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ABSTRACT

A surface modelling technique which implements a uniform
bicubic B-spline formulation to interpolate closed and
quasi-closed networks of points is presented. The
formulation has the ability to model closed and guasi-closed
surfaces while ensuring positional, first derivative, and
second derivative continuity everywhere upon the surface.
The surface continuity 1is achieved by transforming the
control vertex structure to a closed form. As a
consequence, explicit boundary derivative specification is

avoided.
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Chapter 1
INTRODUCTION

An increasingly popular method of delineating arbitrary
three-dimensional objects has been the implementation of
interpolating B-spline curves and surfaces. Early work by
Coons[1] introduced the idea of representing surfaces by a
collection of interconnected patches. However, the Coons
patch formulation, in addition to requiring position and
tangent information at patch corners, reguires twist
information in terms of corner 'cross-derivatives', The
specification of twist information wusually requires the
ability to visualize the interconnection between patches.
Thus, it 1is commonplace to simply take the twist vector
values as zero [2, 3]. This causes 'pseudoflats' or
'thumb-prints' in the surface representation [4, 5, 6].

More recently, Barsky [7, 6] has advocated the use of
bicubic B-splines as open surface interpolants because of
their ease of specification. The method provides up to
second derivative continuity between adjoining surface
patches without the specification of interpatch derivative
information, To 'clamp down' the borders of the entire
surface, and hence completely specify an open interpolating

structure, Barsky's method reqguires positional, first



derivative, or second derivative boundary conditions. This
led to the formation of symmetric, positive-definite,
tridiagonal matrices and subsequently, fast, efficient
solution algorithms to determine the controlling vertex
structure.

Barsky did not address the problem of describing closed
bicubic B-spline surfaces, which characteristically generate
nonsymmetric, positive-definite, sparse matrices and are not
readily solved.

Catmull and Clark [8] investigated the problem of
describing closed surfaces by recursively subdividing
B-spline surface patches over arbitrary meshes. Although
the method is visually successful, there is no guarantee of
derivative continuity at all mesh points.

A novel approach to modelling continuous closed and
quasi-closed surfaces using a closed uniform bicubic
B-spline formulation is presented in this thesis.
Positional, first derivative, and second derivative
continuity is ensured without explicit boundary derivative
specification.

Based on a tensor product formulation, a rectangular
vertex control mesh is transformed to a closed
representation. This control mesh, when used in conjunction
with the uniform bicubic B-spline basis, interpolates a
prescribed closed or quasi-closed network of points.

Positional, first derivative, and second derivative



continuity is enforced by incorporating control vertex
constraint equations and patch-corner equations into a large
system of linear eguations.

The larée system matrix is characteristically
nonsymmetric and very sparse in nature. As a result, a
modified bi-factorization method (after Zollenkopf [9]) is
used to determine the locations of the control vertices.

Chapter II presents an introduction to cubic B-splines.
Included is the derivation of the wuniform cubic B-spline
basis and the application of the cubic B-splines to curve
interpolation.

Chapter III contains a presentation of the closed bicubic
surface formulation. Included is a detailed discussion on
the crucial aspects of surface continuity between merged
patch boundaries. Quasi-closed bicubic surfaces, an
extension of the closed formulation, are addressed to
jllustrate the flexibility in catering to other surface
forms.

Closed and quasi-closed examples are covered in Chapter

1V, demonstrating the algorithmic surface modelling package.



Chapter 11

PARAMETRIC UNIFORM CUBIC B-SPLINE CURVES

2.1 SPLINES AND B-SPLINES

A spline function of order M (degree M-1) is simply a
piecewise polynomial S(u), with M-2 continuous derivatives
at the knots or joints between the individual polynomials.
The parametric variable u varies between an initial value Ug
and some final value u, as the curve is tracked.

More precisely, suppose that U denotes the set of real

numbers {uo,..., um} where a=u, <uj <...<up; <up =b. Now,

let S represent the set of all functions given by

S = S(U) = S e G [a,b] , (2.1)

1,

i=0,...,m-1, S(u) takes on the same values as a polynomial

having the property that in each interval [ui,ui+l
of degree M-1. Such functions are called splines of order M
and satisfy the conditions:
1. S(u) 1is a polynomial of degree at most, M-1 on each
interval [ui, ui+1], i=0,...,m-1; and
2. S(u) and its first M-2 derivatives are continuous

eveywhere.



The set of splines S, is a linear space. That is, given any
two elements, any linear combination is also a member of the
set S. This is important in order to determine a basis for
S. In fact, there are many bases for S. Perhaps the most
commonly used is the B-spline basis. An extension of the
Bernstein basis [10, 11], the B-spline basis has been widely
adopted  because of its implicit localized effect.
Characteristically, the B-spline basis 1is zero eveywhere
except over M consecutive knot intervals. Gordon and
Riesenfeld [12] refer to this finite nonzero span of the

basis function as the support width. That is, the support

width of the B-spline basis is always the interval [ui,

us, ] which spans M segments (Figure 2.1).

== span :‘l

uj Uj+l Uj+2 Uj+3

Figure 2.1: A single quadratic B-spline basis function of
support width=3.



Cubic B-splines (M=4) with uniform knot sequences have

been extensively used in curve and surface modelling
primarily because of their ease of implementation. The
uniform knot sequence is taken to be succesive integers

given by
u = {0,1,...,m} (2.2)
or simply

u. = i . (2.3)

Let the functions Bj(u) be the normalized uniform cubic
B-spline basis functions. The normalizing condition suggest

that at any particular value of u, the following must hold:

I B (u) =1, (2.4)

This condition completely defines the basis and results in
some useful properties which will be discussed in subsequent
sections.

One of the most direct ways to define a curve using the
cubic B-spline basis is to provide a finite number of points

near which the curve is to pass. These points, denoted by



V, are called control vertices and are meant to imply

Vv = [VX Vy] or V= [VX Vy Vz] R (2.5)

in the case of two- and three-dimensional curves,
respectively. Their interconnections form what is commonly

referred to as the control polygon.

Figure 2.2: Cubic B-spline curve with control vertices
!-l'...'XSQ

A vector-valued function can then be defined by both the
control vertices and the uniform cubic B-spline basis

functions as follows:



S(u) = [X(w) Y(u) Z(w)]
B [L:.Z.l VXiBi(u)j;El Vyj_Bi(u) ,=§1 VziBi(u)_ .

In this manner, the individual x, y and z-coordinates can be
determined as separate entities. Functions such as (2.6)
are referred to as parametric cubic curves, being cubic
functions of the parametric variable u. For the

two-dimensional curve depicted in Figure 2.2,

(2.7)

A
o
1A
c

5
S(u) = i=§1 v.B, (W) u

The curve, S(u) 1is made wup of four piecewise continuous
segments. Each segment has associated with it four control
vertices implying that each vertex exerts control on four
localized segments. This is the result of the support width
(equal to four) of the cubic B-spline basis function, B;(u).
Moverover, in this form, the curve in Figure 2.2 only
approximates the control polygon.

Since the basis function, Bi(u), is zero everywhere

except over four consecutive knot intervals, given by

[u;_osus,0] s (2.8)



a particular curve segment, §jfu), bounded by the interval

[u;_1,u;], can be written as

i+l (
. = T V.B.(u) . .
8, (u) sFo Yy u (2.9)

Biz(u) Bizfu) Bi(u)  Bjs(u)

Figure 2.3: ?-spline ?asis portions affecting §i(U) on
u. u.
i-1" “ivt

However, only certain portions of the basis functions
affect the construction of §i(u), as Figure 2.3 illustrates.
In fact, if the cubic B-spline basis functions are
subdivided into smaller spans of single knot intervals as

Figure 2.4' suggests, then S _(u) may be written as
i

! Adapted from [13].



Dy v v, 3w + v, b(l)(u) £V, p(1+D)

;) =V, b . s W (2.10)

(1 2)( ), b(i—l)(u) (1) (i+1)

where b 1 , bg (u) and by (u) correspond
to the portions of Bj;_»(u), B;_q(u), Bj(u) and Bj,1(u)

defined on the interval [u;_q, u;]l (Figure 2.5).

Bi(u)

Ur-2 Uiqy Ui Uisy Uiso

Figure 2.4: Subdivision of the uniform cubic B-spline basis
function.

There is some question of validity in the subdivison of
the cubic B-spline basis. Recall the set of set of cubic
spiines, for which Bi(u) forms a basis, 1is a linear space.
Thus, Bi(u) is a member of that set. Therefore, it must

satisfy the conditions:

_10_



Bi(u) Bi-1(u)

Figure 2.5: Cubic B-spline basis subdivison on [ui—l’ ui].

1. Bi(u) is a polynomial of degree three at most on each

interval [u.
i-1

2. Bi(u) and 1its first two derivatives are continuous

,ui]; and

everywhere.

Clearly, by the first condition, bfi)(u), bfi)(u), béi)(u)
and béi)(u) agree with cubic polynomials on their respective
intervals. Moreover, 1if the second condition is true of
B; (u), then it must be true of the bgi)(u)‘s on their domain
of definition. Thus, the linear combination in (2.10) is a
valid representation for the curve segment, §i(u).

To obtain the complete curve representation, S(u) can be
expressed as a summation of curve segments. Recall that a

particular curve segment §ifu), is bounded by [ui_l,ui].

This can be viewed as a parametric function which 1is zero

_ll_



everywhere except over [ui—l' ui]. Thus, the individual
curve segments which comprise the curve can be considered
orthogonal over the span of the parametric variable. That

is,

U

Jm

u S S du=0 (=3, (2.11)

o]

As a consequence, S(u) can be represented as the sum of

orthogonal curve segments. For the curve in Figure 2.2:
S = F S.(W = 8 (W) + S, + Sy + 5, (W) (2.12)
S =28 u) = 5, + 5,(u) + 350w + 5 () . 2.12

In terms of the subsectional basis functions, (2.12) becomes

s =70+ up( + upg? v up?
ey v e+ g ¢ v (2.13)
A USRS AU A
+ bifg) . 231{3) N Yqb(()m N 15b§5)

_12..



Rewriting (2.13), results in

bGD 4y @+ b1 4y b + 5D + b

+V [b£2) + bfi) + b52) + b§2)] + yg[bfi) + bé3) + b§3)] (2.14)

) 4 507 4y

Finally, substituting the B-spline basis functions for the

subsectional basis functions yields:

]

S(u) B . .(w + B (u) + V B (u) + V B (u)

Y15
+ V. B () + B (uw) +V B ()

(2.15)

1t

2
ot
A
[

5
L V.B, (w ug
=-1 1

This 1is precisely the result given by (2.7). The
multiplication of  V.B.(u) in (2.15) should not be
misinterpreted as being the strict product of V. with Bi(u)
defined over its parametric domain. Rather, V; 1is

multiplied by that portion of Bi(u) bounded by the

parametric domain of the entire curve.

_13_



The individual cubic B-spline basis functions, Bi(u), are
indistinguishable from each other in form and differ only in
the domain of their definition. This is due to the uniform
knot sequencé selected. For reasons of convenience we will
dispense with the superscript notation of the subsectional
B-spline basis functions and simply refer to the individual

subbases as

b (W, r = -2,-1,0,1 . (2.16)

2.2 DERIVATION OF THE UNIFORM CUBIC B-SPLINE BASIS
FUNCTIONS

Up until now, it was assumed that the cubic B-spline basis
functions satisfy the conditions:

1. Bi(u) is a polynomial of a maximum degree of three on
each interval [ui—l'ui]’ specifically, b, (u)
r=-2,-1,0,1; and

2. B;(u) and its first two derivatives are continuous
everywhere.

We can utilize the above two conditions to determine the
explicit form of the subsectional cubic B-spline basis,
b.(u). Consider the two consecutive curve segments, §jﬁu)

and §;, 1(u), illustrated in Figure 2.6.

