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ABSTRACT

Compounding and generalizing are the two well known techniques of forming more

complex probability distributions starting with elementary distributions. In the univariate

case extensive literature is available discussing these techniques and their applications.

Application of these procedures to the bivariate discrete distributions needs some

consideration, because not much work has been done in this area. The resultant

distributions in the bivariate case tum out to be more complex than in the univariate case.

In number ofinstances entirely new distributions are generated.

In this thesis two types of the bivariate Poisson-binomial distributions, namely,

bivariate Poisson distribution and Poisson-double binomial distribution are discussed.

Based on the probability generating functions ofthe these bivariate distributions, we find

various properties of the distributions including, joint probability function, marginal and

conditional distributions, various types of moments, and limiting distributions.

Tkee methods of estimation, namely, method of moments, zero-zero cell frequency

method and method of maximum likelihood, of the parameters involved are proposed and

studied in detail. Due to the complexity of the probability function, iteration procedures are

suggested. The asymptotic variances of the estimators along with their efficiencies are

examined. It is found that fhe zero-zero cell frequency method is more efficient as

compared to method of moments.

Having decided on the type of the estimates to be used, goodness-of-fit tests for

model building are done using simulated as well as the real life data ofaccidents sustained

by bus drivers. A probability distribution is preferable, if along with the theoretical

development, it has wide-spread application in real life. For the two distributions under

consideration it is found that indeed they do have real life applications.
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INTRODUCTION AND SUMMARY

Discrete distributions are an essential part of statistical theory and applications.

Elementary univariate discrete distributions such as binomial and Poisson are well-known.

More complex types of distributions can be obtained from the simple distributions in a

number of ways. One way is to consider random sums of independent random variables.

This procedure is referred to as a random sum process or generalization. The other way is

compounding, often refened to as mixing. In compounding the parameter of a probability

distribution is taken to be a random variable rather than as a fixed value. A detailed

discussion ofthese two techniques is given in Chatfield et al. (1973). Douglas (1970) and

Feller (1943, 1968) also describe these models in detail.

Consider the sum Sn = Xr +...+XN, where X's are independently identically

distributed random variables with probability generating function f(t) and N is a random

variable with probability generating function g(t), then the probability generating function

of sN is s(f(r)).

The following examples illustrate this procedure: (i) In animal trapping experiments

the size of a species is a random variable with the probability function gn. Let X

represents the outcome ofa trapping experiment with X = I ifan animal is trapped and zero

otherwise. Then under the assumption that P{X = t} = p and of independence, the

probability generating function of the number S¡ of animals trapped is g(q+pt), where q

= I - p. (ii) Let gn be the probability ofan insect laying n eggs. Under different viability



of eggs and independence, when the probability of survival ofan egg is p, the probability

generating function of the number ofeggs surviving in an egg mass ofsize n is (q + ft)n.

If the number ofegg-masses under discussion has the Poisson distribution with parameter

À, then the probability generating function of the total number of eggs surviving is

exp[],{(q + pt)- f }]. ffris distribution is called the Poisson-binomial distribution. A

further generalization of this model yields the probability generating function as

"*ph{(q 
* pt)* - r}1. rftis model is discussed in detail in chapter 1.'L (" ," Jl

These complex models in univariate case, where only one characteristic of the

population is taken into account, have been discussed extensively in the literature. In the

bivariate case, where two characteristics ofthe population are considered, there is much

room for new work. In this thesis an effort is made to produce some new distributions,

using the bivariate distributions available in literature. Bivariate (oint) binomial and double

(independent) binomial distributions are very familiar. Two extensions of the Poisson-

binomial to the bivariate case are possible. In one case the index parameter of a bivariate

binomial distribution is taken to be proportional to the Poisson random variable. In the

second case we consider a double binomial distribution, with index parameters each being

proportional to a Poisson random variable. Both models are discussed in this thesis.

A brief review of the Poisson-binomial distribution (univariate case) is given in

chapter 1. The chapter includes the basic model for the Poisson-binomial distribution,

properties ofthe distribution along with the estimation of the parameters. The efficiencies

of the estimators are also given.

Chapter 2 is the main building block of the whole thesis. In this chapter it is shown

how new distributions arise, when the compounding process is applied to different

distributions. Basically bivariate binomial and double binomial distributions are taken as

describing the nature of the population. When the index pârameters are taken as random

variables (in our case having the Poisson distribution), completely different types of

distributions are obtained. Three types ofpossibilities are discussed in this chapter, which

vr



give rise to two distributions. One is the familiar bivariate Poisson distribution with a new

set of parameters and the other is the new distribution which is named as the Poisson-

double binomial distribution. Various properties of the two distributions including

probability generating function, probability ñrnction, marginal and conditional distributions

and different types of moments are given. Using the probabitity generating function,

difference equations are developed for the probability function. In addition to the usual

properties ofthe distribution, the limiting forms ofthe distribution are also discussed.

Estimation of the parameters of the two distributions developed in chapter 2 is the

object of chapter 3. One section is devoted to obtain estimators and their asymptotic

variances and covariances for the bivariate Poisson distribution. This work is unique in the

sense that it uses the set of parameters that is different from the set used already in

literature. The second section consists of estimation in case of Poisson-double binomial

distribution. Three methods of estimation, namely, method of moments, zero-zero cell

frequency method and method of maximum likelihood are employed to get estimators and

their variances and covariances. In the case ofmaximum likelihood estimation difference

equations are needed for determining the estimators. These equations are developed.

Tables and graphs ofefficiencies are included.

Chapter 4 deals with the practical application ofthe two distributions with greater

emphasis on the Poisson-double binomial distribution. The estimation procedures are

exemplified by the use of simulated and real-life data. Tables of the estimates along with

their estimated standard effors are given. The adequacy of the model is tested using two

procedures for the goodness-of-fi t.

Computational aspect of the problems studied are discussed in appendix. The

computer package S-Plus was used to write all of required algorithms. These S-Plus

programs cover simulation of the Poisson-double binomial distribution, probability

computations, numerical evaluation of the information matrix, iteration process to get

maximum likelihood estimates, computation of variance-covariance matrices of method of

v1l



moments and method of zero-zeÍo cell frequency estimators, computation of Z-stâtistic for

the probability generating function technique used in the goodness-of-fit.
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I

UNIVARIATE POISSON-BINOMIAL
DISTRIBUTION

1.1 Genesis

Two well known techniques of constructing discrete distributions are generalizing

and compounding. The generalized distribution is also called a stopped sum and a

compound is also referred to as a mixture. The univariate Poisson-binomial distribution

can be obtained in either of these two ways. These techniques are very different, but in

certain situations they give rise to the same distribution as in the case ofunivariate Poisson-

binomial distribution. Gurland (1957) describes the relationship between these models. In

Gurland's notation, let X¡ be a random variable with probability generating f.rnction þgf)

c,(r) = [h(t)]o, (l.l.l)
where 0 is a given parameter. Let 0 be regarded as a random variable X2 with pgf Gz .

Then whatever be X2

X¡ n X2 - X2 vX1, (1.1.2)

where n stands for mixing and v stands for generalizing.

In the stopped sum procedure two independent distributions are combined in a

particular way. The principal model underlyíng these distributions can be thought as the

sum of the observations from the distribution v2 , where the number of the observations in

the given summation is a random variable having the distribution ry,. summation of the

observations from the distribution ry2 is randomly stopped by the value of the observation

having ry¡ distribution. consider a sequence of independent random variables



Yt,Y2,...,YN with pgf c2(t)

G1(t), then the sum

and size of the sequence N is random variable with pgf

SN=Yr+Yz+...+YH

(1.1.3)

is a ¡andom variable. Thepgfof S¡ is givenby

e[t+1= eN[nþs-ru]]

= ENlcr(t)]

= c,(cz(t)),

altematively,

Sru -Vr v Vz'

In the particular case of Poisson-binomial distribution

Poisson(1,) v binomial(n, p).

For example consider n identical coins, with the probability of a head at a single

toss being p. These coins are tossed simultaneously N number of times, where N is a

Poisson random variable having mean l,,withpgf G¡(t). The pgf G2(t) of the numbers

ofheads for each ofN trials is (q + pt)n then the pgffor the rotal numbers ofheads will be

cr(cr6)) = 
"*p[-r, 

+ r,1q + pt)" 
],

(1 .1 .4)

where q = I - p. This distribution is also called Poisson-stopped binomial.

On the other hand the mixture model is defined as follows. Consider the binomial

distribution with the parameters nk and p. If we let k vary, while n and p are constant, then

depending on the probability distribution ofk, the resulting distribution of the observed

number of heads will have a certain form. Let the distribution of k be Poisson with

parameter î,. Then the resulting distribution of the number of heads will have the pgf

defined in (1.1.4). From here it canbe seen easily that the Poisson-binomial distribution is

2



a superimposition of binomial distributions with different index parameters, each of which

has a Poisson distribution. In other words the mixed distribution is given by

binomial(nk, p) n Poisson(À)

or

mixed-binomial(kn,p) on k by Poisson( l, ).

The probability generating firnction þgf) is given by,

*n[r{(o*nÐ" -r}]. (r.r.5)

It can be seen that (1.1.4) and (i.l.5) are identical.

The distribution in (1.1.5) has three parameters, namely À, n and p, which will be

represented by Poisson-binomial (l,,n,p). The parameter À is a positive number, n is

positive integer and p lies between 0 and 1. As given in Dougtas (1980) and Johnson e¿ a/.

( 1992), when n = 2, Poisson-binomial distribution is equivalent to the Hermite

distribution.

1.2 Properties

Forn= l the pgf in (1.1.5) reduces to thatof the Poisson with parameter pÀ. The

distribution has a reproductive property which means that if X1,X2,...,X. are

independentty distributed Poisson-binomial (Ài,n,p), then their sum would also be a

Poisson-binomial with parameter, [, Ët,,r,ol.
\i=l .)

Probabílityfunction

The probability function (pf) is obtained by expanding the pgfas

c(t) = exp[-i, + r,(q + pt)" 
]

= j1q +pt)k".,.p(-r)*

As in Douglas (i980, p. 260), writing ir = Àqn and p = P, the pgf will become

3



=".,r-^r7S¿(i

-,,k nk

c(t) = exp(-),)f i(t * pt)
k=0 K!

*t"

where the upper limit of summation for x is nk. Using the fact that binomial coefficient is

zero for x greater than nk, we can write the urnestricted summation. Now interchanging

the order of summation, we get

c(r) = exp(-¡,) Ë [å(i)*),.,.,
where now k should be such that k>1. The coefficient of tx is

n

P(x = x) =.,.,(-^)[ï) å(ï)s
n

A recurrence relation among the probabilities, which is quite useñtl for numerical

evaluation, is also given by Douglas ( 1980). The form of the relationship is

p(x = x+l) ¡!S i-O:%n-r-,p,p(x = x-s) (r.2.1)

for x = 0, l, 2,..., and

P(x = 0) =."p(-1. * l.q'). (r.2.2)

Moments and cunulanls

According to Johnson et al. (1992,p.365), the cumulants of the Poisson-binomial

distribution can be obtained from the raw moments of the binomial distribution. The

simplest of all are the factorial cumulants. The factorial cumulant generating function (fcgf)

is

In G(t + l) = l.(t + pt)" - À, (1.2.3)



which gives rise to factorial cumulants in the following form,

X.nrn!
or,l = Gï. 0.2.4)

From this the cumulants can be found easily, using the relationship between factorial

cumulants and cumulants. An alternative way of finding cumulants is by using the

recurrence relation

rr+r =p(l-n)f,*nn*,, (1.2.s)

where 11 = Ànp . Using these cumulants the first four moments of the distribution are

F=ÀnP

Pz=Àn2P2+xnpq

F¡ = Àn3p3 + 3rn2p2q + Ànpq(r - 2p)

pq = Ì,napa + 6l,n3p3q + l"n2n2o(l - t tp) +

),npq(t - 6pq) + 3 * (n'o' * nno)t,

whereq= 1-0.

1.3 Limits and approximations of fcgf

Douglas (1980, p. 268) discusses the limiting and approximate forms of the

Poisson-binomial distribution. Two cases are of main interest:

(1) p-+0: Suppose À and n are fixed, then the fcgf in (1.2.3) will become

-1,+1,þ+nnt+o(n'z))

= l,npt + o(n2),

*trere O(nz) means the term of order zero. The above fcgf corresponds to a

Poisson(Ànp) distribution. Also if n -+ co in such a way that np is finite, rhen fcgf will

become

-r + r,(r *"0,*) -+ -À + Àexp(npt),

5



which is fcgf of the Neyman Type A(À, np) distribution.

(2) p -+ l: The fcgf in (1.2.3) then becomes

-À+À(1 +t)n,

which is the fcgf of the scaled Poisson(î,) variate with Poisson(À) probabilities at 0, n,

2n,3n,... instead of 0, 1,2,3,....

1,4 Estimation

The restriction that n should be a positive integer makes the estimation process a bit

difficult. However an altemative way of estimating parameters is to fix n and to estimate À

andp. The process is repeated for some specifìed values ofn and a choice is made ofthat

set ofvalues for n, p and ì, which gives the best fit based on a goodness-of-fit test.

Douglas (1980, chap. 5) discusses the simultaneous estimation ofthree parameters

and emphasizes that not all n values are possible for certain specified forms of this

distribution. Also no two dimensional sufficient estimators exist for this distribution.

Three techniques of estimation, namely the maximum likelihood, the method of

moments and zero cell frequency method are discussed by Douglas (1980) and Johnson el

al. (1992). The efficiencies of method of moments and zero-zero cell frequency method as

compared to method of maximum likelihood are also computed.

Method of maxintum likelihood

Given a random sample ofN observations x1,x2,...,x¡ from the Poisson-binomial

distribution, n being known, the maximum likelihood equations are given in the following

form in Sprott (1958)
N y.

x =)if = nÀp

È(-,*t)þ=*¿o
j=r' ' ' P",

( 1.4.1)



where þ*, is f(X=x¡) with 1. and p replaced by i and þ. These equations in (1.4.1)

have to be solved iteratively. In this respect it is important to start with good initial

estimates. Usually the initial estimates are obtained from method of moments or zero-zero

cell frequency method.

To get the variances and covariance of maximum likelihood estimators, the

information matrix I is used. From the results given by Sprott (1958),

lxP(x) = 2'¡P

and

!x2r1'¡= l.np[t + (n - i)p] +*n2p2

IfN is the sample size, then

and

In .. I lôp(x).l2
r.¡=¿P(ÐL ôÀ _l

_^2^ , np+(n-l)pq
-9ñ''r---ñ-,

Ioo \. l lôP(x) l"
N -tP(ÐL ap l

=n'¡,'e*n¡.lt-n*fì.t pl'

I^o _- 1 [ôP(x)lfôP(x)l
N -'P(ÐL ôÀ JL ap j

= -nl.qA + nq + p,

A = -t +IF2(x)p(x)

p¡*¡= (*+l)P(*+l).
nÀþP(x)



The determinantofthe matrix (I) a"noteo uv n^,0 is

or,o =nr,(n+P)o-a-u'.

Hence the first order asymptotic variances and covariance of the maximum likelihood

estimators are

v*(i)="î

va(Ê)= 03

- Ir,r,
-ñõ;'

c"(i,o)= 
"r^

.T
- 'lp

N'D¡,,p

Method of moments

For a given value ofn the moment equations for l" and p are given by

7_ì- s--x I
Iv-, -, I(n-lJx 
Lt,

i= x 
I

nþ)

(1.4.3)

t¡2
^ N lX:-xl

where s'= t\ J /
ii N-lJ-¡

Solving the two equations in (1.4.3), the method of moments estimators of À and p

are



" /n-1\ x2 I'¡ 
- I _ t_ I

\ n ,/s- -x I, ,) - l'- / n \s--x Io=[;J=- 
J

(t.4.4)

The first order generalized variance, i.e. the determinant of the variance covariance

matrix of the method of moments estimators is given by Sprott (1958) as

- n2l2p2[t +:1n - t)p + (n - r)(" - z)p'?]'z 
).

X = nÀ'p' 
I

fr=*n[-i,(r-0-n,)")] I (r 45)

x_np'
hltul 

- (r-p')" -1
\.N/

x,=+,
np'

zero cell from the observed data.

(1.4.6)

(1.4.7)

Equation ( I .4.6)

Variances and covariance ofthe estimators from the zero cell frequency method are

given in Douglas (1980, p. 285). Applying the Taylor series expansion method, the first

order variances and covariance are

¡*+;7¡z {n2 
p2r2[t + rln - 1)(n - 2)p2 + (n - r)(n - 2)(n - 3)p3]

[r + (n - r)p] + zn3À3p3[r + (n - r)p]3

Zero cell fi'equency ntethod

Solving for p',

and

where f¡ is the relative frequency in

can be solved iteratively.

