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Abstract

The hierarchy of the various versions of the second layer condition, trans-
ferability of the second layer condition to extension rings, and relativization
of it with respect to a torsion theory are investigated.

We show that the strong second layer condition is indeed stronger than
the ordinary second layer condition by introducing an intermediate condi-
tion, called the right restricted strong second layer condition, and its equiv-
alent versions in Chapter 2.

The second layer condition is passed to certain extension rings. Letzter
proved that if R is a noetherian ring satisfying the second layer condition
and S is an overring of R such that gS and Sgr are finitely generated, then
S satisfies the second layer condition. In Chapter 3, we extend this result
to a noetherian ring satisfying just the right second layer condition. The
proof makes use of finite annihilation of tame modules, thus dispensing with
a symmetric dimension function implicitly required in Letzter’s proof.

It is not known if the polynomial ring R[z] satisfies the right second
layer condition when R is a right noetherian ring with right second layer
condition. We show that R|z] satisfies the right second layer condition when

R is a noetherian very strongly right AR-separated ring. Also, we observe

iv
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that if E(R[z]/P) gy is (P N R)-tame for each prime P of R(z], then R[z]
satisfies the right second layer condition.

Let o be a torsion radical on Mod-R, where R is a right o-noetherian
ring. In Chapter 4, we show that R is right fully o-bounded iff Spec,(R)
satisfies the right restricted strong second layer condition and R has local
bijective Gabriel correspondence.

Prior to this, we establish that the local bijective Gabriel correspondence
with respect to o is equivalent to g-torsionfree modules being tame. We also
investigate localization of R with respect to a perfect torsion radical ¢ and

finite annihilation of E(R/P), where P is a minimal prime ideal of R.
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CHAPTER 1

Preliminaries

All rings considered are associative with identity element 1, and all
right R-modules are unitary where R is a ring. Adjectives like noetherian,
bounded, regular and so on describe two sided—(right and left)—properties.

If X is a nonempty subset of a right R-module M, then the right anni-

hilator of X in R is the set

rrR(X)={reR|zr =0 for all z € X}.

This is a right ideal of R. If N is a submodule of M, then rg(N) is an ideal
of R. If there is no danger of ambiguity, the subscript R will be dropped.
If X is a nonempty subset of R, then the left annihilator of X in M is

the set

M(X)={meM|mz=0 foralze X}

This is not usually a submodule of M unless X is an ideal of R.
This chapter puts together known results and definitions for later use.
However, in some cases, a proof is given that differs from that in the cited

source.
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1.1. Goldie Rings

Let R be a commutative ring. A proper ideal P of R is called prime if,
for any two given elements a,b € R such that ab € P, eithera € Por b € P.
Note that the quotient ring R/P is an integral domain if P is a prime ideal
of R. Note also that R/P is a field if P is a maximal ideal of R.

However, the latter is not the case when R is noncommutative, the ring
of 2 x 2 matrices over a field being perhaps the simplest example. Thus, the
definition of a prime ideal in a noncommutative ring has been modified. In
1928, W. Krull defined a proper ideal P of a ring R to be prime if, for any
ideals I, J C R with IJ C P, either ] C P or J C P. Ideals that are prime
in the earlier (commutative) sense are called completely prime. A ring R is
called a prime ring if 0 is a prime ideal.

An ideal S is called semiprime if S is an intersection of prime ideals. In
particular, N = ({P | P is prime in R} is semiprime and is called the prime
radical of R. The prime radical is always a nil ideal, and it is nilpotent if
the ring is noetherian on one side. A ring R is called a semiprime ring if
0 is a semiprime ideal. An ideal P is called right primitive if P = r(M)
for some simple right R-module M. Right primitive ideals are prime ideals.

The Jacobson redical of the ring R is defined as

J(R) = n{M | M is a maximal right ideal in R}

= WP | P is a right primitive ideal of R}.
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If R is a ring, then ¢ € R is called right regular if r(c) = 0. It is called
left regular if l(c) = 0. Let I be an ideal of R. Then

C'rR(I) = {c € R| ¢+ is right regular in R/I},
and similarly
‘C'r(I) = {c € R| c+ I is left regular in R/I}.

Now, Cr(0) = C'(0) Y C(0) is the set of regular elements of R. If there is no
danger of ambiguity, then the subscript is usually dropped.

A ring R is a right order in a ring Q if

1. every regular element of R is invertible in @, and

2. every element g € Q can be written as ¢ = ac™! for some ¢ € R and

¢ € Cg(0).

A nonempty subset 0 € C of R is called multiplicativeif 1 € C and C is
closed under multiplication. A multiplicative set C of R is called right Ore if
cRN7TC # @ for every ¢ € C and r € R. The set C is called right reversible if
whenever ¢r = 0 for some r € R, ¢ € C, there exists d € C such that rd = 0.
If C is right Ore and right reversible, it is called a right denominator set.
In this case, the set T = {r € R | rc = 0 for some ¢ € C} is a two sided
ideal and the set C = {¢+T | ¢ € C} is a right Ore set consisting of regular
elements of R = R/T. Thus, a ring of right quotients can be constructed
for R, that is, a ring Q containing R in which each ¢ € € is invertible and

whose elements are of the form 7 ¢! where ¥ € R,¢ € C. We say that R can
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be localized with respect to C. In particular, if P is a prime ideal of R and
C(P) is a right denominator set, then we also say that R can be localized at
P.

Let R be a commutative ring and let P be a prime ideal of R. Then
R can be localized at P since C(P) = {r € R | r ¢ P} is trivially a right
denominator set in R. However, if R is not commutative, then C(P) need
not be a right denominator set. The structure of right denominator sets is
in part limited by the existence of linked prime ideals. In fact, if C is a right
Ore set in a right noetherian ring R such that C C Cg(P), then C C Cr(Q)
for any prime ideal Q linked to P (29, Lemma 12.17]. This represents the
main stumbling block for P to be right localizable.

Let M be a module and N be a submodule of M. Then N is called an
essential submodule of M if NN L # 0 for every nonzero submodule L of
M. This is denoted by N C. M. A module M is called uniform if every
nonzero submodule of M is essential in M.

A module M is of finite (uniform) rank if there are finitely many uniform
submodules Uy,... ,U, of M such that U1 & --- ® Up C. M. In this case,
we say that rank(M) =n.

Aring R is called right Goldie if R has ACC (ascending chain condition)
on right annihilators and Rp has finite rank. The key result for verifying the

right Ore condition for C(0) in a semiprime right Goldie ring is the following.
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PROPOSITION 1.1 (Goldie). Let R be a semiprime right Goldie ring.
Then a right ideal E is essential in Rgp iff E contains a regular element

of R.
This leads to a fundamental result about noncommutative localization.

THEOREM 1.2 (Goldie’s Theorem). [23, Theorem A] {22, Theorem 13]
[24, Theorems 4.1, 4.2] A ring R is a right order in a semisimple artinian

ring Q iff R is a semiprime right Goldie ring.

When R is a semiprime right Goldie ring, then an additive rank function
on the right R-modules can be defined by factoring out the torsion part of

the module. Goldie named this function the reduced rank [26].

DEFINITION. Let R be a semiprime right Goldie ring and let M be a
right R-module. Then the reduced rank or torsionfree rank pr(M) of M is

defined to be rank(M/Z(M)), where
Z(M)={m e M | mc =0 for some c € C(0)}

is the torsion submodule of M.
If R is a ring with nilpotent prime radical N such that R/N is right
Goldie, then the reduced rank pr(M) of M is defined to be
n—1
ZPR/N(MM/MNi+l),

=0

where n is the index of nilpotency of N.
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The reduced rank is additive in the sense that p(M) = p(L) + p(M/L)

whenever L C M (56, Lemma 1.2 (ii)], while the (uniform) rank is not.

LEmMMA 1.3. [56, Proposition 4.1.3(i)] Let R be a ring with nilpotent
prime radical N where R/N is right Goldie, and let M be a right R-module.
Then pp(M) = 0 iff for every m € M there exists ¢ € Cr(N) such that

me =0.

1.2. Bounded Rings

In a commutative ring, every right (or left) ideal is trivially an ideal.
If an arbitrary right noetherian ring R contains “enough” ideals, then it
shares a very useful property with commutative rings, namely that for any
finitely generated right R-module M, there exist finitely many elements
my,...,Mn € M such that r(M) = r(my,...,mn). In this case, M is called
finitely annihilated.

The following definition formalizes the notion of a ring R having “enough”

ideals.

DEFINITION. A ring R is said to be right bounded if every essential
right ideal F of R contains a nonzero ideal I of R. R is said to be right fully
bounded if R/P is right bounded for every prime ideal P in R. If R is right

noetherian and right fully bounded, then R is called right FBN.

A module M is called faithful if r(M) = 0, and it is called fully faithful

if 7(N) = 0 for every nonzero submodule N of M. A module M is called
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prime if M is fully faithful as an R/r(M)-module. In this case, (M) turns
out to be a prime ideal of R, and M is called P-prime if P = r(M).

Let M be a right R-module. A prime ideal P of R is called an annihilator
prime of M if P = r(N) for some submodule N of M. A submodule M; of
M is called an affiliated submodule of M if M) = lp(P) for some ideal P,
which is maximal among the annihilators of nonzero submodules of M. A

series

0=MyCMC---CMp=M

is called an affiliated series of M if M;/M;_, is an affiliated submodule of
M/M;_,,fori=1,...,n. Let P, =rp(M;/M;_,), fori =1,...,n. Then
{P1, ..., Pn} is called the set of affiliated primes of M corresponding to the
affiliated series Mg C --- C Mh.

Let R be aright noetherian ring, and let U be a uniform right R-module.
Then there exists a maximum member P in the set of the right annihilators
of nonzero submodules of U, which turns out to be a prime ideal. It is called
the assassinator or the associated prime of U, and is denoted by Ass(U) = P.
If M is an arbitrary right R-module, then Ass(M) is defined as the set of
associated primes of uniform submodules of M.

Set V = ly(P) where U is a uniform module, and observe that V is a

P-prime submodule of U. By [29, Proposition 6.11], the torsion submodule

Z(V) ={v eV |ve=0 for some c € Cr(P)}
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iseither Qor V. If Z(V) =0, ie., if V is a torsionfree right R/P-module,
then U is called P-tame. If Z(V) = V, then V is a torsion right R/ P-module
and in this case U is called P-wild.

A module M is called tame if all its uniform submodules are tame. A

module M is called wild if all its uniform submodules are wild.

DEFINITION. Let X be 2 nonempty set of prime ideals of a right noe-
therian ring R. A right R-module M is called X-tame if it is tame and

Ass(M) C X.

Jategaonkar observed in [39, p. 23] that right FBN rings have no wild

modules.

LEMMA 1.4. Let R be a right noetherian ring. Then R is a right FBN

ring iff all right R-modules are tame.

PROOF. (=) : Let U be a uniform right R-module with Ass(U) = P. Let
V =ly(P). Now V is either torsion or torsionfree as a right R/P-module, so
assume that it is torsion. If 0 # v € V, then r(v)/P C. R/P. Thus by right
boundedness of R/P, there exists an ideal I such that 0 # I/P C r(v)/P.
Then 0 = vI = vRI, which leads to the contradiction P C I C r(vR) = P.
Thus U is tame.

(<) : Without loss of generality, let R be a prime right noetherian ring.
If, forany I C. R, r(R/I) # 0, then 0 C »(R/I) C I shows that R is right

bounded. So assume that r(R/I) = 0. Set £ = {E C. R | r(R/E) = 0}.
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Since I € £ # 0, there exists a maximal element E in £&. We claim that
R/E is a uniform and fully faithful right R-module. If E, E> are right ideals

strictly including E and E = E; N E,, then

R/E = R/(E\ N E;) — R/E, ® R/Es.

Hence either r(R/E,) = 0 or r(R/E,) = 0, either of which gives a contra-
diction to the maximality of E. This shows that R/E is uniform.

Next we show that R/F is fully faithful. Let F/E be a nonzero submod-
ule of R/E. Then r(R/F)r(F/E) C r(R/E) = 0 implies that r(R/F) =0
or r(F/E) = 0. The former again contradicts the choice of E. Thus R/E is
fully faithful as a right R-module. Hence the claim is proved.

It now follows that Ass(R/E) = 0. So R/E is torsionfree as a right
R-module as all right R-modules are tame. But R/E is at the same time
torsion as a right R-module since E C. R. Thus R/E =0, so r(R/E) = R,
which contradicts r(R/E) = 0. Hence there exists a nonzero ideal J such

that J C I, proving that R is right bounded. O

THEOREM 1.5. [17, Théoreme II 8] If R is a right FBN ring, then any

finitely generated right R-module M is finitely annihilated.

PROOF. A module M can be embedded into a direct sum of rank(M)
many uniform modules M/M; by (18, Lemma 7.9]. If each M/M; is finitely
annihilated, then M is finitely annihilated. So without loss of generality,

assume that M is a uniform module. Also assume that r(M) = 0, as the
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fully bounded property is inherited by factor rings. Let Ass(M) = P. We
will use noetherian induction on M to show that M is finitely annihilated. So
suppose that M is not finitely annihilated, but M/N is finitely annihilated
forevery0 # N C M.

Now, M/l (P) is finitely annihilated by the induction hypothesis since

Im(P) # 0. So there exist my, ..., me € M such that
r(my + g (P), ..., M + lu(P)) = r(M/Ly(P)).
Let r(my, ..., mg) = I. Since
r(mi, ..., mk) C r(my + i (P), ..., me + Le(P)) = r(M/lp(P)),

we have MIP = 0. Since r(M) = 0, the right ideal I can be regarded as an
R/P-module. If I =0, then M is annihilated by r(m,, ..., mg). Otherwise,
there exists £; € M such that ;7 # 0. Set In = I and I, = Ip N r(z;).
Observe that Iy O I,. If I = 0, then again M is finitely annihilated. If
I # 0, then there exists z2 € M such that zoI) # 0. Set I2 = I} N r(z2).

Continuing in this fashion, setting I;; = I; N r(zi+1), we get
0 # i/ Ii41 = Tig1]; C zi1] C Iy (P)

which is torsionfree as an R/P-module. Note that pp/p(l;/Li+1) =1 for all
i. Since Iy is a finitely generated and hence a noetherian right R/ P-module,

pr/pP(lo) < 0o. It now follows from the additivity of the reduced rank that

L=l =---
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for some n > 0. This contradicts the fact that I, D In41 D ---. Thus, M is

finitely annihilated. (]

We can also prove the converse of Theorem 1.5. If U is a uniform module
with Ass(U) = P, then set V = [y(P). Since V is a P-prime module, vR is
also P-prime uniform for every 0 # v € V. However, r(vR) = r(v,...,Un)
for some v; € vR as every finitely generated module is finitely annihilated.
Then R/P = R/r(vR) — @, iR C (vR)", the direct sum of n copies of
vR, and thus vR is tame. Since vR C U, the uniform module U is tame. By

Lemma 1.4, the ring R is right fully bounded.

1.3. Torsion Theory

As torsion theory is investigated extensively in [6], [61], [27] and [71]
among others, only the essential definitions and results will be quoted for
later use.

As indicated in Section 1.1, the attempt to localize a noncommutative
ring at a prime ideal is hindered by linked prime ideals. A more abstract
approach to localization, developed by Gabriel [21], uses quotient categories,
that are derived from torsion radicals. The term “torsion radical” is used
by Maranda [54], and is sometimes referred to as a hereditary torsion theory

(71], [19],[48]. It has been also called an idempotent kernel functor [27].
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DEFINTTION. Let R be a ring, and let Mod-R be the category of right
R-modules. A covariant functor o from Mod-R to Mod-R is called a prerad-
ical if (M) C M for all right R-modules M and of is the restriction of the

homomorphism f: M — N to o(M) where M, N are right R-modules.

Note that o f(a(M)) = f(o(M)) C a(N).
Let 7 be another preradical. Then the preradicals o : T and oT are

defined by
(o : T)(M)/o(M) = T(M/a(M)), (o7)(M) = o(T(M)).

If (¢ : 0) = o, then ¢ is called a radical. If o(N) = N No(M) for any
submodule N of M, then the preradical ¢ is called a torsion preradical.

Finally, a radical that is a torsion preradical is called torsion radical.

LEMMA 1.6. (i) Let M be a right R-module. Then
radp(K) =( |{ker f | f: K » M}, K € Mod-R

defines a radical.

(ii) Let E be an injective right R-module. Then
rade(K) = \{ker f | f : K — E}, K € Mod-R
defines a torsion radical.

Proor. (i). It is clear that rada(K) is a submodule of K. For any

homomorphism g : K — L, we must show that g(radas(K)) C radm(L).
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Let h: L — M. Then hog : K —+ M. So (ho gl{rady(K)) = 0 and
g(radp(K)) C raday(L). Thus radyy is a preradical.

Note that each homomorphism f : K — M induces a homomorphism

f: K/radp(K) — M with ker f = ker f/radss(K). Similarly each homo-

morphism ¢ : K/ radpy(K) — M induces a homomorphism § : K — M with

kerg = ker g/ radp(K). So
radu(K/ radpm(K)) = {kerg | g : K/radp(K) — M} =0.

(ii). If f : N — E is a homomorphism and N C K, then f can be
extended to a homomorphism f : K — E. We observe that ker f = ker fON.
Also if g : K — E is 2 homomorphism, then the restriction g|y : N — E
is a homomorphism from N and kerg|y = kerg N N. Thus radg(N) =

rad(K) N N. O

Let M be a right R-module and let o be a torsion radical. Then o(M)
is called the o-torsion submodule of M. If o(M) = 0, then M is called
o-torsionfree. If o(M) = M, then M is called o-torsion.

A submodule N of M is called o-dense in M if o(M/N) = M/N. A
submodule N is called o-closed in M if o(M/N) = 0. For N C M, the

submodule

N’ =[{{N'|NC N cM, o(M/N') =0}

is called the o-closure of N in M. Note that N° /N = ¢(M/N) and N* is

o-closed in M.
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Let F be a filter on the set of right ideals of a ring R. Then F is called
a topologizing filter if r(z+ 1) € F for any I € F and £ € R. A topologizing
filter G is called a Gabrie! filter if whenever I is a right ideal of R and there
exists J € Gsuch that r(j+ ) G forall je J,then I €G.

If o is a torsion radical, then {I C Rg | o(R/I) = R/I} defines a Gabriel
filter. If G is a Gabriel filter on R, then for each right R-module M, we define
the submodule o(M) to be {m € M | r(m) € G}. The functor ¢ is a torsion
radical [71].

Let o be a torsion radical. Then the class of o-torsion modules is closed
under direct sums, extensions, quotient modules and submodules. The class
of g-torsionfree modules is closed under direct products, essential extensions

and submodules.

LEMMA 1.7. Let o be a torsion radical on Mod-R and let M be a right

R-module. Then

(i) Nin Ny =N NN, for any N;, No C M.

(ii) F/E' =F JE forany EC FC M.

PROOF. (i). Since M/(N; NN3) — M/N] & M/N3, we have
o(M/(N7NN3,)) =0. Thus, NN Nz. CN]NN,.

Also (N" N N3°)/(N1 N Ny) is o-torsion as submodules and quotient

modules of a o-torsion module are o-torsion. Thus NN Ny =N; NNy .
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(ii). Since F C F° and o(M/F’) = 0, it follows that F/E  C F /E.

On the other hand,
F/E\ . (F\_F
\FE)°\FJTTF
implies that 7 /E C F/E . 0

A module M is called o-injective if, for any module L and any submodule
K C L with ¢(L/K) = L/K, every R-module homomorphism f : K — M
can be extended to a homomorphism f: L — M.

Let o be a torsion radical, and let M be a o-torsionfree right R-module.
Then the quotient module M, of M with respect to o is the submodule
of the injective hull E(M) defined by M,/M = o(E(M)/M). Note that
M, contains M by definition. The quotient module M, is o-torsionfree
since E(M) is o-torsionfree. Next we observe that M, is o-injective. If
K is a submodule of L such that L/K is o-torsion and f : K — M, is a
homomorphism, then f can be extended to a homomorphism f : L — E(M).
We claim that f(L) € M,. Since L/K is o-torsion, r(z + K) is o-dense in
R for every £ € L. Then f(z)r(z + K) C f(K) = f(K) € M,. However,
E(M)/M, is o-torsionfree, yielding f(z) € M,,. Therefore, M, is o-injective.

One can thus define a functor @, from Mod-R to Mod-R /o, where
Mod-R /o is the category of right R-modules that are o-torsionfree and

o-closed in their injective hulls, by

%) _, (EMfo0))
MJc(M) Mia(M) )
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Sometimes Q,(M) is written as M, for simplicity, even when M is not
o-torsionfree.

If o is not a radical, then M/o(M) is not necessarily o-torsionfree. If o

is not a torsion radical, then o(M) = 0 need not imply that ¢(E(M)) = 0.

The o-injectivity of Q,(M) is obtained from the following proposition.

PROPOSITION 1.8. [27, Proposition 3.3] If0 - F - E - L —0isan
ezact sequence where E is o-injective and L is o-torsionfree, then F is also

o-injective.

The quotient functor Q, is left exact, but not right exact [27, Section 7
Examples 2, 3|. If Q,(M) = M ® Q,(R) for any right R-module M, then
Q. is right exact and commutes with direct sums. In this case, o is called
a perfect torsion radical. A perfect torsion radical can be characterized as

follows.

PropOSITION 1.9. [6, Theorem 3.1] [27, Theorem 4.3] The following

are equivalent for a torsion radical o.

(i) The inclusion V, : Mod-R /o — Mod-R, is an equivalence.
(ii) V,Qq is naturally isomorphic to (-) ®r Rs.
(iii) The inclusion U, : Mod-R /o — Mod-R is ezact and preserves direct
sums.
(iv) Every right R,-module is o-torsionfree as an R-module.

(v) DRy = R4 for all 6-dense right ideals D in R.
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(vi) R, ts a flat left R-module and is an epimorphic image of R, and the
canonical homomorphism D ® Ry — R is an isomorphism for every
og-dense D.
(vii)) Every Q-(R)-module is o-torsionfree and o-injective.

(viii) Qo(M) = M ® Q-(R).

Let o be a torsion radical. Then there exists a 1-1 correspondence be-
tween subobjects of Q,(M) in the quotient category Mod-R /o and o-closed
submodules of M. Note that R, = Q,(R) has a natural ring structure aris-
ing from that of R. If o is perfect, then there is a 1-1 correspondence between

the right ideals of R, and o-closed right ideals of R.

1.4. Dimensions

Let S be a nonempty set. A relation < on S is called a partial order if
(i) it is reflexive, i.e., s < s for all s € S, (ii) anti-symmetric, i.e., if s <¢
and ¢ < 8 then s = ¢, and (iii) transitive, i.e.,if s<tand £ <r thens <r.
The pair (S, <) is called a poset.

For any right R-module M there is a dimension that measures how far
M deviates from being an artinian module. Gabriel and Rentschler defined
it in terms deviations of posets of submodules of M and called it Krull

dimension. Krause extended the definition to include infinite ordinals.

DEFINITION. Let (P, <) be a poset. Defineb/fa={z € P|a <z < b}

foranya < b€ P.
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If (P, <) is trivial, then dev(P), the deviationof P,isset tobe —1. If P is
not trivial and satisfies DCC (descending chain condition), then dev(P) = 0.
For an arbitrary ordinal a, dev(P) is defined to be « if
(i) dev(P) # B for all ordinals 8 < a.
(ii) If py > p2 = --- is any descending chain, then dev(p;/pi+1) < a for

all but finitely many i.

DEFINITION. Let M be a right R-module. The Krull dimension of M,
denoted by |M|, is defined as dev(A1) where M is the poset of submodules

of M, partially ordered by inclusion.

