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Abstract

The interaction between magnons and photons has significant implications for quantum informa-

tion processing and in spintronics. In an electromagnetic cavity, wherein photons are confined, the

photon-magnon coupling can be enhanced and controlled more effectively. In this thesis, we investi-

gate a model system wherein the interaction between an antiferromagnetic domain wall and cavity

photons occurs via the inverse Faraday effect, resulting in a coupling analogous to optomechanical

coupling. The coupled dynamics leads to the emergence of level attraction, a term used to describe

the coalescence of two distinct eigenmodes in a region bounded by exceptional points. We reveal the

impact of the Dzyaloshinskii-Moriya Interaction (DMI) on the coupled dynamics of domain walls to

cavity photons. We demonstrate that the presence of DMI can affect the coupling between magnons

and photons, depending on the geometry of the system. This finding has potential applications in

the control and detection of DMI in antiferromagnetic materials. Using a different formalism, we

provide a demonstration that the phenomenon of level attraction can arise in systems characterized

by instability under non-equilibrium conditions. A formalism for characterizing the linear response

of driven magnonic systems has been developed and we show that results can be reproduced using

numerical micromagnetics. The developed theory facilitates the study of cavity magnonics using

numerical micromagnetics.
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Chapter 1

Introduction

The interaction between electromagnetic (EM) radiation and magnetic materials is an important

topic in the field of condensed matter physics. While the principles of magnetism is an older subject,

ferromagnetic resonance (FMR), a phenomenon that stems from the absorption of electromagnetic

waves by magnetic materials only became a topic of discussion in the 20th century, leading to ex-

perimental observation by Griffiths [1]. Theoretical studies providing insights into how magnetic

materials can be excited by EM fields resulted in the prediction of FMR, which explains how a mag-

netic material absorbs EM radiation when the precessional frequency of the magnetization in the

material matches the frequency of the EM radiation. The theoretical explanation was first formu-

lated by Landau and Lifshitz [2] to describe the dynamic behavior of ferromagnetic materials near

resonance and has since then been modified to account for damping effects [3], demagnetization and

anisotropy.

When EM radiation is absorbed by a ferromagnet, the resonant effect on a single spin can traverse

the material via the exchange interaction between the spins, resulting in collective excitations called

magnons. The coupling between magnons and photons then forms a new kind of quasi-particles called

magnon-polaritons. Cavity resonators, which confine photons, are employed to increase the rate of

production of these magnon-polaritons in the system and also improve the control and detection of

magnon-photon coupling [4]. Due to the role an electromagnetic cavity plays, this kind of study is

often referred to as cavity magnonics. Cavity magnonics, in a nutshell, is a field of research that

investigates the interaction between magnons, the fundamental excitations in magnetically ordered
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systems, and photons [5, 6]. This relatively new field of study has continued to attract a lot of

attention in recent years due to its applications in quantum information processing, quantum sensing

and in spintronics [7].

Research in cavity magnonics has been driven by a number of theoretical and experimental ef-

forts. Soykal and Flatté [4] first theoretically predicted a strong interaction of several GHz between

magnons and photons in a photonic cavity, and presented the full quantum Hamiltonian of the cavity

magnonic system. In their work, they suggested the use of YIG (Y3Fe5O12) sphere owing to its low

dissipation rate, large spin density and high tunability that makes it desirable for coherent informa-

tion processing [8, 9, 10]. In a subsequent study, Huebl et al. carried out a first-of-its-kind experiment

that demonstrated the existence of a strong coupling between microwave photons and magnons [11].

The feature depicting the coupling - an anticrossing (or level repulsion) in the eigenspectrum was

measured using microwave transmission. That study facilitated the advancement of microwave cavity

magnonics.

Since then, there have been a number of theoretical [12, 13] and experimental [14, 15, 16] works

on cavity magnon-optical photon coupling leading to the observation of several interesting phenom-

ena, such as the realization of dissipative magnon-photon coupling [17, 18] in which energy transfer

between the magnons and photons occurs without maintaining a coherent phase relationship. This

coupling can lead to non-Hermitian physics [19, 20] that is significantly different from the effects of

coherent magnon-photon coupling [21]. An example of such non-Hermitian physics is level attrac-

tion, a phenomenon characterized by complex eigenvalues and the coalescence of energy levels of the

interacting system. A number of experiments have also demonstrated the coupling between magnons

and optical photons [22, 23, 7, 16] supporting the tuning of magnons using optical field leading to

the realization of nonlinear effects in cavity magnonics [12, 24, 25]. Also, the possibility of coupling

complex patterns of magnetization to cavity photons has been demonstrated first with a magnetic

vortex [26] and later with a ferromagnetic domain wall [27]. In particular, the study in Ref. [27]

demonstrated that in an electromagnetic cavity, topological magnetic textures can couple to cavity

photons through the inverse Faraday effect. The optomagnonic Hamiltonian in the model can also

be used to realize optomagnonic features, most notably, level attraction.

Meanwhile, in recent years, interfacial effects have revealed the possibility of tuning the width
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and chirality of domain walls in magnetic materials [28]. One such effect is the Dzyaloshinskii-Moriya

interaction (DMI), an antisymmetric exchange interaction in systems with broken inversion symmetry

[29]. DMI favors non-parallel alignment of neighboring spins and is known for its role in the formation

of structures like skyrmions, which belong to the class of complex patterns of magnetization [30].

Analytical and simulation studies focusing on the effect of DMI in antiferromagnets have shown that

this effect can influence both static and dynamical properties of domain walls [29]. For example, it has

been shown that the presence of DMI could tilt the easy plane of a domain wall in one configuration,

reducing the width of the domain wall, and in another configuration, can play a role in determining

the chirality of the domain wall [29]. Many of the studies involving domain walls have been focused

on ferromagnets; however, there is significant difference between the dynamics in ferromagnets and

antiferromagnets (AFM). For example, unlike ferromagnets, there is no presence of Walker breakdown

in AFMs. This is considered an advantage over ferromagnets for certain applications such as fast,

energy-efficient data transfer [31, 32, 33]. According to Ref. [31], the non-existence of Walker

breakdown can be attributed to the cancellation of the torques that cause tilting in the two sublattices

of the antiferromagnet.

In the first part of this thesis, we examine the interaction of photons in a cavity with an antifer-

romagnetic domain wall. While most cavity magnonic studies have involved ferromagnets, which are

characterized by frequencies in the GHz range [34, 23, 35, 11, 15, 22, 16], antiferromagnets can exhibit

THz dynamics [36], typically characterized by zero net magnetization and large anisotropies, which

are attractive for spintronic applications. Considering that antiferromagnets are potential platforms

for exotic spin textures such as skyrmions, which can exist in materials that lack inversion symmetry,

we consider the Dzyaloshinskii-Moriya interaction (DMI) in our study. The first project in this thesis

attempts to unravel how DMI can affect the coupling of spin textures to optical photons.

A recent experiment proposed a new method for tuning magnon-photon coupling through the use

of a low-frequency periodic external field called Floquet drive [37], thereby leveraging time periodicity

to investigate the properties of cavity magnonic systems. The experimental set up described in Ref.

[37] was used to achieve coherent coupling between magnons and photons within a microwave cavity.

The cavity response reveals the realization of level repulsion, an anti-crossing between the magnon

and cavity modes. In the second project included in this thesis, we illustrate how level attraction can
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be achieved in a periodically-driven system. The techniques used in chapter 3 open up the possibility

of studying cavity magnonics semi-classically. This facilitates the investigation of these systems

numerically to allow for the study of photon-magnon interaction using micromagnetic simulations.

In our study of a magnon-photon system, where the magnetic system is driven out of equilibrium, we

realized level attraction. We present a perspective from which level attraction is understood as an

instability resulting from the interaction between cavity photons and excitations above a stationary

driven magnetization P-mode. We demonstrate that this instability occurs when the cavity resonance

is close to the frequency of the lower sideband around the P-mode [38].
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Chapter 2

Collective dynamics of an

antiferromagnetic domain wall in an

optical cavity

© 2021 American Physical Society 1

Cavity optomagnonics in which precision measurements of interactions between photons and

magnons are studied [1] has potential applications in quantum information processing [2] and spin-

tronics [3]. Essentially, it allows a description where the force on magnetic moments appears as an

optical pressure of photons. We discuss here an optomagnonic analog of cavity optomechanics [4]

in which one is able to observe the coupling of electromagnetic radiation to spin texture oscillations

[5, 1]. As a consequence, one is able to realize optomechanical phenomena in magnonic systems, which

includes mode attraction - the coalescence of two eigenmodes marked by two exceptional points [6].

Described as an anticrossing gap in Ref. [7] where the coupling between a microwave cavity mode

and a ferromagnetic magnon mode was studied, this behaviour has continued to gain attention and

has been observed experimentally in the microwave regime in a planar geometry [8] and in a mi-

crowave cavity [9] with frequencies in GHz range. The physical mechanisms behind level attraction

in these cavity-magnonic experiments have been studied to reveal it is caused by dissipative coupling

1DOI: https://doi-org.uml.idm.oclc.org/10.1103/PhysRevB.104.184416
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[10, 11, 12] and also attributed to an instability in optomechanical systems associated with a negative

frequency in the effective Hamiltonian of an externally driven system [13, 14].

Cavity magnonics has been explored primarily for ferromagnetic systems, with frequencies in

the GHz range [15, 16, 17, 18, 19, 20, 21]. At present, antiferromagnets are receiving attention as

possible platforms for exotic spin textures such as skyrmions, which can exist in low-dimensional

materials with broken inversion symmetry. Antiferromagnets are characterized by dynamics in the

THz range [22], typically having large magnetic anisotropies and zero net magnetization that make

them useful for spintronic applications, but at the same time makes experimental observation of

collective magnetic dynamics difficult. Here, we propose to use magneto-optical coupling, which is a

well established experimental technique to study ultrafast dynamics in antiferromagnetic insulators

[23] to study the collective motion of antiferromagnetic textures.

The Dzyaloshinskii-Moriya interaction (DMI) can exist in non-centrosymmetric magnetic mate-

rials and is known to play an important role in describing non-trivial spin textures [24, 25]. In one

spatial dimension, DMI can lead to long-periodic modulated structures known as soliton lattices,

while in two spatial dimensions DMI helps to stabilize topologically non-trivial skyrmion lattices. It

is also known to play an important role in domain walls [26, 27], where it affects the domain wall

structure and lifts degeneracy between domain walls with opposite chiralities. In this paper, we show

that DMI can also affect how spin textures are coupled to optical photons.

Optomagnonics opens the possibility of coupling electromagnetic waves to non-uniform magnetic

ground states such as a magnetic vortex in a microdisk [28]. Whereas some of the most interesting

textures are found in two and three dimensions, there have been some studies on one-dimensional

structures such as solitons in antiferromagnets [29, 30, 31] and helimagnets [32, 33]. Here, we examine

the case of the coupling of optical cavity photons to a domain wall. Domain walls are one-dimensional

topological textures whose dynamics can be described in analogy to that of massive particles [34, 35].

The collective motion of ferromagnetic and antiferromagnetic domains walls is well studied [36, 37,

38, 35, 39, 40, 41].

Coupling of collective magnon modes to optical cavity modes have been realized in a number of

experiments [20, 42]. Recently, a model for cavity magnonics with a ferromagnetic domain wall was

proposed and parameters for the coupling were estimated [43]. In that case the frequency of the
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ferromagnetic domain wall oscillation in a pinning site is in the GHz range.

In this paper, we discuss a cavity optomagnonic system where an antiferromagnetic domain wall

is coupled to optical photons via the inverse Faraday effect [44, 45, 23]. This leads to a non-linear

optomechanical-type coupling where the domain wall reacts to pressure from cavity photons. We

discuss the hybridization of optical and magnonic modes, and identify a level attraction regime.

We also investigate the effects of DMI on the domain wall dynamics in two different geometries.

We find that in one geometry, where DMI favours one chirality of the domain wall, the presence

of DMI enables coupling of magnons to photons which is otherwise non-existent without DMI. In a

second geometry, the DMI exerts a torque which leads to the domain wall tilt and consequent effects

on the coupling terms. We expect that these features are not limited to the case of a single domain

wall and can be found in other chiral spin textures. This can assist detection and quantification of

DMI in thin films of antiferromagnetic materials.

2.1 The model

Our model assumes a Néel domain wall in a one-dimensional antiferromagnet as shown in Fig.