In this method the sample mean and the relative frequency in zero cell are used to

estimate the parameters. Two estimating equations are



np + p(o){À(l - q"Xr + (n - r)p)- zr,np(r - q")- np
Var(p')=

v..ii,¡ = 1{r(1 *E-,Þ) 
# 
tr#Hþ.#,-r,,},

and

""(,,,0,) 
= *{t cfiffi= - T"*r,,r}

Efficíency

The performance of an estimator is evaluated on the basis of its efficiency as

compared to that of maximum likelihood estimator. Efficiency can be measured in two

ways: first is by comparing individual variances and covariances and second by comparing

generalized variances. Considering the thee methods described earlier, Katti and Gurland

(1962) found that method ofzero cell frequency is much more efficient than the method of

moments. Following are the tables of efficiencies (ratio of generalized variances) for the

two method of estimations. These tables are adapted from Johnson ¿¡ al. (1992).

Table 1.4.1 Efficiency of the Method of Moments for the Poisson-Binomial

Distribution

1"

n D ¿,ul.uu.)U.Ju. I

2
2
J
3

3
5
5
5

u. t
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5

v.y¿ó u.ðo) u.ö4J u.ð4u u.ú /u0.732 0.s69 0.525 0.s33 0.6350.494 0.307 0.307 0.267 0.3920.896 0.823 0.793 0.779 0.8100.658 0.501 0.452 0.446 0.s420.426 0.268 0.231 0.231 0.3330.816 0.726 0.688 0.67t 0.7150.s27 0.379 0.337 0.332 0.43s0.345 0.210 0.178 0.176 0.2'17

l0



Table 1,4.2 Efficiency of the Zero Cell Frequency Method for the Poisson-

binomial Distribution

)t
n þ ¿.ul.uU.I u.f,U.J
¿

2
2
3
3
3

5

5
5

u.l
0.3
0.5
0.1
0.3
0.5
0.1
0.3
0.5

u.yð+ v.9 t4 v,y I I u,yy I u.94 I0.937 0.888 0.883 0.923 0.9810.862 0.740 0.700 0.7 t7 0.8510.994 0.986 0.984 0.944 0.9940.968 0.930 0.918 0.93s 0.9740.896 0.798 0.763 0.765 0.8500.995 0.987 0.985 0.993 0.9890.969 0.924 0.905 0.91 I 0.9s00.889 0.'.169 0.716 0.690 0.793

Figure 1.4.1 Efflciency Plot for Method of Moments
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Figure 1.4.2 Effïciency Plot for Method of Zero Cell Frequency
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In general it can be seen that efficiency of method of moments and zero cell

frequency method is high throughout the region 2<n15, 0lÀ<2, 0<p<0.5. Also

for p10.3 the efficiency is 90% or more. If L is not too large and p > 0.3, then

maximum likelihood estimation should be used. For any given À , efficiency tends to zero

as p approaches l.
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BIVARIATE VERSIONS OF POISSON.BINOMIAL
DISTRIBUTION

2.1 Introduction

The univariate version of the Poisson-binomial distribution has been discussed in

the first chapter. In the bivariate case a number of distributions can be obtained by mixing

or generalizing binomial and Poisson distributions. Basically three different cases are

considered in this chapter.

case 1: bivariate binomial distribution with index parameter n having the poisson

distribution.

Case 2: double binomial distribution with index parameters nl = nz = n.having the same

Poisson distribution.

Case 3: double binomial distribution with index parameters nlk and n2k with n, * n2

and k having the Poisson distribution.

2.2 Case 1

Let X¡ and X2 be two random variables having bivariate binomial distribution

with the probability generating function þgf)

"r(tr,t2)=(esz+prq2rl+p2qlt2+prp2rlt2)n. e.2.t)

The distribution has three parameters namely p1, p2 and n. Here q1 = I - pr and

jz = | - pz. If n is not a constant, rather a random variable having poisson distribution

with parameter I, and the pgf

n, (t) = exp[r,(t - t)], (2.2.2)



then the pgf of the generalized distribution will be

n(tr,rz) = n,(nr(t,,tr))

= e*p[À(OrQz + prq2tr + p2qrt2 + p,prt,tr)- r]. e.2.3)

The pgf in (2.2.3) can be written as

n(t1,t2)= .*p[r((ctoz - 1)+ p¡q2t¡ + pzQrtz + prp2trt2)], (2.2.4)

which is equivalent to the pgfofthe bivariate Poisson distribution, with the pgf

n-(t,,tr)= exp[¡,(t, - t)+ lr(t, - r)+ l,r(t,t, - r)], e.2.5)

where 11, ?''2 and À3 are the three parameters of the bivariate poisson distribution.

Comparing the pgfs in (2.2.4) and(2.2.5), we get rhe relationship among the parameters as

rr = PrQzÀ ì
I?'z=Fzgtl I. e.2.6)

î,, = PrP2I )

M ar gi n a I d i s tri butio n s

The marginal generating functions can be found from the joint pgf. For X1 set

tz = 1 and tr = t in the joint pgf in (2.2.4). Hence the marginal pgf for X, is

ttlt¡= exp[r((q,q, -1)+ p,qrt +pzqr +prpzt)]

= exp[x(Qrqz - 1)+ Àp2q¡ + À(prQz + prp:)t],

since q¡q2 + pzQr - l = -(p,q, + prpz),

91(r) = exp[À(p,q2 +p,pr)t -r(prqz +prpz)]

= exp[r,p¡(t - 1)],

which is thepgf of the Poisson variate with parameter Lp¡. similarly the marginal pgf of

X2 is

gr(t) = exp[r.p2(t - 1)],

t4



which is Poisson pgf with parameter Àp2.

Probability function

Using the probability function for the bivariate Poisson distribution given in

Kocherlakota and Kocherlakota (1992, p. 92), and reparameterizing in terms of p¡ , p2 and

À the probability function is

f(r,s) = s(c'c' -r)t ^f S{*m
i=0

f(r,s) = e(r,e,-r)r$lo) .plpiqÌ-iqii .r*,-r.- í^ (r-i)lft-i)li!'"
Factorial momenß and ctnnulants

The factorial moment generating firnction (frngf) is given by

A(t,, tr ) = exp[],p,t, + ],p rt,^ + tuprp rtrtrl (2.2.8)

The(r,s)thfactorialmomentisthecoefficienr.f {q intheexpansionof fmgf in(2.2.8);rl s!

that is,

In particular

u¡,q = nínå5"'(i)¡;;"*-"'

F¡r,o¡ = PrI

It¡o,r¡ = PzÀ

tr¡r,r¡=nrnz(À+i'2),

up,o¡ = n?À2

v¡0,27=)JP]

v¡,27=no'zz(* +zt3)

(2.2.7)

(2.2.9\
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v¡z'\=v?nz(L3 +z)3)

v¡2,21 = n? v2z(?'a + tt'3 + zti)'

Some of the higher order raw moments are

¡t5,0 = p2r1,2 +p1t

1t'o,r=pf* +p2t"

vL,t = p?pzÊ +zplp2\? + p,p2l + p1p2À2

vi,z = p Ê3ñ + zp rpf* + prp2), + pp2*

ttlz,z = V¡2,21+ ItL¡ + Fi,z - þi,t

Also

Cov(X1,X2)= Ip'p2.

On the other hand, the factorial cumulant generating function (fcgf) is

H(t',tr)= lnc(t',t2)

= Àp1t¡ + ì.p2t2 +?\pp2tf2, Q.2.10)

which implies that

r¡1,s1 = Àp¡, r¡e,¡i = ÀP2 und *[',r] =?\pp2,

and all other factorial cumulants are zero,

Conditional distt'ibution and regression

Using the results given in Kocherlakota and Kocherlakota (1992, p. 94), the

conditional pgf of X¡ given X2 = x, ig

n¡, (t¡xr)= eÀp,c,(,-r)(q, + prt)*, , (2.2.11)

which shows that the conditional distribution is the sum of the independent random

variables

T6



X - Poisson(Ip,Qz) and y - binomiat(x2,p1).

Hence the conditional expect¿tion or regression of X1 on X2 is

E[xrtx2]= E(x)+ e(y)

= Àp,q2 + p,xr. (2.2.12)

while the conditional variance is(x,¡xr) 

= var(x) + va(y)

= Ip¡q2 + p,q1x2. e.2.13)

Both the conditional expectation and va¡iance are lineæ in x2.

Similarly, the conditional distribution of X2 given Xr = *¡ is the sum of

independent Poisson(Àprqr) and binomial(xr , pz ). The conditional expecration and

væiance a¡e

e[xr¡x,]= Lprqr + p2xr, (2.2.t4)

Var[Xr¡x,]=l'pzqr +pzQzxr. e.2.15)

The conelation coefficient between X1 and X2 obtained as the square root ofthe product

of the two regression coefficients is

Px,x,={prpz.

It is interesting to note that the conelation is independent of À.

2.3 Case 2

Consider two random variables X¡ and X2, having double binomial distribution

with the pgf

n2(t1,t2)= (q, + p1t1)'(Qz + pztz)o, e.3.t)
where q¡ = I - pi i i = 1 , 2. In the pgf defined in (2.3. l) the index parameter and

probabilities of success for each variable are assumed to be constants. Let us now consider

the case when index parameter n is a random variable having the poisson distribution with

parameter À and the pgf

17



nr(t) = explÀ(t - l)]. e.3.2)

The resulting joint distribution of X¡ and X, will no longer be double binomial,

but will be a stopped sum distribution having pgf

n(t1,t2)=exp[l{(q, *p,,,Xq, +prtr)-1}]. e3.i)
In this case the pgf is equivalent to that of bivariate Poisson distribution. The

results developed in section (2.2) also apply to this case.

2.4 Case 3

consider the doubre binomial distribution with the pgf (q1 + p¡t1)o'k(Q, * prtr)o,*

, Let k be a random variable having the Poisson distribution with parameter À. The

resulting stopped sum distribution hæ the pgf

n(r,,tr)="*p[],{{0,*n,,,)"'(or+ertr)q-1}]. e.4.t)

This distribution has been refened to as the Poisson-double binomial disribution. This

distribution has five parameters, namely n1, nz, Þt, pz and 1., with n1, n2 being

integers, 1,>0 and 0<pr,pz <1.

M ar gin a I D i s tri bu ti o n s

The marginal generating functions are obtained by using the joint pgf (2.4.1).

These are

n,1t¡ = .*r[r{(0, *n,t¡"' -r}] 
}

"r1t¡ =."n[r{(o, * prÐ"' - l}il
(2.4.2)

Equation (2.4.2) shows that the marginâl distributions are Poisson-binomial, i.e.

X1 - Poisson-binomid (f,n1,p,)

X2 - Poisson-binomial (À,n2,p2).

Probabilitlt functton

The probability function þf) can be obtained from the pgf by expanding it in
powers of tl and t2. Due to the complex nature of the pgf it is not possible to give an
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explicit form for the pf. However we will develop recun:ence relationships which can be

exploited to determine the probabilities in specific instances.

Fotm l: Let
^/\n,ln, =(9r +P¡tr/ '

Rn, = (qz + pzfz)n'

The pgf in (2.4.1) can be written in terms of Tn, and Rn, as

æ(t1,tz)= 
"*n[],(r", 

n", - r)].

Differentiating Tn, r times with respect to (w.r.t.) t1, we get

dtTn, nr! t/ \n,-r------=G;¡iPi(et +PItr/ ' ,

while differentiating Rn, s times w.r.t. t25 we Sef

dtRn, î'tl s/ \rr-S

'ü 
= 

þ' -r¡nã\ez 
+Pztz)-

ln what follows we will write

nt"')1t,,tr) = ffi n(rr,tz).

(2.4.3)

(2.4.4)

(2.4.s)

Using this notation

n(r'o)(t,,tr)=.*p[r(r",n",-t)]ÀR",n,p,Tn,_,. (2.4.6)

Let n = n(t1,t2), so that the equation in (2.4.6) can be written as

¡(l'0)(¡,,tr)= l,nrprTn,-lRn,n. (2.4.7)

Hence the rth differential coefficient of ¡ w.r.t. t¡ for r à I is given by

't',0)1t,,tr) = fr (1.n,p1r", -,Rn, æ),

which, upon using Leibnitz's theorem, yields
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n("')(t,, t, ¡ = r,¡,0, *,,, 

=4 
(' 

" 

l)nt,-r-,0)1t,, 
tz )

ffitrrot+p¡t,)!r-r-2, r>1'

Rearranging the order of summation on the right hand side

n(no)(t,,tr) = ln", ÉUffi{'-i,o)1t,,tr)

ffioi(n' +Prtr)o'-j,

r > 1. (2.4.8)

Since the (r,s)th differential coefficient of n is given by

nt'o)(t,, rr) = 
$n("o)(t,,tr),

from(2.4 8) we have

n("')(t,,t,) = ^å#fi$ffi oito, *p,t,)o,-j

¿(;)'''-'''--'(',,',)Ë*",, r 2 1,s à o'

But

4*", = ffi p5(q, * prtr)o'-t,

and hence

n("')(t,,tr¡=xÉi, ,, ,(r-l)lslnr,!n:! ,,.,=,fiffininä
(o¡ + l¡tr )"' 

-j (l 2 + p 2t r)"' 
-k ¡('-j''-k) (t r, t2 ),

Thus 
r>l's>o' (2'4'9)
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{n(n')1t,,t,)=iåå,i-.4),pi(q,*p,t,)o'- jt-5t

p!(q, * p rtr)o' 
-t 
6fr , _ A'G-j''-k) 

(t,, t2 ),

r > l,s > 0. (2.4.10)

Setting i1 =0 and tz =0 in (2.4.10), the recurrence relationship for the probability

function can be obtained as

fC,Ð = li i1t(n,,¡)t(n,,t)r(r -¡,s - t), r > r,s à 0, (2.4.|)
r j=lk=0

where b(, ) is the binomial probability with the specified parameters. Similarly,

differentiating the pgf in (2.4.3) w.r.t. t2 once, gives

n(o't)(t,,tr)= rnrp2To,Ro,-,n, (2.4.12)

and hence, for s > 1

nto')1t,,tr)= fr[r.nrprTo,Ro,-1n] (2.4.13)

= r.orp,r,, i' (' 
" 

1)ntn'-'-a1,,,,r)#ï5p 
1(ez + pztz)o,-t-,

= ^r",i t, _fiÈ ,1,6;fonito, + p2t2)o,-kn(o,s-r)(t1,tz)

s > 1. (2.4.14)

Hence

(',Ð = + i lr<u(n,,¡)u(nr,r<)r(r - j,s - t), r > 0,s > t. (2.4. ts)
s j=ok=l

Form 2'. Let

u1¡', = r(,"],)[,ii)ol-'ot-to,-r+jRa,-s+k, (2.4.16)

where T=({r +p,t,)and R=(02 +nztz). writing 01=1, t, =ft,wehave
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U$'o) =u=À1o,¡o,.

The second recurrence relationship for the pgf is obtained by using the first form

given in (2.4.10) and substituting the terms defined above in the right hand side of(2.4.10)

as below

I,,t"')1t,,t,) 
= Uflr.åå,#ffi ffi oiol

(0, * n,t, )-j(e, * pr,r)-* 
Gil, _ r.)r,,G-í'-k)(t,, 

t, ),

which can again be written as

*n(n')(,,,,,) = +¡å #xl5 ffi ei,ei

6¡il* t¡'('-j''-k)(t" t2)'

and finally by changing the variables, above equation can be written as

j4''u,u = +åå(i_,')(.:i)"-,'r-- e{i ¡iìri,
r > l,s > 0. (2.4.19)

f 1"o,u = +ååf ,":,)[ï'- 1)" n'-- ;[ï,

uj[') = r,, -,frf;;¡mü:;o¡of-jo¡kro, Ro, (2.4.17)

(2.4.18)

It can be seen that

Altematively,

r à 0,s > l. (2.4.20)

To get the general form ofthe probability fiuction, substitute tr = 0 and tz = 0 in

either ofthe equations (2.4.19) or (2.4.20). Considering equation (2.4.19), rhe general

form ofthe probability function is
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r(r,Ð = 
Àn,qT'qå' 

åå(i ;)[,:,_)[i)"(#)'-*,{,_,,u),
r > l,s > 0. (2.4.21)

Using equation (2.4.20)

f(r,Ð = 
Àn2qi, qå, 

å_{,i,)(:';,)(i).,[#)' 
*,1¡, 

u _,¡,

r > 0,s > 1. (2.4.22)

Using the recunence relations in (2.4.11) and (2.4.15) it is possible to write

f0, 0) = ¡,f(0, 0)b(n,,I)b(nr, 0)

f(0, 1) = ¡.f(0,o)b(n,, 0)b(n2, t)

f(I,1) = À[b(nr,t)b(nr,0)f(0,1) +r(n,,r)r(nr,r)r(o,o)]

rlz,o¡ = 
|¡u1o,,r)r(nr,o)r(r,o)+ 

zr(n,,2)u(nr,o)rqo,o)]

rlo,z¡ = |¡4",, o)u(nr, r)r(0, r) + zr(n,, o)u(nr,z)r(0, o)]

r(z,g = |¡u1",,r)u(nr,o)r(r,r) 
+ b(n,,1)b(nr, t)r(1,0)

+2b(n,, 2)b(nr,0)f(0, l) + 2b(nr,2)u(nr, r)(o,o)]

r1z,z¡ =l¡tl',,1)b(nr, 0)f(l,2) + b(nr, 1)b(nr, 1)f(L r)

+b(n,, l)b(nr,2)f(1, 0) + 2b(n¡, 2)b(n2,0)f(0,2)

+2b(n,, 2)b(n2, 1)f(0, 1) + 2b(nr,2)b(nr,2X0, 0)].

