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Abstract 

The hierarchy of the various versions of the second layer condition, tram- 

ferabiiity of the second layer condition to extension rings, and relativization 

of it with respect to a torsion theory are investigated. 

We show that the strong second layer condition is indeed stronger than 

the ordinary second Iayer condition by introducing an intermediate condi- 

tion, called the right restricted strong second layer condition, and its equiv- 

alent versions in Chapter 2. 

The second layer condition is passed to certain extension rings. Letzter 

proved that if R is a noetherian ring satisfying the second layer condition 

and S is an ovening of R such that RS and SR are hitely generated, then 

S satides the second layer condition. In Chapter 3, we extend this result 

to a noetherian ring satisfying just &the right second layer condition. The 

proof makes use of finite annihilation of tame modules, thus dispensing with 

a symmetric dimension function implicitly required in Letzterls proof. 

It is not hown if the polynomial ring R[x] satisfies the right second 

layer condition when R is a nght noetherian ring with right second layer 

condition. We show that R[x] satisfies the right second layer condition when 

R is a noetherian very strongly right AR-separated ring. Also, we observe 



m C T  V 

that if E(R[2J/P)*] is (P n R)-tame for each prime P of R[z], then R[z] 

satisfies the right second layer condition. 

Let a be a torsion radical on Mod-R, where R is a right a-metherian 

ring. In Chapter 4, we show th& R is right f d y  u-bounded E Spec,(R) 

satisfies the right restncted strong second layer condition and R has local 

bijective Gabriel correspondence. 

%or to this, we establish that the local bijective Gabriel correspondence 

with respect to a is quident to u- torsionfree modules being tame. We also 

investigate 1ocalization of R with respect to a perfect torsion radical cr and 

fhite annihilation of E(R/ P) , where P is a minimal prime ideal of R. 
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AU rings considerd are associative with identity element 1, and all 

right R-modules are unitary where R is a ring. Adjectives like metherian, 

bounded, regular and so on describe two sided-(right and Mt)-properties. 

If X is a nonempty subset of a nght R-moduie M, then the nght annz- 

hdator of X in R is the set 

P R ( X )  = { r  E R 1 ZT = O  for al1 x EX). 

This is a rïght ideal of R. If N is a submodule of M, then r R ( N )  is an ided 

of R If there is no danger of ambiguity, the subscript R will be dropped. 

If X is a nonempty subset of R, then the left annihdator of X in M is 

the set 

This is not usually a submodule of M unless X is an ideal of R. 

This chapter puts together known results and definitions for later use. 

However, in some cases, a proof is given that differs fiom that in the cited 



1.1. GOLDIE RINCS 

1.1. Goldie Rings 

Let R be a commutative ring. A proper ideai P of R is d e d  prime if, 

for any two given elements a, b E R such that ab E P, either a E P or b E P. 

Note that the quotient ring R / P  is an integral domain if P is a prime ideal 

of R Note also that R/P is a field if P is a maximal ided of R. 

However, the latter is not the case when R is noncommutative, the ring 

of 2 x 2 matrices over a field being perhaps the simpleçt example. Thus, the 

definition of a prime ideal in a noncommutative ring has been modined. In 

1928, W. Krull defined a proper ideal P of a ring R to be prime if, for any 

ideh 1, J E R with IJ C P, either I E P or J C P. Ideals that are prime 

in the earlier (commutative) sense are called complet& prime. A ring R is 

calleci a prime ring if O is a prime ideal. 

An ideal S is called semiprime if S is an intersection of prime ideals. In 

particular, N = n { P  1 P is prime in R} is semiprime and is calleci the prime 

radical of R. The prime radical is always a ni1 ideal, and it is nilpotent if 

the ring is noetherian on one side. A ring R is callecl a semiprime ring Y 

O is a semiprime ideal. An ideal P is d e d  right primitive if P = r(M) 

for some simple nght R-module M. Right primitive ide& are prime ideals. 

The Jaeobson mdical of the ring R is defined as 

J ( R )  = n { ~  1 M is a maximal right ideal in R) 

= n { p  1 P is a right primitive ideal of R). 
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If R is a ring, then c E R is calleci dght regular if r(c) = O. It is d e d  

left regular if I(c) = O. Let I be an ideal of R. Then 

C f R ( I )  = { C  E R 1 c + I is nght regular in R/I ) ,  

and similarly 

'CR(I) = (c E R 1 c + 1 is left regular in R / I ) .  

Now, &(O) = Cf  (O) ri' C(0) is the set of reguiar elements of R. If there is no 

danger of ambiguity, then the subscript is usually dropped. 

A ring R is a nght order in a ring Q if 

1. every regdar element of R is invertible in Q, and 

2. every element q E Q can be written as q = ac-l for some a E R and 

c E CR(O). 

A nonempty subset O 4 C of R is d e d  multiplicative if 1 E C and C is 

cl& under multiplication. A multiplicative set C of R is calleci right Ore if 

cRn TC # 0 for every c E C and r E R. The set C is called right muersible if 

whenever cr = O for some r E R, c E C, there exists d E C such that rd = 0. 

If C is nght Ore and right reversible, it is d e d  a right denominator set. 

In this case, the set T = { r  E R 1 rc = O for some c E C} is a two sided 

ideal and the set C = { c  + T 1 c E C) is a nght Ore set consisting of regular 

elements of R = RIT. Thus, a ring of nght quotients can be constructeci 

for % that is, a ring Q containing R in which each è E C is invertible and 

whose dements are of the form F ë1 where F E x, Z E c. We say that R can 
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be bcuiited wïth nspect to C. In particular, if P is a prime ideai of R and 

C(P) is a right denominator set, then we also say that R can be IOcalized at 

P.  

Let R be a commutative ring and 

R can be localized at P since C(P)  = 

let P be a prime ideal of R. Then 

{T E R 1 T g P) is trivially a right 

denominator set in R. However, if R is not commutative, then C(P) need 

not be a right denominator set. The structure of right denominator sets is 

in part limited by the existence of linked prime ideals. In fact, if C is a right 

Ore set in a right metherian ring R such that C CR(P), then C G CR(Q) 

for any prime ideal Q ünked to P [29, Lemma 12.171. This represents the 

main stumbling block for P to be right localizable. 

Let LM be a m o u e  and N be a submodule of M. Then N is called an 

essential submodvk of M if N n L # O for every nonzero submodule L of 

M. This is denoted by N Ce M. A module M is cded uni fom if every 

noazero submodule of M is essentiai in M .  

A module M is of finite (uniforna) mnk if there are fmitely many unifom 

submodules Ul,. . . , Un of M such that & - - @ Un Se M. In this case, 

we say that rank(M) = n. 

A ring R is cded right Goùiie if R has ACC (ascending chain condition) 

on right annihilators and RR has finite rank. The key result for v-ng the 

nght Ore condition for C(0) in a semiprime right Goldie ring is the folIowing. 
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PROPOSIT~ON 1.1 (Goldie). kt R be a semip+me nght coldie ring. 

Then a right idval E is essential in RR ifl E amtains a regulur element 

of R. 

This leads to a fundamental result about noncornmut at ive localizat ion. 

THEOREM 1.2 (Goldie's Theorem). [23, Theorem A] P2, Theorem 131 

[24, Theorems 4.1, 4.21 A ring R is a right ozdet in a semisimple artinzan 

n7ag Q in R is a semiprime nght Goldie ring. 

When R is a semiprime right Goldie ling, then an additive rank hinction 

on the nght R-modules c m  be defined by factoring out the torsion part of 

the module. Goldie narned this hinction the reduced mnk [26]. 

DEFINITION. Let R be a semiprime right Goldie ring and let M be a 

nght R-module. Then the d u c e d  mnk or torsàonli.ee mnk pR(M) of M is 

defineci to be rank(M/Z(M)), where 

Z ( M )  = {m E M 1 mc = O for wme c E C ( 0 ) )  

is the torsion submodule of M. 

If R is a ring with nilpotent prime radical N such that R/N is right 

Goldie, then the reduced rank pR(M) of M is defined to be 

where n is the index of nilpotency of N. 
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The reduced rank is additive in the sense that p(M) = p(L) + p(M/L) 

whenever L C M [56, Lemma 1.2 (ii)], whiie the (uniform) rsnk is not. 

LEMMA 1.3. [56, Proposition 4.1.3(i)] Let R be a ring uiith nilpotent 

prime d i e a l  N w h m  R/N is right Goldie, and let M be a right R-module. 

Then p ~ ( h 4 )  = O à'fw euerp rn E M t h m  Qists c E CR(N) such that 

rnc = O. 

1.2. Bounded Rings 

In a commutative ring, every right (or left) ided is tnvially an ideal. 

If an arbitrary nght noetherian ring R contains "enough" ide&, then it 

shares a very useful property with commutative rings, namely that for any 

finitely generated right R-module M, there exist finitely many elements 

ml,. . .,mn E M such that r ( M )  = r (mi , .  . .,m,). In this case, M is called 

finitely annihilated. 

The following denni tion formalizes the notion of a ring R having "enough" 

idealS. 

DEFINITION. A ring R is said to be right bounded if every essential 

right ideal E of R contains a nonzero ideal I of R. R is said to be nght fully 

bounded if R / P  is nght bounded for every prime ideal P in R. If R is right 

noetherian and right fully bounded, then R is calied right FBN. 

A module M is cailed fazthful i f  r ( M )  = 0, and it is called Wly fazthful 

if r ( N )  = O for every nonzero submodule N of M .  A module M is cailed 
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phe if M is füUy faithful as an R/r(M)-module. In this case, r ( M )  t u m  

out to be a prime ideal of R, and M is called P-prime if P = r ( M ) .  

Let M be a nght R-module- A prime ideal P of R is calleci an annihikztor 

plime of M if P = r ( N )  for some submodule N of M. A submoduie Ml of 

M is d e d  an aflicrted submdule of M if Ml = lM(P)  for some ideal P, 

which is r n a x k d  among the annitiilntors of nonzero submoduleç of M. A 

is callecl an amiateà s d e s  of M if Mi/Mi-l is an affiliateci submodule of 

M/Mi-I ,  for i = 1, .. .,n. Let Pi = tR (Mi /Mi - i ) ,  for i = 1, .. . ,n. Then 

{Pl, . . . , P,} is calleci the set of afiliated primes of M correspondhg to the 

afEiliated series MO c - O -  c Mn. 

Let R be a right noetherian ring, and let U be a uniforrn right R-module. 

Then there exists a maximum member P in the set of the right annihilators 

of nonzero submoduls of U, which tunis out to be a prime ideal. It is calleci 

the assassinator or the associated prime of U, and is denoted by Ass(U) = P. 

If M is an arbitrq right R-module, then Ass(M) is defined as the set of 

sssocirsted primes of uniform submodules of M. 

Set V = (P) where U is a uniform module, and observe that V is a 

P-prime submodule of W. By 129, Proposition 6.1 11, the torsion submodule 

Z(V)  = {v E V 1 vc = O for some c E CR(P)} 
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is either O or V. If Z(V) = O, Le*, if V is a torsionfiee right R/P-module, 

then U is d e d  P-tame. If Z(V) = V, then V is a torsion right R/P-module 

and in this case U is d e d  P-wild 

A module M is d e d  tcrme if all its unifonn submodules are tame. A 

module M is called wild if ail its uniform submodules are wild. 

DEFTNITION. Let X be a nonempty set of prime ide& of a right noe- 

therian ring R. A right R-module M is d e d  X-tame if it is tame and 

Ass(M) E X. 

Jategaonkar o k e d  in [39, p. 231 that right FBN rings have no witd 

modules. 

LEMMA 1.4. Let R be a right noethmsan rirag. Then R is a right FBN 

ring if al2 right R-modules a= tame- 

PROOF. (=+) : Let U be a uniforrn right R-module with Ass(U) = P. Let 

V = lu (P) . Now V is either torsion or torsionfree as a right R/P-module, so 

assume that it is torsion. If O # u E V,  then r (v) /P  Ce R/P. Thus by right 

boundedness of R/P, there exists an ided I  such that O # I / P  E r (v ) /P .  

Then O = V I =  URI, which leads to the contradiction P c I C r(vR) = P. 

Thus U is tame. 

(e) : Without loss of generality, let R be a prime nght noetherian ring. 

If, for any I Ce R, r ( R / I )  # O ,  then O c r (R / I )  c I shows that R is nght 

bounded. So assume that r ( R / I )  = O. Set E = {E Ce R 1 r ( R / E )  = 0). 
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S i  I E E # 0, there exists a maximal element E in E. We daim that 

RIE is a uniform and fully faithful right R-module. If El, Ez are right ideah 

strictly incIucling E and E = El n a, then 

Hence either r ( R / E l )  = O or r(R/&) = O, either of which gives a contra- 

diction to the maximality of E. Thiç shows that RIE is uniform. 

Next we show that RIE is fuZly f a i m .  Let FIE be a nonzero submod- 

de of RIE. Then t ( R / F ) s ( F / E )  c r ( R / E )  = O irnplies that r ( R / F )  = O 

or r ( F / E )  = O. The former again contxadicts the choice of E. Thus RIE is 

fully faithful as a right R-module. Hence the daim is proved. 

It now follows that Ass(R/E) = O. So RIE is torsionfree as a right 

R-module as all right R-modules are tarne. But RIE is at the same time 

torsion as a right R-module since E Ce R. Thus RIE = O ,  so r ( R / E )  = R, 

which contradicts r ( R / E )  = O.  Hence there exists a nonwo ideal J such 

that J Ç 1, proving that R is right bounded. O 

THEOREM 1.5. 117, Théorème II 81 I f  R is a Rght FBN h g ,  then any 

finztely g e m t e d  right R-module M is finitely annihilated. 

PROOF. A module M can be embedded into a direct s u m  of rank(M) 

ruany unifonn modules M/MI by [18, Lemma 7-91. If each M/M,  is finitely 

annihilateci, then M is finitely annihiiated. So without bss of generality, 

assume that M is a uniform module. Also assume that r ( M )  = O, as the 
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fuUy bounded property is inherited by factor rings. Let Ass(M) = P.  W e  

will use noetherian induction on M to show that M is finitely annihilated. So 

suppose that M is not finitely amihilateci, but MIN is £initely amihilateci 

for every O # N C M .  

Now, M / l M  (P) is finitdy annihilated by the induction hypothesis since 

lM(P)  # O. So there exist m l , .  . . , mk E M such that 

Let t(m1,. . . ,mk) = I. Since 

we have MIP = O. Since r ( M )  = 0, the nght ided I can be regarded as an 

R/P-module. If I = O, then M is annihilated by r(ml,. . . ,nik). Otherwïse, 

there exists x1 E M such that x L I  # O. Set Io = I and I l  = nr(zL) .  

Observe that Io 3 Il. If IL = O, then again M is finitely annihilated. If 

I I  # O, then there exists 2 2  E M such that x21i # O. Set 12 = Il n ~ ( 2 2 ) .  

Continuhg in this fashion, setting l i+1  = Ii n r ( ~ , + ~ ) ,  we get 

which is tonionfkee as an R/P-module. Note that pR/P(I,/I'+l) = 1 for all 

i. Smce Io is a fmitely generated and hence a noetherian right R/P-module, 

pR/&)) < m. It now follows fkom the additivity of the reduced rank that 
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for some n 2 O. This contradicts the fa& that L 3 In+r 3 - - - . Thus, M is 

fmitely ruinihilated. O 

We can also prove the converse of Theorem 1.5. If U is a Worm module 

with Ass(U) = P, then set V = lr(P).  S i  V is a P-prime module, UR is 

also P-prime UXliform for wery O # v E V. However, r(vR) = r(vl,. . . ,un) 

for some vi E UR as every finitely generated module is fmitely annihilated. 

Then R/P = R/r(uR) - BE, viR (UR)", the direct sum of n copies of 

vR, and thus UR is tame. Since VR U, the uniform module U is tame- By 

Lemma 1.4, the ring R is right fully bounded. 

1.3. Torsion Theory 

As torsion theory is investigated extensively in [6], [6l], [27] and 1711 

among others, only the essential definitions and results will be quoted for 

later use. 

As indicated in Section 1.1, the attempt to locaIize a noncommutative 

ring at a prime ideal is hindered by linked prime ide&. A more abstract 

approach to localization, developed by Gabriel [Zl], uses quotient categorîes, 

that are derived from torsion radicals. The term "torsion radical" is used 

by Maranda [54], and is sometimes referred to as a h d i t a r y  torsion th- 

[YI], [19] ,[48]. It has been &O c d e d  an idempotent k r d  /unctw (271. 
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DEFINITION. Let R be a ring, and let Mod-R be the category of right 

R-modules. A covariant functor a fiom Mod-R to Mod-R is d e d  a p m d -  

i d  if u ( M )  M for all right R-modules M and of is the restriction of the 

homomorphism f : M -, N to o(M) where My N are right R-modules. 

Note that of (u (M))  = f ( a ( M ) )  C o ( N ) .  

Let T be another preradical. Then the preradicals u : T and 07 are 

defined by 

If (o : a) = a, then a is cded a mdicuL if o ( N )  = N n o ( M )  for any 

submodle N of My then the preradical cr is called a torsion premdid 

F i d y ,  a radical that is a torsion preradical is called torsion r a d i d  

LEMMA 1.6. (i) k t  M be a right R-module. Then 

demes a r a d i d .  

(ii) kt E be an injective right R-module. Then 

radE(K) = n { k e r  f 1 f : K -r E), K E Mod-R 

defines a torsion mdical. 

PROOF. (i). It iS dear that radM(K) is a submodule of K. For any 

homomorphism g : K -r L, we must show that g(radna(K)) C rad&)- 
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Let h : L + M. Then h o g  : K -r M. So (hog)(radu(K)) = O and 

g(radM(K)) C radM (L). Thus  rad^ ia a preradid. 

Note that each homomorphjsm f : K -, M induces a homomorphism 

f : K/radM(K)  -r M with kerf = ker f/radw(K). Similsirly each home 

morphism g : K/ radM(K) -, M induces a homomorphism g : K -, M with 

kerg = kerg/radM(K). So 

(ii). If f : N -, E is a homomorphism and N E K, then f can be 

extended to a homomorphism f : K -* E. We observe that ker f = ker  fi^. 

Also if g : K -, E is a homomorphism, then the restriction glN : N + E 

is a homomorphism from and kergl = ker g fl N. Thus radE(N) = 

radE(K)  n N .  O 

Let M be a right R-module and let o be a torsion raùicd. Then o ( M )  

is called the o-torsion submodule of M .  If o ( M )  = O, then M is cded 

O-torsionhe. If u ( M )  = M, then M is called o-torsion. 

A submodule N of M is cal1ed d e n s e  in M if a ( M / N )  = MIN.  A 

submodule N is called a-dosed in M if a ( M / N )  = O. For N Ç M, the 

submodule 

is cded the a-chsure of N in M. Note that T/N = c ( M / N )  and is 

a-closed in M .  
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Let 3 be a filter on the set of right ide& of a ring R. Then 3 is d e d  

a topologltiBg filter if r(z + 1) f 3 for any 1 E F and 3: E R- A topologizing 

fiiter Ç is calleci a Gczbn'el fiIter if whenever I is a right ideal of R and there 

existsJ~Çsuchthatr(j+r) ~ Ç f o r a l l  j~ J, t h e n I ~ Ç -  

If u is a torsion radical, then (1 RR 1 c ( R / I )  = RI?) defines a Gabriel 

filter. If Ç is a Gabriel filter on R, then for each right R-module M, we define 

the submodule o(M) to be {m E M 1 r(m) E Ç). The functor o is a torsion 

radical [Tl]. 

Let a be a torsion radical, Then the class of a-torsion modules is closed 

under direct sums, extensions, quotient modules and submodules. The class 

of a-torsionfree modules is closed under direct products, essential extensions 

and submodules. 

LEMMA 1.7. Let a be a torsion mdical on Mod-R and let M be a right 

R-module. Then 

PROOF. (i) . Since M/(K n Na) - M/F d MI%, we have 

o ( M / ( ~  n G)) = o. T ~ U S ,  N~ n N~~ c ri K. 
V Y Also (Ni n N2 )/(NI n Nz) is O-torsion as submodules and quotient 

Y Y 
modules of a u-torsion module are O-torsion. Thus Ni n ~ 2 -  = NI  n N2 . 
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(fi). Since F C Ï" and o ( M / ~ )  = O, it f0110ws that F/ E~ c FIE. 

On the other hand, 

A modde M is called a-injective if, for any module L and any submodule 

K E L with o(L/K) = L / K ,  every R-module homomorphism f : K -, M 

can be extended to a homomorphism f : L -r M. 

Let a be a torsion radical, and let M be a a-torsionfree right R-module. 

Then the quotient module Mu of M with respect to a is the submodule 

of the injective huIl E ( M )  defined by  Mu/M = a(E(M)/M). Note that 

Mg contains M by definition. The quotient module Mu is a-torsionfree 

since E(M) is o-torsionfree. Next we observe that Mu is c-injective. I f  

K is a submodule of L such that L/K is +torsion and f : K + Mu is a 

homornorphism, then f can be extended to a homomorphimn f : L + E(M). 

We daim that f ( ~ )  Mu. Since L/K is a-torsion, r(x + K) is cdense in 

R for every x E L. Then f(x)r(x + K) C f ( ~ )  = f (K) c Mg. However, 

E ( M ) / M ,  is cf-torsionfkee, yielding f(x) E Mc. Therefore, Mg is a-injective. 

One can thus define a functor Qu h m  M d - R  to Mod-R/o, where 

Mod-R/a is the category of right R-modules that are a-torsionfree and 

a-cl& in their injective h a ,  by 
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Sometimes Qa(M) is written as M, for simplicity, men when M is not 

a- torsiodke. 

If a is not a radical, then M / a ( M )  is not n e c e s d y  a-torsionfree. If c 

is not a torsion radical, then c ( M )  = O need not imply that a ( E ( M ) )  = 0. 

The o-injectivity of Q,(M) is obtained h m  the following proposition. 

PROPOSITION 1.8. [27, Proposition 3.31 If O -+ F + E -+ L -r O is an 

auct se~uetzce where E is 0-injective and L Ls a-torsionfm, then F is also 

a-injectiue- 

The quotient bctor  Qu is left exact, but not right exact [27, Section 7 

Examples 2, 31. If Q,(M) M @ Qu(R) for any right R-module M, then 

Qu is right exact and cornmutes with direct sums. In this case, a is caUed 

a Mect torsion radical. A perfect torsion radical can be characterized as 

follow S. 

P ~ o ~ o s r n o ~  1.9. [6, Theorem 3.4 [27, Theorem 4.31 The followîng 

anz equiualent for a torsion tudial 0. 

(i) The inclusion V, : M d - R / a  + Mo&& is an equiuaknce. 

(ii) V,Qu LS natumlly isornorphzc to ( 0 )  @R &. 

(iii) The inclusion Lr, : Mod-R/cr 4 Mod-R is ezact and presemes direct 

sums. 

(iv) Every right &-module is a-torsionfree as  an R-module. 

(v) D a  = % for al1 a-dense right ide& D in R. 
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(vi) R, is a pst left R-module rznd îp an egihunphic i m q e  of R, lznd the 

canonid homomorphism D 8 Ra -, R is an isomorphism for e v q  

a-dme D. 

(vii) Evem Qc(R)-module is o-torsimrjke and n-injective. 

(iii)  Qtr(M) 2 M B Qg(R) - 

Let o be a torsion radical. Then there exists a 1-1 correspondence be- 

tween subob jects of Q,(M) in the quotient category Mod-R /a and aclosed 

submodules of M. Note that R,, = Q,(R) has a natural ring structure aris- 

h g  from that of R. If a is perfect, then there is a 1-1 correspondence between 

the right ideals of R, and a-c1osed nght ideals of R. 