—14_



Figure 2.6: Two consecutive cubic B-spline segments.

Both curve segments, $;(u) and Ss,1(u), are polynomials of
degree three, at most. This is obvious since §i‘u) and
§i+1ﬁU) are composed of linear combinations of cubic
B-spline basis functions given by

S14p W) = V5 3D (W) + Vsb g (W) + Vg Dy(w) # Uy pb (W) - (2.18)

Let each b,(u), r=-2,-1,0,1, valid on [ujfjfui], be

described by cubic polynomials of the form

br(u) = %(u - ui_1)3 + cr(u - ui—1)2 + dr(u - ui_l_) te,, T= -2,-1,0,1 . (2 . 19)

_15-



Recall that the wuniform knot sequence 1is given by
consecutive integers (see (2.2)). For simplicity, (2.19)

can be parametrized on a unit local domain.

Figure 2.7: Uniform cubic B-spline basis segments on a unit
domain. '

Thus, (2.19) can be written as

- 3 2
b (w=au +cu +dute , r =-2,-1,0,1 on [0,1] . (2.20)

The appropriate control vertices and the subsectional
B-spline basis functions (defined by Figure 2.7) are
combined to create a curve segment without loss of

generality. This is further illustrated in Figure 2.8.

._16._



Figure 2.8: Si(u) and S ;,(u) and their subdivided B-spline
basis.

s(u) and its first two parametric dervatives are
continuous everywhere. Therefore, this order of continuity
must hold at the point u which joins the individual curve

segments. Thus,

_ (2.21)
s1Cuy) = Sp4pug) > (2.22)

and
Siuy) = Sy (up) . (2.23)

These requirements of positional, first derivative and

_.17...



second derivative continuity between curve segments, along

with the features shown in Figure 2.9, yields

by ) = by (0) bi ) = b) (0 b} = by ()]

by = b_l(O) bb 1) = bll(O) bB M = bzl(O) (2 . 24)

b (1) = b ,(0) B! (1) = b!(0) B (1) = BU,C0) .

Notice that the terms on the right-hand side of the

equalities correspond to the curve segment S (u) on

=i+l
[ui,ui+l], while the left-hand side entities are associated

with S.(u) on [u. .,u.].
=1 i-1'"1

1

Figure 2.9: B-sp%i?e basis segments affecting S, (u) and
S. . (u). 1
=i-1

In order to uniquely determine the sixteen coefficients,

a c d,. and e, in (2.20), sixteen constraint equations

r’ r’ r

.._18_.



must be determined. Even though (2.24) only reveals nine
constraint equations, an additional six constraints can be
obtained by reconsidering the support width of the cubic
B-spline basis. Recall that Bi(u) is zero except over four
consecutive knot intervals. Referring to Figure 2.9, it is

evident that

t

Bi+2(u)| ) b, (0) = 0 (2.25)
u—ui

and

b_,(1) =0 .

B. .(u)
i-2 ‘u=u- (2.26)

Moreover, the first and second derivatives must also be

zero. Thus,

1
o

bi (0) =0 bi (0) =

(2.27)

1]

1]
[}

"
b!,(1) =0 D'y (1)
The additional equations (2.27) and (2.24), total fifteen
equations in sixteen unknowns. Uniqueness can be attained

by imposing the normalizing conditon of (2.4), namely,

i+2
I  B.(u) 1. (2.28)

j=i-2 J u=o

Choosing a convenient location for evaluation, (2.28)

_19_



results in
b, (0) + by(0) + b_,(0) +b_p(0) = 1. (2.29)

Thus, a comﬁletely determined set of constraints is given by

- = " =
b_,(1) = 0 b, (1) = 0 B, (1) = 0
b () = by(0) bl = B0 bly(D) = Bl
b, (1) = b ,(0) bl (1) =Dby(0) bj (1) = b0
° v (2.30)
bl (1) = b0 (0) bi (1) = bt (0) bi (1) = bB (0)
0=bl(0) 0=bi(0) 0=b§L o)

b, (0) + by(0) + b ,(0) + b 5(0) = 1.

Substituting (2.20) into (2.30) yields a system of linear

equations in the unknown polynomial coefficients.

a, +tc o + d_2 + e, = 0 3a__2 + 2 , % d_2 =0 fa_, +2¢c_, =0

2
a_y + cq + d—l + e ] 7e, 3a_:L + 2c_1 + d_l = d_2 6a_1 + ’ZC_l = 2c_

2

ag t ¢y + dO + ey T e 3a0 + 200 + do = d_1 Bao + 200 = Zc_l (2 . 31)
a; + ¢y + dl + e =€ 3a1 + 2c:1 + dl = d0 6al + 2<>l = 2c0
0= € 0= d1 0= 2cl

e_2+e_1+e0=1.



In matrix notation,

111 fa,] [
1 1 1 1 a_y 0
3 2 1 a, 0
6 2 a; 0
-6 2 =2 ¢, 0
-6 2 -2 c_1 0
-6 2 =2 g 0

2 c; | = {0 (2.32)
-3 -2 1-1 d-, 0
-3 -2 1-1 a3 0
-3 -2 1-1 dg 0
1 d5 0
-1 -1 -1 1-1 e, 0
-1 ] -1 1-1 e ] 0
-1 -1 -1 1-1)eg 0
L 1jle) | 0]

Solving the above system gives the explicit form of the
subsectional B-spline basis functions defined on [0, 1] in

Figure 2.7.

b—2(u) = (_u3 + 3u2 +3u +1)/6 ,

b_j() = (3u® - 6ul + 1)/6 (2.33)
by (W) = (-3u + 3u® + 3u + 1)/6 >

b (W =u%e .
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2.3 SOME PROPERTIES OF THE UNIFORM CUBIC B-SPLINE BASIS

Uniform cubic B-splines exhibit many inherent properties
which make them particularly desirable as curve and surface
interpolants; The indigenous local control of the B-spline
basis lends itself to isolated curve and surface
modifications without disrupting the global structure.
Again, this is due to to the support width (equal to four)
of the uniform cubic B-spline basis. Thus,‘ any alteration
of a particular control vertex will influence, at most, four

consecutive curve segments.

Vis

Vi-3 Viu

/(
~' +|/ % Union of

convex hulls

Figure 2.10: Local control and convex-hull properties.

This is evident by the movement of yi in Figure 2.10.

Recall that the normalizing constraint imposed on the
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uniform cubic B-spline basis is given by

1 i | -
:§2 b (w) = 1, » (2.34)
umu,

As a result, the curve is forced to reside within the convex
hull delineated by the extreme control vertices, that is,
the union of the convex hulls of every four (in the case of

cubics) consecutive control vertices [14].

2.4 INTERPOLATING WITH CUBIC B-SPLINE CURVES

An open cubic B-spline curve can be generated by combining
piecewise cubic curve segments. Each curve segment §i(u),
is produced from a linear combination of subsectional basis
functions defined parametrically over the length of the
curve segment, where the coefficients are the corresponding

control vertices.

1
r:.z.z Xi+r*blr*(u) 0<usxl (2.35)

§i(u) =

The end points of §i(u) are parametrically defined by §i(0)
and §i(1) and can be denoted by p. , and B respectively.

Suppose that P 4 and p, are known. It 1is possible to

determine the four control vertices V such that the curve

segment will pass through Ei-l and Ei provided there 1is a

sufficient number of equations. However, in this

..23..



interpolation problem, there are two equations

Pj_q = 8;(0) = V; ;b ,(0) + V. b (0) + V.b (0) + V. .b (0) , (2.36)
p; = §i(1) =V, ob (1) + gi_lb_l(l) + _\_I_ibo(l) + Vb (D), (2.37)
and four unknowns. The problem is underdetermined.

Consider interpolating an additional point B:.4 by appending
a curve segment §i+l(U)' Proceeding as above, results in

three equations

}
|
(=0
~
o]
~
H

Bij < = ¥y b ,(0) + V. b ,(0) + V.by(0) +V, b (0), (2.38)

Py = 8;(1) =¥, ,b (1) +V, b (1) + Vb (1) + V., b (D), (2.39)

and
Pisp = S5 = Vo 4D (1) # Vb, (1) + Vi 4P + VP (1) 5 (2.40)

and five unknowns. Substituting the appropriate values from

Table 2.1, yields

2 [Xi-z + U’Xi_l + .Yi]/S > (2.41)
Py = [V, + 1My, +V, V6, (2.42)
and
: = (2.43)
Biyy [_V_l + uli‘*'l + !i+2]/6 .
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TABLE 2.1

Uniform Cubic Subsectional B-spline Basis Functions

Subsectional Basis Functions u=0 u=1
b, (u)=(-u”+3u° ~3u+1) /6 1/6 0
b (u)=(3u -6y +4) /6 2/3 1/6
by (u) = (-3w +3u° +3u+1) /6 1/6 2/3
by (u)=u’ /6 0 1/6
In general, interpolating k points reguires k+2

appropriately situated control vertices or k+2 equations in

k+2 unknowns.

po B T8
V-1 Sfu) S;()

Figure 2.11: Open uniform cubic B-spline curve
interpolating m+l points.
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Consider interpolating m+l points given by
Ri = [Xi yi] , i = O,l,...,m . (2.44)

I1f the first and last control vertices, v, and V are

—m+1 "’

arbitrarily chosen (thereby eliminating them from the

unknowns), m+l equations in m+l unknowns can be generated as

follows:
py = [V, +uw, +V,1/6, (2.45)
Ry =LV o +4V, + V. .1/6 i=1,2,....m1, (2.46)
and
Bp = [V q + 4V, +V /6. (2.47)

Since the auxiliary vertices, V_, and V ., have been

arbitrarily chosen, the above becomes

6py - ¥y = W, 4V, (2.48)
- ;= — (2049
6p; = Vo g * MV 4 V. i=1,2,...ml, )
and
Bn = Yosy T Vg Y MY, (2.50)

This has a unique solution given by

[vl = [c170pd (2.51)
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where

41 i vy ] [6pg = V_; |
1w 1, vy 6Py
[c] = .':.o"o‘ : , [R] = . (2.52)
R Vo 2
i 1 W] v, 6P, = V4]

Using (2.35) in conjuction with the newly determined control
vertices, each individual interpolating curve segment can be

traced out over its parametric domain (see Figure 2.11).

Since v, and p may be of dimension two or three, the matrix

multiplication in (2.51), and subsequently the curve

generation, must be performed for each component.

The above interpolation scheme is adequate for most

applications, however, it is obvious that the shapes of the

curve segments §l(u) and §nfu) partially depend on the

ljocations of the two auxiliary control vertices. This is

evident from the end segment eguations:

S, =V .b () + Vb (w) + V,by(u) + Vb, (u), (2.53)

§m(u) =V 2b_z(u) + V (u) + V by (W) +V b (u) .(2.54)

-mtl71

As the value of the parametric variable, u, approaches zero

in (2.53) and approaches unity in (2.54), the respective

curve segments become increasingly influenced by the

auxiliary control vertices, V 1and v This is entirely

m+1°

_27_



due to the multiplying weight of the basis functions, b_ps(u)
and bl(u); Consequently, many unwanted artifacts can be
generated by the improper placement of these :auxiliary
control vertices.