(2.1 a). Sublattices A and B have opposite spins, SA and SB, respectively. The preferred magnetiza-

tion rotation plane is the x-z plane. The Hamiltonian describing this system is:

Hdw =
∑
⟨i,j⟩

JS⃗i · S⃗j −Kz

∑
i

(S⃗i,z)
2 −

∑
i

Kx(S⃗i,x)
2 +

∑
i

(−1)i+1D⃗ · (S⃗i × S⃗i+1). (2.1)

The first term on the right is the nearest-neighbour exchange interaction between spins on the

sublattices. The second and third terms are the uniaxial anisotropies in the z and x directions,

respectively [46] with constants Kz ≫ Kx. The last term is the antisymmetric interfacial DMI whose

alternating sign prevents a spiral spin state [47].

We introduce the total and staggered magnetizations, m⃗i = (S⃗i
A+ S⃗i

B)/2S and l⃗i = (S⃗i
A− S⃗i

B)/2S,

respectively, subject to the constraints that m⃗ · l⃗ = 0 and m⃗2 + l⃗2 = 1 [48, 38, 35, 49]. Going by this

definition, we make the substitutions, S⃗i
A = S(m⃗i+ l⃗i) and S⃗i

B = S(m⃗i− l⃗i) into Eq. (2.1). This results

in a sum over lattice points rather than spins. We simplify the non-DMI part of the Hamiltonian
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Figure 2.1: (a) Schematic illustration of the geometry where the effective magnetic field of the light along x̂
interacts with the domain wall with width λ and axis along ẑ in the presence of DMI along ŷ. (b) Hybridized
frequency of the cavity modes and magnon modes of the antiferromagnetic domain wall as a function of the
detuning parameter in the absence of DMI. In the absence of DMI, there is no coupling achieved as indicated
by the dotted lines. The thick lines represent what happens in the presence of DMI when the magnon modes
couple to the cavity modes. The real part of the two modes attract in the region of negative detuning and
repulsion is observed in the region of positive detuning.

based on the approach in Ref. [38] by introducing the following identities: 2m⃗im⃗i+1 = m⃗2
i + m⃗i+1 −

(m⃗i+1−m⃗i)
2 and (⃗lim⃗i+1−m⃗i⃗li+1) = l⃗i(m⃗i+1−m⃗i)−m⃗i(⃗li+1− l⃗i). The simplification of the DMI term

is included in Appendix B. It is useful make a continuum approximation, m⃗i+1 ≈ m⃗i+a0(∂m⃗i/∂z)+...

and l⃗i+1 ≈ l⃗i + a0(∂l⃗i/∂z) + ..., where a0 is the lattice constant. In Eq. (2.1), we replace m⃗i and l⃗i

by m⃗(z) and l⃗(z), respectively, and the sums are replaced by integrals. We describe the dynamics

of the AFM in the exchange approximation and consider a slowly varying AFM domain wall. In

this description, the exchange interaction is much larger than the anisotropic terms and |m⃗|2 ≪ |⃗l|2.

Thus, the anisotropic terms proportional to the total magnetization can be neglected [38, 50] (details

are provided in Appendix A). Adding the DMI term, our expression in the continuum model is similar

to that in Ref. [24]:

Hdw =

∫ ∞

−∞

dz

a0

[
a

2
|m⃗|2 + A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 + L

(
m⃗ · ∂l⃗

∂z

)
− kz

2
(⃗l · ẑ)2 − kx

2
(⃗l · x̂)2 + d⃗ · ( ∂l⃗

∂z
× l⃗) + d⃗0 · (m⃗× l⃗)

]
,

(2.2)

where a = 8JS2 and A = a20JS
2 are the homogenous and non-homogenous exchange constants,

respectively, L = 2a0JS
2 is the parity-breaking term [38, 24], the anisotropies are kz = 2KzS

2 and

kx = 2KxS
2, and the DMI coefficients are d⃗ = a0S

2D⃗ and d⃗0 = 4S2D⃗.

The Lagrangian of the system, L = LB − Hdw is constructed using the Berry phase, LB =
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2ℏS m⃗(∂t⃗l × l⃗) [38, 40, 24], which accounts for the inertia of the antiferromagnetic domain wall. By

varying the Lagrangian with respect to m⃗, we derive an expression for m⃗ in terms of the temporal

and spatial derivative of l⃗:

m⃗ =
ρ

a

(
l⃗ × ∂l⃗

∂t

)
− L

a

(
∂l⃗

∂z

)
+

1

a
d⃗0 × l⃗, (2.3)

where ρ = 2ℏS. Eq. (2.3) which implies that m⃗ is a slave variable to l⃗ [38, 24] is substituted into Eq.

(2.2), making it possible to eliminate m⃗ from Eq. (2.2)). We simplify Eq. (2.2) and disregard the

total time derivatives proportional to the homogenous DMI and terms proportional to the topological

term, L that do not contribute to the equations of motion [24] (see Appendix A for details). The

Hamiltonian is thus:

Hdw =

∫ ∞

−∞

dz

a0

ρ2
2a

(
∂l⃗

∂t

)2

+
A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 − kz

2
(⃗l · ẑ)2 − kx

2
(⃗l · x̂)2 + d⃗ ·

(
∂l⃗

∂z
× l⃗

) , (2.4)

We parameterize the staggered magnetization, l⃗ by polar and azimuthal angles θ and ϕ in spherical

coordinates: l⃗ = (sin θ cosϕ, sin θ sinϕ, cos θ). For the static wall configuration, ∂l⃗/∂t = 0 in Eq.

(2.4). By this definition, the Hamiltonian of the system is:

Hdw =

∫ ∞

−∞

dz

a0

[
A

(
∂θ

∂z

)2

− kx sin
2 θ cos2 ϕ− kz cos

2 θ − dx

(
∂θ

∂z

)
sinϕ+ dy

(
∂θ

∂z

)
cosϕ

]
, (2.5)

where dx and dy are the x and y components of the DMI, respectively. The domain wall static profile

is obtained using the standard methods [46, 51, 52, 38, 49]. The domain wall tilt angle is defined as ϕ

with respect to the x-z plane and assumed to be constant throughout the wall [46]. The energy density

is minimized via the Euler-Lagrange equation giving a wall profile θ(z) = 2 tan−1 exp((z − z0)/λ),

where λ =
√
A/(kz − kx cos2 ϕ) is the characteristic domain wall width. Our analysis of the static

wall profile dependence on DMI agrees with the results in Ref. [46]. We summarize the key details

in subsequent paragraphs.

The wall energy, E = 4
√

A(kz − kx cos2 ϕ)− dxπ sinϕ+ dyπ cosϕ is obtained by substituting the

wall profile into Eq. (2.5) and integrating with respect to z. Since the energy density depends on only
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Figure 2.2: (a) Frequency gap in the presence of DMI of strength 0.06J as a function of the negative
detuning around the point of attraction for different coupling strengths: g = 0.10 MHz, g = 0.12 MHz, and
g = 0.14 MHz represented by the purple dotted, orange dashed and green solid lines, respectively. Around
the exceptional point, attraction dominates a wider range for larger coupling strengths and decreases for
lower coupling strengths. (b) Frequency gap in the presence of DMI of strength 0.06J as a function of the
positive detuning. For the same value of detuning, larger frequency gaps are observed for larger coupling.
In all cases, the gap is minimum at resonance and increases as we move away from resonance. (c) Frequency
gap as a function of negative and positive DMI present along the ŷ. At dy = 0 there is no gap. In the
presence of DMI, the frequency gaps increase linearly with increasing magnitude of DMI and the gap is
observed to be larger for larger coupling strengths.

the x and y components of the DMI, two DMI directions are considered. When coupling the domain

wall to the cavity modes, we find that the direction of photon propagation must be perpendicular to

both the DMI and the domain wall axis (z axis) in order for coupling to be achieved. This requires

two possible geometries to be considered.

First, DMI is considered to be present in the x̂ direction. This results in a distortion of the spin

orientation on the sublattices and consequently results in a DMI-dependent tilt angle [46],

ϕ(dx) = sgn dx · cos−1

(
±

√
(8Jk2

x − d2xkzπ
2)

(8Jk2
x − d2xkxπ

2)

)
, (2.6)

which minimizes the energy density. This dependence remains valid until a saturated DMI strength

of dx,sat = 4/π
√
Jk2

x/2kz is reached beyond which ϕ(dx) = π/2.

For the second geometry where DMI is present along ŷ, the DMI rather breaks the degeneracy

of the domain wall energy minima and favours one chirality of the wall at a critical value, dy,c =

4kx/π
√
J/2(kz − kx). The tilt angle, ϕ(dy) = 0 if dy < dy,c. Otherwise, ϕ(dy) = π [46].
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Figure 2.3: (a) Schematic illustrating the geometry where the effective magnetic field of the light along ŷ
interacts with the domain wall of width, λ with axis along ẑ in the presence of DMI along x̂. (b) Hybridized
frequency of the cavity modes and magnon modes of the antiferromagnetic domain wall as a function of
the detuning parameter in the absence of DMI. The red and blue thick lines indicate coupling between the
magnonic and photonic modes in the absence of DMI. The real part of the two modes attract in the region
of negative detuning and repulsion is observed in the region of positive detuning. As the magnitude of DMI
increases, coupling between modes reduces until no coupling is achieved. The black dotted lines show that
there is no coupling at the saturated value of DMI.

2.2 Domain wall dynamics

We discuss the effects of DMI on the dynamics of an antiferromagnetic domain wall when coupled

to optical photons in an electromagnetic cavity. The dynamics of the antiferromagnet is described

in the semi-classical approximation. For this purpose, the Lagrangian of the system, L = LB −Hdw

[24], where the first term corresponds to the Berry phase [38, 40, 24] and the second term is the

magnetic energy in Eq. (2.5). We describe the domain wall dynamics using the collective coordinate

method [35, 53], treating the position of the domain wall Z0(t) as a dynamical variable.

The effective Lagrangian in terms of the domain wall position Z0(t) and small fluctuations around

the domain wall profile, δθ(t), is obtained from Eq. (2.5) by performing the expansion, ϕ(z, t) =

ϕ0(z − Z0(t)) and θ(z, t) = θ0(z − Z0(t)) + δθ(z − Z0(t)). For the fluctuations δθ(t), we obtain the

Pöschl-Teller equation. The solution is δθ = p(t) sech[(z−Z0(t))/λ], where p is the amplitude of the

out-of-plane component.

In order to fully describe the dynamics of the antiferromagnetic domain wall, we include a

pinning potential. The pinning potential provides a restoring force and is introduced as a point

defect which contributes to the anisotropy along ŷ at z = 0. The pinning potential, Vpin =

−Kpin

∫
[dz
a0
δ(z) sin2 θ(z) sin2 ϕ(z)] ≈ Kpin Z2

0/λ
2. We proceed to construct the total Lagrangian of
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the system following the approach in Ref. [24]. The effective Lagrangian for the collective coordinate

Z0(t) in addition to the pinning potential, L = LB −Hdw − Vpin is expressed below:

L =
1

a0

(
2ρ2

aλ
Ż2

0 −
a0Kpin

λ2
Z2

0 − 2Aλ+ 2Kx cos
2 ϕ− πλdx sinϕ+ πλdy cosϕ

)
. (2.7)

We define the generalized momentum, Pz = ∂L/∂Ż0 = (4ρ2/a0λ) and Ż0 = (a0λPz)/(4ρ
2).

From the Lagrangian in Eq. (2.7), we transform to the Hamiltonian description. The Hamiltonian

of the pinned domain wall, excluding terms that do not contribute to the equations of motion can

then be written in terms of the wall position as:

H′
dw =

2ρ2Ż0
2

a0 aλ
+

KpinZ
2
0

2
(2.8)

where we have dropped terms proportional to the out-of-plane component.

The Hamiltonian in Eq. (2.8) shows that the low energy motion of the pinned domain wall is

similar to that of a massive particle in a parabolic potential. This motion can be quantized using a

standard quantum-mechanical method of the quantization of a harmonic oscillator. From Eq. (2.8),

we derive the canonical conjugate momentum PZ0 corresponding to Z0, and the Hamiltonian is

quantized by making the transformations: Ẑ0 =
√

ℏ/2MΩm(b̂+ b̂†) and P̂Z0 = −i
√

ℏMΩm/2(b̂− b̂†),

where b̂ and b̂† are the annihilation and the creation operators of the oscillator in Eq. (2.8), M is the

domain wall effective mass and Ωm is the characteristic oscillation frequency of the domain wall.

The coupling mechanism between the domain wall and cavity photon is assumed to be the inverse

Faraday effect [44]. In this way, the coupling appears as a reaction force to photon pressure exerted

as compensation to changes in photon polarisation. Details can be found in Ref. [43, 54, 55, 23, 56].

The magneto-optical interaction energy [56] is expressed as:

Hmo = − i

4
fϵ0

∫
d3r m⃗(r⃗) · [E⃗∗(r⃗, t)× E⃗(r⃗, t)], (2.9)

where m⃗ is the total magnetization vector, f is the Faraday rotation material-dependent parameter,

ϵ0 is the permittivity of free space and E⃗ is the electric field vector of light. In this work, m⃗ is given

by Eq. (2.3).