1.4. Dimensions 

Let S be a nonempty set. A relation 5 on S is called a partial order if 

(i) it is reflexive, i.e., s 5 s for all s E S, (ii) anti-symmetnc, i.e., if s 5 t 

and t 5 s then s = t, and (iii) transitive, i.e., ifs 5 t and t 5 r then s 5 r .  

The pair (S, 5) is called a poset. 

For any right R-module M there is a dimension that rneasures how far 

M deviates from being an artinian mcxiuie. Gabriel and Rentschter defined 

it in terms deviations of posets of submodules of M and d e d  it Krdl  

dimension. Krause extended the defini tion to include infinite ordinals. 

DEFINITION. Let (Pl 5)  be a poset. Define b/a = {x E P 1 a < x 5 6 )  

for any a 5 b E P. 
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I f (P,  5)  is trivial, then dev(P), the devitztiorrof P, is set to be -1. if P is 

not trivial and satisfes DCC (descending chain condition), then dev(P) = 0. 

For an arbitrary ordiriai a, dev(P) is d b e d  to be a if 

(i) dev(P) # B for all ordinals B c a. 

DEFINITION. Let M be a right R-module. The K d  dimension of M ,  

denoted by 1 M 1 ,  is defined as dev(M ) where M is the poset of submodules 

of M, partiaiIy ordered by inclusion. 

For a ring R regardeci as a right R-module, 1 R R ~  is called the right K d  

dimension. 

P~oeosrno~ 1.10. [30, Lemma 1.1, Proposition 1.3, Corollary5.9, Corol- 

iary 7,511 Pl1 

(i) If M is a nethdan module, Uien 1 MI ezists. 

(ii) Tf 1 MI en.sts, then 1 MI = max{lNI, 1 M/NI)  for any submodule N of 

M .  Note that INI, IM/NI ezist whenever IMI does. 

(iii) I fR  LP a ring with right KRJl dimension, then 

urhere N Ls the p M e  nzdical of R. 
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If a is a torsion radical, then the E h D  dimension can be relativized with 

iespect to o [37]. 

DEFINITION. Define Ku = {N C M 1 u(M/N)  = O}. The relatiue 

a - K d  dimension of M, denotecl by 1 MI,, is deâned to be dev(&). 

In 1928, K d  (471 d&ed for a commutative ring R the cl~ssicul Km22 

dimension of R as the supremum of lengths of chains of prime ideals. The 

definition has been extendeci to nonco~~unutative rings and to include infinite 

ordinals. R e d 1  that Spec(R) is the set of prime ideah of R. 

DEFINITION. Let R be a ring and let a be an ordinal. Define X-i = 0, 

and assume that Xs has been defined for aU P < a. Set 

X,={P E Spec(R) [ Q > P with Q E Spec(R) *Q E Xg for some ,û < a}. 

If Spec(R) = X, for some ordinal 7, then R is said to have clossicd KnJl 

dimension. If a is the l e s t  such ordinal, we write cl.K.clim(R) = a. 

Not all rings have cIassical KruU dimension. However, if the ring has 

right Knill dimension, t hen cl.K.dim(R) exists, and cl.K.dii(R) 5 1 RRI . For 

a nght FBN ring R, it is known that cl.K.dim(R) = 1 RRl [44, Theorem 2-41. 

PROPOSITION 1.1 1. [44, Proposition 1.2, Lemma 1.31 Let R be a ring 

with clmsicd Krull dimension. 

(i) If I is an ideal of R, Uien cl.K.dim(R/I) 5 cl.K.dim(R). 
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(ii) If P c Q a n  primes in R, then cl.K.dim(R/Q) < cLK.dim(R/P). 

Hence, R has ACC on prime idecrls. 

(iii) If R ia o nght natherian ring, then there âs a minimal prime idad P 

such that cl.K.dim(R/P) = cl.K.dirn(R). 

A ring R is right artinian iff every right R-module M is finitely an- 

Tlihilated. If R is a commutative ring, then every Wtely generated right 

R-module is finitely annihilated. If R is a right f d y  bounded right noether- 

ian (right FBN) ring, then every Anitely generated right R-module is fînitely 

snnihüated [17, Théorème II 81. If R is a right metherian ring satisfying the 

right restricted strong second Iayer condition, then every finitely generated 

tame right R-module is fhitely annihüated (67, Proposition 1.21. 

DEFINITION. A nght R-module M is called a A-moduie if R has DCC 

for right annihilators of subsets of M. 

LEMMA 1.12. [a, Promition 1.41 (201 A module M h a A-module iff 

any n o m p t y  subset S of M W Jinitely annihilateci. 

PROOF. (+) : Let r(Si) > r(S2) 2 be a descending chin where 

each Si is a subset of M. Without 1- of generality, we may assume that 

Si cS2 ES3 C=-*. 
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Let S = USi- Then r(S) = r(zi,. . . , %) for some E S. There exists 

some n such that { z l ,  . . . , x,) E Sn, so 

r (S)  = r ( z l , .  . . ,zm) > r(Sk) > r(S) for all k 2 n. 

(=+) : Let S be a nonempty subset of M. Assume that S is not finitely 

annihilated. Then there exists an infini te sequence si, s2, . . . in S such t hat 

r(si) > r ( s l ,  s2) > - and r ( s i ,  . . . , si) > r ( S )  for all i. This obviously 

cont~adicts the DCC on right annihilators on M. O 

LEMMA 1.13. Let M,  M l ,  M2, .  . . , Mn be A-modules. Then 

(i) Any O # N C M is also a A-modde. 

(ii) For any n o m m  ideal I C R, M / I M ( I )  is a A-module. 

(iii) M l @ M 2 $ - - @ M n  isaA-module 

(iv) If 1 LP an i d d  such that I C r ( M ) ,  then MR is a A-mdule ifl MRII 

i s  a A-moduk. 

PROOF. (i) , (iii) and (iv) follow fkom the dennition of a A-module. 

(ü) . Suppose that there exists a sequence x i ,  q, E M such t hat 
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Howwer, r ( s l ,  .. .,z,) = r(z1, ... ,zn,2n+l) = ..- for some n, as M is a 

A-module. We daim that 

Let J = r(xl  + l M ( I ) , . . . , ~  + l M ( I ) ) .  So xiJ C l M ( I )  for BU i 5 n. It 

foIlows that xiJI = O for i 5 n, and hence xkJI = O for aU k. Thus 

for ail k 2 n. This proves the claim. 

( i )  Let M ,  N be right R-modules such that (a) M can k embedded ànto 

a direct Sun of copies of N and (b) N is a homomorphie image of a 

direct sum of copies of M .  Then M is finitely annàhàlated ifl N is. 

(ii) Let M ,  N be right R-modules such that M can be embedded ànto a 

direct product of copies of N .  if every submodule of N is finitely 

annàhilated, then the same holds for M .  

(iii) if euerp jUIy invariant submodule N of M is finit& annihüated, then 

every submodule of M is finitely anrtüailated. 



PROOF. (i). F h t  we clsim that r(M) = r(N). Since M - @ N p  

r ( M )  2 r ( @ N )  = r(N).  Let f: @ M  -r N be the surjective homomor- 

phism. Then r(N) = r( f @ M ) )  2 r($M) = r(M). Therefore, r ( M )  = 

r ( N )  proves the claim. 

Suppose that r(M) = r(mi,. . . ,mk) for some mi E M. Without loss of 

generality, each mi = WJ 8 - 8 ~ , k  where j E N, so 

Hence N is finitely annihilated. 

Suppose that r(N) = r (n i l .  . . , nk) for some ni , .  . . , nk E N .  Since each 

= f (mi,i CB @ mi,&) where mi j E M l  it tolIows that 

Hence M is annihilated by r ( m ~ , l ,  . . . , mkIrk). 

(ii). Let M' be a submodule of M and let 



1.5. FINITE ANNIHILATION 24 

Observe that Mt can be embedded in a direct product of copies of N', as 

M is exnbedded into n N. Then r(M') C r ( N 3  = rm Nt) C r(M'). Since 

N' is finitely amihilatecl, there &t ni, . . . , ni E N' such that r(N') = 

r(nl,...,nL). Now each = x7,1 fq(mj) for some f, : M' -r N and 

m, E Mt. We have 

Hence M' is Bnitely annihilateci. 

(fi). Let M' be a submodule of M and let 

Then since N is a fully invariant subrnodule of M, by hypothesis N is finitely 

annihilatesi. Note that M' = i(M') - N. Define $ : @fEEnd(M) M' 4 N 

by d(ml+ - - + mk) = f 1 ( r n i )  + + fk(mk) where fi E End(M), so 4 is 

wjective. By (i), the result follows. 

(iv). Observe that the submodules invariant under endomorphisrns of 

Ni are of the form @:!'=, N,' where N,! C Ni. Now apply (iii) . Cl 

LEMMA 1.15. Let R be a nght FBN ring. If M is  a finitely generuted 

P-prhary  uniform right R-rnoduie such th& r R ( M )  = Q E Spec(R), then 

Q = P- 

PROOF. S u p p ~ ~ e  Q C P.  Let I = rR(M/ lM(P)) ,  so M I P  = O. Thus 

IP G Q, so either I G Q or P Q. The latter is ruled out by Q c P.  
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For the former, I = Q since r (M)  = Q.  Thai M/IM(P) is a right 

R/Q-module, flliitely generated by, say mi + lM(P) ,  . . . , rnk + lM(P) .  Note 

that IM(P) Ce M ,  so ~ ~ / ~ ( r n <  + IM(P)) Ge R/Q for aii i Since R/Q is 

nght bounded, there a&ts  a nonzero ideai K/Q C nL, tRIq (mi + IM(P)).  

Now K rR(M/l  na (P)) = 1 = Q yidds the contradiction. 0 

Note that Lemma 1.15 shows that ail right FBN rings satisfy the right 

strong second layer condition [See Chapter 21. Moreover, Theorem 1.5 can 

now be strengthened. This was given as an exercise in [29, Exercise 8E]. 

PROPOSITX~N 1.16. Let R be a right FBN ring and let M be a finztely 

g m t e d  right R-module. Then M is a A-module. 

PROOF. By Lemma 1.1 3, wit hout loss of generaiity, we may assume that 

M is a uniform module since M -, M/Ml @ M/M2 @ . 8 M/M,  where 

each M/M, is uniforrn and n = rank(M) [18, Lemma 7.91. 

Let P = Ass(M) and set lR,rR(S) ( P )  = L/ ïR(S) .  h view of Lemma 1.12, 

it suffices to show that any nonempty subset S of M is finitely annihilatecl. 

We daim that 

L/~R(S) Ce R / ~ R ( S ) .  

Let U/r (S )  be a prime uniform submodule of R/r(S)  such that r (U/r (S) )  = 

Ass(U/s(S)) = Q. Clearly, Q U )  = Q. As SU is a P-tame uniform module, 

Q = P by Lemma 1-15. This gives U/r(S)  L/rR(S),  proving the daim. 

Suppose that S is not finitely amîhiiated. Then there exists s 1 E S such 

that r ( s l )  > r (S )  and r ( s l )  n L 3 r(S) .  So there exists 32 E S such that 
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sz(r(s1) n L) # O and r(si, sa) > r(S). Continuhg inductively, we get an 

unfinite sequence si, 32, - E S such that 

r(s1,. . . , Sn) n L > r(s1,. . . , sn, sn+1) n L for ail n- 

Now 

each of which is a torsionfree right RI P-module. Note that L/r  (S) has b i t e  

reduced rank over R/P, Say k. However, 

This is a contradiction. 

Let M be a nght R-module. It was notai in [7, p. 17781 that radna-closed 

right id& of R are right annihilators of subsets of M .  

LEMMA 1.17. Let a = radM for some right R-module M .  A right ideal 

1 is a-closed in R ifl it is the nght annihilator of some subset of M.  

Let S = {f(l + 1) 1 f : R/I -r M). We daim that I = r(S).  Since 

f (1 + I ) I  = f ( I l l )  = O,  it follows that I E r(S). 
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I f r ~ t ( S ) ,  then f ( I + I ) r =  f ( r+I )  =Oford f, s o r + I ~ k e r f  for 

all f. Therefore, r + I E radw(R/I) = O .  Hence I = r(S). 

(r) : I f  I = r(S) for some subset S of M, then 

Thus, if R is right radM-artuiian, i.e., if R has DCC on rad~closed 

right ideals, then M is finitely annihilated, in fact, a A-module. Moreover, 

every rad M-torsionfree right R-module is finitely annihilated. 

There is another way of defining torsion radicals in ternis of dtiplica- 

tive sets, which is related to radE where E is an injective module. When C 

is a multiplicative subset of R, 

pc ={M E Mod-R 1 for any m E M there is some c E C Mth mc = 0) 

defines a torsion class. We define 

pc(M) = {m E M 1 for any r E R, mrc = O for some c E C). 

A partial order can be definecl for the set of preradicals on Mod-R. If 

a, p are preradicals, then we say that o 5 p if u ( M )  C p(M) for ail right 

R-modules M. If n = radE(w where E ( M )  is the injective hull of M, then 

a is the largest torsion radical for which M is torsionfree. 

LEMMA 1.18. Let Q be a torsion nadicd Then cr 5  rad^ i f f  cr(M) = 0. 



(e) : Let N be a module. If a ( M )  = O, then f (a(N)) C a ( M )  = O for 

any f : N -r M .  Thus o ( N )  n ker f = radM(N). O 

LEMMA 1.19. [9, Proposition 11 If every essential right idenl I of R 

contains a regdur elemmt of R, then pc(o) = radE(R) - 

PROOF. Set o = radE(R). Since pc(o) (R) = O ,  we have pc(o)  5 d q R )  

by k n m s  1.18. 

Let D be a d e n s e  right ideal in R W e  daim that D is essential in R. 

If not, there exists a non-zero right ideal I C R such that I n D = O .  Then 

I = I / ( m  D) Z (1+ D ) / D  -r R/D, hence I is a-torsion. But the inclusion 

map 4 : I + R is not a zero map, whiie Hom(I, R) = O as 1 is a-torsion. 

This contradiction shows that any cdense right ideal D of R is essentid in 

R. The right ideal D now contains a regular element c E R. 

I f  pc(o) < u, then there exists a module M such that 

Hence, without loss of generality, assume that p ~ ( ~ l ( M )  = O c o ( M )  = M. 

For any O # m E M ,  the cyclic submodule mR S R/r(m) is O-torsion, ço 
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~ ( m )  contains an elexnent c E C(O), whence mc = O, contradicting the fsct 

that M is pyo)-torsionfree. Thus pc(o) = o- O 

Since every essential nght ideal of a semiprime right Goldie ring R con- 

tains a reguiar ekment of R, in view of Lemma 1 -19, p ~ ( , )  = radwrr) for any 

Semiprime right Goldie ring R 



Second Layer Conditions 

2.1. Introduction 

One of the ways to study the structure of a ring R is to embed it into 

a ring S with a richer structure, provided information can be passed down 

from S to R. The ring of integers furnishes the most elementary example, 

where the overring is the field of rationals in which every nonzero integer 

has an inverse. This idea of inverting nonzero elements is widely used for 

commutative integral domains, producing fields of fractions. 

More generdly, if C is a multiplicatively cl& subset of a commutative 

ring R, then a ~g S can be constructed so that every element s of S is a 

%actionn r / c  or rc-1 for some r in R and c in C. In this case, we denote S 

by RC- ' and cal1 it the quotient ring of R with respect to C. In particular, 

if C = C(P) = R\ P for some prime ideal P, then RC-L is a local ring with 

the unique maximal ideal PRC-'. Thus, the term localization is also used 

for constructing a quotient ring and we Say that R is localized at P or at C. 

However, for noncommutative rings, localizing is not as simple as in 

the commutative case, and the question of localizability was k t  r a i d  by 

Van der Waerden around 1930 [74]. An attempt to form a quotient ring, 
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if possible, inevitably calls for a decision as to whether the right or 1eft 

quotient ring is to be built. 

Suppose that R is a noncommutative integral domain. If R is to have a 

right quotient ring D, where nonzero dements of R are invertible in D and 

every element of D is written as rc-= for =me r, c E R, then R hss to satisfy 

some obvious conditions: If c is a nonzero elexnent and r is an elexnent of 

R, then the product c-Ir also need be an dement of D. In other words, 

there must exist some t, d E R such that cuir = td-l. Multiplying on the 

appropriate side by c and d respectively, we get a common multiple rd  = d. 

Therefore, the ring R is required to satisfy the common multiple condition 

CR n r R  # O for any given nonzero c and r in R 

Ore realized in 1931 that this condition was not ody necessary, but also 

sufficient when he constructeci quotient rings fiom metherian domains 1621. 

The condition that CR n r C  # 0 for any c tz C and any r E R, where 

C is a multiplicatively closed subset of R, is nowadays called the right Ore 

condition. Together wit h another condition, d e d  right reversibilit y (that is 

automatically satisfied if R is right metherian), it allows the constmction of 

a right ring of fractions of R. The set C is called right reversible if whenever 

c r = O f o r c ~ C , r ~ R t h e n r c ! = O f o r s o m e d € C .  

However, in 1936, Malcev [53] produced an example of a domain that 

did not have a division ring of quotients. Since no large classes of rings could 

be found at the t h e  that satisfied Ore's condition, interest waned for some 

years until Tamari [72] showed in 1% 1 that universal enveloping algebras 
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of finite dimemional Lie algebras satisfied the condition on both sides and 

thus had right and left quotient division rings. 

The real impetus for localization came nom Goldie who observeci, in 

1957, t hat Ore's metherian domain had one particularl y interesting charac- 

teristic. He discovered a dichotomy in the structure of domains: A domain 

R has either an infinite direct sum of right ideah or any two nonzero right 

ideals have a nonzero intersection. The latter results in a localizable domain, 

which is now cailed an Ore domain. This obsenmtion led to the concept of 

rank, which m e m e s  how many independent d o r m  submoddes a module 

contains. It became a valuable twl  in the study of noncommutative rings 

[22]. For example, the quotient ring of a prime ring with nnite rank n and 

maximum condition on right annihilators is a ring of n x n matrices over 

a division ring. This fact paved the way for the study of quotient rings of 

noncornmu tat ive rings to progress rapidly. 

During the years following Goldie's fundament al results, considerable 

r d  was conducted on which rings satisfy the Ore condition and Ore's 

method has emerged as the naturai and correct way to form a quotient 

ring. However, often cases are encountered where a right Ore set C does 

not necessarily consist of regular elements of the ring R , and whence there 

may not be an embedding. In this case, it is necessary f h t  to factor out 

the torsion part tc(R) = {r E R 1 rc = O for some c E C}, and then the 

torsionfree factor ring R/tc(R) is embedded into its quotient ring so that 
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reguiar elements of R/tc(R) are invertible in S. The ring S îs still d e d  a 

quotient ring of R with mpct to C. 

In 1966, Small developed a criterion that tells when a metherian ring 

has an artinian quotient ring ushg Ore's method [68, Theorems 2-10, 2.1 1, 

2.121. Thus this method has proved to be powerhil and degant for localizing 

noncommutative rings, provided it can be applied to them at dl. However, 

its major drawback is that Ore's condition fails quite unecpectedly even 

when applied to some %cen metherian rings. W e  it is tempting to 

expect C(P) to be right Ore for a prime ideal P when trying to localize R 

at P, this is often not the case. 

For a simple example, consider Cr(g), the universal envdoping algebra 

of the 2-dimensional solvable Lie algebra g over an algebraically closed field 

k of characteristic O with k-basis { x ,  y} such that [x ,  y] = x. In 1976, Müller 

[57] showed that U ( g )  camot be localized at some prime ideals, although 

it can be at the zero prime ideal. 

It was Jategaonkar who observed the difficulty with Ore's method in 

localizing U(g)  and other classes of noetherian rings such as group rings 

of polycyclic-by-finite groups, and ini tiated an investigation as to why i t 

failed. While he was comparing the structure of artinian rings with that of 

fully bounded metherian rings, he recognized that prime ide& are closely 

related to injective hulls of certain modules, and bimodules. Moreover, 

as the quotient ring RC-L of R with respect to C satisfies the condition 
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RC-'/R = tc(E(R)/R) if R is C-torsioh, the necessity for studying the 

"layered s t ~ c t w e "  of certain modules presents itself. 

He suggested a new point of view on localization by lmking into the 

structure of prime factor rings and layers of th& indecomposable injective 

modules. Noticing that localization is d d y  connected to a certain short 

series of submodules and a relation between prime id& arising as annihi- 

lators of layers of submodules, he defined the second layer condition. In the 

process, it tums out that if C is a right Ore set contained in C(P)  for some 

prime P then C has to be in every C(Q) where Q is linked to P. Hence 

linked primes were the stumbling block for C(P) to be right Ore. 

The idea of the second layer condition for a prime ideal was first alludeci 

to in his 1974 paper [36] on fully bounded metherian rings. He observed 

that a certain "undesirable case" never =ose in the second layer E/LE(P) 

of an indecomposable injective module E where P is the prime ideal that is 

maximal among RnnihiIators of nonzero submodules of E. The second layer 

condition took on a provisionai shape in 1982 when it was introduced as (*) 

in [39], and then, in 1986, evolved into the present definition in temis of 

second layers of tame modules in [40]. 

The second layer condition, as it turns out, has a close relation with Ore's 

method. If a nonempty set of prime ide& is classically localizable, then it 

has to satisfy the second layer condition. Conversely if it satisfies the second 

laye condition dong with some other properties, then it is (classicdy) 

locaüzable. Hence, Ore's method bene& kom a thorough understanding 
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of the second layer condition. Ikt.hermore, the second Iayer condition can 

be stated in terms of finite amihilation of certain modules. Thus it ia a 

weakened version of an artinian ring property that every module is finitely 

rinnihilnted. Since an artinian ring is its own quotient ring, rings equipped 

with the second Iayer condition can be expected to have quotient rings with 

a richer structure. In some sense, a ring with seamd layer condition can be 

v i e 4  as a poor man's artinian ring. 

Currently well-underçtood noetherian rings such as polynomid identity 

rings, group rings of polycyclic-by-hite groups and eoveloping algebras of 

finite dimensional solvable Lie algebras all satisfy the second layer condition. 

These rings are known to be "accessible, pleasant and useful" [40, p. 2191- 

However, the awkwardness in definhg the second layer condition in 

terms of layers has created ad-hoc approach to applications and contributed 

to a proliferation of definitions [39], [29], [67], (521. 

The purpose of this chapter is to present the existing definitions and 

to investigate the relations between them. In the next chapter it is also 

shown t hat the second layer condition is inherited by certain extension rings, 

namely, fini te extensions and some cent ralizing extensions. 

Let R be a right noetherian ring. A semiprime ideal I is said to be righf 

localizable if C ( I )  is a right Ore set in R. We can check the locaüzability 

of I by using a uniform module and its layers. If M is a finitely generated 



2.2 LIM(S 38 

d o m  module with a submodde L that is isomorphic to a right ideai 

of R/I ,  and such that M/L is C(I)-torsion, then 1 is right lodkable iE 

MI = 0 (341, [35]. 

If I is a prime ideal, then it is difEcult to ver* that I is right localizable 

since, in most cases, M I  = O is a rare occurrence; cf., Proposition 2.2. 

Rather it happens frequently that I is Iinked to some other prime ideal that 

is an associateci prime ideal of MIL. 

D E F I N ~ O N .  Let P and Q be prime ide& of a right noetherian ring R. 

We say that Q is l ided  to P, denoting this by Q -, P, if there existç an 

ideal A such that QP C A c Q n P and (Q n P ) / A  is torsionfree as a nght 

R/P-module and fùlly f a ï W  as a left R/Q-module. 