To alleviate the necessity of prescribing the location of
the auxiliary vertices, additional constraints can be
imposed upon the end curve segments. Such end constraints
can be enforced in a variety of ways. Typically, this
involves specifying certain parametric derivative conditions
at the end points of the curve [15]. However, the
motivation here is to extend this open curve concept to
describe closed curves in which the specification of
parametric derivative end constraints is unnecessary. In
the following section these interpolation principles are

applied to closed B-spline curves.

2.5 CLOSED B-SPLINE CURVE FORMULATION

In some instances it is necessary to be able to interpolate
a set of points by a closed curve. Such techniques are
useful in plotting contours or high-lighting boundaries
between regions of different media. The closed wuniform
cubic B-spline can be constructed in much the same manner as
the open B-spline curve.

Consider the closed uniform cubic B-spline curve of
Figure 2,12. Such a curve can be obtained by over-lapping

the control polygon ends of Figure 2.11, letting QO=Q . The
m
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Sm-1
pm-2 - VYm-s

Sm-2
Pm3 Sm3

Vm-4

Vm-3

Figure 2.12: Closed uniform cubic B-spline curve
interpolating m points.

closed curve of Figure 2.12 consists of m+3 control
vertices: m distinct vertices and 3 auxiliary control
vertices. To determine the m curve segments, m eqguations

are required.

Vo 4V + ¥y, =0p s
Ve g UV b Ve = B iz 2,3,...,m-1, (2.55)
Vo1 ¥ Wt Vg 7 BBn

To uniquely determine the m+3 control vertices in (2.55)

requires three additional constraint equations, The way in
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which the control polygon was constructed gives rise to

LETR S S
Vg =V, (2.56)
LI A

Combining (2.55) and (2.56) into a linear system of

equations yields

The

1 -1 1171 [0
1 -1 |y, 0
141 Lol = |, (2.57)
Ce ‘. : :
"1 4 v 6p,,
- -1 1] Xmﬂ_- 0

auxiliary control vertex constraint equations can be

eliminated from the system by the following elementary row

operations:

1.

eliminate row 1 and column 1 by adding column 1 to
column m+l,

eliminate row 2 and column 2 by adding column 2 to
column m+2, and

eliminate row m+3 and column m+3 by adding column m+3

to column 3.
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Thus, the matrix in (2.57) is reduced to

- - -

41 1V, 6p;
Lu 1, vy 6p,
N I , (2.58)
Sl o (e g
1 1ujlv, 1 lep, |
Yy
[
P P
-1,1) ‘4r 1
- X
o— -@
_P3(_1.1) Ez (1'—1)

Figure 2.13: A unit square.
As an example, consider interpolating the corners the

unit square given in Figure 2.13. The curve, which

interpolates Qi,i=l,..,4, consists of four «curve segments

_31_



and four distinct control vertices.

8;() =V .b ) + Vb, (W) + Vyby(u) + Vob, (W),
Sy(w) = Vb ,(u) + ¥ib_;(u) + Vpby(u) + Vb (u) (2.59)
Sy = Vib_,(u) + Vb q(w) + Voby(uw) + Vb, (0)
S, = Vb ,(w + Vb (W + Y, by(w) + Veby (w) .
Evaluating the above at u=l yields
5, = [V, + by, + v,1/6 = py
8,(1) = [V + 4V, + V,1/6 = p, ( )
_ _ 2.60
8,(1) = [V, + wy + V,1/6 = py ,
5,(1) = [V, + 4V, +V.1/6 =p, .

The curve segment equations in (2.60) generate three
auxiliary control vertices, namely V_,, V,and 25. However,
for a closed curve that consists of four curve segments and
interpolates four points, the control polygon must be

closed. That 1is,

Yo=Y, »
Ve = V5 (2.61)
Va7 Y
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Combining (2.60) and (2.61) in matrix notation gives

1 S LY ]
1 -1 1Y, 0
1 41 vy 6Py
14 1 Vo | = |6Ry] - (2.62)
1 4 1 ||V, 6p,
1 41V, 6p,,
L -1 1 LY.S . 0

Again, the auxiliary vertex constraint equations can be
eliminated from the system using the following:
1. eliminate row 1 and column 1 by adding column 1 to
column 5,
2. eliminate row 2 and column 2 by adding column 2 to
column 6, and
3. eliminate row 7 and column 7 by adding column 7 to
column 3.
This results in a system matrix consisting of the unknown

distinct control vertices.

w1 IV 6p;

141 ||V 6
Lu1 ;2 - 522 ) (2.63)
Y3 P3

1 1]yl lep,

Upon inversion and multiplication, the four distinct control
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vertices are given as

v, 3/2 3/2
Y| | ¥2 32 (2.64)
v,| T |32 -3/2
v _3/2 3/2

Moreover, the auxiliary control vertices are given by the

map vector

val o | -3/2 -3/2
Vo | = |Yy| = |-3/2 /2| . (2.65)
v vy 3/2 3/2

Substituting the values of the control vertices, in (2.64)
and (2.65), along with the explicit form of the basis
function segments, in Table 2.1, into the curve segment

equations of (2.59) results in

@] [-2u® + 3u? 4 3u - 2)/2]
§1(u) = {71 = 9 s
L}(l(u)__ | (=3u” + 3u + 2)/2
- ~ - 2 .
§_2(u) - Xz(u) - (-31é1 + 3121 + 2)/2 .
Y, (] L(2u” - 3u” - 3u+ 2)/2 |
(2.66)
- - 2
S, = FNCHI (2u2 - 3u” - 3u+ 2)/2] i
v, ] (30" - 3u - 2)/2
% @] . [(3u® - 3u - 2)/2
§4(u) = |y = 3 2 ] .
v, (] [-2u" + 3u® + 3u - 2)/2

Thus, to generate the closed curve interpolating the corner
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points of the unit square, the x-and y-coordinates of each
curve segment are obtained by varying u, in (2.66), over its
unit parametric domain. Note that the curve segments in
Figure 2.14 do not form a perfect circle. Rather, they form
a smooth piecewise cubic spline which is twice continuously

differentiable everywhere (see equation (2.66)).

Figure 2.14: Closed uniform cubic B-spline interpolating a
unit sqguare.
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Chapter 111

PARAMETRIC UNIFORM BICUBIC B-SPLINE SURFACES

There have been several contributions to the field of
surface modelling, specifically in surface representation
(interpolation). Coons [5] developed methods of surface
description based on the interconnéction of surface patches
called Coons patches. However, the Coons patch technique
hinges upon the specification of parametric derivatives, in
particular, patch corner cross-derivatives. Overhauser
[16]1, followed by Brewer and Anderson [17], introduced the
idea of parabolic blending, but these techniques only
provide positional and first derivative continuity. Wu and
Abel [18] presented an interpolating surface scheme based on
lofting techniques [19]. The parallel planar curves which
are generated, do not exhibit local control. Barsky [6],
more recently, described a method of determining an
interpolating surface through a prescribed network of points
using bicubic B-splines. This method provides positional,
first derivative, and second derivative continuity, and
avoids the necessity of interpatch derivative
specification. Barsky dealt with open B-spline surfaces
which generate symmetric, positive-definite, tri-diagonal

matrices. As a result, the method does not lend itself to
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specify smooth closed bicubic surfaces, which
characteristically generate nonsymmetric, positivefdefinite,
sparse matrices.

A brief discussion on the open B-spline surface is
presented in the following section to familiarize the reader
with pertinent aspects of surface interpolation. Subsequent
sections are devoted to the closed bicubic B-spline

formulation.

3.1 INTERPOLATING WITH BICUBIC B-SPLINE SURFACES

The formulation of the wuniform B-spline surfaces is an
instinctive and logical extension of the uniform B-spline
curve. The uniform cubic B-spline curve segment can be
envisaged as the mapping of the one-dimensional space (u)
onto the two- or three-dimensional Euclidean space, R? or
R® , respectively. In an analogous manner, a B-spline
surface can be thought of as the mapping of the
two-dimensional space (uv) onto the three-dimensional
Euclidean space R® (see Figure 3.1).

A bicubic B-spline surface is formed by a linear
combination of basis functions in much the same fashion as
B-spline curves. However, for surfaces, the B-spline bases
must be functions of two parametric variables, i.e.
bivariate. This is realized by way of a tensor (cartesian,

cross) product of univariate B-spline basis functions [20].
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o

Figure 3.1: The mapping of the space (uv) onto the space
R3,

The functions B;(u) and Bj(v) are simply the univariate
basis function; used to express uniform cubic B-spline
curves. Therefore, Bi,j(u'V) must exhibit the convex-hull
and localized control properties. Further, each basis
function 1is zero everywhere excépt over four consecutive
knot intervals in its respective parametric space, u or v.
By expressing the basis function as a tensor product over
the two-dimensional space (uv), the span of Bi,j(u’V) can be
visualized as a two-dimensional spread (see Figure 3.2).

This generalization to uniform bicubic surfaces requires

that the control polygon of the B-spline curve be extended
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AR
o

Figure 3.2: A bivariate uniform bicubic B-spline basis
function.

to a control mesh, consisting of a net of control vertices.

v

Vi3 = [in . Vy Vz.

s] i,j i,]

(3.2)

i=-1,0,...,mymtl J = -1,0,...,n,n+l .

As a result, a bicubic B-spline surface can be represented
as a product of control vertices and B-spline basis
functions (or portions thereof), defined over the parametric

extent of the surface as follows:

_ .3
P(u,v) = § ¥y 3B (By(v) . (3.3)
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A B-spline surface, P(u,v), is defined in a piecewise
fashion, where each surface partition is called a patch,
Bi”j(u'V)° Moreover, each patch agrees with a cubic
polynomial in each of its parametric directions. The entire
surface, along with its first and second parametric
derivatives, is continuous everywhere. This continuity is a
direct consequence of the constraints placed on the
univariate B-spline basis functions (see (2.30)). The

result of this is the enforcement of interpatch continuity

between adjoining surface patches (Figure 3.3).

—_— " Pi1, i+1(u,v)
By i+
Pir1, j+1 ()

Pisq, juw)

Pir1, i=1(uw)

Figure 3.3: Continuity between adjoining surface patches.
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Vil Viu,§-2

Figure 3.4: A single bicubic B-spline surface patch.

Only sixteen basis functions are nonzero over the
parametric domain of any one surface patch region. For this
reason, individual surface patches are influenced by sixteen
control vertices (as Figure 3.4 suggests), implying that
each vertex exerts control over sixteen surface patches.

Thus, a surface patch, Bi j(u,v) bounded by

3.4
ui_lsusu., vi_lsvsvi, ( )

can be defined exclusively by sixteen control vertices and
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sixteen basis functions.