For a ring R regarded as a right R-module, | Rg| is called the right Krull

dimension.

ProposITION 1.10. [30, Lemma 1.1, Proposition 1.3, Corollary 5.9, Corol-
lary 7,5], [21]
(i) If M is a noetherian module, then | M| ezists.
(ii) If|M| exists, then |M| = max{|N|,|M/N|} for any submodule N of
M. Note that [N|, |[M/N| ezist whenever |M| does.

(iii) If R is a ring with right Krull dimension, then

|Rr| = |(R/N)r| = |(R/N)r/n|

= max{|(R/P)g/p| | P is a minimal prime ideal in R}

where N is the prime radical of R.
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If o is a torsion radical, then the Krull dimension can be relativized with

respect to o [37].

DEFINITION. Define K, = {N C M | o(M/N) = 0}. The relative

o-Krull dimension of M, denoted by |M|,, is defined to be dev(K,).

In 1928, Krull {47] defined for a commutative ring R the classical Krull
dimension of R as the supremum of lengths of chains of prime ideals. The
definition has been extended to noncommutative rings and to include infinite

ordinals. Recall that Spec(R) is the set of prime ideals of R.

DEFINITION. Let R be a ring and let « be an ordinal. Define X_; =0,

and assume that Xz has been defined for all 8 < a. Set
Xo={P € Spec(R) | Q DO P with Q € Spec(R)=Q € X for some 8 < a}.

If Spec(R) = X, for some ordinal vy, then R is said to have classical Krull

dimension. If « is the least such ordinal, we write cl.K.dim(R) = a.

Not all rings have classical Krull dimension. However, if the ring has
right Krull dimension, then cl.K.dim(R) exists, and cl.K.dim(R) < |Rg|. For

a right FBN ring R, it is known that cl.K.dim(R) = |Rpg| [44, Theorem 2.4].

PROPOSITION 1.11. [44, Proposition 1.2, Lemma 1.3] Let R be a ring

with classical Krull dimension.

(i) If I is an ideal of R, then cl.K.dim(R/I) < cl.K.dim(R).
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(ii) If P C Q are primes in R, then cl.K.dim(R/Q) < cl.K.dim(R/P).
Hence, R has ACC on prime ideals.

(iii) If R is a right noetherian ring, then there is a minimal prime ideal P

such that cl.K.dim(R/P) = cl.K.dim(R).

1.5. Finite Annihilation

A ring R is right artinian iff every right R-module M is finitely an-
nihilated. If R is a commutative ring, then every finitely generated right
R-module is finitely annihilated. If R is a right fully bounded right noether-
ian (right FBN) ring, then every finitely generated right R-module is finitely
annihilated [17, Théoréme II 8|. If R is a right noetherian ring satisfying the
right restricted strong second layer condition, then every finitely generated

tame right R-module is finitely annihilated [67, Proposition 1.2].

DEFINITION. A right R-module M is called a A-module if R has DCC

for right annihilators of subsets of M.

LEMMA 1.12. [8, Proposition 1.4] [20] A module M is a A-module iff

any nonempty subset S of M is finitely annihilated.

PROOF. (<) : Let r(S;) 2 r(S2) 2 --- be a descending chain where
each S; is a subset of M. Without loss of generality, we may assume that

51C5,CSC---.
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Let S =|JS;. Then r(S) = r(z1,.-.,Zm) for some ; € S. There exists

some n such that {z,...,Zm} C Sn, s0

r(S) =r(z1,-..,2m) 2 7(Sk) 2 r(S) for all k > n.

(=) : Let S be a nonempty subset of M. Assume that S is not finitely
annihilated. Then there exists an infinite sequence sy, s2,... in S such that
r{s1) D r(sy,82) D -+~ and r(sy,...,8) D r(S) for all i. This obviously

contradicts the DCC on right annihilators on M. a

LEMMA 1.13. Let M, M, M>, ..., M, be A-modules. Then

(i) Any0# N C M is also a A-module.
(ii) For eny nonzero ideal I C R, M/lp(I) is a A-module.
(i) MO M2@---® M, is a A-module.
(iv) IfI is an ideal such that I C r(M), then Mg is a A-module iff Mp;

is a A-module.

Proor. (i), (iii) and (iv) follow from the definition of a A-module.

(if). Suppose that there exists a sequence z;, Z2, -~ € M such that

r(@ + (D) 2 r(z1 + I (D), 22 +iM(D)) 2 -+



1.5. FINITE ANNIHILATION 22

However, r(z1,...,2z) = (Z1,... ;Zn, Zn+1) = ... for some n, as M is a

A-module. We claim that

r(z1+ (D), ..., zn + laa(I))

=r(z1 + (D), ..., 0 + I (I), Zns1 + Ig (1))

Let J = r(zy +Im(),...,zn + (). So z;J Cly(I) foralli < m. It

follows that z;JI = 0 for ¢ < n, and hence zxJI = 0 for all k. Thus

JCr(zy +lm(I),-. .,z +IM(I)) C©J

for all £ > n. This proves the claim. O

LEMMA 1.14. [10, Lemma 1.3]

(i) Let M, N be right R-modules such that (a) M can be embedded into
a direct sum of copies of N and (b) N is a homomorphic image of a
direct sum of copies of M. Then M is finitely annihilated iff N is.

(ii) Let M, N be right R-modules such that M can be embedded into a
direct product of copies of N. If every submodule of N is finitely
annihilated, then the same holds for M.

(ii1) If every fully invariant submodule N of M is finitely annihilated, then

every submodule of M is finitely annihilated.
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(iv) If Ny, ..., Ny are right R-modules such that every submodule of each

N; is finitely annihilated, then every submodule of @, N; is finitely
annihilated.

ProoF. (i). First we claim that r(M) = r(N). Since M — @ N,
r(M) 2 (@ N) = r(N). Let f: @M — N be the surjective homomor-
phism. Then r(N) = r(f(®M)) 2 r(@M) = r(M). Therefore, r(M) =
r(N) proves the claim.

Suppose that r(M) = r(m;, ..., m;) for some m; € M. Without loss of

generality, each m; =n;,1 @ ---®nyy, wheren;; € N, so
T(N) = T(M) = T'(ml, .- -1mk) =r(n1'1, "-1nk,lk) 2 T(N)'

Hence N is finitely annihilated.
Suppose that r(N) = r(n,,...,n;) for some ny,...,n € N. Since each
n; = f(mi1 ®---©my ;) where m;; € M, it follows that
(M) =r(N) =r(ny,...,n)
=r(f(&my;),..., f(@&m;))

2 r(ml,h . '-:mk,lk) 2 T(M)-

Hence M is annihilated by r(my,1,..., Mk, ).

(ii). Let M’ be a submodule of M and let

N' =) "{f(M)| f: M’ - N}.
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Observe that M’ can be embedded in a direct product of copies of N/, as
M is embedded into [ N. Then r(M’) C r(N’') = r(J[ N") € r(M"). Since
N’ is finitely annihilated, there exist ni,...,ne € N’ such that r(N') =
r(ny,...,ng). Now each n; = Z;":l fij(mij) for some fij : M’ — N and

m;; € M’. We have
r(M') Cr(muy,...,Mkr) Cr(ny,...,m) = r(N') = r(M').

Hence M’ is finitely annihilated.

(iii). Let M’ be a submodule of M and let

N =) "{f(M')| f € Endp(M)}.

Then since N is a fully invariant submodule of M, by hypothesis N is finitely
annihilated. Note that M’ = i(M') < N. Define ¢ : @scpaay M’ = N
by ¢(mi+---+mg) = fi(m)) +--- + fk(mk) where f; € End(M), so ¢ is
surjective. By (i), the result follows.

(iv). Observe that the submodules invariant under endomorphisms of

@7, N: are of the form @}, N/ where N} C N;. Now apply (iii). a

LeMMA 1.15. Let R be a right FBN ring. If M is a finitely generated
P-primary uniform right R-module such that rr(M) = Q € Spec(R), then

Q=P.

PROOF. Suppose @ C P. Let I = rp(M/lp(P)), so MIP =0. Thus

IP C Q, soeither I CQ or P C Q. The latter is ruled out by Q C P.
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For the former, I = Q since r(M) = Q. Then M/l((P) is a right
R/Q-module, finitely generated by, say mi + Ip(P), - .., mi + Iy (P). Note
that Iy (P) Ce M, so rpg(m: + Iu(P)) S R/Q for all i. Since R/Q is
right bounded, there exists a nonzero ideal K/Q C N, rr/q(m: + ln(P)).

Now K C rp(M/im(P)) = I = Q yields the contradiction. a

Note that Lemma 1.15 shows that all right FBN rings satisfy the right
strong second layer condition [See Chapter 2]. Moreover, Theorem 1.5 can

now be strengthened. This was given as an exercise in [29, Exercise 8E].

PROPOSITION 1.16. Let R be a right FBN ring and let M be a finitely

generated right R-module. Then M is a A-module.

PrOOF. By Lemma 1.13, without loss of generality, we may assume that
M is a uniform module since M —, M/M; & M /M2 & - -® M /My where
each M/M; is uniform and n = rank(M) [18, Lemma 7.9|.

Let P = Ass(M) and set lp/5(s5)(P) = L/rr(S). In view of Lemma 1.12,
it suffices to show that any nonempty subset S of M is finitely annihilated.
We claim that

L/rr(S) Ce R/rr(S).

Let U/r(S) be a prime uniform submodule of R/r(S) such that r(U/r(S)) =

Ass(U/r(S)) = Q. Clearly, r(SU) = Q. As SU is a P-tame uniform module,

Q = P by Lemma 1.15. This gives U/r(S) C L/rr(S), proving the claim.
Suppose that S is not finitely annihilated. Then there exists s; € S such

that r(s1) D r(S) and r(s;) N L D r(S). So there exists s, € S such that
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s2(r(s1) N L) # 0 and r(s1,s2) D r(S). Continuing inductively, we get an

infinite sequence 31, 32, --- € S such that
r(81,---,8a)NL D r(81,...,8n,8n+1) N L for all n.

Now
r(81,...,85)NL
r(sly' <oy 8n, 3n+l) NnL

each of which is a torsionfree right R/ P-module. Note that L/r(S) has finite

0#

— 8ﬂ+lLs

reduced rank over R/P, say k. However,

k= PR/P(;(LS)'

= pr/p( )) + pryp( LAr(s) )

L
Lnr(s LNr(s1,s2)

LnT(SI,.--,sk)
LOr(sy,... S, Sk+1)

+---+pryp( ) > k.

This is a contradiction. O

Let M be aright R-module. It was noted in [7, p. 1778| that rad s-closed

right ideals of R are right annihilators of subsets of M.

LEMMA 1.17. Let 0 =radys for some right R-module M. A right ideal

I is o-closed in R iff it is the right annihilator of some subset of M.

ProoF. (=) : If I is g-closed, then
o(R/I) =radp(R/I) = \{ker f | f: R/ — M} =0.

Let S = {f(1+1I) | f: R/I - M}. We claim that I = r(S). Since

f(L+ DI = f(I/I) =0, it follows that I C r(S).
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Krer(S),then f(1+I)r=f(r+I)=0forall f,sor+ I €kerf for
all f. Therefore, r + I € rady(R/I) = 0. Hence I = r(S).
(«) : If I = r(S) for some subset S of M, then
R/I=R/r(S)=R/[)r(s) = [[sR— M°.
sES sES

Thus, o(R/I)} = 0 by definition. a

Thus, if R is right radas-artinian, i.e., if R has DCC on rads-closed
right ideals, then M is finitely annihilated, in fact, a A-module. Moreover,
every rad ypr-torsionfree right R-module is finitely annihilated.

There is another way of defining torsion radicals in terms of multiplica-
tive sets, which is related to radz where E is an injective module. When C

is a multiplicative subset of R,
pc={M € Mod-R | for any m € M there is some ¢ € C with mc = 0}
defines a torsion class. We define
pc(M)={me M| for any r € R,mrc =0 for some c € C}.

A partial order can be defined for the set of preradicals on Mod-R. If
o, p are preradicals, then we say that ¢ < p if (M) C p(M) for all right
R-modules M. If ¢ = radg(as) where E(M) is the injective hull of M, then

o is the largest torsion radical for which M is torsionfree.

LEMMA 1.18. Let o be a torsion radical. Then ¢ < rady iff o(M) =0.
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PROOF. (=) : If ¢ < rada, then
o(M) Crady (M) =(\{kerf | f: M — M} =0.

(<) : Let N be a module. If (M) = 0, then f(a(N)) C o(M) =0 for

any f: N — M. Thus o(N) C (ker f = rada(N). |

LEMMA 1.19. [9, Proposition 1] If every essential right ideal I of R

contains a regular element of R, then pc() = radg(g)-

PROOF. Set 0 = radg(g). Since pg(o)(R) = 0, we have pc(o) < radgg
by Lemma 1.18.

Let D be a o-dense right ideal in R. We claim that D is essential in R.
If not, there exists a non-zero right ideal I C R such that /N D =0. Then
I=1/(InD)=(I+D)/D— R/D, hence I is o-torsion. But the inclusion
map ¢ : [ — R is not a zero map, while Hom(/, R) = 0 as [ is o-torsion.
This contradiction shows that any o-dense right ideal D of R is essential in
R. The right ideal D now contains a regular element ¢ € R.

If pcg) < o, then there exists a module M such that

Ny = pe(oy(M) C o(M) = N,. So

pe)(N2/N1) C pey(M/N1) = 0 C o(N2/N1) = N2 /Ny # 0.

Hence, without loss of generality, assume that peg)(M) =0 C o(M) = M.

For any 0 # m € M, the cyclic submodule mR = R/r(m) is o-torsion, so
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r(m) contains an element ¢ € C(0), whence mc = 0, contradicting the fact

that M is pc(o)-torsionfree. Thus Pc(o) =0- |

Since every essential right ideal of a semiprime right Goldie ring R con-
tains a regular element of R, in view of Lemma 1.19, g¢(g) = radg(g) for any

semiprime right Goldie ring R.



CHAPTER 2

Second Layer Conditions
2.1. Introduction

One of the ways to study the structure of a ring R is to embed it into
a ring S with a richer structure, provided information can be passed down
from S to R. The ring of integers furnishes the most elementary example,
where the overring is the field of rationals in which every nonzero integer
has an inverse. This idea of inverting nonzero elements is widely used for
commutative integral domains, producing fields of fractions.

More generally, if C is a multiplicatively closed subset of a commutative
ring R, then a ring S can be constructed so that every element s of S is a
“fraction” r/c or re~! for some r in R and ¢ in C. In this case, we denote S
by RC~! and call it the quotient ring of R with respect to C. In particular,
if C =C(P) = R\ P for some prime ideal P, then RC~! is a local ring with
the unique maximal ideal PRC~!. Thus, the term localization is also used
for constructing a quotient ring and we say that R is localized at P or at C.

However, for noncommutative rings, localizing is not as simple as in
the commutative case, and the question of localizability was first raised by

Van der Waerden around 1930 (74]. An attempt to form a quotient ring,
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if possible, inevitably calls for a decision as to whether the right or left
quotient ring is to be built.

Suppose that R is a noncommutative integral domain. If R is to have a
right quotient ring D, where nonzero elements of R are invertible in D and
every element of D is written as rc™! for some r, c € R, then R has to satisfy
some obvious conditions: If ¢ is a nonzero element and r is an element of
R, then the product ¢~!r also need be an element of D. In other words,
there must exist some ¢,d € R such that ¢~!r = td~!. Multiplying on the
appropriate side by ¢ and d respectively, we get a common multiple rd = cz.
Therefore, the ring R is required to satisfy the common multiple condition
cRNrR # 0 for any given nonzero ¢ and r in R.

Ore realized in 1931 that this condition was not only necessary, but also
sufficient when he constructed quotient rings from noetherian domains [62].
The condition that cRNrC # @ for any ¢ € C and any r € R, where
C is a multiplicatively closed subset of R, is nowadays called the right Ore
condition. Together with another condition, called right reversibility (that is
automatically satisfied if R is right noetherian), it allows the construction of
a right ring of fractions of R. The set C is called right reversible if whenever
cr=0forceC,r € R then rd =0 for some ¢ € C.

However, in 1936, Malcev [53] produced an example of a domain that
did not have a division ring of quotients. Since no large classes of rings could
be found at the time that satisfied Ore’s condition, interest waned for some

years until Tamari [72] showed in 1951 that universal enveloping algebras
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of finite dimensional Lie algebras satisfied the condition on both sides and
thus had right and left quotient division rings.

The real impetus for localization came from Goldie who observed, in
1957, that Ore’s noetherian domain had one particularly interesting charac-
teristic. He discovered a dichotomy in the structure of domains: A domain
R has either an infinite direct sum of right ideals or any two nonzero right
ideals have a nonzero intersection. The latter results in a localizable domain,
which is now called an Ore domain. This observation led to the concept of
rank, which measures how many independent uniform submodules a module
contains. It became a valuable tool in the study of noncommutative rings
[22]. For example, the quotient ring of a prime ring with finite rank n and
maximum condition on right annihilators is a ring of n x n matrices over
a division ring. This fact paved the way for the study of quotient rings of
noncommutative rings to progress rapidly.

During the years following Goldie’s fundamental results, considerable
research was conducted on which rings satisfy the Ore condition and Ore’s
method has emerged as the natural and correct way to form a quotient
ring. However, often cases are encountered where a right Ore set C does
not necessarily consist of regular elements of the ring R , and whence there
may not be an embedding. In this case, it is necessary first to factor out
the torsion part {c(R) = {r € R | rc = 0 for some ¢ € C}, and then the

torsionfree factor ring R/tc(R) is embedded into its quotient ring so that
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regular elements of R/tc(R) are invertible in S. The ring S is still called a
quotient ring of R with respect to C.

In 1966, Small developed a criterion that tells when a noetherian ring
has an artinian quotient ring using Ore’s method (68, Theorems 2.10, 2.11,
2.12]. Thus this method has proved to be powerful and elegant for localizing
noncommutative rings, provided it can be applied to them at all. However,
its major drawback is that Ore’s condition fails quite unexpectedly even
when applied to some “nice” noetherian rings. While it is tempting to
expect C(P) to be right Ore for a prime ideal P when trying to localize R
at P, this is often not the case.

For a simple example, consider U(g), the universal enveloping algebra
of the 2-dimensional solvable Lie algebra g over an algebraically closed field
k of characteristic 0 with k-basis {z,y} such that [z,y] = z. In 1976, Miiller
[57] showed that U(g) cannot be localized at some prime ideals, although
it can be at the zero prime ideal.

It was Jategaonkar who observed the difficulty with Ore’s method in
localizing U(g) and other classes of noetherian rings such as group rings
of polycyclic-by-finite groups, and initiated an investigation as to why it
failed. While he was comparing the structure of artinian rings with that of
fully bounded noetherian rings, he recognized that prime ideals are closely
related to injective hulls of certain modules, and bimodules. Moreover,

as the quotient ring RC~! of R with respect to C satisfies the condition
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RC~'/R = tc(E(R)/R) if R is C-torsionfree, the necessity for studying the
“layered structure” of certain modules presents itself.

He suggested a new point of view on localization by looking into the
structure of prime factor rings and layers of their indecomposable injective
modules. Noticing that localization is closely connected to a certain short
series of submodules and a relation between prime ideals arising as annihi-
lators of layers of submodules, he defined the second layer condition. In the
process, it turns out that if C is a right Ore set contained in C(P) for some
prime P then C has to be in every C(Q) where Q is linked to P. Hence
linked primes were the stumbling block for C(P) to be right Ore.

The idea of the second layer condition for a prime ideal was first alluded
to in his 1974 paper [36] on fully bounded noetherian rings. He observed
that a certain “undesirable case” never arose in the second layer E/lg(P)
of an indecomposable injective module E where P is the prime ideal that is
maximal among annihilators of nonzero submodules of E. The second layer
condition took on a provisional shape in 1982 when it was introduced as ()
in {39], and then, in 1986, evolved into the present definition in terms of
second layers of tame modules in [40].

The second layer condition, as it turns out, has a close relation with Ore’s
method. If a nonempty set of prime ideals is classically localizable, then it
has to satisfy the second layer condition. Conversely if it satisfies the second
layer condition along with some other properties, then it is (classically)

localizable. Hence, Ore’s method benefits from a thorough understanding
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of the second layer condition. Furthermore, the second layer condition can
be stated in terms of finite annihilation of certain modules. Thus it is a
weakened version of an artinian ring property that every module is finitely
annihilated. Since an artinian ring is its own quotient ring, rings equipped
with the second layer condition can be expected to have quotient rings with
a richer structure. In some sense, a ring with second layer condition can be
viewed as a poor man’s artinian ring.

Currently well-understood noetherian rings such as polynomial identity
rings, group rings of polycyclic-by-finite groups and enveloping algebras of
finite dimensional solvable Lie algebras all satisfy the second layer condition.
These rings are known to be “accessible, pleasant and useful” [40, p. 219].

However, the awkwardness in defining the second layer condition in
terms of layers has created ad-hoc approach to applications and contributed
to a proliferation of definitions [39], [29], [67], [52].

The purpose of this chapter is to present the existing definitions and
to investigate the relations between them. In the next chapter it is also
shown that the second layer condition is inherited by certain extension rings,

namely, finite extensions and some centralizing extensions.

2.2. Links

Let R be a right noetherian ring. A semiprime ideal [/ is said to be right
localizable if C(I) is a right Ore set in R. We can check the localizability

of I by using a uniform module and its layers. If M is a finitely generated
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uniform module with a submodule L that is isomorphic to a right ideal
of R/I, and such that M/L is C(I)-torsion, then I is right localizable iff
MI =0 [34], [35].

If I is a prime ideal, then it is difficult to verify that I is right localizable
since, in most cases, MI = 0 is a rare occurrence; cf., Proposition 2.2.
Rather it happens frequently that I is linked to some other prime ideal that

is an associated prime ideal of M/L.

DEeFINITION. Let P and Q be prime ideals of a right noetherian ring R.
We say that @ is linked to P, denoting this by @ ~ P, if there exists an
ideal A such that QP C AC QN P and (Q N P)/A is torsionfree as a right
R/P-module and fully faithful as a left R/Q-module.

The set
Q(P)={Q € Spec(R) | Q = P, ~ --- ~ P; = P for some primes P;}U{P}

is called the right cligue of P.

DEFINITION. Let X be a nonempty subset of Spec(R). Then X is said

to be right link closed if Q ~ P for some P € X implies that Q € X.

The name link was introduced by Miiller {57]. It is easy to see from
the definition of link that if 0 is a prime ideal then it is neither linked to
nor from any other prime ideal. Also a minimal prime ideal of a semiprime
noetherian ring cannot be linked to nor from any other prime ideal [39,

Lemma 3.3]. In a commutative noetherian ring, if P and @ are linked prime
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ideals, then P = Q, so cliques consist of only one element. There are more
possibilities for the cardinality of cliques in noncommutative rings, they may
even be infinite as shown in the next example. However, Stafford showed

that cliques are at most countable (70, Corollaries 3.10, 3.13|.

ExAMPLE 2.1. [57, Lemma 12] Let k be an algebraically closed field
of characteristic 0. Let g be the Lie algebra with k-basis {z,y} such that
[y, z] =z, and let S = U(g) be its enveloping algebra, which can be viewed
as the skew polynomial ring S = kfz][y; & ]. The primes of S are 0,zS and
P, = x2S + (y — a)S where a € k, and they are completely prime. The right
clique Q7(P,) of P, is the countably infinite set {P,, Payy,--. }.