16



The first of the two geometries considered is that in which there is electromagnetic wave propagat-

ing along x̂, and circularly polarized in y-z plane. In this geometry, the resulting effective magnetic

field of light in Eq. (2.9) is given by E⃗∗(x) × E⃗(x) = x̂ (iℏω)/(2V ϵ0)[â
†
RâR − â†LâL], where V is the

volume of the cavity and âR(L) is related to the right (left) circularly polarized basis. The magneto-

optical Hamiltonian obtained from Eq. (2.9), considering only the right-circular polarization is Hx
mo

= (−if/4)(A⊥/2V )[(−ρ/a) sinϕŻ0+(2dy/a)Z0]ℏωcâ
†
RâR, where A⊥ is the sample cross section. This

shows that the interaction along x̂ is proportional to the tilt angle of the domain wall and the y

component of the DMI (perpendicular to both the wall axis and the direction of propagation of

electromagnetic waves).

In addition, we introduce the photonic Hamiltonian, Hph = ℏωcâ
†â and an external laser driving

term, Hdrive = εâ†e−iωdt + ε∗âeiωdt, where ε is the pump amplitude and ωd is the driving frequency.

In order to remove the time dependence of the driving terms, we move to a rotating frame defined

by the cavity field photon number, rotating at a drive frequency ωd by performing the unitary

transformation H′
(ph,drive) = −iℏ(dÛ †/dt)Û + Û (Hdrive + Hph) U †, where Û(t) = eiℏωdtâ

†â [4]. This

gives H′
(ph,drive) = −ℏ∆â†â + εâ† + ε∗â, where ∆ = ωd − ωc is the laser detuning parameter. The

effective Hamiltonian of the system is:

Htot = ℏΩmb̂
†b̂− ℏ∆â†â+ εâ† + ε∗â− ℏ g0

(
−i sinϕ

ℏΩm

Kz

(b̂− b̂†) +
2dy
a

(b̂+ b̂†)

)
ℏωcâ

†
RâR, (2.10)

where g0 =
1
4
fSeffωc. Seff = A⊥xzpf/V , where A⊥ is the sample cross section, V is the volume of the

cavity, xzpf =
√
ℏ/(2MΩm). f = 2cθf

√
ϵ/ωc is the Faraday rotation per length, c is the speed of

light in vacuum and ϵ is the dieletric constant of the material. The antiferromagnetic domain wall

effective mass is M = 4ℏ2/(a0Kzλ) and the characteristic oscillation frequency, Ωm =
√

Kpin/(Mλ2).

As an example, we estimate values for a common antiferromagnet using experimental data for

NiO having a domain wall width of approximately 150 nm [23], a0 = 0.418 nm [57] and Kz = 4 K/kB

[58], where kB is the Boltzmann constant. We assume Kpin = 1K/kB such that it is of the same order

of magnitude as the anisotropy constant. This gives M ≈ 10−29kg and Ωm ≈ 10 GHz. Due to lack

of experimental data on optomagnonic coupling with AFMs, we assume a material size similar to a

YIG sphere of diameter 0.25 mm in a cavity having a dimension of 40× 25× 15 mm3 [17] such that
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Seff ≈ 10−10, ϵ = 5 and θf = 419 radm−1 [1, 59]. We estimate the coupling strength in Eq. (2.10),

g0 = cθf
√
ϵSeff/2 ≈ 40.7 Hz.

The equations of motion for â, â†, b̂ and b̂† in the Appendix are obtained from Eq. (2.10) and

linearized by splitting the operators into an average plus a fluctuating term. e.g. â = ⟨â⟩ + δâ,

where ⟨â⟩ is related to the average number of cavity photons, n̄c = |⟨â⟩|2 [4]. Solving the equations

of motion for the hybridized frequency ω, we obtain two pairs of eigenmodes:

ω± =

√
∆2 + Ω2

m

2
±
√

(∆2 − Ω2
m)

2

4
− 16g2d̃2y∆Ωm, (2.11)

where d̃y = dy/a and g =
√
n̄cg0 is the measure of the photon-enhanced coupling of magnons to

photonic modes. g ≈ 0.1 − 1 MHz for a microcavity that can support up to 107 − 109 photons [1].

Equation (2.11) shows that if there were no coupling (i.e g = 0), there would be crossing of the

modes. The same result is realized in the absence of DMI since dy = 0 and ϕ(dy) = 0 do not provide

coupling in Eq. (2.11) . The dotted lines in Fig (2.1 b) show crossing of modes in both regions

(∆ > 0 and ∆ < 0) when DMI is absent, and no coupling is evident. The thick lines show that in the

presence of DMI, degeneracy is broken and avoided crossing of modes is realized for positive detuning

(∆ > 0), indicating coherent coupling of the modes. In the region of negative detuning (∆ < 0),

there are exceptional points where the eigenfrequencies become complex and there is coalescence of

their real parts resulting in mode attraction. In order to illustrate the consequence of the presence

of DMI on resonances, we study the frequency gaps, ∆ω = ω+ − ω−. In Fig. (2.2), ∆ω is shown

as a function of ∆ for different values of g. In the region of negative detuning (Fig 2.2 a), around

the exceptional points, there is no frequency gap and the attraction regime spans a wider range of

detuning for increasing coupling strengths. Away from the exceptional points we observe a difference

in frequencies of the two modes. On the other hand, in the region of repulsion (Fig. 2.2 b), there

exists a frequency gap. This gap can be seen to increase with increasing coupling strength. Fig.

(2.2 c) provides a description of how frequency gaps for positive and negative ∆ depend on DMI at

resonance. The gaps increase with increasing magnitude of DMI and vanish in the absence of DMI.

We conclude that the coupling of the photonic mode to the magnonic mode is dependent on the DMI

strength.
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Figure 2.4: The effect of DMI of strength 0.06J on the frequency gaps as (a) a function of the negative
detuning around the point of attraction for different coupling strengths: g = 0.10 MHz, g = 0.12 MHz, and
g = 0.14 MHz represented by the purple dotted, orange dashed and green solid lines, respectively. Around
the exceptional point, attraction dominates a wider range for larger coupling strengths and decreases for
lower coupling strengths. (b) Frequency gap in the presence of DMI of strength 0.06J as a function of the
positive detuning. For the same value of detuning, larger frequency gaps are observed for larger coupling.
In all cases, the gap is minimum at resonance and increases as we move away from resonance. (c) Frequency
gap as a function of negative and positive DMI present along the ŷ. The values of the coupling strength g
become more important as dx approaches zero. The frequency gap reduces for increasing magnitude of the
DMI and vanishes as the saturated value of DMI is reached.

The second geometry considered in this work is the case where the domain wall interacts with

waves propagating along ŷ, and circularly polarized in the x-z plane (Fig 2.3 a). In this geometry,

the coupling of cavity modes to the domain wall excitations is realized even in the absence of DMI.

We observe that this coupling is stronger than in the first geometry considered due to the fact that

the electromagnetic wave is applied in a direction perpendicular to the easy plane of the domain wall,

thus maximizing coupling to the variation of magnetization. Following a similar approach described

for the first geometry considered, we obtain two pairs of eigenmodes:

ω± =

√
∆2 + Ω2

m

2
±
√

(∆2 − Ω2
m)

2

4
− 16g2d̃2x∆Ωm − 2g2π2∆Ω(1 + cos 2ϕ), (2.12)

where d̃x = d/a. Fig. (2.3 b) shows a plot of the hybridized frequency in Eq. (2.12) as a function of

the detuning parameter, ∆.

We discuss what happens when DMI is absent (dx = 0). The thick red and blue lines in

Fig. (2.3 b) indicate that there is coupling even in the absence of DMI. However, when DMI is

present along x̂, the spin orientations are distorted out of the plane of the wall and we have a

non-zero tilt angle which depends on the DMI strength. This modifies the domain wall width as

λdx =
√

A/(kz − kx(8Jk2
x − d2xkzπ

2)/(8Jk2
x − d2xkxπ

2)). The consequence of this is a weaker magneto-
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optical coupling in the interaction for both positive and negative values of DMI, and symmetric about

dx = 0 up to the saturated value, dsat = 4/π
√

Jk2
x/2kz (when crossing of the modes emerges in both

regions). As indicated by the black dotted lines in Fig.(2.3 b), DMI reduces the coupling strength

between the modes until crossing of the mode is achieved just as dx = dsat.

The dependence of the frequency gaps on the detuning in the presence of DMI along x is similar

to what we observed along y except that the attraction and repulsion are stronger for the same value

of DMI if we compare Figs. (2.2 a) and (2.2 b) to Fig. (2.4 a) and (2.4 b). The most striking feature

that distinguishes both geometries is how the frequencies change with respect to the DMI. Contrary

to the previous geometry, increase in the DMI applied along x leads to decrease in the frequencies

until the gap vanishes at the saturated value of DMI (Fig. 2.4 c). It is useful to define the frequency

gap ∆ω(d̃x) in order to see clearly how the frequency gap depends on DMI at resonance. We calculate

this from Eq. (2.12): ∆ω(dx) = ω+ − ω−|Ωm=∆=1 ≈ 2g(8d̃2x + π2(1 + cos 2ϕ(d̃x))). For example, if we

assume a coupling strength of 0.1 MHz at a tilt angle of π/2, then ∆ω ≈ 2d̃2x MHz. This shows that

the gap depends on the DMI constant and may be used to determine the DMI strength for given

values of the coupling strength.

2.3 Conclusion

We demonstrated that the collective excitation of a Neél antiferromagnetic domain wall can be

realized through magneto-optical coupling to cavity photons. The resulting Hamiltonian is of an

optomagnonic type, which allows realization of optomechanical instabilities such as level attraction

in a driven system. We find that the presence of DMI enables coupling between a domain wall

and cavity photons in a geometry where there is no coupling otherwise. This opens a possibility

for estimating DMI in antiferromagnetic materials by measuring the interaction of antiferromagnetic

resonances to optical modes in an optical cavity. This approach is not limited to a single domain wall

dynamics but applicable to other one dimensional textures like chiral soliton lattice in ferromagnets

and antiferromagnets and can, in principle, be extended to antiferromagnetic spin textures in two

spatial dimensions such as skyrmions and skyrmion lattices, which remains a future problem.
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Connection between the chapter 2 and

Chapter 3

A major connecting factor between the two papers included in this thesis is the phenomenon of

level attraction, which is one of the signatures of cavity magnonic systems. As demonstrated in Ref.

[1], level attraction can be realized when there is an instability in a system of two coupled oscillators.

In the analytical studies of cavity magnonics described in chapter 2, a Hamiltonian formalism has

been used to describe a magnon-photon system as a set of harmonic oscillators. The Hamiltonian

of the system consists of the magnonic Hamiltonian, the photonic Hamiltonian, and the coupling

between the two. The coupling mechanism is the inverse Faraday effect, which introduces non-

linearity into the system. This creates an effective magnetic field within the material due to the

interaction of the circularly polarized field with the electrons’ spin. To remove the time dependence

in the Hamiltonian of the system, we switched to a frame rotating at the laser frequency. Switching

to the rotating frame resulted in a detuning term, which is a difference between the cavity photon

frequency and the drive frequency. The detuning parameter is either positive (∆ > 0) or negative

(∆ < 0) depending on the region of interaction. The regions of positive and negative detuning

correspond to the regions of repulsion and attraction, respectively.

The presence of non-linearity in the coupled system can create conditions for level attraction. A

strong driving field can drive a non-linear magnetic response known as a P-mode in some systems.

In Chapter 3, an example is discussed with driving by a time-periodic circularly polarized field.

When perturbations are introduced in the system, we have excitations about a steady state. These

excitations form two sidebands with respect to the driving frequency. The sideband with frequency

below the driving frequency corresponds to level attraction while that above the driving frequency
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corresponds to level repulsion, similar to the result in chapter 2.

As in chapter 2, the starting point of the analytical calculations in chapter 3 is a description of the

system as a set of harmonic oscillators. This approach helped to study the dynamics of the coupled

system, allowing for the derivation of the equations of motion for the coupled system. The formalism

in chapter 3 opened up the possibility of replacing the equations of motion with a numerical scheme,

which allows us to extract from micromagnetics the dynamic response of the system.
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[1] N. R. Bernier, L. D. Tóth, A. K. Feofanov, and T. J. Kippenberg. Level attraction in a microwave

optomechanical circuit. Phys. Rev. A, 98:023841, Aug 2018.

