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ABSTRACT

This is essentially a survey of al-l resu-l-ts pertaining to the

existence of certain s¡nnmetrical, confounded., factorial d.esigns vhen

l-ower ord.er interactions remain unconfound.ed.. This survey is preceded.

by the preliminary topics of finite fiel-d.s, finite geometries and their

use in the construction of such d.esigns.

All- combinations of r factors, each at t levels, yield tr distinct

treatments. A singÌe replication of a symmetrical, confound.ed. factorial

d.esign consists of tn ex¡rerimental- bl-ocks each receiving a d.ifferent

set of tr-n treatments (so that each treatment appears exactly once).

The effects of some of the factor interactions are then confound.ed. with

the bl-ock effects. In practice, the most important i-nteractions are the

maÍn effects and. lower ord.er interactions l-ead.ing to the folloving

problem: What is the maximr¡l number of factors possible in a (t"rtt)

d.esign so that all interactions of up to f factors remain unconfound-ed.?

The case of f = 2 was sol-ved. initially by Sir R. A. Fisher (f9)+e,

19\5) using an algebraic approach. Subsequently, Dr. R. C. Bose d,eveloped.

a poverf\:l approach using finite Euclid.ean geometries, which l-ed to an

easy pïoof of Fisherrs result, as vell- as seas others (fg)+f). However,

the problem has proven to be d.ifficult and. not much more has been accom-

plished.; for example, the senFlete sol-ution for f - 3 is not yet knovn.



TABLE OF OCI}iTENTS

CiIAPIÐì I: FII'IITE FfET,DS

I DefiuitÍon of a ¡'inite Field

TI Characteriza'bion of Fiilite Fields

III Representa'r,i on by Galois Fieto.s

IV Exei:npies

Pl oa

I-.1_

r.-2

r-5

1*b

CIIAPTHR iI: FII{ITE PROJECTIVE AND EUCILIDBA}| GEO]'IETRIES

f Iinil;e Slrnthetic Pro.jec+,i¡/e Geometries ff-f

II Ana.tyt,ie Mod.et, PG(r.,t), fcr Fini-fe p:rojecti.le

Geometries If-3

ffl Counting Resufts in PG(::,t) tI-L

IV Finite Synthetic Euclid.een Geomet,ries If-T

V ltnal¡.t ic Mod el- , EG (r rt ) , f oz. Fin:Lt e E\rcl-id.ean

Geometries f I.-T

Vf Exarnples f i-B

C}IÂPIIR fII : COI{STRUCTION 0F CONFOIII{DIÐ Sy-]"[4XTRICAL

!]\C'j'ORIÀL DESIGIIS VIA rltitLIDL-1N GEOT4ETRIES

f Crrnstructi.on III-i

II Properties of thre (tt,tn) Design a.s

Const:ucted f]i-3

IIi Degrees cf i.reed.orr III-10

fV Exanpl=s III-10



: :.: ;, - :: .::'-: -.1 r: ::r:-1:."i.:-:: :: ::

CHAPI]-ER

CHAPIlR V:

r

rT

rrI
rV

V

V]

m,(p,b)

n, (l,t )

1ï

IV : CCI4BII'IATORIAL PROBLEI¡i fN COI,IFOLTI']IfN*G,

mr(p,t), ¿¡n RELATioiv ro rAcroRrAL DESIGiIS

S-ba'bements of -t,he Co¡:bi-natoriaf prcbl_em-

nr(l,t)
rnr(l,t)

Page

1-Y-t_

TIT F

v-1

V-)+

r¡-R

v-9

v-9

v-l1

vr-l-

irr-g

vr-l-1

VI-12

VII-1

vrrl-1

vrrl-2

A-1

¡r^ (p.t )5 -'

m.(3,t)

n^ ()+.t )5'

m-(p.2)
J --

r.(5,3)

Upper Bouncìs:

Lo-¡e:' BounCs:

CHApTER VI: n4(1,5)

I rh()+,t¡

Ir ,.,* (5,t )

IfI n¡(l,2)

fV n¡* (n,t )

CIIAPTffi VII : :n, (fi-r' ,2 )

CÏIAPTER VfIT: ii'URTtiER RESULTS

r n_(f ,t )

ff General Inequal iry

.A,PPENÐJX



ï-l

CHAP]]Mì T. T INITE F]EI-ÐS

This chapl,er cefines the frnite fj.elcìs, chalacterizes then, gives

a, represeztl-,aij"cn by Galo:'-s I'-ielCs ernd preseilt,s sor.1e exampl_es.

r. P--€'-:u-!.rgL-9É- a .l,_gl!s_Ile*g

Defini'l:ion I.l-: A G:Ì.OUP is a set, G, of elenents an.J- a, r.ul-e of co¡:bina-,,i.on,

tt '!r: sati.sfying the l1o}1o'øing properties:

a) CLOSUfit: Va, b e G, (a"b) e c.

b) ASSOCIATIVfTY: Va, ìr e G, (""b).c: = aó (¡." ) vhere opera-uions

j-n par.entheses are performed. first.

c) lnmVttfyr Va e G, U unj-qrLe e e G s e.a = a.

a) inVnnSc: Ya e G, lll rrnique a' e G:] a.a' = e.

Definiticn L2: An AtsELIÄli GROLIP is a group r,'ith the cummu'uati¡¡e proper-ty.

e) COiurunrfATIVITy: Va, b e G, a.b - b.a.

Definition T.3: A FfELD, F, is a set of -^lements such thai:

i) tne el-ernents form arr abelian group under addition, the rurfe of

aci.d.i'¿ion is d.enotecl by t'+", the ideniity by "õ" and the inveise of "a"

by tt-att;

ii) the nrjn-?,elc el-eme¡rts foi-;n a,n a.beiian gr.oup unde:' nultipJ-ication,

rjre rul-e of mrrltiplication is denoted. by t'x!', *rhe identity by "1-", and.

the inverse of ttatt ìry tra-l'1 .

iji) tire DISTRItsUTfVE iar¡ cf nrrl.*,ir:l-ication over. add.ition holds:

Va, b, c e l- : e x (-n + r:) = (a x b) + (a n c).
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No-be: 1) (i + c) * o = a x (ir -r c) ¡y commutatj.vity

= (a x b) . (. r c) by distrj.bu-tive _t_aw

- (¡ * a) + (c * a) by conmutativity.

2) Corn¡cutetl.,'ity of ad.dlti-cn foll-c'¿s frorn the other p::operti.es

in the clef:'-niti-c.n cf a, fiel-c1 lsegre, p.2i].

3) Trr a finile- field the commutativity r.¡ith resrect to niult,i-

pii.cation follo'rs flom the group ,oroperties !Segre, p.9lr].

Definition l.+: FîlrlTTE FIELÐ is a fiel-o with a f:i-nite nurnber cf elements.

lI. 9þaract."lratior Fj.elds

Le-l: the finite field., F, have i el-ementse F - r^ 1,oO, ol_r...:@¡_1.r.

The integers of tr'are, bO = õ, bl = Ï, bj = OJ*, * Ï for j = 2, 3r-)+,....

Sinee t is finite, the series of bts must repeat. Let k be tÌre snal-lesL

integer such that k = n -^ n l¡here bro = br., rt > n.

TimORIl4 -If.l-: k is a prir:Le number (cal-Ied the CHA-BACTERISTIC of the field.)

n terms n terms (*-n) terms

koof: b =(t+Í+ +[)=(i+ +r-)+(i+...+i)byasso-
m

ciativity; - br, * br.-, by d.efinition

So b = þ impl ies b-. .. = õ by uniqueness of ad.d,itive identi'bym n - nì.-n

and. k = u - n in¡lies bu = õ.

Suppose k = c.d. r¿j-th I < c < k, f < d < k. Then

õ = oo = b".d = (ï +..,+ i) + (i +....+ ï) + ".. + (i +...+ 1) (rrere

there are c sums of d. terms each by associativity)

= bo * bd. * " " + bd by definition of bu

= b, (Ï + . ... + Ï) ¡y ¿istrilru'¿i.¡ed'

= b,l.b" by d.efini-bion b"
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r:ìhrt F - i-ûj j-s arr abelia.rr grlou.li u¡d.e.r r,uJ-.bipJ-ication anr-ì ciose¿. T}le:re-

Í'ore, b-,'b e I¡ - {iì}, a contt'ad-ic¡ion. Therefore, k ml,.s'u be pri.me.'d-c
Then ve may wr-'i-'.e E = {bO, bl_r...r}k_r, \,...r",r_f}.
TIIEORF¡{ r1..2: 1'he n'.mber of el-ernents in F is t = kl l¡here k is a pi-ime

a.nð- !, j.s some positive in'beger.

þoof : Defirre õ ,. u. = õ; Tr r ¡'.

i¡le knor,¡ {bO, bt,...,bk_l_} C F. If there are no c-r,hers, then t}re nu¡rber

is t = k. If thera.is another element ) ci2 say, -i,hen t,he elemenr;s i-n the set

{b. * - + bj * *eli, i = o, 1r...rk-l-} cF and are arl clistirrct.

ff there are ilo others, than t = h2. If ther.e is another eleuentr rr,

say, then the elements of the set

i¡.. x f + b" x 3^ + b- x o.li, i, g = o, l,...rk-l Ì cF and are al-f1J¿gJ

d-istinct. If there are no others , then t = k3.

Since t j.s finite, this procesc musi terninaie after ad.d.ing some

final- el-e.ment, say q¿, and -uhe nrunber of el-ements is t = kn.

THEORII4 rr.3: The nu-l-tiplicative gïoup of the finite fiel,L is c¡-clic_.

.EIs€' Thereare (t-r) = (t¿-r) efenentsinF-{0}. Lets eF-{õ},

since the el-ements forrn a multiplicative group (cl x ba), (u x br),"..

.. r(o * at_l) are al-.l- the el-ements of F' - {O} in some ord.er. ThereÍ'ore,

(a * br) * (o x lr) x .... x (o * at-f) = b¡- o b2 r r .t-l_
- U-.Land o"*x (b_i* *.t_l-)= (bl* *ot_l_) (commutati.uil;y).

^ t-l =:So c = 1 by uniqueness of multiplicative identity.

For a e F - iõ], considei'{c¿, *2r o3r..."}. Since F is finite,

there exists a smaÌlest pover, j, for r.¡hich oi = I; j is calfeC the .grc1çr'

of o,.
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Suppose o" = T lrith r = ,rJ * f , O . f < j: Then o" = o"J*f = o-i.of =

= cr = J_ implies f = 0.

Since ot-l = l-- Vc¿ e F - {o}

tben ¡l(t-r) vaeF-{o}.
Now let a,, have ord.er il, o2 have order i, with L.C.M. (ir, ir) = Í;

then (arae)i = i since irli ana irll lv definition of L.C.M. on the

other hand (or_or)" = i implies (.ilt"i) = I implies irlr ana irlr.
Since i is the minjmum possible value, then i is the ord.er of (u.a^).

Let b. have order i., j = 1,...rk-I ;Iet a. have ord.er i,,J J'- J J'
i = kr...,t-1. Let m = Least Corimon Multiple of {ir, i.r...,it_l}. Then

m is the smal-l-est nr:mber for vhich i, ln, l, lm,...,it_l_ In are al-l- true.

Then m is the ord.er of the element (bt * bZ * .... x 
"t_f) and it is the

largest ord.er and"

crû=l- VceF-{õ}.

By fundanental theorem of algebra, any equation of d.egree m has at most

m d.istinct roots. We know al-l (t-f) values in F - {õ} are roots.

.'. ' ì (t-r).

But i.l(t-r) v.=1,2,...rt-1.
J' J

n- (t-r) = (t¿-r).

.'. there exists an el-ement, b, with ord.er (t-f ). It is caIIed. a E!-
mítive el-ement.

.'. F - {O} is cyclic.

We may nov write F = {õ, i, b, b2,...,¡t-2}.

TI{EORB4 II.)+: The finite fie1d., F, contains a sub-fiel-d, J, isomorphic

to the fie1d., J', of integers modulo k.



P::oof : J =

The obvi.ous

subset trf F

TE

- v . iJ -- t ^
I

be-Lween this

e.g. bi = (bl +'ir, -r- ..., +'br) = (I +- I + .... * 1¡ å.1 i.
l_-t_

It is easiJ-y checked thai (¡-. .+ b= ) <->- (i+k) niod Ìr1.1

(b:. * bj) å-l (i.¡)nod k.

The set ,l = {bn, br ,...,bk_f } ut-t, {0, : ,...,k-.l-} = Jr anci b. has the

sar¡.e properties and characteristics as the inieger j-, so J "acts iike't

Jr. f-t, is convenient tc use Jt instead. of J ¡+hen vorki-ng i¿ith the finj-tc-:

fi.e.l-d.

Tn-,-1lclìlll'i rr.5: The finite fiel-d.s of orcier ki ""u isomorphic to each

other, k prime and g a posit,ive integer.

_Egglt ICarmic]raet, p. 2501 .

IfI. Represenhalion b)' Gafojs FierLCs_

Definition rff .l.: A POLYiVOMIAL of degree 4 over a fin¡'.te fie-ld..

k el-ements vith k prine is

{lO, hrr . . . ,bk_l_} c.:ont,ain-* tire identities }-,0

1-l-
isor¿orphism b-.+-+* ì., ì = 0, 1r... rk-l , hold.s

an,l the Í'iel-ct of the Ì-nr.egers nodul-o k.

i terns i terns

Jr = {0, lr. . . ,k-l}, of

P{x) = "n*L *

DefinitÌon fif.2:

a sum of the forn

,- -.'o-1 i- r.g_l-r* ì- .. . * 
"l-" 

* cO r,lhez'e c. e Jt, i = 0r. ., )L.

AU IRRÐUCTBLE polynomial is one vith no facto:rs ercept

possibì.y coirstants cr whole nuJ_tlplss of itself .

o

GF(k") d.eno-,es the: set of resid.ue classes of lolynonials

over the fini-r"e fíel-d J' = {0, l_r...,k-l_} ¡f o:'dcr

a prime k, mod.u-l-o an irrecLucibl-e polynomial r:f d.eglee

I o'ver Jr .
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It folLlor,'s that GF(f¿) = {ai1 pol-yncnriais over J't of cì,egree <.0}.

The number cf such pcJ-ynoni-als i: l;[ since -b]rere az'e.Q, coefficients,

"0, "lr... rcg_-1. each being abie ic ass'¿me any of the k.values in Jr.

THEOF.EM III.t: Th=: e exists at i-east one irred.uclble polynomial of

clegree.Q, o.;'el any finite fiela ol order k, a p:'ime.

Proof : IC¡¿r'm-j"chael, p.ZIr8]. lMeinn, p.99].

CoroJ-lary: -ê- se-, C¡'(tø) exi.sts for alt primes k, and. all posítive

in'cege::s 1,.

THEOREi,4 II:-,2: Cf (l,g) is a finite field of order k9. (rire CalOiS FIETD)

By .¡irtue of Theorens II.5, lfI. l, anC III.2 l¡e have finite

fj-el-ds e¡(t[) exis'cing for aÌl prires k and positive integers 9., aI!

finr'te fiel-fs of the sane order Ìi being isornor'phic, So ve may take

a Cp(Xf) as the representati¡¡e cf the finite fiel-<Ls cf order k9.

IV. Examples

l^le use J' = {0, l-r... rk-l} instead. of J = {õ, f ,...,(FÏT} .r."

notation.

TV.l: GF(k) = set of polynomial-s of d.egree < | = l- over finiie fietd"s

of k elernents

= {0, f ,...rh-t}.

Add.ition and nultiplication is moctu.io k.
o

IY.Zz GF(2') = set of polynornj.aÌs of d.egree < [ = 2 o.¡er field. of 2

elements

= {0, f, x, x+t}.

A,Lditi-on: (mod- 2) +

0
l-

x+l-

I x x+l-
c
I

x+l

Ì
0

r+1
x

x x-il-
x+l- x
01
.t0
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AdC.i.tj.on is si-rnp]-y ¡rod.ulo k, independent of any irreducihle ?cfl¡-

nonial-.

Mu.ltiplication is d.eterminecl by an iri'ed.ucj.'bÌe pol;l-norrtial f (-ç). ¡"

genez'al proced.ure for find.ing ali pcssible irr-etìuciul-e f(x.) of degree I,

is-bo consid.er a1.1 pc'lyr-romial-s cf Cegree.Q, ancì i'enor/e those which can be

obtaj.rred by nultipÌ.ying nembers of the Gal-ois i¡ield.

fn this case: all possible pol-;'nonials of Cegree 9, = 2 over finlte

fiel-d. of 2 are {"-2, ,2*I, *2r-r-, *2+*+l}, Those obtajneC. by rnultipli-

caticri froni Gtr'(22) ut'.

{*'" -- *2, (x+r)2 = "2 
* 1, x(x'rl) = *2 * "}

This leaves f (x) = ,2 * x + -l as tl:e cnly irreduc ib.l-e choic e . Equiva-

2lently'f(x) = 0 inplies (*'= x+i).

lvlultiplication : x+l-
l_

X
x+l-

ve may'

1
x

x+l-

x
x+-l-

t-

x'l'1
-L

Since GF is g.rytig,

prinitive element.

I

present the rcultiplication usíng a

2
X

3ï
x x+l

(x+r ) (x+r )2

I

(x+r )3
x*l x

One prinitive el-ement is found. using trial- and. error and any o¡hers

are then easily found.. fn ihis case x, (x+f) both generate GF(2).

fV.3: GF(23) = s"t of polynomials of oegree < | = 3 over fi.el-d. of

size 2

= {rt ..t ? 2 2 2r-! *, x, x+l , x-, x'--!x, xt*l , x-+x+I].

Ad.clition is mod.rrlo 2.
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Mult.iplicaticrn is det,ermined- by an irred.ucibìe :î(:_) of d-egree 3.

Usiñg the me¡hc¡cl of 'IV,2 r¡e finci exactly ti.ro possiblities.
2)

1. f(x) = xJ J.-x *'ì - O iruplies x-i = (x+:i). By trial and- error,¡e

find. generatoi'.x a.nd. hy insr:ection of tabte be]ow'\.¡e see a1l- el-enents

except l- are gener'at.ors.

x12*3*4*5*6xT

x *2 x+l "2** *2*"ot *2*L r-

' 2 3 - ,2 -,2. f(x) = x'-t- *'* l = O impt1ss ¡ = \x +-LJ. As abo-¡e r,'e fiild a.t'l

elemen'bs br.it I are generators.

x*2*3*Lx5*6*T

x "-2 *2ol *2o"nt x+r- *2** r-

õ
IV.l+: GF(3') = set of pol1-nomial-s of ciegi'ee ( l, = 2 over field. of

size 3

= {0, I, 2,:<, 2x, x*}, x+2, 2r:+1 , Zx-FZ}.

Add-ition is modu].o 3.

Ivfuì-tiplicaticn is d.etermi.ned by ir':'ed.ucj-ble f (x) of d-eg::ee 2. using

the method. of fV.2, we find. exactly tlrree possibilitie-q.

l-. f(x) = *2*f = 0 implies *2 = 2. Genera-tor (x+r) by trial arrd. error

and others 2x, 2x+2, x by inspection of tabie.

(x+t) (x+r)2 (x+i)3 (x+1))+ (xr.t-)5 ("n.r)6 (x+r)T (;r+r)8

x+l- 2x 2x+1 2 2x+2 x x+2 l_

2. f(x) - t2'rt*2= 0inpliesx2 =Z(:<+Z) =2x+l-. Generator (x+l-)

by irial arrd. error a:rd, others x, 2x, 2x+Z b¡r inspect,ion.

(x+1) (x+r)2 (x+r)3 (**t)L (x+l-)i i**t¡6 {x*t)T (x+r)B

x+I x+2 2x 2 Dx+p 2x.rl- x 1
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:j. f(x) = *2 o2t'r2= C irnplies ,r2 =Z(Zx-rZ) = (x+.1). Gerier'ator.

x by tria-l- and. error and c,rthers, ?r, x.*2, 2x+1 , by inspection.

xt2*3*L15*6*T*8

x x+J' 2x+l 2 2x 2x+?. x-rZ l-

[For Ga]-ois Fields of orci,er.s up to kl .:lCCC, see Bussey (fgCg).]

Remark: Theoreri JL5, page 5, a.lso Ímplies -¿hat these fie'ld.s CF(32)

obtai¡ed. by using d,j-fferen't, irred.ucibl.e polynoriial-s are

isomorphi c .
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CHAP'TER II. F]NTTE PIìOJECTIl7E AI,ID EUCLIDE.aj-,] GEOTiIETRIES

Inkg!-+gËgg'

Àny synthctìc geometry is a systen based. on rr:imitive corrcepts,

axir-rns. and. cìeductive icgic. The pr:imi,uive corfcepts are poini , line

and. incic-ence. A poin'ì; is a o-space; a l-ine is a l-space arrd h.igher

spaces are iiefinec reclirsi.¡eiy. For exeumpie, a piane is a 2-space

consisiing of {al-l points on the lines through a specified point ancì

any point of a specified. line], arrrl in general an n-space r:onsist.s of

{a11 points on the l-ine thrcugh a specified. point and ani. point of a

specified (n-l- )-spacei .

An analybic model for a. finite synthetic geonetry gives geometric

narÌes to ceriain sets of numbers in such a .way that each geometri.c

theorem is reduced to an atgebraic th.eor.en. The axioms and. prirnitive

concepts are replaced by definitions using el-enent,s of a finite fiel.d.

ICoxeier, p.ÌIr].

In this secti-on the properties of finite projective anC Ebclidean

geometríes are discussec, anal-¡rbic mocl-el-s pG(r,'t) ana EG(rrt) are

d.er'j-ned which a::'e unique up 'co isomoruirÍsms, counting results are

obtainecl and exarnples incl-uded..

I. Unlts SyrrtL.tfc Pr"j -1_i.¡_e__G_ej¡¡e!ries

These gecmetrÍr:s liave properties vhich are maintained. uncler central

projectio:r. cert;ain /lxions of ïnciaence bel_ong to all s¡mthetic pro-

jective geonetry s_vstems
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ïn the plane: -any two points 1ie on a unique line

any two fines contain a unique point.

fn a 3-space: -any 2 points lie on a unique line

-any 3 non-colÌinear points tie on a unique pJ_ane

-any line and. point not lying in the r-ine r-ie on a unique

plane

-any 2 planes contain a unique line

-any 3 planes contain a unique point.

And. so on for spaces of any d.imensi-on.

A certain property of incid.ence hol-ds al_so:

-if sub-spaces of dimensj.on m and n of an r-space inter-
sect in a space of d.imension p and. have as union a space of

d.Ímension q then m + n = p + q. fSegr e, p.IZZf .

The Principle of Duality is a consequence of the axioms. Any

axiom or theorem about pointsr lines, p]anes,...r(r-l)-spaces in a

space of dimension r remain'val-id. if these are interchanged with

(r-1 )-spaces'... rpoÍnts respectively and the l¡ord.s t'lie intt and.

ttcontaintt are interchanged. so., for exanpre, the axiom above t'any

line and point, not lying in the line, l-ie in a unique plane" with the

interchanges would. give the val-id statement t'any line and. pl_ane, not

containing the line, contain a unique pointtt.