We now show that U(g) cannot be localized at the prime ideal P,. Note
that y—a—1¢ P,,and soy —a—1 € C(F,). Suppose that C(P,) is a right
Ore set, so (y—a—1)SNzC(P,) # 0. Thereexist s € S and d € C(P,) so that
(y —a—1)s =zd € zS. Since zS is completely prime and (y—-a—1) € zS5,

we get s € 8, so s = zs, for some s; € S. Then

zd=(y—a-1l)s=(y—a-1)zs

= (yz —az — z)51 = (zy + = — az — z)s1 = Z(y — a)31,

so it follows that (y —a)s) =d € C(P,) N P, =¥, an obvious contradiction.

Hence, C(FP,) is not right Ore. O
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Let P be a prime ideal. It turns out that any right Ore set contained in
C(P) has to be in N{C(Q) | Q ~ P}. Thus the trouble with the attempt to

localize R at P stems from the primes linked to P.

PROPOSITION 2.2. [40, Theorem 5.4.5] Let P be a prime ideal of a right
noetherian ring R. If C is a right Ore set in R contained in C(P), then C

is contained in C(Q) for every Q ~ P.

PRrROOF. Let (Q N P)/A be a linking bimodule of @ and P. In other
words, (Q N P)/A is torsionfree as a right R/P-module and fully faithful as
a left R/Q-module. By replacing C with C = {¢ + A | ¢ € C} and R with
R/A, we may assume that A = 0 since C is a right Ore set in R/A. It suffices
to show that every ¢ € C is right regular modulo Q by [29, Lemma 5.7]. If
er € Q, then (er)z = 0 for all z € QN P. Since C is right reversible by {25,
Proposition 2], there exists d € C C C(P) such that (rz)d = 0. It follows
that rz = 0, as rz € QNP and QNP is a torsionfree right R/ P-module. Thus

rel(QNP)=Q, provingthat CCC'(Q)={c€R|ler=0=r=0}. O

2.3. The Second Layer Condition

Let P be a prime ideal of a ring R. Jategaonkar observed in 1974
that when R is a right fully bounded right noetherian ring, the second
layer E(R/P)/lg(r/p)(P) of the R-injective hull E(R/P) of R/P was never
wild. This observation led to the next lemma that subsequently became the

cornerstone in the study of second layer conditions.
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LEMMA 2.3 (Jategaonkar’s Main Lemma). [39, Main Lemma 2.2] Let

R be a right noetherian ring and let P be a prime ideal Let M be a P-tame
module and set r(M) = A and L = ly(P). Assume that r(N) = A for any
submodule N Z L, and that M/L is Q-prime for some prime ideal Q. Then

one of the following mutually exclusive cases occurs:

(i) @ = A C P. In this case, M/L is a torsion R/Q-module.

(ii) Q ~ P via A.

PROOF. Since 0 C L C M is an affiliated series with corresponding
affiliated primes P, Q, we see that MQP = 0, so QP C A. On the other
hand, A C P = Ass(M) and A C Q = r(M/L) give A C QN P. Thus
QP C ACQnNP. This yields 2 cases: (i) A=QnNn P, and (ii) ACQNP.

(i) f A=QNP then MPQ C M(QNP) =0. If MP C L, then
PCr(M/L) = Q and thus A = P. But this contradicts L = [y (P) C M.
So we must have MP € L, yielding Q C r(MP) = A by the hypothesis
imposed on M. Hence A = Q C P. However, Q = P is ruled out because
L c M. Consequently, A = Q C P. Also, in this case, since M is an essential
extension of the R/Q-module L, M/L is torsion as an R/Q-module.

(ii) If A C QN P, then we must show that (@ N P)/A is torsionfree on
the right and fully faithful on the left.

Let B/A be the right torsion submodule of (QNP)/A. If B/A # 0, then
MB # 0 and so LN MB # 0. Any nonzero element z in this intersection

can be written as z = mib; + --- + mbx for some m; € M and b; € B.
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Since B/A is torsion, there exists ¢ € C(P) such that bic = 0 for all i. This
means that zc = 0, which is impossible since z belongs to the torsionfree
R/P-module L. Thus (QnN P)/A is torsionfree on the right.

For the left side, let B/A be a nonzero left R/Q-submodule of (QNP)/A
and set J =[g(B/A)- Note that J is an ideal containing Q. Since JB C A,
we get MJB=0. f MJ € L, then A = r(MJ) 2 B. This contradicts
the fact that A C B. Therefore, MJ C L, whence J C r(M/L) = Q. This

shows that J = @, so (Q N P)/A is fully faithful on the left. a

Note that in Jategaonkar’s Main Lemma a P-tame module M with
r(N) = r(M), whenever N € L, can be constructed by choosing a sub-
module M’ such that L ¢ M’ C M and r(M) is maximal among r(N)
where L C N C M from R being right noetherian.

The case (i) in the above lemma is called undesirable since the second
layer M/L is a torsion R/Q-module (wild). In case (ii), if (@ N P)/A is
torsionfree as a left R/Q-module, then M/L is tame [40, Lemma 6.1.1].
This is the case when R is noetherian. Thus the case (ii) is destrable. In
a right noetherian ring without the second layer condition, we can only
produce a Q-tame submodule of M/L, but cannot guarantee that M/L is
tame.

If M is just P-primary in Jategaonkar’s Main Lemma, then the conclu-

sion is similar to the tame case except that in the desirable case, we can only
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show that the linking bimodule (QN P)/A is fully faithful on both sides [40,
Lemma 6.1.2].

We are now in position to display a relation between links for prime
ideals and the structure of tame modules using the Main Lemma. The links

can be also characterized in terms of layers of tame modules.

THEOREM 2.4. [28, Theorem 1.3] Let R be a right noetherian ring. A
prime ideal Q is linked to a prime ideal P iff there exists a finitely gener-
ated P-tame uniform module M such that the second layer M /Iy (P) of M

contains a Q-tame submodule.

PROOF. (=>): Let Q be linked to P via A. Since Q/A is linked to P/A
via 0, assume that A is 0. So QN P is a torsionfree right R/P-module. Since
Q/(QNP)=(Q+ P)/P C R/P, it follows that Q/(Q N P) is torsionfree as
well. Combining the above results, we cobtain that Q is a torsionfree right
R/P-module. Moreover, we claim that Qr C. Rg. Let I be a nonzero right
ideal of R with INnQ = 0. Then IQ C INQ =0,s0 I C Ir(Q) CIr(QNP) =
Q. Hence I = INQ =0, contradicting I # 0.

Thus Rp is a P-tame module. Since Rp is noetherian, it has finite rank,

say k. Thus

k
R—.E(R) =PE

=1
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where each E; is an indecomposable injective P-tame module. Note that

Q S lr(P) Clr(QN P) = Q. Hence

R__R _ R
Q" Ia(P) ~ RNlg £(P)

k
o Btler a(P) = @L E m@
e P lgr. e (P) ) Ity

If U/Q is a uniform submodule of R/Q, then U/Q — E;/lg,(P) for some
i. Let N/lg,(P) be the submodule of E;/lg,(P) isomorphic to U/Q. Note
that N is uniform since E; is uniform, and also note that N/lg,(P) is a
Q-prime module. Now choose m € N, but m € lg,(P). Then mR/lnr(P) =
(mR + lg,(P))/lg,(P) is 2 Q-tame module. Set M = mR. Then M is
the required module, that is, it is finitely generated P-tame uniform with
M/lp(P) being Q-tame.

(«): Without loss of generality, assume that M/ly(P) is a Q-tame
module and 0 C [y (P) C M forms an affiliated series with affiliated primes
P, Q satisfying the hypotheses of the Main Lemma. The undesirable case
r(M) = Q C P cannot occur, since it would imply that M/Iy(P) is a
torsion right R/Q-module, contradicting the fact that M/lp(P) is tame,

i.e., torsionfree over R/Q. Thus the other case, @ ~ P, holds. a

We can now establish a connection between the second layer condition
and Jategaonkar’s Main Lemma. For noetherian rings, the second layer

condition for a prime ideal is sometimes defined in terms of the Main Lemma.
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DEFINITION. Let R be a right noetherian ring and P be a prime ideal.
The prime ideal P is said to satisfy the right affiliated second layer condition
if the undesirable case in the Main Lemma never arises.

It is said to satisfy the right affiliated strong second layer condition if

the undesirable case never arises for P-primary modules.

Let R be a right noetherian ring. Let M be a P-primary right R-module
with an affiliated series 0 C {pf(P) C M and P,Q as affiliated primes such
that r(M) is maximal among annihilators of submodules properly contain-
ing L. If P satisfies the right affiliated strong second layer condition, then
r(M) = Q C P never occurs. The right affiliated strong second layer condi-
tion is formally weaker than the right strong second layer condition defined
below.

When Jategaonkar introduced the second layer condition, he first called
it (*), which is a weakened version of the strong second layer condition.
The standard definition is given in terms of the second layer of an injective

module.

DEFINITION. Let R be a right noetherian ring. We say that a prime
ideal P of R satisfies the right second layer condition if the second layer
E(R/P)/lgr/p)(P) of the injective module E(R/P)g is tame.

It is said to satisfy the right strong second layer condition if, for every
prime ideal Q C P, every finitely generated P/Q-primary right R/Q-module

M is unfaithful as an R/Q-module.
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If X is a nonempty set of prime ideals, then we say that X satisfies the
right (strong) second layer condition if every P € X does so. We also say
that the ring R satisfies the right (strong) second layer condition if Spec(R)

does so.

REMARK. If M is a uniforrn P-tame module and if P satisfies the right
second layer condition, then M/Iy(P) is tame since M has a nonzero sub-

module isomorphic to a uniform right ideal of R/P.

Let M be a finitely generated P-tame module. Then the second layer
condition on R yields that M/lp(P) is tame and Q ~ P for every associated
prime Q of M/la(P). Therefore, an affiliated series of M with correspond-
ing affiliated primes P, ~» Ph_, ~ --- ~» P, = P can be constructed.

Accordingly M is annihilated by a product of primes from Q7 (P).

LEMMA 2.5. (40, Lemma 7.1.2] Let R be a right noetherian ring and
let X be a nonempty set of prime ideals such that X is right link closed
and satisfies the right second layer condition. Then every finitely generated

X -tame module M is annihilated by a finite product of primes from X.

PROOF. Since M is finitely generated, it is a noetherian module. The
proof is carried out by noetherian induction. So suppose that every X'-tame
homomorphic image M/L, where 0 # L C M, is annihilated by a product
of finitely many primes in X. We discuss two cases: (i) M is not uniform,

(ii) M is uniform.
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(i) f M is not uniform, then there exist nonzero submodules Ny, N2 such
that NyN N2 = 0. Let M; be a submodule of M maximal with respect to

properties Ny € M; and M; NNy =0, so that M; & No C. M and

EMI+N2C M

N2 Ml —e E.

Now M; can be constructed similarly so that M, & M2 C. M and

=M1+M2C M

—
-

M My, M

Then by the induction hypothesis, M/M,; is annihilated by a product of
primes P, --- P, where P, € X, since M/M, is also X-tame, being an essen-
tial extension of the X-tame module N>. Similarly, M/M> is annihilated by

Q1 - Qm where Q; € X. Note that

M M M

M=ot = 1%

Thus, M(P; - Pr)(Q1---Qm) S MiN Mz =0. Hence, M is annihilated by
a finite product of primes from X'.

(ii) If M is uniform, then set Ass(M) = P € X. If M = lj¢(P), then
the assertion is trivial. So assume that lp(P) C M. Since M/Ip(P) is noe-
therian, it has finite rank, say k. Hence there exist submodules My, ..., M;

such that

M M M
IM(P) M M;

where M) N ---N Mg = [pm(P) and each M/M; is uniform [18, Lemma 7.9].

Then each M/M; is Q;-tame where Q; = Ass(M/M;) € Ass(M/lp(P)) since
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P satisfies the right second layer condition. Note also that Q; satisfies the
right second layer condition since Q; ~~ P by Theorem 2.4 implies Q; € X.
By the induction hypothesis, each M/M; is annihilated by a finite product of
primes and so M/l (P) is annihilated by a finite product of primes P, --- P,
from X. It now follows that M (P, ---P,)P = 0. Hence, M is annihilated

by a finite product of primes from X. - |

REMARK. As a consequence, if a right R-module M is finitely generated
P-tame and Q7 (P) satisfies the right second layer condition, then M is, in

fact, annihilated by a finite product of prime ideals from Q7 (P).

2.4. Rings with the Second Layer Condition

We have already seen that right FBN’ rings satisfy the right (strong)
second layer condition [Lemma 1.15]. Many noetherian rings arising “natu-
rally” are known to satisfy the second layer condition. These rings have a
separation characteristic that an ideal between two comparable prime ideals

has the Artin-Rees property.

DEFINITION. Let [ be an ideal of a ring R. It is said to satisfy the right
AR-property if for any right ideal J there exists a positive integer n such
that JNI™ C JI.

The ring R is said to be right AR-separated if, for any two prime ideals
Q C P, there exists an ideal I such that Q C I C P and I/Q has the right

AR-property in R/Q.
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The right AR-property for I can be formmulated in terms of modules.
Namely, if M is a finitely generated right R-module with L C. M such that

LI =0, then MI™ = 0 for some n [56, Theorem 4.2.2].

LEMMA 2.6. [39, Proposition 4.1] If R is a right noetherian and right

AR-separated ring, then R satisfies the right strong second layer condition.

PROOF. Let @ C P be prime ideals and let M be a finitely generated
P/Q-primary right R/Q-module. Suppose that M is faithful over R/Q.
By AR-separatedness, there exists an ideal I such that Q C I C P and
I/Q has the right AR-property. Since M is P/Q-primary, {yq(P) C. M.
Now Iy (P)I C ly(P)P = 0, and so MI* = 0 for some n by the right
AR-property of I/Q. Thus I™ C r(M) = Q yields that I € @, which
contradicts Q C I. Hence, P satisfies the right strong second layer condition.

a

The following corollary is a consequence of the fact that all of the rings

listed there are AR-separated.

COROLLARY 2.7. [11], [13], (39]
(i) Group rings of polycyclic-by-finite groups over commutative noether-
ian rings satisfy the right strong second layer condition.
(ii) The enveloping algebre U(g) of a finite dimensional Lie algebra g
over a field k satisfies the right strong second layer condition iff g is

solvable or k has positive characteristic.
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PROPOSITION 2.8. If R i3 a right noetherian ring with classical Krull

dimension zero, then R satisfies the right strong second layer condition.

PROOF. Let P be a prime ideal of R. Since every prime ideal is maxi-
mal, there is no prime ideal properly contained in any given prime ideal P.

Therefore the strong second layer condition is trivially satisfied by P. O

If R,S are noetherian rings and sBpgr is a noetherian bimodule, then
in general it is not known if the left Krull dimension |sB| is equal to the
right Krull dimension |Bgr|. However, for [Bg| = 0, equality was proved by
Lenagan {50]. For fully bounded rings, the symmetry of Krull dimensions
was shown in [36]. Concerning the classical Krull dimension, the symmetry
cl.K.dim(S) = cl.K.dim(R) is obtained for rings satisfying the second layer

condition by applying the next lemma twice.

LEMMA 2.9. (38, Theorem H| Let R and S be prime noetherian rings
satisfying the right second layer condition. If sBpr is a noetherian bimodule

that is torsionfree on each side, then cl.K.dim(S) > cl.K.dim(R).

PrROOF. Induction on a = clL.K.dim(R) is used. The cases a = —1,0
hold trivially. Let « > 0 and assume that the lemma is true for any ring
R with cl.K.dim(R) = 8 < a. If cLK.dim(R) = ¢, then for any 8 < «
there exists a nonzero prime ideal P in R such that cl.K.dim(R/P) = 8.
Since R satisfies the right second layer condition, there exists a subbimodule

factor C/D of B such that C/D is torsionfree as a right R/P-module and
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torsionfree as a left S/ls(C/D)-module by (39, Lemma 1.2]. Then Q =
is(C/D) # 0 by (29, Proposition 7.4] since r(C/D) = P # 0. Moreover,

Q € Spec(S). By the induction hypothesis,

cLK.dim(R/P) = 8 < cL.K.dim(S/Q) < cLK.dim(S).

This gives the desired resuit. O

REMARK. Jategaonkar called a noetherian bimodule sBr a right cell if
rr(B) = P € Spec(R), B is torsionfree as a right R/P-module and B/C is
unfaithful as a right R/P-module for every nonzero subbimodule C of B.
Hence the noetherian bimodule B and the factor C/D in the above proof
can be regarded as right cells.

Note that every nonzero noetherian bimodule contains a cell.

Over an FBN ring R it was shown that the Krull dimension of a finitely
generated module M is the same as that of any essential submodule {36,
Theorem 3.5]. We can extend this result to noetherian rings with the second
layer condition if for every prime factor ring the classical Krull dimension

coincides with the Krull dimension.

PROPOSITION 2.10. Let R be a noetherian ring satisfying the second
layer condition. If, for every prime factor ring R/P, the classical Krull
dimension of R/P is equal to the right Krull dimension, then |M| = |N| for

every finitely generated tame right R-module M with N C. M.
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PROOF. Assume first that M is a uniform module. We claim that |[M] =
|R/ Ass(M)|. Set Ass(M) = P,L = lpy(P). We proceed by noetherian
induction, assuming the claim to be true for all proper factor modules that
are tame and uniform. If L = M, then r(M) = P, so |M| < |R/P|. Now
equality holds since M contains a submodule that is isomorphic to a uniform
right ideal of R/P.

Assume therefore that L C M. Now M/L is tame since

M/L — E(R/P)/lgr/p)(P)

and P satisfies the right second layer condition. Also, M/ L can be essentially
embedded in a direct sum of uniform modules M/M;,..., M/M;, each of
which is tame and its associated prime Q; = Ass(M/M;) is linked to P
by Theorem 2.4. By the inductive hypothesis, |M/M;| = |R/Q;| for i =
1,...,k. Since [M/L| < max{|M/M;| | i = 1,...,k} < |M/L|, it follows

that |M/L| = |R/Q;| for some i. Now

|R/Qi| = cLK.dim(R/Q;) = cL.K.dim(R/P) = |R/ P,

where the first and last equalities hold by hypothesis, and the second one

holds by Lemma 2.9. Thus

|M| = max{|M/L|,|L|} = max{|R/Qil, |IR/P|} = |R/P),

proving the claim. The assertion follows from this since Ass(N) = Ass(M)

for NC. M.
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For the general case, assume that M is not uniform. Then M can be
embedded essentially into a finite direct sum of uniform modules M/M; &
¢+ @ M/M, where M, N +--N M; = 0 and k = rank(M). For any given
essential submodule N of M, note that N n (M/M;) # 0 for each i, and

IN N (M/M;)| = |M/M;| by the uniform case. Thus,

iNT 2 (NN (M/M))®--- & (NN (M/My))|

= max{|{N N (M/M;)|} = max{|M/M;|} 2 |M].

Therefore, |[M| = |N| for every N C. M. (]

While there are abundant examples of noetherian rings satisfying the
second layer condition, there are also noetherian rings that fail to satisfy

the second layer condition.

EXAMPLE 2.11. Let k be a field of characteristic 0. Let S = klz]|[y; d/dz]
be the first Weyl algebra A;(k) over k. The right ideal S is maximal in S
and has R = k 4+ zS as its idealizer in S. Thus R is a noetherian integral
domain having just 0,zS, R as its ideals.

Let E =E(R/xzS)gr. Since zSr C. Rp, there is an R-module monomor-
phism ¢ : R — zS given by ¢(r) =zr, forall r € R. Also R — R/zS = E
produces a nonzero homomorphism, which can be extended to a nonzero
homomorphism & : S — E. So a{zS) N R/zS # 0 and hence rr(E) C zS.

(Otherwise, rr(E) = S and so a(zS) = a((z5)?) = a(zS)zS € FxS =0
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leading to a contradiction.) Thus L = lg(zS) C E. Now there exists a sub-
module M of E such that M satisfies the hypotheses of the Main Lemma,
with an affiliated series 0 C U € M and zS, Q as its corresponding affiliated
primes.

Assume that Q = z£S. Then 0 = MzSzS = MzS, contradicting U =
Im(zS) € M. Thus Q = 0 C zS follows, producing the undesirable case,

hence zS does not satisfy the right (affiliated) second layer condition. [

Note that in this example |Rz| = 1, while any ring R with |Rg| = 0
satisfies the right second layer condition. The ring R in the above example
has very few ideals. Such rings generally do not satisfy the strong second

layer condition as the following result shows.

PROPOSITION 2.12. [14, Lemma 8| Let R be a noetherian ring such that
there ezists a prime factor ring T where the number of its proper ideals is
finite, but greater than one. Then R does not satisfy the right strong second

layer condition.

PROOF. Suppose that R satisfies the right strong second layer condition.

Then so does T'. Let P be a nonzero prime ideal of T, and set

I(P)=({QIQ e (P)}

Note that there are only finitely many primes in " (P). So I{P) # 0 since
I(P) = 0 would imply Q = 0 for some Q € 2"(P), which is impossible since

0 is not linked to any prime. Define I ={,; /(P)". Then again I # 0. Let
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E =E(T/P)r. We claim that EI = 0. It suffices to show that each finitely
generated submodule M of E is annihilated by /. By Lemma 2.5, there
exist Py, ..., P, € Q"(P) such that MP,--- P, =0. Thus MI(P)"* =0, and
so M I = 0 proving the claim.

However, note that over a prime noetherian ring, any injective module
E is faithful. For if J = r(E) # 0, then J contains a regular element c
of T. Let e be a nonzero element in E. Define a module homomorphism
¢ : T — E by ¢(ct) = et for for every ct € ¢I'. Then ¢ is well-defined and

can be extended to ® : T — E since FE is injective. But then
®(c) = P(lc) =¥(1)c C Ec=0,

contradicting the fact that ¢(c) = ®(c) = e # 0. This contradiction shows

that R does not satisfy the right strong second layer condition. O

So far, all known noetherian rings that do not satisfy the right strong

second layer condition are of the type described in Proposition 2.12.

2.5. The Hierarchy of Second Layer Conditions

When R is a noetherian ring, the right strong second layer condition
on a prime ideal P of R implies the right second layer condition on P by
the noetherian version of Jategaonkar’s Main Lemma (40, Corollary 6.1.4].
In order to establish the same implication for right noetherian rings, we
introduce an intermediate condition and call it the restricted strong second

layer condition. This notion was originally labeled {«}, in [39] and later (})
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in [29]. Also, some authors use this as the second layer condition since it
coincides with the usual definition when all of the prime ideals are involved

[67].

DEFINITION. Let R be a right noetherian ring. A prime ideal P is said
to satisfy the right restricted strong second layer condition if no finitely gen-
erated P-tame module M is annihilated by a prime ideal strictly contained

in P.

Thus, if P satisfies the right restricted strong second layer condition and
M is a finitely generated P-tame module with r(M)} = Q € Spec(R), then
it follows that @ = P. Note the formal resemblance between the above
definition and that of the strong second layer condition where P-primary
modules are employed instead of P-tame modules. One of the advantages
of working with the restricted strong second layer condition is that it can be
characterized in terms of finite annihilation of finitely generated modules,

without any reference to second layers.

THEOREM 2.13. Let R be a right noetherian ring and let X be a non-
empty subset of Spec(R). Then the following statements are equivalent.
(i) X satisfies the right restricted strong second layer condition.
(ii) If M is a finitely generated X -tame module, then M' is also X -tame
for any nonempty indez set I.

(ili) Any finitely generated X -tame module M is a A-module.



2.5. THE HIERARCHY OF SECOND LAYER CONDITIONS 55

(iv) For any prime ideal @ and any essential right ideal E/Q of R/Q such
that R/E is X-tame, rr(R/E) D Q.

(v) Let o be a torsion radical on right R-modules, such that each P € X

is g-closed in R, and let M be a finitely generated X'-tame module.

Then |M|s = |R/r(M)];.