The set 

nr(P) = {Q E Spec(R) 1 Q = P, - - - Pl = P for some primes Pi )u{P) 

is cded the right clique of P. 

DEFINITION. Let X be a nonempty subset of Spec(R). Then X is said 

to be right Iink closed if Q -. P for some P E X implies that Q E X. 

The name link was introduced by Müller [57]. It is easy to see from 

the definition of link that if O is a prime ideal then it is neither Zinked to 

nor from any other prime ideal. Also a minimal prime ideal of a semiprime 

noetherian ring cannot be Linked to nor from any other prime ideal [39, 

Lemma 3.31. In a commutative noetherian ring, if P and Q are linked prime 
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ideais, then P = Q, so cliques consist of only one element. There are more 

possibiüties for the cardinalie of cliques in nonmmmutative rings, t hey may 

wen be infinite as shown in the next example. Howwer, StaEord showed 

that cliques are at most corntable [?O, Corollaries 3-10, 3-13]. 

EXAMPLE 2.1. [57, Lemma 121 Let k be an algebraically cl& field 

of characteristic O. Let g be the Lie algebra with k-basis (z, y} such that 

[y, x] = x, and let S = U ( g )  be its enveloping algebra, which can be viewed 

as the skew polynomial ring S = k[zj  [g; x g  1. The primes of S are 0, XS and 

Pa = XS + (y - a)S where a E k, and they are completely prime. The right 

clique Rr (Pa) of Pa is the countably infuiite set {Pa, Pa+1, . . . ) . 

We now show that U (g) cannot be I o c W  at the prime ideal Pa. Note 

that y -a - 1 4 Pa, and so y - a - 1 E C(Pa). Suppae that C(P,) is a nght 

Ore set, so (y -a- l)SnzC(Pa) # 0. There exist s E S and d E C(P,) so that 

(g - O  - 1)s = xd E xS. Since zS is completely prime and (y - a - 1) 6 xS, 

we get s E xS, so s = xsl for some si E S. Then 

zd = (y - a  - 1)s = (y - a - l)zsi 

= (gx - ux - X ) S ~  = (q + x - az - z)sl = z(y - =)si, 

so it follows that (y - a) SI = d E C(Pa) f~ Pa = 0, an obvious contradiction. 

-ce, C(Pa) is not right Ore. O 
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Let P be a prime ideal. It turns out that any right Ore set contained in 

C(P) has to be in n{C(Q) 1 Q - P}. Thus the trouble with the attempt to 

locaüze R at P stems kom the primes linked to P. 

P ~ o ~ o s r r r o ~  2.2. [40, Theorem 5.4.51 kt P be a @me ideui of a right 

metherion ring R. If C is  a right Ore set in R contamed in C(P), then C 

is mtained in C(Q) for every Q -* P. 

PROOF. Let (Q n P ) / A  be a linkùig bimodule of Q and P. In other 

words, (Q n P ) / A  is torsionfkee as a nght R/P-module and M y  faithful as 

a left R/Q-module. By replacing C with C = {c + A 1 c E C) and R with 

RIA, we may assume that A = O since (5 is a nght Ore set in RIA. It suffices 

to show that every c E C is right regular modulo Q by [29, Lemma 5.71. If 

a E Q, then (w)x = O for d x E Q n P. Since C is nght reversible by (25, 

Proposition 21, there exists d E C C C(P) such that ( n ) d  = O. It follows 

that rx  = O, as M E QnP and QnP is a torsionfree nght R/ P-module. Thus 

r ~ l ( Q n P ) = Q , p r o v i n g t h a t C ~ C ' ( Q ) = { c ~ R I c r = O + r = O } .  O 

2.3. The Second Layer Condition 

Let P be a prime ideal of a ring R. Jategaonkar observed in 1974 

that when R is a right fully bounded right noetherian ring, the second 

hyer E(R/ P) / lE(R/P)  (P) of the R-injective hull E(R/ P) of R / P  was never 

wild. This observation led to the next lemma that subsequently became the 

cornerstone in the study of second layer conditions. 
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LEMMA 2.3 (Jategaonkar's Main Lemma). [39, Main L e m .  2-21 Ld 

R be a right noetheficIn ring and tet P be a pRme ided Let M be a P-tame 

module and set r (M)  = A and L = l M ( P ) .  Assume that r ( N )  = A fot any 

submodule N i L, a d  thot MIL LP Q-prime /or some pime idecxl Q. Then 

one of the following rnutually emlustUStve cases occtrrs: 

(i) Q = A c P. In the m e ,  MIL is a torsion R/Q-module. 

(ii) Q - P via A. 

PROOF. Since O c L c M is an aEliated series with correspondhg 

m a t d  primes P, Q, we see that MQP = O, so QP C A. On the other 

hand, A !& P = Ass(M) and A C Q = t ( M / L )  give A C Qn P. Thus 

QP t A C Q n P. This yields 2 cases: (i) A = Q n P, and (ii) A c Q n P. 

(i) If A = Q n  P, then MPQ C M ( Q n  P) = O. If MP E L, then 

P G r ( M / L )  = Q and thus A = P. But this contradicts L = IM(P) c M .  

So we rmist have MP P L, yielding Q C r ( M P )  = A by the hypothesis 

imposed on M. Hence A = Q E P. However, Q = P is d e d  out because 

L C M .  Consequently, A = Q C P. A h ,  in this case, since M is an essentid 

extension of the R/Q-module L, MIL is torsion as an R/Q-module. 

(ii) I f  A c Q n P, then we must show that (Q n P ) / A  is torsionfree on 

the right and fully faithful on the left . 

Let B / A  be the right torsion submodule of (Q n P) /A .  If B/A # O, then 

M B # O and so L n M B # O. Any nonzero dement x in this intersection 

can be written as x = mrbt + + mkbk for some mi € and bi E B. 
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Since B / A  is torsion, there exïsts c E C(P) such that &c = O for all i. This 

means that zc = O, which is impossible since z belongs to the torsionfie 

RIP-module L. Thus (Q n P ) / A  is torsionbee on the right. 

For the l& side, let B / A  be a nonzero leR R/Q-submodule of (Qn P ) / A  

and set J = IR(B/A). Note that J is an ideal contaixüng Q. Since J B  G A, 

we get MJB = O. If M J  L, then A = r ( M J )  2 B. This contradicts 

the fact that A c B. Therefore, M J  c L, whence J r(M/L) = Q. This 

shows that J = Q, so (Q n P ) / A  is hlly f a i m  on the left. O 

Note that in Jategaonkar's Main Lemma a P-tame module M with 

r(N) = r(M), whenever N g L, c m  be constructecl by choosing a sub 

module M' such that L c M' C M and r ( M )  is maximal among r ( N )  

where L c N C M from R being right noetherian. 

The case (i) in the above lemma is called undesimble since the second 

hyer MIL is a torsion R/Q-module (wild). In case (ii) , if (Q n P ) / A  is 

torsionfke as a left RIQ-module, then MIL is tame [40, Lemma 6.1.11. 

This is the case when R is noetherian. Thus the case (ii) is desiruble. In 

a right noetherian ring without the second layer condition, we can only 

produce a Q-tame submodule of MIL, but cannot guarantee that M/L is 

tame. 

If M is just P-primary in Jategaankar's Main Lemma, then the conclu- 

sion is similar to the tame case except that in the desirable case, we can only 
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show that the hking bimodule (Qn P ) / A  is fully faithfid on both sides [40, 

Lanma 6.1.21. 

We are now in position to display a relation between links for prime 

ide& and the structure of tame modules using the Main Lemma. The links 

can be also cbaracterized in terms of layers of tame modules. 

THEOREM 2.4. [28, Theorem 1.31 Let R be a right noetheriun Rng. A 

pnme id& Q is  linked to a pnme id& P ifl thm exists a finztely gener- 

ated P-tame unifonn module M such that the second layer M / l M ( P )  of M 

contains a Q-tame subrnodule. 

PROOF. (a): Let Q be linked to P via A. Since Q/A is linked to P / A  

via 0, assume that A is O. So Qn P is a torsionfree nght R/P-module. Since 

Q/(Q n P )  2 (Q + P ) / P  R/P, it follows that Q/(Q n P) is torsionfree as 

well. Combining the above results, we obtain that Q is a torsionfkee right 

RIP-module. Moreover, we daim that QR Ce RR. Let I be 3 nonzero nght 

ideal of R with InQ = O. Then IQ C InQ = O, so I E IR(Q) E IR(QnP) = 

Q. Hence I = I n Q = O, contradicting I # 0. 

Thus RR is a P-tame module. Since RR is noetherian, it has finite rank, 

say k. Thus 
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where each Ei is an indecornposable injective P-tame module. Note that 

S ZR(P) Ç 1 ~ ( Q n  P) = Q. Hence 

If U/Q is a uniform submoduie of R/Q, then U/Q -r &/lE,(P) for some 

à. Let N/IE,(P) be the submodule of Ei/la(P) isomorphic to U/Q. Note 

that N is uniform since E, is unSom, and also note that N / l c  (P) is a 

Q-prime module. Now h s e  m E N, but rn $ IG(P). Then mR/LmR(P) 

(mR + lEi(P))/lp(P) is a Q-tame module. Set M = mR. Then M is 

the required module, that is, it is finitdy generated P-tame unifonn with 

M/IM(P)  being Q-tame. 

( )  Without loss of generality, assume that M / l M ( P )  is a Q-tame 

module and O c lM(P) c M fonns an aaüated series with aWliated primes 

P, Q satisfying the hypotheses of the Main Lemma. The undesirable case 

r ( M )  = Q c P cannot occur, since it would imply that M/ZM(P) is a 

torsion right R/Q-module, contradicting the fact that M / l M ( P )  is tame, 

i.e., torsionfree over R/Q. Thus the other case, Q - P, holds. Cl 

W e  can now establish a connection between the second layer condition 

and Jategaonkar's Main Lemma. For noetherian rings, the second layer 

condition for a prime ideal is sometimes defined in terms of the Main Lemma. 
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DEF~NITION. Let R be a right noetherian ring and P be a prime ideal. 

The prime ideal P is said to satisfy the right ami4ted second kryer condition 

if the undesirable case in the Main ]Lemma never arises. 

It is said to satisfy the right amàated s t m g  second laver condition if 

the undesirable case never arises for P-primary modules. 

k t  R be a rîght noetherian ring. Let M be a P-primary right R-module 

with an affiliateci series O c LM(P) c M and P, Q as &ated primes such 

that r ( M )  is maximal among annihilators of submoduIes properly contain- 

h g  t. If P satisfies the right afEliated strong second Iayer condition, then 

r ( M )  = Q c P never o c m .  The right affiliated strong second layer condi- 

tion is formally weaker than the right strong second layer condition defined 

below . 

When Jategaonkar introduced the second layer condition, he first d e d  

it (*), which is a weakened version of the strong second layer condition. 

The standard definition is given in terms of the second layer of an injective 

module. 

DEFINITION. Let R be a right metherian ring. We Say that a prime 

ideal P of R satisfies the right second layer condition if the second layer 

E ( R / P ) / l q R p l ( P )  of the injective module E(R/P)R is tame. 

It is said to satisfy the right stmng second hyer condition if, for every 

prime ideal Q c P, every finitely generated P/Q-primary nght R/Q-module 

M is unfaithful as an R/Q-module. 
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If X is a m p t y  set of prime ide&, then we say that X satisfies the 

right (stmng) setmad Iayer d i t i o n  if every P E X does so. W e  a h  say 

that the ring R satisfies the right (stmng) second hyer condition if Spec(R) 

does so- 

REMARK. If M is a UTiiform P-tame module and if P satisfies the right 

second layer condition, then M/lM(P) is tame since M has a nonzero sub- 

module isomorphic to a unifom right ideal of RI P. 

Let M be a fhitely generated P-tame module. Then the second layer 

condition on R yidds that M/IM(P) is tame and Q -. P for every associateci 

prime Q of MILM (P). Therefore, an a a t e d  series of M wit h correspond- 

hg afIiliated primes P, -. P,-* - - - -  - Pl = P can be constructed. 

Accordingly M is nnriihilated by a product of primes from Rr (P) . 

LEMMA 2.5. [40, Lemma 7.1.21 Let R te a nght noethen.an ràng and 

let X be a nonempty set of prime ide& such that X is right link closed 

und satisfies the nght second iayer condition. Then eveqj fiBitel3 genemted 

X-turne module M is annitriiated by a mite product of prirnes front X. 

PROOF. Since M is finïtely generated, it is a noetherian module. The 

prwf is carriecl out by noetherian induction. So suppose that every X-tame 

homomorphie image MIL, where O # L C M ,  is amihilateci by a product 

of finitely many primes in X.  We discuss two cases: (i) M is not uniform, 

(ii) M is d o r m .  
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(i) If M is not uniform, then there exîst 110-0 submoddes Ni, N2 such 

that NI n N2 = O- Let Mi be a submodule of M margmal with respect to 

pmperties Nl C Ml and Ml n N2 = O, so that Ml @ N2 C, M and 

Now M2 can be constructeci similarly so that Ml @ M2 Ce M and 

Then by the induction hypothesis, M / M l  is annihilated by a product of 

primes Pi P, where Pi E X, since M / M l  is also X-tame, being an essen- 

tial extension of the X-tame module N2. Similariy, M/M2 is Rnnihilated by 

Qi * Q m  where Qj E X. Note that 

Thus, M(Pl - P,)(Q1 - Q,) C Ml n M2 = O. Hence, M is annihilated by 

a finite product of primes fkom X .  

(ii) If M is unSom, then set Ass(M) = P E X. If M = l M ( P ) ,  then 

the assertion is trivial. So assume that LM (P) c M .  Since M/lw ( P )  is me- 

therian, it has finite rank, Say k. Hence there exist submoddes M l ,  . . . , Mk 

such that 

where Ml n n Mk = l M ( P )  and each M/Mi @ unifonn (18, Lemma 7-91. 

Then each M/Mi is Qi-tame where Qi = Ass(M/Mi) E Ass(MI1 ~ u ( P ) )  since 
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P satisfies the right second layer condition. Note also that Qi satisfies the 

right second layer condition since Q - P by Theorem 2.4 impiies Qi E K.  

By the induction hypothesis, each M/Mi is nnnihilntd by a finite product of 

primes and so M/IM(P)  is annihilateci by a £hite product of primes Pi - - P,, 

h m  X .  It now follows that M ( Pl - P,) P = O. Hence, M is annihilated 

by s finite product of primes from X. 

REMARK. AS a consequence, if a nght R-module M is finitely generated 

P-tame and flr (P) satisfies the right second iayer condition, then 1M is, in 

fact, annihilated by a finite product of prime ide& from nr(P) .  

2.4. Rings with the Second Layer Condition 

We have already seen that right FBN rings satisfy the nght (strong) 

second layer condition [Lemma 1.151. Many metherian rings arising "natu- 

rally" are known to satisfi the second layer condition. These rings have a 

sepration characteristic that an ideal between fmo comparable prime ideals 

has the ktin-Rees properiy- 

DEFINITION. Let I be an ided of a ring R. It is said to satisb the right 

AR-pm@y if for any right ideal J there exists a positive integer n such 

that J n In J I .  

The ring R is said to be right AR-sepamted if, for any two prime ide& 

Q c P, there exists an ideal I such that Q c I C P and I / Q  has the right 

AR-property in R/Q. 
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The right AR-property for I can be formdated in t e m  of modules. 

Namely, if M is a fhïfiniteiy generated right R-module with L Ce M such that 

LI = O, then MT" = O for some rz [56, Theorem 42-21. 

LEMMA 2.6. [39, Proposition 4.11 If R is a right noetherian and right 

AR-sepamted ring, then R sati$es the right strong seumd layer conditirm. 

PROOF. Let Q c P be prime ide& and let M be a finitely generated 

P/Q-primary right R/Q-module. Suppose that M is faithful over R/Q. 

By AR-separatedness, there exists an ideal I such that Q c I c P and 

I /Q  has the nght AR.-property. Since M is P/Q-primary, lM(P) Ce M .  

Now lM(P)I  2 lM(P)P  = 0,  and so M P  = O for some n by the rïght 

AR-property of I / Q .  Thus P r ( M )  = Q yields that 1 Q, which 

contradicts Q c I .  Hence, P satisfies the nght strong second layer condition. 

The following corollary is a consequace of the Fact that all of the rings 

listed there are AR-separated. 

COROLLARY 2.7. [Il], [13], 1391 

(i) Gmup rings of polycyclic-by-fmite p u p s  mer commutative noether- 

ian rings sat- the right stmng second b e r  condition. 

(ii) n e  enveloping aigebra U(g )  of a finite dimensional Lie a l g e h  g 

over a field k satisfies the right s t m g  second layer condition i f f  g ïs 

solvable or k has positive chutucterîstic. 
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PROPOSITION 2.8. If R is a right n o e t M n  ring wt-th clussiccrl Kru11 

dimension zero, then R sutisjks tk right strwzg second layer condition 

PROOF. Let P be a prime ideal of R. Since every prime ideal is m- 

mal, there is no prime ideal properly contained in any given prime ideal P. 

T h d o r e  the strong second layer condition is trivially satisfied by P. O 

If R,S are noetherian rings and S B ~  is a noetherian bimodule, then 

in g e n d  it is not known if the left Kru11 dimension IsBl is equal to the 

right K d  dimension f BRI. However, for lBRl = O, equality was provd by 

Lenagan [501. For fully bounded rings, the symmetry of K d  dimensions 

was shown in [36]. Concerning the classical Krull dimension, the symmetry 

cl.K.dim(S) = cl.K.dim(R) is obtained for rings satisfying the second layer 

condition by applying the next lemma twice. 

LEMMA 2.9. [38, Theorem Hj Let R a d  S S prime metherian rings 

satisfing the right second luyer condition. IfsBR is a noetherian bimodule 

that is  torsionfree on each side, then cl.K.dim(S) 2 cl.K.dim(R) . 

PROOF. Induction on a! = cl.K.dim(R) is used. The cases a = - 1 , O  

hold trivialIy. Let a > O and assume that the lemma is true for any ring 

R with cl.K.dim(R) = f l  < a. If cl.K.dim(R) = a, then for any f l  < a 

there exists a nonzero prime ideai P in R such that cl.K.dim(R/P) = P. 

Since R satisfies the right second layer condition, there exists a subbimodule 

factor CID of 8 such that C I D  is torsionfree as a right R/P-module and 
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to rs idee  as a left S/ls(C/ D)-module by [39, Lemms 1-21. Then Q = 

l s (C/  D)  # O by [29, Proposition 7.41 since r(C/D) = P # O. Moreowr, 

Q E Spec(S). By the induction hypothesis, 

This gives the desired result . 

REMARK. Jatega~nkar called a noetherian bimodule sBR a right cell if 

rR(B) = P E Spec(R), B is torsionfree as a right R/P-module and B/C is 

unfaithhil as a nght R/P-module for every nonzero subbimodule C of B. 

Hence the noetherian bimodule B and the factor CID in the above proof 

can be regarded as right cells. 

Note that every nonzero noetherian bimodule contains a cell. 

Over an FBN ring R it was shown that the K r u l  dimension of a finitely 

generated module M is the same as that of any essential submodule [36, 

Theorem 3.51. We can extend this result to noetherian rings wi th the second 

layer condition if for every prime factor ring the classical Krull dimension 

coincides with the K d  dimension. 

P R O P O S ~ O N  2.10. Let R be a noethenan ring satisfytng the second 

h y e r  condition. If, for every prime factor h g  R/P,  the classical Krull 

dimension of R/P 8 equal to the right K d l  dimension, then IMI = IN1 for 

every finit ely g e m t e d  turne right R-rnoàule M with N Ce M. 
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PROOF. h u m e  BRt that Mis auniformmoàule. Weclaim that IMI = 

1 R/ Ass(M)I. Set h ( M )  = P, L = LM (P). W e  proceed by metherian 

induction, assnming the claim to be tnie for ail proper factor modules that 

are tame and uniform. I f  L = M ,  then r ( M )  = P,  so IMI 5 IR/PI. Now 

eqU81ity holds since M contains a submoduk that is isomorphic to a unifom 

right ideal of R / P .  

Assume therefore that L c M. Now M/L is tame since 

and P satisfis the right second layer condition. Also, M I L  can be essentially 

embedded in a direct sum of uniform modules MIMI, .  . . , M/Mk,  egch of 

which is tame and its associatecl prime Qi = Ass(M/Mi) is linked to P 

by Theorem 2.4. By the inductive hypothesis, IM/Mil = IR/Q=l for i = 

1 , .  k Since IM/LI 5 max(lM/Mil 1 i = 1 , .  ..,k} 5 IM/LI, it follows 

that 1 MI LI = 1 R/Qi 1 for some i. Now 

where the first and last equalities hold by hypothesis, and the second one 

holds by Lemma 2.9. Thus 

prwing the claim. The assertion foliows from this since Ass(N) = Ass(M) 

for N ce M .  
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For the general case, assume that M is mt uniform. Then M can be 

embedded essentially into a finite direct sum of d o m  modules M/Mi  d 

- -  @ M/Mk where Ml n - - n Mk = O and k = rank(M). For any given 

essential submodule N of M, note that N n (M/Mi)  # O for each i, and 

IN n (M/Mi)l = 1 M/Mil by the unXorm case. Thus, 

Therefore, 1 Ml = 1 NI for every N Ce M. R 

While there are abundant examp1es of metherian rings satisfying the 

second layer condition, there are also noetherian rings that fail to satise 

the second layer condition. 

EXAMPLE 2.11. Let k be a field of characteristic O. Let S = k[z][y; d/&j 

be the first Weyl algebra Ai(k) over k. The right ideal xS is maximal in S 

and has R = k + xS as its idealizer in S. Thus R is a noetherian integral 

domain having just O, zS, R as its ide&. 

Let E = E(R/xS) R. Since %SR se RR, there is a .  R-module monomor- 

phism @ : R -, xS given by 4(r) = xr, for ail r E R Also R -r R/xS + E 

produces a nonzero homomorphism, which can be extended to a nonzero 

homomorphism a : xS 4 E. SO Q(xS) n R/zS # O and hence rR(E) C xS- 

(Otherwise, P ~ ( E )  = xS and so a(xS) = a((zS)*) = a(zS)xS Ç ExS = O 
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leading to a contradiction.) Thus L = lE(zS) c E. Now there exists a sub 

module M of E such that M satisfies the hypotheses of the iMain Lemma, 

with an afIiliated series O c U c M and xS, Q as its corresponding a t e d  

primes. 

Assume that Q = xS. Then O = MxSxS = MxS,  contradicting U = 

IM(zS) C M .  Thug Q = O c xS follows, producing the undesirable case, 

hence xS does not satisfy the right (affiliateci) second layer condition. O 

Note that in this example lRRl = 1, while any ring R with 1 R R ~  = O 

satisfies the right second layer condition. The ring R in the above example 

has very few ide&. Such rings generally do not satise the strong second 

layer condition as the following result shows. 

PROPOSITION 2.12. [14, Lemma 81 Let R be a noethenun ring such thd 

thete ezists a prime factor ring T where the number of its pmper id& is 

finite, but grrnter than one. Then R does not satisfy the right stmng second 

Zay er condition. 

PROOF. Sup- that R satisfis the right strong second layer condition. 

Then so does T. Let P be a nonzero prime ideal of T, and set 

Note that there are oniy finitely many primes in Rr(P). So I (P)  # O since 

I ( P )  = O would irnply Q = O for some Q E Rr(P), which is impossible since 

O is not linked to any prime. Define I = n, - , I (P)". Then again I # O. Let 



25. THE HIERARCEY OF SECOND LAYER CONDITIONS 53 

E =E(T/P)T.  W e  claim that EI = O. It su£üœs to show that each fmitely 

grneratmi submodule M of E is luinihfated by I .  By Lemma 2.5, the 

exist Pi,. . . , P, E Qr(P) such that MP, --Pl = O. Thus MI(P)" = 0, and 

so M I  = O proving the daim. 