1
P. j(u,V) = z

-1, r=-2 s:§2 y-i+r,j+sBi+r(u)Bj+S(v) . (3.5)

Recall that only specific subsections of the univariate
B-spline basis functions affect the construction of a
B-spline curve segment. Extending this notion to the
bivariate patch structure, (3.5) can be rewritten such that
it utilizes the subsectional basis functions defined on the

unit parametric domain of the patch. Thus,
Bi+r(u)Bj+S(v) , (3.6)
on uj_3< u < uy, vj,1§ vV 2V becomes
b (Wb (V) , (3.7)

parametrized on 0 <u<1l, 0<v<1l, Therefore, (3.5)

can be represented as

P. .(u,v) = % % V., .. b (Wb (v) (3.8)
=i, r=-2 s=-2 —itr,j+sr s )

Suppose that the patch representation in (3.8) is

employed to interpolate four rectangularly arranged points in

R®, With difficulty, the sixteen control vertices, combined
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with sixteen basis functions, can be oriented in an attempt
to allow the corners of the generated patch to interpolate
the four points. However, this would lead to 1little
success. Clearly, there is a need to explicitly define the

patch corners in terms of the control vertices.

Bi-1 )= —Pi’](otl)

Pij=B1,501,1)
Pi-4,}-12P,j(0,0)

Bi-1=B 51,0

y

Figure 3.5: Corner point correspondence with a single
bicubic patch.

A single patch,“Hgi;w(u,v),wHcanwbewviewedwaswthewmappingw
of the two-dimensional wunit parametric space (0 £ u < 1,
0 <v <1l) onto the three-dimensional patch in R?® (Figure
3.5). Consequently, expressions for the four corner points
of the patch can be determined by evaluating the patch

equation in (3.8) at the parametric extremes. Letting the
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patch corners coalesce to the

yields

"

P. .(0,0
,3( 0)

Pi_1,3-1

P. .(0,1)

Ei'laj =1,]

Utilizing the subsectional

2.1 along with (3.9), the

can be

four points to be interpolated

> By T By 0

_ (3.9)
> B3 T By sthD)
basis function values 1in Table

known points to be interpolated

formulated in terms of the sixteen unknown control
vertices.
Bict31 ® Wi ez * %oy 5oz ¥ Y52 * Wap,3e Y 3 5 T W5 iy
L PRI S FRPS K
Bisoy = Wansop * W32 * Yaan,ger * Wi g0 * 205 Mg T g
+ uvi,j + yi+l,j]/36 R
(3.10)
RBig3® Wagpgen * Wioa s ¥ Vg * Wigys Y105 s T Biaygn
W et Y5003
Bi,y T Wi gon * Wase * Yoagen * M,y P 2% T Mg T i sn
S * Vi gn /36
Admittedly, there is no hope of determining the sixteen

unknown control vertices wi
Consider concatenating a

a rectangular arrangement

th just four equations.

network of surface patches into

of m by n patches. Again, the
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Figure 3.6: Surface made up of m by n patches.

patch corners are constrained to interpolate a network of

points. However, for a multi-patch grouping, each patch
shares at least three corner points between adjacent patches
(Figure 3.6). For example, the parametric location of u=1,

v=1l, on the patch P. j(u,v), is identical to

gi*l’j(u,v)[

1 = g_i,jﬂ(u,v) I

= P. <o (u,v) .
u=0,vs u=1,v=0 =i+1,5+1°7 uz0,v=0 ( 3.11 )

Moreover, since there are (mn) patches, the number of

distinct corner points is:

1. (mn) points corresponding to P, j(1,1) for i=1,...,m,

j=l,o¢-'nt
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2. (m) points corresponding to P_ .(1,0) for i=l,...,m,

j=1.
3. (n) points corresponding to gi’j(o,l) for
i=1l,3=1,...,0.
4, 1 point corresponding to 31,3(0'0) for i=1,3j=1.
Since the interpolation capability of the surface 1is equal
to the number of distinct corner points available, the
entire surface can be employed to interpolate a network of

points, given by
i=0,1,...o,m J = 0,1,...,n . (3.12)
These points can then be expressed in terms of the

control vertices and B-spline basis functions by evaluating

the corresponding  surface patches at the appropriate

(l,l) = z I i = 2 o=z 1
P s = P. . \'A ...b (1)b_(1) 1= l,Zy04.4Mm J1= ,2,.-.,1] s
1 - ( ’ ) = z z i=1 m 3 = 1
Pi = P. . ) v, .,.b ( )b ( ) ,2,..., >

(3.13)

1 1
v b (O)bs(l) i=1 J=1,2,...4n

Bia,5 7 gi,j(o’l) = r-:Ez 5=§2 itr,j+s v

1

Bi-1,3-1% Ej_’j(o’o) = r=%2 s=§2 !i*'!‘,j‘*sbr(o)bs(m i=1 j=1.

A close inspection of the above reveals that to support an
interconnection of m by n patches (interpolating (m+1)(n+1)

points), a control mesh of (m+3)(n+3) wunknown control
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vertices is required.

gi’j i=-1,0,1,....,myml 3§ = -1,0,1,...,n,n+tl . (3.14)

Unfortunately, the patch-corner evaluations in (3.13) only
generate (m+l)(n+l) equations. To obtain a completely

determinable system an additional

m+3)(n+3)-(m+1)(n+1)=2m+ 2n + 8 (3.15)

equations are necessary. These (2m+2n+8) supplementary
equations are realized by introducing boundary conditions
which constrain the periphery of the surface. Typically,
this boundary enforcement is accomplished by specifying
certain partial parametric derivatives about the surface
perimeter.

Since a lengthy discussion in derivative boundary
constraints is not beneficial to the clarification of closed
bicubic surface formulation, the reader 1is referred to

Barsky [15] on that matter.
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3.2 CLOSED BICUBIC B-SPLINE SURFACE FORMULATION

Closed bicubic B-spline surfaces embody many of the
interpolation techniques outlined in the previous section.
Such surfaceé can be implemented to interpolate a prescribed
closed network of points in R®. As a consequence of this,
the control mesh, ordinarily unconnected, must be
transformed to a totally connected or closed form. This
control structure is what differentiates the formulation of
closed surfaces from the conventional unnconnected surface.

By proper manipulation of the individual control
vertices, sufficient constraints can be introduced to
guarantee positional, first derivative, and second
derivative continuity. This is attained in the absence of
explicit boundary derivative specifications. The control
vertex constraints, combined with the patch-corner
interpolation capability, yield a determinable system of
equations in the unknown control vertices.

In the preceding section, it was established that m by n
interconnected surface patches had a capacity to interpolate
(m+1)(n+l) points. This was accomplished by allowing the
distinct corner patches to coalesce with the points to be
interpolated. This concept can be extended to closed

bicubic B-spline surfaces.
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3.2.1 Closed Surface Patch Arrangement

_prn-n,n= Pmyn

P

i -

P,y B, Po,o=Pip=...zPm-1,0:Pmo
Poy=Pmy j=o,...,n
Figure 3.7: The transformation of m by n surface patches.
Consider the interconnection of m by n patches illustrated
in Figure 3.6. Recall that because of the availabilty of
the (m+1)(n+1l) distinct patch-corner points, the surface can

interpolate a network of rectangularly arranged points given

by
B; i=0,1,...,m 3 =0,1l,...,n . (3.16)
Clearly, the problem at hand is how to interlink the m by n
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surface patches to form a smooth impenetrable surface shell
while interpolating a closed network of points. In the
preceding discussion regarding closed cubic curves, it was
demonstrated. that a closed curve could be assembled by
joining the end points of an open curve. Similarly, the
unconnected m by n surface patches can be fastened together,
producing a cylinder-like orientation (Figure 3.7). This

transformation is accomplished by letting

Pg,3 = Bp,j j = 0,1,...,n . (3.17)

The merger of boundary surface patches achieves closure
(geometrically) in the parametric wu-direction, but the
surface structure still remains open about the v extremes.
This can be remedied by pinching-off the open boundary

extremes in the following manner:

P1,0 " B2,07 *** *Bp1,0 " Bm,0 (3.18)

and

Pyn " Byn® = Pp-1,n = Bn,n (3.19)
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The effect of the surface closure reduces the
availability of distinct patch-corner points for
interpolation. That is,

1. (n+1) corner points are eliminated by the

introduction of (3.17), and

2. 2(m-1) corner points are eliminated by the

introduction of (3.18) and (3.19).

This results in

m+ DN +1)-M+1) -2m-1) = mn-1)+2, (3.20)

distinct points useable for interpolation.
The patch corners can be expressed in terms of the
subsectional B-spline basis functions and the (m+3) (n+3)

control vertices, resulting in (m+1)(n+l) equations.

101
By~ Ei,j(l,l) = r=§2 S:§2 gi@msbr(l)bs(l) 12 1,2500em 5= 1,2,...,0,
=P, .0 = I 3 ;
Rijoy = By 30 = 2 b Vi asPp(DDg(D) 1= 1.2,em g =,
1 1 3 . ( 3 ] 21 )
Ei’l9j - ’Ei,j(o’l) - r:EZ S:EQ !i'*’I‘,j"’SbI‘(O)bS(l) i=1 J=1,2,..05n,
= P, ,(0,0) = R b_(0)b_( i = :
Bi1,5-17 By 5000 = k) (B Yiap 5udPp (OO 1= j=1.

Enforcing the constraints in (3.17), (3.18), and (3.19) only

serves to alter the left-hand side of (m)(n-1)+2 of the
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(m+1) (n+1) patch corner equations in (3.21). There is no
reduction in the number of equations, only in the number of
points available for interpolation. |
Examining the egquations in (3.21), which are directly
affected by the constraints, it becomes evident that
equating patch-corner points only ensures positional
continuity. No provisions are made to guarantee any
derivative continuity. For example, the corner point

equations for . and ., where j=0,1,...,n, are given by
EO,J Em,a

1 1
= I
EO,O pelo S'EZ y—l+r j+sbr(0)b 0,
] % % . (3.22)
Eo,j T et e Yl+r,j+sbr(0)b (1) 3 =1,2,...,n ,
and
1 1
Em 0 r--—2 s-§2 y—m+r 1+sbr(l)b  , (3.23)
13 |
Em,j T e s-§2 Ym+r,j+sbr(1)b (1 3 i 1,2,...,n .
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Applying the constraint in (3.17) results in

101
Bnyo = %, ., Yaur, 1asPpCODO) = ri:? s=%2 LAV NG DL (O

) L . (3.24)
Bns ® oty oty Yaer gesbe @b = T Vo s BB 5= 1u2sen

Differentiating the above with respect to the parametric
variable u in an attempt to promote first derivative

continuity, yields

1

1 1 1
I v b' (0 =
ly ok Vaen 1aPp (OB = T E Voo 14625 (DD (O)

1 1 1 (3.25)

1
z I v . ! = . t 3 =
D, L E Y g bh DD = BT Y g BLAIBA) T = 1s2,een

Clearl&, (3.25) only holds for certain control vertices.
Therefore, it is possible that the control vertices can be
determined such that first derivative continuity is
preserved across the merger of the boundary surface patches.
This same idea can be extended to incorporate the equality
of the second derivative as well. Thus, if (2m+2n+8)
boundary conditions are secured by way of equating first and
second patch-corner derivative eqguations, then such
constraints can be combined with the (m+l)(n+l) patch-corner

point equations to yield a completely determinable system of
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(m+3) (n+3) equations in (m+3)(n+3) unknown control vertices.

However, this boundary derivative specification is
precisely what we wish to avoid. In the following section,
the problem of determining an appropriate control vertex
structure which inherently guarantees positional, first
derivative, and second derivative continuity everywhere upon

the interpolating surface is addressed.

3.2.2 Closed Surface Control Vertex Structure

It is apparent from the preceding section that the control
vertex structure, which supports the bicubic surface, plays
a major role in securing the continuity between surface
patches. This is particularly true of the patch boundaries
that merge to constitute the closed bicubic surface. The
obvious question 1is: How can the control vertices be
utilized to ensure generating a smooth continuous surface
without having to resort to explicit boundary derivative

specification?

