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ABSTRACT

Compounding and generaiizing are the two well known techniques of forming more
complex probability distributions starting with elementary distributions. In the univariate
case extensive literature is available discussing these techniques and their applications.
Application of these procedures to the bivariate discrete distributions needs some
consideration, because not much work has been done in this area. The resultant
distributions in the bivariate case furn out to be more complex than in the univariate case.
In number of instances entirely new distributions are generated.

In this thesis two types of the bivariate Poisson-binomial distributions, namely,
bivariate Poisson distribution and Poisson-double binomial distribution are discussed.
Based on the probability generating functions of the these bivariate distributions, we find
various properties of the distributions including, joint probability function, marginal and
conditional distributions, various types of moments, and limiting distributions.

Three methods of estimation, namely, method of moments, zero-zero cell frequency
method and method of maximum likelihood, of the parameters involved are proposed and
studied in detail. Due to the complexity of the probability function, iteration procedures are
suggested. The asymptotic variances of the estimators along with their efficiencies are
examined. It is found that the zero-zero cell frequency method is more efficient as
compared to method of moments.

Having decided on the type of the estimates to be used, goodness-of-fit tests for
model building are done using simulated as well as the real life data of accidents sustained
by bus drivers. A probability distribution is preferable, if along with the theoretical
development, it has wide-spread application in real life. For the two distributions under

consideration it is found that indeed they do have real life applications.
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INTRODUCTION AND SUMMARY

Discrete distributions are an essential part of statistical theory and applications.
Elementary univariate discrete distributions such as binomial and Poisson are well-known,
More complex types of distributions can be obtained from the simple distributions in a
number of ways. One way is to consider random sums of independent random variables.
This procedure is referred to as a random sum process or generalization. The other way is
compounding, often referred to as mixing. In compounding the parameter of a probability
distribution is taken to be a random variable rather than as a fixed value. A detailed
discussion of these two techniques is given in Chatfield er al. (1973). Douglas (1970) and
Feller (1943, 1968) also describe these models in detail.

Consider the sum Sy =X;+...+Xy, where X's are independently identically
distributed random variables with probability generating function f(t) and N is a random
variable with probability generating function g(t), then the probability generating function
of Sy is g(f(t)).

The following examples illustrate this procedure: (i)} In animal trapping experiments
the size of a species is a random variable with the probability function g,. Let X
represents the outcome of a trapping experiment with X = 1 if an animal is trapped and zero
otherwise. Then under the assumption that P{X =1} =p and of independence, the
probability generating function of the number Sy of animals trapped is g(q + pt), where q

=1-p. (i) Let g, be the probability of an insect laying n eggs. Under different viability
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of eggs and independence, when the probability of survival of an egg is p, the probability
generating function of the number of eggs surviving in an egg mass of size n is (q + pt)“.
If the number of egg-masses under discussion has the Poisson distribution with parameter
A, then the probability generating function of the total number of eggs surviving is

exp[A{(q+pt)-1}]. This distribution is called the Poisson-binomial distribution. A

further generalization of this model yields the probability generating function as

exp[l{(q +pt)f - 1}] This model is discussed in detail in chapter 1.

These complex models in univariate case, where only one characteristic of the
population is taken into account, have been discussed extensively in the literature. In the
bivariate case, where two characteristics of the population are considered, there is much
room for new work. In this thesis an effort is made to produce some new distributions,
using the bivariate distributions available in literature. Bivariate (joint) binomial and double
(independent) binomial distributions are very familiar. Two extensions of the Poisson-
binomial to the bivariate case are possible. In one case the index parameter of a bivariate
binomial distribution is taken to be proportional to the Poisson random variable. In the
second case we consider a double binomial distribution, with index parameters each being
proportional to a Poisson random variable. Both models are discussed in this thesis.

A brief review of the Poisson-binomial distribution (univariate case) is given in
chapter 1. The chapter includes the basic model for the Poisson-binomial distribution,
properties of the distribution along with the estimation of the parameters. The efficiencies
of the estimators are also given.

Chapter 2 is the main building black of the whole thesis. In this chapter it is shown
how new distributions arise, when the compounding process is applied to different
distributions. Basically bivariate binomial and double binomial distributions are taken as
describing the nature of the population. When the index parameters are taken as random
variables (in our case having the Poisson distribution), completely different types of

distributions are obtained. Three types of possibilities are discussed in this chapter, which
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give rise to two distributions. One is the familiar bivariate Poisson distribution with a new
set of parameters and the other is the new distribution which is named as the Poisson-
double binomial distribution. Various properties of the two distributions including
probability generating function, probability function, marginal and conditional distributions
and different types of moments are given. Using the probability generating function,
difference equations are developed for the probability function. In addition to the usual
properties of the distribution, the limiting forms of the distribution are also discussed.

Estimation of the parameters of the two distributions developed in chapter 2 is the
object of chapter 3. One section is devoted to obtain estimators and their asymptotic
variances and covariances for the bivariate Poisson distribution. This work is unique in the
sense that it uses the set of parameters that is different from the set used already in
literature. The second section consists of estimation in case of Poisson-double binomial
distribution. Three methods of estimation, namely, method of moments, zero-zero cell
frequency method and method of maximum likelihood are employed to get estimators and
their variances and covariances. In the case of maximum likelihood estimation difference
equations are needed for determining the estimators. These equations are developed.
Tables and graphs of efficiencies are included.

Chapter 4 deals with the practical application of the two distributions with greater
emphasis on the Poisson-double binomial distribution. The estimation procedures are
exemplified by the use of simulated and real-life data. Tables of the estimates along with
their estimated standard errors are given. The adequacy of the model is tested using two
procedures for the goodness-of-fit.

Computational aspect of the problems studied are discussed in appendix. The
computer package S-Plus was used to write all of required algorithms. These S-Plus
programs cover simulation of the Poisson-double binomial distribution, probability
computations, numerical evaluation of the information matrix, iteration process to get
maximum likelihood estimates, computation of variance-covariance matrices of method of
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moments and method of zero-zero cell frequency estimators, computation of Z-statistic for

the probability generating function technique used in the goodness-of-fit.
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1

UNIVARIATE POISSON-BINOMIAL
DISTRIBUTION

1.1  Genesis

Two well known techniques of constructing discrete distributions are generalizing
and compounding. The generalized distribution is also called a stopped sum and a
compound is also referred to as a mixture. The univariate Poisson-binomial distribution
can be obtained in either of these two ways. These techniques are very different, but in
certain situations they give rise to the same distribution as in the case of univariate Poisson-
binomial distribution. Gurland (1957) describes the relationship between these models. In

Gurland's notation, let X; be a random variable with probability generating function (pgf)

G;(t) =[], (1.1.1)
where 6 is a given parameter. Let 8 be regarded as a random variable X, with pgf G,.
Then whatever be X,
XiaXy ~X,vX, (1.1.2)
where A stands for mixing and v stands for generalizing,

In the stopped sum procedure two independent distributions are combined in a
particular way. The principal model underlying these distributions can be thought as the
sum of the observations from the distribution y,, where the number of the observations in
the given summation is a random variable having the distribution V. Summation of the
observations from the distribution v, is randomly stopped by the value of the observation

having v, distribution. Consider a sequence of independent random variables

1



Y1,Y,,..., Yy with pgf G,(t) and size of the sequence N is random variable with pgf

G,(t), then the sum
SN = Yl + Y2+...+YN
is a random variable. The pgfof Sy is given by
E[tSN] = EN[E[tSN |N]]
= En[G,(1)]

= G{G,(1)), (1.1.3)
alternatively,
SN~ W V).

In the particular case of Poisson-binomial distribution

Poisson(}) v binomial(n, p).
For example consider n identical coins, with the probability of a head at a single
toss being p. These coins are tossed simultaneously N number of times, where N is a

Poisson random variable having mean A, with pgf G;(t). The pgf G,(t) of the numbers

of heads for each of N trials is (q + pt)n then the pgf for the total numbers of ﬁeads will be

G(G,(1)) = exp[—?n +A(q+pt)" ], (1.1.4)

where q = 1 - p. This distribution is also called Poisson-stopped binomial.

On the other hand the mixture model is defined as follows. Consider the binomial
distribution with the parameters nk and p. If we let k vary, while n and p are constant, then
depending on the probability distribution of k, the resulting distribution of the observed
number of heads will have a certain form. Let the distribution of k be Poisson with
parameter A. Then the resulting distribution of the number of heads will have the pgf

defined in (1.1.4). From here it can be seen easily that the Poisson-binomial distribution is
2



a superimposition of binomial distributions with different index parameters, each of which

has a Poisson distribution. In other words the mixed distribution is given by
binomial(nk, p)/k\ Poisson(}.)

or
mixed-binomial(kn,p) on k by Poisson(} ).
The probability generating function (pgf) is given by,

exp[z.{(q +pt) - 1}] (1.1.5)

It can be seen that (1.1.4) and (1.1.5) are identical.

The distribution in (1.1.5) has three parameters, namely A, n and p, which will be
represented by Poisson-binomial (A,n, p). The parameter A is a positive number, n is
positive integer and p lies between 0 and 1. As given in Douglas (1980) and Johnson et al.
(1992), when n = 2, Poisson-binomial distribution is equivalent to the Hermite

distribution.

1.2 Properties
Forn=1 the pgf in (1.1.5) reduces to that of the Poisson with parameter pA. The
distribution has a reproductive property which means that if X;,X,,...,X,, are

independently distributed Poisson-binomial (li,n,p), then their sum would also be a

m
Poisson-binomial with parameters (Z Apom, p].

i=1
Probability function
The probability function (pf) is obtained by expanding the pgf as

G(t)= exp[—l +M(q+ pt)“]

0 k
k A
= > (q+pt)*" exp(—-h)F.
k=0 :
As in Douglas (1980, p. 260), writing p=Aq" and p= B, the pgf will become
q

3




where the upper limit of summation for x is nk. Using the fact that binomial coefficient is
zero for x greater than nk, we can write the unrestricted summation. Now interchanging

the order of summation, we get

w { ® k
G(t) = exp(—k)xé} [kgo [I;kj %}th ,

where now k should be such that k > —)5. The coefficient of t* is
n

w2 5421

A recurrence relation among the probabilities, which is quite useful for numerical

evaluation, is also given by Douglas (1980). The form of the relationship is

_ Anp & (n-1)' s s v
P(X=x+1)= x+lsz{,sf(n—1—s)' pPP(X=x-5) (1.2.1)

forx =0,1, 2,..., and
P(X =0) = exp(—}, + ;\qn). (1.2.2)
Moments and cumulants
According to Johnson et al. (1992, p. 365), the cumulants of the Poisson-binomial
distribution can be obtained from the raw moments of the binomial distribution. The
simplest of all are the factorial cumulants. The factorial cumulant generating function (fcgf)
is

in G(t+1)=A(1+pt)" -4, (1.2.3)

4



which gives rise to factorial cumulants in the following form,

_ Ap'n!
S = (n—1)!

(1.2.4)

From this the cumulants can be found easily, using the relationship between factorial
cumulants and cumulants. An alternative way of finding cumulants is by using the

recurrence relation

oK
6pr +npK,, (1.2.5)

where k; = Anp. Using these cumulants the first four moments of the distribution are

Kpp = p(l - p)

= Anp
py =An’p® +Anpq

p3 = An’p? +3An?p2q + Anpg(l - 2p)
pg =An*p* +6an’p’q + Anp2g(7-11p) +
anpq(1 - 6pq) + 37&.2(112;)2 + npq)z,

where g =1 - p.

1.3 Limits and approximations of fcgf
Douglas (1980, p. 268) discusses the limiting and approximate forms of the
Poisson-binomial distribution. Two cases are of main interest:

(1) p—> 0: Suppose A and n are fixed, then the fcgf in (1.2.3) will become

-\ + 7&.(1 + npt + O(pz))
= Anpt + O(p2 ),
where O(pz) means the term of order zero. The above fcgf corresponds to a
Poisson(Anp) distribution. Also if n— oo in such a way that np is finite, then fegf will
become
1 n
A+ 7\{1 + npt ——) — —A + Aexp(npt),
n

5




which is fegf of the Neyman Type A (A, np) distribution.
(2) p— L: The fegfin (1.2.3) then becomes

A +A(1+1)",

which is the fcgf of the scaled Poisson (K) variate with Poisson(l) probabilities at 0, n,

2n, 3n,... instead of 0, 1, 2, 3,....

1.4 Estimation
The restriction that n should be a positive integer makes the estimation process a bit
difficult. However an alternative way of estimating parameters is to fix n and to estimate A
and p. The process is repeated for some specified values of n and a choice is made of that
set of values for n, p and A which gives the best fit based on a goodness-of-fit test.
Douglas (1980, chap. 5} discusses the simultaneous estimation of three parameters
and emphasizes that not all n values are possible for certain specified forms of this
distribution. Also no two dimensional sufficient estimators exist for this distribution.
Three techniques of estimation, namely the maximum likelihood, the method of
moments and zero cell frequency method are discussed by Douglas (1980) and Johnson ef
al. (1992). The efficiencies of method of moments and zero-zero cell frequency method as
compared to method of maximum likelihood are also computed.
Method of maximum likelihood
Given a random sample of N observations X;,X,,...,Xy from the Poisson-binomial
distribution, n being known, the maximum likelihood equations are given in the following
form in Sprott (1958)
N x
S
' (1.4.1)

i( +1)p

j=1 Px;

= Nnhp

}

6




where stj is P(X = xj) with A and p replaced by % and p. These equations in (1.4.1)

have to be solved iteratively. In this respect it is important to start with good initial
estimates. Usually the initial estimates are obtained from method of moments or zero-zero
cell frequency method.

To get the variances and covariance of maximum likelihood estimators, the

information matrix I is used. From the results given by Sprott (1958),

> xP(x) = Anp
and
> x*P(x) = Anp[L + (n - )p] + A%n’p?.

If' N is the sample size, then

Lo _y L {ap(x)]2

N P(x)| oA
_o2p 4 0+ (n-1)pq
9 na ’
Ly o 1 [op)T
N ZP(x)[ o ]
=n’A%A + n?{l -n+ l],
p
and
Ly > 1 fﬁP(x)][ﬁP(x)]
N “Px)| an || ap
= —nAgA +nq+p,
where
A =-1+Y F*(x)P(x)
and

P00 = Rop e



The determinant of the matrix (%) denoted by D;p is

D;p= n?{n+BJA—(n—1)2.
' q

Hence the first order asymptotic variances and covariance of the maximum likelihood

estimators are
Var(k) = 07%

— IPP
T N%D, .’
A.p

Var(p) = cg

__a
N°D, |’
and
Cov(k,p) =05
- -—I?\vp
N°D, |
Method of moments
For a given value of n the moment equations for A and p are given by
p— s -x
R
(‘_" x| (1.4.3)
X
np
2
N([x.—%
where s* = Z(J—)
=1 N-1
Solving the two equations in (1.4.3), the method of moments estimators of A and p
are



(1.4.4)

The first order generalized variance, i.e. the determinant of the variance covariance

matrix of the method of moments estimators is given by Sprott (1958) as

1
1‘14(1‘1 _ 1)2 7&21)4N2

[1+(n-1p]+20°Ap[1+(n~ I)p]3 — nzkzpz[i +3(n=1)p+(n—-1)(n-2)p ]2 }

{01+ 7(n - ) —2)p? + (n - 1)(n - 2)(n - 3)p’]

Zero cell frequency method
In this method the sample mean and the relative frequency in zero cell are used to

estimate the parameters. Two estimating equations are

X =nA'p’
fo , An (1.4.5)
N exp[—?x (1—(1 p') )]
Solving for p’,
X np'
= (1.4.6)
ln[ﬁ)—) (1-p)" -1
N
and
A=, (1.4.7)
np

where f is the relative frequency in zero cell from the observed data. Equation (1.4.6)
can be solved iteratively.

Variances and covariance of the estimators from the zero cell frequency method are
given in Douglas (1980, p. 285). Applying the Taylor series expansion method, the first

order variances and covariance are



p[np + P(O){l(l —q" )(1 +(n-1)p)- Z?an(E - q“) ~ np}]

Var(p') = )
NkznP(O)(i -q" - npq“_l)2
L M1+@-1p) 20 (1+(a-Dp)(1-q")-mp 2N
Var(M) = — -2 Var(p')},
ar( ) N{ np np 1__ qn _ npql‘l—l + p2 ar(p )
and
1)1 (t+(@=-Dp)1-9")-mp 2N
p)=—1-. ~ 22 Var(p') .