However, note that mer a prime noetherian ring, any injective module 

E is faithful. For if J = r(E) # O, then J contains a regular element c 

of T. Let e be a nonzero element in E. Define a module homomorphism 

4 : d" + E by &(ct) = et for for every ct E cT. Then 4 is well-defined and 

can be extended to <P : T -, E since E is injective, But then 

contradicting the fact that b(c) = +(c) = e # O. This contradiction shows 

that R does not satisfi the right strong second layer condition. O 

So far, all known noetherian rings that do not satisS the right strong 

second layer condition are of the type described in Proposition 2.12. 

2.5. The Efierarchy of Second Layer Conditions 

When R is a noetherian ring, the right strong second layer condition 

on a prime ided P of R implies the right second layer condition on P by 

the noetherian version of Jategaonkar's Main Lemma [40, Corollary 6.1.41- 

In order to establish the same implication for right noetherian rings, we 

introduce an intermediate condition and c d  it the restricted strong second 

hyer condition. This notion was originally labeled (*), in [39j and later (i) 
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in [%JI. Also, some authm use this as the second layer condition since it 

coincides with the usuai definition when aU of the prime ide& are involvd 

[a 1 

D E F I N ~ O N .  Let R be a right metherian ring. A prime ideal P is said 

to satisfy the nght restricted stmttg second layer condition if no hnitely gen- 

erated P-tame module M is annihilatecl by a prime ideal strictly containeci 

in P. 

Thus, if P sathfies the right restricted strong second Iayer condition and 

M is a finitdy generated P-tame module with r ( M )  = Q E Spec(R), then 

it  follows that Q = P. Note the f o d  resemblance betwee. the above 

definition and that of the strong second layer condition where P-primary 

modules are employed instead of P-tame modules. One of the advantages 

of working with the restricted strong second layer condition is that it can be 

charac t erized in t enns of fini te anni hila tion of finit ely generat ed modules, 

without any reference to second layers. 

THEOREM 2.13. Let R be a right noetherian ring and let X be a non- 

empty subset of Spec(R). Then the follouring statements are equivalent. 

(i) X satisfies the nght restricted shong second laper condition. 

(ii) If M is O fmitely genenzted X-turne module, then M I  is &O X-tame 

for uny nonempty index set I .  

(iii) Any finitel3 genemted X-tame moàule M is a A-module. 
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(iv) For any pnpnme ideal Q and anp essentàîù wht ideal E/Q of R/Q such 

th& RIE U X-tome, TR(R/E) > Q. 

(v) Let u be a torsion d i c d  on right R-modules, suJ, üiut euch P E X 

às a-closed in R, and let M be o finitdg genernted X-tcrme moàule- 

I M I m  = IR/r(M)Iu. 

PROOF. (i) (ü): First assume that M is a finitdy generated uniform 

right R-module with P = Ass(M) E K. Let Q E ASS(M'). So Q = r(nR) 

for some n = with each nc E M. Note that 

Now N = CiEl R is a submodule of the noetherian P-tame module M, 

hence finitely generated P-tame. Thus Q c P, and Q = P follows h m  this 

since P satisfies the right restricted strong second Iayer condition. Conse- 

quently, ASS(M') = P. 

Next, we show that M' is tarne. Set L = LMl(P). Suppose that L is 

not a torsionfree right R/P-module. Then there &st O # (m)ic1 E L and 

c E CR(P) such that mc = O for all i E I .  Since (mi) # O, we have # O 

for some i. Now mRP = m P  = O implies that W R  iç a torsionfree right 

RI P-module, which contradicts W C  = O. Thus M I  is P-tame, proving the 

uniforni case. 

If M is a finitely generated X-tame right R-module, then M can be 

embedded essentidy into a finite direct sum of uniform modules Ml,  . . . , Mn 
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with each Ass(Mj) = 4 E X (18, Lemma 7.91. Note that 

j=l 

Since the latter is obviously isomorphic to @;=,(Adji), the uniform case 

yields that M' is X - t e .  

(ii) + (üi): Since M L ) ~  alil Mi where each Mi is a unSom module 

and n = rank(M), and since a finite direct s u m  of A-modules is a A-module 

by Lemma 1.13, we may assume that M is just a uniform module with 

In order to show (iii), we use LMuna 1.12. Let S be a nonempty subset 

of M. Suppose that S is not finitely annihilateci. Note that 

and thus R/r(S)  is P-tame by  (ii). Set L/r(S) = lR,,(s)(P) - Now, there 

exists $1 E S such that r ( s l )  > r(S) and thus r(si) n L > r(S)  since R/+(S)  

is P-tame (primary) . This, in turn, fields sa E S such t hat s2 [T (s 1) n LI # O 

and r(s 1, sz) 3 r(S) . Continuhg inductively, we get s 1, s2, E S such that 

and r(s1, . . . , s,) > r(S)  for all n. 

Observe that 
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is tursionfree as an R/P-module, so it hss a positive reduced rank. Since R 

is a right metherian ring, P ~ / ~ ( I ~ / ~ ~ ) ( P ) )  is finite, say k. Then 

which is a contradiction. 

(m), r(R/E) = r(xl  + E, 2 2  + E, . . . , x k  + E) for finitely many elements 

zi + E E RIE. Note that each r(zi + E) /Q  is essential in R/Q since 

in other words, r (RIE)  > Q. 

(iv) * (i): Let M be a finitely generated P-tame right R-module. As- 

sume that r ( M )  = Q E Spec(R) . Without loss of generality, set M = mR. 

New r(m)/Q cannot be essential in R/Q,  sînce this would imply that there 

is an ideal J such that Q c J c r(m), and mRI = mJ = O leads to a 

contradiction. Thus there exists some nonzero right ideal I > Q such that 

r (m)  n I = Q. Consequently, 
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(iii) (v): Let M be a finitdy generated X-tame module. Then there 

k 

R/r(M) = R/r(mi, ma,. . . , mk) - @ ~ Q R  - MI. 
'-1 

holds in g e n d .  So the equalis is achieved. 

(v) =+ (iv): Let Q be a prime ideal of R, and let E/Q be an essential nght 

ideal of R/Q such that R/ E is X-tame* Suppose r(R/E) = Q. Observe that 

where Pi E X and n = rank(R/E). Note that R/E is cr-torsionkee. Since 

we assume that r(R/E) = Q, we get a(R/Q) = O, as R/Q - n ( R / E ) .  Now 

IR/EIu < IR/Qlo, as E/Q contains a regdar element of R/Q. However, by 

( 4  1 

since RIE is a finitely generated X-tame module. This is a contradiction. 

cl 

Ln the above theorrem, the nght restricted strong second layer condition 

for X is essentid for M' to be X-tame. If X does not satisfy the ight 

restricted strong second layer condition, then M I  may just be tame, but is 

not guaranteed to be Ass(M)-tame as the fo110wing example indiates. 
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WMPLE 2.14. Let Ai = k[z ]  [y; dl&] where k is a field of characteristic 

0. If R = k + xAi, then R is a metherian domain and 0, P = zAi and R 

are the only ideals of R [56, Exampie 1.3.101. 

The right R-module E(R/P)R contains a finitely generated submodde 

M with r ( M )  = O by [56, Example 4.3.151. Observe that 

Note that M~ is tame by Example 4.3 and Proposition 4.1 in Chapter 4. 

T ~ U S  O E A S S ( M ~ ) ,  yet Ass(M) = P.  This happas because P does not 

satisfy the right restricted strong second layer condition as pointed out in 

By (ii) in the preceding theorem, the restricted strong second layer con- 

dition for X is quivalent to the X-tameness of direct powels of finitely 

generated X-tame modules. The foIlowing liçts severai other @valent 

conditions. 

LEMMA 2.15. Let R be a ràght n o e t h d n  ring, and k t  X be a nonempty 

subset of Spec(R). Then the following are equiudent. 

(i) Direct powers of X-tome right R-modules are X-tame. 

(ii) Direct products of X-tome *ht R-modules are X-tame. 

(iii) Direct pmducts of finiteiy geneflzted X-turne nght R-modules are 

X-tante. 

(iv) Direet pmducts of cyclie X - t m e  right R-modules are X-tame. 
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PROOP. (i) (ü): Let {Mi}iEr be a family of X-tame modules and let 

M = nia M. Note that M' = Bi,, Mi is also X-t- Then M (M')', 

and (M')' is tame by (i). TheTefore, M = n Mi is X-tame. 

(ii) * (fi) + (iv) are obvious. 

(iv) (i) : Let M be an X-tsme module. Note that if each mR is tame 

for m = (mi) E M I  where mi E M ,  then M I  is tame. Now niE1mR is 

X-tame by (iv). Since mR nia r-R, it follows that mR is X-tame. O 

When Jategaonlcar introduced the right second layer condition, he la- 

beled it (*),. A prime ideal P in a right noetherian ring R is said to satisfy 

{*lT if1 for any given prime Q c Pl every nnitely generated essential exten- 

sion of an unfaithfd P/Q-tame nght R/Q-module is unfaithful over R/Q. 

This is equivalent to the restricted strong second layer condition. 

PROPOSITION 2.16. Let P be a p r h e  ideai in a rigiat noetherian ring R. 

men P satisfies {*), fl it satisJies the right restricted stnntg second loyer 

condit ion. 

PROOF. (=+) : Let M be a finiteiy generated P-tame right R-moàuie 

with r ( M )  = Q E Spec(R). Suppose Q c P, then ZM(P) c M. In fact, 

IM(P) is essential in M since M is P-primary- Hence, (*), implies that M 

is wifaithful over R/Q, which is an obvious contradiction. Thus Q = Pl and 

so P satisfies the right restricted strong second layer condition. 

(r ) : If P does not satisfy {*Ir, then for some prime Q c P there exists 

a finitely generated faithful R/Q-module M with L Ce M where L is a 
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P-tame unfaithfuI R/Q-module. Note that M is also P-tame since L & M .  

So M is a fbîtely generated P-tame module with r ( M )  = Q c P. This 

contradicts the rïght restricted strong second layer condition of P. O 

DEFINITION. Let R be a right noetherian ring and X be a nonempty 

subset of Spec(R) . The ring R is said to be right X-turne bounded if, for 

every E Ce R such that RIE is X-tame, rR(R/E)  # O.  The ring R is said 

to be nght fully X-tame bounded if every prime factor ring R/P is right 

X-tame bounded. 

By Theorem 2.13, the right restricted strong second layer condition for 

R is thus equivalent to R being right fully Spec(R)-tame bounded. Having 

taken this into account, we can deduce the right second layer condition fkom 

the right restricted strong second layer condition. 

PROPOS~ON 2.17. Let R be a right noetherian ring and let X be a 

nunempty suhset o/Spec(R). If X satisfies the right restricted stmng second 

layer condition, then it satisfies the right second layer condition. 

PROOF. Let P E X satisfy the right restricted strong second layer con- 

dition. Let Ü = (u + I q R I P )  (P) ) / iE(R/p)  (P) be a Q-prime uniform sub- 

module of E(R/P) R/lE(R/P)n (P). Without loss of generabty, assume t hat 

U is a finitely generated submodule of E(R/P). By Theorem 2.13, U is 

finitely annihilateci. Moreover, (U + (P)) / lE(R/P)  ( P )  2 U/Zu(P) is 
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finitely anrrihrlated by Lernma 1.13. Thus 

fore, the second layer of E(R/P) is tame, proving that P satisfies the nght 

second layer condition. Since P E X was chosen arbitrarily, X satisfies this 

If Rr(X) = U,,, Rr(P) = X, then X is right link c l d .  Note that 

Spec(R) is trividy right link closed. For the converse of Proposition 2.17, 

the link closure of X is necessary. Shapiro noted the quivalence of the right 

restrîcted strong second Iayer condition and the right second layer condition 

for right link closed subsets of Spec(R) [67, p. 17901. However, it should 

be noted that, for a set of prime ide& that is not link closed, the right 

restricted strong second layer condition is strictly stronger than the right 

second Iayer condition (See Section 2.6). 

P ~ o ~ o s r n o ~  2.18. Let R be a nght noetherian ring and let X be a 

mnempty nght Iink closed subset of Spec(R). If X satisfies the right sec- 

ond Iayer condition, then it satisfres the right restricted stnnlg second layer 

wndit ion. 

PROOF. Let P E X.  Suppose that M is a finitely generated P-tame 

right R-module with P > t ( M )  = Q E Spec(R). Define 
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Then P/Q E X and X is still Dght link dosed, since T/Q -. T/Q, where 

T/Q E z, implies that there d s t s  an ideal I such that 

torsidive on the right and fully faithful on the left. This means T' --. T, 

thus E X and T"/Q E 2. Passing to the factor ring R/Q, we rnay m e  

that Q = O, so R is a prime right noetherian ring. Since M is P-tame, it is 
- 
X-tame. Thus there Bcist, by Lemma 2.5, primes f i ,  . . . , P, E X such that 

MP, Pl = O. So Pi = O for some i. This contradicts the f x t  that Pi # O 

as Pi E X for all i = 1,. . . , n. Thus Q = r ( M )  = P follows, giving the right 

restricted strong second layer condit ion for P. O 

COROLLARY 2.19. Let R be a right noetherian ring satismng the right 

second layer condition. Then R satisfies the right restricted stmng second 

krym condition. 

PROOF. Since Spec(R) is trivially right link dosecl, R satisfies the right 

restricted strong second layer condition by Proposition 2.18. O 

COROLLARY 2.20. Let P be a p m e  idecrl in a right noetherian ring R. 

Consider the fol2owing statements: 

(i) P satisjies the right stmng second layer condition. 

(ii) P satisfies the right estricted stmng semnd layer condition 
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(iii) P satisfics the nght sacond hyer cundi th .  

na (il (ii) + (iii). 

PROOF. (i) =$ @): By definition. 

(ii) * (fi) : By Proposition 2.17. 

COROLLAKY 2.21. Let P be a minimal p r i m e  ided in a right nuetherian 

ring R. Then P satisfies the right second layer condition. 

PROOF. By definition any minimal prime ideal P satisfies the right 

strong second layer condition, hence Corollary 2.20 gives the resuit. Cl 

CoroUary 2.21 was also proved by Boyle and Kasler [12]. 

For noetherian rings, Goodearl and Warfield [29] and Byua [15] define 

the right (strong) second layer condition of a prime ideal P in terms of an 

anrliated series of a tinitely generated (P-primary) P-tame module M. The 

nght second layer condition and the right affiliated second layer condition 

coincide on noetherian rings while the former implies the latter in general. 

PROPOSITION 2.22. Let R be a right nwtherian ring and k t  P be a 

prime ideal in R. If P satiGes the m h t  second hyer conditwn, then it 

satàsfies the fight amated second Lcryw condition. 

PROOF. Suppose that P does not satisfy the right affilia& second layer 

condition. Then there exists a P-tame module M satis@ng the hypotheses 

of Jategaonkar's Main Lemma and resulting in the undesirable case. Set 
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L = h ( P )  and r ( M )  = Q c P. There exist UILiforrn s u b d u l e s  Ui of L 

such that 

Bu, ce L ç. M. 
ifEI 

Since L is a torsionfree right R/P-module, each fi E(R/P)R and so 

U eil E R ) .  As aiEr E(R/P)  is a h  an injective module 

M eiÉr E(R/P) .  Hence, 

If R is noetherian, then the converse of Proposition 2.22 holds. 

PROPOSITION 2.23. Let R be a noetherian d g  and kt P be a prime 

i&al satisbing the ràght amiated second hyer condition. Then P satisfies 

the right second laper condition. 

PROOF. Let Û = (U + IqR/p) ( P ) ) / l E ( W P ) ( P )  be a Q-prime uniform 

submodde of E(R/ P) / lE(R/P)  (P) . By normalizing U to a suitable submod- 

de ,  we can assume that U satisfies the hypotheses of Jstegaonkar's Main 

Lemma. Then Q -. P via r(U) , and (Qn P)/r(U] is torsionf?ee on the nght 

and faithful as a left R/Q-module. Now it foilows that it is also torsion- 

free as a left R/Q-module since every noetherian bimodule is tarne. Thus 
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U/lu(P) is Q-tame by the noetherian version of the Main Lemma This 

shows that the second layer of E(R/P)  is tame. Cl 

it is obvious h m  Coroiiary 2.20 and Proposition 2.22 that a prime 

ideal P satisfying the right restncted strong second hyer condition also 

satisfies the nght m a t e d  second layer condition. The latter says that the 

undesirable case does not arise for P-tame modules satisfying the hypotheses 

of JategaoWs Main Lemma. The foIlowing result characterizes the right 

restricted strong second layer condition in terms of the undesirable case not 

arising for a wider class of P-tame modules. 

PROPOSITION 2.24. Let R be a right noetherian r h g  and let P be u 

prime i d a l  of R. Then the following am equivalent. 

(i) P satisfies the right restricted stmng s m d  layer condition. 

(fi) The= does mt ezist a finitely genemted P-tame right R-module M 

such that r(M/lM(P)) = Q E Spec(R), Q c P and MQ = 0. 

PROOF. (i)=+(ii): Suppose that there is a finitely generated P-tame 

module M Mth MQ = O, Q c P, and r ( M / l M ( P ) )  = Q. Then 

giving that r ( M )  = Q. But then Q = P by the right restricted strong 

second hyer condition on P. This is a contradiction. 

(ii)*(i): Let M be a finitely generated P-tame right R-module with 

r(M) = Q E Spec(R). Suppose Q c P. Note that Mr(M/lna(P))P = 0, 
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so t ( M / l M ( P ) ) P  Q and hence t ( M / l M ( P ) )  C Q since P > Q. Now it 

fol lm from Q T ( M / Z ~ ( P ) )  that r (M/ lM(P))  = Q. This contradicts 

(ii) - a 

Next, we present conditions that are equivalent to the strong second 

layer condition. 

PROPOS~ON 2.25. k t  R be a right noethe~an ring and let X be a 

nonempty subset of Spec(R). Then the following are equiualent. 

(i) X satïi$ies the nght stmng second layer condition. 

(3) r f  P E X, then M' is  P-pMnary for any jinitely genemted P-primary 

right R-module M and any rwnempty index set 1. 

(fi) Ass(M) = ASS(M') for any finitely genemted right R-module M with 

Ass(M) X. 

(iv) If M is a finitely genemted nght R-module wttUtth Ass(M) C X, then 

{ P  1 P Q an annihüatw prime of M }  = Ass(M). 

PROOF. (i) =+ (Il): Let M be a finitdy generated P-pr- nght 

R-module with P E X.  If Q E ASS(M'), then there exists a Q-prime 

subrnodule N E M'. Let O # n = E N, so 

since CiEr QR C M is metherian. As EL, Q R  is a finitely generated 

P-primary module, we obtain Q = P. 
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(ii) 3 (iü): Observe that Ass(M) ASS!M') as M Q M'. S h e  any 

finitely generated right R-module M can be essenthlly embedded into a 

hite direct sum of uniform modules, without loss of g e n d t y ,  we assume 

that M is P-primary- So by (ii), Ass(M') Ass(M). 

(iii) + (iv) : Let P = t ( N )  for some submodde N of M .  Since 

we get P = Ass(R/P) Ç A S S ( M ~ )  = Ass(M) by (iii). 

(iv) * (i): Let M be a finitely generated P-primary R/Q-module where 

Q C P .  If + ( M )  = Q, then Q = P = Ass(M) by (iv}, contradicting 

Even though the right affilateci strong second layer condition of a sin- 

gle prime ideal does not imply the right strong second layer condition(see 

Section 2.6)) the two definitions are quivalent when applied to the whole 

P~oposrrxo~ 2.26. Let R be a right noetherian ring. Then the jollowing 

are etpivalent. 

(i) R satisfies the right stmng second layer condition. 

(ii) R sathfies the right agSriuted stmng second luyer condition 

PROOF. (i) =r (ii) : Let P satish the right strong second layer condition. 

If P did not satisfy the right afnliated strong second layer condition, then 

the undesirable case of the Main Lemma would arise, that is, t h e  wodd be 
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a finitely generated P-primary right R-module M with an affiiiated series 

O c IM(P) C M such that M / l M ( P )  is a Q-prime uniform module and 

r ( M )  = Q c P. Since P satisfies the right strong second iayer condition, 

this is impossible. 

(ii) * (i): Let Q be a prime ideal such that Q C P,  and let M be a 

finitely generated P-primary faithful right R/Q-module. Wifhout loss of 

g e n d t y ,  we may asSume that M is d o r m -  Set 

M = {N C M 1 r(iW/N) = Q, MIN is P'-primary unîf'orm where P' > Q). 

Then O E M # 0. Since M is metherian, a maximal element N can 

be chosen in M. Now replace M by MIN and set Ass(M) = P'. Note 

that T ( M / I ~ ( P ) ) P  c r ( M )  = Q irnplies that T ( M / ~ M ( P ) )  = Q. Set 

L = LM (P'). There exist finitely many submodules Li, . . . , L, such t hat 

nbi Lc = L, L E Li C M and MILi is uniform for ail i = 1, ..., n. Thus 

MIL -e el=, M/ LI by (18, Lemma 7.91. Hence 

so r ( M / L i )  C Q for some i. This means that r ( M / L i )  = Q,  since Q = 

t ( M / L )  C r (M/Li)  in any case. Set Ass(M/Li) = c. Note that > Q. 
By the assumption on M, we get P: = Q. Hence 

Now choose a submodule M' of M such that M'IL is Q-prime uniform 

and r ( M f )  is maximal among annihilators of submodules of M properly 
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contaînïng L. Then 

Note that Mf is P-primary, and that O C L C M' is an affiliateci series with 

r (Mf)  = Q c P, which is not ailowed by the right afnüated strong second 

layer condition of  P. 0: 

We now summarize the relations among the various second layer condi- 

tions. 

THEOREM 2.27. Let R be a nght noetherian ring and let P be a prime 

ideal of R. Consider the following statenetùs: 

(sslc) P satisfies the right s t m g  second layer condition. 

(rsslc) P satisfies the right restricted stmng second layer condition. 

(slc) P satisjies the right second layer condition. 

(asslc) P satisfies the right agüiated stmng second layer condition. 

(aslc) P satisjies the Rght a m a t e d  second Iayer eondition 

Then 

(i) (sslc) * (rsslc) =r (slc) =+ (aslc). 

(ii) ( M ~ c )  =+ (sic) if R is methe* 

(üi) (sslc) * (asslc) + (a sk ) .  

(iv) (slc) j4 (rsslc), in genetal, even if R i s  noethefiua 

PROOF. (i) . By Corollary 2.20 and Proposition 2.22. 

(ii). By Proposition 2.23. 
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ci). By definition 

(iv) is the topic of the next section. 

If R is a right noetherian ring and X is a right link ci& nonempty 

subset of Spec(R), then the right restrïcted strong second layer condition on 

X is equivalent to the right second layer condition on X. If X is the whole 

Spec(R), then the right strong second Iayer condition on R is equivalent to 

the right affiliated strong second layer condition on R and the nght restricted 

strong second layer condition on R is quivalent to the right second layer 

condition on R. 

The following diagram summarizes the relation between various defini- 

tions of the second Iayer condtions aven in this chapter. 
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rig ht 
stroong 
s lc 

right 
affilWRed skong 

sk  

right 
aff liated 

s lc 

right 
restricied çb-ong 

s Ic 

For hiro s ided noetherian ring L 

For 
the right link 
closed sets 

- -  - 

rig ht 
s lc 

FIGURE 1. R is fight noetherian. 

In this section, we present a prime ideal, in a noetherian ring, which does 

not satisfy the nght restricted strong second layer condition, but satisfies the 

right affüiated second layer condition. Note that this prime ideal also satis- 

fies the right second layer condition since the ring is twesided noetherian. 