28



Chapter 3

Mode attraction in Floquet systems with

memory: application to magnonics

© 2022 American Physical Society 1

Level attraction is a type of mode hybridization in open systems where instead of forming a

hybridization gap, the energy spectrum of two modes coalesce in a region bounded by exceptional

points. We demonstrate that this phenomenon can be realized in a Floquet system with memory,

which appears in describing linear excitations in a nonlinear driven system with a limit cycle. Linear

response of the system in this state is different from its response near thermodynamic equilibrium.

We develop a general formalism and provide an example in the context of cavity magnonics, where we

show that magnetic excitations in systems driven far from the equilibrium may show level attraction

with cavity photons. Our approach works equally well for quantum and semiclassical magnetic

dynamics. The theory is formulated so that it can be used in combination with micromagnetic

simulations to explore a wide range of experimentally interesting systems.

3.1 Introduction

Excitations around dynamic steady states in open nonlinear systems away from the equilibrium

can show features that cannot be observed near the ground state, and can be broadly understood

1DOI: https://doi-org.uml.idm.oclc.org/10.1103/PhysRevB.105.224420
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in terms of non-Hermitian physics [1, 2]. An example is level attraction as recently demonstrated

in a dissipative magnon-polariton microwave cavity [3]. This is a dynamic regime characterized by

a region where the energy levels of the interacting cavity system coalesce [4]. The appearance of

exceptional points delineating the attraction is a non-Hermitian phenomenon [5, 6] that can take

place in driven systems for some types of dissipation [7, 8, 9]. The energy levels near the exceptional

points are sensitive to manipulation through external parameters and are potentially useful for mode

control and sensing [10, 11, 12].

Mode attraction and exceptional points have been studied extensively in magnonics both theo-

retically and experimentally [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. Theoretical description

has been based largely on various models of coupled oscillators borrowed from cavity electrodynam-

ics [25, 26, 27, 28] with additional non-Hermitian mechanisms [17, 18] such as dissipative coupling

[29, 30] and nonlocal interactions [31, 32].

Recently Floquet states for linear excitations around equilibrium in an open cavity magnonic

system have been realized experimentally [33]. It has been demonstrated that higher order Flo-

quet bands may contribute significantly to the cavity reflection spectrum in the Floquet ultrastrong

coupling regime.

The main focus of the present paper is on magnonics around non-linear steady states away from

equilibrium. This allows us to realize level attraction, which does not appear in a linear Floquet

cavity system. We show that dynamics of the system can be understood on the basis of a generalized

Floquet theorem for non-Markovian kinetic equations [34, 35, 36, 37]. Regions of stability and

instability, determined by the Floquet index of the system, can be associated with mode repulsion

and attraction between the system and the excited states of the reservoir. This approach is equally

applicable to quantum and semi-classical dynamics, and can be used in combination with numeric

methods. Our theory is quite general, and can be applied to a variety of magnetic and non-magnetic

systems.

In order to illustrate application of our theory, we demonstrate how the Floquet formalism can be

used in magnonics by considering a microwave cavity loaded with a driven magnetic specimen. This

situation has been recently realized experimentally in a microwave cavity, where a magnetic specimen

has been probed and driven out of equilibrium using separate ports [17, 18]. In this system, the cavity
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Figure 3.1: (a) A small magnetic specimen inside a microwave cavity resonator. (b) Schematic picture of an
excitation around a P-mode stationary trajectory of spin precession (dashed line), and (c) the corresponding
Fourier spectrum showing the P-mode at the frequency of the driving field ω′, and two side bands with the
frequencies ω′ ± ω0.

photons serve as probes that can read out magnetization dynamics. Details of this process can be

described using a generalized susceptibility [38] given by a nonequilibrium Green function [39, 40, 41].

Far from thermodynamic equilibrium, nonlinear magnetization dynamics in systems that have

uniaxial rotation symmetry can be characterized by steady state trajectories known as P-modes [42].

The number of P-modes is described by the Poincaré-Bendixson theorem [43] and their stability

depends on details of microscopic interactions. Stable P-modes provide a steady state about which

elementary excitations can exists. These excitations have finite lifetime, and form two side bands

with respect to the driving frequency. This feature has been used recently for nutation spectroscopy

in nonlinear ferromagnetic resonance [44].

We show that in P-mode cavity magnonics a hybridization between cavity photons and excitations

around the P-mode can occur, which depends on whether the cavity resonance is tuned to the lower

or upper side band. If the phase of the resonance in the lower band is shifted by π with respect to

the upper band level attraction instead of repulsion appears.

Our paper is organized as follows. In Sec. 3.2 we consider a general formalism for a probe system

in contact with a driven reservoir. This formalism is applied to a cavity magnonic systems in Sec. 3.3.

Section 3.4 is reserved for the discussion of results, and Sec. 3.5 is for the conclusions.
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3.2 General formalism

We begin by outlining a theory for periodically driven systems. In the magnonic experiment

described above, the cavity photon system is the probe, and is characterized by a density matrix

ρ̂(t). The probe is assumed to be weakly coupled to the driven system (i. e. the magnetic sample

loading the cavity), which is characterized by the density matrix ρ̂r(t). The total Hamiltonian of the

interacting system is given by

Ĥ t
tot = Ĥ t

s + Ĥ t
r + Ĥ t

i , (3.1)

where the first term is the Hamiltonian of the probe, the second corresponds to the driven system and

the last is the interaction part. The index t indicates that each term can be explicitly time-dependent.

The total interacting system is characterized by the density matrix ρ̂tot(t), and its dynamics is

described by the Liouville equation

(
∂

∂t
+ iLt

s + iLt
r + iLt

i

)
ρ̂tot(t) = −ε (ρ̂tot(t)− ρ̂(t)ρ̂r(t)) , (3.2)

where iLt
α . . . =

1
iℏ [. . . , Ĥ

t
α] (α = s, r, i) denote the Liouville operators for the probe, driven system

and the interaction part correspondingly. We assume that the probe and the driven system are

uncoupled at t → −∞, so that the term on the right hand side is the boundary condition with

ε → 0+, which breaks time reversal symmetry [39].

The density matrix of the probe system, which in this approach is treated as a reservoir, is

obtained from ρ̂tot(t) by taking a partial trace over the states of the driven system, ρ̂(t) = Trr ρ̂tot(t).

The time-evolution of ρ̂r(t) is teated as independent from dynamics of the probe system, and is

described by the separate Liouville equation

∂ρ̂r(t)

∂t
+ iLt

rρ̂r(t) = 0. (3.3)

A closed master equation for ρ̂(t) can be derived using the methods of relaxation dynamics in open

dissipative systems [39]. We outline the most important steps in Appendix D. For weakly coupled
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systems, the master equation for ρ̂(t) has the following form

∂ρ̂(t)

∂t
+

1

iℏ
[ρ̂(t), Ĥ t

s] =
1

(iℏ)2

∫ t

−∞
dt′e−ε(t−t′)Trr[Ĥ

t
i , [Ĥ

t′

i (t, t
′), ρ̂(t, t′)ρ̂r(t)]], (3.4)

where Ĥ t′
i (t, t

′) = Ûtt′Ĥ
t′
i Û

−1
tt′ and ρ̂(t, t′) = Ûtt′ ρ̂(t

′)Û−1
tt′ are defined with the evolution operator

Ûtt′ = T exp

[
− i

ℏ

∫ t

t′
dτ
(
Ĥτ

s + Ĥτ
r

)]
. (3.5)

Here T denotes the time-ordering operator and the trace in the right hand side of Eq. (3.4) is with

respect to the Hilbert space of the driven system.

In the Markov’s approximation, Ûtt′ ρ̂(t
′)Û−1

tt′ ≈ ρ̂(t), and Eq. (3.4) reduces to the Lindblad master

equation [45]. It is important to keep track of memory effects, which later allow us to calculate the

energy spectrum of the interacting system.

3.2.1 Kinetic equation for the probe system

The right hand side of Eq. (3.4) is simplified if the interaction part is taken as a product of

operators, Ĥi = âF̂ + â†F̂ †, where â and â† characterize the probe system, and F̂ and F̂ † act entirely

in the space of the driven system. In the case when â and â† satisfy a boson commutation relation,

Eq. (3.4) yields the following non-Markovian kinetic equation for the field amplitude of the probe

system ⟨â⟩t = Tr(âρ̂(t))

iℏ
d⟨â⟩t

dt
+ ⟨[Ĥ t

s, â]⟩t −
∫ t

−∞
dt′G(t, t′)⟨â⟩t′ = ⟨F̂ †(t)⟩r, (3.6)

where the memory kernel is given by the nonequilibrium retarded Green function [39, 46, 41]

G(t, t′) =
1

iℏ
e−ε(t−t′)θ(t− t′)⟨[F̂ †(t), F̂ (t′)]⟩r. (3.7)

Here the operators F̂ †(t) and F̂ (t) are in the Heisenberg picture and satisfy the equation of mo-

tion iℏ∂tF̂ = [F̂ , Ĥ t
r] with the time-dependent Hamiltonian. The average in Eq. (3.7), ⟨. . .⟩r ≡

Trr[. . . ρ̂r(−∞)], is taken with respect to the density matrix of the driven system at the initial time
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moment, ρ̂r(−∞). The last term in Eq. (3.7) is the driving inherited from the dynamics of the

reservoir.

3.2.2 Semi-classical periodically driven systems

For a semi-classical nonlinear system near the stable limit cycle regime of motion with period T ,

the memory kernel in Eq. (3.7) is bi-periodic in time, such that G(t+T, t′+T ) = G(t, t′). To illustrate

this, we expand the operators in the interaction Hamiltonian near the steady state trajectory using

F̂ (t) = Fcl(t) + δF̂ (t) [46], where the first term describes the semi-classical solution of the equations

of motion, and δF̂ (t) is a perturbation. Requiring that the elementary excitations around the steady

state be characterized by one degree of freedom, we expand δF̂ (t) around Fcl(t) as

δF̂ (t) =

(
∂Fcl

∂b

)
t

b̂(t) +

(
∂Fcl

∂b

)
t

b̂†(t), (3.8)

taken to the first order in terms of the boson operators b(t) and b†(t), which describe the excitations.

In the linear approximation, b(t) and b†(t) satisfy equations of motion with time-periodic coefficients.

These can be characterized by a Floquet solution (b̂(t), b̂†(t))T = ÂeiνtFν(t) + B̂e−iνtF ∗
ν (t), where

ν is the Floquet index and Fν(t) is periodic in time with period T . The coefficients Â and B̂ are

determined from the initial conditions b̂(0) = b̂ and b̂†(0) = b̂†.

By substituting b(t) and b†(t) into the memory kernel (3.7), we find G(t, t′) ∼ i[K1ν(t)K
∗
1ν(t

′)

exp(iν(t− t′))−K2ν(t)K
∗
2ν(t

′) exp(−iν(t− t′))] (t > t′), where Kiν(t) (i = 1, 2) is a periodic function

whose explicit form depends on the details of the limit cycle and interactions. This form of the

memory kernel is manifestly bi-periodic in time so that the kinetic equation (3.6) falls under the

conditions of the generalized Floquet theorem [34] and can be analyzed by methods of embedding

[35] and harmonic balance [37]. This memory kernel can be also interpreted as a linear susceptibility

around the nonlinear steady state in the Floquet system, similar to Ref. [38].

By applying the generalized Floquet theorem [34, 35] to the homogeneous equation associated

with Eq. (3.6), we find that dynamics the probe system can be characterized by a Floquet index λ,

which depends on parameters of the driven system and interactions [37]. If we take the probe system

in a form of Harmonic oscillator, Ĥs = ℏωcâ
†â with the frequency ωc, the Floquet index λ = λ(ωc, ν)
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becomes a function of ν and ωc, and can be considered as the hybridized spectrum of the interacting

system.

In the absence of driving, when ν is the frequency of the excitations around equilibrium, hy-

bridization between two energy levels leads to a level repulsion, so that λ(ωc, ν) remains real outside

the hybridization gap. For a driven Floquet system it is possible, however, that λ may become

complex even if the systems are characterized by real ωc and ν in absence of interaction.

To illustrate this idea, let us consider the case when time-dependence of the coefficients Kiν(t)

in the memory kernel can be approximated by a single harmonic, Kiν(t) = Kiνe
iω′t, where ω′ is

associated with the driving frequency. As we show later, this case is realized for a magnetic oscillator

driven with the circularly polarized field. The Green function in this case becomes a function of t−t′,

and has the following form

G(t− t′) =
eiε(t−t′)

iℏν
θ(t− t′)

(
|K1ν |2ei(ω

′+ν)(t−t′) − |K2ν |2ei(ω
′−ν)(t−t′)

)
, (3.9)

which shows two resonances with the negative and positive frequencies with respect to reference

frequency ω′. Note that these resonances enter with opposite signs that represents an additional π

phase difference.