Cov{A',p') ~ {n EPO— , ar(p')

Efficiency

The performance of an estimator is evaluated on the basis of its efficiency as
compared to that of maximum likelihood estimator. Efficiency can be measured in two
ways: first is by comparing individual variances and covariances and second by comparing
generalized variances. Considering the three methods described earlier, Katti and Gurland
(1962} found that method of zero cell frequency is much more efficient than the method of
moments. Following are the tables of efficiencies (ratio of generalized variances) for the

two method of estimations. These tables are adapted from Johnson ef al. (1992).

Table 1.4.1 Efficiency of the Method of Moments for the Poisson-Binomial

Distribution
A
n p 0.1 { 0.3 | 0.5 | 1.0 [ 2.0
2 0.1 0.928 0.865 0.843 0.840 0.870
2 0.3 0.732 0.569 0.525 0.533 0.635
2 0.5 0.494 0.307 0.307 0.267 0.392
3 0.1 0.896 0.823 0.793 0.779 0.810
3 0.3 0.658 0.501 0.452 0.446 0.542
3 0.5 0.426 0.268 0.231 0.231 0.333
5 0.1 0.816 0.726 0.688 0.671 0.715
5 0.3 0.527 0.379 0.337 0.332 0.435
5 0.5 0.345 0.210 0.178 0.176 0.277
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Table 1.4.2 Efficiency of the Zero Cell Frequency Method for the Poisson-

binomial Distribution

A

o | p 01 | 03 | 05 | 1.0 [ 2.0

7 [ 0.1 | 0084 0.974 0.977 0.991 0.947
2 | 03| 0937 0.888 0.883 0.923 0.981
2 | 05| 0862 0.740 0.700 0.717 0.851
3 | 01| 0994 0.986 0.984 0.944 0.994
3 [ 03| 00968 0.930 0.918 0.935 0.974
3 [ 05| o089 0.798 0.763 0.765 0.850
5 o1 ] 0995 0.987 0.985 0.993 0.989
5 | 03| 00969 0.924 0.905 0.911 0.950
5 | 05| 0889 0.769 0.716 0.690 0.793

Figure 1.4.1 Efficiency Plot for Method of Moments

1.0

0.6 | [ | 1
0.0 0.5 1.0 1.5 2.0
lambda
+ — p=0.1, n=2
x — p=0.1, n=3

o —— p=0.1, n=5
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Figure 1.4.2 Efficiency Plot for Method

of Zero Cell Frequency
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In general it can be seen that efficiency of method of moments and zero cell
frequency method is high throughout the region 2<n <35, 0<A <2, 0<p<0.5. Also

for p<0.3 the efficiency is 90% or more. If A is not too large and p > 0.3, then

maximum likelihood estimation should be used. For any given A, efficiency tends to zero

as p approaches 1.
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2

BIVARIATE VERSIONS OF POISSON-BINOMIAL
DISTRIBUTION

2.1 Introduction

The univariate version of the Poisson-binofnial distribution has been discussed in
the first chapter. In the bivariate case a number of distributions can be obtained by mixing
or generalizing binomial and Poisson distributions. Basically three different cases are
considered in this chapter.
Case 1. bivariate binomial distribution with index parameter n having the Poisson

distribution.

Case 2: double binomial distribution with index parameters n; = n, = n.having the same

Poisson distribution.

Case 3. double binomial distribution with index parameters nk and n,k with n, = N,

and k having the Poisson distribution.

2.2 Case l

Let X, and X, be two random variables having bivariate binomial distribution

with the probability generating function (pgf)
n
ma(tistz) = (@192 + Pidaty + P2ty + pypatyty)". (2.2.1)

The distribution has three parameters namely p;, p, and n. Here q, =1 ~p; and
qz =1-p,. If nis not a constant, rather a random variable having Poisson distribution

with parameter A, and the pgf
(1) = exp[A(t - 1)], (2.2.2)
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then the pgf of the generalized distribution will be
n(tl,tz) = Tci(ﬂ:z(tl,tz))

= exP[*(‘le +P1daty + Padyts +PiPatits) - 7‘-]- (2.2.3)

The pgfin (2.2.3) can be written as
nty,ty) = CXP[K((CM% = 1)+ piaat; +poqyty + Plpztltz)]s (2.2.4)
which is equivalent to the pgf of the bivariate Poisson distribution, with the pgf
T (t1,t2) = exp[Ay(ty ~1) +A5(t; — 1) + A3 (tyt, 1)), (2.2.5)
where A;, A, and A, are the three parameters of the bivariate Poisson distribution.

Comparing the pgf5 in (2.2.4) and (2.2.5), we get the relationship among the parameters as

A =p1q.A
Ay =Dyt b (2.2.6)

A3 =pipsr
Marginal distributions

The marginal generating functions can be found from the joint pgf. For X set

t; =land t; =t in the joint pgfin (2.2.4). Hence the marginal pgf for X, is
gi(t)= eXP["((Ql% — 1)+ pyqat+paq; + Plpzt)]
= exp[A(0192 —1) +2Ap,q; + Mg, +pip2 )i,
since qiq; +paqy —1=~(piqz +pip2),
gi(t) = eXP["-(PI% +pip2)t—Mpia, + Plpz)]

= exp[Apy(t- 1))
which is the pgf of the Poisson variate with parameter Ap,. Similarly the marginal pgf of
X, 18
g2(t) = exp[Ap, (t - 1)},

14



which is Poisson pgf with parameter Ap,.
Probability function

Using the probability function for the bivariate Poisson distribution given in
Kocherlakota and Kocherlakota (1992, p. 92), and reparameterizing in terms of p,, p, and
A the probability function is

_y, min(r,s) pr+s-i ( )r—i( )s—i ( )i
£(r,s) = elB2 " Pdz2) (P29:) (P12
(ne)=e 2 @D - )il

or
min{r,s) ..r.s_s—i

r-i
fI',S = (‘11‘312‘1)7L PiP24; 92 }vr+s—-i. 2.9,
(ns)=e DI S AT (2.2.7)

Factorial moments and cumulants

The factorial moment generating function (fimgf) is given by

G(tl,tz) = exp[lp[tl + lpztz + A.pipztltz] (2.28)
t) t5
The (r,s)th factorial moment is the coefficient of —IT—?-'- in the expansion of fmgf in (2.2.8);
r!s!
that is,
min(r,s) ry's iy
s =PiP2 2 [.J(.JWS i, (2.2.9)
i=0 \IAl
In particular
M0 = Pir
Ho,1] = P22

M1} = P1P2 (K +12 ),
Hp2,0p = PN
Hlo2] = A*p3

M2l = plp%(ﬁ + 27“2)
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2,1 = P12P2(7~3 + 27&2)
22 = p]"p%(?»d’ +4) + 2?\,2).
Some of the higher order raw moments are

Hho = PN +pih
M2 = P3N + pak
Mh1 = PiPoA’ +2p7Po) + pipoh + pipo’
Hi2 = PipSA° +2pip3A” + ppok + pipoh
K22 = B2,2) T H2, HHi2 — B

Also
COV(XI ,Xz) = }vplpz .

On the other hand, the factorial cumulant generating function (fcgf) is

H(t;,t;) = InG(t),t,)
= Apity + Ap,yty + Apipatits, (2.2.10)
which implies that
K[1,0] = AD1s K[o,1] = Ap, and Ky = ADID2s
and all other factorial cumulants are zero.
Conditional distribution and regression
Using the results given in Kocherlakota and Kocherlakota (1992, p. 94), the

conditional pgf of X, given X, =x, is

my, (txz) = P00 (g, + pyt), 2.2.11)

which shows that the conditional distribution is the sum of the independent random

variables

16



X ~ Poisson(Ap,q; ) and Y ~ binomial(x,,p, ).

Hence the conditional expectation or regression of X, on X, is

E[X,Ix,]=E(X)+E(Y)
=Ap1q; + P1X,. (2.2.12)
While the conditional variance is
Var(X,[x,) = Var(X) + Var(Y)
=Apq, +P1qXz- (2.2.13)
Both the conditional expectation and variance are linear in x,.
Similarly, the conditional distribution of X, given X, =x; is the sum of

independent Poisson(?tpqu) and binomial(xl,pz). The conditional expectation and

variance are

E[X,I%; ] = Ap,q; +pox;, (2.2.14)

Var[X,|%; ] = Ap,q; + p2qox,. (2.2.15)
The correlation coefficient between X, and X, obtained as the square root of the product

of the two regression coefficients is

Px,x,=vP1P2-

It is interesting to note that the correlation is independent of A.

2.3 Case 2

Consider two random variables X, and X,, having double binomial distribution

with the pgf

ma(tta) = (a1 +piti) (a2 + paty)", (2.3.1)
where q; =1-p;; i =1, 2. In the pgf defined in (2.3.1) the index parameter and
probabilities of success for each variable are assumed to be constants. Let us now consider
the case when index parameter n is a random variable having the Poisson distribution with

parameter A and the pgf

17



my(t) = exp[A(t - 1)]. (2.3.2)
The resulting joint distribution of X; and X, will no longer be double binomial,

but will be a stopped sum distribution having pgf

T[(ti,tz) = exp[?\.{(ql + Pitl)(‘h + pztz) - 1}] (233)
In this case the pgf is equivalent to that of bivariate Poisson distribution. The

results developed in section (2.2) also apply to this case.

2.4 Case 3

Consider the double binomial distribution with the pgf (q; + pltl)ﬂ‘k(qz + pz’cz)nzk
. Let k be a random variable having the Poisson distribution with parameter A. The

resulting stopped sum distribution has the pgf

n(ty,ty) = exp[?»{(qi +p1t1)" (q +pata)™ - 1}] (2.4.1)

This distribution has been referred to as the Poisson-double binomial distribution. This
distribution has five parameters, namely n;, ny, p;, p, and A, with n;, n, being
integers, A >0 and 0 <p;,p, <1.
Marginal Distributions

The marginal generating functions are obtained by using the joint pgf (2.4.1).

These are
(1) = exp[l{(ql +pit)” — 1}]

. (2.4.2)
T, (t) = exp[k{(qz +pyt)™ ~ 1}

Equation (2.4.2) shows that the marginal distributions are Poisson-binomial, i.e.
X ~ Poisson-binomial (A,n,p,)
X, ~ Poisson-binomial (A,n,,p,).
Probability function
The probability function (pf) can be obtained from the pgf by expanding it in

powers of t; and t,. Due to the complex nature of the pgf it is not possible to give an

18



explicit form for the pf. However we will develop recurrence relationships which can be
exploited to determine the probabilities in specific instances.
Form I Let
Tp, = (a1 +pit))"
R,, =(qz +paty)™
The pgfin (2.4.1) can be written in terms of T, and R, as

n(ty,ty) = exp[k(Tannz - 1)] (2.4.3)
Differentiating T, rtimes with respect to (w.r.t.) t;, we get

d'T,  n!
dtlr (ﬂl -7

T pi(a +pity)" 7, (2.4.4)
while differentiating R, s times w.r.t. t;, we get

dsan Ilz!

e P p3(az +pat2)" " (2.4.5)
In what follows we will write
ﬂ(r’s)(t;at2)= at:;:s m{ty,ts )
198
Using this notation
(A exp[K(Tnl R,, - I)JKannlplTn]_l . (2.4.6)

Let 1 =m(t;,t;), so that the equation in (2.4.6) can be written as

T[(]'O)(t],t?_): ?\.nlp[Tnl_;anﬂ:. (2.4.7)
Hence the rth differential coefficient of m w.r.t. t; for r>1 is given by

r—1

0
ati__l (lnlplTni_anz T[),

n(r’o)(tl ,tz) =

which, upon using Leibnitz's theorem, yields
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r-1 -1
=1, t,) =AnpiR, T [f }I(r-l—zﬁ)(t;,tz )

z=0\ 2
n -1} i
'(E(li—i_lz‘)',Pf(QWP;ti)n‘ S}

Rearranging the order of summation on the right hand side

(.0) _ o (=Y -i0)
w7 t,t) anzjé(j—_w (ti,t2)
m !

(_nl——j)—lp{(ql +pty) 7,

rz1. (2.4.8)

Since the (r,s)th differential coefficient of = is given by
S
TC(r’s)(tI , tz) _ Eta_g__ﬂ:(r,o)(tl stZ)s
2

from (2.4 8) we have

() . (r=-1)1 n!
TC t 5t el l . . -
(tt) jgi;—l)!(r—J)I(ﬂl—J

s (s : k
> ( Jn("”s‘k)(tl,tz)%an, r>1s>0.
k=o\K dt;

I pl(a, +pity )™

But
dx n, ! -
E}E—Rﬂz =(?2i-_k)‘lp§(‘12 +paty) 7,
and hence
(r,5) L (r—-l)!s!nllnz! ik
n t,th)=A - - ; pip
(t1:t2) Jglgo(j—1)1(r—J)!k!(s—k)!(nl = j){(ny — k)" 12
(a) +Plt1)n1_j(Q2 +Pats )nz ‘kn(r—j’s_k)(tlstz):
rxz1s=>0. (2.4.9)
Thus
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1 (1.s) AL S, ﬂl! j n,-j Hz!
— a9 t,t,) =2 L -i__ D
s (tt) PIPIN) rASIR ) (n; - K)Ik!
k n, -k ] (r-js—Kk)
p3(q2 +pat2)™ _—(r—j)!(s—k)!n (ty,t2),

r21,s20. (2.4.10)
Setting fl =0 and t, =0 in (2.4.10), the recurrence relationship for the probability

function can be obtained as

f(r,s) = —Z Zﬁ)(nl, )o(ng, K)f(r-js—k), r>1s>0, (2.4.11)
} =1k=0

where b( , ) is the binomial probability with the specified parameters. Similarly,

differentiating the pgfin (2.4.3) w.r.t. t, once, gives

n@D(t,,) = An,p,T, Ry, (2.4.12)

and hence, for s> 1

7®9(t,,t,) = o i[knzpzTElR _ln] (2.4.13)

s=1fs—1 1 n, —1)! -z
=Anyp, Ty, Z( z ]"(0’5 1 z)(tlstz)('(L‘_‘)ZTpg(% +Paty)™ 1

220 n; —1

s, (s=1! n,! -k _(0.5-k)
= AT +p,ty) ty,t
n, g;(s )ik 1)'( ) Pz(‘h P2 2) ( 2)
s21. (2.4.14)
Hence
r s
f(r,s) = A Y. > kb(ny, j)b(ny, K)f(r—js~k), r>0,s>1. (2.4.15)
§ j=0k=1
Form 2: Let
T o, —§ §5—
o2 e G410
where T =(q; +p;t;) and R =(q, + p,t,). Writing 6, = —% 9, P%%,we have
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(o) =3 k n! r-jns—k
R o5 e T vt % TaRe. Q417D

It can be seen that
| URY =U=AT, R,,. (2.4.18)

The second recurrence relationship for the pgf is obtained by using the first form
given in (2.4.10) and substituting the terms defined above in the right hand side of (2.4.10)

as below

s S)(t},tz) AT —1)! n,!

n, n (1 i
r's' r 21?30( j)!(j—i)!(nz—k)!k!p‘plzc

ﬂ:(r—j’s—k) (tl H 1:2 ),

(@ +prt1) (a2 +pata) ™ (T—J)_'l(s:k_)'

which can again be written as

(r.5) _-nerl SR (nl_l)[ n,! j-1nk
— "t t, ) = - 8i7'e
rls! () o (m = )G -1 (ny ~k)ik! !