3.2.2.1 Continuity at the u-Parameter Extremes

Recall that m by n bicubic surface patches require the
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-‘—/o,nu=\-'m, N+t

Yq Nt = ‘—lm-t,m-l
\—/1,n0-l

Ymu el =\-Il,n+|

yl'_l = ym_"_l SMmaly-12 !I,-I
yI),-I=YI",_|
Figure 3.8: Control mesh overlap.
support of (m+3)(n+3) control vertices, given by
V.. i=-1,0,1,...,mymtl j = -1,0,1,...,n,n+l . (3.27)

Suppose that the parametric extents of the control mesh are
overlapped in a manner similar to that illustrated in the

discussion on closed cubic curves (Figure 3.8). That is,

—0,3 T -m,J

j = - 3,28
-Y—l,j Ym-l,j , J 1,0,1,...,n,nt+l . ( v)

—m+l,] -1,j i
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This should guarantee positional, first derivative, and
second derivative continuity on the surface in the
parmetric u-direction, as it did for the closed cufve.

To illustrate this, reconsider the surface patch

equations which are affected by the patch merger (Figure

3.7).

P % 1 .

_1,j(u,v) = r=§2 S=§2 Yl+r,j+sbr(U)bs(V) 3= 1,2,...,0 , (3.29)
and

P .uw) = ¥ I .

—m’j Hve = I’:EQ S=EQ \—]Tn+r’,j+8br(u)bg(v) J= 1’29"'91'1 . (3.30)

With the (n+l) corner point constraints introduced in the
previous section (3.18), only positional continuity is
ensured. The effect of the 3(n+3) control vertex
constraints in (3.28) upon the derivative continuity between
the boundary patches can be exemplified by differentiating

(3.29) and (3.30) with respect to u, yielding

le,j(u,v) 11

-— 3 - ..
au - r:.Z.Q S=§2 X]_+r,j+5br(u)bs(V) J 1,2,...,n, (3.31)
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and

P .(u,v) 1 1
Sis = I IV L PLWDB W § = 1,2,...m
U - pz.p gz.p W
respectively. Evaluating (3.29) at u=0,

and then expanding, yields

9B, ;;:u,v) " LV} 5-pPlo(0) + Yo 5 pbly (0 + ¥y B HORSAPC OIS
# IV g g qD1p(@) * Vg 5 gB1(0) 4 Yy 5 yDRO) + Ty 5 qDY(OTb 1 (¥)
(3.33)
# TV b1,(0) + Vg ob1y (0) + ¥y sbh(0) + Uy b1 (0)Ing(v)
+ [V ) 54qPLp(0) + Vg 54yP1y (00 # ¥y 549 bp(0) + ¥y 54721 €02 Tby (v
3= 1,2,...50
and
EEéh%é3131 7 W 3Pt P Y s bl s () Yy 5 D] DID
+[v Ve2,5- lb 2(1) + v Vn1,3- 1b l(1) + V b (1) + —m+l b (1Ib_ (v)
O AR SR DI A I MENICRIRS AR S{Ch NS (3.34)
# T g 5402 * Yoy 5a1P @ * Yo 5aP0®) * Y 47D (D IBy ()
= 12500050
Consulting Table 3.1 for the first parametric derivative

(3.32)

and (3.30) at u=1l,



TABLE 3.1

First Parametric Derivative of the Subsectional Basis

Functions
First Parametric Derivative u=0 u=1
blz(u)=(—3u2+6u—3)/6 -1/2 0
bll(u)=(9u2—12u)/6 0 -1/2
by (u)=(-9 +6u+3) /6 1/2 0
bl (u) =3 /6 0 1/2

values and substituting, yields

P Rl Hr Bo_,w) + [ Tb_ ¢
— -V b_,(v) + -V + V., . .Ib (V)
du ‘ —1,3- 2 1 »3-2 1,j~-1  -1,j-17-1
u= 0 ’ (3.35)
SR MO R SR j+ljbl(v)}
§ = 1,2,.0005n
and
(u,v) b ¢
l —{[—m—l,32 —-m+l;|2:lb (V)+[vljl -m+ljlb1V)
] (3.36)
* Vs Y L300 W)+ 1Y st Y30 bl(v)}

3 5 12500050

respectively. Substituting the constraints of (3.28) into
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(3.35) and (3.36) gives

3__121 . (u,v) 1
——Jl——-—-'au - ={§ [_-Ym—-l,j-Q + _1 ]b (v) + -y 4~ gt l,j—ljb—l(V)
(3.37)
+ [-!m—l,j ]b W) + [y 4 j+1 l +l]bl(V)}
§ 2 152500050
and
(u,v)
—‘{[—m-ljZ 132]1) (v)<"[-\7l:]l _13b_y )
+ ['-Ym—l,j ]b (v) + [- Vo1 j+l Yy 3+1]b1(V)}
J = 1y25.045n
Therefore,
u,v oP_ . (u,v)
aPl I( k¢ ) _ —n,] ’ = 1.2 (3.39)
au - "—“—"3—11——_ j - LY LA ,n .
u=0 u=l

We can extend this principle to determine the second
derivative along the same patch boundary. Differentiating
(3.29) and (3.30) twice with respect to u and substituting

the appropriate values for the second derivatives of the
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TABLE 3.2

Second Parametric Derivative of the Subsectlonal Ba51s

Functions
Second Parametric Derivative u=0 u=1
b:é(u)=(-6u+6)/6 1 0
i(u)=(18u-12)/6 -2 1
bé'(u)=(-18u+6)/6 1 -2
bi'(u)=6u/6 0 1

subsectional basis functions (Table 3.2), results in

] Bl . (u,v) ]
wand IR SR ERLIE R RS K LA Wi~ Hoga’t PL W
(3.40)
SL - A g+ Yy T ¢ Iy s - T g * Yy s T
J = 1240009y
and
BZEm . (u,v) oy ]
Y R - T
T | T 13- o sip * Yt 32900 * D 51 ™ Fgea G310 )
(3.41)
F a5 - Mgt Y, 3P0 ¢ Dy 51 = B g * Y31

3= 1,25...50

Substitution of the control vertex constraints of (3.28)



into (3.40) and (3.41) yields

2

3 Py L(u,v)
™ wo W52~ B2t e NN AP A NS N
F 0 g Pyt Y 5T D s - P ga t Y 3 1Y) (3.42)
J 2 1,2,00.501
and
3B, (v
——_ip——‘ml=[ZWld'2-q%ﬂ ¥3,320T ) * oy 5y = Wg * Y 5 P )
AN TR A N R LRI AR e (3.43)
37 1,525,050
Thus,
2 2
3°Py . (u,v) 7P .(u,v)
T 9] - —ﬂl,j LI
5 e R j=1,2,...,n . (3.44)
du u=0 ou u=l

In fact, a similar equality holds for the positional
dependence (subject to the control vertex constraints)
without the enforcement of the (n+l) patch-corner point

constraints in (3.17),

_El,j(U,V) = gn,j(u,v) j = 1,2’.'_,1-1 . (3.45)

_61..



Thus, the following (n+l) patch-corner equations can be

eliminated from (3.13):

1 1
20,0 i 'P‘laj(O’O) = I‘=§2 S=§2 !1*T9j+sbr(0)bs(0) 1=1,

11 )
=P S0 = T b (OB (1) § = 1,2,0..m . (3.46)

Py j r=-2 5=E2 !1"'1‘,:']4‘8 r

’

This leaves

1 1

B3 7 By sBD = k) T Vg gegPpMP ) 5= 1,2,m 3 = 1,2,n
L (3.47)
B o1 By 0= I I Viup, j4Pp@bg (0 3= 1,2,00m §=1.

as the (m)(n+l) distinct patch-corner equations.

Therefore, the effect of the 3(n+3) control vertex
constraints in (3.28) on the closed surface formulation is
twofold. Firstly, it ensures positional, first derivative,
and second derivative continuity in the parametric
u-direction along the patch merger. Secondly, it reduces
the number of patch-corner equations from (m+l)(n+l) to
(m) (n+1) while introducing an additional 3(n+3) equations by
way of vertex constraints. The outcome is an augmented
system comprised of (m)(n+1)+3(n+3) equations in (m+3)(n+3)

unknown control vertices.
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3.2.2.2 Continuity at the v-Parameter Extremes

Vi neaVi, o Viet Vs, ‘VI Vi na

Vina l

\

W) (i) Gii}

(iv)

Figure 3.9: Overlapping the diagonal control vertices.

To demonstrate that positional, first derivative, and
second derivative continuity can be preserved at the
v-parameter extremes by manipulating the control vertex
structure, consider the cylinder-like orientation of control
vertices in Figure 3.9. It was demonstrated that derivative
continuity is secured in the u-direction by overlapping the
boundary control vertices. This same technique can be

applied to the control vertices bordering the v extremes.
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To illustrate this feature, consider the control vertices

1= 1,250005m (3.48)

which traverse the top-most and bottom-most levels of the
control mesh (Figure 3.9). Notice that the constraint in
(3.28) is taken into consideration, thereby restricting the
notation to the distinct control vertices. To exploit the
merits of overlapping control vertices, 1let each top-most
control vertex be equated to its diagonal counterpart two
levels down (Figure 3.9). Likewise, let the bottom control
vertices be similarly arranged, thereby, introducing (2m)

additional constraints, given by

e
N

Yint1 T Yeona {i +

olg 3

}. (3.49)

DS =

To achieve diagonal correspondence between control vertices,
there must be a one-to-one relationship between‘overlapped
vertices. As a result, (m) must be even. Moreover, the
number of patches in the parametric u-direction must be even

when modelling closed surfaces.
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Before addressing the matter of diagonal surface patch
continuity at these parametric extremes, recall that

positional continuity is guaranteed by the enforcement of

Pro " R,07 *r T Bp1,0 " Bn,o

(3.50)

P—ZL,n } P—2,n e T Em—l.,.n ) Em,n

This equality of patch-corner points, together with the (2m)
control vertex constraints in (3.49), results in additional
control vertex information which is essential in
demonstrating continuity between diagonal patches at these
points. We will restrict our attention to the control
vertices which support the top-most surface patches, and
point out that similar results hold for the control vertices
which influence the bottom-most surface patches.