The energy spectrum of the coupled system is found by Fourier transforming Eq. (3.6), which

leads to ω − ωc = G(ω), where G(ω) =
∫∞
−∞ dτ exp(−iωτ)G(τ). The first term in Eq. (3.9) describes

level hybridization between ωc and ω′ + ν with the hybridization gap proportional to |Kν |. The

second term has ω′ − ν and corresponds to level attraction when ω′ is greater that ν.

3.3 Application to magnonics

For magnonics, we associate Ĥs with a system of cavity photons, and ωc with the resonant

frequency of cavity. The photons interact with a spin system, which we model as a driven reservoir

as above. Spin dynamics of the reservoir are described semi-classically. The interaction between the

photon and spin system is assumed to be of the form of a dipolar interaction, Ĥi = g(âŜ(+)+ â†Ŝ(−))

where g is the interaction constant. The operators Ŝ(±) = Ŝx± Ŝy denote the circular components of

the spin and â (â†) is the photon annihilation (creation) operator. The weak coupling assumption in
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Eq. (3.6) means that interaction with cavity photons does not affect the steady state magnetization

dynamics. Consequently, g should be small compared to the characteristic energy of the ferromagnetic

resonance.

The kinetic equation in Eq. (3.6) works equally well for quantum and classical dynamics of

the reservoir. In the latter case, one has to replace the commutator with the Poisson bracket,

(iℏ)−1[F̂ †(t), F̂ (t)] → {F ∗(t), F (t)} [39], where F (t) and F ∗(t) are functions of canonical variables,

and the trace over the Hilbert space becomes an integral over phase space.

For a block spin system, semi-classical dynamics is described by the Lagrangian L =
∑

i S cos θi∂ϕi/∂t−

Hm where the first term is the Berry phase expressed in terms of the azimuthal angle, ϕi, and polar

angle, θi, and the last term is the spin Hamiltonian. The Poisson bracket for the two block spin

components is defined as [47]

{
Sα(t), Sβ(t′)

}
= − 1

S sin θ1

(
∂Sα(t)

∂ϕ1

∂Sβ(t′)

∂θ1
− ∂Sα(t)

∂θ1

∂Sβ(t′)

∂ϕ1

)
, (3.10)

where the derivatives are taken with respect to ϕ1 = ϕ(t1) and θ1 = θ(t1) at the initial time t1 and are

treated as the initial conditions for the spin trajectory S(t) = S(t;ϕ1, θ1). For t = t′, this expression is

evaluated as {Sα, Sβ} = ϵαβγS
γ, which is a semi-classical analogue of the spin commutation relations.

3.3.1 Semi-classical spin driven by the circularly polarize magnetic field

The spin dynamics is calculated from the Landau-Lifshitz-Gilbert equation

∂S

∂t
= −γS ×Beff +

α

Ms

S × ∂S

∂t
, (3.11)

where γ is the gyromagnetic ratio, α is the Gilbert damping constant, Ms is the saturation magne-

tization, and Beff = −δHm/δS is the effective field. Here, we consider uniform precession of a single

block macro-spin driven with a circularly polarized magnetic field in a situation where the rotation

symmetry along the z axis is preserved. This configuration supports existence of the time-harmonic

P-modes and prevents the onset of a chaotic regime [42].

We transform the equation of motion in Eq. (3.11) to dimensionless form by introducing the
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following notations

m =
S

Ms

, heff =
Beff

µ0Ms

, t̃ = γµ0Mst, (3.12)

where µ0 is the vacuum permeability, and t̃ is the dimensionless time variable. In the dimensionless

units, the Eq. (3.11) becomes ṁ = −m× heff + αm× ṁ, where we identify four contributions to the

effective field, heff = ha + hM + hAN + hex. The first is the applied field, which contains a static field

along the z axis and the transverse dynamic driving field, ha = haz ẑ+ h⊥(t). The second term is the

demagnetizing field that preserves the rotation symmetry along z, hM = −N⊥m⊥−Nzmz ẑ. The third

term is a uniaxial anisotropy field along the z direction, hAN = 2K1mz ẑ/(µ0M
2
s ) with K1 being the

anisotropy constant. And finally, since we only consider dynamics of uniformly magnetized medium,

the exchange field hex vanishes. The total effective field is written as heff = h⊥(t) + (haz + κmz)ẑ

where κ = 2K1/(µ0M
2
s ) +N⊥ −Nz [42]. The physical fields are B⊥ = µ0Msh⊥ and Bz = µ0Mshaz.

The equations of motion take the most simple form in a frame of reference co-rotating with the

driving field [48]. We take the driving field as h⊥(t) = ha⊥(cosω
′t, sinω′t, 0), and use the following

parametrization for the magnetization, m = [cos(ω′t−ϕ) sin θ, sin(ω′t−ϕ) sin θ, cos θ], where ϕ = ϕ(t)

and θ = θ(t) are dynamic variables. In this parametrization, from Eq. (3.11) we obtain the following

system of autonomous differential equations [43] on the surface of a sphere [42]

θ̇ + α sin θϕ̇ = κ [b⊥ sinϕ− Ω sin θ] , (3.13)

αθ̇ + sin θϕ̇ = κ [b⊥ cosϕ cos θ − sin θ (bz + cos θ)] , (3.14)

where b⊥ = ha⊥/κ, bz = (haz − ω̃′)/κ, Ω = αω̃′/κ, and ω̃′ = ω′/(γµ0Ms) denotes the dimensionless

frequency.

The static solution of these equations can be conveniently parameterized as [42]

bz = mz (v − 1) , (3.15)

b2⊥ =
(
1−m2

z

) (
Ω2 + v2

)
. (3.16)

where mz = cos θ, and v = Ωcotϕ. In the original frame, these solutions correspond to uniform

magnetization precession with frequency ω′, and are known as “P-modes”. Stability of the P-modes

37



Figure 3.2: Real (a) and imaginary (b) parts of G(ω) obtained in micromagnetic simulations for a spherical
particle with Bz = 1 T, B⊥ = 0.01 T, and ω′/2π = 27.95 GHz. Two bands correspond to the excitations
with the frequencies ω′±ω0. The density plots for level attraction near ω′−ω0 (c) and repulsion near ω′+ω0

(d) are obtained from the equation ω − ωc = ReG(ω) with g̃/2π = 35 MHz.

has been studied in Ref. [42].

In the case of α = 0 and κ = 0, these equations reduce to sinϕ = 0, and tan θ = b⊥/bz, which

describe the magnetization aligned along the direction of the stationary effective field b⊥x̂ + bz ẑ in

the co-rotating frame [48].

Linear excitations around a stable P-mode can described with expansions θ(t) = θ0 + δθ(t) and

ϕ(t) = ϕ0 + δϕ(t), which leads to the following equations of motion in the co-rotating frame

δθ̇

δϕ̇

 =
κ

1 + α2

α(1−m2
z)− A B sin θ0

1−m2
z −B

sin θ0
−A


δθ

δϕ

 , (3.17)

where A = αv + Ωmz and B = v − αΩmz. From these equations of motion, we calculate the

eigenfrequencies for linear excitations λ̃0 = −γ̃0 ± iω̃0, where γ̃0 and ω̃0 are in the dimensionless

units, e. g., ω̃0 = ω0/(γµ0Ms). Here, ω0 corresponds the same frequency with the physical dimen-

sion restored. These frequencies can be found a general form, but in order to avoid complicated

expressions, we only present results in the absence of uniaxial anisotropy, i.e. κ → 0. This gives

γ̃0 = α[bz/mz+ω̃′mz]/(1+α2) and ω̃0 = [bz/mz−α2ω̃′mz]/(1+α2). A general analysis is qualitatively

the same and can be found in Appendix D.

Next, we apply our general formalism to the spin-photon interactions inside the microwave cavity.

The Green function in Eq. (3.7) in this case is reduced to the spin-spin Poisson bracket G(t, t′) ∼{
S(−)(t), S(+)(t′)

}
(t > t′). In the linear approximation, this corresponds to a linear susceptibility

around the P-mode. The corresponding Poisson bracket is calculated from Eq. (3.17) by solving the
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equations of motion and taking the derivatives with respect to the initial conditions. This gives

{
S(−)(t), S(+)(t′)

}
= 2ig2e−(γ0+iω′)(t−t′)

(
cos4

θ0
2
e−iω0(t−t′) − sin4 θ0

2
eiω0(t−t′)

)
, (3.18)

in agreement with Eq. (3.9). This expression shows two side bands around ω′ with the frequencies ω′+

ω0 and ω′−ω0, which correspond to linear excitations around the P-mode. We note that this situation

has been experimentally observed in Ref. [44]. When the spin is driven well out of equilibrium, the

intensities of both side bands are the same, while close to thermodynamic equilibrium, θ0 ≈ 0, the

lower side band disappears as θ40, and the upper side band evolves into the usual ferromagnetic

resonance with the frequency γBz.

3.3.2 Level attraction with cavity photons outside of equilibrium

Since the left hand side in Eq. (3.18) depends only on t− t′, the energy spectrum of the coupled

spin-photon systems can be found by Fourier transforming Eq. (3.6) and solving the equation ω−ωc =

ReG(ω), where G(ω) =
∫ 0

−∞ G(τ) exp(iωτ)dτ . When the frequency of the cavity mode is close to

the frequency of the lower side band, ω′ − ω0, the energy spectrum determined from this equation is

given by

ω(±) =
ωc +∆

2
±

√(
ωc −∆

2

)2

− g̃2, (3.19)

where ∆ = ω′−ω0 is the frequency of the lower side band and g̃ = g sin2(θ0/2) is the effective coupling

parameter for the level attraction. Level attraction occurs in the region (ωc − ∆)2 < 4g̃4. The

coupling parameter is remormalized by the spin precession angle, and, therefore, strongly depends

on the amplitude of the driving field. Close to thermodynamic equilibrium, the g̃ disappears as

θ20 ∼ [γB⊥/(γBz − ω′)]2.

Strong enhancement of the effective coupling g̃ to the lower side-band with driving may be con-

sidered as an analogue of Floquet ultra-strong coupling in Ref. [33]. The main difference, however,

from the Floquet states near equilibrium is that higher order harmonics are not excited even for

strong driving. This allows for control of the coupling parameter through the steady state avoiding

contributions from higher harmonic modes.
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3.4 Numerical results and discussion

An advantage of considering semi-classical spin dynamics is that the nonequilibrium Green func-

tion for the spin components in Eq. (3.6) can be computed numerically from Eq. (3.10) for cases

of practical interest. To illustrate, we performed micromagnetic simulations of macrospin dynamics

using the MuMax3 package [49]. We considered dynamics of 16 × 16 × 16 ellipsoid particle with

the diameter of 100 nm, Ms = 1 × 106 A/m, the exchange stiffness Aex = 15 × 10−12 J/m, and

α = 9 × 10−3 with enabled demagnetizing fields. The the static field Bz = 1 T has been applied

along the z axis, and the circularly polarized microwave field with the frequency ω′/2π = 27.95 GHz

and B⊥ = 0.01 T has been applied perpendicular to z. The initial conditions for the P-mode have

been identified from the stationary precession after a simulation time of 50 ns. The Poisson bracket

has been evaluated by identifying the P-mode precession and estimating the derivatives in Eq. (3.10)

numerically for the linear regime of deviation from the P-mode trajectory.

The results of simulations, presented in Fig. 3.2 (a) and (b), are in qualitative agreement with

the analytical solution in Eq. (3.18) when demagnetizing fields are enabled in simulations. Without

the demagnetizing field, the agreement becomes quantitative.

In the frequency domain, the Poisson bracket in Fig. 3.2 (a) shows two side bands around the

driving frequency ω′. Note that the sign on the real part of the lower side band has been inverted

with respect to the sign of the upper side band, which corresponds to π phase shift between two lines,

in agreement with Eq. (3.18). We note that the coupling of the cavity photons to the excitations

in the lower side band can be effectively described in terms of a non-Hermitian Hamiltonian, Ĥ =

ωcâ
†â + ∆b̂†b̂ + geffe

iφ(a†b + ab†), with φ = π/2, and b̂ and b̂† being magnon ladder operators. The

possibility of such “dissipative” coupling has been discussed in a different context in Refs. [13, 18]. The

density plots for attraction and repulsion, computed numerically from the equation ω − ωc = G(ω),

are shown in Fig. 3.2 (c) and (d) respectively where we used the coupling g̃/2π = 35 MHz for

illustration purposes, which is within the same order as the coupling reported in Ref. [3].