It is also possible to express the probabilities in terms of f(0,0), where

r(0,0) = .*n[l(oi'ol' - t)]. ror e*amote

f(1,0) = ),f(0,0)u(n,, t)b(nr, o)
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f(0, l) = If(o, 0)b(n1,0)b(n2, 1)

(1,1) = (0,o)[rb(n,, 1)b(n2, t) + r2u(n,,t)b(n,, o)b(n2, l)b(nr,0)]

f(2,0) = (0,0{Àb(nr,2)b(nr, 0) + À2b(n,,2)u(n,, o)u,(nr,o)]

f(2,1) = f(0,0)[1,b(n1,2)b(n2,t) + 12b(n,,2)b(n,,0)b(nr,1)b(nr,0)

+r2t2 (n,, t)t(nr, r)t(nr,o)+ 
f;u2 

(n,, r)u(n,,0)b(nr, r)t2(n2, o)]

f(2,2) =r(o,o)[m(n,,2)t(n,,2) + r2 {t(n,,2)b(n,,0)t2(nr,r)

+b(n,,2)b(n,,0)b(nr,2)b(nr,0) + 
!v2 þ,,r)a(nr,z)b(nr, o)

+ ju'?(n,, r)u'?(n2, r) + jt'?(n,,r)b(nr,z)b(nr,0)) +

13 
{t(n,,2)u2 

(n,, o)b2(n2, t)u(nr,0) + b'?(n1,l)b(n,,0)

b2(nr,l)b(nr, 0) + f t2(or, t)b(or,0)b(nr,z)u(nr, o))

+f u'?(n,,i)u'?(n,,0)u2(nr, t)t2 (nr, o)]

f(3, 1) = f(0, o{xb(n,,3)b(n2,1) + r2b(n,,3)b(n,, 0)b(nr, l)b(nr, 0) +

lr't(or, z)u(nr,t)b(nr,t)b(nr, 0) + ?13u(or,z)t(n,, t)b(n,,0)

b(n2, 1)b2(n2,0) * 1r'u'(o,,Ðb(nr, 1)b2(nr,o) + | rau3(n,, r)

b(n1,0)b(n2, 1)b'(or, o)],

where b(n¡, j) represents the binomial probability of getting a ' j" value with parameters

n¡ and p¡, i = 1,2. It is of interest to note that the expressions for probabilities have a

common feature, that is, they all can be expressed in terms of f(0,0), powers of I and

products of powers of two binomial probabilities.



Following are the tables of pf with \ =nr=), pt =p2 =0.25 and forvalues of

î. = 0.5,1.0,1.5. These probabilities are obtained by using the S-plus program pfc93l

given in appendix.

Table 2.4.1 À=0.5

x
Xr

U ¿ 5 4

U u. / l uJ u.v I+t u.u r o+ u.uu I ) u.uuu^¿
0.0749 0.0s79 0.0r53 0.0022 0.0003
0.0164 0.0153 0.0058 0.0014 0.0002
0.001s 0.0022 0.0014 0.0005 0.0001
0.0002 0.0033 0.0002 0.000t 0

,¿

J

Table 2.4.2 ì,=l

Table 2.4.3 À=1.5

x
Xr

U ¿ 3 4 5 ó

U U.J)õ/ U.TIJJ U.UJO U.UU,/Y U.UUIO U.UUUJ U

0.1135 0.1r16 0.0482 0.0143 0.0035 0.0007 0.0001
0.036 0.0428 0.0294 0.0117 0.003s 0.0008 0.0002
0.0079 0.0143 0.0117 0.0059 0.0022 0.0006 0.0002
0.0016 0.003s 0.0035 0.0022 0.0010 0.0003 0.0001
0.0003 0.0008 0.0008 0.0006 0.0003 0.0001 0

0 0.0002 0.0002 0.0002 0.0001 0 0

2
3

+
)
o

It can be seen from the pf tables that as I becomes large while other parameters remain

fixed, the probability of(0,0) cell becomes small and table spreads out more.

Factorial motnenß and cumulants

The factorial moment generating function is given by

X¡

X¡
0 2

.J
4 5

0 U.)U4ö U.TUO) U.U.¿YU U.UU4) U.UUU/ U.UUUl
0.106s 0.0934 0.0329 0.007s 0.001s 0.0002
0.0290 0.0329 0.0168 0.0055 0.0013 0.0003
0.004s 0.0075 0.0055 0.0024 0.0007 0.0002
0.0007 0.001s 0.0013 0.0007 0.0003 0.0001
0.0001 0.0002 0.0003 0.0002 0.0001 0

2
3

4
5



G(t,,tr)= ,*n[l{{r * n,t,)"'(r + prtr)", - r}] e.4.23)

and the factorial moments are obtained by using the relationship

un,o = #o(',,',)I., =0,,,=0,

or

ôr+s
It¡,,'¡ =;* n(tr'tzJl,,=1,,,=1' Q.4.24)

Using relationship in (2.4.24), in particular

tt¡r,o¡ = ÀntPt

tr¡o'r1 = Àn'P'

tr¡r,r¡ = ÀnlnrP,P , + ìu2 nrn2P1P2

F¡u,o¡ = Àn¡ (n, - t)rf + r'?nini

tr¡o,z¡ = Àn2(n, -t)n/+x2ntrn|

F¡2,r1 =Àn1n2(nt -l)p?pr +À2n¡n2(n1 -l)pip,
+2t,2 nl n 2pl p, + )'3 nl n 2pl p 2

tr¡r,z; = Àn1n2(n, - t)n*tr+ À2n,n2(n, - l)p,p3

+213 n rnlp rpf + x3 n rnlp pl
and

tr¡z,z¡ = Ànr (n¡ - 1)n2(n2 - t)píp3 + t3 þ nlnlplp|

4nln2plp| 4n¡nlplpl+ n,nrpfp!) + 13 {e

o?"lp].ptr - o?"zp?p', - oroSp?ptr] + xa nlnlplpl.

Using the recunence relations in (2.4.19) and (2.4.20), we can get the recunence

relation among the factorial moments. From (2.4.19)
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r,¡.,q = (r - 1)!s! n,r,'åå[i_,')[To)F# u,,_,,-,,

for r>l and s>0. From (2.4.20)

u¡,,4 = (s -,)! r ! n,^r,åå[,l,)[T'_i) #S r,, -,,,

forr>0ands>1.

The factorial cumulant generating ñrnction is defined by

H(t',tr)= logc(t',t2)

and for this particular distribution factorial cumulant generating function is given by

n1t,,tr) = r[(r + P,t' )"' (t + Prtr)"' - t].

Expanding the right hand side of (2.4.25)

H(t,, t,) = 
^[.r=f i ),',' i[i ),;,; -,1

= ^[åå(i)[T)'r';'r'r -']
The coefficient o¡ !i! in rf," above expansion gives the (r,s)th factorial cumulant, r¡r,q.

It can be seen from (2.4.26) that r¡.,r1 is zero if r > n1 and/or s > n2. Thus for some

values ofr and s, the factorial cumulants are

K[l'o¡ = ÀntP'

r¡s'¡¡ = Xn2P2

K¡r'¡¡ = In¡n2PtP'

r¡2,e¡=Àn¡(n¡-l)nf

r¡e,2¡=Àn2(n2-l)nl

(2.4.2s)

(2.4.26)
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K¡2,21 = Àn¡(n1 -1)n2(n2-t)v?o3.

The raw moments can be found using the factorial moments. ln special instances we have

pí,0 = Ànlpr

Itbl = )"nzPz

¡ri,1 = Àn1n2p¡p2 +)3n1n2pp2

¡r!,6 = 1.n1(n¡ - t)nf + 12nfn? + Ànrnr

¡t'¡,2 = t'n2(n2 - t)pl + tJ nlpl + ì'n2p 2

¡ri, 1 = Àn ¡ (n 1 - t)"rp? p, + À2n 
¡ (n¡ - t)p? p, + z* nl n2pl p 2

+tJ n!"2plp2+ l"n1n2p¡p2 + À2n1n2p1p2

¡ti,2 = t"n p 2(n 2 - t) o o3 + tJ n p 2(n 2 - t)v *3 + z* n plp pf
+1'3 np]2ppl+ l,nln2prp2 + l2n1n2p1p2

¡r!,2 = Àn' (n¡ - 1)n2 (n2 _ t)p? pl + À2n¡ (n1 _ t)nlplp/ +

À2 n ¡ ( n 1 - 1 )n 2 (2 
", - 

t)p? p? + z* nl n r(z n 2 - t)v? v'zz

+),3nlnr(3n,, -t)p?pZ +xanlnlplpl + þL,t + vi,z - rti,t

Hence

¡r¡,¡ = X"n¡n2p¡p2

ltz,t = ItL,t - It6,1rtL,o +2¡ti|¡Vb,r - 2tti,otti,t

Itp = [ti,z - tti,oFô,2 +2ttiplo2¡ -2{'o,it't,t

Itz,z = It|,z -2ttL,ttt'o,t -2¡i,ztti,o + þi?op|p + It'o2,lt|,o +

4pí,r pi,opô,r - 3 yi?o¡, 
o2,t

From earlie¡ results, we have

n(x,)= ln,p,
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E(xr)= Ànrp,

Va(X,)= À[n,p,(o,p, * q,)]

va(xr) = [[nrp2(n2p, + q2)]

Cov(xt,x, ) = i,n1n2p¡p2,

and

o*,,rr =t'^2 ./(n1p1 +q¡[n2pz+qzj

It can be seen that in the case of the Poisson-double binomial distribution the conelation

coefficient is also independent of À.

Conditíonal distribution and rcgression

To get the conditional disffibutions of X2 given Xr = r, Theorem 1.3.1 given in

KocherlakotaandKocherlakota(1992,p. l3)isused. Fromthesecondformofthepgf,

we can write

n(,,o)(t,,tr)= ^*",iffi.o}!ffiri(Qr + prtr)o,-j, r r r. (2.4.28)

Equation (2.4.28), yields

nG,o)10,t¡ = À(ou + pzt)o, i- (t- t)l 
-sl-*(r-j,o)¡j=,(riÐGTffin'^ 

J'"'(0't)piqf'-r' 
Q'4'2e)

and

nc,o)10,g=1.i, (r-,1)! , , nr!. nG-j,0)16,r¡jq¡,-i. el.30)
f,(j - rxr -rr(o, - j)r'"

The conditional pgfof X2 given X, = r is given by

n",(q,)=4j#* , (2.4.31)

and for the distribution under consideration it becomes
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_ r. -\ 
(0, *0,,)",å#fi5ffi,,t-,,0r,0,Ðpiqi'-j

n¡,(tlr)= , r>1. (2.4.i2)

j:1 (: - 1)!G -;ffi "t'-''orio' 
r¡in¡' -i

For r = 0, using (2.4.3 l) directly, we get

"r,U,r=îhffid.
r

æ*, (t¡r) = (ez + prt)n' lw¡n*, (tlr - j),
j=l

#fifit dh n('-i'o)16' 1¡Piq J-r
w¡=Ê. (2.4.3s)

Ir' (1" t)' 
,.,,r 

n'".,,n(-i'0)10,t)pio[-i \-"'--'l

-:j (i - 1)!(r - i)! (n¡ - i)!

It can be seen that the conditional distribution of X2 given Xl = r is the sum of

two independent random variables 21 and 22 where Z1 - binomial(nz,pz) and 22, that

is a mixture of r random variables with pgf zr¡,(tlr-j) with weights w;. For r>i

In general for r > 1

where

Using the result

for¡=0

¡(xrt4 = n(2,)+Y(zr).

e(xrfr)=#ffi,

E(xr¡o)= Lnroro¡'.

(2.4.33\

(2.4.34)

(2.4.36)

(2.4.37)

Conditional expectations for r > 1 can be obtained by using (2.4.36) and (2.4.37).

For example for r = I

E(xrll) = nrp, + w,e(xrl0)

n(xr¡t) = nrp, + l.n2p2qf,.

since wt = 1

30
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Conditional variance of X2 given X¡ = r is obøined by the relation

Var(xr¡r)= var(zr)+var(22), Q.4.3s)

where Var(Z')= n2p2q2 and

var(zr)=n(z2r)-"'(tr). e.4.40)

fo get n(Z/),using the pgf of 22, it is known that

n[zr(zr-r¡]= $,.r,1t;¡,=,, (2.4.4t)

where

nz,O = i*,r,*, 1t¡. - ¡¡, r > 1. (2.4.42)
j=t

Another way of writing pgf in (2.4.42) is

nz,(t) ='I'*,-,,r*, (r,j), r > 2. (2.4.43)
j=0

Differentiating the pgf in (2.4.43) twice with respect to t, the following expression

is obøined

# * r,rrr='¡'*,-1 $,,*, 1t¡¡¡

td2
= *, ædn,) þn(o'o)10,t)

.,..i*-,ffi{,.tio)10,t), r>2.

For r = I using (2.4.42) and since w1 = I

d2 d2 ,r(0,0)10. tl
¡trz,\t)= ãp;tõÐ(oJí Q.4.44)

For r>2
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Elz2(22- r¡] =', ffi ?T(0,2)(o,l) +

r-r I ì+ (j-t)! nr! 
^k^n,_kI*,-j=r t 

n(:'o)10, r)'"r=ar(k - tXj - k)! (n, - k)! "' 'l

{nr(n, - r)n3n(j-k'0)1s, t) + 2n2prn(j-k'r)10,1¡+ æti-r'z)1o,r¡}.

Hence

e(z,r) = nlz, (2, - t)] + n(z r),

and variance of 22 can be obtained by using (2.4.40). Substituting this value ofvariance

of 22 inQ.a3\ Va{X2lr) canbe obtained for specified r values. Similarly Var(Xlls)

can be obtained.

Limi t ing d is a' i b u tions

To get the limiting form ofthe Poisson-double binomial distribution, three cases are

of interest. For simplicity factorial cumulant generating function is used.

(1) pr -+ 0 and p2 -+ 0: Suppose À, n1 and n2 are fixed, then the fcgf in

(2.4.27) becomes

-l + À(t + n,p,tr + o(n?))(r + 
", 

prr, * o(nr))

= -¡, + ¡,(l + n,p,t,)(1 + nrprt2)

= (Ànrpr)tr +(l,nrpr)t, + (Àn1n2p,p2)t,tr,

*ft.t" O(n?) i= 1,2,means the terms of order zero. The resulting fcgf corresponds to

the bivariate Poisson distribution with the parametric equivalence À1 + 13 = Àn1p1 ,

?u2 + ì..3 = )'n2p2 and À3 = 1,n1n2p1p2.

(2) n1 -+ co and n2 -+ co: In this case n¡p1 and n2p2 are assumed to be finite.

The fcgf in (2.4.27) will become

rllt * n'P"' l"'ll * n'P"'1"' 
- rl

L( nrl( î2) )

taking the limit 
= -À + r exp(nrp ,t1 + n2p2r2),
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which is equivalent to the pgf

e*p[-r,{e"p(o¡p¡(t1 - r)+ n2p2(t, - t))- 1}],

which is the pgf of the two independent poisson variates with parameters n,p, and nrp2

respectively, compounded by another Poisson variate having parameter À.