1 (r-js-k)

and finally by changing the variables, above equation can be written as

11 (5 _ naU91 [nl—lj[ 2 ]8 ‘JGS o Ry
risi” lekzo r—j As- (-0

rx=1s=0. (2.4.19)

Alternatively,
(1’ S) HZUBZ Zz( J[Bz “1}9!.___]-85_;( T[(j’k_l)
rlsf s Soolr=ils=k )T 2 k-

r20,s21. (2.4.20)

To get the general form of the probability function, substitute t, =0 and t, =0 in
either of the equations (2.4.19) or (2.4.20). Considering equation (2.4.19), the general

form of the probability function is
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1 ros n r—j s—k
o5 o (o o

rz1s20. (24.21)
Using equation (2.4.20)

> A (i 3 I L

rz0s21 (2.4.22)

Using the recurrence relations in (2.4.11) and (2.4.15) it is possible to write
£(1,0) = A£(0,0)b(ny,1)b(n,,0)
£(0,1) = Af(0,0)b(n,0)b(n,,1)
£(1,1) = A[b(ny,1)b(n2,0)(0,1) + b(ny, 1)b(n,1)£(0,0)]
£(2,0) = %[b(nl 1)b(n2,0)f(1,0) +2b(n,2)b(n;,0)£(0,0)]
£(0,2) = -’21[b(nl ,0)b(n, 1)£(0,1) + 2b(ny,0)b(n,2)£(0,0)]

f(2,1) = %’—[b(nl,l)b(nz,o)f(l,l) +b{ny,1)b(n,, 1)f(1,0)
+2b(n;,2)b(n;,0)f(0,1) + 2b(ny, 2)b(n,1)£(0,0)]
f(2,2)= —;’—[b(nl 1)b(n,,0)£(1,2) + b(n,, 1)b(n,, 1)F(L,1)

+b(ny, 1)b(n,,2)f(1, 0) + 2b(n;,2)b(n,, 0)£(0,2)
+2b(ny,2)b(n, 1)£(0,1) + 2b(ny,2)b(ny, 2)£(0,0)].

It is also possible to express the probabilities in terms of f(0,0), where
£(0,0) = exp[k(qf‘qu - I)] For example

£(1,0) = A£(0,0)b(ny,1)b(n,,0)

23



£(0,1) = A£(0,0)b(n,,0)b(n,,1)

£(1,1) = £(0,0)Ab(n, 1b(n, 1) + A%b(ny, 1)b(ny, 0)b(n2, 1)b(n5,0)]
£(2,0) = £(0,0Ab(n;,2)b(n;, 0) + ?b(n;,2)b(ny,0)b(n,0)]
£(2,1) = £(0,0)[Ab(n;,2)b(n,1) + A%b(ny,2)b(n;, 0)b(n,1)b(nz,0)

+2%02(ny,1)b(n,,1)b(n,,0) + %3b2 (01,1)b(n1,0)b(n2, 1)b%(n2,0)]

£(2,2) = £(0, 0)[?\.b(n1,2)b(n2,2) + ?Lz{b(nl,z)b(nl,O)bz(nz,l)
b(1,2)0(11,0)(n2,2)b(mz,0) + 263 1)z, 2)b(1nz,0)
22, 167, + 2 52y, )b, 20z, 0)} +
2 {b(ny,2)b? (ny,0)b% (nz, 1)b(n2,0) + b2(ny, 1)b(n;, 0)
b2 (3, )b(1z,0) + b2 (m, 1)y, 0)b(az,2)o(az,0)

4
#2671, )02 (4, 0)b% ()67 (. 0)]

£(3,1) = £(0,0){Ab(n;,3)b(n,,1) + A%b(ny,3)b(ny, 0)b(n,, 1)b(n,,0) +

—i—?@b(nl,2)b(n1,1)b(n2,1)b(n2,0)+§x3b(n1,2)b(nl,i)b(n,,0)

b(n,,1)b%(n,,0) + %l3b3(n1,1)b(n2,l)bz(nz,O) +—é—l4b3(n1,1)
b(nl,O)b(nz,l)b3(n2,0)],
where b(ni, j) represents the binomial probability of getting a "j" value with parameters

n; and p;, i =1, 2. Itis of interest to note that the expressions for probabilities have a

common feature, that is, they all can be expressed in terms of £(0,0), powers of A and

products of powers of two binomial probabilities.
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Following are the tables of pf with n; =n, =2, p; =p, =0.25 and for values of
A =0.5,1.0,1.5. These probabilities are obtained by using the S-plus program pfc931
given in appendix.

Table 2.4.1 A=0.5

.

0 1 | 2 1 3 | 4
0.7105 0.0749 0.0164 0.0015 0.0002
0.0745 0.0579 0.0153 0.0022 0.0003
0.0164 0.0153 0.0058 0.0014 0.0002
0.0015 0.0022 0.0014 0.0005 0.0001
0.0002  0.0033 0.0002 0.0001 0

S L bof —] o Pe

Table 2.4.2 A =1

Xy

0 | 1 | 2 | 3 | 4 | 5
0.5048 0.1065 0.0290 0.0045 0.0007 0.0001
0.1065 0.0934 0.0329 0.0075 0.0015 0.0002
0.0290 0.0329 0.0168 0.0055 0.0013 0.0003
0.0045 0.0075 0.0055 0.0024 0.0007 0.0002
0.0007 0.0015 0.0013 0.0007 0.0003 0.0001
0.0001 0.0002 0.0003 0.0002 0.0001 0

] B vl —f ] 24

Table 2.4.3 A =15

X2

0]1]2]3]4]5|6
0.3587 0.1135 0.036 0.0079 0.0016 0.0003 0
0.1135 0.1116 0.0482 0.0143 0.0035 0.0007 0.0001
0.036 0.0428 0.0294 0.0117 0.0035 0.0008 0.0002
0.0079 0.0143 0.0117 0.0059 0.0022 0.0006 0.0002
0.0016 0.0035 0.0035 0.0022 0.0010 0.0003 0.0001
0.0003 0.0008 0.0008 0.0006 0.0003 0.0001 0

0 0.0002 0.0002 0.0002 0.0001 0 0

N | ] ol po| —f o 4

It can be seen from the pf tables that as A becomes large while other parameters remain
fixed, the probability of (0,0) cell becomes small and table spreads out more.
Factorial moments and cumulants

The factorial moment generating function is given by
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G(ty.t5) = exp[x{(l ity (14 pty ) - 1}] (2.4.23)

and the factorial moments are obtained by using the relationship

rts

] = %G(tntz )LFOJF{,’

or
r+s

Mlrs] = 'atf_at§n(t”t2)lfl=h*z=l' (2.4.24)

Using relationship in (2.4.24), in particular
P[1,0) = A0y

Ho,1] = Ar2P2
Hy1,1 = Mn,p;p; + A*nyn,pip,
2,0 =My (0, ~1)p} +¥nfp}
Hlo,2] = Any(n, —1)p7 +3%n3p3
o) = Angny(n; — 1)13?132 +7¥2ﬂlﬁz(ﬂl - I)Przpz
+2An{n,p{p, +X’nin,pip,
My1,2) = Aoy (g —1)p;p3 +A2nyny (0, ~ 1)p;p3
+23*nyn3p,p3 +V’nynlp;p3
and
Hi2,2] = Any(n, ~1)n,(n, - 1)P1213§ +3 {7[1%‘1:22 piD;
300,00 ~3nundpl} + nnyp?pd} + 2246
n{ndp?p3 ~ nfn,p{p} ~nyn3pfp3} + A*nindpipd.
Using the recurrence relations in (2.4.19) and (2.4.20), we can get the recurrence

relation among the factorial moments. From (2.4.19)
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-1 r—j s—k
o =(e-Distmpa £ 5 (V7 " PR

jik=0\ T—J

for r>1and s>0. From (2.4.20)

TPRICR TS 5> () (g L e

j=0k=1
forr>0and s>1.

The factorial cumulant generating function is defined by
H(tl ,t2) = iOgG(tl , tz)
and for this particular distribution factorial cumulant generating function is given by
H(t,,t,) = x[(l +pity) (14 poty)™ - 1]. (2.4.25)

Expanding the right hand side of (2.4.25)

M, n, N (n,
b)) 3 o B % s |

L =0 s=0
[0 02 g,
=M 2 Z[ )[ Jp;’pititi —1}. (2.4.26)
Lr=0s=0 r §
I’ tS
The coefficient of ' = in the above expansion gives the (r,s)th factorial cumulant, » Klrg]
r! sl

It can be seen from (2.4.26) that K[rs] is zero if r>n; and/or s>n,. Thus for some

values of r and s, the factorial cumulants are

K[1,0] = Anypy

K[o,] = An,ps

K[1,1] = AMynzD1Py
K[2,0] = any(n; —1)p}

K[o,2] = Aip(ng ~ 1)p3
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K(2,2] = My (g =1)ny(n, - 1)pip3.

The raw moments can be found using the factorial moments. In special instances we have

Hence

Hio = Anp

Ho,1 = Anypy

ui, =Anm,pip; + A nnyp;p,

K50 = Any(ny = 1)pf +A*nipf +Anyp,
Ro2 = Any(ny —1)p5 +A°n3p3 +Anyp,

uy1 = Any(n; —1)n,pip, + A'znl(nl - 1)p12p2 +207nnypip,
+7L3H?H2P12P2 +Annypip, + 7L2111112131132

Bio =Anny(n, - 1)pp3 + 7Lznlnz(ﬂz —1)p;p3 +2A%n;n3p,p?
+Ann3p;p3 + Anngppy + A2nyn,pip,

Hao = Mi(nl - l)nz(nz - I)PEZP% + 7‘-2111(111 - 1)“%13%?% +
kznl(n; - 1)n2(2n2 - i)pi?p% +2?»2nf'n2(2n2 - l)plzp%

3.2 2.2 2.2 2 , , ,
+M'niny(3n, - Dpfp; + A*nfndpips + Ma1+ K2 —Hiy
Hii= Amyn,pip;
1 [ ' f2 1 i t
Haq = Hag — Ho,1H2,0 +2H oMo — 214 ok,

r ¢ ! r ’2 t 13
M2 = K12 — B0l 21 glot — 210,141 1

_ 2 2
Moo = H22 =219 1101 — 210 2110 + Mi0MD2 + R 10 +

1 4 I f2 f2
411,110,010,1 — 311 0MG

From earlier results, we have

E(Xl) = Knlpl
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E(X,)="%nyp,
Var(X)) = A[np(np; +q;)]
Var(X,) = l[ﬂzpz (nap, + ‘12)]

Cov(X;,X,)=Anjn,p;p,,

and

VB 02P1P2

PX, X, = .
Hie \/(ﬂzpl +Q1)(D2P2 +CI2)

It can be seen that in the case of the Poisson-double binomial distribution the correlation

coefficient is also independent of A.
Conditional distribution and regression

To get the conditional distributions of X, given X, =r, Theorem 1.3.1 given in
Kocherlakota and Kocherlakota (1992, p. 13) is used. From the second form of the pgf,

we can write

piq +pt)™7, r2l (2.4.28)

T ofr_ (r-1,0)
n(r’o)(tlst2)=)‘anz(r 1)! 111! T (tl’tz)

A0-DH e -0 (-5

Equation (2.4.28), yields

T - ] ! . . .
70(0,0) = (g + pot)™ 5o il 2e-39) 0, ypfqri, (24.29)

20~ - (o - )
and

w0, =ay A o il pe-i0 ppigni (2430)

j=1(j =D - j)!{m; - j)!

The conditional pgf of X, given X, =r is given by

2=9(0,1)

EOr (2.4.31)

mx, (tr) =

and for the distribution under consideration it becomes
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T (r — 1)' n, ! n(r—j,ﬂ)(o’ t)p{qill—_]

(a2 +pat)2 >

(= D = 5)! (ny — j)!

iy (tr)= R , r>L

n;! (r-5,0) i ny-j
(T o R

Forr =0, using (2.4.31) directly, we get

exp[k{q;” (92 +pat)™ - I}]
eelpar -1f]

nxz(tIO) =

In general for r > 1

T
ny, (tr) = (g +pat)™ 2wy (tr—j),
j=i

where
(r—1)! 0 (590 1vd -
B B = T e
j Zr: (r—-1)! n;! n(r‘i’o)(O,l)piqf'i'

SGE-D e -1)! (ng —i)!

(2.4.32)

(2.4.33)

(2.4.34)

(2.4.35)

It can be seen that the conditional distribution of X, given X; =r is the sum of

two independent random variables Z, and Z, where Z; ~ binomial(n,,p, } and Z,, that

is a mixture of r random variables with pgf Ty, (tlr— j) with weights w;. Forr21

E(X,Ir)=E(Z,)+E(Z,).
Using the result

_ =",

E(Xlr)= 9(0,1)

forr=20

E(X;10) = An,p,q;".

(2.4.36)

(2.4.37)

Conditional expectations for r 21 can be obtained by using (2.4.36) and (2.4.37).

For example forr =1
E(X,11) = nyp, + w,E(X,[0)
since w; =1

E(X,|1) = nyp; + Anypaqp'.
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Conditional variance of X, given X, =r is obtained by the relation

Var(X,|r) = Var(Z,) + Var(Z,), (2.4.39)

where Var(Z;)=n,p,q, and
Var(Z,) =E(23)-E*(2Z,). (2.4.40)

To get E(Z%), using the pgf of Z,, it is known that

d2
E[Z,(2,-1)]= = Oy (2.4.41)

where

T
nz,(t)= 2 wimy (tir-j), rxl. (2.4.42)
j=1
Another way of writing pgfin (2.4.42) is

r—1
nz, ()= 2 W,_inx, (1), r=2. (2.4.43)
j=0

Differentiating the pgfin (2.4.43) twice with respect to t, the following expression

is obtained
d2 2

a0 JZOW’ i3
w L &
Y09 0,1y

r—1

—5 1, (1)

A001), r22.

j= e (JO(Ol)dt

Forr =1 using (2.4.42) and since w; =1

a2 2(%9(0,1)

2"z ()= —————(0 90.1) (2.4.44)

Forr=>2
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(0,2)
—_ 0,1)+
W, n(o’g)(O,f) ( )

LAY

j;iwr—j H0(0,1) ii(k - D1 - k)! (
{n?_(nz - I)p%n(j_k’o)(o 1)+2n, pzn )(0 1)+ Uk 2)(o 1)}

ril 1 ’i G-1) n")plql

Hence
E(Z%) =E[Z,(2, - 1)]+E(2,),
and variance of Z, can be obtained by using (2.4.40). Substituting this value of variance
of Z in (2.4.39) Var(X,|r) can be obtained for specified r values. Similarly Var(X,]s)
can be obtained.
Limiting distributions
To get the limiting form of the Poisson-double binomial distribution, three cases are
of interest. For simplicity factorial cumulant generating function is used.
(1) py—>0 and p, - 0: Suppose A, n; and n, are fixed, then the fcgf in
(2.4.27) becomes
—A+ k(l +nypt; + O(p?))(l +nypst, + O(p%))
=~ + M1+ npt; J(1+nyp,t;)
= (Anyp; )ty + (Angp, )ty + (Anynypip, Yy,
where O(p?) i=1, 2, means the terms of order zero. The resulting fcgf corresponds to
the bivariate Poisson distribution with the parametric equivalence X, +A; =2Anp;,
Ay +A3 =An,p, and Az = Anm,pp,.
(2) n; — oo and ny — o: In this case n;p, and n,p, are assumed to be finite.