Experimentally, a coupling between a microwave cavity field with externally driven magnetization

has been realized in Refs. [17, 18]. These experiments demonstrated level attraction at substantially

large driving field strengths. We think these results may be interpreted in terms of coupling of
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microwave cavity photons with excitations above a nonlinear stationary state established by driving.

In this case, the non-Hermitian coupling introduced in Refs. [17, 18] corresponds in our picture to

the coupling to the lower side-band resonance in Eq. (3.18). However, a detailed discussion requires

additional analysis since the driving field used in Refs. [17, 18] is linearly polarized.

3.5 Conclusion

We consider the possibility of level attraction in a coupled cavity magnon-polariton system, where

a magnetic system is driven independently out of equilibrium. Using a master equation formalism, we

demonstrate that this problem can be analyzed from the broader perspective of Floquet dynamics

in systems with memory [34, 35]. From this point of view, level attraction can be interpreted as

an instability developed as a result of interaction between excitations above a stationary driven

magnetization P-mode and a probe system of cavity photons. We show that this instability develops

when the cavity resonance is close to the frequency of the lower side band around the P-mode. The

resulting interaction between two resonances can be interpreted using an effective non-Hermitian

Hamiltonian with a dissipative coupling term [13, 18]. Level attraction quickly disappears when the

reservoir approaches thermodynamic equilibrium. Our approach is promising for future analysis of

level attraction in Floquet cavity magnonics [33] with non-equilibrium excited steady states such as

discrete magnetic breather modes [50], and will be explained in future work.
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Chapter 4

Conclusions and future outlook

The first study reveals that DMI plays a role in modifying photon-magnon coupling and enabling

coupling in a geometry where there is no coupling otherwise. This finding suggests an approach to

estimate DMI parameters in antiferromagnetic materials by measuring the interaction of antiferro-

magnetic resonances to optical modes in a microwave cavity. This study leverages the interaction of

resonances in a one-dimensional structure with optical photons and is not limited to the dynamics

of a single domain wall dynamics but has potential applicability to other one-dimensional textures

like chiral soliton lattice in ferromagnets and antiferromagnets. The extension of this study to two-

dimensional antiferromagnetic spin textures such as skyrmions will be a problem to consider in the

future.

The second study analyzed magnonics around nonlinear steady states far from equilibrium which

may allow us to realize level attraction. In this description, level attraction is understood as the

consequence of an instability resulting from the interaction between excitations above a stationary

driven magnetization P-mode and a system of cavity photons. This work also explained the possibility

of studying cavity magnonics using semi-classical dynamics by combining our theory with numerical

methods to allow for cavity magnonics study using micromagnetic simulations. In this theory, all

that is needed is to extract the susceptibility and one can treat arbitrary geometries that way by

extracting all the dynamic information of the magnetic system from micromagnetics. This allows for

future expansion. For example, the dynamics of two interacting cylindrical magnetic particles can

be studied using similar techniques. The coupling between the materials will influence each other’s
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dynamics. They can precess in phase (low frequency) or out of phase (high frequency). This will

modify how the system responds to external periodic drive. In the frequency domain, the system

response is expected to show four sidebands around the driving frequency. Two side bands below

and above the driving frequency will correspond to level attraction and repulsion, respectively. In

both regions, the outer sidebands will correspond to the out-of-phase mode of the oscillators. The

out-of-phase mode can be controlled by varying the coupling strength between the two materials.

Future work will also investigate non-zero effective anisotropies and their impact on the coupling of

the magnetic system to the external drive.
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Appendix A

Domain wall configuration

Our model begins with a one-dimensional (1D) Heisenberg antiferromagnetic chain, which con-

tains even number of lattice sites. The 1D AFM chain can be described by the Hamiltonian which

comprises the exchange coupling between spin vectors on two sub-lattices and uniaxial anisotropies

in the ẑ and x̂ directions:

W =
2N−1∑
i=0

[
JS⃗i · S⃗i+1 −Kx(S⃗i,x)−Kz(S⃗i,z)

]
, (A.1)

We split the chain into lattice cells with sublattices A and B.

W =
N−1∑
i=0

[
J
(
S⃗i
A · S⃗i

B + S⃗i
B · S⃗i+1

A

)
− Kx

2

(
(S⃗i

A · x̂)2 + (S⃗i
B · x̂)2

)
− Kz

2

(
(S⃗i

A · ẑ)2 + (S⃗i
B · ẑ)2

)]
,

(A.2)

Next, we define the total magnetization m⃗i and staggered magnetization, l⃗i of the sublattices, re-

spectively as:

m⃗i =
S⃗i
A + S⃗i

B

2S
(A.3a)

l⃗i =
S⃗i
A − S⃗i

B

2S
, (A.3b)
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subject to the constraints: m⃗ · l⃗ = 0 and m⃗2 + l⃗2 = 1. From Eqs. (A.3a and A.3b),

S⃗i
A = S(m⃗i + l⃗i) (A.4a)

S⃗i
B = S(m⃗i − l⃗i) (A.4b)

By substituting Eqs. (A.4a) and (A.4b) into Eq..(A.2), the Hamiltonian reduces to a sum over the

antiferromagnetic lattice points and no longer sum over spins:

W =
N−1∑
i=0

[
JS2

(
(m⃗i + l⃗i)(m⃗i − l⃗i) + (m⃗i − l⃗i)(m⃗i+1 + l⃗i+1)

)
− KxS

2

2

(
(m⃗i + l⃗i)

2
x + (m⃗i − l⃗i)

2
x

)
−KzS

2

2

(
(m⃗i + l⃗i)

2
x + (m⃗i − l⃗i)

2
z

)]
(A.5)

W =
N−1∑
i=0

{
JS2(m⃗i − l⃗i)

[
(m⃗i + l⃗i) + (m⃗i+1 + l⃗i+1)

]
−KxS

2
[
(mi,x)

2 + (li,x)
2
]
−KzS

2
[
(mi,z)

2 + (li,z)
2
]} (A.6)

We introduce the following identities to simplify Eq. (A.6) [38]:

2m⃗im⃗i+1 = m⃗2
i + (m⃗i+1)

2 − (m⃗i+1 − m⃗i)
2 (A.7a)

m⃗i⃗li+1 − l⃗im⃗i+1 = m⃗i(⃗li+1 − l⃗i)− l⃗i(m⃗i+1 − m⃗i) (A.7b)

Substituting (A.7a) and (A.7b) into (A.6) and working through the algebra carefully, we arrive at:

W =
N−1∑
i=0

{
JS2

[
2(m⃗2

i − l⃗2i ) + m⃗i(⃗li+1 − l⃗i)− l⃗i(m⃗i+1 − m⃗i) +
1

2
[(⃗li+1 − l⃗i)

2 − (m⃗i+1 − m⃗i)
2]

]
−KxS

2(m⃗2
i,x + l⃗2i,x)−KzS

2(m⃗2
i,z + l⃗2i,z)

} (A.8)
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We move to the continuum model:

W =
N−1∑
i=0

JS2

2(m⃗2
i − l⃗2i ) +

(
m⃗i

∂l⃗i
∂z

− l⃗i
∂m⃗i

∂z

)
a0 +

a20
2

(∂l⃗i
∂z

)2

−
(
∂m⃗i

∂z

)2


−KxS
2(m⃗2

i,x + l⃗2i,x)−KzS
2(m⃗2

i,z + l⃗2i,z)
}
,

(A.9)

where a0 is the length of the antiferromagnetic unit cell and is equal to twice the nearest neighbour

spacing in the linear chain. Converting the sums to integrals,

W =

∫ Lz

0

dz

a0

2JS2(m⃗2 − l⃗2) + JS2a0

[
m⃗ · ∂l⃗

∂z
− l⃗ · ∂m⃗

∂z

]
+ JS2a20

( ∂l⃗

∂z

)2

+

(
∂m⃗

∂z

)2


−KxS
2[(m⃗ · x̂)2 + (⃗l · x̂)2]−KzS

2[(m⃗ · ẑ)2 + (⃗l · ẑ)2]
}
.

(A.10)

Using the constraints, m⃗ · l⃗ = 0 and m⃗2 + l⃗2 = 1, which gives: l⃗2 = 1 − m⃗2 and recognizing that

∂
∂z
(m⃗ · l⃗) = m⃗ · ∂l⃗

∂z
+ l⃗ · ∂m⃗

∂z
which leads to m⃗ · ∂l⃗

∂z
= −l⃗ · ∂m⃗

∂z
. The energy thus becomes:

W =

∫ ∞

−∞

dz

a0

a

2
|m⃗|2 + A

2

(∂m⃗

∂z

)2

+

(
∂l⃗

∂z

)2
+ L

(
m⃗ · ∂l⃗

∂z

)

−kx
2
[(m⃗ · x̂)2 + (⃗l · x̂)2]− kz

2
[(m⃗ · ẑ)2 + (⃗l · ẑ)2]

}
,

(A.11)

where a = 8JS2 and A = a20JS
2 are the homogenous and non-homogenous exchange constants,

respectively, L = 2a0JS
2 is the parity-breaking term [38, 24], the anisotropies are kz = 2KzS

2 and

kx = 2KxS
2. We describe the dynamics of the AFM in the exchange approximation (J ≫ K) and

also consider slowly varying AFM domain wall in our description of the staggered magnetization

such that |m⃗|2 ≪ |⃗l|2. In this approximation, (∂m⃗/∂z)2 = (m⃗2/⃗l2)(∂l⃗/∂z)2 → 0 and we neglect the

anisotropic terms proportional to (m⃗ · x̂)2 and (m⃗ · ẑ)2. We arrive at:

W =

∫ ∞

−∞

dz

a0

[
a

2
|m⃗|2 + A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 + L

(
m⃗ · ∂l⃗

∂z

)
− kx

2
(⃗l · x̂)2 − kz

2
(⃗l · ẑ)2

]
, (A.12)
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which when combined with the DMI terms gives Eq. (2.2) in the main text:

Hdw =

∫ ∞

−∞

dz

a0

[
a

2
|m⃗|2 + A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 + L

(
m⃗ · ∂l⃗

∂z

)
− kz

2
(⃗l · ẑ)2 − kx

2
(⃗l · x̂)2

+d⃗ · ( ∂l⃗
∂z

× l⃗) + d⃗0 · (m⃗× l⃗)

]
,

(A.13)

Having obtained the Hamiltonian of the system, we proceed to derive the Lagrangian for the system

by introducing the Berry phase term: LB = 2ℏSm⃗(∂l⃗/∂t× l⃗). The Lagrangian, L = LB −Hdw is:

Ldw =

∫ ∞

−∞

dz

a0

[
ρ m⃗ ·

(
l⃗ × ∂l⃗

∂t

)
− a

2
|m⃗|2 − A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 − L

(
m⃗ · ∂l⃗

∂z

)
+

kz
2
(⃗l · ẑ)2 + kx

2
(⃗l · x̂)2

−d⃗ · ( ∂l⃗
∂z

× l⃗)− d⃗0 · (m⃗× l⃗)

]
,

(A.14)

where ρ = 2ℏS. We can exclude m⃗ from the Lagrangian by minimizing Eq. (A.14) with respect to

m⃗. The result of the minimization is given in Eq. (2.3) of the main text:

m⃗ =
ρ

a

(
l⃗ × ∂l⃗

∂t

)
− L

a

(
∂l⃗

∂z

)
+

1

a
d⃗0 × l⃗, (A.15)

Equation (2.3) implies that m⃗ is a slave variable to l⃗ [38, 24]. Substituting this result into (A.14)

and simplifying, we obtain:

Ldw =

∫ ∞

−∞

dz

a0

ρ2
2a

(
∂l⃗

∂t

)2

+
3

2a
(d⃗0 × l⃗)2 +

ρ

a

(
l⃗ × ∂l⃗

∂t

)
· (⃗l × d⃗0)−

A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 + kz

2
(⃗l · ẑ)2

+
kx
2
(⃗l · x̂)2 − d⃗ · ( ∂l⃗

∂z
× l⃗)

]
,

(A.16)

where we have neglected terms proportional to the topological term, L. We recognize that (d⃗0× l⃗)2 =

d20l
2 − (d⃗0 · l⃗)2 = constant− (d⃗0 · l⃗)2, which will not contribute to the equations of motion. Also, we

neglect the total derivatives associated with the homogenous DMI as they do not contribute to the

equations of motion [24]. This leaves us with a Lagrangian which has no dependence on the total
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magnetization, m⃗:

Ldw =

∫ ∞

−∞

dz

a0

ρ2
2a

(
∂l⃗

∂t

)2

− A

2

∣∣∣∣ ∂l⃗∂z
∣∣∣∣2 + kz

2
(⃗l · ẑ)2 + kx

2
(⃗l · x̂)2 − d⃗ ·

(
∂l⃗

∂z
× l⃗

) . (A.17)