(3) pr -+ I and p2 -+ 1: In this case the fcgfbecomes

-1. + l.(t + t,)'' (t +t2)", ,

which corresponds to the pgf

r*p[-l + l,t¡'tr', 
].
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3

ESTIMATION

3.1 Introduction

In this chapter we will develop estimation procedures for the parameters of the

bivariate discrete distributions described in chapter 2. Various methods of estimation are

available for estimating the parameters of bivariate discrete distributions. Among all of

these methods, method of maximum likelihood (ML) is the most efficient one, if regularity

conditions hold. Maximum likelihood estimators are asymptotically unbiased, normally

distributed and have minimum variance. One major problem with ML equations is that;

usually they do not provide solution in a closed form, thus leading to the use of iterative

procedures. In most instances the method of moments estimation does provide rapid

solutions to the estimating equations. Altemative method of estimation uses the zero-zero-

cell frequency in addition to the first marginal moments. Two iterative procedures are

suggested in literature. These are:

l. Newton-Raphson Method: Let f,(Q), i=1, 2,..., k be a function of k-

dimensional vector ofparameters Q. To solve the equation fl(9) = 0 iteratively we can

expand f¡(Q) in a Taylor's series around a trial solution 0(0) as

r,(q) = r,(e{o))+ 
{{r, 

-rt',)¿.þ, -r!',)uä. .(r- -rf.,,bil}
fi(Q)le=c.r. (3.1.1)

If Q is a solution to (3. 1. 1) then the left hand side of (3. l. 1) will be zero. At each

iteration the new uulu" 6(j+l) can be found fio6 6(j) 5y ¿¿6'¡9 the vector ô to it where
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(3. I .2)

(3. 1 .3)

ô becomes small. ln the case of ML

In this case we have

afr(9) I
ôo- I

afr(Ð I

ôo- I'
I

arr(O) I

âo- l

IaE(q)
I ôo'

I arr(g)

^=l *
I arn(c)

L ôo'

and

Ir'(c)l
o =l 

r'tol 
I

L';*,1
The iteration process will be continued until

equations f¡(Q) isreplacedby 
H, 

i=1,2,...,k.

ô2 lnL
-{

Iamrlt-t
lae, llaurl

D=l ao, |. <¡.r.¿lt...i
| ôlnl, I

Lôql
2. lvlethod of scoring: This method is applicable onry to ML equations. The

quantity 4* tr called the efficient score for 0¡. According to this definition the MLo0¡

0 = -A-'¡,

In (3,1.2) A-l and p are evaluated at 6 = g(j) ¿¡¿ ur. given by

âf,10)

ôoz
af.16)

ôoz

9t(Ð
ôoz

ô2lnL
ô0taa2

ô2 lnL
ôai

ô2lnL
ôelôek
a2:lf-L

aa2ôak

ô'lnL
ôæ-



estimator is the value of 0¡ for which the efficient score becomes zero. we can expand
9J!! 

.rouo¿ a trial sorution as before, but Rao (1973, p. 366) suggests that in order tooYi

stabilize the value of ! , it is better to replace the matrix A in (3.1.3) by its expected value

evaluated at 9(0). The expected value of -A is the information mâtrix at e = e(0)

.(r')={"[-ffi]l,=,.,

6 = ¡-t/s(o)'l¡.- \- ,/-

(3. r .s)

(3. 1 .6)

Hence

Also

Here also the new value e(j+l) is obtained by adding Q to the y¿1us 6û) obtained atjth

iteration.

Following are the variances and covariances of the sample moments which are

needed to obtain the variances and covariances of different types of estimators. To order

-tn'

var(x1)=*ït6

var(x,¡=!lôa:!ô

va(m,,,)=lza:Ifu

cov(x,,xr)= I!- tulLt

cov(Xr,m,,,)= I2'!

cov(Xr,m,,,)=44

"-(+) = lf(o,o)[1 - (o,o)]



c*(x,,$)=-roþ

c*(x,,$)=fP
The cova¡iance matrix for the sample moments to be used to obtain the covariance mabix of

method of moments estimators is as follows

I var(X,) cov(X,,Xr)

¡-=l cov(X,,Xr) va(xr)
- 

lcov(X,,m,,,) cov(Xr,m,,,)

cov(X,,m,,,)l
cov(Xr,m,,,)1.

va(m1,¡) 
.l

Following is the covariance matrix needed to obtåin the covariance matrix of method of

zero-zero cell frequency estimators.

I v*(xr) cov(X¡,x2) c*(x,,ry)l

I,=l cou(x,,x,¡ va(X,) c*(x,,f)1.

lc*(x,,$) c*(x,,S) *{+) 
J

3.2 Cases I and 2

Consider the distributions described in sections (2.2) and (2.3). As the two

distributions are equivalent to the bivariate poisson distribution with the same set of
par¿ìmeters, estimation of the parameters of any one will lead to those of the other.

Iæt (x,¡, x2¡) , i = 1, 2,3,..., n, be a random sample of size n from the distribution

with pgf

n(t¡,t2) = exp[],(q,q, - l) +p,q2t1 + þzgfz+p1p2t¡t2].

The frequency of the pair (r,s) is denoted by n," for r = 0, l, 2,..., s = O, l, 2,..,.
41se ¡=)nrr. Define¡'s 

r, = *rro,,,
" t,s
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_ l-
x2 = - ¿snrs,

and

m,,, = llrsno -l¡R2.
ü ¡,s

Method of momenx

Since E(X,)=1,p,, r(xr)=1.p, and Cov(X,,Xz)=Lpú2, the moment

equations are fr = ipr, Rz = t'þz and m¡,¡ = Àprpz. From these equations the method of

moments estimators æe
I

i=xrxz Im,, I.',I
- IlÌ r I

Þr = =- ¡. (3.2.1)
Xrltl

I

õ. = 
mt't 

I

Xrl

is obtained by using the relationshipThe variance matrix of the estimators

where

I*o=r-'I.(r-'),

f ^ 'l
l4r dr dr 

It^^t
I o¡, dPt oÞz 

I

-_ltoz A!2 Auz Ir -l=- -:- -:- |

I aL dÞr ôþz 
I

I Au¡ âu3 âu, I

L ôÀ âpr apz l
Ip, À o'l

=l n, 1 l, e.22)
LPrPz PzÀ ÞrÀl

with u¡ =ptÀ, u, =p2À and u, =p¡p21,. Alsothel_ matrixisgivenby
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, I p'À prpzr ÞrÞzr I
I",=;l n,nzr PzL prpzÀ l. tl.z.ll-Lp'prr p'prl. p1p2À(n'p2À+1.+t)l

kro-zero cell frequency method

In this method the (0,0) cell relative frequency is equated to the corresponding

population probability. In addition, in the case ofthree parameter estimation two marginal

means are equated to the conesponding population marginal means. The three resulting

equations are solved for the parameters in ten¡s of observed data. In the case ofbivariate

Poisson distribution three estimating equations are

I
xr =Àþí 

I*z=?"'þL f. t¡.2.+l

t"(T) = 
^ln' 

PL - Pi- P'z) l
From the equations in (3.2.4), the zero-zero cell frequency estimâtors are

\' - Xtlz"t(+F--"-l

Itolul**, **.1
O'-L \n/- "J

x2
(3.2.s)

o, =["(+)=.*'.*']
X1

The variance covariance matrix of zero-zero cell frequency method estimators is

obtained as below

Irr=r-'I"(T-').

Recalling that ur =prÀ, lz=ÞzL and u, =exp[],(t-p,)(t-pr)-f],weseethar



[p'Àolr=l Þz o À j

lr(r'c'e,-r)(QrQz -1) -Àqrs(rc'e'-r) -¡0,.(rr'e,-r)l
The covariance matrix l, is

,I Prr prpux sr(e,e,-t)t,tr I
t"=:l prpzÀ ÞzL .r(e'e,-r)nr1 l. r¡.z.ul

" 
ler(r'e' 

-r)o,l .r(c,c, -t)or¡ ,r(c,c, -t)(l _ er{re, -r))l

Method of maximwn likelihood

Consider the pf defined in (2.2.1)

f(r,s)=sr(n,n,-n,-n,)ifo)r*'-'píPì(t:P,)'l(t.-pr)'-t . ß.2.7\
t=''t (r-i)!þ-i)!i! ' \J'.'I)

Applying the technique described in Kocherlakota and Kocherlakota (lgg2, p. 45-

47), we can write the likelihood function (L) as

L æ llf(r,s)'",

which can be written as

lnL=C+Inrrlnf(r,s),

or 
I'S

ln L = c + I n,. lo[.^{0,0, -n, -r,)'$'') f.'-'pipì (l;,g' )þ 
],,r.r.r,; ^-L í^ (r-

where C is a constant not involving the parameters. ¡s¡ O=(r-i)!(s-i)!i!, so that

(3.2.8) can be written as

lnL = C+ In¡"r(nrnz _nr _ nz)
r,s

*ln- m['T'')i"**ipip;(t -p,)"-i(l -pr)'-'1 (i'z'l)

;"L,ã D l
Differentiating (3.2.9) with respect to I
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ff = Io,,{nrpz -pr -pz)+Ìo* I'fo)(' +t-i)i**'-i-'pípåqiiqii

=nprpz -npr -op, *lo^f[+^-t],

ôlnL nt nV l- B-ãil = oprp¿ -npr -npz +T-+;_;)n";, (3.2. 10)

where

A=

and

Ei¡r(¡,s) i1r+s-iB=t""
i=0

Dfferentiating with respect to pl

ff = I o,"r1p, - r) + ! n," f [-'É"u ".*þioi' {+í-'eÌ-, - plt, - i)qi-'-' }],

(3.2. r 1)

similarly, differentiation of logarithm of likelihood fi.rnction with respect to p2 yields

ôlnLnVnXl-B
Ç=onP,-n"'+;-[-pz)*66¡o*t' (3.2.12)

Solving equations (3.2.10), (3.2.11) and (3.2.12) simultaneously for 1., p, and

P2, we get three equations

lQ = lrXz,

41

^x,
Pr =:-

^Í"Þz=i

where

(3.2.13)



with

and

,. _,"U,.r''**-' (l)'(l)'(' - l)'-'(' - +)*'
i=o D

we can solve (3.2.13) iterativety for i. Altemativety, the ML estimators can be

found using the method of scoring described in section (3.1). For this purpose the

following second order derivatives ofthe probability fluction are required.

q = 1¡o,.4.
oo- "At'

^. 
= 

-,f'Ð i.*'(l)'(f)(' î)"[' - Þ)'-'.
i=o D

4(!Ð =q,,,¡{{0,0, -Ð, -(p.+*z$(c,e, -r)}

.{#{G,0, - t) -r+.* - (q,q, - r)} * Pc
where

f(0,0) = st(r's' -t),

, _ 
.tS") ipipìOs-iOr-i¡+s-i--l* D '

. _ 
tS") irpipsOs-i'r-i¡+s-i

g------------=-,

í=0 L)

D =G-i)!G-i)!i!.
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W= {[-^o' 
. ; - å)' - [,+ 

. 
*.)]n'' u. T' i[-*' 

. Í -,u;)

*I*t-t-¡'o'l*cr(o'o)
Qr pr ch "J--4-'

W= {[-', 
. ; - å)' - (-+. ¿ )]n',u. ry'{(-', . ; - å)

,1 s , ^_l cf(o,o)
À0, | + ----:.:-gz Þz gz ^'J qá

æ= r('''){-q, *(0,c, -r.P)[*0,.* *)]
*r{l(0,0, - t. (P). 

n,r1o,o¡ - 4o'!). #}
_ f(0,0)c

Àqr

æ= r(,,Ð{-0, *(c,0, - r *f)[*t' . 
i- -å)]

,."{1(0,0, - 1 * ElÐ) * q,(0, o¡ - {CI4). qP}
_ f(0,0)c

LQz

#B =,r.,,r{^. (-^0, .., -i.)[*,, . ; - ;,)]
+r(0,o)Bi-), + -l-.[-i,q, * -l -' I - -- - -r-]I ez\ Pr \) QrPz Qrgzj

r(o;o)c.r-.
QrQz

The numerical evaluation ofthese derivatives can be done using s-plus programs dlbvpl,

dplbvpl and dp2bvpl.



3.3 Case 3

Poisson-double binomial distribution has five parameters. I¡ order to estimate the

parameters it is a common practice to assume that nl and n2 are known. under this

assumption the estimation procedure becomes less complex, and number of parameters to

be estimated reduces to three. various methods of estimation are employed, and their

efficiencies relative to the method of maximum likelihood are obtained.

Let (x1¡,x2¡) ,i= 1,2,3,..., n, be a random sample of size n from the disribution

having pgf

t (t¡,tr) = e*p[],{{0, *r,,,)",(0, *prtrf, _r}1.

Thefrequencyofthepair (r,s) isdenotedby n^ for r = 0, 1, 2,..., s = 0, l, 2,.... Also
n: In,".

t,S

Method of momenx

Since E(X,)=1,n,p,, E(Xr)=l.nrpr, and Cov(X,,X2)=Àn1n2p1p2, the

moments estimators are obtained by solving the three equations

xl =,tnlpr I

-:lx2= Ln2p2 i.
-t

m1,1 = Àn¡n2þ1þ2 
J

The moments estimators are given by

ì
ñ, = 

ml'l 
I

trrxz I

Im,, I

Þz =-* i.û2xl 
I

I^- x,x" IL=--J--a I

mt,t )

The variance matrix ofthe estimators is obtained by using the relationship

(3.3. r )

(3.3.2)

In,"= r-r¡.(r-r)',
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where 
I n,p, nrÀ o I

r=l nzÞz o n2r l, 1l.l.l¡
Lo,orp,p, n¡n2p2À n¡n2p,ll

with ur = n1p¡À, u2 = îzPzL and u3 =n¡n2p1prl,. Alsothel, matrix is given by

,, [ln¡p1(n¡p, 
+ q1) Àn¡n2p1p2 i.n1n2p,p2(n1p1 + q¡)l

L=;l ì,n2p2(n2pr+q2) l,n¡n2p,pr(orpr*qr)1, tl.l.+l
L nVar(m1,¡) ]

and

Var(m¡,¡) = 1r2[o,orpfp] 
{2n¡n2 - n, - n2 + t}+ n1n2p1p2

{t + n,p, + nzpz - pr - n: }]+ 1r,[o[zl o*lp?p3 *

oltlorp?pr+ o,nl2lplpl * o,orp,pr],

where a['] = a(a - 1Xa - 2) ... (a - r + t).

kro-zero cell frequency method

The (0,0) cell relative frequency along with the two marginal means can also be

used to estimate the parameters rather quickly as compared to maximum likelihood method.

Three estimating equations are

I

1r = À'nrpí 
I

*z =1",n2ÞL f, (3.3.5)

r.nlrrl=r,[[-i-1"'[--Ll"' -,-l I'--( n / 'Ll.' o'À'/ [' nzu') 'j 
)

yielding nf = 

"û 
and pi = -þ.

îhe variance matrix of the estimators is found in a similar manner to moments

estimators. That is the variance covariance matrix of estimators is given by



with ur =nrpr¡., u2 = nzþzL and u, = exp[],(f -p,)"'(l -pz)o, -1,]. fnus the matrix T

where f(0,0) = .*n[l(ol'rå' - r)]. rne l,matix is of the following fonn,

n(t,,tr) = lltf,t|,r(x,,xr),
xr xz

differentiating both sides of(3.3.7) with respect to I yields

4]=*ti'ti'$r(x,'x,)
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Method of m¿ximum likelihood usually does not provide the estimators of the

parameters in a closed form, and one has to use iterative techniques to get a solution. The

technique described by Kocherlakota and Kocherlakota (1992) in section (2.1.4) is being

used to get Íìåximum likelihood estimates and variance covariance matrix of estimators of

the parameters of the Poisson-double binomial distribution.

In order to get the maximum likelihood estimators of the parameters of poisson-

double binomial distribution and their variances and covariances, differentiation of

probability function with respect to parameters is needed. There are two different forms

which give rise to the same results.