For a finíte, r-d.imensional- (r > 2) synthetic projective geometry,

both DesarStrest and Pappust Theorem are consequences bf tne axioms of

incidence. It has been shor¿n that this implies the uniqueness of the

geometry and that all- such geometries are Desarguesian. For a finite,



II-3

plane (2-dinensional-) synthetic proJective geometry, neither of these

results ¡¡qa the axioms of incid.ence. so, if one of these theorems is
taken as an axiom, the resultant geometry ís unique. Thus there exists

sn'ly one such Desar€uesian plane geometry (th."u d.o exist finite non-

Desarguesian proJective pJ-ane geometries). lVelten and. Bussey, p.2)+h,

p.2h7l.

'For r > 2) iÎ Desarguef s Theoren hold.s and. if each l-ine contains at

least three points, then the points of the geometry form a finite l-inear

space and. all the results or ord.inary l-inear algebra hold in the analytic

mod.els bel-ow. Isegre , p.AT6, #IZ2f .

ff . Anal-ytic Model-, PG(r,t). for Finite projective Georrretries

Let GF(t) ¡e the finite field of order t = k[, wíth k prime and .{,

a positive integer. The non-negative integer r is the d.imension of the

space. The points of PG(rrt) are the equivalence classes of non-trivial
(r+l-)-tupl-es with co-ord.inates in GF(t), where whole muttiples are id.en-

tified.. Thus a given (*0, *l_:...rxr) woul-d. be a representation of the

points {p.(*0,...,xr) lp r (cr'(t) - {o})}. The sub-spaces of dimension

(r-r) of PG(r,t) are the sets of solutions to l-inear equations of the

form-a'x' * 
"l*l_ 

* ... +."*, = 0 with coefficients Ín GF(t), not al_l

zero. The sub-spaces of d.imension (r-2) of pG(r,t) are the points

satisfying pairs of ind.ependent linear equations of the form

tO*O * .... + 
""*r = O and. b0*0 * ... * b"x, = O.

In general, the sub-spaces of dimension ("-m) of pG(r,t) are the

poÍnts satisfying sets of m independent linear equations. subspaces

of PG(r,t) of dimension p are again PG(p,t)'s.

ïf we take as axioms those of incid.ence, along vith Ðesargues



Ti-lr

Tlreorem for r = 2s then f'j-nite p:'o,l ec1;ive geonetr.ies e>:ist-, yt >_ z. vt = k-'0',

a prime por.{er. Geonçtrjes r,¡j.th the same (",t) are isomor.pìiic (bec,ause

the finite fie]cs of crd.er t are iscnorphic) and pG(r,t) is a represen-

taij-on for these geometries. The Principle of Duality is va-]-id.

In PG(r,t) tvo point= Pl-, P, oetermine a ti-ner 1,, consisting of all
poi-nts r.¡hich are -l.jnear combj-nations of these,. L = {lre, n |rrrl

\L, \2 e GI'(t), both not zeroÌ. Nrurber of choices for (la, 
^r) 

= i,2 - I,
siirce both carrnot, be zero. Bu-i; each point has (t-r) representa.rions.

Therefore, -uÌ:.e rrumber of poin-r.s on a l-ine = (t,2-f)/(t-f) = t +. 1- > 3

(v(r,t)). since each l-ine has at least thr"ee points, then the points

of PG(rrt) f'orn a finite i-inear space and. atl- ttre results of ordina.ry

l-inear aiget'ra hold. In pa::ticu-l-a:' k points are linearly independ,ent

iff the ma'bríx of their co*.ord.ina'ces has ranl< k.

This provides a convenient, equiva-ì-ent representation fcr finite

projective geornetries" All_ l-inea:: conrbinations, e:ccept the triviat

one, of a set of (z'-rf ) finearJ-y independen'r, points f'orm a FG(rrt). Each

such set of (r+1) points in a PG(r,t) wilf generate that PG(r,t) and

is called. a t'basis" set. The "stand.ard. basist' is B = {¡^. ¡_.....8 }U- L' 'T
whereB-. = (e=^r...,re.-), e.,, =l î =ôrnr I li. Any (t+t¡points"---- - -i ..'i0'- - ' ,-iT, ' -ii "ij ¿

of a, basis is itserf a basis for a FG(k,t) C-pG(r,t).

Carrnichael (p.358) shoirs that any set of (r+2) points in pG(r,t)

containing a bas:'.s set may 'be tr.ansformed lineaz'Ìy into the set

{aO, Urr...,Brrr"ii rrhere the (r+I)-tuple g = (t, tr...11).

Irr. Countins Rgsu]_ts l¡_3{.ï,!-.

IIf .l: # points = # equivalerice cl-a.-"ses of (r+i )-tupl-es ovet. GF (-u ) ,

whol-e muì-iiples icentified.
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# (r+l)-tuples = tr+l - l- since each of (r+f ) co-ord.inates is

chosen from GF(t), lut all_ zeroes are not allowed.

# representatives in each class = (t-l-) since there are (t-r)
*' mu]-tipliers in (cr(t) - {Oi).

Therefore, # point" = (a"*t - f)/(t-f) = I + t + + tr.

Qy d.uality: # (r-l-)-spaces = # O-spaces = 1 + t + ... + tr.
Tfr.Z: IrIe have seen that the m-rmber of points lying on a line equars

t + 1. By duality, the number of (r-2)-spaces contained. in an (r-r)-

space equals (t+r;.

III.3: # l-ines in PG(r,t): line d.etermined. by any tvo poÍnts
,r+1 - .r+1

- two points may be selected i" (}fl.tti:i-t - 1) ways;

- each line has (t+:-) points.

Therefore, the ni:mber of d.ifferent pairs d.etermining the sa¡ne line is
(t111 - (t+l) (t ). The m:mber of different r-ines - (t"*1-r) (t"*l-t ) 

-. z , , L, The m:mber of different t-ines - (t"*1-r)(t1**-tl.
(t'-r ) (t'-t )

IïI.l+: # different m-paces in a pG(r,t):

Let N(r) = # vays of selecting (n+1) independent points pG(r,t). After.

j points have been sel-ected., we seJ-ect the 1¡+f)=t f"o* the points

outside of the (j-1) space generated. by the chosen j points.

# choices= (# points i-n PG(r,t ) ) - (# points in pc(j-I,t ) )

*r*1_-, *j . .r*1 -j=.t_I ,-.fr=,t'r.
m .r+l_.i

Therefore, N(r) = n (" I it").
j=o tJ-r-

But each m space wil-l- be counted. here as many times as it is
possible to sel-ect (¡r+r) independ.ent points in pG(m,t), namely

m

N(n) = n (t**]-tj)/(t-r). Therefore the m:mber of d-ifferent m-spaces
j=o
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in PG ('r' ,t ) =

m = C: # l_n

n = l-: # -l*spaces ;n

lll = r-1: # pG(r-: ,t)

'¡r$lì ].- * +t,
n / u l-u--\
" \ in.ll il'

i---. L-" ' L¿

'r v 
-r{-1 ,

PG(r,t) = iÍ points = (! t_î).
r*l r*l!- - a +-

PG(r,i; ) = # l.irros = i=t-i) l:--::¡.
t**1 t;"-t

+r-l-L rj-¡t PG(r,-u) = (9;-;:-).
tr-L

lI(d-
N (m.l

pac es0-s

1II.5: The nunber of ¡r-spaces con+,aining a given c-space in a PG(::rt).

Start çith a PG(r¿,t); r.ie aclcl (**q) inclepend.ent, pcints +.o givc a,

PG (m,t ) . r¡Ie ]:ave (o,+l- ) ind.epend.ent point s generat inC PG (q.,t ) . lle ma¡r

choose from the (points in pG(r,t)) - (points in pG(q,t)) ec¿uats

. r+l . c+l-
,ú - l.(' t_t-)¡oints.

m *r*l ,_j
' # r,¡o.,c = lT /: -U \, ttq.J \ +_l /.

j=q+l-

B¿t in PG(mrt), tiie rrurnber of wa¡¡s io choose (r-q) ind,epend.ent poin-us

not in a giveir q spa.ce is
m .r'+f .i+ +o_ ¡v '"¿ll \-T-i---/.. t,_I

J=q

each m space Ìras been counted. thi s many times

m *r+l-*j Remarir : Thj.s eouals the number of (r-m-l )
# r^rays = iI (:;;+). spaces contained in a given

j-q+f tur'¿-tcr (r-q.*i) space by DUALITY.

Coroilar:y: # lines +-hi'ough a poin-,, = f l-spaces contai-ning a O-spa.ce

m .r.|-l _j
n 1.t'- -L--\

"i--o*l 
\ar+]-..-i /

J- *r+l- -j -;.{-I - -r -,

rT (!-'.*F) = (L;-il = tÇii -- (r + t + + r'-r).
j =i_ t'"-+,, t -*t,

(q+t)-spaces containi:rg a g:-ven q-space in a PG(rri;)

= (tr+1 - tq*-l )/ftq*Z - i,q*f ) = (t(r+-l-)-(q+f )-r)/(t-r)

= (l + t + ... + t,Ï-q-i)

Corcllar;r:
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rv. L|¡¡IS- Ëy¡!è9t.,= ¡tucl- idean Geomeiri e s

Properties are maintained. by parallel projecticn and pe:rpend"ir:Lr-

lariiy i.s oefined. A finite synthetic Euc-Lidean geometry of ciir¡rension

r ma]¡ be cbtained fron a finite synt,hetic projec-b.i.re geometry of

d.i¡ren.sjcn ;' in the forl-oving manner: A subspace of d.imension (r-l)

of the projective gecmetry is singl-ed. out and cafr-ed the "space :.t

inf inity'r. The Euci-id.ean geometry consists of tl:ose points in ll:e

or-i-ginal- projective gecmetry m-inus those in the space at infinity.

Parallel.ism is d.ef ined. as "incid-ent in the space a.i infini'cy". per-

pendicuìarity is defined by choosing an eliiptic porarì-ty in the

space a.-b irrfirrity. Icoxet,er, p.110]. T]re E\:cl-idean spaces re'1;ajn

a.ll- l;heir properties as subsets of the projecf,ive geometry.

V. Anal-¡-L:r'c l4odel, XG(r.t), for Finite Eucl-idean Geomeì;ries

'[v'j'¿]rout l-oss of generalit¡¿ ve take the space a-r, infin-tty pG(r,t.)

to l¡e PG(r-i. t) r¿ith basis = {Bl- , BZr... rBr}, from nc-r\r on calle,l

PG*(r-.1, t). AJ-l points in pc-(r-], t) have fi-rs+- co-ordina+.es O, an,1

the number of points of PG(r,t) - ec-1"-1, t) = 1-t".1+¡-f{*l =,üï"
rr *-L ti -I

lBcse anc]. Kishen, p.2)+]. But the ni:mber of points in pG(r,t) wiilr

fl:'st cc-crd.inates I o = tÏ so al-l poinis of EL:(r,t) are air- tiie pcints

of PCi(r,L) r¿ith first co-ord.inates I O. Subspaces of EG(r,t) are

ttpa:'a1le1t' if they are incident in PG*(r-l-, t), i.e., if their. in'cer':-=ection

has all poin-bs r+ith first co-ordi-nates 0.

'!üithou'" l-oss of general-ity ve se.l-ect the representative of the

equi."',,ilence cl-ass for a points in EG(r,t), to be,che one with first

co-orciinate of i. (mren using Eilcl-idean geone-bries one usuaì-ly ccnsiders

EG(rrt) to consist sirnply of arl tr r-tuples over GI(t). )
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Finaj-j y iiG(:r,i ) is ¿efi.rreC -ny seJ,ec'bing ùno:rg ali el-l ¡lpses cenì;er,er1

t)2at ihe origri-n-bhe one gi.ven by r; + xl + ... * *i = l, and. caiiing

i'f the "rrnit cii'cl-e". ähis p::ovj-oes units of measurement in al-I

d,ir:ectj-cn and aflor+s perpencìicr-ilai ity to be Cef ined. as ttinner pro-

duct = OÎt.

Tlle:'e exis-[s a -]--i correspond-ence be-bl¡een subsets of tP points

of EG("r'r) anc subsl,aces PG-(trl,t) ot pG-(r*t, t). fn fact, these tp

points a.r:e those vith non-zerc co-Drdinates of som.e PG(p,t) . pG(rrt).

And, the tp pcint,s form an EG(¡,,t); so the rel-ationship is

PG(p,t) = pç*(p-] , t) u nc(p,t). This is also -true for r:

PG(r,i;) = PG-(r--J-, i) u EG(r,t). The poii'rts at infinity Ìrave all

poinis vi-"h first co-crdinates zero) the Eucl-idean geometries have al-l-

poin'r-s vith Í'irst co-ord-inates non-zero.

So point s in EG (r' ,t ) are

{{s(1, x',...,xï) l" u (c¡'(t)-toi)}l (xr,...,x!:) e Gr(t)i.

For exanple, EC(2rk) consists of

{{s(r, xt, xr)ls e (c¡'(t)-{ci)}i*r, *2 e GF(k)}.

This is o:ld.inary Oartesian/yuclid.ean gecrnetry vith a finite number,

k-, of points vhj-ch a.re +-]rose vith integral co-old.inates fron {0, i-,

2,,.. r(X-f )Ì. They couJ-d. be plotted. in a p1ane 'rvith (1, 0, 0) as the

origin, and (t, t, O) a,nd. (t, O, l) as the axis d.irections.

Vf . Þ-a;nples,

ftarnple Vï.1-: eC(ert): /l pc:ints = -u2 * *,, i i
/Cuali'uy )

# l-irres = i2 + i -r- l- 
\

i7 poinis in a line = ('.-,+f)

# ljnes thrcr-rgrr a point = (t+r-, -(auali*"r)
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EG(2r-ü): # pcinr= = t2 = aL.l- trip-Les wrth Í'irst en,cry = 1

{t,,, ì, nZ,

Points at * = all points vj.th firsl entry = 6

# Points =

trÌxa:nple YI.2: PG (3,t ) :

hcample \rf .3: PG(lr ,¿ ¡ '

(cluaf ity)
#planes=1+L+t2+t3

# iines = (tZ+i)(r+t+tz)

# poinis on a line = (t+t) -* tl planes througìr

a line (aual-i-ty)

# l-ines through a point ='ì * t + t2 = # ii¡es

iir a plane (duafity)

= # points i:r a pJ-ane

(duality in a plane)

+ t + t2 + t3 + .bL = # 3-spaces (duali.ty)

+ t + t2 o t3 o'rL) = # planes (duarity)

q
Ll A

f Ðoin*"S = --:-:- = ]L
L-I

# lines = {t2+r ) (r

JTfi

#

points cn a l-irie = (t+f )

l-ines through a point =

(duality)

points in a plane = l- *

(oual-ity)

po:lnts i,n J space = l. {-

í- \pClrì-u i oua-Ll.I/ J

lines in a pJ-ane = l- + t

= /l 3-spaces thi'or-rgh a plane (d.ualit¡')

l- + t + t2 + t3 = # planes i,n 3-space

t -F t- = # 3 spaces containing line

.2 .3i.'i- t- * t" = # 3 spaces through a

D-* i'- = # planes through a line (dual-ity)
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# iines in J space = (t2*f )(f o ìr + t2) = # planes chrou_gn ei poi¡c

(ci.ria.t- ity )

trlra^mple Vi.il : nC(.2,2): GF'(2) =, {0, i}

ll Pcints = T = il l-j.nes

# poinbs oll a l-ine = 3 = #;j.nes tÌlrough a point

(:-,0,0) (o,l-,0) (o,o,f ) (t,t,o) (t,o,f ) io,f ,f ) (r,l_,r )

nG(2,2):#points=L

(t_,ci,o) (r,0,-,_) (o,i,o) (l_,ì,t_)

Exarnp.l-e VI.5: PG(.r,2): GF(e) = {0, t}

# poin-bs = 2t*ll-1, # lines = (e"*f-t) (e.-r)r,3

# points on a line = 3, # fines through a point = (er_f)

-(-r:Ð--twlsg
(r,0r....,0)

(ort,or.. ,o)

(0,....,0,1)
('Tt) * ('ll) * . tli.ti = (r*l)"or -.r- -.(e"'r-r)(irlror..ro) t ¿

:
(1,1,....,i)

EG(rr2): # pcints = 2T = those wi,¿h first co-or¿ina,ie = f
(1,0,....,r)

(l,l-,....,0)

(r-rc,lr..ro)

(1'o'"'o'r) ^" = (;) * (î) * (;) +... * (;) -- (r+r)r pcints
(r ,lrfror.. rc)

:

(lrl-rl_,..,1)
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ke¡npfe tII.6: PG(3,3): G¡'(:) :- {0, :_, 2}

# points = \O = # planes, # li nes = I3O

# points on a line = 4 = # pJanes containing a line
(dualiry )ll lines through a .ooint = l-3 = # Iines in a ol_ane

Each point has (t-f) = 2 r,eÐrescntatives.

EG(3,3) : r.emove pc'(2,f) vith basis i (0,r,0,0), (0,0,1,0),

# points

We carr list, points

(_r_,o,o,o)

(l_,o,o,t)

(t_,0,0,2)

(l-,o,t- ro)

(l,rLrtrl)

(1,0,1,2)

(1,0,2, o )

(tro,2.,t)

(r,o ,z,z)

(r,1 ,o,c )

(r,t,o,t )

(f,1,c,2)

(r,l-,1_,0 )

, (l,t ,f ,f )

(r-,r-,1,2 )

(l,lr2.o)

(ororo,r)Ì

-t.T-nn-(,-al

cycIically.

(t ,r ,2,t )

(r,r,z,z)

(l- ,2, o, o )

(t,z,o.t)

(r,2,a,2)

(l ,2,] ,o )

(1 r2,1_,1_ )

(r ,P,r,2)

(r 
"2 rz ro)

(t,z,z.t)

(r ,2,2,2)

These 2f points

have firsb co-

ordit.iate oÍ' l-.

Tltese ale points

of EG(S,:).

(o,t-,0,0)

( c,l- ,0,1. )

(0,r,0,2)

(o"rrl-ro)

( o,l- ,1 ,r )

(o,l,r ,2)

(0,1,2,0)

( o,l-,2,r )

(o ,-L,z,z)

( 0,2,1 ,0 )

(oro,1,l-)

( o, o,l-,2 )

(o,o,o,l)

Last Ì3 points have first

cc-ord.:'-nate of zero.

These are points of

Pc (2,3).
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C}IAPT'IA ]IT. COIìSTRLTCT]OI'] OF íJONFOT]}TDED SIí}S4NTRICAL

ITACTC,RIAL DESTGNS VIA E'LÍCr,IDqAN GEOÌ',IETRIES

.lf&æ¿u1¿[!ú.: Iach oi r factors e.L t úiffererit leveJ-s gi.res',;r cliffe::ent

trea+,neili combina'ì;icns. Forrning al-.-L tr combinar,ions gives a fa.ctorial

experiment, vhi.ch. is pJ.¡UEfI¿_ç_ei because eacÌr factor appeai.s at the saine

number', t, o:0 ler¡el.s, rf, in such an elçr:riment, thes*o are assignec |n

groups of tr-r'to tll cLifferent blocks, ve get a confounoed design. This

is cal l.ed. a cc>nfound.ed., s¡rmmetrical- factoria.l- d.esign , (L'rtn ) .

rf the number of fevels t = k[, with k.crime and r, a positive in-

teger, then T.¡e nay use the elements oÍ'

-lL {0, r-,

l¡hele À is a p::imitive e-lelrent, to irrdex the

of the tT distinct treatments is an r-tuple,

x- e GF(t), i = !, 2r...,r, ã..rd. there existsa

vÍth the tr points of EG(r,t) of the form (:<,

i = l-r. . . ,r'. lBrse, f938, l9)+0. ]

I. Construction

DE¡-I}ü]TION ]. ] :

Ô+^
r rt lt-¿'l.\t /\ t...r/\ )t

fac';cr -ì e-vels. Then each

ni'* .Í v 'r , vit,ll*\J\1 r ¿'2)...t"T,

an obvious 1-l- corf'esrondence

-r - ) e GF(r;),,'-Zt ,r'.i

A PENCIL, P(af , ã2,.., ,âr) vith a-. e GF(t), is a. partition

cf EG(rrt) intc t paral-lei- h¡rerplanes cal-l-ed. -.,he sub-

spaces of P. These are d.efinerl by

P.: b. * rl_*l_ * * arx" = 0, i = 0, 1r...r(t-f).

Tbere at'e (r*f) vaz'iabl-es'"rhich inay be assigned before the l-ast is

ccrnple-r,ely d.eternrined. Each of r.hese takes anlr o¡ the t r¡e,lues in GI'(t)
-¡ -1so the number cf points in P. is t- The srrbspaces ai'e mutu.ally exclu-
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si.¡e s;j-nee the t equa',"ions are cbvi.ousJ.y linearly indepen,lnet. So

-. I
, ! L-!r l,'ihere are t(t- -) = t_ points, accounting for ali the points of nG(r,b).

l,-1
D ^ D - d a¡ril U p. - EG(r.,,.), hence {p,.. o Þ ì, i-'k " ' i - Y o"" 

O_lotu 
- 4u\ .-O, tl_t "'rrt-IJ 1s a

parti'bion of EG(r,'t ) .

A. se:t of n pencils P-l , i,2r...rP" er.e l-ir,.ear1y ind.epenåent if the

na.trrx of co-o:rdi.¡iates bel-ov iras ra.nk n.

I
a
,_L

2tr-
,:

n

^)-

.l_a^

^¿̂¿
Dõ?^¿T

L

T

n:1
DA âl2 "' *rj

TIiEORIü4 T.1: TeLking intersections cf subspaces of n l-inr:arly inCe¡:endent

pericils yield.s tn sets oÍ' tr-n combj-n¿tions each.

Proof : This is clear .Îoi' n = l- from the d.ef inltion above. For. n = 2z

Le-L P(arr...,âr), P'("j-r. .,,at ) be finea.r-l-¡r- inciependent. Taking the

intersection gives

Þ(o . \/-,pt1^t ^rl -.'Þ flprlr .r - r''ç. 1+\^nr'l.r\'ì.r\al,...,âr)l,p'(.i,...,â')= ip. n pj ii, i e GF(t)"cr(r)l
2

corlsj.sting of t._ sets. Points in P. â Pl satisfy

b. + a.rx., + * a."x" = 0 gjq- b. + aix, + ... + a'x, = 6.

These are linea.rly j-qd.ependent vith (r-2) .¡ariabres free to -uâke r¡alues

in GF(t). TÌrus P- I'r P1 has tr*2 points, and the points :.n alt t2 se,.rs1J

are counied as 1?çr,t'--2) = ir, accolntirrg for a.lJ- points of EG(r",t).

So the intersection partitions EG(r,t) ini;o'u2 
"u'r= 

of tr-2 points each.