PRrROOF. (i) = (ii): First assume that M is a finitely generated uniform
right R-module with P = Ass(M) € X. Let Q € Ass(M'). So Q = r(nR)

for some n = (n;)ier with each n; € M. Note that

Q =r(nR) =[|r(R) = r(DQ_mR).

i€l i€l
Now N = ) ..;miR is a submodule of the noetherian P-tame module M,
hence finitely generated P-tame. Thus Q C P, and Q = P follows from this
since P satisfies the right restricted strong second layer condition. Conse-
quently, Ass(M!) = P.

Next, we show that M7 is tame. Set L = l,.r(P). Suppose that L is
not a torsionfree right R/P-module. Then there exist 0 # (m;)ies € L and
¢ € Cr(P) such that m;c = 0 for all i € I. Since (m;) # 0, we have m; # 0
for some i. Now m; RP = m; P = 0 implies that m;R is a torsionfree right
R/P-module, which contradicts m;c = 0. Thus M/ is P-tame, proving the
uniform case.

If M is a finitely generated X-tame right R-module, then M can be

embedded essentially into a finite direct sum of uniform modules My,..., M,
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with each Ass(M;) = P; € X (18, Lemma 7.9]. Note that
n
M- (@ M)
j=1
Since the latter is obviously isomorphic to @}_,(M;’), the uniform case
yields that M7 is X-tame.

(if) = (iii): Since M —. .., M; where each M; is a uniform module
and n = rank(M), and since a finite direct sum of A-modules is a A-module
by Lemma 1.13, we may assume that M is just a uniform module with
P = Ass(M) e X.

In order to show (iii), we use Lemma 1.12. Let S be a nonempty subset
of M. Suppose that S is not finitely annihilated. Note that

R/r(S) — [[ sR— M5,
s€S
and thus R/r(S) is P-tame by (ii). Set L/r(S) = lp/r(s)(P)- Now, there
exists 8; € S such that 7(s,) D r(S) and thus r(s;)NL D r(S) since R/r(S)
is P-tame (primary). This, in turn, yields s; € S such that sz[r(s;1)NL] #0

and (81, s2) D r(S). Continuing inductively, we get 31, $2,--- € S such that

r(sI,...,sn)ﬂL Dr(sl,...,sﬂ,sn+1)ﬂL

and r(s1,...,8s) D r(S) for all n.

Observe that

LNr(sy,...,8)
LNr(sy,...,8n 8n+1)

= sn+1(LNT(S1,...,84)) #0



2.5. THE HIERARCHY OF SECOND LAYER CONDITIONS 57
is torsionfree as an R/P-module, so it has a positive reduced rank. Since R

is a right noetherian ring, pR/p(IR/,.(s)(P)) is finite, say k. Then

k = pr/p(lp/r(s)(P)) = p(L/7(S))
k

() + o () )

=1

>k,

which is a contradiction.

(iii) = (iv): Let (E/Q)r/q Se (R/Q)r/q With R/E being X-tame. By
(ii), r(R/E) = r(z1 + E,z2 + E,...,z; + E) for finitely many elements
z; + E € R/E. Note that each r(z; + E)/Q is essential in R/Q since

E/Q Ce R/Q, s0

k
r(z1+E,...,zx + E)/Q =[] r(@: + E)/Q Ce R/Q.

i=1
In other words, r(R/E) D Q.

(iv) = (i): Let M be a finitely generated P-tame right R-module. As-
sume that »(M) = Q € Spec(R). Without loss of generality, set M = mR.
Now r(m)/Q cannot be essential in R/Q, since this would imply that there
is an ideal J such that @ C J C r(m), and mRJ = mJ = 0 leads to a
contradiction. Thus there exists some nonzero right ideal I D Q such that

r(m) NI = Q. Consequently,
I/Q=1/(r(m)NI) 2 (I +r(m))/r(m) — R/r(m) = M.

Hence, Q = Ass(I/Q) = Ass(R/r(m)) = P.
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(iii) => (v): Let M be a finitely generated X-tame module. Then there

exist mp, ma,..., M € M such that

k
R/r(M) = R/r(m1,m,...,ms) = P m:R — M*.

i=1

Thus |R/r(M)|, < |M¥|, = |M|s. On the other hand, |M|, < |R/r(M)|,
holds in general. So the equality is achieved.
(v) = (iv): Let Q be a prime ideal of R, and let E/Q be an essential right

ideal of R/Q such that R/FE is X-tame. Suppose r(R/E) = Q. Observe that

R/E . E(R/E) — ) E(R/P),

=l

where P; € X and n = rank(R/E). Note that R/F is o-torsionfree. Since
we assume that r(R/E) = Q, we get o(R/Q) =0, as R/Q — [[(R/E). Now
|R/E|s < |R/Qls, as E/Q contains a regular element of R/Q. However, by

)

|R/Els = |R/r(R/E)|s = |R/Qls

since R/E is a finitely generated X-tame module. This is a contradiction.

O

In the above theorem, the right restricted strong second layer condition
for X is essential for M/ to be X-tame. If X does not satisfy the right
restricted strong second layer condition, then M’ may just be tame, but is

not guaranteed to be Ass(M)-tame as the following example indicates.
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EXAMPLE 2.14. Let A} = k[z][y; d/dz] where k is a field of characteristic
0. If R = k +zA;, then R is a noetherian domain and 0, P = zA; and R
are the only ideals of R [56, Example 1.3.10].

The right R-module E(R/P)g contains a finitely generated submodule
M with r(M) = 0 by [56, Example 4.3.15]. Observe that

{0} = Ass(Rg) C Ass(M™) as R— [] mR— M¥.
meM

Note that MY is tame by Example 4.3 and Proposition 4.1 in Chapter 4.
Thus 0 € Ass(MM), yet Ass(M) = P. This happens because P does not
satisfy the right restricted strong second layer condition as pointed out in

Example 2.11. O

By (ii) in the preceding theorem, the restricted strong second layer con-
dition for X is equivalent to the X-tameness of direct powers of finitely
generated X-tame modules. The following lists several other equivalent

conditions.

LEMMA 2.15. Let R be a right noetherian ring, and let X be a nonempty
subset of Spec(R). Then the following are equivalent.
(i) Direct powers of X-tame right R-modules are X-tame.
(ii) Direct products of X -tame right R-modules are X -tame.
(iii) Direct products of finitely generated X-tame right R-modules are
X -tame.

(iv) Direct products of cyclic X -tame right R-modules are X -tame.
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Proor. (i) = (ii): Let {M;}ier be a family of X-tame modules and let
M =[];c; M;. Note that M’ = @;¢; M is also X-tame. Then M — (M’)/,
and (M")! is tame by (i). Therefore, M = [ M; is X-tame.
(if) = (iii) = (iv) are obvious.
(iv) = (i): Let M be an X-tame module. Note that if each mR is tame
for m = (m;) € M' where m; € M, then M’ is tame. Now [[;c;m:R is

X-tame by (iv). Since mR — [];., m;R, it follows that mR is X-tame. O

When Jategaonkar introduced the right second layer condition, he la-
beled it {*}.. A prime ideal P in a right noetherian ring R is said to satisfy
{*}» if, for any given prime Q C P, every finitely generated essential exten-
sion of an unfaithful P/Q-tame right R/Q-module is unfaithful over R/Q.

This is equivalent to the restricted strong second layer condition.

PROPOSITION 2.16. Let P be a prime ideal tn a right noetherian ring R.
Then P satisfies {*} iff it satisfies the right restricted strong second layer

condition.

PROOF. (=) : Let M be a finitely generated P-tame right R-module
with (M) = Q € Spec(R). Suppose Q C P, then [p(P) C M. In fact,
{m(P) is essential in M since M is P-primary. Hence, {*}, implies that M
is unfaithful over R/Q, which is an obvious contradiction. Thus Q = P, and
so P satisfies the right restricted strong second layer condition.

(<) : If P does not satisfy {*},, then for some prime Q C P there exists

a finitely generated faithful R/Q-module M with L C. M where L is a
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P-tame unfaithful R/Q-module. Note that M is also P-tame since L C. M.
So M is a finitely generated P-tame module with r(M) = Q C P. This

contradicts the right restricted strong second layer condition of P. a

DEFINITION. Let R be a right noetherian ring and X be a nonempty
subset of Spec(R). The ring R is said to be right X'-tame bounded if, for
every E C. R such that R/E is X-tame, rr(R/FE) # 0. The ring R is said
to be right fully X-tame bounded if every prime factor ring R/P is right

X -tame bounded.

By Theorem 2.13, the right restricted strong second layer condition for
R is thus equivalent to R being right fully Spec(R)-tame bounded. Having
taken this into account, we can deduce the right second layer condition from

the right restricted strong second layer condition.

PROPOSITION 2.17. Let R be a right noetherian ring and let X be a
nonempty subset of Spec(R). If X satisfies the right restricted strong second

layer condition, then it satisfies the right second layer condition.

PROOF. Let P € X satisfy the right restricted strong second layer con-
dition. Let U = (U + lgr/p)(P))/lg(r/p)(P) be a Q-prime uniform sub-
module of E(R/P)r/lg(r/pyz(P). Without loss of generality, assume that
U is a finitely generated submodule 6f E(R/P). By Theorem 2.13, U is

finitely annihilated. Moreover, (U + IE(R/p)(P))/lE(R/p)(P) = U/ly(P) is
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finitely annihilated by Lemma 1.13. Thus

R/Q = R/r(U/ly(P)) = R/([ ) r(w +lu(P)) — @ (wR + lu(P))/ly(P)
=1

i=1
for some uj,...,un € U, so (U +lg(g/p)(P))/lg(R/p)(P) is tame. There-
fore, the second layer of E(R/P) is tame, proving that P satisfies the right

second layer condition. Since P € X was chosen'arbitrarily, X satisfies this

condition. a

If Q7(X) = Upex O (P) = X, then X is right link closed. Note that
Spec(R) is trivially right link closed. For the converse of Proposition 2.17,
the link closure of X is necessary. Shapiro noted the equivalence of the right
restricted strong second layer condition and the right second layer condition
for right link closed subsets of Spec(R) [67, p. 1790]. However, it should
be noted that, for a set of prime ideals that is not link closed, the right
restricted strong second layer condition is strictly stronger than the right

second layer condition (See Section 2.6).

PROPOSITION 2.18. Let R be a right noetherian ring and let X be a
nonempty right link closed subset of Spec(R). If X satisfies the right sec-
ond layer condition, then it satisfies the right restricted strong second layer

condition.

PROOF. Let P € X. Suppose that M is a finitely generated P-tame

right R-module with P D r(M) = Q € Spec(R). Define

X={T/Q|T>Qand T € X}.
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Then P/Q € X and X is still right link closed, since TY/Q ~~ T/Q, where

T/Q € X, implies that there exists an ideal I such that

(T'T)/QR S I/QC(T'NnT)/Q
: T/QNT/Q ' T'NT
(RIQ/T'/Q) ( IjQ ) (RIQ/(T/D Ry ( I ) RIT

torsionfree on the right and fully faithful on the left. This means TV ~ T,
thus T € X and T'/Q € X. Passing to the factor ring R/Q, we may assume
that Q = 0, so R is a prime right noetherian ring. Since M is P-tame, it is
X-tame. Thus there exist, by Lemma 2.5, primes P, ..., P, € X such that
MP,---P; =0. So P, = 0 for some i. This contradicts the fact that P, # 0
as P,eXforalli=1,...,n. Thus Q =r(M) = P follows, giving the right

restricted strong second layer condition for P. O

COROLLARY 2.19. Let R be a right noetherian ring satisfying the right
second layer condition. Then R satisfies the right restricted strong second

layer condition.

PROOF. Since Spec(R) is trivially right link closed, R satisfies the right

restricted strong second layer condition by Proposition 2.18. O

COROLLARY 2.20. Let P be a prime ideal in a right noetherian ring R.

Consider the following statements:

(i) P satisfies the right strong second layer condition.

(i1) P satisfies the right restricted strong second layer condition.
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(iit) P satisfies the right second layer condition.

Then (i) = (ii) = (iii).

PROOF. (i) = (ii): By definition.

(if) = (iii): By Proposition 2.17. (]

COROLLARY 2.21. Let P be a minimal prime ideal in a right noetherian

ring R. Then P satisfies the right second layer condition.

PROOF. By definition any minimal prime ideal P satisfies the right

strong second layer condition, hence Corollary 2.20 gives the resuit. O

Corollary 2.21 was also proved by Boyle and Kosler [12].

For noetherian rings, Goodearl and Warfield [29] and Byun [15] define
the right (strong) second layer condition of a prime ideal P in terms of an
affiliated series of a finitely generated (P-primary) P-tame module M. The
right second layer condition and the right affiliated second layer condition

coincide on noetherian rings while the former implies the latter in general.

PROPOSITION 2.22. Let R be a right noetherian ring and let P be a
prime ideal in R. If P satisfies the right second layer condition, then it

satisfies the right affiliated second layer condition.

PRrROOF. Suppose that P does not satisfy the right affiliated second layer
condition. Then there exists a P-tame module M satisfying the hypotheses

of Jategaonkar’'s Main Lemma and resulting in the undesirable case. Set
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L = lyq(P) and r(M) = Q C P. There exist uniform submodules U; of L
such that

Puic.Lc.m

i€l
Since L is a torsionfree right R/P-module, each U; — E(R/P)gr and so
Dic; Ui — Pic;E(R/P). As P E(R/P) is also an injective module
by (63, Theorem 1] [5, Theorem 1.1}, L — ;c; E(R/P) and moreover,

M — @;c;E(R/P). Hence,

M/l (P) = M/(M Nlggr/p)(P))

= (M + lg e(r/p) (Pl E(r/P)(P) — ED(E(R/P)/lg(r/p)(P)),
il

which is tame as direct sums of tame modules are tame. This contradicts

M/ L being torsion as an R/Q-module. a

If R is noetherian, then the converse of Proposition 2.22 holds.

PROPOSITION 2.23. Let R be a noetherian ring and let P be a prime
ideal satisfying the right affiliated second layer condition. Then P satisfies

the right second layer condition.

ProOF. Let U = (U + lg(r/p)(P))/lg(r/p)(P) be a Q-prime uniform
submodule of E(R/P)/lg(n/py(P). By normalizing U to a suitable submod-
ule, we can assume that U satisfies the hypotheses of Jategaonkar’s Main
Lemma. Then Q ~ P via r(U), and (Q@N P)/r(U) is torsionfree on the right
and faithful as a left R/@Q-module. Now it follows that it is also torsion-

free as a left R/Q-module since every noetherian bimodule is tame. Thus
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U/ly(P) is Q-tame by the noetherian version of the Main Lemma. This

shows that the second layer of E(R/P) is tame. (]

It is obvious from Corollary 2.20 and Proposition 2.22 that a prime
ideal P satisfying the right restricted strong second layer condition also
satisfies the right affiliated second layer condition. The latter says that the
undesirable case does not arise for P-tame modules satisfying the hypotheses
of Jategaonkar’s Main Lemma. The following result characterizes the right
restricted strong second layer condition in terms of the undesirable case not

arising for a wider class of P-tame modules.

PROPOSITION 2.24. Let R be a right noetherian ring and let P be a
prime ideal of R. Then the following are equivalent.
(i) P satisfies the right restricted strong second layer condition.
(ii) There does not ezist a finitely generated P-tame right R-module M

such that r(M/lp(P)) = Q € Spec(R),Q C P and MQ =0.

ProOF. (i)=>(ii): Suppose that there is a finitely generated P-tame

module M with MQ =0, Q C P, and +(M/lp(P)) = Q. Then

Qer(M)Cr(M/iu(P)) =Q,

giving that r(M) = Q. But then Q = P by the right restricted strong
second layer condition on P. This is a contradiction.
(ii)=>(i): Let M be a finitely generated P-tame right R-module with

r(M) = Q € Spec(R). Suppose Q C P. Note that Mr(M/ly(P))P = 0,
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so r(M/lp(P))P C Q and hence r(M/Iy(P)) C Q since P D Q. Now it
follows from Q C r(M/ly(P)) that r(M/Im(P)) = Q. This contradicts

(if). o

Next, we present conditions that are equivalent to the strong second

layer condition.

PROPOSITION 2.25. Let R be a right noetherian ring and let X be a
nonempty subset of Spec(R). Then the following are equivalent.
(i) X satisfies the right strong second layer condition.
(ii) If P € X, then M! is P-primary for any finitely generated P-primary
Tight R-module M and any nonempty index set I.
(iii) Ass(M) = Ass(M') for any finitely generated right R-module M with
Ass(M) C X.
(iv) If M is a finitely generated right R-module with Ass(M) C X, then

{P | P is an annihilator prime of M} = Ass(M).

PROOF. (i) = (ii): Let M be a finitely generated P-primary right
R-module with P € X. If Q € Ass(M’), then there exists a Q-prime
submodule N € M. Let 0 £ n = (n;)ics € N, so

k
Q =r(aR) = r((n:)R) = [ |r(uR) =r(d_mR) =r(D_niR)
i€l i€l i=1
since 3;c;mR C M is noetherian. As 3.5, m;R is a finitely generated

P-primary module, we obtain Q = P.
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(i) = (iii): Observe that Ass(M) C Ass(M’) as M — M. Since any
finitely generated right R-module M can be essentially embedded into a
finite direct sum of uniform modules, without loss of generality, we assume
that M is P-primary. So by (ii), Ass(M') C Ass(M).
(iii) = (iv): Let P = r(N) for some submodule N of M. Since

R/P =R/r(N) — [[ nR— M¥,
neN

we get P = Ass(R/P) C Ass(M™) = Ass(M) by (iii).
(iv) = (i): Let M be a finitely generated P-primary R/Q-module where
QC P. Ifr(M)=Q, then Q = P = Ass(M) by (iv}, contradicting

Q CP. (]

Even though the right affiliated strong second layer condition of a sin-
gle prime ideal does not imply the right strong second layer condition(see

Section 2.6), the two definitions are equivalent when applied to the whole

ring.

PROPOSITION 2.26. Let R be a right noetherian ring. Then the following
are equivalent.
(i) R satisfies the right strong second layer condition.

(ii) R satisfies the right affiliated strong second layer condition.

PROOF. (i) = (ii): Let P satisfy the right strong second layer condition.
If P did not satisfy the right affiliated strong second layer condition, then

the undesirable case of the Main Lemma would arise, that is, there would be



2.5. THE HIERARCHY OF SECOND LAYER CONDITIONS 69

a finitely generated P-primary right R-module M with an affiliated series

0 C IM(P) C M such that M/Iy(P) is a Q-prime uniform module and

r(M) = Q C P. Since P satisfies the right strong second layer condition,
this is impossible.

(ii) = (i): Let Q be a prime ideal such that Q C P, and let M be a

finitely generated P-primary faithful right R/Q-module. Without loss of

generality, we may assume that M is uniform. Set
M={NcCcM|r(M/N)=Q,M/N is P'-primary uniform where P’ D Q}.

Then 0 € M # 0. Since M is noetherian, a maximal element N can
be chosen in M. Now replace M by M/N and set Ass(M) = P’. Note
that r(M/ly(P))P’' C r(M) = Q implies that r(M/Iy(P’)) = Q. Set
L = ly(P’). There exist finitely many submodules L;,..., L, such that

w1 Li=L, LCL; C M and M/L; is uniform for all = 1,...,n. Thus

M/L —. & ;M/L; by [18, Lemma 7.9]. Hence

n

() r(M/ Ly = r(€P M/L:) S 7(M/L) = Q,
=1

i=1
so r(M/L;) C Q for some i. This means that »(M/L;) = Q, since Q =
r(M/L) C r(M/L;) in any case. Set Ass(M/L;) = P|. Note that P{ 2 Q.

By the assumption on M, we get P/ = Q. Hence
Q = P! = Ass(M/L;) C Ass(M/L).

Now choose a submodule M’ of M such that M’/L is Q-prime uniform

and r(M’) is maximal among annihilators of submodules of M properly
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containing L. Then
Q=r(M)Cr(M) Cr(M'/L)=Q.

Note that M’ is P-primary, and that 0 C L C M’ is an affiliated series with
r(M") = Q C P, which is not allowed by the right affiliated strong second

layer condition of P’. O

We now summarize the relations among the various second layer condi-

tions.

THEOREM 2.27. Let R be a right noetherian ring and let P be a prime
ideal of R. Consider the following statements:
(sslc) P satisfies the right strong second layer condition.
(rsslc) P satisfies the right restricted strong second layer condition.
(slc) P satisfies the right second layer condition.
(asslc) P satisfies the right affiliated strong second layer condition.
(aslc) P satisfies the right affiliated second layer condition.
Then
(i) (sslc) = (rsslc) = (slc) = (aslc).
(ii) (aslc) = (slc) if R is noetherian.
(iii} (ssle) = (asslc) = (aslc).

(iv) (sle) # (rsslc), in general, even if R is noetherign.

PROOF. (i). By Corollary 2.20 and Proposition 2.22.

(ii). By Proposition 2.23.
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(iit). By definition.
(iv) is the topic of the next section. O
If R is a right noetherian ring and X is a right link closed nonempty
subset of Spec(R), then the right restricted strong second layer condition on
X is equivalent to the right second layer condition on X. If X is the whole
Spec(R), then the right strong second layer condition on R is equivalent to
the right affiliated strong second layer condition on R and the right restricted
strong second layer condition on R is equivalent to the right second layer
condition on R.
The following diagram summarizes the relation between various defini-

tions of the second layer condtions given in this chapter.
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right » right
strong restricted strong
slc - £ slc
% A
For
the whole ring
R
. For
right I
affiliated strong T lesg%hstégk
slc
¥
right - .
affliated right
slc > sic
For two sided noetherian ring

FIGURE 1. R is right noetherian.

2.6. Examples

In this section, we present a prime ideal, in a noetherian ring, which does
not satisfy the right restricted strong second layer condition, but satisfies the
right affiliated second layer condition. Note that this prime ideal also satis-
fies the right second layer condition since the ring is two-sided noetherian.

Certainly, it cannot satisfy the right strong second layer condition.
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ExAMPLE 2.28. [29, Exercise 11M] Let R = k+6S where S = A;(k) =
k[z}[8; d/dz] and k is a field of characteristic zero. Set

R R S R R R
T= lQ= )P= andA=

6S R S R 6S 6s
(a) We claim that (i) T is a prime noetherian ring, and (ii) P and Q are

prime ideals in T'.

PrOOF. (i) Note that R is the idealizer of #S in S and S is a maxi-
mal right ideal in S. Since S is a right noetherian ring, Rgr and 8Sr are
noetherian by [56, Theorem 1.1.12]. Hence T is a right noetherian ring by
[56, Proposition 1.1.7]. In order to show that T is a left noetherian ring,
observe that R is also the idealizer of the maximal left ideal S8 of S. So rR
is noetherian. Hence R is noetherian and so g(#S) is noetherian, as it is an
ideal of R.

To prove that T is a prime ring, assume that

1 22 1T T2 v

=0
fs =z3 ot r3] \Gu 3
o 1 T2 .
for all € T, and assume that # 0. By choosing various
6t r3 fs z3
X . L S n ¥
specific matrices , we can show that = 0. For example,

Gt rs fu y3



2.6. EXAMPLES 74

if 1 # 0 then choose r; = 1,r2a =13 =8t =0. So

0 Ty Z2 10 /] z; O Vi Y2 i1 T1Y2
s z3 00 0u y3 s O 0u y3 sy O9sy2
yielding ;) = y2 = 0 since S is a domain. Now
o T z2) {0 1 0 0 z6u T3
s z3 00 6u y3 @s6u Bsys

so u = y3 = 0 follows. The case z; = 0 and the subcases arising from it

are treated in a similar manner. Thus, T is a prime ring.

