo,uzuof.
Now, from the proof of Theorem 1.67, it is possible to define fas follows: Let

b € B. Pick any filter F on B such that F — band A4 € F. Since 4 is dense

in B such a filter exists. Since F is a Cauchy filter in B so is its restriction
Fa={FCA:FeF}.

By Lemma 1.66, f o v[F4] is a Cauchy filter on M. Since M is complete,
lim f[F,] exists. Let

~

F(b) = lim f[Fy).

o~

Since f and f o v are continuous, f(lim F) = lim f[F] and f o v(lim F,) =
lim f o v[F,]. Furthermore, f is unique and f (z) = f(z) for all z € M.

The main hindrance to using this powerful result is that it is impossible to

formalize “lim” in £;. By definition, z is the limit of F, if for every open
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neighbourhood U of z, there exists F' € F such that U € F; and “for every

open neighbourhood U of z, U € F” is beyond the expressive power of L;.

(iii) Finally, consider & = tp*(B,7/A). Then f(®) is finitely satisfiable and there-
fore satisfiable in (M, 7). However, by Corollary 4.27, any set variables can
be realized by the open set M. Therefore, this does not provided any insight
into the construction of f. Furthermore, there is no reason to assume fis

continuous.

This implies there does not seem to be a natural way to force f to be continuous.
Now suppose that (M, ) is injective over topological pure embeddings. It is
clear that using the classical proof does not necessarily produce a continuous map.
Using the classical proof, let ® be a consistent system of equations over M. Then
there exists an elementary extension M’ of M such that ® has a solution. N ow, if

M < M’ then M <} M'. So, consider the following diagram:

MC "< /M/

fl e
ey

M

where f = 1. Since M is injective, there exists f : M' — M such that f | M = 1. -
So, if there is a solution b of ® in M then F(3) is a solution to ® in M. So, M is
pp-compact.

For topological modules the only concept of elementary extensions we have is
as two-sorted structures. However, it is unlikely that this sort of extension is a
topological extension since it has already been shown that if (M, ) and (N, o)

are topological modules such that (M, 7) <s (N,0), then 7 is coarser than the
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subspace topology induced by o. Furthermore, it would be difficult to obtain a

theory of elementary extension for topological modules without a concept of pure

embedding since elementary extensions are stronger than pure embeddings.

These ideas seem to carry over for any natural definition of injective over pure-

embeddings and tpp-compact.

4.4 Conclusion

In this thesis, the following results were obtained through my research:

(1)

(i)

An alternative approach, using T-filters, to construct Chasco and Dominguez’s
explicit description of the coproduct topology on the direct sum of topological
abelain groups. I have also expanded this result to topological left R-modules

in Proposition 3.28.

Let (M, T) be an N;-saturated topological structure. Using Flum and Ziegler’s
result that 7 is closer under intersections, I obtained Corollary 2.10; that is,
if 7 is hausdorff and (M’,7') is a countable subspace of (M,7) then 7 is

discrete.

Suppose that (M, 7) and (N, o) are topological modules such that f : M — N
is a continuous homomorphism. In order to obtain a concept of pure embed-
ding for topological modules that included set variables and that was anal-
ogous to the concept of pure embedding for modules, I first proved Lemma

4.24, namely, for all tppf ¢(v,V), for all @ = (ay,...,a,) € M™ and for all
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A= (A,,..., Ay,) where each 4; € o,
(M, 1) B gla, fTHA] = (N, 0) ¢ ¢lf (@), 4.

This became the foundation for my definition of pure embedding, namely,

(M, 1) <F (N, o) if

(M, 7) Fe ¢la, f[A]] & (N, 0) F; ¢1f(a), A].

Furthermore, I provided a comparison of my definition of pure embedding with
previously proposed definitions in Lemma 4.31 and Lemma 4.32. One of the
main restrictions of my definition of pure embedding was shown in Theorem
4.35; that is, if M be a subspace of N and (M, 7N M) < (N, 7) then M is
dense in N. This is a restriction since for ordinary modules if M is a direct
summand of A then M is pure in M. However, for topological modules a
direct summand will almost never be pure. I circumvented this problem by
restricting the open sets considered and obtained Theorem 4.36, Corollary
4.37, Lemma 4.39 and Theorem 4.40. Furthermore, I provided reasons as to

why, for any definition of purity, we will not be able to obtain that
<.M7 Tcoprod> '<1—:F <M, Tprod>
despite the fact that for ordinary modules

M<M.
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(iv)

Let (M;,7;) and (N;, 0;) be No-saturated for each i € I. Using a Back and
Forth argument and properties of the coproduct topology, I obtained Theorem

4.38 which states that if (M;, ;) =; (N;, 0;) for each i € I then

<Ma Tcoprod> =t <M) 0 coprod> .

Finally, T have shown that standard model theoretic techniques do not seem
apply when looking for a rich concept of pure injectivity for topological mod-
ules. Moreover, I have shown this for any reasonable definition of pure em-
bedding. This seems to imply that this is the wrong approach to take when
studying topological modules. Furthermore, if there is a concept of pure in-
jectivity for topological modules it will not be analogous to pure injectivity
for modules. At this moment in time, a model theoretic approach seems to
be the best approach since there does not appear to be any standard, simple
or insightful examples in order to provide guidance with this pursuit. For
topological modules, all we can claim is the existence of Ny-saturated mod-
els and even in classical model theory of modules, coming up with particular
No-saturated models is usually difficult. The recent discovery of a reasonable
definition of pure injectivity for LCA groups, namely t-pure injectivity, may
be the closest concept to pure injectivity for topological modules that is ob-
tainable. Furthermore, this concept seems analogous to the concept of pure
injectivity for modules. However, LCA groups are not axiomatizable in L;
and countable LCA groups are discrete, which implies that standard model

theoretic techniques do not apply anyways, unless we are restricted to the
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discrete topology.
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