The fcgf in (2.4.27) will become
n
(1 mptn )1, napata ) )
1 2]

== +Lexp(npt; +n,yp,t, ),

taking the limit
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which is equivalent to the pgf
exp[—k{exp(nlpl(ti ~1)+n,p,(t; - 1)) - 1}],
which is the pgf of the two independent Poisson variates with parameters n;p; and n,p,
respectively, compounded by another Poisson variate having parameter A.
(3) py— 1 and p, — 1: Inthis case the fegf becomes
~A+ML+t) M (1),

which corresponds to the pgf
exp[—l +At)152 ]
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3
ESTIMATION

3.1 Introduction

In this chapter we will develop estimation procedures for the parameters of the
bivariate discrete distributions described in chapter 2. Various methods of estimation are
available for estimating the parameters of bivariate discrete distributions. Among all of
these methods, method of maximum likelihood (ML) is the most efficient one, if regularity
conditions hold. Maximum likelihood estimators are asymptotically unbiased, normally
distributed and have minimum variance. One major problem with ML equations is that;
usually they do not provide solution in a closed form, thus leading to the use of iterative
procedures. In most instances the method of moments estimation does provide rapid
solutions to the estimating equations. Alternative method of estimation uses the zero-zero-
cell frequency in addition to the first marginal moments. Two iterative procedures are

suggested in literature. These are:

1. Newton-Raphson Method: Let f;(0), i=1, 2,..., k be a function of k-
dimensional vector of parameters 8. To solve the equation f;(8) =0 iteratively we can

expand f;(0) in a Taylor's series around a trial solution 8(°) as

(0)=£.(6(® _g(®)2_ (g, _p®)2_ _e@)__

£,(0)=1;(0 )+{(el of )ael +(0, -6 )892 4. t{0) - 0 )aek
fi(8)lg-go- (3.1.1)

If 0 is a solution to (3.1.1) then the left hand side of (3.1.1) will be zero. At each

iteration the new value Q(j“) can be found from Q(j) by adding the vector § to it where
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§=-A"Dp, (3.1.2)

In (3.1.2) A~! and D are evaluated at 0= (_3(5) and are given by

[00(0) 20(8)  on(@)]
00, a8, 00y
0f,(8) ofy(6) of ()
A=l"20, 8, " 88, }
of(8) ofi(e) (o)
| 06, 00, 08y |
and
f,()
f
X0
f(0)
The iteration process will be continued until § becomes small. In the case of ML
dlnL

equations f;(8) is replaced by , =1, 2,..,, k. In this case we have

i

[#*InL  @°InL 9’ InL |
88f 08,00, T 6,80,
8’ InL 8> InL
A=| - %I " w600, b (3.1.3)
. e
] 08f |
and
"8lnL]
09,
dinL
D= 00, | (3.1.4)
oinL
| 90, |
2. Method of Scoring: This method is applicable only to ML equations. The
quantity a’I‘nL is called the efficient score for 8;. According to this definition the ML

i
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estimator is the value of 8; for which the efficient score becomes zero. We can expand
JdlnL
oo

around a trial solution as before, but Rao (1973, p. 366) suggests that in order to

stabilize the value of & , it is better to replace the matrix A in (3.1.3) by its expected value

evaluated at §(9). The expected value of —A is the information matrix at § = §(°)
a2
I‘(Q(U))z Bl - 0“InL
00;09;

8=r"(g®)p. (3.1.6)

(3.1.5)

9=g(°)

Hence

Here also the new value Q(j“) is obtained by adding § to the value Q(j) obtained at jth
iteration,
Following are the variances and covariances of the sample moments which are

needed to obtain the variances and covariances of different types of estimators. To order

it

n
Var(X,) = H_z_oiﬂzg
r_ 2
Var(X,) = .@_H_’JOA
2
Var(mu) = Ezin:ﬂ,_l_
Also
Cov(X,.X,) = H_u_—_il_@o_n
Cov(fl,ml,i) _Ha

n

Cov(fz,mu) = E-Ill‘i

Var(n—g—o—) = %f(o, 0)[1-£(0,0)]
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— —fi {
COV[XD HOO ) = (0,0)“1‘0
n

n
— —f !
COV(XZ, Igo ) - (O»O)Ho,l .
n n

The covariance matrix for the sample moments to be used to obtain the covariance matrix of
method of moments estimators is as follows
Var(xl ) COV(K] s X-z ) COV(Kl s ml,l )

5 - Cov(X,,X;) Var(X,) Cov(Kz,ml,l) .
) Cov(}—(l,ml,,) Cov(iz,mu) Var(mu)

Following is the covariance matrix needed to obtain the covariance matrix of method of

zero-zero cell frequency estimators.

i var(X;)  Cov(X.X,) COV(XI,%)—

Y.~ Cov(X.X,) Var(X,) COV[XZ,E-:;&) .
COV(XI ’ &)'Q'] COV[X2 ’ ﬂﬂ) Var(nﬂ)

L n n n ) |

3.2 Cases 1 and 2
Consider the distributions described in sections (2.2) and (2.3). As the two
distributions are equivalent to the bivariate Poisson distribution with the same set of
parameters, estimation of the parameters of any one will lead to those of the other.
Let (X};,X5i) 1= 1, 2, 3,..., n, be 2 random sample of size n from the distribution
with pgf
n(t;,tz) = exp[AM(q1q2 — 1) + p1ast; +Paqyts + Pipatits |

The frequency of the pair (r,s) is denoted by n, forr =0, 1, 2,.., s = 0, 1, 2,....
Also n=Y n.. Define

r,s

1
X1 =_Zmrss
L

37



X,

and

1
=Y's
nrzs:nrs’

1 — -
Inu = EZI'SHI.S — X1X7.

rs
Method of moments

and Cov(X;,X,)=Ap;p,, the moment

equations are X, = if)l, X, = 711")2 and m, = if)if)z. From these equations the method of

moments estimators are

5 =K%
Ll
o=t | (3.2.1)
1 %, . 2.
= My,
P2= %, ‘
The variance matrix of the estimators is obtained by using the relationship
=T ZL (T,
where
ou  du  Ou
oL op, Op;
To| B 2y
o dp; Op,
Ou; Ouy Ouy
| O 9p;  Opy |
D A 0
=| p, 0 A | (3.2.2)
PiP2 P2A piA

with u; =p;A, uy = pyh and uy =p;p,h. Also the), =~ matrix is given by

38



| piA pipar PP
Zm=§ P2 pah PipoA : (3.2.3)
Pip2A  pipoh pipoA(pipoA + A +1)

Zero-zero cell frequency method

In this method the (0,0) cell relative frequency is equated to the corresponding
population probability. In addition, in the case of three parameter estimation two marginal
means are equated to the corresponding population marginal means. The three resulting
equations are solved for the parameters in terms of observed data. In the case of bivariate

Poisson distribution three estimating equations are

X =2A'p
%, = A'p) § (3.2.4)

i 220 )= A(pip5 - pi - )

P,

From the equations in (3.2.4), the zero-zero cell frequency estimators are

2

4
+
4

(3%

A= 1
P_op_)
n
, n
b=

(3.2.5)

The variance covariance matrix of zero-zero cell frequency method estimators is

obtained as below
7

T2 T L(T7)

Recalling that u; =p,A, u, =p,A and u; = exp[?».(l -p1-p,) —7\.], we see that
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D A 0
T= pz 0 A .
e(l‘-h‘h —l)(qqu . 1) _que()&h‘h ‘l) _lqle(l‘hqz ‘7‘-)

The covariance matrix ) is
piA P1P2A Mt _1)1317L

1 -
Y=~ ik poA Y W e W 3
e*(‘h‘lz ‘1)p17\. el(ql‘h —1)927\' e’“('-h‘lz —1) (1 _ el(ch‘h “1))

Method of maximum likelihood

Consider the pf defined in (2.2.1)

f(i‘ S) = el(Plpz —PJ‘Pz)miﬂZ(‘T’S) )"r+s-lpfp‘s’2 (1 - pl)s—l(l - pIZ)r--l (3 ) 7)
’ & (r=1)ls-1)!! ‘ -

Applying the technique described in Kocherlakota and Kocherlakota (1992, p. 45-

47), we can write the likelihood function (L) as
L oc ITf(r,s)"=,
s

which can be written as
InL =C+3Y n,Inf(r,s),
1,8
or

bard (r—1))(s—1)!i!

where C is a constant not involving the parameters. Let D= (r—i)l(s—i)!i!, so that

1,8

InL=C+ ans lnl:el(l’ipz "Pl‘Pz)minf’S) A‘r+s—lp{p3 (1 - pl)s_i(l B p2)r—1 :|, (328)

(3.2.8) can be written as

InL=C+ Y nA(pip; -p; - p2)

1,5

in{r,syyr+s—i_r1_.s -1 -i 3.2.9
e "SR elpd (1) (1) ] 029
.S i=0 D

Differentiating (3.2.9) with respect to A
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olnL lmm(rs)(r+s 1)?Lr+s i- lprpsqs—lqr i
=2 0,(P1P2 =P —P2)+ 2 0p il 2
oA r,s rs( ) r,s A i=0 D
(r+s) J
= -n +).n. — A-B
np;p —0p; —np, Z A{ 2
or
oinL
on - DPP2 0P - npz*‘f‘F—y‘_—z sTA (3.2.10)
where
Azmhf,S) ?L”'s_lpfps(l P )s l(l_pz)r-—l
i=0 D
and

min(r,s) jpr+s—i ros - s—i 1— r—i
B= Y Ple( Dpl) ( Pz) ‘
i=0

Differentiating with respect to p,

min(r,s) lﬁs_l s _r-i {

olnL 1 P292
=Y, AM(p, ~1)+ 3 n, ~ L P

rl:)r--iqs l—pl(S—l)qs i— 1}:|’
1

nX ny 1 B
=DAp; —DA +—— + Oy —.
b2 p (I-p) (1—91)2 CA

Similarly, differentiation of logarithm of likelihood function with respect to p, yields

(3.2.11)

dlnL ny  nX
—n\ o+t . 3.2.12
T S M (= ST

Solving equations (3.2.10), (3.2.11) and (3.2.12) simultaneously for A, p; and

p,, we get three equations

5 =X

P .

5 X

P2 x
and

AQ =X, (3.2.13)
where
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with
X T i ‘i -1 X r—it
A LENE
O VACY. A
i=0 D
and
..x_ r _x. s -i §—1 i -1
GGG
g AJ)\a A A
1=0 D

We can solve (3.2.13) iteratively for A Alternatively, the ML estimators can be
found using the method of scoring described in section (3.1). For this purpose the

following second order derivatives of the probability function are required.

2
a;£~§’s)=f(r,s){(qlq -1 - (HS) (YZZS) 20;:8)((“%—1)}

+f(0;L0)B{(qq )2( s)+___( e f(OO)C

where

£lr.9) = oMo Zﬂpfpzqf-g*‘wﬂ-g

£(0,0) = (@ 1),

min(r,s) :..r.s_s—i_r— llr+s—1

1P1P241 92
B= 2
Eo D

min(r,s):2_r s _s—i r—-1lr+s—i

1Dy p2q qz
C = Z 5
i=0 D

D = (r-i)l(s—i)!il.
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Bf(0,0) {(_Mz L i}

9 2
0 f(r S) (—}\qz _[__r____s_J —( 5 +—} f(r,s) + ——-£
ép; poq pi qf q P q
+_1_+__r__i_lq2} Cf(O Cf(0.0)
It P1 Qx

Filrs) {(_qu b i)z —(—%— +—%}}f(r, )+ 2100 {(—Aql 2 —i]
42 Q2 p

} C£(0,0)

+i+——-i—lq1

Q2 P2 G2

%ﬂa%?_) = f(r,s){—qz +(Q1Q2 '1+( - ))( % +p—1—q_sl)}
| (r+3) 1f(0,0) sf(0,0)
+B{q (qlqu n ]+q2f(0’0)" A }

_£(0,0)C
Aqp

2 r+ r
%Ifg;—:) = f(r,s){—ch +(Q1¢l2 —1"‘( S)]( Aqy +i)‘2‘"a;‘]}
(r+s) _sf(0,0)  rf(0,0)
A )+ uf(0.0) Apr | Ad }

+B{-L(CI1C12 -1+
a2

_£(0,0)C
Ay

Hrs) f(r,s){" +(”"q2 . ‘?:‘J("’““ o J}
1 1 2 2

0p;0p,
+£(0, O)B{—?L + —L(—lqz +L --S—}u - -L}
tP) Pt q QP2 4192
L£0.0C
q:42

The numerical evaluation of these derivatives can be done using S-plus programs dibvpl

dplbvpl and dp2bvpl.
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3.3 Case 3

Poisson-double binomial distribution has five parameters. In order to estimate the
parameters it is a common practice to assume that n; and n, are known. Under this
assumption the estimation procedure becomes less complex, and number of parameters to
be estimated reduces to three. Various methods of estimation are employed, and their
efficiencies relative to the method of maximum likelihood are obtained.

Let (x);,X,;) 1= 1,2, 3,..., n, be a random sample of size n from the distribution

having pgf
nfty,ty) = exp[k{(ql +pity) " (q2 +paty)™ - 1}]
The frequency of the pair (r,s) is denoted by ns forr=0,1,2,.,s=0,1,2,.... Also
n=>ng..
I,S
Method of moments
Since E(X;)=Anp;, E(X,)=An,p;, and Cov(X,,X,)=Ann,pp,, the
moments estimators are obtained by solving the three equations
X; = Ay,
%, = An,p, . (3.3.1)
my; =Anynypyp,

The moments estimators are given by

Py =—2t
;X5
- my,
Pr=—2t b (3.3.2)
HERS|
=X
1,1

The variance matrix of the estimators is obtained by using the relationship
=T 2L (T7),
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where
np oA 0
T=| n,p, 0 n,h (3.3.3)
00,p1p;  DylaPpd  nyn,pii
with u; =mpjA, Uy =n,p,A and uz =nynyp;p,A. Alsothe — matrix is given by
1 ?"nlpl(nlpl + ‘h) Anjnypip; ?"ﬂlnzplpz(nipl + Ch)

Zm':E ves kﬂzpz(nzpz + qz) )«nlnzplpz(nzpz +q2) s (3.3.4)
nVar(ml_l)

and
Vaf(ml,l) = ;11'7“2[31112131213% {200y — 0 ~n; +1} +nynyp;p,
{1+np; +n,p, —p; - pz}] + -i—?\,[n[l2]n[22]p12p§ +
nEZ]nngi’z + nln[zz]plp% + Dlﬂzplpz]s
where all=a(a-1}a-2) ... (a—r+ 1).

Zero-zero cell frequency method

The (0,0) cell relative frequency along with the two marginal means can also be
used to estimate the parameters rather quickly as compared to maximum likelihood method.

Three estimating equations are

%) =A'npj
Xy =A'nyp) ", (3.3.5)
n 5 V', % )¢
l _0_0_]:;} S S [ T SN R |
og( n [( nA’ n,A’
X X
ielding p} = —L and p) = —
yielding py n P2 M

The variance matrix of the estimators is found in a similar manner to moments

estimators. That is the variance covariance matrix of estimators is given by
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ZZZ =T-IZZ(T-£) ’
with u; =m;pA, u, =n,p,A and uy = exp[)\.(l -p)"(1-p,)™ —7\.]. Thus the matrix T
is

nlp] nl}\' 0
T= n2p2 0 Dzl
7(0,0(af"a3* -1) -Anjq?'q%6(0,0) ~Anyqd'qR£(0,0)

where £(0,0) = exp[l(qf' Q5 - 1)] The szatrik is of the following form,
Anypy(nyp; +q;) Anyn,pip; —£(0,0)Anp,

Anypa(napa +dz)  —f(0,0Anyp, | (3.3.6)
£(0,0)(1-£(0,0))

2.=%
Method of maximum likelihood

Method of maximum likelihood usually does not provide the estimators of the
parameters in a closed form, and one has to use iterative techniques to get a solution. The
technique described by Kocherlakota and Kocherlakota (1992) in section (2.1.4) is being
used to get maximum likelihood estimates and variance covariance matrix of estimators of
the parameters of the Poisson-double binomial distribution.

In order to get the maximum likelihood estimators of the parameters of Poisson-
double binomial distribution and their variances and covariances, differentiation of
probability function with respect to parameters is needed. There are two different forms
which give rise to the same results.