R R R 0o 0 00
(i) T/P = / = = = k,
8S R S 6S 0 R/6S 0 k
hence P is a prime ideal in T'.
A similar argument shows that Q is also a prime ideal. O

(b) We claim that (i) Ar is a submodule of M2(S), (T/P)r Ce (A/P)T
and (ii) rr(A/P) = 0. Hence we conclude that the prime P in T does not

satisfy the right restricted strong second layer condition.
PRrROOF. (i) First, we show that A is a T-submodule of M2(S).

R R R R R? + RIS R?+ R? R R
AT = = = = A.

S S/\6S R SR+S6S SR+SR S

So A is a T-submodule of M»(S).

In order to show that T/P C. A/P,let 0#a € A/P. Then

0 0 R R
e= + for some f(z), g(z) € klz],

f(z) g(z) 6s 6s
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since any s € S can be written as s = p(z) + 0s’, where p(z) € k[z] and &’ €
S. It is required that some nonzero multiple of a is in T'/ P, that is, we have

L T2

to find such that
Os 73
0 0 R R T T2
0# +
flz) g(z) 6S 8S s 7
0 0 R R
= +
f(@)ri +g(z)8s  f(z)r2 +g(z)rs 6s 6s
R R R R
||/
S R 8S 6S

So we need f(z)r) + g(z)0s € 6S and f(z)ry + g(z)r3 € R\ 6S. First note
that f(2)6" = S 0o ()0 (). If f(z) # O, then take r = §%8/*! and
$=0,ry =6%% r3 =0. If g(z) # 0, then take r; = 0,5 = 6989, r, =0 and

r3 = 899, These will yield a nonzero multiple of @ in T/ P.

n T2
(ii) In order to show that rr(A/P) =0, let € rr(A/P). Then

Os 3
R R Ty, T2 Rry + ROs Rry + Rrs - R R
S S @s r3 Sry1 +S56s Sro+Sr; s 6s

Hence, it follows that Sr;+S68s € S and Sro+Sr3 € 8S. Thusry,re, 73,05 €
r5(S/6S). Since S is simple, r5(5/6S) = 0.
Since r7(A/P) = 0 € Spec(T") and (A/P)r is P-tame finitely generated,

P does not satisfy the right restricted strong second layer condition. a



2.6. EXAMPLES 76

(c) Let E = E((R/8S)r) and make the row E' = (E, E) into a right

M;(R)-module in the obvious way. We claim that E’ is an injective right
M, (R)-module.

PRrOOF. Let I be a right ideal of M2(R) and let f : I — E’ be a right

a; 0 a11 @12
M;(R)-module homomorphism. Set I; = { el }

an 0 a21 a2
Then I, is a right R-submodule of M2(R). Define I, similarly. Note that the

entries in I{ are the same as those in I since columns of I can be switched

by a simple column operation.

a; O 211 612 10
Define fi : 1 — E by fi = m[f( )

a O ag1 Q22 00
where m; is the projection of E’ onto (E,0), so that f; is an R-module

homomorphism. Likewise for f5 : o — E. Since Epg is an injective module,

_—_ (R O
f1 can be extended to an R-module homomorphism f : — E. We
R O
—_ 0 R — 0 T2 1 T12 0
define f5 : — E by f> = fi , and claim that
0 R 0 ro T 0
f2 is an extension of f;. Observe that
app 0 a;; Q12 01 1 0
(1 ,0) = f[ ]
a2 0 a1 G22 10 00
a O 0 ajp 01 10
= (-fl |f2
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0 a2 a;; O 10
= f2 1.fl
0 ax a1 0 00
0 a2
=(f2 10)
0 ax
a2z 0 0 ax a11 a2
Therefore, f; = fa for any € I proving
ax 0 0 ax 221 G2

the claim.

Define F : M>(R) — (E, E) by

T T2 —f{ru 0} _I0 rp
r2y T2 rap 0 0 ro
We claim that
(i) F is an extension of f.
(ii) F is a right M>(R)-module homomorphism.
(i) follows from the definition of F.
@Letr=| " | em@andz=|" | cM(R). It is

21 T22 T21 T22
to be shown that F(zr) = F(z)r. Since

i1 Zi2 Tl Ti2 Zurn +Z12721 T11712 + Tier2
Ir = = ,
T2 Z22 T21 T22 21711 + ZTa2T21 T21T12 + T22T22
we get
—|zurmn+zierar 0) _ {0 zuriz+zZiere
F(Z‘T) = fl ) f2

Zo1T11 +To2r21 O 0 z21712 + T2T2
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Also,
Z11 Z12 11 7‘12\
F(z)r =
T21 ZT22 ™21 "22)
(_ 1 0 —_ 0 2212\ 11 T2
=1 h fa
\ T O 0 zpn ) Tl T2
._.(2311 0 — (0 zi2 —|zu O — 10 z12
= | f ri+f2 ra1, f1 ri2 + fo T
\:!:21 0 0 zx z21 O 0 zopo
— [ zuru O — {0 ziagra1 | __{zuiriz O — 10 zi27m22
= h + f2 yvh + f2
\Z21711 0 0 zoor o112 O 0 zooree
—_ — 10 r2 _{r2 O
Since f> was defined as f, =fi , it follows that F is an
0 T2 o9 0
M;(R)-module homomorphism. O

(d) We claim that M>(R) is projective as a left T-module, and conclude

that E’ is also injective as a right T-module.

ProoF. Note that

R R R R RR+RRRR+RRCRR

6S RJ \R R SR+ RR 6SR+RR R

so My(R) is a left T-module. Write

R R
R R
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and note that

T T

Thus, TM>(R) is a projective module since a summand of a free module
is projective and a direct sum of projective modules is projective by [66,

Proposition 2.8.3, Lemma 2.8.4] where

R 0 0 R

T T
By claim (c) above, E’ is injective as a right Ms(R)-module, which as a left

T-module is projective. Therefore E7 is injective by Lemma 2.29 below. O

(e) (i) We claim that the row B = (0, R/6S) is a right T'-submodule of

E', and that B = (T/P)r.
PrOOF. Define ¢ : (T'/P)r — B by

0 0 R R
¢ + =(0,r +6S).

0 r 6s 6s

Then ¢ is not only well defined, but also a T-isomorphism. c

(ii) If M is any T-submodule of E’ such that M D B, we claim that M

contains the row C = (R/8S, R/6S).

Proor. Since (0, R/8S) Cc M C (E(R/6S),E(R/8S)), the elements of

M are of the form m = (m;, m) where m; € E(R/6S). Suppose that all
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the elements of M are of the form (0, m2). Since

rn r
(0, my) = (m20s, mar3) € M,

Os T3

we get mzfs = 0 for all s € S. So mz € lg(r/s5)p(8S) = R/6S, since
E(R/6S)r is a uniform right R-module with socle R/6S. Thus M = B,
contradicting the hypothesis B C M. Therefore, there exists at least one
(m1,m2) € M such that m; # 0. Since R/6S C. E(R/6S), we have 0 #
mir, € R/6S for some ry € R. As mr) generates the simple module R/8S,

it follows that B C (R/8S, R/6S) C M. O

(iii) Now, if M has an affiliated series 0= Mg C M, C--- C M, = M,

then we claim that P, Q must be its first two affiliated primes.

PROOF. First, we show that Br C. E7. It is to be shown that for any

L T2
0 # (e1,e2) € E’ there exists € T such that
Gs T3
L T2
0 # (e1,e2) = (e1r| + ex0s,e172 + eqr3) € (0, R/6S)
s 7

If 0 # e1 € E(R/AS), then 0 # e;r € R/0S for some r € R since
R/6S C. E(R/8S). Setting r; = 0,8 = 0,72 = r and r3 = 0 produces the
required element of T'. If e3 # 0, then 0 # eor € R/8S for some r € R, so

set ry =0,8 =0,rp = 0,73 = r in this case. It follows that E' is P-primary,



2.6. EXAMPLES 81

in fact, P-tame since P is a maximal right ideal of T. Now the first layer of
Mis My =ly(P) =1lg(P)NM = (0,R/0S)N M = B.

Since C = (R/6S, R/6S) C M’ for any M’ with B C M' C E’, the simple
module C/B is essential in Ma/M; and Q = rp(C/B) = Ass(M2/M,).
Thus, M,/M, is Q-primary. Since T/Q = R/0S = k, Ma/M is Q-tame as

well. a

(f) We claim that P satisfies the right second layer condition, but not

the right strong second layer condition.

PRrOOF. First, we show that P satisfies the right affiliated strong second
layer condition (and hence the right affiliated second layer condition and
consequently also the right second layer condition by Theorem 2.27). For
this, we have to show that there does not exist a finitely generated uniform
right T-module M with an affiliated series 0 C U C M and corresponding
prime ideals P, Q' such that M/U is uniform, @' C P and M@’ = 0. Assume
that there is such a module. Since T/P = k, the uniform module U can be
identified with the module B above. Since B C E' = E(B)r, the module
M can be considered as a submodule of E’ containing B. By the above, the
first two efiliated prime ideals of any affiliated series of M are thus P and
Q. Since they are P and @ by assumption, @ = Q. Thus @ = Q' C P,

which gives a contradiction.
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Note that by (b), P does not satisfy the right restricted strong second
layer condition, so it cannot satisfy the right strong second layer condition

by Theorem 2.27. O

The above example also shows that for a single prime the right affiliated
strong second layer condition does not imply the right strong second layer

condition.

The following lemma is slightly more general than [16, Ch. 2, Proposi-
tion 6.2a], but the proof is essentially the same since every projective module

is flat.

LEMMA 2.29. Let R, S be rings such that rS is a flat left R-module, and

let Es be an injective module. Then E is injective as a right R-module.

PROOF. Let N C M be right R-modules and let f : N — E be a right
R-module homomorphism. By a well-known result of homological algebra

(see [66, Proposition 2.10.9j),
s’ : Homg(N, Homg(S, E)) —» Homg(N ®g S, E)

defined by [¢(¢)](n® s) = [¢(n)](s) is an isomorphism. Also Homg(S, E) =
E. Hence f corresponds to /(f) € Hom(N ® S, E), so that s'(f)(n®1) =
f(n).

Since S is a flat left R-module, N ®2 S € M ®r S. Thus s'(f) can be

extended to an S-module homomorphism s”(f) : M ® S — E. Now s”(f)
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gives an R-module homomorphism f : M — E via f(m) = ¢'(f)}(m ® 1),
which is an extension of f since f(n) = s"(f)(n®1) =¢(f)(n®1) = f(n)

forallne N. O



CHAPTER 3
Second Layer Conditions in Extension Rings

3.1. Introduction

In recent years, a good deal of research has been concerned with the
structure of extensions of rings that satisfy the second layer condition. Inves-
tigations in this direction started with Brown and Jategaonkar who showed
independently that a group ring RG satisfies the strong second layer condi-
tion whenever R is a commutative noetherian ring and G is a polycyclic-by-
finite group [13], [39]. Recall that a commutative noetherian ring satisfies
the strong second layer condition. Bell then weakened the hypotheses on
R to include artinian rings, noetherian P. I. rings and principal ideal rings,
and showed that a strongly G-graded ring S with base ring R satisfies the
second layer condition [11}.

In this chapter, we consider some of the simplest cases: finite extensions
and polynomial extensions. Let R and S be rings such that S contains R as
a subring. Thering S is said to be a right module finite extension of R if S is
finitely generated as a right R-module. We begin with module finite exten-
sions of a class of rings satisfying the second layer condition, in particular,
artinian rings and FBN rings as they have well-understood structures. The

former have the property that every module is finitely annihilated, while

84
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the latter are characterized by the Gabriel (H)-condition that every finitely
generated module is finitely annihilated. It is easy to see that a module
finite extension of an artinian ring is also artinian. In 1990, Letzter showed
that a module finite extension of an FBN ring is also an FBN ring [51]. We
give a new proof of this in terms of finite annihilation.

By following the pattern set by artinian rings and FBN rings in terms of
finite annihilation, we continue with a more general class of rings: noether-
ian rings satisfying the second layer condition. As it has been established
in Chapter 2, these rings can also be characterized by a version of finite
annihilation. Here, only the finitely generated tame modules are finitely an-
nihilated. We show, by finite annihilation of modules, that a module finite
extension ring of a noetherian ring satisfying the right second layer condi-
tion also satisfies the right second layer condition. This is a generalization
of an earlier result by Letzter who showed that a module finite extension
of a noetherian ring satisfying the two-sided second layer condition satisfies
the same.

We also observe that tameness of modules over the extension ring can
be transferred to the base ring and vice versa. That is, if S is 2 module
finite extension of a ring R, then an S-module M is tame as an S-module
iff it is tame as an R-module.

However, when infinite extensions of noetherian rings are considered,
there are still a fair number of open questions. For example, it is still not

known if the polynomial ring R[z] satisfies the second layer condition when
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the base ring R does (11, p. 109]. So far, it is known that R[z] satisfies the
strong second layer condition when R is an FBN ring. With the help from
a technical lemma of Byun [15] and a recent result established by Kosler
[43], we give a sufficient condition for a prime ideal P in R[z] to satisfy the

second layer condition.

3.2. Finite Extensions

The observation that all finitely generated tame modules are finitely
annihilated if the ring satisfies the second layer condition is convenient and
practical, particularly when dealing with extension rings. It originated from
prime Goldie rings where the torsionfree modules, though not necessarily

finitely generated, are finitely annihilated.

LEMMA 3.1. Let R be a prime right Goldie ring. Then every torsionfree

right R-module M is a A-module.

PROOF. Suppose that there is a subset S of M with an infinite de-
scending chain r(s;) D r(s1,82) D ---, where s; € S. Set Iy = R and
In = r(81,...,8,) for each n > 1. Note that 0 # In/In41 = Snt1ln S M.
Since M is torsionfree, p(In/I,+1) > 1. Note also that p(R) is finite, say k,
as R is prime right Goldie. However, by the additivity of the reduced rank,

k
k=p(R) = ZP(L‘/L’H) >k+1>k.
i=0

This is an obvious contradiction. a
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DEeFINITION. Let R, S be rings such that R is a subring of S. The ring
S is said to be a right module finite exztension of R if S is finitely generated
as a right R-module.

Similarly, we define left module finite extensions. We say that S is a
module finite extension of R if it is right and left module finite over R.

When S is a module finite extension of R, some properties of right
S-modules are inherited by right R-modules, and vice versa. For example,
tameness of a module is preserved in both directions. In fact, we can even
show that going down can be achieved without S being finitely generated

as an R-module. First, we observe that every A-module is tame.

LEMMA 3.2. Let R be a right noetherian ring and let M be a right

R-module such that every submodule is finitely annihilated. Then M is tame.

PROOF. Let U be a prime uniform submodule of M. Set P = Ass(U).
Since U is finitely annihilated, there exist some u;,...,ur € U such that

T(U) = T(UI, s ,Uk)- SO,
R/P = R/r(uy,...,ux) — U*.

If V/P is 2 uniform right ideal of R/P, then V/P «— U, and so U is tame.

Therefore, M is tame. a

PROPOSITION 3.3 (Down). Let R be a right noetherian ring, and let

S 2 R be a right noetherian ring satisfying the right second layer condition.
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Then every finitely generated tame right S-module M is tame as a right

R-module.

PROOF. Note that M is a A-module as an S-module by Proposition 2.18
and Theorem 2.13, and it obviously remains a A-module when considered

as an R-module. Hence M is tame as a right R-module by Lemma 3.2. O

In order to set up the converse to the previous proposition, we require
a lemma that describes a relation between regular elements of subrings and
overrings. It is a variation of Joseph-Small {41, Corollary 3.7] and is basically
due to Warfield {75, Corollary 2| where the two-sided second layer condition

was used.

LEMMA 3.4. Let R be a noetherian ring satisfying the right second layer
condition and let S be a module finite extension ring of R. Then the set
CryPnry(N/(P N R)) is contained in Cs;p(0) for every prime ideal P of S,

where N/(P N R) denotes the prime radical of R/(P N R).

PROOF. Note that the hypotheses of the lemma hold for R/(PN R) =
(R+ P)/P and its extension ring S/P. So we may assume that S is a prime
noetherian ring. Since pSs is a noetherian bimodule, there exists a left
affiliated series

0=5CS5 C---CS=S

with affiliated prime ideals @y, ..., Q@Qn € Spec(R). We claim that each factor

r/Q:(S:i/Si-1)s is torsionfree on both sides. First, we show this for the left
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band side. Suppose that the torsion submodule Z(z/q;S:i/Si-1) = W/Si—1
is nonzero. Since W/S;_; is finitely generated as a right S-module, say by

w + Si-—l) ey Wi+ S‘i-—lr we get

lr1Qi(W/Si-1) = lpsq,(w1 + Si-1, ..., Wk + Si-1)-

Set I/Q; = [R/Q;(W/S'—l)- Then

R/I = (R/Q:)/(I/Q:) — (W/Si—1)%.

Thus, 7/Q; cannot be 0, for if it were then the torsionfree module R/Q;
would be a submodule of the torsion module (W/S;—1)*. However, I/Q; #
0 contradicts the fact that the affiliated prime ideal Q;, by definition, is
maximal among left annihilators of nonzero left R-submodules of S/S;_;.
Thus S;/S;—; is torsionfree on the left.

For the right hand side, observe first that S/Sg = S is torsionfree. Sup-
pose that S/S; is not torsionfree for some ¢ > 0, but that $/S;_; is torsion-
free. Let V/S; = Z(S5/Si)s # 0 be the torsion submodule of S/S;. Since
V/S; is finitely generated on the left by, say v; + S, ..., Vm + S;i, we have
rs(V/Si) = rs(v1 + Si,-..,Um + S;). Note that rs(v; + S;) €. S since
vj +Si € Z(S5/S:i)s- By Goldie’s Theorem, there exists ¢ € Cs(0) such that
c € rs(V/S;). Observe that rV 2 gV, as c is a regular element of S. So it

follows from

Q1Q2---QiVe CQi1Q2---QiS: =0
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that Q1 ---Q;V = 0. Consequently, V C Is(Q1---Q;) = S: C V, a contra-
diction. Thus S/S; and hence S;4;/S; is torsionfree for all i.

If every left affiliated prime ideal Q; is minimal, then the desired result
Cr(N) S Cs(0) follows. To show this, let ¢ € Cr(N). It suffices to show that
c is right regular in S, by (29, Lemma 5.7]. If cs = 0 for some 0 # s € S,
then let i be the smallest integer such that s € S;. Then s + S;~; # 0 and
¢(s + S;—1) = 0. Since Cr(N) C Cr(Q:) by [18, Theorem 1.25], ¢ € Cr(Q:).
This contradicts the fact that S;/S;_; is torsionfree as a left R/Q;-module.
Thus, ¢ is regular in S.

Now it remains to show that every Q; is 2 minimal prime. First observe
that minspec(R) C {Q1,...,Qxn} since Q1 ...Qn C lr(S) = 0. For the other

inclusion, form a right affiliated series

0=ToC+--CTm=Si/Si1

of R/Q‘.(S.'/S'_l)g. Let Py,..., Py, € Spec(R) be its affiliated primes. Since

(Si/Si-1)s is torsionfree, rr(S;/Si—1) =0 and so P, --- P; C 0. Hence

minspec(R) C {Py,...,Pn}.

Thus cl.K.dim(R) = cl.K.dim(R/P;) for some j. On the other hand,

cl.K.dim(R/Q;) > cl.K.dim(R/P;)

by Lemma 2.9, since R satisfies the right second layer condition. Thus

cLK.dim(R/Q;) = cl.K.dim(R),
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showing that Q; is a minimal prime for all i = 1,...,n, and so the set of

minimal primes minspec(R) = {Q4,.--,Qn}. a

Since Cr/(pnr)(N/(P N R)) C Cs/p(0), the set Cry(pnpy(N/(P N R)) of
R/(PNR) is also regular in R/(P N R), and thus the hypotheses of Small’s
theorem are satisfied. In other words, R/(PN R) is a right order in a right

artinian ring.

ProOPOSITION 3.5 (Up). Let R be a noetherian ring satisfying the right
second layer condition and let S be a module finite extension ring of R.
Then a finitely generated right S-module M is tame whenever it is tame as

a right R-module.

PRrROOF. Suppose that My is tame as a right R-module. Let U be a
prime uniform S-submodule of M with P = rg(U) = Ass(Us). Since U
is finitely generated and P is a prime ideal, we may assume that U = uS
for some u € U. By passing S to S/P, we may also assume that P = Q
since R/P N R and S/P satisfy the hypotheses of the proposition. Hence
S is a prime noetherian ring. Thus U is either torsionfree or torsion as a
right S-module. Suppose it is torsion. Then there exists ¢ € Cs(0) such that
uc = 0. Note that uS = S/rs(u) and Sg = ¢Sr C rs(u). By the additivity

of the reduced rank,

Pr(uS) = pr(S/rs(u)) < pr(S/cS) =0
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as pr(S) is finite. Thus uSg is Cr(N)-torsion by Lemma 1.3. Since uS is
finitely generated as a right R-module (S is right module finite over R) and
since R satisfies the right second layer condition, rr(uS) = rr(usi,...,us,)
for some usy,...,us, € uS. Set I = rgp(uS). Combining R/I — (uSg)™ to-
gether with 4uSg being Cr(N)-torsion, we obtain that R/I is Cr(N)-torsion,
and so I NCr(N) # 0. Furthermore, by Lemma 3.4, I NCs(0) # @. This
means that s(S/SI) is torsion, and hence there exists a nonzero ideal J in

S such that J C lg(S/SI) by [29, Lemma 7.3]. But then
uSJ =uJS CuSI =0,

contradicting that rg(uS) = 0. Therefore, U has to be torsionfree, and Mg

is tame. a

If every finitely generated right R-module is finitely annihilated, then R
is said to satisfy the Gabriel H-condition. Characterizing a right FBN ring
in terms of finite annihilation is useful as we can see in the following new

proof that a finite extension ring of an FBN ring is also an FBN ring.

PROPOSITION 3.6. [51, Proposition 4.9] Let S be a right module finite

extension ring of a right FBN ring R. Then S is also right FBN.

ProoF. Since R is right noetherian, Sg is noetherian and therefore Ss
is noetherian. Note that R/I is right FBN for any ideal I of R. Now
R/(PNS) < S/P for any prime ideal P of S, so assume without loss of

generality that S is a prime right noetherian ring.
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Suppose Es C. Ss with rs(S/F) = 0. Since S is a prime right Goldie
ring, Goldie’s Theorem provides an element ¢ € Cs(0)NE. Now (¢S)s = Ss
as S-modules, so (c¢S)p = Sr as R-modules. Since pr(Sgr) is finite, it
follows that pr(S/cS) = 0 by the additivity of reduced rank. Note that
Pr(S/E) < pr(S/cS) = 0.
By Lemma 1.3, (S/E)g is Cg(N)-torsion. Now, by Theorem 1.5,

rr(S/E) =rr(sy + E,...,s, + E).
Since rr(S/E) = RNrs(S/E) = RN 0 =0, it follows that
R = R/ra(S/E) — @)(s:R + E)/E — (S/BY",
i=1

so p(Rr) = 0. This is impossible, so rs(S/E) > 0, proving that S is right
bounded. a

By using a similar argument, we can now prove the main result of this
section that the second layer condition is carried over to a module finite
extension ring. First, we record Bell’s assertion on G-graded rings where G
is a finite group, which served as precept for Letzter’s finite extension. We

also record Letzter’s Theorem for comparison.

DEFINITION. Let G be a monoid and let R be a ring. A ring S is called
a strongly G-graded ring if S = @4ccRg where Rg is an additive subgroup
of S such that Rg - Rh = Rgh for any g,h € G. We call R = Rl the base

ringof S.
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ProposITION 3.7. {11, Proposition 7.5] Let G be a finite group and R
be a noetherian ring and let S be a strongly G-graded ring with base ring R.
Then R satisfies the right second layer condition iff S does.