For genera'l n: Let Pf , P2,...,Ft -oe linearly Írrdepend.ent. Taking

the intersection gives
n
npi = t(p1 rt p? ft
i=l Jt Jz

^.nconslst,ing of t-- sets.

il
n rÎ )l(i., , i2,...,i.) e x Gt¡('c)]

" Ì1. -' l-
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Points in each intersection satisfy n linearJ-y independent equations,

7-n-'l points. The m:mber of points in al-l the intersectionsand contaln -t polnts. l_he nrjrmber of' pornts in a]-l- the inter

Ís tn(tr-t) = t". so these partition the points of EG(r,t).

This completes the proof of Theorern I.l-.

ff. ,Properties of the (tr,tn) Design as Constructed.. lBose, lrg\T]

fhe tr d.ifferent combinations are d.enoted. by

{T(x'r...,xr)1", . cF(t), i = L,2,...,r}

DefÍnition rr.l-: A linear function, L, of the treatments may be written

^^ f 
-o,s ! - , 

--.*].,xr).T(xr,...,*").(a11 points ) r-

Definition rr.2: T\¿o l-inear functions, L = xc(xrr...rxïr.r(xrr...rxr)

and. Lr = xct(*l,...rxr).r(*ar...rxr), are orthogonal if and. only

if xc(*I,...,xr).ct(xr,...,xr) = O.

DefinÍtion rr.3: The m tinear functions, r(k) = ¡"(k)(*r_, ..,xrr.r(xr,...,"r),

k = 1,2r...rm, are J-inearly dependent if there exist constants

such that 
^r_r(t) 

* rrr,(2) * ... + Ioot 
(n) 

= o.

EquivalentÌy, xÀuc tO',*., ,. . . ,xr ) = O: for all points. ûbhervise,
k^ r

they are said to be independent.

Definition ff.)+: A l-inear fl¡nction is a contrast if it is orthogonal

to the linear function G = xT(r1,...,xr) where c(xr,...:\,) = f.

So the necessary and. sufficient cond.ition for a linear function to

be a contrast is Xc(xrr... rxr) = 0. .

Definition rr.5: The contrast betveen two sets of L treatments

{r(1), r('),...,T(¿)} and ir(1'), r(t'),...,r(n')} r" the rinear

function r(1) * r(e) * ... + r(l) _ T(t') _ r(2') _ ... - r(l').

There are only (t"-f) independ.ent contrasts among the tr treatments;

each one possesses a d.egree of freedom. The d.egrees of Êreedom belonging
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-co'cvo colì.trasts are Cefined to be orthcgcnal. if ihe coniras1--s arie

orihogorial , rn any set of ccntrasts, if just p are indepenc.ent, than

the set of conl:rasts possesses p d.egrees of freeclom, vhich may be

consid-'red tc bel-c'n.g to any p ind,epencì.ent contrasts of tht set.

l{leen the tr tr,eatmen-ts a.re parti-tior:ecL into -t, sets of -ut'-l-

treatments each b,y' the subspaccs cf a.'pencir , p, -r,hen -,,here are onl¡r

(t-f) indepeno.er:.t ccntras'bs bet-r.reen these sets, l-cr exan¡cJ-e, berr^reen ¿ny

fixed set anc each of the renraining (t-t) sets. Thrrs'.,he cont,rasts

between these sets pcssess just (t-f.) <legrees of freed-c¡nr.. Tlie pencil

P roay be said to carry (t-f ) d-egrees of freed.om.

THEOREi4 IT..i: contr'asts among subspaces of s. pencil . P, are or'thogcnal

to contrasts anong subspaces of another pencil, p'.
t-t- t-l_ t-l_ t-_i

B:oql' L - X c-P-, X c., - O; L' -- X cjPl , I cl = 0.
:i=0.lJ i=Ot i=Ott i=0 1

lüe must shov f (prod.uct of coefficients) = O. Cons.id.er
(aJ-J- points )

Pr- n Pl . the sct of tr-2 points sa-r,isfyins b, J- Ia.x, = Co b. -t- Ialx. = Lì.It ,i * k i -i j i_-i
Po:'-r-rts in this r'-ntersection recei'\¡e ck in L and. cl in Lt. Therefcr.e,

r f, (prod.uct coefficient) - I c.cl = (.."-2).c..c1.
P._n P: p. ít pl ¡: J jr J

KJr.J
lTov sum over ail points by s'.::nming or.er al-l_ intersections,

t-i t-l
X (prccluct coefficient) = ¡ X ( : (procruci coefficj-ent))

(ail points) k=O ,j=O tun tj
¿a¡J--L u-I 

, n_D
= I I (t- -.c."cl)

k=0 j=o K J

+ì+lU-A ^ U-I

= r (tr-¿.c, ( ¡ c1))
k=o " j=û J

-t,-1

= 0 since I c! = 0.
j=o J
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An ecrui.val.ent forrn.r-re.tion cf th:is::esul-t is tha¡. the (t-r)

degrees of fr-eedon belonging to contrasts among subspaces of P are

orthogonal- to those (t-r) -¿h:lch belong to contrasts among sub-

spaces of Pt.

This cornple-,,es t,he pr.oof of Theoren fI.l.

Defiriitiorr rr.6: The confound.ed conLrasts in the (L' ,t2) d.esign are

those betveen the t2 sets of the d.esign. There ar.e onl;r çt2-i)
iniÌep,c'nden+- suclt contrasts, so there are (t2-f ) confcr.rrcl-erL contra.s*us

in this design. These degrees of freedom are said. to be coníouncìed"

Len¡na rr.l-: rn a (t:rrt2) design constructeo. by taking in.bersections of

subspaces of two ind.ependent pencils, the (t2-r) confouncled

d.f . are precisely those carried. by the generating per.rci!-s

and- a].l- l-ine¿¿.r colibina.tions of then.

Prool: Let
r

b. + Ia- X-t I Kli

rank 2, and

0, pr\
k"'j'

Pk = (nnn r,ô) u ("nô pi) u ... u (p1..ñ ti_r-), k = c, Ì,...,(t-r).
z'-lso the t poilLts of PO are Cistriblrted. evenly cver t sets of t,he d.esign.

So any contra.st betveen sr-rbspaces c,rf P is al-so a contrast betl¡een

sets in the design aird. is accordirrgl,,r a confound.ed. contt'ast. Thlrs al-l

(t-1) degrees of fr"eed.om carried'oy p are confoundecl in this desi.gn.

sinilar']y, the d-egi'e,-:s of freeocr;r car::ied by pr aÌ,e confor¡-nd.ed..

consid.er the linear co¡nbinaticn p" = Àip + Àrprr¿ith subspaces

the subspacers of P be pO, pl ,,.. ,pt_l-

= Q. Let the subspaces of p be pó, pi

r.¡here P.
l_

Ì)tt... t!r a
L -J-

''t*rl

..-"ìlhas'r)
t_polnts, (i,

is given by

r'rhere P l
J

r (âr: ânr.
is given by b, + IaóXo = 0. The rrratrix l^i ^ÍJ , x * l&., eàr.(r
PrPf are finear-l-y 1-nd.epend.ent. p,_ con*uains tr-l

. r-2contains t- - points, k, j = O, ,(t-f).
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Lv br * (Àt.r +' Àrai)x,

fior each b. e C¡'(t)
l_

t,j e ClT(t) such that br.

the additive inverse.

À, e GF(+-), nct both ze;:o. fji i"s

.J- + (¡._a + À^a')x - o.t f' ¿T r

, (Àtbi) e GF(t) an¿ there exists

= Àfbi * Àzbj ; i:r fe'ct ' (lrb' ) =

irr-6

Ce'cerminecÌ

a uniclue

-(r-¡. - b. )"'-LìR"

Thus some poi.rrt,s of f[ sat1sfy: (lro. * ÀZbj ) + (Àfu.] * 
^r"j.)

+ ... -t a?x = Oi so (p. f' p:) C o"
f--T -) \¡i -j, *'k.

This is tr"ue for a.li t choices of b- e GF(t) a.ccounting for
.,.T-2r .I-'ft(t- '-) = t- * = a"ll points of Pl]. So tÌre points of Pj] are spreacl

evenly over t oÍ' the sets in 'bhe design, for li '= 0, 1r... rt-l . Tirer¡

any cont::as-r, betveen subspaces of P" = ÀIl, -:- À2P' is a con'urast

betveen sets in the design and is acco.rdj-ngly confounrfecì..

Tir.e nL[rlber of suc]r incÌepenrle n'L iiÌrear conbilati-oris, excludring .ihe

trivial- case, is (t2-f)/(t-r) since each pencit- h¿¡s (t-r) represen-

tations by vhoie multiples. Each of these penciis confound.s (t-f)

d.egrees of freed.om r,¡hich are orthogonal by Theorem If .l-. t{e have il-r

^ ,,2 -,+"o-La-L (t*-1 J confound-ed. d.egrees of freed.om r.¡hich are all accourrted. for.

This comp'le'bes the proof of Lemma II.f .

Defini't ion iI.7: The confounCeC conbrasts in the (tt,tt) d.esign are

those between the tn"sets in the d.esign. There are only (t"-:)

such inde¡endent contrasLs, so thlere a1'e (tt-t) conforrnded contrasr.s

irr this clesign. These clegrees of freeciom are sa:Lcl to be confou-rrd.ed.

TÌ{EOREI'{ II.2: fn a (tr,tn) ,i.esi¿¡rr constructei 'oy taking inter.sections

of suhspaces of n independent pencils, the (tn-f.) con-

foruldecl d.egr"ees of freedom aie precisei¡r those carried.

by the generating pericils ar:cl aI] linear cornbinatioris of

them "
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r: lineai:l-y inc-Lepcnde::t pencils p(l), pQ) ,. . . ,n(")Frocf: l{e have

l¡i-th th,e matr:'_x

,(r) ,_(:-)'*1 *z

^ 
(a) (z)or o?

::

^(") -(")*i *2

"(r 
)l

ï'
(z)

a
T

1n)
a

T

- lr I n!*). "(r) o(k). , = , oof' ranl.i n. P'--' has subspâces ¡O , ,l ,... ,.t_l , .. -.r.. . rn,

vith the subspace e!k) girr"n by b- . i "1*)r, = o; i = l-,...,(t-r).
Each subsn."" i. (o') 

nu." ."-ttnori;i :*r";, a'e distributed evenl¡r
, n-l-over t sets in the desigt, i = 0, fr...rb_l. So any contrast

betr'reen subspaces or p(k) is efso a contrast betr¡een sets in t,he

d-esign, ancl i-s accorclingly a confounded. contrast. Then al-l- (t-r)

d.egrees of freedom ca:.rj-ed ry p(k) ar.e confounded. in this d.esign,

k = 1, 2r... rn.

consid.er the rinear combination p = 
^rr(t-) 

*. 
^rr(') 

* .,. + Àrrr(')

r,rith Ài e GF(t), i = \, 2,... rn, not all_ zero.

Subspaces cf' P are PO, p1.,...,pi_l_. pv is determinecl by:

b.,,, -F (^r-'{t) * 
^r.f') 

* * À,,"{"))*1
l't* (rr"l1') -, xr^f,') * * 

^r,.!'))*,
:
' /r \ / \
+ /r o\t/ ,. ... + À a\t/)* = o-' \,.1*r n i. /År - Lr.

For each set {¡11), ,j') ,...,¡Ín-t)} an"r" exists " ,r,r,1.,. ljn)
'l- 'p ln-] ' i.

so that lr, = rrblr) * 
^oo(z) 

* * r-lj"). so points of p.,, satisfy11 a,2 'ni'

{r.,l1l) * rrll') * ... + À bÍn)l * (À."-(1) * 
^ru.{t) 

n o 
^,r"_('))*,

trl .t2 ttr, 
:

; t^."lt) n xr_^(z) * ... 1- 
^.,.1"))*, 

=
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or').ririr) * ro.!t)-=.) *,r..{lj2) * i.!2)r,) .F ... + r r¡(n) + r"(t)* ) -- o-t' tl i --i' "2'-íZ J i "n'"i. t L(Li ''i' -- i,l
rîr io\ /.^\ n

tlren (."_)''' (-l ],.t'' l*t,.. (t p)ttl) <:tJ_r'i^l_VJ-¿n

This is 'true fcr a*r. tn-l choice s {bIr ),... ,a-Ít-t)} .""o',nting- r-f in-l-
'tr-l "'l'-r1 r ,r-lf'or'(t" -)(t- ") = t' ' = all_ poirrts of p,r. Thus the points of p,,

are spread cveniy over t of the sets in the dLesign, v = O, ir.,. rt_f .

n
Then an.y conirast betrn¡een su'bspa,:es of p = x À,p(t) ,= a contrast

k=f J

betr'¡een se-bs of the desigtr and. is accordingl-y a confou-nded. corrtra.st.

The nu:nber of such independ.ent iinea,r combinaticns, exciudi,ng

the tr j-¡,'iat case, is (tt-r )/ ( ¡-r ) since each Þencif has (t-r ¡ repre-

sentatives by -,rho--ì-e muìtipliers. Each of these carries (t-t) cc¡n-

foulid,ed degi'e-^s of freedorn whj-ch are orthogonal by Theorern fr.l-. t{e

have j.n tota-]- (tt-r) confoundeci deg.rees of freed-o¡: wliich ale all-

accoun¡ed. for.

This cornp'letes the proof of Theorem ff .2.

Definition rr.8: A contrast belongs io main effect of fa.ctor F-,

if the coefficients in the contrast depend onfy on the 1evel

of factor 1. . A contrast betongs to tr,¡o factor interactions of

F. . F. irlfl- .l
t"(ai ihe coefficients are dependerrt onLy cn levels of f'. , Fj l

(¡) it is orihogonal- to al-l- contrasts befonging to r¡ein effects

of F.* F..'ì- 
J

Contrasts -celong to f-factc.,: interacticn cf F-. , F_. ,... rF. iff1f - r-2' it
(a) the coefficient,s are d.epend.errt only on l-evel-s of thcse facrors

(¡) it is crthogonal to a.'ll- con-brasf:s of int,eractions of atl_

subsets of the f-factcr.s
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TlmORiüI{ IT.3: A cc.'nfounried -j-nter'ac-i,ion invol-ves exä.ctfy f-fact,ors if'

a:rd. oni.y if 'the confound-ecf pericjl Ìras e:<actly f non-zero coefficielts.

Blg-f,, Let pencil P = P(0,...,àir 0,...,0) r,¡here a. is the o¿iy norr-zero

co-crdi-nate. l'her: contrasl,s €fflo!\g subspaces of P belong to the main

effect of F., s-ince subspaccs are d.etermined fu.om a.ï. = b^,I - --- -i--i - L'
b.. c {0, l-,...,t-1i = cF'(t).

v.

1_.1
. . SUOSpA.CeS <:--)- x. , the l_erl-el Of' I'.

,'. coefficienis in contras'i, bebween subspaces are l--l- l¡ith level , "i,
of F..

l_

Le'b pencJ.J. P = P(0, a. ,...,4.j O); ai, a. are onil¡r ¡s¡-r"r"

co-ord.ina-t,es. Then contrasts among subsraces of P bel_ong to the

2-factor interactiorr of Fi, Fj. Sj.nce subspaces are d.etermined f.rom

â.x_.-F a_.x, = bn e GP(t),1r- JJ L

.'. subspaces l--1 (**, 
". ), levels of F= , F.L J 1- J

.". coefficients in contrer.st clepend- onJ-y on level-s of F. , Fj.

Contrast is orthogonal to contras'l;s au.ong subspace*e of al-i- otl.rer pencil-s.

.'. ccntrast is orthogonal to al-'l main effect coirtr.asts of Fi, I".i.

Let P = P(at, ãzr... râï,), vhere oniy rlon-zero coefficients a,re

a- r â. ,...,4. . Then contrasts anollg subspaces of P belong to the
l-l--ì-1 ^2 *Í'

f-factor interaction of F.. , F_. ,. . . ,F_.tr- tz tf
u

Since subspa.ees d.etermined f:rom .I_ui.*i. = bU e GF(t).
J=f J J

.'. subspaces l-l- ("i , Xi :...:xi ), leveis cf f'actol"s F- ,...,F,*1 'z )'î '-l- tf
"'. coefficients in contras'L; clepend onì-y on l-evel-s of l-- ,...,Fi-1 *f

Contrasts are ort?rogonal t.o corr'r,rasts ar¡rorÌg subsn¿ices of a,il other pencils.
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So the contriìst is orthogonal to contrasis aiû.ong subspaces of afl- o'ulre1-

perrciis j-nvolving on].;r sr;bset,s crf the factcrs I. ,... rF; (fne f--t
l- tf

correspoilcÌence in r,he pr.eceeding takes care of the "if' and. onty". )

IfI. De¿ll:les of Freecicry

Tirere are only (*."-l) inciepend-ent contrasts among the tr t::eat,ments¡

each possesses a rlegree of freedom. These are ca.rried. in sets ofl (t^f )

by the'(tt-:-)/(t-l) incepend.enl penóils; The nunber of pencj.r-s vitir a

non-zelo coefficient a,b a- , âì ,. . . ,a- is (t-r)fi (t-r) = ('b-l-)f-l.
'-'ì- tz tf

Each of tl:ese carries (t-f ) degrees of freedom, so there are (t-f )'
degrees of freed-om bel-ongir:g to lhe r-factcrs interaction of ui_ , ui_,..

. ".,F., , f = l-, 2,... er. There ¡.i'e (i) ¿lrrurent inieractions l"r.rir"*- 'ìf- ' r"
exaetl¡r f-factors, and. (i)lt-f)* d"gt""s of freed-om belongíng to f-factor
iirteractions. Thus the (t"-.r) d.egr'ees of freedcm are partiti-cnec:

tr-r- = (î)(t-r) * (f){t-r)2 * .... + tiltt-r12.
fV. E:<:ânp]eå

)
fV.l: (2't, 2) confound-ed. fac:torial cLesign vith r = 3 factors each a'u

t' = 2l-evel-s in tn = 2 bloclls cf tr-r' = l+ treatments each. \Ie id.entify

the 23 treatrnents r¡itìr the points of EG (l,z), namel¡r {(o,c,o), (l-,0,0),

(o,tro), (0,0,1), (r,t-,c), (t,r.),_r-), (o,t,l_), (i,:,r)Ì. fntheconstru_c-Lion

l¡e form 2 sets of )+ treatments each by iaking subspaces of the single

generaiii:,g pencil. This confourlds I -- (tt-f ) C-egree of freed.oin belonging

i;o the ,confouncl cci contrast betveen sui;spaces of the gener"ating pencit.

This inr¡oJves a 3-.factoz'inte::action if'and only if'the pencil. has exactiy'

3 non-zero coefficien+'s

Pencil. P{ar, ã2, air) vit}r ¿i.. c GF(e) = {0, f}.
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Fo' 
":t- 

n *z**3 = 0 l tr.' I o 1- o *z**3 = 0

Blocks

r)'t1t D. lat :,\ ,,Lt ... \ -ì : ¡,r rjoil.fo'rnd-ed fa,:toriaf desi gr1 : r = 2 fac bors eacìr at

t = 3levels, vith tn = 3 blocks of -ur-D = 3 treat¡rents each. 'l,ie

)i-dentify the 3- t¡.eatnents vith the points of EG(e,:) namely {(f ,O),
(o,r),. (2,0), (o,z),, (zor), (t,z), (1,f ), (z,z), (o,o)i. rn the con_

struction ve for:n 3 blocks of 3 treatments each by taking subspaces of

the síngle gerrelati-ng lencil. This confound.s 2 d_egrees of. freec.om

belonging to the cortfounded contrasts between sr¿bspaces of the generating

pencii. These in'¡ol.ve a 2-factor int.eraction if and. only if the pe¡cil

has exactly 2 non-zero coefficients.

Pencil-, P(.f , u2) r^¡ith a. e GF(3) = {0, -t-, 2}.

P(l-,2) nas Subspac-^s PO: xa+2x^=0 I tr, l+x.,+2xr=0 | PZ, 2+xr+Zxr=O

{(2,2), (o,o)

(r,r ) Ì

{(e,c), (o,l) I {(:-,0), (o,z)
Bl-ocks

¡/.3: (S3r 3t) confounded. factoriai design, r = 3 factor.s each at

t = 3 leve.l-s, vith tn = 32 b'loeks of tr-n = 3 treatments each. We

identify tne 33 t:.eatnents with ihe pcints of EG(3,3) narnety

{(o,o,c), (o,o,t.), (c,0,2), (0,t_,0), (0,,,f), (0,1,2), (0,2,0), (0,2,1),

(o,zrz), (r,0,û), (f"0,r), (t-,0,2), (t.,t_,0), (t_,f,t-¡, (1,1,2), (l_,2,0),

(1,2,:-), (r,z,z), (e.rt.,o), (2,0,1), (2,0,2), (2,1,0), (2,1,1), (z,t,z),
(2 ,2,0) , (?.,1,. ¡) , (z,z,z) j .

rn the cons'trl:.cti-on we fot:m 32 block:i oÍ' 3 rrea+.menis each b-¡

taking all- in'bersectiorrs of subspaces of 2 independent pencils. This

confounds (tt-r) - B degrees of i-r'eed.r¡n carried by iire 2 generating

(o,c,o) , (1,t,c) ,

(t,o,t), (o,l,t)"
(t,o,o), (o,t.,o),

(o,o,l), (i,t,t ).

(r,e ) Ì (e,r ) ]



pencil s and. the 2 ind.epenri.ent l-inear

P(1,i,f ), I,(l,t,e); each c¿rrries

belonging to a 3-fac*uor inter"action;

P(r,f ,1.) -r- P(f ,l-,2) = ]?(2,P,0),

belor:ging lo a 2-factor interac'i;icn;

2P(j-,:l-,f ) + t,(t,t,2) = P(o,c,t),

for a main effect.

P(l,lJ.)i-

l.II--t2

cornbinations of 'uherrr. T'ake:

(t-r) = 2 degrees of freedoio

carrying 2 d.egrees of freed.om

carrylng 2 degrees of freed.oil

P(t ,1,2 ) :

Pi: xa 1- x, + 2x, = 0

Pj: 1 * *t * xr+ Zxr=

Dr. I ;. r -t- -r * 2y ='z' ' t ^r- ' j'z ' 'o'j -

=Qf,rt *t * *2 * *3

Pr: I * *l_ t *2 *

PZr?-+xio*2

T)'z

(c,o,r)

(t,e,t)

\ ¿,J- ,-L,/

-:!-1 
^L> ¿ +t 4t

(o,t,o)

1o n o\

(z,z ,o)

3 give 9 bl.ocks

0

0

X-=0
J

x-=0
J

\ Pr (1,1,2)-\--
P(l,r 11) 

----_-*
Ðl'o

pt-f DI
f-

2

(o,o,o)

(t,e,o)

(z,t,o)

(o,t,t)

(i,o,t)
(z,z,l.)