Form I We know that

n(t,ty) =X X1 52 6(x,%,), (3.3.7)
X X,
differentiating both sides of (3.3.7) with respect to A yields

onity,t 0
—%—2)=ZZtT’t§2 a‘f(xl,)(z). (338)

Xy Xy
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Consider left hand side of (3.3.8)

on(ty,ty)

= “(tl,tz)[(‘ih +p1ty)" (42 + paty)™ - 1}

which on using binomial expansion and (3.3.7) becomes

-z 3 e 3 he a1

_ZZZZ( J[ ] (xl’xz)ti‘rl'r X2+s nl—rqu spi-p;
X%y T s (3.3.9)

Xt f(x;,x,),

X X
equating (3.3.8) and (3.3.9) and comparing the powers t{tlz‘, we have in the first

summation on the right hand side of (3.3.9) x,+r=j or x;=j-r, x,+s=k or

x5 = k—s. Hence tit5 has the coefficient in the first summation
n;Y'n - .
=2 -k -s)
L A s
In the second summation on the right hand side of (3.3.9) The coefficient is f(j,k). Hence
of(j, k - . .
(J ). ZZ( )[ prqi“ P29 f(j -,k ~5) - (j,k)
r s
=2 2. b(ny,r)b(ny,s)f(j — .k —s) - £(j, k),
r s

whereif j<n;k<n, thenr=0,1,2,.,jand s =0, 1,2,.., k. If j>n, and/or k>n,

then r=0,1,...,n; and §=0,1,...,n,. For example,

?-ff%@—) = [b(n1,0)b(n2,0) - 1]£(0,0)
= (qil‘ ql: - 1)f(0, 0). (3.3.10)
at(1,1)

=b(ny,0)b(n,,0)f(1,1)+ b(n;,0)b(n,, 1)f(1,0) +
b(ny, b(n2,0)£(0, 1) + b, 1)b(n,, 1)£(0,0) ~ £(1,1)

oA

47



=f(l, 1)[ (n;,0)b(n,,0) + -?—i- - 1] +b(ny,1)b(n,, 0)£(0,1).
Differentiating both sides of (3.3.7) with respect to p,, yields
aﬂ:(tl,tz) X
t)'t5? —f X1, X 3.3.11
oy oo gy twna) G310
Consider the left hand side of (3.3.11)

on{t),t,)

0
= 7(t;,t, ) Mqs + Poty )2 —(a, +pit, ) |
o, (1 2){ (Q2 P2 2) 6p1(q1 Pi 1) }
Since

0 -
-éﬁ(ql +pity)™ =ny(t; —1)(qy +pity)™ :

_ ln,—l n; -1 n-l-r_r
—HI(t1 = )Z c 1 pit]

n, -1 nl—l n, 1 _
= (M S (M g

r=0
Hence the left hand side of (3.3.11) becomes

on{t ,f I, -
'n(—i‘d 1lzzt?lt}2(zf(xhxz)2( 2}132 *p3t3
apl X; X s=0\ $

ﬂl—l nl_l . ﬂl’l nl__l
[Z ( ]qf' Pttt - Y ( ](h -t ’pfﬁ}
r=0 r r=0 r

n,-1 n, _1
_BIA'ZZ Z Zf(xl,xz)( ] }l —1- rp{( quz SpstX1+r+1t72(z+s

X, X; r=0s=

n,-1n, __1
_nihzzz Zf(xl,xz)[ ; }1 1rpf[ JQ2 spstx T X2+s

X; X; r=0s=0
In the first summation for finding coefficient of t{t’z‘, we have
X+r+l=j=>x =j-r-land x,+s=k=x, =k—s, wherer =0, 1, - 1,8=0,

1, .., k. In the second summation x| +r=j=>x, =j-r and x, +s=k=x,=k-s,
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wherer=0,1,..,jand s =0, 1, .., k. Comparing coefficients of t{'tlz‘ on both sides of

(3.3.11), we have for j21,k>0

afé;’l oAk _ r‘;i[ ]q“‘"“’p ( :qu"’"spif(j—f-l,k-S)
k
)

[nl }a”""’pl( JEZ"Spif(j—r,k-S)-
r=0s=0

i
—njA Y,

1

0 S 3 b(, ~Le)b(ag,)f(i—r— L)

re=0 (3.3.12)
ik
~nA Y, 2 b(n; - Lr)b(n,,s)f(j -,k —s).
r=0s=0
For j=0,k2>1
k
of(0.k) _ ~nyA ) b(n; —1,0)b(ny,s)f(0,k —s),
apl s=0

and for j21L,k=0

9(3,0) _

x):b( Le)b(n,,0)f(j —r-1,0)

1

;A Zb(nl —1,r)b(n,,0)f(j - r,0).
=0

Differentiating £(0,0) = exp[x(q?’qu - 1)] directly with respect to p,, yields

af(0,0) n,-1_n,
= —nAq;! q :f 0,0
oy Aq;' " q;°1(0,0)
For example
af(%, 0)_ n;Ab(n; ~1,0)b(n,, 0)f(0,0) — nyAb(n; —1,0)b(n,,0)f(1,0)
1

—mAb(n; - l,l)b(nz,O)f(0,0).
The formulae for p, are defined in a similar fashion, except the rolls of j and k are

interchanged, i.e., differentiating both sides of (3.3.7) with respect to p,, yields
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Jﬁﬁa zz@garmmh) (33.13)

Xy X3

Consider the left hand side of (3.3.13)

' 5;?— (fh + P2ty )[lz ]

o) e o
2

op,

Since

5, -
a—p‘z‘(% +patp)"" = ny(ty —1)ay +patay)™ :

n, -1 n, -1 e
=np(t, ~1) X, ( g }qu op3t
B-1n, —1 o 0=, ~1 i
-0 (" e -n S (72 s
Hence the left hand side of (3.3.13) becomes

m (n
onltit) A 3ty f(xlsx2)z( rquf'—rpftl

apZ Xy X, r=0
n-lin, —1Y o, -1Y |
[Z( F?I%%“ Z[ %21%%
s=0\ § s=0\ S

& ul—-r r n; -1 n,—I-s St x+r X3 +5+]
=mAY 0 > 2 f(xlsxz) Pii o J2 bt

X, X, r=0s=0

n n,-l1 1
—nzkzzz Z f(Xl,Xz)[ Jq?]"rpf(HZS anz ~1- sps xl+rtx2+s-

X Xy I= 0s=0

Hence in the first summation for finding coefficient of t{t';f, we have
Xp+s+l=k=>xy=k-s—land x;+r=j=>x,=j-r, wherer=0, 1, .., ,s=190,1,
.» k- 1. In the second summation x, +s=k =>xy=k-sand x, +r=j=>x,=j~-r,

wherer =0, 1, ..,jand s = 0, 1, ..., k. Comparing coefficients of t{tlz‘ on both sides of

(3.3.13), we have for j20,k>1
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i)

i n, —1
n-r_r| 27 n,~l-s_s
p[ ]q paf(j~-r,k—-s-1
o0, Rt 1 o 2 ( )
j

n _r n, —1

r=0s=0

—

k-

— 03 5 b{ay, )by ~ Le)f(i— rk —s— 1)

r=0s=0

—

B3 3 by, 0)b(a; ~ L)~ 1k ),

r=0s=0

For j2Lk=0

of(3,0)

j
=—n,A Y b(n;,r)b(n, - 1,0)f(j - 1,0),
2 r=0

and for j=0,k>1

k
—ﬂzl Zb(nl ,O)b(nz - 1, S)f(O,k - S).
s=0

Differentiating £(0,0) = exp[k(qf‘ qp? — I)] directly with respect to p,, yields

af(0,0) _
2

=-n,Aq3 'q[£(0,0)

= —nzlb(nl,O)b(ﬂz - l,O)f(O, O).
For example

o£(0,1)
op,

= n,Ab(n,0)b(n, —1,0)f(0,0) — n,Ab(n;,0)b(n, ~1,0)£(0,1)

~n,Ab(1;,0)b(n; - L1)(0,0).
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Form 2
An alternative approach for finding the partial derivatives of the probability function
with respect to the parameters is the use of the difference equations for probability function

givenin (2.4.21) and (2.4.22). In the following we will use the notation
(i, 12

Differentiation with respect to A, yields for j>1,k>0

af(J,k) f(j,k) Ad

0002 oo 202

If j> 0,k > 1, then

of(j,k) _ f(],k) A of(j—r,k —s)
o rZoszlsb(nl,r)b(n2 )T

For example

oE(1L,0) _ £(1,0)
£

(31,1)o(a2,0)=-£(0,0)
- 11 0)[31[ rqiiq - 1].

of(LY) _ F(LD) +ab(a, )‘b(nz,o)af(o,l)+b(n2’1)af(o,0)}

oA A oA oA

f(;l\'l) +2b(n,1 )— (nz,O)f(O,l){%+qf‘qu —1}

+b(n, 16(0,0){af"a3* - 1]

= f(i,l)[% +qp'q3? - I] +b(n;,1)b(n,, 0)£(0,1).

Differentiating with respect to p; results in
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Of (k) _ i ib(ni’r)b(nz,s)f(j —r,k-s)—f(j,k), j20,k>0.

oA rZ0s=0
- -1 k
HUK) 05 S by ~1,r)o(nps)e(i— - Lk —s)
py r=0s=0
ik
oA 30 3 b(ny —Lr)b(ny,s)f(j-r,k-s), j21Lk>0.
r=0s=0

of(j, k)

oG0) _

thggﬁ = —n,Ab(n, ~ 1,0)§b(n2,s)f(0,k -s), k=0.
s=0

=N, Zjlkz_:lb(nl,r)b(nz -Ls)f(j-r,k-s-1)
ap2 r=0s5=0

ik
—n,% Y 2 b(ny,r)b(n, ~Ls)f(j—r,k~s), j20,k>1.
r=0s=0

Ab(n, - I,O)ib(ni,r)f(j -1,0), j>0.
ap2 r=0

The elements of the information matrix I, which is 3 x 3, are defined as below

Iy = -1
Iy =

Ty =——
I =~~
Ty =

| -

Azrafdon } » Zood g |

{ .
22wt Bl frm|
i

n_PZogon k{f( k) Jk} ]

ZZn;k

| j20k21

£(. k) Jk} £(j k)w’k}+,§;n’°{f(3=0) J°Hf(b 0) }0} }
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1 4
"LZIE J“{fu o' } {?@_k)wj“} %“"“{f"(o_,k'im‘”‘} {f(o,k) Mo

1

I o 1 af(0,0)][ 1 of(0,0)
ool s} i o} ool e e

Using the notation of section (3.1), we have

and
r@)=I1,

which yields the increment vector

8=1"(e”)p.

For grouped data

kO3]
ZZ  1(j j,l;() o

.ik 6f(.|’k)
Z 2560 ¢ f(,k) op

Ok 6f(],k)
sz(;,k) op2

w)
I

-

with 9 =69, where6(®) is a trial or starting solution, usually taken to be the method of
moments estimates. The iterations are stopped when 9 becomes stationary. The
asymptotic variance matrix of the maximum likelihood estimator Q is I"i(Q) and is

estimated by evaluating I at Q , where (_) is the vector of maximum likelihood estimates.

3.4 Efficiency

The precision of an estimator is assesed as the ratio of the generalized variance of
maximum likelihood estimators to those of the estimators under consideration. The

asymptotic relative efficiencies for MM and ZZ estimators relative to the ML estimator are
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obtained for various set of parameters. Computer package S-Plus has been used to do all

the necessary computations. The tables and graphs of efficiencies of MM and Z7Z

estimators are given below:

Table 3.4.1

binomial distribution

Efficiency of the Method of Moments for the Poisson-double

A
n, =10, p=p,] 01 0.3 0.3 ) I3

2 01 | 06338 06380 06474 06764  0.7074
2 03 | 05364 04704 04491 04604  0.5027
2 0.5 | 04257 02943 02534 02374 02576
3 0.1 | 05367 05264 05272 05520  0.5884
3 03 | 04422 03616 03364 03446 03894
3 0.5 | 03504 02247 01906 0.1808 _ 0.2030

Table 3.4.2 Efficiency of the Method of Zero-Zero Cell Frequency for the

Poisson-double binomial distribution

A
m =1, p=p, | 01 03 0.5 I0 I3

) 0.1 | 09800 09708 09387 09309 00218
2 03 | 09472 08840 08515 08187  0.7970
2 0.5 | 08528 07015 06277 05510  0.5171
3 0.1 | 09934 09801 09735 00698  0.9642
3 03 | 09554  0.8938 08620 08390  0.8347
3 0.5 | 08335 06728  0.5989  0.5308  0.5104

3.5 Discussion

While examining the tables and graphs of efficiencies, several prominent features of
the Poisson-double binomial distribution are revealed. We will consider them below.
(a) Effect of change in n; and n,, for fixed A, p; and p,: In this case for both types of
the estimators (MM and ZZ) the resultant patterns of the efficiency tables and graphs are
almost alike. It shows that with increased index values while varying other parameters, the
efficiencies tend to decrease in relatively same order, as for the low values of the index

parameters.
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Figure 3.4.1a

Efficiency Plot for MM Method with n, =n, =2.

Figure 3.4.1b
Efficiency Plot for MM Method with n; =n, =3.
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Figure 3.4.2a
Efficiency Plot for ZZ Method with n, =n, =2,

Figure 3.4.2b
Efficiency Plot for ZZ Method with n; =n; =3.
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(b) Effect of change in A for fixed n,, n,, p; and p,: The dominent parameter in the
Poisson-double binomial distribution is A. It is evident from the graphs 3.4.12 and b that,
as A increases for fixed values of the other parameters, the efficiencies first fall until A
reaches the value 1.5, there the efficiency tends to increase again. In the ZZ case
considering the graphs 3.4.2a and b, it can be seen that the pattern is different from MM
case. Here with large values of A, the efficiency becomes smaller and smaller.

(c) Effect of change in p, and p, for fixed A, n, and n,: In this case the efficiencies
become small with increased p; and p, values for both types of estimators. There is a
consistency in the pattern of efficiencies.

(d) Overall comparison of MM and ZZ methods: In general the efficiency patterns for the
two methods are not exactly alike. For a fixed set of parameters ZZ method has high
efficiency as compared to MM method. One feature that is common for both methods is
that, efficiency is highest for the parameter set having smallest values and lowest for the

one with highest values.
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4
APPLICATIONS

4.1 Introduction

Simulation or computer generation of certain specified bivariate discrete
distributions has been discussed in detail in Kocherlakota and Kocherlakota (1992). In this
chapter the computer generation of Poisson-double binomial distribution will be presented.
Also various methods of estimation and goodness-of-fit will be applied to data for Poisson-

double binomial and bivariate Poisson distributions.

4.2 Poisson-double binomial distribution
Simulation

To simulate the Poisson-double binomial distribution, we use the stochastic nature
of the Poisson-double binomial distribution. Since there was no standard algorithm
available, a new technique was developed to obtain random observations from the Poisson-
double binomial distribution. Using the options available in S-plus, it is possible to
generate random observations from Poisson and binomial distributions. This simulation
program is given in appendix under the name of si.mat5. In this algorithm first a
realization k from a Poisson distribution is generated for a specified value of the Poisson
parameter. In the second step, this generated value of the Poisson observation is used to
get two independent binomial observations with index parameter determined by the
formerly realized Poisson observation. The procedure is repeated a desired, say n numbers

of times, to obtain n random pairs of observations from the two binomial distribution.
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These observations can then be arranged into a frequency table to give the n random
observations from the Poisson-double binomial distribution.
Examples

Various estimation techniques and goodness- of-fit procedures are illustrated on the

following three data sets. First two data sets were simulated using si.mat5, while the third

one is real life data.

Data set I: n=200,A=0.5, n;=2, ny;=2, p,=0.25 and p, =0.25.

X2
Xy 0 1 2 3
0 150 7 4 0
1 16 11 2 1
2 2 4 1 1
3 0 1 0 0

Data set HI: n=200, A =1, n; =n, =2, p; =p, =0.25.

X
Xy 0 1 2 3 4
0 111 15 4 1 0
1 20 21 4 2 1
2 2 5 6 1 0
3 3 1 1 1 0
4 1 0 0 0 0

The following data set is adapted from Cresswell et al. (1963). The data represent
the observed frequency distribution of the accidents sustained by bus drivers in two

consecutive 2-year time periods. Total number of observations is 708, and it is assumed

that the data are from the Poisson-double binomial distribution with n, = n, =2.
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Data set III:

X2
X 0 1 2 3 4 5 6 7
0 117 96 55 19 2 2 0 0
1 61 69 47 27 8 5 1 0
2 34 42 31 13 7 2 3 0
3 7 15 16 7 3 1 0 0
4 3 3 1 1 2 1 1 1
5 2 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0
7 0 0 0 1 0 0 0 0

Estimation:

In the following zero-zero cell frequency estimate of A is obtained by using the
computer package Mathematica. The ML estimates are obtained by using the S-plus
program iterl, which is given in appendix. This program uses the iteration procedure
described in section (3.1), which is called the method of scoring. The method of moments

estimates are taken as the initial values.