Certainly, it carmot satisfy the right strong second layer condition. 
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EXAMPLE 238. [29, Exercise 11MI Let R = k+OS where S = Ai(k) = 

k[d [B; dl&] and k is s field of characteristic zero. Set 

(a) We daim thst (i) T is a prime metherian ring, and (ii) P and Q are 

prime ideals in T. 

PROOF. (i) Note that R is the idealizer of BS in S and OS is a maxi- 

mal right ideal in S. Since S is a right metherian ring, RR and @SR are 

noetherian by [56, Theorem 1.1.121. Hence T is a right noetherian ring by 

[56, Proposition 1.1.7]. In order to show that T is a left wetherian ring, 

that R is also the idealizer of the maximal left ideal S8 of S. So R R 

is noetherian. Hence R is noetherian and so R(9S) is noetherian, as it is an 

ideal of R. 

To prove that T is a prime ring, assume that 



so ûu = ~3 = O FoIlows. The case xi = O and the subcases arising from it 

are treated in a simiiar K 

(ii) T/p = P 
\es R 

hence P  is a prime ideal 

s prime ring. 

(: ;j (1 i) ' k1 
A similar argument shows that Q is also a prime ideal. 

(b) We daim that (i) AT is a subrnoduie of M2(S), (TI PlT Ce (A /P)T  

and (ii) r r ( A / P )  = O. Hence we conclude that the prime P in T does not 

satisfy the nght restricted strong second layer condition. 

PROOF. (i) F i t ,  we show that A is a T-submodule of M2(S). 

In order to show that T / P  Sc A/P, let O # a E A / P .  Then 



since any s E S can be written as s = p( z )  +es', where p ( z )  E k[zl and s' E 

S. It is required that some nonzero rdtiple of a is in T/P, that is, we have 

O O 

f @)Tl + g ( x ) O ~  f (x)r2 + g(x)r3 )+(n a,) 

So we need f (x)rt  + ~ ( = ) O S  E OS and f (z)rz + g(x)r3 E R \ OS. F h t  note 

that f ( x ) P  = C:a ((1)~'f("-')(x). If f ( x )  # O, then take rl = Bdd+L and 

s = 0 , r 2  =Bdcgf,r3 =O-  Lfg(x) # O ,  then take r l  = 0 , s  =Bdegs,rz = O  and 

r3 = edeg9. These wïll yield a nonzero multiple of a in T/P. 
l 1 

(ii) In order to show that t T ( A / P )  = O, let [il 11 TT(A/P) -  

Hence, it follows that Srl+S0s E 9 s  and Sr2+Sr3 E OS. Thus r i ,  7-2, t3,Bs E 

rs(S/9S). Since S is simple, rs(S/9S) = 0. 

Since rr(A/ P )  = O E Spec(T) and (A/  P)T is P-tame finitely generated, 

P does not satisfy the right restricted strong second layer condition. Cl 
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(c) Let E = E((R/BS)R) and mdce the r m  E' = (E, E) into a right 

M'(R)-module in the obvious way. W e  claim t h t  E' is an injective right 

Mz (R)-module. 

PROOF. k t  I be a right ideal of M2(R) and let f : I -, Er be a right 

M2(R)-module homomorphism Set Xi = 

Then Il is a right R-subrnodt.de of Ma(R). D e h e  I2 similady. Note that the 

entries in Il are the same as those in I2 since coliimns of I can be switched 

by a simple column operation. 

Define fi : Il 4 E by fi 

where ?rl is the projection of E' onto (E, O), so that fi iç an R-module 

homomorphism. Likewise for fi : I2 -, E. Since ER is an injective module, 

fi can be extendeci to an R-module homomorphism f; : (: i) + E. We 

\ 

- 
fi is an extension-of fi. Observe that 

- 

and claim that 
O 
O J  



an 0 
the daim. 

We c lah that 

(i) F is an extension of f . 

(ü) F is a right M2(R)-module homomorphism. 

(i) follows fkom the definition of F. . - 

(ii) Let r = 1:; E M2(R) andz = 1'' x12) E M2(R). It is 
221 522 

to be shown that F(xT) = F(x)r. Since 

we get 

F ( m )  = 



S i  was defined as 7; = f i  

(d) We daim that M2(R) is projective as a left T-module, and conclude 

that E' is also injective as a nght T-module. 

PROOF. Note that 

(a, :) (1 1) = (::: BSR::) (: :) 
so M2(R) is a left T-module. Wfite 



and note that 

Thus, TM2(R) is a projective module since a summand of a free module 

is projective and a direct sum of projective modules is projective by (66, 

Proposition 2.8.3, Lemma 2.8.43 where 

By claim (c) above, G is injective as a right Mz(R)-module, which as a Ieft 

T-module is projective. Therefore E;. is injective by Lemma 2.29 below. O 

(e) (i) We daim that the row B = (O, RIOS) is a right T-submodule of 

Et, and that B (T/P)T. 

Then 6 is not only well defined, but also a T-isomorphism. O 

(ii) If M is any T-sibmodule of E' such that M 3 B, we chim that M 

contains the row C = (RIOS, R/BS). 

PROOF. Since (O, R/OS) c M C (E(R/BS), E(R/BS)), the elements of 

M are of the form na = (mi,m2) where E E(R/BS). Suppose that ail 
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the el-s of M are of the f m  (0, ma). S i  

we get m2ûs = O for di s E S. So rnz E lE(R/BS)R(6S) = RIOS, siDce 

E(R/BS)R is a d o m  right R-module with socle R/BS. Thus M = B, 

contradicting the hypothesis B c M. Therefore, there exists at least one 

(ml, rnz) E M such that ml # O. Since R/6S ce E(R/BS), we have O # 

miri E RIOS for some ri E R. As mir1 generates the simple module RIOS, 

it foUows that B c (RIOS, RIOS) G M. Cl 

(iiï) Now, if M has an affiliateci series O = Mo C Mi C g - -  c Mn = M ,  

then we daim that P, Q m u t  be its first two affilia& primes. 

PROOF. First, we show that &r Gr ET. It is to be shown that for any 

O # (el, e2) E Et there exists (:: :) EL t b t  

If O # el E E(R/BS), then O # e l r  E RIOS for some r E R since 

RIOS ce E(R/BS). Setting rl = 0, s = O,rz = r and r 3  = O produces the 

required dement of T. If ez # O, then O # ezr E R/BS for some r E R, so 

set rl = 0, s = O, r* = 0, r3 = r in this case- It follows that E' is P-primary, 
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in fact, P-tame since P is a maximal right i d d  of T. Now the first layer of 

M is Mi = IM(P) = lEf (P)  n M = (O, RIOS) n M = B. 

Since C = (RIOS, R/BS) MF for any M' with B c Mf Ç EP,  the simple 

module C/B is essential in M2/Mi and Q = m(C/B) = Ass(Mz/Ml). 

Thus, Mz/Ml is Q-primary. Smce T/Q 2 RIOS 2 k, M2/Ml is Q-tame as 

well. O 

(f) We claim that P satisfies the right second layer condition, but not 

the right strong second layer condition. 

PROOF. F a ,  we show that P satisfies the nght affiliated strong second 

layer condition (and hence the right a83liated second layer condition and 

consequently also the nght second layer condition by Theorem 2.27). For 

this, we have to show that there does not exist a finitely generated uniform 

right T-module M with an affiliated series O c U c M and comespcnding 

prime ideah P, Q' such that M/U is unifom, (Y c P and MQ' = O. Assume 

that there is such a module. Since T/P % k, the uniforrn module U can be 

identifieci with the module B a h .  S i  B c Er = E(B)T, the module 

M can be considered as a submodule of Ef containhg B. By the above, the 

k t  two dHiated prime ide& of any a8üiated series of M are thus P and 

Q. since they are P and Q' by assumption, Q = q. Thus Q = C P, 

which gives a contradiction. 
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Note that by @), P does not sa* the right restricted strong second 

iayer condition, so it m o t  satisfy the right strong second layer condition 

by Theorem 2.27. O 

The above example also shows that for a single prime the right Rffilisrted 

strong second layer condition does not imply the right strong second layer 

condition. 

The foliowing lemma is slightly more general than [le, Ch. 2, Proposi- 

tion 6.2a], but the proof is essentially the same since every projective module 

is Bat. 

LEMMA 2.29. Let R, S be rings such that RS is a flot left R-module, und 

let Es be an injective module. Then E is injective as a right R-module. 

PROOF. Let N M be nght R-modules and let f : N -, E be a nght 

R - m d e  homomorphism. By a wd-known result of homologid algebra 

( s e  [66, Proposition 2.10.9]), 

defined by [s'(4)](n Q s) = [d(n)](s) is an isomorphism. Also Homs(S, E) - 
E. Hence f corresponds to s'( f )  E Hom(N @ S, E), so that sl( f )  (n  @ 1 )  = 

f (n)* 

Since S is a Bat left R-module, N OR S G M @IR S. Thus s*(f) can be 

extended to an S-module homomorphism si'( f )  : M @ S 4 E. Now sf'( f) 
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gives an R-module homomorphism f : M + E via f(m) = d'(f )(m @ 11, 

which is an atmsion of f since f(n) = dt(f)(n @ 1) = d(f)(n @ 1) = f (n) 

for ail n E N. 0 



Second Layer Conditions in Extension Rings 

3-1- Introduction 

In ment  years, a good deal of research h m  been concerned with the 

structure of extensions of rings that satisfy the second layer condition. Inves- 

tigations in this direction started with Brown and Jategaonkar who showed 

independently that a group ring RG satisfis the strong second layer condi- 

tion whenever R is a commutative noetherian ring and G is a polycyclic-by- 

fhite group [13], [39]. Recall that a commutative noetherian ring satisfies 

the strong second layer coridition. Bell then weakened the hypotheses on 

R to indude artinian rings, noetherian P. 1. rings and principal ideal rings, 

and showed that a strongly G-graded ring S with base ring R satisfies the 

second layer condition [Il]. 

In this chapter, we consider some of the simplest cases: finite extensions 

and polynomial extensions. Let R and S be rings such that S contains R as 

a subring. The ring S is said to be a right module finite extension of R if S is 

finitely generatd as a right R-module. We begin with module finite exten- 

sions of a class of rings satisfying the second layer condition, in particular, 

artinian rings and FBN rings as they have well-understood structures. The 

former have the property that every module is hitely annihilatecl, while 
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the latter are characteri& by the Gabriel (H)-a>ndition that euery finitely 

generaed module is finitdy amMatec l .  It is easy to see that a module 

finite extension of an artinkm ring is aIso artinian. In 1990, Letzter showed 

that a module bite &ension of an FBN ring is 8lso an FBN ring [51]. We 

give a new proof of this in terms of finite annitdation. 

By following the pattern set by artinian rings and FBN rings in terms of 

finite annihilation, we continue with a more general cIass of riags: noether- 

ian rings satisSing the second layer condition. As it has been established 

in Chapter 2, these rings can aiso be characterized by a version of finite 

annihilation. Here, only the finitely generated t ame modules are finitely an- 

nihilated. We show, by fmite annihilation of modules, that a module h i t e  

extension ring of a noetherian ring satisSing the nght second layer condi- 

tion also satisfis the nght second layer condition. This is a generalization 

of an earlier resuit by Letzter who showed that a module finite extension 

of a metherian ring sati*ing the twesided second layer condition satisfies 

the same. 

We also observe that tameness of modules over the extension ring can 

be transferred to the base ring and vice versa. That is, if S is a module 

finite extension of a ring R, then an S-module M is tame as an S-module 

îfF it is tame as an R-module. 

However, when infinite extensions of metherian rings are considered, 

there are still a fair number of open questions. For example, it is still not 

known if the polynomid ring R[x] satisfies the second layer condition when 
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the base ring R does (11, p. 1091. So far, it is lmawn that Riz] satisfis the 

strong second layer condition when R is an FBN ring. With the help h 

a technid lemma of Byun [15j and a recent d t  established by Ko&r 

[43], we give a sufkient condition for a prime ideal P in R[z] to satisfy the 

second layer condition. 

3.2. Finite Extensions 

The observation that all finitely generateci tame modules are finitely 

annihilated if the ring satides the second Iayer condition is convenient and 

practical, particular1y when dealing with extension rings. It originated from 

prime Goldie rings where the torsionfree modules, t hough not necessady 

finitely generated, are finitely annihilated. 

LEMMA 3.1. Let R be a prime right Goktie ring. Then euery torsionfixe 

right R-module M is a A-moàule. 

PROOF. Suppose that there is a subset S of M with an infinite de- 

scending chah r ( s l )  > r(s1, s2) > - -  - , where s* E S. Set 10 = R and 

In = r(si,. . . ,s,) for each n 2 1. Note that O # In/In+l S,+I&I C M .  

Since M is torsionfree, P ( I ~ / I ~ + ~ )  2 1. Note also that p(R) is finite, Say k, 

as R is prime right Goldie. However, by the additivity of the reduced rank, 

This is an obvious contradiction. 
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DEFINITION. Let R, S be rings such that R is a subring of S. The ring 

S is said to be a Mht madule firute eztenaàon of R if S is finitely generated 

as a right R-module. 

Similarly, we d&e kjt module finite eztensions. We say that S is a 

module finite e z h s h  of R if it is right and left module finite over R. 

When S is a module finite extension of R some properties of right 

S-modules are inherited by right R-modules, and vice versa. For example, 

tameness of a module is preserved in both directions. In fact, we can even 

shaw that going dom can be schieved wïthout S being finitdy generated 

as an R-module. First, we observe that every A-module is tame. 

LEMMA 3.2. Let R be a right noethe*an ring and let M be a right 

R-module such that every submoduie is jiniteiy annihilated, Then M is turne. 

PROOF. Let U be a prime Worm submodule of M. Set P = Ass(U). 

Since U is finitely ruinrhilated, there exist some ul, . . . , uk E U such that 

r(U)  = r(u1,. . . , uk). SO, 

If V/P is a uniform right ideal of R/P, then V/ P s U, and so U is tame. 

Therefore, M is tame. O 

PROPOSITION 3.3 (Down). Let R 6e a right noetherian ring, a d  kt 

S 2 R be a right noetherian ring sattsmng the right s d  layer condition. 
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Then euery finitely gener0te.d tame right S - d u l e  M is fame as a nght  

R-module. 

PROOF. Note that M is a A-module as an S-module by Proposition 2.18 

and Theorem 2.13, and it obviously renmim 8 A-module when considered 

as an R-module. H e m  M is tame as a right R-module by Lemma 3.2. O 

In order to set up the converse to the previous proposition, we require 

a lemma that describes a relation between regular elements of subrings and 

overrings. It is a variation of Joseph-Smd [4l, CoroUary 3.71 and is basically 

due to Warfield (75, Corollary 21 where the twu-sided second layer condition 

was used. 

LEMMA 3.4. Let R be a noetherian ring sdis&ng the right second layer 

condition and let S be a module Jinite &GIZS~*O~ ring of R. Then the set 

CR/(pnRl (NI( P fl R) ) is contazned in CSIP(O) for euery prime ideal P of S, 

where N/(P n R) denotes the ptime rudical of R / ( P  n R). 

PROOF. Note that the hypotheses of the lemma hold for R / ( P  n R) 

(R + P ) / P  and its extension ring S/P.  So we may assume that S is a prime 

metherian ring. Since RSS is a noetherian bimodule, there exists a left 

a£Filiated series 

o=so C SI c - - - C S *  = S  

with affrliated prime ide& QI,. . . , Q, E Spec(R). We claim that each factor 

R/Q (Si/% 1)s is torsionfree on both sides. Fit, we show this for the left 
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hand side. Suppcse that the torsion submodule ~ ( R ~ O i s i / s i - ~ )  = W/Si-i 

is nonzem- S i  W/Si-1 is Wtely generated as a right S-module, say by 

w1+ Si-1,. . , wk + S.+ we get 

Thus, I/Q, cannot be O, for if it were then the torsiofiee module R/Qi 

would be a subrnodule of the torsion module (w/s~-I)*. However, I/Qi # 

O contradicts the fact that the afUited prime ideal Qi, by definition, is 

mmcimal among left annihilat ors of nonzero left R-submodules of S/ Si- l.  

Thüs Si/&- 1 is torçionfree on the kft. 

For the right hand side, observe first that S/So = S is torsionfree. Sup 

pose that S/Si is not torsionfree for some i > 0, but that S/Si- 1 is torsion- 

free. Let VIS, = Z(S/Si)s # O be the torsion subrnodule of S/Si. Sùice 

VISi is fuiitely generated on the left by, Say V I  + Si, . . . , u,,, + Si, we have 

rs(V/Si) = rs(vl + Si, . . . , vm + Si). Note that rs (vj  + Si) Ce S since 

U, + Si E Z(S/Si)s. By Goldie's Theorem, there exists c E Cs(0) such that 

c E rs(V/Si). Observe that RV - RVC, as c is a re- elexnent of S. So it 

foIlows fÎom 
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that Qi - - QiV = O. Co~l~e~uently, V C &(QI - - Qi) = Si c V, a contm 

diction. Thus S/Si and hence ki /S i  is torsionfree for ali i. 

If wery left affiliatecl prime ideal Qi is is, then the desred result 

CR(N) C Cs(0) ~ O ~ ~ O W S .  TO show t h ,  let c E CR(N). It d k e s  to show that 

c is right regular in S, by [29, Lemma 5.71. if cs = O for some O # s E S, 

then let i be the d e &  integer such that s E Si. Then s + Si-i # O and 

C(S + si- 1) = O. Since CR(N)  C CR(Q~) by [18, Theorem 1-25], c E CR(Q~). 

This contradicts the fact that &/Si- is torsiodkee as a left R/Q,-module. 

Thus, c is regular in S. 

NOW it remains to show that every Qi is a minimal prime. First observe 

that minspec(R) C {QI,. . . , Qn} since QI.. .Qn C IR(S) = O. For the other 

inclusion, form a right sUfiliated series 

Thus d.K.dim(R) = cl.K.dim(R/Pj) for some j. On the other hand, 

by Lemma 2.9, since R satisfies the right second layer condition. Thus 
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showing that Qi is a minimal prime for d i = 1,. . . , n, and so the set of 

nhimd pr- minspec(R) = {Ql,. , Qn). a 

P R O P O S ~ O N  3.5 (Up). k t  R be a n o e t h e m  ring satismng the nght 

second laye+ condition and kt S be a module finite eztenRon ring of R. 

Then a Jnitely genmted Rght S-module M is tame whenever it is tame as 

u nght R-module. 

PROOF. Suppose that Ms is tarne as a right R-module. Let U be a 

prime uniform S-submodule of M with P = rs(U) = Ass(Us). Since U 

is finitely generated and P is a prime ideal, we may assume that U = US 

for some u E LI. By paging S to S / P ,  we may also assume that P = O 

since R/P n R and S / P  satise the hypotheses of the proposition. Hence 

S is a prime noetherian ring. Thus U is either torsionfree or torsion as a 

right S-module. Suppose it is torsion. Then there exists c E Cs(0) such that 

uc = O. Note that US i S/rs(u) and SR - CSR Ç rS(u). By the additivity 

of the reduced r d ,  
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as p ~ ( s )  is f i t e .  Thus USR is CR(N)-torsion by Lexxuna 1.3. Since US is 

Bnitely generated as a right R-module (S is right module finite over R) and 

since R satisfies the right second layer condition, PR(US) = rR(usl, . . - , w) 

for some usl, . . . , us,, E US. Set I = r R ( ~ S )  Combining R / I  - (usR)" b 

gether with USR being CR(N)-torsion, we obtain that R/ I is CR(N)-torsion, 

and so I n C R ( N )  # 0. Fùrthermore, by Lemma 3.4, InCs(0 )  # 0. This 

means that s(S/SI)  is torsion, and hence there exists a nonzero ideal J in 

S such that J C ls(S/SI)  by [29, Lemma 7.31. But then 

contradicting that rs(uS) = O. Therefore, U has to be torsionhe, and Ms 

is tame. 

If every finitely generated right R-module is finitely annihilateci, then R 

is said to satisfy the Gabriel H-condition. Characterizing a right FBN ring 

in terms of finite annihilation is useful as we can see in the foUowing new 

proof that a &te extension ring of an FBN ring is also an FBN ring. 

PROPOSITION 3.6. [51, Proposition 4-91 k t  S be a nght module finite 

&mion ring of a Rght FBN riBg R. Then S is &O right FBN. 

PROOP. Since R is right noetherian, SR is noetherian and therefore Ss 

is noetherian. Note that R/I is rïght FBN for any ided I of R. Now 

R / ( P  n S) Q S/P  for any prime ideal P of S, so assume without l a s  of 

generality that S is a prime right noetherian ring. 
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Suppose Es ce Ss with rs(S/E) = O. Since S is a prime right Goldie 

ring, Goldie's Theorem provides an dement c E &(O) n E. Now  CS)^ Ss 

as S-moddes, so (CS)R SR as R-modules. Since pR(SR) is finite, it 

f o h s  that pR(S/cS) = O by the additivity of reduced r d .  Note that 

PR(S/E) 5 PR(S/&) = 0. 

By kmma 1.3, is CR(N)-torsion. Now, by Theorem 1.5, 

Since TR(S/E)  = R n  rs(S/E) = Rn O = O, it follows that 

so p(RR) = O. This is impossible, so rs (S /E)  > O, proving that S is right 

By using a similar argument, we ne now prove the main resuit of this 

section that the second layer condition is carried over to a module finite 

extension ring. First, we record Beil's assertion on G-graded rings where G 

is a finite group, which served as precept for Letzter's finite extension. We 

also record Letzter's Theorem for cornparison. 

DEFINITION. Let G be a monoid and let R be a ring. A ring S is called 

a stmngly G-gmded ring If S = egEcRg where Rg is an additive subgroup 

of S such that Rg Rh = Rgh for any g, h E G. We cal1 R = R1 the base 

ring of S. 
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PROPOSITION 3.7. [ I l ,  Proposition 7-51 Let G 6e a fnUte p u p  d R 

be o noetherian ring and let S be a stmagiy G-g& ring wüh buse R 

Then R satisfiu the right secad hyer d i t i o n  ifs does. 

THE~REM 3.8. (51, Theorem 4.2) Let S k a module finate Qtension 

ring of a metherian ring R. If R satisfies the second Iuyer condition, then 

so does S. M o w e r ,  if R satàsfies the stmng second layer conàition, then 

so does S .  

THEOREM 3.9. Let S be a module finite eztensim ring of a metherian 

ring R. If R sattsfies the nght second layer condition, then so does S. 

PROOF. Suppose that S does not satisfy the nght second layer condition. 

Then there exists a prime ided P of S such that SI P is not nght tame 

bounded by Theorem 2.13 and Corollary 2.20. By passing S CO S/P, we can 

asnime that the prime noetherian ring S i s  not right tame bounded. Set 

E = {Es Ce Ss 1 SIE is tame, but rs(S/E) = 0). 

By the assumption on S, the set E is not empty. A maximal E E E can 

be chosen as Ss is noetherian. We daim that SIE is a uniform nght 

S-module. If it is not, then by [18, Lemma 7.91 there exist nonzero SUL 

moddes E i / E , .  . . , EJE of SIE, where n = rank(S/Es), such that 

SIE wa SI Ei, n:=, Ei = E and each S/ Ei is uniform. Since essential 

extensions of tame modules are tame, each SIEi is also tame. Moreover, 

~s(@r=~ SI&) G rs(S/E)  = O yields rs(S/&) = O for some i. This E, 
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contradicts the maamality of E. Thus SIE nnist be Ulliform, proving the 

claim. 

Set Q = Ass(S/E)s and LIE = IS/E(Q) Note that (L /E)s  Ce S/E.  