(o,t,z)

(t,o,e )

(z,z,z)

(0,e, o )

(t,t,o )

(e,o,o)

(o,z ,t)
(i,t,t )

(z,o,t)

(o,o,z)

(L,z,z)

(z,t,z)

(o,z,e)

(t,o,o)

(t,:.,a)

The intersectic,ns of subspaces P- fi fj;

of 3 treatinents each.
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CHAPTIXì 11T. COPB]N/\TÙRIAL PROBLM{ TN CCNFOUÌ,]DIIIG, N.(P,t ),
AND IIELAT]ON TO FATJTÛIÌIAI, DESTG}IS

L Sia.ternent of the Cornbinatoria.i ploblem, m"(p,t).

h'hat is bhe ¡naxÍ¡ou'r nu¡aber r of fac'uols possib-ie iri u. (t"rttt¡
s¡rruletrical , confounclecl factoriai desi.gn scl that no interactions iirvof-
ving'1 s55 than or equal to f-fac-bo:i's are conforr¡rdecL, Cafl this nu¡rrber.

mr(P,t), vhe'e r = Þ+ïl ano t,P is the nurnber of treatments per block.
TiüORHt4 r'f : mr(P,t) = the ¡naximum number of columns that jt is.oossibie

to have ín a p-rowed lnatrix, vith efer,:c-nts in GF(t), sueh that no

f col_-ul¡¡s are d_ependent.

coro]-lary T.1: mr(p,t) =the rrlax:r-mu¡r nrunber of'points trrossj.bìe 1n a

finite projec,uive gecmetr.v FG(p_}rt) so that no f of tlie points

lie in a su_bspace pC(f-e,t ) .

Soojl_: Basis for PS(r,t) is B = {Bi = (or. , u.i^,...,ryi ) or. = 1.,
L¿TAdi. = 0; i I i, i = 0, f ,...,r.i. EG(r,r) = pG(r,i) - eC-(r-f,t), ai1'J

tr points of EG(:r,',,) have fir.st co-ordinate equar- r a.nd FG-(r-l,t) is
generated bf iB,-, 82,...,trÌ. The equation d.efinlng pc*(r_.r,t) is *O = O.

:i) '[,le shcr¡ first that tirere is a ]--1 correspondence bet,,,reen

(ttrtt) designs anti. pc-(r*n-rrt). A pencil, F("f , uzr... râr) partitions
EG(r',t) witfr its. subspaces p. determinerl by b. * .]*l + ... * a.x. = O:

i = C, f,...,t-f; GF(t) = {tr., bl,...,bt_t}.
There is a l--l- correspondence betçeen the t subspaces p. of IIG('.,t)

and the 'b subsEaces PG(r-1 ,'L ) of I,G(r rr, ), name.i-y p- corresporrds tc:

the PG(r-l-,t) deterninecl ¡y bi*' * 
"1"., 

-¡- ... * ,""" = 0. -The. e,luiva_



.ì.':,. tt i.t 't:

lence seùs i¡.r this FCi(r-l,-r) vi-i.h xc # o are the points cf p- in EG(r,t)
'che pc:'-nt,s of this PG(r-I,t) víth *O = O beiong to pc'(r._l,t) and Íorru

tlre PG-(r'-2,1) det,ermínecl b1r xO = 0 anrl .., *l_ o ... * a.x' = 0. T,his

PG-(r-2,t) is tilu.r.: ,-let--r:r¡iineii uniqii::ly by p(a.r,... ,.&r) en¿ is ca-r.-l-ec

the v."!så_9 I*-! hg.-.pg_tgt.]__l_.

A set of n inoepend.ent pencit" p(1), ,(t),.. . ,p(t) par.titicns

EG(r,t) r¡ith inter.sections cf subs-oaces, t{*) d"i"rrineri. b¡r
Ir) lr)b. + aj"'*r_ .o .... -t .rl^'*" = O, i = 0, 1,...

There js a 1-l- correspondence betr.¡eel the tn

of EG (r- ,t ) anC t,he tk subspac es pG (r-n ,t ) of

rv-2

+ I - ì- 
- 

1;u-Li r. - _Ls Zt,..rn.

sets in this _oarb,i bion

PG (:: ,t ) , namely,

(pil) n tj') r', ... n p(k)) de-i:ernined, by {b- * "ju)*- 
.r ..rl_ ,z iL . "tu ..1 ^l-

* o.(n)*. = 0, k = I, Zr... rn] corïesponds ,co the pÇ(r-nrt)

ceterrrrinerl bv {b. x^ + r(lc)- -. ^ 
(t)..,J ,.iU^O -. .I '*-. -t .,. a'--'*, = lJ, k = I, 2,,..,rr).

The equi.ralence sets in this pG(;r-nrb) vith xo # o are the pointsn /- \

tt 
lrt{J 

i" nc(::,t), the points of this PG(r-n,i) vit}r *o = o beJ-ong

to Pc*(r.--l,t) and. form the pc*(r-n-f ,t) determined by xO = O ancl

, (r) ír)tar"'x, + '- a;' '*" = 0, k = J-,.. . ,nÌ. This pc-(r-n-l_,t ) is Ì;hus

d.etermined uniqueJ-¡¡ by the verti.ces of {p(f ) , ,('),...,p(t)} a.ncl is
cafl-ed t,he ver!,Êx J¿f the *parai-Lei bun*Ie of ijrese verl,ices.

This shovs that a (tr,tn) design vhieh is l--l i^¡ith its set.of n

generating pencils deterrnines a unÍ-que pc-(r-n-I ,t). Nov l¡e show the

converse.

Through a pc'(r-2,t) of pG(r,t) 1:ass ex¿ctty (r+t¡ - pG(r-t_,t),s.

For such a PG(r-l,t) r,here are era.ctly *.t-1 points i.n

(pc(r-r,t ) - pc-(r--2,t ) ) . Adding any of these tr-f points_ to a ba.sis
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for PG*(r-2,t) -;itl iead. tc ihe sa-re pL:(r-i,o,)> pG*(r-Z,t). If one
.l

of -r,hese t- -;:oints has a rron-zero xO, then +-liey z:.11 do, TÌ:.us the tr

poii:ts of EG(r,t) az'e spl-i-t inbo t, seits of tr--r'',¡hich give t of the

Pc(r-l-,t) f i'CÌ*(r-2,t). This r-^ar.es cne other r¿hich ¡nust have alf

points ãou *, a:rd rn fact jt is the pG-(r-f ,t). This par.titioni-ng of

EG(rrt) cleter";niiìes e uniclüe pencil, or the pG-(r-2,t) is the vertex

of a uniquely <i.e-Lerrrrined pencil.

T'hrough a PG*(r*n-1,t) of PG(::,t) pass exactly (l + t + ... + tn)

FG(r-n,t )'s, ichapter 21. For such a pG(r-nrt) there are exact-r),

tr-n points in (pc(r-n,'b) - pc-(r--n-f ,t)). Addine any of these tr-n

to a basis for PG-(r-n-L,t) viÌ1 generate a pG(r-n,t)l pG-(r-n-l-,i).

rf o:re of' these ad.ditional points ha.s a non-zero xo, then they all do.

Thus thc'tÏ poinis of EG(r,t) are split into tn sets of tr-n r.¡hicir give

til of the PG(:r-n,t) : PG-(r-n-l,t). This leaves (i + t + ... o tt-l)

others vhich must have a1J- points at *. This pzr.rtitioni.ng of EG(r.rt)

Ceter¡nines a uniqr-le set. of pencils, or, the PG*(r-n-l ,t) is tte verter

of a paral-lel bundle of uniqueJ-y cietermined vertices. Then the

PG*(r-n-t rt ) d etern¡Lnes a unique (tt ,tt ) design.

ã t, r , n. l_-1 set:: of n f ine:_rly J.l* pG_(r_n_Ì,t ).summary: (t* 'L") riesisns r!----à- 
irid.epende't oerrcirs

..\11] We knol¡ that contrasts a.rnong subspaces of a pencil , F, belorrg to

an f-factor ittteraction j.f and only if P Ìras exactly f non-zero coeffi-

cients fCtrapter: 3i. Then the vertex of P is oeternined by

a. X. + i- A. X. - 0. - - n*i:_--i:_ '"ir"ir
and tiris ver:tex contains al-l- (r-1) points of the basis for PG (r-],t),

{Bl,82,...,Br}, except for {ts- ,...,8i i.-]- 'f
If al-l interactions r"ith < f-factors are to bu- unconfc;unded., then
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the PC:-(r-n-l-,t) corz'esponcì.irrg tc the (tt',t,t) desj,gn must not be

coutained. j.r: a ver-,-ex of a pencil'¡itli < f non-zero coefficien-|,s.

Therefore, the PG*(r*n-1,t) nust be con¡ained..on1y by PG*(r*2,t)ts

'which conte.ir' at nost (''-f-.f ) points of {3, , EZr...,tr}. nquj.valently,

the PG*(r-n-l-rt) .rar¡.not be contairred 'by a PG* (r*Z,i) l¡hich passes

through (r-f ) crl J;Ìie points of {Br, Ì2,...,Or}.
j.ii) Let t,he FG*(r-n-l,t) be generated. by the r-n = p pcints in the

malrlt_x

0,

O,

:

0,

'da"l
I

,ato-I
I

I

I

'unrj

contaj-nj"ng onJ-

d.etermined. by

rrd. suf'f ic ient

l,t ) are

. + a. d-rf _L :lf

-2rt)'

llbe<

sary al

Ø.(r-n--

T

ES

PG

,.1

D/:An;r

ne

he

dt

dt

d_
2

d
p

F

B
T

n

th

It

21.'

pJ-

äsa ô I . . .
IL

æ,
\I

vi

y the point" ttr,,-,.. .,81rÌ of the se'u

X^=0and.a.X. + +a.x. =Q.
' tr- tr tf tf

condltions for the PG-(r-2,t) to

-0

{81,...,8 r]
The

contain

ec

a.
I-1 )

a. d. + "... * a. d . = Q.tl_ rrl1 tf traf

Eq¡:ivalentJ-y, the colu:ruis mrmbered ir, i.Zr...,:'., of the matrix A

are d.epend.ent.

dry drz" ' ' 'ut 
t

^^'l*zr'' "''*2r-l,l
dpl" " "Un"j

¡r-
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o'. *f(prt,) = the naxim'¿m. r:rlunbe¡:,.rf col-rr-mrrs possib-r--e in ¿, p.-rolred.

matrix over GF(t) such -ühat no set of f col':nms are depentì-en'r,.

If l¡e regard. coL.ur¡¡s as points in some pC(p-l ,t,), then f of

them l"il-r be oer¡en,ient i-fl an'i onÌy if they iie in a PG(f-2,t).

.-. m-(prt) = the m¿.ximum rr¿rnber of points possi'b.ì-e in a L,G(p-l-,t)

so 'bhat n¡f su.i-'set oÍ' f be.l-ong to a PG( Í'-2,t).

This completes the prcof of Theoren T.t.

II. m^(p,i) = maximum number cf points pcssibJ-e in a PG(p-l,t)

sc t,hat nc two of them l-ie in a PG(O,I).

= rrumber of points in a PG(p-f ,t), so that no tr.¡o

are the sane

= itp--r)/(t-r).
mr(prt) = rnaxirnum n,¡rnber of cofumr:s possibl-e in a p-rcr,red

rnatrix o-¡er GF(t) fiaving no tvo cc-l-rrmns depend.enl;.

Sj.nce two columns are d.epend.enb iff they are muJ.tiples, exclucling

the coiu¡nn of zerces and- identifying the rrhole multiples in sets of

(t-r) ve fincL

n, (p ,t ) = (tp-r )/ (t-t ) .

NOTE: This resuli for f = 2 was first obtained. by Fisher (t9t,2, t9)+)).

LTsiirg e.n algebra.ic approach, he gave a pr.oced.u:'e for cons-r,ruction, but

d.id not give any proof thab this pr"ocedui.e did give the rnaxinu:n.

Fishei:ts pa,pers are r'ather difficult to follo'¿; a proof cf his

general construct,icrn is g:i-ven by Fj-nney (p.80, Bf ).
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CIIAPTER \'. nn.(1,'t)

f<:r nt^(:,t;, n-()r,i) .nu n-,(p, ?-) are knc¡-u.rn. Al-so
JJJ

ripper arrd. lo-u¡er bounds a-re ¿¿vaj--l-able for aìl other

The 'values

m^(5,3) = 2c an,l
J

valueS.

- /^ \1. m3r-_J:ïJ

THEOIìEM Ll: rnr(3,t) =

Case 2: t od.d..

Suppose ve have

three of j;hem form a

v-t_

odrl (Bose 19[7 )

even

no three col-l-inear. Then any

p]-ane, PG(2,t). There exists

t

U

t+f

L+2

(t+e) points,

hasi s for the

-¡itir

TÌroug):

the

Mon

Lu)

r of points possible in a PC(e,t)

maxinlaf set vj.th tÌris property.

s in a PG(2,t) , r+hich exhaust al.l

an be at most cne other point of

+ 2 (Vt)

vith eleinents over GF(t) = {C, l-,

no three of lrhi ch are d-epeaient .

I ... i- ì
I-2 "t-2 ID ".. O i

I

-)+ -2t-\lb ... b j

of : m- (3 ,t ) - maxirlum numbe
J

'¿Lrree colf inear. Let lvf be a

pcirrb oc Mpass (t+t) tine

nts cf the PG(Z,I) " There c

rh line.

mr(S.t):r+(t+l) =t

e l: t et'en

The natrix, A, has 3 rows

.,.,bt-2i and (t+z) co-lumns,

,roor-t
I

¿,= It r o r b
I

[oo1rb2
mr(3,t)=L+2, teven.

lgog

no 'ù

arly

poir

eacÌ

Case

)
b-, .

,'. u



a l-Ínear transformation r.¡hich wil-l take these into

{(t,o,o), (o,t-,0), (o,o,r)}. Let the cot-umns of c

set of (t+e) points, vithout l-oss of generality,

v_2

the basis set

bel-ow be the

"3 rt-l-
then the partial d.etei.minant

non-zero.

1 o o "1r trz "' "r,t-r-
o 1 o "21 tzz tz,t-!

Since no three

formed. from any

0 1 "3t "32 
...

columns are d.ependent,

three col-urnns must be

10c-
J_J

0 l- c^.
¿J

0 0 c^.
JJ

=n "3j,

0 c-.
r_J

0 
"r.,

I c^.
JJ

v^l t¿J

l_

0

0

t:

t,

0

0

1

"tj

"3J

nhen c. .
1J

Sinc

J = f , 2,

I 0, i

e each

...,u-I

ho
l, f

[.0
1.

utj I

d¡j 
'

# d3j, ,

J = 1, 2r,..,t-1 .

= I, 2' 3; J = L, 2r... rt-f .

point has (t-f ) representatives, \{e may take c" 
-.r_J

, giving the matrix

¿t

þ=

Then drO !l. . . , tJ-I .

I o I I ...1 ì

' o det dzz " ' d'z,.-r 
l

| 1 u3r- u3, ur,*-,-j

,. I lo I
urnl =-(arn-arr); lo .uri

urol l. u¡J

uZuf dr. for J I k, i = 1, 2,

0

I

0

rI
urnl = (aro-arr).

uto I

So {d.rr,...,d2,t-f} and. id.ra,...rd3,t_1} are each the non-zero

elements of

l,le may

cF(t ) in

take d'

and d.r,

some ord.er.

=1rd^^=¿¿i^
=b'rd^^ 51

br...rd^ - , = bt-2
1r 1r n. I t-¿

= o ,...rda *_] = b
Jrv ¿

=a "1j



l7 I
? --)

lr 1

lt orj

lo d:.i

So
. ,'i.-1l)- 

-Ja
a-l

bd*

Then 1,his set

scrme oz'der.

^, ll¡ 
l:
tu

.'. *s(3,t) = ¿

Ì

d^.¿\
(i^ -

Jit

lr

={^

i;

1

i _]
b'

l-, J -'

_'l_

i,. l
^-r

i t- .Ã-r

i, i r, . i_. .
'-.1 -1 '.. li--L'- 1ld -)(¡ " -)-(¡^-')(¡ "-')lob

l.
U

Let S, = {iO, il-,...,ít_t}

anc s, = {is, (ir-t)lroa(t-r) , (iz-z) Iroa(t-r) (it_2* G,*z'l) Iroa(t-i)},
Tlieri Sa an,1 Sn are r:t.¡o differ.ent perrn'¿'catio¡rs cf S = [0, l, Zr,..,t^-2].

T^¿ /¡nì - n , 1, ^\ t ^\/ íl-ll2let t):rjj = O'r- l- + 2 + ... + (r,-z¡ = (r-2)(t-r)/?. = É*i: - t?1.
Since 'c is od.ci, ',,irer-r (t-r) is eveir ai:c (ls¡ = (-tî-1-) inod.(,i--J-),

a.n irrtegei" gi:eater' than O ancL le:ss ',;han (t,-l ).

(rs, ) = (rsr) no¿(t-r) since xs. = rs2. But

(:s^) ; (rs. + xs) moa(t-r).¿I

(fs) = 0lrnod(t-:.). Contra.dici;ion.

.'. m3(s,t,) 5 (t+r), t cdd.

The ma';rj.:t Ar has 3 rol¡s with e-l-ernents over.GF(t) an¿ (t+f)

colurcns r+ith no 'bhree d.eteni.ent

l- T
- Ì!- l
L_t .i + rF i = ì ) +_1: J /'rr: J - rl 4r...ru-r.

L-- k-r
U

of ra1.i-os conLains '1-he non.-zer.o e^leilents of' Cf (t ) i.n

0 I I I .." t_

^ +_)
clbbtbu-'

.z .l+ .2t-l+I.LODD

+ f ' t cd.d..
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II. nr()+,t)

Definition II.l-: A set or (t+t) points ín a PG with no three col-l-inear

is a (t+l )-cmvs.

Definition ff .2: Au.set of (t+Z) points in

i.s a (t+z)-cunv¡.

Lemma II.l-: There is exactl_y one tangent
' in a pG( p,t) .

a PG with no three col-linear

a (t+t)-curve C in pG(z,t). There are t

points of C. Since there are (t+t)

PG(2rt), there is exactly one line through

This l-ine is cal-l-ed the TANGENT to C

l-ines

lines

P vith

at P.

to C.

to any point of a (t+l)-curve

Proof: Let P be a point of

Joining P to the other

through any point of a

no other points of C.

The other l-ínes vith exactly 2 points of C are called. SECAIVIS

Lemma IT.2: There are no tangents to a (t+e)-cr.rve in a pG(Zrt), t even.

Proof: Let P be a point of a (t+e)-curve D in pG(2,t). There are

(t+r) lines joining P to the other points of D accounting for al-l-

(t+r) lines through P in a pc(2,t). Al-l- these l-ines contain exactly

2 points of D and. are secants to D. There are no tangents to D.

TimORm{ ff.l-: If t is odd, and Q is a point of pG(2,1) not in the

(t+f¡ curve C, then there are exactly 2 or O tangents

from Q to C.

Proof: suppose there exists a tangent from e to a point p of c. Each

of the t other rines through Q can contain at most 2 of the other t
points of c. rf each contained exactly o or 2 then an even mrmber

l¡ould be counted, vhich is a contradiction for t odd.. so if there

one tangent from Q to c, then there are at l-east tvo tangents fl.om

is

q,
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to c. The sarne reasoning appries to each of the t positions for Q

on the tangent QP. so there is at l-east one tangent to each of the

t points of C - {P} fron the t positions on QP. Then there is exactJ_y

one from each position by Lemma rr.l-. Therefore: âñv a I c has either

O or 2 tangents to C.

Lenma II.3: For t od.d., t > l, let Cr, C, be (t+t)-curves in pG(2,t).

If Cl, C, have more than (t+f)/2 points in common, then

they are id.entical.

Proof: IQni"t, P.9].

TimOR,m{ rr.2: For t even, the tangents to a (t+t)-curve, c, meet in

a point 
"

Proof: Let Pr, PZ . C and, X É C, vith X on the line throu8h pr, p2.

There are (t-l-) points of C - {er, eri, and. (t-f) is odd, so there is

at least one tangent from x to c since secants take 2 points each.

This applies to each of the (t-1) positions for x on papr. so there

is exactly one tangent to c from every point x on the secant ptpe.

Thus tvo tangents cannot meet on a secant, that i.s, one cannot draw a

secant from the point of intersection of tr,¡o tangents, then only

tangents can be d.ra¡.¡n from the point of intersection of tr+o tangents.

Thus there are (t+l) lines, all tangents, to the (t+r)-curve c from

the point Q vhere two tangents meet

Corol-lary: For t even ¡ ãny (t+f)-cr:rve can be embedd.ed. in a (t+Z)-cr-rrve.

Proof : Ad.d. the point Q where the tangents meet.

THxORm4 rr.3: nr(\,t ) = (t2 + f) for t t z.

hoof: Case 1: t odd. (Bose, 19\7).

Let M be a maximal set of points in pG(3,t) with no lhree coll_inear.



aÌ av-o

B¡¿ Theoreil r.l- Ì:Lo rnol:e'than (t+i) :f these can be i_nthe same orane

PG(z,L). r,et Fr, P, e M. Tìre .line p.,p, Ìras no o'bher points oi:' M.

Ln PG(3.t) tnez'e pass (c+i) rJ-Lanes t.hrough the l-ine prp, vhich exha,r.ist

all rthe poin'l;s of FG(3,t). Each such pla,ne can have at ncst (t.-i)

¡oiäts of M- {ur_, tr}. TÌrererfcre, in3(+,i) :2+ (t+r)(t-r) =t2 +l.

in PG(3,b), r)n +,he sru'fa.ce ,2 -- kyz + zu = 0 irirh k a non.-resi-due ,

'chei'e ar.e (i'+l- ) points , no three coll j rjeâr, , Iq,rist , p.2\ ] .

Õ

. " rn^i4rtJ = i + .1 , t cdcl"

Case 2: t even, L i Z, (O¡ist, Se:i.cì.en: t = l+).

Let P be a po:-nt cf e rnaxi¡nal- set M, lriili no three points colljnear'.

Thele t"* ('U2ot+-') I ines throu-gh p -r'hich e:lhaust ail- the points oÍ.

PG(3,1). Each cf these lines carr ha..'e at most one other poi:ri, pi,

of 14. Thus ,

m.()+,t) . r + (t2 .i- t + f) = t2 * t * z.J

s"rppose mr()+rt) = t2 +'i, + 2. Then a-l-l lines through p are secantsJ

and..there are no tangents to II . An;r plane ñ.€e-us M is o or (t+e¡ points

sin"ee thez'e are no tangents b;r l-,ernlra II.2. Th,e muober of secants i,o Ìr{

equa1. tlie nu:nber of vays of' cÌ:crosing 2 points virich equal-s
.r).(t'+ r, + 2)(t'+ t + L)iz. The nu:r.ber of tines in FG(:,t; eqrials
.DD(t-+1)(t'+t'+r). For t > r, there are more fines than seca.ts, anc

there erists a -l-ine, !., noi; meei;ing rrli. Each cf -rhe planes through

,t neets M in 0 or. exa.ctly (t+z) p,:ints;, so the nì.unber of points in l,{

is a mul-tiple of (*"+2).
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So (t+e)l(rr2ot*z) irnplies (t+r)i((t2*toz) + (t+z))
.)

and (t'-+t+2) -r (t+e) = t(t+e) + )+.