THEOREM 3.8. (51, Theorem 4.2] Let S be a module finite extension
ring of a noetherian ring R. If R satisfies the second layer condition, then
so does S. Moreover, if R satisfies the strong second layer condition, then

so0 does S.

THEOREM 3.9. Let S be a module finite extension ring of a noetherian

ring R. If R satisfies the right second layer condition, then so does S.

Proor. Suppose that S does not satisfy the right second layer condition.
Then there exists a prime ideal P of S such that S/P is not right tame
bounded by Theorem 2.13 and Corollary 2.20. By passing S to S/ P, we can

assume that the prime noetherian ring S is not right tame bounded. Set
€ ={Es C. Ss | S/E is tame, but rs(S/E) = 0}.

By the assumption on S, the set £ is not empty. A maximal E € £ can
be chosen as Ss is noetherian. We claim that S/E is a uniform right
S-module. If it is not, then by {18, Lemma 7.9] there exist nonzero sub-
modules E\/E,...,E,/E of S/E, where n = rank(S/Ey), such that

S/E —. @;_, S/E;, Ni=, Ei = E and each S/E; is uniform. Since essential
extensions of tame modules are tame, each S/E; is also tame. Moreover,

rs(@i, S/E;:) C rs(S/E) = 0 yields rs(S/E;) = 0 for some i. This E;
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contradicts the maximality of E. Thus S/E must be uniform, proving the
claim.

Set @ = Ass(S/E)s and L/E = lg/g(Q). Note that (L/E)s C. S/E.
Since (S/E)r is noetherian as well, there exists a right R-submodule K/E

of S/E maximal with respect to the property that K/ENL/E = 0. Then

L/E®K/E
K/E

S/E

L/E = %5

C. > S/K.

Note that (L/E)p is tame, since it is a A-module as a right S/Q-module by
Lemma 3.1 and so a A-module as a right R-module. Thus S/ K is tame as
a right R-module as well.

On the other hand, the reduced rank pr(S/K) will be shown to be 0. In
that case, the fact that S/K is Cg(N)-torsion and is finitely annihilated by
Theorem 2.13, gives rr(S/K)NCr(N) # 0, as R/rr(S/K) — @ ,(S/K)r
for some m. Then by Lemma 3.4, rp(S/K)NCs(0) # 0. Set I =rg(S/K).
It follows that s(S/SI) is torsion, and so by [29, Lemma 7.3] there exists a

nonzero ideal J of S such that

J=JSCSICK.

If J C E, then 0 # J C r5(S/E) = 0, which is an obvious contradiction.

Otherwise, i.e., if J € E, then

J+E

= =0.

n

L
cC=n
- FE

ta) &
Sk

But then L/E C. S/E gives a contradiction.
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In order to complete the proof, we need to prove that pr(S/K) = 0.
Since Es C. Ss, there exists ¢ € ENCs(0). Now observe that Sg == ¢Sp,

and so pr(S/cS) = 0 since pr(S) is finite. Thus,

pr(S/K) < pr(S/E) < pr(S/cS)

produces the desired result.

Therefore, S satisfies the right second layer condition. a

The above theorem is a generalization of [51, Theorem 4.2} in the sense
that it does not require the full strength of two sided second layer condition
on R. The proof given relies heavily on finite annihilation of tame modules,
which turned out to be a useful characterization of the right second layer
condition. The two sided second layer condition gives rise to a symmetric
dimension function on bimodules, which is used implicitly in the proof of
(51, Theorem 4.2] to show the existence of two sided artinian quotient ring
of R/(PNR), hence the minimal spectrum is right and left link closed. Thus,
with the existence of a symmetric dimension function like Gelfand-Kirillov
dimension [46, Corollary 5.4], finite extensions of noetherian algebras pro-
duce the same result for second layer conditions. However, due to the lack
of suitable finite annihilation of modules when R satisfies the right strong

second layer condition, our argument cannot be utilized in this case.
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COROLLARY 3.10. Let R be a ring with center Z that is a noetherian
ring. If R is finitely generated as a right Z-module, then R(z] satisfies the

second layer condition.

PRrROOF. Note that Z[z] satisfies the second layer condition since it is a
commutative noetherian ring. Let R, as a right Z-module, be generated by
1,...,7n € R. Then R[z] = r1 Z[z] + - -- + rnZ[z], so by Theorem 3.9 R|[z]
satisfies the right second layer condition.

The left second layer condition follows by symmetry. a

Going back to the bimodule dimension defined in [39], we obtain equality

for the classical Krull dimensions of R and S.

COROLLARY 3.11. Let S be a module finite extension ring of a noether-

ian ring R satisfying the right second layer condition. Then
cl.K.dim(R) = cl.K.dim(S).

PRrROOF. For the noetherian bimodule sSgr, the right second layer con-
dition of R gives that u(sSr) = u(grRr) where u is the bimodule Krull
dimension defined in terms of deviation on subbimodules {39, Theorem
1.5]. By definition, u(sSgr) > p(sSs)- On the other hand, since S satis-
fies the right second layer condition by Theorem 3.9, cl.K.dim(S) = u(sSs)
and cl.K.dim(R) = u(grRgr) by (39, Theorem 1.7]. Furthermore, we have

cl.K.dim(S) > cl.K.dim(R) by Lemma 2.9. Putting these together, we get

cLK.dim(S) > cl.K.dim(R) = u(sSgr) 2 u(sSs) = cl.K.dim(S),
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and thus cl.X.dim(S) = cl.K.dim(R). |

3.3. Centralizing Extensions

Even though it is not known in general [11, p. 109] if the second layer
condition is satisfied by R[z] for a noetherian ring R satisfying it, some
special cases have an affirmative answer. For example, R[z] satisfies the
right strong second layer condition if R is an FBN ring. In the last five
years we have seen some progress in centralizing and normalizing extensions,
providing us with a better perspective on the structure of extension rings

[43], [15].

DEFINITION. Let R, S be rings such that R is a subring of S. The ring
S is said to be a centralizing extension of R if there exists a subset C of
S such that S = RC = CR where ecr = rcfor every r € R,c € C. It is
called a normalizing extension of R if there exists a subset N of S such that

S = RN = NR where nR = Rn for every n in N.

LEMMA 3.12. Let S be a centralizing exiension of R. If P is a prime

tdeal of S, then PN R is a prime ideal of R.

PrOOF. Let C centralize R and let S = RC = CR. Suppose that [ and

J are ideals of R such that IJ C PN R. Observe that

I1J-S=IJ(RC)=IC-JC=1S-JS.
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On the other hand, IJ -S € (PN R)S € P. Combining these, we get

IS-JS C P and so either IS C P or JS C P. In the first case,

IC(USNR)CPNR.

Similarly for JS. Consequently, PN R is a prime ideal of R. a

It should be noted that PN R is only a semiprime ideal of R when S is
a normalizing extension of R and right noetherian {75, Theorem 3].

We recall one elementary result: If R is a right noetherian ring, then the
polynomial ring R|z] is also right noetherian by the Hilbert Basis Theorem
[31, Theorems I, III]. Also, note that if S is a simple artinian ring with
center Z, then every ideal of S[z] is principal generated by a central element
[29, Proposition 15.1]. In this case, the center of Sfz] is just Z[z]. More
generally, the center of the polynomial ring S(z1,...,Za| in n commuting
indeterminates is Z[Z1, ..., Za], and every ideal of S[z1, -- ., Za] is generated
by elements in Z[z1,.-.,zn] [29, Proposition 15.5].

The main results of this section rely on one technical lemma established
by Byun (15]. We follow his definitions and lemmas to arrive at a more

complete understanding of centralizing extensions.

DEFINITION. Let R be a right noetherian ring and let L, M and N be
right R-modules. If 0 —+ L — M — N — 0 is an exact sequence such that
0 C L c. M is an affiliated series with affiliated primes P, Q, then it is

called a right second layer series.



3.3. CENTRALIZING EXTENSIONS 100

DEFINITION. Let k£ be a commmtative ring. A k-algebra A is said to
satisfy the condition (1) if, for any division k-algebra D, any right noetherian
factor ring of A ®; D satisfies the right affiliated second layer condition. It
is said to satisfy the condition (}) if, for any division k-algebra D, any right
noetherian factor of A ®; D satisfies the right affiliated strong second layer

condition.

LEMMA 3.13. [15, Lemma A] Let R and A be k-subalgebras of S where
A centralizes R and R U A generates S. Assume that R and S are right

noetherian and that QQ C P are prime ideals of S with QN R = PNR.

(i) If A satisfies the condition (t), then there does not exist a second
layer series0 = L — M — N — 0 of right S-modules with affiliated
primes P, Q such that MQ =0 and Lg/p is torsionfree.

(ii) If A satisfies the condition (}), then there does not ezxist a second
layer series0 - L — M — N — 0 of right S-modules with affiliated

primes P, Q such that MQ = 0 and Mp/(qng) is torsionfree.

DEFINITION. Let R be a prime ring. Then R is called sub-bounded if for
every nonzero prime ideal P of R there exist an element ¢ € R and a nonzero
ideal I such that I C cRN Re C P. Aring R is called fully sub-bounded if

every prime factor ring R/ P is sub-bounded.

An FBN ring is an example of a fully sub-bounded ring.
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LEMMA 3.14. (15, Lemma B] Let S be a centralizing extension of R and
Q C P be prime ideals of S with QNR C PNR. If R/(QNR) is sub-bounded,
then there does not exist a second layer series0 —- L - M — N — 0 over

S with affiliated primes P, Q such that MQ = 0.

While Byun’s assertion is based on the affiliated series (second layer
series) and hence is directly related to the affiliated second layer condition,
his assertion-particularly [15, Lemma A}-can be generalized to the right
restricted strong second layer condition. We first define a condition that is

very similar to ().

DEFINITION. Let k£ be a commutative ring. A k-algebra A is said to
satisfy the condition (*), if for any k-division algebra D any right noetherian

factor of A ® D satisfies the right restricted strong second layer condition.

REMARK. (i) If A ®; D is right noetherian, then the condition (*),
implies that A ®; D itself satisfies the right restricted strong second
layer condition.

(ii) If A satisfies (*), then so does any factor A/ B of A, since A/B®; D =
(A®k D)/(B ®k D).

(iii} Since any simple artinian ring R can be regarded as M,(D) for some
division ring D and since A ®x Mn(D) = Mp(A ® D), we may con-
clude that A ®; R satisfies the right restricted strong second layer

condition whenever A satisfies (*),.
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The following lemma is a variation of [15, Lemma A}, whose proof is

almost identical to that of Byun’s.

LEMMA 3.15. Let R and A be k-subalgebras of S where A centralizes R
and RU A generates S. Assume that R and S are right noetherian and
that Q C P are prime ideals of S with QN R = PN R. If A satisfies (x)r,
then there does not exist a finitely generated P-tame right S-module M with

rs(M) = Q € Spec(S).

PRrOOF. Suppose there exists such a module M. Before arriving at a
contradiction, we will reduce R to the case where R is a simple artinian
algebra so that (iii) of the previous remark can be utilized.

First, we make R into a prime right Goldie ring. Define 7 : S — S/Q to
be the canonical map. So 7(R) = R+Q/Q = R/QNR and w(A) generate the
centralizing extension n(S). By (ii) of the previous remark, w(A) satisfies
(x)r. So we may assume that Q = 0, whence S is a prime right noetherian
ring and R is a prime right noetherian ring .

Let C = Cgr(0). Then C is a right Ore (denominator) set in R. Note
that C is also right Ore in S, since for any s = rija; + -- - + rna@n € S where
r; € R,a; € A, and ¢ € C, there exist d € C and r} € R such that cr} = rid
for all i. Set & = rja; + - + Tha, to get ¢s’ = sd € ¢S N sC. Consider
the canonical map 8 : S — SC~1. It follows that SC~! is a centralizing
extension of RC~! by §(A). By (ii) of the remark, R now can be regarded

as a simple artinian ring.
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Observe also that C N P = since

CNP=CnPAR=CN{0}.

Hence, by [29, Lemma 9.21] S and S/P are C-torsionfree, and C C Cs(0)
as well as C C Cs(P). Furthermore, S € SC~! may be assumed.

We now claim that M is C-torsionfree. Since [pr(P) is torsionfree as an
S/P-module, it is Cs(P)-torsionfree and so C-torsionfree. Set L = Ip(P).
Since L C, M, it follows that M is C-torsionfree, proving the claim. Thus
we may assume that M C MC~L.

Note that 0 and PC~! are prime ideals of SC~! by [29, Theorem 9.22],
and IC~! is an ideal of SC~! for every ideal I of R by [29, Theorem 9.20].

Next we claim that MC~! is a finitely generated PC~!-tame right
SC~'-module with rgo-1(MC~!) = 0. Since M is a finitely generated
right S-module, MC~! is also finitely generated as a right SC~!-module.
Let [ = rgo-1(MC-1). So MIC~! = MC~'I = 0. Note that /NS is an
ideal of S and (INS)C~! = I. So M(INS) =0, and hence INS = 0. This
proves that rgc-1(MC~1) = 0.

If T € Ass(MC™1), then there exists a T-prime uniform submodule U
in MC-1. So UN M is a uniform S-submodule of M and (UNM)C~! =U.
Moreover, U N M is (T N S)-prime, where TN S is a prime ideal of S.
Hence TN S € Ass(M) = P, giving Ass(MC~!) = PC~!. Note that

Imc-1(PC~1Y) = LC~!. 1t now follows that LC~! €, MC~!. We will show
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that LC~! is SC~'/PC~'-torsionfree. Suppose that

0#zclet(LC™Y)

= {sd~!' € LC™! | rgc-1(sd~)/PC~' C. SC~'/PC~1}.

Then z = z¢~'c € t{(LC~!). So rsc-1(z)/PC~! C. SC~'/PC~! yields
that rs(z)/P C. S/ P, for if there exists an ideal 0 # J/P C S/P such that

rs(z)NJ = P, then
JC ' Nrge-1(z) = JC I nrg(z)C~! = PC~L.

This contradicts the fact that z belongs to ¢(LC~!). Therefore, MC~! is
PC~!-tame.

However, any right noetherian factor of A® R, where R is simple artinian,
satisfies the right restricted strong second layer condition, giving QC~! =

PC-! and thus Q = P. This contradicts the assumption that Q C P. 0O

If R is a right noetherian ring with center Z, then R[z] = R ®2z Z[z].
Note that Z[z] satisfies the condition (x),, since, for any division Z-algebra
D, every ideal of a homomorphic image of Z[z] ®z D = D[z] is principal
generated by a central element and thus has the right AR-property by [56,
Proposition 4.2.6]. Hence every right noetherian factor ring of D[z] satisfies
the right strong second layer condition by Lemma 2.6, since every right
AR-ring is right AR-separated. Hence it satisfies the right restricted strong

second layer condition.
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The polynomial ring R[z] satisfies the right strong second layer condition

if R is an FBN ring [15, Theorem C]. Recall that an ideal I of a ring R is
called polynormal (polycentral) if it is generated by a finite set of elements
ai,-..,an such that a; + 377! a; R is normal (central) in R/YI-! R for
all j =1,...,n. If every ideal is polynormal (polycentral), then the ring R
is called a polynormal (polycentral) ring. If R is a noetherian polynormal
ring, then R([z] satisfies the right second layer condition [15]. Note that
a noetherian polycentral ring, being a polynormal ring, satisfies the right
second layer condition, and that a noetherian polycentral ring is also an
AR-ring (56, Theorem 4.2.7]. We now investigate extensions of noetherian

AR-rings.

DEFINITION. An ideal I of a ring R is said to have the very strong right
AR-property if the Rees ring R(I) = R+ It+I*?+--- is a right noetherian
ring. A ring R is called very strong right AR if every ideal has the very

strong right AR-property.

LEMMA 3.16. [29, Lemma 11.12] Let R be a right noetherian ring and
I be an ideal of R. If I has the very strong right AR-property, then I has

the right AR-property.

We now show that the very strong AR-property of an ideal is inherited
by polynomial extension rings. The proof of the following lemma is similar

to that of (11, Lemma 7.1].
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LEMMA 3.17. Let R be a right noetherian ring. If an ideal I of R has

the very strong right AR-property, then so does IR[z] in R[z].

PROOF. It is to be shown that the Rees ring R(IR|[z]) of I R[z] is right

noetherian. We claim that R(IR[z]) 2 R(I)[z]. Note that

R(IR[z]) = Rlz] + IR[z]t + (IR[z])*¢* +---

= Rlz] + Iz}t + Pz]t* + -,

so a typical element is of the form

(ro+rz+---+ 1‘,.027"0) + (il.o +iz+ -+ i1,n1.’l:m)t

+ -+ (fmo + im1Z + - -+ +imn, 2T )T

where i j € I. Rearranging this as

(ro+irot+-- - +imot™) +(m +1iy,1t+-- A im 1 t™)T 4+ -+ fa(t)z" € R(I)[z!

where f,(t) is the sum of the “coefficients” of ", we get a ring isomorphism,
proving the claim. Thus, R(IR[z]) is right noetherian, since R(I)[z] is right

noetherian by the Hilbert Basis Theorem. a

DEFINITION. A ring R is said to be very strongly right AR-separated if
for any prime ideals Q C P of R there exists an ideal I suchthat Q C I C P

and 7/Q has the very strong right AR-property.
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Any right noetherian very strong right AR-ring is very strongly right
AR-separated. Now, we will show that R[z] satisfies the second layer con-

dition when R is very strongly AR-separated.

THEOREM 3.18. Let R be a right noetherian ring that is very strongly
right AR-separated. Then R[z] satisfies the right restricted strong second

layer condition.

PROOF. Suppose that R[z| does not satisfy the right restricted strong
second layer condition. Then there exists P Spec(R[z]) such that P does
not satisfy the right restricted strong second layer condition. There exists
a finitely gemerated P-tame right R[z]-module M with rp (M) = Q €
Spec(R[z]) and Q C P.

Note that QN R and P N R are prime ideals of R by Lemma 3.12. If
QNR = PNR, then we can employ Lemma 3.15 to show that such a module
M cannot exist, since if Z is the center of R then Z[z] satisfies the condition
(e

If QN R C PN R, then by the hypothesis on R there exists an ideal
I'such that QN R C I € PN R and I/{Q N R) has the very strong right
AR-property. By passing to factor rings, we may assume that Q = 0. Then,
by Lemma 3.17, IR[z] has the very strong right AR-property in R[z], and

thus by Lemma 3.16 it has the right AR-property. Note that

IR[z] C (PN R)R|z] € P.
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So M(IR[z])™ =0, as iy(P)IR[z] C ip(P)P = 0 and Iy (P) pzy Se MRyzy-
Accordingly, (IRfz])™ C r(M) = 0 and hence IR[z] = 0, leading to the
contradiction I = 0. Therefore, P must satisfy the right restricted strong

second layer condition, and so must R[z}]- a

Recall that, if @ is an endomorphism of a ring R, then an additive map
§ : R — Ris called an a-derivation if §(rs) = a(r)é(s)+6é(r)sforallr,s € R.
The skew polynomial ring R[z;a, §] is the polynomial extension ring of R

with multiplication zr = a(r)z + §(r) where r € R.

PROPOSITION 3.19. Let D be a division ring, let a be an automorphism
on D and let § be an a-derivation of D. Then D[z;a, 6] satisfies the strong

second layer condition.

PROOF. Note that D is trivially noetherian and D[z;a, d] is a principal
right and left ideal ring by [29, Theorem 1.11]. So every ideal of D(z;«, 4]
is generated by a normal element by [11, Lemma 6.3], and thus has the
AR-property by [56, Proposition 4.2.6]. Hence Dfz; &, §] satisfies the strong

second layer condition by Lemma 2.6. a

For a general right noetherian ring satisfying the right second layer
condition, we show that the second layer condition of a prime ideal P of
R([z| depends on the tameness of E(R[z]/P) g} 2s an R-module by using
Lemma 3.15. This was first observed by Kosler [43, Corollary 3.5] for rings

with two-sided second layer condition.
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THEOREM 3.20. Let R be a right noetherian ring. If P is a prime ideal
in Rfz] such that E(R([z]/P)py is (P N R)-tame as a right R-module and
P N R satisfies the right restricted strong second layer condition, then P

satisfies the right restricted strong second layer condition.

PROOF. Let Z be the center of R. Then note that R[z] = R @ Z[z]
and that Z[z] centralizes R [33, Ch. 4, Proposition 4.8]. By the remark
following the definition of (x),, we see that Z[z] satisfies ().

For convenience of notation, set S = R[z]. Suppose that P does not
satisfy the right restricted strong second layer condition. Then there exists
a finitely generated P-tame right S-module M with rs(M) = Q € Spec(S)
where Q C P.

We claim that Q N R = P N R, which leads to a contradiction to
Lemma 3.15. Since M is finitely generated as an S-module, there exists
a finitely generated R-submodule N of M such that M = NS. Also,
N < M — @"E(S/P)s as R-modules, implying that N is (P N R)-tame
as an R-module. Now if rg(N) = QN R, then QN R = PN R by the
right restricted strong second layer condition for P N R. In this case, the
claim is proved. So observe that NQS = NSQ = MQ = 0, and get that
N(@NR) C NQS = 0, whence QN R C rr(N). Let rr(N) = I, so
MIS = NSIS = NIS = 0. Thus IS C Q, and consequently I C QNR

shows that rr(N) = QNR. (]
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COROLLARY 3.21. Let R be a right noetherian ring satisfying the right
second layer condition. IfE(R[z]/P)pgy is (PNR)-tame as a right R-module
for every prime P of R[z|, then R[z] satisfies the right second layer condi-

tion.

Proor. By Theorem 2.27 and Proposition 2.18, the right second layer
condition and the right restricted strong second layer condition are equiva-

lent. Thus Theorem 3.20 gives the desired result. O

A partial converse to the above theorem can be deduced from Proposi-
tion 3.3 [Down] in the previous section. If P satisfies the right second layer
condition, then any finitely generated P-tame right R(z]-module M is a
A-module and so it is also tame as a right R-module. Thus E(R(z]/P) gy is
tame as a right R-module. But, we cannot claim that it is (PN R)-tame, even

though, by [43, Corollary 3.5],it is if R satisfies the second layer condition.

COROLLARY 3.22. If R is a right artinian ring, then R[z] satisfies the

right restricted strong second layer condition.

PROOF. Let P be a prime ideal of R[z], and set E = E(R[z]/P)py- It
will be shown that E is (PN R)-tame so that P satisfies the right restricted
strong second layer condition by Theorem 3.20. First, observe that E is tame
as a right R-module since R is right artinian. Suppose that Q € Ass(E) as
a right R-module. Then there exists a right R-submodule M C E such

that @ = rr(M) = Ass(M). Thus MR[z]QR[z] = MQR|z] = 0, and so
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QR[z] C P, yielding Q € PN R. However, since in an artinian ring all prime

ideals are maximal, @ = P N R. This proves that E is (P N R)-tame. a

REMARK. The above corollary can be also viewed as a corollary to The-
orem 3.18, since any right artinian ring is (vacuously) very strongly AR-
separated. Similarly, this holds for a simple right noetherian ring. Finally
the same holds for a right noetherian PI-ring, since if @ < P € Spec(R)
then P/Q, being a nonzero ideal of a prime right Goldie ring R/Q, contains

a central element of R/Q by (65, Theorem 1.6.27].

According to [15, Theorem C], R[z] satisfies the right strong second
layer condition when R is an FBN ring. Furthermore, any artinian ring is
an FBN ring. Thus, in case R is an artinian ring, the conclusion of the

above corollary can be strengthened to the strong second layer condition.