Summary Statistics
Data set % X3 my,y
I 0.2450 0.2150 0.1423
II 0.4900 0.4550 0.2621
I 1.0014 1.2910 0.3259

Estimates of the parameters along with their estimated standard errors using three

methods of estimation are given in the following table. For calculating the estimates of the
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standard errors of the various types of estimators, S-Plus programs try, vimom, vzerol,

comp, dvmom, dvzerol were used. These programs are given in appendix.

Table of values of Estimators along with their Standard Errors

Method Parameter Data I Data I Data ITI
A 0.3701 0.8508 3.9669
(0.0888) - (0.1851) (0.6573)

MM 1 0.3310 0.2880 0.1262
(0.0795) (0.0636) (0.0212)

P2 0.2905 0.2674 0.1627
(0.0715) (0.0595) (0.0272)

A 0.3728 0.7603 3.5790

(0.0690) (0.1185) (0.5752)

7z P 0.3286 0.3222 0.1399
(0.0611) (0.0506) (0.0228)

22 0.2884 0.2992 0.1804

(0.0558) (0.0477) (0.0293)

A 0.3557 0.8157 3.9983

(0.0627) (0.1234) (0.5999)

ML i 0.3374 0.3004 0.1252
(0.0592) (0.0465) (0.0192)

2} 0.2882 0.2789 0.1614

(0.0534) (0.0438) (0.0245)

The numbers in parentheses are the respective standard errors.
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Tests of goodness-of-fit
Two testing procedures, Pearson's chi-square (xz) goodness-of-fit test and

empirical pgf technique test, are used. While using these techniques it is necessary to have

the data in a two way array. The frequency in (r, s)th cell is denoted by n,, while the

corresponding probability is denoted by f(r,s). The hypothesis of interest is
Hy: f(r,s) = f(r,s)

where £°(r,s) is specified and 3" 3 f(r, s)=1. Generally the specified functional form of

s
the probability function (pf) involves many parameters, say k, which have to be estimated
from the given data set. Using the estimates of these k parameters it is always possible to
find the estimated probabilities f° (r,8). The testing procedure is to test whether the data
conform to the prescribed distribution estimated by £(r, s). The details of the two testing
procedures named before are given below:

Pearson's _)_Ci_;e_s;

The test statistic is

2Ty [n,s -~ nf’(’(r,s)]2

— nf 0(r,s)

which has the y2 distribution for large n. The degrees of freedom (df) are: number of cells
in the array - 1 - number of parameters estimated. In order to use this statistic properly it is
essential that the expected frequency in each cell should be large. Most of the statisticians
are agreed on the use of minimum expected frequency taken to be 5. In case of a large data
set the minimum expected frequency can be taken as small as 1. Cochran (1954) suggests
a bit different approach. According to him if relatively few expectations are less than 5,
then a minimum expectation of 1 can be used in calculation of ZZ for any contigency table
with df greater than 1. To ensure a minimum expectation of 1, the data have to be grouped
in a condensed form. Grouping is rather easier in univariate case, but for bivariate case

there is no hard and fast rule. Loukas and Kemp (1986) give three systematic grouping
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procedures: (i) row based, (ii) column based and (iii) reordering the classes so that they
may be treated as a J-shaped univariate distribution. Depending on the data either of these
procedures should be used. In the following we will use a combination of procedures 6]
and (ii).
Probability generating function technique

This technique was developed by Kocherlakota and Kocherlakota (1986). The
advantage of this method is that it does not require pooling of the cells, which is subjective
in most cases. This technique is based on the probability generating function of discrete
random variables to test goodness-of-fit hypotheses. Considering the bivariate case, let
f(x,,X,:8) be the joint probability function of two random variables X, and X,. By

definition the joint probability generating function of X; and X, is given by
ni(ty,t5;6) =E(ti“ t’:,fz), where @ is a k element vector of parameters. Let the sample

consists of n observations with frequency in (r, s)th cell being n,, with n=33n_.
r s

Based on this sample the empirical (sample) pgfis defined as

1
P(t),ty) = EZanStItZ,

r s

where |t;|< 1,1 =1, 2. It can be seen that
E[P(tl,t2)]= Tl'.(t],tz).

Let Q be the maximum likelihood estimator of §. Then the maximum likelihood estimator

of n(t,,tz;ﬁ) is ft(tl,tz;é). Since @ is the maximum likelihood estimator, we can expand

fc(t, s ,Q) Retaining only the first order terms

a k .. .
{t,138) = 7(t1,t:0) + X (5, —ei)a—“(ia*’—gz—’g—). (42.1)
i=1 i

1

Consider now the random variable

g(tl’tz) = P(tl’tz) - ﬁ(tl,tz;é)s

using (4.2.1), we have
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K /n .
&t t2) = {P(t1,t2) - m(ty, 12:0)) - Zj!(ei —ei)w.

06;
Using the asymptotic properties of ML estimators
&(t1,t,)—N(0,0%),
where
2 _1r 12 2 2 1oy e Om(ty,1538) On(ty, 1236)
o = [t )] £ 2o B

with {oij} as the inverse of the information matrix. In the case of Poisson-double

binomial distribution

A
Q= P1 b
P2
and

nty,ty) = CXP[K{(Ch +pity)" (a2 +pata)™ - 1}]

The partial derivatives of pgf with respect to the parameters are given as

w =ty t )[(‘h +pity) " (2 +pat2)" - 1]

—a—n%t;;_tz—) =nA(t ~1)(q +pity)™ 4(‘12 +02t) 2 ity t)

aﬂg;,tZ) - ]127\.-(112 _ 1)(% + pltl)ui (qZ + pztz)ﬂz—ln(tl,tz )
2

The test statistic to be used is

a~

, P(tl,t2)~n(ti,t2;§)

3

C

which is approximately N(0,1) under the null hypothesis. To perform the test o? in

(4.2.2) is estimated by replacing the parameters by their maximum likelihood estimates. If

the parameters are assumed known, then
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o’ = -El-[n(tlz,tg;_@) - nz(ti,tz;_@)].

The null hypothesis is rejected if
|Z]>z,,
2

where o is the level of significance and z, being the upper 100 y percent point of the
standard normal distribution. To calculate Z statistic in both cases (parameters estimated
and parameters known), we used four S-plus programs; namely, fitl, pgfl, epgfl and fit2,
which are given in appendix.
Examples

In order to ensure that the expected frequency in each cell is at least 1, the original
set of data has been condensed in the following form. The numbers in parentheses are the
expected frequencies. For each of the testing procedure, it is concluded that the data do fit
the Poisson-double binomial distribution. For the chi-square and pgf techniques the ML
estimates were used. For the pgf technique value of the test statistics Z depends on the

choice of t; and t,. In the following table both are taken to be 0.1. The results are given

in the following tables.
Data set I:
X2
X 0 1 >2
0 150 7 4
(151.6750) (9.7181) (2.4293)
1 16 11 3
(12.2219) (10.6802) (3.1525)
>2 2 5 2
(3.9136) (4.0915) (2.1177)
Statistic Value df Prob-value
Chi-square 4.1231 5 0.5318
Z(parameters est) -1.3436 _ 0.1791
Z(parameters known) 1.1846 _ 0.2362
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Data set II;

X2
X, 0 1 22
0 111 15 5
(108.4848)  (17.5752) (5.5860)
1 20 21 7
(19.3686) (18.2022) (7.7675)
>2 6 6 9
(6.8931) (8.7696) (7.3312)
Statistic Value df Prob-value
Chi-square 2.3939 5 0.7924
Z(parameters est) 1.0750 _ 0.2824
Z(parameters known) 1.3678 _ 0.1714
Data set I1I:
X2
X 0 1 2 3 4
0 117 96 55 19 4
(111.7146)  (92.5319) (47.2260) (17.9559) (7.5327)
1 61 69 47 27 14
(68.8079) (83.4788) (53.5746) (24.3673) (12.3137)
2 34 42 31 13 12
(26.1141) (39.8387) (31.0135) (16.5511) (10.0216)
3 7 15 16 7 4
(7.3833) (13.4741) (12.3076) (7.5648) (5.4471)
4 5 4 1 2 6
(2.1232) (4.6134) (4.9852) (3.5943) (3.2334)
Statistic Value df Prob-value
Chi-square 23.7144 21 0.3071
Z(parameters est) 1.2573 _ 0.2086

69




4.3 Bivariate Poisson distribution
Example

Consider the data set III of section (4.2). Assuming the data are from the bivariate
Poisson distribution, parameters estimation and goodness of fit tests will be done in this

section. The data is given below

Kol
<
[
(o]
(FS)

4 5 6 7
0 117 96 35 19 2 2 0 0
1 61 69 47 27 8 5 1 0
2 34 42 31 13 7 2 3 0
3 7 15 16 7 3 1 0 0
4 3 3 1 1 2 1 1 1
5 2 1 0 0 0 0 0 0
6 0 0 0 0 1 0 0 0
7 0 0 0 1 0 0 0 0

Estimation

The summary statistics for this data set are: X, =1.0014, X,=1.2910,
m,;; =0.3259.
The method of moments estimates are A = 3.9669, p; =0.2524 and p, = 0.3254. The
zero-zero cell frequency estimates are A’ = 2.6271, p{ = 0.3812 and p} = 0.4914. Using
the results given in Kemp ez al. (1983, Table 2) the maximum likelihood estimates are

found to be A = 5.6432, p; =0.1774 and p, = 0.2288. In tabular form

Estimates
Method A D D)
MM 3.9669 0.2524 0.3254
77 2.6271 0.3812 0.4914
ML 5.6432 0.1774 0.2288
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To apply the pgf technique for estimated parametrs we need the partial derivatives
of the pgf with respect to parameters of the bivariate Poisson distribution. For the bivariate

Poisson distribution the pgf is given as

i) = exP[l{QIqZ =1+ piQat) +paqyts + Plpztltz}]-
The partial derivatives with respect to the parameters are given as

on(ty,t))

N m{ty,t2 {0192 ~ 1+ Pty + paqyt, + PiPatits }

on(t;,t,

1

aﬂ:(tl,tz)
P,

In order to ensure that the expected frequency in each cell is at least 1, the original

= n(ty,ta Jaa(ts —A) + pata(t; ~ 1)]

=nfty,to Y i (ta = A)+ pty (t, ~ 1))

set of data has been condensed in the following form. The numbers in parentheses are the
expected frequencies. For each of the testing procedure, it is concluded that the data do not
fit the bivariate Poisson distribution. For the chi-square and pgf techniques the ML
estimates were used. For the pgf technique value of the test statistics Z depends on the

choice of t; and t,. In the following table both are taken to be 0.1. The results are given

in the following tables.

X2
X 0 1 2 3 4
0 117 96 55 19 4
(88.5476) (94.1884) (50.0943) (17.7618) (5.9334)
1 61 69 47 27 14
(69.2180) (94.3030) (61.1515) (25.5813) (10.1646)
2 34 42 31 13 12
(27.0540) (44.9396) (34.9109) (17.1378) (8.1388)
3 7 15 16 7 4
(7.0494) (13.8154) (12.5944) (7.1823) (4.0827)
4 5 4 1 2 6
(1.6242) (3.7522) (4.0455) (2.7284) (1.9471)
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Statistic Value df Prob-value
Chi-square 47.1695 21 0.0009
Z(parameters est) 3.8570 0.0001

4.4 Conclusion

In sections (4.2) and (4.3) we have applied two types of goodness-of-fit techniques
on data sets for Poisson-double binomial and bivariate Poisson distribution. In (4.2) two
simulated and one real data set were used. All of three do fit the Poisson-double binomial
distribution. For simulated data sets it is natural to expect that they must fit the Poisson-
double binomial distribution. We tried to fit the same data set (data IIT} for the two
distributions under consideration. The data supply the strong evidence that they came from
the Poisson-double binomial distribution, but fail to do so for the bivariate Poisson
distribution. This result reveals a very important aspect of the different theoretical

development of the two distributions.
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APPENDIX: S-PLUS PROGRAMS

(1)  si.mat5: This program is written to get random observations from the Poisson-
double binomial distribution. Poisson-double binomial distribution has five parameters. In

this program n is the total sample size.

function(n, lambda, nl, n2, pl, p2)
{
result <- matrix{(0, n, 3)
%1 <- matrix{0, 1, 1)
X2 <- matrix(0, 1, 1)
for(i in 1:n) {
k <- rpois{l, lambda)
if(k == 0) {
x1l == 0
X2 == 0

else {
x1 <- rbinom(l, nl * k, pl)
X2 <- rbinom(l, n2 * k, p2)
resultfi, ] <- c(xl1l, x2, k)

}

}

list(resultl <- result, result2 <- table (result[, 1],
result[, 2]))
}

(2)  pfe91l: The following program is written as a part of the next program i.e.
program (3). The purpose of this program is to provide basis for the computations of
probability function at various X, and X, values for the Poisson-double binomial

distribution. In the following program r and ¢ are the limits for X, and X, values.

function(lam, nl, n2, pl, p2, r, ¢)
{
f£ <- matrix(0, r, ¢}
f£{1, 1] <- exp(lam * (dbinom(0, nl, pl) * dbinom(0,
n2, p2) - 1))
for{(j in 2:r) {
ps <- 0
a <- (lam/(j - 1)) * dbinom(0, n2, p2)
for(h in 1:(3 - 1)) {
ps <- ps + a * h * dbinom(h, nl, pl) *
££[3 - h, 1]
}

££[3, 1] <- ps
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for{l in 2:c¢) {
psl <- 0
al <- (lam/(1 - 1)) * dbinom(0, nl, pl)
for{m in 1:(1 - 1)) f{
psl <- psl + al * m * dbinom(m, n2, p2) *
f£[(1, 1 - m]
}

££[1, 1] <- ps1
£f

(3)  pfc931: This is the actual program for the computation of the Poisson-double
binomial probabilities.

function(lam, nl, n2, pl, p2, r, c)
{
£f1 <- pfc9li(lam, nl, n2, pl, p2, r, c)
for(jj in 2:r) {
for(ll in 2:c¢) {
ps2 <- 0
az <- (lam/(3jj - 1))
for(hh in 1:(3j3 - 1)) {
for{mm in 0:(11 - 1)) {
ps2 <- ps2 + a2 * hh *
dbinom(hh, nl, pl) * dbinom{mm, n2, p2) * f£1f{j3 - hh, 11 -
m] }}
££1(33, 11] <- ps2i}
£ff1
}

(4)  nbl: The following S-plus program is used to differentiate the Poisson-double

binomial pf with respect to A. In the following program symbol lam is used for A

function(lam, nl, n2, pl, p2, j, k)
{
ff <- pfc%31(lam, nl, n2, pl, p2, j, k)
dfl <- matrix(0, j, k)
df1{1i, 1] <- f££f[1, 1] =* {dbinom(0, nl, pl) =*
dbinom(0, n2, p2) - 1)
for(t in 2:(n1 + 1)) {
cs <- 0
for(r in 0:(t - 1)) ¢
¢cs <- cs + (1 - p2)An2 * dbinom(r,
nl, pl) * ££[t - r, 1] }
dfift, 1] <- ¢cs - fflt, 1] }
for(m in 2:(n2 + 1)) {
¢sl <- 0
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n2,

nl,

n2,

pl)

pl)

pl)

pl)
afl

for(s in 0:(m - 1)) {
csl <- ¢csl + (1 - pl)Anl * dbinom(s,
p2) * f£f[1, m - s] }
df1l(1, m] <- ¢sl - £f[1, m] }
for(t in (nl + 2):3) {
cs <- 0
for{r in 0:nl) {
¢s <- cs + (1 - p2)An2 * dbinom(r,
pl) * £f£(t - r, 1] }
dfllt, 1] <- ¢s - ££f[t, 1] }
for{m in (n2 + 2):k) {
csl <- 0
for(s in 0:n2) f{
csl <- ¢csl + (1 - pl)Anl * dbinom(s,
p2) * ££[1, m - s] }
Af1l[1, m] <- csl - ££f({1, m] }
for(t in 2:(nl + 1)) {
for{m in 2: (n2 + 1)) {
cs <- 0
for(r in 0:(t - 1)) {
for{s in 0:(m - 1)) {
cs <- ¢s + dbinom(r, nl,
* dbinom(s, n2,p2)*£f[t - r, m - 5] } }
dfl{t, m] <- ¢cs - ££[t, m] } }
for(t in 2:(nl + 1)) {
for{m in (n2 + 2):k) {
cs <- 0
for(r in 0:(t - 1)) {
for(s in 0:n2) {
cs <- ¢s + dbinom(r, nl,
* dbinom(s, n2, p2)*ff(t - r, m - s] } }
dflft, m] <- e¢s - £f[t, m] } }
for(t in (nl1 + 2):3) {
for(m in 2:(n2 + 1)) {
cs <- 0
for{r in 0:nl) {
for(s in O0:(m - 1)) {
¢s <- ¢s + dbinom(r, nil,
* dbinom(s, n2, p2) * ff(t - r, m - ] } 1}
dfl(t, m] <- ¢s - fflt, m] } }
for(t in (nl1 + 2):3j) {
for(m in (n2 + 2):k) {
cs <- 0
for{r in 0:nl) {
for(s in 0:n2) {
cs <- cs + dbinom(r, nl,
* dbinom(s, n2, p2)*£ff{t - r, m - s] } }
dfl[t, m)] <- cs - £f[t, m] } }
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(5)  nb3: Following program is written to get the differential coefficients when