Fonz ^l We hrow that

Zt t¡-'L"(T-t),

I o,O, nrÀ 0 -l

T=l nzþz 0 n2I I

frlo,o{ei'oi, -1) -r,n,qi'-rq52r(o,o) -Àn2qi,-rqi'r(0,0)l

,, [Àn¡p¡(n,p1 +q1) Àn1n2p¡p2 -f(0,0)x,n¡p1 I
L=;l ?,n2p2(n2p2+q2) -r(0,0)tn2p2 l. fl.t.ol

L .. f(0,0x1_f(0,0)l

Method of maximwn likelihood

(3.3.7)

(3 .3.8)



Consider left hand side of(3.3.8)

ry= n(t,,tr)[(q, + p¡t¡)n,({z +p2r2)', -1]

which on using binomial expansion and (3.3.7) becomes

= f, rti,ti,r(x,,-,,[,{i}r'-oi'là(T}t,*oå,ì -,]

= r rrt(i)(T)'{-,,,.,)'l' -11: +sqfr -ronu -snrns
xr x2 ¡ s\-,/\",/ 

(3.3.9)
-fltf't!,r(x,,xr),

xt Xz

equating (3.3.8) and (3.3.9) and comparing the powers tit!, we have in the first

summation on the right hand side of (3.3.9) x1 +r=j or xl =j-r, x2 +s=k or

xu = k - s. Hence tlt! has the coefficient in the first summation

¡¡(i )(?)i' 
-'qå' -'PiPår(i - r' k - s)

ln the second summation on the right hand side of (3.3.9) The coefficient is f(,k). Hence

# = ì?(i)(i)'iqi'-'påqå'-"r(i - r'k - Ð- r(j'k)

= IIb(nr,r)b(nr,s)r(¡ - r,r< -s) - f(j,k),
ts

where if j<n,,k<n2 then r = 0, 1, 2,..., j and s = 0, 1, 2,...,k. lf j>n, and,/or k>n,
then r=0,1,...,n1 and s=0,1,...,n2. For example,

ff = ¡o{",,0)b(n,,0) - rl(o,o)

= (oi'rå' - r)rto, ol. (3.3.10)

# = b(n,,o)b(nr,o)i(r,1) + b(n,,o)b(nr,r)r1r,o)+

b(n,, r)b(nr,o)(0, r) + b(n,,l)b(nr,1)f(0,0) - (t,l)



= (L 1)[b(n,,0)b(",,Ð. f - r] - b(n,, r)u(n,,0)(0, r).

Differentiating both sides of(3.3.7) with respect ro p1, yields

utÐ=;;ti'ti'frr(x,'x,)' (3'3'1r)

Consider the left hand side of(3.3.11)

-*3 ='1t,,t,¡[r4q, + pztz)o. fi {0, * n,,,)", 
].

Since

;ft{o, 
*n,,,)'' =o'(t, -tXq, +prt,)o'-r

= 
",(r, -r):i. ["', 

t)oï,-'-'ori

= 
", =i"("', 

t)qi,-'-,pïtr*, 
- ",Þ, ("'; 

t)qr,-,-,pfti.

Hence the left hand side of (3.3.11) becomes

+3 = nrr.rrti,tå,(",,",)à(T)qå,-,påtì

[ii, [ 
"' ;' ), 

l -, - rpr+ r +, - 
ii" ( "' ;' ) 

o l, 
-' -.n 

i, í 
]

= ",rì1,=i; å(,.,,.,)("';')l' 
-'-rl("j)al, -,ptrf' +.+,,*, +,

-"'^l Ì =t, år{.,, " 
)("', 

t}l' -'-'oi ("j 
)ol, 

-'pttf , +'1¡, +'

In the first summation for finding coefficient of tit5, we have

xt +r+1= j=xl = j-r-1and xr+s-k+x2 =k-s, where r=0, 1,...,j-1,s=0,
1, ..., k. In the second summation xl +r= jÐxl = j-r and x, +s=k=x, =¡-s,
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where r = 0, 1, ...,j and s = 0, l, ..., k. Comparing coefficients of tjtf on both sides of

(3.3.1 1), we have for j > 1, k > 0

# = o,^'il f o', t)rl -'-,rl(";)ri, -spir(j _ r _ r, k _ s)

-o,^ å1"', 
tll-'-'nl(T)qi,-,pir(j 

- r,k - s).

= o,^'¡f lo1o, - l, Ðb(n,,Ðr(j - r - r,k - s)
r=0s=0

-o,rÉlu(n,-r,r)u1or,s)r(¡-r,r-s). 
Q'3'12)

¡=G=0

Forj=9,¡>1

ôf(0,k) k

Øt = -n1}.)ob(n¡ -1,o)b(nr,Ðf(0,k -Ð,

andforj>l,k=0

4CI = n,r,'¡'u(o, -1,r)b(nr,o)f(j -r-t,o)4t 'i" '/-\z'-)-\J

-n,À )b(n, - 1,Ðb(nr,O)f(j - r,0).
r=0

Dfferentiating f(0,0) = rru[r(oî'cå, - r)] airectrr with respect to p, , yields

fff = -",^oo, -'qå' f(0, o)

= -nrlb(nr - 1,0)b(nr,o)f(o,o).

For example

afl1.0)

äÍ = n'l,b(n' - 1, 0)b(n2, 0)r(0, 0) - nrÀb(n, - l, o)b(nr, oxt, 0)

-n,l,b(n, - I, l)b(nr, 0)f(0,0).

The formulae for p2 are defined in a similar fashion, except the rolts ofj and k are

interchanged, i.e., differentiating both sides of(3.3.?) with respect to p2, yields
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W=Ìì'l',:'frr$,,*,). (3.3.13)

Consider the left hand side of(3.3.13)

W= ^¡"t'¡[r4q' 
+ Prtr)o' ft{" * 

"')^'l'
Since

fr{r, * ortr)"' = nz(tz- 1Xq2 + P2t2)o' 
-r

= ",(,, - 
r)ä'(o,, t)å,-'*oi,å

= ",Þ* ("', 
t)aå' -'-'n;ti.' - 

", Þ. ("', 
t)qå' -'-'piti.

Hence the lefr hand side of(3.3.13) becomes

W =n,i.f )ti, t|, r(.,, 
"lå{"j }t 

-'oi,i

[Þ;' 
("', 

t;-tr -,-sos,s+, - 
Þ, (",,')rt, 

-'-,nì,å 

]

= "'^ì Ì å :q' <.,' 
"{"; )ol 

-'ni("'f ')ol' -r-'p;1¡'*'1*'*'*t

-""Ì Ì å,i t{-" -' 
{"; )ol' 

-'oi("';')ol' -'-"p;t;' *1*' *''

Hence in the first summation for finding coefficient of tjt|, we have

x2 +s+1=k+ xz = k-s-l and x, +r = j+xl = j-r, where r = 0, 1,..., j,s=0, 1,

..., k - 1. In the second summation x2+s=k+x2 -k-s and x, +r= j+x, = j-r,
where r = 0, 1, ..., j and s = 0, 1, ..., k. Comparing coefficients of tjt| on both sides of

(3.3.13), we have for j> 0,k > I



qP = "'^ i îT )l' 
-'oi("'f 

')oå' 
-r-'pir(j - r' k - s - t)

-'t åå(i)ti'-ol("',')oåz-r-sp!r(j -r,k -s)'
r=G

j k-l
= nelI lb(n1,r)b(n2 - r,s)r(¡ - r,r -s - r)

r=0s=0
jk

- nzÀ I lb(n,,r)b(n, - 1,Ðf(j - r,k - Ð.
r=fls=0

Forj>l,k=0

"#;t, = -"t,:ìr(n,, r)r(n2 - r,o)r(¡ - r,o),

äf = 
",r,ào(n,,0)b(n2 - r,s)r1o,t - s - r)

k

-nrÀ lb(n,,0)b(n, - 1,Ðf(0,k - Ð.
s=0

and for j = 0,k > I

Differentiating r(o,o) = exn[l(tï qå' - t)] directty with respect ro p2, yietds

äP = -ortn', -rql, r(o,o)

= -nu lb(nr,o)b(n, - 1,0)f(0,0).

For example

# = nrl,b(n,,o)b(n, - 1,0)r(0,0) - n2l.b(n,,o)b(n, - 1,0)r(0,Ð

-nrî,b(n,,0)b(n, - r, Ðf(0, 0).
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Fonn 2

An alternative approach for finding the partial derivatives ofthe probability function

with respect to the parameters is the use ofthe difference equations for probability function

given in (2.4.21) andQ.4.22). In the following we witl use the notation

o(",,')=[";)ninl'-', i=1,2.

Dfferentiation rvith respect to 1, , yields for j > 1, k > 0

{p = ry. Tåå*r""'P1"'''¡4i:r 
k -Ð

Ifj>0,k>1,then

# = + * | i É *{",,,)o(",,Ð9lo;î!:Ð

For example

# = ry + Àb(n,,r)b(n2,0)Srto,ol

= (lo)[*.qi'oå' -t]

# = #. i,t(n,, r)[t(n,,0)ff * u1",, Ð#]
= -r(!1) a 161o,, r¡[u1",, o¡40, r¡{f . oi, ol, - r}

+u(nr,r)r(o,o){qi'qå, - t}]

= r(r, r)[f + qi, qå' - r] * r1",,r¡b(nr,0X(0,r).

Dfferentiating with respect to p1 results in
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# = 
ååb(n,,r)t(n,,s)r(j - 

r, t - s) - r(j,t), j > 0,k > 0.

# = n,r'ji' Ët1n, - r,r)u(nr,s)r(¡ - r - t,k - s)

-o,ri fo1o, -,,401or,s)r(¡-r,r-s), j> l,k > 0.
r=ß=0

"#îu, =-",rt(n, -r,o)ll1o,,sþ(o,r-9, k>0.

+P = n,r i!'u(o,,r)b(n, -r,Ðr(j -r,k-s-1)

-orl|ft(n,,r)u(n, - t,s)f(j - r,k - s), ¡ > o,r > r.
¡=ß=0

ôÚ'-0) 
= -orrb(", - t,o)i¡(",,r)r(¡ - r,o), j > 0.

The elements of the information matrix I, which is 3 x 3, are defined as below

',,=-*[åå"-{#'.}']

"' 
= - *[àå "*{ö "'-}' 

. 
å"'- {*'*) 

*'-}' 
]

u, = - * [,t-¿",.{ö 
**}' . À""{* ""}' ]

',,=-*["ìp,".{#'.}{ôoo}.È.".-{iÐu-}{*--rÐ*,*}]

',, 
= -*[,åà"- {ö'.}{#**} . È,""{*',,}{ó",,}]

trIor

It*

II¡t

Nj*

vjo



u, = - * [,,ì å " 
- {ö ". } {# *- } 

. 
*r,". 

- {*; ou - 
} {do *, - 

}

.È 
"" {ô ""}{# "" } 

.' - {ir- #}{+d #}l
Using the notation ofsection (3.1), we have

and

f(9) = r,

which yields the increment vector

¡=r'(qtor)u.

For grouped data

[,.-. n¡r ar(j,t)l
l??(¡,tl ô1," 

I

.,-l5.. oj* a(j,k) 
I= lí?ft,t) ap' I

l-- ojt aft'k) 
I

LLLfrÐ 4, l
with e = o(0), where0(0) is a trial or starting solution, usually taken to be the method of

moments estimates. The iterations are stopped when Q becomes stationary. The

asymptotic variance matrix of the maximum likelihood estimator Q is I-t(g) ana is

estimated by evaluating I-l at Q , where Q is the vector of maximum likelihood estimates.

3,4 Efficiency

The precision ofan estimator is assesed as the ratio of the generalized variance of

maximum likelihood estimators to those of the estimators under consideration. The

asymptotic relative efliciencies for lvßv| and ZZ estimators relative to the ML estimator are

[Àl
9=lp, I

Lp,l



obtained for various set of parameters. computer package s-plus has been used to do all

the necessary computations. The tables and graphs of efficiencies of MM and ZZ

estimators are given below:

Table 3.4.1 Efficiency of the Method of Moments for the poisson-double

binomial distribution

Table 3.4.2 Efficiency of the Method of Zerc-Zero Cell Frequency for the

Poisson-double binomial distribution

À
n, =n" n' =n" u.l U.J u.) I.U t.5

z
2
2
J
3
3

u. .t

0.3
0.5
0.1
0.3
0.5

u.orJó u.ojðy u.6+ t4 tJ.6l64 0.70740.5364 0.4704 0.4491 0.4604 0.50270.4257 0.2943 0.2534 0.2374 0.25760.5367 05264 0.5272 0.5520 0.58840.4422 0.3616 0.3364 0.3446 0.38940.3504 0.2247 0.1906 0.1808 0.2030

î\
n, =n. ft, = n. u.l u.J u.) 1.0 t.5

¿
2
a

3
3
3

u.l
0.3
0.5
0.1
0.3
0.5

u.yõyu u.y/uð u.y)ð/ 0.9399 0.92190.9472 0,8840 0.8515 0.8187 0.79700.8528 0.7015 0.6277 0.5510 0.51710.9934 0.9801 0.973s 0.9698 0.96420.95s4 0.8938 0.8620 0.8390 0.83470.8335 0.6728 0.5989 0.5308 0.s104

3,5 Discussion

while examining the tableô and graphs ofefficiencies, several prominent features of

the Poisson-double binomial distribution are revealed. we will consider them below.

(a) Effect ofchange in n1 and n2, for fixed À, p¡ and p2: In this case for both types of

the estimators (MM and ZZ) the resultant pattems of the efficiency tables and grapbs are

al¡nost alike. It shows that with increased index values while varying other parameters, the

efficiencies tend to decrease in relatively same order, as for the low values of the index

parâmeters.



Figure 3.4.1a

Efficiency Plot for MM Method with n, =nz=2.

Figure 3.4.1b

Efficiency Plot for MM Method with nr = nz = 3.
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Figure 3.4.2a

Efñciency Plot for 7Z Method with n, =nz =2.

0.s
0.00

Figure 3.4.2b

Efficiency Plot for ZZ Mleth.oil with n, =nz =3,
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Efficiency Plot for MM and ZZ Methods for

n1 =n, =1.

Efficiency Plot for MM and ZZ Methods for

n1 :nt =J

0.00 0.2s 0.s0
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(b) Effect of change in À for fixed n1, n2, p1 and p2: The dominent parameter in the

Poisson-double binomial distribution is x. It is evident from the graphs 3.4.la andb that,

as r increases for fixed values ofthe other parameters, the efficiencies first fall until À

reaches the value 1.5, there the efficiency tends to increase again. In the zz case

considering the graphs 3.4.2a and. b, it can be seen that the pattem is different from MM

case. Here with large values of î, , the efficiency becomes smaller and smaller.

(c) Effect of change in p1 and p2 for fixed À, n1 and n2: In this case the efficiencies

become small with increased p1 and p2 values for both types of estimators. There is a

consistency in the pattem ofefficiencies.

(d) overall comparison of lvfÑI and zz mettods: In general the efficiency pattems for the

two methods are not exactly alike. For a fixed set of parameters zz method has high

efficiency as compared to MM method. one feature that is common for both methods is

that, efficiency is highest for the parameter set having smallest values and lowest for the

one with highest values.
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4

APPLICATIONS

4,1 Introduction

simulation or computer generation of certain specified bivariate discrete

distributions hæ been discussed in detail in Kocherlakota and Kocherlakota (1992). In this

chapter the computer generation of Poisson-double binomial distribution will be presented.

Also various methods of estimation and goodness-of-fit will be applied to data for poisson-

double binomial and bivariate Poisson distributions.

4.2 Poisson-double binomial distribution

Simulation

To simulate the Poisson-double binomial distribution, we use the stochastic nature

of the Poisson-double binomial distribution. since there was no standard algorithm

available, a new technique was developed to obtain random observations from the poisson-

double binomial distribution. using the options available in s-plus, it is possibte to

generate random observations from Poisson and binomial distributions. This simulation

program is given in appendix under the name of si.mat5. In this algorithm first a

realization k from a Poisson distribution is generated for a specified value of the poisson

parameter. In the second step, this generated value of the poisson observation is used to

get two independent binomial observations with index parameter determined by the

formerly realized Poisson observation. The procedure is repeated a desired, say n numbers

of times, to obtain n random pairs of observations from the two binomial distribution.



These observations can then be ananged into a frequency table to give the n random

observations from the Poisson-double binomial distribution.

Examples

various estimation tech¡iques and goodness- of-fit procedures are illustrated on the

following three data sets. First two data sets were simulated using si.mats, while the third

one is real life dat¿.

Dåta set I: n = 200, l,=0.5, n¡=2, n2=2, gt=0.25 and pz=0.25.

Xt

X,r

0 ) 3

0

1

2

J

150740
16 11 2 I
2411
0100

DatasetII: n=200, I=1, n¡ =nz=2, pr=pz=0.25.

K¡

X2

4.1
.)

0 I

0

I
2

J

4

ll1 15 4 t 0

2021 421
25610
31110
10000

The following data set is adapted from Cresswell el a/. (1963). The data represenr

the observed frequency distribution of the accidents sustained by bus drivers in two

consecutive 2-year time periods. Total number of observations is 708, and it is assumed

that tbe d¿ta are from the Poisson-double binomial distribution with n1 = ¡, - 2.
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Data set III:

X¡

X1

0 I 2 3 4 5 6 7

0

I
2

J

4

5

6

7

1179655 192200
61 6947278510
344231 137230
7 ts t6 7 3 I 0 0

33112t11
2t000000
00001000
00010000

Estimation:

In the following zeÍo-zeÍo cell frequency estimate of ¡, is obtained by using the

computer package Mathematica. The ML estimates are obtained by using the s-ptus

program iterl, which is given in appendix. This program uses the iteration procedure

described in section (3.1), which is called the method of scoring. The method of moments

estimates are taken æ the initial values.