Equation (3.50) and the manner in which the surface

patches are oriented require that

= B p(wsv) s By * B nlY) . (3.51)

R.
1> u=1l,v=1l
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Hence,

P, _(u,v) =P _(u,v)| i=1.2....0  (3.52)
1o1 *lu=1,v=1 —on u=l,v=1 7 2

Expanding the left- and right-hand sides of (3.52) gives

1 1
By " -Ei,n(l’l) = r=§2 s=§2 y—i*r,n'fsbr(l)bs(l) s

(3.53)

yv v 1/38

= [y W Y W g n Y Mg Y P Wi P

i1l + —i,n-1 + —i+l,n-1 +

is 1,2,...,% ,

and

1
Eik,n = 2k,n(l’l) = r:§2 s=52 -Yk+r,n+sbz‘(l)bs(l) ?

(3.54)

=01t Wiona t Yenna * ezt %00t Mean t Yernn T Mg Yes1,n01 1738

k=1+

L]

Applying the control vertex constraints of (3.49) yields

= + V. + 4V, + A
Ri,n [Y-i_ ’n~l ¥ uy’isn-l y'l+1,n—1 uy’l—l,n 16y—lan
(3.55)
+
W0 T Sl Y Yena v, +1’n_l]/35 ,
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and

Ek,n - [.-Yk—l,n-l * uyk,n—l * yk+l,n—l ¥ L‘y-k—l,n * 16Yk,n
(3.56)
+ + V. + 4V, )
L“—Ikﬁl,n y-1—l,n-l uy-l,n—l ¥ y—1+l,n—l}/36 ‘
Subtracting (3.56) from (3.57) results in
- = - + .
Pin Ek,n l_‘y-i-—l,n -Yk—l,n u—\Ll,I'l
(3.57)
- U'Yk,n * !'+l,n - Yk+l,n]

Moreover, m/2 linear independent equations can be generated

as follows:

- = [y -V +u4y, -u +v, -V /4
E:L,n E‘—;*l,n [—m,n --m,n —-1,n' _[n-'*l,n —2,n -%n+2 ,n] ?
2in~ B, s [y-i—l,n - Nean + l‘!i,n - u'Y-k,n * -Y'+l,n - -\1k+1,n]/1+ ’ ( 3.58 )
- = Iy -V 4y -by +V -V, I/
P’—“,n Em,n ""ll,n —m-1,n —-r_g,n ~m,n -l_:f_\+l,n ~1,n
2 2 2 2
Letting
\ -V =0y s
—1,n M 4y 4, 1
2 ’
N .
. °
Py ]
T- = O
A, —k,n g 10 (3.59)
°
° [
Y ®
\'} -V =0
-m ~,N m
— n —
2° 2
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(3.58) can be rewritten, yielding
- =z -g  + Hd + 0, o
El,n E{_{}*l n m .l 2
o2 2 2
. .
- = .+ o
Pin -~ Be,n oy +.L+onl Usyq (3.60)
. .
Py [
P -P-m,nz u&1+ LI»OLE—OLI .
7o 2 2
However, from the corner point constraints in (3.50), it is
evident that
R
l,n .'é"+l,n :
° [ ]
’ 0
Bin 7 Bon (3.61)
. I
: .
Py, - Bm,n =0.
20
Thus, m/2 homogeneous equations in m/2 unknowns results:
b1 -1 oy
1,41, o,
.0.:.... E = [O] . (3.62)
Tenealllo
7—1
-1 1 4o
m
! Jlz |
Since the determinant 1is never zero, the only possible
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(deterministic) solution is

v =V
AL >
N : _3-23'*'1,1'1

yiﬂlz ng1’
Y " Von
iah

In fact, the same result holds for
\Y =V
9.0 ’
1, : —%+1’0
Yi0% %00
\Y =V .
—m -m,0
70

Therefore, equating patch-corner points at the

extremes, along with the vertex constraints in

(3.18)

(3.63)

(3.64)

(3.65)

v-parameter

and

(3.19) , results in an equality of diagonal control vertices
about the control mesh at j=n and j=0.

The results in (3.64) and (3.65) are not imposed
constraints, they are merely the consequence of the
patch-corner constraints in (3.50). However, it 1is
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conceivable that the equality of diagonal control vertices
in (3.64) and (3.65) could have been enforced at the outset,

thereby always yielding

- - ] = m
Bi,n_E;(,n ’ i,O_P}(,O 1 = 1,2,000,7 . (3.66)

However, this would restrict the formulation to the
description of closed surfaces and would not lend itself to
the specification of qguasi-closed bicubic surfaces, to be

addressed in ensuing sections.

Pisn (uy)

Pi,n=Pk,n

Px,n(uw)

Figure 3.10: Two diagonal corresponding surface patches.

To show that first derivative and second derivative

continuity is preserved between diagonal surface patches,
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consider the two patches in Figure 3.10, given by

1 1 . m (3.67)
Ei’n(u,V) = r=§2 S:EQ y’i+r,n+sbr(U)bS (V) 1 - 192 PRI 9—2— )
and
P, _(u,v) = % I i+ B (3.68)
Son YT D s=§2 Yk+r,n+sbr(u)bs(V) k=1+yg - )

For first derivative and second derivative continuity, the

following must hold:

. opr, _(u,v)
B-E—):L,n(u,V) i} ._kér(1 U; i = 1,2’”.,% k=i +1_112_ ,(3.69)
ov v=1 -V v=1
and
2 2
3P, _(u,v) 9°P (u,v)
=i,n 2’ - __=k,n ’2 j_:l,z,,,,,% k=i+%—.(3.70)
ov v=l 3(-v)°  |v=l

The (-v) is included to compensate for the opposing

parametric v orientations of each surface patch. Expanding
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the left-hand side of (3.69) yields

i p V) = [V, b (W + Y, b (W) * V. __bo(u) + YV b. (W Ib?, (1)
B |v=l 24-2,n-2"-2 24-1,n-2 -1 4 ,n-270 2441,n-2"1 -2
I [y—i—z,n-lb-2(u> + !i-l,n-lb-l(u) + !i,n—lbO(U) + y_iﬂ’n_lbl(u)]bll(l)
4 1Yy Pg(@) ¥ Vg PO Vi bt * Viap Py WG
+ [!i_z’mlb_z(u) + !i-l,n+1b-1(U) + !i,n+lb0(U) + !i+1,n+1b1(“)]bi(“ .

Similarly, for the right-hand side

_[-Yk-z,n—Zb-2(U) + !k-l,n—2b-l(u) + !k,n—ZbO(U) + -!k+l,n-2bl<u)]bl2(l)

[-Y-k—Z,n—lb-2(u) + y-k-l,n—lb-l(U) + !k,n—lbo(u) + !k‘rl,n-lbl(u)]bll(l)

[y_k_z,nb_z(u) + !k-l,nb-l(U) + Yk’nbo(u) + $<+1,nbl(u>]bl')(l)

b ,(u) +V b(u)+\_l_k b,(u) + V.

'
[y.k_.z,n-},l ) De-1,n41°-1 b (u)]bl(l) .

,n+1°0 De+1,n+171

Substituting the subsectional basis function values

Table 3.1 at v=1, (3.71) and (3.72) become

=1 - - - V.
v vl HYsp P2 = Vi paPy ¥ 120 = Yi41,n-1P1 W)
1
A PRI RS PRI LE L Y5 1P * Yiap Py W3
and
3P, _(u,v)
—%,n "’ s - -
— |v=1 = -5l-Y _p peaP o) - Vi1 ,n-1Po2 Y 1Pt Vier1 ;1017
1
- 7[\1; -2,n+lb-2(u) + ¥ -l,n+1b—1(u) + Y ,n+1b0(U) + ¥ +1,n+1b1(u)] .

(3.71)

(3.72)

from

(3.73)

(3.74)



Applying the control vertex constraints in (3.49) gives

=R =3 by(w) - ¥, b, (w)]
v v:l--z-[zl2n1 2 = Yy p1Pa W = Yy aPeW) = Vg n P ™ (3.75)
: 1
+§{ 21r11b Q(U)+—klnlb 1(U)+—k, b(u)—__kﬂnlbl(u)]
and

9P (u,v) 1 b W]

= l R A PRI I R L BRI CH W LR
- (3.76)

1 .
S AP IPAC PR TR Fe P = Vi4y Py (W]

Clearly, the first derivative is continuous:

aP. (u,v) 3P, _(u,v)
L. =:_}<_§l(1:_\7)__ i=1,2,0..,0 k=1i+3,(3.77)
v=l v=1l

For second derivative continuity (3.70) must hold.

Expanding the left- and right-hand sides, and substituting

the values of second derivative of the subsectional basis

functions at v=1 yields

Bzgi n(u,v)
3 -
= [11—2 - 1P 2(u) + V. 1,n- 1B l(u) + V;L - lbo(u) + Vv l,n—lbl(u)]

v v=1l
(3.78)

Yy o by + Vg g b (W) Yy bW Y b (W]

POV P Vg gD W Y b VL b (WD



and

2

? E-k 1,l(\.\,v) Y
| g neaPy® * Y paPa @ * Ve ne120® * Borp naP1
3(~v) vzl
- AV, bW Yoy Py @)+ Gy byl + Yy P11 (3.79)
+ Ty menPg® * Yy P @ * Y nnnPo™ Ve a1 W1

Applying the constraints in (3.49), gives

azgi n(u,v)
- vl ¥y neaPoo® * Yyg paPa @ Y5 ne1P0™ ¥ Yiap Py W
-2y, WD)+ ¥y Do+ ¥y Do+ Vigq D1l (3.80 )
> 3 3 3
+ Dy peaPoo@ * By n gy @)+ G aPe) Yir1 neaP W7
and
O NRURD
| Wy naPp @ * Yy Py W * B gBe() Yies1,n-1P1 W)
9(~v) v=l
- A By + Yy B () Yy Po@) * Y g (] (3.81)
+ [y-i-Z,n-lb—Z(U) + !i-l,n-lb-l(U) + y—i,n—lbO(U) + y—i+l,n—lbl(u)] .

It is clear that the following must hold for second

derivative continuity:

[-V-i—z,nb-z(“) + li—z,nb-l(“) + li,nbo(“) + -Y-i+l,nb1(U)] (3.82)

= [yk_z,nb_z(u) + yk_l’nb_l(u) + yk,nbo(u) + $<+l,nbl(u)] .



Recall that enforcing equality of patch corners, subject to

the (2m) control vertex constraints of (3.49), results in

. m m
= = — = +
Vi,O V; ,0 1 1,2,...,2 k=1 5
(3.83)
. m m
= = - = + = .
Vi,n V; n 1 1,2,...,2 k=1 5

Thus, the result in (3.82) holds and there is second
derivative continuity between diagonal surface patches.
Identical results exist between the bottom-most diagonal

patches of the closed surface:

9P, (u,v) ) 3P];,O(u’V) {219 mog - +D (3.84)

v - o(-v) A 2’
v=0 v=0
2 2
P, ~(u,v) 9°P, (u,v)
=3,0°7° % ?

> > - »0 5 i=1,2,. ,% k=1+%—-(3'85)
Y v=0 3(-v) v=0

By manipulating the control vertex structure into a
specified closed form, the necessity of prescribing first
derivative and second derivative boundary constraints
between merged patch borders can be avoided; yet,
positional, first derivative, and second derivative
continuity is inherently guaranteed everywhere on the closed

surface. Moreover, the enforcement of control vertex
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constraints in (3.28) and (3.49) introduces 3(n+3) and (2m)
constraint equations respectively. These, combined with the
(m) (n+1) patch-corner equations, yield a determinable system

of

(mn +1) +3(n+3)+ (2m) = (m+ 3)(n + 3) (3.86)

equations in (m+3)(n+3) unknown control vertices.

3.2.3 Quasi-Closed Surface Representation

Figure 3.11: Quasi-closed surface patch arrangement.

The quasi-closed Dbicubic surface formulation is
mathematically equivalent to that of the closed bicubic
surface. It 1is characterized by having an open surface
patch structure at either one or both of the v-parameter
extremes (Figure 3.11). The quasi-closed formulation has a
closed control vertex structure identical to that of the

closed formulation, hence, the term quasi-closed.
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In the preceding discussion on the closed surface patch
arrangement, a closed surface was obtained by first merging
the u-parameter extremes of an open patch Structufe.
Secondly, to achieve closure at the v-parameter extremes,

the patch-corner equations given by

1 1
P =_13~ (u,v) = I r . P (3.87)
1,0 3,17 w0 | Te-2 seo2 y_l+r,’l+sbr(l)bs(0) i=1,2,0..,m

and

Bin ® B n(ww =

1 1
L -
u=l,v=1 I=-2 s=§2 y-i"‘I‘,n*sbr(l)bs(l) i=1,2,...m, ( 3. 88)

were forced to coalesce to a single point. That is

P10 " Bp07 *vr T Bp1,0 T Em,o0
' (3.89)
RJ,.,n - P—Z,n T e T Em—l,n - Em,n

This equality of patch-corner points was essential to attain
complete closure of the surface and hence, continuity.