Then t+2 l)+ lnpf ie s "r = 2

and. m-(L, ?-) = ,2 + t + ?- = {) (see Theorern fIT.}).J

Fcr t :, ?-, evet: Let Ll contain (*.2r-u) polnts, â ( t, + Z. Suppcse

a > l; take 1"1 maxjrnal-. There or. (t2+a-t-) secanLs,;h,rcugir p e 14,

.Dthere are (t'-+"t{-f ) lines througkr F. So

ll tangents th:.ough P = # lines - ål secants -- (t-a,,-Z).

since a < (t+e), l¡e can pictr a tai:gent, T, through p. Ea.ch of the

(t'rr) planes';hrough r in pG(3rt) meei; M in aL nost t other points

since (t+e; cu.r\¡es have no t,angents. Àt reas-b one plane, p, does

corrtain b olher= points; other',.+ise iiiere wo,.rld. be < t + (t-rt)(¡-i) = t2

points, a contradiction to a > 1. îhe (t+r) tangents-bo the (t+r) set.

obtained f::om (il fl l,I) ineet in some point Q since t is even by Tlleorem ff.2.
rf Q I (u lr ¡t), thon Q É I't; so consider joining Q to M. rf at-t lines

from Q rrere ta,ngents ¡o C, r,re voul.d have (t2+u+I) points with no t,hree

collinear and M maximal-, a con-Lradiction. Thas there is a secant, s,

I'r'om Q to i4. Corls-ic1er the pJ-arres througb S, d.eterrnined by S and each

of the tangerrt's from Q" Each of'these ha.s p- tangent to l{ lying in.¡-r,

so none of these intersects M in ('rr-2) points a,nd, each of these has

at most (t-.t.¡ other pcints of C - ip.,-, p2Ì.

Thus the mlnber.of points j.n M < e-r (t+.t)(t-f ) = t2.t- l, a

contraciction tc a > f. Tl.rus

rn^()+.'¡) . t2 * f .
'J

In PG(3rt), on the surface *2 + y2 + Ìrxy * ZLr = O, vith k such
o

that ("/V) = -i k ("lV) * I = O has no rocts i:-r GF(t), tne'e-are (t2=r)
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po j-ni's r+ith no -*.hree coll. inear. iqurst , p. 25 j .

/1, -\ - -,2
"', or3(ar-u) = -'c- + J-, t even, t f 2,

11-1.. m- ip,2 j .
J

THtTiOREùi III ..L : '' - o-jnnr'(p,2) = 2o - up I3 (Bose, rgLT)

P:tr€, Let ùf be a rn¿Lxirnal- set of points in PG(p^I,Z) r,'ith no three

co.il-inear. l'h:'ough arry pci-rit P e I'f 'Lìrere pass 12Þ-1-f ) lines vhich

exhau.'st the points of PG(p-l-,2)" Each of the liues carr have a.t most

one other point of' M. So

nr(P,2) : r + iep-]-'r) = zP-f .

Consid.erthe p-rolred lrratrix 'ç¡:l-bh el-ernenrs over GF(2) = i0, 1]

.¡¡i'bh each col-runn contajning an od.d number" of cnes. The nurrrber of

such col-u:lns rls the nirmber of vays of choosing an od.d ni¡nber oí' po-

sitions out of

p = (tÏl 't t|l . * €z)) where z = p r.r p oclcl

= p-.1 if p even.

Since

(r-r)P = o = tll - (f) * (l"P''o' 't-' ' 2) - (: l
..P. .P. ¿ - /P\1 _ ¡rP, ,P, ,F,then ((i) + (;) , ,2,/ - \(i) + (r) + * (;,) vhere

Zt = -p if p even

= p-l if p oO.d.

and tll ',tfl +. *(r)=f,faP) =2P-1.

A subset of 3 columns of this lna,trj.x are -LinearJ-y d.epend.ent if

and. only if'a line¿rr combirraLion vith coefficients in GF(2) is zero.
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Then the st¡n of tlie thr'ee columi:s musi be zel:ù. fn such a srlln i:here

are only til'ro cases, eith.e::' tÌree zerces cz' tvo ones and- a zero vifl-

ad.d. t,c¡ ze'ro, The¡: the 'r,ota_l ni-r¡aber of ones in the bhree cclurnns is

er¡en, a con'¿r'aclic-bion sin-ce ea,ch cc,i-umn ira,s a.n od"i nr-imbe:- givlng an

ocl-.1- total .

Then no subset of three r:olumns are liuearly dependent an.J the

upper bound is attained..
/ ^\ ^n-lnå(p,Z)=2'* Vp>-j

J-

w. rû3(5,3)

*^(5r3) = +-he maxinLu¡r number of factors, rfl, possibte i-n s.J

(tni, tnl-5) synneirical , confound.ed, factori.al ciesigrr so

tha.t no inter.actions invol_ving less than or equat to

tirree factors are confounded.

l'HEoRm.f IV.i_: nr(5,3) - 2o

Mr lla]tini (:.96r¡ , p.23i .

V. Upper" Bcurids: n-(p,r)
)

THEOilltf V"f: rii"(p,'L) .r+ (¡1)-1)/(t-r) beven
J-

( Bose, l9)+7 ) .

or
r.-D

<l-+-bY- t odd

(The=se bounds have been imp:loved, see ,y beiov. )

Progf: t even: Let m be a maximaf set of point,s in pG(p-rrt) with no

three collir-rear. Thlor-rgh a. point p e M there pass ç1p-l-i)/(t-t) ìines

which exhaust al-l ihe ¡oints of .?G(p*-L,i). Each of these lines can ha-¡e

ai most one other pcint of' ì,{. So rn-(p,t) .: I + (tp-f - L)/(t - f ).
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t oåd.: T,hr-ough pì , p, e l,Í r.here pass f tF-2-t)i (t-f ) planes

r'tiÍch exhaust all- the pcints <.¡f pG(p-lrt). Each of these p-Lanes can

he,ve at nrost (t-f ) o*uher pcrin,L;s of tvl by Theorem f .1. So

rn.(p,t):z + (t - r)((tp-2 -t.)/(t - r)) . ] * tP-2
n-)

TI{EORS4 V.2: m.(p,t) < to'- -¡.t-, t > Z, p ? 5

_&_qqf ; lfal-tÍni , l-9561. Tirj-s bound has been inpr.oved.

l'ËttOHEÌvf \¡.3: i) m.(>,t) .t3; teven
- n-Á,..^aYv-.

; ii) n"(p,i).tP-'-t rt';r-i-o
(These bounds have been imÞroved., see 'x betov. )

x' The foiiowing bourrd-" a.re the best jinor,¡n cu::renily

iii ) n- (5 ,5 ) < t2)+
J-

iv) mr(1,5) . ,P-2 - (,- )

-)Ut

'm.'lPr)) <
J-

Iù+ 6r\

la ! r r \\Jee ,. oeiov. /

t even, p > 6

v) m"(p,t) ..)-

JUb4

. r¡--2 -(

¡On Or ì,JU¿ ) Ul_+

p > 5,-i; I 7, t oaa

(n-6 .ll-'rl101.I-1,-1 - l; p ì 6,
1.1=L) .lBYro

) /v ,f5,31¿+ T6

fp-; . ì
t-5) | x t'l

[i=0 ]

B

+ l;

3L+2

(20

L325

2l9o

3366

Procf: lBarlc'ut,i ,

Tml0RF,lvf

^ ^(t/¿ )¿öo

6,522

l-l+,570

2.8,1+5O

r o,iz'lL/ / I J .

/ ^\;n- lp r.J /

T

9

1-l

TJ

tr
J- -'

:

r c oo)-r
L/ ) / / '

,8,786
L6c,zr't+

if6,B5o
jz1,162

,6p

10

r^Ð
r..j-

I

L: i)V.

p

+ z3) /ro,
9

n. (r,3 ) . 76 2r:- 619 )gTL 5908



tllr6Et-cr?r)+t--
/ .- , \ I --

m" ( ) ,t / < I 5J ?L) 
'ti 

9)99 LT2T 2T)ßJ--

ij.) mr(5,t) _. t3 - :.; t I )*, t erren

nr(prt)

Cl, D]^LÕ 'a> t"'+ (t'"'' - t)/(t'-:.); Lr I t, V t
1 r.'rzn-z ) (icz--z¡+r) /z + 112n^2-y) / (tz-i);

a.", = kg, k = T (;r,od B) impì-ies t = 3 (mod

,- ir'nn'-l)¡ (t.^.r) - t (t2h-r ) / (tz-L) ;

: ,tn * (t2ho2*r)i (t-r) - ¡ (r2Ì'-i ) /(t|-i) ;

¿-2h+l'r ., t ¡,2(t -].)/(t-'-i); h> 1,t > Z

1957 I .

\i--f -L

)+)

t o']d.

t even

j.íi) m"(p,-u) < | (-"2-e¡.'r) + ((.rp-r ) / (t-i) ) (t-e) l/(r2-.c-.r)

for P ,_ 6, t > l+, t eten
-¡

latt.l ô T ö

tt4 l, z5o < 99i . 3,97\
I6 l.tz39 .< T,TZj . ir6,33ó

,l
a | .AoSa <2,68, <rrz,3Ti

I
I'f.l
I't

cur'rently. The authors gi,¡e a t.epresentation oÍ, the poin*us in a.

PG(p-l ,t) '.ihicir compl-ete-ly specifies the struc'cure of a lnaximal- set.

This.result aiong vith Ttreo:relns rf .3 and I.1 a.r,e used_ to obta,in the

-t- i

bounds.

Vf . Lor^¡er Bounds :

i ) m, (3n+a ,t )

nr(3n+e,t)

h ì f ,

ii) nr(3ti+3,t )

hì1
iii) n^(3n+L) '
Pi'qgË": lsegre ,
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Þ¡gp.Lqs,h=I,2.
(a) rar(>,t) , (5c2 - zt

,L
ìi-+(t _

¡. I \ /c.. )-t/r_,

a
_i-)¡(t' - J.)

Ir56

t = 3 (nod \)

ll10

2O 5l33

(¡)

7 3 l-1.6 t 29 16¡ zcr 3I+e_

,'.2 -,,' 2i;(i- - r)/(.L- -. i ); t odcl
.ìô

i) - t(¿' - L)/ (t' - r); t even

6rBgto

* r) -

r)/\.t, -

)r q*)t lZ
il''tL:-i-;

(") mr(T,u) t (t6 -

3T 97 L5r

-t\/l+2 .1.L,/ / \ú - Ll t

\s

289

U¿I.

6l+r Bn 1183

10

m.(7,'c)

mr(E,t)

9r. 273 6>t

t2 (r-,2 - zt + i) /?-

th -, (16 - t) /(t2 -

2\5t )+t6r

- ).) /(t2 -

bo4j t_L,liI

f); t = 3 (inocl )+)

t otÌrer'¡ise

91011

¿JJ

,2+ (t

L) t

o

(¿)

fol

mr(B,t)

m, (9,t )

37 l8l 529 LzT6

(t" - r)/(t - t) -
l/¿t ht' + (t" - r)/(-t; -
ia3)+

2629 568,, 8z>7 13,20)r

, r.'4 -,,r.2t(t - ])i (t* - 1);
),

1) * t(t4 - L)/(t2 - l);

>67

i2 ,1ll.

t oclci.

t even

B

4t,383

-----"ì-rr(9,t) : I eg

(r) nr(ro,t) : ("8 -

3776 9lc9

t>2

6
+l

33I

L) /ftz
)+

r trtr1L))i

_ tt.r-t )

F

1)+,258 36"029 6r,692

----*m-(l-o,t) r i)-' B2o +z6g i.6,2T6 \''( ,989
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l'^),t(e) n3(Ìr,t) ì L'-iit'-?--+L)iz.+ (t" - t)/(r¿ -l); t = 3 (:noa)r)
<A^

r . : t" n (t'' - .1.)/(t'- r); t other-,¡ise
¡lt ¡ 2 3 l+ ...

nr. (tt,t ) | ri+9 t63o 8l+6:

Renar|: The bcoli of D. Raga.rara.a (19T1 ), recently pu'olisliecl , inclutLes

inany cf i,hese resu-Lts in Chapter l_3.
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C;lAFTtrì v.I . rn4 (t, t )

The values f'or mU(\,+.) anc some vahies of m4(lr2) are knor.¡ri. Also
/ - ^\:rt¡()r3) = .l-i anci u.::per bcu¡lCts are kncm lor a.LI other values.

I. nr, (4-t ì
+

:_-.-_-
Lenma, f.L: m,,(l+rt) . t + 3 Yt¿+ -,

Prool: Let i,i be a maxime.l_ ser, in pG(Sr¡) l¡ith no four points in a plane.

Throrigh an;'r point= Pj-, P, e M tliere pass (t+r) planes vhi.cir erhaust

the points of PG(3,t). Each of these planes can have a-b, tnost one

other iro:'-nt of M. So

nt',(h,t) . a -r ('u + 1) .. I ¡ t.+È.

Coroll-ar¿¡ I..l-: m' lh.2) = 5 (r...4. .r*, , ,,ìao, Sei-clen, Bush).

l:ggfr By Lemna I.1 m4()+,2) ::. Tl:e L-ror,¡ecl matrix, A, vith el_ements

ove,r GF(2) ha.s five col-u¡nns v¡Íth no four deper:den'b.

[iooorl
{= lt 1 o o tl

lo o I o rl
[ooo]-r)

Thus m4 ()+,2) .- 5 ,

Lemma I.2: m, (L,t) < t + 2, t oddlí'

l?oo{: Let 14 br: a maximal set in PG(S,I) no fo,r:: on a pl-ane. Suppose

the maxirnun of (t'r-3) of Lemma r.-ì- L'-s attained.. Thr"ough pr, p, e lur

'i;here pass execti;,r (t+1 ) planes, each r,¡ith one cther poiirt of l.l.

Tlirough P, e M there pass ltut-rtz ) línes; at ieast one of these ha.s no



otiler pcin-b oí ÞÍ, ot

P1C br- suc.h a- iiire,

tliere pass (t+t ) l1a

then it, iras a l;hr,:cL

0 or 2 more points o

then the (t+3) point

t even, a con-i;ra,ci.ict

.'. m)+()+,t) < t -i- 2:

Corollaly f .2: r,r'(Ir

Pro€: By Lemrna T.2

ove:: GI (3 ) has f j ve

[r(]o
I

a = l0 I 0
I

l0 0 :t_

I

l.000

,', m)r()+r3) = 5.

1

0

0

)

j:hei'

*r.rl i.es

Ò
r-'t;+t')+1 ) >'ù-i3, a con'brad.iction.

are t posi"ticns for C. TlLrou!.h

of th¡:se iras a second point of l'{

ia.-l assu:nntion" Then ee.ch has er

= þ of planes r¡j-bh 2 more points,

coun'rer.ì as (Zl+t) . ;1o [ = *å tnt
I

/ t-nerk-r_se I lr

r.¡here there

.nes; j-f oire

by t.he init

f M. if .e,

s of I'i are

ion.

t odd.

^\¿ì - \)r / /

' *Ir (! '3) :
colu¡nns no .

oll
I

r tl
Io rl
IrTJ
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r -r

r \,
_i_

(Bush, Gulat,i a;r.d- Kounias).

,. The l+-rowecl matrix, A, wiih elements

four d epend.ent .

THEOFEI'I I..L: n4()+,)+) = 5 (Busn, Gulati and Kounias).

Proof : The )+-ro-¿ed mairix, A above, vith elements over
Ò1.

GF(zt) = {0, l, Ìr, bt} has five r:o}Lrnns, no fcur depencr.ent. So

rn'(h,+) : ,,.

Slrppose r,¡e have a rnaxirnai set of six col-urnns. i.riithou.t l_oss of

genelality lfe mai¡ take them to be 'uhose of the matrix Ar: (p. fI-)+,

Chapter II ) .

00
l_0
0f
00

01
\,, -L

0l_
tl-

url
url
cLa I

-,1

di. I,,, 
J
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No subset of for:r col-umns can be aepena.nt " Then the last col-umn

must be all non-zero, othervise a l-inear combination with 3 of the

first l+ col-r:¡ns voul-d be zero. So ve may take d, = 1. No pair of

d.ts are the seme, otherwise a linear combination vith the fifth,

sixbh and two of the first four columns vou-l-d. be zero. so d2, d3,

dU e {b, b-}, an impossibiÌity, and m4()+r4) .6. Thus m¡()+,Ir) = 5.

Lenma r.3: For t od.d.. Every maximal- set, M, or (t+r) points in pc(z,t)

no three col-l-inear is contained. in a unique irred.ucible

conic, whose (t+f¡ points are id.entical with those of M.

Proof: ISeg"., I95rl.

Definition f.1: An IRREDUCIBLE COÌifC in pC(e,t) is of the form

Xa-.X_.X=, i < j, i = Lr 2, 3 with the coefficients1J 1J-

not al-l- zero. There are five unknovn coefficients

since any one of the coefficients may be taken to be

1. The conic may then be d.etermi-ned. by five points or

four points and. a tangent.

TIIEORHvÍ ï.2: For t even, every set, M, ot (t+e) points in pC(3,t)

¡.¡ith no four dependent can be completed. to form a set of

. (t+l) points with no four d.epend"ent. (Cufati and. Kounias).

koof: (r) rnrough any Pl, P2 e M there pass (t+r) pranes çhich exhaust

all.the points of PG(3,t). At 1east one of these has no other point of

M, othervise the points in M voul_d. be counted. as Z + (t+t) > t + 2,

a contrad.iction. so, through any pair Pr, Pz . M there pass exactly t

pranes vith exactly l- other point of M, and. exactry I pi-ane with no

further point of M.
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(z) let, Rl, R2, R_ì r l¡l ce+,errnine a plane T¡ C pc(:,t). Thyougn

R.¡ pass (t'r'l) l:l-nes in Tri Rite, Rl.R3, vhich ha'e ex:¡.cfl_y Z poi_nr:

cf'l'f, ana (t*j.) oti:ers, iotP.,l\ : q _: t l. 2Ì, vhlcn have ont_1. Ra e tr{.

(:) l"t R¡ e I'f, Ru t î3. Thz'ough RrR! passes exact,Ìy one pÌane,
.T¡r vi-th no c)r.her of' la by (f ). Sjnce 2 planes meet in a l-ine: -c,hen 

T,U

inlersects T, :'-rr orre cf t,he l j.nes ttrt,r. since r,here a.re (t-1 ) c,hoi-,,es

Í'or R4 t;he'e are in tor--af (t-r) i'.rrst:inct pra.es, {T,o ll+ : q < t + 2},
intersectinS T, in one cf -uhe (r,-f ) c].is,uirici l_ines through Il, in T_,

{R.,P^l)r . q < t i 2}.rv.
()+) suppcse ¡r planes t,hrough Rtp.l har¡e e:<ac iry 2 o'bher çoi-nts

cf M and the remainirrg (i+f^y) pJ-anes r;hi.cil.gJr Rrpr- have no other ¡oinis
of l'1. The (t+e) poinls cf Ì{ are ccun-i;eri s.s (Zi,-rt) impl-yirrg i-, = Zy-l-,

an orLd- nr¡nber. an,1 [i ccrn'uÌr¿;iJ.ic;Lic,¡i. Th',rs; R,] ,r-rn he;.s aL, ieast one plarre

thror'-Lgh it vith exactly r ot,her poin-c of M for ea,crr il .: s: t {- 2.

(r) sitr". there are orrry (t-i.) pranes to d.ist:rj-bL*te over: ihe
(t-r) -l-ines by (s), and each rine mrst recei.¡e at rea.st one rine by

(+), tnen the'e rnust be a f-l correspoï.Lrience ancr each line Rr_pn is cut

l;y exactly o^e plane Tn r,rith no other.points of M for h:,r < (t+2).

: 
, 

(r) r,et'l;he unique plane or (t) wii;h no other point of M throuqh

*_r.t3 tu )i, through RtRe bu- Y, and. th'ough R.Iì- be z. There ti:ree pJ-a.nes

meet in a poin'b Q r{ r¿. Through R.Q, pass (t¡: ) p}anes; srippose orre of

these, T, has two other l.roints; of M, say R. and R.. Thelr RrQ lrill be

a l-j-ne in a p-l-ai:" RtRiRj anC there is oniy one pt ¿ne tlrrough RaQ v-ith

e:;actly one otÌrer poiir-t, of l"r by (1). Bu.l, x, y both have r:xactly one

other point of ii{, a contreLcl-icl;ion.

pcints of NI.

So no pJ-e.ne -through RrQ has 2 or;her
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(f ) Since the (t+f ) pJ-anes thr.or-rgh P.Q exhaust the poiüts of

PG(l,rr), a-ì-J- (t+r) other points of' l,Í must tre distributed. or¡er. these

(t+ri pJ,anes. since no pJ-ane can have 2 nore poin-us of r,,r by (6),

then- each inusb ha'¡e orrly ì. othel point of 14. Tìte sa¡-re reasoning liofds

f'or Ro and iìr; so e'¿er¡r plane througn RlQ,, R2t) a-.nd RrQ hias exact-Ly

olre otlier pcint of lvl .

(B) Consid.er R-, R2, R3. The unique p'lanes -r,¡ith no or.her

point cf lt4 thlouAh R.Rr, RiR3 and RrR, meer in the same porrit Q of

(f ). By the sarre ree,sonirrg as in (6) ancr ('i) e.¿er"y ptane through

RrQ has eractl;r one o'i;her poi-n',, of ir4, for. \ : i : ('¿+2). So the

pfanes R.R.Q. i # j, i, j e {1, Z)...,t+2} have rlo other. poir:t, of M.- ]- J -'

(g) ,qa¿ Q to the (t+Z) point,s of trf to f'orm a set of (t+.3¡

poj.n-bs in PG(3rt) r¿ith no )+ rlepend.ent. This set is maximal by

Lernma i .l-.

THEORÐvI I.3 :

Proof: In the

n¡ (\ ,t ) = -i; {- 1, t ì 5 (Cula,ti. and Kounias ) .

first par-b r^re ccnsid.er three ciiffereitt cases and find

an uppell bound., in the second part ve shcv this bound. is abtained.

Part I. I'ind.ing an upper. bounci.

CaSe- (a): t = k9, k od.d.

(i) Suppose ïe have a set, S, cf (t+a; points in pG(3,t) no four

d.epenri.ent. Pl " PZ, P3 e S deternine a p1 ane, T. Let PrQ e S. The

(t+1.)'points of s - {p} vtren projected- from p onto the plane T give a

non-co1l-:l-near set or' (t+f )-.poiirts in tlie pt¿¡1s T,. For if 3 cf these

Trlere on ¡he sarte l.ine, L, j.n T, then'che plane detei:mined by l. ancl p

voufd contain )+ points of S, a corrtr.aiLictíon. These (t+f) point:: Ín T
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are the poinl:s of an írreci.r.rcib_-l.e conic, C, by Lenma L3. SirnilartX:,

the (t+r) roints in T obtainecl b;, pr-ojection of s -. {a} on-r,o T are

the points of e.n i'-rreducible conic , CZ.