Data set

Summarv Statistics

X¡ 7..) mt.t

I

II

ff

0.24s0 0.2150 0J423

0.4900 0.4550 0.2621

1.0014 1.29t0 0.32s9

Estimates of the parameters along with their estimated standard enors using three

methods of estimation are given in the following table. For calculating the estimates of the
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standard enors of the varíous types of estimâtors, S-plus programs try, vmom, vzerol,

comp, dvmom, dvzero 1 were used. These programs are given in appendix.

Table of values of Estimators along with their Standard Errors

The numbers in parentheses are the respective standard enors.

Method Parameter Data I Data II Data III

MM

?,

Pr

þz

0.3701 0.8s08 3.9669

(0.0888) (0.1851) (0.6573)

0.3310 0.2880 0.1262

(0.0795) (0,0636) (0.02t2)

0.2905 0.2674 0.t627

(0.0715) (0.0595) (0.0272\

ZZ

1"

Pr

Pz

0.3728 0.7603 3.5790

(0.0690) (0.1185) (0.s7s2)

0.3286 03222 0.1399

(0.0611) (0.0506) (0.0228)

0.2884 0.2992 0.1804

(0.0558) (0.047'1) (0.0293)

ML

7"

Pr

P2

0.3s57 0.8157 3.9983

(0.062't) (0.1234) (0.s999)

0.3374 0.3004 0.12s2

(0.05e2) (0.0465) (0.0192)

0.2882 0.2789 0.1614

(0.0534) (0.0438) (0.024s)
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Te s t s of g o o d n e s s - of-Jì t

Two testing procedures, pearson,s chi-square (fr) eooao.rr-of_fit test and

empirical pgftechnique test, are used. while using these techniques it is necessary to have

the data in a two way array. The frequency in (r, s)th cell is denoted by n." white the

conesponding probability is denoted by f(r, s). The hypothesis of interest is

Ho: f(r,s)=fo(r,s¡

where fo(r,s) is specified and 
l?ptr,rl = L Ceneralty the specified tunctional form of

the probability function (pf) involves many parameters, say k, which have to be estimated

from the given data set. using the estimates of these k parameters it is always possible to

find the estimated probabitities îo1r,9. rne testing procedure is to test whether the data

conform to the prescribed distribution estimated by io(r,s). rhe details of the two testing

procedures named before are given below:

Pearson's f2,.test

The test statistic is

In- - niolr.s)12

which hæ the 12 distribution for large n. The degrees of freedom (df are: number ofcells

in the array - I - number of par¿uneters estim¿ted. In order to use this statistic properly it is

essential that the expected frequency in each cell should be large. Most ofthe statisticians

are agreed on the use of minimum expected frequency taken to be 5. In case ofa targe data

set the minimum expected frequency can be taken as small as l. cochran ( 1954) suggests

a bit different approach. According to himif relatively few expectations are less than 5,

then a minimum expectation of I can be used in calculation of x2 for any contigency table

with df greater than 1. To ensure a minimum expectation of l, the data have to be grouped

in a condensed form. Grouping is rather easier in univariate case, but for bivariate case

there is no hard and fast rule. Loukas and Kemp (19g6) give three systematic grouping
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procedures: (i) row based, (ii) column based and (iii) reordering the classes so that they

may be treated as a J-shaped univariate distribution. Depending on the data either of these

procedures should be used. In the following we will use a combination of procedures (i)

and (ii).

Probabilitv generating fi.rnction technique

This technique was developed by Kocherlakota and Kocherlakota (19g6). The

advantage ofthis method is that it does not require pooling ofthe cells, which is subjective

in most cases. This technique is based on the probability generating function of discrete

random variables to test goodness-of-fit hypotheses. considering the bivariate case, let

f(x,, x2;Q) be the joint probability function of rwo random variables X1 and X2. By

definition the joint probability generating function of X¡ and X2 is given by

n(tt,tr;O) = e(tf't|,), where Q is a k element vector of parameters. Let the sample

consists of n observations with frequency in (r, s)th cell being n,", with n = IIo,".

Based on this sample the empirical (sample) pgf is defined as

r(t,,tr)= 1lln,,t;ti,

where ft¡l< l,i =1,2. It can be seen that

e[r(t,,tr)] = r(t,,tr).

Iæt Q be the maximum likelihood estir¡rator of Q. Then the maximum likelihood esrimator

of r(t¡,t2;9) is i(tr,tz;9). Since Q is the maximum likelihood esrimator, we can expand

t(t', tr ;ô). Retaining only the fi rst order terms

i(t,,t, ;ê) = n(t,,t, ;q) + É(ôr - et) 
ô4lþ4)

Consider now the random variable

Ë(t,,tr¡ = rit,,tr)- â(tr,tz;g),

using (4.2.l), we have

(4.2.1)
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E(t,,tr) = {r(t,,t,)- n(t,,tr,Ð}- Ë(0, - e,¡an(tlþ;g).

Using the asymptotic properties of ML estimators

q(t',tr)-5r.r(0,o'?),

where

¿ =!1"(i,ti;e)-n'(t1,t,;e)]-åå",t#t^-tt (4 2 2)

with {o¡¡} as the inverse of the information matrix. In the case of poisson-double

binomial distibution
l-1"1

q=lo, l,

Lo'l

and

n(t1,q) = e*p[],{(0, *n,,,)", (0, *n¡r)"' -t}].

The partial derivatives of pgf with respect to the parameters are given as

ry =n(t,,tr{(q, + pf r)', (qz + prtr)', - r]

ô¡(tt, tr) _ n,l,(t¡ _ 1)(or + p,t,)o, -r (Qz + prtr),, n(t,,tr)
ôù

an(t¡'tz ) - nrl.(t2 - 1)(or + prtr)o, (qz + prtr)o, -r n(t,, t, ).ôÞz

The test statistic to be used is

o

which is approximately N(0,1) under the null hypothesis. To perform the test o2 in

(4.2.2) is estimated by replacing the parâmeters by their maximum likelihood estimates. If
the parameters are assumed known, then



¿ = !1"(i,ti;e) - r,(t1, t, ;e¡]

The null hypothesis is rejected if
lzl> 2.,

1

where a is the level of significance and z, being the upper 100 y percent point of the

standard normal distribution. To calculate Z statistic in both cases þarameters estimated

and parameters known), we used four S-plus programs; namely, fitl, pgfl, epgfl and fit2,

which are given in appendix.

Examples

In order to ensure that the expected frequency in each cell is at least 1, the original

set of data has been condensed in the following fon¡. The numbers in parentheses are the

expected frequencies. For each of the testing procedure, it is conctuded that the data do fit

the Poisson-double binomial distribution. For the chi-square and pgf techniques the ML

estimates were used. For the pgf technique value of the test statistics Z depends on the

choice of t1 and t2. In the following table both are taken to be 0.1. The results are given

in the following tables.

Data set Il

X¡

X1

0 I >)
0

1

>_2

15074
(151.67s0) (9.7181) (2.4293)

16 11 3
(12.2219) (10.6802) (3.1s2s)

252(3.9r36) (4.0915) (2.1177\

Statistic Value df Prob-value

Chi-souare 4.1231 5 0.53 l8
Z(parameters est) 1.3436 0.1791

Z(parameters known) t. 1 846 0.2362
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Data set II:

Data set III:

Xl

X.t

>)0 I

0

1

>_2

111 ls 5
(i08.4848) (17.s7s2) (s.5860)

2021 7
(1e.3686) (18.2022) (7.767s)

669
(6.8931) (8.7696\ (7.3312'l

Statistic Value df Prob-value

Chi-square 2.3939 5 0.7924

Zloarameters est) 1.07s0 0.2824

Zoarameters known) 1.3678 0.r714

Xl

x2

4)0 3

0

1

2

3

4

1t7 96
(111.7146) (92.531e)

61 69
(68.807e) (83.4788)

34 42
(26.fi41) (39.8387)

7t5
(7.3833) (13.474t)

54
(2.1232) (4.6t34)

55 19 4
(47.2260) (17.955e) (7s327)

47 27 t4
(s3.s746) (24.3673) (12.3137)

31 13 t2
(3r.013s) (16.ss11) (10.0216)

16 7 4
(123076) (7.s648) (s.4471)

126
(4.98s2) (3.5943) ß2334\

Statistic Value df Prob-value

Chi-square 23.7144 2l 0.3071

Z(parameters est) 1.2573 0.2086
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4,3 Bivariate Poisson distribution

Example

consider the data set III of section (4.2). Assuming the data are from the bivariate

Poisson distribution, parâmeters estimation and goodness of fit tests will be done in this

section. The data is given below

Xt

X1

0 2 J 4 5 6 1

0

1

2

3

4

5

6

7

ll796s5 192200
6t6947278s10
344231 137230
7ls1673100
33112111
2t000000
00001000
00010000

Estitnation

The summary statistics for this data set are: Xr = 1.0014, *z=1.2910,

mr,r = 0.3259.

The method of moments estimates are i = 3.9669, ítt = 0.2524 and Þ2 = 0.3254. The

zero-zero cell frequency estimates are 
^.' 

=2.6271, pí = 0.3812 and pâ = 0.4914. Using

the results given in Kemp er al. (1983, Table 2) the maximum likelihood estimates are

found to be i = S.SqlZ, î) | = 0.177 4 and p, = 0, 2288. In tabular form

Method
Bsftnâtes

1, Pr þ,¡
lv¡lvl
zz
ML

J.y00y u.¿tz+ 0.32542.627t 0.3812 0.49t4s.6432 0.t774 0.2288



To apply the pgftechnique for estimated parametrs we need the partial derivatives

ofthe pgf with respect to parameters ofthe bivariate Poisson distribution. For the bivariate

Poisson distribution the pgf is given as

n(tr,tz)= 
"*p[r{e,oz - 

t+ prq2tr + Þzgfz+prp2trt2}].

The partial derivatives with respect to the parameters are given as

ôn(tr,tr) _ -,ô),. -,,(tt,trXq,q, -l+plq2tl +Þzefz+p¡p2t¡t2)

4Ð = n(tr,tzfqz(tr - i,) + prtr(t, - r)]
Øt

4gi, = nftr,tzIq,(tz - r,) + p,t,(t, - r)].ãpz

In order to ensure that the expected frequency in each cell is at least l, the original

set of data has been condensed in the following form. The numbers in parentheses are the

expected frequencies. For each of the testing procedure, it is conctuded that the data do not

fit the bivariate Poisson distribution. For the chi-square and pgf techniques the ML

estimates were used. For the pgf technique value of the test statistics Z depends on the

choice of t¡ and t2 . In the following table both are taken to be 0.1 . The results are given

in the following tables.

Xl

X1

40 1 2 3

0

1

2

3

4

1t'7 96
(88.5476) (e4.1884)

61 69
(69.2r80) (94.3030)

34 42
(27.0s40) (44.9396)

't t5
(7.0494) (t3.8154)

54
(t.6242) (3.7522)

55 19 4
(s0.0943) (17.7618) (5.9334)

47 27 14
(61.rs15) (25.s813) (10.1646)

31 13 t2
(34.9109) (17.1378) (8.1388)

1674
(t2.5e44) (7.1823) (4.0827)

t26
(4.0455) (2.7284\ 0s47t\
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Statistic Value df Prob-value

Chi-souare 47.169s 21 0.0009

Zparameters est) 3.8570 0.0001

4,4 Conclusion

In sections (4.2) and (4.3) we have applied two types of goodness-of-fit techniques

on data sets for Poisson-double binomial and bivariate poisson distribution. In (4.2) wo
simulated and one real dat¿ set were used. All of three do fit the poisson-double binomial

distribution. For simulated data sets it is natural to expect that they must fit the poisson-

double binomial distribution. we tried to fit the same data set (data III) for the two

distributions under consideration. The data supply the srong evidence that they came from

the Poisson-double binomial distribution, but fail to do so for the bivariate poisson

distribution. This result reveals a very importânt aspect of the different theoretical

development of the two distributions.



APPENDIX: S-PLUS PROGRAMS

(1) si.matS: This program is written to get random observations from the poisson-

double binomial distribution. Poisson-double binomial distribution has five parameters. In

this program n is the total sample size.

function(n, lafibda, nt, n2, p1, p2)
t

result. <- matrix(0, n, 3)
x1 <- matrix(0, 1, 1)
x2 <- matrix(0, 1, 1)
for (i in 1:n) {

k <- rpois (1, 1a¡nbda)
if (k == 0) t

x1 ==0
l 

*2==O

else {
x1 <- rbinom(1, n1 * k, p1)
x2 <- rbinom(7, n2 * k, p2)

] 
.esult [i, ] <- c(x1, x2, k)

Ì
list (resultL <- result, result2 <- table (result [, 1],result l, 2l )')

]

(2) pfc911: The following program is written as a part of the next program i.e.

program (3). The purpose of this program is to provide basis for the computations of
probability function at various xt and X2 values for the poisson-double binomiat

distribution. In the following program r and c are the limits for X, and X, values.

function(lam, n7, n2, pI , p2, r, cl
{

ff <- matrix(o, r, c)
ff [1, 1] a- exÞ(lam * (dbinom(0, n1, p1) * dbinom(0,n2, p2\ - L)')
for (j in 2:r) i

ps <- 0
a <- (lam/(j 1) ) * dbinom(O, n2, p2lfor(h in 1: (j _ 1) ) {

ff tj - h, 1l 
ps <- ps + a * h * dbinom(h' n1' p1) *

]
ffti, 1l <- ps
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]
for (1 in 2:cl f

ps1 <- 0
a1 <- (l_am/(1 -
for(m in 1: (1 -

ps1 <- ps1
ff []., I - ml
Ì

ff t1, 1l <- ps1
]
f,t
Ì

cs <- 0
for(r in 0: (t -

cs <-
nL, p1) * ff [t - r, 1] ]

dfl It, 1] <- cs
for(m in 2:(n2 + 1)) i

cs1 <- 0

1) ) * dbinom(0, n1, p1)
r.) ) i

+ a1 * m * dbinom(m, rr2, p2l *

1)) t
cs + (1 - p2l 

^rL2 
* dbinom(r,

- fftr, 1l ]

(3) pfc931: This is the actual program for the computation of the poisson-double

binomial probabilities.

function(lam, n!, n2, pL, p2, r, cl
{

ffL <- pfc911 (1an, n1, n2, p!, p2, r, c)for(jj in 2:r) {
for(1l in 2: c) t

ps2 <- 0
a2 <- (!an/ (jj - 1))
for(hh in 1:(jj - 1)) {

for(r¡n in 0: (11 - 1) ) {

dbinom(hh. n1, p1) * dbinom(rmn , ,r, :;)' -'iriÌ3:--"ln] ll ]
rmlÌ]
ff1 tjj, 111 <- ps2]]
f.ft
]

(4) nb1: The following s-plus program is used to differentiate the poisson-double

binomial pf with respect to 1,. In the following program symbol lam is used for À

function(lam, nL, n2, p!, p2, j, k)
t

ff <- pfc931(1am. n1, n2, pl-, p2, j, kldfl <- matríx(0, j. k)
df 1t1, r.l

dbinom(O, n2, p2l - t)
for(t in 2: (ni" + 1)) i



for(s in 0:(m - 1))
cs1 <- cs1

n2, p2) * f.f.ll-, n sl Ì
df1 t1, ml <- cs1 -

for(t in (n1 + 2) :j) i
cs <- 0
for(r in 0:n1) {

cs <- cs + (1 - P2l ^n2 
* dbinom(r,r, 1lÌ

dfltC, 1l <- cs - fftt, 1l Ì. (n2 + 2)zk) {
cs1 <- 0

for (s in 0:n2) i
_ cs1 <- cs1 + (1 - p1)^n1 * dbinom(s,n2, p2) * ff [1, m - s] ]

df i. [1, m] <- cs1 - f f t1, rnl ]for(t in 2:(nL + 1)) i
for(m in 2: (n2 + 1)) t

cs <- 0
for(r in 0: (t - 1) ) {for(s in 0:(m - 1)) {

cs <- cs + dbinom(r, n1,r,n-sl]Ì
cs - ff tC, ¡nl Ì Ì
{
+ 2):k) {

0

{+ (1 - pL)^n1 * dbinom(s,

ff t1, ml Ì

n1, p1) 't ff [t -

for (m ín

p1) * dbinom(s, n2,p2)*fflt -
df1[t, m] <-

for(t ín 2: (n1 + 1))
f or (m in (n2

cs <-
for (r Ín 0:(t - 1)) {

for (s in 0:n2) {
cs<-cs+ dbinom(r, n1 ,p1) * dbinom(s, n2, p2)*fftt - r, m - sl Ì Ì

df1 [t, m] <- cs ff tt, nl i ]for(t in (n1 + 2):j) {
f or(m in 2. (n2 + t)l t

cs <- 0
for(r in 0: n1) {

for(s in 0:(m 1)) {

p1) * dbinom(s, n2, p2) ,r ff [t - r, åt-'": 
c]s 

]+ 
dbinom(r' n1'

dfl[t, m] <- cs - ff [r, m] ] ]for(t in (nL + 2):j) {
f or(m in (n2 + 2) :k) {

cs <- 0
for(r ín 0: n1) i

for (s in 0:n2) {

p1) * dbinom(s, n2, p2)*ff [r - r. * Ît"f-l T" 
* *tt'o*(r' n1'

dfl[t, m] <- cs - ff lt, ¡nl i ]df1
]
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(5) nb3: Following program is written to get the differentiat coefficients when