Since is metherian as well, there e s  a right R-submodule K/E 

of SIE maximal with respect to the properiy that KIE n L/E = O. Then 

Note that (LIE) is tame, since it is a A-module as a nght S/Q-module by 

Lemma 3-1 and so a A-module as a right R-module. Thus S / K  is tame as 

a right R-module as well. 

On the other hand, the reduced rank pR(S/K) will be shown to be O. In 

that case, the fart that S/ K is CR(N)-tOrsiOn and is finitdy annihilateci by 

Theorem 2.13, gives rR(S /K)  f î  CR(N) # 0, as R/TR(S/ K )  8: (s/ K ) ,  

for some m. Then by Lemma 3.4, rR(S/K)  n CS(0) # 0. set = rR(S /K) .  

It foUows that s (S /SI)  is torsion, and so by (29, Lemma 7-31 there exists a 

nonzero ideal J of S such that 

If J E, then O # J C rs(S/E)  = O ,  which is an obvious contradiction. 

Otherwise, i.e., if J El then 

But then LIE Ce SIE gîves a contradiction. 
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In order to complete the proof, we need to prwe that p ~ ( s / K )  = O. 

Since Es Q Ss, there acists c E E n  Cs(0). Now observe that SR CSR, 

and so p~(s /cS)  = O since pR(S) is nnite. Thus, 

produces the desired resuit. 

Therefore, S satisfies the right second layer condition. 

The above theorem is a generalization of [5 1, Theorem 4.21 in the sense 

that it does not require the Full strength of two sided second layer condition 

on R. The proof given relies heavily on finite annihilation of tame modules, 

which t m e d  out to be a useful characterization of the right second layer 

condition. The two sided second layer condition gives rise to a syxmnetric 

dimension function on b idu l e s ,  which is used implicitly in the proof of 

[Cil, Theorem 4.21 to show the existence of two sided artinian quotient ring 

of RI (P n R) , hence the minimal spectnun is right and left link closed. Thus, 

wit h the existence of a symmet ric dimension function like Gelfand-Kirillov 

dimension [46, Corollary 5.41, finite extensions of noetherian algebras pro- 

duce the same r d t  for second layer conditions. However, due to the lack 

of suitable finite annihilation of modules when R satisfies the right strong 

second layer condition, our argument cannot be utilized in this case. 
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COROLLAKY 3.10. Let R be a riBg witlr center Z that is u noetherian 

ring. If R iP jiniteiy genemted as a right 2-module, then R[x] satisfies the 

second layer d i t i o n .  

PROOF. Note that Z[x ]  satisfm the second Iayer condition since it  is a 

commutative noetherian ring. Let R, as a right 2-module, be generated by 

TI,. . . ,in E R Then R[x] = rlZ[x] + --• + rnZ[z], so by Theorem 3.9 R[z] 

satisfis the right second layer condition. 

The left second layer condition follows by çymmetry. O 

Going back to the bimodule dimension defined in [39] , we obtain equalim 

for the classical Kruil dimensions of R and S. 

COROLLARY 3.11. Let S be a module finite eztension ring of a noether- 

ian ring R satisfytng the right second layer d i t i o n .  Thtm 

PROOF. For the noetherian bimodule S S ~ a  the right second layer con- 

dition of R gives that P ( ~ S ~ )  = where p is the biiodule K d  

dimension defhed in terms of deviation on subbimodIrles [39, Theorem 

1.51. By definition, P(~SR) 2 ~ ( s S S } .  On the other hand, since S satis 

fies the right second layer condition by Theorem 3.9, c l . K . h ( S )  = &Ss) 

and cl.K.dim(R) = ~ ( ~ 3 ~ )  by 139, Theorern 1.q. Rirthennore, we have 

cl.K.dim(S) 2 cl.K.dim(R) by Lemma 2.9. Putting these togethe., we get 
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and thus cI.K.dim(S) = ciX.àim(R). 

Even though it is not hown in g e n d  [11, p. 1091 if the second layer 

condition is satisfied by R[x] for a noetherian ring R satisfying it, some 

special cases have an afnrmative 811swer. For example, RIZ] satisfia the 

right strong second layer condition if R is an FBN ring. In the 1st five 

years we have seen some progress in centralizing and normalizing actensions, 

providing us with a better perspective on the structure of extension rings 

WI, [151- 

DE~NITIoN. Let R, S be rings such that R is a subring of S. The ring 

S is said to be a centralin'ng ezterrsion of R if there exists a subset C of 

S such that S = RC = CR where cr = rc for every r E R,c E C. It is 

calleci a normalizing extension of R if there exists a subset N of S such that 

S = RN = NR where nR = Rn for every n in N. 

LEMMA 3.12. Let S be a cdralizing &erision of R. If P is a prime 

ideal of S, then P n R is a prime ideal of R. 

PROOF. Let C centraüze R and let S = RC = CR. Suppose that I and 

J are ide& of R such that IJ c P n R. Obseme that 

I J - S = I J ( R C )  =IC- JC= IS- JS. 
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On the other hand, IJ S Ç (Pn R)S c P. C o m b i  these, we get 

IS J S  P and so either IS C P or J S  G P. In the first case, 

SimihrIy for JS. Consequently, P n R is a prime ideal of R. O 

It shodd be noted that P n R is only a semiprime ideal of R when S is 

a normalizing extension of R and right noetherian [75, Theorem 31. 

FVe recall one elementary result : If R is a nght noet herian ring, then the 

polynomial ring R[x] is also right noetherian by the Hilbert Basis Theorem 

[si, Theorems 1, IIq. A h ,  note that if S is a simple artinian ring with 

center 2, then every ideal of S[x] is principal generated by a central elernent 

[29, Proposition 15.11. Ln this case, the center of SIX] is just Z[x ] .  More 

generaily, t the center of the polynornial ring S[xi , . . . , xn] in n commuting 

indeterminates is Z [ x I ,  . . . , xn], and every ideal of S [ x i ,  . . . ,z* ] is generated 

by elements in Z [ x i ,  . . . , xn] [29, Proposition 15 SI. 

The main results of this section reIy on one technical Iemma established 

by Byun (151. We follow his definitions and lemmas to arrive at a more 

comple te underst anding of cent ralizing extensions. 

DEFINITION. Let R be a nght noetherian ring and let L, M and N be 

nght R-modules. If O -+ L -+ M 4 N + O is an exact sequence such that 

O c L ce M is an aailated series with aWliated primes P, Q, then it îs 

called a right smnd layer series. 
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DEFINITION. Let k be a commutative ring. A k-aigebra A is said to 

satisfjr the condition (t) if, for any division k-algebra D, any right metherian 

factor ring of A @k D satisfies the right zdiliated second iayer condition. It 

is said to satisfy the condition ($) if, for any division k-algebra D, any right 

metherian fsctor of A @k D satisfies the right mateci  strong second layer 

condit ion. 

LEMMA 3.13. [15, Lemma A] Let R and A be k-subaigebms of S w h m  

A centfQlizes R and R U A grnenates S .  Assunre that R and S are right 

noetherian and t h & Q ~  P are prime ideais ofS  withQ~iR= P n R .  

(i) If A satisfies the condition (t) , then the= does not Qist a second 

layer seB'es O + L -, M -, N -, O of nght S-modules with amiated 

primes P, Q such that MQ = O and L S p  is torsimfrGe. 

(ii) If A satisfies the condition (t), then the= does not exist a second 

hyer se& O 4 L + M + N 4 O of right S-modules un'th amided 

*es P, Q such that MQ = O and MR/(qnR) is  torsionfie. 

DEFINITION. Let R be a prime ring. Then R is d e d  sub-bounded if for 

every nonzero prime ideal P of R there exist an element c E R and a nonzero 

ideal I such that I CR n Rc P. A ring R is called fully ab-bounded if 

every prime factor ring R / P  is sub-bounded. 

An FBN ring is an example of a fully subbounded ring. 
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LEMMA 3.14. [15, Lemma BI Let S be a centraltzing eztnuioB of R Md 

Q c P be ptinze id& of S wthQnR c PnR. IfR/(QnR) is Jub-boudd, 

then t h m  daesnot exist asecondlcryersffiesO-, L-, M -, N -,O mer 

S uith afjilicrted primes P, Q such that MQ = O. 

M e  Byun's assertion is based on the afEliated series (second layer 

series) and hence is directly reiated to the affiliateci second layer condition, 

his assertion-particularly [15, Lemma A]*= be generalized to the right 

restricted strong second layer condition. We first defîne a condition that is 

very simiiar to (t). 

DEFINITION. Let k be a commutative ring. A k-algebra A is said to 

satisfy the condition (*), if for any kdïvision algebra D any right metherian 

factor of A Bk D satisfks the right restricted strong second layer condition. 

REMARK. (i) If A @k D is right metherian, then the condition (*), 

implies that A D itself aatisfies the right restricted strong second 

layer condition. 

(ii) If A satisfies (*)r then so does any factor AIB of A, since A / B a k  D s 

( A  @k D)/@ @k D)- 

(iii) Sinw any simple artinian ring R can be regarded as M J D )  for some 

division ring D and since A @k M,(D) 2 M,(A @k D), we may con- 

clude that A R satisfies the right restricted strong second layer 

condition whenever A sat isfies (*), . 
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The fouowing lemma is a variation of [15, Lemma Al, whose prwf is 

almost identical to that of Byun's. 

LEMMA 3.15. Let R a d  A be k-subaigebras of S t u k  A centdzes R 

a d  RU A genercrtes S. Assume thcrt R and S are fight noethe*n and 

W Q c  P arepnmeidea l so fSwi thQnR=PnR.  I f A  satisfies(& 

then thm does not &t a finitely genemted P-tarne right S-module M with 

r s (M)  = Q E Spec(S). 

PROOF. Suppose there exists such a module M. Before arriving at a 

contradiction, we will d u c e  R to the case where R is a simple artinian 

algebra so that (iii) of the previous reemark can be utilized. 

First, we make R into a prime rïght Goldie ring. Define a : S -r S/Q to 

be the cauonical map. Ço n(R) = R+Q/Q 2 RIQnR and n(A) generate the 

centralizing extension *(S). By (ii) of the previous remark, r ( A )  satisfies 

(*),. So we may assume that Q = O, whence S is a prime rïght noetherian 

ring and R is a prime right noetherian ring . 

Let C = CR(0).  Then C is a rïght Ore (denominator) set in R. Note 

that C is also nght Ore in S, since for any s = rial + - + r n h  E S where 

ri E R , e  E A ,  a n d c ~ C ,  theredt  d ~ C a n d <  E R S U C ~  that & = r i d  

for all 2. Set s' = <ai + --• +<a, to get es' = sd E cSn SC. Consider 

the canonical map 0 : S -. S C 1 .  It follows that SC-' is a centraking 

extension of RC-' by O(A). By (ii) of the remark, R now can be regardecl 

as a simple artinian ring. 
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Observe also that C n P = 0 since 

Hence, by [29, Lemms 9.24 S and S/ P are C-torsionfree, and C Ç Cs(0) 

as well as C E Cs(P). Furthexmore, S c SC-' may be 8ssumed. 

We now claim that M is C-torsiodree- Since IM(P) is torsionfree a s  an 

S/P-module, it is Cs(P)-torsionfree and so C-torsionfree. Set L = IM(P).  

Sice  L ç M, it fo11ows that M is C-torsionfi-ee, proving the claim. Thuç 

we may assume that M c  MC-^. 

Note that O and PC-l are prime ide& of SC-' by 129, Theorem 9.221, 

and IC- ' is an ideal of SC-' for every ideal I of R by [29, Theorem 9.201. 

Next we ciaim that MC-' is a finitely generated PC-'-tame right 

SC-'-module with rsc-l (MC-') = O. Since M is a finitely generated 

right S-module, M C L  is also finitely generated as a right SC-'-module. 

Let I = rsc-i(MC-l). So MIC-1 = M C - ~ I  = O. Note that I n  S is an 

ideal of S and ( ~ n S ) c - l  = I .  So M(InS)  = 0, and hence I n S  = O. This 

proves that rsc-I (MC-') = 0. 

If T E Ass(~C-l),  then there exïsts a T-prime uniform submodule U 

in MCV1. So U n  M is a urniform S-subrnodt.de of M and ((lnM)C-'  = U. 

Moreover, U n M is (T n S)-prime, where T n S is a prime ideal of S. 

Hence T n S E Ass(M) = P, giving ASS(MC-~) = PC-'. Note that 

IMc- i (~C- l )  = LC-l. It now follows that LC-1 ce MC-'. We will show 
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that LC-' is SC-l/PC-l-torsionfkee. Suppose that 

Then x = zc-'c E ~ ( L c - l ) .  So tsc-~(z)/~C-' 2. SC1/PC-l  yields 

that rs(z ) /P Ce S/P ,  for if there exists an ideal O # J / P  C S/P  such that 

~ s ( x )  n J = P, then 

This contradicts the fact that x belongs to t (LC-'). Therefore, MC-' is 

PC-'-tame. 

However, any right noetherian factor of A@& where R is simple artinian, 

satisfies the right restncted strong second layer condition, giving Q C L  = 

PC-' and thus Q = P. This contrsdicts the ssmimption that Q C P. O 

If R is a right noetherian ring with center 2, then R[z] R Z[x ] .  

Note that Z[z] satisfies the condition (t),, since, for any division 2-algebra 

D, every ideal of a homomorphie image of Z[x] @z D - D[x] is principal 

generated by a central element and thus has the right AR-property by 156, 

Proposition 4.2.61. Hence every right noetherian factor ring of D[x] satisfies 

the nght strong second layer condition by Lemma 2.6, since every right 

AR-ring is right AR-separated. Hence it satisfies the right restncted strong 

second layer condition. 
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The polynomial ring R[z] satisfies the right strong second layer condition 

if R is an FBN ring [15, Theorem Cl. Recall that an ideal I of a ring R is 

d e d  pl- (polycenfm[) if it is generated by a fmite set of eiexnents 

ai, . . . , a, such that aj + z-: ai R is n o r d  (central) in RI 721: ai R for 

aIi j = il.. . , n. If ewry i d d  is p o l y n o d  (polycentral), then the ring R 

is d e d  a polyzonnal (polycentrol) m g .  If R is a noetherian poiynormal 

ring, then R[x] satisfies the rîght second layer condition 1151. Note that 

a noetherïan polycentral ring, being a polynormal ring, satisfies the right 

second layer condition, and that a noetherian polycentral ring is aise an 

AR-ring [Se, Theorem 4.2.73. We now investigate extensions of noetherian 

AR-rings. 

DEFINITION. An ided I of a ring R is said to have the v e r -  stmng right 

AR-propdy if the Rees ring R ( I )  = R + I t  + ~~t~ + is a right noetherian 

ring. A ring R is called very stmng right AR if every ideal has the very 

strong right AR-property. 

LEMMA 3.16. [29, Lemma 11.121 Let R be a nght metheiian ring and 

I be an ideal of R. If I h a  the very s t m q  right A R - p m p d y ,  then I has 

the right AR-property. 

We now show that the very strong AR-property of an ideal is inherited 

by polynomial extension rings. The proof of the following lemma is similar 

to that of [Il, Lemms 7.11. 
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LEMMA 3.17. Let R be a right noetireriBn ring. If an iderrl I of R has 

the very sâwrg right AR-propcrty, üaen so does IR[x] in R[z].  

PROOF. It is to be shown that the Rees ring R(IR[xl) of IR[z] is nght 

metherian. We daim that 'R(IR[x]) 2 R ( I )  [XI .  Note that 

so a typical element is of the fom 

where iw E I ~ .  m a n g i n g  this as 

where f, ( t )  is the s u m  of the UcOefficients" of zn, we get a ring isomorphism, 

proving the claim. Thus, ?Z(IR[x]) is right noetherian, since R(I)[x]  is nght 

metherian by the Hilbert Basis Theorem. O 

DEFINITION. A ring R is said to be uery stmngly right AR-sepcrnrted if 

for any prime i d d s  Q c P of R there exists an ideal I such that Q c I c P 

and I / Q  has the very strong iight AR-property. 
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Any right noethenan very strong right AR-ring is very strongly right 

AR-separated. Now, we WU show that R[z] satisfies the second layer con- 

dition when R is very strongly AR-separateci. 

THEQREM 3.18. Let R be a right noetkïan ring that is very shngly 

*ht AR-separcrted. Then R[z] satisfies the nght twncted strmip seeond 

hyer d i t -  

PROOF. Suppose that R[x] does not satisfy the right restricted strong 

second layer condition. Then there exists P Spec(R[x]) such that P does 

not satisfy the right restricted strong second layer condition. There exists 

a fmitely generated P-tame right R[z]-module M with rRrzl(M) = Q E 

Spec(R[x]) and Q c P. 

Note that Qn R and P n  R are prime ide& of R by Lemma 3.12. if 

Qn R = Pn R, then we can employ k m m  3.15 to show that such a module 

M m o t  exist , since if Z is the center of R t hen Z[x]  satisfies the condit ion 

(*Ir* 

If Q n R c P n R, then by the hypothesis on R there exïsts an ideal 

I such that Q n R c I P n R and I / (Q n R) has the very strong right 

AR-property. By passing to factor rings, we may assurne that Q = O. Then, 

by Lemma 3.17, IR[z]  has the very strong right AR-property in R[x] , and 

thus by Lemma 3.16 it has the right AR-property. Note that 
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So M(IR[2J)" = O, as lM(P)IR[zj C tM(P)P = O and l ~ ( P ) w  Ce M e ] .  

Accordingly, (IR[z])" C r ( M )  = O and hence IR[d = O, leading to the 

contradiction I = O. Therefore, P must satisfy the right restncted strong 

second layer condition, and so must R[x] . O 

RRcall that, if a is an endomorphiSm of a ring R, then an additive map 

d : R -r R is called an adexivation if 6(rs) = cr(r)b(s) +d(r)s for all r, s E R 

The skew polynomial ring R[x; a, 61 is the polynornial extension ring of R 

with multiplication zr = CY(T)Z + 6(r) where r E R. 

PROPOSITION 3.19. Let D be a division ring, kt a be an automorphism 

on D and let 6 be an or-derizration of D. Then D[x; a, 61 satisfies the s h n g  

second l a y e  d i t i o n .  

PROOF. Note that D is trivially metherian and D[x; a, 61 is a principal 

right and left ideal ring by [29 , Theorem 1 .l l] . So every ideal of Dix; a, 61 

is generated by a normal element by [Il, Lemma 6.31, and thus has the 

AR-property by 156, Proposition 4.2.61. Hence D[x; a, 61 satisfies the strong 

second Iayer condition by Lemma 2.6. O 

For a general right noetherian ring satisfying the right second layer 

condition, we show that the second layer condition of a prime ideal P of 

R[x] depends on the tameness of E ( R [ d / P )  as an R-module by using 

Lemma 3.15. This was fim obsemed by Kosler [43, Corollary 3.51 for rings 

wit h two-sided second layer condition. 
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THE~REM 3.N. kt R be a right d e r i a n  ring. If P is a p-e ided 

in R[z] sueh Uiat E(R[2J/P)-] is (P n R)-6ame as o right R-module and 

P n R sathfies the right 1.estricteù stroBg semnd ber c o n d i t h ,  then P 

PROOF. Let Z be the center of R. Then note that R[z] 1 R @ Z[x]  

and that Z[xj centralizes R [33, Ch. 4, Proposition 4.81. By the remark 

following the definition of (*),, we see that Zh] satisfies (*)r. 

For convenience of notation, set S = R[z]. Suppose that P does not 

satisfy the nght resMcted strong second layer condition. Then there exists 

a finitely generated P-tame right S-module M with rs(M) = Q E Spec(S) 

where Q c P. 

We daim that Q n R = P n R, which leads to a contradiction to 

Lemma 3.15. Since M is finitely generated as an S-module, there exists 

a finitely generated R-submodule N of M mch that M = NS. Also, 

N M $" E(S/ P)s as R-modules, implying that N is (P n R)-tame 

as an R-module. NOW if rR(N)  = Q n R, then Q n R = P n R by the 

right restncted strong second layer condition for P n R. In this case, the 

daim is proved. So observe that NQS = NSQ = MQ = 0, and get that 

N(Q n R) NQS = O, whence Q n R C r R ( N ) .  Let T R ( N )  = I I  so 

M I S  = NSIS = N I S  = O.  Thus IS Q, and consequently I Q n R 

shows that t R ( N )  = Q n R. O 
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COROLLARY 3.21. kt R be a Mht nath- ring satisfyng the right 

seemrd iayer c o n d i t h  If E(R[d/P)*] is  (PnR)-tame as a right R-module 

for oretiery pràme P of R[x] ,  #en R[zj satisfies the ri& second iaym d i -  

t h .  

PROOF. By Theorem 2.27 and Proposition 2.18, the right second layer 

condition and the nght restncted strong second layer condition are equiva- 

lent. Thus Theorem 3.20 gives the desired result. Cl 

A  partial converse to the above theorem can be deduced from Proposi- 

tion 3.3 [Downj in the previous section. If P satisfies the right second layer 

condition, then any nnitely generated P-tame right R[z]-module M is a 

A-module and so it is also tame as a right R-module. Thus E ( R [ X J / P ) ~ = ~  is 

tame as a nght R-module. But, we cannot c lah  that it is (Pn R)-tame, even 

though, by [43, Corollary 3-51 ,it is if R satisfies the second layer condition. 

COROLURV 3.22. If R is a nght artiraian ring, then R[x] satiqîes the 

right restricted stmng second &yer conàitwrr. 

PROOF. Let P be a pnme ideal of R[z], and set E = E ( R [ X ] / P ) ~ ~ ~ ~ .  It 

will be shown that E is (P n R)-tame so that P satisfies the right restricted 

strong second layer condition by Theorem 3.20. First , observe t hat E is tame 

as a rïght R-module since R is right artinian. Suppose that Q E Ass(E) as 

a nght R-module. Then there exists a right R-submodule M E such 

that Q = rR(M)  = Ass(M). Thus MR[x]QR[x] = MQR[x] = 0,  and so 
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QR[d Pl yielding Q C Pn R H m ,  since in an arthian ring aU prime 

ideab are maximal, Q = P n R This p r m  that E is (P n R)-tame. O 

REMARK. The a b e  comlla,ry can be also v i e 4  as a corohry to T b  

orem 3.18, since any right artinian ring is (vacuousIy) very strongly AR- 

separated. Similady, this hoIds for a simple right noetherian ring. Finally 

the same holds for a right noetherian PI-ring, since if Q < P E Spec(R) 

then P/Q,  being a nonzero ideal of a prime right Goldie ring R/Q, contains 

a central element of R/Q by [65, Theorem 1-6-27]. 

According to [15, Theorem Cl, R[x] satisfies the right strong second 

layer condition when R is an FBN ring. hirthermore, any artinian ring is 

an FBN ring. Thus, in case R is an artinian ring, the conclusion of the 

abow corollary can be strengthened to the strong second layer condition. 

3.4. Second Layer conditions of Quotient Rings 

We Iook at the transfer of second layer conditions to quotient rings. 

When C is a nght Ore set in a right noetherian ring R satisfying the nght sec- 

ond layer condition, then RC-1 satisfies the right second layer condition[40, 

Proposition 8.1.4). This can be generaüzed to a torsion radical o if I, is an 

ideal of R, for every ided I of R R e d  that if R is a-torsionfree, then 

I, /I  = o(E(I)/ I )  and 1, is a right ideal of &. F h t ,  we examine relations 

between Spec(R) and Spec(&), which are very similar to those of a ring 

and its quotient ring with respect to a right Ore set. 
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LEMMA 3.23. Let R be a ring. kt a be a perfect torsion d i m l  on 

Mod-R such that R is o-torsioBJhz V I  às a right ided of&, then 

(i) I n R i s a r i g h t ù i e a i o f R .  