For the static configuration, we set ∂l⃗/∂t = 0 and parametrize l⃗ by polar and azimuthal angles in

spherical coordinates: l⃗ = (sin θ cosϕ, sin θ sinϕ, cos θ). The equivalent Hamiltonian of the system

given by Eq. (2.5) in the main text is:

Hdw =

∫ ∞

−∞

dz

a0

[
A

(
∂θ

∂z

)2

− kx sin
2 θ cos2 ϕ− kz cos

2 θ − dx

(
∂θ

∂z

)
sinϕ+ dy

(
∂θ

∂z

)
cosϕ

]
, (A.18)

54



Appendix B

Dzyalonshinskii-Moriya interaction

(DMI)

The DMI between two atomic spins Si and Si+1 can be expressed as vector product formed by

the magnetic moments Si of two magnetic ions,

HDMI =
∑
i

(−1)iD⃗ · (S⃗i × S⃗i+1) (B.1)

When written in terms of the nearest neighbouring spins on the sublattices, we have

HDMI =
∑
n

D⃗ · (S⃗A
n × S⃗B

n ) + D⃗(S⃗A
n+1 × S⃗B

n )

where S⃗A = m⃗+ l⃗ and S⃗B = m⃗− l⃗. Substituting these into the previous expression and doing some

lines of vector algebra, we arrive at the expression:

HDMI =
∑
n

{
4D⃗S2 · (m⃗n × l⃗n)− D⃗S2[m⃗n+1 × m⃗n − l⃗n+1 × l⃗n − (m⃗n+1 − m⃗n)× l⃗n

+(⃗ln+1 − l⃗n)× m⃗n]
} (B.2)

55



In the continuum limit,

HDMI =

∫
dz

a0

{
d⃗0 · (m⃗× l⃗)−

[
d⃗ ·
(
∂m⃗

∂z
× m⃗

)
− d⃗ ·

(
∂l⃗

∂z
× l⃗

)
− d⃗ ·

(
∂m⃗

∂z
× l⃗

)

+d⃗ ·

(
∂l⃗

∂z
× m⃗

)]
,

(B.3)

where d⃗0 = 4S2D⃗ and d⃗ = a0S
2D⃗. Integrating by parts, we find that d⃗ ·

(
∂m⃗
∂z

× l⃗
)
= d⃗ ·

(
∂l⃗
∂z

× m⃗
)

and thus the last two terms cancel out. Neglecting the second term, we are arrive at:

HDMI =

∫
dz

a0

{
d⃗0 · (m⃗× l⃗) + d⃗ ·

(
∂l⃗

∂z
× l⃗

)}
(B.4)

The Lagrangian of the system which includes the DMI term in Eq. (B.4) is varied with respect to

m⃗ to obtain an expression for m⃗ as a slave variable to l⃗ which depends on d⃗0, l⃗, and the spatial and

temporal derivatives of l⃗:

m⃗ =
ρ

a

(
l⃗ × ∂l⃗

∂t

)
− L

a

(
∂l⃗

∂z

)
+

1

a
d⃗0 × l⃗, (B.5)

where a is the homogeneous exchange constant.

DMI-dependent equations of motion

The equations of motion in the presence of DMI are given. First, we consider the case where

electromagnetic waves propagating along x̂ couple to the wall position with DMI present in the ŷ

direction. The equations of motion in frequency space



−i(ω − Ωm) 0 −gy1 −gy1

0 −i(ω + Ωm) −gy2 −gy2

gy2 −gy1 −i(ω −∆) 0

−gy2 gy1 0 −i(ω +∆)





δb̂

δb̂†

δâ

δâ†


=



0

0

−iε

iε∗


, (B.6)

where y1 = (πΩm sinϕ−2idy), y2 = (πΩm sinϕ+2idy). In this configuration, the propagating wave is

in the hard axis of the wall and results in no magneto-optical coupling. We found that for DMI to play

a role, it must be perpendicular to both the wall direction (ẑ) and the direction of propagating wave
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(x̂). Therefore, we consider DMI present along ŷ. The presence of DMI breaks the degeneracy which

occurs at resonance and allows for magneto-optical coupling which depends on the y-component of

the DMI vector.

The second geometry considered is the one in which electromagnetic wave propagating along

ŷ couples to the wall position with DMI present in the x̂ direction. The electromagnetic wave is

circularly polarized in the easy plane of the domain wall. As a result, there is a strong coupling.

The plot of hybridized frequency against the detuning parameter is shown in Fig (2.3b). We draw

the conclusion that in this geometry whether DMI is present or not, there is coupling of photons

to magnons, however the presence of DMI leads to modulation of the frequencies. The equation of

motion is given in matrix form:



−i(ω − Ωm) 0 gx1 gx1

0 −i(ω + Ωm) gx2 gx2

−gx2 gx1 −i(ω −∆) 0

gx2 −gx1 0 −i(ω +∆)





δb̂

δb̂†

δâ

δâ†


=



0

0

−iε

iε∗


, (B.7)

where x1 = (πΩm cosϕ− 2idx) and x2 = (πΩm cosϕ+ 2idx).
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Appendix C

Master equation for open systems

By applying Trr to both sides of Eq. (3.2), we obtain (note that the source term disappears under

this transformation) (
∂

∂t
+ iLt

s

)
ρ̂(t) = −Trr

(
iLt

iρ̂tot(t)
)
. (C.1)

To close this equation, we introduce ∆ρ̂(t) using the following definition

ρ̂tot(t) = ρ̂(t)ρ̂r(t) + ∆ρ̂(t), (C.2)

with the boundary condition ∆ρ̂(t) = 0 at t → −∞. From Eqs. (3.2) and (C.1), after a little algebra,

we find that

(
∂

∂t
+ iLt

s + iLt
r + iLt

i + ε

)
∆ρ̂(t) = −iLt

iρ̂(t)ρ̂r(t)+Trr
[
iLt

iρ̂tot(t)
]
ρ̂r(t)−ρ̂(t)

(
∂ρ̂r(t)

∂t
+ iLt

rρ̂r(t)

)
.

(C.3)

The last term on the right hand side vanishes, since ρ̂r(t) satisfies Eq. (3.3). This equation contains

∆ρ̂(t) in the second term at the right hand side.

To deal with the second term, we introduce a projection operator

Pt Â = ρ̂r(t) Trr Â, (C.4)

where Â is any operator in the Hilbert space of the whole system. Note that since we consider the

reservoir to be dynamics, Pt can bring additional time dependence. With the help of this definition,

58



we find

Trr
(
iLt

iρ̂tot(t)
)
ρ̂r(t) = Pt iLt

iρ̂tot(t) = Pt iLt
iρ̂(t)ρ̂r(t) + Pt iLt

i∆ρ̂(t). (C.5)

This allows to rewrite Eq. (C.3) in the following form

(
∂

∂t
+ iLt

s + iLt
r +Qt iLt

i Qt+ε

)
∆ρ̂(t) = −iLt

iρ̂(t)ρ̂r(t) + Pt iLt
iρ̂(t)ρ̂r(t), (C.6)

where Qt = 1− Pt.

Finally, the right hand side of this equation can be simplified using the following identity

Trr iLt
iρ̂(t)ρ̂r(t) =

1

iℏ

[
ρ̂(t),Trr

(
Ĥ t

i ρ̂r(t)
)]

, (C.7)

which gives (
∂

∂t
+ iLt

s + iLt
r +Qt iLt

i Qt+ε

)
∆ρ̂(t) = −i∆Lt

iρ̂(t)ρ̂r(t). (C.8)

where the Liouville operator at the right hand side is defined as follows

i∆Lt
i . . . =

1

iℏ

[
. . . ,∆Ĥ t

i

]
, where ∆Ĥ t

i = Ĥ t
i − Trr

(
Ĥ t

i ρ̂r(t)
)
. (C.9)

C.1 Formal solution for ∆ρ̂(t) and master equation for ρ̂(t)

Formal solution of the Liouville equation (C.8) is

∆ρ̂(t) = −
∫ t

−∞
dt′Utt′i∆Lt′

i ρ̂(t
′)ρ̂r(t

′), (C.10)

and the evolution operator is given by

Utt′ = T exp

[
−
∫ t

t′
dτ (iLτ

s + iLτ
r +Qτ iLτ

iQτ + ε)

]
, t > t′, (C.11)

where T is the time ordering operator.
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This allows us to write down an equation for ρ̂(t) in a closed form

(
∂

∂t
+ iLt

s

)
ρ̂(t) + Trr

[
iLt

iρ̂(t)ρ̂r(t)
]

=

∫ t

−∞
dt′e−ε(t−t′) Trr iLt

iT exp

{
−
∫ t

t′
dτ (iLτ

s + iLτ
r +Qτ iLτ

iQτ )

}
i∆Lt′

i ρ̂(t
′)ρ̂r(t

′). (C.12)

The fact that Trr (∆ρ̂(t)) = 0 allows us to replace iLt
i with i∆Lt

i in this equation, so that it would

have a symmetric form.

In the weak interaction limit, a great simplification is achieved by neglecting the higher order

interaction terms, Qτ iLτ
iQτ , inside the argument of the exponent at the right hand side of Eq. (C.12),

which also disentangles evolution operators for the probe system and reservoir. In this approximation,

the right hand side is of the second order in Ĥ t
i .

Now, by transforming the Liouville operators into the commutators, we can rewrite the master

equation for ρ̂(t) the following form

∂ρ̂(t)

∂t
+

1

iℏ

[
ρ̂(t), Ĥ t

s + Trr

(
Ĥ t

i ρ̂r(t)
)]

=
1

(iℏ)2

∫ t

−∞
dt′e−ε(t−t′) Trr

[
Ĥ t

i , Ûtt′

[
∆Ĥ t′

i , ρ̂(t
′)ρ̂r(t

′)
]
Û−1
tt′

]
,

(C.13)

where the evolution operator is defined in Eq. (3.5).

The next simplification is reached by observing that dynamics of ρ̂r(t) is independent from dy-

namics of the probe, and satisfies equation (3.3), so that Ûtt′ ρ̂r(t
′)Û−1

tt′ = ρ̂r(t).

By introducing shorthand notations ρ̂(t, t′) = Ûtt′ ρ̂(t
′)Û−1

tt′ and ∆Ĥ t′
i (t, t

′) = Ûtt′∆Ĥ t′
i Û

−1
tt′ , we

rewrite the master equation for ρ̂(t) in the weak interaction limit in the form of Eq. (3.4).

C.2 Kinetic equations for dynamic variables

Further simplification is reached by considering the interaction Hamiltonian in the following form

Ĥi = ÂF̂ + Â†F̂ †, where the operators Â and Â† act in the Hilbert space of the probe system and F̂

and F̂ † act entirely on the degrees of freedom of the reservoir. In this case, ∆Ĥ t′
i = Â∆F̂t′ + Â†∆F̂ †

t′ ,

where ∆F̂t′ = F̂ − ⟨F̂ ⟩t′r , and ⟨F̂ ⟩t′r = Trr

[
F̂ ρ̂r(t

′)
]
. We do not specify any specific commutation

rules for Â and Â† at this stage.
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The explicit form of the master equation for ρ̂(t) is obtained straightforwardly from Eq. (3.4)

∂ρ̂(t)

∂t
+

1

iℏ

[
ρ̂(t), Ĥ t

s

]
+

1

iℏ

[
ρ̂(t), Â

]
⟨F̂ ⟩tr +

1

iℏ

[
ρ̂(t), Â†

]
⟨F̂ †⟩tr =

1

(iℏ)2

∫ t

−∞
dt′e−ε(t−t′)

×
{
⟨F̂∆F̂t′(t, t

′)⟩trÂÂ(t, t′)ρ̂(t, t′) + ⟨F̂ †∆F̂ †
t′(t, t

′)⟩trÂ†Â†(t, t′)ρ̂(t, t′) + ⟨F̂∆F̂ †
t′(t, t

′)⟩trÂÂ†(t, t′)ρ̂(t, t′)

+⟨F̂ †∆F̂t′(t, t
′)⟩trÂ†Â(t, t′)ρ̂(t, t′) + ⟨∆F̂t′(t, t

′)F̂ ⟩trρ̂(t, t′)Â(t, t′)Â+ ⟨∆F̂ †
t′(t, t

′)F̂ †⟩trρ̂(t, t′)Â†(t, t′)Â†

+⟨∆F̂t′(t, t
′)F̂ †⟩trρ̂(t, t′)Â(t, t′)Â† + ⟨∆F̂ †

t′(t, t
′)F̂ ⟩trρ̂(t, t′)Â†(t, t′)Â− ⟨∆F̂t′(t, t

′)F̂ ⟩trÂρ̂(t, t′)Â(t, t′)

−⟨∆F̂ †
t′(t, t

′)F̂ †⟩trÂ†ρ̂(t, t′)Â†(t, t′)− ⟨∆F̂ †
t′(t, t

′)F̂ ⟩trÂρ̂(t, t′)Â†(t, t′)− ⟨∆F̂t′(t, t
′)F̂ †⟩trÂ†ρ̂(t, t′)Â(t, t′)

−⟨F̂∆F̂t′(t, t
′)⟩trÂ(t, t′)ρ̂(t, t′)Â− ⟨F̂ †∆F̂ †

t′(t, t
′)⟩trÂ†(t, t′)ρ̂(t, t′)Â† − ⟨F̂ †∆F̂t′(t, t

′)⟩trÂ(t, t′)ρ̂(t, t′)Â†

−⟨F̂∆F̂ †
t′(t, t

′)⟩trÂ†(t, t′)ρ̂(t, t′)Â
}
,(C.14)

where we used shorthand notations Â(t, t′) = Ûtt′ÂÛ
−1
tt′ and F̂ (t, t′) = Ûtt′F̂ Û−1

tt′ , and ⟨. . .⟩tr ≡

Trr[. . . ρ̂r(t)].