Poisson-double binomial pf is differentiated with respect to pt .

function(lam, nL, n2, p1, p2, j, k)
{

ff <- pfc931(t-am, n1, n2, pL, p2, j, k)dfpl <- matrix(O, j, k)
dfpL[1-, 1] <- ( - n1) * lam * dbinom(o, n1 - 1, p1) *

dbinom(0, n2, p2l *f f [1,]-lfor(t in 1: L) {
for(m in 2:k) i

cs <- 0
for(s in 0: (m - 1) ) {

cs <- cs + dbinom(o, nL - 1, p1)* dbinom(s, n2 p2) * ff [1, n-s] ]
dfPl [1, m] <- ( - n1) * Iam * cs ] ]for(t in 2:j) {

for(m in 1:k) i
cs1 <- 0

cs2 <- 0
for(r in 0: (t - 2)) t

for(s in 0:(n - 1)) {
cs1 <- cs1 + dbinom(r, n1 - 1,

Þ1) * dbinom(s, n2, p2) * f,f [È - r - 1, m - s] ] ]for(r in 0: (e - 1)) i
for(s in 0: (m - 1) ) {

cs2 <- cs2 + dbíno¡n(r, n1 -1, p1) * dbinom(s, n2, p2l * ff [t - r, m - s] ] ]dfpl It, ml <- n1 * larn * cs1 - n1 * larn * cs2 ] ]dfpl
i

(6) nb5: The following program is written to get the differential coefficients when

Poisson-double binomial pfis differetiated with respect to p2.

function(Iam, n!, n2, p1, p2, j, k)
{

ff <- pfc931(1am, n1, n2, p!, p2,
dfp2 <- natrix(O, j, k)

dfp2 [1, ]-l
dbinom(O. n2 - !, p2) *ff [1, 1]

for(t in 2:j) {
for(¡n in 1:i.) {

cs <- 0

j, k)

dbino¡n(0, n1 , pl-) *

for(r in 0: (t - L) ) t

p2) * dbinom(r, n1, p1) * rrrr -:: ;i ;" 
- dbinom(o' n2 '!'

dfP2 [t, 1J <- - n2 * 1am * cs ] ]for(t. in 1:j) t
for(m in 2tkl I
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p1) * dbinom( s,

p1) * dbinom (s,

1am*cs2]Ì
dfp2

]

cs1 <- 0
cs2 <- 0
for(r in 0: (t - 1)) tfor(s in 0: (m - 2)) {

cs1 <- cs1 + dbinom(r, nL,n2-1, p2l * ff [t - r, rTr - s - 1] ] ]for(r in 0: (t - 1) ) {
for(s in 0: (¡n - 1)) t

cs2 <- cs2 + dbinom(r. n1,n2-1,p2) r. f f [t - r, Ír - s] ] ]
dfP2 [t, m] <- n2 * 1a¡n * cs1 - n2 *

+ (1/ff [r, s] ) * dp2 [r, s] *

(7) try: Following program is to get the gamma matrix defined in Kocherlakota and

Kocherlakota (1992, p. 46), which is used to obtain maximum likelihood estimators.

function(n, 1an, nL, n2, p1, p2, j, k)
{

ff <- pfc931(1an, n1, n2, p!, p2, j, k)dl <- nb1 (1am, n1, n2, p!, p2, j, k)
dp1 <- nb3(1am, nI, n2, pt, p2, j, k)
dp2 <- nb5(1am, n7, n2, pt, p2, j, k)
gamt <- matrix(0, 3, 3)
cs <- 0
for(r in 1:j) t

for (s in 1:k) i
cs<-cs+

dl [r, s]
]
]

gamt [1, 1] <- n * cs
cs <- 0
for (r in 1:j) {

(7/f.f.lr, sl) * d1 [r, s] *

for (s in 1:k) {
cs <- cs + (7/f.t [r, s]) * dp1 [r, s] *

dpL tr, sJ
]
]

gamt[2, 2] <- n * cs
cs <- 0
for(r in 1:j) {

for (s in 1:k) t
cs <- cs

sl

9ant.[3, 3] <- n * cs
cs <- 0
for (r in 1:j) {

dp2 [r,
]
l



for (s in 1:k) {

clpltr,slcs<-cs+(I/ff[r's])*dl[r's]*
]

Ì
gane[1, 2] <- n * cs
gant [2 , 1] < - gamt [1, 2 ]cs <- 0
for (r in 1:j) {

for (s in 1¡k) {

dp2 [r, s] 
cs <- cs + (7/f t [r' s]) * d1 [r' s] *

]
]

ganE[1, 3] <- n * qs
gamt[3, 1] <- gamE[1, 3]
cs <- 0
for (r in 1:j) {

for (s in 1:k) {

dp2tr,sJcs<.cs+(I/f'f'[r.s])*dp1[r,s]r.
]
Ì

gamt[2, 3] <- n * csgamt[3,2] <- game[2. 3]
gamt

(8) tryl: Following program is \ryritten to get the D matrix, which is needed to obtain

the iteration vector for maximum likelihood estimates in case of poisson-double binomial

distribution. This matrix is also defined in Kocherlakota and Kocherlakot a (1992, p. 46).

nrs is the observed data set.

function(lam, nL, n2, p1 . p2, j, k)
i

ff <- pfc931(1am, n1, n2, p1-, p2, j, k)dI <- nb1 (la¡n, n1, n2, p!, p2, j, k\
dp1 <- nb3 (1am, n!, n2, p1, p2, j, k)
dp2 <- nb5(Iam, n1_, n2, p1, p2, j, k)fr <- nrs
dss <- matrix (0, 3, 1)
dss [1, 1] <- sum(fr * (L/ff) * dl)
dss[2, 1] <- sum(fr * (l/ff) * dp1)
dss[3, 1] <- su¡n(fr * (L/tt¡ * ¡nt,
dss

Ì
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(9) iterl: Following program is used for iterations which are necessary to maximum

likelihood estimates. In this program lami, pli, p2i are the starting values of the three

parameters to be estimated. usually these initial values are either method of moments or

zero-zero cell frequency estimates.

functíon (1ami, p1i, p2i, n, n1, n2, i , k, s t)
{
lam< - lami
p1< -p1i
p2<-p2í
ic<-0
del<-matrix(0,3,1)
vcov<-matríx(0,3,3)
while ( (it<- it+1) <st) {de1<-
solve ( bry (n, 1am, n1, n2, pt,p2, j, k) ) %*%tryL (lam, n1, n2, pt,p2, j ,k)
l-am< - lam+deL t 1, 1l
Pi.< -P1+de1 [2 , 1]
p2< -p2+de1 [3, 1j
vcov< - solve ( try (n, Iam, n1, n2 , p1 ,p2, j,Ð)
cat (it, 1am, p1, p2, " \n" )print ( de1)
print (vcov) ì l

(10) gami: Purpose ofthis program is the same as ofprogram (7), except the difference

that following program is for the estimation of p, and p2, while l, is assumed known.

funceion (n, lam, n1, n2 , p1 ,p2, j ,k)
{
f f<-pf c931 (lam, n1, n2,pt,p2, j,kl
dpl-< -nb3 (1arn, n1, n2 , pt,p2 , j ,k)
dp2< -nb5 (1am, n1, n2, pt,p2,) ,k)
gamt< -matrix (0 ,2 ,21
cs<-0
for(r in 1:j) {

for (s in 1:k) {
cs< - cs+ (t/f.f.lt ' sl ) *dp1 [r, s] *dp1 [r, s] ] ]gamt [1,1] < -n*cs

cs<-0
for(r in 1:j) {

for (s in 1:k) {
cs<-cs+ (7/ff Lt, sl ) *dp2 [r, s] *dp2 tr, sl ] ]

qarr.L 12 ,2J < - n* cs
cs<-0
for(r in 1:j) t

for (s in 1:k) {
cs<-cs+ (1/ff Ir, s] ) *dpL lr, sl *dp2 tr, sl ] ]gamt[1,2]<-n*ss

gant [2, 1] < -gamÈ [1,2]
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gamt,
i

( I I ) ds I : Purpose is the same as of program (8), except the difference that this program

is for the estimation of p, and pr, while l, is assumed known. nrs is the observed

frequency distribution.

f unct,ion (1am,nl-,n2,pL,p2, j ,k)
{
f f<-pf c931 (Iam,n1,n2,pt,r,2, j,kl
dp1< -nb3 (lam, n1, n2,p7,p2, j,k)
dp2< -nb5 (lam, n1, ¡2, pt,p2, j, k)
fr< -nrs
ds s< -matrix (0 , 2 . 7)
dss [1,1] <-sum(fr* (1/ff) *dpL)
dss [2, 1] <-sum(f r* (1,/f f ) *dp2)
dss
]

(12) iter2: Purpose is the same as of program (9), except the difference that this

program is for the estimation of p¡ and p2, while À is assumed known.

function {lam,p1i, p2i, n, nL, n2, j, k, st)
{
lam< - 1am
p1< -p1i
p2<-p2i
ít.< - 0
del< -Íìatrix (0 ,2 , t')
vcov<-¡natrix(0,2,2)
while ( (it< - i t+1) <st)
{de1< -
soLve (9am1 (n,1am,n1,n2,pt,r.2,j,k) ) %*%ds1 (lan,n1,n2,pI,p2, j ,k)p1< -p1+del- [1, 1]
F2<-p2+dëI12 , ll
vcov< - s olve ( gaml ( n, lam, n1, n2 , p1 ,p2, j ,Ð )
cat (i t, lam, p1, p2 , t\n")
print ( de1)
print (vcov) ] ]

(13) mom: This program results in numerical values of the population raw moments and

moments about mean, when parametric values are supplied. In this program symbol m is

used for I.
function(m, n1, n2, p1, p2)
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{
resulC <- Ítatrix (0, 12, 7l
mP10<-**¡l*p1
result [1, 1] <- mp10
mP01 <-m* n2 *p2
result [2, 1] <- mpOL
mp11 <- m * nL ,r n2 * p1 * p2 + m^2 * n1 * n2 * p1 *

p2
result [3, 1] <- mplL
mp20 <- m * nl_ * (n1 - 1¡ * p1n2 + m^2 * n!^2 * p!^2+m* n1 *p1
result [4, 1] <- ¡p26
mp02 <- m * n2 * (n2 - 7¡ * p2a2 + m^2 * ¡¡2a2 * p2a2+m*n2*p2
result [5, t] <- ¡¡p62
mp21 <- n * n1 * (n1 - ll * n2 * p!n2 * p2 + m^2 * nl* (n^1 ; 1) * n2 *p1^2 * p2 + 2 * m^2 * nl^2 * 7¡j * ptt2 * pZ+ m^3 * n!^2 * tr2 * p1n2,t p2 +¡n * nL * n2 * p1 * pi + m^2 *nL*n2 *p1 *p2
result [6, 1] <- mp21
mp12 <- m * n1 * (n2 - 1) * n2 * p1 rr p2^2 + m^2 * n1* n2¡2 * p1 * p2^2 + m¡2 * n1 * n2 * (2 * n2 - 1) * p! * p2^2+ m^3 * nL * n2¡2 * p1 * p2^2 + m * n1 * n2 * pl * pã + m-¡2 *n1 *n2 *p1 *p2
result[7, 1] <- ¡¡p12
mp22 <- m * (n1 - 1) * n1 * (n2 - 1) * ¡¡) * p!n) *

p2^2+ m^2 *nL * (n1 - 7) * r¡2^2 * p1a2 * p2a2 + m^2 * n1 *(nl- - L) *n2 * (2*n2 - 1) * p!^2; p2n2 f 2 *m¡2 * ¡1n2 *n2*(2*r,'2-1¡*p12*p2n2+m^3*n1 * (n1 -1) * rI2^2 *p1^2 * p2^2 +m^3 * n1 * (n1 - 7) * r¡2^2 * p1a2 * p2^2 + 2 ),
m^3 * n1^2 * n2^2 * p1n2 * p2a2 + m^3 * n1^t* n2 * (3 * n2 _

1) * p1n2 * p2n2 + ¡frn4 * nin2 * n2^2 * p1^2 * p2¡2'i 
^pli *

mp12 - npLl
result[8, 1] <- ¡np22
m1L <-m*n1 *n2 *p1 *p2
result [9, 1] <- m1L
m21 <- mp21 -mpoL*mp20+2*mp10n2*mp01 -2*

np10 * mp11
result t10, 1l <- rn21

- mL2 <- mp12 - mp10 * mp02 +2 * mI¡10 * mp01^2 - 2 *
Írtr)01 * mp11

result tL1, 1l <- m12
tÍ22 <- mp22 -- 2 * mp2! * mp01 - 2 *mp12 *mp10 +

ITtp19^? * mp02 + mp01^2 * mp20 + 4 * rnp11 * mp10 
-* ¡¡pg1 

-- 3 *
mp10^2 * Íp01^2

result 172, t) <- to22
result

]

(14) vmom; Purpose of this program is to calculate numerical values of the variances

and covariances of the method of moments estiûråtors. Here n is the total sample size.



funct.ion (n, m, n1, n2, pt, p2l
{

¡mn <- mom(m, nL, n2, p1, p2)
vcv <- matrix(0, 3, 3)
tt <- matrix(0, 3, 3)result <- matrix(0, 3, 3)
tt[1, 1] <- n1 * Þ1tt[1, 2] <- nL * m
rc []-, 3l <- 0
Etl2, u <- n2 * p2
EEl2, 2) <_ 0
et[2, 3] <- n2 * m
ttt3, 1l <- nL * n2 * p! * p2
ttt3,2l <- n1 *n2 *p2 *m
ett3,3l <-n1 *n2*p1 *m
vcv[1, 1] <- (mnr[4, 1] - ¡nnt1, 71 ¡2) /nvcv[1, 2] <- (¡r¡n[3, 1] - ¡rrn[1, 1] * nrnt2, 1l)/n
vcv [1, 3] <- ¡rrn[10, ].1 /n
vcv [2, 1] <- vcv[1, 2]
vcv12, 2l <- (n¡n[5, 1] - rrnt2, lJ ¡2|l /nvcv12, 3l <- rmn[11, 1]/n
vcv [3, 1] <- vcv[1, 3]vcv[3,2] <- vcv[2,3]

vcv[3, 3] <- (¡mn[].2, 1l - ¡rrn[9, t) ^2) /rLresult <- solve (tt) %*% vcv %*% t(solve(tt) )resul t
]

(15) vzerol: Following program is used to get the numerical values of the variances and

cova¡iances ofthe zero-zero cell frequetrcy method estimators.

function(n, m, n1, n2, p!, p2l
{

¡rrn < - mom (m , n!, n2 , p1, p2 )
vcv <- matríx (0, 3, 3)
tt <- natrix(0, 3, 3)
result <- rnatrix(0. 3, 3)
r.t[1, 1] <- n1 * p1
LLll, 2) <' nL * m
er [1, 3j <- 0
LLl2' 7) <- n2 * Þ2LLl2, 2J <- 0
ttt2, 3l <- n2 * m

fi.