(ii) ( 1  fl = r.  

PROOF. (i) . Sice u(R) = O, R & and hence I n R is a right ided of 

RI 

(ii) . Note that 

so I I I  n R is 0-torsion. Thus I  (1 n R),. Also note that 

yielding that (1 n R),/ I is 0-torsion since ( I  n R),/ ( 1  n R) is a-torsion. 

On the other hand, ( I  ri R),/ I is a-torsionfree since u is perfect. Hence, 

I  = ( I n  R),. 0 

LEMMA 3.24. Let R be a ring. Let a be a perfect torsion radical on 

Mod-R such that R is cr-torsion/ree. If I is a right ideal of R, then 1, = IR,, . 

PROOF. Note that I& is a nght ideal of R, and hence a-torsionfree as 

a right &-module. Since R &, we have I  I&. Observe that I%/I 

is 0-torsion, and so I& 1,. On the 0th- hand, I,/I& is c-torsionfiee, 

so 1, = I&. a 
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LEMMA 3.25. Let R be a right noethaïun nng, and let t~ be a perfect 

torsiorifOdhZonMod-Rsuchthat Risa-torsion-. I f f w  i s a n ü k d o f  

R,,fureveryidenfI ofR,  thenPnRisapr imeidealofRf8reverypMe 

P ina. 

PROOF. Note that R can be regded as a subring of & since u(R) = 0. 

Let 1, J be ide& of R such that IJ Pn R Then ( I J ) ,  C (P n R), = P ,  

where the last equality is established in Lemma 3.23. 

We daim that ( IJ ) ,  = I ,Jo .  S i  1, = 1% by Lemma 3.24, 

If M is a o-torsionûee right R-module where u is a torsion radical, 

then E ( M )  is an injective hulI E(Mu) R, of M, as a right &-module (71, 

Proposition M 2.51. Now the following lemma is specialized for prime ideals 

of &. 

LEMMA 3.26. Let R be a right noethm'an ring, und let a a perfect tor- 

sion dàcu l  on Mod-R such that R is cr-torsionfree. Then 

as R-modules for e v q  prime ideai P O j R,, . 

PROOF. Since a is perfect, (&& %/P. Also 
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by the definition of the quotient module since R/P n R is o-torsionfree 

Consider 

where f, g are R - d u l e  ernbeddings. Since E(R/(P n R)) R is injective as 

Note that E(R/ (P  n R))  is a-torsionfiee and a-injective, and so it can 

be regarded as an &-module. This makes G an isomorphism, proving the 

assertion. O 

P~oposrno~ 3.27. Let R be a right metherian ring and let o be a per- 

fect torsion nzdical such that R is a-torszonjïre and I, îrr an ideai of& for 

e v q  i d d  I of R. If R satisJies the right second layer condition, then R, 

satisfies the nght second la yer condition. 

PROOF. First, note that R, is nght metherian since R is nght noether- 

ian and a is perfect. Let P be a prime ideal of %.. Let M be a finitely 

generated P-tame right %-module with r ~ ,  ( M )  = Q E Spec(%). Suppose 

Q c P. Since M is fînïtely generated as an %-module, there exists a fuiitely 

generated right R-module N such that M = Aia. 
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We daim that M is Pn R-tame. W~thout loss of generality, assume thst 

M is a d o r m  right &module by [18, Lemma 7.91. So M - E(%/P)&. 

By Lemma 3.2b, E(&/P)& S E(R/P n R)R BS R-modules. Since 

we deduce that rR(IV) = Q n R By the right second laye. condition on 

Pn R, it foiims that Qn R = Pn R. But this cannot happen as Q c P. O 



Torsion Theoretic Second Layer Conditions 

4.1. Introduction 

Let R be a ring and let a be a torsion radical on the category Mod-R 

of nght R-modules. Quite often statements regarding R-modules can be 

relativized with respect to a with minor modifications. For example, a ring 

S is shown to be right a-netherian iff direct sums of a-torsionfree injective 

right S-modules are injective. This bears a close pardel to a wd-known 

result by Papp [63] and Bass [5] that a ring R is right metherian X direct 

sums of injective R-modules are injective. AIso Jategaonkar relativized the 

K d l  dimension with respect to a resdting in a dimension function with 

s i m k  properties [37]. 

However, occasionally a blind relativization bogs dom so that no equiv- 

alent formulation may be possibIe. This happenç to be the case with FBN 

rings. An attempt to extend Krause's 1972 result, that FBN rings are 

characterized by the 1-1 correspondence between the set of prime ide& 

and the set of isomorphism classes of indecomposable injective modules, to 

c-bounded rings ends short of achieving the quivalence. In reformulat- 

ing hypotheses relative to 0, we define a ring R to be right o-bounded if 
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evay u-closed essential right ided contains a nonzero ideai of R We pro- 

duce a counter-example to show that a 1-1 correspondence be- the set of 

a-torsionfree indecornposable injective modules and the set of u-closed prime 

ideal3 need not imply that the ring is M y  a-bounded. The 1-1 correspon- 

dence mentioned above is d e d  a local bijective Gabriel cornespondence. 

In this h p t e r ,  we investigate suBiCient and necessary conditions for a 

right a-metherian ring R to be fdiy a-bounded and Ieam that the second 

laye- condition plays an important role here, too. In doing so, we h d  t hat, 

with an additional condition, called ideal inmance, on the structure of 

ideals, the equivalence between fulIy 0-bounded rings and rings with 1ocal 

bijective Gabriel correspondence can be achieved. In the absence of the ideal 

invariance, we conclude that the local bijective Gabriel correspondence and 

the second layer condition are not only sdcient, but alço necessary for a 

right a-noetherian ring to be fully a-bounded. 

Afterwards we extend the classical Krull dimension defined by Kosler 

[42] and explore its properties relative to cr. 

Motivation for this chapter was provided by [Y where the equivalence 

between fully a-boundedness and the local bijective Gabriel conespondence 

was claimed to hold. Unfortunateiy, the proof contained an error, which 

was propagated in (31. Additional material on a-relative FBN rings can be 

found in [491. 
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4.2. Gabriel Cotrespondencea 

Let R be a ring. There is a -ective mapping # h m  the set of b 

morphism classes [ E j  of indecomposable injectives to the set of prime ideale 

of R, given by $([El) = Ass(E). If R is a coml~nltative noetherian ring, 

then Matlis [55, Proposition 3-11 shwed, in 1958, that this mapping is, in 

fact, a 1-1 correspondence. Later in 1972, b u s e  (44, Theorem 3-51 showed 

that this 1-1 correspondence characterizes right FBN rings. SpecXcally, he 

showed that the following statements are equivalent : 

(i) R is a right FBN ring. 

(ii) There is a 1-1 correspondence between the set of isomorphism classes 

of indecomposable injective right R-modules and the set of prime 

ideais of R. 

(iii) For any indecomposable injective nght R-module E with Ass(E) = P 

there exists a P-prime cyclic çubmodule eR such that le RI = IR/ PI. 

If R has property (ii) , t hen R is said to have bijective Gabriel wn~spondence. 

In this section, we try to give a similar formulation of right FBN rings relative 

to a torsion radical a in temu of Gabriel correspondence. 

DEFINITION. Let R be a ring and let u be a torsion radical on Mod-R. 

We defme Spec,(R) to be the set {P E Spec(R) 1 o(R/P) = O) of o-closed 

prime ideah. 
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Note that if R is a nght metherian ring, then for any given prime ideal 

P of R, either o(R/P)  = O or o ( R / P )  = R / P  (40, Proposition 5.4.21. In 

other words, P is either a-cl& or a-dense in R. 

The ring R is said to have Id bijective Gobnel wrrespondence with 

respect to O if the map [El + Ass(E) is a 1-1 correspondence between the 

set of isomorphism classes of G-torsionfree indecomposable injective modules 

and S P ~ R )  - 

Let o be a torsion radical. A ring R is callecl right c-noetherian if R has 

ACC on a-closed right id&. It is called right a-artinian if it has DCC on 

o-closed right ideals. A ring R is right a-noet herian iff every a-torsionfree 

injective right R-module is a direct sum of a-torsionfree indecomposable in- 

jective submodules or, equivalently, if a direct sum of a-torsionfree injective 

nght R-modules is again injective [73, Theorem 1.21. 

A right R-module M is called a-noetherian if M has ACC on a-closed 

submodules. It is d e d  a-artinian if i t has DCC on o-closed submodules. 

If R is right a-metherian and M is a bitely generateà right R-module, 

then M is a-noetherian. Note that, if M is a a-noetherian module, then 

M contains a submodule N such that a ( M / N )  = MIN and N is finitely 

generated. In this case, M is called o-finitely genemted. The class of right 

a-noetherian modules is closed under submodules and factor modules. 

A a-noetherian module M need not contain a uniform submodule. How- 

ever, if M is a a-torsionfree a-metherian module, then the existence of a uni- 

form subrnodt.de is assured. This can be seen as follows. Assume that M is 
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not uniform, so there ex& nonzero submoddes Nl and N2 with NI nlV' = 0. 

S i  M is torsionhe, n z  = O. Since M is o-noetherian and not uni- 

form, there exïsts a cr-closed submodule K that is maximal with respect tn 

the property that K n L = O for some nonzero submodule L, which is easily 

seen to be UILiform, due to the maximal.@ of K. Accordïngiy, in order to 

ensure the existence of unifom submodules, we orrilI restrict the discussion 

to u-torsionfree modules in what follows. in particuls, we wi l l  consider 

tame modules only when they are c-torsionfree. If R is right a-noetherian 

and P is a u-closed prime ideal, then R / P  t m  out to be a prime nght 

Goldie ring [60, Lemma 4.11, [7, Proposition 21. Moreove., for any @ v a  

nonzero right ideal I of a prime a-torsionfree right a-noetherian ring R, we 

csn see that P ~ ( ~ R )  contains a finitely generated essential Eree submodule 

[29, CoroUazy 6.261. 

Recali that when U is a UILiform right R-module, then Ass(U) can be 

defined as U { r ( V )  1 O # V C U} = r(U') for some U' C U. Note that 

Ass(U) is a prime idd.  

Now we look at several conditions equivalent to the local bijective Gabriel 

correspondence with respect to a torsion radical a. 

PROPO~ITION 4.1. Let a be a torsion radical on Mod-R and let R be a 

right a-noetherian *g. Thm the following are equiuaient. 

(i) R has l o d  bijective Gabriel wmspondence with mspect to o. 
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(ii) Direct pn>dtu:ts ojSpec,(R)-tome Wht R-modules are tame and O is 

wenerrrted hl @ P E S P ~ G ~ ( R )  E(R/P)* 

( ï )  Any noiuen, u-torsion/ree right R-module M is tame. 

(iv) For ewry o-tOfSiOIZj?ee indecomposable injective nght R-module E 

coith the assocMted prime Ass(E) = P,  there &ts a P - m e  qclic 

submodule eR of E sueh tlurt IeRI, = IRIPI,. 

PROOP. (i) * (ii): Let {Mi 1 i E I )  be a set of Spec,(R)-tame modules. 

Since each Mi is o-torsionfree and since products of 0-totsionfi:ee modules 

are u-torsionfkee, niEl Mi is o-torsionfree. Now, let U be a uniform sub- 

module of LEI Mi. Then E(U) I) Ep by (i), where Ass(U) = P Spec,(R) 

and E p  is the indecomposable injective summand of E(R/ P). Thus U is 

Spec,(R)-tame, and so niEl Mi is tame proving that the direct product is 

tame. 

Next, we show that u is cogenerated by @PEçpe,(R) E(R/P) .  Since 

any torsion radical is cogenerated by an injective (0-torsionh) module 

[40, p. 101, let E = E,, where each Ei is indecomposable injective, 

be a cogenerator for o. Since each E; is o-torsionfree, by (i) E, Ep, 

with Pi E Spec,(R). Note that @PEçpew(Rl E(R/P)  is injective. Also 

E is o-torsionhe. Thus $pEs,(R) E (R /P)  is a Ilote that @ P E S ~ & ,  (R) P 

cogenerator of o. 

(ii) * (üi): Let M be a nonzero O-torsionfree right R-module. Then 
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as M is O-torsionfree. By (ii), n(npsps.(Rl E(R/P))  is tame. Ço M is 

tame. 

(iii) (iv): Let E be an indecomposable injective cr-torsionfie right 

R-modle with Ass(E) = P. Set F = IE(P), so F is a P-prime submodule. 

Ch- O # e E F, so eR is tame since E is tame by (iii). Hence it follows 

h t  r(e) / P  is not an essential right ideal of R/ P, and so there exists a right 

ideal I 3 P such that I n r(e)  = P. Note that 

This shows that IeRI, = [RIPI,. 

(iv) + (i): Let [El -, Ass(E) be the map f from the isomorphism classes 

[El of indecomposable injective o-torsionfree right R-modules to Spec,(R). 

Since f is surjective, it suffices to show that it is injective. Suppose that 

f ([El) = f ([El), so Ass(E) = Ass(E1) = P. By (iv), there exist e E E 

and e' E Et such that eR and ZR are P-prime modules with (eRI, = 

IR/PI, = lelRlu. Note that r(e)/P and r(e')/P are not essential in R/P. 

Thus eR 2 R/r(e)  contains a submodule which is isomorphic to a uniform 

right ideal of R / P  by [29, Lemma 6.171. The same is true for e'R. This 

means that E S E(eR) - E p  4 E(e'R) l3'. O 
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DEFINITION. Let R be a ring and a be a torsion radical on Md-R.  The 

ring R is said to be ngiit a-bounded if every u - c l d  essential right ideal I 

of R contains a nonzero ided J of R. It is said to be right fully a-bounded 

if every prime factor ring R / P  is right a-bounded. 

LEMMA 4.2. Let a be a torsion d i a l  on Mod-R and let R be a right 

a-wthmenan r ing.  If R R right /ully a-bounded, then R has Id btjative 

Gabriel correspondence with respect to a. 

PROOF. Let E be an indecomposable injective a-torsionfi-ee module 

with Ass(E) = P. Let e E IE(P) and note that r(e) is a-dosed. Since 

P = r(eR) = r (R/r (e) )  is the largest twesided ideal contained in r(e), 

the N l y  O-boundedness of R implies that r (e ) /P  is w t  essential in R/P. 

Consequently, IeRI, = IR/r(e)l, = IR/PIu, so (iv) of Proposition 4.1 holds. 

This proves the assertion- 17 

In view of the equivalence of (i) , (ii), and (iii) at the beginning of this sec- 

tion and taking into account Proposition 4.1 as well as the previous lemma, 

one is tempted to conclude that a a-noetherian ring with local bijective 

Gabriel conespondence with respect to a is right fully a-bounded. However, 

this fails even for a metherian ring as indicated by the following example. 

EXAMPLE 4.3. Let Al = k[x][y;d/&l  be the first Weyl algebra over a 

field k of characteristic O. Set R = k + xAr. Then R is the idealizer of the 

maximal right i d d  xALt and it is a metherian domain. It is easy to see 

that O, P = xAl and R are the only ideals of R. 
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Let Q be the torsion radical cogenerated by E(R)R 8 E ( R / P ) R .  It will 

be shown that R has local bijective Gabriel correspondence, but that it is 

not right M l y  a-bounded. 

Fit, let E be a a-torsionfree indecomposable injective right R-module 

with Ass(E) = P. Let eR be s cyclic P-prime submodule of E. Then 

r ~ ( e )  = P since rR(e) > P and P is a maximal right ideal of R. Hence, 

eR R/P - E(R/P)R, and so E Ep = E(R/P)R. 

Next, let E be a a-torsionfree indecomposable injective right R-module 

with Ass(E) = O. If E 9 E(R)R, then E i E(R/A)R for somo nonzero right 

ideal A of R. Since R is a domain and O # A C R, we get 1 RIAI < 1 RI R. Also 

note that IRRI = IAiI = 1 by [56, Proposition 6.5.2 and 6.6.81. Therefore, 

IR/A( = O, i.e., RIA is an artinian and uniform right R-module. Ço RIA 

may be assumed to be a simple a-torsionfree. 

NOW, 

Note that Hom(R/A, E(R) R )  = 0, for otherwise R would contain a 

nonzero minimal nght ideal, so SOC(RR) # O and R would be artinian by 

(29, Corollary 6.161. 
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T~US, Hom(R/A, E(R/P)R) # O. In other words, E(R/P)R contains a 

submodule isomorphic to RIA, so that 

Ass( RIA) = Ass(E( RI P)) = P. 

This contradicts Ass(E) = O. Therefore, E 2 E(R) R. 

Consequently, R has local bijective GabrieI correspondence with respect 

to a. 

We proceed to show that the prime ring R is not right bounded. Note 

that x P  E, R since R is a domain. We claim that zP is oclosed in R. 

AS XP = x 2 ~ 1  C xAi = P and P g r(R/xP), so r(R/xP)  = 0. 

Note that P/zP = X A ~ / ~ A ~  2 AI/xA1 = Al/P as right Ai-modules, 

hence as right R-modules. Also (Al/P)R is seen to be uniform as in the 

prwf of [56, Theorem 1.1.12 (ii)], so R/P Ce A i / P  1 P/zP. There- 

fore, P/zP - E(R/P) R, and so P/xP is o-torsionfree. Since R/ P is 

a-torsionfree and extensions of o-torsionfree modules by 0-torsionfree mod- 

ules are o-torsionfree, R/xP is thus a-torsionfree. Since r(R/xP) = O, it 

follows that XP does not contain a nonzero ideal. O 

The question arises what additional condition has to be imposeci on a 

torsion radical a in order to assure that for a right a-metherian ring R 

the local bijective Gabriel correspondence with respect to u is equivalent 

to right fully u-boundedness. As is shown below, one such condition is the 

ideal invariance of a. 



62 GABRXEL C O ~ P O N D E N C E S  126 

DEFINITION. Let R be a ring with right Krull dimension. An ideal 1 of 

R is said to be n'gtrt ideal invaricint with respect to the K d  dimension if 

1 M aR II _< 1 MI for any fbitely generated right R-module M, or equivalentiy 

1 IITII < 1 RIT1 for every nght ideal T C R. The ring R is calleci nght ideai 

invariant if every ideal is right ideal invariant. 

An ideal I is said to be right weakly ideal inuarüznt if 1 M @ R Il < 1 R/I1 

for every finiMy genemted nght R-module M with IMI < IR/Il. 

Let R be a ring and let a be a torsion radical. Then a is said to be 

(right) ideal invariant if cr(I/D 1) = I I  DI or equivaiently lI /DIl ,  = - 1 ,  for 

any i d d  I and any a-dense right ideal LI in R. 

The concept of ideal invariance was first introduced by Stafford [69]. 

It is a sort of generalization of the AR-property and has been applied to 

study polycyclic group rings and enveloping algebras. The definition with 

respect to a torsion theory was given by Robson [64]. One practical use of 

ided invariance is furnished by the foiiowing: If R is a Knill homogeneous 

ring with Krull dimension and the prime radical N is right weakly ideal 

invariant, then R is a nght order in a right artinian ring [45, Theorem 81, 

[58, Corollary 111. 

We establish an elementary property of ideal invariance and proceed to 

show that ideal invariance closes the gap between the local bijective Gabriel 

correspondence and the right hiüy a-boundedness of a right c-metherian 

ring. 
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LEMMA 4.4. [3, Pro@tion 2-51 Let 0 k an ided invaricint torsion 

d i c a L  Let N N a adense submodule of a a-toffionjhz right R-module 

M .  rR(N)  = r R ( M ) .  

PROOF. Certainly, ,P~(N) > T ~ ( M ) .  

order to establish eqdty, set 1 = rR(N). Since is d e n s e  in 

M, for any given m E M t h e  exists a adense right ideal Dm R çuch 

that mD, C N. Thus mD,I = O. Note that o(I/D,I) = I/D,I by the 

ideal invariance of a, hence for any z E I there exists a G-dense right ideal 

Dz E R SU& that xD= DmI. Thus, w D z  mDmI = O.  However, M is 

a-torsionfree, so mz = O for every m E M and every x E I .  Consequently, 

r R ( M )  = I = rR(N) .  

The foIlowing r d t  was proved in [3, Theorem 2.91 as a direct con- 

sequence of [l, Theorem 171. However, [l] contains an error, which was 

pointed out in Example 4.3. However, the result as stated still holds, and 

we now give a new prmf. 

PROPOSITION 4.5. Let R be a right a-metherian ring and let a be ideal 

inuariant. Then the following a= equiudent. 

(i) R is nght fully o-hunded. 

(ii) R hm l d  bijective Gabriel correspondence with respect to a. 

PROOF. (i) =+ (Il) foUows h m  Lemma 4.2. 
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(ii) * (i) : Let P be a prime ideai of R Suppose that E / P  E, R/ P and 

that ( R / P ) / ( E / P )  RIE is O-torsionhe. W e  proceeà to show that E / P  

contains a nonzero ided of R/P. If P is not mAosei, then E > > P. 

Since is easily seen to be an ideal, the desired r e d t  follows. Therefore, 

assume that P is a-closed. Define 

E = { E / P  1 E / P  Ce RIP, R/ E is o-torsionfree and r (R/E)  = P ) ,  

and assume that E # 0. Since R/P is also right O-metherian, there exists 

a maximal EIP E E. We daim that RIE is uniform and fully faithful 

as an R/P-module. Suppose RIE is not uniform. Then there exist O # 

I l / &  I2/E G RIE such that Il n I2 = E. Since o(R1E) = 0, the O-closure 

of E = E. Note that 

and we get either r(~/c) = P or T ( R / ~ )  = P .  Since E c Ii C for 

i = 1,2, the maximality of E is contradicteci. This shows that RIE is 

uniform. 

NOW, in order to show that RIE is M y  faithful, let O # FIE RIE. 

Note that r ( r / ~ )  =  FIE') = r (F/E)  by Lemma 1.7 and Lemma 4.4, 

as FIE is a-torsionfree. Since 
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we get either r ( ~ / r )  = P or r ( r / E )  = P. The former leads to a contra- 

diction to the xmdmdïty of E in&, as E c F C r .  SO r (F/E)  = P, and 

henœ RIE is fuily faithfid This pmes the claim. 

Co~lse~uently, RIE is P-tame by the local bijective Gabriel correspon- 

dence. But E/P Ce R / P  impüea that r(x+E)/P ce R / P  forany O # =+P. 

This contradicta that R/E is P-tame. O 

W e  the ideal invariance of a is SuffiCient for the right fully a-boundedness 

of a nght a-metherian ring with 1 0 4  bijective Gabriel correspondence, it 

seemç that only a weaker condition is necessary. Specifically, this condition 

is the right restricted strong second layer condition for Spec,(R). This is 

established in Theorem 4.8 below. We k t  show that if a is i d d  invariant 

and R is right hilly a-bounded, then Spec,(R) satisfies the right restricted 

strong second Iayer condition, in fact, it satisfies the following. 

DEFINITION. Let R be a right 0-noetherian ring and let P be a u-closed 

prime ideal of R. Then P is said to satisfy the right a-restricted stmng second 

layer condition if whenever M is a a-metherian P-tame rïght R-module 

with r ( M )  = Q E Spec(R) then Q = P.  

Since every fini tely generated rïght R-module is a-metherian, the right 

u-restricted strong second layer condition is f o d y  stronger than the right 

restricted strong second layer condition. 
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P R O P O S ~ O N  4.6. Let a be an i ù d  inwu- torsion m d i d  If R is 

a right a-metheian nght fur23 a - h n d e d  ring, üien Speq,(R) satisfies the 

right a-riestricted & m g  second layer cordition. 