Correlation functions between F̂ and F̂ † in this equations can be transformed to a more physically

transparent form. For this purpose, we introduce the Heisenberg picture for operators as follows

Â(t) = Û−1
t,−∞ÂÛt,−∞, (C.15)

where the explicit expressions for the evolution operators are given by

Ût,−∞ = T exp

(
− i

ℏ

∫ t

−∞
Ĥτ

r dτ

)
and Û−1

t,−∞ = Ta exp

(
i

ℏ

∫ t

−∞
Ĥτ

r dτ

)
. (C.16)

In this notation, we can express these correlation functions in terms of nonequilibrium Green

functions [39]

⟨F̂ †F̂ (t, t′)⟩tr = ⟨F̂ †(t)F̂ (t′)⟩r ≡ Trr

{
F̂ †(t)F̂ (t′)ρr(−∞)

}
, t > t′. (C.17)

We now apply the master equation for ρ̂(t) to derive kinetic equations for dynamic variables. For

a dynamics variable described by a general operator B̂ in the Hilbert space of the probe system, we

define the average value at time moment t as ⟨B̂⟩t = Tr
[
B̂ρ̂(t)

]
. In this case using Eq. (C.14), we
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find

d

dt
⟨B̂⟩t + 1

iℏ

〈[
Ĥ t

s, B̂
]〉t

+
1

iℏ
⟨F̂ †⟩tr

〈[
Â†, B̂

]〉t
+

1

iℏ
⟨F̂ ⟩tr

〈[
Â, B̂

]〉t
=

1

(iℏ)2

∫ t

−∞
dt′e−ε(t−t′)

×
{
⟨F̂∆F̂t′(t, t

′)⟩tr⟨[B̂(t′, t), Â(t′, t)]Â⟩t′ + ⟨F̂ †∆F̂ †
t′(t, t

′)⟩tr⟨[B̂(t′, t), Â†(t′, t)]Â†⟩t′

+⟨F̂∆F̂ †
t′(t, t

′)⟩tr⟨[B̂(t′, t), Â(t′, t)]Â†⟩t′ + ⟨F̂ †∆F̂t′(t, t
′)⟩tr⟨[B̂(t′, t), Â†(t′, t)]Â⟩t′

+⟨∆F̂t′(t, t
′)F̂ ⟩tr⟨Â[Â(t′, t), B̂(t′, t)]⟩t′ + ⟨∆F̂ †

t′(t, t
′)F̂ †⟩tr⟨Â†[Â†(t′, t), B̂(t′, t)]⟩t′

+⟨∆F̂t′(t, t
′)F̂ †⟩tr⟨Â[Â†(t′, t), B̂(t′, t)]⟩t′ + ⟨∆F̂ †

t′(t, t
′)F̂ ⟩tr⟨Â†[Â(t′, t), B̂(t′, t)]⟩t′

}
, (C.18)

where B̂(t′, t) = Û−1
tt′ B̂Ûtt′ .

In what follows, we will be interested in a situation when B̂ is the same dynamic variable as in

Ĥi, i. e. B̂ = Â. In this case, the kinetic equation is simplified

d

dt
⟨Â⟩t + 1

iℏ

〈[
Ĥ t

s, Â
]〉t

+
1

iℏ
⟨F̂ †⟩tr

〈[
Â†, Â

]〉t
=

1

(iℏ)2

∫ t

−∞
dt′e−ε(t−t′)

×
{
⟨F̂ †∆F̂ †

t′(t, t
′)⟩tr⟨[Â(t′, t), Â†(t′, t)]Â†⟩t′ + ⟨F̂ †∆F̂t′(t, t

′)⟩tr⟨[Â(t′, t), Â†(t′, t)]Â⟩t′

+⟨∆F̂ †
t′(t, t

′)F̂ †⟩tr⟨Â†[Â†(t′, t), Â(t′, t)]⟩t′ + ⟨∆F̂t′(t, t
′)F̂ †⟩tr⟨Â[Â†(t′, t), Â(t′, t)]⟩t′

}
. (C.19)

And finally, if Â = â, where â and â† satisfy the boson commutation rules, [â, â†] = 1, and we

obtain

d⟨â⟩t

dt
+

1

iℏ

〈[
Ĥ t

s, â
]〉t

− 1

iℏ
⟨F̂ †⟩tr =

1

(iℏ)2

∫ t

−∞
dt′e−ε(t−t′)

{
⟨[F̂ †, F̂ †(t, t′)]⟩tr⟨â†⟩t

′
+ ⟨[F̂ †, F̂ (t, t′)]⟩tr⟨â⟩t

′
}
.

A contribution from the off-resonant term, proportional to ⟨[F̂ †(t), F̂ †(t′)]⟩r, is usually small compared

to ⟨[F̂ †(t), F̂ (t′)]⟩r, which describes resonant interaction between the probe system and reservoir. If

ω0 is a characteristic frequency of the reservoir, the off-resonant term oscillates at 2ω0, and can be

neglected when ωτr ≫ 1, where τr is a characteristic relaxation time of the reservoir [39].

If we neglect the off-resonant term proportional to ⟨â†⟩t and use the identity in Eq. (C.17), we

obtain the following kinetic equation for ⟨â⟩t

iℏ
d⟨â⟩t

dt
+
〈[

Ĥ t
s, â
]〉t

−
∫ t

−∞
dt′G(t, t′)⟨â⟩t′ = ⟨F̂ †⟩tr, (C.20)
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where we introduce nonequilibrium retarded Green function

G(t, t′) =
e−ε(t−t′)

iℏ
θ(t− t′)⟨[F̂ †(t), F̂ (t′)]⟩r, (C.21)

where the operators F̂ and F̂ † are in the Heisenberg picture as defined by Eq (C.15), and ⟨. . .⟩r ≡

Trr (. . . ρ̂r(−∞)).
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Appendix D

Perturbative expansion over a P-mode

solution

Here, we discuss how to calculate spin-spin Poisson brackets for linear excitations around a sta-

tionary P-mode trajectory. The Poisson bracket for two circularly polarized spin components S(±)

taken at different time moments is defined in Eq. (3.10). For this purpose, we expand the equations of

motion (3.13) and (3.14) over the stationary P-mode solution: θ(t) = θ0+δθ(t) and ϕ(t) = ϕ0+δϕ(t),

where θ0 and ϕ0 denote stationary solution defined in Eq. (3.15) and (3.16). To linear order in δϕ(t)

and δθ(t), the equations of motion become

δθ̇ − α sin θ0δϕ̇ = κ (b⊥ cosϕ0δϕ− Ωcos θ0δθ) , (D.1)

αδθ̇ + sin θ0δϕ̇ = −κ (b⊥ sinϕ0 cos θ0δϕ+ b⊥ cosϕ0 sin θ0δθ + bz cos θ0δθ + cos 2θ0δθ) . (D.2)

These equations are also given in the matrix form in Eq. (3.17). Two important characteristics of

this equation are the trace and the determinant of the matrix on the right hand side of Eq. (3.17)

(denoted here as M):

TrM = − 2ακ
1 + α2

(
v − 1−m2

z

2
+

Ωmz

α

)
, detM =

κ2

1 + α2

(
v2 − (1−m2

z)v + Ω2m2
z

)
, (D.3)

from which a phase diagram for P-mode stability can be obtained [42].

Let us first illustrate how to calculate this Poisson bracket in absence of anisotropy, κ = 0, and
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dissipation, α = 0. In this case, the equations of motion in (D.1) and (D.2) reduce for those of a

harmonic oscillator

δθ̇ = ha⊥δϕ, δϕ̇ = − ha⊥

sin2 θ0
δθ. (D.4)

Solutions for these equation, which satisfies the initial conditions δϕ(0) = δϕ0 and δθ(0) = δθ0, have

the following form

δθ(t) = δθ0 cosω0t+
ha⊥

ω̃0

δϕ0 sinω0t, (D.5)

δϕ(t) = − ω̃0

ha⊥
δθ0 sinω0t+ δϕ0 cosω0t, (D.6)

where ω̃0 = ha⊥/ sin θ0 denotes the dimensionless frequency.

In this situation, S(+)(t) is expanded around the P-mode as follows

S(+)(t) = sin θ0e
iω′t + ei(ω

′+ω0)t cos2
θ0
2
(δθ0 − i sin θ0δϕ0)− ei(ω

′−ω0)t sin2 θ0
2
(δθ0 + i sin θ0δϕ0) . (D.7)

From the definition of the Poisson bracket in Eq. (3.10), we restore Eq. (3.18) in the main text.

Note that in the limit of θ0 → 0, this expression reduces to {S(+)(t), S(−)(0)} → −2iei(ω
′+ω0)t, where

ω0 ≈ γBz − ω′, which corresponds to the usual ferromagnetic resonance with the frequency γBz.

The explicit expression for the spin-spin Poisson bracket in the general case is given by

{S(+)(t), S(−)(0)} =
eiω

′t

sin θ0

[
cos2 θ0

∂δθ(t)

∂δϕ0

− sin2 θ0
∂δϕ(t)

∂δθ0
− i sin θ0 cos θ0

(
∂δϕ(t)

∂δϕ0

+
∂δθ(t)

∂δθ0

)]
,

(D.8)

where δϕ(t) and δθ(t) satisfy Eq. (3.17) with δθ(0) = δθ0 and δϕ(0) = δϕ0. A solution of Eq. (3.17)

that satisfy these initial conditions can be written in the following general form

δθ(t)

δϕ(t)

 = e−γt

δθ0v2 − δϕ0v1
u1v2 − u2v1

u1

u2

 eiω0t +
δϕ0u1 − δθ0u2

u1v2 − u2v1

v1

v2

 e−iω0t

 , (D.9)

where (u1, u2)
T is the eigenvector (not necessary normalized) that corresponds to λ+ = −γ + iω0

and (v1, v2)
T corresponds to λ− = −γ− iω0. The explicit expressions (in dimensionless units) can be
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found from Eq. (3.17) and (D.3)

λ̃± =
1

2

(
trM ±

√
(trM)2 − 4 detM

)
≡ −γ̃ ± iω̃0, (D.10)

where γ̃ = −1
2
trM , and iω̃0 =

√
(trM)2 − 4 detM . For components of the eigenvectors we have

u1 v1

u2 v2

 =

− sin θ0(v − αΩmz)
1
2
α(1−m2

z)− iω̃0

− sin θ0(v − αΩmz)
1
2
α(1−m2

z) + iω̃0

1 1

 . (D.11)

By expanding S(+)(t) around the stationary solution and calculating the derivatives with respect

to the initial condition in Eq. (D.8), we obtain

{S(+)(t), S(−)(0)} = −2i
eiω

′t−γt

sin θ0

[(u1v1
∆

cos2 θ0 +
u2v2
∆

sin2 θ0

)
sinω0t+ sin θ0 cos θ0 cosω0t

]
, (D.12)

where ∆ = u1v2 − u2v1.

From equations (D.11)–(D.12), we finally obtain the Poisson bracket in the following form

{S(+)(t), S(−)(0)} = − ie−γt

4ω̃0(v − αΩmz)

{[
((v − αΩmz)mz + ω̃0)

2 +
1

4
α2(1−m2

z)
2

]
ei(ω

′+ω0)t

−
[
((v − αΩmz)mz − ω̃0)

2 +
1

4
α2(1−m2

z)
2

]
ei(ω

′−ω0)t

}
. (D.13)

Note that each term in the square brackets is manifestly positive. When κ → 0, we have ω̃0 →

v − αΩmz, and this equation reduces to Eq. (3.18) in the main text of the paper.
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