The equations in (3.87) and (3.88) constitute (2m) of the
(m) (n+1) patch-corner equations of the closed formulation.
1f the restriction of equality of patch-corner points 1is
removed at either one or both of the v-parameter extremes,

thereby allowing the patch-corner equations to interpolate
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(m) distinct points, the patch-corner equation structure
remains unchanged. Only the point to which it is equated to
is altered. As a result, there are still (m)(n+l)
patch-corner equations interpolating:
1. (m)(n+l) distinct points in the <case of a
quasi-closed surface opened at both extremes, and
2. (m)(n)+1 distinct points in the case of one open v

extreme.

3.2.3.1 Surface Edge Artifact

The control vertex structure used to support the
quasi-closed surface is identical to that used with closed
bicubic surfaces. Supporting m by n surface patches
arranged in a quasi-closed form requires (m+3)(n+3) control
vertices. These vertices are restricted by the control

vertex constraints. That is

Voo =V .
-0, -m,j °
] J = - 3.90
l,"laj ym—l,j 5 J 1,0,1,...9nyntl ( )

Um,5 " 50

and

t
e
o

Yf,n+l - Yk,n—l
i=1,2,...am K

ISTE= RS B

}. (3.91)

NfE s

Vi1 %1
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The ramifications of the first constraint are as in the
closed surface formulation, a guarantee of positional, first
derivative and second derivative continuity. in the
u-direction -along the patch merger. The second set of
constraints, on the otherhand, influences gquasi-closed

surfaces in a different manner than that of closed surfaces.

Pinluy)

Emme

Figure 3.12: Two diagonal patches of a quasi-closed
surface.

Consider two diagonal corresponding surface patches
illustrated in Figure 3.12. The surface patch equations are

given by

I . - m o (3,92)
P.,n(u,v) = r=§2 s=§2 y_i,rr’n_l_—sbr(x,l)bs vy 1i-= 152500057 >
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and

1 1 . m
B () = ML Vitp, neslp WD) k=1 +5 . (3.93)

Subject to the constraints in (3.91), the first derivative

with respect to v for p, , agrees with the first derivative

’

with respect to (-v) of P at the same parametric location

k,n
despite being remote from each other in R®, That is

3P, _(u,v) oP, _(u,v)
—d.n - _—K,n 1=1,2,....8 x=1i+D2,(3.94)
ov v=l o(-v) vzl 2 2

However, the same cannot be said for the second derivative.
This can been attributed to one feature that distinguishes
the quasi-closed formulation from the closed formulation:
the removal of the patch-corner constraints in (3.89), which
allows for the specification of quasi-closed surfaces.
Recall that with the patch-corner point constraints in

place, the following results:

= i = m = + El.
yi,O = V;,o i 1,2,...,2 k=1 5 >
(3.95)
- . . m - m
y_i’n— V; N 1= 1,2,...,7 k=1 +7 .

This additional information, in conjunction with the

constraints in (3.91), permits the continuity of the second
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derivative (See (3.70)). In the quasi-closed surface
formulation, where either one or both of the v-parameter
extremes are opened, the identities in (3.95) are invalid
since they are contingent upon the enforcement of the
patch-corner point constraints. Thus, for quasi-closed
surfaces, the second derivative with respect to v does not
necessarily emulate its diagonal counterpart.

The first derivative in (3.94), which can be viewed as
the surface tangent vector, imitates the edge tangent of its
diagonal counterpart and, as a result, introduces
surface-edge artifacts. This behavior at the open surface
edges .is primarily due to the underlying closed control
vertex structure. The surface 1is being constrained to
interpolate distinct points at one or both of the
v-parameter extremes, while concurrently accommodating the
influence of the control vertex structure. When the
combined effect of these two constraints becomes too great,
it manifests itself as an unexpected .edge overshoot.

Although the closed and quasi-closed formulations exhibit
distinctive surface properties, they are based on an
identical system of equations. Hence, a wunified matrix
structure, comprised of patch-corner equations and control
vertex constraints, has the flexibility to cater to both
closed and quasi-closed surface representations.

In the following section , the formation of the control
vertex matrix and its application to closed and quasi-closed

surfaces is presented.
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3.2.4 Control Vertex Matrix Structure

In order to interpolate a closed or quasi-closed network of
points with bicubic B-spline surface patches, the control
verticeé which support the surface must be uniquely
determined. For both closed and quasi-closed surface
interpolation, the control vertex matrix structures are
identical.

Consider m by n surface patches interpolating either a
closed or quasi-closed network of points in R? This surface
patch arrangement requires the support of (m+3)(n+3) unknown
control vertices. Clearly, to obtain a determinable system,
(m+3) (n+3) equations are required. The (m) (n+1)

patch-corner eqguations are given by

11
Byt B LD =2 T Viip jeebp @b 1= 1,25000m = 1,2,....n, (3.96)

and
101
B 5B Q0= E IV b_(Ib (O 1= 1,2..m 3=1. (3.97)

r==2 gz-2 —itr,jts T

The control vertex constraints contribute 3(n+3)+(2m)
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equations, given by

.=V .
y“053 -m,j ’
= - ] = - 1 e e e n+l (3098)
-Y-l,j -Ym—l,] , J 1,0,1, 311y '
1,3 T L5
and
Yiont1 T Yen i+% is %
i = l,2,..’,m k : . m . m - (3.99)
Vi-1 %01 -3 1>3

Thus, equations (3.96) through (3.99), generate (m+3)(n+3)
equations in (m+3)(n+3) unknown control vertices.
There 1is a choice of two methodologies to follow in
accumulating the system matrix:
1. combine the (m+3)(n+3) equations into a matrix of
dimension (m+3)(n+3), or
2. combine the (m)(n+l) patch-corner equations, subject
to the control vertex constraints, thereby
constructing a reduced system matrix of (m)(n+l)
equations in (m)(n+l) distinct control vertices.
Implementing the latter of these has the advantage of
requiring less computational effort due to the compressed
matrix size. In this instance, once the distinct control
vertices have been determined, the complete set of
(m+3) (n+3) control vertices is ascertained by a reverse

application of the control vertex constraints.
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P 3-P23:P33°P 43

P1,0:P2,0:P3,0:P4.0

Figure 3.13: A closed network of ten points in R®.

As an example, cohsider the closed network of ten points
in R®* (Figure 3.13). To interpolate this combination of
points requires (m)(n)=12 bicubic surface patches (m=4, n=3)
supported by (m+3)(n+3)=42 control vertices. The resulting

(m) (n+1)=16 patch-corner eguations are give as

v

Py 50 = IV 50+ 4 500 Y Vi 50 * W3- Y 5
- (3.100)
P sty st V54,7138 = By 50 .
121,200, 321,23,
and
= . I T R (-
By @D = DY 5 * W e T SALY T T
(3.101)

aaq F Ve 5.93/36 5Dy s
W45 Y hen MR y-1+l,3"f1]/ Bij

1= 1,2,00058 3 71,2,3.
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Expanding (3.100) and (3.101) yields

Py (L0 =

P LD
P LD

P 5D

Py (1,00 =

Py 11,1
Py (1,1
Py 511
P31 (2,0
Py LD
Py oD

Py 5D

24,1(1,0) =

(1,1
2(1,1)

B, 31,1

Yy 0

Lv
v
[v

V.0

Vo1

Vit

Va2 *

Vo1t

1t uyi -1

Wy 1

+ uy_z’o +

Wy *

”!2,2 +

Wy 1

ts 0%

+ u!3’1 +

$ Ny t Mgt oty T Y Y Wiyt ¥l 3g21,0
A R AL S B PIS B YUY o ¥ Yy o) 73Ry
IR AP SO SO T R - I * V30 =360 -
* Wy g W gt 1BV g ¥ WYy gt Vot M Y Vo,ul = 36p) 5
¥ Vg g P g Iy o Y gt Yy g P Y V303 = 38R0
Vg g ¥ M¥gy *ABUp ¥ WYyt Yy ot M ot Vg ol 7 30y
Vg ¥V o+ 16Wp o ¥ Mg o+ ¥y g ¥ Wy 5 * Vg 53 % 3Ry
Vg gt 4y g ¥ 16V g+ Wlg 5+ 0y ¥ 4y o+ Vg ] = 3Rp 3
LRI P AT I PIS B C a7 = 3R
Vgt Wp o #2600 ¥l 5 *¥p 0¥ Wy o * ¥y ol = 38p3 5
LA PP PSP I I R E * ¥y 40 = 36pg
Vy,g* Wp gt 1605 o * Wy 5+ Yy + Wlg * Y, 0 = %pg 3
F Vg g My g Y ABY o F Mg ot Vg Pyt T, 14 = 38Ry o
Vg ¥ Wiy * A8 gtV F U0t W, o+ Vg o) = 3Ry
Vg g+ Vg o ¥ 16V, ot Mg o+ Vg5 * Wy, g+ Vg 3d = 36Ry 5
Vg gt Wy g+ 26Uy g+ WV 5% Vg * W,y * Vs 4l 7 Ry 3

(3.102)



The control vertex constraints can be explicitly written as

\Y .=V .
—O’j —4,]
.Y._l’j - 23,'_'.] :l = _190319‘ ')u‘ s (30103)
V., . = V. .
—593 '—l:]
and
Vi = Yo i+2 is2
i=1,2,...,4 k= _ (3.104)
Vi1 7 % i-2 i>2

Applying the above constraints to the sixteen patch-corner
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equations yields

By 41,0 =

B @D
P o1
By 5D
Py 11,0
By 1 (LD
By pL1)
By ;@1
P (1,00
Py @D
By D)
£a,3
B, 11,0

214,1(1’1)

L

24’3(1,1)

(1,1 =

P ’2(1,1) =

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

%0

16V.

—1,1

16V

16V

21,3

16¥5.0

18V

16V

22,2

16%5,3

16V

-3,0

16V

—3,1

18V

—3,2

16V

87

—1452

—2,1

V3,3

+

+

+

+

+

4+

+

+

+

+

+

+

+

4V

—1,1

4V

Y1,2

LV

Ly

uy

v

=242

uv

Ly

LV

4y

4V

Ly

1,3
23,2

—2,1

—2,3

3,1

23,2

Y3,3

~1,2

12,2

~2,1

V, ,3=

2,2

Y5,3

1=
S

Y31

Y3,2

~3,3

Y0

]_

]..