PROOF. Let P E Spec, (R). Suppose that M is a a-noetherian P-tame 

madule with r ( M )  = Q E Spec(R). Note that Q E Spec=(R). There exists a 

finitely generated o-dense submodule N such that N = ni R + - + nkR and 

r ( M )  = r ( N )  by Lexnma 4.4. Since r ( N )  = nL,r(*R) = Q, there exists 

some i s u c h  that Q = r(m R).  If r (w) /Q ce R/Q,  then there exists an ideal 

I such that Q C I C r ( ~ )  by  nght a-boundedness of R/Q, since R/r(nJ 

is o-torsioafree. But this leads to the contradiction Q c I r ( q  R) = Q. 

Hence, r(*)/Q is not essential in R/Q and thus there exists a right ideal J 

such that Q c J and J n r ( ~ )  = Q. Observe that 

Thus Q = Ass(J/Q) = Ass(*R) = P ,  proving that P satisfies the rïght 

a-restricted strong second layer condition. O 

Let R be a right a-metherian ring. The right c-restricted strong second 

layer condition on R can be characterized in several ways, d o g o u s  to 

the characterization of the nght restricted strong second layer condition in 

Theorem 2.13. 

PROPOSITION 4.7. Let R be a right o-noetherian ring. If P E SpecJR), 

then the follwting are equitlalent. 
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(i) P satisf;es the right a-ndrictd &vng second layer condifion 

(ii) M I  Le P-tomc for every P-tame 0-mthaimc module M f o t  any 

nonernpty indez set II 

(iii) Euery P-fome o-rioethetion moduie M is finitely anniirWed. 

PROOF. (i)=+(ii): Since M is o-torsionfree, MI is a-torsionfree. Let 

Q E ASS(M'). So Q = r(U) for some d o m  submodule of M I .  Without 

10s of generality, we can assume that U is Q-prime and that Q = r(mR) 

for some m = E U, where each mi E M .  Then 

Q = r ( ( m ) R )  = n r ( m R )  = r ( x m < ~ ) .  
iEI  t € I  

Since x,,r mi R is a submodule of the a-noetherian module M, it is also 

a-metherian. It is also P-tame. Now, the right a-restncted strong sec- 

ond layer condition on P forces Q = P. Thus we have show that M' is 

P-primary. 

Next, we show that M I  is tame. Set L = lM1(P). If r(x)/P Ce R / P  

for some O # x = (a)ier E L, then r ( q ) /P  Ce R/P for ail zi, contradicting 

the fact that M is P-tame. 

(ii)*(iii): Since R / r ( M )  - M ~ ,  we c m  assume without Ioss of gener- 

a.lity that r(M) = O. By (ii) and R - M ~ ,  obtain that R is P-tame. S i  

R  is a-torsionfree and nght a-metherian, LR(P) Ce RR. 

Suppose that M is not finiteiy annihiiated. Take ml E M, so r(ml) # 0, 

and hence r(mi) n LR(P) # O. There exists an dement m2 E M such that 

m2(r(ml) n ZR(P)) # O, in other words, r(mi) n lR(P) 3 r(ml, m2) n ZR(P). 
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Cantinuing inductiveiy, we get a sequence ml, m2, - - E M such that 

and so each factm is R/P-torsionfkee since M is P-tame. Since R / P  is 

a prime right Goldie ring, the r e d d  rank with respect to RI P can be 

defined. Since R is O-metherian, O-torsionfree and since IR(P) is torsionfree 

as s right R/ P-module, it follows that P ~ / ~ ( I R ( P ) )  < CD 17, Lemma ( l ) ]  . 

Set P ~ / ~ ( I ~ ( P ) )  = n. On the other hand, 

This is a contradiction. Thus, M is hitely annihilated. 

(iii)+(i): Let M be a o-noetherian P-tame nght R-module with t ( M )  = 

Q E Spec(R). Since Q = r(M) = r (mi , .  . ., m,J for some mi, .. . ,m, E M ,  

We p r d  to establish the main theorem of this section that the second 

layer condition closes the gap between the right fully a-boundedness and the 

local bijective Gabriel correspondence with respect to a. 

THEOREM 4.8. Let R be a right a-noetherim mg. Then the following 
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(i) R is fullg ~ - h n d e h  

(ii) (a) R h49 Zocai bijective Gabnél c O r r e S p O f L d ~  with respect to o. 

@) Spec,(R) satisfies the restricted strong second hyer  am 

dition. 

PROOF. (i)*(ii): Part (a) foUows from Lemma 4.2. In order to prove 

@), let P E Spec,(R). Let M be a finitely generated P-tame module 

with r ( M )  = Q E Spec(R). Recan that M is o-torsionfree, and hence 

Q E Spec,(R) as RIQ = R / r ( M )  M ~ .  Without los  of generality, we 

may assume that Q = r(rnR) where M = mR. I f  r (rn)/Q ce R/Ql then 

there exists an i d d  I such that Q c I C r(m) by the nght 0-boundedness 

of R/Q. So mRI C ml = O, whence I Ç r(mR) = Q,  a contradiction. So 

r (m) /Q is not essentid in R/Q, hence there exïsts a nonzero right ided J / Q  

such that JIQ nr(m)/Q = O .  Then Q = P f o h s  fkorn 

Therefore, P satisfies the nght restricted strong second layer condition. 

(ii)=+(i): Let P be a prime ided and Iet EIP C, R/P such that RIE 

is a-torsiorhee. We show that r (R /E)  3 P. If P is not a-cl&, then 

E 2 7 2 P. Since 7 is e d y  seen to be an ideal, the assertion follows in 

this case. 

Thus assume that P is oclosed. Since RIE is a right O-metherian and 

o-torsionfree module, R/E has finite rank [3, p. 8521. Hence there exist 

fmitely many o-closed right ideais Ei > E such that E = n:,, &, RIE, is 
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uniform for each i and RIE - @LI RI&. S i  r(R/E) = CI r(R/&), 

the assertion wi. foiîow if we can show that r(R/&) > P for each i. Thus 

we may wîthout loss of generality assume that R/E is uniform- Assume that 

t ( R / E )  = P and let Ass(R/E) = Q. Note that Q E Spec,(R) and P E 

Q. S b  R is assumeed to have l a d  bijective Gabriel correspondence with 

respect to 0, E(R/ E)  ̂ c EQ. S i e  RIE is a finitely generated Q-tame nght 

R-module with P = r ( R / E )  Q,  the right restricted strong second layer 

condition for Spec,(R) forces Q = P, so RIE is P-tame. However, since 

R/P is a right Goldie prime ring, E contains an elexnent c E C(P), so RIE, 

b e i i  a homomorphie image of R/&, is C(P)-torsion. This contradiction 

shows that r (R /E)  > P. O 

REMARK. It wodd be interesting to know whether condition (b) in the 

preceding theorem can be replaced by the right a-restricted strong second 

Iayer condition. In view of Proposition 4.7, this would diow one to charac- 

tenze right fully a-bounded rings as those right a-metherian rings for which 

each g-torsionfree a-metherian right module is finitely annihilateci. If a is 

ided invariant, then a-restricted strong second layer condition can be used 

for (b). At this time we can only prove the following. 

P R O P O S ~ O N  4.9. Let R be a right O-noe thdn ring. Then the follow- 

ing am equiuulent. 

(i) (a) R has local bijective Gabrid cOrreSpOILdence with respect to o. 
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@) Spec,(R) satisfies the Mt a-feStrided shng second hyer am- 

d i t h  

(fi) E u q  a-torsionfree g-nathefian Mht R-module M is finit& ami-  

hilated. 

PROOP. (i) *(ii): Note that M embeds in a finite direct sum of uniform 

a- torsionfree a-noetherian modules Ni with 

Ass(Ni) = Pi E Ass(M) C Spec, ( R )  . 

By (i) (a), Ni C E(Ni) 2 Epi , so each is Pi-tame. By Proposition 4.7, 

each subrnodule of each Ni is finitely annihilated, so M is Fnitely annihilated 

by Lemma 1.14. 

(ii)+(i): Let P be a prime ideal, and let E/P Ce R / P  such that 

a(R/E) = O. Then t ( R / E )  = n;+,+(zî + E) ,  so r (R/E)  > P since 

t (x i  + E ) / P  se R / P  for each i. Thus R is right fdly a-bounded, hence 

(i) (a) holds h01ds by Theorem 4.8. If P E Spec,(R) and M is a P-tame 

a-noetherian right R-module, then M is c-torsionfree and thus fmitely an- 

nihilateci by hypothesis. Thus P satisfies the right u-restricted strong second 

layer condit ion by Proposition 4.7. O 

4.3. Relative Kruil Dimension 

For a right FBN ring R, it has been shown that the classical KruU 

dimension of R is equal to the Kruil dimension of RR in the sense of 

Gabriel and Rentschler [44, Theorem 2.41. This has been generalized to 
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rïght O-metherian right fdly c~bounded rings in (491 where dat ive  chsi -  

cal Kn4 dimension with respect to cr is definecl in terms of o-closed prime 

id&. 

DEFINITION. Let R be a ring and let 0 be a torsion radical on Mod-R. 

Set ~ p e c ; ' ( ~ )  = 0, and for an ordinal a > -1 define 

The c2wsicd a-Kmll dimension of R is the smallest ordinal a such that 

Spec,(R) = Specz(R) and is denoted by cl.K,.dirn(R). 

If R is a right a-metherian ring, then cl.K,.dim(R) exists, cf., [29, 

Proposition 12.11 . 

In this section we show that rings with local bijective Gabriel correspon- 

dence with respect to a torsion radical exhibit the same behavior as nght 

FBN rings with respect to the equality of the relative Knill dimension and 

the relative classicai KruU dimension. 

DEFINITION. Let R be a ring and let o be a torsion radical. For a nght 

R-module M, define K, (M)  = {N c M 1 o(M/N) = O). The relcrtitle 

o-Knill dimension of M is defined as dev(K,(M)) and denoted b y  IMI,. 

Set ru = { N  M ( MIN is Specu(R)-tame ). Then r,(M) is defhed 

as dev(r, ( M ) )  . 

If M is 0-torsion, then r , ( M )  = - 1. If a right R-module M has Knùl 

dimension, then r , (M)  is defined. The relative dimension is an extension 
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of K d d s  c&ssictd Kmli dimension CLdim [42], which arises as 7, for the 

Speeiai case Spec(R) = SPW~(R)-  It was proved that, for s right noetherian 

ring R satisfying the right second lsyer condition, 

[42, Theorem 2.91. This equality can also be established for right metherian 

rings with local bijective Gabriel correspondence, which do not necessarily 

satisfy the right second layer condition [Example 4.31. 

PROPOSITION 4.10. k t  R  be a right a-noetherian ring and let M be a 

u-noethennn right R-module. Then ru(M)  5 IM1,. 

PROOF. Since M is O-metherian, IMIu exists. Since Spec,(R)-tame 

modules are 0-torsionfree, r , ( M )  c ICu(M)- Thus 7 , ( M )  5 1 MI,. O 

COROLLARY 4.11. Let R be a right a-metherian ring with local bijective 

Gabriel ml~espondence with respect to o. Then ro(M)  = IMI, for any 

O-noetheriun module M. 

PROOF. By Proposition 4.1, any a-torsionfree module is Spec,(R)-tame. 

LEMMA 4.12. Let R &e a a-torsionfr;ee prime right a-noetherian ring. 

Let E be an essential right ideal of R. Then 

(i) If RIE O Spec,(R)-turne, then %(RIE) < r o ( R ~ ) .  

(ü) IRIEItr < I&tIrr- 
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PROOP. (i). Define & = R and & = E. Suppose Ei has been d&ed 

Chooee a regular element c of R in Ek. This is possible since R is a 

prime right Goldie ring and Et Ce R We define to be a submodde of 

Ek that is marcimal with respect to Ek+l/cEk n cR/cEk = O. This can be 

chosen by Zorn's l m .  Then Ek+l/cEk b & / C E k  se Ek/cEk and 

Observe that R/Ek cR/cEk as c is a regular element. Thus Ek/ Ek+l is 

Spec,(R)-tame, and hence RI Ek+1 is Spec,(R)-tame, as an extension of a 

tame module by a tame module iç tame. 

Note that 3 R cEk Ek+1. Since 2- is also regular, Ek+1 contains a 

regular element, hence Ek+l Ce R. We also have 

since RIEk Thus Ekfl has been constmcted satisfying the 

required conditions . 
Considering the infinite decreasing sequence R = Eo 3 Er > & 3 , 

we see that RIEi is Spec,(R)-tame and that Y ~ ( E ~ / & + ~ )  2 yU(R/E)  for 

di i. Thus ru(R) > 7 , (R / E) .  

ci). Let c be a regular element of R in E. Then for the decreasing 

sequence R > CR > 2~ > O = = ,  we have that Ic'R/c'+'R(, < IRI, for 



LEMMA 4.13. Let R be a Rght a-noetb-iatz ring. Tiren 

PROOF. The second inequality was obtained in Proposition 4.10. 

The first inequality is proved by induction on a = ?=(R). If a = - 1, 
then for any prime ideal P of R, R/ P m o t  be Spec,(R)-tame, that is, 

P g! Spec,(R). Thus, Spec,(R) = a, so cl.K,.dim(R) = - 1. 

Assume that the inequali~ holds for all ordinals P < a. It has to be 

shown that cl.K,.dim(R) 5 a when a = r,(R). We show that if P E 

Spec(R), then P E Specz(R). Let Q 1 P be a prime ideal in Spec,(R). 

Since Q/P Ce R/P, we get B = y,(R/Q) c yU(R/P) 5 7&3) = a by 

Lemma 4.12. By the inductive hypothesis, cl.Ko.dim(R/Q) 5 7=(R/Q). 

Therefore s ~ ~ c $ ( R / Q )  = Specu(R/Q), and hence Q E s&(R). Thus, 

P E Spec:(R), so Spec,(R) =Specg(R). Hencecl.K,.dim(R) <r , (R) .  0 

In order to establish equality between dimensions, a 1emma is required. 

LEMMA 4.14. Let R be a right a-noetherian ring with local bajective 

Gabriel correspondence. If M is a a-metherian nght R-module Mat is not 

o-torsion, then ]Mlo = 1 R/PIu for some prime ideal of R. 
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PROOF. S i  IM(, = jM/u(M)(,, assume that M is u-torsionfree. 

Suppose that the assertion is not trw. Consider 

M = {N < M 1 ( r (M/N)  = O ,  IM/NI, # IR/Plo for =y P E Spec,(R)}. 

Smce O € M ,  there exists a maximal N E M such that for any N' 3 N 

with o(M/N') = O ,  IM/N'I, = IR/PIu for some prime P .  Replace M by 

MIN and ch- a prime uniform submodule U M where h ( U )  = P. 

Note that P E Spec,(R) and U is tame by Proposition 4.1. If C M, 

then I M / T ~ ~  = IR/Qlo for some prime Q by the maxhdity of N. Also 

lrlu = IUl,, = IR/P\,, where the second e q d t y  holds by U king tame. 

Hence 

Ifr = M, then lMlu = IUlo = IR/PIu gives the result. 

P R O P ~ S ~ O N  4.15. Let R be a right a-noetherian ring having local bi- 

jective G d e l  amespondence with respect to g. Then 

PROOF. By Corollary 4.11 and Lemma 4.13, it &ces to prove that 

IRR(, 5 cl.K,.dim(R). This is shown by induction on a = IRR[,. If a = 

-1, then for any prime ideal P, the prime ring R/P  is o- torsion. Thus, 

Spec,(R) = 0, and so cl&.dim(R) = -1. Asnime that conchsion holds for 
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all ordinals @ < a. Let IRRI, = a. By Lemma 4.14, there eJcurts a prime ideal 

P E Spec,(R) such that !RIo = lR/PIu- If IR/Plo 5 cL&.dim(R/P), then 

the assertion foilows. Hence, assume that R is prime a-torsion£ree aiad right 

a-noetherian. In order to establish the inequaiity fR& 5 clX,.dim(R), it 

has to be shown that, given m y  infinite descending rhsrin R = IO 2 Il > 
I2 1 - - - of u-closed right ideals, IIi/ Ii+1 1, < clX,.dim(R) for dl but anitely 

many i. Since IR& = a, IIi/&+& < a for almost ail i -  

Let M be a a-torsionfree subfactor of R with 1 M 1, = P < a. We p r o c d  

to show that f l <  cl.K,.dùn(R). Define 

Since M is aIso a-noetherian and O E M # 0, there exists a maximal N E 

M. We daim that MIN is ent ica l  with respect to a. If N'IN is a nonzero 

submoàule of MIN such that (M/N)/(Nf/N) 2 MIN' is 0-torsionfree, 

then IM/Nf[, < 0 by the choice of N. Since MIN is c-torsionfree, M / N  

is unSom Let Ass(M/N) = Q. Since R has local bijective Gabriel cor- 

respondence with respect to a, it follows from Q E Specu(R) that MIN is 

Q-tame by Roposition 4.1. Let nR be a Q-prime cyclic submodule of M I N .  

Sincc MIN is f i r i t i d ,  1 MINI, = InRI,. Since r(n)/Q is not an essential 

right ideal of R/Q, and since 1 R/Qiu = IA/Qlu for every right ideal A > Q, 

it follows that 
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By the inductive hypothesis, clXo.dim(R/Q) = 8. Now Q # O since other- 

wisê a = IR& = B. Thus 

4.4. A-modules under Torsion Theory 

If R is a nght noetberkm ring, then ail minimal prime ide& satisfy the 

right second Iayer condition. Hence any finiteiy generated submodule of 

E(R/P)R  is a A-module if P is a minimal prime ideal. In fact, E(R/P) is 

a A-module if P is a minimai prime ideal of a nght noetherian ring R [60, 

Corollaire 4.41. We establish this for a ring R that is a right order in a right 

artinian ring. The ring R need not be a right noetherian ring. Recall the 

foilow h g  charac teriza tion. 

P~oposrno~ 4.16. [56, Theorem 4.141 A ring R wiW prime mdàcd N 

is a right order in a right artiniun h g  ;fi 

1. R /N às right GoZdie and N is nilpotent. 

2. p(R) is jnite. 

3. CR(0) = CR(N) - 

PROPOSITION 4.17. I f R  is  a right order in a right udinian ring S, then 

E(R/P)R i s  a A-module for eu- minimal prime ideul P of R. 
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PROOF. Let N be the prime r&did of R, and let u = radqRlN) be the 

torsian Wcai cogenerated by E(R/N). Since R is a right order in a right 

artinian ring, R/N is right Goldie and C(O) = C(N) by Proposition 4.16. 

Hence pc(w = o by Lanma 1.19, & = RC(N)-' is a right artinian ring 

and o is a perfect torsion radical as C(0) is a nght denominxtor set. Since 

E(R/P) - E(R/N) for sny minimnl prime ideal P, we obtain that E(R/P)  

is 0-torsionfk. Rmdl that R, is right artinian 3F R has DCC on aclosed 

right ide& in R, as u is perfect. If X is a subset of E(R/P),  then 

So t ( X )  is a o-closed nght ideal in R. This shows that an arbitrary nonempty 

subset of E(R/P) is finitely annihilateci. O 

COROLLARY 4.18. If R is a nght order in a right artinian nng S, then 

uny a-torsion module M is a A-module where u = radE(RIN). 

Therefore, any &-rnodule is a A-module as an R-module. 

PROOF. Since cr is a perfect torsion radical as seen in the proof of Propo- 

sition 4.17, any &-module M is a a-torsionfree R-modde and so r R ( X )  is 

u-closed for any nonempty subset X of M. 0 

Proposition 4.17 can be generalized to an arbitrary semiprime ideal I 

of a ring R with torsion radical a cogenerated by E ( R / I )  if & is right 

artinian. 
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Recall that a right R-module C is d e d  a cogeBeratw in Mod-R if every 

right R-module can be embedded in a product of copies of C. 

LEMMA 4.19. [2, Proposition 18-15] Let E E an injective R-modde. 

men the following are equiualent. 

(i) E is a cogenemtor. 

(ii) Kom(T, E )  # O for dl simple right R-modules T. 

(iii) E wgenmtes al1 simple right R-modulest i e . ,  euery simple module 

ernbeds in a direct prodvct of copies of E. 

PROPOSITION 4.20. k t  I be a semiprinle ideai of a ring R such thut 

R/I is right Goldie, and kt cr = radÊ(Wo be the torsion rudical cogenerated 

by E(R/I) .  Note that u(R) = rR(E(R/I ) ) ,  and set K = o(R). If I, is 

the Jambson nadicd J(%) of and & b a right artinzan ring, then 

E(R/ P)R/K is a A-module, for every minimal prime ideal P / K  of R/ K. 

PROOF. Note that, by Lemma 1.19, pc(0 = o as R/I is a semiprime 

right Goldie ring. Also (R/K) ,  = &, by dennition of R,, as K = o(R).  

Since & is nght artinian and I, = J(&) , we see that %/IV is a semisimple 

artinian ring. If M is a simple right &-module, then for any O # m E M ,  

where L/ I,  is a minimal nght ideal of %/Io.  Thus any simple &-rnodt.de M 

embeds in &JI,, hence E ( R / I )  is a cogenerator of Mo&& since %/ 1, - 
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( R / I ) ,  LI E(R/I). Thedore any %-module is 4-torsiodke as an R-module, 

so a is a perfect torsion r a d i d  

Now, we claim that CR(I) is s right Ore set in R For any c E C ( I ) ,  

if R/cR is C(I)-torsion, then the right Ore condition is satisfied. Since 

(R/I)/(cR + I I I )  is o-torsion and a is pertect, the short exact sequence 

produces the short exact sequence 

O -, (CR + I), -, & -, (R/cR + I ) ,  -, 0. 

Thus (CR + I ) ,  = (CR), + I, = &, as o(R/cR + 1) = R/cR + 1, and 

consequently, 

Since & is assumed to be right artinian and so right metherian, it foliows 

h m  Nalcayama's Lemma [59, IIJ, [32, Theorem 101, [4, Theorem 11, that 

(CR), = a. Again it follows that (RIcR), = &/(CU), = O, thus R/cR is 

a-torsion, whence C(I)-torsion. This proves that C ( I )  is right Ore in R. 

Moreover, C = (c + Klc E C(I)} becornes a nght Ore set in R / K .  

It is also a ri& denominator set in R/K since % is right artinian and 

R / K  - &. 

We proceed to show that (R/K), = R,, = (R/K)C- ' .  First, we daim 

that ~(R/K),(c + K) = O for any c E C(I) .  For, assume that O # x E 

qRIK),,(c + K), so (C + K ) x  = O. NOW, for any x E ( R / K ) ,  there exists 
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d ~ C ( I ) s u e h t h a t x d ~ R / K .  L e t z d = r + K f o r s a m e r ~ R , s o c r ~ K .  

By the right rwersib'ity of C, we get rd E K = c(R) for some c' E C(I),  

so rdE = O for some d' E C(I). Thus r E K, and z is C(I)-torsion, 

contrsdicting the fsct that &, is a-torsionfjcee. 

It now foUows that any element c E C becornes invertible in &,. Consider 

the diagram 

where 6 : R/K (RIK),  and f : R / K  -r (R/K)c-' denote the canonical 

maps. Note that ker f = O and that ( R I  K )C- ' / (R /K)  is u-torsion. Since 

% is o-injective, there exists an extension map O : (R/ K)C-' -r (RI K), 

such that 4 = Of. 

We daim that O is a ring isomorphism. If (r + K)(c + K)-' E ker O, 

then iP(r + K) = O, so 4(s + K) = O. But t$ is an embedding, so T + K = 0, 

thus kerQ = O. The surjectivity follows from the d a t i o n  of quotient rings 

with respect to a. 

Now R/K is a nght order in a right artinian ring 4. Therefore by 

Proposition 4.17, E(P/K)  is a A-module for any P/ K E minspec(R/ K) . 

O 
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