3.4. Second Layer conditions of Quotient Rings

We look at the transfer of second layer conditions to quotient rings.
When C is a right Ore set in a right noetherian ring R satisfying the right sec-
ond layer condition, then RC~! satisfies the right second layer condition[40,
Proposition 8.1.4]. This can be generalized to a torsion radical ¢ if I, is an
ideal of R, for every ideal I of R. Recall that if R is o-torsionfree, then
I,/I = o(E(I)/I) and I, is a right ideal of R,. First, we examine relations
between Spec(R) and Spec(R,), which are very similar to those of a ring

and its quotient ring with respect to a right Ore set.
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LEMMA 3.23. Let R be a ring. Let o be a perfect torsion radical on
Mod-R such that R is o-torsionfree. If I is a right ideal of R, then
(i) IN R is a right ideal of R.

(i) ({NR)y=1.

PROOF. (i). Since o(R) =0, R C R, and hence I N R is a right ideal of

(ii). Note that

I__I+R _Rs
IﬂR R — R’

so I/IN R is o-torsion. Thus I C (I N R),. Also note that

UNR)s ok

I ?
I TR

yielding that (I N R),/I is o-torsion since (I N R),/(I N R) is o-torsion.
On the other hand, (I N R),/I is o-torsionfree since ¢ is perfect. Hence,

I=(NR),. a

LEMMA 3.24. Let R be a ring. Let o be a perfect torsion radical on

Mod-R such that R is o-torsionfree. If I is a right ideal of R, then I, = IR,.

PROOF. Note that IR, is a right ideal of R, and hence o-torsionfree as
a right R,-module. Since R € R,, we have I C IR,. Observe that IR,/I
is o-torsion, and so IR, C I,. On the other hand, I,/IR, is o-torsionfree,

SOI¢=[R¢. D
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LEMMA 3.25. Let R be a right noetherian ring, and let ¢ be a perfect
torsion radical on Mod-R such that R is o-torsionfree. If I, is an ideal of
Ry for every ideal I of R, then PN R is a prime ideal of R for every prime
P in R,.

PRrOOF. Note that R can be regarded as a subring of R, since o(R) = 0.
Let I, J be ideals of R such that IJ € PAR. Then (IJ), C (POR), = P,
where the last equality is established in Lemma 3.23.

I,Js = IRzJRy = IJRy = (I])s.

Thus either [ CPorJ,CP,sol CPNRorJ CPNR. O

If M is a o-torsionfree right R-module where o is a torsion radical,
then E(M)p is an injective hull E(M,)r, of M, as a right R,-module {71,
Proposition IX 2.5]. Now the following lemma is specialized for prime ideals

of Ry.

LEMMA 3.26. Let R be a right noetherian ring, and let o a perfect tor-

ston radical on Mod-R. such that R is g-torsionfree. Then
E(R;/P)r, =E(R/PNR)r
as R-modules for every prime ideal P of Ry.

PROOF. Since o is perfect, (p25)s = R,/P. Also

R R
(PnR)cgE(PnR)R
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by the definition of the quotient module since R/P N R is o-torsionfree.

Consider

(PEn)e —L— E((zBR)e)r.

|

E(pir)r
where f, g are R-module embeddings. Since E(R/(P N R))r is injective as
an R-module and since (p2g)s C. E((p25)s)r, as R-modules, g can be

extended to a monomorphism

G E((3rg)or — E(papg)n

Note that E(R/(P N R))gr is o-torsionfree and o-injective, and so it can
be regarded as an R,-module. This makes G an isomorphism, proving the

assertion. a

PROPOSITION 3.27. Let R be a right noetherian ring and let ¢ be a per-
fect torsion radical such that R is o-torsionfree and I, is an ideal of R, for
every ideal I of R. If R satisfies the right second layer condition, then R,

satisfies the right second layer condition.

ProOOF. First, note that R, is right noetherian since R is right noether-
ian and o is perfect. Let P be a prime ideal of R,. Let M be a finitely
generated P-tame right R,-module with rg_ (M) = Q € Spec(R,). Suppose
Q C P. Since M is finitely generated as an R,-module, there exists a finitely

generated right R-module N such that M = NR,.
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We claim that M is PN R-tame. Without loss of generality, assume that
M is a uniform right R,-module by [18, Lemma 7.9]. So M < E(Ros/P)R, -

By Lemma 3.26, E(Ry/P)r, = E(R/P N R)r as R-modules. Since
rr(M) =rp,(M)NR=QNR,

we deduce that rr(N) = Q N R. By the right second layer condition on

PN R, it follows that QN R = PN R. But this cannot happenas Q C P. 0O



CHAPTER 4

Torsion Theoretic Second Layer Conditions
4.1. Introduction

Let R be a ring and let & be a torsion radical on the category Mod-R
of right R-modules. Quite often statements regarding R-modules can be
relativized with respect to ¢ with minor modifications. For example, a ring
S is shown to be right o-noetherian iff direct sums of o-torsionfree injective
right S-modules are injective. This bears a close parallel to a well-known
result by Papp [63] and Bass {5] that a ring R is right noetherian iff direct
sums of injective R-modules are injective. Also Jategaonkar relativized the
Krull dimension with respect to o resulting in a dimension function with
similar properties {37].

However, occasionally a blind relativization bogs down so that no equiv-
alent formulation may be possible. This happens to be the case with FBN
rings. An attempt to extend Krause’s 1972 result, that FBN rings are
characterized by the 1-1 correspondence between the set of prime ideals
and the set of isomorphism classes of indecomposable injective modules, to
o-bounded rings ends short of achieving the equivalence. In reformulat-

ing hypotheses relative to o, we define a ring R to be right o-bounded if

116
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every o-closed essential right ideal contains a nonzero ideal of R. We pro-
duce a counter-example to show that a 1-1 correspondence between the set of
o-torsionfree indecomposable injective modules and the set of o-closed prime
ideals need not imply that the ring is fully o-bounded. The 1-1 correspon-
dence mentioned above is called a local bijective Gabriel correspondence.

In this chapter, we investigate sufficient and necessary conditions for a
right o-noetherian ring R to be fully o-bounded and learn that the second
layer condition plays an important role here, too. In doing so, we find that,
with an additional condition, called ideal invariance, on the structure of
ideals, the equivalence between fully o-bounded rings and rings with local
bijective Gabriel correspondence can be achieved. In the absence of the ideal
invariance, we conclude that the local bijective Gabriel correspondence and
the second layer condition are not only sufficient, but also necessary for a
right o-noetherian ring to be fully o-bounded.

Afterwards we extend the classical Krull dimension defined by Kosler
[42] and explore its properties relative to o.

Motivation for this chapter was provided by [1] where the equivalence
between fully o-boundedness and the local bijective Gabriel correspondence
was claimed to hold. Unfortunately, the proof contained an error, which
was propagated in [3]. Additional material on o-relative FBN rings can be

found in [49].
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4.2. Gabriel Correspondences

Let R be a ring. There is a surjective mapping ¢ from the set of iso-
morphism classes [E] of indecomposable injectives to the set of prime ideals
of R, given by ¢([E]) = Ass(E). If R is a commutative noetherian ring,
then Matlis [55, Proposition 3.1] showed, in 1958, that this mapping is, in
fact, a 1-1 correspondence. Later in 1972, Krause [44, Theorem 3.5] showed
that this 1-1 correspondence characterizes right FBN rings. Specifically, he

showed that the following statements are equivalent:

(i) R is a right FBN ring.

(ii) There is a 1-1 correspondence between the set of isomorphism classes
of indecomposable injective right R-modules and the set of prime
ideals of R.

(iii) For any indecomposable injective right R-module E with Ass(E) = P

there exists a P-prime cyclic submodule eR such that |eR| = |R/P|.

If R has property (ii), then R is said to have bijective Gabriel correspondence.
In this section, we try to give a similar formulation of right FBN rings relative

to a torsion radical o in terms of Gabriel correspondence.

DEFINITION. Let R be a ring and let ¢ be a torsion radical on Mod-R.
We define Spec,(R) to be the set {P € Spec(R) | o(R/P) = 0} of o-closed

prime ideals.
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Note that if R is a right noetherian ring, then for any given prime ideal
P of R, either o(R/P) = 0 or 6(R/P) = R/P {40, Proposition 5.4.2]. In
other words, P is either o-closed or o-dense in R.

The ring R is said to have local bijective Gabriel correspondence with
respect to o if the map [E] — Ass(E) is a 1-1 correspondence between the
set of isomorphism classes of s-torsionfree indecomposable injective modules
and Spec, (R).

Let o be a torsion radical. A ring R is called right o-noetherian if R has
ACC on o-closed right ideals. It is called right o-artinian if it has DCC on
o-closed right ideals. A ring R is right o-noetherian iff every o-torsionfree
injective right R-module is a direct sum of o-torsionfree indecomposable in-
jective submodules or, equivalently, if a direct sum of g-torsionfree injective
right R-modules is again injective (73, Theorem 1.2].

A right R-module M is called o-noetherian if M has ACC on o-closed
submodules. It is called o-artinian if it has DCC on o-closed submodules.

If R is right o-noetherian and M is a finitely generated right R-module,
then M is o-noetherian. Note that, if M is a o-noetherian module, then
M contains a submodule N such that o(M/N) = M/N and N is finitely
generated. In this case, M is called o-finitely generated. The class of right
o-noetherian modules is closed under submodules and factor modules.

A o-noetherian module M need not contain a uniform submodule. How-
ever, if M is a o-torsionfree oc-noetherian module, then the existence of a uni-

form submodule is assured. This can be seen as follows. Assume that M is
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not uniform, so there exist nonzero submodules N; and N2 with N1NN3 = 0.
Since M is torsionfree, Ny N N3 = 0. Since M is o-noetherian and not uni-
form, there exists a o-closed submodule K that is maximal with respect to
the property that K N L = 0 for some nonzero submodule L, which is easily
seen to be uniform, due to the maximality of K. Accordingly, in order to
ensure the existence of uniform submodules, we will restrict the discussion
to o-torsionfree modules in what follows. In particular, we will consider
tame modules only when they are o-torsionfree. If R is right o-noetherian
and P is a o-closed prime ideal, then R/P turns out to be a prime right
Goldie ring (60, Lemma 4.1}, [7, Proposition 2|. Moreover, for any given
nonzero right ideal I of a prime o-torsionfree right o-noetherian ring R, we
can see that I™"k(RR) contains a finitely generated essential free submodule
[29, Corollary 6.26).

Recall that when U is a uniform right R-module, then Ass(U) can be
defined as {J{r(V) | 0 # V € U} = r(U’) for some U’ C U. Note that
Ass(U) is a prime ideal.

Now we look at several conditions equivalent to the local bijective Gabriel

correspondence with respect to a torsion radical o.

PROPOSITION 4.1. Let o be a torsion radical on Mod-R and let R be a

right o -noetherian ring. Then the following are equivalent.

(i) R has local bijective Gabriel correspondence with respect to o.
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(if) Direct products of Spec,(R)-tame right R-modules are tame and o is
cogenerated by Dpespec, (ry E(R/P)-
(iii) Any nonzero g-torsionfree right R-module M is tame.
(iv) For every o-torsionfree indecomposable injective right R-module E
with the associated prime Ass(E) = P, there ezists a P-prime cyclic

submodule eR of E such that leR|, = |R/P|,.

PRrOOF. (i) = (ii): Let {M; | Z € I} be a set of Spec, ( R)-tame modules.
Since each M; is o-torsionfree and since products of o-torsionfree modules
are o-torsionfree, [T.c; M; is o-torsionfree. Now, let U be a uniform sub-
module of [[;c; M;. Then E(U) = Ep by (i), where Ass(U) = P @ Spec,(R)
and Ep is the indecomposable injective summand of E(R/P). Thus U is
Spec,(R)-tame, and so [];c; M; is tame proving that the direct product is
tame.

Next, we show that o is cogenerated by @ pespec, (r) E(R/P). Since
any torsion radical is cogenerated by an injective (o-torsionfree) module
(40, p. 10], let E = @;¢; Ei, where each E; is indecomposable injective,
be a cogenerator for o. Since each E; is o-torsionfree, by (i) E; = FEp,
with P; € Spec,(R). Note that @ pespec,(r) E(R/P) is injective. Also
note that @ pegpec, (r) EP is o-torsionfree. Thus @ pegpec, (r) E(R/P) Is 2
cogenerator of ¢.

(if) = (iii): Let M be a nonzero o-torsionfree right R-module. Then

MHH( b E(R/P)) <l II Ewp),

PeSpec,(R) P€Spec, (R)



4.2. GABRIEL CORRESPONDENCES 122
a8 M is o-torsionfree. By (ii), [[(I]pespec, (r) E(R/P)) is tame. So M is
tame.

(ili) = (iv): Let E be an indecomposable injective o-torsionfree right
R-module with Ass(E) = P. Set F = lg(P), so F is a P-prime submodule.
Choose 0 # e € F, so eR is tame since E is tame by (iii). Hence it follows
that r(e)/P is not an essential right ideal of R/P, and so there exists a right

ideal I O P such that I nr(e) = P. Note that

|R/Pls = |I/Pls
= |I/(INnr(e)loe = |({ +r(e))/r(e)l

< |R/r(e)ls = |eR|s < |R/P|o.

This shows that |eR|, = [R/P|,-

(iv) = (i): Let [E] — Ass(E) be the map f from the isomorphism classes
[E] of indecomposable injective o-torsionfree right R-modules to Spec,(R).
Since f is surjective, it suffices to show that it is injective. Suppose that
F([E]) = F(IE), so Ass(E) = Ass(E') = P. By (iv), there exist e € E
and ¢ € E’ such that eR and €R are P-prime modules with |eR|, =
|R/Pls = |€'R|,. Note that r(e)/P and r(e’)/P are not essential in R/P.
Thus eR = R/r(e) contains a submodule which is isomorphic to a uniform
right ideal of R/P by [29, Lemma 6.17]. The same is true for ¢’R. This

means that E = E(eR) = Ep X E(¢'R) = E'. 0
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DEFINITION. Let R be a ring and o be a torsion radical on Mod-R. The
ring R is said to be right o-bounded if every o-closed essential right ideal I
of R contains a nonzero ideal J of R. It is said to be right fully o-bounded

if every prime factor ring R/P is right o-bounded.

LEMMA 4.2. Let o be a torsion radical on Mod-R and let R be a right
o-noetherian ring. If R is right fully o-bounded, then R has local bijective

Gabriel correspondence with respect to o.

PrROOF. Let E be an indecomposable injective o-torsionfree module
with Ass(E) = P. Let e € [g(P) and note that r(e) is o-closed. Since
P = r(eR) = r(R/r(e)) is the largest two-sided ideal contained in r(e),
the fully o-boundedness of R implies that r(e)/P is not essential in R/P.
Consequently, |eR|, = |R/r(€)|s = |R/P|s, so (iv) of Proposition 4.1 holds.

This proves the assertion. a

In view of the equivalence of (i), (ii), and (iii) at the beginning of this sec-
tion and taking into account Proposition 4.1 as well as the previous lemma,
one is tempted to conclude that a ¢-noetherian ring with local bijective
Gabriel correspondence with respect to o is right fully o-bounded. However,

this fails even for a noetherian ring as indicated by the following example.

EXAMPLE 4.3. Let A; = kz]{y;d/dz] be the first Weyl algebra over a
field k of characteristic 0. Set R = k +zA;. Then R is the idealizer of the
maximal right ideal zA,, and it is a noetherian domain. It is easy to see

that 0, P = zA; and R are the only ideals of R.
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Let o be the torsion radical cogenerated by E(R)r ® E(R/P)r- It will
be shown that R has local bijective Gabriel correspondence, but that it is
not right fully s-bounded.

First, let E be a o-torsionfree indecomposable injective right R-module
with Ass(E) = P. Let eR be a cyclic P-prime submodule of E. Then
rr(e) = P since rr(e) 2 P and P is a maximal right ideal of R. Hence,
eR=R/P— E(R/P)g, and so E 2 Ep = E(R/P)g.

Next, let E be a o-torsionfree indecomposable injective right R-module
with Ass(E) = 0. If E % E(R)g, then E = E(R/A)g for some nonzero right
ideal A of R. Since R is a domain and 0 # A C R, we get |R/A| < |R|r. Also
note that |Rp| = |A;] = 1 by {56, Proposition 6.5.2 and 6.6.8]. Therefore,
|IR/A| = 0, i.e., R/A is an artinian and uniform right R-module. So R/A
may be assumed to be a simple o-torsionfree.

Now,

0 # Hom(R/A,E(R)r @ E(R/P)R)

= Hom(R/A, E(R) r) © Hom(R/A, E(R/P)R).

Note that Hom(R/A,E(R)r) = 0, for otherwise R would contain a
nonzero minimal right ideal, so soc(Rr) # 0 and R would be artinian by

[29, Corollary 6.16].
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Thus, Hom(R/A,E(R/P)Rr) # 0. In other words, E(R/P)r contains a

submodule isomorphic to R/A, so that

Ass(R/A) = Ass(E(R/P)) = P.

This contradicts Ass(E) = 0. Therefore, E = E(R)g.

Consequently, R has local bijective Gabriel correspondence with respect
to o.

We proceed to show that the prime ring R is not right bounded. Note
that P C. R since R is a domain. We claim that zP is o-closed in R.

As P = z?A; C zA; = P and P € r(R/zP), so r(R/zP) = 0.
Note that P/zP = zA;/z2A; = A;/TtA; = A)/P as right A;-modules,
hence as right R-modules. Also (A;/P)g is seen to be uniform as in the
proof of [36, Theorem 1.1.12 (ii)], so R/P C. A1/P = P/zP. There-
fore, P/zP — E(R/P)g, and so P/zP is o-torsionfree. Since R/P is
o-torsionfree and extensions of o-torsionfree modules by o-torsionfree mod-
ules are o-torsionfree, R/zP is thus o-torsionfree. Since r(R/zP) = 0, it

follows that P does not contain a nonzero ideal. 0O

The question arises what additional condition has to be imposed on a
torsion radical o in order to assure that for a right o-noetherian ring R
the local bijective Gabriel correspondence with respect to o is equivalent
to right fully o-boundedness. As is shown below, one such condition is the

ideal invariance of o.
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DEFINITION. Let R be a ring with right Krull dimension. An ideal I of
R is said to be right ideal invariant with respect to the Krull dimension if
|M®gI| < |M] for any finitely generated right R-module M, or equivalently
{I/TI| < |R/T] for every right ideal T C R. The ring R is called right ideal
tnvariant if every ideal is right ideal invariant.

An ideal I is said to be right weakly ideal invariant if M ®rI| <|R/I|
for every finitely generated right R-module M with |M| < |R/I|.

Let R be a ring and let o be a torsion radical. Then o is said to be
(right) ideal invariant if o(I/DI) = I/DI or equivalently |[/DI|, = —1, for

any ideal I and any o-dense right ideal D in R.

The concept of ideal invariance was first introduced by Stafford {69].
It is a sort of generalization of the AR-property and has been applied to
study polycyclic group rings and enveloping algebras. The definition with
respect to a torsion theory was given by Robson [64]. One practical use of
ideal invariance is furnished by the following: If R is a Krull homogeneous
ring with Krull dimension and the prime radical N is right weakly ideal
invariant, then R is a right order in a right artinian ring (45, Theorem 8],
(58, Corollary 11].

We establish an elementary property of ideal invariance and proceed to
show that ideal invariance closes the gap between the local bijective Gabriel

correspondence and the right fully o-boundedness of a right o-noetherian

ring.
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LEMMA 4.4. [3, Proposition 2.5] Let o be an ideal invariant torsion
radical. Let N be a o-dense submodule of a o-torsionfree right R-module
M. Then rg(N) = rr(M).

Proor. Certainly, rr(N) 2 rr(M).

In order to establish equality, set I = rgr(N). Since N is o-dense in
M, for any given m € M there exists a o-dense right ideal D, C R such
that mD,, € N. Thus mDp,I = 0. Note that o(I/DmnI) = I/Dmnl by the
ideal invariance of o, hence for any z € I there exists a o-dense right ideal
D, C R such that D, C Dy I. Thus, mzD, C mD,I = 0. However, M is
o-torsionfree, so mz = 0 for every m € M and every z € I. Consequently,

rrR(M) = I =rp(N). O

The following result was proved in [3, Theorem 2.9] as a direct con-
sequence of [1, Theorem 17]. However, [1] contains an error, which was
pointed out in Example 4.3. However, the result as stated still holds, and

we now give a new proof.

PROPOSITION 4.5. Let R be a right o-noetherian ring and let o be ideal

tnvariant. Then the following are equivelent.

(i) R is right fully o-bounded.

(ii) R has local bijective Gabriel correspondence with respect to o.

Proor. (i) = (ii) follows from Lemma 4.2.
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(ii) = (i): Let P be a prime ideal of R. Suppose that E/P C. R/P and
that (R/P)/(E/P) = R/E is o-torsionfree. We proceed to show that E/P
contains a nonzero ideal of R/P. If P is not o-closed, then E 2 P° D P.
Since P’ is easily seen to be an ideal, the desired result follows. Therefore,

assume that P is og-closed. Define
E={E/P|E/PC. R/P, R/E is o-torsionfree and r(R/E) = P},

and assume that £ # 0. Since R/P is also right o-noetherian, there exists
a maximal E/P € £ We claim that R/F is uniform and fully faithful
as an R/P-module. Suppose R/FE is not uniform. Then there exist 0 #
I/E, I/E C R/E such that ), N I; = E. Since o(R/E) = 0, the o-closure

of EE’ = E. Note that

E=IInk =T,NnT; =E by Lemma 1.7.

So R/E = R/(T| nT;) — R/T{ ® R/T;,

and we get either r(R/T{) = P or #(R/T;) = P. Since E C I; C T; for
1 = 1,2, the maximality of E is contradicted. This shows that R/E is
uniform.

Now, in order to show that R/E is fully faithful, let 0 # F/E C R/E.
Note that ~(F° /E) = ~(FJ/E ) = r(F/E) by Lemma 1.7 and Lemma 4.4,

as F/E is o-torsionfree. Since

r(R/F’)r(F’/E) C r(R/E) =P,
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we get either r(R/F°) = P or r(F" /E) = P. The former leads to a contra-
diction to the maximality of Ein £,as ECF CF . So r(F/E) = P, and
hence R/FE is fully faithful. This proves the claim.

Consequently, R/E is P-tame by the local bijective Gabriel correspon-
dence. But E/P C. R/P implies that r(z+E)/P C. R/P for any 0 # z+P.

This contradicts that R/E is P-tame. O

While the ideal invariance of ¢ is sufficient for the right fully o-boundedness
of a right o-noetherian ring with local bijective Gabriel correspondence, it
seems that only a weaker condition is necessary. Specifically, this condition
is the right restricted strong second layer condition for Spec,(R). This is
established in Theorem 4.8 below. We first show that if ¢ is ideal invariant
and R is right fully o-bounded, then Spec,(R) satisfies the right restricted

strong second layer condition, in fact, it satisfies the following.

DEFINTTION. Let R be a right o-noetherian ring and let P be a o-closed
prime ideal of R. Then P is said to satisfy the right o-restricted strong second
layer condition if whenever M is a o-noetherian P-tame right R-module

with (M) = Q € Spec(R) then Q = P.

Since every finitely generated right R-module is o-noetherian, the right
o-restricted strong second layer condition is formally stronger than the right

restricted strong second layer condition.
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PROPOSTTION 4.6. Let o be an ideal invariant torsion radical If R is
a right o-noetherian right fully o-bounded ring, then Spec,(R) satisfies the

right o-restricted strong second layer condition.