(e) ¡¡r'CI" CZ have the 4 pcints pL, pZ, p3, R in coru,l.on where

R is the pro;cc1;ion c-¡f p f'rorn Q (Q fron p) onto T. The tangent to

T at R of Le¡rna rr.1, chapter v, :-s ccmnon to ca and. cp; it is the

irlte-r'section r:f T ancl the unique plane througn PQ having no ad-d.it,,io¡al-

point of S (see Theoren ï.2, pari; (f )), So C.,, C, coincid.e by
. L'

d.efinition f .l- .

(Jl Let P on the conic 1..,e the projec'b:i.on of'L through p, s.nd of

l,r thì'ough Q. Then the pÌane deterrnined by pQpx contair,s the h por-nts

iP, Q, L, Ì'{}, a cc>ntradic..i_on. Thus, such a, se.b, S, cf (t,+a) poi.nts

cannot exist. So n¡()l,r;) : t.t- l_, t orLcl.

Caqe (¡)_: t = z''t', t even.

(f ) i,et M be a maxinat set of (t+3¡ points in pG(3,t), no four

dependent. using bhe same reasoning as in r,emma T.2 l¡e find. t,ha.t

tlrrough A e M,,c é. n, there pass fY-¡ planes r¡i,ch exactl-y 2 points

of M - iA), anCL (t+l- - ffl = f,- nrur.." with no points of M - {¡.}.
(z) f* Pi, Pl_, P2 g l,{; tet Q be orr r,he l_ine plp2 r.rirh Q I M.

TÌ:rough QF, 'Lhe::e pass (i- t f ) pìar,"" with exactiy 2 points of lvi -. {p. }

by (f ), narnel;,: P;P.,P, ana I others. This j.s tr,ue for i = 3, L,... r,u*3.

So t,he, numbe:: cf pJ-anes through ep., i = 3, h,....t+3 excepting

P-.F.P. is courrted as (*)(t*f ). Iir.t each of these is ccunteC threeII¿

timese once for each virtice. The mrnber of such planes is counted.
-, t*lu" ã . ¡- viricÌt mus"u be an integer.
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(3) ror t = z?h, -,hen z2h(z2b*t')/(, ís an integer

then 3 iezn*t') (a2h*r ) .

Nor¡ 2r = (3-r)" = 3. o (t)3"'1(_r) -r. .,. + (;)30(_r)t

= g[¡"-1 + ... ," (rlr){-r)'-]] + (-r)'
^^T--t-So 2- = f (mod 3) if :c ev'en;

= Z (mod 3) if r od_d..

so q22]n't) (e2Ì'+i ) :. çzh-'t(nod 3 ) ) " ( ( r?'n'*r) (r,rocl 3 ) )

= (2)(2)(noe s)

= I (rn.:J J), a ccnt.re.cjicb,ior:.

So a maximal set cf (t-r-3) cannot be attainecl.

(l+) ¡y Theore:r I.Z, any set of (t+Z) in pG(:,t) r,¡j.th no four

dependent can be cornpleted 1-,c a set of (t+:). since the latter r]oes

r¡ot exi.sL, then Lhe former does not exist. So m'()+rt) < t + l,
^1. _aÍIL = 2 e\ren.

Case ("), t = r?l.'vr, t evcn

(f ) f,et Ìnf be a maximal- set cf (t+¡) points in pG(3,t), no four

rLepend.enr. lthere are (t+t+'t2-rt3 ) points ín pG(3,t). Through two

points of M there pass C"i=l tines; each has 2 points of rv and, (t-r)

others not in Ì"T. . Tire ni:mber of points irr M pJ-us tire number of l-jnes

throlgh 2 points of M is

(t+-s) + (t-rlffl = 1t3+5t2 +..r.-6)ia . (r*t+t2*t3).

So there exists a point R I N1, and. R ís noi on any l-ine througn 2 points

of M.

(e) let {p-, i = I, ?.,...,t,+3} be tire points of M. As in case

(b) (2), ve find (t'+z)/2 p'lan." tlu.ough the liire P.R vith exacily

2 points of M - {p. }, i = 1., ?,...,t+3. Each of ihese j_s counted.
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three tj.rnes, or'ìce fo:'each vertice. TÌ:e nunber of'su.ch planes is
Ir^

ttu-t'¿\ / t,-¡ 1.ccttnred as \ Z )\ ï-) r.¡h-ich nLust be a.r1 integer,

,22h+t. then t"h.r.a)l'J'Ïgie ¡n in1-c.oa-¡.'5
-"hen 3 I (e2hor ) (e2h'1..3) .

O1^ D].rl ôL
Bu'b (z¿I+L)(z¿nol-3¡ = ( (zzh+r) (noo 3) ) ( (r2Ìt-r}*r)(rnocÌ 3) )

= (2)(z)(r¿o,r 3)

= I (rnod 3), a contradictj.on.

So a maxirnal- set of (.c+3) is not attainable.

(\) ¡y Theci.e¡r f.2 if a set of (t+3) is impossibre,.then so is

a set or ('t+e). So m,,,()+,t) j (t, + t), t - rzlt+Ie even.

Part fI. The upper bound i-s aitained..

The )+-::owed natri:<, l,{, with efe:tents in GF(t) = {0, f , b, b2e. ú.,¡t-2}

has (t+f ) col-urn¡s, no four of vhich are cleperrd.ent.

i. i_
-t-l-K'= lL ib "-b ),

j.k

k = O, i, 2., 3, lr.

i. i_.

= r (b J-b *),
i<k

7=ô1o? !t 1J J.

irorrr-rl
,¡- lo o 1 b b2...bt-2 1lvr - 

lo o 1 'b2 b)* ... b2t-l+ I

[o I I b3 b6 ... b3t-6]

Consider tìre pcssible sub-matrices of )+ columns.

iî, t- r., I
ìví, = lott bi2 bi3 biL I ¡'r l''t - | .^ :. i, ^ i, i' 

l(12¡''r ¡r21rz (¡2) , (¡.) "l

i-1ot¡tt (r3 )t' qr3¡j: (o3)th | ; '

]õ1 1rl
l, bir- biz ot, I lr, t

M-- | ^i^l'u'2 = 
ir (12¡r r (nr)tt 1¡2¡'3 

1

i (03)" l¡3)ie totltlj 
r '



!f^ =
J

l_

i_
Ib-

ì
(¡2 ) 

-1

r 1.
/¡^J \ r

These deterri:'-nants are all-

non-zero elements of GF(t).

depend ent . So m, ( )+ ,t ) = t

1?)
j

J

i' ir-
non-zeïo sj:nce b ', b ^

So no set r:f )+ col-.¡:nns

+ 1, 'b > 5.
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l-. 1.
n (¡ J-n o),

ì<k

=l ) ? L+7 ç) J)

are d.istinct

are -linearl.y

1

0

n

_0

I
i.,

-a
b

(¡2 )

a
/r-.J \

l
*?

o

i
Î t- Z¡\Þ )

i^-
I t- J:

\u )

lt:ì =

i' k-

Ir. m)r(5,b)

TEmORm'.{ IT. f : rU (5 , 3) = lt (Gu}a¡i ano Kourrias )

Proof: l,et 1,4 be a naxinal set j.n PG()+rt) r.rith iro foL:.:: on a plane. For

t od-d, then Lemma I.2 gi-res at nost (t+Z) points of'lvl in a FG(3,t).

Tlrrough any 3 points PI, ,2, P3 r lvl rhere r:ass (t+f ) PG(3,t)'s vhich

exhaus¡ al-t -r,he points of PG(L,t). Eacir of these PC(3rt)'s can have

at rnost (t+Z)-3 = (t.-l-) other points of lvl. Then the number of points

inlvi < 3 + (t-f)(t+f) = t2 + 2, t cdcl. Tirus n¡(:,:) :32 * 2 = Lf.

The 5-ror,¡ed. ntairj-xr A, r,¡ith element,s o\rer GF(3) iras ÌI colunns,

;^no f'our of' vhich ai'e d-ependent. This may be checlied. by obsez'vat 1on

and. simple eTruneÌ'aiion. (taitini, 196l-).

[=

r-00
0r-0
001
000
00Cl

001-0r-
00fl_0
o0]-22
l-0I?1
0Ìl_12

l
t_

0

2

?_

11
22
2L
o2
l_0

Thu.s m4(t,*:) = l-l-.
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TIIEOREI{ f]- .2: rn'(5,t) : t(¡ - t), t t_ )*. (Cufati and Kounias).

Prcqf : (f ) let 14 be a ¡naximal seu¿ of' points in pC(lrrt), rro foLir

dependent. Througkr P., , PZ, P3 e i',1 ther-e pass (t+.1) pG(3,t)'s vhich

exhaust alr the pcirrts of PG()+,t). since nrr, ()r,t) = ];+Ì, each of these

PG(3rt)'s cari har¡e at most (t+-r-;-l, = t-2 othez" pcrinr,s of M. Thus

m,,(5,t) : : + (t-z)(t+r) = t2-t.rr.

(Z) supp,:,se lvi attains lhe mariru¡n of t2-t+1.. Through

PI, P2 c M there pass (t2*t*t) planes vhich exhar-rs-r, al-l the poinis

of PG()+rt), At least one of th--se planes, T, has no other point of

M, o'bherwise the points iit l,f voul-d. be counted as t 1t2+t+f ) + Z r (t2-.-,,-:.1-),

a contradiction.

(:) iet P e T, through pi, pz, p pass exactly (t+r)-pc(3,t)'o

l¡hich exhaust all- bhe points of PG(l+rt). ln ord-er. to atta.in a maximrm

of (t2-t+1) every PC(3,t) vhich contains 3 points of lrf nust contain

(t-Z) others by (f ). Thus each pc(3,t) con-taining pa , p2, p h.as

either (t-f) or O more points of 14.

(\) Sunpose there are S..ritlr (t-t) more poirrts of M. Then

tire (t2-t+1) point,s of M are counted. as S(t-2) -r a. Then

s -- (t2*t-l)/t-r = f,, - t| - rl
must be an irrteger'. This is a contradj_ction for t t )+, so

nru(5,t), t2 - t. + t-. Thusm4(l,t) :# - +- = t(t-r), t ì- \.
Tr{EORm4 rï.-?: 

",'u(5,,.) 
. ((t-:) + (Bt5*t2-6t+r)t-/z)/eft-:_)) ror t > z.

Proof: (Bose, Rao). See Corollary TI.'l , Chapter Vfff.

A simple 3.'l gebr.aic compar.ison shor¿s that If .3 gives the bett,er.

bound. fo;: t > j"

Gul-ati and
Koun-i-as Bound I2 l+z3020 56

iiose-R¿¿c Bc;und. î; 20 t) c: 30 JO
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III. m¡ (f,,2 )

TlmORm4 Ifl.lr *L(r,2) = 6,, T,.\(.6,2) = 8; mL(T,e) = tf
(Rao, 1.9\T; Se:i-den , 190+) .

þ€, By en'.::neration, assrming withor-rt loss of geneiality r,hat ttre

p basis poin-bs {t, (^1., uzr...,âp), .i - I, aj = 0, j f i i = O,

l-,"..,p-f i belcng to the maximal- set of points i.n pG(p-f ,2) no four

on a plane. (See Coroì-lary i.l, Chapber ViI).

The fol-l-oliing ar:e examples cî maximal sets:

l_00001_
0r_000t_
001001
00010t_

1OOO001rì
I0 I 0 0 0 0 t ,i

000r_00f0
l0 0 0 0 I 0 I 0

[oooooro]-
m4(6,e) = B

1.00001:l_
*u (5,2) = 6

10000001_001-
cÌ000001010
0010000t_01_1
0001-0001_t-oo
000010011_ol_
0c0001Ot_l_t-0
0000001111_l-

^r(T,z) = ft
^(.THEORHU tILz, *l+(8,2) = IT \ nr(9,2) : ,g; m¡(n,2) : 3(z'"-"-.1)+8,

p>10.

Prqof : (Selden, .196)+) .

Let M be a maxi¡nal- set in PG(p.-f ,2), no four on a l_rlane. There
-/

are (ep-"-f )-pC(6,2)' s containing any pG(5,2),vtrich exha'-rst ¿ti ilre
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points of PG(p-l,t). By Theorem rrI.1 rl*6,2¡ = B, mL{ú,Z) = t-t_.

Suppose our PG (5,2) has the maximum of B points of M. Then there

are at nost 1l--8 = 3 more points of M in each of these. Thus

n¡*(p,2) : S + ¡(zPJ6 - f), p ì B.

For p = $' m4(Bre) : tf. The 8-rowed. matrix, A, with el_ements

in GF(e) fras l-7 columns with no four d.ependent.

å-

1000000
0100000
0010000
0001000
0000t_00
00000t_0
0000001
0000000

0t_l01_10
0r_10r_01_
01r-0011
0111001
0111010
0l_01_t_01
010r_r_11
l_01-1111

0

0

t_

0

I
t
0

I

I
0

0

1

0

l_

1

Thus m4(8,e) - 17.

For p = !' mu(9,2) : I * sQ3 - 1) = I + 3 ft) = zg.

TIIEORH{ IrI.3' *l*(p,2) < m ¡¡here m(m+l) . eP*f-Z, p >_ 5.

Proof : (Bose, Rao). See Corol-lary fI.I, Chapter VffI.

An algebraic comparison shows fff.3 is better for p > tO.

r:B+3(2p-o-r) LT 29

31

53

)+ )+

101 rgT

63 90n(n+t-¡ .2P+f -e) ln
fV. m4(n,t) = maximr:m number of points possible in a PG(p-Ì,t) with

no four coplanar.

= maximum number of col-r¡mns in a p-rowed. matrix with elements

of GF(t) vith nc four dependent

= maxi.mrm number of factorsr ür in a (tnrt*-p) s¡rnmetrical ,
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that no interactrons

four faetors are

ccri'cunded, fa-ctcrial desigr

invcJ-ving less tlian or equal

confounded.

THEORE,I fV.:: ¡¡ /'' I I ' +P-3 - 
(P-5

ir\P,u ) : L- - (t+t)j.l_t
'J =1

ISoc_t: Let M be ¡. rnaximal- set of points,

Through any PG(S,t) pãrss exectiy- (t+-t¡-...+

PG(3,t) have its mexirrru¡rr of (t+f ) points c

t(t-ì)*(t+r) = (t2-.zt-:r) points of l¡t in ea

,)
'rl + l- for p > 6, r- > I+.
)-

no four co1.1-înear in PG(p*1,t ),

iP-')-PG(L,t)'s. rf r¡e lei

f' M, th.en the:re are a+- rnc-rst

ch of the PG(h,t ) 's b¡r

Theorem ff.2.

.'. m¡ (r,t ) : (t+l ) n 1tz-zt-.r ) (t +t+ * tp-5 )

= t + (t2-t)oi5.¡ - (t+rlln;trrì + l
6 to .l

p-3 '¡-L lp-] .l
= t.r- X tJ - 

*i ,,;J - (t+.r)l-r tJl * I2 r lc )

.'. m)+(p,t) j tP*3 - (t+r)in;5.j1 {' 1, p > 6, t > Ir. (cutati anrJ. Kounias).lo ) -
riiEonïüvi ry .2: m¡* (r,t) . -G=Ð-i-(*H#*\tr, p I 6, t > Lr .

n^.-oof , (Bose, Rao). See Corollary fI.1, Chapter VTII"

.A sitnple ¿lþebraic comparison shor+s IV.2 gives the better bound.s

for p > 'or'l > 4. For exa^mple:

9

D?C2Gul-ati anC
Kounias tsound.

Bose, Re,o Bound.

Gulati and
Kourl].as .Uoun(l

Bose, Rao Bound
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Proof.:

An

p > 5.

VI-11+

TITEORmI w.3: m4(1,3) :z + 3P-3, p > 6.

Proof: Let M be a maxj-mal set of points, no four coplanar in

PG(p-f ,3). Through any PG(3,3) pass exactly l-+3+32+.. .+3P-5

pC(l+,3)'s. If r¡e let PG(S,S) have its maximum of 5 points in M,

then there are at most U-(5) = 6 points of M in each of the PG()+,3)'s

by Theorem ïï.1-. Therefore, m¡*(lr3) . i + 6(t+3*32*...+3!-5), p t 6.

Let x = t- * 3 + ... + 3P-5. Then 3s = 3 + ... + 3P-5 * 3P-L,

rhenm4(p,3) :5 +r[+] =,.'l,rrÏt-tr, 1"n-,.,.

w.)+: m4(n,s) 5 {}{gp-r) )r/', p ì h.

(Bose, Rao). See Corollary IT.1, Chapter VIII.

algebraic comparison shows that trV.)+ gives the better bound.,

Remark: The original upper bound on m)+(pr!) obtained. by Bose, Rao

(fgl+f) appears to remain as the best known for al-l but two of the

val-ues vhich are not, yet completely d.eter'¡rined..

Seid.enrs bound on m¡(p,2), p ì 9, is.better onJ-y for p = 9,

a red.uction from 3l- to 29.' f:he bound. on m\(5,t), t ì l+, of Gul-ati

and. Kounias is better only for t = )+, an improvement fron l-5 to L2,

and. these sarne authors bound. on m,L(prt), t ì l+, p ì 6 offers no

improvements over the original (fg\f) bound.. This author used. the

spme teehnique on m)*(pr3) only to meet a similar fate.

ù+5 T3L
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GufaLi ¿¿ncl Kori:r:i¿¿s (f gf O ) ar.e incorrect in ¿rsse:rting that

sieidenrs b',r¡¡¡¿ is the best knor,¡n, and it is not cfea,r: if eitÌrer

the l-ai-Ler oi' ihe fcrner real izeo that. their bouncs uere, in fact,

n6f improve:¡¡.e:ì1,s on a previrrus resul-t.
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fntroduction:

CHÀPTER VfI. mr(t+r,2)

A sequential proced.ure is developed which l_ead.s to

al-l- values of m = mr(f+rr2) for vhich m < 2f * r, f > )+, r > 0,

and. assigns to all other cases a Ìower bound. of (2f+r+f), f ì Ir,

" ì 0. Gul-ati and. Kounias (f969) state the Theorems 1, 2, 3 below,

but give no proofs, so the author has supplied his om. The author

is also responsible for the cul-mination of the proced.ure in its

logical conc1usion, namgfy, the proof of the general resul_t.

TIIEORÐ4 I: n-(f+r,2) > f+r+l for f > 2, r > O.1"

hoof : I^lithout loss of generality the maximal- set may be taken

to include the (f+r) points each with exactly one l,

the stand.ard. basis for a eC(f+r-trt) and. any other, Ql_.

Thus, mr(f+r,t) = f+r+g, g > f . Let this naximal_ set

be d.enoted. by {Ba, Bz, t3r... rBf+", Q1, Q2r... rQ*}.

TIiEoRHt{ rr: The necessary and. sufficient cond.itions for the exis-

tence of Qi, i = L, 2r...,g, is that the sum of any

J of the Q, vith f : J < min {e,f} has at most

(r+¡-f) zero co-ord.inates.

Proof: (Necessity). The restriction on our poÍnts is that no

set of f is l-inearly depend.ent. since the elements come from GF(?),

the only linear combination of points is their sum modul-o 2. so any

set of J points, 1: j : f must have at least one l in the sr¡m. Then

any set of l- < j : mi.n {e,f} of the {Qf, e2,...,Q*} must have at

l-east .C ones in the sr:n where g is such that ad.d.ing up to (f-J)

members of {Br, BZr... rBf+"} to these j will stil_l- l_eave at l_east
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on(ì 1i.n the sum. Icr,¡ the l¡of'sr that corri-d. Ìrappen r,voul-d be aclùing

(f*¡ ) pcilts each ¡,¡j,th a I ¡rhe::e the sun of +,he j i;oiilts has a l-.

Then al-l- (f'-¡ ) ¡cs-i-tions l¡oul-d revert t,o O in iLle graÌlci srrn.

There :lre (l+r) i,.ositions in ariy sun, so .Q, > (f*¡-f ) anci ve

neecl at feas'b (f-¡+i-) ones in Lhe su:n of any i: J : mi-n {g,fi

f-rom {Qa, Q2r... rQ,"}. Sc ve can har¡e at r¡rost

(i'+r) - (l-j+: ) = (r+j-t) zer.oes in thc- su¡r of any set of

1 
--< 

j < ni.n {g,-f } Irorn {Q., , Q.nr...re,*}.
¿)

(Sufficiency). Clear frorn tlie cor:struction invclved. above.

This cclrip.ietes ihe proof .

Nor.¡ ccnsider find-ing the condition on f in order that Q, exists.

i,ir. kno:r Q., exists by Theciem f . Let Q_.,_ = (e._ , ã2r... ,a"-'"),

Q, = (br. bz,...,rror). let

xo "1. xz 
"3

f-ororl'Jz= I It- lo o 1 li

C.efine the yariab-ì-es XO = # indices with an = bn = O

Xl_ = # indic-^s vii,h an = 1, bn = O

XZ = # ind.ices w:.t-h a., = 0r bn = ì

X3 = # intlices vith a, = bh = l-,

3
"Then X X., = i' * r'. By Theorem If , the foll-or,,ing ineo^ual-i¡ies

i=0 *

.must hol-C fo:' t,he exj-sì:ence of Qr:
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,to , ,t]-

X^+X^t)¿

x^ -t- x-
UJ

Ad.airrg over
3

val-ue of XX.
'ì0*

?¿Dv.¿1

l{o-¡ X- = 0- X = X- = r= and X. = r+f satisfies a.ìl the restrictionsOI¿

so th.at (Zr+t) i-s tne naximr:rn value of f for'-¡i:ir:i: Q^ ex.ists. Thus
I

mr(f+r',z) I f'+r+Z foi' f < 2r + L

Bu.t for f > 2r + l, Q2 does not exist a,ncl b¡r Theolein I

mr(f+r,2) a f+r'+l-. Thus nr(f+l ;2) = f+r:+l, f ì 2t'+ 2, f ì )*, r ì O.

For the c¿ìses rii'Uh g > 3 ve i+cufd. f<¡flov this GENERAL PIìOCIÐUT.E:

(r) porm 26-.1 linear inequal-ii;ies in 28 unkno-,q-ns by Theorem rI.
/^\(2) Add- over these inequalities to obtain -bhe f'ol-fcving finear'

<Ì' l*rì-t'i<r ln'i
i (r+r) [ar+ArJ

't hese i-nequali Lies :

- (r:+r) occr.rrs for

3
2X. + ¡¡.. < (3r+-l). The maximun

' o'-3
X^ = 0, and IÏ- = f*:: < 3r+1 or
' o'r' -

inequatit.y in IX- = (f+r):
(c8: I

(es-r)x^ + 128-1-rll- ¡-x. I0 '[ 
¡=o iJ

(3) A,¿¿ or¡er l-.he ineqir.alities

t i:rear lnequalities for Xr , i = 1.,

QT-z)xo * zs-Zx j + lze-z-: )

invol-ving X. to obtain the foÌlovì-ng
J

n I ^8 . Iz.5t t t s\a -L!.