]:

= 3691’0

3691 1

)

= 36py

3621,3

= 3622,0

3622,1
36})_2,2
3622,3
3623,0

3623,1

3623,2

= 369353

= 36py 0

= 36p,

= 36py

= 3624,3

(3.105)



Thus, the system is reduced to (m)(n+l) equations in

(m)(n+1) distinct control vertices:

Voo AF 12,054 3= 051,000,453 . (3.106)

In matrix notation, (3.105) can be represented as

[cilv] = [p] . (3.107)
where
1,0 B0
=} il,l
. 1 - 1,2
;1,2 16 4 y 2 n y 2 2,3
-1,3 416 4 14 1 14 1 1,
¥,0 416 4 1 4 1 141 P20
v, 4 16 2 4 u 2 .~
=2,1 y 2 16 u y 2 4 ,
2,2 141 w1 4 1 k1 Py.2
v 14 1 416 4 14 1 By s (3.108)
_ 12,3 _ 2y 4 186 2 4 4 [p] = 368 [-2> '
[v] = Vool ! £cl = y y 2 16 4 4 2 ' P P30 .
v, 141 4164 141 Dy
31 141 416 4 104 1 s
Y3,2 4 2 4 4 16 2 4 B3 7
V, 4 2 i 4 2 16 4 233
-3,3 141 14 1 416 4 s
Y0 141 141 416 4 By o
vy = 24 4 2 u 4 18] Py 1
A1 .. i
YJ-I,? E‘+,2
4,3 12y, 3]

For the closed network of points in Figure 3.13, the p



vector in (3.108) possesses the characteristic

P10 " Bo0 7 B30 Byy0
(3.109)

P13 By,37 B3,37 By,3-

I1f the network of points 1is altered to a quasi-closed
formation, only the p vector needs to be modified. The
C-matrix is completely transparent to the point
configuration. As a result, for a particular m by n surface
patch combination, any arrangement of (m)(n+1) points can be

interpolated without reconstructing the coefficient matrix.

3.2.5 Solution Technique Considerations

The coefficient matrix generated by the closed and
quasi-closed surface formulations is nonsymmetric and
sparse. The number of nonzero entries in relation to the

zero entries can be expressed as

9(m)(n + 1) 9

[mn + DI - 9w+ 1) i+ 1) -9

(m= 6,8,10,...) (n=3,4,5,...) . (3.110)

As the number of points to be interpolated grows, the
C-matrix becomes increasingly filled with zero entries. In
order to avoid the unnecessary storage of zeros, a solution
technique that incorporates a sparse storage scheme 1is

essential.
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The C-matrix also possesses the characteristic of
diagonal dominance with no zero entries located on the
diagonal. As a consequence, solution technigques which
utilize diagonal pivoting can be implemented.

The major factor in determining the control vertices and
hence, generating a surface, lies in the fact that the V

and p vectors have entries with x, y, and z components.

Voo Dvxg o Vy; 5 V2 o1 py g = Oy 1. (3.111)

. Vi s Zs s
153 1,] 1,7 1,3 1,]

Thus, to obtain the complete V vector representation the

following is implemented:

[vx] = [C17Y[x] ,
[vyl = [CI7yl , | (3.112)
[vz] = [CT73z] .

Since the inverse of the coefficient matrix needs to be
multiplied by each component of the p vector, a direct
method incorporating the product form of the inverse is
desirable. This is especially so where real-time execution
of the algorithm is needed.

A modified bi-factorization technique (after Zollenkopf

[9]) incorporates all of the above considerations. The
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C-matrix is stored using a double linked-list scheme which
avoids the unnecessary storage of zero entries. The inverse
is obtained by factoring the coefficient matrix into several
factor matrices. This product form of the inverse is then
multiplied by each component of the p vector to obtain the

coordinates of the distinct control vertices.
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Chapter 1V

CLOSED AND QUASI-CLOSED IMPLEMENTATIONS

The theory developed 1in the preceding sections has been
implemented in a interactive surface modelling package. The
package consists of two phases:

1. data preparation and

2. surface interpolation.

The first phase in the modelling process is to specify the
network of points to be interpolated. The point network is
prescribed by interactive menu selections and can be
manipulated into a closed or quasi-closed form. The second
phase generates the system coefficient matrix and determines
the corresponding control vertices based upon the problem
dimension (m and n). The control vertices are used in
conjunction with the uniform bicubic basis to generate a
closed or quasi-closed interpolating surface.

The surface display implementation makes extensive use of
windowed menu selection as a means of user interaction.
Menu features include the ability to observe the surface
from various viewpoints. In addition, increased patch
definition is provided by the subdivision feature which
partitions individual patches with constant-parameter lines.

This is particularly useful in regions of higher curvature,
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where more definition is reqguired to discern the surface
shape.

The surfaces generated by the closed and quési-closed
algorithms are solid. The manner by which the surfaces are
displayed can be conceptualized as transparent shells with
inked lines drawn about to exemplify shape. This inked line
representation can be misleading since individual lines can
fluctuate perpendicular to the surface normal, giving the
appearance of surface undulations. 1If one were to implement
such algorithms on a graphics device capable of shading, the
surface representation would appear as a smooth continuous
shell.

in order to demonstrate the functional aspects of the
closed and quasi-closed modelling schemes, a number of

examples are provided in the following sections.

4.1 A CLOSED BICUBIC SURFACE

Recall that in the closed surface formulation the control
vertex structure, combined with the patch-corner point
constraints (at the v-parameter extremes), interpolates a
closed network of points.

Consider interpolating a network of (m) (n+1)=24 points in
R°  This translates to (m)(n-1)+2=14 distinct points in the
closed formulation (See (3.20)). This underlying network is
illustrated in Figure 4.1. The corresponding surface patch

arrangement (Figure 4.2) clearly interpolates the closed
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network. 1In particular, the surface appears well behaved at

the v-parameter extremes.

Figure 4.1: A closed network of 24 distinct points
(m=6,n=3).

To demonstrate the localized influence of the surface in
Figure 4.2, consider altering a single point in the closed
network (Figure 4.3). The resulting surface (Figure 4.4)
illustrates that the effect of the perturbation is sensed

locally.
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Figure 4.2: Closed interpolating surface (m=6,n=3).

Figure 4.3: A closed network with a point perturbation.
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Figure 4.4: Localized effects of a point perturbation.

4.2 A QUASI-CLOSED SURFACE OPENED AT ONE EXTREME.

The quest for realistic graphic object representation in
analytic and synthetic applications has recently been an
area of widespread interest.

In many analytic applications, designers of
three-dimensional objects would like to preview preliminary
designs and subject them to various computer simulated
analyses. In this regard, the closed bicubic B-spline
formulation is a wuseful and practical design tool. It
provides positional, first derivative, and second derivative
continuity, and, as a result, inherently ensures the

continuity of surface normal components. Moreover, surface
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normal calculations are easily determined. This is of
particular importance for geometric modelling in such

advanced numerical techniques as the Boundary Element Method

[21, 22].
Conventionally, for most synthetic applications,
achieving a viable object representation meant

interconnecting immense numbers of polygons. In order to
process such information, the polygon description must be
organized into an enormous data base consisting of vertices,
edges and polygons. On the other hand, the closed bicubic
B-spline formulation allows for complex surface definition
with a minimal amount of effort. All that need be supplied
are the points for interpolation.

For example, consider the quasi-closed surface
illustrated in Figure 4.5. The surface is comprised of m=20
by n=18 bicubic patches, interpolating (m)(n+1)=380 points
arranged in a quasi-closed formation. To achieve a
comparable surface structure implementing a polygon
representation would require at least 1440 polygons and 1460
points. By comparison, the quasi-closed surface can be
completely defined by the (m)(n+1)=380 distinct control
vertices which support the surface. This has obvious
advantages in terms of storage reqguirements. Moreover ,
surface rotations require that only the control vertices be

transformed, which is advantageous for real-time execution.
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A quasi-closed surface opened at one extreme.
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4.3 QUASI-CLOSED SURFACE OPENED AT BOTH EXTREMES

To form quasi-closed surfaces opened at both extremes the
patch corner point constraints can be removed from the
formulation. This allows the surface to interpolate

(m) (n+1) distinct points.

LY

Figure 4.6: A guasi-closed network of point opened at both
v extremes.

Consider the quasi-closed network of (m)(n+1)=110 points
in Figure 4.6. Clearly the surface 1is opened at both
v-parameter extremes. If the network of points 1is
interpolated with bicubic B-spline surface patches, there is
evidence of the surface-edge artifact (Figure 4.7). Recall
that this occurs because of the underlying control vertex
structure. By adding constant-parameter 1lines within each

patch, the surface definition becomes more detailed.
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Moreover, the surface-edge undulations seem to add to the

surface representation rather than detract (Figure 4.8).

Figure 4.7: Quasi-closed surface with surface-edge
artifacts.

Figure 4.8: Surface highlighted with constant-parameter
lines. '
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4.4 MULTI-OBJECT REPRESENTATION

For many applications it 1is necessary to display a
collection of surfaces. This is particularly ﬁseful in
medical applications where the visual representation of
internal body organs and their positions with respect to
each other is an important diagnostic tool.

The closed bicubic B-spline formulation shows promise as
a modelling scheme for such applications. Since many
components of the human anatomy are comprised of smooth
continuous surfaces, the closed and quasi-closed
representations? can adequately portray such structures

(Figure 4.9).

The present algorithm does not cater to the
simultaneous manipulation of more than one surface.
However, a multi-object environment can be simulated by
concurrently displaying any number of surfaces without
refreshing the display device. To alter a viewpoint, each

surface be individually processed then displayed.

: The surfaces are depicted by a reduced set of points to
alleviate misleading fluctuations in the representation.
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Figure 4.9:
lungs.

- 102 -

and



Chapter V

CONCLUSIONS

Recent work by Barsky I[6, 7, 13, 15] addresses the
formulation of bicubic B-spline surfaces for interpolating
open point networks. In this thesis, a novel approach to
modelling closed and quasi-closed surfaces through the use
of a closed uniform bicubic B-spline formulation has been
presented. The formulation 1is derived to interpolate a
closed network of points in R% The surface closure is
attained by transforming both the surface patch arrangement
and the controlling vertex structure to a specified closed
form. This is accomplished by the introduction of
patch-corner point contraints and control vertex
constraints.

The closed control vertex structure plays a significant
part in assuring a closed surface formulation, Firstly,
positional, first derivative, and second derivative
continuity is inherently guaranteed everywhere on the
surface, thus alleviating the necessity of specifying
derivative boundary constraints along the patch merger.
Secondly, the transformation to the closed control vertex
structure introduces the appropriate number of constraints

to yield a completely determinable system of equations.
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The closed surface formulation is extended to include
quasi-closed surfaces by disregarding certain patch-corner
point constraints. As a result, this extension to
quasi-closed surfaces does not introduce additional system
equations, Oonly the network of points on the surface is
modified. Thus, for a particular number of surface patches,
the coefficient matrices generated by the closed and
guasi-closed formulations are indistinguishable.

The quasi-closed formulation generates surface-edge
artifacts about the v extremes when the combined constraints
of interpolation and control-structure influence are
overwhelming. This possibly can be circumvented by
introducing additional interpolation points.

The closed bicubic B-spline formulation demonstrates
merit as a geometric modelling scheme for both analytic and
synthetic applications. The inherent results of positional,
first derivative, and second derivative surface continuity
is advantages in computational methods which rely upon
accurate object representation.

In synthetic applications, the closed surface formulation
allows for complex surface definition with a minimum of
effort. Object representation requires less storage and
computational effort than similar polygon structures.

The formulation falls short of depicting closed surfaces
containing edge discontinuities. To implement edges 1in a

bicubic B-spline surface, cusps must be introduced by way of
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multiple control vertices [12]. This, along with a unified
approach to modelling a multiple object environment
implementing hidden and shaded surface techniques, would

greatly enhance the geometric flexibility of the method.
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