Proor. Let P € Spec,(R). Suppose that M is a o-noetherian P-tame
module with (M) = Q € Spec(R). Note that Q € Spec,(R). There exists a
finitely generated o-dense submodule N such that N =n,R+---+nR and
r(M) = r(N) by Lemma 4.4. Since r(N) = (e, r(niR) = Q, there exists
some i such that @ = r(n; R). If r(n;)/Q Ce R/Q, then there exists an ideal
I such that Q € I C r(n;) by right o-boundedness of R/Q, since R/r(n;)
is o-torsionfree. But this leads to the contradiction Q@ € I C r(nyR) = Q.
Hence, r(n;)/Q is not essential in R/Q and thus there exists a right ideal J

such that Q@ C J and J Nr(n;) = Q. Observe that
J/Q = J/(JNr(m)) = (J +r(n))/r(m) — R/r(m) =R

Thus Q@ = Ass(J/Q) = Ass(n;R) = P, proving that P satisfies the right

o-restricted strong second layer condition. a

Let R be a right o-noetherian ring. The right o-restricted strong second
layer condition on R can be characterized in several ways, analogous to
the characterization of the right restricted strong second layer condition in

Theorem 2.13.

PROPOSITION 4.7. Let R be a right o-noetherian ring. If P € Spec,(R),

then the following are equivalent.
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(i) P satisfies the right o-restricted strong second layer condition.
(i) M7 is P-tame for every P-tame o-noetherian module M for any
nonempty indez set I.

(iii) Every P-tame o-noetherian module M is finitely annihilated.

PROOF. (i)=>(ii): Since M is o-torsionfree, M! is o-torsionfree. Let
Q € Ass(M!). So Q = r(U) for some uniform submodule of M. Without
loss of generality, we can assume that U is @-prime and that Q = r(mR)
for some m = (m;);esr € U, where each m; € M. Then

Q =r((m:)R) =\ r(m:R) = r(D_ miR).
i€l i€l
Since ) ;c; MR is a submodule of the o-noetherian module M, it is also
o-noetherian. It is also P-tame. Now, the right o-restricted strong sec-
ond layer condition on P forces Q = P. Thus we have shown that M/ is
P-primary.

Next, we show that M/ is tame. Set L = Iy (P). If r(z)/P C. R/P
for some 0 # z = (z;)ier € L, then r(z;)/P C. R/P for all z;, contradicting
the fact that M is P-tame.

(ii)=>(iii): Since R/r(M) — MM we can assume without loss of gener-
ality that r(M) = 0. By (ii) and R — MM, obtain that R is P-tame. Since
R is o-torsionfree and right o-noetherian, {g(P) C. Rr-

Suppose that M is not finitely annihilated. Take m; € M, so r(m;) # 0,
and hence r(m;) N lr(P) # 0. There exists an element my € M such that

ma(r(m1)NIr(P)) # 0, in other words, r(m) Nlgr(P) D r(my, me) Nlg(P).
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Continuing inductively, we get a sequence m;,ma,--- € M such that

Ir(P)Nr(my,...,m)

Ir(P)Nr(my,..., Mk, Mey1) = M1 (lr(PYNr(my,...,me)),

0#

and so each factor is R/P-torsionfree since M is P-tame. Since R/P is
a prime right Goldie ring, the reduced rank with respect to R/P can be
defined. Since R is o-noetherian, o-torsionfree and since lg(P) is torsionfree
as a right R/P-module, it follows that pr/p(Ir(P)) < oo 7, Lemma (1)].

Set pr/p(Ir(P)) = n. On the other hand,

[r(P)

In(P) Nr(my))

Pr/p(Ir(P)) 2 pr/p(

"‘ZPR/P( lr(P)Nr(my,...,m;)

Ta(®) 0 R(P) N r(m, - magn))

i=1

This is a contradiction. Thus, M is finitely annihilated.
(iii)=>(i): Let M be a o-noetherian P-tame right R-module with r(M) =
Q € Spec(R). Since Q = r(M) = r(m,,...,my) for some my,...,m, € M,

R/Q— émiR c M™.

=1

Thus Q@ = Ass(R/Q) = Ass(M) = P. O

We proceed to establish the main theorem of this section that the second
layer condition closes the gap between the right fully o-boundedness and the

local bijective Gabriel correspondence with respect to o.

THEOREM 4.8. Let R be a right o-noetherian ring. Then the following

are equivalent.
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(i) R is right fully o-bounded.
(ii) (a) R has local bijective Gabriel correspondence with respect to .
(b) Spec,(R) satisfies the right restricted strong second layer con-

dition.

PROOF. (i)=(ii): Part (a) follows from Lemma 4.2. In order to prove
(b), let P € Spec,(R). Let M be a finitely generated P-tame module
with r(M) = Q € Spec(R). Recall that M is o-torsionfree, and hence
Q € Spec,(R) as R/Q = R/r(M) — MM . Without loss of generality, we
may assume that Q = r(mR) where M = mR. If r(m)/Q C. R/Q, then
there exists an ideal I such that @ C I C r(m) by the right o-boundedness
of R/Q. So mRI C mI = 0, whence I C r(mR) = Q, a contradiction. So
r(m)/Q is not essential in R/Q, hence there exists a nonzero right ideal J/Q

such that J/Q Nr(m)/Q = 0. Then Q = P follows from
I/Q=1I/(r(m)NI) = (I +r(m))/r(m) — mR.

Therefore, P satisfies the right restricted strong second layer condition.
(ii)=>(i): Let P be a prime ideal and let E/P C. R/P such that R/E
is o-torsionfree. We show that r(R/E) D P. If P is not o-closed, then
E 2P’ 2 P. Since P’ is easily seen to be an ideal, the assertion follows in
this case.
Thus assume that P is o-closed. Since R/FE is a right o-noetherian and
o-torsionfree module, R/FE has finite rank {3, p.- 852]. Hence there exist

finitely many o-closed right ideals E; D E such that E = (-, Ei, R/E; is
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uniform for each i and R/E — @, R/E;. Since r(R/E) = (=, r(R/Ex),
the assertion will follow if we can show that r(R/E;) D P for each i. Thus
we may without loss of generality assume that R/F is uniform. Assume that
r(R/E) = P and let Ass(R/E) = Q. Note that Q € Spec,(R) and P C
Q. Since R is assumed to have local bijective Gabriel correspondence with
respect to g, E(R/E) = Eq. Since R/E is a finitely generated Q-tame right
R-module with P = r(R/E) C Q, the right restricted strong second layer
condition for Spec,(R) forces Q@ = P, so R/E is P-tame. However, since
R/P is a right Goldie prime ring, F contains an element ¢ € C(P), so R/E,
being a homomorphic image of R/cR, is C(P)-torsion. This contradiction

shows that ~(R/E) D P. O

REMARK. It would be interesting to know whether condition (b) in the
preceding theorem can be replaced by the right o-restricted strong second
layer condition. In view of Proposition 4.7, this would allow one to charac-
terize right fully o-bounded rings as those right o-noetherian rings for which
each o-torsionfree o-noetherian right module is finitely annihilated. If o is
ideal invariant, then o-restricted strong second layer condition can be used

for (b). At this time we can only prove the following.

PROPOSITION 4.9. Let R be a right o-noetherian ring. Then the follow-

ing are equivalent.

(i) (a) R has local bijective Gabriel correspondence with respect to o.
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(b) Spec, (R) satisfies the right o-restricted strong second layer con-
dition.

(ii) Every o-torsionfree o-noetherian right R-module M 1is finitely anni-

hilated.

PROOF. (i)=>(ii): Note that M embeds in a finite direct sum of uniform

o-torsionfree o-noetherian modules N; with
Ass(N;) = P; € Ass(M) C Spec,(R).

By (i)(a), Ni € E(V;) = Ep, so each N; is P;-tame. By Proposition 4.7,
each submodule of each N; is finitely annihilated, so M is finitely annihilated
by Lemma 1.14.

(ii)=>(i): Let P be a prime ideal, and let E/P C. R/P such that
o(R/E) = 0. Then r(R/E) = (\},,r(z: + E), so r(R/E) D> P since
r(z; + E)/P C. R/P for each i. Thus R is right fully o-bounded, hence
(i)(a) holds holds by Theorem 4.8. If P € Spec,(R) and M is a P-tame
o-noetherian right R-module, then M is o-torsionfree and thus finitely an-
nihilated by hypothesis. Thus P satisfies the right o-restricted strong second

layer condition by Proposition 4.7. a

4.3. Relative Krull Dimension

For a right FBN ring R, it has been shown that the classical Krull
dimension of R is equal to the Krull dimension of Rp in the sense of

Gabriel and Rentschler (44, Theorem 2.4]. This has been generalized to
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right o-noetherian right fully o-bounded rings in {49] where relative classi-
cal Krull dimension with respect to o is defined in terms of o-closed prime
ideals.

DEFINITION. Let R be a ring and let o be a torsion radical on Mod-R.

Set Spec;!(R) = 0, and for an ordinal & > ~1 define
Specg(R) = {P € Spec,(R) | P C Q € Spec,(R) = Q € Ug<a Speci(R)}.

The classical o-Krull dimension of R is the smallest ordinal « such that

Spec,(R) = SpecZ(R) and is denoted by cl.K,.dim(R).

If R is a right o-noetherian ring, then cl.K,.dim(R) exists, cf., [29,
Proposition 12.1].

In this section we show that rings with local bijective Gabriel correspon-
dence with respect to a torsion radical exhibit the same behavior as right
FBN rings with respect to the equality of the relative Krull dimension and

the relative classical Krull dimension.

DEFINITION. Let R be a ring and let o be a torsion radical. For a right
R-module M, define K,(M) = {N C M | ¢(M/N) = 0}. The relative
o-Krull dimension of M is defined as dev(K,(M)) and denoted by (M]|,.

Set 'y = {N C M | M/N is Spec,(R)-tame }. Then v,(M) is defined

as dev(T';(M)).

If M is o-torsion, then v,(M) = —1. If a right R-module M has Krull

dimension, then v,(M) is defined. The relative dimension 7, is an extension
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of Kosler’s classical Krull dimension Cl.dim [42], which arises as v, for the
special case Spec(R) = Spec,(R). It was proved that, for a right noetherian
ring R satisfying the right second layer condition,

ClLdim(Rg) = CLK.dim(R)

(42, Theorem 2.9]. This equality can also be established for right noetherian
rings with local bijective Gabriel correspondence, which do not necessarily

satisfy the right second layer condition [Example 4.3].

PROPOSITION 4.10. Let R be a right o-noetherian ring and let M be a

o-noetherian right R-module. Then v,(M) < |M|,.

PROOF. Since M is o-noetherian, {M|, exists. Since Spec,(R)-tame

modules are o-torsionfree, ['x(M) C Ko (M). Thus v,(M) < |M|,. O

COROLLARY 4.11. Let R be a right o-noetherian ring with local bijective
Gabriel correspondence with respect to 0. Then v,(M) = |M|s for any

o-noetherian module M.

PROOF. By Proposition 4.1, any o-torsionfree module is Spec, (R)-tame.

a

LEMMA 4.12. Let R be a o-torsionfree prime right o-noetherian ring.
Let E be an essential right ideal of R. Then
(i) If R/E is Spec,(R)-tame, then v¥,(R/E) < v-(RR).

(i) [R/Els < |RRles-
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PrOOF. (i). Define Ep = R and E; = E. Suppose E; has been defined

fori=0,1,...,k where E; C. R, Ei_| D Ei, Yo(Ei-1/E:) = v,(R/E) and
R/E; is Spec,(R)-tame for all i < k.

Choose a regular element ¢ of R in E;. This is possible since R is a

prime right Goldie ring and Ei C. R. We define E,; to be a submodule of

E; that is maximal with respect to E¢41/cEx N cR/cEx = 0. This can be

chosen by Zorn’s lemma. Then Ei,,/cE; @ cR/cE; Ce Ex/cEy and

Eit+1/cEc ®cR/cE;
Ery1/cEy

cR/cE = Ce Ex/Eiy-

Observe that R/ E, = ¢cR/cEx as c is a regular element. Thus E/Ey, is
Spec,(R)-tame, and hence R/E,,; is Spec,(R)-tame, as an extension of a
tame module by a tame module is tame.

Note that ¢2R C cEj C Ei4,. Since ¢? is also regular, Ei,; contains a

regular element, hence Ex4+; €. R. We also have

76(Ek/Ek+l) > Y(R/E) = "ﬁr(R/E)

since R/Ey — Ei/Er.;. Thus Ei,., has been constructed satisfying the
required conditions.

Considering the infinite decreasing sequence R=Fg D E; D E2 D ---,
we see that R/E; is Spec,(R)-tame and that v, (E;/Ei+1) 2 v (R/E) for
all . Thus v,(R) > 7-(R/E).

(ii). Let ¢ be a regular element of R in E. Then for the decreasing

sequence R D ¢cR O c2R D ---, we have that |¢R/¢**'R|, < |R|, for
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all but finitely many i. Since R/cR = cR/c**1R, it now follows that
IR/E[a' < lR/CRIa < lRlc- a

LEMMA 4.13. Let R be a right o-noetherian ring. Then

PRrOOF. The second inequality was obtained in Proposition 4.10.

The first inequality is proved by induction on a@ = y,(R). If a = ~1,
then for any prime ideal P of R, R/P cannot be Spec,(R)-tame, that is,
P & Spec,(R). Thus, Spec,(R) = @, so cl.Ks.dim(R) = —1.

Assume that the inequality holds for all ordinals 8 < «. It has to be
shown that cl.K,.dim(R) € o when a = ,(R). We show that if P €
Spec(R), then P € Speci(R). Let Q DO P be a prime ideal in Spec,(R).
Since Q/P C. R/P, we get B = ¥-(R/Q) < 7o(R/P) < 7(R) = a by
Lemma 4.12. By the inductive hypothesis, cl.Ks.dim(R/Q) < v,{(R/Q).
Therefore Spec?(R/Q) = Spec,(R/Q), and hence Q € Spec?(R). Thus,

P € SpecZ(R), so Spec,(R) = SpecS(R). Hence cl.K,.dim(R) < v(R). O

In order to establish equality between dimensions, a lemma is required.

LEMMA 4.14. Let R be a right o-noetherian ring with local bijective
Gabriel correspondence. If M is a o-noetherian right R-module that is not

o-torsion, then |M|, = |R/P)|, for some prime ideal of R.
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PROOF. Since (M|, = |M/o(M)|,, assume that M is o-torsionfree.

Suppose that the assertion is not true. Consider
M={N<M|c(M/N)=0,JM/N|, #|R/P|s for any P € Spec,(R)}.

Since 0 € M, there exists a maximal N € M such that for any N' D N
with o(M/N’}) =0, |M/N’|, = |R/P|, for some prime P. Replace M by
M/N and choose 2 prime uniform submodule U C M where Ass(U) = P.
Note that P € Spec,(R) and U is tame by Proposition 4.1. If U c M,
then |M/U’|, = |R/Q| for some prime Q by the maximality of N. Also

{T%ls = |Uls = |R/P|s, where the second equality holds by U being tame.

Hence
|M|; = max{|Ul, |M/T |5}
= max{|R/Plq, |R/Q|s}.
If U’ = M, then |[M|, = |U|, = |R/ P|, gives the result. ]

PROPOSITION 4.15. Let R be a right o-noetherian ring having local bi-

Jjective Gabriel correspondence with respect to o. Then
clK,.dim(R) = v-(Rr) = |Rrlo-

ProoF. By Corollary 4.11 and Lemma 4.13, it suffices to prove that
|[Rrle < cl.Kq.dim(R). This is shown by induction on @ = |Rg|,. f a =
—1, then for any prime ideal P, the prime ring R/P is o- torsion. Thus,

Spec,(R) = 0, and so cl.K,.dim(R) = —1. Assume that conclusion holds for
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all ordinals 8 < a. Let |Rg|o = a. By Lemma 4.14, there exists a prime ideal
P € Spec,(R) such that |R|s = [R/P|s. If |R/Pls < cLKs.dim(R/P), then
the assertion follows. Hence, assume that R is prime o-torsionfree and right
o-noetherian. In order to establish the inequality |Rg|s < cl.K,.dim(R), it
has to be shown that, given any infinite descending chain R = Ip 2 I; 2
Iy D --- of o-closed right ideals, {I;/I;i11|s < cl.K,.dim(R) for all but finitely
many i. Since |Rg|s = a, |I;/Li+1le < a for almost all .

Let M be a o-torsionfree subfactor of R with |[M|, = 8 < a. We proceed

to show that 8 < cl.K,.dim(R). Define

M={NCSM|o(M/N)=0and |[M/N|; =B}

Since M is also o-noetherian and 0 € M # @, there exists a maximal N €
M. We claim that M/N is B-critical with respect to o. If N’/N is a nonzero
submodule of M/N such that (M/N)/(N'/N) = M/N' is o-torsionfree,
then |[M/N'|; < B by the choice of N. Since M/N is o-torsionfree, M/N
is uniform. Let Ass(M/N) = Q. Since R has local bijective Gabriel cor-
respondence with respect to o, it follows from Q € Spec,(R) that M/N is
Q-tame by Proposition 4.1. Let n.R be a Q-prime cyclic submodule of M/N.
Since M/N is B-critical, |M/N{, = [nR|,. Since r(n)/Q is not an essential
right ideal of R/Q, and since |R/Q|, = [A/Q)|, for every right ideal A D Q,

it follows that

|IR/Qls = nR|s =|M/N|, =8 <c.
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By the inductive hypothesis, cl.K,.dim(R/Q) = 8. Now Q # 0 since other-

wise & = |Rgls = 8. Thus

M|, = B = dl Kq.dim(R/Q) < 1. K,.dim(R).

4.4. A-modules under Torsion Theory

If R is a right noetherian ring, then all minimal prime ideals satisfy the
right second layer condition. Hence any finitely generated submodule of
E(R/P)gr is a A-module if P is a minimal prime ideal. In fact, E(R/P) is
a A-module if P is a minimal prime ideal of a right noetherian ring R [60,
Corollaire 4.4]. We establish this for a ring R that is a right order in a right
artinian ring. The ring R need not be a right noetherian ring. Recall the

following characterization.

PROPOSITION 4.16. [56, Theorem 4.14] A ring R with prime radical N
18 a right order in a right artinian ring iff

1. R/N is right Goldie and N is nilpotent.

2. p(R) is finite.

3. Cr(0) =Cg(N).

PROPOSITION 4.17. If R is a right order in a right artinian ring S, then

E(R/P)p is a A-module for every minimal prime ideal P of R.
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PROOF. Let N be the prime radical of R, and let o = radg(p/n) be the
torsion radical cogenerated by E(R/N). Since R is a right order in a right
artinian ring, R/N is right Goldie and C(0) = C(N) by Proposition 4.16.
Hence pe(yy = o by Lemma 1.19, R, = RC(N)~! is a right artinian ring
and o is a perfect torsion radical as C(0) is a right denominator set. Since
E(R/P) — E(R/N) for any minimal prime ideal P, we obtain that E(R/P)
is o-torsionfree. Recall that R, is right artinian iff R has DCC on o-closed

right ideals in R, as o is perfect. If X is a subset of E(R/P), then

R/r(X) — [] zR — (E(R/P))*.
zeX

So r(X) is a o-closed right ideal in R. This shows that an arbitrary nonempty

subset of E(R/P) is finitely annihilated. a

COROLLARY 4.18. If R is a right order in a right artinian ring S, then
any o-torsion free module M is a A-module where o = radg(r/n)-

Therefore, any R,-module is a A-module as an R-module.

PrOOF. Since ¢ is a perfect torsion radical as seen in the proof of Propo-
sition 4.17, any R,-module M is a o-torsionfree R-module and so rr(X) is

o-closed for any nonempty subset X of M. a

Proposition 4.17 can be generalized to an arbitrary semiprime ideal
of a ring R with torsion radical o cogenerated by E(R/I) if R, is right

artinian.
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Recall that a right R-module C is called a cogenerator in Mod-R if every

right R-module can be embedded in a product of copies of C.

LEMMA 4.19. [2, Proposition 18.15] Let E be an injective R-module.
Then the following are equivalent.
(i) E is a cogenerator.
(ii) Hom(T', E) # 0 for all simple right R-modules T'.
(iii) E cogenerates all simple right R-modules, i.e., every simple module

embeds in a direct product of copies of E.

PROPOSITION 4.20. Let I be a semiprime ideal of a ring R such that
R/I is right Goldie, and let o = radgr/ry be the torsion radical cogenerated
by E(R/I). Note that o(R) = rr(E(R/I)), and set K = o(R). If I, is
the Jacobson radical J(R,;) of R, and R, is a right artinian ring, then

E(R/P)p/k is a A-module, for every minimal prime ideal P/K of R/ K.

PROOF. Note that, by Lemma 1.19, pe(n = o as R/I is a semiprime
right Goldie ring. Also (R/K), = R, by definition of R, as K = o(R).
Since R, is right artinian and I, = J(R.), we see that R, /I, is a semisimple

artinian ring. If M is a simple right R,-module, then for any 0 # m € M,

M = m(Rs/Is) = (Ro/Is)/TR, 1, (m)=L/I,

where L/ I, is a minimal right ideal of R,/I,. Thus any simple R,-module M

embeds in R,/I,, hence E(R/I) is a cogenerator of Mod-R¢ since R,/ I, —
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(R/I)¢ — E(R/I). Therefore any R,-module is o-torsionfree as an R-module,
so o is a perfect torsion radical.
Now, we claim that Cgr([) is a right Ore set in R. For any ¢ € C(I),
if R/cR is C(I)-torsion, then the right Ore condition is satisfied. Since

(R/I)/(cR + I/I) is o-torsion and ¢ is perfect, the short exact sequence
0—(cR+I)—-R—(R/cR+1I)—0
produces the short exact sequence
0—(cR+I)¢g =Ry = (R/cR+I)s — 0.

Thus (cR+ I)¢ = (cR)s + I, = Rg, as o(R/cR+1I) = R/cR + I, and

consequently,
(Re/(cR)s)J(Rs) = ((cR)s + J(Ro))/(cR)s = Rs/(cR)o-

Since R, is assumed to be right artinian and so right noetherian, it follows
from Nakayama’s Lemma [59, II], (32, Theorem 10], {4, Theorem 1], that
(cR)s = R,. Again it follows that (R/cR), = Rs/(cR)s =0, thus R/cR is
o-torsion, whence C(I)-torsion. This proves that C(I) is right Ore in R.

Moreover, C = {c + Kl|c € C(I)} becomes a right Ore set in R/K.
It is also a right denominator set in R/K since R, is right artinian and
R/K — R,.

We proceed to show that (R/K), = R, = (R/K)C~1. First, we claim
that rp/K),(c + K) = 0 for any ¢ € C(I). For, assume that 0 # z €

T(R/K), (¢ + K), so (c+ K)z = 0. Now, for any z € (R/K), there exists
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deC(l)suchthat zd € R/K. Let zd=r+ K forsomer € R,socr € K.
By the right reversibility of C, we get r¢ € K = o(R) for some ¢ € C(I),
so rdc” = 0 for some ¢’ € C(I). Thus r € K, and z is C(I)-torsion,
contradicting the fact that R, is o-torsionfree.
It now follows that any element ¢ € C becomes invertible in R,. Consider
the diagram
R/K L . (r/K)C!

dl
(R/K)s = Rsq,
where ¢: R/K — (R/K)y, and f : R/K — (R/K)C~! denote the canonical

maps. Note that ker f = 0 and that (R/K)C~!/(R/K) is o-torsion. Since
R, is o-injective, there exists an extension map ® : (R/K)C~! — (R/K)s
such that ¢ = &f.

We claim that & is a ring isomorphism. If (r + K)(c + K)™! € ker ®,
then ¥(r + K) =0, so ¢(r + K} = 0. But ¢ is an embedding, sor + K =0,
thus ker ® = 0. The surjectivity follows from the definition of quotient rings
with respect to o. ‘

Now R/K is a right order in a right artinian ring R,. Therefore by
Proposition 4.17, E(P/K) r/k is a A-module for any P/ K € minspec(R/K).

a
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