Poisson-double binomial pf is differentiated with respect to p; .

function{lam, nl, n2, pl, p2, J., k)
{
ff <- pfc931(lam, nl, n2, pi, p2, j, k)
dfpl <- matrix({(0, 3, k)
dfplfl, 1] <- { - nl) * lam * dbinom(0, nl - 1, pl) *
dbinom(0, n2, p2)*ff[1,1]
for(t in 1:1) {
for{m in 2:k) {
cs <- 0
for{(s in O0:{m - 1)) {
€s <- ¢s + dbinom(0, nl - 1, pl)
* dbinom(s, n2 p2) * ££[1, m-s] }
dfpl[l, m] <- ( - nl) * lam * cs } }
for(t in 2:3) {
for{m in 1:k) {
csl <- 0
cs2 <- 0
for(r in 0:(t - 2)) {
for{s in 0:{m - 1)) {
csl <- ¢sl + dbinom(r, nl - 1,
pl) * dbinom(s, n2, p2) * f£{t - r - 1, m - s] } }
for(r in 0:(t - 1)) {
for(s in 0:(m - 1)) {
cs2 <- ¢s2 + dbinom(r, nil -
1, pl) * dbinom(s, n2, p2) * ff[t - r, m - g] } }
dipl{t, m] <- nl * lam * c¢sl - nl * lam * cs2 } }
dfpl

(6)  nb5: The following program is written to get the differential coefficients when

Poisson-double binomial pf is differetiated with respect to p,.

function(lam, nl, n2, pl, p2, j, k)
{
ff <- pfc931(lam, nl, n2, pl, p2, j, k)
dfp2 <- matrix(0, 3j, k)
dfp2[1, 1] <- - n2 * lam * dbinom{(0, nl, pl) *
dbinom(0, n2 - 1, p2) *£ff[1, 1]
for(t in 2:3) {
for(m in 1:1) {
cs <- 0
for(r in 0:{t - 1)) {
cs <- ¢s + dbinom{0, n2 - 1,
p2) * dbinom(r, nl, pl) * ff{t - r, 1] }
dfp2{t, 1] <- - n2 * lam * ¢cs } }
for(t in 1:3) {
for{m in 2:k) {
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csl <- 0
cs2 <- 0
for{r in 0:(t - 1)} {
for(s in 0:{m - 2)) {
» csl <- c¢sl + dbinom(r, nil,
pl} * dbinom(s, n2-1, p2) * ££[(t - r, m - s - 1] } }
for(r in 0:(t - 1)) {
for(s in O0:(m - 1)) {
cs2 <- ¢s2 + dbinom{r, nl,
pl} * dbinom(s, n2-1,p2) * ff(t - r, m - s] } }
dfp2ft, m} <- n2 * lam * cs1 - n2 *
lam * cs2 } } _
dfp2
}

(7)  try: Following program is to get the gamma matrix defined in Kocherlakota and

Kocherlakota (1992, p. 46), which is used to obtain maximum likelihood estimators.

function(n, lam, nl, n2, pl, p2, j, k)

{
ff <- pfeS31l(lam, nl, n2, pi, p2, j, k)
dl <- nbl(lam, nl, nzr Pl.- pzr jr k)
dpl <- nb3({(lam, nl, n2, pl, p2, j, k)
dp2 <- nb5(lam, nl, n2, pl, p2, j, k)
gamt <- matrix(0, 3, 3)
ce <- 0
for(r in 1:3j) {
for{(s in 1:k) f{
cs <- cs + (1/ff[r, s]) * dl{r, s] *
dl[r, =]
}
}
gamt([1l, 1] <- n * ¢s
cs <~ 0
for(r in 1:3) f§
for(s in 1:k) {
cs <- cs + (1/£f([r, s]) * dplir, s] *
dpl{r, s}
}
}
gamt[2, 2] <- n * cs
cs <- 0
for(r in 1:3) {
for(s in 1:k) {
cs <- ¢s + (1/fflxr, s]) * dp2[r, s] *
dp2[r, s] :
}
}

gamt {3, 3] <- n * ¢s
cs <- 0
for(r in 1:3) {
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for(s in 1:k) {
cs <- ¢s + (1/ff(r, s]) * dl[r, s] *
dplir, s]
}
}
gamt[1, 2] <- n * cs
gamt [2, 1] <- gamt[1l, 2]
cs <- 0
for(r in 1:3) {
for(s in 1:k) {
cs <- ¢cs + (1/ff[r, s]) * dllr, s] *
dp2[xr, s] '

gamt[1, 3] <- n * cs

gamt [3, 1] <- gamt[l, 3]

cs <- 0

for(r in 1:3) {

for(s in 1:k} {
cs <- cs + (1/ff(r, &]) * dpllr, s] *

dp2[r, s]
}

}

gamt[2, 3] <- n * cs

gamt {3, 2] <- gamt[2, 3]
gamt
}
(8)  tryl: Following program is written to get the D matrix, which is needed to obtain
the iteration vector for maximum likelihood estimates in case of Poisson-double binomial
distribution. This matrix is also defined in Kocherlakota and Kocherlakota (1992, p. 46).

nrs is the observed data set.

function(lam, nl, n2, pl, p2, j, k)

{
ff <- pfc931(lam, nl, n2, pl, p2, j, k)
dl <- nbl(lam, nl, n2, pl, p2, j, k)
dpl <- nb3(lam, nl, n2, pl, p2, j, k)
dp2 <- nb5{lam, nl, n2, pl, p2, j, k)
fr <- nrs
dss <- matrix(0, 3, 1)
dss[1l, 1] <- sum(fr * (1/ff) * d1)
dss[2, 1] <- sum({fr * (1/£ff) * dpl)
dss[3, 1] <- sum(fr * (1/£f) * dp2)
dss

}
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9) iterl: Following program is used for iterations which are necessary to maximum
likelihood estimates. In this program lami, pli, p2i are the starting values of the three
parameters to be estimated. Usually these initial values are either method of moments or

zero-zero cell frequency estimates.

function(lami,pli,p2i,n,ni,n2,3j,k,st)

{

lam<-lami

pl<-pli

p2<-p2i

it<-0

del<-matrix(0,3,1)

vcov<-matrix{0,3,3)

while( (it<-it+l)<st) {del<-
solve(try(n,lam,nl,n2,pl,p2,3,k))%*Stryl (lam,nl,n2,pl,.p2,3,k)
lam<-lamt+del {1, 1]

pl<-pl+del{2,1]

p2<-p2+del(3,1]
veov<-solve(try(n,lam,nl,n2,pl,p2,3,k))
cat(it,lam,pl,p2,"\n")

print (del)

print (vcov}} }

(10)  gamli: Purpose of this program is the same as of program (7), except the difference

that following program is for the estimation of p, and p,, while A is assumed known.

function(n, lam,nl,n2,pl,p2,73.k)
{
ff<-pfc931l(lam,nl,n2,pl,p2,3,k)
dpl<-nb3(lam,nl,n2,pl,p2,3.k)
dp2<-nb5(lam,nl,n2,pl,p2,73.k)
gamt<-matrix(0,2,2)
cs<-0
for{r in 1:j) {
for(s in 1:k){
cs<-cs+(1/ff[r,s]) *8pllr,s}*dplir,sl}}
gamt[1,1l]<-n*cs
cs<-0
for(r in 1:3j) {
for(s in 1:k) {
cs<-cs+{(1/ff(r,s])*dp2(r,s]l*dp2(r,s]}}
gamt[2,2]<-n*cs
¢cs<-0
for(r in 1:3) {
for(s in 1:k} {
cs<-cs+{1/£f[r,s])*dplr,s] *dp2[r,sl}}
gamt[1l,2]<-n*cs
gamt [2,1]<-gamt[1, 2]
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gamt
1

(11)  dsl: Purpose is the same as of program (8), except the difference that this program

is for the estimation of p; and p,, while A is assumed known. nrs is the observed
frequency distribution.

function(lam,nl,n2,pl,p2,3.k)
{
ff<-pfcY31(lam,nl,n2,pl,p2,3,k)
dpl<-nb3(lam,nl,n2,pl,p2,3,k)
dp2<-nb5(lam,nl,n2,pl,p2,3,k)
fr<-nrs

dss<-matrix(0,2,1)
dss([1,1l]<-sum(fr*(1/£f}*dpl)
dss[2,1]<-sum(fr*(1/£f) *dp2)
dss

}

(12)  iter2: Purpose is the same as of program (9), except the difference that this

program is for the estimation of p, and p,, while A is assumed known.

function(lam,pli,p2i,n,nl,n2,j,k,st)

{

lam<-lam

pl<-pli

p2<-p2i

it<-0

del<-matrix{0,2,1)

veov<-matrix (0,2,2)

while((it<-it+1)<st)

{del<-
solve(gaml(n,lam,nl,nz,pl,p2,j,k))%*%dsl(1am,n1,n2,p1,p2,j,k)
pl<-pl+del(l, 1]

p2<-p2+del[2,1]

veov<-solve(gaml (n,lam,nl,n2,pl,p2,3.k)}
cat({it,lam,pl,p2,"\n")

print (del)

print (vcov) }}

(13) mom: This program results in numerical values of the population raw moments and
moments about mean, when parametric values are supplied. In this program symbol m is
used for A.

function(m, nl, n2, pl, p2)
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result <- matrix (0, 12, 1)

mpl0 <- m * nl * pl

result[l, 1] <- mpl0

mp0l <- m * n2 * p2

result[2, 1] <- mp0l

mpll <- m * nl * n2 * pl * p2 + mA2 * nl * n2 + pl *
p2

resultf3, 1] <- mpll

mp20 <- m * nl * (nl - 1) * plA2 + mA2 * nlA2 * plA2
+m* nl * pl '

result{4, 1] <- mp20

mp02 <- m * n2 * (n2 - 1) * p2A2 + mA2 * n2A2 * p2A2
+m * n2 * p2

result[5, 1] <- mp02

mp2l <- m * nl * (nl - 1) * n2 * plA2 * p2 + mA2 * nl
* (nl - 1) * n2 *plA2 * p2 + 2 * MA2 * pnlA2 * nd * plA2 * p2
+ mA3 * nlA2 * n2 * plA2 * p2 + m * nl * n2 * pl * p2 + mA2 *
nl * n2 * pl * p2

resulti6, 1] <- mp21l

mpl2 <- m * nl * (n2 - 1) * n2 * pl * p2A2 + mA2 * nil
* n2A2 * pl * p2A2 + mA2 * nl * n2 * (2 * n2 - 1)} * pl * p2A2
+ mMA3 * nl * n2A2 * pl * P2A2 + m * nl * n2 * pl * p2 + mA2 *
nl * n2 * pl * p2

result[7, 1] <- mpl2

mp22 <- m * (nl - 1) * nl * {(n2 - 1) * n2 * plA2 *
P2A2 + mA2 * nl * (nl - 1) * n2A2 * plA2 * p2A2 + mA2 * pl *
nl - 1) * n2 * (2 * n2 - 1) * plA2 * P2A2 + 2 * @A2 * plA2 +
n2 * (2 * n2 - 1) * pl2 * p2A2 + mA3 * nl * (nl - 1) * n2A2 *
plA2 * p2A2 + mA3 * nl * (nl - 1) * n2A2 * piA2 * p2A2 + 2 *
mA3 * nlA2 * n2A2 * plA2 * p2A2 + mA3 * nlA2 * n2 * (3 * pn2 -
1) * plA2 * p2A2 + mA4 * nlA2 * n2A2 * plA2 * pP2A2 + mp2l +

mpl2 - mpll

result[8, 1] <- mp22

mll <- m * nl * n2 * pl * p2

result[%, 1] <- mll

m21 <- mp21 - mp0l * mp20 + 2 * mpl0A2 * mp0l - 2 *
mpl0d * mpil

result{10, 1] <- m21

ml2 <- mpl2 - mpl0 * mp02 + 2 * mpl0 * mp0lA2 - 2 *
mp0l * mpll

result[11l, 1] <- ml2

m22 <- mp22 - 2 * mp2l * mp0l - 2 * mpl2 * mpl0
mplO0A2 * mp02 + mp0lA2 * mp20 + 4 * mpll * mpl0 * mp0l - 3
npl0A2 * mp01A2

result[12, 1] <- m22

result

* 4

(14)  vmom: Purpose of this program is to calculate numerical values of the variances

and covariances of the method of moments estimators. Here n is the total sample size.
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function(n, m, nl, n2, pl, p2)
{
mm <- mom({m, nl, n2, pl, p2)
vev <- matrix(0, 3, 3)
tt <- matrix(0, 3, 3)
result <- matrix(0, 3, 3)
tt[ll l] <- nl * pl
ttll, 2] <-nl1l *m
te{l, 3] <- 0
tt(2, 1] <- n2 * p2
te[2, 21 <- 0
ttf2, 3] <- n2 +*
te{3, 1] <- nl *
tt[3, 2] <- nl * n2 * p2 * m
tt[3, 3] <- nl *
vev{l, 1] <- (mm[4, 1] - mm{1l, 1]A2)/n

vev([l, 2] <- (mm[3, 1] - mm[1, 1] * mm[2,

vev[l, 3] <- mnm[10, 1]/n
vevi2, 1] <- vev(l, 2]
vev(2, 2] <- (mm[5, 1] - nm[2, 1]A2)/n
vev([2, 3] <- mm[11, 1]1/n
vev (3, 1] <- vev[l, 3]
vev([3, 21 <- vev[2, 3]
vev (3, 3] <- (mm[12, 1] - mm{9, 1]A2)/n

11)/n

result <- solve(tt) %*% vev %*% t(solve(tt))

result

(15)  vzerol: Following program is used to get the numerical values of the variances and

covariances of the zero-zero cell frequency method estimators,

function(n, m, nl, n2, pl, p2)
{
mm <- mom{m, nl, n2, pl, p2)
vev <- matrix(0, 3, 3)
tt <- matrix (0, 3, 3)
result <- matrix(0, 3, 3)
tt(1, 1] <- nl1 * pl
ttll, 2} <- nl *m
ttf1, 3] <- 0
tt[2, 1] <- n2 * p2
tef2, 21 <- 0
te{2, 3] <- n2 *m

tt(3, 1) <- ((1 - pl)Anl * (1 - p2)An2 - 1) =* exp(m *

(1 - pl)Anl * (1 - p2)An2 - m)

tel3, 2] < - m* nl * (1 - p2)An2 * (1 - pl)A(nl -

1) * exp{m * (1 - pl)Anl * (1 - p2)An2 - m)

te{3, 3] <- - m * n2 * (1 - pl)Anl * (1 - p2)A(n2 -

1) * exp(m * (1 - pl)Anl * (1 - p2)An2 - m)
vev(l, 1] <- (mm{4, 1] - mm[1, 1]A2)/n
vev[l, 2] <- (mm[3, 1] - mm([1, 1] * mm[2,
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vev([l, 3] <- - (mm[1, 1]1/n) * exp(m * (1 - pl)Anl *
(1 - p2)An2 - m)

vev([2, 1] <- wvev[l, 2]

vev([2, 2] <- (mm[5, 1] - mm[2, 1]1A2)/n

vev(2, 3] <- - (mm[2, 1]/n) * exp(m * (1 - pl)Anl *
(1 - p2)An2 - m) .