('>ó--t ì
l- -' | . ø-1 ^ 2I r x.' ! : "/26---t-) 

+- ((e-3)zt-- +

I o ") 2 a-1for j = I,2' 2-""'2'--

Í r(zc-l-r) + ((g*2)28-2 +

+..i ; otherl¡ise.d

= XX. ocicrrz's for X^ = g. Try the
1\J

the maxj.rnw for (f+r') fr:orri Step 2

1)

t)

(l+ ) rne rnaximum

maximurn <;f Step ? in

val-ue o1' ( r'+T'J

Step 3. I:ov€r



r-rntil a va-ille ccnsr'st3nt I'ith

cases, one for each pcssibl.e

of these inequa.ii'uies and. the

For exarrp_l.e, ve fincl the

Let Q, = (.:,. , cz,. .. ,c1,a").

xo xr- xz 
'3

v.=fo i o 1
-l

l0 0 I f
lrrooo

vil -L

Siep 3 is Íjor-rnd. fhis irrvol ves (ag-I -f )

-lvalue cf r -= j (rncd(Zó*--r)). (For p:roof

genera.l soluiion, see Theorems rV, V, VI . )

coniìit-icn on f for the exis-tence cf e^.

T -L!eL

X, X_4>
0t_
^^\/U

l_Ì

x,. x-ol
oil

II 1l
II ]_i

7
çv
L J\.

. ^1l=u
d.efine iT^, X" ,.,. ,X-Ì as before. Then0' L' ('
for.m 28-l- = J linear li.nectrualities.

n
D.t

n

-h

f+r'. From Step I vie

xo*xl+x\+x51" l n, j
xo*xz+xr++x6." I n, 

I

xo n x3 + x)+ + x, < r + I lar.*a,
XC *- Xl. + X6 + X, < r +. I leroe,
XO .{-X2 + x5 + X, < r + 1 lar*a,
xo * x:_, * t5 ,,- x5 < r 1- 2 

lOr*er*Q,
xo*xj_*x2* X3Í" la¡

From Step 2, ao,Jing o¡¡er all- ineo-ualiuies yj_eJ_ds )+X-,

T-u
Frorn Step 3: 2X^.+ 2X- + IX- < 3r + I j = 1, 2, )+u J 01_

Í 3r -r 3" i = 3' 
'' 

6
| '7.^-ç

From Step )+, X0 = O maximizes (f+r) = iX. . l*.
of - t,

Casq l-: r = 0 (inoC 3) irnplies r = 3p anC_ f+r = lxi 1
U

coirsider ,*j Í (3r+r) - (rxi) : (gp+r) - (Tp+l) = 2p

X. < F, i = I, 2, 22.
J-

T
+ 3 X X_. < 7r + 5.

o f -

r 7.

7P + 1. No'.¡



And.2,',. < (3r:3¡ - (;x,) . (9p+:)
J- J_ -

x. ( (l+-L), i = 3, 5, (t" T. Then
¿

(r+r) = rxi = 2p + l- is attained.

Qe_qe?: r = l- (rnod 3) inpiies r' =

consider 2X. < 3(3p+l) +' r - (fp+\)
J-

And 2,{, < 3(3p-rl) o : - (?p+,+) = 2p
¿,7

1,'If -5

- lCl-.r-l \ = )r, ) D rFhì.i
- \t!tLl -' LIJ ¡ ¿. ¿i1qÞ

t,he ir,aximi;¡¡ va-]-ue of

3p+l and í-í-¡ = XXi : 7p * L. ìlor,r

= 2p. Thris X- < p, j = 1, 2 , 2.2.
u

+ 2, T'hus X- < P + f , j = 3, 5, 6,7.
¿

't- 
-L2-

Then ihe maximulrr va]ue of f-¡r = IX. - T-p-r\ is a-bbained..
O'

Case 3; r = 2 (:¡od 3) impli-r:s r = 3p.r2 and" f+r = XXi:7p+6, llcr,¡

consid-er 2X. < 3(3p+e) + i - (7p*6) = 2p + -t. Thus X. < p, j = I,2,22,J - - J ---
And 2X. ! 3(3p+Z) + : - ftp+6) = 2p + 3. Thus X. : p + f , j = 3, 5, 6,7.

TU
Then the maximum possible value of IX, = 3p + )+(p+f) = Tp + L < 7p o 6.

0'
So the maxilnurn value of (7p+6) is noi; aitained.. Nor.¡ red.uce by J- and br;rr

the '¡al-ue of (f+r) = Tp + 5.

2X. < 3(3p+Z) + f - (7p+5') = 2p + 2; so X. < p + 1, j = f, 2,
J_ J-

2X. < 3(3p+a) + S - (7p+¡) = 2p + \; so X. < p + 2, i -- 3, 5,J- T J-
Then the maximum varu.e of f+r. = iX. = ?p + 5 is attained. Let

fr(r) - (r+L I . If: "o= o, r (mod 3)

= ï + f*ai r = 2 (mod 3).
5

Then f-(r) j.s the naxj.muin value of f for vhich Q, eris';s. TÌrus

inr(f+r,2) ì f+r.+3 for f . f3(r). But (rr(r)+r) 1 f : (2r+1) r,ear.r.s

exis-bs and Qa ri.oes not; thus m-(f+r,2) = f+r+Z for f in this range.

Definitions:

2)*.

o1 l.

Q2

IrÂ = lr"2 
l;

D=,)

'1ì
0

U

o0l
r cl.

t'clj

inequa!-

We nov

'-0
Y"t
x

â
rtl

j

iol

t:]

hllt
I'1,
I'J

Then the system of

as -4.^X < rf^ + D¿-r2'

a-L the top of

this is trre

l¡age 3 nay_be v::itten

irr general .

J_ Ul e5

p:rove
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es and zeroes int

near inequafities
--n as A X < ï'l +

Þb

of zeroes an¿ on

a;:.d ones, arid ea

. o-.1d (2'-) zel:oes,

a column or (28-t

easi ly checked f

[^*-r. :.-'iIr\ = lA A-_., l, f-s I c-a o *J o

[l q.)
k.ìi.o I fu--,1=l: i. v =l 

6-.r

r. I s i. g.fr- I

i. 2--1j

wl:ere ,-r__, t" Âr_, riith the on

lHnOREt{ IIf : The system of l-j,

Qg *uY be .,rritte

(ag-r)1.29 matrri.x

vltir eg-l zeroes

128-1-r) ones an

ccl_umn l¡hich is

Bfqq-l: By induction. Ttris is

Define;

up to

tr
-- l

fi- . j io
i *-'l i

-lr I n -i'=iI__., !, D- =lD

i:"1 - 
It-1./ t

vl
*_,1

t-J

g-i

-t

0

erchanged..

for the existence of

D - l¡here A is a
ô

es, each ot' its rol¡s

ch of its ccl-ur*nns ìravirrg

except for the first

) ones.

or g = 3. Assume tr"ue

o*-.1

Ã'I
e-r I

s)

(c-r).

)fA
)lA
)l.

a

Ï
-l

o*l

1

ConsicLer treating three cases as ir:dicated.

ll .lrl-.*Do_r Ill - I s-I s-r 
I

lil < lrr -+D -+I -l
I I - | s-r s-r- s-11

l.j < [r+o )

Ce"se---A-) The upper par'c of tire set of inequalities. By the d.e.einition

of {XO, Xl_r...,X^* 
_ 
} and. the rel-ationship between V- ancì. V__.r , each

2ó_I ts E--L

of these inequalities counrs the zeroes in the sum of t,he sarie set of

points as in ihe case (g-l). For erampie, the first row of
.-A^-,X < rI-. * D_. counted the zeroes in Q^, nolr the first rov of
t1-J- ó*r é-a ¿

(o*-a o*-r)(x) . "rg-1.* Dg-t sti.-l-l- cor:nts the xeroes in Q,r. Before
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the XO counteii ¿;Ìl- niaces in vhich ,Q, anJ the poin-," Ql , Q3,... rQr_.t

he.d. zeroe-s' No'*" xo counts a1l the places in l¡hicÌl Q, a,rrcì. the points

%, QS,...,Q*_f , Qa have zer.oes otd 
".* . counts al-l- the places in

a-L

l¡hich Q, a,na ;ihe poìnts Q- , Q3r...,úl*_t haye zeroes a.ncl Q* has a. one,

So (forrner X^) - (ner¡ X^) i- X _ fn gener.al-:. u 0' ZE_t
(forrner X.) = (nern, Xr) + r c¡_-1. f'or. alJ. j = O, 1e...)(es-I-:-).J J (j+Zt3-_r)
C-æ.g-.g) The trottom inequaÌi'i;y is XO + X. + * *^U. : r. This

¿-r
corresponds to the botton roi\r of Vo .n'hich indica-bes vhere t,Ìie zeroes

of Q* are. This:'.nequality is that of Theoren II f'cr Q*.

çÊ-'"" b) The l-ower portion of the set of inequal-ities. Here each ine-

qua-lity counts the nrrrnber of zeroes in the swn of (Qe + (tire sum of

the same set of points as the case (g-1 )). A.cJding one aolre poin-u tc

a set increases-bhe upper bound. of Theorem fI by one, sirr.ce j is i.i;cr.ease.J.

b¡'one" Fo:: example, the first of these inequalitj.es coun'bs the zeroes

in the sum of (Q*+Qr). The xo formerì-y counted. piaces vh:lch had- zei:oes

'tr QZ arr,ì. Qr, Q3r... rQ*_' , nol¿ XO counts places having zeroes '- Qg

as r"r-efl . Sc tire total- for such p] aces over points counted- b¡' XO is

stil-l- zero. Rut ("^*_r-.. ) counts places wi-uh Q', e2r...,Qr_l_ a zera
2o *+1

anC Q, a one, so the toal_ for su_eh places over points coun¡ed. by (X -_l )
o n€1-r , ¡

is nov 1, and we d.o not vant to count (X -- r ).
I 2e-r+1 )

ln general: X0, X, r..,rX^q_, harre a zero 'tr Qe, so a s.¿m of zer-oes
2'

over a set ::emains a zero '" Qg is added.. Fcr X^g_f 
,. r... rX^g . l¡hich

¿ 1L ¿ -_)-
have a I in Q. . a sujl oÍ' zero over a set becomes a.',t 'cì

and a sr-rm of ctìe ovel- a se*, becornes a zer.o if e. is
Þ

changing the cnes and zeroes in A - rri'll_ take this
g--L

A i < rl + D is correct.lt-.toabÞ

one if Q is added,'o

aCd.ed. So inter-

into a.ccorint an<1
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'[{hat about'r.he cori;position of ,Â-^.? C]_ee.rty A^, a.nd.;\. meet the
¿J

staternen'i of 'blle bileorern. Ib is an easy use of inouctic-,n to establish

l;he general- case. Assume -crue up to (g-l). Consid_er

(,t ¡ Il-'g-t *'g-t 
It-l¡\ = ln Ã {.'^s l"g-1 "c-l I 't-t( r ç_)

The first' -cclunn is a.tl ones, since Ao_., lias frr'st cohimn a-'l-l- ones. The
:

number of roL,s in A-. = z(/l rovs in A- . ).ii = z(zt-r-f )+l- = zS-t. Theg g-t
number of ones in each rov of .4. is:g

case a) z(t ones in each i'ow of A, .,,\ = Z!c-z) = 2e:-t-
g-J_

case b) (# ones in rorv of A_ . ) + (ll ories each ro** of Ã _ )g--L' g-,-L

= z8-2 + z¿-2 - 2e-1

case c) (# corurnns in A-_., ) = zå-t.

The nu¡rber of colamns inA = Z(ll coj-unns inA \ - nt^l-Lt - 28.
I g-yt-r-"2 )-''

The number of zeroes in each ro'v¡ of A- = (# col-u¡ns of A_) - (# c¡nes
oÞ

in each rov A )
8'

o s-] o-l
-ôts)ôÞ--^,8:_-a-e

The nu¡iber i-.f zeroes in each co_ì_umn of A* is:

c¿se t) (fir"st zC-L), 2(# zeroes in col-umn o, Ag-f ) = ZQ}-Z) = Z8-1

case 2) (second 28-l-): (ll zeroes in collunn of Ao_i ) + (,# zerces j.n
b--

col-urn¡ of Ã- . ) + i = 28-2 + çñ-2-lr) + r = z8-r.

The m¡mbe:: of ories in each column of A-- = (# rows òf _{ ) - (# zeloes8g
in each column) = (zg-r) - ee-l- = 129-1-r).

llhe theorerr i-s +-rue for g = 3; and if (it is true for: g - l-, th.en it is

true for g) is-brue; thus it is true for aJ1 g > 4.

This coni.tr,-l-etes the proof of Theoren III as sta'¿ed by Gula,ui anC

Kounias
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rirLre aut-oor is l'esporrsible for Tlieorerris fV" V, Vf vh:'-cir culminate

inthe general soLution givi.ng ai.L -¡alues of m = lrlr-(f+:,2) tor vhich

m < 2f+r, f > c, r > O, (ft.:-s cl-ear that Gulati ancl Kounias ha.d not

ob-bained the gener¡:..1, soiution since their cond.i-Lions on exi-stence of

Q*, for I = Il , J, are incor'rec[.)

llHFiORllir{ IV: ACrJing over al-'l- (Zg-f ) inequalities cf 'Iheorem Tf gi.res

rovs is 2g-l givir:g

the terrn (eg-r)Xt. The other columns have 1e8-1-i) ones giving i;lie

terrn c-rf 128-1-r)x. ror j = t- , 2,...,(eg-r).

In the right hand. sid.e Theorem II gives a bound of (r+J*f) for

eaeh cf the (T) Oiff.rerrt subset,s of size j, j = L, 2r,..,S. The
J

srun i.s {f lt") * (Ë)(r+r) " (å)(r+z) + ... . (Ë)(r+g-1)

^l+(:-;)l-t(r+r)s-s-rl

= r[28-r] -F e(eg-l-r) - (2s-e-t)

=,128-rl + (s-2¡28-\ t t.
TilEORHvf V: Summing onl¡r 6y"r inequalities r¿hich co:rtain X. gives

, ç-2. p-2 o-) o-l o-)(2o -)x^ + a'' -.\* + (z- --r) r i:_ < rl2o-'-r) + (c-3)2ó-'+ L' u J i_O I - 
.) o_i

fcr j = I, 2, 2'r.., r2o "

' o-'ì r\ , l-. ¡r-,8-2< r(2- --tJ - \E-.). + I

othervise.
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Proql, By coi-rstnrctj.on of A*, eacb. cofumn has lzs-l-i) ones giving

the left llarrc sj,ce as shcr¿l . For the r.ight hanc sicle by ind.uction,

this has been fouud. true for g = 2,3. Assune true ¡rp to (g-l).
gaSe l: For--{., j = 0, -.-i...,/28'-}-r), tile nev -ôcu¡lo isJ-

l2(forner bounc.) + (28-2-t) + t]

For,j a por{(ìr' of 2: = 2[.12g*2-t.) * (e-+)zc-3.f f] + z8--2 + r

--¡^8-f -r è ' o-2
- r'\¿ -L) ", (g-)+)26-'' 1- 2 + 2Y-'- I

= "(28-1-r) + (e-3 ¡2s'-2 t- t.
For j not a pover of Z: = ZLrl2s-z*t) + (e-3)ee-3 r- il + ç2s-2-:-) + "

= "(28-f-r) + ( s4)28-2 + 2 + z8-2 - t

= "(z9-r-r) + (g-212s-2 + t.

ÇtS-ç-?, r'ol X-, j = 129-r+r),... ,g2-I; the nev'bound. isJ'
ifo'mer bounc - (fc,riler total of corol-l-ary r - former bound)

+ z8-2 - I -i ::]

- -/o8-f . i o-) ¡-B-2 . t-r\¿ -ri +(g-3)2o-+ l--\¿ -L)

, r¡-1 c-2
= r(2o *-f) + (e-2)2u - + t.

qa-gg--3, For X., j = 2g-f , bhe nev bound. is the forner total ofJ'
Corcllar'y f rr'y constr.uc'ticrr of A ob

, o-1 o-)
= r(2o --i) + (e-3)2ó '- + I.

This completes the proof.

At this point lre see that onr resu]ts nor.¡ reave us with on]y

Step )¡ -uo conplete. 't'Ie d.c this in Theor:em VI .



THEORH'Í Vi: m. (f +i. ,2 )

f :2, rr I
anA fr:r g

(r+cr-)\
Õ "t

?
J)Ì

+

r /-. I --Lg\r/ (r+g-3) +

1-if--+ l for
¿- -l

, r*q-Ir ^t'-'------t ior'
^b 

.. ì
¿ -'L

f"= o, f ,. . ., ( zg-2-g) lnoal2s-'1-r)

(zs-r-(e-r )),. . . ,ç23-r--z) l*.,a 123-\-t;.and. for r 
=

(fnis is ecluivafent to "Qa e>:ists i.if t I ta(")". )

Proof : Thj-s conplete Step )+ of the GENERAL PROCE)URE by showi-ng -uhat

the uppel bounds of Theorerns fV, V are consistent for
,-g-2 o-.1 \ r , r¿-1r = (2' --(e-1.)),... ,(2o '-g) jmoa(2- --r),

l'or r otherwise, the upper'bound of Theorem IV must be red.uced by

unity.

From Tl:eorerr IV:

_ zS-t
12e-r-l) ¡ x- . r(eg-r) + (e-z)28-r + I - (es.-r)x..

o J-
The maximum of IX. = (f+r) v¡-11- clearly occr-tr only r+hen X0 = O.

With X^ = O, then (f+"¡ = IX* < 2r * (e-e) + ¡-r+5:L1.Uj--,b-r¡
- 28-r ' -r

For r = k mod(eg-L-r), r )ti : zl;_)p + 2k -r (¿-z¡ + ¡jf¿J. (r)
0 ,J -- 2E---_.t

Ncr¡ k Í (ee-t-(s+l)) impries (ir+g-r) < ç28-1'-z-), sc t-$Él = o.
,\b + r¿-r

'- 1 t- _ \ , o-1 \ . k+¡¡-lAnd k, (zu---s) impties (t',+g-f) > 12e-'-t), =o i-.frïil = t.
¿-L

Thus the upper bcund. on XX. = (f-rr) increases by 2 for each r-rnii;

inc,rease in it except for t = (ts-i-ig+r)) to t = (e8-f-g) ror vhich

an increase of 3 cccurs.
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Next " srln over the u-¡rper bounds of' Theorem v lncorporating bhe

upper L'ound abo.¡e to find. the ma.>:i_nr,rn possiL,le value of IX..
J

From Theorern r"r:

cr-2 ç-2 o-Dzó-'-x¡ -, r(2--'-t) r- (e-3)zë-' + I - ç28-'-t)(rx. )d-'J
fle,rì='l ,,2,E-1

¿ ¿) !, L ,... )L

For r = k mod(28-1-t ) r r*-'"i 1 p.zc-z + (r+g-t ) - z8-2

- (c1*?---rli-49:!t
\4 -t' ø--1 l '

^_o-r¿: -L

tatl this bound. B, so tj 5 U for j = L, 2, 22,...,2t-1.

A sinil-ar app::oach yielcis tj j U + l for j othervise.

Since there are g l¡al-ues in the set { I, 2, 22 r...,28-f }, there

aï'e ((eg-f) - e) other valrres so the maxim,¿m value of X. wj.l-f be

cB + ((es-r) - e)(s+r) = (28-r)(e+r) - g.

Let us consider foirr cases:

(a) t 1es-z-r) impties (r'.+g-r) < ¡2e-2-r) , so i-5+-tl = i$fl = o.
)Õ '_1 )' -

So xX" a-ctairis ( (zg-r )p * e) from (z).
J

(¡) ¡'or Gc-z-(g-r)) : r 1 (ee-t-(e+r)), I4**l = o, I.Eå*l =:-.2ê-''-r z&-'
So xX. attains ((zs-i)(p+1) - s) fronr (z).

.'l

(c) wnen t = (zE-L-s). then lffal - r, t{}t = r.
L_J.¿

So IX.. a'¡tains ((eS-r)(p+t) - e) rrom (Z).
J

tc\
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' t--1 / -\\ r k'r¡':-l-r - ,ìi-l-s(d) For k > (2o -to-l ìt t-j:--'i-i=i :- -r l::--a--l = 2.c1 !// t '28-l-f 'r --i' 'zr-?J - ¿'

So xX. a',tains ((eg-r)(p+i) * g) rroin (z).
J

!^ sirnpÌe corrtpa:'ison shows that the boulnri- of (1) is consj.stent ví.r,ìr

the resul-ts of cases (b) a.na (c). Thus for

i: : QT-z-(s-r)),..., (e8'-1.-g) lmoa 123-1-r),

similarfy, the resul-ts of cases (a) arrd (b) show that the upper:

bounc ot' (r) is not attainabr-e. ijor+er¡er, it is easily shor,m trrat

r'eclucíng the uplei" bourrd of (r) by unity yieÌd.s a maxirnum varue for
XX. vhich i.s compatibl_e vith Theoren V.

J

the niaximrun value of

(r'+r) = xx . is 2r +
J

Equivaleni-J-¡, a point Q.
Þ

this range.

forr=

Putting ttr:l-s

for j

Forr:k

/_ a\ , ,. r+g-_1_1
\b L/ . L J.

^O¿r1 -_L

exists ior f < (r-ig-Z) + i-J.1fti1 for :: i'
^tJ 

t 1
¿-L

xx, Í {es-r)p + (2k+g-l) + t$.fu )8-r-r
(r)'

for r = 0, 1 (zs-2-e), (ee-l'-(e-t)),.. . ,(zê-'I-z) lmoe(es-1-.r.).

-ng th:l-s reduced bound in Theoren r,/, we obtain

28-2x,. "(28-1-r) + (c-3)zs-z + t - ç2s-z-t)(ol¿ rx - ilJ - 
\a r' ,r\vr.s t-fL, - lJ

for j = L, ?-, ?2 ,. . . ,28-f .

: k (nod(es-l-r); z8-2xi 1p.zs-z + (r+g-z) - (28-f-r)t-*.¿f
/ 

-l

l{o**-t) - (zt-Z-tri{f;-:-1 
i

x, <!+ l-.-- -e8-'-r I"i:o L_ T-:l ' (a)'
-)

this borLnd. Bt so X. r Br fo:: j = I, Z, 22 r... r26-f . Simifar.ty,

bain X. < Bt + l- for j othervise.J,-

- ,. k*q-.J_

ôo*t
L -J (a)'

Simifar.l y ¡
Cal'l

L'e ob
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Let us consider the tvo rentaì.ning cases:

(a) Fo:,: h < (::g-2-g); rX. ar,tains ((zs-r)(prr) - s) f.rom (z), .
J

(¿) por k: (2s-f-(s-r)); ix. artains ((2s-r)(p+2) - e) f'om (e),.
.t

rrr each case 'L;he reducec bouncl of' (r)' is aj;tained.. Thus for

r = o, r.. .. ,(28-2-s), (es-l*(c-r)),. . ,e 12--'r*z) jnca(zs"-1--r)

the naximrun value of'

(r+r) = rxi is (zr+g-31 .. t{$ft.- 20 *_l-

Equivarently, a noint Q* e;ris*.s fo:'f . (r+g-3) . iffi-l fcr r.in
20 --1

this range.

This cor,plete the proof of rheoz.em vr.