1)

1)

CCt3, 1l <- ( (1 
-- p1).^nL * (1 - pZ) ^î2 - 1) * exp (¡ *- p1) ^n1 

* (1 - p2)nn2 - n)
tC[3,2] <- -m*n1 *(1 - p2l^n2 *(1 - p1)n(n1 -* 

"*p(* 
* (1 - p1) nn1 * (1 - p2) nn2 - rn)Ct[3,3] <- -m*n2* (1 - p1)^n1 *(1 - p2la(n2 -*.*p(^* (1 - p1)nn1 *(1 - p2)nn2 - m)vcv[1, 1] <- (¡nn[4, 1] - ¡nnt1, I) ¡2) /nvcv[]-, 2l <- (¡nn[3, 1] - ¡nnti., 1j * nrn[2, t)l /n
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vcv [1, 3] <-
(t-p2l^n2-m)

(¡nnt1, i.l /n) * exp (n * (1 - p1) ^n1 
*

vcv 12, 1l <- vcv[1, 2]
vcv12, 2l <- (¡nn[5, 1] - nrnt2, tj ^2) /n. vcv 12, 3) <- (¡r¡n[2, t) /n) * exp(m * (1 - p1) ^n1 

,r(1 - p2)¡n2 - m)
vcv[3, 1] <- vcv[1, 3]
vcv[3, 2J <- vcvl2, 3Jvcv[3, 3j .: Í/nl * 

"*p(* 
* (1 - p1) nn1 * (1 _

p2) nn2 - m) * (1 - exp(m * (1 - p1) Ãn1 * (1 - pZ')nnZ-: m) )'-result <- solve(tt) çÈ*% vcv **% t (so1vé(te) )result
]

( 16) det: This program is used to get the determinant of a 3 by 3 matrix. Here x is the

name of the matrix whose determinant is needed.

function (x)
{

det <- x[1, 1] t.-(x1,2, 2l * x[3, 3] - xl2, 3l * x[3,2l\ - xl]-, 21 * (x[2,- 1] * x[3, 3] t xl2-,31 I'xij, ril'-ix[1, 3] * (x12, 1l * x13,21 - xl2,2J * *i¡, fl-)
]

(17) comp: This program is used to get the væiance covariance matrix of the maximrun

likelihood estimators, along with their respective determinants. Resultant vector consists of

the parameter values and the determinant of the the conesponding variance covariance

matix.

function(n, m, nL, n2, p]-, p2, rI, r:2)
{

resulh <- rnaerix(0, L, 6)
a <- ¡natrix(0, 3. 3)
a <- solve (try(n, m, n1, n2, p1-, p2, r!, r2))
dd1 <- det (a)
print (a)
result. [, 1] <- m
result [, 2] <- n1
result. [, 3] <- n2
result [, 4] <- p1
result [, 5] <- p2
result [, 6] <- dd1
resul t

)
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(18) dvmom: Purpose of this program is the same as of program (17), except this

program results in the determinant of the variance covariance matrix of the method of

moments estimators.

function(n, m, n1, n2, pt, p2l
{

result. <- ¡natrix (0, 1, 6)
a <- matri-x(0, 3, 3)
a <- vmom (n, m, n1, n2, p!, p2)
dd <- det (a)
prinL (a)
result [, 1] <- m
result [, 2] <- n1
result [, 3] <- n2
resut_E[, 4] <- p1
rêsult, [, 5] <- p2
result [. 6] <- dd
resul t

i

(19) dvzerol: It serves the same pulpose as program (18) for the estimators obtained

from zero-zero cell frequency method.

function(n, m, n1, n2, pt, p2\
{

result <- matrix(0, L, 5)
a <- ¡natrix(0, 3, 3)
a <- vzerol(n, ¡n, n1, n2, pt, p2l
dd <- det (a)
print (a)
result [, 1] <- m
result l, 2J <- nl
result [, 3] <- n2
result [, 4] <- p1
result [, 5] <- p2
result [, 6] <- dct
resul t

]

(20) fitl : This program is used to get o2 for the test of goodness of fit while using

probability generating function technique when estimates ofparameters are obtained. This

technique is defined in Kocherlakota and Kocherlakota (1992,p.a\.

funcÈion(n, rn, n1, n2, pL, p2, j, k)
{

dpi <- ¡natrix(0, 3, 3)
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siqij <- solve(ery(n, m, n1, r¡2, p!, p2, j, kllq1 <-1-p1
q2<-!-p2
t1 <- 0.1
t2 <- 0.7
aaL <- (91 + p1 * t1)
aa2 <- (q2 + p2 * E2lpii <- exp(¡ * ((q1 + pL * tl)¡n1 * (q2 + p2 * t2l ¡n2- 1))
pii2 <- piin2

- píí2] a- êxÞ(m * ((q1 + p1 * t1^2) nn1 * (q2 + p2 *
E2^21 ^n2 - !l)dpi [1, 1] <- piin2 * (-1 + aa1¡n1 * aa2¡n2) ¡2

dpi [1, 2) <- píi^2 * (-1 + aa1^n1 * aa2 ¡n2) * n1 * m* aa1^(n1 - 1) * aa2^n2 * (tL - L)dpit1, 3l <- piin2 * (-1 + aa1^n1 * aa2^n2) * n2 * m* aa1^n1 * aa2^(n2 - 1) * (t2 - 1)
dpi [2, 1] <- dpi []., 2l
dpi [2, 2] <- piia2 * n1^2 * m^2 * (t1* n2) * aa7^ (2 * n! - 2)
dPit2, 3J <- piia2 * n1 * n2 * m^2 *1)* aaln(2 * nI - 1) * aa2¡(2 *n2 - 1)
dpi t3 , Ll < - dpi []., 3l
dpi[3, 2] <- dpi[2, 3]
dPi t3, 3l <- pii¡Z * n2¡2 * m^2 * (b2* n1) * aa2¡ (2 * n2 _ 2)
dpi
s1 <- sum(sigij * dpi)
sis2 <- (bií22 - pii2)/n) - s1
prinr. (dpi )print ( s1)
print (pii2 )print (pii22 )print ( sig2 )

l

(21) fit2: This program calculates o2 for pgftecbnique when parameters are known, in

case of Poisson-double binomial distribution.

function(n, m, n1, n2, p!, p2, j, k\
{

q1 <-1-p1
q2<-!-p2
eL <- 0.1
t2 <- 0.1
pii <- exp(m * ((q1 + p1 * t1) ^n1 

* (q2 + p2 * t2l a12- 1))
Pii2 <- Pii,r2

^pií,22..<- exp(m * ((q1 + p1 * t1^2)^n1 * (q2 + p2 *
E2^2) ^n2 - 7ll

sis2 <- ({wli22 - pii2)/n)

- Il ^2 * aa2¡ (2

(r1 -1) * (L2-

- t) ^2 
* aaln (2
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print (pii2 )print (pii22 )
prinr(sÍ92)

]

(22) pgfl ; It calculates the numerical value of the pgf for the poisson-double binomial

distribution when parametric values are supptied. we need this in applying pgf technique in

test of goodness-oÊfit.

function(m, n!, n2, pL, p2)
{

- 1))
]

q1 <-1-p1
q2<-!-p2
e1 <- 0.1
t2 <- 0.1pii <- exp(m * ( (q1 + p1 * t1) ^n1 

* (q2 + p2 * E2) ¡n2

(23) epgfl: This calculates numerical value of the empirical (sample) pgf.

function(n, j, k)
{

freq <- nrs
t1 <- 0.1
t2 <- 0.1
cs <- 0
for (r in 1: j)

for (s

7)tt2^(s-1)
]
]
cs
]

(24) pfbvp l;. This program calculates the bivariate poisson probabilities when

parametric values are supplied.

function(Iam, p!, p2, j, k)
{

ff <- maerix(o, j. k)
q1 <- 1-p1
q2<-!-p2
ff t1, 1l <- exp (1am * (q1 t, q2 - l))for(r in 2:)) f

{
in 1: k) {

cs <- cs + (freqlr, slln) * t1^(r
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ps <- (exp(lam * (q1 * q2 - 1)) * p1^(r 1)* q2aft - 1) * lam¡ (r - l))/ (ganrna [r) ) -

ff Ir, 1] <- ps
]

for (s in 2:k) {

. ps1 <- (exp(lam * (q1 * q2 - L),t * p2^ (s - 1)* q1^(s - 1) * 1am¡(s - lr)/ (garûna (J) )
f f [1, s] <- ps1

]
for(r in 2: j\ I

for(s in 2: k) {
ps2 <- 0
ff t1, 1l <- exp(1am * (q1 * q2 - t))for(r in O:min(r - 1, s - 1t) t

p2a (s_.-. 1). * q1a (s - 1 - rr) . n3Î?r': l"? l.ln.t^Iå*^,1' *." -rr - 2l )/(gamna(r - rr) * gaÍ,ma [s - rr) * gamûa (rr + i))
Ì
f f [r, s] <- Í.f Ít, 1l * ps2
]
]
ff
]

(25) dlbvp 1: This program finds the numerical values of the derivatives of the bivariate

Poisson probability filnction with respect to Î, .

function(lam, p7, p2, ), k)
i

ff <- pfbvpl (Iam, p1, p2, j, k)dfl <- matrix(0, j, k)
q1 <- 1-p1
q2<-!-p2
for (r in 1:j) {

for (s in 1:k) {
ps <- 0
for(rr in 0:min(r - 1, s - 1)) {

p2^(s_.-.1). * q2n(s - 1 -rr) . nåÎri--n:..-tií i llÍir-.tl :rr - 2) )/(gaÍrna(r - rr) * garrna is - rr) * ganrna {rr + 1i)
Ì
9f1fr, gl .: (s1 * q2 - 1) * ff[r, s] + ((r + s - 2)/tam) *ff [r, s] - (exp(lam * (q1 * q2 - 1) )/lam) * ps
Ì
l
df1
]
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(26) dp 1 bvp I : This program calculates the numerical values of the derivatives of
bivariate Poisson probability function with respect to pt .

function(Ian, pL, p2, j, k't
t

ff <- pfbv¡¡1 (1an, p1, p2, j, k)dfpl <- natrix(O, j, k)
q1 <-1-p1
q2<-!-p2
for(r in 1:j) {

for (s in 1:k) {
ps <- 0
for(rr in 0:min(r - 1, s - 1)) {

p2n(s - 7) * q2¡(s-1-,r¡ * n'lri--nir*-'iï i T*Í?.-.,.tl :rr - 2\ )/(gafina(r - rr) * gan¡na (s - rr) * gan*a {r, i i))
Ì

_ dfpl [r, s] <-.- 1am t< q2 * ff [r, s] + ((r- t) /pt\ *
ff.tf, Fl - ((s - 1)/s,t\ * ff [r, s] + (exp(làn * iq¡.-q)--'
1) ),/q1) * ps
]
l
dfpl
]

(27) dp2bvpl: Purposeofthisprogramissameasof(25)exceptthederivativesofpf

are with respect to p2.

function(lam, p!, p.2, j, k)
t

ff <- pfbvpL(1a¡n, p1, p2, j, k)
dfp2 <- ¡natrix(O, j, k)
q1 <- 1-p1
q2<-7-p2
for (r in 1:j) t

for(s in L: k) {
ps <- 0
for(rr in O:min(r - 1, s - 1)) {

p2a(s - 1) * qrn(s-1-,.r * såÎrl--ni.*-tii; iilÍi.-.tl lrr - 21 )/ (gaÍma(r - rr) * gaÍma (s - rr) * gaÍrna (rr i i)l
Ì
dfp2 [r, s] <- - 1* 1-q1 * ff [r, s] + ((s - L) /p2) * ff lr,
fl ((r - l-) /q,2) * ff [r, s] + (exp(Iam * (q1 i ãz - Uliàbl*ps
Ì
Ì
dfp2
i

88



(28) gambvp 1: This program finds the information matrix for the bivariate poisson

distribution.

function(n, Iam, p1, p2, j, k)
{

ff <- pfbvpL(1an, p1, p2, j, k)
d1 <- dl_bw1 (1am, p1, p2, j, k)
dp1 <- dplbvpl(lam, p1, p2, j, k)
dp2 <- dp2bvpl(Ian, pl, p2, j, k)gajnt <- matríx(0, 3, 3)
cs <- 0
for(r in 1:j) {

for (s in 1¡k) (

dl [r, s] 
cs <- cs + (I/ft lr' sl) * dl [r' s1 *

]]
gamC [1, 1] <- n * cs
cs <- 0
for(r ín 1:j) i

for(s in 1: k) {

dp1 tr, sJ 
cs <- cs + (t/ft [r' s]) * dp1 [r' s] *

l]
gamt[2, 2] <- n * cs
cs <- 0
for(r in 1:j) {

for (s in 1:k) {

dp2 tr, sl 
cs <- cs + 17/ff [r' si) * dp2 [r' s1 *

]]
gamt[3, 3] <- n * cs
cs <- 0
for(r in 1:j) i

for(s in 1:k) {

ctpl Ir, sl 
cs <- cs + lt/Lf tr' sl ) * d1 [r' s] *

ii
gamt[1, 2] <- n * cs
gamt[2, 1] <- gamt. [1, 2]
cs <- 0
for (r in 1:j) {

for (s in 1:k) i
dp2 tr, sJ 

cs <- cs + (t/ff lr' sl) * dl [r' s] *

]Ì
gamtt1, 3i <- n * cs
gamt[3, ].1 <- gamt[1, 3]
cs <- 0
for(r in 1:j) {

for (s in 1¡k) {

dp2 Ir, sl 
cs <- cs + ft/ff tr' sl ) * dp1 [¡' s; *
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Ì]
gamt [2, 3] <- n * csqafnt[3,2] <- gamt[2, 3]
gamt

]

(29) dsbvpl: This program is written to get the B matrix, which is needed to obtain the

iteration vector for ML estimates for the parameters of the bivariate poisson distribution.

function(lam, pt, p2, j, k)
{

ff <- pfbvpl(tan, p1, p2, j, k)
d1 <- dlbw¡r1 (1am, p1, p2, j, k)qpl .- dpLbvpl(1an, p1, p2, j, kl
gp2 .- dp2bvpl(1am, p1, p2, j, k)fr <- death
dss <- ¡natrix(0, 3, 1)
dss[1, 1] <- sum( (fr\ * (t/ff) * d1)
dss [2. 1] <- sum( (f.r) * (t/f f) * ilpl)
dss [3, 1] <- sum( (fr) * (I/ff.) * d¡2i
dss

]

(30) pgfbvp: To applypgftechnique for goodness-oÊfitforbivariate poisson

distribution, we need to calculate the numerical value of the pgfwhen parametric values are

supplied. This program serves this purpose.

function(m, pL, p2)
t

q1 <-1-p1
q2<-!-p2
tl <- 0.1
t2 <- 0.1
Pii <- exp(m * (q1 * q2* L2 + p1 * p2 * t1 * t2))

i
1+p1 * q2* t1 +p2 * q1

(3 1) epgfbvp: Thids priogram calculates the numerical value of the empirical pgf.

function(n, j, k)
i

freq <- death
t1 <- 0.1
t2 <- 0.1
cs <- 0
for (r in 1:j) {

for (s in 1:k) {
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1) *
Ì
]
CS
]

t2¡ (s 1)
cs <- cs + (freq[r, s] /n) * tL^(r -

(32) fitbvpl: Thisprogram finds o2 forthepgftecbnique (when estimates ofthe

parameters are used) for bivaraite Poisson distribution.

function(n, m, p1, p2, j, k)
{

dpi <- matrix(0, 3, 3)sigij <- solve ( qambv¡r1 (n, m, pt, p2, j , k) )
91 <-1-p1
q2<-!-p2
t1 <- 0.1
t2 <- 0.1

- pii <- exp(m. * 
^(91 

* S2 - t + p1 * q2 ,r t1 + p2 * q1* t2 + p1 * p2 'r t1 * t2))pii2 <- piin2
pi!22.<- expfm. l lq1 *^q?. - 1 + p1 * q2 r< E!^2 + p2 *q! * L2^2 + p1 * p2 r, t!^2 * t2Ã21) -
dpi [1, 1] <- píi^2 *^.(q1 * q2 - 1 + p1 :t q2 * tt + p2*q1 * E2+p!*p2* t1 * t2)^2

. dpil.t, 2) <-.plin? .-{q1 * q2 - 1+ p1 * q2 * L1, + î)2*-q1 *-t2 +p1 *p2* t!* E2) * ( lrn* q2i q2 i-¡1 _-p2 i-E2+p2 * t1 * t2)
dpi [1, 3] <- pi]^2 *_.(q1 * 5,2 - 7 + p1 * q2 * t! + p2

:-S1 *_t2 + p1 * p2 r. t1 * t2) * ( I m * qt i qf *' tZ --pf ï-t1 +p1 *t1 * t2)
dpit2, 1l <- dpi[1. 2]
dpit2, 2l <- piia2 * ( -m*q2+ q2 * t1 _r,2*t2+

p2 * LL * L2) 
^2dpi[2, 3] <- pii¡2 * l-**q2+ q2 *t1 _p2*t2+

p2 * t1 * t2) * (- 
^: g1 1Ç1 * t2 --p1 * 11 + pr *'Èr *-EZ)dpit3, 1l <- dpi[1, 3]dpi[3, 2] <- dpit2, 3l

_ dpi[3, 3] <- pii^2 * ( -m*q1 +q1 *82_ p1 *t1 +p1 t t1 * E2) 
^2dpi

s1 <- sum(siSíj * dpi)
siq2 <- (,¡ii22 - pii2)/n) - s1prinL (dpi )print ( s 1)
prinr. (pii2 )print (pii22 )print ( si92 )

Ì.
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