vev([3, 1] <- vev(l, 3]

vev[3, 2] <- vev[2, 3]

vev([3, 3] <- (1/n) * exp(m * (1 - pl)Anl * (1 -

p2)An2 - m) * (1 - exp{m * (1 - pl)Anl * (1 - p2)An2 - m))

result <- solve(tt) %*% vcv %*% t(solve(tt))

result

(16)  det: This program is used to get the determinant of a 3 by 3 matrix. Here x is the
name of the matrix whose determinant is needed.
function(x)

det <- x[1, 1] * (x(2, 2] * x[3, 3] - x[2, 3] * x[3,
2]y - x[1, 21 * (x[2, 1] * x[3, 3} - x[2, 3] * x[3, 1]) +
x[1, 3] * (x[2, 1] * x[3,2] - x[2, 2] * x[3, 1])
}

(17)  comp: This program is used to get the variance covariance matrix of the maximum
likelihood estimators, along with their respective determinants. Resultant vector consists of
the parameter values and the determinant of the the corresponding variance covariance

matrix.

function(n, m, nl, n2, pl, p2, rl, r2)
{

result <- matrix(0, 1, 6)

a <- matrix(0, 3, 3)

a <- solve(try(n, m, nl, n2, pil, p2, rl, r2))

ddl <- det(a)

print(a)

result[, 1] <- m

result{, 2] <- ni

result([, 3] <- n2

result[, 4] <- pi

result([, 5} <- p2

result[, 6] <- 4adil

result
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(18)  dvmom: Purpose of this program is the same as of program (17), except this
program results in the determinant of the variance covariance matrix of the method of

moments estimators.

function(n, m, nl, n2, pl, p2)

{
result <- matrix (0, 1, 6)
a <- matrix (0, 3, 3)
a <- vmom(n, m, nl, n2, pl, p2)
dd <- detfa)
print (a)
result[, 1] <- m
result[, 2] <- nl
result[, 3] <- n2
result{, 4] <- pl
result{, 5} <- p2
result[, 6] <- 44
result

}

(19)  dvzerol: It serves the same purpose as program (18) for the estimators obtained

from zero-zero cell frequency method.

function(n, m, nl, n2, pl, p2)

{
result <- matrix (0, 1, 6)
a <- matrix(0, 3, 3)
a <- vzerol{n, m, nl, n2, pl, p2)
dd <- det(a)
print (a)
result[, 1] <- m
resultl, 2] <- nl
resultf, 3] <- n2
result[, 4] <- pl
result[, 5] <- p2
result[, 6] <- &4
result

}

(20) mkﬂmM%mMmemaﬁmmmmmﬁywmwﬁmmem%
probability generating function technique when estimates of parameters are obtained. This

technique is defined in Kocherlakota and Kocherlakota (1992, p.49).

function{(n, m, nl, n2, pl, p2, j, k)
{
dpi <- matrix{0, 3, 3)
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sigij <- solve(try(n, m, nl, n2, pl, p2, 3§, k))

gl <- 1 - pl

g2 <- 1 - p2

tl <- 0.1

t2 <- 0.1

aal <- (gl + pl * t1)

aa2 <- (g2 + p2 * t2)

pii <- exp{m * ((ql + pl * tl)Anl * (g2 + p2 * t2)An2
- 1))

pii2 <- piia2

Pii22 <- exp(m * ((gl + pl * £1A2)}Anl * (g2 + p2 =+
£2A2)An2 - 1))

dpifl, 1] <- piiA2 * (-1 + aalAnl * aa2An2)A2

dpi[l, 2] <- piiA2 * (-1 + aalAnl * aa24an2) * nl * m
* aalA(nl - 1) * aa2an2 * (tl1 - 1)

dpi{l, 3] <- piiA2 * (-1 + aalAnl * aaz2An2) * n2 * m
* aalAanl * aa2Aa{n2 - 1) * (2 - 1)

dpil2, 1] <- dpil[l, 2]

dpi[2, 2] <- piiA2 * nlA2 * mA2 * (tl - 1)A2 * aa2A(2
* n2) * aalA(2 * nl - 2)

dpi(2, 3] <- piiA2 * nl * n2 * mA2 * (£l - 1) * (g2 -
1)* aala(2 * nl - 1) * aa2A{ 2 * n2 - 1)

dpil[3, 1) <- dpil[l, 3]

dpil3, 21 <- dpif2, 3]

dpi[3, 3] <- piiA2 * n2A2 * mA2 * (£2 - 1)A2 * aala (2
* nl) * aa2na(2 * n2 - 2)

dpi

sl <- sum(sigij * dpi)

sig2 <- ((pii22 - pii2)/n) - si

print{dpi)

print(sl)

print (pii2)

print{pii22)

print(sig2)

(21)  fit2: This program calculates o2 for pef technique when parameters are known, in

case of Poisson-double binomial distribution.

function(n, m, nl, n2, pl, p2, 3, k)
{

ql <- 1 - pl

g2 <- 1 - p2

tl <- 0.1

2 <- 0.1

) pii <- exp(m * ((ql + pl * t1)Anl * (g2 + p2 * t2)An2

- 1)

pii2 <- piia2

pPii22 <- exp(m * ((gl + pl * t£lA2)Anl =* (@2 + p2 *
t2A2)An2 - 1))

sig2 <- ((pii22 - pii2)/n)
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print (pii2)
print (pii22)
print (sig2)

(22)  pgfl: It calculates the numerical value of the pgf for the Poisson-double binomial
distribution when parametric values are supplied. we need this in applying pgf technique in
test of goodness-of-fit,

function{m, nl, n2, pl, p2)

{
ql <- 1 - pl
g2 <- 1 - p2
tl <- 0.1
t2 <- 0.1

pii <- exp(m * ((ql + pl * tl)Anl * (g2 + p2 * t2)An2
- 1))

(23)  epgfl: This calculates numerical value of the empirical (sample) pgf.

function{n, j, k)

{
freq <- nrs
tl <- 0.1
t2 <- 0.1
cs <- 0

for(r in 1:3) {
for(s in 1:k) {
cs <- ¢s + (freqlr, s]/n) * tlAa{(r -
1) * t2A{s - 1)
}
}
cs

}

(24) pfovpl: This program calculates the bivariate Poisson probabilities when

parametric values are supplied.

function(lam, pl, p2, j, k)
{
£f <- matrix (0, j, k)
gl <- 1 - pl
g2 <- 1 - p2
££[1, 1] <- exp(lam * (gl * g2 - 1))
for{r in 2:3) {
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ps <- (exp{lam * (gl * @2 - 1)) * pla(r - 1)
* q2A{r - 1) * lamA(r - 1))/{gamma(x))
f£lr, 1] <- ps
}

for(s in 2:k) {
psl <- (exp(lam * (ql * g2 - 1)) * p2A(s - 1)
* qla(s - 1) * lamA(s - 1)) /(gamma(s))
££[1, s] <- psi
}

for{r in 2:3) {
for(s in 2:k) {

ps2 <- 0

££[1, 1] <- exp(lam * (ql * g2 - 1))

for(rr in O:imin(r - 1, s - 1)) {

ps2 <- ps2 + (plAa{r - 1) *

p2A(s - 1) * glA(s - 1 - rr) * @2A(r - 1 - rr) * lamA(r + 5 -
rr - 2))/(gamma(r - rr) * gamma(s - rr) * gamma {rr + 1))
}

£f[r, s] <- ££[1, 1] * ps2
}

}

f£

}

(25)  dlbvpl: This program finds the numerical values of the derivatives of the bivariate

Poisson probability function with respect to A .

function(lam, pl, p2, 3j, k)
{
£f <- pfbvpl(lam, pl, p2, j, k)
dfl <- matrix(0, j, k)
gl <- 1 - pl
g2 <- 1 - p2
for(r in 1:3) {
for(s in 1:k) {
ps <- 0
for(rr in O:min{xr - 1, s - 1)) {
ps <- ps + (rr * plA(r - 1) *
p2A(s - 1) * @2A{s - 1 - rr) * q2A(r - rr - 1) * lamA{r + 5 -
rr - 2))/(gamma(r - rr) * gamma(s - rr) * gamma(rr + 1))
}

dfllr, s] <- (gl * q2 - 1} * fflr, s] + ((r + § - 2)/lam) *
£flr, s] - (exp(lam * (gl * g2 - 1))/lam) * ps

}

}

dfl

}
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(26)  dplbvpl: This program calculates the numerical values of the derivatives of

bivariate Poisson probability function with respect to Py

function(lam, pl, p2, j, k)
{
£ff <- pfprl(lam: plr p2; j: k)
dfpl <- matrix (0, j, k)
ql <- 1 - pl
g2 <- 1 - p2
for(r in 1:3) {
for(s in 1:k) {
ps <- 0
for(rr in O:mmin(r - 1, s - 1)) {
pPs <- ps + (xr * plAa{(r - 1) =
P2A(s - 1) * g2A(s - 1 - rr) * Q2A(xr - rr - 1) * lamA{r + s -
rr - 2))/(gamma(r - rr) * gamma(s - rr) * gamma(rr + 1))

dfpllr, s] <- - lam * q2 * ££[r, s] + ((r - 1)/pl) *
££lr, s1 - ((s - 1)/ql) * £f[r, s] + (exp(lam * (gl * q2 -
}1))/q1) * ps
}
dfpl
}

(27)  dp2bvpl: Purpose of this program is same as of (25) except the derivatives of pf

are with respect to p,.

function(lam, pl, p2, j, k)
{
ff <- pfbvpl(lam, pl, p2, j, k)
dfp2 <- matrix(0, j, k)
gl <- 1 -pl
g2 <- 1 - p2
for(r in 1:j) {
for(s in 1:k) {
ps <- 0
for(rr in O:min{r - 1, s - 1)) {
ps <- ps + (rr * plA(r - 1) =*
p2A(s - 1) * gq2A(s - 1 - rr) * @2A{r - rr - 1) * lamA(r + s -
rr - 2))/(gamma(r - rr) * gamma(s - rr) * gamma(rr + 1))

}

dfp2[r, s] <- - lam * g1 * ff[r, s] + ((s - 1)/p2) * fflr,
sl - ((r - 1)/q2) * ££f[r, s] + (exp(lam * (ql * g2 - 1))/q2)
* ps

}

}

dfp2

}
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(28)  gambvpl: This program finds the information matrix for the bivariate Poisson

distribution.

function(n, lam, pl, p2, 3j, k)
{ )
££f <- pfbvpl(lam, pl, p2, j, k)
dl <- dlbvpl(lam, pl, p2, i, k)
dpl <- dplbvpl{lam, pl, p2, j, k)
dp2 <- dp2bvpl(lam, pil, p2, j, k)
gamt <- matrix{0, 3, 3)
cs <- 0
for(r in 1:3) ¢

for(s in 1:k) {

cs <- cs + (1/ff(r, sl) * dllr, s] *

dl[r, s]
}}
gamt[1, 1] <- n * cs
cs <- 0
for({r in 1:3) {
for{s in 1:k) {
cs <- ¢s + (1/fflr, s]) * dpl(x, s] *
dpllr, s]
b}
gamt[2, 2] <- n * ¢s
cs <- 0
for{r in 1:3) f{
for(s in 1:k) {
cs <- cs + (1/ff[r, s]) * ap2lr, s] *
ap2[r, s]
1}
gamt[3, 3] <- n * ¢s
cs <- 0
for(r in 1:3) {
for(s in 1:k) {
cs <- cs + (1/£f[r, s]) * dl[r, s] *
dpllr, s]
b}
gamt[1l, 2] <- n * ¢s
gamt[2, 1] <- gamt[1l, 2]
cs <- 0
for(r in 1:3) {
for(s in 1:k) {
cs <- cs + (1/ff[r, 8]} * d1l[r, s] *
dp2[r, s]
1}
gamt [1, 3] <- n * ¢s
gamt [3, 1] <- gamt[1l, 3]
cs <- 0
for(r in 1:j) {
for{s in 1:k) {
cs <- ¢s + (1/ff[r, s]) * dpllr, s] *
dp2[r, s]
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1}
gamt[2, 3] <- n * ¢csg
gam-t[31 2] <- galnt[?-r 3}
gamt

(29)  dsbvpl: This program is written to get the D matrix, which is needed to obtain the

iteration vector for ML estimates for the parameters of the bivariate Poisson distribution.

function(lam, pl, p2, j, k)

{
£f <- pfbvpl(lam, pl, p2, j, k)
dl <- dlbvpl(lam, pl, p2, 3, k)
dpl <- dplbvpl(lam, pl, p2, j, k)
dp2 <- dp2bvpl(lam, pl, p2, j, k)
fr <- death
dss <- matrix(0, 3, 1)
dss[l, 1] <- sum({(fx) * (1/ff) * d1)
dss[2, 1} <- sum((fr) * (1/£ff) * dpl)
dss([3, 1] <- sum{({fr) * (1/ff) = dp2)
dss

(30)  pgfbvp: To apply pgf technique for goodness-of-fit for bivariate Poisson
distribution, we need to calculate the numerical value of the pgf when parametric values are
supplied. This program serves this purpose.

function{m, pl, p2)
{
gl <- 1 - pl
g2 <- 1 - p2
tl <- 0.1
t2 <- 0.1
pii <- exp{m * (gl * g2 - 1 + Pl * @2 * tl + p2 * gl
* £2 + pl * p2 * £1 * £2))
}

(31)  epgfbvp: Thids priogram calculates the numerical value of the empirical pgf,
function(n, j, k)

freq <- death

tl <- 0.1
t2 <- 0.1
cs <- 0

for(r in 1:3) {
for(s in 1:k) {
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cs <- cs + (freqglr, sl/n) * tlA(r -
1) * t2A(s - 1)
}
}
cs

}

(32) fitbvpl: This program finds o2 for the pgf technique (when estimates of the

parameters are used) for bivaraite Poisson distribution.

function(n, m, pl, p2, j, k)
{
dpi <- matrix (0, 3, 3)
sigij <- solve(gambvpl(n, m, pl, p2, j, k))
gl <- 1 - p1
g2 <- 1 - p2

t2 <- 0.1

pii <- exp(m * (gl * @2 - 1 + pl * g2 * t1 + p2 * ql
* £2 + pl * p2 * t1 * t2))

pii2 <- piiA2

pii22 <- exp(m * {ql * g2 - 1 + pl * g2 * tlA2 + p2 *
gl * t2A2 + pl * p2 * £I1A2 * £2A2))

dpi[l, 1] <- piiA2 * (ql * g2 - 1 + pl * g2 * t1 + p2
* gl * t2 + pl * p2 * £1 * £2)A2

dpi[l, 2] <- piiA2 * (gl * q2 - 1 + pl * g2 * tl + p2
* gl * £2 + pl * p2 * £1 * £2) * ( - @ * a2 + g2 * tl - p2 *
t2 + p2 * £l * t2)

dpif[l, 3] <- piiA2 * (gl * g2 - 1 + pl * g2 * tl + p2
* gl * £2 + pl * p2 * £ * £2) * ( - m * gl + gl * £2 - pl *
tl + pl * t1 * t2)

dpi(2, 1} <- dpif(l, 2]

dpi[2, 2] <- piiA2 * {
P2 * t1 * £2)A2

dpi[2, 3] <- piin2 * {
P2 * £l * £2) * (- m * gl + gl

dpi[3, 1] <- dpil[1, 3]

dpi{3, 2] <- dpi[2, 3]

dpi[3, 3] <- piiA2 * ( - m * ql + gl * t2 - pl * t1 +
pl * t1 * £2)A2

dpi

sl <- sum(sigij * dpi)

sig2 <- ((pii22 - pii2)/n) - s1

print (dpi)

print (sl)

print(pii2)

print (pii22)

print(sig2)

m* g2 + g2 * tl - p2 * t2 +

m* g2 + g2 * tl - p2 * t2 +
t2 - pl * t1 + pl * t1 * t2)

*
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