The entries in the table are exact val_ues or lover bcund.s for

n.(n,2), F = f"l-r, f , 5, r t o. This partiai 'cab-Le inciicaies hov¡ the

Iesul-r;s az'e abtainerl- ssq¡1s¡tiaì_1y. Conctitions for. g = Z yie_ld nore

than half of all- resu-Lts in the fover left of the tab-l-e. Cond,i.tions

for g = 3 yield. ihe ray from top left to bottorr right, and. ccnd.itions

for g = )+ give the six other values vhich are specifiecl. The other

nr(f+r,2)'s, whir:h are determineC bj, Theo.ren VT, b.ave f a.nd. z.both

increasing as g incleases. The remaining mr(f+-r,2)ts receive the

l-over bound. of (2f+r) as indicatecl.
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f,,-l- f +2 f '1.3 fj-l f +, f+5 f+7 f+B f +9 f{.tc

,
6

T

B

9

l-0

i1
T2

t?IJ

1)+

L'
ro

l_'r

ro

10

20

6

T

B

9

t0
ìa
_Ll

I2
r.3

1L

15

.LO

IT
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'lo
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¿.L
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B

9

f0
I1
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J-J

l,)+

15

t6
1.7

.LÕ
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20

2l
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¿a

LJ

2)+

/lF
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L5 16
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18 19
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z6 zT zB 29 30l s,

28
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f0 I 12r >18
I. r -

r1 
*rt -1[

5t >22 >23 >2L >2' >26

$ t, i8 ! , zj >26 >27 >28
I t-'
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8 19 I er I >30 >3r >32
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CÌIAPTER \¡Ii. RE¡'EEEI'TCES

l, GUlATr, B. R. end KcLrNr-i\s, E. G, (rqog). on Tv¡o Lever synr,retrlcal-
Factorial Designs and. Elror correcting codes, unpublislierì
seven Ð¡ige resume defivered at a ccnference. (autnors nor¿ at
Eas-r,Élrâ connecti-cu'b s'ba.te coit ege aricl i'{cGili univer.si-,by, res-
pectirlely . )
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CIIAPIM VI]I. FLRT}IER RESULTS

fntrccluction: tlao (19\6) clefines a hypercube of strength f as fofl_o,,,¡s:

If there are ï'factors each a.t t l-evefs, then there ai'e tr conbinations,

a subset of tP is c¿rl-l-eci an (r,t,p) ârrâlr'. rf al-f conbirra.tÍons of any

f factors occuï an equal number (tr*r) of bimes irr sucl: an (rr+.rp)

arrey, it is sai-d. to be a hy¡gercube of strer:gth f'.

Rao (rgl+6) shoved- also tltat hypercubes for a maximum nu:nber of

facbols. r, leac-L io (it,tt-P) s¡anmetrical , confounded. facb,or.j.ai oesigns

wi+;h the nrunber of factors at the maxirnun value of rnr(p,t). The

h¡çercube is in fact used- 'bo genera-¡e the corl'esponding d.esign. rt
is taken as the "keyb1.ock", and- the others are found by takl'ng a,Jl

l-inea:: eombinations of elements in .¿iiis 'block,

B¡r construction of tlie approp::iate hypercubes of stu.ength four

vith +.he ma.ximum number of factc¡rs, Ììao (rçtZ) shoved that rn¡.(Ilre) = 5,

n4(5 ,z) = 6, r)* ( 6 ,z) = B and n4(T ,z) = l-t .

Bush (-i952) proves, b;- const::ucbion, certain inequaliti-es about

the maxinum number of factors which may be accon¡roclated. in certa:'-n

h¡ryercubes. Thc+se may be transia.ted dir--ctly into resu]-ts for.. orr(r,t ) .

r. mr(r,t)

mr(frt) = +-hs rnaxirnu¡r number- of points irr pG(f-trt) such that iro

subset of f l-ie in a subspace pG(f-Z,L);

= the maxi-murn nrmber of cclumns ir.r an f-rol¡ed. inatr.íx such

t,hai no f are dependent;
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= 'the ma]-i-rn.l,Lrrr nl-[nber:' cf fac¡ors i.n a (ttrtt-f ) confcunci.ed,

s¡rmmetrical-, factcria-1. cj.eslgn such tha-, rio intera.cì,ion

of up to f factors j_s confoutded.

THE()RÐ{ I.1: nr(f,t) = t + _L for ¿rll- t < f, f > l+.

THEORHT4 I.2: t +1.mo(f,i) . f +.t...f, tod.d, t > f._I

'c * 1 < rn*'(fr'b.) < f + t - ?-, t even, t > f.
-a

Pr.oof : (Bush, L9r?). See appendj.x for partial babt_e.

rI. å_9S"e3131_fr!-Wali!r'

TlnjlORm,/i If .1: t et nr(n,t ) = n

tp'- r > (f;tt-r) ,. ... * (tJ)(t--r)t for r - z.rt everl

tP - I ì (i)(,u-l) + ... * (T)(t-r)" * (';t)(,;-r)''u] ro,

î = 2u -{.f, odd

E1gf.: Rao (19+T ) obtaiired this for hypercubes of st::ength f .

Scse (tgl+T ) 'cook the viewpoint of finding bound.s r'or n-(poi;). This

so.lution assumes m points in PG(p-l ,t) so that no f lie in a s-Lrr\space

PG(r-2,t ).

'l'Ie show that, any set of n < u of the m points nust generaie a

PG(n-Ìrt). A,ny.set of n poin-ts carr generate ¿t nost a pG(n-I,t);

this happens ii a.l-l (n) are f.inearly i_nclepend_ent. ff a subspace cf

d-im-'nsion .< ín-i) r,rere generated- then the ad-o.it,ion of any other

(2.,-tr) of the m points l,¡oul-ri. give f in a subspace of dlnension

. ((n-1) -r (2rr-n-'l )) = (Zu*Z), a contradiction.

Çge_e l: f = 2u, e-..,ren

Eaeh of tl:re (!) ai-frurent pairs d-e+.erirrines a rine with (t+t) points

in PG(p-l,t). There are (t-l) roints on each fine excl-uclirig the two

points of m.
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Each of'the (f) Olff"rent sets cf thi'ee cleterarines a pfane r.¡ithj-

(i'+-"+f) points in pG(p-t,t). In each pra,ne the:e e.r.e (illt-l) -r :) = 3t

poinr"s on lj-res d.eterrnirrecl by ',.he .¿hree poinrs of rn, r,¡iiich .leaves

(l+'t+t2) - æ = (t-t)2 points in the pì-ane n,:-b be-longi.iig to any of

these lines.

Each or tr.. (f) differen'r, sets of four i.r:te'ininee ¿, pç(3,t)

'ith 
(1+t+'c2-it,3) pcinis in PG(p-t,t). l* eacli pG(3,t) ther.e a'e

{ffllt-r)2 o (llta-t) + Ir) poin'r;s in ptanes cteterrninec by the rour,

points of m, r,¡hich teaves (fr-t+t2o-i3) - (Lt2-eto8; = (t-r;3 points in

PG(3,t) not belonging to any of these plarnes.

Followi-ng the sane reasoning one coul-d. s.t..cl¡-r,het each of the (Ï)

sets cf n < 2u d.eter.mines a pG(rr--i ,-,) r,rirh (t.r¡+...+tt'-'l) points in

PG(p-f,.t.). In each pG(n-t,t) tnere ai'e IJ = ¡(,,tr)(r;-ìrtr*2*(rr:2)(t-r¡n-:-,
...*(Ï)] poi.nis in the PG(n-2,t)'s deterrrrined by -bhe n p,rints of m, i\re

need to shor.¡ that this leaves (t-f)t-l points in pi](n-lr{:.) not beJ-cnging

to any of these PG(n-2rt)'s.

Ìtre use lnathematica-l induction: This ls tlue for n = 2, our ind.uction

hy¡rothesis is .that it is rt ïr1ê t1p to n-l-, that ir.,, rre a.ss'-rme tirat

(t-r)'-2 = ((i+t-r...+tn-2) - t(::å)(t-.r)'-3 * ,, (";1)l). consicer

fPl - fP-f I -.,. tF-f \ -¡r"^-tq' t q ' tq.-f" urrçrr

g = ((;_i)(r-r)'-2 * tT_ål (,,-i)"--2) + ( (l_å)(t-r )"-3

+. (T_å)(t.-r)"-3)* * ((";t)(t-r) o (n;l)(t_r))

+ (ln-f) + ln-l))"-l/\o"
Arso, tn-l = ({t-r) * r)'-f - (t-r)"-l .r (;:å)(t-.r)t-2 * * (";t)(t-:) * r.
Thus the difference = (r+t+- ... + trn-i) - ¡l = (t-i)*-l.
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Furth:r, tire (1) ="ts of (t,.-t)n-f poi"ts are dis,joÍr:t fol n < u,'n' --- - ---')

otherl¡ise there voald. be 2': points in a PG(zu-z,t), since each set oÍ'

n genera+.es a, PCr(n-l ,t). For i.-b',Ì¡o of'these sets of (t.,-t)t-1 inter-

sects there mils't be (n-ir) pojnts of m in one of' the pci(n-lrt)rs which

leacìs to -bhe ecntra.Ciction a.bove.

so the rru¡aber of distinct points obtained, by counting up tc rr = u

carrnot be greater tÌian +,he number. of points in PG(p-l ,t),
(i) * (ä)(t-r) + ... * (T)(t,-r)'-r : (tp - r)/(t-r).

Cg.qe 3: f = 2:n + 1,, odd.

As in C:¿se 1, lre can count the points for n = 1) i¿T)... rü. Ncl¡

fix a single poiirt in the set, choose any u from the remaining (n-l-).

nach of the (t;.t) sets plus this chosen point determines a

PG(u,t) having (t-f)t -oo:-nts not in any PG(u-l,t) de-uerrnined. by u of

these points. This gives tLr.e inequality as in Case l_ as:

(i) * (ä) (t-i) + ... * (T)(t-r)"-r-i (';t)(t-r)': (tp - r)/(t-r),
concluding the proof.

Co"g].þIy_-r!.f: Letm =r4(l,t), f = )+= 2uirripliesu= 2.

.l) _ ,mr. > r + tr)(t-.r) + lf)tt-r)2
z (t-t)z , (t-r )2 t ,m- r:-j'l*- - jn/ \!:-1./- 

- (t-f )) - (tp _ f ) _< 0
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\Pl 5t\. I\t;1 ,
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t l30
u 136
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t0
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6to t6r:
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116o 3\79

9prq!1"ery-JJ-¿, Let m = mr(p,N), f = 5 = 2Lr * I implics u =

tp ì r * (i)(t-r) * (ä)(t-r)' n (^;')(t-r)3

t_1l_0

B

If

t6
2t
z6

3l-

r 'l)

t'r
; ¿

J

l+

E)
o

7

11

2T

)' c

6z

8o

1i)

l+B

6t
100

1)+9

2ro

23 32

82 :-)+z

I2T LTT

zze i+gi+

tolol}gly_llr-_3-t l.etm=r6(i:,t), f = 6= àrimpliesu= 3

tp ì -,- . (i)(t-:-) * (ä)(t-r)2 * (i)(t-i)3



_ÇSg".ff_"ff-_fJ_,_L, I_,e-t m = nT(p,1,), f

.D _ ,fnio ì r * (î)(t-r) * (T)(t-r)2 +

.¡llt-6

= f =: 2ri + l_ :_rr.pfies u = 3

(T) (t-r)3 * (*:1)(t--r-¡L
JJ

2

3

-I L¡

¡<

1D

IH

Letm-

I5
z6

mU(l,t), r'

,m, ,. - ,2
t 2l (t,-1 / +

'l

Corol_lary Ii,5: =8-2uirnptj_esu=l+

rlflr ¡, ., r3 tTtlt t- ., ,h(31(t-I)- + (\l(r-.LJtpìln(;')(t^r) +

t-0

12

i:
'.I

g"fp]lrr¿_Uét *5 (6 ß) = tz (Bose , 1961)

Progf : By Theorem II.1, r+ith m = rriS (6,5)

)22 n {*;l)e3

+ )+ (m-1. ) (n-2 )

p
t

10

12 15

18 zD

(m
'2

-r \

ro)

The

no

¡6-r: (In)z+

T2B >_ 2m + 2m(m

0 ì i (n-l-2)(n+

-10 1¡r<12
sc mq(6,s) < r¿)-

six rowed. rnatrix

five of l¡Lrich are

l1 c 0 0
I

l0 r_ 0 0
I. i0 0 r_ 0A= i
I

l0 0 0 t_

It0 0 0 0
Il.!000

A belor,¿ vith e-l-enents

l ineari-y dependent.

000r-1t_.1_
c0l-0r-r_2
00Il_022
00:Lf2a1
r0l-221_0
0t.r2i2i_

over GF (3 ) tras 12 c olumns ,

I
2l

1l

:irl
qi



We ccacfude vith an aì ternati;e proc;f cf Thecrem ff

196I). This 'bakes the vierpoirrt of choosing the m.aximum

coÌum¡s i-n a r.i-,rorred. natr.ix ol¡ei" GF(t) sc¡ tliat no f are

d-epend ent .

Case l-: f = 2u, eve:i.

\rT i r _'l
I

. _t ( _iiose ,

number of

Iinearly

'Ihere exj.sts a, matrix, Á., i+ith rro 2u col_umns oepencient. Choose

anl/'rì < u cohu¡-ns of À; ther.e are (t-l)" l-inear- conbinations l¡ith

non-zero coefficients. sÍnce n cofu:lns ca,n be chosen in (n) r.¡avs'n'

there are l(T)ft-rl * (ä)(t-r)2 + ... * (T)(t-r)21 suc'rr fineer com.-

binations" These must al-l be different, otherçise 2u of the coflunns

cf A wou-l-d- be oepenc.ent, si_nce the appropr.ia-be combinabion of the

{n. u n^} co'iumns j.nr.ol.ved vou}cl be zero, a contr'adiction. since
-L¿

this su¡¿ cannot exceecl the number of a-l--l- possible co]-urns ve Ìrave

(i)(t-r) * (Ë)(t-r)Z * ... " (T)(t-: )' : tI' - r.
Case 2: f = 2u + l-, od.d,

There exists a nratrix, A, such that no (eu+f ) coiumns are linearly-

dependent. Let c be any particular col-unn; for each of 'the (*--1 )u

choices of u points there u"u (t-t)tt''l l-j.near combinations w.'Lth

noâ-Zero coeffícients of the l-l chosen pJ-r-rs c. Cther combina-bions

are counted. as in Case 1 giving:

(l)(t-r) * . (T)(t-r)u o ('o;t)(t-.r)'*t: i! - r"
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A-l

Partia.l. tabl e

APPEI\ÍDTX

TABLE ].

oil values for m^(p,t).

T

T3

2T

31

4J

EA)t

I5

91

3

)+

,
6

T

I
9

t_0

2

3

)+

5

6

f

o
O

9

1.5 3r_

)+O LzL

ÕJ J4¡

L56 ?81

2)9 75i5
)+oo 2801

,8, )+6\r

tl20 TrBr

UJ

36t1

136i

3905

o??'l

rg,60B

3T ,\\g
66 ,1 30

I ?-T

to9s

5\6t
f 9 ,53.1

,,,987
T3T ,257
,oo qo?
L/ / ) / / J

,97 .BT:-

.1r-

3280

21,8h5

9T ,856

335,923
g60 ,8oo

2 3.96,7\'

5 ,3BO ,B\O

LO?_3

gBIrr

BT ,3BT

I+BB,e8:_

2,Oj.r,r39

6,Tzr.6ol.

rg,r73,g6'i
)+8,112'7 ,r5,

f = 2 is the onJ-y value for rqhlch alf vahres c-¡f m-(p,t) a,re knol¡n.

rnr(p,t) = (tP - t)/(t - t), vp ì 2 " L r_ 2.

(See Chapter fV, Theorem II.1).



A-2

TABI,E 2

Partial table of val.ues for m^,(p,i;).J'-
,Ðt\i )r

-
3

)+

5

6

7

B

q

:

I¡

)+

C)

6

B

oJ

r0

l0

B

f0
17¿l

¿o

3T

EA

6r

8z

li)

20

9'(/2ro ?'.i3/99'i3/ b3

5t/l-.2)+

T3/2r'
99 /j+2

r29/ lr]-
163/726

:

f Jt/6tLr 6St/ So6t+

'289/1289 nT/TT2i
393/2286 ?-\rr/Lr,994

,29/397\ :..
I276ilr 3It+
z6z9/)+6 ¡t6
568r/r:-6,B5o

6\r/)i088 )+t6t/.lz-,68> 8zi7 /L.z,3t j
Btt /.652p_ 6&3 /.rB ,7 86 13 ,2d+ / r?E ,16z

(See Chapber V).

T'lz.st, co-lurm, to"(3rr,) = t + l_, t odd- 
=t4.z,teven

(Theorem T.1)

Second colunn, m,

l.-irst rov, rn^ (p ,2' 5-'
m-(5,3') = 20 is given by Theoren fV. t .J

upper and for,,¡er bouncls for'at-L other cases appeaï in sections v, v-T..

()r,t) =i2+ t (theoren
. ¡--'lì=2Yt im'^^cremfII.l)/ ! \rrru\

tr.3 )



¿1 -?

partial l¿þl s çrf

TABLE 3

val-rr-es 'lor mr(p,i;' )

5

5

5

6

.7
I

I
9

10

:

68tl
n | .il--.s:

a :;; .to 6c:

:20 U+ 99

1z¡ 61 150

<30 Br 230

:36 ro3 3rT

Í)i3 L29 386

IT
<s6,

iro
t¿r

-1()Ð

6ro

B2T

116C

:

i

| <29

:ee
?-)+I

Lg\

8gB

t6is
23 jrO

3\79

:

(See Cha¡-,ter VT).

tr'irst colu¡rir. Section 1; m)+(l+rt) = t * i, t > t, Theorem f.3

Second column, r\(5,3) = tl. Theorem fI.l-, Section 2

First ror..¡, ni+(pr2) in Section 3.

Second. row, rir¡,(p13) . 3p-3 + 2, Lenrila rV.l
rf-

Upper boun'fs on ail- other" values frc¡m Corollary II .1, thapter VIIL



A-4

TABLE ]+

Partial tabl-e of vafu.es fcr m.(p,t).)

\pT\ t_0

2

_ì

6

o
'r-'.- -=--)

I tr-e
I
I
I

I /zt

i26

lztIJL

:

l+/zS tjiSz

/ez i:.l+z

/IzL /l-Tl-

/222 /t+g)+

/2r
l)a

i\5

/Ba

1_3/16

/LB

/6t

/ too

/il+9

/2r0

l+

5

o

7

6

b

t,,
6/to

Fjz'st rov (t = 2, D a r) - see Chapter Vff .

Fj-r'st coh¡nn (p = 5, t l2) - see Chapt,er.VIf:i, Section t.
The varue of m.(6.:) = 12 given by chapter vfÌr, ccroÌlary rr"6.)
I'cr upper bcund.s on atl- other val-ues see chap-ber vrrr, cc::ol-lai.y ri,2.
Only seven ta-]-ues have been cornpietely deteiinineCi.



TABLE 5

F¡.r-,iaf iabl-e cf vallres fcr ilr(f-lrr2): f > 5, T > O.

a--q

rr/32 t6/\, 77 / rB/ 19/ zal
LT / -LB/ 19/ 20/ 2Ii 22i
19/ 2D/ 2L/ 22/ 23/ z\/"--'----t
15 I zz/ 2'3/ 2\/ 2rl 26i

16 * -i_g ¡ z6/ 2T / 28/

tT rB 2tl 28/ 2s/ 30/
IrB rg zt | =o/ 3r/ 3zi

lB za zt - -li'"| .,^t 1\/\ LL I ::J-, J'

19 2t 2'¿ 23 2' i_ ?!l_
20 21 23 ?.1+ zj 2T

2t 22 d+ 2j 26 zB

22 23 Z1+ Z6 ?.7 28

f 'r'1 r'+2 f +3 f -rlr t+, t+6 l+7 r+B f+9 f+l_o

,
6

T

o

o

l0
f1

L2

1.3

jll

t5

1f)

o

T

B

9

t0
l_1

L2

t-3

th
AE
J-)

_LO

IT

'i

Õ

9I
f0 l_

t-I l
L¿ -L

r_3 I
1)+ I
15 I
.Lb1

17 1

rO
-LO I

't I' loa

t6/18
LÖ/

i)+

]E
-L)

t5

_Lb

J-I

l-Õ

to

2A

2I
22

2?

ù+

2i

s itz/tet-*------
q 'il

012
\72
213
3 t)+

¿1 ì\
I L/

516
/ --c -Ll

7t8
819
920

17

rQ
-IU

'io

20

-LO

r9
20

2f.

'ìo

?_o

2I

22

20

¿.L

¿¿

2T

r,C
¿L)

)o

2I
aa
t_ ¿l

Ð+

nl.¿J ¿+ ¿>

2t+ 25 26

25 26 27

26 2T 28

28 29

29 30

30 3r-

30 32

tr'or exact vahr-es

Chapter Vff.

Upper bound.s ma'¡

anC .l-or¿er bound-s for m' (t+r ,2 ) , f >. 5rr>0rsee

be d.etei'rninecl by using Theorem lf. l , Chapter VIIL



A-6

TABLE 6

for rna(r,t ):Partiaf tabfe of -,¡a]ues

7

I > :).

l0 t51i+r3I2.L-L9B
rf'
\f
1\

.----i!_

2

aJ

l+

ç

I
L)

T

a

l_.
,i_' o 

_
le T

ie T

le T

16 7

1-ets't T

I ano i/,,;i
I etrt T/r3

I enz T/\Lt

I e/n T/L5

I un, T /16

I 6/ö T /LT

I u,ru t its
lent T/te
| 6/:.8 T /20

8çto1rl-2t3
BgÌortrzt_3
B g r-o l-t Lz l-3

Bgto1l-rzt3
Sgroltrz13
B g ro t_Ì rz t_3

Bir3 i 9 ro t-t L?_ l_3

B/r\ e/rc ¡ l_o l_t t_z l_3L--
B/i> 9/LT in,t-t) r-r rz 13L____
Bi:6 9/LB rolr8 rr/zo I g_ 13

r!
r)+

r-h

i)+

_14

i)+

rI
r)*

I4

rlr

r5

L5

L'
l5
I'
7'
L5

75

t5
tc
-L -)

t6
t6
t6
-Lo

1b

_r_b

_l- i)

r6
t6
rri

o

l0
l1
L2

t?
I )'

75

B/tl g,/tg to/t.g rt./zr r2/zr1 ,t rlr t-.- t,o

B/rg 9/zo tcizo Lr/zz Lzizz O^ i !'!__- L,) t6
8/tg 9/zt ro/zr Lr/?3 tz/23 t=/zi t)+/z> L:j1__ t6
B/20 9/zz -Loi22 ttlz\ Lz/ù+ tS/26 tL¡/26 15/zB i L6

These val-ues are

nr(f,t) =t+1,
t+t-.*r(f,b) :
t¡2 j*r(¡,t) Í

olrtainecl frorn Theorems f .f , I .2 ín Chapte.r VIII.

vt < f, f > l+

f + t - f , t odcl , -b > f

f+t-2rtevenrt>f


